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PREFACE

By Sir Francis Garton, D.C.L., T'.R.S.

In my ‘Herbert Spencer’ lecture of 1907 before
the University of Oxford, I expressed a belief that
the elementary ideas on which the modern system
of statistics depend, that the quality of the results
to which they lead, and that the meaning of the
uncouth words used in their description, admitted
of much simpler explanation than usual. I sketched
out a possible course of lectures to be accompanied
with certain simple sortings, with object lessons
and with diagrams. Finally, I expressed the hope
that some competent teacher would elaborate a
course of instruction on these lines. I entertain a
strong belief that such a course would be of great
service to those who are interested in statistics, but
who, from want of mathematical aptitudes and
special study, are unable to comprehend the results
arrived at, even as regards their own subjects. It
is, for example, a great hindrance to have no

knowledge of what is meant by ° correlation.’
v



vi PREFACE

I learnt with much pleasure that two very com-
petent persons were disposed to undertake the task
—namely, Mr. W. Palin Elderton, well known as a
highly instructed actuary. and his sister, Miss
Ethel M. Elderton, who holds the post of Research
Scholar in the Eugenics Laboratory of the Univer-
gity of London (now located in University College),
and who is a thoroughly experienced worker in the
modern methods.

This primer is the result. It goes forth on its
important errand of familiarizing educated persons
with the most recent developments of the new
school of statistics, and, I beg to be allowed to add,
with my heartiest good wishes for its success.

September, 1909.
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PRIMER OF STATISTICS

CHAPTER I

VARIATES AND MEDIANS

Ir you will go into the garden and pick a number
of leaves from a tree, you will find that they are not
all of the same size; some leaves, even though
they are fully grown, will be much smaller than
others, and if you were to measure their lengths,
you would find a considerable difference between
the longest and shortest specimens in your col-
lection. You would probably obtain similar results
in any other class of objects you collected, and if
you were asked what was the size of the leaf of a
particular tree, or the size of a certain kind of nut
or shell, you would have to reply that, as you found
all sorts of sizes, you could not give an exact answer.
You could explain that these things always varied
because of the many-causes that affect size; but if
you thought the matter over, you would not be long
in seeing that such an explanation did not supply
1



2 PRIMER OF STATISTICS

a full answer to the question, but merely accentuated
your inability to give one. Let us see if we can
find some way of working out an answer, and of
expressing the results of your measurements in an
intelligible form.

It does not matter very much what class of
objects is chosen, but it is well to start with some-
thing that can be easily handled and measured,
and with this in view we will first take some actual
measurements of shells. If you empty the shells
from a bag, they will not fall in any particular

C

Fie. 1.

order, but admit of being arranged, and this can
be done in a great many ways, as in the order of
their lengths or breadths or their weights. Let us
take the lengths of the shells as a first example,
and begin by measuring all the specimens. A
convenient way to do this is with an instrument*
such as that pictured above (Fig. 1), in which C is

* The reader can easily make such an instrument for rough
measurements. He wants an even piece of wood for C, on which
he must paste a piece of paper ruled in tenths of an inch (say), and
B and A can be made with old match-boxes or pieces of wood.
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a long scale, B a fixed block, and A a movable one.
The object is placed on the scale touching B, and A
is shifted along until it touches the other end of
the object. The length is then read off.

A moderate number (59) of shells were each
measured in this way. They were then placed side

45
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F1¢. 2.—SHOWING LENGTHS OF 59 SHELLS.

by side, in the order of their lengths, at equal
distances apart, or, as it is called, were ‘arrayed’
in order of their lengths. If we draw at equal dis-
tances along a horizontal base vertical lines having
the same lengths as those of the shells, we shall
get an array of upright lines like those in Fig. 2.
A line joining the tops of these uprights runs
evenly enough to suggest that, when shells are
1—2
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properly arranged, there is probably some way of
showing that their lengths do not vary quite irre-

[ 25cm.

2.0cm

t5cm

10cm

il

F1¢. 8 —SHOWING BREADTHS OF 59 SHELLS.

gularly, but that their variations can be expressed

as forming a regular series.
F 4.5¢cm

L 40cm

r- 3.5cm

t 5.0cm

L 2.5¢cm

b 2.0Cm

r 1.5¢cm

+ 1.0cm

.5 cm

Fie. 4.—SHOWING LENaTHS OF 33 SHELLS,



VARIATES AND MEDIANS 5

This is the first step towards finding that the
variations of the lengths of shells are governed by
law; but it will immediately occur to you that,
though the population of shells in this particular
collection varies regularly, that of another sample
of the same sort of shells might give a very different
appearance or run unevenly. In order, to investi-
gate this, ,it i8 necessary to make some further sets
of measurements, and see if a similar result occurs.

2.8cm

20cm

1L5em
l 1.0cm
L

Scm

Fic. 5.—SHowING BREADTHS OF 33 SHELLS.

We will take another collection containing fewer
shells (say 88), and arrange them in order of their
greatest lengths, just as we did in the previous lot.
They will form arrays like those in Fig. 4.

We will also arrange the two series of 59 and
83 shells in the order of their breadths (Figs. 3
and 5).

Now examine the diagrams, and notice any points
of similarity you can. (1) All the diagrams are
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flat near the middle shell, or, in other words, a
great many shells, or *variates,” in each collection
are of about the same size as that of the middle
shell, or variate. (2) This middle variate is of
nearly the same size in each case, as you can see
by looking at the heights at which the horizontal
lines are drawn to distinguish them. Statisticians
call this middle term the ‘median,’ so that we
can say that the median length of shells is 323 cm.
in the first series, 8'20 ecm. in the second. You
will notice that these values differ but little. (8) It
is also fairly clear that the diagrams have the
same characteristic shape ; they all rise steeply
at either end, and are flat in the middle, which
means that big differences (‘ deviations’) from the
middle term, in the lengths of shells, do not happen
80 often as small deviations.

Similar results would be found with further
examples, and we may conclude that shells possess
a mid-length (or median) which is constant in
different samples; but we are not yet justified in
saying that other objects would give a similar
result, and we must therefore examine other col-
lections. Let us take the length and breadth of
nuts. We will examine two lots, the first con-
taining 185 specimens and the second 47.* Figs. 6

* The reader can choose any other object when he has mastered
the idea. He must pick at random, and then arrange the specimens
in their order. He then sees waich is the middle term, measures
it, and notes that this is the median,
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8 PRIMER OF STATISTICS

to 9 give (1) the nuts in order of lengths, and
(2) the nuts in order of breadths, for each collection.
As a further example, the illustration facing page 1
is of interest; it is taken from a photograph of a
number of pea-pods arranged by Sir Francis Galton,

S 3ems
5 Ocms

4 5cms

4 Ocms

3 Sems

3 Ocms

2 Scms

20cms

I Scms

1 Ocme

Scms

Fi1c. 7.—SHowING LENGTHS oF 47 NuUTs.

and instead of giving the lengths of each pod in
a diagram the actual pods are shown. This could
have been done with our measurements, but in
most cases the objects would take up so much
space that the method would obscure the shape of
the curve. You will notice a considerable likeness
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10 PRIMER OF STATISTICS

between the figures in this chapter, whether they
refer to nuts, shells, or pea-pods, and, in fact, the
similarities in the shapes of the diagrams are so
great that one feels there must be some general
law behind all arrays, which would simplify our
ideas of the sizes of things, and enable us to give

i
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F1¢. 9.—SHowING BREADTHS OF 47 NUTs.

a fairly accurate idea of the size of an object
capable of variation.

It is, however, advisable to go a step further in
our inquiries. So far we have dealt with things
which to the average person may imply a law, but
we shall now touch on what is, in common parlance,
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‘ gheer chance." The following is the result of an
experiment in coin-tossing: Fourteen coins were
tossed 150 times, and the number of ‘ heads’ was
recorded each time. The cases were, in the order
in which they occurred, as follows: 7, 6,9, 7, 8, 6,

8,6, 5 11,11,6,4,7,8,7,6,6,4,6,9,7, 5, 4, 4,
3,6 11,8,8,8,7,6,6,6,5 10,7,7,8,9,8,9, 7,
8,4,8,9,6,4,10,8,6,7,6,5,4, 11, 5,6, 7, 6, 6,
4,6,9,7,6,6,9,6,4,7,6,7,9,13, 4,7, 7,6, 8,
1,5, 9,5, 4,10,8,7,9,8,5,7,9,7, 11, 8, 5, 5, 4,
4,7,8,54,7,5,9,8,17,6,7,5,57711,86,8,
8,7,9,7,10,8,9,8,8,6, 7, 5, 7, 11, 10, 7, 4, 8,
7,5,10,9,7,4,7,7, 5,8, 8, 6.

This is a random order, like that given by the
nuts when they were turned out of the bag, and if
we arrange the tossings in order, as we did the
nuts and shells, and draw vertical lines proportional
to the number of ‘heads’ in each tossing, we get
Fig. ¥0.

