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PREFACE

The subject of this book* is a personalistic prescriptive theory of
choice for individual decisions. Since the introductory chapter gives an
outline of our studies, I shall be brief at this point.

Our first task is to say what we mean by a decision situation. In this
respect I have woven my formulation from the fabrics provided by R. A.
Ackoff,t writing in the vein of operations research, and from L. E.
Savage,} whose approach to decision theory characterizes the modern
subjectivistic or personalistic approach in statistics. As we shall argue
in Chapter 3, therc is more than one way to' view the general decision
structure, but the different viewpoints are equivalent.

The decision modcls dealt with in the book arc models of the expected
relative values or cxpected utilities of strategies, with the prescriptive
criterion of choice being maximization of the decision maker’s cxpected
relative value. I have used the term “relative value” in this volume in
place of “utility” (of the von Neumann-Morgenstern or Savage variety)
since I feel it is more descriptive of the construct it represents. I do this,
of course, at the risk of irritating those who prefer the more popular
term “utility.”

In our discussion of the decision maker’s relative values for the vari-
ous consequences which might result from the strategy he adopts and

* Written under Contract NONR-1141 (11) entered into between the Office of
Naval Research and Case Institute of Technology.

t Churchman, Ackoff, and Arnoff, Introduction to Operations Research, John
Wiley & Sons, New York, 1957.

t Savage, Foundations of Statistics, John Wiley & Sons, New York, 1954.
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viii Preface

implements, we shall consider a variety of different value measures in-
cluding ordinal rankings, metric rankings, and bounded interval mea-
sures. The reason for this is quite simple. Experience has shown that
it is unrealistic to suppose that one can obtain a precise interval measure
of utility or relative value in most decision situations. Thercfore we will
often have to make do with some less precise information about the
decision maker’s true relative values. The other measures considered
provide less information than the interval measure but are often easier
to obtain.

Similarly, when we consider the decision maker’s probabilities of
consequences, given strategies (or his probability distribution on the
states of the world in the statistical formulation), we shall discuss rank-
ings and other comparative probability measures as well as bounded
interval measures for probability.

Having presented this array of different types of measures, we then
go on to develop theorems that explain what conclusions one can or
cannot make on the basis of the information about values and probabili-
ties with respect to the expected relative values of strategies.

I have taken the liberty to include, although it might have been omitted,
a discussion of the foundations of probability. This discussion, in Chapter
5, includes the extramathematical interpretations of probability offered
by the classical writers, the modern school of objectivistic statisticians,
the logical positivists, and the decision-oriented and nondecision-oriented
subjectivistic schools. The conclusion presented on the basis of this
discussion is that the only interpretation of probability that allows for
nonambiguity in a prescriptive or normative theory of decision is a
decision-oriented subjectivistic interpretation.

The latter part of the work is concerned with the concept of inde-
pendence or additivity in value theory. There we consider independence
in the value-theoretic sense in multivariate cases and its effect upon a
variety of decision situations, ranging from decisions made under cer-
tainty to stochastic nonhomogeneous sequential decision processes.

In the main I have restricted our considerations to finite sets of
strategies and finite sets of consequences, although Chapter 8 deals with
infinite outcome spaces. Basic algebra is the only mathematical pre-
requisite for most of the book.

The research leading to this volume covered a 3-year period while
I was on the staff of the Case Institute of Technology Operations Re-
search Group. So that the book may be more useful if used for teaching
purposes, which it was at Case, exercises have been included at the end
of each chapter. These are designed to illustrate the theory and methods
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and, in some cases, to extend the development beyond that given in
the text.

Since this book has grown out of a continuing research program in
decision theory, it must be regarded as tentative. In each successive
draft I have eliminated what I considered to be wrong or objectionable
developments, and I have tried to clarify those that appeared desirable
for presentation, if not for total acceptance.

I hope that the reader will find, in what remains, something of value
in guiding his own work and decision-making activities.

McLean, Virginia PETER C. FISHBURN
July, 1964
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Chapter 1

INTRODUCTION

1.1 POSITION AND INTENTIONS

The basic tenet upon which this book is based has been pointed out
by E. A. Singer, Jr. Ackoff (1963) has stated this clearly and concisely:

Philosophers have long searched for some one desire which all men (past,
present, and even the future) have, do, or will possess: the universal wish.
Ironically, children have long ago discovered it. Most of them observe that if
they had one wish, they would wish that all their wishes come true. The
recently deceased American Philosopher, E. A. Singer, put this *childish”
observation into more sophisticated form and sketched a way of life based
on it (1936 and 1948). His fundamental observation was that one cannot
desire anything without simultaneously desiring an increased ability to
attain it (even if what the person desires is to desire nothing). Thus, the
ability to fulfill all desires (i.e., power in its nonderogatory sense) can be
regarded as a universal objective, an ideal of mankind.

