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PREFACE

There are not enough books which deal with the interplay between func-
tional analysis and the theory of analytic functions. One reason for this is
the fact that many of the techniques of functional analysis have a “real
variable” character and are not directly applicable to problems which
belong intrinsically to analytie function theory, e.g., problems of conformal
mapping and Riemann surfaces. But there are parts of this theory which
blend beautifully with the concepts and methods of functional analysis.
These are fascinating areas of study for the gencral analyst, for three prin-
cipal reasons: (a) the point of view of the algcbraic analyst leads to the
formulation of many interesting problems concerned with analytic func-
tions; (b) when such problems are solved by a combination of the tools
from the two disciplines, the depth of each discipline is increased; (e) the
techniques of functional analysis often lend clarity and clegance to the
proofs of classical theorems, and thereby make the results available in
more general situations.

The main purpose of this monograph is to provide an introduction to
the segment of mathematics in which functional analysis and analytie
function thcory merge successfully. Its spirit is close to that of abstract
harmonic analysis, and, in fact, there is some overlap with the subject
matter of harmonic analysis. Because this work is introductory, there has
been no attempt to emulate cither the depth of Zygmund’s book on trigo-
nometric series or the generality of the several books which treat harmonic
analysis on groups. The subject matter is restricted to Banach spaces of
analytic functions in the unit dise, roughly, those which are closcly related
to the Hardy spaces H? (1 £ p £ ). The historical accounting some-
times falls a bit short of the mark. Some effort toward such an accounting
is made in the sections entitled Notes, at the end of each chapter. But a
few relevant references have been omitted (for example, A. Taylor’s papers
in Studia Mathematica, 1950-51). The material is not discussed in its ulti-
mate generality. Where proofs do carry over to more general contexts and
the extension is not treated elsewhere, my method is usually to give the
proofs in the unit disc and to discuss the generalizations afterward.

The first four chapters are devoted to the proofs of classical theorems
on boundary-values and boundary integral rcpresentations for analytic

vil



viii Preface

functions in the unit disc which lie in the Hardy class H? (1 < p < »).
Some basic results on (C, 1) summability of Fourier series are treated first,
not because this is necessary, but because the rcader who is not acquainted
with approximate identity arguments may then see them in the context of
Cesaro summability as well as in the context of Abcl-Poisson summability.
The treatment of Cesaro means first also helps to underscore the “real
variable’’ nature of the basic propositions on boundary-values of H? func-
tions, i.e., to underscore the fact that the proofs do not utilize analyticity
as such, but depend upon the fundamental theory of convergence, integra-
tion, and measure, plus a few basic facts about Banach spaces. The recent
work of Helson and Lowdenslager has provided such “real variable” proofs
for some of the F. and M. Riesz thcorems on the space H?, which originally
leancd heavily on analytic function theory.

The fifth chapter contains the factorization theory for H? functions,
which, for its full strength, depends most decidedly on the fact that one is
dealing with analytic functions of one complex variable. The chapter also
contains a discussion of some partial extensions of the factorization, as well
as a brief description of the classical approach to the thcorems of the first
five chapters.

There is a treatment of H? spaces in a half-plane, which (for organiza-
tional reasons) occurs in Chapter 8. The principal facts are derived by
reducing them to their counterparts in the unit dise. Thisis a bit unnatural,
and it is done for two rcasons: (i) to avoid a lengthy discussion of Fourier
transforms, the natural tools for the study of the half-plane; (ii) to make
available a detailed deseription of the relationship between H? of the dise
and H? of the half-planc.

The remainder of the monograph deals with the structure of various
Banach spaces and Banach algebras of analytic functions in the unit disc:
H? as a Banach space; the ideal theory of the algebra of continuous fune-
tions on the closed dise which are analytic in the intcrior; the invariant
subspaces for the shift operator on the space H?; the maximal ideal space
of the algebra of bounded analytic functions in the disc. The material in
this part of the book differs from that in the earlier part of the book,
chiefly because the questions come from algebraic analysis. There is also
an age difference; the bulk of the mathematics in the early part dates from
1925 or before, whereas most of the mathematics in the later chapters
dates from 1949 to the present. The influence of Beurling’s work is to be
found throughout the latter part of the book, not only because many of
the results are his, but also because he played a large role in reviving the
functional analyst’s interest in classical analytie function theory.

The level of the book is about that of the second-year graduate student.
Chapter 1 summarizes the prerequisites for the reader, and these will carry
him through most of the book; however, in the later chapters, some addi-
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tional tools of analysis are used with only a reference for the proof, e.g.,
the Plancherel theorem, the Krein-Milman theorem, the existence of the
Silov boundary for a function algebra, and Silov’s theorem on the exist-
ence of idempotents in a Banach algebra. The prerequisites do not men-
tion analytic functions, since the knowledge required in that area is ele-
mentary. The book contains one hundred exercises, with the usual dual
purpose of exercises.

Thanks are due to many people for pointing out errors in the M.I.T.
notes from which the monograph evolved, particularly to R. Askey,
S. Bochner, H. Helson, G. Leibowitz, W. Rudin, and N. Starr. I want to
thank the following people for the use of their unpublished results and/or
manuseripts in the preparation of the book: R. Arens, H. Bear, E. Bishop,
L. Carleson, A. Gleason, P. Halmos, H. Helson, D. Lowdenslager, D.
Newman, W. Rudin, H. Shapiro, A. Shields, and J. Wermer. I especially
want to thank R. Arens, I. Singer, and J. Wermer for their many helpful
discussions.

Finally, for all their hard work, my gratitude goes to Mrs. Judith
Bowers, who typed the bulk of the manuscript, and to the staff of
Prentice-Hall, Ine.

Pacific Palisades, California KeENNETH HOFFMAN
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CHAPTER 1

PRELIMINARIES

Measure and Integration

If X is a set, the collection of all subsets of X forms a ring, using the

operations
A+B=(AUB) - (4N B)

AB =ANB.

A o-ring of subsets of X is a subring of the ring of all subsets of X which
is closed under the formation of countable unions (and, a fortiori, closed
under the formation of countable intersections).

Suppose that X is a locally compact Hausdorff topological space, e.g.,
n-dimensional Euclidean space or a closed subset thereof. The Baire sub-
sets of X are the members of the smallest o-ring of subsets of X which
contains every compact G5, i.c., every compact subsct of X which is the
intersection of a countable number of open sets. The Borel subsets of X
are the members of the smallest o-ring of subsets of X which contains every
compact sct. In Euclidean space, every compact (closed and bounded) set
is a Gj; hence, if X is a closed subset of Euclidean space, the Baire and
Borel subsets of X coincide. When X is the real line or a closed interval
on the line, the ring of Baire (Borel) subsetls of X may also be described
as the o-ring gencrated by the half-open intervals [a, b).

If X is a locally compact Hausdorff space, a positive Baire (Borel)
measure on X is a funetion u which assigns to every Baire (Borel) subset
of X a non-negative real number (or +«), in such a way that

#( U An) =2z n(A4s)
whenever A, A, . .. is a sequence of pairwise disjoint Baire (Borel) scts
in X. The Borel mecasure u is called regular if for each Borel set A
u(4) = inf p(U)

the infimum being taken over the open scts U containing A. A Baire
measure is always regular, and each Baire measure has a unique extension
1



2 Prelvminaries

to a regular Borel measure. For this reason (and others) we shall discuss
only Baire measures on X.

The positive Baire measure u is called finite if u(A) is finite for each
Baire set A. If X is compact, p is finite if and only if u(X) is finite.

Suppose X is the real line or a closed interval. Let F be a monotone
increasing (non-decreasing) function on X which is continuous from the
left:

F(x) = sup F().
i<z

Define a function p on semi-closed intervals [a, b) by
#([a, b)) = F(b) — F(a).

Then p has a unique extension to a positive Baire measure on X. The
measure p is finite if and only if F is bounded. If X is the real line, every
positive Baire measure on X arises in this way from a left-continuous
increasing function F. If X is a closed interval, a monotone function on X
is necessarily bounded; thus, every finite positive Baire measurc on X comes
from such an increasing function. If X is either the line or an interval, the
measure induced by F(z) = z is called Lebesgue measure.

For the general locally compact X, a Baire function on X is a complex-
valued function f on X such that f~(S) is a Baire set for every Bairc set S
in the plane. Every continuous function is a Baire function. A simple
Baire function for p is a complex-valued function f on X of the form

@ = 2 axy@
where

(i) a1, ..., a, are complex numbers;
(ii) E,, ..., E, are disjoint Baire sets of finite u-measure;
(iii) x, denotes the characteristic function of the set E.

The simple functions form a vector space over the field of complex num-
bers. For such simple Baire functions f we define

n
[ fdu = kzla,,u(E,,).

If f is a simple function, so is |f| and

| 1du| = [ Ifldw.

The Baire function f is called integrable with respect to p if there exists
a sequence of functions {f.} such that

(i) each f. is a simple Baire function for u;
) lim_ [ 1fn = folds = 03
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(iii) f. converges to f in measure; i.e., for each ¢ > 0,
Lim p({z; [f@@) — fal@)| 2 ¢}) = 0.

If f is integrable, then for any such sequence {f.} the sequence { [ fadu}
converges and the limit of this sequence (which is independent of {f.})
is denoted by [ fdu. Denote the class of u-integrable functions by L'(dy).
Then Li(dy) is a vector space and f — [ fdu is a lincar functional on L.
The Baire function f is in L'(du) if and only if its real and imaginary
parts are in L'(dw), or if and only if |f| is in L'(dp). When f is in L,

|f fdul = [ 111dw.
If f is a non-negative Baire function, one can always sensibly define | fdu,
so long as + is allowed as a value. That is, either f is integrable, or for
every K > 0 there is a simple function g < f with f gdu > K. In the
latter case, one defines f fdp = +o.

A subset S of X has w-measure zero if for each ¢ > 0 there is a Baire
set A containing S with u(4) < e. One can, if it is desirable, extend u to
the class of p-measurable sets, such a set being one which differs from a
Baire set by a set of measure zero. For our purposes, this will usually not
be necessary. Any phenomenon which oceurs except on a set of u-measure
zero is said to happen almost everywhere (rclative to u). One can also
extend the concept of integrability to a function which agrees almost every-
where with a Baire function.

A basic theorem on integration is the Lebesgue dominated convergence
theorem. If {f,} is a scquence of integrable functions such that the limit
f(x) = lim f.(x) exists almost everywhere, and if there is a fixed integrable

n—wo

function g such that |f.| < |g] for each n, then f is integrable and
[ fdp = lim [ f.dp.

Another basic fact is Fubini’s theorem, a weak form of which is the follow-
ing. Suppose p is finite and f is a non-negative Baire function on the
product space X X X. If f(z, y) is integrable in z for each fixed y and in y
for each fixed z, then

I U f@, v)du@)duty) = [ [ f&, y)du(y)1du).

1f p is a positive number, the space L?(dp) consists of all Baire functions
fsuch that |f|? is in L'(du). If

e Lr(dy), gc Le(dp), and
then (fg) € L'(dw) and (Holder’s inequality)
\[ fgdu| = (J |flrdu)'>(J |glodu)Vie.

1 1
S4-=1
P q



4 Preliminaries

Let us note something about the spaces L?(dy) when X is compact and
p is a finite measure. In this case, every continuous function on X is
integrable and the space of continuous functions is dense in L1; i.e., if
f € L' and € > 0, there is a continuous g such that

J1f —glde < e

Also, if p = 1, then L? is contained in L!, and the continuous functions
are a dense subspace of L?:

J1f = glrdn < e
If u and up are positive Baire measures on X, we say that u,; is abso-
lutely continuous with respect to ue if every set of measure zero for p; is a
set of measure zero for ;. The Radon-Nikodym theorem states the fol-
lowing about finite measures: if y; and p» are finite, then y; is absolutely
continuous with respeet to pe if and only if

duy = fdus

where f is some non-negative function in L'(dus). We say that u; and ue
are mutually singular if therc are disjoint Bairc sets B; and B; such that

pi(d) = (A NB), =12
for every Baire set A. The generalized Lebesgue decomposition theorem

states the following: if u; and ue are any two finite positive Baire measures,
then y; is uniquely expressible in the form

B = pa + pe

where p, is absolutely continuous with respect to s, and u, and u, are
mutually singular. That is,

dpy = fdps + du,

where f € L'(dps), and p, and pe arc mutually singular. One usually calls
f the derivative of u; with respect to ue.

Let us look at this decomposition when X is a closed interval, and u,
is Lebesgue measure. Suppose p is the positive measure determined by the
increasing function F. Then, except on a set of Lebesgue measure zero,
the function F is differentiable, and if f = dF/dzx, then f is Lebesgue
integrable and

d“ = fd.’l + dl‘-a

where g, is mutually singular with Lebesgue measure. The latter means
simply that p, is determined by an increasing function F, such that
dF,/dz = 0 almost everywhere with respect to Lebesgue measure.

We wish to make a few brief comments about measures which assume
arbitrary real or complex values. There are some technical difficulties here,
but they do not arise if one treats only finite measures. Again, let X be a
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locally compact space. A finite real Baire measure on X is a countably
additive and real-valued function u on the class of Baire sets. One way to
construct such a measure is to subtract two finite positive Baire measures:
p = w1 — pz. The Jordan decomposition theorem states that this is the
only example there is. Indeed, given such a real mecasure u there are dis-
joint Baire sets B; and B, and finite positive measures p; and pe on B
and Bs, respectively, such that u = py — ps. This splitting (with B, and
B, disjoint) is unique. The positive measure p + ps is called the total
variation of u, denoted |u|. One defines absolute continuity and singularity
of rcal measures using their total variations. 1t is then very casy to extend
the decomposition into absolutely continuous and singular parts, for ex-
ample, to the case where y; is a real measurc. If X is a closed interval
on the real line, the finite real Baire measures on X are those induced by
real-valued functions of bounded variation which arc continuous from the
left. The Jordan decomposition for such a measure corresponds to the
canonical expression for a function of bounded variation as the difference
of two increasing functions.

Finite complex Baire measures are defined similarly. If one wishes,
such a measure p is a function of the form u; + 2us, where p; and up are
finite real Baire mcasures. Again, there are certain obvious extensions of
some of the theorems above. And, of course, such a mcasure on a finite
interval will be induced by a complex-valued function of bounded varia-
tion.

Banach Spaces

Let X be a real or complex vector space. A norm on X is a non-negative
real-valued function || - || on X such that
@) ll=z|] = 0; ||z|| = 0 if and only if z = 0;
@) [le + 1l = ll=ll + llyll;
(i) |all = I []]l.

A real (complex) normed linear space is a real (complex) vector space X
together with a specified norm on X. On such a space one has a metric p
defined by

p(z,y) = llz — yll.
If X is complete in this metric, we call X a Banach space. Completeness,
then, means that if {z,} is a sequence of elements of X such that

lim ||zm — 24| =0
m,n—o

there exists an clement z in X such that

lim ||z — z.]| = 0.
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Example 1. Let X be n-dimensional Euclidean spacc and define the
norm of the n-tuple x = (x1,.. ., x,) by

lall? = |zl2 4+ -+ + |aal®
Then X is a Banach space.

Example 2. Let S be a locally compact Hausdorff space and fix a
positive Baire measure u on S. Choose a number p = 1 andlet X = L*(dp).
Define the norm of f € L to be its L*-norm

fllp = (J [f1rdu)v=.

On L as we have defined it, this is not a norm, since we may have ||f||, = 0
without f = 0. Consequently, we agree to identify henceforth two func-
tions in L?(dw) which agree almost everywhere with respect to p. Strictly
speaking, then, the elements of L7(du) will be equivalence classes of fune-
tions; however, we carry on with the same notation, simply identifying
functions equal almost everywhere. With this convention the space L?(dy)
(p =2 1) is a Banach space using the L?-norm. The crucial property of
completcness says that if {f.} is a sequence of functions in L? such that

m [ |fm — fal?de = 0

then there is an f in L? such that ||f — fa||, — 0. The functions f, do not
necessarily converge pointwise to f; however, there is always a subsequence
which converges to f almost everywhere. In this discussion we want to
include the case p = «.
The space L=(dy) is simply the space of bounded Baire functions with
the p-essential sup norm:
171l = ess sup |f(o)

which means the infimum of sup |g(x)| as ¢ ranges over all bounded Baire

functions which agrce with f almost everywhere with respect to p. Of
course, in all this discussion of L*(dr) we are identifying functions equal
almost everywhere.

Example 3. Let S be a compact Hausdorff space and X = C(S), the
spacc of all continuous real (or complex) functions on S. Equip C(S) with
the sup (or uniform) norm

[1flle = sup [f()]-
Then C(8) is a Banach space.

Let X be a Banach space. We consider the space X* of all linear func-
tionals F on X which are continuous:

||zn — z|]] = 0 implies |F(z.) — F(z)| — O.
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The set X* forms a vector space in an obvious way. There is also a natural
norm on X*. 1t is based upon the observation that the lincar functional F
is continuous if and only if it is bounded; i.e., if and only if there is a
constant K > 0 such that

|F(2)| = K]|z]|
for every z in X. The smallest such K is called the norm of F, i.e.,

[IFl| = sup |F(x)|.
llzll =1
With this norm X* becomes a Banach space, the conjugate space of X.

Example 1. If X is Euclidean space, then every linear functional on X
is continuous. Such a functional F has the form

F(I],.. .,:c,.) =@z + - + ann
and “F”a = ‘allz + - 4 ‘anlz-

Example 2. Let S be a locally compact space and p a positive Baire
measure on S. Suppose 1 £ p < » and that X = L?(dy). Then the con-

jugate space of X is L“(du) where % + é =1 lfp=1, X* = L*°(du). If
g € L(dp), then g induces a continuous linear functional F on L7 by

F(f) = [fgdn, feEL?.
Every continuous linear functional on L? has this form, and
1F|l = llglle-

The conjugate space of L*(dr) contains L'(dr); but, except in trivial cases,
it is larger than L.

Example 3. Let S be a compact Hausdorff space and X = C(8), the
space of continuous real (complex) functions on S. The conjugate space
of C(8) is the space of finite real (complex) Baire mecasures on 8. This is
the statement of the Riesz representation theorem. It arises as follows.
Suppose p is such a measure on S. The linear functional corresponding

to uis
F(f) = [fdu,  FeEC().

The norm of this functional F is called the total variation of x on S. If u
is a real measure, the total variation of u on S is simply |u|(S), where |u|
denotes the measure known as the total variation of u. If p is complex,
the total variation of u on S is best thought of as the norm of the cor-
responding functional on C(S), since the relation of this number to the
total variations of the real and imaginary parts of p is rather involved.
Of course, if u is a positive measure, the norm of F is simply u(S). Needless
to say, the important part of the Riesz theorem is the fact that given a
bounded linear functional F on C(8) there exists a finite measure p such
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that F(f) = [ fdu. This is proved by using the boundedness of F to extend
F to the class of bounded Baire functions and then defining u(E) = F(x;)
for each Baire set E.

Suppose X is a Banach space. One important property of continuous
lincar functionals on X is the Hahn-Banach extension theorem. If F' is a
bounded linear functional on a subspace Y of X, then F can be extended
to a linear functional on X which has precisely the same bound (norm) as F.

In addition to the metric topology on the conjugate space X*, we shall
have occasion to consider another topology called the weak-star topology
on X*. It is defined as follows. Let Fo € X*, and select a finite number
of clements

Let

Zy,...,Z,€X and €> 0.

U= {FeX*|F(x:) — Fo(z:)| < e,k =1,...,n}.

Such a set U is a basic weak-star neighborhood of F,. A weak-star open
set is any union of such basic neighborhoods U. We ther: have a topology
on X*. Tt is the weakest topology on X* such that for each z € X the
function F — F(x) is continuous on X*. A topology on a sct is, roughly, a
scheme for deciding when two points are close together. In the weak-star
topology two lincar functionals are close together if their values on a
finite number of elements of X are closc together. In particular, a sequence
{F.} converges to F in the weak-star topology if and only if

lim F.(z) = F(x)

for each z in X.
‘We want the following basic result on X* with the weak-star topology.
If B is the closed unit ball in X*:

B = {FeX*||F|| £1}

then B is compact in the weak-star topology. This is a rather simple
consequence of the fact that the Cartesian product of compact spaces is
compact. We shall use this in the following way. If {F,} is a sequence of
linear functionals on X with ||F.|| = 1, then this sequence has a weak-star
cluster point in the unit ball; that is, there exists an F € X* with ||F|| = 1
such that F(z) is a cluster point of the sequence {F.(x)} for every z € X.
For example, if {u.} is a sequence of positive Baire measures on the compact
space S and if p,.(S) £ 1 for each n, then there exists a finite measure p
such that [ fdu is a cluster point of { [ fdu.} for every f € C(S).

Hilbert Space and Fourier Series

Let H be a real or complex vector space. An inner product on H is a
function ( , ) which assigns to each ordered pair of vectors in H a scalar,
in such a way that



Prelvminaries 9

(@) @1+ 22,9) = (21,9) + (22, 9);

(i) (Az,y) = Az, );

(i) (y,2) = (z,);

@iv) (z,2) = 0; (z,z) = 0 if and only if z = 0.
Such a space H, together with a specified inner product on H, is called an
inner product space. In any inner product space onc has the Cauchy-
Schwarz inequality :

|z, * £ (z, 2)(y, v)-

This inequality is evident if y = 0. If y 5 0, the incquality results from
0 £ (z + Ay, z + \y), where X is the scalar

(z,
A= —
W v)
From the Schwarz inequality it follows easily that ||z|] = (z, £)Y2is a norm

on H. If H is complecte in this norm, we say that H is a Hilbert space.
Thus, a Hilbert space is a Banach space in which the norm is induced by an
inner product. By expanding (x — y,z — y) and (z + y, z + y) it is easy
to sce that the norm induced by an inner product satisfies the parallelo-
gram law:

lle + yli2 + [|lz — yliz = 2(]|=!] + [ly|}»).

Conversely, any such norm comes from an inner product. So, if one wishes,
a Hilbert space is a Banach space in which the norm satisfies the parallelo-
gram law.

Example 1. Let H be n-dimensional Euclidean space, and define the
inner product of

X = (xl,---;xn) and y=(yl,---1y'l)
by
@ y) =2 + -+ + ZTaln

Then H is a Hilbert space.

Example 2. Let X be a locally compact space and p a positive Baire
measure on X. Let H = L*(dy) with the inner product

(f,9) = [ fadu.
Then H is a Hilbert space.

The second example is the one we are interested in. For this space we
already know one of the basic results about a Hilbert space H: every
continuous linear functional on H is “inner product with some fixed vector
in H”; that is, if F is a bounded linear functional on H, there is a unique
vector y in H such that F(z) = (z, y) for all x in H. The norm of F is

FN = llyll.
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Two vectors z and y in H are called orthogonal if (z,y) = 0. If z and
y are orthogonal, then
llz + yll* = llzll* + llyl[=
Theorem. Let S be a closed convex set in the Hilbert space H. Then S
conlains a unique clement of smallest norm.

Proof. Convexity means that if z and y are in S, sois Az + (1 — Ny
for any A satisfying0 S A < 1. LetK = infq [lx]]. Choose a sequence {z.}
zC8

of elements of 8§ such that lim ||z,|| = K. Since S is convex, 3 (Zm + z,)
is in 8; 50 ||zm + .|| 2 2K. Now the parallelogram law says:

[12m + Za]|2 + [|2m — zal[? = 2(]|2ml[> + [|2al[?).
Since
lim (||za||* + ||z.][?) = 2K2 and ||zm + 2./ 2 4K?

we see that
lim ||z — z.|| = 0.

Since 8 is closed, the sequence {r,} converges to an clement z in S. Ob-
viously

[lz]] = lim ||x.]| = K.
Furthermore, z is the only clement in S of norm K. If y were another such
element the sequence z, y, 7, ¥, . . . would have to converge by the above
argument.

If S is any collection of vectors in H, the orthogonal complement of S
is the set S* of all vectors in H which are orthogonal to every vector in S.
It is easy to see that S! is a closed subspace of H.

Theorem. Let S be a closed subspace of H. Then H = S @ 8*; that 1s,
every vector x tn H s uniquely expressible in the form x =y + z where y
1sin S and z is in SL.

Proof. Fix zoin H. Then, since S is a closed subspace,

zo— 8 = {zo— y;yin S}

is casily seen to be a closed convex set in H. Let 2o be the unique element
of smallest norm in zo — S, say 20 = oy — %o with 3o in 8. Claim 2 is in S*.
Let y be in S. For any A the vector 2o — Ay is in zo — S, so

llzo — Myll* 2 [lzol [

_ )

)
one obtains |(y, 20)] £ 0; so (¥, 2z0) = 0. The uniqueness of 3, and 2o is a
simple censequence of the disjointness of S and S+.

If one takes
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The element y (above) is called the orthogonal projection of z into the
closed subspace S. We see that y is simply the element in S closest to z.

Let N be any collection of vectors in H. We call N an orthogonal set
if any two distinct vectors in N are orthogonal. An orthonormal set is an
orthogonal sct, each vector of which has norm 1.

Theorem. Let N = {x1,...,%.} be a finite orthonormal set. For any
vector x in H, the orthogonal projection of x into the subspace spanned by N s

n
y= 2 (r, 26T
k=1

Proof. Define y as above and put z = £ — y. Then y is in the subspace
spanned by zi, . . ., z, and, using the fact that (z;, ;) = 8;;, one sees that
z is orthogonal to cach zx, henee is orthogonal to any linear combination
of z;,. .., 2.

Corollary (Bessel’s inequality). If {xi, ..., Xa} s a finile orthonormal
set, then for any vector x tn H

2 |Gzl < [lall
k=1
Equality holds if and only #f x is in the subspace spanned by Xy, . .., Xg;
that s, if and only if
z=(z,z)11+ -+ + (T, Tn)Zn
Proof. Write 2 = y + z as above. Since (y, 2) = 0,
lzllz = llyll* + llz]f2
Using (x;, x;) = 8;;, one has
llyllz = = 1@, ze)[n
k=1
These results can be extended to arbitrary orthonormal sets. For con-
venience we state them only for countable orthonormal sets.
Theorem. Let {x.} be a countable orthonormal set of vectors in H. Let

x be any vector in H. Then

51 |(z, za)|2 < ||z||? (Bessel’s incquality).
n=

The sequence s, = él (%, Xx)Xx converges lo the orthogonal projection of x
tnto the closed subspace spanned by {x,}. Thus, the following are equivalent.
(i) x is on the closed subspace spanned by {xi}.
i) [l = 2 |05 %)l

(iii) lim s, = x.

n—w
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Proof. Let S, be the closed subspace spanned by {zi,. . ., z.} and let
S be the closed subspace spanned by the sequence {z.}. Applying the last
theorem to S, we have

2 |l < el
for every n. Thus the infinite series 2 |(z, x1)|? converges, and its sum does
not excecd ||z|]2. If
sn=(x,2)11 + - + (&, 20) 7w
then, with n > m, we have

n
llsm — sall2 = T |(z, z0)]®
k=m+1

and 8o ||sm — 8.|| — 0 as myn — ©. Let y = lim s,.. It is easy to see that
(y, z) = lim (sn, 21) = (x, Tt)
n->o
for each k. Thus, the vector z = 2 — y is orthogonal to each zx, hence

to S. Since y is in S, we sce that y is the orthogonal projection of z in S.
Now z isin S if and only if x = y. It is easy to sce that

ol = 2 1@ =l

Thus (i), (ii), and (iii) are cquivalent.
When z (in the above theorem) is in the closed subspace spanned by
{z.} one usually writes

@
z= 3 (z,xn)Tn
n=1

for lim s, = z. Undoubtedly, the most important case of this last theorem
is the one in which the closed subspace spanned by {z.} is all of H. The
result then assumes this form:

Theorem. Let N = {x,} be a countable orthonormal set in H. The fol-
lowing are equivalent.
(i) N s complete; that s, the only vector orthogonal lo every x, 8 the zero
veclor.
(ii) N s closed; that s, the closed subspace spanned by N s all of H.
(iii) For every x in H,

2 1@ 2l =l
(iv) For every x in H,

z = 51 (z, Zn)Zn.
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Proof. Let S be the closed subspace spanned by {z.}. Since
H=8®8,
we know that S = H if and only if St = {0}. Thus (i) and (ii) are
equivalent. The equivalence of (ii), (iii), and (iv) is contained in the last
theorem.

Now let’s take a look at the case we are interested in. Let
H = L*(—m=, ), the space of Lebesgue squarc-integrable functions on the
closed interval [—m, 7] (complex values). The inner product is

1 (=
(o) =5 [ f@i®dz.
In other words, L*(—=, 7) = L*(du), where u is the normalized Lebesgue
measure du = 2% dx. Let ¢.(x) = e™2. Then it is easy to verify that the

set {@n}n=-« is an orthonormal set. This orthonormal set is complete.
We assume this now and will prove it later. If f€ L?(—m, =), the numbers

Cp = (f, ‘Pn) = zi‘ll' /:’_ f(x)e—inzdz

are the Fourier coefficients of f. The formal series

«©

E cnein:

is the Fourier series for f.

Our Hilbert space discussion above tells us the following. Suppose we
start with f € L?(—x, v) and define the Fourier coeflicients ¢, as above.
Suppose n = 0 and we wish to approximate f in L2-norm by a trigonometric
polynomial

P(z) = ) Z ae*

=-n

Then the best such approximation is given by

sa(z) = L Z e
that is, by taking a; = c¢. We also know that the sequence of Fourier
coeflicicnts is square-summable and

2 el = 11 = 57 [, @l

nes — o

(Here we have used the completeness of {¢.}). Furthermore,

f = 3 Cn®Pn

nm—w
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ie., f is the sum (in the Hilbert spacc sense) of its Fourier series. What
this means, of course, is that the nth partial sum s, of the Fourier scries
converges to f in the L*-norm:

.1 fx
— — 2 -
lim 5= [* |f(z) = s.(@)ltdz = 0.
Note that we also have the Riesz-Fischer theorem : every square-summable
sequence of complex numbers is the sequence of Fourier coefficients of a
function in L*(—m, 7). For if

Z fea? <o
n=s —ow
just put
s"(x) = . 2 ckcikz

and observe that {s.} converges in L? to a function f with Fourier coeffi-
cients cn.

NOTES

For the preliminaries on measure and integration, some references are Halmos
[38], Saks [79], Loomis [54], Titchmarsh [87], Dunford-Schwartz [25], Riesz-Nagy
[73]. For the material on Banach spaces, see Banach [7], Loomis [54], Dunford-
Schwartz [25], Riesz-Nagy [73]. The most convenient refercnce on Banach spaces
is probably Loomis’ book, since it has the essentials elegantly done. For the mate-
rial on Hilbert spaces and orthonormal systems, see Zygmund [98], Stone [84],
Riesz-Nagy [73], Halmos [37], Titchmarsh [87].



CHAPTER 2

FOURIER SERIES

Throughout this chapter we shall be working on the closed interval [ -, 7]
on the real line. If f is a complex-valued ILebesgue-integrable function on
that interval, the Fourier coefficients of f are the complex numbers

1 ” —inz, —
O = on /-.f(’”)e de, n=0,%£1,+£2,...

and the Fourier series for f is the formal series

hnd s
E Cn€ inz

flom — o

There are two fundamental questions about f and its associated series.

(1) Is f determined by its Fourier series?
(2) If so, how can we rccapture f, given the Fourier scries?

In asking the first question, we are treating f as an element of L'(—, 7);
that is, we are identifying functions which differ only on a set of Lebesguc
measure zero. Question 1, then, asks whether two integrable functions
with the same sequence of Fourier coefficients agree almost everywhere.
This question has an affirmative answer, as we shall soon see. Question 2
is a much meatier one, in part because it is stated in such a vague way.
The first effort toward resolving Question 2 probably should be to form
the partial sums
n
8.(z) = T cret*s
k=-—n

and to ask whether these functions s, converge. Here one can ask whether
the s. converge pointwise, converge pointwise almost everywhere, converge
uniformly, or converge in some type of norm. If they do converge, do
they converge to f?

When f is square-integrable we have already seen that the partial sums
converge to f in the L2-norm (assuming the completeness of {¢**}). One
might hope that for f in L! the s, converge to f in L-norm; however, this is
not necessarily the case. One might hope that if f is continuous and

15
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f(—=) = f(x) then the s, converge uniformly to f, but this fails. Indeed, for
a continuous f it may happen that {s.} does not even converge pointwise.
Really, no situation is quite as pleasant as the L? case, but this is not a
hopeless roadblock. One simply looks for other ways to recapture f from
its Fourier series. We shall look at onc such method now. Before going
on we should mention that for “smooth” functions f the partial sums s,
do converge pointwise, e.g., if f is of bounded variation. If f is, say, twice
continuously differentiable, it is trivial to verify that {s.} converges uni-
formly, because two integrations by parts show that c. = O(1/n?).

Cesaro Means

The (first) Cesaro means of the Fourier series for f are the arithmetic
means

1
a',.=ﬁ(so+"' + 8p1), n=12....

As we shall see, if fisin L?(—m, m), 1 < p < o, then the Cesaro means ¢,
converge to f in the LP-norm. And if f is continuous [and f(—=) = f(=x)]
then the o, converge uniformly to f.

Now
sa(z) = \ 3 ce™*
n . 1 x .
—_ hz , — —ik
= 3 oo f_, F(O)e—*dt
— L " Lt ik(z—1)
=5 [_‘f(z)k_z_ ey
Thus

oulz) = 2% [ 10K — a

where K,(z) is the nth Cesaro mean of the series

. z eilcz_
Thus
(n + DKnn(z) — nKa(z) = . Z e

=—n

= i ez 4 3 gikz
k=0 k=1
1 — eitntDz ] . pmitatDz

T 1—e" 1—e¢

cos nx — cos (n + Dz
1 —cosz
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Since K,(z) = 1, it is easy to see that

1 — cos nx]
| 1 —cosz
- R

sin -z
2

mm=i

]
S |-

i 1
_s1 3%
This sequence of functions K, is called Fejer’s kernel. We have shown
for any integrable f on [—=, 7] that the nth Cesaro mean of the Fourier
series for f is

oa(z) = 2% [ SOKz - it

where K, is Fejer’s kernel. Herc arc some propertics of K.
(i) K.20

(i) 51; f_’f Ku(x)dz = 1

(iii) If I is any open interval about z = 0, then
lim sup |[K.(z)] =0 (lz|] £ 7).

n—wo &I
Property (i) is evident from the derived expression for K,.. Property (ii)
simply states that the nth Cesaro mean of the Fourier series for the con-
stant function 1 is 1. Property (iii) results from a few simple inequalities.
HO0<d<wmandif r = |z| = 8, then
(sin 4 )2 = (sin § 6)?

s0

1
n(sin } 8)?
Now K. is also an even function, but we shall make no use of that fact.
All that we want to know about Cesaro means will be proved using only
the above three properties of Fejer’s kernel.

Any sequence of Lebesgue-integrable functions K, which possesses
properties (i), (i1), and (iii) above we shall call an approximate identity
(for L'). (Some call this a positive kernel.) We shall comment on the
terminology later. We shall also see other approximate identities later.
As one example slightly different from Fejer’s kernel K,, one might take

y_J2K., 0SSz =7
"0, —-r=<z<0.

Theorem. Let f be a function in Le(—, 7), where 1 S p < ©. Then
the Cesaro means of the Fourier series for f converge to f in the Lr-norm. If f 7s

|Ka(z)] = fors £ |z] = =

K
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continuous and {(—=) = (=), then the Cesaro means converge uniformly to f.
Proof. Now

onlz) = -21; [ 10K — v

If we extend f to a function on the real line which is periodic with period
2, this may be written

0n(e) = 5= [ flz — DKL

The periodicity condition f(—=x) = f(«) is not important for f in L?, since
we only know f(z) almost everywhere; however, in discussing a continuous
f it is important because it makes the periodic extension of f continuous.
Let us examine the continuous case first. Since [ K. = 1,

0al@) = 1) = 5= [* 1@ = 1) = S@ KO
If 6 > 0, we write

onle) = 1) = 5= [, U@ = ) = @K,

+ ‘L%r [z — 1) — f@)]Kat)dl

UEY
and we see that

loale) = f@)| = _sup 1f(z = 8) = f@)] + 2l|/[l-sup Ku(d).

If f is continuous at z and § is small, the number |f(z — 1) — f(x)| is small
for |t| £ 8; and since
lim sup K.(f) = 0,

n—o |t|25

we see that
lim g.(z) = f(z).

If f is continuous on any closed interval a £ z < b, then f is uniformly
continuous there and it is easily seen that ¢,(z) — f(z) uniformly on [a, b].
For f in L we wish to estimate

”"'» — fllo

Let g be any funection in L9, where-:; —;— = 1. Then

o= [ loat@) ~ f@ o) = o, [[ U@ = 0 — @ lg@Kat)dzds

and thus
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|2iw [:, [on(®) — 1 (x)]g(z)dxl
= 2l1r f-: 2L1r f:. [z — &) — f(z)]g(x)dz [Ka(t)dt.

Using the Holder inequality, the inside integral is not larger in modulus

than
lglle-1lfe = fll»
where fi(z) = f(x — t). Thus

o [ loat@) — S@g@)dz| < lglle - 5= [ 17 = SllKa)ae

for every g € L2. Therefore,
1 =
llon = 1lls < 5= [7, 11 = Sl KDL

For, since L7 is the conjugate space of L?, if we are given a funcetion h in L?
we can also find (by the Hahn-Banach theorem) a g in L2 such that |lg]|, = 1
and [ hg = ||k|l,.

Now if § > 0, write

low = flls < 3= [*, 16 = FUK@3t + 3= [, 1 = F1Ka 00
< _sup [Ife = flls +21lfll,-sup Ku 0.

If 6 is small, ||f; — f||; is small for |¢| < §, i.e., translation is continuous
in the L?-norm. Thus
,1,1_’.’?, ”0'1' - f”p = 0.

Theorem. Iff is in L*(—=, ) then the Cesaro means of the Fourier series
Jor f converge lo f in the weak-star topology on L*.

Proof. As we observed above, for any g in Lt
1 [«
27 f-. Uz = 1) — f(2)]g(z)dz

+ 2”f”°°'|szfl§ K.(t).

£ sup
—86<t<s

21_1r /—1. [ou(z) = f(2)]g(z)dz

Thus, we need only prove that

lim [ [f@ = 1) = f@)g(e)dz = 0
or that

lim [* w)lo) ~ oty — H)dt = 0.
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This follows from the fact that f is bounded and ||g — g:|i = 0. So

él; /:, on(z)g(2)dx — 2L f:,f(x)g(z)dx

L

for every g in L'; i.e., o, — f in the weak-star topology.

We should perhaps comment that the analogue of this last theorem
holds for measures as well. If p is any finite complex Baire measure on
[—, ] we can define the Fourier coefficients

&= [, edu(a)

and the associated Fourier series. The coefficients ¢, are often called the
Fourier-Sticljes coefficients of the measure. We would not expect the
Cesaro means for g to converge as functions, but we might expect the
measures -zlw a.(z)dx to converge to p in the weak-star topology on meas-
ures. This is the case, but the measure p must have period 2=. All this
means is that if ¢ has a “point mass” at = or —x these masscs must be the
same: u({—=}) = u({r}). A better way to formulate this condition is that
p is really a measure on the circle obtained by identifying —# and .

Theorem. Let i be a finite (periodic) complex Baire measure on the interval
[—m, 7] and let o, be the nth Cesaro mean of the Fourier series for p. If
f 28 any continuous function of period 2w, then

lim 5= [ f@en@iz = [7 f@)utz)

that is, the measures 1 audx converge lo p in the weak-star topology.

27
Proof.
1

2%, 7 1@en@yiz = [T, [— [ i@Kaz - t)d:c] du(t)

™
- /_" ra(t)du(l)

where 7, is the nth Cesaro mean for f. Since 7, — f uniformly, we are done.

One of the corollaries to the sequence of theorems above is Fejer’s
theorem: every continuous function of period 2 is a uniform limit of
trigonometric polynomials

n
() = T ae®
k=—n
From this it follows that the orthonormal family {e**} is complete in
L*(—m, ), for the closed linear span of these functions contains the con-
tinuous functions, which are dense in L. Of course, the completeness is
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also contained in the result that for f in L? the ¢, converge to f in L2

We also know now that every integrable function is determined by its
sequence of Fourier coeflicients; indeed, we know that any periodic measure
is determined by its Fourier coefficients.

Some comments may be in order, to place the results about Cesaro
means in proper perspective. Having defined Fourier coefficients for, say,
Lebesgue integrable functions, it is clear that if we add two functions the
respective Ifourier coefficients add. For f, g in L!(—m, ) we can also define
a multiplication (though not pointwise). The multiplication we have in
mind is convolution:

(0@ = 5 [ @ = g0t

Using the Fubini theorem, it is easy to see that f+g is again in L' and that

r*glls = [If1x [lglls.
Also, one can sce that convolution is associative and makes L! into a linear
algebra. The nth Fourier coeflicient of f*¢ is the product of the nth Fourier
coefficients of f and g:

Q]; /:r e—znz(f*g)(x)dx = 2l1r /:' e—inz . Ql-; [_"f(-l? _ l)g(t)dld.v

L[ g(l) - [2—]; /:' e~inf(xr — l)dx:l dt

T 27 J-x

1 Ls . 1 w -
=57 [ oemar 5o [ emiy)ay.

One can also define the convolution of two measures. Let us do this only
in case one of the measures is absolutely continuous with respect to

Lebesgue measure, i.e., has the form % f(x)dx with f in L'. The convolu-

tion of f and p is the function
@) = [T I = Odu().

(The Fubini theorem is required to see that this definition makes sense.)
Again, it is easy to verify that the Fourier coefficients of f*u are the prod-
ucts of the corresponding coefficients for f and p. An important case is the
one in which p is the Dirac delta measure, i.e., the point mass at 0. This
measure § assigns the measure 1 to a Baire set if it contains the point 0,
and otherwise assigns the measure 0. If f is in L' then fx§, = f; i.e., &
serves as an identity under convolution. This corresponds to the fact that
the Fourier coefficients of & are all equal to 1.

If f is in L' the Cesaro means for f converge to f in L!. This is because

o, = f*K, and the measures 2%_ K .(x)dx are approaching the delta measure
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6. This is why we call {K,} an approximate identity for L. Of course,
the Fejer kernel K, is just the nth Cesaro mean of the Fourier series for
the delta mcasure 6.

The results above hold when {K,} is any approximate identity for L.
That is, {f*K.} converges uniformly to f if f is continuous, converges to f in
Lr-norm if 1 £ p < =, converges weak-star to f if f is in L®, and {u*K.,}
converges to p weak-star if u is a measure on the circle. The proofs are
exactly the same as those above if cach K, is a bounded function. This
will be the case in the approximate identities we consider. If the K, are
not bounded, one must first verify that the convolution of an L! function
and an L7 function is in L7, and then the proofs proceed as above.

Characterization of Types of Fourier Series

To complete our preliminary discussion of Fourier serics, we turn to
the following question. Suppose we are given a formal Fourier series

3 Cae™
nw—w
How can we tell whether this is the Fourier series of an L! function? An
L? function? A measurc? A continuous function? For L? we know the
answer: the sequence {c.} must be square-summable. Certain rough tests
can be applied in the other cases. For example, the sequence of Fourier
coefficients of any finite measure must be bounded (by the total variation
of the measure on [—m, w]). This includes the case of an absolutely con-

. 1 . .
tinuous measure o f(x)dz, f in L. For this casc one can say even more:

the Fourier coefficients of an integrable function tend to zero:

Illim lea] = 0.
This is the Ricmann-Lcbesgue lemma, and it is not difficult to prove.
For instance, one can prove it first when f is the characteristic function
of an interval [a, b]. Then onc obtains

= 51;_ /; ’ e~indy

— 2,";.;” [e—int — g—ina]

Cn

so that
< -
ol = 2o
The result then follows for step functions, i.e., linear combinations of
characteristic functions of intervals. Since the step functions are dense in
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L' onc has the general result. Of course the Fourier cocfficients of a measure
need not tend to zero.

A reasonably satisfactory answer to our question about a formal series
can be given in terms of the Cesaro means of the series.

Theorem. A formal Fourier serics is the Fourier series of
(i) an Lr function,1 < p < »;
(ii) an L! function;
(iii) a continuous funciion of period 2w,
(iv) a finite measure;
(v) a finile posilive measure;
if, and only f, the Cesaro means oy
1)’ are bounded in Lr-norm;
(i)’ converge in the Ll-norm;
(i)’ converge uniformly;
(iv)’ are bounded in L*-norm;
(v)' are each mon-negative.

Proof. We have already proved most of the implications & — &', and
the rest are casy to fill in. For example, if o, is the nth Cesaro mean of the
Fourier series of a finite real measure, then

o) = [ Kalz — t)du(0)
and so

5 ] low(@)lde < 5= [ / K.(z — )d|u|(t)dz
= lﬂ'l([_r: T])

For complex measures take real and imaginary parts.

So all we need prove is that if the ¢, satisfy a condition &’ then we have
a Fourier series of type k. First let us make an observation about any
formal series:

] " —imz —
lim 5~ [ "2, (2)dE = Cm.

For if n > |m| the mth Fourier coefficient of o, is ";nlﬂl Cm.

Suppose the Cesaro means are bounded in L?-norm, where 1 < p £ .
We may as well assume that

lloalls =1, n=1,2,3,....
The o, then lie in the unit ball of the conjugate space of L¢, where
% + é = 1. Since this unit ball is weak-star compact, there is a function f

in L? with ||f||, £ 1 such that every weak-star neighborhood of f contains
o for infinitely many values of n. In other words, given any g in L? the
numbers [ ¢.gdz are near [ fgdz for infinitely many values of n. Each ¢im=
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is in Le; since the mth Fourier coefficient of ¢, tends to cm, it must be that
¢n is the mth Fourier coefficient of f. This takes care of (i).

If the g, converge in L' norm, they converge in that norm to an in-
tegrable function f. Since

%, f_', [f(@) = an(@)]eimdx| < ||f — oals

¢ 1s the mth Fourier coefficient of f.

1f the o, converge uniformly, they converge to a continuous f, and this
f has the desired Fourier coefficients by a similar argument.

Suppose

loali £1, n=1,2,3,....

Then the measures dy, = 2—% o.(x)dz arc bounded in total variation by 1.

The space of measures is the conjugate space of the Banach space of
continuous functions. The u, all lie in the unit ball of this conjugate space;
hence, they have a weak-star cluster point p. Since each e is continuous,
the same sort of argument used above shows that u has the desired Fourier
coefficients.
Suppose that
o) 20, n=1,2,....

Then

”71‘”1 = 2]_7r f:f c,.(x)dx = Cg.

Thus the ¢, are bounded in L!-norm. By the last result, our series is the
Fourier series of a finite (periodic) measure p. So p is the weak-star limit

of the measures er ox(z)dz; ie.,

.1 r= x

lim o [* g@en@ds = [ g@dutz)
for every continuous g (of period 27). If ¢ = 0, so is go,; so fgd;u = 0.
Thus u is a positive measure.

NOTES

The chief reference on Fourier series is Zygmund’s book [98]. It should be
consulted for the expansion and extension of the results on Fourier series. One
may also consult the books by Titchmarsh [87] and Rudin [76]. Fejer’s theorem
is in [28]. The characterizations of Fourier series of various types are due to
Steinhaus [83] and Gross [36] for L!, G. C. and W. H. Young [97] for L2, p > 1,
Young [96] for measures, Herglotz [45] for positive measures. See also Carathéo-
dory [16] for Fouricr series of increasing functions (positive measures).
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EXERCISES

1. The series EI%Sin nx is the Fourier series of an L? function. Which L?
n=

function?

2. Let 7 be a Baire function on [—=, 7] and suppose |f(z)| < 1. Prove that
each Cesaro mean of the Fourier series for f satisfies |oq(z)| < 1. If for some n
and z we have |o.(x)| = 1, then f is constant.

3. Let Z a, be an infinite serics. Suppose the Cesaro means of the series con-

verge to some number a, and suppose also that a, = O (11_1) Prove that the

partial sums also converge to a. (G. H. Hardy [40]).

4. For an integrable function on [ —, 7], write the partial sums of the Fourier
series for f in the form

@) = 3 [ FODuz ~ s

that is, determine the (Dirichlet) kernel D, explicitly. Use the result of Exercise 3
to prove that, when f is of bounded variation,

lim s.(z) = %‘Iil’(r,l* [fz+t) + fz — 1))
6. If

N [n, |z|] S =x/n
Kuz) = 0, #/n<|zf S,

verify that {K,.} is an approximate identity for L. What, specifically, do the
various convergence theorems of this chapter say for this particular approximate
identity?