The form of the curve in this figure is similar to
those already found, and suggests that if a theory
can be evolved which explains these results of
‘ gheer chance,’ it would probably assist us materi-
ally in dealing with our other cases. Many similar
experiments in objects like shells and in matters
of pure chance can easily bo made, and they will
be found to concur in showing the same main
features as those we have already examined; and



PRIMER OF STATISTICS

12

-081e] Ampun Sureq aamBy oY) Juasead o3 usmoys e sZuisso) ayewIsy[e AUQ

*EXI0) F1 40 SHXISSOJ, 961 40 SIIASTY ONIMOHS—QT 91

|
_

]

O O~ O ¢ NN T

& ~ O
- = =

1

|
|
|

JRUHES S




VARIATES AND MEDIANS 13

we are led to conclude (1) that we get approxi-
mately the same median from various samples of
the same object, and so the median is a useful
measure of an array of variates; (2) that when we
represent our work in a figure, we get approxi-
mately the same shape, whether we deal with nuts,
shells, or coin-tossing, for it takes the form of a
curve which rises rapidly at first, then keaps level,
and finally rises rapidly at the end, showing, of
course, that there are many cases nearly alike at
the middle of the array (i.e., near the median), and
very few at each end (i.e., differing much from the
median). We would, however, add that although
the form of the curve is very general, it is not
quite universal, as will be seen in a later chapter.



CHAPTER 11

QUARTILES AND MEANS

WE have seen in the previous chapter that when a
diagram is drawn from the measurements of
different samples of certain classes of objects, the
median remains about the same, and may be con-
sidered as a constant (i.c., an unchanging value),
and the curve at the top of the figure represents
the variations of the object we have been examining.
It is easiest to see these variations clearly by
drawing a horizontal line through the top of the
median (as has been done in all the figures of
Chapter I.), and one cannot then fail to notice how
this line brings out the comparative flatness of the
curve near the median and the slopes at the two
ends. This was referred to in Chapter 1., but it is
well to accentuate the fact that in all the cases
we have dealt with there are only a few cases that
show large deviations in size from the median, and
many more cases that show small deviations—that
is, are of nearly the same size as the median. We

could express this shortly by saying that large
1
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QUARTILES AND MEANS 17

We could easily continue the idea involved in the
calculation of quartiles, and split the whole dis-
tribution into a hundred parts (percentiles), but
when the number of objects measured is large, it is
generally advisable to adopt a modified method of
treating them, which leads to the more elaborate
methods used in statistical analysis. We shall deal
with these arrangements a little later, but before
coming to them it is necessary to consider some of
our collections a little more closely, and find what
further can be learnt from them.

This brings us to the consideration of the mecan
of an array of variates. Everyone knows the
meaning of the word ‘average,” and the way it is
calculated. If we want the average age of boys in
a form, we add all the ages together and divide by
the number of boys; or if we want to find a batting
average, we add all the runs together and divide by
the number of completed innings. In just the same
way, if we want the mean length of a sample of
shells, we add all the lengths together and divide by
the number of shells.

The next step in our investigations will be to
compare the sizes of means and medians. We will .
begin with a case which will be more familiar than
shell measurements to many readers, and will take
as an example the cricket scores of Tunnicliffe in
1907. These scores were abstracted from Wisden’s

2
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¢ Cricketers’ Almanac’ in order of date, and due
allowance was made for ‘ not-out’ innings by adding
the ¢ not-out ’ score to that obtained in the following
innings, and treating the two combined as one
completed innings. This gives the same average
as the usual method, and seems to be the idea
underlying it. The only objection to it is that the
conditions and opposing sides are not the same. We
found that Tunnicliffe’s mean score (average) was
802 runs, and if we arranged his scores in order of
size (see Fig. 12), the median score was 80 runs.
Put verbally, this would be interpreted as follows :
In 1907 Tunnicliffe was as likely to make more than
80 runs as he was to make less than 80, and on the -
average he made 802 in each innings. The
reader will notice that the mean and median do not
differ much, but he will also see from the diagram
that, owing to the large variations in the sizes of
the scores made in different innings, the diagram
looks rough, and its shape is not of the same kind
as that with which we have been dealing up to the
present. This is because a batsman is very likely
to get out with quite a small score before he is used
to the bowling and conditions. The diagram shows
this because, if a curve were drawn through the
tops of the ordinates, it would have to begin nearly
horizontally; and we noticed, when dealing with
the median in Chapter I., that when a curve is
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horizontal, it means that we have a number of
cases of about the same size. We have tried the
scores of other well-known cricketers, and have
found the same main characteristics, and we shall
see later how such arrays can be dealt with fully.
LY

L 90
. 80
L 70
L 60
| 50
[ 40
50
L 20

I 10
il

L...mlllll

Fie. 12. —SnowiNGg TUNNICLIFFR’S ScOoRES, 1907.

For the present we are only concerned with the
relative sizes of the means and medians, and we
have made up the following table, giving the values
of the means and medians for each case that we
have considered up to the present, and we have also
2—2
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included a case of the mean and median age
obtained from 100 schoolboys in four forms at the
Merchant Taylors School for the Christmas term,
1899.

TasLe L
! Mean. Median.
47 nuts (length) - 440 cm. | 438 cm.
25 nuts (length) - 4'24 em. 4-24 cm.
33 shells (length) - 3-20 em. 8:20 cm.
83 shells (breadth) 1'53 cm. 161 cm.
59 shells (length) -| 38:03 cm. 823 em.
59 shells (breadth) 1-52 cm. 160 em.
41 shells (length) -| 3-21 em. 821 cm.
41 shells (breadth) 1'58 cm. 156 cm.
100 shells (length) - 310 em. 8:20 cm.
100 shells (breadth) 1'55 cm. 159 cm.
Tunnicliffe (cricket
SCOres) - -1 802 runs 80 runs
Ages of schoolboys - {18 yrs. 4 mos.' 18 yrs. 6 mos.

It will be seen from the above table that the
mean and median do not differ much from one
another, and we will now consider a little more in
detail the conditions which are necessary for the
two values to be exactly equal. It is easiest to do
this with the help of the following diagram, which is
similar to those we have been using (Fig. 18). OM is
the median, AMB the curved line showing variation,
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and CMD the horizontal line through the top of
the median. Now let us consider what would be
the value of the mean of this array of variates.
We add all the variates (vertical lengths), and
divide by the number of them—that is, we balance
the larger pieces after the mean with the smaller
pieces before it. This shows us one case in which

. B

/

1

©
F1c. 18.

the mean and median are equal-—namely, when the
variate next after the median (or mean) is exactly
as much larger than the median as the variate next
below the median is smaller than the median, and
when all similar cases show the same balance. In
this case variation would be said to be ‘sym-
metrical,” as each term balances exactly with a
corresponding term. Of course, we can have the
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mean and median equal in other cases, and the
condition that they will be equal must be that
the sum of all the pieces between the line MD and
the curve MB will be equal to the sum of all the
dotted lines which we have inserted between the
curve AM and the line CM.

We can now summarize the work of this chapter.
We have seen in the first chapter that large varia-
tions generally occur less frequently than small
variations, and we have now seen that we can describe
the rapidity of change in the size of adjacent variates,
and give further information about the variations
by recording other values beside the median, such
as the quartiles. We also learnt how to calculate
a mean, and found that it was not very different in
value from the median in the cases examined ; and,
finally, we tried to see the conditions which would
prevail if the mean and median have the same
value. Briefly, the median expresses the average
gize, and the quartile expresses the spread or
scattering of values.



CHAPTER III

FREQUENCY DISTRIBUTIONS

IN our previous chapters we have in each ‘example
set out our measurements in order, by showing
each individual case separately ; but when we have
collected a great number of specimens, it is easier
to show their sizes by an alternative method.

So far, when we have been dealing with deviations
we have reckoned them from the middle term
(median), which is approximately equal to the
mean in many cases, and we have seen that the
curve at the top of the figure represents the entire
system of deviations; but we could, instead of this,
count the number of cases that fall in various
groups on each side, either of the median or of the
mean, and show that the number in each group be-
comes smaller as the group is farther from the mean.

By taking all the nuts or shells and setting them
out in groups we can form the following series:

Ezample I.: Lengths of Nuts.

Number of nuts 2 7 28 59 49 33 6 1
Lengths incm. 28- 82- 86- 40- 4'4- 48~ 5'2- 5'6-
23
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Ezample 11.: Breadths of Nuts.
Number of
nuts -2 0 5 22 55 48 36 10 5 1 1

Breadths
inem. 17- 1'9- 21~ 28- 2:5- 27~ 29~ 8'1- 83- 3'5- 87-
Example 111. : Lengths of Shells.
Number of shells 2 5 11 15 25 24 15 8
Lengths in em. - 0°9- 1+4- 1'9- 2+4- 2'9- 3'4- 3'9- 44~
. Example IV. : Breadths of Shells.
Number of shells 3 9 11 14 23 23 9 6
Breadthsinem. 07- 09- 1-1- 1:8- 1'5- 17- 1'9- 2°1-
Ezample V.: Coin-Tossing (14 Coins).

