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PREFACE

The purpose of this text is to introduce the student to a
wide and extensive body of synthetic geometry. With only
the high school courses in plane geometry (including, at best,
trigonometry) as prercquisites, the student may become ac-
quainted with a large body of more or less connected geomet-
ric doctrine. Beautiful in its simplicity, it concerns the
geometry of the triangle and the circle, and requires only the
known Euclidean concepts. It is not the purpose of this book
to be exhaustive, or cven to explore the whole field, but to call
the attention of the student to the existence of this geometric
doctrine, which, in spite of its elementary character, is by
no means well known to mathematicians in general.

A number of problems have been included. Some of these
are simple; others require the reproduction of the material
in the text, while a few, usually marked by an asterisk or
followed by a suggestion, will test the skill of the better
students or require a search of the available literature. A
key to the solution of the problems has been included, but
it is hoped that the student will seriously try the problems
first and obtain solutions independent of the key.

A partial bibliography at the end lists a number of the
more important references, some of which will no doubt be
available in any college library. The author is indebted to
all of them, for he has consulted them and found them use-
ful in the preparation of this book.

One of the pleasant tasks of an author is to acknowledge
his obligations to those who assisted him. My collcague,
Professor Clifford Bell, used this text in manuscript form,
made many suggestions for its improvement, and was ex-
tremely helpful in reading the entire text in proof. To

v
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Roy H. Luke, I owe a still greater debt of gratitude for pre-
paring the illustrations for the engraver in such a satisfactory
manner. And finally I wish to express to Prentice-Hall, Inc.,
my appreciation for their many courtesies while the book
was in process of being published.

Paur H. Daus



HISTORICAL INTRODUCTION

The history of demonstrative geometry properly begins
with the Greek geometer Thales (640-546 B.c.). His actual
contributions to geometrical knowledge were few,‘ but he
first recognized the necessity of giving a demonstration based
upon a logical sequence of ideas. He was followed by
Pythagoras (572-501 B.c.) and his school, whose main con-
tribution was that they studied mathematics from the im-
material or intellectual viewpoint, and thus raised mathe-
matics to the rank of a science. Many geometers followed:
Hippocrates (460 B.c.) wrote the first elements of geometry;
Zeno (450 B.c.), the founder of the so-called Neo-Pytha-
gorean School, set forth the famous paradoxes that caused
mathematicians and philosophers to examine carefully the
foundations of mathematics; Democrites, Antiphon, Bryson,
Hippias, Archytas, Eudoxus, Menaechmus, and Demostra-
tus gave themselves to the task; and the period terminated
in the greatest of them all, Euclid of Alexandria. If not
the founder, at least the head of the famous mathematical
school of Alexandria (about 300 B.c.), Euclid attempted and
succeeded in doing what no other mathematician ever did
or can hope to do again: namely, to collect all the essentials
of the accumulated mathematical knowledge of his time.
He is the greatest textbook writer of all time. The best
known of his works, his Elements, has gone through innu-
merable editions. Perhaps he was too successful, for two
thousand years later, when new geometrical ideas and mod-
ern pedagogy were struggling for recognition, the unrivaled
supremacy of Euclid made the assimilation of these idcas
extremely difficult. Euclid did not write for high school

students, but the English clung tenaciously to the literal
vii



viil HISTORICAL INTRODUCTION

translations even when geometry finally forced its way down
from the universities to the secondary schools. Lagrange,
in the last half of the eighteenth century, separated the
theorems from the exercises and tried to organize the mate-
rial from a modern point of view. But America followed
England until lately, when our own texts have become more
human.

Closely following Euclid were two famous mathemati-
cians: Apollonius (225 B.c.), who attempted to do for the
conic sections what Euclid did for the circle and the triangle,
and Archimedes, the most brilliant mathematician of an-
tiquity. Their works are not so well known only because
their methods were outshone by those of Descartes’ geom-
etry and the calculus of Newton and Leibnitz. From that
time on little progress was made in geometrical ideas until
the renaissance of pure geometry at the beginning of the
nineteenth century. But there are a few names and ideas
that should be mentioned as they occur in this course. For
three centuries after Archimedes, during which Greece fell
and Rome came to power, little progress was made. About
100 A.p. a Roman mathematician, Menelaus, discovered the
theorem that bears his name, concerning a triangle and a
transversal. Carnot later made this theorem the foundation
of an extensive development. The theorem was forgotten,
however, and rediscovercd 1500 years later, by another
Italian mathematician, Giovanni Ceva, who also discov-
ered an important companion theorem. To Pappus (300
A.D.) we owe the development of harmonie division, although
the idea was known to Menelaus and probably to Apollonius
before him. With Pappus the first epoch of geometrical
knowledge closed.

The birth of analytic geometry, the brilliant discovery of
Descartes (1635), although he must share the honor with
Harriot and Fermat, completely masked the projective
geometry of Desargues, which might have started a geomet-
rical revival. When all Europe grasped hastily at these
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marvelous tools (for analytic geometry paved the way for
the calculus), when mathematicians could solve in an instant
problems which bothered the ancients for ages—it is no won-
der that pure geometry was neglected and that the contri-
butions of a Desargues or a Pascal lay quiescent for 150
years. Two hundred years after Desargues’ time, no
copies of his work could be found, except a copy fortunately
made by one of his pupils, De la Hire. The fault was partly
Desargues’, for although admired by Descartes, Fermat, and
others, he refused to listen to advice and failed to heed
Descartes’ warnings. He introduced seventy new terms,
of which but one, tnvolution, lives today, and that owes its
life to the fact that it was picked out for the most ridicule
by one of his reviewers.

