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THE HIGHER TRIGONOMETRY.

L. To make this title intelligible, we must interpret the epithet
Lower as applied to Trigonometry. Every oue who ~nters the
Differential Calculus learns the definitions and Differentiation of
the Trigonometrical Functions; and from d . sin z = cos ade, with
d . cos z = — sin adx, quickly learns

( cos xdz =sin 2, wnd [ sinad. =1 —cos @,

Jo Jo
which by repetition, give most directly the series for sina and cos.»
in powers of «. We have only to begin from tue hypothesis of «
very small. The reader is supposed to be acquainted with these
series, and with the inverse series for sin™ (z) and tan™ (). To be
explicit, the caries are

»® ° '
Me=o-5nto s e g0, e
e W' o ’
wso=1-F+9 35793 6%
. 1 48 3 2° 1.8.5
1 ll
sin™ z AR 3+24 -+24() 7+&c

tan™ = — 1o+ 17— 107 + &e.
but the reader is not supposed to have dealt with 4/ — 1 as a multiple
of an cxponent. Herc I define 4°V™" as follows: “Expand 47 in
rising powers of y, and in the series resulting, writc
ay/=1 for y, (¢4/—1)" for y”
From this I begin.
N 1



2 THE HIGHER TRIGONOMETRY.

2. erV-1 defined from the series which alone can explain it,
is equivalent to cos «#+ 4/~ 1.sin«. This has nothing paradoxical ;
but is clearly understood by geometry. No other proof is needed, but
to put «4/— 1=, and to develop €* into it;s‘algebraic equivalent

2 U 3

1+u+ +2 3+2 3 4+&c

Then by restoring to u the (z 4/— 1) for which it stands and group-
ing the terms separately in which »/—1 vanishes, we find their sum
to be cxactly cos . The rest, in which the exponent of u was odd,
have each of them »/— 1 as a factor; and the sum of the cocfficients of
v—1 is visibly sinz. Hence e#¥-1 when thus developed is visibly

cos z + /= Usin «.

3. Scme students, justly cautious, will ask, When @ 4/— 1 cannot
be defined as an cxponent, ought we to assume that it obeys the law
of exponents? The reply is not far to seek. Let ¢ («) denote the
series intended by e*¥-1, v hich we see is equivalent to

cosa +./— 1sin .

Then alco ¢ (y) for ¢ V= means cosy +4/—1siny. Then the product
¢ (@). ¢ (y)=(cosa ++/—1sinx).(cosy++/—1siny),

which by the knov n values of cos(z+ y) and sin(x +y) shows that
the last product is equivalen* to

cos (¢ + y)+ +/-- 1 sin (z + ¥),
or which is what we here meun by ¢ (2 +y). Thus

bz py = (v +y).
vut this is the cardinal law of A® making 4%. 4= A4*". Indeed
Cauchy in his Elementary Algebra proposed the Problem, “to find
the nature of the function which for all real values of « and y fulfils
the cquation ¢z . dy= (¢ + y),” and by the simplest reasoning shows
that it must have the form 4% in which 4 is unchangeable, but may
have any intelligible value. Here, we may say

A =ev-1 or (cos.i+4/—1sinl);

but at any rate we find that our e*v-1 is subserwent to the laws of
cxponents, B

The secondary property (4%)*= 4*, follows from the other whew
u is numerical,
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4. Cor. 1. From e*v-1, identical with cos z +4/— 1 sin 2, we get
by ¢hanging « into — &, e~ ¥-1 identical with cosa — y/—1 sin «.

Hence by addition
er V-1 4 e—2 V-1 = 2 cos z,

by subtraction V-1l _eaV-1=2,/~1.sinx
Thus when for convenience we write w for €° ‘/_1, we have
w+ut=2cosax.

Cor. 2. If in these identitics we write na for @, e*vV-1 changes to
e ~v-1 or u", thus we have simultaneously

u+ut=2Zcosz wnd u*+u™=2cos na.
Evidently of the two last equations each implies the other.

5. (cos )", when n is a positive integey, is hence expressible in a
finite series of linear cosines. For by the Binomial Theoreun. we can

expand (u + u™)* into n + 1 terms;

. -1 ~
L @eosa) = (ubuY = F et ] e e,

; _1 _
=u"+'il.u”"+¥.nr2 w L
n o n—1 a4 n ~n+2 ~n
i . —2“ LU +I.1L 4+ u”.