Hereafter anything desired by an individual will be called a goal or
objective. This book is concerned with the efficient pursuit of objectives.

When doubts arise in an individual’s mind and he is uncertain as to
how best to pursue his objectives, then the elements of indecision and
subsequent decision begin to form. This book is concerned with these
elements and with the problem of transformation or transition from a
state of indccision into a state of resolution or solution. In the theory
there are two major steps involved in this transition. When an individual
is indecisive about the most effective means for pursuing his objectives,
his doubts may arise from either being uncertain as to which of a recog-
nized set of ways is best to follow or in believing that there might be a
better way which he has been unable to discover (or both). The first

major step, therefore, is to recognize, discover, or construct ways in which
1



2 Decision and Value Theory

the individual may proceed (such ways are called courses of action and
strategies),! and which a priori appear to provide him with efficient means
for pursuing his objectives.

The second major step is to evaluate alternative strategies by means
of a criterion of choice among strategies and to determine the “best”
strategy for the individual to follow. The criterion of choice adopted in
this theory is maximization of the individual’s expected relative value.
Just what is meant by *‘expected relative value™ will be discussed briefly
in Section 1.4 and developed more completely in Chapter 3. At this
point let it suffice to say that the individual (or decision maker) is an integral
and indispensable component in the process of evaluation, since we
require his value judgments in order to help him resolve his indecision or
find a solution to his problem.

This book is not primarily a book about ethics, although ethical
implications are present in any theory of decision. It is postulated that
an individual has objectives or goals, and that he is often required to make
a choice among alternative strategies when (initially) uncertain as to which
strategy is best for pursuing his objectives. We shall not speculate on
what the individual’s objectives ought to be: for example, whether he
ought to seek Nirvana, or attempt to live the Golden Rule, or act according
to Kant’s categorical imperative, or seek pleasure, or live as long as he
can, or make as much money as he can, or serve God, and so forth.
We are concerned with the efficient pursuit of objectives and with methods
of analysis which might be useful in doing this.

In the prescriptive decision model used here, measures of value, worth,
or desirability (or whatever one wishes to call it) will apply to concrete
consequences of decision, not to vague objectives or motivating desires.
Judgments of relative valucs of consequences are considered relevant and
useful. We reject the position that an individual’s values can be revealed
only through decisions already made. Needless to say, it is assumed that a
more valuable consequence (to an individual) reflects a more efficient
means for pursuing a set of objectives, although we are not prepared to
speculate to what extent and in what way an individual’s objectives
determine his values.

Every decision situation is unique. Value or worth has meaning only
in connection with a human agent with a purpose, and is relative to this
agent within the context of a decision situation. Although we subscribe
to these postulates, the reader need not do this in order to find something
useful in the following pages.

1 In the terms adopted in this book, a prescriptive course of action is a special kind
of strategy. In general, a strategy includes several courses of action in its definition,
along with other elements. This will be discussed in the next chapter.
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Finally, it should also be mentioned that, in using the prescriptive
criterion of maximization of expected relative value, we are asserting, in
effect, that an individual ought to adopt a strategy which maximizes his
expected relative value. Such a strategy is best (for the individual) or
optimal, by definition. It is not assumed that the decision maker always
selects an optimal strategy. If he is considering adoption and implementa-
tion of a particular strategy and wishes to test this strategy for optimality
against other admissible strategies, we have provided him, by means of
the theory, with recourse to a method for making this test. The main
portion of this book is devoted to this theory of reflection and cognitive
analysis on the part of the decision maker in an attempt to arrive at a satis-
factory or perhaps even best strategy for adoption and implementation.