But the youth of analytic geometry and the calculus could
not last forever, and about 1800 the renaissance of pure
geometry occurred. This developed along two distinct lines:
projective gcometry, and the geometry of the circle and the
triangle. We are at present concerned with the latter. It
began with the descriptive geometry of Monge, published
in 1794, although developed 30 years earlier. Mascheroni
(1800) gave us the geometry of compass constructions, which
was systematized later by Adler by means of the geometry
of inversion. Carnot, starting with the ideas of Menelaus
and Ceva, built up his geometry of transversals. Crelle in
1816 started the modern geometry of the triangle. In 1822
Feuerbach cnunciated the famous theorem that goes by his
name. In 1840 Steiner gave projective geometry its modern
metrical point of view and made extensive additions to the
geometry of the circle and the triangle, frequently announc-
ing results without proof, and thus setting problems that
excited intercst for many years thereafter. In 1873 Lemoine
started the subject of geometrography, dealing with a cer-
tain phase of construction problems. In 1877 Brocard an-
nounced his results about the Brocard points, and since that
time the number of new results in that and related connec-
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tions has been almost transfinite. It is not the purpose of
this course to go into these most recent developments, but
enough has been mentioned to indicate the tremendous geo-
metric development since the ‘“Heroic Age of Geometry”
began.
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SIMILAR FIGURES

1. Introduction

In elementary plane geometry we frequently use the sim-
ple rigid motions; that is, translation and rotation, with occa-
sional use of reflection. These transformations are charac-
terized by the fact that both distances and angles remain
invariant under these motions. These ideas are included in
the postulates of Euclid, which imply that figures remain
unaltered when moved about, and become the basis of all
so-called proofs by the method of superposition. Some use
is made in elementary geometry of similar figures, and we
assume the student is familiar with the elementary proper-
ties of similar triangles. We shall proceed to expand this
idea in this chapter.

A number of propositions in elementary geometry deal
with problems of concurrency of three lines or collinearity of
three points. In Chapter 2 we shall systematize the proce-
dure for the discussion of such problems. In Chapter 3 we
shall consider a transformation called inversion. Thisisone
of our most powerful and important tools for the study of the
modern geometry of the triangle and circle. Although the
technical difficulties of Chapter 3 may appear greater than
those of later chapters, it is most desirable to master this
transformation at this point as a tool for later work.

2. Division of segments

We shall first recall some elementary results concerning
line segments. We adopt the usual conventions of analytic
geometry. We assign arbitrarily the positive direction to a
line, and if A and B are any two points on the line, we define

1



2 SIMILAR FIGURES [Ch. 1, §2

AB = —BA, where AB designates the directed length of
the line segment from A to B. Under such a convention, if
A, B, and O are three points in any order on the line,

AB = A0 + OB = OB — OA.

If we take O as the origin and let the distances OA = a, and
OB = b, this relation becomes

AB = b — a.

If X is a point on the line which divides the segment AB
into two segments AX and XB, then their ratio

AX z-—-a

"=XB=bt-% @

This ratio is positive if X is between A and B; otherwise it
is negative. It has a unique value for each given point X,
with the understanding that if A and X coincide, then r = 0,
and if B and X coincide, then r = . Further, if X pro-
ceeds to infinity along the line, the limit of r is —1. Con-
versely, if A and B are any two points on a line, and r
is any given ratio, there exists a unique point X such that
AX/XB = r. For the solution of equation (1) for z yields
a unique value

_a+rdb
r = l-f-T’

except when r = —1. If r = 0, it is evident that X is iden-
tical with A. If we divide both the numerator and denomi-
nator of the fraction (2) by r, we see that as r tends to infin-
ity, X tends to B. Finally, if we permit r to approach —1,
X becomes the ideal point which we postulate is on the line
at infinity.

Two distinct lines in the same plane intersect or are par-
allel. The fundamental Euclidean parallel postulate for the
plane may be stated in the form: One and only one parallel
to a given line passes through a given point not on the line.
In order to avoid the continual and annoying statement of
exceptions occasioned by the difference between parallel

@)
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lines and intersecting lines, it is convenient to interpret the
parallel postulate in terms of ideal points, and replace the
parallel postulate by the following statement: On a given
line there vs one and only one ideal point, which lies on every
parallel to the given line and is at an infinite distance from
every other point of the line. 'With this convention, two lines
in the plane always intersect, but the ideal point at infinity
on any line may be considered only in connection with a
limit process.

The set of all ideal points in the plane has the character-
istic that any other line contains one and only one point of
the set. Because of this property we agree to call this set
the ideal line at infinity. One must not expect that it has
all the properties of an ordinary line, for it also must be con-
sidered only in connection with a limit process.

At times it is convenient to begin both segments at X ; this
merely changes the sign of 7. Also, as in the theory of simi-
lar triangles, we may be interested in the ratio of one segment
to the whole scgment, say AX/AB = k. The equations
which correspond to (1) and (2) are
r—a
. b—ad
with & = 0 corresponding to A,k =1 to B, and £k = » to
the ideal point at infinity. It may be left as an exercise for
the student to determine the relations between r and k.

k:

x=a+k(b—-a), (3)

* As a numerical example, it is readily seen by constructing a
diagram, that if T is the first trisection point of AB, then
k= AT/AB =1/3, and r = AT/TB = 1/2. 1If, however, we
extend AB to S, so that B is the first trisection point of A4S, then
k= AS/AB = 3, and r = AS/SB = —3/2. If the extension is
made in the opposite direction to R, so that A4 is the first trisection
point of BR, then k = AR/AB = —2,andr = AR/RB = —2/3.