When » is odd, » + 1 is even, and the series has no term free from w.
But when 7 is even, there is a middle term N free from w. The

general term being

in the case of n even, the middle term IV is
n(n— 1) (n —3n + 1)

n n—1 {n+1
or N—-I . ‘“2 Tees %7-& .

1—2
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[ntrovert the series, then
(eos ) = (u + ) + L@t b + 1L ) 4 e

n

1.2cos(n-2)w

= 2 cos nz +

n n-—1
+i )

. 2cos (n—4)z + &e.,
which derionstrates our Theorem

Cor. If we wish to deal similarly with (2 sin 2)* the simplest
way is to transfor.m it by assuming

x=4%mr—1y,
<. sin@ = cos .
6. ProBLEM. To attain the value of 7, exact to many decimal
places.
The inverse equation of sin™« in series gives the earliest slementary

method, For if in it we make =4 which = sin 30° or sin %, we have

sin"w:lr,—,
6
so that we get g in series, in fact
1 1 2° 1.3 z° 1.3.5 27
AR RN NN RN A e

Represent the double of this series by
Im=A4,+ 34,4+ 14, + +4,+ &,

hn(1-2) A

then sl&rting from 4,=1,

we easily compuie the series .4 in succession, and without much
trouble can find

which implies

7 = 3141592653591,

which is correct to 11 decimals. But a more powerful method ic
casily deducible.
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7. We had tan™ z in powers of «; change « to »™, then tan™x

becomes tan™. (v™). But if v™ is the tangent of an arc, » must be its
cotangent. Hence

cot™ (v) =v7 = 3o 4+ o™ — o7 + &,
which is a new identity, if only v is > 1, since 2 was < 1.
Begin anew, from
cotz =u, coty=1v, cot (z + y) =2,

then by the Elements of Trigonometry

_w=1
u+v’
or w—(u+v)z=1,
and (w—2)(v—2)=1+2%

Take for z such a wnole number as shall make 1+ 2* the product of
the two factors s, . Nothing then forbids our assuming « —z=s,
which makes

v—z=10 or u=¢e4z2 v==t+2
But z=cot™u, y=cot™v,
also z+y=cot™ 2,

. cot™ z=cot™ (s+ 2) + cot™ (¢t + 2)

under the condition that st=2"+ 1.
In particular let ¢ =1, Sos=241,
and cot™ z=cot™ (1 + 2* +2) +cot™ (1 + 2),

without condations. 1If z=1,
cot™ (1) or lm=cot™(3)+ cot™(2).

This is Euler’s formula, and very elegant.

8. Butif 2=2, cot™/2)=cot™(7)+ cot™(3).

From these two results eliminate cot™(2) which has the worst
convergence,

s 4w =2cot™ (3) + cot™ (7)=2a + D,
if a=3"-1.3"+3.3°—1.87 + &e.
and b=T"-3.7°+1.7°=34.7" 4+ &c.
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It is hard to surpass this at once in simplicity and power. Observe,
that we may also write
a=3{1-3.9"+4.97—4.97 + &).
Again, if z is odd, 1 + 2* is ever, and we may take 2 as one factor.
Indeed, if we write z=2r—1,
1422=2—4r+ 4%
let t = 2, then s=1—-2r+ 2%
u=3+z=2r"
y=t+z=2r+1.
Hence cot™{2r — 1)=cot™ (2%) +cot™ (2r + 1), an identity.

9. But far mor2 celebrated and important is Mackin’s formula
for . He assumes cotz=>5. Then

(cot2)'—1 5'—1_12
cot 2z =- 2cotz 10 5"
Further cot . dar _ (cot 2 ) — 122—5° 119

2 cot 2.1} =9.12.5 120

very near tc 1. Then 4.: must be very near to $m. Let

4z =} + o,
1+cotde 1204119
. —_ o1 o = 23
. cotw =cot (42 — }7) = T—cotda— 120 — 119 239,
and o = cot™ (239).
Now jm =42 —w=4cot™ (7) — cot™ (239).

This result is powerful, but 239 is a clumsy divisor. An un-
expected relief is attained by taking z=7C,

o 1422=4901=169. 29.
Take s =169, t = 29, which yield

U=z+8::239,
v=2z+1t=99,
then cot™.70 = cot™. (239) + cot™ (99).

