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AUTHOR’S PREFACE

THE problem which Iyfiave proposed in the present
volume and the m d adopted for its solution call for
essentially the samle comments as those made in the
preface of the preceding volume, which deals with General
Mechanics. It is hoped that this little book will help
the reader to form clearly defined concepts and to realize
their relatedness, since here the mechanics of deformable
bodies is developed as an inherently necessary con-
sequence of general mechanics. After reading these two
volumes he should be able not only to study the more
detailed text-books and the advanced treatises with
complete understanding, but also to supplement them by
independent and penetrating researches of his own.

By occasionally referring to the context of the theorems
and equations derived in the first volume it has been
possible to abbreviate and simplify the present account.
Such references are indicated by the Roman symbol I.
Thus I, (155) denotes equation (155) of the volume on
General Mechanics. I. § 49 denotes § 49 of that volume.
A certain amount of space has also been saved by omitting
formulee and intermediate calculations which can be added
by any reader who has received a mathematical training.

An alphabetical list of the definitions used and the
most important theorems is appended, which will facilitate
reference.

Max PLANCK.

Berlin, Grunewald,
February 1919.



AUTHOR’S PREFACE TO THE THIRD
GERMAN EDITION

IN this new edition a few misprints have been corrected
and a few small additions have been made.

Max PrLANCK.

Berlin, Grunewald,
February 1932,
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INTRODUCTION

§ 1. A DEFORMABLE body, as distinguished from a
rigid body, is one which is susceptible of a change of
form either as a whole or in any of its partc. Strictly
speaking, all bodies in Nature are deformable, for there
are no motions which are not accompanied by greater
or smaller changes of form in the bodies participating
in them. But in many cases—for example, in that of
the pendulum, the lever, the top—it is sufficient, for a
first approximation to reality, to assume the bodies
in question as rigid. The motions of rigid bodies are
dealt with in general mechanics. Here we shall deal
with those motions for whose peculiarities the deforma-
tions are of characteristic importance. Hence we must
now refine our assumptions about the constitution of
material bodies a degree further. We do this in the
first place by assuming everywhere that the space occupied
by a body is continuously filled with matter. It is true
that this assumption, like that of rigidity, is only an
ideal abstraction, and is never rigorously fulfilled in
Nature, since, strictly speaking, all bodies have an
atomic structure. But as a first approximation to reality
we find that this simplifying assumption is likewise
completely sufficient here. For, just as it would be
superfluous and inexpedient in establishing the elementary
laws of levers to take into account the elastic bending
of the lever that actually always occurs, so we should
be adopting clumsy methods in investigating the funda-
mental laws of sound waves or of the flow of liquids if
we wished at the outset to revert to the molecules or
even the invariable atoms of the bodies in question,
particularly as the latter ulndoubtedly again represent

B



2 MECHANICS OF DEFORMABLE BODIES

an ideal abstraction. Nature does not allow herself to
be exhaustively expressed in human thought.

It is the most important and at the same time the most
difficult task of the theoretical physicist, when finding
a mathematical formulation of the problem which he is
attacking, to introduce just those simplifying assumptions
which are of characteristic importance for the properties
which interest him in the physical process which he is
investigating, and to neglect all influences of a lower
order of magnitude which can produce no essential change
in the main result and which enter into the argument
as mathematical ballast. An important and inevitable
postulate is that the different hypotheses introduced for
dealing with different problems should be compatible
with each other. For otherwise the physical picture of
the world would lose its uniformity, and in some circum-
stances we should get two mutually contradictory answers
to a definite question.

For our present purpose it secms advantageous to
divide the whole subject under discussion into three
distinet parts. In the first we derive the general laws
of motion of continuously extended bodies, no account
whatsoever being taken of their aggregate state, whereas
in the second and third parts we deal with applications
to the most important kinds of motion, according as
they are associated with infinitely small or with finite
deformations.



PART ONE

GENERAL LAWS OF MOTION OF A
CONTINUOUSLY EXTENDED BODY






CHAPTER 1
LAWS OF KINEMATICS

§ 2. As in the general mechanics of material points
and rigid bodies, so here, where we are dealing with
deformable bodies, we first consider the properties of
the motions in themselves, without inquiring into their
causes, and we endeavour to represent them fully in
mathematical terms. A motion of a material body is
completely determined when, and only when, the motions
of all the material points of which it may be imagined
to be composed are known, or if—what comes to the
same thing—the position of every one of these material
points is given as a function of the time. To characterize
& definite material point of a body we shall fix our atten-
tion on the state of the body at the time ¢ = 0, and for
this definite state we shall assign to every material point
of the body its three co-ordinates @, b, ¢ referred to a
stationary rectangular and right-handed co-ordinate
system (I, § 16). These three quantities a, b, ¢ are then
also to serve to characterize the point for the following
times #, when the co-ordinates of the material point
transform from a, b, ¢ to x, y, z; in a certain sense they
give the point a name, by means of which it can be dis-
covered again at any time. The whole motion of the
body is then determined in all its details if for each of
the material points @, b, ¢ of which the body is composed,
z, Y, z are given as functions of ¢, that is, if :

z = fla,b,c,t)

y = é(a,b,c,t) P 0§
z = i(a,b,c,t)
5



6 MECHANICS OF DEFORMABLE BODIES omar.

where f, ¢,  denote certain uniform and finite functions
of @, b, c, . We also assume them to be continuous by
assuming that the body does not divide into separate
pieces in the course of the motion. In accordance with
our above convention, we have for { = 0:

z=a,y=b,z=c¢c . . . . (la)

In view of the abundance of the possibilities contained
in (1), it is advantageous to fix on a perfectly definite
interval of time ¢ at first, or, in other words, to restrict
ourselves to considering the change * (Verdnderung) which
occurs in the body in the time from ¢ = 0 to ¢ = ¢, where
¢t has any constant value. We may then omit ¢ entirely
from the expressions (1) and have, more simply :

z = f(a, b, c) l
y= ¢(a, b: O)
z=y(a, b, c)

(2)

These equations denote the transition of a body from
a given ‘ initial position >’ to a definite ‘‘ final position,”
in the process of which the material point (a, b, c) exchanges
its position (@, b, ¢) for the position (x, y, z); for this
reason the quantities :

r—a=uy—b=v,z—c=w . . (3)

are called the components of its ¢ displacement.”

If we solve the equations (2) for a, b, ¢, we obtain a, b, ¢
as certain functions of z, y, 2, whose values give the
answer to the question as to where that material point
which has the co-ordinates z, y, z after the change was
situated before the change. We also assume these func-
tions, which may be interpreted as representing the
opposite change to that in question, as uniform, finite
and continuous.

* The word change will often be used in the sequel as an
abbreviation for change of position. When the mathematical
aspect is to be stressed we shall find it convenient to use the
word transformation.
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§ 3. As our first example we shall consider the general
case of a linear change :

z=XA + N6 + Ah + A
Y=to+ma+pdtpe r - - 0 (4)
z2=vy+ 1 + vd + vge
The symbols for the constants have been so chosen
that the letters A, u, v correspond with the letters z, y, 2,
and the figures 1, 2, 3 with the letters a, b, c. The quanti-
ties Ag, po, vp give the displacement of the material point
which was situated at the origin of co-ordinates before
the change.
Solved for a, b, ¢ the equations (4) run :

a = XNy(x — do) + p'1(¥ — po) + V'1(z — vo)
b =Xy@—X) + oy — po) +Va(z—w) [+ (5)
¢ = Xs(@ — Ao) + p's(y — po) +v'5(2 — )

where :
, A
A L = [J_]

the abbreviation D being used for the so-called functional
determinant :

,ete. . . . . . (6)

A Mg As

M1 Ko Uy
V1 Vg V3

=D . . . .

and the minor of an element A, in the expression for the
determinant being denoted thus :
ey — pavs = [M], ete. . . . . (8)
Since we assume all constants, both accented and
unaccented, to be finite, the functional determinant D
cannot be equal to zero; this allows us to deduce the
sign of D immediately. For the change does not occur
suddenly, but gradually in a finite time ¢ Thus the
constants A, u, v of the change and with them the de-
terminant D are to be regarded as continuous functions of
t. Now, before the change—that is, for { = 0—we have:

Ao=0, A1=l, A2=0, A3=0,etc. . . (9)
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and accordingly D = 1. Hence in the course of time
the determinant D, starting from the value 1, changes
continuously without ever becoming zero. It follows
from this that D is always positive :

D>0 . . . . . . (10

§ 4. As a special case of a linear change we have a
translation (I, § 102), in which all the material points of
the body undergo displacements which are all in the
same direction and all of the same amount, and this
amount may be arbitrarily great. For in this case we
have by (3) :

x — @ = const., y — b = const., z — ¢ = const.

that is, a special case of (4).

Another special case of a linear change is given by a
rotation (I, § 101) about any axis through any arbitrarily
great angle. To prove this we shall set up the equations
for an arbitrary finite rotation. For this purpose we
shall assume, besides the fixed co-ordinate system in
space, whose origin we take in the axis of rotation, a
second co-ordinate system which is fixed in the body—
that is, is movable in space. We choose the latter system
in such a way that the corresponding axes of the two
systems coincide before the change. After the change
each two axes, one from each system, form certain angles
with each other, whose direction cosines we shall call
@y By Y1 % Bas Yer %3 Bs, ys Where the letters «, B, y
refer to the axes of the first system and the suffixes 1, 2, 3
refer to the axes of the second system.

Now before the change some material point of the
body has the co-ordinates @, b, ¢ with reference to each
of the two systems. After the change, however, this
same material point has the co-ordinates z, y, z with
respect to the first system, but still the co-ordinates
a, b, ¢ with respect to the second system. Consequently
the relationship between z, y, z and a, b, ¢ is the same as
that for the transformation of the co-ordinates of a point
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in space from one co-ordinate system to another which
is characterized by the nine given direction cosines, or
by (I, (329)) :
= 040 + oteb + ayc
Y=Po+PBb+Be - - . . (11
2 =10+ yb + ¥

which is again a special case of (4).

If to this rotation (11) we add a translation whose
displacement components are Ay, pg, ve, We obtain the
most general change which a rigid body is susceptible
of ; it is expressed by the equations :

T =Ny + o8 + opd + ogc
Y=o+ Bio + Bod + Bse (12)

2 =vy + 718 + b + y5¢

But this change, too, is also a special case of the general
linear change (4), since the twelve constants which
characterize it are not independent of each other. Hence
if we inquire under what condition a linear change
(4) of a body occurs unaccompanied by a deformation of
the body, the answer is that the same relations between
the coefficients A, u, v of the change must hold as hold
between the corresponding coefficients of (12). By I,
(331) and (332) there are six such relations—namely
three of the form :

M+ p2+rv?2=1andsoforth . . (13)
and three of the form:
Mg + wapg + vy, = 0, and so forth . . (14)

These relationships simultaneously contain a series of
further relationships, as, for example, the six which arise
from (13) and (14) by permuting the letters A, u, v with
the figures 1, 2, 3 (I, (333) and (334)); further, the re-

lation (I, (461)):
D=1. . . . . . (19
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and the nine relationships (I, (462)) of the form :
\ Al = [dgVg — [UgVq = [Al] = All, and so forth . (16)

On account of these relationships the accented co-
efficients in the equations (5) for the reverse change
assume the similarly designated unaccented values.

§ 5. We now revert to the general case of a linear
change and proceed to write down some of its properties.
In the first place, it is easy to show that all the material
points which lie in one plane before the change also lie
in one plane after the change. For the material points
(@, b, ¢) which lie in a plane satisfy a linear equation :

Aa+Bb+Cc+D=0 . . . (I7)

After the change the position of each of these points
will be given by the values of x, y, 2 which follow from
(4). Hence if the a, b, ¢ ’s satisfy the equation (17), the
z, y, 2 ’s fulfil a condition which is obtained by eliminating
a, b, ¢ most conveniently by substituting the values (5)
in (17). But this, again, gives a linear equation. Con-
sequently the points (, y, ) also lie in one plane.

As a direct result of this theorem of the conservation
of planes we have the theorem of the conservation of
straight lines, since a straight line is given by the inter-
section of two planes, and also the theorem of the con-
servation of the order of any surface, since the order-
number of a surface is determined by the number of
points in which it intersects a straight line.

Parallel lines also remain preserved in a linear change.
For if two material planes, which were parallel before
the change, were no longer parallel after the change,
the line of intersection of the planes which would then
occur in finite regions would be formed by those material
points (a, b, c), which, before the change, were at infinity—
that is, for which, although the z, y, 2 ’s are finite, at least
some of the a, b, ¢ ’s would be infinite. But by equations
(5) this is impossible.

By combining the conservation of planes and the
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conservation of parallelism, it follows that all parallele-
pipeds also remain preserved. But their angles and
volumes may change. We shall now calculate the change
of volume of any parallelepiped cut out of a body, and
shall take the parallelepiped as characterized by any
four arbitrarily chosen corner points a,, by, ¢;, . . . a,, by,
¢s. Before the change the volume of this parallelepiped
is given by :

ay bl C1 1
@y by cy 1
a3 by cy 1
agbycy

V=x¢« (18)

but after the change by :

1% Y1 21 1

Ty Yp 2 1
3 Y3 23 1
Ty Yazs 1
where the z, y, 2z ’s are linked by the equations (4) with
the a, b, ¢ ’s bearing similar suffixes.

The relationship between V and V' is obtained most
simply by multiplying the determinant (18) by the
functional determinant (7), which may be written in
the following way as a determinant of the fourth order :

A1 '\z A3 A0
N N N (20)
vV, Vo V3 Vg - ’ ) ) ’

0001

V= + (19)

By the theorem of multiplication of determinants
the product of the determinants (18) and (20) is again
a determinant of the fourth order, whose individual
terms are obtained if we combine any one row of the
one determinant with any one row of the other deter-
minant by multiplying together the similarly situated
terms of the two rows and adding together the products
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8o obtained. So the first term of the first row in the
resultant determinant runs :

. M+ b A+ A+ 1)
and the second term of the first row :
@yopy+byopg+epopg+ 1.
and the fourth term of the first row :
a,.0+b,.0+¢,.0+1.1

and so forth. In view of (4) the whole determinant
assumes exactly the same form as the determinant (19).
Accordingly we have :

V.D=V'" . . . . . (21

and we note that the quantities ¥, V' and D are all three
positive.

Since this relationship is independent of the magnitude
and form of the parallelepiped which we are considering,
and hence, in particular, also holds for infinitely small
parallelepipeds, we may immediately generalize equation
(21) to apply to any arbitrary volume cut out of the
body and so arrive at the theorem : in a linear change
the volumes of all parts of the body change uniformly,
the ratio of the volume of any part of the body after
the change to the volume of the same part before the
change being equal to the functional determinant. It
is in agreement with this that, by (15), for every
change of a rigid body the functional determinant is equal
to 1.

The ratio of the change of volume to the original volume
is called the ‘ dilatation ” of the volume. Hence the
volume dilatation in a linear change :

V-V

S =D-1 . . . . (22
is positive or negative according as expansion or con-
traction occurs.
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§ 6. If we subject a body to two or more linear changes
in succession, the resultant change again represents a
linear change. This result emerges at once if we con-
sider the relationship between the co-ordinates of any
material point after the final change and its initial co-
ordinates (a, b, ¢). If the point arrives after the first
change at the point (z, y, 2), after the second at the point
(', ¥, 2’) and so forth, and after the last change at the
point (z*, y*, z*), we obtain the relationships between
(@, b, c), and (z*, y*, 2*) by eliminating the intermediate
co-ordinates, and these relationships are obviously again
linear equations.

Conversely, every linear change may be resolved into
a succession of linear changes, but, of course, the order
in which these changes are effected is not a matter of
indifference for their physical significance, and it suggests
itself to us to perform this resolution in such a way that
the character of the individual changes remains as simple
and as easily pictured physically as possible. For in
this way it will be possible to reduce the general case
(4) of a linear change to a number of simpler changes
that can easily be followed, and hence at the same time
to bring out clearly the physical significance of the con-
stants A, u, v of the change.

The first step in this direction is taken by reducing
the change (4) to another in which the material point
a = 0,b = 0, c = 0 retains its position. This is achieved
simply by giving the body a translation with the com-
ponents Ay, u,, v, and so bringing this point tc its final
position. There then still remains a so-called ‘‘ homo-
geneous change,” whose general form is :

Z =Ma + Ab + A
Y =m0 + pob + pgc - - (29
2 = e + vb + vy

We shall now consider the latter in some detail.

Let us fix our attention on all those material points
which, before the change, lie on a spherical surface de-
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scribed with the arbitrary radius R about the origin of
co-ordinates as centre, that is :

a+b:+c2=R ., . . . (24)

After the change these points lie, by § 5, on a certain
surface of the second order, and since no point moves
off to infinity, this surface must be an ellipsoid whose
centre is the origin of co-ordinates, as we recognize at
once if in (24) we replace the quantities a, b, ¢ by z, y, 2
by means of (23). Those material straight lines which
before the change coincide with the co-ordinate axes
will not, in general, be perpendicular to one another
after the change. But we may assert that after the
change they form a triplet of conjugate diameters with
respect to the ellipsoid—that is, the tangential plane
drawn through the end-point of every diameter of the
ellipsoid is parallel to the plane drawn through the
other two diameters. For in the first place the three
co-ordinate axes, like any three mutually perpendicular
straight lines, form a triplet of conjugate diameters
with respect to the sphere, and, secondly, the property
of constituting a conjugate triplet belongs to those pro-
perties which are not destroyed by a linear change, since
both the tangential plane and parallelism remain preserved.

Now, among all the triplets of conjugate diameters to
the ellipsoid there is a perfectly definite triplet which
consists of right angles only; this triplet consists of the
axes of the ellipsoid; from this it follows that the three
material straight lines which coincide with the axes of
the ellipsoid after the change were also mutually per-
pendicular before the change, since they were then
conjugate with respect to the sphere. In other words,
there are three definite material straight lines which are
mutually perpendicular both before and after the change.