3. Angle between two lines

The distance between two finite points P and @ is uniquely
understood so that the distance PQ is a definite, finite, posi-

* Smaller type indicates the less essential portions of this book.
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tive or negative quantity, but this uniqueness does not
appear when we consider the angle between two lines which
intersect in a finite point. The angle from the line p to the
line ¢ is the measure of rotation of p about the point of inter-
section of the lines until p coincides with q.

g Yo/ It is apparent that this rotation could be
either counterclockwise (positive) or clock-

wise (negative) as indicated in Fig. 1, so

that % pq is ambiguous; we might also

change either of the angles indicated in the

figure by multiples of 180° to further com-

Fig. 1 plicate this ambiguity. Because of this

we cannot say X pg = — X g¢p, but we

can say that X pg + X ¢p is a multiple of 180°, no matter
which of the possible values we use for either X. pq or X gp.
We borrow a term from the Theory of Numbers and then say
X pq + X% qp is congruent to zero modulo 180°, written

X pq + % gp = 0 (mod 180°)
or again
X pg = — X gp (mod 180°).

Where there can be no misunderstanding, we may omit tlee
term “modulo 180°” and merely say X pgq is congruent to

- X qp.
If a, b, ¢ are any three lines through the same point, then

Xab= X ac + X cb (mod 180°),

but the corresponding statement with equal signs would not
necessarily be true.

We shall illustrate this notation by stating a simple but
very useful necessary and sufficient condition that four
points be concyclic.

If A, B, C, D are four points on a circle, then (see Fig. 2)

% ACB = % ADB,

where the angles are those marked by a single directed arrow.
If in the figure on the right, we use the angle which measures
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the rotation of the half line DA to the half line DB, this
angle being negative, our relation becomes

X. ACB = X ADB (mod 180°).

This relation is obviously correct no matter which of the
marked angles at D we use. For example, in Fig. 2b, if

0
C

0
Fig. 2a Fig. 2b

X ACB = 75°, and we take X. ADB, as indicated by the
double arrow, as —105°, we have 75° = —105° (mod 180°),
since 75° = —105° + 1-180°.

Since the converse results can be established by the
method of reductio ad absurdum, the details of which do not
concern us just now, we may state the theorem in the follow-
ing form:

TuEOREM. A necessary and sufficient condition that the
points A, B, C, D be concyclic is that the angles which AB sub-
lends at C and D, sense being taken nto account, be congruent
modulo 180°.

4. Homothetic figures

If O is a fixed point and the point P describes a curve, and
if P’ is a point on OP such that

OP’
OP-—k (k #0orl),

the locus of P’ is said to be homothetic (similar and similarly
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placed) to the locus of P. The point O is called the homo-
thetic center, and k¥ the homothetic ratio or ratio of simili-
tude. The constant k may be positive or negative, and the
curves are accordingly directly or inversely homothetic.
PanToGgrAaPH. There is a well known elementary linkage,
called a pantograph, which erfables one to draw mechanically
a curve homothetic to
4 another given curve
(Fig. 3). It consists
essentially of four rods
¢ so arranged that the
figure ABCP is a par-
o ? y-2 allclogram and the
lengths OA = AP and
PC = CP’. The point
O is fixed, and the linkage is pivoted at P, A, B, C. If P
describes a curve, then P’ describes a curve homothetic to it.
From the parallelogram we have AB = PC and AP =
BC, so that OB = BP’, and X OAP = X OBP’. 1t fol-
lows that the isosceles triangles OAP and OBP’ are similar,
so that X POA = X P’OB; hence the three points O, P, P’
are collinear. Further OP'/OP = OB/OA = k. By means
of adjustable pivots, the value of k¥ may be varied.

Fig. 3

5. Homothetic circles

The student can readily show that the curve homothetic
to a line is a line parallel to the given line; and hence the
figure homothetic to a triangle is a similar triangle whose
sides are parallel to those of the given triangle. (See prob-
lems 9, 10, and 11 in exercise 1.)

The converse theorem is more difficult to prove and, as
an illustration of a commonly used indirect method, we out-
line a proof here. The student should draw the diagram
for the problem:

If two noncongruent triangles are such that their correspond-
ing sitdes are parallel, the triangles are homothetic.
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We recognize that we must prove that the lines joining corre-
sponding vertices meet in a point O and that OP/OP’ = k, where
P and P’ are any pair of corresponding points. We assume that
the direct theorem has been proved. Let the triangles be ABC
and A’B’C’, and let AA’ and BB’ meet in O. Then

0A OB AB

O0A’ OB = A'B’
Construct the triangle A’B’C’”” homothetic to the triangle ABC
with respect to O and the above ratio. Then B’C” is parallel to
BC, and hence the lines B’C’ and B'C” coincide. Similarly the
lines A’C’ and A’C" coincide, so C’ and C” coincide and the
given triangles are homothetic from O with ratio AB/A'B’.

A second indirect method is suggested in the Key to the Solu-
tion of the Exercises.

For the circle we have the following elementary theorem:

TaeoreM. The curve
homothetic to a circle is a
circle and the centers are
corresponding points in the
transformation.

Let P (Fig. 4) be any
point on the circle whose
center is C, and P’ deter- Fig. 4
mined on OP such that
OP'/OP = k. Draw P'C’ parallel to PC. Then

oo’ _PC _oP _,

ocC PC OP ’
But OC and PC are constant, and hence OC’ and P'C’ are
also constant, and P’ lies on a circle whose center is C’.
The points C and C’ are corresponding points in the trans-
formation.

