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PREFACE

YHIS book aims at introducing the reader to more
advanced treatises and original papers on Groups
of finite order. The subject requires for its study
only an elementary knowledge of Algebra (especially
Theory of Numbers), but the average student may
nevertheless find the many excellent existing treatises
sather stiff reading. I have tried to lighten for him
she initial difficulties, and to show that even the most
‘acent developments of pure Mathematics are not
ecessarily beyond the reach of the ordinary mathe-

. .ical reader.

I have omitted as far as possible lengthy and
iifficult investigations; their place is taken by an
unusually numerous selection of examples, Students
who have had no previous acquaintance with the
subject should work a few of these examples after
reading each section. Many of them can be solved
at sight, and are inserted merely to make the reader
familiar with the definitions and theorems of the text.
Hints for the solution of the rest will be found at the
end of the book.,

In an elementary treatise references would be out
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of place; for complete lists the reader may consult
Easton’s Constructive Development of Group-Theory
(Philadelphia University, 1902), and Miller’s ¢ Reports
on QGroup-Theory’ in Bulletin Amer. Math. Soc., v
(1899), p. 227; vii (1900), p. 121; ix (1902), p. 106;
xiv (1907), pp. 78, 124.

I have derived much help from Burnside’s Theory
of Groups (Cambridge Univ. Press, 1897), Weber’s
Algebra. (Vieweg und Sohn, 1898), Séguier’'s Groupes
Abstraits (Gauthier-Villars, 1904), Bianchi’s Grupp:
di  Sostituzioni (Spoerri, 1900), Dickson’s Linear
Groups (Teubner, 1901), &c. : to these treatises I hope
to introduce the reader. In addition I have consulted
a very large number of papers in Proc. London Math.
Soc., Berliner Sitzungsberichte, Bulletin Amer. Maith.
Soc., Amer. Journal Math., Math. Annalen, Crelle’s
Journal, Messenger of Math., and other periodicals.
Most of the examples are taken from these books
and papers, but I have added others of my own when
I could not otherwise find a suitable illustration of
any theorem.

The theory of Group-characteristics seemed to be
too advanced for an introductory treatise, but I have
devoted one short chapter to the subject to assist
the reader in understanding Frobenius’ and Burnside’s
recent contributions to group-theory.

I have omitted the theory of Algebraic equations;
partly from considerations of space, and partly because
the necessary information is already accessible to
English readers, e.g. in Dickson’s Theory of Algebraic
Equations (Chapman, 1903) and in Mathews' Alge-
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braic Equations (Cambridge Math. Tracts, No. 6,
1907).

The nomenclature of the subject is by no means
settled. I have tried to select definitions which have
the advantage of being either self-explanatory (e.g.
¢ greatest common subgroup’) or concise (‘normal’);
but the task was not at all easy.

1 have treated the pure group-theory with greater
thoroughness than the applications. The aim of
chapters II, III, IV, VI, VII, VIII is to stimulate
interest, rather than to give a complete or rigid
investigation of the subjects there dealt with. On
a first reading the student may omit, if he chooses,
chapters III, IV, VII, VIII, XIV, XV, and the last
section of Chapter V.

The following conventions are adopted:—(1) p
denotes a positive prime integer throughout; (2) a
reference such as V10 means ‘tho tenth section of
the fifth chapter’, while V10, means °‘the third
example in the tenth section of the fifth chapter’.

Lastly, it is my pleasant duty to express my
warmest thanks to three mathematicians who have
given me most valuable assistance. Prof. E. B. Elliott,
F.R.S., at whose suggestion the book was undertaken,
kindly read through the MS. of the earlier chapters
and indicated several improvements; Mr. J. E.
Campbell, F.R.S., generously devoted much time to
the reading of the proofs, and pointed out many
obscurities ; Prof. W. Burnside, F.R.S., kindly helped
me throughout with much useful advice on questions
of nomenclature, &c., and has supplied me with
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material for the Appendix. My best thanks are also
due to the Delegates of the Oxford University Press
for undertaking the publication of the book, and to
the staff of the Press for the care and skill with which
the printing has been done.

H. H.

April, 1908,
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CHAPTER 1
ELEMENTS

§ 1. TuiNGs represented by the symbols a, b, ¢, ... (which
may be quantities, operations, &c.) will be called elements
or operations if they satisfy the following conditions :—

(1) Elements possess a law of combination; i.e. any
element b can be combined in one way only with any element
a to form a third element g, which is called the product or
resultant of @ and b and is denoted by ab, a.b, or a xb.
T;;o equivalence of ab and g is denoted by the equation
ab=g.

The result of combining b with @ is not in general the
same as the result of combining a with b; i e. ab is not in
general the same as ba. If ab =0ba, « and b are called
permutable or commutative elements.

(2) Elements obey the associative law; i.e. if ab=g
and bc =k, gc = ah; or, as it may be otherwise expressed,
(ab)e = a(be).

We write abe for (ab)e = a(be); abed for (abe)d = (ab) (cd)
= a(bed) = a(be)d, and so on.

(3) A fixed element e exists such that ae = ea = a, what-
ever element @ may be. We call ¢ the identical element or
identity. It is denoted by the symbol 1, if no confusion can
be caused thereby.

(4) An element a always exists such that aa =e,
whatever clement ¢ may be. We call a the inwverse of a or
‘the element inverse to a’. It follows that if ag = ah,
aag = aah; and hence eg = ek or g = k.

We denote for convenience aa by a2, aZa by a3, a’a by d?,
and so on. The inverses ofa, a2 a3, ... are denoted by a=%,a~,
a=3,.... We define al, a® by the equations a! = a, a* = 1.

Ex. 1. If O is any fixed point, it is shown in IV 2 that the
result of rotating any body first through an angle 6 about a line
04 and then through ¢ about OB is the same as that of rotating
the body about a certain line OC. Hence any rotation about
a line thrqugh 0 may be considered as an ‘element’ according to
the definition given above. The ‘identical element’ is the act of

HILTOX F. G, B



2 ORDER OF AN ELEMENT I

leaving the body unmoved. The element ‘inverse’ to the rotation
about OA is a rotation about OA through the same angle but in
the opposite direction. In general the result of first rotating the
body through @ aliout OA and then through ¢ about OB is not
the samo as that of first rotating through ¢ about OB and then
through 0 about 04 ; i.e. the two rotations are not in general
permutable.

Ex. 2. (i) Prove aa = ¢; (ii) deduce that ¢ = & if ga = ha.

Ex. 3. The inverse of ab...klis 17k~ ... b~ la™ .

Ex. 4. («"1)* = a™ ", n being a positive or negative integer.

Ex. 5. am.a" = ¢ . a™ = ¢™*" and (@™)" = (@)™ = a™", m and n
being any positive or negative integers.

Ex. 6. If «b = ba, a™" = b"a™.

Ex. 7. If each pair of the elements a. b, ¢, ... is permutable, (i)
(abc...)" = a"b"e™...; (ii) a"b¥i¢7r .. X @%b L X L = aTrhoet e
by,ffy‘«’-.. cz|+3.l+....“ .

Ex. 8. If ba = a2?, (i) ba? = a**(ba?)b?", (i) VPa® = a?™(b?ad)
(b2a):n, (ii1) babla = (a2} (bal?a)b?", (iv) (ba)* = (a?D)” (ba)?(abt)™.

ix. 0. If be = avbs. (i) VPaf = (a7bs 29" (b*a’) (@t 1bsa? 1), (ii)
Vat = (I;" '(4’b°““)"(b'a”)(a"gb-“)".

Ex. 10. When the law of combination is ordinary addition, (i)
all positive and negative integers (including zero), (ii) all rational
quantities (including 0 and o), (iii) all real quantities, (iv) all
complex quantities, may be considered as elements any two of
which are permutable.

Ex. 11. When the law of combination is ordinary multiplication,
(i) all rational quantities, (i) all real quantities, (iii) all complex
quantities, may be considered as elements any two of which are
permutable.

§ 2. It may happen that the powers a, a?, «3, ... are not all
distinet. Suppose «"=«*(r>+). Then ™ * =« a*=«*. «*
=1. Let «” be the first of the powers «, «?, ¢3, ... which = 1.
Then 7 is called the order of a.

Ex. 1. A rotation of a body through 2 r<-n about any line may
be considered as an element of order n. For the body is brought
back to its original position when the rotation is performed # times.

Ex. 2. The identical element is the only element of order 1.

Ex. 8. If an element is equivalent to its inverse, its order is 2;
and conversely. ’ o

Ex. 4. If ais of order %, (i) " = 1 and a™** = a™, k being a
positive or negative integer ; (ii) conversely if a* = 1, z = kn.

Ex. 5. If n = gr, the order of a? isr.

Ex. 6. 1f d is the H.C.F. of n and z, the order of a* is n-=d.

Ex. 7. If each pair of the elements g, b, ¢, ... is permutable, the
order of abc ... is a factor of the L.C.M. of the orders of @, b, ¢, ...
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Ex. 8. If a, b are elements of orders », m, prove that (i) if a* iv
the lowest power of a which is permutable with b, » <. is integral;
(ii) if a* is the lowest power of @ which is also a power of b, n==r
is integral ; (iii) if a”)s = b%a”, where » is prime to » and s to m,
ab = bu.

Ex. 9. If a2 = b2 = 1, ab i3 the inverse of ba.

Ex. 10. If a2 = 12 = (ab)? = 1, ab = ba.

Ex. 11. The order of a is g7, where ¢ is prime tor. Prove that
(i) integers a and ;3 can be chosen so that ¢ = a‘. a8, whereo the
order of a“ is ¢ and of aB is r; (ii) conversely if a = be, where
b and ¢ are permutable elements of orders ¢ and r, b = ¢ and
c = .

Ex. 12. If a, b are elements of orders »n, m and ba = a*b?, prove
that (i) im—n)(m—2n) (2m—n) = 0; (ii) a'b and ab? are of the
same order.

EX. 13, If ba = a7b? a"b*"% and a”*® are of the same order.

§ 8. The element -1ab is called the transform of a by b or
the result of transforming « by b.

The t-th poer of the trangform of « by b = the transform
of the t-th power of u by b, t beiny a positive or negutive
integer.

For since b~'a!-1 . b-Yub=0"14'b, it follows at once by
induction that (h=«h)! = b '«'b, when ¢ is positive. Again,
since h=1h . bl = 1,(b7 b)Y = b Ya-th = (h~lab) ! when
t is negative ; and therefore (h=ub) = b=l as before.

A case of frequent occurrence is that in which the transform
of « by b is a power of «. Suppose I 1ah = a¥, then b Yul¥
= a'™, y being a positive integer. For this is evidently true
when y = 1 :and since b -'a*¥h = (u7k¥)k = #M'*’, by induction
the result is true in general.

Again, (Wa')l = bWqeV'-1~0Y-1) o and ¢t being positive
integers. For this is evidently true when ¢ = 1: and sinco
Ly . LY e kYe-1— kY -1) — i+ 1) | Ly hut, az(k!ﬂ«l ) (kY -1) —

Lyle+ Vg k¥t a(kyb=1)=(kY-1) _ fy(i+ l)ax(kV“"'lJ—l)m(k’/—l),

by induction the result is true in general.

Ex. 1. b~ 'ad and a have the same order.

Ex. 2. If b~'ab = a, a and b are permutable.

Ex. 3. ab and ba have the same order.

Ex. 4. The transform of ab by ¢ is the product of the transforms
of a and b by c.

Ex. 5. If the transforms of ¢ by a and b are the same, ba~? and
ab~! are permutable with c.

B2
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Ex. 6. If b7lab = aF, (i) (a*b¥) = b¥laxk*(R"~-D+(R=1) (ij) the
transform of b¥a* by bea” is bya k" +r-—rk’,

Ex. 7. If in Ex. 6 ¢« and b are of orders n and m, A =1
{mod. »).

Ex. 8. If b* = 1 and )" 'ab = a?, find the order of a.

ix. 9. If @, b are of orders p, p—1 (p prime*), the relation
ab = baF is possible for all values of k not divisible by p.

Ex. 10. If b transforms « into its inverse and « transformas b into
its inverse, a* = bt = 1.

Ex. 11. If @ and b both transform ¢ into one of its powers, ab
and ba transform ¢ into the same power of c.

§ 4. The element ¢ = a~'»"'a) is ealled the commutator of
o and b,

Of course ¢ is not in general permutable with either « or /.
If ¢ is permutable with «, ¢* is the commutator of «“ and b.
For since b lub = ac, b=l = (@)t = uc® when ac = e,
Henee «=h - 1uh = ¢, Similarly if be = ¢, ¢8 is the commu-
tator of ¢ and (8.

If ¢ is permutable with both « and b, ¢"8 = (¢")8 is the
commutator of ¢ and /8, gince ¢ is the commutator of «*" and
h. Moreover from ah# = lBurB we deduce (hu)? = biba =
b.bae.a = Wae, (hu)® = bal®te = b, Pac? a?e = BPa®es) and
by induction in general (bu) = bla'ea? 1. Similarly (ah)
= blafeit+D, Again, since ¢¥ is the commutator of «* and b,
(WWar)t = b¥tat ¢y 1¢-Y and o on.

ix. [. If ¢ = 1, a and b are permutable ; and conversely.

Ex. 2. The commutator of ¢ and b is the inverse of the
commutator of b and «.

Ex. 3. Any transform of a commutator is a commutator.

Ex. 4. Identity iy the only element which is the commutator of
another element and itelf.

Ex. 5. If the commutators of ¢ and a and of g and b are identical,
g is permutable with ba ! and ab™!.

Ex. 6, Every commutator is the product of two elements of
equal order.

Ex. 7. The commutators of ¢ and b, a~! and b~! have the same
order.

Ex. 8 If a? = b? = |, (ab)? is the commutator of @ and b,

Ex. 9. If a and b transform g into powers of g, their commutator
¢ is permutable with g.

Ex. 10. If ¢ is permutable with a, its order is a factor of the
order of a.

* See Pieface, p. v.
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Ex. 11. If ¢ is permutable with a and b, (i) (ba) = a'bfcFu+D),
(ii) (ab)t = alble =N, (iii) 257 ¥ = the commutator of b¥a* and
bfa’ = the commutator of a¥0¥ and «’ > = the commutator of a 0¥
and a’b¢.

Ex. 12, If the commutator ¢,, of ¢, and g, is permutable with
1y Uy s g, foreachvaluo of i and j (9,9, ... 0V = ¢ 9 cv - 9,
X AC12Cy v €€y oo Cgy Cag onn Oy o YR,

Ex. 13, If ab = ba¥, tind the commutator (i) of L¥a* and b a, (ii)
of atb¥ and @’ b,

§$ 5. In the following chapters we shall illustrate the
abstract idea of an clement by applying it to certain conerete
cases,  Chapter ITis devoted to permutations, Chapter 1T to
substitutions, Chapter I'V to various geometrical examples. The
corresponding groups of elements are discussed in Chapters V1,
VI1I, and VIII respectively.



CHAPTER 1I
PERMUTATIONS

§ 1. Surrosk we arc given any m letters or other symbols
(in this section we take the numbers 1, 2, ..., m) arranged in
a definite order. If we rearrange them so that a takes the
place of 1, B of 2, y of 3, ...,u of m (where a, 3, y,...,p are all
distinet and all included among the symbols 1, 2, ..., m), the
operation () performed is called apermutation or substitution®

1 .
of degree m, and is denoted by the symbol ((x ;23 3 7:)
a pBy..

[f a second permutation I' = ( AR ' lll:’) replaces o by
A, B by B, y by C,...,u by M, the law of combination of

permutations is defined by ST = U, where U E(j ; 2‘ ';"I“ .
sen d

This is denoted symbolically by (al z {: ":)(3 § g Al; =
L23.