With the help of this theorem every homogeneous linear
change can be resolved into (1) a simple rotation about the
origin of co-ordinates, which is so arranged that it brings
the three straight lines just mentioned into their new
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directions, and (2) a certain linear change which has
the property of making three mutually perpendicular
straight lines preserve their directions; we call this latter
change adilatation in three mutually perpendiculardirections.

§ 7. To investigate the properties of a dilatation in
three mutually perpendicular directions more closely,
we choose the co-ordinate axes to lie in these three direc-
tions—the so-called * dilatation axes ’—and determine
how the general equations (23) of a homogencous linear
change become simplified with the assumptions made.
If the direction of the z-axis is to be preserved, we must
have y =0 and z =0, for b = 0 and ¢ = 0—that is
pp = 0 and »; = 0. Corresponding results hold for the
other two axes. Hence we obtain as the general ex-
pression for a dilatation in the directions of the three
co-ordinate axes the equations :

T=Ma, Yy=pd, z=vec . . . (25)
By (7) and (10) the functional determinant is :
.D = All‘2”3 > 0 . . . . . (26)

and each of the three coefficients is individually positive,
since the co-ordinate axes do not reverse their directions.

But the co-ordinate axes are also, at least in the general
case, the only directions which are not affected by the
change. For the material points which before the change
lie on a straight line with direction ratios«: B:y =a:b:¢c
will form, after the change, a straight line whose direction
ratios are £ :y : 2 = Ao : peP : vyy.

Whereas, by (22), the volume dilatation is given by :

.D —-1= Alll,2|’3 -1 . . . . (27)

we obtain the dilatation of a straight line if we divide
the change in the distance between two points of this
straight line by the original distance between them.
Thus the dilatations of the three axes are :

t—a_, _,y-b_ _Lz—c_
L — 1L, E a1 (28)
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They are usually called the “ principal dilatations” and
give a clear physical interpretation to the three co-
efficients of the change.

In the special case A, = u, = v, the three principal
dilatations become equal to each other, positive or negative,
all the straight lines retain their directions, the dilatation
axes become indeterminate and the body undergoes a
uniform extension or contraction in all directions, each
of its parts remaining similar to itself in the process.

§ 8. Now that we have seen that every linear dis-
placement can be regarded as produced by a translation,
a rotation and a dilatation in three mutually perpendicular
directions, our next task is actually to derive these in-
dividual operations for a definite change given by the
equations (4), or, in other words, to calculate from the
given coefficients A, pu, v the corresponding individual
changes. For this purpose we shall first convince our-
selves that in order to calculate all the required quantities
there are exactly as many equations available as there
are unknown quantities. Actually, the equations (4) con-
tain twelve mutually independent constants A, u, », which
we regard as given, and the number of quantities charac-
teristic for the individual changes is equally great—
namely, three for the translation, three for the rotation,
and six for the dilatation in three mutually perpendicular
directions, since three quantities are required to de-
termine the directions of the dilatation axes and three
other quantities to determine principal dilatations.

As was shown in § 6, we obtain as the components of
translation simply the values A, py, vy, and after they
have been detached the equations (23) for a homo-
geneous change remain. In order to connect the nine co-
efficients of the latter with the characteristics of rotation
and dilatation we first imagine the body to be subjected
to a dilatation in three mutually perpendicular directions
and then to a rotation about the origin of co-ordinates,
and we then calculate the change of position which a
definite material point (@, b, ¢) experiences as a result of
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all these motions. Let the directions of the three dilata-
tion axes, which do not of course in general coincide with
the co-ordinate axes, be denoted by the nine direction
sosines @y, By, Y1, %, PBa» Vs %3 Pss s, the constants of
the dilatation by Io, m,, n,, since the letters A, u, v in (23)
already occur in (23) with another meaning. In order
to be able to apply the equations (25) for the dilatation
here we first refer the material point (a, b, ¢) to the dilata-
tion axes as co-ordinate axes, so that its co-ordinates
become :

08+ Bd +ye =§

% + Bsb + a0 = {

We then perform the dilatation and from (25) we then
obtain as the co-ordinates of the same material point,
after the change, with respect to the dilatation axes :

=Lt n=mm =0l . . . (30)

If the rotation is now performed, let the dilatation
axes pass from the directions denoted by the «, 8, y’s to
certain other directions to which the direction cosines
«'ys By ¥'1> @3y B2 ¥'2s @'y B'5, ¥'5 cOTTESPOD. After the
rotation has been performed our material point then has
the co-ordinates ¢, n’, {’ with respect to the three direc-
tions (o, B, ¥'), since its position with respect to the
dilatation axes is not changed by the rotation. But
with respect to the original co-ordinate system which is
fixed in space it has the co-ordinates z, y, z, because
when the rotation has been completed the total change
has been performed in the body. So we have :

T = allél + a”"" + d’zg'
y=P02¢ +8m +8s - CD)
2=y + 7' + v

These equations furnish us with the required bridge

and we have now reduced the co-ordinates z, y, z to

terms of the co-ordinates @, b, ¢. In them we now need
o
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only express ¢, 7', {’ by means of (30) in terms of £, 7, {
and then the latter, by (29), in terms of a, b, c. 1If we
do this and then identify the three equations so obtained
with the general equations (23) of a linear homogencous
change, we obtain the following nine relationships :

\
’o%lﬁ'l + moﬁza’z + 7!0131’3 = Al

o810y + MoBaat’s + Mofsx’s = Ag
loy1n'y + Mysd's + Noyst’s = Ag
lgrsf'y + moxaP's + MooaB’s = 1y
I8Py + moPaB’s + nmoBsP’s = pe } -
loy1f'y + moyaB's + MoysB's = pa
lyryy'y + Moy’ + Nay’s =1y
LoB1Y'1 + meBay's -+ neBsy’s = v,
loyr¥'s + maysy's + Noysy's = vs

(32)

whosoe method of construction is perfectly clear. If
A, p, v are given wo obtain from these nine relationships
the values of the nine unknowns contained in them.

§ 9. In performing the calculation we shall restrict
ourselves to the special case where the linear change is
infinitely small. 'This case is very approximately realized
in many processes, particularly in many involving solid
bodies, but it also always has a certain importance for
finite changes in so far as a finite change in Nature always
occurs in a finite time, and hence resolves into a series
of infinitely small changes which occur in the successive
infinitely small intervals of time.

In order to introduce in a convenient form the simpli-
fications which occur in the case of an infinitely small
change we find it expedient to use instead of the finite
final co-ordinates x, y, z of a material point its infinitely
small displacement components (3). The equations (4)
of the change then become :

w=2d + A0 + A + A
w=vy + 16 + vd + vc



L LAWS OF KINEMATICS 19

where we have used the abbreviations :
MA=l=Ap—l=pv—1=v. . (34

Now all the twelve coefficients A, u, v in (33) are infinitely
small.

On the other hand, of course, the principal dilatations
(28) are infinitely small. We therefore set its values :

lo—1=1,my—1=m, ng—1l=n. . (35)

Further, the direction cosines «, B, y of the dilatation
axes, whose values in themselves will in general clearly
be finite, undergo only infinitely small changes as a
result of the rotation, so that we can write :

o'y = oy + doy, B’y = Py + dB;, and so forth.

If we introduce all these substitutions into the equa-
tions (32) and moreover take into account the relation-
ships (I, (333), (334)) which hold in general for the direc-
tion cosines as well as those (I, (335), (336)) which hold
between their differentials, these nine equations assume
the following form :

lo,2 + mo2 + nag? =Ad
loyBy + mayBy + nagBy — &= A
leyyy + mogys + Nagys + 71 A
loyBy + Moy + oty + £ ==
B +mbt tnbt =g
Byys + mBays + nfays — € - pa
layy; + magyy + nogyy — 1 == 1
Byys + mBayys + nPsys + € = vy
Iy +my? + nys? =v
where, by I, § 101, £, 5, { denote the components of that
infinitely small rotation which brings the dilatation axes

from the directions («, B, y) into the directions («’, §', ¥’).
Their values come out directly as :

g=tke g b pomok @)

(36)
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whereas for the magnitude and direction of the dilatation
the following six equations remain :
lag* +mag® + ma? =2 )
B +mBg? +nf? =p
by +my +my =v
By + mBays + 0By = EE | e

A3+Vl

Iy + mygeg + nysug = 3

logBy F moagBy + nagBs = = ; %

According to this we can immediately determine by
looking at the determinant D in (7) whether the change
is restricted, except for the translation, simply to a
dilatation in three mutually perpendicular directions or
whether there is also a rotation associated with it. For
if the determinant is symmetrical—that is, if when the
columns are changed into rows and the rows into columns—
it remains unaltered in appearance, ¢, 7, and { are all equal
to zero and no rotation occurs. But it is to be carefully
remarked that only the dilatation axes do not rotate.
Other straight lines, as we saw in § 7, will undergo changes
of direction even in the case of a pure dilatation.

The opposite case, whero the change is restricted,
except for the translation, to a rotation is characterized
by the fact that the principal dilatations I, m, n, vanish.
Then, by (38) and (37)

A=p=v=0
va=—pg=& A= —vn=9 p=—NM={
and the equations (33) for the displacement components
become :
u =2 —{b+me
v=pg+la—§ - - . . (39)
w=vy —na+ &b
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which are identical with the general expressions (I, (348))
for the displacements of the points of a rigid body.

The problem now remains to calculate the principal
dilatations I, m, n and the direction cosines («, B, ) from
the equations (38). For this purpose we again use the
general relationships between the direction cosines,
this time in the form I, (331), (332). With their
help we immediately get the following relationships
from (38):

+ A A
Ay + FL 2'“2 B+ ':"—;'-l! y1 = loy
Y -
”"1"2'——‘ 2oy + pfy + ‘“’2’;"”‘371 =1 ; - (40)
Mty ot

D] % + '~2 Ha ﬁl vy = ’71

These three equations are linear and homogeneous in
oy, By, ;. Since these quantitics cannot possibly be
zero simultaneously, the determinant of the equations
must vanish—that is, we must have :

+ Ay Ag+ v
P El_é___z _3_2. 1

!‘-1;”‘2 p—t DEBioo.

Aty vyt

2 2 v—t

a cubic equation in I. Since the index 1 is in no way
distinguished in the coefficients of these equations, it
follows that the same equation also holds for each of
the other two principal dilatations m and =, or, in other
words, that the three roots of this equation themselves
represent the values of I, m, n, and hence are also always
real. Which root is to be designated by I, m, n of course
remains undetermined; we could, for example, agree
that I = m = without restricting the generality of the
problem. The knowledge of I, m, n then also allows us
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to calculate, by (40), the corresponding «, B, ¥’s except
for the common sign, which remains indefinite.

For the volume dilatation (22) we get in the case of
an infinitely small change the following value from the
functional determinant (7) if we take (34) into account
and neglect infinitely small quantities of a higher order :

D—-1=A+p+v . . . . (42

Hence only the diagonal terms of the determinant
contribute to the volume dilatation. We arrive at the
same result of course if we reflect that the rotation does
not come into consideration at all for the volume dilata-
tion, so that by (27) and (35) :

D—1=Ilmgmy—1=l+m-+n . . (43)

This is the sum of the roots of the cubic equation in
l—namely (41)—and so is equal to the coefficient of
l in this equation :

lim+n=24+p+v. . . . (44)

as can also be scen dircetly by adding together the first
three equations of (38).

§ 10. The resolution of a linear transformation into
a translation, a rotation and a dilatation in three mutually
perpendicular directions is not the only possible resolution,
but recommends itself particularly on account of its
simple physical significance; there are other also com-
paratively simple resolutions. For example, the infinitely
smali homogeneous transformation :

U= Aa + A’b +A36
V=0 + pb + pye (45)

W= 06 + vy + ve

may be regarded as produced by a dilatation in the direc-
tions of the three co-ordinate axes, the principal dilatations
being A, g, v, and, in addition, by six transformations
which are represented by the equations w = Ab, v = 0,



I LAWS OF KINEMATICS 23

w=0,u = AL, v = 0,w = 0, and so forth. The order in
which these transformations are carried out is immaterial,
since if it is changed only differences of a smaller order
of magnitude are produced (cf. I, § 101, in this connection).
Each of these six transformations has a simple meaning :
in the first the displacements are independent of a and
¢ and all take place in the direction of the z-axis—that is,
every plane parallel to the xz-plane executes a simple
translation, it displaces itself as a whole without rotation
or deformation in the z-direction, and only the mag-
nitude of the displacement varies from plane to plane.
Such a transformation resembles the way in which the
two halves of a pair of shears glide over each other, and
is therefore called a shear. Accordingly we have the
theorem that cvery infinitely small homogencous trans-
formation can be produced by means of a dilatation in
the directions of the three co-ordinate axes and six shears
of the planes parallel to the co-ordinate plancs, the
motion of the shears being in the direction of the axes.

In spite of its simple form, the theorem, however, in
general has a comparatively complicated physical signi-
ficance. If, for example, we consider tho infinitely
small rotation w = — {b, v = {a, w = 0, which is a special
case of the general displaccment (39), it could bo regarded,
in our present view, as produced by two successive
shears—that is, by transformations which are connected
with deformations of the body. The introduction of
the latter is quite superfluous, since they of course cancel
each other.

§ 11. The casc of a linear transformation wiiich was
investigated in the last paragraph is not only of interest
as a special simple case, but also has great importance
for the most general case of an arbitrary finite transforma-
tion, which we now proceed to discuss by reverting to
equations (2). The essential reason for this is that any
arbitrary function can be regarded as a linear function
within an infinitely small region of its variables.

For if we fix our attention on a definite material point
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P,, whose co-ordinates are a,, by, c,, the transformation
transfers this point to the point z,, y,, 2o, where, by (2) :

o = f(ao, bos Co)s Yo = P(@o, bo, Co)s 2o = P(ag, by, €o) +  (46)

If we now further consider any material point situated
in the immediate vicinity of P, and having the co-
ordinates :

a=ay+0a,b=by+b,c=co+¢. . (47)
which we shall suppose transferred to the point :
=20+, y=yo+y,2=2+2- - (48)

by the transformation, then by our hypothesis a’, ¥’, ¢’
are infinitely small, and consequently by (2) and (46),
if we expand by Taylor’s Theorem :

z - (g:)oa’ + (gz ob’ + (g_i’)o ¢

@ @ [ @

0
# =GR + Gy + G,

By allowing a’, ", ¢’ to run through all the possible
infinitely small values, we obtain from these equations
tho change in the infinitely small part of the body that
surrounds the point P, Hence we can regard this
change as produced by a finite translation with com-
ponents :

<
I

Il

Tg — By = Up, Yo — by = o, 29 — Co = W,
which displaces a point P from the position (a, b, c) to
the position:

G+ =g+ a, b+ vg=y+ b, c+wy=2y+¢
and, besides, by a finite linear homogeneous transforma-
tion (49) with the point P, as the stationary initial point,
in the course of which the point P exchanges its co-
ordinates (a’, ', ¢’) for the co-ordinates (', y’, z').
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If we use the following abbreviations for the nine
coefficients of the transformation (49) :

@), % G),~% () -
(A SR ) S

(g-f, 0 b (g;)o =Vp (S%)o =3

we also arrive formally at the equations (23), and we
can immediately assert all the consequences which we
deduced earlier.

Hence when a body is transformed in any way, every
individual infinitely small part of the body or overy
“clement ” of the body changes linearly, and the only
difference as compared with the linear transformation pre-
viously considered consists in the fact that the coefficients
(A, u, v) of the transformation change from element to
element. We shall now direct our attention to some
of the most important theorems that result from this
fact.

Even in the case of the most general transformation,
infinitely small parallelepipeds remain preserved as such :
only the angles can change to an arbitrary extent; in
the same way, the order number of an infinitely small
surface remains preserved. For example, an infinitely
small sphere becomes transformed into an ellipsoid, the
centre of the sphere becoming the centre of the ellipsoid.
This gives rise to a result which appears strange at first
sight. The surface of the body will always be formed
by the same material points after the transformation
as before the transformation. For every point that does
not lie at the surface before the change may be regarded
as the centre of a sphere that lies entirely in the interior
and whose centre therefore also remains in the interior.
The same holds, of course, for the converse transformation,
and hence the result is proved.



26 MECHANICS OF DEFORMABLE BODIES caar.

The volume dilatation is determined precisely as in
(22) by the functional determinant (7) :

ox Ox Ox
da b oc
oy oy oy 5
])=a.aé_b.%....(ol)
0z 0z 0z
da 2b dc
where, for simplicity, we suppress the suffix 0 from now
on. Here the value of D denotes the ratio of the volume
of an clement of the body that contains the material
point (a, b, c) after the change to its volume before the
change.

If we solve the equations (49) for a’, b, ¢’, wo obtain
lincar homogeneous expressions with coefficients (X', u’, v'),
whose values are given by (6) :

[OJ:] oyoz 0yoz
dal 9bdc — 9cob
D D

On the other hand, however, we can also first solve
tho equations (2) for a, b, ¢, and only then make the
substitutions (47) and (48) in the form of the expansions
by Taylor’s Theorem. In this way we get, analogously
to (49):

Ny = [;;] = , and so forth . (52)

, _Oa_, O , oa_
@ =T +—a-!—ly + 535 %
, b, db,  ob,

, o , oc ,  doc_,
= tay? ta®

where now the coefficients must agree with the (A’, p’, v') ’s.
This leads to the validity of the following transformation

formule : ) )
oa [5%: ca [aﬂ

m= D oy D ©
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which refer the differential coefficients for independent
%, y, z ’s generally to the differential coefficients for
independent a, b, ¢ ’s.

