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PREFACE.

———

Tis edition of the-Klements of . Buclid, under-
taken at the request of the principals of some of
the leading Colleges and Schools of Ireland, is
intended to supply a want much felt by teachers
at the present day—the production of a work
which, while giving the unrivalled original in
all its integrity, would also contain the modern
conceptions and developments of the portion of
Geometry over which the Elements extend. A
cursory examination of the work will show that
the Editor has gone much further in this latter
direction than any of his predecessors, for it will
be found to contain, not only more actual matter
than is given in any of theirs with which he is
acquainted, but also much of a special character,
which is not given, so far as he is aware, in any

former work on the subject. The great extension
b
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ot geometrical methods in recent times has made
such a work a necessity for the student, to enable
nim not only to read with advantage, but even to
understand those mathematical writings of mo-
dern times which require an accurate knowledge
of Elemontary Gcometry, and to which it is in
reality tho best introduction.

In compiling his work the Editor has received
invaluable assistance from the late Rev. Professor
Townsend, s.r.1.c.p. The book was rewritten
and considerably altered in accordance with his
suggestions, and to that distinguished Geometer
it is largely indebted for whatever merit it pos-
sesses.

The Questions for Examination in the carly part
cf the First Book are intended as specimens,
which the teacher ought to follow through the
entire work. Every person who has had ex-
perience in tuition knows well the importance
of such examinations in teaching Elementary
Greometry.

The Exercises, of which there are over eight
hundred, have been all sclected with great care.
Those in the body of each DBook are intended as
applications of Euclid’s Propositions. They are
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for the most part of an elementary character, and
may be regarded as common property, nearly
every one of them having appeared already in
provious collections. Ths Exercises at the end
of each Book are more advanced ; several are
duo to the late Professor Townsend, some are
original, and a large number have been taken
from two important French works—CaTaran’s
Théorémes et Problémes de Géoméirie Ilémentaire,
and the Tyaité de Géométrie, by Roucmi and
De CoMBErrousse.

The sceond cdition has been thoroughly revised
and greatly enlarged. The new matter includes
several alternative proofs, important examination
questions on each of the books, an explanation of
the ratio of incommonsurable quantities, the first
twenty-one propositions of Book XI., and an
Appendix on the properties of the Prism, Pyra-
mids, Cylinder, Sphere, and Cone.

This Edition has been carefully revised, and a
few errata that had hitherto escaped notice have
been corrected. Also, asterisks have been placed
before a few of the Iixercises appended to the
Propositions. The student is recommended to omit
these until he is more advanced in Geometry.
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The Editor is glad to find, from the rapid salo
of former editions of his Book, and its gencral
adoption in schools, that it is likely to accomplish
the double object with which it was written, viz.
to supply students with a Manual that will impaxt
a thorough knowledge of the immortal work of
the great Greek Geometer, and introduce them, at
the same time, to some of the most important
conceptions and developments of the Geometry

of the present day.
JOHN CASEY.

86, SouvTit CircULAR-ROAD, DUBLIN,
July, 1888,
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THE

ELEMENTS O EUCLID.

INTRODUCTION.

GroMETRY is the Science of figured Space. Figured
Space is of one, two, or three dimensions, accord-
ing as it consists of lines, surfaces, or solids. The
boundaries of solids are surfaces ; of surfaces, lines;
and of lines, points. Thus it is the province of
Geometry to investigate the properties of solids,
of surfaces, and of the figures described on sur-
faces. The simplest of all surfaces is the plane,
and that department of Geometry which is occu-
pied with the lines and curves drawn on a plane
is called Plane Geometry; that which demonstrates
the properties of solids, of curved surfaces, and the

figures described on curved surfaces, is Geometry
R
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of Three Dimensions. The simplest lines that can
be drawn on a plane are the right line and cirele,
and the study of the properties of the point, the
right line, and the circle, is the introduction to
Geometry, of which it forms an extensive and im-
portant department. This is the part of Geometry
on which the oldest Mathematical Book in exist-
ence, namely, Huclid’s Elements, is written, and
is the subject of the present volume. The conic
sections and other curves that can be described on
a plane form special branches, and complete the
divisions of this, the most comprehensive of all the
Sciences. The student will find in Chasles’ Apercu
Historique a valuable history of the origin and
the development of the methods of Geometry.

In the following work, when figures are not
drawn, the student should construct them from the
given directions. The Propositions of Euclid will
be printed in larger type, and will be seferred to
by Roman numerals enclosed in brackets. Thus
[TII. xxxm.] will denote the 32nd Proposition
of the 3rd Book. The number of the Book will
be given only when different from that under
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which the reference occurs. The general and the
particular enunoiation of every Proposition will be
given in one. By omitting the letters enclosed
in parentheses we have the general enunciation,
and by reading them, tho particular. The anno-
tations will be printed in smaller type. The
following symbols will bo used in them :-—

Circle will be denoted by ©
Triangle ” A
Paralielogram " =
Parallel lines " 1]
Perpendicular " i

In addition to these wo shall employ the usual
symbols +, -, &o. of Algebra, and also the sign
of congruence, namely =. This symbol has been
introduced by tho illustrious Gauss.



BOOK 1.

THEORY OF ANGLES, TRIANGLES, PARALLEL LINES,
AND PARALLELOGRAMS.

DEFINITIONSN.
Toe Pornt.

_ L. A point is that which has positior but not dimen-
sions.

A geometrical magnitide which has three dimensions, that is,
lengti, breadth, and thickness, is a solid ; that which has two
dimensions, such as length and breadth, is a surface; and that
which has but one dimension is a line. But a point is neither a
solid, nor a surface, nor a line; hence it has no dimensions—that
is, it has neither length, breadth, nor thickness,

Tar Link,

1. A line is length without breadth,

A line is space of one dimension. If it had any breadth, no
matter how small, it would be space of two dimensions; and if in
addition it had any thickness it would be space of three dimensions;
hence a line has ueither breadth nor thickness.

1. The intersections of lines and their extremities
are points.
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1v. A line which lies evenly between its extreme
points is called a straight or right B
line, such as AB. Ao

If a point move without changing its direction it will describe
a right line. The direction in which a point moves is called its
‘“sense.” If the moving point continually changes its direction
it will describe & curve; hence it follows that only one right linc
can be drawn between two points. The following illustiation is
due to Professor Henrici :—¢¢ If we suspend a weight by a string,
the string becomes stretched, and we say it is straight, by which
we mean to express that it has assumed a peculiar definite shape.
If we mentally abstract from this string all thickness, we obtain
{be n’r’)tion of the simplest of all lines, which we call a straight
ine.

Tnr Pranz.
v. A surface is that which has length and breadth.

A surface is space of two dimensions. It has no thickness, for if
it had any, however small, it would be space of three dimensions.

vi. When a surface is such that the right line join-
ing any two arbitrary points in it lies wholly in the
surface, it is called a plane.

A plane is perfectly flat and even, like the surface of still
water, or of a smooth floor.—NEewcoms.

FicurEs.

vi1. Any combination of points, of lines, or of points
and lines in a plane, is called a plane figure. Ifa figure
be formed of points only it is called a stigmatie figure;
and if of right lines only, a recttlineal figure.

viir. Points which lie on the same right line are
called collinear points. A figure formed of collinear
points is called a row of points.

Tae ANGLE.

1x. The inclination of two right lines extending out
from one point in different directions is called a rects-
lineal angle.
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x. The two lines are called the legs, and the point
the vertex of the angle.

A right line drawn from tho vertex and tutning about it in the
plane of the angle, from the position of coincidence with one leg
to that of coincidence with the other, is said to turn through the
angle, and the angle is the greater as the quantity of turning is
the greater. Again, since tho line may turn from one position to
the other in either of two ways, two angles are formed by two
lines drawn from a point.

Thus if AB, AC be the legs, a line C\
may turn from the position AB to the
position AC in the two ways indicated
by the arrows. The smaller of the an-
gles thus formed is to be understood as

e _—
the angle contained by the lines. The
larger, called a re-entrant angle, seldom A B
occurs in the *“ Elements.”

x1. Designation of Angles.—A particular avgle in a
figure is denoted by three letters, as BAC, of which the
middle one, A, is at the vertex, and the other two along
the legs. The angle is then read BAC

xit. The angle formed by joining two or more angles
together is called their sum. Thus the sum of the two

B
//tH /./ C / 7

QT BT TTTTTTTTTA g T T
angles ABC, PQR is the angle AB'R, formed by apply-
ing the side QP to the side BC, so that the vertex Q shall
fall on the vertex B, and the C
gide QR on the opposite side
of BC from BA.

xrr. When the sum of two
angles BAC, CAD is such that | & 5
the legs BA, AD form one right
line, they are called supplements of each other.

Hence, when one line stands on another, the two angles which

it makes on the same side of that on which it stands are supple-
ments of each other.
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x1v. When one line stands on another, and makes
the adjacent angles at both
sides of itself equal, each of c
the angles is called a right
angle, and the line which
stands on the other is called
a perpendicular to it. D i

Hence a right angle is equal to its supplement.

xv. An acute angle is one which is less than a right
angle, as A.

N
s -

A B

XVI. An obtuse angle is one which is greater than a
right angle, as BAC.

The supplement of an acute angle is obtuse, and conversely, the
supplement of an obtuse angle is acute.

xvit. When the sum of two angles €
is a right angle, each is called the )
complement of the other. Thus, if
the angle BAC be right, the angles
BAD, DAC are complements of each
other. A B

ConcurrENT LINES,

xvur. Three or more right lines passing through the
same point are called concurrent lines.

x1x. A system of more than three concurrent lines is
called a penesl of lines. Each line of a peneil is calle¢
a ray, and the common point through which the rays
pass is called the vertez.
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Tne TRIANGLE.

xx. A triangle is o figure formed by three right
lines joined end to end. The three lines are called
its sides.

xx1. A triangle whose three sides are unequal is said
to be scalene, as A ; a triangle having two sides eqaal,
to be dsosceles, as B ; and and having all its sides equal,
to be eguilateral, as C.

ﬁ\\ B / ¢ \
e A

xx(. A right-angled triangle is one that has one ot
its angles a right angle, as D. The side which sub-
tends the right angle is called the kypotenuse.

xX111. An obtuse-angled triangle is one that has one
of its angles obtuse, as E.

xx1v. An acute-angled triangle is one that hasits three
angles acute, as F.

ENICSYAN

xxV. An exterdor angle of a triangle is one that is
fgé'med by any side and the continuation of another
gide.

TTence a triangle has six exterior angles; and also each exterior
angle is the supplement of the adjacent interior angle.

Tur Poryeox.

xxvI. A rectilineal figure bounded by more than three
right lines is usually called a polygon.

xxvIr. A polygeais said to be conver when it has no
re-entrant angle.
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xxviit. A polygon of four sides is called a quadri-
lateral.

xx1x. A quadrilateral whose four sides are equal is
called a lozenge.

xxx. A lozenge which has a right angle is called a
square.

xxx1. A polygon which has five sides is called a
pentagon; onc which has six sides, a hexagon, and so on.

Trr CIrCLE.

XXXIL A cirele 1s a plane figure formed by a curved
line called the circumference, and is D
such that all right lines drawn
from a certain point within the
figure to the circumfercnce are AL— ¢/ g
equal to one another. This point
is called the centre.

XXxr1. A radius of a ecircle is
any right line drawn from the centre to the circum-
ference, such as CD.

xxx1v. A diameter of a circle is a right line drawn
through the centre and terminated both ways by the
circumference, such as AB.

From the definition of a circle it follows at once that the path
of a movable point in a plane which remains at a constant distance
from a fixed point is a circle; also that any point P in the planeis
inside, outside, or on the circumference of a circle according as
its distance from the centre is less than, greater than, or egual to,
the radius.

PosruraTes.
Let it be granted that—

1. A right line may be drawn from any one point to
any other point.

‘When we consider a straight line contained between two fixed
points which are its ends, such a portion is called a finite straight
line.

1. A terminated right line may be produced to any
length in a right line.
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Every right line may extend without limit in either direction
or in both. It is in these cases called an indefinite line. By this
postulate a finito right line may be supposed to be produced,
whenever we please, into an indefinite right line.

nr. A circle may be described from any centre, and
with any distance from that centre as radius.

If there be two points A and B, and if with any instruments
such as a ruler and pen, we draw a line
from A to B, this will evidently havesome A. .~ B
irregularities, and also some breadth and
thickness. Hence it will not be a geometrical line no matter how
nearly it may approach to one. This is the reason that Kuclid
postulates the drawing of a right line from one point to another.
For if it could be accurately done there would be no need for his
asking us to let it be granted.  Similar observations apply to the
other postulates. It is also worthy of remark that Euclid never
takes for granted the doing of anything for which a geometrical
construction, founded on other problems or on the foregoing pos-
tulates, can be given.

AxroMs.

1. Things which are cqual to the same, or to equals,
are equal to each other.

Thus, if there be three things, and if the first, and the sccond,
be each equal to the third, we infer by this axiom that the first is
equal to the second. This axiom relates to all kinds of magni-
tude. The samo is true of Axioms I1., 111., 1V., V., VI., VII., IX. ;
but v, x., x1., x11., are strictly geometrical.

m. If equals be added to cquals the sums will be
equal.

m1. If equals be taken from equals the remainders
will be equal.

. If equals be added to unequals the sums will be
unequal.

v. If equals be taken from unequals the remainders
will be unequal.

v1. The doubles of equal magnitudes are equal.

vix. The halves of equal magnitudes are equal.

virr. Magnitudes that can be made to coincide are
equal
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The placing of one geometrical magnitude on another, suchasa
ling on a line, a trianglo on a triangle, or a circle on 2 cirele, &e.,
is called superposition. The superposition employed in Gromet ry
is only mental, that is, we conceive one magnitude placed on the
other; and then, if we can prove that they eoincide, we infer, by
the prescnt axiom, that they are equal. Suporposmrm involves the
following principle, of which, without cxplicitly stating it, Enclid
makes frequent use :-—* Any figure may be transferred from one
position to another without change of form or size.”’

1x. The whole is greater than its part.

This axiom is included in the following, which is a fuller state-
wmont :—

1x’. The whole is equal to the sum of all its parts.

x. Two right lines cannot enclose a space.

This is equivalent to the statement, “If two right lines have two
points common to both, they coincide in dircction,” that is, they
form but one line, and this holds true even when one of the points
is at infinity.

x1. All right angles are equal to one another.

This can be proved as follows:—Let there be two right lines
AB, CD, and two perpendiculars to them, naniely, EF, GII, then
if AB, CD be made to coincide by superposition, so that the point
1§ will coincide with G; then since a right angle is cqual to its
supplement, the line EF must coincide with GII. Ilence the
angle AEF is equal to CGH.

xi. If two right lines (AR, CD) mect a third line
(AC), so as to make the sum
of the two interior angles
(BAC, ACD) on the same
side less than two right an-
gles, these lines being pro-
duced shall meet at some
Jinite distance.

This uxiom is the converse of Prop. avir., Lok 1
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ExrranatioN oF GeoMrrricAL TERMS,

Azioms.—** Elements of human rcason,”” according tc
Duearnp Srewart, are certain general propositions, the
truths of which are self-cvident, and which are so fun-
damental, that they cannot be inferred from any pro-
positions which arc more elementary ; in other words,
they are incapable of demonstration. “That two sides
of a triangle are greater than the third” is, perhaps,
self-evident ; but it is not an axiom, inasmuch as it can
be inferred by demonstration from other propositions;
but we can give no proof of the proposition that
“ things which are equal to the same are equal to one
another,” and, being self-cvident, it is an axiom.

Propositions which are not axioms are properties of
figurcs obtained by processes of reasoning. They are
divided into theorems and problems.

A Theorem is the formal statement of a property that
may be demonstrated from known propositions. These
propositions may themselves be theorems or axioms. A
theorem consists of two parts, the Aypothesis, or that
which is assumed, and the conclusion, or that which is
asserted to follow therefrom. Thus, in the typical
theorem,

IfXisY, then Z is W, (r.)

the hypothesis is that X is Y, and the conclusion is
that Z 1s W,

Converse Theorems.—Two theorems are sald to be
converse, each of the other, when the hypothesis of
either is the conclusion of the other. Thus the con-
verse of the theorem (1.) is—

If Zis W, then X is Y. (m.)

From the two theorems (1.) and (11.) we may infer
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two others, called their contrapositives. Thus the con-
trapositive

of (r.) is, If Z is not W, then X is not Y; (ur.)
of (1r.) is, If X is not Y, then Z is not W. (1v.)

The theorem (1v.) is called the obverse of (1.), and
(111.) the obverse of (ir.).

A Problem is a proposition in which something is
proposed to be done, such as a line to be drawn, or a
figure to be constructed, under some given conditions.

The Solution of a problem is the method of construc-
tion which accomplishes the required end.

The Demonstration is the proof, in the case of a
theorem, that the conclusion follows from the hypo-
thesis; and in the case of a problem, that the construc-
tion accomplishes the object proposed.

The Enunciation of a problem consists of two parts,
namely, the dafa, or things supposed to be given. and
the quaesita, or things required to be done.

DPostulates are the elements of geometrical construc-
tion, and occupy the same relation with respect to
problems as axioms do to theorems.

A Corollary is an inference or deduction from a pro-
position.

A Lemma is an auxiliary proposition required in the
demonstration of a principal proposition.

A Secant or Transversal is a line which cuts a system
of lines, a circle, or any other gcometrical figure.

Congruent figures are those that can be made to
coincide by superposition. They agree in shape and
gsize, but differ in position. Hence it follows, by
Axiom vrir., that corresponding parts or portions of
congruent figures are comgruent, and that congruent
figures are equal in every respect.

Ruls of Identity.—Under this name the following
prineiple will be sometimes referred to:—* If there 1s
but one X and one Y, then, from the fact that X is Y,
it necessarily follows that Y is X.”—Syrranus.
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PROP 1.—Pronrem

O u jwen finite right line (AB) fo construct an equi-
lateral (riangle.

8ol. --With A as centre, and AB as radius, describe
the cucle BCD (Post. ). With B as eentre, and BA
as radius, deserihe the _—
cirele ACE, cutting the N
former circle in €. Join ~ /
CA, CB (Post. 1.). Then /
ABC 48 the equiluteral o
triangle required.

Dem.—Because A is
the centre of the circle \G\
BCD, AC is cqual to
AB (Def. xxx11.). Aguin, because B is the centre of
the circle ACE, BC is equal to BA. Henee we have
proved.

AC=AB,
and BC = AB.

But things which are equal to the same are equal to
one another (Axiom 1.); therefore AC is equal to BC;
thercfore the three lines AB, BC, CA arc equal to one
another. Ience the triangle ABC is equilateral (Def.
xxr.); and it is described on the given line AB, which
was required to be done.

Questions for Examination.

. What is the datwm in this proposition ?
. ‘What is the guaesitum ?

. What is a finite right line ?

. What is the opposite of finite ?

In what part of the conmstruction is the third postulate
quoted? and for what purpose? Where is the first postulate
quoted ?

6. Where is the first axiom quoted P

7. What use is made of the definition of a circle? What is s
circle ?
8. What is an cquilateral triangle ?

Sl
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Exercises.

The following exercises are to be solved when the pupil has
mastered the First Book :—

1. If tho lines AV, BF bo joined, the figuro ACBF is a lozenge

2. 1f AR be produced to D and E, the triangles CDF and
CEF are cquilateral.

3. If CA, CB be produced to meet the circlesagainin G and II,
the points G, F, H are collinear, and the triangle GCII is equi-
lateral.

4. If CF be joined, CF?=3AB%.

5. Describe a circle in the space ACB, bounded by the line AB
and the two circles,

PROP. II.—Pronrewm.

From a given point (A) to draw a right line equal to
a given finite right lino (BC).

Sol.—Join AB (Post. 1.); on AB describe the equi-
lateral triangle ABD
[r.]. With B as centre,
and BC as radius, de-
seribe the circle ECH
(Post. 1r.). Produce
DB to meet the circle
ECH in E (Post. m.).
With D as centre, and
DE as radius, describe
the circle EFG (Post.
nr.). Produce DA to
meet this circle in F.
AT 4s equal to BC.

Dem.—Because D is
the centre of the circle EFG, DF 1s equal to DE (Def.
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«xx11.).  And because DAB is an equilateral triangle,
DA is equal to DB (Def. xx1.). Hence we have

DF = DE,
and DA = DB;

and teking the latter from the former, the remainder
AF is equal to the remainder BE (Axiom 111.). Again,
because B is the centre of the circle ECH, BC is equal
to BE; and we have proved that AF is equal to BE;
and things which are equal to the same thing are equal
to one another (Axiom 1.). Hence AF is equal to BC.
Therefore from the given point A the line AF has been
drawn equal to BC,

It is usual with commentators on Euclid to say that he allows
the use of the rule and compass. Wero such the case this Propo-
sition would have been unnecessary. The fact is, Euclid’s object
was to teach Theoretical and not Practical Geometry, and the only
things he postulates are the drawing of right lines and the describ-_
ing of circles. If he allowed the mechanical use of the rule and
compass he could give methods of solving many problems that
go beyond the limits of the ‘‘ geometry of the point, line, and
circle.””—See Notes D, F at the end of this work.

Exercises.

1. Solve the problem when the point A is in the line BC itself.

2. Inflect from a given point A to a given line BC a line equal
to a given line. State the number of solutions.
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PROP. IT1.—ProsrEM.

From the greater (AB) of two grven right lines to cul off
a part equal to () the less.

8ol -—I'rora A, ene of the extremiticy of AB, draw
the right line AD equal to € ¥
{1r }; and with A as centre, —
and AD as radiug, deseribo /
thay cireje BEDY {Post m)
vubting AB in B. AL shall |
be equal to C. l
Dem.—Beeause A is the
centre of the circle EDF, AK
is equal to AD (Def. xxxir),
wid € Is equal to AD (const.); and things which are
vl o the rame are equal to one ancther (Axiom 1.);
theretore AR i cqual to . Wherefore from AB, the
g tives of Lo two yeven bines, @ party A, has been cut off
cypnad o ) the luss

.1\’

Questions for Examination.

1. What previous proliem 15 empioyed in the solution of this?
2. What postulate ?

3. What axiom in the demonstration ?

|

. 8how Low to produce tho less of two given lines until the
w hole produced line becomes equal to the greater.

TROP, 1V.—~Tueorr,

if two triangles (BAC, EDF) Lave two sides (BA, AC)
of vne equal respectively to two stdes (ED, DF) of the
cther, and have also the angles (A, D) included by those
sides equal, the triangles shall ba equal in every respect—
that is, their bases or third sides (BC, EF) shall be equal,
and the angles (B, C) at the base of one shall be respec-
Lively equal Lo the ungles (15, X) al the base of the olher;

¢
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namely, those shall be equal to whick the equal sides are
opposite.

Dem.—TLet us conceive the triangle BAC to be ap-
plicd to EDF, so that the v
point A shall coincidewith N
D, and the line AB with N
DE, and that the point C :
shall be on the same side
ot DE as F; then because
AB is equal to DE, the _ |
point B shall coincide B C E F
witk. E. Again, because the angle BAC is cqual to
the angle EDF, the line AC shall coincide with DT ;
and since AC is equal to DF (hyp.), the point C shall
coincide with F; and we have proved that the point
B coincides with E.  Hence two points of the line BC
coincide with two points of the line EF; and since two
right lines cannot enclose a space, BC must coincide
with EF. Hence the triangles agree in every respeet ;
therefore BC 18 equal to KX, the angle B is equal to the
angle K, the angle C (o the angle ¥, and the triangle BAC
to the triangle EDF,

Questions for Examination.

1. How many parts in the hypothesis of this Proposition? 4ns.
Three. Name them,

2. How many in the conclusion # Name them.

3. What technical term is applied to figures which agree in
everything but position 7 Ans. They are said to be congruent.

4. What is meant by superposition ¥

5. What axiom is made use of in superposition ?

6. How many parts in a triangle ? 4ns. Six; namely, three
sides and three angles.

7. When it is required to prove that two triangles are con-
vruent, how many parts of one must be given equal to corre-
sponding parts of the other? _Ans. In general, any three except
the three amgles.  This will be cstablished in Props. virr. and
£xv1., taken along with rv.

8. What property of two lines having two common points is
groted in this Proposition ? - They must coincide.
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Exercises.

1. The line that bisects the vertical angle of an isosceles triangl
bisects the base perpendicularly.

2. If two adjacent sides of a quadrilateral be equal, and the
diagonal bisects the angle between them, their other sides are
equal.

3. If two lines be at right angles, and if each bisect the other,
then any point in either is equally distant from the extremities of
the other.

4. If equilateral triangles be described on the sides of any
triangle, the distances between the vertices of the original triangle
and the opposite vertices of the equilateral tringles are equal
S,This Proposition should be proved after thr  -dent has read

rop. XXXIL.)

PROP. V.—TaroreM,

The angles (ABC, ACB) af the base (i . tsnsceles
triangle are equal to ome another, and ¢f !'. «;nal sides
(AB, AC) be produced, the external angles (DIIC, ECB)
below the base shall be equal,

Dem.—In BD take any point F, and from AE the
greater, cut off AG equal to i
AF [m]. Join BG, CF
(Post. 1.). Because AF is
equal to AG (const.), and AC
is equal to AB (hyp.), the
two triangles FAC, GAB
have the sides FA, AC in
one respectively equal to the
sides GA, AB in the other;
and the included angle A is
common to both triangles.
Hence [1v.] the base FC is b
equal to GB, the angle AFC is cqual to AGB, und the
angle ACT is equal to the angle ABG.

Again, because AF is equal to AG (sonst.), and AL
to AC (hyp.), the remainder, BF, is equal to CG (Axiom
ir); and we have proved that FC is equal to GB, and

c2
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the angle BFC equal to the angle CGB. Hence the
two triangles BFC, CGB have the two sides BF, FC in
one equal to the two sides C(}, GB in the other; and the
angle BFC contained by the two sides of one equal to the
angle CGB contained by the two sides of the other.
Thercefore [1v.] these triangles have the angle FBC
cqual to the angle GCB, and these are the angles below
the base. Also the angle FCB equal to GBC; but the
whole angle FCA has been proved equal to the whole
angle GBA. Ilence the remaining angle ACB is equal
to the remaining angle ABC, and these are the angles
at the base.

Observation.—The great dificulty which beginners find in this
Proposition is due to the fact

that the two triangles ACF, A

ABG overlap each other.

The teacher should make

these triangles separate, as

in the annexed diagram, and

point out the corresponding \

parts thus :— \
AF = AG, R
AC = AB; [

angle FAC = angle GAB. ¥

Ience [1v.], angle ACF = angle ABG.
and angle AFC = angle AGB.

The student should also be shown how to apply one of the
triangles to the other, so as to bring them into coincidence. Simi-
lar illustrations may be given of the triangles B¥C, CGB.

The following is a very easy proof of this Proposition. Con-
ceivethe A ACB to be turned, with- A
out alteration, round the line AC, “%
until it falls on the other side. let /
ACD be its new position; then the /
angle ADC of the displaced triangle is
evidently equal to theangle ABC, with
which it originally coincided. Again,
the two As BAC, CAD have the sides
BA, AC of one respectively equal to B ¢
the sides AC, AD of the other, and
the included angles equal; therefore [1v.] the angle ACB oppo-

n
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site to the side AB is e}ual to the aungle ADC opposite to th
side AC; but the angle ADC is equal to ABC; therefore ACH
is equal to ABC.

Cor.—Every equilateral triangle is equiangular.

Der.—d line in any figure, such as AC in the preceding
diagram, which 18 such that, by folding the plane of the
Sfigure round i, one part of ide diagram will coincide wit)
the other, 18 called an Ax1s or syMMEIRY of the figure.

Exercises.
1. Prove thal the angles at the base are equal without mo
ducing the sides. Also by producing tho sides through the veitex
2. Prove that the line joining the point A to the intersection of
the lines CF and BG is an axis of symmetry of the figure.

3. If two isoscles triangles be on the same basc, and be either
at the same or at opposite sides of it, the line joining their vertices
i3 an axis of symmetry of the figure formed by them.

4. Show how to prove this Proposition by assuming as an
axiom that every angle has a bisector.

5. Each diagonal of a lozenge is an axis of symmetry of th
lozenge.

* 6. If three points be taken on the sides of an equilateral tri-
angle, namely, one on each side, at equal distances from the
angles, the lines joining them form a new equilateral triangle.

PROP. VI.—TuxrorkM.

If two angles (B, C) of a triangls be equal, the sides
(AC, AB) opposite to them are also equal.

Dem.—If AB, AC are not equal, one must be greater
than the other. Suppose AB is the
greater, and that the part BD is equal
to AC. Join CD (Post.1.). Then the
two triangles DBC, ACB have BD equal
to AC, and BC common to both. There-
fore the two sides DB, BC in one are
equal to the two sides AC, CB in the
other; and the angle DBC in one is
equal to the angle ACB in the other (hyp).  There-
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fore [1v.] the triangle DBC is equal to the triangle
ACB—the less to the greater, which is absurd ; hence
AC, AB are not unequal, that s, they are equal.

Questions for Examination.

. What is the hypothesis in this Proposition ?

. What Proposition is this the converse of ?

. What is the obverse of this Proposition P

. What is the obverse of Prop. v.?

. What is meant by an indirect proof ?

. How does Euclid generally prove converse Propositions?
. What false assumption is made in the demonstration ?

. What does this assumption lead to?

W~ Ty N e W DD e

o < PROP. VII.—TuErorew.

If two triangles (ACB, ADB) on the same base (AB)
and on the same side of st have one pasr of conterminous
sides (AC, AD) equal to one another, the other pair of
conterminous sides (BC, BD) must be unequal.

Dem.—1. Let the vertex of each triangle be without
the other. Join CD. Then because
AD is equal to AC (hyp.), the triangle
ACD is isosceles; therefore P.gnthe
angle ACD is equal to the angle ADC;
but ADC is greater than BDC (Axiom
1x.) ; therefore ACD is greater than
BDC: much more is BCD greater
than BDC. Now if the side BD were
equal to BC, the angle BCD would be
equal to BDC [v.]; but it has been proved to be
greater. Hence BD 1s not equal to BC.

2. Let the vertox of one triangle ADB fall within the
other triangle ACB. Producethe sides AC, AD to EandF.
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Thenbecause AC is equal to AD (hyp.), thetriangle ACD
is isosceles, and [v.] the

external angles ECD, E

FDC at the other side of

the base CD are equal ; ¢

but ECD is greater than N ¥
BCD(A xiom1x.). There- AN '

fore FDC is greater than s
BCD : much more is /// b \\
BDC greater than BCD ; 4 B
but if BC were equal
to BD, the angle BDC would be equal to BCD [v.];
therefore BC cannot be equal to BD.

3. If the vertex D of the second triangle fall on the
line BC, it is evident that BC and BD are unequal.

Questions for Examination.

1. What use is made of Prop. vir.? .dns. As a lemma to
Prop. v

2. In the demonstration of Prop. vir. the contrapositive of
Prop. v. oceurs; show where.

3. Show that two circles can intersect each other only in one
point on the same side of the line joining their centres, and hence
that two circles cannot have more than two points of intersection.

PROP. VIII.—TnuEroneM.

If two triangles (ABC, DEF) have two sides (AB, AC)
of one respectively equal to two sides (DB, DE) of fhe
other, and have also the base (BC) of one equal to the base
(EF) of the other ; then the two triangles shall be equal,
and the angles of ome shall be respectively equal fo the
angles of the other—namely, those shall be equal to which
the equal sides are opposite.

Dem.—Let the triangle ABC be applied to DEF,
go that the point B will coincide with E, and the
line BC with the line EF; then because BC is equal
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to LI, the point C shall coincide with F. hen il the
vertex A fall on the same side of EF as the crtex D
the point A must coin-

cide with D ; for if not,
let it take a different
position G; then we have
EG equal to BA, and BA
is equal to ED (hyp

Hence (Axiom 1.) EG i m S —|
equal to ED: in like ©
manner, FG is equal to FD, and this is 1mposmble [vu.].
Hence the point A must coincide with D, and the
triangle ABC agrecs in every respect with the triangle
DEF ; and therefore the three angles of one are respec-
tively equal to the three angles of the other—namely, A to
D, B to E, and C to F, and the two triangles are equal.
This Proposition is the converse of 1v., and is the
second case of the congruence of triangles in the
Elements.

Philo’s Proof.—Let the equal bases be applied as in the fore-
going proof, but let the vertices be on the opposite sides: then let
BGC be the position which EDF takes. Join AG. Then becusor

BG = BA, the angle BAG = BGA. In like manner the angls CAG
= CGA. Tence the whole angle BAC=BGC; but BGC - EDf
thercfore BAC = EDF.



800K I.] THE ELEMENTS OF EUCLID, 26

PROP. 1X.—Prosrrnm.
To bisect a giwen rectilineal angle (BAC).

8ol.—In AB take any point D, and cut off {11} AR
equilto AD. Join DE (Post.1.), £
and upon it, ¢n the side remote
from A, describe the equi-
lateral triangle DEF [r.] Join /
AF. AT bisects the given angle
BAC. ,

Dem.—The triangles DAF, D od \E
EATF have the side AD equal / " \
to AE (const.) and AF common; K
thercfore the two sides DA, AF \
arc respectively equal to EA, N %
AY, and the base DF is equal to B ¥ ¢
the base EF, because they arc the sides of an equi-
lateral triangle (Def. xx1.). Thercfore [vir.] the
angle DAF is equal to the angle EAF; hAence the angle
BAC s bisected by the line AF.

Cor.—The line AF is an axis of symmetry of the
figure.

Questions for Examination.

1. Why does Euclid describe the equilateral triangle on the
side remote from A?

2. In what case would the construction fail, 1f the equilatera,
tiiangle were described on the other side of DE?

Exercises.

1. Prove this Proposition without using Prop. viii.

2. Prove that A¥ is perpendicular to DE.

4. Prove that any point in AF is equally distant from the
pomts D und K.

. Prove that any point in AF is equally distant from the ane:
AB AC
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PROP. X.—Pronriu.
To bisect a given finile right line (AB).

8ol.—Upon AB describe an cquilateral triangle ACB
{1.] Bisect the angle ACB by the ¢
line CD [xx.], mecting AB in D, then s
AB 18 busected in D. / N

Dem.—The two triangles ACD, / \
BCD, have the side AC equal to BC, Y
being the sides of an equilateral N\
triangle, and CD common. There- AL'———-——[*)—-——-—"B
fore the two sides AC, CD in one :
are equal to the two sides BC, CD in the other; and the
angle ACD is equal to theangle BCD (const.). There-
fore the base AD is equal to {he base DB [1v.]). Hence
AB 18 bisected in D.

Exercises.

. li Show how to bisect a finite right line by describing two
eircles.
2. Every point equally distant from the points A, B is in the
line CD.

PROP. XI1.—ProsLEM.

From a given point (C) in a given right line (AB) to draw
a right line perpendicular to the given line.

Sol.—In AC take any point D, and make CE cqual

to CD [(m.]. Upon

DE deseribe an Y

equilateral triangle / ‘

,
DFE[1.]. Join CF.
Thow B e / \‘x
right angles to AB. /
Dem.—The two -
trianglesDCF,ECF A o v B B

have CD equa. to CE (const.) and CF common ; there-
fore the two sides CD, CF in one are respectively equal

v
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to the two sides CE, CF in the other, and the base DF
is equal %0 the base EF, being the sides of an equi-
latezal triangle (Def. xx1.); therefore [vim.] the angle
DCF is equal te the angle ECF, and they are adjacent
angles. Therefore (Def. x11.) each of them is a right
angle, and CF ds perpendicular to AB at the point C.

Exercises.

%. The diagonals of a lozenge bisect each other perpendicu-
larly.

2. Prove Prop. x1. without using Prop. vi.

3. Erect a line at right angles to a given line at one of its ex-
tremities without producing the line.

4. Find a point in a given line that shall be equally distant
from two given pointa.

5. Find a point in a given line such that, if it be joined to two
iven points on opposite sides of the line, the angle formed by the
joining lines shall be bisected by the given line.

6. Find a point that shall be equidistant from three given
points.

PROP. XII.—ProsrEM.

To draw a perpendicular to a given sndsfinite right line
(AB) from a given point (C) without it.

8ol.—Take any point D on the other sido of AB, and
describe (Post. mr.)
a circle, with C as c
centre, and CD as \
radius, meeting AB /
in the points F and G- yd .
Bisect FGin H[x.].  \ N/
Join CH (Post. 1.). A F It ©
CH. shall be at right b
angles to AB.

Dem.—Join CF, CG. Then the two triangles FHC,
GHO have FH equal to GH (const.), and HC common ;
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and the base CF equal to the base CG, being radii of
the circle FDG (Def. xxxtr.). Thercfore the angle CHF
is cqual to the angle CHG [viir], and, being adjacent
angles, they are right angles (Def. xuw.). Z%erefore
CIHL ds perpendicular to AB.

Exercises.

/" 1. Prove that the circle cannot meet AB in more than two
points.

2. If one angle of a triangle be equal to the sum of the other two,
the triangle can be divided into the sum of two isosceles triangles,
and the base is equal to twice the line from its middle point to the
opposite angle.

PROP. XIIT.—TuxroreM,

The adjacent angles (ABC, ABD) whick one right line
(AB) standing on another (CD) makes with it are cither
both right angles, or their sum 18 equal to twe right
angles.

Dem.—If AB is perpendicular to CD, »s in fig. 1,
the angles ABC, ABD ure right angles. If not, draw

A }"1 A
| |/

B
Fig. 1. Fig 2.

BE perpendicular to CD [x1.]. Now the angle CBA 1s
equal to the sum of the two angles CBE, EBA (Def. x1.).
Hence, adding the angle ABD, the sum of the angles
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CBA, ABD is equal to the sum of the three angles CBE,
EBA, ABD. In like manner, the sum of the angles
CBE, EBD is equal to the sum of the three angles
CBE, EBA, ABD. And things which are equal to the
same are cqual to one another. Therefore the sum of
the angles CBA, ABD is equal to the sum of the angles
CBE, EBD; but CBE, EBD are right angles ; therefore
the sum of the angles CBA, ABD ts two right angles.

Or thus: Denote tho angle EBA by #: then evidently
the anglo CBA = right angle + 0;
the angle ABD = right angle -6 ;
therefore CBA + ABD = two right angles.

Cor. 1.—The sum of two supplemental angles is two
right angles.

Cor. 2—Two right lines cannot have a common
gsegment.

Cor. 3.—The bisector of any angle bisects the cor-
responding re-entrant angle.

Cor. 4.—The bisectors of two supplemental angles
are at right angles to each other.

Cor. 5.—The angle EBA is half the difference of the
angles CBA, ABD. ‘

PROP. XIV.—THEOREM.

If at a point (B) in a right line (BA) two other riyht
lines (CB, BD) on opposite sides make the adjacent angles
(CBA, ABD) together equal to two right angles, these
two right lines form ome continuous line.

Dem.—I{ BD be not the continuation of CB, let BE
be its continuation. Now, since CBE is a right line,
and BA stands on it, the sum of the angles CBA, ADE



30 THE ELEMENTS OF EUCLID. [Boox 1.

is two right angles (x111.) ; and the sum of the angles
CBA, ABD is two right angles A
(hyp.); therefore the sum of

the angles CBA, ABE is equal

to the sum of the angles

CBA, ABD. Reject the angle

CBA, which is common, and

we have the angle ABE equal —
to the angle ABD—that is, & B

a part equal to the whole— D
which is absurd. Hence BD must be in the same right
line with CB.

PROP. XV.—THFOREM.

If two right lines (AB, CD) tnfersect one another,
the opposite angles are equal (CEA = DEB, and BEC
= AKD).

Dem.—Because the line AE stands on CD, the sum
of the angles CEA, AED is two
right angles [xmr.]; and be-
cause the line CE stands on AB,
the sum of the angles BEC,
CEA istwo right angles; there-
fore the sum of the angles CEA,
AED is equal to the sum of the
angles BEC, CEA. Reject the
angle CEA, which is common, and we have the angle
AED equal to BEC. In like manner, the angle CEA
18 equal to DED.

The foregoing proof may be briefly given, by saying
that opposite angles arc cqual because they have a
common supplement.

o

Questions for Examination on Props. XlIII., XIV., XV.

1. What problem is required in Euclid’s proof of Prop. ¥ .7
2. What theorem ? Ans. No theorem, only the axioms.

3 Tf {wo lines intersect, how many prars of supplemental
ungles do they make?
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‘What relation does Prop. x1v. bear to Prop. xrr. P

‘What three lines in Prop. x1v. are concurrent ?

‘What ecaution is required in the enunciation of Prop. xrv.?
State the converse of Prop. xv. Prove it.

. What is the sudject of I'rops. xuir, x1v., XV.? Ans. Angles
at a point.

NS s

oo

PROP. XVI.—TuroreMm.

If any side (BC) of a triangle (ABC) be produced, the
exterior angle (ACD) s greater than either of the inte-
rior non-adjacent angles.

Dem.—Bisect AC in E [lx.]. Join BE (Post. 1.).
Produce it, and from the produced

part eut off EF equal to BE [1r].
Join CF. Now because EC is equal
to KA (const.), and EF is equal
to EB, the trangles CEF, AEB
have the sides CE, EF in one
equal to the sides AE, EB in the
other ; and the angle CEF equal
to AEB [xv.]. Therefore [1v.]
the angle ECF is equal to EAB;
but the angle ACD is greater
than ECF; therefore the angle
ACD is greater than EAB.

In like manner it may be shown, if the side AC be
produced, that the exterior angle BCG is greater than
the angle ABC ; but BCG is equal to ACD [xv.]. Hence
ACD is greater than ABC. Therefore ACD 48 greater
than either of the interior non-adjacent angles A or B of
the triangle ABC.

Cor. 1.—The sum of the three interior angles of the
triangle BCF is equal to the sum of the three interior
angles of the triangle ABC,

Cor. 2.—The area of BCKF is equal to the area of
ABC.
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Cor. 3.—'T'he lines BA and CF, if produced, caunot
meet, at any finite distance. For, if they met at any
finite point X, the triangle CAX would have an ex-
terior angle BAC equal to the interior angle ACX.

PROP. XVII.—Turorrn.

Any two angles (B, C) of a triangle (AGC) are tagether
less than two right angles.

Dem.—Produce BC to D; then the extorior ungle
ACD is greater than ABC [xvr.]:
to each add the angle ACB, and f
we have the sum of the angles \
ACD, ACB greater than the sum
of the angles ABC, ACB; but the \
sum of the angles ACD, ACB is / i\_
two right angles [xmi].  There- (S —(—
fore the sum of the angles ABC,

ACB 78 less than two right angles.

In like manner we may show that the sum of the
angles A, B, or of the angles A, C, is less than two
right angles.

Cor. 1.—Every trisngle must have af louwi two
acute angles.

Cor. 2.—1f two angles of o triapgle be unequul the
lesser must be acute.

Exercise.

Prove ’rop. xvii. without producing 4 sido.
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PROP. XVIII.—Turorem.

If in any triangle (ABC) one side (AC) be greafer than
another (AB), the angle opposile to the greater side is
greater than the angle opposite to the less.

Dem.—From AC cut off AD equal to AB [1].
Join BD (Post. 1.). Now
since AB is equal to AD, the
triangle ABD 1is isosceles;
therefore [v.] the angle ADB
is equal to ABD; but the angle
ADB is greater than the angle
ACB [xv1.]; therefore ABD €
is greater than ACB. Much more is the angle ABC
greater than the angle ACB.

Or thus: From A as centre,
with the lesser side AB as ra-
dius, deseribe the circle BED,
cutting BC in E. Join AE.
Now since AB is equal to AE,
the angle AEB is equal to v -
ABE; but AEB is greater than ¢ B
ACB (xv1.); therefore ABE s greater than ACB.

Exercises,

1. If in the second method the circle cut the line CB produced
through B, prove the Proposition.

2. This Proposition may be proved by producing the less side.

3. If two of the opposite sides of a quadrilateral bo respectively
the greatest and least, the angles adjacent to the least are greater
than their opposite angles.

4. In any triangle, the perpendicular from the vertex opposite
the side which is not less than either of the remaining sides falls
within the triangle.

D
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PROP. XIX.—THEoREM.

1f one angle (B) of a triangle (ABC) be greater than
another angle (C), the side (AC) which is opposite to the
grealer angle s greater than the side (AB) whiek vs oppo-
site to the less.

Dem.—If AC be not greater than AB, it must be
either equal to it or less than it.

Let us cxamine cach case :— A

1. If AC were equal to AB,
the triangle ACB would be
isosceles, and then the angle B
would be equal to C [v.]; but it
is not by hypothesis; therefore ¢— — — ~ |
AB is not equal to AC.

2. If AC were less than AB, the ungle B would b
less than the angle C [ xvirr.]; butit is not by hypothesis;
therefore AC is not less than AB; and sinee AC ix
neither equal to AB nor loss than it, it must be greater.

Exercises.

1. Prove this Proposition by a direct demonstration.

2. A line from the vertex of an isosceles (riangle to any point
in the base is less than either of the cqual sides, but greater if the
point be in the base produced.

3. Three equal lines could not be drawn from the same point
to the same line.

4. The perpendicular is the least line which can be drawn from
a given point to a given line; and of all others that may be
drawn to it, that which is nearest to the perpendicular is less
than any one more remote.

6. If in tho fig., Prop. xvi., AB be the greatest side of the
A ABOC, BF is the greatest side of the A FBC, and the angle BFC
is less than half the angle ABC.

6. If ABC be a A having AB not greater than AC, a line AG,
drawn from A to any point G in BC, is less than AC. For the
angle ACB [xvin.] is not greater than ABC ; but AGC [xv1.] is
greater than ABC’; therefore AGC is greater than ACG. Hence
AC is greater than AG.
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PROP. XX.—TaErorem.

The swn of any dwo sides (BA, AC) of a triangle (ABC)
18 greater than the third.

Dem.—roduce BA to D (Post. 11.), and make AD
cquul to AC [r]. Join

CD. Then because AD 13 i1
cqual to AC, the angle A
ACD is cqual to ADC (v.); /

therefore the angle BCD

A . ;
is greater than the angle e l
BDC; hence the side BD / /
oppositetothegreaterangle Vs /

is greater than BC opposite : i /

to the less [x1x.]. Again, 8 - Hl-:~ - é"‘
since AC is equal to AD, i '
adding BA to both, we have the sum of thie sides BA,
AC cqual to BD. Therefore the sum of BN, AC 4
greater than BC.

Or thus : Biscct the angle BAC by AE [1x.] Then the angle
BEA is greater than EAC; but EAC = EAB (const.) ; therelowe
the angle BEA is greater than EAB. Hence AB is greater than
BE [x1x.]. In like manner AC is greator than EC. Therefore
the sum of BA, AC is greater thun BC.

Exeroises.

1. In any triangle, the difference between any two sides is less
than the third.

2. If any point within a triangle be joined to its angular points,
the sum of the joining lines is greater than its semiperimeter.

3. If through the extremities of the base of a triangle, whose
sides aro unequal, lines be drawn to any point in the bisector of
the vertical angle, their difference is less than the difference of
the sides.

4. If the lines be drawn to any point in the biscctor of the
external vertical angle, their sum 1s greater than the sum of the
sides.

2
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6. Any side of any polygon is less than the sum of the remain-
ing sides.

6. The perimeter of any triangle is greater than that of any
inscribed tiidangle, and less than that of any circumseribed tr-
angle.

7. The perimeter of any polygon is gieater than that of any
inscribed, and less than that of any circumscaibed, polygon of the
same number of sides.

8. The perimeter of a quadrilateral is greater than the sum of
its diagonals.

Def.——A (e drawn from any angle of a triangle to the middle
point of the opposite side is called a median of the triangle.

9. The sum of the three medians of a triangle is less than its
perimeter.

10. The sum of the diagonals of a quadrilateral is less than the
sum of the lines which can be drawn to its angular points from
any point except the intersection of the diagonals.

PROP. XXI.—Turoren.

If two lines (BD, CD) be drawn to a point (D) within
a triangle from the extremities of its base (BC), their sum
is loss than the sum of the remaining sides (BA, CA), but
they contain a greater angle.

Dem.—1. Produce BD (Post. m.) to meet AC in L.
Then, in the triangle BAE, the
sum of the sides BA, AE is
greater than the side BE [xx.]:
to each add EC, and we have
the sum of BA, AC greater
than the sum of BE, KC. Again,
the sum of the sides DE, EC of
the triangle DEC is greater
than DC: to each add BD, and B
we get the sum of BE, EC greater than the sum of BD,
DC; but it has becn proved that the sum of BA, AC is
greater than the sum of BE, EC. ZTherefore much
more 18 the sum of BA, AC greater than the sum »
BD, DC.
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2. The external angle BDC of the triangle DEC is
greater than the internal angle BEC [xv1.], and the angle
BEC, for a like rcason, is greater than BAC. Therefore
much more 18 BDC greater than RAC.

Part 2 may be proved without producing either of
the sides BD, DC. Thus: join AD and praduce it to
meet BC in F; then the angle BDF is greater than
the angle BAF [xv1.], and FI)C is greater than FAC.
Therefore the whole angle BDC 18 greater than BAC.

Exercisess

1. The sum of the lines drawn from any point within a triangle
to its angular points is lest than

the perimeter. (Compare Ex. 2, M\ N
last Prop.)
2. 1f a convex polygonal line B C

ABCD lie within a convex poly- /
gonal line AMND terminating in 7
the same extremiii- the length of

the former is less than that of the A’-'— ——

latter. D

PROP. XXII.—DProBLEM.

To construct a triangle whose three sides shall be respec-
tively equal to three given lines (A, B, C), the sum of every
two of which 18 greater than the third.

Sol.—Tuke any right line DE, terminated at D, but
unlimited towards E, and cut off [111.] DF equal to A,
FG cqual to B, and GH equal to C. With F as centre,
and FD) as radius, deseribe the circle KDL (Post. m1.);
and with G as centre, and GH as radius, describe the
circle KHL, intersecting the former circle in K. Join
KF¥, KG. KFG 15 the triangle required.

. Dem.—Since F is the centre of the circle KDL, FK
is equal to FD; but FD is equal to A (const.); there-
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fore (Axiom 1.) FK is equal to A. In like manner GK
is cqual to C, and FG is cquul to B (const.) ZHence

the three sides of the (riangle KXFG are respectively vounl
to the three lines A, B, C.

Questions for Examination.

1. What is the reason for stating in the enunciation that the

sum of every two of the given lines must be greater than the
third ?

2. Prove that when that condition is fulfilled the two circles
must intersect.

3. Under what conditions would the circles not intersect ?

4. If the sum of two of the lines were equal to the third, would
the circles meet 7 Prove that they would not intersect.

PROP. XXTIII.—ProBLEM.

At a given point (A) in a given right line (AB) fo make
an angle equal to a given rectilineal angle (DET).

8ol.—In the sides ED, EF of the given angle take
any arbitrary points D and F.  Join DF, and construct
[xx11.] the triangle BAC, whose sides, taken in order,
shall be equal to those of DEF—namely, AB equal to
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ED, AC equal to EF, and CB equal to FD; then the

e
£ Box D

ingle BAC will [virr | be equal to DETF.  Ience 4t ds
the required angle.

Exercises.
1. Construct a triangle, being given two sides and the angle
between them.

2. Construct a triangle, being given two angles and the side
between them.

3. Construct a triangle, being given two sides and the angle
opposite to one of them.

4. Construct a triangle, being given the base, one of the angles
at the base, and the sum or difference of the sides.

5. Given two poirts, one of which is in a given line, it is re-
quired to find anoth. r point in the given line, such that the sum
or differenco of its distances from the former points may be given.
Show that two such points may be found in each case.

PROP. XXIV.—TroREM.

If two triangles (ABC, DEF) have two sides (AB, AC)
of one respectively equal to two sides (DE, DF) of the
other, but the contained angle (BAC) of one greater than
the contained angle (EDF) of the other, the base of that
which has the greater angle 1s greater than the base of the
other.

Dem.—Of the two sides AB, AC, lct AB be the one
which is not the greater, and with it make the angle
BAG equal to EDF [xxrr.].  Then because AB is not
greater than AC, AG is less than AC [xix., Exer. 6).
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Produce AG to II, and make AT equal to DF or AC
[1m1.]. Join BIT, CH.

In the triangles 4 D
BATL, EDF, we have [\
AB cqual to DE \
(hyp), AH equal to
DF (const.), and the \
angle BAH  cqual

to the angle BDF y~——ajoC &
(const.); thereforethe NG /
base [1v.] BIT iz cqual M )
to EV. Again, because
AT is cqual to AC (const.), the triangle ACH is isos-
celes; therefore the angle ACIT is equal to AHC [v.];
but ACH is greater than BCH ; therefore AHC 1is
greater than DBCH: much more is the angle BHC
greater than BCH, and the greater angle is subtended
by the greater side [x1x.]. Therefore BC is greater
than BH; but BH has been proved to be equal to EF;
therefore BC 1s greater than EF.
The concluding pait of this Proposition may be proved without

joining CH, thus :—

BG + GII > BII [xx.],

AG + GO > AC [xx.];

therefore RC + Al > BH + AC;
but A = AC (const.) ;
therefore BC is> BII.

Or thuas: Bi-ec' the angle CAH by AO  Join OH Now in
the As CAO, AU we have the sides CA, AO in one equal to
the sides AH, AO in the other, and the contained angles equal ;
therefore the base OC is equal to the base O [1v.]: to each add
BO, and we have BC cqual to the sum of B0, O}; but the sum
of BO, OII is greater than BII [xx.]. Therefore BC is greater
than B, that is, greater than EF.

Exercises.

1. Prove this Proposition by making the angle ABII to the
left of AB.
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PROP. XXV.—Turorkw.

If two triangles (ABC, DEF) have teco sides (AB, AC)
of one respectively equal to fwo sides (DE, DY) of (]
other, but the base (BC) of one greater lhan lhe ba:
(KT of the other, the angle (A) confained by the sides .
that which has the greater base 1s greater than the an .
(D) contained by the sides of the other.

Dem.—If the angle A be not greater than D, it must
be either equal to
it or less than it. & D
‘We shall examine \ l
each case :— N

1. If A were hS
cqual to D, the tri- )
angles ABC, DEF | o l
would havethetwo 8 € R~
sides AB, AC of one —
respectively equal
to the two sides DE, DI of the other, and the angle A
contained by the two sides of one equal to the angle I
contained by the two sides of the other. 1lence [1v.]
BC would be equal to EF; but BC is, by hypothesis,
greater than EF; hence the angle A is not equal to
the angle D.

2. If A were less than D, then D would be greater
than A,and the triangles DEF, ABC would have the two
sides DE, DF of one respectively equal to the two sides
AB, AC of the other, and the angle I) contained by the
two sidos of one greater than the angle A contained by
the two sides of the other. Hence [xx1v.] EF would be
greater than BC; but EF (hyp.) is not greater than BC.
Therefore A is not less than D, and we have proved
that it is not equal to it ; therefore 1t must be greater.

Or thus, directly : Construct the triangle ACG, whose
three sides AR, GO, CA shall be respectively equal te
the three sides DE, EF, FD of the triangle DEF [xx11.]
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Join BG. Then because BC is greater than EF, BC is
greater than CG. Hence [xvor] the angle BUC is
greater than GBC;

and make (xxnr) & .

theangle BAH equal
to GBII, and join
AH. Then [v1.] BH
in equal to GH.
Therefore the tri- {2
angles ABI, AGI[ B

have the sides AB,
ATL of one equal to
the sides AG, AT of the other, and the hase BIT equal to
GH. Therefore [vin. [the angle BAIT is equal to GAIL
Ifence the angle BAC ds greater than CAG, und there-
fore greater than EDF.

Exercise.

Demonstrate this Proposition directly by cutting off from B¢
a part cqual to BF.

PROP. XXVI.-—TnrrorrM.

If two triangles (ABC, DFF) kare two anglez (B, C)
of one equal respectively to tico angles (B, T) of the other,
and @ side of one equal to a side similarly placed with
respect to the equal angles of the other, ths triangles are
equal tn every respect.

Dem.—This Proposition breaks up into two accord-
ing as the sides given to be equal are the sides adjacent
to the equal angles, namely BC and EF, or those
opposite equal angles.

