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INTRODUCTION

THE object of this work is, in the main, to present to mathematicians an
account of theorems in combinatory analysis which are of a perfectly
general character, and to shew the connexion between them by as far as
possible bringing them together as parts of a general doctrine. It may
appeal also to others whose reading has not been very extensive. They
may not improbably find here some new points of view and suggestions
which may prompt them to original investigation in a fascinating subject.
Little attempt has been hitherto made either to make a general attack
upon the territory to be won or to coordinate and arrange the ground that
has been already gained. The combinatory analysis as considered in this
work occupies the ground between algebra, properly so called, and the higher
arithmetic. The methods employed are distinctly algebraical and not arith-
metical. The essential connecting link between algebra and arithmetic is
found in the circumstance that a particular case of algebraical multiplication
involves arithmetical addition. Thus the multiplication of a* and a¥, where
a, # and y are numerical magnitudes, involves the addition of the magnitudes
@ and y. When these are integers we have the addition which is effective in
combinatory analysis. This link was forged by Euler for use in the theory
of the partitions of numbers. It is used here for the most general theory of
combinations of which the partition of numbers is a particular case. The
theory of the partition of numbers belongs partly to algebra and partly to
the higher arithmetic. The former aspect is treated here. It is remarkable
that in the international organization of the subject-matter of mathematics
« Partitions” is considered to be a part of the Theory of Numbers, which is
an alternative name for the Higher Arithmetic, whereas it is essentially a
subdivision of Combinatory Analysis which is not considered to be within
the purview of the Theory of Numbers. The fact is that up to the point
of determining the real and enumerating Generating Functions the theory
is essentially algebraical, and it is only when the actual evaluation of the
coefficients in the generating functions is taken up that the methods and
ideas of the Higher Arithmetic may become involved. Much has been
accomplished in respect of various combinations of entities between which
there are no similarities. Such researches are only included in this treatise
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when they arise as particular cases of a general theory which is concerned
with entities between which there may be any number of similarities.
Laplace was the first mathematician to employ enumerating generating

functions. He required them for his researches in the Theory of Probabilities.
He may be said to have invented the method of generating functions. The
Theory of Probabilities is to a large extent concerned with and dependent
upon the enumeration of combinations subject to conditions, and almost
every theorem in combinatory analysis has its application to that theory.
In the notation of Laplace, which is not adhered to here, if F(x) be a
number which depends upon the integer « a generating function

=P

S F(z)t®

z=0
is constructed, and Laplace is frequently able to carry out the summation
and to thus present the value of F(x) for all integral values of 2 as the
coefficient of ¢* in the expansion of a definite and compact function of ¢. He
further considers a number F(#,...2,) which depends upon the ordered
succession of integers @, @, ...x, and constructs the generating function

33 3F (0@, ) EE LSt
x, Z.

T

each z, being summed from zero to infinity so that when the series is
summable the number F(z,,...2,) is given as the coefficient of

t@t. . tan

in the ascending expansion of a function of ¢,, ¢,, ... ¢, which does not involve
the magnitudes #,, «,, ... , explicitly.

The principal generating function in this work is derived from that of
Laplace by substituting for the product ¢#¢2:...¢2 the symmetric function

StEtE. . 12,
which is written for brevity (... 2p).

The great advantagé of this method is that the algebra is freed from all
consideration of the magnitudes ¢, #,, ... t, and the attention is concentrated
upon the succession of numbers z,, «,, ... 2, which appear, to the exclusion of
other magnitudes, in the magnitude F (z,2,...2,) which is under examina-
tion. It follows as a matter of course that the summed or compact form of
generating function is also a symmetric function and can be treated by the
powerful methods which appertain to symmetric function theory.

The next point to notice is that the importation of a symmetric function
generating function arises in quite a natural manner. It is in no way forced
into the theory. It is shewn in Section I that the general theory of com-
bination is essentially involved in the algebra of monomial symmetric
functions. Every multiplication of monomial symmetric functions, the result
being exhibited as a linear function of such functions, involves a theorem in
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combinations. In many cases the summed form of generating function can
be written down from reasoning in which intuition is largely drawn upon.
The method of symmetric function differential operators admits of the handling
of the generating function in a most satisfactory manner. The simple
circumstance that it is possible to design a differential operator which has
the effect of transforming the function (#,#,...x,) into another precisely
equivalent to it, but with the magnitude a, missing, suffices to establish the
important and dominating rdle that the differential calculus can assume in
Combinatory Analysis.

An important part of the subject is studied as a Theory of Distributions
and much that in idea is valuable and suggestive has been derived from a
little book, Whitworth’s Choice and Chance.

In Section II the simple theory of symmetric functions is extended so
that the point of departure is no longer an integer but the partition of an
integer, and we have to do not with the partitions of a number but with the
separations of a partition. This extension is of much import to the theory
of distributions and also enables many theorems of algebraical reciprocity to
be derived in an intuitive manner. It also leads in Chapter I of the Section
to a law of algebraic expressibility to which special attention may be directed.
In proceeding from the Partition to the Separation quite new notions come
to the front. Thus the idea of Groups of Separations has no analogue in
Partitions. A formula is established in Chapter II analogous to that of
Girard (sometimes erroncously associated with the name of Waring) which
permits the cxpression of a sum of powers as a linear function of the
separations of any partition of the number which is the exponent in the
sum. A pair of symmetric function tables which enjoy row and column
symmetry is established for every partition of a number. Hammond’s
operators d, D are given an extended field of operation and, in the enlarged
theory, are shewn to be important instruments for multiplying and evaluating
the symmetric functions that present themselves. In Chapter IV binomial
coefficients are treated as symmetric functions denoted by partitions with
zero parts, and the formation of symmetrical Tables involving them is
explained.

Section III is devoted to certain points in the Theory of Permutations
that are of value in theories of combination or distribution. The enumeration
of Combinations and Permutations is treated from the high point of view
supplied by the Theory of Symmetric Functions. In Chapter II a theorem
is established which I have ventured to term “a Master Theorem,” from the
masterly and rapid fashion in which it deals with various questions otherwise
troublesome to solve. Many illustrations of its power are given. In particular
in Chapter III it is shewn to supply instantly the solution of the generalized
“ Probléme des Rencontres.” In finding expressions for the sum of powers of
binomial coefficients it is singularly effective.
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In Chapter V the reader is introduced to “ Lattice Permutations.” They
are in themselves interesting but are of importance principally because they
are shewn in Volume H to supply the key to the solutions of certain questions
‘which involve the arrangement, under given conditions, of numbers in spaces
of two and three dimensions; numbers not arranged at points in a straight
line but at the crossing points of lines which compose lattices in two and
three dimensions. This connexion with lattices determined the nomenclature.

The notion of the Indices of Permutations presented itself in the same
connexion and in Chapter VI the question is discussed without particular
reference to the Indices of Lattice Permutations. This is carried out in
Volume II when the enlarged theory of partitions is under view.

Section IV is entirely devoted to the compositions of numbers. The
word “composition ” is used in a different sense from that assigned to it in
the higher arithmetic. Following Glaisher the word connotes a partition
in which account is taken of the order of occurrence of the parts. Thus
the partition @, b, ¢ of the number a+b+¢ would have six compositions
abe, ach, bac, bea, cab, cba, involving the parts a, b, c. Attention may be
drawn to the developments which arise from the consideration of what I have
termed “Simon Newcomb’s problem ” in Chapter IV. The new symmetric
functions hygy..., @pg-.. present themselves and are briefly discussed. They
appear in analysis for the first time, and in addition to themselves possessing
clegant properties they give practically the complete solution of the problem
under examination. In Section V the subject of the perfect partitions of
numbers is dealt with as a necessary preliminary to the discussion of
arrangements upon a chess board. The latter, as involving conditions to
be satisfied by the numbers appearing in a row or in a column, are of the
Magic Square nature. We here see a new and interesting role of the
Differential Calculus. At first sight the operations of that calculus appear
to be remote from the enumeration of arrangements in two dimensions. In
fact the whole subject of Magic Squares and connected arrangements of
numbers appears at first sight to occupy a position which is completely
isolated from other departments of pure mathematics. The object of
Chapters II and III is to establish connecting links where none previously
existed. This is accomplished by selecting a certain differential operation
and a certain algebraical function; shewing that the operation upon the
function can be dissected into a number of distinct operations, each of which
may be given a graphical representation. When the operations and the
functions are suitably chosen these graphical representations have the form
of the arrangements which we desire to enumerate. As the simplest example

we may choose the operation ;l—w and the function #”. We observe that if

a® be written out in the form z2z...z the operation is equivalent to writing
unity for one of the «’s in all possible ways and adding the results together.
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We obtain nz"' because one z can be selected in n different ways. So

operating n times successively with a we dissect the operation into n!

dx
distinct operations and these give rise to n! distinct diagrams. For consider
a square of n? compartments; we may place a unit at the intersection of the

rth row and cth column to indicate that when ;Z; was operating for the rth

time one process was to substitute unity for the cth # counting from the left.
So we obtain %! diagrams which possess the property that » units appear
one in each row and one in each column. We thus by the operation upon
the function enumerate the diagrams with this property.

The “Probléme des Rencontres ” already referred to above can be discussed
in the same manner. The reader will be familiar with the old question of
the letters and envelopes. A given number of letters are written to different
persons and the envelopes correctly addressed but the letters are placed at
random in the envelopes. The question is to find the probability that not
one letter is put into the right envelope. The enumeration connected with
this probability question is the first step that must be taken in the solution
of the famous problem of the Latin Square. The question is to place n
different letters a, b, ¢, ... in each row of a square of n? compartments in such
wise that, onc letter being in each compartment, each column involves the
whole of the letters. The number of arrangements is required. The question
is famous because, from the time of Euler to that of Cayley inclusive, its
solution was regarded as being beyond the powers of mathematical analysis.
It is solved without difficulty by the method of differential operators of which
we are speaking. In fact it is onc of the simplest examples of the method
which is shewn to be capable of solving questions of a much more recondite
character.

In Section VI the Theory of Distributions is directly applied to the
enumeration of the Partitions of Multipartite Numbers,

The second Volume is devoted to various generalizations of the Theory of
Partitions and to discussions which arise therefrom.

In the present Volume there appears a certain amount of original matter
which has not before been published. It involves the author’s preliminary
rescarches in combinatory theory which have been carried out during the
last thirty years. For the most part it is original work, which however owes
much to valuable papers by Cayley, Sylvester, and Hammond.

To the original papers reference is made in regard to:

Section I.  Quarterly Journal of Mathematics, No. 85, 1886, “ The Law of Symmetry and
other theorems in Symmetric Functions.”

Section II.  Proceedings London Mathematical Society, Vol. x1x. 1887, “Symmetric
Functions and the Theory of Distributions.”
ab
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American Journal of Mathematics, Vol. X1. et seq. 1888-1890, “ Memoirs on
a New Theory of Symmetric Functions.”

Phil. Trans. R. 8. 1894, A, “ A certain class of Generating Functions in the
Theory of Numbers.”

Trans. Camb. Phil. Soc. Vol. xx1. No. xviii. “The Problem of Derangement
in the Theory of Permutations.”

Quarterly Journal of Mathematics, No. 131, 1902, “The sums of the Powers
of the Binomial Coefficients.”

Messenger of Mathematics, New Series, No. 281, 1894, “Self-Conjugate Per-
mutations.”

American Journal of Mathematics, Vol. xxxv. No. 3, 19183, “The Indices of
Permutations and the derivation therefrom of functions of a single variable
associated with the Permutations of any assemblage of objects.”

Phil. Trans. R. S. 1893, A, “ Memoir on the Compositions of Numbers,”
Plil. Trans. R. S. 1907, A, “Second Memoir on the Compositions of
Numbers.” :

Messenger of Mathematics, Vol. xx. 1891, “The theory of perfect partitions
and the compositions of multipartite numbers.”

Trans. Camb. Pkil. Soc. Vol. xvI. Part iv. 1898, “ A new method in Combina-
tory Analysis with applications to Latin Squares and associated questions.”

Phil. Trans. R. S. Vol. 194, , 1900, “Combinatorial Analysis—the foundations
of a new theory.”

Trans. Camb. Phil. Soc. Vol. xxi1. No. 1, “On Compound Denumeration.”

P. A M
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SECTION 1

SYMMETRIC FUNCTIONS

CHAPTER 1

ELEMENTARY THEORY

1. The theory will be developed with particular reference to the
combinatory analysis and the theory of the partitions of numbers.

A partition of an integer number n is understood to be any collection
of positive integers whose sum is equal to ». The order in which the
integers are written out is immaterial, but we may decide, for convenience,
to take the integers in descending order of magnitude. This will invariably
be done and the integers will be termed “ parts ” of the partition. The parts
will in general also be enclosed in brackets (). The sum of the parts,
viz. the number n, will be called “the partible number ” or the “weight of
the partition.” A partition which has m parts is called an m-part partition.

Ex. gr. (432), (6111) are partitions of 9 and are 3-part and 4-part
respectively.

It is usual to indicate repetitions of the same part by exponents, so that
(6111) is written (61°).

For the present we shall only be concerned with partitions of positive
integers into positive parts; zero not being included as a possible part. At
a later stage we shall have to consider partitions of positive integers, zero,
and negative integers into positive, zero and negative parts.

2. A partition of a number » may be regarded as specifying a
distribution of » similar objects into a number of parcels, each parcel com-
prising one or more of the objects. Thus (432) specifies a distribution of
9 similar objects into three parcels which contain 4, 3 and 2 of the objects
respectively, and since however we permute the parcels the partition is not
affected we may say that the distribution is of similar objects into similar
parcels. It is sometimes convenient not to regard the succession of
descending integers as a partition of a single (i.e. unipartite) number, but as
being itself a multipartite number which specifies a number of objects which

M. A. 1



2 ELEMENTARY THEORY OF | SECT. 1

arc not all similar. Thus we may regard (432) as denoting 9 objects, 4 of
one kind, 3 of a second, 2 of a third.

8. The symmetric functions, that now come under consideration, are
algebraic, rational and integral. Any such function of n quantities

aly a'b e Oy

which remains unchanged however these quantities may be interchanged or
permuted is termed a symmetric function of the n quantities.

We write
(z—a)(@—a)...(z—a,) = 2" —a,z" ' + a,a" 2~ ... + (—)a,

identically, so that
ot o, =2a =q,
o+ &+ L Gty =S G, =y,

W0, ... Oy = 20,0, ... 0, =y ;

and it appears that the quantities a,, @,, ... @, arc symmetric functions of
the quantities a. It will be observed that these symmetric functions of the
quantities @, on the sinister of the identities, are each of them specified
or given by a single term, since to obtain the remaining terms we have
merely to interchange the quantities in a sufficient number of ways. For
this reason the X notation is expressive. In general we may have under
view the symmetric function

SaPaf:...aPs

the whole function consisting of a number of terms similar to the onc
attached to the sign of summation; in each term we may take p,, ps, ... ps
to be in descending order of magnitude, but the quantities a, therein
appearing, will be any s selected therefrom in any permutation.

It thus appears that the succession of numbers p,p,... p, in descending
order of magnitude is a sufficient specification of the symmetric function
and, if

PPt P=w,
we may regard the function as denoted by the partition (p,p....p,) of the
number w. We shall accordingly speak of a symmetric function 4
(Prpe--p)
of the quantities a.

The simple symmetric functions @ introduced above are called elementary

and, since they are denoted by the partitions

(@), (1%, (1%, ... (O™,

they are sometimes called unitary symmetric functions.
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As repetitions of parts may occur a more general form of symmetric
function is
@rpppse ... pr),
s of course being limited by thc number .

It is frequently convenient to regard n as being indefinitely large, and
then we may write

I-a2)(1—az)(1 —az)... =1 — o,z + q,a° - e+ ...
Further put

B R T

(I-a2)(I-az)(1—ar)... 1—u,&+aea®— ay2° + ..

=14+ ha+ha+ha* + ...,

and we find by expanding the left-hand side in ascending powers of # and
subsequently equating coefficients of like powers of

by =S, = (1),

hy = Sa? + Sa,0 = (2) + (19,

hy = Zai + Zoja; + Sy oy, = (3) + (21) + (1°),

hy=2a} + Zaje, + Sala} + Saiaya, + Sa a0,

=)+ B +(2) +(21°) + (1Y),

wherein it will be noted that k, is the sum of a number of symmetric
functions, each of which is denoted by a partition of the number s and that
in fact h, is the sum of the whole of such symmetric functions; A, is called
the “ homogeneous product sum ” of weight s of the quantities a.

4. The symmetric functions A are related to the symmetric functions
@ in a simple and important manner: for, writing — 2 for z in the relation

1
1l -z + a,a® —azz®+ ...

=1+ ha+ ha+ hat+ ...,

it becomes equivalent to

] 1, _1+ x + 2 8
1 =Mz + hott® — hya® + ... th a0 + asz + ...,

a relation derivable from the former by leaving unchanged and simply
interchanging the symbols « and k.

It follows at once that any relation connecting the quantities ¢ with the
quantities s remains a valid relation after the interchange of the symbols
a and h.

We can forthwith express 4, in terms of the quantities a ; in the relation

1 . 2 3
1—a,w+a,w“-—a,w"+...-1+h”"'+h’a’ i
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it is merely necessary to expand the left-hand side by the multinomial
theorem to find

N s+3A (SK)! A A Ag -
h, = X ('—) Xll M'!“:':“xu—!al'az’ een @0
and thence by interchange of symbols
) (Zn)! \
Ay = E (—)8+2)‘ )\1' )\.2{:—. ) XR! h:"h:‘\! s hi‘ .

Thesc simple symmetric functions arc so important in the general theory
of Distributions, and in combinatory analysis gencrally, that a further study
of their beautiful properties will be nceessary at a later stage of the work.

The simple formula are

by = ay,

hy = a} —a,,

hy=a} — 20,0, + aj,
hy=at—3ata,+ ai + 2a,a, — a,,

and these arc readily written down currente calamo because the numerical
value of the coefficient of any a product is equal to the number of per-
mutations of which that product is susceptible.

5. The symmetric functions, next in order of simplicity, which now
present themselves for consideration, are the successive sums of powers of
the quantities ay, a,, ... @,, viz. in the usual notation

s =3a=a, +a+...+a, =(1),
S =23=a}+ o +...+a2 =(2),

Sp=2a"=al+a+ ... +ar =(m).

m
These are one-part symmetric functions from the partition point of view.
We may then proceed to cpnsider the sums of the two-part, three-part, etc.
symmetric functions of given weight, and it is convenient to denote by
Sy, where p>gq,
the sums of those symmetric functions which have a weight p and ¢ parts.

Thus we have
Smx = 8&p = (m);

Sa = (1),
S = (21),
Sa =(31)+(2),

Se = (41%) + (321) +(2%), .
ete.
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The function S,, is examined as follows:
Write f@=0-az)(1-az)...(1-a,2),
and observe the identity

(1 - —°-”§-—> (1 - iﬁi) (1 g )_fiﬁf).

l-az 1—ax) 1—a,z f(=)

The left-hand side may be written

a - @a 0,00
I-EET_“}[:}+E (1-a2)(1 - a,z) —bs T(1-az)(1- “"”)(l—a”w)

wherein the coefficient of (—)"§™ is equal on expansion to
Sm,m + Sm-H.m z + Sm+2,mwg +...+ Sm-&-p,m-"';' + ...,
n being supposed indefinitely great.

Moreover the right-hand side is by Taylor's Theorem

1 df 1 (l‘f m 1 dmf‘
]+Ef( ) d +é 2‘_f(w);l;§+ w+E ’I?LI.f(.’lf)J.;,-"'"-*-.”’

whence, equating coefficients of like powers of &,

. . 1 d
bn +S_5|$+Sma}"+... =_fTa;)d£’
\ N \ 1 d?f
Sp+ Spa+Sez?+...=+ 2—'f_(;) da’
, 1 dm
Smm + Sm—f—l,m x+ Sm+2, m& A= (__)m mT_f—(‘;) d‘;v‘,“{-
Now f(@)=1-aqz+ax®—aa°+ ...,
m+1)! m+ 2)!
__f_.( —)m { m — (—1'—) Ay & + (-2—1 Z Ut T* + } .
Hence m+1 m+2
(Lm,—< 1 > m+1 '+< 92 )am+“7' -
Smm + Sm«}-l,m-'l" + Sm,+2, m = TTTTTTT,

l—a,z+a,a°—az 2 +.

and we have only to expand the right-hand side by the multinomial theorem

to reach the result
m+1 2
(k'—- 1 )Y {pm"‘ < 1 ) Pmat <7n_2*- )pm+2+ }

Plptps!...
where PP+t .=k
P+ 2P+ 3ps+ o= w.

Sw' m= 2 (__ )w+m+lc—1

al’t ag’e ag: .

From this we deduce, when m =1,
(k-1)!w
nipipt..

80 =By =Z (= )+* “afafa ...,
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which is the Girard* formula for the expression of the one-part symmetric
functions in terms of the elementary functions.

. Observe that the formula, from which the expression for Sy, » was derived,
yields, by clearing of fractions and subsequently equating coefficients of like
powers of z, the relation

Swm = @8up—1m + BWSp—oim = oo + (=)™ Ay Siam = (=)™ (::;) Ay 5

and, herein putting m =1, we obtain the Newtonian relation
S — U18yp—y + AsSppp — ... + (—)¥wa,, = 0.

The formula given above for S, ,» is one generalization, of Girard’s well-
known result, out of many that will appear as this work proceeds. From the
formula for s,, we find

=a,
8, =a? — 2a,,
s;=d} — 3a,a, + 3a,,

s, =ai —4aia, + 2a; + 4a,a; — 4a,,

and it must be noted that, regarding an a product

alafafs ...
as being denoted by the partition (17:27:37:...) of w, the expression of s,
by means of the elementary functions a, involves cvery partition of w.

6. We may now express a, by means of the one-part functions s.
For
log {(1 = a2)(1 —az) (1 —as2) ... } =2 ( —az — }a?a? — Ja*a®— ... ),
or log(1— a2+ 0,8 — au2° + ... ) =— 8,8 — §8,8° — J s2° — ...,
or l—o2+a,2°— ax® + ... =exp (— 8, — } 8,2 — 1 8,2° —...);
and now expansion of the right-hand side, the use of the multinomial theorem

and comparison of coefficients, yields
SPrsfrsty ...

=E —Ywt+3p .
tw=2(=) 17,28 3P o ip,Ip,!...’

wherein P+ 2p. +3ps+ ... =w.

We can also express the one-part functions s in terms of the homogeneous

product sums A, for
1

(1 -a2)(1-a2)(1 - ae)...
so that, taking logarithms,
&+ §8:2° + 38,2° + ... = log (1 + hy@x + heoe* + hya® + ...) ;

* Girard, Invention Nouvelle en I'Algébre, Amsterdam, 1629. The formula is often erroneously
ascribed to Waring who gave it without proof in 1782.

=14 Iha + hya®+ hya® + ... ;
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and expanding the right-hand side, applying the multinomial theorem and
comparing coefficients, we find

Sw = 3 (—)b‘l_(i':__l_)!_fw___

P ! hPhPhE: ..., where p,+2p,+...=w,
1 Ly e

also P+ pet...=k
Moreover
1+ ha+hoa + hya® + ... = exp (8,2 + $8,2° + §852° + ...)

leads similarly to
b = sprsprste... ’
w=1 171,27 3P . oy !palpy! ...
which should be compared with the expression of a,, in terms of the one-part
function.

7. Symmetric functions having two parts, three parts, etc. in their
partitions are readily expressible in terms of the functions s,,; for it is easy
to see that

=) (w) =)+ A+ p)
a8 =) (@) =)+ M+pv)+A+tr,m)+ A p+v)+ A+ p+v),

.......................................

by ordinary algebraic multiplication, A, u, v being all different, and thence

(M) = 8284 = St
(Auv) = 88,8, — Sr4uSs — Sav Sk — SureSa + 28atpts
but a modification is necessary when there are any equalities between the
numbers A, u, »,.... Ex. gr.
2!1(\) =8 — 8a,
31(A)= 8 — Bs;asn + L3,

In actual practice there are easier ways of caleulating the many-part
functions and the general formula is of little importance.

From the above it is clear that, of a given weight w, therc are as many
monomial symmetric functions of weight w as there are partitions of the
number w; and that there are (1) as many a products of weight w, (2) as
many h products of weight w as there are partitions of the number w.
A table may be constructed exhibiting every monomial function of a given
weight in terms of the a or of the / products of the same weight. Conversely
every a product and every h product of weight w may be exhibited as a
linear function of the monomial symmetric functions of weight w.



CHAPTER 11

CONNEXION WITH THE THEORY OF DISTRIBUTIONS

8. The reader is assumed to be acquainted with the elementary
theory of the permutations and combinations ®f any number of letters or
things not necessarily all of the same sort.

Distribution is the separation of a scries of elements into a series of
classes; in the general problem the things to be distributed may be of any
species, viz.: therec may be n things of which p are of one kind, ¢ of a second,
r of a third, etc., where p 4+ ¢ + 7+ ... =u; it is then convenient to speak of
the things as “ objects of type (pgr...)” so that the objects arc defined as to
species by a particular partition of the number »; again, the classes into
which the objects are to be distributed may be of any species, and this
consideration leads us to speak of “classes of type (pigy7y...)” where
P+ ¢+ 7+ ... =mn the number of classes; the partition (p,q,7,...) of the
number 7, here defines the classes in regard to species, indicating p, classes
of one kind, g, of a second, 7, of a third, ete.

If no attention be paid to the arrangement of the objects in a class,
whatever be the species of the objects the distribution is said to be one into
“parcels ”; each parcel is a class of unarranged objects.

If however permutations are permissible amongst objects in the same
class, the distribution is said to be one into “groups”; each group is a class
of arranged objects.

Two chief problems may be enunciated as follows:

I. To determine the number of distributions of objects of type (pgr...)
into parcels of type (p,q7y...).

II. To determine the number of distributions of objects of type (pgr...)
into groups of type (p,qi7y...)

Further we may discuss each of these problems when the distributions
are subjected to certain restrictions,

In general the number of objects distributed n will not be less than the
number of classes n,. The partition of a number = into m parts is clearly
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the theory of the distributions of objects of type () into parcels of type (m),
no parcel being empty ; in fact the objects are all similar and the classes are
all similar. The theory of compositions in which the parts are permutable so
that for instance (21) and (12) are different compositions of 3, is clearly the
distributions of objects of type (n) into parcels of type (1™), no parcel being
empty. The permutation of objects specified by (pgr...) is the distribution
of such objects into parcels specified by (17+¢+7+). In general, unless other-
wise specified, empty parcels are out of the question.

From the definitions it will appear that when the parcels and objects are
equinumerous the group merges into the parcel, since then no permutation
or arrangement is possible within the parcel. This also happens when the
objects are all similar whatever be the number of the classes.

The permutations of objects of type (pgr...) which were shewn above to
be the distribution of objects of type (pgr...) into parcels of type (12+9+7+-)
may be also described as the distribution of objects of type (pgr...) into the
group of type (1). In general however the parcel and group theories are
quite distinct, the identity of theory being only at certain points.

The Dustribution Functions.
9. Let P{(pgr...),(psqi7ry...)} denote the number of ways of distri-
buting objects of type (pgr...) into parcels of type (p,¢,7;...), where
p+qg+r+..=mn, p+q@+r+...=n and n2n,.

Now take the number P {(pqr...), (pqu7y...)} as the coefficient of the
algebraic symmetric function (pgr...) and we define as follows :

Definition. The Distribution Function of # objects into parcels of type
(prqa7i...) 18 the algebraic expression

IP{(pgr...), (pgri-- )} - (pgr...),
the summation being for every partition (pgr...) of the number n.

Similarly let @ {(pgr...), (pg,7y...)} denote the number of ways of dis-
tributing objects of type (pgr...) into groups of type (p,qi7;...) and we
define as follows:

Defination. The Distribution Function of n objects into groups of type
(prqi7y...) is the algebraic expression

S G {(pgr--) (piirs-- ) - (pgr-..),
the smnmation being for every partition (pgr...) of the number n.

Thus the Distribution Functions are linear functions of the monomial
symmetric functions of weight n, and depend upon the assigned partition
(prqa7y...) of the number x,.
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Theory of the Distribution into Parcels when the number of parcels is equal
to the number of objects. Ex. gr. n,=n.

10. We consider the homogeneous product sums k,, hy, by ... and in
particular the product
by, hg, by, ...

Take a simple case. If we had a product Ak, appertaining to the four
quantities a, B, y, 8 we may write it

al+ B+t + &
+ @B +af + 'y +ay* +a’d + ad® + By + By + B8 + BE + P8 + yd®
+ 0287+ ol + 028 + By? + 328 + 8
+a’By+a’B3+atyd+L%ry + Bad+ Byd+y'aB +yad+ B8 + SaB + Say+8*By

+ aBys
multiplied by
“+B+y+ 8
+alB +aBt + o’y +ay: + a*8 + ad* + B2y + By + (28 + RS + 28 + ¢&*
+ aBy + aBd + ayd + Byd

Seeking herein the coefficients of @*83*y§, a term which arises when the
multiplication is carried out, we find that the term is formed in eleven
ways, viz.

a*B. Byd a*y. 328 5. By a?B32 . ayd
a’Bry.aB8 a*B8. afBy a’yd . af? Bay.a2d
Bad. a*y B2yd.a® aByd.a*f

We have clearly here a distribution of the seven quantities

a, a; a) Br BD ‘Y’ 8’

into seven parcels, four of which are of one kind and the remaining three of
a second kind; ex. gr. in the first product a®8.8y8 we have the quantities
a, a, a, B placed in four similar parcels since any permutation of the four
quantities a, &, @, B is permissible; and similarly we have the quantities
B, v, 8 in three similar parcels differing in kind from the former four parcels
since permutations are not permitted between the quantities a, a, a, 8 and
the quantities B, v, &

Hence in obtaining the portion 11a%8%y3 of the product ik, we have in
reality distributed objects of type (321%) into pa.rcels of type (43) in 11
different ways. We have in fact found that

P {(321%), (43)} = 11.



CH. II] EQUAL IN NUMBER TO THE NUMBER OF OBJECTS 11

Moreover we see that every other term of the symmetric function (321%)
appears after multiplication with the same coefficient 11. In other words, if
the product k., be developed in a series of monomial symmetric functions,
the function (321%) will appear with the coefficient 11.

Thus one term of the distribution function

S P{(pgr...), (43)} .(pgr-...)
where p+q+r+...=7,1is
11 (321°).
From this reasoning it appears that

2 P{(pgr...), (43)} .(pgr...) = h, hs
where p+g+r+...=1.

By parity of reasoning we see that in general
SP{(pgr...), (pqns-.)} - (pgr...) =hy hgy by,

We have merely to multiply out the product h,, kg, k... 80 as to obtain
a linear function of monomial symmetric functions in order to arrive at a
complete account of the distribution of n objects, of whatever type, into
n parcels of type (p,qi7:...).

It will be seen later that actual multiplication is not necessary for
the attainment of this end.

This result is so simple as to be quite satisfactory.

11. Having thus shewn the power of symmetric functions in solving
a notable problem in “Distributions,” we at once proceed to obtain an
elegant algebraic theorem as an immediate consequence of intuition in the
Theory of Distributions.

We will denote parcels by capital letters and objects by small letters, so

that one distribution of objects of type (321°) into parcels of type (43) is
shewn by the scheme

A A A A B B B
a a « b b ¢ d°

If we now change the capital letters into small ones and the small letters
into capital ones we obtain the scheme

A A A B B C D
a a a a b b b’

which denotes one distribution of objects of type (43) into parcels of type
(321%); and since we may always operate in this manner we ascertain that
there is a one-to-one correspondence between the distributions of objects of
type (43) into parcels of type (321%).

Hence P {(321%), (43)} = P {(43), (321*)}.
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The reasoning is evidently quite general; so that also

P{(pgr...), (;mq7:.- )} =P {(pgumi...), (pgr...)}

It is clear that when, as in the present instance, the number of objects is
equal to the number of parcels so that always one object is in each parcel,
we are at liberty to regard an object as aftached to a parcel or a parcel as
attached to an object. The fact is that in this particular case of distribution
the notion of a “parcel” is not essential and indeed has the effect of
obscuring the true point of view. We should regard the parcels as being a
second set of objects so that we have two sets of objects before us. We are
concerned with the number of ways of making n pairs of objects by taking,
for each pair, one object from cach set. The interchange of object and
parcel is thus intuitively valid. The n pairs of objects may be looked upon
as a single set of n two-fold objects and as such we may be concerned with
the similarities that present themselves in the two-fold objects. Such
similarities may, as in the case of one-fold objects, be specified by a partition
of n, say (p.q.7,...). We may say that the particular distribution that has
been reached is of type (p,q.7....). Each distribution will in this manner be
associated with a partition of n. Altogether we have before us three
partitions of the same number, viz : those specifying cach set of objects and
that specifying the distribution.

Since P {(pgr...), (;pqn...)}
is equal to the coefficient of the symmetric function (pgr...) in the develop-
ment of the algebraic function
hy hg by, ...
we reach at once a theorem of symmetry in the algebra of symmetric functions
which is now stated.

First Low of Symmetry.

12. “In a Table which expresses products hyhgh,... in terms of mono-
mial symmetric functions (p,q,7,...) for all partitions (pgr...) of the number »,
the coefficient of the symmetric function (p,¢,7,...) in the expression of
hphgh,... is cqual to the cocfficient of the symmetric function (pgr...) in the
expression of hy hg by, ..., where (pgr...), (p1gi7:...) are any two partitions of
the number n.”

This interesting ldaw of symmetry apparcntly cannot be proved without
some difficulty in any other way and is a good example of the power of the
notions of the Theory of Distributions in establishing elegant theorems in
algebra. From the Table above mentioned we can by solving a number of
linear equations express the monomial symmetric functions in terms of the
products kg, hg,h,, ..., and the Elementary Theory of Determinants shews that
the symmetrical character of this second Table follows necessarily from the
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symmetry of the first Table. Thus in such a table the coefficient of the
product hy hg.hy, ... in the expression of the symmetric function (pgr...) is
equal to the coefficient of the product hyh,h, ... in the expression of the
symmetric function (p,¢,7y...), where (pgr...), ( Pi7h...) are any two
partitions of the number n.

It is however not necessary to rely upon the Theory of Determinants for
the proof of the symmetry of the second Table ; later on in this work another
proof will be given with the assistance of differential operators.

A restricted Distribution.

13. We pass on to consider the Distribution subject to the restriction
“that parcels of the same kind must not contain more than one object of
a particular kind”; we mean that if one parccl 4 is attached to an object a
no other parcel 4 is to contain an object a.

In the unrestricted distribution we considered the terms of hy,, by, by, ete.,
all written out at length and observed that we might regard any one term
of hy, as representing a distribution of p, objects into similar parcels. In the
case before us these p, objects must be all different—no two must be alike—
and so we reject from Ay all terms except those in Zaa,...ay. In like
manner the functions hg,, Ay, ... reduce to Zayoy...ay,, a0y, ...
respectively.  In other words hy,, hy,, y,, ... must be replaced by a,,, ag,, dy,, ...
respectively, and the resulting distribution function is

Up Qg Qoo

Theorem. The Distribution function for the distribution of objects of
type (pgr...) into parcels of type (piqu7:...), Subject to the restriction that
no two similar objects shall appear in similar parcels, is

Uy Qg Ly eee s

If no two similar objects can appear in similar parcels it follows that no
two similar parcels can be attached to or associated with similar objects.
Hence in the scheme we may replace capitals by small letters and small
letters by capitals.

We accordingly find that there arc as many ways of distributing objects
of type (pgr...) into parcels of type (p,q.7;...) as of distributing objects of
type (p1q1 71 -..) into parcels of type (pgr...)—both distributions being subject
to the restriction that two similar objects are not to appcar in similar parcels.
Thus when the symmetric function product a,a,a,... is expressed in terms
of monomial symmetric functions the coefficient of (p,¢,7;...) is equal to the
coefficient of (pgr...) when a, a4 a,,... 18 so expressed.
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We thus reach the
Second Law of Symmetry.

14, “In a Table which cxpresses products of elementary symmetric
functions a,a,a, ... in terms of monomial symmetric functions (p,q,7:...) for
all partitions (pgr...) of the number =, the coefficient of the symmetric
function (p,q,7,...) in the expression of a,a,a,... is equal to the coefficient of
the symmetric function (pgr...) in the expression of a,aga,, ..., where
(pgr...), (prqury...) are any two partitions of the number n.”

The inverse Table which expresses the monomial symmetric functions in
terms of the products a,a@.a,... is, from what has been said above, also
symmetrical.

The reader will readily gather from the above that we may make a more
general restriction still govern the distribution. ‘

If we delete from the functions hy,, kg, A,,, ... all terms which contain
any of the letters a,, a,, a;, ... more than ¢ times we shall obtain functions
which may be written

tpv tllx’ t’n R
corresponding to the restriction that not more than ¢ similar objects can
appear in similar parcels. Parity of reasoning then establishes that
Loy by bry -

is the Distribution Function for such a distribution and that the coefficient
of tp,tq,ty,... in the expression of the symmetric function (pgr...) by means of
ti, ta, by, ... 18 equal to the coefficient of the #,¢,¢,... in the like expression of
the symmetric function (p,¢,7y...). We are thus led to the

Inclusive Law of Symmetry.

16. “In a Table which expresses products #,fgf,... in terms of
monomial symmetric functions (p,q,7;...) for all partitions (pgr...) of the
number =, the coefficient of the symmetric function (p,¢,7y...) in the
expression of t,t,t,... is equal to the coefficient of the symmetric function
(pgr...) in the expression of &, ¢ty ..., where (pgr...), (p1gi7y...) are any
two partitions of the number ».”

The inverse Tables naturally enjoy the same symmetry.

The Inclusive Law of Symmetry involves the First Law when = o0 and
the Second Law when ¢t=1.

Theory of the Distribution into Parcels specified by (1™) when m < n.

16. In this case no two of the parcels are alike.

Suppose that the number of objects is six and that there are three
parcels of different colours—say red, black and white.
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Red Black White

I hy h,
hy h, h,
h, b, he

It is clear that the parcels, in somc order, will contain either 4,1,1 or
3,2, 1o0r 22 2 objects respectively, since an empty parcel is out of the
question. When a parcel contains p objects the objects will be denoted by
one of the terms of which the function 4, is composed.

Hence when the parcels contain, in some order, 4, 1, 1 objects respectively
we are concerned with the product A% and since moreover h,h,h, has three
permutations we are concerned with the term 3h,h%; similarly when the
parcels contain, in some order, 3, 2, 1 objects we have the term 6h,h,h, and
when the parcels contain 2, 2, 2 objects, the term A3.

Hence for this simple casc the distribution function must be
3hyhi + 6hshyh, + K.
The reasoning is of general application and establishes the fact that the
Distribution Function of » objects into Parcels of type (1™) is

S ,(EFLI,__}”Ih”ﬁ}"Z
R NP N B T L PRy

where Zpm =n, Zar=m.
This function is the coefficient of 2" in
(@ + hott® + bz + ...)™,

Theorem. “ The number of ways of distributing objects of type ( pgr...)
into exactly m different parcels—that is into parcels no two of which are
alike—is equal to the coefficient of the symmetric function (pgr...) in the
development of the function

\‘.___77_1_!~,.._ R RT3 T
BT AL P b i PR

where p+g+7r+...=2pr=n; Sr=m"
17. The number P {(pgr...), (1™)}, whose generating function has been
found, can be evaluated.
We require the coefficient of (pgr...) 2" in the expansion of u™, where
u=hx+ha?+ha®+ ...
and l+u=(1-aq2)' (1 —az) (1 —ayz)" ... ;
now u=(1+u-1)m

= @y = (P) @+ w4 () Qo
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and the coefficient of (pgr...) 2" in
A+ or (1-aa) (1—an)=(1—az) ...

. p+s—1> q+s—1> r+s—1) .
18 (s—-l <s-—l (s—l e
so that P {(pgr...), (™)}
p+m—1)<q+m—1>(r+m—1)
( -1 m—1 m-1 )7
_(m (p+7n-—2> q+m—2) r+m—2)
(]) m—2 ( m—2 ( m-2 /"
+ m,>(p+m—3> <q+m-—3><r+m-—3)
(2 m—3 m—3 m—3 /7
— ... to m terms.

We now make the restriction that not more than ¢ similar objects are to
occur in any one parcel. With a previous notation we require the coefficient
of (pgr...)@" in the development of

(L + taa? + 6,2 + ... )™

Putting u =t,« + t,a* + t,2* + ... we sce that

— gl pt+1 t+1 it +1 t+1 41
l4u= 1—a"a ) 1—B+a ' 1 — gt
1-az 1- Bz 1 ——rya;

and

(1 +uyn= {1 - ( ] ) atti gt + (’;) a”“a;"“—...}
X {1 + (T) az + (m;— 1) a*a? + } .
In this product the coefficient of (pgr...)z" where p+q +7r+...=n, is
p+m—l>_(m)(p+m—t— ) ( ><p+m—2t-—3
( m—1 1 m— 1 m—1 )_}
q+m-—]>_(/m> (q+m—t—— (m) (q+m—2t-—3)_
x{( m—1 1 m—1 )+ 2 m—1

(r+m—1>_< ><1+m—-t—2>+ m (1‘+m—2t-—3
x% m—1 1 m —1 (2) m—1 >_

and, since  u™=(1+u)" - ( (1 +u)nt 4 <7 L) (I+uy—2—...,

we find that we may enunciate as follows:

Theorem. * The number of distributions of objects of type (pgr...) into
parcels of type (1™), subject to the restriction that not more than ¢ similar

objects may appear in any one parcel, is

F(m)— (T) F(n-1)+ (’m) F(m—2)—... tom terms,
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18. In the particular case, ¢=1, the Distribution Function is the
coefficient of " in
(@x + a,@® + az23 + ...)™;

and the number sought is

P = (3) Fn 04 (3) Pm-2 .

() - e G-
0=+ ()
A0 ()

where

F(m)

X

X

The Distribution into Groups of type (1™) where m < n.

19. Consider the expansion of

ay=h=(,+a+a;+...)"

It consists of products of the quantities a;, as, a,... of degree n, taken in
all possible ways, repetitions and permutations being alike allowable. On
this understanding the expansion consists of a number of terms each with
coefficient unity. Suppose any such term to be

00, @ Gy 0t 1, .

and place dividing lines in any m —1 of the n — 1 spaces between the letters,
thus dividing the permutation into m compartments. This may be carried

out in
. n—1
(m _ 1> ways.

To each of these ways corresponds a distribution of the objects included
in the permutation under consideration into m Groups, no two of which are
similar.

M. A, : 2
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Hence the Distribution Function is

n—=1\ ..
(m_1>al’

and Gi(pgr---) A"} (pgr...) = ( )an
and also G (par...), (™) -—-( 1) e
where ptg+r+..=n

It will be observed that the distribution function is the coefficient of z”

in the devclopment of ( a,w_r) , or of
1-a,z

(diz+ A, 2* + A2 +..)™,

wherein A,=d};

so that A, =(1); A,=(2)+2(1%); A,=(3)+3(21) + 6(1?); etc.

The coefficient of #* in (Ala; + 4,22+ Ay + .. 18
Ak, k-

S prmr, A4S
where by + 2k, + 3k, +..=n,

b+ b+ b+ ...=m;
and this shews that we may associate the m functions which make up the
product A% A% A%... in all their permutations with the m compartments.
It follows that, if the distribution is subject to the condition that not more
than ¢ similar objects are to appear in the same compartment or group, we
must dclete from the expressions of 4,, 4,, 4;, ..., in terms of monomial
symmetric functions, all of those functions whosc partitions involve numbers
greater than ¢. Denote these deleted functions by ‘

. Tl’ Te; Ts: "';
and we find that the Distribution Function, for the supposed restriction, is
the coefficient of 2™ in the expansion of
(Tz+ T+ Ty® + ..)™
In particular when £=1, we are concerned with the coefficient of 2" in

the expansion of
(g + 2! ay2® + 3! aga® + ... )™

If the restriction be that “a group must comprise similar objects” we are
concerned with the expansion of

(812 + 8,% + 82 + ... )™



CHAPTER 111

THE DISTRIBUTION INTO PARCELS AND GROUPS IN GENERAL

The Distribution into Parcels of type (m) where m < n.

20. We are here concerned with the partitions of multipartite numbers
into exactly m parts. This is one of the main divisions of the subject
and much will be said about it later on in the work. At present it will be
considered merely from the symmetric function point of view.

Consider

b4 b+ hy+ b+ ...
to be written out at length in terms of
Ay, Oy, Ug, Ay, .o

If these products represent the objects distributed in a parcel it is clear
that the m parcels may, each of them, contain any term of
hit byt by + b+ ...

write then
1

1 - aqaz) (1 — a,az) (1 — azaz)...

X (1 =alaa?) (1 - alaa?) (1 — aiaa?) ... (1 — mazaa?) (1 — qayaa?) (1 — Ggazad). ..
1
% (I =aar®) (1 = adaz®) ... (1 — da,aa®) ... (1 — aya,0;00°)...

where in the sth algebraic fraction we have a denominator factor corre-
sponding to every separate term of h,; ex. gr. if such a term be o the
denominator factor is (1 — gaz*); we see that the distribution function is
the coefficient of a™z™ in the development of the expression, n of course
being the number of the objects under distribution. The expression is
conveniently written
(1 + Hiaz + Hya*2*+ Hia*z* +...)
x (1+ Haa® + Hia*a* + Hio*a® + ...)
x (1 + Haz® + Hya*z* + Hza*2® + ...)

x (1 + Hiaa* + Hs a’2* + Hy a*z* + ...)
X veavenneny
where of course H: =h,_ and the remaining functions H are for discussion.
2—2
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21. H:is the homogeneous product sum, p together, of the whole of
the terms of h,.

Form the equation whose roots are the several terms of k,, viz.
ok — jat " + jak Tt — . =0,
k= (”*2‘1), and  j,= Hi=Hi=h,;
and let o) denote the sum of the kth powers of its roots.
Let also the partitions in () and [ ], respectively, denote symmetric
functions of the roots of
I’ — 0"+ aa Tt — ... =0,

at—ha" 1 + byt — ... =0,

where

We can establish the two results
(k) = (=) [&],
[1#] = (=) &+ g
The first of these is well known ; in regard to the second take the identity

Y-

where w,, u,, us,... are the roots of the equation
" — hy g 4 hya ... =0,

and n is supposed indcfinitely great.
Let py, pe, ... px be the &th roots of unity, so that

o s=k 82y R 6 Us

s ) () (e
‘ 1

or ¥
(R

= {1 + (_)lc+1 Q,_;_E} {1 + (_)k'H g_i} {1 + (_)k-H %k} e}
or N O @
g T mt

=14+ (_)k+1 Lfl;l + (__)2 (k+1) [i'i._cak] + e (_.)a (k+1) [f_:g +

The coefficient of a,%" in the sinister of this identity is the homogeneous
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product sum of order s of the quantities of, af, of, ...; it is thus equal to gy,
the sum of the kth powers of the roots of

ok — gk + Gkt~ L =0
Hence o = (=) &+ ko],
leading to the relations
Hy= o, =[1"],

Hy= g (ot + @) = g [+ (-F [27),

DO

Hy= g, (1 + (- 3 (127 + 2 [37),

: !

SO

and so forth, The law is identical with that which obtains in the expression
of the elementary symmetric functions in terms of the sums of powers, with
the exception that the signs are all positive when s is even.

The distribution function when multiplied out is
EEH;:H;:H;:... amg®;
where Srt=n, B=m;
[anPn [2»]%[§ﬂ_1’7’.‘:—. X .

and Hy=2(-y e 17,27, 8% ! gl ...
where Pt 2P +3ps+ ... =t
As the symmetric functions in brackets [ ] refer to the roots of
at — ha" - hatt— =0,

the Distribution Function may be calculated in terms of A functions.

Ex. gr. The Distribution Function of 4 objects into parcels of type (2) is
H;+ HiHi = —21, (h,i + hz — 2k hy + 2h) + hhy =Dy + b,
=2(4)+3(31)+4(2*)+5(21%) + 7 (1%);
where the numbers 2, 8, 4, 5, 7 are in correspondence with distributions

[P S—
aaala  aaaldb  aubld  aable  abcd abled
aajaa  aable  abbla  aach  abdlc aclbd

aajab aalbb abcja acd)b ad|be
ablab  aalbc  bedla
ablac
2 3 4 5 7
or with the partitions of the multipartite numbers
(4), (31), (22), (211), (1111),

into exactly two parts.
* Compare Art. 6.
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The Distribution into Groups of type (m).

22. We have to take account in the distribution into Parcels of type (m)
of permutations amongst the quantities @, a,, @;, ... which occur in the
denominator factors of the first written form of distribution function. Thus
the present distribution function is

1
(1 —ayaz) (1 —aaz) (1 — azaz)...

1
X A =atur) (1— adaa?) (1— alaa?). .. (1 — ayapua®) (1 - a0, aa?) (1 — ayatsaa?). ..
1
(0 —dad®) (1= aad) ... (1 = @ead) ... (1 = aoyasad) ...

X eiieneen .

This may be written
(1 + Kiaz + Kya*a* + Kya*a® + ...)
x (1 + Kiaa® + Koot + K2aPa® 4 ...)
X (14 Kjuz® + Kyura® + K3aPa® + ...)

The denominator factors correspond to the terms of
h+h+HB+...+h+

and we have the functions K for discussion.

Let a* — ka1 4 kya®=2 — ... = 0 be the equation having for its roots the
several quantities of which K is the homogeneous product sum of order .
Then ! ky=h =Ks.

Further let o, denote the sum of the tth powers of the roots of this equation.

If partitions in ( ) refer to symmetric functions of the equation

a — a4 aa"t— ... =0,
we have a=(a’,+a§+a§+...)‘=(t)‘;
so that 2~ {@)*+ 2y},

:=—31— Ay +3 1y @ +2(3)

and so forth.
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Hence finally, transforming to symmetric functions of the roots of the
equation
-t byt~ ... =0
and denoting its symmetric functions by partitions in brackets [ ],

Ky= [1]«
i L+ -y 21,

I
2

c..|,._. w

gy (1P + (=311 [2F +2(3],

B Bl ) i 1 P
17,2737 pipyipst ... ’
where P2+ 3p+ ... =1,

]\', 3, (—)rpatopt.)

the Distribution Function is then
EZK"\K"'QK": m"ﬂ

QE /A T e
where Stt=n, 3t=m.
It will be noticed that in this case we can as readily express the functions
K in terms of « as in terms of & functions.
Ex. gr. The distribution function of 4 objects into groups of ty_ e(2)is
Ry + KyKy=4 (1) + @)} + (1Y (1)
= 20} — 2dia, + 2a3 = 2h} — 2hih, + 2h%
=2(4)+6(31) + 10 (22) + 18 (211) + 36 (1111);

where the coefficients are in correspondence with the distributions

aaaja 1; aaalb 1; aabld 3; adblc 3; &bc]d 6; abled 4;
adlae 1; aable 8; abbla 3; waclh 3; abdlc 6; «cbd 4;
aajab 2; aabb 1; dbcla 6; acdlb 6; adlbc 4;
ablab 8; aalbe 2; bedla 6
ablac 4;
2; 6; 10; 18; 36;

the meaning, in the above, of ablub 3 being that, by permutations of objects
inside the parcels, three arrangements are obtainable, viz.:

abjab, abjba, bujba,
balab being omitted because the parcels are similar and therefore inter-
changeable; thus bajab and ablba yield one not two distributions.
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Dustribution into Parcels of type (mym,... m,).

23. First suppose =2, so that we are concerned with m, similar parcels
of one kind and m, similar parcels of another kind. Of the n objects we may
have m, objects only distributed among the m, similar parcels, one object in
each parcel, and the remaining n—m, objects distributed among the m,
similar parcels; or we may have m,+k objects distributed among the m,
similar parcels and » — m, — k objects among the m, similar parcels, where of
course k $n—m, —m,. It thence follows that the Distribution Function is
the coefficient of u2 u=a” in the product
§=a
.9,=ll A+ Hypa* + Hypla® 4 ...) (1 + Hypoa® + Hy pia® + ...),
and it easily also follows that the Distribution Function of n objects into
parcels of type (m,m,...m,) is the coefficient of u u2 ... w™ra™ in the product

T (14 Hypat + Hypen + ) (U Hy o+ Hy e 4 ... ...
! o (14 Hy oyt + Hy a4 ...),
As an example consider the distribution of 6 objects into parcels of
ve (22). The coefficient of wiula® in the generating function is
2H)H: + 2111 Hy Hy + Hi H}
= 203 + 2h,h,+ hiDE
s+ 14(51) + 26 (42) + 40 (41°) + 30 (3?) + 64 (321) + 104 (31)
+ 87 (2%) + 140 (2°1%) + 232 (21¢) + 390 (19).

aking capital letters to denote the parcels, we find that the arrangements
ui 6 similar objects are shewn by

A 4 B B

aaa a a a
a a a aaa

wa aw a a
a a auw aa
(2 aa (22 aa

viz.: they are 5 in number as given by the formula. Similarly if the objects
be of type (51) we have, as required, 14 arrangements

A ABB AAB B A ABB AABB AABRB
abaaa aaaaad abacaa @ aaaab b ae a aa

asa b aa aabare awwae ad abawar a aba aa
age a ba aba aaa a aa b aa

a aa a ab
and similarly all of the coefficients of the function are verified.
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Distribution into Groups of type (mym, ... my).

24. The same reasoning that has just been applied to Parcels will
convince the reader that the Distribution Function is the coefficient of

m,

1
in the development of the Generating Function

my My )M
Pot e Py X

ﬁ1 (1 + Kt + Kypia +..) (1 + Ky pa® + Kypda® + ) ..
oo 1+ Ksp,2* + K3 pia® +...)

and we then find that the Distribution Function for 6 objects into Groups
(22) is |

2K Ky + 2Ky K K3 + K1 K}
which is hS + 4hthy — 4h3R% + 4h3
or  5(6)+22(51)+ 51 (42) + 94 (41%) + 64 (3) + 176 (321) + 336 (31?)

+ 258 (2°) + 488 (2°1%) + 936 (21*) + 1800 (1°),

and as before the reader will have no difficulty in verifying these coefficients
by means of the actual distributions.



CHAPTER IV

THE OPERATORS OF THE THEORY OF DISTRIBUTIONS

26. It will be gathered from the preceding chapters that the Theory of
Symmetric Functions is essentially and deeply involved in the Theory of
Distributions. The two theories might almost be considered as identical
since relations in the former theory are interpretable as theorems in the
latter.

As an illustration I give interpretations of two formulas that have been
set forth in the foregoing chapters.

(1) Take the formula
)P (EM)!

(—-)”a,, =3 i:_‘!xz"x‘s*, . Il:‘lh;‘*hg\’ veey

where 3s\,=n, and remember that, when 3A=m, the right-hand side,
taken with positive sign, is the distribution function corresponding to the
distribution of n objects into parcels of type (1™).

 Theorem I. Considering n objects of any kinds whatever the number
of distinct ways of distributing them into an even number of parcels, no two
of which are alike, is equal to the number of ways of distributing them into
an uneven number of such parcels, except when the objects are such that no
two are alike ; in this case the former number is in excess or in defect of the
latter number by unity accotding as the number of objects is even or uneven.”

(2) Take the formula
_s (OPEM! L
(—-)”hn = 2 mjf (l»? aQ- :
and remember that, when SA=m, the right-hand side, taken with positive
sign, is the distribution function corresponding to the distribution of
n objects into parcels of type (1™), the distribution being subject to the
restriction that no parcel may contain two similar objects.

Theorem II. “Considering n objects of any kinds whatever and dis-
tributions subject to the restriction that no parcel may contain two similar
objects, the number of distributions into an even number of parcels, no two
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of which are alike, is in excess or in defect by unity of the number of
distributions into an uneven number of such parcels according as =, the
number of objects, is even or uneven.”

26. To further develop the Theory of Symmetric Functions it is necessary
now to introduce the differential operators of Hammond *.

Hammond’s Operators.
We consider the relation
(z—a)(@—a)...(z—a,)=a" — 2" + 0,2 — ... + (= )"Ay,
which connects the quantities a with the elementary symmetric functions a.

If we introduce a new quantity w by multiplying each side by «—p
we find
@—p) (@ =) (@—a) ... (2 — o)
= 2 () 0+ (0 + ) 87— (0 + P B
and if we suppose, for the old relation, the symmetric function equality
(pflp;rﬂpi’{s "') = ¢ (a’b g, s, "') = ¢
then, for the new relation,
(PTpEpse..) + pP (P77 pEepse . ) +uP (PR PP e )+ P (PTPEPT ) +
=¢(m+p a~2+na1, s + pdy, -..)

= ¢ +udp+h (@) +E@ S+

where d, = d +a/1 d(i + a, d‘i +.
3

and (d!) indicates that the mult,xphcatxon d,xd,xd, x... is a symbolic
multiplication as usual in Taylor’s expansion.

(%) is thus an operator of order s and is in contrast to (d,)* which will be
held to denote s successive operations of the linear operator d,.

Writing further ;! (d3)= D, we find, by a comparison of the coefficients
of like powers of u,
D, (prprps - ) =(p7 ' ppps..); Dy (pipips...)=(plpi i ...);
D, (prpeps...)=0;
if & is not included among the parts p,, p,, ps, ... ;
and D,(s)=1.

* ¢« On the Caloulation of Symmetric Functions” by J. Hammond, M.A., Proc. Lond. Math.
Soc., Vol. xur. p. 79. 1882,

“On the use of certain Differential Operators in the Theory of Equations” by J. Hammond,
Proc. Lond. Math. Soc., Vol. xiv. p. 119, 18883.
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The effect of D, upon any symmetric function denoted by a partition is
to obliterate from such partition a part s It is usual to term the D’s
obliterating operators. It will be noticed that the operators D obey the
commutative law, viz.: D, D,=D,D,, and in their combinations with constants
and with each other they also obey the other ordinary laws of algebraic
quantity.

We will write in general

d d d

= %A ta durts + ddtays
and then the operators D and d are those with which we shall be principally
concerned.

+ ...,

27. Let us first study the effect of two successive operations of d,.
A first operation of d, upon an operand’ f yields a sum of terms similar to

@ .

Qg (T(Z‘:l s
a second operation of d, upon this term yields a sum of terms similar to
ty 7 (a,, -EZL)
da,y, da, ’

af da, df .

a,d, - a
§ d"’r+ldu9+l ’ Ay, dagy,’

which is
the second term vanishing unless r+ 1=s. Observe that the first term is

and a, dd and that the

arrived at by symbolic multiplication of a, di
3+1

7‘+1

second term, when it is not zero, is arrived at by operating with a,— Tu
Uyt

upon a, ng—, regarding the latter as a function of the symbol of quantity
841

a, only.
It follows that we may write
(dy=(d) +d, +d,
the symbol + indicating that d, which precedes it operates upon d, which
succeeds it on the supposition that the operand d, is an explicit function of
the symbols of quantity only and not of the differential inverses. Since

d, + d, = d, we have
(d)*=(d) +dy;

and generally (dr) (d.) = (drd,) + dry-
A like theorem obtains when the operand is an operator of any order.

Thus (@)D = 5, (B)ED) = @)+ g5, i~

or (d2) (De) = (da D) + (das1 De—y)-
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We shall see that the algebra of these operators is parallel with the algebra
of symmetric functions, D, corresponding to a, or (1<), and d to s, or (A).
Thus the relation above (d,)* = (d}) + d, may be written
dz =D ? - 2D,

wherein we disuse the bracket in the case of the D operators so that D?
denotes the operation D, twice performed. This operator relation is to be
compared with the symmetric function relation

(2) =i =20, = (1) -2 (1.
Also the operator relation
(@) (Do) = (drD.) + (drs1 De—r)
is to be compared with the relation
AAH=A 1+ A+ 1, 1=
in symmetric functions.
Now if we take the expression
da = (day) (D)) +(da) (D) — .. + ()2 (dy) (D),
and make use of the formula
(d\) (Di) = (@rDy) + (drga Do),
we at once reduce it to (—=)*"1AD,.
Hence dr— (dr—) (D)) + (Aa—n) (Do) — ... +(=)'ADL=0;

and we compare this with Newton’s Rule for the sums of powers of quantities,
viz.:

8o — Sa_1y + Sag@y — ... + (=) Aar = 0.
We find that d,=D,,
d,=D*-2D,,

da = D:li'— 3D1D2+ 3-D3,
d,=D'— 4D D, + 212 + 4D, D, — 4D,,

.............................................

and in general di=[\], Dx=[1*] where the brackets [ ] denote symmetric
functions of the fictitious quantities which are roots of the equation

1 —y—l.Dl +y—2D2__y—8D3+ X =Oc

The differential operasors corresponding to the other symmetric functions
in square brackets may be found. Thus, from a formula above,

(dady) = (dr) (d) — davus
and since Salal = s)8, — Satp
we see that (dad,) = M)
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Moreover, the easily obtainable results
(d3) = (da) — dar,
(d) = (dr) — 3(dh) (da) + 2dn,
(dady) = (da) (du)* — (da) (dan) — 2 (d) (drsn) + 20 rsa,
’ (dkdudV) = (d»\) (du) (d,) - (dA) (dn+v) - (du) (d,\,,.,) - (dv) (dk+n) + 2dA+#+w
when compared with the expressions of 2a}a}, Zaja}a)}, Salajat, Sa}atal,
by means of the sums of the powers of the quantities a, shew that the

similarity of the algebras of quantity and operation leads without doubt to the

result
1

limint...