ABC 71;7}) We notice that U gives the result of per-

forming first the rearrangement defined by S and then that
defined by 7' ‘
1t is obvious that, when the law of combination is defined
in this way, permutations obey the associative law and satisfy
the conditions by which ‘clements’ were defined (I 1). The
permutation (} ;g;:) not displacing any symbol is the

By..

. . a . .
identical clement, and (1 23 1‘)‘1) is the element inverse to .
~ PRy

Ex. 1. Every permutation (except identity) displaces at least
two symbols,

. 12345

a9 Y

Ex. 2. Find the order of (3 541 2).
1234 1234

< N = y I'= 2

Ex.3. 165=(, 5 2) T=(y, z) prove that 7, ST, TS, S,
and S*7 are of order 2.

* ¢Substitution' is perhaps more frequently used than ‘permutation’.

We shall, however, always use ‘ permutation’ in this book, in order to avoid
confusion with the operations defined in III 1.
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Ex. 4. The numbers of ways in which m queens can be placed
on a chessboard of m? squares so that no two can take each other
is the number of permutations S such that the distance between
any pair of symbols in the upper lino 3 the distance between the
same pair in the lower line.

§ 2. A permutation such as G g i ...mq;;.l v{»

a circular permutation and is denoted for the sake of brevity
by (123...m). Eachsymbolin(l 2 3 ... m)isreplaced by the
one that follows it.
The order of a circular permutation is equal to its degree.
Take, for example, the permutation & = (1 2 3 4)

is called

_ /1234 (1284 . R34

_(2341)0fdo°ree4‘ Then § =(3“2 = (1 03)
9

N E(lzg: =1; and the reasoning is general.

A circular permutation of degree and order 2, such as (1 2),
is called a trunsposition.

Ex. 1. A circular permutation of degree 1 is identity.

x. 2. (21)=(12).

Ex.3. (123..m)=23.m1)=@B..m12)=...

Ex.4. (m m—1..21)isinverseto (1 2...m 1 m).

Ex. 5. Two circular permutations with no symbol in common
are permutable.

Ex. 6. (be)=(u b)(ac)(ab).

Ex. 7. (a b ¢) is the commutator of two transpositions.

Ex. 8 Prove (i) (134)=(123)(214)(2183), (ii) (£46)=
(214)(125)(124), (1) (34H)=(213)(245)(1L23).

2 3

3 4 ..
Ex. 9. If §S=(1234..), SlE(lilg+2t+3 t+4 )

§ 8. Every permutation is the product of circulur per-
mututions no two of which have a symhol in comanon.

Consider, for example, the permutation
8= 123456 7 891011

—\$8342111016 7 9/°

It replaces 1 by 5,5 by 2, 2 by 8, 8 by 1. Take any symhol
not already involved, such as 6; then S replaces 6 by 11,
11 by 9,9 by 6. Take another symbol not already involved,
such as 7; then § replaces 7 by 10 and 10 by 7. Finally,
S does not displace 3 and 4. Hence S is the product of
(1528),(6119), (7 10), (3), and (4); or S=(1528) (6119)
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(710) (8) (4). We call (1 528), (6119), (710 (4
the eycles of S. The degree of a cycle/is umber Y of
symbols it contains. Since (3) and :(4) are each identity,

we write S=(1528) (6 119) (7 10), unless we wish tos
call attention to the fact that § involved, originally all the
cleven symbols and was of degreef11* Two permuta-
tions containing the same number of cycles of the same
degrees—such as (12 5 8) (6 49) (310) (711) and (197 3)
(5 4 8) (2 6) (10 11)--are called similar. A permutation with
the same number of symbols in each cycle—such as (1 4 3)
(257) (96 8)—is called regular.

123456 7 8910
3869241051 7/’

1234 5678910111213 14 15
11751212346 9 10 8 141315/’

abecdefyg
egfdabe

Ex. 2. The inverse of (¢b...gh)(ij...qn) (st..wa)..is
hg..ba)ylrg...j0)(cw..ts) ...

Ex. 3. (e b)(c d) and (a ¢)(bd) are permutable.

Ex. 4. (@be.. B)ya)=(abec...k .

Ex. 5. Find the product of (i) (ab...lm n...z) and (am),
(ii) (abe..)(xyez..) and (e .x) )

Ex. 6. The number of cycles into which the permutation S of
§ 1 is resolved is increased or diminished by 1 when two of the
symbols a, 3, y, ..., u are interchanged, according as these
symbols occur in the same or in different cycles of 8.

Ex. 7. Prove (i) (ab..lmpuA..3a)=(ac)(d3)..(LA)(mp)
Sab)(Bo) ... («h Am)=(aB) (by)...(kA) (Ip). (@a) (B3)...(LA) (m p);
) (@b klmAic...Ba)=(@aa)(b3)..(IA). (ab)(B¢) ... (x ) (Am)
=(a@)dy)... kA Im). (@aa)dB)...LA)

Ex. 8. Find the product of i) (@ b...ghijrye..)and (hyg ...
?f)azjf)n(...); (ity(@b...ghijkxrye..)and (hg..baijk

n¢... )

Ex. 9. If S=(a,a,...a,), (i) one cycle of S is (a, a,4, ay,,,
Q3441 -+ ), Where ¢, and q, arve identical when r =y (mod. m);
(ii) S* is circular, when ¢ is prime to m; (iii) S’ is a regular
permutation containing ¢ cycles of degree ¢, when m = gt ; (iv) 8!
is a regular permutation containing d cycles, when d is the H.C.F.
of m and &

Ex. 1. Resolve

and ( into cycles.

* The reader should notice the distinction between the ‘degree of S° and
the ‘ degree of a cycle of S'.
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Ex. 10. Every regular permutation is a power of a circular

permutation.
ix. 11, Express (136512)(27611)(4 8 109) as a power of
a circular permutation,

§ 4. The order of a permutation S is the L. C. M. of the
deqgrees of its cycles.

Let 8= ABC..., where A, B, C,... are circular permu-
tations no two of which have a symbol in common. Then
A. B, C.... are evidently permutable elements. Honce we
have S*= A"B"C"...; so that S" =1, if and only if
A= B = (" =.,.,=1. Therefore the order of § is the
L. C. M. of the orders of A, B, C,.... But the order of
a circular permutation = its degree, and henco the thceorem
follows.

Ex. 1. The order of a regular permutation = the degree of each
cycle,

9«
Ex. 2. Find the order of (1 2345867

3567214/

1284567 891011 abedef
(51168431091 2 7) o0 (df(-acb)'

Ex. 3. Every permutation can ho expressed as the product of

two permutations of order 2 in the same symbols.
Ex. 4. The order of a permutation of degree m is a fuctor of m!

§ 5. The transform of a permutation S by a permutation T
i« found by performing the perinutation T on the cycles of S.

Suppose S=(abe..)(kim..)...,

vqtbe klm... ...
and 7'—:((1[37... KA M oo ).
Then T“(abc...)T:(ifZ"')(abc...) Z;;;)

_(OBy.Ngabe..N _aBy.y _
—(b cd...)(uﬁy...)-(ﬁyb... =(@8y.)
Similarly T-'(kIm..)T=(xAp..), &e.
Hence I'ST=T"'(abe)T.T*(klm..)T....
=(apgdy.)kAp.)....

Ex. 1. Transform (1 3 6 4)(9 5 2) (7 8) by (1 58 7 2)(3 6), and
12845678y = (12345678
(84126573 y(47886251'
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Ex. 2. A permutation is similar to every transform.

Ex. 3. A permutation can be transformed into any similar
permutation on the same symbols by some permutation on these
symbols,

Ex. 4. If A, B are two similar permutations and B = AC, Cis
a commutator.

Ex. 5. If two permutations have only one symbol in common,
their eommutator is of order 3.

Ex. 6. If two permutations have just two symbols in common,
their commutator is of order 2, 3, or 5.

Ex. 7. The only permutations on m given symbols which are
permutable with a circular permutation S on the m symbols are
the powers of S,

Ex. 8. Find all the permutations on the 10 symbols involved
in S=wbcede)(l 23 45) which are permutable with S.

Ex. 9. The permutation (1 2...m) (m+1 m+2..2m) is
permutable with (1 m+1)(2 m+2) ... (m 2m).

§ 8. Any permutation can be erpressed as the product of
transpositions.

Since any permutation is the product of ecircular permu-
tations, it is sufficient to prove this theorem for a circular
permutation.

Now we have at once («be... k) (wl) = « b(]‘l) u l)

b ki hoe... {u
= Z . ! “) =(ab...kl). Hence by induction («bec.../)

= (ab)(«ry..(cl)

Ex. 1. The number of ways in which a permutation can be
expressed as a produet of transpositions is unlimited.
Lx. 2. Express

(1 234567 89 10) and abedefghi
3869241051 7 chebfagid
as produects of transpositions.

Ex. 3. Any permutation on 1, 2, ..., m can be expressed as the
product of transpositions of the form (1 2), (1 3), ..., (1 m).

Ex. 4. If the product of & transpositions is of degree m with
8 cyclos (including cycles of degree 1), k > m—s

Ex. 5. A circular permutation of degree m can be expressed as
the product of m —1 transpositions, but of no smaller number.

Ex. 6. m volumes of a book disarranged on a shelf in the order
® 3, ¥, ..., are brought into numerical order by repeated inter-
changing of two volumes. Prove that m—s interchanges are
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necessary, where s is the number of cycles (including cycles of

degree 1) in
(1 23 ... 'm).
aBy .. p

§ 7. In whatever way a given permutation is expressed as
a product of transpositions, the number of the transpositions
18 always odd or clways even.

Consider the expression

D = (a-b)(a—c) (a=d)(a=e)...(b—-c) (b—d)(b—e)

v (e=d)(c—e)...(d=e)...
which is the product of the differences of all possible pairs of
the symbols «, b, ¢, d, ¢,.... A transposition of two symbols
changes D into —D; and thercfore a permutation expressed
as a product of an odd number of transpositions changes
D into — D, while & permutation expressed as the product of
an even number of transpositions leaves 1) unaltered.

Hence if a given permutation is expressed as a product
of transpositions, the number of such transpositions is always
odd or always even. The permutation is called an odd or
even (‘negative’ or ‘positive’) permutation in the two cases
respectively.

Ex. 1. The product of r odd and s even permutations is odd or
even according as r is odd or even.

Ex. 2. A circular permutation is odd or even according as its
order is even or odd.

Ex. 3. A permutation of degrec m containing s cycles (including
cycles of degree 1) is odd or even as m—s is odd or even,

Ex. 4. A commutator is always even.

Ex. 5. Every even permutation ean be expressed as the product
of circular permutations of order 3.

Ex. 6. Every even permutation on 1, 2, 3, ..., m can be ex-
pressed as the product of circular permutations of the form (1 2 3),
(124)(125),..,(12m)

Ex. 7. If a,; is the element in the ith row and jth column
of a determinant, the coefficient of a,4 @, @3y ... in the expansion
of the determinant is +1 or —1 according as the permutation

123.
(a By.

Ex. 8. A permutation is always permutable with some odd
permutation on the same symbols unless the degrees of its eyclos
are all odd and all distinet.

) is even or odd.



CHAPTER III

SUBSTITUTIONS

§ 1. Surrose we are given m independent quantitics
£y, Tgyeer, €, Which we shall call the ‘variables’. If we
change them respectively into the m independent quantities
2/ @y ooy @y, Where z is a function f; (z,,,, ..., 2,) of
Lys Ty oun Ty, the operation performed is called a substitution
of degree m. This substitution is denoted by the notation
a'y = fi (2, ®y ooy ). (1 =1,2,...,m), or, if no ambiguity
is thereby introduced, by ( f;, Jas eees f)s OF even by &' =f ().

Solving the equations z; = f; (x,,2,,...,2,) we obtain m
equations of the form z; = F; (z,’,z,’, ..., x,’). We shall only
consider the case of a *birational’ substitution in which the
functions f;, F; are omne-valued. The simplest and wmost
important example of such a birational substitution is the
‘ homogeneous linear ’ substitution

’
Xy =gy L1+ A&+ oon + 0 Tppe

I S=(firfyr oo fy) 80d T = (b, g, ..., by), the law of

combination of substitutions is defined by ST = U, where

U= (frsSoseoisSuds b2 (s for oo Fuds ooes b (frs for oo Sw))s

which may be written 2’= ¢ [ f(«)]. It should be noticed that
ST is obtained by first changing x; into ;= f; (2, ,,..., ¥')
and then changing z; into ¢;(x/,2,,...,2,); or by elimi-
nating z/, x,, ..., ,,” from the 2m equations

@)= fi (20, @y s T, = 5 (8, 1), 2 ),
and then putting «;” for «;”.

It is obvious that, when the law of combination of sub-
stitutions is defined in this way, substitutions obey the
associative law and satisfy the conditions by which ¢ elements’
were defined. The substitution (x,;, z,, ....x,,) is the identical
element. The element inverse to § is (Fy, £y, ..., F,), since
Fi(H1vJas '“’fn_z) = Fy(z), 2, B Ty') = ;.

A permutation may be considered as that special type of
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substitution in which 2, x,),...,2,’ are the quantities
Xy, Xgy oe0y @y, in some order or other.

§ 2. Some authors define ST as the result of first sub-
stituting f; (¢,. %y, ..., #,) for z; and then substituting
¢; (x1, @, oov, T,) for x;; which is the same as substituting
Ji(by, by, ovns b)) for ;. From this point of view ST is the
substitution ;= f[¢(x;], not x/= ¢ [f(x)] as in § 1.
Though this is in some ways the more natural convention,
wo have adopted the definition of § 1 as being that used
by the majority of writers, and as being more readily adapt-
able to the geometrical applications. We pass from one
definition to the other by interchanging 87" and 7'S.

Ex. 1. The coordinates (z, y) of any point in a plane are
changed into cost x+sindy—h, —sinfx+cosd y—k by rotating
the rectangular Cartesian axes of reference through an angle ¢
and transferring the origin to the point (h, k). Hence the changing
of the axes is equivalent to performing the substitution

(cosO z+sinf y—h, —sind z+ cosb y—k).

Ex. 2. The product of two birational substitutions is birational.

Ex. 3. If Sis #'= fix), T is «’= $(x), and Vis 2'= (), STV
is 2 =y (6] £(2)])-

Iix, 4. Find the inverses of 2" = (az+ 1) = (cx + d),

(18z—8y, —8x+5y), and (Bx+38y+22, x—y+2, 2r+3y+2).

Ex. 5. (ax+by, cx+ dy) and (Ax+ By, Cx+ Dy) are permutable
ifa—d:b:e=A-D:B:C.

Ex. 6. Find the orders of

d=b==m2=a—-2 2= (x—1) =07,
o= =1(z+1)=(2—1), 2= }(V3+ vV =1)z, (z—y, 2),
(82— 13y, 6x—8y), (52 + 06y, —4x—5y, 8x+8y—=2),
(Bx—3y+4z 2:—-3y+42, —y+2).

Ex. 7. Find the condition that 2’ = ar+b should be of finite
order.

Ex. 8. Find the n-th power of (ar, bx+ay, cx+az), and show
that it cannot be of finite order unless b = ¢ = 0.

Ex. 9. Find the n-th power of (ar, cx+dy), and find the
conditions that its order should be finite.

Ex. 10. If S= 82+ y+22 x—y+2, 22+ 3y+2),
T=(~424+8y+562, z—y—2z 5x—8y—62) find T'S and T2STS5.

z—2 —1 z+2 .