1. Let the equal sides be BC and KF'; then if DE be
not equal to AB, suppose GE to be cqual to it. Join
GF ; then the triangles ABC, GEF have the sides AB,
BC of one respectively cqual to the sides GE, EF of
the other, and the angle ABC equal to the angle GEF
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(hyp.); therefore [1v.] the angle ACB is equal to the
angle GFE; but the angle
ACB is (hyp.) equal to %
DFL; hence GFE is equal
to DIFE—a part equal to
the whole, which is absurd;
therefore AB and DE are
not unequal, that is, they
are equal.  Consequently p
the triangles ABC, DEF
have the sides AB, BC of one respectively equal to the
sides DE, EF of the other; and the contained angles
ABC and DEF cqual; therefore [1v.] AC s equal to
DY, and the angle BAC 18 equal to the angle EDF.

2. Let the sides given to be equal be AB and DE it
is required to prove that
BC is cqual to EF, and A
AC to DF. If BC be [N\

not equal to EF, sup- \

pose BG to be equal to it. \\

Join AG. Then the tri- "\ N
angles ABG, DEF have | NN N
the two sides AB, BG gy cc ¢ T T

of one respectively equal

to the two sides DE, EI of the other, and the angle
ABG equal to the angle DEF; therefore [1v.] the
angle AGB is equal to DFE; but the angle ACB is
equal to DFE (hyp.). Hence (Axiom 1.) the angle
AGB is equal to ACB, that is, the exterior angle of
the triangle ACG is equal to the interior and non-
adjacer$ angle, which [xvr.] is impossible. Ifence BC
must be equal to BV, and the same as tn 1, AC 13 equal
to DF, and the angle BAC s equal to the angle EDF,

This Proposition, together with 1v, and viur., includes all the
cases of the congruence of two triangles. Part I. may be proved
immediately by superposition. For it is evident if ABC be applied
to DEF, so that the point B shall coincide with E, and the line
BC with EF, since BC is equal to EF, the point C shall coincide
with F ; and since the angles B, C are respectively equal to the
angles E, F, the lines BA, CA shall coincide with ED and FD.

Hence the triangles are congruent.
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Der.—1If every potnt on a geometrical figure satisfies an
assigned condition, that figure 1s called the locus of the
point salisfying the condition. Thus, for example, a
cirele is the locus of a point whose distance from the
centre is equal to its radius.

Exercises.

1. The estremities of the base of an isosceles triangle are equally
distant from any point in the perpendicular from the vertical angle
on the baze.

2. 1f the line which bisects the vertical angle of a triangle also
biseets the base, the tiiangle is isosceles.

3. The locus of a point which is equally distant fiom two fixed
lines is the pair of lines which bisect the angles made by the
fixed lines.

4. In a given rightline find a point such that the perpendiculars
from it on two given lines may be equal. State also the number
of solutions.

6. If twn right-angled triangles have equal hypotenuses, and
an acute angle of one equal to an acute angle of the other, they
arc congruent.

6. If two right-angled triangles have equal hypotenuses, and
a side of one equal to a sido of the other, they are congiuent.

7. The bisectors of the three internal angles of a triangle are
concurrent.

8. The hiscectors of two external angles and the bisector of the
third internal augle are concurrent.

9. Through u given point draw a right line, such that perpen-
diculars on it from two given points on opposite sides may be
equal to each other.

10. Throngh & given point diaw a right line intersecting two
given lines, and forming an isosceles triangle with them.

Pararnern Lianks.

Der. 1.—1If two right lines in the same plane be sucy.
that, when produced indefinitely, they do not meet at any
Jfintte distance, they are said fo be PARALLEL.

Der. n.—A parallelogram is a quadrilateral, both
pairs of whose opposite sides are parallel.
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Der. u1.—The right line joining either pair of op-
posite angles of a quadrilateral is called o diagonal.

Der, 1v.—If both pairs of opposite sides of a quadri-
lateral be produced to meet, the right line joining their
points of intersection is called its hird diagonal.

Der. v.—A quadrilateral which has one puir of op-
posite sides parallel is called a ¢rapezim.

Der, vi.—1f from the extremities of one right line
perpenuiculars be drawn to another, the intercept he-
tween thar feet is called the projection of the first line
on tne sccond.

Der. vii.—When a right line
intersects two other right lines s
in two distinct points it makes T T %5 -
with them eight angles, which
have reccived special names in sle
relation to onc another. Thus, =~ 78
in the figure—1, 2; 7, 8 are !
called exferior angles; 3, 4; 6, 6, enterior angles.
Again, 4, 6; 3, 5 are called alternate angles; lastly,
1,5; 2,6; 3, 8; 4, 7 are called corresponding angles.

PROP. XX VIL.—Turoren.

If a right line (EF) dntersecting two right lines (AB,
CD) makes the alternate angles (AEF, EFD) equal to
each other, these lines are parallel.

Dem.—I{ AB and CD are not parallel they must mct,
if produced, at some finite
distance: if possible let &
them meet in G; then
the figure EGF is a tri-
angle, and the angle AEF
is an exterior angle, and C
KEFD a non-adjacent 1n-
terior ungle  Hence [xvt.] AEYF is greater than EFD;
but it is also equal to it (hyp.), that is, both equal and
greater, which is absurd. Hence AB and CD are
purallel.
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Or thus: Bisect EF in O; turn the whole figure
round O as a centre, so that EF shall fall on itself;
then because OE = OF, the point E shall fall on I¥;
and because the angle AEF is equal to the angle KT D,
the line EA will occupy the place of FD), and the line
FD the place of EA; therefore the lines AB, CD inter-
change places, and the figure is symmetrical with re-
spect to the point 0. Hence, if AB, CD mect on one
side of O, they must also meet on the other side; but
two right lines cannot enclose a space (Axiom x.);
therefore they do not mect at cither side.  Zence they
are parallel.

PROP. XXVIII.—TuroreM.

If a right line (EF) intersecting two right lines (AB,
CD) makes the exterior angle (KGB) equal to its corre-
sponding interior angle (GHD), or makes two interior
angles (BGI, GHD) on the same side equal to two right
angles, the two right lines are parallel.

Dem.—1. Since the lines AB, EF intersect, the

angle AGI is equal to KGB "

[xv.]; but EGB is equal to A (1} B
GHD (hyp.); therefore AGH -

is equal to GHD, and thoey

are alternate angles. Zlence c | J

[xxvir.] AB 4 parallel to b
cD. N

2. Since AGH and BGH
are adjacent angles, their sum is cqual to two right
angles [x1r.]; but the sum of BGIL and GHD is two
right angles (hyp.); therefore rejecting the angle BGH
we have AGH equal GHD, and they are alternate
angles ; therefore AB s parallel to CD [xyvm.].



BOOK I.] THE ELEMENTS OF EUCLID 47

PROP. XXIX.  -Turonem.

If a right line (EY) intersect two parallel right lines
(AB, CD), it makes—1. the alternate angles (AGIH, GHD)
equal to one another; 2. the exterior angls (BGB) equal
to the corresponding interior angle (GHD); 3. the two
inderior angles (BGII, GHD) on fhe same side equal to
lwo right angles.

Dem.—I1f tho angle AGH be not equal to GIID, one
must be greater than the "
other. Let AGH bo the

greater ; to cach add BGH, A G —8
and we have the sum of the
angles AGII, BGH greaterc 1 b

thin the sum of the angles ———- =5 -
BGH, GHD; but the sum of

AGH, BGH 1is two right F
angles ; therefore the sam of BGIL, GHD is less than
two right angles, and thercfore (Axiom x11.) the lines
AB, CD, if produced, will mect at some finite distance :
but since they are parallel (hyp.) they cannot mect at
any finite distunce. Ience the angle AGH 4s not un-
equal to GH D—that ds, 1¢ is equal to it.

2 Since the angle KGR is equal to AGH [xv.], and
GHD is equal to AGH (1), EGB s equal fo GIID
(Axiom 1.).

3. Since AGH is equal to GILD (1), add HGB to each,
and we have the sum of the angles AGH, HGB cqual
to the sum of the angles GHD, HGB; but the sum of the
angles AGH, TIGB [xu11.] is two right angles ; therefore
the sum of the angles BGH, GHD s two right angles.

Exercises.

1. Demonstrate both parts of Prop. xxvrir. without using I'rop.
XXVIL

2. The parts of all perpendiculars to two parallel lines inter-
cepted between them are equal.

3. If ACD, BCD be adjacent angles, any parallel to AB will
meet the bisectors of these angles in points equally distant from
where it meets CD.
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4. If through the middle point O of any right line terminated
by two parallel right lines any other secant be drawn, the inter-
cept on this Jine made by tho parallels is bisccted in O.

5. Two right lines passing through a point equidistant from
two parallels intercept cqual portions on the paraliels.

6. The perimeter of the parallelogram, formed by drawing
parallels to two sides of an equilateral tiiangle from any point in
the third side, is equal to twice the side.

7. If the opposite sides of a hexagon be equal and parallel, its
dingonals are concutrent.

8. 1ftwo intersecting right lines be respectively paiallel to two
othes, the angle between the former is equal to the angle bhe-
tween the latter.  For if AB, AC be respectively parallel to DE,
DF, and if AC, DE wmect in G, the angles A, D are each equal to
G [xxux.].

PROP. XXX.—Turorem.

If two right lines (AB, CD) be parallel to the same right
lme (EY), they are parallel to one another.

Dem. — Draw any secant
GHK. Then sinee AB and & (o]
EF are parallel, the angle AGH
is cqual to GHF [xxix]. Inlike
manner the angle GHY is equal ~———mri——-
to HKD [xxix.]. Therefore the
angle AGK is equal to the
angle GKD (Axiom 1.). IHence
[xxvir.] AB is paralldd {0 CD.

PROP. XXXI.—ProBLEM.

Through a given point (C) to draw a right line parallel
to & given right line.

Sol.—Take any point D in o« B
AB. Join CD (Post. 1.), and T —
make the angle DCE equal to i
the angle ADC [xxur]. Zhe i
line CE s parallel to AB —— 8

[xxviL].
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Exercises.

L. Given the altitude of a tiiangle and the base angles, con-
struct it.

2. From a given point draw to a given line a line making with

it an angle eqnal to a given angle. Show that there will be two
solutions.

3. Trove the following construction for trisecting a given line
AB:-—0On AD describe an eyuilateral A ABC. Bisect the angles
A, B by the lines AD, BD, meeting in D; through D draw
parallels to AC, BC, mecting AB in E, It : E, I aro the points of
trisection of AB.

4. Inscribe a square in a given equilateral triangle, having its
base on a given side of the triangle.

5. Draw a line paallel to the basc of a triangle so that it may
be—1. cqual to the intercept it makes on one of the sides from
the extremity of the base; 2. equal to the sum of the two intere
ccpts on the sides from the extremities of the base; 3. equal to
their differcnce. Show that there are two solutions in each case.

6. Through two given points in two parallel lines draw two
lines forming a lozenge with the given parallels.

7. Between two lines given in position place a line of given
length which shall be parallel to a given line. Show that there
are two solutions.

PROP. XXXII.—TurorrM,

1f any side (AB) of a triangle (ABC) be produced (to
D), the exlernal anyle (CBD) s equal to the sum of the
two tnternal non-adjacent angles (A, C), and the sum of
the three inlernal angles is equal to two right angles.

Dem.-—Draw BE parallel to AC [xxx1,] Now since

BC intersects the parallels BE, c 8
AC, the alternate angles EBC, /
ACB are cqual [xx1x.]. Again, 7

since AB intersects the paral-

lels BE, AC, the angle EBD is

equul to BAC [xx1x.]; hence \

the whole angle CBD is equal A S -

to the sum of the two angles

ACB, BAC: to cach of these add the angle ABC and
E
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we have the sum of CBD, ABC equal to the sum of the
three angles ACB, BAC, ABC: but the sum of CBD,
ABC is two right angles [xrn]; kence the sum of the
thiee angles ACB, BAC, ABC ¢ two right angles.

Cor. 1.—If aright-angled triangle be isosceles, cach
base angle is half a right angle.

Cor. 2.—~If two triangles have two angles in one
respectively equal to two angles 1 the other, their
remaining angles are equal.

Cor. 3.—Since a quadrilateral can be divided into
two triangles, the sum of its angles is equal to four
right angles.

Cor. 4.—1f a figure of n sides be divided into tri-
angles by drawing diagonals from any one of its angles
there will be (n - 2) triangles; hence the sum of its
angles is equal 2 (# - 2) right angles.

Cor. 5.—1f all the sides of any convex polygon be
produced, the sum of the external angles is equal to
four right angles.

Cor. 6.—Fach argle of an cquilateral triangle is
two-thirds of a right angle.

Cor. 7.—1f onc angle of a triangle be equal to the
sum of the other two, it is a right angle.

Cor. 8.—Kvery right-angled triangle can be divided
into two isosceles triangles by a line drawn from the
right angle fo the hypotenuse.

Exercises.

1. Trisect a right angle.

2. Auny angle of u triungle is obtuse, right, or acute, according
as the opposite side is greater than, equal to, or less than, twice
the median diawn from that angle.

3. If the sides of a polygon of »# sides be produced, the sum of
the ]unglea between each alternate pair is equal to 2 (» — 4) right
angles.

4. If the line which bisects the external vertical angle be
parallel to the base, the tiiangle is isoscelos.

6. If two right-angled As ABC, ABD be on the same hypote-
ause AB, and the vertices C and D be joined, the pair of angles
subtended by any side of the quadrilateral thus formed are equal.

6. The three perpendiculars of a triangle are concurrent.
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7. The bisectors of two adjacent angles of a parallelogram are
at right angles.

8. The bisectors of the external angles of a quadrilateral form o
circumseribed quadrilateral, the sum of whose opposite angles is
equal to two right angles.

9. If the three sides of one triangle be respectively perpendi-
cular to those of another triangle, the tiiungles are equiangular.

10. Construct a right-angled triangle, being given the hypo-

Jnuse and the sum or difference of the sides.

11. The angles made with the base of an isosceles tiiangle by
perpendiculars from its extremities on the equal sides are each
equal to half the vertical angle.

12. The angle included between the internal bisector of one
base angle of a triangle and the external bisector of the othor base
angle is equal to half the vertical angle.

13. In the construction of Prop. xvi. prove that the angle
DBC is equal to half the difference of the base angles.

14. 1f A, B, C denote the angles of a A, prove that } (A + B),
3 (B+C), 3 (C+ A) will be the angles of a A formed by any
side and the bisectors of the external angles between that side and
the other sides produced.

PROY. XXXIII.—Tnronem.

The right lines (AC, BD) which join the adjacent ex-
tremities of two equal and parallel right lines (AB, CD)
are equal and parallel.

Dem.—Join BC. Now since AB is parallel to CD,
and BC intersects them, the
angle ABC is cqual to the A B
alternate angle DCB [xxix.]. [
Again, since AB is cqual o /

CD, and BC common, the tri-

angles ABC, DCB have the _/
sides AB, BC in one respec- {:.____. —
tively equal to the sides DC, © D

CB in the other, and the angles ABC, DCB contuined

by those sides cqual; therefore [1v.] the base AC is

equal to the base BD, and the angle ACB is equal to

the angle CBD ; but these are ulternate angles; hence

[xxvir.] AC is parallel to BD, and it has becn proved

equal to it. ZTherefore AC is both equal and parallel to BD.
x2
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Exercises.

1. If two right lines AB, BC be respectively cqual and parallel
to twe other right linee DE, EF, the right line AC joining the
extremities of the former pair is equal to the right line DF join-
ing the extremities of the latter.

2. Right lines that are equal and parallel have equal projec?inns
on any other right line ; and converscly, parallel right lines that
have equal projections on another right line are equal.

3. Equal right lines that have equal projections on another
right line ave parallel.

4. Tho right lines which join transversely the extremities of
two equal and parallel right lines Lisect each other.

PROP. XXXIV.—THEOREM,

The opposite sides (AB, CD; AC, BD) and the oppo-
site angles (A, D5 B, C) of a parallelogram are equal to
one another, and either diagonal bisects the parallelogram.

Dem.—Join BC. Since AB is parallel to CD, and
BC intersects them, the angle
ABC is cqual to the amgle A B
BCD [xxix.].  Again, since i
BC interscets the parallels AC,
BD, the angle ACB is cqual to |
the angle CBD; hence the tri- / //
angles ABC, DCB have the two | ~———— -——— D
mgles ABC, ACB in one respec-
tively equal to the two angles BCD, CBD in the other,
and the side BC common. Z%erefore [axvi.] AB ds equal
to CD, and AC to BD ; the angle BAC to the angle BDC,
and the triangle ABC to the triangle BDC.

Again, beeause the angle ACB is equal to CBD, and
DCB cqual to ABC, the whole angle ACD s equal to the
whole angle ABD.

Cor. 1.—1f one angle of a parallelogram be a right
angle, all its angles are right angles.

Cor. 2.—1f two adjacent sides of a parallelogram be
equal, il is a lozenge.
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Cor. < —Tf both pairs of opposite sides of a quadri-
latcra) be equal, it is a parallelogram.

Cor. 4.—If both pairs of opposite angles of a quadri-
lateral be equal, it is a parallelogram.

Cor. 5.—If the diagonals of a quadrilateral bisect
each other, it is a parallelogram.

Cor. 6.—If both diagonals of a quadrilateral bisect
the quadrilateral, it is a parallelogram.

Cor. 7.—1If the adjacent sides of a parallelogram be
equal, its diagonals biscet its angles.

Cor. 8.—1f the adjacent sides of a parallelogram be
equal, its diagonals intersect at right angles.

Cor. 9.—In a right-angled parallelogram the diago-
nals are equal.

Cor. 10.—1f the diagonals of a parallelogram be per-
pendicular to cach other, it is a lozenge.

Cor. 11.—If a diagonal of a parullelogram biscct the
angles whose vertices it joins, the parallelogram is a
lozenge.

Exercises.

1. The diagonals of a parallelogram bisect each other.

2. If the diagonals of a parallelogram be equal, all its angles
are right angles.

3. Divide a right line into any number of equal parts.

4. Tho right lines {oining the adjacent extremities of two
uncqual parallel right lines will meet, if produced, on the side
of the shorter parallel.

5. If two opposite sides of a quadrilateral be parallel but not
equal, and the other pair equal but not parallel, its opposite angles
are supplemental.

6. Construct a triangle, being given the middle points of its
three sides.

7. The area of a quadrilateral is equal to the area of a triangle,
having two sides equal to its diagonals, and the contained angle
equal to that between the diagonals.
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PROP. XXXV.—Tnrorex.

Parallelograms on the same bass (BC) and betweon the
same parallels are equal

AC, BF opposite to the

common base BC°ter- D 3
minate in the same /r /
double of the triangle i / , //

BCD. Alence they are 'V - — 1"
equal lo one another. ¢

Dem.—1. Let the sides AD, DF of the parallelograms
point D, then [xxxiv.]
each parallelogram is !

2. Let the sides AD, EF (figures (a), (8)) opposite
to BC not terminate in the same point.

Then because ABCD is a parallelogram, AD is equal
to BC [xxx1v ]; and since BCEF is a parallelogram, EF
is equal to BC; therefore (see fig. (a)) take away ED,
and in fig. (8) add ED, and we have in cach case AR
cqual to DF, and BA is cqual to CD [xxxiv.]. Hence
the triangles BAE, CDF have the two sides BA, AEin
one respectively equal to the two sides CD, DF in the
other, and the angle BAE [xx1x.] cqual to the angle
CDF ; hence [1v.] the triangle BAE is equal to the tri-
angle CDF ; and taking each of these triangles in suc-
cession from the quadrilateral BAFC, there will remain
the parallelogram BCFE equal to the parallelogram BCDA.

Or thus: The triangles ABE, DCF have [xxxiv.)
the side AB, BE in onc respectively equal to the sides
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DG, CF in the other, and the angle ABE equal to the
angle DCF (xxix., Ex. 8]. Hence the triangle ABE is
equal to the triangle DCF; and, taking each away from
the quadrilateral BAFC, thers will remain the parallelo-
gram BCFE equal to the parallelogram BCDA.

Observation.—By the second method of proof the subdivision
of the demonstration into cases is avoided. It is easy to see that
either of the two parallelograms ABCD, EBCF can be divided
into parts and rearranged so as to make it congruent with the
other. This Proposition affords the first instance in the Elements
in which equality which is not congrucnce occurs.  This cquality
is cxpressed algebraically by the symbol =, while congruence
is denoted by =, called also the symbol of identity = Figures that
are congruent are said to be wlentically cqual. .

PROP. XXXVI.—THEOREM.
Parallelograms (BD, ¥H) on equal bases (BC, FQ) and

between the same parallels are equal.

(hyp.); therefore
BH are on the same base BC, and between the same

Dem.—Join BE, CHI. Now since FII is a parallclo-
gram, FG is ecqual
to EH [xxx1v.]; but 0 2 /E I
BC is equal to FG ’

BC is cqual to Eli 1

(Axiom 1.). Hence / /

BE, CH, which join L _— o
their adjacent ex- ¢ ¥ '
tremities, are equul and parallel ; therefore B is a
parallelogram. Again, since the parallelograms BD,
parallels BC, AII, they are equal [xxxv.]. In like
manner, since the parallelograms HB, HF are on the
same base EH, and betwcen the same parallels EH,
BG, they are cqual. llence BD and F1II are cach equal
to BH. Therefore (Axiom 1.) BD is equal to FH.

Exercise.—I1ove this Proposition without joining BF, CIL
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PROP. XXXVII.—TrEOkREM.

Tyiangles (ABC, DBC) on the same base (BC) and between
the same parallels (AD, BC) are equal.

Dem.—Produce AD both ways. Draw BE parallei
to AC, and CF pa- .
rallel to BD [ xxx1.]

B A D K
Then the figures \\‘ ya
AEBC, DBCF are
parallelograms; and
since they are on \
the same base BC, b P :

and between the

same parallels BC, EF they are equal [ xxxv.]. Again,
the triangle ABC is half the parallelogram ARRBC
[xxx1v ], becausc the diugonal AB bisecls it. In like
manner the triangle DBC is half the parallclogram
DBCF, because the diagonal DC biscets 1t, and halves
of equal things are equal (Axiom vir.). Z%kerefore the
triangle ABC 18 equal to the triangle DBC.

Exercises.

1. If two equal triangles be on the sawe base, but on opposits
sides, the right line joining their vertices is bisccted by the base.

2. Construct a triangle equal in area to a given quadrilateral
figure.

3. Construct a triangle equal in arca to a given rectilineal
figure.

4. Construct a lozenge equal to a given parallelogram, and
having a given side of the parallelogram for base.

6. Given the base and the area of a triangle, find the locus ot
the vertex.

6. If through a point O, in the production of the diagonal AC
of a parallelogram ABCD, any 1ight line be drawn cutting the
sides AB, BC in the points E, ¥, and ED, FD be joincd, the
triangle EFD is less than half the parallelogram.
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PROP. XXXVIII.—TrHFrorEM.

Two triangles on equal bases and between the same
parallels are equal.

Dem.—By a construction similar to the last, we see
that the triungles are the halves of parallclograms, on
cqual bases, and between the same parallels. 1lence
they are the halves of equal parallelograms [xxxve.].
Thercfore they are equal to one another.

Exercises.

1. Every median of a triangle bisects the triangle.

2. If two tiiangles have two sides of one respectively equal to
two sides of the other, and tho contained angles supplemental,
their areas are equul.

3. If the base of a triangle be divided into any number of equal
parts, right lines drawn fiom the vertex to the points of division
will divide the whole triangle into as many equal parts.

4. Right lines from any point in the diagonal of a parallelo-
giam to the angular points through which tho diagonal dves not
pass, and the diangonal, divide the parallelogram into four tri-
angles which are equal, two by two.

5. If one diagonal of a quadrilateral bisects the other, it also
bisects the quadrilateral, and conversely.

6. If two As ABC, ABD bs on the same base AB, and between
the sume parallels, and if a parallel to AB meet the sides AC, BC
i the point E, F'; and the sides AD, BD in the point &, II; then
EF = GH.

7. Tf instead of triangles on the same base weo have triangles on
equal bases and between the same parallels, the intercepts made by
the sides of the triangles on any parallel to the bases are equal.

8. If the middle points of any twosides of a triangle be joined,
the triangle so formed with the two half sides is one-fourth of the
whole.

9. The triangle whose vertices are the middle points of two
gides, and any point in the base of another triangle, is one-fourth
of that triangle.

10. Bisect & given triangle by a right lino drawn from a given
point in one of the sides.

11 Trisect a given triangle by three right hines drawn from a
given point within it.
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12. Prove that any right line through the intersection of the
dingonals of a parallelogram bisects the parallellogram.

13. The tiiangle formed by joining the middle point of one of
the non-parallel sides of a trapezium to the extremitios of the
opposite side is equal to half the trapezium.

PROP. XXXIX.—Turorem,

Egual triangles (3AC, BDC) on the same base (BC) and
on the sams side of it are between the same parallels,

Dem.—Join AD. Then if AD be not parullel to BC,
let AE be parallel to it, and
let it cut BD in E. Join KC. *
Now since the triangles BEC,
BAC are on the same base BC,
and between the same parallels
BC,ARL,theyarcequal [xxxvir. J;
but the triangle BAC is equal
to the triangle BDC (hyp.).
Therefore (Axiom 1.) the triangle BEC is equal to
the triangle BDC—that is, a part equal to the whole,
which is absurd.  Ilence AD must be parallel to BC.

PROP. XL.—Tukorrm,

Fqual triangles (ABC, DEL) on equal bases (BC, KF)
which form parts of the same right line, and on the sams
side of the line, are between the same purallels.

Dem.—Join AD. If AD be not parallel to BIF, lct
AG be parallel to it. 5
Join GF. Now since
the triangles GEF and
ABC are on equal bascs
BC, EF, and between
the same parallels BIF,
AG, they are equal g~ R
[xxxvm.i’; but the tri-
angle DEF is equal to the triangle ABC (hyp.). Hence
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GEF is equal to DEF (Axiom 1.)—that is, a part equal
to the whole, which is absurd. ZR&erefore AD must e
parallel fo BF,

Dur— The altitude of a lriangle is the perpendicular
Sfrom the vertex on the base.

Exercises.

1. Triangles and parallelograms of equal bases and altitudes
are respeciively equal.

2. The 1ight line joining the middle points of two sides of a
triangle is yparallel to the third; for the medians from the ex-
tiemities of the base to these points will each biscct the miginal
triangle. Hence the two triangles whose base is the third side
and whose vertices are the points of bisection are equal.

3. The parallel to any side of a triangle through the middle
point of another bi.ects the third.

4. The lines of connexion of the middle points of the sides of
a triangle divide it into four congruent triangles.

5. The line of connexion of the middle points of two sides of
a triangle i3 equal to half the third side.

6. The middle points of the four sides of a convex quadrilateral,
taken in order, are the angular points of a parallclogram whose
area is equal to half the area of the quadrilateral.

7. The sum of the two parallel sides of a trapezium is double
the line joining the middle points of the two remaining sides.

8. The parallelogram formed by the line of connexion of the
middle points of two sides of a triangle, and any pair of parallels
drawn through the same points to meet the third side, is equal to
half the triangle.

9. The right line joining the middle points of opposite sides
of a quadrilateral, and the right line joining the middle points
of its diagonals, are concurrent.
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PROP. XLI.—TrEoREM,

If a parallelogram (ABCD) and a triangle (EBC) be
on the same dase (BC) and betwesn the same parallels, the
parallelogram ts doubls of the triangle.

Dem.—Join AC. The parallelogram ABCD is double
of the triangle ABC [xxx1v.]; A D )
but the triangle ABC is equal T~ \
to the triangle EBC [xxxvir.].
Thersfore the parallelogram
ABCD is doubls of the triangle
EBC. T
& Cor. 1.—If a triangle and B c
a parallelogram have cqual altitudes, and if the base
of the triangle be double of the base of the parallelo-
gram, the arcas are equal.

Cor. 2.—Tho sum of the triangles whose bases are
two opposite sides of a parallelogram, and which have
any point between these sides as a common vertex, is
cqual to half the parallelogram.

PROP. XLII.—ProBLEM.

o construct a parallelogram equal to a given triangle
(ABC), and having an angle equal to a given angle (D).

Sol.—Bisect AB in E. Join EC. Make the angle
BET [xxmr1.] equal to D. Draw CG parallel to AB

c F_ G

L -

A E B
(xxx1 |, and BG parallel to EF. KG 18 @ parallew.
gram fulfilling the required condstions.
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Dem.—Jecause AR is equal to EB (const.), the tri-
angle AEC is cqual to the triangle EBC [xxxvim],
therefore the triangle ABC is double of the triangle
EBC; but the parallelogram EG 18 also double of the
tri: nw]e EBC | xt1.], becruse they are on the same base
KB, “and between the same parallels EB and CG.
Therefore the parallelogram EG is equal to the triangle
ABC, and it has (const.) the angle BEEF cqual to D.
Ilence BG 15 a parallelogram fulfilling the required con-
ditions.

" PROP XI1IT.—TmrosEw.

The parallels (¥, GH) through any point (K) in one
of the diagonals (AC) of a parallelogram divide 1t into
Jour parallelograms, of which the two (BK, K1) through
which the diagonal does not pass, and which are called the
COMPLEMENTS of the other two, are equal.

Dem.—Because the diagonal bisccts the parallelo-

grams AC, AK, XC, we Lave L
[xxx1v.] the trmngle ADC —’

equal to the triangle ABC, \/ /
the triangle AHK cqual to ¥

AEK, and the triangle ]xI‘C
('qual to the tri:lngle KGC.
Hence, subtracting the sums

of the two last equalities from B
the first, we gel the parallelogram ])K equal to tlw
parallalogmm KB.

Cor. 1.—1f through a point K within a parallelo-
gram ABCD lines drawn parallel to the sides make
the parallelograms DK, KB cqual, X is a point in the
diagonal AC.

Cor. 2.—The parallelogram BI is equal to AF, and
BF to HC.

Cor. 2 supplies an casy demonstration of a fundamental Pro-
position in Statics,
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Exercises,

1. If EF, GI be parall.ls to the adjacent sides of a parallelo-
gram ABCD, the diago-

nals E1I, GF of two of A G_B_ . g
the four (s into which N
they divide it and one of E|< 1 L 4K

the diagonals of ABCD
are concurrent. b

Dem.—Let EH, GF
meet in M ; through M |
draw MP, MJ parallel to
AB, BC. DProduce AD, i}
GH, BC to meet MP, p'
and AB, EF, DC to mcet
MJ. Now the complement OF = FJ: to each add the &3 FL,
and we gét tho figure OFL = CJ. Again, the complement
PIH =1K [x1me.]: to each add the 3 OC, and we get the CAPC
= figure OFL. Ilence the @ I’C = CJ  Therefore they are
about the same diagonal [xrun., Cor. 1) Ience AC produced
will pass through M.

2. The middle points of the three diagonals AC, BD, EF of
a quad)ilateral ABCD are )
collinear.

Dem. — Complete  the
1 AEBG. Draw DI, CI
parallel to AG, BG. Join
IH, and produce; thcn AB,
CD, 1H are concurrent
(Ex. 1); therefore TH will &4
pass through F. Join EI, “\
EH. Now [xr., Ex. 2, 3] \
the middle points of EI, %,
EH, EF are collinear, but A
[xxxtv., Ex. 1] the middle '\\ o
points of LI, EH are the ¥
middle points of AC, BD. G
Hence the middle points of AC, BD, EF are collincar.
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PROP XL1V.—Pronrem.
To a gwen right line (AB) 2o apply a parallelogram
which shall be equal to a given triangle (C), and have one
of its angles equal to a given angle (D).

Sol.—Construet the parallelogram BEFG [xuir.] equal
to the given triangle C, and having the angle I8 equal

X
/ ) B/
/o o —2 —

1l A L

to the given angle D, and so that its side BE shall be in
the same right line with AB.  Through A draw AH
parallel to BG [xxx1.], and produce FG to mect it in 1L
Join HB. Then because ITA and FE are parallels, and
HF interscets them, the sum of the angles ATIF, IIFE
is two right angles [xxrx.]; thereforc the sum of the
angles BIIF, HFE 1is less than two right angles; and
therefore (Axiom xrr.) the lines 1IB, FE, if produced,
will meet as at K. Through K draw KL parallel to
AB [xxxr.], and produce IJA and GB to mect it in the
points L and M.  Zhen AM 4 a parallelogram fulfilling
the required conditions.

Dem.—The parallclogram AM is equal to GE
[xumn]; but GE is equal to the triangle C (const.);
therefore AM is equal to the triangle C. Again, the
angle ABM is equal to EBG [xv.], and EBG is cqual
to D (const.); therefore the angle ABM is equal to D;
and AM is constructed on the given linc; Zherefore it 1s
the parallelogram required.
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PROP. XLV.—ProsLen.

To conslruel a parallelogram equal lo « given rectilineal
JSigure (ABCD), and having an angle equal to o given rec-
tilineal angle (X).

Sol.—Join BD. Construct a parallclogram EG
[xu] equal to the triamgle ABD, and having the
angle Il equal to the given angle X ; und to the right

B F i i

. - [_w_.‘?_-‘__

' / / [
\‘\\ /I ! | /

[ Y (Y AN A

A b I il h

ane Gl apply the poadlelsgrem L equad to the tri-
angle BCD, and having the wngle GILK equal to X
[x1v.], and s0 on for additivnal triungles if there be
any. Then El is a parallelogram fulfilling the required
oconditions.

Dem.—DBecause the angles GHK, FEf{ are each
equal to X (const.), they are equal to onc another : to
cach add the angle GILE, and we have the sum of the
angles GHK, GLE cqual to the sum of the angles
VEH, GIIE; bLut since H(x is parallel to BV, and K1I
intersects them, the sum of FEIL, G11E is two right
angles [xx1x.].  Hence the sum of GHK, GUE is two
richt angles, thercfore B, XK are in the same 1ight
Line | nava )

Again, because GH intersects the parallels TG, EK,
the alternate angles G, GUK arc equal [xxix.]: to
each add the angle HGI, and we have the sum of the
angles FGH, HGI equal to the sum of the angles GHK,
HGI; but since GI is parallel to 1K, and G iuter-
sects them, the sum of the angles GHX, HUL is cqual
to two right angles [xvix.]. Hence the sun of the
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angles FGH, HGI is two right angles; therefore FG
and GI are in the same right line [xIv.].

Again, because EG and HI are parallclograms, EF
and KI are each parallel to GH; hence [xxx.] EF is
parallel to XI, and the opposite sides EK and FI are
parallel ; therefore EI is a parallelogram ; and because
the parallelogram EG (const.) is equal to the triangle
ABD, and HI to the triangle BCD, the whole parallelo-
gram EI is equal to the rectilincal figure ABCD, and
it has the angle E equal to the given angle X. Ilence
KL ¢s a parallelogram fulfilling the required conditions.

It would simplify Problems xr1v., xLy., if they wero stated as
the constructing of rectangles, and in this special form they
would be better understood by the student, since rectangles are
the simplest areas to which others are referred.

Exercises.

1. Construct a rectangle equal to the sum of two or any
number of rectilineal figures.

2. Construct a rectangle equal to the difference of two giver
figures.

PROP. XLVI.—Prosrem,
On a given right line (AB) o deseribe a square.

Sol.—Erect AD at right angles to AB [x1.], and
make it equal to AB [1r.]. Through p c
D draw DC parallel to AB [xxx1.],
and through B draw BC parallel to
AD; then AC 18 the square required.

Dem.—Because AC is a parallelo-
gram, AB is equal to CD [xxxiv.];
but AB isequal to AD (const.); there- Ls
fore AD is equal to CD, and AD is A B
equal to BC [xxx1v.]. Hence the four sides are equal ;
therefore AC is a lozenge, and the angle A i« a right
angle. Zherefore AC ¢ g square (Def. xxx.).

¥
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Exercises.

1. The squares on eqnal lines are equal ; and, conversely, the
sides of equal squares are equal. :

2. The parallelograms about the diagonal of a squaie are
squares.

3. If on the four sides of a square, or on the sides produced,
points be taken equidistant from the four angles, they will be the
angular points of another square, and similarly for a 1egular
pentagon, hexagon, &c.

4. Divide a given square into five equal parts; namoly, four
right-angled triangles, and a square.

PROP. XLVII.—TrrorEM.

In a right-angled triangle (ABC) the square on the
hypotenuse (AB) 48 equal to the sum of the squares on the
other two sides (AC, BC).

Dem.—On the sides AB, BC, CA describe squares
[xwvr.]. Draw CL pa-
rallel to AG. Join CG,
BK. Then because the
angle ACB is right
(hyp.), and ACH is
right, being the angle
of a square, the sum of
the angles ACB, ACH
is two right angles;
therefore BC, CH are
in the same right line
[xrv.]. In like man-
ner AC, CD are in the
sameright line, Again, —
because BAG 1is the ¢ L F
angle of a square it is a right angle: in like manner
CAK is a right angle. Hence BAG is equal to CAK :
to cach add BAC, and we get the angle CAG equal to
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KAB. Again, since BG and CK are squares, BA is
equal to AQ, and CA to AK. Hence the two triangles
CAG, KAB have the sides CA, AG in one respectively
cqual to the sides KA, AB in the other, and the con-
tained angles CAQ, KAB also equal.  Thercfore [1v.]
the triangles are equal; but the parallelogram AL is
double of the triangle CAG [xLr.], because they are on
the same base AR, and between the same parallels AG
and CL. Inlike manner the parallelogram A is double
of the triangle KA B, because they are on the same base
AK, and between the same parallels AK and BH ; and
since doubles of cqual things are equal (Axiom vr.),
the parallelogram AL is equal to AIL. In like manner
it can be proved that the parallelogram BL is equal to
BD. Hence the whole square AF s equal to the sum of
the two squares AH and BD.

Or thus : Let all the squares be made in reveised directions
Join CG, BK, and through C draw Ol G
parallel to AG. Now, taking the 2 BAC .
from tho right /s BAG, CAK, the re-
maining /s CAG, BAK are equal.
Hence the As CAG, BAK have the side
CA = AK, and AG = AB, and the
L CAG = BAXK; therefore [1v.] they are
equal ; and since [xLr.] the C1s AL, AIl
are respectively the doubles of these
tiiangles, they are equal. In like man-
ner the Cds BL, BD are equal; hence
the whole square AF is equal to the E
sum of the two squares AH, BD. \ o

This proof is shorter than the usual K 4
one, since it i8 not necessary to prove
that AC, CD are in one right line. In a similar way the
Proposition may be proved by taking any of the eight figurcs
formed by turning the squares in all possible directions. Another
simplification of the proof would be got by considering that the
point A is such that one of the As CAG, BAK can be turned
round it in its own plane until it coincides with the other; and
hence that they are congruent.

P2
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Exercises.

1. Tho square on AC is equal to the rectangle AB . AO, and
the square on BC = AB . BO.

2. The square on CO=AO. OB.

3. AC?- B(C2=A02-BO2

4. Find a line whose square shall be equal to the sum of two
given squares,

5. Given the base of a triangle and the difference of the
squares of its sides, the locus of its vertex is a right line per-
pendicular to the base.

6. The transverse lines BK, CG are perpendicular to each
other.

7. If EF be joined, its square is equal to AC? + 4BC2,

*8. The square described on tho sum of the sides of a right-
angled triangle exceeds the square on the hypotenuse by four
times the area of the triangle (see fig., xLvr., Ex. 3). More
generally, if the vertical anglo of a triangle be equal to the angle
of a regular polygon of » sides, then the regular polygon of
n sides, described on a line equal to the sum of its sides, exceeds
the area of the regular polygon of % sides described on the base
by # times the arca of the triangle.

9. If AC and BK intersect in P, and through P a line be drawn
parallel to BC, meeting AB in Q; then CP is equal to PQ.

10. Each of the triangles AGK and BEF, formed by joining
adjacent corners of the squares, is equal to the right-ang{ed tri-
angle ABC.

11. Find a line whose square shall be equal to the difference
of the squares on two lines,

12. The square on the difference of the sides AC, CB is less
than the square on the hypotenuse by four times the area of the
triangle.

13. If AE be joined, the lines AE, BK, CL, are concurrent.

14. In an equilate'ral triangle, three times the square on any
side is equal to four times the square on the perpendicular to it
from the opposite vertex.

#15. On BE, a part of the sidle BC of a square ABCD, is
described the square BEFG, having its side BG in the continua-
tion of AB; it is required to divide the figure AGFECD into
three parts which will form a square.

16. Four times the sum of the squares on the medians which
bisect the sides of a right-angled triangle is equal to f~a times
the square on the hypotenuse.
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17. If perpendiculars be let fall on the sides of a polygon from
any point, dividing each side into two segments, the sum of the
squares on one set of alternate segments is equal to the sum of the
squares on the remaining set.

18. The sum of the squares on lines drawn from any point to
one pair of opposite angles of a rectangle is equal to the sum of
the squares On the lines from the same point to the remaining
pair.

19. Divide the hypotenuse of a right-angled trianglo into two
parts, such that the difference between their equires shall be
equal to the square on one of the sides.

20. From the extremities of the base of a triangle perpendicu-
lars are let fall on the opposite sides; prove that the sum of the
rectangles contained by the sides and their lower segments is
equal to the square on the base.

PROP. XLVIIL.—TrEoREM.

If the square on one side (AB) of a triangle be equal to
the sum of the squares on the remaining sides (AC, CB),
the angle (C) opposite to that side is a right angle.

Dem.—Erect CD at right angles to CB [x1.], and
make CD cqual to CA [m.]. Join D
BD. Then because AC is equal
to CD, the square on AC is equal
to the square on CD: to each add
the square on CB, and we have the
sum of the squares on AC, CB
equal to the sum of the squares
on CD, CB; but the sum of the K
gquares on AC, CB is equal to the
square on AB (hyp.), and the sum of the squares on
CD, CB is equal to the square on BD [xrvir.]. There-
fore the square on AB is equal to the gquare on BD.
Hence AB is equal to BD [%xx.vx., Ex. l%. Again, be-
cause AC is equal to CD (const.), and CB common to
the two triangles ACB, DCB, and the base AB equal
to the base DB, the angle ACB is equal to the angle
DCB; but the angle DCB is a right angle (const.).
Ilence the angle ACB 18 a right angle.
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The foregoing proof forms an exception to Fuclid’'s demonstra-
tions of converse propositions, for it
is direct. The following is an in-
direct proof :—If CB be not at right
angles to AC, let CD be perpendicular o
toit. Make CD =CB. Join AD. /7
Then, as bhefore, it can be proved / __.---7~
that AD is equal o AB,and CDis 4 = B
equal to CB (const.). This is con-
trary to Prop. vii.  Hence the angle ACB is a 1.yt angle.

Questions for Examination on Book 1.

1. What is Geometry ¥
2. What is geometric magnitude ?  _4ns. That which has ex-
tension in space.

3. Name the primary concepts of geometry. Ans. Points,
lines, surfaces, and solids.

4. Iow may lines be divided ? Ans. Into straight and curved.

5. How is a straight line generated ?  4ns. By the motion of
a point which has the same direction throughout.

6. How is a curved line generated ? ./ns. By the motion of a
point which continually changes its direction.

7. How may surfaces be divided? .dns. Into planes and
curved surfaces.

8. How may a plane surface be generated. Ans. By the
motion of a right line which crosses another right line, and
moves along it without changing its direction.

9. Why has a point no dimensions ?

10. Why has a line neither breadth nor thickness ?

11. How many dimensions has a surface ?

12. What is Plane Geometry ?

13. What portion of plane geometry forms the subject of the
¢ First Six Books of Euclid’s Elements’’ ? _Ans. The geometry
of the point, line, and circle.

14. What is the subject-matter of Book I. ?

15. How many conditions are necessary to fix the position of 2
point in a plane? Ans. Two; for it must be the intersection a!
two lines, straight or curved.

16. Give examples taken from Book I.
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17. In order to construct a line, how many conditions must be
given? _Ans. Two; as, for instance, two points through which
it must pass; or one point throngh which it must pass and a line
to which it must be parallel or perpendicular, &e.

18. Whatproblems on the drawing of lines occur in Book I.?
Ans. 1., 1X., XI., XIL, XXIIL., XXXIL, in cach of which, except
Problewm 2, there are two conditions. The direetion in Pro-
Llem 2 is indeterminate.

19. How many conditions are required in order to describe a
¢irele? .fns. Three; as, for instance, the position of the centre
(which depends on two conditions) and the length of the radius
(compare Dost. 111.).

20. How is a proposition proved indirectly ? 4ns. By proving
that its contradictory is false.

21. What is meant by the obverse of a proposition ?

22. What propositions in Book I. are the obverse respectively
of Propositions 1v., v., vI., XXVIL P

23. What proposition is an instance of the rule of identity P

24. What arc congruent figures?

25, What other name is applied to them? 4ns. They are
eaid to be identically equal.

26. Mention all the instances of equality which are not con-
gruence that occur in Book I,

27. What is the diffcrence between the symbols denoting con-
gruence and identity ?

28. Classify the properties of triangles and parallelograms
proved in Book I.

29. What proposition is the converse of Prop. xxvr., Part I.?

30. Define adjacent, exterior, interior, allernate angles respec-
tively.

31. What is meant by the projection of one line on another ?

32. What are meant by the medians of a triangle?

33. What is mcant by the third diagonal of a quadrilateral ?

34. Mention some propositions in Book I. which are particular
cases of more general ones that follow.

35. What is the sum of all the exterior angles of any recti-
lineal figwe equal to?

36. How many conditions must be given in order to construct
a triangle ? Ans. Threo; such as the three sides, or two sidcs
and an angle, &e.
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MISCELLANEOUS EXERCISES ON BOOK L

1. Any triangle is equal to the fourth part of that which is
formed by diawing through each vertex a line parallel to ite
opposite side.

2. The three perpendiculars of the first triangle in question 1
aro the perpendiculars at the middle points of the sides of the
second triangle. "/~ " C O

3. Through a given point draw a line so that the portion inter-
cepted by the legs of a given angle may be bisected in the point.

4. The three medians of a trianglo are concurrent.

5. The medians of a triangle divide each other in the ratio of
2:1.

6. Constiuct a triangle, being given two sides and the median
of the third side.

7. In every trianglo the sum of the medians is less than the
perimeter, and greater than three-fourths of the perimeter.

8. Construct a triangle, being given a side and the two
medians of the remaining sides.

9. Construct a triangle, being given the three medians.

10. The angle included between the perpendicular from the
vertical angle of a triangle on the base, and the bisector of the
vertical angle, is equal to half the difference of the base angles.

11. Find in two parallels two points which shall be equidistant
from a given point, and whose line of connexion shall be parallel
to a given line.

12. Construct a parallelogram, being given two diagonals and
a side.

13. The smallest median of a triangle corresponds to the
groatest side.

14. Find in two parallels two points subtending a right angle
at a given point and equally distant from it.

15. The sum of the distances of any point in the base of an
isosceles triangle from the equal sides is equal to the distance of
either extremity of the base from the opposite side.

16. The three perpendiculars at the middle points of the sides
of a triangle are concurrent. Hence prove that perpendiculars
Irom the vertices on the opposite sides are concurrent [see
Ex. 2].

17. Inscribe a lozenge in a triangle having for an angle one
angle of the triangle.
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18. Inscribe a square in a triangle having its baso on a side of
the triangle.

19. Find the locus of a point, the sum or the difference of
whose distance from two fixed lines is equal to a given length.

20. The sum of tho perpendiculars from any point in the inte-
rior of anequilateral triangle is equal to the perpendicular from
any vertex on the opposite side.

21. The distanco of the foot of the perpendicular from either
extremity of the basc of a triangle on the bisecvor of the vertical
angle, from the middle point of the base, is equal to half the dif-
fercnce of the sides.

22, In the same case, if the bisector of the external vertical
angle be taken, the distance will be equal to half the sum of the
sides.

23. Find a point in one of the sides of a triangle such that the
sum of the intercepts made by the other sides, on parallels drawn
from the same point to these sides, may be cqual to a given length.

24. If two angles have their legs respectively parallel, their
bisectors are either parallel or perpendicular.

25. If lines be drawn from the extremities of the base of a tri-
angle to the feet of perpendiculars let fall from the same points
on either bisector of the vertical angle, these lines meet on the
other bisector of the vertical angle.

26. The perpendiculars of a triangle are the bisectors of the
anglfs of the triangle whose vertices are the feet of these perpen-
diculars.

27. Inscribein a given triangle a parallelogram whose diagonals
shall intersect in & given point.

28. Construct a quadrilateral, the four sides being given in
magnitude, and the middle points of two opposite sides being
given in position.

29. The bases of two or more triangles having a common ver-
tex are given, both in magnitude and position, and the sum of the
areas is given ; prove that the locus of the vertex is a right linc.

30. If the sum of the perpendiculars let fall from a given
point on the sides of a given rectilineal figure be given, the locus
of the point is a right line.

31. ABC is an isosceles triangle whose equal sides are AB, AC;
B'C’ is any secant cutting the equal sides in B’, C', so that
AB'+ AC' = AB + AC: prove that B’C’ is greater than BC.

32. A, B are two given points, and P is & point in a given line
L; prove that the difference of AP and P’B is a maximum when
L bisects the angle APB; and that their sum is a minimum if it
bisects the supplement.
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33. Bisect a quadrilateral by a 1ight linc drawn from one of
its angular points.

34. AD and BC are two paallel lines cut obliquely hy AB, and
perpendicularly by AC; and between these hnes we draw BED,
cutting AC in B, such that 1D =2ADB; prove that theangle DBC
is one-third of ABC.

35. If O he the point of concurrence of the biscetors of the
angles of the triangle ABC, and if AO produced meet BC in D,
and from O, OE be drawn perpendicular to BC; prove that the
angle BOD is equal to the angle COE.

36. 1f the exterior angles of a triangle be bisected, the three
external triangles formed on the sides of the original triangle are
equiangular.

37. The angle made by the bisectors of two conseculive angles
of a convex quadiilateral is equal to half the sum of the remain-
g angles; and the angle made by the bisectors of two vpposite
angles is equal to half the difference of the two other angles.

38. If in the construction of the figwie, Troposition xLvII.,
EF, KG be joined,

EF? + KG? = 6AB2.

39. Given the middle points of the sides of a convex polygon
of an odd number of sides, construet the polygon.

40. Trisect a quadrilateral by lines diawn fiom cne of its
angles,

41. Given the base of a tiiangle in magnitudo and pnsition and
tho sum of the sides; prove that thu perpenircular at either ex-
tremity of the baso to the adjacent site, and the external bisector
of the vertical angle, mect on a given line perpendicular to the
base.

42. The bisectors of the angles of a convex quadrilateral form
a quadrilateral whose opposite angles are supplemental. If the
first quadrilateral be a parallelogram, the second is a rectangle ;
if the first be a 1ectangle, the second is a square.

43. The middlo poin of the sides AB, BC, CA of a triangle
are respectively 1D, E, I'; DG is drawn parallel to BF to meet
EF; prove that the sides of the triangle DCG are respectively
equal to the three wecdians of the triangle ABC.

44. Find the path of a billiard ball started from a given point
which, after being reflected from the four sides of the table, will
pass through another given point.
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45. If two lines bisecting two angles of a trianglo and termi-
nated by the opposite sides be equal, the triangle is isosceles.

46. State and prove the Proposition corresponding to Exercise
41, when the base and difference of the sides are given.

47. If a square be inscribed in a triangle, the rectangle under
its side and the sum of the base and altitude is equal to twice the
area of the triangle.

48. If AB, AC be equal sides of an isosceles triangle, and if
BD be a poerpendicular on AC; prove that BC* = 2AC.CD.

49. The sum of tho equilateral triangles described on the legs
of a right-angled trianglo is equal to the equilateral triangle de-
scribed on the hypotenuse.

50. Given the base of a {riangle, the difference of the base
angles, and the sum or difference of the sides; construet it.

51. Given the base of a triangle, the median that bisects the
base, and the area; construct it.

52. If the diagonals AC, BD of a quadrilateral ABCD inter-
sect in E, and be bisected in the points F, G, then

4 A EFG = (AEB + ECD) — (AED + EBC).

53. If squares be described on the sides of any triangle, the
lines of connexion of the adjucent corners are respectively— (1) the
doubles of the medians of the triangle; (2) purpendicular to
them.
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BOOK II.
THEORY OF RECTANGLES.

Every Proposition in the Seccond Book has either a
square or a rectangle in its cnunciation. Defore com-
mencing it the student should rcad the following pre-
liminary explanations: by their assistance it will be
scen that this Book, which is usually considered diffi-
cult, will be rendered not only easy, but almost in-
tuitively evident.

1. As the linear unit is that by which we express all
lincar measures, so the square unit is that to which all
superficial measures are referred. Again, as there are
different linear units in use, such as in this country,
inches, feet, yards, miles, &c., and in France, mctres,
and their multiples or sub-multiples, so different square
units are employed.

2. A square unit is the square described on a line
whose length is the lincar unit. Thus a square inch is
the square described on a line whose length is an inch;
a square foot is the square described on a line whose
length is a foot, &c.

3. If we take a linear foot, describe a square on it,
divide two adjacent sides each into twelve equal parts,
and draw parallels to the sides, we evidently divide the
square foot into square inches ; and as there will mani-
festly be 12 rectangular parallelograms, each contain-
ing 12 square inches, the square foot contains 144
square inches.
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In the same manner it can be shown that a squarc
yard contains 9 square feet; and so in general the
square described on any line contains #? times the
square described on the n* part of the line. Thus, as
a simple case, the square on a line is four times the
square on its half. On account of this property the
sccond power of a quantity is called its square; and,
conversely, the square on a line AB is expressed sym-
bolically by AB2.

4. If a rectangular parallelogram be such that two
adjacent sides contain respectively m and % linear units,
by dividing one side into m and the other into n equal
parts, and drawing parallels to the sides, the whole area
is evidently divided into mn square units. Hence the
area of the parallelogram is found by multiplying its
length by its breadth, and this explains why we say
(s¢e Def. 1v.) a rectangle is contained by any two ad-
jacent sides; for if we multiply the length of one by
the length of the other we have the area. Thus, if
AB, AD be two adjacent sides of a rectangle, the rect-
angle is expressed by AB . AD.

DeriNiTIONS.

1. If a point C be taken in a line AB, the parts AC,
OB are called segments, and C a A c B
point of division. v %

1. If C be taken in the line 4. B produced, AC, CB are
still called the segments of
the line AB; but C is called A B ¢
a point of external division.

11, A parallelogram whose angles are right angles is
called a rectangle.

1v. A rectangle is said to p S
be contained by any two adja-
cent sides. Thus the rectangle
ABCD is said to be contained
by AB, AD, or by AB, BC, A la
&e.
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v. The rectangle ¢ ntained by two separate lines
such as AB and
CD is the paral- A B c. D
lelogram formed by erccting a perpendicular to AB, at
A, equal to CD, and drawing parallels: the arca of the
rectangle will be AB . CD.

vi. In any parallelogtam the figure which is com-

poscd of cither of the paral- B B
lelograms about a diagonal ~
and the two complements ~ o

lsee X., xunr] is called a ¢ ~ H

gnomon. Thus, if we take
away cither of the paralle-
lograms AO, OC from the p T c
parallelogram AC, the re-
mainder is called a gromon.

PROP. I.—Turorem.

If there be two lines (A, BC), one of which is divided
tnto any number of parts (BD, DK, EC), the rectangle
contained by the two lines (A, BC), s equal to the sum of
the rectanyles contained by the undivided line (A) and the
several parts of the divided line.

Dem.-—lrect BIY at right angles to BC [I., x1.] and
make it cqual to A.  Complete the parallclogram BK
Def. v.). Through .
%), E drsiw DG, EH F.o¢ X
parallel to BF. Be-
cause the angles at
B, D, E are right
angles, cach of the ,
quadrilaterals ~ BG, B
DH, EK is a rect-
angle. Again, since A is equal to BF (const.), the
rectungle contained by A and BC is the rectangle con-
tained by BF and BC (Dcf. v.); but BK is the rect-
angle contained by BT and BC. Hence the rectangle

D E c
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contained by A and BC is BK. In like manner the
rectangle contained by A and BD is BG. Again, since
A is cqual to BF (const.), and BF is equal to DG
[L. xxxav.], A is equal to DG. Hence the rectangle
contained by A and DE is the figare D (Def. v.). In
like manner the reetangle contained by A and EC is
the figure KK. 1lence we have the following identi-
tics :—

Rectangle contained by A and BD = B(:.