6. If p = 1, prove that the convolution of an L! function and an L? function
isin L?. If p = «, prove that the convolution is continuous.

7. Give an example of two distinct measures on [ —, 7] which have the same
Fourier series if we do not identify — and .

8. If fis in L2, prove that
1 T
o) = o= [ stz + vsyae

is continuous. How does the Fourier series of g behave?

9. For finite measures u; and u, define the convolution u; * u, to be the unique
measure which yields the linear functional L on the continuous functions:

L(f) = [ fz + y)du(z)dpa(y).

Now prove that, if u, is absolutely continuous with respect to Lebesgue measure,
then u * u, is also, and that its derivative is given by the convolution formula
used in this chapter to define the convolution of a function and a measure.
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10. Use Fejer’s theorem to prove the Weierstrass approximation theorem: On
a closed interval of the real line, every continuous function is & uniform limit of
polynomials.

11. Prove that the partial sums of the Fourier series of a function of bounded
variation are uniformly bounded.



CHAPTER 3

ANALYTIC AND HARMONIC
FUNCTIONS IN THE UNIT DISC

Let D denote the open unit dise in the complex plane:

D = {z;]¢| < 1}
and let C' denote the unit circle:
C = {z; || = 1}.

Recall that a complex-valued function f is analytic in D provided that
it is the sum of a convergent power series

f@&) = 2 anz™
n=0
This just means that f has a derivative at each point of D. A complex-
valued function % on D is harmonic if it satisfies Laplace’s equation:

d*u | *u
o T e 0.
Any analytic function is a complex-valued harmonic function. A real-
valued function u is harmonic if and only if it is the real part of an
analytic function, f = u + . For a real-valued harmonic u, any v such
that u + v is analytic is called a harmonic conjugate of u. Such a v is
just a real-valued function which with u» satisfies the Cauchy-Riemann
equations:
ou _ dv ou _ _9v
dar Jy dy ox
The harmonic conjugate of % is unique up to an additive constant. In
other words, given the real harmonic function u, there is a unique real
harmonic function v which is conjugate to u and vanishes at the origin.
27
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The Cauchy and Poisson Kernels

If f is an analytic (or harmonic) function in the unit dise D, we wish
to inquire when f has boundary values, and how f is determined by its
boundary values. Roughly, then, we shall investigate conditions under
which the limits

1) = lirrll f(re®)

exist and define a function on the unit circle C. Then we shall ask how f is
determined by this function on the circle. If f is actually analytic in a dise
of radius 1 + ¢, certainly f has boundary values and is determined by these
boundary values in accordance with the Cauchy integral formula:

[_&L

For our purposes, it will be more convenient to write the Cauchy formula
in the form

1 (= .
1@ = o 7 1) - — .
If f is merely harmonic in a disc of radius 1 + ¢, we do not have a Cauchy
integral formula; however, we can recapture f from its boundary values by
mecans of the Pcisson integral formula. Both of these formulas for the
disc are intimately related to Fourier serics; before we relate the Poisson
formula, let us establish the relationship between harmonie functions
and Fourier serics. We shall not give the briefest discussion possible.
Instead, let us roam around a bit in order to acquire a feeling for what
is going on.
First, suppose f is analytic in the open disc:

flz) = E) anz".
n=0

Let £,(6) = f(re®). For a fixed r, f, is a function defined on the unit circle;
i.e., if we restrict f to the circle of radius r, we obtain a continuous function
on that circle which we can also interpret as a function on the unit circle.
Now

7.(0) = 50 Qe

That is, the nth Fourier coefficient of f, is a.", n = 0, and is zero for
n < 0. If f is analytic in the closed dise, the boundary value function
f1 has the Fourier coefficients a,. Let’s look at the Cauchy formula from
this point of view:
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50 = 5= [7fe) .

If we agree to write f() for f(¢*), we have
1 (= 1
1:6) = 5~ f_rf(t) oo &

- 2‘—1 J7_swci0 — tya

where
1

1 —re?

C.(6) =

In other words, f, is the convolution f, = f*C,, provided f here denotes f on
the unit circle. Thus, the Fourier coefficients of f, are the products of the
Fourier coeflicients of f(¢**) and those of C,:

m%=£3mw
C’_(ei&) - gorneiw

10 = 2'30 anrre™,

Suppose u is harmonie (and real-valued) in the dise. Then u is the real
part of an analytic function, or

u(z) = f(2) +J)

where f is analytic. If

then
u(z) = 2Reao + E an2" + Z anz".

n=1

If we restrict u to the circle of radius r,

u(0) = u(re®) = I carivlei™
n=—o

where ¢ = 2 Re ay, ¢, = a, forn > 0 and ¢, = @_, forn < 0. If u is har-
monic in the closed disc, then the boundary function u; has the Fourier
coefficients ¢,. Of course, c_, = &,, since  is real-valued. So we obtain u,
from u(e®) by multiplying the Fourier coefficient ¢, by r/". This means
only that u, is the convolution of u(¢®) with the function P,, whose Fourier
coefficients are rinl:
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Pr(o) —_ i rlnleino

n=—m

CH(0) + C:(0) — 1
= Re [2C,(6) — 1]

=1 — 2rcos 0 + r2

This family of functions P, is called Poisson’s kernel. We have just noted
that for any real harmonic function in the closed disc we have

w(0) = ulre®) = 2—1; /; w(t) PO — t)dt

where, as usual, «(t) denotes u(e’*). Of course, it immediately follows that
this Poisson integral formula holds for any complex-valued harmonic func-
tion in the closed disc. In particular, it holds for an analytic function f.
Thus, both the Cauchy kernel C, and the Poisson kernel P, reproduce
analytic functions from their boundary values by convolution. It is easy
to see why this is so. The functions P, and C, have the same Fourier
cocflicients on the non-negative integers. Consequently, when we convolve
them with an “analytic” function on the circle, the results are the same.
The difference is that whereas the Fourier coefficients of P, are symmetric
about zero on the integers:

_1_ T —ind = plnl
5 /_'e P.(0)d§ = r
the Fourier coefficients of C, vanish on the negative integers:

.];. T —ind = ™ ngo
oe [Lmscom = g7 120

This vanishing of the negative Fourier coefficients of C, simply means that
C, is “orthogonal” to the conjugate of any analytic function which vanishes
at the origin; i.e., if f is analytic in the closed disc, then

f(e_"") = io e~
and thus
1 7= -
5r [ TEC0 ~ dt = 3 = JO).

On the other hand,
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1 T -
5 [_' T@DP0 — t)dt = Jlre™)
because f is harmonic. The kernel
H,(6) = 2C,(0) — 1

_ 1 A4 re®
1 —re®

is also interesting, in part because
P,(0) = Re H.(6).
But it is of more interest, because if f = u + 4v is analytic in the closed
dise, and #f f(0) 7s real, then
f(re) = -211; f:' w(t)H,(0 — t)d,
i.e., f, = uxIl,. This is casy to scc because u =  (f + f) and so

L[ 3 (e + T — o

-5 [ 10+ 1206 -0 - 1d

= 52 [7 A0 = i+ 5 [ 00— a

1 [= . -
- /_' [f(e) + ﬂ-_)e" 1dt
= f(re®) + F(0) — Re f(0).
So, if f(0) is real, f, = u*H,. This formula can be rewritten

et + re?
et — re?

Jre#) = 5= [* u(e) 1

or
1 4 . e‘.‘ + 2
1) = 5 [__tu(e“) G d.

Suppose we let
Q, =ImH,.

This kernel is called the conjugate Poisson kernel. We see from above that

o(re®) = 2% [7 u@Q6 - a

produces the harmonic conjugate v of 4, which vanishes at the origin. Of
course, P.(f) and Q.(0) are conjugate harmonic functions in the disc.
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Boundary Values

To begin seriously our discussion of the boundary behavior of harmonic
functions, we shall consider the problem of starting with a function on the
unit circle and extending it to a harmonic function in the disc. The original
problem of this sort was the Dirichlet problem: given a real-valued con-
tinuous function f on the unit circle, find a continuous function on the
closed disc which agrees with f on the circle and which is harmonic in the
open disc D. This problem is completely solved by the Poisson integral
formula. All one needs to show is that the family of functions P,,0 S r < 1,
is an approximate identity for L' of the circle. Since

1 -1
1 — 2rcos @ + r2

P.(6) =
we see the following:
(i) P.(6) = 0 (and P, is continuous on the circle);

(ii) 2'1; [ P@w=1, 0sr<1

(because the above integral is the value of the constant function 1 at
z=r);
(iii) if 0 < & < m, then
lim sup |P,(8)| = 0.

r—1 |65
1—r
1 —2rcosé+ r2

Forif § < |§] < =, then P,(0) <

Theorem. Let f be a complex-valued function in LP of the unit circle,
where 1 = p < o. Define f in the unit disc by

fire®) = 5= [T FOP.6 — at.

Then the extended function f is harmonic in the open unit disc, and, asr — 1,
the functions £.(6) = f(re®) converge to f in the LP-norm. If { is continuous
on the unit circle, the f. converge uniformly to f; thus, the extended f is con-
tinuous on the closed disc, harmonic tn the interior.

Proof. Since {P,} is an approximate identity, the proofs of the L2
convergence and the uniform convergence are just the same as the cor-
responding proofs about Cesaro means. The only thing which is basically
different here is that we also regard the family of functions {f,} as a har-
monic function on the open dise. There are various ways of secing why
this function is harmonic. One way is to observe that if the original f is
real-valued then the function f(r¢®) is the real part of the analytic function



Analytic and Harmonic Functions in the Unit Disc 33

_ Lot
0@) = 5 [T 0 G2 a
Theorem. Let f be a bounded Baire function on the unit circle and

Jre®) = o= [* fOP6 — by

The extended { is a bounded harmonic function in the open disc and,asr — 1,
the functions {,(60) = f(re®®) converge to f in the weak-star topology on L.

Proof. {P,} is an approximate identity.
Theorem. Let u be a finite complex Baire measure on the unit circle and let

fre®) = [P0 — 0du(0).

Then f is harmonic in the open disc and the measures
1
du, = o f-(6)d6

converge to p in the weak-star topology on measures.

In all the above cases, it would seem convenient to say that the har-
monic function f(re?) is the Poisson integral of the corresponding function
or measure on the circle. This will save us some words as we proceed to
reverse the process. Just as we did for Cesaro means, we will now ask:
given a harmonic function in the disc, how do we ascertain if it is the
Poisson integral of some type of function or measure on the unit circle?
1f f is harmonic, then

f(re®) = 3T carlnlgin®
n=—o
so the question is actually: when is {¢,} the sequence of Fourier coefficients
of some type of function or measure? Of course, the answer will read just
as it did for Cesaro means, and so will the proof.

Theorem. Let f be a complex-valued harmonic function in the open unit
disc, and write

1+ (6) = f(re®).

(1) If 1 < p £ =, then £ is the Poisson integral of an L® function on the
unit circle if and only if the funclions f, are bounded in Lr-norm.

(ii) f s the Poisson inlegral of an iniegrable function on the circle if and
only if the {, converge in the L'-norm.

(1ii) f is the Poisson integral of a conlinuous function on the unit circle if
and only if the f, converge uniformly.

(iv) f 7s the Poisson inlegral of a finile complex Baire measure on the
circle if and only if the . are bounded in L'-norm.
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(v) f s the Poisson integral of a finite positive Baire measure if and only
if f is non-negative.

We should make a few comments about the various parts of this theo-
rem. The L= part of (i) is often called Fatou’s theorem. The interesting
part of it is the fact that any bounded harmonic funetion in the dise is the
Poisson integral of a bounded Baire function on the circle. Part (v) is often
called Herglotz’s theorem: every non-negative harmonic function is the
Poisson integral of a positive measure. One should note that in any of the
cases above the harmonic function f is real-valued if and only if the cor-
responding L? function or measure is real.

Fatou’s Theorem

The results we have obtained so far about harmonic functions are com-
pletely analogous to our former results about Cesaro means. Indeed, one
can view these results simply as another way of summing Fourier series
(Abel summability). One theorem on Cesaro summability which we did
not prove is Lebesguc’s theorem: if f is an integrable function on [—m, =],
the Cesaro means of the Fourier scries for f converge to f pointwise almost
cverywhere. This result has its analogue in Abel summability: if we cx-
tend f to a harmonic function in the unit dise, the functions f, converge
pointwise to f almost everywhere. This is a theorem of Iatou, which we
shall now prove.

Theorem (Fatou). Let u be a finile complex Baire measure on the unit
circle, and let f be the harmonic function in the unit disc defined by

fr, 0 = [ P.(6 — t)du(?).

Let 6, be any point where p is differentiable with respect lo Lebesgue measure.
Then

lim 1, 6) = 2r (%;)wo) ~ 2m(0).

In fact,
lim f(r, 6) = 2wy’ (6o)

as the point z = re? approaches e along any path tn the open disc which s
not tangent to the unit circle.

Proof. The measurc p is induced by a complex-valued function F, of
bounded variation on the interval [—, 7]:

f gdu = f gdF.
The theorem states that if F is differentiable at 6y, then
lim f(r, 8) = 2xF’(6o)



Analytic and Harmonic Functions in the Unit Disc 35

asre?® — ¢ along any non-tangential path, i.c., f(2) approaches the deriva-
tive of F (or p) with respect to normalized Lebesgue measure. For the
proof, let us first obscrve that the theorem is trivially true for du = db.
So, without loss of generality, we may (by subtracting a constant multiple
of df from dp) assume that p(C) = 0. Then F will satisfy F(—=) = F(x).
Now lct

1 (=
F(r,0) = o P.(6 — t)F(t)dt.
Then

x ] LI
Lt /_'1 (8 — £)dF (D).

1 L ! — nl _ _l_ — N
5o [P0 — OF )it = —5- P(6 — OF ()
So

1 1 [ o,
5-90,0) = 5= [7 PUo — OF
We first prove the radial convergence, since its proof is neater.
1r,0) = [T PUOFEG — byt
T 0
-+ L
= [ PHOTF@ — ) — FO + )
FO+1)—F@6—1 d.

sin ¢

- ﬁ) " [—sin tPX(1)]

Since P; is an odd function, we have

1 Cr e, PO+ — FO—1)
21rf(r’ 0) = 2m /—r K. 2sint d

where

K.() = —% sin LP(0).
Now it is easy to verify that {K,}, 0 < r < 1, is an approximate identity
for L. If F is differentiable at 6, then the function

F(8y+1t) — F(8 — 1)
2sint

G@) =

1s continuous at { = 0 with the value

Fllo+1) —F@o—1t) o
2 sin ¢ = F'(60).

G(0) = lim
t—0

Since {K,} is an approximate identity, and since G is continuous at 0,
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1 .1 f=
lim - (r, 60) = lim 5- [* K, (0G(0)ds

= G(0)
= F'(6o).

Now for the non-tangential convergence. Suppose we have an arc in
the disc which approaches ¢ non-tangentially. This means that we have
two continuous functions r = r(a), 6 = 6(a) defined for 0 £ o =< 1 such
that 0 £ r(e@) <1 for 0 = a <1, (1) =1, 6(1) = 6. It is no loss of
generality to assume that 6, = 0. The non-tangential nature of the arc

then means that
0(a

1 — r(a)
is bounded for @ < 1. Let

K.(t) = sin tP!(6 — 1) { = 6(a)

r = r(a)
so that
sin ¢

o= f(r(e), 0(e) = o [ Ko D

Now we may also assume that F(0) = 0, for this can be arranged by sub-
tracting a constant from F, which will change neither dF nor the condition

F(—) = F(r). Then
F(t)

4 P
F'(0) hmsnt

Now we shall prove that the functions K, satisfy these conditions:

() [_" |Ka(f)|dt is bounded as a — 1;

v . 1 =
(i) lim 5 f_'K,,(t)dt =1,

(iii) {0 < & < , then
lim sup |K.()| = 0.

a—1 5|t Sx
Condition (iii) is easy to verify, since

o in ¢ sin (£ — 0
sniPip =) =2 =) —Sél:lc:slrza(—t))—i-rzl’

_ _2rsintsin (¢ — 6) _

T 1—2rcos (6 — ) +r’P'(0 )
so that if |{| = & while 6 is near zero, sin tP}(6 — {) is small for  near 1.
Condition (ii) follows from

l TS ’ 1 — —
5 f_tsm tPIO — t)dt = 5- f_' cos tP,(6 — £)dt = r cos 0.
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It is in verifying condition (i) that we use the non-tangential nature of the
arc:

1 L > 1 r . ,
27 f-, IKa(ldt = 5 [_, |sin (8 + £)Pi(t)|d¢
. 1 T , 1 - . ,
= |sin 6] 5 f_, |Pr@)ldt + 5 f_, |sin ¢PL(t)|dt.

Since —% sin tP/(t) is an approximate identity, the second integral is

bounded as » — 1. Also,

Jsin ] - 5= [ |PiOlde = |sine] - T [° Pio)lat

|sin 6] i [ Py

2 |sin 0][P.(0) — Py(~)]

llin0||:1+r—]_r]
1rS 1—7r 147

1+r_lo]
T 1—r
Since |6]/(1 — r) is bounded on our are, we conclude that [ |K.| is bounded

as a — 1.
With these three properties of the K,, we finish the proof. Put

IIA

GQ) = S—fl% —F©0) and I(a) = zir [ ..
Then
L ftrt@, 0@)) = 1@F'©) = = [7 GOR.0
27 ! 27 J-= « )

Since G is continuous at 0 with G(0) = 0, for § small the integral

/., 6x.
-3
is small by condition (i) on the K,. Then

ﬁtl 28 GKa

is small by condition (iii). Since lim I(a) = 1, we see that
a—l

lim 5- f(r(a), 6(a)) = F'(0).
a—1 &T

This completes the proof.
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Corollary. Let f be a Lebesguc-integrable function on the unit circle. Then
the Poisson intcgral of £ has a non-langential limsit at almost cvery point of the
unit circle, and these limils are almost cverywhere equal to f. More generally,
the Poisson integral of a finite measure p has non-tangential limits equal almost
everywhere to the derivative of u with respect to normalized Lebesgue measure.

Proof. Let p be a finite (complex) Baire measure on the circle and let

du = -2-]; fd8 + du, be the Lebesgue decomposition for u. Then p is dif-

ferentiable almost everywhere and %% = 0]—7‘_ f almost everywhere. Now

apply Fatou’s theorem.

Corollary. Let { be a complex-valued harmonic function in the unit disc
and suppose that the integrals

J2. lfe)ds

are bounded as r — 1 for some p, 1 < p < . Then for almost cvery 6 the
radial limits

J(®) = lim f(re™)
r—1
exist and define a funclion fin L of the circle. If p > 1 then f is the Poisson
integral of f. If p = 1 then f is the Poisson inlegral of a (unique) finite
measure whose absolutely continuous part s %fde. If f is a bounded har-

monic function, the boundary_values exist almost everywhere and define a
bounded measurable function f whose Poisson integral is f.

Of course, the limits in the last Corollary exist non-tangentially as well
as radially. For emphasis we might also state the following.

Corollary. A non-negalive harmonic function in the unit disc has non-
tangential limits at almost every point of the unit circle.

One conclusion from the various thcorems above is the following. Sup-
pose 1 = p £ o and we consider the class of harmonie functions f in the
open disc such that the functions f,(0) = f(re?) are bounded in L?-norm.
This class of harmonic functions forms a Banach space under the norm

1711 = tim J1£]],.

For1 < p £ « this Banach space is isomorphic to L? of the unit circle.
The isomorphism is f — f, where f is the boundary function for f. If
1 < p < », we have not only

|7l = tim 17l
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but also lim ||f — f.||» = 0. For p = 1 this Banach space is isomorphic to
r—1

the space of finite (Baire) measures on the circle, the isomorphism being
f — u, where f is the Poisson integral of p.

H? Spaces

Our results about harmonic functions apply in particular to analytic
functions. If 0 < p < » we denote by H? (I for Hardy) the class of
analytic functions f in the unit disc for which the functions f(8) = f(re®)
are bounded in L?”-norm as r — 1. If 1 £ p £ «, then H? is a Banach
space under the norm

11 = i |l

i.e., H? is a closed subspace of the corresponding space of harmonic func-
tions. If 1 < p < », we can then identify H? with a closed subspace of L?
of the circle. This space we shall also denote by H?, because of the iso-
morphism. It consists of all functions f in L? whose Poisson integrals are
analytic on the disc, i.c., all f in L” such that

[_' f(6)c*ds =0, n=1,2,3,....

When p = 1 we obtain an identification of H! with the closed space of
finite measures u on the circle which are “analytic”:

/:, emdu(8) =0, n=123,....

Now it is here that a very significant difference occurs between the har-
monic and analytic cases. A theorem of F. and M. Ricsz states that any
measure p which is analytic as above is necessarily absolutely continuous
with respect to Lebesguc measure. This theorem makes it possible for us
to identify H' with the space of Lebesgue-integrable functions on the circle
such that

7 em@ds =0, n=1,23,....

Thus, our next task will be the proof of the theorem of F. and M. Riesz,
along with some related results.

NOTES

Fundamental facts about analytic and harmonic functions can be found in
Titchmarsh [87], Ahlfors [2] or many other places. For more about the Dirichlet
problem, see Courant’s book [21]. Fatou’s paper is [27]. The various boundary
value results here can be found in the books by Zygmund [98], Evans [24], Bieber-
bach [9], Nevanlinna [64], and Privaloff [70]. For analytic functions of class H?
see F. Riesz [71] and F. and M. Riesz [72].
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EXERCISES
1. If f is harmonic and zf(z) is harmonic, then f is analytic.

2. If {cn} is a bounded sequence, then

fr0) = 3 corinlgn?

n= —w

is harmonie in the disc.

3. (a) Verify that P,(8) is harmonic.

(b) If u is harmonic and 0 £ u(r, 6) £ P.(), then u(r, §) = AP,(6) for some
constant A.

(¢) The set of all non-negative harmonic functions in the unit disc which have
the value 1 at the origin is a convex set of functions. What are the extreme points
of this set?

4. Let f be an analytic function in the unit disc without zeros satisfying |f] < 1.
Prove that
su )< inf 2)|.
lzlélp/S @k < lel1/7 @l
6. For a real-valued harmonic function « in the disc, let » denote the harmonic
conjugate vanishing at the origin. Is the map from u, to v, continuous in the sup
norm? The L?-norm?

6. For a rcal-valued harmonic function u, the following are equivalent: (i) » is
the difference of two non-negative harmonic functions; (ii) the L! norms of the
functions u,(6) = u(r, 6) are bounded.

7. Give an example of an analytic function in the unit disc which is in no class
Hr but which has non-tangential limits at almost cvery point of the unit circle.

8. Give an example of an analytic function in the disc which docs not have
non-tangential limits at almost every point of the unit circle.

9. Prove that the set of all analytic functions in the unit disc for which

{ [17@)dzdy <

is a Hilbert space, using the square-root of the above integral as norm. Prove that
H? is a (linear) subspace of this Hilbert space. Is H? a dense subspace? Find an
orthonormal basis for this Hilbert space.

10. Prove Herglotz’s theorem: Every analytic function in the unit disc with
values in the right half-planc such that f(0) > 0 has the form

10 = [ S aue)

where p is a finite positive measure on the unit circle,
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The set of all f analytic in |z| < 1 satisfying Ref = 0 and f(0) = 1 is a convex
set of functions. What are the extreme points of this convex set?

11. Let u be the real harmonic function in the dise determined by some finite
real measure on the circle. Prove that the associated conjugate harmonic functions
v have non-tangential limits at almost every point of the circle.

12. Show that Fatou’s theorem extends to the following situation. If f is a
real-valued integrable function on the unit circle, and if 6 is a point such that
lim f(6) = 4, then
0—0

H_g}f(r; 00) = +w-



CHAPTER 4

THE SPACE W

The Helson-Lowdenslager Approach

Most of the thcorems in this chapter generalize to the context of a
certain class of function algebras known as Dirichlet algebras. We shall
give the proofs for the casc of the unit dise, but in such a manner that
they genceralize readily. We shall deseribe the generalizations later. It may
be that these proofs are not always the shortest possible as applicd to the
classical casc; however, they have an undeniable elegance. These first few
proofs arc duc to Helson and Lowdenslager.

We denote by A the collection of functions which are eontinuous on
the closed unit dise and analytic at each interior point. Then A is a uni-
formly closed lincar algebra of continuous complex-valued functions on the
closed disc. In particular, A is Banach space under the sup norm

[1flle = sup FOIE

Each f in A is (of course) the Poisson integral of its boundary values:

Jre®) = 5= [7 feP,0 — D
Also
[1flle = sup [7(e)].

This is easily seen from the maximum modulus principle for analytic func-
tions. Or, if one wishes, one may deduce this fact (i.e., the maximum
modulus principle for functions in A) directly from the Poisson formula.
Thus, we may identify the functions in A with their boundary values, ob-
taining an isomorphism between A and the Banach space of continuous
functions on the circle such that

[ 1@eman =0, n=1,23,....

This algebra of continuous functions we shall also denote by A. The

trigonometric polynomials of the form
42
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P(8) = éo Qe

are in A and are uniformly dense in A. This follows, for example, from the
fact that if f is continuous on the circle and if the Fourier coefficients of f
vanish on the negative integers, then the Cesaro means of the Fourier scries
for f comprise a sequence of trigonometric polynomials of the above form
which converge uniformly to f. This corresponds to the fact that 4, as an
algebra on the dise, consists of all functions which are uniformly approxi-
mable by polynomials in z:

P() = éo aiz.

The property of A (on the circle) which we want is Fejer’s theorem, in the
following form.

Theorem. The real parts of the funclions in A are uniformly dense in
the space of real-valued continuous funclions on the unit circle. In other words,
if u s a finite real Baire measure on the circle such that [ fdu = 0 for every
fin A, then u s the zero measure.

Proof. The real parts of the functions in A include every trigonometrie
polynomial of the form

PO) = 3 o™ cx=0

=-—n

that is, every real-valued trigonometric polynomial. If f is real-valued and
continuous on the circle, every Cesaro mean for f is such a polynomial.
Hence, such polynomials are dense in the real continuous functions.

If u is a finite real measure on the circle which is “orthogonal” to every
Jin A, then pis orthogonal to the real part of every fin A. So p is orthogo-
nal to every real continuous function and must be the zero measure.

Corollary. If p is a finile real measure on the circle such that [ fdu = 0
Jor every £ in A which vanishes at the origin, then p ts a constant multiple
of Lebesgue measure.

Proof. Let
N=[du and dm =du— 5 Mb.
™

Then p; is a real measure which is orthogonal to every fin 4:

[ fap = [ [f — f©)Jdus 4 FO) [dus =040 = 0.
Thus

wp =0 or dp=;)]7r)\d0.

We shall be working for some time entirely on the unit circle. Thus
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A, H?, ete. will be spaces of functions on the unit circle. One of the theo-
rems we shall prove is the theorem of F. and M. Riesz which we mentioned
earlier: an ‘“analytic”’ measure on the unit circle is absolutely continuous
with respect to Lebesgue measure. We shall also prove Szegs’s theorem.
The setting for this thcorem is as follows. We are given a finite positive
measure p on the circle, and we wish to know in the Hilbert space L2(dw)
what the distance is from the constant function 1 to the subspace spanned
by the functions in A which “vanish at the origin.” That is, we wish to
compute
inf [ |1 — fl*de, fin A and [fd6 = 0.

We shall be particularly intercsted in characterizing the measures p for
which the infimum is zero, i.e., the measurces for which 1 is in the closed
subspace of L2(du) spanned by the functions ¢, n = 1. Szegd’s theorem
states that the square-distance (infimum) above is equal to

exp [:-31; ‘/_" log h(())do]

where h is the derivative of u with respect to normalized Lebesguc measure:
du = }W hdd + dus, e singular.

In particular, this distance depends only upon the absolutely continuous
part of p. Actually, Szegod proved the distance formula for absolutely con-
tinuous measures, and Kolmogoroff and Krein extended it to the general
case.

Our program will be this. We begin to look at Szegé’s theorem and
obtain a preliminary result. This preliminary result can be used to prove
the Ricsz theorem. Then we return and complete the proof of Szegd’s
theorem.

Let Ao denote the set of functions f in A for which f fdo = 0. If uis
a positive measure, we arc intercsted in the L2(du) distance from 1 to A,.
The square of this distance will be

jnf JI1 —fPdu = [1 — Fldu

where F is the orthogonal projection of 1 into the closed subspace of L2(dp)
which is spanned by the functions in A,.

Theorem. Let u be a finite positive Baire measure on the circle and

suppose 1 ts not in the closed subspace of 1.2(dw) which is spanned by the
SJunctions in Ao. Lel F be the orthogonal projection of 1 into that closed sub-

(i) The measure |1 — F|2du is a non-zero constant multiple of Lebesgue
measure. In particular, Lebesgue measure is absoluiely continuous with re-

8pect to p.
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(i) The function (1 — F)~' s in H2
(3ii) If h ¢s the derivative of u with respect to normalized Lebesgue measure,
then the function (1 — F)h is in

Lt =L (%r d())-

Proof. 1et S be the closed subspace of L2(dp) spanned by 4,. Since F
is the orthogonal projection of 1 into S, the function (1 — F) is orthogonal
10 8. That is, (1 — F) is orthogonal to 4,. But (1 — F) is also orthogonal
to (1 — F)f for every f in Ao, because F is the limit in L2(dk) of a sequence
of elements f, in Ao, and if f is a fixed element of 4o, then f(1 — f,,) isin 4,
and converges to f(1 — F). The statement that (1 — F) is orthogonal to
(1 — F)ffor all fin A, says

[fll = Fl*du = 0, fin A,.
Hence the measure |1 — F|?du is a constant multiple of Lebesgue measure.
That constant is not zero because 1 — F # 0, i.e., 1 is not in S. Thus (i)
is proved.

To prove (ii), observe that

|1 — Fl2du = kd8, k=0
and so, if u, denotes the absolutely continuous part of p,

dua = |1 — F|~2Ldb
proving that (1 — F)~'isin L% = L? (21; dﬂ)- Suppose f is in Ag. Then

kfQ—F)Yde=k[Q—F)fj1 — Fl—dd
= [ = F)fdu
=0
because (1 — F) is orthogonal to f in L?(du). Since this holds for cvery
fin A, (in particular for f(6) = ¢, n = 1,2, 3,...) we sce that (1 — F)~!
is in H2
To prove (iii), suppose du = 2%_ hd8 + du,, u, singular. Since |1 — F|du

is a constant multiple of df, the function (1 — F) vanishes almost every-
where with respect to w,. Thus

gy = L1 —
|t — Fl*du = 5= |1 — F|*hdo.

But |1 — F|%du = kdf,so |1 — F|*h is equal to a non-zero constant p, almost
everywhere with respect to df. But then

[1 — Flh = p|l1 — F|
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Corollary 1. If u is a positive measure on the circle with absolutely
conttnuous part p., then

inf [ |1 — fldu = inf [ |1 — f]|*du..
J€ Ao f€Ao
In particular, for any singular p the function 1 is tn the L2(dp) closure of Ao.

Proof. Let F be the orthogonal projection of 1 into the L2(dr) closed
span of Ao,. The square of the distance from 1 to Ao in L%*(du) is then
f |t — F|*dp. As we noted in the theorem, the function (1 — F) vanishes
almost everywhere for the singular part of u. If we regard I as an element
of L2(du,), then F is in the closure of A, in that space. Furthermore, since
(1 — F) vanishes almost everywhere with respect to du,, it is easily seen
that (1 — F) is orthogonal to A, in L*(dw,). Thus (1 — F) is also the
minimizing function for u,, and the proof is complete.

Corollary 2. Let p be a finile complex Baire measure on the circle which
is orthogonal to Ay, i.e., [ fdu = 0 for all f in Ao. Then the absolutely con-
tinuous and singular parts of p are separately orthogonal to A,.

Proof. Let p be any finite positive measure with these two properties:
(i) u is absolutely continuous with respeet to p and the Radon-
Nikodym derivative du/dp is bounded.

ey d 1
(ii) d_g = 2—1'

If du = ;21; hdf 4+ dp,, then one such measure p is

1
dp = 5 (1 + [h[)d0 + d|u|
where d|u,| is the total variation of the complex measure y,. Or in place of

d|p,] use the sum of the total variations of the real and imaginary parts of u,.
Let f be in Ay. By property (ii) of p

J11—fldp 2 %f{l — flrdo = 1.
If F is the orthogonal projection of 1 into the closed subspace of L2(dp)

spanned by Ao, then
J 11— Flzdp = 1.

By the theorem above, (1 — F)'isin H2and (1 — F)(1 + |h|) isin

L =L (l da)-
2w
So (1 — Fhisin L2
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Suppose g is in 4. Then
[ (1 = F)gdu = 0.

For, choose a sequence of elements f, in 4o which converge to F in L2(dp).
Since du/dp is bounded, we have

J = Fygdp = lim [ (1 = fu)gdu.

Each (1 — fa)g is in Ay, and since p is orthogonal to Ao, we have

f (1 — F)gdu =0, g¢in A,.
Now (1 — F) vanishes almost everywhere with respect to the singular part
of p, hence, vanishes almost everywhere dp,. Thus

1

(1 = F)du = o (1 — F)hdo
so we have

J (1 — F)ghdd = 0, gin A,.

Let g. be a sequence of elements of A (not A,) which converge to
(1—-F)1'in L? (2—11; d0)- We can do this since (1 — F)~'is in H2. Then
[ 9.y — F)hdo = 0

for all f in A,. Since (1 — F)h is in L2, and since g. converges in L? to
(1 — F)', we take the limit on n and obtain

[ frdo = 0, allfin A,.
This proves that the absolutely continuous part of u is orthogonal to A,.

Theorem (F. and M. Riesz). Let u be a finite complex Baire measure
on the unat circle such that

[e™du@@) =0, n=1,2,3,....
Then p is absolutely continuous with respect to Lebesgue measure.

Proof. We are assuming that x is orthogonal to Ao. If u = p. + u., with
ks absolutely continuous and w, singular, Corollary 2 above says that u,
and p, are cach orthogonal to A,. Let’s look at the singular measure u,.
By Corollary 1 above we can find a sequence of functions f, in 4, which
converge to 1 in L? of the positive singular measure |u,|. Since g, is orthogo-
nal to A,,

[ du, = lim [ fudu, = 0.

Then g, is also orthogonal to 1. The singular measure ¢~?dp, is now or-
thogonal to Ao; hence, it is orthogonal to 1, i.e.,

[ e%du,(6) = 0.
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So e~2#dy, is orthogonal to A,, and, consequently, orthogonal to 1. Repeat-
ing this process, we conclude that

Ieiuadm(g) =0, n=0,=%1,+2,...

so u, must be the zero measure. Therefore, our original u is absolutely
continuous.

Szegt’s Theorem

Now let us complete Szego’s theorem. We had reduced the problem
there to proving that for an absolulely continuous positive measure

dp = :-}; hdf the square of the distance [in L2(dy)] from 1 to 4, is

exp [zlﬂ_ [_’rt log hd0:|.

To establish this we first prove the following.

Theorem. Let h be any non-negative and Lebesgue-iniegrable function on
the unit circle. Then

oL — inf A [T poRes,
exp [2« /_rlog h(o)do] = inf o~ /_’he 8.
The left-hand side is to be interpreled as zero if log h s not inlegrable.

Proof. Since log h is bounded above by the non-negative integrable
function h, we have only log h non-integrable if

floghds = —o.
Whether log h is integrable or not, we have

exp [2-%_ log hd0] = lﬂ_ [ hdo.

When 4 is a simple function, this is just the familiar relation hetween finite
arithmetic and geomctric means. The same inequality will apply to the
function he? if g is any real-valued integrable function. If such a g also
satisfics [ gdd = 0, the inequality becomes

1 1
exXp [5; [ log hdo:’ =5 J hevds.
In particular, this holds if ¢ = Re f, with f in 4o. So we have

exp [2lﬂ_flog hda] < ir:f;—"lrfhe"do, g=gelL', [gdo=0.

< inf o [ heResdo.

fE€EA0 &T
It is not difficult to see that the last two infima are equal. The functions
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Ref with f in A are dense in the real continuous functions, and, conse-
quently, dense in the real L! functions. Thus the functions Re f with f in
Ao are dense in the real L! functions g for which fgd() = 0. This alone
does not prove the equality of the two infima, since there is some difficulty
when we exponentiate. The difficulty can be removed as follows. If g is a
real L?! function for which f gdf = 0, we can find a scquence of real func-
tions g in L* such that [ g,d0 = 0 and g, increases monotonely to g. By
the monotone convergence theorem it is clear that the infimum is the same
for the class of real L functions as it is for the class of real L! functions.
But each real L* function is the pointwise almost everywhere limit of a
bounded sequence of the functions in Re A. Now, by the bounded con-
vergence theorem, the infimum is the same for real L® functions as it is
for functions in Re A.

Now we want to reverse the incquality. Suppose first that logh is
integrable. Let

1
A= [ log hdo
and put g = A — log h. Then g is real, in L', and [ gdf = 0. Also,
L rnods = L [ oo = exo| L )
o f herdf = > [ e*d6 = exp [21r f log hd()]

Thus the infimum is attained at g and the incquality is actually equality.
If log h is not integrable, for any ¢ > 0 the function log(h + ¢) is in-
tegrable, so

L - inf - Re/,
exp [21r [ log (h + e)do] = inf o= [ (b + e,
Lettling € tend to zcro, we have the theorem.

Theorem (Szeg6; Kolmogoroff-Krein). Let u be a finite positive Baire
measure on the unit circle and let h be the derivative of p with respect to nor-
malized Lebesgue measure. Then

w

. N 1 .
inf f 1 — fl*du = exp [% f_w]og h(o)do]
Proof. By the last theorem,
exp [2]—” [ log hd0] = ﬂienj i J he?Reagy,

Now ¢2Red = |eo]2, If g is in Ao, the function e has the forme? =1 — f
with f in Ao, so e2Re¢ = |1 — f|2. Thus

exp [2% [ log hda] 2 inf 51; [ 11 — 7]hd.

We now deduce the reverse inequality by applying this one to a dif-
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ferent function h. Let g be in 4o and apply the last inequality with A
replaced by |1 — g|2. We obtain

exp[ flogl — g|2d0] = lnf fll —f — g+ fgl*do
= ].

In particular, the function log |1 — g|* is Lebesgue integrable and

[log |1 — g|°d8 = 0.
Therefore,
|1 — g|* = ker

where p is a real L! function such that fpdo = 0 and the constant k
satisfies k¥ = 1. This tells us (returning to our original h) that

1 1 . 1
—_— —_— —_ k. — > —_— R.ef
2wf [1 — g|*hdb = K o [ herds = flen£ 5r [ heResdo

= exp[ f log hdo:l

If we inf over g, we obtain

1 — fI*hdf = [ 1 hdo]

inf o = =] exp | 5- [ log

We proved in Corollary 1 above that the infimum here is equal to
inf [ |1 — f|2dp.
J€ Ao

That completes the proof.

Of course, we may replace Ao, in the theorem by the family of poly-
nomials vanishing at the origin. An immediate corollary to Szegd’s theorem
is that in L*(du) the closed lincar span of the functions ¢, n = 1 contains
the constant function 1 if, and only if,

flog( )do_

This is easily seen to be equivalent to the statecment that these functions
span L2(du).

Completion of the Discussion of H*

Recall that the space H? was defined as the class of analytic functions f
in the open unit disc for which the functions f,() = f(re®) are bounded
in Lr-norm. For 1 < p £ « we were rather easily able to identify H? with
the space of L? functions on the circle such that

[ emf@)ds =0, n=1,23,..
This used only the harmonicity of the functions in H?. For p = 1, the
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fact that an f in A' was harmonic enabled us to identify f with a finite
measure x on the circle (f is the Poisson integral of p). The fact that f was
analytic told us that p was ‘“‘analytic”, i.e.,

[ emdu(6) =0, n=1,2,3,....
Now we have the theorem of F. and M. Riesz, which tells us that
du = é_l-,_.- Jde where f is in L!, and, of course, that f is the Poisson integral

of 7. The functions f, converge to f in L! norm, and, in fact, the non-tan-
gential limit relation

j0) = lim 12

holds for almost every 6. So we may now identify H! with the space of L!
functions on the circle which are ‘“analytic’’, just as we did for H?, p > 1.

Now we want to establish some spceial propertics of H? functions on
the cirele, chiefly the fact that if f is in H! then log |f(6)| is Lebesgue-
integrable.

Theorem. Let f be any funclion in H' such that

1(0) = 5= [ @i = .

Then log |1(8)| ©s Lebesgue inlegrable and

1 [=
— >
5= [ 108156)ld0 2 og )]
Proof. First suppose f is in H2. Applying Szegé’s theorem to the meas-

U
ure 5 |f]2d6, we obtain

1 . 1
exp |7 [log /28 | = inf 5= [11 — glelspas.
For g in A,,
1 1
55 11— gltlfds = 5= [ 1f — fgl*de
1
=52 170) — plds
where p is in 4,. This last integral is not less than [f(0)[2% It follows that
1
5= [ log |1(6)lds = log |5(0)!.
If f is not in H?, choose a sequence of functions f, in H? such that

f+(0) = f(0) and f, converges to f in L!. For example, let f. be the nth
Cesaro mean of the Fourier series for f. Then
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2_11; J log |fa|d8 = log | £(0)].

Letting n — o, we obtain the desired conclusion. In passing to the limit
here, a comment may be in order. If we choose any e > 0, the functions
log (|f] + €) will converge to log (|f| + ¢) in L', and we may pass to the
limit with no difficulty:

51; [ log (If] + €)do = log |7(0)].

Now let e tend to zero, and we are done.
Corollary. For any non-zero f in H' the function log |£(6)| is integrable and

o= [ Tog 1148 2 log |(0)!

Proof. As a function on the disc we can write f(z) = z"g(z) where
g(0) 5= 0. 1t is clear that g is also in H' and that |g(e®)| = |f(c®)| almost
everywhere. Apply the theorem to g.

Corollary. If f is in H!, then f cannot vanish on a set of positive Lebesgue
measure on the circle unless f is identically zero.

The inequality
1
57 | log [£1d8 = log |£(0)]

is simply an extension of Jensen’s inequality from the case of analytic
boundary values to the case of integrable boundary values. We shall dis-
cuss the analogous extension of Jensen’s formula for the difference of the
two quantitics in the next chapter. We shall give another proof of the
integrability of log |f] for f in H! when we discuss Dirichlet algebras. This
proof will also extend to the general context of Dirichlet algebras, but it
will be more clementary because it docs not make use of the Szegd theorem.

One should contrast the last corollary with the situation for harmonic
functions. If f is harmonic in the disc and the functions f,(6) = f(re®) are
bounded in L' norm, then f has non-tangential boundary values at almost
every point on the circle. These boundary values are the derivative with
respect to Lebesgue measure of the measure of which f is the Poisson in-
tegral. Thesc boundary values may vanish almost everywhere, which hap-
pens if and only if the measure corresponding to f is singular. But when f
is analytic, the non-tangential boundary values cannot vanish, even on a
set of positive Lebesgue measure, unless f = 0.

Theorem. Every function in H! is the product of two functions in H2

Proof. Tt is no loss of generality to assume that we have a function f in
H* for which f(0) ¢ 0. Then log |f| is integrable, so for the positive meas-
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ure dp = 511; |f]d8 the constant function 1 is not in the L?(dx) closure of Ay,

the continuous H! functions vanishing at the origin. By the first theorem
of this chapter |f| = k|1l — F|~* almost everywhere, where F is the or-
thogonal projcction of 1 onto the L?(du) span of Ao, and k is a non-zero
constant. By the same theorem, (1 — F)lisin /2 and (1 — F)f isin L2
1t is trivial to verify that since f is in H' the function (1 — F)f is not only
in L2 but also in I72. The factorization of f is then
f=Q0—=F)-(1 - F).

Theorem. Let h be a non-negalive Lebesgue-integrable function on the
circle. A necessary and sufficient condilion that h be of the form h = |f|2, with
f a non-zero function in H2, ¢s that log h be integrable.

Proof. If h = |f|* with f non-zero in II*, we know that logh is in-
tegrable. On the other hand, if log & is integrable, then |h| = k|1 — F|~2,
as in the last proof.

This theorem has another proof, which makes use of more of the special
properties of the dise.

Theorem. Let h be a non-negative integrable function on the circle. Then
h 7s the modulus of a non-zero H! function if and only if log h s integrable.
If h is non-negative and in L, then h is the modulus of a non-zero H= function
if and only if log h is tntegrable.

Proof. Both statements have been proved in one direction. Suppose
log h is integrable. Let

J(z) = exp [%r f Tt log h(o)da]-

—ne® — 2
Then f is analytic in the dise and

Il = e

where u is the Poisson integral of log . Now

o= [7 \ftrenyias = 5

kg

_ exp [u(re®)]do.
Also, since du = 2_11; P,(0 — t)dt is a positive measure of mass 1,
exp [u(re®)] = exp [2%_ /:' P.(0 —t) log h(l)dt]

<5 [7 0 — Ok (exp [f gdu] < f evdn)

and so
1 T . 1 r
5 f_' |fre®)|do < 5= f_th(t)dt.
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Thus f is in H! and
lin} |f(re®)] = linll exp [u(re®)]

= h(6)

almost everywhere. If & is bounded, the above estimates show that f is in
H~>,ie., it is a bounded analytic function.

Dirichlet Algebras

Let X be a compact Hausdorff space and let A be a uniformly closed
complex-linear algebra of continuous complex-valued functions on X which
contains the constant functions. We say that A is a Dirichlet algebra if
the real parts of the functions in A are uniformly dense in the real con-
tinuous functions on X. The terminology is due to A. M. Gleason. Of
course, we have just been working with one example of a Dirichlet algebra,
the algebra of continuous functions on the unit circle whose Fourier coeffi-
cients vanish on the negative integers. Another example is the following.
Let X be the torus, i.e., the product of the unit circle with itself. With
each continuous function f on X, there is associated a double Fourier series

J6,¥) ~ T cmne'™eind
m,n
where the Fourier coefficients ¢n, are defined by
1 (= (= .
- —i(mi+ny)
cwn =33 |, [2.56, 0 dody.

It is convenient to think of the Fouricr cocfficients as indexed by the lattice
points (m, n) in the plane. If Sis a set of lattice points, call S a half-plane if:

(i) for any two intcgers m, n, one and only one of the points (m, n)
and (—m, —n) is in S;

(ii) for (m, n) and (me, ny) in S, the sum (m + mo, n + my) is in S.

If S is a half-plane of lattice points, let A be the set of all continuous
functions on the torus whose Fourier coefficients vanish outside S. Then
A is a Dirichlet algebra on the torus. There are certain obvious half-planes
one might use. An interesting one is obtained by choosing an irrational
number a and

S = {(m, n);m + na = 0}.

Another example (which includes the two examples above) is obtaineg
as follows. Let X be a compact abelian group whose character group X
contains a subsemigroup S, which “totally orders” X:

(i) the zero (identity) of X isin S;

(ii) for any non-zero element y in X, either y is in 8 or —y is in S,
not both.
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Let A be the algebra of continuous functions on X whose Fourier trans-
forms vanish outside S. Then A is a Dirichlet algebra.

In a 1958 Acta paper, Henry Helson and David Lowdenslager extended
most of the theorems of this chapter to the group context deseribed in the
last example. As we said carlier, most of the elegant proofs we have given
are theirs. Some of the results had been obtained for Fourier series in
several variables by Bochner and others. Arens and Singer had previously
done some of the complex function theory in the group context. After the
appearance of the Helson-Lowdenslager paper, Bochner pointed out that
their results gencralize to the context of certain rings of functions. Then
it was apparcnt that probably one natural setting for their work was
Dirichlet algebras.

Let A be a Dirichlet algebra on the compact space X. If u is a finite
positive Baire measure on X, let H?(du) denote the closure in L?(du) of
the functions in A. When X is the circle and A is our standard example,

the H? spaccs are H? = H? ( 2L1r do ) The particular relationship between

A and 21_1r d6 which is relevant here is that this measure is multiplicative

on A:
1 1 1 :
57 J fodd = 5- [ fd8 - 5 [ gdo, f,gin A.

For the general Dirichlet algebra A we single out any non-zero positive
Baire measure m on X which is multiplicative on A. Then we proceed to
study the spaces H? = H?(dm). We denote by A, the set of functions f in
A such that f fdm = 0. With the proofs given above one obtains the
following results.

(1) Let u be a positive measure on X such that 1 is not in the closed
subspace of L2(du) spanned by Ao. Let F be the orthogonal projection of 1
into that subspace. Then the measure |1 — F|dp is a non-zcro constant
multiple of dm; the function (1 — F)~!is in H%*dm); and if h = du/dm the
function (1 — F)h is in L¥(dm).