1.2 HISTORICAL COMMENTS AND TRADITIONAL DECISION
THEORY

Since the origin of the species, men have been making decisions, and
other men have been telling them how they either make or should make
decisions. Numerous decision and value theories have been developed
and each has had its share of proponents.2 Within the past two decades
a large body of material, written mostly by economists, mathematicians,
statisticians, social scientists, and behavioral scientists, has been published
on the subjects of decision theory and value theory.> A significant
portion of this material deals with various theories of value and expected
value, some of which are embedded in a decision structure. Edwards’
(1954¢) review article on the modern history of utility theory is recom-
mended for readers unfamiliar with recent trends in this field. Church-
man (1961b) has reviewed decision and value theory in its relation to
operations research. In this he explains one meaning of decision and value
theory, comments on several surveys of decision theory, presents criticism
(in the form of alternative approaches) of what he calls “ traditional decision
theory,” and discusses the problem of verifying a decision theory.

Our interpretation of Churchman’s use of the phrase ‘‘traditional
decision theory” runs as follows (highly simplified). Many operations
research practitioners, certainly not all, believe that all relevant *“cost”
and “profit” data required for an operations research study should be
supplied to them by the organization sponsoring the research (usually
from the accounting department) and is to be taken as given in the situation.

2 For a short history, see Smith (1956), Part II. Sahakian (1963) is highly recom-
mended for a survey of ethical system and philosophies of right action.

3 See, for example, the bibliography in Churchman (19616, pp. 60-64), and in
Savage (1954). See also Luce and Raiffa (1957, Chapters 13 and 14).
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From these data, whether collected by the research worker himself or
supplied to him by the organization, the practitioner constructs well-
behaved cost and profit functions, combines them linearly into an effective-
ness model or decision model (total expected cost model, net profit
model, or similar model); then, by well-developed algorithms and mathe-
matical techniques (differential calculus, calculus of variations, mathe-
matical programming, etc.), he proceeds to solve the decision model for
the “optimal” values of the variables appearing therein which are subject
to control by the organization. Usually the decision maker plays a
passive role in this situation, and there is little connection between research
worker and decision maker. The latter is often far removed from the
research, except that he may determine the fate of the recommendations
made by the research workers.

The fundamental respect in which the theory in this book differs from
the traditional theory has already been stated. The theory presented
here is personalistic; the decision maker is an indispensable component
in several phases of the research, including the phase of solving the decision
model. Although the traditional approach is often useful, it is severely
limited. It is hoped that the theory presented here (or one similar to it)
will open up new horizons to the operations researcher or management
scientist (or whatever one wishes to call him) which have heretofore been
all but ignored in research approaches to decision problems.*

Operations research makes the claim that, by pitting the forces of
research against large-scale problems, the decision maker (manager,
president, general, etc.) will be freed to devote his time to other tasks.
The scientist may be better prepared and able to deal with the analysis
and synthesis of complex operations and systems than is the manager,
but the manager is still the individual who must act upon the evidence
and recommendations offered by the scientist. Managers have been
careful to insure and protect their decision-making prerogatives, and, for
the most part, management scientists have been just as careful not to
infringe upon these prerogatives. Although the theory of this book is
more intimately involved with the decision maker than is traditional
decision theory, it should be clear that we intend no infringement on the
individual’s freedom to act as he sees fit. Like traditional decision theory,
the aim of a more personalistic normative theory is to guide the individual
toward more effective decisions.

When it is said that the scientist has freed the manager to devote some
of his energies to other tasks, it is sometimes implied that these other tasks

4 See Churchman and AckofT (1954) for the outline of an approach that has certain
similarities to that presented here. Their article was partly responsible for motivating
the research that led to the writing of this book.
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are primarily decision-making activities, often of a nature with which
management scientists would rather not be concerned. Part of the reason
for this is that management scientists are, for the most part, not presently
equipped to deal with many aspects of decision making (particularly
where the decision maker’s personal values are intimately involved),
and have developed certain unwritten ground rules which tend to delimit
the kinds of problems which are fair game for the traditional decision
theoretic approach. Another reason is that many managers simply do
not want the management scientist to be a party to some of their decision-
making processes, particularly those processes which are ““personal” and
“private.”

Many persons who read this book or parts thereof may come to the
conclusion that they would not particularly care to have another individual
(scientist, e.g.) analyze some of their problems by the methods presented
herein. To do so would constitute an invasion of their private and personal
thoughts and judgments. However, they might consider employing these
methods to guide their own decision making; that is, they could be both
client and consultant in these more * private” matters. This, of course, is
nothing new. We all make decisions we would not care to have analyzed
before the fact by anyone but ourselves.> It is the method of analysis,
not so much as who performs the analysis, that we are concerned with.
When we speak of the research worker and individual or consultant and
client, it is to be understood that these two may be the same person.