Here 70 and 99 are highly convenient divisors, and eliminating
cot™ (239) we have remaining

1 =4cot™ (5) + cot™ (99) — cot™ (70).
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2

By this formula 7 can be found accurately to a very unreasonable
number of decimal places. For 20 decimals Mathematicians acquiesce
in 7 =314159 26535 89793 23846. So much of .

Factors of sin .

10. The late Professor Jairett introdnced the notation la_zv for
(1.2.3.4...n), and it has been accepted at Cambridge. Thus

z* z" _
1.2.3 w e

However great # may be, the denominator |n at length becomes

sing =z — N

5o vast as to overwhelm the numerator z°, and the sum of the terms
that follow becomes always at last insignificant. Thus in the Elements
there is a suggestion that by making n vast, yet finite, we may treat
(sinz = 0) as an equation of the nth degree. Indeed, making #*=y,
sin & Y ¥y "
Scule g [N AR AU ARV -
v 12875 g Tt e
which seems simpler still. But the argurient is not rigid enough;
we must go deeper for proof of a Theoren, on which so very much

depends.
In the Elements it is casily shown that
sin 3z, sin 5z, sinTx ...
and in general sin(2r—1a

can be expressed as odd integer functions of sin . This justifies our
here assuming, if sinz = u,

sin . nz = nu — N + No® — &e.... £ Nu" =32 (4,4™) when n is odd.

Now by making sinnz =0, we find tor nz the values 0, m, 2,
3, mmr,... and for z the values 0, :—:, 2:, .. an ... whick give only
n values to u, viz.

0, sin %, sin ‘%:_r ... 8ln (n—})vr.

. mw . (n—m)w . m
Also sin — and sin (—n—) or sin ('n' - T) are equal. Thus,

after =0, every other root has its pair. Put n=2r+1, then by
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the theory of integer functions sin na, the equivalent cf
m u? w? ot
3 (4,u")y=nu. (1 - W> <l - ;L?) <1 _E}> ,
if w,, uy, 4,...1, denote the roots

.m . 27 . 3w . T
sin —, sin—, sin—, ... sin— .,
n n n n
As an identity then,
Iin2 Iin2 In2
. . sin*z sinx sin’z
sin (nm):nsmw.(l— )(1 )(1 >

sin®.n7lar sin®, 2n7'mr sin®, 307l
(1 sin® z ) i
sin®. rn”t /)’
the eas~ with which this great result is obtained from
sin (nz) =2 (4,,2™)

is very striking. From it we are to deduce the factors of sinz of
the form (1 — a’2*).

11. Our first step is in the last identity to write ? tor «; the
(4

next is tv inerease « beycnd all limit.  First we have
. .
sing = (n sin —)
n

multiplied by = factors, each of the form
sin®. (7' @)
sin®. (m.n'mr)’
N
With » infinite, nsin (n” ) evidently = .. EI(I;—('Tﬁ) and converges

to mere 2. The general factor converges to

7.7z \? z \?
L I R T .
- (mn"w) or 1 (mw/ ’
so that if we can be sure that the cwmditions of convergence in the

product of the factor are fulfilled when n is made infinite, we deduce
universally

sinz=2. (1 - f;) (1-5?:?) (1-5';”;-,) (1 —47“'”:7,) & (4),

But just as a,, +a,,,, + a,,,, + &c. ad infinitum may be a finite quantity,
though every term vanishes when m is infinite, so may an infinite
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product a,a,,,. @,,,... be other than 1, though every factor separately
converge to 1 when m is infinite. Therefore to investigate the con-
vergence remains as a problem to us.

12. Cauchy has treated this question of convergence in the IXth
supplementary Note of his Cours d’Analyse, Faris, 1821, and after
much detail proves our point only when « is less than 4m; aiter
which his argument is embarrassed by the .ogarithm of a negative
quantity.

Serret has dealt with the topic (for our particnlar case) rigorously;
but his proof is not casy to foliow, and is still harder to remember.