(2) If uis a positive measure on X and du, = (du/dm)dm, then

inf |1 = fltdu = inf [ |1 — f|"dp.
Jnf [11 = fPdu = inf [11 —fldu

In particular, if u is mutually singular with m, then 1 is in the closed sub-
space of L%(dp) spanned by A,.

(3) If u is a finite complex measure on X which is orthogonal to Ao,
then the absolutely continuous and singular parts of u (with respeet to m)
are scparately orthogonal to A,.

(4) If pis a positive measure on X, then
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f]elg; 11 = fldu = exp [f log (gim) dm].

(5) If f is a function in II'(dm) such that [ fdm 0, then log |f] is
integrable with respect to m and

[ log|fldm = log |[ fdm|.

(6) Every function f in H'(dm) for which f fdm £ 0 is the product of
two functions in H2(dm).

(7) Let h be a non-negative function in L'(dm). Then A has the form
h = |f|2, where f is in II*(dm) and [ fdm > 0, if and only if logh is in
Li(dm).

Some comments are in order. Statement (4) above says that the Szego
theorem is valid for Dirichlet algebras. On the other hand, the theorem
of F. and M. Riesz generalizes in a different form from the circle context.
We do obtain the fact that if u is orthogonal to 4, the absolutely continuous
and singular parts of u are orthogonal to Ao; and that any singular mcasure
orthogonal o Ay is also orthogonal io 1. This is where the general state-
ment stops. It docs immediately imply the classical result, because we can
keep shifting the singular measure on the cirele to conclude that it is zero.
For the general Dirichlet algebra one can have non-zero measures orthogo-
nal to A, which arc mutually singular with m (sece Exercise 11).

The integrability of the log of a non-zero H! function is false for the
general Dirichlet algebra. One docs have

log |[ fdm| < [ log |fldm

so that log |f| is integrable if [ fdm s 0, but when the latter integral is
zero and f 5 0 it may happen that log |f] is not integrable. As we men-
tioned earlier, the Jensen inequality has a very short proof for Dirichlet
algebras which avoids the usc of the generalized Szegd thcorem, and, in-
deed, uses only the definition of Dirichlet algebra. This inequality was first
proved for Dirichlet algebras by Arcns and Singer. The following short
proof was communicated to me by John Wermer.

Let X, A, and m be as above. Let f be any function in A. We denote
by f(m) the integral [ fdm. We wish to prove that

[ log |f|dm = log | f(m)|.

Choose e > 0. Thenlog (|f| + ¢) is a real-valued continuous function on X.
Therefore, we can find a function g = u + 7v in A such that

|u —log (If] + €| <e onX,

u—e<log(fl +e¢ <u-+e
Let h = €9, so that h is also in 4 and |h| = e On X we then have

I/ = |fe~| = |fle™ < e

that is,
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by our choice of ¢g. Since m is multiplicative on A, we also have

F(m)h(m) = (feo) " (m)

and A
|7(m)| |h(m)| = sup |fe7] < e
So A
log |f(m)| + log |h(m)| < ¢
or

log |f(m)| — 4(m) < e.
Now u < € + log (|f| + ¢) on X; hence

a(m) < e + [ log (If] + e)dm
and we obtain

log |f(m)| < 2¢ + [log (/| + ¢)dm.

Let € tend to zero, and we have Jensen’s inequality for any fin 4.
To prove the inequality for f in H'(dm), just approximate f in L!(dm)
by functions in A.

NOTES

Szegd’s theorem is in Szegd [86]. The characterization of H functions and the
integrability of log |f| is in F. and M. Riesz [72]. Many proofs of the F. and
M. Riesz theorem on mecasures have been given, e.g., see Helson [42]. Some
recent work on the result can be found in Bishop [10], Wermer [91], Hoffman [47],
and Helson-Lowdenslager [43]. The last paper is the one from which most of the
proofs in this chapter are tuken. Bochner [14] pointed out the generality of their
arguments. Also sce Bochner’s earlier paper [15]. Dirichlet algebras were defined
by Gleason [34]. More about Dirichlet algebras can be found in Wermer [92, 93].
The Helson-Lowdenslager proofs extend somewhat beyond Dirichlet algebras, as
Bochner observed. The critical hypotheses for the proofs given here are (i) 4 is
an algebra of continuous complex-valued functions on the compact Hausdorfl space
X, containing the constant functions; (ii) m is a positive measure on X which is
multiplicative on A; (iii) if p is a positive measure on X which agrees with m on 4,
then g = m; (iv) the functions in A and their complex conjugates span L2(dm);
(v) each real f in L=(dm) is the pointwise almost everywhere limit of a bounded
sequence of functions in Re 4. These hypotheses are satisfied if A is the algebra
of bounded analytic functions in the unit disc, if X is the maximal ideal space of the
algebra of bounded measurable functions on the unit circle, and if m is the measure
on X corresponding to Lebesgue measure on the circle. Hypothesis (iii) is satisfied
because of a theorem of Gleason and Whitney [35]. See Chapter 10. If one wants
the results just for Dirichlet algebras, the proofs can be shortened somewhat by first
proving Jensen’s inequality for functions in the algebra, using the proof at the very
end of this chapter. Jensen’s inequality for Dirichlet algebras was first proved by
Arens and Singer [5]. In fact, their proof shows that the Jensen inequality follows
from hypotheses (i), (i), and (iii) above. We should mention that hypothesis (v)
above is used only in the proof of the Szegd theorem, and all of the results enumer-



58 The Space H*

ated on pages 55-56 follow from hypotheses (i)—(iv), except possibly result (4). We
shall see, in Chapter 10, other hypotheses which may replace (v) in obtaining
Szegd’s theorem. As a sampling of some previous generalizations of function theory
in the unit disc, see Bochner [13], Mackey [57], Arens and Singer [6], and Wiener
and Masani [59]. Jensen’s inequality for Dirichlet algebras was first proved by
Arens and Singer [5]. The integrability of log |f| for certain rings of continuous
functions was proved by Arens [4]. For more about analytic functions which vanish
on a set of positive measure, one may consult the paper of Lusin and Privaloff
[56] or Privalofl’s book [70]. One result is if f is an arbitrary analytic function in
the unit dise, and if there is some set of positive measure on the circle on which
non-tangential limits of f exist and are zero, then f is identically zero.

EXERCISES

1. If u is a positive measure of mass 1 and f is a real-valued function in L!(d),
prove that
exp [ [ fdu] < [ e/du
and equality holds if and only if f = 0 almost everywhere du.

2. Let f be a non-zero function in H'. Prove the equivalence of these two prop-
erties of f.

(@) log 110)| = 5~ [ 1og 15l

(b) f(z) = Nexp [J— / Tt log | f(0)|d0] where A is a constant of modulus
2 J—we® — 2 '

1 (such an f is called an outer function).

3. Let u be a finite positive Baire measure on the unit circle and suppose 1 is
not in the L*(dp) closure of Ao, the analytic functions with continuous boundary
values which vanish at the origin. Let F be the orthogonal projection of 1 into the
L*(dy) closure of Ap and let G = (1 — F)~'. Prove the following.

(a) G isin II?; @ is an outer function (Exercise 2); G(0) = 1.

(b) The absolutely continuous part of u is

=X
dua = - |GI'dS,

where k = inf fl] — fdp.
f€Ao
(c) If E is a Baire set such that u, lives on E and p, (the singular part of u)
lives on the complement of E, then the characteristic function of E is in H*(du),

the closure of A in L*(du).
(d) With reasonable conventions

H*(du) = H*(dus) & L*(du.).

4. Let u be a finite positive Baire measurc on the unit circle. Prove the equiva-

lence of the following.
(a) 1is not in the L2(du) closure of A,.
(b) H*(dp) = L*(dp).



The Space H! 59

(¢) If we norm 4 with the L?(du) norm, evaluation at the origin is a bounded
linear functional on A.

(d) For each z in the open disc “evaluation at 2” is a bounded linear functional
on A, using the L*(du) norm on A.

(e) For each function fin H?(du) there is an analytic function g in the unit disc
(which is the quoticnt of two ordinary H? functions) such that the non-tangential
limits of g agree with f almost everywhere with respect to Lebesgue measure.

6. For each q, |a| < 1, evaluation at « is a bounded linear functional on the
Hilbert space H2. This functional is, therefore, “inner product with” some function
in H2. Which function?

6. Use Szego’s theorem to prove the following. If f is a function in 12 of the
circle, then the functions e™f(6), n = 0, span L? of the circle if and only if

(a) f docs not vanish on a set of positive Lebesgue measure;

(b) log |f] is not Lebesgue integrable.

7. Let p1 and p: be positive measures on the circle. In each of the L? spaces
we complete the polynomials in z, arriving at the Hilbert spaces H2(dw), H?(dps).
On each of these spaces we consider the linear operator “multiplication by z.”
Prove that these two multiplication operators are unitarily equivalent if and only if

(a) w1 and pe are mutually absolutely continuous.

(b) the functions log (du;/d8), j = 1, 2, are either both Lebesgue intcgrable or
both not Lebesgue integrable.

8. Let f be in L7 of the unit circle C, 1 < p < «, and dcfine g in the open unit

disc by
1 f\)
9) 2w /;‘)\ - zd)\'

Isgin H??

9. Prove that for any f analytic in |z| < 1 the .” norms

o | et lras
are increasing in 7.

10. If 7is a conformal map of the disc onto the disc, does f(z) — f(7(2)) map H?
into itself?

11, Consider the torus T = {(¢%, ¢¥)} and Lebesgue measure dm = 4—1’;2-d0dvll

thereon.

(a) Prove that the functions e'¥, ™ are an orthonormal family in L*(dm).

(b) Find a Fejer kernel, giving the Cesaro means of the Fourier series for a
function in L(dm). Prove the analogue of Fejer’s theorem, the completeness of
the functions in part (a), ete.

(¢) Choose an irrational number « and let A consist of all continuous functions
of the torus whose Fourier coefficients a vanish for £ + na < 0. Prove that 4 is
a Dirichlet algebra on torus.
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(d) Show that the F. and M. Riesz theorem is false for 4. That is, let 4o be
the set of functions in A which vanish at the origin:

fT fdm = 0.
Then show that the measure u defined by
Jodan = [ st e —iyar,  fECT)

is singular, non-zero, and orthogonal to 4o.



CHAPTER 5

FACTORIZATION FOR
H> FUNCTIONS

Inner and Outer Functions

Suppose f is a non-zero function of the class H! on the unit disc. Then
f has non-tangential limits at almost every point of the unit circle:

J(¢*) = lim f(2)
z—e'
and
Jrety = 5= [7 feP(@ — e
2r J-= T )
Also, log |f(e**)] is Lebesguc integrable. Let

F(2) = exp [2% [r ST 10 f(e"’)ldo:l-

re? — 2

Then F is an analytic function in the unit disc. Also, F is in H' because

L [ Prenlds < o= [7 |f(e)lde.

This results from the fact that |F| = e*, where u is the Poisson integral of
log |f|. Clearly, |F| = |f| almost everywhere on the unit circle. Of course,
F has no zeros in the open disc, and

log [F(re®)] = 5= [ log |1(e")| X0 — t)dt.
Thus, |F(2)| 2 |f(2)| for each z in the open dise. For
log | f(re®)| < ;—W 7 log |f(e")|P(8 — )t = log |[F(re?)].

This inequality is just an application of Jensen’s inequality as we proved
it in the last chapter, but using the measure

1
dm = 5= P8 — )dt
61
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instead of 21—-‘” dt. It is just the statement that log |f| is subharmonic; i.e.,

lies everywhere below the harmonic function log |F|, which has the same
boundary valucs as log |f].
Let us look at the function
_J1@),

Now g is a bounded analytic function in the open disc; indeed,

|g(z) l = F((Z)

in the disc. Also, |g(¢®)| = 1 almost everywhere on the unit circle. Thus
we have f as the product f = gF of a bounded analytic function of modulus
one on the boundary and an H* function F of a rather special type. It will
be convenient for us to make the following definitions.

An inner function is an analytic function g in the unit disc such that
[g(2)] = 1 and |g(e?)| = 1 almost everywhere on the unit circle. An outer
function is an analytic function F in the unit disc of the form

FO) =newp [ 55 [T GEE ko)as ]

r e —

where £ is a real-valued integrable function on the circle and A is a complex
number of modulus 1. It is casy to see that such an outer function F is
in H' if, and only if, e* is also integrable; when F is an outer function in H*
we have necessarily
k(0) = log [F(c¥)| a.e.
The following characterizations of outer functions are uscful.

Theorem. Let F be a non-zero function in H'. The following are equiva-
lent.
(1) F 4s an outer function.
(ii) If f is any function in H' such that |f| = |F| almost everywhere on
the unit circle, then |F(z)| = |{(2)| at each point z in the open unit disc.

(i) log [F0)] = 5- [ log [F(e®)|ds.

Proof. We gave above the proof that (i) implies (ii). On the other hand,

if (ii) holds, let G be the outer function
L 4 e + 0
G(2) = exp [21:'/ v log |F(e )ldo]

Then |F(2)| < |G(2)| < |F(2)| onthe disc. Thus, F/G is analytic and every-
where of absolute value 1. So F = AG where [A| = 1, proving that F is
an outer function. Obviously, (iii) holds for any outer function in H'. Sup-
pose that (iii) holds. Define G as above, and we see that F/G is bounded
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by 1 in the disc and has absolute value 1 at z = 0. Thus F/G = A, a
constant of modulus 1.

Theorem. Let f be a non-zero function tn H'. Then f can be wrilien in
the form f = gF where g 7s an tnner function and ¥ s an ouler funclion.
This factorization is unique up to a constant of modulus 1 and (of course)
the outer function T 1s in H!.

Proof. As we observed above, if

o | L [T 2tz i

F@ = o[ 5 [T, G2 1081 e at |

then F is an outer function in 1, and f/F = g is an inner function. If we
also have f = ¢.Ff, with g; inner and F; outer, then |F| = |Fi| on the
boundary. Clearly, then, F = AF; for some number A of modulus 1. So
My = giFyand g1 = Ag.

Blaschke Products and Singular Functions

We are now going to factor each inner function into a product of two
more specialized inner functions. The first of these will be a Blaschke
product, to take care of the zeros of the given inner function. The second
factor will be determined by a singular measure on the unit circle.

Theorem. Let f be a bounded analytic function in the unit disc and
suppose £(0) = 0. If {an} is the sequence of zeros of f in the open disc, cach
repeated as often as the muliiplicity of the zero of f, then the product I |owm|

n

18 convergent, that is,
2 (1 - |anl) < m.

Proof. Suppose |f] < 1, for convenience. Of course, f may have only a
finite number of zeros, and then there is no question of convergence of their
product. Otherwise, f has a countable number of zeros: a1, as, as, . . . and
we are going to prove that the infinite product

0
H lanl
n=1
converges.

Let B.(2) be the finite product:

oz — o
B.(2) = —_—
(z) kl;Il 1 — a2
Now B.(z) is a rational function, analytic in the closed unit disc, and
|Ba(e®)| = 1, since each of the functions
z —
1 —

I

k
k&

n
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is of modulus 1 on the unit circle. Furthermore, f/B, is a bounded analytic
function in the disc. Since

e — (5ol 51, ae.

we have |f(z)| < |Ba(2)| on the disc. In particular,
0 < |f0)] < |B.(0)] = ,,1:11 Jou.

Since |ai] < 1 for each k, and since cach of the partial products i [ou]
k=1

is not less than [f(0)|, the infinite product converges, completing the proof.
What we have in mind here is to form an infinite product from the
zeros of f, thus obtaining a function by which we can divide f to arrive at
a function with no zeros. Thus one would hope that the infinite product
© 22— ay
nI} 11 — anz
should converge; however, it need not. Fortunately, if we simply rotate
the nth term in the product by —&./|as|, the new infinite product does
converge.
Lemma. Let {an} be a sequence of non-zero complex numbers in the open
unit disc. A necessary and suflicient condilion that the infinite product

© Qp Qp — 2

n=1 Ia,.l 1 — a.z

should converge uniformly on compact subsets of the disc is that the product
11 |as| should converge, i.e., that

51 (1 = la]) < .

When this condition is satisfied, the product defines an inner function whose
zeros are exactly oy, oo, . .

Proof. Let us first prove the last statement. Form the partial products

T oQr o — 2

Bn(Z) —kl;Il !akl 1 — a2
Each B, is analytic in the closed unit disc and has modulus 1 on the unit
circle. If the sequence {B,} converges uniformly on compact subsets of
|z2| < 1 to a function B, it is clear that B is bounded by 1 and is analytic
in the interior of the unit dise. Of course, uniform convergence of the
infinite product means more than uniform convergence of the B,. It
means that on each compact subset of the open disc at most a finite number
of the factors in the product have a zero, and that when these factors are
removed the partial products of the remaining infinite product converge
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uniformly to a function without zeros on the compact set. Uniform con-
vergence of the infinite product on compact sets certainly yields a bounded
analytic function whose zeros are a, as,.... In particular, this con-
vergence implies

2 (= la) <.

Now suppose the a. satisfy this last condition. Certainly, then, no more
than a finite number of factors in the infinite product can have a zero on
any given compact set. We wish to establish uniform convergence of the
product on each closed disc |2] < r < 1. Let

5@ = (E) s

- = [ - el ] -

| atnl 1 — anz | ctn]

_1- | ata| I:l + laa| 1]_

|l 1 — @z

Then

I

If |z] < r, then

1= sl s Skel] ]
|oal

Since 2 (1 — |aa]) < ®, we see that 2 [1 — f.(z)| is uniformly summable
on |z| = r, and hence that the product IT f.(z) is uniformly and absolutely
convergent on that dise.

The convergence of the infinite product, if it is assumed that
2 (1 — |aa|) < «, has another proof which is interesting and should be
mentioned. This proof also shows easily that the product is an inner
function. Let B, be the nth partial product as above. It is then casy to
see that {B.} converges in H? on the circle. For

1 -7

1 L g 1 x
2r f-, |Bn — Bal'dé = 5 f_, [|Bml2 + |Bal? + 2 Re B.Bndb.

Since each B; has modulus 1 on the circle,

|Bal = Bt =1 and Bp= 5~
Thus
1

57 |7 1B = Bafids = 2[1 = Rey_ [7 pran

If n > m, then B,/B,, is analytic and

1 B. B.\, &
27rf podo = (B—m)(O) = I |-
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Thus
- /:1 |Bn — Baltdd = 2 (l T IﬂI+1 o )

27 =m
Since the infinite product IT || converges, we sce that B, — B in H®.
This L? convergence on the boundary easily yields uniform convergence
of B, to B on compact subsets of the disc. A subsequence of the 3, con-
verges pointwise almost everywhere to B on the circle, from which it is
clear that B has modulus 1;i.c., B is an inner function.
A Blaschke product is an analytic function B of the form
hd Qn Qpn— 2 [P
Bl == ,.I=Il [|an| 11— &,.z]
where
(1) p, m, Do, - . . are non-negative integers;
(ii) the a, are distinct non-zcro numbers in the open unit disc;
(iti) the product I |@a|™ is convergent.
n

We have just seen that such a product converges uniformly on compact
sets and that the only zeros of B arc a zero of order p at the origin and a
zero of order p, at a.. Of course, if p = 0 or p, = 0, the corrcsponding
term in the product may be deleted so that one retains only the factors
which give rise to zeros. The only reason for allowing the orders to be 0
is to have one unified definition of Blaschke product.

Theorem. Let f be a non-zero bounded analytic function in the unit disc.
Then f 1s uniquely expressible in the form f = Bg where B s a Blaschke
product and g 18 a (necessarily bounded) analytic funclion without zeros.

Proof. Since f # 0, we can write f(z) = z?h(z) where h(0) = 0. Let B
be the product of 27 and the Blaschke product formed from the zeros of .
Then g = f/B is analytic and bounded in the dise. The factorization
f = By is unique, since a Blaschke product is uniquely determined by its
ZEeros.

Suppose we apply this last theorem when f is an inner function. Then
we shall have f = Bg, where B is a Blaschke product and g is an inner
function without zeros.

Theorem. Let g be an tnner funciion without zeros, and suppose that g(0)
1s posiiive. Then there 1s a unique singular positive measure p on the unit

circle such that
L]
o6 = exp | - [ GEEduo) |

Proof. Since g is analytic in the disc and has no zeros, g = e¢~* where h
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is an analytic function in the dise. Since g is bounded by 1, the real part
of » must be non-negative on the dise. Let ~ = u + % so that u = 0.
The non-negative harmonic function u is uniquely expressible in the form

u(re®) = [ P,(6 — t)du(t)

where p is a positive measure on the circle. Since g(0) > 0, we have
v(0) = 0 (or, at least, we may assume so by subtracting 2k=% from k). Thus,

e’ + 2
h(z) = j 2 dulo).
Now |g| = 1 almost everywhere on the circle. Since |g| = ¢~ this just
means that the non-tangential limits of » must vanish almost everywhere
. C e s 1
on the circle. But these non-tangential limits are equal to o 3—0 So uis

singular, and that completes the proof.

One important part of the above proof is the fact that if 4 is an analytic
function with values in the right half-plane and h(0) > 0, then

he) = [ G du(o)

for some positive measure p on the circle. This is usually known as
Herglotz’s theorem. It is equivalent to the theorem that a non-negative
harmonic function in the disc is the Poisson integral of a positive measure,
this also being known as Herglotz’s theorem.

Let us call an inner function without zeros which is positive at the
origin a singular function.

The Factorization Theorem

Theorem. Letf 7= 0 be an H! function in the unit disc. Then f is uniquely
expressible in the form f = BSF, where B is a Blaschke product, S is a
singular function, and T vs an oufer function (vn HY).

Proof. We know that f = gF, where g is an inner function and F is an
outer function, and that this factorization is unique up to a constant
multiple of modulus 1. 1f B is the Blaschke product formed from the zeros
of g (i.e., the zeros of f) then g = BS, where S is an inner function without
zeros. By multiplying g by a constant of modulus 1, we can arrange that
S(0) > 0, i.e., that S is a singular function. We then absorb that constant
into the outer function F, and we are done.

Let us make a final description of the factorization f = BSF. Let p be
the order of the zero of f at the origin, and let a;, a3, . . . be the remaining
zeros of f, the multiplicity of a, being pa. Then
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B(z) = 2» ﬁ [ Qn  On — 2 ]p..

n=1 Ianl ' 1- Qn2

m™ 1.9 .
F(z) = exp [2—]-1r f__ etz (log |f(c®)| + ia)de]

. eiﬂ —2
where a = arg (f/B)(0); and then

o 1@ _ [Ptz
8() = B@)F(E) exp[ /ci" — zd#(e)]

for some positive singular measure p. From this one can deduce, among
other things, a generalized Jensen formula. If f(0) 5 0, then

2% J7 . Tog 1(e)do = log |7(0)] + = palog Jeul + J du.

If f is analytic in the closed disc, then the “singular part” of f is zero, B is
a finite Blaschke product, and onc has the usual Jensen formula.

Of course, we shall call I the outer part of f and B-S the inner part of f.
We know that F is in H' and that B and S arc bounded. One should also
note that Blaschke products and singular functions are analytic in a much
larger region than the open unit dise. For emphasis, we might state these
as theorems.

Theorem. The Blaschke product whose zeros are
a), a2, a3, . . ., 0< la"| < 1

converges at all points z in the complex plane except those in the compact set K
consisting of

(1) the poinis z = 1/ay;

(ii) the points z on the unil circle which are accumulation points of the
sequence {an}.

The convergence ©s uniform on any closed set 1n the plane which 1s disjoint
from XK, and the product B(z) s thus analylic off K.

Proof. On any closed set disjoint from K, the numbers |1 — &,z| are
uniformly bounded away from zero. The same estimates used for conver-
gencc in the disc then apply.

We should remark that B(z) has a pole at each 1/&,, and has an es-
sential singularity at the accumulation points of the a.. In particular, B
cannot be cxtended continuously from the interior of the disc to any such
accumulation point, for the extended value of B would have to be zero,
while the non-tangential limits of B are of modulus 1 almost everywhere.

Theorem. If S is the singular function determined by the positive singular
measure p, then S s analytic everywhere in the complex plane except al those
points of the unit circle which are in the closed support of the measure p.
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The function S (or even |S|) s not continuously extendable from the interior
of the disc to any point in the closed support of p.

Proof. The closed support of p is the complement of the union of all
open sets on the circle which have p-measure zero. Let K be this closed
support set. If z is not in K, then the function

b+ 2
he) = [ G2 du(s)
is analytic at z with derivative
, i
h'(z) = /mdy(e).

S = ¢ * is analytic off K. This has nothing to do with the fact that u is
singular.

Suppose we have a point e on the circle such that |S| extends con-
tinuously to this point. Certainly, then, |S(e®)| = 1, so Re h must be
bounded near this point. That is, there is a positive 6 such that Re h(re®)
is bounded for |0 — 6| < 8. Let » = Re h so that

u(r, 6) = [ P8 — t)du(t).
Let g, be the restriction of u, to the interval |§ — 6y < 8, and then {g,}
is a bounded family of continuous functions on that interval. Thus, there
exists a bounded measurable function g which is a weak-star cluster point

of this family. Let F be any continuous function on the circle which
vanishes off the interval |6 — 6| < 5. Then

.1 rx
lim 5 f_ﬂ F(6)u(r, 0)d0 = [ Fdu
and the integrals
1 00+
5 [ F(0)u(r, 0)d8
cluster at

1 O+ &
5 / F(6)9(6)do.

Since F vanishes for |8 — 6| > 8, we see that the last integral must be
equal to | Fdu. Since this holds for all such F, we sec that the restriction
of uto|0— 6| <3dis absolut( ly continuous with respect to Lebesgue

measure on that interval and £ = 2l g. Since u is singular, g = 0 and

¢ is not in the closed support of r. That completes the proof.

Theorem. Let f be a function in H'. Then f 4s tn H?, 1 < p £ w0, if
and only if the ouler part of f is in H?, If { 1s continuous on the unit circle,
80 18 the ouler part of 1.
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Proof. The statement about H? functions is obvious. Suppose f is con-
tinuous on the circle. Let K be the closed set of points on the circle at which
f(e®) = 0. Let f = BSF be the canonical factorization of f. Certainly,
every point of accumulation of the zcros of the Blaschke product B is
contained in K, so B is analytic (and non-zero) at cvery point of the circle
which is not in K. The outer function

1 = e
F(z)=eXp['2‘;r[_ gns

. eiﬂ -2
is continuous (and zero) on K because |F| = |f|. Since |F| and B are con-
tinuous off K, so is |S|. By the last theorem, then, the measure p which
determines S must have its closed support contained in K. Consequently,
S is analytic off K. It follows that # = f/BS is continuous off K, and hence
that F is continuous on all of the circle.

(log | f (¢”) | + ia)de]

Absolute Convergence of Taylor Series

This is a short section which contains two intcresting theorems. One
is the theorem of Hardy and Littlewood which states that if a function in
H! is of bounded variation on the unit circle then the Taylor series for the
function is absolutely convergent. The other is Hardy’s theorem on the
growth of the Fourier cocfficients of an H* function. We treat the latter
theorem first.

The Ricmann-Lebesgue lemma states that the Fourier cocfficients of
an integrable function tend to zero. For H! functions, one can say much
more.

Theorem (Hardy). Let f be a function in H! with power series

Eo n2™,
Then
=1
2 Lol < wlll
Proof. First suppose that a, = 0,n =0,1,2,.... Then
Im f(re®) = 51 a,r® sin n.
ne=
Since
1 2x . ]
g (x — 6) sin n6df = -
we obtain
$ Lom =L [ (x — 6) Imf(re®)ds
n=l1 N " 27r 0

<3 ﬁ' |[f(re®)|do = =||f|]:.
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Let r tend to 1 and we have what we want, assuming that a, = 0. For the

general f write f = gh where g and h are the H? functions defined by

a(f) 23"

and B is the Blaschke product of the zeros of f. If
9(z) = Z buz"

h(z) = 20 Cn2"
then by the Riesz-Fischer theorem the functions
G(z) = Z |balen

II(Z) = 2 Icnlz"
are also in H?; in fact,

lIGll: = llgll: and [|H]]z = [|A]l=.
Let F = GH. Certainly, F is in H', and

FG) = 3 @
n=0

where @, = 0. It is also apparent that |a.| £ @.. By the first part of our
proof

g | 1
Z el = 2 e s 7||Fl|s.
But
[1Fll: = 1IGll2 [|H]le = llgllz lAllz = [fllx

and we are done.

Theorem. Let f be a function on the unit circle which s both of bounded
variation and in H'. Then

(1) f is an absolutely continuous function;
(ii) the Fourier series for f s absolutely convergent.

Proof. Since f is of bounded variation, the Fourier coefficients of f are
L[ —inf ._.,"_l T —ing
an =5 [T J@emds =% - o= [7 e=af(6) (n 5 0).

In particular, df is analytic. By the theorem of F. and M. Riesz, df is

absolutely continuous, i.e., df = gdf, where g is in H'. Thus a, = :-;b"’
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where b, is the nth Fourier coefficient of g, n = 1,2, 3, .. .. By the last
theorem

© o 1
T laa = T ~|bal < oo,
n=1 n=1M

That completes the argument.

Remarks on the Classical Approach

Let us make a few remarks on the more standard approach to the theo-
rems of this and the last chapter. Having defined the classes H? in the
unit dise, p > 0, one can proceed directly to dispose of the case p > 1.
We did this by using the weak-star compactness of the unit ball in Le.
Needless to say, the case p = 2 is much more easily disposed of; for if

1@ = 2 aw
then
L [ Afed = 3 Janfire

So if fis in H?, we let r — 1 and conclude that {a,} is square-summable.
By the Riesz-Fischer theorem, the a, are the Fourier coefficients of an L2
function on the cirele, and it is apparent that f is the Poisson integral of
that function. One can then prove Fatou’s theorem as we did, obtaining
non-tangential convergence almost everywhere of f to its boundary values.
If our function f happens to be bounded, the non-tangential convergence
makes it apparent that the boundary values of f define a bounded measur-
able function. This scttles at least H* and H? as far as the boundary value
theorems are concerned.

For any p > 0 and any analytic f, it is relatively easy to show that the
L norms of the functions f,(6) = f(re?) are increasing as r — 1. From this
one can see, for an f in H?, that the infinite product of the moduli of the
zeros of f converges. Thus, any f in H? is of the form f = Bg, where Bis a
Blaschke product and g is a function in I/* without zeros. Since g has no
zcros, g*/? is analytic and is in H2 Thus, gr’2 has non-tangential limits
almost everywhere. Consequently, such limits also exist for

= B(gplz)zlp.
In particular, if f is in H', we have
f=(BVyVy
i.e., f is the product of two H? functions. We thereby obtain the theorem

of F. and M. Riesz that every function in H! is the Poisson integral of
an L' function on the circle, that L! function being the product of the

boundary values of BVg and those of V7.
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The boundary values of a function in H? define an L? function on the
circle, and for any p = 1 the Poisson integral of this function is f. Of
course, one would not expect such an integral representation for p < 1.
The integrability of log |f(¢?)| for f in II? is {airly easy to obtain. If one
defines for h = 0

logt h = max [log h, 0]
log~ h = min [log &, 0]

one has the following. Since log x < 2= for large x and a given positive e,
it is easy to see that for any f in H?” the integrals

1 (= .
—_ + 0
o /_'10g [f(rc®)|do
are bounded as r — 1. By the classical Jensen inequality
1 - + i 1 - — ' [ (08 >
5o [ logt |fre®)lde + 5 [ log™ {[(re®)]ds Z log |7(0)].
Assuming f(0) £ 0, onc sees that the integrals

1 [ i
5z |, log|f(re)las

are bounded as r — 1. From this the integrability of log |f(e®)| is rather
casy to obtain.
The factorization theory for H' may now proceed as we did it above.

Functions of Bounded Characteristic

The factorization we have given for H? functions generalizes to the
class of functions of bounded characteristic, i.e., meromorphic functions
which are the quotient of two bounded analytic functions. If f = g/h,
where g and h are bounded analytic functions with & not identically zero,
it is apparent that f has finite non-tangential limits at almost every point
of the circle. Suppose we write g and h as products of Blaschke products,
singular functions, and outer functions, say g = B,S,0,, b = BiSyOs. The
quotient 0,/0; has the form

r e
A exp {% [_ etz k(o)do}

'ciﬂ_z

where ) is a scalar of modulus 1 and
k = log |g| — log |h| = log |f|.

1t is, therefore, an outer function (though not necessarily in H?).
The quotient S,/S; has the form

exp { / otz d#(ﬁ)}

e? — z
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where u is a real singular measure; i.e., p = pr — p, where these are the
positive singular measures going with h and g.
We conclude that every function of bounded characteristic has the form

1) = BD exp { [ SE2 a0}

where p is a real measure on the circle, and B; and B. are Blaschke products.

The absolutely continuous part of p will be 21—1r log |f|d6. We could also ar-

range that B; and B: have no common factor, and then the representation
is easily seen to be unique.

Of course, an H? function is the quotient of two bounded analytic
functions. It suffices to show this when f is an outer function in H”. Then
f is the quotient of the bounded outer functions determined by log~ ||
and —logt !f].

Functions of bounded characteristic are characterized by the property
that the integral of logt |f| around the circle of radius r is bounded as
r — 1. For this result, we refer the rcader to Nevanlinna’s book, Eindeulige
Analytischen Funkiionen.

NOTES

The factorization for Hr functions should probably be attributed to Riesz [71],
and Herglotz [45]. In the generality of functions of bounded characteristic, the
reference is Nevanlinna [64]. A good reference for some of the fundamentals
is Beurling’s paper [8], in which he coined the terms inner and outer func-
tions. See also Rudin [75], Zygmund [98], Bicberbach [9], Privaloff [70]. The
theorem on absolute convergence of Fourier series is in Hardy-Littlewood [41].
See Zygmund [98], as usual, for related questions. Yor a similar factorization of
matrix-valued H? functions see the papers of Masani [58], Wicner and Masani
[59], and Potapov [69].

EXERCISES
1. Prove that

E ein9
n=1logn

is not the Fourier series of a finitc measure on the circle.

2. Use the Hardy-Littlewood theorem to prove that the Taylor series about
the origin for (1 — z)!2 is absolutely convergent in the disc.

8. Prove that a bounded analytic function in the right half-plane which vanishes
at each positive integer is identically zero.

4. Let f be a function in H' and suppose that the functions z%f, n = 0, span H'.
Prove that f is outer.
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6. Let F be an outer function in H'. Suppose f is in H* and f/I' is integrable
on the unit circle, |z] = 1. Prove that f/F is in [1'. Show that this property charac-
terizes outer functions F.

6. Let f be an analytic function in the unit dise. Prove that f is a (constant of
modulus 1 times a) Blaschke product if and only if

(8) I =1
(b) lim f " log |f(re?)|d6 = 0.
r— -x
7. Can a Blaschke product be extended continuously from the open unit dise
to any point on the circle where its zeros accumulate?
8. Let || < 1 and let ¢ be the lincar fractional map

#lz) = Z—2

T1-a
Then ¢ induces a map f — f o ¢ on the space of analytic functions in the disc.
Does this map preserve the class H'? The class of inner functions? The class of
outer functions in H'?
9. Let f be a bounded analytic function in the unit dise, and suppose there is a
positive number & such that

[T —2| + |f(2)] o
Prove that there cxist bounded analytic functions g and & in the disc so that
(1 —2)g(2) +f@Dh(z) =1, || <1.

(Hint: Show that one can choose k so that fh extends to be analytic in a neighbor-
hood of z = 1 and has the valuc 1 at z = 1.)

10. Iet f be an analytic function in the unit disc. Prove that f is the quotient
of two bounded analytic functions if and only if

f_‘ log* |f(re®)|do

is bounded as r — 1. (Hint: Use the log* condition to prove the Blaschke product
of the zcros of f converges; write f = Bg and get g in the class logt. Write g = e*
and see what g in log* says about h. Details are in Nevanlinna [64].)

11. Let f ¢ 0 be an analytic function in the unit disc, and suppose f is in II'.
Assume you know nothing about H! except its definition. Norm H* by

£l = lim 5= [ |5tre®)las

= 1 [~ i
or s = sup o [ I5tre®ld.
Prove that evaluation at the origin is bounded on 111, i.e.,
170)| = K||fl]x.
Now let oy, oz, . . . be the zeros of f in the open disc which are different from 0

and show that the argument we applied to bounded functions proves the con-
vergence of IT ||
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12. Let f be a function in H!. Prove that either of these conditions implies
that f is an outer function:

(a) 1/fisin H.

(b) Ref(z) > 0for |z| < 1.
If f is inner, prove that 1 + f is outer.

13. Let S be the singular function determined by the positive singular measure
g. Let X be any point on the unit circle which is in the closed support of u. Prove
that there is a sequence of points z, in the open disc such that

limz, =X and limS(z,) = 0.



CHAPTER 6

ANALYTIC FUNCTIONS WITH
CONTINUOUS BOUNDARY VALUES

In this chapter we shall be studying the algebra A4 of continuous functions
on the closed unit disc which are analytic on the open dise. There are
various alternative desecriptions of A. For example, A is the uniform closure
of the polynomials p(2). Or, if we identify each function in 4 with its
boundary values, A consists of the continuous functions on the unit cirele
whose Fourier coefficicnts vanish on the negative integers. Beyond the
polynomials, the most obvious functions in A arc those which have an
absolutely convergent Taylor series

J&) = 2 anz®, T |aa| < .

n=0 n=0
Such functions do not exhaust A4, since 4 also contains, e.g., the functions
which are sums of uniformly (but not absolutely) convergent Taylor series.
We proved in the last chapter that any function in A which is of bounded
variation on the unit circle necessarily has an absolutely convergent Taylor
series.

The main point of this chapter is to give the complete description of
the closed ideals in 4. This description will make heavy use of the factori-
zation theory of the last chapter, as well as some new material we shall
develop in this chapter. Before we begin to discuss the ideal theory, we
want to make a few observations about functions in A.

If f # 0 is a function in 4, we know that the function log |f(e®)] is
Lebesgue integrable on the unit circle. In particular, if K is the (closed)
set of zeros of f on the circle, then K has Lebesgue measure zero. We shall
need a converse for this, namely, if K is an arbitrary closed set of Lebesgue
measure zero on |z| = 1, then there exists a function in A whose zcros
on the closed unit disc are precisely the points of K. This is a result of
Fatou, which we shall soon prove; indeed, we shall prove Rudin’s generali-
zation of the result which says that, given any continuous complex-valued
function g on K, there is a function f in A such that f = g on K. For these
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constructions we need to know a little about the behavior of conjugate
harmonic functions on the boundary.

Conjugate Harmonic Functions

Suppose f is a Lebesgue-integrable function on the circle. For conven-
ience, let f be real-valued. The function

1 L c"“’ + 2
he) = 5 [T G fo)do
is analytic in the open dise. The real part of h is the Poisson integral of f.
Thus we know that if A = u + 4», the harmonic function # has non-
tangential limits which exist and agree with f almost everywhere on the
circle. What about the harmonic conjugate »? In other words, if

o, ) = 5= [ 6 — D@0t

where @, is the conjugate Poisson kernel,
_ 1+ reit 2rsint
Q) = ]ml —reit 1 —2rcost +r?

docs v have non-tangential limits almost everywhere? If so, what are they?
Now @, is obviously not an approximate identity (positive kernel) like P,.
Nevertheless, the non-tangential limits do exist almost everywhere for ».
This is casy to see. It certainly will suffice to prove this when f = 0. If
we assume that £ = 0, the above analytic function A has non-negative real
part. Thus, ¢=*is a bounded analytic function. Thercfore, ¢~®*+# hag non-
tangential limits at almost cvery point of the circle, and since these limits
cannot vanish on a set of positive measure, both u and » have finite non-
tangential limits almost everywhere.
This does not answer the question of what the limits are. Since

lim Q1) = Qut) = ey = ctn ¥

—cost

one’s guess would be that
. _ 1 = _ 1
limo(r, 6) = 5= f_* (6 — 1) ctn 3t dt.
This is the answer. Since

o, 0) = 5= |7 6 — D@0

]

—2_1; J7.56 + Dt
=~ [0 =IO 0 g a
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we are asserting that, as r — 1, v(r, 6) approaches

_L 040 —f0-19,
27 J-= 2 tan ¢

almost everywhere. In particular, this integral exists for almost every 6.
Here we shall not give the whole story, proving only the sufficiency of the
existence of this integral.

Theorem. Let f be an iniegrable function on the circle and
)| x
o(r, ) = 5= [7 56 — DQ.OdL.

If 6 is any number such thal the integral

_ L =fe+0-—Joe—1%
v(6) = 2r J-x 2 tan ¢ dt

exists, then lim v(r, §) = v(0).
r—1

Proof. Let

_fe+) —f6—-19
$o(t) = 2 tan it

so that we are assuming ¢, is integrable. Now

1 2r sin ¢ tan 3t
v(r, 6) — v(0) = 27 /—r ¢°(t)l:l 1—2rcost + 7'2] d

I (I —=ne
T or [—t o(0) 1 —2rcost+r dt.

Now if
_ (1 —=1r)
) = T "orcost + 7

then0 < ¢.(f) < 1andlim ¢.(f) = 0, except at ¢ = 0. Since ¢y is integrable,
r—1

we must have [ ¢og, — 0, i.c.,
lim v(r, 6) = v(6).
r—1

Corollary. If f is differentiable at 0 then
lim »(r, 6) = v(9)
r—l

exists. If, say, f is continuously differentiable on a closed tnierval |8 — 6o < 8,
then on that intcrval the functions v; converge uniformly ast — 1.

Proof. The function ¢ is clearly integrable on any interval |t| 2 ¢ > 0.
If f is differentiable at 6, then ¢ is bounded as t — 0, so ¢ is integrable.
If f is continuously differentiable on |8 — 6| < 3, then we obtain a uniform
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bound on ¢ for 6 in the interval and ¢ small; it is easy to see that v(r, 6) is
uniformly close to v(6).

Theorems of Fatou and Rudin

The last corollary enables us to construct special analytic functions
with continuous boundary values.

Theorem (Fatou). Let K be a closed set of Lebesgue measure zero on the
unit circle. Then there exisls a funclion in A which vanishes precisely on K.

Proof. Let w be an extended real-valued function on the circle such
that

(i) w = — on K, and tends continuously to — as ¢ approaches K ;
(ii) w < —1 on the circle;
(iii) w is finite-valued and continuously differentiable on ¢ — K;
(iv) w is integrable.

Such a w can be found since K has measure zero. One naive way to con-
struct such a function is the following. Since K is closcd, the complement,
C-K is the union of a countable number of disjoint open intervals (arcs) I,.
Let e, be the length of I,. Choose a strictly positive and continuously dif-
ferentiable function y, on I, such that y, < ¢, y, tends to zero at the
endpoints of I, and

_/;' log yn = —2¢n.

If we define y to be zero on A and y = y, on I,, then 0 £ y < ¢™!; the
zeros of y are precisely the points of K ; y is continuous on € and continu-
ously differentiable on C-K; and log y is integrable. Let w = log y.

Now define

h(z) =2—-1rj' e +z w(6)db.

Then h is analytic in the open disc and Re h £ —1. By property (iii)
of w and the Corollary above, h is actually continuous on the complement
of K in the closed disc. Since w tends continuously to —« at each point
of K, the function

Re hr, 0) = 21—; [7 wPuo — 0t

tends radially to — o for each 6 in K.
Now let

Q@
i
S
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It is apparent that g is in 4, Reg = 0, and the zeros of g on the closed
disc are exactly the points of K. We remark that Re g = 0 exactly on K.

Theorem (Rudin). Let K be a closed set of Lebesque measure zero on the
unit circle, and let F be any conlinuous complex-valucd function on K. Then
there exists a function in A whose restriciion to K is F.

Proof. Assume K is non-empty. We can find a function f in 4 such

that
() fiz) =1ifz€K;

(i) |f(2)] < 1if zis a point of the closed disc not in K. Just construct
g as in the last theorem and let f = ev.

The idea of the proof is this. Using this function f, we prove that the
algebra of continuous functions on K which we obtain by restricting A4 to
K is uniformly closed (on K). Then we observe that this algebra of restric-
tions is (uniformly) dense in the continuous functions on K.

Let h be any function in A. Since f = 1 on K and |f| < 1 off K,

sup |h| = lim I1/7h]|

where (of course) ||- - -|| denotes the sup norm over the entire closed dise.
Each fh agrees with h on K. This means that f"h = h + g, where g is a
function in A which vanishes on K. We now have

sup |h| = inf ||k + glle, gE€EA, g=0o0nK.
g

Let S be the subspace of functions in A which vanish on K. Now S is a
closed subspace of A and

sup |h| = i’éﬁ |~ =+ gllw

The right-hand number above is the standard quotient norm for the
coset h + S of the subspace S. It is easy to verify that, if S is a closed
subspace of a Banach space A, the quotient space A/8 is complete in the
quotient norm. We conclude that the restriction of 4 to K is uniformly
closed.

1t is quite easy to see that if K is any proper closed subset of the circle,
then the restriction of A to K is dense in the continuous functions on K.
Let Ax be the uniform closure on K of the restrictions of the functions
in A. By a rotation, we may assume that K omits the open are 6] < a
on the circle. If z is a positive number greater than 1, then (z — z)™' is
in Ag, indeed, in A. Let zo be the infimum of the real numbers z > —1
such that (z — z)~! is in Ag. Claim: 2o = —1. Suppose 2o > —1. Then
we can find an z > zo and ¢ > 0 such that z — z, < e but K lies outside
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the disc |z — z| < eand (z — 2)"'isin Ax. Let w = (2 — z)~* so that K
lies in the disc |w| £ 1/e. Now (2 — z0)~! is analytic on |w| < 1/e and is,
therefore, uniformly approximable on that disc by polynomials in w. We
conclude that (z — zo)™! is in Ak; indeed, we see by the same argument
that (z — #)! is in Ak for any ¢ satislying |z — t| < e. Clearly, there is
such a real { less than x,. This contradicts the definition of 2. We conclude
that zo = —1; in particular, 1/2 = z is in Ax. By Fejer'’s thcorem, Ag
contains every continuous function on K.

We remark that the second half of the above proof (that is, that on a
proper closed subset of the circle every continuous function is a uniform
limit of polynomials) is a very old theorem which has a varicety of proofs.
The one we gave is one of the more elementary oncs and is modeled after
the proof of Runge’s approximation theorem. Another interesting, but less
elementary, proof can be based on the theorem of F. and M. Riesz on
analytic measures. Suppose K is a proper closed subset of the circle; let
A be the uniform closure on K of the polynomials. Suppose 4 x = C(K).
By the Hahn-Banach theorem there is a bounded linear functional on C'(K)
which annihilates A ¢ but is not zero. In other words, there is a non-zero
finite complex measure p on K such that [ pdu = 0 for every polynomial p.
According to F. and M. Riesz, any such measure on the circle has the form
dp = fd6 with f in H'. Since u is supported on K, we see that f vanishes
on an oper. arc of the circle. Sof = 0 and u = 0, which is a contradiction.

We should also point out that Rudin proved more than we have stated.
He proved that if F is continuous on the closed set of measure zero, K,
then there is an f in 4 such that f = F on K and f is bounded on the dise
by the maximum of ¥ on K.

Bishop has generalized the Rudin theorem as follows. Let A be a uni-
formly closed algebra of continuous complex-valued functions on a compact
Hausdorff space X (1€ A4). Let K be any closed subset of X with this
property: if u is a complex measure on X which is orthogonal to 4, the
total variation of u on K is zero. Then the restriction of 4 to K is C(K)
(without closing).

The Closed Ideals of A

As we said earlier, we wish to describe the closed ideals in A. If R is
any ring, it is obviously of considerable intercst to describe the ideals in B.
Needless to say, this is usually extremely difficult. If R is a commutative
ring with identity, one usually says that he knows the ‘“ideal theory” of B
if he can answer such basic questions as the following:

(1) What are the maximal ideals of R?
(2) Is every proper ideal an intersection of maximal ideals?
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(3) What are the primary ideals of R, i.e., those contained in precisely
one maximal ideal?
(4) Is every ideal an intersection of primary ideals?

In a topological ring (or Banach algebra) such as our algebra 4, one
normally restricts his attention to closed ideals. The task of describing
just the closed ideals is usually insurmountable; however, for our algebra A
they can all be described very precisely. This ideal theory was first done
by Beurling, but he never published the results. Later, Rudin independ-
ently obtained the results (Canadian Journal of Mathematics, 1957).