Along with these comments we may note that there have been good
reasons why operations research (or management science, etc.) has not
made more application of various decision-value theories thus far
developed. Besides the problems arising from the relationship between
scientist and manager, many management scientists do not understand the
language of these theories since most of them have arisen in other disci-
plines. Perhaps more important are the restrictiveness of the assumptions
of these theories and the impracticability of obtaining the data required
to make use of them. We do not propose to do away with these difficulties,
but believe that they may be alleviated in some cases.

The methods in this book are not recommended for all decision problems
faced by an individual. That would be ridiculous. The methods dis-
cussed generally require a significant amount of the decision maker’s
time for their effective use. For this reason (if no other), these methods
should be employed only when the decision maker feels that (1) the possible
consequences which may result from his decision are of a nature critical
enough to warrant the expenditure of his time and effort in employing

5 Except, perhaps, by some implicitly trusted friend or adviser, be he minister,
psychoanalyst, spouse, or someone else.
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such methods and (2) that any delay or postponement in making the major
decision caused by such expenditure of time and effort will more than pay
for itself in the benefits to be gained by performing the analysis. In an
individual’s personal life, such decision situations might involve the
selection of a new job, the purchase of a home, the purchase of a life
insurance contract, an important marital problem, and the like. Indivi-
duals who have responsibility for making decisions in some organization,
be it business, industrial, governmental, military, etc., should be able to
identify the more important decision problems that they have faced in the
recent past or are likely to face in the future.

1.3 MODERN UTILITY THEORY

Among the more popular decision-value theories that have been
developed in recent years, two stand out as the most popular. The first
of these is by von Neumann and Morgenstern (1947), the second by Wald
(1950). The theory of games,® as developed by von Neumann and
Morgenstern, has had virtually no practical application. Statistical
decision theory” (Wald), which has recast statistics as the science of
decision making under uncertainty, has fared little better. Although there
are a number of reasons for lack of application by practitioners (statisticians
as well as management scientists), it would be impossible to cover all of
them without going into their structures in detail. We shall not attempt
to do this, but do wish to make one observation concerning the difficulty.
Brownlee (1960) has put it as follows:

Statistics is frequently defined as the science of making wise decisions in the
presence of uncertainty. To cite Savage’s example in his review (1951) of
Wald’s book (1950), the decision to be made may be whether to take an um-
brella on one’s trip to the office. This approach requires a knowledge of the
relative costs of carrying an umbrella when the day turns out to be fine and of
getting wet through failing to carry an umbrella when the day turns out to be
wet. The practical usefulness of this approach has been severely hindered by
the rareness with which one can actually estimate with any confidence the
cost functions. Whether this obstacle can be circumvented sufficiently to
bring this decision-theory approach into common use remains to be seen [p. 64].

In statistical decision theory, as in the theory of games, ‘“losses™ or
“profits” are measured in theory via the individual’s utility function®
(or the individuals’ utility functions). By “utility function” we mean
a real-valued function whose domain of definition is a specific set and

¢ For a more recent account and survey, see Luce and Raiffa (1957).

7 An elementary account is given by Chernoff and Moses (1959). The most
exhaustive treatment thus far known to the author has been rendered by Raiffa and
Schlaifer (1961).
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whose range lies in the real numbers, where the functional values are
unique except for an origin and unit of measure. For example, if Q
is the set of arguments of the utility function with elements x, y, ..., and
if ¢(x) for all x € Q2 is a utility function with specified origin and unit
measurement, then aé(x) + b, with a > 0, is also a utility function.
Although the idea of a utility function unique up to an increasing linear
transformation appeared in the literature (of economics, primarily) long
before their book appeared, von Neumann and Morgenstern (1947)
were the first to lay down a system of axioms of ‘“rational behavior”
that, if satisfied by an individual, would guarantee the existence of a
utility function for that individual. Since then, other systems of axioms
that yield a utility function have been presented.!®

The von Neumann-Morgenstern Axioms

It seems advisable to pause here and take a brief look at the von
Neumann-Morgenstern postulates as one basis for obtaining utilities (or
relative values), since the value-theoretic development in this book relates,
in part, to their postulates.

The primitive notions of the axioms are: (1) A set Q of elements
w, X, y,...; (2) a binary relation 2 over ; (3) the set Il of all real
numbers «, B, ... strictly between 0 and 1 (0 < « < 1); and (4) an
operation (e, x; 1 — e, y) such that (o, x; 1 — «, y) € Q if and only if
x,ye Qand e« e II.