. . A ,, DI =DIL
. . A, EC=EK.
" . A , BC=BK.

But BK is eqnal to the sum of BG, DH, RK
(1., Axiom 1x.).  Therefove the rectungle contained by A
and BC 25 equal lo the sum of lhe rectungles contained by
A and BD, A and DE, A and 1C.

If we denote the lines BD, DE, EC by a, b, ¢, the Proposition
asserls that tho rectangle contained by A, and a+ &+ ¢ is equal to
the sum of the rectangles contained by A and @, A and 4, A and ¢,
or, as it may be written, A (#+ b+ ¢) = Aa+ Ab+ Ac. 'This cor-
responds to the dishiludive law in multiplication, and shows that
rectangles in Geometiy, and products in Arithmetic and Algebria,
are subject to the same rules.

Illustration.—Suppose A to he 6 inches; BD, 5 inches;
DE, 4 inches; EC, 3 inches; then BC will be 12 inches; and
the rectangles will have the following values :—

Rectangle A . BC =6 x 12 = 72 square inches.

»” A.BD=6x 56=30 ”
w A.DE=6x 4=24 2
" A.EC=6x 3=18 »

Now the sum of the three last rectangles, viz. 30, 24, 18, is 72.
Hence the rectangle A . BC=A.BD + A.DE+A. EC.

The Sccond Book is occupied with the relations be-
tween the segments of a line divided in various ways.
- All these can be proved in the most simple manner
by Algebraic Multiplication. We rccommend the stu-
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dent to make himself acquainted with the proofs by
this method as well as with those of Euclid. He will
thus better understand the meaning of each Proposi-
tion.

Cor. 1.—The rectangle contatned by a line and the
difference of two others is equal to the difference of the
rectangles contained by the line and each of the others.

Cor. 2.—The area of a triangle s equal to half the
rectangle contained by its base and perpendicular.

Dem.—From the vertex C lot fall the perpendicular
CD. Draw ET parallel to AB, . c P
and AE, BF each parallcl to
CD. Then AF is the rect-
angle contained by AB and BF;
but BF is equal to CD. Hence
AF = AB.CD; but [I. xu]
the triangle ABC is = half the
parallelogram AF.  Therefore A D B
the triangle ABC 4 =3AB . CD.

PROP. II.—Tuaronem.

If a lins (AB) be divided into any two parts (at 0}2,
the square on the whole line 18 equal to the sum of the
rectangles contained by the whole and each of the segments
(AC, CB).

Dem.—On AB describe the square ABDF [I. xvvr.],
and through C draw CE parallel to , c B
AF EI. xxx1.]. Now, since AB is
equal to AF, the rectangle con-
tained by AB and AC is equal to
the rectangle contained by AF and
AC; but AE is the rectangle con-
tained by AF and AC. Ience the
rectangle contained by AB and AC F E D
18 equal fto AE. In like manner
the rectangle contained by AB and CB 4s equ 3l to the
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figure CD.  Therefore the sum of the two rectangles
AB.AC, AB.CB s equal to the square on AB.

Or thus: AB=AC+ CB,
and AB = AD.
Ience, multiplying, we get AB*= AB.AC + AB.CB.
This Proposition is the particular case of 1. when the divided

and undivided lines are equal, hence it does not require a separate
Demonstration.

PROP. III.—THroREM.

If a line (AB) be divided into two segments (at C), the
rectangle contavned by the whole line and either segment
(CB) 18 equal to the square on that scgment together with
the rectangle contained by the segments.

Dem.—On BC describe the square BCDE [ xvvr. ].
Through A draw AF parallel D E
to CD: produce ED to mect
AT in F. Now since CB is
equal to CD, the rectangle
contained by AC CB is equal
to the rectangle contained by 4 C B
AC, CD; but the rectangle contained by AC, CD is the
ﬁgure AD. Hence the rectangle AC.CB is equal to
the figure AD, and the square on CB is the figure CE.
Hence the rectangle AC . CB, together with the square
on CB, is equal to the figure AE.

Again, since OB is cqual to BE, the rectangle AB.CB
is equal to the rectangle AB.BE; but the rectangle
AB.BE is cqual to the figure AE. Hence the rect-
angle AB.CB is equal to the figure AE. And since
things which are equal to the same are equal to one
another, the rectangle AC. CB, fogether with the square
on CB, 78 equal to the rectangle AB . CB.

Or thus : AB = AC + CB,
CB = CB,
Hence AB.CB=AC.CB + CB2

Prop. 1. is the particular case of Prop. 1., when the undivided
line is equal to a segment of the divided line.
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PROP. 1V.—THEOREM.

If a lins (AB) s divided into any two parts (at C),
the square on the whole line is equal o the sum of the
squares on the parts (AC, CB), together with twice their
rectangle.

Dem.—On AB describe a square ABDE.  Join EB
through € draw CF parallel to AR,
interseeting BE in G; nd through
( draw HI parallel to AB.

Now since AE is equal to AB,

A [ B
|

the angle ABE is equal to AEB “{ 1
e

[T.v.]; but sinco BE interscets the
parallels AE, CF, the angle AEB is
equal to CGB [I. xxix.]. Hence W X
the angle CBG is equal to CGB,

and therefore [I. vi.] C& is equal to CB; but CG is
cqual to BI and CB to GI. Ilence the figure CBLG
is a lozenge, and the angle CBI is right. Hence
(I, Def. xxx.) it is a square. In like manner the
figure EFGIL is a square.

Again, since CB is equal to CG, the rectangle AC.CB
is equal to the rectangle AC.CG ; but AC. CG is the
figure AG (Def. 1v.). Thercfore the rectangle AC.CB
is equal to the figure AG. Now the figures AG, GD
are equal | 1. xuni ], being the complements about the
diagonal of the parallelogram AD.  Ience the paral-
lclograms AG, GD are together equal to twice the
rectangle AC.CB.  Again, the figure HT is the square
on H@, and G is cqual to AC. Therefore HF is
equal to the square on AC, and CI is the square on
CB; but the whole figure AD, which is the square
on AD, is the sum of the four figures HF, CI, AG,
GD. Zherefore the square on AB ids equal to the sum
of the squares on AC, CB, and twice the rectangle
AC.CD.
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Or thus: On AB describe the square ABDE, and cut off AH,
EG, DF each equal to CB. Join CF, I'G
GII, HIC. Now the four As ACH, CBF, A C B
FDG, GEH are evidently equal; there-
fore their sum is equal to four times the
AACH; but the A ACH is half the rect-
angle AC. AH (I. Cor. 1)—that is, equal
to half the rectanglo AC. CB. Therefore
the sum of the four triangloes is equal to
2AC.CB.

Again, the figure CFGIL is a square
[L. xrvL, Cor. 3], and equal to AC2+ All¢
[I. xuvir.]—that is, equal to AC*4+ CB%.  Jience the whole figre
ABDE =AC? + CB2+42AC . CB.

Or thuse AB=AC+CB.
Squaring, we get  AB?=AC? + 2AC.CB | CB2.

Cor. 1.—The parallelograms about the duvjonal of a
square are squarcs.

Cor 2—The square on a line is equal (v four times the
square on tts half.

For let AB = 2AC, then AB? D
=4AC%

This Cor. may be proved by
the First Book thus: Ereet CD
at right angles to AD, and make —3 —h
Cb =AC or CB. Juin AD,DB.

Then AD*= AC* 4+ CD? = 2AC7%

Tn like manner, DB?*=2CB*;
therefore  AD? + DB? = 2A(0% + 208 = 4AC2,

l3at since the angle ADB is right, AD* + DB?= AL?;
therefore AB? = 4AC%

Cor. 8.—If a line be divided into any number of parts,
the square on the whole vs equal to the sum of the squares
on all the parts, togelher with twice the sum of the rect-
anyles eonceined by the several disiined paiss of parts.

el
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Exercises.
1. Prove Proposition 1v. by using Propositions 1r. and 1.

2. If from the vertical angle of a right-angled triangle a per-
pendicular be let fall on the hypotenuse, its square is equal to the
rectangle contained by the segments of the hypotenuse.

3. From the hypotenuse of a right-angled triangle portions are
cut off equal to the adjacent sides; prove that the square on the
middle segment is equal to twice the rectangle contained by the
extreme segments.

4. In any right-angled triangle the square on the sum of the
hypotenuse and perpendicular, from the right angle on the hypo-
tenuse, exceeds the square on the sum of the sides by the square
on the perpendicular.

5. The square on the perimeter of a right-angled triangle is
equal to twice the rectangle contained by the sum of the hypo-
tenuse and oneside, and the sum of the hypotenuseand the other
side.

PROP. V.—Turorem.

If o line (ADB) be divided inta two equal parts (at C),
and also into two unequal parts (at D), the rectangle
(AD . DB) contained by the unequal parts, together with
the square on the part (CD) between the points of section,
18 equal to the square on half the line.

Dem.—On CB describe the square CBEF | L. xrvr.].
Join BF. Through D draw P G P
DG parallel to CF, mect-
ing BF in H. Through H
draw KM parallel to AB, K L H M
and through A draw AK
parallel to CL [I. xxxr.].

The parallelogram CM A c b B
is equal to DE [I. xtur., Cor, 3]; but AL is equal to
CM [I. xxxvr.], because they are on equal bases AC,
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CB, and between the same parallels; therefore AL is
equal to DE : to each add CH, and we get the paral-
lelogram AH equal to the gnomon CMG; but Al is
equal to the rectangle AD.DH, and therefore equal
to the rectangle AD.DB, since DH is equal to DB
[xv., Cor. 1]; thereforc the rectangle AD.DB is
equal to the gnomon CMG@, and the square on CD is
equal to the figure LG. Hence the rectangle AD .DB,
together with the squa-e on CD, s equal to the whols
JSigure CBEF—that 1s, to the square on CB.

Or thus: AD=AC+CD=BC+CD;
DB = BC-CD;
therefore AD.BD = (BC + CD) (BC —CD) = BC? - CD>.
Hence AD.BD + CD?=BC?

Cor. 1.—~The rectangle AD.DB is the rectangle
contained by the sum of the lines AC, CD and their
difference ; and we have proved it equal to the differ-
ence between the square on AC and the square on CD.
Hence the difference of the squares on two (ines 18 equal
to the rectangle contained by their sum and their dif-
Sference.

Cor. 2.—The perimeter of the rectangle AH is equal
to 2AB, and is therefore independent of the position of
the point D on the line AB; and the area of the same
rectangle is less than the square on half the line by the
square on the segment between D and the middle
point of the line; therefore, when D is the middle
point, the rectangle will have the maximum area.
Hence, of all rectangles having the same pervmeter, the
square has the grealcst area.
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Exercises.

1. Divide a given line so that the rectangle contained by its
parts may Lave a maximum area.

2. Divide a given line so that the rcctangle contained by its
segments may be equal to a given square, not exceeding the
square on half the given line.

3. The rectangle contained by the sum and the difference of
two sides of a trianglo is equal to the rectangle contained by the
base and the difference of the segments of the base, made by the
perpendicular from the vertex.

4. The difference of the sides of a triangle is less than tho
difference of the segments of the base, made by the perpendicular
from the vertex.

5. The difference between the square on one of the equal sides
of an isosceles triangle, and the square on any line drawn from
the vertex to a point in the base, is equal to the rectangle con-
tained by the segments of the base.

6. The square on either side of a right-angled triangle is equal
to the rectangle contained by the sum and the difference of the
hypotenuse and the other side.

PROP. VI.—Turorem.

If a line (AB) be bisected (at C), and divided exter-
nally in any point (D), the rectangle (AD.BD) contained
by the segments made by the external point, together with
the square on half the line, 43 equal to the square on the
segment between the middle point and the point of external
division.

Dem.—On CD deseribe the square CDFE [T. xuvr. ],
and join DE; through B E G
draw BHG parallel to CE i )
g. xxxr.], meeting DE in

; through H draw KLM
parallel to AD; and through K L M
A draw AK parallel to CL.
Then because AC is equal to
CB, the rectangle AL isequal * ¢ B D
to CH [I. xxxv1.]; but the complements CH, HF are
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equal [I. xrrm.]; therefore AL is equal to HF. To
each of these equals add CM and LG, and we get AM
and LG equal to the square CDFE; but AM is equal to
the rectangle AD . DM, and therefore equal to the
rectangle AD . DB, since DB is equal to DM ; also LG
is equal to the square on CB, and CDFE is the square
on CD. Hence the rectangle AD . DB, together with the
square on CB, 1s equal to the square on CD.

Or thus :—

Dem.—On CB describe the square CBEF I. [xvrvr.].
Join BF. Through D draw
DG parallel to CF, meeting F E_G
FB produced in H. Through
H draw KM parallel to AB.
Through A draw AK parallel A c B D
to CL [I. xxx1.].

The parallclogram CM is
equal to DE [I. xurr.]; but g L M H
ALjis equal to CM [I. xxxvr.],
because they are on equal bases AC, CB, and between
the same parallels; therefore AL is equal to DE. To
each add CH, and we get the parallelogram AH equal
to the gnomon CMG; but AH is equal to the rectangle
AD.DH, and therefore equal to the rectangle AD . DB,
since DH is equal to DB [1v., Cor. 1]; therefore the
rectangle AD. DB is equal to the gnomon CM@, and
the square on OB is the figure CE. Therefore the rect-
angle AD . DB, together with the square on CB, is equal
to the whole figure LHGY—that is, equal to the square
on LH or to the square on CD.

Or thus: AD=AC + CD =CD + CB;
BD = CD - CB.
Hence AD.DB = (CD + CB) (CD - CB) = CD? -~ CB?;
therefore AD . DB + CB* = CD?
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Exercises.

1. Show that Proposition vi. is reduced to Proposition v. by
producing the line in the opposite dircetion.

2. Divide a given line externally, so that the rectangle con-
tained Dy its sogments may be equal to the square on a given
line.

3. Given tho difference of two lines and the rectangle contained
by them ; find the lines.

4. The rectangle contained by any two lines is equal to the
square on half the sum, minus the square on half the difference.

5. Given the sum or the difference of two lines and the differ-
ence of their squares; find the lines.

6. If from the vertex C of an isosceles trianglo a line CD be
drawn to any point in the base produced, prove that CD? — CB?
=AD.DB.

7. Give a common enunciation which will include Propositions
v. and vi.

PROP. VIT.—Turorem.

If a right line (AB) be divided into any two parts
(at ©), the sum of the squares on the whole line (AB)
and either segment (CB) ds8 equal to twice the rectangle
(2AB. CB) contained by the whole line and that segment,
together with the square on the other segment.

Dem.—On AB describe the squarc ABDE, Join BE.
Through C draw CG parallel to AE, g a D
intersceting BE in F.  Through F
draw HK parallel to AB.

How the square AD is equal to the
Uucee figures AKX, FD, and GH: to H F_k
cach add the square CK, and we
have the sum of the rquarcs AD, CK
equal to the sum of the three figures A c B
AK, CD, GH; but CD is equal to AK; thercfore the
sum of the squares AD, CK is equal to twice the
figure AKX, together with the figure GII. Now AK
is the rectangle AB.BX; but BK is equal to BC;
therefore AK is equal to the rectangle AB.BC, and
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AD is the square on AB ; CK the square on CB; and GH
is the square on HF, and thereforo equal to the square
on AC.  Hence the sum of the squarcs on AB and BC is
equal to twice the rectangle AB . BC, together with the
square qn AC.

Or thus: On AC describe the square ACDE. Produce the sides
CD, DE, EA, and make each produced
part equal to CB. Join BF, FG, GII,
HB. Then the figure BFGII is a square
[I. xuyr., Ex 8], and it is equal to the B
square on AC, together with the four
equal triangles HAB, BCF, FDG, GEII.
Now [I. xnvm.], the ﬁgure BFGH is

ual to the sum of the squares on AB,

AqII——tha.t is, equal to the sum of the
squares on AB, BC; and the sum of the
four triangles s equal to twico the rect-
angle AB . BC, for each triangle is equal v
to half the rectangle AB . BC.  ence the sum of the squares on
AB, BC is equal to twice the rectangle AB . BC, together with the
square on AC.

Or thus: AC=AB-3C;
therefore AC?2 = AB? - 2AB . BC + BC?;
therefore AC?+ 2AB . BC = AB2 + BC2,

Comparison of 1v. and viI.

By 1v., square on sum = sum of squares + twice rect-
angle.

By vir., square on difference = sum of squares —twice
rectangle.

Cors. from 1v, and vII.

1. Square on the sum, the sum of the squares, and
the square on the difference of any two lines, are in
arithmetical progression.

2. Square on the sum 4 square on the difference of
any two lines = twice the sum of the squares on the
lines (Props. 1x. and x.).

3. The square on the sum - the square on the differ-
ence of any two lines = four times the rectangle under
lines (Prop. vim.).
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PROP. VIII.—TuErorex.

If a line (AB) be divided into two parts (at C), the
square on the sum of the whole line (AB) and either seg-
ment (BC) ds equal to four times the rectangle contained
by the whole line (AB) and that segment, together with
the square on the other segment (AC).

Dem.—Produce AB to D. Make BD equal to BC.
On AD describe the square AEFD

L. xwvi.]. Join DE. Through ¢ B D
, B draw CH, BL parallel to AE y G K7 IN
(1. xxx1.], and through K, I draw | /1 lo
MN, PO parallel to AD.
Since CO is the square on CD,
and CK the square on CB, and
CB is the half of CD, CO is equal TR

to four times CK [1v., Cor. 1.

Again, since CG, are the sides of equal squares,
they are equal [I. xtv1., Cor.1]. Hence the parallelo-
gram AG is equal to MILEI. xxxvi.]. In like manner
1L is equal to JF; but MI is equal to IL g[. XLIL ]
Therefore the four figures AG, MI, IL, JF are all
equal ; hence their sum is equal to four times AG ; and
the square CO has been proved to be equal to four times
CK. Hence the gnomon AOH is equal to four times
the rectangle AK—that is, equal to four times th

rectangle AB.BC, since BC is equal to BK.

Again, the figure PH is the square on PI, and
therefore equal to the square on AC, Hence the
whole figure AF, that is, the square on AD, s equal
to four times the rectangle AB . BC, fogether with the
square on AC. .

Or thus: Produce BA to D, and make AD = BC. On DB
describe the square DBEF. Cut off BG, EI, FL each equal to
BC. Through A and I draw lines parallel to DF, and through G
and L, lines parallel to AB.
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Now itis ovident that tho four rectangles 5 cC B
AG, GI, 1L, LA are all equal; but AG
is the rectangle AB.BG or AB. BC. N ﬂ(}

Therefore the sum of the four rectangles
is equal to 4AB . BC. Again, the figure
NP is evidently equal to the square on
AC. Ience the whole figure, which is Q P
the square on BD, or the squarc on the
sum of AB and BC, is equal Lo 4AB . BC |1

+ AC%. F 1 B
Or thus: AB + BC = AC + 2BC;
therefore (AB + BC)* = AC* + +AC . CB + 4BC?

= AC? + 4 (AC + CB) . CB
= AC? + 4AB . BC.

Direct sequence from v. or vr.

Since by v. or v1. the rectangle contained by any two
lines is = the square on half their sum — the square on
half their difference ; thercfore four times the rectangle
contained by any two lines = the square on their sum
- the square on their difference.

Direct sequence of viir. from 1v. and vir.

By 1v., the square on the sum = the sum of the squares
+ twice the rectangle.

By vix., the square on the difference = the sum of the
squarcs — twice the rectangle. Thercfore, by sub-
traction, the square on the sum — the square on the
differcnce = four times the rectangle.

Exercises.

k. In the figure [I. xuvi.] if EF, GK be joined, prove
EF? -~ CO% = (AB + BO)%

2. Prove GK? — EF? = 3AB (A0 - BO).

3.* Given the difference of two lines = R, and their rectangle
= 4R?; find the lines.

* Ex. 3 occurs in the solution of the problem of the inscription
of a regular polygon of seventeen sides in a circle. Ses note C.
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PROP. 1X.—Tuxrorem.

If a line (AB) be bisected (at C) and divided tnto two
unequal parts (at D), the sum of the squares on the unequal
parts (AD, DIB) ¢ doubdle the sum of the squares on half
the line (AC), and on the segment (CD) between the points
of section.

Dem.—ZErect CE at right angles to AB, and make it
equal to AC or CB. Join B
AE, EB. Draw DF parallel
to CE, and FG parallel to ,
CD. Join AF. 4

Because ACis equal to CE,
and the angle ACE is right,
the angle CEA is half aright £ D 3
angle. In like manner the
angles CEB, CBE are half right angles; therefore the
whole angle AEF is right. Again, because GF is pa-
rallel to CB, and CE intersects them, the angle EGF is
equal to ECB; but ECB is right (const.); thercfore
EGPT is right ; and GEF has been proved to be half a
right angle ; therefore the angle GFE is half a right
angle [I. xxxir.]. Therefore [I. vi.] GE is equal to
GF. In like manner FD is equal to DB.

Again, since AC is equal to CE, AC? is equal to
CE?; but AE? is equal to AC* + CE? [I. xwvm.].
Thercfore AE? is equal to 2AC%.  In like manner EF?
is equal to 2GF? or 2CD% Therefore AE? + EF? is
equal to 2AC? + 2CD?; but AE?+ EF? is equal to AF?
[I. xzvir.].  Therefore AF? is equal to 2AC* + 2CD2.

Again, since DF isequal to DB, DF?is equal to DB?:
to each add AD? and we get AD? + DF? equal to AD?
+ DB?; but AD?*+ DF* is equal to AF?; therefore AF?
is equal to AD? + DB?; and we have proved AF*equal
to 2AC* + 2CD? Therefore AD* + DB? 15 equal to 2AC*
+ 20D

Or thus: AD=AC+CD; DB=AC -CD.

Square and add, and we get

AD? + DB* = 2A0? + 20D2,
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Exercises.

1. The sum of the squares on the segments of a line of given
length is a minimum when it is bisected.

2. Divide a given line internally, so that the sum of the squares
on the parts may be equal to a given square, and state the limi-
tation to its possibility.

3. If a line AB be bisected in C and divided unequally in D,
AD? + DB? = 2AD.DB + 4CD2.

4. Twice the square on the line joining any point in the hypo-
tenuse of a right-angled isosceles triangle to the vertex is equal to
the sum of the squares on the segments of the hypotenuse.

5. If aline be divided into any number of parts, the continued
product of all the parts is a maximum, and the sum of their squarcs
is & minimum when all the.parts are equal.

PROP. X.—TuErorEeMm.

If a line (AB) be bisected (at C) and divided externally
(at D), the sum of the squares on the segments (AD, DB)
made by the external point is equal to twice the square on
half the line, and twice the square on the segment between
the points of section.

Doem.—Erect CE at right angles to AB, and make
it equal to AC or CB. g
Join AE, EB. Draw
DF parallel to CE, and
produce EB. Now
since DF is parallel to
EC, the angle BDF is

=to BCE [I. xxxx.%, A'\F\ B D

and [I. xv.] theangle -

DBF is = to EBC; TN
G

but the sum of the ¥
angles BCE, EBC is
less than two right angles [ L. xvir.]; therefore the sum




94 THE ELEMENTS OF EUCLID. [Book 1.

of the angles BDF, DBF is less than two right angles,
and thercfore [I., Axiom xi1.] the lines EB, DF, if pro-
duced, will meet. Let them mcet in F. Through F
draw FG parallel to AB, and produce EC to meet it in
G. Join AF,

Because ACis equal to CE, and theangle ACE is right,
the angle CEA is half a right sngle. In like manner
the angles CEB, CBE are half right angles; therefore
the whole angle AEF is right. Again, because GF
is parallel to CB, and GX interseets them, the angle BGF
is equal to ECB [I. xx1x.]; but ECB is right (const.) ;
therefore EGF is right, and GEF has becn proved to
be half a right angle; therc-ore [I. xxxir.] GFE is
half a right angle, and therefore [1. v1.] GE is equal
to GF. In like manner FI) is equal to DB,

Again, since AC 18 equal {o Glu, AC?is equal to CT?;
but AK?is equal to AC? + CK? [T, xuvit.}; therefore
AT%is equal to 2AC%  In like manner EF? is equal to
2GF? or 20D?%; theiefore AK? + BI? is equal to 2A(C?
+2CD%; but AE? § EF? is equal to AF?[1. xuvin].
Therefore AF? is equal to 2AC* + 2CD2

Again, since DF is equal to DB, DF* is equal to
DB?: to each add AD? and we get AD? 4 DI equal to
AD? + DB2; but AD* ¢ DI s eqnal to AT therefore
AT?is equal to AD*+ DB; and AF? has been proved
equal to 2AC* + 2CD%  Tlercfore AD? + DB* is equal
to 2AC* + 2CD%

Or thus? AD = CD 1 AC,
BD = CD- AC.
Syuare and add, and we 5ot
AD? + BD?=20D? 4 2ACY,
g‘he following cnunciations include Proposilions rx,
and x. :—

1. The square on the sum of any two lines plus the
square on their difference cquul éwice the sum of their
squares.
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2. The sum of the squares on any two lines is equal to
twice the square on half the sum plus twice the square on
half the difference of the lines.

3. If a line bs cut into two unequal parts, and also
tnto two equal parts, the sum of the squares on the two
unequal parts exceeds the sum of the squares on the two
equal parts by the sum of the squares of the two differ-
ences between the equal and wnequal parts.

Exercises.

1. Given the sum or the difference of any two lines, and the
sum of their squares; find the lines.

2. The sum of the squares on two sides AC, CB of a triangle is
equal to twice the square on half the base AB, and twice the
square on the median which bisects ADB.

3. If the base of a triangle be given both in magni{ude and
pegition, and the sum of the squaies on the sides in magnitude,
the locus of the vertex is a circle.

4. If in the A ABC a point D in the base BC be such that
BA? + BD? = CA? 4+ CD?;

prove that the middle point of AD is equally distant from B
and C.

6. The sum of the squares on the sides of a parallelogramn is
equal to the sum of the squares on iis diagonals.

PROP. XI1.—PnronrLEM.

To divide a yiven finile line (AB) into two segments
(in II), so that the rectangle (AB . BIL) contained by
the whole line and onc segment may be equal fo the
square on the other scgment.

Sol.—On AB describe the square ABDC [I. xuvr.],
Biscct AC in E. Join BE. Produce EA to F, and
make EF equal to BB. On AF describe the square
AFGH. H 4 the pont required.
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Dem.—Produce GH to XK. Then because CA is bi-
sected in K, and divided externally p G
in F, the rectangle CF . AF, together
with the square on EA, is equal to the
square on EF [vr.]; but EF is equal A i n
to EB (const.); therefore the rect-
angle CF. AF, together with EA? is ~
equal to EB*—that is [T. xzvix.] equal | -
to EA?+ AB%. Rejecting EA? which F
is common, we get tho rectangle
CF.A¥F cqual to AB%. Again, since
AF is equal to F@, being the sides of © K D
a square, the rectangle CF . AF is equal to CF.FG—
that is, to the figure CG; and AB?is equal to the figure
AD; therefore CG is equal to AD. Reject the part
AK, which is common, and we get the figure FH equal
to the figuro HD; but HD is equal to the rectangle
AB.BH, because BD is cqual to AB, and FH is the
squarc on AH. Therefore the rectangls AB.BH 1s
equal to the square on AH.

Der.—A line divided as in this Proposition is said to
be divided in ““extreme and mean ratio.”

Cor. 1.—The line CF is divided in “ extreme and
mean ratio’’ at A.

Cor. 2,—1If from the greater segment CA of CF we
take a segment equal to AF, it isevident that CA will
be divided into parts respectively cqual to AH, HB.
Hence, if a line be divided in extreme and mean ratio,
the greater segment will be cut in the same manner
by taking on it a part equal to the less; and the less
will be similarly divided by taking on it a part equal
to the difference, and so on, &e.

Cor. 3.—Let AB be divided in “f extreme and mean
ratio” in C, then it is evident
(Cor. 2) that AC is greater A___ D E C B
than CB. Cut off CD = ¢B;
then ( Cor, 2) ACis cutin “extreme and mean ratio”’ at
D, and CD is greater than AD. Next, cut off DE equal
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to AD, and in the same manner we have DE greater
than EC, and so on. Now since CD is greater than AD,
it is evident that CD is not u common measure of AC
and CB, and thereforc not a common measure of AB
and AC. In like manner AD is not a common measure
of AC and CD, and therefore not a common measure of
AB and AC. Hence, no matter how far we proceed
we cannot arrive at any remainder which will be a
common measure of AB and AC. Ilence, the parts of a
line divided in ¢ extreme and mean ratio” are incommen-
surable.

Exercises.

1. Cut a line externally in ¢ extreme and mean ratio.”

2. The difference betweén the squares on the segments of a
line divided in ‘‘extreme and mean ratio’ is equal to their
rectanglo.

3. Ina right-angled triangle, if the square on one side be equal
td the rectangle contained by the hypotenuse and the other side,
the hypotenuse is cut in *‘extremo and mean ratio’” by the per
pendicular on it from. the right angle.

h4. If AB be cut in ‘* extreme and mean ratio’’ at C, prove
that

(1) AB? + BC? = 3A02,
(2) (AB + BC) = 5AC2.
5. The three lines joining the pairs of points G, B; F, D;
A, K, in the construction of Proposition x1., arc parallel.
6. If CH intersect BE in O, AO is perpendicular to CH.
7. If CI be produced, it mects BF at right angles.

8. ABC is a right-angled triangle having AB = 2AC: if AH
be made equal to the difference between BC and AC, AB is
divided in ‘‘extreme and mean ratio’’ at L.
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PROP, XII.—TuoEoneM.

In an obtuse-angled triangle (ABC), the square on the
side (AB) subtending the obtuse angle exceeds the sum of
the squares on the sides (BC, CA) containing the obluse
angle, by twice the rectangle contdined by either of them
(BC), and 4ts continuation (CD) to mest a perpendicular
(AD) on st from the opposite angle.

Dem.—Because BD is divided into two parts in C,
we have
BD*=BC*+CD*+2BC. CD[1v.], A
and AD’=AD
Heonce, adding, since [I. xrvm. ]
BD*+ AD*= AB?, and CD*+ AD?
= CA3, we get
AB'=BC?*+CA?+2BC.CD. B ¢ b
Therefors AB? is greater than BC*+ CA* by 2BC. CD.

The forefoing proof differs from Euclid's only in the use of
symbols. I have found by experience that pupils more readily
understand it than any other method.

Or thus: By the First Book:
Describe squares on the three
sides. Draw AE, BF, CG per-
pendicular to the sides of the
squares. Then it can be proved
exactly as in the demonstration
of &I. xLvIr), that the rectanglo
BG is equal to BE, AG to AF,
and CE to CF. Hence the sum
of the two squares on AC, CB is
less than the square on AB by
twice the rectangle CE ; that is,
by twice the rectangle BC .CD.

Cor. 1.—1f perpendiculars
from A and B to the opposite
aides meet them in H and D,
the rectangle AQ.CH is equal
to the rectangle BC . CD.
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Exercises.

1. If tho angle ACB of a triangle be equal to twice tho angle
of an equilateral triengle, AB?= BC? + CA* + BC. CA.

2. ABCD is a quadrilateral whose opposite angles B and D are
right, and AD, BC produced mect in E; prove AE. DE=BE. CE.

3. ABC is a right-angled triangle, and BD is a perpendicular
on the hypotenuse AC; Prove AB.DC = BD . BC.

4. 1f a line AB be divided in C so that AC* = 20B?; prove that
AB? + BC?*=2AB. AC.

5. 1f ADB be the diameter of a semicircle, find a point C in AB
such that, joining C to a fixed point D in the circumference, and
erecting a perpendicular CE meeting the circumference in E,
Cli¢ — CD? may be equal to a given square.

6. If the square of a line CD, drawn from the angle C of an
equilateral triangle ABC to a point D in the side AB produced,
bo cqual to 2AB?; prove that AD is cut in ‘‘ extreme and mean
ratio”” at B.

PROP. XIII.—TuEorEM.

In any triangle (ABC), the square on any side subtend-
ing an acute angle (C) is less than the sum of the squares
on the sides containing that angle, by twice the rectangle
(BC, CD) contained by either of them (BC) and the inter-
cept (CD) between the acute angle and the foot of the per-
pendicular on it from the opposite angle.

) Ilv;sm.—-—Because BC is divided into two scgments
in D,
BC*+ CD*=BD*+2BC. CD [viv.]; A
and AD?*= AD.
Hence, adding, since
CD*+ AD*= AC*[ L. xrvin.), \
and BD?+AD?*=AB, ¢ D B
we get BC*+ AC*=AB?+ 2BC. CD.
Therefore AB? is less than BC? + AC? by 2BC . CD.
a2
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Or thus: Describe squares on the sides. Draw AE,

BF, CG perpendicular to the sides; then, as in the
dimonstration of [I. xuvir.], the rectangle BG is equal

/ "

G

to BE; AG to AT, and CE to CF. Hence the sum of
the squares on AC, CB exceeds the square on AB by twice
CE—that 43, by 2BC.CD.

Observation. — By comparing the proofs of the pairs of
Props. 1v. and vir.; v. and vr; 1x. and X.; X1r. and xurn, it
will be seen that they are virtually identical. In order to render
this identity more apparent, we have made some slight alterations
in the usual proofs. The pairs of I'ropositions thus grouped are
considered in Modern Geometry not as distinet, but each pair is
regarded as one Proposition.

Exercises.

1. If the angle C of the A ACB be equal to an angle of an
equilateral A, AB? = AC? + BC? — AC.BC.

2. The sum of the squares on the diagonals of a quadrilateral,
together with four times the square on the line joining their
middle points, is equal to the sum of the squares on its sides.

3. Find a point C in a given line AB produced, so that
AC? + BL* = 2AC0 . BC.
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PROP. X1V.—ProsrLem,

To construct a square equal to a given yectilineal
Sigure (X).

Sol.—Construct [I. x1v.] the rectangle AC cqual to
X. Then, if the adjacent sides AB, BC be equal, AC
is a square, and the problem is solved; if not, produce
AB to E, and make BE equal to BC; biscet AE in I,

i

A Fff B E

D C

with ¥ as centre and FE as radius, describe the semi-
sircle AGE; produce CB to meet it in G.  The square
Zescribed on BG will be equal to X.

Dem.—Join FG. Then becausc AE is divided
equallyin F and unequally in B, the rectangle AB. BE,
together with TB?, is equal to FE? [v.], that is, to FG?;
but FG?is equal to FB*+ BG* [I. xnvir.]. Thercfore
the rectangle AB.BE + FB? is cqual to FI* + BG:
Reject FB? which is common, and we have the rect-
angle AB.BE = BG?*; but since BE is cqual to BC,
the rectangle AB.BE is equal to the figure AC.
Therefore BG* is equal to the figure AC, and therefora
equal to the gien rectilineal figure (X).

Cor.—The square on the perpendicular from any
point in a semicircle on the diameter is equal to the
rectangle contained by the segments of the diameter
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Exercises.

1. Given the difference of the squares on two lines and their
reotangle ; find the lincs.

2. Divido a given linc, so that the rectangle contained by
another given line and one segment may be equal to the square
on the other segment.

Questions for Examination on Book II.

1. What is the subject-matter of Book I1.7 4nrs. Theory of
rectangles.

2. What is a rectangle 7 A gnomon?

3. What is a square inch ? A square foot? A square perch?
A square mile? _4ns. The square described on a line whose
length is an inch, a foot, a perch, &c.

4. What is the difference between linear and superficial mea-
surement P Ans. Linear measurement has but on¢ dimension ;
superficial has two.

6. When is a line said to be divided internally? When ex-
ternally ?

6. How is the area of a rectangle found ?

7. How is a line divided so that the rectangle contained by its
segments may be a maximum?

8. How is the area of a parallelogram found ?

9. What is the altitude of a parallelogram whose base is 65
metres and area 1430 square metres ?

10. Iow is a line divided when the sum of the squares on its
segments is & minimum ?

11. The area of a rectangle is 108:60 square metres and its
perimeter is 48-20 linear metres ; find its dimensions.

12. What Proposition in Book II. expresses the distributive
law of multiplication ?

13. On what proposition is the rule for extracting the square
root founded ?

14. Compare I. xrvir. and II. xm1. and xur.

16. If the sides of a triangle be cxpressed by 2* + 1, 22 — 1,
and 22 linear units, respectivelr , prove that it is right-angled.
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16. How would you construct a s%uare whose area would be
exactly an acre ? Givo a solution by I. xvviz.

17. What is meant by incommensurable lines? Give an ex-
ample from Book II.

18. Prove that a side and the diagonal of a squarc are incom-
mensurable.

19. The diagonals of a lozenge are 16 and 30 metres respec-
tively ; find the length of a side.

20. The diagonal of a rectanglo is 426 perches, and its area is
7-50 square perches; what are its dimensions ?

21. The three sides of a triangle are 8, 11, 15; prove that it
has an obtuse angle.

22. The sides of a triangle are 13, 14, 16; find the lengths of
its medians ; also the lengths of its perpendiculars, and prove
that all its angles are acute.

23. 1f the sides of a triangle be expressed by m? + n?, m? - n3,
and 2ma linear units, respectively ; prove that it is right-angled.

24. If on each side of a square containing 5:29 square perches
we measure from the corners respectively a distance of 16 linear
perches; find the area of the square formed by joining the points
thus found.

MISCELLANEQUS EXERCISES ON BOOK II.

1. The squares on the diagonals of a quadiilateral aro together
double the sum of the squares on the lines joining the middle
points of opposite sides.

2. If the medians of a triangle interseet in O, AB*+ BC?+ CA?
=3 (0A*+ 0B*+ 0C?).

3. Through a given point O draw three lines 04, OB, OC of
given lengths, such that their extremities may be collinear, and
that AB = BC.

4. If in any quadrilateral two opposite sides be bisected, the
sum of the squares on the other two sides, together with the sum
of the squares on the diagonals, is equal to the sum of the squares
on the bisected sides, together with four times the square on the
line joining the points of bisection.

6. If squares be described on the sides of any triangle, the
sum of the squares on the lines joining the adjacent corners is
equal to three times the enm of the squares on the sides of the
triangle.
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6. Divide a given line into two parts, so that the rectangle
contained by the whole and one segment may be equal to any
multiple of the square on the other segment.

7. If P be any point in the diameter AB of a semicircle, and
CD any parallel chord, then

CP? 4+ PD? = AP? 4 PB?
8. If A, B, C, D be four collinear points tuken in oider,
AB.CD + BC AD = AC.BD.

9. Three times the sum of the squarcs on the sides of any
pentagon excceds the sum of the squares on its diagonals, by four
times the sum of the squares on the lines joining the middle
points of tho diagonals.

10. In eny triangle, three times the sum of the squares on the
sides is equal to four times the sum of the squares on the medians.

11. If perpendiculars be drawn from the angular points of a
square to any line, the sum of the squares on the perpendiculars
from one pair of opposite angles exceeds twice the rectangle
of the perpendiculars from the other pair by the area of the
square.

12. If the base AB of a triangle be divided in I}, so that mAD
= nBD), then

mAC? + nBC? = mAD? + nDB2 + (m + n) CD2

13. If the point D be taken in AB produced, so that mAD
=nDB, then

mAC? - 2102 e AD2 = aDB 4 (m - ) CD2

14. Given the base of a triangle in magnitude and position,
and the sum or the difference of m times the square on one side
and # times the square on the other side, in magnitude, the locus
of the vertex is a circle.

15. Any rectanglo is equal to half the rectangle contained by
the diagonals of squares described on its adjacent sides.

16. If A, B, C. &c., be any number of fixed points, and P a
variable point, find the locus of P, if AP? 4 BP? 4 CI? + &c., be
given in magnitude.

17. If the arca of a rectangle be given, its perimeter is a mini-
mum when it is a square.
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18. If a transversal cut in the points A, C, B three lines
issuing from a point D, prove that

BC.AD?*+AC.BD? - AB.CD?=AB.BC. CA.

19. Upon the segments AC, CB of a line AB equilateral tri-
anzles are described : prove that if 1), D" be the centres of ciicles
deseribed about these trinngles, 6DD™ = AB< ) AC 4 CB2.

20. If a, b, p denote the sides of a right-angled triangle about
the right angle, and the perpendicular from the right angle on
the hypotenuse, 2tE= s
21. If, upon the greater segment AB of a line AC, divided in

extreme and mean ratio, an cquilateral triangle ABD be described,
and CD joined, CD? = 2AB2,

22. If a variable line, whose extrcmities rest on the circum-
ferences of two given concentric circles, subtend a right angle at
any fixed point, the locus of its middle point is a ciicle.
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BOOK II1.

THEORY OF TUUE CIRCLE.

DEFINITIONS.

t. Equal circles are those whose radii are equal.

1"iis is a theorom, and not a definition. For if two circ'e:
have equal radii, they are evidently congruent figures, and there-
fore equal. From this way of proving this theorem Props. xxv1.—
xx1x. follow as immediate inferences.

. A chord of a circle is the line joining two points
in its circumference.

If the chord he produced both ways, the whole line is called a
secant, and each of the parts into which a secant divides the cir-

cumference is called an arc —the greater the major conjugate are,
and the lesser the minor conjugate are.—Nrwcoms.

1. A right line is said to N
touch a circle when it meets N
the circle, and, being produced
both ways, does not cut it;
the line is called a {fangent
to the circle, and the point
where it touches it the peint

of contact.

In Modern Geometry a curve is considered as made up of an
infinite number of points, which are placed in order along the
curve, and then the secant through two eonsecutive points is u
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tangent. Kuclid’s definition for a tangent is quite inadequate for
any curve but the circle, and those derived from it by projection
(the conic sectione) ; and even tor these the modern defimition iz
better.

1v. Circles are said to
touch one another when
they mecet, but do not
intersect. There are two
species  of contact :—
1. When each circle is
cxternal to the other.
%. When one is inside Nz
the other.

The following is the modern definition of curve-contact :—
When two curves have two, three, fowr, §ec., consecutive pornts
common, they have contact of the first, second, third, §c., orders.

v. A segment of a circle is a figure bounded by a
chord and one of the arcs into which it divides the
circumiercnce.

vi. Chords are said to be equally distant from the
centre when the perpendiculars drawn to them {from
the centre arc equal.

vir. The angle contained by two lincs, drawn from
any point in the circumference of a segment to the
cxtremities of its chord, is called an angle in the seg-
ment.

vir. The angle of a segment is the angle contained
between its chord and the tangent at either extremity.

A theorem is tacitly assumed in this Definition, namely, that
the angles which the chord makes with the tangent at its extre-
mities are equal. 'We shall prove this further en.

1x. An angle in a scgment is said to sfamd on ite
conjugate are.

x. Similar segments of circles arc /
those that contain equal angles.

x1. A sector of a circle is formed
of two radii and the arc included
between them.

To a pair of radii may belong either of the two conjugate arcs
into which their enda divide the circle.—Newcown
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x11. Concentric circles are those that have the same
centre.

xmr. Points which lic on the circumference of a
circle are said to be concyclic.

x1v. A eyclic quadrilateral is one which is inscribed
in a eirele.

av. 1t will be proper to give here an explanation of
the extended meaning of the word angle in Modern
Geometry. This exiension is mecessary in Trigono-
metry, in Mechanics—in fact, in every application of
Geometry, and has been partly given in 1. Def. 1x.

B

v
AN \_A@(
AB O AN .

Fig. 1. Fig. 2 Fig. 3. Fig 4.

Thus, it a hiie U 1evolve about the potut Oy as in
figures 1, 2, 3, 4, until it comes into the position OB,
the amount of the rofation from OA to OB is called an
angle. From the diagrams we see that in fig. 1 it is
less than two right angles; in fig. 2 it is cqual to two
right angles; in fig. 8 greater than two right angles,
but less than four; and in fig. 4 it is greater than four
right angles. The arrow-heads denote the direction or
sense, as it is technically termed, in which the line OA
turns. It is usual to call the direction indicated in the
above figures positive, and the opposite negative. A line
such as OA, which turns about a fixed point, is called
a ray, and then we have the following definition :—

xvi. A ray which turns in the scnse opposite to the
hands of a watch describes a positive angle, and one
which turns in the eame direction as the hands, 8
negalive angle.
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PROP. I.—Proprem.
To find the centre of a given eircle (ADB).

Sol.—Take any two points A, B in the circumference.

Join AB. Bisect it in C. Krect -
CD at right angles to AB. Produce
DC to meet the circle again in L.
Biscet DE in F. Zhen I s the
centre.

Dem.—If possible, let any other
point G be the centre. Join GA,
GC, GB. Then in the triangles
ACG, BCG we have AC equal to
CB (const.), CG common, and the
base GA equal to GB, because they are drawn from @G,
which is, by hypothesis, the centre, to the circum-
ference. Hence [I. viir.] the angle ACG is cqual to
the adjacent angle BCG, and therefore [I. Def. xm1.)
each is a right angle; but the angle ACD is right
(const.); therefore ACD is cqual to ACG—a part cqual
to the whole—which is absurd. Ience mo point can
be the centre which is not in the line DE. Z%erefore I,
the middle point of DE, must be the centre.

The foregoing proof may be abridged as follows :—
Because ED bisects AB at right angles, every point
equally distant from the points A, B must lie in ED
[I. x. Ex. 2]; but the centre is cqually distant from
A and B; hence the centre must be in ED; and since
ot must be equally distant from E and D, it must be the
middle point of DE.

Cor. 1.—The line which bisects any chord of a circle
perpendicularly passes through the centre of the circle.

Cor. 2.—The locus of the centres of the circles which
pass through two fixed points is the line bisecting at
right angles that connceting the two points.

Cor. 3.1t A, B, C be three points in the circum-
ference of a circle, the lines bisecting perpendicularly
the chords AB, BC intersect in the centre.
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PROP. II.-—TuroneM.

If any two points (A, B) be taken in the circumference
of & cirvcle—1. The scgment (AB) of the indefinite line
through these poinis which lies between them falls witkin
the civele. 2. The remainiug parts of the line are 1 th-
out the cirele,

Dem.—1. Let € be the centre.  Take any point D
in AB. Join CA, CD, CB.
Now the angle ADC is
[1. xv1.] greater than ABC;
but the angle ABC is equal
to CAB [L. v.], becausc the
triangle CAB 1is isosccles;
therefore the angle ADC is
greater than CAD. Hence
AC is greater than CD [ L. xix.]; therefore CD is less
than the radius of the circle, consequently the point D
must be within the circle (note on 1. Def. xxmr.).

In the same manner every other point between A and
B lies within the circle.

2. Take any point E in AB produced cither way.
Join CE. Then the angle ABC is greater than AKC
[1. xv.]; therefore CAB is greater than AEC. Hence
CE is greater than CA, and the point E 18 without the
cirele.

‘We have added the second part of this Proposition. The indi-
rect proof given of the first part in several editions of Euclid
is very inelegant; it is one of those absurd things which give
many students a dislike to Geometry.

Cor. 1.—Three collinear points cannot be concyclic.

Cor. 2.—A line cannot meet a circle in more than
two points.

Cor. 3.—The circumference of a circle is everywhere
concave towards the centre.
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PROP. TII.—Turorem.

If a line (AB) passing through the centre of a circle
bisect a chord (CD), 1hich does nof pass through the cenlre,
at cuts it al right anyles. 2. If 1t culs it at right angles,
ot bisects 4.

Dem.-~1. Let O be the eontre of the civele. Join
0C¢, OD. Then the triangles
CEO, DEO have CE cqual to ED
(hyp.), EO common, and OC equal
to OD, becausethey are radii of the
circle ; hence [I. viii.] the angle
CEO is cqual to DEO, and they
arc adjacent angles. Therefore
[I. Def. x1v. ] each is a right €
angle. Ience AB cuts CD at
right angles.

2. The same construction being made: because OC
is cqual to OD, the angle OCD is equal to ODC [ v.],
and CEO is equal to DEO (hyp.), becausc cach 1s
right. Therefore the triangles CEOQ, DEO have two
angles in one respectively cqual to two angles in the
other, and the side EO common. Hence [ 1. xxv1.] the
side CK is cqual to ED.  Z%erefore CD ta bisected in E.

2. May be proved as follows :—
0C* = OF? + EC? [I. xrvir.], and OD?* = OE2? + ED?;
but 0C? = 0D?; .. OE + EC* = OE* + ED2,
Hence EC?=ED? and EC = ED.
Observation.—The threo theorems, namely, Cor. 1., Prop. 1.,

and Parts 1, 2, of Prop. 111., are so related, that any one being
proved directly, the other two follow by the Rule of Identity.

Cor. 1.—The line which bisects perpendicularly one
of two parallel chords of a circle bisects the other per-
pendicularly.
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Cor. 2.—The locus of the middle points of a system
of parallel chords of a circle is the diameter of the
circle perpendicular to them all.

Cor. 3.—If a line intersect two concentric circles,
its intercepts between the circles are equal.

Cor. 4.-—The line joining the centres of two inter-
secting circles bisects their common chord perpendi-
cularly.

Exercises.

1. Tf a chord of a eircle subtend a right angle at a given
point, the locus of its middle point is a circle.

2. Every circle passing through a given point, and having its
centre on a given line, passes through another given point.

3. Draw a chord in a given circlo which shall subtend a right
angle at a given point, and be parallel to a given line.

PROP. IV.—TnErorem.

Two chords of a circle (AB, CD) whick are not both
diameters cannot bisect each other, though either may
bisect the ather.

Dem.—Lct O be the centre.  Let AB, CD interscet
in E; then since AB, CD are not
both diameters, join OE. 1f pos-
sible let AE be cqual to EB, and
CE cqual to ED. Now, since OE

passing through the centre biscets

AB, which docs not pass through ‘
the centre, it is at right angles to A B
it; therefore the angle AEO is g a
right. In like manner the angle

CEO is right. Hence AEO is equal to CEO—that is,
a part equal to the whole—which is absurd.  Zherefore
AB and CD do not bisect each other.

Cor.—If two chords of a circle bisect each other,
they are both diameters.

D
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PROP. V.—Turorem.

If two circles (ABC, ABD) cut one another in any point
(A), they are not concentric.

Dem.—Tf possible let them have a common centre at
0. Join OA, and draw any other
line OD, cutting the circlesin C
und D respectively. Then becanse
0 is the eentre of the circle ABC,
O\ is equal to OC.  Again, be-
cause O 18 the eentre of the cirele
ABD, OA is cqual to OD. Hence B
0C is equal to OD—a part equal —
to the whole—which is abswrd.  Zhercfore the cireles
are not concentric.

Exercises.

1. If two non-conceentric ¢ireles intersect inone point, they must
intersect in another point. For, let O, O be the centres, A the
pomut of irteiseetion; from A let fall the L AC on the line O,
Produco AC to B, making BC = CA: then B is another point of
intersection.

2. Two circles cannot have three points in common without
wholly coinciding.

PROP. VI.—Turorem.

If one cirele (ABC) touck another cirele (ADE) internally
in any point (A), it 18 not concentric with it.

Dem.—If possible let the circles be concentrie, and
et O be the centre of cach.  Join A
OA, and draw any other line OD,
cutting the circles in the points
B, D respectively. Then because O
is the centre of each cirele (hyp.),
OB and OD are each equal to OA ;
thercfore OB is equal to OD, which
is impossible. Mlence the circles
cannot have the same centre.
1
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PROY. VII.—Turorrn.

If from any point (V) witlin a civele, which is not the
centre, lines (PA, PB, PC, &c.), one of which passes
through the centre, be drawn 1o the eircumference, then—
1. The greatest is the line (PA) which passes through the
contre. 2. The production (PE) of this in the opposite
direction 1s the least. 3. Of the others, that which 1+
nearest to the line throuyh the cenlre is grealer than every
vue more remole, 4. Any {wo lines making equal angles
with the dicmeter on opposite sides are equal. 5. ore
than two equal viyht lines cannot be drawn from the given
point (D) to the circumference,

Dem.—1. Let O be the centre. Join OB. Now
since O is the centre, OA is
equal to OB: to each add OP,
and we have AP cqual to the
sum of OB, OP; but the sum
of OB, O is greater than €
PB[I. xx.]. Therefore PA s
yreater than PB.

2. Join OD. Then [I. xx.]
the sum of OP, I'D is greater
than OD; but OD is equal to
DE[I. Def. xxx.]. Therefore E
the sum of OP, PD is greater than OE. Reject OD,
which is common, and we have D greater than PK.

3. Join OC; then two friangles OB, POC have
the side OB equal to OC [I. Def. xxx.], and OP com-
mon ; but the angle I'OB is greater than POC; there-
fore [I. xxrv.] the base PB is greater than PC. In
like manner PC ¢s greater than PD.

4. Make at the centre O the angle POF cqual to
POD. Join PF. Then the triangles POD, POF have
the two sides OP, OD in one respectively equal to the
sides OP, OF in the otlicr, and the angle POD equal to
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the angle POF ; hence PD is equal to PI [ L 1v. ] and
the angle OTD equal to the angle OPF. Zherefore D
and LY make equal angles with the diameler.

5. A third line caunot be drawn from P equal to
cither of the equal lines PD, P¥. 1f possible let PG
be cquai to PD, then PG is equal to PF—that is, the
line which is nearest to the one through the centre is
cqual to the once which is more remote, which is im-
possible.  Ilence three equal lines cannot be drawn from
P to the circumference.

Cor. 1.—1f two equal lines PD, PF be drawn from
a point I’ to the circumference of a circle, the diameter
through P bisccts the angle DPF formed by thesc
lincs.

Cor. 2.—1If P be the common centre of circles whose
radii are PA, PB, PC, &e., then—1. The circle whose
radius is the maximum line (PA) lies outside the circle
ADE, and touches it in A [Def. Iv.l. 2. The cirele
whose radius is the minimum line (PE) lics inside the
circle ADE, and touches it in E. 8. A circle having
any of the remaining lines (PD) as radius cuts ADE
in two points (D, F).

Observation.—Pioposition vir. affords a good illustration of
the following important definition (sce Sequel to Fuclid, p. 13) :—
If a geometrical magnitudo varies its position continuously ac-
cording to any law, and if it retains the same value throughout,
it is said to be a constant, such as the radius of a circle revolving
round the centre ; but if it gocs on increasing for some time, and
then begins to decrease, it is said t0 be a mazimum at the end of
the increase. Thus, in the foregoing figure, PA, supposed to
revolve round P and meet the circle, is a maximum.  Again, if it
decrcases for some time, and then begins to increase, it is @ mmni-
mum at the commencement of the increase. Thus I’E, supposed
as before to revolve round P and meet the circle, is a minimum.
Proposition viar. will give other illustiativns.
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PROP. VIII.—TurorEM.

If from any point (P) outside a cirole, lines (PA, PB,
PC, &c.) be drawn o the concave circumference, then—
1. The maximum is that which passes through the centre.
2. Of the others, that which is nearer to the one through
the centre is greater than the one more remote. Again, if
lines be drawn to the convex circumference—3. The mini-
mum 1s that whose production passes through the centre.
4. Of th others, that which is nearer to the minimum is
less than one more yemots. 5. From the given point (P)
there oan be drawn two equal lines to the concave or the
convex circumference, both of which make equal angles with
the line passing through the centre. 6. More than two
equal lines cannot be drawn from the given point (P) to
etther circumference.

Dom.—1. Let O be the centre. Join 0B. Now
sinee O is the centre, OA is equal to OB : to each add
OP, and we have AP cqual to the sum of OB, OP; but
the sum of OB, OP is greuter than BP [1. xx.]. Zhere-
fore AP 18 greater than BD.

2. Join OC, OD. The two triangles BOP, COP
have the side OB equal
to OC, and OP common,
and the angle BOP
greater than COP; ¢here-
Sfore the base BP ds yreator
than CP [I. xxiv.]. In
Like manner CP 18 greater
than DP, &e.

8. Join OF. Now in
the triangle OFP the
sum of the sides OF,
FP is greater than OP
[I.xx.]; but OF is cqual
to OE [I. Def. xxx.].
Reject them, and FP w0l
remain greater than ED.