Analogous equations of course hold for the reverse
transition from z, y, z to a, b, ¢ as the independent variables.
The functional determinant that then occurs :

%a 0Oa Ca da b cc
ox 0y 0z or or o
ob ob ob ta b ¢oc
L e =|.= = .. (b4
D or oy oz oy oy oy (o4)
oc dc oc da b ce
ox oy oz 0z 0z oz

denotes the ratio in which the volume of an clement of
the body changes when a material point is transferred
from the position z, ¥, z to the position a, b, ¢. Since
the two transitions cancel each other, we have :

D.D=-=1 . . . . . (55

This relationship also comes out dircctly if we apply
the multiplication theorem (§ 5) of determinants, in its
second form, to (51) and (54), and if we note that:

or oa oxr ob or oc ox

oo’ o e T ac s T ar
0r 0a  or ob 0x oc ox
2oy Tob oy Tac oy "oy

Particular importance attaches not only to the volume
dilatation D — 1 of an element of a body, but also to
its rotation and its dilatation. Both are derived from
the equations (32) by using the values (50) for the nine
coefficients A, p, v.

§ 12. We shall only carry out the calculation for the
special case of any arbitrary infinitely small transformation,
which we shall suppose chdracterized by having the
displacement components (3) given as arbitrary infinitely
small functions of a, b, c. All the thcorems of § 9 then
hold for an element of the body which contains the point
@y, by, ¢o. In particular the rotation is given by (37) and

1
(56)
= 0, and so forth
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the dilatation by (38), the infinitely small coefficients
(A, g, v), by (50), (3) and (34), having the following values :

1= -, - ),

SCIC

By introducing the displacement components %, v, w,
the letters z, y, z become superfluous in the significance
they have hitherte had, since they can be replaced by
¢+ u, b+ v ¢+ w Hencez,y, zare often used with
the meaning that a, b, ¢ previously had, and a, b, ¢ are
dispensed with cntirely. But even if we retain the
meaning of all the signs that have been used it is possible
in the case of infinitely small displacements to replace
the variables a, b, ¢ in all the differential coefficients by
z, y, z without introducing an appreciable error. For
examplo, we have :

ou ou ax+_ag Oy , ou 0z
o6 ox a0y da " 0z Oa
or by (3):
ou av ou ow ou
=3z <l+aa>+8y %8z 0a "oz

oxcept for small quantities of a higher order. Correspond-
ing results hold for all other differential coefficients.

1f we now again omit the suffix 0 everywhere, the
components of the rotation are, by (37) and (57) :

0= 121G -D)

To calculate the dilatation we introduce the abbrevia-
tions ;

(58)

ow __ w_ ow

ox &, 'a!; =Yy a; =2
ow v ou  ow ov  ou
ETIIE Pk LI Pl 8x+5y=x'

(60)
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where, obviously :

Y: =2y, 22 = X:y Xy = Y e e e (60“)
By (42) and (57) the volume-dilatation is then :
ou  ov K ow
-a;+5—y+-a;=xz+yy+z. e e e (61)

Further, by (57), the principal dilatations are the
three roots of 7 in the cubic equation (41) :

x:—1 lx lx

'z 3% 5%

1 1

3 s y,—l§y, =0 . . . (62
1 1 1

§Zz Eh 2 —

The directions of the corresponding axes of dilatation
arc then obtained, by (40) and (57), from two of the
equations :

Xy X:
(x;—-l)a+~2~f5+—§y-—0 ]
Yot @-bp+Yy=-0 - - - @
%'a+%[5+(z:—l)y=0 J

where the common sign of the direction cosines remains
indeterminate.

Conversely, if the principal dilatations I, m, n and the
corresponding axes of dilatation are given by their Jirec-
tions («, B, 7), the components of the dilatation follow
uniquely, by (38) :

7 = Dog? o+ mag? + mag, - - -
1 1 } . (64)
g =g¥= IByyr + mByys + nays, -« -

§ 13. In vector calculus all these relationships, which,
besides playing a characteristic part in the theory of
deformable bodies, also figure prominently with a different
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interpretation in several other branches of physics, are
given special names and are designated by brief symbols.
Thus the vector which results from the displacement
vector ¢, whose components are , v, w, in such a way
that the bracketed quantities of the equations (59) repre-
sent its components is called the * rotation ” or * curl ”
of the vector q, and to denote the rotation vector o,
whose components are £, 5, {, we write instecad of the
three equations (59) the one equation :

o=%ourlq . v« . . (65)
The formal weakness which lies in the mechanical
rotation being equal not to the whole, but to half the
curl or rotor in (65), must be accepted now that this
terminology has cstablished itself; it makes itself a
littlo less keenly felt because the operation denoted by
curl does not find application in mechanics, but only
in electrodynamics where there is no question of rotations.
Further, the scalar quantity which results from the
displacomont g through the operation indicated in (61)
is called its *“ divergence ”’ (div), and the volume dilatation
(61) is written in the form :

divg . . . . . . (60)

All reference to a definite co-ordinate system is also
oxcluded in this case.

Lastly, concerning the dilatation in three mutually
perpendicular directions, this is not characterized, like
a vector, by a single directed quantity, but represents
a higher configuration which is called a ‘tensor,” in
particular a tensor triplet of the second rank or second
order, if wo regard vectors as tensors of the first order.
This tensor is determined by six mutually independent
quantitics—namely, either by the three ‘ principal
values ’ I, m, n in conjunction with the three correspond-
ing mutually perpendicular * principal axes ”’ («;, . . . v3),
the two opposite directions of an axis being fully equiva-
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lent and interchangeable, or by the six ‘‘ components *’
Xz, Yy 2z §Yz 32z, 3x,. On account of the relations
(60a), the tensor is called symmetrical. The relationships
(62), (63) and (64) hold between the principal values,
the directions of the principal axes and the components.
In particular, if the principal values I, m, n are equal to
each other (uniform dilatation), we have :

Tr=Yy=2=l=m=mn
T, =Y:=2:=0
and the principal axes are fully indeterminate.

Other properties of a symmetrical tensor will be obtained
later (§ 20).



CHAPTER II
DYNAMICAL LAWS

§ 14. HaviNG completed the purely kinematic part of
our survey, we now turn to the dynamical part—that
is, to the investigation of the forces which produce the
deformation of a body, and we first inquire into the
conditions of equilibrium.

Let us consider any body which is in a deformed state
owing to the action of certain forces—for example, a
bent rod, a twisted wire or a compressed gas. We shall
divide the forces that act on the body into two classes :

1. Forces which act on all parts of the body, even the
parts in the interior—‘‘ body-forces.” We set these as,
for example, gravity, proportional to the elements of
mass of the body.

If dr = da . dy . dz denotes the volume, k& the density
of a mass-element, let the components of the body-force
which acts on the mass-element be (cf. I, § 31) :

Xkdr, Ykdr, Zkdr . . . . (67)

We regard the quantities X, ¥, Z as finite.

2. Forces which act at the surface of the body—
‘ surface-forces.”” For any portion o of the surface of
the body the quotient of the resultant force that acts
on it and the area of surface of o is called the ‘ mean
pressure ”’ on o. If the portion of surface shrinks up
to a surface-element do, this quotient is simply called
the ““ stress ”’ on do, and is regarded as a finite quantity.
To designate the surface-force that acts on do we shall,
since not only the position but also the direction is charac-
teristic for do, append as a suffix the normal v of do,

directed towards the interior of the body, to the letters
32
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X, Y, Z for the components. Then the components of
the surface-force that acts on the surface-element do
are : :

Xdo, Ydo, Zdo . . . . (68)

The direction of this surface-force can form any arbitrary
angle with the normal v. If the two directions coincide,
the surface-force acts in the sense of a compression of
the body, like the pressure on a gas. If the directions
are opposite, the surface-force acts in the sense of an
expansion, like a tension on a strotched wire. If the
directions are perpendicular to each other, the surface-
force acts in the sense of a shear (§ 10), as in the case of
torsion or friction.

Pressure, the resultant of the three pressure com-
ponents X,, Y,, Z,, has, of course, the
dimensions of the quotient of a force
and a surface, or [ML171'-2] (cf. I, § 9).

§ 15. The laws of equilibrium of a
deformed body are all contained in
the following law of general mechanics Fo. 1.

(I, § 112): if a system of points is in
equilibrium, the external forces acting on the system,
considered as rigid, are in equilibrium.

The wide applicability of this law is due to the circum-
stance that we can use any arbitrary part of the body
as a system of points. For example, if we imagine the
body to be divided into two parts 1 and 2 by any fictitious
surface o (Fig. 1), and choose the part 1 as the point
system, then this part of the body, imagined as rigid,
is in equilibrium under the action of the external forces
that act on it. But these external forces also include,
by I, § 112, besides the body-forces and the forces that
act on the real surface, also the forces that act on the
fictitious surface o, which are due to the part 2 of the
body and which are defined by having to be specially
applied when the part 2 of the body is entirely removed,

if the equilibrium is to remain undisturbed.
D
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Now, according to the nomenclature we have chosen,
every clement do of the surface of the part 1 of the body
is acted on by a surface-force whose components are
given by (68). In this way we are led to assume pres-
sures which act in a perfectly definite sense even at
every point in the interior of a body. But besides de-
pending on the position, their magnitude also depends
on the direction of the surface-element do or of its normal
v, respectively. If we reverse the direction of v—that
is, if we regard the part 2 of the body as a point system—
then (68) becomes replaced by the surface-force which
the part 1 of the body exerts on the part 2 of the body
in the surface-element do, and by the principle of the
cquality of action and reaction this force is exactly
opposite to the former. Hence we have generally :

X_, = —X,’ Y_' == - Yy, Z_':: - Zl‘ . . (69)

B lp e

Fia. 2.

In order to sec that the pressure at a definite point
can assume very different values according to the direc-
tion of do, let us consider the example of a horizontal
cylindrical rod, which is stretched in the direction of
its length by opposite and equal forces (Fig. 2). Let
us now suppose a horizontal surface to be drawn in its
interior, and lot us regard the portion of the rod that
lies above it as a point system; then the pressure zero
acts on a surface-clement at P, because the equilibrium
is not disturbed at all if we remove the lower part of
the rod entirely. But if we draw a vertical plane through
the same point P and regard the part of the rod to the
left of it as a point system, then a more or less considerable
pressure acts on a surface-element at P, since, if the
right-hand part of the rod were to be removed, the
equilibrium of the point system would be disturbed
unless a particular force were applied.
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The general law according to which the magnitude
and direction of the pressure at a definite point P of a
body depend on the direction of the normal of the surface-
element drawn through P will be obtained in § 17 from
the dynamical relationships.

§ 16. Now that the laws for the equilibrium of
a deformed body have been reduced to those of general
mechanics, we shall do the same for the more general
case of the motion of a deformed body. This is accom-
plished simply by applying d’Alembert’s Principle,
according to which in any motion of a system of material
points the external forces and the inertial resistances
which act on a body which is supposed rigid maintain
equilibrium at every moment (I, § 130).

Since the inertial resistance of a mass-element, namely :

_dx d%y _d%
Tdan dae de?

is proportional to the mass of the element, it belongs to
the body-forces, and the whole difference between the
dynamics of a deformed body and the statics consists
simply in the fact that the negative components of the
acceleration become added to the components X, ¥, Z of
the forces (67) referred to unit mass.

Hence if we now apply the six equations of condition
(I, (306a)) for the cquilibrium of a rigid body to the
present case and use the nomenclature that has been
introduced, we get for the motion of a deformed body
the following six equations :

5 kdr, — =3 kdr, kdr . . (70)

/( —Z—i—f)kdf+/X,da—_-o, and so forth . . (71)
[{(z-%2) —2(¥ - Z¥)} i + [02, - 2¥do = 0

a.nd soforth . . . . . (72)

where dr denotes a volume-element and do a surface-
element of any arbitrarily chosen part of the body and
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the integrations refer to this part. The equations, of
course, also hold for the whole body.

The equations (71) and (72) represent completely the
relationship between the forces and the accelerations.
The following sections merely investigate its content a
little further.

§ 17. We first apply equations (71) to an infinitely
small elemont of the body situated somewhere in the
interior, whose form is chosen as follows. Through any
arbitrary point P we draw the three parallels to the
positive directions of the co-ordinate axes (Fig. 3) and
then intersect thuse three straight lines at a distance

infinitely near P by a plane, shown
in front of P in the figure. In this
way we get a tetrahedron, at the
vertex P of which the three edges
meet at right angles. If we call the
y area of the face opposite P, do, its
normal directed towards the interior
of the tetrahedron v, and the areas
of the other three sides do:, doy, dos
according to their normals, then the
Fo. 3. last-mentioned three faces represent
the projections of do on the three
co-ordinate planes, and so we have the relationships :

do: = — do cos (vx), doy = — do cos (vy),
do: = —docos(wz). . . . (73)

since all the surface areas are positive, whereas the normal
v forms obtuse angles with all the co-ordinate directions.
In equation (71) the volume integral reduces in our
case to a single term which contains the volume dr of the
tetrahedron as one of its factors, whereas the surface
integral is equal to the sum of four terms, each of which
corresponds to a face of the tetrahedron and is propor-
tional to its area. Since dr is of the third order of small
quantitics, whereas the do’s are of the second order of
small quantities, the volume integral vanishes in com-

X
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parison with each individual term of the surface integral,
and the equation (71) becomes :

X.do: + Xydoy + Xdo: + Xdo =0

in which we have taken into consideration that the
inward normals of the faces of the tetrahedron are repre-
sented by z, y, 2, v. This, combined with (73), gives :

and in the same way from the other two
equations of (71):
Y, = Yzcos (vz) + Yycos (vy) + Y:cos (v2)
Z, = Z; cos (vx) + Zy cos (vy) + Z. cos (vz)

X, = X, cos (vx) + X, cos (vy) + X:cos (vz)l
(74)

These equations give for every point P of the body
the relationship between the magnitude and direction
of the pressures X,, Y,, Z, which act thero and the
direction of the normal v of the surface-element on which
the pressure acts (cf. end of § 15). For it makes no
difference to the finite values of the pressurc components
whether do passes exactly through the point I’ or is
situated infinitely near it.

Accordingly, the pressure is determined for any arbitrary
direction of v so soon as the nine pressure components
Xz, . . . Z;are known. If v coincides with a co-ordinate
direction the equations are satisfied identically. They
also satisfy gencrally the conditions (69), since the cosines
reverse their sign when v is replaced in the reverse
direction.

Of the nine pressure components which correspond
to the co-ordinate faces do., doy, do:, those that lie in
the diagonal, X, Y, Z:, represent the pressures which
act normal to their surface; moreover, a positive value
alwaysdenotes a compression as in a gas and is independent
of the co-ordinate direction chosen, whereas a negative
value always denotes a tension as in the case of a stretched
wire (cf. § 14). For when the co-ordinate direction is
reversed, both the component of the surface-force and
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the inward normal change their signs. Of course three
normal pressures need not all have the same sign.

The other six pressure components are the tangential
pressures or shearing pressures (shears) such as occur
in torsion and friction. Finally, we must bear in mind
that all the above reflections refer to an infinitely small
clement of a body and that the values of the pressure
components vary from clement to element. Hence in
general the nine pressure components X., ... Z, are
to be regarded as functions of the point z, ¥, 2.

§ 18. In order to be able to use the dynamical equations
(71) and (72) for drawing further inferences, we must first

./ Yo S

Fia. 4.

deduce a mathematical theorem which will also be of
good service in other connections : it concerns the trans-
formation of a certain space integral into a surface
integral. Let ¢ denote a uniform continuous function

of the space co-ordinates , ¥, 2. We proceed to find
the value of the integral :

fgg-d'r N (6))

taken over a definite region of space which, for the sake
of generality, is drawn in Fig. 4 in such a way that its
surface, when viewed from the outside, also has con-
cavities. The surface may, indeed, be made up of quite
different and separate pieces without the validity of the
following theorems being impaired.

We set dr = dx . dy . dz and first integrate with respect
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to z, keeping y and 2, and also dy and dz, constant—that
is, we sum up over the volume-elements of an infinitely
thin cylinder parallel to the z-axis and of cross-section
dy, dz.

If the cylinder cuts the surface of the integration space
at several points, 1, 2, 3, 4 it will be divided into several
component cylinders, and the integral over the whole
cylinder is equal to the sum of the integrals taken over
the component cylinders—that is, in our case :

dyde(py— b1+ s —¢s) . . . (76)

If we denote the sizes of the surface-clements which
the cylinder cuts out of the surface of the integration
space by do,, do,, doy, doy, and their inward normals by
vy, Vg, V3, Vg, then:

dydz == day cos (nx) = — do, cos (vyx) - - day cos (v4T)
T = (104 COoS (V4x) . . . . (77)
and the integral (76) taken over the cylindor is :
— ¢, cos (1y7) doy — by €08 (v,2) doy — g COs (vg¥) do,
— ¢y COS (vy) doy
A corresponding expression holds for cach of the infinite
number of infinitely thin cylinders parallel to the z-axis,
into which the whole integration space can be imagined

to be divided, and the sum of all these expressions, or
the required integral, may be written :

/g%'df=—f¢008(vz)dv. .. (78)

which is to be taken over all the elements do of the surface

of the integration space.
For example, if we set ¢ = const., we obtain the identity :

f cos (vx)do =0

It is also easy to see directly that this jdentity is valid
for any arbitrary form of the surface if we mako the
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sense of the equation clear to ourselves by using the
relationship (77).

We shall here note several more general and more
special applications of the formula just derived, which
will be useful for later occasions.

If we denote any other uniform continuous function
by ¢ the equation :

W) _ o, 0

when integrated over any space gives, according to (78),
a surface integral on the left-hand side, and two space
integrals on the right-hand side, so that we may write :

f¢a£dr——[¢|/lcos(vx)da /¢a¢dr . (19)

This relationship expresses the theorem of integration
by parts applied to a region of three-fold manifold of
dimensions.