2
This encourages another method. In equation (4 write £ for — .
™

The product
z.(1-§)A-27E)AQ-37E)(1-47)... &c.
will converge, if its logarithm converges. The general term of the
logarithm is log (1 —m™*£) and its cifferential is
_ m7dE
1—m™E’
of which the denominator converges to 1 when m increases in-

“definitely. Thus after a cerfain high valuc of m, the later terms
converge to

—dE.mP+m+1) P+ (m+27+(m+3)7+...}
The infinite serics in parerthesis ;s known to be firite, since
8, =1"4274+3" + &e.

is finite. 'T'hen stepping back, from the ditfer~ntial to the integral,
the sum of the logarithm, whose general term was log (1 —m™§), ;.
finite. Consequently the series of products above marked (4) con-
verges to a finite value, and its definite equality to sin.c is beyond

objection.

The differential of log sin 2 (divided by dz) is

2z°
zeotz=1 —E;n'if;rg‘_’iwg;
where m means 1, 2, 3, 4,... The value of this result is great.
sin 2z

13. Cor. 1. Since cosz= , it gives cos 2 also in algebraic

2sinz
factors.
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Cor. 2. Having obtained

cotz=l__2% _ 2 2 _ &
T wed O p g OC

we further deduce tan (32) by the known formula

4 tan (3z) = % cot (32) — cot =z,

2 2% 2z
whence 1 tan (3=z) = T gtgaat

Cor. 3. Again, since cosec z = 4 cot () + 4 tan (), we infer
1 1 2 2z 2z 2%

2+&c

; -+ = 51 .
sine z @ W —a 22—z Pri—z ni—

From the last we tcke a step further, to obtain (virtually) EB::}'

. . 2z 1 1
First since —;-j——5= —-- -————— we have also
mm - mw—r mwr+a

1ol 1yl 1)
sinz ('n-—w T+ 0r—z 27+ a

1 1
+(3'n'—a:—3'n'—x>—&c'

In this, let #=3r -y, or sinz=cosy. Also write p for }m,
x=p-—y.

_ m17=_}u+( 11 )_( 11 )
Teosy p—y \p+y -y, 3p+y Sp-y

+(opry~m=s) ¥

which being a new identity, permits us to change at pleasure the y
into a.

Also, coupling the terms differently, you have
1 _ 2  6p 10p
sy Py TPy -
But this convergence may be improved. Observe that
2mp  2p 14 A
m'p* —y* mp* mp* —y*

where m may successively be 1,3, 5,7, 9,....
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2 2 1 1 1 .
Collect EW or 2?)<1—-§+5—7+8zc.>mto P,
1 _py2[ Y ¥ W
then oy P +p {p’ apr Rl e Rl g &e.t.
Let y =0, then since we know that
1 1 1 _m_p _2p_
Finally then, changing y to z, we attain
1 2( a 1a Lo’ }
Pl P {p’ . + 5%p® — o —&ey.

14. We can obtain 'zcotz in powers of « by an elementary
process. To save space, write a,, for the reciprocal of 1.2.3...m;
then
cosz _1-agz'+agz'—as’+ &e.

2 COt & OF = =g
(sm a,) 1—-ag’+a — aa®+ &

@
a fraction which algebraically admits the form
1-2H 44" — 2Hpa' — 2H 2° - &c.

This determines the series H,, H,, H,... on which Tegendre bestowed
much care, but I believe they are ca'led “Euler's H series.” It
converges notakly, and seems to supersede the hileous numbers of
Bernoulli. Supposing the H series fitly determined, convergence
is not affected nor thereforc i'entity disturbed by changing — " to
+a* Then
(1 +as’ +aa'+ agz®+ &c.)
=1 +ax’+ag*+&c). (1 + 2H 2" — 2Ha'+ 2H 2 — &e.).

Multiplying out on the .right, equate the coefficients of 2™, and you
easily get, observing that a,, — a,,, =m.a,,, and dividing by 2,

“m41
H .o, —H,.a &e... +tH,=a

+H,.a, ,—
a general relation, from which H,, H, H,... are successively deter-
mined by taking » as 1, 2, 3, 4...

First H=qa

1 8*
Next Ha,— H = 2a,.

2n~2 n+1?
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Further
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Ha,— Ha,+ H = 3a,; and so on.

The five first ought to be remembe.ed ; viz.

H =3; H,=45;
HH=3.5.7 9’
H4=115'Hs; u=‘1§ TIT'Ha'

Beyond, I calculate them as follows,—to 16 decimals:

1 H,

114 09257

............

..................

..................

‘0000 0108 2202 1406

Here it is apparent, that
any H barely exceeds one-tenth
of tle preceding. We pre-
sently learn that 4 is the limit
to which the ratio tends.