We note that if k is positive, then O is exterior to CC’,
while if % is negative, O is between C and C’. The student
should draw diagrams for the cases when k is positive, when
it is negative, and when O is within or outside of the given
circle.
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Before proceeding further we digress a moment to consider
such terms as converse, necessary and suffictent, and locus. If
a theorem has but a single statement in its hypothesis and a
single statement in its conclusion, then the result of inter-
changing the hypothesis and conclusion is called the converse
theorem. If, however, as often happens, the hypothesis
contains more than one condition, cxpressed or implied,
more than one converse theorem may be obtained by replac-
ing different parts of the hypothesis by parts of the conclu-
sion, and the word “converse” thus becomes ambiguous.
Clearly, in this case, the precise converse to be proved should
be stated.

If statement B implies statement A, then A is a necessary
condition that B be true. Conversely, if statement A
implies statement B, then A is a sufficient condition that B
be true. If the theorem and its converse are true, we say
that either statement is the necessary and sufiicient condition
that the other be true. In the proof of a theorem which
involves a number of steps, it may be true that all the con-
verses of the intermediate thcorems are truc and hence the
converse of the original theorem may be obtained by retrac-
ing the steps. But a mere statement, ‘‘retrace the steps,” is
fraught with dangers and is never satisfactory unless we
know that all the converses are true. The algebraic proc-
esses are more readily recognized than the geometric ones,
and for that reason we need to be especially circumspect,
and make sure the steps are really retraceable.

The term ““locus of a point” in the sense that we shall use
it implies both a necessary and a sufficient condition. To
determine the locus requires the proof of a thcorem and a
converse theorem. We must show that every point on the
locus satisfies certain conditions and conversely that every
point that satisfies these conditions lies upon the locus.

After this digression we return to the subject of homothetic
circles, and prove the following theorem which is in the
nature of a converse to the preceding one:

THEOREM. If A and B are the centers of two circles of
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unequal radii a and b, and if AB is divided internally at O,
and externally at O in the ratio of the radii, then the circles are
homothetic with respect to both O and O, and corresponding
points lie on the extremalies of parallel radir.

Let
04 _a
OB b
and let AP and BP’ be parallel radii (Fig. 5a), drawn so

’

Fig. 5a

that P and P’ are on the same side of the line AB. Since
0OA/OB = AP/BP’ and the angles at A and B are equal,
it follows that the triangles OAP and OBP’ are similar.
Hence % AOP and % BOP’ are equal; O, P, and P’ are
collinear; and OP/OP’ = a/b—that is, the circles are homo-
thetic with respect to 0. Precisely the same argument may
be applied to 0y, defined by A0,/0,B = a/b, with the radii
drawn in opposite senses; the details are left to the reader.

It may be remarked that if the radii are equal, the external
homothetic center is the ideal point at infinity on the line
AB, but the indicated properties follow directly as a limiting
case. Hereafter we shall not always point out these limiting
cases but imply them and leave their recognition and proof
as exercises for the reader. Only when they are important
shall we mention them explicitly.

We call attention to the following corollaries: (1) If OP is
tangent to one circle, it must also be tangent to the other,
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and the points of contact lie on the extremities of parallel
radii. (2) Since the points O and O, are unique, the circles
can be homothetic in only two ways. The points are called
the homothetic centers of the two circles.

The two given circles may be in three distinet, relative
positions—external to each other as in Fig. 5a, intersecting

7-”
Fig. 5b

as in Fig. 5b, or one inside the other as in Fig. 5c. The first
corollary indicates that if the circles have a common tangent,
it passes through a homothetic center of the two circles and
this center is outside of both
circles. If O is inside one circle,
it must be inside the other, for,
from the relation OA/OB =
a/b, if OA < a, then OB < b.
Similar statements are true
for 01.

These notions suggest a so-
lution of the problem to con-
struct a common tangent to
two circles. By means of par-
allel radii, we may construct
the homothetic centers. If one
of these is outside the circles, we construct the tangent from
this point to one of the circles. We recall how this can be
done. Suppose the homothetic center is 0. Then the circle

Fig. 5¢
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that has OA as diameter will intersect the circle that has the
center A at the points of contact.

6. Similar figures

Two figures are said to be similar if all corresponding
angles arc numerically equal. It is a proposition of elemen-
tary geometry that this necessitates that corresponding seg-
ments are proportional, and conversely. If the angles of
both figures are described in the same sense, the figures are
directly stmalar; if described in the opposite sense, the figures
are tnversely similar.

By way of review, we recall a second criterion that four
points be on a circle.

TreorEM. If A, B, C, D are four points and if AB meets
CD at O, then a necessary and sufficient condition that the four
pornts be concyclic 1s OA - OB = OC - OD.

Suppose the four points are on a circle. Then (Fig. 6)

from the equality of angles, the triangles OAD and OCB are
directly similar, so that 0A/OD = OC/OB or
OA - OB = 0C - OD.

Conversely, suppose this equation is true and consider the
circle determined by A, B, and C. Let OC cut this circle at
D’. Then OA - OB = OC - OD’, and it follows that OD =
OD’; hence D and D’ coincide, and the four points 4, B, C,
D are concyclic.
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The lines AC and BD are said to be antiparallel with
respect to AB and CD. The property that the lines AC and
BD are antiparallel with respect to AB and CD is equivalent
to the above condition that the four points 4, B, C, D be
concyclic. This condition may be expressed in terms of
angles as in section 3. It follows that AD and BC are anti-
parallel with respect to AB and CD, and likewise AB and
CD are antiparallel with respect to AC and BD.

It is obvious that if any or all of the transformations,
translations, rotations, reflections, or expansions from a fixed
point (homothetic transformations) be performed on a figure,
the resulting figure will be similar to the original one. Con-
versely, we can now prove that if two figures are similar,
they can be made to coincide by a scries of these transforma-
tions, thus indicating that the general similarity transforma-
tion includes the four transformations mentioned.