Number of tossings 0 0 2 15 17 27 36 2515 6 6 0 1 0
Numberof heads 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Now, these series of numbers show at once that
there are more individuals closely like the mean
(average) than there are individuals who are less
closely like it, but they show the fact in a rather
different way from our examples in the previous
chapters. Thus the first example says that out of
185 nuts there were 7 nuts which were between
8'2 centimetres and 8'6 centimetres in length, and
28 between 8'6 centimetres and 4'0 centimetres,
and the process goes on till all the nuts are put in
one or other of the groups. In other words, we
have distributed the nuts in groups, and have, as
it were, answered the question, ‘If 185 nuts are
collected, how are they distributed with regard to



FREQUENOY DISTRIBUTIONS 25

length? Or, ‘If I take 185 nuts at random and
distribute them in groups, how frequently shall I
put one in each of these groups ?° These statistical
distributions are called  frequency distributions.’
We will now draw this example as a picture in
which each nut is represented by a square of the
same size, so that the blocks are proportional in

\
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28 32 36 40 44 48 52 56 60
Fic. 14.

size to the number of cases. If the reader wilk
compare this figure with the next one, he will see
that the blocks shaded in the same ways correspond.

In Fig. 15 there are 49 cases which are between
the mean and 4'8 centimetres, while in Fig. 14 the
block is proportional to that number; we may say,
in fact, that the heights of the blocks in Fig. 14
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correspond to the breadths of the eorresponding
pieces in Fig. 15. This, however, is not very
important, provided the reader clearly understands
the two ways in which it is possible to deal with
the statistics.

In the previous chapters we saw that we could
draw a continuous line through the top of our

=]
V4|

A\

27 28

49 33 L}

F1e. 15.

ordinates (vertical lines), and, by examining it, get
an idea of the deviations of the object. In the
same way we can draw a bell-shaped curve through
our blocks, and study it instead of the rough
polygon.

The consideration of these smooth ‘ frequency
curves,’ as they are called, leads one to the more
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mathematical side of the subject; but it is quite
possible to appreciate their importance, even though
the mathematical work with which they are asso-
ciated 1s neglected.

In order to do this, let us return for a while to
the rough polygon (Fig. 14) which proceeds up and

/ N

N
28 32 36 40 44 48 852 56 60
Fia. 16.

~down by a series of steps. We have noticed that
any group far from the mean will contain fewer
cases than one near the mean, and this leads one
to expect that if we were to subdivide any one of
our existing groups into two parts, the part nearer
the mean would contain more cases than the one
farther off. Thus, if we take the group relating to
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4'0 to 4'4 centimetres in length of nuts, we have
59 cases. If we divide it into two groups, 4°0 to
4'2 centimetres and 4'2 to 44 centimetres, the
former contains 24 and the latter 85. If we divide
the next term a similar thing happens, and we
notice that if this is continued throughout the table
the steps become smaller and more frequent. Now,
if we repeat this division process the steps will
again become smaller, and if we go on long enough
we shall smooth them entirely away, and have
gsmooth slopes instead of the steps we started
with. If you try this you will, however, meet a
difficulty. Starting with 185 cases in 8 groups,
and breaking up each group into 2 parts, you
will find the sub-groups will in some cases contain
go few cases that they will not help you to sce
the way in which the statistics run; this means
that you have not started with a sufficient number
of cases. We might restate our difficulty by saying
that we can only reach a perfectly smooth curve
when we have an infinitely large number of cases.
The smooth curve is, as it were, the ideal to which
the statistics would lead if we had a sufficient
number of cases.

An easy way of seeing how the curve and steps
(polygon) correspond is to start with a large number
of cases divided into many groups, and then re-
arrange them in fewer groups. The series of
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numbers in Table II. will enable the reader to do
this. The first column gives the numbers that

Mean

TasLe II.
|
Number of Adding to- | Adding pre-
Cases. gether in Pairs.| vious Column.

Mean

; 3
12
8 9
6
12 83
21
117
84 84
50
69 156
87
871
108 215
112
112 915
108 371
87 156
69
50 84
34 117
21 83
12
6 9
3 12
2 8
1
1,000 1,000 1,000
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arise in each small group out of 1,000 cases; in
the next column we have added our groups together
in pairs, so that we have applied the opposite
method to that mentioned above, and if the reader
wishes to follow that argument again he must
begin at the right-hand column and work back-
wards to the left hand.

The fc;llowing diagram (Fig. 17) will show how
the steps gradually merge into the smooth curve.
In order to save space we have only drawn one-half
of the figure.

The reader will notice that the steps are artificial,
and arise because we must make arbitrary limits
in statistics, as by collecting them in inches, or
years of age, or pounds; but as such divisions are
purely arbitrary (for we might use half inches, or
months, or ounces), we need to replace them by
something which is not connected with such
arbitrary arrangements. The smooth curve is inde-
pendent of groups, and is therefore of a more
general nature than the rougher polygon.

It will be interesting to mention here a use to
which these frequency curves can be put. If we
refer to Fig. 16, and imagine that we merely know
the rough figures represented by the blocks—:.e., we
only know the frequency polygon—it is conceivable
that in some cases we might want to know the
number that would fall in some other group—say
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from 4'2 to 4'6 centimetres. This might easily be
wanted in connection with census returns, as
such statistics are frequently obtained only for
groups of ten ages, say 80 to 40, 40 to 50, etc., and
we might for some purpose require to know the
number between the ages 82 and 49. Now, assuming
that such a curve has been drawn in the present
instance, in order to find out how many cases
there would be in the new group, we have only to
measure the size of the figure bounded by the curve
at the top, the base from 4'2 to 46 centimetres, and
vertical lines drawn from the ends of this base to
the curve. The reader may now ask why one does
not in such circumstances count up the number
of cases from the original statistics. The reason is
that it is often impossible, as it would have been
in the census case mentioned above.

Let us now consider another purpose to which
our frequency curves can be put. Take any one of
the examples at the beginning of this chapter, and
try to see what would have happened if we had
only dealt with very few cases. Suppose we take
12 shells at random ; then we find, on arranging
them, that the groups corresponding to those of
Example L. are as follows :

Group- - - - 2'8- 82— 3'6- 40~ 4'4- 4'8- 5'2- 56~
Twelve specimens 0 1 2 1 4 3 1 0
Examplel. - - 2 7 28 59 49 3 6 1
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We see that there is a similarity between the two
series, but the 12 specimens run very unevenly
in comparison with those of Example I., while
that example itself dess not give a perfectly even
series. Now, remember that the object of measur-
ing is to find the sizes of all the shells that could
possibly be collected. But the more shells we
collect the more even will our series beccme, till
ultimately it is absolutely smooth. If, therefore,
we can by some method draw correctly—through
either the 12 specimens or the 100 cases in
Example I.—a smooth curve, we shall have
removed the roughnesses due to the use of only
a few cases, and got nearer to the smooth ideal
result that would be obtained if we could measure
every shell in existence. Great care is, however,
necessary ; a curve drawn freehand through the
statistics may be far from giving the most correct
estimate possible of the ideal result, and so mathe-
matical methods have to be adopted. The curves
are to be chosen on two grounds: (1) By consider-
ing what happens when we deal with problems in
pure chance, like tossing coins or throwing dice;
and (2) by seeing, from the examination of a large
number of various kinds of statistics, the shapes of
the curves that generally occur. We do not intend
to go deeply into this part of the subject, but we
will endeavour to give a slight idea of the connec-

8
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tion between chance and the smooth curves we
have mentioned. For this purpose we will take
the simplest case, and imagine that we toss four
coins, and write down all the possible results
that can occur. They are as follows, where an
“h’ is written for ‘head’ and a ‘t’ for
‘tail s

[

First | Second | Third | Fourth

Coin. Coin. Coin. Coin.
h h h h 1 case of 4 heads.
h t h h 1
g lﬁ lg }tl j4 cases of 8 heads.
t h h h
h h t t
h t h t
1; ltl ﬁ }tl 6 cases of 2 heads.
t h t h
t t h h
t t t h
: lﬁ 2 g 4 cases of 1 head.
h t t t
t 6 t t 1 case of O head.

The following table, which is exactly similar to
those of the examples at the beginning of the
chapter, gives the same result:
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D

Tasre III. =

h

o o

Numb f * Heads w

ungu:;i?]g up?a. Number of Cases. :_,

2

-

0 1 p

1 4 >

2 6 <

8 4 . 5

4 1 ¢
Total 16

This is the most likely result. It is, however,
not certain that if 16 tosses were made such a
distribution would be realized, as there are many
other possible results, and some of them are nearly
as probable as the one we have given. Now, if we
made 16 tosses, and found 1, 8, 7, 4, 1, as the
result, instead of 1, 4, 6, 4, 1, then we could say
that the former was the result of the  statistics’ we
had collected ; but if we went on for a very great
number of times, the proportions we should get
would approximate more and more closely to those
of 1,4, 6,4,1. Now, there is no special reason for
choosing 4 coins, and if we had taken 8 we should
have found the following series :*

* To those with any experience of algebra it will be at once

apparent that the terms in the series of heads are given by the
terms in the expansion of (14 1), while those who have not such

8—2
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Number of heads 0 1 2 3 4 5 6 7 8
Number of cases 1 8 28 56 70 b8 28 8 1

If this is drawn in a figure, you will notice that
the smooth curve drawn through it is of a bell
shape, like that already noticed (Fig. 16), and that
it is symmetrical about the mean—that is, after the
mean the first half is repeated in opposite order.
You will also nofice that the middle terms are
argest, and at the end they are small, and as we
deal with more coins you will find, if you draw
figures like Fig. 16, that the ‘tails’ of the curve
run close to the horizontal line at the bottom of
the figure. A certain curve, which can be evolved
like this, is known as the ‘normal curve of error ;
the ¢ Gaussian curve,’” from its discoverer ; or some-
times also as the ‘probability curve,” though the
last is a misnomer, as there are other curves that
express the probabilities of the happening of events.

acquaintance can always obtain the terms by the method implied
in the following table, in which any term—say the sixth in any
column—is the sum of all the previous terms in the previous
columns, or, more easily, is the sum of the fifth term in the column
and the sixth in the previous column.

