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PREFACE

This book has been written to satisfy the long-felt need
for a text-book on Hydrostatics suited to the requirements
of the South Indian Universities. The topics dealt with in
the author’s Manual of Physics for the Intermediate course,
Vol. I, have generally been omitted, and the student is
advised to go through the section on Hydrostatics in that
book for a preliminary study, if he has not already done so.
Further, the topics which are decidedly outside the
syllabuses of the South Indian Universities have also

been omitted.

" The scope of this book comprises the syllabuses of the
Madras, Andhra, Annamalai, Travancore and Mysore
Universities. The Madras University B.Sc. students may
omit the following articles :— 14, 19.

The Madras University B, A. students may omit the
following articles :—
12, 14, 19, 21, 22, 43, 58, 60, 66, 67, 68, 80, 81.

Corrections, criticisms and suggestions for improvement
will be thankfully received by the author.

Thyagarayanagar,
T 1960 } T. V. VENKATACHARL
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CHAPTER 1
SIMPLE THEOREMS RELATING TO PRESSURE

1. Solids, Liquids and Gases.— A solid is a body
which offers permanent resistance to small forces tending
to alter its shape, t.e., it possesses rigidity. A fluid (liquid
or gas) is a body which offers no permanent resistance to
forces tending to alter its shape, ¢.e. it has no rigidity.

All bodies (solid or fluid) possess volume elasticity. Of
fluids sume possess a high degree of volume elasticity while
others possess very little. The former are called liquids and
the latter gases. Liquids are fluids which offer very great
resistance to forces tending to diminish their volume, and
which, when placed in an empty vessel present a free
surface. Gases are fluids which offer only a small resistance
to forces tending to diminish their volume, and which, when
introduced into an empty vessel, fill it completely and have
consequently no free surface.

2. Normal Force and Shearing Force.— A force
applied to the surface of a body so as to be perpendicular to
the surface is called a normal
T force; and a force applied
> ‘to the surface so as to be
parallel to the surface is
Thrust Tension Tangential called a langential or shear-
~ ~ stress  gng force, The normal force
Normal St?f; will tend to compress the
body if it is a push or to extend the body if it is a pull; the
former is called a thrust and the latter a tension (Fig. 1).
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3. Thrust and Pressure.—Thrust, as we have seen,
is the normal force applied towards the surface of a body so
as to tend to compress it. The pressure on a surface is the
normal force towards the surface (or the thrust) per unit
area.

The thrust on a surface may be uniformly distributed,
or not. In the former cage the thrust will be the same
on every equal area of the surface. When a thrust is uni-
formly distributed over a surface, the thrust on unit area
gives the pressure on the surface. For example, if a force
F is uniformly distributed as a thrust over a surface of area
A, the pressure P on the surface is given by

P = F|A.

If the thrust on a surface is not uniformly distributed,
the pressure on the surface will be different at different
parts. The pressure at a point on the surface is then
defined as the ratio of the thrust on a small portion of the
surface including the point to the area of that portion, when
the area becomes indefinitely small. For example, let the

pressure at the point P (Fig. 2) be required. Take
a small surface having P at about the middle.

Let a be the area of the surface and f the
thrust on it. Then f / a gives the mean pressure on
the surface. If we now make the surface smaller
and smaller until it practically coincides with the point P, the
value of fas well asa will become smaller and smaller, and
the ratio f/a in the limit when the surface practically coin-
cides with P gives the pressure at the point P.

Fig. 2.

4. Force on surface of Fluid at Rest always
Normal.— Since a fluid offers no permanent resistance to
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continued tangential or shearing force, however small, the
force on any surface AB (Fig. 3) in a liquid
at rest must be entirely normal to that sur-
face. For, if there were a force actingon AB
in any other direction, there would be a com-
ponent of that force tangential to AB to

Fig. 3 which the fluid will yield, resulting in
motion.

5. Density and Specific Gravity.—The density of a
substance is its mass per unit volume. It is expressed in
grams per c.c. or lb. per c. ft. If M gm. of a substance
occupies a volume of.V c.c., then the density d of the subs-
tance is given by

d = M/V gm. per c.c.
Also M =Vd gm. and
V = M/d c.c.

The specific gravity of a substance is the ratio of the
mass of any volume of the substance to the mass of an equal
volume of pure water at 4°C, It is the same as the ratio of
the density of the substance to the density of pure water at
4°C. Specific gravity is expressed as a mere number.

The specific gravity of a substance is the same in the
C. G. 8. and F. P. S. systems, since the ratio between the
masses of two bodies must be the same in any system of
units,

The density of a substance in the C. G. S. system is
numerically the same as its specific gravity, since the mass
of 1 c.c. of pure water at 4°C. is 1 gm. But in the F. P. 8.
system, since the mass of 1 c. ft. of pure water at 4°C. is
624 1b., the density of a substance is numerically equal to
62-4 times its specific gravity.
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6. The Pressure at a Point in a Fluid at rest is
the Same in All Directions.—Take any point C in
the fluid of density p. Consider the equilibrium of a

Fig. 4.

small right ar prism of the fluid CABC’'A’'B’ (Fig. 4),
such that "CA and CC’ are horizontal and at right
angles to each other and CB vertical. Let CB=a, CA=b,
AB=c and CC’'=!, and let /CBA=¢. Let P, and P, be the
pressures in the directions CA and CB respectively and P the
pressure at right angles to ABB’A’. The dimensions of the
prism are taken to be so small that the pressure is uniform
on each face.

The prism is in equilibrium under the action of the
following forces.—

1. Thrust on BCC'B’ =P, al, parallel to CA.

2. Thrust on CAA'C’ =P, bl, parallel to CB.

3. Thruston ABB’A’=P cl, at angle @ with the hori-
zontal.

4. The weight of the liquid prism, § abl Pg acting
vertically down.

5and 6. Thrusts on the ends BCA and B'C’A’,
parallel to the line CC’
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Resolving the forces horizontally parallel to CA, we have
P,al =Pclcose =.Pal
P1 = P,
Resolving vertically, we have
P,bl = Pcl sin 6+3ablpg.
t.e, P,bl=Pbl+%ablpyg,
i.e., P,=P+1apg.
If the prism becomes so small as to approximate to the
point C itself, the quantity } a Pg becomes negligibly small
(on account of the factor @) in comparison with P. Hence

P,=P

Thus P,, P, and P are all equal at the point C. Here
P may act at any angle o with the horizontal and in any
vertical plane we choose, and hence the pressure at any point
C 18 the same in all directions.

From the above proof we see that when a body is broken
into very small pieces, the weight, depending upon the
volume, becomes insignificant in comparison with any
surface force, such as thrust or viscous resistance, depending
upon the area. If a piece of stone is dropped from above, it
falls down rapidly. But if it is ground into very fine powder
and strewn about, the particles float in air as dust and take
a very long time to settle down. Again, small particles of
water float above as cloud and come down only when they
aggregate to form comparatively bigger particles of rain.

For the sake of simplicity let us suppose that in the
case of the prism considered above b and ! are each equal to
a cm., that the density of the liquid is equal to 1 gm. per c.c.
and that the pressure P, is equal to 1 gm. wt. per sq. cm.
The volume of the prism is 4 a* c.c. and its weight } a® gm.
wt, The area of the face CAA’C’ is a* sq. cm. and the
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thrust on it is a®* gm. wt. Let us compare the weight with
the thrust as a goes on decreasing :

Weight of Thrust on Weight
Value of a prism face “Thrust™
1cm -l— m. wt 1gm. wt 1
5 gm. wt. gm. wt, 3
1 cm 1 1 1
10 ’ 2x108 7 10? ” 20
1 1 1 1
100 2x108 ” 10 ” 200

Thus as a becomes smaller and smaller, the weight be-
comes less and less significant in comparison with the thrust.

7. Ina Fluid at Rest the Pressure is the same at

All Points irl a Horizontal Plane :—Let A and B (Fig. 5) be
any two such points. Join

Y (e —————————— )8 AB. About AB as axis des-
cribe a very thin cylinder of

Fig. 6 sectional area a. Let the

pressures at A and B be P, and P, respectively. The cylinder
is in equilibrium under the action of the following forces :—

(1) Its weight acting in a direction perpendicular to
AB.

(2) The thrusts on the curved surface, which are

everywhere perpendicular to the surface and therefore to the
axis AB.

(3) The thrusts on the ends, P\a at A and Pya at B.
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Resolving the forces parallel to AB, we get
Pa = P;a.
P 1 = P 2.

8. Difference between the Pressures at two Points
in a Homogeneous Fluid at Rest: —Let 4 and B be the
s—crs=me=—— two points, A being vertically above
A — ——-= B (Fig.6). Let AB=h. About AB
—l|=— —— —-  as axis describe a very thin cylinder
of sectional area a@. Let the pressures

— — — at A and Bbe P, and P, respectively,
— —— T~ andlet P be the density of the fluid.
The cylinder is in equilibrium under
—— —— — the action of the following forces :—
— — — - (1) The thrusts on the curved sur-
— — — face, everywhere normal, hence

|

|

|

I

!

I

|

|

|

|
W 5 horizontal.
e (2) Its weight equalto haPg, acting

Fig 6 vertically down.

—B — — —

(3) The thrust on the end A equal to P,a acting verti-
cally down,

(4) The thrust on the end B equal to P,a acting verti-
cally up.
Resolving the forces vertically, we get for equilibrium,
P,a — Pia—hapg=0
P~ P = hp g
If the lower point (B’) is not vertically below A, draw
the vertical line through A and the horizontal line through

B’ to meet at B. By Art. 7 the pressure at B’ = the pres-
sure at B, Therefore the difference between the pressures
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at A and B’ = hpg, where h is the difference in level
between A and B’.

Corollaries :— (1) The pressure due to a liquid of density
P at depth % below the surface is given by A p g.

(2) Since the difference between the pressures at any
two given points in a liquid at rest is always equal to k& p g,
where % is the difference of level between the points, an in-
crease of pressure at one,point must produce an equal increase
of pressure at the other point. This is Pascal’s law, stated
as follows : —

An increase of pressure at any point in a liquid at rest is
transmitted without change to every other point in the liquid.

For further explanation of this law and its application
to the Bramah press, see the author’s ¢ A Manual of Physics,’

“Vol. 1.

9. The surface of a Liquid at Rest is Horizontal.—

Let AB (Fig. 7) represent a liquid surface exposed to a
p uniform pressure p. If AB were
not horizontal, draw the horizontal

/I surface AC, and from B draw BC
A c the vertical plane. Taking any

Fig. 7 right vertical section, A BC,
the pressure at A = the pressure at B.

.

But the pressure at A = the pressure at C (Art. 7).

.". the pressure at B = the pressure at C.
But the pressure at C — the pressure at B = BC pg
(Art. 8).

.. BCpg=0; hence BC =0
Therefore, AB must be horizontal,
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10. The Common Surface of two Liquids which do
not mix is a Horizontal Plane.—
Let p, and p, be the densities of the
two liquids (P, > pP,). Take two points
P and Q (Fig. 8) in the lower liquid in
the same horizontal line. Draw PAA’
and QBB’ vertically to meet the com-
mon surface in A and B and the sur-
Fig. 8. face of the upper liquid in A’ and B’.

Since PQ is horizontal,
the pressure at P = the pressure at Q (Art. 7).
Also, the pressure at A’ = the pressure at B’.
.. PyAA’ 4+ p,. PA=p, BB’ + p,. QB (omitting the
common g).
te, Py AA’ +p, (PA' —AA") =
p, BB’ + p, (QB'— BB).
Since PQ and A’ B’ are horizontal (Art. 9),

PA’ = QB
(Pl"Pz) AA' = (Pl—Pﬂ) BB'.
: AA’ = BB'.

.. ABis parallel to A’'B’ and is therefore horizontal.
That is, the straight line joining any two points on the
common surface is horizontal. Hence the common surface is
horizontal.

11. Thrust on a Plane Surface :—Let a plane surface
be exposed to a homogeneous liquid (at rest) of density p.
We shall now calculate the thrust exerted by the liquid
(alone) on the surface. Let S be the area of the surface.
Divide it up into very small portions or elements. Let the
area of one such element be a and its depth below the
liguid surface h. The thrust exerted on this element is
hpg.a (i.e., pressure x area), and is normal to the surface,
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Since the surface is plane, the thrusts on all the elements
are parallel and in the same direction, and the resultant
thrust is therefore got by adding the thrusts on the various
elements. Hence

resultant thrust = ¥ & Pga = pgYak.

Let &, be the depth of the centre of gravity (or centre
of surface) of the plane area. Then from definition of C. G.

h, Ya = Y ah.
Hence resultant thrust, pg ¥, ah=pg b, ¥ a=h,pg8.

Now A,pgis the pressure due to the liquid at the centre
of gravity. Hence the thrust on any plane surface exposed to a
homogeneous liquid is equal to the pressure at the centre of
gravity of the surface multiplied by the area of the surface.

The weight of a column of liquid standing on this area
&8 and having a uniform depth &, is obviously equal to this
thrust. Hence the thrust on any plane area exposed to a
homogeneous liquid is equal to the weight of a column of the
liquid whose base is equal to the area and whose (uniform)
height is equal to the depth of the centre of gravity of the area
below the surface of the liquid.

12. Resultant Vertical Thrust on any Surface: —

Let PRQS (Fig. 9) be
any surface (plane or curv-
ed) immersed in a liquid.
Through each point of the
bounding edge of this sur-
face imagine a vertical line
to be drawn, and let the
points in which these verti-
cal lines meet the surface of
the liquid form the closed
curve ACBD,
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Take any element O on the curved surface (Fig. 10).
The thrust on this, represented by-MO, is normal to
A B the surface at O. This can be
resolved into a horizontal and a vertical
compenent, represented by MN and
G NO respectively. The sum of the
lw vertical components for all the ele-
\4

ments constituting the surface is
called the resultant vertical thrust.

Considering the equilibrium of the
vertical cylinder of liquid standing
upon each element of surface (cf. Art.8),
and resolving the forces  verti-

Fig. 10, cally, we see that the vertical com-
ponent of the thrust on the element must balance the
weight of the superincumbent cylinder of liquid. Therefore
the resultant of all these elementary vertical thrusts, i.e.,
the resultant vertical thrust must be equal and opposite to,
and in the same line of action as, the resultant of the weights
of these elementary cylindrical columns. But this latter
resultant is equal to the weight of the vertical column of
liquid standing upon the whole surface and acts at its centre
of gravity. Also the thrust due to the liquid upon the sur-
face is equal and opposite to the thrust exerted at the surface

upon the liquid. Hence the resultant vertical thrust on any
surface (plane or curved) immersed in a liquid is equal to the
weight of the superincumbent liquid and acts through the centre
of gravity of this liquid column.

[In all the above cases, only the thrust due to the liquid
has been considered, and this is exclusive of the thrust due
to the atmosphere.]
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Consider the surface S in a flask filled with & liquid
(Fig. 11). If the column of liquid LS were present, the
weight of this column would be balanced
by the resultant vertical thrust on S. As it is,
however, this resultant vertical thrust, equal
to the weight of the column, is exerted
upwards upon the part S of the vessel,
which is thus strained to that extent. Tt is
the reaction due to this strain that
balances the resultant vertical thrust. The
strain here is not, of course, entirely vertical
but we consider here only its vertical com-

Fig. 11.

ponent

Now consider a conical vessel ABC (Fig. 12) filled
with a liquid of density p. Let the area of the base be @ and
¢ the altitude A. Then the pressure on the
- bottom is APg and the thrust on the bot-
4 tom is hAPga (due to the liquid). But the
| b weight of the liquid is only 4 ahkpg (-.- vol.
I"" of cone=4% ah). How can a liquid exert a
| downward thrust three times as great as
its own weight ?

1
|
|
!
|
|
B A L]

. Fig- 12, The volume of the cylinder BCC'B’
is ah. Subtracting the volume of the cone } ak, the remain-
ing volume is ¢ ah. This is the volume of the virtual super-
incumbent liquid on the sides of the vessels. Therefore, the
resultant vertical thrust upwards on the sides of the vessel is
equal to % akPg. Owing to the reaction of the sides, there
is a downward vertical thrust on the liquid equal to this,

Thus the thrust on the bottom is the same as if there were
a cylinder of liquid BB’C'C above it,
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If the conical vessel, emptied, is placed in the pan of a
balance and counterpoised, and the vessel then filled with
the liquid, what additional weight in the other pan will
balance the liquid ? It must, of course, be equal to the weight
of the liquid added. But the thrust on the bottom
is equal to the weight of the cylinder of liquid BB'C’'C.

While the bottom is thrust down with a force equal to
the weight of the cylinder of the liquid. the sides are thrust
up with a force equal to the weight of the wirtual superin-
cumbent liquid. Hence the resultant force due to the liquid
on the whole vessel is equal to the weight of the liquid
actually present in the vessel.

The resultant of the horizontal components of the
thrusts on the sides of the vessel is obviously zero.

EXAMPLES
1. A rectangular area is immersed in water with
its plane vertical and a side in the surface. Show how to

divide the surface into two parts by a horizontal line so that
the thrusts on the two parts may be equal.

T Thrust on upper part (Fig. 13)=
x $2Pg. ax. (Thrust on plane surface =
l b pressure at C.G. x area.)
I — Thrust on lower part =
) {z + (b-2)/2} Pg x a(b—2x)

“——a——> Equating the two thrusts, z = b/ v/ 2.
Fig. 13.

2. A rectangle is.immersed in water vertically with
one side in the surface. Show how to divide it into n
parts by horizontal lines so that the thrusts on these parts
are equal. Show that the depths of the dividing lines are
proportional to the square roots of the natural numbers.
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Let a be the length of the horizontal side and b the
altitude of the rectangle.

Let the horizontal lines be at depths, z,, z,, z, etc.,
below the surface of the liquid.

The thrust on the first (topmost) part = $ 2, Pg X ax,

=% az’ Pyg.
The thrust on the whole rectangle = 4bpg x ab

=iab’pPy.
By problem,n X Yazx? g =3ab’Pg. Hence

z, = b/ Vn.
Thrust on first and second parts together=14x, Pg a 2,
=3 ax? Pg. This must be twice the thrust on the first part.
3 ax,? Pg=2x1 ax® Pg. Hence
x, =X, V2=0v2/ Vna.
Thrust on first r parts = § 2, Pg ax, = 3} ax,® Pg =
r times the thrust on first part=7. 1 ax,”> Ppg. Hence
xr=x,Vr=06vr/| vn.

3. A triangle immersed vertically in a liquid has its base
horizontal and vertex in the surface. Divide it by a horizon-
tal line into two parts so that the thrusts on them are equal.
I Let the horizontal line be at

depth 2 below the liquid surface
(Fig. 14).
Thrust on upper part=
42 Pg xtzax | b=3a® Pga | b.
Thrust on whole triangle =
4bpg x 1 ab=1% ab® pg.
By problem, % ab® pg =
2x % 2*Ppga | b.

X

3_
Hence x = b/ v 2.
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4. On one side of a rectangular vertical gate there
is salt water to a depth of 25 ft. and on the other side there
is fresh water. Find its depth if the thrusts on the two
sides are equal. Sp. gr. of salt water=1-025.

Let a be the horizontal dimension of the gate.

Thrust due to salt water=12} x1-025 x 62! x 25 a 1b, wt.
(624 is the density of fresh water in 1b. per c. ft.)

Thrust due to fresh water="! xx 62} x za lb. wt.

By problem these two thrusts are equal.

Hence z=25-3 ft.

5. A triangular lamina having an area of 4 sq. ft.

has its vertices immersed at depths of 1, 2 and 3 ft. respec-
tively in water; find the thrust on the area, the atmospheric

pressure being taken as 14-7 lb. per sq. in. [M.U, B.A]
! v
L Ue' & ¢ Let ABC be the lamina with
1 A,B and C at depths of 1, 2 and 3
o p{SLja ft. respectively. Draw AD the
o 3. median, and let G be the C.G. of
L the lamina. Draw AA’, BB’,
B CC’, DD’, GG’, verticals to meet
b A the liquid surface.
Fig 15. Now DD’ =(3 + 2)/2= 2} ft.

From A draw AG,D, horizontally. Then G,G/D,D =
AG/AD =2/3. -GG =3%DD=4%(2 - L,=11t.

LG =1 +1=2ft

.. Pressure at G =atmospheric pressure + pressure due
to liquid = (147 x 12 x 12 + 2 x 62:5) 1b. wt. per sq. ft.

.. Thrust on lamina = (147 x 12 x 12 + 2 x62'5) 4
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QUESTIONS ON CHAPTER I
(1) A rectangular lamina is immersed in water with its
plane vertical and a side in the surface. Show how to
divide the surface into three parts by horizontal lines, so
that the thrusts on the parts may be equal.

(2) A square lamina ABCD is immersed in water with
the side AB in the surface. Draw a straight line through A
8o that it divides the lamina into two parts, the thrusts on
which are equal.

(3) A triangle is immersed in a liquid with its base in
the surface. Divide the area into two parts by a horizontal
straight line so that the thrusts on the two parts are equal.

(4) A square lamina of side a is immersed in a vertical
position with one side in the surface of a liquid of density
p,, which rests on a heavier liquid of density p,. If the
depth of the upper liquid is b, find the thrust on the square ;
and show that, if the thrusts on the two portions of the
square in contact with the two liquids are equal, then

P b (3b — 2a) = p, (@ — b)™.