4. Join 0@, OH. The two triangles GOP, FOP
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have two sides GO, OP in one respectively equal to
two sides FO, OP in the other; but the angle GOP is
greater than FOP; therefore [1. xx1v] the base GP s
greater than ¥P.  In like manner HD 48 greater than
GP.

5. Make the angle POI equal POF [I. xxnir.]. Join
IP. Now the triangles I0P, FOP have two sides 10,
OP in ono respectively cqual to two sides FO, OF in
the other, and the angle 10Y equal to FOP (const.);
thercfore (1. 1v.] 1P 15 equal to ¥P.

6. A third line cannot be drawn from P equal to either
of the lines 1P, FP. For if possible let PK be equal to
PF; then PK is equal to PI—that is, one which is
nearer to the minimum equal to onc more remote—
which 18 tmpossible.

Cor. 1.—If PI be produced to mcet the circle again
in L, PL is equal to PB.

Cor. 2.—1If two equal lines be drawn from P to
cither the convex or coneave circumference, the dia-
meter throngh I biscets the angle between them,
and the parts of them intercepted by the circle are
equal.

Cor. 3.—If P be the common centre of circles whose
radii are lines drawn from P to the circumference of
HDE, then—1. The circle whose radius is the mini-
mum line (PE) has contact of the first kind with ADE
[Def. 1v.]. 2. The circle whose radius is the maxi-
mum line (PA) has contact of the second kind. 3. A
circle having any of the remaining lines (PF) as radius
intersects HDE in two points (F, I).
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PROP. IX.—TrEorEM.

A point () within a circle (ABC), from which more
than two equal lines (PA, PB, PC, &ec.) can be drawn to
the circumference, is the centre.

Dem.—If P be not the centre, let O be the centre.
Join OP, and produce it to mect the D
cirele in D and E; then DE is the
diameter, and P is a point in it
which is not the centre: thereforo

vir.] only two cqual lines can be 0
El'awn from P to the circumference; A —7p

but three equal lines are drawn

(hyp.), which is absurd.  Ience P p<{__ ¢
must be the centre. w5

Or thus : Sinco the lines AP, BP arc equal, the line bisectin
the angle APB [vir. Cor. 1] must pass through the centre : in liks
manner the line bisecting the angle BPC must pass through the
centre. Hence the pount of intersection of these busectors, that s,
the point P, must be the centre.

PROP. X.—Turonem.
If two cireles have more than two points common, they
must covncide.

Dem.—Let X be one of the circles; and if possible
let another circle Y have three v
points, A, B, C, in common with C
X, without coinciding with it.

Find P, the centre of X. Join 5
PA, PB, PC. Thensince P is the
centre of X, the three lines PA,
PB, PC are cqual to one another.

Again, since Y is a circle and
P a point, from which three equal B
lines PA, PB, PC can be drawn to its circumference,
P must be the centre of Y. Hence X and Y are con-
centric, which [v.] 8 tmpossible.

Cor.—Two circles not coinciding cannot have more
than two points common. Compare I., Axiom x., that
two right lines not coinciding cannot have more than
one point ¢common.
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PROP. XI.—THEonEN.

If ons eirele (CPD) fouch another circle (APB) in-
ternally at any point U, the line joining the centres mu.t
pass through that point.

Dem.—Lct O be the centre of APB. Join OP. I
say the centre of the smaller P
eircle is in the line OP. If not, A~
let it be in any other position such '
as B. Join OE, EP, and produce
OE through E to mect the circles
in the points C, A. Now since E
is a point in the diameter of the
larger circle between the centre
and A, EA is less than EP A
[vir. 2]; but EP is cqual to EC
(hyp.), being radii of the smaller circle. Henco EA
is less than EC; which is impossible; consequently the
centre of the smaller circle must be in the line OP,
Let it be H ; then we see that the line joining the centres
passes through the point P.

Or thus: Since EP is a line drawn from a point
within the circle APB to the circumference, but not
forming part of the diamcter through E, the circle
whose centre is E and radius EP cuts [vir.,, Cor. 2]
APB in P, but it touches it (hyp.) also in P, which is
impossible. Ilence the centre of the smaller ¢ircle CPD
must be in the line OD.

PROP. XII.—TuroREM.

If two circles (PCF, PDE) have external contact at any
point P, the line joining therr centres must pass through
that point.

Dem.—Let A be the centre of one of the circles.

Join AP, and produce it to meet the second circle agai
in E. I say the centre of the second cirele is in the
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line PE. If not, let it be elsewhere, as at B.  Join
AB, interseeting the eircles
in C and D, and join BP.
Now since A is the centre
of the circle PCF, AP is
cqual to AC; and sinee B
is the centre of the eirele
PDI, BP is cqual to BD.
IIence the sum of the lines AP, BP is equal to the
sum of the lines AC, DB ; but AB is greater than the
sum of AC and DB ; therefore AB is greater than the
sum of AP, PB—that is, one side of a triangle greater
than the sum of the other two—which [ L. xx. ] is impos-
sible. Hence the centre of the sccond circle must be
in the line PE. Let it be @, and we sce that the line
through the centres passes through the point Y.

Or thus: Since BP is a line drawn from a point with-
out the circle PCF to its civcumfcrence, and when pro-
duced does not pass through the centre, the cirele
whose centre is B and radius BP must cut the circle
PCF in P [vimw., Cor. 3]; but it touches it (hyp.) also
in P, which is impossible. Hence the centre of the
second circle must be in the line LE.

Observation.—Propositions x1., x11., may both be included in
one enunciation as follows :—¢ If two circles touch each other at
any point, the centres and that point are collinear.”” And this
latter Proposition is a limiting case of the theorem given in Pro-
position 111., Cor. 4, that ““'The line joining the centres of two
intersecting cireles hiseets the common chord perpendienlarly.”’

C

D

. Suppose the circle whose centre is O and one of the points of
intersection A to remain fixed, while the second circle turns
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round that point in such a manner that the second point of
intersection B becomes ultimately consecutive to A ; then, since
the line OO always bisects AB, wo seo that when B ultimately
becomes consccutive to A, the line 00’ passes through A. In
consequence of the motion, the common chord will become in
the limit a tangent to each cirele, as in tho second diagram.-—
(CoMBEROUSSE, (foméirie Plane, page 57.

Cor. 1.—If two circles touch each other, their point of contact
is the union of two points of intersection. Ilence a confact
counts for two intersections.

Cor. 2.—If two circles touch each other at any point, they
cannot have any other common point. For, since two circles
cannot have more than two points
common [X.], and that the point of con-
tact is equivalent’to two common points,
circles that touch eannot have any
other point common. The following is A
a formal proof of this Proposition :—Let
(), O’ be the centres of the two circles, /

A’ the point of contact, and let O’ lie /
between O and A ; take any other point
B in the eircumferonce of 0. Join O'B; B

then [vir.] O'B is greater than O'A; therefore the point C is
outside the circumference of the smaller cirele.  Hence B cannot
be common to both circles. In like manner, they cannot have
any other common point but A.

PROP. XIIT.—Tiurorkm.

Tiro circles cannot have double contact, that s, cannot
touch each other in two points.

Dem.—1. If possible let two circles touch each
other at two points A and B. c
Now since the two circles touch n
cach other in A, the line joining | i
their centres passes through A
[x1.]. In like manner, it passes 4 L B
through B. Hence the centres
and the points A, B are in one
right line; therefore AB is a
diameter of each circle. Hence,
if AB be bisected in E, E must be the centre of each
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circle—that is, the circles are concentrie—which [v.] s
tmpossible.

2. If two circles touched each other externally in
two distinet points, then [xtr.] the line joining the
centres should pass through each point, which ds tm-
possible.

Or thus: Draw o linc bisecting AB at right angles.
Then this line [ 1., Cor. 1] must pass through the centre
of cach circle, and therefore [x1. x1r.] must pass through
each point of contact, which is impossible. Ilence two
cireles cannot have double contact.

This Proposition is an immediate inference from the theorem
[x11., Cor. li that a point of contact counts for two intersections,
for then two contacts would be equivalent to four intersections;
but there cannot be more than two intersections [x.]. It also
follows from Prop. xi1., Cor. 2, that if two circles touch each
other in a point A, they cannot have any other point common;
lence they cannot touch again in B.

Exercises.

1. Ifa variable circle touch two fixed circles externally, the
difference of the distances of its centre from the centres of the
fixed circles is equal to the difference or the sum of their radii,
according as the contacts are of the same or of opposite species
(Def. 1v.).

2. If a variable circle be touched by one of two fixed circles
internally, and touch the other fixed circle either externally or
internally, the sum of the distances of its centre from the centres
of the fixed circles is equal to tho sum or the difference of their
radii, according as the contact with the second circle is of the first
or second kind.

3. If through the point of contact of two touching circles any
secant be drawn cutting the circles again in two points, the radii
drawn to these points aro parallel.

4. If two diameters of two touching circlos be parallel, the
lines from the point of contact to the extremitics of one diamcter
pass through the extremities of the other.



BOOK 1IIT.] THE ELEMENTS O EUCLID. 123

PROP. XIV.—Tuarorkm.

In equal circles—1. equal chords (AB, CD) are equally
distant from the centre. 2. chords which are equally
distant from the centre are equal.

Dem.—1. Let O be the centre. Draw the perpen-
diculars OE, OF. Join AO, CO.
Then because AB is a chord in a
circle, and OE is drawn from the
centre cutting it at right angles,
it bisects it [nr]; thercfore AK | E —F
is the half of AB. In like man- ]
ner, CF is the halfof CD; but AB /
is equal to CD (hyp.). Therefore 0
AREisequal to CF [ 1., Axiom vir.]. B
And because E is a right angle, AO%is cqual to AK?
+ KO% In like mannecr, CO?is equal to CF* + FO*;
but AO? is equal to CO* Thercfore AE?* + EO? is
equal to CF? + FO*; and AE? has been proved cqual to
CF: Hence EO? is equal to FO?; therefore KO is
cqual to FO. Jlence AB, CD are (Def. v1.) equally
distant from the centre.

A -—" ~C

2. Let EO be equal to FO, it is required to prove AR
equal to CD. The same construction being made, we
have, as before, AL + EO? equal to CF*+ FO?; but EO*
is equal to ¥O* (hyp.). Hence AE? is equal to CE?
and AE is cqual to CF'; but AB is double of AE, and
CD double of CF.  Zercefore AB ds equal to CD.

Exercise,

If a chord of given length slide round a fixed circle—1. the
locus of its middle point is & circle; 2. the locus of any point
fixed in the chord is a curcle.
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PROP. XV.—Turorem.

The diameter (AB) is the greaiest chord in a circle ;
and of the others, the chord (CD) which is nearer to
the centre is yreater than (EF) one more remole, and
the greater is mearer to the centre than the less.

Dem.—1. Join OC, OD, OFE, and draw the perpen-

diculars OG, O ; then becausc -~
0 is the centre, OA is equal to /Z ™
0] [lI., Def. xx11.], and OB is C&—- - -
~_|
S
-

equal to OD. Hence AB is equal
to the sum of OC and OD; but A}~
the sum of OC, OD is greater
than CD [1.xx.]. Zherefore AB
18 greater than CD.

2. Because the chord CD is nearcr to the centre
than EF, OG is less than OI; and since the triangles
0GC, O are right-angled, we have OC*=0G?+GC?,
and OE?= OII* + HE?; therefore 0G? +GC*=0H? + I1E?;
but OG? is less than OII*; thercfore GC? is greater
than HE? and GC is greater than HE, but CD and EF
are the doubles of GC and HE. Ilence CD s greater
than EF.

3. Let CD be greater than EF, it is required to
prove that OG is less than OH.

As before, we have OG? + GC? equal to OH®+ HE?;
but CG? is greater than EI?; thereforc OG? is less
than OH?. Ience OG 75 less than OIL.

—B

Exercises.

1. The shortest chord which can be drawn through a given
point within a circle is the perpendicular to the diameter which
passes through that point.

2. Through a given point, within or without a given circle,
draw a chord of length equal to that of a given chord.
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3. Through one of the points of intersection of two circles
draw a secant—1. the sum of whose segments intercepted by the
circles shall be a maximum ; 2. which shall be of any length
less than that of the maximum.

4. Three circles touch each other externally at A, B, C; the
chords AB, AC of two of them are produced to mect the third
again in the points D and E; pove that DE is a diameter of the
thlilrd circle, and parallel to the line joining the centres of the
others.

PROP. XVI.—Turorem.

1. The perpendicular (BI) fo the diwmeter (AB) of a
circle at its extremity (B) touches the circle at that point.
2. Any other line (BH) through the same point cuts the
circle.

Dem.—1. Take any point I, and join it to the centre
C. Then because the angle CBI
is a right angle, CI? is cqual to
(B2 +BI* [1. xuvir. ] ; therefore
CI[*is greater than CB2% Hence
OI is greater than CB, and the
point I [note on I., Def. xxx11.]
1s without the circle. In like
manner, every other point in
BI, except B, is without the
circle. Hence, since BI meets
the circle at B, but does not cut vt, 1 must touch it.

2. To prove that BH, which is not perpendicular to
AB, cuts the circle. Draw CG perpendicular to 1IB.
Now BC? is cqual to CG*+ GB* Therefore BC? is
greater than CG? and BC is greater than CG. Hence
[note on 1., Def, xxxmr.] the point G must be within
the circle, and consequently the line BG produced
must meet the circle again, and must therefore cut it.

This Proposition may be proved as follows

At every point on a cirele the tangent is perpendicular
to the radius.
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Lot P and Q be two consecutive points on the cir-

cumference. Join CP, CQ, PQ; &
roduce PQ both ways. Now since
? and Q are conscentive points, PQ
is a tangent (Def. n1.).  Again, the .
sum of the three angles of the tri- P

angle CPQ is equal to two right

angles; but the angle C is infinitely

small, and the others are equal. R
Hence each of them is a right angle.  Z%erefore the
tangent is perpendicular to the diameter,

Or thus : A tangent is a limiling position of a secant,
namely, when the sccant moves out until the two
points of interscetion with the eircle become consceu-
tive; but the line through the centre which biscets
the part of the secant within the circle [mm.] is per-
pendicular to it.  Ilence, in the limit the tangent vs
perpendicular to the line from the centre to the point
of contact.

Or again : The angle CPR is always equal to CQS;
henee, when P and Q come together cach ig a right
angle, and the tangent is perpendicular to the radius.

Excreises.

1. If two cireles be concentrie, all chords of the greater which
touch the lesser aro equal.

2. Draw a parallel to a given line to touch a given circlo.

3. Draw a perpendicular to a given line to touch a given
circle.

4. Deseribe a circle having ifs centre at a given point—1. and
ruching a given line; 2. and touching a given eircle. Ilow
many solutions of this case ?

5. Describe a circle of given radius that shall touch two given
lines. How many solutions?

6. Find the locus of the centres of a system of circles touching
two given lines.

7 De-eribe a circle of given radius that shall touch a given
cirele and a given line, or that shall touch two given circles.
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PROP. XVIL.—Prourrm.

From a giver point (P') without a given circle (BCD) to
' draw a tangent to the cirele.

Sol.—Let O (fig. 1) be the centre of the given circle.
Join OP, cutting the circumference in ¢, With O as
centre, and Ol as radius, describe the circle APKE,

Fig. 1.

fireet CA at night angles to OP.  Join OA, interseot-
ing the circle BCD in B. Join BY; it will be the
tangent required.

Dem.—Sinee O is the centre of the two circles,
we have OA cqual to OP, and OC cqual to OB.
Ilence the two triangles AOC, OB havo the sides
OA, OC in one respectively equal to the sides OP, OB
in the other, and the contained angle common to both.
Hence [I. 1v.] the angle OCA is equal to OBP; but
OCA is a right angle (const.); thercfore OBP is a
right angle, and {xvi.] PB touches the circle at B.

Cor.—If AC (fig. 2) be produced to E, OE joined,
cutting the circle BCD in D, and the line DP drawn,
DY will be another tangent from P,
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Exercises.

1. The two tangenws B, I'D (fig. 2) ate equal to vne another,
hecause the square of each is cqual to the square of OF minus the
square of tho radius.

2. If two circles be concentric, all fangents to tho inner from
points on the outer are equal.

3. If a quadrilateral he circumseribed tu a eicle, the sum
of one pair of opposite sides is equal to the sum of the other
pair.

4. 1f a parallelogram be civeumseribed to a cirele it must be
a Jozenge, and its dingonals intersect in the centre.

5. If BD be joined, intersecting OF in ¥, OP is perpendicular
to BD.

6. 'T'he locus of the intersection of two equal tangents to two
circles is a right Yine (ealled the radiwal wais of the two e eles).

7. Find a point such that tangents from it {o three given circles
shall be equal.  (Z%s pownt 1s called the radical centre of the three
cireles.)

8. The rectangle OF.OY is equal to the squarc of the radius.,

Der. Two points, suck as ¥ and P, the rectangle of whvse
dustances OF, OP from the centre is equal to the square of the
radius, are called inverse points with respect to the circle.

9, The intercept made on a variable tangent by two fixed tan-
genls subtends a constant angle at the centre.

10. Draw acommon tangent to two drcles.  Hence, show how
to draw a line cutting two cireles, so that the intercepted chords
shall be of given lengths.
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PROP. XVII[.—TuroreyM

If a line (CD) touch a circle, the line (OC) from the centre
to the point of contact 18 perpendicular to 4t.

Dem.—If not, suppose another line OG drawn from
the centre to be perpendicu-
lar to CD. Let OG cut the
circle in F. Then because
the angle OGC is right (hyp.)
the angle OCG [I xvir]
must be acute. Therefore
[I. x1x.] OC is greater than
OG; but OC is equal to OF
| L Def. xxxir.]; thercefore
OF is greater than OG—that ——---- ¢ -~ | B—)
is, a part greater than the
whole, which is impossible. Hence OC must be per-
pendicular to CD.

Or thus: Since the perpendicular must Lo the shortest line

fiom O to CD, and OC is evidently the shortest line; therefore
OC must be perpendicular to CD.

A

PROP. X1X.—Tuuoxt,

If a line (AB) be a tungent to a cirels, the line (AC)
drawn at right angles to ¢t from the point of contact passcs
through the centre.

If the centre be mnot in AC, let O be the centie,
Join AOQ. Then because AB )
touches the circle, and OA is -
drawn from the centre to the
point of contact, OA is at right
angles to AB [xvir.]; there-

fore the angle OAB is right, /°

and the angle CAB is right
(hyp.); therefore OAB is equal
to CAB—a part equul to the _ i
whale, which is impossible. ~ B
Alence the centre must be in the line AC,
¥
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Cor.—1f o number of circles touch the same line at
the same point, the locus of their centres is the perpen-
dicular to the line at the point.

Observation.—’ropositions xvr., xvii., XIx., are so related
that any two _can be infenied from the third by the ¢ Rule of
Identity.” Ilence it would, in strict logic, be sufficient to prove
any one of the three, and the others would follow. Aguin, these
throo theorems are limiting cases of Proposition 1., Cor. 1., and
Parts 1, 2, of Proposition 1., namely, when the points in which
the chord cuts the circle become consceutive.

PROP. XX.—Tukrorex.

The angle (AOB) af the centre (O) of a circle 1s doubls
the angle (ACB) at the circumference standing on the
same are.

Dem.—Join CO, and produce it to E. Then because
OA is cqual to OC, the angle ACO is cqual to OAC;
but the angle AOE is equal to the sum of the two
angles OAC, ACO. Hence the angle AOE is double
the angle ACO. In like manner the angle EOB is
double the angle OCB. ence (by adding in figs. (a),

(B), and subtracting in (y), the angle AOB 1z double o
the angle ACB. sin &) g /

. Cor—1If AOB be a straight line, ACB will be a
right angle—that s, the angle in a semicircle is & right
angle (compare xxxr.),
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PROP. XXIL.—Tuxonrm.

Zhe angles (ACB, ADB) in the same segment of & oirele
are equul.

Dem.—Lct O be the centre. Join OA, OB. Then
the angle AOB is double of the angle ACB | ax.], and

also double of the angle ADB. Therefore the angle
ACB s equal to the angle ADB.

The following is the proof of the sccond part—that
is, when the are A is not greater thun a semicirele,
without using angles greater than two right angles:—

Let O be the centre.  Join €O, and produce it to meet
the circle aguin in E. Join DE, .

Now since O is the centre, the
segment ACE is greater than o
semicircle; hence, by the first ,
case, fig. (), the angle ACE is ~
cqual to ADE, In like manncr
the angle ECB is equal to EDB,
Ilence the whole anyle ACB 143
equal to the whole angle ADB.

Cor. 1.—1f two triangles ACB, ADB on the same
base AB, and on the sume side of it, have cqual vertieal
angles, the four points A, C, D, B are concyelic,

Cor. 2.—1f A, B be two fixed points, and if C varies
X2
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its position in such a way that the angle ACB retains
the same value throughout, the locus of C is a circle.

In other words— Given the base of a triangle and the
vertical angls, the loous of the vertex 18 a circle.

Exercises.
\. Given the base of a triangle and the vertical angle, find the
cus-—
(1) of the intersection of its perpendiculars;
(2) of the intersection of the internal bisectors of its base
angles ;
(3) of the intersection of the external bisectors of the base
angles ;
(4) of the intersection of the external bisector of one base
angle and the internal bisector of the other.

2. If the sum of the s«}luares of two lines be given, their sum
is & maximum when the lines are equal.

3. Of all triangles having the same base and vertical angle, the
sum of the sides of an isosceles triangle is & maximum.

4. Of all triangles inscribed in & circle, the equilateral triangle
has tho maximum perimeter.

5. Of all concyclic figures having a given number of sides, the
area is a maximum when the sides are equal.

PROP. XXII.—THEOREM.

The sum of the opposite angles of & quadrilateral (ABCD)
wnscribed in a circle 18 two right angles.

Dem.—Join AC, BD. The angle ABD is equal to

Fig. 1. Fig. 2.
ACD, being in the same scgment ABCD [xxr]; and
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the angle DBC is equal to DAC, because they are in
the same segment DABC. Hence the whole angle ABC
is equal to the sum of the two angles ACD, DAC. To
cach add the angle CDA, and we have the sum of the
two angles ABC, CDA equal to the sum of the three
angles ACD, DAC, CDA of the triangle ACD ; but the
sum of the three angles of a triangle is equal to two
right angles [I. xxxir.]. Zherefore the sum of ABC,
CDA s two right angles.

Or thus: Let O be the centre of the circle. Joix
0A, OC (ses fig. 2). Now the angle AOC is double ot
CDA [xx.}, and the angle COA is double of ABC.
Hence the sum of the angles [I. Def. 1x. mnote]
AOC, COA is double of the sum of the angles CDA,
ABC; but the sum of two angles AOC, COA is four
right angles. ZTherefore the sum of the amgles CDA,
ABC 48 two right angles.

Or again: Let O be the centre (fig. 2). Join OA, OB
0C, OD. Then the four triangles AOB, BOC, COD,
DOA are each isosceles. Hence the angle OAB is
equal to the angle OBA, and the angle OAD equal to
the angle ODA ; therefore the angle BAD is equal to
the sum of the angles OBA, ODA. In like manner
the angle BCD is equal to the sum of the angles OBC,
ODC. Hence the sum of the two angles BAD, BCD
is equal to the sum of the two angles ABC, ADC, and
kence each sum 18 two right angles.

Cor.—1f a parallelogram be inscribed in a cirele it is
a rectangle.

Exercises.
1. If the opposite angles of a quadrilateral be supplemental, it
is cyelic.
2. If a figure of six sides be inscribed in a circle, the sum of
any three alternate angles is four right angles.

3. A line which makes equal angles with one pair of opposite
sides of a cyclic quadrilateral, makes equal angles with the v
maining pair and with the diagonals.
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4. If two opposite sides of a cyclic quadrilateral bo produced to
meet, and a perpendicular be let fall on the biscctor of the angle
between them from the point of intersection of the diagonals, this
perpendicular will biscet the angle between the diagonals.

5. If two pairs of opposite sides of a cyclic hoxagon be respeca
tively parallel to each other, the remaining pair of sides are also
paralilel,

6. If two circles intersoct in tho points A, B, and any twolines
ACD, BIFE, he drawn through A and B, cutting one of the circles
in the points C, E, and tho other in the points D, I*, the line CK
is parallel to DF.

7. 1f equilateral triangles be described on the sides of any
triangle, the lines joining tho vertices of the original trianglo
to the opposite vertices of tho equilateral triangles are concur-
1ent.

8. In the samo case prove that tho centres of tho circles de-
seribed about tho equilateral triangles form another equilateral
triangle.

9. If a quadrilateral bo described about a ecircle, tho an:les at
the centre subtended by the opposito sidos are supplemental.

10. The perpendiculars of a triangle arc concurrent.

11. If a variable tangent mcets two parallel tangents it sub-
tends a right angle at the centre.

12. Tho feet of tho perpendiculars let fall on tho sides of a
triangle from any pointin tho circumfercnce of the circumseribed
cirele are collinear (SiMson).

Drr.— The line of collinearity is called Simson’s line.

13. If a hexagon be circumscribed about a cirele, the sum of
the angles subtended at the centre by any threoe alternate sides is
equal to two right angles.

PROP. XXIII.—TrnrorEM.

Two svmilar segments of circles which do not coincide
cannot be constructed on the same chord (ADB), and on the
same side of that chord.

Dem.—If possible, let ACB, ADB, be two similar
segments constructed on the samo side of AB. Take
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any point D in the inner one. Join AD, and produce
it to meet the outer onein C.
Join BC, BD. Then since
the segments are similar,
the angle ADB is csual to
ACB (Def. x.), which is im-
possible [L. xvr.).  Mence fwo similar segments not coin-
cilding cannot be described on lhe same chord and on the
same sule of 18,

PROP XX1V.—Turorem.

Stmilar segments of circles (AEB, CFD) on equal chords
(AB, CD) are equal to one anotker.

Dem.—Since the lincs are equal, if AB be applied

N

to CD, so that the point A will coincide with C, and
the line AB with CD, the point B shall coincide with
D; and because the segments are similar, they must
coincide [xxmr.). Hence they are equal.

This demonstration mey be stated as follows :— Since the chords
are equal, the{ are congruent ; and therefore the segments, being
similar, must be congruent.

PROP. XXV.—ProsLEM,

An are (ABC) of a circle being given, 1t 18 required to
describe the whole circle.

80l.—Take any three points A, B, C in the arc.
Join AB, BC. Bisect AB in D, and BC in E. Ercct
DF, EF at right angles to AB, BC; then F, the point
of intersection, will be the centre of the circle.
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Dem.—Because DT biseets the chord AB and is per-
pendicular to it, it passes through
the centre [I., Cor. 1], In like
manner EF passes through the
centre.  Ilence the point B must be
the centre; and the circle described
Jrom F as centre, with FA as radius, 4 ¥ o
will be the cirele required.

PROP. XXVI.—Turonrrm.

The four Propositions xxvi.-xx1x. ar¢ so like in their enun.
ciations that students frequently substitute ene for another. The
following scheme will assist in remembering them :—

In Proposition xxvi. are given angles =, to prove ares =,

” XXVIL aes =, ,, angles =,
»”» XXVIIL chouls =, ' arcs -,
” XX1X. ” ares =, o, chords =+

go that Proposition xxvir. is the converse of xxvI., and xx1x ¢ f
XXVIII,

In equal cireles (ACB, DFE), equal angles at the
centres (AOB, DHE) or at the circumferences (ACB, DFE)
stand upon equal arcs.

Dem.—1. Supposc the angles at the centres to be
given equal. Now because the circles are equal their
radii are equal (Def.

1.). Therefore the

c_ T

two triangles AOB,

DHE have the sides o

AO, OB in one re- "
spectively equal to \

the sides DH, HE AN /B DN\ Tk
in the other, and the G K

angle AOB equal to
DUE (hyp.). Therefore [L. rv.] the base AB is equal
to DE.

Again, since the angles ACB, DFE are [xx.] the
hulves of the equal angles AOB, DHE, they are equal
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[I. Axiom vir.]. Thercfore (Def. x.) the segments
ACB, DTE are similar, and their chords AB, DE have
been proved equal ; thercfore [xxiv.] the segments ave
equal. And taking these equals from the whole eircles,
which are equal (hyp.), the remaining segments AGB,
DKE are equal. Ilence the arcs AGB, DKE are equal.

2. The demonstration of this case is included in the
foregoing.

Cor. 1.—If the opposite angles of a cyclic quadri-
lateral be equal, one of its diagonals must be a diame-
ter of the circumscribed cirele.

Cor. 2.—Paurallel chords in a circle intercept equal
arcs.

Cor. 3.—If two chords intersect at any point within
a circle, the sum of the opposite arcs which they inter-
cept is equal to the arc which parallel chords inter-
sccting on the circumference intercept. 2. If they
intersect without the circle, the difference of the arcs
they intereept is equal to the are which parallel chords
intersecting on the circumference intercept.

Cor. 4.—If two chords intersect at right angles, the
sum of the opposite arcs which they intercept on the
eircle is a semicircle.

PROP. XXVII.—THEOREM.

In equal circles (ACB, DFE), angles at the centres
(AOB, DHE), or at the circumferences (ACB, D¥E),
which stand on equal arcs (AB, DE), are equal.

Dem.—If possible let one of them, such as AOB,
be greater than the
other, DHE ; and
suppose a part such
as AOL to be equal
to DHE. Then since
thecircles are equal,
and the angles AOL,
DHE at the centres
are equal (hyp.), the
ure AL is cqual to DI [xxve.]; but ABisequal to DE

¥

o

o K
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(hyp.). Hence AL is equal to AB—that is, a part
equal to the whole, which is absurd.  Zherefore the
angle AOB 4s equal to DHE.

2. The angles at the circumforcence, being the halves of
the central angles, are therefore equal.

PROP. XXVUI.—Turorem.
In equal circles (ACB, DYE), equal chords (AB, DE)

divide the circumferences into arcs, which are equal each
to each—that 13, the lesser to the lesser, and the greater to
the greater.

Dem.—If the cqual chords be diameters, the Propo-
sition is evident. 1f C
not, let O, H be the
centres. Join AO,
OB, DH, HE; then
because the circles
are equal their radii
are equal (Def. 1.). A°
Hence the two tri-  ~~— S~
angles AOB, DHE
have the sides AO, OB in one respectively equal to
the sides DH, HE in the other, and the base AB is
equal to DE (hyp.). Therefore [I. virr.] the angle
AOB is cqual to DHE. Hence the arc AGD s equal
to DKE [xxvr.]; and since the whole circumference
AGBC is equal to the whole circumfercnce DKEF,
the remaining are ACB 18 equal to the remaining are
DFE.

Exercises.

1. The line joining the feet of perpendiculars from any point
in the circumference of a circle, on two diameters given in posi-
tion, is given in magnitude.

2. If a line of given length slide between two lines given in
position, the locus of the intersection of perpendiculars to the
given lines at its extremities is a circle. (This is the converse
of 1.)
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PROP. XXIX.—Turorem.

In equal civeles (ACB, DFE), equal ares (AGB, DCK)
are subtended by equal chords.

Dem.—Lct O, H be the centres (see last fig.). Join
AO, OB, DH, HE; then because the circles are equal,
the angles AOB, DHE at the centres, which stand on
the equal ares AGB, DKE, are equal [xxvir.]. Again,
because the triangles AOB, DHE have the two sides
A0, OB in onc respectively equal to the two sides DII,
HE in the other, and the angle AOB equal to the angle
D}IE, the base AB of one 4s equal to the base DE of the
other.

Observation.—Since the two circles in the four last Propo-
sitions are equal, they are congruent figures, and the truth of the
Propositions is evident by superposition.

PROP. XXX.—ProBLEM.
To bisect a given arc ACB.

Sol.—Draw the chord AB; biseet it in D ; creet DC
at right angles to AB, meeting the arc in C; then the
arc is bisected in C.

Dem.—Join AC, BC. Then _C
the triangles ADC, BDC have
the side AD equal to DB (const. ),
and DC common to both, and

the angle ADC equal to the A D B
angle BDC, each being right. Hence the base AC is
equal to the base BC. Therefore [xxvir. ] the arc AC
is equal to the arc BC. Honce the arc AB s bisected
in C.

Exercises.

1. ABOD is a semicircle whose diameter is AD ; the chord BC
produced meets AD produced in E : prove that if CE is equal to
the radius, the arc AB is equal to three times CD.
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2. The internal and the external bisectors of the vertical angle
of a triangle inscribed in a circle meet the circumference again in
points equidistant from the extremities of tho base.

3. If from A, one of the points of intersection of two given
circles, two chords ACD, AC’D’ be drawn, cutting the circles in
the points C, D; C’, D', the triangles BCD, BC'D’, formed by
joining these to the second point B of intersection of the circles,
are cquiangular.

4. If the vertical angle ACB of a triangle insciibed in a circle
be bisected by a line CD, which meets the circle again in D, and
from D perpendiculars DE, DF be drawn to the sides, one of
which must be produced: prove that EA is equal to BF, and
hence show that CE is equal to half the sum of AC, BC.

PROP. XXXI.—TuroreM.

In a circle—(1). The angle in a semicircle 18 a right
angle. (2). The angle in a segment greater than a semi-
cirele is am acute angle. (3). The angls in a segment less
than a semicircle is an obtuse angle.

Dem.—(1). Let AB be the diameter, C any point in
the semicircle. Join AC, CB. .
The angle ACB is aright angle

For let O be the centre c
Join OC, and produce AC to
F. Then because AO is equal
to OC, the angle ACO is equal D
to the angle OAC. In like
manner, the angle OCB is
equal to CBO. Hence the
angle ACB is equal to the A
sum of the two angles BAC, !
CBA; but [I. xxxm.] the
angle FCB is equal to the sum of the two interior
angles BAC, CBA of the triangle ABC. Hence the
angle ACB is equal to its adjacent angle FCB, and
thersfore 1t 18 a vight anmgle [I. Def. xiv. ]. -

(2). Let the arc ACE be greater than a semicircle.
Join CE. Then the angle ACE is evidently less than
ACB; but ACB is right ; therefore ACE 12 acute.
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(8). Let the arc ACD be less than a semicircle ; then
evidently, from (1), the angle ACD s obtuse.

Cor. 1.—If a parallelogram be inseribed in a circle,
its diagonals intersect at the centre of the circle.

Cor. 20—Find the centre of a circle by means of a
carpenter’s square.

Cor. 3.—From a point outside a ecircle draw two
tangents to the circle.

PROP. XXXII.—TuroreM.

If a line (ET) be a tangent to a circle, and from the
point of contact (A) a chord (AC) be drawn cutting the
cercle, the angles made by this line with the tangent ai¢

respectively equal to the angles in the alternate segments
of the eircls.

Dem.—(1). If the chord passes through the centre,
the Proposition is evident,
for the angles are right
angles; but if not, from the
point of contact A draw All
at right angles to the tangent.
Join BC. Then becausc KF
is a tangent to the circle,
and AB is drawn from the
point of contact perpendicu-
lar to EF, AB pasges through =
the centre [x1x.]. Thereforc ®
the angle ACB 1s right [xxxr.]. THence the sum of the
two remaining angles ABC, CAB is one right angle;
but the angle BAF is right (const.); therefore the sum
of the angles ABC, BAC is equal to BAF. Reject
BAC, which is common, and we get ke angle ABC
equal to the angle FAC.

(2). Take any point D in the arc AC. It is required
to prove that the angle CAE is equal to CDA.

Since the quadrilateral ABCD is cyclic, the sum of
the opposite angles ABC, CDA is two right angles
(xxr. ], and therefore equal to the sum of the angles
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FAC, CAE; but the angles ABC, FAC are equal (1).
b{xj}:‘-ct them, and we got the angle CDA equal to

Or thus : Take any point B
G in the semicircle AGB.
Join AG, GB, GC. Then the /-~ N\
angle AGB = FAB, cach being GA———— NG
right, and CGB = CAB [xx1.].
Therefore the remaining angle
AGC=FAC. Again, join BD, D
CD. The angle BDA = BAE,
cach being right, and CDB d
=CAB([xxr.]. Hence the angle & A F
CDA = CAE.—LarDNER.

Or by the method of limuts, scc Townsuav’s Modern
Geometry, vol. i., page 14. D

The angle BAC is equal to
BDC [xx1.]. Now let the point

B move until it becomes con- c
sccutive to A ; then AB will be

tangent, and BD will coineide
a tangent, and will coincide /<

with AD, and the angle BDC

with ADC. Hence, if AX be

a fangent at A, AC any chord, A
the angle whick the tangent makes with the chord is cqual
to the angle in the alternate segment.

B

Exercises.

1. If two circles touel, any line drawn through the point of
contact will cut off similar scgments.

2. If two circles touch, and any two lines be drawn through the
point of contact, cutting both circles again, the chord connecting
their points of intersection with one circle is parallel to the chord
connecting their points of intersection with the other circle.

3. ACB is an are of a circle, CE a tangent at C, meeting the
chord AB produced in E, and AD a perpendicular to ABin D :
prove, if DE be bisected in C, that the are AC = 2CB.

4. If two circles touch at a point A, and ABC be a chord
through A, meeting the ecircles in B and C: prove that the tan-
gents at B and C are parallel to each other, and that when one
circle is within the other, the tangent at B meets the outer circle
in two pomnts equidistant from C.
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5. If two circles touch externally, their common tangent at
either side subtends a right angle at the point of contact, and its
square is equal to the roctangle contained by their diameters.

. PROP. XXXIIl.—Drosren.

On a given right line (AB) to describe u seyment of u
circle which shall contain an angle equal to a given recti-
lineal angle (X).

Sol.—I{ X be a right angle, describe a semicirele on
the given line, and the thing required is done ; for the
angle in a semicircle is a right angle.

If not, make with the given line AB the angle BAL
equal to X. ETrect AC at right angles to AE, and BC
at right angles to AB. On AC as diameter describe a
circle : 4% will be the cirele required.

Dem.—The circle on AC as diameter passes through
B, since the angle ABC is right [xxx1.}, and touches
AE, since the angle CAE is right {xvi.]. Therefore
the angle BAE [xxxm.] is equal to the angle in the
alternate segment ; but the angle BAE is equal to the
angle X (const.). Therefore the angle X 15 equal to
the angle in the segment described on AB

Exercises.
1. Construct a triangle, being pi,riven base, vertical angle, and
any of the following data :—1. Perpendicular. 2. The sum or
difference of the sides. 3. Sum or difference of the squares of

tho sides. 4. Side of the inscribed square on the base. 5. The
median that bisects the base.
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2. 1f lines be drawn from a fixed point to all the points of the
circumference of a given circle, the locus of all their points of
bisection is a circle.

3. Given the base and vertical angle of a triangle, find the
locus of the middle point of the line joining the vertices of
equilateral triangles described on the sides.

4. In the same case, find the loci of the angular points of a
square described on one of the sides.

PROP. XXXIV.—PronrEM.

To cut off from a given circle (ABC) a seqment which
shall contain an angle equal to a given angle (X).

Sol.—Take any point A in the circumference. Draw
the tangent AD, and make the B
angle DAC equal to the given S~
angle X. AC will cut off the
required segment. /
Dem.—Take any point B
in the altcrnate segment. \ '
Join BA, BC. Then the \ , 2
angle DAC is equal to ABC A
[xxxir.]; but DAC is cqual A 8]
to X (const.).  Therefore the angle ABC is equul to X,

PROP. XXXV.--Turorrwm,

If two chords (A1, CD) of a cirele intersect in a point
(E) within the circle, the rectangles (AX . EB, CE . ED)
conlained by the segments are equal.

Dem.—1. If the point of intersection be the centre,
each rectangle is cqual to the square of the radius.
Hence they are equal.

2. Let one of the chords AB pass through the centre
0, and cut the other chord CD, which does not pass
through the centre, at right angles. Join OC. Now
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because AB passes through the centre, and cuts the
other chord CD, which does not
pass through the centre at right
angles, it bisects it [mr.]. Again,
because AB is divided equally in
O and unequally in E, the rcct-
angle AE . EB, together with OK?,
is equal to OB*—that is, to OC?
[1L. v.]; but OC? is equal to OE?
+ EC? [I. xvvir.]  Therefore

AE.EB + OF* = OE* + KU

Reject OE?, which is common, and we¢ have AR | EB
= EC?; but CE? is equal to the rectangle CE.LD,
since CE is equal to ED. Zhersfore the rectangle
AE . EB 15 equal to the rectangle CE.ED.

3. Let AB pass through the centre, and cut CD,
which does not pass through the
centre obliquely. TLet O be the
centre.  Draw OF perpendicular to
CD [I xv.]. Join OC, OD. Then,
since CD 1s cut at right angles by
OF, which passes through the centre, ()
it is bisected in F [1m.], and divided

unequally in E. Hence o
CE.ED + FE* = FD* [11. v.],
and OF? = OF®,

Henee, adding, since FE? + OF? = OE? [1. xrvir ], and
¥D? + OF? = 0OD? we get

CE.ED + OE* = OD or OB

Again, since AB is bisceted in O and divided unequally

in K, AE.EB + OE*= OB? [LL. v.].
Therefore CE.ED + OFE*= ABE . EB + Ok,
Hence CE.ED = AL . EB.

19
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4. Let nether chord pass through the ceutre.
Through the point E, where they ¥
interseet, draw the diameter F(J, s
Then by 3, the rectungle FE . EG
15 equal to the rectangle AR . LB,
and also {o the rectangle CE . ED. »
Hence the rectangle AL . EB s \~
cqual to the rectangle CE . ED.

Cor. 1.—1f a chord of u circle
be divided in any point within
the circle, the rectangle contained by its sepments is
cqual to the difference between the square of the
radius and the square of the line drawn from the
centre to the point of section.

Cor. 2.—1If the rectungle contained by the segments
of onc of two intersecting lines be equal to the rect-
angle contained by the scgments of the other, the four
extremities are coneyclic.

Cor. 3.—-If two triangles be equiungular, the rectanyle
containued by the non-corresponding .
sudes about any two equal angles are \
equal. /

Let ABO, DCO be the equi- |
angulur triangles, and let them be
placed so that the equal angles at
O may be vertically opposite, and A-
that the non-corresponding sides -
AO, CO may be in one line; then
the non-corresponding sides BO, OD shall be in onc
line. Now, since the angle ABD is cqual to ACD, the
points A, B, C, D are concylic [xx1., Cor. 1]. Hence
the rectangle AO.OC s equal to the rectangle BO . 0D
[xxxv.].

Exercises.

1. In any tnangle, the rectungle contained by two sides i.
cqual to the rectangle contained by the perpendicular on the third
side und the diameter of the circumscribed circle.

Dur.— The supplement of an arc is the difference between it and
v semicircle.
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2. The rectangle contained by the chord of an arc and the
chord of its supplement is equal to the 1ectangle contained by
the radius and the chord of twice the supplement.

3. 1f the base of a trianglo be given, and the sum of the sides,
the rectangle contained by the perpendiculars from the extremities
of the base on the external bisector of the vertical angle is given.

4. If the base and the difference of the sides be given, the
rectangle contained by the perpendiculars fiom the extremntics
of the base on the internal bisector is given.

5. Through one of the points of interscction of two eircles
draw a sccant, so that the rectangle contained by the intercepted
chords may be given, or a maximum.

*G. ) the sum of two ares, AC, CB ol a cirvele be less than a
semicurele, the rectangle AC.CB
contaned by their chords is equal
to the rectangle contained by the
radius, and the excess of the chord
of the supplement of their difference
above the chord of the supplement of
their sum.—CATALAN.

Dem.—Draw DE, the diamete:
which is perpendicular to AB, and
draw the chords CF, BG parallel
to DE. Now it is cvident that the
difference between theares AC, CI3 N )
is equal to 2CD, and therefore g
= CD + EF. Hence the arc CBI £
is the supplement of the difference, and CF is the chord of that
supplement. Again, sinoe the angle ABG is right, the arc ABG
is a semicircle. Hence BG is the supplement of the sum of the
arcs AC, CB; therefore the line BG is the chord of the supple-
ment of the sum. Now (Ex. 1), the rectangle AC.CB is equal
to the rectangle contained by the diameter and CI, and therefore
equal to the rectangle contained by the radius and 2 CI ; but the
difference between CF and BG is evidently equal to 2 C1. Hence
the rectangle AC . CB is equal to the rectangle contained by the
radius and the difference between the chords CF, BG.

*7. If we join AF, BF we find, as before, the rectangle AF.FB
equal to the rectangle contained by the radius and 2 FI—that
is, equal to the rectangle contained by the radius and the sum of
CF and BG. Hence—.If the sum of two arcs of a cirele be greater
than a semicircle, the rectangle contained by their chords is equal t,
the rectangle contained by the radius, and the sum of the chords of
the supplements of their sum and their difference.

8. Through a given point draw a transversal cutting two lines
given in position, so that the rectangle contained by the seg-
ments intercepted between it and the line may be given.
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PROP. XXXVI.—TuroreM.
If from any point (P) without a circle two lines be drawn
to 1, one of which (PT) is a tangent, and the other (PA) a
secant, the rectangle (AP, BY) contained by the segments
of the secant 1s equal to the square of the tangent.

Dem.—1. Let PA pass through the centre 0.  Join
OT. Then beeause AB is

bisected in O and divided <
externally in P, the rect- \

angle AT .BP + OB® is j
equal to OP? [II. vi.]. 4 S a—

But since P'I' is a tangent,
and OT drawn from the
centre to the point of
contact, the angle OTP
is right [xvi.]. Hence OT*+ PT? is equal to OP2,

Therefore AP.BP + OB?= OT? 4+ PT%;
but 0B = 0T
Hence the rectangle AP .BP = PT2

2. If AB does not pass through the centre O, let fall
the perpendicular OC

on AB.  Join OT, OB, AT
OP. Then because OC, \
a line through the cen- ,

tre, cuts AB, whichdoes

not pass through the

centre at right angles,

it bisects it [mL].

Hence, since AB 18 bi-

sected in C and divided
externally in P, the rectangle

AP .BP + CB* = CP* [IL. v1.];
and 0oC? = 0,
Hence, adding, since CB? + OC* = OB? [I. xrvir.], and
CP? + OC? = OF?, we get
rectangle AP .BP + OB = OP*;
but OT* + PT* = OP* [I. xrvir.].
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Therefore AP .BP + OB? = OT? + PT?%;
and rejecting tho equals OB* and OT? we have the
rectangle AP.BP=PT=

The two Propositions xxxv., xxxvr.,, may be included in one
enunciation, as follows :— ZTe rectangle AP . BP contained by the
segments of any chord of a given circle passing through a fized point
P, cither within or without the circle, is constant. For let O be
the centre : join OA, OB, OP. Then OAB is an isosceles triangle,
and OP is a line drawn from its vertex to a point P in the base,
or base produced. Then the rectangle AP .BP is equal to the
difference of the squares of OB and OP, and is therefore constant.

Cor. I.—1If two lines AB, CD produced meet in P,
and if the rectangle AP.BP = CP.DP, the points
A, B, C, D are concylic (compare xxxv., Cor. 2).

Cor. 2.—Tangents to two circles from any point in
their common chord are equal (compare xvir., Ex. 6).

Cor. 3.—The common chords of any three intersect-
ing circles are concurrent (compare xvir., Ex. 7).

Exercise.
If from the vertex A of a A ABC, AD be drawn, meeting
CB produced in D, and making the angle BAD = ACB, prove
DB.DC = DAz

PROP. XXXVII.—TuEonEM.

If the rectangle (AP . BP) contained by the segments of
a secant, drawn from any point (P) without a circls, be
equal to the square of a line (PT) drawn from the same
point to meet the circle, the lins whioh meets the ovrele s
a tangent.

Dem.—From P draw PQ touching the circle [xvir.].
Let O be the centre.
Join OP, 0Q, OT.
Now the rectangle
AP .BP is equal to the
square on PT (hyp.),
and equal to the square
on PQ [xxxv1.]. Hence
PT? is equal to PQ3
and therefore PT is
equal to PQ. Again,
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the triangles OTP, OQD have the sidle OT equal 0Q,
TP equal QP, and the base OP common; hence [I. vuir.|
the angle OTP is equal to OQP; but OQP is a right
angle, since PQ is a tangent [xvirn]; henee OTP is
vight, and therefore [xvr.] DT s a tangent.

Exercises.

1. Describe o circle passing through two given points, and
fulfilling either of the following conditions: 1, touching a given
line ; 2, touching a given circle,

2. Describe a circle through a given point, and touching two
given lines; or touchlng a given line and a given circle.

3. Describe a circle passing through a given point, having it
centre on a given line and touching a given cirele.

4. Describe a circle thiough two given points, and intercepting
a given arc on a given circle.

5. A, B, C, D are four collinear points, and EF is a common
tangent to the circles described upon AB, CD as diameters:
prove that the triangles AEB, CFD are equiangular.

6. The diameter of the circle inscribed in a right-angled tri-
angle is equal to half the sum of the diameters of tho circles
touching the hypotenuse, the perpendicular from the right angle
of the hypotenuse, and the circle described about the right
angled triangle.
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Questions for Examination on Book lll.

What is the subject-matter of Book III.?

Define et{ual oircles.

What is the differonce between a chord and a secant ?
When does a secant become a tangent ?

What is the difference between a scgment of a circle and

u seetor P

6.
1.

‘What is meant by an angle in a segment ?

If an arc of a circle be one- -sixth of the whole circumference,

what is the magnitude of the angle in it ?

8.
9.
10.
11.
12.
13.

‘What are linear segments ?

‘What is meant by an angle standing on a segment ?
What are coucyclic points?

‘What is a cyclic quadrilateral ?

How many intersections can a line and & circle have ?

What does the line become when the points of interscetion

become consecutive ?

14.
15.

How many points of intersection can two circles have ?
What is the reason that if two circles toueh they caunot

have any other common point ?

16.

Give one enunciation that will include Propositions xi.,

xit. of Book III.

17.
18.
19.
20.
21.
22.
23.

What Proposition is this a limiting case of P

Explain the extended meaning of the word angle.

‘What is Euclid’s limit of an angle ?

State the relations between Propositions xvi., xviiL., X1x.
‘What Propositions are these limiting cases of P

How many common tangents can two circles have ?

‘What is the magnitude of the rectangle of the segments of

4 chord drawn through a point 3:66 metres distant from the centre
of a circle whose r1adius 18 4 26 metres ?
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24. The radii of two circles are 4:25 and 1-76 feet respoctively,
and the distance between their centres 6'6 feot; find the lengths
of their direot and their transverse common tangents.

26. If a point be A feet outside the circumference of a circle
whose diameter is 7920 miles, prove that the length of the tan-

gent drawn from it to the circle is J 3% miles.
2

26. Two parallel chords of a circle are 12 perches and 16 perches
respectively, and their distance asunder is 2 perches; find the
length of the diameter.

27. What is the locus of the centres of all circles touching
given circle in & given point?

28. What is the condition that must be fulfilled that four
points may be concyelic ?

29. If the angle in a segment of a circle be a right angle and
a-half, what part of the whole circumference is it ?

30. Mention the converse Propositions of Book 11I. which are
proved directly.

21. What is the locus of the middle points of equal chords in a
circle P

32. The radii of two circles are 6 and 8, and the distance be-
tween their centres 10; find the length of thei: common chord.

33. If a figure of any even number of sides be inscribed in a
circle, prove that the sum of one sct of alternate angles is equal
to the sum of the remaining angles.
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IIISCELLANEOUS EXERCISES ON BOOK III

1. If two chords of a circle intersect at right angles, the sum
of the squarcs on their segments is equal to the square on the
diameter.

2. 1f a chord of a given circle subtend a right angle at a fixed
point, the 1ectangle of the perpendiculars on it fiom the fixed
point and from the centre of the given cirele is constant. Al-o
the sum of the squares of perpendiculars on it from two other
fixed points (which may be found) is constant.

3. If through ecither of the points of intersection of two cqual
circles any line be drawn meeting them again in two points,
these points are equally distant from the other intersection of the
circles.

4. Draw a tangent to a given circle so that the triangle formed
by it and two fixed tangents to the circle shall be—1, a maximum ;
2, u minimum.

5. If through tho points of intersection A, B of two circles any
twolines ACD, BEF be drawn parallel to each other, and meeting
the circles again in C, D, 1, I¥; then CD = EF.

6. In every triangle the biscctor of the greatest angle is the
least of the three bisectors of the angles.

7. The circles whose diameters are the foursides of any cyclic
quadiilateral intersect again in four concyclic points,

. 8. The four angular points of a cyclic quadrilateral determine
four triangles whose orthocentres (the intersections of their per-
pendiculars) form an equal quadrilateral.

9, If through omne of th points of intersection of two ciicles
we draw two common chords, the lines joining the extremities
of these chords make a given angle with each other.

10. The square on the perpendicular from any point in the cir-
cumference of a circle, on the chord of contact of two tangents, is
equal to the rectangle of the perpendiculars from the same point
on the tangents,

11. Find a point in the circumference of a given circle, tha
sum of the squares on whose distances from two given points may
be a maximum or a minimum.

12. Four circles are described on the sides of a quadrilateral as
diameters. The common chord of any two on adjacent sides is
parallel to the common chord of the remaining two.

X
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13. The rectangle contained by the perpendiculars from any
point in a circle, on the diagonals of an inscribed quadrilateral, is
equal to the rectangle contained by the perpendiculars from the
same point on either pair of opposite sides.

14. The rectangle contained by the sides of a triangle is
greater than the squaroc on the internal bisector of the veitical
angle, by the rectangle contained by the segments of the base.

15. If through A, one of the points of intersection of two
circles, we draw any line ABC, cutting the circles again in
B and C, the tangents at B and C intersect at a given angle.

16. If a chord of & given circle pass through a given point, the
locus of the intersection of tangents at its extremities is a right
line.

17. The rectangle contained by the distances of the point where
the internal bisector of the vertical angle meets the base, and the
point where the perpendicular from the vertex meets it from the
middle point of the base, is equal to the square on half the diffcr-
ence of the sides.

18. State and prove the Proposition analogous to 17 for the
cxternal bisector of the vertical angle.

19. The square on the cxternal diagonal of a eyclic quadri-
lateral is equal to the sum of the squares on the tangents from
its extremities to the circumseribed circle.

20. If a variable circle touch a given circle and a given line,
the chord of contact passes through a given point.

21. If A, B, C be three points in the circumference of a circle,
and D, E the middle points of the arcs AB, AC; the if then line
DE intersect the chords AB, AC in the points F, G, AF 1s cqual
to AG.

L]

22. Given two circles, O, O’; then if any secant cut O in the
points B, C, and O’ in the points B’, (', and another secant cuts
them in the points D, E; D’, K respectively; the four chords
BD, CE, B'D’, C'E’ form a cyclic quadrilateral.

23. If a cyclic quadrilateral be such that a circle can be
inscribed in it, the lines joining the points of contact are per-
pendicular to each other.

24. If through the point of intersection of the diagonals of a
cyclic quadrilateral the minimum chord be drawn, that point will
bisect the part of the chord between the opposite sides of the
quadrilateral,
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25. Given the base of a triangle, the vertical angle, and cither
the internal or the external bisector of the vertical angle; con-
struct it.

26. If through tne middle point A of a given arc BAC we
draw any chord AD, cutting BC in E, tho rectangle AD. AR is
constant.

27. The four circles circumscribing the four triangles formed
by any four lines pass through a common point.

28. If X, Y, Z be any three points on the threo sides of a tri-
angle ABC, the three circles about the triangles YAZ, ZBX, XCY
pass through a common point.

29. If the position of the common point in the last question be
given, the three angles of the triangle XYZ are given, and con-
versely.

30. Place a given triangle so that its three sides shall pass
through three given points.

31. Place a given triangle so that its three vertices shall lic on
three given lines.

32. Construct the greatest triangle equiangular to a given one
whose sides shall pass through three given pointas.

33. Construct the least triangle equiangular to a given one
whose vertices shall lie on three given lines.

34. Construct the greatest triangle equiangular to a given one
whose sidus shall touch three given circles.

35. If two sides of a given triangle pass through fixed points,
the third touches a fixed circle.

36. If two sides of a given triangle touch fixed circles, the
third touches a fixed circle.

37. Construct an equilateral triangle having its vertex at a
given point, and the extremities of its base on a given circle.