Ex. 11, The product of 2= =<5 — » —-—-"_is 2’'=z—8.
z—1 z -—-z-1
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Ex. 12, (i) If cosp = (a+d)=2 Vad— ’
r+b.
"q:“d is
o= (az+b)sin (n+ 1) ¢—(dz—D)sin (n - Do
(cx+d)sin(n+1)p+(cx—a)sin(n—1)¢
when sin ¢ #£0;
dis 2 [(L+n)a+(1—n) d] z+2nb
ANCWE= oncz+[(1+n)d¥(1=n)a]
(ii) Find the condition that the substitution should be of finite
order.

Ex. 13. Express the n-th power of z'= (ax+b) = (cx+d) as
a continued fraction.

Ex. 14. The n-th power of
2= —[ab(k—1)+(a=bk) x| = [(b—ak)+(k—1) z]
is found by putting &* for k.

Ex. 16. If S= (a,2+b,y+e e+ dyw, a,x+ by +c,2+d,w,
a;x+by+cz+ dyw, a,x+by+cyz+d,w)

the n-th power of 2'=

when sin ¢ = 0.

is of finite order, so is
= (g x+hy+e2 ay2+b,y+c,2 ax+by+c,2).
Ex. 16. (i) If y; = =, =X i41) (7,10 T,43)
= (x, _-"".w)("aﬂ"‘fua)’ (i=12..,m=3)

find the substitutions effected on y,, y,, ..., 9,3 by performing
the permutations (r x)) and (r,x, ... 2,) on &y, 24, ..oy 2,0 (i1)
Show that the substitutions so obtained are birational. .

Ex. 17. Tho substitution 2’=ar+by, ¥y =cxr+dy is repre-
sented geometrically by making (r.y) and (z'.y") corresponding
points on the conic arx?+ bdy? + 2bcay = k and its polar reciproeal
with respect to cr*+by? =k ; or on the conic
fa(@a—d)+c(b—c}z*+ {d(a—d)+b(b—c),y2+2{ab—cd} ry =k
and its polar reciprocal with respect to

(a—d)(z2+yH)+2 (b—c)ay = k.
Ex. 18. The substitution
o'=ar+hy+ge, y' =hr+by+fe, & =gr+fy+ce
is represented geometrically by making (z, y, £) and (z, ¥, £')
corresponding points on the conicoid
axr'+by? + B +2fye+ 29ex 4+ 2hry = 1

and its polar reciprocal with respect to 2 +y2+42 = 1.

§ 8. The transform of a substitution S by a substitution T'
:’s Jound by erpressing 8 in terms of nmew variables defined
y T.
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Let S, T, T-! be respectively the substitutions
= i W B o T, 2= g (B, Ty ey 2

)= Py (L, By vy, (E= 1,2, ...,m).
Consider new variables y,", v, ..., y./, ¥1, ¥ar .., ¥, defined by
yi= b (x/ oy v, ay) oy = (o, xy,). Then S s
expressed in terms of these nmew variables by eliminating
X))y ceey Ty 5 Lyy gy oeny &'y between the 3m equations
Ui = i (B8, oy @)y i = fi(0 i, 2y),

Yi =i (L1 Ty ooy ), 00nvnenn (i)
and solving the resulting m equations for 3", 4,’,...,y,  in
terms of ¥y, Yy, «oes Y. Suppose we obtain thus

Yi= Vi (U1 Yae ooes Ym)-
Then 2/= ¥; (.r;. Zy. ..., Tp) i8 the substitution T-187.
For by § 1 7-'ST is obtained by eliminating
@) v, X, Xy, Ty
between the 3m equations
yi’=¢i ("')’! ‘1'2,’ veee wm,)v "'i,=f0' (‘Tl y Lyy oney ‘rm)’

L= DYy Ugrvensy Ypp)ooenren (ii)
and then replacing ;' by »/. y; by @;.  But equations (ii) are
imnmediately deducible from equations (i).

m

. ’ ’ ’ ’
Ex. 1. If we put ¢, (r, 1 Xyy ey Ty ) for 2/ and ¢, (1}, 24, ..., 7))
for z in the equations x," = f, (7, 1y, ..., 1), and then solve for

». in terms of 1y, r,, ..., r,,, we obtuin the substitution 787",

Ex. 2. Find the transform of (i) " = («x+3) <= (yx+4) by
P =artb; (i) (0 dyF 2+ o0 F 6 T, 0Ty, oy @, T,) by

(r +-2 o4 —m T x, )
1 =T = Ty Ty ey Typ )5
W) —wy wy—w,,

(iii) (wy 2, €32+ @y ;) ouey €, 7 +wp, x,) by
‘2 im_ .
(x,, — 2+ 7y, S Pt 7 +9‘m) ;
(iv) (y+382, —z+2y+2, —x+y+42) by
(r—¢ z—y—2&, —z+y+28);
(v) (8z—13y, bx—8y) by (2x—y, —38z+ 2y).

§ 4. The most important type of substitution is the Zomo-
geneous linear substitution.
A= (ay @+ U@+ oo + 0Ty QT+ QggTy oo+ Ay Ty
s U Ty F Uy Ty F oo+ U T),
where the ‘coefficients’ (a;;) and ‘ variables’ (r;) are any real
or complex quantities.
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The square matrix

i
1Ay Qg o o o Uy
‘am Ay « o + Uypy
| . B

|
|
!
|

mi %mz ¢+ - ¢+ Upp |

is denoted by |a|, if no ambiguity is introduced thereby.
When |«| is considered as a determinant, it is called the
‘determinant of the substitution 4’. Since A possesses an
inverse A-%, la| # 0.

If

B=(bya,+ b+ o+ 0@y Do+ by + oo+ by
. coes byt + by @y o F by ),
we verify at once that
AB = (0@ + 0y oo + Oy Cpq@yF Coply+oos 0y T,
veos oy F O @y F oo Coppn )
where Cij = b+ by + o+ bty
Employing the usual rule for the multiplication of deter-
minants we at once prove that |a L [0 =|el; e the
determinant of the product of two substitutions is equal to
the product of their determinants.
We may associate with each substitution such as A (or
with the matrix |« |) a corresponding bilinear form

a(z,y) = 2ayyx;, (Lj=1,2,..,m)

The substitution A’ derived from A4 by interchanging «,;
and «;; (for all values of / and j) is called the transposed
substitution of A. The substitution A derived from A4 by
replacing «;; by the conjugate complex uantity d;; is called
the substitution conjugate to A. Similarly A’ denotes the
substitution conjugate to A’. _

The substitution A is called read if A = A (i.e. a;; is real
for all values of ¢ and j), symmetric if A’=A (i.e. dy=a),
Hermitiun if A"= A (i.e. @; = a;;) and the bilinear form
a(x.7) is a positive Hermitian form (§ 5), orthogonal if
AA =1, unitary if A’ =1,

If the substitution A changing z; into

N

af = apiy+HapT+ o+ Qi Ty
is orthogonal, we prove at once by forming the product 44’
that aay; +aguyi+ .+ apiag;=1if i =j,and = 0if i £ .
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Therefore
4 2 V3 - Y P
O 2, = (A T+ Gy L 0y, @)
. )2 .
F (U @y + Bgo @y + oo+ Ugy Xpn) 2+ con F (U O+ Apa X,
— 2 Y D
Foon Uy ) S+ u,
Conversely, if «2+a,%+...+2,2 = +2,2+ ... +ua,* for
all values of &, &y, ..., Xy, AA’=1 and hence A4 is ortho-
gonal.
Similarly if A is unitary,
- r—= — — - -
£/ T+ xy Xy +. + &g By = 0T AT Tyt e+ Xy T
and conversely, if this relation holds, 4 is unitary,*

Ex. 1. What are the conditions that AB = BA ?

Ex. 2. The determinant of A™!is {|ae|} L

Ex. 3. The determinant of a substitution = the determinant of
any transform.

Ex. 4. The determinant of a substitution of order » is an n-th
root of unity.

Ex. b If C= KLM - BST, 0,; = 24,810 70p .. Muubuakin; (7, 0, p,

V,'I,A-ml -l, . ,m)

“Ex. 6. Matricos may be considered as elements defined by the
law of combination |a|. |b] = |¢'.

Ex. 7. The determinants of A and A” are equal, and the deter-
mmants of A and A are conjugate complex quantities.

. IfAB=C; AB=C(, BA' = (’, and A’ = (.

Ex 9 The transposed substitution of B~14 1 is B’ A’B'~1,

Ex. 10. If A and B are (i) real, (ii) orthogonal, (iii) unitary,
so is C.

Bx. 11, (i) A real orthogonal substitution is unitary, (ii) a
unitary orthogonal substitution is real, (iii) a real unitary
substitution is orthogonal

Ex. 12. If A is (i) real, (ii) symmetrie, (iii) Hermitian, (iv) ortho-
gonal, (v) unitary, (vi) of order n, so are A1, A’, 4, and A"

Ex. 13. The substitutions 4, A" may be deﬁned as the operations

da(r,9) daly,2)

of changing z, into o9, —«a—y-:—— respectively.
Ex. 14. If A changes z, into 7/,
(i) a(z, ¥) = 12, + 9,70 + « FYm m ; (i) e(z, y) = b(2, y).

Ex. 15. (i) AA’ is symmetnc, (ii) A4’ and A A’ are Hermitian.
Ex. 16, (i) The determinant of an orthogonal substitution is
+1, (ii) the determinant of a unitary substitution has unit
modulus, (iii) the determinant of a Hermitian substitution is real
and positive.
* 5/ denotes G, T, + Ay Zg +... 4 Gim Tuwe
RILTON F. O, [+
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Ex. 17. From the 3 m(m+1) relations
1,0+ 8,0y 4 .. +8pay;=1 if i=j =0 if i)
we can deduce the 3 m(m + 1) relations
@101+ 85855+ - 0y 0y = 1ifi=j, =0 if isy;
and conversely.

Ex. 18. Every orthogonal substitution of degree 2 can be put
in the shape (cosf x—sin0y, +sinfx +cos0y).

Ex. 19. An orthogonal substitution of order 2 is symmetric,
and conversely.

Ex. 20. If [, my, n,; b, my, ny; l;, my, n; are the direction-
cosines of three mutually perpendicular straight lines,

G +myy+n2, Lr+myy+n,z Luo+mgy+nge)
is an orthogonal substitution.

ix. 21. (i) The transform of a real substitution by a real sub-
stitution is real. (ii) The transform of a symmetric substitution
by an orthogonal substitution is symmetric. (iii) The transform
of a Hermitian substitution by a unitary substitution is Hermitian.

Ex. 22. Find an orthogonal substitution of order 2 changing x,
into a,x+a,x,+ ... +a,,1,,, where a,, a,, ..., a, are any
quantities such that ¢+ a,*+ ... +¢a,°= 1.

Ex. 23. (i) If B 'AB =D and B is orthogonal, a(z, y)
=d(§ ) where

Ei=buri+bpXot o HDinTons M =bath +09,+ <o +inYp
(i) If B is unitary a(x, 7) = d(§ 7).
§ 6. The bilinear form
[1] (m, :;3) = Eaijiia‘j (I.,j = 1, 2, ceey ’]n) .
is called Hermitian when @;; = da;; (ay is real if ¢ =j)*
If we express « (z, Z)in terms of other variables
X, X, ..., X,

(homogencous lincar functions of ay, @y, ..., %,,), the new
bilinear form is still Hermitian. For if

Ly = ‘ilX1+‘i2‘Y2+"°+fim‘Y1n’ i
a (a’: ;'3) =2 {aij (Ec'l‘_Yl"' T ;ime) (‘leI +.t+ ‘ijm)
+ ¢ (éjl‘\’l +ot+ éijm)_ (‘t'IXl +.o.t ‘l'm)_(m)}
o _ = I{E (age6 X o X+ 60,8, X, X)L
which is Hermitian.
We shall show that by choosing X, as a suitable linear

function of x, Z4,. ..., Z, We may bring a Hermitian form
of non-zero determinant into the canonical shape

o, X, X\ +a, X, X, +... 4+, X, X,
* Asin § 4 7, 4, sre complex quantities conjugate to x,, ay.
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where
oy Qp, = | Gy Ay o o . Qg
Qg Ao « « . Qqp

Opr Qg - -« G
This is obvious if m = 1. Assume it true for every value

of m less than the one considered. Then we shall prove the
result true in general by induction.

Choose auX_ L= Q@+ Gy e F Ay X,y
s0 that Ay X = AT+ 0y Ty + oo+ Uy Ty
Then

a3 0 (2, 7) =ay,? X, X + 3 (a0 — a40,) Ti25(5 5= 2,8, ., )
= (by our assumption) ¢, X, X, + b, X, X, + b, X, X,

+o+b, X, X,
where b,b,...0;, mImAn

=| Qnlgy—0g Ay Qlpg—dyy 1y o . . (A Oop — 0y Ay,
AUy — g gy UpAyg— Qg Gy o o o Qg Qgp—0gy By

A Q= Oy A Az — A Qyg - - o Uy Qpp—0p Oy
=| oy 0 0 0

Ugy O Qg — Qg1 B1g A Qo3 — g Ay o o + AgyQogj— U A

1 Ay O Qg = U Ay QpyAog—qyy g o« o Qpylyp— Qg Qg

a]l e & & s & 4+ & 2 s s+ & = s 8 s

e & & s+ s s e & & s+ & 4 % e e g & s &

Apy Uy Uy — Ay By Uy Upg—Qpg Qg o o - Ay Upp— Qg yg

= ap*%a,a,...q; (multiplying the 1st column by a, and
adding to the ¢-th column).

Hence b;, = a,,a;, and therefore
a@z) =0, X, X;+a,X, X 4.+ X pn X -
Since @, X, X, +... + @ X, X,, is Hermitian, a,, a, ..., ¢,
are real. _ _
Again, since XX,, XX,, ..., X,,X,, are real and positive,
a (z, x) is real and is always > 0 if a,, a,, ..., a,, are all > 0,
c2
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whatever values (not all zero) are given to z,, ,, ..., Tp,.
In this case « (z, Z) is called a positive or definite Hermitian

form. If we write 7; for v/a;X; when «; is positive
(t=12,..,m),

o (z, %) becomes y, 9, + Y, + ... + Y Jm- This is the canonical
shape of a positive Hermitian form.

In the above argument we have assumed that no one of the
quantities «,, «,, ..., «, vanishes. This is legitimate; for
since the determinant of the form = 0, at least one of the
(m —k)-th minor determinants (with k£ rows and columns)
of |a| does not vanish. We can therefore by a suitable
arrangement of the m variables always ensure that «; 5 0.

Ex. 1. A homogeneous function of the second degree in m
variables with non-zero determinant can be expressed in the shape
X2+ X2+ ... +X,2

Ex. 2. A real symmetric substitution A is Hermitian if the
bilinear form a(x, x) can be expressed as the sum of m real
squares,

Ex. 8. In whatever way a(z, 7) is reduced to canonical shape
the number of positive coefficients in the canonical form is always
the same.

Ex. 4. The sum of any number of Hermitian forms is
Hermitian ; and the sum of any number of positive Hermitian
forms is positive.

Ex. 5. If A(x, ) is a form of zero determinant such that
a,, = a;,, while all the (m—¢—1)-th minors of the determinant
vanish” but not all the (m—t)-th minors, a(x, r) can be brought
to the shape ¢, X, X, + a0, X, X, + ... +a, X, X, .+*

ix. 6. The bilinear form «(x, y) with non-zero determinant
can be reduced to the form w e,+w,r,+ ... +u,v, where u,,
M4y .oy Uy, are linear functions of xy, uy, ..., 4y, and vy, vy, .., 0,
of Y1y Yyy <oy Y-

§ 8. Quantities X, X, ..., X, notall zero such that

I\AY" = a‘l‘\'1+a‘z‘\'2+ s +a"m4\’m9 (l: = 1, 2) ceey ’m)......(i)
are said to define a pole (X, X,, ..., X)) of the substitution 4
of §4. Two poles (X,, X,, ..., X,) and (%, Z,, ..., Z,,) are

2 X 4
i istinet if ! =“2 =  =m, iminati
not considered distinet if Z, = 7, z. Eliminating

'kl:_a,‘, Gy .0y Gm-s are all positive, the form is called ¢ hypohermitian of
rank t',
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X, X,, ..., X,, from the m equations (i) we get

ON) =] ay—\ ay B B, =0.
Ay Apy—A . o L Uy,
(- Upe + » + + Ug=—A

This is called the characteristic equation of A.