(5) A vessel in the form of a hollow cone, supported
with its axis vertical and vertex downwards, is filled with a
liquid. Find the resultant thrust of the liquid on the sur-
face of the cone. )

(6) A conical wine glass is filled with a liquid and
placed in an inverted position upon a horizontal table.
Prove that the resultant thrust of the liquid on the glass is
two-thirds of the thrust upon the table.

(7) A hemispherical bowl is filled with a liquid and
placed inverted with its circular edge in contact with a
horizontal table. Prove that the resultant thrust of the
liquid on its surface is one-third of the thrust on the table.
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(8) The densities of two liquids are 2p and 3P res-
pectively. The lighter rests on the heavier to a depth of
4 in. A square of side 6 in. is immersed in a vertical posi-
tion with one side in the upper surface of the lighter liquid.
Show that the thrusts on the portions of the square in the
two liquids are as 8: 11, [M.U., BA,, Sep. 1933]

(9) Calculate the total thrust on one side of a rectangu-
lar vertical dock gate 45 ft. wide immersed in sea water to
a depth of 30 ft., given that 1 c. ft. of sea-water weighs
1025 ozs.

If there is fresh water on the other side of the dock
gate, find its depth so that the resultant thrusts on the two
sides may be equal. [M.U, B.A.,, March 1934]

(10) An isosceles triangle, immersed vertically in a
liquid, has its base horizontal and vertex in the surface.
Divide it by a horizontal line into two parts on which the
resultant thrusts are equal. [M.U., B.A., March 1936]

(11) Find the resultant thrust on any plane area
immersed in a liquid at rest.

A triangular lamina having an area of 4 sq. ft. has its
vertices immersed at depths of 1, 2 and 3 ft. respectively in
water ; find the resultant thrust on the area, the atmospheric
pressure being taken as 14-7 lb. wt. per sq. in.

) [M. U,, B.A., March 1937]

(12) Find the resultant thrust on a plane area immersed
in a fluid.

A rectangle is immersed vertically in a liquid with one
side in the surface. How would you divide the rectangle by
a horizontal line so that the thrusts on the two parts are
equal ? (M.U,, B.A,, Sep. 1938]

V2



18 HYDROSTATICS

(13) Find the resultant thrust on any plane area
immersed in a liquid at rest.

A square is placed in a liquid with one side in the sur-
face. Show how to draw a horizontal line in the square
dividing it into two portions, so thatthe thrusts on the two
portions are the same. [M.U,, B.A., March 1940]



CHAPTER II
CENTRE OF PRESSURE

13. Centre of Pressure.—7The centre of pressure of a
plane surface immersed in a flutd is that point in it through
which passes the resullant of the thrusts on the wvarious
elements of area into which the whole surface may be divided.

Let AB (Fig. 16) be u plane surface immersed in a
a fluid. The surface can be divided
up into a number of elements such
as dS. A thrust acts on each ele-

A B ment normally and hence the thrusts
on all the elements are parallel.
The point in AB through which the
resultant of all these (parallel)
thrusts passes is called its centre of
pressure. The difference between centre of grawvity and
centre of pressure is that the former refers to equal forces
acting on equal elements, whereas the latter refers to equal
elements acted upon by forces varying as the depths of the
elements. Hence the centre of pressure will always be
lower than the centre of gravity.

(o]

D

Fig. 16.

14. Centre of Pressure Vertically below Centre of
Gravity of Superincumbent Liquid.—It was proved in
Art. 12 that the resultant vertical thrust on any surface
immersed in a liquid acts through the centre of gravity
of the superincumbent liquid. In the case of a plane
surface it is obvious that the point through which the
resultant thrust passes (i.e., the centre of pressure) is the
same as the point through which the resultant vertical thrust
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passes ; for, on every element the resultant thrust and its
vertical component are in the same ratio, the angle between
the two being constant. Hence the centre of pressure of any
plane area immersed in a liquid is vertically below the centre
of gravity of the superincumbent liquid,

1. 15. General Method of Finding the Centre of
Pressure.—Let AB be any plane surface of area . immersed
vertically in a liquid of density p. Divide up the area into
a number of elements such as dS (Fig. 16). Let the depth
of this be 4 below CD, the line in which the plane of the
surface meets the liquid level. The thruston dS =% p g dS,
and the moment of this about CD = 4#° P g dS. The sum
of the moments of the thrusts on all such elements =

f h? p g dS. This must be equal to the moment of the resultant

thrust about CD. The resultant thrust is f hpgdS. If His
the depth of the centre of presure below CD, the moment of the
resultant thrust = H f h P g dS, since, by definition, the

centre of pressure is the point through which this resultant
thrust passes., Hence

fh’pgdS:HfhpgdS.

fmds
H = .

fhds

A little consideration will show that the above equation
holds good even if the plane surface is not vertical. The
liquid surface is supposed not to be subjected to any pressure
(such as atmospheric),
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16. Centre of Pressure of a Rectangular Lamina
with one Side in the Surface.— Let ABCD (Fig 17) be a
A £ g rectangular lamina immersed verti-

I | ‘,‘ cally in a liquid of density P, with
{ n its side AB in the surface of the

b : 1 liquid, not subjected to any external
dh pressure. Let AB=a and AD=b.

l :F Divide up the surface of the rectan-
D a C gle into a number of infinitesimally
Fig. 7. narrow strips, each parallel to AB

and of width dk. Consider the strip at depth % below AB,
The area of the strip=a d k, and the thrust on it = kpg. adh.
The moment of this about AB=4* P g @ dh. The sum of the

b
moments of the thrusts on all the strips = f h'pgadh.
¥
o

The resultant of the thrusts on all the strips =
b
f h Pgadh, and the moment of this resultant about
o

b
AB = H f hpgadh, where H is the depth of the centre

of pressure below AB. Hence

b
f" Wpgadh = Hf hpgadh

. f” Wdh = H f”hdk.
o

36 = H.} b,
2
H = 3 b.
Since the resultant thrust on each strip passes through

its mid-point, and since the straight line EF joining the mid-
points of AB and CD passes through the mid-points of all the

~ O

e
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strips, it follows that the total resultant thrust passes through
a point in EF, Hence the centre of pressure of the rec-
tangle lies in the straight line joining the mid-points of the
top and bottom sides at depth of % b below the top side.

The above result also holds good for any parallelogram
with a side in the surface ; b here represents the altitude.

[Alternative Proof :— Divide the parallelogram into a
numbet of indefinitely narrow equal strips by drawing lines
parallel to AB at equidistant intervals. The thrust on each
strip is propogtional to the area of the strip and to its depth
below the suﬂce, and it may be taken to act at the mid-
point of the strip. Since the areas of the strips are the same,
the centre” pessure is the centre of a number of parallel
forces unifof; increasing in proportion to the depth below
AB. This is ously the centroid of the triangle EDC.
Hence the centre of pressure is in EF at a distance of § EF
from E.]

'\x 17. Centre of Pressure of Triangle with a Vertex
in the Surface and the Opposite Side Horizontal.— Let
n ABC be a triangular lamina
(Fig. 18) immersed vertically

in a liquid of desity p with
its vertex A in the surface of
the liquid, not subjected to
any external pressure, and the
Fig. 18. opposite side BC horizontal.

Draw MN through A parallel to BC. Let BC = a and the
altitude b. Divide up the surface of the triangle into a
number of indefinitely narrow strips, each parallel to BC and
of width dh. Consider the strip of length z at depth A
below A. The thrust onitis ApPg. # dh, and the moment
of this about MN is A?pP gxdh. But z/a = h/b, hence z =
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ah /b Thus the moment becomes ah®Pgdh / b. The sum of
b
the moments due to all the strips = f ah® pg dh [ b.

o

The resultant of the thrusts on all the strips =
b b
] hog x dh = f ah*pgdh /b, and the moment of this
o

o

*b
about MN = H { ah®Pgdh [ b where H is the depth of the
4

(o]
centre of pressure below MN. Hence

f” ah' pgdh | b = H j"’ahﬂ pg dh /b

zef bt dh = Hfhdh

. ! bd — .
3
H = vy b.

Since the resultant thrust on each strip passes through
its mid-point, and since the median AD passes through the
mid-points of all the strips, it follows that the resultant of
the thrusts on all the strips passes through a point in AD.
Hence the centre of pressure lies in the median AD at a
(vertical) depth of ;b below the liquid surface, i.e., at a
distance of 2 AD from A.

[Alternative Proof :— Divide the triangle into a number
of indefinitely narrow strips of equal breadth by drawing
lines parallel to BC. The thrust on each strip is propor-
tional to its area and to its depth below A and may be taken
to act at its mid-point, which must be in AD, the median.
Since the area of a strip is proportional to its distance from
A meagured along AD, as also its depth, the centre of pres-
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sure is the centre of . number of parallel forces uniformly
increasing in proportion to the square of their distance from
A. This is obviously the centre of gravity of a pyramid
whose vertex is A and the centre of gravity of whose base is
D. Hence the centre of pressure is in AD at a distance of
2 AD from A.]

18. Centre of Pressure of a Triangle with one Side
in the Surface.— Let ABC (Fig. 19)
be a triangular lamina immersed verti-
i cally in a liquid of density p with the
side BC in the surface of the liquid,
not subjected to any external pressure.
Let BC=a and the altitude =b4. Divide
up the surface into a number of inde-
finitely narrow strips, each parallel to
BC and of width dh. Consider the strip of length = at
depth % below BC. The thrust on it is APg. xdh and the
moment of this about BC is h’%g zdh. But z/a = (b—h)/b,
hence z=a(b—-h) /b Thus the moment becomes
ah® (b—h) pg dh [ b. The sum of the moments due to all the
strips =

Be———— a ———>C

f” akt (b—h) pgdh | b.

]

The resultant of the thrusts on all the strips =
b
f hpg z dh = f ah (b—h) pg dh | b and the moment

of this about BC = H f ah (b—k) pg dh /b, where H is the

depth of the centre of pressure below BC. Hence
b
fbah’ (b—h) pgdh b =H f ah(b—h) pg dh | b
o

o
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ie, (" m (b-n dh=Hfb h (bR dh

b
[&bh" - .;h«]” .y [,; h‘b~;§h*]

o

16 —-1b'=H (b} 0b%
Hence H = —;» b. -

Since the resultant thrust on each strip passes through
its mid-point, and since the median AD passes through the
mid-points of all the strips, it follows that the resultant of
the thrusts on all the strips passes through a point in AD.
Hence the centre of pressure lies in the median AD at a
(vertical) depth of 4 b below BC, 1. e., at a distance of § AD
from D or A.

[Alternative Proof :— Divide the triangle into a number
of indefinitely narrow strips of equal width by drawing lines
parallel to BC. The resultant thrust on each strip is clearly
in AD, the median. Consider two strips such that the
distance of one from D is equal to that of the other from
A (Fig. 20). Let E and F be their mid-points, The thrust on
B D c the upper strip is proportional to its area

,7“_ and its depth conjointly, 1. e., to AE x ED.
Similarly, the thrust on the lower strip is

v proportional to AF x FD. Since AF =
ED and, consequently, AE = FD, the two

V thrusts are equal. Therefore, the resultant
of these two thrusts passes through the

mid-point of FE, which is also the mid-
point of AD. Similarly, the resultants of
all other similar pairs pass through this mid-pqint. Hence
the centre of pressure of the triangle is the mid-pdint of AD.]

A
Fig. 20.
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19. Centre of Pressure of a Circle.— Let a circular
A lamina of radius r be fully immersed
vertically in a liquid of density p. Let
O be the centre of the circle (Fig. 21), AB
the vertical diameter and A the depth of
O below the surface of the liquid, not
subjected to any external pressure. Con-
' struct a hemisphere with the circle as
the base. The liquid contained in this
hemisphere is in equilibrium under the

action of the following forces : —
B (1) Its weight % 7+ 7P g, which may
Fig. 21. be taken to act through the centre of
gravity G vertically down. We know that OG = § 7 in the

radius drawn at right angles to the base.

(2) The thrust on the circle equal to & P g. 7 7, which
may be taken to act through C, the centre of pressure.

(Thrust on plane surface = pressure at C. G. x area.)

(3) The resultant thrust on the curved surface, which
must act through O, since the thrusts on the elements of
the curved surface, being normal, are all directed towards O.

(These three forces must meet at a point, D).

Taking moments about O, we get
g7 Pg x OG = 4k pg x OC, where OG = {7,
Hence OC=1r/4h.

20. Effect of Further Immersion on Position of
Centre of Pressure.— Let F be the resultant thrust on a
surface of area S immersed in a liquid of density p. Let C,
be the centre of pressure (Fig. 22), Let the surface be now
lowered (without rotation) through a depth 2z, The effect of
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this is to increase the pressure at every point by zpg,

¥ and this is equivalent to an additional
i thrust of 2pgS passing through the
centre of gravity G of the surface. The
new centre of pressure, therefore, is
ol the point C, through which passes the
I o resultant of F at C, and 2pgS at G.
The centre of pressure is thus shifted
nearer the centre of gravity by further

Fig. 22. immersion. At infinite depth the centre
of pressure coincides with the centre of gravity.

In the previous articles the positions of the centres of
pressure have been arrived at on the assumption that the
surface of the liquid is not subjected to any pressure, such
as the atmospheric pressure. If the atmospheric pressure,
acting on the liquid, be taken into account, the problem
becomes similar to further immersion considered above, P
(the atmospheric pressure in absolute units) being substitu-
ted for zpg.

21. Resultant Horizontal Thrust on a Surface.—
= Let PRQS be the peri-
meter of any surface
(plane or curved) im-
mersed in a liquid (Fig.
23). It is required to find
the resultant horizon-
tal thrust on it in any
given direction. Through
each point in the peri-
Fig. 23, meter draw horizontal

lines PA, SD, QB, RC,

etc., in the given direction, and let these lines meet a verti-
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cal plane perpendicular to the given direction in a closed
curve ADBC.

Imagine the liquid between PRQS and ACBD to be
composed of a number of infinitely thin horizontal cylinders.
Considering the equilibrium of any such cylinder, and resol-
ving the forces horizontally (cf. Art. 7), we see that the hori-
zontal component of the thrust on the element of the given
surface is equal to the horizontal thrust on the element of
the surface of projection ACBD. Taking all the cylinders
into account, we see that the resultant horizontal thrust on
the given surface in the direction PA is equal and opposite
to, and in the same line of action as, the resultant (horizontal)
thrust on ACBD. The point in ACBD through which the
latter resultant passes is, by definition, its centre of pres-
sure. Hence the resultant horizontal thrustin any given direc-
tion on any surface immersed tn a liquid at rest is equal to
the thrust on the projection of the surface upon a vertical plane
perpendicular to that direction, and passes through the centre
of pressure of that projection.

22, Resultant Thrust on Any Surface.—To find the
resultant thrust on any surface immersed in a liquid at rest,
we must know

(1) The resultant vertical thrust on the surface
(Art. 12).

(2) The resultant horizontal thrust in any (horizontal)
direction (Art. 21).

(3) The resultant horizontal thrust in the (horizontal)
direction at right angles to (2).
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These three directions (Fig. 24) are at right angles to
one another.

The required resultant thrust on
the surface is found by the application
of the Parallelopiped of Forces, used to
compound forces in three dimensions,

2) just as the Parallelogram of Forces is
z used to compound forces in two dimen-
sions, ¢.e., in a plane.

)

y

) Here R'=2+3*+7".
Fig. 24.

EXAMPLES

1. A vertical rectangular dock-gate ABDE is hinged so
as to rotate about the upper horizontal edge AB. What
force must be applied to the middle point of DE to keep the
door shut if AB=10 ft. and AE=12 ft. and if the water
(fresh) rise to the level of AB ?

Thrust on gate = pressure at C, G. X area =
A 10 p 8 x 62§ x 12 x 10 = 45,000 1b. wt.
1
| This may be taken to act at the
g centre of pressure C (Fig. 25) of the
} 12 surface ; C is at a depth of 12 x $ or 8 ft.
1C below AB.
|
E El‘ The moment of the thrust about
Fig. 25 AB = 45,000 x 8.

Let = be the force required at F. Then the moment of
this about AB = 2 x 12.
Equating the moments, we get
45,000 x 8 = 2 x 12, from which
z = 30,000 lb. wt.
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2. The waler on one side of a lock-gate has a
depth of @ ft. On the other side the depth is b ft. Prove
that the resultant thrust acts at a height of
(a*+ ab + b*) / 3 (a + b) ft. above the bottom of the gate.

[M.U., B.A. & B.Sc., March 1932]

Let the breadth of the gate be ¢ ft. and let p repre-
«—c ——> sent the density of the water. The
thrust on the first side = } aPpg X ac; this
may be taken to act at A (centre of pres-
sure) distant } a from O (Fig. 26).

The thrust on the second side =
1 bgp x bc; this may be taken to act at B
distant 1 b from O.

©
€~ —>

These two forces are in opposite direc-
tions. Hence the resultant thrust =
3 aPg x ac—} bPg x bc. Let this act at C distant y from O.

Fig. 26.

Taking moments about O,
}aPg X ac x3a — 1 bPg X bc X 1 b =
(3 aPg x ac -  bpg x bc) y.
i.€., - b= 3y (a* — b%).
y = (a*+ ab + b°) /3 (a + b).

3. Find the centre of pressure of a trapezium im-
mersed vertically in a liquid with one of the parallel sides
in the surface. [M.U., B.SC., March 1938

A E B Let ABB'A’ be the trapezium

i with AB in the surface (Fig. 27).

Cy Let AB =a, A’B’ = o’ and

0 the altitude = b. Let P be the
aiye density of the liquid.

& F B Bisect AB and A’'B’ at
Fig. 27. E and F and join EF,




CENTRE OF PRESSORE 31

Clearly the centre of pressure lies in EF. Join
AB’, AF and B’E.

Thrust on A AA'B' = § bpg x 3a’'b = 4a’ b°pyg,
which may be taken to act at C, at depth § b below AB
(Art. 17).

Thrust on o ABB’ = } bPg X } ab = }ab*pg, which
may be taken to act at'\depth 1 b below AB (Art. 18).
-~

The resultant thrust on the whole trapezium =
La' b*pg + } ab’pg. Let this act at C, the required centre
of pressure, at depth « below AB.

Taking moments about the axis AB,
§a'bPg x 3b+ pab'Pgx b = (3 @'t pg + } ab pyla.
_b@Ba’ + a)
T 2(2¢" + a)

4. A rectangular lamina whose sides are 12 in. and
18 in. is immersed in water, so that the shorter side is on the
surface and the longer side vertical. Find the position of
its centre of pressure when the atmospheric pressure is taken

into account, the height of the water barometer being 33 ft.
[M.U., B.A. & B.Sc., March 1928]

Thrust due to water=7}x624x1x131lb. wt., which
may be taken to act at 18 x £ in. or 1 ft. from the top side.

Thrust due to atmosphere=33%x623x1x1}% lb. wt.,
which may be taken to act at 9 in. or { ft. from the top
side.

Let the resultant of these two forces pass through a
point at distance y ft. from the top side.

Taking moments about top side,

Yy (§x624x 13 +33x62§x1})=

2x623x 11 x1+33x625x 11 x4,

Hence
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Hence y = 34 / 45 ft. or 9 % in.

.. The centre of pressure is on the central vertical line
at a distance of 9 (% in. from the top side.

5. Shew that if a lamina, always totally immersed in a
liquid, be moved without rotation, the vertical distance
between the centre of pressure and the centre of gravity
varies inversely as the depth of the centre of gravity.

For the sake of simplicity, imagine the lantina to be

vertical.

Let & be the depth of the centre of gravity G of the
area ; let y be the distance, measured vertically downwards,
of any indefinitely small area ds below G. Then by defini-

tion of G, f y ds = 0.

The thrust on ds=(h+y) Pg ds, where p is the density
of the liquid. ,

at

.*. Thrust on whole area = f(h+y) Pg ds. .

Let Y be the vertical distance of the centre of pressure

below G.

Equating the moment of the resultant thrust to the
algebraic sum of the moments of the thrusts on the various
elements, about the horizontal axis through G in the plane
of the figure,

Y f(h+y) Pg ds = fy (h+y) Pg ds,

i.e, Y f(h+y)d8=fy (h+y)ds.
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ie., Yhfds+nyds =h f.l/ds +f?/“d6‘

Butfyds =0,

. Yr:fg“ds/hfds

.. Y varies inversely as &
A little consideration will show that the above proposi-
tion is true even if the lamina is not vertical.

N.B. In Arts, 15, 16, 17 and 18 we derived the depth
of the centre of pressure in each case on the assumption that
the lamina is immersed vertically. 1t can be easily proved,
however, that the equations remain the same even if the
lamina is inclined at an angle (0) with the vertical, provided
H and k denote the distances along the plane of the lamina
from the line of intersection of the plane with the
surface of the liquid. For, #ie depth of element ds here
becomes 4 cos © and the tlﬂust on the element is conse-
quently & cos © Pg ds. The moment of this thrust about the
line of intersection is 4® cos © Pg ds. By the principle of
moments,

fh’ cos © Py ds = Hfh cos 9 Py ds.

Thus cos 9 cancels out and the equation remains the

same as before in every case.
QUESTIONS ON CHAPTER II

(1) A vertical rectangular dock-gate ABCD is hinged so
as to rotate about the upper horizontal edge AB, and is
fastened at the mid-point of the lower edge CD. If AB=10 ft.
and BC=15 ft., calculate in tons weight the stress on the
fastener in CD, given that the dock is full of water.