1
11
2coing » - 12 1
3 ,, - - 13 81
4 ,, - - 14 6 41
5, - - 151010 5 1
6 ,, - - 16152015 6 1
7 - - 172138321 71
8 - - 182856 7065628381
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These other curves, many of which are not
symmetrical, can be evolved from similar con-
giderations. Thus if 6,561 throws are made with
8 dice, and a record is kept of the numbers of
‘fives’ and ‘sixes’ that turn up, the most likely
numbers would be those shown in Table IV.*
which the reader who is unacquainted with the
theory of probability will have o take on trust.

Tasre IV.

]
i
' Number of Times the
Number of ‘Fives’ and ;| Number mentioned in
¢ Sixes.’ i the Previous Column
; turned up.
i
I

256
1,024
1,792
1,792
1,120

448

112

16
1

IR WND O

Total 6,561

* It will be of help to those knowing algebra to bear in mind
that the series is obtained from the expansion of (1+2)8, the
chance of getting a ‘five’ or ‘six 'being half the chance of not
getting either.
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It will be noticed that it is only on the average
once in 6,561 times that every die thrown turns up
a ‘five’ or ‘six.’

Another curve showing a still greater divergence
from symmetry can be reached by considering the
number of times sequences occur. Since it is
equally likely if we toss a coin for it to come down
‘heads’*or ‘tails,” we are half as likely to get a
gequence of two (i.e., two heads followed by a tail,
or two tails followed by a head), as we are to get
a sequence of one, and also half as likely to get a
sequence of three as we are to get a sequence of
two, and 8o on, as shown in Table V.

Tasre V.

Number of Times

Sequence of— Sequence occurs.

1 head or tail 1
2 heads or tails

» »

” 124

Qv W
Lol o e o =)

’»” 12

The curves evolved from these and similar proba-
bilities have been found to describe statistics of
very various classes, and it is therefore reasonable
to use them for approximating to the ideal result
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to which we have so often referred. In any indi-
vidual case arithmetical calculations are required of
a rather lengthy description, but it is unnecessary
to go into them, as we only wish to indicate how
such curves arise and why they are wanted.

We may now summarize our work on them :

1. They remove the steps that occur, owing to
statistics being collected in inches or some similar
arbitrary measure.

2. They help us to estimate the ideal result,
which we might reach if we could use a large
number of cases.

8. By starting from results that can be obtained
by general reasoning, such as coin-tossing, we can
form an idea of the types of curves we should
generally obtain.



CHAPTER IV

MODE—STANDARD DEVIATION—COEFFICIENT OF
. VARIATION

In Chapter II. we gave as an example the number
of runs made in an innings during 1907 by
Tunnicliffe, and found that he was as likely to
make more than 80 as he was to make less than 80,
and on the average he made 80'2 in each innings
(i.e., the median was 80 and the mean 30°2).

Let us suggest two more problems, with which
we will deal in order :

1. What was Tunnicliffe’s most likely score
in 1907 ?
2. Was he a consistent batsman ?

1. At first sight it might seem that the average
number of runs a man makes would be that which
is his most likely score in any particular innings.
A little consideration will show that this is not
necessarily the case. Imagine the case of a cricketer
who seldom made runs at all, and assume that he

made the following scores in succession :
40
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5,6,928501,8,12,0,9%0,5,0, 11,8, 0,
10,0,1,2,6,1,0, 8;

or 25 innings for 98 runs, or an average of 8:92;
but if you count up the number of innings and
arrange them as a distribution you will find :

Number of runs in
inningg - - 012385689,1011 12
Number ofinnings 78 228221 1 1 1
From this table you will see that this batsman
never made 4, and only twice made 8 in an innings ;
but on 7 occasions he did not get any runs af all,
and 3 times he only made 1 run; while he made
less than his average on 14 occasions, and more
than his average on only 11. Clearly if you had
to guess how many runs he made in some particular
innings you would say he did not get any, and in
7 cases out of 25 you would be right. If you
guessed 4, you would be wrong every time. This
shows that the ‘average event’ is not always the
‘mode,” which is the technical term for the most
likely event. You will notice that the median in
this case is a little nearer the mode than the average.
It will be found that the median is given by the
thirteenth term, which implies 8 runs. Now turn
to Tunnicliffe’s scores, and you will notice that
even with such a good batsman there were many

small innings. This is easy to see for yourself,
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and the following groups of scores help to show
it clearly ; they were based on the three years 1905,
1906, and 1907 :
Number of runs - 0-9 10-19 20-29 30-39 40-49 50-59 60-69
Number of innings 39 25 19 15 7 11 5
Number of
runs - 70-79 80-89 90-99 100-109 110-119 120-129 130-139
Number of
innings- 4 3 8 1 2 1 2
If you were asked to guess in which group a
particular innings fell, you would say the first;
in other words, you would assert that, though
Tunnicliffe’s average was well over 20, he was most
likely to make under 10 in a particular innings.
The reader should try other examples. In order
to assist matters for those who are interested in
cricket averages we have tabled the scores of a few
well-known cricketers over the three seasons 1905,
1906, and 1907, and they are shown below. The
scores are arrayed in the order in which they were
made, but ‘not-out’ innings are added to the next
innings as if it was mere continuation, as was done
in Chapter IL.
Hayward.
19056 43, 27, 18, 9, 10, 34, 59, 58, 18, 116, 11, 4,
8, 81, 22, 85, 8, 24, 21, 128, 168, 52, 122,
17, 148, 91, 88, 14, 208, 13, 64, 177, 88,
76, 106, 112, 2, 25, 48, 64, 26, 24, 216,
81, 58, 14, 83, 82, 85, 58, 10, 9, 197, 12,
28, 28, 0, 44, 2.



MODE =3

1906: 9, 87, 24, 24, 58, 10, 22, 255, 18, 73, 1, 5,

47, 8, 110, 80, 0, 16, 8, 21, 20, 8, 81, 70,
55, 26, 60, 68, 82, 148, 80, 5, 19, 1, 115,
82, 70, 52, 6, 85, 6, 83, 81, 6, 59, 2, 66,
71, 63, 44, 8, 40, 122, 29, 88, 76, 82, 17.

1907: 89, 82, 25, 5, 219, 185, 0, 46, 0, 68, 10, 81,

194, 244, 148, 125, 54, 69, 6, 15, 100, 144,
84, 144, 208, 54, 84, 76, 10, 16, 10, 109,
51, 18, 14, 76, 168, 17, 8, 94, 45, 51, 8, 9,
24, 60, 110, 141, 22, 28, 62, 51,17,

Jessop.

1905: 0, O, 4, 20, 61, 26, 8, 87, 10, 29, 10, 52, 5,

o7, 40, 12, 2, 11, 84, 206, 48, 43,0, 1, 1,
8, 7, 27, 77, 17, 48, 42, 24, 20, 28, 10, 68,
170, 58, 47, T7.

1906: 28, 1, 60, 88, 14, 48, 0, 0, 1, 25, 1, 17, 20,

11, 14, 89, 284, 5,28, 0, 1, 52, 4, 2, 1, 4,
19, 15, 54, 21, 65, 57, 60, 8, 10, 15, 11, 1,
45, 0, 74, 8, 25, 0, 438, O, 1.

1907 : 68, 55, 5, 17, 16, 42, 8, 8, 87, 27, 22, 84, 4,

48, 5, 80, 66, 40, 0, 15, 6, 12, 111, 0, 4,
19, 58, 4, 6, 0, 48, 15, 75, 26, 26, 28, 1,
10, 84, 2, 14, 9, 54.

Tunnicliffe.

1905: 15, 85, 12, 77, 9, 18, 12, 9, 16, 4, 24, 8,

119, 2, 18, 6, 24, 20, 78, 50, 15, 94, 81, 0,
0, 128, 10, 185, 0, 189, 15, 40, 55, 10, 64,
26, 18, 20, 82, 84, 0, 0, 90, 18, 80, 18,
16, 28.