If the two figures are inversely similar, a reflection of one
of them on an arbitrary linc yields two dircetly similar fig-
ures, and consequently we confine our further attention to
this case.

7. Center of similitude
The following theorem is fundamental:

THEOREM. Any segment AB can be carried tnto any seg-
ment A'B’ in one and only one way by a transformation which
1s etther (1) a translation, or (2) a rotation followed by an
expanston about the same fixed point.

Case 1. AB parallel to A’B’. If AB equals A'B, a
translation achieves the result; if AB is not equal to A’B,
an expansion suffices, as may readily be seen by constructing
the simple figures, provided that the segments are not on the
same line. If the segments are on the same line, let O be
the unique point such that

oA’ _ 4B _
04 AB )

Then
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OB OA'+ A'B' _k-OA+k-AB _
OB OA + AB OA 4+ AB
and hence an expansion from O suffices. (If ¥ = 1, and 4 is
distinct from A’, then O is at infinity. If A and A’ coincide,
then for any value of k, O is at A.)

CasSE 2. AB not parallel to A’B’. Let AB and A’B’
meet at P. Let the circles through A, A’, P and B, B/, P
intersect again at O.
We see at once from
the consideration of
circular arcs (Fig. 7a)
that the triangles
OAB and OA’B’ are
directly similar, for
% OAB = x OA'B,
and also X OBA =
%X OB’A’. Hence if
we rotate OAB about
O until A falls on OA’ and then if we expand OAB with
regard to O as center until A coincides with A’, B will
coincide with B’.

Conversely, if there exists a point O about which we may
make such a transformation, then the angles AOB and
A’OB’ are equal and OA/OA’ = OB/OB’. 1t follows that
X BAO = X B’A’0, or what is the same thing, X PAO =
% PA’O (mod 180°); hence A, A’, P, 0, and similarly B, B/,
P, O, are concyeclic (section 3), so that our construction deter-
mines the point O. The point O is called the center of simili-
tude. If a translation is involved, the center of similitude is
considered to be at infinity. The fixed ratio is called the
ratio of stmilitude. In case there is no rotation (or transla-
tion), but merely an expansion, the center of similitude is a
homothetic center; that is, the homothetic transformation
is a special case of the general similarity transformation in
the case where an expansion alone suffices.

If some of the points considered above coincide, the circles
take special positions, but the proof holds without essential

k,

Fig. 7a
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modification. If one of the given points, say B, coincides

with P, the circle BPB’ is the circle through B’, tangent to
AB at B. If the two circles are tangent at P, so that O and

Fig. 7b

P coincide (Fig. 7b), then AA’ and BB’ are parallel. For a
consideration of arcs shows that

X A'A0 = %X A'PO = %B'PO = % B'BO,

making AA’ and BB’ parallel lines. The construction for O
is still valid; a rotation about O, followed by a homothetic
transformation from O, transforms AB into A'B’.

Let us now consider two triangles (or polygons) which are
directly similar. Then there exists uniquely either (1) a
translation or (2) a rotation followed by an expansion about
a fixed point, that carries one polygon into the other. For
the transformation of the last theorem that carries AB into
A’B’ must also carry any other vertex C into C’ because of
the equality of angles. The definitions given above apply
equally well to our present configuration, and we may sum-
marize the results by the statement that two directly similar
polygons have one, and only one, center of similitude.

An interesting interpretation of the foregoing result is
obtained if we consider two maps of the same plane region
drawn to different scales. If the maps are laid one upon the
other, then there exists one and only one point whose repre-
sentations in both maps coincide (of course it may fall out-
side the boundaries of the actual maps). If the maps are
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drawn to the same scale, either one may be rotated about a
fixed point or moved parallel to itself until they coincide.

8. Centers of similitude for two circles; circle of similitude

If we consider a circle as the limiting position of an
inscribed polygon, we might consider that any point on the
second circle corresponds to a given point on the first circle,
and so suspect that there would be an infinite number of
centers of similitude. In this connection we have the follow-
ing theorem:

THEOREM. The locus of centers of similitude of two non-
concentric unequal circles is a circle having as diameter the line
Jjoining the two homothetic centers.

Let P (Fig. 8) be any position of the center of similitude;

Fig. 8

that is, P is such that a rotation about P followed by a
homothetic transformation from P will transform one circle
into the other. We must then have

PA a

PB ™ b
But O and 0, divide the segment AB externally and inter-
nally in this same ratio. Hence, from a proposition of ele-
mentary geometry (problem 4, exercise 1), PO and PO, are
the external and internal bisectors of the angle at P, and so
are perpendicular. Consequently P lies on the circle having
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00, as diameter. This circle is known as the circle of
stmilitude.

Conversely, let P be any point on this circle, so that PO is
perpendicular to PO,, and construct PB’ so that PO, bisects
the angle APB’ internally. Then PO is the external bisector
of this same angle, and it follows that O and O, divide the
segment AB’ internally and externally in the same ratio.
This implies that B and B’ coincide, for by combining

40 _ Ao, . 40 _ Ao,
OB 0,B OB’ ~ ~OB”
we obtain
0B _ OB’
BO, — B0,

Hence (section 2) B and B’ coincide so that PO and PO, are
the angle bisectors of angle APB. Ilence PA/PB = a/b,
and after PA is rotated into the position PB, an expansion
from P makes the circles coincide.

If the two circles are equal, since O is at infinity, there is
properly no circle of similitude, but the locus of the centers
of similitude is the perpendicular bisector of the line segment
joining the centers. This line may be considered as the
limiting position of the circle of similitude as the radii of the
circles approach equality.

Exercise 1. Similar Figures

1. If A and B are two points on a line, trace the change in
r = AX/XB as X moves along the line; similarly fork = AX/ABD.
Discuss the relation between r and k.