(ddrdr...) =[Numon...]

The operators dy form an algebraic group in the sense that their algebra
is wholly comprised within the limits of the group. This arises from the fact

da '1' du = d,\+,.,
where the right-hand side depends merely upon the sum A + x and not upon
the actual values of X and u.
28. Consider any linear function of the operators of the system, viz.:
u, =myd, + mydy + myd, + ... ;
and put w,=wu +u,,; so that therc arises a system of linear operators
Uy, Uy, Us, ...
We find w,=u, + u, = mid, + mym,d; + m,msd, + mym,d; + ...
+mymds+  mid,+ mgmgds+ ...
+ mym,d, + mymqyds + . ..
+mamds+ ...
so that if we write u,=m,d + m,d*+ m,d?* + m,d*+ ...,
where symbolically d, is written d?, we have
Uy = (myd + myd? + myd® + mydt + ... );
and in general Uy = (M A+ My d? + myd? + myd* + ... );
u‘ .1- ut = ul‘f‘t ;
from which it may be gathered that the operators u,, u,, u,, ... also form
a group in the above stated sense.
Moreover ()= (¥d) + u,,
(w) = (u3) + 8 (uau,) + s,
() = (u) + 6 (uyu) + 3 () + 4 (wawy) + u,,

...................................................

s! -
() =2 ). iim!... (CUARDE

wherein INtmp+..=3s
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Hence by addition
(W) | (W) S (whul ...)
_ Thut gy +igy +o =2 o limiL
Observe that on the right-hand side the operators are of order s.

Now consider exp ('u, + % + g—’; + ) )

the bar over exp denoting that in the exponential expansion the multiplica-
tions of operators imply algebraic combinations and not successive operations.

A simple application of the multinomial theorem yields the formula

_— 8= : m...
exp(u1+g—§+§—’;+...) (s ...)

and thence the important result

=2 IR liml

— Uy Uy
exp U, = exp (ul+2~!+§, + ),

where on the left-hand side, on expansion, the multiplications, or powers
of u,, denote successive operations.

Since w, = mydy + mad, + mad; + ...
if ul+g—2‘+3£‘”;+...=M,d,+M,d2+M,d,+...,

we must have
exp (myd, + mody + mydy + ...) = exp (Myd, + Myd, + Mydy + ...),

wherein the coefficients M are connected with the coefficients m in such wise
that, y being an arbitrary quantity,

exp (my + myy + myy* + ...y =1+ My + Myy* + MyyP + ...
To see how this is observe that

1+ul+g“:+:l—;ﬁ;+---=1+M1d1+Mad2+Msdt+---

may be symbolically written
exp (m,d + mad? + mpd? + ...) =1 + Myd + M,d?* + Myd’ + ...
and that we may replace the symbol d by an arbitrary quantity .

i, m
We derive the relations M, = 27?!"7"?
where IN+mp+..=5;
—1)!
m,=2(_)a+l+m+...(l+m+--. 1)'8M;{M,'f...;

lim!...

so that the theorem assumes two forms.
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(i) If the coefficients m be arbitrary
exp (m,dy + mydy + myd; + ...)

mi+ 2m, m + 6mym, + 6m, )
R L 2 dot ...);

(i1) If the coefficients M be arbitrary
exp (Myd, + Myd, + Mydy + ...)
=exp (M,d, — § (M} - 2M,)d, + § (M} — 3M,M, + 3M;)d;— ...}.
As particular cases; we have

expdl-—exp(d +d2+él,+ )

=exp (m]d,+

which is Sylvester’s Theorem.
Also expd,‘—exp(d;\—i- d2A+ Yds)\'f"-..);

expdy=exp(da—3dn + §dpn— ...).

We say that an operator is of weight A when the effect of the operation
is to reduce the weight of the operand by the number A.  The two operators
so far considered, viz. d\ and D,, arc called linear-weight and obliterating-
weight operators respectively. In the sequel we shall arrive at partition
operators and at this point we may proceed to the thcory of partition-
obliterating operators from a consideration of the mode of operation of the
weight-obliterating operator upon a product of symmetric functions each of
which is symbolized by a partition. We shall thus advance, as will be seen
in the sequel, a very important step in the theory of distributions and also
obtain a powerful means for the handling of symmetric functions.

Operation of Dy upon a Product of Symmetric Functions.
29. Let s, s=1,2 38 ...m

denote a symmetric function, symbolized by a single partition, expressed in
terms of the elementary functions a,, a,, a,, ... ; and put

‘ ¢=¢1¢a¢s--- ¢'m
If to the quantities a;, a, @, ... &, from which the functions are derived,
we add a new quantity x, we have seen above, Art. 26, that

¢, becomes (1 + D+ Dy + ...) by
hence A+Dp+Dypr+...)
=(1+Dp+Du+..)¢,
X (14 Diyp+Dyp?+...) ¢,
X (1+Dp+ Do+ ...) s

X(A+Dypu+Dyp+...) P
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We may now multiply out the right-hand side and then equate coefficients
of like powers of . We shall thus obtain on the left-hand side D¢ suppose
and on the right-hand side a sum of products such as

D1 - Dagps. Dageps .. Da,ms

wherein clearly (M AqA;... Ayy) is some partition of A into m or fewer parts.
Restricting attention for the moment to this particular partition of A, it is
obvious that we have a sum

ED)‘!(#l . .D,\2¢2 . D)\s¢3 . ve DA,,,¢m H

the sign of summation extending to the whole of the permutations of the

factors
b1, boy by, .o Pie

We have a similar sum of products for every other partition of A\ into m
or fewer parts; so that we may write

Dy =33 Dy . Daypy. Dayps ... D, s . Pytr .. bms sZm;

and the double summation is in respect of

(1) every partition of A into m or fewer parts ;

(i) every permutation of every selection of s out of the m factors
¢1, Do, Py, oo Prme

It will be noted that many of the products will as a rule vanish because

D,6=0,

unless the partition denoted by @ contains a part p.

Hence the operation D, is performed upon ¢, ¢,¢;... ¢ by abstracting
every partition of A in all possible ways from the product, one part at most
being taken from each partition.

We may conveniently write
SDu¢i. Dayds. Doy .. Dabs- buss o b
=Dorgrg...ng Prpads ... b ;

and name D, a,a,...a, @ partition-obliterating operator.

Then Diipatps ... P = (ED(A,.\,,\,,...A,)) b1h:s ... b,
and Da=3Dpagrs... 00

the summation being in respect of every partition of A; for those partition
operators which have more than m parts will not add anything to the result.
We have thus expressed the weight-obliterating operator as a sum of
partition-obliterating operators; and thisis one step towards the generalization
of the Theory of Symmetric Functions in which numbers are replaced by
partitions of numbers.

M. A 3
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Example: D,=Dy + D + Dy + Dein + Dy
so that if the operand is symbolized by a single partition
D‘ =D (4)+

Tt has been mentioned that in operating with a partition-obliterating
operator upon a product, it is necessary to pick out the partition from the
product in all possible ways, one part at most being taken from each factor.
It is this circumstance that makes the partition-obliterating operator a
valuable instrument in the Theory of Distributions.

30. The operation of D, upon a product of symmetric functions has
been connected with the partitions of A and with every way of picking out
such partitions, onc part from cach factor, from the product. This has
necessitated a summation in regard to all permutations of the factors of the
product. We can get rid of such permutations by associating A with its
compositions (sce Art. 8) instcad of with its partitions. Thus suppose A =3
and the operand ¢, .y, we will preserve the order of these factors and
associate the nummber 8 with its compositions into exactly four parts (there
being four factors) where zero is admitted as a part. Tt is convenient to
represent zero in this connexion by the symbol @ and then the operation
of 1), will be apparent in the scheme

b b b b b b b b
3 0o 0w 1 2 0o o
o 3 o o 1 o 2 o
0o o 3 o 0o o 2
0w o o 3 w 1 2 o
2 1 o wo 1 o 2
2 w1 o o o 1 2
2 o o 1 111 o
o 2 o 1 1 1 o 1
w 2 1 o 1 o 1 1
o o 2 1 o 1 1 1

where for example the seventh row of figures indicates that a part 2 is to be
deleted from ¢, and a part 1 from ¢,; ¢, and ¢; being unaffected by the
symbol w. It will be noted that the operation of Dy is split up into 20 parts,
20 being the number of compositions of 3 into exactly four parts, zero being
admissible as a part. The symbol w has no effect ; it is merely introduced
in order to shew the law.

Generally the number of compositions of A into exactly m parts, zero
parts admissible and m Z A, is equal to the coefficient of #* in the expansion of
Q+z+22+2+...)"

which is (m +>’:' 1).
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This idea of associating the operation of A with the compositions of A
and so splitting up the operation upon a product ¢,¢; ... ¢ into
m+A—1
")

portions without any permutations of the factors of the operand enables us at
once to generalize the theorem.

For the theorem may be written

Dr(ips... pm) =2 Dr, by . Diyps ... D, b,
where the order ¢,, ¢, ... ¢, remains unchanged and the summation is in
regard to every composition (MA; ... Ay) of A into exactly m parts, zero being
admissible as a part. We now operatc upon the representative term on the
dexter, viz.:

Dy ;. Diyobs ... Diyybn
with D, through the medium of the compositions of w into exactly m parts,
zero being admissible as a part. Thus

Dy {Diy.Dayps- .. Dapypn} =2 Da, Dy, ¢y . Dy, Dypyps. ... Do, Dy b
leading to
D\Dp (i d. ... ) =32ZDy\ Dy by Doy Dy ... Dy, Dy, i
On the right-hand side there will obviously be
(m+)\—1) (m+y.—1
A 7z
for we have to associate every composition of A with every composition of u.

) terms,

In general we may write

D\D,D,...(¢1¢s... ¢m)
= 222 “es DA!.DHD"[ ¢1 . DAQD“’D,,I ¢z- e D'\mDFmDvm oo ¢m

and the number of terms on the dexter is

Sl

31. So far we have been concerned with a system of operators for use
when symmetric functions are expressed in terms of the elementary symmetric
functions a,, @,, @;, ...; we must now find another system for use when
the functions are expressed in terms of the homogencous product sums

hll hz, hh cee
We may evidently write
(z—a)(z—a)(z—a5) ...
=" —ha 1+ (hI—h) 2" — (B — 2 by + hg) 22+ ...

since we know the formula for expressing any a in terms of the quantities A.
3—2
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The introduction of a new factor (z — «) on the left-hand side causes hy, to
become
P+ by + hy_gi® + ... +K%,

and thence any function ¢ of by, hy, ky, ... becomes
SPtr, hothe+u? hy+hon + b + o5, ...)

or &+ (1) + K28, + k28, + ...)¢+§1-|(/c31+/c"‘82+ B8+ .. .Y p+...

d d d
where 88=(—[};N+]L1m+h2m+...

and the multiplications of operators are algebraic as in Taylor’s Theorem.

This expression must be written in the form
b+ Db+ AP+ AP+ ...
where A =34,
214, = (&) + 24,
314, =(8)+ 6 (8,4.) + 68,
s!
A= 2 e (BROI8),
and Nt mp v+ ... =s.

From these relations we deduce
81 =4,
8, =—(A}-24,),
8, = Al — 3A,4, + 34,,
So=— (A — 4A1A, + 282 + 44,4, — 4A,),

...................................................

where {s] is formed from A,, A,, 4,, ... in the same way as (s) from hy, by, by, . ...

The introduction of the quantity « causes
(Alumym )

to become

MmN mm L) s (M min ) 4 AWumom=t Y+ ...
and if b= Atumpn...)
this is also (1 +#8,+ A+ 305+ ...) (Wumo..l);
yielding the results Ay (Mpmpm, )= (Apmyn ),

Ay (Mumym. )= (Mpm-1yn ),
ALATAY... (Mumpr. ) =1;
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and if ¢ does not occur among the parts A, g, », ...
A, (Mumvn.. )= 0.
It will thus be seen that A, when operating upon a function, symbolized

by a partition, is precisely equivalent to D,.

The further conclusion is that there exists in regard to the A functions
a theory exactly parallel to that of Hammond in regard to the « functions.

Thus if
Apmom. )= ¢ (I, by, by, ...),

we have the corresponding operator relation
(G 8u8r...)+ltmin!...=¢ (4, A, Ay, ...).
Ex. gr. Since (21) = — 3hy + 5hh, — 203,
we have (8,8)) = — 34, + 54,4, — 243,



CHAPTER V
APPLICATIONS OF THE OPERATORS d AND D

32. It will have been observed that every symmetric function formula
which involves the monomial functions (pgr...), the elementary functions
@, @y, as, ... and the power sums (otherwise one-part functions) s,, s, sy, .-
gives a relation between the operators and wvice versd. Thus

(2™) = a2, — 20 10mi1 + 2p—sQnys — +.. (—)™ 200
gives  (d})+m!= D% —2Dy Dy + 2Dpu s Dz — oo (=)™ 2D .
The operators may be applied to the calculation of the expression of the
function (Mu™v”...) in terms of the elementary functions.
It must first be noted that if s > m
Dyay ap, «.. 4, = Dy (1P) (127:) ... (17m) = 0.
Also if s=m
Dyapay, ... ap, = Dy (17) (122 . (1Pm) =y 10y, ... Uppy.
It follows from this that the function (Mu™p*...) is of degree A when
expressed In terms of a,, d,, ds, ..., for clearly D, (Mump™..) =0 if s > \.
We may therefore write
(Mumvm..) = Z Pap,ap, ... ap, + terms of lower degree.
Thence operating with D, we find
(AM-1umsn ) =S Pap, ~1ap,-1... ap, -1,
or, in words, a unit diminution of suffix in the terms of highest degree in

(Mp™wm...) gives immediately the complete expression of (A= u™p™ ...).

Moreover suppose that we are given the expression of (A*~?u™»"...) and
that we make it homogeneous of degree A by introducing into the various
terms the proper power of @,, we see that a unit increase of suffix throughout
the expression gives at once the whole of the terms of highest degree in the
expression of (AW p™p™...). .

Next suppose that

(eAtpmyn. . )= 3 Pap ap, ... ap, + terms of lower degree,
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the operation of D, produces

ag~*(Numt.. ) =32 Pap _10p,..1... Gp -1,
indicating that we produce (Alu™y”...) by making a unit decrease of suffix
in (kAM'u™v™...) and subsequent division by af~*.

Moreover starting with the expression of (AM\u™y"...) we have merely to
make it homogeneous of degree « by introducing the proper power of «, into
every term and then make a unit increase of suffix to obtain the whole of
the terms of highest degree in the expression of (kA'u™"...).

Ex. gr. Since

(3) = a3 — 3a,u,uy + 3dia,

we find (53) = a2 (¢} — 8a,a,ay + 3d?w,) + terms of lower degree.

33. Ifin the equation
Ao ) =f(ay, dy, dg, ..2)
we operate on the right-hand side with d,, d,, ds, ete. ... and on the left-
hand side with their equivalents

D,, Di-2D,, D{—3D,D,+3D,, ...

we obtain a set of differential equations of the first order all satisfied by f.
If k be an integer, less than 3\, none of whose partitions are contained in

Atumyr..L),
we have a differential equation of the form
d.f=0;
and thus, frequently, we are able to calculate f without reference to known
values of symmetric functions of lower weight. Thus if /= (3?)
df=0, df=0, df=0, d;f=0,
and, without using d, =0, we find
(8%) = a} — 8u, uyty + 3 ay + 3ai — Ba,uy — 3, s + 3.
The remaining equations may be employed when Tables of functions of
lower weight are available.

The operation of d,= D, alone naturally derives a Table of weight w —1
from a given Table of weight w.

The operator d, when performed on a function of weight », or on a
function which does not involve an a with a suffix greater than =, reduces
to a%— ; and similarly the non-linear operator (d\d,d, ...) reduces to

n
4 d d
day " du, da,”"

when the operand has a weight A + u+v + ....
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Hammond's Proof of the Second Loaw of Symmetry.

34. It has been shewn that there is a complete correspondence between
symmetric functions and operational formulas. Thus suppose that the two
symmetric functions (pgr...), (p1qi7; ...) of like weight are developed so as
to give

(pgr..)= ...+ Aayaqty ...+ ... .cooiinninnns (a),
(P )=+ Alapaga, oo+ .o (a).

We have to shew that 4 = 4.

The first equation («) leads to the operator formula
(dpdy@,...)= ...+ ADy Dy D,, ... + ...
and using each side of this on the opposite side of equation (a’) we find
(ot ADy Dy Dy, ...+ ..) (pru7y - ) = (dpdyd, .. ) (... + A" apagay ... + ...).
Now the left-hand side is equal to 4 since
(Dp, Dy, Dy, ..) (prgu7y ... ) =1

and the remaining operations cause (p,¢,7, ...) to vanish. Also on the right-
hand

dydd d d d

T“'Ed(l,p'd_(;q-d—(l,,”.

since the operand is of the same weight p+ ¢+ + ...; hence the right-
hand side is equal to A’, the remaining terms of the operand vanishing
under the operation. Accordingly

A=A4,
establishing the theorem.

The requisite modifications can be made in the proof when there are any
equalities between either the parts p, ¢, 7, ... or the parts p,, ¢, 7, ...

36. To prove the reciprocal theorem, write
ApQelr...= ...+ B(piqiry...)+ ... ),
Ay Gy o= ...+ B (pgr.. )+ ... ).
From equation (b) we derive
DyDyD,...=... + B(dpdgd,, ...)+ ...
and operating as before on the relation (b’) we find
B=F,
establishing the reciprocal theorem.
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36. We may now generalize these results.
Suppose that, of the same weight, we have two results
EA)‘l“m,n_ .. (hl"m 7L .) = EAINI'“'m’,‘n'. .. (I»f\’» (L;",(L:’ cen
ZB,Alpm.m_ .. tlf\ (LL" a{,‘ e = EB)\'I' wmyn (x’l’”"m‘ v, .).

Equivalent to the first of these results we have

(&drde...) o
EA)Jmen”_ ﬂ)‘mﬁ'i;’l]~ = EA Al pm || Dl/DFz D,/ ey
. ddrdr..) 1 d\/d\m/d\n
and since T = lmint .. <¢7a7> (?l?t:) (JE>

when the operand is a{a™a? ..., a term of the same weight as the operator,
(did;nd:) l ym n — .
Timint ., A% %=1
and moreover DiDm DY .. (WF ™y L) =1;
we find by operation of the operator identity upon the two sides of the
second of the two results in symmetric functions
EA Alumyn B’Aly"‘yﬂ... = EA':\”"L"”'VW... BA'VIA"”"V'”'... .
As an example of this elegant theorem take from Tables the two formulas
#H+ED+@)+ Q1)+ (1) =—a+ 200+ @ — 34} +ai,
@ + asa, + i + a0f + at = (4) +5(31) + 9 (2?) + 20 (21?) + 47 (19).
Now multiply each coefficient in the first relation by the coefficient
immediately below it in the second relation so as to obtain the relation

IX141Xx14+1x14+1x141x1=-1x14+2x54+1x9—-3x20+1 x47

or 5=—1+4+10+9—60+47,
which is true.

Similarly since 2l)= wa, — 3a,,
ai = 3 (21) + (3) + 6 (18),
0=3-3=0.

Applications of the Operators 8 and A.

37. If the student has grasped the method of employing the operators
d and D he will have little difficulty with those now under discussion.
The following results are easily verified :
Ahiy=hp_g, ifs<m;
Ay =1,
ARk ...=1, fIN+mu+nv+ ... =w
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It follows from this last result that if the symmetric function (w) be
expressed in terms of hy, Ay, Ay, ... the sum of the coefficients in such
expression is unity. But that if any other symmetric function, symbolized
by a single partition, be so expressed the sum of the coefficients is zero.

If in the equation

Atpmon. ) =¢ (hy, hg, hs, ...),
we operate on the right-hand side with 8., 8, &, ... and on the left-hand
side with the equivalents
A, —(A1=24,), A}—-3A,4:+34,, ...

we obtain a set of differential equations of the first order all satisfied by ¢,
and thus it is just as easy to calculate symmetric functions in terms of the
functions A as in terms of the functions a. But it will be found that in
every case an h product presents itself in correspondence with every partition
of the weight; there are no cells cmpty in the square table and every
symmetric function in brackets () is of degrec 6 when expressed in hy, ko, b, ...

New Proof of the First Law of Symmetry.

Taking the two relations
(pgr...) = + Al hg b, ...,
(prqats o) = ... + A'hphgh,...,
the first gives rise to (8,8,8,...)=... + A8y, Ay A, ...
and performing the sides of this upon the opposite sides of the second relation

we find

A=4
which establishes the direct theorem. For the reciprocal theorem write
hohgh, ...= ...+ B(pqimr-..)+ ...,

hyhgybr, ...

from the first relation

.+ B (pgr..)+...;

DA = ...+ B(8,8,8,..)+...
and this, combined with the second relation, gives
B=2PF.

If there be repetitional numbers in the partition we have merely to introduce
the appropriate factorials and the proof proceeds in a similar manner.

General Law of Symmetry.
38. Suppose that we have any two formulas of the same weight
SAngmn . Mmoot )= A\, (kf('k"f,llzﬁl v
SBnumon . BRTRE .= Z Bty (AT ™).



CH. V] OPERATION UPON A PRODUCT OF FUNCTIONS 43

The proof proceeds precisely as in the case of the functions a,, a,, a,, ... and
we find )
b Axymyn BI)J#"‘»"... = EA’X,P#’M‘V"I Bh"’y.’""v"" e
Ex. gr. Take any two formulas from the Tables such as
hy+ hyhy + i+ hoh3 + ki =5(4) +12 (31) 4+ 16(2?) + 27 (212) + 47 (19),

31) =—4h,+Thsh, + 2h] — Thehi + 2hi,
multiplying together the coefficients of corresponding terms we have
1 =-20 + 84 + 32 - 189 + 94

which is right.

Operation of D or A upon « product.
39. Example 1.
D, (43) (2) (1) = {Dua + D} (43) (2) (1) = (3) (1) + (4).
Example 2. Dy(1)*= Dy (1= (i) (1),

Hence at once the multinomial theorem, for if

(1) = SM(Npmp ..),

we have D\DD; ... (=M
n! m yn n—IA — :
and O (1 — Dyt DR D (U= M
n!
and thence M= WD (ulym ().
" n! m,,mn
or =2 Sy iy .. F# )

the symmetric function expression of the multinomial theorem of algebra.

Example 3. The operators may be freely used for the purpose of
multiplying symmetric functions together. Thus suppose we require the
coefficient of (543) in the development of (821)(21)(21); writing

(321)(21) (21) =... + A (543) + ...

we find A = D,D D, (321) (21)(21);
now write Dy= D) + Dy + Dy,
. Dy(321)(21) (21) = (+21)(21)(21) + (+21)(21) (1)
F(-21)(2)20)

+(801)(¢1)(2¢) +(31)(2%) (+1) +(32¢) (1) (1)
(the dot indicating the part picked out)
=221 (2D (1) +(21) (2)(2)+2(31)(2) (1) +(32) (1) (1);
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and since D= Dgy + Dy,

DD, (321)(21)(21) =2 (+1) (s 1) (1) + (21) (+) (+) + (s 1) () (2) + (s1) (2) (v)
+2(1)(2e) () +2(2) (1) () +2(B) (+) () +(8) (s} (+)
=3@3)+6(2)(1)+2(1)(A)(1)+(21);

and since Dy=Dygy+ Dy + Dy,

Dy DD, (321)(21)(21) =3 (¢) + 6 (s) (s) + 2 () () (+) = 11.
Hence on multiplying out (321) (21) (21) we get one term 11 (543).
In like manner the other terms can be obtained.

The most important application of these operators is postponed to
Section V.



SECTION 1II

THEORY OF SEPARATIONS

CHAPTER 1

THE ALGEBRAIC THEORY

40. In the foregoing Section the Theory of Symmetric Functions and
the Theory of Distributions have been developed together up to an interesting
point. The theories have been mutually helpful but a new idea will now
lead to more intcresting and retined developments in both theories. The
notion is to associate the Theory of Symmetric Functions not with a number
but with the partition of a number and to shew that the theory of Secction I
is that particular part, of a morc general theory, which is associated with
that partition of a number which is composed wholly of units. This leads to
a great advance in the algebra and the Theory of Distributions proceeds par:
passu—at one time being urged along by the algebra, at another time pulling
along the algebra after it. The relation of the theory of Section I to the
theory of this Section will become clear, and attention will be drawn to those
theorems which are quite general for cvery partition and to those which are
peculiar to certain partitions.

The Separation of a Partition.

41 A partition of any number is “separated” into “separates” by writing
down a set of partitions, each partition in its own brackets, from left to right
so that when all of the parts of these partitions are assembled in a single
bracket, the partition separated is reproduced. We thus obtain what is
called a “Separation” of the partition.

Thus of a partition (PrP2PsPaPs);

(21p2) (sp) (Ps), (Prpaps) (Paps),
are separations. The first and second of these are composed of separates
(pipa), (P3P, (D) (DaPaps), (Pups) respectively.
Just as we speak of a number, qué its partitions, as the partible number,
so we speak of a partition, qué its separations, as the separable partition.
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42. Itis convenient to arrange the separates of a separation in descending
order of magnitude of weight or content from left to right. If these
successive weights be w,, w,, w,, ... the separation is said to have a
“ Specification ”

(W wyws...),
and it must be noticed that both the separable partition and the specification
of its separation are “ partitions of the same number.”

The sum of the highest part of the separates of a separation is called the
“degree” of the separation. Thus the separation

(Plpz) (P3P¢) (P:s)
has a specification ( p, + ps, Ps+ po, ps) and a degree p, + p; + ps.

43. If the separates are some of them repeated in a separation we have
the notion of “multiplicity.” Thus if a separation be

(pr-- Y (poe Y (ps... ).
the multiplicity 1s defined by the succession of indices

Gos o o oenn

Admitting unity as a possible value of a j, it is clear that every separation

has a “multiplicity ”; the sum of the multiplicity numbers is equal to the
number of separates which appear in the separation.

Every separation has the characteristics (i) weight, (ii) separable partition,
(iii) specification, (iv) degree, (v) multiplicity. There is also a sixth
characteristic which will be reached and considered presently. At present
the inquiry must be into the number of separations possessed by a given
partition. Let us have before us the whole of the separations of the partition

Wu);
they are (A2,
(W) (m), ) (A), (W) (), (),
O s O (), () V) (w),
() (.

We observe that the number of the separations does not depend upon
the absolute values of A and w but merely upon the repetitional exponents
2 and 2 which present themselves in the separable partition. The next
remark is that separations correspond to every partition of the “ multipartite
number” (22). These partitions are

(22), one part,
(21) (01), (12)(10), (20)(02), (11), two parts,
(20) (O1)%, (10y(02), (11)(10)(01), three ,,

(10)2(01), ' four ,,
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nine in number. In fact we see from Section I that these bipartite partitions
correspond to the distributions of objects of type (22) into one, two, three and
four similar parcels respectively. The notion of multiplicity arises naturally.
It will be remembered that in Section I it was found that the consideration
of a symmetric function
SarBeqr...

could be dealt with for most purposes by merely considering the numbers
A, #, ¥, .... So for some purposes a partition

v,

(prpeeps...)
can be dealt with by restricting the attention to the repetitional numbers
Ty, Tay Tyy eee sy
and we may say that the multiplicity of the partition is
| ... .
In the same notation we say that the multiplicity of a separation
(pre- Y (poe Yo ( Py Voo 08 | figudseede

We find instances where it is only necessary to consider the multiplicity
of a separation. It will be observed that qui partition (A*u?) has a multiplicity
|22 | but qua separation a multiplicity |1|.

It can now be asserted that the separable partition
(P prpse---)

of multiplicity | m,m,...| has separations which are in one-to-one corre-
spondence with the partitions of the multipartite number

(mymams...),

and with the distributions of objects of type (,m,m;...) into parcels of type (m)
when m may have all integer values from 1 to Sar.

In the particular casc of the separable partition (pT) the number of
separations is equal to the number of partitions of the multiplicity .

Groups of Separations.

44. The separations of the partition (A*u?) were arranged above according
to the number of separates that made up the separations. There is a much
more important arrangement. If in the separations we strike out p altogether
we are left either with (A% or with (A)(A); similarly if we strike out A we
are left either with (u?) or with (u) (4). In fact in any separation A considered
alone occurs in one of the separations of (A?*) and u considered apart from A
occurs in one of the separations of (u?).
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Those separations which involve both A and y. in identical separations
of (A?), (u?) respectively form a group. There are thus four groups associated
with

), (),

QA7)
), ()
A2 (),

or, attending only to exponents, we may write these
Gri(2), (M} G {1, A} Gr{), 1) Gr {1, (19};
and we find for Gr{(2), (2)}- Apd), (A (pd),
Gri(1), @) )N, ()
Gri2, (1)) M), W)Wy
Gri(1), 0wy M) W), (V) ()

In the case of the separable partition (p~) there are as many groups as
there are separations; each group contains one separation only.

1t is clear, in regard to a separable partition
(PP,
that there will be a group corresponding to every way possible of associating
a partition of 7, with a partition of m,, and in general if P, denote the
number of partitions of r, thec number of groups of separations appertaining
to the separable partition
(pipipst...)

i8 P,.P,.P,....

The sixth characteristic of a separation is thus the group of separations
to which it belongs.

The usual Tables of Symmetric Functions comprise results such as
(@) =@1)y-3(Q) 1) +3(1%)

and the reader will observe that on the dexter, to numerical coefficients
prés, each term is a separation of the separable partition (1*). In general a
Table of weight w gives the expressions of all symmetric functions symbolized
by a single partition of w as linear functions of separations of the partition (1%).
The theory of Section I is in fact based on the particular partition (1%) of
the number w and is thus a unitary theory. We are about to see that there
is a theory based upon any partition of w selected at pleasure and that there
is also a parallel Theory of Distributions.
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Generalization of the Theory of Section I.

45. In Section I we considered the distribution of n objects into n parcels
and found that the Distribution Function of n objects into parcels of type
(pqa71...), where pi+qi+7m4+...=n,is

g figylir, ...
We analysc this result in the following manner:
Write ¢, =(1)b,
¢ =(2) b, + (17) 3,
ey =(3) by + (21) byb, + (1%) %,
co = (4) by + (31) byb, + (2%) b2 + (21°) byb} + (1) b,

and in general
cs=23 (Auv...) brbub, ...,

the summation being for every partition of the number s.

Observe that, if b, =b,=b, = ... =1, then ¢, = h,.
Consider the result of multiplication
CpyCaiCry -+ = S POTOTH ... ;

in the product ¢y, cqcy, ... every symmetric function product that presents itself
is a separation (of some partition of weight p, + ¢, + 7+ ...) of specification
(pqa7mi...); the partition of which it is a separation will become manifest on
inspection of the b-product to which it is attached. Thus if the attached
b-product be

b31b3:b3...
it is clear that it is a separation of the partition
(s785785°.02) 5
hence P must be a linear function of separations of the partition
(s7183283°....)
each of which has a specification .( Pi@iTre e )
1t can now be shewn that the linear function P is also the Distribution
Function of n objects into parcels
(pu11--2)
when the distributions are subject to certain restrictions.
Recalling Section I, Art. 10 it will be seen that we considered the

particular case of distribution of objects of type (321%) into parcels of type (43);
M. A 4
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we wrote down &, and %, at length in terms of the quantities a, 8, vy, 8 and
found that term of the symmetric function (321%?) which arose from the
multiplication a®8 x By8; we supposed the letters aaaB to be four objects
placed in similar parcels (one object in each parcel) of one kind and the
letters Byd to be three objects placed in three similar parcels of a second
kind. In the present theory the product ¢*8 being a term of the symmetric
function (31) would have the literal product bsb, attached to it, and the
product Byd being a term of the symmetric function (1%) would have the
product b} attached to it. The meaning of b, here is clearly that we have in
the distribution three similar objects, viz. aaa in similar parcels; and the
meaning of b, which multiplies b, is that one object B of a certain kind is
found in a parcel; so also the product b} attached to Byd indicates that
objects of three different kinds are found in parcels; had the two objects 3, 8
been found in similar parcels b, would have found a place in the b-product.

From these considerations we see that the whole b-product attached to
the term a*B?y8, which has been derived from the multiplication

B x Bys,
indicates that the corresponding distribution is such that if we agree to

write down a factor b, whenever we obscrve s stmilar objects in s stmalar
parcels we shall obtain the product

b3b%’
where (31¢) and (321?) are necessarily partitions of the same number.

In this particular case therefore we see that the product b;b} will appear
whenever a distribution is of the type (31¢). (See Sec. I, Art. 2.)

In general if in any distribution of n objects into n parcels (onc object in
one parcel) we agree to write down a factor
be
whenever we observe § similar objects in § similar parcels, we of necessity
write down a b-product

¢ bﬁ bg,b;s veey

where (E.EE...)
is some partition of n. We then say that the distribution is of type

(E:&uba-o).

Thence it follows that P, the linear function of symmetric function
products which is the coefficient of

bbb,
is the Distribution Function of = objects into parcels (pqy7y...), the
distributions being all of them of type

(8708388,
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46. Suppose now that P is expanded so as to be a linear function of
monomial symmetric functions, viz.:
P=30 (AAAE.L);
we will write (p,¢:7,...) in the more general form

(pi'prpse...)
and we then have

cmemem ... = ...+ {ZO NG} B7bTbY L +
indicating that there are precisely 0 ways of distributing objects of type
NS )
into parcels of type (P prps...),
the distributions being all of them of type

ey

(81'82’6' 3

The reader will have little difficulty in grasping the nature of the type in
any particular case of distribution. Thus realizing a distribution as in

Section I such as
A|AA|BB
a l bb|bbd

2 2
the type is seen to be (32°1).

A cc
a cc

wah
— o

2

It is seen intuitively that interchanging capital and small letters does
not alter the restricting partition; hence there are also 6 ways of distributing
objects of type

(prppse.-.)
into parcels of type

(MRS,
the distributions being all of them of type

(80'30'8% ‘)

The effect of this reciprocity on the algebra is immediate, for we see
that if

CReRICR e = anene + O (AP NS ) b 0505 .

we are at liberty to interchange the partitions

(Prprp...), (AAEA:..L),
without altering the b-product, so that also

cMcﬁf‘c = + 0 (plprpy...) bbb ... + ..,

indicating a law of symmetry in symmetric algebra of great generality and
2
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interest. The meaning in general is that if we take that linear function of
the separations of the symmetric function

(s7832832...),

each of which has necessarily the specification
(i P2 ps* o)

which arises from the product

LR e
and then express such linear function of separations as a linear function of
single partition symmetric functions, the function

APATAS )
will appear with a cocfficient which will remain unchanged when in the
process the partitions

(P pseps ) (MM ..

are interchanged.

We obtain special cases by giving the quantities b, by, by, ... the values
zero or unity. If we put each b cqual to unity we have the First Law of
Symmetry of Section I, there being no restricting partition. If we put
by=b, = ... = 0, merely retaining b,, we have the Second Law and so on.

The recader must notice that the theorem is in regard to any three
partitions of the same number and has to do with the separations of one of
those partitions; it is further concerned with the separations of a certain
specification denoted by a second of those partitions; these separations are
linearly connected in such wise that each separation has attached to it a
coefficient which indicates the number of ways of permuting the scparates of
the separation, the only permutations allowable being those amongst separates
of the same content; this is clear because such coefficients only arise in the
powers

Cpls  Cpty  Cpoy oo
which make up the c-product.

Let us now fix the attention on the partition whose separations are under
consideration ; these separations are of various specifications

(pTprpse...)
and they occur in a number of linear functions P, each of which has one
of the said specifications, and moreover when the functions P are developed
they give rise to a number of monomial functions

MAAZ..);3
the theorem of symmetry or reciprocity derived from the distribution theory
now shews that the various monomials '

Mg
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are, in some order, identical with the various specifications

(Prprps-.);
and that writing the expressions P in any order vertically and the corre-
sponding specifications in the same order from left to right we are
able to express the linear functions of separations P in terms of monomial
symmetric functions by means of a Table possessing row and column
symmetry.

Theorem. “Of a separable partition

(ssT180...)

the linear functions of separations P are expressible by means of monomial

symmetric functions whose partitions are identical with the specifications
of the separations, and a symmetrical Table may be thus formed.

Conversely by solving a number of linear equations or otherwise the
monomial functions are expressible as linear functions of the functions P and
the Table thus formed must, by elementary determinant theory, possess row
and column symmetry.”

A theorem of expressibility now arises, a generalization of the fact that
all monomial symmetric functions are expressible in terms of the elementary
functions, or as we may say by means of symmetric function products each of
which is a separation of the partition (1¥). The symmetric functions which
are expressible by means of products which are symbolized by separations
of a given partition are denoted by partitions which are identical with the
specifications of the separations of the given partition ; moreover if (pgr...)
be a specification of a separation of a given partition it is possible to arrive
at that partition by substituting

for p some partition of p

47. Hence the following

Theorem. “If a symmetric function be symbolized by

(pgr...)
and (p2peps...) be any partition of p
(19295 ---) ”» » q
(rl 7'27'3 .o ') ”» » r

---------------------------------------

the symmetric function (pgr...) is expressible by means of symmetric
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function products each of which is symbolized by a separation of the
partition
(PP QaGs - . TaTaTs.0 )
Ex. gr. The symmetric function (321) 4s expressible by means of
separations of (1¢), (21¢), (2:1%), (31%), or (321) but s not expressible by means
of separations of (2%), (3?), (41?), (42), (51) or (6).

This is an important theorem in regard to algebraic expressibility. We
have now before us the complete separation Tables, Direct and Inverse, as
far as weight 6 inclusive. From each row of the Direct Tables the reader
will be able to enunciate a theorem of distribution.
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GENERALIZATION OF GIRARIYS FORMULA

48. Turning back to the formula of Girard given in Section I, Art. 5, we
will give it a different form by writing S (1*) in place of s,, the notation
indicating that the sum of the ath powers of the quantities &), a,, as, ... or of
a, B, vy, ... is expressed by symmetric function products symbolized by
separations of (1*). We then write the formula

(n—1)! (S =1
—yp BTG (17 = 3 (=)W e L 1y (12 (19 L
s an =2 @k ay oy

Now, if we denote by S(A'u™...) the expression of s, by means of
symmetric function products, each of which is symbolized by a separation of
the partition

™))
of the number n, we can establish the elegant result

1 S )
(_)l+m+...( +;";.';’—~ ) S(Aum™...)

=3 (o S Gy (s (D
where (O XCATCALS
is a separation of the partition (A'u™...) and the summation is for every such
separation.
We recur to the system of relations

¢ =(1)b,

¢ =(2) b, + (1) b},

¢ =(3) b+ (21) bb, + (1%) &3,

which we may look upon, from onc point of view, as a transformation by
means of which the quantities ¢ are transformed into the quantities b; and
we may enquire if there exists a system of invariants of this transformation ;
whether in fact we can form a system of functions of ¢, ¢, ¢, ..., which, to
symmetric function multipliers prés, are equal to the like functions of
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by, by, by, .... A complete system of such functions does exist and they are
of fundamental importance.

In the first place the reader will notice that ¢, is such a function. The
complete system is found as follows:

Granted that the symmetric functions on the dexter sides of the relations
refer to quantities &, a,, a,, ..., we observe that the expression

14+ec,+cy+c+ ...
may be broken up into factors of the form
1+ ab, + a?b, +aSb; + ...,
so that we have the identity
l4c+ec+e+ ...=I;l(1 + ab, + 02h, + a®b; + ...),

a factor appearing for each of the quantities @ which may be supposed to be
infinite in number.

We may also introduce an arbitrary quantity u and write

14+ pe + pPey + pies+ ... =TT (1 + pab, + podh, + udeb, + ...).

Taking logarithms
log (1 + pe, + p*cy + pPcy + ...) = 2 log (1 + pab, + p2azb, + pdadh, + ...);

and expanding
nor+ pf (co— 46]) + p* (= cay + §eD) + ..
=p ()b + 42 (2) (b — 36) + 4 (3) (by = byby + 30 + ... 5
and by equating coefficients of like powers of x we obtain the complete
system of functions we are searching for. Thus for u!

TR L PSRl aOL 10
where I = 3\
Hence in general .
-1
2(_)2! l(l YA ) cllcla .

is an invariant function of the transformation for all integer values of I.

If ¢, o, 3, ... be elementary symmetric functions qui elements 4, s, s, - ..
the invariant function, when multiplied by I\ and taken with negative sign
when I\ is even, is the sum of the Ith powers of «,, 4,, s, ...; moreover if
b, by, by, ... be elementary symmetric functions of quantltles B, B2, Bs, -
and we write the symmetric functions as partitions ( )a, ( )a, ( )y, according
as they refer to the quantities a, 8 or y we have

=D Ds,
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a simple relation which shews that in the original set of relations we are at
liberty to interchange the quantities a with the quantities 8; in fact they

may be written
6= (l)ﬁ“h
0s = (2)paa+ (1)s0l,
cs =(3)pas +(21)g @z, + (1%)pai,

.......................................

To proceed, we have the identity
_)sl- El-1! 1 = - 1(25 1) LBl
26) ll,!l,.!...cc B (=) L., bl

and we have to express the left-hand side in terms of b, b,, by, ... by means
of the relations connecting the functions ¢ with the functions b so as to pick
out the term which involves

bbz...;
suppose that a term on the left-hand side involves the ¢ product

CrCitens s
in this the cofactor of b} bjz... consists of products of symmetric functions,
each product being a separation of the function

(AR
(JD)h (T ...,

we see, by applying the multinomial theorem separately to c}, c=..., that

the whole cofactor of b} b ... is

if such separation be

!
= 7;1 r m——*—’ (LY (Jo)e..
the summation being for all the separa.mons.
Hence the complete term

Gm-1)1 .
A PR I A

=..+(—)¥1 (2;7:}) (S (Joyie . B b+
Nnlgal.e. 1o
because Zm = Zj.
Hence substituting in the identity and equating cofactors of b} b ...

we have s s
e E D @ =3 o EEDl gy

o G sod =2 )"(2"1) I ..
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where () (Jp)s ...
is a separation of (Ahak.),

as was to be shewn.

This remarkable result enables one to write down at once the expression
of 8, in terms of separations of any partition of n.

Ex. gr. 85 = S (221?),
and $8 (21 =32y 1r-2(21)2)(1) - (@) (1) - (17 (2)
+(29) (19) + § (21)2 + (212) (2) + (221) (1) — (2:12).

Properties of the Coefficients in the Expressions for s,.

49. We recur to the definition above given Art. 44 of a “Group of
Separations ” and we will establish that if s, be expressed as a linear function
of separations of a partition of n, and provided that such partition does not
consist merely of repetitions of a single part, the algebraic sum of the
coefficients appertaining to each group of separations is zero.

Ex. gr. Arranged by groups of separations
§8(2°1)
=§@ray -@Qar -@e@r +@a)
—-2(21) (2) () + (1) (1) +(21%)(2) - (')

+ 3% (21)°
Sum of coefficients = 0 0 0 0o
Group is {I, @) {2, @) (@)} {2, @)

It will be noted that the partition (221%) satisfies the condition that there
must be at least two different parts.

To establish the theorem we put the group in evidence by writing
6= (1).111,
cs=(2). B, + (1*). 4., -
¢ =(3).C + (21)a 4, B, + (1%), 44,
C=(4)aD; + (31). 4,0, + (22)a By + (21%). 4, B, + (19)a 44,
e =32 (1k2k3k, ), Ay, By, Cpy...,
where the summation is for all partitions (1%:2%38%s...) of I.

If we form any product
CrCyCh...,
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we obtain on the right-hand side a number of terms of type
(112£:8%1...)a (19:29:395. ), (1M2M:3Ms_ ), ...

v A45BCp .. Ay By, Cy, ... Ap By, Oy ... ... ,
where the portion As B Cy ... Ay B, Cy, ... A3, By, G,y ... ...
indicates that the separation

(1512£:3%5...)q (19:20:305.. ), (1} 2%3hs . .), ...
belongs to the group of separations
G {(figih ...), (fagshs...), (figshs...), ...}

When we were dealing with the relations

= (l)ubh
¢ =(2)aby + (19)abi,
ete.

we obtained a result which as a particular case is
¢t — 4ctc, + 2% + e, ¢; — 4e, = (4), (b} — 4b3b, + 2b% + 4b,b; — 4b,).
For the relations now under view we find
¢t — 4cic, + 20 + 4c 05 — 4c,

={(1i41 —4 (1) (12434, + 2 (1)2A42+4(1)a (19 4,4, -4 (19 4.}

— 4 {(1): (2)u42B, — (1)a (21), 41B, — (21 (1) 4,B, + (217, 4,B,}

+2 {(2)e B} — 2 (2. B)}

+4{(1)a(8)a 4,0, —(31)a 4,01}

—4{(4). D}
and it is observed that each separation has attached to it a literal product
which indicates the group of separations to which it belongs.

This latter result becomes the former by writing
(4, By, Cy, ...) = (b%, bk, bt, ...) respectively,
so that if we put therein the suffixed letters 4, B, C, D, ... each equal to
unity, the portions of the five lines in brackets { } are respectively equal
to & or (4). expressed in terms of separations of (1¢), (21%), (2%), (81), (4).
If the theorem to be established is true the second and fourth lines should

vanish when all of the symmetric function factors of the separations are put
equal to unity. They visibly do vanish shewing that in the formula

8=(1)"(2) - (1) (21) - (2) (1*) + (21?)

the sum of the coefficients vanishes in each of the two groups and in the

formula
a=(1)(3) - (31)
in the single group.
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It will suffice therefore to shew that, when s, is formed for the elementary
functions c,, ¢,, s, ... and on the right-hand side every symmetric function ( ).
is put equal to unity, only literal products of the forms

Ap Ay A ...
By, By, B,,...
C, C4y Oy

survive—in fact that no product containing more than one of the different
symbols 4, B, C, ... survives.

For this purpose put ¢/ = 4,,
¢l =B+ 4,
¢ =0+ A4,B + 4,

80 that
l4c¢/+c¢/+¢'+ ...
=(1+4,+4,4+4,+..)QA+B,+B,+B,+..)0L+C,+ Co+ Cs +...) ...
Taking logarithms of each side and expanding we find
o' =3 (= 2¢)+ } (¢, — 8¢/ ¢y +3¢y)) — ...
=A4,-}(42-24,) + (A} —-84,4,+84,) — ...
+ B, —} (B} —2B,) + } (Bt~ 3B,B,+3B;) — ...
+ 0, =35 (CF —20,) + 4 (C} — 80,0, +3C) — ...

This relation proves the theorem because the right-hand side visibly
contains no product which involves more than one of the different symbols
4,B,0,....

Theorem. “If s, be expressed as a linear function of separations of a
partition of n and if such partition contain at least two different parts the
algebraic sum of the coefficients appertaining to each group of separations
is zero.” ‘

It follows, as a necessary corollary, that under the same circumstances
the sum of the whole of the coefficients in the expression of s, is zero. This
theory of the group can be extended to other symmetric functions. Consider
for a moment the expression of (3*) by means of separations of (21¢); we can
reach it by writing

2 (3% =82 — 8, = 8 (21) S (1*) — § (219).

It is clear that the sum of the whole of the coefficients is zero because
both 8(21) and S(21¢) possess that property. If on the right-hand side
there had been such a product as S(1¢) S (2) this would not have been the
case because the algebraic sum of the coefficients is not zero either in §(1¢)
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or in 8(2). This product does not present itself because the partition (37)
possesses no separation of specification (42). The reasoning is general and
we are led to the

Theorem. “In the expression of the symmetric function
(M)
by means of separations of (syrs3e...)
the algebraic sum of the coefficients will be zero provided that
(1) the partition (s{*s*...) contains at least two different parts;
(i) the partition (A!AZ...) possesses no scparation of specification
(018, 028y, ...)."

Similarly if we express S(21), S(1%) and S(21¢) as sums of groups of
separations we can express 2(3*) as a sum of groups and each such group
would arisc as the sum of two terms, one of which would be a product of a
group of S(21) by a group of S (12) and the other would be a group of 8 (219).
Since each group of S(21) and S (21¢) has zero for the sum of its coefficients

1t follows that each group in the expression of 2(3%) has zcro for the sum of
its coefficients.

Hence in the casc of any monomial symmetric function expressed in
terms of separations of a given symmetric function the sum of the coefficients
of each group vanishes under the same circumstances as the whole of the
coefficients.

Theorem. “In the expression of the symmetric function
(Abab.L)
by means of separations of (s783%...)

the algebraic sum of the coefficients of each group of separations will be zero
provided that

(1) the partition (s{'s3:...) contains at least two different parts;

(i) the partition (AbA}...) possesses no separation of specification
(0,8, 028, ...)."

These laws may be verified in the Tables of Symmetric Functions.



CHAPTER III
THE DIFFERENTIAL OPERATORS OF THE THEORY OF SEPARATIONS

50. In Section I we expressed the obliterating operators D, D,, D, ...
in a form suitable to the separation theory by writing

D1=D(l))
D2=D(a) +D(12)a
Da=D(s) + D(zl) + D(lﬂ))

...........................

-DA = E-D().,A,...A,),
the summation being for every partition of .

We also established the law of operation of
Doy, n
upon a symmetric function product.

We now require a similar extension of the operatorsd,,d,, ds, .... Consider
the separable partition
(MAE..)
and note that, if it be separated, any combination of its parts may occur as
a separate; the number of, distinct separates that may occur depends only
upon the multiplicity of the partition separated and is equal to

A+L)A+1)...— 1

In order to adapt the operators d,, ds, d;, ... to an operand composed of
separations of a partition it is necessary to consider all of the separates as
independent variables.

Let (v) be any such separate, then by a well-known theorem of the
differential calculus we have

d,=zd.<v>;§—’,,—),

the summation being in regard to every separate.
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Since by Section I, Art. 27

' ( ), d 2( )z '(2":. 1) Dvr,D!r,
Ty Mgt .
where T+ 2m+ 3T+ ... =5,
if (v) = (1Ptm2mtm )

(";)3 d8 (’U) =3 (__)2# S%?I,F:T]i)j (1191 PAZI ,),

the summation being for every partition
am2m...)
of 5.

Hence d;=33 (_):"H(E'ff l) s d

() Fmann Ly
where on the right-hand side the operand is a linear function of separations
of a certain partition and the summation is in regard to

(1) every separate (17+tm2ptm ),

(ii) every partition (1m2m...) of s.

Let us now put

d
> (]}712!71 .. ) d (11’!4’7’121;;‘*‘#1_ : ) = d(lﬂ'l21r2.,_))
wherein the indices m, m,, ... are constant, and the summation is in regard

to every separate of the form
(1p1+"12p2+"’9 . ) ;

( S~ 1)*8
Zr+s ) Ty
then dy =73 (=) iy damym,.).
We call d(l’”n 2™ )
a linear partition operator, and of course
(Im2m...)

is a partition of s and we have expressed the number or weight operator d,
as a linear function of linear partition operators by a law similar to that of
Girard for expressing the one-part symmetric functions in terms of the
elementary functions.
In particular  d,=d,,,

dy=dyy — 2d(2)’

dy = dyy — 3dyyy) + 3dyy),

dy=dyy — ddig) + 20 + ddis) — ddyy,

Ex. gr. Suppose the partition separated to be
(21%):
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this has separations involving eight separates, viz.: -
@1, (2°1), (2), @), (21, (2), @) @)

and therefore

Ao = g3+ D g+ @ 7081+ ) 7555+ B 7n + @ geainsy
dur= 705+ @) g a1+ ) g
d= g5+ D 735+ D 27855 + D g 5+ @D g i) +E gy
o= 731y O e * O oy * D oy
dan= gavy* @) 771
don= e+ () gy + (1) g
=gy D ey’
d

iy = m 3

and no other partition operators need be considered. The number of potent
operators is clearly always equal to the number of separates of the given
partition. We thus see that any weight operation d, may be carried out,
when the operand consists of separations of a given partition, by a number
of differentiations in regard to the separates which compose the separation.

Now let us have before us the identity
3(51)=2(2"1)+(2'1)(1) - 2(21*)(2) - 2 () (1) — (21 = () (1)
+ (21D (2) (1) +2 (2 (17).

Observing that d,= D} —2D, it is clear that the left-hand side vanishes
under the operation of d,; therefore the right-hand side also vanishes
under d, and therefore under

d(ll] - 2d(2).

If we operate with d;,) we obtain a number of separations of (2?), and, if
with dy, a number of separations of (21%); hence the terms which result
being separations of (2?) and (21%) respectively must separately vanish and
we see therefore that the right-hand side must vanish when either of the
operations dyy), dy i performed.

In fact d ) yields
2(2)—-2(20-2(2)+2(2)*=0,
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and dy, gives
-2+ EH M)+ 42)(1) -2(D) 2D+ (2)(1)-2(1)(2)
—2(2)(12) - (2) (1) +(21) (1) + 2 (21%) = 0.
We thus draw the important general conclusion that if a linear function
of separations of a partition vanishes by the performance of any weight
operator it must also vanish by the performance of every partition operator

of that weight. This fact renders the calculation of Tables of Separations a
very easy matter in many cases.

Ex. gr. Suppose we require to express (41) by means of separations
of (21%).

Assume
(41)=A4@21+ B2 1)+ CL)AH+C(2)(1)+ D21y + E(2)(1°) (1),

wherc observe that (21) (1?) and (2) (1%), being separations having the same
specification, have necessarily the same cocfficient ; and that the separation
«(2) (1)® being the only one of degree 5 must be absent.

The operations of dyy, dw, duy, dey must cause the expression to
vanish; from dq, we get B+C+E=0, 4 +C=0, and from dy, D=0;
and thence, from dy,, B = 0; thus

(41)=4 {(215) - (21) (15 - (2) (1) +(2) A5 (1)},
and the operation of D, shews that 4 is unity.

In regard to weight operators we have
(dh) (d#) = (dh dn) + dA-H« s

we require the corresponding result for partition operators.

Since
d
dumarey =2 AP i im gmitm )
d
and d(lp,2p,“ ) = 2 (]_l’|+f| 2Pa+1ri, . -) d(l”"*'""""‘ Qpatmotes ") 3

it follows that
damem.y t dapgey =dgmtegmte ) ;
see Art. 27 ; and thence
(d(l"‘2""..)) (d(l"' o)) = (damym ) dap o)) + damitegmten ).

This result leads to the conclusion that any linear partition or weight
operator is commutative with every other linear partition or weight operator.
Consider the solutions of the linear partial differential equation

A=0,
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where A is any linear partition or weight operator. " If ¢ be one solution so

that identically A6 =0
$=0,

and A’ be any other linear partition or weight operator,
AN $p=0"A¢=0,

so that A’¢ is also a solution of the same equation.

Relations between the Partition d and D Operators.

61. It will be gathered from Art. 50 of this Section and Art. 27 of
Section I that

P (Er - 1!

(_.
z alm, ...

s (=)* (27" - l) D”‘D"ﬂ

damym.y = o
the summations being for every partition
(1m2m...)
of a number n.
We thence obtain the series of relations
d(l) = D,,
dyy —2dy = D} —2D,,
duw —3de +3dy =D} —3D,D, +3D,,
Aoy — 4d gy + 2d i + 4d iy — 4d g = Dt — 4D, D} + 2D3 4+ 4D, D, — 4D,,

.......................................................................................

and thence expressing the weight operators D in terms of partition operators,
the series

dy =Dy,
dyy —2dy = {Dhy — 2Dm)} = 2Dy,

dyy— 3d@) + 3dy = {D}y — 3Dy Dy + 8Dy} — 8 {Dy Dy — Dy} + 3Dy,
din = 4dn + 2digy + dd ) — 4dy = [ DY) — 4D Dy + 2D + 4Dy Dy — 4Dy}

~4 {Dw Dfy = D Dyy'= Dy Doy + Digia) + 2 { Dy — 2Dim}

+4 {Dy Dy — Dy} ~ 4Dy,
Consider in particular the second of these, viz.:
Ay — 2diy = Dy — 2Dy — 2Dy

the two sides of this relation must produce with any operand the same
result identically and those functions which are separations of the same
function must be equal amongst themselves; hence d; must produce the

same as Iy~ 2Dy and dy the same as D, ; this argument leads to the
important series of relations
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dy = Dm’
{ d(l’) - 1) - 2‘D(lﬂ);
dg = Dmr
dusy = Djyy— 8Dy Dy + 3Dy,
d(2l) - D(2)D(ll ‘D(Zl))
dg = Dy,

dyy = D}y — 4Dy Dy + 2D}y + 4Dy Dy — 4Dy,
Ay = Diyy D}ty = Digy Dyysy = Diayy Dy + Digrss

A =Dy — 2D,

disy = Digy Dyyy = Disy)»

dy = Dy,

ete. ;
in general

Sr—1 p

(_)iwf’r Tl ) diprpp..) =3 (- )z’(J]] 1 (J.)Du,)
‘the summation being for all separations
(J)i: (Jy)2 ... of the partition (p v

The mode of operation of D) upon a product of mononua.l symmetric
functions has been explmned in Art. 29 of Section I; that of d), where (J)
may be any partition, is from Art. 50 clearly such that the parts of (J) are
to be subtracted in all possible ways from the symmetric function factors,
the whole of the parts always from a single factor; thus

dy (JIApv) (JN V')
= (JAauy) (SN @V) + (JTApuv) (N p'v').

In particular
d ey (4321)(3°1%) (31)

= (42) (321?) (81) + (4321) (31) (31) + (4321) (3%1?),
de (31)=1,
dn(J)=1.
To verify the relation
dey =Dy Dy — D,
take as operand (321%) (21°), then

dm (321%) (21%) = (31) (21°) + (321%) (1?),
whilst

Da (321%) (21°) = (321) (21) + (321%)(21%),
Dy Dy (321%) (21°) = (31) (21°) + (321) (1°) + (317) (21°) + (321%) (1?),
Da (321%) (21%) =(31?) (21°) +(321) (1?),
a verification.
5—2
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We must now reverse the system and it is easy to establish that

Dm =dy,
{ 2Dy =dpyy — dyy),
D(a) = dm ’

6D“a) = d?” - Sd(p)dm + 2d(1n),
D(m) = dwdm - dm),
D(a) = d(al ’
24Dy = dfyy — 6d;;5dfy) + 3dfia)+ 8djyyd ) — 6dyya),
2Dy = dy dfyy — 2d oy d ) — d 5 Aoy + 29,

2D = diyy = diz,
Dy =dpdy —da,
D«) = dw )
ete.

In both of these systems of relations the multiplications of operations
have denoted successive operations. We may transform the system last
written so that the multiplication of the d operators may be algebraic or
symbolic.

Thus since

dfy=(d}) + dys,
where the brackets ( ) denote symbolic multiplication of the factors which
they contain, we have

2! Dy = (dfy),
and 6Dy = (dy) + 3 (dund ) +
=3 {(dundn) +dps} + 2dys = (dfy),
also 2Dy = dg {(dfy) + dys} — 2 (i) — 2y

= (@ dw) = duy + 2d = (du d}y),
and the reader will have little difficulty in establishing the general result
™ ! Ty 1. D(pr'p;‘, ) =(d‘(";|)d{;h)“’)’

which is very remarkable and suggestive.

82. There is yet another important set of relations which have an
important application in Section V of this work. It will be remembered that
the mode of operation of D, upon a product of symmetric functions was given
in Art. 20. This was important because D, picked out all partitions of s in
all possible ways from the product, one part only being taken from each factor
of the product. We are now to see that there is an analogous operator

L i ..y
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which picks out from a product of symmetric functions all separations of the
partition (AhAl...) in all possible ways from the product, one separate only
being taken from each factor.
The L operators are defined as follows:
Lo=dw=Duw,
{ Loy = (dydy) + dowy = doydiy = Dy Dy,
2Ly = (din) + 2dn = diy + day =2 {Disy — Do,

Loy = (o) + (dow @) + (donydw) + (@) + dow) = 4y de)
= D(A)D(n) D(.,, s

2Lowy = (dnd ) + 2 (dayde) + 2 (dowdey) + 2de
= {dty + dow} dy = 2 { Diny — Daan} Dy

6Lsy = (diy) + 6 (dundw) + 6day = diy) + 3dandn) + 2das
=6 {Diy— 2Dy Dy + Do)},

while in general

Ly
_ 5 @dindgy--.)
ay la gl
— da) d&ﬂ)dz&’a) vee
o lay . 1. 2m 3m,
S )!
— ~\+3r (""". : . )T TS *
=20 gl ... o Do D%,
* Let a+28+3y+..=n,
at+ B+ y+..=r1
r!
Then (t+tg+tgt.. )T =2 ATIEa PRTIEN S
8
Put z,=‘; 80 that
t 2 B >' r!
Lt . =3 - ——e e ga+ 2848y
(1 273 alplal.. 15,98 37 ° '
ios t 8
Writing i+§+§+"'=T’ we have
7 T T2 ™
=1+=+%+..=22 .
¢ nitat Ty alglyl..1%.28 .37

1
Now T=log =3

and if p be an arbitrary numerical magnitude

e’T=¢"m'l_l_-¢=22 e R
r alflyl..1°.28 87 .

and ¢#T=(1 - t)-° and comparing coefficients of ¢ on each side we find that

I
=3
r alflyl..1%.928 37 ..

is equal to the coefficient of ¢* in the expansion of (1 -1¢)~*,
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the summations being for all solutions of the equation in integers

o+ 2m+ 3m 4. =1,
and
Lot = Loy Loly Lody -+
the operations on the right-hand side being performed successively.