1908: 8, 71, 12, 0, 9, 48, 0, 52, 2, 102, 0, 117, 24,

6,15, 1, 71, 8, 5, 24, 0, 16, 4, 31, 22, 8,
60, 86, 58, 87, 17, 9, 6, 18, 10, 11, 88, 69,
20, 67, 25, 14, 16, 29,
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1907: 65, 5, 2, 98, 4, 26, 9, 63, 29, 80,83, 40, 1,
21, 45, 83, 20, 50, 8, 0, 0, 42, 85, 47, 1,
12, 60, 53, 84, 15, 48, 57, 1, 68, 1, 33, 28,
8, 4, 88, 28, 30, 58, 21, 85.

Warner.

1905: 27, 76, 14, 18, 47, 45, 89, 7, 15, 84, 88, 106,
107, 75, 8, 8, 4, 4, 4, 47, 18, 209, 66, 14,
0, 78, 10, 28, 0, 0, 44, 16.

1908: 0, 10, 204, 0, 0, 60, 0, 85, 0, 49, 86, 8, 50,
5, 10, 7, 70, 43, 9, 59, 97, 0, 166, 152, 18,
22, 34, 82, 14, 14, 85, 56, 48, 23, 31.

1807: 61, 42, 137, 10, 41, 72, 0, 22, 53, 66, 4, 73,
28, 17, 16, 192, 48, 5, 87, 26, 9, 66, T, 9,
17, 44, 60, 13, 66, 3, 77.

The same main characteristics will be found in
each case, and we are forced to the conclusion that
the average does not measure the most probable
score.

Now turn to shells or nuts. What is the most
likely length or breadth? The problem is the same
as that of the cricket scores; but here it seems as
if the most likely size is near the mean. What is
the explanation? How can we get a measure of
the most probable length or score (mode) since it
seems to be & very wandering element ?

We will try to explain a method by means of the
curves we were discussing in the last chapter.

In drawing the distributions we arrayed our
statistics in groups, and said that we would put in
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the same group all the cases that were of approxi-
mately the same size. Now, if there are more of
any one size than of any other, the curve we draw
through our statistics will have to be tallest at that
particular size which is ‘most likely’ Now com-
pare the two curves we have drawn. In Fig. 19
the curve is symmetrical; in Fig. 18 it clearly
is not. : .

Now we saw in Chapter IL. (p. 21y that when a

\ ,
\\N

NUMBER Y Y { Y 3
Whows © © 20 30 40 S50 e O 8 92 100 1O

F1¢. 18.—CURVE FOrR CRICKET SCORES, SHOWING THE NUMBER
oF TIMES EACH SCORE IS MADE, THE SCORE MADE MOST
FREQUENTLY BEING 0,

curve is symmetrical the mean and the median
are the same, and the curve is the same each side
of the mean ; 8o it is not hard to see that the mode
will also have to be the same as the mean whenever
the curve is symmetrical.

In the curve in Fig. 18 the mode is to the left of
both the mean and the median, and if you draw
& number of curves, from various series of statistics,
and measure the difference between the mean and
mode, and between the mean and the median, you
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will find that the former is about three times the
latter, and that the median lies between the mean
and the mode. This gives a good approximation in
many cases, but you will find that it will break down
sometimes in extreme cases, such as the cricket
scores. When this happens we have to use more

32 36 40 44cm 48 52 56
Fig. 19.—OvurvE For NUTS, SHOWING THE NUMBER OF NUTS oF
EACH LENGTH, THE GREATEST NUMBER OF NUTS BEING
44 oM. Lone.
troublesome methods; but you will find you can
often get a rough idea of where the mode is in such
extreme cases by drawing a curve through the
statistics ; and if you are not too dogmatic about
your result, and compare it with that obtained by
others by more refined methods, you will soon get to
estimate the mode fairly well with a little practice.
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2. Now let us turn to our second question, and
try to see how we can find out if the batsmen we
have mentioned were consistent in scoring.

In order to answer this question we must see
what meaning we intend to attach to consistency,
and in what direction we must proceed to get an
idea of its value. If you compare two batsmen, you
may express the opinion that one, say Hayward, is
far more consistent than Jessop, and your reason
for expressing the opinion is probably that you
have noticed Hayward is less likely to make a very
small score than Jessop. Now it appears, as soon
a8 one begins to think it over carefully, that this of
itself is hardly sufficient evidence, for a man may
be unfortunately consistent in making small scores.
If a man always made 25 runs whenever he went
in to bat, and never made more or less, we should
all agree that he was absolutely consistent ; while if
he generally made 25 runs, and sometimes a few
more and sometimes a few less, we should say he
was fairly consistent. In other words, we should
say that, if it is desired to study consistency, it is
necessary to examine deviations, for, it seems, the
wider the deviations, the less the eonsistency. We
can, however, see that this is only part of what is
required, for if one player made 24, 25, 26, and
another 84, 85, 86, it is reasonable to say that the
latter is more consistently near his average score
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than the former, because the second man had a
wider chance of missing his average. He might
have got anywhere between O and 84, while the
first man only had the chance of being inconsistent
up to 24; and the man with the lower average
cannot claim that he could have been more incon-
sistent in the direction of a heavy score, for a
deductior of 10 from infinity is unimportant, even
though an ‘infinite’ score is not a thing likely to
occur in practice! Again, if two men made 4, 6, 8
and 8, 12, 16, they should be equally consistent,
because, if we imagine that the first is like a man
shooting at 6, and the latter like one shooting at
12, we can see that a deviation of 2 in the former
cage corresponds exactly to a deviation of 4 in the
latter. When these ideas are summed up, we con-
clude that we must consider not only the deviations
themselves, but their relations to the mean from
which the deviations are measured, in order to
estimate consistency properly.

We will discuss the deviations alone first, and
come to the measure of consistency afterwards, and
for this purpose will turn back for a moment to
Chapter II., and recall the quartiles we calculated.
The reader will remember that they represent in a
way the amount of deviation. Just as the median
gave us an idea of the size of a thing, so the
quartile gave us an idea of its tendency to deviation.
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It would seem, therefore, that medians and quartiles
might be employed; but though they are some-
times useful, they are open to objection. If you
take almost any example, and find its quartiles, you
will see that the one above the median will not be
quite the same distance from the median as the one
below ; they will, in fact, be only equidistant from
the median if the statistics are symmetrical. Now,
if we found that for some batsman his median score
was 35, and the lower quartile was at 10 and the
upper at 80, we should merely be able to give these
three figures, and it would be very difficult to say
whether he was more or less consistent than
another batsman whose scores gave a median of 37
and quartiles at 15 and 90. The fact that the two
quartiles are not always the same distance from the
median is an objection to their use in many cases ;
and another objection to quartiles is that they are
reckoned with reference to the median and not the
mean, while the latter is more frequent in practice,
and may be distinctly different from the former.
It must not, however, be inferred that the quartiles
are not useful. They are a great help in forming
a rough and rapid opinion of values, and they can
often save one the trouble of calculating values by
more lengthy methods. Statisticians have got over
these difficulties in using them by adopting a sort of
average measure of deviation, which is called the
4
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standard deviation. This function treats devia-
tions above and below the mean on the same terms,
and does not get rid of the fact that the curve is not
symmetrical, but it obscures the difficulties already
referred to, and gives a definite result on which to
work. To find it we may start from the average
gscore and work in the way shown in Table VI,
which ig based on Warner's scores in 1907 His
average was 41°9.

The first column is taken from p. 44 ; the second
shows how much above or below the average any
particular score was, the scores above the average
having + in front, and those below having -—.
Now, if you add up the + part of this column, you
will find it is equal to the — part, which should,
of course, be the case, because of the way an
average is calculated. The third column is found
by squaring the second, and the rest of the calcu-
lation is shown afterwards. The standard deviation
can be obtained roughly by adding the distance of
the two quartiles from the median together and
multiplying the result by 077414.* In the cricket
scores of Warner this would have given a standard
deviation of 88 (true standard deviation 85), but it
is & case where this rough rule (which depends to
some extent on the symmetry of the material) could
not be expected to give a very good result.

* This follows from mathematioal consideration, discussed in all
technical works on Probability.
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TarLe VI
iations from Square of l

Scores. Dev Means. D(?viations.
61 +191 36481
42 + 01 0-01
137 +95°1 9044-01
10 -319 1017-61
41 - 09 0-81
72 + 301 906-01
0 —41-9 175561
22 -199 396-01
53 +11°1 123-21
66 + 241 580-81
4 - 379 1436-41
73 +31'1 967-21
28 -139 193-21
17 - 249 620-01
16 - 259 670-81
122 +80-1 6416-01
48 + 6°1 37-21
5 —36-9 136161
87 +45°1 2034-01
26 - 159 252-81
9 -329 1082-41
66 +24°1 580-81
7 - 349 121801
9 -329 1082-41
17 - 249 620-01
44 + 21 441
60 +18-1 327-61
12 —-29-9 894-01
66 +24-1 580-81
2 -399 1592-01
77 + 351 123201
3739271

3-'@-;—12-11= 1,208, average of squares of deviations.

A/1,206= 3473, standard deviation.

4—2
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We will now set out a table of the results we
have found for the batsmen mentioned on pp. 42-44
for three separate years, and also for the three years
taken together, which is of interest for comparison.