2. Give a geometric construction for the points that divide a
given line segment in the ratios a/b and —a/b, where a and b arc
given positive integers.

3. (a) Iuler’s Theorem. If 4, B, C, D are any four points
on a line, prove DA - BC + DB -CA + DC - AB = 0.

(b) Restate the theorem beginning with the point A.

4. State and prove the elementary propositions used in sec-
tion 8 concerning the bisectors of the angles of a triangle.
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5. Prove the converse indicated in section 3; namely, that if
A, B, C, D are four points such that angle ACB = angle ADB,
then the four points are concyclic.

6. If two lines are each antiparallel to a third line with respect
to a given pair of lines, prove the first two lines are parallel.

7. If ABC is a triangle inscribed in a circle, prove that any
line parallel to the tangent at A is antiparallel to BC with respect
to the other sides.

8. Arrange the rods of a pantograph so that the figures will
be inversely homothetic. Letter the figure as in the text and
follow the proof to see if it still holds.

9. Prove that the curve homothetic i 2 "ng\ ‘is a line.

10. Show that angles remain invariant under a homothetic
transformation.

11. (a) Prove that the figure homothetic to a triangle is a
similar triangle.

(b) Use this property to prove that the curve homothetic
to a circle is a circle.

12. (a) If two triangles are such that their corresponding
sides are parallel, the triangles are homothetic.

(b) Apply this result to the triangle formed by joining
the midpoints of the sides of a given triangle. What is the homo-
thetic ratio? Where is the homothetic center?

13. Use problem 12(a) to solve this problem: Through a given
point draw a line through the inaccessible (that is, not meeting
on the paper) intersection of two given lines.

14. In a given triangle inscribe a triangle whose sides are par-
allel to the sides of a third given triangle. (Suggestion: Place
one side and use the method of homothetic figures.)

15. (a) If ABCD is a simple convex (nonre-entrant) quadri-
lateral inscribed in a circle, by considering the triangles formed by
joining the vertices to the center, prove that angle A + angle C =
angle B + angle D, where angle A = angle DAB, and so forth;
that is, prove that the sums of the pairs of opposite angles are
equal.

(b) Discuss the same problem if the quadrilateral is re-
entrant, showing how the sense of direction is involved.
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*16. If a simple quadrilateral is circumscribed to a circle, using
the fact that the tangents from a point to the circle are equal,
derive a relation analogous to that of problem 15. Discuss the
cases of a nonre-entrant and a re-entrant quadrilateral.

17. Stewart’s Theorem. (a) If A, B, C, D are four points
on a line, show that
DA? - BC + DB?-CA 4 DC?- AB + BC -CA - AB = 0.

(b) If A, B, C are collinear and D is any point not on
their line, show that the same equation is true. (Suggestion:
Draw DD’ perpendicular to AB. Apply the theorem of Pytha-
goras and case (a) above.)

*18. Make a study of the properties of inversely similar figures.
(Consult Lachla», Modern Pure Geometry, pages 134 and fol-
lowing.)

* Problems preceded by an asterisk may require an extensive discussion or
a search of the literature. A bibliography is given at the end of this text.



CONCURRENCY AND COLLINEARITY

Part 1. Theorems of Menelaus and Ceva

9. Definitions

Three or more points are said to be collinear if they lie on
a line; threc or more lines are said to be concurrent if they
pass through the same point. The student is already famil-
iar with a number of propositions of elementary geometry
involving these notions, proofs of which can be found in any
clementary text. Such theorems will also serve as good
applications of the theorems of Menelaus and Ceva which
follow. The proofs of these theorems given in sections 10
and 11 are due to Jacob Steiner.

10. Menelaus' Theorem

This theorem was discovered by Menelaus of Alexandria
(about 100 A.p.), but was forgotten and rediscovered 1600
years later by an Italian mathematician, Giovanni Ceva,
who published, in 1678, both this theorem and the one that
bears his name.

TueoreM. Three points By, B, Bs on the respective sides
of a triangle A1A.A; are collinear if and only if
AiBy A:Bi AsBy
BiAs Bud, Bod, = L @)
If By, B,, B; are collinear (Fig. 9), let a line through A,
parallel to 4;A4; cut the transversal BB, in K. The trans-
versal cuts one or three of the sides of the triangle externally
and hence one or three of the ratios in (A) are negative; con-
sequently the product of these threc ratios is negative. The

signs are accounted for in the proportions below.
19
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From the similar triangles B;A,K and B;A3B;, we have

AK _ A:B, AsBs - AsBy a
A:B; ~ 4:B B, 4,

A2K=—'

K A4,

A, A,
Fig. 9s

From the similar triangles A,KBj3 and A1B,B3;, we have

MK _ By _  BA-BA g
Bod, — 4,8, O AEK=+—"4F @

A

B,
Fig. 9b
Equating the two values of A,K and simplifying, we obtain
the relation (A).
Conversely, if the equation (A) is satisfied for points By,
B;, B; on the sides of the triangle, let B,B; cut a3 = 4,4,

in B;. Then in addition to equation (A), we have a similar
relation with B; replaced by Bi5. Hence

A\B; _ AiBs

BiA,  BA.
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from which by the laws of proportion we find

AiB; _ AiBs
A A, A A,

and B; and Bj coincide, completing the proof.

11. Ceva's Theorem

The three lines which join the three points By, By, B3 on the
respective sides of the triangle AjA;A; to the opposite vertices
are concurrent if and only if

AlBa AzBl AsBZ__
B.d, B.A, Bad, ~ TL (B)

The following proof shows
that this and the last theorem
are not independent, for this
proof is made to depend upon
Menelaus’ Theorem.