By § 3 the characteristic equation of B~'A B is obtained by
climinating Y, @/, «; from the 3m equations
AYy=bya)+bua) + .0 + by,

Yl' = b,-lwl +b"3.1'z+ R b;ma:m,
2 = apr, +anpx,+ . ax,. (E=1,2, 00, m)l (i),
where (13, ¥,, ..., T},) is a pole of B~1AB.

From (1i) we deduce #; = Ax;. Therefore the characteristic
equation of B~'ARB is obtained by eliminating ,, «,, ..., .r,,
from Az; = «; @+ ;0,4 o @, @, and is 0(A) = 0,

Hence the characteristic equation of A is identical with the
characteristic equation of any transform of A. Obviously
X, X,,...,X,, are values of @,,,, ..., 2, satisfying equa-
tions (ii). Therefore

Y, =0p X 40,X+ oo+ b X (1)

Hence any pole of B-1 AB is ohtained by applying the sub-
stitution B to a pole of A corresponding to the same root
of the common characteristic equation.

Ex. 1. The product of the roots of 8(A)=0 is |a]|, and their
sum is @+ A+ ..o 0.

Ex. 2. No root of 6(A) = 0 is zero.

Ex. 8. If a,, =0 when j < i, the roots of §(\)=0 are 4,

Qgyy ory Coppye
22]?.1:. 4. If the equations (i) of § 6 are equivalent to only m—2
independent equations for a certain value of A, A has an infinite
number of poles.
Ex. 5. If A has more than m poles, it has an infinite number.
Ex. 6. If (1, 0,0, ..., 0) is a pole of 4, a,; = a5, = ... = a,,; =0.
Ex. 7. Every substitution has at least one pole and can be
transformed into a substitution with a given pole.
TI‘;‘E 8. If A, B have a common pole, 80 have 7'A7 and
~1BT.
Ex. 9. (i) A pole common to A and B is a pole of AB. (ii) The
corresponding root of the characteristic equation of AB is the
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product of the corresponding roots of the characteristic equations
of A and B.

Ex. 10. The poles of A corresponding to the roots A, A,, A4, ...
of 9(A) = 0 are poles of A" corresponding to the roots A%, A",
A", ... of the characteristic equation of A”,

ix. 11, If A is Hermitian, the coefficients in 6(A) are real.
ix. 12, Prove (i) a(X, ) =AM X, 5+ Xoy+ ... +X,,4,); (ii)
(X, 9)=A.0(X,y), if AB=C.

Ex. 13, A and A’ have the same characteristic equation.

Ex. 14. If (X,, X,, ..., X,,), (£}, Z,, ..., Z,,) are poles of 4,
A’ respectively corresponding to unequal roots A, u of their
common characteristic equation,

a(X,Z)=X\Z+ X, Z,+ ... +X,,7,, = 0.

ix. 16. If AB = 0, the characteristic equation of 4 is

Aby —en Abyy—e, oAby,
21— Ca hp—C:0 o o Ay =y

=0.

Ay —Cpr Abpa—Cyy o o Ay — Oy
Ex. 16. If A is orthogonal

M 0= +Am.0(3)s (i) X2+ X2+ o +X,2=0

unless the corresponding root of 0(A) = 0 is +1.

ix. 17. If A is unitary (or leaves unchanged a positive
[fermitian form), the roots of 0(A) = 0 have unit modulus.

Ex. 18. If A is (i) real and symmetric, (ii) the product of two
real symmetric substitutions ' and D), the roots of 8(A) = 0 are
real, provided the hilinear form corresponding to € or D is the
sum of m real squares.

Ex. 19. If A is (i) Hermitian, (ii) the product of two Hermitian
substitutions ' and D), the roots of () = 0 are real and positive.

Ex. 20. The characteristic equation of a hypohermitian sub-
stitution of rank { (defined in the same way as when |u|F 0)
has ¢ zero roots and (m—¢) real positive roots,

Ex. 21. Show that the determinant of S= (X, r,, X,r,— X,.z,.
ees Xk 1= Xk‘l‘k‘l’ Xlxk—, Ky ‘\'A+,Ik—‘\'k1'h.+1, eeny
X, r,—Xpr,) is (—=Xp)"; and that if X, #0, S714S has
(1,0, 0, ..., 0) as a pole.

Ex. 22. Sho‘v that if TE (X].t‘ +f,21’,+ o +!|mrm.

Xs-’l + t22~"2+ et ".'m'rm' st ‘Ym‘rl + tm‘.."t.:'*' et lmm’m)O
TAT ! has (1, 0, 0, ..., 0) as a pole.

ix. 28. Show that if T'=(X,r+X,r,+ ... + X,,7,,,

N I R /YE UL UUUIE ¥ YN SRR N R TY LT SNUEE Y A
is orthogonal, 7"1AT has (1,0, 0, ..., 0) as a pole ; and conversely
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if T7XAT has (1,0, 0, ..., 0) as the pole corresponding to the
pole (X, X,. ..., X,,,) of A and T is orthogonal, 7' changes r,
into a multiple of X r,+X,r,+ ... + X, 2,

Ex. 24. A symmetric substltutwn can be transformed into
a symmetric substitution with (1, 0, 0, ..., 0) as pole by an
orthogonal substitution of order 2

Ex. 25, Find the roots of the characteristic equation and the
poles of (i) (cos r—sinfy, sin 0 xr+cos @ y),

(i) (ir+(1—dy, —iy), where i = v/ =1,

Gii) (ir+(1—=i)y, (1+i)r—iy)

@(iv) (y+82, - x+2y+e —r+y+42),

(v) (Br+6y, —4x- 5y, 8r+8y—2),

(vi) (20x—15y—242, —1304+6y+ 162, 24— 16y —202).

§ 7. The homogeneous lincar substitution
(g 2y, dyly, ooy )
is called a multiplication ; the multiplication
(), 4,y ooy ()

whose coefficients are all equal is called a similarity-sub-
stitution.

The substitution (u Tay A28, .. &£,), where a, B oap
are the symbols 1,2, ..., m in some ur(f r or other, iy called
a monomial subxtltutmn

Ex. 1. (i) A permutation and a multiplication are special typos
of monomial substitution. (ii) A multiplication is symmetric
and is Hermitian if its coefficients are real and positive.

Ex. 2. The product of two multiplications, similarities, or
monomial substitutions is respectively a multiplication, similarity,
or monomial.

Ex. 3. Any two multiplications are permutable.

Ex. 4. A similarity is permutable with every substitution ;
and a substitution permutable with every substitution on the
same variables is a similarity.

Ex. 5. Every substitution on »,, r,, ..., z,, permutable with
(2. a,ry, ..., ayry) is a multiplication if no two of the
coefficients «a,, a,, ..., a,, are equal; and is of the form

(bnxl-{- oo +b)kxk, ceey bkl’l‘*‘ ave +bl.k‘Tk’ bk"'l’k‘fl’ seey bmxm)
if a, =a,= ... =q; and no two of a,, @y, #4q ..., @, are
equal,

Ex. 6. The coefficients of a multiplication of order n are n-th
roots of 1.

Ex. 7. A multiplication of finite order is unitary.
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Ex. 8. The product of the coefficients of a monomial substitution
of order % is an n-th root of 1.

Ex. 9. A substitution with (1,0, 0, ..., 0), (0, 1, 0, ..., 0), ...,
(0, 0, 0, ..., 1) as poles is a multiplication ; and conversely.

Ex. 10. If two coefficients of a multiplication are equal, the
substitution has an infinite number of poles.

Ex. 11. The coefficients of a multiplication are the roots of its
characteristic equation.

ix. 12, If a, # a,, a3, ..., a,, every substitution permutable

with S= (a7, ayr,. ..., a,x,) has (1,0,0, ..., 0) as a pole.

Ex. 13. If any substitution is multiplied by a similarity, its
poles are unaltered and the roots of its characteristic equation are
all multiplied by the same quantity.

§ 8. Any homogenecous Ui near substitution of finite order n
and degree m can be transformed into @ multiplication.

The result is obviously true when m =1. We shall assume
it true for every substitution of degree m —1, and then prove
it true by induction for a substitution of degree m.

Let the substitution be the substitution 4 of § 4, and let
(X,, X,, ..., X,,) beany pole of A. It is obviously possible to
choose the m* quantitics & of § 6 in an infinite number of

ways 80 that their determinant 1O1is % 0 and

A4 v v y
Y''=1,7YY,= Yy=..=FY,=0.
Then B~'AB has (1, 0,0, ..., 0) as a pole.*
Suppose BT'AB = (o @ 40,0+ L H a2, a0+ gy,
Foeeet Uop s vony Ogily + 0p iy + oo+ U )
Since (1,0, 0, ..., 0) is a pole of B-'AB, wo sec¢ at once that
Uy =05 =...= 0, = 0.

Because B-'4 B is of finite order and changes x,, oy, ...,
into lincar functions of @, #y, ..., &y, we can by our assump-
tion find lincar functions z,, =y, ..., 54 of w,, 2y, ..., w such
that B 'AB changes z, into w,z,, 3 into w2, ..., 2, into
wpiye  Lxpressing B='AB in terms of xy,z,,2,, ...z, it
becomes

() + €320+ €2, + oo € Sy, 02y, 000y @y 2.

The r-th power of B-1AB is at once proved by induction
to be
o —w,’

r 2 A m r
W, .z +5 s “ 2 + .+g PRS_NE L w, 2 ceey W r )
( [ g} 2, L 2 27 m R “mr W2 ~32. ' %m zm °

* See also § 6, Ex. 21, 22, 23,
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Now if o, = wy;, (0 —;")=- (0, —w;) = 70;""1; and there-
fore in this case ¢; = 0, since B4 B is of finite order.
Express B-14B in terms of the variables

21 =&+ 02+ . F 0Ty Tay Tgy cees s
where ¢; = ¢ - (0,—w;) if 0, #w; and ¢; =0 if 0, = w;.
Then we readily see that B-'A B takes the form

(93212 @355, vovs @)

Therefore A is transformed into a multiplication by BD),
where D is the substitution ;= z;.

Since the n-th power of B-1AR is

(072 0,2, oy 0 2p) 0" =0, == 0," =1

A practical method of transforming any given substitution
A into a multiplication is as follows. Find if possible
m poles
(B0 2 s i VB B vy BN e, (B0, 2, ., 5, 00)
of A’, corresponding respectively to the roots A, Ay, ..., A,
(not necessarily all uncqual) of the characteristic equation of
4’, such that the determinant of the substitution
T=Z/vo,+Z) 2y + ...+ 2 2y, 20+ 2) 0y .+ 2, 2y,

vy 2\ + 2,00, 4+ L )

is not zero. Then if M = (A2, Ayry, ..oy Ay2y,), we verify
at once by using the equations corresponding to (i) of § 6
that AT = I'M. Therefore 1' transforins A into a multipli-
cation.®

Ex. 1. Every substitution of degree m and finite order has at
least m distinet poles.
Ex. 2. If all the roots of the characteristic equation of a substi-
tution of finite order are equal, the substitution is a similarity.
Ex. 8. If (a7, a,ry, ..., a,,r,) is transformed into (¢, ry, ¢,2,,
o €y, (1) the a's are the same as the ¢’s in some order or
other; (ii) if no two of the a’s are equal, the transforming
substitution is monomial.
Ex. 4. A substitution of degree 2 with 2 distinet poles can be
transformed into a multiplication.
Ex. 5. If the commutator of two substitutions of degree 2 with
a common pole is of finite order, they have both poles in common.
Ex. 6. Transform
(i) (82——13]/, 51—8:’/)) (h) (zr+(l-—-c)y, —'iy),
(iii) (ic+(1—14)y, (1+1)c~—iy),
(iv) (y+82, —x+2y+2, —z+y+42),
(v) (br46y, —4r—by, 8r4+8y—2z),
] (vi) (0,21, 1+ @, 25, ooy €71+ Wy Ty)
into multiplications.
* See also Ex. 7.
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Ex. 7. (i) X (X, X/, ..., X;,)h (X% X7 ooy X" oo
(X, X,m),..., X, ™) are m poles of A such that the determinant of
= (X;’zl+X1”ar.,+ v + XM X+ X x4 4 Xy,
oy X 1+ X"y + oo+ X, ™, i8 not zero, TAT ! is a multi-
plication. (ii) If A can be transformed into a multiplication,
such poles always exist.

Ex. 8. (i) If a substitution

Y=az4+by+ez Y = ax+byy+c,8 2 = a7+ byy+cy2

is transformed by o’ = X, 9’ = Y, #=27 into the multiplication
(Ax, uy, v2), (1,9, 2) and (2, ¥/, #) are corresponding points on
the conicoid AX?4uY24vZ2=1 and its polar reciprocal with
respect to X%+ Y2+ Z2=1. (ii) If the lines joining three poles
of the substitution to the origin are mutually perpendicular and
the same is true of the axes of reference, the substitution is
symmetric. (iii) Conversely, if the axes of reference are rect-
angular, non-coplanar lines joining the origin to three poles of
a symmetric substitution are mutually perpendicular in general.

Ex. 9. If any power of a substitution is a similarity, it can be
transformed into a multiplication.

Ex. 10. If no two roots of the characteristic equation of a
substitution are equal, it can be transformed into a multiplication.

ix. 11. If 4 is a symmetric substitution whose characteristic
equation has the roots Aj, A,, ..., A, (i) 4 can be transformed
into a multiplication by means of an orthogonal substitution ;
(ii) @ (x, y) can be put in the form A &m +A, &M+ oo +A,, 67,
where £ is a homogencous linear function of xy, x,, ..., z,, and 7,
is the same function of y,, ¥,, ..., ¥

Ex. 12, Prove that every substitution can be transformed into
the normal form (a0, 4a,,054 oo + a0 oty + oo + Gy @y,
seos Uy &y, in Which e, =0 if i > j.

Ex. 13. (i) The product of two substitutions in normal form is
in normal form. (ii) The inverse of a substitution in normal
form is in normal form.

Ex. 14, Transtform into normal form

(i) (—10x—9y, 16.r+ 14y),
(i) (20r—16y—242, —13r+6y+162, 24r—16y—292).

§ 9. By writing 2/ for &/ --x,/, »; for a;--, in the
homogencous lincar substitution 4 of degree m (sce § 4) we
may derive the jractional linear subs itution a of degree
m—1 defined by

R i L AL S LS L (i=1,2,...,m—1).
U1+ Ay @gt oo+ Qg 1 Ly + Uy
Evidently a is not altered if we multiply each coefficient

(l.'j (l',j = l, 2, ey ’nl)
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by the same quantity. Therefore in dealing with fractional
substitutions we may always suppose the determinant formed
by the coeflicients (in this case | a |) to be 1.

Wecall (X, X,,..., X,,_,) a pole of a,if (X, X, ..., X,,_,,1)
is a pole of A. The poles

Xy, Xy, ooy Xppoy) a0d (2, 25, .., 2 )
of a are considered distinet unless
X=2,X%=7Z,..,.X,,.=2,_,;
i. e. we are concerned with the actual magnitudes of
X, X, 00 X

» m—1
not with their ratios only as in § 6.