Tasre VII.
Coefficient
Avensge, | Seenin | Tl
ariation.
Hayward:
1905 - - 549 55°0 100
1906 - - 44-5 439 99
1907 - - 66°4 620 93
1905-1907 - 549 547 99
Jessop:
1905 - - 854 421 120
1906 - - 261 385 148
1907 - - 279 270 97
1905-1907 - 296 367 124
Tunnieliffe :
1905 - - 358 382 106
1906 - - 25'6 275 108
1907 - - 802 289 79
1905-1907 - 302 810 108
Warner:
1905 - . 371 481 116
1906 - - 489 49'8 112
1907 - - 41-9 847 83
19056-1907 - 410 48-2 105
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It will be seen at once from this table that not
only was Hayward the highest scorer of those
examined, but also the most consistent batsman,
as the ratio of the standard deviation found from
his scores to his average score (see p. 52) is lower
than that of the others, though Tunnicliffe and
Warner in 1907 were wonderfully consistent (see
column headed ¢ Coefficient of Variatiorf,” which is
100 x standard deviation -~ mean). It will also
be observed that all four batsmen were more con-
sistent in 1907 than in the previous years, which
may possibly be the result of the atmospheric
conditions of that year.

'We will now leave cricket scores, and interpret
the same statistical functions for nuts and shells.
It will be unnecessary to go into the preliminary
explanations again, and the most useful way will
be to show the results in the following table :

Tasre VIII.

Standard | Coefficient
Deviation in of
Centimetres.| Variation.

Mean in
Centimetres.

100 Shells :

Length - - 310 077 25

Breadth - - 1'55 084 22
185 Nuts:

Length - - 4-40 054 12

Breadth 275 0-27 10
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From these figures it will be clear that the shells
and nuts vary far less than the cricket scores, and
if the reader will think over Figs. 18 and 19,
he will see that the reason is that in the case of the
nuts there is a very small proportion lying far
from the mean, while in the case of cricket scores
there are a great many innings as far below the
mean as they can be—-i.c., near 0. It will also be
noticed that the nuts show less variation than the
ghells.

The reader can easily imagine problems in the
golution of which such comparisons would be of
assistance—as, for instance, in the studies of the
measurements of skulls found in various districts—
and he will see that, by the use of the statistical
coefficients we have explained, one could go some
distance towards deciding whether a certain set of
skulls belonged to the same race as another.



CHAPTER V

CORRELATION

So far we have been confining attention to one
thing at a time—thus we dealt with the lengths or
breadths of nuts or shells, or with the scores of
cricketers ; but it is frequently more important in
statistical work to deal with the relation of two
things to each other than it is to examine the
variations of one thing alone. Let us put this new
problem in a concrete form : Is there any relation
between the length and breadth of nuts or between
the length and breadth of shells ?

We must examine this question generally first,
and see that we understand what it implies.
Suppose we took a nut out of a collection of
nuts, and found it was a long one: ought we,
Jrom this information only, to conclude it was a
broad nut? If so, we are assuming that length and
breadth are related, owing to some cause or other.
If, on the other hand, we said it was impossible to

estimate in any way the breadth of a nut from
55
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knowing its length, we should be assuming that
length and breadth in nuts were not related.

The same question can be asked about shells;
and then, if we found that in both cases there was
a relationship (correlation), we might ask whether
there was a closer relationship between the lengths
and breadths of nuts than between the lengths and
breadths of shells, or vice versa. This suggests
that what we must find is some way of comparing
our correlations, 8o that, at the end of our work, we
can arrange ‘relationships’ or ¢correlations’ in
order, just as we have, up to the present time,
been arranging lengths and breadths: as we fix
a scale of inches (say) for measuring heights, so we
must fix a scale of ‘somethings’ for measuring
relationships.

If, whenever we took up a nut, we knew that its
breadth was always exactly half that of its length,
then we could say the lengths and breadths of nuts
were absolutely related to one another; or if we knew
that there was always a difference of 2 centimetres
between the lengths and breadths, then we could
say the relationship was absolute ; in fact, whenever
a fixed connection always holds between two things,
we can say that they are absolutely related, or, in
more technical language, that the correlation is
perfect. This absolute relationship must come at the
top of our scale, and statisticians, in making their
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gcale, use unity as representing perfect correlation,
or state that the ‘ coefficient of correlation’ is unity.

Now, suppose you knew that the length of a nu‘
was about twice as great as the breadth, but some-
times it was a little more and sometimes a little
less, then you have a relationship which is nearly,
but not quite, absolute ; ydu get something which
is nearly perfect, but not quite. In these cases
a value is required on the scale a little below that
which we have used, and we should have to do
some arithmetical work to see how far down the
gcale any particular case should come.

We will examine the case when there is no
relationship at all. We know that the average
breadth worked out from nuts of all sizes is
B centimetres; now, if we found that, when we
collected all the longest nuts, their average
breadth was B centimetres; and if we also found
that, when we collected nuts of medium length,
their average breadth was also B; and again, if we
took the short nuts, and found that their average
breadth was B as well, then I think you will see
that, if we were told the length, we should not be
better able to estimate the breadth of the nut than
if we were merely told that it was a nut. In such
cases there is no relationship, therefore, between
length and breadth, and we say that the ‘ coefficient
of correlation ’ is zero.
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So far, then, we have seen that we can express
relationships on a scale which runs from O to 1;
but you will find that, even so, we have not covered
all possible cases that may arise, for we have
merely imagined examples in which the long nuts
were broad or of average length ; but if we found
that whenever a nut was long it was narrow, and
whenever it was short it was broad, we should
have a relationship between length and ‘ narrow-
ness ’ exactly like that between length and breadth,
with which we have already dealt. But, remember-
ing that ‘narrowness’ is only breadth from the
opposite point of view, statisticians merely extend
their scale backwards to -1, and have therefore
a scale of coefficients of correlation running
from -1 to +1; but though it is convenient to
have this negative part of the scale, it need not
cause any difficulty, for if we find it troublesome
we can always say we are talking about * narrow-
ness’ instead of ¢ breadth,” and our coefficient will
become positive.

We must now turn to the arithmetic of the ques-
tion, and will concern ourselves first with the nuts,
and for this purpose Table IX. may be taken; it
explains itself fairly well, but it will probably be
advisable to run through some of the figures. Thus,
taking the third column, we see that there were
5 nuts, which were between 2'1 and 2'8 centimetres
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broad, and of these 2 were from 8'1 to 8'8 centi-
metres long, 2 were from 87 to 8'9 centimetres long,
and 1 was between 8'9 and 4'1 centimetres in length.
Similarly, taking the bottom row but one, there
were 2 nuts between 55 and 57 centimetres in
length, and 1 of these was between 25 and
27 centimetres, and the other between 8'3 and
3'5 centimetres in breadth.

It will be found, on examining the table, that
the long nuts are, on the whole, considerably
broader than the short nuts, and if the average
breadths of the nuts be calculated for various
lengths, the following figures will be found :

Tasre X.
Average Breadth of all
Actual Length of the Nuts, having the
Nut. Length given in the

Previous Column.

Under 8'7 cm. 281
. 88 ,, 2:58
40 ,, 263

42 2:63

44 277

46 ,, 2:90

48 ,, 285

50 ,, 295

Over 51 ,, 304
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The reader will see that, when the lengths of the
nuts in a group are from 39 to 4'1 centimetres,
we have assumed all the nuts to be exactly 40 centi-
metres long, and a similar assumption has been
made in the breadths when the means were calcu-
lated. The error involved in the approximation is
small, and it saves a considerable amount of trouble.

Now, it will be seen that, while the length of the
nuts was increasing from about 31 to 5"9——i.e., by
about 26 centimetres ¥—the corresponding breadth
was increasing by about 0'78 centimetres, which
implies that an increase of 0'78 in breadth goes
with an increase of 2:6 in length.

A similar method applied to the breadths gives the

following results.
TasLe XI.

. Average Length of all

Actual Breadth of the Nuts, having the
Nut. Breadth given in the

Previous Column.

Under 2'3 cm. 857
24 4-02 -

26 .. 428

2:8 ., 449

30 ,, 477

Over 31 ,, 478

* Not taken for quite the full distance of 2°8, Liecause the
material is very scanty at the ends. For the same reason we
averaged the breadths for a few groups—a.e., under 3'7 and over 5°1.
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From these figures an increase in the average
lengths of 1-21 centimetres is seen to correspond
with an increase of, say, 1'1 centimetres in the
actual breadths.

We may now examine these two results, and,
remembering what has previously been said about
- perfect correlation, we should at first sight expect

the ratio 0%-35 to measure correlation, and on the

same argument we should also expect i ?1

and it i8 necessary to inquire why they are unsuit-
able, for it is clear that the relation of length to
breadth must be the same as that of breadth to
length.