38. Construct an equilateral triangle having its vertex at a
given point, and the extremities of its base on two given circles.

39. Place a given triangle so that its three sides shall touch
three given circles.

40. Circumscribe a square about a given quadrilateral.
41. Inscribe a square in a given quadrilateral.

42. Describe circles—(1) orthogonal (cutting at right angles) to
a given cirele and passing througi two given points; (2) ortho-
gonal to two others, and passing through a given point; (3) ortho~
gonal to three others.
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43. If from the extremities of a diameter AB of a semicircle
two ﬁ};ords AD, BE be drawn, meeting in C, AC. AD + BC . BE
4t. If ABCD bo a cyelic quadrilateral, and if we describe any
ciicle passing through ths voints A and B, another through B
and C, a third through C and D, and a fourth through D and A ;
these eircle sintersect successively in four other points &, I, G, H,
forming another cyclic quadiilateral.

45. If ABC be an equilateral triangle, what is the locus of the
point M, if MA = MB  MC?

46. In a triangle, given the sum or the diffcrence of two sides
and the angle formed by these sides both in magnitude and position,
the locus of the centre of the circumseribed circle is a right line.

47. Describe a circlo—(1) through two given points which
shall bisect the circumference of a given cirele; (2) through
one given point which shall bisect the circumference of two
given circles.

48. Find the locus of the centre of a circle which bisects the
circumferences of two given circles.

49. Describe a circle which shall bisect the circumferences of
three given circles.

50. AB is a diamcter of a circle; AC, AD are two chords meet-
ing the tangent at B in the points E, F respectively : prove that
the points C, D, E, F are concyclic.

51. CD is a perpendicular from any point C in a semicircle on
the diameter AB; EFG is a circle touching DB in E, CD in F,
and the semicirele in G ; prove—(1) that the points A, F, G are
collinear; (2) that AC = AE.

52. Being given an obtuse-angled triangle, draw from the
ohtuse angle to the opposite side a line whose square shall be
cqual to the rectangle contained by the segments into which it
ilivides the opposite side.

53. O is a point outside a circle whose centre is E; two per-
pendicular lines passing through O intercept chords AB, CD on
the circle; then AB? + CD? + 40E? = 8R2.

54. The sum of the squares on the sides of a triangle is equal
to twice the sum of the rectangles contained by each perpendicula:
and the portion of it comprised between the corresponding vertea
and the orthocentre ; also equal to 12R? minus the sum of the
squares of the distances of the orthocentre from the vertices.

56. If two circles touch in C, and if D be any point outside the
cireles ut which their radii through C subtend equal angles, if
DY, DT be tangent from D, DE.DF = DC2.
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. BOOK IV.
INSCRIPTION AND CIRCUMSCRIPTION

OF

TRIANGLES AND OF REGULAR POLYGONS IN AND
ABOUT CIRCLES.

DEFINITIONS.

1. If two rectilineal figures be so related that the
angular points of one lic on the sides of the other—
1, the former is said to be inscribed in the latter;
2, the latter is said to be described about the former.

1. A rectilineal figure is said to be inscribed in a
circle when its angular points arc on the circumference.
Reciprocally, a rectilineal figure is said to be circum-
scribed to a circle when each side touches the circle.

1. A circle is said to be inscribed in a rectilineal
figure when it touches each side of the figure. [Re-
ciprocally, a circle is said to be circumscribed to a recti-
lineal figure when it passes through each angular point
of the figure.

1v. A rectilineal figure which is both equilateral and
equiangular is said to be regular.

Observation.—The following summary of the contents of the
Fourth Book will assist the student in remembering it : —

1. It contains sixteen Propositions, of which four relate to
triangles, four to squares, four to pentagons, and four miscel-
laneous Propositions.

2. Of the four Propositions occupied with triangles—

(a) One is to inscribe a triangle in a circle.

(B) Its reciprocal, to describe a triangle ahout & circle.

v) To inscribe a circle in & triangle.
Et) Its reciprocal, to describe a circle about a triangle.
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3. If we substitute in (a), (8), (7), (3) squares for triangles,
and pentagons for triangles, we have the problems for squares
and pentagons respectively.

4. Every Proposition in the Fourth Book is a problem.

PROP. T.—Propurw,

In a given civele (ABC) to place a chord equal to a given
Uine (D) not greater than the diameter.

Sol.—Draw any diameter AC of the circle; then, if
AC be equal to D,
the thing required is
done; if not, from AC
eut off the part AR
equal to D EI. ur]; P
and with A as centre
and AE as radius, de-

B

AR

seribe the circle EBF, ¥

cuttingthecircle ABC

in the points B, F. Join AB. Z%en AB is the chord
required.

Dem.—Because A is the centre of the circle EBF,
AB is equal to AE [I. Def. xxx11.]; but AE is equal
to D (const.); therefore AB is equal to D.

PROP. IT.—ProBLEM.

In a given circle (ABC) to inseribe a triangle equiangular
to a given triangle (DET).

8ol.—Take any point A in the circumference, and
at it draw the tangent
GH; then make the
angle HAC cqual to B
E, and GAB equal to
F (1. xxur.] Join BC.
ABC s a triangle ful-
filling the required con-
ditions. G

Dem.—The angle E is equal to HAC (const.), an/’
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HAC is equal to the angle ABC in the alternate seg-
ment [I1I. xxxir.]. Hence the angle E is equal to
ABC. In like manncr the angle F is equal to ACB.
Therefore [I. xxxr1.] the remaining angle 1 is cqual to
BAC. Ilence the triangle ABC dnscribed in the given
cirele 18 cquiangular to DEF.

PROP. TTL.—Pronrem.

About a given circle (ABC) to describe a triangle equi-
angular to a given triangle (DEF).

Sol.—DProdnce any side DE of the given triangle
both ways to G and H, and from the centre O of the
circle draw any radius OA; make the angle AOB
equal to GEF [I. xxrr1.], and the angle AOC equal to
HDF. At the points A, B, C draw the tangents LM,
MN, NL to the given circle. LMN s @ triangle ful-
filling the required conditivns.

N

M A L G E D H

Dem.—Bcecause AM touches the circle at A, the
angle OAM is right. In like manner, the angle MBO
is right ; but the sum of the four angles of the quadri-
lateral OAMB is equal to four right angles. There-
fore the.sum of the two remaining angles AOB, AMB
18 two right angles; and [I, xur.] the sum of the two
angles GEF, FED is two right angles. Thercfore the
sum of AOB, AMB is equal to the sum of GLEF, FED;
but AOB is equal to GEF (const.). Hence AMB is

N2
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eoual to FED. In like manner, ALC is equal to
EDF; therefore [I. xxxi11.] the remaining angle BNC
is cqual to DFK. Ience the triangle TMN s equi-
angular to DI,

PROP. IV.—TPropreMm.
To inseribe a cirele in a given triangle (ABC).

Sol.—Bisect any two angles A, B of the given tri-
angle by the lines AO, BO; then O, their point of
tntersection, is the centre of the required circle.

Dem.—From O lct fall the perpendiculars OD, OE,
OF on the sides of the triangle c

Now, in the triangles OAK,

OAT the angle OAK is equal to

OATF (const.), and the angle

AEO equal to AFO, because

cach is right, and the side OA F

common. Hence [I. xxvr.] the ’ Y
side OE is equal to OF. In ‘y

A E B

like manner OD is equal to OF ;
therefore the three lines OD,
OE, OF are all equal. And the
circle described with O as centre and OD as radius will
pass through the points E, F; and since the angles
D, E, F are right, it will [TII. xvr.] touch the three
sides of the triangle ABC ; and therefore the cirele DEF
18 tnseribed 1n the triangle ABC.

Exercises.

1. If the points O, C be joined, the angle C is bisected.
Hence “ the bisectors of the angles of a triangle are concur-
rent’’ (compare I. xxvi., Ex. 7).

2. If the sides BC, CA, AB of the triangle ABC be denoted by
®, b, ¢, and half their sum by s, the distances of the vertices
A, B, C ot the triangle from the points of contact of the inseribed
circle are respectively s — a, s — b, 2 — 0.



BOOX 1v.} THE ELEMENTS OF EUCLID. 161

3. If the external angles of the tiiangle ABC be bisected as in
the annexed diagram, the three
angular points 0°, 0”, 0", of
the triangle formed by the three ¥
biscetors will be the centres of
three circles, cach touching one
side externally, and the other
two productd. These thee
circles are called the e¢scribed
circles of the triangle ABC.

4. Tho distances of the ver-
tices A, B, C from the points
of contact of the escribed circlo
which touches AB externally
are s - b, s ~a, 8.

5. The centre of the in-
scribed circle, the centre of each
escribed circle, and two of the
angular points of the {riangle,
are concyclic. Also any two of the escribed centies are coneyelic
with the corresponding two of the angular points of the triangle.

6. Of the four puints 0, 0’, 0", 0'”, any one is the ortho-
centre of the triangle formed by the remaining thiee.

7. The three triangles BCO’, CAO"”, ABO" are equiangular.

8. The rectangle CO . CO"" = ab; AO . AQ' =le; BO.BO"”
= ¢a.

9. Since the whole triangle ABC is mado up of the three tri-
angles AOB, BOC, COA, we see that the rectangle contained by
the sum of the three sides, and the radius of the inscribed cirele,
is equal to twice the arca of the trmangle. Hence, if » denote the
radius of the insciibed cirele, rs = arca of the triangle.

10. If #* denote the radius of {he escribed circle which touches
the side a eatenally, it may be shown in like manner that
r’(s — a) = area, of the triangle.

1. =8—-b.s—e.

*12. Squareof area =8.5—a.s-b.s—e¢.
*13. Square of area = r. . r". ¢,

14. If the triangle ABC be right-angled, having the angle C

right,

r=s—c;r=s-b;r"=8—a; " =s

15. Given the base of a triangle, the vertical angle, and the
radius of the insciibed, or any of the escribed circles: con-
struct it
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PROY. V.—Pronrem.
7o describe a civele about « given triangle (ABC).

Sol.—Bisect any two sides BC, AC in the points D, E.
Erect DO, EO at right angles to BC,
CA; then O, the point of intersection
of the perpendiculars, ts the centre
of the required circle.

Dem.—Join 04, OB, OC. The
triangles BDO, CDO have the side \ £
BD cqual CD (const.), and DO com- A
mon, and the angle BDO equal to
the angle CDO, hecause each is
right. Ifence [T.1v.] BO is cqual to OC. Tn like
manner AQ is equal to 0C.  Therefore the three lines
AQ, BO, CO are equal, and the cirele described with
O as centre, and OA as radius, will pass through the
points A, B, C, and be deseribed about the triangle ABC.

Cor. 1.—S8ince the perpendicular from O on AB bi-
seets it [ 111 rmr. ], we sec that the perpendiculars at the
middle points of the sides of a triangle are concurrent.

Drr.—TZhe cirele ABC s called the circumeircle, its

radius the circumradius, and its centre the circumcentre
of the triangle.

Exercises.

1. The three perpendiculars of a triangle (A BC) aro concurrent.

Dem.—Deseribe a cirele about the triangle.  Let fall the per-
pendicular CF. Troduce CIf to meet the
circle in G. Make 1O = FG.  Join AG, Y
AO. DTroduce AU to meet BC in D.
Then the triangles GFA, OFA have the
sides GF, FA in one equal to the sides
OF, FA in the other, and the contained
angles equal. Hence [I. 1v.] the angle
GAF equal OAF; but GAF = GCB A
[II1. xx1.); hence OAF = OCD, and FOA
= DOC ; hence OFA = 0ODC; but OFA G
is right, hence ODC is right. In like
manner, if BO be joined to meet AC in E, BE will be perpen-
dicular to AC. Hence the three perpendiculars pass through O,
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and are concurrent. This Proposition may he proved simply as
follows :—

Draw parallels to the sides of the original triangle ABC through

its vertices, forming a new tri-
angle A'B'C’ described about g’ C A
ABC; then the three perpendi- -
culars at the middle points of the
sides of A’B'C’ are concurrent [v.
Cor. 1], and these are evidently
the perpendiculais from the ver-
tices on the opposite sides of the
triangle ABC (compare Ex. 16,
Book 1.).

Def.— The point ) is callrd the
orthocentre of the triangle ABC.

2. The three rectangles 0A.OP, 0B.0Q, OC.0OR arc equal,

Def.—The cirele round O as centre, the square of whose radius
is equal OA . OP = OB. 0Q = OC. OR, is called the polar circle
of the triangle ABC.

Observation.—If the orthocentre of the triangle ABC bo
within the tiiangle, the rectangles OA . O, 0B. 0Q, OC. OR are
negative, becauso the lines OA . OP, &c., are measured in oppo-
site directions, and have contrary signs ; hence the polar circle is
maginary; but it is real when the point O is without the tri-
angle—that is, when the triangle has an obtuse angle.

3. If the perpendiculars of a triangle be produced to meet the
circumsciibed circle, the intercepts between the orthocentre and
the circle are bisected by the sides of the triangle.

4. The point of biscction (1) of the line {OP) joining the ortho-
centre (O) to the curcumcentre (P)
of any triangle is cqually distant
from the feet of tho perpendicu-
lars, from the middle points of
the sides, and from the middle
points of the distances of the ver-
tices from the orthocentre.

Dem.—Draw the perpendicu-
lar PI; then, since OF, PIT are \ .
perpendiculars on AB, and OP is A\
bisected in I, it is easy to see that
IH =IF. Again, since OP, OG
are bisected in I, F; IF =}PG—
that is, IF = } the radius. Ience
the distance of I from the foot of each perpendicular, and from
the middle point of each side, is = } the radius. In like manner,
if OC be bisected in K, then IK = 4 the radius. Hence we have
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the following theorem :— The nine points made up of the feet of the
perpendiculars, the middle points of the sides, and the middle points
of the lines from the vertices to the orthocentre, are concyclic.

Def.—The circle throngh these nine points is called the *‘ nine
points eircle’’ of the triangle.

6. The circumecircle of a triangle is the ‘“nine points circle’
of each of the four triangles formed by joining the centres of the
inscribed and escribed circles.

6. The distances between the vertices of a triangle and its
orthocentre are respectively the doubles of the perpendiculars
from the circumcentre on the sides.

7. The radius of the ‘“nine points circle’’ of a triangle is equal
to half its circumradius.

PROP. VI.- -ProBLEM.
In a given circle (ABCD) to inscribe a square.

Sol.—Draw any two diamcters AC, BD at right
angles to cach other. Join AB,
BC, CD, DA. ABCD 45 a square. B

Dem.—Let O be the centre.
Then the four angles at O, being
right angles, are equal.  Hence
the arcs on which they stand are
equal [I1I.xxv1.], and hence the
four chords are equal [ TIT. xxi1x. 7],
Therefore the figure ABCD 1is
equilateral.

Again, because AC is a diameter, the angle ABC
is right [III. xxx1.]. In like manner the remaining
angles are right. ence ABCD s a square.

D

PROP. VII.—ProBrEm.
About a given eircle (ABCD) o deseribe o square.

Sol.—Through the centre O draw any two diameters
at right angles to cach other, and draw at the points
A, B, C, D the lincs HE, KF, FG, GH touching the
circle. EFGH s a square.
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Dem.—Because AE touches the circle at A, the angle
EAO is right [III. xvir.], and B

thercfore equal to BOC, which E F
is right (const.). IIence AE is
parallel to OB. In like manner
EB is parallel to AO; and since [ ¢ c

AO is equal to OB, the figure A

AOBE is alozenge, and the angle

AOB is right; hence AOBE is a

square. In like manner each of

the figures BC, CD, DA is a H D ¢
square. [ence the whole figure s a square.

Cor.—The circumscribed square is double of the in-
scribed square.

PROP. VIIL.—DPronLem.
In a given square (ABCD) to tnscribe a circle.

8ol.—Bisect (see last dingram) two adjacent sides
LEH, EF in the points A, B, and through A, B draw
the lines AC, BD, respectively parallel to EF, EH;
then O, the point of intersection of these parallels, is the
centre of the required cirele.

Dem.—Because AOBE is a parallelogram, its oppo-
site sides are equal ; therefore AO is equal to EB; but
EB is half the side of the given square; thercfore AO
is equal to half the side of the given square; and so in
like manner is each of the lines OB, OC, OD; {herefore
the four lines OA, OB, OC, OD arc all equal ; and since
they are perpendicular to the sides of the given square,
the circle described with O as centre, and OA as radius,
will be inseribed in the square.

PROP. IX.—ProBLEM.
About a given square(ABCD) to describe a circle.
Sol.—-Draw the diagonals AC, BD intersecting in Q
(see diagram to Proposition v1.). O 1s the centre of the
required circle.
Dem.—Since ABC is an isosceles triangle, and the
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angle B is right, cach of the other angles is half a right
angle; thorefore BAO is half a right angle. In like
manner ABO is half a right angle; hence the angle
BAO equal ABO; therefore [I. vi.] AO is equal to OB.
In like manner OB is equal to OC, and OC to OD.
Ilence the circle deseribed, with O as cenlre and OA us
radius, will pass through the points B, C, 1, and be
described about the square.

PROP. X.—PRroBLEM.

To construct an isosceles triangle having each base angle
double the verlical angle.

8ol.—Take any line AB. Dirvide it iu C, so that the
rectangle AB.BC shall be equal
to AC*[II.x1.]. With A as ccn-
tre, and AB as radius, describe
the circle BDE, and in it place
the chord BD equal to AC [1.].
Join AD. ADB s a triangle ful-
Silling the required conditions.

Dem.—Join CD. About the
triangle ACD describe the circle
CDE [v.]. Then, because the
rectangle AB.BC is equal to
AC? (const.), and that AC is cqual to BD (const.);
therefore the rectangle AB . BC is equal to BD% Hence
{I1L. xxx11.] BD touches the circle ACD.  Hence the
angle BDC is equal to the angle A in the alternate seg-
ment [I1I. xxx11.]. To cachadd CDA, and we have the
angle BDA cqual to the sum of the angles CDA and A ;
but the exterior angle BCD of the triangle ACD is
equal to the sum of the angles CDA and A. Hence the
angle BDA is equal to BCD ; but since AB is equal to
AD, the angle BDA is cqual to ABD; therefore the
angle CBD is equal to BCD. Hence [I. vi.] BD is
cqual to CD ; but BD is cqual to AC (const.); there-
fore AC is cqual to CD, and thercfore [I. v.] the angle
CDA is equal to A; but BDA has been proved to be
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equal to the sum of CDA and A. Hence BDA is double
of A.  Hence each of the base angles of the triangle ABD
1s double of the vertical angle.

Exercises.

1. Trove that ACD is an isosceles triangle whose vertical angle
is equal to three times cach of the base angles.

2. Prove that BD is the side of a regular decagon inscribed in
the circle BDE.

3. If DB, DE, EF be consecutive sides of a regular decagon
inscribed in a citcle, prove BF — B1) = radius of circle.

4. If E be the sccond point of intersection of the circle ACD
with BDE, DE is equal to DB; and if AE, B, CE, DE be
joined, cach of the triangles ACE, ADE is congruent with ABD.

5. AC is the side of a regular pentagon inscribed in the circle
ACD, and EB the side of a regular pentagon inscribed in the
ciicle BDE.

6. Since ACE is an isosceles tilangle, EB? - EA? = AB . BC—
that is —~ ED?; therefore KEB? — BD? = BA*—thut is, the square
of the side of a pentagon inscribed wm a cirele excceds the square of
the sude of the decagon inscribed in the same circle by the square of
the radius.

PROP. XI.—ProBrEM.
To inscribe a reqular pentagon in a given circle (ABCDE).

8ol —Construct an isosceles triangle [x.], having
each base angle doublc the ver-
tical angle, and inscribe in the
given circle a triangle ABD
equinngular to it. Biscet the
angles DAB, ABD by the lines
AC, BE. Join EA, ED, DC,
CB; then the figure ABCDE 1s
a regular pentagon.

Dem.—Bceause cach of the
base angles BAD, ADBD is
double of the angle ADB, and the lines AC, BE biscct
them, the five angles BAC, CAD, ADB, DBE, EBA are
all equal ; thercfore the ares on which they stand are
cqual; and therefore the five chords, AB, BC, CD, DE,
EA arc cqual. Hence the figure ABCDK is cquilateral.
Again, because the arcs AB, DE are equal, adding
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the arc BCD to both, the are ABCD is equal to the are
BCDE, and therefore [11I. xxvir.] the angles AED,
BAE, which stand on them, are cqual. In the same
mauncr it can be proved that all the angles are equal;
therefore the figure ABCDE is cquiangular. Hence 4t
13 a regular pentagon.
Exercises.

1. The figure formed by the five diagonals of a regular penta-
gon is another regular pentagon.

2. If the altemnate sides of a regular pentagon be produced to
meet, the five points of meeting form another regular pentagon.

3. Every two consecutive diegonals of a regular pentagon
divide each other in extreme and mean ratio.

4. Being given a side of a regular pentagon, construct it.

6. Divide a right angle into five equal parts.

PROP. XII.—Psonrrm.

To describe @ reqular pentugon about a given circle
(ABCDE).

Sol —Lect the five points A, B, C, D, E on the circle
be the vertices of any inscribed regular pentagon: at
these points draw tangents FG, GH, HI, 1J, JF: the
JSigure FGH1J s a circumscribed regular pentagon.

Dem.—Let O be the centre of the circle. Join OE,
OA, OB. Now, because the
angles A, E of the quadri-
lateral AOEF are right angles
[HIL xvur.], the sum of the
two remaining angles AOE, g,
AFE is two right angles. In
like manner the sum of the
angles AOB, AGB is two
right angles; thercfore the
sum of AOE, AFE is equal
to the sum of AOB, AGB;
but the angles AOE, AOB are equal, because they
stand on equal ares AE, AB [III. xxvir.]. Hence the
angle AFE is equal to AGB. In like manner the
remaining angles of the figure FGHIJ are equal.
Therefore it 1s equiangular.

Again, join OF, 0G. Now the triangles EOF, AOF
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have the sides AF, FE equal [III. xvir., Ex. 1], and FO
common, and the base AO equal to the base EO. Hence
the angle AFO is equal to KFO [L. virt ].  Therefore
the angle AFO is half the angle AFE. 1In like man-
ner AGO is half the angle AGB; but AFE has been
proved equal’to AGB; hence AFO is equal to GO,
and FAQ is equal to GAO, cach being right, and A0
common to the two triangles FAO, GAO; hence
[I. xxv1.] the side AF is equal to AG; therefore GF is
double AF. In like manner JF is double EF ; but AF
is equal to EI'; henee GF is equal to JF. In like
manner the remaining sides are cqual; therefore the
ficure FGHIJ is equilateral, and it has been proved
equiangular.  Hence it 1is a regular pentagon.

This Proposition is a particular case of the following general
theorem, of which the proof is the same as the foregoing :—

“ If tangents be drawn to a circle, at the angular points of an

inscribed polygon of any number of sides, they will form a regular
polygon of the same number of sides circumscribed to the circle.

PROP. XIII.-—ProBLEM.
To inscribe a circle in a regular pentagon (ABCDE).

Sol.—Bisecct two adjacent angles A, B by the lines
A0, BO; then O, the point of intersection of the bisectors,
18 the centre of the required circle.

Dem.—Join CO, and let fall perpendiculars from O
on the five sides of the pen-
tagon. Now the triangles
ABO, CBO have the side AB
equal to BC (hyp.), and BO
common, and the angle ABO ¢
equal to CBO (const.). Hence
the angle BAO is equal to
BCO [L.1v.]; but BAOis half ©
BAE (const.). Therefore BCO
is half BCD, and thercfore CO
bisects the angle BCD. In
like manner it may be proved that DO bisccts the
angle D, and EO the angle E.

B
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Again, the triangles BOF, BOG have the angle F
equal to G, cach being right; and OBT equal to OBG,
because OB bisects the angle ABC (const.), and OB
:ommon ; hence [I. xxvr.] OF is equal to OG. In like
manner all the perpendiculars from O on the sides of
the pentagon are equal; hence the circle whose centre
is O, and radius OF, will touch all the sides of the
pentagon, and will therefore be tnseribed in it.

In the same manner a cirele may be inscribed in
any regular polygon.

PROP. XIV.—PronrEM,
To describe a circle about a regular pentagon (ABCDE).

Sol.—Bisect two adjacent angles A, B by the lines
AOQ, BO. Then O, the point of intersection of the bisec-
tors, 18 the centre of the required circle.

Dem.—Join OC, OD, OE. Then the traingles ABO,
CBO have the side AB equal to
BC (hyp.), BO common, and the D
angle ABO equal to CBO (const.).
Hence the angle BAO is equal to ¢
BCO [I. 1v.]; but the angle BAE
is equal to BCD (hyp.); and since
BAO is half BAE (const.), BCO
is half BCD. Hence CO bisects
the angle BCD. Tn like manner
it may be proved that DO bisects
CDE, and EO the angle DEA. Again, because the
angle EAB is equal to ABC, their halves are equal.
Hence OAB is equal to OBA ; therefore [I. vi.] OA is
equal to OB. In like manner the lines OC, OD, OE
are equal to one another and to OA. Therefore the
circle described with O as centre, and OA as radius,
will pass through the points B, C, D, E, and be de-
sersbed about the pentagon

In the same manner a circle may be described ahout
any regular polygon.
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Propositions xtir., x1v. are paiticular cases of the following
theorem :—

““ A regular polygon of any number of sides has one circle in-
seribed in it, and another desciibed about it, and both circles are
concentric.”’

.

PROP. XV.—ProsLem.

In a given cirele (ABCDELY) fo inseribe a regular
hexagon.

S8ol.—Take any point A in the circumference, and
join it to O, the centre
of the given circle; then
with A as centre, and AO
as radius, describe the
circle OBF, intersecting
the given cirele in the
points B, F. Join OB,
OF, and produce AO, BO,
FO to meet the given
circle again in the points D, E, C. Join AB, BC, CD,
DE, BF, FA; ABCDEY s the required hexagon.

Dem.—Each of the triangles AOB, AOF is equi-
lateral (s¢e Dem., I. 1.). Hence the angles AOB, AOF
are cach one-third of two right angles; thercfore EOF
is one-third of two right angles. Again, the angles
BOC, COD, DOE are [ 1. xv.] respectively equal to the
angles EOT, YOA, AOB. Therefore the six angles at
the centre are equal, because each is one-third of two
right angles. Thercfore the six chords are equal [IIL
xxix.]. Hence the hexagon is equilateral.

Again, since the are AF is equal to ED, to each add
the arc ABCD; then the whole are FABCD is equal to
ABCDE ; thercfore the angles DEF, EFA which stand
on these arcs are cqual [IIL xxvir.]. In the same
manner it may be shown that the other angles of the
hexagon are cqual. IHence it is equiangular, and s
therefore a regular hexagon inscribed in the circle,
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Cor. 1.—The side of a regular hexagon inscribed in
a circle is equal to the radius.

Cor. 2.—If three alternate angles of a hexagon be
joined, they form an inscribed equilateral triangle.

Exercises.

1. The area of a regular hexagon inscribed in a circle is equal to
twice the arca of an equilateral triangle inseribed in the circle;
and the square of the side of the triangle is three times the square
of the side of the hexagon.

2. If tho diameter of a circle be produced to C until the pro-
duced pmrt is equal to the radius, the two tangents from C and
their chord of contact form an equilateral triangle.

3. Tho arca of a regular hexagon inscribed in a circle is half
the area of an equilateral triangle, and three-fourths of the area
of a regular hexagon circumscribed to the circle.

PROP. XVI.—ProBLEM.

To tnseribe a regular polygon of fifteen sides 1n a given
circle.

Sol.—Inscribe a regular pentagon ABCDE in the
circle [x1.7, and also an equilateral triangle AGH |[11.].
Join CG. CG 18 a side of the required polygon.

Dem.—Since ABCDE is a regular pentagon, the arc
ABC is %ths of the circumference;
and since AGH is an cquilateral
triangle, the arc ABG is ird of
the circumference. Hence the arc
GC, which is the difference be- p
tween these two ares, is equal to
3ths — ird, or 2;th of the entire
circumference ; and therefore, of
chords equal to GC [I} be placed
round the ecircle, we shall have a
regular polygon of fifteen sides, or quindecagon, inseribed
n .

A




B)OUK 1IV.] THE ELEMENTS OF EUCLID. 173

Scholium.—Until the year 1801 no regular polygon could be
described by constructions employing the line and circle only,
except those discussed in this Book, and those obtained from
them by the continued bisection of the arcs of which their sides
are the chords; but in that year the celebrated Gauss proved that
if 274 1 be a prime number, regular polygons of 2n+ 1 sides are
inscriptable by clementary geometry. For the case n = 4, which
is the only figure of this class except the pentagon for which
a construction has been given, sec Note at the end of this work.

Questions for Examination on Book IV.

1. What is the subject-matter of Book IV.?

2. When is one rectilineal figure said to be inscribed in
another ?

3. When circumseribed ?
4. When is a circle said to be inscribed in a rectilineal figure ?
§. When circumscribed about it ?

6. What is meant by reciprocal propositions? Ans. In reci-
procal propositions, to every line in ono there corresponds a point
1n the other; and, conversely, to every point in one there corre-
sponds a line in the other.

7. Give instances of reciprocal propositions in Book 1V.
8. What is a regular polygon?

9. What figures can be inscribed in, and circumscribed about,
a circle by means of Book 1V.?

10. What regular polygons has Gauss proved to be inscriptable
by the line and circle ?

11. What is meant by escribed circles ?

12. How many circles can be described to touch three lines
forming a triangle ?

13. What is the centroid of a triangle?

14. What is the orthocentre ?

15. What is the circumcentre ?

16. What is the polar circle ?

17. When is the polar circle imaginary ?

18. What is the ¢‘ nine-points circlo’’ ?

19. Why is it so called ?

20. Name the special nine points through which it passes.
(1]
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21. What threo regular figures can be used in filling up the
space round a point ? Ans. Equilateral triangles, squares, and
hexagons.

22. If the sides of a triangle be 13, 14, 15, what are the values
of the radii of its inseribed and escribed circles ? -

23. What is the radius of the circumscribed eircle ?

24. What is the radius of its nine-points circle ?

25. What is the distance between the centres of its inseribed
and circumscribed circles ?

26. If » be the radius of a circle, what is the area of its
inseribed equilateral triangle P—of its inscribed square P—its
inscribed pentagon P—its inseribed hexagon P—its inscribed oc-
tagon P—its inscribed decagon?

27. With the same hypothesis, find the sides of the same regu-
lar figures.

MISCELLANEOUS EXERCISES ON BOOK IV.

1. If a circumscribed polygon bo regular, the corresponding
inscribed polygon is also regular, and conversely.

2. If a circumscribed triangle be isvsceles, the corresponding
inscribed triangle is isosceles, and conversely.

3. If the two isosceles triangles in Ex. 2 have equal vertical
angles, they are both equilateral.

4. Divide an angle of an equilateral triangle into five equal
parts.
5. Insciibe a circle in @ sector of a given circle.

6. The line DE is parallel to the base BC of the triangle ABC :
prove that the circles described about the triangles ABC, ADE
touch at A.

7. The diagonals of a cyclic quadrilateral intersect in E: prove
that the tangent at E to tho circlo about the triangle ABE is
parallel to CD.

8. Inscribe a regular octagon in a given square.

9. A line of given length slides betwecn two given lines: find
the locus of the intersection of perpendiculars from its extremities
to the given lines.

10. 1f the perpendicular to any side of a triangle at its mid ile
point meet the internal and external bisectors of the opposite
angle in the points D and E; prove that D, E are points on the
circumscribed circle.



BOOK 1V.] THE ELEMENTS OF EUCLID. 175

11. Through a given point P diaw a chord of a circle so that
the intercept EF may subtend a given angle X.

12. In a given circle inscribe a triangle having two sides pass-
ﬂlg through two given points, and the third parallel to a given
ne.

13. Given fonur points, no three of which are collinear; describe
a circle which shall be equidistant from them,

14. In a given circle inscribe a triangle whose three sides shall
pass through three given points.

15. Construct a triangle, being given—

1. The radius of the inscribed circle, the vertical angle,
and the perpendicular from the vertical angle on the

ase.

2. T vase, the sum or difference of the other sides, and
the radius of the inscribed circle, or of ono of the
escribed cireles.

3. The centres of the escribed circlos.

16. I F be the middle point of the base of a triangle, DE the
diameter of the circumscribed circle which passes through F, and
1 the point where a parallel to the base through the veirtex meets
DE: prove DL.FE is equal tv the square of half the sum, and
DF.LE equal to the square of half the difference of the two re-
maining sides.

17. 1f from any point within a regular polygon of # sides per-
peudiculars be let fall on the sides, their sum is cqual to » times
the radius of the insciibed circle.

18. The sum of the perpendiculars let fall from the angular
points of a regular polygon of » sides on any line is equal to
n times the perpendicular from the centre of the polygon on the
same line.

19. If R denotes the radius of the circle circumseribed about a
triangle ABC, », #', #"", »""* the radii of its inscribed and escribed
circles, 3, &', 8" the perpendiculars from its circumcentre on the
sides; pm, u', u” the segments of these perpendiculars between the
sides and circumference of the circumscribed circle, we have the
relations—

'+ 4" =4R + r, (1)
ptp +u"=2R-r, (2
34+¥ 48" =R+ (3)

The relation (3) supposes that the circumcentre is inside the
triangle.

02
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20, Through a point D, taken on the side BC of a triangle
ABC, is drawn a transversal EDF, and circles deseribed about
the triangles DBF, ECD. The locus of their second point of
interseetion is a circle.

21. In every quadrilateral circumscribed about a circle, the
middle points of its diagonals and the centre of the circle are
collinear.

22. Find on a given line a point P, the sum or difference of
whose distances from two given points may be given.

23. Find a point such that, if perpendiculars be let fall from it
on four given lines, their fect may be collinear.

24. 'The line joining the orthocentre of a triangle to any point
P, in the circumference of its circumseribed circle, is bisected by
the line of collinearity of perpendiculars from P on the sides of
the triangle.

25. 'The orthocentres of the four triangles formed by any four
lines are collincar.

26. 1f a semicircle and its diameter be touched by any circle,
either internally or externally, twice the 1ectangle contained by
the radius of the semicircle, and the radius of the tangential circle,
is equal to the rectangle contained by the segments of any secant
to the semicircle, through the puint of contact of tho diameter and
touching cirele.

27. If p, p' be the radii of two circles, touching each other at
the centre of the inscribed circle of a triangle, and each touching
the circumscribed cirele, prove

1 + 12

b
and state and prove corresponding theorems for the escribed
circles.

28. If from any point in the circumference of the circle, cir-
cumseribed about a regular polygon of n sides, lines be drawn to
its angular points, the sum of their squares is equal to 2n times
the square of tho radius.

29. In the same case, 1f the lines bo drawn from any point in
the circumference of the inscribed circle, provo that the sum of
their squares is equal to n times the sum of the squares of the
radii of the inscribed and the circumseribed circles.

30. State the corresponding theorem for the sum of the squares
of the lines drawn from any point in the circumference of any
concentric circle.
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_31. If from any point in the circumference of any concentric
circle perpendiculars bo let fall on all the sides of any regular
polygon, the sum of their squares is constant.

A . . 3n .
32. For the inscribed circle, the constant is equal to —,:—‘ times
the square of the radius.

33. For the circumseribed circlo, the constant is equal to #
times the aquare of the radius of the insciibed circle, together with
4 % times the square of the radius of the circumseribed circle.

34. If the circumference of a circle whose radius is R be divided
into seventeen equal parts, and AO Dbe the diameter drawn fiom
one of the peints of division (A), and if p;, p2. ... .. ps denote
the chords “rom O to the points of division, Ay, A2 ......Ag
on one side of A0, then

prpzpips = R and pyps ps p7 = RE.—CaTALAN,

Dem.—Tet the supplemental chords coresponding to py, pe,
ﬁzc., be denoted by r1, 72, &ec.; then [III. xxxv. Ex. 2], we
ave

p171 = Rry,
parz = Rry,
piry = Rog,
psrs = Ry,
Hence prpzpips = R4

And it may be proved in the same manner that

p1p:papipspspips = Re.
Therefore P3P3P6PT = Rt
35. If from the middle point of the line joining any two of
four concyclic points a perpendicular be let fall on the line join-
ing the 1emaining two, the six perpendiculars thus obtained are
concurrent.

36. ‘I'he greater the number of sides of a regular polygon cir-
cumscribed about a given circle, the less will be its perimeter.

37. The area of any 1egular polygon of more than four sides
circumseribed about a circle is less than the square of the dia-
meter.

38. Four concyclic points taken three by three determine four
triangles, the centres of whose nine-points circles are coneyclic.
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39. Tf two sides of a triangle be given in position, and if their
included angle be equal to an angle of an cquilateral triangle, the
locus of the centre of its nine-points circle is a right line.

40. If, in tho hypothesis and notation of Ex. 34, a, 8 denote
any two suffixes whose sum is less than 8, and of which a is the
greater,

PaPp = R (pa-g + pass)-
For instance, p1pg =R (ps + ps) [IIT. xxxv., Ex. 7].

In the same case, if the suffixes be greater than 8,

Pa-pp =R (pap—prrasp)
For instance, pspz =R (ps — p7) [III. xxxV., Ex. 6].

41. Two lines are given in position: draw a transversul through
a given point, forming with the given lines a triangle of given
perimeter.

42. Given the vertical angle and perimeter of a triangle, con-
struct it with either of the following data: 1. The bisector of
the vertical angle ; 2. the perpendicular from the vertical angle
on the base; 3. the radius of the inscribed circle.

43. In a given circle inseribo a triangle so that two sides may
pass through two given points, and that the third side may be a
maximum or a minimum.

44. If s be the semiperimeter of a trianglo, #/, #/, »'”, the
radii of its escribed circles,

71 4 Y =R

45. The feet of the perpendicnlars from the extremities of the
base on either bisector of the vertical angle, the middle point of
the base, and the foot of the perpendicular from the vertical
angle on the baso, are concyclic.

46. Given the base of a triangle and the vertical angle; find
the locus of the centre of the circle passing through the centres
of the escribed circles.

47. The perpendiculars from the centres of the escribed circles
of a triangle on the corresponding sides are concurrent.

48. If AB be the diameter of a circle, and PQ any chord cut-
ting AB in O, and if the lines AP, AQ intersect the perpendicular
to AB at O, in D and E respectively, the points A, B, D, E are
concyclic.
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49, If the sides of a triangle be in arithmetical progression,
and if R, » be the radii of the circumscribed and inscribed circles;
then 6Rr is equal to the rectangle contained by the greatest and
least sides.

50. Inscribe in a given circle a triangle having its three sides
parallel to three given lines.

51. If the sides AB, BC, &c., of a regular pentagon be bisected
in the points A’, B/, (', D/, E', and if the two pairs of alternate
sides, BC, AE; AB, DE, mect in the points A”, E”, respectively,
prove

AA”AE” — AA'AE' = pentagon A'B'CD'E’.

62. In a circle, prove that an equilateral inseribed polygon is
regular, and also en equilateral circumscribed polygon, if the
number of sides be odd.

53. Prove also that an equiangular circumscribed polygon is
regular, and an cquiangular inscribed polygon, if the number of
sides be odd.

54. The sum of the perpendiculars drawn to the sides of an
equiangular polygon from any point inside the figure is con-
stant.

656. Express the sides of a triangle in terms of the radii of its
escribed circles.
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BOOK V.

THEORY OF PROPORTION.

DEFINITIONS.

Introduction.—Every proposition in the theories of
ratio and proportion is true for all descriptions of mag-
nitude. Hence it follows that the proper treatment is
the Algebraie. 1t is, at all events, the casiest and the
most satisfactory. Kuclid’s proofs of the propositions,
in the Z%heory of Proportion, possess at present none
but a historical interest, as no student reads them now.
But although his demonstrations are abandoned, his
propositions are quoted by every writer, and his no-
menclature is universally adopted.  TFor these reasons
it appears to us that the best methodis to state Euclid’s
definitions, explain them, or prove them when neces-
sary, for some are thcorems under the guise of defini-
tions, and then supply simple algcbraic proofs of his
propositions.

1. A less magnitude is said to be a part or submul-
tiple of a greater magnitude, when the less measurcs
the greater—that is, when the less is contained a cer-
tain number of times exactly in the greater.

1. A greater magnitude is said to be a multiple of a
less when the greater is measured by the less—that is,
when the greater contains the less a certain number of
times exactly.
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1. Ratio is the mutual relation of two magnitudes
of the same kind with respect to quantity.

1v. Magnitudes arc said to have a rafio to one
another when the less can be multiplied so as to
exceed the greater.

These définitions vequire cxplanation, especially
Def. 11., which has the fault of conveying no pre-
cise meaning—being, in fact, unintelligible.

The following annotations will make them expli-
eit :—

1. Tf an integer be divided into any number of equal parts,

one, or the sum of any number of these parts, is called a firaction.
Thus, if the lino AB represent
the integer, and if it be divided 5 C D B B
into four equal parts in the « + ——+
points C, D, E, then ACis };
AD, %; AE, 1. Thus, a fraction is denoted by two numbers
paited by a horizontal line; the lower, called the denominator,
denotes the number of equal parts into which the integer is di-
vided ; and the upper, called the numerator, denotes the number
of these equal parts which are taken. Hence it follows, that if
the numerator be less than the denominator, the fraction is less
than unity. If the numerator be equal to the denominator, the
fraction is equal to unity; and if greater than the denominator, it
is greater than unity. Itis evident that a fraction is an abstract
quantity —that is, that its value is independent of the nature of
the integer which is divided.

2. If we divide each of the equal parts AC, CD, DE, EB into
two equal parts, the whole, AB, will be divided into eight equal
parts; and we see that AC = 2; AD=%; AE=¢; AB=§;
Now, we saw in 1, that AE = £ of the integer, and we have just
shown that it is equal to §. Hence § = §; but § would be got
from } by multiplying its terms (numerator and denominator)
by 2. Hence we infer generally that multipl?ng the terms of
any fraction by 2 does not alter its value. In like manner it
may be shown that multiplying the terms of a fraction by any
whole number does not alter its value. Hence it follows con-
versely, that dividing the terms of a fraction by a whole number
docs not alter the value. Ilence we have the following important
and fundamental theorem : —Z'wo transformations can be made on
any fraction without changing its value ; namely, its terms can be
either multiplied or divided by any whole number, and in either
case the value of the new fraction is equal to the value of the
original one,
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3. If we take any number, such as 3, and multiply it by any
whole number, the product is called a multiple of 3. Thus 6, 9,
12, 15, &c., are multiples of 3; but 10, 13, 17, &e., are not, be-
cause the multiplication of 3 by any whole number will not pro-
duce them. Conversely, 3 is a submultiple, or measure, or part
of 6, 9, 12,15, &e., becanse it is contained in each of these with-
out a remainder; but not of 10, 13, 17, &c., because in cach case
it leaves a remainder.

4. If we consider two magnitudes of the same kind, such as
two lines AB, CD, and if we suppose that AB is equal to § of
CD, it is evident, if AB be divided into 3 equal parts, and CD into
4 equal parts, that one of the
parts into which AB is divided A B
18 equal to one of the parts into - ‘_'
which CD is divided. And as
there are 3 parts in AB, and ¢ ¢ D
in CD, we express this rela-
tion by saying that AB has to
CD the ratio of 3 to 4; and we denote it thus, 3 : 4. ITence the
ratio 3 : 4 expresses the same idea as the fraction . In fact,
both are different ways of expressing and writing the same thing.
‘When written 3 : 4 it is called a ratio, and when £ a fraction.
In the same manner it can be shown that every ratio whose terms
are commensurable can be converted into a fraction; and, conversely,
every fraction can be turned into a ratio.

From this explanation we see that the ratio of any two com-
mensurable magnitudes is the same as the ratio of the numerical
quantities which denote these magnitudes. Thus, the ratio of
two commensurable lines is the ratio of the numbers which ex-
press their lengths, measured with the same unit. And this may
be extended to the case where the lines are incommensurable.
Thus, if a be the side and & the diagonal of a square, the ratio
ofa:dis

1
3o

V2

When two quantities are incommensurable, such as the diago-
nal and the side of a square, although their ratio is not equal to
that of any two commensurable numbers, yet a serics of pairs of
fractions can be fonnd whose difference is continually diminish-
ing, and which ultimately becomes indefinitely gmall; such that
the ratio of the incommncensurable quantities is g reater than one,
and less than tho other fraction of each pair. These fractions
are called convergents. By their means we can approximate as
nearly as we please to the exact value of the ratio. In the case
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of the diagonal and the side of a square, the following are the
pairs of convergents :—

14 15 141 142 1414 1415
10 10" 100’ 100’ 1000" 1000’
and the ratio is intermediate to each pair. It is evident we may
continue the series as far as we please. Now if we denote the

&e.,

first of any of the foregoing pairs of fractions by :’—'—', the second
m+1

will be ; and in general, in the case of two incommen-

m+ 1

surable quantities, two fractions %‘ and can always be

found, where # can be made as largo as wo please, ono of which
is less and the other greater than the true value of tho ratio.
For let @ and b be the incommensurable quantities; then, evi-
dently, we cannot find two multiples na, mé, such that na = md.
In this case, take any multiple of e, such as na, then this quantity
must lie between some two consecutive multiples of 4, such as mb,

ne , . ne
and (m + 1) & ; therefore b 8 greater than unity, and mT1d
1
less than unity. Hence (-;—’ lies between’g and m: . Now,

. . m + 1
since the difference between ':—: and mt

1
, namely, o becomes

small as % increases, we seo thut the difference between the ratio
of two incommensurable quantities and that of two commensu-
rable numbers m and % cap be made as small as we please.
Hence, ultimately, the ratio of incommensurable quantities may
be regarded as the limit of the ratio of commensurable quanti-
ties.

5. The two terms of a ratio are called the antecedent and the
consequent, ‘These correspond to the numerator and tho denomi-
nator of a fraction. Hence we have the following definition:—
“ A ratio is the fraction got by maling the antecedent the nume-
rator and the conscquent the denominator.”’

6. The reciprocal of a ratio is the ratio obtained by interchang-
ing the antecedent and the consequent. Thus, 4 : 3 is the reci-
procal of the ratio 3: 4. Ilence wo have the following theorem:—
¢ The product of a ratio and its reciprocal is unity.”

7. If we multiply any two numbers, as 5 and 7, by any number
such as 4, the products 20, 28 are callod eguimunltiples of 5 and 7.
In like manner, 10 and 15 are equimultiples of 2 and 3, and 18
and 30 of 3 and 5, &ec.



184 THE ELEMENTS OF EUCLID. [Book v.

v. The first of four magnitudes has to the second
the same ratio which the third has to the fourth, when
any equimultiples whatsoever of the first and third
being taken, and any equimultiples whatsoever of the
second and fourth, if, according as the multiple of the
first is greater than, equal to, or less than the multiple
of the second, the multiple of the third is greater than,
equal to, or less than the multiple of the fourth.

vi. Magnitudes which have the same ratio are called
proportionals. 'When four magnitudes are proportion-
als, it is usually expressed by saying, ¢ The first is to
the second as the third is to the fourth.”

viir. Analogy or proportion is the similitude of
ratios.

‘We have given the foregoing definitions in the order of Euclid,
as given by Simson, Lardner, and others;* but it is evidently an
inverted order; for vi. vir. are definitions of proportion, and v.
is only a test of proportion, and is not a definition but a theorem,
and one which, instead of being taken for granted, requires
proof. The following explanations will give the student clear
conceptions of their meaning :—

1. If we take two ratios, such as 6: 9 and 10 : 15, which are
each equal to the same thing (in this example each is equal to %),
they are equal to one another (I. Axiom 1.). Then wo may
write it thus—

6:9=10:15.

This would be the most intelligible way, but it is not the usual
one, which is as follows:—6 :9::10:15. In this form it is
called a proportwn. Hence a proportion consists of two ratios
which are asserted by it to be equal. Its four teims consist of
two antecedents and two consequents. The 1st and 3rd terms
are the antecedents, and the 2nd and 4th the consequents.  Also
the first and last terms are called the extremes, and the two
middle terms the means.

2. Since a proportion consists of two equal ratios, and each

* Except that virr. is put before vir., because it relates, as v.
and v1., to the equality of ratios, whereas vir. is a test of their

inequality.
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ratio can be written as a fraction, whenever we have a propor-
tion such as

a:bz::ec:d,
we can write it in the form of two cqual fractions. Thus:

\ ] 4

b d
Conversely, an equation between two fractions can be put into a
proportion. By means of these simple principles all the various
properties of proportion can be proved in the most direct and easy
manner.

3. If we tuke the propoition ¢ : 4 :: c¢:d, and multiply the
first and third terms, each by m, and second and fourth, each by
n, we get the four multiples, ma, nb, me, nd; and wo want to
prove that if ma is greater than nd, mc is greater than nd; if
equal, equal; and if less, less.

Dem.—=Since a:b::c¢:d,

¢ ¢
we have T

Hence, multiplying each by %’ we get

na _ me
nb nd
.. . . . .. me
Now, it is evident that if 1::% is greater than unity, o is greater

than unity; but if % is greater than unity, ma is greater than

nb; and if :%; i greater than unity, mc is greater than nd. In

ijke manner, if ma be equal to #b, me is equal to nd; and if less,
ess.

The foregoing is an casy proof of the converse of tho theorem
which is contained in Euclid’s celebiated Fifth Definition.

Next, to prove Euclid’s thcorem—that if, according as the
multiple of the first of four magnitudes is greater than, equal to,
or less than the multiple of the second, the multiple of the third
is greater than, equal to, or less than the multiple of the fourth;
the ratio of the first to the second is equal to the ratio of the
third to the fourth. :
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Dem.—Let, a, b, ¢, d be the four magnitudes. First suppose
that ¢ and & are commensurable, then it is evident that we (an
take multiples na, mb, such that ne = mb. Hence, by hypothesis,
ne =md. Thus,

na ne .
mb ' md '
e ¢
thercfore — ==,
b d

Neat, suppose @ and & ure incommensurable. Then, asin a recent

. - ne
note, we can find two numbers s and #, such that b S greater

than unity, but less than unity. llence-; lu,s between 'ﬁ

L l)b
m+1 . .
and - Now, gince by hypothesis, when >z b s greater than
umty, d is greater than unity ; and when (—— ——1)—2’ is less than

. ne . .
unity, T Y is lIess than unity. Henee, since 3 ® Jics between
m m+1

¢ as , .
— and -—, 7 lies between the same quantitics. Therefore
n

. a ¢ . 1 .
the diffeicnce between 3 and 7 is less than ;; and since # may

be as large as we please, the dufference is nothing;

therefore S=

vir. When of the mulliples of four magnitudes
(taken as in Def. v.) the multiple of the first is greater
than that of the second, but the multiple of the third
not greater than that of the fourth, the first has to
the second a greater ratio than the third has to the
fourth.

This, instead of being a definition, is a theorem. We have
altered the last clause from that given in Simson’s Euclid, which
runs thus :—* The first is se:d to have to tho second a greater
ratio than the third has to the fourth.”” This is misleading, as it
implies that it is, by convention, that the first ratio is greater
than the second, whereas, in fact, such is not the case; for it
follows from the hypothesis that the first ratio is greater than
the second ; and if it did not, it could not be made so by defini-
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tion. We have made a similar change in the enunciation of the
Fifth Definition.

Let a, b, ¢, d be the four magnitudes, and m and % the mul-
tiples taken, it is required to prove, that if ma be greater than 24,
but e not greater than nd, that the 1atio 4 : b is greater than the
ratio ¢ : d.

Dem.—S8ince ma is greater than 25, but me not greater than

ss ma , me
nd, it is cvident that 7 is greater than g’
a, ¢
therefore 78 greater than FU

that is, the ratio @ : & is greater than the ratio ¢: d.
1x. Proportion consists of three terms at least.

This has the same fault as some of the others —it is not a
definition, but an inference. 1t oceurs when the means in a
proportion a1e equal, so that, in fact, there are four terms.  As
an illustration, let us take the nunbers 4, 6, 9. Tlere the ratio of
4:61s %, and theratio of 6+ 9 is 3, so that 4, 6, 9 are continued
proportionals ; but, in reality, there are four terms, for the full
proportion is 4 : 6 : : 6: 9.

X. When three magnitudes are continual propor-
tionals, the first is sald to have to the third the
duplicate ratio of thut which it has to the second.

xi. When four magnitudes are continual propor-
tionals, the first is said to have to the fourth the
triplicate ratio of that which it has 1o the second.

x11. When there is any number of magnitudes of the
same kind greater than two, the first is said to have to
the last the ratio compounded of the ratios of the first
to the sccond, of the second to the third, of the third
to the fourth, &e.

We have placed these definitions in a group; but their order
is inverted, and, as wc shall sce, Def. x5 is a theorem, and x.
and x1. are only infercnces fiom 1it.

1. If we have two ratios, such as 6 : 7 und 8 : 4, and if we
convert each ratio into a fraction, and multiply these fractions
together, we get a result which is called the ratio compounded of
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the two ratios; viz. in this example it is 3§, or 15: 28. Itis
evident we get the same result if we multiply the two antecedents
together for a new antecedent, and the two consequents for a
new consequent. Ilence we have the following definition :—
“ The ratio compounded of any number of ratios is the ratio of
the product of all the antecedents to the product of all the con-
sequents.”

2. To prove the theorem contained in Def. x11.

Let the magnitudes be a, b, ¢, d. Then the ratio of

a
1st : 2nd = P
2nd: 3rd = ;b:_’

3rd : 4th = °.,
d

Hence the ratio compounded of the 1atio of 1st : 2nd, of 2nd : 3rd,
of 3rd : 4th

b .
=4 _4_ ratio of 1st : 4th.

3. If three magnitudes be proportional, the ratio of the 1st : 3rd
is equul to the square of the 1atio of the Ist: 2nd.  For the ratio
of the Ist: 3:d is compounded of the ratio of the 1st:2nd, and
of the ratio of the 2nd: 3rd; and since these ratios are cqual,
the ratio compounded of them will be equal to the square of one
of them.

Or thus : et the proportiorals be @, 8, ¢, thatis, let a: 6 :: b:¢;
hence we have

b

c

_ 4
=5
And multiplying each by g, we get

a

#”?

SR

ora@:c::a®: b*—that s, Ist: 31d:: square of 1st : squate of 2nd.
Now, the ratio of Ist: 3rd is, by Def. x., the duplicate ratio of
1st : 2nd. IHence the duplicato 1atio of two magnitudes means
the square of their ratio, or, what is the same thing, the ratio of
their squares (see Book VI, xx ).
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4. If four magnitudes be continual proportionals, the ratio of
1st : 4th is cqual to the cube of the ratio of Ist : 2nd. This may
be proved exactly like 3. Hence we see that what Euclid calls
triplicate ratio of two magnitudes is the ratio of their cubes, or
the cube of their ratio.

We also sec that there is no necessity to introduce extrancous
magnitudes for the purpose of defining duplicate and triplicate
ratios, as Buclid does. In fact, the definitions by squares and
cubes are more explicit.

xir. In proportionals, the antecedent terms are
called homologous to onc another; as also the conse-
quents to onc another.

If one proportion be given, from it an indefinite number of
other proportions can be imferred, and a great part of the theory
of proportion consists in proving the truth of these derived pro-
portions.  Geometers make use of certain technical terms to
denote the most important of these processes.  We shall indicate
these terms by including them in parentheses in connexion with
the Propositions to which they refer. They are useful as indi-
cating, by one word, the whole enunciation of a theorem.

Every Proposition in the Fifth Book is a Theorem.

PROP. I.—TrororEM.

If any number of magnitudes of the same kind (a, b, e,
&ec.), be equimultiples of as many others (a/, ¥', ¢, &e.),
then the sum of the first magnitudes (a + b + ¢, &c.) shall
be the same multiple of the sum of the second which any
magnitude of the first system is of the corresponding mag-
nitude of the second system.

Dem.—Let m denote the multiple which the mag-
nitudes of the first system are of those of the second
system.

Then we have a = ma’ (hyp.),

b =mb,
¢ =mc.
&ec., &e.

Hence, by addition,

(@+db+c+&ey=m(ad +¥ + ¢, &e.).
P
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PROP. II.—TuroreM.