Ex. 1. The product of two fractional linear substitutions is a
fractional linear substitution.

Ex. 2. a is not altered if we replace 4 by AM, where M is
any similarity.

Ex. 3. Let a, b, ¢ be the fractional substitutions derived from
the homogeneous substitutions 4, B, . Then (i) if AB=C,
ab = ¢; (ii) if ab=c, AB = CM; where M is a similarity.

Ex. 4. (i) If A is of finite order,so is a. (ii) If 4 is a multipli-
cation, 8o is a.

Ex. 5. A fractional linear substitution of finite order can be
transformed into a multiplication.

Ex. 6. If (X,, X,, ..., X;y-1) is & pole of a,

X, =@, X,+0,,X+ ... +a,,) =(0,,X,+6,X,+ ... +a,,,)

Ex. 7. Prove that the poles of b~1ab are obtained by applying
b to the poles of a.

ax+b

Ex. 8. The substitution § = (:c’ = cx—rﬁ)’ where ad—bc =1

and 2 cos ¢ = a+d, is called parabolic, elliptic, hyperbolic, or loro-
dromic according as tan ¢ is zero, real (3£ 0), a pure imaginary, or
complex. The poles of S are denoted by « and 3. Prove that:

(i) a, B have the values »21-(—: (a—dF 2isin $), where i=+/ —1.

(ii) (@ —a) = (z—a) = (cx+d) (ca+d) = e+'(x—a) = (cx+d).
(iii) If a = B, S is parabolic; and conversely.
(iv) If S is parabolie, it can be put in the form
1 1

Z=a " z—a "
(v) If S is parabolic, it is a transform of 2 =z +e¢.
(vi) If S is non-parabolic, it can be put in the form

r—a _ , Pl

7= ¢ 2=8
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(vii) If Sis non-parabolic, it is a transform of 2’ = e**x.
(viii) If Sis of order 2, it is hyperbolic, and a+d = 0.
(ix) If S is of finite order ( > 2), it is elliptic.
(x) If S is loxodromie, it is the product of an elliptic and
a hyperbolic substitution.
(xi) ¢ is not altered when we transform S by any substitution.

. - _ mz+ b -
(xii) The transform of S by S, = (:c’ = o dl) 18
o — o wmotd , _ @B+b

. r—ao
SOl e T = — 3, =
o ¢ B, where u, catd,’ B i+ d,
(xiii) If S and S; have a common pole and their commutator is
of finite order, they have a second common pole.
3x—1 1 a+v/8-2
(xiv) The orders of ' = vir-] , ——, and 2%

x V22 2443

are 6, 4, and 12 respectively.

§10. In §§ 4 to 9 the symbols used (z;,«;;, &e.) denoted
ordinary real or complex quantities. Much of the preceding
is, however, applicable if the symbols denote any quantities
with laws of addition, subtraction, multiplication, and division,
these operations (additions, &c.) being subject to the laws of
ordinary algebra.

Let p be any prime, and let P () = o"+p a1+ ... +p, be
& rational integral function of = with positive integral
coefticients Jess than p and not reducible mod p; i.e. not
satisfying any equation of the form

Px) = Py(x). Py(a)+p . Py(x),
where P, (x), ’,(x), and P, (r) are integral functions with
integral coeflicients.

Let F(x) be any integral function of » with integral
coeflicients. The remainder when F(x) is divided by P (x)
is evidently of the form f(x)+p. ¢(x), where ¢ (z) is an
integral function of degree r—1 with integral coetficients
and f(r) = ¢+ @z +a,x*+...+a,_ "' in which each
coeflicient is one of the integers 0,1, 2, ..., p—1. We call
S (x) the residue of F(x), mod p and P(x). There aro p”
possible residues, for each of the » cocfficients a,, «,, ..., a,.,
may be chosen in p ways.

All functions having the same residue are said to form
8 claw. If F, F, arc any two functions helonging to two
given classes, the classes of Fy + F,, ¥, — F,, F\ F, are evidently
definitely and uniquely given, so that the classes obey laws
of addition, subtraction, and multiplication. The classes C,
and C, corresponding to the casesqy, = a, =a;=...=a,_, =0
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and gy=1, a,=a,=...=a,_, =0, are called the zero and
unit classes respectively. If C is any other class, evidently
C+C,=Cy+C=Cand CC, = C,C=C.

To show that the classes obey a unique law of division
(the divisor not being the zero class), we must prove that,
¢, and (', being any two classes, we can always find a single
class C,, such that C,= C,C, (v #0). Then C,=C,=C,.
It is sufficient to show that we can find a single cluss (',
such that C,.C,"'= C; for then C, = C,"1C,.

Let F(x) be a function of the class C,. Then, sinco C,, is
not the zero class and P (x) is not reducible mod p, we can
prove that functions F) (), P, (x) exist such that

F, (x). F(x)— P, (z). P (z) = 1 (mod p).
The proof is an extension of the method used in showing that
if e, f are two integers with no common factor, we can find
integers ¢;, f; such that ee—f, f=1 (see Dickson’s Lineur
(iroups. lTeubner, 1901, p. 8). Then F|(x) belongs to the
class C,1,
We may represent the classes by the marks
Ugy Uypy Ugs vevy UpTegy

which obey laws of addition, subtraction, multiplication, and
division, and form a Galois Ficld of order )" denoted by
GF[p7]. We shall suppose uy, the mark of the class to
which f(x) belongs. Then w, 1s the zero mark such that
Ug+ Uy = Uy+ U, = U,, and u, i8 the unit mark such that
U)Wy = WUy = U,. We may denote the mark w,(, by the
integer f(p) when no ambiguity is introduced thereby. This
notation is especially useful when » = 1 and in the case of the
zero and unit marks of any Field.

The Galois Field contains p i ntegral marks w,,u,,u,, ... Wy
corresponding to the cases in which

g=a,=..=a,.,=0,and ¢,=0,1,2, ..., p-1
respectively. An important case is that in which » = 1.
Then f(r) is one of the integers O, 1, 2, ..., p—1. The
Galois Field consists solely of the zero and integral marks
which are usually denoted in this case by 0,1,2, ..., p—1,
and are called ‘integers reduced mod p’.  All integers leaving
the same remainder when divided by p form a class.

cx. 1. Find Up_yF Uy, Uy, (p>A>0), and Upr -1 — ty.
Ex. 2. If pr=2% P(z)is 2?+z+1.
Ex 8. If p" = 8%, P(x) is £2+1, 2?4242, or 22422+ 2.
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Ex. 4. Find addition and multiplication tables for all marks of
the Field (i) when p" = 22 (i) when
p"=8% and P(z) = 22+2x4+2.*
Ex. 5. In Ex. 4 (ii) find the difference and quotient of w; and
%,, ug and ug, u, and u;.

Ex. 6. The substitution =’ = xr+?¥ is of order p, if  is any non-
zero mark of a GF|p").

Ex. 7. (i) The substitution (S) «' = %"=
(a+d)? cotd

6, p if ad—be = Yoo M Uty Ut Uty Uttt
respectively ; where a, b, ¢, d are marks of a GF[p7]. (ii) Find
the general condition that S" = 1.

Ex. 8. Every linear substitution whose coefficients are marks
of a GF{p"] is of finite order.

Ex. 9. Find the orders of (y, z+y), (¥, £+1) in the GF'[2].

3 4 .
114, 5 &+1 inthe GF[5).

_*+4 4741 6
Ex. 11. If S, T, U denote “,—31'+6’ 273 %
GF(7], find the orders of S, 7, U, TU, ST, STU. P

,_92+7 bz+8/4
Ex. 12 If 8, T, U denote «'= =5, ooralfl
GF|[11}, find the orders of S, T, U, ST, SU, STU.

o
Ex. 13. Find the orders of 2’ = r+2, %tl in the GF[22]

is of order 2, 3. 4,

x. 10. Find the orders of .+ =

n the

?in the

Ex. 14. Find the orders of ' = z;;:_«g’ 7-’—: Lin the aF[3¢]
when P'(x) = 22+ 224 2.

Ex. 15. If u is a solution of an equation of degree k in a GF[p"]
(i. e. an equation of the &-th degree in which the unknown quantity
and the coeflicients are marks of the Field) but of no equation of
degree < k, the p* marks a,+a,u+ ... +a,_,u*"1 are all
distinet ; a,, @y, ..., a,_, being any marks of the Field.

Ex. 16. Every mark of a GF'[p'] is a solution of some equation
of degree < r in the Field.

Ex. 17. In Ex. 16 every power of u is of the form
bo+bu+ .o+ WY
where b, b,, ..., ;,_, are marks of the Field.
* Unless r - 1 such tables depend, of course, on the irreducible function
chosen as P'(x). It may be shown that changing P(r) is merely equivalent

to permuting the marks of the Field; i.e. there 1s only one essentially
distinet GF| ).
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Ex. 18. If u;, u,, ..., u; are the roots of the equation
Fu)=v+au* 14 ... 4+a;_u+a, =0 ina GF[p']
and S, denotes u,!+uy'+ ... +u,!, prove that
: 1 1 1\ s
@) F) w—w, ¥ u—1e toe u—wu,) b
+(k—1) auF 24 ... 4a; ,:
(ii) S;+a,S,_,+a,S, o+ ... +a, S +¢ca, =0, (e=1,2,.. k)
(iii) 8,4+, S, 1 +8S, g+ . + @Sy =0, (€ =k+1, k42
k+3, ..)

§ 11. If w is any mark of a GF[ p7], the series u, u? u? ...
contains at most p”—1 distinet marks, since the Field only
contains p"—1 marks excluding 0 (= u,). Hence for some
value of & and ¢, w* = «f and w*'=1(=u,). If u® is the
first mark of the series which = 1, n is called the period of u.
Let «” be a mark not included in the series 8 =(u, u?%, ..., u"),
w” a mark not included in the series

Sor w8 = (wu, wu? ..., vu"),
u”” & mark not included in S, »’S, "8, and so on. Then we see

at once that no two of the marks included in S, w’S, w”’S, w8, ...
are identical. Hence :—

The period of each mark of the GF[p'| 48 a divisor
of pP—1.

Just as we prove in ordinary algebra that an cquation
of the n-th degree has not more than n roots, so we prove
that there are not more than 2 marks wu satisfying an
equation cu*+cu' 4. +c, =0 whose cocflicients are
marks of the Galois Field. It follows that, if d is any divisor
of p"—1, there are d marks satisfying «? = 1. For thero arc
p"—1 marks satisfying w?' -1= 1, and w1 = (u?—1). ¢ (u),
where ¢ (u) is of degree (p"—1)=~d. But ¢ (x)= 0 is satisfied
by at most (p'—1) = d marks of the Ficld, and hence there
are d marks satisfying u?—1 = 0.

A mark satisfying u* = 1, but no equation u®=1 (e < k)
is called a primitive root of u* = 1.

If k=1 and w is a primitive root of w*= 1, z is a factor
of k. For if k=Ilz+m (z>m20), u™ =uk2=1; and
therefore m = 0.

Let k= a%hBce7..., where a, b, ¢,... are primes. Then the
numbers of primitive roots of u* =1 is k—(the number of
roots of uk-4 =1, uk=b =1, uk=c=1,...) + (the number of roots
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of uk+ab=1, y¥+ac =1 )— (the number of roots of

k k& k
k—abe — PRy T Bhd i -
uk-abe =1, )+ &e. =k (u+b+c+"’)

k| k k
+ (5w +o)= (o + L) e

k(=) (- (1= 3)..*

A primitive root of w? "1=1 is called a primitive root
of the Field. If w is such a primitive root, the marks of
the Field are wu,, u, u? u?,..., w?’' "= 1).

ix. 1. If @, b, ¢ are marks of a GF [p"] and the periods of a
and ¢ are k and ! respectively, the order of ' = axr+b is k, of
(ar, br +ay) is pk, and of (ar, br+cy) is the L. C. M. of k and [

Ex. 2. How many primitive roots of the GF{3'] and GF|7%]
aro there ?

Ix. 3. Every primitive root of the GF|[ p'] satisfies an equation
of degree r hut no equation of lower degree.

Ex. 4. If u is a primitive root of the ¢F{p"| and d is a factor
of pr—1, 2’ ~D- jg a primitive root of w? =1,

Ex. 5. No intogral mark is a primitive root of a GF'[ p"] unless
r=1.

Ex. 6. In (i) the GF[11],(ii) the GF[3*] where P(+) = r* + 22+ 2,
find the primitive roots of the Field and the period of the mark 4.

Ex. 7. (i) Every similarity-substitution on m given variables
whoso cooflicients are marks of a given Field is a power of a given
similarity. (ii) The order of a multiplication is the L. C. M. of
the periods of the coeflicients.

2x. 8. A mark of a GF|p"] is called a square or a not-<quare
according as it is or is not the square of some mark of the Field.
Prove that (i) if p = 2, evory mark is a square; (i) if p > 2, the
even powers of any primitive root u are squares and the odd
powers are not-squares; (iii) the product and quotient of two
squares or of two not-squares are squares; (iv) the product and
quotient of a square and a not-square are not-squares.

Ex. 9. If d is the H. C. F. of m and p'—1, there are exactly
(p*—1)=-d marks ( % 0) of the GF'| p"| which are m-th powers
of some mark of the Field.

Ex. 10. By two ‘conjugate complex quantities' a and a we
mean two quantities a, +a,i, a;, —a,t where @,, 4, are marks of
a given GF|p’] (p>2), and & is defined by i®*= a given
primitive root u of the Field. Prove that (i) aa %= 0 unless
a=a=0; (i) ab% 0 unless a or b=0; (iii) a?" =a;
(iv) aP*"1=1.

* This number is usually denoted by ¢ (k). As the above proof shows,
¢ (k) = the number of numbers <k and prime to k.



CHAPTER IV

GEOMETRICAL ELEMENTS

§ 1. A GEOMETRICAL movement is any displacement of
a figure which does not alter the distance between any pair of
points. For example, a reflexion in a plane, a rotation about
a line, an inversion about a point 0,* &e., are ‘ movements’.

Let a,b be any two planes meeting in a line ! (perpendicular
to the plane of Fig. 1), and suppose a is brought to coincide
with & by a rotation about { through any angle 3a. Then
if any point P is brought to @ by reflexion in «, and @ is
brought to R by reflexion in 4, evidently £” is brought to I
by a rotation through aabout .+ Hence successive reflexions
in two planes are in general equivalent to a rotation about the
intersection of the planes.

In the particular case in which / is at infinity (Fig. 2) we
see that successive reflexions in two parallel planes whose
distance apart is 4.« move any point through a distance . in
the direction perpendicular to the planes. Such a movement
is called a translation.

If A, B are two movements such that the effect of applying
to any figure first A and then B is the same as that of
applying first B and then 4, 4 and B are called permutable
movements.

In §§ 1 to 6 we shall denote ‘successive reflexions in the
planes «, b, ¢, ..." by (a).(D) .(c). ....

Ex. 1. Reflexions in two given planes are only permutable if
the planes are perpendicular.

Ex. 2. The following pairs of movements are permutable :—-
(i) a rotation about a line ! and a reflexion in a plane perpendicular
to 1; (ii) rotation about ! and inversion about any point of 7;
(iii) rotation about ! and a translation parallel to I; (iv) reflexion

* A displacement such that the line joining the initial and final positions
of each point of the figure passes through 0 and is bisected at 0.

+ Attention must be paid to the sign of a. We consider a positive if it is
described in the clockwise direction.

BILTON 7. @. D
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in a plane and a translation parallel to the plane; (v) any tw«
translations.