From these we observe that
Loy = Loy Ly,
Lown = Loy Loy Ly,
Lay = Loy L
and we shall find that in general

L. ) = Lody Loy Loy -+
Lm = dm = Dm s

where

Loy =75 {dm + dow} = Diyy = Dow,

Loy =37 {dm + 3dundw + 2dan} = Diyy — 2D Dy + Do,

and in general
Loy

has the expressions above given.

It will be noticed that in the first summation the law is that of the
expression of the elementary functions a in terms of the sums of powers,

It thence follows that

(i) when p=1 we have Cauchy’s Theorem
= L :
alBtyl.. 10,28 37

where n is a positive integer and the summation is for all solutions of the equation in integers,

a+2B8+3y+...=n;

(ii) when p= -1 we have Cayley’s Theorem
_ )¢+B+'y+...

=Y,

alBly!... 12,928,387
where n is a positive integer greater than unity.
The Theorem as it stands is due to Sylvester.
Other interesting particular cases are obtained by putting p equal to — 4, +4% and +2.

Also an easy corollary is that
s n!
alBlyl..1%.28 87 ...
=Coefl. of p"1in (p+1) (p+2)...(o+n—1),
a result which is also due to Sylvester.
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but here the signs are all positive; whilst in the second the law is that of
the expression of the homogeneous product sums & in terms of the elementary
functions a.

In the summations multiplications of operators denote successive multipli-
cation.

We must now establish the law by which Lpik ) operates upon a
product of symmetric functions. The expression of L that must be considered
primarily is that which is a linear function of operators each of which is
a symbolic product of linear operators. Thus we have

Loy =(@dndw) +daw,
where in connexion with the right-hand side

M) (), ()

are the two separations of (Ax) which occurs on the left-hand side.

The operation of dp, upon a symmetric function product picks out from
such product the separate (Ap) from each factor in succession and adds the
results together; thus

dow (W) 1) = (M) (L) + (W2p) (1),
Next consider the operator (dn d ) of the second order.

It is, if J;, J, denote any assemblages of integers in descending order of
magnitude so that (J;), (J;) denote any partitions of any numbers,

d?
) ) 55—
I g S
the summation being for all partitions of all numbers, separately in respect
of J, and J,. The particular term of the operator that has been specified
under the summation sign may act upon an operand
TN (ab) () (o) ooy
and the result of the operation would be
T ) o)y
shewing that the operator has deleted the separation (\) () from the product,
one separate only from one factor. Similarly if the operand be
(SN (L™ (Tsmp) (..0),
wherein as before only the factors which involve the numbers A, p are
specified, the operator (dwd) produces
Im (1) (Jo) (LM (Jap)™ 7 (Tahp) ()
+In () (JA) () (Lop)™ (Sihp) ()
+mn (Jy) (Jap) (SN (Lop)™ 7 (TAp) 7 (. 0)5
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and it will be observed that the separation (A)(u) has been deleted in all
possible ways from the operand, one separate only from each factor.

Hence L, when performed upon an operand deletes a separation of (Ax)
from the operand in all possible ways so that one separate only is taken from
a single factor. Thus for example

Ly (3222) (82) = (32) (82) + (3:2?)
+ (322 (8) +(3:2) (2).

Next consider the operation of

1
2‘1 (d(ZA)):
. ] &
which is {(J) + 2(J)(J) lJl:\)d(Jlu) + (Jo)y & }
Taking for operand (SN (1Y,

the result is
(;.) (S (T2 (TN + L () (L) (TR (S )

+ (l;) (o (T (T

which is precisely the result of deleting the separation (A)(A) in all possible
ways from the operand, one separate only from a single factor. It is clear
that J, or J; also involving A any number of times makes no difference.

<d<’3, d{}q )
71 ]z
the summation being for every separation
()P (J)9* (J): ... of the partition (APAL...);

and the argument used above shews that the particular term

In general L()\l,)“g, )=

(d(J,) by --)
¢ Jl’Jﬂ
of the operation is performed by deletion of the separation
_ ()7 (Jo)%...
from the operand in all possible ways, one separate only from any one factor
of the operand. Hence the complete operation
Lodig...
is performed by deletion of all separa.tlons
()7 (o).
of the partition Abak...)
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in all possible ways from the operand, one separate only from any one factor
of the operand; the separate results being of course all added together.

The operator Lhyk ) is thus clearly a most important instrument in

the theory of distributions. It will be freely used at a later stage of this
work.

It should be remarked that, in the relation
Lotk .y = Loby Loty Loy -

the operations L(hg,), L()\‘Sn), L()‘gs), ... are to be performed successively.



CHAPTER 1V
A CALCULUS OF BINOMIAL COEFFICIENTS

63. Of the n quantities a,, @, ay, ... a, consider the symmetric function
Saladal...ad;
this is a mere number, is equal to the number of combinations of the

n quantities s together and has the value (";) ; in the partition notation this

is the symmetric function

(0%
which we may write (07), if we wish to keep the number » in evidence.
Thus Q+2)"=1+(0),z+ (0%, 22+ ... +(0"), 2™,

and if we introduce a new quantity a4,
A +2)"* =1+ (0)n1 & + (01 2* + ... +(0")uyy 2™ + (07H),py 2™

whence (042 = (0%, + (0*7), if s<n+1.
If then (0% = ¢ (n),
d 1 a 4
@)+ @ u=¢ 4 D= (14 J 450+ .. ) $ (n)=edndp (n)
. d 1 a
erte Efz+2_!aﬁ’+"'=p°’
so that ¢(n+1)=1+D,)¢(n) and D,,=e7¢d7»-l,
and D, (0%),, = (0+),,,
where observe that the effect of D, is to delete a part zero from the partition.
Now suppose ¥ (n) = (0P) (09) (07),
¥ (n+1) = {(0) + (0°7)} {(09) + (047)} {(07) + (0"},
and then

Dy A (n) = (077) (09) (07) + (0%) (09~) (0) + (07) (09) (07—)
+(0777) (097) (07) + (0771) (09) (07) + (0#) (027) (077)
+(077) (077) (0m);
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from which it appears that in the first line on the right a zero is deleted in
succession from each partition ; in the second two zeros are deleted from two
partitions, one zero only from a partition in all possible ways; in the third
three zeros are deleted, one zero from each partition in all possible ways.
In fact D, operates through the partitions (0), (0%), (0?). ... of zero, just as in
a previous case D, operated upon a product of symmetric functions through
the partitions of n. Briefly stated, D, picks out one, two, three, etc. zeros
in all possible ways from the product.

This fact supplies us not only with a calculus of binomial coefficients, but
also with a new instrument for use in the Theory of Distributions. The
results in that theory will be found to have no direct reference to binomial
coefficients at all.

We may break up the operation D, into a number of distinct operations

and write
D0= D(0)+ D@)"“D@)‘*‘ ceny

*and since e&%i =1+ D,,
we have (g;:log(l +D)=D,—4D;+ }Dj—....
If we write X, =(0)z, + (0?) 2+ (03 + ...,
then  Xg=3(PEPERE ) (@ (@) ap et
where PP+t =D

The term (0)?: (0?)#: (0°)%: ... which occurs on the right is a separation of
(0p|+74’1+3ps+"~)

and has a specification (07); it has attached to it a coefficient which is equal
to the number of permutations of its separates.

If we regard only that portion of the right-hand side which is the
coefficient of the particular power of m, viz. g+t we have
_ow\‘}‘zpﬁ‘sﬂ’ﬂ‘---

where P is a linear function of the separations of (07+2s+3P:+--) each separa-
tion having the specification (0#). This function P may be expanded by
multiplication so as to be a linear function of the binomial coefficients

(On)’ (()a+1)’ (0p.+2p,+3p,+...)’
8 being determined by the consideration that every term in P contains &
separate (07) in which p, is at least as large as 8. In other words a partition
of py+ 2p, + 8p; + ... into p parts must contain a part at least as large as s.

We therefore write
P=34,(00),
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and X2 =33 4,(0°) aptopctipst.
(Pi+p+ps+...)! ‘ 2
M T2 T L8 (0)R(02)P(03)Ps .. = S A, (0°),
3 P e O (090 )
where PP+ 3p+ ... =w, PP Pt =D

64. We can now shew that if
! w
s ("‘:!";: Zs ,+ : ;:') 10y (0%7(0%es ... = 3. B, (0%),
where o+20,+30,+...=w, oy+o,+03;+...=0,
then B,=A4,.
Take the particular case
0 +2(0)(0)=...+12(0°) + ...,
30 (0)2=...+12(0) + ...,
the left-hand side of the first of these relations is
(BB + 2(Za By (2at),
while on the right-hand side a term of (0*) may arise from the development
. in either of the forms a°a®3°¢°, a’B°B°%", &® 3.

The multiplications which give these forms are
aoBo.ao,yo; ao,yo. aoﬁO; aolso,yo_ ao; al. aoﬁo,yo;
BB By . a°By . B BB
oy 85 B .y @B . . a' B
twelve in all yielding the desired coefficient 12 in the first relation.

To find the corresponding distribution theorem we note that the sets of
parcels involved are of the three types (2?), (31), (13) and we must, in
co-relation, consider the sets of objects of types (211), (121), (112); there is
also the restriction on the distribution that two or more similar parcels must

not contain more than one object of the same kind. We realise the
distributions in the following ‘manner:

4ABB AABB|AABB AABB|AABB AABRB
a bac acab|babc bcba|lcacdb ¢cbeca

AAAB AAAB AAAB

abca abdbcd abc c
ABBB ABBRB A BBB
aaldec b abec cabec

twelve in number and there are no more. In the above the capital and
small letters denote parcels and objects respectively and it will be noted that
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by reason of the restriction on the distribution in each distribution no two
columns of letters are identical.

If we now interchange capital and small letters and rearrange we find

A ABC A ABC A4 BC AABC
abald a b b a a b aa a bbb

ABBC A BBC A BBC ABBC
aabd babdba a a b a babdd

ABCC A BCC ABCC ABCC
abald b a abd a aadbd bbabd

and this is the scheme of distribution we should arrive at from a considera-
tion of the second of the relations; for the left-hand side is

3 (Za®B) (3a°) (Za),
while on the right-hand side a term of (0?) may arise from the development
in cither of the forms a’a’8°R°, a’a’a®B’, a°8°8°B* and the multiplications
which give thesc terms are
aoBo.ao.ﬁu; aoﬂu_ Bo.ao; a"B".a". ao; QOBO'BO-B";
a’.a’B0. B, Br.a’B.a’; a.a’Bl.a’; B'.a’'Br.R°;
a. B.aB; Brat.a’B; o .at.a’B; B.B.a'Br;
where as the reader will sec we have put
3 (Sa'B) (Za’) (Za)
in the form
(Za"B") (3a') (X%) + (2 (Ta'Br) (Xo) + (Za°) (Na°) (Za°B°),
and we are now concerned with the distributions of objects of types
(2%, (31), (13) into parcels of types (211), (121), (112) and the distributions
are restricted as beforc. We have thus established the truth of the
coefficient 12 which appears in the second relation.

The reasoning employed is of general application and lecads to the
conclusion that B,= 4, in the two general relations above written.

We are thus enabled to construct Tables of Binomial Coefficients which
possess row and column symmetry. The inverse Tables will also be sym-
metrical and we have calculated them as far as the order 6. Sec Tables.

66. We will now associatc D, not with the partitions of zero,
(0), (0%, ... (0™) (when operating upon a symmetric function ¢;¢;... oy
wherein each factor may involve zero parts) but with the compositions of
zero into zeros of the nature 0 and into zeros of the nature w (see Article 80),
the zero w being non-effective and having the effect only of exhibiting the
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law of operation. Taking m =3, we have the compositions of zero into
exactly three parts, the zero w being admissible as a part:

0 0o
o 0
o o 0
0 0 o
0 o O
w 0 0
0 0 O

and the result
Do¢1¢2¢s = Do¢1 . ¢2¢3 + ¢1 . Do¢2 . ¢a + ¢1¢n . Do¢3
+ Do¢1 . Do¢z- ¢a + -Do¢1 . 4’2 . Do¢s + ¢1 . Do¢2 . Do¢s
+ Do¢1 . Do¢a . Do¢s,
and in general Dy¢, ¢, ... ¢y, is split up into 2™ — 1 operations.
The advantage of utilizing compositions is that the order of the factors of
the operand is preserved throughout.

Gencrally
Do¢'1¢2 (XX ¢m =3 ])4\1 ¢1 . ])Aad"z- oo DA,,.¢m,

where Ay, Ay, ... A,y are, each of them either 0 or w and D, is put equal to
unity ; and the summation is in regard to every composition of zero into
exactly m parts.  We can now operate with D, upon cach of the 2 —1 terms
on the dexter, and following Section I, Art. 39 arrive at the result

D\DDy ... ¢y oo i
=335 ... Dy,D,D,,...¢,. D\,Dp,D,, ... &,. ... D, Do, D, ... s,
where the summation is in regard to the compositions
Mg Am), (apto ooe i), (Vs oo vm), oo

of zero into exactly m parts as above explained. The dexter therefore

involves
2™ —-1)¢2m™-1)(2™—1)... terms,

since we find involved every combination of compositions, repetitions allowed.



CHAPTER V
THEORY OF THREE IDENTITIES

66. We recall the series of rclations
Cl = (1) bl:
¢ =(2) b+ (17 &},
¢ = (3) by + (21) byb, + (1%)83,

....................................

with reference to Art. 45 to observe that they may be regarded as arising
from the three identities

l+az+a2*+...=(1+a2)(1+a,2) ...,
1+bz+ba*+...=1+B2)(1+B7)...,
1+gatca?+...=1+me)(l +92) ...,
and the connecting relation, y being arbitrary,
l+cay+ey+...= I;l (1 +aby + a2by*+...);

the series of relations being obtained by multiplying out the right-hand side
and then equating corresponding powers of .

If we write (1 + a,z) (1 + a,2) ... in the form
exp{()z—%2)a*+3(B)2*— ...},
the three identities yield the operator relations
1+Diz + oDya* + ... = exp [odh& — § odpa® + § ody2® — ...},
14 gDz +gD,a* + ... = exp {pdy@ — § pds® + § pds2® — ...},
14+, Dz + ,D,2* + ... = exp {,d,@ — §,do7* + },ds2® — ...},
wherein .D,, gD,, ,D, is a notation indicating that the operators have
reference to the quantities a, B3, v, respectively and, similarly, the notation
ols, pds, ys.
Writing the connecting relation in the form

U = Ua, UoyUay -,
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we have
s U = (aditta,) tayUay ... + Ua, (6dita,) Usy ... + Ua,Uay (gitay) .- + .--,
and pdita, = <dib, + b EI% + ) 1 +eaby + adbyy® + ...)
1
=alyt+ bal 4 byttt 4 L = o Y il 5
hence sy U= (D)ay* U,
leading to

pdiCs = Cy1 (D)a,
where § >/, and ¢, = 1.

Thence
ady = (gdic1) 2, (81 C141) U
de; dor
d d
=)ad5- + 15— + ...
Oufge + o g+
or gdi=(1)a 4d1.

This means that regarding the series of rclations as defining a transfor-
mation of the functions ¢,, ¢, ¢, ... into functions of b,, b,, b;, ... the
quantities @, a,, @5, ... entering as constants of the transformation, the
operation

vdl
is an invariant.
The rclation gd; = ({).,d; enables us to write
ﬂdly - ’}ﬂdﬂ/a + I‘Jﬂdﬂ/a T el = (l)a 1d1(’/ - 5(2)-': vdﬂyn + %(3)'1 ydxya Tt
and thence we are led to the relation

1+gDyy+eDyyp+...=I1 (1 +a, Dy +at, Dy +...),

and now comparison with the relation connecting the three identities

1+cay+ey+...=IT1 +aby+aby +...)
L4 .

enables us to assert that

“In any relation connecting the quantities

Cys cz; 03) ey

with the quantities

by, b, by, ...,
we are at liberty to substitute

sD, for c,,
and +D. for b,,

and we so obtain a relation between operators.’
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67. We can apply this theorem at once.

From the series of relations we can derive

Cp Cpteee = oo + LBIDT o4, @
cfjlcf\:...=...+Mb;'l'b2...+..., ........................... {n

(sy. . y=... + A(prpp...)p+ BN . )p+....  ...(II)
The relation (I) yields the operator relation
gDy Dyr..)y=...+ L (D3 D ...) + ...,
the occurrence of B and v as suffixes before the brackets denoting that the

attached operations have reference to the symmetric functions of the series
B, v, respectively.

Performing each side of the operator relation upon the opposite side of
the relation (III) we obtain
L (D5 Dgz...) (s7sgr..)y =4 o(Dp D) (97 pie- D,
Jo other terms surviving the operation.
Hence L =4 and similarly M =B.
We thus have
sy )y=.+L(prpp.. s+ MAN: )+ ...
Now we have seen that the right-hand sidc of this relation is symmetrical
in regard to the quantities a and B so that we may also write
Grsgp. )=+ AN Da (Prpm. Ds+J ADAE ) (P pree)at oeny

and we have
L=..+JM\Ae D+,

M=...+J(@"pl..)at ...,
shewing that the relations (I) and (II) may be written

cpeptee = +JNNEL) b0+,
e ..=. . +J (PP )b bR+,

putting in evidence a law of symmetry which has already been established
by means of a theory of distributions.

68. The above investigation yields also the results
Cpi Gt =+ LOT O ... + ...,

8
sy )y=..+L(prpp..)p+ ...,
which involve a law of symmetry. The reader will have no difficulty in
seeing that L is a linear function of the tabular separations of the symmetric
function
(8785w as
M. A, 6
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pre...), and it thus becomes easy to form the expression of

(87 852 ...y,

in terms of the symmetric functions of the quantities a and 8.

of specification (pf

69. Again suppose two results to be
(8983, )y=...+PbRbR ...+ ...,
(prpe oo Yy= .. + Qb b5 ... + ..,
there is no difficulty in proving that P = @; for we derive the operator
relation

1 .
i B(d;: ay: .. W+ QDN D)+
and thence
1 "
Q (D7 D) (s 83t o )y = I s(dy dge .. Pop by ...

or Q=P

Hence if (2089 0 )y = oo F AN L) b T+
then (prpm )y = + AN L0505+
a law of symmetry the interpretation of which is very intercsting.

The complete cocfficient of b7 7 ... is a linear function of separations of
the function (pypr...) formed according to a law determined by the
function (s s ...), and we have shewn that this is equal to the lincar

function of separations of the function (s7 sg:...) formed according to a law
determined by the function (p7:pg:...).

Actually forming a table of weight four which reads from left to right:

by by, b

(4)y —4(4) 4 (3) (1) - 4 (31) 2(2)2-4(2%)

(31)y 4 (4) -(3)(1)+4(31) -2(2)3+4(29)

(2%)y 2(4) -2(3)(1)+2(31) (20 +2(29)

(213)y -4(4) (8) (1)-4(31) -4(2)

(19)y (4) (81) )

byl A

(4)y | - 4(2)(1)+4(2) (19+4 (1) (21) -4 (21%) | (¢-4 Q%) 12 +2 (@1 +4 (1) (1) -4 (19
(31)y (2) (1)*-4(2)(13) - (1) (21) + 4 (21?) (12) (1)2-2(1%92- (1) (13) +4 (19
(2%)y 2(2) (1%) - 2(1) (21) + 2 (21%) (13)2-2(1) (19 +2(19)
(21%)y (1) (21) - 4 (217) 1) () -4 (19
19y (219 1
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Further Theory of Distributions.

60. In Section I, Chapter II the number of distributions of objects of
type (p.p.ps ...) into parcels of type (:9.;...) was found to be the coeffi-
cient of the symmetric function (¢,4,9; ...) in the development of the product
hyhpghp, ... It was later noted that the idea of the parcel is not necessary
in the particular case when one object is in one parcel, and that we may
consider the distribution as appertaining to two sets of objects of types
(P1peps - -+ ) (19245 ..) respectively—the objects specified by (p,p,ps ...) being
different in kind from those specified by (¢:qags ...). If objects of a certain
kind are included in the set defined by (p,p,ps...), no objects of the same
kind are to occur in the set specified by (¢:1¢.¢s...). The two sets of objects
are distributed so as to form n pairs, each pair involving one object from
each set. We have then a set of n two-fold objects which may be also
specified as to type by a partition of the number n. In Section II,
Chapter II it was proposed to find the number of distributions of given
type (518:8; ...) resulting from the distribution of objects of type (p,p.ps-..)
with objects of type (¢:1¢.¢s ...), and the solution was found by writing

=2 (pgr...)bybgb, ..., s=1,23, ...,
the summation being for all partitions of s, and then taking the coefficient of

the term (g1gsqs ...) by bgybs, ... In the development of the product ¢y, cp,cp, --- -

In order to extend this theory so as to involve three or more sets of
objects of distinet and given types we may in the first place consider four
identities

14zt +...=1+a2)(1 +ay2) ...,
1+bhz+ba*+...=1+B2)(1+B2) ...,
l+cz+er+...=1+yz)(1+y2)...,

l1+diz+dz?+...=(1 +8,2) (1 +82)...%,
and therewith an auxiliary id®ntity
1+t b+ ...= 1 +x2) (1 +ky2)....
Assume the quantities involved to be connected by the two rclations

l+kby+ky+...=11Q +aby +aby* + ...),
l+dy+dy’+...= D1 +vky+rvky +...),
8
which lead, as shewn in Art. 48, to the relations

(l)x = (l)u(l)ﬂ » )
Ds = Dy (D>

* The symbols d,, d,, ... employed in this article are algebraic, appertaining to the series
a, b, c, ..., and are not to be confounded with operational symbols previously employed.

6—2
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so that elimination of (I). gives
(Ds=(Da(Dp D)y

Thus the expression (I); remains unchanged for any permutation of the
sets of quantities a,, oy, Gy, «oo3 Bis Bay Bay cooi Y Voo Voo oo and every
symmetric function of the quantities 8, &, &, ... will enjoy the same
property. Thus we have

(Pipaps - )5 =ooe T {(QaGs -+ )a (17275 - Jp (618285 - )y
+ 5 similar expressions obtained by permuting a, 8, v}.

Following Art. 56 therc is no difficulty in establishing the operator
relations
(D adi = (Dp pdr= 1)y 41 = (Ds s
The two relations which connect the four identities and the auxiliary
identity give rise by comparison of the coefficients of like powers of y to the
two series of rclations
kl = (l)nbu
ey = (2)abs + (12)u02,
Fey = (8)abs + (21)a byby + (19)ab],

.......................................

dy= (L), k,
d,= (2)1]“2 + (12)11"%:
dy = (3)y ks + (21), sk, + (13), A3,
d,= 2 (pgr ...)ykpkek, ....
From the second series the development
dpldpad}’n e =0+ 0 (q1QZQg . ..).y k*lk‘\akﬁ R T
shews that there are @ ways of distributing objects of type (p.psps -..) With
objects of type (¢:g.gs -..) so that the distribution is of type AMAA;...). We
‘have now sets of two-fold objects of type (MAgAs...) which we may
distribute with objects of type (717,75 ...), and since from the first series of
relations
k)“k)"kh T o 8' (7‘1')",7'3 ...),. bﬁbl‘sbl‘a oot ouey
we see that the set of two-fold objects of type (\;AqA;...) may be distributed
with a set of objects of type (,7,7; ...) so that the result is a set of three-fold
objects of type (pypaps ...) in ¢ ways. Hence from the three sets of objects

of types (Pipaps --.), (¢19s9s -++), (ri7a7s ...) respectively, we can form a set of
three-fold objects of type (uipaps -..), the first two sets forming a two-fold
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set of type (MAoAs...) in 06 ways. We can sum these distributions for all
of the intermediate two-fold types (AMA;As...) by simply eliminating the
quantities k,, k,, ks, ... so as to obtain the formula

DBy o= .o + 0" (010295 -+ )y (117275 o )a Dy Dug by .. + e,
where 6” enumerates the number of sets of three-fold objects which are of
type (mpaps...) that can be obtained by distributing together the sets of
objects of type (p1pups.-.), (1929s -..), (17a7s ...) respectively.
To obtain the whole number of such distributions of all types we must
sum the result just reached for all possible types (uimap,...). This is

simply done by writing b,=b,=b;=... =1, when k, becomes h,, viz.: the
homogeneous product sum of order s of the quantities ay, @, a5, .... We
have then

d,=Q1),h,

d,= (2)vh2 + (lﬁ)vhf:
dy= (3),hs + (21), ks + (19), 1,
du= () + (BL)y kgl + (22), 5 + (219, It + (19,14,

..................................................................

and if
Qo Opypy oo = .. + 07 (1 QaGs .. )y (MTaT3 )+ <o,

6" enumerates the distributions under consideration.
Let D,, A, be obliterating operators having reference to symmetric

functions of the quantities @, &y, ay, ...; ¥, 72, 75, ... respectively.

Then y
Ay ALAy, ... Dy Dy D, ... (dp,dpdy, ...)=6",

constituting the analytical solution of the problem.

The easily established results of operations simplify the calculations, viz. :

these are
Aydy=hydp_s, Dydy=1h/d, 4,

where h,’ refers to the series v,, s, s, ...
Thus suppose (PipsPs---) (@:1G2gs ---)r (nimars...)=(211), (22), (211)
respectively,
0" = AiD,D:.d,d} = D,D3. A, {(hy + 2h3) di + hid,}
= D, D% (2h}h, + 2h%) = D, D, (213 + 4h;h; + 8h3)
= D, (30A% + 44} + 4h,) = 38.
To verify this enumeration take the objects to be

a,a,bicy, @,a,0,b,, asa;b.cs respectively.
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The distributions are
amabe  aabe  aabe  aabe  aabe  aabe  aaba
Agtylb, @000, 03D, aagbb,  aganbob,  ayagbb,  @aasbyb,
@@be;  agagch;  agbiasc,  agbicias  byciasas,  ayciasby  ascsbsa,

a,a,b;c, a,a,b,¢, ma,bc, a,a.b,c a,a,b, ¢, a,a,b,c, a,a.bc
bb.ayay  bbyasa,  bbiayay  bbyasa,  bibasa,  bbyaya,  bibyasa,
asaghyeq 0305C5Dy aghya,c, ybscyaq bycyaya4 335Dy ayCsbyay

aabe,  aqabe  aabe aabe  aabe aabc
aghyayb,  aybyasd,  agboash,  aybiab,  asb,ub,  asbyab,

ayazd;c, @y0Cy D4 azb,ayc, ayCy,b, asb,ciay asc,byay

aabie,  aabe,  ayabie,  aabie,  a,abe,  a,a.bc

aybyayhy,  agbazb,  aubyanb aybya,b,  a,baby, ayb.a.b,

byaza,c, €303y, bya,cya, cya,bya, byc;aqa, Cabyatyay
amabie,  aabe,  aabe  aabe  aabe  aabe
aybyboay  aybybiay,  anboboa,  asbubia,  abb.a.  aubbian
asazb,c, 303 CyDg ayby 0z (NN a,b,cya, y¢;bya,

aabe,  aabe,  aabe awbie  aabe  a,a0¢
asbobuaty  @bybyay  agbybyay  agbibya,  abib,a,  aubybeas
bs 330y C3l3 Q3 bs b:l A3Cy Ly C3Qy b:x Qg ba Csyy Cy bzx Qg
The first written of these is to be understood to mecan a set of four
three-fold objects «,a,a;, a,aya,, bbby, ¢,b,c,, and it will be noted that it is
of type (211); in fact if in the calculation we do not put b,=b,=b,=... =1,
we find
Oy, Bpy@py oo = oo+ (G125 - )y (775 ) (4,07 + 34D0) + ...,
indicating that 4 and 34 of the distributions are of types (212), (1¢) respectively.

The four of type (21°) consist of that above written and also the second
in the first row and the first and second in the second row.



SECTION 1I1

PERMUTATIONS

CHAPTER 1
THE ENUMERATION OF PERMUTATIONS

61. We commence the study of permutations to which this Section is
devoted by applying the general Theory of Distributions of Section I to the
special case of permutations. We first of all study the combinations
involved. We are given any assemblage of letters specified by

apag: ... abs,
where p,+ Py + ... +p;=n, and we require the number of different combina-
tions of the letters therein occurring which involve m letters, alike or not
alike. In fact we require the number of combinations of the letters m
together.

Conceive m exactly similar parcels of one kind and n — m similar parcels
of a second kind. Suppose that all the letters of the given assemblage (» in
number) to be distributed into these n parcels in such wise that each parcel
contains one letter. The number of ways in which this can be done is equal
to the number of combinations m at a time of the letters of the asscmblage.
The number in question is by Section I equal to the coefficient of the
symmetric function

(Pps - Po)s
in the development of the homogeneous product-sum product
hobn—m.

The function hpyhs_m is the generating function for the enumeration of
combinations m at a time of all possible assemblages of n letters.

Taking pi, Pe, Ps, --- to be in descending order of magnitude there is of
course a one-to-one correspondence between the assemblages which involve
n letters and the partitions of a.

From the symmetry of the function Agyhnm we gather that the combina-
tions n—m at a time are equi-numerous with the combinations m at a
time. This is also intuitively evident & priore.
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As an example of the theorem, since
hehy = (6) + 2 (51) + 3 (42) + 4 (41?) + 3(3%) + 5(321)
+7(31%) + 6(2°) + 8(2°1%) + 11 (21¢) + 15(1°),
we reach the solution, when m = 4 or 2, for any possible assemblage of letters.
Thus for the assemblage
aaa3ys,

since one term in the development of k%, is 7 (31%) we find that 7 combina-
tions, 2 (or 4) at a time, can be derived from the letters of the assemblage.
These are of course (for 2 at a time)

aa, af3, oy, ad, By, B3, 8.
Employing Hammond's differential operators which have been defined
and explained in Section I we find that, since
Dy, Dyy ... Dy, (prps--- p) =1,

the sought number is
Dy Dy, ... Dy, hhpm.

The number in simple cases is readily calculable because
Dby = hyps,
Dyhyhg=hy_shg+ hp_girhg + hp_sichyo+ ... +hyhy,.
The reader will observe that here the operator D, is operative through
the 2-part compositions of s,

$,0; s=1,1; s-2,2;...0,s

In the above example the calculation proceeds as follows :
Dy D3h by = D} (hyhy + hohy + hy) = D3 (2hF + 2hy + hy)
=D, (4h; + 3h)) =1T7.

In Section I a theorem of reciprocity was established which yields the

relation
D, Dy, ... Dy, hnhnm= DDy by by, ... hy,,

which may be sometimes used to simplify the calculation because the right-
hand side operation may be more easily carried out than that on the left-

hand side. ¢
Moreover we observe the identity
DpDn-phmhn—m = DmDn—mhphn—p.
which at once gives us a theorem in combinations, for it establishes that the
combinations p at a time drawn from the assemblage

a™ ﬂn—m
are equi-numerous with the combinations m at a time drawn from the
assemblage

ar 8n-?,

The reader will verify this otherwise without difﬁculty.
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If we take as a particular case the assemblage

Q... &,
the number of combinations m at a time is
Drhipbysn = Diy Dy = Doy Dy, (1)™,
where (1) is the symmetric function Sa.

Without difficulty the number is found to be <::L)

In the above we have not restricted the combinations in any way.
Suppose however that we make the condition that no combination is to
involve more than %k letters which are identical, we must construct the
product

kembin—m,
wherein k,, denotes the product-sum hy,, from which all terms involving
repetitional exponents exceeding % have been deleted.

The number of combinations is now
Dy D,, ... Dy, kpbpm.
In this formula the combinations which are left after withdrawal of
the combinations m at a time have not been restricted.

If the two sets of combinations are to be simultaneously restricted the
enumerating number is

Dy Dy, ... Dy, mlinm.

The reader will observe that, with the restriction before us, the com-
binations m and n—m at a time are not equi-numerous. The generating
functions are respectively Kpmhn—m and Apky—m.

In particular consider the case £ =1. The generating function is
A hp—n,

wherein a,, is the elementary symmetric function Sa,a; ... a,.

Since Dyaphg = aprhysir + aphgy,
because D, operates through the compositions 1, 8 —1; 0, s of s, the calcula-
tion is easy.

Thus for the assemblage aaaBy and m = 2

D,D,D, a;h, = D, D, (a ks + azh,)) = D, (h, + a, + a,) = 8.
The combinations are evidently a8, ay, By.
For m =4, it will be found that
D;D,D, ah, =0,

as should be the case because there is no combination of 4 letters, drawn
from the given assemblage, which does not contain some repetitions of letters.
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In general the calculation is performed by the aid of the theorem
Dykephg=kphgs+kpshggir+kpshggia+ ...,

wherein the last term is either kp_xhg_spi OF Ay_sip.

62. The enumeration of permutations is treated in a similar manner.

Instead of the product Aphn_m we must now take Ah,_, because the
number of permutations of combinations of m letters drawn from the

assemblage

apaps...aPs (Cp=n)
is equal to the number of distributions of the letters into n parcels, one letter
in each parcel, of which m are different from one another and the remaining
n —m similar but different from any included in the former.
Thus hhy—m
is the generating function which on development shews by the coefficient

of the symmetric function
(P2 1)

the number we are considering.

Hence the number is
m
D, Dy, ... Dy, bt by,

or its equivalent
DDy by by, ... by,

Thus since
hhi = (6)+ 3 (61)+4 (42) + 7 (41*) + 4 (3%) + 8(321)
+ 13 (31%) 4+ 9(2°) + 14 (2°12) + 21 (21¢) + 30(19),
we obtain at once the solution for m =2, in the casc of every possible
asscmblage of 6 letters.
For the assemblage aaBBy8 we sce by the cocfficient of (221%) that the
number is 14. These permutations are
oo aB  ,ay ad By B 8
BB Ba ya da B B by
In particular if the asscmblage be

o Paya; ... apyy,
Dt Doy o,
D} Dymh? hyyp.

This equivalence establishes that the permutations of combinations of m
letters drawn from the assemblage

T Pa0, ... Oy,

the number sought is

or its equivalent
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are equi-numerous with the permutations of combinations of p letters drawn
from the assemblage

oy - Ay

Moreover since
D'{ Dn-ph'mhn—-m = Dm Dﬂ—mhf}'m—p >
we can assert that the combinations of m letters drawn from the assemblage
a7 Pa,a ... Uy

are equi-numerous with the permutations of combinations of p letters drawn

from the assemblage
ata ™™,

As an example of this result take n =6, m =2, p=3.

The combinations of 2 letters drawn from aaaByd are
aa, aB, ay, ad, By, B3, 8§,
whilst the permutations of combinations of 3 letters drawn from aaB8888 are
aoB, ofa, Baa, BB, BaB, BBz, BBB,

the number in each case being 7.

Calculation proceeds according to the formula
m

Db = K hon ey + (’f) R b + (2) ) MR

+ (’;) A Phy .
Thus the evaluation of D D2h%h, is
DEDER2h, = Dy D3 (R2hy + 2hy by + he)
=Di(h} + 2k} + by + 2h3 + 2h, + hy)
=D, (10h, + 4h) = 14
We may restrict in any manner the number of identical letters that may

appear in the permutations. If not more than k identical letters are to
appear in the permutation we take A which is

m!
AT (pr1ps -+- Po)s
where PPt Fp=m,

and delete therefrom all symmetric functions which involve an exponent
greater than & (or from the partitions, which denote the symmetric functions,
all partitions which involve a part greater than k).

This is particularly simple when k=1, for then the only part of 2 which
survives is m ! a,, and the generating function is

- ) AR



92 EXAMPLES OF ENUMERATION [sECT. 111, CH. 1

In particular for n = 6, m = 2, we find
2!a,h, =2 (51) + 2 (42) + 6 (41°) + 2 (3% + 6 (321)
+12(31%) + 6(2°) + 12 (2°1°%) + 20 (21%) + 30 (19).
Thus with regard to the assemblage aaaBy8, we find 12 permutations of
combinations of 2 letters such that no letter is repeated, viz.:
aB ay ad By BS b
Ba ya 8a yB 8B By
In fact we can see & prior: that the permutations in question are derived
from the corresponding combinations by multiplication by !, so that the

generating function dy,h,_n already found above for the combinations neces-
sarily leads to the generating function m!a@yhy_m for the permutations.



CHAPTER 1II
THE THEORY OF PERMUTATIONS

63. We will now consider in some interesting details the distribution of
n objects of given type into n parcels of type (1*); no two of the parcels are
alike and if we view the parcels as being also a set of objects the association
results in scts of two-fold objects, one set of objects being such that no two
.are alike. Further we may regard the theory as connected with the distri-
bution of objects of type (1") into n parcels of given type.

Tt was shewn in Scction I that the number of permutations is given by
the multinomial expansion

N — * n! I ‘
W 2(1’1 D™ (P )™ (Pg 1) .. (prprpys...);

(1)» is the distribution function, so that the number of permutations of
objects of type (pp pppm...) is
n!
(@) (P ™ (ps )™ ..
Consider X,, X,, ... X, to be linear functions of quantities z,, z,, ... @,
given by the matricular relation

(le Xz; Xn)=( Ay Qg ... Oy )(wn Zgy oo wn);
|
Ay A oo Oyy
Apy Apy o+ Qpp |
s0 that Xi=002,+ @+ ... + Qg @yp.

If X =a, + 2, + ... + z, the number of permutations of the factors of the
product a1 &£ ... a¥n is the coefficient of the like term in

XEl+52+~-'+Eu.
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To further examine the matter we now consider the expansion of the

function
Xaxéh .. X,

and we require an important theorem.

Consider the algebraic fraction
1
A6 X) (1= 8,X)) .. (1 —82X,)°
the general term in its expansion is

shigh s XhXE X6

and, if we are merely looking for the cocfficient of #f12f ... 2%+ in the develop-
ment of

Xbaxt . X,
we require that portion of
shgfe ....s'ﬁ"Xf‘Xf” e X
which is a function of the products
8181, 8y, Sy, ..r Sy

only ; so in general we only require that portion of the expansion of the

fraction
1

I-6X)1=-8X)...1=sX,)

For the sake of simplicity we will take » =8 and write the matricular
relation

X, Xy, X)=(a, a a ) (m, 2, z)
b, b, by
G ¢ G
and we will now shew that that portion of the fraction
. 1

which is a function of s,a,, s,2,, s,z; only is equal to

1
[(1—a8,2,) (1 = bysy2,) (1 — cu855) |

where the denominator is in symbolic form and is such that after multiplica-
tion the @, b, ¢ products are to be written in determinant brackets; thus

1= a,8,@,— b8y — ¢80+ | @, by | 818,225 + | @, ¢4 | 8,852, 2

+| bycs | 883Xy Ty — ] a,bycy ! 818283, Ty,
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the determinants denoting the determinant

a a; a
b, b, b
‘ 6 C G

and its co-axial minors. |a,b,c;| is the determinant itself; |a,c;| the minor
a,¢; — azc, and so forth.

64. To establish this, consider the fraction

(1 = a,82,) (1 = b,8,a,) (1 = cu83m3) |
(1I—-5X) 1 =s5X,)(1—8dX,) ’

which may be written

|{1—81X +31(X1 alwl)H — 8, X, + 8 (X — b} {1 _ng +81(X1‘“03“’s)}

(1 —5,X) (1 - 8,X,) (1 —5X,)
and now carrying out the multiplication of the numerator factors this is

14+ s (X, ”wci,ﬁ,_)_*s (X, — by +.s',(X — Cyy)

. ¢ 1-sX, 1—s,X,
ﬂzﬁ_‘ (X, — I’:flz) (X — cyry) | 818y I (.X -4 ;) (X c,fl,)l
(1 - 84X, (1 —8X,) - s X)) - 8,X5)

+ 818, | (X_l — a,2,) (Xy = byry) |
(1=-5X)A-sX,) ’

the last term vanishing because, as will be seen presently, the expression

(X, = ay2y) (X, — byay) (X = csy) |

vanishes identically.
It will be shewn that the terms on the right-hand side which follow unity
contain on expansion no terms which are functions of

8,2, 832, 832, only.

For consider, in respect of the n quantities @,, ., ... @, the expression

$18y .. SLI(X —a,z) (X - b, "z) (Xz"tt"lft)l
T =8 X)(d=8X,)...(1 —8,X))

where ¢ is an integer not greater than n; this fraction is specificd by the
first ¢ natural numbers, but what follows can be readily modified to meet the
case of a fraction specified by any selection of ¢ natural numbers, which are
uncqual and not superior to n.

To shew that this fraction contains on expansion no terms which are
functions of §,2,, 8,, ... 8,@ only, it is merely necessary to shew that every
term in the development of the expression

i(Xx — ) (X = byay) ... X - teaw) |
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contains at least one of the quantities #yy,, Z¢1s, ... 2y, for visibly the fraction
under examination contains neither sy, 8., ... nor s,. For this to be the
case the expression should vanish by putting

Tty = Lp42= ... =$”=O.

The expression, in determinant form, is

X, —aux, — Uy ... -z |,
~bz,, X,—bx, ... — by,
_‘tlmh —tQJJt oes X;— texy

for it is at once evident that the co-factor of any X product
X, X, X,...

is the same in the expression and in the determinant.

In the determinant putting
Tpp) = Bpgp = ... =T =0,
and then adding «, times the first column, «, times the second, ... #;, times
the ¢th, we obtain a column of zeros. Hence on the supposition the
determinant vanishes and also

(X — @) (X, = by) oo (X — 1py) |

vanishes identically. Every term in the development of the expression
under examination contains as factor at lcast onc of the quantities wy,,, 444,
... Zn, and thus the fraction under examination has on expansion no term
which is a function of 8,2, 8,2, ... Sa2, only.

It has now been shewn, dividing each side of the identity above by

[ (1 = 0;8,%,) (1 — b,8,25) (1 — C3853) R
that
1

Q-5X)(A-5X,)(1—sX,)

i8 the product of
1

I_(l — 0,8,%,) (1 — bysyy) a- Csssxs)i

and the series

s (X, — ayz) | 8, (X, —"bgy»'g)

1+ + bozs) | 51 (Xs = oym)

1-5X, 1-5X, 1-s2X,
88 | (X, — a,1,) (X, — bz%)' + 8,8 | (X, - a,2,) (X, — Cs%y) |
1-5X)1A-sX,) 1 -5X)(1—-8X)

Sg83 l (X, — by,) X;— Cos) ,
(1 —8X) (A -8X,)

+



CH. I1] THE MASTER THEOREM 97

and from what has been established above it is clear that that portion of the

expanded fraction )

(1 =-5X)(1—-5X)(1—sXy)
which is a function of s,;, 8,,, s;a5 only is represented by

1
[(1—a;8,2,) (1 — besyzy) (1 — c3835) |

and it is equally clear now that that portion of the expanded fraction
1
A-5X)A=-8X,)...(1 —s,X5)
which is a function of s,2,, s:@, ... $4@, only is represented by

1
[T = ay8,2,) (1 = bysyy) +.. (1 — npspn) |

66. From this theorem it at oncc follows that the coefficicnt of the
term

a:f‘x,f? .z’f‘",
in the expansion of the product
Xhxbxb . X,
is cqual to the coefficient of the same term in the expansion of the fraction
1 .

[T =) (L = buy) ... (1= ngay) |’
and it will be noted that this fraction does not involve the numbers
&, &, ... &, explicitly.

66. Theorem. “If X,, X,, ... X, be given by the matricular relation
X, X,, ... Xn)=( Ay, Qg - Ui )(-”1: Tgy oee wn)
a’ﬁl) Aoy vee Qeon

A1y Qnyy +oo Aun

in the development of the product
Xaxt, X,
is equal to the coefficient of the term
.z'f‘wgﬂ mfﬁ,

the coefficient of the term

n

in the expansion of the fraction
1

[(1 = ay@) (1 — beg) oo (1 —mpy) |’
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wherein the denominator is in symbolic form in such wise that on multipli-
cation the factors a,b,, a,bycs, ... are to be placed in determinant brackets
| by |, | abycy |, ... and denote the co-axial minors of the-determinant
| @by ... 1y |,
which appertains to the matricular relation.”
This is a master theorem in the Theory of Permutations.

We will write
Va
for the expression
(1= ay2y) (1 = Do) .. (1 =) |,

and the rcader will be able to verify that V), has also the expression

t— 1z, a, S
b, by—1/z, . . . by
(=) @2y ... p
| n, n, e g =1z,

Applications of the Theorem.
67. We suppose the product
Xaxbh, X
to be written out so that the & + & + ... + &, factors extend from left to right;
to perform the multiplication we imagine one term to be sclected from each
factor in such wisc that when the terms are all multiplied together there
results a term which is «f12ft ... a» together with a coefficient which is a
monomial composed of symbols @, b, ¢, ... n with certain suffixes. According
to the mode of selection we have, in correspondence, a certain permutation of
the factors of zf1af2 ... af» and the number of different modes of selection is
equal to the whole number of such permutations. If the result of any
particular sclection be
alibb . albs ... afrafr .. abn,
it will indicate that the corresponding permutation is such that

@, occurs a, times in places originally occupied by an 2,
1 1 P

» ”» Bl » » » w‘h

Zy o, G » » »” Zy,

» ”» Bﬂ » ”» » wz:
cte.

The proper generating function for the enumeration of the permutations

possessing this property is I}T
n



CHAPTER III
THE THEORY OF DISPLACEMENTS

68. We will apply the master theorem to the problem of determining
the number of permutations of the quantities in

wflwf" wf.",
which are such that every quantity is displaced; in other words no quantity
,; 18 to be in a place originally occupied by an ;.
The particular case when each of the cxponents £ is equal to unity leads
to the determination of the permutations of
L&y ... Ty

which have the property under examination. This is often spoken of as the
“ Probleme des rencontres ” and has been much studied. The results that we
shall obtain will be of a general character and include this particular case. If
this case were alone under consideration it would be possible to adopt a
simpler method of investigation, but such a procedure would not be so
suggestive as the one here adopted.

If in the product
(2, + A+ ... + an )t by, +byay + ...+ bun)t ... (M@ My + ..+ Ny

we put a, =0, it is clearly impossible to select 2; from the first £, factors: so
also if we put b, =0 we cannot sclect ; from either of the next § factors.
It follows that in forming a permutation by selection of one of the quantities
Z,, @, ... T, from each of the factors in succession, the result of putting
a1=b3=03= oo =1L”=0

is to ensure that such permutation has every letter or quantity displaced.
The number of displacements is therefore the coefficient of ah1af2 ... afv in the
product

R o i G T +z) L (. + &y y)om,

for we may put the remaining symbols @, b, ¢, ... n equal to unity as not
7—2
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being required to be put in evidence. This then is the redundant generating
function, and through the guiding determinant

01111
1 0111
11011
11101 ,
1111 0

of the order n, we are led to the condensed or true gencrating function
1

1 -z, — 23w,2.0, — 33208, — ... — (n— D)2y ... 2,°

since it is casily proved that every co-axial minor of order s has the value
“r -1
We write
(@—2)(w—a)...(@—wy)=a"— p,a" + pa"?— ...,

so that the generating function is

1—p,—2p,— —(n—l)pn

69. If & =¢£=...=§,=1, some propertics of the numbers are obtained
in a simple manner from the redundant gencrating function.
Thus it is casy to find the coefficient of z,a, ... #, in the development of
(@t o+ o+ x) (@t ot oot 2y) . (B F Tt o+ X0y)s

for this expression may be written

L (p=2)(pr— ) ... (pr— 2n),
which is
pi—pptE ....a:1 + Pt 3z, — e + () 0y 2y . 2,
or p’{‘“ Pe=PY et eee + (=) P

Observing that
n!
p;t—ﬂp‘ =.,..4 ‘E‘,pu+
where (1)*#(1*) is multiplied out so as to be a linear function of monomial

symmetric functions, the coefficient of 2,2, ... @, or of p, is seen to be

n!

TGt O,

which may be written
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the well-known value of the coefficient under examination, which will be

denoted by 0 17
0; 17},

in correspondence with a notation which expresses by

{m; &&, ... &)
the number of permutations such that exactly m of the quantities which
compose the product

mf‘ws"‘ cen i
are in the places they originally occupied.

The reader will observe that this notation involves an extension of the
problem of displacements as originally enunciated and also of its particular
case, the “Probleme des rencontres.” The utility of this extension will
appear in the next following investigation.

70. If we are considering the question of the permutations which are
*such that exactly m of the quantities are in places they originally occupied
the redundant generating function is

(az, + 2o+ 23+ ... +m,.)5l (o, + az, + @y + ... + @) (o 2t .. +(uc,.)5",

in which we seek the coefficient of

Putting 1 —a=b, and ,=§=... =1, we have the product
(p: — bz,) (py = bay) ... (py — ban),

which is Pt = bpt + B py — oo A+ (=) 0P,
and developing so as to obtain the coefficient of p, we find
b2 b
n!{l -b+ 51 + (=) ,;!}pu;

and now expressing this in terms of a we find
n " n
{0; 17 + (1) @ {0; 171} + (2) @{0; 174 + ... + (n) an 105 1),

Hence

i 19 = () 05

shewing that the number of permutations of z,&, ... z, which are such that
exactly m of the letters are in the places originally occupied is

(s

Moreover it is easy to see & priori that this result is correct.
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. L . (n
For we can select the m letters which are to remain undisplaced in <m>

ways and for each of these selections the remaining letters can be so permuted
as to be all displaced in {0; 1"~™} ways. Thence the result found is clearly
correct.

The whole of the permutations can be found by summing {m; 1"} from
m=0tom=n_ Hence the well-known formula

(05 17 + (’]’) (0; 1) 4+ (’2’) (05 17 + ...+ (Z) —nl.
The values of {0; 17} forn=0,1,2,3,4,5,6,7,8, ... are
1, 0,1, 2,9, 44, 265, 1854, 14833, ...,
and from the results already reached it is easy to shew that
(05 1 =(m=1)[{0; 1"} +{0; 174],
{0; M =n{0; 1"} +(= 1),

both of them well-known relations.

71. We will now turn to the condensed generating function
1
1—p,=2p,—3p,— ... —(n—=1)p,,°
and consider its expanded form which has been shewn to be

f‘ {0; && ... En) . (BiEa o En);

for the theory of symmetric functions shews us that we can deal with the
function Saf1zf2 ... 2% instead of with the single term afiale ... abn,

We may regard £ §,... £, as being numbers in descending order of
magnitude and n as indefinitely great. £, &, ... £, may be any integers, zero
not excluded, but there are certain symmetric functions that & priori must
be absent ; for clearly

A0 EE B =0,

if £> 64+ &+ ...+ & For example such functions as (21), (421), ... do
not present themselves in the development.

In the first instance we will restrict ourselves to the numbers {0; 1¢ and
for convenience put {0; 1*} =P,. We write

1
1-p.—2p,—3p,—...
which in the present process do not affect the numbers P,.

Multiplying up we get
1=(1=p:=2p,—...) A+ P,p, + Pypy + ... + Ppp, + ...) + other terms.

=14P,p+ Pypy+ Pypy+ ...+ Pypa+ ... + other terms,
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On the right-hand side, to find the coefficient of p,, the relevant
terms are

P nPn — P n—ePePn—g — 2P, n-sPsPn—s — 3P n—aPiPr—g— ¢o0 — (n— 3) P, ePn—2P:
- ('n - 2) Pl}’ne-l})x"' (n— l)pm
and if n > 0 the coefficient of p, must be zero; hence

n n

P, = (g)P"‘” +2 (3) Py +3 (4)P,._‘+ +(n—1)<z> ’
or
n n

031 = (5) 05 1 +2(3) (05 1"} +3 @ ©0; 1=+ + =1 (1),
a new relation, the verification of which for n =6 being
265=1.15.9+2.20.2+3.15.14+4.6.04+5.1.1.
The law that has been established is better exhibited by putting
(n—s—1)Py=Qyn,
«so that @, , =— P, and Q,_, »=0; then

0= Qunt (1) Quonn + (5) Qosnt o+ () Qo

or, if we write symbolically @, , = Q3 »,
(Qo,n'*' 1)" = 0.

72. Next consider the expansion of
1
1—p,—2p;— 3p,— ...
in ascending powers of (p, + 2ps + 3p,+...); we have

8!
e 9n e prpspn
8818, !... PEPepet -

(P2+2P3+3p4+ L)=3

where s, +8;+ 8+ ... =s, and in the first instance we are concerned with
the coefficient of p, or (1) which arises when the products pf:pSpse... are
multiplied out.

The coefficient of (1*) in the development of
(12 (1 (19 ..
is, by a theorem of symmetry established in Section I, equal to the

coefficient of
(2%3%4¢%....)

in the expansion of (1)*, and this by the multinomial theorem is

n!
@nE@ys @),
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Hence the portion of the right-hand side that we require is

sin! "
2s;,!sn!s.,!...(2.0!)‘2(3.1 !)"(4.2!)‘*...(1 )

and summing for s we find that

R sln!
051 }—5"6‘2!83!&!...(2.0!)"2(3.11)‘3(4'.2!)“...’

where s may have all suitable values and
28, + 383+ 4s, + ... = n,
S+ S+ Si+...=8

Ex. gr. for n=8, we have to consider the non-unitary partitions of 8, viz.:
8, 62, 53, 44, 422, 332, 2222, and from the scheme

So 83 8 Sy S¢ S; Sy

00 0 0 0 01
1 000100
0101000
00 20000
2 01 00 0O
12 0 0 0 0O
4 0 000 0O

we find '
7 4+ 280 + 896 + 630 + 3780 + 6720 + 2520 = 14883,

which is right.

73. This method of procedure however is only appropriate to reach
results over a limited range of the expanded function. We require theorems
of a more general character and we proceed to shew that the symmetric
function operators of Section II are competent to produce them. Writing

1 .
1—p,—2p;—3p,—...
we put p, + 2p, + 3p, + ... = B, so that the function to be examined is

=5{0; 1m2m3m ...} . (1m2m3m ...),

1
1-B°
The operators available are
d d d
dy=+— S+ P +.ue,
g dp, t P Apysa P dpm +

1
-D 8= E—! (d:)'
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It will be found that, for the particular operand (1 — B)™, these operators
are connected by special relations and that every such relation is of signifi-
cance in the theory of the generating function.

A special object of the following investigation is the determination of
operators which have the effect of leaving the special operand unaltered.

We have
dB=(s—1)+s(p+ps+ps+...)+ B,
so that
de—d)B=(s—t) 1+ p+pe+ps+...),

(du—dp)B=(u—=0)1+p+pe+pst+...);
(u—-v)(ds—d)B=(s—t)(du—d,) B,

shewing that, for an operand B,
(w—v)(d;—dy) and (s —t)(dy —dy)
are equivalent operations. Since these operations are linear this is also the
_case for an operand which is any power of B and therefore also for an operand
1
1-B’

u, v, s, t being any positive integers, zero being excluded.

giving us

74. This result has been arrived at by elimination of (p, +p,+ps+ -..)
and B between four equations of the type

dB=s—1+s(pi+p.+ps+...)+B.

Only three equations are necessary and then we should reach the particular
case

(s=v)(d;—d) = (s = t) (ds — dy).

If from two relations
dB=GE-1+s(p+p+p:+...) + B,
dB=@¢(-1)+t(p+p.+ps+...)+ B,

we eliminate (p, + p. + p;+ ...) we find
(td; — 8dy) B=(s —t)(1 — B);
leading to the important result '

z(h—@dt 1 _ 1
s—t 1-B 1-B’

establishing that the operation

td.—Sdg
8—1

leaves the operand (1 — B)™* entirely unaltered.
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75. The two results that have now been established lead to a vast
number of relations between the operators which may be applied forthwith to
the study of the properties of the coefficients which arise in the development

of the operand I—!~B The difficulty is in selecting the relations which best

exhibit those properties. Generally in applying the operators to the expanded
form of the function we first express thc operators d, in terms of the
operators D, in order to take advantage of the great facility with which the
latter operations are performed upon symmetric functions which are denoted
by partitions.

We will in the first place consider the equivalence
(u—v)(ds —de) = (s — 1) (du — by),
and commence by applying the simplest particular case
dy=2d, —d,;
since dy=D}-3D,D,+3D,, dy=D;—-2D,, d,=D,
the operation
(D} = 3D,D, +3D,) — 2 (D} — 2D,) + D,

must reduce the function (1 —B)™ to zero. ‘Writing this function in the
form
3{0; 1m2m3m ..} . (1m2m3™ .. .),
we find that, after the operation, the symmetric function
(1m2m3m ...)
must appear with a zero coefficient. Hence
{0; 1m+32m8m |, } — 8{0; 1m+12m+18m .} 4 3{0; 1m2m3m+l ]

—2[{0; Im*22m3m .} — 2 {0; 1m2m+13m , J]+ {0; 1m+12m3m ..} = 0,

We thus obtain a linear relation between certain groups of coefficients
which are found throughout the whole extent of the expansion of the
function ; for the numbers ,, m,, mm,, ... are at our disposal absolutely. The
way in which the specification of the numbers { } is connected with the
formula which expresses the sum of the powers of quantities in terms of the

elementary symmetric functions will be noted. In fact the above relation
might be denoted by

@)y — 2@ +1);=0,

in mathematical shorthand.
As a simple example put m =1, my=m;=... =0; then

{0;14-3{0;21% +3{0; 31} —2{0; 13 +4{0; 21} +{0; 13} =0.
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Since {0; 31} and {0; 21} are both zero the relation gives us the expres-
sion of {0; 212} in terms of well-known numbers {0; 1%} ; thus
3{0;21={0;14-2{0; 1} +{0;1}=9—-4+1=6,
so that {0; 21%} =2 which is obviously correct.

By giving r, m,, m, ... other values progressively we can obtain many
results of a similar character and in like manner we can proceed with the
general formula

(u—v)(ds—dp) = (s—t) (du— dy),
which when applied to the function yields the relation
(= 2)[()) = @] = (s =) [(@)y) — (@)1):

76. Passing now to the equivalence
td; —sd, = s —t,
it will be found that there are several ways of dealing with it.
We will first consider the particular case
td, —d,=—(t-1);
putting ¢ = 2, we deduce
21D,=D%-2D,-1;
putting ¢ =3 and reducing by means of the relation just found there results
81 D,= D} -6D;+3D, + 4,
and thence, similarly,
41 D,= D} — 12D} + 30D; + 4D, — 15,
51! Dy= D} — 20D} + 110D% — 1400% — 95D, + 56,
ete.
and it is clear we can express D, in terms of D,.

To calculate these relations we observe that the algebraic equivalent of
the relation td, —d; = — (£ — 1) is
th—()=—({-1).
Since p, corresponds to D, we have to express p, in terms of p, being

given that
tp — 8, = —-(t-1),

where we have replaced (£) by the more convenient symbol s,; thus since
2! py=s8i—8,
31 p;= 8 — 38,8, + 28,
41 p,=s} — 65,8} + 38} + 88,8, — 63,
ete.
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we find
2!py=pi—(2pm +1),
3ip=pi-30Cp+1p+23p:+2),
41p,=pi—6(2p,+1)pt+3(2p + 1) +8(3pi +2) p — 6 (4p, + 3),
ete.,
where the general formula is known by Art. 6, and now we have merely to
write D, for p, to arrive at the relations before us.

Applying these relations to the generating function, we first obtain
21{0;1m2m+13m  J={0;1m+22m3m ..} — 2 {0; 1m+12m3m. .} — {0; 1m2m3m. .},
and a particular case is, putting {0; 19} = P,,

21{0; 21"} = Pyyo— 2P,,, — P,,
a convenient formula for {0; 21°}. From it we derive the values
s =012 3 4 5 ..
[0;21=0 0 2 12 84 640 ..,

and from the known properties of P, we deduce
2{0;21) =(*+s—1) P+ (=)' (s —-1).
We next obtain
81{0; 1m2m3m+1 .} ={0; 1m+32m3m . .} — 6 {0; 1m+22m3m . ]
+3{0; 1m+12m3m 1 44 {0; 1m2m3m ...},

and thence
6 {0; 31”} =Pn+s"' 6Ps+2 +3Pu+1+4‘Pa,

and we derive for
s =01 2 3 4 5 ...,

0;319=0 0 0 6 72 780 ...,
and

6{0;31)={(s+1)(s+2)(s+3)—6(s+1)(s+2)+3(s+ 1)+ 4] P,
=1y
Similarly we obtain .
24.{0; 41%) = P, — 12P,,, + 30P,, + 4P,,, — 15P,,

and we derive for
s =01 2 38 4 5 ...,

{0;41}=0 0 0 0 24 480 ...,
and

24{0;41~}={(S.§f” 20D 5o Er D 4 +1)-15}P

+(=yt(s—1)(s~3s—1).
There is no difficulty in obtaining a general formula of this nature.
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77. From the general relation between the coefficients derived from the
relation
2!D,=D}{-2D, -1,
we obtain as another particular case
4{0;2°15} =2 {0; 21°+2} — 4 {0; 21°%} - 2 {0; 217},
and thence
4 {03 221"} =Py — 4Py + 2P, + 4P + Py
and

4{0; 219} = {(?'-js' ,4)--!-4(‘51?8'—?34(2@«*; ’2..).,,!.*.4.(3 +1)+ 1} P,

+ (=)t (® + 48* + 65 + 5),
two forms of result which can no doubt be reached in the case of the number
{0; 1523 ...},
It will be observed that one formula of reduction is
27 (0; 2718} = 271 {0; 2711843} — 27 {0 21184 — 271 {0 ; 27118),

78. The gencrating function
1

l—ap,+(-1D@+1)p.—(a—1)(a+2)p;+...
arises similarly from the redundant product
(azy + @y + 23+ oo )or (2 + Q@+ @3 + .. )5 (2 + 2 + @y + .. ) L
(T + @y + ... + axy ),

This, when expanded, is
S (m; 1m2m3rs ) am (1m2m8ms ),
and may be similarly dealt with. For write it (1 — C')™ where
C=ap,—(a—D(@+D)p,+(a-1y@+2)p;—...;

then
dC=(=y"(a-1y(1-C)+(-y"s(a -1y E,
where
E=1-(a-Dp+(@—-12p,—...;
whence

{(=)d,+ (=Yt (a=1y~td} C = (=) (a= 1)y (s —t) I}
or putting, as in Art. 68, 1 —a =5,
V—d, - btd,) C=(s-t) E;
shewing that, for an operand C,
(u —v) (b*d, — b*~td,) = (s — t) (b'“dy — b*~"d,)

are equivalent operations. This equivalence reduces to

(=) (ds—d) = (5= ) (du—db),
when a =0, or b =1, as it should.
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79. If from the original expression of d, we eliminate K first instead of
1-C we find
(thtd, — sb*dy) C=(s —t) b**t (1 - O),
whence
tb—ad, —_ Sb—tdg 1 _ 1
s—t 1=-C 1-C"

and we have established that the operation
tb—ad, - Sb_tdg
§—1

leaves the generating function unchanged—or, in other form, the operation
tb_‘d, - Sb_tdt -8+t

causes the function to vanish.