If two magnitudes of the same kind (a, b) be the same
multiples of another (c) which two corresponding magni-
tudes (o, 0') are of another (¢'), then the sum of the two
Jirst is the same multiple of thelr submultiple which the
sum of their corresponding magnitudes 1s of their sub-
multiple.

Dem.—Let m and # be the multiples which 4 and b
are of ¢.

Then we have
a =me and &' = md,

b=mne and ¥’ = ne'.
Therefore

(a+8)=(m+n)e and (¢ + )= (m+n)c.
Hence a+ b is the same multiple of ¢ that o’ + 8" is of ¢/,

This Proposition is evidently true for any number of
multiples

PROP. III.—TueorEm.

If two magnitudes (a, b) be equimultiples of two others
(a, ¥'); then any equimultiples of the first magnitudes
(@, b) will be also equimultiples of the second magnitudes
(o', 0).

Dem.—Let m denote the multiples which &, b are of
a, b ; then we have

a=ma, b=mb.
Hence, multiplying each cquation by n, we get
na = mna', nb=mnb'.

Hence, na, nb are equimnltiples of o/, &',
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PROP. IV.—TaEoR®EN.

If four magnitudes be proportional, and if any equi-
multiples of the first and third be taken, and any other
equimultiples of the second and fourth ; then the multiple
of the first + the multiple of the second : : the multiple of
the third : the multiple of the fourth.

Leta:b::c:d; thenmasnb::me: nd
Dom,—We have a:8::¢:d (hyp.);

4

therefore 2

>’

Hence, multiplying each fraction by %t, we get

ma  me
nb ~ nd’
therefore ma : nb i me: nd.

PROP. V.—Turorem,

If two magnitudes of the same kind (a, b) be the same
multiples of another (¢) which two corresponding magni-
tudes (a', b') are of another (¢'), then the difference of the
two first is the same multiple of their submultiple (o),
which the difference of thetr corresponding magnitudes 1s
of their submultiple (¢') (compare Proposition 11.).

Dem.—Let m and #n be the multiples which a and &
are of ¢.

Then we have @ = me, and a’ = md,
b =ne, and b’ = ne'.
Therefore (2 - 8) = (m - 2) ¢, and (o’ - ¥)=(m -n) ¢'.
Hence a — b s the same multiple of ¢ that ' - ¥ s of €.

Cor.—Ifa-b=e¢, da-U=¢; forifa-b=e¢
m-n=1.
P2
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PROP. VI.—TrrorEm.

If a magnitude (a) be the same multiple of another (),
which a magnitude (&) laken from the first 1s of @ mag-
nitude (b') taken from the second, lhe remainder is the
same multiple of the remainder that the whole is of the
whole (comparc Proposition 1.).

Dem.—Let m denote the multiples which the mag-
nitudes e, &' are of b, ¥’ ; then we have

a = mb,
a'=mb'.
Hence (a-d)=m(b-"¥).

Prop. A.—TurorEM (SiMsoN).

If two ratios be equal, then according as the antecedent
of the first ratio 1s greater than, equal to, or less than its
consequent, the antecedent of the second ratio is greater
than, equal to, or less than its consequent.

Dem.—Let a:b::c:d;

then

.
’

Y
S

and if & be greater than J, g is greater than unity;

therefore % is greater than unity, and ¢ is greater
than d.

In like manner, if 4 be equal to 4, ¢ is equal to d,
and if less, less.
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Pror. B.—TurorEM (SIMsox).

If two ratios are equal their reciprocals are equal (inver-
: tendo).

Let a:b::e:d, thenbd:a::d:c.

Dem.—Since a:b:ic:d;
a ¢
then Zac—l;
a 0
therefore 1=+ 7= 1 o
b d
or -= -,
a ¢
Hence b:a::d:e,

Pror. C.—THEOREM (SIMsoN).

If the first of four magnitudes be the same multiple of
the second which the third is of the fourth, the first is to
the second as the third is to the fourth.

Let a=mb, ¢c=md; thena:b::¢:d

. a
Dem.—S8ince  a ="mb, we have 3= m

In like manner, % = m; therefore

|l e

a
b

Hence a:b:iec:d.
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Pror, T —TrEorEM (SrMsox).

If the first be to the second as {o the third 1s to the
Sourth, and if the first be a multiple or submultiple of
the second, the third is the same multiple or submultiple
of the fourth.

1. Leta:b::e:d, and let @ be a multiple of b,
then ¢ is the same multiple of d.

Dem.—Let @ = mb, then % =m;

a ¢ ¢
but fiabt therefore =™ and ¢ = md.
2, Let a-:é then ¢ l
85w
¢ 1
therefore =W
Hence ¢= f
n

PROP. VII.—TuroreM.

1. Fgual magnitudes have equal ratios to the same
magnitude.

2. The same magnitude has equal ratios to equal mag-
nitudes.

Let 4 and & be equal magnitudes, and ¢ any other
magnitude.

Then 1. aic::b:o
2. 0:a::0:8.
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Dem.—Since @ = 4, dividing each by ¢, we have

a b
¢ e’
therefore azc::b:e.
Aguin, since a = b, dividing ¢ by each, we have
¢ ¢
a b
therefore ciaz:cd.

Observation.—2 follows at once from 1 by Propesi-
tion B.

PROP. VIII.—Turorem.

1. Of two unequal magnitudes, the greater has a greater
ratio to any third magnitude than the less has; 2. any
third magnitude has a greater ratio to the less of two un-
equal magnitudes than it has to the greater.

1. Let a be greater than &, and let ¢ be any other
magnitude of the samc kind, then the ratio a:¢ is
greater than the ratio & : ¢.

Dem.—Since « is greater than 4, dividing each by o,
@, b
- s greater than o
therefore the ratio @ : ¢ is greater than the ratio 4 : o.

2. To prove that the ratio ¢ : & is greater than the
ratio ¢ : a.

Dem.—Since b is less than «, the quotient which is
the result of dividing any magnitude by & is greater
than the quotient which is got by dividing the same
magnitude by a;
thercfore % is greater than %.

Hence the ratio ¢ : b is greater than the ratio ¢ : 4.
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PROP. IX.—THEOREM.

Magnitudes which have equal ratios to the same magni-
tude are equal to one another ; 2. magnitudes to which
the same magnitude has equal ratios are equal to one
another.

1. Ifa:c::b:e¢ toprove a =b.
Dem.—Since aze::iboe

IR
S

Hence, multiplying each by ¢, we get a = &.

2. Ife:a::e:d, toprove a=2d.

Dem.—Since c:a::¢:0,
by inversion, aic::b:c;
therefore a=b [1].

PROP. X.—Tuxrorem.

Of two unequal magnitudes, that which has the greater
ratio to any third is the greater of the two; and that to
which any third has the greater ratio is the less of the
two.

1. If the ratio @ : ¢ be greater than the ratio & : ¢,
to prove a greater than b.

Dem.—Since the ratio a : ¢ is greater than the ratio
b:e,

a. b
;18 greater than e

Hence, multiplying each by ¢, we get a greater than 5.
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2. If the ratio ¢ : b is greater than the ratio ¢ : 4, to
prove b is less than a.

Dem.—Since the ratio ¢ : b is greater than the ratio
¢:a

c. ¢
3 greater than o

Hence 1 =2 is less than 1 + ‘j,
b a
. b. a
that is, p is less than o

Hence, multiplying each by ¢, we get

b less than a.

PROP. XI.—Turorex,

Ratios that are equal to the same ratio are equal to one
another.

Leta:b::0: fande:d::e: f, toprovea: b::¢:d.

Dem.—Since a:b::e:f,
a e
b f
. c e
In like manner, 7" F
a ¢ .
Hence =3 (1., Axiom 1.},

and arb::c:d.
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PROP. XI1I.—Turorem.

If any number of ratios be equal to one another, any
one of these equal ratios s equal to the yatio of (he sum
of all the antecedents to the sum of all the consequents.

Let the ratios a: &, ¢: d, ¢ : f, be all cqual to one
another; it is required to prove that any of these
ratios is equal to the ratio a +e+e: b+ d+f.

Der.—By hypotheses,

Since these fractions are all equal, let their common
value be r; then we have

« ¢ e
b = r, g:f" ] zr;
therefore a = br,
¢ =dr,
o=Jfr;
therefore a+cie=(b+d+f)r
a+e¢t+e
Hence i +”f= r;
a atc+te
thercfore ;= Fidi
and atb:iatetre:b+dt f

Cor.—With the same hypotheses, if /, m, n be any
three multipliers, a : & : : Ia + me + ne : Ib + md + af.
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PROP. XIII.—THEOREM.

If two ratios are equal, and of one of them be greater
than any third ratio, then the other is also greater than
that third ratio.

Ifa:b::c:d but the ratio of ¢: d greater than
the ratio of ¢ : f; then the ratio of @ : 4 is greater than
the ratio of ¢ : f.

Dem.—Since the ratio of ¢: d is greater than the
ratio of 6 : f,

% is greater than }.
Again, since azbzio:d,
a ¢
Tt
therefore % is greater than 67.

or the ratio of @ : & is greater than the ratio of 6 : .

PROP. XIV.—THEOREM.

If two ratios be equal, then, according as the antecedent
of the first ratio is greater than, equal to, or less than the
antecedent of the sccond, the consequent of the first s
greater than, equal to, or less than the consequent of the
second.

Leta:b::¢:d; then if a be greater than ¢, b is
greater than d; if equal, equal; if less, less.
Dem.—Since a:b::0:d.

we have
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and multiplying each by g we get

™

or

therefore a:c::b:d.

Hence, Proposition [A], if a be greater than ¢, b is
greater than 4; if equal, equal; and if less, less.

PROP. XV.—THEoREM.

Magnitudes have the same ratio which all equimultiples
of them have.

Let @, & be two magnitudes, then the ratio 4 : & is
equal to the ratio ma : mb.

Dem.—The ratio ¢: & = g, and the ratio of ma : mb
= :'-,:i;; but since the value of a fraction is not altered

by multiplying its numerator and denominator by the
same number,

ma
mb’

1 ma s mb.

a
b
therefore a:b

PROP. XVI.—THEOREM.

If four magnitudes of the same kind be proportionals they
are also proportionals by alternation (alternando).

Let a:b::c:4d, thena:c¢::5:4d.
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Dem.—Since a:b::0:4d,

a ¢
VT
s h
and multiplying cach by , we get
C

a b_r b
b'¢c de’

a h'

or ;*;’ly
therefore a:cg b d

PROP. XVII.—TurorEM.

If four magnitudes be proportional, the difference be-
tween the first and second : the second : : the dufference be-
tween the third and fourth : the fourth (dividendo).

Lot @:d::0:d: thena=b:b::¢c-d:d;

Dem.—Since a:b::c:d,
a ¢
PTa
therefore g-l=f_i—l’
a-b c¢-d
* A
therefore a-b:b::1¢-d:d.

PROP. XVIII.—THEOREM.

If four magnitudes be proportionals, the sum of the
rst and second : the second : : the sum of the third and
Sourth : the fourth (componendo).

Let a:bd::c:d;thena+d:b::c+d:d.
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Dem.—Since a:b::ic:d,
a ¢,
b d’
a ¢
therefore it 1= Fhs 1,
or at+h e+ d.
b d
thercfore a+bibiic+d:d
PROP. X1X.—Turorem.

If a whole magnitude be to another whole as a magni-
tude taken from the first is to @ magmitude taken from
the second, the first remainder : the second remainder : :
the first whole : the second whole.

Leta:d::0: (l, ¢ and & being less than a and &;
then c:b-d::a:b.
Dem.—Since a:b::¢:4d,
then ate: b d [alternando],
and ¢:a::d: b [imvertendo];
therefore - 4,
e b
c a
and 1 - 1- B
or a-c_b-4
a b
Hence a-¢c:b-d::a:b

Pror. E.—TrurorenM (Stuson).

If four magnitudes be proportional, the first : its excess

above the second : :

the third : its excess above the fourth

(comvertendo).

Let a:%::0

:d;thena:a-b::¢:c-d.
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Dem.—Since a:b::0:4d,
a_o.
b d’
-6 e-d
therefore @ e ¢ a [Dem. of xvi.],
a a-b ¢ e¢-d
therefore 3T % PR
a c
or a—b" o—d
therefore aza-b::c:c~-d.

PROP. XX.—Turorem.

If there be two sets of three magnitudes, which taken
two by two in direct order have equal ratios, then if the
Jfirst of either set be greater than the third, the first of
the other set is greater than the third : if equal, equal ;
and if less, less.

Let a, b, ¢ o/, ¥, ¢ bo the two sets of magnitudes,
and let theratioa: b=a': &', and b: ¢c=¥ : ¢’; then,
if @ be greater than, equal to, or less than ¢, ¢’ will be
greater than, equal to, or less than ¢'.

Dem.—S8ince a:b::d ¥,

h a o
e have 7m
w T
) 5 ¥
In like manner, - = —
c ¢

a b o ¥

Hence -X —= - X —

b e ¥ ¢
a o
or z = (?.

Therefore of a be greater than e, a' 18 greater than ¢’ ;
of equal, equal; and if less, lsss.
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PROP. XXT1.—TuroreM.

If there be two scis of three magnitudes, which taken
two by two in transverse order have equal ratios; then,
if the first of eilher set be greater than the third, the first
of the other sef is greater than the thivd ; if equal, equal;
and if less, less.

Teta, b, ¢c; o, ¥, ¢ be the two sets of magnitudes,
andlot the ratiow: b =8 : ¢/,and b : ¢ = &' : &’'. Then,
if @ be greater than, equal to, or less than ¢, o’ will
be greater than, equal to, or less than ¢'.

Dem.—Since a:b::b:¢,

a ¥

h -
we have P
. b o

In like manner, ~=
/

Hence, multiplying % = ;i,.

Therefore, if a be greater than ¢, a' ds greater than ¢ ;
tf equal, equal ; if less, less.

PROP. XXII.—TroroRreM.

If there be two sets of magnitudes, which, taken two by
two in direct order, have equal ratios, then the first : the
last of the first set : : the first : the last of the second set
(““ ex acquals,” or “ ex aequo™).

Let a, 8, ¢; &, &', ¢ be the two scts of magnitudes,
andifa:d::a¢’:¥,andb:c::8 :¢,thena:c::4': 7.

Dem.—Since a:b::a ¥,

a da

we have 5= 5
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'

In like manner, é = b .

¢ ¢

’

Hence, multiplying, : = ?,
Therefore aic::a:d,

and similarly for any number of magnitudes in each
set.

Cor. 1.—If the r1atio b : ¢ be equal to the ratio a : b,
then a, b, ¢ will be in continued proportion, and so will
a, ¥, ¢. Hence [Def. x1r. Annotation 3],

e & 1 d  a?
PRl L
but 2. q,,. [xx11.]
¢ ¢
a‘l 412
Therefore ; —.
v
Hence, if a:b::d ¥,

at: bt a? i bR
Or if four magnitudes be proportional, their squares are
proportional.

Cor. 2.~-1f four magnitudes be proportivnal, their
cubes are proportional.

PROP. XXITIL.—Turorem.

If there be two sels of magniludes, which, taken two
by two in transverse order, have equal ratios; then the
Jirst o the last of the first set : : the fivst : the last of the
second set (** ex aequo perturbato”).

Let a, b, ¢; o, ¥, ¢ be the two sets of magnitudes,
and lct the ratioa: b=0':¢, and b:c=a': b'; then
d:c::ad:¢

Q
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Dem.—Since a:b::0:7¢,
a ¥
we have - ==
b ¢
. b o
In Jike manner, - =2
¢ b
C . a a
Hence, multiplying, ==
therefore arecrid

and similarly for any number of magnitudes in each
set.

This Proposition and the preceding one may be in-
cluded in one enunciation, thus: ¢ Ratios compounded
of equal ratios are equal.”

PROP. XX1V.—TaroreM.

If two magnitudes of the same kind (a, ) have to
a third magnitude (¢) ratios equal to these which two
other magnitudes (a', b') have to a third (¢'), then the sum
(a+b)of the first two has the same ratio to their third (c)
which the sum (o' + V') of the other two magnitudes has to
their third (¢').

Dem.—Since a:c::4d:7,
4
a a
we have =,
c
b ¥
In like manner, - ==
¢ ¢
.. a+b d+ ¥
therefore, adding, -~ - = ——,
¢ ¢

Hence at+biciia +¥:¢.
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PROP. XXV.—ProsLEM,

If four magnitudes of the same kind be proportionals,
the sum of the greatest and least is greater than the sum
of the other two.

Leta:8::¢:d; then, if a be the greatest, d will
be the least [x1v. and A]. It is required to prove that
a + d is greater than & + o.

Dem.—Since e¢: b::¢:d,
a:c¢::b:d[allernando];

therefore ara-c::b:b-d[K];
but a is greater than & (hyp.),
therefore a — ¢ is greater than b — d [x1v.].
Hence @ + d is greater than b + ¢.

Questions for Examination on Book V.
. What is the subject-matter of this book ?
. When is one magnitude said to be a multiple of another ?
. What is a submultiple or measure ?
. What are equimultiples ?

[ U

. What is the ratio of two commensurable magnitudes ?

6. What is meant by the ratio of incommensurable magni-
tudes ?

7. Give an illustration of the ratio of incommensurables.
8. What are the terms of a ratio called ?
9. What is a ratio of greater inequality P

10. What is a ratio of lesser incquality P

11. What is the product of two ratios called? Ans. The ratio
compounded of these ratios.
Q2
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12. What is duplicate ratio P

13. What is Euclid’s definition of duplicate ratio?
11. Give another definition.

16. Dcfine triplicate ratio.

16. What is proportion? _A4us. equality of ratios.
17. Give Euclid’s definition of proportion.

18. How many ratios in & proportion ?

19. What are the Latin terms in use to denote some of the
Propositions of Book V.?

20. When is a line divided harmonically ?

21. When a line is divided harmonically, what are correspond-
ing pairs of points called? 4us. Hurmonic conjugates.

22. What are reciprocal ratios ?

23. Give one enunciation that will include Propositions xxu ,
xx111. of Book V.

MISCELLANEOUS EXERCISES ON BOOK V.

Der. I. —A ratio whose untecedent is gieater than its conse-
quent is called a ralio of greater incquality ; and a ratio whose
antecedent is less than its consequent, a ratio of lesser equality.

Der TL—A right line is said to be cut harmonscaily when it is
divided internally and externally in any ratios that we equal in
wmagnitude.

1. A ratio of greater inequality is increased by diminishing its
terms by the same quantity, and diminished by increasing its
terms by the same quantity.

2. A ratio of lesser inequality is diminished by diminishing its
terms by the sune quantity, and increased by increasing its terms
by the same quantity.

3. If four magnitudes be proportionals, the sum of the first and
second is to their difference as the sum of the third and fourth is
to their difference (componendo et dividendo).

4, If two sets of four magnitudes be proportionals, and if we
multiply corresponding tarws together, the products are propor-
tionals.
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5. If two sets of four magnitudes be proportionals, and if we
divide corresponding terms, the quotients are proportionals.

6. If four magnitudes be proportionals, their squares, cubes,
&c., are proportionals.

7. Tt two proportions have three terms of one respectively
equal to three'corresponding terms of the other, the remaining
term of the fivst is equal to the remaining term of the second.

8. If three magnitudes be continual proportionals, the first is
to the third as the square of the difference between the first and
second is to the square of the difference between the second and
third.

9. If aline AB, cut harmonically in C and D, be bisected in
0; prove OC, &B, OD are continual proportionals.

10. In the same case, if O’ be the middle point of CD ; prove
00" = 0B? + O'D2.

1 1 2
11. And AB (AC + AD)=2AC.AD, orE+E=ﬁ}'
12. And CD (AD + BD) =2AD . BD, o 1‘+ 1 _ 2
» And OB ) =2AD . BD, or g5 + 375 = &b

13. And AB.CD =2AD.CB.
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BOOK VI.

APPLICATION OF THE THEORY OF PROPORTION.

DEFINITIONS,

1. Similar Rectilineal Figures arc those whose several
angles are cqual, cach to cach, and whose sides about
the equal angles are proportional.

Similar figures agree in shape; if they agree also in size, they
Yre congrucnt.

1. When the shape of a figure is given, it is said to be given
in species. 'Thus a triangle whose angles are given is given in
species. Ience similar figures are of the same species.

2. When the size of a figure is given, it is said to be given
in magnitude; for instance, a square whose side is of given
length.

3. When the place which a figure occupies is known, it is said
to be given in posution.

1. A right line is said to be cut at a point in
extreme and mean ratio when the whole line is to
the greater segment as the greater segment is to the
less.

ur. 1f three quantities of the same kind be in con-
tinued proportion, the middle term is called a mean
proportional between the other two.

Magnitudes in continued proportion are also said to
be in geometrical progression.

1v. If four quantitics of the same kind be in con-
tinued proportion, the two middle terms are called
two mean proportionals between the other two.
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v. The altitude of any figure is the length of the
perpendicular from its highest point to its base.

vi. Two corresponding angles of two figures have
the sides about them rceiprocally proportional, when
a side of the first is to a side of the sccond as the
remaining sidé of the second is to the remaining side
of the first.

This is evidently equivalent to saying that a side of the first is
to a side of the second in the reciprocal 1atio of the romaining
side of the first to the rcmaining side of the second,

PROP. I.—Turorex.
Triangles (ABC, ACD) and parallelograms (EC, CF)

which have the same altitude are to one another as their
bases (BC, CD).

Dem.—Produce BD both ways, and cut off any num-
ber of parts BG, GH, E A ¥
&c., cuch equal to
CB, and any num-
ber DK, KL, each
equal to CD. Join
AG, AH, AK, AT . H G B € D K L

Now, since the several bases CB, BG, GII are all
equal, the triangles ACB, ABG, AGH are alco all cqual
[I. xxxvii].  Therefore the triangle ACH is the
same multiple of ACB that the base CIL is of the base
CB. In like manner, the triangle ACL is the same
multiple of ACD that the base CL is of the base CD
and it is evident that [1. xxxvur] if the base IIC be
greater than CL, the triangle HAC is greater than
CAL; if equal, equal; and if less, less. Now we
have four magnitudes: the base BC is the first, the
base CD the sccond, the triangle ABC the third, and
the triangle ACD the fourth. We have taken equi-
multiples of the first and third, namely, the base
CH, and the triangle ACH ; also equimultiples of the
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second and fourth, namely, the base CI,, and the tri-
angle ACL; and we have proved that according as the
multiple of the first is greater than, equal te, or less
than the multiple of the second, the multiple of the
third is greater than, equal to, or less than the mul-
tiple of the fowrth. flence [V. Def. v.] the base
BC: CD :: the {reangle ABC : ACD.

2. The parallelogram BC is double of the triangle ABC

I. xxxiv.], and the parallelogram CF is double of the

triangle ACD. Hence [ V. xv.] EC:CF : : the triangle

ABC: ACD; but ABC: ACD :: BC: CD (Part I.).
Therefore (V. x1.] BC : CF : : the base BC : CD.

Or thus: Let A, A’ denote the aveas of the triangles ABC, ACD,
respectively, and I’ their common altitude ; then [LI. 1., Cor. 1],

A=3}P.BC, A’=}P.CD.

A BC ,
Hence Nl e A:A"::BC:CD.
In extending this proof to parallelograms we have only to use
P instead of 4 P.

PROP. TI.—Turorem.

If a line (DE) be paralle! to a side (BC) of a triangle
(ABC), ot divides the rematning sides, measured from the
oppostte angle (A), proportionally ; and, conversely, If
two sides of a triangle, measured from an angle, be cut
proportionally, the line joining the points of section 18
parallel to the third side.

1. It is required to prove that A
AD:DB:: AK: LC.

Dem.—Join BE, CD. The tri-
angles BDE, CED are on the same
base DE, and between the same paral-
lels BC, DE. Hence [I.xxxvre.] they /.-
are equal, and therefore [ V. vir. ] the B’
triangle ADE : BDK : : ADK : CDE,
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but ADE:BDE:: AD: DB [L],
and ADE: CDE:: AE: EC [L.].
Hence AD:DB:: AE: EC.

2. HAD: DB :: AR : EC, it is required to prove
that DE is parallel to BC.

Dem.—Let the same construetion be made
then  AD: DB : : the triangle ADE : BDE [L].
and AE : EC : : the triangle ADE : CDE [1.];
but AD :DB:: AE : EC (hyp.).
IHlence  ADE : BDE : : ADE : CDE.

Therefore [ V. 1x.] the triangle BDE is equal to CDE,
and they are on the same base DE, and on the same
side of it ; hence they are between the same parallels
[I. xxx1x.]. ZTherefore DE is parallel to BC.

Observation.—The line DE may cut tho sides AB, AC pro-
duced through B, C, or through the angle A; but evidently a
separate figure for cach of these cases is unnecessary.

Exercise.

If two lines be cut by three or more parallels, the intercepts
on one are proportional to the corresponding intercepts on the
other.

PROP. ITT.—THaEoREM.

If a line (AD) bisect any angle (A) of @ triangle (ABC),
st divides the opposite side (BC) into segments propor-
tional to the adjacent sides. Conversely, If the segments
(BD, DC) into which a line (AD) drawn from any angle
(A) of a triangle divides the opposite side be proportional
to the adjacent sides, that line bisects the angle (A).

Dem.—1. Through C draw CE parallel to AD, to
meet BA produced in E. Because BA meets the
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parallels AD, EC, the angle BAD [I. xxix.] is cqual
to AEC; and because AC meets the parallels AD, EC,
the angle DAC is cqual to ACE;
but the angle BAD is equal to ',,"'E
DAC (hyp.); therefore the angle A
ACE 1s equal to AEC; therefore K
AFiscqualto AC [1.vi.]. Again,

beecause AD is parallel to KC, one -

of the sides of the triangle BKC, KD rs
BD:DC::BA: AE [1L]; but

AE has been proved cqual to AC. Tkerefore
BD : DC: : BA : AC.

2. If BD: DC::BA : AC, the angle BAC is bi-

sected.

Dem.—Let the same construction be made.

Because AD is parallel to EC, BA : AE: : BD : DC
IL]; but BD: DC::BA : AC (hyp.). Therefore
V.xr.]BA : AE:: BA : AC, and hence [V. 1x.] AE

1s cqual to AC; therefore the angle AKC is equal to
ACE; but AEC is cqual to BAD [I. xxix.], and ACE
to DAC; henee BAD is equal to DAC, and the line AD

bisects the angle BAC.

Il
’
'
.
'
i
]
'
.
.
i
'
I
|
1

Exercises.

1. If the line AD hisoct the external vertical angle CAE,

BA: AC:: BD : DC, and conversely.
Dem.—Cut off AE = AC. Join

ED. Then the triangles ACD, L
AED arve evidently congruent; AN
thereforo the angle EDB is bi- < |
sected ; hence (1] BA : AE:: y
BD:DE; or BA:AC::BD: DC. \
2. Exercise 1 has been proved B c D

by quoting Proposition 1. Prove
it independently, and prove II1. as an inference from it.

3. The internal and the external bisectors of the vertical angle
of a triangle divide the buse harmonically (se¢ Definition, p. 191).

4. Any line intersecting the legs of any angle is cut harmoni-
cally by the internal and external bisectors of the angle.
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5. Any lino intersccting the legs of a right angle is cut har-
monically by any two lines through its vertex which make equal
angles with either of its sides.

6. If the base of a triangle be given in magnitude and position,
and the ratio of the sides, the locus ot the vertex is a cirele which
divides the base internally and externally in theyatio of the sides.

7. If a, /‘,\cdenotc the sides of a tiiangle ABC, and D, D’ the
points where the internal and external bisectors of A meet BO;
prove

8. In the same case, if E, E/, F, F’ be points similarly doter-
mined on the sides CA; AB, respectively; prove
1 1 1
oo gt EE ="
a? b P

vt rE i T

and

PROP. 1V.—Turorem.

The sides about the equal angles of equiangular tri-
angles (BAC, CDE) are proportional, and theose which
are opposite to the equal angles are homologous.

Dem.—Ict the siles BC, CE, which arc opposite to
the equal angles A and D, be conceived to be placed so
as to form onc continuous line,
the triangles being on the same "™
side, and so thut the cqual
angles BCA, CED may not 4
have a common vertex.

Now, the sum of the angles
ABC, BCA is less than two
right angles; but BCA is equal ¢ E
to BED (hyp.). Thercfore the sum of the angles ABE,
BED is less than two right angles; hence [I., Axiom
x1r. ] the lines AB, ED will meet if produced. Let them
meet in . Again, because the angle BCA is equal
to BEF, the line CA [I. xxviur.] is parallel to EF. 1In
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like manner, BF is parallel to CD; therefore the figure
ACDF is a parallelogram ; hence AC is cqual to DF,
and CD is equal to AF. Now, because AC is paraliel
to FE, BA:AF :: BC: CE [1L.]; but AF is equal to
CD, therefore BA : CD : : BC : CE; hence [ V. xvr.];
AB : BC:: DC: CE. Again, becanse €D 15 parallel
to BI, BC : CE :: TD : DE; but FD is equal to
AC, therefore BC: CE:: AC: DE; hence [V. xvr.]
BC: AC:: Cl: DK. Therefore we have proved that
AB : BC:: DC: CE, and that BC: CA :: CE : ED.
Hence (ex aequali) AB: AC::1DC:DE. Therefore
the sides about the equal angles are proportional.

This Proposition may also be proved very simply by super-
position. Thus (see fig., Prop.11.) : let the two triangles be ABC,
ADE; let the second triangle ADE be conceived to be placed on
ABC, so that its two sides AD), AE may fall on the sides AB,
AC; then, since the angle ADK is equal to ABC, the side DE
is parallel to BO. Hence [II.] AD : DB :: AE : EC; hence
AD: AB:: AE : AC, and [V. xvi.] AD : AE:: AB : AC.
Therefore the sides about the equal angles BAC, DAR are propor-
tional, and similarly for the others.

It can be proved by this Proposition that two lines which meet
at infinity are parallel. For, let I denote the point at infinity
through which the two given lines puss, and draw any two pa-
rallels intersecting them in the points A, B; A’, B'; then the
triangles AIB, A'IB’ are equiangular; therefore AT: AB: : A'T:
A'B’; but the first term of the proportion is equal to the third ;
therefore [V. x1v.] the second term AB is equal to the fourth
A'DY, and, being parallel to it, the lines AA’, BB’ [I. xxxn]
are parallel.

Exercises.

1, If two eircles intercept equal chords AB, A’B’ on any secant,
the tangents AT, A'T to the circles at the points of intersection
are to one another as the radii of the circles.

2. If two circles interccpt on any sccant chords that have a
given 1atio, the tangents to the circles at the points of intersec-
tion have a given ratio, namely, the ratio compounded of the
direct ratio of the radii and the inverse ratio of the chords.

3. Being given a circle and a line, prove that a point may be
found, such that the rectangle of the perpendiculars let fall on the
line from the points of intersection of the circle with any chord
through the point shall be given.
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*4. ABisthe diameter of a semicircle ADB; CD a perpendicular
to AB; draw through A a chord AF of the semicircle meeting CD
in E, so that the ratio CE : EF may be given.

' PROP. V.—Tugorum.

If two triangles (ABC, DKL) have thedr sides propor-
tional (BA: AC:: ED: DF;AC: CB:: DI : FE) they
are equiangular, und those angles are equal which are
subtended by the homologous sides.

Dem.— At the points D, ¢
K make the angles DG, \
DEG equal to the angles \
A, B of the triangle ABC.
Then [1. xxxir.] the tri- \
anglesABC, DEG ave equi-

angular. Therefore Funni l§
BA:AC::ED: DG [1v.];

but L
BA:AC:: ED:DFhyp.). (,

Therefore DG is cqual to DF. In like manner it
way be proved that EG is equal to EF. Hence the
triangles KDF, KDG have the sides KD, DI in one
cqual to the sides KD, DG in the other, and the base
EF equal to the base EG. Hence [I. viir.] they are
equiangular; but the triangle DEG is equiangular to
ABC. Therefore the triangle DEF 43 equiangular to
ABC.

Observation.—In VI. Def. 1. two conditions arc laid down
a8 necessary for the similitude of rectilincal figures. 1. The
equality of angles; 2. The proportionality of sidcs. Now, from
Propositions 1v. and v., we see that if two triangles possess cither
condition, they also possess the other. Triangles are unigue in
this respect.  In all other1ectilineal figures one of the conditions
may exist without the other. Thus, two quadrilaterals may
have their sides proportional without baving equal angles, or
viee versd.
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PROP. VI.—THEOREM.

If two triangles (ABC, DEF) lave one angle (A) in
one equal to one angle (D) in the olher, and the sides about
these angles proportional (BA : AC:: ED: DF), the tri-
angles are equiangular, and have those angles equal which
are opposite to the homologous sides.

Dem.—Make the same construction as in the last
Proposition ; then the triangles ABC, DEG are equi-
angular.

Therefore BA:AC::ED: DG [iv.];
but BA:AC::ED:DF (hyp.).

Therefore DG is equal to DF. Again, because the
angle KDG is equal to BAC (const ), and BAC equal
to EDF (hyp.), the angle EDG is equal to EDF : and
it has been proved that DG is equal to DF, and DE
is common ; hence the triangles EDG and EDF arve
cquiangnlar ; but KDG is equiangular to BAC. Zhere-
Jore B 18 equiangular to BAC.

[It is easy to see, as in the case of Proposition 1v, that an
immediate proof of this Proposition can also be got fiom Propo-
sition 11.].

Cor. 1.-—1f the ratio of two sides of a triangle be
given, and the angle between them, the triangle is
given in specics.

PROP. VII.—Turoren.

If two triangles (ABC, DEY) have one angle (A) tnone
equal to one angle (D) in the other, the sides about two
ather angles (B, E) proportional (AB : BC :: DE : EF),
and the remaming angles (C, ¥) of the same species
(i. e. eithor both acute or both not acute), the triangles
are similar.
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Dem,—If the angles B and E are not equal, one
must be greater than the
other. Suppose ABC to be
the greater, and that the
part ABG is equal to DEF,
then the. triangles ABG,
DEF have two angles in
one equal to two angles
in the other, and are
[T. xxx11.] equiangular.

Therefore  AB: BG:: DE: EF [iv.];
but AB: BC:: DE: EF (hyp.).

Therefore BG is equal to BC. Menee the angles
BCG, BGC must be each acute [1. xvir.]; thercfore
AGB must be obtuse; hence DFE, which is equal
to it, is obtuse; and it has been proved that ACB is
acute ; therefore the angles ACE, DFE arce of different
species; but (hyp.) they are of the same species, which
is absurd. Hence the angles B and E are not unequal,
that is, they are cqual.  Therefore the triangles are equi-
angular.

B cC K ¥

Cor. 1.—I1f two triungles ABC, DEF have two sides
in one proportional to two sides in the other, AB : BC
:: DK EF, and the angles A, D opposite one pair of
homologous sides cqual, the angles C, ¥ opposite the
other are either cqual or supplemental, This Propo-
sition is nearly identical with vir.

Cor. 2.—If either of the angles C, F be right, the
other must be right.

PROP. VIIT.—Trurorem.

The triangles (ACD, BCD) wmbo which a right-angled
triangle (ACB) s divided, by the perpendicular (CD) from
the right angle (C) on the hypotenuse, are similar to the
whole and to one another.
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Dem.—Since the two triangles ADC, ACB have the
angle A common, and the angles
ADC, ACB equal, each bheing

C
right, they are [[. xxxir.] equi-
angular ; hence [1v.] they are -
similar. In like manner it may -
A~ D B

be proved that BDC is similar

to ABC. Hence ADC, CDB are

each similar to ACD, and (herefore they are similar to one
another.

Cor. 1.—The perpendicular CD is a mean propor-
tional between the segments AD, DB of the hypote-
nuse.

For, since the triangles ADC, CDB are equiangular,
we have AD : DC:: DC: DB; hence DC is a mean
proportional between AD, DB (Def. m1.).

Cor. 2.—BC is a mean proportional betwecn AB,
BD; and AC between AB, AD.

Cor. 3.—'The segments AD, DB are in the duplicate
of AC : CB, or in other words, AD : DB :: AC*: CBY,

Cor. 4.—BA : AD inthe duplicate ratios of BA : AC;
and AB : BD in the duplicate ratio of AB : BC.

PROP. 1X.—ProBLEM.

From a given right line (AB) to cul off any part required
(1. e. to cut off any required submultiple).

Sol.—Let it be required, for instance, to cut off the
fourth part. Draw AF, making any angle with AB,
and in AF take any point C, and cut off (I. rr.) the
parts CI), DE, EF each cqual o AC. Jomn BF, and
Iraw CG parallel to BF. AG is the fourth part of
AB.
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Dem.—Since CG is parallel to the side BF of the

triangle AGF, AC : AF : : AG -

: AB [11.]; but AC is the fourth AN

part of A (const.). Hence AG D

is the fourth part of AB [V., n.]. c// AN
In the same manner, any other ve- e N S

quired submultiple may be cut off.

Proposition x., Book I., is a particular case of this
Proposition.

PROYP. X,—Pronrnewm.

To divide a given undivided line (AB) similarly to a given
divided line (CD).

Sol.—Draw AG, making any angle with AB, and

cut off the parts AH, HI, IG G
respectively equal to the

parts CE,” EF, FD of the /1/
given divided line CD. Join H A Mo N
B@, and draw HK, IL, each A NN
parallel to BG. AB will be K L B

divided similarly to CD.

Dem.—Through H draw © E F b
HN parallel to AB, cutting IL in M. Now in the
triangle ALI, HK is parallel to IL. Hence [11.]
AK : KL :: AH : HI, thatis : : CE : EF (const.).
Again, in the triangle HNG, MI is parallel to NG.
Therefore [1r. JHM : MN :: HI : 1G; but [L xxxlvq
HM is equal to KL, MN is equal to LB, HI is equa
to EF, and IG is cqual to FD (const.). Therefore
KL : LB :: EF: FD. Hence the line AB s divided
similarly to the line CD.

Exercises.

1. To divide a given line AB internally or externally in the
ratio of two given lines, m, n.
4
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Sol. —Through A and B draw any two parallels AC and BD in
opposite directions.  Cut off AC =, and BD = n, and join

CD; the joining line will divide AB internally at E in the ratio
of m : n.

2. 1£ BD' be drawn in the same directior with AC, as denoted
by the dotted line, then CD’ will cut AB exteinally at E" in the
ratio of m : n.

Cor.—The two points E, E’ divide AB harmonically.

This problem is manifestly equivalent to the following:—
Given the sum or difference of two lines and their ratio, to find
the lines.

3. Anyline AE’, through the middle point B of the base DD’
of a triangle DCD’, is cut harmonically by the sides of the
triangle and a parallel to the base through the vertex.

4. Given the sum of the squares on two lines and their ratio ;
find the lines.

6. Given the difference of the squares on two lines and their
ratio; find the lines.

¥6. Given the base and 1atio of the sides of a triangle; con-

struct it when any of the following data is given:—1, the area;
2, the difference on the squares of the sides; 3, the sum of the
squares on the sides; 4, the vertical angle ; 3, the difference of
the base angles.

PROP. XI.—ProsLEMm.
To find a third proportional to two given lines (X, Y).

Sol.—Draw uny two lines AC, AF making an angle.
Cut off AB cqual X, BC equal Y, and AD cqual Y.
Join BD, and draw CE parallel to BD, then DE is the
third proportional required.
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Dem.—In the triangle CAE, BD is parallel to
CE ; therefore AB : BC E
:: AD @ DE[1.]; but
AB is equal to X, and D/ *,
BC, AD cach cqual to 7
Y. Therefore X : Y -
::Y : DB, Ilence DEA B [¢
18 @ third proportional fo X and Y.

Another solution can be inferred from Proposition vir.  For if
AD, DC in that Proposition he respectively equal to X and Y,
then DB will be the third proportional.  Or again, if in the dia-
gram, Proposition vur., AD = X, and AC = Y, AB will be the
third proportional. Ience may be inferred a method of conti-
nuing the proportion to any number of terms.

Exercises.

1. If AOQ be a triangle, having the side A greater than AQ;
then if we cut off AB
= A0, draw BB’ parallel "[~_
to AO, cut off BC = BY’,
&c., the series of lineg M|------------=
AB, BC, CD, &ec., are
in continual proportion.
2. AB - BC: AB ::
AB:aq. This iy evi- A
dent by drawing through B’ a parallel to AQ.

PROP. XIL.—ProsLrm,
1o find a fourth proportional lo three given lines
(X, Y, Z).

8ol.—Draw any two lines AC, AK, making an
angle; then cut off
AB ecqual X, BC

X
equal Y, AD equal L
Z. Join BD, and — X
draw CE parallel — 2

to BD. DE will
be the fourth pro-®
portional required.

B2
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Dem.—Since BD is parallel to CE, we have [11.]
AB : BC :: AD : DE; thercfore X : Y:: Z: DE.
Hence DE s a fourth proportional to X, Y, 4.

Or thus : Take two lines AD,
BC intersecting in 0. Make OA
=X, OB =Y, 0C = Z, and de-B/__
scribe a cirele throngh the points
A, B, C[1V. v.]ceutting AD in D.
OD 1will be the fourth proportional A
required.

The demonstration is evident
from the similarity of the triangles AOB and COD.

PROP. XIII.—Prosuen.

o find a mean proportional between two given lines.

X, Y).

8ol.—Take on any line AC parts AB, BC respectively
cqual to X, Y. D
On AC describe a — X
semicirele ADC. Y
Erect BDatright
angles to AC,
meeting the se- &~ — 5 C

micirele in D.
BD will be the mean proportional required.
Dem.—Join AD, DC. Since ADC is a semicircle,
the angle ADC is right [III. xxxr.]. Hence, since
ADC is a right-angled triangle, and BD a perpendi-
cular from the right angle on the hypotenuse, BD is a
mean proportional [ virr. Cor. 1] between AB, BC; that
is, BD 4s a mean proportional between X and Y

Exercises.

1. Another solution may be inferred from Proposition vr.,
Cor. 2.

2. If through any point within a circle the chord be drawn,
which is bisected in that point, its half is a mean proportional
between the segments of any other chord passing through the
same point,
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3. The tangent to a circle from any external point is a mean
proportional between tho segments of any secant passing through
the same point.

4. If through the middle point C of any arc of a circle any
secant be drawn cutting the chord of the arc in I), and the circle
again in E, the chord of half the arc is a mean proportional be-
tween CD and CE.

6. If a circle be described touching another circle internally
and two parallel chords, the perpendicular from the centro of the
former on the diameter of the latter, which bisects the chords,
is & mean proportional between the two extremes of the three
segments into which the diameter is divided by the chords.

6. If a circle be described touching a semicircle and its diameter,
the diameter of the circle is a harmonic mean between the seg-
ments into which the diameter of the semicirele is divided at the
point of contact.

7. State and prove the Proposition corresponding to Ex. 6, for
external contact of the circles.

PROP. XIV.—Turorem.

1. Egquiangular parallelograms (AB, CD) which are
equal in area have the sides about the equal angles re-
ciprocally proportional—AC : CE : : GC : CB.

2. Equiangular parallelograms which have the sides
about the equal angles reciprocally proportional are equal
in area.

Dem.—Let AC, CE be so placed as to form one right
line, and that the cqual angles “ B P
ACB, ECG may be vertically “re T
opposite. Now, since the W A
angle ACB is equal to ECG,
to cach add BCE, and we have A
the sum of the angles ACB,
BCE equal to the sum of the
angles ECG, BCE; but the \‘D
sum of ACB, BCE is [I. xrr.] G
two right angles. Therefore the sum of ECG, BCE is

i
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two right angles. Hence [I. x1v.] BC, CG form one
right line. Complete the parallelogram BE.

Again, since the parallelograms AB, CD are cqual
(hyp.),
AB:CF::CD:CF[V.viL];

but AB:CF:: AC: CE[1];
and CD:CF::GC:CB[n];
therefore AC:CE:: GC: CB;

that is, the sides about the equal angles are reciprocally
proportional.

2. Let AC: CE: : GC : CB, to prove the parallclo-
grams AB, CD are equal.

Dem.—Let the same construction be made, we have

AB:CF::AC:CE[L];

and CD:CF::GC:CB[1];

but AC:CE:: GC: CB (hyp.).
Therefore  AB: CF::CD: CF.

Hence AB=CD [V.x.];

that is, the parallelograins are equal.

Or thus : Join HE, BE, HD, BD. The & HC = twice the
A 1IBE, and the 3 CD = twice the A BDE. Therefore the
A HBE = BDE, and [I. xxx1x.] HD is parallel to BE. Hence

IIB: BF:: DE: EF; thatis, AC:CE::GC:CB.
2. May be proved by reversing this demonstration.

Another demonstration of this Proposition may be got by pro-
ducing the lines HA and DG to mect in I. Then [I. xLu] the
points 1, G, F are collinear, and the Proposition is evident.
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PROP. XV.—Turoren.

1. Two triangles equal in area (ACB, DCE), which
have one angle (C) tn one equal to one angle (C) in the
other, havethe sides about these angles reciprocally pro-
portional.

2. Tiwo triangles, which huve one angle in one equal to
one angle in the other, and the sides about these angles
reciprocally proportional, are equal in area.

Dem.—1. Let the cqual angles be so placed as to be
vertically opposite, and that AC, B D
CD may form onc right linc; then
it may be demonstrated, as in the
last Proposition, that BC, CE form
once right line. Join BD.

Now since the triangles ACB,
DCE are e¢quol, A X

ACB : BCD :: DCE : BCD [V. vi.];
but ACB:BCD:: AC:CD [1],
and DCE:BCD:: EC:CB [n].
Therefore AC: CD :: EC: CB;

that is, the sides about the equal angles are reciprocally
proportional.

2. IfAC:CD: : EC: CB, to prove the triangle ACB
equal to DCE.

Dem.—Let the same construction be made, then we
have

AC: CD: : triangle ACB : BCD [1.],
and  EC: CB:: triangle DCE : BCD [1.];
but AC:CD:: EC:CB (hyp.).
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Therefore the triangle
ACB : BCD : : DCE : BCD.
Hence the triangle ACB = DCE [V. 1x.]—that is, te

triangles are equal.
This Proposition might have been appended as a Cor. to the
preceding, since the tiiangles are the halves of equiangular paral-

lelograms, or it may be proved by joining AE, and showing that
it is parallel to BD.

PROP XVI.—Tunorem.

1. If four right lines (AB, CD, E, F) be proportional,
the rectangle (AB . F) contained by the cxtremes s equal
to the rectangle (CD . K) conlained by the means.

2. If the rectangle contained by the extremes of four
right lines be equal to the rectangle contavned by the
means, the four lines are proportional.

Dem.—1. Erect AH, CI at right angles to AB and
CD, and equal to F B »
and K respeetively,
and complete the rect- L X
angles. Then because
AB: 0D ::E:FH
(hyp.), and that E is
equal to CI, and T to
AH (const.), we have A
AB:CD :: CI: AH.
Hence the parallelograms AG, CK are cquiangular, and
have the sides about their equal angles reciprocally
proportional.  Thercfore they are [xiv.] equal; but
since AH is equal to ¥, AG is equal to the rectangle
AB.F. In like manncr, CK is equal to the rectangle
CD.E. Hence AB. F =CD.E; that is, the rectangle
contained by the extremes vs equal to the rectangle con-
tained by the means.

2. If AB.F=CD.E, to prove AB:CD:: E: F
The same construction being made, because AB . F
=CD E, and that F is equal to AH, and E to CI, we

B (o] D
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have the parallelogram AG = CK; and since these paral-
lelograms are cquiangular, the sides about their equal
angles are reciprocally proportional. Thercfore

AB:CD::ClL: AH; thatis, AB: CD:: E:F.

Or thus : Place the four lines in a con-
current position so that the extremes may
form one continuous line, and the means B
another. Let tho four lines so placed be
AQ, BO, OD, 0C. Join AB, CD. Then
because AO : OB : : OD : OC, and the
angle AOB = DOC “the m'mg]es AOB,
COD are eqmangu]ar Ience the four
points A, B, C, 1) are concyclic. There-
fore [III. xxxv.] A0 .0C=BO0.0D.

PROP. XVII.—TrrorEM

1, If three right lines (A, B, C) be proportional, the
rectangle (A . C) contained by the extremes 18 equal to the
square (B?) of the mean.

2. If the rectangle contained by the extremes of three
right lines be equal to the square of the mean, the three
lines are proportional.

Dem.—1. Assume a line D = B ; then because A : B

:B:C, wehave A: B: : D : C.
Th(\r( forc [ XVIL.]JAC = BD but
BD = B~ Therefore AC = B*; B
that is, the rectangle contained D
by the extremes s equal to tlw
square of the mean.

2. The same construction being made, sincec AC = B3,
we have A.C =B.D; thercfore A:B::D: C; but
D =1B. Hcence A:B::B:C; thatis, the three lines
are proportionals.

This Proposition may be inferred as a Cor. to the last, which
is one of the fundamental Propositions in Mathematics.
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Exercises.
1. If a line CD bisect the vertical engle C of any triangle ACB,
its square added to the rectangle AD . DB N
contained by the segments of the base is —

equal to the rectangle contained by the C
sides. (‘
Dem.—Describe a circle about the tri- o
angle, and produce CD to meet it in B;
then it is easy tc sce that the triangles
ACD, ECB aro cquiangular.  Hence [1v.] B
AC:CD::CE:CB; therefore AC . CB
= CE.CD = CD + CD.DE = CD? K
AD . DB [III. xxxv.].
2. If the line CD’ bisect the external vertical angle of any tri-
angle ACB, its square subtracted from the rectangle AD'. I'B
is equal to AC. CB.

3. The rectangle contained by the diameter of the ciicum-
seribed circle, and the radius ot the inscribed cirele of any tri-
angle, is equal to the rectangle contained by the scgments of any
chord of the circumseribed circle passing through the centre of
the inscribed.

Dem.—T.et O be the centre of the inseribed circle. Join OB
(see foregoing fig.); let fall the perpendicular O, draw the dia-
moter EF of the circumseribed circle. Now the angle ABE=ECB
[IIT. xxvir.], and ABO = OBC; therefore KBO = sum of OCI,
OBC=EOB. Hence EB=FXO0. Again, the triangles EBF, 0GC
are equiangular, because EFB, ECB are equal, and EBF, 0GC
are each right. Therefore, EF : EB : : OC : 0G; thereforo
EF.0G=EB.OC=EO.OC.

4. Ex. 3 may be extended to each of the escribed circles of the
triangle ACB.

5. The rectangle contained by two sides of a triangle is equal
to the rectangle contained by the perpen- c
dicular and the diamcter of the circum-
scribed circle. For, let CE be the diameter.

Join AE. Then the tiriangles ACE, DCB
are equiangular; hence AC : CE : : CD
: CB; therefore AC.CB=CD. CE.

. : B
€. If a circle passing through one of A v
the angles A of a parallelogram ABCD

intersect the two sides AB, AD again in .
the points E, G and the diagonal AC again in F; then AB . AE
+ AD . AG =AC. AF.
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Dem.—Join EF, FG, and make the angle ABH= AFE. Then
the triangles ABII, AFE are equiangu-
lar. Thercfore AB : AII : : AF : AE.
Ience AB.AE = AF.AIL.  Again, it
is easy to see that the triangles BCII,
FAG are equiangular; therefore BC: CTI
:: AF : AG; hence BC. AG =AF .CII,
or AD.AG = AF.CH; but we have
proved AB AE — AF.AII. Ilence
AD.AG + AB.AE = AF.AC.

7. If DE, DJF be parallels to the sides [~
of a triangle ABC from any point D in ¥
the base, then AB.AE + AC.AF =
AD? + BD.DC. 'This is an easy deduction from 6.

8. If through a point O within a
triangle ABC parallels EV, GH, IK
to the sides be drawn, the sum of the
rectangles of their segments is equal
to the rectangle contained by the
segments of any chord of the circum-
scribing eircle passing through O.

Dem.—AO . AL = AB . AK.
+ AC.AE. (6)

1

But AO?=AG.AK + AIl.AE-GO.0H. (7)
Ience AQ0.OL=DBG.AK + CII.AE + GO.OH,
or AO0.OL=EO.OF +10.0K + GO.OH.

9. The rectangle contained by tho side of an inscribed square
standing on the base of a triangle, and the sum of the base and
altitude, is equal to twice the area of the triangle.

10. The rectangle contained by the sido of an escribed square
standing on the base of a triungle, and the difference between the
base and altitude, is equal to twice the area of the triangle.

11. If from any point P in the circumference of a circle a per-
pendicular be drawn to any chord, its square is equal to the
rectangle contained by the perpendiculars from the extremities of
the chord on the tangent at P.

12. If O be the point of intersection of the diagonals of a cyclic
%uudri]atem] ABCD, the four rectangles AB. BC, BD.CD,

D . DA, DA . AB, are proportional to the four lines BO, CO,
DO, AO.
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13. The sum of the rectangles of the oppusite sides of a cyclic
quadrilateral ABCD is equal to the rect-
angle contamed by its diagonals.

Dem.—Make the angle DAO =CAB;
then the triangles DAO, CAB are equi-
angular; therefore AD: DO :: AC: CB;
therefore AD . BC = AC . DO. Again,
the triangles DAC, OA B are equiangular,
and CD : AC : : BO : AB; therefore
AC.CD = AC. BO. Hence AD . BC
+AB.CD=AC.BD.*

*14. If the quadiilateral ABCD is not cyelic, prove that the
three rectangles AB.CD, BC.AD, AC.BD are propmtional to
the three sides of a triangle which has an angle equal to the sum
of a pair of upposite angles of the quadrilateral.

15. Prove by using Theorem 11 that if perpendiculars be lct
fall on the sides and diagonals of a cyclic quadrilateral, from any
puint in the circumference of the circumscribed circle, the rect-
angle contained by the perpendiculars on the diagonals is equal
to the rectangle contained by the perpendiculars on either pair of
opposite sides.

16. If AB be tho diameter of a semiciicle, and PA, PB chords
from any point I in the circumference, and if a perpendicular to
AB from any point C meet PA, PB in D and E, and the semi-
circle in ¥, CF is a mean proportional between CD and CE.

PROP. XVIII.—PropLEM.

On a gwen right line (AB) to construct a rectilineal
Sigure similar to a given one (CDEFG), and simelarly
placed as regards any side (CD) of the latter.

Dyr.—Similar figures are said to be stmilarly described
upon given right lines, when these lines are homologous
sides of the figures.

1

/
~ D

* This Proposition is known as Ptolemy’s theorem.
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Sol.—Join CE, CF, and construct a triangle ABH
on AB cquiangular to CDE, and similarly placed as
regards CD; that is, make the angle ABH equal to
CDE, and BAH cqual to DCE. In like manner con-
struct the triangle HAT equiangular to KCI, and simi-
larly placed, and lastly, the triangle TAJ equiangular
and similarly placed with FCG. Z%hen ABHLJ s the
Sigure required.

Dem.—1Irom the construction is is evident that the
figures are equiangular, and it is only required to prove
that the sides about the equal angles are proportional.
Now because the triangle ABH is equiangular to CDE,
AB :BH :: CD: DE [1v.]; hence the sides about the
equal angles B and D are proportional. Again, from
the same triangles we have BH : HA : : DE : EC, and
from the triangles IHA, FEC; HA : HI: : EC : EF;
thercefore (ex equali) BH : HI : : DE: EF; that is, the
sides about the cqual angles BHI, DEF are propor-
tional, and so in like manner are the sides about the
other equal angles. Hence (Def. 1.) the figures are
stmalar.

Observation.—In the foregoing construction, the line AB is
homologous to CD, and it is evident that we may take AB to
be homologous to any other side of the given figure CDEFG.
Again, in each case, if the figure ABHIJ be turned round the line
AB until it falls on the other side, it will still be similar to the
figure CDEFG. Hence on a given line AB there can be constructed
two figures each similar to & given figure CDEFG, and having the
given line AB homologous to any given side CD of the given figure.

The first of the figures thus constructed is said to be directiy
similar, and the second inversely similar to the given figure.
These technical terms are due to Hamilton: see ¢“ Elements of
Quaternions,” page 112.

Cor. 1.—Twice as many polygons may be con-
structed on AB similar to a given polygon CDEFG as
that figure has sides.