Ex. 3. A line ! meets a plane P at right angles in 0. Am
two of the three movements (i) reflexion in P, (ii) inversio
about 0, (iii) rotation through = about !, are permutable; and :
combination of any two is equivalent to the third.

Fig. 1.

Ex. 4. An inversion is equivalent to successive reflexions i
three mutually perpendicular planes.

Ex. 5. Any number of successive translations is equivalent t
a single translation.,
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Ex. 6. Translations can be represented by vectors drawn from
il. fixed point, and combine in accordance with the ¢ parallelogram
aw ',

Ex. 7. An inversion followed by a translation is equivalent to
an inversion.

' P
]
L]
|
'Q

: %

|
1
i
|
|
I
*R
Fig. 2.

Ex. 8. The only movement which leaves three non-collinear
points P, @, R fixed is a refloxion in the plane QL.

Ex. 9. The only movements which leave two points I, @ fixed
are those obtained by combining successive reflexions in planes
through I’Q.

§ 2. Let 0A, OB he two intersecting lines. Take OC such
that the angle between the planes 0A %’, 0OAC is }u* and the
angle bhetween the planes OBC, OBA is §B. Let by be:
the angle between the planes UCB, OCA. Then a rotation

* i. e. when the second plane 04C is rotated about 04 through an angle } «
it comes into coincidence with the first plane 0AB; and 30 in the other twu

cases.
D2
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through a about OA followed by a rotation through 3 about
OB=(0AC).(0AB).(OBA4).(0BC)=(0CA).(OCB)=a rota-
tion through y about OC. This composition of two rotations
is called Kuler's (vr Rodrigues’) construction.

Ex. 1. A rotation through 8 about OB followed by a rotation
through a ahout 04 = a rotation through y about the reflexion of
0OC in the plane A0B.

ix. 2. The two rotations of § 2 are permutable only (i) if o, 3,
or AOB is very small, (i) iff a =8 =y=m

Fig. 3.

ix. 8. Successive reflexions in any even number of planes

through a fixed point are equivalent to a rotation.
fl'g(. 4. If a =m3 and «, 3 are small, find y and the position
of 0C.

Ex. 6. Successive rotations through angles a, 3 about parallel
lines are equivalent to a rotation through a+3 about another
parallel line,

Ex. 6. Rotations through a about 04, 3 about OB, a about
0A are equivalent to a rotation about a line in the plane 40B.

Ex. 7. Successive rotations through equal and opposite angles
about parallel lines are equivalent to a translation.

Ex. 8. A rotation about ! followed by a translation perpen-
dicular to I (or vice versa) is equivalent to a rotation through an
equal angle about a line parallel to [. The translation and
rotation are never permutable unless one or other is infinitesimal.
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Ex. 9. Successive rotations about three radii of a sphere through
twice the angles of the corresponding spherical triangle produce
no displacement on any figure.

Ex. 10. A0A4’, BOR', COC’ and aOd’, bOV, cO¢’ are two sets
of mutually perpendicular lines. 0A, OB, OC are brought into
the positions Ou, 0b, Oc; Oa, OW, Oc"; Oda’, Ob, Oc’; Od’, OV, O
by rotations about 0D, OD,, OD,, OD;. Prove that (i) the planes
D,0A, DOA are perpendicular ; (ii) the planes DOD,, BOC, D,0D,
are concurrent ; (iii) the planes DOD,, 1),0D, ave perpendicular.

Ex. 11. (i) Translations, (ii) rotations about lines through
a fixed point may be considered as elements.

§ 8. Every odd number of successive reflexions is equivalent
to three successive reflexions.

If we prove this for five successive reflexions, we can at
once extend it to the case of seven successive reflexions, then
to nine, and 50 on. Take then five successive reflexions in the
P'anes 1, 2, 3, 4,5. Now by § 1if the planes 4 and 5 meet
in a line /, we can replace the movement (4) . (5) by (IV).(V);
where IV is any plane through ! chosen arbitrarily, and V
is a plane through / such that the angle between 1V and V is
the same as the angle between 4 and 5. Take IV as the plane
through ! passing through the intersection of 1, 2, 3. Then
(1).(2).(3).(IV) is equivalent by § 2 to two successive re-
flexions, so that the theorem is proved.

Ex. Every even number of successive reflexions is equivalent to
four successive reflexions.

§ 4. The movement (1).(2).(3) is reduced to its simplest
form as follows. If 2 and 3 meet in a line {, (2).(3) may be
replaced as in § 3 by (2').(1lL); where 2’ is perpendicular
to 1. Then (1).(2) may be replaced by (I).(1I) where I is
a plane perpendicular to the planes Il and I1lI. Now
(II). (I1I) = a rotation about the interscction A of 11 and 111
which is perpendicular to I. Hence (1).(2).(3) = a rotatory-
reflexion, i.e. a reflexion in a planc followed by a rotation
about a line perpendicular to that plane. Tho reflexion and
rotation are obviously permutable.

Since a reflexion in I has evidently the same effect as an
inversion about the intersection of I and A followed by
a rotation through = about /, the movement is also equivalent
to a rotatory-inversion, i.e. an inversion about a point
followed by a rotation about & line through the point. The
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inversion and rotation are obviously permutable. Evidently
no two rotatory-inversions can be equivalent unless they are
identical. Hence : —

Every odd number of successive reflexions is equivalent to
a wnique rotutory-inversion.

Reflexion, inversion, &c., are particular cases of rotatory-
inversion. One case requires special mention ; that in which
the line % is at infinity. The movement is then called a
aliding-reflexion, and is equivalent to a reflexion in a plane
followed by a translation parallel to that plane.

Ex. 1. (i) An odd number of successive reflexions brings in
general one and only one point to its original position. (ii) What
are the exceptions?

Ex. 2. Show that a gliding-reflexion S is oquivalent to a
rotation through = about a line ! followed by inversion about
a point not lying in [,

§ 5. We shall now show how to reduce an even number
of successive reflexions to its simplest form. By § 3 it is
sufficient to consider four successive reflexivns in the planes
1,2,3,4. Asin {4 we can reduce the movement (1).(2).(3)
to (I).(II).(I1I), where the planes 1I and III meet in the
line /i perpendicular to I.  Then (1) . (1II) can be replaced by
(2).(3), where the planes 2, 3 pass through A and 3 1s
porpendicular to 4. Now the planes T and 2 are perpen-
dicular, and so are the planes 3 and 4. Hence (1).(2).(3).(4)
= two successive rotations through = about two lines «, b;
where a is the intersection of 1 anh 2,and b is the intersection
of 3 and 4.

Let & be the line meeting a, & at right angles. Let
u and B be the planes through &, ¢ and &, b.  Let &y, «, be
the planes through a, b perpendicular to k. Then two succes-
sive rotations through = about «, b =(a). (x).(3). (x,)
= (a). () . (x)- (x;), since reflexions in the two perpendicular
planes «,, 3 are evidently permutable. But (a).(3) = a rota-
tion about £, and (x;).(x,) = a translation parallel to £.

This combination of a rotation about k followed by a
translation parallel to k is called a screw about k. The
rotation and translation are obviously permutable. Two
scrows are evidently equivalent only if they coincide.
Hence : —
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Every even number of successive reflexions is equivalent
to a unique screw.

A rotation or translation is a particular case of a screw.

§ 8. Every geometrical movement is equivalent to a screw
or a rotatory-inversion.

Let A, B be the initial positions of any two points of a
figure, and let A’, B’ be their final positions after the figure
has been subjected to any movement leaving unaltered the
distance between every pair of points. let ¢ be the plane
bisecting A A’ at right angles; and let B, be the reflexion
of B in ¢, so that A'B, = AB. Let d be the plane bisccting
B'B, at right angles. Since A’B,= AB= A'B’, d passes
through 4’. Hence (¢).(d) brings A to A" and B to I’. The
movement is completed by successive reflexions in planes
passing through the line A’B’; for evidently every movement
keeping both A" and B’ tixed is obtained by combining such
reflexions. Hence the whole movement is equivalent to a
number of successive reflexions ; which proves the theorem.

If the movement is equivalent to a screw, the initial and
final positions F, G of the figure are comgruent or ‘super-
posable’. The movement is called & movewment of the first
sort, and is equivalent to an even number of successive
reflexions.

If the movement is equivalent to a rotatory-inversion,
F and @ are enantiomorphous; they are related in the same
way as a right and left hand, or as an object and its reflexion
in & mirror. The movement is called a movement of the
second sort, and is equivalent to an odd number of successive
reflexions.

Ex. 1. AA’, BB, CC’ are diameters of a sphere. The spherical
triangles 4 BC, A’B’'(” have corresponding sides and angles equal
and are enantiomorphous.

Ex. 2. A movement is completely determined when we are
given the initial and final positions of four non-coplanar points
of any figure to which the movement is applied.

Ex. 3. What movements leave a given point 0 fixed ?

§7.If S and T are any two movements, and S brings
a figure from the position F to the position @, while 7'
brings it from G to H; the figure is brought from F to H by
a unique screw or rotatory-reflexion U which may be con-
sidered as the product of S and 7' (ST = U).
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It is obvious that, when the law of combination of move-
ments is defined in this way, elements obey the associative
law and satisfy the conditions by which elements were
defined. The identical element is the operation of leaving
the figure unmoved. The element inverse to S is the unique
screw or rotatory-inversion bringing the figure from the
position G to F.

Ex. 1. The product of r movements of the first sort and s move-
ments of the second sort is of the first or secuond sort according
a8 s is even or odd.

Ex. 2. A rotation or rotatory-inversion of angle a is of finite
order if and only if a =7 is commensurable.

Ex. 3. A serew is not in general of finite order.

Ex. 4. Find the order of a rotatory-inversion of angle 2% <= n
(n integral).

Fig. 4.

{ 8. Any movement may be conveniently represented by
a geometrical diagram. Thus Fig. 4 (i) represents a transla-
tion parallel to the line AB through a distance AB. Again,
Fig. 4 (ii) represents the rotatory-inversion consisting of an
inversion about O followed by a rotation about ! through a:
where / is the line through O perpendicular to the plane
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of the diagram and o is the angle subtended at O by the
arrow there shown.* A rotation may be denoted by omitting
the O, and a screw by combining the diagrams representing
a translation and a rotation.

Ex. 1. Another convenient representation is as follows:—
Denote a screw by a pair of unlimited siraight lines, and a
rotatory-inversion by a pair of unlimited intersecting straight
lines with a O at their point of intersection.

Ex. 2. All equal straight lines drawn in the same direction
represent the same translation.

§ 9. The transform of « movement S by a movement T is
Jound by performing the movement 1 ovn the geometrical
representution of S.

Let A be any geomctrical representation of S. Let any
point I” be brought to the position £’ by 71, let P be
brought to by S, and let ¢ be brought to Q" by 7. Let
A be brought by T into the position A".  Then 7' brings I, Q. A
into the positions 2, @, X respectively. Hence the figure ’Q A
is congruent or enantiomorphous to the figure IQ’A” according
as T is of the first or second sort. Now A is the representation
of the movement N bringing I” to ¢ : hence A’ is the represen-
tation of a similar{ movement S bringing 7”7 to Q’ But
T-'ST brings 1” to ', and this is true for all positions of the
point 7. Hence & = T'-1 ST.

Ex. 1. If S is a right-handed screw, S’ is a similar screw but
right- or left-handed according as 7' is of the first or second sort.

Ex. 2. The transform of a rotation is a rotativn, and of a
translation is a translation.

Ex. 8. If § is any given screw, T any given translation, we
can always find a translation ¢ such that 7'S = S7.

Ex. 4. If T, t are given equal translations, we can always find
a rotation B such that 71t = &Lt

Ex. 6. If S, s are two similar screws (both right- or both
left-handed) about parallel lines [, I/, we can always find trans-
lations 7 ¢ such that ST = Ts, S = st.

Ex. 6. If § is any screw and X any rotation of the same angle
about parallel lines ! and ¥, we can find translations 1) 1" such
that S= RT = 1'R.

* The rotatory-inversion may be called ‘a rotatory-inversion through
a about 0 and I’

4+ For example, if S is a rotatory-inversion, S’ is a rotatory-inversion
through the same angle; if § 18 a screw, S’ is a screw with the samc
transiation and angle, &c.
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Ex. 7. If I, ¢ are any two similar rotatory-inversions about
parallel lines, we can find translations T', 7 such that I = +7' = T"i.

Ex. 8. If Sis a screw and R a rotation of the same angle about
a parallel line, while s is a second screw and r a rotation of the
same angle about a parallel line, we can find translations 7, 1”
such that Ss=Rr.T'=1". Rr.

Ex. 9. Prove a result similar to that of Ex. 8 for the product
of a screw and a rotatory-inversion or of two rotatory-inversions.

Ex. 10. Prove the following practical construction for finding
the resultant of screws of angles o, /3, ... about lines a, b, ...
‘Find the position 0 to which any convenient point 0" is brought
by the successive screws. Find the resultant R of rotations
through q, 3, ... about lines through O parallel to a, b, .... Let
M be the screw equivalent to a translation represented by 0’0
followed by the rotation . Then M is the required resultant.’

Ex. 11. Obtain a method similar to that of Ex. 10 for finding
the resultant of any number of successive serews and rotatory-
inversions.

Ex. 12, The resultant of three screws of angle # about three
perpendicular non-intersecting sides of a rectangular parallele-
pipedon whose translations are represented by twice the respective
sides is identity. (The resultant of the three translations taken
alone is represented by twice that diagonal of the parallelepipedon
which meets none of the three sides.)

Lx. 13. If a, b are two lines inclined at an angle 6 and at
a distance 2z apart, the resultant of serews through 7 about a and
h whose translations are 2. and 2y is a screw through 20 of
translution 22 about a line whose distances from @ and b are
cosec U (y+.x cos 0) and cosec 0 (x+ y cos 0).

Ex. 14, ABCD is the face of a cube; A0A’, BOK, COC’,
DO are its diagonals. Find the resultant of a rotatory-inversion

)
through “3” about 4 and AD, a screw of angle = and translation
represented by A B about C'I), a screw of angle 7 and translation
2¢°A about a line through O parallel to C’A, and a gliding-
refloxion in the plane A DB'C’ of translation 4 D),

§10. If a movement (other than identity) brings cvery
point of a figure ¥ into the position previoul‘y occupied
either by itself or by some other point of F, F is said to

ssess symmeelry. If F is thus brought to self-coincidence
1)3' retlexion in a plane s, 8 is called a symneetry-plune of F.

F is brought to self-coincidence by a rotation about a line ¢
through a positive angle a (but through no smaller angle), I is
called an n-ul rotation-axis of F, where na = 2x. Similarly
we can have an ‘n-al symmetry-axis of rotatory-inversion’,
a ‘centre of symmetry’, a ‘screw-axis of symmetry’, &e.
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For example, a cube has its middle point O as a centre of
symmetry (i.e. it is its own inverse about 0), its diagonal
as a 3-al rotation-axis, the plane through two opposite edges
as a symmetry-plane, &c.

Ex. 1. Find other symmetry-axes of a cube.

Ex. 2. (i) If 1 is an #n-al rotation-axis or symmetry-axis of
rotatory-inversion, » is integral. (ii) Give a case in which n = .

Ex. 3. No translation nor screw (unless it reduces to a rotation)
can bring a finite figure to self-coincidence.

§ 11, Many other geometrical operations besides ‘move-
ments’ satisty the conditions to which elements are subject.
As an example we may take successive inversions in any
number of circles all of which are orthogonal to a fixed
circle.