V3
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(2) A triangle is vertically immersed in a liquid with its
base in the surface. Show that a horizontal straight line
drawn through the centre of pressure of the triangle divides
it into two parts, so that the thrusts on them are cqual.

(3) A plane rectangular lamina ABCD is immersed in a
liquid of density P and kept vertical with the side AB in the
free surface. Find the positions of the centres of pressure
of the two triangles into which the rectangle is divided by
the diagonal AC, [M.U., B.A. & B.Sc., Sep. 1927]

(4) Prove that the horizontal line drawn through the
centre of pressure of a rectangle, one side of which is in the
surface, divides the rectangle into two parts, the thrusts on
which are as 4: 5. [M.U., B.A, March 1933]

(5) Define <centre of pressure’. Find the centre of
pressure of a triangle immersed in a liquid with one side in
the surface.

The water on one sid rectangular flood-gate, 12 ft.
high and 9 ft. wide, r§ 1¢ top, and on the other side
to half the height. Finc sition and magnitude of the
resultant thrust on the gate. < IM.U, B.A., Sep. 1937|

(6) Define * centre of pressure .

Find the centre of pressure of a triangle immersed in a
liquid with a vertex in the surface, and the opposite side
horizontal.

A dock-gate is 12 ft. wide. There is fresh water on one
side of the gate to a depth of 9 ft. and on the other side to a
depth of 6 ft. Find the resultant force on the gate and the
point of action. [M.U., B.A.. March 1938]

(7) Obtain an expression for the centre of pressure of a
plane area immersed in a fluid.

Find the centre of pressure of a trapezium immersed
vertically in a liquid with one of the parallel sides in the
surface. . . ) [M.U., B.Sc., March 1938]
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(8) Iind the centre of pressure of a rectangular lamina
when immersed in a liquid with one side in the surface.

A lock-gate 12 ft. wide has fresh water weighing

62-5 Ib. per cubic foot on one side to a depth of 10 ft. and

sea water weighing 64 1b. per cubic foot to a depth of 6 ft.

on the other. Calculate the resultant thrust on the gate
and find the position where it acts.

[M. U., B. A, March 1939]

(9)  Kind the centre of pressure of a triangular lamina
immersed in a liquid with a vertex in the surface and the
opposite side horizontal.

The depth of water on one side of a rectangular
lock-gate is 12 ft and on the other side itis 4 ft. The
breadth of the gate is 10 ft. Find the magnitude and line of
action of the resultant thrust g& the gate. 1 cubic foot of

water weighs 62:5 1b. M. U, B. A,, Sep. 1939]
(10) («) How is the r ant thrust on a curved sur-

face determined ?

(b) Define ' centre of pressure.” Find the centre
of pressure of a triangle immersed in a liquid with a vertex
in the surface and the opposite side horizontal.

[M.U., B. Sc., Sep. 1939]

(11) Define - centre of pressure.’
Find the centre of pressure of a triangular lamina

immeorsed with its vertex in the surface and the base hori-
zontal within the liquid.
How does the position of the centre of pressure

vary as the vertex is gradually lowered within the body of
the liquid ? [M. U., B. Sc., March 1940]



CHAPTER III
FLOATING BODIES

23. Resultant Thrust on a Body wholly or partly
immersed in a Liquid.—Let a body be wholly or partly
immersed in a liquid at rest (Fig. 28).
Imagine the body to be removed, and
the cavity (supposed undisturbed
meanwhile) filled with extra liquid.
The liquid added will, of course, be in
equilibrium. The forces acting on the
liquid added (called the replacing
ligusd or the displaced liquid) are
(1) its weight, which may be taken as acting through its
C. G. vertically down and (2) the resultant hydrostatic
thrust. Hence these two forces must be equal and opposite
and in the same line. Qow®the hydrostatic thrust must
depend only on the depth, shm- and area of the surface,
not on the nature of the body. Hence the resultant hydro-
static thrust on the original body also must be equal to the
weight of the liquid filling the cavity, 7. ¢., to the weight of
the displaced liquid and must pass vertically up through the
centre of gravity of the displaced liquid.

24. Condition of Floatation — We have seen that, if
a body is wholly immersed in a liquid, the resultant hydro-
static thrust acts vertically upwards and is equal to the
weight of the liquid displaced by the body, 7. e., to the
weight of an equal volume of the liquid. This principle is
known, as Archimedes’ principle, and the resultant hydro-
static thrust is called the force of buoyancy. When the
weight of the body fully immersed is less than the weight of
the liquid displaced, i. e., is less than the weight of an equal

-Q

Fig. 28.
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volume of the liquid, the resultant hydrostatic thrust will be
greater than the weight of the body, and hence the body
will float. Therefore, the condition for floatation is that
the weight of the body must be less than the weight of an equal
rolume of the liquid, i.e., the density of the body as a whole
must be less than the density of the liquid.

25. Conditions for EKEquilibrium of a Floating
Body.—When a body is floating in a liquid, the forces
acting on the body are (1) the weight of the body, which
may be taken to act through its C. G. vertically downwards
and (2) the resultant hydrostatic thrust. For equilibrium,
these two forces must be equal, opposite and in the same
straight linc. We have already seen (Art. 23) that the
resultant hydrostatic thrust it equal to the weight of the
liquid displaced and passes vertically upwards through the
C. G. of the displaced liquid. Hence for equilibrium of a
floating body, the followmg two conditions must be
satisfied :—

(1) The weight of the dzsz‘)'hced liquid must be equal to the
weight of the floating body.

(2) The centre of gravity of the body and that of the dis-
placed liguid must be in the same vertical line.

[The proposition of Art. 12 may also be applied here
instead of that of Art. 23.]

The same method of proof may be extended to the case
of a body floating with one part of its volume immersed in
one liquid and another part in another liquid. In this case
the sum of the weights of the displaced liquids must be
equal to the weight of the body and the vertical line through
the centre of gravity of the body must pass through the
centre of gravity of the combination of the displaced liquids
in their own positions. This includes the case of a body
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floating in a liquid exposed to air, when the buoyancy of the
air is taken into account.

[In the above discussion we have used the term °dis-
placed liquid’ in the sense of ¢the liquid which would fill
the space occupied by the immersed portion of the body’.
But the term is rather inappropriate. For example, itis
possible for a body to be immersed in a liquid, the total
volume of which may be less than the volume of the body,
Here there is no question of the body having *displaced’
its own volume of the liquid. The term replacing liquid
would, therefore, be more appropriate. But we have used
the term ¢ displaced liquid’ throughout this book on account
of its universal acceptance, and the reader must know
exactly what it means.]

26. Weight of a Body in Air.—A body whose reaj
weight (s.e., weight in vacuum) is IV and whose density is p
will experience in air a  forcq of buoyancy equal to the
weight of its own volume “of g, i.e., (W /P) x d, where d is
the density of air. Hence the apparent weight of the body
in air = W — Wd/p = W (1 — d/p). 1f this body is weighed
in a common balance using ‘¢ weights’ whose density is p’
and if the total real weight (in vacuum) of the ¢ weights’
used for balance is W', then equating the apparent weights
of the two, we have

W{l-d/p)=W (1-d/p’).
Hence W =W'(1-4d/p")/(1 —4d/p).
Since d/p and d/p’ are small in comparison with 1, their

squares and higher powers and their product can be ignored
in comparison with 1. Hence

W=W (1-d/p')(1+4d/p)
=W (@1—-d/p +d]p)
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27. Stability of Equilibrium of a Floating Body.—
We know that if a body, freely suspended, is in equilibrium,
the centre of gravity of the body must
be vertically below or above the point
{a) .6 | of suspension. But the equilibrium
itself will be stable or unstable according
as the centre of gravity (G) of the body
.G (o) s respectively below (Fig. 29a) or above
(Fig. 29 b) the point of suspension (S).
Similarly, a floating body will be in
equilibriwm if the two conditions given
in Art. 25 are satisfied, but the equili-
brium may or may not be stable.  Forstability of equilibrium
another condition must be satisfied. We shall first consider
the definitions of a few terms used in this connection.

oS oS

Fig. 29.

The centre of gravity of the displaced liquid is called
the centre of buoyancy. »

The section in which ‘ﬂﬁ’ surface of a liquid cuts a
body floating in it is called the plane of floatation. Tn

(a) (o)

Fig. 30.

Fig. 30, PF and P,F, represent the planes of floatation in
(a) and (b) respectively.
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If a floating body move about so that it takes up in
succession every position in which the volume of the liquid
displaced by it remains constant, the locus of the centre of
buoyaney is called the surface of buoyancy.

If a body floating freely be slightly turned, so that the
same quantity of liquid as before is displaced, the point in
which the vertical line through the new centre of buoyancy
meets the line joining the centre of gravity of the body to
the original centre of buoyancy is called the metacentre.

Explanation.— 1f a body floats in equilibrium in a
liquid (Fig. 30 a) the centre of gravity G of the body and the
centre of buoyancy H are in the same vertical line (Avt. 25).
Let the line HG be considercd fixed in the body. Now
turn the body through a small angle, in such a way that the
mass of the liquid displaced remains the same. Then if the
vertical through the new centre of buoyancy H’ (Fig. 30 b)
intersect HG, the point of'gintersection M is called the
metacenire. Y 7

The distance GM between the centre of gravity and the
metacentre is called the metacentric height.

Fig. 31.

We shall now discuss the condit'.ion for stability. If the
metacentre M is above the centre of gravity G as in Fig. 31,
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the weight of the body, which may be taken to act through
G vertically down, and the force of buoyancy acting verti-
cally up through H’
tend to bring the
disturbed body back
to the original posi-
tion. Hence the
equilibrium here is
stable. But if the
metacentre is below
the centre of gravity
(Fig. 32), the two
forces tend to turn the disturbed body further from the
original position. Hence the equilibrinm here is unstable.
Therefore, for stability of equilibrium, the metacentre must
be above the centre of gravity.

Fig. 32.

28. Distance (HM) betyeen the centre of Buoyancy
and the Metacentre.— If a figating body turns slightly from
its equilibrium position, the original plane of floatation PF
and the subsequent plane of floatation P, F, (Fig. 30) meet
in a line (represented by A in the figure), which we may call
the axis of rotation. It can be shown that

Ak?
HM =",
| 4
where Ak* is the moment of inertia of the plane of floata-
tion about the axis of rotation and ¥V the volume of liquid

displaced.

It must be noted that it is GM that is called the meta-
centric height and not HM.
N

' %29, Experimental Determination of the Metacentric
Height of a Ship.— The metacentric height of a ship may
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be determined by the following method, which is known in
naval architecture as ¢ the inclining experiment’.

The mass of the ship M’ is found from its displacement
and a mass m of
several tons, which
is already on board
the ship, is moved
across the deck
through a measured
distance [ (= A B,
Fig. 33). Consequ-
ently, the ship turns
through an angle o
(a very small one, of
course). This angle
of inclination is
found by means of a p]ulpb-b‘b suspended in the ship.

Let H and H’ be the o;iginal and altered centres of
buoyancy, G the centre of gravity of the ship and M the
metacentre. Let 2 be the metacentric height GM. Then
taking moments about M, we have

M’g x sine=mg [l cos 0.
x=ml) M tano=ml | M’ e,

since © will usually be small.

[(1) Transferring a weight mg from A to B is equivalent
to: retaining mg at A and introducing two new forces, each
equal to mg, one vertically up at A and the other vertically
down at B. This latter system is again equivalent to a
weight of M'g at G, a force mg acting up at A and another
force mg acting down at B,
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(2) The moment of the force of buoyancy about M is
zero, since the force passes through M.

(3) The metacentric height GM will remain the same only
when the ship is loaded in the same manner as when tested.

(4) Instead of moving a heavy weight across the deck of
the ship, two boats on the deck at distance [ apart may be
alternately filled with the same mass of water. |

30. Metacentre of Floating Body with immersed
Part Spherical.— 1f the portion of the floating body which
is immersed in the liquid is spherical, the centre of curvature
C of this spherical portion must be the metacentre. For,
the thrust at cach clement of the spherical surface is normal
to the surface and so passes through C: hence the resultant
thrust passes through C. We have already seen (Art. 23)
that the resultant thrust passes vertically through the centre
of buoyancy, and this applies not' only to the equilibrium
position, but also to the disturbed position. In the equili-
brium position, the resultant thrust passes also through the
centre of gravity of the body. Hence HG in the equilibrium
position and the vertical through H’ in the disturbed posi-
tion both pass through C, which is therefore the meta-
centre,

31. The Common Hydrometer.—This is a variable
immersion hydrometer graduated and ready for rapid use.
It is used for the determination of the specific gravities of
liquids. It is usually made of glass and consists of a uni-
form, thin, graduated stem AD (Fig. 34a), ending in a
comparatively large bulb and another smaller bulb, weighted
with mercury, below it. The weighted bulb is for making
the hydrometer float vertically.
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is a constant weight hydrometer, the lighter

the liquid in which it floats, the greater the
immersion. The instrument may be gradu-
ated as follows :—

Tloat the hydrometer in water and measure
the length of the stem I, above the water sur-
face. Then float it in another liquid of known
density p, and measure the length of the stem
1, above the liquid surface.

Let V be the volume of the whole hydro-
meter and o the area of cross-section of the
uniform stem. Then the weight of the hydro-
meter = the weight of the liquid displaced in
each case=

(V-lia) x 1 = (V--1,a) x P, from which

V=a(@p-1L)/(P-1).

Now (I, p—-1 ?/(P—l) is a quantity which
can be calculated from the data obtained.
Represent it by &.

Then V==Fa.
Let the hydrometer be now floated in a liquid
of unknown density z. Let ! be the length of
the stem above this liquid. Then, as before,

(ka—la) x 1 = (ka — la) z, from which

z=(k =01)/(k-=VDor k—-1l=(@(k—-1)]x.

Thus for successive values of x the corres-
ponding values of  on the stem can be calcu-
lated or vice versa.

It is found that when the density increases
uniformly the graduations get closer and
closer. This relation can be investigated

more clearly as follows :—
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Let BA be the portion of the stem above water and
CA the portion above a liquid of density P, when the
hydrometer is floated in the two liquids successively,
Imagine the uniform stem AD to be continued to O
(Fig. 34 b) so that the volume of OA is equal to V, the
volume of the whole hydrometer. Then
V =0A.a (e being the area of cross-section),
and the weight of the hydrometer = the weight of the liquid
displaced in each case =

(OA.a — BA.ag) x 1 =(OA.a — CA. a) P
0B . 0B,
SoPp= OU or oC = _ﬁ-
Hence the graduations corresponding to densities (or spect-
[ic gravities) in arithmetical progression are at distances fromi
a point in the stem produced which are tn harmonic progression,
and vice versa.

EXAMPLES

1. A man whose weight is 150 1b. and whose volume,
exclusive of the head, is 2 c.ft. can just float in water with
his head above the surface by the aid of & lump of cork com-
pletely immersed. If the sp. gr. of the cork is 0-24, find the
volume of the cork. (1 c.ft. of water weighs 624 1b.)

Let « be the volume of the cork in c. ft.

Its weight = 2 x 024 x 62%1b.

Weight of water displaced by man and cork =
(2 x 62} + = x 62}) Ib.
Equating total weight of man and cork to weight
of water displaced by both,
150 + = x 024 x 62} = 2 x 62§ + & x 624,
from which z = 10/19 c.ft.
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2. A solid homogencous cylinder of height A and den-
sity P tloats with its axis vertical in a liqguid of density p,.
A liquid of density p, is gentlv poured into the vessel till
the top of the cylinder is covered. (alculate what part of
the cylinder is immersed in the liquid of density p,, if it
continues to float with its axis vertical. (P, > P,.)
g Let A be the arvea of cross-section of
x| p the cylinder. Then the volume of the
_Ll__ cylln(lu is A h and its weight A7 p.
' l Let x be the immersion in the upper
liguid. Then the immersion in the lower
Fig. 35. liquid is A — & (Fig. 35).

Equating the weight of the body to the sum of the

weights of the liquids displaced. we get
Ahp=Aap, + A h—x)p,.

Hence « = h (P, — P)/ (P, — D)

3. A small piece of wood floats half immersed in fresh
water exposced to the atmosphere. How much of it will be
immersed in the fresh water inside a diving bell, 10 ft. high,
lowered till its top is 47 {t. below the surface of the water?
The height of the water barometer is 34 ft. and the density
of air at atmos. pressure and temp. is d. Take the temper-
ature to be the same throughout.

First let us calculate the density of the air in the bell.
Let « be the height of the air column in the bell. Then

by Boyle’s law,
10 v 34 =z (34 + 47 + o)

from which z = 4 ft.
Pressure of air inside bell = 34 + 47 + 4 = 85 ft.
of water.
Density of air inside bell = d x85/34 = d x 5/2,
Let V be the volume of the wood and W its weight.
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Let y be the fraction of its volume immersed in the
water under the bell. Then
W=1Vx1+ !V xd (in open atmos.), and
W="Vyx1l4+ V(1 —y)bd/2 (in the bell)
Vy+ V(I —y)5d/2=V/2+ Vd]2.
Hence y = (1 —4d)/2(1 —-5d/2)=2-3d)/4
approximately.

4. A cylinder of sp. gr. 095 and length 16 in. floats
with its axis vertical in a vessel of water. Find the height
to which oil of sp. gr. 0 84 should be poured in order that
the cylinder may bhe just fully immersed.

(M. U., B. A., March 1939]

i.et A be the arca ot cross section of the eylinder and x
the height of oil required in inches.

Then 1644 X 0-95k=rsl X 084 £k + (l6—2x) 4 X 1 x &,
where £ is o Lonstant ‘

Hence » =5 in

1

5. A cylinder of radius «, height A and weight W
floats with ils axis vertical in a liquid, of twice its density,
contained in a cylinder of radius . Show that the work
necessary to depress the cylinder until it is just immersed is
LW R (1 —a¥b). [M.U., B.Sec., March 1932]

The cylinder Hoats half immersed, since its density is
half of that of the liquid.

Now if the cylinder is pressed down so as to be sub-
merged 1 cm. further, the displacement of the liquid
=qga? x 1, and the rise of liquid level -- 7'/ 7w b* = a” /b,

So the top of the cylinder has descended only 1—a? /b2

Hence for immersion of A/2, the top of the cylinder must
be pushed down through ! & (1 —a*/b").

Force to be applied in the beginning == 0; force at the
end =2W-W = W.
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Average force applied = W/2.
Work done = average force x distance =
sW x 1h (1—a*/b*) = } Wh (1 —a?/b?).

6. Find the condition for stability in the case of a
uniform circular cylinder, of radius », height A, and density
a, floating with its axis vertical in a liquid of density b.

Let the area of cross section of the cylinder 7,* pe

< r.s represented by 4. Let 2’ be the depth

J of immersion (Fig. 36).

_— Equating the weight of the floating

h G body to the weight of the liquid dis-
l H |n placed, we get
l dha = AR'b.
y .. k' = ah/b.
Fig. 36. For stability HM > HG.

72 >
Now HM = Ak*/ V = . ;/Ah' — ; /%h:wb/“n,and

HG =0G-OH =1h - ik =Lth--Lah/b =
‘ Lh(b—a)/b.
r*h/dah> th(b—a)/b

. . fe o
ie,”>2h (E—F).

7. Find the condition for stability of a cone floating
B<—P—> ¢ in water with its axis vertical and

D / vertex downwards.
< Py -G /

Let OBC be a section of the cone
T through the axis OD (Fig. 37). Let
b, OD =k, BD = r. Let &, be the depth
l of immersion, 7, the radius of the
plane of floatation and s the density of
Fig. 37 the cone.

tH
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Now HM=Ak |V = Ak*| } Ah, = 3r,* [ 4h,.
But 7,/ k= r [ h, and
20 h, =% wr® hs (Art. 25), ic, r2h, = r*hs
b =Mls, ie, h, =hys.

Hence HM = 3r,* [4h, = 3¢* s/ 4h,

and HG = OG —OH = %h — } h, = 1 h (1 ~ gs).

For stability of equilibrium, HM > HG.

ie., 3 ys/4h > 3k (1 - ys)/4.

ie, 7 /B> (1 - 38) [ 4s.

8. In H. M. S. Achilles, a ship of 9000 tons displace-
ment, it was found that moving 20 tons from one side of the
deck to the other, a distance of 42 ft., caused the bob of a
pendulum 20 ft. long to move through 10 in. Prove that
the metacentric height was 2:24 ft. [Math. Tripos, 1884]

Metacentric height = ml | M'o (Art. 29)
_ 20 x 42
T 9000 x 10/240°

9. A thin cylinder, one end of which is rounded off in
the form of a hemisphere, floats with its spherical end partly
immersed. If the body is hollow and of uniform thickness
throughout, find the greatest height of the cylinder consis-
tent with stable equilibrium. [M. U., B.Sc., Sep. 1933]

A ‘thin cylinder’ means a cylinder with thin sides and
bottom. Let r be the radius.

Here the centre of curvature C
(Fig. 38) is the metacentre M (Art. 30).

= 2:24 ft.

—  Let « be the maximum height of the
——— cylinder above C for stability. In this
— limit of stability, the C. G. of the whole
Fig. 38 “body coincides’'with M.
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The C. G. of the cylindrical part (G,) lies at a distance
of } z above C, and its mass is o< 2 7 7 2.