Cor. 2.—1f the figure ABHIJ be applied to CDEFG
so that the point A will coincide with C, and that the
line AB may be placed along CD, then the points H, I, J
will be respectively on the lines CE, CF, CG ; also the
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sides BH, HI, 1J of the one polygon will be respec-
tively parallel to their homologous sides DE, EF, FG
of the other.

Cor. 3.—If lines drawn from any point O in the
planc of a figure to all its angular points be divided in
the same ratio, the lines joining the points of division
will form a new figure similar to, and having every
side parallel to, the homologous sido of the original.

PROP. XIX.—Turorem,

Similar triangles (ABC, DEV) have their areas to
one another in the duplicate ratio of their homologous
sides.

Dem.—Take BG a third proportional to BC, EF
[x1.]. Join AG. Then A
because the triangles
ABC,DEF are snmlar D
AB:BC:: DE:EF,
hence (alternately) AB
: DE:: BC: EF; but
BC: EF :: EI : BG Z
{const.); therefore [V.§
x.] AB: DE:: EF: G ¢ E F
BG; hence the sides of the triangles ABG, DEF about
the equul angles B, E are rcciprocally proportional ;
thercfore the triangles are equal. Again, since the
lines BC, EF, BG are continual proportionals, BC: BG
in the duplicate ratio of BC : EF [V. Def. x.]; but
BC: BG:: triangle ABC: ABG. Thercfore ABC: ABG
in the duplicate ratio of BC : EF; but it has been
proved that the triangle ABG is equal to DEF. There-
Jore the triangle ABC s fo the triangle DEF in the
duplicate ratio of BC : EF.

This is the first Proposition in Euclid in which the
technical term ““duplicate ratio” occurs. My experience
with pupils is, that they find it very difficult to under-
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stand either Euclid’s proof or his definition. On this
account I submit the following alternative proof, which,
however, makes use of a new definition of the duplicate
ratio of two lines, viz. the ratio of the squares (ses
Annotations on V. Def. x.) deseribed on these lines.

On AB and DE deseribe squares, and through € and
F draw lines parallel to AB and DE, and complete
the rectangles AL, DN.

Now, the triangles JAC, ODI arc evidently equi-
angular,

I ¢ 1
[o] I Y
_I,,.\

A B D B
L M

G—H

Hence JA : AC::OD: DF [1v.];

but AC: AB:: DI : DE[v.].
Hence JA : AB:: OD : DE (ex equal);
but AB = AG, and DE = DL;

therefore JA : AG:: OD: DL.

Again, JA : AG : : = AT : square AH (1],
and OD: DL :: = DN : square DM [1.],
Hence AT : AH:: DN : DM;

therefore Al : DN:: Al : DM |V, xvr.];
hence OABC: ADEF :: AB*: DE3,
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Exercises.

1. If one of two similar triangles has its sides 50 per cent.
longer than the homologous sides of the other; what is the ratio
of their areas ?

*2. When the inseribed and circumseribed regular polygons of
any common number of sides to a circle have more than four
sides, the difference of their areas is less than the square of the
side of the inseribed polygon.

PROP. XX.—Turorewn.

Simalar polygons may be divided (1) dnto the same
number of similar triangles ; (2) the corresponding tri-
angles have the same ratio to one another which the
polygons have ; (8) the polygons are to each other in the
duplicate ratio of their homologous sides.

Dem.—Let ABHIJ, CDEFG be the polygons, and
let the sides AB, €D be homologous. Join AH, AI,
CE, CF.

1

A B

1. The triangles into which the polygons are divided
arc similar. Tor, since the polygons are similar, they
are cquiangular, and have the sides about their equal
angles proportional (Def. 1.]; hence the angle B is
equal to D, and AB : BH : : CD : DE; therefore [v1.]
the triangle ABH is equiangular to CDE; hence the
angle BHA is equal to DEC; but BHI is equal to DEF
(hyp.); therefore the angle AHI is cqual to CEF.
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Again, because the polygons are similar, TH : HB : :
FE : ED; and since the triangles ABH, CDE arc simi-
lar, HB: HA - : ED : EC; hence (ex aequaly) 1H : HA
:: FE : EC, and the angle I1IA has been proved to be
cqual to the angle FEC; therefore the triangles 1HA,
FEC are equiangular. In the same manner it can be
proved that the remaining triangles are equiangular.

2. Since the triangle ABII is similar to CDE, we
have [x1x.].

ABH : CDE in the duplicate ratio of AH : CE.
In like manner,

AHIL : CEF in the duplicate ratio of AH : CE;

hence ABIL: CDE = AHL : CEF [V. x1.].
Similarly, AH1 : CEF = AIJ : CFG.
In these equal ratios, the triangles ABH, AHI, ALJ
arc the antecedents, and the triangles CDE, CEF, CFG
the conscquents, and [V. x11.] any onc of these equal
ratios is cqual to the ratio of the sum of all the ante-
cedents to the sum of all the consequents; therefore
the triangle ABH : the triangle CDE :: the polygon
ABHIJ : the polygon CDEFG.

3. The triangle ABH : CDE in the duplicate ratio of
AB : CD [xix.]. Ience (2) the polygon ABHLI : the
polygon CDEFG in the duplicate ratio of AT : CD.

Cor. 1.—The perimeters of similar polygons are to
one another in the ratio of their homologous sides.

Cor. 2.—As squares arc similar polygons, therefore
the duplicate ratio of two lines is equal to the ratio of
the squares described on them (compare Annotations,
V. Def. x.).

Cor. 3.—Similar portions of similar figures bear the
same ratio to cach other as the wholes of the figures.

Cor, 4.—Similar portions of the perimeters of similar
figures are to each ather in the ratio ~f the whole peri-
meters,

]
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Exercises.

Der. 1.—Homologous points in the planes of two
similar figures are such, that lines drawn from them
to the angular points of the two figures are propor-
tional to the homologous sides of the two figures.

1. If two figures be similar, to each point in the plane of one
there will be a corre- c
sponding point in the
plane of the other. D

Dem.—Let ABCD,

A'B'C’D” be the two

figures, I’ a point in ‘P
the plane of ABCD.
Join A, BP, and con-
structa triangle A'1" I3’
on A'B, similar to B
ATB; then it is easy to see that lines frogp P’ to the angular
points of A'B'C’'D’ are proportional to the lines from I to the
angular points of ABCD.

2. If two figures be dircctly similar, and in the same plane,
there is in the plane a special point which, regarded as belonging
to either figure, is its own
homologous point with re-
spect to the other. For,
let AB, A’B’ be two homo-
logous sides of the figmes,
C their point of intersection.
Through the two triads of
points A, A’, C; B, B, C
describe two ecircles inter-
secting again in the point
0O : O will be the point re-
Eired. For it is evident

at the triangles OAB, OA'B’ are similar, and that either may
be turned round the point O, so that the two Lases, AB, A’B’,
will be parallel.

Dzr. 11.—The point O is called the eentre of simili-
tuds of the figures. 1t is also called their double point.

*3. Two regular polygons of » sides each have # centres of
similitude.
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¥ 4. If any number of similar tiiangles have their corresponding
verliceslying on three given lines, they have a common centre of
similitude.

5. 1f two tigures be directly similar, and have a pair of homo-
logous sides parallel, every pair of homologous sides will be
parallel. .

Der. 1ir.—Two figures, such as those in 5, are suid
to be homothetic.

6. Iftwo figurcs be homothetic, the lines joining corresponding
angular points are concurrent, and the point of concurrence is the
centre of similitude of the figures.

¥7. If two polygons be directly similar, either may be turned
round their centre of similitude until they become homothetic,
and this may be dono in two different ways.

8. Two circles are similar figures.

Dem.—Let O, 0’ be their centres; let the angle AOB be
indefinitely
small, so that
the arc AB
may be re-
garded as a
right line;
make the
angle A’0’B’
equalto AOB;
then the tri-
angles AQB,
A’'0’B’ are similar.

Again, make the angle BOC indcfinitely small, and make B'0’C’
equal to it ; the triangles BOC, B’O’C’ are similar. Proceeding
in this way, we sce that the circles can be divided into the same
number of similar elementary triangles. llence the circles are
similar figures.

9. Sectors of circles having equal central angles are similar
figures.

*10. As any two points of two circles may be regarded as homo-
logous, two circles have in consequence an infinite number of
centres of similitude ; their locus is the ciicle, whose diameter is
the line joining the two points for which the two circles are
homothetic.

82
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11. The areas of circles are to one another as the squares of
their diameters. For they arc to one another as the similar
elementary triangles into which they are divided, and these are
us the squares of the radii.

12. The circumferences of circles are as their diameters
(Cor. 1),

13. The circumferenco of sectors having equal central angles
are proportional to their radii. enco if 4, ¢’ denote the arcs of
two scetors, which subtend equal angles at the centres, and if

. . & a
r, ' be their radii, i
”

11. The area of a circle is equal to half the rectangle con-
tained by the circumference and the radius. This is ovident by
dividing the circle into elementary triangles, as in Ex. 8.

15. The area of a scctor of u circle is equal to half the rect-

angle contained by the arc of the sector and the radius of the
circle.

PROP. XX1.—THEoREM.

Rectolineal figures (A, B), which are similar to the same
JSigure (C), are similar to one another.

Dem.—=8ince the figures A and C are similar, they
are cquianpgular, and have the sides about their equal
angles proportional. In like manner B and C are
equiangular, and have the sides about their equal
angles proportional. Henece A and B are equiangular,
and have the sides about their equal angles propor-
tional. Zherefore they are similar.

A

Cor.—Two similar rectilineal figures which are homo-
thetic to a third are homothetic to one another.

Exercise.

If three similar rectilineal figures be homothetic, two by two,
their three centres of similitudes are collinear.
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PROP. XXII.—Turorem.

If four lines (AB, CD, EF, GH) be proportional, and
any par of similar rectilineal figures (ABK, CDL) be
sumilarly degeribed on the first and second, and also any
pair (B1, GJ) on the third and fourth, these figures are
proportional. Conversely, of any rectilineal figure de-
seribed on the first of four right lines : the similar and
similarly described figure described on the second : : any
rectilineal figure on the third : the similer and similarly
deseribed figure on the fourth, the four lines are pro-
portronal.

Dem. 1.—ABK : CDL : : AB*: CD% [xx.];
/IK /]L
A B ¢ D
Ml_' ! N
E F ¢ b
and BI:GJ:: EF: GH* [xx.].
But since AB:CD:: EF : GH,
AB?: CD?%: : EF?: G [V. xx11., Cor. 17;
therefore ABK : CDL:: EI : GJ.
If ABK:CDL:: EI:GJ, AB: CD:: EF : GH.
Dem. 2.—ABK : CDL: : AB*: CD* [xx.],

J

and El:GJ:: EF*: GH*  [xx.];
therefore AB?:CD?:: EF?: GH
Hence AB:CD:: ET : GH.

The enunciation of this Proposition is wrongly stated
in Simson’s Fuclid, and in thosc that copy it. As given
in those works, the four figures should be similar,
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PROP, XXTIIT.—TrrorEM,

Equiangular parallelograms (AD, CG) are to each
other as the rectangles contained by their sides about &
pair of equal angles.

Dem.—Let the two sides AR, BC about the equal
angles ABD, CBG, be placed so g D F
as to form one right line; then
it is evident, as in Prop. x1v, {x) (Y)
that GB, BD form one right i
line. Complete the parallelogram A B
BF. Now, denoting the paral- (2)
lelograms AD), BF, CG by X,
Y, Z, respectively, we have— P —

X:Y::AB:BC [1],

Y:Z::BD:BG [1].
Hence XY:YZ:.AB.BD:BC.BG;
or X:Z::AB.BD: BC.BG.

Observation.—Since AB . BD : BC. BG is compounded of the
two ratios AB : BC and BD : BG [V. Def. of compound ratio],
tho enunciation is the same as if we said, ‘‘in the ratio com-
pounded of the ratios of the sides,’”” which is Euclid’s; but it is
more easily understood as we have put it.

Exercises.

1. Triangles which have one angle of one equal or supple.
mental to one angle of the other, are to one another in the ratio
of the rectangles of the sides about those angles.

2. Two quadrilaterals whose diagonals intersect at equal
angles are to one another in the ratio of the rectangles of the
diagonals.
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PROP. XXIV.—THEOREM.

In any parallelogram (AC), every two parallelograms
(AF, FC) which are about a diagonal are similar to the
whole and lo one another.

Dem.—Since the parallelograms AC, AF have a
common angle, they are equiangular ¢
[I. xxxiv.], and all that is required to ’
be proved is, that the sides about the
equal angles are proportional. Now,
since the lines EF, BC are parallel, the 5}|—¥
triangles AKF, ABC are equiangular;
therefore [1v.] AE: EF : : AB: BG, b
and the other sides of the parallelo- G
grams are cqual to AE, EF; AB, BC: hence the sides
about the equal angles ave proportional ; therefore the
parallelograms AF, AC are ssmilar. In the same man-
ner the parallelograms AF, FC are similar.

Cor.—The parallelograms AF, FC, AC are, two by
two, homothetic.

PROP. XXV.—PronrLem.

To deseribe a rectilineal figure equal to a given one (A),
and similar to another given one (BCD).

Sol.—On any side BC of the figure BCD describe the
rectangle BE equal to BCD [T. xvv.], and on CE de-
scribe the rectangle EF cqual to A, Between BC, CF
find a mean proportional GH, and on it describe the
figure GHI gimilar to BCD [xviir.], so that BC and
GH may be homologous sides. GILL 43 the figure re-
quired.

Dem.—The three lines BC, GH, CF are in continued
proportion; therefore BC : CF in the duplicate ratio
of BC : GH [V. Def. x.]; and since the figures BCD,
GHI are similar, BCD + GHI in the duplicate ratio
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of BC: GH [xx.]; also BC : CF : : rectangle BE :
rectungle K¥. Hence rectangle BE : EF : : figure
BCD : GHI; but the rectangle BE is equal to the

D 1
/ A
¢ )
B ¢ H
1T T X

figure BCD; therefore the rectangle EF is equal to
the figure GHI; but EI is equal to A (const.). Zhere-
Jore the figure GHI s equal to A, and it is similar to
BCD. Ience it is the figure required.

Or thus : Deseribe the squares EFJK, LMNO equal to the
figures BO'D and A respectively [T1. x1v.]; then find GII 2 fourth
proportional to EF, LM, and BC [x1.]. On GIT describo the

D
— A
A
B c G H

E F

L M

]

K J o N

rectilineal figure GHI siwular to the bguie BUD {avin], so that
BC and GH may be homologous sides. GLI is the figure re-
quired.
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Dem.-—Because EF : LM : : BC : GH (const.), the figure
EFJK : LMNO : : BCD : GHI [xx1r.]; but EFJK is equal to
BCD (const.) ; therefore LMNO is equal to GIII; but LMNO is
equal to A (const.). Zherefore GHI s equal to A, and it is simi-
{ar to BCD.

\

PROP. XXVI.—Tnrorem.

If two similar and similarly situated parallelograms
(AEFG, ABCD) have a common angle, they are about
the same diagonal.

Dem.—Draw the diagonals (ses fig., Prop. xxiv.)
AF, AC. Then because the parallelograms AEFG,
ABCD are similar figures, they can be divided into
the same number of similar triangles [xx.]. Hence
the triangle FAG is similar to CAD, and thercfore
the angle FAG is equal to the angle CAD. Hence
the line AC must pass through the point ¥, and there-
Sore the parallelograms are about the same diagonal.

Observation.—Proposition xxv1., being the converse of xx1v.,
has evidently been misplaced.  The following would be a simpler
enunciation : —*¢ If two homothetic parallelograms have a common
angle, they are about the sume diagonal.”

PROP. XXVII.—ProsrLEM.

To tnscribe in a given triangle (ABC) the mazimum
parallclogram having a common angle (B) with the tri-
angle.

Sol.—Bisect the side AC opposite to the angle B, at

P: through P draw PE, PF parallel to the other sides
of the triangle. BP 43 the parallelogram required.

Dem.—Take any other point D in AC: draw DG,
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DH parallel to the sides, and CK parallel to AB;
produce KP, GD to mect

CK in K and J, and pro- A[\ I
duce HD to meet PK in 1.

Now, since AC is bisected \P I
in P, BK is also bisccted B/~ - o, ¥
in P; hence [I. xxxve.] the & 7 Wf -
parallclogram KO is equal | -

to OK ; thercfore EO is B F H c
greater than DK; but DK is equal to FD [I. xxmr];
hence EO is greater than FD. To each add BO, and
we have the parallelogram BI’ greater than BD.
Hence BP 13 the maxzimum parallelogram which can be
inscribed in the given triangle.

Cor. 1.—The maximum parallelogram exceceds any
other parallelogram about the same angle in the tri-
angle, by the arca of the similar parallelogram whose
diagonal is the line between the middle point P of the
opposite side and the point D, which is the corner of
the other inscribed parallelogram.

Cor. 2.—The parallelograms inscribed in a triangle,
and having one angle common with it, are proportional
to the rectangles contained by the segments of the
sides of the triangle, made by the opposite corners of
the parallelograms.

Cor. 3.—The parallelogram AC : GH : : AC?:
AD.DC.

PROP. XXVIII.—ProBLEM.

To tnacribe in a given triangls (ABC) a parallelogram
equal to a given rectilineal figure (X) not greater than
the mazimum inscribed parallelogram, and having an
angle (B) common with the triangle.

Sol.—Bisect the side AC opposite to B, at P. Draw
PF, PE parallel to the sides AB, BC; then [xxvir.] BPis
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the maximum parallelogram that can be inscribed in the
triangle ABC; and if X be equal to it, the problem ie
solved. If not, produce EP, and draw CJ parallel teo
PF; then describe the parallelogram KLMN [xxv.]

K ___L
> [
M N X
p_ 1 d
Q D
B ¥ c

equal to the difference between the figure PJCTF and
X, and similar to PJCF, and so that the sides PJ and
KL will be homologous ; then cut off PI equal to KT.;
draw IH parallel to AB, cutting AC in D, and draw
DG parallel to BC.  BD ds the parallelogram required.

Dem.—Since the parallelograms PC, PD are about
the same diagonal, they are similar [xx1v.]; but PC is
similar to KN (const.); thercfore PD is similar to KN,
and (const.) their homologous sides, PI and KIL, are
equal ; hence [xx.] PD is equal to KN. Now, PD is
the difference between EF and GH [xxvir. Cor. 1], and
KN s (const.) the difference between PC and X ; there-
fore the difference between PC and X is equal to the
difference between EF and GH ; but EF is equal to PC.
Hence GH s equal to X.

PROP. XXIX.—ProsrLEM.

To escribe to a given triangle (ABC) a parallelogram
equal to a given rectilineal figure (X), and having an
angle common with an erternal angle (B) of the triangle.

Sol,—The construction is the same as the last,
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except that, instead of making the parallelogram KN
equal to the excess of the parallelogram PC over the
rectilineal figure X, we make it equal to their sum;
and then make PL equal to KT; draw [H parvallel to
AB, and the rest of the construction as before.

=

Dem. — Now it can be proved, as in II. vr., that
the parallelogram BD is equal to the gnomon OHJ;
that is, cqual to the difference between the parallelo-
grams PD and PC, or the difference (const.) between
KN and PC; that is (const.), equal to X, und BD is
escribed to the triangle ABC, and has an angle common
with the external angle B. Hoence the thing required
13 dons.

Observation.—The erunciations of the three foregoing Pro-
positions have been altered, in order to express them in modern
technical language. Some writers recommend the student to
omit them—we think differently. In the form we have given
them they are freed from their usual repulsive appearance. The
constructions and demonstrations are Euclid’s, but slightly modi-
fied.
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PROP. XXX.—T'urorenm.

To divide a given line (AB) in *“ extreme and mean
ratio.”

Sol.—Divide AB in C, so that the rectangle AB.BC
may be equal to the square on AC
(IL. x1.]). Zhen C s the point ve- A__ _ C B
quired. ! | '

Dem.—Because the rectangle AB . BC is equal to the
square on AC, AB: AC:: AC: BC [;xvu.]. Ience AB
t8 cut tn exlreme and mean ratio in C [Def. 1. ].

Exercises.

1. If the thiee sides of a right-ungled tiiangle be in continued
proportion, the hypotenuse is divided in extiemo and mean ratio
by the perpendicular from the 1ight angle on the hypotenuse.

2. In the same case the gicater segment of the hypotenuse 18
equal to the least side of the triangle.

3. The square on the diameter of the circle described about the
triangle formed by the points I, 11, D (see fig. 1L. x1.), is equal to
six times the square on the line I'D.

PROP. XXXI[.—Tnrorem.

If any similar rectilineal figure be similarly described
on the three sides of a right-angled triangle (ABC), the
JSigure on the hypotenuse s equal to the sum of those de-
scribed on the two other sides.

Dem.—Draw the perpendicular CD [I. x11.].  Then
because ABC is a right-angled triangle, and CD is
drawn from the right angle perpendieular to the hypo-
tenuse; BD : AD in the duplicate ratio of BA : AC
[vi. Cor. 4]. Again, because the figures described
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on BA, AC are similar, they are in the duplicate ratio
of BA : AC [xx.]. Ience [V. x1.] BA : AD: : figure
deseribed on BA : figure deseribed on AC. In like
manner, AB : BD : : figure deseribed on AB : figure
described on BC. Hence E[V xx1v.] AB : sum of AD
and BD : : figure deseribed on the line AB : sum of
the figures described on the lines AC, BC; but AB
is cqual to the sum of AD and BD.  Therefore [V. a.]
the figure described on the line AB is equal to the sum of
the similar figures deseribed on the lines AC and BC.

Or thus : Let us denote the sides by a, b, ¢, and the
figures by a, 3, y; then
because the figures are //\
| ’

similar, we have [xx.] ) C. @

)
a:y::al:dd /&/X\

N

therefore A el L ]B/
a_a %% 3
y ¢ ]
3
In like manner, g =
2 ]
thercfore @ ;'B =Y :zb ;

buta® + 8 = ¢® [I. xuvir.]. Thereforc a + 8 =1v; that
is, the sum of the figures on the sides is equal to the figure
on the hypotenuse.

Exercise.

If semicircles be described on supplemental chords of a semi-
circle, the sum of the areas of the two crescents thus formed is
equal to the area of the triangle whose aides are the supplemental
chords and the diameter.
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PROP. XXXII.—TuroreM.

If two triangies (ABC, CDE) which have two sides of
one proportional lo two sides of the other (AB : BC @ : CD
: DE), and the contained angles (B, D) equal, be joined at
an angle (C),s0 as to have their homologous sides parallel,
the remaining sides are tn the same right line.

Dem.—Because the triangles ABC, CDIE have the
angles B and D equal, and B
the sides about these angles
proportional, viz., AB : BC
:: CD 2 DE, they are cqui-
angular [vi.]; therefore the
mgle BAC is equal to DCE.
To each add ACD, and we
have the sum of the angles BAC, ACD cqual to the
sum of DCE and ACD ; but the sum of BAC, ACD is
[I. xxix.] two right angles; thercfore the sum of DCE
and ACD is two right angles. Hence {I.x1v.] AC, CE
are 1n the same right line.

PROP. XXXIII.—THrOREM,

In equal circles, angles (BOC, EPT) at the centres or
(BAC, EDF) at the circumferences have the same ratio to
one another as the arcs (BC, EIY) on which they stand,
and so also have the sectors (BOC, EPI).

Dem.—1. Tuake any number of arcs CG, GH in the

A D

first circle, each equal to BC. Join OG, OH, and in
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the second circle tuke any number of ares FI, IJ, each
equal to EF. Join 1P, JP. Then because the arcs
BC, Cx, GH. are all equal, the angles BOC, COG, GOH,
are all equal [III. xxvir.]. Thercfore the arc BH and
the angle BOH are cquimultiples of the arc BC and
the angle BOC. In like manner it may be proved
that the arc EJ and the angle EPJ are equimultiples
of the arc EF and the angle EPF. Again, since the
circles are equal, it is evident that the angle BOH
is greater than, equal to, or less than the angle EDJ,
according as the arc BIL is greater than, equal to, or
less than the arc EJ. Now we have four magnitudes,
namely, the are BC, the arc EF, the angle BOC, and
the angle EPF; and we have {aken equimultiples of the
first and third, namely, the arc BH, the angle BOIL,
and other equimultiples of the sccond and fourth,
namely, the arc EJ and the angle BPJ, and we have
proved that, according as the multiple of the first is
greater than, equal to, or less than the multiple of the
seeond, the multiple of the third is greater than, equal
to, or less than the multiple of the fourth. Hence
(V. Def. v.] BC : EF : : the angle BOC : EPF.

Again, since the angle BAC is half the angle BOC
[111. xx.], and EDF is half the angle EPF,

BAC: EDF :: BOC: EPF [V.xv.];
but BOC : EPF :: BC: EF.
Hence BAC : EDF :: BC: EF [V.xr].
2. The sector BOC : sector EPY : : BC : EF.

Dem.,—The same construction being made, since the
arc BC is equal to CG, the angle BOC is equal to COG.
Hence the sectors BOC, COG arc congrucnt (ses Obser-
vation, Proposition xxix,, Book 11L); therefore they
arc equal. In like manncr the scetors COG, GOH are
equal. Hence there are as many equal sectors as there
are cqual arcs ; therefore the are BH and the sector
BOH are equimultiples of the arc BC and the sector
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BOC. In the same manner it may be proved that the
arc EJ and the sector EPJ are cquimultiples of the
arc EF and the scctor EPF; and it is evident, by
superposition, that if the are BH is greater than, equal
to, or less than the are EJ, the scctor BOIL is greater
than, equal‘to, or less than the sector KDJ. Hence
%V. Det v.] the are BC : ETF : : scetor BOC : sector
PF.

The second part may be proved as follows :—

Sector BOC = § rectangle contained by the ai¢ BC, and the
radius of the cirele ABC [xx. Ex. 11] and sector BPF =} rect-
angle contained by the arc ElF and the radius of the circle LK H
and since the circles are equal, their radii are equal. Ilence,
sector BOC : scctor EPF : : arc BC : arc EF.

Questions for Examination on Book VI.

1. What is the subject-matter of Book VI.? _Ans. Applica-
tion of the theory of proportion.

2. What are similar rectilincal figures ?
3. What do similar figures agree in?

4. How many conditions are necessary to define similar tri-
angles ?

5. How many to define similar rectilineal figures of more
than thiee sides?

6. When is a figure said to be given in species ?

-

. When in magnitude ?

oo

. When in position ?

9. What is a mean proportional between two lines?
.0. Define two mean proportionals.
11. What i the altitude of a rectilineal figure ?

12. If two triangles have equal altitudes, how do their areas
vary ?
13. How do these areas vary if they have equal bases but un-
equal altitudes ?
T
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14, If both bases and altitudes differ, how do the areas vary ?
15. When are two lines divided proportionally ?

16. If in two lines divided proportionally a pair of homolo-
gous points coincide with their point of intersection, what pro-
perty holds for the lines joining the other pairs of homologous
points ?

17. Defino reciprocal proportion.

18. If two triangles have equal areas, prove that theic perpen-
diculars are reciprocally proportional to the bases.

19. What is meant by figures inversely similar ?

20. If two figures be inversely similar, how can they be
changed into figures directly similar ?

21. Give an example of two triangles inversely similar. Ans.
If two lines passing through any pomt O outside a circle inter-
sect it in pairs of points A, A’; B, B’, respectively, the triangles
OAB, OA'B’, are mversely similar,

22. What point is it round which a figure can be turned so as
to bring its sides into positions of parallelism with the sides of a
similar rectilineal figure. 4ns. The centre of similitude of the
two figures.

23. IHow many figures similar to a glven rectilineal figure of n
sides can be described on a given line ?

24. How many centres of similitude can two regular poly-
gons of n sides each have? _4ns. n centres, which lie on a
circle.

25. What are homothetic figures ?

26. How do the areas of similar rectilineal figures vary ?
27. What proposition is x1x. a special case of ?

28. Define Philo’s line.

29. How many centres of similitude have two circles ?
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MISCELLANEOUS EXERCISES ON BOOX VI.

1. Tf in a fixed triangle we draw a variable parallel to the
base, the locus of the points of intersection of the diagonals of
the trapezium thus cut off from the triangle is the median that
bisects the base.

2. Jind the locus of the point which divides in a given ratio
the several lines drawn from a given point to the circumference
of a given circle.

3. Two lines AB, XY, avo given in position : AB is divided in

C in the ratio m : n, and parallels AA’, BB, CC’| aro drawn in
any dircction meeting XY in the points A, B’, C'; prove

(m 4 n) CC' = »AA" + mBB’.

4. Three concurrent lines from the vertices of a triangle ABC
meet the opposite sides in A’, B’, C'; prove

AB'.BC' CA’=A'B.B'C.CA.

5. If a transversal meet the sides of a triangle ABC in the
points A’, B’, C'; prove

AB’.BC'.CA’'=-A'B.B'C.C'A.

6. If on a variable line AC, drawn from a fixed point A to any
point B in the circumference of a given circle, a point C be taken
such that the roctangle AB. AC 1s constant, the locus of C is a
circle.

7. If D be the middle point of the base BC of a triangle ABC,
E the foot of the perpendiculur, L the point where the bisector of
the angle A meets BC, H the point of contact of the inseribed
circle with BC; prove DE. HL = I1IE. HD.

8. In the same case, if K be the point of contact with BC
of the escribed circle, which touches the other sides produced,
LH.BK = BD.LE.

9. If R, r, ', »'", """ be the radii of the circumscribed, the in-
seribed, and the escribed circles of a plane triangle, d, &', d”, &'
the distances of the centre of the circumscribed circle from the
centres of the others, then R? = 4% + 2R» = 4’2 — 2Rr", &ec.

10. In the same case, 12R?=d2+d"2 4+ d"2 4+ 43,
T2
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rer

11 If p', p”, p”’ denote the perpendiculars of a triangle, then

i1 1 1 1
1)~ -, =-3
W4t =

1 1 1 §
(2 Saem = G ke

» » VA ?

2 1 1
3) — =~~~ L
O L

2 1 1
0= -, &e.
(1) 5= b o o

12. In a given triangle inscribe another of given form, and
having ono of its angles at a given point in one of the sides of
the original triangle

13. If a triangle of given form move so that its three sides
pass through three fixed points, th> locus of any point in its
plane is a circle.

14. The angle A and the arca of a triangle ABC are given in
magnitude : it the point A be fixed in position, and the point B
move along a fixed line or circle, the locus of the point C is a
circle.

15. One of the vertices of a triangle of given form remains
fixed ; tho locus of another is a right line or circle; find the
locus of the third.

16. Find the area of a triangle—(1) in terms of its medians ;
(2) in terms of its perpendiculars.

17. If two circles touch externally, their common tangent is a
mean proportional between their diameters.

18. Tf there be given three parallel lines, and two fixed points
A, B; then if the lines of connexion of A and B to any variable
point in one of the parallels interseet the other parallels in the
points C and D, E and F, respectively, CF and DE pass each
through a fixed point.

19. If a system of circles pass through two fixed points, any
two secants passing through one of the points are cut proportion-
ally by the circles.

20. Find a poiat O in the plane of a triangle ABC, such that
the diameters of the three circles, about the triangles OAB, OBC,
OCA, may be in the ratios of three given lines.



ROOK VI.] THE ELEMENTS OF EUCLID. 267

21. ABCD is a cyclic quadrilateral : the lines AB, AD, and
the point C, are given in position ; find the locus of the point
which divides BD in a given ratio.

22 CA, CB arc two tangents to a circle; BE is perpendicular
to AD, the diameter through A ; prove that CD bisects BE.

23. If threo lines from the vertices of a triangle ABC to any
interior point O meet the opposite sides in the points A, I/, C,

prove
0A" OB  oC
AN T BB T CC
24. If three concurrent lines OA, OB, OC be cut by twe
transversals in the two systems of points A, B, C; A, B, C,
1espectnely @ prove
AB 0OC DBC 0OA CA OB

ABT0C T BO oA CAT OB

=1

25. The line joining the middle points of the diagonals of a
quahilateral circumscenbed to a circle—

(1) divides each pair of opposite sides into inversely propor-
tional segments ;

(2) is divided by cach pair of opposite lines into segments
which, measured from the centre, are proportional to
the sides ;

(8) is divided by both pairs of opposite sides into gegments
which, meacured from either diagonal, have the same
ratio to cach other.

26. 1f CD, €D be the internal and eaternal bisectors of the
angle (' of the fiiangle ACB, the thice rectangles AD . DB,
AC.CB, AD . BD' are propottional to the squaies of AD, AC,
AD’; and are—(1) in arthmetical progression if the difference of
the basc angles be equal to a right angle; (2) in geometrical pro-
gres-ion if one base angle be right; (3) in harmonical progres-
sion if the sum of the base angles be equal to a right angle.

27. 1f a variable ciicle touch two fiaed circles, the chord of
contact passes through a fixed point on the line connecting the
centres of the fixed circles. R

Dem. - Let 0, (' be the centres of the two fixed circles; 0
the centie of the variable enele ; A, B the points of contact. Let
Al and 00" meet in €, and cut the fixed circles again in the
points A", B' respectively. Join 4°0, AO, BO'. Then AO, BO'
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meet in 0" [111. x1.).  Now, because the tiangles 0AA’, 0”AB
are isos: cles, the angle 0”BA = O”"AB = OA’A. Hence OA’ is

parallel to O’B; therefore OC: 0'C: : OA’: O'B; that is, in a
given ratio.  Hence Cis a given point.

28. If DIY be the common tangent to the two circles, DD
=AB'. A’B.

29. 1f R denote the radius of 0" and p, p', the radii of O, 0,
DD AR 2 (R £ p) (R £ p') ¢ R? the choice of sign depending
on the nature of the contacts. This follows from 28.

__80. If four circles be tangential to a fifth, and if we denote by
12 the common tangent to the fust and sccond, &e., then
12.30423. 14=13. 24
31. The inscribed and escribed circles of any triangle are all
touched by its nine-points circle.

32. The four triangles which arc determined by four points,
taken three by three, aic such that their nine-points circles
have one common point.

33. M a, 4, ¢, d denote the fouwr sides, and 1, 1Y the diagonals
of a quadiilateral ; prove that the sides of the triangle, formed by
joining the fect of the perpendiculars fivm any of its angular
points on the sides of the triangle formed b{' the three 1emaining
points, arc proportional to the three rectangles «e, éd, DD".

34. Prove the converse of Ptolemy’s theorem (see xvir., Ex.
13).

36. Describe a cirele which shall—(1) pass through a given
point, and touch two given circles; (2) touch three given
circles.

36. 1f a variable circle touch two fixed circles, the tangent to
it from their centre of similitude, through which the chord of con-
tact passes (27), is of constant length.
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37. If the lines AD, BD (see fig., Ex. 27) be produced, they
meet in a point on the circumference of O”, and the line O”P is

perpendicular to DD’.

38. If A, B be two fixed points on two lines given in position,
and A’, B' two variable points, such that the ratio AA": BB'is
constant, the locus of the point dividing A'B’ in & given ratio isa
right line.

39. If a line E¥ divide proportionally two opposite sides of a
quadrilateral, and a line GH the other sides, each of these is
divided by the other in the same ratio as the sides which deter-

mine them.

40. In a given circle inscribe a triangle, such that the triangle
whose angular points are the feet of the perpendiculars from the
extremitics of the base on the bisector of the vertical angle, and
the foot of the perpendicular from the vertical angle on the base,
way be a maximum.

41. In a circle, the point of intersection of the diagonals of any
inscribed quadrilateral coincides with the point of intersection of
the diagonals of the circumseribed quadrilateral, whose sides touch
the circle at the angular points of the inscribed quadrilateral.

42. Through two given points describe a circle whose common
chord with another given circle may be parallel to a given line,
or pass through a given point

43. Being given the centre of a circle, describe it 80 as to cut
the legs of a given angle along a chord parallel to a given line.

44. If concurrent lines drawn from the angles of a polygon of
an odd number of sides divide the opposite sides each into two
segments, the product of one sct of alternate segments is equal to
the product of the other set.

45. If a triangle be described about a circle, the lines from the
points of contact of its sides with the circle to the opiposite angular
points are concurrent.

46. If a triangle be inscribed in a circle, the tangents to the
circle at its three angular points meet the three opposite sides at
three collinear points.

47. The external bisectors of the angles of a triangle meet the
opposite sides in three collinear points.

48. Describe a circle touching a given line at a given point,
and cutting a given circle at a given angle.
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Drr.—The centre of mean position of any sumber of potnts
A, B, C, D, &c., is a puint whick may be fuund as follows :—
Biscct the line joining any two points A, B, in (+. Join Gtoa
third point C; divide GC'in TI, so that GIL -- }GC. Join H to a
fourth point 1, and divide HD in K, so that HK =1HD, and sc
on. The last point found will be the centre of mean position of
the given points.

49. The centre of mean position of the angular points of a
regular polygon is the centre of figure of the polygon.

50. The sum of the perpendiculars let fall from any systom of
points A, B, C, D, &e., whose number is » on any line I, is equal
to n times the perpendicular fiom the centre of mean position
on L.

51. The sum of the squares of lines drawn from any system of
puints A, B, C, D, &e., to any point P, excceds the sum of the
squires of lines from the same points {o their centre of mean
position, 0, by #0112,

52. If a point be taken within a triangle, so as to be the centre
of mean position of the feet of the perpendiculars drawn from it
to the sides of the triangle, the sum of the squares of the perpen-
diculars is & minimum.

53. Construct a quadrilateral, being given two opposite angles,
the diagonals, and the angle between the diagonals.

54. A circle rolls inside another of double its diameter; find
the locus of a fixed point in its circumference.

65 Twopoints, €, D, in the circumference of a given circle are
on the same side of a given diumeter; find a point P in the cir-
cumference at the other ~ide of the given diameter, AB, such that
PC, PD may cut AB at equal distances fiom the centie.

56. If the sides of any polygon be cut by a transversal, the
product of one set of alternate segments is equal to the product
of the remaining set.

67. A transversal being drawn cutting the sides of a triangle,
the lines from the angles of the triangle to the middle points
of the segments of the transversal intercepted by those angles
meet the opposite sides in collinear points.

68. If lines be drawn from any point P to the angles of a
triangle, the perpendiculars at P to these lines meet the opposite
sides of the triangle in three collinear points.
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59. Divide a given semicircle into two parts by a perpendicular
to the diameter, so that the radii of the circles inscribed in them
=ay have a given ratio.

50. From a point within a triangle perpendiculars are let fall
on the sides ; find the locus of the point, when the sum of the
squares of the lines joining the fect of the perpendiculars i
givon. N

61. If a circle make given intercepts on two fixed lines, the
rectangle contained by the perpendiculars from its centre on the
bisectors of the angle formed by the lines is given.

62. If the base and the difference of the base angles of 8
triangle be given, the rectangle contained by the perpendiculare
from the veitex on two lines through the middle point of the
base, parallel to the internal and external bisectors of the vertical
angle, is constant.

63. The rectangle contained by the perpendiculars from the
extremuties of the base of a triangle, on the internal biscetor of
the veitical angle, is equal to the rectangle contained by the
external bisector and the perpendicular from the middle of the
base on the inteinal bisector.

64. State and prove the correspondmmg theorem for perpen-
diculars on the external biscctor.

65. If R, R’ denote the 1adii of the circles inscribed in the
triangles into which a right-angled triangle is divided by the per-
pendicular from the right angle on the hypotenuse ; then, if ¢ be
the hypotenuse, and s the semiperimeter, R% + R = (s — ¢)2.

66. If A, B, C, D be four collinear points, find a point O in
the same line with them such that OA. 0D = 0B.0OC.

67. The four sides of a cyclic quadrilateral are given; con-
struct it.

68, Being given two ciicles, find the locus of a point such
that tangents from it to the circles may have a given ratio.

69. If four points A, B, C, D be collinear, find the locus of the
point P at which AB and CI) subtend equal angles.

70. If a circle touch internally twosides, CA, CB, of a triangle
and its circumscribed circle, the distance from C to the point of
contact on either side is a fourth proportional to the semi-
perimeter, and CA, CB.

71. State and prove the coriesponding theorem for a circle
touching the circumscribed circle externally and two sides pro-
duced.
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72. Pascal’'s Theorem.—If the opposite sides of an irregula:
hexagon ABCDEF inscribed in a circle be produced till they
meet, the three points of intersection G, I, I are collinear.

Dem.—Join AD. Describe a circle about the triangle ADI,
cutting the lines AF, CD produced, if necessary, in K and L.
Join IK, KI, LI. Now,
the angles KILG, FCG are L
each [IIJ. xxx.} equal to
theanglo GAD. Ilencethey
are equal. Therefore XL 1s
parallel to CF. Similarly,
LI is parallel to CII, and
KI to FIL; hence the tri~
angles KLI, FCII are ho-
mothetic. ITence the lines
joining corresponding ver-
tices are concurrent. There-
fore the points I, H, G are
collinear.

73. If two sides of a {1i-
angle circumseribed to a
given circle be given in
position, but the third side
variable, the circle described
about the triangle touches a
fixed circle.

74. If two sides of a tri-
angle be given in position,
and if the arca be given in
magnitude, two points can be found, at cach of which the base
subtends a constant angle.

76. 1f a, b,e, d denote the sides of a cyclic quadrilateral, and s
its semiperimeter, prove its area = (s — a)(s — b)(s — ¢)(s — d).

76. If three concurrent lines from the angles of a triangle ABC
mest the opposite side in the points A’, B/, C’, and the points
A, B, € be joined, forming a second {riangle A'B'C',

AABC: AA'B'C :: AB.BC.CA: 2AB". BC".CA".
77. In the same case the diameter of the circle circumscribed

ibout the triangle ABC = AB’. BC'. CA’ divided by the area of
A'B'C.
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78. If a quadrilateral be inscribed in one circle, and circum-
scribed to another, the square of its area is equal to the pro-
duct of its four sides.

79. If on the sides AB, AC of a triangle ABC wo take twc
points D, E, and on their line of connexion F, such that

. BD AE_DF,
AD ~ CE  EF’

prove the triangle RFC = 2ADE.

80. If through the middle points of cach of the two diagonale
of a quadrilateral we draw a parallel to the other, the lines drawn
from their points of intersection to the middle points of the sides
divide the quadrilateral into four equal parts.

81. CE, DF aie perpendiculars to the diametor of a semicircle,
and two circles are described touching CE, DE and the semicircle,
one internally and the other eaternally ; the rectangle contained b
the perpendiculars from their centres on AB is equal to CE DF.

82, If lines be drawn fiom any point in the circumference of a
circle to the angular points of any insciibed regular polygon of an
odd number of sides, the sums of the alternate lines are equal.

83. If at the extremities of a chord drawn through a given
point within a given circle tangents be drawn, the sum of the
reciprocals of the perpendiculars from the point upon the tan-
gents is constant.

84. If acyclic quadrilateral be such that three of its sides pass
through three fixed collinear points, the fourth side passes through
a fourth fixed point, collinear with the three given ones

85. If all the sides of a polygon be parallel to given lines, and
if the loci of all the angles but one be right lines, the locus of the
remaining angle is also a 1ight line,

86. 1f the vertical angle and the hiscctor of the vertical angle
be given, the sum of the reciprocals of the containing sides is
constant.

87. If P, T’ denote the areas of two regular polygons of any
common number of sides, inscribed and eircumscribed to a circle,
and M1, I’ the areas of the corresponding polygons of double the
number of sides; prove IT is 4 geometric mean betwcen P and P,
and IT" a harmonic mean betwen IT and P’.

88. The difference of the areas of the triangles formed by join-
ing the centres of the circles described aubout the equils.temf tri-
angles constructed—(1) outwards; (2) inwards—on the sides of
any triangle, is equal to the area of that tiiangle.
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89. In the same casc, the sum of the squares of the sides of
the two new triangles is equal to the sum of the squares of the
sides of the miginal triangle.

90. If R, » denote the radii of the cireumsciibed and inscribed
cireles to a regular polygon of any number of sides, R, #/, corre-
sponding redii to a regular polygon of the same area, and double
the number of sides; prove

I . R'
R’ =YRs, and # =J ’-(—-‘——;r).

91. If the altitude of a tiiangle be equal to its buse, the sum
of the distances of the otthocentre from the base and from the
middle point of the base is equal to half the base.

92. In any triangle, the radius of the circumscribed circle is to
the radius of the ciicle which is the locus of the vertex, when
the basc and the ratio of the sides are given, as the difference of
the squares of the sides is to four times the arca.

93. Given the area of a paiallelogiam, one of its angles, and
the difference between its diagonals; construet the parallelo-
gram.

94. If a variable circle touch two equal circles, one internally
and the other externally, and peipendiculms be let fall fiom its
centre on the tiansverse tangents to these circles, the 1cctangle of
the intercepts between the feet of these perpendiculars and the
ntersection of the tangents is constant.

95. Given the base of a {riangle, the vertical angle, and the
point in tho base whose distance fiom the vertex is equal half
the sum of the sides; construet the triangle.

96. If the middle point of the base BC of an isoseeles triangle
ABC be the centre of a ciicle touching the equal sides prove that
any vaiiable tangent to the cirele will cut the sides in points
D, E, such that the rectangle BD.CK will be constant,

97. Inscribe in a given circle a trapezium, tho sum of whose
opposite parallel sides is given, aud whose area is given

98. Inscribe in a given circle a polygon all whose sides pass
through given points.

99. If two circles X, Y be so related that a triangle may be
inscribed in X and circumseribed about Y, an infinite number of
such triangles can be constructed.

100. In the same case, the circle inscribed in the triangle
formed by joining the points of contact on Y touches a given
circle.



BOOK VI.] THE ELEMENTS OF EUCLID. 2656

101. And the circle described about tho triangle formed by
drawing tangents to X, at the angular points of the inscribed tri-
angle, touches a given circle,

102, Find a point, the sum of whose distances from three
given points may be a minimum.

103 A line drawn through the interscetion of two tangents to
a cirele is divided harmonically by the circle and the chord of
contact.

104. To construct a quadrilateral similar to a given one whose
four sides shall pass through four given points.

105. To constiuct a quadrilateral, similar to a given one,
whose four vertices shall lie on four given lines.

106. Given the base of a triangle, the difference of the base
angles, and the rectanglo of the sides; construct the triangle.

107 ABCD is a square, the side CD is bisected in E, and the
line EF drawn, making the angle AEF = EAB; prove that EF
divides the side BC in the ratio of 2: 1,

108. If any chord be drawn through a fixed point on a dia-
meter of a circlo, and its extremities joined to either end of the
diameter, the joining lines cut off, on the tangent at the other
end, portions whose rectanglo is constant.

109. If two circles touch, and through their point of contact
two secants be drawn at right angles to each other, cutting the
circles respectively in the points A, A’; B, B’; then AA’? + BB™
is constant.

110. If two secantsatright angles to each other, passing through
one of the points of intersection of two circles, cut the circles
again, and the line through their centres in the two systems of
points @, b, ¢; @', ¥, ¢’ respectively, then ab - be:: a't' : b'¢.

111. Two circles described to touch an ordinate of a ‘semi-
circle, the semicircle itself, and the semicircles on the segments
of the diameter, are equal to one another.

112. If a chord of a given circle subtend a right angle at
a given point, the locus of the intersection of the tangents at
its extremities is a circle.

113. The rectangle contained by the segments of the base of a
triangle, made by the point of contact of the inscribed circle, is
equal to the rectangle contained by the perpendiculars from the
extremities of the base on the bisector of the vertical angle.
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114. If O be the centre of the inscribed circle of the triangle
ABC, prove
0A% OB 002
P -+ -— =1,
be ca 1/
116. State and prove the corresponding theorems for the
centres of the escribed circles.
116 Four points A, B, ¢, D arc collinear; find a point 1" at
which the segments AB, BC, CD subtend equal angles.
117. The product of the biscctois of the three angles of a tri-
angle whose sides are a, b, ¢, 13
8 abe. 5. area
@1 a
118. In the same case the product of the alternate segments of
the sides made by the bisectors of the angles 18
L
¥+ ETa)
119. If three of the six points in which a circle meets the sides
of any triangle be such, that the lines joining them to the oppo-

site vertices are concurrent, the same property istrue of the three
remaining points.

120. If a triangle A’B'C’ be inscribed in another ABC, prove
AB'.BC.CA’+ A'B.BC.CA

is equat twice the trianglo A’B'C’ multiplied by the diameter of
the circle ABC.

121. Construct a polygon of an odd number of sides, being
given that the sides taken in order are divided in given ratios
by fixed points.

122. If the external diagonal of a quadrilateral inscribed in a
given circle be a chord of another given circle, the locus of its
middle point is a circle.

123. If a chord of one circle be a tangent to another, the line
connecting the middle point of each arc which it cuts off on the
first, to its point of contact with the second, passes through a given
point.

124, From a point P in the plane of a given polygon perpen-
diculars are let fall on its sides; if the area of the polygon
formed by joining the feet of the perpendiculars be given, the
locus of 1z 18 a circle.



BOOK X1.] THE ELEMENTS OF EUCLID. 263

BOOK XI.

THEORY OF PLANES, COPLANAR LINES,
AND SOLLD ANGLES.

DEFINITIONS.

1. When two or more lines are in one plane they are
said to be coplanar,

ir. The angle which one plane makes with another is
called a dihedral angle.

m. A solid angle is that which is made by more than
two plance angles, in different planes, meeting in a
point.

1v. The point is called the vertex of the solid angle.

v. If a solid angle be composed of three plane angles
it is called a frifedral angle; if of four, a tetrahedral
angle ; and if of more than four, a polyhedral angle.

PROP. I.—TarorEM.

One part (AB) of a right line cannot be in a plane (X),
and another part (BC) not in 4t.

Dem.—S8ince AB is in the plane X, it can be pro-
duced in it[ Bk. I. Post. 1r.];
let it be produced to D. c
Then, if BC be not in X, X
let any other plane pass-
ing through AD be turned | ,— 5 b
round AD until it passes
through the point C. Now,
because the points B, C are in this seccnd plane, the line
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BC[I., Def. vi.]is in it. Thercfore the two right lines
ABC, ABD lying in one plane have a common segment
AB, which is impossible, Thercfore, &e.

PROP. II.—Tueorem.

Two right lines (AB, CD) which mtersect one another
e any point (K) are coplanar, and so also are any three
right lines (G, CB, BE) whick form « triangle.

Dem.—Lect any plane pass through EB, and be turned
round it until it passes through
C. Then because the points A\ D
E, C are in this plane, the right
line EC is in it [I., Def. vi.|.

For the same reason the line BC (A

isin it.  Z%erefore the lines EC,

CB, BE are coplanar ; but AB

and CD are two of these lines.

Hence AB and CD are coplanar. ¢ B

PROP. III.——Tarorex.

If two planes (AB, BC) cut one another, their common
section (BD) ds @ right line.

Dem.—If not from B to D, draw in the plane AB the
right line BED, and in the
plane BC the right line BFD. B
Then the right lines BED,
BFD enclose a space, which E(||F
[I., Axiom x.] is impossible.
Therefore the common section
BD of the two planes must be D ! A
@ right line.

PROP. IV.—THaEoREM.

If a right line (EF) be perpendicular to each of two n-
tersecting lines (AB, CD), ¢t will be perpendicular to any
line GH, which is both coplanar and concurrent with them.

Dem.—Through any point G in GH draw a line BC



BOOK XL] THE ELEMENTS OF EUCLID. 269

intersecting AB, CD, and so as to be bisected in G; and
F
A c

H——_\

B
join any point F in EF to B, &, C. Then, because
EF is perpendicular to the lines EB, EC, we have
BI* = BE* + EF?, and CF?= CE? + EF?;
B¥? + C1*= BE? 4+ CE? + 2EF?,
Again BF* + C¥* = 2BG*+ 2G I [II. x. Ex. 2],
and BE? + CE*=2BG? + 2GE?;
» 2BG*+ 261 =2BG* + 2GE? + 2EF?;
.. GF*=GE*+ EF?,
il(elnce the angle GEY ¢s right, and EF 15 perpendicular
to EG.
Der. vi.—4 line such as EF, which is perpendiculor

to a system of concurrent and coplanar lines, 15 sard to be

perpendicular to the plane of these lines, and i3 called a
NORMAL fo 12,

Cor. 1.—The normal is the least line that may be
drawn from a given point to a given plane ; and of all
others that may be drawn to it, the lines of any
system making cqual angles with the normal are equal
to each other.

Cor. 2.—A perpendicular to each of two intersecting
lines is normal to their plane,

v
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PROP. V.—TuEorEM.

If three concurrent lines (3C, BD, BE) have a common
perpendicular (AB), they are coplanar.

Dem.—For if possible let BC be not coplanar with
BD, BE, and let the plane of AB,
BC interseet the plane of BD, BL 4
in the line BF. Then [XI. ur]
BF is a right linc; and, since it is

coplanar with BD, BIS, which ave c
cach perpendicular to AB, it is ¥
{XI. 1v.] perpendicular to AB. ol
'Ih(rcfor(, the angle ABT is right; o

and the angle ABC is right (h\p ) B 2D
Hence ABC s equ'tl to ABF, -y

which is impossible EI., Axiom xx.].
Therefore the lines BC, BD, BE are coplanar.

PROP. VI.—Turorewm.

If two right lines (AB, CD) be normals to the same
plane (X), they shall be parallel to one another.

Dem.—Lct AB, CD meet the plane X at the points
B, D. Join BD, and in the plane
X draw DE at right angles to BD
take any point K in DE.  Join B,
AE, AD. Then because AB is
normal to X, the angle ABE is
right. Therefore AE?2 = AB* + BE?
= AB? + BD? + DE?; bceause the B s
angle BDEisright. But AB*+BD?
= AD? because the angle ABD
is right. Hence AE? = AD? + DE=
Therefore the angle ADE is right.
51 XLYIIL]. And since CD is normal to the plane X,

E is perpendicular to CD. Henee DE is a common
perpendicular to the three concurrent lines CD, AD, BD.
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Thercfore these lines are coplunar [X1. v.]. But ABis
coplanar with AD, BD [XI. 1r.]. Thercfore the lines
AD, BD, CD arc coplanar; and since the angles ABD,
BDC are right, the line AB 7s parallel o CD [ 1. xxvur. ].

Der. vit.—If from every point in a given line normals
be drawn to agiven plane, the locus of their feet is called
the projection of the given line on the plane.

Exercises.

1. The projection of any line on a plane is a right line.

2. The projection on either of two intersecting planes of a
normal to the other plane is perpendicular to the line of intersec-
tion of the planes.

PROP. V1I.—Turorem.

Lwo parallel lines (AB,C D) and any line (KF) tuter
secting them are coplanar.

Dem.—1If possible let the intersecting line be out of

the plane, as KGF. Andin i B
the plane, of the parallels
draw [L. Post. 1] the e

right line EHF. Then
we have two right lines )
EGF, ENF, cnclosing o © F D
space, which [1. Axiom x.] is impossible. Hence the
two parallel right lines and the transversal are coplunar.

Or thus : Since the points E, F are in the plane of the paral-
lels, the line joining these points is in that plane [I. Def. vi].

PROP. VII{.—Turorkm.

If one (AB) of two parallel right lines (AB, CD), be
normal to a plane (X), the other line (CD) shall be normal
o the same plane.

Dem.—Let AB, CD meet the plane X in the points
u2
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B, D. Join BD. Then thelines AB, BD, CD are co-
planar. Now in the plane X, to A

which AB is normal, draw DE at “p,
1ght angles to BD. Take any
point ¥ in DE, and join BE, AE,
AD.

Then becausc AB is normal to
the plane X, it is perpendicular to g
the line BE in that plane [XI. =
Def. vi.]. Hence the angle ABE
isright ; therefore AK*= AB? + BE?
= AB? 4+ BD* + DE? (because BDE
is right (const.)) = AD? + DE? (because ABD is right
(hyp.)). Therefore the angle ADE is right. Hence
DE is at right angles both to AD and BD  Therefore
[XI. 1v.] DE is perpendicular to CD, which is coplanar
and concurrent with AD and BD. Again, since AB
and CD are parallel, the sum of the angles ABD, BDC
is two right angles [ [. xx1x.]; but ABD is right (hyp.);
therefore BDC is right. Ience CD is perpendicular to
the two lines DB, DK, and therefore [;Xl. 1v.] 4t 18 nor-
mal to their plane, that is, it 18 normal to X.