Perhaps the easiest way to see what has to be
taken into account to correct these ratios is by ask-
ing whether we are right in taking 0°2 centimetres
as the unit for both lengths and breadths. Might
it not be correct to take 0°1 centimetres in one case
and 02 in the other ? This point can also be seen
very easily by imagining that we are comparing,
say, the number of runs made by a batsman with
the rainfall on the previous day. How can we tell
in such a case that a record of each single run
would be the right term for comparison with each
tenth of an inch of rainfall? Or if we had measured
the lengths of the nuts in inches, and the breadths
in centimetres, the statistical measure of correlation

todoso;
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ought not to be affected, but our ratios would most
certainly be altered. In other words, we cannot
tell that the grouping we choose arbitrarily for
convenience is the one that should be used. It
has been shown that, in order to make proper
allowance, we must take the standard deviation as
the unit of measurement; that is to say, we must
measure each thing in the terms of its own standard
deviation y

Now, returning to the nuts, we can apply this
rule; and as the standard deviation of the lengths
is 0589, and of the breadths 0°2707 centimetre,
we must remember that the unit for length is
really double (almost exactly) that for breadth.
Applying the method to our figures, we have—

(1st) ~ Actual inerease in length - - - 26 +054=4'82
Corresponding increase in average breadth 0° 73 027=2-70

_ 270
Ratio - - =056

atio " T
(2nd) Actual increase in breadth - - - 11 +0'27=407
Corresponding increase in average length 121 +0'54=2"24
Ratio - - - . .22 _gpp

T a7

It will be seen that the two ratios are now prac-
tically equal, and give a proper measure of the
correlation between the lengths and breadths of
nuts. As a matter of fact, however, the method is
not that which would be employed in practical
work, and is mainly of use for showing the meaning
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of the function used for measuring correlation, the
drawback to it being that, in taking the increases
in lengths and breadths, one is always more or less
at a loss to know exactly what to take; and in our
example we worked out the coefficient by the
customary * and somewhat lengthy method, and
found that its value was 0°5742, and then used the
distances to give that result.

An altetnative rough method would be to set out
the lengths and breadths of the nuts in terms of
their standard deviation in the way shown in
Fig. 20, where the average breadth is shown by
crosses for each length, and the space used for
denoting each centimetre in length is exactly half
that for the breadth, because the standard deviation
is double. A line is then drawn, giving the run of
the series of crosses as nearly as possible, and
passing through the point where the lines repre-
senting the mean length and the mean breadth
cross (see Fig. 20); it should be remembered
that the crosses at the two ends, being based on
few figures, need not be considered as having much
weight.

* The reader who wishes to see the fuller method may refer to
one of the textbooks on the subject, C. B. Davenport, ¢Statistical
Method * (Chapman and Hall), or W. Palin Elderton, ‘ Frequency
Curves and Correlation’ (C. and E. Layton, 1906), or to a paper by

G. U. Yule in the Journal of the Statistical Soctety (vol. lx., pp. 812
o 529.),
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In order to estimate the coefficient of correlation
from such a diagram, we find the ratio of the
distance of the sloping line from the horizontal line
to the distance of the sloping line from the vertical
line. In this case it will give the value mentioned
above—namely 0-5742.

We may now take another example, and compare
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the lengths and brefadths of shells. The following
correlation table gijes the statistics, and it is clear
from it that theje is a very close relationship
between length &lnd breadth, which we can leave
the reader to exajmine for himself with the help of
Fig. 21. It wil{ be seen from this figure that
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the coefficient of correlation is 095, which is
very near the perfect correlation expressed by
unity.

It is necessary to insert a note of warning here,
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as we have up to the present assumed that we can

always draw & straight line through the crosses in

our diagrams ; but in some cases these crosses lie

on a curved limé, and it is possible to get perfect

correlation, even though the straight line we draw
—a
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does not lead one to expect it at first sight. To
show this we will give an example :

TasrLe XIII.

Size of First Thing. Size of Second Thing.

052
104
207
415

CU R QO DO =

; A 026
I

) 2 3 4, 5

Fic. 22. ‘

would lead to the conclusion thigt the measure
of correlation is 09, whereas it s{hould be unity,
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for the series has been constructed so that the
size of the second thing is absolutely dependent
on that of the first. The diagram also shows
the cause of the difference, for the series 1is
not a straight line, but obviously a curved linc.
Here we come, therefore, to the conclusion that
the method we have used hitherto is only justifiable
if the crosses, when plotted out, run apprpximately
in a straight line ; if they run otherwise, the method
requires modification, and the matter becomes too
troublesome for an elementary book. The reader
will, however, find the straight line is applicable
in almost all cases, and even when it should not,
strictly speaking, be used, the error is generally
small.

As coefficients of correlation are used to a very
great extent, it is important that anyone who
wishes to understand modern work in statistics
should become familiar with this coefficient, and in
order to help to give an idea of the values obtained,
Table XIV. may be of help.

The correlation between measurements of the
human race in this table are drawn from a paper
by Dr. W. R. Macdonell, ‘On Criminal Anthro-
pometrywa.nd the Identification of Criminals,”* and
may be taken as an indication of the scale  of

* ¢ Biometrika,’ vol. i., p. 177, etc.
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TasLe XIV.

Things Compared.

iCorrelation. '
' High Correlation : {
Length and breadth of shells - - 095
Left cubit and left middle finger - 0'85
Height and left cubit - - - 080
| Height and left foot - - -1 074
,Medlum Correlation : ! {
' Height and left middle finger- - 066
 Effectiveness of vaceination and
1 resistance to smallpox - - 064
. Length and breadth of nuts - -1 057
. Capacity of skull and greatest hori-
zontal breadth (Na,qa.da skulls, 1
male) 043
. Height and brea.dth of fu.(,e - - 0385

Low Correlation : ‘
Length of skull and auricular helght

| (French race) - 029

i Length of life in husba.nd a,nd wife 022

Weight of healthy hea.rt and age

of person - - 014

~ Heart and spleen - - - g 0-08

relationship used. A moment’s consideration will
show that the order—

1. Left cubit and left middle finger ;
2. Height and left cubit;
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3. Height and left foot;
4. Height and left middle finger ;
5. Height and breadth of face—

is the order of relationship one would expect, for
as the left middle finger is part of the left cubit,
one would naturally expect a close relationship
between them. With regard to the second item,
one has merely to remark that a tall man would
seldom have a short arm, for it would look notice-
ably strange if he did. Again, it would seem likely
that one would more often find a tall man with
a short middle finger than with a short foot. In
the same way breadth of face would hardly be
expected to have so close a relationship to height
a8 to the other measurements. The numerical
values give precision to these rough ideas, and in
order to complete the scale a few other coefficients
are given. The two lowest in the scale are taken
from a paper by Dr. M. Greenwood, junior,* and
give examples of very low correlation.

The vaccination and smallpox result is given as
a relationship which has been much discussed, but
though it is not reached by quite the same method
of calculation, the result is strictly comparable with
the other coefficients given.

In concluding this chapter, we may point out

* ¢ Biometrika,” vol. iii., p. 69.
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that the actual cause of the correlation cannot
always be revealed by the body of statistics under
examination. Taking the vaccination - smallpox
problem as an example, the cause of the high
correlation might be that people of the better class,
living in districts where isolation was easy, were
vaccinated, while those living in crowded, unhealthy
districts were unvaccinated. Then, if we assume
vaccinationr to be valucless, but admit that small-
pox epidemics are more likely to occur in unhealthy
districts, we might still have a high correlation
between vaccination and smallpox. In this case
the point has been investigated so that there secms
little, if any, doubt that the real cause is the use-
fulness of vaccination, the example indicates the
necessity of great care in interpreting statistical
results. A good method may easily be spoilt by
careless application or biassed interpretation.



CHAPTER VI
PROBABLE ERRORS

In Chapter I. we noticed that the means found
from different samples of the same thing did not
vary greatly, but we also saw that they did not
always agree exactly, and this leads us to ask how
far one may rely on one’s calculations ; because, if
the means found from samples do not agree, how
can we tell what would be the mean size of nuts if
we took all the nuts in the world ? Now the reader
will remember that in Chapter II we saw that the
deviations from a mean can be measured by using
quartiles, and in Chapter I1V. we saw that an im-
proved method was to use the function called the
standard deviation.

If the standard deviation measures the way the
sizes of nuts or shells vary, it is not very difficult
to see that it should help us to decide whether we
may rely on a calculated mean or not. .

Now, if the standard deviation measures the way
deviations occur in the size of an object, it will

also measure the deviations in means—that is to
73
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say, if we calculate a number of means and set
them out in the same way as we set out the
individual nuts and shells in Chapters I. and 11L.,
we can, by calculating the standard deviations,
measure the deviation that may occur in a mean.
The principle is exactly the same; we are merely
working with means instead of nuts. As an example
will help to make this clear, we made an investigu-
tion into the average number of heads that would
result from tossing six coins twenty times; know-
ing, of course, that the most likely number is three
heads. The first time we did this we found the
following distribution :

Number of heads - - -1 2 8 4 6
Number of times the number of
heads occurred - - -2 5 7 5 1

The average number of heads was therefore 2:95,
and we then made another trial and found 8'05;
a third trial gave 8:05 again, and we continued this
operation until we had found forty-five of these
means. The result is shown in Table XV.—the
last two columns of which are similar to those in
Table VI.

This result tells us the standard deviation of the
mean in this particular experiment ; but the reader
will see that we cannot go on doing this kind of
trial each time we calculate a mean, and we must
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TasLe XV.