The C. G. of the hemispherical part (G,) lies at a dis-
tance of § r below C, and its mass is o< 25 72

Hence if C is to be the C G. of the combination,

2rre X tx=2xr%X 1
L =T

10. A common hydrometer floats in a liquid of density
P, with a length !, of its stem exposed. A length I, is expo-
ged when it floats in a liquid of density pP,. Determine the
density of the liquid in which the hydrometer will float with
a length I of the stem exposed.

Let V be the volume of the whole hydrometer and a the
area of cross-section of the stem. Then the weight of the
hydrometer =

(V=al) Py = (V—uly) P, = (V—al) P,
where P is the density required
From the first two expressions we get
V(P,—pP.) =al, P —1{p,) or
V=a(p, = L,P) (P, — Po).
Substituting this in the first and third,
{@ 0P =Lp)/ (Pi—Ps) —ali }p, =
{a (.P1— LP:) (P —Ps) — al} p, from which
P = PPali=b) [y = ) Py + (L=1) Py
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QUESTIONS ON CHAPTER III
(1) A solid (not hollow) cylinder, one end of which is
rounded off in the form of a hemisphere, floats with its sphe-
rical end partly immersed. Iind the greatest height of the
cylinder consistent with stability of equilibrium.
(2) Account for the fact that the graduations on the
stem of a common hydrometer are not equidistant.

A cylindrical piece of cork of height 4 is floating with
its axis vertical in a basin of water. If the basin be placed
under the receiver of an air-pump and the air be pumped
out, prove that the cork will sink through a distance,

d (1—s8) h[(1—d), where d and s are respectively the specific
gravities of air and cork.
[M.U.,, B.A. & B.Sc., March 1929.)
(3) Show that a uniform civcular cylinder of specific gra-
vity } cannot be in stable equilibrium when floating upright
in water if its length is greater than # of its diameter,
M. U, B.A. & B. Sc., April 1930].
(4) Calculate the volume of hydrogen which a balloon
must contain in order that its total lifting power may be
equal to 750 lb. wt., the weight of 100 c. ft. of air being 8 1b.
and the sp. gr. of hydrogen referred to air 0 07,
j [M.U., B.A., March 1933}

(5) A cube of s!p. gr. s floats in water with four edges
vertical. Find when the equilibrium is stable,
[M.U., B.A,, Sep. 1933]

f(b) A solid conc floats with its axis vertical and vertex
downwards in a liquid of four times its own specific gravity.
Prove that for stability of equilibrium the semi-vertical
angle of the cone should exceed 37°28’,

[M.U., B. Sc., Murch 1934)
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(7) A cylinder of wood (sp. gr. s) of height % and radius
7 is floating in water with its axis vertical. Show that, for
stability of equilibrium, r / A should be greater than
vV2s(l—s). [M.U., B. Sc., Sep. 1935]

(8) The whole volume of a common hydrometer is

15 c. c., and its stem is 3 mm. in diameter. The hydrometer

floats in a liquid A with 3 cm. of its stem above the surface,

and in another liquid B with 6 cm. above the surface.
Compare the densities of the liquids.

} [M.U., B.A., Sep. 1936]

~J(9) A cylinder of radius » and height 2 floats with its
axis vertical in a liquid of twice its own density. Find the
condition for stability of equilibrium,
[M.U.,, B. Sc,, Sep. 1936]
(10) Derive the conditions for the equilibrium of a
floating body ; discuss the condition for stability.

A cylinder of wood, 6 ft. long, floats with its axis
vertical in water and 4 ft. immersed. Find the least possible
radius of its base for it to remain in stable equilibrium.

[M.U., B. Sc., March 1937]

(11) Discuss the conditions of equilibrium of a body
floating freely in a liquid. What is the condition for
stability ? [M.U,, B.A., Sep. 1937]

(12) Derive the conditions of equilibrium of a body
floating freely in a liquid. What is the condition for stability?

How is the metacentric height of a ship experimentally
determined ? [M.U., B. Sc., Sep. 1938]

(13) Explain the conditions of equilibrium of a body
floating freely in a liquid.

—~-Give-the theory of the common hydrometer.
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A cylinder of sp. gr. 0°95 and length 16 in. floats with
its axis vertical in a vessel of water. Find the height to
which oil of sp. gr. 0'84 should be poured in order that the
cylinder may be just fully immersed.

[M.U., B.A., March 1939]

(14) Find the conditions of equilibrium and stability of
a body floating in a liquid.

Describe how the metacentric height of a ship may be
determined experimentally. [M.U., B.A., March 1940)

(15) Describe in detail the method of graduafting the
stem of a common hydrometer.

The lengths of the stem of a common hydrometer
exposed to the air, when it is dipped in liquids of specific
gravities 1-12 and 1-25, are 2 in. and 5 in. respectively. Find
the sp. gr. of a liquid in which the hydrometer floats with
3 in. of its stem exposed. [M.U., B. Sc., March 1940]



CHAPTER IV
THE ATMOSPHERE AND BAROMETER

32. The Atmosphere. — OQur atmosphere of air sur-
rounds the earth to a considerable height (about 100 miles)
from the surface. Since air has weight, the atmosphere exerts
a considerable pressure upon the surfaces exposed to it. This
pressure, called the atmospheric pressure, is about 15 1b. wt.
per sq. in. or 1 kg. wt. per sq. cm. near the sea level. The
pressure of the atmosphere is less on a mountain than
at sea-level, since the height of the air column in the
former case is less. Similarly, the atmospheric pressure is
greater in a mine than at sea-level. Asin the case of a liquid
the air exerts pressure in all directions, upwards, sideways,
and downwards, and the pressure at a point is the same in
all directions. There is, however, one important distinction
between the two. The pressure due to a liquid at a
point is . proportional to the depth of the point from the
surface level and the difference in pressure between two
points is proportional to the difference in level between the
points, In the case of the atmosphere, however, the diffe-
rence in pressure between two points is not simply
proportional to the difference in level between the
points, for, while the density of a liquid is practically inde-
pendent of pressure, that of a gas varies considerably with
pressure owing to its high compressibility. Small differences
in level can, however, be calculated from the difference in
pressure between the two points and the mean density of the
air within the range. (P, — P, =hpg).

33. The Barometer. — A barometer is an instrument
for measuring the atmospheric pressure. The first barometer
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was constructed by Torricel %’ filling Aﬁ
tube (about 80 cm. long). closed & nd arxj
open at the other, with mercury and vigye j
vertically into a trough of mercury. The mercury
in the tube was found to occupy only a height of
about 76 cm. above the mercury level in the
trough. By the principle of balancing columns,
this height must be a measure of the atmospheric
pressure,

34. Fortin’s Barometer.—
In an ordinary barometer des-
cribed above two readings are
required, corresponding to the
lower and higher levels of mer-
cury, before the atmospheric
pressure can be determined. In
Fortin’s barometer (Fig. 39),
the lower level of mercury can
be brought to a fixed position
corresponding to the zero of
the scale by an adjustable bot-
tom (Fig. 40) provided for the
cistern, and thus only one
reading need be taken. The air
inside the cistern communicates
with the outside air through the
lid of the cistern. The cistern
is closed at the bottom with a Fig. 40 ¢,
piece of chamois leather which  Cistern with 0%

. adjustalle
can be raised or lowered by the bottd@’)’

screw S,. The zero of the scale of thefx m
corresponds to the point of the ivorypig’ apd, be.-

barometer. fore reading the instrument, the {c*? turned
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until the mercury level in the cistern just touches the point
of the pin P, as indicated by the point of the pin just touching
that of its image. Then the screw S, is turned until the
lower edge (i.c., zero) of the vernier V is just in a level with
the mercury surface M in the tube, seen through two glass
windows opposite to one another. A plate at the back
connected to the vernier moves with the vernier and the
lower edges of this plate and the vernier are in the same
horizontal plane when the barometer is fixed vertically.
When adjusting the vernier, the eye must be in the line
joining these two lower edges, so as to avoid the error of
parallax. Then the main scale reading (just below the zero
of the vernier) and the vernier reading are taken and the
height of the mercury column is thus obtained. The baro-
meter reading may vary not only from day to day but also
during the same day. A moderate fall in the barometer
(about one inch) will indicate coming rain or wind. A
considerable fall (1'5 inches or more) indicates coming storm,

+ 35: Corrections for the Reading of Fortin’s Baro-
meter.—The reading of Fortin’s barometer is corrected and
standardised as follows :—

(1) Correction for expansion of scale. If h isthe reading
at t'C. on the scale constructed to read correctly at 0°C.,
then the actual height of the mercury column is k(1 + at),
where a is the coefficient of linear expansion of the material
of the scale.

(2) Correction for expansion for mercury. Let h(1+ at)
be the actual height of the mercury column at t’'C. Let A°
be the height which the mercury ‘column would occupy at
0°C. Let p, and p, be the densities of mercury at 0°C. and
°C. regpectively and ¢ its coefficient of cubical expansion.
Then the atmospheric pressure = A(1 +at) P, g=h P, g.
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Hence b, = h(l+at) P, [ P, = k(L +at) [ (1 +ct)
= h(l+at) (1—ct) = k [1—(c—a)t] nearly.
a = 0000019 for brass and ¢=0-000182.

(3) Correction for wariation of g. The barometric
height at a place where the acceleration due to gravity is g
must be standardised to the value at sea-level in latitude
45,° where the acceleration due to gravity (g,) is 9806
cm./sec®. For this, the barometric height must be multiplied
by g/g,. 1t can be shown that

g/g, = 1—-0-00259 cos 2\ —196 7 x 109

where )\ is the latitude of the place and ! its height in
centimetres ibove sea-level.

(4) Correction for capillarity effect. Owing to capilla-
rity effect, the mercury is depressed, and so the correction
is always positive. The narrower the bore, the greater is
this depression. The correction is found by comparison
with a barometer of very wide bore (more than 25 cm. in
diameter), in which this effect is negligible, and is usually
supplied by the maker of the instrument. For a tube of
diameter } in. or 6 mm. the correction will be about + 1
mm,

() Correction for vapour pressure of mercury. At 20°C.
the vapour pressure of mercury is only about 0:001 mm. of
mercury ; 8o this correction (+ 0001 mm.) may be ignored
at ordinary temperatures.

36. The Barometric Liquid.—Mercury is generally
used as the barometric liquid for the following reasons:—

(1) It is the densest liquid available ; hence the height
of the mercury barometer will be the shortest possible. A
very tall barometer causes difficulties in construction and
reading, and is not easily portable. A water barometer, for
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example, will be about 1034 cm. (i.e., 76x 136 cm.) or 34
ft. (i.e., 30 x 136 in.) in height.

(2) The difficulty of correcting for the vapour pressure,
which varies with temperature, is avoided in the mercury
barometer, since the vapour pressure of mercury at ordinary
temperatures is negligibly small. With water, the vapour
pressure is considerable (17-5 mm. of mercury at 20°C.).

(3) Mercury does not wet glass.

(4) It is clearly visible in a glass tube since it is
opaque.

(6) It is one of the liquids which can be obtained
pure.

The disadvantage of mercury is that, on account of its
high density, the height of its column in the barometer will
not change much for small changes in the atmospheric pres-
sure ; that is, the mercury barometer is not sensitive.

If slight variations of atmospheric pressure are to be
indicated, a glycerine barometer must be used. The height
of the glycerine barometer will be about 818 cm.

37. The Aneroid Barometer.—This instrument, as
its name implies, contains
no liquid. It consists of a
small chamber closed by a
diaphragm of thin corruga-
ted metal and partially ex-
hausted (Fig. 41). This
diaphragm, attached to a
Fig. 41. spring, is thrust in or out a
little according as the ex-
ternal pressure increases

or decreases, the extent of motion being proportional to the

Principle of the aneroid barometer.
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change of pressure. This motion is magnified by a system
of levers and transmitted to an index. The instrument is
graduated by direct comparison with a standard mercury
barometer. Its indications, however, are not quite reliable.
Tts chief advantages are portability and sensitiveness.

38. The Normal Atmospheric Pressure.—The nor-
mal atmospheric pressure is defined as being equivalent to the
pressure cxerted by a vertical column of mercury 76 cm. in
height at 0°C. where g is 980°6 cm. per sec. per sec. Tt is eqnal
to 76 x 13:596, 7.e., 1033 gm. wt. per sq. em ; or 76 x 13 596
X 9806, 7.e, 1'013x 10° dynes per sq. cm.; or 14°7 1b. wt,
per sd. in.

The density of the air becomes less and less as we
ascend higher and higher above the sea-level. The height
which the normal atmosphere would occupy if it had a uni-
form density of 0001293 gm. per c.c. is called the
height of the homogeneous atmosphere. If H repre-
sents its value, then H x 0001293 =76 x 13:596, from which

H =7990 metres.

In the F. P. S. system, H x 0001293 x 624 =
:;(“2) X 13:596 x 62'4, from which H = 26,280 ft. (nearly 5
miles).

39. The Gas Laws.—(1) Temperature being constant,
the volume of a given mass of gas is 'inversely proportional
to its pressure, i.c., T being constant ¥ o 1/ P (Boyle’s Law).

(2) Pressure being constant, the volume of a given mass
of gas is directly proportional to the absolute temperature,
i.e., P being constant, V o< T' (Charles Law).

(3) Volume being constant, the pressure of a given mass
of gas is directly proportional to the absolute temperature,
t.e., V being constant, P o T'.
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40. The Gas Equation.— We can embody the three
gas laws in one equation called the gas equation.
}—, when T is constant.
By Charles’ law, V o< T when P is constant.
V o< T'/ P when both T and P vary.

That is, PV /T is constant for a given mass of a gas.
This constant is represented by R when the mass of the gas
is 1 gm. Thus we get

By Boyle’s law, V oc

PV =RT.
Corollaries.—(1) Since P, V, /T, = P, V,/T, and

V o< % for the same mass, P, / 0, T, = P, | P, T,.

(2) 1f we have two portions of gas, P,, V, and T, referr-
ing to the first portion and P,, V, and T, referring to the
second portion, then on mixing the two portions

P.V.|T, + P, V,|T, =PV/T,

where P, V and T refer to the mixture. This can be proved
as follows :—Let ¥,' and V,’ be the volumes which the first
and second portions of gas would respectively occupy at
pressure P and absolute temperature 7. On mixing the
portions now the total volume would be V' + V,’, since they
are at the same pressure and temperature. But the total
volume at P and 7' is ¥. Therefore V,' + V'’ = V. Now

PV, /T, =PV /Tand P, V,/T,=PVy/|T

PV, /T + PV, |Ty=PV,)/T + PVy|T =

PV /|T.

41. Vitiated Vacuum in a Barometer.— A barometer
which contains some air in the tube will, of course, give
faulty readings. To test if there is air in a barometer tube,
screw up the bottom of the cistern (Fortin’s) or incline the
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tube sufficiently. At a certain stage the whole tube will be
filled with mercury if there is no air in it. But if there is
any air in it, a bubble of air will always be left, however
much we may incline the tube or screw up the bottom.

It is possible to determine the correct atmospheric
pressure with such a faulty barometer by the application
of Boyle's law. Let %, be the height of the mercury column
(above the mercury level in the cistern, in all cases) and !,
the length of the air column in the tube. Now raise or
depress the tube or lower or raise the bottom of the cistern
sufficiently so that the air column is about double or half
of what it was. Note the height of the mercury column
h, and the length of the air column /,, Let P be the atmos-
pheric pressure. Applying Boyle’s law to the air enclosed in
the tube,

(P=h)ly= (P — h) by

K'rom this P is determined. To determine the atmospheric
pressure with the barometer at any other time, let
(P — k) I, =k, and let & and [ be the height of the mercury
column and the length of the air column respectively at
the time. Then the pressure of the air enclosed at the time
== kfl, and the atmospheric pressure = & + &/l. The tube
is supposed to be uniform and the temperature constant.

42. The Diving Bell. — This is an apparatus for
enabling a man to dive to a considcrable depth under water
in order to examine a sunken vessel, to lay or repair the
foundation of a pier, or to pick up pearl-oysters,

The principle of the diving-bell can be understood by
inverting a beaker full of air over water and immersing it
under the liquid. To whatever depth the beaker may be
depressed, the air. contained will always remain in it at the



62 HYDROSTATICS

upper part, though its volume will diminish as the depth is
increased.
The diving-bell (Fig. 42) consists of a
U large cylindrical vessel, closed at the top
and open below, and heavy enough to sink
in water with the contained air. There is
provision for a person to sit or stand inside
the bell, and the air which is always present
above enables him to breathe. In modern
bells, however, there are two tubes attached
to the upper part of the bell, one for pump-
ing in fresh air and the other for withdraw-

Fig. 42
The diving bell.
ing foul air.

The tension in the chains supporting the bell is equal
to the weight of the bell minus the weight of water it dis-
places.

As the bell sinks, the water rises inside, and hence the
weight of water displaced becomes less, and the tension in
the chains increases.

43_' Relation between Height and Pressure. The

Q relation between the height of one place above
another and the atmospheric pressures at the
two places can be derived as follows: Take
P two points P and Q (Fig. 43) very near each

other in the atmosphere, Q being vertically

1% above P. Lot the heights of P and Q above

I the ground be x and « + dx; let the pressures

at these points be p and p + dp respectively ;

Ground Level and let the average density of the air within
Fig. 43. PQ be p.

Imagine a small cylinder described about the vertical
line PQ as the axis. Let its area of cross-section be a.
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Resolving the forces vertically, we get for the equili-
brium of the cylinder
(p +dp)a + adz Py =pa,
ie, dp + P gdx= 0.
If the air is at constant temperature,
P/p = a constant = £k, say.
Then dp + kpgdx = 0,
ie, dp/p + kgde =0
Integrating, log,p + kgaz = a constant.
If p, and p, are the pressures at heights &, and hz,
log p, + kgh, = log p, + kgh,,
Le., log. (py/p.) = kg (b, — h).
Now &k = p/p = 0001293 /76 x 136 x 9806
(supposing the air is at 0°C.),
and log. (p, / p.) = 23026 logy, (p,/ p.).
Thus the difference in height A, —A, between two places
can be calculated from the pressures at the two places.

As this equation has been obtained on the assumption
that the temperature and the acceleration due to gravity (g)
are both constant throughout, neither of which suppositions
is even approximately correct for very large differences in
altitude, we cannot apply the equation to very large differ-
ences in height.

[If the mean temperature of the air in the range is
different from O C., the density of the air at that tempera-
ture and normal pressure is to be substituted for 0°001293.
1t must be remembered that p, is the pressure at the lower
place and p, that at the higher place.}

Corollary. The equation log, (p,/p,) = kgh, where
h = h, — h,, may be written as

PP = ekgh,
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If p, is the pressure at ground level and p the pressure
at height & above it and p, and P the corresponding densities
then

Dol p = et and p,/p = ehoh,
since density is directly proportional to pressure according
to our assumption that temperature is constant. Hence

p=2p,/e*" and p = p, e ok

Hence as the altitude increases in arithmetical progression,
the density, as well as the pressure, diminishes in geometric

progression.
EXAMPLES

1. A barometer (of uniform tube) reads 73 cm. when
the length of the remaining space above in the tube is 5 cm.
The mercury level in the cistern is now raised in re-
lation to the tube, and the barometer reading and the length
of the remaining space are now respectively 71 c¢m. and
3 cm. Hind-the atmospheric pressure. If the reading in the
barometer at any other time (at the same temp.) is ~ and the
length of the remaining spuace is /, what is the atmospheric
pressure then !

The barometer contains air since its reading varies with
the length of the remaining space.

Let P be the atmospheric pressure. Then, applying
Boyle’s law to the air enclosed, (P—73) 5= (P——7 1) 3, from
which P=76 cm.

Also, k=(76—73)5=15. ... pressure of enclosed air=
15/1, and the atmospheric pressure at the time=#A+ 15/I.

2. If the density of air at N. T. P. is 0:00129 gm. per
c.c., calculate the ascent corresponding to a fall of the baro-

meter from 30 to 27 in., the mean temperature being 25°C.
[M.U,, B. Se.]
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Density of air at normal pressure and 25°C
=0-00129x 273/ 298 = 000118 gm per c.c.
P/p =00018/76 x 136x9806 = k&,
Now 2 3026 log , (p, / p,) = kgh
But log . (p,/ p.) = log, (30 / 27) = log ,c 30 —log ,, 27.
= 0:0457.
2:3026 x 0°0457 = h x 0-00118 /76 x 13'6
Hence & = 092 x 10° cm. or 0'92 kilometre.

3. If the height of the homogeneous atmosphere is
26,000 ft., prove that the altitude above the sea-level of a
place at which the barometric height is 26 in., when
the reading at the sea-level is 30 in., is about 3718 ft., the
change in temperature being neglected. (M. U.. B. Sc.]

Let p be the density of air in lb. per c. ft. at N. T. P.
Then by definition of height of homogeneous atmosphere
(Art. 38), normal atmospheric pressure » in poundals per sq.
ft.=26,000 x p x 32.

P/p=1/26000%32=k. ¥

Now 2:3026 log ,, (p, / p.)=k gh.

But log o (p,/ p.)=log , (30 / 26) =0-0621.
2:3026 x 00621 =4 / 26,000.

Hence hA=3718 ft.