It is just as easy to deal with the function i_-l- o with T_}T}
From the relation
(u—v)(02d, — b-td,) = (s — t) (B ~d,, — b—d,),
an equivalence which holds in general for any power of €' and therefore for
(1-C)™, we deduce as the simplest possible case

dy = 2bd, — b*d,,
and comparing this with the result when a is zero, viz.:
d3 = 0d2 - dl,

we see that regarding b as being of weight unity we have merely to render
each term of the same weight by the introduction of the proper power of b as
a factor in cach term in order to pass from the latter to the former.

Applying the relation to
S (m; Im2mdm . ) am (1m2m3m ,..),

we first of all express the operators d,, d,, d, in terms of the operators
D,, D,, D,, and then we find

3 (m; 1n2n3m..)am {(1m=92m8m..,) —3(1m=12m-13m )4 3(1m2ngn-1, )]

- 22 (7n; 1m2m3m “_)(am_ am-H) {(1#,—22#,3#, '._) — (1:,2#2—13% .”)}

m,

+ 3 (m; Im2m8m ..) (a™ — 2amH 4 gmH2) (Im-12m8m ) = 0,

m,mw
Herein selecting the coefficient of (1m2m3" ...) we have
Z{(m; 1m#32m3m ) — 3 (m; 1m¥12mH18m ) 4 3 (m; 1m2m3m+l wo)}am

=25 {(m; 1m¥22m3% ) — 2 (m; 1m2m*18m )] (a™ — am+)
»

+ Z(m; Im*12n8m ) (g™ — 204 4 g™He) = 0,
»



CH. III] DIFFERENTIAL OPERATORS 111

and herein selccting the coefficient of a™
(m; 1m+32m3ms ) — 8 (m; 1mH127H18% ) 4 3 (m; Im2mgntl )
-2 {(m; Im*22m3m . )~ 2 (m; 1m2m*13m )}
+2{(m—=1;1m+22m3m ) -2 (m—1); 1m2m*13m  }
+ (m; 1mH12m3m L) — 2(m—1; 1mF12m3m L) 4 (m — 2 1m*12m3m | )=,
a relation connecting ten of the coefficients.
In applying this formula it must be noted that
(m; 1m2m3m ..),

denoting as it does the number of permutations in which exactly m of the
letters are not displaced, must be zero

(1) when m is negative,

(ii) when m > Sem,, ie. greater than the number of letters in the

permutation.

Also it is obvious that
. Ssmy; 1m2m3m ) = (Zsmy — 1; 1m2m3m ,.),
since if all but one of the letters arc in original positions then all must be so.

Bearing these facts in mind there is no difficulty in verifying the formula
in some simple cases.

80. Passing now to the rclation
th2d, —sb~tdy,— s+t =0,
and putting s=1, ¢t =2, we find
2! D,=D?—2bD, — b*;
and without difficulty we rcach the further results
3! Dy= D} — 60D} + 3b* D, + 4%,
4! D, = D} —12bD; + 300* D% + 4b* D, — 150b%,
51 Dy= D; — 200D} + 1100* D} — 1406* D? — 95b* D, + 56b°,
cte.

which can be written down from those given, by the case a = 0, by simply
introducing the proper power of b in each term.

81. Application of the relation
_ 21D, = Di—2bD, - b?,
gives
2(m; 1m2m* )= (m; 1m+22m ) = 2(m; ImH12m ) — (m; Im2m . ..)
+2(m—1;1mH12m N4 2(m—1;1m2m..)
—(m—=2;1m2m ..);
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and thence K
2 (m; 21%) =(m; 1#%7) — 2 (m ; 1*¥1) — (m ; 1%)
+2(m—1;1%)+2(m—1;1%)
—(m-2;1%;
and, since
P . 18—m) — §

;1= () @317 = () P,

we have

2 (m; 21%) = {(S ;;2) +2 (thll) - (mi 2)} Pomes

—2 {(s (0 1)} Prni=(2) Prom:

This relation shews us that the number (m; 1m2m3...) is ultimately
expressible as a linear function of the numbers P,_,, Py_m4,, ... and thence

also in the form
J (s, m) Py + ¢ (s, m).

82. The number {0; 1"} or P, may also be studied by means of the
clementary notions of the Theory of Substitutions.

A substitution is the operation by which onc permutation of the symbols

0,0,05 ... O,
is connected with another.

If we start with the particular permutation just written and then remove
a, from the left and place it to the right of a, we obtain the new permutation

A 50 ... A0y,

and what we have done is to substitute a, for a,, a; for a,, ... a, for a,_,,
a, for a,. Such an operation of substitution is said to be circular and is
denoted by
(0., ay),
the meaning being that for each letter occurring in the brackets we have to
substitute the next succeeding letter and that when we come to the last
letter we have to substitute the first letter just as if the row of letters were
bent round so as to form a closed chain or circle of letters. Such a substitu-
tion may equally well be written so as to commence with any letter—for
example in the form
(a5, ... ay 0 00,).

Such a circular substitution which involves the whole of the n letters is
said to be of order n. It is clear that it displaces each of the letters and
from this circumstance arises its effectiveness in the discussion of the problem
of displacements. To obtain a circular substitution of order » we may write
the letters in brackets in n! different ways, but these do not all express
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different substitutjons since each substitution is expressible in n different
ways by circulation of the symbols in the bracket. Hence we see that
there are

(n—-1)!
different circular substitutions of order n.

A substitution may displace each of the letters without being a circular
substitution of order n. It may be made up of circular substitutions of lower
orders. Thus the substitution which converts the permutation a,e,a5a,a5a,
into a,a,a,a;a:0, is composed of the two circular substitutions

(@ 05) (a3 ,0505)
of orders 2 and 4 respectively.

It is clear that the circular substitution of order one—for example (a,)—
merely indicates that the symbol a, is not displaced. If we include circular
substitutions of order one, the whole of the permutations of the n symbols
may be represented as circular substitutions. If however we are merely
concerned with those permutations in which each letter is displaced we are
restricted to circular substitutions composed of such substitutions whose
order is not less than two.

We may call these non-unitary circular substitutions and we observe that
we have such substitutions appertaining to every non-unitary partition of n.
It is also an casy observation to say that the number of permutations in
which all of the letters of a given permutation are displaced is the same as
the number of non-unitary circular substitutions. Let us verify this state-
ment in the case of four letters; we have to consider the non-unitary
partitions of 4 which are (4) and (22). As before remarked we have 3!
substitutions of order 4, viz. these are (abed), (abdc), (acbd), (acdb), (adbe),
(adcb) ; also we can form three substitutions cach of which involves a pair of
substitutions of the order 2, viz. :

(ab) (cd), (ac)(bd), (ad)(bo),
31+3=9={0;14=P,

and

as we know.

Clearly we have to determine the number of circular substitutions which

are in correspondence with the non-unitary partition
(2347 L)
of the number ».

If we distribute the n letters in any manner into m,+ m,+ 7, + ... parcels
so that m, parcels contain each s letters where s has the values 2, 3, 4, ... we
obtain a definite circular substitution corresponding to any assigned order of
the letters in the parcels. Now a parcel which contains s letters may have
the letters permuted in (s —1)! different ways so as to give (s —1)! different

M. A. 8
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circular substitutions of order s; so that if N be-the number of ways of
distributing n different letters into m+ my+m +... parcels so that
Ty, My, Ty, ... parcels contain 2, 3, 4, ... letters respectively, the number of
substitutions thence derivable will be

N.@QYm=(2)ms (@8 Ym....
We have therefore to determine N and from Section I we find that N is
the coefficient, of (1*) in the development of

Pepsepy ..
oty t.’
and this is
n!
CUTE e AT AT A
and
) n!
2 N (3 ') ... = .
N @Ye @GO = e T T

This is the number of circular substitutions which are in correspondence
with the partition (27347 ...) of the number n.

Hence the total number of circular substitutions of n letters or of
displacements is

n!
0;17 =3
{0;17] 2™ 3™ Ay gl

the summation being for every non-unitary partition (2738m4m ...) of n.

83. The above expression should be compared with the expression found
in Art. 72, viz.:
n! (my+my+me+...)!

{0;17} =X .

Tom Bm A g ... @B
The contrast is remarkable.

The new expression gives, for n = 6,

6!, 6! 6! 6! . < ogs
o atiat g = 120+ 90 +40+15 =265

The old expression gives

1 2 2 \ «

the four terms on the left corresponding in cach case to the partitions

(6), (42), (3%, (2°) respectively.
The identity which appears and is of the form
?AR“I"I" e = ?An,u.w‘ oo Btrgw,v; “ee

is very remarkable,



CHAPTER 1V

OTHER APPLICATIONS OF THE MASTER THEOREM

84. If between the exponents § there is any equality such as £,=§; it is
clear that we may interchange X, and X, and thus arrive at an alternative
form of generating function V;'; for the interchange of X, and X, means the
interchange of the sth and tth rows of the matricular determinant. In
general we may permute in any manner those linear functions X which have
identical exponents, and when in particular the exponents are all equal we
may carry out n! permutations and obtain n! different forms of generating
function.

Thus suppose n=3 and we require the number of permutations of the
symbols in

o afaf,

which are such that no symbol z, (s=1, 2, or 3) is in a place originally
occupied by x,, we have first of all the product

(“72 + ma)e (o, + z,)f (@ + wz)e:

giving the matricular determinant

P01 1
1 0 1],
1 10
and Va=1—-2,2,— 0,2, — 2,0, — 22,2, ;

but by permutations of X,, X,, X; we obtain five other matricular determinants

011 1 01 1 01
1 1 0¢. 01 1], 11 0],
1 01 110 011
110 110
011}, 1 0 14,
1 01 011
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which yield the generating functions

1 1
1 =, — &y~ 8,0, — B, %3 + TaBy+ 20,2, 1 — &y — &+ Ty %03 — 3, T3 — ZaPs + 2z,
1 1
1 =&, — By &g+ Ty + T2 Ty + Ty — 20,005 1 — &) — Xy — 3+ 222, + T,T3 + Ty — 22,25
1

1 — @, — @y — &, + &, &y — TuTy + 20,252y
in each of which the coefficient of zfzf«f is the desired number; two of these

five are identical, viz. :
1
1= @) — Ty — Ty + T8, + BTy + Tuy — 20,2,05

This form arrests the attention, for it may be written as
1
T —2) (1 =) (L — 25) — 570y

or, putting x,2,a; = u, as
1 u u?
+ 2 2 ;o 3 LI
I=zm)A—m)(I-z)  (I—z)fQ-zmpP(l-=z) (I-z)(1-z)P1 - )
the part of this which is a function of  only is
1+u4ud49"+...

vu fUr (o (B e (s
canfin (s (s (s ]

v fue (ur () s (3]

+...,
wherein the coefficient of uf is

3 3 3 3 3
1 +<f) +(g) +® ++(§fl) +® ,
viz.: the sum of the cubes of the coefficients in the expansion of
(1+2),
and this number therefore enumerates the permutations which are derange-
ments of the product

wiaiaf;
and since the two determinants utilized correspond to the products
(@ + @) (2 + 2.} (72 + @5)f,
(@) + 7o) (2 + ) (2, + 2,¥,
and the four not utilized to four other products, we can give four other
interpretations to the coefficient in the theory of the permutations.
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856. This particular theorem is easily generalized because the determinant
of order n

11000
01100
¢ 0110
0 0 011

derived from the product
(wl + w‘l)f (w‘l + 3'3)5 (ws + x‘)f oo (xn + w])f,

gives the generating function
1

(_1']5—(—1— .1:2)“‘.—.'(1 - L'n) — &y aun Ty

and herein the coefficient of zfaf ... 2% is

n n n n
| L () e (E)
and this enumerates the permutations of
afaf ... o,
which are such that in the places originally occupied by z, there are found
either z, or x,,,; where when s =n, «, takes the place of @y4;.

Other interpretations arise from the permutations of the linear functions X.

86. Divide the places occupied by the quantities z,, @,, %3, ... into
compartments A,, 4, 4s, ... 80 that the first £ places are in A,, the next
£ in A, and so on, and let us find the number of the permutations which
possess the property that no quantity with an even suffix is in a compart-
ment with an even suffix and no quantity with an uneven suffix is in a
compartment with an uneven suffix. In the X product we have merely to
put

G=ay=a5=... =0,
by=b=by=...=0,
01=C,=05= —O,

and the remaining letters a,b, ¢, ... equal to unity. The guiding determinant
has a chess-board pattern and is of course of order n:
1 01

- O - O

010
1 01
010
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All the co-axial minors of order one are zero; oné of order two has either
the value zero or negative unity; if the minor be formed from the pth and
gth rows and the pth and gth columns the value will be zero if g —p=0mod 2
and will be negative unity in all other cases; co-axial minors of order >2 as
well as the whole determinant vanish because in every case two rows are
found to be identical.

Hence the generating function is

o1 ,
l—z(@m+a+...) =@t as+ ...) =2 (B + T+ ...) — oo — Ty Ty

Examples of this nature may be multiplied indefinitely.

We proceed to consider some of a different character.

Self-Conjugate Permutations.

87. A permutation of

supposed separated as above into compartments 4,, 4,, 4,, ... 4,, is said to
be self-conjugate when if «, be in compartment A4, z, is in compartment 4,
for all values of s and ¢. Thus of

2
at| @, | @y,
T2 Xy ! x | x,
is a self-conjugate permutation.

If §,=§£=...=§,=1, Rothe (a.n. 1800) shewed that if U, be the
number sought
Un=Upi+(n—1) Uy,

with U,=2U,=2.

In the more general case before us, first let n=3; we then have to ﬁn‘j
the coefficient of

o Aptvafafad
. 69 63
in (o + A+ ) (34 4+ v, ) (ﬁ+5”+ws) :
\p v

for if & oceurs to the power zero it shews that 2, has occurred just =s often in
4, as z, has in 4, and so on. The guiding determinant is

1 N
1 »

B e

1
4
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so that we are led, putting Z::V= p, to the generating function

1

H

1z, —2y—2x;,— <p +% - 2) &, X%y
and the reader will have no difficulty in proving that the portion of this
function which is free from p is

A=z =2y —2) (1 — 2, — 2y — 23+ 4, ,25)} il

It is useful to observe that the generating function which involves p
would arise also from the determinant

llp)
1 1 1
1,9
p

and from the X product
2 &
(2 + @3 + pag)fs (@, + @ + 2)f (5 + 2+ w) ;
indicating that the conditions of the problem before us are redundant; it
suffices to say that 2. shall occur as often in 4, as z, does in 4,.

This is another instance of the power of the Master Theorem.

88. On proceeding to consider the self-conjugate permutations of
chafabat,
we find similarly that the true X product involves three and not six auxiliary

coefficients and has the form
(5'/'1 + 2y + pas + qwa)e‘ (wl + 2, + 23 + m.‘)&
x(ﬁ+x +z +w>ea(ﬁ+£’+x +w>e.
p 2 3 4 q r 3 4 N
The generating function may now be written down, but the isolation from

it of that portion which is free from p, ¢ and r is not an easy matter.

Generally for the order n it would be necessary to isolate from the
generating function that portion which is free from

("2")

89. In Art. 85 we have seen a connexion between the sum of the nth
powers of the binomial coefficients, which arise from any binomial expansion,

auxiliary coefficients.
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and the Theory of Permutations. The Master Theorem is well adapted to
display the properties of these numbers. Thus since

)0+ E) @)+

is the coefficient of 2Py? in (« + y)? (« + y)? we are led through the guiding
determinant

11
1 1
to the generating function v:—‘]z— , in which the coefficient of 2?49 is
(P + 9> ,
p

that 1s
P\ (4 P\ (9 (Pt 9)
Q)0+ G)E) -3
The coefficient of «?y? in (az + by)* (bz + ay)? is
uP + (11))2 a?2)t 4 (12))2 aP b+

while the generating function derived from the matrix

a b
b a

1 1
T—a@+y) -G —aay " T-ba+y) - (@ =)y’

and in the first of these the coefficient of #y? is
@ —ap+(P} 1) (f) @ (0 — a1 + (pz 2) (;) a0 — a4
and now putting a?=a, 1*= 8 we have the identity
w+ (B) ami g4 (B) wgt ..
e 3 (s ) Yo ()
e+ (13) e+ 02 (B

since the left-hand side shews that a and 8 may be interchanged.

18 either

This curious result gives an expression for the same linear function of the
squares of the binomial coefficients as the binomial theorem does in respect of
the first powers of the coefficients.
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_ (PY (PY _ (P}
- () +E) - @)+
which was considered by Dixon®*, is the coefficient of 27y?2z? in

(y = 2P (z =2y (x — y)P;

90. The sum

the guiding matrix is

0 1 -1
-1 0 1],
1 -1 0

and gives us the generating function

1
V4ye v vy’
a striking result which gives immediately much information concerning the
sum under consideration. The term a?y?z? can only occur in the term
Sp /4
(=) (yz+ 22 + xy)®,
and hence the sum vanishes unless p be even and is positive or negative
according as p is cvenly or unevenly even. To evaluate the coefficient put
Yz =1u? zx=1" xy=w* so that ryz = uvw, and then the cocfficient of uPvPw? in
- 1 -
T+ w 4o F o
is
3p,

2 °
Y =

&)
1- (211’)3+ (?)9-- = () 8}7!))'!’

Another form of generating function, obtained by permuting the rows of
the guiding matrix, is

Dol

yielding the result

1
l—z—y—z+yz+2e+ay’

91. We may consider the coefficient of zPy?2? in

(ay + b2)? (bz + az)? (ax + by)?,
which is

av + ({’)a a¥ b + (93 arbe 4 ..,

* Messenger of Mathematics, Vol. xx. p. 79.
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and we are led through the guiding matrix

0 a b
b 0 a ; ,
a b 0
and the generating function
1

1 —ab (yz + 2z + ay) — (@ + V) ayz’
to the identity (putting «®=a, 1* =)
a,,+<1]0')’a,,_13 +(’2’>3 =182+ ...
(p+1) - (p+2)!
=@+BP+ gy 2),az/3( @+ BT G iy = By
Another interesting form of the generating function for the same sum is

1
1=b(e+y+2)+ 0 (yz + 22 + ay) — (® + V) ayz”

a3 (a+ By +

92. It has been shewn above that for special values of the exponents &
the genemtmg function V' may have more than one form. The general
form of V, is such that the equation V,=0 gives each quantity z, as a
homographic function of the remaining » — 1 quantities, and it is interesting
to inquire whether assuming the coefficients of V,, arbitrarily it is possible to
pass back to an X product. The coefficients of V, must be the co-axial
minors of some determinant, and it was shewn* that the cocfficients assumed
arbitrarily must satisfy 2" —n?+n —2 conditions and that assuming the
satisfaction of these conditions an X product can be constructed which
involves n — 1 undetermined quantities. From any particular X product we
can thus pass to an equivalent X product which involves n — 1 undetermined
quantities. Assuming these quantities at pleasure we obtain a number of
different X products each of which may have its own meaning in the theory
of permutatlons, and thus the number of arithmetical correspondences
obtainable is subject to no finite limit.

The Master Theorem is also valid when the quantities a,, a,, @, ...
by, by, by, ... are no longer real quantities but umbral symbols such that
(@ + s + ... + apay)f
is a symbolic form of the general homogeneous quantic of degree §, in n
variables. The theorem then becomes one which considers the coefficient of
wflaf’ mf" in the product of n quantics of degrees £,, &, ... £, respectively
in n variables. The theorem in fact expresses such terms for all quantics of

* Phil. Trans. Roy. Soc. of London, 1894, A, *‘ On a certain class of generating functions in
the Theory of Numbers.”
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all degrees. In the umbral notation we say that the coefficient of abiale . o
in the product

afi b .. nbo
is equal to the coefficient of the same term in the expansion of the fraction

1
(A= ay@) (1 = byay) ... (1 —npy) |

Ex. gr. Consider afibé where a, = 2,0, + @y, by = by, + b,z,; herein the
coefficient of zfiaf: is

Ch,. ¢y = afibfs + G‘) (‘51) ab=lagb,bp1 + (52') @ ab-2albRbl? + ..

and

o 1 D, 2y 2y
350y, pabaf = A=) (1 — byay) + (A=) (1 = bymyy
a3bi afa;

- + ...
A= am) (1= by

1
T 1 -, - by, + (ab) may,’

where (ab) = a,b, — a,d,.



CHAPTER V

LATTICE PERMUTATIONS

93. Consider an assemblage of letters a?B8%" ... in which the numbers
P, ¢ 7, ... are in descending order of magnitude. This particular permuta-
tion of the assemblage can be denoted by a regular graph consisting of rows
of nodes. The successive rows will have p, ¢, r, ... nodes respectively and
the graph is the same as scrves to denote the partition (pgr...) of the
number p+q +7+ ....

Such a graph may be

for p=6,g=4,r=1.

The successive rows correspond to the letters a, 3, 1y, ... respectively.

If we take any permutation of a?B%y"... we shall arrive finally at the
same graph by procecding from left to right of the permutation and placing

a node in the first row, or in the second, or in the third according as we reach
a letter a or B or «, etc.

Thus if we take the permutation aBaB of the assemblage we obtain
successively in this manner
first row e o e o o
second rew o o o
a aBf aBa aBapf,
and it will be observed that each of the four graphs thus reached is regular
and is in fact the graph of a partition of a number.
Since the permutation possesses this property of yielding a succession of
regular graphs it is termed a “lattice permutation,”

On the other hand if we treat the permutation a8Ba in the same way we
reach the graphs

ﬁl‘St row . . . e o
second row e o e o o

a o aBB affa,
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and since the third of these graphs is irregular we have not had before us a
“lattice permutation.”

In general for a permutation of a?B%y" ... if the successive graphs are
all regular it is a “lattice permutation.”

In other words if a dividing line be drawn between any two letters of the
permutation and the assemblage of letters to the left of the line is found to
be amBuqgr ..., where p, > ¢q, 27, > ..., the permutation is said to be a lattice
permutation.

Ex. gr. of the assemblage a?3?, there are only two lattice permutations,
viz. aaBB3 and aBafB.

These special permutations are of much use in the Theory of Partitions
taken up in Volume II of this work, but they also have a special interest of
their own. For instance in the Theory of Probabilities:

Suppose that there are p+¢q+r+ ... electors at an election and that
P, ¢ 7, ... electors vote for candidates a, B, vy, ... by handing in tickets marked
a, B, v, ... respectively. The clectors may present themselves in any order
and if such gives a lattice permutation it is clear that if the flow of electors
be stopped at any time and the votes be counted, the count will give a result
which is not inconsistent with the final result. The enumeration of the
lattice permutations leads therefore to the probability of such non-incon-
sistency obtaining.

94¢. We will first set forth certain properties possessed by the permu-
tations.

Every permutation necessarily commences with a.
Consider any lattice permutation, say aBay/3, of the assemblage a?S%y.

Write underneath the letters the first five numbers in descending order,
viz. :
aBaypB
54321

Starting from the left, place cach number in the first, second or third row
of a graph according as it stands beneath an a, a 8 or a y. Thus:

53
41
2

This graph, since it has been formed from a lattice permutation, has the
property that the numbers are in descending order of magnitude in each row
read from left to right and in each coldmn read from top to bottom. There
is a one-to-one correspondence betwecn the two-dimensional array of numbers,
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formed upon the graph of the partition (221) of the number 5, which possess
this property and the lattice permutations of the assemblage a?8%. For we
can pass uniquely from any such array to the corresponding permutation.

Thus from the array
54

31
2

we consider the numbers in descending order of magnitude and write down
from left to right an a, a B or a y according as the number considered is in
the first, second or third row. We thus reach the permutation

aaByB.

In general we see that there exists a one-to-one correspondence between
the lattice permutations of the assemblage a?B3%y"... and the two-dimensional
arrays of the first p+¢+r+... numbers at the nodes of the graph of the
partition (pgr...) of the number p+ g +7 + ..., which are such that there is a
descending order of magnitude alike in cach row and in each column of the

graph.

95. We can now transform these arrays so as to establish and exhibit an
important property of lattice permutations. For suppose that wc take the
array
3
1

B B> Ot

and write the rows as columns thus:
542
31

we obtain an array at the nodes of the graph of the partition (32) which is
the partition conjugate to the partition (221) appertaining to the former
graph. The transformed array leads to the lattice permutation

aaBaB of the assemblage a*3?,

and in consequence there must be a one-to-one correspondence between the
lattice permutations of the two assemblages

a’Bry, a*Bt
The lattice permutations of these two assemblages are therefore equi-

numerous. In general we may say that there is a one-to-one correspondence
between the lattice permutations of the two assemblages

a?Rin"..., aPBia"..,
if (pgr...), (p’q’r ...) are conjugate partitions.
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96. There is another correspondence which it is useful to note.

If we take the graph

53

41
2

we observe descending orders of magnitude five times, viz. in the three rows

and in the two columns. The descending orders are 53, 41, 2, 542, 31.

We can arrange these five numbers in a row so that the five descending
orders are in evidence. To do this we proceed from the lattice permutations

aaBBy aaByB aBayB aBaBy aByaf
53412 53421 54321 54312 54281

and write 5, 3 in order underneath the letters a; 4, 1 in order underneath
the letters B and 2 underneath the «.

We have thus a line-arrangement exhibiting the five descending orders in
correspondence with each lattice permutation, and the descending orders have
been derived from one (any one) of the associated two-dimensional arrays.

In general we determine a one-to-one correspondence between the lattice
permutations of the assemblage a?B79"... and the permutations of the first
p+q+r... natural numbers which exhibit the descending orders which are
derived from the rows and columns of any one of the two-dimensional arrays
associated with the lattice permutations.

97. We will now be concerned with the enumeration of the lattice
permutations. First let us take the assemblage a?B? and denote by (pg;)
the number of the lattice permutations. If ¢ = p, the last letter of a lattice
permutation must be 8, and if we delete this 8 we shall get every lattice
permutation of the assemblage a?B7-'., Hence

(pp3)=(p,p—1;)

If p>gq, the last letter may be a or 8; if this last letter be deleted we
obtain all the lattice permutations of «?~87 and of a?8¢~; hence

(pg)=(@ -1 ¢)+(p, ¢g— 1))

!
Of this difference equation (—p—-_—*%);—(q(}) __—;)7 18 a solution, and the particular
solution required is
2= (P+9)! p+9!  _ (pto!
(pg:)= plg! (p+1)! (q—l)!_(p+1)!'q!(p_q"'1)’
2p)!
Also (pp3)= (2p)

(@+1)ipl
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It follows from the expression obtained for (pg ;) that if two candidates
4, B at an election can command p, q voters respectively (p > ), the proba-
bility that at no time during the balloting 4 will have fewer votes than B is
P-g+1
p+1
It is seen without difficulty that (pq;) is equal to the coefficient of z?y?

in the expansion of the function
Y

z

l—z—y

plg! " (p+Di(g-DY
This is a redundant generating function because it contains many terms

which are not applicable to the question under examination.

! !
for (pg;) has been shewn to be the difference of (p+9)! and (pt+q)!

98. The exact generating function is obtained in the following manner.
Consider

Z(pp;) (ay)? =1+ ay + 22%® 4 5ay® + 1datyt 4+ ... = Uy,

»

The general term in ugy, is
2p) !

and since
o 2 22p)!
V(1 —day) =1 - 2zy — 2a%7* — ... — (p+1)ip! (wy)rh —

we find that 2wy gy =1 — A/(1 — 4ay).

r 1

Thus Uy = 2y {1 —v(1 —day)],
and thence a relation that will be useful

w1
WUl —zyuy,

.

99. There is another way of cstablishing this result which is valuable
for the purpose in hand. If we examine the various lattice permutations of
the assemblage a?8P we find that they are of two kinds, viz. prime and
composite. Composite arrangements are those which are decomposable into
shorter lattice permutations appertaining to assemblages a?89, where ¢ < p.
The prime lattice permutations are those which are not so decomposable.

Thus the assemblage a?8* has the two lattice permutations
aaBB, aB|aB;
the first 1s prime; the second is composite, because it is decomposable into
two shorter lattice permutations, each of which is aB.
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Similarly the assemblage %3 has two prime arrangements, viz.
aaaBBAB, aaBaBB, and three which are composite, viz.

aaBB|aB, aB|aaBB, aB|aB|aB.

The theory of prime lattice permutations becomes very simple directly
the observation is made, that from every lattice permutation of the assemblage
aP~187-1 3 prime lattice permutation of the assemblage a?B? is derivable by
simply prefixing the letter a and affixing the letter B, and that in this way
the whole of the lattice permutations arc obtained.

Thus we have

Lattice Permutations Prime Lattice Permutations
1 a3
aB |aaBB
aaBB aax3B8
aBaS aaBaBB
aaaBRB aaaaBBBA
aaBaSS anaBaBBA
aaBBafB aaaBBaB3
aBaa3 aaBaaBRR

aBaBaB aefB3aBa383

Lattice permutations are either prime or decomposable into primes.
This fact will lead us to the generating functions. For it is clear that
the enumerating gencrating function of the prime lattice permutations is
Y Ugy.
Moreover these permutations may be combined n all ways to produce
lattice permutations. Hence the relation

1

Upy = 57— .
] — ay gy

The relation shews simply the derivation of all lattice permutations from
prime lattice permutations.

The same principle will now be applied to determine the enumerating
generating function of lattice permutations of the assemblage a?87 where
p=q. When p>gq there is no prime lattice permutation except in the
particular case p =1, ¢ =0, when the form is

a.
Ex. gr. for the assemblage *3? the arrangements are all composite, viz.
alaaBB, ajaB|aB, aaBB|a,
eBlajaB, aB|aB|a
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The generating function for the prime lattice permutations is now
T+ 2Y Ugy,
and if we write 3 (pg;)2Py?=1v,,, the fact that the arrangements are
P

either prime or composed of primes leads at once to the relation
1

Vg g = 7
PYT] - — ayuy,’

and this, using the relation above satisfied by u,,, may be written

=t
Yoy =12 Ty’
where Uy = 2}—7/ {1 =/ = 4ay)).

This is the exact form of generating function to which we have been led
by the notion of prime lattice permutations.
If s be a given integer we deduce from the above result that
(g +s, ;) (zy)r= 1wy,
q
a relation which leads to the expression of (¢ + s, ¢;) in terms of (11;), (22;),
(33 ), ete.
Thus (s+l,1;)=(s;1)(11:),
+1\ .. 1 N
s+2.29= ("7 @+ ("5 Jan

’

ete.

100. Reverting to the difference equation, we find
(pp)=(p,p -1y
=(pp-2)+(p-1Lp-1;)
=(pp-39+2(p-1p-2;
=(pp—4)+3(p—-1,p-3)+2(p—-2,p—-2;),
and we notice that the last result may be written
(pp)=(40;)(p, p—4)+(BL)(p- 1 p—3)+(22))(p—2.p—2)).
In view of this it is natural to suspect the law
(pp)=2(st;)(p—t, p—s3)
where § + t = constant.

This may be established by utilizing the correspondence between lattice
permutations and the arrangements of different numbers at the nodes of the
graph of the partition (pp) of the number 2p.
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For consider the graph

A4 B C

e o

The four lowest numbers may be placed
(i) at the points 4, B, C, D,

(i) ” B, C, D, F,
(1i1) » C, D, E,F.
Taking the case (ii) the numbers may be
2 3 4
431, 421, 321.

Subtracting cach of these numbers from the number 5, the arrangements

become
3 2 1

124, 134, 234,
and it is clear that they are enumerated by the number (31;).

Similarly the arrangements at the nodes 4, B, ¢, D and C, D, £, F arc
enumerated by the numbers (40;), (22;) respectively, and we are led to the
relation

(pp3)=(40)(p, p—4)+(B1)(p—1Lp—-3) +(22)(p—2.p—2)).
Similarly it 1s shewn that
(pp;)=2(st;)(p—t p—s;), where s+ ¢t = constant.

101. Putting herein s + ¢ = p, we find
(pp3)=(p, 05+ (p—1, 1 +(p—2,2;)*+... to §(p+1) or §(p+2) terms,
according as p 18 uneven or even.
Hence the identity
(2p)! 1 3
m=1’+ (p=1r+{p(p-3))+ {3—11’(1’ - 1)(]7—5)} +..
to 4 (p+1) or 3 (p+ 2) terms.
102. Taking up the lattice permutations of the assemblage a?8%" and
considering the associated graph

. L} . . . . .

A
e o o o
B
o o
C
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with different numbers placed at the nodes in such wise that descending
order of magnitude is visible alike in each row and in each column, we find
that we may detach a node without destroying the regularity of the graph in
three ways. The nodes are marked 4, B, C, ....

But if g were equal to p we could not detach 4 ; if » were equal to q we
could not detach Bj; if ¢ and r were both equal to p we could not detach

B or A.

Hence the difference equations
(pgr)=(p—Lgr)+(p,g—17)+(p ¢ r—1)),
(ppg)=(p,p—1,9¢)+(p, p,q—13)
(Pag)=(p-1,¢.¢)+(p, g ¢ -15),
(ppp5)=(p, P, p—1;).

A solution of the first of thesc equations is

o (p+g+n)!
(P+p) g+ )+
where p’, ¢/, v’ are positive or negative (including zero) integers, such that
p+qg+r=0.
This may be at once established by applying to it the difference equation.

The particular solution which corresponds to the present problem is

(p+q+7)Y (p+q+7)1 (p+g+n)!
: —_\prgxrr _ 9

plglir! (p+DIg=htr! pli(g+ DHi(r-1)!
(p+g+n)! (p+g+n)! (p+qg+7)!

T DG- D=0 (p+ DI D=2 T (p 2 igi -2
This may be simplified so as to exhibit the result

=B 1 ) 1, )05y

which is true whatever equalities subsist between p, ¢, and 7.

The unsimplified form shews that (pgr;) is equal to the coefficient of
2Py%z" in the expansion of the redundant generating function

(-D0-90-3)

l—2—-y—2z

)

for the expanded numerator is
3/ z Yz zz 2°
1- z y S+ o ay 2
and its six terms yield respectively the six terms of the unsimplified expression
for (pgr;).
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The reader should also make note of another form of (pqr;), viz.

(p+q+m!
(p+2)1(g+Dlr!

The Theory of the Prime Lattice Permutations of the assemblage oPBIy"
awaits investigation. It seems to present a certain amount of difficulty.
Until this has been surmounted we cannot pass to the real generating
function from the redundant form above given.

(p—g+D(g-r+D(p—-r+2)

103. We now pass to the general case, viz. the number

(Prpaps -+ Pus)-
The difference equation to be satisfied is
(Prpepy -e Pn3)
=(pi=1, PaPsee Pu) +(Pr Pa= 1L, Pseve Pn3) + ooe + (PrP2Ps o Pn— 1)
We are led to the redundant generating function
s=n t=n-1 x
m m (1-°"
s=t41 t=1 ( -’Ez>
1—(@+a+a+...+ )

and to the two forms of result

(Prtpatpst...+pa)! ’=ﬁ"<l_ Ps )
pulipipst... pa! s=t41 ¢=1 pets—t ’

(Prpeps - Po3) =

(PrP2Ps -+ Pn3)

- (Pr4Patpst .o +pa)! e=n t=n-1
(pr+n=DI(p+n=2)1(ps+n—=3) ... pulu=et1 ¢=1

The question in probability that is here solved may be stated as follows:

If » candidates at an election have

pl: pm Psv oo pn
voters in their favour respectively, where
PP 2Ps .- 2 Py

and if at any instant Py, Py, P, ... P, voters have recorded their votes in
favour of the several candidates respectively, the probability that

P,>P,>P,...2P,

TR (- ).

s=t+1 t=1

always is

It will be remarked also that the number (p,p;ps ... Pn;) enumerates the
arrangements of p, + p, + p; + ... +p, different numbers at the nodes of a
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lattice which has p,, p,, ps, ... P, nodes (respectively). in the successive rows
where the arrangements are such that there is in evidence a descending
order of magnitude alike in each row and in each column.

The circumstance that this enumeration is not altered by interchanging
all the rows and all the columns establishes the fact that if

(PrPeps --2), (91995 --2)
be conjugate partitions
(Drp2Ps ) = (01395 ---3)-

In view of the results above set forth this involves a remarkable property
of numbers.



CHAPTER VI
THE INDICES OF PERMUTATIONS

104. The assemblage of objects is taken to be

oalBink... or aheldb...
indifferently.
A contact in a permutation of these letters which is (say) a,a; is called a
major, equal, or minor contact according as § >, =, or < 1.

The first definitions have reference to the major contacts in a permutation.

The Greater Index of o Permutation. Of a*S*y* let any permutation be
(say)

BaacyyBay.

Whenever a letter is the left-hand member of a major contact we write
under it a number which shews how many places it is from the left of the
permutation. Thus if the sth letter stands immediately before a letter prior
to 1t in alphabetical order we place under it the number s. In this we obtain

BaaayyBay.
1 67

We add up the numbers so placed and obtain 1+ 6+ 7 =14, a number
which is called the “greater index ” of the permutation.

Similarly if in any permutation of any assemblage of letters or of ordered
objects the p,th, p,th, pyth ... letters are the left-hand members of major
contacts, we have the definition

Greater Index=p, +p, + p;+...=p.

If, in so forming the number p, we have to add m numbers, or in other
words if the permutation possesses m major contacts, the permutation is said
to be of Class m qud major contacts.

The Equal Index of a Permutation. If, in any permutation, the ¢,th, g,th,
gsth ... letters immediately precede letters identical with themselves so that
they are the left-hand members of equal contacts, we make the definition

Equal Index=¢;+ ¢+ ¢, +...=¢.
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Thus from BaaaryyBory
23 5

we obtain the equal index 2+ 3 + 5 = 10.

If, in so forming the numnber g, we have to add m numbers or if, in other
words, the permutation possesses m equal contacts, we speak of the permuta-
tion as being of Class m qud cqual contacts.

The Lesser Index of « Permutation. If, in any permutation, the r,th, 7,th,
ryth ... letters immmediately precede letters which are later in alphabetical
order we make the definition

Lesser Index =7, + o+ 15+ ... =1

If, in so forming the number r, we have to add m numbers, or if, in other
words, the permutation possesses m minor contacts, we speak of the per-
mutation as being of Class m qud minor contacts.

The Greater and Equal Index. This refers to letters which immediately
precede letters which are not luter in alphabetical order. It is equal to the
sum of the greater and equal indices or to p +q.

In the same manner we may have to consider other combinations of the
indices p, q, r.

105. If p be the greater index of a permutation and we denote by Zz?
a summation in respect of the whole of the permutations of a given assem-
blage, it will be established in Volume II in connexion with the Theory of
Partitions, wherein the notion of the index plays a very important part, that

Sa?
= (1 —2)(1—a?) ... (1 —a+itk+.)
T (-1 -a)..A=d) (1-a)(1-)...(I-a)(1-2)(1-2%). . (I-a)..."

This beautiful theorem will be taken for granted here and various
interesting consequences will be deduced.

The late Professor Cayley, who did much work in regard to expressions of
this form, was in the habit of writing
(1 - =(s)

for the sake of brevity and of genecral convenience. We do the same here so
that the theorem under consideration is written

Sop = M@)...0d+j+k+...)
1M@)...OHMW@) ... GHD@).. . (®)..."

106. Important property of 2zP. From the symmetry of the expression
Jjust written we gather the information that 27 is unaltered by any permu-
tation of the numbers ¢, j, &,.... Ex. gr. the sum has the same expression
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for each of the assemblages a®By, a*8y?, a?B%y, a®Br?, aB*+?, af*y®. For each
of these assemblages the same number of permutations have the greater
index equal to a given integer. Thus, developing the algebraic fraction for
these assemblages, we find a term + 64* indicating that 6 permutations have
a greater index equal to 3. For aa«BBy the six permutations are

aaBaBy, aBBaay, «yBaaaf,

aayaBB, aByaaB, LRyaaa.

For aaByyy the six are

aayByy, yBaayy, aByayy,
ayyafBy, Byyaay, yyyaaS.

107. Proof that for any assemblage Sa” = Sz?. This follows from the
last article. For consider any permutation of any assemblage, viz.
BacaryyBucy,
and transform it by the substitution

(o)

vBa

(equivalent to changing the assemblage a*/3*y® into a®%y*). The permutation
becomes

BryyyaaBrya.

Now the major contacts Ba, yB3, ya in the former necessarily become the
minor contacts By, aB, ay in the latter, so that the minor index of the latter
is equal to the major index of the former. Hence Zz? for the former is equal
to Sz for the latter. Moreover it was shewn that Zz? remains unchanged
by the transformation. Hence for every assemblage

Sar = Sa?,
for we have merely to make the substitution
(ala,, a8>
Ullyy ... O
and employ the same reasoning.

108. The expression of ZxzP*1, where p, q are the greater and equal indices
of the same permutation.

Since every contact in a permutation is either major, equal or minor, it
follows that in every permutation

p+q+r=1+2+...+(2i—1)=(22?:),

where of course (222) denotes 331 (3¢ — 1).
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Hence

Sxpte = gpte+r 3ot

— (%) (1 ~ a%) (1 - 5‘2)(1 - ;aé?..) |
(x ~(-2)-(1-2)(-3) (1-5)-(1 - )

which on simplification gives the result

St = x(3)+(§)+ (£)+- S,

a noteworthy formula the truth of which can be seen & priors when regarded,
as will be the case in Volume II, from the point of view of the Theory of
Partitions.

109. The assemblage ' B9 in particular. It will be shewn that the number
p— has the value —¢ or +j according as the permutation terminates with
B ora.

Assume the law to obtain for a’87 and denote by (a’B’)., (aiB’)s any
permutations terminating with a, B respectively.

Observe the results
for (a’Bf)ea  p—r=+y,
(a*B%).B w =+j—(G+j)=—1

(«°B87)s w =—itidj=47],

(«'8)sB w =—1

(@B)pBa  , =—i+GE+j+1)=+j+1,
(@p)aB  , =—i+(@+)-(G+j+)=—i-1,

@B)Ba  , =+j-—(E+)N+E+j+D=+j+1,
(a*B9),aB y =+j—(@E+j+1)=—2-1,
which, combined with observation in simple cases, establish the law.

We are now in a position to find the expression of Za? for the assemblage
«*Bi. For there are
i+j—1
(")

permutations ending with 8, so that for those permutations
Sapr = (i +j. - 1) z™
T
Similarly for the permutations ending with a

Sarr = (7: +‘?.7._ 1) ai
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For the whole of the permutations

SaPr = (i +i- 1) Pars (z +I - 1) @,
* J
Moreover (see Art. 108) for the whole of the permutations

Saptetr = (i *.-j ) m(t;j) .
v
Hence by simple multiplication of the last but one written formula by
t+j
ZP*4*" on one side and by w< ¥) on the other,
Spwte = (i +j, - 1) w(itj)—" + (" +.7'.“‘ 1) w(i;j)“' .
v J

Writing 3a? for the whole of the permutations equal to F; ;(z) we see
that for those ending with 3,

2-’2? = F,;, j—1 (w),

for those ending with a, Sa? =i F;_, ; ().
Hence
sar = Sowew =PV g (1) 4 P9 p (D),

easily reducing to the formula

i—j+1 jmit1
sor=al 3 F @) 4ol ) B (),
It will be noted that tl%ndex q 18 always even when ¢ —j = 0 mod 4, and

always uneven when 7 —j =2 mod 4.
We can find the expression of S2?+". For this is
E.’ZJP_H'”;

and since 3" is #'F; ;_, (z) or F;, ;(x) according as the permutation ends
with 8 or q,
2{61’“ =g, .Z"'.F{, -1 (w’) + wai_,,,- (-Z")
= (L‘iFi, j (@) + iji—l,j (2°).

Resuming consideration of the assemblage a4 ... it is to be remarked
that p —r has no longer (the number of different letters exceeding 2) any
simple value for different classes of permutations. It is not possible to
obtain expressions for %29 and Zz#*" in the foregoing manner,

110. The Parity of the Greater Index. The permutations of afByk...
are such that the number with an even index is equal to the number with an
uneven index whenever more than one of the numbers J» k, ... are uneven.

Consider the function
1@)...d+j+k+..) .
1)@)..1H1D)(2)...(H(1)(2)...(W)...’
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if we put, therein, #=—1 and the function happens to vanish it must be
because the permutations with e¢ven index are equal in number to those with
uneven index. This is the case because the function is equal to 2C,z? where
there are (, permutations having the index equal to p.

Under what conditions does « = — 1 cause the function to vanish ?

The factor (m) becomes 2 for z = — 1 whencver m is uneven. Eliminating
these factors we are left with a function which may be of the form g when
z =— 1 and can be evaluated. This happens when numerator and denominator

contain the same number of factors (m), wherein m is even. If this be not
the case the numerator must contain more of such factors than the denomin-

ator and the function must vanish for z= — 1. Observe that the numerator
cannot involve fewer of such factors than the denominator, for in that case
the function would become infinite for £ = — 1, which from the nature of the

function is absurd. We have, then, to find out the circumstances under which
the numerator of the complete function involves more factors (m) than the
denominator, m being even. If we consider the product

1)®)...(
and denote by Eo the greatest integer in o, it will be seen that the number
of factors (m), m even, in the product, is £4s. Hence the condition
Ey@G+j+k+..)—Esi—E}j—E}k—...>0,
which is obviously satisfied when more than one of the numbers 4, j, £, ... is
uneven. Under these circumstances the numlﬁ of permutations with an
even index is equal to the number with an ufiéven index.

111. There is an analogous result in the case of every prime modulus u.
For putting « = w, where  is an imaginary uth root of unity, if the number
of permutations which have indices = ¢ mod u does not vary by variation of ¢,
the expanded form of the function will reduce to a numerical multiple of
1+ o+ o'+...+ o*' and will therefore vanish, If in the unexpanded fraction
we put £=w we obtain a number of factors 1 — ?, wherein ¢ is not = 0 mod e
Besides these we have a nwmber of factors 1 — 2%, where =w and s is a
multiple of u. If the number of such factors in the numerator is greater
than the number in the denominator the fraction vanishes.

In the complete fraction we must find the condition that the number of
factors (m), where m = 0 mod u, in the numerator exceeds the number in the
denominator. We are led to the condition

EXGejek+.)-E icE j_Eli— . >0
p p p p

This happens if
t=1' mod g, j=j mod g, k=kmody, ...
whenever U+ >p -1,



CH. V1] AVERAGE VALUES OF THE INDICES 141

Under these circumstances the number of permutations which have
indices = o mod x does not vary by variation of .

Ex. gr. Take the assemblage oSy,

b= b=
aaBy 0 Baary 1
aay3 3 yaaf3 1
aSary 2 Baya 4
ayaf 2 yaSa 4
aBya 3 Bryaa 2
ayBa 5 yBaa 3

The reader will verify that since more than one of the numbers 2, 1, 1 are
uneven, the even and uneven indices are equi-numerous.

Also since 2,1, 1 are =2, 1, 1 mod 3 respectively and 2+ 1+ 1 > 2, the
indices =0, 1, 2 mod 3 are equi-numerous.

112. Average Vulues of the Indices. The highest power of 2 which
presents itself in the expression for Za? is

(i+j+k+...+1>_/z‘+1)_<j+1)_(k+1)_
2 \ 2 2 2 )7
or y+ik+gk+ ...,

viz. the sum of the products two and two together of the numbers <, j, &, ....
Hence it is clear that one permutation of the assemblage possesses an index
Y41k +jk+ ... Morcover it is casily proved (it is a well-known property of
such an algebraic fraction) that the cocfficients of P and of a¥+¥k+k+..—» jn
the development of the fraction are equal. This shews that the permutations
having indices p and ¢ + 7k + jk + ... — p are cqual in number. From these
facts it is a natural inference that the average valuc of the index p is

Y@k +jk+..0).
Another procedure will establish this and lead on to other results.

Write Sa? in the form 2Cpa? so that C, permutations have p for index.
The average value of p is the quotient of 2C,p by
C+j+k+..)!
TR
To find ZCpp we diffcrentiate 2C,x? with regard to z and then put =
equal to unity. ’

" To evaluate

(o gy D@ a9
“D@ - HA)@) - e

we require to evaluate . {8, (L(%?—) } .
Tl
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This is the limit when z =1 of

—@+a)a* (1 —a*)+ o (1 — w‘*")
=y

Differentiating numerator and denominator this becomes

-(i+0) i+ -1zt (1 —a°)+ o (t+0)a** *+a(a—1)a" (1 —a+7) — o (i 4+ 0) a2

227 (1-27)
1'(@;-0) when z=1.
! 1)...(i+}))
a,(1+ }
Henee e ey W
i(i+ o)
P 20 (G
TGl o ire il 39
ag

establishing that the average value of the greater (or lesser) index of the
permutations of a*f7 is }4).
Thence
{8 (1)(2)...(+j+ k) }
*(1)(2) ... (H(2)(2) - (L) (2) -+ (B)) g
={ (1)(2)...(1+j+k) } {8 (1)(2)...(G+k) %
(D2 D)@ . G+ Bz [T (1)(2) 0. () (1) (2) - (B)) e

{ 1)(@2)...G+k) (k)} .{a (1)(2)... 1+] +k) }

HO@ . 0@ - 2 (1)(2)... () (1) (@) ..+ 8)

4+ k) (J+E)! +k)! i+ k)
=i ek S '(:!(‘J?TE)T'M“IC)
(1,+j+k)

e R+ kg)

establishlng that the average value of the greater (or lesser) index of the
permutations of a'Bip¥ is |
% (4 + 1k + jk).

From the above it is evident that for the permutations of a'Biy* ... the
average value of the greater (or lesser) index is

% (sum of the products two and two together of the numbers 1, j, &, ...).

113. Average Value of the Equal Index. From the formula
St = g\2 ) ( +(2) " Za?,

we deduce that the average value of the equal index is

(6)+ ()= ()
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Otherwise, since the average value of p + 7 in a permutation is
g+ ik +jk+...,
and the sum p + ¢ +7 is invariably

(i+j+k+ )
2 b
the average value of ¢ is seen to be
(I ) = i+
. T 7 k
which is (2) + <2) + (2> + e

114. Average Values of the Square and Higher Powers of the Greater
Index. Writing the expression for £z? in the form F; ;i .. (x), the average
value of the square is derived from the average value of p(p — 1), which is

the quotient of
& F; j x .. (x), z being put equal to unity,

G+j+k+..)!
by TOjiklL.,

We have merely to add the average value of p.  Or we may say that the
average value of p* is equal to the quotient of

0:20: F; j 1, .. (%),  being put equal to unity,
by the numher of permutations.

In any case the evaluation requires the value of

|
2 — ——
{a“ 1-— x"},_, ’

Theoretically there is no difficulty in determining the average value of
any given positive integral power of the index. It depends upon finding the

value of
1 — a2t
{a’” 1- x“}m_l *

The simplest cases corresponding to s =1, 2, 3, may be written

1—a* 1A/
Perzah e G,

1—a*
2 = 2
{xl"w“}x-l K {

-
R
|
I;l
8,
118
——T
a
L)
]
®r
o
—,
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The general result depends upon the sums of the powers of the natural
numbers and therefore ultimately upon the numbers of Bernoulli*.

The above formulas may be often simplified. Thus we find

1-2
2
{a l—w“}z-l
1— 2
=,
On applying them to the case in hand it is found that for the
assemblage «‘B7

2w @n—u-3),

6
2 =) A= p—2) (A = 2).

Average valuc of p*= #5434 + 5+ j + 1),
» P=3 @+ 1) (G + 1),
and for the assemblage of B/o*
Average value of p* = } (¢ + ik + jk)*
+ 5 (3% + 0%k + 3%k + 4 + Ok + R + 29k 4+ 1) + ok + k),
” PP =4 (S0%f + B0 + 6425k + 2% + 2%k
433%5%k + 23025k + 20%2).

115. Avwerage Values from another point of view. For the assemblage
ahai ... ab,

we will enquire into the effect which the particular major contact a,ax (e >2)
has upon the sum of the greater indices Xp. When the contact has o letters
to its left, where ¢ may be zero or any integer not greater than 3¢ — 2, it adds
o + 1 to the index of the permutation.

To find the number of permutations in which this will happen, we observe

a1 gin-1

that the assemblage afiaf2... N S a’s may be placed in any

permutation in the Xi— 2 places not occupied by the major contact.

Hence the number of permutations in which the contact a,a, adds o +1

to the index is
(2i—-2)!
T
so that altogether the effect of the contact a,ay is to add to Zp the number

c-xc 2 (21 — 2)

W
vo nlt!.. A“(a+1)
(21)'
o SEAEALLLS

* American Journal of Mathematics, Vol. xxxv. No. 3, p. 296 et seq.
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From this we see that on the average the major contact a.a, adds the
number £7,%, to the greater index of a permutation, and thence we find that

the average value of p is
1}27:,\1’,,,,

verifying the conclusion of Art. 112.

116. The number p is obtained as the sum of m numbers p,, p,, ... Pm.,
where m 1s the class of the permutation gud the greater index. These
m numbers are termed the m components of the index.

We will consider the sum
2(pr+pit .. +ph),
the summation being in respect to every permutation of the assemblage.

We enquire into the effect which the particular major contact a.ax has
upon such sum. From the previous Article we see at once that it has the
effect of adding the number

=¥i- <"7’_—2)'A ,
.,E(. Ul ! (intu (o + 1),
which may be written
(Z2)! P+ 274+ (% z—l)"
Wity !yl ..1.(21,-—1) i

Hence the contact a,a, on the average adds to the sum
pitprt...t+pn,
with regard to a permutation, the number
lv +.£ — .ﬂzz - l‘}" 1/
p} (Ez -1) "ATn
leading to the result that the average value of
pr+pr+...+p
. P20 4. 4+ (Ci-1)y
8 D XTeX) -—(1) 7 it
Ex. gr. The average value of p}+ p}+ ...+ ph, m of course not being
constant, is
% (227:1 - 1) Eilig,
and of pi+ pi+...+pd is
134, - 1) 34,
by making use of known results in regard to the sums of powers of the
natural numbers.
M, A. 10
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To verify thesc results, take the assemblage a?Bry:

P’ pe PiHPI PP D P PitPE PP

aaBy 0 O 0 0 Baazy 1 O 1 1
aayB 3 0 9 27 yaaB 1 0 1 1
aBay 2 0 4 8 Baya 1 3 10 28
ayaB 2 0 4 8 yaBe 1 3 10 28
aBya 3 0 9 27 Byaa 2 0 4 8
ayBa 2 : 13 35 yBaa 1 2 5 9

39 105 31 75

shewing that S(pi+p= 39+381= T0,

S (3 + pd) =105+ 75 = 130,
giving the averages of pi+ pi and pi+ pj equal to 3% and 15 respectively.
Here 39, =4, 24,4, = 5, so that from the formula
(@2~ 1) S, =§(8—1).5=38,
134, (34 -1)243,=14.8.5 =15,
a verification,
117.  Awverage Vulue of the Class of a Permutation qua the greater index
If in the foregoing results we put »=0,
PP+ ..o+ P =m,
the class of the permutation.
Hence the average value of the class is
1—1 ..
2%2;—)5 S, or ST
In other words permutations on the average possess
S
_ =5
major contacts. ¢

In the above example this number is 4, and we see that one permutation

i8 of class 0, seven of class 1 and four of class 2, so the average is
0+7+8_5
12 47

118. If we divide the average value of py+ pi+ ... + pi by the average
value of the class we obtain the average value of the »th power of a com-
ponent of the index. We thus find that the average value of p} is

1 :

z”r;:'-l {1"”" 2r+ ... +(2’L—1)v},

P, being not equal to zero.
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Putting » =1, we find that the average value of a component is
334;
in other words, the average situation of a major contact in a permutation is

437 places from the beginning. The situation of course refers to the left-
hand letter of the contact.

What has been said about major contacts refers equally to minor contacts,
so that we are at liberty to say that a permutation possesses on the average
pXA

contacts which are cither major or minor.

Since moreover the whole number of contacts is 3¢, — 1, it follows that on
the average a permutation possesses

s b
PN - <2>
h—1-—23382 2 =
211 1 E’LI or —2—%—
equal contacts.

This last result will be obtained independently.

119. Average Values connected with the Equal Index. We determine
the effect which the particular equal contact ayay has upon the sum Zg,
where ¢ is the equal index and the summation is for the whole of the
permutations. When such a contact has o letters to its left it adds o+ 1
to the equal index. This happens in the case of

EoDL 9 (4)

Ul ! \2

permutations; so that on the whole the contact adds to Zq the number

o=31-2 Y,'_-_))_t /1 .
E (,",’_A AN (A)
212 (g)@+D
AN )
or --—iﬁi‘)‘—‘.—— ('LA>.
B!l 2,1\ 2

Hence the contact a,a, on the average adds the number

i,\)
(2
to the equal index of a permutation. Thence it appcars that the average
value of the equal index is
U
*(3)

Moreover the contact aya, on the average adds to the sum

a+q+...+q,
10—~2
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(41, Gz» - -+ gm being the components of the index ¢) the number

1"+ 2" 4. 4+ (S —1) (u)
Si(2i—1) 2)’

and thence we gather that the average value of

2

gt t+q,
. 1P+ 2 ...+ S =1y o /2
. 2SI E= ) 2(3)
The average values of ¢} + ¢; + ... + ¢, and ¢} + ¢} + ... + gj, respectively
are

F@Si-1)S (’2)

35iGi-1)S (‘2') .

Moreover putting »=0 we find for the average class qud the equal index

2 o/t
0¥ (2) ’
agreeing with that obtained above in another manner.

120. Properties of the Components of the Indices. It has been shewn that
the number of permutations in which the contact a.ay adds o +1 to the
index is
(i —2)!

0 - . ATy,
Tl lledy! 8

It thence follows that the number of permutations in which some contact
or another adds o + 1 to the index is

Since this number is independent of o it follows that, viewing the whole
of the permutations, each of the components

1,238, .. 5i-1
(i -2)!

Hlt!. . %!

occurs precisely 34,1, times.
In the example of the assemblage aaBy given above it will be observed as
a verification that each of the components 1, 2, 3 occurs five times.

Similarly the same reasoning shews that each of the components of the
equal index occurs precisely
__(2__’1_1_;:2);_ 25, ( ;’) times.

uloglog!
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It is interesting to apply some of the above theorems to a pack of
ordinary playing cards whose specification may be taken to be

4,8 pd it ot b b od ot ot ot
o o ard a onf o) 0 a o o 43 QG A

Here S0 =52, S0,=1248, 3 (3‘) =178,
. i, P
giving Se = 24, 3 3 (2) =3.

Thus, in a random dealing of the cards, we may expect on the average
24 major contacts, 3 equal contacts and 24 minor contacts.

If we deal out m packs the average number of equal contacts will be
4m — 1.



SECTION IV

THEORY OF THE COMPOSITIONS OF NUMBERS

CHAPTER I

UNIPARTITE NUMBERS

121. This Section deals with that part of the general theory of distribu-
tions which is concerned with the distributions of objects into parcels of
type (1™); that is to say, the parcels are such that no two are alike. If
the objects distributed are of type (n) the theory is that of the compositions
of the (unipartite) number n into m parts; where the objects are of type
(pgr...) we have to deal with the compositions into m parts of the multi-
partite number pgr....

122. Compositions of a number as understood in the theory of distribu-
tions arc merely partitions of a number in which the order of occurrence
of the parts is essential; thus while the partitions of the number 8 are
(3), (21), (1*), the compositions are (3), (21), (12), (1.

In Section I a general formula is given for the enumeration of the
compositions of multipartite numbers into exactly m parts. In this particular
case it is best to arrive at results from elementary considerations and not to
follow the general formula.