Since A happens to be a commutative Banach algebra with a single
generator, it is quite easy to find the maximal ideals of A, if one is willing
to use the general result that, for any maximal ideal in a commutative
Banach algebra with identity, the associated quotient field is the field of
complex numbers. We shall comment on this later, but for now it is of no
particular aid to us, since the description of the maximal ideals will soon
drop out of the general assault on the ideal theory.

If A is a point in the closed unit disc, it is apparent that

{fed;f(0) = 0}

is a maximal ideal in A. We shall soon see that there are no others. What
other closed ideals in A are there? Certainly 224, the set of functions in A
such that f(0) = f'(0) = 0 is a closed ideal. It is also primary, since it is
contained in the single maximal ideal {f;f(0) = 0}. Thus, not every closed
ideal in A is an intersection of maximal ideals. There is an obvious exten-
sion of this example. Choose a sequence of points a5 in the open disc and
a sequence of non-negative integers p., and let J be the set of functions
in A which have a zero of order at least p, at a,. Clearly, J is a closed
ideal. Of coursc, we may haveJ = 0. But if the o, approach the boundary
of the disc rapidly, if the p. are not too large, and if the a, do not cluster
on a set of positive measure on the circle, we shall have J = 0. For ex-
ample, if @, = 1 — 27 and p, = n, we have J = 0.

These are the obvious closed ideals in A: those determined by pre-
scribing orders of zeros at points in the open disc. From what we have
already done we can see that there are others. Let K be a closed set of
measure zero on the circle, and let Jx be the set of functions in A which
vanish on K. We know that Jx is a non-zero ideal (which is obviously
closed). There is another type of ideal which is more subtle. This is one
determined by the rate at which the functions in it tend to zero as z ap-
proaches the boundary. A simple example of this is the following. Let

F(z) = exp [5—-'_;%]
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Then F is not in A, but is an inner function. Indeed, F is the singular
function determined by the unit point mass at z = 1. Let M be the
(maximal) ideal of all functions in A which vanish at z = 1, and let
J = FM. Then J is a closed ideal in A. For if ¢ is in 4 and ¢g(1) = 0,
then Fg is in A, because F is analytic and of modulus 1 at every point of
the circle other than z = 1. Of course J is closed, because M is closed and
F is of modulus 1 almost everywhere. Furthecrmore, J % M because
(1 — 2)isnotinJ. If it were, (1 — z)F! would be bounded, which it is not.

Now we make a much more general type of closed ideal. Subsequently
we show that this is the only type.

Theorem. Let K be a closed set of Lebesqgue measure zero on the unit
circle. Let F be an inner function such that
(1) of au, e, . . . are the zeros of ¥ in the open disc, then every accumulation
point of the ay s in K;
(ii) the measure determining the singular part of T 7s supported on K.
Let J be the set of functions of the form Fg, where g is a function in A
which vanishes on K. Then J is a closed non-zero ideal in A.

Proof. Let F = BS, where B is the Blaschke product with zeros
ai, az, . . . and § is the inner funetion determined by the positive singular
measure u. Every accumulation point of the a. isin K. Thus, B is analytic
in the complement of K in the complex plane. The closed support of u is
contained in K. Thus, 8 is analytic on the complement of K. If g is any
function in A which vanishes on K, the fact that F is bounded makes it
obvious that Fg is in A. If J is the set of such functions Fg, certainly J
is an ideal in A. Also, J is non-zero, because the zero measure of K guar-
antees the cxistence of a ¢ # 0 in A which vanishes on K. To see that J
is closed, argue as follows. Let {Fg.} be a sequence of functions in J which
converges to a function f in A. Then

|1Fgn — fllo — 0,
and, since F is of modulus 1 on the circle,
”g“ - Ff“w -0

(essential sup on the circle). Thus, {g.} converges uniformly to Ff on the
circle. So Ff = F-'f = g, where g = lim g,.. Clearly, fisin J (i.e.,f = Fg).

Now we wish to show that every non-zero closed ideal in A has the
above form. To prove this, begin with such an ideal J and let K be the
closed sct of measure zero on the circle obtained by intersecting the zeros
on the circle of all the functions in J. How do we produce the inner func-
tion F? F will have to be an inner function which divides every f in J.
Conscquently, F must divide the inner part of every f in J. Indeed, one
feels that F should be the “‘greatest common divisor” of these inner parts.
We need the following.
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If F and G are inner functions, we shall say that /¥ divides G if G/F is a
bounded analytic function. When F' divides G, it is clear that G/F is,
again an inner function.

Lemma. Let § be any non-empty family of inner funciions. Then there
18 a unique inner funciton F with these two properties:
(i) F divides every function in §.
(ii) If Fy ts an inner function which divides each funclion in §, then Ty
divides F.

Proof. Let F = BS and F; = B,S; be inner functions. If F divides F,
then clearly B divides B, i.e., every zero of F in the open disc (with
multiplicity) is also a zero of Fy. If F divides Fy, then clearly S must
divide S;. Now

‘ %(z) = exp[fzz—i-':(du -—dm)]

where u is the positive singular measure defining S and p, is the correspond-
ing measure for 8;. Now Si/S is bounded if and only if p — u = 0, ie.,
if and only if u = p.

Given the family &, the function F we are seeking is defined as follows.
The Blaschke product for F is the one formed from the common zeros of
the functions in §. The mecasure u for F will be the “greatest’” positive
measure on the circle which is dominated by the corresponding measures
of all functions in §. If there is such a measure, we clearly have the I
we want.

All we need demonstrate is that any family of positive measures has a
greatest lower bound. This is casy to verify. If {u.} is such a family of
mecasures, the greatest lower bound of the . is the measure p defined by

uw(E) = inf 3 inf ua(E,)
P j=1 a

where P ranges over all partitions of the set E into the disjoint union of
Baire sets Ey, . . ., E.. Upon checking that u is a measure, we arc done.

Needless to say, we call F the greatest common divisor of the inner
functions in the family .

Theorem. Let J be a non-zero closed ideal in A, and let K be the inter-
section of the zeros of the functions in J on the unit circle. Let F be the greatest
common divisor of the inner parts of the non-zero functions in J. Then J is
precisely the set of functions of the form Fg, where g ranges over the functions
in A which vanish on K.

Proof. Virtually by definition, every function f in J has the form Fyg,
where g is in A and vanishes on K. Just let g be the quotient of the inner
part of f by F, multiplied by the outer part of f.
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If J denotes the set of functions in A of the form f/F with f in J, then
clearly J is a closed ideal in A which is contained in the ideal of all func-
tions vanishing on K. We are to prove that these two ideals are identical.
What this tells us is that we need only prove the theorem for the case
F=1

Assume that we have a closed ideal J in A, such that the greatest
common divisor of the inner parts of its non-zero elements is 1. Let K be
the common zcros of the functions in J on the circle, and let 7 = I(K) be
the ideal of all functions in A which vanish on K. We shall prove that
J = I(K). To do this, it will suffice to prove that any complex measure
on the circle which is orthogonal to J is also orthogonal to I. This says
that, as closed subspaces of the continuous functions on the circle, J and
are annihilated by exactly the same bounded linear functionals.

Let p be a finite complex Baire measure on the circle such that u is
orthogonal to J':

[fdu =0, feJ.
Fixing f in J, we have (since J is an idcal)
[efdup =0, n=0,1,2,....

This means that fdu is an “analytic” measure. The theorem of F. and M.
Ricsz tells us that

1
fdu = 5 Hydb

where H; is in H'. Note that H; also vanishes at the origin.
Let

1
d”' = 2—r¢d0+dﬂl

be the Lebesgue decomposition for u (¢ in L! and g, singular). From above,
we see that fdu, = 0 for every f in J. Since the functions in J have no
common zero off K, this shows that g, is supported on K. We also have
associated with each f in J an H! function H; such that f¢ = H; almost
cverywhere. If f 5 0, this just says that ¢ agrees almost everywhere with
the non-tangential limits of the meromorphic function H;/f on the disc.
Among other things, we see that the meromorphic function H,/f (for f > 0
inJ) is independent of f. 1f f, g are in J and non-zero, we have H;/f = H,/g
almost everywhere on the circle; hence,

gH; — fH, = 0 a.e. on the circle.
But gH; — fH, is in H'. Thus, this function vanishes identically on the

disc:
HG) _ H).
f@) 9(2)
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Let us call this meromorphic function M. Note that M is actually analytic,
for we are assuming that the g.c.d. of the inner parts of the functions in J
is 1. At any point X in the open disc we have an f in J for which f(A) = 0.
Since M = H,/f, we see that M is analytic at A.

We wish to prove that M is in H'. Since the non-tangential limits of M
agree with ¢ almost everywhere, this will show us that ¢ isin H*. Of course,
M may be 0, but that case requires no comment. If we choosc a particular
f# 0in J (or use the fact that M is of bounded characteristic) and re-
member that M is analytic, we see that

M() = \B() exp[ Z: i_de(O)]

where B is a Blaschke product and p is the real measure defined by

1
dp = o log |M|d0 + dp1 — dp:

1
= §;log |¢|d6 + dpy — dpe

o and pe being positive singular measures on the circle. For any fin J we
have fM in H'. This clearly means that, if p, is the measure defining the

singular part of f, uy = p1. But the inner factors of the f’s have g.c.d. 1,
s0 py = 0. Thus

M(2) = AB(2) exp [_/ e 4z dm] exp [2—]1; f:' ¢’ +z log |¢ld9]

e? — 2 e? —z

where ¢ is in L!, log |¢| is in L', and p; is a positive singular measure.
Thus M is in H*; i.e., ¢ is in H! of the circle. Of course, M also vanishes
at the origin, because cach H; does.

Now let & be any function in A which vanishes on K. Then

[ hdu = 5- [ hodo + [ b,

Since ¢ is in H' and vanishes at the origin, the first integral is zero. Since
us is supported on K, and since h vanishes on K, the second integral is
zero. That completes the proof.

Corollary. Every maximal ideal of A 1s of the form
My = {feA;f)) = 0}
Sor some point \ in the closed unit disc.
Proof. First, we need to observe that if J is any proper ideal in A4,
the closure of J is a proper closed ideal in A. The closure of J is clearly
an ideal; we need only show that it is proper. If f belongs to J, we must

have |[1 — f]le = 1. If ||l — f|le < 1, then obviously 1/f is in 4, and
no element of a proper ideal can be invertible. Thus, ||1 — f||, = 1 will
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also hold for every f in the closure of J. If M is a maximal ideal, the above
remarks make it clear that M is closed. The description we have given
for closed idecals makes it apparent that M must be an M,.

Corollary. If f), . . ., f, are functions in A which have no common zero
on the closed disc, then there exist functions g, . . . , g tn A such that
flgl + - 'I"fngn =1

Proof. The set of all functions of the form figi + - -+ + f.g. is an ideal.
If it docs not contain 1, it is a proper ideal and must (by Zorn’s lemma)
be contained in a maximal ideal.

Corollary. Every closed ideal in A is the principal closed ideal gencrated
by a function in A.

Proof. Certainly the zero ideal is principal. If J is a non-trivial closed
ideal, let K and F' be as in the theorem. Let g be any function in A whose
zeros are preeisely K and let f be the outer part of g. Then it is clear that
Ff gencrates J.

Corollary. The closed ideals J in A which are primary, i.e., coniained
in precisely one maximal ideal, are those of the following types:

(1) J s the principal ideal generated by (z — a)¥, where k s a positive
tnleger and a is a point of the open unil disc.

(i1) J s the (closed) principal ideal generated by

1® = = Nexp [ 23]

where |\| = 1 and p is a non-negative real number.

Proof. If J is primary and contained in the maximal ideal M, with
le| < 1, then the corresponding set K is empty and the corresponding
" inner function must be

a a—=z |
Fe) = [Ial 1 - &z:l

If J is primary and in M, with |A\| = 1, then K = {A} and the correspond-

ing F must be
0
F(z) = exp [—/ < i_:dp(ﬂ)]

ci

where p is a positive measure concentrated at the point A. If we let
p = u({A}), we have (ii).
It is not true that every closed ideal is an intersection of primary ideals.
If J, K, F are as above, it is easy to verify that J is an intersection of
primary ideals if and only if the measure p which determines the singular
part of F is discrete, i.e., the sum of a countable number of point masses.
Let us review. Suppose we have a closed ideal J in A4, 0 = J # A.
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Then J will be contained in a certain set of maximal ideals. This set is
usually called the hull of J. Thus the hull of J is the set of common zeros
on the dise of the functions in J. Now hull (J) will look like this:

(1) hull (J) is a non-empty proper closed subset of [z < 1.

(ii) There is either a finite or a countably infinite number of points
of the open dise which belong to hull (J). If there is an infinite number
of such points a;, a, . . ., then

’:31 (1 = |a]) < co.

(iii) The interscction of bull (J) with the unit circle is a closed set K
of Lebesgue measure zero, and K contains every accumulation point of the
points a, of (ii).

Of course, any closed set satisfying (i), (ii), and (iii) is the hull of some
closed ideal of A, namcly, the ideal of all functions in A which vanish on
that set. This ideal is simply the interscction of the maximal ideals which
contain J, for any J having that hull. This intersection is usually called
the kernel of the hull of J.

If H is a hull, we have a complete description of all the closed ideals J
which have H as their hull. Each such J is obtained as follows. For each
a, in H sclect a positive integer p,. The only constraint on the choice of
the pn is that 2 p.(1 — |aa]) < . Choose a finite positive measure p on
II N\ C. Let J be the set of functions f in A such that

(a) f vanishes on H;
(b) f has a zcro of order at least p. at an;
(¢) the function

s@exp| [ GEEau |

is bounded as |z| — 1. For each such choice of the p, and p we obtain a
closed ideal J and distinct choices give distinet idcals. The p. specify
orders of zeros inside the dise, and u specifics “order’” of vanishing at the
boundary.

We already looked at the case when H is a single point. If H = {A}
with |[A| < 1, we obtain a countable number of closed ideals with hull H.
If [\| = 1, then we have a continuum of distinct closed ideals with hull
o = {A}.

Commutative Banach Algebras

We wish to prove Wermer’s theorem that A is a maximal closed sub-
algebra of the continuous functions on the unit circle. For this we shall
not need the ideal theory which we have just completed; however, we do
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need the characterization of the maximal ideals of A (which we have).
As we mentioned earlier, this characterization of the maximal ideals is
easy to obtain if one knows one fundamental theorem on commutative
Banach algebras, and we shall now derive the result from that theorem,
since the concepts involved are relevant to the proof of Wermer’s theorem.

A commutative Banach algebra is a commutative complex linear algebra
B, which is equipped with a norm under which it is a Banach space and
for which the norm is related to the multiplication by

lzyll = il [ly]l-

If B has an identity for multiplication we also require that the identity has
norm 1. Certainly A is such an object, i.e., a commutative Banach algebra
with identity (using the sup norm). For another example, take

B = H=, with ||f]| =sup|f@2)], le|l <1.

Let B be a commutative Banach algebra with identity. We denote the
identity of B by 1, and abbreviate A1 to \.

Lemma 1. If ||1 — x|| < 1, then x 1s tnvertible.

Proof. Since ||y"|| = |ly||*, the series 1+ (1 —2) + (1 —z)2 4 ---
convergesin Btoz™' = [1 — (1 — z)]".

Lemma 2. If |\| > ||x]||, then (x — X) 1s tnvertible.
Proof. (x — N) =\ (%z — ]). It suffices to invert 1 — %x. But
1

)\I

1
= oy llell <1
sol — ;‘-x is invertible by Lemma 1.

Lemma 3. The set of invertible elements of B s open, and on that set
the map x — x~! s conttnuous.

Proof. Suppose z is invertible and let y be any element of B such that
llz =yl < ll==|
Then
1 = a~ty|| = [lz7'(z — y)|
= [lz7| [l — 9ll < 1.

Thus 27 'y is invertible by Lemma 1; so y is invertible. This shows that
the set of invertible elements is open. 1f we use the geometric series for
the inverse of (z~1y), it is easy to verify that

2=t = y7] <l = gl Iz Al = Iz — 9l

which shows that inversion is continuous.
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Lemma 4. The set of complex numbers N such that (x — \) s tnvertible
18 an open set 1n the complex plane, the complement of which is compact and
non-empty.

Proof. The set of such A is open by Lemma 3. Its complement is called
the spectrum of z. It is compact because (by Lemma 2) it is contained in
the closed disc of radius ||z|]. To prove that this spectrum is non-empty,
we argue as follows. Let F be any bounded linear functional on B. Define
a complex-valued function f on the complement of the spectrum of z by

) = Flz — N7

Now f is analytic. For

W}) - }la[F((x — A=) = F((z — N™)]

= 2Pl — A= )7 = (@~ ]

- %F[h(:c — X = B — A

=F[(x — X = b)Yz — M)].

If we let h — 0, we sce (by the continuity of inversion and F) that f is dif-
ferentiable and

F'A) = Fl(z — N
Note that lllim JQ\) = 0, because
A—w

) = %F[(%x - 1)"],

1 . . .
and as [\| = «, =z — 0, and (since inversion and F are continuous)

F [(%x — 1 )_1] — —F(1).

If the spectrum of x is empty, then for each bounded linear functional
F the associated f is an entire function which tends to zero at infinity.
By Liouville’s theorem f(A\) = 0; in particular, 0 = f(0) = F(z™!). So z™*
is killed by every bounded linear functional on B. Thusz~! = 0, a complete
absurdity.

Lemma 6. A commulative Banach algebra which is a field is (isomorphic
t0) the field of complex numbers.

Proof. Suppose B is a field. Let z be an element of B. By Lemma 4
there is a scalar A such that £ — X is not invertible. But B is a field, so
Z — A = 0. Thus, every element of B is a scalar multiple of the identity.
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Theorem. Let B be a commulative Banach algebra with identity, and let
M be a mazimal ideal in B. The quotient algebra B/M is isometrically
isomorphic to the field of complex numbers. Thus M 1is the kernel of a homo-
morphism of B onlo the field of complex numbers. Also, M is closed and this
homomorphism s continuous.

Proof. Now ||1 — z|| = 1 for every z in M. Otherwise, M would con-
tain an invertible element and not be a proper ideal. The same inequality
holds for all  in the closurc of M. This closure is, therefore, a proper ideal
containing M and must be equal to M.

The quotient space B/M inherits a natural quotient norm

|z + M|| = inf ||z + 4|, y€M.

With this norm B/M is a Banach space. Also, B/M is a commutative
linear algebra. It is casy to verify that (1 4+ M) has norm 1 and

[z + M)y + M)|| < llz + M| |ly + M|l;

hence B/M is a commutative Banach algebra with identity. Since M is a
maximal ideal, B/M is a field. By Lemma 5 we sce that B/M is isomorphic
to the complex numbers. The quotient map from B to B/M may now be
regarded as a complex homomorphism of B. It is not only continuous, but
norm-decreasing. That completes the proof.

If Bis a commutative Banach algebra with identity, and if ¢ is a homo-
morphism of B onto the field of complex numbers, the kernel of ¢ is a
maximal ideal in B. By the last theorem, this kernel is closed and ¢ is
automatically continuous; indeed, |¢(z)| < |lz|l. The last theorem really
tells us that there is a one-one correspondence between the complex homo-
morphisms of B and the maximal ideals of B. Another way to say this is
that we may identify the maximal ideals of B with those (necessarily
bounded) lincar functionals ¢ 7 0 on B which happen to be multiplicative:
o(zy) = ¢(2)o(y)-

This theorem certainly settles the question of the maximal ideals in
our algebra A of continuous functions on the closed disc which are analytic
in the interior. Suppose M is a maximal ideal in A. Then M is the kernel
of a homomorphism ¢ from A onto the complex numbers. This ¢ is neces-
sarily continuous; in fact,

leN] = 11f!]w
Let N = ¢(2). Then |A\] £ 1. This determines ¢ on the polynomials
(2 a.z") = 2 a\;
that is, ¢ evaluates every polynomial at A. These polynomials are dense

in A, and since ¢ is continuous, ¢ must just be “evaluation at N\.” In
particular, M is the set of functions in 4 which vanish at A.
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Wermer’s Maximality Theorem

We now turn to Wermer’s maximality theorem. For the most part, we
shall regard A4 as a uniformly closed algebra of functions on the unit circle.

Theorem (Wermer). A is a mazimal closed subalgebra of the continuous
complex-valued functions on the unil circle. In other words, if { is a continuous
complezx-valued function on the circle which is not in A, then polynomials in z
and f are dense in the continuous functions on the circle.

Proof. Let C denote the algebra of all continuous complex-valued func-
tions on the circle. Suppose B is a uniformly closed subalgebra of C which
contains A. We shall prove that either B = A or B = C. This will be done
by considering the complex homomorphism ¢ of 4 obtained by evaluating
at the origin:

8(1) = 1(0) = 5= [7_fe)n.

First, suppose that ¢ does not extend to a complex homomorphism of B,
i.e., that there is no complex homomorphism of B whose restriction to A
is ¢. Then there is no non-zero complex homomorphism of B which sends
the function z into 0, because ¢ is the only homomorphism of A with this
property. This means that z lies in no maximal ideal of B and, hence, that
z lies in no proper ideal of B. Thercfore, 2B = B, s0 1/z = Zis in B. By
Fejer’s theorem B = C.

Suppose that there is a complex homomorphism ¢ of B whose restriction
to A is ¢. In particular, ¢ is a linear functional on B of bound 1, and can
(by the Hahn-Banach theorem) be extended to a linear functional of norm
1 on C. There is thus a finite complex measure p on the circle such that -

(f) = | fdu
for all fin B, and such that the total variation of u is 1. Since ¢(1) =1,
we have fdu = 1. Now it is casy to see that a complex measure which

has total variation 1 and integral 1 must be a positive measure. Since B

contains A4,
I emdu(0) = &z

= ¢(z")
= 2*(0)
=0
for n =1,2,3,.... Since u is a rcal measure, this implies du = 2% dé.

Now let f be any function in B. Then
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1 v . op s
5o [ . emfe®)ds = [ orfdu
= ¢(z"f)
= $(zMé(f)
z"(0)e(f)
=0
forn =1,2,.... Thusfis in A. We conclude that B = A.

Wermer’s first proof of this theorem, although not lengthy, made use
of more classical analysis than docs the argument we have presented
(chiefly, some of the boundary value theorems for H?). The proof above
is due to Singer and Hoffman. In reading the proof above, Paul Cohen
extracted from it a very elementary proof which is worth presenting. Sup-
pose B is a closcd subalgebra of C' which contains A properly. Clearly,

then, we can find a function f in B whosc (—1) Fourier coefficient is 1.
By Fejer’s theorem we can find polynomials p and ¢ such that

Zf=142p+25+h

where £ is a continuous funetion of sup norm less than 3. Choose a positive
number M 2 ||zg — Zjl|.. For any s > 0

N+ 8(zq — 2|l = 1 + 82M?2

because zg — %7 is pure imaginary. Now
020 = 8(zf — 1 — zp) — &k
=29 —0h — 0
where ¢ is in B. Since |h| < , we have
148+ + ol < 1+ o0 + 2

If we choose 6 so that § < 1/2M?2, we have

1+ 6+ 2(g + 89)l]lo <1+

Now g, ¢, and z are in B, so the inequality above shows that z(g + d¢)
is invertible in B. But then z is invertible in B, i.e., Zisin B. Thus B = C
by Fejer’s theorem.

Corollary. If K s a proper closed subset of the unit circle, then every
continuous complex-valued function on K s a uniform limit of polynomials.

Proof. Of coursc we have already given two proofs of this result, but
this one is also interesting. Let B be the set of all continuous functions f
on the circle such that the restriction of f to K is uniformly approximable
on K by polynomials. Clearly, B is a uniformly closed algebra of functions
on the circle which contains A. Since K is a proper closed subset of the
circle, and since B contains (in particular) every continuous function which
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vanishes on K, we certainly cannot have B = A. By the maximality of 4
we see that B contains all continuous functions on the circle.

NOTES

Beurling never published the ideal theory for A. The ideas are in Beurling [8].
Rudin’s paper on the ideal theory is Rudin [75]; his paper [74] contains the exten-
sion of continuous functions from a set of measure zero. This was also done by
Carleson [17]. Sce Bishop [11] for a generalization. The original work on non-
trivial extensions of the zero function is Fatou [27]. The behavior of conjugate
harmonic functions on the boundary is studied in some detail in Zygmund [98].
For a discussion of commutative Banach algebras, see Gelfand [32] or Gelfand-
Raikov-Silov [33]. Wermer’s maximality theorem is Wermer [90]. The proof given
here is in Hoffman-Singer [49]. Seec Cohen [20] for his proof. Maximal algebras
of continuous functions are discussed in detail in Hoffman-Singer [49]. Sce Bishop
[10] for a direct generalization of Wermer’s thecorem: On a simply conneeted com-
pact set in the plane which has an interior, the uniform closure of the polynomials
is a maximal closed subalgebra of the continuous functions on the boundary.
Maximality is a special type of approximation theorem. For more on approxima-
tion by analytic functions, sce the books of Walsh [89], Ahiezer [1], thc papers of
Mergelyan [60, 61], Szasz [85], and Miintz [62].

EXERCISES

0

L Show that f(6) = (1 = %) exp [ {15
unit circle, that there is an analytic function in the disc with non-tangential limits
almost cverywhere cqual to f, but that f is not a uniform limit of polynomials.

2. If fisin H* and f?isin A, does it follow that fisin A (4 = uniform closure
of polynomials)? What if we assume only that the boundary values of f2 are con-
tinuous? Answer both these questions, i.e., f2 is continuous on the closed disc or
has continuous boundary values, when f is a bounded harmonic function.

:| is a continuous function on the

3. If fis a continuously differentiable function on the unit circle and
1 f(r+t)—f(r-—t)dt

9(z) = 27 2tan it
X 1 frge+t)—gx—1
evaluate 2 ). 2 tan 3 ¢ dt.

4. Isevery fin H= the derivative of a function in A? What about every fin H'?

6. Prove the approximation theorem of Runge [78]: If K is a compact set in
the plane with a connected complement, then every function analytic on a neighbor-
hood of K can be uniformly approximated on K by polynomials. Outline of proof:
(i) Use the argument we employed for K on the circle, to prove that 1/(z — a)
is so approximable for every a not in K. (ii) Given f analytic in an open set U
about K, choose a rectifiable closed path T in U which winds around each point
of K cxactly once. Write f in terms of its Cauchy integral representation on T,
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and observe that the approximating sums for the integral give a uniform approxi-
mation to f by rational functions.

6. Let {D,} be a scquence of closed discs centered at the origin, so that D,
lics in the interior of D,y and the union of the D, is the open unit disc. In D,
choosc a compact set K, contained in the interior of D, and not meeting Dy,
Suppose K, has a connected complement in the plane. Now use Runge’s thecorem
(Exercise 5) to prove that any function f which is defined and analytic on a neigh-
borhood of the union of the K, can be uniformly approximated on that union by
functions analytic in the open unit disc. Outline of proof: Given f and € > 0,
approximate f on D; by a polynomial 7, uniformly within e/2. Choosc a poly-
nomial p. which is uniformly within e/4 of p; on D; and uniformly with /4 of f on
K,. Then approximate p, on D, and f on Ks by a p;, within /8, etc. The sequence
{p.} converges to a function approximating .

7. Use the result of Exercise 6 to construct

(a) an analytic function in the unit disc which has a radial limit at no point
of the unit circle;

(b) (Remmert) three analytic functions f, g, and % in the disc which separate
the points of the disc; at each point one of them has a non-vanishing derivative; and
Ifl + lg| + |#] tends uniformly to 4o at the boundary [take A(z) = (1 — 2)72
and obtain f and g from Excrcise 6, using sequences of annuli notched near the
positive axis];

(c¢) a sequence of analytic functions in the disc which converges pointwise to
zero, but does not converge uniformly on compact sets.

8. For which functions f in A (the uniform closure of the polynomials) does f
belong to the closed ideal generated by f2?

9. Let fi, . .., f» be analytic functions in the open unit disc which have no
common zero in that open disc. Prove that there cxist analytic functions gy, . . ., ga
in [z] <1 such that figi + - -+ + fags = 1. (Hint: Let Dy be the closed disc of
radius 1 — 1/(k + 1). Use the corrcsponding result for analytic functions with
continuous boundary values to find ¢g{", ..., g continuous on D; and analytic
in the interior of D, such that = f,g/" = 1 on D1. Now prove there are g, . . ., g&
continuous on D, and analytic in its interior such that

Zfg® =1onD: and |gf¥ —gf®| <1on D,
Get g@, . . ., g such that
Zfg =1onDs and |gf® — gf2| <} on D, ete.

10. Let H(D) be the full ring of analytic functions on some open set D in the
complex plane. Prove that every homomorphism of H(D) onto the field of complex
numbers is evaluation at a point of D. If D is non-empty, prove the kerncls of these
homomorphisms do not exhaust the maximal ideals of the ring H(D).

11. Prove the inversion theorem of Wiener [94]: If f is a continuous function
on the unit circle without zeros, and if f has an absolutely convergent Fourier series,
then 1/f has an absolutely convergent Fourier series. (Hint: Let B be the algebra
of all continuous complex-valued functions f on the unit circle for which the Fourier
coefficients are absolutely summable:
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5 lea] < 0.

n= —w

Equip B with this sum as norm. Verify that B is a commutative Banach algebra
with identity. Show that each homomorphism of B onto the complex numbers is
evaluation at a point of the unit circle. Apply the basic result on Banach algebras
which we proved.)

12. By the method of Exercise 11, prove the following. If f(z) = 2 a,z" where
Z |as] < o0, and if f has no zeros in the closed unit dise, then 1/f has an absolutely
convergent Taylor series.

13. Give an example of a non-negative continuous function on the unit circle
which has an integrable logarithm but which is not the modulus of a function in A.



CHAPTER 7

THE SHIFT OPERATOR

The Shift Operator on H?

Many problems in analysis are related to the classification of the in-
variant subspaces for some bounded linear operator on a Hilbert space.
In a 1949 Acta paper, Beurling described all the invariant subspaces for
the opcrator “multiplication by 2”” on the Hilbert space H2 This work has
been extended in various dircctions by Lax, by Helson and Lowdenslager,
and by Halmos. The work now relates to harmonic analysis on the real
line, prediction theory, representations of algebras, representations of semi-
groups, and the study of function algebras (Dirichlet algebras). Onc’s best
guess would be that these extensions of Beurling’s work are far from being
over. The material we are going to discuss (and the proofs) has now evolved
to the point at which one could begin with a brief general discussion of
partial isometries on a Hilbert space and then obtain most of the results
by specializing the isometrics. This is essentially what Halmos has done
of late; however, this general point of view does not always give the
shortest or most instructive proofs in the special cases. (In some cases it
does.) So, we shall begin by discussing Beurling’s original problem using
the Helson-Lowdenslager proof, and then we shall attempt to describe the
various extensions. This will cause some repetition of proofs, but that is
probably all for the better.

The linear operator we are going to study is usually called the shift
operator (on H?). It is the linear opcrator T on the Hilbert space HZ,
described variously as follows:

(1) H:?is the space of square-summable sequences of complex numbers:
s = [ag, a1,02,...], and T(s) = [0, a0, ay,...].
(2) H? is the space of L? functions on the unit circle whose Fourier
coefficients vanish on the negative integers, and
(T)(6) = e™f(0).

(8) H:is the space of analytic functions in the unit dise for which the
98
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functions f,(8) = f(re®) arec bounded in L? norm, and T is “multiplication
by 2.”

We shall work with the second and third descriptions interchangeably.
The problem is this: we wish to find all closed subspaces S of H? which are
invariant under multiplication by z:

zSC 8.

An obvious example of such a subspace is the space of functions which
vanish at the origin, or the spacc of functions which vanish at any pre-
seribed set of points in the open disc. Of course, this begins to sound like
the ideal theory for the algebra A, which we did in the last chapter. In
fact, it sounds so much like it that one is led immediately to a more general
example of an invariant subspace:

S = FI*

where F is a fixed inner function. But, we would do well to remind our-
selves that it was Beurling’s inspired observation that inner functions were
intimately related to the description of the invariant subspaces for the
shift opcrator. This work was the prelude to his ideal theory for A, not
some “aftermath’ thercof.

Having observed that each FH? is an invariant subspace, one is led to
conjecture that there arc no other invariant subspaces. This is the case.
Assuming that it is so, one must ask: if § = FH? for some inner function F,
how do we find F, given S? We can see that F will be the greatest common
divisor of the inncr parts of the functions in S. This, too, was Beurling’s
observation, and it looks natural to us only because we have been through
it in the casc of continuous boundary values. But he also noted that if
F(0) ¢ 0, then F is a scalar multiple of the orthogonal projection of 1
into 8. Suppose F is an inner function and A = F(0). Then AF is the
orthogonal projection of 1 into FH?2:

1=\ + (1 —\F)
1 w - 1 w -
5 [_ Fg(1 — X)do = 5= f_, (F — X)gdd

= (F(0) — X)g(0)
=0

for every g in H2. This second observation has eventually led to the follow-
ing proof by Helson and Lowdenslager.

Theorem. Let S be a non-zero closed subspace of H2. Then S is invariant
under multiplication by z if and only if S = FH?, where F is an inner func-
lion.
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Proof. One half is trivial. Suppose we are given an invariant subspace
S. It is no loss of generality to assume that there is at least one function
in S which does not vanish at the origin. For, if & denotes the highest order
common zero of the functions in 8 at z = 0, then S = z&S,, where S, is
invariant and contains a function not vanishing at the origin.

Let G be the orthogonal projection of the constant function 1 into S:

1=G+(Q0-0G)

where G is in S and (1 — @) is orthogonal to S. We are assuming that
G # 0, for 1 is orthogonal to S if and only if every f in S vanishes at the
origin. Now we prove that the modulus of G is constant on the unit circle.

Since G is in S, we have 2°G in S for n = 1,2,3,.... By dcfinition,
(1 — G) is orthogonal to S, and since 2"G' vanishes at the origin, we have
0= 21 (1 — G)Gein'df
= — [ Geinddh — — _"’ |G2eimd

- -2l1r " en|Gds.
The positive measure |G|2d6 is orthogonal to ¢, n = 1, 2, 3, . . . and must,
therefore, be a constant multiple of Lebesgue measure.

Now we claim § = GH2 Since the modulus of G is constant on the
circle, and since G is in S, it is apparent that S contains GH?. Let f be a
function in S which is orthogonal to GHz We prove f = 0. Since f is
orthogonal to Gz*, n = 0,1, 2, ..., we have

0= 2 fCe""’de n=012....

By definition of G we have (1 — @) orthogonal to 2%, i.e.,
=5 [ (1 = Cjeao
= é]; f_’tfe‘""dO - 2]_1r f_"f(__i'c‘"°d0
= — 2%‘_ /_1' fGeintdo.

Therefore, G is the zero function; since G is a non-zero function of constant
modulus, this means f = 0. We conclude that § = GH2 If we multiply
G by a suitable constant, we obtain an inuer function F for which S = FH?.
Of course, F is unique up to a constant of modulus 1.
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Corollary. If S is a non-trivial closed subspace of 11* which s invariant
under multiplication by z, then S = FI?, where F is the greatest common
divisor of the inner parts of the functions in S.

Corollary. Let f be a function in H2 Then the functions z*f, n = 0, 1,
2, ..., span H? if and only if { is an ouler funclion, that is, if and only if
f #0and

log |7(0)] = 2% |7 Jog 1£(e®)ldb.

Proof. The span of the functions 27f is simply the smallest closed sub-
space of H? which contains f and is invariant under multiplication by .
This subspace is H? if and only if the inner parts of the functions in it
have greatest common divisor 1, and this clecarly means that the inner
part of f is 1, i.e., that f is an outer function. When we first introduced
outer functions, we observed that they arc characterized by Jensen’s in-
cquality being equality.

We should probably comment that the characterization of these in-
variant subspaces exhibits explicitly their lattice structure. To each non-
zero invariant subspace S we have assigned a unique inner function F.
If another such subspace S is given, it is clear that S is contained in S; if
and only if F; divides F. Every collection of these invariant subspaces has
a least upper bound, namely, the subspace corresponding to the greatest
common divigor of the associated inner functions. The process is, of course,
reversible. That is, one can use this description of invariant subspaces to
prove that any collection of inner functions has a greatest common divisor.

More about Dirichlet Algebras

The central part of the characterization above extends to the context
of Dirichlet algebras, which we introduced in Chapter 4. Recall that a
Dirichlet algebra is a uniformly closed algebra A of continuous complex-
valued functions on a compact Hausdorff space X, such that the real parts
of the functions in A are dense in the real continuous functions on X.
1f we have any non-zero positive measure m on X which is multiplicative
on A, we define H2(dm) to be the closure in L2(dm) of the functions in 4.
Here we want to comment on “invariant subspaces” of Hx(dm). Of course,
we do not expect a shift operator on H2(dm). The subspaces we discuss
are those which are invariant under multiplication by every function fin 4.

If A is the algebra of continuous functions on the unit circle whose
Fourier coefficients vanish on the negative integers, and if m is normalized
Lebesgue measure, then H2(dm) = H?, and the subspaces invariant under
multiplication by functions in A are just the invariant subspaces for the
shift operator. Thus, the situation we describe is a generalization of the
study of invariant subspaces for the shift operator.
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Suppose we are given the Dirichlet algebra A on the compact space X
and we fix a positive measure m on X which is multiplicative on A.

Theorem. Let S be a closed subspace of H*(dm) which is invariant under
multiplication by the functions in A. Suppose thal there s at least one function
g in S such that [ gdm = 0. Then there exists a function F in H*(dm)
which has modulus 1 almost everywhere with respcct to m and for which
S = FH*(dm).

Proof. We sketch the proof, which is virtually identical to the proof we
gave for the corresponding theorem in the dise. Tirst, one can easily verify
that m is multiplicative on H2(dm). If the subspace S is given as above,
our hypothesis says that 1 is not orthogonal to S. Let G be the orthogonal
projection of 1 into S. Let A, denote the set of functions f in A for which
[ fdm = 0. Since

[ Gfdm = [ fdm- [ Gdm = 0
for f in Ao, we have
0

I

{1 —@)6fdm
= —[7]G]dm

for every f in A,. Since A4 is a Dirichlet algebra, the measure |G]2dm is a
constant multiple of dm. So |G| = k, where k is a non-zero constant. It
is then clear that S contains GII*(dm). 1f ¢ is in S and is orthogonal to
GH*(dm) we have _
[ gGfdm =0, fin A.
But by the definition of G, we have
0= [ - Tfgdm
= — [ gGfdm

if fis in Ao. Thus, the measure gGdm is zero, which says that ¢ = 0 almost
everywhere dm.

Those subspaces of H?*(dm) in which all the functions vanish at m
cannot be taken care of by a function of modulus 1. For example, let X

be the torus. Choose an irrational number «, and let A be the algebra
of all continuous functions on the torus whose Fourier coeflicients

1 e [ o
= M M T T

vanish outside the half-plane where m 4+ na = 0. Then A is a Dirichlet
algebra. If dm = ;1172 dbdy, H?(dm) becomes the space of square-summable
functions on the torus with a Fourier series

FO, ) ~ 3 amwei™einv.
20

m+na
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If we take S to be the subspace of functions f for which aw = 0, then S
is invariant under multiplication by functions in 4, but is not of the form
S = FII*(dm).

The criterion for a function to gencrate H*(dm) also generalizes, as
follows.

Theorem. Let g be a function in H*(dm). Then the closed linear span
of the functions fg with f tn A s H*(dm) #f and only if

[ log lgldm = log |[ gdm| > —eo.

Proof. The proof can be given rather easily with the use of Szegd’s
theorem for Dirichlet algebras, which we proved in Chapter 4. Let g be a
function in H2(dm). Supposc that Ag is dense in II%(dm). Then there is a
sequence of functions g, in 4 such that

[ 11 — gagldm — 0.

Certainly then,
fgdm =X 0 and fg,‘dm — \L

We can, therefore, assume that g, = A — f,,, where f, is in 4,, the set
of fin A such that [ fdm = 0. Now

JIL = (1 = fagldm = =1 + [N — fulgldm
=1+ 2 [ |1 = Maltlglrdm.

I

We conclude that
J 11 = N\altgldm — |\
Thus
inf [ |1 — fPlgldm < A = | [ gdm2.

But the reverse inequality holds for any g. Thus the infimum is equal to
[A]2. Szegd’s theorem states that this infimum is

exp [ log |g|*dm]
S0 we obtain
[ log |gldm = log |[ gdm| > —w.

It is very easy to reverse the steps if this last condition holds, to
conclude that 1 is in the closurc of Ag; hence, Ag spans H*(dm).

Invariant Subspaces for H? of the Half-plane

Consider the half-plane Re(w) > 0. If f is analytic in this right half-
planc, we say that f is in the class H?, provided that the integrals

[, 1 + gy

are bounded for z > 0. A theorem of Paley and Wiener states that each
such f has non-tangential limits at almost every point on the imaginary
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axis, that these boundary values are square-integrable, and that f is the
Poisson integral of its boundary values:

. 1 feo . z
fa +iy) = = [ st o=
Let us assume this theorem for the moment. (We shall prove it in the

next chapter.) Then I7? of the half-plane becomes a Hilbert space, with
the inner product

Uyg) = [ syt

In a 1959 Acta paper, Peter Lax extended Beurling’s result about the
invariant subspaces for the shift operator to certain “invariant” subspaces
of H? of the half-plane. Actually, Lax considered vector-valued analytic
functions, which we shall discuss later. We wish now to discuss the problem
for the scalar-valued H? described above, and to show that this result of
Lax is equivalent to Beurling’s result.

Lax’s scalar-valued theorem is the following. If S is a closed subspace
of H? of the right half-plane, then S is invariant under multiplication by
the functions e*#, A = 0,'if and only if S = FH? where F is an inner
function (i.e., I is analylic in the half-plane, bounded by 1, and has non-
tangential limits which exist and are of modulus 1 almost everywhere on
the imaginary axis). If one uses a stronger form of the Paley-Wiener theo-
rem (which we shall not), every function f in H2 has the form

) = [)7 Jweda

where fis square-integrable; that is, every f in 2 is the Laplace (or Fourier)
transform of a square-integrable function on the positive half-line. A sub-
space S of H? which is invariant under multiplication by ¢™* for all A = 0
is then simply the “transform” of a subspace of L*(0, «) which is invariant
under all right translations.

We want to establish the simple relationship between H? of the disec
and H? of the half-plane. If we map the disc onto the right half-plane by

_1+z
T 1—2z

then H? of the disc is carried onto a space of analytic functions in the half-
plane; we wish to relate that space to H? of the half-plane. On the boundary
the linear fractional map is

w

_ 1+

it—l—e“’

from which it is easy to obtain

L1 -
5-d0 = — (1 + )7L,
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Thus, if g is measurable on the circle and f(it) = g(e®), we see that g is
integrable if and only if f is integrable with respect to the measure
(1 + 1»)~'dt; when g is integrable,

1o g = L "

5 [ gteds = T
In particular, this will hold for g in I12. When ¢ is in H?, its values inside
the disc arc given by

g(z) = o / g("")Rcl: +z]d0

If we define f(w) = g(z) = ¢ <gi)’ then this Poisson integral formula

for g transforms into the Poisson formula

fw) =1 [* s e [0 ] g

fa+ip) = | [ 16) o=t

Thus, II? of the disc is transformed into the space of analytic functions in
the right half-plane which are the Poisson integral (as above) of a function

or

1
T2 dt). In other words, as a
subspace of L? of the circle, II? is transformed into the subspace of

on the imaginary axis which is in L”(

L (1 gy dt) of those functions whose Poisson integrals are analytic for

Rew > 0.

Now H? of the right half-plane consists of all functions analytic for
Re w > 0 which are the Poisson integral of a function on the imaginary
axis which is in L2(d(). Certainly, then, if fis in H? of the half-plane, the
function

1+
0@ =1 (72%)
is in H? of the disc. But we claim that ] }_ . g(2) is in H? of the disc. For
1 -1 _1+2]
L) = 10 + w)w) [v-1EE]

Since f(it) € L(dt) and |1 4 4|2 = 1 + {2, we sce that (1 + 4t)f(¢l) is in
L2 (1 _}_ 7 ) Thus, —— = - ] g(e¥) is square-integrable on the circle. It is

a simple matter to verify that if g is in H? of the disc and 1 _] pr] g(e®)
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is in L? of the circle, then ! - g(2) is in H?. We conclude that, if fis in H?

1 —
of the right half-plane, then (1 + w)f(w) is, under the map w = } i_:’
the image of an H? function in the unit dise. The converse of this also
holds. Suppose we have f analytic for Rew > 0 and (1 + w)f(w) comes
from an H? function in the disc. This means only that the boundary values

(1 + 4t)f(st) exist almost everywhere, that they arc in L? (1 —]i- pr dt), and

that (1 4+ w)f is the Poisson integral of these boundary values. Certainly,
then, f(i1) € L2(di). Also, f is the Poisson integral of its boundary values,
because f obviously comes from an II2 function in the disc if (1 + w)f(w)
does (division by (1 + w) is essentially multiplication by (1 — 2) in the
disc). What we have proved, assuming the Paley-Wicner theorem, may be
summarized as follows:

Theorem. Let f be an analytic funciion in the right half-plane. Then f

s tn H? of and only if the funclion (1 + w)f(w) is transformed by the map
w—1
w+1

to V'w h is an isometry of H2 onto H2 of the disc.

In order to handie “invariant” subspaces we need two simple lemmas.

z = tnto a function h in H2 of the unit disc. Indeed, the map from f

Lemma. Let S be a closed subspace of H? of the disc. Then S 1s invariant
under multiplication by z if and only if S is tnvariant under mulliplication
by every bounded analytic function.

Proof. Of course, this is obvious from Beurling’s characterization of the
invariant subspaces for multiplication by z; however, it is also obvious
a priori. One half is trivial. So, suppose S is invariant under multiplication
by 2. Clearly, S is invariant under multiplication by any polynomial in z;
hence, S is invariant under multiplication by f, where f is any uniform limit
of polynomials. Now given any f € I, if r < 1 the function f,(2) = f(rz)
is a uniform limit of polynomials. If g € S, we have f,g in S for each
r < 1. If his in L*(df), and if

[ f.ghds = 0

for each r < 1, then [ fghdf = 0, since f, — f boundedly and pointwise
almost cverywhere. Thus, fg is in the L2 closed span of {f.g}. Conse-
quently, S is invariant under multiplication by H®. (One can replace f,
by on, the nth Cesaro mean for f, and the argument goes as well.)

Lemma. Let S be a closed subspace of H? of the right half-plane. Then S
1s tnvariant under multiplication by the functions ¢™¥, N = 0, if and only if
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8 is invariant under multiplication by every bounded analytic function in the
half-plane.

Proof. Again, one half is trivial. Suppose S is invariant under multi-
plication by ¢ for every A 2 0. Let f be a bounded analytic function.
We wish to show that § is invariant under multiplication by f. From what
we did above in the dise, we know that f is the bounded pointwise (a.e.)

limit of a sequence of po]ynomials in 2= w 1 Thus, if we prove the in-

=2
+ 1 w+1
will do as well. We see that we need only prove that S is invariant under
multiplication by (1 + w)~'. Now
1
14w

f"\w) f —(+w)zd .

Approximating sums for the integral show that f, is a bounded pointwise
limit of lincar combinations of the ¢ *», A = 0. Thus S is invdriant under
multiplication of f,. But f.(w) — (1 4+ w)~? pointwise and the convergence
is bounded. That proves the lemma.

Theorem (Lax). Let S be a non-zero closed subspace of H? of the right
half-plane, and suppose that S 7s invariant under multiplication by e™v for
every N 2 0. Then S has the form S = FH? where T ¢s an inner function.

Proof. We look at the Hilbert space
I =Q0+wH

variance for f(w) = , we shall be done. Actually, f(w) — 1 =

= /w c—-(H-w)zdx'
0
Let

with the inner product
1 ® TR 1
(.9 = 5 [, 1@ ;o e

We proved above that f(w) — +/7(1 4+ w)f(w) is an isometry of H? onto
H, and that H is precisely the image of H? of the disc under the linear

fractional map z = - Obviously, § = (1 4+ w)S is a closed subspace

of A.

From the last lemma, we know that § is invariant under multiplication
by any bounded analytic function. Clearly, S has the same property.
Under the linear fractional map, H goes onto II? of the disc and S onto a
closed subspace thercof. Since this map preserves the class of bounded
analytic functions, we have immediately from Beurling’s result that
8§ = FH, where F is an inner function. Thus, 8 = FH2.

+1
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Several remarks are in order. First, as we commented earlier, the dis-
cussion above shows the Beurling and Lax theorems to be equivalent.
Second, the inner function associated with S is unique up to a constant
of modulus 1. Third, one of the ideas which helps to unify the thecorems
in the disc and hali-planc is that of considering subspaces invariant under
multiplication by all bounded analytic functions. These theorems seem to
deal with special types of representations of the algebra of bounded analytic
functions, which we shall discuss later.