This H series is founded on
the expansion of cot 2 in powers
of , but the Trigonometry
which deduced tan (}«) from
cot z, will equally deduce it in
powers of z, so will it deduce
cosec #. Put it fails when
applicd to secz. Yrom

f cot zdx

we step back to log sin @ in powers or #, and frcm

log cos 2 = log (sin 2z) — log (2 sin z),

we obtain log cosz in powers of x by the same H series.—(Legendre
most ingeniously exhibits H, in finite terms as a function of = ; but
though the law is clear, the formula has no practical use.)

15.

by aid

or

From the equation

(zcotw)=1—-2Hs* - 2H o' — 2H o — 2H 2° — &e.

of the identity

tan 42 = cot o — 2 cot «,

3z, tan 4o = }x. cot 3 — « cot @,
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we deduce
2

2

gtan1w= (1-— 2H, .

5}‘6
o tan 5 2H,.% - &.)

~

_om .| -
2

[SIRSH

~©

-(1-2H,.2"-2H, .2'-2H,.s'— &c.)
=2-2YHa"+(2-2")Hu'+(2-27) H "+ &e.
Write S, for 17" + 2™+ 3™ 4+ 4™ + &c., and let 2 = o,
. omr.cot(om)=1-2H w'r"— 2H,w'r* — 2H 0’7" - &c.,
. 20* 2w? 20’ |
Whlch also =1 i‘_—-'&)z - 22‘; ;)4‘ - S‘Ta-)—‘ - &e.

Expand each of these fractions, then combine all the multipliers that
affect the same powcer of w, and the series is transformed to

1 — 28,0 — 280" — 280" — &c.

Comparison with the first series shews that
S,=Hm=*, S,=Hm* S,=H,="

and geacraly S, = H =™
. . H"Wml Sgu
This further yields B ai= g
or II,’"- — 77'_2 :qg.u_
H""'l ' Sﬁn—?

But 77 is not much short of ;-, and the last fraction converges
towards 1 as n increases. This displays the convergence of the H
series.

If next we write 1, =1"+3"4-57"4+7 "+ &e,,

it gives T.=1-2"8,;
likewise if U,=1"-2"4+3" -4+ &c,
then v.=1-2™8,,.

and by developing the fractions in tan () and sigi’ with 2= o,

we obtain $r . tan (Jom) =T + T 0 + T»° + &e.
and .gl-r—=1+2Uw’+2Uw‘+2U6w°+&c.

sin (w7) 2 4

Evidently S,, T, and U, tend to 1, as » incrcases. Therefore we
generally increase convergence by working with 8,-1, 7,—-1,1-U,,
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instead of by S,, T,, U,. Thus if for a Trigonometrical table we
desire to find log sin and log cos by a direct formula, put first

sin o

—log w-~-—Sw + 480! + 18,0° + &c.;

then subtract from it

—log (1 - &) = 0® + o' + J0° + &c.;
whence

~1og ¥R 0T 4 log (1— )= (%,~ 1) " + } (S,=1) w'+ (5~ o'+ &e.
Again, since
— log cos (Jom) = 0’ + $T ' + }T,0° + &c.,
subtract as before, Jhen
—log (cos tom) +log (1 - )= (L, - 1) o’
23T, -De'+ 3 (T, - 1) 0+ &ec.
To avail ourselves nt these formulae, we need tables of S —1,

T,—1and 1-U,. Legendre has given S, to 16 decimais. A fourth
scries is nceded, namely

V,=1" = 3™ + 57 — 7™ + &e.,

which is connected with the development of sec 2. Above we found

1 2( a° 17 La?
=1+_ NI e —;1 -—&C
cos & plpi-a 3pi—at 5t -

Expand every frection, and write for the result
scex=1+ K o'+ Ka'+ Ka° + &c.,
then you arrive at
IK =p? {1 -32+5" =T+ &c}=V,.p?
and gencrally
' 3K, =p™{1-3"4+5"-&e}=V,.}
if m=2n+1.
The ratio (X,,, : K,) converges towards
(P Vanss * Vind)

or (1:p") when 3™ is evanescent. That is, it never is so small as
4 : 7' say 4 :10.
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16. The series V, is of far less use than S,. I have never seen a
professed table of it, but Gudermann's coefficierts imply that he had
calculated it. These four slowly converging scries will be further
treated below.