. ., . . . . .
The number of compositions of n into exactly m parts is given by the
coefficient of 2" in the expansion of

(z+224+a34...)",

for writing the function as a product of m factors and performing the
multiplication by picking out the terms z?, o, ... xPm where

Dtpt..+Ppu=mn,

in succession, we obtain for this particular selection the term & +#:t--+pm of
the product, where (p,p,...p,) is one composition of n into exactly m parts.

The number is therefore ( n= 1) .
m—1
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123. The generating function of the total number of compositions is

2 &

m — P -5
%(w+x*+a‘+...) ="
hence the number is 271,

124, If the parts of the composition are limited not to exceed s in
magnitude the generating function of the compositions into exactly m parts is

If the number of parts be unrestricted the generating fanction is

1—an\®  z(l-a)
m (. - —_—
5(&‘ <1 — .z) 1 -2+ a2ttt
125. There are two methods of representing the compositions of numbers
graphically. The number n is denoted by a straight line divided at n—1
points into n equal segments. The graph of a composition is obtained by
placing nodes at certain of these n — 1 points of division.

A

P Q
-— &) o)
< Y

AB being the graph of 7, for the composition (214) nodes are placed at the
points P, @ so that in moving from 4 to B by steps proceeding from node to
node, 2, 1 and 4 segments of the line are passed over in succession.

The number of parts of the composition exceeds by unity the numnber of
nodes on the graph. For a composition into m parts we can place nodes at
any m—1 of the » —1 points of division, so that the number of the com-
positions is at once seen to be

n—1
(m - 1) '

Since each of the n—1 points of division is or is not the position of a
node the total number of compositions is 273,

126. Associated with any one graph there is another obtained by
obliterating the nodes and placing nodes at the points not previously
occupied.

These graphs are said to be conjugate, and the associated compositions
are said to be conjugate.

oD L) - L)
< - N4 A\ A\

(13111) is conjugate to (214).



152 CONJUGATE AND INVERSE [sEcT. 1V

If a graph denotes a composition of n into m parts, the conjugate graph
denotes a composition of n into n—m+ 1 parts. These compositions are

. . . . -1
equi-numerous. This fact also appears from the consideration that (:; 1)
remains unaltered by the change of m into n —m + 1.

127. Two compositions are said to be inverse, the one of the other, when
the parts of the one read from left to right are identical with those of the
other when read from right to left.

A composition may therefore be self-inverse.

In the graph of a self-inverse composition, the nodes must be symmetric-
ally placed with respect to the centre of the graph. If the number n be
even, the number of segments of the graph is even, and the two central
nodes, or nodes nearest to the centre of the graph, may be coincident or may
include any even number of segments. A self-inverse composition of an even
number 27’ into 2m’ parts can only occur when the two central nodes are
coincident, and attending to one side of this node we find that such composi-
tions are just as numerous as the compositions of »n’ into m' parts. The

’
. . n -1
enumerating number is therefore (m’ ]>.

In the case of self-inverse compositions of 2n into 2m’ — 1 parts, the two
central nodes must be distinct and may include any number 2« of segments;
the corresponding number of self-inverse compositions is equal to the number
of compositions of n'—« into m'—1 parts; hence giving « all values from
1 to n'—m'+ 1 the enumerating number is

n -2 n—-3 m —2
<m’— 2) + <m’— 2) ot (m’— 2) ’
which has the value (n, - 1) .
m -1

Self-inverse compositions of uneven numbers occur only when the number
of parts is uneven, and it is readily shewn that those of 2n’— 1 into 2m’ —1

parts are enumerated by
( n — 1)
m—1)"

Without restriction of the number of parts the self-inverse compositions
of 2n’ are enumerated by

n' -1 n -1 n' —1 ,
) (T e ()

and those of 2n’ + 1 by

n n n' ,
(o) + (1) - (w) —ow,
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128. Two compositions which are at once conjugate and inverse are
termed “inverse conjugates.” A composition whose conjugate is its own
inverse is said to be “inversely conjugate.” Inversely conjugate compositions
of n which have m parts can only occur when m=n—m+1 or n=2m -1
an uneven number. The comnpositions of this nature of 2m +1 are composed
of m +1 parts.

Consider a graph in which white and black nodes have reference to the
two inverse conjugates respectively.

O— @ —6—60— 0 —0—5—@

The black nodes are placed to the right and left of the centre in a manner
similar to the white nodes to the left and right. Of the graph of the number
2m + 1 there are m points to the right of the centre at which white and black
nodes can be placed in 2™ distinct ways. Hence it follows that the number
2m + 1 possesses 2™ inversely conjugate compositions.

It will be observed that the number 2m +1 has precisely the same
number 2™ of self-inverse compositions and we can readily establish a one-
to-one correspondence between the compositions which are inversely conjugate
and those which are self-inverse. For in the graph of the number 9 above
depicted, the reading according to the black nodes yields the inversely con-
Jjugate composition

(23121).

We now obliterate the black nodes to the right of the centre and also the
white nodes to the left of the centre; substituting white nodes for the black
nodes remaining, we have the graph

A D
- > - &

of the self-inverse composition (252).

If we interchange black and white nodes in the above process, we find the
correspondence between the inverse-conjugate (12132) and the self-inverse
(1211121).

Every composition of the number n gives rise to two compositions of the
number n + 1

(i) by prefixing the part unity,
(i) by increasing the magnitude of the first part by unity.
All of the compositions thus reached are necessarily distinct.

129. The second graphical method of representing compositions will be
clear from a few examples. The composition (214) is denoted by
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the several rows of nodes contain numbers of nodes corresponding to the
successive parts of the composition. The left-hand node in each row is placed
beneath the right-hand node in the row above it.

Similarly (13111) is given by

and it will be observed that a composition and its conjugate can both be
read from the same graph. Whereas the composition is read from left to
right in successive rows from top to bottom, the conjugate is read from top to
bottom 1n suceessive columns from left to right.

The inverses of cach of these can also be read, so that a single graph can in
general be read in four ways; if the composition be self-inverse so also is the
conjugate, and only two different compositions are obtainable from the four
readings.

These are called zig-zag graphs, and as will be seen later they form one
connecting link between the theories of compositions and partitions.

It suffices to say here that the Ferrers-Sylvester graph of a partition is
completely bounded (i) by an axis of 2, (i) by an axis of y, (ii1) by a zig-zag
graph.



CHAPTER 11

MULTIPARTITE NUMBERS

130. It was shewn in Section I that the number of distributions of
objects of type (pgr...) into m parcels of type (1™) is given by the coefficient
of the symmetric function (pgr...) in the expansion of

(hy+ hy+ hy+ .. )™
into a series of monomial symmetric functions; A, denoting the sum of the
homogencous products of degree s of the quantities a, ay, @y, .... An
expression was found for this number, so that the enumeration is analytically
complete.

The generating function of the whole number of compositions is
a
Sy +h,+h+..0m
1

hy4 by + by +

1= 1=hy—hy—hy—
Now, if «,, ¢y, @, ... be the elementary symmetric functions,

—(Ig+a.5 .
]l1+h2+llﬁ+ 1__al+(12-_((‘j+4..'

and thence the generating function is

Uy — ty + @y —
1-2(a;— o+ ay—...)"

We now take the important step of adding the fraction } to the function,
equivalent to the assumption that the number of compositions of multipartite
zero is . We find

e
2 1-2(a,—a+a;—...)
1 1

21--2(a,—a,,+a1 c)’

The whole number of compositions of the multipartite number

(pgr...)
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is equal to the coefficient of the symmetric function

(pgr...)
in the development of the algebraic fraction

r . r
21-2(ay —th+a;—...)

This may be written

d

1
21— 2%+ 23 a, — 250,00, + ... + (=)™ 230 a, ... 2y

wherein m may be considered to be as large as may be necessary.

131. The reader who has made himself familiar with the master theorem
of Section III will at once recognize the possibility of the form of generating
function now reached being of the form V! and being thus connected with
a redundant X product

X5 XE. X

where each X is a certain linear function of the quantities
ay, Oy, U, ... O,
Consider the coefficient of aftafaf in the product
(2o, + ay + &) (20, + 24, + a,)f2 (2, + 20, + 2a,)F;
the gniding matrix being

N N N
B O
DO b

We arrive at the generating function

1
1 - 250, + 25aa, — 20,00,

and in general, when the guiding matrix is

21111 !
2 1 11 |
2 2 211 . .

2 2 2 21 . . i
2 2 2 2 2
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of order m, it is easy to establish that every co-axial minor not excluding the
determinant itself is equal to 2. Hence the X product
2a,+ aa+ ag+...+ ap)?™
x (20 + 20, + A+ ...+ X,)P
X (2a,+ 20, + 20,4 ...+ o,)P

......................................

X (20, + 20, + 205 + ... + 2a,,)Pm
leads to the generating function
- — A_._.-.f__u.l - ——— - M
1— 9252 + 23,0, — 250,0,0, + ... + (=)™ 22,0, ... &,
and thence we are able to conclude that the number of compositions of the
multipartite number

(P1peps - Pm)
is equal to the coefficient of

aPralzals ... abm
" in the product
3 (200 + 0, + 0 o+ 0P (2004 20+ 0y o+ )P (22, + 20, + 205+ + Ay ) P
e (20 + 20, + 205 + ... + 204,) P,
This is the particular redundant generating function. The general
redundant generating function is

1 1
3 T=5,0aF ot 1o+ )] {15220+ 20+ -+ )] -+ (1 — 8201+ 2y ... +20tm)]

132. We notice that we have here a connecting link between the Theory
of Compositions and the Theory of Permutations. In the particular redundant
generating function the term afiaf: ... aBm, attached to some numerical co-

efficient, arises in connexion with every permutation of the letters in the
term.  One factor of such coefficient is obviously

91 ;
if the letter &, occurs ¢, times in the last p,+ ps+ ... + p, places of the
permutation there is another factor

2’12;
and if a,, in the same permutation, occur g, times in the last py+psa+- .. +pm

places there will be a factor
2,

Hence the particular permutation considered occurs with a coefficient

~1 oo
2 Pi—1+qy+gat +9m’

and the number of compositions must therefore be

271 3,20t a5t Ham,
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the summation being in regard to every permutation of the letters in
aliaf: ... abm,

Ex. gr. To find in this manner the number of compositions of the
bipartite number (22), we have the following scheme:

9=
p=2 o0, ' 0,0, 2
aa, | @ 1
a0, | a0 1
a,a, | a,o, 1
a0, | a,0 1 &

a0, I aa, 0
hence the numberis  2(2°4+2+2+2 +2 + 2°) = 26.

133. We proved in Scction I that the generating function of the number
of distributions of objects of any specified type into m. different parcels when
no parcel is allowed to contain more than one object of any given kind is

(o +as+ay+ ...+ ap)™,
where a,, a,, @, ... arc the elementary symmetric functions; in other words
this function gencrates the number of compositions into 2 parts of all
multipartite numbers when the compositions are restricted so as to contain
no figure greater than unity in their expression.

Hence the whole number of such compositions is cnumerated by

DR LTS L

b

l—ag,—dy—dg—... —
adding unity to this it becomes
1
1—ay =y — = oo~

and we may now seek the corresponding particular redundant gencrating
function by applying the master theorem of Section III.

Slight reflexion shews that the guiding matrix must be

1 2 2 2 2
11 2 2 2
111 2 2
1111 2

of m rows. For each co-axial minor of order one has the value unity; of the
order two the value —1; of the order three +1 and so on; every co-axial
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minor of uneven order has the value +1 and of even order the value —1.
Thus this matrix leads from the particular redundant generating function

(o4 20, + ... +20,,)P (0 + &g + 25 + ... + 2a,)P: o (0 + 0 + ool F Qyp)Pm
to the true condensed generating function

1

1—uy—ag—ay—... —

The general redundant generating function is

1
{1—s1(y 420+ ...+ 2a)} {1 —sp(0y+ 0+ 205 +... + 2055)} ... {1 =S (@ o+ ...+ &)}

134. We have before us another connecting link with the Theory of
Permutations. In the particular redundant generating function a particular
permutation of the letters in

afal:... afm

occurs in the multiplication with a factor
o

if a, appears ¢, times in the first p, places of the permutation, and with a

factor
2‘1!

if @, appears g, times in the first p, + p,+ ... + p,—, places of the permutation.

The number of compositions, of the naturc under view, of the multipartite
number (p,p;...pm) is thus

S 2%+t tam,

where g, 1s the number of times that a, appears in the first p, +p,+ ... 4+ poy
places of the permutation of afraf:...arn and the summation is in respect of
the whole of the permutations.

Ex. gr. To find in this way the number of compositions of (22), in which
no figure greater than unity appears, we have the scheme :

=
aa, | aya, 0
aa, | oya, 1
a0, | o 1
a0, | o a, 1
a,0, | a0 1
aa | a9 2

so that the number sought is 2°+2+2 + 2+ 2+ 2% or 13.
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The compositions referred to are in fact

(10.10.01.01)  (10.01.10.01)  (10.01.01.10)
(01.01.10.10)  (01.10.01.10)  (01.10.10.01)

(11.11)
(11.10.01) (11.01.10) (10.11.01)
(10.01.11) (01.11.10) (01.10.11),

[sECT. 1V

135. Let F(p,pops...) and f(p,p.ps...; r) denote respectively the total
number of compositions and the number comprised of » parts of the multi-

partite number (p,p,p;...); so that
F(ppeps--) =Zf (pipops-.; 7).
From Section I, Art. 16, we have if
b+ hy+hy+...=H,
Hr =2 f(pp.ps---; ) (pipaps---),

H
1-H = EF(Pxpaps---) . (p:peps---);

where (p,p.p;...) denotes the symmetric function SaP:af:ap:....

Recalling the operators

d. = d d + d
"Tde T dan T a0
1
Dr=,r‘!(d?)’
we have D H" =3 F(p:1paps--- 15 7). (PrsPs- - )-

In order to evaluate D, H” we first of all find that
d»hn '} (_)““hu—m
duH = (—)*"(1+ H).

Hence, when operating upon a function of H, d, is equivalent to d, when
@ 18 uneven and to —d, when u is even. This leads us to the formula

1
Dy= 1+ 1)(dh+2) . (ot p=1)

the products on the right denoting successive operations.

To see how this is we recur to the analogy between quantities and
operations that was broached at some length in Section I. For the operator

relation
du = (—)*1d,
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corresponds with a quantity relation s, = (—)**'s,; shewing that the formula
1 -z + a2°— ... =cxp {— (s,z + §8,2* — ...)}
becomes l—az+a2—...=1+2)™,

leading to a,‘=;17 si(si+1)(8+2)...(s1+ p—1),
and thence to the desired operator relation
| R
D,‘=/;, d(d,+1)(d,+2)...(dy+pu—1).

To tind the cffect of D, upon H”, operate successively with
dy, $(d,+1), }d,+2), ..
and we find D H"=rH™ 4+rH",

p,H = () e () B (7 Y

2 1 2
Suppose that, in general,
: DHT="S" (”*S‘ 1) (. ) Hrwte;
=0 s Hm—S

. . 1 .
operation with w1 (d, + ) gives

‘f—-”:u ﬁ,ﬂl r+s— ‘l r —_ r—m+8— r—r+s
D H _.50;”1( : )(“_&){(r o+ 8) Hrwo=s (14 H) + pHr-o+)

=x=§+1 <r+ s—l)( r )H"‘“‘l‘+1)+“
se=0) 8 pt+l—s ’
so that the assumed law is cstablished inductively.

Substituting in an identity above

s=p p o1 PN .
z (HM )(p) )HT_““-“-Zf(pxpapu---#;1')-(px}’epa-~>

§=0 8 — 8

S=M /o _1 "
or S ('” )( T ) S Dappaes 7= p 8) (Pipaps-ee)

8=0 s M=
=2f(pipeps-ee s 7)) (PrPaPs---)-
This is an absolutc identity, so that equating coefficients, after putting

(7.+:_1> (pis>=4’(r’ 8),

S (Dipaps-.op; 1)
=¢(r, W) f(pipaps-- ;) + S, p— D) f(Pipaps--.i 7= D)+ ...
+¢(r, p—r+ 1) f(pipeps...; 1),
a formula which enables the calculation of the number f'(p,p,ps...n; ) from
the successive numbers

f(Plp?p3"' 37, f(pxpzpan-; r—1), ~~~f(pxpzps--- ; 1)

M. A, 11

we obtain
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186. A morc useful result is obtained by sunimiflg each side of this
identity for values of = from 1 to Ep+ u. This is, after reduction,

F (p,p,})3...p)=22“_‘ (7‘ K ) ‘r,u #f(PIPzPs--'Q"')

r
Ex. gr. We can apply this formula to find a series for F(p,p,); for since
(o y=(Pr~ 1
.f(Pu 7)_(7‘—1)’
we have

"(pupe) =20 {(P2) P2 <p1~1 (5 1) pat 4 (5 1)
Famr= e ) 00 ()
])2+2>p2+b<p1~—1 }
S G A (O S
137. It has been shewn in Art. 135 that (=)**'d, is equivalent to d,
when the operand is a function of H only. Now

(= )" - e (PG HT 4 — D! -
et 3 (—)pratre. p'q'r’_:hﬁ Dy Dy D;..
the summation being for all positive integer solutions of
p+2¢+3r+..=

Whence operating on the expression

SE(ppaps s 7). (Papeps---)
with (=)#**1d, for successive positive integer values of w, and then equating
the coefficients of the symmetric function (pypyp;...), we find
S(pipaps .- 15 7)
== /(papy - 125 1) = 2 (prpeps - 25 7)),
=+ {f(2peps - 15 1) =3 (papops .. 215 1) + 3f (papeps - 35 M},

—_ !
= (=Y I ()it “(p,+jf)+q "D s 20105 1)

wherein P+2+...=

138. Summing with respect to » we reach the sct of identities
F(ppeps--- 1)
== {F(pipsps .. 1) = 2F (pipaps ... 2)},
=4 (F(pipeps .- 13) = 3F (pypops ... 21) + 3F (pypsps - . 3)},

.=1)ls

I

(=yPH S (=)ptetm (p+g+.

P ! q!. 1. F(plpﬁpa ------ 2q1y)‘
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In the particular case (p,p.ps...1)=(1), we have by reference to the
Tables, the verification
FQ@)
= — (F (1) - 2F (2,
=+ [F(1*) = 3F (21) + 3F (3)},
= — (F(1%) — 4F (212) + 2F (2%) + 4F (31) — 4F (4)},

verified by 1
=— 3+2.2,
= 13-3.8+3.4,
=—T75+4.44-2.26—4.20+ 4.8,

139. Another very usctul result is reached in the following manner :

Since the supposition
(“)"ﬂsn =8
leads to the formula
1
/L,‘:;is, G=1D...s—p+1);
!
and Iy =3 (=)wtptat.. (» +Y,(1 T ) afag ..
p ! q leee

we reach the operator relation
t9+
plql.
whenever as in the present casc the opérand is such that

(=)Hd,=d,.

D= 1) (et =S (e LD gy

Since dHr= (’{) H (1 + H),

(
and o (i~ 1) H7 = (;)11r-=(1 +HY,

1
assune L di(d,=1)...(d,—p+1)H"= (;) Hr=w(1+ H)~,
and we readily find that this leads to the relation
Ty =) () HY = (ﬂ " 1) Hr-s-1(1 4 Hywh,

verifying the assumption.
11—2
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Now operation upon the relation
Hr=Z2f(ppsps---57) - (PPPs )

yields (:) Hrw(1+H)»

=3 (= )wrrtat (____p;!‘_fq_'{_%f)f DYDY Ef(pupepseees 1) (PrPaPs---) 5

whence expanding both sides, equating coefficients of (p,p,ps...) and inverting,

’

SPpapen 157 = (“Il)f(p1p2p3.,,21n—e; )+ <“I2)f(}7xp2p3...31“—3; r)
+<#-2—2)f(111pgp3...221“—‘; )+ ...
=(:> {f(Px])zP;;.'.; r—p)+ (';’)f(plpgpu...; r—u+1)
+ <g)f(]’1]72]73--- s r—u+2)+ }

140. Swmming in regard to 7,

-1, .
F(p,p.,ps...]")—<p'] )I/(plpgpan-?l" DAt

1
+ (= )wrat (p;‘q(;—' D (pipipse 219 + .
=30, [ (PPPs---5 )5

N b [E By [ o

or 30, 2 = (1 + &)* (1 —z)™=.
Ex. gr. if 7 < p in the formula of Art. 139 the dexter vanishes, and putting
r=2, u=3 ppps...=2,
we get (213 2) = 27 (2°1,; 2) + f(32; 2)=0;
verified by 22-2.164+10=0.
Again if r=p=3,
F(21%5 8) = 2 (215 8) +¥(32; B) =/(2; 0)+ 37(2; 1)+37(2; 2)
verified by 93 —-2.57T+27T=0+3.1+3.1.
In the summation formula of the present article, if we put
(PrPaps--- 1#) = (1#),
the dexter vanishes and we obtain the series of identities
F)
=F (1) - F(2),
=F(1®)—-2F (21) + F (38),
F(19-3F(21®) + F (2®) + 2F (31) — F (4),
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(the law being that of the expression of the functions % in terms of the
functions a), verified by

1
= 3-2
=13-2.8+4,

=75-3.44+26+2.20-38,

These relations should be compared with those of Art. 138 in which the
coefficients followed the law of the expression of the sums of powers in terms
of the functions .

As another example put (p,p,p;...) = (4), p=3, giving
F(41%) - 2F (421) + F (43)
=f(4; )+ @ +4.1)f(@d; D+(B+4.3+10.1)1(4; 2)
) +(14+4.3+10.83420.1)f(4; 3)+(4.1+10.3+20.3+85.1)f(4; 4),
=F(4; 0)+TF(4; 1)+ 25F(4; 2) +63F(4; 3) + 1297 (4; 4);
verified by 3408 — 3776 + 768
=0+4+7.1+25.34+63.3+129.1=400.

The Graphical Representation of the Compositions of Buipartite Numbers.

141. The first graphical method that has been employed in the case of
the compositions of unipartite numbers can be extended so as to meet the
cases of bipartite, tripartite and multipartite numbers in gencral. For the
present the bipartite casc is under consideration.

The graph of the bipartite number (pg) is derived directly from the
graphs of the unipartite numbers (p), (¢).

Take q+1 exactly similar graphs of the number p and place them
parallel to onc another at equal distances apart and so that their left-hand
extremities lie upon a straight line; corresponding points of the g + 1 graphs
can then be joined by straight lines and a reticulation or lattice will be
formed which is the graph of the bipartite number (pg).

We have 4K a graph of the number p and ¢ + 1 such graphs parallel to
one another; and AJ a graph of the number ¢ and p+1 such graphs
parallel to one another.

The points 4, B are the initial and final points of the graph.

The remaining intersections are termed the “points” of the graph.
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The lines of the graph have either the direction 4K or the direction 4J.
These will be called the a and B directions respectively. Through each
point of the graph pass lines in each of these directions. Each line is made
up of segments, and we speak of a and B segments to indicate that the lines,
on which lie the segments, are in the a and 8 directions.

ST T T
/

Suppose a traveller to proceed from A4 to B by successive steps. A step
is taken by moving over a certain number of a scgments and subsequently
moving over a certain number of B scgments. A step is thus made up of
two figures—say an a figure and a B figure. The number of segments moved
over may be zero in either but not in both of these two figures of the step.

A step may be taken from A to any point a of the graph; a second step
may be taken from a to any point of the graph «B, which has @ and B for its
initial and final points; subsequent steps arc taken on a similar principle and
the last step terminates at the point B and completes the procession from
the point A to the point B.

A step which takes # a-segments followed by y B-segments is taken to
be a representation of a bipartite part (zy). A procession from the initial to
the final point of the graph thus represents a sequence of bipartite parts
which constitutes a composition of the bipartite number (pg). To every
procession from A to B corresponds a composition of the bipartite number
(pg) and the enumeration ofsthe different processions is identical with the
enumeration of the whole number of different compositions.

The steps of a procession are marked out by nodes placed at the points
of the reticulation which terminate the first, second, third, ete. and pen-
ultimate steps. When nodes arc thus placed we have the graph of a
composition. If nodes be placed at the points «, b of the diagram we obtain
the graph of the composition (13, 01, 40) of the bipartite (54). The number
of parts in a composition is one greater than the number of nodes in its

graph.
Having under view the number of compositions of (pg) which have two
parts, it is clear that we may place the single graph node at any of
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(p+1)(g+1)—2 points of the lattice. Hence the number of two-part
compositions of (pq) is
ptqgt+pg.

142, The graph of a composition traced from A to B passes over certain
segments and may be said to follow a certain “line of route” through the
lattice. Other compositions may follow the same line of route; they all
have their defining nodes upon the line of route and in general a certain
number of defining nodes will be common to them all. Consider the path
AcbB in the graph given below. All compositions whose graphs follow this
line of route must have the node b; b is an “essential node ” along this line
of route. Essential nodes occur on a line of route at all points where the
line changes from the B to the a direction. We may regard a line of route
as specified by these cssential nodes, since the line of route is completely
determined by these nodes.

b 8 b
¢ *—o—o—o—o
D
\1J
FanY
Y
&
A c A ¢

The number of different lines of route that can be traced upon the graph
of the bipartite number (pq) is equal to the number of permutations of p
symbols a and g symbols B, for this is the number of ways in which the
p a-segments and the g B-segments which compose a line of route can form
a succession.

Hence the number of different lines of route is

(p + q)
p

This result is evident from another point of view; for it will be observed
that the line of route AcbB is with reference to the points upon it the
zig-zag graph of the composition 151111 of the unipartite number 10 (ten).
In general every line of route through the lattice of the bipartite number
(pq) is the zig-zag graph of a composition, possessing p+1 parts, of the
unipartite number p +q+1; the number of such compositions therefore is
the same as the number of lines of route and is therefore by Art. 125 of this

Section
( ) ’
p

This fact constitutes an interesting bond of union between the com-
positions of bipartite and unipartite numbers.
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143. Every graph of a composition involves nodes of two kinds, essential
and non-essential. We will now discuss the compositions appertaining to a
given line of route. These naturally arrange themselves in pairs. Associated
with any one graph is another obtained by obliterating those nodes which
are non-essential and then inserting nodes at those points upon the line
of route which were not previously occupied by nodes. These two graphs
are said to be conjugate. Also the compositions represented by these graphs
are said to be conjugate.

Conjugate graphs are shewn in the diagrams, the essential node b being
black, the non-essential nodes white. The conjugate compositions are

(13, 01, 40), (10, 01, 01, 02, 10, 10, 10, 10)
of the bipartite (54).

If the graph of a composition of (pg), having r parts, has s essential
nodes, it is clear that the conjugate composition has p+¢q—r+s+1 parts;
thus of compositions of (pg), which have graphs with s essential nodes, there
is a one-to-one correspondence between those of » parts and those of
p+q—7r+s+1 parts.

Corresponding to an essential node in the graph of a composition there
exist in the composition itself adjacent parts (... p,q,, pug.. ...) such that g,
and p, arc both greater than zero. Thus from inspection of a composition
we are enabled to determine the number of essential nodes in its graph.

It is useful to recognize four species of contact between adjacent parts of
a composition

n (... p1qy, Page, --.)

if ¢, is zero and p, zero  there is a zero-zero contact
» » ” positive , zero-positive »
" positive Zero ” positive-zero "

” »” »  positive ” positive-positive ,,

In this nomenclature we may say that the graph of a composition
possesses as many essential nodes as the composition itself possesses positive-
positive contacts. The theorem reached may be stated as follows:

“Of compositions of the bipartite number (pg) possessing s positive-
posttive contacts there is a one-to-one correspondence between those of
s§+t+1 parts and those of p+ ¢ —¢ parts.”

From any line of route may be derived a composition whose graph
exhibits essential nodes and no others; this is termed the “ principal com-
position ” along the line of route; it will have s+ 1 parts and cach of the
8 contacts of its parts will be positive-positive.



CH. I1] DISCUSSION OF ESSENTIAL NODES 169

The associated composition of the unipartite number p+ ¢+ 1 which has
p+1 parts is such that if the last or right-hand part be deleted, there will
remain 8 parts whose magnitude is superior to unity.

The associated permutation of the letters in a?87 clearly possesses s
Ba-contacts.

Ex. gr. for the bipartite number (22) the correspondence is

Lines of
route

Bipartite
: 2,1 11,10
compositions (22) (02,200 (11,11 (01,21)  (12,10) (01,11,10)

Unipartite y . ; 91¢
compesitions (119 G (122) (212) 181y (221)

Permutations aaB8  BRaa aBaB BaaB aB3Ba BaBa

144, We now enquire into the number of lines of route through the
lattice which possess exactly s essential nodes; it will be shewn that the

nl"llbel‘ we SQek iS
S S :

First proof.

c B
b -3
o
a a
A a b D

In each of the adjacent sides AD, AC of the graph of (pq) select any
s points (see definition of “point”) @, b, ¢, ... in order from the point 4. The
two points a are seen to determinc an essential node «’; the two points
b one b’ and so on, and a line of route necessarily exists which possesses these
s essential nodes and no others.

The points along AD, AC from which s points can be selected are in
number p, ¢ respectively and the selection can take place in ({: ) , ( Z) ways

respectively ; hence the number of lines of route having exactly s essential

nodes is \
()
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146. Second proof. We determine the number of permutations of a?/3¢
which possess s Ba-contacts. Write down the s Ba-sequences

...Ba...Ba...Ba...Ba...

and the s+ 1 intervals and end spaces. In these we have to distribute the
letters in
ap-ﬂ‘Bq——s
in such manner as to introduce no fresh Ba-contacts. For each of these
P +q—2s letters there is a choice of s+ 1 spaces. The number of ways of
so distributing the p —s letters a is equal to the coefficient of 2?~* in the
development of
A +a+a2+..)H
L]
or of (1 — )=
and this is (]: >; similarly the ¢ —s letters 8 may be distributed in (Z) ways,

and as each of the distributions of the letters a may occur with each of those
of the letters B, the total nminber of permutations which possess exactly

8 Ba-cﬂnta(»tls i:\'
) <()
S S '

146. Third proof. This proof will be found to be of fundamental im-
portance. We consider, as in the second proof, the permutations of the p+yq
letters a?B8¢ which exhibit exactly s Ba-contacts. The proof depends upon
establishing that there exists a one-to-one correspondence between these
permutations and those in which the letter 8 occurs exactly s times in the
first p places counted from the left.

Suppose a permutation with s Ba-contacts to be
a® B4 Ba a® B¥: Ba a®B¥ Ba a® LY,
where for convenience s has the special value 3.
Any of the indices 2, ¥y may be zero and
Sz 8=, Sy+3=q.
Now obliterate the letters 8 which do not occur in Ba-contacts and the
letters @ which do so occur; there remains a succession
a® Ba®Ba®Bax,
in which there are p letters and 8 occurs s times.
Next obliterate in the original permutation the letters a which do not

occur in Ba-contacts and the letters 8 which do so occur; there remains a
succession

By: aﬁynaﬁysaﬁ!h’

in which there are ¢ letters and a occurs s times.
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Take these two successions for the left- and right-hand portions of a
new permutation, viz.:
ahﬁa%ﬁaﬂ’nﬁaﬂ . B!I.aB‘yaaBﬂaaB!h’

and it will be observed that we have made a perfectly definite transformation
of a permutation involving exactly s Ba-contacts into another possessing the
property that the letter B occurs exactly s times in the first p places.

It will be also remarked that if & of the indices (2 in number)
Loy XTyy Xyy Yis Yoo Y
be zero, the new permutation possesses 2s — & Sa-contacts.

Ex. gr. To transform

Ba®Bia
write 1t a*3*Ba aS*Ba
from which we obtain the successions &°Baf, B*aB*a and the permutation
BaBiafia, |

-

in which 8 presents itself twice in the first three places.

These transformed permutations are very easily enumerated, because the
number is evidently the coefficient of A*a?B7 in the development of

(a+2AB)” (a+ B)?
or, using the master theorem of Section III, in the development of

1
1—a—B+(1-2)ap’

which may be written
1 B Ne .
A-a)1-B) " Qe =" T-ay(-py "

wherein the cocfficient of a? 37 is readily found to be

TN [T N

The required result is thus established by a method which will be found
later to be of great utility.

147. Upon each of the (f:) (Z) lines of route which have s essential

nodes may be represented
92 p+g—s—-1

compositions because the p+ g —s—1 non-essential nodes upon each line of
route may be selected as composition nodes in this number of ways. Hence
the total number of compositions is

Pl =2 (7) (1) e
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Analytically this result is equivalent to the algebraic expansion

1
-2y
7 212, ,2
= ~--——w1._u e e _,2;3\__4* + - Za'y R S
=22y (I~ 2y T= 200 (1=29% (1 - 207 (1 = 2y
Viewed graphically that portion of a line of route traced by the initial
p segments terminates in one of the points 0, 1, 2, 3, 4, ... in the diagram.

B

A (o]

All of these points lie upon a straight line through the right-hand lower
corner. If one of these points be marked s, s of the p segments arc
B segments and every line of route passing through the point s has the
property that s symbols B present themselves in the first p places of the
corresponding permutation of a?3%. Hence there is a one-to-one correspond-
ence between the lines of route passing through the points numbered 0, 1,
2, ... 8 ... and the permutations of a?B7 which are such that B occurs
0,1,2, ... s ... times in the first p places.

The number of lines of route in the graph of which 4, s are the initial
and final points is “(1: ), and in the graph of which s, B are the initial and
final points, <1> , so that again we have the enumerating number

(")(4).

Inverse Bipurtite Compositions.

148. A line of route being marked out upon a lattice from 4 to B the
inverse line of route is obtained by rotating the lattice through two right
angles and interchanging the letters A4, B.

Consider a line of route from A to B having essential nodes «, b. On the
inverse line of route a’, V', ¢’ are the essential nodes.



CH. 11} INVERSE COMPOSITIONS 173

The principal compositions along these lines of route are

A ¢
(21, 11, 82) from 4 to B.

(02, 31, 11, 20) from B to 4.

All of the contacts in these compositions are nccessarily positive-positive ;
hence the leading and ending parts are the only ones that can involve a zero
clement. Every part of a principal composition which does not possess a
zero element necessitates an essential node upon the graph of the principal
c&mposition upon the inverse line of route. Thus if the one principal com-
position has s nodes upon its graph, s+ 1 parts and ¢ parts without a zero
element, the other has ¢ nodes upon its graph, ¢ + 1 parts and s parts without
a zero element. These may be called inverse principal compositions.

The number of pairs of inverse principal compositions is cqual to half the
number of distinct lines of route through the lattice.

We may say that in regard to compositions, all of whose contacts are
positive, there is a one-to-one correspondence between those having s+1
parts and ¢ parts without a zero element and those having ¢+ 1 parts and
s parts without a zero clement.

The number s +1 —¢ or the number ¢4 1 —s is cither 0, 1 or 2.

Ex. gr. for the bipartite (22) the correspondence is

s=0, t=1 s=11t=0
(22) (02, 20)
s=1,t=1
(01, 21) (12, 10)
s=1,t=2 s=2,t=1
(11, 11) (01, 11, 10)

As regards the permutations of a?37 the correspondence is between those
which have s Ba-contacts and ¢ aB-contacts-and those which have ¢ Ba-con-
tacts and s aB-contacts, the one permutation being obviously the other read -
backwards.
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Suppose a line of route traced on a lattice and thereon to be marked the
s essential nodes and the ¢ essential nodes on the inverse line. These s and ¢
nodes are distinct and we may place an additional node at an unoccupied
point and interpret the new compositions as read before and after the
rotations of the lattice. They have each acquired an additional part which
has either introduced a zero-positive contact into each or a positive-zero
contact into each according as the added node is on an a or on a B line
between adjacent nodes. Altogether there are p+¢q—1—s—¢ points at
disposal which may be selected as positions for nodes in 27+7-1=#=t ways. We
have thus pairs of inverse compositions and we may also have self-inverse
compositions. Such can only occur upon self-inverse lines of route and one
at least of the clements of the bipartite numbers must be even.



CHAPTER 111

THE GRAPHICAL REPRESENTATION OF THE COMPOSITIONS OF°
TRIPARTITE AND MULTIPARTITE NUMBERS

149. The graph of a tripartitc number may be in either two or three
dimensions. We derive it from a bipartite graph just as the bipartite has
been derived from the unipartite graph. For the tripartitc number (pgr) we
take r+1 exactly similar graphs of the bipartite number (pq) and place
them similarly with corresponding lines parallel and similar points lying
upon straight lines; when these straight lines are drawn the graph is
complete. The »+ 1 bipartite graphs may be in the same plane or in
parallel planes according as the tripartite graph is required to be in two
or three dimensions.

B
/
e
B e e e s
.............. - |
R e s et
=

The figure depicts the graph of the tripartite (233). The points of the
lattice are identical with the points of the 7+ 1 lattices of the r + 1 bipartites
(28). Other than the initial and final points A4, B, there are

(p+ D@+ (r+1)-2
points. The graph involves lines in threc different directions; say an @, a 8
and a v direction; these are parallel respectively to 4P, PQ and @B.

Through each point of the graph lines pass in all three directions and a
segment joining two adjacent points is called an a segment when it is in the
a direction. ‘A line of route proceeds from 4 to B, from point to point of the
lattice, its direction being either that of 4 — P, or P— @, or Q — B.
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The number of lines of route is the same as the number of permutations
of the symbols in a?3%y" and is therefore

< p+qg+ 'r)
py /
A step along a line of route traverses in succession any number of a, 8, vy
scgments and in any one step the segments must be taken in the order a, 8, v
The number of segments traversed in a step may be zero in one or in two
but not in threc of these directions. A step which involves p, a-, ¢, 8- and
r, y-segments is represented by a tripartite number (p,¢,7,) and a succession
of steps, the first starting at 4 and the last terminating at B, is represented
by a succession of tripartite numbers which constitutes a composition of the
tripartite number (pgr).
The graph of a composition is obtained by placing nodes at the points
which terminate the first, sceond, ... penultimate steps.

Essential nodes occur upon lines of route whencver the dircction at a
point changes from B to a, from 4 to a or from ¢ to B. These will be
alluded to briefly as Ba, ya, y3 essential nodes. To these essential nodes on
the graph of a composition correspond

(i) Ba, ya, v8 conta,cts in the associated permutation of a?B4"; these
will be called “ major” contacts.

(i1) Zero-positive, positive-positive, and positive-zero contacts in the
composition itsclf. These will be called “essential 7 contacts.

The theory of conjugate composition exists as in the bipartite theory.

On cvery line of route there are p + ¢+ 7 — 1 points which are possible
points on the graph of a composition, and if there be s essential nodes
gp+a+r—i- (igtinct composition graphs can be delincated along the line of
route. Each of these has s essential contacts, and as in the bipartite case we
establish a onc-to-one correspondence between the compositions having s
essential contacts and ¢ non-essential contacts and those having s essential
contacts and p+ ¢ +r —1— —¢ non-essential contacts ; in other words the
correspondence is between bhose with s essential contacts and s+t +1 parts
and those with s cssential contacts and p + q +r — ¢ parts.

There is also a theory of inverse compositions.

150. For the multipartitc number

(1P« Puar Pn);
we take p, + 1 exactly similar graphs of the multipartite numbers
(D2 - Pu)

and place them similarly with corresponding lines parallel and c.orresponding
points lying on straight lines. When these straight lines are drawn the
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graph is complete. Other than the initial and final points there are
(pr+1)(p.+1)...(pn+1)—2 points in the graph. There are n different
directions passing through or meeting at each point; we call these the
a, &, ... a, directions. A step through the lattice traverses in succession any
number of a,, a,, ... a, segments, but in any one step the segments must be
taken in the order a,, as, ... a,. In a step the number of segments traversed
may be zero in any one, any two, etc. ..., any n — 1 of the n given directions.
A step that involves p; segments in the a, direction, p, segments in the
o, direction, and so on, may be represented by the multipartitc number

(Pips--- PL)-

A succession of steps, the first starting at 4 and the last terminating at B,
1s represented by a succession of multipartite numbers, constituting a com-
position of the multipartite

(prps - Pa)
Any composition follows a certain line of route through the lattice.
. The number of lines of route is the same as the number of permutations
of the letters in
alraps ... abn,
and is therefore PPt ..+ pa
< P1s P2y -or P )
(the extension of a previous notation is obvious).

The graph of a composition is obtained by placing nodes at the points
which terminate the first, second, ete. ... penultimate steps.

Essential nodes occur upon a line of route whenever the direction at

a point changes from a, to a, where u>¢. There are (;) pairs of numbers
u, t which satisfy this condition so that there are (g) varieties of essential
nodes. At such a point the contact between the adjacent parts of the
composition is such that a part terminating with n — u zero elements pre-
cedes a part commencing with ¢—1 zero clements. We speak of this as a
contact of n — u zeros with ¢ — 1 zeros, and the number of zeros in contact is
nw—1—(u-—t),
and this may be any number from 0 to n—2 according to the magnitude
of u—t.
Corresponding to a line of route with s essential nodes there is a per-
mutation of apiap:... a®» which possesses s major contacts.
Upon every line of route there are p, + p,+ ... + p, — 1 points, and if the
line has s essential nodes,
Q01 +Pyt. P18
distinet composition graphs can be delineated along the linc of route.
M. A. 19
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Included in these will be the principal composition graph along which
there are only essential nodes. The principal composition thence derived is
such that all contacts between adjacent parts are of the nature

)
where u >t and ¢ may have all values from 1 to n — 1.
We establish a one-to-onc correspondence between the compositions

which have s esscntial contacts and s+ ¢+ 1 parts and thosc which have
s essential contacts and p, + p,+ ... + p,—t parts.

161. We now enquire, in respect of the tripartite lattice, into the number
of lines of route which possess cxactly
sy Ba essential nodes
83y 'YB »
Sy ya »
This 1s the same thing as the investigation of the number of permutations
of the symbols in
a? By,
which involve s, Ba; sg, ¥B: 8y, ya contacts, where we suppose that the
number of major contacts is
Su + S + Sy = 8.

It will be shewn that the number is equal to the number of permutations
in which
B oceurs s, times in the first p places
'Y ” 3.1] » iR
Y » Sm . In the ¢ places following the first p.
A permutation of the former kind involves successions of letters
Bay 'YB; 'Ya’ 'YBQ’

and as regards these successions and attending only to them the permutation
oy . . ‘. .
exhibits some permutation of the terms in

(Bays= (yBY==7 (ya)* (yBa)”;
the number of these terms is 8y + 85 + 85 — o, and they admit of
_ Gatsntsa—o)!
(Su—0a)! (sp—0)!syla!

permutations. Selecting any one of these there are with reference to the
terms sy + 8+ 8y — o + 1 positions or intervals available for the insertion of
other letters.

It is clear that a cannot be placed after a term (yB) or y before a term
(Ba), for these placings would lead to additional major contacts; the letter a
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may be placed before any of the terms (Ba), (y8), (ya), (yBa), and after any
of the terms (Ba), (ya), (yBa); hence 8, + s, + 1 out of 8,48 +8—0 +1
positions may be occupied by a; similarly v may occupy only sg+ 85 +1
different positions; the letter 8 may be placed anywhere without the intro-
duction of additional major contacts.

Besides the letters occurring in the terms

(Bay== (yB)=—7 (ya)*= (yBa)’,

o OCCUrS P — Sz — Sy times
B » (1—821_832-'-0- »
'Y »» r—= 832 - 831 »

The p — sy — sy letters a, g — s, — 8 + o letters B, 1 — sy, — sy, letters ¢ can
be distributed in s, +8u+1, $u+8u+8u— 0+ 1, Syu+8; + 1 positions in

< P ) ( g+ 8n ) ( r )
S+ Su/ Snt+ 8t sy—o/’ Sss + S

ways respectively.
This is the case because the number of distributions of 4 letters a in
i . - . . . 1N\
P positions is given by the coefficient of #4 in the expansion of ( e ) and

1-2z
A+P-1 t A+P-1
P-1 )or 0( 4 )

Hence for any given permutation of the terms in

(Bay»= (yBY»~7 (ya)'» (vB2)’,

) [ q+ 8y ”
there are ( I ) ) ( )
‘ S+ 8 Ksm + 85+ 8 — 0/ \Sp+ 83

arrangements of the remaining letters which do not introduce fresh major
contacts. Hence for a given value of ¢ there are

( P )( q+sy \( r ) (s + 5+ 53— 0!

Sy +8u/) \Su+Sn+8u—0/ \$p+8y/ (Sn—0)! (Sp—0)! 85! 0!

is thus equal to (

permutations.

To complete the enumeration we have to sum this expression in regard

to o. We find

( q+ 8y ) (Sn+ Sp+ 8y —o)!
S+ SptSn—0

Lgts)t (%) (‘1_332)

83! 85 1 (g —8m) ! o) \$y—0

_ . (g+sa)! (q )

T 8! 80! (¢ —8x) ! \8n

- (sz,;-lsm) (si) (831:88’:1)’

12—2
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Hence the number of permutations sought is

() () () () ()
8a 8o+ 851/ \ 83/ \8n + 83/ \8s5+ S

162. By direct expansion it can be shewn that this number is the
coefficient of AJ»AZrAsraPBiy” in the expansion of
(@4 A8+ Aay)? @+ B+ )\:rz'Y)(l (a+B+ 'Y)r»

and is thus equal to the number of permutations of a?[34y” which are such
that B and v occur s, and s, times respectively in the first p places and vy
occurs sy, times in the ¢ places succeeding the first p. Hence by the master
theorem of Section III the true generating function is

1
L—a—B-y+(l=A)aB+ (1 =ty By + (1 = Ap)ay— (1 = Ay) (1 —Am) @By’
and that for the lines of route which have s essential nodes is
. S
T—a=-B—gy+(1=N(aB+By+ay)—(1-r)aBy’
In the expansion of this function the coefficient of a? 84" is

Co+ CA+CO N+ ...+ C N + ...,

where czs(“'ﬁb‘m)( P )(q)(qﬂ‘m)( r >
y Sa Sa+ Ss1/ \Sp/ \Sa + S/ \Spu+ 85/’

the smnmation being controlled by s, + s, + 83, = 5.
Denoting the whole number of compositions of (pgr) by F (pgr), we have
F (pq,,) = (j521'+q+r~»—1 = Qrtg+r— EC& (%)u}
8

and thence we verify the true generating function previously obtained in
Art. 131, for the redundant function

Wi e+ §B+ )P (a+ B+ Ey)(a+ B+,
otherwise written )
3 (2a+ B +9)? (2a+ 28 + v) (2a + 28 + 2y),
leads to the generating function

1 1
2°1-2(a+B+y—By—nva—aB +aBy)

163. The idea of composition is capable of enlargement from a particular
point of view.

In regard to unipartite numbers consider p units placed in a row
111111 '
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there are p —1 spaces between them which may be occupied by algebraic
symbols at pleasure. We may choose k different symbols and choose any
one to occupy any one of the p— 1 spaces; we thus arrive at k?~? different
expressions involving the p units. We may take as one of these symbols the
simple unoccupied blank space, since such space left between any two numbers,
quantities or expressions of any kind has, in every case, a definite signification,
not always however the same, in mathematical notation. This blank space
might be denoted by a definite symbol such as O.

If we restrict ourselves to a single symbol only one expression involving
the units is possible; if the symbol be +, indicating addition, we merely get

I4+14+14+14+14+14...,

which is p or the number which enumerates the units; a blank space would
yield a succession of p units; the symbol of multiplication unity and so forth.
All of these modes of obtaining expressions from the p units are termed
“combinations of the first order” in respect of the p units.

Passing to the case of two different symbols we may choose to employ the
sign of addition and the blank space ; we thus obtain 27— different expressions,
which are the several compositions of the unipartitc number p. These are
“ combinations of the second order.”

In general, expressions obtained from any & different symbols may be
called “combinations of order £” in respect of the p units.

There is a correspondence between these combinations and the “Trees”
which have an altitude & and p terminal knots. To form a “Tree” we start
from a single point or knot, and from it draw any number o, of branches each
terminating in a knot; this would be a tree of altitude one and having o,
terminal knots; from each of these knots again we can draw branches in
a similar manner and arrive at trees of altitude two and having o, terminal
knots and so on.  As an example take k= p =3, and further take as symbols
the sign of addition, the blank space and the symbol | of unspecified significa-
tion. The correspondence between the nine trees and the nine “combinations
of order three” is shewn below :

AN A D A

11 2|1 2 11]1 111 1{1)1

The process consists in writing down a unit for each terminal knot. The
p —1 intervals between the units correspond to the p—1 inter-terminal
knot spaces. If a space leads to a bifurcation in row C the symbol is +;
if in row B it is a blank space; if in row 4 it is |.
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Thus for the fifth tree above 1 + 1|1 or 2|1 because the space a leads to
a bifurcation in row C and the space b to one in row A4.

On this principle a tree can be drawn to represent any combination of
order k in respect of p units.

In the case of multipartite numbers there is also an extension of the idea
of composition. Let us take tripartite numbers as being representative.

Arrange a row of tripartite units of the three kinds, viz.
100 100 100 ... 010 010 010 ... 001 001 001 ...,

in number p,, p,, p, respectively. We assume that these units are added
together in the manner

100 + 100 + 010 + 001 =211.

By using the two symbols, the sign of addition and the blank space, we
obtain a number of different compositions of the tripartite (p, p,p;); we may
also permute the above succession of units in

<p, +p,+ p;;)
P P2
ways and using the same two symbols obtain other compositions, the whole
number ncluding every composition of (p,p,p;). For a given succession of
the units and a given placing of the two symbols in the p, + p, + p, — 1 spaces,
it is clear that we may permute the units which lie between adjacent blank
space symbols without altering the composition arrived at. Thence we see
that the number of differcnt expressions (in this case compositions) arrived
at 18 not
QPP rtpy—1 (P! +p. +]):c) ,
Pup:

but some lesser number. This arises from the circumnstance that the symbol
+ is commutative with respect to the units, whereas the blank space symbol
is not commutative in regard to units of different kinds.

If we were dealing with £ different non-commutative symbols the number
of combinations of order I would be

kprtptps— (p] +})2 + p")
Pope /)
and the generating function might be written
r. 1
kl-k(,+oay+... +a,)’

but the number is less if one or more of the symbols be commutative.

.

164. The important case for the present purpose is that in which one
symbol, the blank space, is non-commutative, and the remaining k—1
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symbols commutative as between the units of different kinds. Consider
the lattice of a bipartite number
8

A E [o}
A conbination of order k (of the nature under examination) is regarded
as having m parts when m —1 blank space symbols occur in the combination.

In regard to any line of route a blank space node may be essential or
non-essential, but an essential node must be a blank space node.

« We will enquire into the number of combinations which possess only
a single part; the line of route must not have an essential node, and there-
forc can only be ACB; the graphs of the one-part combinations must, all of
them, be along this line of route. Similarly in the lattice of the multi-
partite (p.py ... pa) the graphs of the one-part combinations must, all of
them, be along the line of route traced out in order by the p, segments a;,
the p, scgments ay, cte., the p, segments a,,. The & — 1 different symbols at
our disposal may be placed at pleasure at the p+p.+...+p.—1 points
along this line of route. Hence

(k -1 )p.+pg+. +Pu—1

different onc-part combinations are obtainable. This number depends only
upon the sum of the integers py, Py, ..o P, which define the multipartite
number, and thercfore

S (k= 1)yptpct dpu—tgprale . aln

is the generating function ; this is
hy+ (k=1 hy+ (k= 1Ay + ... ad onf.,

h, denoting the homogeneous product sum, degree s, of the quantities
oy, Oy ... O

Next as to the combinations which have two parts. At any point 1) of
the lattice place a blank space node. This point may be on the line of route
ACB, and then and then only will it not be an essential node. All two-
part combinations whose graphs pass through D must follow the line of
route AEDFB, for otherwise an additional essential (and blank space) node
would be introduced. The whole combination may be split up into a one-
part combination along the line of route A&D followed by a blank space and
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a one-part combination along the line of route DFB. We must associate
every one-part combination in the lattice A with every one-part combination
in the lattice DB, and thus we sec that the whole number of two-part
combinations (of order k) of the multipartite number (p,p; ... pn) i8

S(k—1)2Fet (- 1)pEe e
where (p/py ..., pp." ...) is a bipartite composition (where comnposition
denotes a combination of order 2) of (p,p,...). Hence denoting as before by
f(P]Pe e 2)
the number of bipartite compositions of the wultipartite (p,p, ...), we find
that the number of two-part combinations of the multipartite (p,p,...) is
J(pups oo 2) (k= 1)poazt - =
and the symmetric function generating function will be

Sf(paps -5 2) (b=1)ptet-—2(p p,..).

Moreover D being any point in the reticulation and remaining unspecified
we have to associate onc-part combinations in the lattice 4D with one-part
combinations in the lattice DB, and since each of these has the symmetri¢
function generating function

S (k- 1)ptpt-1(pp,...),
it is clear that the two-part combinations must have the generating function
(S (k= 1)ptpcte—t(pp, ...}
or i+ =1 hy+ (k= T1Ph+ ...
This is equivalent to

S (pips--.: 2) (b= Dpiet=2(pp, ),

the summation being for all partitions of all numbers, but is in a handier
and more tractable form.

-

By precisely similar reasoning it is established that the generating function
of the m-part combinations of the multipartite (p, p, ...) is

M+ k=1 hy+ (e~ 12k + ... }™

As a verification it is observed that putting k=2 we reach the generating
function of the m-part compositions of the multipartite.

166. The complete generating function for the enumeration of the

combinations of order &, one symbol only being non-commutative, is con-
sequently

bt (k= 1) byt (o= 1) hy+ ...

V=t — (k=1 hy— (k= 1y hy— ...’

but  hy—(k - 1), C1vh . _tw— k=1 a+(k=1) a-...
ut by —( Yhy+ (k=1 hy— ... - Da+kTfa—
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L . . 1.
so that transforming it and adding the fractional number 1t may be

expressed as

1 1

F1hSm+k(k—1)Saya,— k(b= 1) Sayap, + ...
and if we restrict ourselves to a finite value of n the denominator may be
considered as terminating with the term

=rkk—1y"aa,...a.
The master theorem of Section IIT shews that this expression is derived

through the guiding determinant

E ok ok ok o.o. . E 111
1k k k.. . Bk o101

11 1 & &k or LIk & k1

Ely 11 & Elw b ok ok

of order n; and thenee a redundant generating function is
1
76—(kazl 4 kg4 ... + kap)P (o + kay+ ... 4 ko). (o + oy 4 ..o+ 0y + Kay)Pn

1
or l—c(lca,+a,_,+ vee Q)P (Kot 4 K+ ...+ )P (o + by L+ eat) P

The latter form may be written

123

1 P 1
kl’-+1'e+-~+1‘n—‘{al+z(a‘_,+...+an)} {a,+a2+,;(a,,+.4.+a,,)} ce( o+ . Aay,)Pn

and herein the coefficient of aprap: ... aPs is

2 C,, JeZp—4—1 ,

where C, is the coefficient of A*afraf: ... a? in the development of
{4+ A+ . F )P @+ A (@t o+ W) P (g F Ot )P
The number of combinations of order k, one symbol being non-com-
mutative, of the multipartite number (p,ps ... pa) i1s therefore

S, C,ke2r—,
&

but if in the lattice of the multipartite number there be 1), lines of route
which possess exactly s essential nodes,

D' k!p—n—l
combinations of order k may be represented upon these lines, and hence the
whole number of combinations of order k, one symbol being non-commutative,
is also .

2 D' kip—a—l,
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which leads us to the relation ‘
E(;lxkzp——x-q —_ 2])“‘.::1;--;:—1’

which, i)eing true for all integral values of £, shews that
Cy=1D,.

In other words the number of permutations of afaf: ... a?» which exhibit
precisely s major contacts is equal to the coefficient of AMapraz-...a?« in the
development of the product

lag+A(ay+ .o o))l + o+ A(ay+ .+ )} (g F o+ ay,)P
or in the expansion of the algebraic fraction
1
1 —2a, +(1 =A) Xeya, — (1 — A 2yt 2,+ ...

an important theorem in permutations.  Interpreting the redundant product
we have the following :

Theorem. “The number of permutations of the letters in she product
apal ... abn

which possess ¢xactly s major contacts is equal to the number of permutations
for which
Yot 1yt ..+ 1y=2S8,

re denoting the nummber of times that the letter a, occurs in the first

mEpt+ .+
places of the permutation.”



CHAPTER IV

SIMON NEWCOMB'S PROBLEM

166. The question which we now take up involves much that is in-
teresting in the Theory of Distributions and its discussion is a convenient
way of introducing new methods and new points of view. The problem was
suggested to the late Professor Newcomb by a game of “patience” played
with ordinary playing cards which he found to be a recreation in the few
hours that he could spare from astronomical work. It may be stated as
follows :

“A pack of cards of any specification is taken—say there are p cards
marked 1, ¢ cards 2, » cards 3 and so on—and being shuffled is dealt out on
a table; so long as the cards that appear have numbers that are in ascending
order of magnitude, equality of number counting as ascending order, they are
placed together in one pack, but directly the ascending order is broken a
fresh pack is commenced and so on until all the cards have been dealt. The
probability that there will result exactly m packs or at most m packs is
required.”

The result of the deal will be m packs containing in order @, b, ¢, ... cards
respectively, where, n being the number of cards in the whole pack,

(abe...)
Is some composition, of the number », involving m parts.
We have then for discussion:

(1) the number of ways of arranging the cards so as to yield a given
composition (abe...);

(i1) the number of arrangements which lead to a distribution into
exactly n packs.

The solution of these questions depends only upon the numbers p, g, 7, ...,
that is to say upon the specification of the pack and not at all upon the actual
numbers marked upon the cards. We will commence by considering the
case where the pack has a specification (1*)—that is to say the cards are all
different—and it is convenient to suppose that the n different numbers are
m fact the first » natural numbers.
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Consider the permutations of the first n integers and for simplicity let
n=9. Writing down a permutation at random -

8167/29(5(4(13,

we can draw lines separating the numbers into compartments in such wise
that in each compartment the numbers are in ascending order of magnitude.
We can then write down a succession of numbers which specify the sizes of
the compartments proceeding from left to right, and arrive at a composition
122112 of the number 9; we say that the permutation under examination
has an ascending specification (122112) or (12°122).  Similarly from the
descending character
86{72]9541|3,

we say that the descending specification is (2241) or (2?41) and it will be
remarked that (12:122) and (2:41) are conjugate compositions which the
zig-zag graph

puts in evidence. If we invert the permutation the ascending specification
is the inverse of the conjugate composition ; thus

3/1459(27/68,

and if we substitute for the number p in the permutations the number
n—p+1 we obtain

24/38|15697,

7916]5(18|34(2,

which have spcecifications (2241) and (211221), and thus from a single per-
mutation we derive three other permutations, and the four associated
compositions are those derivable from a single zig-zag graph by the four
modes of reading. If then we formulate the question: of the permutations
of the first » natural numbers how many have an ascending specification
denoted by a given composition of the number n? it is clear that whatever
the answer, the same answer must in general be given for three other
compositions, viz. the three others derivable from the zig-zag graph. In
two cases the four compositions shrink to two, viz.

(i) when the composition is self-inverse,
(ii) when the conjugate and the inverse are identical.

The compositions therefore may be grouped in lots of either 4 or 2, and
the reader will have no difficulty in establishing from-the results reached in
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a previous chapter that, if » is an cven number 2»’, the number of lots is
27-3(2%-14+ 1) and that, if it is an uneven number 2'+ 1, the number of
lots 18 271 (2" +1). For n=2, 3, 4, 5, 6,... the numbers of lots are
1, 2,3, 6, 10, ... respectively.
When the pack has a specification (pgr...) we denote by
N(abc...)(m, )

the number of permutations of the cards which have the specification (abe...).
At present we are concerned with the numbers

N (abc. . .)(1")

where (abe...) is some composition of the number n, for the partition (1%) is
the specification of n cards no two of which are alike, and therefore also of
the first n natural numbers. When there is no risk of misunderstanding we
shall write simply N (abc...), the partition subscript being understood.

167. Obviously N (r)=N (a) =1, for it is only when the numbers are in
ascending order that the associated composition is (a).

To determine N (ab), where a + b =n, we scparate the n integers into two
groups, a left-hand group of @ numbers chosen at random and a right-hand

. e .. . . n .
group comprising the remaining b numbers; this can be done in (a) different
ways. We next arrange the numbers in each group in ascending orders

. n , . .
for each of the (() separations and thus obtain each of the permutations

enumerated by N («, b) and also the one permutation enumerated by N (a+b).

Hence
N (q, b)+N(a+b)=(Z)
or N (ab) = ((’t) —N(u+b)= (;‘) ~1

Again to find N (ubc) where a+ b+ ¢ =un, we separate the » integers
into three groups containing, in order from left to right, «, b and ¢ integers
respectively ; this can be done in

n!
alble!
different ways. Placing the numbers in cach group in ascending order we
obtain the permutations enumerated by

N (abe), N(a+b,¢), N(a,b+c), N(a+b+c),

because the right-hand number in a group is or is not greater than the
left-hand number of the group standing to its right. Hence

n!
alble!’

N (abe)+ N(a+bc)+N(a,b+c)+ N(au+b+c)=
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leading to
N (abec) =

n! "' ) n.!~ . _n_g_‘“
alble! (a+b)lct al(b+c)! (a+b+c)¥

wherein now we retain instead of its value unity, the better to

n'
(@+b+o)!
shew the law of formation.