If we project any figure on a sphere = from a point V of =
on to the plane through the centre O perpendicular to OV
(stereographic projection), the projected figure is the inverse
of the original with respect to a sphere of centre ¥ and radius

v2.0V. Hence a circle projects into a cirele, and angles are
unaltered by projection. If ¢ is any ecirele on X, and I, Q
are points on 2 inverse with respect to ¢ (/'¢) passes through
the pole of the plane of ¢ with respect to X), all circles on X
through P and ) are orthogonal toc. Hence, if ¢/, 17, Q are the
projections of ¢, P. @, all eircles through £ and Q” are orthogonal
toc’,1.e. P and () are inverse with respect to’. In particular,
if ¢ is a great circle, P and  are reflexions of each other
in the plane of ¢; while ¢" is orthogonal to the fixed circlo
which is the projection of the circle at infinity on =. Hence
from each theorem concerning successive reflexions in planes
through a given point, may be deduced a theorem concerning
successive inversions in circles orthogonal to a fixed cirele.

Ex. 1. Show that in any plane (i) a rotation about a point,
(ii) a translation, (iii) a magnification with respect to a point
are particular cases of two successive inversions.

Ex. 2. The operation consisting of successive inversions in two
given real circles is of finite order only if the circles cut at a real
angle commensurable with 7. It is equivalent to successive
inversions in any two circles cutting at the same angle in the
same points.

Ex. 8. Any even number of successive inversions in circles
orthogonal to a fixed circle is equivalent to two successive
inversions.
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Ex. 4. If S is an operation consisting of successive inversions
in the circles j, 4,, 4y, ..., and 7' is a similar operation changing
these circles into the cireles i, i, 75, ..., T' 187 is the operation
consisting of successive inversions in 1, 1,, 75, ...

Ex. b. Take rectangular Cartesian axes of reference in a plane.
Let any geometrical operation displace a point from the position
(x,y) to the position (27, y’). Let z =z +iy, & = 2"+ iy (i=+ —1).
Find geometrical operations such that (i) 2’ = d—¢, (ii) 2 =b=z,
b and d being real. Deduce the fuct that the product of these
substitutions is finite only if ¢ is commensurable with =, where
cosp =d =2V

Ex. 6. To successive inversions in any two circles corresponds
a substitution of the form ¢’ = +o
cz+d

Ex. 7. If to the substitution &= (z’ = -i' ::—3) corresponds an

inversion in a circle j followed by a reflexion in a line , cos ¢ x
the radius of j= the perpendicular on ! from the centre of j
(see TII 2,,).

ix. 8. If the equations of j and I are real, (i) § is not loxo-
dromie, (ii) A is conjugate to I and B to C with respect to a
rectangular hyperbola whose contre is the origin and whose
asymptote bisects A/); where A, B, C, D are the points repre-
senting the complex quantities a, b, ¢, d.

Ex. 9. When g, b, ¢, d are real, to S corresponds an inversion in
Arty ety 2edr+(be—ad+ d?) = 0 followed by a reflexion in
2er = a—d.

§ 12. As another example we may take the case of col-
lineation.

If two figures are such that each point I’ of one figure
corresponds to a single point 1 of the other, while conversely
the single point 7”7 corresponds to 225 one figure is said to be
derived from the other by a collinear or prujective transfor-
mation.

First take the case in which both figures are plane. If
(@, ¥, ), (¢, . =) are the coordinates of £, I” referred to any
two triangles of reference (one in each figure), we have
cvidently relations of the form

=lLao+ny+nz y'=Laetmyy+n,z, 2= L+ mgy+m,z.

If we choose the triangles of reference A BC, A’B'C’ so that
A and A’, B and B, (' and (' are corresponding points in the
two figures, y’= 2"=0 when y =2 =0, &c. Hence we have
obviously m; =n,=n,=0l,={;=m;=0. When we are given
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the coordinates of another pair of corresponding points, wo
can find the ratios I, : m,:n;. Hence a collinear transforma-
tion of one plane figure into another is completely determined
by the correspondence between four points of one figure (no
three of which lie on a straight line) and four points of the
other.

Plane projection evidently establishes & collinear transfor-
mation of one plane into another, which is, moreover, the
most general possible; for we can always project four given
points 4, B, C, V into four other arbitrary points «a, b, ¢, v as
follows. Let AV, BV meet BC, CA in D and £; and let
av, bv meet bc, ca in d and ¢. Take X on BC such that the
cross-ratio of (BDCX)=bd =cd, and take ¥ on C4 such that
the cross-ratio of (CEAY) = ce == ae. Then project XY to
intinity, the angles BAC, CBA into angles equal to bac, cba,
and the line AB into a line of length equal to «d.

Similarly if the figures are three-dimensional, we ean show
by taking the vertices of the two tetrahedra of reference as
corresponding points that the collinear transformation is
completely determined by the correspondence between five
points of one tigure (no four being coplanar) and five points
of the other.

It is at once evident that to any number of coplanar points
of one figure correspond coplanar points of the other. Simi-
larly to collinear points of vne figure correspond collinear
points of the other.

Let a =0, 3 =0 be the equations of two planes in one
figure and o’= 0, B'= 0 the equations of the corresponding
planes in the other figure. Then to the planes

a=AB a=A8, a=N53, a=A,8
in one figure correspond the planes
o'= N3, d'=0,4, o' =00, =248

in the other. Hence the cross-ratios of the corresponding
pencils of planes are identical, being both equal to

(A=A Ag=A,) = (4 =) (As ‘“7‘2)-
It follows at once that the cross-ratios of corresponding pencils
of lines or ranges of points are identical.

The operation of making one figure correspond to another
by a collinear transformation is called a collineation, A col-
lineation evidently satisfies the conditions by which an clemcent
was detined, the identical element being the ecollincation
which makes each point of space correspond to itself.
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Ex. 1. Carry out the reasoning of § 12 using Cartesian instead
of homogeneous coordinates.

Ex. 2. A collinear transformation of one straight line into
another is completely determined when three pairs of correspond-
ing points are given; and the ranges formed by corresponding
points are homographic.

Ex. 8. If the coordinates of two corresponding points referred to
the same tetrahedron of reference are connected by relations
defining a substitution S, the coordinates referred to any other
tetrahedron are connected by relations defining a transform of S.

Ex. 4. A geometrical movement is a particular case of
collineation,

Ex. 5. A collinear transformation of (i) a line, (ii) a plane,
(iii) a three-dimensional figure into itself transforms in general
respectively 2, 8, 4 points into themselves. Mention any
exceptions.

Ex. 6. Find the self-corresponding points in the collineation
defined by (i) a rotation of a plane about a point 0, (ii) & screw
about a line J, (iii) a rotatory-inversion about O and 1.

Ex. 7. When both figures are referred to the same rectangular
Cartesian axes of reference a homogeneous linear substitution
defines a collineation leaving fixed the origin and the plane at
infinity ; and an orthogonal substitution defines a rotation or
rotatory-inversion,

Ex. 8. A collineation leaving the circle at infinity fixed is
equivalent to a magnification with respect to a point followed
by a geometrical movement.

. §18. Suppose now that the two figures derived from each
other bgl collinear transformations are referred to the same
tetrahedron of reference. Then the coordinates

(', o', 27, w'), (2, y, 2, W)
of corresponding points 1”, I’ are connected by relations of
the form
= Lx+my+nz+pac, y'=Lx+myy+n,:+ pyw,
d=lx+myy+ nyz+ pyw, W= Lx+my+nz+p,ac.
These equations define a substitution S. If S is of finite

order, we can express it in terms of new variables X, ¥, Z, W
such that

X'=wlX, YV=0Y, Z'= 0,Z, W=w,W......~»AI 8).

Taking X =0, Y'=0,Z=0, W =0 as the faces of a new
tetrahedron of reference, the corresponding points

&, ¥, 7, ), (=, ¥,z w)
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are connected by the relations
o= wx, Y= w0,y =0z W =02

If S is of order 2, w?=0,=w,®=w?=1, and therefore
wy, w,, 0;, @, cach = + 1.

If in this case w, = w, = wy = w,, S is a similarity and
the collineation is the identical collineation making each
point correspond to itself. If —w, =w,=w,=w,, PI’ passes
through the vertex (1, 0, 0, 0) of the tetrahedron of reference
and is divided barmonically by that vertex and the opposite
face « =0 of the tetrahedron. If —w, = —w, = 0, = o,
PP intersects two opposite edges of the tetrahedron and is
divided harmonically by them, as is at once proved.

Henee we sec that thero are two kinds of collineation of
order 2; the ‘perspective’ in which the line joining two
corresponding points passes through a fixed point and is
divided harmonically by it and a tixed plane, and the ‘non-
perspective’ in which the line joining two corresponding
points intersects two fixed non-intersecting straight lines and
is divided harmonically by them.

Just as we deduced from each theorem concerning successive
reflexions in planes through a given point & theorem con-
cerning successive inversions in circles orthogonal to a fixed
cirele, so we may deduce a theorein concerning perspective
collineations of a plane whose fixed point and line are pole
and polar with respeet to a fixed cirele (and hence by pro-
jeetion with respect to any fixed conic). For, using the
notation of § 11, let ¢ be a great circle of the sphere X and
let the straight line ¢’ be the (‘gnomonic’) projection of ¢
from the centre O on to the tangent plane at V. Let the line
through O Perpendicular to the plane of » meot this tangent
plane at (', and let I”, Q" be tho projections of two points
P, Q on T which are the refloxions of each other in the planc
of ¢. 'Then if "V meets ¢’ in N’ (Fig. 5), ("N’ is evidently
perpendicular to ¢/, and

C'V.VN'=0V?since CON'=0VN'= }m
Hence C’ is the pole of ¢’ with respect to a fixed circle whose

centre is V and radius v'—O V% Moreover, the lines O, ()
are cvidently coplanar with and equall y inclined to OC'.
Hence if ("1”Q meets ¢’ in F, ((VF’, P’()’) is harmonic since
CUF = %n. Therefore P, ¢ are derived from each other
by a perspective collineation whose fixed point is " and fixed
line 1s ¢,
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In the above statement, for ¢successive reflexions in planes
through a given point’ we may substitute ‘successive rota-
tions through = about lines through a given point’. For it (),
is the point diametrically opposite to ) on =, Q" is the
projection of @, as well as of ), and I’ is brought to the
position @, by a rotation through # about OC".

Ex. 1. If a straight line is transformed into itself by a
collineation of order 2, corresponding points are the pairs of an
involution on the line.

Ex. 2. If a plane is transformed into itself by a collincation
of order 2, the line joining corresponding points passes through
a fixed point and is divided harmonically by it and a fixed
straight line.

Ex. 3. A perspective collineation of order 2 transforms the
fixed point and every point of the fixed plane into itself; and
a non-perspective collineation of order 2 transforms every puint of
the two fixed lines into itself,

Ex. 4. A rotation through = about a line 1 is a particular case
of a non-perspective collineation of order 2.

Ex. 5. A reflexion in a plane and inversion about a point are
particular cases of a perspective collineation of order 2.

Ex. 6. If a collineation 7' makes a point I’ correspond to a
point P and a plane ¢ to a plane o, and S is the perspective
collineation whose fixed point and plane are P and o, 7" ST
is the perspective collineation whose fixed point and plane are
P’ and o’.

Ex. 7. If T makes lines U/, m’ correspond to [, m and 7 is the
non-perspective collineation of order 2 whose fixed lines aro |, m,
T-YUT is the collineation whose fixed lines are I, m/'.

Ex. 8 If V is an involutive collineation on a line ! whose
double points are I’, @ and 7' is a collineation transforming I,
P, Qinto I, I, ), T7'VTI is an involutive collineation on ¥
whose double points are 1", .

Ex. 9. If two collinear transformations of order 2 on a
straight line are permutable, their double points form a haymonic
range.

Ex. 10. If 0,, 0, are the fixed points of two permutable
perspective collineations and o, g, are their fixed planes, O, lies
on o, and 0, on ¢,. The product of the two collineations is
a non-perspective collineation of order 2 whose fixed lines are
0,0, and the intersection of o and a,.

Ex. 11. If 0, and a,, 0, and o, are the fixed points and planes of
two perspective collineations S,, §,, the fixed points of S, S, are
every point on the intersection of o, 0, and the double points of
the involution determined on 0,0, by 0,, o, and 0,, a,.

Ex. 12. Any odd number of successive (i) perspective collinea-

HILTOX F. G. E
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tions with the same fixed plane, (ii) perspective collineations
with the same fixed point and with fixed planes passing through
a given straight line, (iii) non-perspective collineations of order 2
with one fixed line in common and the other fixed line passing
through a given point, is equivalent to a single such collinea-
tion.

Ex. 13. Any odd number of successive perspective collineations
whose fixed points all lie in a given plane and which transform
a fixed conicoid into itself is equivalent to three such successive
collineations.



CHAPTER V
GROUPS

§ 1. A set of elements is said to form a group, if (1) the
product of any two (or the square of any one) of the elements
is an clement of the set; (2) the set contains the inverso
of cach clement of the set. If the set satisties condition (1)
but not (2), it is called a semi-group.

Any group G contains the idensical element ; for if ¢ is any
element of G, so is « ! and ae™! = 1.

If (7 contains n distinet elements. it is said to be of order n.
The group is called finite or infinite according as n is finite
or infinite. We shall assume a group finite unless the contrary
is stated.

A group or semi-group every two clements of which are
permutable is called Abelian or commutative.

If @ is any group and gy is any element of finito order m,
g®=1isin (. If ¢" is the first of the eloments g, ¢ ¢35 ...
which is contained in G, is called the order of g relutive to (.
The order » of g relative to @ is a factor of the ‘absolute’
order m. For if (k+1) r >m>kr (k being a positivo integer),
grkr = gm gkt = (grg“" is in (, and hence m = kr.

Similarly we may prove that, if ¢ is any positive power
of g contained in g, r is a factor of /.

Ex. 1. Suppose we have 6 elements 1, a, b, ¢, d, ¢ whose laws
of combination are given by the ‘multiplication table’ (see p. 52
in which the product of the element at the left of the i-th row an
the element at the top of the jth column is given at the
intersection of the i-th row and the jth column (e.g. bc=d,
¢b=¢e). Thenl,a b ¢ d, e form a group. Such elements are,
for example, the 6 permutations 1, (xy2), (z2y), (y2), (2¥), (¢x) or
the 6 substitutions

,_ 1 z—-1 1 =z 1
FEHILY 707 =1 "

Ex. 2. A group contains every positive and negative power of
any element it comtains.

Ex. 8. Every element of a finite group is of finite order.

E 2
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Ex. 4. If a, b are any two elements of a group G, we can always
find elements g, & in G such that ag = b, ha = b.

Ex. 5. The positive powers of any element form a group or
semi-group according as the element is of finite or infinite order.

Ex. 6. A finite number of elements satisfying condition (1) of
§ 1 satisfy condition (2) and form a group.

Ex. 7. Every semi-group contains elemeonts of infinite order.

Ex. 8. If the elements a, b, ¢, ... form a group, so do g lag,

9 1bg, g ey, ...

Q (&[0 R [\

Q&[0 (R [oN]N
00 |8 ||\ |K
QIO [0 | NR oy ™
SIS L K o [
|\ (0 [0 [&[|R
NIR (v & [0 |D |8

Multiplieation table of group in Ex. 1.

Ex. 9. Every group of even order contains an odd number of

elopnents of order 2
\/E‘\ 10. Every group contains an even number of elements of
order r (r > 2).
A}E}\ 11. A group whose elements are all of order 1 or 2 is
relian.
Ex. 12. (i) If gy, @, 9. --- are the elements of a group, so are
N9,y 9295 I3Fs - and so are gygl’ gyg‘.’i gyg.li seee (ii) The
N 92 Gz e ) and (' 92 9 )
19 $29x Dalr - Iy 9y93 Jy9s -
are both regular and are permutable.
Ex. 13. The positive integers form an Abelian semi-group the

law of combination being (i) ordinary multiplication, (ii) ordinary
addition.

permutations
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Ex. 14, All positive real quantities form an infinite Abelian
group or semi-group according as the law of combination is
ordinary multiplication or ordinary addition.