It was observed above, in treating of

cosx
27! sin 2

=1-2Ha"— 2H »' — &c.

that the formula being an identity when the H series is rightly
assigned, nothing forbids the change of — 2 to + 4%, which gives

T =14 2H e - 2H 4 2H P — &,
€ —€

. 2mﬂ
which also then =1+3 Pt
where m means 1, 2, 3, 4.... Hence, working back. we find

(=)=,

Itipli @

multiplied by factors - (1 + w?%r’) ,

where m as before, means 1, 2, 3, 4, &c.  This appearance of 7 in a
purcly exponential function is very remarkable.

3 2¢” 2"
e€—€® &€—-€" e -1

Since

1,

substitute this in the pennltumate cquation. Then

2w . Gu

- —2=1+42Ha*—2H o'+ 2H 2" — &c.,
&1 1 9 3

a new identity. Change « to 42 Then

2y =5+ 1+ 2 Hat - O H e + 2 H e — &,

a formula of cardinal value, as will appear.

The left member is also f:iv?@ , which we find to be identical with

14 dx+ 27 H o’ ~ 2°H a4 + &c.
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17. ProBLEM. To distribute QS(P(ZL»’S) into simpler fractions, when
the simple factors of ¢ («) are known, and p is a numerical fraction,
less than 1.

First, assume ¢ () to mean

a?\ a’ ’ a2t
(1‘”4( =) (- (-0),

where n is a finite integer, and the serics «,, «,, ¢, ... @, are constants
that increase from first to last. Then mere substitution gives on
reversing the sign in cvery numerator and denominator,

b (ue) _ #«b—a wat—al  pla’—al

p(x)  a*—or " F—al T at—al’
call the product of the denominators F (z), ~nd by it divide the
product of the numerators. The only quotient will be u*. Let the
remainder be catled f(«) which will be integer in & but only of the
degree 2n — 2. Then

G (U)o S(z)

$@ * TF@

The last fraction then admits the form

in which «, is the general term of the « serics, and » means 1, 2, 3...n.
In the course of our argument we shall suppose 2 to increase in-
definitely. This will make the term p™ vanish, since by hypothesis
pis <1. Nothing now forbids us to assume @, = rm, then z¢ (z) will
approximate to sin «, when n has unlimited increase.

Thus e f L _ ¢ (ur)

TR 6@
and for huge values of # we may neglect ™. When «,=rm, the
two equations

sin &

$()="1" ad w"=0

are more and more nearly true as n becomes greater. Then ¢ (pa)

¢ (2)
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approaches to Em——('”'—“'—c—) We had as equivalent E ——'—3, but we may
psin —a,

conveniently write 2a,. B, for 4,. Then
4, _ B, B,

z+a,’

By the received rule in breakmg up a rational fraction of this order,
designated as

f (s;n ,ux) (sm ua,)
—/ﬂ—-, we have B =t

(sin :c) T A rsin x) ’

@ dx( x

if we make x = a, after the diffeventiation. We must also remember
that we made a,=rwr. Now

d sinz\ cosx sinx hare) S5 77 sin ror
4 (A0E) 8T _ ST (o) O8I _ ST
z @ z rw (rm)

But sin 77 =0, cos #m =(—1). Thus the Jenominator to B, is found

to be (jr}) which yields

B - r . sin (urr) —(—1y. sin (,mwr)-
(GRY) prm Iz

Then =2a.B,= (- 1) ~— .sin (urw).

si A
Hence _#_“:fr_ﬂ%) is an identity with 2 e if » becomes infinite.

Multiply by u,
. sin (uz) _ (— 1)y™. 2rmr sin (ur 7r)

2

sin rrt— &
or at full,
sin (ux) o™ sin pmr 27 sin 2u2 | 37 sin 3w &e
sin & 7 —at 2wt — ot Yt — &* '
when u is <1. But we can improve the conv2rgenre, since
rﬁ_n_ﬂ w?
22 =1+ 5 2
rm—x rmw &
2
rr 1 z
£ that = — {1+t .
7,17‘_2_ -1:2 rmw r‘l7r2 — zZ

N. 2
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Collect all the portions thus independent of z into 2%,
oo Em =sin pmr — § sie 2um + § sin Sur — &c,,

. 2 (o s s
and sxstixrl(;;w)=2E_L2ﬁ{§}npw 27 sin 2um | 3 Sm&w’f—&c.}.