With x, y € Q, we shall use the following definitions: (1) x > y if and
only if x 2 y and not y 2 x; (2) ¥ < x if and only if x > y; and (3)
x ~ yifandonlyifx 2 yandy 2 x.

In the context of a decision situation, the primitives are interpreted as
follows. The elements of Q are the entities the worth of which to the
individual we wish to measure. The elements of Il are interpreted as
probabilities. Read:

x 2 yas: yisnot preferred to x by the individual.

x > yas: xis preferred to y by the individual.

x ~ yas: The individual is indifferent between x and y; or, the
individual considers x and y equally desirable (or undesirable).

(¢, x; 1 — «, y) as: The combination of x with probability «, y with
probability 1 — «; or, the gamble from which x results with probability o

¢ In some renderings of statistical decision theory, “losses” and ‘“‘profits” (negative
losses) are determined in the manner of traditional decision theory. As an example,
see Weiss (1961).

9 ¢ means ‘“‘belongs to” or ‘““is a member of the set.”

10 See, for example, Savage (1954) and Suppes and Winet (1955), and Section 5.6
in this book.
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and y results with probability | — « (one and only one of the two entities
resulting).

With the understanding that w, x, y, (o, x; 1 — «, »), ..., are elements of
Q, and « and B are elements of I1, the axioms are:
1. For any two x, y, one and only one of the following holds: x > y,
y>Xx,x~J.
. If x > wand w > y, then x > y.
. If x > y, then x > (o, x; 1 — «, ) for any «.
. If x < y, then x < (e, x; 1 — «, y) for any a.
. If x > w > y, then there is an « such that (¢, x; 1 — «, y) > w.
. If x < w < y, then there is an « such that (e, x; 1 — o, y) < w.
(oz,x; 1 - a,y) ~ (l -y, a,x).
e Boxs L =By 1 — a,y) ~ (B, x; 1 — B, y).
. If x ~ y, then (o, x; 1 — a, W) ~ (e, y; 1 — &, w) for any « and w.
These axioms are sufficient to guarantee the existence of a real-valued
function ¢ defined on Q such that

x>y if and only if  ¢(x) > ¢(»), (1.1)
$lo, x5 1 — 0, 3) = ap(x) + (1 — o) ¢(»). (1.2)

These two properties are called the utility function properties. Moreover,

if ¢ and ¢ are two functions over Q that satisfy (1.1) and (1.2), then they
are related by

¥(x) = ad(x) + b, a>0 forall xe Q;
i.e,, a (von Neumann-Morgenstern) utility function is unique up to a
positive linear transformation.
Interpretations of the axioms follow:

1. Any two elements of Q are directly comparable. Either one is
preferred to the other or the two are equally desirable (or undesirable).

2. The preference relation (>) is transitive. If you prefer milk to
tea and tea to coffee, then you prefer milk to coffee.

3. If x is preferred over y, then x is preferred over any gamble involving
x and y. If you prefer $10 to $5, then you prefer the certain option of
receiving $10 to any gamble that yields $10 or $5 (but not both).

4. This is the dual of (3) with the obvious interpretation.

5. If x is preferable to w and w preferable to y, then there is some gamble
involving x and y that is preferable to w.

6. This is the dual of (5).

7. The arrangement of alternatives in a gamble is irrelevant, or the order
in which the alternatives in a gamble are presented or named is irrelevant.

8. Compound gambles can be decomposed by the rules of the probability
calculus without affecting their desirability.

\ooo_\]o\u..pul\)
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9. If x appears in any gamble, and if y is indifferent to x, then the
gamble obtained from the original gamble by substituting y in place of
x is indifferent to the original gamble.

Utility function property (1.1) states that utility is monotonically in-
creasing with preferability or desirability. If x is preferred to y, then the
utility of x exceeds the utility of y, i.e., #(x) > ¢(y). Property (1.2)
states that the utility of a gamble equals the expected utility of that gamble,
or that utilities combine with probabilities according to the rules of
mathematical expectations. If we were to form the composite gamble
(g, X1} g, Xo5 ... 0y, Xp), Where oy + a3 + ... + &, = 1, then

n

oy, X135 09y X3 oo} gy Xp) = iz; ap(x,).