QUESTIONS ON CHAPTER IV

(1) A uniform glass tube 25 in. long and closed at the
upper end is attached to the sounding lead of a ship. On
drawing the lead from the bottom of the ocean, the tube is
found to be wet with water up to 20 in. inside. What is the
pressure at the bottom due to the water ? Calculate the depth
of the ocean at the place, the density of sea-water being
64 1b. per?. ft. (Atm. press., normal.)

v
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& (2) Detormine the depth to which a cylindrical diving
éé 8 ft. high must be lowered in the sea in order that the
air in it may be compressed to 2 of its original volume,
taking the specific gravities of mercury and sea-water as
13:6 and 1025 respectively, and the height of the barometer
as 30 in. [M.U,, B.A. & B. Sc., March 1932]

(3) If the readings of a barometer with an imperfect
vacuum are h, and h, when the true readings are A, + @ and
h, + b respectively, find the length of the tube occupied by
air in the two cases. Show also that the top of the tube is
at a height (ah, —bh,) / (a - b) above the mercury in the reser-
voir. [M.U., B.A. & B.Sc., Sep. 1932]

(4) A barometer stands at 30 in., and the space occu-
pied by the Torricellian vacuum is 2 in. If a bubble of air
which would, at atmospheric pressure, occupy 3} in. of the
tube be introduced into the tube, prove that the surfice of
mercury will be lowered by 3 in. Show also that the height
of a correct barometer, when this false one stands at =«
inches, is z + 15/(32—x) in,

' [M.U, B.A. & B, Sc., March 1928]

(5) Neglecting the effect of temperature difference,

calculate the height of Bangalore above sea.level if the

barometric height at Bangalore is 27 in. and at sea-level
30 in, [M.U., B.A. & B.Sc., March 1931]

(6) If the height of the homogeneous atmosphere is
26,000 ft., prove that the altitude above the sea level of a
place at which the barometric height is 26 in., when the
reading at the sea-level is 30 in., is about 3718 ft., the change
in temperature being neglected. [M.U., B.Sc., Sep. 1932]

(7) The readings of a barometer with an imperfect
vacuum are 28 and 29 in. when the true readings are 28.5
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and 29.75 in. respectively. Prove that the correction to be
applied for any other reading = is 3 / (62 — 2z).
[M.U., B A, Sep. 1934]

(8) Tind an expression for the variation of atmospheric
pressure with height, stating the assumptions you make, and
show how the result may be used to find the difference of
height between two stations.

Find, neglecting variation in temperature, the altitude

of a place where the mercury barometer reads 705 mm.,
when the reading at sea-level is 750 mm.

|MU., B.Sc.. March 1937]

(9) Show that the atmospheric pressure diminishes in
geometric progression as the height increases in arithmetic
progression, assuming the temperature to be constant.

If the density of air at N.T.P. be 0-00129 gm, per c.c.,
calculate the ascent corresponding to a fall of the barometer
from 30 to 27 in., the mean temperature being 25°C,

[M.U., B.Sc., Sep. 1938]

(10) When the heights above the earth’s surface in the
atmosphere are in arithmetical progression, show that the
corresponding pressures are in geometric progression, assum-
ing the temperature to be constant.

Calculate the difference in heights between two stations,

if the atmospheric pressures at the places are 635 and 75
¢m., taking the necessary data from the tables.

[M.U., B.Se., March 1939]



CHAPTER V
PUMPS AND PRESSURE-GAUGES
Pumps®
44. The Compression Air Pump.-—This consists of
a cylindrical barrel fitted with a piston P (Fig. 44). There
is a valve (V,) in the piston and another (V,) in the exit tube,
both valves opening only inwards (towards the receiver R).
In the common bicycle pump, gvhich is an example of this

pump, the valve in the piston is a cup valve, and the valve
in the pneumatic tube is a tissue valve of rubber.

Now let us push the piston from the outer end
inwards. Owing to the increasing
) pressure of the enclosed air, V, is
closed tightly and the air at high
-‘ pressure opens V, and passes through
into the vessel. On pulling the piston
-A outwards, a vacuum is produced behind
it. The air in the vessel, by its pressure,
simply closes the. valve V, txghbly
But the air from™ outside opens the
valve V, and enters the barrel. Thus,
as the cycle of operations is repeated,
one fbarrelful of. air at "atmospheric
1 pressure is sent into the vessel for each
Tre double stroke.
vy [

Let ¥V be the (constant) volume of
Lo~ ~ the receiver (vessel) and v that of the
’ R \ barrel. Then after » strokes a volume
N " nw of air at atmospheric pressure (P) is
Fig. 4. gent into the receiver. If P, is the
The Compression air . "
pump. pressure of the air in the receiver at the
end, by Boyle’s aw, P(mw+ V)= P,V, since the vessel
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originally had a volume V of air at atmospheric pressure.
Hence

P, =P@mv+ V)|V
The density of air also increases in the same proportion.
If d and d are the original and final densities respectively,

then, by the law of conservation of mass, d,V =d(nv + V).
d,=d(mv + V)/V.

If the receiver is a pneumatic tube having no air in the
beginning, then Pny = P, V, where V is the final volume of
the receiver.

Applications of Compressed Air. — Riveting hammers
and pneumatic tools for stone cutting, iron chipping, drilling,
etc., are driven by compressed air. Other common applica-
tions are in sand blasts for cleaning metal and stone sur-
faces and air-brakes on electric and steam cars, Compressed
air is also supplied to divers.

45. The Exhaust Air Pump — Piston Type.—Haw-
o ksbee’s Air Pump. This
is the simplest form of the
exhaust pump. It con-
sists of a cylindrical barrel
C (Fig. 45) in which a
tight-fitting piston P
works. The barrel is con-
Fig. 45. nected by a tube to the

Hawksbee's air pump. bed-plate B on which the

bell jar R to be exhausted is inverted with the joint made
air-tight with wax. The vessel to be exhausted may also be
connected to the tube by means of pressure rubber tubing.
In the piston there is a valve (V,) opening only outwards
(away from the vessel) and at the junction between the




70 HYDROSTATICS

barrel and the tube there is another valve (V,) also opening
outwards.

Now let us draw the piston outwards from the lower end
of the barrel. A vacuum is produced behind it. The pressure
of the air outside closes the valve V, firmly, since the valve
cannot open inwards. But the air from the vessel R and the
connecting tubes opens the valve V, outwards and enters
the space. Let us now push the piston in from the outer end
of the barrel. The air in the barrel is compressed, but it
cannot escape in through the valve V,, which cannot open
inwards. Hence it opens the valve V, outwards and escapes
out, Thus the cycle of operations is repeated. After each
double stroke one barrelful of air is removed. In what
follows, a ‘stroke’ is taken to comprise the double move-
ment of the piston, outward and inward,

Let V be the volume of the vessel (‘receiver’) and tubes
and v that of the barrel. Let P be the pressure of the
atmosphere, and P, the pressure of air inside after n strokes.
After each pull a volume V of air occupies the volume
V+v. Hence, by Boyle’s law,

PV = P, (V + v) in the first stroke.

.*. Pressure P, after 1 stroke = PV [/ (V + v).

By similar successive steps, Py = P [V /(V + o)

Again let d be the density of the air at the beginning
and dy, the density after » strokes. Then since a volume
V of air occupies the volume V¥V + v after each pull and since
the mass of this is constant,

Vd = (V + v)d, in the first stroke.

density d, after 1 stroke = dV j (V + v).

By similar successive steps, dn = d[V [/ (V + v)]".

We could have derived this from the previous equation
from the law that the density of a gas is proportional to its
Ppressure,
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Tate’s Air Pump.— In this a double piston P,, P,
connected together works in the barrel AB (Fig. 46). A
>

g

—aC H
Fig. 46. Tate’s air pump.

tube in the middle of the barrel connects the barrel with the
‘receiver.” There are two valves V, and V, opening only
outwards, at the ends of the barrcl. The principle of the
instrument may be easily understood from the figure. As
there is no valve between the receiver and the barrel, this
pump is more efficient than the previous one,

The exhaustion produced by the piston type of exhaust
pumps described above is of the order of 1 mm. of mercury.

[In expressing a pressure by the height of a liquid
column, if no liquid is mentioned, mercury is implied.]

.+ 46, Defects of Piston Type Exhaust Pumps.—The
above-mentioned types of exhaust pumps cannot produce a
high degree of exhaustion, owing to the following reasons :—

(1) There is always some leakage in the valves.

(2) The valves cannot open unless there is a certain
minimum pressure of air inside.

(3) There will be some minimum space (called the clear-
ance or dead space), between the piston and the valve.end of
the barrel, and this lowers the efficiency of the pump.
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For example, let the length of the barrel be 30 ¢cm. and
the clearance space ! mm. Then the valve in the piston
(Fig. 45) will open only if the 30 cm. of air, when compressed
to ; mm,, is greater than the atmospheric pressure. There-
fore, if p is the pressure of the air in the barrel and P the
atmospheric pressure, the former becomes p x 300/}, i.e.,
600 p when compressed by the piston. Thus 600 p must
not be less than P, i.e., the minimum value of p is P/600 or
1:3 mm. of mercury nearly.

(4) With each stroke we remove only a certain fraction
of the air which occupied the vessel just before the com-
mencement of that stroke.

From the equation, P,, = P [V/(V +v)]* it is clear that
we cannot reduce the pressure to a very low value unless the
number of strokes is very large. But pumping is not effec-
tive beyond the first few strokes on account of the first three
defects. Hence for small values of n, for which alone pump-
ing is effective, the pressure cannot reach a very low value,

47. The Filter Pump or the Water-Jet Pump.—

A’ This pump (Fig. 47) is usually made of
glass. A is connected by a rubber tube to a
water pipe and the side tube D to the vessel
to be exhausted. The water issues from

D the nozzle C at a very high speed, and
escapes by the tube E carrying away some
c of the air with it. Consequently, air is
sucked from the receiver through the

tube D,
J | The exhaustion produced by this
Fig. 41. pump is not high, being only of the order

‘Water-jet pump Of 10 mm., but it is convenient and econo-
or filter pump. mical, working without any attention at all
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48. Uses of High Vacuum.—High vacuum is necessary
in the following apparatus:—

(1) Vacuum discharge tubes, investigations with which
have shed light upon the whole domain of electrical science
and even upon the constitution of matter itself.

(2) The X-ray tube, used in medicine and surgery,
and X-ray spectroscopy.

(3) The thermionic valve, used in wireless transmission
and reception,

(4) The mercury vapour lamp and the tncandescent
tungsten lamp (of low power).

(5) The photo-electric cell, used for a variety of pur-
poses, such as in television, Talkies, etc.

(6) The wvacuum spectrograph used for the investi-
gation of ultra-violet light.

(7) The thermos flask.

49. High Vacuum Technique.—The lowest pressure
that the above-mentioned piston-type exhaust pumps can
produce is only of the order of 1 mm. To produce still
lower pressures, the mercury pumps of Sprengel and Toepler
were formerly used. The former pump was used by Graham,
Bunsen, Crookes, ctc., and the latter by Sir J, J. Thomson
and Lord Rayleigh, in their experimental work. But the
operation of these mercury pumps is extremely tedious
and protracted. It is recorded that Lord Rayleigh spent a
whole morning in exhausting a two-litre globe with a Toepler

pump.
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While the mercury pumps mentioned above produce
the Torricallian vacuum (the vapour pressure of mercury,
about 10 -3 mm.) after laborious work for a long time, the
hyvac pump conveniently worked by an electric motor can
produce the same degree of vacuum in a few minutes.

The highest possible vacua (about 10~8 mm.) are now
easily and quickly obtained by the mercury vapour pump
or the diffusion pump first devised by Gaede. This pump
can exhaust a space only if it is maintained at a fairly low
pressure (such as 10 -2 mm.) by another pump, which, in this
connection, is called the backing pump or the fore-pump
The hyvac pump is a suitable backing pump for the diffusion
pump. This combination can easily produce a vacuum

of 10-6 mm, in a six-litre vessel in about half an hour.

Mercury or oil used in the diffusion pump, backing-
pump oil and grease introduce their own
vapour into the exhausted space. Their
removal is effected by a liquid air trap
(Fig. 48). This device consists in cooling
some convenient part of the apparatus by
liquid air, which freezes out the vapours.
When liquid air is not available, a potassium
trap is used. In this trap, some connected
tube in the system is lined inside with pure

Fig. 48 distilled potassium, which effectively absorbs
Liqu id air trap. mercury vapour (but not the oil vapours).
Instead of potassium, sodium may also be used. In any case,
the trap is subsequently sealed out.

Apart from using the diffusion pump, a high vacuum
can be quickly obtained from a low vacuum by the use of
(1) absorbents or (2) ‘getters’
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The most efficient absorbent is cocoanut shell char-
coal powder. This isintroduced in a side tube attached to
the receiver system, then heated during the pumping opera-
tion, and then cooled with liquid air after conpection with
the pump is cut off. The charcoal absorbs most of the
residual gas in the receiver system, It is estimated
that a suitable type of charcoal can absorb about 1000
times its own volume of gas. The charcoal tube is then
sealed out.

The residual gas in a moderate vacuum can also be
absorbed by means of a < getter . This is usually phos-
phorus or magnesium, which, on being heated, chemical-
ly combines with the gas or gases left. Further a getter
introduced into the vessel as fine deposit on the walls forms
a steady corrective on further gas emission,

One serious difficulty has been experienced in maintain-
ing a high vacuum in a vessel on account of the slow release
of absorbed and adsorbed gases from glass and metal into the
vacuum. In the case of glass, the gases thus liberated are
water vapour and carbon di-oxide, and in the case of metals,
hydrogen and carbon monoxide. The remedy for this in
the case of glass is to heat, while pumping, both the
vessel and the connecting tubes to the highest temper-
ature they can stand (400 to 1000'C according to the kind
of material) without the walls collapsing. In the case of
metals (such as filaments, electrodes, etc.) they are pre-
viously heated in vacuo to nearly their melting point for
several hours before being introduced into the vessel. This
process of removing gas from glass and metal is called
‘out gassing’.
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50. Sprengel’'s Pump.— Sprengel’s pump consists of a
bent tube as in Fig. 49, with a reservoir
A at the top. Thereis a stop cock
S below the reservoir. The vessel to
be exhausted is connected to the side-tube
D. The lower end E dips into a beaker of
mercury.

Mercury is poured into the bulb, and
the stop cock opened until the portion up
to C is filled with mercury. Then the stop
cock is adjusted so that the mercury from
C passes over in drops to E. Each drop,
acting as an air-tight piston, carries down,
as it falls, some of the air before it and
drives it out at the open end E.

When the exhaustion is fairly complete,
each mercury drop, as it falls down the tube
strikes the top of the mercury column A
with a sharp metallic click. When exhaus-

Fig. 49. .
sprenégyspump_ tion is complete, # must be the baromet-

ric height.

The mercury which flows down must be periodically
returned to the reservoir.

The fold BC, which is a subsequent improvement over
the original type, serves to prevent air from rushing into the
receiver when the mercury in the bulb is exhausted. CB,
(and E C) must, of course, be more than the barometric
height.

This pump ultimately reduces the pressure to the vapour
pressure of mercury, i.e., about 103 mm,
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'51. The Toepler Pump.—The Toepler pump (Fig. 50)
consists of a cylindrical glass
vessel A to which are attached
two vertical tubes BC and DE
each about 80 cm. long. The fall
tube DE must be about 1 mm, in
diameter. BC is connected by a
piece of rubber-tubing to a re-
gervoir F containing mercury,
which can be raised or lowered.
The tube G branching from A is
connected to the vessel (recei-
ver) to be exhausted. The end
E of the fall tube dips into a ves-
sel of mercury.

The process of working the
pump consists in raising and
lowering the reservoir F alterna-
tely. On raising the reservoir
sufficiently, the mercury rises in
BA, thereby sealing up the side

Fig. 50. tube G and driving the gas in A

Toepler Pump. before it down DE and out into

the atmosphere. On lowering F, the level of mercury sinks
below B, and immediately gas from the receiver rushes and
fills the vacuum created in A. During each cycle the pressure
of the gas is reduced by the same fraction of its value. The
mercury here plays the part of the piston and valves in the
ordinary pump (without, however, their defects). 1t collects
in the vessel at E and must be periodically poured back into F.

To prevent the flow of mercury into the receiver, the
latter must be at the barometric height above the level D.
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This flow may also be prevented by introducing a glass
valve V, which allows the apparatus to be made more com-
pact. It must be noted that the function of this valve is
different from that in the simple mechanical pumps, and its
use does not in any way affect the degree of exhaustion.
The function of sealing G is efficiently done by the mer-
cury.

The disadvantage of this pump is that it is laborious and
slow in action. But it is simple in principle and there are no
leakages, no valves operated by minimum pressure of gas and
no clearance space. ,In course of time, it can reduce the
pressure to the vapour pressure of mercury, i.e., about
10-3mm. In these respects it resembles the Sprengel

pump.
52. The Cenco ‘“Hyvac” Pump.—The ‘hyvac’ pump

1)

Fig. 31.
The ‘hyvac’ pump.

is much more rapid and convenient than the mercury pumps
described above. It consists of a rotor R (Fig. 51) mounted
eccentrically on a shaft S which passes through the centre of
a cylindrical casing C. A scraping vane N, which can move
in a vertical direction, is kept pressed against the rotor by a
spring, The vessel to be exhausted is connected to the tube
E. Vis an exhaust valve,
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As the rotor is rotated in the direction of the arrow, the
space P in communication with E incrcases in volume, while
the space Q containing the gas previously drawn from the
receiver diminishes in volume. The effect of this is to draw
more gas in P from the receiver and to compress and drive
out through the valve V the gas previously drawn from the
receiver.

Usually two cylinders are connected in series, the first
producing a low vacuum and the second a high vacuum.
The two rotors are mounted on the same shaft, and are
rotated by an electro-motor. The combination is immersed
in a cast iron box filled with oil to prevent air leakage into
the high vacuum. Such & pump reduces the pressure to
1073 mm. (from the atmospheric pressure) in a few
minutes.

53. The Diffusion Pump. —The mercury wvapour
pump or the diffusion pump, which has displaced all other
pumps for producing high vacuum, was first devised by
Gaede in 1915. Secveral patterns have since been developed
on the same principle : we shall, however, consider here, on

To Recewver

ROUGH VACUUM

HIGH VACUUM l A
To Backing Pump

I1g. 52 Waran Pump, B—model.

account of its simplicity combined with efficiency, the
Waran pump, designed by Dr. H. Parameswaran, India.
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The apparatus (Fig. 52, B-model) with the receiver connected
to D undergoes a first stage of evacuation by means of an
oil pump (the backing pump), such as the hyvac pump,
connected to E. Mercury is then boiled in the vessel A,
and its vapour passes through the parallel jet tube BC
(about 8 mm. in diameter). At C the gas from the receiver
diffuses into the mercury vapour and is carried forward by
it. The gas is finally removed by the backing pump, but
the mercury vapour is condensed by a cold water condenser.
The condensed mercury is arranged to flow back into the
boiler. The condenser also prevents the flow of mercury
vapour into the receiver. This kind of pump is also known
as the Condensation pump.

The Waran pump will rapidly produce the highest

vacuum (about 10-8 mm.) with a backing pressure less
than 05 mm.

The Steel Bottle Pump.— In a glass pump there is
Juan pRough always the risk of breakage. Hence
1 Vacuum
11) steel pumps are coming into use,
especially in industry. Fig, 53 indi-
cates a very simple design of mercury
vapour pump in steel, called the
steel bottle pump. This requires a
forevacuum of about y}, mm. The
principle is the same as in Waran's
pump.

Condenser

Recently it has been found that
Fig. 53 a heavy mineral oil, named Apiezon,
"The ateel bottlo pump. can be used in place of mercury in

the diffusion pumps.
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Pressure Gauges

54. The Open U.tube Manometer.—A manometer or
pressure gauge is an instrument used for mecasuring fluid
pressure. The open U-tube manometer is used for measur-
ing pressures not much greater or smaller than the atmos-
pheric pressure. It consists of a glass tube bent into the

DE? ——to (—A—to
1, [ Fluid ’ _.-(B Fluid
-1 LS

h hp
i pif-Hc
C:'\LPB t-:

Fig. 54a.—U-tube mano- Fig. 54b.— U-tube mano-
meter. Press. greater meter. Press. less
than 1 atmosphere. than 1 atmosphere.

form of a U, as in Figs. 54a and 54b, and open at both ends.
The tube is filled with a liquid, usually water or mercury,
whose density (d) is known, until it occupies about half of
each limb. The instrument is fixed vertically and the fluid
(liquid or gas) whose pressure is to be measured is put in
communication with A by means of a rubber tube. Then
the difference in level (k) of the liquid surfaces B and D in
the two limbs is noted with a scale.
V6
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Let us suppose for the sake of convenience in descrip-
tion that the pressure to be measured is due to a gas.

Let P be the atmospheric pressure in grams weight per
sq. cm.

The pressure of the gas to be measured may be greater,
as in Fig. 54a, or less, as in Fig. 54b, than the atmospheric
pressure. In the first case the pressure of the gas acting on
B = pressure on C at the same level = atmospheric pres-
sure + pressure due to the column of liquid % (i.e., CD)
= P + hd gm. weight per sq. cm. (where d is the density of
the liquid). In the second case, the pressure of the gas on
B + pressure due to column of liquid % (¢.e., CB) = atmos-
pheric pressure. Hence the pressure of the gas = P — hd
gm. weight per sq. cm.