PROP. I X—Tnroren

Two right lines (AB, CD) which are each parallel to a
third line (KX) are parallel to one another.

Dem.—1f the three lines be coplunar, the Propo-
sition is evidently the same

as 1. axy. If they are not H B
coplanar, from any pomnt G
in EF draw in the plancs of E G F

EF, AB; EF, CD, respcc-
tively, thelines GH, GK cach ,
perpendiclar to EF [1. x.]. K D

Then because EF is perpendiculur to each of the lines
GH, GK, it is normal fo their plane [XT. w.]. And
because AB is parallel to EF (hyp.), and EF is normal
to the planc GHK, AB is wormal to the plane GHK
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[XI. viir.]. Inlike manner CDisnormal to the plane
HGK. Zence, since AB and CD are normals to the same
plane, they are parallel to one another.

PRODP. X.—Trrorem.

If two itersecting right lines (A3, BC) be respectively
parallel to two other intersecting right lines (DE, BF),
the angle (ABC) between the former is equal to the angle
(DET) between the latter.

Dem.—If both pairs of lines be coplanar, the propo-
sition 1s the same as I. xxIx.,
Ex. 2. If not, take any points
A, Cin the lines AB, BC, and
cut off ED = BA, and EF = BC A
|I. mm.]. Join AD, BE, CF,
AC, D¥ Then because AB is
equal and parallel to DE, AD
is equal and parallel to BE
[I. xxxrir.].  In like manuer
CF is cqual and parallel to BE. D
Henee [XI. 1x ] AD is equal
and parallel to CF. Hence [I. xxxrr.] AC is equal to
DF. Therefore the triangles ABC, DEV, have the
three sides of one respectively equal to the three sides
of the other. Ilence [ 1. vire.] the angle ABC ds equal
to DEF.

Der. vitr.—7wo planes which meet are perpendicular
to each other, when the right lines drawn in one of them
perpendicular to their common section are normals to the
other.

Der. 1x.— When two planes which meet are not per-
pendicular to each other, their inclination is the acute angle
contained by two right lines drawn from any point of their
common section at right angles to it—one in one plane, and
the other in the other.

Observation.—These definitions tacitly assume the result of
Props. 111, and x. of this hook. On this account we have departed
from the usual custom of placing them at tho beginning of the
book., We have altered the place of Definition vi. for a similar
reason.

B
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PROP. XT1.—ProBLEM.

To draw a normal to a given plane (BH) from a given
point (A) not in it.

Sol.—In the given plane BH draw any line BC, and
from A draw AD perpen-
dicular to BC [I. x1n]; A
then if AD be porpendx- E
cular to the plane, the A H
thing required is done.
not, from D draw DL in \
the plane BH at nght
angles to BC [I. xr.], and 5 SL

from A draw AF [I. xin
perpendicular to DE.  AF s normal ta the plane BH.

Dem.—Draw GH parallel to BC. Then because BC
is perpendicular both to ED and DA, it is normal to
the plane of ED, DA [ XI. 1v.]; and since GH is parallel
to BC, itis normal to the same plane [ XI. virr. ]. Hence
AF is perpendicular to GII [XI. Def. vr.], and AF is
perpendicular to DE (const.).  Zherefore AY is normal
to the plane of GH and ED —that 1s, to the plane BH.

PROP. XII.—PronuEnM.

To draw a normal to a given plane from & given point (A)
in the plane.

Sol.—From any point B not in the plune draw

[XI. x.] BC normal to it. 1f

this line pass through A it is the D B
normal required. 1f not, from

A draw AD parallel to BC

[I. xxxr.]. Then because AD

and BC are parallel, and BC is

normal to the plane, AD is also A ¢
normal to it [XL. vur], and it —

is drawn from the given point.

Hence it is the required normal,
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PROP. X111.-—THEOREM.

From the same point (A) there can be but one normal
drawn to o given plune (X).
Dem.—1. Let A be in the given plane, and if pos-
sible let AB, AC be Loth B
normals to it, on the same G
side. Now let the plane
of BA, AC cut the given
plane X in the line DE.
Then because BA is a nor-
mal, the angle BARK is
right. In like manner P A B
CAEisright. Hence BARE = CAE, which is impossible.
2. If the point be above the plane, therecan be but
one normal; for, if there could be two, they would be
parallel to one another [XI. vi.], which is absurd.

Therefore from the same point there can be drawn but one
normal to a given plane.

PROP. XIV.—Tnrorem.
Planes (CD, EX') which have a common normal (AB) are
parallel o each other,

Dem.—If the planes
be not parallel, they will G
meet when produced. Let
them meet, their common
section being the line
GH, in which take any H
point K. Join AK, BK.
Then becanse AB is nor- © ¥
mal to the plane CD, it | &
is perpendicular to the
line AK, which it meets
in that plane [XI. Def.
vi.]. Thercfore the angle
BAK is right. In like
manner the angle ABK
is right. Hence the D
plane triangle ABK has
two right angles, which is impossible. ZRerefors
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the planes CD and EF cannot meet—that 1s, they are
parallel,

Exercises.

1. The angle between two planes is equal to the angle between
two intersecting normals to these planes.

2. If a linc be parallel to each of two planes, the sections
which any plane passing through it makes with them are par-
allel.

3. If a line be parallel to each of two intersecting planes, it is
parallel to their intersection.

4. Iftwo right lines be parallel, they are parallel to the common
section of any two planes passing through them.

5. If the intersections of several planes be parallel, the normals
drawn to them from any point are coplanar.

PROP. XV.—TrroreM.

Two planes (AC, DF) are parallel, if two intersecting
lines (AB, BC) on one of them be respectively parallel (o
two wntersecting lines (DK, ET) on the other.

Dem.—From B draw BG perpendicular to the plane

DF [XI. x1.], and let it mect that plane in G. Through
G draw GH parallel to ED, and GK to EF. Now,
since GH is parallel to ED (const.), and AB to ED
(hyp.), AB isparallel to GH [XI. 1x.]. Hence the sum
of the angles ABG, BGH is two right angles [I. xx1x];
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but BGH is right (const.); therefore ABG is right In
like manner CBG is right. Hecnce BG 18 normal to
the plane AC [XI. Def. vr.], and it is normal to DF
(const.). Hence the planes AC, DF have a common
normal BG ; therefore they are parallel to one another.

PROP. XVI.—TuroreM.

If two parallel planes (AB, CD) be cut by a third plane
(EF, HG), their common sections (EF¥, GH) with 1t are
parallel.

Dem.—If the lines EF, GH are nof parallel, they
must meet at some
finite distance. Let
them meet in K. Now
since K is a point in
the line EF, and KF
is in the plane AB,
K is in the planc AB.
In like manner K is a
point in the plane CD.
Henee the planes AB,
CD meet in K, which
is impossible, since
they are parallel.
Therefore the lines EF,
GH must be parallel.

Exercises.

1. Parallel planes intercept equal segments on parallel lines.

2. Parallel lines intersecting the same plane make equal angles
with it.

3. A right line intersecting parallel planes makes equal angles
with them.
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PROP. XVII.—TuEorEM.

If two parallel lines (AB, CD) be cut by three parallel
planes (GH, XKL, MN) n two triads of points (A, E, B;
C, ¥, D), their segments between those points are propor-
tioral.

Dem.—Join AC, BD, AD. Let AD meet the plane
KL in X. Join EX, XF.
Then because the parallel
planes KL, MN are cut by
the plane ABD in the lines
EX, BD, these lines are
parallel [XI. xvr.]. Hence

AE:EB::AX:XD[VLm].
In like manner,
AX:XD::CF:FD.

Therefore [V. xr.] / \ /
B Y
AE:EB::CF:FD. D

PROP. XVIII.—TuroreM,

If a right line (AB) be normal to a plane (CI), any
plane (DE) passing through it shall be perpendicular to
that plane.

Dem.-—Let CE be the common section of the plancs

DE, CI. From any point
¥ in CE draw FG in D G A H
the plane DE parallel
to AB[I. xxxr.]. Then 1
beecause AB and FG are /
varallel, but AB is nor- \
mal, to the plane CI;
hence FG isnormal toit ¢ ) E

XI. virr.]. Now since

G is parallel to ADB, the angles ABF, BFG are equal
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to two right angles [I. xxix.]; but ABF is right
(hyp.); thercforc BFG isright—that is, FG is perpen-
dicular to CE. Hence overy line in the plane DE,
drawn perpendicular to the common scction of the
planes DE, CI, is normal to the plane CL. Therefore
[ XL Def. v Yhe planes DX, CL are perpendicular to
each other.

PROP. X1X.—TurorEM.

If two intersecting plancs (AB, BC) be each perpendi-
cular to a third plane (ADC), their common section (BD)
shall be normal to that plane.

Dem.—If not, draw from D in the plane AB the
line DE perpendicular to AD,
the common scction of the planes
AB, ADC; and in the plane BC
draw BF perpendicular to the
common scetion DC of the planes
BC, ADC. Then because the
planc AB is perpendicular to
ADC, the line DE in AB is
normal to the plane ADC [XL
Def. vur.].  In like manner DF )
is normal to it. Therefore from & C
the point D there are two distinet normuls to the
planc ADC, which [XI. xm1] is impossible, Hence
BD must be normal to the plane ADC.

Exercises.

1. If three planes have a common line of intersection, the nor.
mals drawn to these planes from any point of that line are co-
planar.

2. If two intersecting planes be respectively perpendicular to
two intersecting lines, the line of intersection of the former is
normal to the plane of the latter.

3. In the last case, show that the dihedral angle between the
planes is equal to the rectilineal angle between the normals.
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PROP. XX.—TrE0OREM.

The sum of any two plane angles (BAD, DAC) of a
trihedral angle (A) is greater than the third (BAC).

Dem.—If the third angle BAC be less than or equal
to either of the other
angles the proposition is
evident. If not, supposeit
greater : take any point
D in AD, and at the
point A in the plane BAC
make the angle BAE {
equal BAD [I. xxux], ’
and cut off AE equal AD. Through E draw BC, cut-
ting AB, AC in the points B, C. Join DB, DC.

Then the triangles BAD, BAE have the two sides
BA, AD in one cqual respectively to the two sides
BA, AE in the other, and the angle BAD equal to
BAE; therefore the third side BD is cqual to BE.
But the sum of the sides BD, DC is greater than BC;
hence DC is greater than EC.  Again, because the
triangles DAC, EAC have the sides DA, AC respec-
tively equal to the sides EA, AC in the other, but the
base DC greater than 1C; therefore [I. xxv.] the angle
DAC is greater than EAC, but the angle DAB is equal
to BAE (const.). Hence the sum of the angles BAD,
DAC ds greater than the angle BAC.

PROP. XXI.—THEOREM.

The sum of all the plane angles (BAC, CAD, &c.) forming
any solid angle (A) is less than four right angles.

Dem.—Suppose for simplicity that the solid angle A
is contained by five plane angles BAC, CAD, DAF,
EAF, FAB; and let the planes of these angles be cut
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by another plane in the lines BC, CD, DE, EF, FB;
then we have [XI xx.],

£ ABC + ABF greater than FBC,
L ACB + ACD ' BCD, &e.

Hence, adding, wo get the sum

of the base angles of the five a
triangles BAC, CAD, &e,
greater than the sum of the
interior angles of the pentagon
BCDEF—that is, greater than
six right angles. But the sum
of the base angles of the same
triangles, together with the
sum of the plane angles BAC,
CAD, &c, forming the solid
angle A, is cqual to twice as
many right angles as there are triangles BAC, CAD,
&c.—that is, equal to ten right angles. Hence the sum
of the angles forming the solil angle 1s less than four
right angles.

Observation.—This Prop. may not hold if the polygonal base
BCDEF contain re-entrant angles.

Exercises on Book XlI,

1. Any face angle of a trihedral angle is less than the sum, but
greater than the difference, of the supplements of the other two
fuce angles.

2. A solid angle cannot be formed of equal plane angles which
are equal to the angles of a regular polygon of # sides, except in
the case of n =3, 4, or 5.

3. Through one of two non-coplanar lines draw a plane parallel
to the other.

4. Draw a common perpendicular to two non-coplanar lines,
and show that it is the shortest distance between them.

5. 1f two of the plane angles of a tetrahedral angle be equal,
the planes of these angles are equally inclined to the plane of the
third angle, and conversely. If two of the planes of a trihedral
angle be equally inclined to the third plane, the angles contained
in those planes are equal.
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6. The three lines of interscction of three planes are either
parallel or concurrent.

7. If a trihedral angle O be formed by three right angles, and
A, B, C be points along the edges, the orthocentre of the triangle
ABC is the foot of the normal from O on the plane ABC.

8. If through the vertex O o. a tiihedral angle 0—ABC any
line QD be drawn interior to the angle, the sum of the rectilineal
angles DOA, DOB, DOC is less than the sum, but greater than
half the sum, of the face angles of the trihedral.

9. If on the cdges of a trihedral angle O--ABC three equal
lines OA, OB, OC be tuken, each of these is greater than the
radius of the circle described about the triangle ABC.

10. Given the thrce angles of a trihedral angle, find, by a plane
construction, the angles between the containing planes.

11. If any plane P cut the four sides of & Gaucke quadrilateral
(2 quadiilateral whose angular points are not coplanar) ABCD in
four points, 4, &, ¢, d, then the product of the four ratios

Aa  Bb Cc Dd
0 oD dd
is plus unity, and conversely, if the product
Aa Bb (¢ Dd _ 1
aBhccenaa-th
the points 4, b, ¢, d are coplanar.

12. If in the last exercise the intersecting plane be parallel to
any two sides of the quadrilatcral, it cuts the two 1emaining sides
proportionally.

Der. x.—If at the vertex O of a trihedral angle O-ABC we
draw normals OA’, OB, OC' {o the faces OBC, OCA, OAB, re-
spectively, in such a manner that OA’ will be on the same side
of the plane OBC as OA, &c., the trihedral angle O—A’B’C’ is
called the supplementary of the trihedial angle O—ABC.

13. If O—A'B’C’ be the supplementary of O—ABC, piove that
O—ABC is the supplementary of 0 A’B’C’.

14, If two trihedral angles be supplementary, each dihedral
angle of one is the supplement of the corresponding face angle of
the other.

15. Through a given point draw a right line which will meet
two non-coplanar lines.

16. Draw a right line parallel to a given line, which will meet
two non-coplanar lines.

17. Being given an angle AOB, the locus of all the points P
of space, such that the sum of the projections of the line OP on
OA and OB may be constant, is a plane.



appenpix.] THE ELEMEN1S OF KUCLID. 283

APPENDIX.

\

PRISM, PYRAMID, CYLINDER, SPHERE, AND CONE.

DEFINITIONS.,

1. A polyhedron is a solid figure contained by plane
figures: if it be contained by four plane figures it is
called a tetrakedron ; by six, a herakedron ; by cight, an
octahedron ; by twelve, a dodecahedron ; and if by
twenty, an dcosahedron.

1. 1f the plane faces of a polyhedron be equal and
similar rectilincal figures, it is called a regular poly-
hedron.

1u1. A pyramid is a polyhedron of which all the faces
but one meet in a point. This point is called the
vertex ; and the opposite face, the base.

v. A prism is a polyhedron having a pair of parallel
faces which arc equal and similar rectilineal figures, and
are called its ends. The others, called its side fuces, are
parallclograms.

v. A prism whose ends arc perpendicular to its sides
is called a 7ight prism ; any other is called an obligue
prism,

vi. The altitude of a pyramid is the length of the
perpendicalar drawn from its vertex to its basc; and
the altitude of a prism is the perpendicular distance
between its cnds.

vi. A parallelopiped is a prism whose bases are
parallelograms. A parallelopiped is evidently a hexa-
hedron.
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viil. A oube is a rectangular parallelopiped, all whose
gides are squares.

1x. A cylinder is a solid figure formed by the revolu-
tion of a rectangle about one of its sides, which remains
fixed, and which is called its axss. The circles which
terminate a cylinder are called its dases or ends.

X. A cone is the solid figure described by the revolu-
tion of a right-angled triangle about onc of the legs,
which remains fixed, and which is called the azis. The
other leg describes the dase, which is a circle.

XI. A sphere is the solid described by the revolution
of a semicircle about a diameter, which remains fixed.
The centre of the sphere is the centre of the generating
semicircle. Any line passing through the centre of
a sphere and terminated both ways by the surface is
called a diameter

PROP. I.—TrEOREM.

Iught prisms (ABcpE-Feuw, A'B'C'D'E -¥'6'u't's") which
have bases (ancDE, A'B'C'V'E') that are equal and similar,

and which have equal altitudes, are equal.

Dem.—Apply the bases to each other; then, since
they are equal and .
similar figures, they BN ¥
will  coincide —that Fe-rm i T
is, the point A with
A/, B with B/, &e.
And since AT is
cqual to A’'F’, and
each is mnormal to
its respective base, A
the point F will
coincide with . In 3 C B ol
the same manner the
points G, H, 1, J will comcide respectively with the
points G', H', I', J'.  Hence the prisms are equal in every
respect.

G o H
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Cor. 1.—Right prisms which have equal bases (EI,
E'F’) and equal altitudes are equal in volume.

Dem.— Since the bases are equal, but not similar, we

c oy ,
B , B
A o A ,

F ¥

can suppose one of them, BT, divided into parts A, B, C,
and re-arranged so as to make them coincide with the
other [I. xxxv., note]; and since the prism on E'F/ can
be subdivided in the same manner by planes perpen-
dicular to the base, the proposition is evident.

Cor. 2.—The volumes of right prisms (X, Y) having
equal bases are proportional to thewr aliitudes.

For, if the altitudes be in the ratio of m : », X can
be divided into m prisms of equal altitudes by planes
parallel to the base; then these m prisms will be all
equal.  In like manner, Y can be divided into 2 equal
prisms. Hence X :' Y ::m: n.

Cor. 3.—In right prisms of cqual altitudes the
volumes are to one another as the areas of their bases.
This may be proved by dividing the bases into parts
so that the subdivisions will be equal, and then the
volumes proportional to the number of subdivisions in
their respective bases, that is, to their arcas.

Cor. 4.—The volume of a rectangular parallelopiped
is measured by the continued product of its three di-
mensions.

PROP. II.—Tnrorem.

Parallelopipeds (ABCD-EFGH, ABCD-MNOP), Aav-
ing & common base (ABCD) and equal altitudes, are equal.

1°. Let the edges MN, EF be in one right line; then
GH, OP must be in one right line. Now EF = MN,
X



4bo r8BE SLEMENTS OF EUCLIL.  Vaersurin,

because ench eguas &b ; therelors ME = N#: thavefora
n

\E g

A B

the prisms AEM-DHP, and BFN-CGO, have their
triangular bases AEM, BFN identically cqual, and
they have equal altitudes; hence they are equal ; and
supposing them taken away from the entire solid, the
remaining parallelopipeds ABCD-EFGH, ABCD-MNOP
are equal.

2°, Let the edges EF, MN be in different lines;
then produce ON, PM to meet the lines EF and GH
produced in the points J, K, L, I. Then by 1° the

parallelopipeds ABCD-EFGH, ABCD-MNOP are each
equal to the parallelopiped ABCD-IJKL. Hence they
are equal to one another.

Cor.—The volume of any parallelopiped is equal to
the product of its base and altitude.
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PROP. I1I.—THEOREM.

A diagonal plane of a parallelopiped divides 1t tnto two
prisms of equal volume.

1°. When the parallelopiped is rectangular the pro-
position is evident.

2°. When it is any parallelopiped, ABCD-EFGH,
the diagonal plane bisects it.

Dem.—Through the vertices A, E let planes be
drawn perpendicular to the edges G
and cutting them in the points
IJ,K; L, M, N, respectively. B B
Then [I. xxx1v.] we have IL NRx ]
= BF, because cach is equal to \Z{ N
AE. Hence IB=LF. Inlike 2
manner JC = MG. Hence the
pyramid A-IJCB agrees in
everything but position with
E-LMGF ; hence it is equal to
it in volume. To each add the
golid ABC-LME, and we have
the prism AIJ-ELM equal to
the prism ABC-EFG. In like xb
manner ATK_EMN=ACD_EGI; & L&
but (1°) the prism AIJ-EL A
= AJEK-EMN. Hence ABC-EFG = ACD-EGH.
Therefors the diagonal plane bisects the parallelopiped.

=

Cor. 1.—The volume of a triangular prism is equal
to the product of its base and altitude; because it is
half of a parallelopiped, which has a double base and
equal altitude.

Cor. 2—The volume of any prism is equal to the
roduct of its base an altitude; because it can be
divided into triangular prisms.
x2



288 THE ELEMENTS OF EUCLID. [areenpIx

PROP. IV.—Trroren,

If a pyramid (O-ABCDE) be cut by any plane (abede)
parallel to the base, the section is similar to the base.

Dem.—DBecause the plane AOB cuts the parallel
plancs ABCDE, abede, the scc-
tions AB, ab are parallel [ X1.xvr.]
Inlike manner BC, e areparallel.
Henee the angle ABC = abe
[XI. x.]. In like manner the
remaining angles of the polygon
ABCDE are equal to the cor-
responding angles of  adede.
Again, because ab is parallel to
AB, the triangles ABO, abo are
equiangular.

Hence

AB:BO::ab:do. [VI.1v.]

In like manner BO : BC:: bo: be;
therefore AB: BC::ab:be. [Eraquali)
In like manner BC: CD: : &e : od, &c.

Therefore the polygons ABCDE, abede are equiangular,
and have the sides about their equal angles proportional.
Hence they are similar.

Cor. 1.—The cdges and the altitude of the pyramid
are similarly divided by the parallel plane.

Cor. 2.—The areas of parallel sections are in the
duplicate ratio of the distances of their planes from the
vertex.

Cor. 3.—In any two pyramids, sections parallel to
their bases, which divide their altitudes in the same
ratio, are proportional to their bases.
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PROP. V.—TrEorEM.

Lyramids (P~ABCD, p-abc), having equal altitudes

(PO, po) and bases (ABCD, abe) of equai areas, have equal
volumes.

Dem.—If the\y be not equal in volume, let abe be

the base of the greater; and let ox be the altitude of a
prism, with an equal base, and whose volume is equal
to their difference; then let the cqual altitudes PO, po
be divided into such a number of equal parts, by pluncs
parallel to the bases of the pyramids, that each part
shall be less than o2, Then [1v. Cor. 3] the sections
made by thesc planes will be equal each to each. Now
let prisms be constructed on these sections as bases and
with the equal parts of the altitudes of the pyramids as
altitudes, and let the prisms in P~ABCD be constructed
below the scctions, and in p-ade, above. Then it is
evident that the sum of the prisms in P-ABCD is
less than that pyramid, and the sum of those on the
sections of p-abe greater than p-abe. Therefore the
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difference between the pyramids is less than the diffe-
rence between the sums of the prisms, that is, less than
the lower prism in the pyramid p-abe; but the altitude
of this prism is less than oz (const.). Hence the diffe-
rence between the pyramids is less than the prism
whose base is cqual to one of the equal bases, and
whose altitude is equal to oz, and the difference is
equal to this prism (hyp.), which is impossible. Z%ere-
Sore the volumes of the pyramids are equal.

Cor. 1.—The volume of a triangular pyramid E-ABC
1s one third the volume of the prism
ABC-DET, kaving the same base p___ _
and altitude.

For, draw the plane EAF, then
the pyramids E-AFC, E-AFD
are equal, having equal bases AFC,
AFD, and a commnion altitude ; and
the pyramids E~-ABC, F-ABC are
equal, having a common basc and
equal altitudes. Hence the py- |/
ramid E-ABC is one of three A
equal pyramids into which the
prism 1s divided.  Therefore 1t 4
ong third of the prism.

¥

B

Cor. 2.—The volume of every pyramid is one-third of
the volume of @ prism having an equal base and altitude.

Because it may be divided into trmangular pyramids
by planes through the vertex and the diagonals of the
base,
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PROP. VI.—Turorem.

The volume of a cylindsr is equal to the product of the
area of its base by its altitude.

Dem.—Lct O be the centre of its circular base ; and
take the angles AOB indefi-
nitely small, so that the arc
AB may be regarded as a
right line. Then planes per-
pendicular to the base, and
cutting it in the lines OA,
0B, will be faces of a tri-
angular prism, whose base
will be the triangle AOB,
and whose altitude will be
the altitude of the cylinder.
The volume of this prism will be equal to the arca of
the triangle AOB by the height of the cylinder. Hence,
dividing the circle into elementary triangles, the cy-
linder will be equal to the sum of all the prisms, and
therefore its volume will be equal to the area of the base
multiplied by the altitude.

Cor. 1.—If r be the radius, and 4 the height of the
eylinder,

vol. of cylinder = =r?h.

Cor. 2.—If ABCD be a rectangle; X aline in its plans
parallel to the side AB; O the B
middle point of the rectangle; — “r— —— ——
the volume of the solid de- )
scribed by the revolution of D
ABCD round X s equal to
the area of ABCD multiplied i ;
by the circumference of the ____ ! X
cirele described by O. E G F

Dem.—Produce the lines AD, BC to meet X in the
points E, F.  Then when the rectangle revolves round
X, the rectangles ABFE, DCFE will describe cylinders
whose bases will be circles having AE, DE as radii,

c
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and whose common altitude will be AB. Hence the
difference between the volumes of these cylinders will
be equal to the differences hetween the areas of the bases
multiplied by AB, that is = = (AE* - DE?).AD.
Therefore the volume described by ABCD
=w.AB.(AE + DE) (AE - DE);

but AE + DE = 20G, and AE - DE = AD.
Hence volume described by the rectangle ABCD

=27.0G.AB.AD.

= rectangle ABCD multiplied by the
circumference of the cirele described by its middle
point O.

Observation.—This Cor. is a simple case of Guldinus’s cele-
brated theorem. By its assistance we give in the two following
corollaries original methods of finding the volumes of the cone and
sphere, and it may be applied with equal facility to the solution
of several other problems which are usually done by the Integral
Calculus.

Cor. 8.— The volume of a cone 15 one-third the volume

of a cylinder having the same base and altitude.
Dem.—Let ABCD be a rectangle whose diagonal is
AC. 'The triangle ABC will describe a cone, and the
rectangle a cylinder by revolving round AB. Take two
points E, F infinitely
near cach other in AC, c
and form two rectangles,
EH, EK, by drawingg| o

lines parallel to AD, AB, |—— A4F

Now if O, O’ be the o

middle points of these

rectangles, it is evident 4 G H B

that, when the whole

figure revolves round AB, the circumference of the
circle described by O will ultimately be twice the cir-
cumference of the circle described by O ; and since the
parallelogram EK is equal to EH [I. xwrirn], the solid
described by EK (Cor. 1) will be equal to twice the
solid described by EH  Hence, if AC be divided into
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an indefinite number of equal parts, and rectangles
corresponding to EH, EXK be inscribed in the triangles
ABC, ADC, the sum of the solids deseribed by the
rectangles in the triangle ADC is cqual to twice the
sum of the solids described by the rectangles in the
triangle ABC—that is, the difference between the
cylinder and cone is equal to twice the cone. Hence
the cylinder is equal to three times the cone.

Or thus: We may regard the cone and the cylinder as limiting
cascs of a pyramid and prism having the same base and altitude ;
and since (v. Cor. 2) the volume of & pyramid is one-third of the
volume of a prism, having the samc base and altitude, the volume
of the cone is one-third of the volume of the cylinder.

Cor. 4.—1f r be the radius of the base of a cone, and
k its height,

wrih
vol, of cone = 5 -

Cor. 5.—The volume of a sphere 18 two-thirds of the
volume of a circumscribed cylinder.
Dem.—Let AB be the diamcter of the semicirole

LM N

Q
which describes the sphere; ABCD the rectangle which
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describes the cylinder. Take two points E, F indefi-
nitely near each other in the semicircle. Join EF, which
will be a tangent, and produce it to meet the diamcter
PQ perpendicular to AB in N. Let R be the centre.
Join RE; draw EG, FH, NL parallel to AB; and EI,
FK parallel to PQ; and produce to meet LN in M and
L; and let O, O’ be the middle points of the rectangles
EH, EK.

Now the rectangle NG.GR = PG.GQ, because cach
is equal to GE®. Hence NG :GP::GQ:GR, or
ME:IE::RP+RG:RG. Now, denoting the radii of
the circles described by the points O, O’ by p, p’ respec-
tively, we have ultimately p = GRand p’ =} (RP + RG).
Hence ME : IE : : 2p': p; but ME : IE : : rectangle
EL : rectangle EK : : [I. xxmr.] EH : EK;

. EH:EK:: 2:p;

. 2mp . EH = 2 (2#p'. EK).
Hence the solid described by EH equal twice the solid
described by EK. Therefore we infer, as in the last
Cor., that the whole volume of the sphere is equal to

twice the difference between the cylinder and sphere.
Therefore the sphere 18 two-thirds of the cylinder.

Cor. 6.—If r be the radius of a sphere,

47r®
vol. = T.

PROP. VII.—TurorEM.

The surface of a sphere ts equal to the convex surface of
the circumscribed cylinder.

Dem.—Let AB be the diameter of the semicircle
which describes the sphere. Take two points, E, F,
indefinitely near each other in the semicircle. Join
EF, and produce to meet the tangent CD parallel to
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AB in N, Draw EI, FK parallel to PQ. Produce EI

DK I N P c
()
R
0 B
A
Q

to meet AB in Q. Let O be the centre. Join OE.
Now we have

FE:KI::EN:IN [VL 1.];

but EN:IN::0E: EG,

because the triangles ENI and OEG are similar.
Hence FE:KI::O0E: EG;

but OE = 1G.

Hence EF : IK: : IG: EG; and IG : EG : : circumfe-
rence of cirele described by the point I : circumference
of circle described by the point E.  Hence the rectangle
contained by EF, and circumference of circle described
by Eis equal to the rectangle contained by 1K, and cir-
cumference of circle described by I—that is, the portion
of the spherical surface deseribed by EF is equal to the
portion of the cylindrical surface described by IK.
Hence it is evident, if planes be drawn perpendicular
to the diameter AB—that the portions of cylindrical and
spherical surface between any two of them are equal.
Heence the whole spherical surface 13 equal to the cylindrical
surface bescribed by CD.
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Or thus : Conceive the whole surface of the sphere divided into
an indefinitely great number of equal parts, then it is evident
that each of these may be regarded as the base of a pyramid
having the centre of the sphere as a common vertex. Therefore
the volume of the sphere is equal to the whole area of the surface
multiplied by one-third of the radius. Hence if § denote the

surface, we have .
* 4
Sx g ——”i[VI Cor. 61;
therefore §=4m™

That is, the area of the surface of a sphere is equal four times
the area of one of its great circles.

Exercises

1. The convex surface of a cone is equal to half the rectangle
contained by the eircumference of the base and the slant height.

2. The convex surface of a right cylinder is equal to the rect-
angle contained by the circumference of the base and the altitude.

3. If P be a point in the base ABC of a triangular pyramid
0-ABC, and if parallels to the edges OA, OB, 0C, through P,
meet the faces in the points «, 5, ¢, the sum of the ratios

Pa DPb Pq _
oA’ OB OC

4. The volume of the frustum of a cone, made by a plane
arallel to the base, is equal to the sum of the {hree cones whose
Eascs arc the two ends of the frustum, and the circle whose
diameter is a mean proportional between the end diameters, and
whose common altitude is equal to one-third of the altitude of the

frustum.

5. If a point P be joined to the angular points A, B, C, D of a
tetrahedron, and the joining lines, produced if - necessary, meet the
opposite faces in 4, &, ¢, d, the sum of the ratios

o Db Pe Td_
Ad BY C Dd—



arrenpix] THE ELEMENTS OF EUCLID. 297

6. The surface of a sphere is equal to the rectangle by its
diameter, and the circumference of a great circle.

7. The surface of a sphere is two thirds of the whole surface
of its circumscribed cylinder.

8. If the four diagonals of a quadrangular prism be concurrent,
it is a parallelopiped.

9. If the slant height of a right cone be equal to the diameter
of its base, its total surface is to the surface of the inscribed sphere
as 9 : 4.

10. The middlo points of two pairs of opposite edges of a tri-
angular pyramid are coplanar, and form a parallelogram.

11. If the four perpendiculars from the vertices on the opposite
faces of a pyramid ABCD be concurrent, then

AB? + CD* = BC? + AD? = CA? + BD2

12. Every section of a sphere by a plane is a circle.

13. The locus of the centres of parallel sections is a diameter of
the sphere.

14. If any number of lines in space pass through a fixed point,
the feet of the perpendiculars on them from another fixed point
are homospheric.

15. Extend the property of Ex. 4 to the pyramid.

16. The volume of the ring described by a circle which revolves
round a line in its plane is equal to the area of the circle, multi-
plied by the circumference of the circle described by its centre.

17. Any plane bisecting two opposite edges of a tetrahedron
bisects its volume.

18. Planes which bisect the dihedral angles of a tetrahedron
meet in a point.

19. Planes which biseot perpendicularly the edges of a tetra-
hedron meet in & point.

20. The volumes of two triangular pyramids, having a common
solid angle, are proportional to the rectangles contained by the
edges terminating in that angle.

21. A plane bisecting a dihedral angle of a tetrahedron divides
the opposite edge into portions proportional to the areas containing
that edge.
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22. The volume of a sphere : the volume of the circumscribed
cube as 7 : 6.

23. If % be the height, and p the radius of a segment of a
sphere, its volume is —"s— (A% + 3p%.

24. If % be the perpendicular distance between two parallel
planes, which cut a sphere in sectlons whose radii are p1, ps, the

volume of the frustum is ~" =42+ 3 (p* + )}

25. 1f & be the distance of a point P’ from the centre of a sphere
whose radius is R, the sum of the squares of the six segments of
three rectangular chords passing through P is = 6R* — 25°

26. The volume of a sphere : the volume of an inscribed cube
asw: 2.

27. If O-ABC be a tetrahedron whose angles AOR, BOC,
COA areright, the square of the area of the triangle ABC is equal
to the sum of the squares of the three other trlangulm faces.

28. In the same case, if p be the perpendicular from O on the
face ABC,

1 _ 1 1 1
#-ox T omt oG
29. If % be the height of an aeronaut zmd R the radius of the

earth, the extent of surface visible = R I

30. If the four sides of a gauche quadrilateral touch a sphere,
the points of contact are coneyclic,
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NOTES.

) NOTE A.
MODERN THEORY OF TARALLEL LINES.

In every plane there is one special line called the line at infinity.
The point where any other line in the plane cuts the line at infinity
is called the point at infinify in that line  All other pointsin the
line are called jinite points. 'T'wo lines in the plane which meet
the line at infinity in the same point are said to have the same
direction, and two lines which meet it in different points to bave
different directions. Two lines which have the same direction
cannot meet in any finite point [I. Axiom x.], and are parallel.
Two lines which have different directions must interseet in some
finite point, since, if produced, they meect the line at infinity in
different points. This is a fundamental conception in Geometry,
it is self-evident, and may be assumed as an Axiom (see Observa-
tions on the Axioms, Book I ). Hence we may infer the follow-
ing general proposition :—*“ dny two lines in the same plane must
meet in some point in that plane ; that is—(1) at infinity, when the
lines have the same direction; (2) in some finite point, when they
have different directions.”’—See PoNCELET, Propriétés Projectives,
page 62.

NOTE B.
LEGENDRE’'S AND HAMILTON’S PROOFS OF EUCLID, 1. XXxII.

The discovery of the Proposition that ¢‘ the sum of the three
angles of a triangle is equal to two right angles’” is attributed to
Pythagoras. Until modern times no proof of it, independent of
the theory of parallels, was known. We shall give here two
demonstrations, each independent of that theory. These are due
to two of the greatest mathematicians of modern times—one, the



300 THE ELEMENTS OF EUCLID. [NoTER.

founder of the Theory of Elliptic Functions; the other, the dis-
coveror of the Calculus of Quaternions,

Leaenpre’s Proor.—Let ABC be a triangle, of which the
side AC is the greatest. Bisect BCin D. Join AD. Then AD is
less than AC [I. xix. Ex. 5]. Now, construct a noew triangle
AB'(Y, having the sidle AC'=2AD, and AB'=AC. Again, bisect

A c c c’ ¢
B’C’in D', and form another triangle AD 'C", having AC"=2AD’,
and AB' = AC’, &c. (1) The sum of the angles of the triangle ABC
= the sum of the angles of AB’C’ [I.xvI. Cor. 1] = the sum of the
angles of AB”C"'=the sum of the angles of AB”'C"”, &c. (2) The
angle B’AC’ is less than half BAC; the angle B”AC” is less than
half B'AC’, and so on; hence the angle B A@®) will ultimately
become infinitely small. (3) The sum of the base angles of any

B (+1)

A e C (n+1)

triangle of the seriesis equal to the angle of the preceding triangle
(s¢¢ Dem. I. xv1.). Ience, if the annexed diagram represent the
triangle AB @»1) C (+*1), the sum of the base angles A and C(»*) is
equal to the angle B() Ct; and when # is indefinitely large, this
angle is an infinitesimal ; hence the point B®*1) will ultimately be
in the line AC, and the angle AB(+1) C(»*) will become a straight
angle [I. Def. x.], that is, it is equal to tworight angles; but the
sum of the angles of AB®1)C@*) i3 equal to the sum of the
angles ABC. Hence the sum of the three angles of ABC is equal
to two right angles.

HamILTON’S QUATERNION Proor.—Let ABC be the triangle,
Produce BA to D, and make AD equal to AC. Produce
CB to E, and make BE equal to BD; finally, produca 4C to
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F, and make CF equal to CE. Denote the oxterior angles thus
formed by A’, B’, (/. Now let the leg AC of the angle A’
be turned 1ound the point A through the angle A’; then the point
C will coincide with D. Again, let the leg BD of the angle B'
be turned round the point B through the angle B', until BD coin-
cides with BE; then the point D will coincide with E. T.astly,
let CE be turned round C, through the angle C', until CE coin-
cides with CF, and the point E with F. Now, it is evident that
by these rotations the point C has been brought successively into
the positions D, E, F ; hence, by a motion of mere translation
aloug theline FC, the line CA can be brought into its former

]

position. Therefore it follows, since rotation is independent of
translation, that the amount ot the thice rotations is equal to one
complete revolution round the puint A; therefore A'+B+C’
= four right angles; but

A+ A'+B+ B +C + O =six right angles 1. xur.];
hence A + B + C = two right angles.

Observation.—'I'he foregoing demonstration is the most
elementary that was ever given of this celebrated Proposition.
1 have reduced it to its simplest form, and without making
any use of the language of Quaternions. The ssme method of
proof will establish the more general Proposition, that the sum
of the external angles of any convex rectilineal figure is equal

to four right angles.
X
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Mr. Abbott, r.1.c.n., hasinformed me that this demonstration
was first given by Playfair in 1826, so that Hamilton was anti-
cipated. It has been objected to on the ground that, applied
verbatim to a spherical triangle, it would lead to the conclusion
that the sum of the angles is two right angles, which being
wrong, proves that the method is not valid. A slight considera-
tion will show that the cases are different. In the proof given
in the text there are three motions of rotation, in each of which
a point describes an arc of a circle, followed by a motion of
translation, in which the same point describes e right line, and
returns to its original position. On the surface of a sphere we
should have, corresponding to these, three motions of rotation,
in each of which the point would deseribe an arc of a circle,
followed by a motion of rotation about the centre of the sphere,
in which the point should describe an are of a great circle to
return to its original position. Ience, the proof for a plane
triangle cannot be applied to a spherical triangle.

NOTE C.
TO INSCRIBE A REGULAR POLYGON OF SEVENTEEN SIDES

IN A CIRCLE.

Analysis.—Iet A be one of the angular points, AO the dia-
meter, A1, Az, . . . Ag the vertices at one side of AQ. Produce
0As to M, and OA; to P, making AsM = OAs;, and A;P = OA,.
Again, cut off AN = OA7, and A1Q = OAq.  Lastly, cut off
OR = ON, and OS = 0Q. Then we have [IV. Ex. 40],

pips = R (ps + ps) = R.OM,

p2ps = R (ps — p1) = R.ON;;
but p1p2pyps = R4 [IV. Ex. 34];
therefore OM.ON =R? (1).
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In Lke manner, 0P.0Q = R? @).

Again, OM. ON = (ps + ps) (ps ~ p7)
= pspe + psps — pP3p1 — PsP1
= R (ps—ps) + R (p1~pe) =R (p2—p7) = R (p2~ps) [IV.Ex.40).
=R(OM - ON - OP + 0Q) = R (MR - PS):
MR -PS=R.
Again, MR .|P8 = (OM — ON} (0P - 0Q)
= (pa + ps—ps + p1)(p2 + ps — p1 + pa),
and performing the multiplication and substituting, we get
4R (OM ~ ON — OP + OQ) = 4R2.

Hence, the rectangle and the difference of the lines MR and P8
being given, cach is given; hence MR is given; but MR = OM
— ON; therefore OM — ON is given; and we have proved that
the rectangle OM . ON = R?; therefore OM and ON are each
given. In like manner, OP and 0Q are each given.
Again,
pe.p1 =R (p1 —ps) = R.0Q, and pg — p; = ON.

Hence, since 0Q and ON are each given, ps and p; are each given ;
therefore we can draw these chords, and we have the arc AgAs
between their extremities given ; that is, the seventeenth part of

the circumference of & aivcle. Hence the problem is solsed.
Y2
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The foregoing analysis is due to AMPRRE : see CATALAN, Théo-
rémes et Problemes de Géométrie Elémentaire. We have abridged
and simplified Aaprrr’s solution.

TO FIND TWO MEAN PROPORTIONALS BETWEEN TWO
GIVEN LINES.

The problem to find two mean proportionals is one of the most
celebrated in Geometry on account of the importance which the
ancients attached to it. It cannot be solved by the line and
circle, but is very easy by Conic Sections. The following is a
mechanical construction by the Ruler and Compass.

Sol.—Let the extremes AB, BC be placed at right angles to
each other ; complete the rectangle ABCD, and describe a circle
about it. Produce DA, DC, and let a graduated ruler be made
to revolve round the point B, and so adjusted that BE shall Lo
equal to GF'; then AF, CE are two mean proportionals between
AB, BC.

Dem.—Since BE is equal to GF, the rectangle BE.GE
=BF . GF. Therefore DE.CE = DF . AF; hence DE: DF
:: AF : CE; and by similar triangles, AB; AF ; : DE : DF, and

CE:CB::DE:DF. Hence AB: AF:: AF:CE; and AF: CE,
:: CE: CB. Thetcfore AB, AF, CE, CB are continual propor-
tions. Ilence (VI. Def. 1v.] AF, CE are two mean proportionals
between AB and BC.

The foregoing elegant construction is dué to the anciunt
Geometer PuiLo of Byzantivm. If we join DG it will be
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perpendicular to EF  The line EF is called Philo’s Line; it
possosses the remarkable property of being the minimum line
through the point B between the fixed lines DE, DF.

Newron's ConsTrRucTioN.—Let AB and L be the twu given

B

lines of which AB is the greater. Biscet ABin C. With A as
centre and AC as radius, describe a civcle, and in it place the
chord CD equal to the second line L. Join BD, and draw by
trial through A a line meeting BD, CD produced in the points
E, F, so that the intercept EF will be equal to the radius of the
circle. DE and FA are the mean proportionals required.

Dem.—Join AD. Since the line BF cuts the sides of the
A ACE, we have

AB.CD.EF =CB.DE.FA; but EF =CB;
co _TA
DE ~ AFW’
Again, since the A ACD is isosceles, we have
ED.EC=EA?~-AC*=(FA + AC)? - AC?
=2FA.AC + FA?=FA.AB + FAY,
Hence ED(ED + CD) = FA(AB + FA),

(. CD AF
or DE: (”m‘a) _FA.AB(HE)

therefore  AB.CD = DE.FA, or
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therefore DE?=FA.AB, and we have AB.CD = DE. FA.
Hence  AB, DE, FA, CD are in continued proportion.

NOTE E.

ON PHILO'S LINE,

I am indebted to Protessor Galbraith for the following proof
of the minimum property of Philo’s Line. It is due to the late
Professor Mac Cullagh :—Zet AC, CB le two given lines, E a
fized point, CD a perpendicular on AB; it is required to prove,
if AE is equal to DB, that AB is a minimum.

Dem.—Through E draw EM parallel to BC; make EN = EM;
produce AB until EP = AB. Through the points N, P draw
NT, RP each parallel to AC, and through P draw P’Q parallel
to BC. It is easy to sec from the figure that the parallelogram
QR is equal to the parallelogram MF, and is therefore given.
Through P draw S perpendicularto EP. Now, since AE=DB,
BP is equal to DB; therefore PS = CD. Again, since OP
= AD, PT is equal to CD; therefore 'S = PT. Henco QR
is the maximum parallelogram iu the triangle SVT.

AN T

. . S
Again, if any other line A'B be drawn through E, and pro-

duced to P, so that ED’ -=: AT, the point P’ must fall outside ST,
because the parallelogram Q'R’, corresponding to QR, will be
equal to MF, and therefore equal to QR. Hence the line EP
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is greater than EP, or A'B’ is greater than AB. Hence ABis a
minimum.

NOTE F.
ON THE TRISECTION OF AN ANGLE.

The following mechanical method of trisecting an angle oc-
curred to me several years ago.  Apart from the interest belong-
ing to the Problem, it is valuable to the student as a geometrical
exercise :—

To trisect a given angle ACB.

Sol.—Erect CD perpendicular to CA; bisect the angle BCD
by CG, and make the angle FCI equal half a right angle; it is
evident that CI will fall between CB and CA. Then, if we usea
jointed ruler—that is two equal rulers connected by a pivot—and
make CB equal to the length of one of these rulers, and, with C
as centre and CD as radius, describe the circle BAM, cutting
CIin I: at I draw the tangent IG, cutting CG in G.

Then, since ICG is half a right angle, and CIG isright, IGC is
balf a right angle ; therefore 1C is equal to 1G ; but IC equal CB;

o

therefore IG = CB—equal length of one of the two equal rulers,
Hence, if the rulers be opened out at right angles, and placed



308 THE ELEMENTS OF EUCLID. {NoTES.

s0 that the pivot will be at I, and one extremity at C, the other
extremity at G ; it is evident that the point B will be between
the two rulers; then, while the extremity at C remains fixed, let
the other be made to traverse the line GF, until the edge of the
second ruler passes through B: it is plain that the pivot moves
along the circumference of the circlo. Let CII, IIF, be the posi-
tions of the rulers when this happens; draw tho line CH; the
angle ACII is one-third of ACB.

Dem.—Produce BC to M. Join HM. ZErect BO at right
angles to BM. Then, because CH = I[F, the angle TICF = HIFC,
and the angle DCE = ECB (const.). IHence the angle IICD
=IIBC [I. xxxir.], and the right angles ACD, CBO are equal;
therefore the angle ACII is equal to HBO ; that is [ITI. xxxir.],
equal to HMB, or to half the angle HCB. Hence ACH is one-
third of AC'B.

NOTE G.
ON THE QUADRATURE OF THE CIRCLE.

Modern mathematicians denote the ratio of the circumference
of a rircle to its diameter by the symbol . Hence, if » denote
the radius, the circumference will be 2xr; and, since the area of
a circle (V1. xx. Ex. 15] is equal to half the rectangle contained
by the circumference and the radius, the arca will be 2. Hence,
if the area be known, the value of = will be known; and, con-
versely, if the valuo of = be known, the area is known. On this
account the determination of the value of = is called *“the problem
of the quadrature of the circle,’” and is one of the most celebrated
in Mathematics. Tt is now known that the value of » is incom-
mensurable ; that is, that it cannot be expressed as the ratio of
any two whole numbers, and therefore that it can be found only
approximately ; butthe approximation can be carried as far as we
please, just as in extracting the square root we may proceed to as
aany decimal places as may be required. The simplest approxi-
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mate value of = was found by Archimedes, namely, 22 : 7. This
value is tolerably exact, and is the one used in ordinary calcu-
lations, except where great accuracy is required. The next to
this in ascending order, viz. 353 : 113, found by Vieta, is correet
to six places of decimals. It differs very little from the ratio
3:1416 : 1, given in our elementary books.

Several expeditious methods, depending on the higher mathe-
matics, are known for calculating the value of w. The following
is an outline of a very simple elementary method for determining
this important constant. It depends on a theorem which is at
once inferred from V1., Ex. 87, namely *‘ 1f a, A denote the reci-
procals of the areas of any two polygons of the same number of nides
inscribed and circumscribed to a circle ; @', A’ the corresponding quan-
tities for polygons of twice the number; a' is the geometric mean
between o' and A, and A’ the arithmetic mean between a’ and A.”’
Hence, if  and A be known, we can, by the processes of finding
arithmetic and geometric means, find &’ and A’. In like manner,
from &', A’ we can find &”, A” related to o', A’} as @', A’ aro to
a, A. Thercfore, proceeding in this manter until we arrive at
values a(), A®) that will agree in as many decimal places as
there are in the degree of accuracy we wish to attain; and since
the area of a circle is intermecdiate betwceen the reciprocals of
am and A®), the area of the circle can be found to any required
degree of approximation.

If for simplicity we take the radius of the circle to be unity,
and commence with the inscribed and circumscribed squares, we
have

a =B, A =-25.
o’ = 3536533, A’ =-3017766.
a'= 3264853, A= -3141316.

These numbers are found thus: a’ is the geometric mean be-
tween a and A ; that is, between *6 and °26, and A’ is the arith-
metic mean between o’ and A, or between -3535533 and '25.
Again, @" is the geometric mean between 4’ and A’; and A” the
arithmetic mean between 4" and A’. Proceeding in this manner,
wo find a(}3)=-3183099; A0%) =-3183099. Hence the area of 8
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sircle radius unity, correct to seven decimal places, is equal to the
reciprocal of -3183099 ; that is, equal to 31416926 ; or the value
of = correct to seven places of decimals is 3:1415926. The
number x is of such fundamental importance in Geometry, that
mathematicians have devoted great attention to its caleulation.
Mr. Suawnks, an English computer, carried the calculation to
707 places of decimals. The following are the first 36 figures
of his result:—

3'141,592,653,689,793,238,462,643,333,279,502,884.

The result is here carried far beyond all the requirements
of Mathematics. Ten decimals are sufficient to give the eir-
cumfcrence of the eaith to the fraction of an inch, and thirty
decimals would give the circumfeirence of the whole visible
universe to & quantity imperceptible with the most powerful
microscope.




( 811 )

CONCLUSION.

In the foregoing Treatise we have given the
Elementary Geometry of the Point, the Line, and
the Circle, and figures formed by combinations of
these. But it is important to the student to remark,
that points and lines, instead of being distinct from,
are limiting cases of, circles; and points and planes
limiting cases of spheres. Thus, a circle whose
radius diminishes to zero becomes a point. If, on
the contrary, the circle be continually enlarged, it
may have its curvature so much diminished, that
any portion of its circumference may be made to
differ in as small a degree as we please from a right
line, and become one when the radius becomes in-
finite. This happens when the centre, but not the

circumference, goes to infinity.
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ABBOTT, 302.
Alternando, 200.
zltitude, 211,

mpere, 304.
Angle, s.
—-— acute, 7.
—-—— adjacent, 7.
alternate, 45.
bisection of, 26.
——-— complement of, 7.
——— dihedral, 267. .
——-— extension of meaning, 108.
———— exterior, 8
——— interior, 31, 45, 49-
——— legs of, 6.
——— obtuse, &.
——— re-entrant, 6.
——— right, 7.
——— solid, 267, 280.
—_— sugplcment of, 7.
———— trihedral, 267.
trisection of, 307.
vertex of, 6.
Antecedent of a ratio, 181.
Arc of a circle, 106.
Area, 80, 240.
Axioms, 10, 299.
Axis of symmetry, 21.
—— radical, 128.

Catalan, preface, 177, 304.
Centre, 9.

radical, 128.

of similitude, 238.
Chasles, 2.

Circle, 9.

arc of, 106.

—-—— chord of, 107.
——— circumference, 9.
—-—— circumscribed, 157.
——— concentric, 108,
——— contact of, 107, 12§.

Circle, diameter of, 9,
escribed, 167.
nine-points, 103.
——— polar, 163.
——— radius of, 9.
sector of, 107.
——— segment of, 107.
Circumcentre, 162,
Circumcircle, 162.
Comberousse, preface, 121
Componendo, 201.
Conclusion, 12.

Cone, 284.

Congruent, 13.
Contrapositive, 13.
Convertendo, 202.
Corollary, 13

Cube, 284,

Cylinder, 284, 291.

Demonstration, 13.
Diagonal, 45. .
—————— third of a quadrilateral,

45-

middle points of, 20,
Dividendo, 20r1.

Dodecahedron, 283.

Double point, 238.

Enunciation, 13.
Ex aequali, 204.
Ex aequo perturbato, 205.

Figures, 5.
————— directly similar, 233.
inversely similar, 233.
similar, 210.

given in magnitude, 210.
given in position, 210.
given in sp ) 210,
rectilineal, §.
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Galbraith, 306.
Gauss, 3.
Gnomon, 78.

Hamilton, 233, 300.
Harmonic conjugates, 208.
Henrici, 5.

Hexahedron, 283.
Homologous terms, 189.
Homothetic, 239.
Hypotenuse, 8.
Hypothesis, 12.

Icosahedron, 283.
Identically cqual, 55
Identity, rule of, 13.
Inscribed, 157.
Invertendo, 193.

Linc, 4.

Lanes, Concurrent, 7.

Coplanar, 267.

Line, divided harmonically, 208.
Lines, Incommensurable, 97, 182,
——— normal to a plane, 209.
parallel, 44.

-—— pencil of, 7.

~-—— perpendicular, 7.

——— Dhilo’s, 306.

—-— projection of, 45.

-——— scgment of, 77.

—— transversal, 13.

Lardner, 142.

Legendre, 299.

Lemma, 13.

Locus, 44.

Lozenge, 9.

Maximum, 11§,
M‘Cullagh, 306.
Median, 36.
Minimum, 115.
Maultiple-, 180,

Newcomb, 5, 106, 107.
Newton, 305.

Qctahedron, 283.
Orthocentre, 162.
Orthogonal, 155.

Parallclogram, 44.

complements of, 61.
Parallclopiped, 283.

Pascal, 262.

Pentagon, 9.

Philo, proofs by, 24, 304.

Plane, 5.

Playfair, 302.

Points, 4.

collinear, s.

concyclic, 108.

homologous, 238.

inverse, 128,

row of, 7.

Polyﬁon, 8.

Polyhedron, 283.

Poncelet, 299.

Postulate, 9.

Prism, 283.

Problem, 13.

Projection, 45.

Proportion, 184.

extremes of, 184,

~—————— means of, 184.

Proportional, mean, 210, 224.

Proportionals, two mean, 210, jo4,
305.

third, 222.

fourth, 223.
Proposition, 12.

——————— converse of, 12,
——————— contrapositive of, 13.
Propositions identical, 100,
——————— obverse of, 12.
Ptolemy’s theorem, 232.

converse of, 258.
extension of, 258.

8uadra¢u.re of circle, 308.
uadrilateral, 9.
—————— cyeclic, 108.

Ratio, 181, 182.

antecedent of a, 183.

compound, 187, 188,

duplicate, 187, 188,

consequent of!a, 181,

--—— extreme and mean, 97.

— —— of greater inequalily, 208.
of lesser inc?uality, 208,

reciprocal of, 183«

Ray, 7, 108.

Rectangle, 77.

Rouché, 121.

Sccant, 13.

Simson, 134.
Solution, 13.
Sphere, 284, 263, 295.
Square, 9.
Submultiple, 180.
Surface, 5.
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Tangent, 106.

Theorem, 12.

~— ——— converse of, 12.

Townsend, preface, 142,

Trihedral angle, 267.
§ l‘K‘ ‘A'y Ofl

282.
Trapezium, 4§.
Triangle, 8.

THE END.
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Triangle, equilateral, 8

isosceles, 8.
obtuse-angled, 8.
right-angled, 8.
scalene, 8.

Vertex of angle, 6.
of pencil, 7.
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