Suppose that A.B; meet in a
point C (the Ceva point). Con-
sider A,B, as a transversal of
triangle A,B1A;. Then (Fig. 10)

AiC Bid, A3Bs
CBl A2A3 BZAI

= 1. (6]

Similarly, using B;3;A; as a transversal of the triangle A,4,B;,
we find

AiBy Awdy BC _ @

The product of (1) and (2), properly arranged, gives the
required result (B). Since the converse may be established
by the indirect method as in the last theorem, the details
may be omitted.

It frequently happens in the geometry of the triangle that
we are interested in the angles rather than the sides. Hence
we put (B) in a form using angles. We designate the sides
by a; and the lines through C as bj;, and the symbol ab;



29 CONCURRENCY AND COLLINEARITY [Ch. 2, §§11, 12

stands for the angle from the line a; to b,. If we apply the
sine law of trigonometry to the triangles A1B;4; and A,B343,
we find

AiBs  sin ashby sin as

B3A, ~ sin bsa; sin oy

where o, represent the angles of the triangle 4;4,4;.  Simi-
larly

AsB, sinash; sinoag
= . . . )
BiA;  sin biap sin ag

AsB: _ sin a;b; sin oy
BgAl sin b2a3 sin ag

Hence by multiplying these three equations, we find an
alternative form of Ceva'’s criterion. By reversing the direc-
tion of all angles it can be put in a form analogous to (B)

sin a;b;  sin agb;  sin asbs
sin bsaz sin biaz  sin bya,

= 1. ©

12. Avpplications

The concurrency of the bisectors of the angles of a triangle
follows immediately from (C). That the altitudes are con-
current follows from the fact that the angles a;b; and b,a3
are equal and from similar relations.

That the medians mecet in a point follows immediately
from (B). The trisection property follows from an applica-
tion of Menelaus’ Theorem to the triangle 4,8,4; with
AyB, as the transversal and with B, the midpoints of the
sides. Then (Fig. 10)

A,C BiA: AsB,  AC 1

-1 s

CB, A;A; B.A,  CB; 2

Therefore
AIC = 2031.

Other applications will appear in the exercises and later
in the text. One intercsting application of Menelaus’
Theorem appears in the next section.
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13. Homothetic centers of three circles

TaEOREM. The six homothetic centers of three circles taken
wn pairs lie by threes on four straight lines.

Let us designate the centers of the circles by 4, B, € and
their radii by a, b, ¢ (Fig. 11). Let X, Y, Zand X', Y’, Z’

Fig. 11

be the internal and external homothetic centers, X corre~
sponding to the circles B and C, and so forth. Then

AZ o AZ' _ _a
ZB~bY 7B b
and so on. If we consider the triangle ABC and any of the
four sets of points (X', Y, 2), (X, Y’', Z), (X, Y, Z’), and
(X', Y', Z'), a direct application of Menelaus’ Theorem
proves the result. For example, using the first set,

Az BX' CY _a _bec_

ZB X'C YA b ¢ a
so that the points are collinear.

If the circle whose center is C is tangent to the other two

circles, we may consider the points of contact as the limiting

positions of the homothetic centers, say X and Y, and hence
we may state the following result:

TrEOREM. If a circle is tangent to two other circles, the line
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joining the points of contact will pass through a homothetic
center.

Another proof is suggested in problem 8, exercise 2—
part 1.

Exercise 2.—Part 1. Theorems of Menelaus and Ceva

1. Prove Menelaus’ Theorem by drawing perpendiculars
from the vertices to the transversal.

2. Prove Ceva’s Theorem by drawing a line through A; par-
allel to AqA4s.

3. State and prove a trigonometric form of Menelaus’
Theorem.

4. Use problem 3 to prove that the bisectors of the exterior
angles of a triangle meet the opposite sides in three collinear points.

5. If a, b, ¢, d are any four lines through a point O,
show sin ab sin ¢d + sin ac sin db + sin ad sin bec = 0.

6. If a circle cuts the sides of the triangle A;A24; in Py, Q,
P,, Q2, and P3, Q3, so that APy, A2P2, A3P3 are concurrent, prove
that 4:Q:, A2Qz, 43Qs are concurrent.

7. The perpendiculars erected at the midpoints of the bi-
sectors of the angles of a triangle meet the sides opposite the
corresponding vertices in three collinear points.

8. Use Menelaus’ Theorem to prove that if a circle is tangent
to two others, the line joining the points of contact will pass
through a homothetic center. Consider both internal and external
contacts.

9. Generalize Menelaus’ Theorem to a polygon and a trans-
versal. Prove a theorem and a correct converse.

10. If M, are the midpoints of the sides of the triangle 4;4.43,
and if A, M, meets M,M; at P, and A;P meets A;14: at Q, prove
that Q trisects 4,4..

11. If two given circles meet at P and two perpendicular lines
through P meet the first circle in B and B’, the second circle in
C and C’, and the line of centers 00’ in A and A’, prove that
AB/A'B' = AC/A'C'.

12, (a) If three lines through the vertices of the triangle
A1A243, say A;:B;, meet at C, prove that
A10/0B1 = A],Bz/BzAa + AlBa/BaAg.



Ch. 2, §§13, 14] CONCURRENCY AND COLLINEARITY 25

(b) Apply this result to the medians of a triangle.

13. Given three circles, prove that the six lines formed by
joining a center of a circle to the homothetic centers of the other
pair pass by threes through four points.

14. The tangents to the circumcircle of a triangle A4;4.4;
drawn at the vertices meet the opposite sides in B;, B, Bs.
Show that these points are collinear. (Suggestions: Show that
B1As/B1As = (A143/A145)%, or evaluate the angles a;bs, and
80 on.)