55. The Compressed-air Manometer.—This instru-
ment (Fig. 55), used for measuring high pres-
sures, consists generally of a U-tube closed

— at one end and open at the other and

fixed vertically. The closed limb must be

uniform. Mercury is poured into the
tube, enclosing a column of air in the
closed limb. The length of the air colnmn
is noted and its pressure is found from the
barometer reading and the difference of.
levels. The open end is then connected
with the fluid whose pressure is to be
determined, and the length of the air

AT

Fig. 55,

The compressed- column and the difference of levels again

air manometer.

noted. By applying Boyle’s law the
pressure of the enclosed air is calculated from its original
and present volumes and its original pressurc. From this
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the pressure of the fluid is found by adding or subtracting
the difference of level in the second case.

56. The U-tube Vacuum Gauge.—Kor measuring
low pressures, such as the pressure of
air left in the receiver of a piston type
air pump after exhaustion, the U-tube
vacuum gauge is employed. It consists
of a U-tube closed at one end and open
at the other (Fig. 56). The whole of the
closed limb and a portion of the other
contain mercury. Let the pressure in
the receiver of an exhaust pump be
required. Then the open end is put in
communication with the receiver. As
the pump is being worked, at a certain

1

AN

1t vy
BTRAH NS

t
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Tug. 56. stage the mercury in the closed limb
The U tube vacuum  will begin to fall, forming a Torri-
gauge. cellian vacuum above. The pressure at

any subsequent, stage is given by the height of the mercury
surface in the closed limb above that in the open limb. 1f
a practically perfect vacuum be reached, the two levels
would be equnl;]

57. The McLeod Vacuum Gauge.—Wheon the pres.
sure to be measured is less than a millimetre of mercury, the
U-tube vacuum gauge cannot be used, as it is impossible to
measure such a small ditference of level with accuracy. In
such cases the McLeod vacuum gauge is used. The princi-
ple of this gauge is that a large volume of the gas at the low
pressure is compressed into a small volume, thereby increas-
ing the pressure several times (maximum, 100,000). This
increase of pressure is measured with a fair degree of accu-
racy.
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The McLeod gauge (Fig. 57) consists of a narrow uni-

Fig. 67.
The McLeod vacuum
gauge

form tube A attached to the top of a
cylindrical bulb B, The tube CE, bran-
ching at C just below the bulb B, is con-
nected to the vessel, the pressure in
which is to be measured. The lower end
of tube CD is connected by means of
rubber tubing to a reservoir R contain-
ing mercury. The total volume V of the
bulb B and the narrow tube A is known
by previous measurement (from the mass
of water, for example, contained in
them). The volumes of the narrow tube
A between the graduations on the scale
are also known by previous calibration
(mercury thread method). To eliminate
capillarity eflect, the tubes A and E
should have the same internal diameter.

The reservoir is raised slowly, until
BA is just sealed off by the mercury
level reaching F. The product of the
pressure and volume of the gas in BA is
then pV, where p is the low pressure to
be measured. The reservoir is then rai-
sed further until the mercury occupies
the narrow tube A, so that the difference
in level % of the mercury surfaces in the

tubes A and E can be measured with accuracy. The pres-
sure of the gas in the system connected to E is practically
unaltered by the change, since the additional volume occu-
pied by the mercury in CE is small compared with the
volume of the system connected to E. Now let » be the
volume of the enclosed gas in A. The pressure of the gas
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enclosed in A is p+ % and the product of its pressure and
volume is thus (p + 2)v. Hence by Boyle’s law,

pV=(p+h)v. Hence
p = hv/(V — v).
[In the denominator, » is usually negligible in compari-
son with V.]

The McLeod gauge is an absolute gauge. It can be used

for measuring pressures down to 10 “* mm. When the pres-
sure is much lower than this, the difference in level &
becomes too small to be read with accuracy. The introduc-
tion of mercury vapour into the receiver system from this
gauge can be prevented by means of the liquid air trap.
The gauge is connected to the receiver before exhaustion
commences.

58. The Decrement Gauge.— Besides the McLeod
gauge, there are other ganges, such as the radiometer gauge,
the viscosity gauge, the hot-wire gauge and the tonisation
gauge, which are employed for measuring very low pres-
sures. We shall consider here only one of these, namely,
the decrement gauge (based on viscosity), being the most
appropriate in this book.

At moderate pressures, the viscosity of a gas is inde-
pendant of the pressure. At low pressures, however, the
viscosity is a function of the pressure, and hence a body
oscillating in a space containing gas at low pressure under-
goes damping to anextent depending upon the pressure of
the gas, The determination of the logarithmic decrement of
an oscillating body can, therefore, be made the basis for
measuring low pressures.

It can be shown that the logarithmic decrement )\ of a
body oscillating in a gas at low pressure is directly propor-



86 HYDROSTATICS

tional to the pressure p and to the square root of the mole-
cular weight 3, the temperature being constant.

N =kp v M for asingle gas, or
A =Fk(p, v M, + p, v M,) for a mixture of

two gases, where k is a constant and p, and p, are the par-
tial pressures.

King devised a type of decrement gauge in which the
/7 oscillations are photographed to facilitate

& the determination of \. A short quartz

— fibre R (Fig. 58), each end of which is
fused into a small sphere, is fixed horizon-
tally at the middle to another quartz fibre
mounted vertically under tension in a
silica frame-work. The tension is thus
practically unaffected by changes of
temperature. A minute piece of iron at
the junction of the fibres serves to start
the oscillations of the horizontal fibre, the
damping of which is determined. Light
from a bright source is reflected on the
suitable fused sphere of the vibrating

receiver

1;‘;;.553. fibre towards a moving or virtually
dec::i:nt moving photographic plate (cf. the falling
gauge. plate experiment).

The range of the instrument is from 10 ~> to 10~6 mm.
pressure. By calibrating the instrument by means of a
McLeod gauge for the higher pressures, lower pressures can
also be found.

[Logarithmic Decrement —Let a,, a,, a,...... an be the
successive amplitudes of an oscillating body. Then it can
be proved that a,/a, = a, /@y =, /0, =.... =@, _,/a,=
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a constant, say, C. Then log, C is called the logarithmic
decrement, usually ropresented by A.

Multiplying together the ratios,
a, | an = cn-1

(n — 1) log, C = log, a, — log, a,

i.e, \ = (log,a,— log,a, )/(n —1).
Thus \ can be determined.]

EXAMPLES

1. The barrel of a condensing air-pump is one inch in
diameter and 8 in. long. The tube of a pneumatic tyre when
inflated is one inch in diameter and 80 in. long. If, to
begin with, the tyre is empty, how many strokes of the
pump will be needed to inflate it with air at twice the
atmospheric pressure ?

Volume of inflated tyre : vol. of barrel = 10: 1.
Let » be the number of strokes required.
Then » P == 10 x 2 P, where P is the atm. pr.

Hence » = 20.

2. The length of the air column in a compressed-air
manometer is 20 cm., when the level of mercury in the
closed limb is 5 cm. below the level in the other and the
atmospheric pressure is 76 cm. The open end is then con-
nected to a gas cylinder, when the length of the air column
is found to be 10 cm. and the level in the closed limb to be
15 cm. above the level in the other. Find the pressure of
the gas in the cylinder.
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The original pressure p, of the air in the manometer =
76 + 5 = 81 cm.

Let the pressure of the air after connecting be p,.

Then, since p, v, = p,v;, 81 X 20 = p, X 10,
i.e., p, = 162 cm.

.*. the pressure of the gas in the cylinder = 162 + 15=
177 cm. of mercury.

3. In a McLeod gauge, V = 500 c. c. In measuring
the pressure in an exhausted vessel, » = 5 mm. and v =
002 c. ¢. Calculate the pressure.

p=Rv/(V—0v)=5 x 002/(500 — 0.02) =

. 0-0002 mm,

QUESTIONS ON CHAPTER V
(1) Describe the construction and working of a modern
high vacuum pump.
How would you measure such low pressures ?
[M. U, B. Sec., Sep. 1937]
(2) Describe and explain the action of a pump which
produces pressures of the order of 10 ~¢ mm.

Explain a method of measuring the pressures attained.
[M. U, B. Sc., Sep. 1938]

(3) Describe a form of a modern pump designed to
produce a vacuum of the order of 0:01 mm. and explain its
action.

Show how the low pressure obtained may be measured.
[M. U., B. Sc., March 1939]



CHAPTER VI

SURFACE TENSION

59. The Free Surface of a Liquid behaves like a
Stretched Elastic Membrane.— The following phenomena
show that the free surface of a liquid behaves like a stretch-
ed elastic membrane : —

(1) Place a new (hence slightly oiled), thin, steel
needle on a small sheet of blotting paper and float the latter
on water. Gently submerge the paper under the water
without disturbing the needle. The needle will now be
found floating on the water, in spite of its higher density.
The weight of the ncedle here produces a slight depression
on the water surface. If the needle is cleaned free of oily
matter, the water wets the needle, which consequently sinks.

That certain insects, such as mosquitoes, can float and
move on the surface of water without sinking is explained
in a similar manner. Contamination of the water surface
with kerosene lowers the strength of the surface film, which
consequently becomes unable to support the insects.

(2) Make a plane ring of wire and, by dipping it into
soap solution and taking it
out, get a plane film on it,
Place on the film a closed
loop of thin cotton thread.

G The loop can be made to take

? 2 : any form such as A (Fig. 59).

Now pierce the film inside the

loop. The loop immediately

Fig. 59. takes up the circular form B ;

if it is deformed in any way, it springs back to the circular
form on being released.
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The circle is the plane figure, which, for a given peri-
meter, has the maximum area. Hence the above experiment
demonstrates that the film tends to occupy the least possible
surface, just as a stretched elastic membrane would do.

Again tie a picce of thin cotton thread loosely across the
ring, As before get a film of soap solution
on it. Then pierce one portion of the film.
The thread will now be pulled out in the

form of an arc of a circle (Fig. 60).
. (3) If an elastic uniform bag, such as a
Y toy rubber bhalloon, is inflated with air, it
always takes the shape of a sphere. Here

Fig. 60, the air tries to expand and the elastic mem-
brane tends to contract, so that the shape
assumed must be the one in which a given volume is
enclosed within the minimum area, namely, the sphere. It
has been found that liquid drops, when not deformed by
gravity, are always spherical in shape. The nature of the
rainbow affords proof that the drops of water, which give
rise to it, must be perfectly spherical. (Since the drops
fall freely, their shape is practically not influenced by
gravity).
Again, an oil dropped into a mixture of water and
alcohol, having the same density as the oil, assumes a per-
fectly spherical shape within the mixture.

Lead shot is manufactured by pouring down molten
lead in a fine stream from the top of a high tower. The
stream breaks up into a series of small spherical drops,
which solidify as they fall through the air. (They are
caught in a deep bath of water to prevent being knocked
out of shape when they reach the ground.)
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A big drop of mercury on a glass plate has the same
flattened shape as a thin elastic balloon filled with water
and placed on the table. Here the fluttening is due to
gravity.

(4) If a (non-oily) paint-brush is dipped into water, the
hairs of the brush will be seen to lie apart, but on raising
the brush out of the water, the hairs cling together, showing
that the water surface tends to shrink.

(5) Spread a thin layer of water on a clean glass plate
and place a drop of ether or oil upon it. The water will be
found to retract from the drop. Here the tension of the
water surface is greater than the tension of the ether or oil
surface, which explains the pull.

Float a paper boat on water and attach a piece of cam-
phor to the stern of the boat in contact with water. The
boat will now move forward, the pull of the water surface
being greater than the pull of the camphor-water surface
formed by camphor dissolving a little in water,

There is one important difference between a liquid film
and a stretched elastic membranec; while the tension in
the latter increases with the amount of stretching, the
tension in a liquid film is independent of the stretching

60. Explanation for the Tension in a Liquid Sur.
Py 2N face.— Each molecule in a liquid
R i Sy iy attracted by the other mole-
— — =~ ___ cules, but when the distance
AN __ 7777 betwecen two molecules exceeds a
—— —— ——  certain value, called the range of
T___T_ T 7 molecular attraction, the attraction
Fig. 61 becomes negligible. Hence if we

wish to consider the effect of attraction on a molecule A
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(Fig. 61) by the neighbouring molecules, we have only to
consider the attraction exerted on A by the molecules lying
within the sphere constructed with A as centre and the
range of molecular attraction as the radius.

In the case of a molecule (A) lying well within the
liquid, the whole sphere lies within the liquid and hence the
molecule will be attracted equally in all directions. If. how-
ever, the molecule (B) is so situated that the sphere inter-
sects the surface of the liquid, it is clear that the downward
force on the molecule is greater than the upward force, and
hence there is a resultant force downwards. In the case of a
molecule (C) lying on the surface itself, this resultant force on
the surface is a maximum. On account of these unbalanced
forces acting on the molecules on or very near the surface,
the surface film possesses a compact structure with a com-
paratively high cohesive force per unit area. Thus the sur-
face film possesses the property of a mobile and somewhat
tenacious sheet. As the range of molecular attraction (ex-
aggerated in Fig. 61) is small, the thickness of the surface
film exhibiting this property is also small.

On account of this inward attraction exerted on a mole-
cule when it approaches the surface, work must be done to
transfer a molecule from the interior of a liquid to the sur-
face. Thus the free surface of a liquid possesses a definite
amount of potential energy per unit area, under the same
physical conditions. Since a system tends to adjust itself so
as to possess the minimum potential energy possible, aliquid
always tends to adjust itself so as to possess the minimum
area of surface, making due allowance for the associated gra.-
vitational potential energy. Thus a liquid surface always
tends to contract in area, and this tendency endows it with
the property of a stretohed elastic membraue.
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61. Definition of Surface Tension.—Suppose we have
p & liquid film held in the light frame-

gsides AB, AD and BC are fixed, while

(D is movable. Then CD will be pull-

ed up owing to the surface tension, and

hence, in order to keep it in equilibrium,

a force F must be applied to it in the

Fig. 62. DC) as in the figure. The length of

the film pulling up DC is 2DC, as the film exists on
both surfaces of the rectangle. The quantity F/2DC
is defined as the surface tension of the liquid. [t is the
force cxerted by any edge of the film per unit length, and s

\§ work ABCD (Fig. 62) of which the
&\ c

opposite direction (perpendicular to
expressed in dynes per centimetre in the C. G. 8. system.

The surface tension of water is about 70 dynes per cm.
and of mercury about 480 dynes per cm. at 30°C. Surface
tension decreases as the temperature increases.

-

62. Surface Energy in Liquid Film.—Consider a
liquid film held in the light rectangular frame ABCD (Fig. 63),
A D o’ of which CD alone can slide along
7/// AD’ and B(", the other sides being

// % o fixed. Let CD be pulled to the

/l ] position C’D’ through a distance x.

0 v
v The force applied here is 2. 7,

0 ,/
% / where 1 is the length of CD and T
%/ %,

& o the surface tension of the liquid,

Fig. 63. and hencc the work done in pulling
CD through x is 21 7. z. The area of the film newly created
is 2 Iz (for both surfaces), and hence the mechanical work
done to produce unit area of the film is numerically equal to
21Tx/2lz or T.
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While the film is being stretched, it cools and hence
absorbs heat from the surroundings in attaining the common
temperature. Hence the potential energy or surface energy
per unit arca of the film consists of both the mechanical
energy spent und the heat energy absorbed by it in its forma-
tion. Hence the mechanical energy required to produce unit
area of a liguid surface is numerically equal to its surface
tension.

. 63. Surface Tension is the same (1) at All Points
and (2) in All Directions —(1) Consider a very narrow
rectangle ABCD (Fig. 64) of in-

A B finitesimal breadth dl on the sur-
! b c face of a liquid. Forces act on the
edges normally, since a liquid can-
not withstand a shearing force.
Let T, and 7', be the surface
tensions at A and B respectively. Then resolving the forces
along the line AB, we get for equilibrium

T, dl =T,dl.

, Hence 7, = T,.

Since A and B are any two points, it follows that the
surface tension is the same at all points.

(2) Consider the equilibrium of an element, in the sur-
-,Tu face of a liquid, in the shape

Fig. 64.

of a right-angled triangle

A B ABC (shown magnified in
f))] Fig. 65). Let the surface
. tensions at right angles to
- A the edges BC, CA and AB be
: h T,, T, and T, respectively.

c

Then the forces acting on
the edges BC, CA and AB
are T, BC, T, CA and T, AB respectively. Resolving the

Fig. 65,
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forces in the line at right angles to AB, we get, for equi-
librium,
T,AB=T, BCcos ABC=T,. AB.
T,=1,.

Since angle ABC (=) may have any value, it follows
that the surface tension is the same in all directions.

64. Why some Drops are Spherical and some
Flattened.— When a mechanical system is in equilibrium, the
total potential energy in the system must be @ minimum. The
total potential energy (P.E.) of a drop consists of (1) the
P.E. due to gravity and (2) the P.E. due to surface tension,
Take the case of oil dropped into a mixture of water and
alcohol, of the same density (Art. 59). Here change in the
shape of the mass of the oil will not affect the P. E. of the
system due to gravity, since the density of the oil is the
same a8 that of the surrounding liquid. The only change in
the P.E. must, therefore, be duc to surface tension. The oil
will therefore assume the shape in which the P.E. due to
surface tension is a minimum, . ¢., the shape in which the
area is a minimum. Now the sphere has the smallest sur-
face enclosing a given volume. Hence the drops of oil in
the liquid arc spherical.

Again, consider a drop of mercury on a glass plate. If
the drop is large, the potential energy due to gravity
becomes predominant, while the potential energy due to
surface tension is small: if the drop is small, the former
becomes insignificant, while the latter becomes predominant
(p. 5). Hence a large drop becomes flattened so as to
lower the P.E. due to gravity, even though this involves a
slight increase in the P.E. due to surface tension; and a
smoll drop takes very nearly the spherical shape, as the
P.E. due to surface tension will then be a mjnimum,
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65. Relation between the Radius of a Spherical
Drop of Liquid, the surface Tension and the Pressure.—
Imagine the spherical drop of the liquid to be cut into two
hemispheres, and consider the equilibrium of one of them
ABCDE (Fig. 66). If there were no
surface tension, a uniform pressure on
the plane surface ABCD would balance
an equal uniform pressure on the
curved surface AEC (cf. Art. 21). As
it is, however, the surface film exerts
its own pressure inwards, due to
tension, so that the pressure inside
will have to be greater than the pres-
sure outside the sphere for equili-
brium. Let p be the excess of internal
pressure over the external. Let r be the radius of the
sphere and 7' the surface tension of the liquid. The only
forces that must be considered here (see Art. 64) for equilib-
rium are (1) the thrust on the plane face ABCD exerted by
the'other half, due to the excess of internal pressure over
the external and (2) the pull on the edge of the circle ABCD
exerted by the edge of the other half due to surface tension.
These forces must be equal and opposite. Hence

pXart=T x 2xr.
p=2T]/r.

This applies to a drop, which has'only one surface film.
In the case of a soap bubble, in which there are two surface
films, one inner and the other outer,

p X art =T x 4 7r. Hence
p=4T/r

It must be noted here that the excess of pressure is
inversely proportional to the radius. The pressure inside a

A

Fig. 66.
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smaller soap bubble is therefore greater than the pressure
inside a larger one. This can be demonstrated as follows:
Dip the ends D and E of the apparatus
represented in Fig. 67 in soap solu-
tion, and then take them out. Open
C and A, close B and blow a small
bubble at D. Then close A, open B
and blow a large bubble at E. Now
close C and open A. The small bubble
(at D) will now be found to become
smaller and smaller and the large
g 67. bubble (at E) larger and larger, show-
ing that air flows from the small bubble to the large one.

66. Relation between the Radius of a Cylinder of

C liquid, the Surface Tension and
A@ the Pressure. — Imaginc a portion
B : (Fig. 68) contained between two planes

at right angles to the axis of the
cylinder. Divide the portion into two
halves by a plane BEFC passing
through the axis of the cylinder. Now

|
D(""’/’;‘; 8| consider the equilibrium of the half
= = ABCFDE.
Let r be the radius of the cylin-
Fig. 68. der, 7' the surface tension, p the

excess of pressure inside over that outside the cylinder, and
h the length BE.

The forces that must be considered hcre are (1) the
thrust on the face BEFC equal to p x 2rh, (2) the forces (of
pull) on the edges BE and CF due to surface tension, each of
which is equal to T, (3) forces on the edges ABC, DEF and

v 7
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thrusts on the faces ABC, DEF, which are all parallel to
the axis of the cylinder.