The following is an application of equation (79) which
is often of usc :

360y  poy 0o
ﬂaﬁaﬁ*aﬁaﬁ ataf)

- / ( cos (vx) + g¢ cos (vy) + gf cos (vz)) Ydo

- °$
/ 4 022 + 8 ﬁ az") dr
or, by I, (120a) and I, (129) :

O oo ssn o

For § = ¢ we get, more particularly :

G+ B+ B Jar= - [62do - [4.88.ar 81

and for ¢ = const. :

]A¢.dr=—/g%sdc. L. (82)
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§ 19. Let us now again take, say, the first of the dyna-
mical equations (71), applied to any arbitrary part of
the body, and replace the X, which occurs in it by (74);
we may then write the surface integral by (78) as a space
integral, since, for example :

szcos (v, x)da = — /?é%d"'

and may combine this space integral with the first integral
of (71) to form a single space integral. If we then choose
the part of the body as infinitely small, of volume dr,
then the space integral reduces to a single term, and we
get, omitting the factor dr:

d\, oX. 0oX, odX.
(X -~ =%

and in the same way :
(Y dz”)k oY, oY, Y. L . (83)

0

de ox ~ oy 0z
and:
(4 - ) 08 00y 00
de ox oy oz

which are valid for every point of the body.

The characteristic feature of these equations is that
in them the absolute values of the pressure com-
ponents do not occur but only their space differential
coefficients.

A uniform pressure, no matter how great, can never
produce a motion; to bring about movement & space
variation of pressure is required or a “ pressure gradient.”
In this respect the physical meaning of a pressure re-
sembles that of a potential (cf. I, § 39, ef seq.).

In the dynamical equations (72) we can in the same
way transform the surface integral into a space integral
after the following model :

/ yZ.: cos (vx)do = — j g-('gf—’) dr
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and so obtain similarly from the first of the equations
(72) :

d2 a2\
{-’/(Z“az‘z)—z(y— ag)f ®
0 0 0
_— a-x (yZ; —_ ZY;) —_ BZ[ (yZy —_ ZYy) _ 32 (yZ; bl ZY:) =0

or, if we eliminate the body-forces by means of (83) and
perform the differentiations :

Zy = Y.. Inthe same way, X:=Z:and Y:= X, (84)

Thus the tangential components of the pressure are
equal in pairs, and the nine pressure components X,
.« . Z. become reduced quite generally to six.

The equations (83) and (84) are fully equivalent physic-
ally to the equations (71) and (72), since we can pass
from them by integrating over any part of the body to the
latter. In the sequel we shall base all our investigations
into problems of equilibrium and motion on these cquations.

§ 20. Now that the relationships (84) have enabled
us to simplify considerably the laws (74) which govern
the pressure conditions at a definite point of the body
we shall next examine the form of these laws more closely.
We begin by inquiring whether, if the six pressure
components X, . . . Z: are arbitrarily given, there are
surfaco-clements on which the pressure acts perpendicu-
larly—that is, for which the dircction of the pressure
coincides with the direction of the normal at the point.
The condition for this is :

X, = pcos (vx), Y, = pcos (vy), 4, == pcos (vz)
whero p denotes the value of the pressure. Substituted
in (74) this gives :
(X: — p) cos (va) + X, cos (vy) + X, cos (vz) = 0
Y:cos (vx) -+ (Yy — p) cos (vy) + Y.cos (v2) =0 ; (85)
Z; cos (vx) + Zy cos (vy) + (Z: — p) cos (v2) =0

and these equations, except for the nomenclature and
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the fact that we are here dealing with only finite quantitics,
are fully identical with the equations (40) or (63), and
they also lead to the same results, which we shall epitomize
in the following statements.

The pressure state in an element of a body is always
represented by a symmetrical tensor, tho pressure or
tension tensor, whose components constitute the six
pressure components and whose principal values are the
so-called “ principal pressures ” p, g, r, the latter being
the roots of a cubic equation of the form (62). The
principal axes of the tensor are the normals of those
surface-elements on which the pressure acts perpendicu-
larly; so they are simultaneously the directions of tho
corresponding principal pressures. The whole pressure
state is just as much determined by the values and tho
directions of the principal pressures by equations of tho
form of (64) as by the six pressure components with
regard to any co-ordinate system. If, in particular, the
three principal pressures are equal to one another (as
is always tho case in a completely olastic liquid, § 44),
the normal pressures X, = ¥, = Z; ==p =¢ - r, tho tan-
gential pressures X, = Y, = Z; = 0, and the directions
of the principal axes are indeterminate.

In order to form a picture of the general case of the
relationship between the pressure (X,, Y,, Z,) and the
direction of the normal v of the surface-clement, we
imagine tho following ideal surfaco of tho second order
(ellipsoid or hyperboloid) to be constructed :

X.n'tz + Yyyz + Z:zz + 2Y:yz -+ 2Z.rzx 4- 2nyy = k 1 (86)

where the sign on the right-hand side is to be chosen in
such a way that the geometric operations that are to
be performed are real.

The following theorem may be proved about this
surface : the direction of the surface normal at the end
of a diameter whose direction is v gives the direction
of the pressure which acts on a surface-element which is
perpendicular to ».
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For if f(x, y, z) = 0 denotes the equation to the surface,

then:
odoe L 8
or’ oy’ oz
are the direction ratios of the normals at the point (z, y, 2)
of the surface, and if this point lies on the diameter
whose direction is v, then :

x:y:2z = cos (vx) : cos (vy) : cos (v2)

1f these valuos are used in conjunction with the expression
(86) for the function f the ratios (87) become changed
into X,:Y,:Z,, as a glance at (74) shows.

According to the physical meaning which we have just
attributed to the surface (86) its form and position are
independent of the choice of co-ordinate system. Its
axes are obviously the axes of the principal pressures :
for p = q = r it is a sphere.

In general, it may be asserted that in passing from
the co-ordinates z, y, z to any other orthogonal rectilinear
co-ordinates ', »’, 2’ the expression (86) remains in-
variant. For the equation which we obtain instead of
(86) if we write ', ', 2’ in place of z, y, z and at the same
time X%, ... Z., instead of X., ... Z, represents
the same surface. The relationship between the accented
pressure components X'z, . . . and the unaccented X,,

. must therefore be such that on replacing the ac-
cented components and co-ordinates by the unaccented
co-ordinates and components the equation (86) again
results. This theorem contains the laws of transforma-
tion of the pressure components in passing from one
co-ordinate system to any other.

It is understood that all the relationships here derived
are correspondingly valid not only for the pressure tensor,
but equally for the deformation tensor and, indeed, for
every symmetrical tensor of the second order. Only
its physical significance in the different cases is quite
different and more or less important. The moment of
inertia (I, § 142) of a body with respect to the different
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directions that pass through a definite point is also repre-
sented by a symmetrical tensor, one whose Pprincipal
values (principal moments of inertia) are always positive.
The surface (86) then constitutes the ellipsoid of inertia.
We are here, as so often, led to make the interesting
observation that Nature, although she represents her
phenomena to us externally in an enormous variety of
ways, nevertheless often uses the same simple means in
regions very remote from one another. If this werc
not so, it would be infinitely more difficult for the human
mind, which operates mostly with similes and deductions
from analogies, to elucidate her laws.

Before we proceed to deal with fruitful applications
of the dynamical equations (83) wemust become acquainted
with the relationships which exist between pressure and
deformation, and the question of these relationships neces-
sarily leads us to consider the material of which the body
in question is composed, which we have hitherto left en-
tiroly out of account. This will therefore have to engage
our attention in the sections which immediately follow.






PART TWO
INFINITELY SMALL DEFORMATIONS






CHAPTER 1
RIGID BODIES. GENERAL REMARKS

§ 21. As we have seen in the first part of this volume,
we still require to know, in order to formulate unam-
biguously the laws of motion of deformable bodies, only
the relationship between the deformation tensor and
the pressure tensor. In order to establish this relation-
ship we introduce, above all, the hypothesis—which for
the present we shall everywhere retain in the sequel—
that the pressure always and everywhere depends solely
and alone on the simultaneous local deformation and
conversely. This assumption is by no means always
fulfilled in Nature; for, strictly speaking, in the case
of all rigid bodies their deformations exhibit to a greater
or less degree a dependence not only on the momentary
forces, but also on the nature of the treatment which
they have previously undergone, and further also on the
temperature, which can in general change quite inde-
pendently of pressure and deformation. When and so
far as the hypothesis above introduced actually applies
to a body, we call this body ‘ perfectly elastic.”

It is also, of course, a condition for perfect elasticity
that a body which has been subjected for a time to
arbitrary deforming forces should assume, when the
forces have ceased to act, no other state of equilibrium
than that which it had before the forces were applied;
for the deformation zero must correspond uniquely to
the pressure zero. Thus if a body exhibits the pheno-
menon of elastic hysteresis or fatigue—that is, if, when
the deforming forces have ceased to act, it assumes its
original state of equil.ibrium4 only gradually—it does not

9 E
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behave perfectly elastically. On the other hand, the
magnitude of the deformation caused by a definite pres-
sure plays no part in the question of perfect elasticity.
In this respect scientific terminology deviates a little
from the usage of ordinary speech, since in everyday
life we associate the idea of great elasticity also with that
of particularly great deformability, and in this sense we
call rubber, for example, more elastic than glass. In
the scientific sense the reverse is the case: glass is more
elastic than rubber in so far as it exhibits the property of
elastic hysteresis to a far less marked degrec than rubber.

Experiment shows that cvery body may be regarded
as perfectly elastic so long as its deformation does not
exceed a certain value, which is called the * limit for
perfect elasticity.”” Hence our investigations in the
sequel refer to all bodies, but only to such deformations
as are so small that they lie within the elastic limit. To
simplify the mathematical treatment we assume the
deformations to be infinitely small.

§ 22. A body in which all directions are physically
of equal value is called “ isotropic *’; on the other hand,
a body in which some directions exhibit different physical
behaviour are called ‘“ anisotropic.” For isotropic bodies
we can give a relationship between deformation and
pressure at once; for since the pressure is completely
determined by the deformation, in the case of any arbi-
trary deformation the principal axes of the pressure
tensor must coincide with those of the deformation
tensor. In the case of anisotropic bodies, however,
this conclusion cannot be drawn, because here certain
favoured directions of the body will yet play a part.
Since our next discussion is also to include crystals—
that is, anisotropic bodies—we must follow a more general
line of treatment if we wish to make progress.

The deformation tensor is characterized by its six
components z, %, . . . (§ 12), the pressure tensor by
its six components X, X,, . . . (§ 19); and the latter
quantities are definite functions of the former. Now
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since the deformation components become infinitely
small, we need retain only the first terms in the expansion
in Taylor’s series, and we obtain the result that the pressure
components are linear functions of the deformation com-
ponents and, as we may at once add, homogeneous func-
tions, since we wish to reckon the deformations from the
state which corresponds to the pressure zero—that is,
from the ‘‘ natural ” state of the body. The pressure
components then vanish simultaneously with the defor-
mation components.

Thus if we attach the indices 1, 2, 3, 4, 5, 6 to the
deformation components in the order of sequence x:, ¥,,
%, Y- %z, ry, and the same indices to the pressure com-
ponents in the order of sequence X, Y,, Z., Y., Z, X,,
then we obtain as the general expression for the de-
pendence of the pressure on tho deformation the six
equations :

Xz = 1%z + G10Yy + @132 + G14Ys + G152 + O1%y
Yy = Gz + Gogfy + Qog2: + GgYs + Gog?z + GoeTy [ (88)

in which the thirty-six constants @ are determined by
the material constitution of the body. If these expres-
sions are substituted in the equations of motion (83),
we get the general laws of motion.

The next question is whether the constants @ are
entirely independent of one another, or whether there
are definite relationships between them which when
introduced into the equations (88) simplify them. It is
quite clear that if there are any symmetries in the struc-
ture of a crystal the case will be specialized and simplified
in that the number of constants a will become less than
36. But for the present we shall still deal with the general
case of a completely unsymmetrical crystal, in order
that we may subject it to a condition which we have not
introduced hitherto, but which we know always to be
fulfilled in Nature—namely, the law of conservation of
energy. We shall see that the introduction of this law
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leads to a general and considerable simplification of the
system of equations (88).

§ 23. According to the principle of conservation of
energy I, (393), the change that occurs in the total energy
L + U of a material system in the element of time d¢ is
equal to the work performed by the external forces on
the system in the same time :

AL+ U)=4 . . . . . (89)

We shall now apply this equation to the present case
by selecting any arbitrary part of the whole body, exactly
as in § 15, and using it as the material system on which
to found our discussion.

As for the first part of the energy, the kinetic energy
L, it is simply the sum of the kinetic energies of all the
mass-elements k.dr of the part of the body under con-
sideration—that is :

L“2/{< ) () (%'f)} kdr - (90)

where u, v, w denote the components of displacement of
a material point from its natural position, and the integra-
tion is to be taken over the part of the body in question.
We also know of the second part of the energy, the
potential energy U, that it is likewise composed of the
potential energies of the individual mass-elements; so

it has the form :
U=[F.dr . . . . . (9

where the function F, the potential energy per unit
volume, depends, on account of the perfect elasticity of
the body, only on the state of deformation of the volume-
element in question—that is, on the six deformation
components ., ¥, . . . . Since in the case of potential
energy we are concerned only with its changes in value,
and not with its absolute value, we shall without loss
of generality set ' = 0 for the natural state of the body,
which is its state when free of deformations.

Concerning lastly the external work A, this consists,
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by § 14, of the work of the body-forces which act on all
the elements of the part of the body in question and,
besides, on the work of the pressures which act from
without on the points of the surface of the same part of
the body—that is :

A= [(Xdu+ Ydv+ Zdw)kdr+ [(Xdu+ Y.dv+ Z,dw)do(92)

where the first integral is to be taken over the volume,
the second over the surface of the part of the body.

To apply the postulate (89) of the emergy principle
we first form the expression for dL. Since the mass kdr
does not depend on the time, we may also differentiate (90)
directly :

dL = [(Tan + B2 v + T2 dw)kdr

or, if we substitute for the three components of accelera-
tion their values from the equations of motion (83) :
dL = [(Xdu + Ydv + Zdw)kdr
0X.  oX, 6 °X.
W\ew Ty T -3—z_>l
iy oY, , 2%, ¥l
f +dv(8x+8y+az)J
0Z:; A 0Z, , 0Z.
+ dw (‘a—x- + En + -37)
If we now make use of the transformation formula
(79) by applying it to each of the nine space integrals

into which the second space integral resolves, we obtain,
if we simultaneously take (74) into account :

dL = [(Xdu + Ydv + Zdw)kdr

odu odu odu
Xz—s&- + Xy W + X:—a—z—

odv odv odv | . . (94
+fdﬂ'- +Yz-é;+yya—y +Yr—a; (94)

odw odw odw
+Z=?x—+zv —37+Z: ¥

+ [do. (X,du + Ydv + Zdw)

(93)
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This expression for dL, when substituted in the energy
equation (89), simplifies it to a considerable degree in
that the term on the right-hand side which is due to
the external work A4, and which is represented by (92),
cancels out with the equal term on the left-hand side.
The only terms left in the energy equation are then the
potential energy dU and the second space integral of
(94). The latter can be written more simply. In the
first place, we must bear in mind that in the expressions
odu

o and so forth the sign 0 refers to the space differentia-

tion, but the sign d to the time differentiation, so that
these two operations are quite independent of each other.
Hence we have:

odu
ox

ou odu ou

= d'a?c’?i = d?g}’ and so forth.

If, further, we use the relationships (84) and the abbre-

viations (60), the energy equation finally assumes the
form :

aU + [ (XAdzs + Yydyy + Zode. + Yody: +
Zdzs + Xydz))dr =0 . . (95)

By (91) we may now write for the change in the potential

energy :
dU=de.d~r. .. . . (98)

Strictly speaking, we should add another term here
which is due to the time change in the value of the volume-

element dr—namely, the term j Fd(dr), where the first

d refers to the time change, the second d to the space
change. But this term may be neglected, since in the
case of infinitely small deformations the time changes
of a volume-element, even for finite times, are infinitely
small compared with the size of the volume-element,
whereas the time changes of the potential energy F are
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of the same order of magnitude as the amount of this
energy.

By using (96) we may write the expression (95) as a
single space integral which is to be taken over the volume
of the part of the body in question. Now if we assume
the part of the body to be infinitely small—that is, a
single volume-element dr, the integral sign may be omitted,
and we obtain for every individual element of the body :

—dF = X dz: + deyy + Zdz. + styz + Z.Az: + Xyd:y

But since F is determined by the six deformation
components, we have :

oF oFr oF oF or oF
dF = a;dxz + a—%dy,+a?.dz.~ +a'—73dy, +a—z;dz; +a;'dx,

and since the deformation components and their changes
are independent of one another, we have in general :

oF oF oF

X:: —-ax—z, [‘,: —-5—%, Z:— -'a'_z: (97)
oF oF oF

Yoo g 2= g T = )

That is, the componenis of the pressure tensor are the negative
derivatives of a single function of the deformution components
with respect to these components, just as in the case of
central forces the force components are the negative
derivatives of a single function of the co-ordinates, the
potential, with respect to those co-ordinates (I, (107)).
Hence the potential energy F of unit volume is also
called the elastic potential.

By (88) the elastic potential is a quadratic function
of the deformation components and, moreover, it is a
homogeneous function, since not only the linear but,
by the assumption we made above, also the absolute
term vanishes.