Isometries

Recently, Halmos has observed that one or two elementary results
about isometrics on a Hilbert space shed considerable light on the type of
invariant subspace problem which we have been discussing, These results
do not simplify the characterization of the invariant subspaces for the
shift operator; they do, however, lend perspective to the discussion. Also,
they greatly simplify the proof of Lax’s vector-valued theorem, and they
facilitate the discussion of the invariant subspaces for multiplication by 2z
on L? of the circle. In the latter context, the ideas are very similar to those
used by Ilelson and TLowdenslager.

Let H be a Hilbert space. An isometry on I7 is a linear transforma-
tion (operator) from H into H which preserves inner products:

(TSE, T?/) = (113, y)
If T maps H onto H, we call T a unitary opcrator. The canonical example
of an isometry which is not unitary is the shift operator on 72, or multipli-
cation by z on H2 of the disc. A slightly more gencral example is the follow-
ing. Let K be an arbitrary Hilbert space. Let H2(K) be the space of
sequences

h = [ho, hy, ho, . . .]

of elements of K for which
3 hallt < o.
n=0

The inner product on H2(K) is

(g! h) = n§0 (gm hﬂ)
Let T be the “shift” operator on H*(K):
T(ho, hyy . . .) = (0, ho, by, . . .).

It is clear that T is a non-unitary isometry on H*(K). Of course, the shift
operator on H? is the special case of this example when K = C, the complex
numbers.
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Lemma. Let T be an tsometry on a Hilbert space H, and let N be the
orthogonal complement of the range of 'I'. Then the subspaces

Tk(N')’ k= 01 1: 2: 31 e
are patrwise orthogonal.

Proof. We should note that since T is an isometry the subspaces N,
TWN), T*(N), ... are closed. For the proof, supposec 0 < j < k. Let
z,y € N. We wish to show that (Tz, T*y) = 0. Since 7T is isometric and
k>,

(Tx, Tty) = (z, T*Dy)
and the latter inner product is zero because 7% 2y is in the range of T
and z is in N.

Theorem. Let T be an isometry on a Hilbert space Y. Let N be the
orthogonal complement of the range of 'L, and let M be the orthogonal comple-
ment of the span of the spaces T*(N), k = 0. Then

HH=MONDOTN)@TN)D ---.

(i1) the subspace M is snwariant under T; tndeed, the restriction of T to M
ts a unilary operalor on M.

(iii) the subspace M consists of all vectors h in H which are “infinilely
divisible” by T, i.e., all h such that h is in the range of T* for every non-
negative infeger k.

Proof. By the lemma above, the spaces T*(N), k = 0, are pairwise
orthogonal. By the definition of M we then have (i). Suppose m € M.
Since m is orthogonal to N, we must have m in the range of T, i.e.,m = Th
for some hin H. But his alsoin M; forif k = 0 and n € N,

(T*n, h) = (T*"'n, Th)
= (T*n, m)
=0.
Thus M C T(M). Note that this shows that every m € M is “infinitely
divisible” by T. 1t is also easy to see that M is invariant under 7. If
m € M and n € N, the inner product
(T*n, Tm)

is zero for k£ 2 1 because m € M, and is zcro for k£ = 0 by definition of N.
That proves (ii). We have already proved one half of (iii), that the vectors
in M are infinitely divisible by 7. Conversely, if h € H, and if for each
k = 0 there is an hy in H with h = T*(h;), it is very easy to check that
h€ M. For example, if b = Thy, we have h orthogonal to N. If b = T%hs,
then h is orthogonal to N and T(N), cte.

Corollary. Let T be an isometry on a Hilbert space H. Then there are
subspaces M and N of H such that T is the direct sum of a unitary opcralor
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on M and an operator on M* which is unitarily equivalent to the shift operator
on H2(N).

Proof. Let M and N be as above. Let T, be the restriction of T to M
and T the restriction of T to M*. Then T, is unitary and T is the direct
sum of T and T:. Now

M'=N@PTWN)DPTN)D ---.

There is a completely obvious isomorphism of M* with H2(N) which carries
T onto the shift operator on H2(N).

Corollary. Let T be an isometry on a Hilbert space H. The following
three properties of T are equivalent:
(i) There is no non-zero subspace of H on which T is unitary.
(ii) There is no non-zero element of H which is ‘“‘infinitely divisible” by T.
(iti) There is a Hilbert space N such that T is unitarily equivalent lo the
shift operator on H(N).

Proof. We have done the more difficult part of the work above. That
is, we have shown that (i) and (ii) are equivalent and that each implies
(iii). The argument will be completed if we show that the shift operator
on H2(N') has property (ii). This is obvious.

Now we have characterized the shift operator on H® of some Hilbert
space by the properties of being (a) an isometry; (b) unitary on no non-
zero subspace. This makes it very easy to give (2 la Halmos) the descrip-
tion of the invariant subspaces for this operator, which were first found by
Lax. First, we shall show how we can abstractly characterize the shift
operator on H2 (of the complex numbers). When we have done this, we
turn (in the next section) to the application of these idcas to the charac-
terization of all invariant subspaccs for the shift operator on L2 of the
circle. Then we return to the invariant subspaces for the shift on H? of a
Hilbert space.

Theorem. Let T be a non-unitary isometry on a Hilbert space H. The
following are equivalent:
(i) T s unitarily equivalent to the shift operator on H? (i.e., equivalent
to multiplicalion by z on H2 of the disc).
(ii) There is mo mon-trivial subspace of H which completely reduces T
(i.e., i S is a closed subspace of H such that S and S* are tnvariant under T,
then S = {0} or S = H).

Proof. Let us first show that multiplication by z on H? has property (ii).
It will suffice to show that if f, g € H?, and if z"f is orthogonal to 2g for
all m, n = 0, then either f = 0 or g = 0. But this is clear, for we have

[_" b1 (0)g(@)d8 = 0, m,m =0,1,2,....
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Thus, f§ = 0 almost everywhere on the circle. So either f or g must vanish
on a set of positive measure on the circle, and for an H? function this
makes it identically zero.

Now suppose we have a non-unitary isometry T on H with no (non-
trivial) completely reducing subspace. In particular, if we let N be the
orthogonal complement of the range of T', we must have

H=NOTW)®TN)®---.

We cannot have N = 0, since T is not unitary; hence, in the decomposition

H=M®@®ANPTN)D ---
we must have M = {0}. In other words, (ii) guarantecs that 7' “is” the
shift operator on H2?(N), and our task is now to prove that N is one-
dimensional. Let n be a non-zero vector in N, and let S be the 7-invariant
subspace spanned by =, i.e., the span of the vectors T%n, k = 0. We claim
that S* is invariant under T. Now h € S* means that

(T*n,h) =0 fork=0,1,2,....

Thus, for k = 1,2,3,... we have (T*n, Th) = 0. But (n, Th) =0 by
definition of N, so Th is in S*. Since S # {0}, we must have 8* = {0}
by (ii). Thus, S = H;i.e., every h in H is uniquely expressible in the form

h =am + a;Tn + a:T?n + ---

where Z |ax/? < . In particular, it is clear that every vector in N is a
scalar multiple of n.

The Shift Operator on L2.

Now we turn to the shift operator (multiplication by ¢%) on L2 of the
unit circle. We shall describe the invariant subspaces for this operator.
Of course, one invariant subspace is H2, or, more gencrally, any subspace
of H? which is invariant under multiplication by z. Thus the discussion
is a slight extension of the characterization of the invariant subspaces for
the shift operator on H2.

Let S be a closed subspace of L2 of the circle such that ¢?S C S. It
may happen that S is also invariant under multiplication by ¢—%. This
means only that S is a subspace on which the shift operator is unitary,
or that § is invariant under multiplication by every bounded measurable
function. It is well-known that any such subspace has the form S = xL?
where x is the characteristic function of some Baire set; in other words,
such an S consists of all functions in L? which vanish on some fixed Baire
set.

Theorem. Let S be a closed subspace of L? which 7s tnvariant under
multiplication by z.
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(i) If 2S = 8, then S consists of all funciions in L? which vanish on some
Jized Baire set on the circle.

(i) If z8 # 8, then S = FH?, where F is a measurable function of
modulus 1.

Proof. Aswesaid, (i) is well-known and easy to verify. Suppose zS = S.
Let N be the orthogonal complement of 28 in 8. Then

S=MONP:NP2NP ---
where M consists of all functions in S which are “infinitely divisible” by 2z
in S. Suppose fis in N. Then f is orthogonal to z*f for k = 1,2,3,.. . or

7 @) edo = 0, k=1,23,....

Thus |f| is constant almost everywhere on the circle.

Now M is a subspace of L? on which multiplication by z is unitary.
Thus M = xL?, where x is the characteristic function of some Baire set.
Choose f # 0in N. There is such an f since 28 # S. Then 2%/ is orthogonal
toxfork=0,1,2,...;1ie,

f:, eMfO)x(0)dd =0, k=0,1,2,....

Thus fx is in H2. Obviously, x # 1, so fx vanishes on a set of positive
measure. But fx is in H?, so we must have fx = 0 a.c. On the other hand,
f is a non-zero function of constant modulus. We conclude that x = 0.

Now we have
S=N®D:2NP2ND ---.

The subspace N is one-dimensional. There are sevcral ways to sce this.
First, it is evident from the fact that each function in N has constant
modulus. Second, if we have functions f and ¢ in N orthogonal to one
another, we have f orthogonal to 2%¢ for k£ = 0 and 2*f orthogonal to g for
k = 0so that fj= 0 and (by the constant modulus property) either f = 0
or ¢ = 0. Third, by the general result of the last section, it would suffice
to show that there is no non-trivial subspace of S which completely reduces
multiplication by 2. This means that if f, g€ S and if 2/ is orthogonal
to 2g for all j, k = 0, then either f = 0 or ¢ = 0; that is, if f, g€ S and
fG =0, then f =0 or ¢ = 0. This can be done by showing at the outset
that any function in S which vanishes on a set of positive measure is
identically zero.

Since N is one-dimensional, we can choose an F in N of modulus 1,
and S will consist of all functions of the form

aF + ai2F 4+ ag2?F + - -+
where 2 |a.]? < », ie., S = FH.
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There is an analogous theorem for L? of the real line. If we use the
Paley-Wiener theorem and the relation between H? of the disc and H? of
the half-plane, we obtain this result immediately. With each g in L2 of the
circle we associate a function f on the imaginary axis by

. 1 it —1
Jt) = 1 +1,'tg<1$t F 1)'

Then f is in L*(dt). In fact, up to a constant, g — f is an isometry of L?
of the circle onto L2 of the line. This map carries I12 of the circle onto H?
of the imaginary axis, i.e., the boundary valucs of the functions in 172 of
the right half-plane. In the last theorem we were studying the subspaces
of L? of the circle invariant under multiplication by z, i.c., invariant under
multiplication by (the boundary values of) cvery bounded analytic func-
tion. These subspaces are carried onto the subspaces of L*(dt) invariant
under multiplication by such boundary values, or onto the subspaces of
L(dt) invariant under multiplication by ¢=?tfor allA = 0. The result from
the disc now carrics over directly. It perhaps sounds more natural if we
perform a 90-degree rotation and use the upper half-plane.

Theorem. Le¢t H? denote the space of square-integrable functions on the
real line which are boundary values of functions in H? of the upper half-plane.
Let S be any closed subspace of 1.2 of the line which is tnvariant under mulli-
plication by e™* for all A = 0. Then S is of one of the following two types:

(1) S consusts of all functions in L2 which vanish on some fixed Baire sel.

(ii) S = FH?, where F is a measurable function of modulus 1.

If one uses the full strength of the thcorem of Paley and Wiener which
we have been discussing, there results a characterization of all subspaces
of L? of the line which are invariant under right translation. This amounts
to the use of the Plancherel theorem. If f is an integrable function on the
line, the Fourier transform of f is the function j defined by

1 © izt
J@) = 7= [, fyeat

The Plancherel theorem states that (a) if f is in L' M L? then f is in L2
and ||f||z = ||f]ls, using the measure \-/I.Tdt; (b) the map from L' N L*
™

into L? defined by f — f has a unique extension to a unitary map of L?
onto L2. This extension defines the Fourier transform of any L? function.
The Paley-Wiener theorem says that the space H? of the last theorem is
the set of all Fourier transforms of L? functions which vanish on the half-
line (—, 0). Translation of f by A multiplies the Fourier transform by
e, The last theorem may then be stated as follows.
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Theorem. Let H? denote the space of Fourier transforms of 1?2 functions
which vanish on the left half-line. Suppose S is a (closed) subspace of L2
which is right translation invariant.

(i) If S s invariant under all iranslations, then S consists of all functions
in L2 whose Fourier transforms vanish on some fized Baire set E', ..,
S = Xp;L’.

(i) Otherwise, S = FI12, where F is a measurable function of modulus 1.

‘We might mention one interesting corollary to the deseription of these
invariant subspaces of L2 Suppose f is an L? function on the unit circle.
Then the functions ¢f(6) with n = 0 span L? if and only if

(a) f docs not vanish on a set of positive measure;

(b) log |f| is not integrable.

Equivalently, suppose f is in L? of the line. Then the right translates
of f span L2 if and only if

(a) the Fourier transform f does not vanish on a set of positive measure;

(b) lj—‘—ll(; -I:f (;2 is not Lebesgue integrable.

Actually, these results were known prior to the characterization of the
“invariant” subspaces. They are corollarics to Szegd’s theorem, which we
proved in Chapter 4.

The Vector-valued Case

We shall now give the description of the invariant subspaces for the
shift operator on H? of a Hilbert space. This was first done by Lax. We
shall follow Halmos in obtaining the result as an easy corollary to the re-
sults on isometries which we have already given. The discussion here will
be brief. The proof, as such, is complete; however, we shall skim over some
standard preliminarics to avoid becoming embroiled in a lengthy discussion
of vector-valued integration and analytic functions with values in a Banach
space.

Recall that for any Hilbert space K we defined H2(K) as the space of
all sequences

h = [ho, by, he, . . .]
of elements of K for which Z ||h.||? < «. Each element of H*(K) may also
be interpreted as an analytic function in the unit disc with values in K:

hE) = 3 2
n=0

This amounts to regarding h as a square-integrable function on the circle
with values in K, and then extending h to the disc by the Poisson integral
formula. The functions we obtain in the disc are characterized by the
property that the integrals



The Shift Operator 115

J7 InGrem | l2ds

arc bounded as r — 1. Each such function in the disc may be identified
with its boundary values as in the scalar-valued case, and we may thus
identify H2(K) with this space of analytic functions in the unit disec.
Naturally, this identifies the shift operator with “multiplication by z.”
The “invariant subspace theorem” then assumes the following form.

Theorem. Let K be a Hilbert space, and let S be a closed non-zero subspace
of Hx(K) which is invarianl under multiplication by z. Then there exists a
Hilbert space N and a function F such that

(i) ¥ 4s an analytic funclion in the unit disc with valucs in the space of
boundcd lincar operators from N into K; if |z| < 1 then ||F(z)|| £ 1; at
almost every point ¢® on the unit circle F(e¥) s an tsomelry;

(ii) S = FH2(N); z.e., S consists of all g in H2(K) of the form

g9(2) = F(2)f(2)
where { is tn H2(N).

Proof. 1f we restrict “multiplication by 2" to the subspace S, we obtain
an isometry on S which is not unitary on any subspace of S. Thus, if we
let N denote the orthogonal complement in S of the subspace zS, we shall
have

S=ND:NP2ND ---.

This enables us to identify S with I72(N). The function F is defined as
follows. Suppose |z| < 1. Then F(z) is the linear opcrator from N into K
obtained by evaluatling each clement of N at the point z. Now S = FH%(N)
because of the above direet sum decomposition for 8. The other properties
of F stated in (i) are easy to verify, modulo the preliminaries we said we
would skim over. Any two reasonable-sounding definitions of an analytie
function with values in a Banach space are cquivalent. Here one can use
the usual cxistence of the derivative. Each h € H2(K) is differentiable
because it is the sum of a convergent power scries. It is, then, easy to sec
that F is differentiable, F’(z) being the operator which sends cach n in N
into »/(z). Obviously,

IFGE)I =1 forl] <1

so F has boundary values at almost every point of the circle. This is the
analogue of Fatou’s theorem on bounded scalar-valued analytic functions,
and its proof can be given in the same manner. To check that these bound-
ary values are isometric almost everywhere, just use the fact that each n
in N is of constant norm almost everywhere on the circle (n is orthogonal
toztnfork =1,2,3,...).

We should remark that the subspace N has dimension not greater than
the dimension of the underlying Hilbert space K. The theorem would seem
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more elegant if N were always isomorphic to K; however, the simplest
examples show that dim N < dim K occurs. The result will seem to be
a more natural generalization of the scalar-valued case if we “embed” N
in K. Choose an isometry of N onto some closed subspace Ko of K. Then
regard the function F as having values in the bounded operators from K,
into K. For each z define F(2) to be 0 and K3, thereby extending F(z) to
a bounded linear operator on K. On the boundary, the operator F(e®) is
(almost everywhere) a partial isometry on K, that is, an operator which is
isometric on a subspace and zcro on its orthogonal complement. The
theorem then states that every subspace of H2 = H*(K) which is invariant
under multiplication by z has the form FI1?, where F is an analytic function
in the unit disc whose values are bounded operators on K; ||F(z)|| < 1;
and at almost every point of the unit cirele F(¢?) is a partial isometry.

It goes without saying that one can translate these various vector-
valued theorems from the dise to the half-plane, where Lax originally
proved these results.

Representations of H*®

In this section we shall discuss representations (by bounded linear
operators on a Hilbert space) of the algebra of bounded analytic functions
in the unit dise. The section is brief and the results are rather meager.
There are two reasons for including this scction. Iirst, as we mentioncd
earlier, this point of view does lend perspective to some of the results above.
Sccond, the study of representations of IH* seems worthy of considerable
research.

By a representation of H* we mean a mapping f — 7T, from H* into
the set of bounded linear operators on some Hilbert space which is an
algebra homomorphism, and which carries 1 onto the identity operator.
The material above has been concerned with the special class of repre-
sentations obtained as follows. Choose a Hilbert space K and represent f by
the operator “multiplication by f”’ on the Hilbert space H2(K):

(Tsh)(2) = f(2)h(2).

This standard representation of H* on I12(K) has (of course) many special
properties. Some of those which may be of interest from the standpoint
of more general representations are as follows:

(i) for every inner function f the operator T is an isometry; if f # 1,
then T is not unitary on any non-zero subspace;

(i) ||f]le = [|T¥l|, the representation is isometric;

(iii) if fn —f boundedly and pointwise almost everywhere, then
T;., — T; in the strong operator topology, i.e., Ts(x) — Ty(z) for each
vector x.
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The results on isometries which we discussed above show that certain
of these properties characterize the “standard” representations.

Theorem. Let f — T; be a representation of H™.

(1) The representation is unitarily equivalent lo the standard represenia-
tion of H* on H? of some Hilbert space if and only if the operator T, is an
isomelry which is nol unitary on any non-zero subspace.

(i1) The represeniation is unilarily equivalent to the standard representa-
tion on 112 of the disc if and only if T, is a non-unitary isometiry with no
non~triwial completely reducing subspace.

Proof. Assuming that T, is isometric and not unitary on a non-zero
subspace, we let N be the orthogonal complement of the range of 7.. The
underlying Hilbert space then has the form

NOT.N)PT:N)D ---.
In other words, there is an isomorphism of the space onto I*(N) which
carries T, onto the operator “multiplication by 2.7 We must verify that
this isomorphism carries Ty onto multiplication by f, for every f in I[=.
Since T, is a bounded linear operator, it will suffice to prove this on N;
that is, it will suffice to prove that if '

Jz) = kEO aizt
and n € N, then
Ty(n) = 3 aTin).
k=0

Now
T;(n-) — an = (Tf - aol)n = T,,(?L)
where g(2) = f(z) — ao. Since g(0) = 0, we have g = zh for some h in H=.
Thus
Ty(n) = T(Tw(n))

proving that T,(n) is in the range of T.. It follows that aen is the orthogonal
projection of n into the subspace N. By considering f(z) — ao — a2, the
same sort of argument shows that agn 4+ a.T.(n) is the orthogonal projee-
tion of Ty(n) into N @ T.(N). Continuing in this way, we prove (i).

Statement (ii) is now merely a repetition of the characterization of the
shift operator on H? of the disc.

The theorems on the invariant subspaces for the shift operator take
the following form, in the language of representations.

Theorem. Let K be a Hilbert space and let f — M; be the standard
representation of H* on HX(K); i.c., M, is mulliplication by f. Let S be any
subspace of H2(K) which is tnwariant under this representalion. Then the
induced representation on S 1s unitarily equivalent to the standard representa-
tion of H* on H? of some Hilbert space N, where dim N = dim K.
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Proof. This is a simple corollary of part (i) of the last theorem.

It seems natural to ask what one can say about a representation f — Ty
of H® under various other sets of hypotheses. For example, what can be
said if one assumes only that 7. is an isometry? Not a great deal. For
instance, there is a representation of H* with these propertics:

@) [1T7] = [1/1le;

(b) for every inner function f the operator T} is an isometry;

(c) for at lcast one inner f the isometry 7% is not unitary on any non-
zero subspace;

(d) T, is the identity operator.

If we are willing to add a very special continuity condition to the
representation, in addition to the assumption that 7', is isometric, a great
deal can be said. This continuity condition is that if f, — f boundedly
and pointwise almost everywhere, then 7y, — Ty in the strong operator
topology. Suppose T, is isometric and this continuity prevails. If we let
N be the orthogonal complement of the range of T, then the underlying
space decomposes in the form

MONPTN)PTXN)D -

where M consists of all vectors in the space which are “infinitely divisible”
by T.. Now it is easy to see that M is invariant under all 7. This does not
require continuity of the representation; M is invariant under any operator
which commutes with T,. The continuity guarantees that

NOT.N)D -

is invariant under all T; certainly, this space is invariant under T for all
polynomials f, and the polynomials are dense in H®, using the topology
of bounded pointwise almost everywhere convergence on the unit circle.

Thus, the representation decomposes into the direct sum of two rep-
resentations, one of which is equivalent to the standard representation on
H2(N). The other, on the subspace M, is completely determined by the
unitary operator U, which wc obtain by restricting T, to M. Of course,
U is not an arbitrary unitary operator; but, evidently, U is a unitary
operator having the property that if {f.} is a sequence of polynomials
which is bounded and converges almost everywhere on the circle, the op-
erators f,(U) converge in the strong operator topology, i.e., converge
pointwise on M. This holds if U is the direct sum of unitary operators,
each of which is equivalent to multiplication by ¢® on L*(du), where p
is a positive measure on the circle, which is absolutely continuous with
respect to Lebesgue measure.
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NOTES

The starting point for this chapter is Beurling [8]. See also the paper of
Karhunen [51]. In the half-plane, the scalar and vector-valued problems are in
Lax [53]. The esscnce of the generalization to Dirichlet algebras is in Helson-
Lowdcnslager [43]. The 12 case and some of its generalizations are in the more
recent paper by Helson-Lowdenslager [44]. The relevance of the results on isome-
trics is pointed out by Halmos [39]. His paper contains a more detailed discussion
of the vector-valued case. For example, we have not included a uniqueness theorem.
Wermer [93] has used the basic result on invariant subspaces to embed “analytic
discs” in the space of maximal ideals of a Dirichlet algebra.

EXERCISES

1. Let {@.} be a scquence of points in the open unit such that £ (1 — |a|) < .
Let S be the sct of all functions f in /2 such that f(a,) = f/(as) = 0 for each n.
Prove that S is a closed subspace of H? invariant under multiplication by 2. Find
the inner function F such that S = FH2,

2. Find a bounded analytic function f in the disc and a closed subspace of H?
which is invariant under multiplication by f but is not of the form FH2

3. Let f be a bounded analytic funetion in the unit dise. Prove that
1,1,7% 7% . .. form an orthonormal basis for /2 if and only if f(z) = Az, where
A} = 1.

4. (Beurling) Tor f in 12 f # 0, define
1 x .
() = exp [ log 17O)] = 5 | 1og lfelas |
Prove that 0 < 6(f) =< 1 and that é is multiplicative. Also show that the functions
2'f, n = 0, span H? if and only if 6(f) = 1.
6. Let S be the subspace of /I? consisting of all f such that f (1 - 1—2) =0
n

for all n greater than some positive integer N,. What is the closure of S?

6. Let f be a squarc-integrable function on the unit circle. One of the results
of this chapter (or Szcgd’s theorem) implies that the functions ¢"®f(6) with n = 0
span L2 if and only if the ¢™f(6) with n < 0 span L2 Is this obvious, a priori?

7. Which of the following functions f in 1.2 of the real line have the property
that their right translates span 1??

1
14 a?

1
14

8. Let u be a finite positive Baire measure on the unit circle, and let H2(dp)
be the closure in L*(du) of the polynomials in z. Describe the closed subspaces of
H*dp) which are invariant under multiplication by z. Exercise 3 of Chapter 4
may be of some help.

(a) f(z) = b) fx) = (c) flz) = el
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9. Let F be a non-constant inner function in the disc, and let T be the operator
“multiplication by I’ on 2,

(a) Prove that T is an isometry which is unitary on no non-zero subspace.

(b) Prove that T is unitarily cquivalent to multiplication by 2 if and only if

F(z) =\

z—«
1 —oaz
where |A\| =1 and |a < 1.

10. If f is in H! of the disc, prove that the functions z7f, n = 0, span H! if
and only if f is an outer function.

11. Let 0 < r < 1, and let T, be the linear operator on H? of the disc defined by

(T:f)(2) = f(r2);
that is, T is restriction to the disc of radius 7. Find all the invariant subspaces for
T,. (Iint: Show that T’ is a positive and completely continuous operator.)



CHAPTER 8

H» SPACES IN A HALF-PLANE

H? of the Half-plane

In this chapter we shall be working in the half-plane Re (w) = 0. If fis
analytic in the open right half-planc, we say that f belongs to the class 7,
provided that the L? norms

7. 1@ + gy

are bounded for z > 0. We shall establish some of the theory of these
spaces. Their study is much more akin to the theory of Fourier transforms
than to the theory of Fourier series. We shall work in part with Fourier
transforms; however, we shall utilize what we know about H? of the unit
disc to establish some of the fundamentals. This has the disadvantage of
being somewhat ‘“unnatural,” but it has the advantages of avoiding dupli-
cation of proofs and of exhibiting the simple relationship between the H?
spaces of the disc and those of the half-plane.

At the outset, there are a few elementary comments we should make.
The conditions imposed on an H? function in the half-plane are (in a sense)
more restrictive than the corresponding conditions in the disc. In order
for an analytic f to be in H? we first must require that the L? norms of f
along vertical lines be finite and then that they be bounded. In the dise
there is no question of the finiteness of the L” norm on the circle of radius 7.
When we require a bound on the L? norms on vertical lines, the bound for
large x is just as important as the bound for x small, i.e., vertical lines
near the boundary. The function

@) = 3o

is square-integrable on each vertical line and the integrals
2. 15 + ip)lrdy

are bounded on any strip 0 £ = < c; but these integrals are clearly not

bounded as z < .
121
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The primary tasks for us will be the proof of the existence of boundary
values (on the imaginary axis) and the establishment of a Poisson integral
formula for recapturing a function from its boundary values. To scc what
the Poisson kernel is for a half-plane, let us look at the linear fractional map

L1
w1
of the half-plane Re w > 0 onto the unit disc [2| < 1. On the boundary
this map is
i —1
i+ 1
from which it is easy to deduce that

1do_1 -1
21rdt—1r(] + )7

In other words, the normalized Lebesgue measure on the circle corresponds
to the Cauchy probability measure

1 _dl

w1l 4 ¢
on the imaginary axis. If g is a measurable function on the unit circle,
and if

e

J@t) = g(e®)
-o(%1)

then g is Lebesgue-integrable if and only if f is integrable with respect

to the measure i—_}_—; dt. When g is integrable,

1 w . 1 © . 1
o [ aenan =2 [ gy - o

Now it is easy to “lift” the Poisson formula from the disc to the half-
plane. The Poisson kernel for the point 2 in the dise is

R@=mﬁ$ﬂ}

-2
Since
-1 w-—1
e‘°+z_it+1+w+].
e —z d—1 w-—1
d+1 w+1
_tw — 1

T it —-w



Hr Spaces in a Half-Plane 123

the Poisson kernel for the point w in the right half-plane should be
Re [ztw — 1:| z(1 + &)

d—w |

T2 (y — )
Of course, we must use this function with the measure 1r_(l—dj——t2_)’ so it is

perhaps more scnsible to call

1 stw — 1
14t Re [it —-w ]

the Poisson kernel for w. From Fatou’s theorem in the disc we now have
the following.

Theorem. Let F be a measurable function on the imaginary axis which
18 tnlegrable with respect to the measure (1 + t2)-'dt. Define { in the right
half-plane by

flx +iy) = }r f_: F(it)xz—_l_(z_—l),dt

- }r |7 FGP.(y — .

Then f is harmonic and has non-tangential limits which exist and agree with F
at almost every poinl of the imaginary axis.

Proof. The proof is immediate from Fatou’s theorem for the disc and
from our computations above. One should remark that non-tangential
arcs are preserved, since the map from the disc to the half-plane is con-
formal.

Several comments are in order. First, note that the above theorem is,
in particular, true if F belongs to L? of Lebesgue measure on the imaginary
axis, for some p = 1. Second, one can, of course, give a dircct proof of the
above theorem, without appealing to the corresponding result in the dise.
Third, if F is the restriction to the imaginary axis of a function analytic
in some half-plane Re (w) > —¢, it does not follow that f is analytic.
Some control on the analytic function at infinity is necessary to guarantee
this. For instance, it is clear that the Poisson formula reproduces any
bounded analytic function from its boundary values, but not, say, e®.
Now let us record some of the special properties of f when F is actually
in Lr(dt).

Theorem. Let p = 1 and let F be a function in LP(—w, ®). Let f be the
harmonic function in the right half-plane defined by )

J@+i) =1 [ FOPy - O,
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(1) For each x > 0 the function f(y) = f(x + iy) 7s in LP(—, o).
(i) The Lr-norms ||fx||o are bounded for x > 0. In facl, ||fxl|p %5 a
decreasing funclion of x for x > 0.
(iii) The functions fx converge lo F in Lr(—o, ®) as x — 0.
@(v) f(w) tends uniformly to zero as w tends to infinily inside any fized
half-plane Re (w) = 6 > 0.

Proof. We arc not on a finite measure space, so I need not be integrable.
But since %P, is integrable, its convolution with F is a function f; in L7,

Also,
llG=Fll» = lIGILIIF1l

and since P, = 0 and

1 re
- f_ﬁ P.(0dt = 1,

we have

12l = 11F]l,
To see that ||f.]|, is a decreasing function of x, suppose z; < 5. Verify
that

Ja@) = 2 [ 5ul0Prraly — vyt

and repeat the above argument, replacing F by fz and P, by Pz,—z. The
convergence of f; to F in L? is a standard approximate identity argument,
like several we have given.

. . 1 . .-
To prove (iv), observe that since - P.(y — t)dt is a positive measure of

mass 1 we have
. 1 (=
e+l < = [7 IFOFPLy — vt

Suppose € > 0. Since F is in L?, we can choose T > 0 such that

[_’f \Flpdt + f: |Flrdt < e.
Now P,(y — 1) £ —’ and if we keep z = & > 0, we shall have

< = F)|p ——————

e+l < ¢ [T IPOF g i—a+ 5

Now with T fixed, the last integral is obviously 0(|z + 7y|™!) in z = .

Boundary Values for H” Functions

We are now going to prove that if f is in H? of the right half-plane for
some p = 1, then f has non-tangential limits at almost every point of the
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imaginary axis, the boundary value function F is in L?, and f is the Poisson
integral of F. As we shall sce, this follows rather easily from the fact that
such an f possesses property (iv) of the last theorem.

Theorem. Let f be in H» of the right half-plane for some p = 1. Then
f(w) tends uniformly lo zero as w lends to infinity inside any fized half-plane
Re(w) 26> 0.

Proof. The proof will proceed by reducing to the last theorem. That is,
we shall show that for Re (w) > xo > 0 we can write f as the Poisson
integral of its values on the line Re (w) = zo. Fix w with Re (w) > 0.
Choosc positive numbers x,, z, and y such that

9 < Re (w) <z

—y < Im (w) < y.
We represent f by mecans of the Cauchy integral formula applied to the
rectangle with vertices 2o &+ iy, * + 7y. We obtain
v f(x -+ 2t) v J(w )

di zf*u:ro-i-'il—-wdt _

z _f(s — W) g — fr fet+) .
ns§—1Y —w s 41y —w
= LIi(z; y) — Liwo; y) + I(y) — I(—y).

Choose a large positive number Y, say ¥ > 2|{Im w|. We shall average the
above expression for f(w) over the interval (Y, 2Y). First, note that

1 ra2v 1y - o)l
v /Y [(£y)ldy = 3 fy dy - fn s+ iy — ]

2wif(w) = i j

-y it —w

2 fz [2v .
< 5 [0 f; 1t % iy)ldyds

since |s & 1y — w| = Y /2 in the range of y’s considered. Now, we estimate
the inside integral by Holder’s inequality, using the fact that there is a
fixed M such that

[7. 156 + iplrdy < M.
. . ... 1 1 . . .
If ¢ is the conjugate to p, i.e., if 5 + E = 1, this estimate gives

1 fov . 2 (=
?[Y [Io(£iy)ldy < ﬁ[m ds-YVi.- M

= 2M(x — xo) YlUae—2

—0 as Y — o,
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Averaging 2mif(w), we obtain
. .1 revy
2if(u) = lim 3 [[7 [h(z; 6) = Tian; 9)1dy.
Now it is easy to see that

b [ st = [ L 1

z + it —
hm—f ILi(x y)dy=z/m Mdt=l(z'w)
Y—-noY 110, ”xo+it—w 120, :

This is an immediate consequence of the fact that

/ fs + zi) dt < w,
—® Is + zt —
We obtain, therefore,

‘ 2mif(w) = Ii(z; ) — Ii(xo; ).
We shall now let z — «. For p = 1,
) = |f(x + 40| ol _ (1)
[I(z; o)| < [_” e adt S M- — Rew) = 0
and for p > 1,
lI (x oo)l < M- [/ __dt__]”’l — O(x—l+1/q)
! o |z +dt —wlt]
80 I1(z; ©) — 0 as £ — «. Thus we obtain
f(ro + 'Lt) dt

2mif(w) = / ©xy + 1t — w

for any x, which satisfies 0 < zy < Re w.
We have a Cauchy integral representation for f, from which we can
easily obtain a Poisson integral representation. Let
w==¢-+1 and w = 2z — £+ 1.
Now Re w' < zy, 80 if we use the Cauchy integral theorem and repeat the
above argument, we obtain
/ f(o + 4t) dt.

w gz + 1t — w
If we subtract this from our Cauchy integral for f(w) and remember that
w— w' = 2(¢ — 2,), we obtain
.y _ 1 (= , (r0o — &)
& +in) = =~ [7 o+ ) ot 0<n<k

By part (iv) of the last theorem we have immediately that f(w) tends
uniformly to zero as w tends to infinity inside any fixed half-plane
Re (w) 246> 0.
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Theorem. Leip = 1 and let f be any function in H» of the right half-plane.
Let g be the function in the unit disc defined by

g(2) =.f(] + z)-

1-2z

Then g is in H? of the disc.
Proof. 1et C, be the circle of radius 7 in the dise: C, = {lz| = r}.
Then we wish to bound the integrals

[7 latrenyran = 1 [ (a1l

asr — 1.

For each 6 > 0, the linc x = ¢ in the right half-plane is transformed by
our linear fractional map into a circle I'; in the dise, which is tangent to the
unit circle at z = 1. Given r < 1, we can choose a § > 0 which is suffi-
ciently small that C, lies in the interior of the circle I's. By the last theorem,
the function f is continuous in the half-plane Re (w) = 4, including the
point at infinity. This means that g is analytic in the interior of the circle
TI'; and is continuous on the closed dise bounded by T's. Since C, is inside
this dise, it follows that

J, ls@rldel <2 [ lg(@lrldl.

We shall comment on this below. Assuming this inequality for now, we
obtain

[7 latrenirao <2 [ lge)rlde]

2 2|dw|
> rewms SOV It +ww|2

4 [e . dt
=2 /.., lf@ + bl T T o

<2 7106 + il

r

éé]‘[ﬂ
r

where A is the bound for the L? norms of f on vertical lines. We conclude
that g is in H” of the dise.

We used an inequality in the above proof, which can be stated as fol-
lows. Suppose g is analytic inside the circle T and continuous on the closed
disc bounded by T. If C is a circle interior to that dise, then

[ l9@eldz] < 2 [ lg(@)lridel
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To prove this, onc may assume that T' is the unit circle. The result then
states that if g is continuous on the closed unit disc and analytic in the
interior, and if C is a circle in the open unit dise, then

[, lo@irldz| <2 [ lgte)lde.

If one represents g as the Poisson integral of its boundary valucs, this is
trivial to verify.
Now we have the theorem we have been seeking.
Theorem. Let p = 1 and let f be a function in HP of the right half-plane.
(1) f has non-tangential limits at almost every point of the imaginary axis.
(ii) The boundary values of f are in LP and

fa+i) =1 [T 160 gt =>0.

(iii) The functions fx(y) = f(x + iy) converge tn Lr-norm o {(iy) as
x — 0.

Proof. Let g be the function in the unit disc defined by
142
9 =1 (722)-

1 -2z

By the last theorem, g is in H? of the disc. Thus g has non-tangential limits
at almost every point of the unit circle, and g is the Poisson integral of its
boundary values:

g(z) = 2% f_', g(e) P.(8)do.

Since the linear fractional map from the dise to the half-plane is conformal,
we deduce immediately that f has non-tangential limits at almost every
point of the imaginary axis. As we observed at the beginning of this

dt
1+
by the Poisson formula of (ii). Of course, the boundary values of f are
actually in L?(dt). By Fatou’s lemma

/ ® |fGylrdt < Tim / ° \f(z + dt)|rdt
il z—0J %

= M».

This proves (i) and (ii). Statement (iii) follows from (ii), as we observed
in a previous thcorem. We have stated it again for emphasis.

chapter, the boundary values of f are in L? ( )’ and f is represented

The Relation between the H? Spaces for the Disc and Half-plane

The proof of the last theorem made essential use of the fact that each
H? function f in the right half-plane is transformed by the linear fractional
map
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142
T 11—z

w

into a function g in H? of the disc:

- r( L2\
1@ =1 (72%)
We have, therefore, a mapping from H? of the half-plane to a subspace of
H? of the disc. It is quite easy to determine what this subspace is. It
consists of all functions g in H? of the disc such that

(I — 2)*7g(2)
is also in H? of the disc. If g is in H? of the disc, the corresponding analytic
J in the right half-plane need not be in H? of the half-planc. All that one
can slate is that f is analytic for Re (w) > 0 and is the Poisson integral
of a function on the imaginary axis which is in L? of the measure

(1 4~ *)~'dt. In other words,
|f@0)[»

1+

is Lebesguc integrable. Suppose we select an analytic branch of the
logarithm of 1 4+ w in the right half-plane. Then

S(w)
(1 + w)z/p

is in L? on the imaginary axis. Thus, f is in H? of the right half-plane if
and only if (1 + w)*?f(w) is in L7(dt/1 + {2) on the imaginary axis (if we
assume, as always, that g is in H? of the disc). Since

1+w=1—z

we see that f is in H? of the half-plane exactly when

g9(2)

(1 —_ z)z/p
is in L? on the unit circle. Now we need the following,

Lemma. Let p = 1, let @ > 0, and let g be a function in HP of the disc.
A necessary and sufficient condition that the function

o = 5

be in H» s that h(c®) be tn LP on the unit circle.
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Proof. Now
0@ < exp [ 5= [ log loem)P(0)as

= 1 = —_ it
|1 — 2| =exp [2#[ log 1 —e ]P,(G)de]

so that
|h(z)|» £ exp [2% /:' P,(0) log Ih(ew)lrdﬂ]
< 217 [ P@)Ih(e®)|7ae.
Thus

[ heylpdr < [ 1h(e®)leds.

We should point out that the only property of (1 — 2)* which is relevant
in the lemma is that it is an outer function. Returning to our g before the
lemma, we see that g transforms into a function in II? of the half-plane if
and only if

(1 — 2)7*7g(2)

is also in H? of the disc. What we have proved may be summarized as
follows.

Theorem. Let g be an analytic function in the unit disc, and let f be the
analytic function in the right half-plane defined by

w—1
1) = o (%57)
If p = 1, then { is in HP? of the right half-plane if and only if

g9(2) = (1 — 2)"G(2)

where G 1s tn HP of the unit disc. Equivalently, g is in II? of the unit disc
if and only if
Jw) = (1 + w)**F(w)

where F is tn He of the right half-plane.

There are some remarks we might make. The content of the last
theorem is, perhaps, more clear if we state it roughly. The relation between
the two H? spaces is this. Start with H? of the disc; use the linear fractional
map to transform this space to a space H? of functions in the right half-
plane; choose an analytic branch of (1 + w)*? on Re w > 0; divide every
function in A” by (1 + w)*?; the resulting space is I of the half-plane.
Indeed, up to a constant, this map is a Banach space isometry between the
two H? spaces. If
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hw) = (1 + wyg (27)

then
1 @ . ] L3 .
= [, Imaoledt = 5= [ lg(e®)lrde.

Since A? consists of all analytic f in the right half-plane which are the
Poisson integral of a function on the imaginary axis in L?(dt/1 + ¢2), and
HP? consists of all analytie f which are the Poisson integral of a function on
the imaginary axis in L?(dt), the relation
Ar = (1 + w)x»H>

seems evident. On the boundary the relationship is clearly right. The only
point to be checked is that after multiplying an H? function by (1 + w)*/®
the resulting analytic function is still the Poisson integral of its boundary
values. This is what we did in the lemma above.

For the casc p = 2 we have the relation 72 = (1 + w)II* which we
discussed in the last chapter.

The Paley-Wiener Theorem

If onc uses the Plancherel theorem, onc obtains from our results here
the one-sided Paley-Wiener theorem.

Theorem (Paley-Wiener). A complex-valued function f in the right half-
plane belongs to the class H? if and only iof f has the form

] ° —wt,
Jw) = 7= [[7 Feva

for some function f in 12(0, ). This representation is unique.
Proof. The function f will be defined by

] eo 1) p 7t
fx) = Voo f_nf(zt)e dt.

Literally, this definition makes sense only if f is integrable. The Plancherel
theorem asserts that if f is in L' N L2 then f is in L2 and [|f]|z = || |ls,
the set of such 7 is dense in L2, and so the Fourier transform f — f can be
uniquely extended to a unitary mapping of L? onto L2 This defines the
Fourier transform f for any f in L2. We represent f by the above formula,
with the understanding that this is correct if f is in L!, but must be in-
terpreted in a limiting sense in general. With the same convention about
limits, we also have the inversion formula

1) = = [ H@ye-sdz.
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Now it is quite easy to verify that if f is in L? and vanishes on the left
half-line, the corresponding f is the boundary function of an H? function.
Just extend f to the half-plane as in the statement of the theorem.

We want to prove that if f is in H? the Fourier transform f vanishes
on the left half-line. First, let us observe that it will suffice to prove this
when f is in H', for H' N H? is plainly dense in H2. If f is in H?, f is the
limit in L2 norm of the functions

[1 <w+1) ]f(w)

each of which is in H' N 112
Suppose fisin H' and < 0. Let

h(w) = (1 — w)e™f(w)
1l —w
14w

Now (1 + w)*f(w) is in what we called A", the image of H! of the disc.
Evidently, & is also in this space, because 1 T is bounded on Re (w) = 0,
and for z < 0 the function ¢*» is also bounded on that half—plane. But then

L[ sae=a =2 [ wa)
= n(1)

=0.

Here we have used the fact that [x(1 + ¢2)]! is the Poisson kernel for the
point w = 1. That completes the proof.

—— W1 + w)f(w).

Factorization for H? Functions in a Half-plane

By direct translation of the corresponding results in the unit disc we
obtain the following results about a non-zero function f in H? of the right
half-plane, p = 1.

(1) If By, By, . . . are the zeros different from 1 of f in Re (w) > 0, then

s Re@) _
1 + [Bal?

which is the necessary and sufficient condition for the convergence of the
Blaschke product

Blw) = (-H)“l—m o

Of course, k denotes the order of the zero of f at w = 1 and
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iC))
g(w) - B('ll))
is a funetion in H? without zeros.
(ii) The boundary values of f cannot vanish on a set of positive
Lebesgue measure; indeed,

w . 1
/_”log f@E)] - mdt > —ow,

The function

NEYE w1 di
Fea) = esp [ 1 [ og 10| {250 70 |
is in H?; also |F| = |f| almost everywherc on the imaginary axis and

|F(w)] = |f(w)| on the half-plane.
(iii) If A = ¢'¢, where a = arg (%)(1), then the function

f(w)
AB(w)F (w)

is uniquely representable in the form

S(w) =

s = e -2 000]

where u is a finite singular positive measure on the imaginary axis and p is
a non-negative real number.

NOTES

The basic results on H? of the half-plane are due to Paley and Wiener [67] for
P = 2 and to Bochner [12] for p = 1. The arguments used here are basically those
of Hille and Tamarkin [46] which are similar to the Paley-Wiener methods, and
to those of Gabriel [29]. Other approaches can be used, particularly ones which
use more about Fourier transforms and less about the disc; e.g., see Titchmarsh
[88]. 1t seems difficult to find the relationship between H” of the disc and H? of
the half-plape stated anywhere. For a discussion of Fourier transforms, the
Plancherel theorem, etc., sce the books by Paley and Wiener [68], Wiener [95],
and Titchmarsh [88]. For results on factorization of functions analytic in a hali-
plane see Gabricl [29, 30]. The inequality about [ |f||dw| along curves is dis-
cussed in Gabriel [31] and Carlson [19] for subharmonic functions.

EXERCISES

1. Let f be an analytic function in the right half-plane and let g be the function

in the unit disc:
=¢fLE2)
g(2) —f(l - z)
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We consider the integrals

[o e+t

(a) If these integrals arc bounded, show that g is in 772 of the disc.

(b) Exhibit a g in H? so that the integrals are not bounded.

2. Let f be analytic in the half-plane Re (w) > 0. Show that f is in H? if and
only if there exists a positive number 8 such that

(1) the integrals

dy, > 0.

[7. e+ iplay
are bounded for 0 <z <&
(ii) fis bounded on the half-plane Re (w) = é.

3. For fin H? of the right half-plane, define
1,./1
nw - 11(3)

Show that U is a unitary mapping of 172 onto II2. Replace inversion by a conformal
map of the half-plane onto itsclf and prove the same result, thereby obtaining a
group of unitary operators on H2

4. Let f be analytic in the half-planc Re (w) > 0. Prove that f is in ' if
and only if f = gh, where g and h arc in H? of the right half-plane.

6. (Akutowitz [3]). Let f be analytic in the half-planc Re (w) > 0. Prove that
f is a Blaschke product if and only if

(a) [f(w)] = 1.

) lim [* log | + i)l 5 = 0.

6. Let f be a non-negative harmonic function in the right half-plane. Prove the
following.

(a) flz +1y) = px + = /-;:‘(——t),
stant and u is a finite positive measure on the imaginary axis.

® [ e+ g ¢ o forall z > 0.

—o 142

(c) (Loomis-Widder [55]) If f is harmonic on z = 0 and vanishes on z = 0,
then f(z + ty) = pz.

7. Let a > 0. Let T, be the linear operator on H? of the right half-plane defined
by (Tof)(w) = f(a + w). Use the Paley-Wiener theorem to describe the invariant
subspaces for T,.

8. Let g € LY(—w, ). If f(3y) is the boundary function of an Ii* function in
the right half-plane, define

(Tu) = [ ot — Oyt

du(t), where p is a non-negative con-
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Prove that 7T, is a bounded linear operator on H? (regarded as a subspace of L?
of the imaginary axis). Let @ > 0, and let T, be the operator of Excrcise 7. Prove
that T, is one of the operators 7', and that any subspace of H? invariant under T,
is also invariant under every T,.

9. Does the operator (Tf)(w) = f(3 w) map H? of the right half-plane into
itself? If so, is T a bounded operator?
10. Prove that every function f in L? of the real line is uniquely expressible in

the form f = f, + f-, where f is in H? of the upper half-plane and f_ is in H? of the
lower half-plane. Show that

fiw) = o= /" ;(_&)wdx, Re (w) > 0

and a similar formula defincs f_ for Re (w) < 0.