*15. Pascal’s Theorem. ABCDETF is a simple hexagon inscribed
in a circle. The opposite sides AB, DE meet at L; BC, EF at M;
CD, FA at N. Prove that L, M, N are collinear. (Suggestion:
Extend AB, CD, EF to form a triangle XY Z, and then prove that
LMN is a transversal of triangle XYZ by considering in turn
BC, DE, FA as transversals of this triangle.

*16. Desargues’ Theorem. (a) The triangles ABC and A’B’C’
are such that AA’, BB/, CC’ meet in a point O. Prove that the
intersections of the corresponding sides are collinear. (Suggestion:
Consider the transversals B’C’, C’'A’, A’B’ in connection with the
triangles OBC, OCA, OAB, respectively.)

(b) State and prove the converse.

Part 2. Harmonic Division and Orthogonal Circles

14. Harmonic division

If A, B, C, D are four points on a line such that C and D
divide A B internally and externally in the same ratio, so that

then C and D are said to divide the segment AB harmoni-
cally, and C and D are called harmonic conjugates with respect
to A and B. Either C or D is said to be the fourth harmonic
of the other with respect to A and B. If (1) is true, then

CA | CB

ap*ED = L @
so that the relationship between the two pairs AB, CD is
mutual, and we say that the points are four harmonic points
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or form a harmonic range. We symbolize the relationship
by (AB, CD) = —1 (read the cross ratio of 4, B, C, D is
minus one, or A, B, C, D are four harmonic points). The
order of the points in the parentheses is important; the
comma separates one pair from the other. It is evident
from the definition that the pairs AB and CD separate cach
other, and when we write (4B, CD) = —1, we understand
that they do not appear on the linc in the order 4, B, C, D,
but appear so that the segments AB and CD overlap.

The name “harmonic”’ comes from the following property.
If (AB, CD) = —1, then

2 1 1
AB = Ac T D @)

The segments AC, AB, AD are thus in harmonic progression,
since their reciprocals are in arithmetic progression.

The proof is simple and follows from (1) by expressing all
segments with A considered as the origin. Thus

AC AD

AB — AC ~ “AB — AD )

We clear of fractions, collect terms, and then divide by the
product AB - AC - AD. The result is cquation (3). This
is a convenient form for computation to determine D, if 4,
B, C are given. It shows that D is then uniquely deter-
mined, provided, of course, we take D at infinity if C is the
midpoint of AB. Additional properties will be developed
later in this chapter.

15. Complete quadrilateral

The configuration made up of four lines, no three of which
are concurrent, and the six points determined by them is
called a complete quadrilateral. Any two of the six points
which do not both lie on one of the four lines arc called oppo-
site vertices. 'The lines joining opposite vertices arc called
diagonal lines, and the points of intersection of the diagonal
lines are called diagonal points, thus forming the diagonal
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triangle. Thus in the theorem of section 13 (Fig. 11), the
four lines joining the homothetic centers form a complete
quadrilateral; X, X’; Y, Y’; Z, Z’' are the pairs of opposite
vertices, and ABC is the diagonal triangle.

16. Harmonic property of the complete quadrilateral

Let Ay, A,; By, B;; Cy, C; be the vertices of a complete
quadrilateral (Fig. 12). Let BB, and C,C; cut 4;4, in X,

and X, Let us apply Menelaus’ and Ceva’s Theorems to
the triangle A;A,B; with C,C, as a transversal and B, as the
Ceva point. Then

A X, A.C. B,C,

X1A2 . CzBl . (/VIAI = +1) (l)
AXy A:Cy BiCy @)
X24, C:B1 Ci4y ’

A X: | AKX, = —1, @)

X142~ XoAs

or (A4, X1X,;) = —1. This result may be stated as the
following theorem:

THEOREM. A complete quadrilateral determines on any
diagonal a harmonic range; the vertices on the given diagonal
are one pair, and the tnlersection of this diagonal with the other
diagonals form the second pair of poinls tn the harmonic range.
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If in Fig. 12, the third diagonal point is X3, then

(B1B;, X1X3) = —1,
and
(CiCs, X:X;) = —1.

17. Complete quadrangle

The configuration made up of four points, no three of
which are collinear, and the six lines determined by them
taken in pairs is called a complete quadrangle. Any two of
the six lines which do not have one of the four points in com-
mon are called opposite sides. The points of intersection of
opposite sides are called diagonal points, and the lines con-
necting the diagonal points are diagonal lines.

Thus in Fig. 12, B,C,B;C; represents a complete quad-
rangle whose diagonal triangle is 4;4,X;. The six sides of
this complete quadrangle arc the four sides and two of the
diagonals of the complete quadrilateral discussed before.
When a complete quadrilateral and its diagonals are drawn,
it is possible to pick out a complete quadrangle in more than
one way, and it is to be carefully noted that the quadrangle
and the quadrilateral have distinct diagonal triangles.

The theorem of section 16 may be restated as follows:

THEOREM. A complete quadrangle determines on any
diagonal a harmonic range; the diagonal points on the given
diagonal are one pair, and the intersection of this diagonal with
the third pair of opposite sides forms the second pair of points
in the harmonic range.

In Fig. 12, quadrangle B,C,B;C, has diagonal triangle
A;A,X; and determines

(AlA.z, X1X2) = —1,

quadrangle A,C;A4,C; has diagonal triangle B,B,X, and
determines

(Ble, Xle) = _1»
quadrangle A4,B,4,B, has diagonal triangle C,C,X; and

determines
(C:Cs, X.X35) = —1.
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If A, B, C are given, to determine the fourth harmonic of
C with respect to A and
B, we proceed as follows Q
(Fig. 13): We draw any
two lines through A4, any 