Resolving the forces along the line perpendicular to
the face BEFC, we get

P X 2rh=2Th. Hence

p= T / 7.
67. Relation between Surface Tension, Pressure
B and Radii of Curvature for

Any Surface.—Let us now
consider a liquid surface which
has its principal radit of cur-
vature equal to r, and 7, res.
pectively. Let AA’ and BB’
be the principal sections.
B’ Take an element of the surface

< a3 —> bounded by sides symmetri-
Yig. 69. cally cut by planes parallel to

0, the principal planes

(Fig. 69). Let AA’
=a and BB’'=b in
the element (magni-
fied in the figure).
Then considering the
principal section AA’
(Fig. 70), the forces
of pull due to surface
tension on the sides
passing through A
and A’ are each equal to b7, acting tangentially. (The
sides are so small that the variation in the direction
of T is negligible.) Hence their resultant is equal to
2bTcos 3 AO,A’ = 2 bI'sin  © = 2bT". } 0 = b1 o, since o

bT r bT

Poy
o

Cy
Fig. 70.
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is small. Hence the resultant = bT«/r,. This acts in
the direction O, C,. Similarly, for the other principal
gection B B’ the resultant = a7'b/r,, Hence the total
resultant = abT'/r, + abT/r,, if the two curvatures are
stmilar. Let an excess of internal pressure, equal to p, over
the external be required to balance this. Then the thrust
due to this isabp. Hence for equilibrium,

abp =abT/r,+abTjr,, te.,

p=Tir, + Tiry.cccn.... (1

This heing a general equation, we can apply it to the
sphere and the cylinder. 1n the sphere, r, = r, = r, say,
and hence p =27T)r. Inthe cylinder, one radius = o ,
aid hence p = 1T)r.

The equation (1) derived above applies to a surface in
which the two centres of curvature are on the same side,
as a spherical or ellipsoidal surface. Such a surface is
called a synclastic surface. For a surface in which the two
centres of curvature are on opposite sides, the equation
should be

p =T =TIry .cceuvn..... (2)
Such a surface is called an anticlastic surface. The surfaec
of a saddle is an example of this. Another example is the
surface of the film in Fig. 71.

Iig. 71.

If, however, we adopt the convention that radii of
curvature of opposite curvatures (anticlastic surface) have
opposite signs, equation (2) merges in equation (1).
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The film formed between the rims of two open funnels
has an anticlastic surface. Here since the pressures inside
and outside are equal,

T, + Ty, = 0.
,fencc the numerical values of 7, and 7, are equal.

% 68. Force between two Plates held together by
Liquid Film.—If a drop of water be squeezed between two
clean plates of glass, a considerable force will be required to
pull the plates apart. This is duc to the effect of surface
tension.

Let P and Q be two clean, plane plates (say, of glass),

A between which a drop
€ - of a liquid which wets
rld} b ] them %say, water) is

squeezed. Let d be the

Fig. 72, distance between the
inner surfaces of the plates and D the diameter of the liquid
disc between the plates. Then the 1adii of curvature of the
free surface of the liquid are d/2 and—Dj2. Hence the
pressure outside (i.e. the atmospheric pressure) is greater
than the pressure inside the liquid by 27" (1/d —1/D).
Here d is very small compared with D, hence the difference
of pressure is very a:pproxima.tely equal to 2 7T/d. If A is
the area of each plate wet by the liquid, the force F urging
P towards Q is given by

F =247 /d.

The force thus varies inversely as the distance between
the plates. If a drop of water is placed between two plates
of glass, the plates are forced together, which still further
increases the force between the plates as the area of the wet
surface increases and the distance between the plates
diminishes,

P
N ———
Q
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69. Spreading of one Liquid on Another.—If a
drop of one liquid B were formed on the surface of another
liquid C (Fig. 73),
there would be three
surface tensions to be
considered for equili-
brium : (1) Tha bet-
ween liquid B and air
(2) T'cq between liquid
C and air (3) Tbe bet-

Fig. 73. ween liquids B and C.
For the equilibrium of a small length dl at O taken perpen-
dicular to the plane of the figure, the three forces (7'hadl,
Teadl and T',edl), according to the law of the triangle of
forces, must be such that it should be possible to represent
them by the sides of a triangle. This means that the sum
of any two surface tensions must be greater than the third.
There are no two pure liquids known, for which this is
possible, one of the three surface tensions being always grea-
ter than the sum of the other two. The lighter liquid thus
always spreads over the surface of the lignid on which it
rests, without forming a drop. Thus a drop of pure water,
placed on the surface of pure mercury, spreads over it,
forming a uniform layer. If however, the surface of mercury
is contaminated with oily matter, it is possible for a drop of
water to stand upon it without spreading. Here the surface
tension of the mercury is lowcred on account of the impurity,
and it is then possible to construct the triangle.

The triangle of forces rveferred to above is, in this
connection, called Neumann’s triangle.

70. Liquid on Plate forming a Drop.— We must
regard the surface of a solid also as possessing surface tension,
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as in the case of a liquid surface, though the former is not
mobile. The process of solidification must increase, rather
than decrease, the surface tension, as lowering the tempera-
ture always increases the surface tension,

Now consider a liquid drop L on a plane solid surface S

Tia
L Air
S <2 > S
Tis o Tga
()]
Fig. 74.

(Fig. 74). Let @ be the angle at which the liquid meets the
solid surface, the angle being measured inside the liquid. The
forces acting on an element of length dz at O, taken per-
pendicular to the plane of the figure, are 71y dz, Tsa dz and
Ty dz, in the directions indicated in the figure. Resolving
the forces along the line of the solid surface S and cancel-
ling the common dz, we get for equilibrium

Tis+ Tiacos0 = Tygeeieeeenvauannnn.. (1)

€080 = (Tsa—T13)/Tha eeevnvunnennnn.. (2)

If T'sa > T1s, cos o is positive, and ¢ is less than 90°,
If Tsa < T4, cos O is negative, and ¢ lies between 90°
and 180°.

If, however, T'sa > (Ts + Tha) (i.e., Tsa~T1s> T1a),
there cannot be equlibrium (from equation (1), or from
equation (2) as cos & must always be less than 1), and the
liquid will then spread over the solid.

71. Angle of Contact.__ In Art. 70 we derived that
c08 0= (T'sa—T'1s)/T'1a (Fig. 74). Thus @ is a constant for
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the same three substances. This angle o is called the angle
of contact between the liquid and the solid in air. The angle
of contact 1s thus the angle between the tangent to the liquid
surface at the point where it meets the solid and the surface of
the solid, the angle being measured inside the liquid. The
angle of contact also depends, of course, on the third
material, which, when not otherwise stated, is always taken
to be air.

If the liquid wets the solid, such as water and glass, the
angle of contact is nearly 0°. For mercury and glass (in air)
o is about 140°,

72. Experimental Determination of Angle of Con-
tact.— (i) Take a clean, dry flask
with spherical bulb about 5 cm,
in diameter. Pour into it clean
mercury until it is nearly full, and
then close the mouth of the flask
with a rubber stopper into which
a thick piece of glass rod has been
inserted. Invert the flask and
adjust the rod so that the mercury
surface is plane right up to the
glass (Fig. 75). This can be tested
by observing the image of an
object (such as printed matter)
reflected on the liquid surface at
the line of contact. Even the

Fig. 76 slightest curvature will then be
indicated by the distortion in the image. [At a lower level
than this the mercury surface at the line of contact would
be convex, and at a higher level, concave. |
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Measure the diameter d (= AB) of the plane mercury
surface with calipers and the diameter D (=2 AC) of the
spherical bulb. The required angle of contact ¢ can then
be obtained from,

cos (0 —907) = 3d/3D = d|D.

(ii) Dip a clean, plane glass plate into mercury contain-

A ed in a trough, and incline it
slowly until the under surface
CB (Fig. 76) is plane right up
to the plate [tested by absence
) of distortion in reflected image
atl the line of contact, as in
(i)]. Clamp the plate in this
exact position, and with a

Q)
wbF——
.

Fig. 76.
plumb-line measure AB and BC. Then

tan (180°—g¢) = AB/BC,
where ¢ is the angle of contact.

73. Capillarity.—If a clean glass tube of fine bore
(called a capillary tube) is dipped into water, the water rises
in the tube and stands at a higher level. This phenomenon
is called capillarity, and is due to surface tension. The ascent
of oil in a wick, the rise of sap in plants and trees, the
spread of water through a lump of sugar and the absorption
of ink by blotting paper are other familiar examples.

The capillary rise of liquid (Fig. 77) takes place only
when the angle of contact is less than 90°, In the case of
liquids which wet glass, such as water, the angle of contact
may be taken as zero,
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But in the case of liquids, such as mercury, whose angle
of contact with glass is greater than 90°, there is a capillary
depression (Fig. 78).

J
e

£

N~

Fig. 78.

We shall now investigate the relation between the extent
of capillary elevation or depression % and the other quantities
involved. In a narrow tube of circular cross-section, the sur-
face of the liquid is nearly spherical. Let the radius of this
spherical surface be R. Let the radius of the bore of the
tube be r, the density of the liquid P, and the angle of
contact e.

If P is the common pressure above the liquid inside and
outside the tube, the pressure just below the concave sur-
face (Fig. 77) is P—2T/R, and the pressure just below the
convex surface (Fig. 78)is P + 2T/R (Art. 65). The pres-
sure due to the column of liquid of height A is Apg. Since
the pressure at the flat surface A of the liquid is P,

' P—2T/R + hpg = P
in the case of capillary elevation, and
P4+ 2T|/R=P +hpyg
in the case of capillary depression. Thus in each case,
2T|/R =hpy.
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But r/ R = cos o in elevation, and cos (180—) in depres-
sion. Hence
2T :98--9 = h P g, where & is the elevation,
and 27 cos (180°=0) _ 5, p o where & is the depression.
r

The first equation may be made to represent the
second case also, if we adopt the convention that a negative
value of 2 means depression.

74. Rise of Liquid between Parallel Plates.._ Let d
be the distance between the parallel plates, other symbols
meaning the same as before, Take a horizontal length of
! cm. of the liquid along the plates, and consider the
equilibrium of the liquid column of this length and of height
h. Ttsweightishldpg. It is supported by two forces,
due to surface tension, each equal to 7'l cose (Art. 70,
Tsa — Tis = Tha cos ©). Hence

2Tlcos¢==hldpg,i.e.,
2T coso=hdpg.

The rise & is thus inversely proportional to d. (The
equation can also be derived by the method of Art. 73).

Fig. 79. Fig. 80.

75. Rise of Liquid between two Inclined Vertical
Plates. — Let two glass plates, inclined at a small angle and
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in contact at onc edge of each, be vertically dipped into a
liquid (Fig. 79) which wets glass (say, water). According
to the equation derived in Art. 74, the risc y at any point
P (Fig. 80) will be inversely proportional to the distance d
between the plates at that point. But this distance d is
directly proportional to the distance z of P from O. There-

1 .
fore y oc , OTyais constant, Therefore the curve formed

by the top of the liquid which has risen is a rectangular
hyperbola.

76. Attraction or Repulsion between bodies Partly
Immersed in Liquid -— In the case of two parallel plates

(

RD
1)
by

-
e

Ig. 81. Fig. 82, Fig. 83.
dipped in a liquid which wets them, the pressure at A
(Fig. 81) is less than the external pressure above the
meniscus by 7'/R. Below A the pressure goes on increasing
until at B the pressure is equal to the external pressure.
Hence the pressure in AB is less than the external pressure
on the sides C and D. Therefore the plates tend to be forced
towards each other.

If the liquid does not wet the plates (Fig. 82), it is clear
that the pressures on the sides AB and CD are greater than
the pressure at E, and therefore, the plates, tend to be forced
towards each other in this case also,
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If, however, one of the plates is wetted by the liquid,
while the other is not, the surface of the liquid between the
plates takes the form shown in Fig. 83 when the plates are
very near each other. It will be seen that there is no
horizontal portion in the surface there. Consideration of
the forces due to surface tension shows that the plates tend
to be forced away from each other in this case.

These results explain why bubbles on a liquid surface
group together, and small sticks float together on water.

Determination of Surface Tension

77. Surface Tension by Capillary Rise Method. —
Take a capillary glass tube and subject it thoroughly, inside
and outside, to the action of a mixture of potassium bichro-
mate solution and sulphuric acid to remove oily matter.
Then wash it with tap water and finally rinse it with distilled
water. Dry the tube if the liquid given is not water.

Attach a bent pin to the tube by bands, as in Fig. 84,
dip the tube into the liquid
contained in a beaker placed
on a block, and clamp - the
tube vertically with the turned-
up point of the pin L just on
a level with the liquid surface.
The portion above the meni-
scus in the tube should be
wetted with the liquid, say, by
dipping the tube a little deeper
and then raising it to the pro-
per position. By means of a
travelling microscope measure

the height % of the liquid
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column in the tube, For this, the reading corresponding to the
nieniscus M and, after removing the beaker, the reading cor-
responding to L are noted ; the differcnce gives k. The posi-
tion M corresponding to the meniscus must then be marked
on the tube, and the radius r of the bore of the tube at this
position must be found. 1f the bore of the tube is not
uniform. the tube must be cut exactly at M and the average
diameter of the bore at the section must be found by means
of the travelling microscope. If the tube is fairly uniform,
the radius may also be found either by introducing a short
thread of mercury into the tube with its mid-point at M and
measuring its length and mass, or by measuring the average
diameter at the two ends and taking the mean value. The
density of the liquid P and the angle of contact & are then
determined.

Applying the equation

27 cos o
—
T' is calculated. For liquids which wet glass (such as water)
© may be taken as zero, so that 7' = rh P g /2.

To allow for the liquid in the meniscus, } » must be
added to % in very accurate determinations.

78. Surface Tension by Balance Method.—Take a
glass plate of the approximate size
of a microscope slide and expose it
to the action of a mixture of potas-
sium bichromate solution and sul-
phuric acid to remove oily matter,
===——=—=——————o—= Then wash it with tap water and
—_ = - finally rinse it with distilled water.

-— —— ——~ | Suspend it vertically by means of a
clip attached to a longer edge, and
tig. 85. with the corresponding lower edge

= hP‘(/
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touching the surface of the given liquid horizontally (Fig. 85),
find the force required just to pull the plate away from the
liquid against the force of surface tension. This force (mg)
may be found by means of a torsion balance, common
balance or spring balance. The lower edge should not be
soiled by touch.

Measure the length 7 and the thickness ¢t of the edge
which was in contact with the liquid. The total length of
the film exerting surface tension is 2 (/ + ¢) and hence

my =2+ )T,

from which 7' is calculated,

79. Surface Tension of Soap Bubble.— The surface
tension of a soap bubble can be con-
veniently determined by the arrange-
ment shown in Fig. 86. "The manometer
AB contains a liquid of low density p.
A small bubble is blown at D and the

B tap C is then closed. The diameter

A" (2r) of the bubble and the difference in

level (k) in the manometer are measured
with a travelling microscope. Then

g, 86. 47 /|7 = hpg.

(o}

80. Surface Tension from Weight of Drop.—-In this
method a counted number of drops falling very slowly from
a vertical tube is collected in a beaker and weighed (Fig. 87).
The radius 7 of the lower end of the tube is then found with
a travelling microscope. If the drops are confined to the
hore by coating the rest of the section (lower end) with wax,
the ¢nternal diameter should be measured. If the drops are
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allowed to spread to the whole section (as in Fig. 87),
without using wax, the external diameter should be measured.

The forces acting on each drop, when it is on the point
of becoming detached, arc (1) its weight
mg acting downwards, (2) the force due to
surface tension 2 77T acting upwards,
(3) thrust, due to atmospheric pressure
P, equal to 7 r ®* P upwards, and (4) thrust,
due to internal pressure P’ in the plane of
the orifice, cqual to 77 *P’ downwards.
Hence

2-,—rrT='mg + WTZP' - 7r7'2P

=mg + wr* (P - P).
But P' — P =T /r (Art. 66).
S 20rT =mg+ wrT. Hence
T=mg/[xr

The above cquation is far from being
accurate, as the falling drop is not in statical
equilibrium and the diameter of the cylind-
rical portion of the drop (taken to be 27
above) is an uncertain quantity. Lord Rayleigh finds the
relation

Fig. 87.

T=mg/38r

to be sufficiently accurate for many purposes.

To determine the interfacial tension between two liquids,
which do not mix, the lighter liquid is taken in a
beaker and the lower end of the tube is dipped into this.
The heavier liquid, poured into the tube, is allowed to drop
slowly into the first liquid.
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Owing to the force of buoyancy, we have to use here
mg (1 —p,/P,) in place of mg, where P, and P, are the densities
of the lighter and heavier liquids respectively.

[The volume of the drop is m /P, and the mass of an
equal volume of the surrounding liquid is m p,/p, . Hence
the apparent weight of the drop = mg — force of buoyancy
= mg — myg P, [ P.].

81. Surface Tension by Measurement of Drops and
Bubbles : Quincke’s Method.--Mercury is a suitable liquid
for the method of determination of surface tension by

measurement of drop. Fig. 88

L_____ v’ represents a central vertical

section of a large drop of mer-

cury on a horizontal glass plate.

Iig. 88 The upper surface of the drop

is practically horizontal except near the edge. At V and V'
the tangent planes to the surface are vertical.

Fig. 89 represents the drop as scen from above. lmagine
the slice ABDCM (Fig. 90) formed by cutting the drop by

Fig. 89. © g 90.

two parallel symmetrically placed vertical planes (passing
through AB and ND) at distance dl apart and the central
vertical plane (passing through BD) at right angles to these.
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Let BK = &, BC = H, the density of the liquid =: p, and its
surface tension = 7.

(i) Consider the equilibrium of the portion ABLKYV that
lies above the horizontal plane VKL. The only forees acting
on it parallel to VK are (1) the pull on BD, by the other half,
due to surface tension and (2) the thrust on the face BDLK
due to the pressurc exerted by the other half in excess of the
atmospheric pressure. (The force due to surface tension at
V is vertical, and the forceson ABKYV and the corresponding
one at the back are at right angles to VK.) Force (1) = T dl
and force (2) = pressure at centre of surface x area =
Yhpgx hidl =} k*pgdl. Hence

Tdl=" h*py dl.

(ii) Consider the equilibrium of the whole slice ABECM
and resolve the forces along the line VK. The forces to be
considered here are (1) the pull on BD equal to 7'dl, (2) the
thrust on BDEC equal to } Hpg x Hdl, i.e., & H*Py dl and (3)
the pull due to surface tension, in the direction MC, on the
edge passing through M parallel to CE ; this pull is equal to
Tdl cos (180°—o), where ¢ is the angle of contact [Art. 70,
equation (1)]. Hence

Tdl + Tdl cos (180°—e) = | H*pg dl

H*py

T == 271 T oos (180° T g)) rrrrereeeee (ii)

Equation (i) may be used for determining 7' by measu-
ring h by means of a travelling microscope. Eauation (ii)
may also be used for determining 7' if ¢ is already known.
Or, if 7' is determined from (i), equation (ii) may be used for

\&:}
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finding @. A travelling microscope or a spherometer may be
used for measuring H.

In determining % some difficulty may be experienced in
[T~ " 7 finding the exact
position V, where
the surface is ver-
tical. This diffi-
! culty has been got
\ over by Edser as
\l follows : The ob-
! jective of the mi-

= SR
1
|

Uy croscope is provi-
N ded with a plane
os glass  plate P
Fig. 91. (Kig. 91), which

both reflects and transmits light. Light from a source S
is focussed by means of the converging lens L upon the
rim of the drop after reflection at P. At the exact position
of V a thin bright horizontal line will be seen. The
microscope is adjusted so that this line coincides with the
horizintal cross-wire, and the vernier reading is noted.
The microscope is then screwed (to move) up (and forwards)
until the image of the flat top of the drop is focussed on the
cross-wire, This observation is facilitated by thinly scatter-
ing some fine powder (such as lycopodium powder) on the
plane top of the drop. The difference between this reading
and the previous one gives &.

The above equations apply not only to a large drop but
also to a large bubble of air under u glass plate, for example,
in water, Figs. 88 and 90 must be turned upside down to re-
present the case of the bubble. Also ¢ here, being the angle
inside the bubble, is the supplement of the angle of contact.
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From equation (ii) it is clear that the thickness (H)of a
large drop or bubble is independent of the voiume of the
drop or bubble.

Eliminating 7' from equations (i) and (ii), we got
.0 n
sin == - -

2 hv2
Hence o can be found dirvectly from H and L.

82. Variation of Surface Tension with Tempera-
ture.—(i) Jurger's Method. In this method the pressure re-
quired toforce a bubble of air, through a narrow orifice, into
the liquid is found at various temperatures.

The app.aratus is represented in Fig. 92. R is the

AN RRERENILG

Fig. 92.
orificc of a tube dipped into the liquid whose surface
tension is to bce determined.  The pressure of air
required to force the bubble is found from the manometer M,
B is a big bottle serving as the reservoir for compr-ssed air.
With siop-cock C, closed and C, open, air is blown
through A so as to store up, on closing C,, as much compressed
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air in B as possible. Now C, is gradually opened until bubbles
of air are slowly liberated from R. The maximum difference
of level b, indicated by M is then noted, and the depth &, of R
below the liquid surface is measurcd. The radius r of the
orifice R is measured with a travelling microscope.

Let T be the surface tension of the liquid and p, its
density. To force a bubble through R the pressure required,
above the atmospheric pressure, is h,P,g + 27 /r. This
must be equal to &, P, g, the pressure indicated by the mano-
meter (above the atmospheric pressure), where P, is the
density of the liquid in the manometer. Hence

hiPrg = h,Pag + 27T (7.
T = ¥ (kl Px—h-z Py gr.
This method is not very accurate for absolute values of 7',

but is very useful for comparison of surface tensions of various
liquids or of the same liquid at various temperatures.

(u) U —Tube Method. The U-tube herc consists of a

2 capillary tube for one limb and a tube of
wide bore for the other limb. The tubes
must be calibrated by the mercury thread
method so that the radius at any required
point may be known. The liquid, whose
surface tension is required, is introduced
into the tube so as to occupy convenient
levels in the limbs. The tube is then
immersed vertically in a suitable bath, so
that, while the liquid levels in the tube
are below the level of the bath, the open
ends of the tube are well above that level
(Fig. 93). A thermometer and stirrer (not shown in Fig.)
are introduced into the bath.