Since the original presentation of the axioms of “rational behavior,”
investigators in several fields (primarily psychology and economics) have
made a frontal attack on them. They have been subject to restatement in
a variety of ways, and many experiments have been performed to test their
credibility.’* Some who have taken issue with the Archimedean postulate
(axioms 5 and 6) have developed a theory of multidimensional utility.}2
Churchman (1961a) has given one of the most thorough (if not the most
thorough) criticisms of these behavioral suppositions. Ackoff (1962)
notes several deficiencies:

The von Neumann-Morgenstern procedure assumes that the subject knows
what the true probabilities are; that is, that the ‘‘chances’’ associated with the
various outcomes which he believes to exist correspond exactly with the
‘“objective” probabilities. ... There is considerable experimental evidence
to indicate that this is not true in general. ...

Certain practical considerations in the use of such a measuring procedure
are involved. The choices presented to the decision maker are difficult for
him to comprehend. In addition, the procedure is awkward to extend to
more than three objectives and becomes increasingly difficult as the number of
objectives increases [pp. 84-85].

If these axioms are used as guides for consistency in judgment in
measuring an individual’s utilities or relative values for use in a normative
decision theory, it should be noted that they impute to the individual
exceptionally fine powers of discriminatory judgment, a supposition which
defies common sense and which behavioral experiments have been refuting
for years.13

11 See, for example, Preston and Baratta (1948), Mosteller and Nogee (1951),
Papandreou (1953), Edwards (1953, 19544, 1954b), and Davidson, Suppes, and Siegel
(1957).

12 A good account is given in Thrall, Coombs, and Davis (1954).

13 yon Neumann and Morgenstern were quite aware of this.



10 Decision and Value Theory

1.4 PREVIEW

As we shall see, the value-theoretic development in this book has
certain similarities to the von Neumann-Morgenstern utility theory. By
offering the limited criticism given above, we have, in a sense, begun a
criticism of the value theory presented herein. As we proceed, additional
criticisms will be raised.

Our approach to value theory begins by introducing, as a theoretic
device, the notion of a real-valued function (to be known as the value
function)!* which assigns a number to each member of a finite set of mutu-
ally exclusive elements (to be known as consequences), where the numbers
so assigned (to be known as relative values of consequences) are unique
up to an increasing linear transformation.

As will be shown (in Chapter 3), the requirement that the relative values
of consequences be unique up to an increasing linear transformation is
necessary to have a consistent (unambiguous) theory. The reason for
not requiring complete uniqueness of relative values follows from the
position that there is no natural definition of zero value or of a unit of
value (we can pick an origin and unit measure as we please for the value
function).

Having introduced the notion of relative values of consequences
(implying that we consider it meaningful and useful to quantify the
qualitative notion of importance or desirability), we then turn to the problem
of measurement. To discuss the issues involved (and our stand with
respect to them), it will be necessary to give body to the notion “decision
situation” (in Chapter 2), so that there will be a meaningful contextual
reference as a basis for the discussion. In Chapter 4 various methods of
measuring values, and the measures so obtained will be presented. With

14 “Value” will be used in four different ways in this book, as follows:

1. Numerical quantification, such as used in ‘real-valued function” and ‘‘the
values a real variable can take on.”

2. To describe the possible realizations that a variable can assume, such as *“the
values which the variable ‘pet’ can take on are dog, horse, and cat,” ‘‘the values
which the variable X can assume are xi, x2,....” Here “values of a variable” may
often be taken equivalent to “elements of a set.” Usage (1) is a special case of (2)
when the values are numbers.

3. To denote a qualitative impression or expression of worth, importance, or
desirability, as used in *‘I value my life very highly” and “the value of a dollar.”

4. To denote a quantification of the concept of worth, importance, or desirability.
When speaking of the *“value function” as above, we mean “value” in the sense of
(4). It might be more proper to say ‘real-valued value function” instead of just
‘““value function,” but the former phrase is too cumbersome. In addition, the term
“relative value” will always be used in the sense of (4).

If the meaning of “value” does not seem clear from the context, clarification will
be offered.
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respect to the basic expected-value decision model to be developed in
Chapter 3, the measures of value presented will include the ordinal measure,
which provides a ranking of relative values on a ‘““greater than or equal
to” basis, several ordered metric measures which rank differences between
relative values, and three bounded interval measures which give upper and
lower bounds for ratios of relative value differences. It will be shown in
Chapters 6 and 7 that the measures of relative values vary in their ability
to yield a complete solution to the expected-value decision model