11. Refer to Excrcise 10 and let H* be the set of L? functions on the line which
are boundary values of functions in H? of the upper half-plane, and define fi—
similarly, using the lower half-plane. Show that L? = H* @ H~ (orthogonally),
and that both II* and H~ are translation invariant. Find all orthogonal dircct sum
decompositions L2 = S @ 7', where S and T are (closed) translation invariant
subspaces.



CHAPTER 9

H» AS A BANACH SPACE

The purpose of this chapter is to relate some of the work of recent years
on the Banach space structure of the II* spaces in the unit disc (p = 1).
As usual, we will deal with II” either as the space of analytic functions in
the unit disc for which the functions f,(6) = f(re¥®) arc bounded in L?
norm, or as the space of L? functions f on the unit circle for which

f_: emf@)d0 =0, n=123,....

Described in the latter way, I7 is easily seen to be a commutative Banach
algebra, using convolution as multiplication; however, a discussion of this
aspect of the spaces would take us too far afield, so we shall be primarily
concerned with the linear structure. As it happens, H* is also a commuta-
tive Banach algebra under pointwise multiplication. We shall discuss this
Banach algebra in some detail in the next chapter, and will treat it in a
limited sense in this chapter, since the algebraic structure of H* is of con-
siderable aid in studying H® and H' as Banach spaces. The material we
cover here is as follows: (1) the characterization of the extreme points in
the unit ball of H?, (2) the isometries of H® and H', and (3) projections
of L? onto H>,

Extreme Points

In studying a Banach space X, one problem of considerable interest
is that of describing the geometry of the unit ball,

Z = {zeX;|lafl = 1.

In particular, one would like to find the extreme points of Z, that is, the
points in £ which are not a proper convex combination of two distinct
points of =. If X is a Hilbert space, the extreme points of = are precisely
~ those on the unit sphere, i.e., those of norm 1. This is also true of the L?
spaces for 1 < p < . On the other hand, the unit ball in L' has no
extreme points whatsoever, and one must presume that this is somewhat
 typical for a Banach space. Certainly, then, a description of the extreme

10n
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points of = does not convey complete information about the geometry of Z.
Still, such a description can be very useful.

We are interested in the extreme points of the unit ball in H,
1< p=w. For 1 <p < o this presents no problem, for, as we men-
tioned above, every point on the unit sphere of L? is an extreme point
of the unit ball in L?. Obviously, then, the extreme points in the unit ball
of Hr are cxactly the functions of norm 1 (1 < p < «). This leaves us
the two cases p = 1 and p = «. In the case p = 1 it is not immediately
evident that the unit ball should have any extreme points, since the unit
ball in L! has none. But H! differs radically from L' in that it is the con-
jugate space of a Banach space. A general theorem of Krein and Milman
states that if a Banach space X is (isometrically isomorphic to) the con-
jugate space of some Banach space Y, then the unit ball in X not only
has extreme points, but has sufficiently many to “span’ the unit ball.
The form of this theorem which is relevant here is the following.

Theorem (Krein-Milman). Let Y be a Banach space, and let K be a
non-emply convex subsel of the conjugate space Y*. Suppose that K s com~
pact in the weak-star topology on Y*. Then K has an exireme point; in fact,
K is the weak-star closure of the convex hull of its extreme points.

The theorem applies in particular to the case when K is the unit ball
in Y*. At one point later on, we shall have need of this theorem, and we
shall use it without presenting a proof; however, most of what we do in
this chapter does not depend upon this result. Qur reason for stating it
now is to suggest that the unit balls in H* and H* should have “quite a
few” extreme points. Of course, in order that the theorem be applicable,
we need the following.

Theorem. Every Hr space (1 < p < =) 1s (isometrically isomorphic to)
the conjugate space of a Banach space.

Proof. For 1 < p £ =, this result is more or less evident from the
corresponding fact about L?. As a space of functions on the unit circle,
Hpr is defined as the set of all f in L? which annihilate ¢ for n = 1. Since

L? is the conjugate space of L?, where ;1) + % = 1, we see that H? is the

annihilator of the closed subspace of L2 which is spanned by the functions
e n=1,23,.... The latter space is H§, the space of H? functions
which vanish at the origin. From this it is easy to identify H? with the
conjugate space of the quotient space L¢/H§. In particular, H* “is” the
conjugate space of the quotient L'/Hj. The fact that H! is a conjugate
space is not so evident. This is essentially the content of the F. and M.
Riesz theorem on measures: a measure p on the circle which annihilates
e for n = 1 is absolutely continuous with respect to Lebesgue measure;
i.e., it has the form du = hdf with h in H'. Using this result and the fact
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that the space of finite complex measures on the circle is the conjugate
space of the space C of continuous functions, one can proceed as above to
identify II' with the conjugate space of /Ao, where A, is the uniform
closure of the polynomials vanishing at the origin.

Before taking up the extreme points for II' and II®, let us make a few
clementary obscrvations about the unit ball £ in the Banach space X.
First, the statement that x is an extreme point of Z simply means that if
z2=13%(+2) withyandzin Z, thenz = y = z. Forif

=2+ (1 =D

where a and b are distinet clementsin £ and 0 < A < 1, then we can choose
two distinct points y and z on the line segment from b to a such that

= 1 (y + 2). Second, any extreme point of £ necessarily has norm 1; for
if ||z]] < 1, we can write 2 = % (y + 2), where y and 2 are distinet scalar
multiples of x, each having norm less than 1. Third, the condition that z
be an extreme point of = can also be phrased as follows: if £ is any element
of X such that |z +¢| =1 and ||z — ¢j] £ 1, then ¢ = 0. For if
z2=3%(y+2) withyandzin X, put £ = z — y so that

z=z+¢t and |z +{| =1, |lz—¢| 1.

The condition z = y = z is equivalent to ¢ = 0.

Now let us consider H*, the space of bounded analytic functions in the
unit dise. Since the unit ball of H* consists of those functions which map
the disc into the dise, one feels that the extreme functions should be those
which take extreme values fairly often. In L*® this is the complete answer:
the extreme functions in the ball are thosc which are of modulus | almost
everywhere, i.e., those whose values arc extreme points of the dise. Clearly,
then, any f in H* which is of modulus 1 on the unit circle (any inner f)
will be extreme in the unit ball of H®. However, there arc additional
extreme points. ¥or example, suppose f is in JI®, |f| < 1, and |f| =1
on any set I/ of positive measure on the circle. Then f is an extreme point
of the ball in H*; for if f = } (g + h) where |g| < 1 and || £ 1 we must
have f = g = h on the set E. Since the mecasure of F is positive while
f, g, and h are analytic, this implies f = g = h. Neither do these functions
exhaust the extreme points. The complete answer is the following.

Theorem. A function f in H* 4s an exireme point of the unit ball in H®
if and only if |{(z)] = 1 and
[ Jog [1 = If(e®)1de = —o.
Proof. Suppose the integral condition holds. Let g be any function in
H> such that ||f + g|l, < 1 and ||f — gl £ 1. Then
lf@) + lg(2)? = 1.
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Therefore
lgle®)* = 1 — [f(e?)l

and so
2 [ log lg(e*)\ds < 2xlog2 + [ log [1 — |f(c*)[1ds

= —00,

This implies that ¢ = 0. We conclude that f is extreme.
Now suppose the integral condition on f fails to hold, ie., that
log (1 — |f(e®)]) is integrable. Let

4@ = exp [ 5 [7 G2 og (1 = Iiteas |

x c‘o
Then g # 0 and ¢ is a bounded analytic function; indeed,
lg(e®)] =1 — [f(e?)].
Then ||f + g|lo = 1 and ||f — ¢ll, = 1, so f is not extreme.

We should mention that this result also holds for the Banach space 4
of continuous functions on the closed dise which are analytic in the in-
terior. The first half of the proof earrics over as above, because if f is
extreme in the unit ball of H*®, it is cerlainly extreme in the unit ball
of the subspace A. For the second half of the proof, we must arrange that
g have continuous boundary valucs. If f is in 4 and log (1 — |f(e?)]) is
integrable, we can choose a continuous function u on the unit circle such
that 0 £ u £ 1 — |f|, log u is integrable, and % is contlinuously diffcr-
entiable on each open are of the set where |f| # 1. If we then put

g(z) = exp [‘)1 f g x Zlog udo]

e®
g will have continuous boundary values and will satisfy

lg(e?)| <1 — |f(e?)].
Again, f is not extreme.

Now we turn to the more interesting problem of the extreme points in
the unit ball of H'. Here we cannot be motivated by the corresponding
result for L!, since the unit ball in L' has no extreme points. We must
search for a class of functions in II' possessing an extrcmal property. The
relevant class here is that comprised of the outer functions of norm 1.
An outer function f in H! is characterized by an extremal property: if ¢
is in H' and |f| 2 |g| on the circle, then |f(z)| = |g(2)| for each z in the
disc. So the following result is not too surprising,

Theorem (Rudin-de Leeuw). Let f be a function in H'. Then f is an
extreme potnt of the unit ball in H! if and only if f 7s an ouler function
of norm 1.
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Proof. First, let us show that if ||f|l; = 1 and f is outer, then f is
extreme. Suppose that fis any L' function on the circle which has L* norm
1 and which does not vanish on a set of positive measure. Let g be a func-
tion in L! such that ||f = g||; = 1. Of course, equality must hold, i.e.,

f+ gl =1lf —gll = llflh = 1.
Let ¢ = g/f so that ¢ is integrable with respect to the measure

du = :2!-,—.- |f|d0. Now u is a positive measure of mass 1 and the conditions

assumed on ¢ state that
JUL+ @l + 11— ¢lldu = 2.
But
N+ +[1 -0l 22

and, since u has mass 1, we must have
T+g]+[1—¢l =2

almost everywhere. But this implics that ¢ is real-valuedand —1 £ ¢ £ 1
almost everywhere. Thus, any g in L! such that ||f = g||: < 1 has the form
g = ¢f, where —1 < ¢ = 1.

Now suppose f is in H' and ||f|[: = 1. Then f does not vanish on a set
of positive mecasure on the circle; consequently, if ¢ is in /' and
|If £ gil £ 1, we have (on the circle) g = ¢f, where —1 £ ¢ < 1. Thus
lgl = 1/ on the circle, and if f is outer this implies that

lg@@)| = 1)

on the unit dise. Therefore, ¢ = g/f is a bounded analytic function with
real boundary values and is constant. But then since

A =)lflh=0 +)flh=1

we see that ¢ = 0, that is, g = 0. Thus, f is extreme in the unit ball of H*.
Now suppose [ is a non-zcro function in H* which is not an outer func-
tion. This means that f = IF, where I is a non-constant inner function
and F is an outer function. Recall that this factorization of f is unique up
to a constant of modulus 1, that
- e + 2

F(z) = Mexp [‘;’11; f_w P zlog lf(e"")lda], AN=1

and that I = f/F. Let us adjust the constant A occurring in the outer part
F so that

[ 1) Re I = 0.

Now let
g=10+I»)F.
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Then g is a non-zero (I # const) function in H'. Now, since

[I(e®)] =1 and 2Re(2) = ! —:—22 for |z|] =1
we see that
g(e®) = f(e*) Re I(e¥).
Thus,
If(e®) %= g(e®)| = |f(e*)|[1 £ Re I(e¥)].
Consequently,

IIf £ gl = |If]h
because we arranged that |f| Re 7 has integral 0 on the cirele. This argu-
ment shows that if ||f|l = 1 and f is not outer, then f is not an extreme
point of the unit ball in H'.

We should like now to give some corollaries (also due to Rudin and
de Leeuw) to this theorem and its proof, which will exhibit some rather
fascinating facts about the unit ball in H'. Probably the most remarkable
is the following.

Corollary 1. Let f be a function in the unit ball T of H'.

@) If |iflly = 1 and f is not an extreme point of = then f = L (f; + f2),
where 1; and 1z are distincl extreme poinls of Z.

@) If [Ifll: < 1, then f is a convex combination of some two extreme poinls
of Z.

Proof. (i) Suppose ||f]l, = 1. We construct g as in the proof of the
above theorem and put fy = f + ¢, f = f — g. Then

il = lfflh =1 and f= 1 (i +f).

By the thcorem, we arc done if we show that f; and f» are outer functions.
The claim is that [ = g are outer functions for any real ¢ satisfying ¢ = 1. -
Now

Jatg=fxi0+I)F
=} F(xtl* 4 2] £1)
by the definition of ¢ and the fact that f = IF. Now we choose a real

number s such that cos s = —tl- Then

(2421 £8) = (1 Fe®I)(1 e 1)

I

SO0
fiw=i%m1iwnairwy

Since the product of outer functions is outer, it suffices to show that the
last two factors above are outer functions. This amounts o showing that
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if h is an inner function then 1 + h is outer. This is easy to see. For if
e > 0, then (1 4+ €) + h = h, is outer, being bounded and bounded away
from zero. Thus
1 = ¥ + 2 . .
h(z) = cxp [2—1 f_1 pr— log |he(e®)|df +  arg h.g(O)]-

As ¢ — 0, the functions log || deercase monotonically to log |h + 1], so
by the Lebesgue dominated convergence thecorem the above formula holds
with k. replaced by (1 -+ h). Therefore, 1 4 h is outer.

For part (ii) of the corollary, suppose ||f|l = 8 < 1. If f is zero, the
argument is trivial. If § > 0 and f is outer, it is also trivial, for f is on the

line segment joining the extreme points % J and —-]a-f. Now suppose

0 < 8 < landfisnotouter. Construct g as in the theorem and then choose
numbers {; > 1 and &z > 1 such that

If + tugllh = |If — tglls = 1.

By our argument above, f 4+ tig and f — g are outer functions (thus ex-
treme points), and f lics on the segment joining these functions.

Corollary 2. The closure of the set of extreme points of the unit ball in H!
consists of all £ in H! such that

(@) [lflh =1;

(b) f has no zcros in the open unit disc.

Proof. Suppose f is in H' and [|f» — f|j — 0, where the f, are outer
functions of norm 1. Clearly, ||f| = 1. Since f» — f in L' norm on the
circle, f, — f uniformly on compact subsets of the open unit dise. Conse-
quently, either f has no zeros on the dise or f = 0. The latter is absurd
since ||f|); = 1.

Now let f satisfy (a) and (b). Put f,(z) = f(rz) for 0 < r < 1. Then
[lfr = flli = 0 as r —> 1 and f, is outer, being bounded away from zcro.
If g. = ||f|T Y+, g is an extreme point of the unit ball of H! and g, — f
asr — 1.

Isometries

In this section we shall describe the Banach space isometries of H! onto
itself and of H* onto itself. In either case, all isometries are induced by
conformal mappings of the unit disc onto itself. One can reduce the study
of isometries of H! to the study of isometries of H®. This was done by
de Leeuw, Rudin, and Wermer, after de Leeuw had first found the isome-
tries of H! by a lengthier mcthod. The isometries of H* were also found
by Nagasawa, using a different method. Through the usc of the Krein-
Milman theorem, the study of isometries of H* can be reduced to the study
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of the algebra automorphisms of H®, first characterized by Kakutani.
Thus, we shall begin by describing the automorphisms of H>.

Theorem. Let ¢ be an automorphism of the algebra of bounded analytic
functions in the unit disc onto itsclf. Then there is a conformal map + of the
disc onto ilself such thal ($f)(A) = £(r(\)) for all bounded analytic f. Con-
versely, for any such r the ¢ defined in this manner ts an aulomorphism of the
algebra of bounded analytic functions in the disc.

Proof. If 7 is a conformal map, it is clear that f — f(7) is an auto-
morphism of H*. Suppose we are given an automorphism ¢. Since ¢ = 0,
it is apparent that ¢(1) = 1. Let f be a non-zero function in H®. Then f
has a zero at some point of the open unit dise if and only if there is some
positive integer n such that f is not the nth power of any function in H>.
Since ¢ is an algebra automorphism, f has an nth root if and only if
¢(f) has an nth root. Therefore, ¢ maps the class of functions without
zeros (in the disc) onto itself. But since ¢(1) = 1, it follows that ¢ preserves
the range of cvery function; for ¢(f — A\) = ¢(f) — X has a zero if and
only if f — X has a zcro.

Let 2z denote the identity function: z(A\) = \; and let 7 = ¢(2). We shall
prove that r is a conformal map of |A\| < 1 onto itself. From our remarks
above, we know immediately that 7 maps |[A\| < 1 onto itself. We must
show that 7 is one-one. For each A with [\| < 1, the function z — X is prime
in the ring H*; 1.e.,if z — X = fg with f and ¢ in H®, either f or g must be
invertible in H*. Consequently, ¢(z — A\) = r — X\ must also be prime in
H=. Then, obviously, 7 — A cannot have two distinct zeros in the open
disc, clse 7 — A would be divisible by z — A and z — A;. Thus 7 is onc-one,
and is a conformal map of the open disc onto itsclf.

Now let ¢ be the automorphism of H* obtained by composing ¢ with
the automorphism f — f(r):

@A) = @) N).
Then ¢ is an automorphism of H* such that ¢(2) = 2. It is clear that such
a ¢ is the identity automorphism. Let f be in /I® and [A| < 1. Then
f—JA) =(&—MNg, ginH>
Since ¥(z — A) = z — A, we have
v(f) —F) = (@ — M¥(g),
s0 (Yf)(A) = f(A). Since ¢ is the identity,
@A) = V)

for all f in H=.

Of course, this same result holds for the algebra A of functions con-

tinuous on the closed unit dise, analytic in the interior. The proof is the
same, after onec makes two clementary observations: (1) If 7 is a conformal
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map of the dise onto itself, then 7 has continuous (even analytic) boundary
values. Thus, f — f(7) is an automorphism of A. (2) If fisin 4 and f has
no zeros in the open disc, then f has an nth root in 4 for each n. Another
algebra to which the theorem applies is the full algebra of analytic func-
tions in the dise.

The proof of the preceding theorem is tied to the simple connectivity
of the dise, because of the argument about roots which it contains. We
might present another elementary proof which is interesting and which
avoids the root argument. Suppose ¢ is an automorphism of H=. Let f be
in H= and let A be any complex number. Then A belongs to the closure of
the range of f if and only if (f — M) is not invertible in IT®. Since it is
clear that ¢(1) = 1, we sce that the ranges of f and ¢f have the same
closure. T.et 7 = ¢z. The range of 7 is, then, an open set whose closure
is the closed unit disc (7 is non-constant since ¢ is one-one). Thus, + maps
the open disc into the open dise. Let |A|] < 1 and fin H*. Then |r(A)| < 1

and
T =70 = [z — r(N)]g
where ¢ is in H*. Consequently,

¢f — (=) = (= — 7(N))eg
so ¢f — f(7(\)) vanishes at A, i.c.,
(@f)N) = F(r(N)).
Thus ¢ is the map f — f(7), and, since ¢ maps H* onto II*, it is clear that
7 is a conformal map (7! is the function which ¢ maps onto 2).
Now we turn to isometries of II®. The result here is that if 7' is a linear

isometry of H* onto H*®, then T = a¢, where « is a constant of modulus 1
and ¢ is an algebra automorphism of H*, that is,

(THX) = of ((V))
for some conformal map 7. This is a consequence of a very general result
on algebras of continuous functions. We shall give the proof of the general
theorem. The proof will lean heavily on the theorem of Krein and Milman
which we stated at the beginning of this chapter, and, as we said, we shall
not prove that theorem.

Theorem. Let X be a compact Hausdorff space and let A be a compler
lincar subalgcbra of C(X), the algebra of continuous complex-valued functions
on X. Assumc that A conlains the constant function 1. Suppose T is a one-one
lincar map of A onto A which is isomelric:

TSl = 1]

Tf = a¢f
where o is a fixed function in A which is of modulus 1, 1/a is in A, and ¢

Then T has the form
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1s an algcbra automorphism. In particular, if T(1) = 1, then T s multi-
plicative.

Proof. First, let us note two things. (1) It is no loss of gencrality to
assume that A is uniformly closed, because any isometry of A can be
uniquely extended to an isometry of the uniform completion of 4. (2) It
is also no loss of generality to assume that A scparates the points of X.
We can always arrange this by identifying those points of X which are
identified by every f in A.

Now, regarding A as a Banach space with the sup norm, we let =
denote the unit ball in the conjugate space A*. We wish to call attention
to some particular elements of £, the point evaluations:

L.(f) = f(x), «in X.

The Krein-Milman theorem guarantees that = has extreme points. We
wish to show that every extreme point L of 2 has the form L = AL, where
[A] = 1 and L, is one of the above point evaluations. Suppose L is extreme

in . Then ||L]| = 1, and the 1lahn-Banach theorem guarantees the exist-
ence of a bounded lincar functional F' on C'(X), which is an extpnsion of L,
and for which ||F|| = ||L]] = 1. Let S be the set of all such extensions of L.

It is clear that S is a convex and weak-star compact subset of C(X)*
Choose F, an extreme point of S (using Krein-Milman again). Then F is
actually extreme in the unit ball of C(X)* If F = % (I'y + F2) with
[|1F,]| £ 1, then

1FA] = |[F]] =1

and if L; is the restriction of Fjto 4, ecach L;isin £ and L = § (Ly + Ls).
Since L is extreme, Ly = Ly = L. Thus, each F; is a norm prescrving
extension of L (i.e., is in S) and because F is extreme in S, I’y = I, = F.
The extreme points in the unit ball of C(X)* arc easily identified. This
unit ball is the set of all complex Baire mecasures on X which have total
variation at most one. The extreme points are, therefore, of the form
du = M\ds,, where |A\| = 1 and §, is the unit point mass at some point z in X.
It follows that our extreme functional F has the form

F(f) = M)
and, restricting to 4, the extreme functional L in Z has the form
L=\, =1 =z€X.

Since A separates the points of X, the point z which is associated with L
in this way is unique; therefore, A is unique as well.
Now let E be the set of extreme points of Z. For every fin A

171l = sup L)1
€E
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This we sce as follows. Since each L in E is a linear functional on 4 of
norm 1,

[I/le = sup |L(f)|, LinE.
Suppose ||f]]e = 1. Since X is compact, f attains its maximum on X at
some point xy, say, f(zo) = ||f|le = 1. Let

M= {LcZ;L{) = 1}.

Then M is non-empty (Ls, is in M); M is convex; and M is weak-star
compact. By Krein-Milman, M has an extreme point L. Such an L must
actually be extreme in the unit ball =. Forif L = § (I.; + L») with L;in Z,
the facts that ||f]||l. = 1 and L(f) = 1 imply that 7;(f) =1, j =1, 2.
Then, since L is extreme in M, we have I, = Ly = L. Thus, the “maxi-
mum set” M {or f contains an extreme point of 2, and

1Mo = sup IL()]

the maximum actually being attained.
At last we consider the given Banach space isometry T of A. The
adjoint T'* of T, defined by
(T*L)(f) = L(T)

is then an isometry of A* onto A*. Thus T* must carry the unit ball 2
onto itself, and also must carry the sct & of extreme points of = onto itself.
Now let

B = {z € X; L, is extreme in Z}.
Since L. is extreme if and only if AL, is extreme for all X of modulus 1,
the points of E are exactly the functionals AL, with |\| = 1 and z in B.
If z is in B, then T*L, must also be an extreme point of Z. This associates
with z a complex number a(zx) of modulus 1 and a point 7(z) in B such that

,j‘*]-lz = a(x)L‘r(z)

or

(Tf)(z) = a(x)f(r(x)), all fin A.
Taking f = 1 in the above, we see that a(z) = (T1)(z) for z in B, ie.,
that « is (the restriction to B of) a function in A.

Now we begin to use the ring structure of A. Let f, g be in A and let
z be in B. Then
(TLfgD) () = e(z)(fg)(r(x))
= a(2)f(r(x))g(r(2)).

If we multiply by a(z), we obtain

a(z)(Tlfg))(x) = (Tf)(x)(Tg)(x).
For any h in A we know that ||h||, is the supremum of |L(k)| for L in E,
that is,
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||k]le = sup |h(z)|.
z€B

We have just seen that for any f and g in A the function
k = aT(fg) — (Tf)(Tg)
vanishes on B. Consequently, we have
aT(fg) = (Tf)(Tyg)
forall f, gin A. If we take f = g = T-'(1), we sec immediately that 1/a is
in A. Since both @ and o have modulus 1 on B and since each attains
its maximum on B, we see that |a(z)] = 1 on all of X. Then, if we define

¢ by
o(f) = a'Tf

it is clear that ¢ is an algebra automorphism of A.

Corollary. Let T be any Banach space isometry of H® onto H=. Then T
has the form
(THYA) = of(+(N)), fin H*

where a is a complex constant of modulus 1 and 7 is a conformal map of the
open unit disc onto isclf.

Proof. We shall (of course) apply the above theorem. In order to do
so, we must show that H® is isometrically isomorphic to an algcbra of
continuous functions on a compact Hausdorff space X. One way to do this
is the following. Tor each A, |A| < 1, let Ly be the complex homomorphism
of H* defined by In(f) = f(A). Let X be the weak-star closure of the set
of all such Ly in the conjugate space (H*)*. Since each L, is in the unit
ball of (H<)* we sec that X is a compact Hausdorff space when it is
endowed with the weak-star topology. With each f in H* associate the
function f on X by

J@) =L({), LinX.

Each 7 is continuous on X by definition of the weak-star topology. Because
each L, is multiplicalive on H®, it is clear that f — f is a (sup-norm)
isometric isomorphism of H* with an algebra of continuous functions on X.

If we now apply the theorem, every isometry of H* has the form
Tf = ag¢f, where ¢ is an algebra automorphism of H* and « is a function
in H= which is of modulus 1 on the unit disc. Such an « is constant, and,
as we proved, ¢ has the form

(@A) = fiz(V))
for some conformal map r. Hence, we are done.

Once again, we point out that the same corollary holds for the algebra
A of continuous functions on the closed disc which are analytic in the
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interior. The proof is even shorter, since 4 is already an algebra of con-
tinuous functions on a compact space.

Theorem. Every linear isometry of H' onto H! is of the form
(THA) = ar’N)f(r(\))
where o 18 a complex constant of modulus 1 and 7 is a conformal map of the
open unit disc onlo itsclf. Conversely, for any such a and r the T so defined
s an tsometry of H* ontlo H'.

Proof. The converse statcment is readily verified. Suppose, then, that
T is a lincar isometry of H' onto H'. Then T preserves the unit ball in H!
and preserves its extreme points. Conscquently, T preserves the closure
of the set of extreme points. But this is the set of functions of norm 1
which have no zeros in the open unit disc. We conclude that, for f in H?,
f has a zero if and only if Tf has a zero.

Now let F = T(1). By our remarks above, F has no zeros in the open
disc. Similarly, if fis in H' and X is a complex number, f — \ has a zero
if and only if 7f — AF has a zero. In other words, f and Tf/F have the
same range on the open dise. Define

Tf
Uf = 7
Then U maps the subspace H® onto itself; in fact, U is isometric on H®
(with the sup norm), since Uf and f have the same range. Actually, U
maps I1* onto H*, because if ¢ is in H*® the function f = T-(Fg) is in H®
and Uf = ¢g. Furthermore, U(1) = 1. Hence, U is an algebra automor-
phism of H* and has the form

(GHN) = fz)
for some conformal map 7. This says that
(TFYN) = FONf(=(V))

for every bounded f in H.
From the last expression for T, we have

1Tl = 5 [7 1P| 11(r(c#)ldo
for all f in H*. But for any f in H*

1l = 5o [7 1018 = 5= [7 1) |ftr(e)do.

Since T is isometric, we have
J2 \FE] lote)lde = [7 1(e*)] lg(c*)lde

for every g in H*. So

S |Flpde = [ |+'|pd8
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for every non-negative bounded measurable function p, because p + € = |g|
with g € H* for any ¢ > 0 [log (p + ¢) is integrable]. Thus |F| = |7/| a.c.
on the circle. But both F and 7’ are outer functions; F is outer because
F = T(1) and 1 is outer; 7’ is outer by direct computation of the derivative
of a linear fractional map. 1t follows that [F(\)| = |/ (\)| for \| < 1, or
that F(\) = ar’(\), where «a is a constant of modulus 1. We now know
that T has the desired form on H*®, and, since H* is densc in H!, we are
done.

To the best of our knowledge, the description of the isometries of H?
for p £ 1,2, » remains unknown. In particular, one might ask whether
every Banach space isometry of H? for p # 2 is induced by a conformal
map of the disc onto itself.

Projections from L7 to H?

One of the most uscful features of a Hilbert space H arises from the
fact that each closed subspace S of H has a natural complementary closed
subspace, 8*. The direct sum decomposition H = S @ S* associates with
S a bounded projection P, which has S as range and S* as null space. This
is all so natural in a Hilbert space that one virtually identifies P and S.
In our early treatment we were (often indirectly) aided by this, in the
situation where H = L*and § = H>.

If X is a Banach space and S is a closed subspace of X, there is not
usually any closed subspace T such that X = S @ T, let alone a “natural”
T with this property. In the pure linear space sense, there are many sub-
spaces T which are complementary to S. It is only when we require T to
be closed that any difficulty arises. If X = S @ T, we have a unique pro-
jection from X onto S with null space T':

r=8+1
Pz = s.

If T is closed, then P is a bounded (i.e., continuous) linear operator on X;
and, although 7' may not be “natural,” the existence of this bounded
projection of X onto S can be very useful.

The situation we shall discuss is that in which the Banach space is L?
of the unit circle, and the closed subspace is H? (1 £ p £ »). In this
context there is certainly a natural ecandidate for a closed subspace com-
plemeuntary to H?, namely, the space of complex conjugates of H? functions
vanishing at the origin. In other words, if f is in L? and

«©
f ~ E Cne ind

ns=—w0

then one might hope that f = g + h, where
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0
g~ Z cue™
n=0

-1
h~ 3 cuen
n=—o
and that this splitting of the Fourier scries of f really defines two functions
g and h in L7, This is certainly the casc if p = 2. In fact, we shall prove
below the thecorem of M. Ricsz, which states that it is the case for
1 < p < »; however, for p = 1 and p = = it fails utterly. For example,
it is very easy to sce that
i’: sin nf
n=1 n
is the Fourier series of a bounded function on the circle, but that
5 .]_ cinﬂ
n=1MN
is not the Fourier serics of a bounded function, i.e., a function in H*. With
a bit more work one can show that
2 cosnf
n=2 logn
is the Fourier series of an L' function; but, as we proved earlier,

—_— pinl

,Ez log n

. . . . ]
is not the I'ourier serics of an H' function ( z = o )
" nlogn

Suppose we let TT% be the space of complex conjugates of H» functions
vanishing at the origin. Certainly, H3 is a closed subspace of L?. As we
said, we shall sec that

L»=H®H;, 1<p<o.
For p = 1 we have
L' = H' @ H,.
Of course, the set of functions f in L' which are of the form f =g + &
with g in IT' and h in Hj is dense in L', since the trigonometric polynomials
are so deccomposable. But the map

N . N 3
2 C,,(,‘""o — E c"(5|n0
n=-—N n=0

is not bounded in the L' norm. Later, we shall prove D. J. Newman’s
result that H' has no complementary closed subspace in L' whatsoever.
For p = = the situation is (in a certain sense) even worse. As we noted,

L> = H> @
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but, furthermore, the functions of the form g + % with ¢ and h in H* are
not even dense in 1. -

Theorem. The closed linear span of the functions in H* and their complex
conjugates is not all of L™,

Proof. This proof was suggested to us by D. J. Newman. For any f in
L= let

f(re®) = ‘_2_11—r /_:f(ﬁ — 0)Q.(t)dt

where Q, is the conjugate Poisson kernel. If f is real-valued, then f is the
harmonic function vanishing at the origin which is conjugate to the har-
monic extension of f. The idea of the proof is this. ¥or any f in L* which
isin the closed lincar span of H* and H®, the function f does not grow very
rapidly along the positive axis. To be specific,

fr)y =0 (log

On the other hand, if f(8) = } (r — 6) for 0 < 8 < 27 the Fourier series
for f is

), r—1-.

1 —7r

.
- sin né
P

n=1 n

S0

o)1 = 108 (=)

demonstrating that the little-oh relation does not hold for every f in L®.

All we need demonstrate is that the growth condition on f is satisfied
for functions in the closure of II* + H=. This is clearly the case if f is in
I» + T, since f is then a bounded function in the dise. Since

2r sin {
Qr(l) =

1 —2rcost + r2
it 1s clear that the functions

Q-(1)

log (1 — 1)
are bounded in L' norm as r — 1. Thus, if f, — fin the essential sup norm
Lo Je)
log(1 —7) log(1 —17)
uniformly in r, and the growth condition holds for f in the closure of
H* + H>,
Let us turn now to the main positive result.

Theorem (M. Riesz). Let 1 < p < . Let f be an L® function on the
unit circle with Fourier series
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E Cal inﬂ.
fNe= ~

Then
§ Cnl ind

n=0
18 the Fourier series of an LP function g, and

lglls £ KLllfll»

where K, 18 a constant depending only on p, not on f. Equivalently, if
h = u + iv s in H? and v vanishes at the origin,
fello = Mllull,

where M, is a consiant independent of h.

Proof. Let us first comment on the equivalence of the two assertions.
It clearly suffices to prove the asscrtions when f and h are trigonometric
polynomials. In the first case, we may also assume that f is real-valued,
i.e., that f = h + h, where h is a polynomial; the first statement says that
the map from u to h is bounded in the L” norm, while the second says that
the map from u to » is bounded. These are clearly equivalent.

For the proof, assume that h = u + v is an analytic function with con-
tinuous boundary values and that » vanishes at the origin. We prove

lloll, £ Ml|ul,.

First assume that 4 > 0 so that A maps the disc into the right half-plane.
A suitable branch of h” is then analytic with continuous boundary values.
Remembering that »(0) = 0, we bave

5= | eds = ko(0)
= [k(0)]
- [2% [ (u+ iv)da]p

= [2—11; f udo]p

1
< or f urde.
Now we cstimate [ |h? — (iv)?|d6. Write

(u+ i) = () = [ peride

and then
|h? — (@)?| < pulu + w|>?

—_ pu(uﬂ + vz) (p—l)/z_
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Since (A + B)" £ 27(A7 + Br) for r > 0, we have

Ihﬂ - (iv)ﬂ[ < puz(p—nlz[up—l + [”Ip—l]-
Accordingly,

él;rf |h? — (qv)?|do < p2@—Di2 [51; [ urdo + é]; f ulvl"“’d()]

< p20-0|[ul|2 + [[ull, o]z "]
by applying Holder’s inequality to
[ ulv|™1ap.
Combining this with our previous estimate, we obtain

o J IGio)rlds < o f b2 — ()rldo + 5 [ hivdo

< p2e[[ullf + [[ullollol137'] + [lull3.

Now
(i) = |o|? exp [} ipn]
S0
Re ()7 = |v|? cos (3 pr).
But

o= | Re (ivydo

Re2—lw— ) (iv)vdol < I2L1r [ Gvyrde

50 we obtain
1 1 .
57 J olrde < 5- [ |(v)|as.

[0 (%15 )

If we combine this with our estimate for the latter integral and write

+ _ Lolls

- [ull»

we have

A < pz(p—-l)lz(l 4+ A1) 4 1.

cos(£2)

If p=3,5,7,... so that cos (?) # 0, we conclude that |[v]|,/]|ull, is

bounded for » > 0. It is easy to remove the restriction » > 0. Given an
h = u 4 %, write v = u* — u~, where u* and u~ are positive continuous
functions. If we approximate u* and u— uniformly by real parts of analytic
functions with continuous boundary values, a simple application of the
triangle incquality (plus the bound for u > 0) shows that |lv|l,/||ull, is
bounded.

This completes the proof except for the exceptional values p = 3, 5,
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7,.... For such a p, let ¢ be the conjugate exponent, % + i = 1. Then

we have the theorem for g.
Note that

llvll, = sup

1
o f vsdo’

where s ranges over all real parts of analytic functions with continuous
boundary values (or all real parts of polynomials) satisfying ||s||; = 1. For
such an s let  be the harmonic conjugatec vanishing at the origin. Then

[vsdt = — [ utdo
because (u + )(s + <f) is real at the origin. Consequently,

f vsdb

< [lullolltllq
= ”qu]”qHs”q
= M||ull,.

1
2w

That completes the proof.

Theorem (D. J. Newman). There is no closed subspace of 1.' comple-
mentary to H'. Equivalently, there is no bounded projection from L onto H'.

Proof (Rudin). The idea of the proof is to show that if there is any
bounded projection of L! onto H! then the “natural” projection must be
bounded. So assume we have a linear transformation PP which associates
with each f in L! a function Pf in /1! in such a way that

@ |I2f]l: = K||f]l,, K a positive constant;

(ii) Pf = ffor each f in H.

Now, for fin L' define

- 1 [«
Pr= - /_' (Pfs)—o0l8.
Here, fs denotes the 6-translate (or rotation) of f:

H(¥) = J(6 +¥).

For a fixed f in L', the map 6 — fs is a continuous function from the circle
into L', and since P is continuous, the map 8 — (Pfy)_g is continuous. This
leaves no confusion as to the meaning of the integral defining Pf. Now it is
clear that P is a bounded linear operator on L!. Since H' is rotation in-
variant it is evident that 2 maps L! into II'; in fact, a short computation
shows that

eino’ n g 0

Plem) = 0 n < 0.

We conclude that P is the “natural projection” from L! to H', at least on
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trigonometrie polynomials. Since that projcction is not bounded we have a
contradiction.

The proof above works equally well for projections from L? to H? as
long as 1 £ p < «; that is, the proof shows that if there is any bounded
projection from L? to H?, then the natural projection is bounded. This is
because rotation is continuous in the LP-norm. The difference is that for
1 < p < @ we have M. Riesz’s theorcm that the natural projection is
bounded, whereas for p = 1 it is not. The proof also carries over directly
to projections from the space C of continuous functions on the circle to
the space A of continuous functions whose negative Fourier coefficients
vanish. For, rotation 8 — f, is continuous in the sup norm, if f is a con-
tinuous function. We conclude that there is no bounded projection from
C onto A.

For the case of L* and H* the argument is not quite so simple, since
rotation is not continuous in the sup norm for a fixed L* function; however,
this only forees a minor modification in the proof.

Theorem. There is no bounded projeciion of L® onto H*.

Proof. Suppose P is such a bounded projection. Let us employ the
notation

1
If f is in L* we define a function Pf in L*® by
= 1 fx _
(Pf,0) = 5z [7, Pho, gilds, all g in L2,

Since P is bounded, for a fixed f the integral on the right defines a bounded
linear functional on L', and this lincar functional is therefore “inner product
with” some function in Z*. The latter function we call Pf. Now one can
proceed as before to verify that P is the natural projection of L® to H®
and is also bounded—a contradiction.

The proof of this last result was first shown to us by R. Arens, who with
P. C. Curtis had independently found Rudin’s proof about projections from
LP to H?. The informed reader will note that the last theorem implies that
there is no bounded projection from L' to H*. If there were a closcd sub-
space of L! complementary to H', the conjugate space L* would be the di-
rect sum of the annihilator of that closed space and the annihilator of H.
Thus there would be a closed subspace of L® complementary to the
space of H* functions vanishing at the origin.

NOTES

Kakutani’s theorem on automorphisms is in [50]. The characterization of the
extreme points in the unit ball is due to Arens, Buck, Carleson, and Hoffman,
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during the 1957 Conference on Analytic Functions at the Institute for Advanced
Study. The extreme points of the unit ball in /! were found by deLecuw and Rudin
[23]. This paper also contains the two corollaries to the characterization, as well
as & discussion of some other extremum problems in H'. The Krein-Milman theo-
rem is in [52]. For a proof, one may consult the book of Dunford and Schwartz
[25]. The theorem which we proved here concerning isometries of function algebras
first came to my attention through the paper of Arens and Singer [5]; however,
it has been discovered independently by a great many people, and I know not to
whom original credit should go. The isometries of /1! were first found by deLeeuw
[22]. The proof presented here is due to deLecuw, Rudin, and Wermer [24],
all of their work being carried on independent of Nagasawa [63], who also de-
scribed the isometries of H=. M. Riesz’s proof of the boundedness of the natural
projection from L? to II* (1 < p < ») can be found in Zygmund [98], along
with various other proofs of the theorem. See Bochner [14] for another proof.
As we gave it, Riesz’s proof carries over directly to the context of Dirichlet algebras,
as was poinled out to me by J. Wermer. Let A be a Dirichlet algebra on the com-
pact Hausdorff space X, and let m be a positive measure on X which is multipli-
cative on A. Assume cach real-valued f in A is constant. If u is the real part of a
function in A4, there is a unique ¢ such that [vdm = 0 and » + i is in 4. The
theorem, then, says that the map from u to v is bounded in the Lr(dm) norm, for
1 <p <. D.J. Newman’s paper on the impossibility of projecting L' anto IT!
is [66]. Rudin [77] first found the proof given here, and has generalized the result
somewhat.

EXERCISES

1. Let f be in A, i.e., f is continuous on the closed unit disc analytic in the
interior. If f has no zeros in |z| < 1, prove that f has an nth root in A, for
n=123....

2. Prove that the unit ball in 7! has no extreme points.

3. If 1 < p < =, prove that cvery function of norm 1 is an extreme point of
the unit ball in L».

4. Prove that every element of norm 1 in a Hilbert space H is an extreme point
of the unit ball in 1.

6. (deLecuw-Rudin) Regard H' as a subspace of the conjugate space of the
continuous functions on the circle. Prove that the weak-star closure of the set of
extreme points of the unit ball in I/! consists of all f in H! such that ||f], S 1
and f has no zeros in the open unit dise, together with the zero function.

6. Let K be a closed subset of the unit circle, and let Bx be the subspace of
functions in H= which are continuous at each point of K. Find all (sup-norm)
isometries of Bx onto Bx.

7. Consider the second proof we gave that every automorphism of /7= is induced
by a conformal map. Use it to prove that if D is any bounded region in the plane
which is the interior of its closure, every automorphism of the algebra of bounded
analytic functions on D is induced by a conformal map D onto D.



Hr as a Banach Space 157

8. Let D and R be bounded regions in the plane. Let ¢ be a homomorphism
of the algebra of bounded analytic functions on D onto the algebra of bounded
analytic functions on R, ¢ 5 0.

(a) Show that ¢(1) is cither 1 or 0 on each component of R; and if R, is the
union of those components on which ¢(1) = 1, then ¢ is really a homomorphism
into the bounded analytic functions on Ry (so that we may as well assume that
¢(1) =1).

(b) If ¢(1) = 1, and 7 = ¢(z), then 7(R) is contained in D (the closure of D).

(¢) If the interior of Dis D, ¢(1) = 1, and 7 is non-constant, then

(NN = f(=(N)).
(d) If ¢ is one-one and onto and int D = D, then
(@A) = f(z(V)
where 7 is a conformal map of R onto D.

cos nf n0

9. [98; page 2 ‘33] Prove that 2 on is the Fourier serles of an integrable

function, but Z —— ig not in /1,
ne2 log n

sin nf n()

10. [98; page 253] Prove that 5 is the Fourier series of a bounded

function, but that E ﬁc""" is not in H=.
n=1

sin nf . .
,, converges uniformly to a continuous

11. [98; page 253] Prove that 5

=111l

function on the unit circle, but that )_’)‘ le‘"” is not the Fourier series of a func-
n=

tion in A (i.e., of a continuous function).



CHAPTER 10

H> AS A BANACH ALGEBRA

In this chapter we deal with H*, the algebra of bounded analytic functions
in the unit disc. In Chapter 9 we studied this algebra to a limited extent;
we classified its automorphisms and from this classified its Banach space
isometries. Here we shall concentrate on the space of maximal ideals of
H=, relate what is known to date about its structure, and add a few new
pieces of information. First, let us clarify the terin “maximal ideal space.”

We consider a commutative Banach algebra B (with identity). As we
proved in Chapter 6, there is a onc-one correspondence

¢« M

between homomorphisms ¢ of B onto the algehbra of complex numbers
and maximal ideals M in the algebra B. The correspondence is defined by
M = kernel (¢). We also showed that each maximal ideal M is closed and
consequently that each complex homomorphism ¢ is continuous:

lp(x)| < izl

Therefore, the complex homomorphisms of B are the bounded linear func-
tionals on B which are multiplicative:

o(zy) = ¢(x)9(y).
The bound (or norm) of such a ¢ is precisely 1, since ¢(1) = 1. Suppose
we let 91 (B) denote the set of complex homomorphisms of B. Then 9 (B)
is a subset of the conjugate space B*, and in fact is contained in the unit
sphere of B*. Also, 9 (B) is closed in the weak-star topology on B*. Let L
be a bounded lincar functional on B which is in the weak-star closure of
M(B). If z and y are clements of B and ¢ > 0, there is an clement ¢ in
M (B) such that

|L(z) — ¢(2)| < e

L) — ¢(y)| <e
IL(zy) — ¢(ay)| <.

Since ¢(zy) = o(x)d(y), it is clear that
158
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|L(zy) — L) L(y)| < (1 + [l=l] + [lylD.

Thus L is multiplicative; i.e., L is in 9M(B). Since the unit ball in B* is
weak-star compact, it follows that 9(B) is a compact Hausdorff space
when it is equipped with the weak-star topology. This compact space is
called the space of complex homomorphisms of B, or (beeause of the cor-
respondence betwecn homomorphisms and maximal ideals) it is often called
the space of maximal ideals of B. We shall use the latter term; however,
we shall continue to think of the elements of M (B) as homomorphisms.

With cach clement x in B we associatc a complex-valued function £
on IM(B) by

() = ¢(z).

Each £ is a continuous function on 9M(B); indeed, by definition, the weak-
star topology is the weakest (smallest) topology on 9M(3) which makes
each # continuous. If B denotes the set of all £, then we have constructed
a representation (algebra homomorphism)

r— &

from B onto B, an algcbra of continuous complex-valued functions on
9 (B). This is usually called the Gelfand representation. In general, this
representation is not faithful; that is, we may have £ =0 but z # 0. It
will, however, be an isomorphism in the cascs we consider. It is always
true that the representation is norm decreasing:

|#]le < |||l

This is merely a repetition of the fact that each complex homomorphism
of B is bounded by 1.

One may rcasonably ask what makes the representation z — £ so-
intcresting. In the first place, perhaps the simplest commutative Banach
algebras are the algebras C(X) of all continuous complex-valued func-
tions on a compact Hausdorff space X; evidently, then, it is worthwhile
to represent the general B by (a subalgebra of) such an algebra. Among
such representations, the Gelfand representation is fundamental because
of its intimate rclation to the algebraic structure of B. Ior example, the
statement that an element z of B is invertible translates into the statement
that the function £ has no zeros on the space 9M(B).

Maximal Ideals in H®

If we use pointwise addition and multiplication, together with the sup
norm

II£1] = sup |/(2)]
l2| <1

H~> is a commutative Banach algebra with identity. Consequently, our
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comments above apply to H=, giving us the representation f — f of H* by
an algebra of continuous functions on the compact maximal idcal space
IM(H=). We wish to explore some of the structure of this space. What are
the maximal ideals (complex homomorphisms) of H*? We shall not answer
this question; indeed, it seems clear that no concrete answer could ever
be given. But we shall discover enough ahout the structure of WU(H*) to
justify our efforts.

The only obvious complex homomorphisms of IT* are the point evalu-
ations

a(f) =7

where ) is a point in the open unit dise. It is evident that there are others.
For instance, if I denotes the set of functions f in H® such that f(A) tends
to zero as A approaches 1 along the positive axis, it is clear that 7 is a proper
ideal in H®. Accordingly, I is contained in a maximal ideal; i.e., there is
a complex homomorphism ¢ of H* such that ¢(f) = 0 for all fin I. But ¢
is not one of the point evaluations ¢, since there is no A at which every f
in I vanishes. Needless to say, there are many such ‘“new” homomor-
phisms; the number is impressive.

Note that the point cvaluations ¢, show that the Gelfand representa-~
tion f —f is one-one; if f = 0, then f(#) = f) = 0 for each X in the
open dise. Furthermore, we can see that the representation is isometric:

Wl =11flle = sup |f(e)l.
SeIM(L=)
We know that ||f||. < ||f]], and the ¢, tell us that
Iflle 2 sup |7(en)] = II7]].
<1

Thus H* is isometrically isomorphic to A%, a uniformly closed subalgebra,
of the continuous complex-valued functions on the maximal idcal space
IM(H=).

There is a natural continuous mapping of 9M(H*) into the closed unit
disc in the plane. If z denotes the coordinate (or identity) function on the
disc, the mapping we have in mind sends the homomorphism ¢ into its
value on the function z. In other words, the mapping is 2. To avoid con-
fusion, let us use the symbol = for 4:

7(¢) = 6(2), SECM(H™).