§ 24. From the results that have been obtained we see
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that the general expression of the elastic potential has
the form :

F = %1 X2 + Qualely + Ayg¥azs + GyaaYs + Ay5¥a2z + GyeTaly
+ By -+ agyrs + oy + Gyt + Gasy

+ 953 22 + Ggu2eYs + QgpZa2z + G2y

+ “_547 2 Gylita + Gyeley

+ % 22 + Gggray

@
+ 5 %?
(98)

From this we obtain by (97) the six pressure components
as linear homogeneous functions of the deformation
components as above in (88), but with the difference
that now a,, = a,;, and so forth. In other words, the
existence of an elastic potential amounts to the same
thing as the condition that in the constants of elasticity
a;; the two indices ¢ and j may be interchanged. As
compared with the general theory developed in § 22, we
have therefore effected the considerable simplification
that the elastic behaviour of a body depends no longer
on thirty-six, but only on twenty-one constants. We
are able at this stage to make only one definite ‘assertion
about these constants, without entering into the special
properties of the body—namely, that they fulfil the con-
dition of making the potential F positive in all circum-
stances. For the elastic potential is the potential energy
of the deformation, and this has the property that when
the body passes from the deformed state back to its
natural state—that is, when the potential goes from the
value F to the value zero—it transforms into kinetic,
that is positive, energy; and this requires that it itself
should be positive. This is an example of the application
of the general theorem that, corresponding to a stable
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state of equilibrium, there is always a minimum of the
potential energy (I, § 105). Now since the natural
(undeformed) state of the body represents a stable state
of equilibrium, the potential energy in every state of
deformation is greater than that in the natural state—
that is, greater than zero.

From this we further conclude that the six constants
@qy, Qg9 - . - G are all positive. For if, for example,
a,, were negative, we should only need to make x; differ
from zero, while assuming all the other deformation
components to be zero, to obtain a negative potential.
But the remaining constants ¢ must also satisfy certain
irregularities, which we shall not, however, formulate here.

§ 25. In practice we usually require to find the change
effected in a body by given external forces. The first
important question which we encounter is that regarding
the uniqueness of the solution—that is, whether there is,
corresponding to given external pressures, a perfectly defi-
nite change in the body, or whether several different changes
are compatible with the equations of the problem. We shall
restrict ourselves to considering the case of equilibrium.

We therefore now assume the pressures X,, Y,, Z,
that act on the surface of the body, and also the body-
forces X, Y, Z as given; and we assume that three
functions %, v, w of z, y, z have been found which, re-
garded as displacements of the points z, y, z of the body,
satisfy all the conditions of equilibrium—namely, both
the equations (83) for the interior :

0X. , 0X, , 9X:

Xk=—a; +-’3? +"az“

_aYz aYy aY‘ . . . (99)
Yk = r + 5:;/— + r

_0Z: | 0Zy | 0Za
Zk = —a-; + '@‘ + "a‘;

and the equations (74) for the surface. In all these
equations we must insert for the pressure components
X, . . . those values which are obtained by calculation
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from the expressions for the displacements u, v, w, when
we first form, by (60), the deformation components that
correspond to them, and then, by (97), the pressure
components.

We shall now further assume that three other func-
tions ', v', w’ of , y, 2 exist, which differ from the previous
functions, but which also satisfy all the conditions of
equilibrium. Then the same equations (99) and (74)
also hold for those pressure components X’,, X'y, . . .,
as are obtained if we calculate the deformation components
Z'z, 'y, . . ., by (60), from u’, v, w’ instead of from u, v,
w, and substitute these values in (97).

Let us now consider the functions :

Ug=U — U, Vg—0V —0v, Wog=w —w. . (100)
of z, y, z and investigate that change of the body which
they, regarded as displaccment components, represent.
In the first place, we get from them, by (60), the defor-
mation components :

Ko, = X'z — Tz, Ty, =Xy — %y, ... . . (101)
and further, by (97), the pressure components :
Xey=Xo—Xo, Xy, =Xy — Xy, ... . (102

On the other hand, if we subtract the equations (99) for
the unaccented pressure components from the same
equations (99) for the accented pressure components and
if we bear in mind that the given body-forces X, Y, Z are
the same in both systems of equations, it follows that :

X, " aX,,, oX.,
0x ay 0z
and, finally, for the surface of the body, by subtracting
the unaccented from the accented equations (74), since
the given surface pressures X,, Y,, Z, are the same in
each casc :

0 = X, cos (vz) + Xy, cos (vy) + Xs cos (v2), . . . (104)

A doubt might arise here as to whether in these sub-
tractions the values of the direction cosines in both

0= (103)
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systems of equations may be regarded as the same, since
the form of the surface of the body will be different in
the two changes. We can easily convince ourselves
that the error incurred through this is of a smaller order
of magnitude. For the direction cosines of the normal
of a surface-element are finite; so their values for any
infinitely small change of the body deviate only by an
infinitely small amount from those values which they
have in the natural state of the body, whereas the
pressure components X, ... vary in these changes by
amounts which are considerable compared with the values
of the pressure components themselves.

The equations (103) and (104) have a very clear physical
meaning. For they express the conditions for a change
g, Vg, Wy, in which cxternal forces act neither on the
elements of mass nor on the surface of the body. This
reduces the question, which was raised above, as to the
uniqueness of the solution for u, », w in the case where
the external forces are given to the simpler question
whether in the absence of any external influence a change
Ug, Vg, W Of the body is possible which differs from zero.

We can find the answer by means of the following
reasoning. If we multiply the three equations (103) in
turn by u,, vy, w,, add them together, multiply them by
the volume-element dr, and finally integrate over the
whole body, we obtain an equation with nine space
integrals, each of which may be transformed in the
following way by (79) :

/uog-axx—zodT = — /—aa—?:'vo . Xzo.d‘r — fuox.r' CcOos (Vx)dﬂ'-
This transforms the equation, in view of (104), into :
[(Xee, + Tty + B, + Yo + Bozo, + Xy, )ir = 0

or, if we substitute for the pressure components their
values given by (97) :

[Fo.dr =0
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where F, denotes the expression (98) if we attach the
suffix zero to all the deformation components in it. Now
F, is always positive, and is zero only in the limiting
case where the deformation energy vanishes. Hence
it follows from the last equation that F, vanishes for
every individual volume-element, and hence that all
the deformation components %, %y, . . . are individually
equal to zero. In other words, if no external forces of
any kind act on the body the deformation is necessarily
equal to zero.

The next question is whether the change u,, vy, w, also
then vanishes. To decide this we must investigate
whether, when the six deformation components vanish :

ouy Ovg , 0wy

w= " % Ty 0

Ovg o Owy , Oug _ . . . (108)
ik M i

owy _ o Oty 00y

= 0 oy ' ox 0

the displacement components u,, v,, w, also necessarily
become equal to zero. This is by no means the case, as
may easily be seen. Rather, u, v, w, the general
solutions of the differential equations (105) are obtained
in the following way. For u, the following three con-
ditions hold :

a)
’ ayg

g

0ug _ o
022

oz = ° =0

= 0,
of which the last two result by differentiating the equations
which contain %%’ and %°. Thus u, is of the form :
Uy = A+ Agy + Asz + /\'yz
and likewise : (106)
Yo = p + % + pgT + p'rz

Wo =v + »x + vy + vy
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where the twelve coefficients A, u, v are constant. Further,
by (105):
Mg+ px + vy +ve=0
n+vVy+A+Ay=0
Ap+ X2+ py+p'z=0
Hence :
N =0, w =0, vV =0
v+ ps=0,A3+v; =0, uy + 2, =0.

These six conditions make the expressions (106) com-
pletely identical with the expressions (39) for the most
general infinitely small change which a body can undergo
without experiencing a deformation—that is, for a trans-
lation and a rotation—a result which is immediately
evident and might have been predicted. We may there-
fore now enunciate the following theorem : the external
forces that act in the interior and on the surface of the
body do not, indeed, uniquely determine the displace-
ment components u, v, w, but the changes rcpresented
by the various solutions of the problem differ from cach
other only by translations and rotations of the whole
body. Thus they all correspond to the same deformation,
and in this sense we may say that the problem of equili-
brium is uniquely solved by the equations that have been
set up. Later, when dealing with similar problems, we
shall choose the six constants which remain undetermined
quite arbitrarily, since they are of no further interest to us.

§ 26. Bodies of Symmetrical Structure. Crystal Systems.
The twenty-one constants on which the elastic hehaviour
of a homogeneous crystal depends may be conveniently
studied by arranging them in the following schemse :

a1 Gy Gy Gy G Qg

Qg Qg3 Ggg Qg5 G
Qg (34 Q35 Ogg . . (107

Qg Q5 Gy

Qg5 g

Qg
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But the values of the individual constants ¢ do not
depend on the nature of the crystal alone, but also in
general on the choice of the co-ordinate system—namely
on the orientation of the co-ordinate axes with respect
to-the directions which play a favoured part in the struc-
ture of the crystal. This follows immediately if we
reflect that the value of the elastic potential F—that is,
the elastic energy—cannot possibly depend on the choice
of co-ordinates. Hence if we transform any deformations
Tz, Ty, . . . to another co-ordinate system z’, y’, ', and
if we denote the new deformation components by adding
an accent, we get by (98) that :
aé—l T+ Gy + . . .= ‘I'Tux? + a'yoxiyy + ... (108)
and from this identity, if the accented deformation
components are expressed in terms of the unaccented
components, we find, by equating the individual cor-
responding terms on both sides, the relationships between
the accented and the unaccented constants which cor-
respond to the relationships between the accented and
the unaccented co-ordinates. In general, the accented
constants a’ will entirely or partly differ from the un-
accented constants a.

Now if the crystal has the special property that for
a definite change of the co-ordinate system all the a”’s
are equal to all the a’s—that is, if the constants a are
invariant with respect to tho change of co-ordinates—
we say that a definite kind of symmetry is peculiar to
the crystal. If there are several changes of co-ordinates of
this kind, the symmetry of the crystal is of higher order.

We may also express every kind of condition of sym-
metry, instead of by the invariance of the elastic con-
stants @ with respect to the corresponding co-ordinate
transformation, in another way—namely, by retaining
the original co-ordinate system, but subjecting the crystal
to such a change that finally it is orientated towards
the original co-ordinate system just as it was orientated,
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according to the first point of view, when it was at rest,
towards the accented co-ordinate system. The presence
of the symmetry is then shown by the fact that after
the change the crystal behaves in all directions exactly
as before the change, or that, as we say, the crystal is
made to coincide with itself as a result of the change.
These two kinds of definition of symmetry are obviously
completely equivalent and arc only different forms of
the same thing. For our purpose the first formulation,
the condition of invariance of a with respect to a trans-
formation of co-ordinates, is more convenient. We shall
therefore make use of it in the sequel.

Crystals are divided into various classcs according to
the degree of symmetry they show. We sce from tho
above remarks that the principle of this classification
is not fixed from the outset and cannot be uniquely
determined by direct inference, but is to a certain extent
arbitrary and dictated only by questions of expediency.
We shall here make use of the division into six systems
of crystals which has long been in use, and for this purpose
we most conveniently apply as the transformation of
co-ordinates a rotation of the co-ordinate system.

1f the elastic constants @ of a crystal are all invariant
with respect to a rotation of the co-ordinate system

about a co-ordinate axis of angle :%" (or, if the crystal
is made to coincide with itsclf by means of a rotation

about the angle 27:;) we call this axis an “ n-fold axis of

symmetry ”’ of the crystal.

Of course, an axis of symmetry is not a definite straight
line, but only a definite direction, since all parallel straight
lines are fully equivalent.

The existence of a one-fold axis of symmetry is not
a real condition of symmetry at all, since a rotation
through the angle 27 does not alter the co-ordinate
system at all. Crystals which have only one-fold axes of
symmetry form the last (the sixth) or asymmetrical
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(¢riclinic) system. Copper sulphate is an example of
them. Its elastic behaviour depends on twenty-one
constants, as is represented in the scheme (107).

If a crystal has no higher symmetry than a single
two-fold axis of symmetry, it belongs to the fifth or
monosymmelrical (monoclinic) system, as, for example,
mica or sodium bicarbonate. To find the conditions
for the elastic behaviour of crystals of this system, we
first inquire generally into the relationship between the
accented and the unaccented elastic constants ¢ when
the co-ordinate system is rotated through the angle

2; = 7 about the z-axis. We obtain for this :

’

d=—zy=—y 2 =2
and correspondingly :
wW=—-uv=—v,w=w
and by (60) :
2= Xz, y’y =Yy, 2= 2
Yy=—Ys, Zo=—2, &'y =2

If we substitute these values in the identity (108), it
follows that of the twenty-one constants a’ thirteen are
equal to the a’s that bear the same suffixes, whereas for
the others we have :

“:14 = — @y, @15 = — 015 @'y = — Gy, @'g5 = — U5

Qg = — Gy, Qg5 = — Qgs, B'gg = — Ggg; O'5s = — Usg

These relationships hold quite generally for every
crystal. If the z-axis is a two-fold axis of symmetry all
the quantities a are invariant, and for this reason all
those of them which change their sign in the transforma-
tion must vanish. Hence for the elastic behaviour of
a monosymmetrical crystal we have, by (107), the scheme :

ay Gz @z 0 0 ay
Qg2 Gy 0 0 ay
ass; 0 0 ag

Gy Gg5 O

ags O

Qge

(109)
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If besides the z-axis one of the other co-ordinate
axes—say, the z-axis—is also a two-fold axis of symmetry,
we arrive at the fourth or rhombic system, which counts
among its representatives saltpetre, aragonite and topaz.
The following scheme corresponds to it, which can be
found in the same way as the above :

4y @ @3 0 0 O
Ay @y 0O 0 O
ai; 0 0 0
au 0 0 (110)

az; O

Ugg
Tts structure informs us immediately that in this case
the third co-ordinate axis—that is, the y-axis—is also

a two-fold axis of symmetry.

We arrive from the rhombic system at the third or
tetragonal (quadratic) system (for example, zirconium)
if we introduce the further condition that one of the
co-ordinate-axes—say, the z-axis—is a four-fold axis of

symmetry. For a rotation through the angle 7; about

the z-axis the following transformation formul hold -

/ ’ ’

¥ =y, Yy =—=x, 2 =2
u =, vV = —u, w=w
'z = Yy, Yy=2%z 2:=2
YYo= —2;, Z2=2, y=—2z.

By (108) this gives for the nine constants of the rhombic
system the general relationships :

@'y = Gyg, @1 = @1y, @13 = Gy
@oa = Gy1, @93 = Gy3, @33 = Ggg,
@44 = Gg5 @55 = Bgag, @'gg = Tgs
Now if all the accented a’’s are to be equal to the cor-
responding unaccented a’s, it follows that :

ay; = G, @13 = Og3, g4 = Agp
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and hence, by (98), the elastic potential of a tetragonal
crystal is :

F =" @2 + g + aagvegy + 013(as + )2

+ “;3 I “ (2 + 222 + % Pap . . (111

The existence of a three-fold or a six-fold axis of sym-
metry is the condition for the second or hexagonal system,
which is represented by numerous crystals such as nitre,
calcspar, graphite, tourmaline and ice.

Lastly, the first or regular system emerges from the
tetragonal system if also a second co-ordinate axis, and
consequently also the third axis, is a four-fold axis of
symmetry. The expression for the elastic potential of
a regular crystal comes out, by (111) as:

= gél (.’L',Q + ?Iyz + Z12) + aqz(xzyy + Yy2z + z’xz)
+ G2ttt . L (112

—that is, it still depends on three constants. The
regular system includes rock salt, fluorspar, diamond.

§ 27. Isotropic Bodies. The necessary and sufficient
condition for a body to be elastically isotropic—that is,
that it should have no favoured directions at all—is that
its elastic constants should all be invariant with respect
to any change of the co-ordinate system, or, what amounts
to the same thing, that it can be made to coincide with
itself by means of any arbitrary rotation. In order to
deduce the conditions consequent upon this for the values
of the elastic constants, we find it most simple to refer
the deformation to the principal dilatations and the
directions of the axes of the principal dilatations—that
is, we reduce the six deformation components ., ¥y, . . .
by means of the equations (64) to terms of the three
principal dilatations I, m, » and the nine direction cosines
of the axes of the principal dilatations «;, . . . y;, and
substitute these values in the expression (112) for the
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elastic potential. In an isotropic body the elastic poten-
tial must be entirely determined by the quantities I, m, n,
which we may also take as the direction cosines, and
it obviously forms a symmetrical homogeneous quadratic
function of I, m, n

The meaning of this postulate can be most easily
grasped if we direct our attention to all the symmetrical
homogeneous quadratic functions of I, m, n. There are
only two of them which are independent of each other,
namely :

B+m?+n? and Im 4 mn + nl

All others can be reduced to terms of these two. For
example :

I+ m + n)? = (12 + m? + n?) + 2(lm + mn + nl) (113)

Hence it follows that the elastic potential of an isotropic
body has only two constants which are independent of
each other, and is, say, of the form :

F’=7)2\(l+m+n)2 4+ u(+m?-n?) . (114)

where A and p are positive.
To express F in terms of the deformation constants

Zr, Ty, . . . we reflect that, since I, m, n are the roots of
the cubic equation (62) :
lirm+n=x:4+y,+2 . . . (115)

since this is the coefficient of /2, and :
Im + mn + nl = (yy2: + 2:22 + 22yy) — (y2 + 22 + ) (116)

since this is the coefficient of ! in the equation. Hence
it follows by (113) that :

B+ m?+n?=a2+y?2+ 22+ dy? + 22 + )
(which may also be confirmed directly by (64)), and by
(114) :

yz +Zz +xy) (117)

=-A6(xz+yy+2z)2+’l4( +yy2+z2+
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If we use the following abbreviation for the volume
dilatation :
x;+y,+z.--—-cr . . . . (118)

wo get the pressure components for an elastic isotropic
body, by (97), expressed in terms of the deformation
components in the following way :

X,c = — o — 2}1.1):, Y: = - ILy:,

Yy= — o — 2uyy, Z: = — p2s, - (119)

Zz = — Ao — 2[.&3:, Xy = — Uy.

Thus these equations form the supplement, which we
stated to be necessary at the beginning of the first
chapter, § 21, to the general equations of motion for an
elastic isotropic body.