Number of ‘ Square of Devi-
Mean Number Ties the Mean ation multi-
of Heads from = mentioned in | Deviation plied by
20 Tossings of | the Previous | from Mean. Number of
6 Coins. { Column was | . Times the De- |
Found. ]’ }viationoccurred. f
295 1 =075 . 056
255 1 o =045 020
26 2 -0 082
27 2 03 018
l 275 4 =025 025 !
| 2'8 3 —02 012 ‘
;285 3 —0°15 007
29 3 —01 . 003
295 2 —-005 = 000 |
30 1 00 | 000
305 1 +005 | 001
31 1 +01 | 004
| 32 1 +02 C 004 ‘
L 325} 2 +025 . 012
38% 4 +03 086
847 | 3 +04 | 048
355 ’ 1 +0'55 + 0380
. 865 1 +065 042 i
| ; — !
| L oot 45 3:50 ,

. g 35
Average square of deviations= 24)5_0 =0'078.

Standard deviation of mean = ./0-078 =0°28.
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see if some shorter method can be found to give
the same result.

Now if you turn to Chapter I., and consider any
one of the diagrams, you can see that the larger
the standard deviation, or, which is approximately
the same thing, the larger the difference between
the median and quartile, the steeper the line at
the top of the figure. Now if this line rises steeply,
we know that the cases vary considerably, while
if the line is horizontal, there are many cases of
about the same size; if, however, there are many
cases like the median, and we shift the median
four or five terms to the right or left, it makes
only a little difference; but if only a few cases are
like the median, a shift of four or five spaces may
make a considerable difference in the value of the
median.

Another element, however, enters into our
estimate. If the mean size of a nut is calculated
from 5,000 nuts, we should feel fairly certain about
the result; but if we based our mean value on only
five cases, we should not feel so happy about it.
In other words, we must use the number of cases
investigated as well as the standard deviation in
estimating the accuracy of a mean which has been
calculated. In order to bring in the number of
cases properly, it does not follow that we must
divide the standard deviation by the number of
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cases investigated. It has, in fact, been shown
that the accuracy depends, not on the number, but
on the square root of the number of observations;
so one doubles the accuracy by taking four times,
and trebles the accuracy by taking nine times, the
number of measurements.

Applying this rule to our example, we find from
our first tossing of coins, which may be taken as
the real experiment and the other tossihgs as con-
firmatory experiments to test our result, that the
standard deviation of the distribution was 1-16, and
dividing by the square root of the number of toss-
ings (twenty) on which our mean depended, we get
‘97 as the standard deviation, which agrees very
closely with the result found from actual experi-
ment in Table XV. In the particular case the
reader can check the standard deviation from the
series in the footnote to p. 85, and he should obtain
122 instead of 1'16, the former representing the
most probable result and the latter being that
which actually occurred in our experiment. We
mention this point to show that standard devia- -
tions themselves and, in fact, all statistical measures
are subject to deviations.

In practical work therefore, when we find a
mean or other statistical function, we put after it
a figure which represents the deviations we might
get from the calculated value. Taking the nuts as
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an example, we have found that the mean length
of 185 nuts is 4'40 centimetres, and the standard
deviation is 0'49 centimetres, so the deviation to
which the mean itself would be liable would be
0036 centimetres. ,

It has been a custom to use 0-6745 times this
—i.c., 0024 (see p. 53)—and call the result the
¢ probable error.” On certain assumptions, the
chance of "a deviation being greater than the
‘ probable error’ so found is equal to the chance
of a deviation being less; consequently the calcula-
tion shows the error that is as likely as not to be
exceeded. At the same time, the assumptions on
which the theory rests are not always realized ;
they imply that the deviations follow the bell-
shaped curve, which is called the ‘normal curve
of error,” and is, as we have already (p. 36) seen,
symmetrical, tails away at each end, and has, in
fact, certain very definite properties. Now we have
noticed that this does not always apply, and was
clearly inapplicable to the cricket scores with
which we have been dealing, so we are inclined to
think that it would be a good thing to give up the
fraction 06745, and use the standard deviation
divided by the square root of the number of cases.
This is, however, rather a point for specialists, and
the reader wiil be more interested to see the prac-
tical bearing of the function generally employed.
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The way this probable error is used in practice
is that, when the difference between two means
exceeds three times the probable error, then
it is considered that the difference is signi-
ficant. This rule is explained most easily by a
diagram.

The mean in the normal curve which is assumed
in Fig. 28 is at the middle, because the curve

o~ .

/

A/ B

H D cC G
Fie. 23,
is symmetrical ; the line drawn at the distance from
the mean, equivalent to the ‘probable error,” divides
each half of the curve into half, or ABCD is half
the entire area between the curve and the base.
Now if we take twice the probable error, and take
EGHF, we find that a large proportion of the curve
is included ; while if we take three times the prob-
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able error, there is so little left outside that the
odds against a particular result falling outside
three times the probable error are 22 to 1, which,
as indicated above, is very improbable.

We may now notice that all functions in statistics
have their probable error, for we can never be quite
gure that another selection made at random, with
the object of measuring a particular thing, will give
the same result as our last series of measurements,
but we may feel fairly assured that it will not differ
from it by three times the probable error already
found.

This practical method turns up over and over
again ; if it is necessary to compare the sizes of
skulls in two races, how else can we tell whether
the differences are significant, or are merely due
to the fact that we are dealing with small samples
of the general population ?

Perhaps the time at which one requires the
¢ probable error’ or some equivalent function
most is when we have to deal with correlation,
for when the relationship between two things is
not very close we may find a coefficient of, say, 0°1,
which seems small ; and one may wonder, if only a
foew cases have been dealt with, whether there is
really any correlation at all, or if it is not in
reality a case in which the true value is zero, but,
owing to the small number of cases investigated,
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the value has come ou’t rather too large. For such
cases in practice one uses the probable error, and
it has been shown that the proba.ble error of a

‘)

>4

coefficient of correlation is 06745 X -~——= ,where

«/n
r is the coefficient and » the number of cases
considered ; * so that if we were dealing with only
B6 cases the value 0'1 would not be significant, for
its probable error would be about 0°11; which is
larger than the coefficient itself; while if there
were as many as 100, the probable error would
be 0°06, and one would still feel rather doubtful if
the 0'1 meant that the two things under examina-
tion were really related.
The probable errors in the cases we have dealt
with in the previous chapter are as follows :

Co- Probable

Things Compared. efficient. | Error.

Length and breadth of 185 nuts; 057 003
Length and breadth of 100 shells; 095 | 0°06

from which it will be clear that there is a distinct
relationship in each of these cases between length
and breadth.

* We should remark that when the number of cases is small
this formula i not applicable ; it will not give a satisfactory result
if 7 is less than 20, and is doubtful if = is between 20 and 80.

6
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We may here remark that the whole of this
chapter depends on the assumption that the things
dealt with have been taken at random, and we may
say definitely that the collection of statistics in any
other way is sheer waste of time. If you want to
study the lengths of things, it is absurd only to
take the big cases—you would never collect all the
tall men in order to find the average height of a
race—and yet one frequently finds people spend
years of work in collecting particular cases which
are absolutely unconvincing to any statistician.
It is obvious in many cases, and we may take
two of these to show to what wrong results
people might be led. Suppose you wanted to
study the size of nuts, and went to a shop which
had a reputation for selling specially good nuts
for the table, you would then get a very high
value for both length and breadth, because the
seller would have selected large specimens rather
than small ones. A collection made from another
shop might give a very different result ; and though
you would find the two lots differing in their mean
value by many times the probable error found from
either, you would not be justified in saying either
that they were not the same sort of nuts, or that
they were imported from different places.

To take a second example, we may imagine that
we want to investigate the connection between the
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poverty of surroundihgs and deformity in an in-
dividual. Now it would be absolutely useless to
go into all the poor districts of London and count
the number of the deformed, because there would
be nothing with which to compare the result; and
it would improve matters very little if we also
counted all the deformed people in wealthy districts,
for we might find 5,000 in the latter case and
20,000 in the former, but should have proved
nothing until we had ascertained how many people
there were in each district. Thus, if there were
500,000 persons residing in wealthy' districts and
2,000,000 in poor districts, the two classes exhibit
the same proportions. This is a simple example
which we have chosen to show the need of collecting
‘at random’: it shows that we must not count
merely the deformed, but also the number who are
not deformed, if our result is to be worth anything.
There are many pitfalls like these to the unwary,
and no amount of knowledge of refined statistical
methods can ever give value to statistics that
have been collected on an unsound plan; in this
connection we would add that it is far better, in
working on such things, to take 5,000 or 6,000
cases ‘at random,” and examine them all to see
what their characteristics are, than to take 50,000
which are specially chosen ; for the former tell us
something, and the latter tell us absolutely nothing.
6—2
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We have dwelt on this point because it is a common
error, and the most serious one which anyone who
tries to collect statistics can make, and we would
conclude by saying that, if the reader wishes to
make any investigation for himself, or even if he
wishes to read any statistical work ecritically, he
must be satisfied that the material has Dbeen
collected at random from the general population of
the thing investigated, whether it is nuts, or scores,
or shells, or animals, or men, and has been examined

without personal bias.
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