Theorem. The mapping 18 a continuous map of M (=) onto the closed
unit disc in the plane. Over the open unit disc D,  is one-one, and =~ maps D
homeomorphically onto an open subset A of M(H=).

Proof. By its very definition as 2, 7 is a continuous map from M(H%)
into the closed unit disc. Each point \ in the open disc is in the range of =,
since w(¢) = A. Since M(H*) is compact, so is the range of =; therefore,
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this range must be the entire closed unit disc. Suppose |A\| <1 and
w(¢) = N. If f vanishes at A, then f = (2 — \)g, and so

o(f) = ¢(z — No(f) = 0-¢(f) = 0.
Since ¢(f) = 0 for every f which vanishes at ), it follows that ¢ is evalua-
tion at N\. This shows that = is one-one over D. If we let A = »~(D),
then = maps A homeomorphically onto D, since the topology of A is the
weak topology defined by the functions f, and the topology of D is the weak
topology defined by the functions f in H>.

It is convenient to picture r as a projection of M (H>) onto the closed
disc. As we saw, = is one-one over D, so the open unit dis¢ is homeomor-
phically embedded in 9 by A — ¢,. The remainder of 91 is mapped by =
onto the unit circle. If |a| = 1, we shall call #~() the fiber of 91 over «
and denote this fiber by M,:

Mo = 77(a) = {$EM; ¢(z) = a}.

The fiber 91, is a closed subset of 9 and consists of the homomorphisms
of H* which resemble ‘evaluation at a.” Let us make this precise.

Theorem. Let f be a function in H*® and let « be a point of the unit circle.
Let {An} be a sequence of points in the open unit disc which converges to a,
and suppose that the limit ¢ = lim f(\,) exists. Then there is a complex
homomorphism ¢ in the fiber M, such that ¢(f) = ¢.

Proof. Let J be the collection of functions g in H* for which lim g(\,)
= 0. Then J is an idcal in H* and is contained in a maximal ideal, that
is, there is a complex homomorphism ¢ of H* such that ¢(g) = 0 for every
g in J. The functions (z — «) and (f — ¢{) are both in J. Thus ¢(2) = a
and ¢(f) = ¢. 4

Theorem. The function { s constant on the fiber 9, if and only if f is
continuously extendable to D U {a}.

Proof. 1f f is continuously exiendable to D \U {a}, there is a complex
number { such that lim f(\,) = ¢ for every sequence of points A, in D
which converges to a. We wish to show that f has the constant value ¢
on the fiber NM,. Assume ¢ = 0. Let A(A) = 3(1 + a\) so that h(a) = 1
and |h| < 1 elsewhere on the closed unit disc. Since f is continuous at «
with the value 0, one can readily check that (1 — A")f converges uniformly
to fas n— . If ¢ is a complex homomorphism of H* which lies in the
fiber M, then ¢(h) = 1. Consequently, ¢[(I — A*)f] = 0, and, since ¢
is continuous, ¢(f) = 0. Thus f is identically 0 on I,

If f is constant on 91, the last theorem shows immediately that f is
continuously extendable to D U {a}.

Theorem. Let f be a function in H*® and a a point of the unit circle.
Suppose there is a complex homomorphism ¢ in the fiber N, such that ¢(f) = 0.
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Then there is a sequence of points N, tn D such that lim N\, = a and lim £(\,)
=0.

Proof. 1f we cannot find such a sequence of points, there is an open
disc N centered at a such that

If{MI26>0, XeDNN.

Write f = BSF, where B is a Blaschke product, S is a singular function,
and F is an outer function. Since f is bounded away from zero in a neigh-
borhood of a, the functions B and S arc analytic on that part of the unit
circle C which lies in N. (The zeros of B never enter N, and the singular
measure determining S must be supported on C-N.) By absorbing a
constant of modulus 1 into the inner function BS, we may assume that

FQ\) = exp [51; [, z: 2 10g| f(e”)[do].

Now, since |f| 2 6 > 0 on D N N, the function log |f(¢#)| is bounded on
N N C. Thus, if we define

9
BO) = exb | 3= fyne S (~log |f(e))as

h will be a bounded analytic function. Furthermore,

JOORO) = BOSQ\) exp [;217 [ vow)

where k is integrable and vanishes identically on N N C. It follows that
fh is analytically continuable across that part of the unit circle which lies
in N, and also that [fh| = 1 on N N (. By the last thcorem, the repre-
senting function (fh)" is constant on the fiber 9., and that constant has
modulus 1. Therefore, if ¢ is in 9N,

le(Nlleh)| = 1
s0 ¢(f) # 0. This contradicts the hypothesis that ¢(f) = 0 for some ¢
in ma.
Corollary. If f 7s a function in H® and a is a point of the unit circle,

then the range of £ on the fiber 9N, consists of all complex numbers ¢ for which
there is a sequence of poinls N\, in D with lim \, = a and im{(A,) = ¢.

This corollary makes precise the rough statement that cach homo-
morphism ¢ in the fiber 97, is akin to “evaluation at «.”” It also shows us
that each 91, contains myriads of complex homomorphisms of H®.

Topological Structure of In(H*)

We shall now consider various topological questions about the maximal
ideal space of H®. The point evaluations ¢, embed the open unit disc
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as an open subset A of M. The remaining homomorphisms lie in the fibers
M., and, as the last corollary shows, are in some sense limits of the points
of A. The question naturally arises: are these homomorphisms actually
limits of the ¢ in the topology of 9M? In other words, is the open dise A
dense in 9M? This question remains unanswered. Although it seems to be
quite abstract, it is easily translated into a very concrete question about
bounded analytic functions. [See NOTLES]

Theorem. A necessary and sufficient condition that the open disc A
should be dense in IN(IL®) is the following. If fy, . . ., fa are bounded analytic
SJunctions in the open unit disc such that

AN+ -+ )] 28>0, N <1
then there exist bounded analylic funclions g, . . . , gn Such that fig1 + -+ +
fogn = 1.

Proof. Suppose that there is a complex homomorphism ¢o of H* which
is not in the closurc of A. By definition of the topology on 91 this mecans
that there exist functions fi,...,f, in H® and a positive & such that
¢o(f,) = 0,7 =1,...,n, but the open set

{pem; lo(f)l <o j=1,...,n}
does not intersect A. In particular,

on the open unit dise, but fi, . . ., f, lie in a proper ideal of H*, namely,
the kernel of ¢o. The statement that fi, ..., f, lie in a proper ideal is
equivalent to the statement that 1 is not in the ideal they generate, i.e.,
there do not exist ¢y, . . ., g» in H*® such that

f191+ +fngn = 1.

One can easily see that this argument is reversible.
We might make some comments about the status of this problem of
the density of A in 9. If

[Al+ -+l 28>0
then it is relatively easy to find analytic functions g, . . ., g» such that
flgl + +fngn = 1.

This requires only that fj, . . ., f, have no common zero in |\| < 1. We
indicated in the exercises for Chapter 6 one way to find such g, . . ., gn.
The work comes in getting ¢y, . . ., g to be bounded when the sum of the

moduli of the f; is bounded away from zero. In certain speeial cases the
problem has been solved. Tor instance, we solved a special case in the last
theorem of the preceding section. The proof which we gave of the fact
that, if J vanishes on 9, then f tends to zero along some sequence ap-
proaching « is just the proof that if
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lz—of +|flZ26>0

then 1 is in the ideal generated by (2 — «) and f. More difficult special
cases have been solved by Newman and Carleson in their work on inter-
polation problems in H*. The set 91 - A has been called the “corona.”
Although we cannot resolve the question of whether 91-A has an in-

terior, we can infer a few facts about the topology of 91-A. We have the
decomposition

M-A =| lUl M.
It is casy to see that the various fibers 9, are homeomorphie. The algebra
H= is rotation invariant, and cach rotation induces a homeomorphism of
9 which maps A onto A and ‘‘rotates” the fibers OM,. More generally,
let ¥ be any algebra automorphism of A®. Then the adjoint mapping ¢*
defined by

W*o)(f) = o(¥f)

maps 9 homcomorphically onto 91T. We proved in the last chapter that ¢
has the form
NN = f(z(V)

where 7 is a conformal (lincar fractional) map of the disc onto itself. Thus

'l’*¢)~ = ¢

so ¢* maps A onto A. If ¢ is in the fiber 9,, then, clearly, ¢*¢ is in the
fiber 91, ), since
W*)(2) = ¢(¥2) = ¢(1) = 7(a).

Here we have used the fact that 7 is continuous on the unit circle and the
conscquent fact that ¢(7) = 7(«). Similarly, one sees that ¢* maps 9.
homeomorphically onto 9, ,.

Since the various fibers 91, arc homcomorphic, one might gucss that
the decomposition

M-A = U M,

| =1

is a product decomposition, that is, that 9-A is naturally homcomorphic
to the topological product of the unit circle and one of the fibers M,.
We can fix a fiber, say 9, and identify 917-A with the point set € X 91,
by using rotations. Let R, be the rotation A — aA so that I3 is a
homcomorphism of 9. Then
¢ < (o, Big)

is a one-one correspondence between 9 and C' X 9Ny, but it is not a homeo-
morphism, because the map from a to Ri¢ is badly discontinuous. In
other words, if we allow the circle group to operate on 91 through the
homeomorphisms R%, it docs not operate continuously, but only as a dis-
crete group. Tor if we fix ¢ in IMN-4, its orbit
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{Re¢; a € C}
under the rotation group is not a closcd subset of 9N,

Theorem. If {¢.} is any sequence of points of M-A which converges,
then all but a finile number of the ¢, lic in the same fiber M,. Consequently,
if S s any function from the unil circle inlo M-A such thal = « S is the tden-
tily, the range of S cannot be closed; hence S cannot be continuous.

Proof. Let {¢.} be a sequence of points of M-A with ¢, in I, ie.,
w(¢.) = a,. If there is an infinite number of the a,, we may as well as-
sume that the a, are all distinet. Choose an open are I, about «, in such a
way that the 7T, are pairwise digjoint. Let

(=D if a€l,
u(a)=*{(() "o

otherwise.

Define

1 = e® 4+ N .
FO\) = exp [2—1; /_T :w i_ N u(c‘”)do]

so that f is in II* and |f] = e* on the circle C. By definition of u, we see
that f is continuous on each of the ares I, and hence that

[ e, T even

Certainly, then, the sequence {¢.} does not converge.

The sceond statement of the theorem, concerning sections of the projec-
tion map m, is evident from the result about sequences in 91-A.

The last statement of the theorem says that the “projection” x from
M-A onto € has no continuous cross section. It certainly shows that the
decomposition

M-A = U M,
lel=1
is not a product decomposition (in the obvious way). The peculiar topo-
logical nature of this decomposition is further underscored by the following.

Theorem. Let W, be the union of the fibers M, for Im (o) > 0 and let
W_ be the union of the M, for Im (a) < 0. Each point in the fiber M, is
in the closure of Wy, or in the closure of W_, or in ncither; these are three
mulually disjoint possibililies, cach of which occurs.

Proof. Let u be the harmonic function in the unit disc which has the
boundary values
0, Im(a) >0
ula) = {
1, Im(a) <0O.



166 H<= as a Banach Algebra

Let f = e**i*, where v is a harmonic conjugate of . Then f is in H* and
|f] = e*. Note that f is continuous at all points of the unit circle except
« = 1. Therefore, the representing function f has the constant mod-
ulus 1 on W, and the constant modulus ¢ on W_. Tt is clear that W, and
W_ bhave disjoint closures, e.g., no point in 9 can lie in both of these
closures, W, and W_.

Since the projections w(W,) and =(W_) are compact, we see that

(W) = {«€C; Im (a) 2 0}
*(W_) = {«€C; Im (a) £0}.

Obviously, then, there is a point in the fiber 91; which lics in 1, and also
a point which lies in W_. But there are also points in 9; which lic neither
in W, nor in W_. Consider the function f defined in the first part of the
proof. It is evident that |f| = e* = V/ ¢ everywhere on the unit inter-
val. This implies the existence of a homomorphism ¢ in 9, for which
[6(f)] = Ve. No such ¢ is in W, or W_. That completes the proof.

An intuitive description of this theorem illuminates the strange char-
acter of the topology of 9M-A. 1f we consider any fiber 9., the points ¢
of 91, fall into exactly one of these categories: ¢ can be approached from
points in the fibers M with B a little to one side of «; or ¢ can be ap-
proached from points in the 9 with 8 a little to the other side of «; or ¢
cannot be approached by any points of 91-A except those in the fiber 9.
The existence of ¢’s of the third type simply shows that the fiber 91, has
a non-empty interior in the space M-A. Whether 9, has any interior in
the maximal ideal space 9 is unknown, since it is equivalent to whether A
is densc in 9N, i.e., whether 9-A has an interior.

Later, we shall establish a few more topological results about 9M(H*),
chiefly that 91-A is connected and that cach of the fibers 9%, is connected.

Discs in Fibers

In this section we shall prove the existence of a homeomorphic and
analytic embedding of the open unit dise into cach of the fibers M.
Specifically, we find a homeomorphism ¢ of the open unit dise D into 9,
such that

(i) for each fin H* the composition f ¢ is analytic on D.

(ii) f— 7 o ¢ is an algebra homomorphism of H* onio H™.

Let L be the linear fractional map

AFi—1)
LN =1 =)

Of course, L is a conformal map of the closed disc onto itself, and A =1
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is the unique fixed point of L in the closed disc D U C. Let L™ denote the
nth composition of I with itself. Then
A+ nm(A—1)
(n) = — ’ =
L™(\) 1+ i = 1) n=0,x1£2....
Now we define a sequence of mappings from D into the maximal ideal
space I by
¥.(A) = 71 [L@(A)], n=123,....
That is, ¢,.(2) is the complex homomorphism of H= which evaluates each f
at the point L@”(A). Each ¢, is an analytic map from D into 9I; i.e.,
J o ¥n is an analytic function on D for any f in H*:

(J = ¥m)) = FILEM)).

In the space of maps from D to 91, the sequence {,} has a cluster point
¥, because 9N is compact. Now ¢ will also be an analytic map from D
into 9N, since for each f in H* the sequence J o ¢, is uniformly bounded
and consequently uniformly equicontinuous on each compact subset of D.

Now we claim that

(i) ¢ maps D into the fiber NM;

(ii) ¢ is a homcomorphism;

(iii) for any fin H* there is a g in A* such that § - ¢ = f.

Statement (i) is easily proved. We have

. . A+ nmA—1
@) = lim AT = 1) _
Jim L&) = lim o —1) = !

for each A in D. Consequently, (¢ (A)) = 1 for each A, since w(¥(A)) is a
cluster point of LEZV()). ’

To prove statement (ii) we argue as follows. Define

B = A I L-2().
k=0

On any compact subsct of the disc,
Lo —1|<K-2  a>o0.
In
Applying this withn = —2% k£ = 0,1,2,. .., we see that the infinite prod-
uct above converges uniformly on compact subsets of the disc to an an-
alytic function h. Since |[L™| =< 1, we also have |[h(A)| = 1. This function
h will show us that ¢ is a homeomorphism. The claim is that

h@®)) = .

If we restrict our attention to a fixed compact subset of D and use the
inequality
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|L<")—11§K-|];|
thereon, we have

L) = N = [Le20) I Le=20) -\

n—1 L)
= L) I Le=29(\) 1T Le=(Q\) — 1|
k=0 k=n+1

n—1 ©
s NI - 11+ 3 je-ne) -1+ 3 jre-ne) - 1]
k=0 k=n+1

- n—1 ©
SNE[5+ 3 -2+ 3 @ -]

[~ n—1 ©
SWK[27+'3 2+ 3 2H°]

k=n+1
[n + 2
21:—1

—0asn—x,

< \-K

The step from line 3 to line 4 in the preceding equation used the inequality
=TI M= 2 =1
k=1 k=1

for any sequence of points in I). From h -y = z it is clear that ¥ is a
homeomorphism. The inverse of ¢ is the restriction of & to the range of .

Statement (iii), that f— 7 o ¢ maps H* onto I{®, is now perfectly
clear. For if f is any function in H*, set ¢ = f - h, and then

gov=Fohop=1

Let us sce what we have. The map ¢ is a homcomorphism of the disc D
into the fiber 9. The sct ¢ (D) is then topologically a dise. We can use y
to endow y/(D) with an analytic structure, by just transferring the analytic
structure of D. If we do this, then for any f in H*® the restriction o the
representing function § to ¥(I) is a bounded analytic function on the
dise ¢(D). Furthermore, this restriction map is onto all bounded analytic
functions on ¥(D). Let

B = H=|yp.

Roughly, one might say that B = H*(y(D)). In any event, B is a uni-
formly closed algebra of continuous functions on (D) which is isomorphic
to H=. If we use the sup norm, B is then a commutative Banach algebra
with identity. The maximal ideal space of B is

M(B) = {p€M(H); ¢(f) = 0 whenever f = 0 on y(D)}.

For, since B is a homomorphic image of /=, we can identify the complex
homomorphisms of B with those complex homomorphisms of H* which
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arc “well-defined” on B. The maximal ideal space of B is, therefore, a
subset of the fiber 9. Sinee B is isomorphic to H*, we conclude that 91,
contains a homeomorphic replica of the entire maximal ideal space M (H®).
Each of the fibers attached to ¢(D) will contain a disc, attached to which
are fibers containing discs, and so on. Thus the maximal ideal space 9N
reproduces itself ad infinitum inside each of the fibers 91,.

Perhaps we should point out the fact that the map f — J - ¢ which we
have been discussing is a norm-decreasing algebra homomorphism of I7*
onlo H® which carries every function with continuous boundary values
into a constant function. Of course, any function which is continuous at
a = 1 is carried onto a constant function.

L> as a Banach Algebra

As usual, L* denotes the space of bounded measurable (or Baire)
functions on the unit cirele, with complex values. If we identify functions
which are equal almost everywhere with respect to Lebesgue measure,
then L=® is a Banach space under the (I.ebesgue) essential sup norm

171l = ess sup |f(e¥)].

If we use pointwise multiplication, then L* is a commutative Banach
algebra with identity. The maximal ideal space of L* is a totally (even
extremally) disconnected compact Hausdorff space X, and L* is isomet-
rically isomorphic (via the Gelfand representation) to C(X), the algebra
of all continuous complex-valued functions on X. These facts have a
varicty of proofs. We shall present direct proofs, since they are easy and
since their inclusion will provide us with suitable notation and terminology
for what we do later.

Let X = on(L=), the space of complex homomorphisms of L=. We
then have the Gelfand representation f — § defined by f(¢) = ¢(f).

Lemma. For each { in 1=, sup [{(¢)| = |If]].

Proof. We know that |||, < ||f|l. To prove the reverse inequality,
choose a complex number A such that |A| = ||f]| and the set {{f — A < ¢}
has positive measure for each ¢ > 0. Such a A can be found by the definition
of the essential sup norm. Then (f — M) is not invertible in L®, because
such an inverse would have modulus greater than 1/¢ on a sct of positive
measure, for cach € > 0. Thus (f — A)L® is a proper ideal in L*®; it is
contained in a maximal ideal, so there is a complex homomorphism ¢ of

L~* such that
l6(N] = I\ = [If]]-

Lemma. As E ranges over the measurable subsets of the unit circle, the
open~closed sets
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{€X; z(¢) =0}
give a basts for the topology of X. In particular, X s totally disconnecled.
Proof. By definition, the sets of the form
U={jl<e¢ i=1,...,n

with fi,. .., . in L* and e > 0 form a basis for the (weak) topology of X.
The simple functions

k

E AJXE,‘

i=1
are dense in L*. From this it is casy to sce that, in defining the basic open
sets U above, we can restrict the f; to being characteristic functions of
measurable sets. But if £ is a measurable set x5 = xz so that %z assumes
only the values 0 and 1. Thercfore, when e < 1

{XEI <€,j = 1)- . .,’Il} = {AE:' = O)j = 1)' . .,71}
= {fx = 0}
where F is the union of E, . . ., E,. That proves the lemma.

Theorem. The Gelfand representation of L* maps L= tsometrically and
wsomorphically onlo C(X). Also, the representalion preserves complex con-
Jugation.

Proof. We know that the homomorphism f — f is isometrie, and hence
is also an isomorphism. Let F be a continuous function on X. Since the
open-closed sets {gg = 0} form a basis for the topology of X, we can ap-
proximate F uniformly by functions of the form

n

2 >\j)‘(1’7i~

=1
When we do so, the isometry of the Gelfand representation tells us that
the simple functions Z \,xz, converge in L*® to a function f for which
J=F. Thus L= = C(X). Approximation by simple functions makes it
apparent that the conjugate of f is (f)".

Corollary. A subset K of X s both open and closed if and only if
K = {&& = 0} for some measurable sct I on the unil circle.

Proof. The set K is both open and closed if and only if the character-
istic function of K is continuous. Since f — f maps L* onto C(X), we see
that K is open-closed if and only if xx = f for some f in L®. Since
X% = xx, we have f2 = f, and thus f = xz for some mecasurable sct E.

We have seen that X = 9(L®) is totally disconnected, i.e., it has a
basis of open-closed scts. As we mentioned earlier, X is extremally dis-
connceted, that is, every open subset of X has a closure which is also open.
We shall have no need of this fact. It is quile easy to prove, by using the
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fact that every collection of measurable sets on the circle has a least upper
bound. Given an open set U in K, let E denote the least upper bound of
the measurable sets S for which {{s = 1} is contained in U. Then {§z = 1}
is the closure of U.

The maximal ideal space of L* has a natural projection onto the unit
circle, much like the projection of the maximal ideal space of H®. If we
call this projection o, it is defined by

a(¢) = ¢(z), S€X = ML)

that is, ¢ = 2. Since [z[> = 1 on the unit circle, we have 4> = 1 on X.
Therefore, ¢ maps X into the unit circle, and it is clear that the map is
onto the circle. If a is a point on the unit circle, the set Xa, consisting of
all complex homomorphisms of L* which send z into «, will be called the
fiber of X over a:

Xo= {$€X = ML®); ¢(2) = a}

= o (a).

Theorem. Let f be a function in L=. The range of T on the fiber X, con-
sists of all complex numbers ¢ with this property: for each neighborhood N
of @ and cach e > 0, the set

If=sl<eg¢nNN
has positive Lebesgue measure.

Proof. The number ¢ fails to be in the range of / on X, if and only if
there is no proper ideal of L* which contains both (z — @) and (f — ¢),
ie., if and only if there are functions g and h in L* such that

—a)g+(f-h=1
This means simply that there exists a bounded measurable function %

such that
1= =0h

2= a

is essentially bounded. Such an & cxists if and only if f — ¢ is essentially
bounded away from zcro in a neighborhood of a.

Corollary. Let f be a function in L* and let o be a point of the unit circle.

Any value which J assumes on the fiber X, is assumed on a non-empty open
subsct of Xa.

Proof. Suppose f assumes the value 0 on X,. Choose a neighborhood
N of a. The set N1 N {|f] < 1} has positive measure. We can, thercfore,
find a closed set f; on the unit circle such that E, has positive measure,
E,; does not contain a, and [f| < 1 on E.. Let N, be a neighborhood of «
which is disjoint from E;. We can then find a closed set E. which is con-
tained in N, has positive measure, does not contain «, and is such that
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|f] < % on E,. We then choose a neighborhood N of & and get a closed
set Es of positive measure on which [f| < 3, and which excludes « and is
disjoint from E; and F.. We continue in this way, making surc that the
neighborhoods N satisfy

n Nk = {OI}

We then have a sequence of pairwise disjoint closed subsets E; of the unit
circle such that

(i) the E, converge to the point a.

@) |f] < 1/k on E.
Now let E be the union of the E;. We claim that f vanishes on the set
X. N {#e = 1} and that the latter set is non-empty. This set is non-
empty by the last thcorem, because the set where xz = 1 has positive
measure in every neighborhood of a. The function xzf tends continuously
to 0 at a. By the theorem, %zf is identically 0 on X,, i.e., f vanishes at
every point of X, where gz = 1. We arc done.

This corollary is just a topological comment about the fibers X..
It states that X, is a compact Hausdorff space with the property that
any continuous function F which vanishes at some point also vanishes
on a non-empty open subset of X.. Note that it does not assert that the
set of zeros of I is open, but only that this sct is cither empty or has a
non-empty interior.

The Silov Boundary

We return now to the algebra H>, which we have represented by the
algebra I1* of continuous functions on the compact maximal ideal space
M = IN(H*®). The chief object of this section is to identify the Silov
boundary for H* with the maximal ideal space of L*®. First, let us make
a few comments about “boundaries” for a function algebra.

Suppose that X is a compact ITausdor(f space and that A is an algebra
of continuous complex-valued functions on X which contains the con-
stant functions and separates the points of X. A boundary for the algebra A
is a subset S of X such that

sup |fi = max |f], allfin 4
X 8
that is, such that every function in A atfans its maximum modulus on the
set S. If S is closed, this just means that
sup |f| = sup |f]
P s

for each fin A. Among the closed boundaries for 4 there is a smallest one.
In other words, the intersection of all closed boundaries for 4 is a boundary
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for A. This smallest closed boundary is called the Silov boundary for A.
For a proof of its existence we refer the reader to [54; page 80). If Bis a
commutative Banach algebra with identity, if X is the maximal ideal
space of B, and if A is the representing algebra B, we call this boundary
the Silov boundary for B. .

The standard illustration of the concept of Silov boundary is obtained
when A is the algebra of continuous functions on the closed unit dise which
are analytic in the interior. The maximum modulus theorem for analytic
functions tells us that the Silov boundary for 4 is a subset of the unit
circle. 1t is very easy to sce that it must be the entire unit circle, because
A is rotation invariant; also, if la] = 1, then f(z) = 3(1 + @) is a func-
tion in A which takes its maximum on the closed disc precisely at the
point z = a.

What can we say about the Silov boundary for II*? Since we have
embedded the unit disc as an open subset A of the space M = IN(H>),
the maximum modulus principle for analytic functions tells us that the
Silov boundary for H* (i.e., for H*) is contained in the topolclgical boundary
of A in the space 9. One’s first guess might be that the Silov boundary
is all of A — A; however, this is not the case. Here is an elementary proof.

Let
2z + 1)

z—1

fl@) = exp(

so that f is in I1®, f has no zeros in the open unit dise, and f(z) tends to 0
as z approaches 1 along the positive axis. Therefore, the representing fune-
tion f must have a zero somewhere on A — A. No such zero of f can lic on
the Silov boundary. In fact, we must have |f| =1 on the Silov boun-
dary. Let U be the open subset of 9 on which |f| < 1. If U intersects
the Silov boundary, the minimality of this closed boundary tells us that
there exists a function of g in H* such that |§| does not attain to its maxi-
mum of the complement of U. By the definition of U, we then have
176! < llg]l on all of 9. But the boundary values of f are of absolute value
1 almost everywhere on the unit circle, so multiplication by f is an iso-
metry. Thus, we have the contradiction

llglle > 1176]]w
= ||/gll

= |lgl].
We conclude that the Silov boundary is a proper closed subset of A — A.
Later, we shall see that A — A is a great deal larger than the Silov bound-
ary, because the first set is connected and the sccond is totally discon-
nected.
To identify the Silov boundary for H*, we proceed as follows. If we
identify each function f in H* with the function F in L*® determined by the
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boundary values of f, we may regard H* as a closed subalgcbra of L*
(the algebra of functions in L® whose negative Fourier coefficients vanish).
This provides us with a natural mapping 7 from X = 9(L*®) into M =
M (H=). This map 7 is defined by restricting each complex homomorphism
of L» to the subalgebra H=. 1t is casy to see that 7 is continuous.

Theorem. The map 7 is @ homeomorphism of X into 9N, and the image sci
7(X) 18 the Silov boundary for H*; that s, 7(X) s the smallest closed subset
of M on which cvery f (f in H=) atlains its mazimum modulus.

Proof. Since X is compact and 7 is continuous, we can prove that =
is & homeomorphism by showing that r is one-one. The latter means that
the functions in II* separate the complex homomorphisms of L=, and it
will soon become apparent that this separation condition is satisfied.

Certainly, each 7, f in H*, attains its maximum modulus on the closed
set 7(X), because, if F denotes the ‘“boundary values” of f,

sup |/ = [Ifll = [IFI] = sup 7| = sup |f.
X 7(X)

Thus 7(X) is a closed boundary for H*. Also, there is no proper closed
subset of 7(X) on which all the f attain their maximum moduli. This fact
can be proved as follows. Any proper closed subset of X omits an open-
closed set U. Such a set U has the form

U= {¢€X; #e(¢) =1}
where E is some measurable subset of the circle. If u is the harmonic
extension of xg to the dise, if  is a harmonic conjugate of u, and if f = ev+i,
then f is in H® and |f| = exp (xg) almost everywhere on the circle. If F
is the boundary function for f, we have || = exp (%) on X, or

12 =

e, onU
I, onX —U.

Thus |#| docs not attain its maximum on X — U. We conclude that there
is no proper closed subset of X on which all the functions F, representing
H= functions, attain their maximum moduli. The construction above
shows also that the elements of H* separate the complex homomorphisms
of L*. Therefore X is homeomorphic to 7(X), and there is no proper
closed subset of 7(X) on which all the f, f in H®, attain their maximum
moduli.

In the last few sections, we have discussed various restriction maps of
one maximal ideal space into another. Let us summarize. Again, we let 4
denote the algebra of continuous functions on the circle whose negative
Fourier coeflicients vanish. We then have

ACH*CL*=(CX)
and
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X
lr

o| MH®)
I
m(A4)

Of course, M(A) is the closed unit dise in the plane. We did not originally
define 7 as the indicated restriction map, but rather as “cvaluation at the
function z.” The maximal ideal space of A is identified as the closed disce
by making the homomorphisin ¢ in 9M(A4) correspond to the point ¢(z).
This identifics = with the restriction map from 9 (Z1*) into 9M(A). In our
diagram, we know the following:

(i) = is a homeomorphism over the open unit disc;
(i1) = is many-to-one over the points of the unit circle;
(iii) 7 is a homeomorphism of X into M(H>); B
(iv) 7(X) is a proper closcd subset of A — A, and is the Silov boundary
for II>=;

V)o=mor.

From this point on, we shall identify X and r(X), and so regard X as a
subset of IN(H®).

Inner Functions and the Silov Boundary

Suppose that f is an inner function in H*. Then |f| = 1 almost every-
where on the unit circle; thus it is apparent that the representing funetion f
is of absolute value 1 on the Silov boundary X = 9M(L®). In this section
we shall prove D. J. Newmarn’s theorem which shows, among other things,
that this modular property characterizes the Silov boundary. The result
states that if ¢ is a complex homomorphism of H®, the following are
equivalent: (i) ¢ lies on the Silov boundary, i.e., ¢ extends to a complex
homomorphism of L®; (ii) |¢(f)| = 1 for every inner function f; (iii)
|¢(B)| = 1 for every Blaschke product B; (iv) ¢(f) # 0 for every inner
function f; (v) ¢(B) # 0 for every Blaschke product B.

One can, of course, also phrase the result in terms of maximal ideals,
rather than complex homomorphisms. Since a maximal ideal M in H= lies
on the Silov boundary if and only if M is the intersection of H* with a maxi-
mal ideal in L=, the important part of the result is that any maximal
ideal in H* which does not lie on the Silov boundary contains a Blaschke
product. As a first step, we prove a theorem which is of independent
interest.

Theorem. Every inner function s a uniform limst of Blaschke products.
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Proof. When we defined a Blaschke product B in Chapter 5, the func-
tion B was completely determined by its sequence of zeros. In the present
context, we allow ourselves to multiply B by a constant of modulus 1 and
still call the resulting function a Blaschke product.

Let f be an inner function. We wish to approximate f by Blaschke
products. We may assume that f(0) > 0. If |a| < 1, define

16) = o
0 = 1 Gy

It is clear that g. is an inner function. We shall find a sequence of numbers
o, such that e, — 0and each g, is a Blaschke product. This will prove the
theorem.

Define
J(,0) = o= [ loglga(re®)\do
! 27 J-= ® ’
g« is a Blaschke product if and only if lim J(r, &) = 0; for, this limit is
r—1
—f du, where p is the positive singular measure on the circle which deter-

mines the singular part of g.. Let
J(a) = lim J(r, o).
r—1

Since we are only interested in small values of e, let us assume that
la] < |f(0)|. Then g(0) # 0, and so the convergence of J(r, a) to J(e) is
bounded:

log |g(0)] £ J(r, @) £ 0.

Suppose we consider a positive number p < |f(0)|. Then J(r, @) is uni-
formly bounded on |a] = p. Consequently

1 = i —lim L [7 i0

5 f_'J(pe )do = lim f_' J(r, pe*)do

-hm_[ 2”/2181 ‘L

. o oo of(z)| 192196

- lr]iné—;jll L@)\dz|
where
1}
L@ =5 [ |——f ©) el g,

pe~f(2)

Now
1 g . 1 L3 .
L) = 5- [T log|fe) — pevlds — 5 [ log|e® — pf(e)]ds.
By Jensen’s formula, the second integral is 0 and the first integral is

I,(2) = max (log p, log |f(2)]).
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Since f is an inner function
lim log |f(rci)| = 0
r—1

for almost every ¢. Thus I,(r¢) tends to 0 as r — 1, for almost cvery
value of £&. But I,(re*) is bounded. We conclude that

1 (- i =
5 [ J(ee)do = 0

and since J < 0 it must be that J = 0 a.e. Therefore there is a value of
a such that || = p and J(a) = 0, i.e., g. is a Blaschke product. Since we
can find such an « for each p < |f(0)|, the proof is complete.

Theorem. Let ¢ be a complex homomorphism of H®, and suppose that
¢(B) % 0 for every Blaschke product B. Then

(i) |¢(B)| = 1 for every Blaschke product B;
(ii) |¢(f)| = 1 for every inner function f;
(iii) for every f in H=, the number ¢(f) is in the range of f on the Silov
boundary X = m(L®).

Proof. (i) If ¢ does not annul any Blaschke product, ¢ is not evalua-
tion at a point of the open unit dise. Thus |¢(z)| = 1, and in fact
|¢(B)| = 1 for any finite Blaschke product B. Thus we only need prove
that |¢(B)| = 1 when B has the form

Bk) = I (‘_"‘>[°"“z]’ 0<la] <1, (1 —|a]) < co.

n=1 |anl 1 — auz

Choose a non-decreasing sequence of positive integers p, such that

lim p, = «

2 pa(1 = |aa]) < 0.
If N is a positive integer, define

B@ = 1 [P
Pa@ = T [Fu(2)]

e = T [F.@))m»
n=N+1

where
an Op — 2
£ = jo] [1 - a,.z]'
Then

Bp”PNQN = E
As we just noted, |¢(Py)| = 1, and certainly |¢(Qy)| < 1. Hence
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l6(B)I™* = |#(B)| > 0.
As N — « we have py — « and so |¢(B)| = 1.

(i) Since every inner function is a uniform limit of Blaschke products,
and since ¢ is continuous, (ii) follows from (i).

(iii) Suppose f is a function in H® such that f does not vanish any-
where on the Silov boundary. Then |f| is essentially bounded away from 0
on the unit circle. Thus, if f = gF where ¢ is inner and F is outer, |F] is
bounded away from O on the ecircle, and this implies that 1/F is a
bounded analytic function. Hence ¢(F) £ 0. We have

lo()] = o)l 16(7)]
= |¢(F)|
> 0.
That proves (iii).

Lemma. Let ¢ be any complex homomorphism of H*. If u is a real-valued

Junction in L=, define
£(u) = log |¢(F.)]

where F, is the bounded analytic function

e | L [Ttz .

Fu(z) = exp [% [ S e )r_ze]

Then £ 1s a bounded and positive lincar functional on the space of real-valued
L® functions. Furthermore, the function  defincd by

¥(f) = {Ref) + #(Imf)
18 a linear functional of norm 1 on L® whose restriction to 11° is ¢.

Proof. First we show that £ is additive.

‘(ul + u2) = log I‘b(Fun-l-uz)I
= log !¢(F’ulFuz)l
= log |¢(Fu)$(Fu)|

. = Llw) + L(w).
and so £ is additive.
1t is clear that £ is bounded by 1;if |u| < 1 then
Lelrise
e
and (since F, is invertible in H*) we have

1
S s(F)l s e

or
—1=4{(u) 21

Since £ is additive and bounded, it is continuous and hence lincar.
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The positivity of £ follows from the fact that ||£|] = £(1) = 1. It can
also be checked direetly by the same sort of argument as above. If w = 0

then we have
1 < |F.|

1 = |o(F)]
0 < {(u).

Since £ is a positive linecar functional of norm 1, it is immediate that
the complex extension ¢ of £, defined by

Y(u + w) = £(u) + ()
is a positive linear functional of norm 1 on L*. If f = u + v is in H*, then
¥(f) = ¢(f). 1t suffices to prove this when f vanishes at the origin. We
then have
F,=¢
F, =¢"
and so
Y(f) = £(w) + ibv)
= log |¢(¢/)| + 7 log |¢(e~¥)|
= log |e*")] 4 i log |~
= Re ¢(f) + < Im ¢(f)
= ¢(f).

What the above Lemma does is exhibit an explicit Hahn-Banach (norm-
preserving) extension of ¢ to a linear functional ¢ on L.

Theorem. If ¢ is a complex homomorphism of H*®, the following are
equivalent.

(i) ¢ les in the Silov boundary for H.
(ii) ¢ ©s the restriction to H* of a complex homomorphism of L>.
(iii) |¢(f)| = 1 for every inner funclion f.
(@iv) |¢(B)| = 1 for every Blaschke product B.
(v) o(f) % 0 for every inner function f.
(vi) ¢(B) # 0 for every Blaschke product B. .
(vii) For every f in H=, the number ¢(£) is in the range of T on the Silov
boundary for H>.

Proof. We have previously done most of the work. In fact, we can
complete the proof by showing that (vii) implies (ii). Suppose that ¢ has
property (vii). We refer to the Lemma above. First we show that for any
real-valued function v in L® the number £(u) = log |¢(F.)| belongs to the
range of 4 on the space X = 9M(L*). This is clear since |¢(F.)| belongs
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to the range of £, on X and log |P.| = 4. We combine this observation
with the fact that X is totally disconnected to show that the linear func-
tional £ is simply evaluation at a point of X, i.e., there exists £ € X such that
£(u) = 4(x) for all real values of % in L®. Since X is totally disconnected,
finite linear combinations of idempotent functions (simple functions) are
dense in L=. If no such point exists, then for each value of z in X there
is an idempotent ¢ in L*® such that é(z) = 1 but £(e) = 0, because for each
idempotent e the value of £(¢) must be 0 or 1. Since X is compact, we can

find a finite number of idempotents e, . . ., e, such that
b+ - t+é 21
L(ex) = 0, k=1,...,n

If weset uw=¢ + --- + en, then £(u) = 0 is not in the range of 4 on X.

Now we know that £ is evaluation at a point of X, that is, that £ is
multiplicative. Therefore the complex extension ¥ of £ is a complex homo-
morphism of L® whose restriction to H= is ¢.

In connection with this Theorem, we should mention two facts which
we shall see later. First, for any individual inner function f, the set of
points in M(H=) where |f| = 1 is always larger than the Silov boundary.
Second, a maximal ideal M off the Silov boundary contains a Blaschke
product B; however, it is not necessarily the case that M is in the closure
of the sequence of zeros of B in the unit disc.

Representing Measures and Annihilating Measures

For a function algebra, one of the useful features of the Silov boundary
is that each complex homomorphism of the algebra can be represented as
integration with respeet to a positive measure on the boundary. In this
section we shall discuss such “representing measures” for the algebra H*,
and the results we obtain will give us some information about annihilating
measures for H®.

Let Y be a compact Hausdorff space, and let A be a uniformly closed
separating algebra of continuous functions on ¥ which contains the con-
stant functions. Let X be the Silov boundary for A, and let ¢ be a complex
homomorphism of A. With the sup norm A is a commutative Banach
algebra with identity, and so ¢ is necessarily continuous:

69| < sup|fl, allfin A.

The map f — f|x, which restricts each function f in 4 to the Silov bound-
ary, is a (sup) norm-preserving isomorphism of A with a subalgebra of
C(X). Thus, we may regard A as a subalgebra of C(X), and ¢ is a bounded
linear functional on this subalgebra:
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l6()! < sup |f].

By the Hahn-Banach theorem, we can extend ¢ to a linear functional of
bound 1 on C(X). Such a functional is determined by a finite complex
Baire measure my on X, and so

8(f) = [, fam,

for every f in A. Now msy is a complex measure of total variation 1 and
fdm,, = 1. From this it is easy to see that mg must be a positive measure.

We conclude that for each complex h9m01norphism ¢ of A there cexists
at least one positive measure m4 on the Silov boundary X such that

() = [, Jdm,, allfin 4.

Any such positive measure we shall call a representing measure for ¢. We
notice that in the above argument we could replace X by any closed subset
S of X such that

le(N)] < sup Ifl, fin A.

Such a set we shall call a support set for ¢, since it is a set which will support
a represcnting measure for ¢.

If we apply these results to H®, we conclude that for each complex
homomorphism ¢ of H* there is at least one positive measure mg on the
Silov boundary X = 91(L*) such that

#(f) = [, Jdms, fin H=.

As we shall soon see, each ¢ in M(H*) actually has a unique representing
measure Mmg.

What sort of condition on an algebra might guarantee that representing
measures are unique? If one has two positive measures my and py on the
Silov boundary which represent the same homomorphism ¢, then the dif-
ference mg — pgy is a real measure on the boundary which is orthogonal to
the algebra. Thus, the most obvious condition which would guarantee
uniqueness of representing measures for all homomorphisms is that no
non-zero real measure on the Silov boundary is orthogonal to the algebra.
This just means that the algebra is a Dirichlet algebra on its Silov bound-
ary, ie., that the real parts of the functions in the algebra are dense in
the real continuous functions on the Silov boundary. Now H= is nof a
Dirichlet algebra on its Silov boundary, that is, the real parts of the func-
tions in H* are not (uniformly) dense in the real L® functions. We gave
one proof of this in Chapter 9, where we showed that any function in
the closure of H®* + H* has a conjugate harmonic function of growth
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0 (log I }_ r) in the disc. There is a more abstract proof which is short,

and worth presenting.

Theorem. Let X be a totally disconnected compact Hausdorff space, and
let A be a Dirichlet algebra on X. Then A = C(X).

Proof. Let S be any open-closed subset of X and let xs be its charac-
teristic function. Then xs is a real continuous function on X. Conse-
quently there is a function f in A such that

1
|xs — Re f| <3

on X. The range of f does not intersect the line Rez = § in the plane.
Hence we can find a sequence of polynomials p.(z) which converge uniformly
to 1 on that part of the range of f to the right of the line Rez = 1 and
which converge uniformly to 0 on that part of the range of f to the left
of Rez = 3. Then p.(f) is a sequence of functions in A which converge
uniformly to xs. Thus xs is in A. Since X is totally disconnected and A
contains the characteristic function of every open-closed subset of X, it
follows that 4 = C(X).

If we apply this argument to 77, we conclude that H* is not a Dirichlet
subalgebra of L*; indeed, we see that the uniform closure of Re H* does
not contain the characteristic function of any measurable sct £ on the
unit circle, unless £ has (normalized) Lebesgue measure 0 or 1. In spite
of this fact, representing measures are unique for every complex homo-
morphism of I®. This is because H*® posscsses a property which is very
closc to the Dirichlet property: Every real-valued function  in L*® is the
logarithm of the modulus of an invertible function ¥ in /I>:

F(z) = exp [27r f”' fw + 2 u(u“)d!?:l

Theorem. Let X be a compact Hausdorfj space, and let A be a uniformly
closed subalgcbra of C(X) which conlains the constanl funclions. Supposc that
there is a dense subspace S of the real-valued continuous functions on X such
that each u tn S has the form u = log |F.|, where Ty is an invertible element
of A. If ¢ is a complex homomorphism of A, then ¢ has a unique representing
measure my on X. Furthermore, my s the measure defined by

 udmg = log |$(F.)|, w€S.

Proof. Let m and p be two (positive) measures on X, each of which
represents ¢. Let u be a function in S, u = log |F.|, where F, is an in-
vertible function in A. Since

¢(F) = [, Fudm



H> as a Banach Algebra 183

and o(F) = [ Fi'dp

we have
[6(F.)| < [ edm

l$(Fah)| < [ edp.
But ¢(F.)¢(Fz?) = 1, and so
[ erdm > [ edp].

Since S is a subspace, the same inequality holds with u replaced by tu,
where { is any real number. Therefore

l2 t2 Y -1
j(l.+tu+§~!u2+ ---)dm;[f(l—tu+2—!u~— '-°)dp]
for every real value of {, that is
V4t fudm+ 5 fwdm+ - 2141 [udp+ ---

for all real values of £. Clearly then

f udm = fudp.
Since this is true for every % in S, which is dense in Cr(X), we conclude
that p < m. Since p and m arc positive measures of mass 1, it follows that
p=m.

If wisin S define £(u) = log |¢(F.)|, where F, is any invertible function
in A such that log |F,| = u. It is clear that £ is a well-defined function on
8, which is additive because ¢ is multiplicative. Also

((w) = log |¢(F.)]
< log |||
= log [[e"||

< max u.
X

Therefore [£(u)| < ||u||, ie., £ is bounded by 1. Since £ is additive and
bounded it is continuous and linear on S. There is a unique extension of £
to a bounded linear functional on Cr(X), and the extended functional is
given by a positive measure m, on X. To see that m, represents ¢ we need
only show that [ udm, = Re ¢(f) when u = Ref with f in A. Since
u = log |¢/|

J udmy = £(u)

= log |¢(e’)|
= log [ed‘(f)l

= Re ¢(f).
That completes the proof.
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Another way to state the uniqueness part of this last theorem is: If a
linear functional ¢ on A happens to be multiplicative, then there is a unique
Hahn-Banach (norm-preserving) extension of ¢ to a linear functional on
C(X). One should note that the hypothesis of this theorem is satisfied if A
is a Dirichlet algebra on the space X. For, the space S = Re A has the
stated property: If u = Ref with f in A then u = log |¢/|. As we said,
the hypothesis is also satisfied when X = 9M(L*) and 4 is the algebra A=
Here we can in fact take S as the space of all real-valued continuous func-
tions on X. Thus, each complex homomorphism ¢ of H* has a unique
representing measure mg on X = M(L=). It is defined as follows: If u is
a real L® function then

[ 2dmy = log |6(F)]

where F, is any outer function in H* such that log |F.| = u almost every-
where on the unit cirele. For the case in which ¢ is evaluation at a point A
in the open unit dise, the uniqueness of m, was proved by Gleason and
Whitney. In this case the deseription of m, reduces to

[ udme = 5= [ u(e*) Pr@)do

where P, is the Poisson kernel for the point A. In particular, when ¢ is
evaluation at the origin, the unique Hahn-Banach extension of ¢ to a
linear functional ¢ on L™ is given by

W) = 5o [7 fenas, fe Lo

If we combine our last result with the methods of Helson and Low-
denslager (discussed in Chapter 4) we can obtain results about the relation
of representing measures for H* to annihilating measures for H* and also
to arbitrary positive measures on the Silov boundary. It is not surprising
that we can say more about representing measures for points in the open
unit dise, but the first result we should discuss in Szego’s theorem, which
is valid in the context of the last Theorem.

Theorem. Let A be a uniformly closed algebra of continuous complex-
valued functions on the compact Hausdorff space X (1 € A). Suppose that the
class of functions log |F|, where F is an invertible element of A, contains a
dense subspace S of the real-valued continuous functions on X. Let m be any
positive measure on X which is multiplicative on A, and let Ay be the set of
SJunctions { in A such that f fdm = 0. Then for every positive measure pon X

mf_“l — fltdu = exp[j'log (d )dm]

Proof. We arc assuming that m is a representing measure for a complex
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homomorphism ¢ of A. As we proved in the last theorem, m is the unique
representing measure for ¢, and is defined by

[ wdm = log |#(F.)

when % € S and F, is an invertible element of A such that u = log |F.|.
From the specific form of m we can easily show that m satisfies Jensen’s
inequality:

log |¢(f)| = log|[ fdm| < [ log |f|dm, for all f€ A.

Given fin 4, let € > 0. Then log (|f| 4+ ¢) is a continuous function on X.
Choose u = log |F,| in the subspace S so that

u—e<log(fl+e <u+te
Then |fF;!| < e on X. Therefore
l6(f) d(F M| < ee.
If we take the logarithm of both sides of this inequality we have
log [¢()| — [ udm < e.
But 4 < € 4 log (|f| + ¢€) on X, and if we integrate with respect to m

[ udm < e+ [log (|f] + €)dm.