CHAPTER 1II
STATES OF EQUILIBRIUM OF RIGID BODIES

§ 28. WE shall now make some applications of the
theory that has been developed to statical problems
involving rigid bodies, and shall restrict ourselves for
simplicity to isotropic bodies. Since body-forces, like
gravity, usually play only a very subordinate part in
the deformations of rigid bodies, we shall leave them
out of consideration here. The conditions of equilibrium
(99) which hold in the intcrior then simplify to :

0X. oX, 6 0X

w Ty T %
whereas the conditions for the surface of the body run,
unchanged, as in (74):

X, = Xz cos (vx) + X, cos (vy) + X.cos (v2), . . . . (121)

=0, ... . . (120)

Every displacement u, v, w, whose deformation com-
ponents z;, z,, . . ., as calculated from (60), lead, by
(119), to expressions for the pressure components X,
X,, . .. which satisfy the equations (120), represents
a possible state of equilibrium in Nature; the deforma-
tion involved corresponds to those forces which act on
the surface of the body which arc represented by the
pressure components X,, Y,, Z, in (121).

Very great importance attaches here to the theorem
proved in § 25 that the deformation is .uniquely deter-
mined by the external forces. So when we have found
a solution of the conditions of equilibrium, no matter
by what method, we may be sure that it is the only

solution which corresponds to the external forces in
69
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question. For in Nature the problem usually presents
itself in the form : given the external forces, what are
the deformations produced by them? On account of
the complicated structure of the equations, it is quite
impossible to solve the problem by first writing down
the general solution of the differential equations (120)
and then calculating the undetermined constants in
them from the boundary conditions (121). Rather, it
is usually better to start out from the boundary con-
ditions (121) and then endeavour by trial to find a particu-
lar solution of (120) which is adequate to those boundary
conditions. If the endeavour is successful, * the ”’
solution of the problem has been found. We shall use
this method in the sequel as a rule.

§ 29. Let us first consider a compression of a body
of any arbitrary form which is uniform in all directions;
this is the so-called cubical compression. A given uni-
form pressure p then acts everywhere on the surface in
the normal direction. Hence we have:

X,=pcos(vx), Y,=pcos (vy), Z,=pcos(vz) . (122)

They are the given components of external pressure.
The boundary conditions (121) are obviously satisfied
if we assume that everywhere on the surface :

X = Yv Z"_:p ‘» . e . (123)
Xy-—— Yz=Z.¢=0 J

We shall further assume tentatively that these six
equations represent the values of the pressure com-
ponents not only at the surface but also in the whole
interior. The equations (120) are then satisfied. More-
over, we obtain from (119) :

P=—A —2ukz, . ..Y:=0,... . (124)

from which, by adding up the first three equations, we
get :
3p = — 3o — 2[.!.(17.: +yy + )
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and by (118):

= 3p _ =2 125
7 3'A+2p,’x" Y=2%=3 (128)
Hence if we set :
=2 =Z =2 126
U=3%, V=3Y, W=g2 (126)

then, by (60), the equations (124) are satisfied, and we
have obtained the solution of the equation. The generali-
zation which can be obtained by taking up certain other
constants into the expressions for , v, w does not, by
§ 25, produce any change in the deformation that has
been found.

So a general uniform pressure of amount p produces
a general uniform contraction of volume of amount (125),
which is independent of the form of the body. Hence

the constant is also called the ‘ cubical com-

3\ +‘§‘
pressibility > of the substance, and its reciprocal value :

p )
—a——)\—l— A ¢ B
the ““ modulus of cubical elasticity.”

§ 30. Having considered cubical elasticity, we next
turn our attention to linear elasticity—that is, we in-
vestigate the equilibrium of a body which is stretched
in one direction—say, that of the z-axis—and, to avoid
the calculation becoming too involved, we shall assume
the body to be in the form of a cylinder which is parallel
to the z-axis (wire, rod), of length ! and of arbitrary
cross-section. Let the front cross-section lie in the
yz-plane—that is, x = 0, and be held fast there by con-
straining forces. Let the rear cross-section, # = I, be
acted on by an external force of given value F in the
direction of the positive z-axis, while no external forces
at all are to act on the curved surface or mantle of the
cylinder. We wish to inquire into the resulting defor-
mation.
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First, to satisfy the.surface conditions (121) again we
consider the curved surface of the cylinder. Here
X, =Y, = Z,= 0; further, cos (vx) = 0, whereas cos (vy)
and cos (vz) can assume arbitrary values. So the surface
conditions are satisfied if we set :

Xy=Yz=Zz=0, Yy=Zs=O . . (128)

We shall also, as a trial, assume these values to be
valid in the whole interior, so that of the six pressure
components only X, differs from zero. The differential
equation (120) is then actually satisfied if we assume
besides that X, is constant. The value of this constant
is then obtained from the surface condition for the free
cross-section x = I; for the condition for the fixed cross-
section & = 0 gives us only the value of the constraining
forces which hold the cross-section fast and which are
of no further interest to us here.

At the free cross-section we have :

cos (vxr) = — 1, cos (vy) = cos (v2) = 0
and hence by (121) and (128) :
X,=—-X:Y,=0,2,=0.

Now, since X is constant, we get for the resultant of
all the parallel pressures which act on the elements of the
free cross-section :

jx,da=—x,.q=p L. (129)

where ¢ denotes the value of the cross-section. Hence :

x.=-F . . . . . (@30
q

From the pressure components we now also obtain
the deformation components by (119) in the following
way. First, we again have:

y==zz=xy=0
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Moreover, from :

I'

—=A 2 xr
g ~hot A
0 = Ao + 2p2:

we obtain by addition :

— = 3Xo + 2uc
and so:
1 F
= A g 2 |
TR+ 2% g (131)
from which :

I CRE PR uBA 4+ 2) g
With these values the displacoments :
U=T:.Z, V=Yy.Y, W=2:.2 . . (133)

represent the complete solution of the problem.

As was to be expected, the deformation that has been
found is associated with a volume dilatation; but the
amount o of this dilatation in the case of a linear tension
is, as a comparison of the expressions (131) and (125)
shows, only the third of that which occurs in the case
of cubical tension. Concerning the dilatations of the
individual axes, it is obvious that that of the z-axis is
positive. Corresponding to it there is, by (133), a dis-
placement of the free cross-scction—that is, an extension
of the cylinder by the amount :

vyl AtE W (134

That is, the extension is directly proportional to the
tension and to the length and inversely proportional to

the cross-section of the cylinder, and, lastly, directly
proportional to a material constant whose reciprocal
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value is also called the “ modulus of linear elasticity *
E of the substance : @ )

_pEE2) 135

E =200 p (135)

But by (132) the dilatation of the length of the cylinder
is associated with a contraction of every direction per-
pendicular to the axis of the cylinder, whose value may
be obtained most conveniently by writing down the
ratio of the transverse contraction to the longitudinal
dilatation :

—w_ A 1
Tz 2 +m T2 (136)

By measuring the two constants £ and ¢ we may
calculate A and p, and hence determine the whole elastic
behaviour of the body.

The value of e is very small for cork but very large,
near the limiting value §, for rubber. For metals and
glasses we can assume it to be equal to about } to a first
approximation, but considerable differences often manifest
themselves in the individual substances.

The linear modulus of elasticity £, whose dimensions,
by (135) and (119), are the same as those of a pressure,
is of the following order of magnitude for metals and
glasses :

E ~ 10 dynes/cm.2? (cf. I, equation (8a)) . . (136a)

Hence the coefficients of elasticity A and pu are of the
same order of magnitude.

§ 31. We shall next consider a case of torsion (twisting),
and shall investigate this for a cylinder of length ! whose
lower cross-section, the base of the cylinder, we shall
assume to be held fixed in the zy-plane (z = 0), whereas
the upper, free cross-section (z = 1) is rotated in its own
plane through a certain angle L by means of external
forces. Let the mantle again be uninfluenced by external
forces.

For the sake of variety we shall this time strike out
in the reverse direction by beginning, not with the ex-
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ternal forces, but with the assumed deformation and by
inquiring into the forces that they produce. Let the
deformation consist in every cross-section of the cylinder
parallel to the xy-plane being rotated in its plane without
distortion through an angle which is proportional to the
distance z of the cross-section from the base-plane.
Hence if w denotes the angle of rotation of the horizontal
base-plane, the angle of rotation of a cross-section at the
height z is :

From this we obtain uniquely the values of the displace-
ment components u, v, w by introducing the cylindrical
co-ordinates :

x=pcosd, y=psing, z-=2z . . (136h)
After what has been said, we sec that the material points
x, 9, 2z have the following co-ordinates after the deforma-
tion :

wz
x4+ U= pcos<¢ =+ l),

¥+ =psin(¢+—‘3;)
z+w=z

Consequently, in view of the fact that w is infinitely
small :

u=_w%/3, v=9*f3, w=0. . . (137
and by (60):
z:=0, y,=0, 2z =0
o w0y ) (138)
y, = -l——, Re = — -—l" xy = 0

By (119) these deformation components yield the
pressure components :

Xz=0, Yy=0, Zz=0
(139)

Y;=—M, Zt=lb"a‘,'y‘, Xy=0

l l
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Since these expressions satisfy the equations (120) for
the interior identically, it follows that the assumed
deformation represents a state of equilibrium which is
possible in Nature and which must always occur when, the
pressures which are to be calculated from (121) act on
the surface of the cylinder.

Let us first consider the pressures on the curved sur-
face of the cylinder which vanish according to the as-
sumption we have made. Since for this surface cos (1z) =0,
whereas cos (vx) and cos (vy) have arbitrary values, it
follows from (121), if we use (139) for all points on the
mantle of the cylinder :

X,=0,Y,=0 %= '"’Tw (y cos (vx) — z cos (vy)). (140)

From this we sce that the deformation assumed by us
is compatible with the further assumption that no external
forces act on the mantle of the cylinder only if at all
points of the curved surface of the cylinder :

y cos (vr) — zcos (vy) =0

This is a purely geometrical condition; it asserts that
the direction x : y—that is, the direction of a radius vector
which is drawn at right-angles to the z-axis from any
point on it—coincides with the direction cos (vx) : cos (vy)—
that is, with the direction of the normal » at the extremity
of the radius vector—or, in other words, that the cross-
section is a circle, so that the cylinder is circular.

Hence if we wish to retain our assumptions we find
ourselves compelled to restrict the further deductions
that we make to the special case of the circular cylinder.
With this restriction we then obtain for the external
pressure that acts on an element of the upper extreme
face of the cylinder, from (121) and (139), since here :

cos (vx) = 0, cos (vy) =0, cos (vz) = — 1
the value :

X,=—"—%’l, y,._-.fii‘l’_", Z,=0. . (141)
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or, by (136b) :

X, = —“—‘Z’Bsin¢, Y, = 'i"l"—ecos¢, Z,=0

The external plane thus acts on every element of the
upper free end-face of the cylinder in the plane of the
face and perpendicularly to the dircetion of the radius
vector p, in the sense of the angle of torsion w, as is easy
to understand. All pressures :

X,do, Y do, Zdo

which act on the elements of the surface give the following
resultant, by I (306), since do = pdpd¢ :

F.= [Xdo =0, F,= [Ydo =0, F: = [Zdo =0
and a resultant couple :
N: = --szﬂo- =0, Ny = sz,dc =0
N: = [(@Y, - yX))do

Nz=’-‘l“—’f[p3dpd¢=g“l“f-ﬂ=N. .. (142)

where r denotes the radius of the cylinder.

From this we deduce conversely that if the uppor
cxtreme face of a circular cylinder of which the hase-
plane is kept fixed is acted on by a couple which lies in
its plane and which has the turning moment N, the
cylinder will experience a torsion of the kind assumed,
the upper extreme face being turned through the angle :

_EINC L (1420
 prt

Thus the angle of torsion is proportional to the length
of the cylinder and the turning moment of the couple,
but inversely proportional to the fourth power of the
radius and of the material constant p, which is therefore

also called the “ modulus of torsion * of the substance.
§ 32. But what torsion does a cylinder undergo when
it is not of circular, but, say, of elliptic cross-section and
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when its upper end-face is acted on by the same couple
N while the mantle is not acted on by external forces?
We shall now discuss this related problem in some
detail.

In the first place, it is clear that for this more general
case we must modify the simple assumptions made at
the beginning of the previous section, according to which
every cross-section is turned in its plane without dis-
tortion; for these assumptions apply, as we saw, only
to a circular cylinder. But it is easy to see in the follow-
ing convincing way what sort of modification we must
make. Although the simple deformation represented
by the equations (137) for a cylinder of any arbitrary
cross-section no longer applies, it yet represents a state
of equilibrium that is possible in Nature, as we inferred
from the fact that tho equations (20) are satisfied for
the interior of the cylinder—that is, this deformation
necessarily occurs if the appropriate external forces act
on tho cylindrical surface. Which external pressures
must then act on the curved surface of the cylinder can
be seen immediately from the equations (140), in the last
of which we need only substitute those values for the
direction cosines of the inward normal which are con-
ditioned by the form of the cylindrical cross-section.
Accordingly the external pressure on the mantle is every-
where parallel to the z-axis—that is, it acts upwards or
downwards according as Z, is positive or negative.

In general we may write:

,=F2.rsind . . .. (143)
where § denotes the angle which the outward normal
at a point of the mantle makes with the radius vector
r = v/2* + y® which lies in the cross-section in question,
when the outward normal appears turned about the
z-axis in the positive sense with respect to the radius
vector. For a circular cross-section we have, of course,
that 8 = 0, but for an elliptic cross-section, whose major
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and minor axes coincide with the z- and y-axes, respec-
tively, 8 and hence also Z, are positive in the first and
third quadrants, when o is positive, and negative in
the second and fourth quadrants. Hence if an elliptic
cylinder in the position in question is twisted, then, in
order that the cross-sections may simply be rotated in
their planes, external shearing forces must act on the
mantle of the cylinder, upwards in the first and third
quadrants, downwards in the second and fourth quadrants.
From this it follows that if these external forces do not
act, the points in question of the mantle experience a
displacement in the opposite direction, which causes the
originally plane surfaces to be indented, downwards in
the first and third quadrants (w<0), upwards in the
two others (w>0). Only those points of the mantle
in which the length of the radius vector r becomes a
maximum or minimum (3 = 0) when we pass round the
cross-section—that is, the vertices in the case of an
ellipse—retain their level (w = 0); the others rise or
fall.

To get a general idea of the sense of the distortion—
one which is independent of the choice of co-ordinate
system, of the position of the fixed base-plane, the sign
of w and the direction of the external turning moment
which acts on the free end-plane—it is useful to consider
the distinction between the different kinds of screw-lines.
When a point describes a screw-line it executes a turn
simultaneously with a forward movement which is per-
pendicular to the plane of the turn. Now if the screw-
line is such that in describing the screw or, what comes
to the same thing, in turning the screw through a fixed
nut, the positive axis of the rotation (I, § 83) coincides
with the direction of the forward motion, as, for example,
in the case of an ordinary cork-screw, the screw-linc
is called a right-handed screw; in the opposite case, it
is a left-handed screw. For this distinction it is im-
material in which direction the point describes the screw-
line or the screw is turned. For when the sense of the
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rotation is reversed, so is the direction of the forward
motion and also that of the positive axis of rotation.

Reverting to our present case, let us consider a filament
or thread of the cylinder which is originally parallel to
the axis of torsion; then after the deformation has been
effected the filament forms a screw-line. On the other
hand, the boundary points of a cylindrical cross-section
which was originally plane forms, when the deformation
is complete, a wave-line. The theorem holds quite
generally, then, that those parts of this wave-line which
surround the minima of the radius vector are portions
of screw-lines of the same kind as the filaments of the
cylinder above considered ; if the latter are right-handed
screws, so are the former. For the parts of the wave-
line which are adjacent to the maxima of r the reverse
holds.

In the example of the elliptic cross-section considered
above and in the nomenclature there adopted the filaments
of the cylinder are right-handed screws. Consequently
the boundary wave-line at the extremities of the semi-
minor-axis also runs like a right-handed screw—that is,
it rises in passing from the first to the second and from
the third to the fourth quadrants, exactly as was estab-

lished above.
To solve this problem quantitatively we must con-

sider the analytical conditions. In dealing with the
case of an elliptic cylinder whose semi-axes are ¢ and b,
the results hitherto obtained suggest to us to generalize
the expressions (137) of the displacement components
in the following way :

w%z’ v=‘ile', w=—Cxy. . (144)

where C denotes a positive constant. For this value of
w exhibits the property found above of being negative
in the first and third quadrants and positive in the second
and fourth quadrants. Through this the conditions
(120) for the interior and (121) for the curved surface

%= —
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of the cylinder are actually fulfilled, the former identically
and the latter by setting :

w a? —b?
C=T @vm
This completes the solution of the torsion problem
also for an elliptic cylinder. The expression (142) for
the external turning moment N in the case of a circular
cylinder here becomes generalized, by (121), to:

(145)

muw  a3h3 .
N="T.m. ... (146



CHAPTER III
VIBRATIONS IN RIGID BODIES

§ 33. Ir a motion is to be permanently associated with
infinitely small deformations, which we have taken as our
general assumption in this second half of the present
volume, it is clear that the motion must not be in one
direction only, but must alternate in different directions—
that is, it must consist in a * vibration * of the body, in
which the displacements, and with them the deformations,
continually change their signs. We are thus here dealing
with vibrations in elastic rigid bodies, which for sim-
plicity we shall assume to be isotropic. The laws which
govern these processes have already been established
in the first chapter. They have been formulated in the
equations of motion (83), which, if we disregard gravita-
tional forces, may be written as follows :

22 X, oX, oX.

ko= —"c "oy @

p&v_ _9oY. @Y, oY.{ = (147)
o? ox oy 0z

RO _ _0Z: _ 04y _0Z.
ot~  ox oy 0z

as well as in the surface conditions (74) and in the re-
lationships (119) between the pressure tensor and the
deformation tensor for an isotropic substance.