Similarly we find
N(ubed)+ N(a+b, ¢, dy+ N(a, b+c¢c,d)+ N(a, b, ¢c-+d)
+ N(u+b, c+d)+ N(a+b+c,d)+ N(¢, b+c+d)+N (¢ +b+c+d)=
leading to
N (ubed) =

"
atbletd!
' ' ] ]

N " n.

nb crdr T(a+b)teld! al(b+c)id! T atbl(c+ d)!

] [l [l '

n: "n: M M. *
+ (a+b)!(c+ d)! + (e+b+c)d! + al(b+c+d) (a+b+c+d)’
The general laws of the sinister of the first relation and of the dexter of
the second are quite clear. Additions 2, 3, 4, ... at a time occur in all
possible ways between the numbers «, b, ¢, d. ..., provided that the numbers
are always in the order «, b, ¢, d, ...; the combinations are essentially
between adjacent numbers, and in the second relation the sign of a term
is determined by the number of factorial factors in its denominator. It is
convenient to have before us the simplest results so that formule may be

verified. Thus
N2y =N1¥) = 1 total 2=2!

N@B) =N1¥) =1 . 2
NE@1) =N(12) = 2 N 4
6=3!
N@4) =Ny =1 2
N@BH)=N13)=N@1) =N12) = 3 , 12
N(@2) =N@U2)=5 , 10
) 24 = 4!
* Observe that in general N (abc ...) may be given the determinant expression
1 1 1
al (a+b)! (a+b¥e)! * 7 {
1 1 |
YR Ty

n!
1

0 1 o
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NG =N@) =1 total 2
N@)=N(14=N@l) =N@12) = 4 , 16
N@B2)=N@3)=N(1219=N12)= 9 , 36

N@I) =NA8) =6, 12

N@) =NQ2) =16 , 32

N@31) =N@12) =11, 22

120=5!

158. Some simple summations are obtainable from elementary con-
siderations.

Let us find the number of arrangements which give @ cards in the first
pack. We have to find the sum of the numbers N (abc ...) in which the first
part of the composition is «. Take any « +1 of the numbers 1, 2, 3, ... »;

this can be done in (a _l; 1) ways. Now take the highest of these numbers

and place any one of the others to its right and the remaining « — 1 numbers
in ascending order to its left; this can be done in « ways, so that the whole

. . . 9 . .
operation can be carried out in « (a, _:_ 1) ways. It is thus certain that, these

numbers forming the left-hand part of the permutation, the first part in the
composition will be «. Now the remaining n —a — 1 numbers can be placed
to the right of these to complete the permutation in (n —« — 1) ! ways.

Hence
<7 _ n ) T n!
SN (a...) U<u+l (m—a—-1)! ((((1_*_1):.
Ex. gr. for n =6,
N2+ N(24) + N (2122) + N (221*) + N (213) + N (231) + N (2121) + N (2?)
= 5 + 14 + 19 + 35 + 26 + 40 + 40 + o6l
—240=2."".
).

The conjugate of the composition (« ...) is of the form (127'...); hence
n't

=Y

the number following 17 * being of course > 1.

SN (1)

Putting @ =1, we thus find that
SN (¢...)= IQLY’

the summation being for all values of « greater than unity. Thus exactly
half of the arrangements of the n cards yield a first pack containing but a
single card.
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Putting a =2 we find

SN (L...)=1}n!

the number following the unit being >1. Thus in § of the whole of the
arrangements the first pack has one card and the second pack more than one
card.

A fundamental property of the numbers V (...) will now be established.
In a subsequent chapter it will be generalized.

The Multiplication Theorem.

169. Let N (¢,¢s...,) be derived from the permutations of p different
integers and N (Ggp@ypz. .. tye) from the permutations of » —p different
integers. Tt is to be proved that

n
(a: gt "8> N (ayda...t) N (Gyr Ups - - Qyyt)

= N (s gy, @+ Uy, Ugpy oo dgpe) + N (g dyiy),
where, on the dexter, the derivation is from n different integers.
Out of the » nubers 1, 2, ...n, we can select «, + ¢y + ... + ¢, numbers in

n

ways
<a1+u2+...+(1,,> Vs
and we can arrange each sclection, so as to have an ascending specification

(... ay),
in N (4a,...a,) ways;
the remaining numbers can then be arranged, so as to have an ascending
specification
(g1 B oo« git),

in N (U1 Qups -« - Ugy) Ways;
placing the latter to the right of the former there appear
L
( " \ N (a,a YN (
Uy ty... g1 Gygn .- Uyyy) ACTANGEMENLS.
A+ ot oo+ ! s w+1uge. - Unpr) WITADNGEMENLS

Now combining the two groups of numbers we find that there is not or
there is a break in the ascending order between «, and a,,,; hence the
number of arrangements is also

N (oo tyy, g+ Upr, Qpiay oo Wue) + N (g dy .. tyyr). Q.E.D.

Regarded as a numerical theorem the multiplication is commutative, but
in regard to form this is not the case. Thus the multiplication

N (@op1@pts- o tyrg) N (0,05 a)
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gives in form a different result and establishes the linear relation
N (0. 05y, Uy + Aoy, Bgpn. “Oyyr) + N (aiay...ayyr)

= N (g1 ypoee Ogpmy, Quge+ Q, Ggenotly) + N (Ggr oo Gugeth oo T).

Ex. gr.
(g)N(12)N(11)=N(131)+N(1211)=N(122)+N(1112)
0.2 .1 = 9 + 11 = 4 + 16

N (123) + N (15) = N (312) + N (42)
3% + 5 = 26 + l4

The fact that the multiplication is not formally commutative is of great
service in the theory of these numbers.

160. Extending the theorem to the product of three numbers
N (qay...q,), N (bb,...b)), N (c,Cs...Cp),

we find o N (g a) N (0y0s. .. b)) N (chcy...Cu)

ni
Ea) 1) (o)
=N (a,@... @y, adg+ 0y, by...0_y, by +¢y, CovCy)
+ N (a1 @y_y, Qg+ by, bs. . by o)
+ N (g aybyby.. . by_y, Up +C1, ConvoCu) + N (1050 aybibs.  beciCy. . Cy),
and we may give the dexter 3! different forms corresponding to the 3! per-

mutations of the three numbers.

If we take the product of m numbers to form the dexter we combine
the last integer of a number N (...) with the first integer of the next

following number N (...) s times in <m:l> ways; hence

~“=§“1 (m -1\ — gm-
§=0 $ /

numbers present themselves on the dexter. The dexter can be given as
many different forms as there arc permutations of the m numbers, and
counting reversals of order of the compositions this number is further
multiplied by 2™, subject to a diminution when one or more of the numbers

is self-inverse.

Applications of the Multiplication Theorem.

161. The theorems arrived at above are particular cases of multi-
plication.

Thus the formulse of which
N (abe) + N(a+b, )+ N(ut,b+c)+ N(u+b+c)=

'

n!
alble!
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isa type are equivalent to results of which
al b' N(u)N(b)N(c) N (abe)+ N (a+b,c)+N(a,b+c)+ N(a+b+c)
is representative, since N (¢)=N (b)= N (c)=1.
Observe that
2HN)PP=N(2) + N (1%,
SUN ()P =N (3)+ N(21)+ N (12)+ N (1),
and that in general
n! {N(1)}*=3N (abe...),
the summation being for every composition of n. Since N (1)=1, this merely

states that the sum of the numbers N (...) in respect of a pack of specification
(A" isnl.

162. Suppose that we require the sum of all numbers N (...) of given
weight which are such that each associated composition commences with a
given scries of numbers a;d;...y; or in other words suppose that we wish to

evaluate
SN (.. .Am--2);

the solution is at once given by
n! n—3a—1 — §
(2(L+l)’N(al vaml) (N (D)} =3IN (0,a5...0m...),
for by the multiplication process the unit which terminates the composition
in N (a,a,...a,1) combined with
{N (1)}n—2a——1
gives every composition of the number n — 3a. Hence since N (1)=1,
SN (tyageee @)= (Ea T 1) N (0,0 anl),

and from this we verify the result of Art. 158 for N (al)=a and thus

s —a M

3N (a...)=a @Dl

163. Again

Sat 2) AN (DTN (1 aay...am1) (N (1)jr2227 =3N(...0,y...Qpn...),

where on the dexter the summation is for every composition of p before a,
and for every composition of n — Za — p after a,. Thus

n!

SN (...ayy...0p...) = Sat2)! N(la,a,...anl),
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and it is remarkable that the sum in question is independent of p, p being
at least equal to unity.

Ex. gr. take n=6, m=1,¢,=2, p=2. We have
51
N (2%) + N (2212) + N (1322) + N (1221%) = Z—; N (121),

verified by 61 + 35 + 35 + 19 = 30.5
Also when n=6, m=0, p=3, we have to take every composition of 3
with every composition of 3 and so
N (33) + N (321) + N (312) + N (31%) + N (213) + N (2121) + N (2112) + N (21)
+ N (123) + N (1221) + N (1212) + N (121*) + N (1:3) + N (1°21)
+ N (12) + N (1%
=g~§N(l])= 360,
verified by
19+35+264+104+264+40+19+5
+35461 +40+144+10+14+ 5+1
= 360.
164. Again if n=rq¢,
g%;: (N (a)}r = ZN (mya, mqq, ...),
where the summation is for every composition of ra into parts each of which
is a multiple of a. Thus

) _ (7'u) !
SN (nya, mea, ...)= @y
Ex. gr, for a=2,r=3,
N(6)+ N(42)+ N @0+ ¥ (@)= g = 90
verified by 1 + 14 + 14 + 61 = 90

165. As another example of the power of the theorem let
IN (0,ay...0p...0,0,... b))

denote a summation for all compositions of n—2a — b placed between the
parts a, and b, ; we find
SN (a,ay...8p...0,by...by),

N (and.... apl) (N (1)}r=3-3=1 N (1b,b,...by),

n!
TCa+DICh+1)!
= 5@ 4:’1)','11'(1211 1) N(a,ay...ay1) N (1b,b,...0y),
{N(a,a,...0,2b,b,...by) + N (a,ay...a,12D,b,...0,)}.

13—2

]

n.
T (Sa+ Sb+2)!
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166. Consider now the multiplication
n!
(5 +2) (s, +2)!"

wherein Sw+ Ss=n, w, 41, w, 4 2, w;4 1 and s,, s, are each of them zero
or any positive integer.

(N (1)}10,——1 N(]_c.ﬁ) {N (1)}w2—2 N(l“l"'”) {N(l)}wa—l

The result of the multiplication consists of numbers N(...) such that
there 1s

(i) & composition of w, followed by s, units, succeeded by
(i) a composition of w, followed by s, units, succeeded by
(ii1) a composition of w,.

Denoting this sum by
SN (w, 15w, 1% w,),

n!

‘e find that its value 1 T T
we 1ind that its value 1s (572 s+ 2!

and in general

n!
N (w,15w,1%... 14

2N (w1mw, PUWph) = (5, +2) 1 (8,4 2) ... (s,+ 2)

establishing that the sum depends merely upon the numbers s,, s,, ...s, and

not at all upon the numbers w,, w,, ...w,,,. Obscrve that w, and w,;, must

not be less than unity; w,, w,, ...w, must not be less than 2; and that no

restriction is placed upon s,, s, ...s,.
If =8=...=5,=0,

SN (W wy. . Wyyy) =

Sw+Ss=n,

n!
@y
Ex. gr. take n =6, p =2, w, =1, w, = 2, w, = 3, leading to
N (123) + N (1®*3) + N (1221) + N(11121)

+ N (1212) + N (192) + N (121%) + N (1%) =
. 35+10+61+14
+40 + 5+14+ 1=180.

(2 >‘ :
verified by



CHAPTER V

GENERALIZATION OF THE FOREGOING THEORY

167. In the preceding pages we have had under view the permutations
of n different numbers. For the discussion of the general case it is convenient
to slightly alter the point of view.

Let a,, @, 0, ... denote numbers in ascending order of magnitude and
supposing the number a, to occur p, times we consider the assemblage of
numbers which form the ascending product

afaf:als...;
this assemblage is specified by the composition (ppep;...) of n. As equalities
may occur between the numbers py, py, py, ... We take for greater generality
the specifying composition

(prpzp...)

It will be seen later that the order of occurrence of the parts of this
composition is immaterial, so that we may regard the numbers p,, pu, Py, ...
as being in descending order of magnitude and the specification of the
numbers to be denoted by a partition.

Ex. gr. we obtain the same results for each of the six assemblages
aaaBBy, aaaByy, aaBBBy,
aaByyy, aBBByy, aBByyy,
the specification of cach being (321).
Every permutation has an ascending specification ; ex. gr.
aBlaay|B
has the ascending specification (231).

In the case already considered the assemblage of numbers had the
specification (1) and the numbers N(...)un were expressed in terms of
coefficients obtained from the multinomial expansion

(4 + ay+ ...+ .. =M.
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In the present general case it will appear that-the auxiliary coefficients
are derived from the auxiliary generating function
h kR

h, being the homogeneous product, of order s, of the quantities o, @, a5, ....

It will be remembered that the number of ways of distributing numbers
specified by (pmpppys...) into different compartments specified by (abc...) is
the coefficient of the symmetric function (abc...) in the development of the

symmetric function
L pT2 By .
hy by by ..

let this coefficient be denoted by C(abc...) and let the number of arrange-
ments of the numbers, which have an ascending specification (abe...), be
denoted by N (abc...) (pmprepra...) OF by N (abc...) when there is no danger

of a misunderstanding.

By precisely the same train of reasoning as before we arrive at the
relations connecting the numbers N (...) with the numbers C(...), viz.:

N(a)=C(a),
N (ab) = C (ab) — C(a + D),
N (abc) = C(abc) — C(a+b, c)—C(a,b+c)+C(a+b+c),
N (abed) = C (abed) — C(a+Db, ¢, d)—C(a, b+¢, d)—C(ad, c+d)
+C(a+bc+d)+C(a+b+ec,d)+C(a,b+c+d)
—C(a+bd+c+d),

ete.,

the numbers N (...) being all expressible in terms of the coefficients of the
auxiliary generating function.

Ex. gr. Take numbers a,a,a,a,a,a, of specification (321); since
hyhohy = (6) + 3 (51) + 5 (42) + 8 (41%) + 6 (3?) + 12 (321)
+19 (31%) + 15 (2°) + 24 (2°12) + 38 (219) + 60 (1°),
we calculate from the above formulae
N@®)=1; N(GB1)=3-1=2; N@B)=6-1=5;

N(321)=12-3-6+1=4
and so on.

Ex. gr. the five arrangements enumerated by N (3?) are
o,0,0, | & a,a, axalaslaxa-zas, alaaasiaxalam

o,q,0, | 4,00, Q80 [ G a,.
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The complete results for numbers specified by (321) are

N(@313), N@1%3), N(214), N(12), N(2112)} N 0
N (1213, N (1%21), N (121, N (19 '

N(6), N(@41%), N14), N(13D), N(1231)} wach 1. 9
N (2017, N (1:20), N(2121), N (1212) -

N(51), N(15), N(312), N(213) each 2... 8
N (141), N (1221) each 3... 6
N(42), N(24), N(321), N(123) each 4...16
N (3%, N(231), N(132) each 5...15
N (2% 6... 6
60
60 = 57% being the whole number of permutations of the numbers.

The formule themselves establish that the number N (...) is unchanged
by reversal of the order of the numbers in the composition. Also the fact
that we are dealing with symmetric functions shews that the results are only
dependent upon the magnitudes of the parts in the specification of the
assemblages and not upon the order of their occurrence. It will be observed
that conjugate compositions do not give the same result but they are con-
nected, as will be shewn later.

Investigation of a Generating Function.

168. We have seen how the value of N (abe...)(per.., can be obtained
from the coefficients that appear when hyhgh,... is expanded into a linear
function of monomial symmetric functions. We are able to utilize the
differential operators of Section II for the further elucidation of the question.
Denoting by

O (abe...)pgr..

the coefficient of (abc...) in the development of hylgh,... we have
C(abe...)pgr ) = DaDyDs...hphoh, ...

Now in particular

N (abc) = C (abe)— C(a+b,e)—C(a,b+c)+ C(a+b+c),
where the subseript (pgr...) is omitted for convenience. Thence

N (abc) = (Dy Dy D, — Doy De — Dy Dy + Doyiic) hphghs...,
and since from Section II

Dy, Dy D,,...hphghy...=DyDyD,... ¢~y hghs, ...,
we derive the result
N (abe) = Dy Dy D,...(hahohe — hasohe — hahysc + hatpre)-
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In words we may say that N (abc)ipg.. i8 equal to the coefficient of
the symmetric function (pgr...) in the development of

hohyhe — ha,+bhc — hohpic + ha+b+c;
or the expression last written is the true generating function of the numbers

N (abc)ygr.... This expression follows the law by which the dexter of the
relation

N (abc) = C(abc)=C(a+b, ¢c)—C(a,b+c)+C(a+bd+c)
is formed. ‘
We now write hohphe— hayyhe — hohire + hasore = Rabe,

and in general hohyhohg...
— hasphcha... = hahprcha .. — hahybesq .. — ...
+ hatorcha- - + hahppera-- + oo

+ haivhorae.. + harphehare .. + ...

(the law being similar to that which obtains in the expression of N (abed...)qn
in terms of factorials) is written Agpeq....

hapea... 18 then the true generating function of the numbers
N (abed...)ipgroy -
We have hayea.. = ZN (abed...) pyr..y - (PQT--.),

and the expansion of lgpeq . as a linear function of monomial symmetric
functions yields a complete account of the numbers N (abed...)ipgr. )-

The new function can be expressed elegantly in determinant form.

For hay = ' hg gy, ’ ,
' 1 A, {
hae=] ha }laﬂ, hatore |
1 by e
0 1 h. 3
and in general
Pavod . = ’:a hare  Pasvie hasbscra - - - |,
1 Iy hote hyyora
0 1 h, herd
0 0 1 hq

and there is no difficulty in shewing that, if we write the determinants in
brackets { ] to denote that on development multiplications hsh¢h,... are to
be changed to Agy.. , '
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ha hb = ha ha+b ‘)
1 &

ha hb}’c = "’a }'a+b ha+h+c ’

1 5 hyse
o 1 )
houhodig...=( ha lasn hagrre  hasvrera
1 hy T hytera
) 0o 1 h. heta 4
0o 0 1 hq

\
Thus ex. gr. the second of these symbolical determinants gives
hohyhe = hape + ha.,b+c + ha+b.c + h‘a+b+c-
Before proceeding to an examination of the important symmetric function
hape .. that has now presented itsclf, it is well to have the simpler results before
us, as verifications are thereby greatly assisted.

n=2

[ (2) (1%) 1 =specification

Ny@E) |1 1 ‘
N(l")i —_ 1
|
n=93
@ | ey | oy
N@3) 1 1 1
Nyey | — | 1 2
Ny | — | — | 1
n=4
@ ey | @ ey ay
Nya | 1 | 1 1 1|1
NyEn | — |1 1 2 3
yey | — | 1 2 3 5
yasy| — | — | 1 2 5
Nyewy | - | — | — | 1 3
vay | — | = | =] - |

* 1 is written for negative umty.
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n=>5 -

® | @) | @ ey @] e o

N () AT T 1

N@ly | — | 1 1 2 | 2 3 4

Ny@) | — |1 2 3, 4 6 9

yzasn| — | — 1 2 | 3 6 11

Ny | — | — |1 2 |4 8 | 16

NEB1Y | — | — | — [ | 3 6

Ny | — | — | — | 1 | 2 5 | 11

ya| —  — | — | — 1 3 9

§yew) | — | — | — | — | — | 1 4

Ny | — ; — = =] =1 =11

n==6
® | (1) | (42) | (39 | (41?) @) @) e | @y <214>! (19
N(6) 1 1 1 1 1 1 1 1
NG | — 1 1 2 D) 2 |03 3 4| 5
Na2) | — |1 2 |2 3 | 4| 5 6| 7T 10 14|

Ny | - |1 2 3 3 | b 6 | 7 9 | 13 | 19
N(Q41) | — — 1 1 2 3 4 6 7 12 19
yeay | — | — 2 | 2 | 5 70 9 | 13| 28 | 4
NR1) | — | — 1 — | — | 1 2 3| 5| 7] 14| 2
NE) | — | — |1 1 2 | 4 6 | 8 11 | 2 | 3
yey | — | — |1 2 | 2 | 6 |10 11 18| 33 | 6l
NEa | — | — | — | — | 1 1 1 3 3] 6|10
N@Y) | — | — | — | — | — | — | — | 1 1| 4| 10
yazy| — | — | — | 1 | — | 3 6| 6 | 13 | 28 | 6l
yeny | — | — | — | — | — | 1 2| 3| 6| 15 3
Ny — | — L — | — | — | 1 2 | 3| 5| 12| 2
N@iel — | — ’ — | — | =1 3 3| 7] 17|
Nye)| — | — i Sl == 1 el 1]
yarp) — | — | — | — | — | — | 1| — | 2| 6|19
yagwy| — | — | — | - o | = | = 1 4 | 14
’er | — | —  — | — | = = | =] =l =111 5
yay | — | — = - === =] =] =1

To explain, it will be found from row 4 of the Table, for n =5,
hiy = (32) + 2(312) + 8 (221) + 6 (21%) + 11 (1%).
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The Symmetric Functions hy .00 > @popop, . -

169. The quantities a,, @, @, ... denote the elementary symmetric
functions.

It has been proved in Section I that the two series of elements A and a
are connected in such wise that in any relation between the elements the
symbols @ and h may be interchanged.

In the new function h , (Prpaps-.-) is any composition of the

P1p2pP3 ...
number n; of the given weight there are 2"~ such functions, one of which

is h,. The complete definition is given by the multiplication law

Ry py...olara .00 = Pprpsppor pot 11, 020500 T Popips...p, 010 00
wh i i
ere the functions hPlP2-~ 2, hq: gs. .q, BT€ OF are not, of the same weight.

170. A second new function a is similarly defined by the same

. Ppeps...
law ; viz.

pipo... 2,102 4 = Wrpo e Pacty Pat Qs G2s @ T Up1po . Pedi T2 e
What follows applies generally to both of the new functions.

171. Since the multiplication is commutative we have the first property,
viz.
Rpspy.. Doty at a1, tas. 0T Bois . Pa10s- 0

=hgqy...tirgi+mipaps.. 2y T hargs. apipepy
Every product of the functions h is expressible in terms of the new

functions, ex. gr.
hyhg =hpg + hp . g5

hyphghy=hogr+hp g, v+ bip, gyt lpgir
and in general, employing a symbol @ to indicate the law,
hplhpz...hp‘ =0, {(p) (2)--- (Pa)}-
These relations shew that ky . 5 =hpp | -
Similarly hpq =hphg = by g
bpgr = phghy — by o gl = hphg v+ Py gy
and in general, employing a symbol ¢,
by py...p, = Ph {(22) () -+ (Po)}-

If moreover we define the symbol @ to mean in general that
O (P ps) (qaeqe) (raen ) -]

= hl’l--.Pa(IlmW'x~~Tu~~ + }‘P1~-‘P.-xyP.+Q1. g2 4T T +
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addition between elements in contact being taken 9, 1, 2, ... at a time. we

have
hp,...p.hql...q,hn...ru e =0 {(PreP) (qreeqe) (11 70) 0]

and, similarly, defining the symbol ¢ to mean that
On (Do Ps) (@re--qe) (112 .70) 0]

=hp;.A.p.hql...q,hrl...ru e hp, v Da1Pe+q1s qg...q,"'rl Tyt T
addition between elements in contact being taken 0, 1, 2,... at a time, but
the sign changing as the number of factors changes, we have

Ry pagengersora o = P {(P1Pa- P (e q0) (71 7).

It is noteworthy that in regard to the symbol ¢ the elements p, g, 7, ...
in the bracket { | may be bracketed in any manner. Thus the reader will
verify that

e @)@} e {(p) (M)}, én{(p)(97)} and i (pgr)
have each the same value

hphghy = by, by =hphy 4 by g yg,

which we denote by £ the important point to notice is that however the

par s
bracketing be effected the law of symbols in contact obtains. This is not the
case with the symbol 6, but here we find that following that symbol the
bracketed factors can be permuted in any manner; thus

O {(P) () (M} =6, {(D(P) (M} = ... = Dy Toy .

172. Important relations connect the new & and « functions.
We observe that
an = ai—a;=h,,
am = @] — 20, @y + @y = hy,
A = 0] — 300, + af + 20,0y — @y = hy,

and, in general, the law' of symbols in contact applied to the present case
shews that the numerical value of the coefficient of afiaf:aps... in the
expression of an is equal to the number of permutations of which that
term is susceptible.

Hence am = h,,
and by the known reciprocity derived from Section I,
’bln = Qp.

173. This is a very concise and illuminating expression of A, in terms
of the elementary functions and vice versd. It will be noticed moreover that
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n and 1" are zig-zag conjugate compositions of n, and it will now be proved
that if (pgr...) and (pgr...) be zig-zag conjugate compositions

b (pgr..) = A(pgr... -
From the relation Apg = ApQy — Ay g,
is now deduced Apy = Fyphye = hypra = hyp-1210-1,
because clearly hyphye = hyp-1910-1 + Bypra.

It will be noted that (pg) and (17721971) are zig-zag conjugates.
Hence writing (17712197 = (pg),
we obtain Upg=h(pg-
To prove the general theorem obscrve that
N e Y R R R N

Assume that the law has been proved when the composition subscript of
a has at most s — 1 numbers; then

Bpipy ..y = Mg 2y Y Mpy = Mprpr s P2
and we have to shew that the dexter is equal to

’l, (

It is best to write the composition in a more general form

Pip2. -pa)*

mlmp, 1™ o Puma 171y 178,

where the numbers p,, p,, ... ps_y, Py are, each of them, greater than unity
and the numbers m,, m, ... m,;, m, may, cach of them, be zero or any
positive integer.

First supposc m,=0.
Then
(P Impdmpyy I,y = 107 4+ 2. 1872 my + 2 1P e 2.,1p1
(P 1mpy 1™y 1) = 107 4 2. 1072y + 2. 1Py,
+2.1P272 r,_ 4+ 1,
(pa) =12,
(P 1mp 1™ py 1m0 1 4 ) =120 g 4+ 2,107y + 2. .. .02 2+ 1,17,
“as will be scen by actually forming the zig-zag graphs.
Now by the contact law
hyn-1 42, mep + 217172+ 1/,
= }’/l”r' m42. g+ 2. 1Pt 2. 1770

+ /llpl»'l 2. ...1r.._z-'r2 P12, My-1+ 1. 10
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Hence .-
hipyamipaame. . 1meap)y = Rpam gy 17 p 1Ty Mpy = B py1mip,1m 1T 14 pyy,
or on the assumption made
Up 1My 1™, 1781y, = h(p, 1M 1™, 17e-1p ) -
The proof when m,>0 proceeds in a similar manner and the general
theorem is thus established.

This theorem is interesting because it makes easy the expression of
functions of quantities h, which frequently are those which naturally present
themselves, in terms of the quantities « which are more casy to handle
algebraically. )

There is a function A, of given weight for every composition (pgr...) of
the weight, but since this function is not altered when the composition is
inverted, the number of different functions is equal to the number of self-
inverse compositions added to half the number of those which are not
self-inverse. A previous chapter shews that this number is 2m—1 4 2wm-—2
when n=2m and 2™+ 2" when n=2m+1.

174. The reader will have little difficulty in proving that, s, being the
one-part symmetric function of weight »,

Sp = Uy — Ugn—2 + Agyn~3— ... (—)H-H(l”.
The generating function of N (abc...)(pe ) is either ke, ) OF @gpe -

We can determine the first symmetric function in dictionary order of the
parts that occurs in the expression of @gs ); we have merely to express
(abc...) as a partition and then take the conjugatc; this will specify the
symmetric function.

Ex. gr. Aun=ay; the partition (321) is self-conjugate so that the
symmetric function (321) is the first that presents itself in the expression
of hyy (see Tables).

The differential operators of Section II can be used with effect upon
these functions; thus it is easy to prove that

Dlhab = }'a—l,b + ha, p—1 + ha+b—1 3
and thence

N(ab)pgr 1=N(a~=1,0)pyr +N(a;0=1)pyy +N(a+b—1)pg ;
and, in particular,
N (42)pe = N (32)y + N (41)sy + N (B)y;
verified by T = 4 4+ 2 + 1.
Similarly it can be shewn that

thabc = ha—x,b,c + Ilu,b—l,c + ha, b,c— + hn+i>—-1,c + hu,b-(-c—u
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leading to
N (abe)pgr 1=N(a—1,b,Clper +N(a,b—1, ¢)per +N(a, b, c—=1)p, .
+N(@+b—1,C)pgr +N(a, b+c—1)py .
In these and in similar formule a modification is necessary when any of

the numbers a, b, c, ... are equal to unity. This fact arises from the circum-

stance that the formula Agp = hghp — hqyp 18 not applicable when either a or b
is zero*,

* The reader will bave no difficulty in establishing three fundamental formule connected
with these functions. Thus of the order 8 we have

(A) a.\',s,&, at.t, a‘u,ug Ay

s 89851t w230
F g s, a5ty oty v T Es8s,ty, bt uy, us v T B isas, by, Uyt v
F g s kb, bt 1y, Uy T Dsysy, 5941, batty, ugtv T Bsi508,8,, byt uy, uyt o
+ A5.8,, 834ty , oty w03
(B) Qs\8y85 81t i1, 0
Ay, 858, %118, Y00, %0

a,-d a a

g8y, 8+, £, %0,u, %% 8,88, %, Lty , u, % s,.\'g.\'Jahtl“'u,, Uyt 00
Flys, syttt 0,80 T A8, s+, % w40 T s isow Uty ugt 0
- ax,ni. 8+t bt uyt )
(C) Ag.8,y, Syt byt ity Uyt 00
= g, Ut Yuyu, Yo

—-a « a

IR AR 07 Cs,5,8, %t tu,w, Do ™ Caya,s, Tt ity Yy 0
+ g g5, t . %0 T Aa a0, 1.8, % w0 T Cs,8,8, 9t un
Oy ne8, bt U, v
These formule have to do with the ordered succession of integers
‘ 81, 89, 83, Iy, ta, Uy, Uy, V
and they may be divided into sets, the order being preserved, in any manner. In the example
given the division is into the sets 88983, tity, ujuy, v.
There is a division corresponding to every composition of n if the number of letters be n.
There are thus 2n-1 different divisions possible.
In the formule we may write 2 for a throughout or we may write h, for «, where ¢, ¢’ are
conjugate compositions.

As particular cases of the order 4 we have

4
(A) e  =aunt+amtagt+anztagn+apt+agtag,
(B) anmnm =n{—3a2af+a§+ 2aga; - aq,
—gd 2., .2
(C) ag =a, —3a“a1+a”+2a1“al —ayne.

Herein (B) may be also written

ay1.1.1=8y,4} - @130y - 81185+ Ay,
ay.11.1=43,0} - ag ay - aayg + agy,
a1 =4 - Gz,
ayyy.1 =aAmdr - a2,

and (C) may be also written
a24141 = %af —aga - dagan +ag,
14241 =a2a¥ - ay2a; - a1a9 + ay21,
Gy =aj-ap,
a3y =dagap - dg.
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The Conjugate Law.
175. It has been seen in Chapter IV, Art. 156, of this Section that
(ab...), (ab...) being conjugate compositions,
N (ab...)ym = N(ab...) 4m ;

and we may enquire into the existence of an analogous theorem when the
numbers permuted have any other specification.

Consider the expression
h(ab ) = h(ab )’

which is the generating function for the difference between N (ab...) and
N (ab...) for all specifications of the numbers permuted. The generating

function may be written
hay —

according to a theorem alrcady proved (Art. 173).
The differential operator D, has the equivalent forms

A, d A, d
da,  da, azda;,+"" dh, “ dh., '2(t/1:,+""

so that Dwrhy is the same function of Iy, hy, hy, ... that Deay 1s of
a;, A, A, ...; 1t follows at once that D!(hy — dge )=0 or

N(ab...)yn= N (ab...)n,
the result established in Art. 156.
Next, considering the function
hap ) +hay v Or hay +aap
1t is clear that D?=%(hg + agp ) must be of the form
Ah, + Bk + Aa, + Ba?,

where A and B arc numbers that it is not necessary to know; now this

expression is *
(4 +2B){(2)+2(1%)};

and, remembering from Art. 26 the manner of operation of D, and D,, it is

plain that :
D?—2D2 (kab +ag )= % Dyll (hab + ag, ) = D’lzhab 3

that is to say, N (ab..)yn-2+ N (ab...Yyn-2= N (ab...)n.
Ex. gr., from the Table for n = 6,
N(83)ut + N (12212)s = N (3315,
verified by 13 + 6 = 19
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176. Again, operating with D}-* upon
hay . — aw
we obtain a result of the form
A (hy— as) + B (hhy — ay@y),
or (4 + B){(3)+(21)};
whence DDy (hap . — aap ) = Dy *Dy(hay. — @ar ),
equivalent to
N (ab...)yn-3— N (ab...Yyn-3= N (abd.. ),,u 2— N (ab...) yn-2.
Ex. gr. N (321)53 — N (2°1%)3 = N (321 )ps — N (2°12)y4,
verified by 8 - 3 = 20 - 15
177 Again, operating with D}~* upon ke, —ae and upon hg +ag ,
we obtain the new results
N (ab..)ppm-4 — N (ab...Y2m-1= N(ab..)gn-3 — N (ab...)gn-3;
2N (ab...)gn-4 + 2N (ab...) gu-s + N (ab...)yn-2 + N (ab...Ypyn-2
= 2N (ab...)gn-3 + 2N (ab...)yn-3+ N (ab...)2m-1 + N (ab...) pm-s.
We might also make use of the operators
d d d d

d d B e
a;,+alm+a2(7(—1;+'“z—m-hldh;,—md—h‘_"'=D‘—2D2’

d d 4 d d
da T ga T gy = gt gt g+ =Di=3D.D,+ D,

ete.,
but the results obtainable are more complicated and less interesting.

Enough has been said to shew the nature of the results that can be
reached.

Theory of the Compositions containing a given Number of Parts.

178. So far we have been considering Newcomb’s card problem so as to
determine the probability that a distribution of the cards will give a number
of packs specified by a given composition of the number of cards. We have
found that the mathematical problem is concerned with the ascending (or
descending) specification of the permutations of objects of given type. We
have now to study the probability that a given number of packs will result
from the distribution. Mathematically we have to find the number of
permutations of objects of given type such that the ascending specification
is denoted by a composition containing a given number m of parts. Let this
number be denoted by

N m,pqr....
M. A, 14



210 PROPERTIES OF [sECT. 1V

We have shewn in Art. 17 that the number of ways of distributing
objects of type (pgr...) into m different parcels is

Fm=(m+£—1)<m+;1—]><m+:—1>m

Rl [ A e

m\/m+p—3\/m+q—3\/m+r—-3
MO IR G S
s P q r

.

or say for brevity

PG () 6 (3)Om

Consider on the one hand the arrangements enumerated by F,, and on
the other those enumerated by N,_,. In the F,, arrangements place the
numbers in each parcel in ascending order and place the parcels in a row
from left to right. It may be possible to merge two or more adjacent parcels
or compartments into a single parcel or compartment and still preserve the
ascending order in the new compartments. We observe m — 1 dividing lines
between compartments that it may be possible to obliterate and still preserve
the ascending order. In the arrangements enumecrated by N,,._, there are
m —g—1 dividing lines between compartments and in each compartment
there is ascending order, while it is not possible to obliterate any dividing
line without breaking the ascending order. There are moreover

(n=1)=(m—s~—1)

pairs of numbers between which it is possible to insert dividing lines so as to
obtain arrangements enumerated by Fu_i1, Finsia, .- Fou.  If out of these
n—m+ s pairs of numbers we choose at random s, we can insert s additional
dividing lines and so obtain an F,, arrangement. The choicc can be made in

n—n+S
( s ) ways,

so that a particular N,,_, arrangemer t can be obtained, by obliteration of

. n—m+s\ ;. .
s lines from ( s + ) different F,, ax:angements. Hence the forms F,,

include the forms N,_, each ( :n + S) times. Therefore we have the
relation
. n—m+1 n—-m+2 n—1
Fm=l\’m+( 1 )Nm-x+( 2 )-V7n—2+"'+<7n_1>Nl;

leading, with little trouble, to the next relation

Np=Fyp - (11—'rln+ 1) Fu+ (\7;—1;-}-2) a— (= )m-H( })F,‘
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Substituting for Fin, Fu—s, ... their expressions in terms of G, Gm, ..
we find

o E () IO GINCTE )

+(n—1:,+s)} G

and the term in { } is seen to be the coefficient of #* in

(1 — x)—m+n—1 X (1 _ m)—n+m—1 or (1 — a;)—-n-n—z’

which is <n : 1)'
Hence
M= G ("1 1) st ("5 1) Gnam b (21 ]) 6

This formula was used to calculate the subjoined Tables of N,,.
Summing each side of the relation, from m =1 to m =m, we have

Nm+Nm—-l+"'+Nl

=G () Gnea # (3) Gt (0 (" 1) G

and, repeating the summation 6 times,

¥t () bt (42 et (1),

~6n=("7%) Gt (13 G v (R 20) 0

so that, when 8 =n,

n+1 n+2 n+m-—1 _
Nm+( 1 )Mn«—l'f‘( 2 )Nm—2+-"+( m-1 >N1_Gm‘
Again, taking differences,

W= Vo= G ("5 ) G+ ("5 2) Gt (o (21 ) 615

and, in general,
p (P "
Mn (1) Nm—-l (2) Nm-g e ( )pNM

=Gm—(n +11>+1) Gy + (n+}2>+1) G — --v + (=)™ ("1‘:;12*1' 1) Gi.

14—2
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These results are given by the two formule,. viz.-the one just written and

N+ ({’) Nor + (p;1> Npeat oo + <p :ﬁ;2> N,

=G~ ("2 Gur# (T Gk o (VP Y

and these become the same when p=0.

The Generating Function of the Number N (pgr..,-

179. The theory of these numbers is identical with that of the permuta-
tions of the symbols in afaja;... which possess cxactly m —1 major contacts.
See Art. 155.

For taking any permutation, a,, a,, @, ... being symbols in ascending
order of numerical magnitude,
U - RO - A NS N - S

which exhibits all of the major contacts and the vacant spaces are supposed
to be occupied by symbols in ascending order of numerical magnitude, it is
clear that we can separate the permutations into compartments by lines
drawn between every pair of symbols that are in major contact so that in
each compartment the symbols are in ascending order and that order is
broken between adjacent compartments

S T T N L O N A A AT A

The number of such compartments is one greater than the nuinber of
major contacts. Hence N, (p.p, pp 18 the coefficient of

Amafal, . af*
in the development of

(a + Mo+ Moy + oo+ AP (0 + a + Ay + .o+ Aag)Pe . (0 + g+ ..+ )Pk,

or of

1
1=+ (1 =2 2ol — (1 =AY aaty+ ... + (—)F (1= AT aa,... 0
Introducing the elementary functions a,, a,, ¢, ..., putting 1 —=A =5 and
supposing, for the present, k= o, this may be written
1

1 - a, + ba, — b*ay + bba, — ...°
Since the generating function is symmetrical in regard to ay, a,, a, ...
the value of N,, is not affected by any permutation of the letters oy, a,, a, ....

180. We can shew that
Nm. (ph = N(k—l) p—m+2, (p%) 3
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for the coefficient of A1 (a,@,...a;)" in

(o + Nty + oo+ Notg) (& + B+ MGy + oo+ Aag) . (G +a + . +a)}?

is, by writ,ing:: for A and Aa;, A, Ay, ... for a, a, &, ..., equal to the co-
efficient of Alv—m+1 (0,5-..04)? in

(a4 a4 ... +ar) Ny + Mt + a5 + ..o+ @) .. (A + Ao+ o+ )2,
or of AE—Vp—m+1 (g q,.. 04)? in

(e + o+ ... +ap) A+ hag+ag+ .o Foa) . (@t o+ ...+ a)}?,
or, since we may permute the symbols a,, a,, ...a at pleasure, in
{(o+ Nty + ...+ Na) (o + ag + Aty + .o +Aag) - (B + G+ + o)} 2.
Hence N, gy = N 1) p—mta, (ph-

The numbers N,, range from N, to Ng_yps, and (k—=1)p+1 is the
maximum number of parts in an ascending specification.

. 181. We must now examine the gencrating function
1 -
1-4°
where A =a, — ba, + b2a, — VPa, + ....

Taking as in Section II the symmetric function operators

d d d

U=t g day T
s
D,= ;s_-l—! (di(z,+“‘diczz+a’dim+ ) = sl!(d:),
we find that, with the operand 4, they are connected by special relations
For dyA = (=)0 (1 —bA) = (=) '0d, 4,
so that d, = (- by d,,
and thence, from the rclations

dy,= D} - 2D, =(2)p,
dy=D}~3D,D, 4+ 3D, = (3)p,

dy=D;—... =(8)p,
we derive the special relations
21D, = D, (D, +b),
3!D, = D, (D, + b) (D, + 2b),

.............................................

s!Dy= D, (D, +b)... (D, +(s—1)b};
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and, if s > ¢, .-
81D, = ¢! Dy (D, + tb) ... {D, + (s — 1) b}.

Using the above we find
(P)p=dp=(~b)*"D,;
(P9)p = (dpdy) =(dp) (dg) — dpyy,
= (= b)r*2 D} — (- b)?*91 D, = (= b)r+e—2 D, (D, + b),
=(-=b)r+e221D,;
(pgr)p = (dpdydy) = (dp) (dy) (dr) = (dp4g) (d,) — (dpsr) (dg)
- (dq+r) (dp) + 2dp+q+r,
= (= b)ptetr3 D} — 3 (= b)pretr—2 D + 2 (— byp+e+r1 D,
= (= b)rtetr=331 D, ;
and in general (P12 Pr)p = (= b)Y k1 Dy

: 1 ™y g,
Moreover since  (pnpmn...), = P (dpidg...),

we have, still more generally,
(PPpie...)p = (= b)*m=3
or if Zarp =mn, Zm =1,

(Pi"p;'“ . ')D = (_ l))"“i 7! Di,

mlm,l...

_Gm!

ol

Hence if (gg):...) be of the same weight and degree as (pnpp:...), it
follows that
mlm e (PRPR. ) = xa! xe! - (g gEs. . )p,
a relation which is free from b.

nm3
| @ | ey | a9
Nl 1 1
N3 — — l
n=4

{ (@) | B (@) [ (@) (19

N, 1 1 1 1
Ny | — | 3 4 7 | n
4 | n

N4 _— —_ —_— — 1 !
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n=>5
(5) | (41) | (32) | (81%) | (2%21) | (219) | (1%)
N 1 1 1 1 1 1 1
N, — 4 6 10 12 18 26
N, — — 3 9 15 33 66
A — — — — 2 8 26
N, — -— — — — — 1
n=6
(6) | (51) | (42) | (419 | (39 | (321)| B1%) | (2% |(241%) | (21%) | (19)
A 1 1 1 1 1 1 1 1 1 1 1
N, — 5 8 13 9 17 25 20 29 41 57
A — — 6 16 9 33 67 48 93 | 171 | 302
N, — — —_ — 1 9 27 20 53 | 131 | 302
N, — — — — —_ — —_ 1 4 16 57
A’u _— - _ _— -_ - - - - - l

To explain, observe that the number at the intersection of the row N,
and the column (2%1?) shews that

Ny, = 93.

Applications of the Foregoing to the Generating Function.
182. It has been established that
A 1 _
11—+ (1=N)ay— (1 =A)Pay+...
= ENm, (P1p2.. Py A (2’11’2' : -Pk) = 2Jvm, (P1p2...08) a- by (P:P-z- - PE)
= sz, (16:26,37...) (1 =bym (192230, ..).
We will, first of all, examine what results from the equivalence of
operators

2!D, =D+ (1 =)D, =D +bD,.
Recalling the mode of operation of D, we clearly have
21N, (16264130 ) = N, (10422534 ) + (Vin = Nana)(1e,4126,85 )
an interesting relation between these numbers. It will be observed that we

have above written
Nm, (o) T Y m—, (..0)

in the abbreviated form (N = Nop—i)i) -
Ex. gr.put m=3,¢,=0, ¢,=2, ¢;=¢,=... =0, and we obtain
21 N3, 0= Ns, 0o + (N3 = No)y,
verified by 2.48 = 93 +16— 12
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Again, in the same formula, put ¢,=n—2, ¢;=¢,=... =0, and we get
2N, m, (=Y = N, m, (1%) + (N m Arm—l)(l"’l) .
In this write n —m + 1 for m, obtaining
2N, n—m+1, @n-2 = N, n—m+1, 1% + (N n—m+1 " n-—m) an-1) 5
from these, since
Nm. ™ = LY p—pt1, 0m) » N, m, Q) = N, n—m, a®1) 5 N, m—1, %) = N, n—m+1, 4%-1)
we find by addition and subtraction
N, m, 21"2) +N n—m+1, (A1) = Nm, am
NIIL, @172 — LV 41, @72 = N, m, 171 — N, n—m+1, 1771)
These are the relations connecting N,, and N,_,.4; for the subscript
(217%) analogous to that connecting the same numbers for the subscript (17).

Since ¥"=(1-A)0=1- (‘17) A+ (;\) A*—... we can immediately, from

any operator relation, form a relation between the numbers N,, by substi-

tuting for
beDrDj...

the expression

a [~ .
{Nm - <1 > Jvm—l + <2) Nm—2 T oeee }(lcI 20 ... so,ﬁ»tc,-fam) ’

and this it is sometimes convenient to denote by
m:? (1624 .. 8% 1P Lot )e
Thus corresponding to the relation
6D, =D} + 3b D? + 2b* D,
we obtain
6N, (1 25, 8¢11..) = N, (104995, 3c, ) + BNS) (1e4205,3¢, )+ 2V (10,1126, 55, )
= N, (16,4320,35, )
+ 3 (Non = Nopoa)1et22e,35, )
+ 2 (N = 2Ny + Nopea) (1012, 85, )
From the symmetric function relation
(1) (1%) =(2%) +2(21%) + 6 (1)
we find D:=0D,—-6bD;+ 6D,,
leading to
N,,,’ (16 261230549, ,..) = (Nm - 2Nm—1 + Nm—z)(m 26,7130, 4¢, )
= 6 (Non— Nona)(1e, 25,8641 45, )
+ 6N, (16,230 4561
a relation which, for
m=4, =2 c=c¢=c=..=0,
can be verified from the Tables.



SECTION V

DISTRIBUTIONS UPON A CHESS BOARD, TO WHICH IS
PREFIXED A CHAPTER ON PERFECT PARTITIONS

CHAPTER 1
THEORY OF PERFECT PARTITIONS OF NUMBERS

183. Before discussing the general subject of Partitions of Numbers it
is appropriate to consider certain special partitions which have a notable and
remarkable application to the theory of the distributions of a certain nature.
The application will be found in the next chapter which deals with arrange-
ments on a chess board of given dimensions.

A “perfect” partition of a number is one which contains one and only one
partition of every lesser number.

Ex. gr. (41%) is a perfect partition of 7 because by using the parts we
can build up one and only one partition of each of the numbers1,2,3,4,5,6;
thus (1), (1%), (1%), (4), (41), (412) are the partitions referred to.

Other partitions possess a very similar property. These are termed
“gubperfect ” and may be defined as follows:

A “subperfect ” partition of a number is one which contains one and only

one partition of every lesser number if it be permissible to regard the several
parts as affected with either the positive or negative sign.

These theories have an application to the theories of weights and
measures; for perfect partitions solve the problem:

(1) to partition a weight of u lbs. so as to be able to weigh, in only one
manner, any weight of an integral number of lbs. from 1 to u inclusive, it
being only permissible to place the weights in one scale-pan.

Moreover subperfect partitions solve the problem:

(2) to solve the same problem as in (1) with this difference, that the
weights may be placed in either the goods pan or the weight pan.



218 THEORY OF NUMBERS OF THE FORM p*—1 [sECT. V

Ex. gr. (31) is a subperfect partition of 4. because there are the par-
titions of the numbers 1, 2, 3, viz. (1), (31), (8), where observe that 1 denotes
the part —1.

184. Before proceeding to the general case of enumeration we will study
the problem of perfect partitions in the case of numbers of the form

-1
where p is a prime number. It will become manifest that the enumeration

of the perfect partitions is identical with the enumeration of the compositions
of the number a.

All numbers have clearly one perfect partition composed wholly of unit
parts. This fact is exhibited, in the case of the numbers before us, by the
relation

1— a?*

— =1l+az+a’+..+a?7;
l—=z

for it shews that the partition (1#°') is such that every number from 1 to
p*—1 can be made up by selecting, from the partition, 1, 2, ...p*—1 units.

This fact depends upon the circumstance that 1 — z#® is divisible by 1 — .
It may happen that the fraction

1—z?*
l1-2

may be put into the form
1—2" 1—29 1—a" 1—a

I—2t 1= 12" " 1-a’

wherein g, 7, s,...1 are factors of p%, ¢, r,... v respectively. To each such
exhibition corresponds a perfect partition of the number p* —1. For consider

the particular case
1 -wa:f" 1—2aP

SR g
or A+a?+am+. +a?P)(1+a+22+...+a?);
the identity
A+azP+a?+ ...+ ?P)(1+a+a?+...+2?)=14+z+23+... + 27!

shews, by multiplying out the left-hand side, that each of the numbers
1,2,... p*—1 can be made up, in one way only, from the parts of the partition

(p?*11#77) of the number p*— 1.

Let us denote the fraction




CH. I} PERFECT PARTITIONS SHEWN BY FACTORIZATIONS 219

which, observe, is the difference of the exponents o and 7 of p in the
numerator and denominator; then we may denote
1—a? 1—ao?
RS T b y by
1—a? 1-a 3.1
where (31) is necessarily a composition of 4. There is also an exhibition
represented by
1—zr* 1-27 13
1-2#" 1—-2z 7
where the same numbers 3, 1 occur but in different order.

Whatever instance of factorization be exhibited we inevitably reach a
succession of numbers which constitutes a composition of 4.

The whole of the factorizations are shewn with the perfect partitions

which flow from them.

Form Composition Perfect partition

1—a¥ (4) (1#4-1)

1—x
T BD ()

—p
(13) (p* 1#7°7)

1—zr 1—o? — P

127 1—2 (22) (177
11— 1 -2 1—2aP —pi-l
1= 1o 1oz (211) (p*  p?177)

1—2® 1—2 1—2P
1—a?® 1—a? 1—z
1—27 1—g? 1—g?
1—2?' 1 —a? 11—z
}-—xp‘ 1-27 1—z 1—gP
1=z 1=z 1—2? 1—=2

—p—1
(121) (p* p¥177)

g G g 1

—p—-1 _p—1
(1111) (pr p pPi1P1)

We have an instance of factorization and therefore of perfect partition
corresponding to every composition of the number 4.
Returning to the more general case of the factorization of
11—z

11—z

)

it is clear that
1 —az? 1—-./101’;“l 1-—.._41:1"’1 1 — zp*™

1—gpn 1—gp™ 1—g?> " 1-g

will yield the composition a —a;, a; — a,, @ — a3, ... & of the number a.
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Moreover any composition (6,6;...6,,,) of the nuntber can be put into the
form

(a~(@=6), a=6,—(a~6,~8), a—6,— 6,—(a—6,~ 6,~ b)), ...,
a0 =0y — .. —Oy— (= O, — Oy— ... — ,+1)),

and will correspond to a factorization

pa—0,-6; pa—0,= 6~ ...~6;

1 — g?° Y 1-2 1-=z

T—ar ™ 100" ] g timf 1—2

Hence there is a one-to-one correspondence between the factorizations of
(1 -27")/(1 —z) and the compositions of the number a. Hence the special
probler is solved in the form:

“ A number of the form p*—1, where p is a prime, posscsses the same
number of perfect partitions as the number a has compositions and therefore
the number of such is 22-1.”

The number of different parts which appear in the partition is equal to
the number of parts in the composition.

Corresponding to the composition (6,6,...0,,,) the perfect partition has,
altogether,

P+ ph+ ..+ pn —s—1 parts.

The smallest value of this number is a (p — 1).

185. Every number is of the form pqpa:ps... —1 where p,, p,, ps, ... are
primes.

We will now shew that the number of perfect partitions possessed by this
number is equal to the number of compositions of the multipartite number
(qyay0y...).

The number of perfect partitions depends upon the factorization of

1 — gPUPRP
I
into factors of the form (1 — %) /(1 — ?) where p is a divisor of g.

Suppose such to be

1- wp;'-:pg-up;a.__ 1 _‘zplﬁxpggpfs_._ 1 - wprlpzﬂ ;’5...

P ey e
which, in analogy with what has gone before, we denote by

(=B =By ts—PBy.o.; Bi—v, Ba— e, Bs=Yaeeri wene Vi, Va, Vseon )
This may be regarded as a composition of the multipartite number

(aa;05...).



OH. I] EXAMPLES OF PERFECT PARTITIONS 221

As before we see that there is a one-to-one correspondence between the
factorizations and the compositions, and we have the theorem :

“The number p®pgpg ... — 1 possesses as many perfect partitions as the
multipartite number (@,¢:a;...) has compositions.”

The number of parts in a perfect partition has the least value
a(p—=D+a(@-—1)+a(@-—1)+..
in correspondence with the composition
(100...#010...%001...%...).

In correspondence with the factorization above written the perfect par-
tition has

paPipaa—Fe pas—hs. . —1 parts each equal to phiphiphs ...,
phrplrpi... —1 prpYRY .-

npppy... —1 » » 1.
186. The following examples of perfect partitions are given:
Number 15 =2¢ -1

Unipartite number 4

Group Composition Perfect partition
(4) %) 1v)
(31) { (31) (2'1)
(13) (817)
(22) (22) (@17)
(211) (4°21)
(211) {(]21) (82°1)
(112) (8413%)
(1111) (1111) (8421)
Number 244 =172.5-1
Multipartite number (21)
Group Composition Perfect partition
(21) 1 (1)
(20, 01) (5%.1%
(20, 01) { (01, 20) (49¢. 1%)
(11, 10) ((11, 10) (7%.1%)
) 110, 11) (85°.1%)
(10, 10, O1) (35%.5%.1%)
(10, 10, 01) {(10, 01, 10) (85°.74,1°%)
(01, 10, 10) (494.75.19)



222 GENERAL FORM OF A PERFECT PARTITION [sECT. Vv

It will be noted that, 244 being equal to 72.5—1, corresponding to a
part (zy) in a composition, the perfect partition involves a repetitional
number 7%.5Y -1,

187. The general form of a perfect partition is
14.1+4¥¢{(1+4)A+B)°{1+A4A)A+B) (A +0)"....

It is moreover clear that every perfect partition of every number gives
rise directly to an unlimited number of perfect partitions of higher numbers.
For this purpose the repetitional index of the highest part may be increased
to any extent, or a part equal to the sum of all the parts with unity added.
From this point of view let A, denote the number of perfect partitions of the
number p so that a generating function (when expanded) is

Aj+ Az + Ay + ...+ ApaP + ...

The perfect partitions having a highest part equal to p +1 are derivable
from the perfect partitions of the number p by prefixing to each of the latter
the part p + 1 any number of times repecated. Hence the generating function

of such is
+1
Apat!
1 — gpt?’

and we are led to the algebraic identity

A,z A,2? A,a° A,
— RIS 2 + + _p_..“
ety o

1 —-x+l~—'w’+i—x3
=Ax+ A+ A+ ..+ Apa? + .+ Ay @+ L
Herein equating coefficients of like powers of # we find

A, =S4,
&

the summation being for values of s which make s+ 1 a divisor less than p+ 1
of p+1.

Thus A=A+ A, + A, + A, + 4,,
since 12 has the divisors 1, 2, 8, 4, 6.

188. It can be shewn that there is a one-to-one correspondence between
the perfect partitions (all numbers being in evidence) containing s parts and
the compositions of the number s. For write down the perfect partitions
having less than 5 parts as follows:

1)
(1) (21)
(1%) (319 (2°1) (421)
(19 419 (319 (6319  (211)  (6211) (4%21)  (8421)
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It will be observed that in any line each perfect partition gives birth to
two perfect partitions in the line below

(a) by prefixing a part equal to the existing highest part,

(b) by prefixing a part which is greater by unity than the sum of all
the existing parts.

Write down next instead of the partitions themselves the repetitional
numbers of the parts of those partitions. The scheme follows:
1

2 11
3 12 21 111

4 13 22 112 31 121 211 1111

where the successive lines involve the compositions of the numbers 1, 2, 3, 4.
Each composition in a line gives rise to two compositions in the line below
by rules derived from (a) and (b) above. These are:

(') increase the first part by unity,
(V') prefix a part unity.

There are therefore 2°~! perfect partitions involving s parts.

189. The theory of the subperfect partitions is derived at once from
what has been established above ; for if we put, for the number u,
k=u 1 — puh1
= 3 xt= ,
¢u,1 k=-u .’l‘"‘(l —x)
we have to consider the divisors of 2u+ 1 instead of those of u+ 1, and the
reader will have no difficulty in proving that if
2u+1=pypepi...,

the number of subperfect partitions of u is equal to the number of composi-
tions of the multipartite number (o, a,8;...).



CHAPTER 1I

ARRANGEMENTS ON A CHESS BOARD

190. In this scction we have for discussion arrangements of objects or
numbers in the compartments of square or rectangular lattices. In previous
chapters the distributions have been essentially on a line or in one dimension.
We now come to two dimensions The numbers or objects themselves will as
usual be specified as to type while the distributions will be subject to con-
ditions depending upon the rows and columns of the lattice. The method
employed depends upon the dissection of certain operations (usually differ-
ential operations) upon certain functions. A very simple example will suffice

to lead up to the general idea. Consider the operation of gz‘ upon 2" where

n is a positive integer. If we write 2® as the product of n factors each

equal to z

it is clear that we can pick out an « in n different ways; for example we
can substitute unity for a factor 2 in n different ways; if we do so and then
add the results together we arrive at na™, viz. the result of performing the

operation ;x upon the operand z". Thus

d

a—xx”=1.m:vw et zlax ... +xxle ... +zx2l ...+ ... =02

Observe that here we have dissected the operation of (—Z—c into n separate

operations of substitution. Moreover we can represent these » minor opera-
tions by means of » diagrams

i |

:
N i

1

the unit indicating that particular # which is subjected to substitution.
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If upon each of the terms 1.zaz ...zlax ..., etc., we operate again in a
similar manner, by substituting unity for # in all possible ways, we arrive at

n(n—1) terms and, adding these, we obtain n (n — 1) z"~* which is the result
k]

of the operation d%:.’ upon ™ In correspondence therewith we have n(n —1)

diagrams each consisting of two rows of a lattice of order n. One of these
diagrams is

n
Proceeding in this manner we find that the operation of & upon z" can
da™

be dissected into »! minor operations or processes which are in correspon-
dence with n! diagrams, cach of which involves a distribution of n units in
the compartments of a square lattice of order n of the nature

The diagrams enumerated are such that there is a distribution of » units
in the cells of a square lattice of order n subject to the conditions that one
single unit appears in cach row and in each column. The problem of
enumeration is solved by

dn

('z.iﬁ wn’
n being, by definition, an integer.

191. This result is quite as suggestive as it is trivial. We have on the
one hand an operation and on the other a function such that the result of the
operation on the function is an integer »; we find it possible to exhibit the
operation as the result of » distinct processes and to represent each process
by a two-dimensional diagram. These diagrams in their construction obey
certain laws or satisfy certain conditions which enable us to define or specify
the diagrams and they are enumerated by the number v; that is to say the
enumeration is given by the conjunction of the operator and function which
leads naturally to the diagrams.

If we are given a system of diagrams, with compartments numbered or
lettered according to given laws and conditions, are we able to assign an
operator and a function the conjunction of which will enumerate the diagrams?

M. A, 15
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Two methods of research are clearly open to us. We may be given the
diagrams formed according to certain laws and then seek to design the
operator and the function or we may commence by designing operators and
functions with the object of discovering the laws of formation of the systems
of diagrams to which they naturally lead. Both methods are useful and will
be freely employed in what follows.

We shall frequently write dim in the notation 9.

Let us adopt the second method and take
as operator (9,,0,,05), as function (@)
Leibnitz’ theorem in the differential calculus gives us

(02,0 02g) (21,8, )P = (02,0,0z,) (21 T ) . (21225) - (213 T3) + 2 similar terms

+ (axlaﬁe) (&, @ymy) . aza (@, 2025) . (@1 2,25) + 5 » »
+ (0y0p) (%1 Do) . Oy (@1 285) . (21 25%5) + 5 . N
+ (02y02) (21 Z2s) . Oy (21 255) . (21 %23) + 5 ” "

+ azx (wlmz""'a) . axg (‘”1"‘32%) . axs (wl‘z‘2w3) +5 » »

On the right there are 3* terms corresponding to the 27 permuted partitions
of mx,, into ezactly 3 parts, zero being reckoned as a part. Sclecting any
one of the 27 terms, say

ax; axg (wlwﬂxﬂ) . axg (z, Xy y) « (1’1 ""2-75'3),
we have before us one of 27 minor operations into which the operation of
(92,02,02,) UpON (2,2,,)° can be broken up or dissected. We denote this
diagrammatically by

]12 3| |

The selected term is equal to
(o * ) (T2 0 ) (712,75),
and the diagram either denotes that a2, has been erased from the first factor
and @, from the second or that 9,05, has been performed upon the first factor
and 9, upon the second.