Ex. 15. All positive and negative integers form an infinite
Abelian group when the law of combination is ordinary addition.

Ex. 16. (i) The marks of the GF'[p'] form an Abelian group
of order 37, the law of combination being addition. (ii) The
marks excluding zero form an Abelian group of order p* -1, the
law of combination being multiplication.

Ex. 17. All the permutations on the symbols 2, &,, ..., &,
which (i) leave a function f(x;, x,, ..., x,,) unaltered, (ii) multxply
f(ry, ryy ooy T,) by some constant independent of xy, r,, ..., r,,
form a group.

Ex. 18, Prove a similar result for substitutions on the variables
T A

Ex. 19. The movements bringing any geometrical figure to
self-coincidence form a group.

Ex. 20. All possible homogeneous linear substitutions of non-
zero determinant on m given variables with cocfficients in a
GF[pr] form a group.

Ex. 21. The following elemonts form a group:

(i) The permutations 1, (ryzw), (22)(yw), (rwezy), (x2), (w1e)(ys),
(yw), (ry)(ez).
(ii) The permutations 1, (ryzun), (rzwpw), (ruyuz), (ruwzy),

() (), (a)no), (0)(y2), (x2)aue), ()20,

(iii) Rotations through 2::—: about the origin and reflexions
in the lines y = tan ,‘.{:E' r(r=1,2 ..., na)

o
(iv) Rotations through 0, “; s 4; about the diagonals of a

cube and rotations through = about lines through its centre
perpendicular to its faces.
(v) The substitutions
r=dokr, ¥ =af=2k=1,2 .., m), where v =1,
(vi) The 12 substitutions

1 1 i r—i —
1’:: :L'I,_I +‘l‘ri1 il :t ) ix-{--i’(i:‘/_l)'
(vii) The 24 substitutions
ik
o, k.r-f-l .ka'-j_-z 1,2 3).
¥ =ik, VS Yo k=0, , 3)
(viii) The substitutions

2rxw 2rxw 2rw
(cos—;--.t—-sm—- Y, san x+cos _/) (r=1,2, ..., n)
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(ix; The 8 substitutions (+z, +y), (+y, +z)
(x) The 8 substitutions (+z, +y, +2).
(xi) The substitutions
o= 3r+4 4z+2 6r+4 6 8243 5r+4 3r+6
= To41 2548’ dz4d 3 6x+d’ 4542 Bred
with coefficients in the GF([7].
2 81 4

(xii) The substitutions o/ ==, 4, 2r, 8, =, =, =, = with
L X L X

coefficients in the GF'[32] where P(x)= 2?+2s+2.

Ex. 22, Which groups of Ex. 21 are Abelian ?

Ex. 23, Find the order of (xzyw) relative to the group (i) of
™
6
centre and diagonal of the cube relative to (iv), the order of
m’:%(s/3A+i).r relative to (vi), the order of (~y, —z -—2)
relative to (x).

Ex. 21, Construct multiplication tables for the groups (i), (iv).
(x) of Ex. 21.

Ex. 21, the order of a rotatory-inversion through — about the

§ 2. Tho set formed by all the elements «,,a,,...,a, is
usually denoted by «, +«,+...+«,. If A denotes this set, so
that 4 = «¢;+uy+...+«,, and b is any clement; then the set

ab+ab+.. +ab
is denoted by A0, and the sct

bay+ bay+ oo+ b, .
by bA. 1If B denotes the set b, +b,+ ... +b,, AB denotes the
set of re clements «;b; (i=1,2,...,r; y=1,2,...,5), and
BA denotes the set of rs elements b; «;.

If «,b,c,... are any elements, {«, b, ¢, ...} denotes the
group or semi-group composed of all distinet elements obtained
by co;nbining in every possible way all products and powers
of u, b, ¢,....

More generally, if A, B.... denote sets of clements, and
¢ by ... denote elements, {4, B, ..., g, », ...} denotes the
group or semi-group composed of all distinet elements obtained
by combining in every })ossiblc way all products and powers
of g, k, ... and every element of 4, B, ....

Ex. 1. Let a, b, ¢ be elements of orders 4, 2, 2 respectively such
that ab = ba®, ac = ca, bc = ¢b. Combining all possible powers
of b and ¢ we get only the 4 elements 1, b, ¢, bc; for example,
bOeTb 30? = ¢b. Hence {b, ¢} is a group H of order 4.

Again, combining all possible powers of a, b, ¢ we get only the
16 elements 1,a, a2, a3, b, ba, ba?, ba®, ¢, ca, cu?, ca®, cb, cba, cba?, cba3;
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for example, a®c’b%abc®l® = a’ba = bad. Hence {a, b, ¢} 15
group G of order 16 identical with {H, a}.

Ex. 2. If a is of order n, {a} contains n elements.

Ex. 3. {a, b, ¢, ...} is identical with {{a}, {0}, {c}, ...}, {{a, b},
6, oo )y 1{a, ¢}, 0, o},

Ex. 4. If @ =03 =1 and ad = ba, {a, b} contains 15 elements.

Ex. 6. If ab = ba*, every eloment of {a, b] is of the form b¥a~.

Ex. 6. Ifin§2risfiniteand A* =4+ A+ A+ ..., Aisa group.

Ex. 7. If A and B are groups and

(ABY = AB+AB+AB+...,

AB is a group and is identical with BA.

Ex. 8. If A and B are groups and AB = B.1, AR is a group.

Ex. 9. If G is an Abolian group of order 2 and g is any eloment,
of order m permutable with every element of ¢, {G, g} is an
Abelian group whose order divides num.

Ex. 10. If p divides the order of an Abelinn group @, G
contains at least on~ element whose order is a multiple of p.

§ 8. Tho elements g, ¢,, g3, ... aro called independent if
no one of them can be expressed as a produet of any number
of the rest; i.e. if g; is not contained in

{90 Jar oor it Jiwrs o0}

for any value of i. In this case ¢y, ¢y, 9, ... are called inde-
pendent generating elements or generators of {g,,q,, s ...}
A group is said to be given abstractly when we know tho
number of clements it contains and the way in which any two
combine, These data are evidently completely given when
we know a set of gencrating clements and the equations
connecting them; so that a group is given abstractly by
a sct of generating elements and certain independent (and
mutually consistent) rclations which they satisfy. It is in
this way that a group is usually defined. Thus, for example,
‘the group ¢t =02 =¢* = (ul?z =1, a¢c = ca, b¢e = ¢’ meansy
‘the group {«, b, c} generated by the clements «, b, ¢ of orders
4, 2, 2 respectivelz which are connected by the relations
(a,/b)2 =1, ac = ca, bc = cb’.
- "Two groups G, G’ with the same number of elements com-
bining according to the same laws arc considered as heing
one and the same abstract group in the pure group-theory,
as opposed to its applications. We may denote this by the
notation ¢ = (; while ¢ = G’ would 1nply that ¢ and
contained the same elements and were absoﬁltely identical.

Two groups containing the same number of elements of
order 2, the same number of order 3, the same number
of order 4,.,. are called conformal.
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£x. 1. Show that the group of V 1, is generated by a, ¢ where
a® = ¢ = (ac)® = 1, or by ¢, d where ¢ =d? = (cd)’= 1.

Ex. 2. Find generating elements of the groups (i), (iv), (v), (viii),
(x) of V 12]0

Ex. 3. Construct a multiplication table for the group

=0 =1, ab = ba, and for a* = 1, ¥’ = a?, ab = ba’.

Ex. 4. The groups a" = b? = (ab)) =1 and a’ =1? = (ab)* = 1
are abstractly identical and are of order 2x.

Ex. 5. The groups a® =b0*=(ab)) =1 and * =0 =(@h)* =1
are abstractly identical.

Ex. 6. Find the group generated by the permutable permuta-
tions (123-£)(5678) and (1638)(5274).

Ex. 7. Show that (i) reflexions in two planes, (ii) rotations
through = about intersecting lines, (iii) inversions in two circles,
inclined at an angle = =~ n generate a group of order 2n.

Ex. 8. Use Ex. 7 (i) to show that exactly 8 angles are found by
taking the supplement and complement of a given angle, the
supplemont and complement of the angles so obtained, and so
on; angles being considered identical when they differ by a
multiple of 27

Ex. 9. Any element permutable with a, b, ¢, ... is permutable
with every element of {q, b, ¢, ... }.

Ex. 10, If each pair of goenerators of a group G is permutable,
(+ is Abelian,

Ex. 11. Prove that the following sets of elements form groups
of order 4 which are identical when considered as abstract
groups : —

(1) The permutations 1, (zy)(ew), (x2)(yw), (ru)(y2).

(1i) Rotations through 0 and w about three perpendicular mter—
secting lines.

(iii) Reflexions in two perpendicular planes and rotations
through O and = about their intersection.

(iv) Rotations through O and = about a line, reflexion in a
perpendicular plane, and inversion about their intersection.

(v) The substitutions ' = +ux, + %

(vi) The substitutions (+x, +¥).

B ar—gy Byr—os
, 45

(vii) The substitutions +" = 3 yiza' arsay’ where «,

3, v are marks of any GF[p'].

Ex 12. Prove that the following sets of elements form groups
of order 6 which are identical when considered as abstract
groups:

(i) The permutations 1, ():wz), (z2y), (y2), (ex) (zy).

(ii) Rotations through 0, - 3 —é—r about the origin and re-

flexions in the lines y=0, y= ++3r, y= — 32
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2 0 3
™ . . m*= Mmr—m- - IRy
(iii) The substitutions ' =2, - —, m , mwome

m—x £ xr a2 =Nk

M—r.
. . I y 1 1
(iv) The fractional substitutions (r, y), (—r—, ;), (5, =) (. 2),

1 1 y
r 1 0.
( y y)’ (.r’ .;)
(v) The substitutions in the GF'[2] (x, ), (x+y, *), (y, *+y),

(9 1‘29 (r+y, Y !-t, :f"*'?/)-'
(vi) The substitutions in the GF[3] 2’ ==z, £+1, x+2, 2ur,
2r+1, 2x+2.

(vii) The substitutions in the GF[7] x' =z,

4r+1 4743 6143
4r+3" 6r+8 du+1
(viii) The substitutions in the GF[11] 2’ = x,

4 245 r+9
8 4r+10" £+10°

(ix) The substitulions in the GF[32] where P(r) = a%+42r+2

, 4 2r+4 2 8r 8r+2

TED fol Tir 3 ¥4

Ex. 13. Show that the groups (i), (ix), (xi) of V1, are abstractly
identical and so are (iv) and (vi).

Ex. 14. The groups a®®=3"=1, ab=1bu® and a® =1° =1,
ab = bu are conformal.

Ex. 15, The groups «*=0¥=c¢3=1, ab=10ba', ac=cd,
be=cb and =0 =¢=1, ab=1ta, ac=ca, bc=cb aro
conformal.

1 9'.1" +6
6r+6’ x

Tred Grd
3r+b6" Bu+d’

§ 4. It may happen that certain elements of a group
taken by themsclves form a group . In this case H is
called a subgroup of G, and is said to be ‘ contained in G,

The simplest possible group is that which contains only
the identical element. It is called tho identical group, and
is denoted by 1 if no confusion is caused thereby. In a senso
any group G/ contains as subgroups both the identical group
and @ itself ; but for the sake of conciseness in enunciating
and proving theorems it is sometimes convenient to consider
one or both of these as not included among the subgroups
of G. It will always be clear from the context whether they
gye included or not.

"ke order r of amy subgroup H of « group G of finite order
n 18 a factor of n.
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Let 1, &, hy, «.., k,_, bo the elements of H. Let g, be any
element of G not in H. Then the elements

I g kg, oo By
are all distinet from each other and from 1, %;, Ay, .0y By -
For hyy, = k;y, would involve k; = k;; and A;g, = k; would
involve g, = &;~'k; which is in H.

Let ¢, be an element of G not included in H or Hg;. Then
the elements gy, ky 9y, k395, «v.y g, may be proved as
before to he distinct from cach other and the elements of
Il and Ilg,.

Proceeding in this way we may show that each elemcent
of (7 is included once and only once in a finite number of
sets 11, Ig,, Ily,, ... ; which proves the theorecm. The integer
J = n == 1is called the ¢ndex of H in G.

Tho scts H, Iy, Iy, ..., Hy;_; may be called partitions
of G with respect to /. The decomposition of & into these
partitions may be expressed by the identity

G=H+Hg+Hy,+...+1y;_,,
where none of the ¢’s is in H ; or, if we prefer it, by
G = Hg, + Hyy+ ... + Hgj,
where one and only one of the ¢'s is in II. The decomposition
is unaffected by substituting kg, for g,, where % is any
clement of II.
Similarly we may show that we have the identity
G=H+y Hty Il +...+y;_ 1,
or G=ydl+y,H+...+y; 1.

Ex. 1. In the group G = {a, b, ¢} of V2, where
at =0 = =(ab)* = 1, ac = cu, be = cb,
the sets of elements
H=14b4c+ch, K=1+a+a’+d®, L=1+a%+c+cad?,
M=1+a*+b+ba*, N=1+a+a*+a*+b+ba+ba?+bad,
0 = 1+ a*+b+ba*+c+ca®+cb + cba?, &e. form subgroups.
‘We have
G =114+ Ha+ Ha*+ Had, G= K+ Kb+ Kc+ Keb,
G = L+ La+ Lb+ Lba, G = M+ Mo+ Mc+ Mca,
G=N+Ne¢, G= 0+ 0a, &c.
Ex. 2. Any set of elements of a finite group G which satisfy
condition (1) of § 1 also satisfy condition (2) and form a subgroup.
Ex. 3. The powers of any element of a finite group form a
subgroup.
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Ex. 4. The order of every element in a group of order » is
a factor of n.
Ex. 5. The only groups not containing a subgroup are those
whose order is a prime.
Ex. 6. If G = Hg, + Hyg,+ g +
G=g, 49, I+9, ' H+ ...

Ex. 7. Tt is not always possible to divide a given group G into
partitions Hy,, Hg,, Hg,, ... with respect to a given subgroup 1/
in such a way that ¢y, g,, g5, ... form a subgroup of G.

Ex. 8. The p-th power of any element of a group is contained
in every subgroup of index p.

Ex. 9. If i and K are groups of orders A and p, the order % of
{H, K} is not necessarily finite. If » is finite, # is a multiple
of the L. C. M. of A and p.

Ex. 10. If H, K are subgroups of a group G, (i) {Il, K} is
a subgroup of G; (ii) G = {H, K} when the order of G = tho
L. C. M. of the ordcrs of IT and K.

A/Ex. 11. The elements of a group G' permutable with every
ement of G form an Abelian subgroup.

Ex. 12. The elements of ¢ permutahle with any given element
(or with each of a number of given elements) form a subgroup.

Ex. 13. {91, 95, ..., ¢} is a subgroup of {g;, g3, ..., g7y ey G4}

Ex. 14. Every subgroup of an Abelian group is Abelian.

Ex. 15. Those elements of an Abelian group whose orders
divide a given number form a subgroup.

Ex, 16. Those elements of an Abelian group which are ¢-th
powers of some other element of the group form a subgroup.

Ex. 17. The elements of finite order in an infinite Abelian
group form a subgroup.

Ex. 18. The elements common to two or more given groups
form a subgroup of each.

Ex. 19. (i) A group of permutations containing an odd per-
mutation, (ii) a group of movements containing a rotatory-inversion,
(ii1) a group of homogeneous orthogonal substitutions containing
a substitution wi