Fig. 93.
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The bath is heated, and at each temperature at which
the surface tension is required the difference in level b of the
liquid in the two limbs is found

Let r, be the radius of the capillary bore and r, the
radius of the wider bore, cach at the corresponding menis-
cus. Let P be the atmospheric pressure, and let the lignid
be one which wets glass, so that the angle of contact may be
taken as zero. Then the pressures just below the concave
surfaces of the liquid in the narrow and wide bores are
P —2T /r,and P — 2T /r respectively.  As the difference
in level ia 2,

P -27T/r)—- P=2T/r)=hpg, where p is the
density of the liquid. Hence
T =hpgrr/2(@r,—n).
In the case of mercury, the meniscus in the narrow bore
is lower than that in the wide bore. Let o be the angle of

contact. Then the pressures just below the convex surfaces
in the narrow and wide bores are respectively

+ 27T cos (180°—@) 2 T cos (180°—0)

P and P +
7 T,
l 0__ ¢ 0_
-271—0955 80°-6)_ 2T co COS———(THQ-- 0 _ hp g. Hence
1 2

T=hpgr r,/2 (r,—r) cos (180°-q).

EXAMPLES

1. Calculate the work done on the film in blowing a
soap-bubble from a diameter of 3 cm to one of 30 cm., if its
surface tension be 45 c. g. s. units. [M.U,, B.A]

Increase of area =2 X 47 x 900 /4 — 2 x 47 X 9/ 4.

8q. em,
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Mechanical work done in increasing the area =
T x increase of area = 45(2 X 47r X 900 /4—2 X 47 x9/4)
= 252 x 10’ ergs.

2. A spherical drop of water of radius 1 mm. is sprayed
into a million drops, all of the same size. Iind the work

expended in doing this. Surfoce tension of water = 74
dynes / cm.

Let r be the radius of each of the million drops. Then
equating the volumes, 4 7 7* x 10° = 4 7 x 0-001.

" =1/10%; hence r = 1/10° cm

Increase in area = (4 7/10% x 10° — 4 7 x 0-01
=4 7 (1 — 0-01) 8q. cm.

Work expended = 74 x 4 o (1 — 0-01) = 920 ergs.

3. A drop of water weighing 0-1 gm. is introduced
between two plane and parallel glass plates. Calculate the
force between the plates when they are at a distance of
0-0001 em. apart. T = 75 dynes /cm.

Volume of drop = 0-1 c. c.

Area of each plate wetted = 0-1/0-0001 = 1000
8q. cm,

F =2 AT /d (Art. 68) = 2 x 1000 x 75 /0-0001 =
1-5 x 10° dynes (z. e., 1-5 tons wt. nearly).

4. Two soap bubbles of radii , and r, blown from the
same solution are allowed to coalesce into a single bubble of
radius B. Prove that the tension of the bubble is to the
atmospheric pressure as R® — r,* — r,® is to 4 (r,* + r,* — R’).

[M. U, B. A, & B. Sc. March 1927]
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By Boyle’s Law for mixture (Art 40, cor. 2),
PV, PV, PV
B A U
Since the temperature is the same here,
PV, +P,V,=PV,ice,
(p+4Tirn)§arP+ (@ +4T[r) jor)=
(p+4T/R) ! = B,
where p is the atmospheric pressure and 7' the surface
tension.

Hence 47T (r? + 7,2 — R?) = p (R* — r* — 1,%), ete,

5. The difference of the levels of mercury in the two
limbs of a U-tube is 0-88 ¢m. If the diamecter of one
limb is 1 mm. and that of the other 8 mm., calculate the
surface tension of mercury. Density of mercury = 13:6
gm. per c. c. Angle of contact with walls of tube = 140"

27 cos (180° — @) /7, -- 27 (cos 180" — @) [r,=hPg
(Art. 82, ii).

1. e, 27T cos 40° /005 — 2 T cos 40° [0-4 =
0-88 x 13:6 x 981.

Hence T = 438 dynes per cm.

6. A rectangular glass plate of length 10-0 cm., breadth
2'54 cm., and thickness 2:00 mm., weighs 13-21 gm. in air. If
it is held vertically, with its long edges horizontal and its
lower half immersed in water, what will be its apparent
weight ? Surface tension of water = 72 dynes / cm.

Volume of plate immersed = 10 ~ 2:54 x 02 /2.
= 254 c.c.
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*. Force of buoyancy = 254 gm. wt.

Pull due to surface tension downwards
= 2 (10+402) 72 dynes
= 150 gm. wt.
.. The apparent weight of the plate =
13-21 — 2:54 + 150 = 12°17 gm.

7. A metal bar can stand a tension of 12,000 lb. wt.
per sq. in. Find what pressure a hollow sphere of this mate-
rial, of radius 4 ft. and thickness 1} in,, can stand without
bursting.

Imagine a section of the sphere. A length of 1 ft. of the
edge will have an area of 1 x 1 /5 x 12 sq ft. and hence will
stand a tension of 12,000x 12 x 12 x 1/5 x 12 or 28,800 lb.
wt. This corresponds to 7' in surface tension. Hence the
pressure the sphere can stand (above the atmospheric pres-
sure) = 2 7'/ = 2 x 28,800/4 = 14,400 1b. wt. per sq. ft.

8. A cylindrical boiler is built with hemispherical ends.
If the djameter of the cylinder is 6 ft., find the tensions in
the different parts of the boiler when the pressure of the
steam is 200 1h. wt. per sq. in. above the atmospheric
pressure.

200 1b. wt. per sq. in. = 200 x 12 X 12 or

28.800 1b. wt. per sq. ft.

Let the tension developed in the material on account of
this excess of internal pressure be 7', (Ib. wt. per ft.) in the
cylindrical part and 7', in the spherical part. Then

T,/ 3= 28,800 (Art. 66) and
2 T, /3= 28,800 (Art. 65).
.. T, = 86,400 1b. wt. per ft. and -
T, = 43,200 1b. wt. per ft,
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9. A glass vessel with a flat top is filled with a liquid,
except that a large flat air bubble remains under the central
part of the top. This bubble is found to be 5:35 mm. deep
over its central portion. The widest part of the bubble is
1'50 mm. below the under surface of the glass top. Assuming
the density of the liquid is 100 gm, per c.c., calculate the
surface tension and the angle of contact with the glass.

g == 978 cm. / sec.?

Derive the formulae you employ in the above calcula-
tion. [M.U., B. Sc., Sep. 1935]

Referring to Quincke’s method of determining 7' and o
(Art. 81) we have here

H =535 mm. = 0535 cm.
h =535~ 150 mm. = 0-385 cm.
p=1 ; g=978.
Substituting these in the equation
T=1in"py,
T =1%x0385x 038 x1x 978
= 72'5 dynes / cm.
Again, from the cquation
sinte=H/hk v2
or from the equation
T=H®*pg/2(1 — cos o),
sin } @ = 107 /109 = 1 nearly.
.. @ = 180" nearly. This gives the angle within the

bubble. The angle of contact between the liquid and glass
is therefore nearly 0°,

10. (i) Water rises to a height of 4 cm. in a capillary
tube. If the tube is depressed until only a length of 3 cm.
is left above the water surface, what will happen ?
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(ii) Into a vertical U-tube, consisting of a
capillary tube 10 cm. long for one I'mb and a very wide
tube 15 ecm. long for the other, water is slowly introduced
through the wide tube. What will be the difference of level
and the curvature of the meniscus in the capillary tube at
the various stages?

(i) According to the law of conservation of energy,
water cannot go on flowing up, like a fountain, 1 cm. high
above the tube. What happens here is that the curvature
of the meniscus adjusts itself so that 2 7 / R becomes equal
to hgp, where & is the height of the tube left above the
liquid surface.

(ii) Let r be the radius of the capillary bore. Then
ignoring the capillarity effect of the wide bore, the difference
in level & will be given by 2 T'/r=h p g until the meniscus in
the capillary bore (which is, of course, ata higher level
now) reaches the top. On further introduction of water,
the curvature (1 / R) of this meniscus so adjusts itself that
2T/R=h'pg. When the two levels become equal, the
surface of this meniscus becomes plane. When the level in
the wide tube becomes higher, water does not, even now,
flow out of the capillary tube, but its meniscus becomes
conver to balance the extra pressure up to 27/r. After
this, water overflows.

QUESTIONS ON CHAPTER VI

(1) Calculate the pressure inside a spherical cavity
within a mass of water, if the cavity is 0001 cm. in radius
and at a depth of 10 ecm. below the surface of the water.

T =78 c. g. s. units. Atm. pr. = 76 cm.
[M.U, B. A. & B. Sc., Sep. 1928]
(2) A drop of water 0'5 cm. radius is split into 1000
iny drops. Find the increase in the surface energy.
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Calculate the pressure inside one of these smaller drops.
S. T. of water = 78 dynes / cm.

[M. U., B.A, & B. Sc., Sep. 1929]

(3) Two soap bubbles of radii r, and r, coalesce into one
soap bubble of radius R. If P he the atmospheric pressure,
calculate the surface tension. Hence show that the surface
of the film shrinks and the .contained air expands
simultaneously. [M. U., B. Sc., March 1932]

(4) Calculate the work done in blowing a soap-bubble
of radius 2 em., with soap solution, the surface tension of
which is 25 c. . 5. units. [M. U., B. A,, March 1933]

(5) Show that in the case of a cylindrical boiler closed
at both ends by spherical caps, the hemispherical ends need
be only half as thick as the cylindrical portion.

[M. U., B. Sc., March 1933]

(6) Prove that the air inside a soap bubble of sufficient-
ly large radius R would at atmospheric pressure P fill a
sphere of radius R + 47 /3 P, where 7' is the surface ten-
sion, [M. U, B. A, Sep. 1934]

(7) A glass capillary tube of internal diameter 0-05 cm.
was clamped vertically with its lower end dipping 1-11 cm.
below the surface of water in a beaker. It was found that,
in order just to blow air out at the bottom of the tube, the
air had to be at a pressure of 6940 dynes per sq. cm. in
excess of the atmospheric. Deduce the value of the surface
tension of the water-air surface. Density of water = 0-996
gm. / c. c. and accel. due to gravity = 978 cm. /sec.*

[M. U., B. Se., March 1935]
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(8) Calculate the work done on the film in blowing a
soap-bubble from a diameter of 3 cm., to one of 15 em,, if its
surface tension be 30 C. G. S. units.

[M. U, B. A,, March 1936]

(9) A boiler is built with a cylindrical body and hemis-
pherical ends. If the common diameter be 5 ft., find the
tension in the different parts of the boiler when the pressure
of the steam inside is 200 1b. wt. per sq. in.

[M. U., B.A., Sep. 1936]

(10) A minute spherical bubble of air is rising slowly
through a column of mercury in a tall jar. If the radius of
the bubble at a depth of 100 cm. is 0’1 mm., at what
depth below the surface will it have a radius equal to
0:12 mm. ?

Surface tension of mercury = 520 dynes/ cm.

Atmospheric pressure = 76 cm., of mercury.
Density of mercury = 13'6 gm. per c.c.
Accel. due to gravity = 978 cm., per sec.®

[M. U, B. Sc., Sep. 1936]

(11) Describe experiments to illustrate that the surface
of a liquid is in a state of tension.

Prove that the surface tension of a liquid is the
same in all directions and at all points.

The difference of pressure between the inside and
outside of a soap bubble of diameter 6 mm. is 8 mm. of an
oil of sp. gr. 0-7. Calculate the surface tension of the soap
solution. [M. U., B.A,, March 1937]

(12) Compare the surface of a liquid at rest with an
elastic membrane under tension,
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Find an expression for the excess of pressure inside
a spherical soap bubble,

Calculate the depression of the mercury surface
below the gencral level inside a vertical capillary tube of
circular bore of 0'2 mm. diameter, with its lower end
immersed in mercury.

Surface tension of mercury = 550 dynes/ cm.
Angle of contact of mercury = 130°.
Density of mercury = 136 gm. per c.c.

[M. U.. B. Sc., Sep. 1937]

(13) Find the force between two parallel plates held
together by a liquid film.

A drop of water weighing 01 gm. is introduced
between two plane and parallel metal plates. What force
will be exerted when the plates are at a distance of 0-0001
cm. apart. [M. U., B. Sc., March 1938]

(14) Define ‘surface tension’ of a liquid and show that
it is equal to the (mechanical) energy per unit area of the
surface.

Calculate the work done on the film in blowing a
soap-bubble from a diameter of 3 cm. to one of 30 cm. if its
surface tension be 45 in c¢. g. s. units.

[M.U., B.A,, March 1938]

(15) Find an expression for the cxcess of pressure inside
a spherical soap-bubble.

The limbs of a U-tube are vertical and have inter-
nal diameters of 5 and 1 mm. respectively. If the tube
contains water, what will be the difference in the surface
levels in the limbs ? [M. U, B.A,, Sep. 1938]
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(16) Find an expression for the excess of pressure inside
a soap-bubble over that outside.

Two bubbles of radii », and r, coalesce into one
bubble. Assuming the temperature to remain constant,
find the radius of the joint bubble and also the pressure
inside the bubble. [M.U., B. A,, March 1939]

(17) Explain why water spreads on a clean mercury
surface, but collects into a drop when the surface is greasy.

Describe how the angle of contact of mercury with
glass may be determined experimentally.
[M. U, B. A, Sep. 1939]

(18) Define * surface energy,’ ‘ angle of contact’.

Describe a method of determining the angle of
contact between mercury and glass,

Find the condition for the formation of a drop of
one liquid on the surface of another.
[M. U, B. Sec., Sep, 1939]

(19) Define ‘angle of contact’. Describe how the
angle of contact of mercury with glass may be experiment-
ally determined.

A capillary tube 0'1 mm. in diameter is dipped
vertically in water. Find the height to which water rises in
the tube. The surface tension of water is 74 dynes per cm.

[M. U, B.A,, March 1940]



APPENDIX
POINTS TO BE REMEMBERED

L c. ft. of water weighs 624 lb. (roughly, 62'5 Ib.)
at 4°C.
Density of air =0001293 gm. per. c.c. at N.T.P,
Density of hydrogen =0-0000899 .
Density of mercury =13'596 gm. per. c.c. at 0°C., and
13-522 . at 30°C,
Density of water at 29°C.=0996 gm. per. c.c.

»

Coeftt. of exp. of mercury == 0000182 per deg. C.
Coefft. of lin. exp. of brass =0-000019 .

Accel. due to gravity=978 cm./sec.® at Madras and
9806 cm./sec.” at sea-level at latitude 45°;
= 32 ft.[sec.? (roughly).
Normal atmospheric pressure or standard atmospheric
pressure = 1033 gm. wt. per sq. cm. or 1013 x 10° dynes per
8q. cm, or 14-7 Ib. wt. per sq. in.

Height of homogencous atmosphere =7990 metres or
26,280 ft.

Sat. vap. pressure of water at 29°C.=30 mm. of merc.
Sat. vap. pressure of mercury at 20°C.=0-001 mm. of
merc,

. . 50°C. =001
Surface tension of water at 30°C.=70 dynes/cm,
(roughly).

»
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Surface tension of mercury at 0°C.= 550 dynes/cm.

(roughly).

Angle of contact between mercury and glass in air

o = 31416
log 7w = 04971
log 2 = 0-3010
log 3 = 04771
log 4 = 0:6021

log 5 = 06991

=140° nearly.

loge 10 = 2:3026

log 2:3026 = 03622
log 273 = 2:4362

log 760 = 2-8808

log 978 = 2-9903

log 0-001293 = 3-1116

The above logarithms are to the base 10 where not

otherwise indicated.



ANSWERS
CHAPTER 1

(1) If b is the altitude of the rectangle, first and second
lines are to be b/ V3 and b v/ 2 / V3 below top side.

(2) DE=1} DC, where E is the point at which the line
cuts DC,

(3) Line bisecting other two sides.
(4) sag|b(2a=0)p,+(a—-0b) p.]

(5) Kqual to the weight of the liquid and acting verti-
cally along the axis.

(9) 1297 x 10¢ 1b. wt. ; 30-38 ft.

(10) Line to be drawn b/y2 vertically below vertex,
where b is the altitude of the triangle.

(11) 8967 Ib. wt,
(12) & (13) See ecxample 1.

CHAPTER 11
(1) 209 tons wt. .
(5) 30,326 Ib. wt. at 43 ft. above bottom of gatc on the
central verticle line.
(6) 16,875 1b. wt.; 3% ft. above bottom of gate on the
central vertical line.
(7) See example 3.

(8) 23,676 1b. wt. ; 4'11 ft. above bottom of gate on the
central vertical line.
9
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Hint. Thrust on first side =5x 621 x 12%x 10 Ib. wt.
=Fl, say.
Thrust on second side=3 x 64 x 12 X 6 1b. wt.
=F,, say.
Resultant thrust=F,— F,-

Let the point of action be distant y above the
bottom of the gate. Then

(F,—F,)y=F,x10/3—F,%x6/3.

(9) 40.000 lb. wt.; 4} ft. above bottom of gate on the
central vertical line.

CHAPTER III

(1) 7/ +/2 above hemispherical part.

(2) Let 4 be the area of cross-section and zand y the
depths of immersion. Then

hsA=Axzx1+A4A (R —2)d and
hsA=Ayx1 Hence y—z = ete.

(4) 10t c. ft. [Hint.  x8/100 — z x 8 x 0-07 / 100
= 750.]

(5) 6s(1 —s)< 1
(8) 1:1-015.
9)r>h]v2
(10) 4 ft.

(13) 5 in.

(15) 1-16.
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CHAPTER IV
(1) 132 ft.
(2) 506 ft. [Hint. 25 x 136 x 8 =
6[ (@ + 6)1025 + 25 X 13-6]-
@3) (b — h3) b/ (@ — b) and (b, — h3) a /(@ — b).

[Hint. The pressures of air above the mercury in the
two cases are @ and b. Let z be the length of the col. of air
in the first case. Then the length of the col. in the
second case i& =z + hk, -- h,. Applying Boyle’s law,
za=(x+h —h)b, etc.]

(5) 0-84 kilometre. Mean temp. (which must be given
in the problem) is taken to be O°C.

(7) Hint. Press. of air above mercury = 0-5and 0'75 in.
resp. in the first and second cases. Let I be the length of air
col. above mercury in the first case. Then the length in the
second case =1 — 1. By Boyle’slaw,l x 05 = (Il — 1)0°75.
Hence ! =3 in. .. Length of tube above mercury in
cistern = 2843 = 31 in. .. With merc. col. z, length of
air col, = 31 — «. Its pressure = 3 X 0°5/(31 —2) =
3/(62 — 2z). Hence press. of atm. = 2 + 3 /(62 — 2 x).

(8) 495 metres.
(9) 0'92 kilometre.
(10) 1-33 kilometres, taking the mean temp. to be O°C,

[The necessary data that can be taken from the tables
do not inolude the mean temperature between the places].
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CHAPTER VI

(1) 118 x 10" dyncs per sq. cm.

[Hint. P=T76%x136x981+10x 981 +2x78 /0-001.]

(2) Mechanical work expended (not increase in the
surface energy, sce Art. 62) -. 2205 ergs.

Pressure inside = 3120 dyvnes/sq. em. in excess of
external pressure.

(3) See example 4.

(4) 2513 crgs.

(5) The pressure inside is greater than the pressure
outside by 7', / R in the case of the cylinder and 27, /R in
the case of the sphere (see example 8). Since the pressure
inside is the same for both, 27,/ R = 1 ,| R: hence 7', =
T, |2, ete.

(6) Pressure of air inside soap bubble = P + 4 7' | R.

Itsvol, =4 7+ R'/3. Let z be the radius of the
sphere occupied by the air at pressure P. Then by Boyle’s
law, .

(P+4T|R) x4 7w R|3 =P x4x2*|3. Hence

= (P +4TIRyR'|P - (1 + 4 TIRP) R

# =R (1 + 4TIRP} = R (1 + } 4T|RP), ignoring
higher powers of 47'|RP, since R is given to be large.

(7) 73-2 dynes per cm.

|Hint. 6940 = 1-11 x 0-996 x 978 + 2 7'/ 0-025.]

(8) 20,360 ergs. < - -

(9) Tensions in cylindrical and hemispherical parts are
72,000 1b. wt. per ft. and 36,000 1b. wt. per ft. respectively.
Pressure of steam is taken to be 200 1b. wt. per sq. in
above the atmos. pressure.
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(10) 24-5 cm. [Hint. Apply Boyle’s law, p,v, = p,v,.
p, = 176 x 13-6 x 978 + 2 x 520/0-01 ;
v, = 3 7 X 0-01%,
Pa = (x + 76) 13-6 x 978 + 2 x 520/0-012;
v, = 4 7 x 0-:012%]
(11) 41 dynes per cm. [Hint. 47'/0-3
= 08 x 0-7 x 980.]
(12) 53 cm.
(13) 15 x 10° dynes, taking 7" as 75 dynes/cm.
(14) 25-2 x 10* ergs.
{15) 2-45 cm., taking 7" as 75 dynes/cm.
(16) Refer to example 4.
(19) 30-2 c¢m.
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