Keeping to the selected term we now again operate with 95,8505 Of
the whole number of 27 minor operations which we again have before us only
a certain number will be effective in producing a term which is not zero; for
clearly the first operator factor must not contain 0,, or 0, and the second
must not contain 9, However some of the minor operations survive and
one of them is

(o ® @) (02,02,) (2173 ¢ ). Ogy (21225),
resulting in (eom)(eoe)(mme)
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The two successive operations we have now performed are diagram-
matically '

(
12 | 3

121 3

Again, operating with 0,,04,0s,, only one of the 27 minor operations is

effective; this is
. . . 833( o $3)< e )(awnaza) (wlwﬁ ® )’
resnlting in unity.

The three successive minor operations have now produced the diagram

12| 3

3 12

and it is clear that we can select three successive minor operations in
(82,023 0z,)* (%, %,25)° Ways since for each such selection unity is the result, and
the result for all combinations of three selections must be (0z,04,0z,)" (#,2573)"
We obtain therefore in this manner
(0,0, 0g)* (T X2, )
diagrams, and to obtain a theorem we have to
(1) Define the diagrams,
(2) Evaluate the expression.
The diagrams are easily defined. It is clear that in each row the numbers
1, 2, 3 must appear and that they must also appear in each column, but there
is no restriction as to how many numbers may appear in each cell of the
lattice.
The enumerating expression has the value 31
Generally for the order n the enumeration of the diagrams is given by
(02,025 + -+ Oz)" (21 ... Tp)" = (0 1)
the numbers 1, 2, 3, ...n present themselves in each row and in each column,

and none, some or all may appear in any cell of the lattice. For n=2, the
four arrangements are

_‘ 12

1] 2 21’ tm
|
|

2 |1 1 2! 12[ 12

192. Next consider
as operator (3,0, ... 0z,)™, as function (2,2, ... z,)™,
where m £ n.
15—2
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We are clearly led to lattices of m rows and m columns; the number of
rows is m because we consider the operator in m successive operations; the
number of columns is m because we consider the function or operand as a
produet of m factors. The diagrams are such that in the square of m?
compartments the numbers 1, 2, 3,...n each present themselves once in
each row and in each column while the number of them that may appear
in each cell is unrestricted. The enumerating integer is

(D2, 0y - - - 0™ (&, 5. . )™ OT (M

193. It is of great importance to notice that the nature of the diagrams
produced depends not only upon the operator and operand but also upon
the modus operandi. Consider for a moment the operator (9s,9s,05) and
the operand (z,4,z;)>. In the example above given the operator and operand
when factorized are shewn by the method in which they were written; but
we might also have written them in the forms

(0,025) (02,025 (02,0zy) and  (@,@3) (21%5) (%, 25),
the operator factors being performed in the order (3z,0z,), (02,0z,), (0z,02,)-

Here it is seen that the performance of (2,,0,,) does not give the number 1
in the first row of a diagram of 3 rows and 3 columns; for we associate
the number 1 with the deletion of #, from a factor of the operand; further
the subsequent operation of (9,0z,) cannot lead to the number 2 in the
second row, and lastly the final operation of (9;,8,,) cannot lead to a number 3
in the third or last row. Moreover from the way in which the operand has
been factorized the numbers 1, 2, 3 cannot find places in the first, second and
third columns of a diagram respectively. Hence the diagrams possess the
properties :

(i) the first row and first column each contain the two numbers 2, 3,

(i) the second ,  second ” » » » 3,1,
(ii1) the third »  third » ” » » 1,3
The system of eight diagrams to which we are led 1s:
L]
3 2 3 2 3 2 2 3
3 1 3 1 3 1 3 1
2 1 1 2 |1 1| 2
32 E | 2 2 | 3 32
301 ! 31 301 31
1 2 l 2 1 21 21
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equi-numerous with those derived from the modus operands
(02,0502, (21 2273)",

which possess the property that in a diagram of two rows and two columns
the numbers 1, 2, 3 appear once in each row and once in each column without
any restriction. These eight diagrams are :

21| 3 3 |21 31 2 2 |31
3 |21 21 | 3 2 |31 31} 2

321 1 |32 321 321
1 |32 32 |1 321 321

The fact that the two sets comprise the same number of diagrams is at
once evident from the method employed ; it might be otherwise troublesome
to establish.

194. Again keeping to the same operator and operand we may take the
modus operands to be

(02,02,) (02302,) (0,0z) (12,55’
and be led to the same number of diagrams, viz. 8. These diagrams possess
the properties:
(i) they have 3 rows and 2 columns,
(i) each column exhibits the numbers 1, 2, 3,

(iil) the sth row does not exhibit the number s where s has the values

1,23
The eight diagrams are:
2 |3 3|2 2|3 3| 2
3 1 1 3 31 31
1 2 2 1 21 21
| 32 32 32 32
1 3 31 311 31
21 1 2 21 2 1

If the modus operandr had been
(0,030 )* (@3 @s) (2125) (212)



230 INTRODUCTION OF SYMMETRIC FUNCTION OPERATORS  [SECT. V

the diagrams would have been those last written rotated counter-clockwise
through a right angle.

This does not exhaust the sets of diagrams obtainable from this operator
and operand which are enumerated by the number 8.

It will be evident that a very large number of theorems concerning
distributions in the cells of rectangular lattices are obtainable from a con-
sideration of the operator and operand

(02,0z4+++02,)™ and (@,2,...2,)"

and the innumerable modi operandi. These theorems all refer to equi-
numerous sets of diagrams.

196. We next introduce the differential operators d,, D, which we
studied ih Section II. Suitable operands will clearly be the associated
symmetric functions expressed in the notation of partitions. If a,, a,, as, ..
be the elementary symmetric functions of the quantities a,, a,, a;, ... @,

dy =04, + 1104, + AxOgy + - ..,
dy = 0a, + ,04,,, + @200,y + -+, .

1 8
‘Dll:';—! (dl)x

where (d}) is an operator of order s obtained by symbolical multiplication.

Taking as operator D! and as operand (1)* and remembering the law of
operation of D, upon a product of symmetric functions expressed in the
partition notation we see that the effect of D, upon (1)* or upon

oO»H@O@A)...

is to obliterate one of the factors in all possible ways and by summation to
obtain » (1), This shews that we proceed to the same system of diagrams
as in the case of the operator o7 taken with the operand 2"

This is an example of what one frequently finds in this subject; that
many pairs of operator and operand may be designed which lead to the same
set of diagrams. As a set-off against this however we have already met with
the remarkable circumstance that one pair, operator and operand, may lead
to a large number of different sets of diagrams.

196. We will now suppose that we have to enumerate the permutations
of the quantities in afa7s...az». We are at once led to design

as operator Dy, D, ... D, and as operand (1),

where S =n.
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. n!
7 — P — 1 )
Since ayr=..+ Tl !’S,a;' o ... At .,

T

n!
e L (g e ) + e
m ). !

=...+
and D, D,,... Dy, (mmy... m0) =1,

n!
el !’
!y !

it is clear that D, D,,...D,, (1=
giving the number of diagrams to which we must be led.

Suppose for convenience that the operators I are performed in the order
D,,, Du,, ... D,,. The operation of 7, upon (1)* is performed by striking
out 7, factors in all possible ways from the product (of n factors)

M@ M®...
and then adding. We thus get

(o

and in obtaining this we have broken up the operation of D, into (::)
1
minor operations. These may be represented by the first rows of diagrams

and we thus obtain <:) different first rows, one of which may be
1

1|1 1 1|1 (number of units = ).

The term considered is now
@OEOMEO@EEHMA)...,
as it appears when the m, factors have been obliterated in the particular
manner under view.

The operation of D,, is performed upon each of the (;’:) terms, each of
1
which has n —r, factors, by striking out =, factors in all the ways possible.

. . . n =1, .
This can be done in each case in ( - ‘) ways and therefore in each case
2

can be broken up into (n;m) minor operations. Altogether D, D,, has
2

—'rr]) n!
T my !l (n —my —ry)!

been broken up into (::) (n minor operations.
1

n— . . . . .
Suppose that one of the ( Ww‘) minor operations associated with D, is
2

performed upon the particular term

@OEO@OE @) ) () DQA)-..,
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the result may be the striking out of the factors in the third, eighth, ninth
and other places (m, in number). This would yield a diagram of two rows

1 1

111 (number of units = r,),

|
1 i 1 (number of units = ),

. n!
which is one of the - Y N |
mlml(n—m —m,)!

spond to the like number of minor operations into which the double operation
D,, D,, has been broken up.

diagrams of two rows which corre-

Proceeding in this manner we finally arrive at a diagram of n rows and
n columns such that there is one and only one unit in each column while the
numbers of units in the 1st, 2nd, ... nth rows are m,, 7, ms, ... mp respectively.
We thus obtain

n!
il oy,

diagrams of this nature corresponding to the like number of permutations of
the quantities in afafs .., a».

197. Let us now consider the problem of placing units in the compart-
ments of a lattice of m rows and [ columns, not more than one unit in each,
in such wise that we can count u,, uy, ... msy units in the successive rows and
M, Ag, ... A; units in the successive columns.

Clearly Su=3I. We take
as operator Dy Dy,... D,,,, as operand (1) (1%) ... (1%),
It will be gathered from Section II that if
AMYAM) AN =+ A (apin e o) F oees

then Dy, Dy, ... Dy, (1M) (1) ... (1M = 4,
and we shall shew that 4 enumerates the lattices under consideration.

Since the operand involves only units

D, = D(ln.),

that is to say when D,, operates upon the operand it does so by selecting
e units in all possible ways from the operand, taking care to select one unit
only from each factor of the operand. We may assume pu,, g, ... to be in
descending order of magnitude and then u, must be equal to or less than I;
otherwise there will be no diagrams, as 4 will be zero.

Commencing with D,, we pick out the u, units in each of the (’i)

possible ways and select one of them for the first row of a diagram; we
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follow with D,, and operate with it on the selected term, picking out another
4 units, and so on until finally we have completed one diagram which
naturally possesses the desired properties. Each of the A diagrams can be
similarly formed and thus the diagrams in question are enumerated by

D.,D,,... D, (1M) (14) ... (1%).

Ex. gr. Take
kl=3: M=2, ka"-‘"la F‘1=2’ /"2=2) f"‘.l=1: “6‘_'1’
finding 1)@ Q) = asa,0, = ... + 8(2211) + ...
because DiDiayaza, = 8.
The eight diagrams are
11| 1 l1 1 1]
S —_ | - e
11 l1 )1 1 11
o ES N 1
I T T i
1 1 1 i 11| |
Eur S T
1 T rﬁ L
1 1 ! ! 1 L * 1

There are 2,2, 1, 1 units in the successive rows and 3, 2, 1 units in the
successive columns. No others possess the desired property.

198. We can now apply the method so as to be an instrument of
reciprocation in algebra. If we rotate the diagrams through a right angle
so that they read by rows as they formerly did by columns, the effect is to
interchange the set of numbers \;, A, ... \; with the set u;, p, ... pm and the
number of diagrams is not altered. Hence the reciprocal theorem:

“If (I AM) . () =+ A (paptae e o) + 2o
then (I=)(Im) ... (1em) = ...+ A (A e N + 2007
a well-known theorem of symmetry which has been established in a previous
gection; but notice that when we first met with 1t the number 4 was
associated with the number of distributions of objects of type (A1Aq...A;) into
parcels of type (#aptq. .. m), D0 two objects of a kind being in any one parcel.
Here it is associated with the distribution of units in the cells of a given
lattice under prescribed conditions. The easy intuitive nature of this proof
of the theorem is quite remarkable.
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199. In the above the magnitude of the numbers, appearing in the cells
of the lattice, has been restricted so as not to exceed unity.
This restriction is removed in the following manner:

Consider the homogeneous product sums of the quantities &y, &, as, ...,
viz. hy, hg, hs, ... and recall the result of Section III, Art. 61,

Dth = hA—a:
a.nd 8,180 D,h).l h,\’ e h;\, = Zh’)‘l"ﬂ hAg_qg e h)\,_,,,

where (0,0,...07) is a partition of s and the sum is taken for all such par-
titions and for a particular partition for all ways of operating upon the
suffixes with the parts of the partition.

We take
as operator Dy D,, ... D,, as operand hyh,, ... hy,

and commencing by operating with D,, we operate with every partition of u,
upon the suffixes of the operand as above explained. We thus obtain the
first row of a diagram

‘ oy | oy | oy ULJ, o ’ (20’=p.1).

The particular term associated with this first row is then the subject of
operation by D,, and, selecting one of the resulting terms, we derive a second
row of the diagram

oy o3 | O3 o4 (4] (20’ = ,Uq),

TL | Te | T3 | T4 T (2.,.____ l"ﬂ)

Proceeding similarly till we have completed a lattice of m rows and
! columns we reach one of the diagrams possessing the property that the
sums of the numbers in the successive rows are u,, s, ... wm and in the
successive columns A;, A4, ... A, no restriction being placed upon the mag-
nitude of the numbers.

Now if haghag...hay=..+ B (paphe pim) + .+,
we have Dy D,,...D,, (hahay...hy)=B.
B enumerates the diagrams in question.
We can of course rotate the diagram and establish that
hyhy by = ..+ BN M)+,

another law of symmetry being evolved. This has been previously
established in another manner in Section IL
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Ex. gr. We have D3 Dihyhoh, = 18,
hohoby = ... +18(221) +...,
. Whi=...+18(321)+...,
we have therefore 18 diagrams; eight of these in which the compartment
numbers do not exceed unity have been depicted above; the remaining ten
are

2 2 2 2 2
2 2 1| | |11 11

1 T 1 1 T 1 1

FEE 1 1| 1

2 2 9 g 2
11| (1] 1] |2 T 1 1
R B ENREE

1 — | T | 1

B ]

200. We may consider the same problem with a restriction k upon the
magnitude of the compartment numbers; & is to be an upper limit.

Let %, denote the homogeneous product sum of order s in which none of
the quantities a,, a,, a,, ... is raised to a higher power than %.
Ex. gr. if k=2; ky=(21) + (1*) and not (3) +(21) +(1?).
We have
D,k, = k,_, where \ is equal to or less than both k and s,
Dyky=0if A>k or >s.

Take
as operator Dy, D,,...D,,, as operand kxkn,...kx,.

We shall obtain a number of diagrams of m rows and ! columns which
possess the property that the sums of the numbers in the successive rows are
a1, Mg, .. pm and in the successive columns A;, Ay, ... Ay, the magnitude of the

compartment numbers not exceeding k.
The number of such diagrams is
D, Dy,... Dy, korkony... Her, = C,
where kafrg.. lony=.. + C (pappoe..pim) + ...
By rotating the lattices we thence find that
buloug .. Ty = oo + O (M Na . M) + .
establishing another law of symmetry in symmetrical algebra.
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201 It is clear that any specification of réstrictions in regard to the
magnitude of the compartment numbers must similarly lead to a law of
algebraic symmetry, provided that the operator is suitably adapted to the
operand. Thus suppose that unity is not to be present. We may take b,
equal to the sum of the monomial symmetric functions whose partitions are

free from unity and then of course we must omit D, from the operator, and
taking
as operator Dy, D, ... D,,, as operand by ba,...bx,

we readily find the law of symmetry shewn by the relations
bubugeo b=+ E (Mg M) + .o
babage - bu=-..+ E (tapo..- ) + - .-,

wherein unity does not appear in the partitions.

202. It may be gathered from what has been said that every case of
symmetric function multiplication is connected with a theory of distribution
in the cells of a lattice.

In some cases we are led to but a single diagram. For example take
as operator DyDiD,, as operand (1¢) (1%) (1),
(32°1) and (481) being conjugate partitions.

Operating with D, by picking out unity from each factor of the operand
we obtain (12) (1%) with a first row of a diagram, viz. :

{111}

The operation of D, now gives (1?)(1) and a second row

]

and proceeding we finally obtain the single diagram

) 1 1 1
1 1
1 1
1

which is none other than the graph of the partition (32°1) or of (431)
according as it is read by rows or by columns. We might also have operated
with D,D,D, upon (1*)(1%*(1); and in general if (mmyms...), (prpeps---)
be conjugate partitions we obtain their graphs either by operating with
D, D, D,,... upon (17) (1#)(1#)... or with D, D, D, ... upon (1) (17)(1™)....
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203. We will now consider a general question. Take
as operator Dy, D, D,...,
as operand (M v;...) Agpava...) Aspta¥s...) .. (Rgftg¥y...).

where pHg+r+..=3A+3Zp+3v+....
We have
Dy DyD,...(Mmvy...) (Aaptgvye ) oo (Apptgy... ) =4,
where

Mpavyen) Mapie?y. ) oo Ngptsty ) = o + A (pgr...) + ...

If the partition (pgr...) contains ¢ parts we are led to lattices of s columns
and ¢ rows. The operator D, acts through its various partitions upon the
product of monomial functions and any mode of picking out a partition of p
from the factors, one part from each factor, constitutes a minor operation, of
the major operation I),, which yields the row of a diagram. D, is similarly
responsible for all the second rows of the diagrams and so forth ; finally every
diagram which results possesses properties which are defined in the following
manner :

(i) the numbers in the diagram are the whole assemblage
A11 F’l! VJ: e XQ) F‘!: Vﬂ) e kl) f“!’ Vh oo s

(i1) the numbers in the successive rows are compositions of the numbers
P, q, 7, ... respectively ;

(iii) the numbers in the successive columns are

Aby May Viy ooey Agy Moy Vay enny oo Mgy My, Uy oen 'y
respectively.
Ex. gr. Take
as operator Dy, Dy, Dy;, as operand (987) (654) (321),
where 587)(654) (321) =... + 6 (17.15.13) +....
The six diagrams are
705 1_i 7151 742
81413 9 |42 8|61
BGE 5 6 3| |95 3
7 4 2 8 | 4 1 8 | 4 1
9156 |1 716 2 7158 3
8|6 |3 9|5 3 96 2

In the first, second and third rows there are partitions of 18, 15 and 17
respectively, while in the successive columns are numbers 7, 8, 9; 4, 5, 6;
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1, 2, 3 respectively. The number 6 may be determined algebraically by
expressing both operator and operand in terms of the elementary functions
and actually performing the differentiations.

The reader must now notice that a theorem of symmetry does not result
from the mere rotation of the lattices, because such rotation does not exhibit

the same collections of numbers in the respective columns. For example
after rotation in the first column we find three collections, viz. 7,5,1; 7,4,2;

8,4, 1
There is however a beautiful symmetrical theorem which a close examina-
tion of a particular case will lead us to.

Write Mtmtn+...=A
ANt petrpt+...=p,
M+pt+v;+...=v,

...........................

and consider diagrams satisfying the conditions:

(i) the numbers in the compartments are the assemblage

Mo 1y Vi oo s Nuy flyy Vgy oons oo Mgy fhgy Vgy oee s
(ii) the numbers A, w, v, ... appertaining to the columns and the numbers
P, @ 7, ... appertaining to the rows arc unaltered.

These conditions do not define the lattices under examination above
because other lattices comply with them, viz. those in which the whole
assemblage of compartment numbers remaining unchanged the column
numbers while satisfying the condition (ii) are other than

Nis M1 Vraeees Agy My, Vgy oo s oo Ngy g, Vg oeen

We may have other collections of numbers drawn from the given

assemblage such that
MAw =,

o N+ =p,
AN+ +v =,

...........................

the assemblage of dashed letters being in some order identical with the
assemblage of undashed letters.

The new conditions include lattices enumerated by
DyDyDy.. (N iy v ) (N v o) oo (N g v L),
and the totality of lattices implied by them is enumerated by
DpDeDy...2 (M vy ) Mg e o) o (N g0 L),
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the summation being for every separation of the assemblage of numbers

MM Vye AgligVqeee oot NgfhsVs...
into partitions A v ), vy ), v (N s L),
such that M v+ =

A v =0
A Ay v A=,

or, as it is convenient to say and moreover consistent with the previous
nomenclature, for every separation of the given assemblage of numbers which

has the specification (Auv...).

We may now assert that the successive row numbers have a specification
(pqr...) and the successive column numbers a specification (Auv...) and we
may now define lattices as follows: :

(i) The numbers occurring in the compartments of a lattice of s columns
and ¢ rows are those of the assemblage

k‘ly My Vyy oo 7\‘3) Hzs Vgy eoe ooe A'S) Hs)s Vgy eoee
(i) The successive row and successive column numbers have the sums
[ B D W RS AR respectively.
We will now consider a particular case in order to find the condition for
a symmetrical theorem due to rotation of lattices.

Let the assemblage of numbers be 2, 2, 1, 1 and consider the two results
2rAr=...+6(2)+...; (2r(1)=...+221)+...
derived from D5 (2)2(1)?=6, D3Dj(2)*(1*) =2 respectively.

In the first case the row and column specifications are (222), (2211), and
in the second case (2211), (222) respectively.

The first yields the six diagrams

2 2 2
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and the second the two diagrams .o

2 2

1
1

The first pair of these would be derived from DiDj(2)(1%)(2) and the
second pair from DD?(1)*(2)(2). Hence it appears that to obtain identity
of enumeration we must multiply (2)*(1?) by a number equal to the number
of ways of permuting its factors; in the present case the whole of the
permutations are involved, but reflexion shews that we have only to consider
the permutations amongst factors which have the same specification (compare
also Section II, Art. 46). Thus for a symmetrical theorem we must use
(2)* (1)* and (2)*(1?) with the multipliers 1 and 3 respectively.

Let then an operand be
(L) (Lays. .. (M)™ (Myyms... ... ,

(L,), (Ly), ... on the one hand and (M), (M,), ... on the other denoting par-
titions of the same weight. We attach a coefficient

(L+l+...)! (m+my+...)!
LiLt... ° mlmgtl...

vee

Let any operand so tultiplied be denoted by the operand with the prefix
Co. The law of symmetry is then:

“From a given finite assemblage of numbers construct all the products
Mapavyo) Mppava. ) Ngpsvs...). ..
which have a given specification (Awv...), and further all the products
Prie) (P2gereees) (PsGsTs. o)
which have a given specification (pgr...); then if
2 Co Mpvye-s) Aaptava. ) AaptgVye)eve =oes + A (Pgr...) + ...
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we have also
ZCo(pqary.) (Pagas. o) (Ps@a?s.) o= coe + A v ) + ..,

and the number 4 is represented by a set of 4 diagrams constructed
according to definite laws.”

204. So far the operations have becn those of the infinitesimal calculus,
and the numbers involved in the partitions of the functions have been positive
integers, excluding zero. If we admit zero as a part in the partitions we have
to do with the operations of the calculus of finite differences.

At the commencement of this section it was shewn that 9, is a selective
symbol of operation, for when the operand is a power of z, the said power
being positive and integral, it has the effect of summing the results obtained
by substituting unity for z in all possible ways in the product of z’s. The
corresponding operator of the calculus of finite differences, viz. A, has the
effect of substituting unity for one «, two &'s, three &’s, ete. in all possible
ways and then summing the results. Thus

A=1l.x.2+2.l.e+z.0.1+1.1.2+1.2.14+2.1.1+1.1.1
This sinple fact indicates that we may expect a corresponding theory of
diagrams whose compartments are lettered or numbered according to definite
laws. Morcover directly we introduce zero as a part into the partitions of
our symmetric functions we find that our differential operators become

effectively equivalent to those of the calculus of finite differences; for remark
the result derived from Section II, Art. 53,

Dy (0= () (0)(0) + (0) (=) (0) + (0) (0) (+) + () (+) (0) + (=) (0) ()
+(0) () () + () (=) (*)
=3(0)¢+3(0)+1,

and compare it with
Ax? = 32* + 3z + 1.

In fact we recall that if the symmetric functions are formed from n quantities,
do=10n, Dy=em—1,
so that the operations D, d,, 1+ D,
of Section II correspond to the operations
A, On, E
of the calculus of finite differences.

If we consider partitions which only involve zero parts, we have only to
deal with finite difference operations; if we have other integers, we have to do
with mixed operations drawn both from the finite and from the infinitesimal

M. A, 16
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calculus. The important point to notice is that the importation into sym-
metric function theory of the zero part and of the corresponding zero operator
relieves us from the necessity of making any direct reference to the calculus

of finite differences or of making use of its special operative symbols.
The reader should make a few comparisons like the following :
am=pn—1)n—2)...(n = m+1)=m!(0™),,
nm= = (m —1) 1 (0" )y,
D™ = Dym | (0™),, = m ! (™), = mn™Y,
to be compared with the well-known formula
An'™ = mpm-n,
and also satisfy himself of the equivalence of the relations
d, =log (1 + D,),
0n=log (1 + A).

205. Consider the lattice theory reached by taking
as operator D3, as operand (0*) (0#)(0”)....

The operand when multiplicd out will appear in the form of a lincar function
of (0), (0A), ... (OMwtrte) the coefficients being all positive integers (cf.
Section II, Art. 53); the numbers A, g, v, ... are supposed to be in descending
order of magnitude and s clearly is limited to be one of the numbers

A+ oAt p+r+.

To find therein the coefficient of (0f) we operate with Dj and the number in
question is the resulting numerical term. If the factors (0%), (0#), (0%), ... be
t in number we are concerned with lattices of s rows and ¢ columns. The
first, operation of D), results in a first row whose compartments contain ¢ or
fewer zeros placed in any manner, so that not more than one zero is in each’
compartment. In fact the first row is specified by a composition of zero
into exactly t parts,a zero denoted by w being permissible as a part
(cf. Section II, Art. 55).

The first row of ¢ compartments will therefore be of the form

| 0|0|lw|{O]O

the zero 0 appearing at least once, and (@00w00...) being a composition of
zero into ewactly t parts as defined. The number of such compositions is
2t —1 (cf. Section II, Art. 55).

Each succeeding row will involve a composition of zero similarly defined
and the complete diagram will be subject to the condition that the successive



CH. 1I] CONNEXION WITH UNITARY COMPOSITIONS 243

columns must involve A, g, v, ... zeros O respectively. The number of such

diagrams must be
{D5 (0%)(0#)(0%)....}nmo,

or - C)-,

or symbolically (e — 1) (g) <2) (2) vees

n of course being the number of quantities appertaining to the symmetric
functions.

Ex. gr. (0% (Oy

and the cight diagrams are

80+,

0| o | | ® 0 0 0 | @ 0| @ 0 o 0 0 | 0

0 0 0 0 0| @ 0 0 0 0 ® 0 0 0 0 @
J

0]0]0] e 0/0]wl0 0 w|O0]O olo]olo

0 ® @ o 0| w 0 ® 0 0 ® ) 0] o | @ ®

As a theorem of enumeration the symbols 0, @ may have any significance ;
the only essential is that they shall be differcnt. Thus we may put 0, ©
equal to 1, 0 respectively and then we see that the first of the diagrams may
be represented by the composition (1000, 1111) of the multipartite number
(2111). The other seven diagrams will be denoted by (1100, 1011),
(1010, 1101), (1001, 1110), (1110, 1001), (1101, 1010), (1011, 1100),
(1111, 1000) respectively, and these constitute the complete set of com-
positions of the multipartite number (2111) into exactly two parts, the
magnitudes of the constituents of the parts being limited so as not to
exceed unity. We may call such compositions “unitary,” and we clearly
are led to the general theorem:

“The coefficient, of (0¢) in the development of the product
(0% (0%) (0%)...
is equal to the number of unitary compositions of the multipartite number
) (Apv...)
into exactly s parts!”

It will be noted that the word “exactly ” appears in the theorem because
in the transformed diagrams the number unity must appear at least once in
each row. The theorem itself is a direct consequence of the “composition ”

definition of the operation of ), upon a product.
189
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208. It is very interesting to contrast the result just reached with that
which arises from the process
D; (1M (A#(aY)...,
the numbers A, g, v, ... being ¢ in number, and
Adpu+v+..=8

Recalling ante Art. 196 it will be remembered that we had to do with
lattices of s rows and ¢ columns ; that the diagrams were such that one unit
only appeared in each row, while therc were X, g, v, ... units in the successive
columns. Again the process

D,, Dy D,y...(1%) (1#) (1%)...,
the numbers ,, m,, 7, ... being & in number and the numbers A, g, v, ... ¢ in
number, led to lattices of s rows and ¢ columns such that of identical symbols
the successive rows involved o, m,, m;, ... respectively and the successive
columns A, u, », ... respectively.

In regard to the first of these it is clear that we may denote the diagrams
by the compositions of the multipartite number (\uv...) into exactly s parts,
each part containing but a single unit; we may call such compositions single-
unitary, and we have the theorem that the number of single-unitary com-

positions of the multipartite number (Auw...) into exactly s parts is given by
the coefficient of (1¢) in the development of (1*) (1#)(1*)....

Ex. gr. (1) (12) = ... + 10(1®),

and it is clear that derived from the unitary partition (10, 10, 10, 01, 01) of
the multipartite (32) there are precisely ten compositions corresponding to
the ten permutations of the parts of the partition.

As to the second we are conducted to an interesting relationship between
the coefficients in the developments of (1*)(1#)(1*)... and of (0*)(0*) (0*).,.
respectively. For, as we have seen, in the diagrams connected with the
multiplication (0%)(0#) (0%)... we may take the symbols to be 1 and 0, the
conditions being for the coefficient of (0?):

(i) that each row is to contain at least one unit,
(ii) that the successive columns are to contain A, w, v,... units respectively.

Also for the multiplication (1*) (1#) (1*)... we may take the diagram symbols
to be 1 and 0, the conditions being for the coefficient of (mym,m;...):

(1) that the successive rows are to involve mr, g, 73, ... units respectively,
(ii) that the successive columns are to involve A, u, »,... units respectively.

In both cases the diagrams have s rows and ¢-columns. and of course there
are s numbers m,, my, m;, ....
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If we take any partition of A+ u+v+... into exactly s parts, viz.
(mymemy...), and from it derive every composition of A+ +v+... which
involves the parts w,, my, m;,..., we can proceed to a diagram of the zero
multiplication from every such composition; for the rows of the unitary
diagrams can be permuted without going outside of the zero diagrams, and
this will be the case for every partition of A+ u + v+ ... into exactly s parts.

Hence, if (0% (0%) (0%)...=... 4+ B,(0°) +...,

@A AY) o=+ A, (Mg )+ Ay (/) + L
where (m,7,...), (m/m,...), ... are all partitions containing exactly s parts, we

must have
Be = me,... Avr,fr,.... + Pw,’n,’...Ar.'ar,’.“ + ..

where P, , . denotes the number of compositions which involve the numbers
My, My, +.., OF in other words the number of ways of permuting those numbers.

Ex. gr. we have the formula
1) (1)A)=(31)+ 2 (2%) + 5 (21°%) + 12 (1¢),
and we can immediately deduce the corresponding formula for (0%) (0) (0), for
write

(0%)(0) (0) = B; (0*) + B, (0%) + B, (0).

To find B, we take the terms (31), 2(2%), multiply each coefficient by the
number of ways of permuting the numbers in the partition to which each is
attached and then add ; therefore

B,=2x1+1x2=4,
because (31) has two permutations and (2%) one.
Also By =3 x 5 because (21?) has three permutations,
and B, =12 because (1¢) has one permutation.
Hence (07) (0) (0) = 4(0%) + 15 (0%) + 12 (0%)



CHAPTER III
THE THEORY OF THE LATIN SQUARE

207. The applications of the method, which has been explained, to
problems of a chess-board character which will now be made are of a special
kind and possess considerable historical interest.

Euler in 1782 in Verkandelingen witgegeven door het Zeeuwsch Genootschap
der Wetenschappen te Viissingen, vol. 9, has a paper entitled “ Recherches sur
une nouvelle espéce de Quarrés Magiques.” He commences as follows:

“Une question fort curieuse qui a exercé pendant quelque temps la
sagacité de bien du monde, m’a engagé & faire les recherches suivantes, qui
semblent ouvrir une nouvelle carriére dans 1'Analyse et en particulier dans
la doctrine des combinaisons. Cectte question rouloit sur une assemblée de
36 officiers de six différens grades et tirés de six Régimens différens, qu'il
s'agissoit de ranger dans un quarré, de manitre que sur chaque ligne tant
horizontale que verticale il se trouva six officiers tant de différens caractéres
que de Régimens différens. Or aprés toutes les peines qu'on s'est donné
pour résoudre ce Probléme on a été obligé de reconnoitre qu'un tel arrange-
ment est absolument impossible, quoiqu’on ne puisse pas en donner de
démonstration rigoureuse.”

. He denotes the six regiments by the Latin letters a, b, ¢, d, ¢, f and the’
six ranks or grades by the Greek letters a, B, v, §, ¢, £ and remarks that the
character of an officeis determined by two letters, the one Latin and the
other Greek, and that the problem consists in arranging the 36 combinations

ae af ay ad ae al
ba BB by b8 be B¢

ca cB cy 8 ce ¢t
da dB dy d§ de d¢

ea e ey ed e el
Jao /8 fv S fe R

in a square in such manner that every row and .every column contains the
six Latin as well as the six Greek letters.
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He finds no solution of this particular problem and gives his opinion that
none is obtainable when the order of the square is of the form 2 mod 4. He
observes that the first step is to arrange the Latin letters in a square so that
no letter is missing either from any row or from any column. Such a square
of the order 4 is for instance

a b ¢ d
b d a ¢
c a d b
d c b a

the four different letters appearing in each row and in each column.

He and subsequent writers have called such squares “ Latin Squares,” and
we have the question as to their enumeration for a given order. In regard
to this matter he writes:

« J’observe encore & cette occasion que le parfait dénombrement de tous
les cas possibles de variations semblables seroit un objet digne de lattention
des Géometres, dautant plus que tous les principes connus dans la doctrine
des combinaisons n'y scauroient préter le moindre secours.”

And again :

« J'avois observé ci-dessus, quun parfait dénombrement de toutes les
variations possibles des quarrés latins seroit une question trés importante,
mais qui me paroissoit extrémement difficile et presque impossible des que
le nombre n surpassoit 5. Pour approcher de cette énumération il faudroit
commencer par cette question: En combien de manibres différentes, la
premiére bande horizontale étant donnée, peut-on varier la seconde bande
horizontale pour chaque nombre proposé n?”

Euler in fact gives a solution of the question proposed in the last part of
the extract quoted. It is the well-known problem of derangements, known
in France as the “Probleme des rencontres”; it was first proposed by
Montmort, and many solutions have been given since Euler’s time. The
complete solution of a problem in which it is included as a particular case
is given in Section III of this work. Yet another solution is given in the
present chapter.

Cayley in 1890 reviewed what had been written on the subject of the
Latin Square and remarked upon the difficulty, given two rows of a square,
of finding the number of arrangements possible for the third row and adds
“the difficulty of course increases for the next following lines.”

The “ Probléme des ménages ” involves to a limited degree the considera-
tion of the second and third lines of the square (see post Art. 214).

The method of operators with which we were concerned in the preceding
chapter is peculiarly adapted to the discussion of these and similar questions.
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Of the problem of the Latin Square two distinct solutions will be found,
and there will be no difficulty in determining the number of arrangements of
the (s + 1)th row of the square when the first s rows are given.

It will be found possible to generalize the problem and also to give a
useful discussion of the far more difficult question of enumeration connected
with the Greeco-Latin Square of Euler.

208. From any given Latin Square we can form n!(n—1)! others by
permnuting the columns in n! ways and the last n—1 rows in (n —1)! ways.
The whole number of Latin Squares will therefore be a multiple of n!(n — 1)!.
We may write it n!(n—1)!R,, where R, is the number of “reduced Latin
Squares” of the order n, and we may take these to be those squares in which
the first row is @, b, ¢, d, ..., the letters being in alphabetical order and in
which the first column also involves the letters in alphabetical order.

Taking n =4, for simplicity, we construct a symmetric function operand
(abed) (abed) (abed) (abed),

where of course (abed) = Salalasaf, and we must design an operator which
will have the effect of picking out the numbers a, b, ¢, d, one from each
factor of the operand. 1t is clear that Dy pyciqa Will be such if (abed) is the
only partition of « +b+c+d into 4 or fewer parts, which involves the parts
a, b, ¢, d repeated or not. This would not be the case for example if there
existed the relation a=0b+¢ for then, since a+b+c+d=2b+2c+d,
Dy,yiera would operate not only through the medium of the partition
(abed) but also through the partition (b+¢, b+¢, d) or (¢, a, d).

In order that Dy4p4c+a may be effective for the purpose in hand we must
give a, b, ¢, d such numerical values that the coefficient of zatb+e+d ip the

expansion of 2}1 (#® + 2® + a° 4+ 2%)* may be equal to unity.

We are naturally brought to the consideration of the perfect partitions
of numbers and we observe that if (abed) = (8421), the number 15 can be
composed in only one way with the parts 8, 4, 2, 1 repeated or not, when the
number of parts is restricted to be 4 or less, (8421) is a perfect partition of
the number 15 and is the simplest solution of the problem. Many other sets
of numbers would do—for example 19, 8, 2, 1, since the number 30 can be
partitioned in only one way, into 4 or fewer parts, so as to involve only the
numbers 19, 8, 2, 1 repeated or not.

We will suppose then that (abed) is such a partition of @ +b+c+d and

then
Dy iy ycra (abed) (abed) (abed) (abed)

= (sbed) (aecd) (abed) (abes)
+ 23 other terms,
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since we can arrange abed in 24 permutations and pick out the first letter
from the first factor, the second from the second, the third from the third and
the fourth from the fourth factor. '

We have therefore broken up the operation Dgypiesa into 4! minor
operations and we may take for the first row of our diagram any one of
the 4! permutations of abcd. We will select the minor operation which
gives the first row

lcadbl

the corresponding portion of the operand being
(abed) (+bcd) (abee) (ascd).
Operating upon this portion with Dgipiera We can pick out the parts
a, b, ¢, d in a number of ways; one of these gives a second row a, b, ¢, d and
a diagram of two rows

¢ a | d

“ b ¢

the corresponding portion of the operand being now
(ebed) (sscd) (abes) (aece).
Operating again we reach a third row b, d, q, ¢, leaving finally a fourth
row d, ¢, b, a and the complete diagram

a
a b ¢ d
d

dlc|b|a

which is a Latin Square.

It is thus clear that if the numbers a, b, ¢, d be suitably selected, and

Dt ypiora (abed) = I,

I, enumerates the whole number of Latin Squares of the fourth order. It is
clear in fact from the construction of the operand that each column must
contain each of the letters a, b, ¢, d, and from the relation of the operand to
the operator due to a suitable selection of the numbers represented by the
letters that each row also must involve each of the letters.

This discussion is of general application and shews that if the n letters
a, b, ¢, ... be suitably selected and

-D2+b+c+... (abc =1,

I, enumerates the whole of the Latin Squares of order =.

The number of reduced Latin Squares is ~ &

fn—1)!"
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209. The simplest selection it is possible to make for the numbers
a, b, ¢, d, ... is the series of powers of two, 1, 2, 4, 8, 16,...2", and the
theorem then states that the whole number of Latin Squares of order = is

D, (1248...20 1y = T,,.
For the first few orders

I,=1,
I,=12=312!,
I.=(4
I,=52.514!

and if we denote by R, the number of reduced Latin Squares of order n so
that
nt(n-1)'R,=1,,

we find R,=1, R,=1, R,=4, R,=52.
For the third order the form is
abec
bcua
cubd
and for the fourth order the forms are
abed abed abed abed
badec badc beda bdac
cdba cdabd cdabd cadbd
dcabd dcba dabe dcba

it will be observed that all of these forms are self-conjugate in that they read
the same by columnns as by rows. When we come to the order 5 we find that
only six of the forms are self-conjugate, the remainder consisting of twenty-
three conjugate pairs. The six forms are

abecde abcde abecde
bedea bcead beacd
cdeald cedba cadebd
deabec dabdbec dceba
eabced edach edbac
abcde abcecde abcde
bedac bdaec bdeca
cdbea caebd cebad
daechd debca .dcacebd
ecabd ecdabd eadbec



CH. 111] CONSIDERATION OF LATIN RECTANGLES 251

210. To find the number I, we may express both operator and operand
in terms of the elementary symmetric functions and actually carry out the
operation.

Some simplifications may be made. For suppose, for the third order,
d21p=... + LT +...;
we may restrict the number of quantities a,, a,, a;, ... to which the symmetric
functions refer to three and thus reduce the relation to
Blyp=...+I,(444) + ...,
and D,(31)*=6(1) (3)(31),
Di31y=6(31)+12(3)(1),
D@1y =12,
shewing that I,=12.
Similarly we reduce the relation
(8421)¢=... + I,(15, 15, 15, 15) + ...
to (781 =...+ I,(11, 11, 11, 11) + ...,
and thence, without introducing the elementary functions but relying merely
upon the known properties of the operator, establish the result
I,=(42
The calculations for higher orders become impracticable, but we shall find

later in this work that there is a simpler solution of the question depending
upon the symmetric functions of several systems of quantities.

211. We may in general consider Latin Rectangles. A Latin Rectangle
is merely the first s rows of a Latin Square and would then have s rows and
n columns. Latin Rectangles may be reduced as regards columns by always
arranging the first row in alphabetical order. This reduced number is ob-
tained by dividing by n!. We may also reduce them as regards rows by
only considering those which have a first column arranged in alphabetical
order. To obtain this enumeration we must further divide by

(n—=1)!
(n—s8)!’
Consider the Latin Rectangles of 2 rows and » columns which obviously

represent the solution of the “Probléme des rencontres” or the “derange-
ments” of a permutation. Denote the total number by

nl(n—1)n,

so that (n—1)n,, corresponding to rectangles reduced as to columns but
unreduced as regards rows, is the number required by the “Probldme des
rencontres.” '
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Ifa, b, c, d,... be n suitably selected numbers,
Dyipser.. (abe... ) =n!(ebed...) (ascd...) (abed) ( )...
and Daypier.. (sbed...) (ascd...)(abed)( )...

clearly results in a number of terms equal to (n—1)n,, for in forming the
second row, the first being in alphabetical order, the letters a, b, c, ... clearly
cannot appear in the first, second, third, etc. columns respectively.

Hence
n!(n — 1) n, = number of terms resulting from the operation D} p.4... (abe...)™
Each term resulting from the operation is of the form
(cde...) (bde...) (ade...)( )...,

being a product of m functions each of which is denoted by a partition
involving n —2 different parts; and since when we put

a==0=..=1,

N
each term becomes equal to (%) )

it follows that the number of terms which result from the operation is

[Diipics.. (abc...)"]ajmagm =1
nH\" ’
()
1 1y Dhtses e
2 | n \" ’
n! (§—1>

where for brevity a=1 is put for ;== ...=1.

and thence we find

This yields another solution of the problem considered.

The method and reasoning are quite general and lead to the result for
8 TOWS:

(n=1)! = [Disvsot... (@be. .. ) ams
(n—s)! " M(n!)" ’

8!

(n—1)!
(n—s)!
cnumerates the solution of the “Probléme des rencontres” generalized to
s rows, and n, enumerates the number of ways of forming the first s rows of
a Latin Square reduced both as to columns and rows.

where N,

212, The reader will observe that n, is precisely what we have denoted
above by I,, viz. the number of reduced Latin Squares.
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A Latin Square is exactly determined by its first » — 1 rows since n—1
rows determine the nth row. Hence we must have n,_,=n, and to prove
that this does in fact result from the formula, note that

[Dihsesr.. (@be... ) ary

ni(n—1)!n" ’

" = Diypiey... (abe.. )™
" nt(n=1)!

and that in the expression of n, it is superfluous to put a=1 because the
numerator is a mere number and does not involve the quantities a.

Ny =

Now if n,_, = n, we should have
[Drties... (@be.. ) awy =02 D2y (abe... )

The operation D7}, (abe...)" results in a number of terms of the form
(cy) (¢3)...(cn)

D ipies.. (abe...)n,

and since, on putting a =1, the term

This number is clearly

(¢y) (¢y)...(cy) becomes n*,
it follows that the left-hand side is equal to
7D pior... (abe.. )™

213. The general solution of the Latin Squarc may be written
(Saodad...a2 = +nl(n=1)!n,3(a,08...0,)" " + ....

Another solution will appear in Vol. IL

214. We will now consider the “ Probléme des ménages.”
Lucas in his Théorie des Nombres states the question in this manner:

“Des femmes, en nombre n, sont rangées autour d’'une table, dans un
ordre déterminé; on demande quel est le nombre des maniéres de placer
leurs maris respectifs, de telle sorte qu'un homme soit placé entre deux
femmes, sans se trouver & cété de la sienne?”

He then remarks that it is necessary to determine the number of
“ permutations discordantes” with the two permutations

1,2, 3,4,...n—1, n,

2,3,4,5 ...n,1
He says “ Nous ne connaissons aucune solution simple de cette question, dont
I’énoncé donne lieu & 'étude du nombre des permutations discordantes de

deux permutations déja discordantes et plus généralement, du nombre des
permutations discordantes de deux permutations quelconques.”
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Solutions have been given by M. Laisant.and-M. C. Moreau, of which the
most convenient is represented by the difference equation

=D Aa=@ =D A+ (n+ 1) Ny +4 (=)

with the initial values s M) =(1, 2).

215. The reader who has mastered the foregoing solution of the problem
of the Latin Square will have no difficulty in applying the same method here.

Construct for the operand the symmetric function of n factors

(cde...) (ade...) (abe...) ... (bed...an_,),

where the sth factor from the left is deprived of the sth and (s + 1)th letters
of the alphabet, while the last factor is deprived of the nth and 1st letters.

Take as operator Djipic+.. and choose a, b, c, ... to be appropriate
numbers—most simply 1, 2, 4, 8, ... 2",

The operator must clearly pick out permutations of a, b, c, ... from the
factors which are discordant in Lucas’ nieaning with cach of the permutations

a, b cd...an, tny,
bc d e ... an,d.
In fact Dasvtes.. (cde...) (ade...) (abe...)...(bed ... an_,)
=3 Dy, (cde...) Dy, (ade...) Dy, (abe...)... Dy, (bed...a ),
the summation being for every permutation
¥y, Vs, Uz, oee Un
of the letters a b c,.. a,.

The number of products that survive is precisely the number of ménages
denoted, by Lucas, by the symbol A,,.

Each factor of each product is denoted by a partition containing n—3*

literal symbols and for ,=a,=...=1 has the value
. n!
37
Hence

/n \®
[Dasorotn (cd;...)(ade...) (abe...).. o = \3_!)

N\~ |
and A = (3—‘> [Dasbses.. (cde...) (ade...) (abe...)...Jou-

For the calculation we substitute the selected numbers for the letters.

216. On a similar principle we enumerate the number of permutations
which are discordant with any number of given permutations.
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Suppose that the m given permutations are

’ ’ ’ ’
U, Y, Vg, ... Up,

” ” ” ”
vl ’ vﬂ ’ va y v 'U,‘ )

" ", m "
vl ’ vﬂ > 'vs ’ Un

R A SR
which may be either mutually discordant or not.
Of the m letters v, v,”, vy"”, ... v'™ let the different ones be
ug, ug’, ... u® &, in number.
Take for the sth factor of an operand
Dy D, ... Do (a{)cd...a,,),
or in other words the factor (abed...) after it has been deprived of the letters
uy, u,”, . ulk,
Denote by P the operand thus formed; then

Dm+b+c+...1,

must result in a number of terms exactly cqual to the number of permuta-
tions which are discordant with the given permutations.

Proceeding as before the number in question is

fost st lan] e x ersier. Pl

where j,, ju,... js» ... are numbers ascertainable from the given permutations

and 3j=n.

217. A more direct generalization of the “Probleme des ménages” is
obtained by imposing the condition that no husband is to have less than
2m persons between himself and his wife.

In the problem considered above m=1. If m=2 we must enumerate
the permutations discordant with

A, A, G, G, ... Qp—3, Opg, Qp—1, An,
gy A3y Qg gy ooo Anpy, An_y;, Gums o,y
Az, @y QAsy Qg, .. Au—1, Any, Oy, Qg,
Qq, A, Qg, A, ... An, Oy, s, ay,

and we form the product
P,=(as...an) (0,0...0n) (01 @205...0y) ...
(@y...an—0) (@g...0n5) (@5 Ons) (A4 .. Qny),
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the solution being given by :
1\ —*
number = (g) l[l)zal’.]...n

. _ n! » >
and in general number = {W"‘ 0 2} [Dsa Panam-
218. All questions which depend upon the enumeration of the permuta-
tions which are discordant with a given number of permutations can be

better solved by having recourse to the Master Theorem of Section IIIL

Thus for the “ Probléme des ménages” for n =38 we are led through the
determinant

0 0 1
1.0 0
01 0
to the generating function
1

1 waa’
1— a2,

and for n =4 through the determinant

1 00 1 1)
1.0 0 1
110 0
0110 }
to the generating function .

N )
1 — 2y — X0y — By Ty Ty — Ly Xy Ty — Ty Tyilly — Lyl &y

in which we have to evaluate the cocfficients of a2, and 2,22, respec-
tively ; we thus obtain the numbers 1 and 2 corresponding to the arrangements
of tables

H,
W, Wa
H, H,
. u’n
H, H,
W, W, W, W,
H, H, H, H,
W, W, W, W,
H, ¥ 112

Although the Master Theorem is of much more general application the
particular numbers connected with the “Probléme des ménages” are much
more easily obtained from the difference equation quoted. The succession of
numbers is

MMM A M M
1 2 13 80 579. 4738...
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219. The notion of a Latin Rectangle may be generalized. Instead of
n different letters we may have s of one kind, ¢ of another kind and so on; so
that the letters are specified by the partition (st...) of the number «.

Let the letters be atbic....

To obtain a Latin Rectangle of & rows we take 4 permutations of the
letters such that in no column does « occur more than s times, b more than
t times, ¢ more than % times and so on.

The reduced rectangles have the first row and first column in the same
assigned order and evidently we can obtain their number by dividing the
number of unreduced rectangles by

n! ) (n—1)!

in the case when the rectangle is a square and by factors of similar forms in
the other cases.

Examples of such Latin Squares are

aabec aabd aaab
abdca abald aaba
becaa bbua abaa
caabd baba baaa

220. We have Latin Squares and Rectangles associated with every
partition of n; the three, given above, correspond to the partitions (212), (2?),
(31) of 4; we have already considered the case abed corresponding to (1¢4) and
there remains the trivial case auaa which corresponds to the partition (4).

First take the simple case a®'b where (n—1)a+b=w. The numbers
a, b are to be selected in such wise that (a"'0) is the only partition of w
into n or fewer parts drawn from the symbols @, b each any number of times
repeated. [For, that being so, by the law of operation of D,,
D-w (an—lb)n =n (a'n—ab)n—x (an—l).
The appearance of the coefficient » indicates that for unreduced'rectangles

and squares there are n possible first rows; these are obviously the n permu-
tations of a"1.

Also D2 (am by = n(n—1) (an--sb)»—g«a’n-—a)a’

the coefficient n(n —1) indicating that there are n(n—1) possible pairs of
two first rows in unreduced rectangles.

Further Dk (an1b)y = gn—k=1pyn—k (gn—kyk,

n!
(n—k)! («
!
indicating (_ﬁﬁ—kﬁ unreduced rectangles of & rows.

M. A. 17
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Hence D=1 (ar1byr = ! (@) (b),
D? (am byt =n!,
intimating to us Yas is otherwise immediately evident) that the number of
unreduced rectangles of n—1 rows or of squares is n!.

221. We can enumerate the reduced rectangles of k rows because an
examination of the square, based upon aaab figured above, shews that in
Row 1 we have in the reduced rectangle one place for b instead of n places
in the unreduced rectangle; in Row 2, n—2 places instead of n—1; ete.
and in Row k, n — k places instead of n—k+ 1.

Therefore the unreduced rectangles are

n 11-_1 n—2 n—i-ﬁ_lgk-i-l time
1" n—2"n-8" n-k mnes

as numerous as the reduced rectangles. This number is
n! (n—k=1)!

=k (m=2)! "

and so we find that the number of reduced rectangles is

nl o on! (n—k—1)!
M=k (n=k)y!" (n=2)t "
(n—2)! I
or ———-——(“_k_l)!whgre k<n.

If k=n—1 we find that the number of reduced rectangles of »—1 rows
or of squares is (n —2) !

In the formula we may not put k=n because, in that case, the last

fractional factor 'i—;—_’%%l of the divisor must be omitted and the divisor,
in that case, is %(n —1) and this leads to the number

. n!+n(n—-1),
or (n—-2)L

It is in fact sufficient to consider #» — 1 rows because in that case the
square is completely detirmined. ‘

222. If we next proceed to enumerate the Latin Rectangles based upon
anr—3p?
we find that the enumeration and the formation of the rectangle depend
upon
where w=(n - 2)a + 2b.

_D; ( an—? bﬂ)n’
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It will be found that
Dw (un—n bn)n = (;) (an—s bu)n—:: (an—ab)z’

DA, (an—zbz)n = (g’) {(a1l—4b2)n—2 (a"‘“)‘-‘
+2 (n 1— '2) ( an—c[,a)n—:; (a’n—a b)n (an.—n)

("3 %) @by},

and it will be noticed that the right-hand side of the last written relation,
since it contains terms of three different types, is not simply evaluated for
unit values of the quantities aj, &, aj, ... ; moreover the terms will not have
a single type until we reach Dy~ which is the case of the square.

The number of unreduced squares is

Dz) ( an—? bﬂ)n’

and, dividing this number by (;b) (n -2- 1> , we obtain the number of reduced

squares. For the calculation the numbers a, b must be appropriately chosen
or the process will fail. It is necessary for the number w to be composable
in only one way with the numbers a, b repeated or not ; the simplest solution
is to so choose a and b that (a"~2b?) is a perfect partition of (n—2)a + 2b.

We may therefore give «, b the values 3, 1 respectively, for then (3%21%) is a
perfect partition of 3 (n — 2) + 2.

223. Wec obtain a similar result for the enumeration of the Latin
Squares derived from the letters
afag ... af where Ssa=w, 3s=n.

The number of reduced squares is

n! (n-1)!
Dy, (atiage ... age)" + ;
G ) sls!l. ! (s—1)!s!... 8!

and we must choose a,, a,, ... a; so that (atap * af¥) is a perfect partition
of w. Reference to Art. 186 shews that we may take )

=1 a=8+1, aga=(8+1)(&+1),...ap=(8;+ 1)(s,+1)... (8- + 1)

In these squares each row and each column contains the whole of the
letters a?, ag, ... ai.

Ex. gr. If we evaluate D}(3:1?)* we readily find the number 90 for the
17—2
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L. -

enumeration of the Latin Squares based upon a?)* and division by (42’) (‘;’)

or 18 gives 5 for the number of reduced squares. These are

aabbd aabbd aabbd aabbd aabbd
eabbd ababd abbda ababd abba
bbaa baba bbaa bbaa baabd
bbaa bbaa baabd baba bbaa

224, The Latin Squares that have been considered involve the property
that one and only one letter appears in one cell of the lattice. We may have
under view squares which have the property that the letters all occur in each
row and in each column but which are divorced from the restriction as to
the number of letters that may appear in a single cell or compartment.

Take ]

as operator L{, 4, q,, as operand (a,a,...a,)"
where the operator Ly ,,. 4, 1s that studied in Section IT, Chapter IIT which
operates through the medium of the separations of the partition (a,a,... a,).

For simplicity consider
L apea (abed) (abed) (abed) (abed).

Lgpeq) picks out from the operand every separation of (abed), one separate
only from each factor, in all possible ways. These separations are

(abed) (ab) (¢) (@)
(a)(bed)  (ac) (B) (d)
(b) (acd) (ad) () (c)
(¢) (abd) (be) (a) (d)
@ (abe)  (bd)(a) (o)
@) (ed)  (ed)(a)(B)
@) ®d) (@)@
(ad) (be)

fifteen in number. If we consider these separations in the permutations of
their factors we arrive at the notion of the compositions of a partition which
are in the same relation to the separations of a partition as the compositions
of numbers are to the partitions of numbers.

The above fifteen sepagations of the partition (abed) yield 75 compositions
of the partition (abed). If however we include the zero separate () and
regard the separations as all being composed of exactly 4 separates, zero
being included as a separate, the number of compositions to be considered
will be 44 Hence the diagrams will have first rows of 4¢ different kinds. It
is easy to see @ priort that this is so because the letters a, b, ¢, d must occur
once each in the first row, and as there is a choice of 4 compartments for
each of the 4 letters the number of first rows must be 4. Now consider the
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second rows and remember that the letters a, b, ¢, d must only occur once in
each column, Take a particular first row and observe that for each letter
there is now only a choice of three compartments. This shews us that
associated with a particular first row there can be 3¢ second rows. Further
for a particular “first two rows” there can be 2¢ third rows. Finally the
whole number of diagrams is seen to be 4¢.3¢.2¢.1¢ or

(4
In general the diagrams associated with
the operator L% ,, the operand (abed...)"
the number of letters being equal to n, are (n!)" in number.

The enumeration of this particular generalization of the Latin Square
presents no difficulty whatever and the operator and operand are not necessary
for the discussion. It will be observed that the diagrams are the same as
those associated with the operator (3,0, ... 8.,)" and the operand (z:2;... z,)"
(vide Art. 191), and the enumerating number is at once cvident from the

latter process.

The mode of operation of
L('fwcd )

is however worth a few words.

The number of separations of the partition (abed ...) is at once seen to be
equal to the number of partitions of the multipartite number (17). One
is convinced of this directly one writes down the partitions of (1%), for a
one-to-one correspondence with the separations under view is evident.

It follows at once that the number of compositions of the partition
(abed ...) is equal to the number of compositions of the multipartite number
(1. The special properties of these numbers are considered in other parts
of this book.

Next consider

as operator Lt ,, as operand (abed ...)™

and it will be seen that we get the same (m!)* diagrams that in Art. 191

were enumerated by
(04 0y -+ Oy )™ (@13 ... T )™

We may now pass on to consider
" 81 8 syn
as operator L(af.a:g_“a;k), as operand (aad...a)",
a generalization of the case considered in the last Article.

We take S¢ =n and the diagram will have n rows and n columns,
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The partition (aiaf ... a¥) has just as many séparations and compositions
as the multipartite number (5,8, ... s) has partitions and compositions. We
can find an expression for the number of diagrams without making use of
the operator and operand. Consider the letters a,, as, ... a; separately. The
letters a® must be distributed in the n compartments of the first row. The
problem is that of the distribution of s similar objects into n different
parcels—in other words objects of type (s,) into parcels of type (1"). Suppose
that the letters a® occupy exactly i compartments of the row and that in
these ¢ compartments we notice the combinations

an, a, ... agi,
reading the row from left to right. Then Zo=s and (0105...0;) is a
composition of the unipartite number s, into exactly < parts. The number

8 —

of such compositions is (l

> and the number of ways of sclecting ¢ of the

o . .
n compartments is () Hence for a given value of 1 there are
i 3

(s-, - 1) (n) first rows
1 — 1/ \2

and altogether the number of first rows must be
o0
L)+ -+ (D)

Treating af:, afs, ... «f* similarly and then combining the distributions we
see that the operation

8 8, 8
(afaf: ... afk) (ahas:... ak
leads to

(ECDOHE D O-{2 0o )
one-row diagrams.

It is not easy similarly to obtain the number of two-row diagrams, but
there is no difficulty in enumerating the complete diagrams of n rows and
n columns. For having under view merely the letter a, and the aggregate
a® we can enter the s, letters into the diagrams by remarking that the
exponents that appear in the compartments must be such that in each row
and in each column the sum of the exponents must be s,. Hence reference
to Art. 199 shews that the number of such diagrams is

D;
and thus the number of diagrams associated with

n .
8, n
L(,,f‘ afh ... afk) (ataf ... alk)
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is Dyks, . Db, . ... Dok,

for we are at liberty to combine all the diagrams appertaining to the letters
,, @, ... a; separately. These diagrams possess the property that the letters
afaf ... af oceur in each row and in each column without restriction upon

the number of them that may appear in any one compartment. As a veri-
fication observe that if s, =8, =... = 8= 1, k= n the enumeration is given by

(Dphty* or (nl)n

We can clearly take as operand the product of » functions whose partitions
involve n given combinations of the letters a,, as, ... a, say

(By), (By), ... (Bn),
and as operator n separation operators
LiayLiay -+ Liany,
where 4,, 4,, ... 4,, are also given combinations and
AA,...A,=B\B,...B,.

The diagrams then reached are those in which the rows contain the
several combinations 4,, 4,, ... 4, and the columns the several combinations
B, B,, ... B,, and there is no reduction in the number of letters that may
appear in any one compartment.

If the successive row combinations be
atbBich ..., anbPic¥s..,, a%bPschs,..,
and the successive column combinations be
ax’bBer'. .., awbBiev..., a%bficen...,
the reasoning employed establishes a number of diagrams given by
(DayDayDay .. ho hoha,...) (DpyDp;Dg, .. kg hg g, ...)
(Dy;Dyy Dy ..o by by by . ).

and this can be evaluated by means of tables giving the A products in terms
of the single partition symmetric functions.

It will be gathered from Art. 200 that any desired restriction can be
placed upon the magnitudes of the exponents of the letters which appear in
the diagrams.