By far the most interesting cases of such vibration
processes relate to bodies whose dimensions are not of
the same order of magnitude in all three dimensions of
space, but which extend predominantly only in two
dimensions or even one. This, of course, at once sim-

82
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plifies the laws of motion considerably, since the number
of independent space co-ordinates becomes less. On
the other hand, if we wish to pay due regard to the most
important vibration processes that occur in practice,
it is advantageous to generalize somewhat the equations
set up earlier. For in § 22 we calculated the displace-
ment components %, v, w, and with them the deformation
components from that state of the body in which all
the external pressures are zero. This made the pressure
components homogeneous functions of the deformation
components, and in the undeformed state all the pressure
components were equal to zero. But in Nature it is
often just those vibrations in which this restriction is
absent that are of interest. For example, if we take
the vibrations of a string of a violin, the displacements
%, v, w will have to be calculated from that state of the
body in which it is in stable equilibrium. This is thus
the state of no deformation. But the pressure components
are by no means zero in it; rather, a certain and indeed
comparatively strong tension exists in the string. In
fact, this tension is a factor which influences the character
of the vibrations so essentially that the influence of the
elastic constants A, p which are characteristic of the
material of the string is practically negligible in com-
parison with it. For example, a string of catgut would
not vibrate at all without external tension. Here we
. may therefore speak in a certain sense of an artificial
or forced clasticity which does not depend on the material,
but only on the external forces. To take these conditions
adequately into account we shall therefore generalize
the relationships (119) between the pressure components
and the deformation components by regarding the pres-
sure components as linear functions of deformation
components, as we have done heretofore, but no longer
as homogeneous functions of them; and we shall adapt
the absolute terms in these functions to the stable
condition of equilibrium that happens to rule in the
body.
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For this purpose, as has already been emphasized in
the above example, we introduce besides the material
constants also a new constant into the equations of
motion; and according as the influence of the first or
the second constant predominates we obtain entirely
different vibration phenomena—namely, those due to
natural elasticity and those due to forced elasticity.
These differences are so important in practice that they
have also been kept completely distinct in everyday
language. Of one-dimensional bodies, “rods” vibrate
with natural elasticity, but “ strings ” with forced elasti-
city; of two-dimensional bodies ‘‘ plates ” and  bells ”
vibrate with natural, but membranes and tympani
with forced elasticity. In acoustics, so far as solid
bodies are concerned, the vibrations with forced elasticity
are by far the more important. Hence we shall deal
with these primarily and choose as the simplest case
the vibrations of a string or wire which is so tightly
stretched that the influence of the elasticity of the material,
the so-called stiffness of the wire, is utterly negligible
compared with that of the tension.

§ 34, Tightly Stretched Wire or String. Let the
wire or string, which is to have the form of a cylinder
with an infinitely small cross-section, coincide, in its
position of rest, with the z-axis. Every point of the
string is then characterized by a definite value of x;
and the motion of the string is fully known if the dis-
placement components u, v, w have been found as func-
tions of z and £. To solve this problem we shall above
all introduce a generalization of the relationships (119)
which we pointed out as necessary in the preceding
section. The equilibrium state of the string is identical
with the equilibrium, discussed in § 30, of a cylinder
stretched in one direction; so the equations (128) and
(129) of § 30 also apply here, if F' denotes the stretching
force and ¢ the cross-section of the string. Thus these
equations give us the values of the pressure components
for the undeformed state of the string. Hence the
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desired generalization of (119) follows for our case uniquely
as:

Xo=—F o — 24z, Yo —py.
q (148)
Yy = - AU - 2’Lyy, Za: = — U2z

Z, = -—)\0—2;;,22, Xy= — uy

The assumption that the string is “ tightly > stretched
expresses itself in the condition that the first term that
occurs in the expression X, and that is due to the tension
F is great compared with each of the following terms.
On the other hand, F must not be assumed to be arbitrarily
great. For since o and x, are infinitely small, X, and

accordingly also f; are small compared with A and p.

The order of magnitude of the tension F is thus enclosed
within certain limits. If we consider, however, that, for
example, for metals the coefficients A and p are, by (136a)
of the order of magnitude 102 dynes/cm.2, which cor-
responds to a pressure of about 10,000 kilogrammes per
square millimetre, we see that there is still a comparatively
wide range of play for the magnitude of the tension.

Let us now establish the boundary conditions for the
mantle of the cylindrical string. Since the string, apart
from the two ends, which we suppose to be tightly clamped,
is to vibrate freely, no external forces act on the mantle
surface and hence we have for it, by (74) :

Xz cos (vx) + Xycos (vy) + X:cos(vz) =0, ... . (149)

The normal v of the mantle surface may point in very
different directions, but it is bound by the condition
that it must everywhere form a right-angle with that
curve in space which the string forms at any time. This
space curve is formed by the points with the co-ordinates
x + u, v, w and hence their direction ratios are :

au) Lo0v ow

d(x+u):dv:dw=(1+% P B
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and therefore the following condition holds :

(1 + g-g’) cos (vx) + g-g cos (vy) + gl: cos (12) =0

Since the deformations are infinitely small, cos (vz) is
accordingly infinitely small compared with the other
two cosines, as is easy to understand, and we may write
more simply :

cos (vx) = — giz) cos (vy) — %% cos (v2)

If we substitute this value in the three equations (149)
and reflect that the ratio cos (vy) : cos (1z) can have any
arbitrary value, we obtain, if we neglect small terms of
the second order, the relationships :

ov F ov
X, =X, = —
T g ] ... (150)
ow Fow
Xim Koy == qaxJ
Y,=0,2:=0,2,=0 . . . (151

It only remains to express also the sixth pressure
component X, accurately as far as terms of the second
order. This is done by means of equations (148), which
in combination with (151) give :

A
Yy = 2: = '—‘2}"0'

from which, in view of (118), we get::

[d
tu

and finally, by the first of the equations (148) together
with (135) :

0—_—; Xz

x,—_F_g% . . . . (s
q ox

So we obtain the required equations of motion of the
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string from (147) with the values (150), (151), (152) of
the pressure components in the following form :

u 2u
km—Eézé:O e e e (1536)
v F o
beg—qgoE=0 - - - - (153D)
2w Fow
bap—gmE =0 - - - - (1530

Thus each of the displacement components u, », w
obeys its own particular law, independently of the other
two, and the form of these laws is the same for all three
components. But the value of the characteristic constant
that occurs in the equations is not everywhere the same;
a different value holds for « than holds for » and w. This
of course arises from the fact that the direction of u
coincides with the direction of the string, whereas the
directions of » and w are perpendicular to it. Hence
we call the wu-vibrations longitudinal vibrations and the
v- and w-vibrations transverse vibrations of the string.
The longitudinal vibrations are caused, as we shall see,
simply by the elasticity of the substance of the string,
and, in particular, by the modulus of linear elasticity
of the substance, and they are independent of the tension,
whereas in the case of transverse vibrations the opposite
is true.

For the further treatment of the laws of vibration it
is obviously sufficient to consider a single component.
Since in acoustics the transverse vibrations are by far
the more important, we shall link up the following con-
siderations with equation (153b), which represents the
plane transverse vibrations in the zy-plane. Introducing
the constant :

=X . . . . . @54
kg :
we may write it in the form :
Pv_ 2% (165)

o 8:1:2
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and when integrated it gives v as a function of the two
independent variables x and ¢. If we keep x constant
and allow ¢ to vary we get the motion of a definite point
of the string. If, however, we keep ¢ constant and allow
z to vary we get the form of the curve which the string
0%
o2

denotes the acceleration of a point of the string, g_:'vz the

forms at a definite moment of time. Accordingly

curvature of the curve formed by the string, and the
equation (155) states that the acceleration of any point
of the string, and hence also the force that acts on it,
are proportional to the curvature of the curve formed by
the string at this point, as is easy to see.

§ 35. Integration of the Equation of Motion. To find
the general integral of the partial differential equation
(155) we introduce a new independent variable in place
of the independent variables x and ¢ as follows :

f=x+4+at,p=xz—at . . . (156)

The following relationships hold for the transformation
of the differential coefficients :

@)= @), @)+ G G- F-a-5e

from which by repeating the operation :
0% o 0% % o 0%V
(8_t2> =P W, T P
and, analogously :
0% o 0% a%
(@)= 5+ 205, * o
If in equation (155) we now substitute the differential
coefficients in the independent variables z and ¢ by those
in the independent variables ¢ and 7, it follows that :
(]

agon =~ ©
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This equation states that Y depends only on ¢ and that

0¢
g,‘, depends only on 7.
Hence: v =f) + gln)

where f and g are any two functions of a single variable.
Or, in view of (156) :

v=f(x+at) +gx—at) . . . (187)

This is the general integral of the differential equation
(1565). It is, of course, seen at once by direct substitution
that this differential equation is satisfied by the expression
(157), no matter how f and g may be chosen. We must,
however, note the following point.

The restriction which is imposed by (157) on the value
of v and which so cnables it to satisfy the differential
equation (155) is due to the fact that the independent
variables z and ¢ in the function f occur only in the com-
bination z -+ at, and in the function g only in the com-
bination z — af. These combined expressions are also
called the * arguments ” of the functions f and g. Each
of these two functions depends only on its particular
argument. Hence if we differentiate the function, no
matter whether with respect to = or to ¢, we can first
differentiate with respect to the argument and then
differentiate the argument with respect to the variables
in question In this way we obtain from (157):

=f + ,at=f'.a,—g’.a. . . (157a)

where we have denoted the differential coefficients of
f and g with respect to their arguments by f* and ¢’. By
continuing the process we get :

f” + gu’ 3’? _fn @ + gn a2

and these values are found to satisfy the differential
equation (155) perfectly generally.



90 MECHANICS OF DEFORMABLE BODIES cuar.

The special form of the function f or g can never be
discovered from the differential equation, but emerges
only from the initial conditions and the boundary con-
ditions of the vibrating string. Before we pass on,
however, to take into account these conditions we shall
investigate generally the special physical character
which the expression (157), found for the displacement
v, impresses on the motion of the string.

If we first take the special case where one of the two
functions, say g, vanishes, so that :

v=fx+at). . . . . (158)

then we have a motion of the string for which the circum-
stance is characteristic that the displacement v does not
change, whereas z and ¢ change, but in such a way that
x 4 at remains constant, that is :

dx
dt

But the last equation denotes a motion of velocity a in
the negative direction of the z-axis. Hence it follows
that if we pass down the string in the negative direction
of the z-axis with the velocity a, either with the eye or
with a pointer, the point of the string which is followed
will always have a perfectly definite displacement . We
may also express this as follows : every displacement v
propagates itself unchanged with the velocity @ in the
negative direction of tho z-axis. Hence the shape of
the curve which the string forms at any moment remains
always the same ; it displaces itself continuously only as
a whole in the manmner indicated. Such a motion is
called a wave-motion, the velocity of displacement is
called the welocity of propagation of the wave. The
velocity of propagation is to be distinguished radically
from the corpuscular velocity of the points of the string
with which it is in no wise connected inherently (cf. I,
§1). The form of the wave is determined by the function
f; it can be quite arbitrary and need not, in particular,

dx -+ adt = 0 or =a
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be periodic. A simple and very striking picture of the
motion is obtained if we draw the function f as a curve
on a strip of paper, with the argument ¢ as abscissa and
the value f as ordinate, and then draw this paper strip
with the velocity —a along the string. At every moment
the drawing then directly gives the picture of the string.
For ¢t = 0 the argument ¢ = x + a¢ coincides with the
abscissa z of a point of the string.

In an exactly corresponding way the particular solution :

v = g(x — at) .. . . (159)

denotes a wave-motion with the same velocity of pro-
pagation ¢ but moving in the positive direction of the
z-axis. The general case (157) of the vibration accord-
ingly consists of two waves which are in gencral different
and which move in opposite directions with the same
velocity of propagation a. 1f we draw each of the two
waves as a curve on a strip of paper and move this paper
along the string with the velocities --a, then at every
moment the algebraic sum of any two opposite ordinates
gives the momentary displacement v of the corresponding
point on the string.

We shall next investigate how the forms of the two
waves f and g are determined by the initial and boundary
conditions of the vibration process and for this purpose
we shall first treat the ideal case of an infinitely long

string.
§ 36. String Unlimited in both Directions. If the
string stretches from z = — o to = + o it is only

necessary to take into account the initial state in order
to determine the motion completely, and we do not
require to consider the boundary conditions.

Let the displacements and the velocities of all the
points on the string at the time ¢ = 0 be given, that is :

vy = F) and (g—;’)o= D) . . (160)

where F and @ denote two functions which are known
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for all positive and negative values of z. Substituted
in (157) and (157a) this gives :

1@ + 9(a) = Fla)
f'(@) — ¢'@) = ;0()

and by integrating the last equation :

f@) — gla) = [[Da)ds
Consequently :

fle) = 1F@) + o [[o@is 1
g(z) = %Iﬂ(x) - QI& /c z(D(a;)d.v J

The forms of the two waves and also the whole motion
are completely given by these expressions of fand g. In
f we have only to replace z by the argument = + at, and
in g by the argument x — af. The indefiniteness con-
tained in the arbitrary choice of the integration constant
¢ is only apparent because in the value (157) of v, f and
g occur only as a sum, and a change in ¢ alters the value
of f in a reverse direction to that of g. Hence we may
set ¢ = 0 without loss of generality.

Let us consider several special cases as examples;
first the one where all initial velocities are equal to zero,
as in the case of a plucked string—that is, one which is
taken out of its position of equilibrium and then released.
In this case &(x) = 0, and so by (161) :

f@)=gx)=4F@=) . . . . (162)

Then the two waves are equal to each other, and each
of the two wave-functions is equal to half of the amount
of the initial displacement. From this we directly ob-
tain the whole course of the motion. In Fig. 5 the upper-
most line represents the picture of the curve of the string
in the initial state. The disturbance of the equilibrium
is here restricted to a limited portion of the string; sup-

(161)



. VIBRATIONS IN RIGID BODIES 93

pose it to have been produced by plucking the string at
a point B with a little rod and at the same time holding
it fast at two other points 4 and C on opposite sides of
B. If the string is released without being given an initial
velocity it vibrates in the manner above described ; the
outlines, shown below the initial state, of the equal
wave-functions f and g move along in the sense of

b
A/ NC
- ——— f —
/\ g —
Fia. 5.
T~
T f P —
B e y —
Fia. 5a.
&S ——
— f —

T ——— g -
Fia. 5b.

the two arrows with the velocity @ along the string, and
the ordinates that lie above each other are algebraically
added at each moment. Accordingly the original bulge
in the string resolves into two bulges which are congruent,
but only half as great, and which move apart with the
velocities +a in opposite directions, whereas between
them repose again becomes established, as is depicted
in Figs. 52 and 5b; in the top line of these figures the
string is shown after a certain length of time has passed,
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and in the two bottom lines the method of constructing
the figures is given. There is no trace of periodicity
in this process. So even the point B which has been
furthest removed from the position of equilibrium returns
directly to this position with constant velocity, and
remains permanently at rest there.

The converse case where all initial displacements are
equal to zero can be disposed of in an analogous way. An
example of this is given by a long piano string which is
struck so suddenly by a hammer at one point that the
blow is ended before the struck point has perceptibly
left its position of equilibrium. For then by (160) :

F(x) =0
and by (161):

@) = —g(x) = —2% /: Dx)de. . . (163)

Thus the two wave-functions f and g are equal and
opposite and by arguing further exactly as in the above
case, we can show that two opposite and equal waves
move apart in opposite directions from the point of
impact, whereas the intervening part of the string at
once returns to its state of rest.

But we must not believe that two waves move apart -
in both directions from the point of disturbance for
every kind of disturbance of the equilibrium. To see this
we shall propose the following question : what condition
must be satisfied in the initial state in order that only
one wave—say the f-wave—should be propagated from
the point of disturbance? The answer is given by the
equations (161) if we substitute g = 0 in it, thus :

Fl@) =1 j:ds(x)dx

or:
dF(x) 1
Tdx ;ltb(x)
or by (160):
d'vo _ 1/0v
=G, - (164
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That is, in the initial state the velocity of a point on the
string is equal to a times the tangent of the angle of in-
clination of the curve made by the string to the z-axis.

If this relationship between the velocity and the dis-
placement is fulfilled for every point on the string, the
whole disturbance moves in the direction of the negative
z-axis as a single invariable wave; this can also be seen
by a simple kinematic reflection, since the form of the
curve f and the velocity of propagation a directly deter-
mine the velocity of every point on the string.

§ 37. String Limited in both Directions. We now con-
gider the vibrations of a string of finito length I, which we
shall suppose to be firmly clamped at the points # = 0
and z = L. Then of course the equations (161) again hold,
but these equations have a meaning now only for those
values of 2 which lie between 0 and [, because the functions
F(z) and @(x), which represent the initial values for the
displacements and velocities of tho points of the string,
are defined only for 0 <z<l. To represent the motion for
all times, however, we require, by (157), the values of f and
g also for other values of their arguments; for example,
for great positive values of ¢ we require the values of f
for great positive values of the argument, and the values
of g for great negative values of the argument. Hence
we must supplement still further the determination of
f and g given by the equations (161); this is made possible
by the condition v = 0, which must be fulfilled at the
boundaries z == 0 and = = I, or by (157) :

0 = flai) + g(~ at)
0 = J( + o) + g(i — o)

must be valid for any arbitrary values of {. If we write
z for at in these two equations, we get :

f@) +g(—2)=0 . . . . (185)
fl+2)+g@l—2)=0 . . . (166)

These two equations which are valid for all values of x

and :
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constitute the necessary supplement, above mentioned,
for calculating the wave-functions f and g. For if we
next write ! + z in place of z in (166), it follows that :

f@l+2) +g(—=x) =0
and, comparing this with (165), we get :

fi2l + 2) =fl=) |

9(2l + =) = g(2) |
That is, the wave-functions of f and g are both periodic
with respect to x, having the period 2I. By (157) it
therefore follows directly that the motion of the string
is also periodic with respect to the time ¢, the period
2l
o

We shall first establish that the values of the wave-
functions f and g are uniquely determined for all positive
and negative values of their arguments by the initial
conditions (161) and the boundary conditions (165) and
(167).