Henee

log [6(f)| < 2¢ + [ log (If| + €)dm

and if we let e — 0, we have the Jensen inequality.
Now let u be any positive measure on X, and let

1) = inf f |1~ fPd

If du = hdm + dg, is the Lebesgue decomposition of p relative to m, then
I(p) = I(u,) where du, = hdm, the absolutely continuous part of u. This
follows from the uniqueness of m by the Helson-Lowdenslager argument
which we presented in part (i) of the Theorem on page 44 of Chapter 4
and its Corollary 1. This reduces the problem to the case when dy = hdm
with k a non-negative function in L'(dm). In this case we wish to show
that

I(s) = exp ([ log hdm).
If f is in Ao, then by the Jensen inequality
J 11 = fi*hdm 2 exp [ [ log (|1 — f|h)dm]
exp [[ log |1 — f*dm] exp [ log hdm]
exp log [¢(1 — f)[?-exp [ [ log hdm]
1-exp [ [ log hdm)].

v

Therefore
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I() = exp [ [ log hdm].
Since m is a positive measure of mass 1
exp [ [ log hdm] = inf [ hetdm, g = g€ L' (dm), [gdm = 0.
]

See the proof on page 48. By a simple argument, we need only employ
continuous functions g in computing the last infimum (sec page 49). Thus

exp [f log hdm ] = inf fhc”dm, g € Cr(X), fgdm = 0.

If g€ Cr(X) we can uniformly approximate g by functions u = log |F,[?%
where F, is an invertible clement of A. If [ gdm = 0, we can choosc the
approximating functions u so that ¢(F,) = 1. This only involves replacing
F. by [¢(F.)]"'F,. Therefore

inf [ herdm = inf [ h|FPdm, ¢(F) =1, F,F'€A.
g

If ¢(F) = 1then F = 1 — f where f€ Ao. Thus
exp [ [ log hdm] = i;{f [ h|F2dm

> inf [ A|l — f2dm
f€Ao

= I(w).
This completes the proof.

Of course the above Szegd theorem holds when X = an(L®), A = 1=,
and m is the representing measure for any complex homomorphism of H®.
For mcasures representing points in the open unit disc we also have an
F. and M. Riesz theorem.

Theorem. Let mo be the unique positive measure on X = IM(L™) which
represents the homomorphism “evaluation at the origin” on H*, and lct £y
be the set of functions £ where f is sn H® and vanishes at the origin. Let p
be a finite complex Baire measure on X which is orthogonal to HY. Then the
absolutely continuous and singular parls of p with respect lo mo are separately
orthogonal to K1, and the singular part is also orthogonal to 1.

Proof. The proof is identical with the proof of the general F. and M.
Riesz theorem in Chapter 4 (page 47). All that is required is: (i) my is
multiplicative on II®; (ii) any positive measure on X which agrees with mo
on I71= is equal to mo; (iii) the real parts of the functions in A= are dense
in the space of real functions in L*(dmo). Hypothesis (iii) simply states
that the real parts of the functions in II* are densc in the real functions
in L2 of the circle.

Corollary. If p is a (complex) measure on X which s orthogona} to fI‘”,
and if uis mutually singular with mo, then u is also orthogonal lo all f where f
18 1n the closed subalgebra of H* which is generated by H* and Z.

Proof. This follows from the last thcorem by an argument similar
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to one used in proving the F. and M. Riesz theorem in Chapter 4. Since u
is singular and orthogonal to A=, the singular measure zdu is orthogonal
to A¢, and hence is orthogonal to 1. Thus (22)*du is orthogonal to A¢, ete.

Corollary. Let u be any finite real measure on X which is orthogonal to He.
Then u is mutually singular with mo, and p is, therefore, orthogonal to f
for every funclion f which is in the closed subalgebra of L* generated by H*
and %.

Proof. Let du = hdmy -+ dps be the Lebesgue decomposition of u rela-
tive to mo. Then the measures hdmo and du, are separately orthogonal to
II°°; cach of these measures is real, since u is a real measurce. Thus & is a
real-valued function in L'(dm), and is orthogonal to the functions in A<
and their complex conjugates. If we use, for example, Cesaro means, it is
then casy to see that h is orthogonal to L*. Thus 2 = 0 almost everywhere
dmy.

We now know that u is a singular measure, and we can apply the previ-
ous corollary.

Algebras on the Fibers

Let @ be a point on the unit circle. We denote by A. the algebra
obtained by restricting I1* to the fiber 9N, in the maximal ideal space
M = M(H=). In this section we shall study A., principally because it is
a very interesting function algebra, but also because through the study of
A, we will obtain some results about II>.

Theorem. (i) A. s a uniformly closed subalgebra of C(IMa). (1) The
mazximal ideal space of Ag 15 WMe. (22) The Silov boundary for A, is contained
m Xa =X ﬂ M.

Proof. Let f(z) = 3(1 + &). As we have noted several times, f is a
function in H* such thatf = 1on the fiber 91, and |f| < 1 on the remainder
of 9. The threc statcments of this theorem all follow from the existence
of this function f. (i) Since A* is uniformly closed on 9%, and since M.
is the sct where a funetion of norm 1 is equal to 1, the restriction of 17°
to 9N, is uniformly closed. The algebra A4, is isomorphic to A*/I,, where
1. is the ideal of functions in A® which vanish on .. Since I, is closed,
A, inherits the complete quotient norm on the quotient of the Banach
spaces I1® and I.. If onc uses the function f, it is not difficult to show
that the quotient norm on A, is equal to the sup norm over M.. For the
details, we refer the reader to the proof of Rudin’s extension theorem in
Chapter 6. (ii) Fach complex homomorphism of A, induces a complex
homomorphism of H®, by composing with the restriction map. Thus one
may identify the complex homomorphisms of A, with those complex
homomorphisms ¢ of 1/* which arc well-defined on A, i.e., those ¢ such
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that ¢(g) = 0 whenever § = 0 on IM,. But these homomorphisms are
exactly those in the fiber 9M., because 1 — f vanishes precisely on ..
(iii) Let ¢ be a complex homomorphism of A.; i.e., let ¢ be in IM,. Let
mg be the representing measure for ¢ on the Silov boundary X for H*.
If we use our distinguished function f, we see that

1=];,(f)"dm¢, n=123,....

But as n increases, (f)" converges boundedly and pointwise to the charac-
teristic function of the set 9,. Thus

fx i, ¥me = 1
and m4 must be supported on X,. In particular,

lg(e)| < s}gp |4, gin H®

so the Silov boundary for 4. is a subset of Xa.

Corollary. If ¢ is a complex homomorphism of H*® which is contained
in the fiber M, then the representing measure for ¢ is supported on Xa.

Corollary. Each fiber 9, s connected.

Proof. A theorem of Silov [82], which we shall not prove, states that
if the maximal ideal space of a function algebra is disconnected, then the
algebra contains a non-trivial idempotent function. Since we know that
M, is the maximal ideal space of A., we can prove that 9, is connected
by showing that A, contains no non-trivial idempotents. Thus we shall
show that if ¢ is in H*® and the function (§)> — § vanishes on 91,, then
either § is identically 0 on 91, or § is identically 1 on M.. We proved earlicr
that the range of § on the fiber 91, consists of all complex numbers A
for which there exists a sequence of points 2, in the open unit disc with
lim z, = « and lim g(z,) = A. From this it is clear that if the range of ¢
on 9N, consisted precisely of the numbers 0 and 1, the function g would map
every sufficiently small neighborhood of « onto a disconnected set. This
is (of course) absurd.

Corollary. In the maximal ideal space of H®, the complement of the open
unit disc 1s connected.

Proof. Suppose 9M-A is not connected. Then M-A is the union of two
non-empty disjoint closed sets, Ky and K,. Each fiber 91, is then the union
of the disjoint closed sets Ko N 9, and K; N 9M,. Since M, is connected,
one of these two sets is empty. The unit circle is, therefore, disconnected
by the closed sets

{a; M. C Ku} and {a; M. C Kl}

Now we want to prove what is perhaps the most striking property of

A.. In order to do so, we shall need the following definitions.
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Let A be a collection of continuous complex-valued functions on a
topological space S. We say that A is regular on 8 if, for each closed set K
in S and each point p not in K, there is a function g in 4 such that g = 0
on K but g(p) # 0. We say that A is normal on S if, for each pair of dis-
joint closed sets Ko and K, in S, there exists a function g in 4 such that
g=0o0nKyand g = 1o0n K.

Theorem. The algebra A, is regular on the space X..; in fact, the collection
of functions {|F|; F in A.} is normal on X,.

Proof. Recall that X, is that part of the Silov boundary X which lies
in the fiber 9. We know that the Silov boundary for A, is contained in
Xa, so we can reasonably identify A, with its restriction to X,. Since X
is totally disconnected, so is X.. What we shall prove is that if K is any
(relatively) open-closed subset of X,, there exists a function A in H* such
that A = Oon K and |k| = 10on X, — K.

For convenience, assume that « = 1. Let K be an open-closed subset
of X,. Since X is totally disconnected, K is the intersection with X; of
an open-closed subset of X. In other words, there is a measurable set E
on the unit cirele such that

K = {¢€ X1; %e() = 0}.
Let
u(e®) = [1 — xg(c®)]log |1 — €¥|.
Then u is in 1! of the circle and is bounded above. Hence
L2 w .
h(z) = exp [%r [ zu(e“’)d@]

—-xe¥ — 2

is in H®. Almost everywhere on the unit circle, we have
1, on E
=e={
|11 — e®|, off E.
From this we sce that the function f defined by
[1 — xe(c®)Jh(c®)

f (e“) = 1 — ¢#
is a bounded measurable function. Thus
= (1 = 2)f + xzh

where f is in L*. Let ¢ be any complex homomorphism of L* which lies
in the fiber X, and for which ¢(xz) = 0. Then

o(h) = ¢(1 — 2)o(f) + ¢(xz)o(h) = 0-¢(f) + 0-¢(h) = 0.
Thus £ vanishes on the set K. But
[1—|h]lxe =0 ae.
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go that |A| = 1 at any point of X where £z = 1. In particular, we have
h=0o0nK,and || =10nX; — K.

Most of the remaining properties of 4, which we wish to discuss are
consequences of this result. Two of these properties of A, are (i) X, is
the Silov boundary for A.; (ii) A, is contained in no maximal closed sub-
algebra of C(X.). We shall prove these resulis for any function algebra A
which is regular on a compact Hausdorff space X. In view of this, one
may ask what makes A, anything special as a function algebra. The answer
is that A, is, to the best of my knowledge, the first known example of a
uniformly closed algebra which is regular on the compact space X but is
not all of C(X). It was also the first known function algebra not contained
in a maximal algcbra.

Theorem. Let X be a compact Hausdorff space and let A be a uniformly
closed algebra of continuous complez-valued funclions on X, such that A
separales the poinls of X and contains the constant funciions. Suppose

that A s regular on X. Then

(i) X s the Silov boundary for A;

(i) any function in A which vanishes on a non-empty open subset of X
also vanishes on a non-empty open subsel of the mazimal ideal space of A;

(iii) if ¢ s a complex homomorphism of A and K is a minimal support
set for ¢, and if f is a funciion in A which vanishes on an open subset of X
which tntersects K, then ¢(f) = 0;

(iv) X zs the maximal ideal space of A if and only if A is normal on X;

(v) if K is a closed subset of X with the property that the restriction of A
to K is not dense in C(K), then K has a proper closed subset S such that the
restriction of A to S is Mot dense in C(S);

(vi) A s contained in no mazximal proper closed subalgebra of C(X).

Proof. (i) This statement is a well-known (and obvious) fact. Let K be
the Silov boundary for A. If K were not all of X, there would exist a
function in A which vanished on K but was not identically 0. (ii) Let f
be a function in A which vanishes on a non-cmpty open set U in X. Then
there exists a non-ecmpty open sct V whose closure is contained in U.
Since 4 is regular on X, there is a function ¢ in A which vanishes on the
complement of V but is not identically zero. Now fg = 0. Let

N = {p€ M(4); ¢(g) # 0}.

Then N is a non-cmpty open subset of 9M(A4) and ¢(f) = 0 for cach ¢
in N. (iii) Recall that a support set for the complex homomorphism ¢ is
a closed subset K of X such that

()] = sup [f], allf€ A.

Suppose that K is a minimal support set for ¢, i.e., that no proper closed
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subset of K is a support set for ¢. Let f be a function in A which vanishes
on an open subset U of X such that U M K is non-empty. Then ¢(f) = 0;
for, suppose ¢(f) # 0. Then let m4 be a representing measure for ¢ which
is supported on K. Then

1
99) = 575 [y Ame

forevery gin A. Let du = ﬁ fdmg. Then p is a finite complex measure
whose closed support is contained in K — U, and
¢(g) = [ gdu

for all g in A. Then there is a constant & such that
<k
lo(g)| = k sup [g|

for every g in A. This means that ¢ is a bounded complex homomorphism
of the restriction algebra A|x_v. Hence ¢ extends to a complex homo-
morphism of the uniform completion of this restriction algebra. This
completion is a commutative Banach algebra with identity, so any com-
plex homomorphism of it is automatically of norm 1. Thus

l6(g)] < suplgl, gin 4
K-U

and K — U is a support sct for ¢. This contradicts the minimality of K.
[We should remark that the proof of (iii) made no use of the regularity
of A.] (iv) It is well-known that a commutative Banach algebra which is
regular on its maximal ideal space is actually normal thereon. We refer
the reader to [54; page 84] for a proof. We are chicfly interested here in
the converse, which is due to Bishop. Suppose that 4 is normal on X.
We shall prove that X is the maximal ideal space of A. Let ¢ be any com-
plex homomorphism of A. We shall prove that ¢ is evaluation at a point
of X. Let K be a minimal support set for ¢. The existence of such a set
is a simple conscquence of Zorn’s lemma. Suppose that K contains at
least two points. Then we can find two closed subscts Ko and K; of X
such that the ¢nferior of each has a non-empty intersection with K. Since
A is normal on X, there exists a function f in 4 such that f = 0 on K, and
J =1 on K, By (iii), we must have ¢(f) = 0 and ¢(1 — f) = 0, an ab-
surdity. We conclude that K is a single point, and hence that ¢ is evalua-
tion at that point. (v) Suppose that A4|x is not dense in C'(K). Then there
is a finite complex Baire mecasure u on the set K such that x 5% 0 and g
annihilates A:

[deu =0, finA.
Let z be a point in the closed support of u. The support of x must contain
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more than onc point; hence, there is an open subsct U of X which inter-
sects the support of u and whose closure does not contain z. Let f be a
function in A such that f = 0 on U but f(z) 0. Let duy = fdu, and p,
is a measure which annihilates A. Also, x; is supported on the closed set
S = K — U, a proper subset of K. Since z is in the support of p and
f(x) £ 0, we cannot have u; = 0. We have a non-zero measure on S which
annihilates 4, so the restriction of A to S is not dense in C(8). (vi) Let B
be a maximal proper closed subalgebra of C(X). We shall prove that B
is not regular on X, and hence cannot contain A. The crucial fact about
a maximal algebra B is the following. If K is any closed subset of X, then
either Blk is dense in C(K), or B contains every continuous function on X
which vanishes on K. To prove this, let B’ be the set of all fin C'(X) such
that fix is in the uniform closure of B|x. It is clear that B’ is a uniformly
closed subalgebra of C(X) which contains B. By the maximality of B,
either B’ = C(X) or B’ = B. If B* = (C(X), then every continuous func-
tion on K is a uniform limit of functions in B|x. If B’ = B, then every
fin C(X) for which f|x is in Bl lies in B. In particular, every f in C(X)
which vanishes on K is in the algebra B. With this fundamental fact
established, we argue as follows. Let u be a non-zero complex measure
on X which annihilates B, and let K be the closed support of u. Then
Blx is not dense in C(K). Let S be any proper closed subset of K. We
shall prove that A4|s is dense in C(S). If Alsis not dense in C(S), then every
continuous function vanishing on S is in B. The restriction of u to K — S
is then a measure which annihilates every continuous function on K — S
which vanishes at infinity. Hence, this restriction is 0 and u is supported
on 8. This contradicts the definition of K. Now we refer to part (v) of
the theorem and see that B cannot be regular on X, since we have produced
a closed subset K of X such that A|x is not dense in C(K), but A|s is dense
in C(8) for any proper closed subset S of K.

If we apply these results to the algebra A. on the fiber 9., we have
the following. The maximal ideal space of A, is 9M,; the Silov boundary
for Aqis Xa; Aais regular on X,; A, is contained in no maximal subalgebra
of C(X,); M, is connected ; X, is totally disconnected. There is one further
interesting property of A., which follows from the topological nature
of X,. In the section of this chapter which dealt with L*, we proved that
X. is a topological space with this property: if f is a continuous function
on X, any value which f assumes is assumed on a non-empty open
subset of X,. By part (ii) of the last thcorem, we then have the following.
Let f be any function in the algebra 4,. Any value of f on the Silov bound-
ary X, is assumed by f on a non-empty open subset of the maximal ideal
space M,. We also see that, in some sense, 4, comes close to being normal
on the space X,. If K is any open-closed subset of X,, there is a function f
in A, such that f = 0 on K and |f| = 1 on X, — K. If A is in the range
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of f on X,, then we have f = X\ on some non-cmpty open-closed subset
K, of X,. For each such A of absolute value 1, the sets K and K, constitute
a pair of disjoint closed sets for which we do have a function in 4, which
vanishes on K and is 1 on K). If ¢ is any complex homomorphism of 4,
and S is a minimal support set for ¢, we know that S cannot intersect both
K and K,, and cannot intersect two distinct sets K). Conscquently, S has
no interior in the space X,, and (roughly speaking) every complex homo-
morphism of A, is supported on a very “thin” subsct of X..

Maximality

In this section we shall prove that I/* is a maximal weak-star closed
subalgebra of L=, and that H* is contained in no algebra which is maximal
among the proper uniformly closed subalgebras of L®.

Theorem. Let B be any (uniformly) closed subalgebra of L*® which con-
tains H>.

() If B # H~, then B contains .

(ii) If B = L*, then there is some point a on the unit circle such that the
restriction of B to the fiber X. is a proper closed subalgebra of C(X.).

Proof. (i) Let ¢o be the homomorphism of H® given by evaluation at
the origin. Either ¢, extends to a complex homomorphism of the algebra B
or it does not. Suppose that it does extend, i.e., that there is a complex
homomorphism ¢ of B such that ¢(f) = f(0) for all f in H*. Through the
Gelfand representation of L®, we have B represented as a uniformly closed
subalgebra B of C(X). Thus there is a positive measure x on X = 9M(L*)
such that

W) = [ Jdu, finB.

This positive measure u is, in particular, a representing measure for ¢o.
By the Gleason-Whitney theorem, there is a unique representing measure
my for ¢p. Thus g = my and

WP = 5 [7 fen)ds, finB.

If f is any function in B, then for n > 0 we have

5 [ eien)adn = (o)
= VW)
= 0-9(/)
=0

from which we conclude that f is in H®, Thus, if B % H*, the homo-
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morphism ¢ docs not extend to 3. Hence there is no complex homo-
morphism of B which sends z into 0, because ¢ is the only complex homo-
morphism of H* with this property. But then z lies in no proper ideal in
the algebra B, which mcans that z is invertible in B, or that 1/z = 2z is
in B.

(i) Suppose that B is a closed subalgebra of L® which contains H*.
If |a = 1, the function f(2) = 3(1 + @) is in B and satisficsf = 1 on X,
|71 < 1 on the remainder of X. As we have noted several times, this
means that the algebra B,, obtained by restricting B to X, is uniformly
closed. Now suppose that B, = C(X.) for each « on the circle; we shall
prove that B = L*. Let ¢ be any complex homomorphism of B, and let
a = ¢(z). Then |a] = 1, because, by part (i) of this thcorem, z is in
B and we must have ¢(z)¢(z) = 1. We again use the function f in B
which is equal to 1 on X, and of modulus less than 1 elsewhere on X. Since
¢(2) = a, ¢(f) = 1, and any representing measure for ¢ must be supported
on X,. This means that ¢ is really a complex homomorphism of B., com-
posed with the restriction map B — B,. Since B, = C(X.), ¢ must be
evaluation at a point of X.. We conclude that every complex homo-
morphism of B is evaluation (on B) at a point of X, i.e., that X is the max-
imal ideal space of B. Now X is totally disconnccted. The theorecm of
Silov [82] states that B must contain the characteristic function of every
open-closced subset of its maximal ideal space. Thus B contains the char-
acteristic function of every measurable subset of the circle, so B = L>.

Corollary. H> is a maximal weak-slar closed subalgebra of L.

Proof. Let B be a weak-star closed subalgebra of L® which contains
H=. We prove that either B = L® or B = H*. If B # H>, part (i) of
the theorem tells us that B contains z. Since the trigonometric polynomials
are weak-star dense in L*, we have B = L™,

Corollary. Therce is no algebra which conlains H® and is maximal among
the proper uniformly closed subalgebras of L*™.

Proof. Let B be a proper closed subalgebra of L* which contains 1=,
By part (ii) of the theorem, there is a point @ on the unit circle such that
B, is a proper closed subalgebra of C'(X,). If B is maximal, then obviously
B, must be a maximal subalgcbra of C(X,). But B, contains the algebra
A, =R ®|x., and we proved in the last section that A, is contained in no
maximal subalgebra of C(X,). We conclude that B is not a maximal
closed subalgebra of L>.

Interpolation

Let {z:} be a sequence of points in the open unit disc. We shall call
{z:} an interpolating sequence if, for each bounded sequence of complex
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numbers {w:}, there exists a function f in H* such that f(zx) = w; for every
k. The main purpose of this section is to give a characterization of such
sequences. We have chosen to incorporate this in our discussion of H®
as a Banach algebra because it is related to various questions about the
maximal ideal space of H*. We might mention one example of this now.
We have previously discussed the question of whether the open unit dise
is dense in IM(H*). We showed that this is equivalent to the following

question: if fy, . . ., f» are functions in H* such that
fl+--+1flz8>0
on the dise, do there exist functions gy, . . ., g« in H® such that

flgl + e +fngn =1?

If n = 2 and {2} is the sequence of zeros of f;, then the function g must
interpolate the values 1/f2(z:) at the points zi. If {z:} is an interpolating
sequence and f; is simply the Blaschke product for that sequence, it is
easy to sec that g, and g; can be found. As we shall sce later, the same result
holds for the general n; that is, if one of the functions f; is the Blaschke
product for an interpolating secquence, then appropriate g, . . ., g, can be
found. Of course, what we are describing are very special cases of the
density question in 9M(H=), but questions of this type led R. C. Buck to
ask whether any interpolating sequences exist. L. Carleson, W. Hayman,
and D. J. Newman worked independently on the interpolation problem,
and each of them proved the existence of a great many interpolating se-
quences; e.g., every sequence which has a cluster point on the unit circle
contains a subsequence which is an interpolating sequence. Both Carleson
and Newman gave necessary and sufficient conditions for {z:} to be an
interpolating sequence. Newman had two conditions on the sequence,
whereas Carleson proved the stronger result, that one of these conditions
is necessary and sufficient. Carleson’s characterization of interpolating
sequences is surprisingly simple, and, although it does not provide the
solution of any deep problems about 9M(H®), it does shed some light on
such problems.

Let us look at the interpolation problem. If {z:} is any sequence of
points in the open unit disc, we consider the linear operator B which as-
sociates with each f in H* its sequence of values on the points 2:

Rf = (f(21), f(z3), - . .)-

We wish to know under what condition B maps H* onto £*, the space of
all bounded sequences of complex numbers. One obvious condition which
is necessary is that the z; be distinct. Another condition which is evidently
necessary is that

i (1 = lzl) < o=
k=1
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This condition is necessary in order to be able to find an f in H* such that
f(zx) = O0for k = 2 but f(z;) # 0. If we employ a fundamental theorem on
Banach spaces, we can deduce another necessary condition, which we shall
subsequently show is sufficient. The space £ is a Banach space under the
sup norm, and R is a norm-decreasing linear transformation of H* into £*.
If B maps H® onto £*, then £* is isomorphic to the quotient space H*/I,
where I is the ideal of all functions in H* which vanish on the sequence
{z:}. If we equip H>®/I with the quotient norm

IIf + 11| = inf ||f + 4|
o€l

then H=2/I bccomes a Banach space, and R induces a one-one norm-
decreasing linear transformation of /I onto £*. A corollary to the
closed-graph theorem states that a one-one bounded linear transformation
of a Banach space onto a Banach space necessarily has a bounded inverse.
Thus there is a constant M > 0 such that, if w = {w.} is in £, there is
an f in H* with Rf = w and

Il £ M sup |wil.

In other words, all sequences bounded by 1 can be interpolated in a uni-
formly bounded manner. In particular, for cach & we can find a function
fr in H*® such that
Ji(z;) = 8
Iifll = M.

If B; denotes the Blaschke product whose zeros are the points z; for
j # k, then B, divides fi. Since ||fi|| £ M and fi(z:) = 1, we must have
|Be(zx)] = 1/M. If we put 8 = 1/M, we have concluded that any inter-
polating sequence {z:} nccessarily satisfies

(C) Hiz————_EL35>O, k=1,23,....
ik |1 — %Rk

Carleson’s theorem states that the condition (C) is also sufficient for
{z:} to be an interpolating sequence. At the same time that Carleson
proved this thecorem, D. J. Newman independently showed that {z:} is an
interpolating sequence if and only if it satisfies (C) together with the
condition:

(N) 2 |f(@)|(1 — |z|) < o, for every fin H.

It follows that (C) implies (N), and the bulk of Carleson’s work was de-
voted to establishing this implication. We are now going to prove the
sufficiency of (C). The first step will be the proof of Newman’s result.
This is done by Banach space methods. Then, using the recent proof of
Shapiro and Shields, we shall show that (C) implies (N).
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Theorem. (Carleson; Newman). Let {z.} be a sequence of points in
the open unit disc. Then {z.} is an inlerpolating sequence if and only if
condstions (C) and (N) are satisfied.

Proof. Assume that we have a sequence of distinct points z;. Suppose
that w = {ws} is a bounded sequence of complex numbers. Certainly, we
can find a function in H* which interpolates w at any finite number of the
points z,. One way to do this is the following. Let

T 2= %
Bn(z) - kl;[] 1 — Z2
1 — 3%z
Bnk=Bn(z)'_~_’ ].ékén
2 — 2

bnk = Bnk(zk)-
Define

@) = 3 75 Bul)
k=1 Unk

and we have fu(z:) = wy, 1 £ k < n. In fact, the most general function
in H* which interpolates w at 2, . . ., za is

fa + Bag, g¢in H>.

If {z:} is an interpolating sequence, then all sequences w in the unit ball
of £= can be interpolated in a uniformly bounded manner. This tells us
that if we define
ma(w) = inf ||f» + Bagll
gEH™

we must have
sup sup ma(w) < », [lw]| = 1.
n w

But the converse also holds. If the above supremum is finite and w is an
clement of the unit ball of ¢*, we can find a sequence of functions g, in
H® such that

gn(2E) = W, 1=k=n

llgal] = M.

The sequence {g.} is a normal family and will then have a subsequence

which converges uniformly on compact subsets of the disc to a function g

in H* with ||g|| £ M. It is clear that g(z:) = w; for all k. We conclude

that the finiteness of the supremum sup sup m.(w) is necessary and suf-
n w

ficient for {z:} to be an interpolating sequence.
Now
ma(w) = inf ||fa + Bagl|
gEH™

= inf ||Fa + gll
a



198 H* as a Banach Algebra

where F, = f./B, and ||- - -||, denotes the essential sup norm on the unit
circle. Here we have used the fact that [B,] = 1 on the unit circle. Thus
we see that m,(w) is the norm of the coset F, + H* in the quotient space
L=/H*. Now L= is the conjugate space of the Banach space L. Also, H*
is the annihilator of the space Hj, consisting of the H! functions which
vanish at the origin. Thus we may identify L*/H* with the conjugate
space of the Banach space H}. In particular,

ma(w) = inf [|F, + g||,
gEH®
= norm of F, as a linear functional on H}

—sup!— Fueeerds), fin I, ([flh S 1

If fis in H!,

1 — 5 " _ﬂk i
5> / Fofc®ds = zl b,.,, 5 / B Jetds

n

f Fe®)(1 — Ze®) Pt

ksl bnk 2r %

= 3 2 fE)L = lab).
k=1 Unk
Now we have
ma(w) = sup| = %D*'&f(Zk)(l = lal®}
S k=1 Unk

fmH, ||fli=1
Thus, if we constrain w to the unit ball in £=,

Sup ma(w) = sup & = [f@)|(1 = |af), finHY, [|flh <1
v 7 k=1 |bnt|
If we now let

M =swp 3 |fl( = ), Sin B 1l S 1

and remember that |bu| < 1, we see that
1 .
inf b

Condition (C) says that inf |bu| = 3, and thus we conclude that {z;} is an
interpolating sequence if and only if (C) is satisfied and M < «. The
theorem will now be proved if we show that M < « if and only if

2 fE)ld = |a]) < o

for every f in H'. It is obviously immaterial whether we multiply |f(zx)!
by (1 — |z|) or by (1 — |2]?). If M < =, certainly

Z[fE@)l(d = af?) <=

M= sup sup mup(w) =M ——
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for each f in H'. Conversely, if the sum is finite for each f, the rule

Tf = {|fe)| — |al®)}

defines a linear mapping of H! into the Banach space ! of all absolutely
summable sequences. The condition M < o says simply that 7 is a
bounded linear transformation from H?! to £!. The closed-graph theorem
asserts that T' is bounded if its graph is closed. This means that if f, —»f
in H! and the sequences T, converge to the sequence A = {\;} in £, then
Tf = \. Either the Poisson or Cauchy integral formula shows that if
fa—f in H', then f,(2) — f(2) uniformly on compact subsets of the dise,
so it is apparent that the graph of 7T is closed.

Actually we have proved a little more than we have stated in the last
theorem. Before stating this extra information as a corollary, we want to
switch from the space H! to the space H? in order to facilitate our later
work. Consider the supremum

M= sup 3 1/GIA — laf), fin Y, 1fl S 1
which occurred in the proof. It is rather easy to sce that
M =sup 3 @)l — lal), gin I, llgl < 1.
g =

Since the square of any ¢ in the unit ball of H? is a function in the unit
ball of H, it is apparent that this sccond supremum does not exceed M.
On the other hand, if f is any function in the unit ball of H?, we can write
f = Bg? where B is a Blaschke product and g is in the unit ball of H?; also,

/(@) = lg(an)]™
This establishes the reverse inequality.
Corollary. Let {z} be a sequence of points in the unit disc which satisfies

condition (C). Then {z:} is an interpolating sequence if and only if the
supremum

M = supkzl Ig(zk)l2(1 - lzklz)x g in HZ, Hg”2 =1
0 k=
18 finite. When M 1s finile, every sequence in the unil ball of £= can be inler-
polated by a function of H® whose norm does not exceed % M.

Now we set about the task of showing that condition (C) automatically
guarantees the finitencss of M. We shall follow Shapiro and Shields in
reducing this task to a weighted interpolation problem for H? functions.
The reduction is contained in the following lemma.

Lemma 1. Let {z} be a sequence of points in the open unit disc. Suppose
there exists a constant K such that if {\} is any square-summable sequence
of complex numbers, then there is a g in H? salisfying
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@) ol < K 5 o

() g)(1 — |2 = A, k =1,2,3,....

Then
kzl lg(z)12(1 = 12:?) < K lgl[3

Sor every g in H2

Proof. The proof will be virtually identical with the proof of the first
theorem of this section, except that we replace II* with H2. We begin
with a sequence A = {\:} satisfying 2 [\]2 = 1; that is, with a X\ in the
unit ball of the sequence space £2. As before, we consider the special func-

tions f, which solve the interpolation problem at the {irst n points. Because
of the weights appearing in (ii) above, these functions are

D) = 2 (1 =[5l B,
k=1 Unk

As before, we define
“m,(\)

inf ”fn + Bn9”2
gEH?

inf ||Fa + gll2
gEH?

where F, = f,/B,. Thus m,(}) is the norm of F, as a linear functional on
the space H3. (Here, we are identifying the bounded linear functionals on
L? with L? functions by omitting the complex conjugate which occurs in
the definition of the inner product on L2.) If we apply the Cauchy integral
formula to the terms of [ F,fdd, we obtain

ma) = sup| £ X sl Ik S 1.
J k=1 Ung
Thus, if we constrain A to the unit ball of £2,
2 n
[sup ma0) | 2 sup 2 If€a0l2(t = lai)
A f k=1
fin H?, ||fl|: £ 1. Therefore,
[sup sup ma()]* 2 sup 3 1) (1 = [al?)

fin H?, |If]lz £ 1. We are assuming that every A in the unit ball of £
can be interpolated as in (ii) by a function of H? whose square norm does

not exceed K. Thus
[sup sup m,A\)]2 = K

and that completes the proof of the lemma.
Now we wish to show that any sequence {z:} which satisfies condition
(C) also satisfies the hypothesis of Lemma 1. We shall do so in Lemma 4
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below, but first we shall state two facts which, although elementary, are
probably not obvious without some thought.

Lemma 2. Let {ai;} be a double sequence of compler numbers which is
self-adjoint, a;; = a5, and suppose there is a constant N such that

,ihdéN, i=123,....
J=

Then for any square-summable sequence of complex numbers {Ai}

zmmquﬁlma
1.5 k=1
Proof. Suppose A = [a;;] is a self-adjoint n X n matrix such that
_%1 la;;| = N for ecach 7. Then
"=

y ZIM=1

sup > a1'j>\{x_j
N

is the norm of A as a lincar operator on complex Euclidean space Cn.

This operator norm is, in turn, equal to the largest magnitude of any

elgenvalue of A. If ¢ is such an eigenvalue, then for some non-zero ntuple

(A1 . .., A) we have

n
'El a,‘,-)\.' = C)\j, ] = 1, PR (X
1=

Thus
n
lel\] = 2 lal A
If we sum these inequalitics on j and divide by Z |\, we see that [¢| < N.

This proves the lemma in the finite case. In fact, if we replace a; by |as,l,
the cenditions are not changed, so

n n n
2 2 laslNIN EN 3 NP
i=1j=1 k=1

for each n. The lemma is now obvious.
Lemma 3. If {z} 7s a sequence which salisfies condition (C), then
5 (A — |z = =)

i=1 1 — zzl?

<1-2lgs, k=1,23,....

Proof. Tt is easy to verify that

2 — 2P _ 1 — (1 — |22 = |zf®)
1-— E,-zk 11 - EjZkP
Condition (C) tells us that
% —2z| > 52
ikl — Zze] =

or that
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_z.2
'I:

= —2logs.

j#k
If one now uses the identity at the bcgmning of the proof and the inequality
xS —log(l —x)
the conclusion follows.

Lemma 4. If the sequence {z} salisfies condition (C), then for any
square-summablc sequence {\} there is a function g in H? such that

@ llgli3 = E (1 —2logs) 2 IAel2.
(i) 9 — a2 =N, k=123,....

Proof. Once again, we begin with a square-summable sequence {\}
and solve the weighted interpolation problem at the first n points; however,

we now define
gua(e) = [B@]U—Pﬁm

fa(2) = bz. gnk(z)
It is easy to see that
JE)A — z/)HV2 = N, 12k <.
Now we shall obtain a uniform bound on the norms of the f,. First
noONA;
”fn”% = (fa, fa) = E bzlz (gniy gni)

where (f, g) denotes the usual inner product on L2 of the circle. Now

(Gnir gn) = (1 — [2D*2(1 = [2)**([z — 2.]72 [¢ — 2,]7?)
since B, is of modulus 1 on the circle. If one uses the Cauchy integral
formula, it is relatively casy to calculate the last inner product and obtain

(Gnis gni) = (1 = [2:d2)32(1 — [2]2)32 (ll—i_%

Since (1 — |2,H)V2(1 — |z;|)¥2 < |1 — Z2|, we see from Lemma 3 that
z [(gns, gni)| = 2(1 — 2log 3).

Then, by Lemma 2, we have
1A = 5 (1 - 210g9) 3 P

Since the functions f, all lic in a fixed ball in H?, some subsequence of
{f»} will converge weakly to a function g in that ball. This weak conver-
gence guarantees (at least) pointwise convergence on the unit dise, so g
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will have properties (i) and (ii) in the statement of the theorem. That
completes the proof.

If we now combine Lemmas 1 and 4 with the corollary to the first
theorem of this section, we have the result we have been seeking,.

Theorem. Let {z} be a sequence of poinis in the open unit disc. A
necessary and sufficient condition that {zx} be an inferpolating sequence is
that there exist a positive number & such that

Rk — %j
1 — 22k

>3 k=123, ....

i #k
If this condilion is salisfied, then for any bounded sequence {wy} there is an f
in * such that

O ) = wo  £=1,2,3,
G) 17 = % (1 = 2log ) sup ol

Before presenting some corollaries, we should like to make one remark
about the proof of Lemma 4. The functions f, which were chosen there to
interpolate at the first n» points arc not the ones of minimal L? norm.
This shrewd choice of the f, by Shapiro and Shiclds accounts in part for
the relatively short proof of L.emma 4, which they discovered.

Corollary (Hayman; Newman). Suppose {z.} 1s a sequence of poinits in
the open unit disc which approaches the boundary exponentially, i.e.,

I_-J_L<c<1

1- | n—ll
Then {zy} 1s an inlerpolating scquence.
Proof. Since, for points @, 8 in the unit disc,

1 —aB|~ 1—|alg]

> el ol = lal

1 — el et = ez

we sce that

2k — %

H 1— EJZk

J#k

When j > k, we have

1= |z = ¢ — |a)
and thus
|z} = lael 2 (1 = ¢*)(1 — |a).
On the other hand,
1= lzjllal = (1 + ) = |al).
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Thus
T 1l—c
> .
:Ek - nI=II 1+c
Ifj <k,
1= || = (1 — |z))
lze] — |zl 2 QA = =)A= |2))
1 —|zlz] = @ + =)A= |3)).
Thus
o> oiz=<

i<k = n=1 1 + ct
and it is clear that {z,} satisfies condition (C).

Corollary. Any {zm} such that lim |z = 1 contains a subsequence which
18 an interpolating sequence.

Proof. This is clear from the previous corollary.

Corollary (Hayman; Newman). If {z} is an increasing sequence of
points on the positive axis, then {z.} is an interpolating sequence if and only if

_l.;i"_<c<]'
l—zn—l

Proof. We have shown that interpolation is possible if the z; tend to
the boundary exponentially. Conversely, if interpolation is possible, there
is a positive & such that

2 — Zr—1 2k — Zk-1 1—2
= = =] - —
5= 1=z 1 — 2 1 1 — 2z

These last corollaries show us that if |z| tends to 1 in a sufficiently rapid
way, then {z:} is an interpolating sequence; however, one should not get
the idea that any such growth condition is necessary for interpolation,
other than the obvious one:

3 (1 - [z]) < .
k=1

Three years before the solution of the H* interpolation problem, A. G.
Naftalevitch showed the following. If {2z} is any sequence of non-zero
numbers which satisfies this last summability condition, there exists a
sequence {Z} which satisfies condition (C) and for which

1% = lz), %k=1,23,....

There are different ways to formulate necessary and sufficient condi-
tions for {z:} to be an interpolating sequence. The condition (C) is cer-
tainly the simplest, but there are others which are instructive. One of
these is this: every sequence of 0’s and 1’s can be interpolated by some H*
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function. Hayman has given a dircet proof that if every such idempotent
sequence can be interpolated, then the sequence {2:} satisfies condition (C).
When combined with Carleson’s result, this shows the equivalence of
interpolation of all bounded sequences and interpolation of idempotents.
Actually, this equivalence is a consequence of a more general result of
Bade and Curtis on Banach algebras.

Theorem. Let B be a commutative Banach algebra with identity and let
S = {p«} be a sequence of distinct points in the maximal ideal space of B.
The following are equivalent.
@) Bls = {=,
(ii) B|s contains every idempotent in £=.
(i) S gs discrete in its relative topology as a subset of IM(B); its closure Sin
IM(B) is homeomorphic to the Cech compactification of S; 8 is a hull in IM(B).

Proof. Obviously, (i) implies (ii). Now we shall prove that (ii) implies
(i). Here we shall use the result of Badé and Curtis [Corollary 3.5, page
858, Amer. Jour. Math., October, 1960]. It states the following. Suppose
that 4 is a complex linear subalgebra of £* which contains every idempo-
tent in £*. If there is any norm on A under which it is a Banach algebra,
then A = £=. In the casc at hand, we apply this theorem to 4 = Bls.
All that we need demonstrate is that this A is a Banach algebra with some
suitable norm. But this is clear. Let I be the (closed) ideal consisting of
those elements z in B such that £ = 0 on S. Then

@+1D)—gs

is an isomorphism between the quotient algebra B/I and the algebra Bls.
The standard quotient norm on B/I is a Banach algebra norm, and that
completes the argument that (ii) implies (i). Now assume that (i) holds.
We shall prove (iii). Since every bounded function on the sequence S
is the restriction to S of a continuous function £, it is clear that each px
is isolated from the points p;, j # k. In other words, S is discrete as a
topological subspace of 9M(B). Consider the closure S of S in M (B).
Each bounded function on S has a continuous extension to S, by (i).
The functions £, z in B, separate the points of S, since they separate the
points of 9M(B). Since S is dense in S, it follows that S is the Cech com-
pactification of S, i.e., the smallest compact Hausdorff space which con-
tains S and has the property that every bounded (continuous) function
on S has a continuous extension to the containing space. The hull of S
is the set of all points p in M(B) such that £(p) = 0 for every £ which
vanishes on §, i.e., for every z in the ideal I. For any p in the hull of S,

£|s — £(p)

defines a complex homomorphism of the algebra Bls. But B|s = £=, which
is isomorphic to the algebra of all continuous functions on S. The above
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homomorphism is, therefore, evaluation at a point of S, that is, p isin S.
We conclude that S = hull (S). That completes the proof that (i) implies
(iii). Assume now that (iii) holds. We prove (ii). As we noted before,
B|s is a commutative Banach algebra, using the norm inherited from B/I.
It is easy to verify that cvery complex homomorphism of Bls is evaluation
at a point of the hull of 8. Since hull (8) = Sand Sis the Cech compactifi-
cation of the discrete countable space S, the maximal ideal space of Bls
is the totally disconnccted space S. By the theorem of Silov (82), Bls
must contain every idempotent continuous function on . Hence, we
have (ii).

If we apply this theorem to H® and combine with our earlicr results,
we see the following. If S = {z} is a sequence of distinet points in the
open unit dise, these are equivalent: (i) S is an interpolating sequence;
(ii) S satisfies condition (C); (iii) primitive idempotent sequences (i.e.,
sequences of one 1 and the remainder 0’s) ean be interpolated in a bounded
way; (iv) every idempotent sequence can be interpolated; (v) the closure
of the sequence S in the maximal ideal space of H* is homeomorphic to
the Cech compactification of the integers, and if B is the Blaschke product
with zeros {z:}, then cvery zero of B on M(H=) is in the closure of S.

Corollary. Let B be a Blaschke product whose zeros are an interpolating
sequence, and let f, . . . , fu be functions in H*. The following are equivalent.

(i) There are functions g, g, . . ., ga tn H* such that
gB +Zgifi =1
J

(ii) There is a & > 0 such that
1Bl + 1Al + -+ 1/l 2 8

on the unit disc.
(iii) There is a & > O such that

|fl| + -+ Ifnl =9
on the sequence of zeros of B.

NOTES

For a discussion of the maximal ideal space of a commutative Banach algebra,
see the papers of Gelfand [32], Gelfand-Raikov-Silov [33), or the book by Loomis
[54]. The results on 9N(H*) which are found in the second, third, and fourth scc-
tions of this chapter are contained in the paper of I. J. Schark [80]. The basic
results on L* as a Banach a];,cbra are well-known; e.g., see Dunford-Schwartz [25].
The identification of the Silov boundary for /I* is also from the paper of L. J.
Schark [80]. The uniqueness of representing measures for points in the open unit
disc was proved in the paper of Gleason and Whitney [35], together with various
generalizations. It was first pointed out by Gleason that there are no non-trivial
Dirichlet algebras on a totally disconnected space. The proof given here was shown
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to me by H. S. Bear. The regularity of the algebra A, on the fiber X, was proved
in the paper of Hoffman and Singer [49], together with these consequences: A, lies
in no maximal subalgebra of C(X4), and H* lies in no maximal subalgebra of L®.
The conncctedness of the fibers M, and the space 9M-A was proved in the paper
of Hoffman [48]. The various consequences of the fact that the algebra A is regular
on the space X do not depend upon the fact that A is uniformly closed, but only
on the fact that A is a commutative Banach algebra under some norm. The basic
material on the interpolation problem in /7*is contained in the papers of Carleson
[18], Newman [65], and Hayman [Ann. de I'Institute Fourier, XIIT (1958)]. The
proofs we have used here are in the paper of Shapiro and Shields [81]. Their
paper contains a nice discussion of this and other interpolation problems, and
a rcasonable bibliography on these problems. While reading the page proofs for
this chapter, I received a manuscript from Lennart Carleson, and it appears that
he has proved that the open unit dise is dense in M (H®).

EXERCISES

1. Prove that the complement of the open unit disc in NM(H =) is the maximal
ideal space of the closed subalgebra of L= which is gencrated by H= and 3.

2. Let A be a uniformly closed subalgebra of C(X). Let ¢ be a complex homo-
morphism of A which is not evaluation at a point of X.

(a) Among all the support sets for ¢ prove there is a minimal one (not neces-
sarily & minimum one).

(b) Prove that any minimal support sct for ¢ is a perfect set. (Hint: If z, is
an isolated point of Sy, the closed support of a representing measure my for ¢,
choose f € A such that f(xe) = 0 and ¢(f) = 1, and look at fdms.)

3. Consider the algebra A,, obtained by restricting H= to the fiber 9, in
NM(H=). Prove the following:

(a) Ag contains a non-constant real-valued function.

(b) Every point on the Silov boundary X, is in the closure of Mg — Xa.

(¢) If K is any open-closed subsct of X,, then the restriction of A, to K
is not dense in C(K).

(d) If K is a closed subset of X,, then the restriction of 4, to K is C(K),
if and only if every measure on X, which is orthogonal to A, has total
variation 0 on K.

4. With the notation of Exercise 3, if ¢ is a complex homomorphism of A,
let Sy be the closed support of the (unique) represcnting measure for ¢. Prove the
following:

(a) If ¢ € M, — X,, then S, is a perfect subset of X, which has no interior
in X,.

(b) For any ¢ € M, the support set S, is an intersection of “peak” sets for
H=, i.c., subsets of M(H=) of the form {f = 1}, where f€ H* and
7l = 1.

(c) If ¢ € M, — X, there exists a ¥ € M, — X, such that Sy is a proper
closed subset of S,.

(d) If K is an open-closed subsct of Xa, then the restriction of A, to K is
not uniformly closed, unless K is empty or K = Xo.
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6. Let {z:} be a sequence of points in the open unit dise. Prove that S = {2}
is an interpolation sequence if and only if the following is true: If S; and S. are any
two disjoint subsequences of S with corresponding Blaschke products B, and B,
then B; and B, lie in no proper ideal of H~.

Suppose {zx} and {2} are disjoint interpolating scquences, with corresponding
Blaschke products B and B. Prove that the union of the two sequences is an in-
terpolating sequence if and only if B and B lie in no proper ideal of H=.

6. Prove the equivalence of the three statements in the final Corollary of this
Chapter. Give an example of a Blaschke product for which these statements are
equivalent, but whose zeros do not form an interpolating sequence.

7. Let A be the uniform closure of the polynomials on the unit disc. If {z} is
a sequence of distinct points in the open unit dise, show that the following two
statements are equivalent.

(i) If g is any continuous function on the closed unit disc, there exists f € A
such that f(zx) = g(z¢), £ =1,2,3,. ...

(ii) {zn} is an interpolating sequence for /7=, and the set of accumulation points
of {z:} on the unit circle has Lebesgue measure zero.
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theory, 82 Fourier series of, 20
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Partial sums, 15
Periodic measure, 20
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Positive measure, 2
Privalofi’s theorem, 58
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theorem of M. Riesz, 151
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Representations of H=, 116

217
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Riesz representation theorem, 7
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Shift operator, 98, 111
invariant subspaces for, 99, 111, 115
Sigma ring, 1
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Spectrum, 91
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Cesaro, 17, 19, 20
Sup norm, 6
Support set for homomorphism, 181, 207
Szegi’s theorem, 49, 56, 184

Topology, weak, 159
weak-star, 8

Total variation, 5, 7

Unitary operator, 108, 134

Variation of measure, 5, 7
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