SECTION VI

THE ENUMERATION OF THE PARTITIONS OF
MULTIPARTITE NUMBERS

CHAPTER 1

ENUMERATION OF THE PARTITIONS OF BIPARTITE NUMBERS

226. The enumeration of the partitions of multipartite numbers which
is sometimes called “compound denumeration” may be studied by a direct
application of the Theory of Distributions which was developed in Section I.
It will be shewn that the enumeration may be made to depend upon the
symmetric function of one or more single systems of quantities. One such
system being

oy, Gy, 0, ...
we write as usual

1

(1 -_— a,a:)(l -_— azw) R - LT + (Izﬁxﬂ— e = 1 -};hl.’?+7};a‘2—:+- ."‘:

’

and employ the system of D operators defined by the relations
Ao =00, + 0104, + CaDgpyy + -,
s! Dy =(d}),
the outer bracket ( ) in which d} is cnclosed denoting as usual algebraic

multiplication which yields an operator of order s and not s successive
operations of the linedr operator, which would be denoted hy (d,).

We first consider the partitions of a bipartite number (pg) and recall that
the partitions are separable into groups which depend upon the partitions of
the unipartite numbers p, q respectively. Thus the partitions of the bi-
partite number (22), nine in number, are separated into four groups:

Gri@, @) ar (), (1)} ar{(12), (2)} ar {(12), (19}
(22) (21, 01) (12, 10) (11, 11)
(20, 02) (20, 01, 01) (10,10,02) (11,10, 01)

(10, 10, 01, 01)



SECT. VI, CH. I] THE CONNECTED THEORY OF DISTRIBUTION 265

in fact if the numbers p, ¢ possess P and  partitions respectively there will
be PQ groups, for every partition of P can be associated with every partition

of Q.
We now study the enumeration of the partitions which appertain to a

given group
Gr {(prpg...), (qege...)),

the two partitions which define the group being partitions of the constituent
numbers p, ¢ of the bipartite (pq).

In such a partition the first element of a bipart may be p, or 0, the
second element may be ¢, or 0. Hence the biparts have one of three forms

(Psg), (ps0), (0gu).
If the first of these forms does not occur the number of biparts will be
S+ 3y

On the other hand if 37 > Sy and the form (0¢;) does not present itself
the number of biparts will be S ; while if 27 < 2y and the form (p,0) is
absent there will be Zy biparts. Thus the maximum number of parts is

S+ 3y,
and the minimum number the greatest of the integers 3ar, Zy.

Suppose p,, p,, ... to denote different objects and ¢, ¢, ... different
parcels; then the collection of objects

(prpie...)
may be spoken of as objects of type

(mm,...),
and the collection of parcels (gxq¥...)
as parcels of type (xixz--+)

If i were equal to 2y, we could distribute the objects into the parcels,
one object into each parcel, in a number of ways which is given by the
expression

Dy Dy,... kA

X17'Xe *

or by the expression D, D,,... hyha,...,

X1=—xe*

where the symbol % has reference to the homogeneous product-sums of a
single system of quantities.

This is the distribution which evidently yields the partitions of the group
which involve exactly S (= Zy) parts. The enumeration of the distributions
gives also the enumeration of those special partitions appertaining to the

group.
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Here however 3o is not in general equal to ¥y and the parts of the
partitions vary in number between the greatest of the integers 2w, Zy and
the integer Zar + .

Suppose that we add, to the objects Sy, objects of species r and, to the
parcels Xar, parcels of species s; so that the objects and parcels are

(prpr ... ™), (ggy ... 8*)
respectively. They are now of types
(M, ... EX), Oaxs - Sm),
and the number of objects is equal to the number of parcels.
Observe that the types are denoted by two partitions of the number
3+ Sy

We will now distribute the objects into the parcels, one object into each
parcel. In this case the notion of the *‘parcel” is not essential. We may
consider two sets of objects of specifications

(mma...2x), (Gxe.. 2m),

and the problem is the enumeration of the sets of duads of objects that can
be formed by making Ear + Xy pairs of objects, each pair consisting of an
object taken from each set of objects.

This problem is precisely the same as that of determining the number of
partitions of the bipartite number (pg) which appertain to the group
{(prpz...) (qoge...)}

To explain this consider the partitions of the bipartite number (33) which
appertain to the group

@1, ).
Here m=1, m=1, Zr=2, =3, Zx=38
We take pi=2, p=1 r=0; ¢=1, s=0,
so that the two sets of objects are
2,1, 0,0, 0,
1,1, 1,00,

respectively.

The first set of objects supplies the left-hand ‘elements of the biparts and
the second set the right-hand elements. To exhibit this we write -

the first set 2%, 1%, O%, Ox, Ox
and the second set %1, %1, %1, %0, *0.
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We have to associate the two sets in pairs in all possible ways, and since
however this is carried out we can always arrange the pairs so that the first
set of objects is in the order

2,100,0,

we will keep this order fixed and permute the objects of the second set so
as to give all possible sets of pairs.

We find that the possible sets are:
21, 11, 01, 00, 00,
21, 10, 01, 01, 00,
20, 11, 01, 01, 00,
20, 10, 01, 01, 01,
from which deleting the zero parts we are left with the four partitions
(21, 11, 01),
(21, 10, 01, 01),
(20, 11, 01, 01),
(20, 10, 01, 01, 01)
of the bipartite (33) which appertain to the group
(1), (19)).

Before deletion of the zero parts we have all the partitions into exactly
five parts, the bipartite zero being admissible as a part.

In general it is clear that we obtain all the partitions into exactly
37+ 3y parts, the bipartite zero being admissible as a part; and after
deletion of the zero parts we obtain the partitions appertaining to the
group, zero not being admissible as a part in a partition.

The Theory of Distributions shews that the number we seek is the
coefficient of the symmetric function

(mymy... Zx)

in the development of the symmetric function product
by hye o hizm,

and equal to Dy Dy,... Dby by, ... 1.,

or to Dy Dy,... D3phy hg,...hs,.

This is a very elegant solution of the problem, for it enables us to
enumerate the partitions in each group by a mere reference to the Tables
which express products of A functions as linear functions of the monomial
symmetric functions of the same weight.
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226. As an example the method is applied to the partitions of the
bipartite (33).

We have

Group ™ ™ Zx X1 X2 Zr Number of Partitions
3,3 1 11 1 Dihi=2, 2
(3, 21) 1 2 1 1 1 D,D,h}=3, 3
(8, 19) 1 . 3 3 1 D,Dhh=2 2
@L3) 1 1 1 1 2 Dihhy =3, 3
(21, 21) 1 1 2 1 1 2 D,Dihhi=1, 7
@,1»% 1 1 3 3 2 D,Dihhy=4, 4
a3 3 . 1 1 . 3 DDhh=2 2
(1L21) 3 . 2 1 1 3  D.Dhh=4 4
(151 3 303 3 Dhi=4, 4
Total 31

Hence the total number of partitions of the bipartite (33) is 31.

To explain the above calculation notice that for the group (21, 21) we

have
D, D3hoht =1,

because the Tables shew that
holi= ... +7(21%)+...,
and thence D,D*h,h*=17.
But, & priori, the calculation is rapid, for
Dby b = BE + hy + 2h% = 3R2 + hy,
D,D,hoh} = D, (3h% + hy) = 6hy + h, = Th,,
D,Dihi=D,.Th, =1,
The formula for the whole of the partitions is
Dih £ D, D, hé + Dy D,hsh, + D3hyh, + D, Db,k
+ Dy Dihshy + Dy Dy hyhy + Dy D,hyhE + D2h2,

and this expression, if we for the moment regard D,, D,, D, as symbols of
numerical magnitude, may be written

(Drhu + Dyt + Dyhs) (Dihy + Dihy + Dyhy).
In the general case the formula for the whole of the partitions is
23D, D,,...Ds by hy,... ke,
the double summation being in regard to the whole of the partitions of both
p and q.
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We at once see that this expression may be algebraically factorized and

be written
(2D, D,,...hzs) (ZDgyhy by,...).

This is the generalization of the particular factorization met with in the
case of the bipartite (33).

The reader will remark particularly that this factorization is symbolic in
character and must be multiplied out and arranged in the original form
before calculation.

By the above method the following numbers have been calculated :
Number partitioned (11) (21) (31) (22) (41) (32) (51) (42) (33)
Number of partitions 2 4 7 9 12 16 19 29 31

Number partitioned (52) (43) (53) (44) (54) (55)
Number of partitions 47 57 97 109 189 336

These numbers agree with those obtained by expanding the generating

function
1

I-a) (1 -y)A-a)(A —ay) (I - ) (1 —2*) 1 —a*y) (I —ay’) (1= y*)..."

227. The distribution of 2w+ Xy objects into Sar+ Sy parcels has
necessarily resulted in our obtaining the whole of the partitions of the
group under view; because the maximum number of parts that such a
partition may have is precisely S+ Sy.

If 7 is by hypothesis ¢ Sy we may if we please make a distribution of
Sm+s objects into Zar +s parcels, where s is any number included in the
series 0, 1, 2, ... 3. The partitions in correspondence are those which
contain Zm+s or fewer parts. These are cnumerated by

D, Dy,...Dyhyhy, ... hse_syis,
a number which also denotes the number of ways of distributing objects of
type (mm,...s) into parcels of type (xaxs... Zm — Sy + ).
From this we learn that the number of partitions of the group
Gr {(prpp--) (e}
which contain exactly 2 + ¢ parts is given by
.D,,l D,,.‘ vee D, h’Xn h'Xz e h;,,_zx+3 - .D,.»l 1),,-a oo D,__l h’x: hx' cee h!n—Ix-H—l ,
or as it may be written
Dy Ds,...{Dyhy by, ... hsn—syrs = Dy_ihy by, hse_gyiss).
Ex. gr. Consider the partitions of the bipartite (44) which appertain to
the group {(211), (211)]. Here m=1, m=2, yy=1, x,=2, Sm= 3x=3.
The whole of the partitions are enumerated by
‘DSDQDlhBh?hI)
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which from the Tables or otherwise in rapid .fashion is found to have the
value twelve.

The twelve partitions are
(22,11, 11)
(21, 12,11)

(22, 11, 10, 01)}

three parts,

(21, 12, 10, 01)

(21, 11, 10, 02) » four parts,
(20, 12, 11, 01)
(20, 11. 11, 02)
(22, 10, 10, 01, 01)
b)
(21, 10, 10, 02, 01) five parts,

(20, 12, 10, 01, 01)[
(20, 11, 10, 02, 01)
(20, 10, 10, 02, 01, 01) six parts.
If we put s =2, we find that the partitions containing five or fewer parts

arc given by DDA — 11
sy = 11,

For four or fewer parts we put s=1 and then
D,Dih,k3 =1,

while for three parts, and there cannot be fewer, we put s =0, giving
D,D,h,h, = 2.

These numbers are consequently verified.

For the whole of the partitions of the bipartite number (44) we enumerate
the partitions involving at most one part by

Dk, =1,
at most two parts by
2D+ Do) (21 + hy) = 13;
at most three parts by

« (D}+3D,D,) (B} + 3hyhy) = 42;
at most four parts by
(2D, D} + D; + D, D, + D,) (2hok3 + B + hohy + hy) =T4;
at most five parts by
(DD + DyDt + Dy Dy + 2D, D) (h3hy + hyhi + hyhy + 2hyhy) = 95 ;
at most six parts by
(Dy D, D, + D Di + 2D, Dy + Dy D) (hyhyhy + hh + 2hhy + hohy) =105 ;
at most seven parts by
(DiD, D+ D, Dy+ Dy Di+ Dy D, + Dy Dy) (hihohy + hyhy+ hyhi 4+ hohy+ hohy) = 108 ;
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at most eight parts by

(Di+ Dy D, D+ Dy D+ Dy Dy + D, D,) (h} + hyhyby + hohi + hhg + hyhy) =109 ;
so that the whole number of partitions is 109 and the enumerations of those
containing exactly 1, 2, 3, 4, 5, 6, 7, 8 parts respectively are given by the

numbers
1, 12, 29, 32, 21, 10, 8, 1.

228. It will be noted that the above expressions break up in every case
into an operator and an operand. This is invariably the case, but the
symmetry between operator and operand is due to the equality of the
numbers which compose the bipart under consideration.

For the bipart (32) the expressions arc

D, h, =1,

2D; (ki + hs) = 6,

2(D} + D,D,+ D)) h,hy, =12,
(D, D} + 2D, D)) (h} + h,hy) =15,

(D, D} + Dy D, + D, D,) (hsh, + hihy) =16,
wherein the symmetry does not exist.
That the operator can always be separated from the operand can be seen
by studying the expression
D, D, ...Dihyhy...hsn_syis;
for if we consider S + s parts, the two groups
(Prps..., goge.-), (Prpr..., @vge...),

yield respectively
Dy Dp,...Dyhy by, bosn_syts,

Dp Dy, ... Dyhy by by sy4s,
which added together become
Dp Dy,...Dy (hy by, .. . hsmesyts+ by by o Bozn—35044)-
Also the two groups
(P qege-), (PIPF @),

yield respectively
ﬂ,'Dn',’ ees Dirr—!rr’-f-a hxlhx, (X h!fr—ix-#‘&»

D":’ D"" e Dg,,_z,,q.“ hx.’hxg‘ ee }Lz,,_:x‘+,,
which added together become
D":' .D,," vee D;,,.,zw'+3 (hX| hx, cee h;,,._};,ﬁ.g + th’ h)(a' e ’Lz'_zx'+,).

Combining this result with the former we find for the four groups a sum
of two operators separated from a sum of two % functions; and evidently the

reasoning is general.
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229. In the next place let us examine 4he effect of employing the
elementary functions a,, a,, a,, ... instead of the homogeneous product-sums

ha, b, b, ...
The distributions enumerated by
D, D,,... D5,y ay,...ds.,

are those of objects of type e
(... EX),
into parcels of type

(X1Xz- -+ 2r), onc object in each parcel,

subject to the restriction that no two similar objects arc to be placed in
similar parcels.

The corresponding partitions of the bipartite number (pg) are thosc which
appertain to the group
{(prpr...), (grge.. )

In these partitions the zero bipart (00) is admissible and no identical
biparts occur. The number of parts in the partitions is Ew+2x.

Taking as an illustration the bipartite number (83) the calculation may
proceed as follows*:

Enumerating Number of Number

Group Expression Partitions of Parts
{3), (3} Diai 2 2
{(3), (21)} D, Dy} 3 3
{(3), (1¥)} D, D,a,«, 0 —
{(21), (3)} Diaya, 3 3
{(21), (21)} DiD,ata, 5 4
{(21), (1%)} D?Dsa,a, 0 —
{(1®), (3)} D, D;a,a, 0 —
{(19), (21)} DyD,dia, 0 —
{(1), 1)} Dia; 0 —

The partitions enumerated by the numbers 2, 8, 8, 5 respectively are
(33,00)  (32,01,00)  (28,10,00) (2. 10, 02, 00)
(30, 03) (31, 02, 00) (13, 20, 00) (22, 10, 01, 00)
(30,02,01)  (03,20,10) (20,02, 10, 01)
(12, 01, 20, 00)
(20, 11, 02, 00)

* Observe, in the calculation, that Dy operating upon & product of less than ¢ elementary
symmetric funotions necessarily produces zero.
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The complete enumerating expression may be placed in the symbolic form
(Dya, + D,a? + D,a;) (D,a, + Dia; + Dya,),
and has the value 13.
In general the symbolic form of
2D, D,,...Ds,a,.q,,...05,

is (3 Dy, Dy,...a3q) x (3 Dgyay,ay,...).

230. Again the distributions, enumerated by the expression
D¢ D,,...Da, ay,... 0s¢—sy+is,

are those of objects of type
' (mymy...8),

into parcels of type
(X1 X2- .. 2 — 3y + ), one object in each parcel,

subject to the restriction that no two similar objects are to be placed in
similar parcels.

The corresponding partitions of the bipartite pg are those which appertain
to the group
{(prpz...), (gege...),

and contain exactly ¥ +s parts, the zero bipart 00 not being excluded
as a possible part, and no particular part (including the part 00) occurs
more than once. In the case of the bipartite number (33) the calculation
is as follows:

One Part.
Group Partition
{(3), (3)} §=0 Dya, =1 (33)
Two Parts.
((3), (3)} s=1 Diat=2 (33, 00)
(30, 03)
{(3), (21)} s=1 Diai=2 (32, 01)
(31, 02)
{(21), (3)} 5=0 Diai=2 (23, 10)
(13, 20)
{(21), 21)} 8=0 Diai =2 (21, 12)
(22, 11)
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274 CALCULATION FOR THE NUMBER (33)
' Three Parts.
Group Partition
{(8), (3)} s§=2 D,D,a,a,=1 (80, 03, 00)
{(8), (21)} §=2 D,D,a} =3 (32, 01, 00)
(31, 02, 00)
(30, 02, 01)
{(21), (8)} s=1 Dia,a, =3 (23, 10, 00)
(13, 20, 00)
(03, 20, 10)
{(21), (21)} s=1 Diat =6 (21, 12, 00)
(22, 11, 00)
(21, 10, 02)
(22, 10, 01)
(20, 11, 02)
(20, 12, 01)
{(21), (1) s=1 Dia,=1 (21, 11, 01)
{(A®, (21)} =0 Dyai=1 (12, 11, 10)
Four Parts.
((3), 21)} s=3 D,Dyata, =1 (30, 02, 01, 00)
{(21), (3)} s=2 D:D,a,a;=1 (08, 20, 10, 00)
{(21), (21)} s=2 D:D,ata,=5 (21, 10, 02, 00)
(22, 10, 01, 00)
(20, 11, 02, 00)
(20, 12, 01, 00)
. (20, 10, 01, 02)
{(21), (1)} §=2 D:D,a,a,=1 (21, 11, 01, 00)
{1, (21)} s§=1 D, Dyala, =1 (12, 11, 10, 00)
Five Parts.
{(21), (21)} §=3 DiDyatas=1 (20, 10, 01, 02, 00)

It will be seen that for
one two three four five parts,
we have 1 8 15 9

The partitions possessing r parts, one of which is a zero part, are
derivable from those possessing r—1 parts no one of which is a zero part.

1 partitions.
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Bearing this in mind we see that the partitions into different parts, no one
of which is zero, are enumerated in the manner:

one part, number is 1,
two parts, ”» 8-1=17,
three ,, , 13-T7=38,
four ) 9-8=1,
five " 1-1=0,

so that altogether there are 1+ 7 +8 4+ 1 =17 such partitions.
Otherwise, the matter may be viewed in the following manner.

Denote by F, (a) the enumerating expression in regard to r parts so that
in the present case

Fi(a)=D,a,; Fo(a)=4Dia}; Fy(a)=Di(a}+ a,a.+ as)+ D, D, (010, + a})+ Dsai;
F(a)=D:D,(d}a,+ 2a,a;5) + 2D, Dyata, ; Fy(a)= DiDyaia,.

The enumerating expressions for the numbers of partitions which involve
1, 2, 3, 4, 5 different parts, the zero part not being admissible as a part, are

F(a),
F.(a) - F\(a),
Fy(a) — Fy(a) + F(a),
F,(a) — Fy(a) + Fy(a) — F,(a),
Fy(a) — Fi(a) + Fy(a) — F,(a) + F,(a),
respectively ; so that the expression which cnumerates the whole of such
partitions is by addition
F,(a) + Fy(a) + F;(a).
In fact we verify in respect of the numbers
1, 8 15 9, 1
that the number is 1 +15 +1=17.
But it is clear also that the expression
F,(a) - Fy;(a) + F.(a) - Fy(a) + F,(a)— F,(a)
is zero. Observe that both Fy(«) and Fy(a)— F,(a) + F;(a) — Fy(a) + F,(a)

are zero.
Hence also adding this expression we find that the required number is
Fy(a) + F(a).
We thus see in general that if we have obtained the numbers

Fl (a)’ Fﬁ(a)r Fl(a)) F‘(a), ete. ...,
18—:2
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the partitions into different parts, the zero not admissible, are enumerated by
esther of the expressions
Fi(a)+ Fy(a)+ Fs(@)+ ... + Forpy (@) + ...,
Fy(a)+ F(a)+...+ Fp(a)+....

The number is in fact exactly half of that which enumerates the par-
titions in which the zero part is admissible.

We can verify this result & priori because every partition without a zero
part has corresponding to it a partition obtained by adding a zero part to it.
The number of them without a zero part must therefore be equal to the
number with a zero part.

Instead of employing the functions h and ¢ we might use functions
derived from the functions k by deleting all partitions which contain num-
bers higher than any given integer. The rcader will have no difficulty,
recollecting Section I, in using such functions to obtain further information
concerning the partitions appertaining to any given group.



CHAPTER 1I

ENUMERATION OF THE PARTITIONS OF TRIPARTITE AND
OTHER MULTIPARTITE NUMBERS

231. In the case of the tripartite number pqr we examine the partitions

appertaining to the group
{(prpre...), (qrgre...), (o))

The partitions involve parts which cannot be less in number than the
greatest of the integers 3ar, Sy, Zp nor greater in number than Sar + Sy + Sp.
Here we are concerned with three assemblages of objects of types

(mmens), (XaXz-), (P1pa...), respectively.

In order to arrive, from these, at assemblages which contain equal numbers

of objects we proceed to the assemblages of types

(mme... By +3p), (xaxe:--3m+3p), (pipo-.. S +3y)
and, reasoning as in the bipartite case, we can assert that the partitions
under examination are equi-numerous with the different sets of S + 3y + 3p

triads of objects that can be formed by taking one object from each assemblage
to form a triad until the objects are exhausted.

In the bipartite case we employed an auxiliary set of letters a;, a, @, ...
and connected therewith the homogeneous product sums h,, kg, hs, ... and the
elementary functions a,, a,, a;,.... Here we require two auxiliary sets of
letters a;, a3, a,...; By, B, Bs, ... and therewith homogeneous product sums

ha; hyay hga, ... hyg, hog, hyg, ...
and elementary functions
Qras Ogay Agas-.oi Qup, Gop, Byp, ...
associated with the sets of letters respectively.
Partitions in brackets ( ), ( )s will refer to the sets respectively.
Section I shews that from the relations
h,'¢=(l)¢, hl,ﬁ=(1)ﬂ:
by, =(2)a+(1)a, hs,8=(2)p +(1%)g,
ha=@)t @Da+ (e hop=(3)s+(21)s + (19,

R R R R R R TR
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we define other functions in the manner
hiag=(1)s y,a,
bo,ap = (2)p ho,a + (1) 1, o,
Pyap=(3)p hy,a + (21)g hoya by o + (1) 1 o,
Poas = (4)p hyya + (B1)p g0 by, a +(2%)p b0 + (21%)p ho,a i o + (190 11,
bp,ap=2 (DI PF .. Ja b ahiphaeee.
It will be gathered from Sections I and II that the right-hand sides of

these relations are such that in them the symbols a, 8 may be interchanged.
Therefore we may also write

hyap = (1)a b,
ha,08 = (2)a hy,p + (1)a B g,
hs,ap = (3)a by, p + (21)a ho g 1 p + (1°)a 1, g,
hyap=(4)a byp+(31)a by p by g + (220 b, g + (21%)a by, g BE g + (1%)a hi g,
hp,op=2 (PT P )a hip). g gty
We now form the product
Py a8 Riog,ap « -+ Pintay,ap

and develop it by means of the relations above written until it is entirely
composed of terms of the form

K( ) ss

where K is a numerical coefficient.
Amongst these terms will be one
C (mmy... Zx + 2p)a (a X2+ 27 + Zp)p.

That being so, the Theory of Distributions of Section I asserts that the
different sets of triads and therefore also the partitions under examination
are enumerated by the number C.

Let Dy o, Din,s be obliterating operators in respect of symmetric functions
of the sets of letters a, B respectively.

Then writing
P, ap oy e hznisyap= ..+ C(mmy.. Zx + 2p)a (i Xz--- S + Zpa + ..o,
we see from the known properties of the operators that
.D,..h a D"m asee sz+;,,’. .Dx" B DXm Beoe D;,.Q.;,J h’Pn af }Lp’, aB oo h’-""l":X.‘ﬂ = 0.
This is the analytical solution of the problem.

It must be noted that in this result the symbols =, x, p may be permuted
in any manner so that there are six (in general n!) forms of solution. This
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multiplicity of solution supplies an important means for the verification of
results.

We proceed to consider the evaluation of the expression.

We must find out how to operate upon

. hm, af
with D, , and D, .
Since hy,a8 =2 (PPDF- o by nhiphs o
‘DPI»‘ hpn ap = {2 (p‘l'ﬁ"lp;"i .. ')¢ h;r’lh-ﬂlh;:- B '} hPu B= hpn.ﬂ hp’Pl:¢9‘
Hence Dy o as = hep hin—s,ap.
Again since hpap =2 (PPp3..)e by o hpha - s
'Dl’nﬂ hp',p = {2 (p;r,—lp;r, . ")ﬁ h;::—ﬂlh;:, a-’* '} th“ = hﬁn a hp—p,,aﬁ'
Hence D; p him,ap = g o Pon—s,ap-

These important relations are a direct consequence of the law
DpM (p;’lp;’“...p":u ) =(prpp..piThL)
Before exhibiting particular examples it will be useful to further consider
the operations of Dy 4, Dy, s upon a product
hny, o8 Png, ap Fing, ap ++ -

Referring back to Art. 29 of Section I it will be seen that D,. must
operate upon such a product in a manner which depends upon the com-
positions of the number s. Thus suppose that we have to operate with Dj 4

upon
h],dﬁ hg"ﬁ h" aB.

The compositions of 8 are 8,21,12,111. The parts of these compositions
must be associated with the product in the ways following:

hl,uﬁ h‘z, ap h‘, aB; hl,nﬂ hz, ap ha, aB) hl,nﬂ hn, af hl, af> hl,nﬁ he, ap h&, afy
3 2 1 1 2 1 2

hl,aﬂ hq,-ﬁ hd, aBs hl,nﬂ he,aﬁ h4, aB
1 2 1 1 1

and then Dy o hyyap hoyap by ap
= hl,uB ha'aﬂ (Ds,a hd,aﬁ) + hl,aB (-Dz,c hz, nﬂ) (Dl,a h‘,nﬂ) + (Dl,n hl,nﬂ) (Dz,u h!, aﬁ) h‘,aﬂ

+ (-Dx,a hx,aﬂ) hn,aﬂ (Dz,a hc,aﬂ) + hl,uﬂ (-Dl,a hn. aB) (Dn,n h(, aB)
+ (Dl,a hl,uﬂ) (Dx,u hn,uﬁ) (-Dl,a ht,aﬁ):

= h],aﬁ hg,.p ha,ﬁ hl,cB + hl,aﬂ hz,p h;,p ht,aﬂ + h;,p hn,ﬁ ht,aﬂ

+ P, g Fig,ap o Fio, g + Ry ap Payp Mrap P, Pio ap + Py p By Payap Py By e,
= (hayo + o, o ) 12 o+ P o

+ (8 + hu,p ha,p) ho,ap Bs,ap + Pa,p Pop R
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If, instead, we are operating with D), s we-have merely to interchange
a and B in the result just reached, such interchange of course leaving Am,ap

unaltered.

In this way the operators gradually reduce the product until it is a
function of functions Ay, h.p only. These functions are then similarly dealt

with according to the laws
-Dﬂ,d hm,u = hm—a,a, D&,S hm,ﬂ = hm—s,ﬁ 3
and as above through the compositions of s upon a product of functions.
232. We will now take as an example the tripartite number (322).
We have

Group m m Em ox1 X p1 Zp Number of Partitions
®@,®) 10111 1 1  DyaDaDpDophyaphoes,
3,2,1)» 1 01 1 1 2 2 D\ oD, ,D,gD,ph}ap
@,1)¢e)} 1 01 2 2 1 1 D, D, . Dip by ap P ap }
{3,1)a» 1 01 2 2 2 2 D\ oDy oDspDyphaphses=9,
{21, 2),@} 1 1 2 1 1 1 1 D} o DsoDygDyghyap s as,

{en,@,a» 11 2 1 1 2 2 D2 oDy oaD,y gDy ghsaghsas
@en,1»@y 11 2 2 2 1 1 D3 oDyoDygDyghyaphyas }
{@n,a)a» 11 2 2 2 2 2 D2 oD, oD,y D,phyaphyap,
{(1),@,@} 303 1111 DyoDyo D, gD,pghyaphyes,
{1, @.,1» 3 0 3 1 1 2 2 Di. D, g Dy g hoaphyap

@ @@y} 3 0 3 2 2 1 1 Di, Dy Dyghyagbs,ap }
{1, 1,1 3 0 3 2 2 2 2 D,oD,oD,gDyghsaphsas=19.

It must be noted that the bracketed expressions have nccessarily the
same value. Inspection of the corresponding groups proves this. It is
otherwise evident because from the theory of symmetric function symmetyy
the expression

D,.."a.D,,; D‘x+29 axy, BDxa . D2w+2'p,ﬂ }"m.aﬂ ]'p-:.aB h2w+$x,aﬂ
admits of all permutations of the symbols o, x, p.
The calculation is given for the case of the group {(3), (12), (1“)}
Dl uD4, D?ﬁD:lﬁhOuﬂh‘l ap

= D),a D(,a DB, { '2,aB ]ls,a + hz,u hl,a hz, ap + ]l'l,nﬂ hl,a hl,aﬁ hz,a}y

= Dyu Doa Dop {(hsya + haya by o) by + Ty o B ),

= Dx,u Dt,a {(I'fs,a + h-z,a hl,a) h'z..c + hz,u hl,a h?,u},

_Dl u-Dt, {hsahz + A} oo+ hg hl ..}

=Dy a(ha+hyahya+2hy, ’L1¢+h1¢+hl.+‘;]lg 1),

=9,
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for the final operation by D,. consists merely in adding the numerical
coefficients.
The nine partitions that have been enumerated are found to be
(311, 011)
(311, 010, 001)
(310, 011, 001)
(801, 011, 010)
(800, 011, 011)
‘(310,010,001,001)
1(301, 010, 010, 001)
(300, 011, 010, 001)
(300, 010, 010, 001, 001).

Similarly the reader may ascertain by calculation that the number of
partitions appertaining to the group {(1%), (12), (13} is nineteen and verify
that this is the correct number.

It is not possible to split up the complete enumerating expression for the
whole of the partitions into a symbolic product. Such expression is a special
feature of the bipartite theory.

233. We now deal with the partitions into a definite number of parts.
This number cannot be less than the greatest of the integers i, Sy, Zp, and
may be as large as Zar + Zy + Sp.

Previous reasoning shews us that for partitions into Sar + s or fewer parts,

where
0<s<2 Iy + 2p,

we have to deal with three assemblages of objects of types
(mme...8), (aXe-.-Z2m—=3x+3), (p1ps... Zm —3p +8),
where s can only have such values as make
Sm—3x+sand Swr—3p+s
non-negative integers.

We have to consider the number of ways of forming S + ¢ triads of
objects by taking one object from each assemblage to form a triad. The
Theory of Distributions tells us that this number is

D"n“ D"’nsﬂ e D!y" DXuﬂ Dx«-ﬂ oo Dzﬂ—2x+il,ﬁ hm,aﬁ hﬂmdﬂ soe }"23—2p+0,¢ﬂ'
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Taking as an example the group {(3), (1%); (17} of the tripartite (322), the

calculation may be carried out in the following manner:

No. of Parts
Group ¢ orfewer m x1 p1 Number of Partitions
{(3), (19), (l’)} 1 2 1 2 2 Df,. .D,,'p ha,uﬁ
» 2 3 1 2 2 Dl,a D2,¢ Dﬁl,ﬂ Dl.ﬂ h?,ﬁp hl.ﬂﬁ
” 3 4 1 2 2 D Dy.Dis Has
”» 4 5 1 2 2 -Dl,d DA,u Dn,ﬂ Ds,ﬁ h?,nﬁ hs,uﬂ

DiaDyphyap=Diahya=1
Dy o DyoD,g Dy ghyaphnas
=D\ a Dy a Dy g (ho,als,ap + 13 alirap),
=D,uDya(byabnat+ha), =Dya(biathoat3hia), =
D, o Dy 0 D g b} ap
=D, oDy o Dyp(hyahayas + hsahyyap lna bayap + boyap ho,a),
=D, o Dy Dy p (2hy,a hg,ap + 13,0 B3, 0p),
=D, oDy0(2ha+ ha), =Dya(dhyahya+ 4hia), =8
D, oD, oD,pDyphoaphsap
=DyaDyaDyp(hyalyahyas+ I, o P, Pro,a hy,ap + Po,ap hs, o),
=D oD, a(lyalyahoet hyahoaha+ boahsa),
=Dia(BahgathlathyaldatBhyahlathlath,ahsethia), =9

We thus obtain the numbers 1, 5, 8, 9 and derive from them the numbers

1,
5—-1=4,
8-5=3,
9-8=1,

which as shewn in the last Article enumerate the partitions of the group into
exactly 2, 8, 4, 5 parts respectively.

234. When the parts of the partitions are required to be different from
one another we adopt the notation and definitions:

Ay, a = (l)cy Qg0 = (1')41; ver Qg o= (1’)6) ceey
and obtain

), ap = Q1,0 0y, B,
On,0p = (2)a @5 + (1)a 0} p = (2)p @y,0 + (1*)p 010
08 = (3)a @8+ (21)a 0y,p 0,5 + (1%)a @35 = (8)p @s,0 + (21)p Gn,a a0 + (1) Oh,c

...............................................................................................

Qp,ap =2 (PIPT - )a Opyp Ui - oe = =3 (pnpi. e Opra Opha-ees
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The substitution of the symbol a for & ensures that in the distributions
considered no two triads of objects can be identical; this in turn ensures
that no two parts of the corresponding partitions can be identical

Previous reasoning shews that the number of these special partitions,
which appertain to the group
((prpe..), (grgye...) (g
is DyoDyyaeo Dsyyspa- Dy p Dy g Dspisp,p @oyap Qpyap -
To evaluate this expression we note that
-Da,a A, ap = Ag, 8 Aan—s,a8 )
Ds,ﬂ Up,ap = Qg a Ume—s,ap,
results that enable us to reduce the operand to a function of the functions
Uy a, Qyp.
D, . and D, then merely operate through the partition of s which is
composed wholly of units.

Ex. gr. -Ds,a Ay a Mg a A3 0 Uy 0 = Da,n (1)4\ (12)‘1 (ls)ﬂ (ld)ﬁr
=e (1)‘l (12)“ (1‘)‘l +e (l)ﬂ (13)4 (la)a + o (1’)«1 (12)0. (la)a + (l)a (1)0. (la)a (13)‘”
= Q1,0 Qg0 Byya + Oya @0 + OF 0 Qg0 + O o U0 Gy a,

the parts 1, 1, 1 of the partition (111) of the number 3 (the subscript of D, .)
being picked out in all possible ways from the factors of the operand.

In the partitions which are enumerated by the expression above written
it must be carefully noted that the bipartite zero 000 can only occur once as

a part.
Take again the particular case of the tripartite number (322).

Group m om 3w ox1 X ;o 3Zp Number of Partitions

{(3), (2), (2)} 1 0 1 1 1 1 1 D,.DyoaDygDypatyepsas=4%
{(8), (2), (1%)} 1 0 1 1 1 2 2 D,.Dy.D gDspalag,

{(3), (1%), (2)} 1 0 1 2 2 1 1 D,.D,.Disg Q3,08 U3, a8,
3, 1%a»y 1 o 1 2 2 2 2 D, o D, o Dyp Dy p s ap Os,ap,
{@n@,@} 1 1 2 1 1 1 1 taDya Dy gDy gy ap s ap,
{@n,@,a) 1 1 2 1 1 2 2 D3 o Dya Dy g D, g s, ap Qs,a8,
{@n, 1, 1 1 2 2 2 1 1 D} o Dy,a Dy g Dy g s,0p Gy, aps
@D,y 1 1 2 2 2 2 2 Di.D,uDysDip s e
@@ 3 0 3 1 1 1 1 DyuDyuDipDipts,aptees
{a,@,@ 3 o0 3 1 1 2 2 D:, D, g Dy p g ap Qs
@0 @ 3 0 3 2 2 1 1 Dj. DypDipas,upsae,
@aaj 3 0 3 2 2 2 2 Dy.D,.DypDypasepae=0.
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In each group the number of parts in the-paftitions is S + Sy + Zp.

Thus in the case of the group {(8), (2), (2)} the partitions have three
parts. The number of them is found by calculation to be four. They are

(320, 002, 000),
(302, 020, 000),
(800, 022, 000),
(300, 020, 002).

On the other hand for the group {(1%), (1%), (1%)} the partitions would have
seven parts, but calculation shews that none exist.

2356. The subject is better elucidated by considering, for each group, the
partitions which have a given definite number of parts.

Following the path of the bipartite case we find that the partitions into
2+ ¢ parts are given by the expression

DraDypa v Do Dy, g Dyp oo Dsn-syis,6 Up,,ap @pyyap - - Usn—Spts,af)

and the scheme for a group is as follows:

Group s No. of Parts No. of Partitions Evaluation
{(3), (2), (2)} 0 1 Dy Dygar,ap 1
» 1 2 D2, Digdi g 4
” 2 3 DyoaDyuD, gD, gty apttsag 3
" 3 4 Dy oDyoaDygDypatyaptsapg O

The partitions enumerated by the numbers 1, 4, 3 are
(322),
(322, 000), (320, 002), (302, 020), (300, 022),
(320 902, 000), (302, 020, 000), (300, 022, 000).

If the number of the partitions which involve s parts be denoted by P,,

we have
P,=1 P,=4, P;=8 P,=0.

The number P, evidently enumerates

(1) the partitions involving s different parts, the part 000 being
excluded ;

(i1) the partitions involving s —1 different parts, the part 000 being
excluded, together with one additional part 000.

Hence if @, denotes the number of the partitions which do not involve
one part 000, we have
P, = Qs + Qﬂ—l'
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Thus Q =P,
Qa =P,—- P,
Q;=P,—P,+ P,
and Q+Q+Qs+...=P,+P;+P+...=P,+ P+ Ps+....
In the above example Q=1
b =3,
Qs =0,
@Q+Q=4=P+P,=P,+ P;=4(P,+ P,+ P+ P).
In general Q=43P
Take as another example the group {(1%), (12), (1%)}.
Group s No. of Parts No. of Partitions Evaluation
{(1%), (1%), (1) 0 3 Dy.a Dyp Dy gy, ap ts, g 1
» 1 4 Dy oD, o Digatag 4
" 2 5 Dy oDy D, g Dy gy ap tis,ap 4
» 3 6 D} DygD,p @y, ap Oy ap 1
Here P,=1, P,=4, Py,=4, Ps=1,

k=1 =3 @=1
The partitions enumerated by @, @, and @; are
(111, 110, 101),
(111, 110, 100, 001), (111, 101, 100, 010), (110, 101, 011, 100),
(110, 101, 100, 010, 001).

236. The theory in respect of multipartite numbers in general is now
clear., We add to the foregoing defining relations further sets. The first

one is
T, apy = (1)y Pa,as

Ro,apy = (2)y ho,ap + (17)y 1 ap,
haapy = (3)y hs,ap + (21)y ho,ap Pr,ap + (1°)y B3 ag,
hp,apy =2 (PT'P5* - Iy hips o8 Mot -+
and we note that in these relations the symbols a, 8, ¥ may be permuted in
any manner.
Also as before Dy o hin,apy = R,y han—s, apys
Dl.b hM,dﬁv = hs. ay hm—a,aﬂv,
D,, Y hm, aBy = hn, up hm—s. aBy-
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We add further sets .
hy,apys =2 (PP D7 - Ys By apy Psay -
hpapy..v =2 (PIPF ... ) hp o uPpap oo
and observe the formule of operation
Dy ahp,apy...o =l py...o hin—s,apy...v>
cte.
We have then for the group
{(rpz ) (qrgr..), .. (i)
of the multipartite number pgq...z, partitions enumerated by
D, ,oDspa--- Dsyi. 43¢0 Dyp Dypp - Dsntspt. oo Beasy... Beyapy... oo Bsmy 30

The enumeration of the partitions with a definite number of parts
follows in the general case the procedure that has been set out at length
for bipartite and tripartite numbers.

237. The functions han,as P, apys - -
which present themselves in the investigation possess some elegant properties.
The relations hiag = (1)s ly, o)
hoas = (2)g hoya + (12)a 12,
ete.

are such that the series
1+ }l/,’,p + ’I‘.u._.,p + ...

can be broken up into factors of the form
14+ Beha+ Bihsat+ Bhya+...,
where B,, B,, Bs, ... is the set of numerical quantities of which the partitions
in brackets () are symmetric functions. In fact introducing an arbitrary
quantity u we may write
14 phyap + pPhyag + pihy ap + ...
= (1 + l":Bxhl,a + P}ﬁg hz,u + /J’:IB:I‘ hn,a +. )
x (1 +l‘32hl.a+ﬂ"ﬁgh2,u+I‘sﬁgha,a+ D)

Take logarithms of both sides, expand and equate coefficients of like

powers of u and we obtain the relations

hl,aﬂ = (l)ﬁ hl.-n
B ap — 2hs,ap = (2)p (B}, 0 — 2h,,0),
hi,p - 3h2v‘p hl:‘p + 3h3.¢5 = (3)5 (h:;’.d - 3h2,a hl,c + 3ha,a):

.....................................................................
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relations which may be written:
hl,cp =+ h;,p hy,a,
hi,ep = 2ho,up = — (R p — 2hs,p) (Bf,a — 2hs,0),
hs ap — 3]13,.,;3 hyog + Bhsap =+ (hi’,p ~3hgghy g+ 3hs, ) (hi‘,.. - 3hg,. h;,. + 3hy, ),

etc.,

the signs on the dexter being alternately positive and negative and the
coefficients in the factors following the law which appears when the sums of
the powers of a set of numerical quantities are expressed in terms of the
elementary symmetric functions.

Similarly hy,apy =Py y 1y g,
R apy — 2ho,apy = = (By = 2hs,) (B, ap — 2ho,ap),
i, apy = 3hs,apy by, apy + 3hs apy
=4 (h} y— Bhoy by + Bhyy) (1} ap — Bhu ap Py, ap + Bhy ap),
ete.
and similarly also for the functions k.., apye, fun,apyses -
Combining results we find that
hyapy... = hyabyghyy...hy,,
B atyes = 2y = (=) (B0 — 2, 0) (W g = 2o ) (g — 2 ). I, — 2y ),
1 ap ... — Bhoap.. Poyap.. v+ Bhsap ..,
=(h,a = Bhoa by,a + Bhy o) (g — Bhop by p +3hg p) ... (hS,, — Bhy,, by, + Bhs,),
cte,
the signs being alternately positive and (-)"+.
Partitions into dissimilar parts are treated by the function
As,ap...v

and in the above formula for computation it is merely necessary to substitute
the symbol @ for the symbol A.



TABLES

Products of Homogeneous Product Sums wn terms of Monomial
Symmetric Functions.

(1)

bl 1

@ 1

by
hghy

3
3}

() (1) (1%

11'1
1|23
1136

(6) (41) (32) (31%) (21) (21°) (1%)

Al 1|1 111 1l a1 1] 1] 1)
/L,,ILIT 2 T. 30 4 hehy 1 2| 2| 3| 3| 4| 5
Bl1lz |3 a6 k| 1 | 2| 3| 4| 5| 7| 10!
htal 1 | 3| 4| 7]12 W1 3| 4| 7| 8|13 2|
M1 4| 6| 122 Bh| 1 3| 5 8|1 18] 30
hti| 1| 4| 71318 |33 60
Bl 5 MlFJ 20 | 30 | 60 |120

(6) (51) (42) (412) (3%) (321) (31%) (2%) (241%)(21%) (19)

bl v ] ] | o] o

hin| L | 2| 2| 3| 2| 3| 4| 3| 4| 5 6;

hs| 1| 2| 3| 4| 3| 5 7| 6| 8 11] 15!

w1 | 3| al 7| 4| 8 13| 9/ 14| 21| 30

mi1| 2| 3| 4| 4| 6| 8] 71 10] 14| 20

. _

habsh | 1 | 3| 5| 8| 6|12 19|15 | 24| 38| 60

hial 1 | 4 | 7|13| 8|19 34| 24 | 42| 72120

mi1|3| 6| 9| 7|15/ 24| 21| 33| 54| 80

mi| 1| 4| 8|14]10] 24, 42|33 58102180

Bht| 1| 6 | 11|21 | 14|38 72|54 |102] 192|360

A 1| 6 |15|30]|20] 60 120| 90 |180|360|720

Thus hhy=(3)+2 (21)43 (13).
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Products of Elementary Symmetric Functions in terms of Monvnial
Symmetric Functions.

(1)_ 2 1% 3) (21 (19
a,i 1 o 1 dag 1
al T ~é_ dgy 1 3

T @ 1|3 |6

(4) (31) (2% (21%) (19) (5) (41) (32) (31%) (2*1) (215) (1%)
wy 1 ag T 1
aaa; 1] 4 iy T T s
al 1| 2| 6 ity 1 3| 10
a0l _.——1—— 2 5 ——1—2— aya E 1 2 —_:7- 20
afl 1 4 16 |12 24 agaj ‘__1__2—_:'; TQ——.')E
a,a% 1| 3| 7]12|27| 60

I

& 1| 5 (10203060120

(6) (hl) (42) (41%) (3%) (321) (31%) (29)(2*1%) (21%) (19)

g 1
sy o o T 1 6
aa, R T 1| +| 15
aat| | | | | 1 2| 9| 30

2 | || 1| 2| 6 20

Uy Ag Qg T T 1 3 3 __; 22| 60
ayal 1 3| 10| 6| 18] 48|120

al | | | 1] 3| 6| 6| 15| 36| 90
ala? 1| 2| 2| 8| 18| 15| 34| 78|180
wmat| | 1| 4| 9| 6| 23| 48| 36 | 78|168 |360

afl 1 6 (15| 30| 20 | 60 |{120| 90 | 180 (360 (720

Thus @, = (313) + 2 (2212) + 9 (214) + 30 (18).
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MONOMIAL SYMMETRIC FUNCTIONS

Monomial Symmetric Functions tn terms of Products of Elementary
Symmetric Functions.

a a, a} @ Gyay of
¢)) @22 |1 (3)‘3 301
ayl 1| @yl 3|1
T a1
a, aa, a} aa} af a5 a,@ agdy aga} aja, azal o}
4)| 4| 412|411 )| 5|5 |55 |5 ]|5]|1
@ 4121 (41)5T51§1
@ 2| 2|1 @[5 |5 (1 ]2|1
(212)—25“_{”“~ @12 5 | 1|21
ayl1 | | | @l 5 | 3|1
13| 5 | 1
%] 1
(g Uy Uyly Qya} dl ayaga, ayai of ada} agal af
©| 6|6|6|6|3|12]6|2]9 8|1]
oyl 6|1 |6 1|3 |71 2]al1]| |
(42)| 6 S22 3| 4l23| 2|1
@ 812|138 3|1 o
@| 3|3 |3 |3 |3| 3| |1]| |
@21)| 124 7 | 4 | 3 | 3| 1 U
@) 6|1 |21
@) 2|2 |2 1 T
(221%) | 9 FEES T
(19| 8 1 T o
a9l 1| _1
Thus (2212) =9uq -- duz a, + a4y .
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The simplest cases of Distribution Functions.
Number of Number of Type of

Objects Parocels Parcels Distribution Funection

1 1 1) A

2 1 (1) hg

» 2 (2) hg

9 2 (1%) A3
3 1 (¢)) kg

”» 2 (2) haky

” 2 (1% 2hg by

” 3 3) hy

» 3 (21) holy

” 3 (1% B

4 1 1) ky

, 2 @ R+ B

. 2 (12) Uiy by 4B

” 3 &) )

,, 3 (21) M3+ ho A}

» 3 (13) Bhahi

. 4 (4) I

» 4 (31) hghy

» 4 (2% h3

- 4 (212) heghd

” 4 ey At

b) 1 (1) kg

R3] 2 (2) Ilt"l +]‘ll,l9

' 2 (1%) ke, + 2k, 0y

. 3 (3) heohy+ bghy — hyh3 + 31,
. 3 (21) by + hyhy+ 2k3 Ry

’ 3 (13) Bhgh3+ 343k,

» 4 (4) koo

£3l 4 (31) ka""l+hghl

L) 4 (22) 2”'2]"1

” 4 (212) 2,13})’1 +hﬂh)l’

”» 4 (1‘) 41"2”"1‘

6 1 (1) hg

”» 2 (2) he+2h by

s 2 (12) hoshy + 2k by + R

» 3 (3) he— hshy+ hohg+ ho A3+ R — by by by + b3
” 3 (21) h by b3+ 2k hohy + 2
’ : (13) 3h b3+ 6hohohy + R

”» 4 (4) hahg 4k = hyho i+ 73
» 4 (31) hoh+ B3+ holohy — hy B3+ B + A3 AT
» 4 22 2k ha +2h3+ A2
” 4 (21%) Do B3+ 2hgho by + 3+ 3R3 A3
» 4 1% 4hgh} + 6R3AY

” 5 (5) hehs

» 5 (41) beihg+ by ey

”» b (32) hakzhx +h‘§

”» 5 (31%) 2hyhghy +R313

. ) (221) 18+ 2R3 A3

’ 5 (213) 3133+ hoht

, 5 (19) by bt
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BINOMIAL COEFFICIENTS

Symmetrical Tables of Binomial Coefficients. (0)= (f)

© ("
ozl 1] 2
(0%) 1
©) (©% (0%
opl 1|66
209(0)| | 4| 6
I
e
. &
s 9
© ©) ©) ©0) z ¢ & g
OF] 1 |14 |36 24 © 1 | -4 2 | -4
3(02) (0)2 12 | 45 | 36 | (©2) & L —m | 2
(024209 (0) 1214 ©) & | & | -8
oyl | 1 ’ (0% 1
0) (0%) (0% (0%) (0%
0y _1_ 30 150{240 120
4(02) (0) 32 1228|432 | 240
3(092(0)+3(0%(0)2| | 6| 90|228 150
2(0% (0)+2(0% (08| 6| 32| 30
o | T 11
0 (0% (0% (0% (0% (09
©opl 1 | 62 | 540 | 1560 | 1800 | 720
5 (02) (0)* 80 | 975 | 3300 | 4200 | 1800
6 (02)2 (0)2+ 4 (0%) (0)* 24 | 522 | 2248 | 3300 | 1560
(0% 4 6 (0%) (0%) (0) + 3 (0%) (0)? 1 | 78 | 522 | 975 | 540
(09)2+ 2 (0%) (02) +2 (05) (0) 1| 24| 80| 62
(0) 1

These tables may be reversed. A specimen is given above for the order 4.

Thus

or

2(0%) (0)=4 (0% +6(0%)

-+




COMPOSITIONS OF NUMBERS

Enumeration of Compositions of Multipartite Numbers.

No. 1

K

part

parts

parts

parts

parts

No. 1 2
1] 1
1 T|T;
No. 1 2 3
31 ]2
21| 1 | 4| 3
131} l—{ 6| 6
No. 1 2 3 4
. 11 3 ’ 3 ’ 1 ,
31 1 6 9 4
|1 | 7|12 6
211 1 10 | 21 12
TITT | 1 | 14 | 36 | 24
Noo 1 2 3 4 5
51| 4 6] 4] 1
a | 1 8| 18| 16| 5
31 (10| 27| 28| 10
31T | 1 |14 45| 52| 20
%21 | 1 |18 57| 72| 30
SITT | 1 |22 | 93|132| 60
TITTT | 1 | 30 | 150|240 120

Total
1

Total

Total

20
26
44
75

Total
16
48
76

132

176

308
541

Thus the multipartite number 22 possesses 7 compositions into two parts, viz.

(20, 02), (02, 20), (21, 01), (01;21), (12,10), (10,12), (11, 11).

19—3

L4

293
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No. 1 2 3 4 5 6  parts Total

6] 1 5 10 10 5 1 32

BL | 1 10 30 40 25 6 112

2| 1 13 48 76 56 15 208

417 1 18 78 136 | 106 | 30 368

33| 1 14 55 92 70 | 20 252

321 | 1 22 | 111 | 220 190 | 60 604

3111 1 30 177 388 | 360 | 120 1076

222 1 25 138 | 294 | 270 | 90 818

22171 1 34 219 | 516 | 510 | 180 1460

21111 | 1 46 | 345 | 900 | 960 | 360 2612

TITITI 1 62 | 540 | 1560 | 1800 | 720 4683

No. ] 2 3 4 5 6 7 parts Total
711 61 1| 2| 15 6| 1 64

61 1 12 | 15 80 ) 36 7 256
52| 1 16 75| 160 | 175 96| 21 544
BIT | 1 22 | 120 | 280 | 325| 186| 42 976
43| 1, 18 93| 216 | 25| 150| 35 768
T 1 928 | 183 | 496 | 665| 420 105 1888
4111 1 38 | 288 | 856 | 1205| 810| 210 3408
3BT | 1 30 | 207 | 588 | 810| 540| 140 2316
322 1 34 | 256 | 772 | 1120| 780| 210 3172
211 1 46 | 399 | 1324 | 2050| 1500| 420 5740
I | 1 62 | 621 | 2260 | 3740| 2880| 840 10404
2221 | 1 652 | 489 | 1728 | 2820| 2160| 630 7880
22111 1 70 | 759 | 2940 | 5130 4140| 1260 14300
IIIIT | 1 94 | 1173 | 4980 | 9300 | 7920 2520 25988
T | 1 | 126 | 1806 | 8400 | 16800 | 15120 | 5040 47293




Tables of the values of aygy... and hyqer...

THE FUNCTIONS Gpgr.., Rpgr.

(2 (1%

Uy or hy 1

1

gy or hyy

1

@ @6 @) @1 ay

@y OF Ay 1 1 1 1 1

agpy or kg 1 1 T T

gy OF kg T 1 T 3 T
agp OF hyy T 2 5
azy Or hgyy : 1 -—;—
g or hyyy, —_: ' 1 )

@ypun OF Ay
agnn OF hgy
ygin OF lgy
@521 OF hgy

dgnz OF hygy
@191 OF hgsy
ay311 OF hgie
a1y OF Jegn
Aygm OF Rz
@z OF Rant
Q411 OT "43111
Logg OF Ryom
gy OF hoen
g1z or hian
Qg3 OF hgig
Qg OF gy
agg or hypay
Qg OF Fygyyy
@g OF hgyyyy
ag or A

Thus

3 @) 1)

@y or kg 1 1 1
gy or kg 1 2
az or Ry, ‘ 1

205

(N.B. Gpgr..=Q.rgp; hpgr.. = b .rqp-)

(5) (41) (32) (313) (2%1) (21%) (1)

yp11y OF Ag 1 1 1 1 1 1 1
Qo111 O hgy 1 1 2 2 3 4
Q11 OF Agy o 1 —2—— 3 4 —6—‘ 9

Qg OF Az T T _2~ 3 6 11
gy OF Fryy o T _2H T T 16
311 OF figyy R T 1 3 6
3y OF higrp | —T 2 5 11
Ay OF Jopyyy I _i— 3 9
gy OF iy __—’ 1

a; or lynyy _t— R _1—

(6) (51) (42) (3%) (41?) (321) (2) (31%)(2%1%)(21%) (19)

R
1|1 |2 2| 2| 3| 3| 4| 5
12234 5| 6| 7/10]14
12 3|3 |5 6| 7| 91319
101 |2 |3| 4| 6| 71219

T |12 2| 5| 7| 9|13 |23 40
12| 3| 5| 7|14 |26

o 11|24 6| 811|203
o 12| 2|6|10|11]18]33]e61
11| 1] 3| 3| 6|10

1 1] 4|10

T 1 3| 6| 6|13 |28 |61
T 1] 2| 3| 6|15 35
T 1| 2| 3| 5|12 98
T 1 3 3 7 17 | 40

o R 1| 2| 7 (19
T 1 2| 6|19
I T 1] 4|14
o T 1| 5
o 1

= gy gy = g = (31) +(29) + 2 (21%) + 3 (19).
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Examples of Symmetric Tables associated with every Partition
of every Nwumber.

Weight 3. Partition (31).
3 (21 (21) (2X1)
1) 1| @ | T \ 1
@m|1 |1 [ @] 1 ‘
Weight 4. Partition (212). .
@) (31) 2(2%) (21%) S
e | 1 @l 171 1
eym| |1 |1 | 2 @31y 1 | 1
@) (%) e 1 2@ T 1|71
@mz( 1| 2|1 2 (212)i 1 {
S S T SR
Weight 4. Partition (22). Weight 4. Partition (31).
@ (@) @) @y @ G @1) 3)(1)
(2% 1 @]zl (31) 1 ] @] 1 ’ 1
@2 1| 2 (22 Ta’ﬁ 3) (1) -1_—;—, (31) —11__
Weight 5. Partition (213).
& —
_ T oa = g & = = S’i % Ni §
(213) 1 () _5, 5 5 5110 5
(21%) (1) 1 @y s| |5 | 5
(22((115))(2) 113 |1 @2 55|12 2
(21) (1) 1034 3 6 313 | 5 2 [ 11 1
(2) (1% (1) 1|1 i 3 |1 2y 10 | 5 | 2 | 1| 1
@@ 1|3 |46 J 3 @19 | 5
Divide coefficients by 5.
Weight 5. Partition (221).
= & =
(®) (a1) (32) (221) 8 & 8 &
(2°1) 1 w111
@ (1) 1| 2 @ 1|11
(1) (2) 11| ¢ @2 1|1
@l 1] 2] e j @ 1
Thus (31) =} { -5 (218)+2 (21) (12) + 2 (13) (2) — (21) (1)2+(2) (%) (1)}.
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Weight 6. Partition (21¢).

a
@14 1
(21%) (1) 1 1] 4
@y IRIRERE
@1 (19) 1| 3 1| 4
(21%) (1)2 T i 3| 6|2 5|12
*Sf}g))(g))g}; 11| 3| 6|13|¢2| 6|16
@)Qay| | 1|4 |3| 6|13|18|6 12|21
@y 1 2| 2| 6 2| 6
(2) (12) (1)2 1,2 (1| 5| 6l12]2]| 6|12
@Ay | v | 47| 412|162 6 12|24
& = N
= » =W =
_SEfE=2E22 8 g 2
(6)| 30 | 50 | 30 | 50 | 30 | 60 | 30 | 30 | 90 | 30
(51) | 30 30 30| TG— 30 |30 |
(42)| 30 | 80 | 10 | 30 | TO éol_lf)—?%—
2(3% 30 |30 306030 |30 |30
@30 | |10 5 10| 5 5
(321)| 60 | 30 (20 | 30 | 10 | 4| 2 K1
(31%) %5—- 10 51 21 1 1
3(2%| 30|30 |30]| 30 T
2(2212)| 90 | 30 | 10 5| 2 1 i
214 | 30 T L

Divide coefficients by 30.
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Weight 6. Partition (2°1%).

(6) (51) (42) (32) (412)(321) 3(29)(2212)

(201%) [ 1
(1) (1) ] e
. !
b ] s
(21| 1 22 2|24
@ae | 1] e 2|1 |2
en@@| |1 |2l 23|24
@ranl 1| |2 |1 2 g
@Ae| 1|2 |3 |4 |2 | 4|2]|a
o .
)] 10 ] 10| 10 1 5 ji 02 |10 15 |
(51)_1(7516}!5!5 s 0|
)10 |10 2|5 [ 4| 8| 8
@| 5| 5 5|5 | 5| 5| 5
@10 5| 4|5 | 7| 1| 1| |
@21)[20) 5| 8|5 | 1| 2| 2 |
3@eh|io|10| 85| 1| 2| 2 I
@] 15 T E
. Divide coefficients by 15.

Weight 6. Partition (22).

(6) (42) (2%)

@ 1
(2% (2 113
@1 |36

@5 (@0(2) (2
@G/ 3|3]1

(42)| 3 |1

@)1




(321)
(32) (N
(31) (2)
(3 @)

(3)(@2)Q)

SYMMETRIC TABLES

Weight 6. Partition (31%).
(6) (51) 2(37) (42) (41%) (321)(31%)

(319 1
(319 (1) 113
®) (19 il
(31) (12) 1213
(31) (1) 11|24 |36
3)(13)(1) 1 1,313
@ayp| 1|3 i 1.3/6/[3]6
~ - =
T e r & 5
@ 1|1
G| 1 TT?v—IT_
a1 | 121 1 1]
@1 1]7 |1 f—
@13 | 1 B ___
@211 i
@ |1 ; }
Weight 6. Partition (321).
=
.22
(6) (51) (42)2(39) (321) 8§ 8888
| i 1 @11, 1/ 1]¢e
| AR Gyl 1 [T 11
_“fl 11 41111/
1 1 e@| 1111
le 1141 @y 2 |

Divide coefficients by 2.
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Weight G.
® @
(3| 1|
(3)*“ 1|2 |
Weight 6.

(6) (1) (42) (41%)

(ay| | v
an@l 11 |2
@) (13 | ; 1 1
@arp 1z 1|2

Weight 6.
(6) (42)
(42) ’ 1
@@ 11
Weight 6.
T® 6n
(51) 1
G| 1|1

—

Partition (8%).

(3%) (3
(6) ] PR
(3 ’ 1

Partition (412).

(4 (1)

(4) (1

CIRENEE

b

G| 1 1

42)| 1 1 1

@1

Partition (42).
(42) (4)(2)
(6)] I ’
(42)1 1

—~l

Partition (51).

(51) (5)X1)
@[ 1] 1

(51) ‘ 1

OAMBRIDGE I’RINTED BY JOHN OLAY, M.A, AT THE UNIVERBITY PH-ESB
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