In the first place, f(x) and g(x) are determined by (161)
for 0<z<l. Then the equations (165), used in the form :

f@) = —g(—2) and g(@) = —f(—=2). . (168)
give the values of f(x) and g(x) for —l<x<0. For the
right-hand sides of these two equations are known for
this range of values of . But this means that f(x) and
g(x) are given in the interval of a whole period—namely,
from x = — I to x = + I, and so (167) is completely
determined.

We shall carry out this method of calculation for a
special case. For simplicity we choose the vibration of
a string in which initially only a single wave—say the
f-wave—is present. We therefore suppose the relation-
ship (164) to hold initially. Let the initial picture of the
string be, say, that shown in Fig. 6. The wave-function
f(x) is then represented for 0 <z < by the same picture,
whereas g(z) = 0 in this interval. On the other hand,

Likewise we get: (167)

being
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for —l<z<0 we have f(z) = 0 throughout, whereas
g(x) has the form shown in the figure which we may call
the ‘““reversed image of f(x) with respect to the point
x = 0.” These forms repeat themselves periodically, as
shown in Fig. 6.

These graphical representations of the wave-functions

2l z 0 /L 2d N

ettt Y~
P A /1\ Z /2.2\ q!f(——
2l "4 9 l 7 ]

> <<V~
A ) Lol df.
Y / VA 2] 3

A e -

f and g determine the whole course of the motion in the
well-known manner. Figs. 6a and 6b again show in their
uppermost lines the resultant graph of the string after a
certain time has elapsed ; in their lower lines they show
how the graph is built up from f and g.

Accordingly, when the f-wave impinges on the fixed
extremity z = 0 of the string it becomes transformed
into a g-wave which advances in the opposite direction—

H
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that is, it is “reflected,” its sign becoming reversed.
After reflection the g-wave traverses the whole length of
the string until it is reflected again at the other end,

z = I, as an f-wave. After the period %l has elapsed the

old initial state is again reached and the process begins
anew.

The general case, where the two waves, f and g, differ
from zero, can be solved in the same way.

§ 38. Analytical Representation of Periodic Functions.
In the above we have represented the periodic wave-
functions f(x) and g(x) in the different ranges of z by
means of various equations; but it is often also of value
to denote a wave-function f(x) in its whole course from
= — o to x = 4 oo by means of a single analytical
expression.

To accomplish this we first scek the most general
analytical expression for a function f(x) with the period
x = 2l, or, in other words, the general solution of the
functional equation (167). For this purpose we start out
from the particular solution :

fl@)=e= . . . . . (169)
which clearly satisfies the equation (167) if the constant
o satisfies the condition :

e =1
whence it follows that:

2l = 2nmi
where n denotes any arbitrary positive or negative integer.
If we substitute the value for a that results from this in

(169) we obtain, by separating the real and the imaginary
parts of f(z), the two particular solutions :

nwx . nwx
cos —— and sin -

which we can generalize still further by multiplying them
by arbitrary constants 4, and B,. If we form such solu-
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tions for all possible order-numbers n where the 4,’s and
B.’s can have different values for each », and add them
together, we again obtain a solution of the functional
equation (167) which, although we shall not prove it here,
forms the general solution. It can be written in the
following form :

J(@) =%°+“21Au008yl§+ Eansinﬂlg- . (170)

Here the terms involving negative values of » have been
omitted and this, as we easily see, causes no loss of
generality, since every term with a negative n may be
combined with the term which contains the corresponding
positive # to form a single term. Henco every term of
the two sums essentially represents two terms. The term
with n = 0 occupies a special position, as it occurs only
once and so, as usual, has reccived the numerical factor }.
This factor is also justified by the simpler significance
which the constant A, then acquires, as will be shown
below.

We recognize that the series (70), which is called
“ Fourier series ” after its discoverer, actually has the
period 21 in x by substituting # + 2 for z, since then all
the angles increase by whole multiples of 2. But since
every function which is periodic in « with the period 21
may be represented by (170), the question arises: how
are the coefficients A and B calculated if the series of
values of the function within a period is given—say, from
z=0toz = 2%

To answer this question we imagine tho values of f(z)
to be given quite arbitrarily between 0<z <l and first
ealculate the integral :

]"f(x).cos Pz . ... (1)
0
for any positive integer » that differs from zero. Accord-

ing to our hypothesis the integral has a perfectly definite
value.
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On the other hand, the integral (171), if f(z) is replaced
in it by the series (170), represents a sum of integrals
which we now proceed to calculate. The first integral,
which is multiplied by 4,, vanishes because :

2l
‘39-]0 cos’i?-dx-— ... (172)

In the following integrals the order numbers 1, 2, 3
...mn,...occur successively; in general they differ
from the number » in (171), so we shall denote them by
n'. If ' differs from = the corresponding two partial
integrals are in each case :

u ’
Aw / cos n—zﬁ- ?‘—gfdx
0
21
+Bn'f smnzm cosp—%rfdx-—-o .. (173)

But for the two terms in which #’ = n the corresponding
integrals are :

Aj coszwdx+an sm—g—m co nﬂxdw——An 1 (174)

Hence the total sum of the integrals into which (171)
resolves reduces to the single expression (174), and we
have the relationship :

2l
An=‘];/ f(x).cosgﬂ-dx
0
In the same way: .. (178)
1% .
= T/o J(@) .smp—’lr—:-v-dx

This determines the coefficients 4, and B, completely.
Finally, to obtain 4,, we get from (170) :

2l A
/0 flz) dz =29+ 21 = 4.1

and see from this that the equations (175) may also be
applied to the case n = 0. This shows us the advantage
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of designating the constant by %’. The value of B,is a

matter of indifference, since sin?—"l-n vanishes for n = 0.

From the method by which the constants 4, and B,
are calculated we also see that these constants are uniquely
determined—that is, there is only one Fourier series of
period 2/, which assumes definitely prescribed values
within the period. For if there were a second series—
say with the coefficients A’, and B',—these coefficients
would also necessarily have to satisfy the equations (175);
and since the expressions on the right-hand side of the

20T 0T 2 a4

equations have prescribed values, so the coefficients be-
come identical with the coefficients 4, and B,.

To illustrate the power of Fourier expansions still more
strikingly we shall perform the calculation for a special
case. Woe shall assume that f(z) = « for 0 <z <, whereas
for l<x<2l f(x) = 0. The courso of this function is
represented by the curve in Fig. 7. In the ranges — I
to 0, from I to 21, and so forth it coincides with the axis
of abscisse, whereas in the intervening intervals it forms
a part of a straight line which intersects the angle between
the co-ordinates. Hence the function f(z) is discontinuous
for the z-values — I, 1, 31 . . . in that it jumps from [ to
0 as z increases. The Fourier series which results from
(175) and which we shall now set up has the same pro-
perties. The two integrals that occur in (175) may be
resolved into two partial integrals, the first from 0 to I,
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the second from I to 2I. In the first integral f(z) = x, in
the second f(x) = 0; accordingly :

—_— n—1
A,.——-/:c cosn"—xdm-}-()—-( 2,2 .
_ . X (_l)nﬂ
B,.—Z/ox.mn~l dr +0 =~ ——— o -1

whereas for n = 0 we get :

Ao=21—[0‘a:dx=-2!

With these values of the coefficients the series (170) runs:

2l wmx 21 3nx 21 5mx
f(x )._—— CO8 ;= — 5008 7~ — 52 5C08 ——

l .7z 1 . 2 I . 3mx (176)

TR TSty S T
which is represented by the curve in Fig. 7 as a single
analytical expression.
Let us take some special cases as tests. For x = 0 wo

have f(z) = 0, and hence :

I 21 2 2l

0___1_;2_.__67}2_.2,’..._...,

or: P 1
7 _ N ¢ L
4 1+9+2,+4-+ (177)

For z = §l we have f(z) =2 = —l and so by (176):

P 1,1 1 l l
PRR S wa - =il M
or: T 1 1
el — 45— 178
i=1-3+5—7+ (178)

For 2 = — -2! we have f(x) = 0, and so by (176):

1 1 1 )
O=1-ats & Te.~

which again leads to the last series.
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The behaviour of the Fourier series (176) is interesting
at a point of discontinuity, such as x = I. Whereas the
value of the series = z or = 0 according as x approaches
the value = = [ from smaller or greater values, for the
value x = [ itself f(x) is neither equal to I nor equal to 0,
but, as substitution in (176) shows :

21 2l
f(l)~4 2+9 atgEat ot
or, by (177):

=5

—that is, the arithmetic mean of these two values. This
theorem may be generalized, but we shall not enter into
this question here.

§ 39. If, in particular, f(z) is an ““even” function—
that is, if f(—=z) = f(x)—it follows from (155), since the
integration from 0 to 2l can be immediately replaced by
that from — [ to + I, that:

z

10 14
= T/z f(x) . cos mlr-xd.z: + T]o f(x) . cos n;—-d.z:

and for the first of these two partial integrals we get if
we introduce the integration variable ' = — z:

——-] f(—=2). cosmm -dx’ —~/ f'). cos—u -dx’
So the two partial integrals are equal and :

A,,=lg/;f(x).cos7-"lr—x-dx. .. (179)

In a corresponding way we get B, = 0, since then the
two partial mtegra,ls become equal and opposnte

Thus -the expression of an even function in a Fourier
series of period 2!/ runs more simply :

f@) =% 4 + SAn coqn;w .. (180)

where the coefficients A are, by (179) uniquely determined
by the course of the function within the half-period from
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0 to I. Actually, every term of the series, as well as the
constant A,, is an even function of z.

If, on the other hand, f(x) is an ““ odd ” function—that
is, if f(—x) = — f(¥)—we get in the same way that
A, =0and:

]
B.=2 jo f@).6n™Z.ag .. (181)
So that the Fourier series now runs :
. flx) = E‘an sn™. ... (182)

In this case, too, the coefficients are successively deter-
mined by the course of the function within the half-
period.

§ 40. We now again revert to the problem of the
vibrations of a string of length ! and use the method
developed in the last section to compress its solution—
namely, the expression of the displacement v as a function
of z and ¢ into a single form which is valid for all values
of z and t. By (157) we have:

v = f(z + at) + g(x — at)

Here the wave-function g can be generally reduced to
f by means of the boundary condition (165) if we write
at — z in place of z in it :

flat — z) + gz — at) =0

v = f(z + at) — flat — z)

Now by (167) f(x) is periodic, having the period 2I.
Hence the equations hold for f(x + at) and f(at — )
which result if we write af + 2 in (170) and thén again
(at — ) in (170) :

Thus :

v =f12—°+ Z‘A,.cos"l—"(at + ) + Z'anin%—’-r(at + x)

— f‘;’ — ZA4a cos%’—r(at — ) — 2By sin Z‘Z—' (at —x). (183
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The summations in each case are to be taken from
n=1ton =00,

This is the general expression for the transverse vibra-
tions of a string of length I. We can give it various
simpler forms, each of which offers its special advantages.

If we set :

An = Cn cos on, .Bu = - 01. Sill 05 . - (184)

with the further hypothesis that C, is positive and that
0, lies between 0 and 27, we may write :

v =2C\cos {@Zz(at + ) + 0..}

n=1

~§9m4?w—@+m}.(mm

Thus the most general vibration of a string consists of
a number of singly periodic waves, opposite and equal
in pairs, and running to and fro, called “ partial waves,”
cach of which has the following period with respect to x :

;l. = An . . . . . (186)
and the period :
-—2—l = Ta . . . . . (187)
ne

with respect to ¢. The space-period A, is called the
‘ wave-length,” the time-period r, the ‘‘ period or time
of vibration ”’ of the corresponding wave. The greatest
possible wave-length (for n = 1) is 2/—that is, twice the
length of the string; corresponding to it is the longest

time of vibration, ?il. This vibration is called the *funda-

mental vibration * of the string. The other wave-lengths
and times of vibration are the nth parts of the quantities
that refer to the fundamental vibration.

The reciprocal value of the time of vibration :

1_,_m . (188
G (188)
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denotes the number of vibrations per unit of time and
is therefore called the “ frequency or vibration number *
of the wave in question. According to the last three
equations the wave-length, time of vibration and frequency
are related as follows :

;""Anl’n—-af. e o« . . (189)
If we introduce the wave-lengths and times of vibration
equation (185) becomes :

v ==“2:;'10’,. cos {( 12 + ;) 27 +- 0,.}

—”5'10.. cos {(i - 7&) 27 + 6, } (190)

The whole angle contained in the large bracket is
called the “phase” of the wave (I, § 12), the constant
6. the “ phase constant.”

The expression for v becomes considerably simplified
if in (183) or (190) we compress the terms corresponding
to each order number n into a single term. It then
follows from (183) that :

v=-2% (A,. sin 2% _ B, cos mmt) sin — mrx (191)
n=1 l l

This form of the equation of vibration is most appro-

priate for determining the values of the coefficients 4,

and B, from the initial state of the string. For at¢ = 0

we have by (160) and (191) :
~=Fw)=2 z‘.'°B., sin—l”@

ov 2na . N

@ ) =) = — 2% £ ndosin 7
The problem of determining 4, and B, amounts to
expanding the two given functions F(z) and &(z) in
Fourier sine series. But, as the equations (181) and
(182) show, this is possible in only one way, since the

(192)
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functions to be expanded are given just within a half-
period of the series, from z = 0 to x = I. In (182) we
have only to replace f(x) by F(z) or ®(x), respectively,

and B, by 2B, or — 2—7;9- nd,, respectively. We then
get from (181) :

2B. =—/F(x) sin ™% . dy ]
(193)
_ 2ma

B

These equations determine the coefficients A4, and B, for
all values of n.

On the other hand, it follows from (185) by combining
cach two corresponding partial waves :

nA, ——fdi(x) sin™% . dy

V= — 2 Z' Crsin l’%cl + 0~> sin qzlr_a_: .. (194)
ov 2ma 3 nmat nwx

= — == T (195
= T nZ'ann cos< 7~ + 0,L> sin ! (195)

In this form the equation for the vibration of the
string appears composed of a number of partial vibrations,
each of which is represented as the sum of the two partial
waves of the same order number, that move in opposite
directions, and which therefore, in contrast with the
¢ progressive waves,” is called a ‘‘ stationary or standing
wave.” 1f we consider a single member of these stationary
waves, say of order number % :

v = — 20, sin (7—"1;—— + 0,.) sin 7%@
(196)

= - 207; Sin (27TVIIt + 0}‘) Sin g;‘?
n

Taken alone it represents a possible vibration of the
string; for, as we see, it fulfils the boundary condition
v=20for x =0 and =z = 1. Tts peculiarity is that all
points of the string are in the same phase. For the
phase-angle which contains the time does not depend on
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z, as it does in the case of the progressive wave. For this
reason, all the points of the string pass through their
position of equilibrium v = 0 simultaneously, and simul-
taneously attain their greatest elongation. The graph
of the string is at every moment a sine curve, and the
motion of every point a sine vibration, whose amplitude
changes periodically from point to point. In the points :

x=0,-, = % .22 1, . (196a)
the amplitude of vibration is zero. These points are

therefore called the ‘“nodes of the vibration.” They
divide the length of the string into = equal lengths of

magnitude :—&, each of which is, by (186), equal to half
the wave-length A, of the corresponding progressive

/

Fic. 8.

wave. In the case of the fundamental vibration (n = 1)
the two extremities of the string are the only nodal
points, in that of the second partial vibration (n = 2)
a node lies in the middle of the string, and so forth. The
vibrations occur between each pair of these nodes and
in such a way that in adjacent sections on opposite
sides of a node the vibrations are in opposite directions.
The maxima of the amplitudes of vibration lie in the
middle between the nodes and are called the * ventral
segments or loops >’ of the vibration. The fundamental
vibration has only a single ventral segment; in the same
way, in the case of every other partial vibration the
number of ventral segments is equal to the order number
n of the vibration. Fig. 8 represents the graph of the
string with the directions of the velocities for n = 3.

§ 41. The representation of the vibration of a string
in the form (194) of singly periodic vibrations, however,
besides being of interest on account of its mathematical
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form, is also of great interest in physics and physiology
on account of its importance for acoustics. For if the
vibrations of the string are taken up by the air and trans-
mitted through the ear to the ear-drum, the organ of
hearing reacts to every single term (196) of this sum, and
hence to every singly periodic vibration, by a particular
sensation, that of the corresponding * partial tone.”
The vibration number », determines the pitch of the tone,
the amplitude constant C, its intensity, whereas, on the
other hand, the phase-constant 6, has no acoustic signi-
ficance whatsoever. According to the fundamental re-
searches of Helmholtz, no specific physical attribute
attaches to what is called in acoustics the quality or
timbre of the tone. Rather, the timbre of a vibrating
string is always to be traced back to the number ratios
with which the amplitudes C, of the individual partial
tones occur in the vibration and which of course depend
very essentially on the way in which the string is set into
vibration. The more numerous and the more intense the
partial tones are that occur, the sharper and the more
shrill the tone becomes in general, whereas the funda-
mental tone (n = 1), or even an individual partial tone,
when alone, sounds shallow and empty.

On account of these peculiar acoustic effects the partial
vibrations and hence the individual members of the
Fourier series of a wave also acquire an independent
significance in physical respects, and we are therefore
readily inclined to ascribe to them, both in the vibration
of the string itself and also in the air-wave excited by the
vibration of the string, an individual existence which is
fully independent of the organ of hearing. But we must
not forget that although such a conception is indeed
admissible and to a great extent expedient it is by no
means necessary. For so long as we fix our attention
only on the vibration of the string and the air-wave,
the dependence of the displacement v 