T |- Or-a 3t —o*
- Make z=0,
p=2L;
or $pum = sin pmr — 4 sin 2uar + § sin 3uwr — &ec,,

which we perhaps knew alr~ady.

Finally we fiad

T — 2 gt _ 4P B _ 22

i 2* sin 27" sin 2 37'si
sinpe _ 200 { in pmr sin 2umr sin 3’“”—&0.}
sin o ™

an identity if u is < 1.
If we difforentiate the last, with # constant and w variable, the
result is, after dividing by =;

cospur 1 +9% cospumr ccs2um  cos3ur &
sineg '  |wt—a' 27— Sr-o° |

Simpler perhaps these two series become, if we assume z = am, pr = o,
whence uz = aw. Then because pis <1, w is <. The pair is now

sinar w™ ™

smaw o 2 (sine 2 sin2¢  3'sin Sw
_‘ = - ——{12-(1/2— 22_“2 +"—:37‘_ a’i* —&C.}...(l),

csaw 1  2a {cosw cos 20 oS 3w &}

sinagr ar  w  |PP-a 28 —a* F_g*

if w be <.

¢ (u2)
. ¢ (2)’
numaber of factors lorge, yet finits, but w<1. In details this is
somewhat easier. Put p for 4o ; and it leads to

18. We may proceed similarly for first by supposing the

cos pw _ 2pcospp _ 6p cos Bup  10p cos Sup &
cosz  p'—a 3'p* — a2’ 5pfat O
2rp 2 24*

But 7"'})’ — a2t J . " (1‘2])2 _xz) .
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Substitute thic in each fraction and put
F =2u" . (cos up — % cos Bum + } cos Sur — &c.),

COS ux _ 24" [cos up % cos Sum | Leos 5,u7r_
then cosx P {p T 8 =2 | 5pi— &e.
Make z=0; .. F=1; which gives
p

g or Z-—cosp.p 4 cos 3up + } cos Sup — &ec.

= cos v — % cos 3v + 1 cos 5v — &,

so long as v is less than p or §m.

Differentiate the last, with u sole variable ; then

sinpz_ o szn ,upz qzml 3#]) s;r: .),va — &e.
cos p'—a 3 5'p* —

Again, change # to ap, up to o, which requires ® now less than
3w, then
COS U 4a’ { cosw 3'cos3w 57 cosdw

cosyam I Rk &c.} ...(3),

1‘'—af 3 —at 5 —a

and

sinacw 4a {sin o sin8w  sin Sw &c}

cosdur T |I*'—a* 3'—d' 5 —a’

The four equations are identities while @ abides urder the prescribed
limits ; and each has two independent elements, ¢ and e.

3in (D

19. SprciAL PROBLEM. Tofind 4 = f .dw. First assume

nr dw
An=f sin® . —
0 w

which is evidently finite, since, when

sin w
w=0,- ——-=1.
®

(r+)m

Observe that f sin o . (%? is identical with

f"cosr sin 0 a9
o T . S1n .7'7T+6,
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if @o=7mr+6. But the last integral vanishes, if » is infinite. A

rr+a do
fortum sinw.—- vanlshes if @ be less than 7. Break up

2r [ : nw
f intn f f ...... + f
n-1)m

and in these put o, w, ... ®, successwely for o. Next assume
o,=n—-0, o,=7+0, 0,=37m—0, 0,=3r+6,
and so on,

"‘ sm0d0 sin A d6 sin9d6+sin9d0
= -7r+6’_+37r—0 3T+ 6

—&e. ton tcrms},

1 1 1 1

or if ®=7r—_‘—6—m+'37;_“‘0-§m—&0. tonbcrms,

A”=f"@.sined0.
0

Then we obtain A by making n infinite.

But above we found [Art. 13]

tan36 26 26 20
2'& 92+32 2 61"‘ T q+&c.

which is separable into

1 1 1 1

7—9_w+9+37r--0_37r+0+&c'

so that with n infinite ® = } tan 16, whence

A =f"1}t9n1}0.sir.0fl0.
0
mn%@
cos 36’
. Rin0=2sm§9.cos}0,
their product is 2 (sin $6)® or 1 —cos ',

Now tan 46 =

. f §tan 3. sin 040 =f§~(1-cos0)d9=.15(9—sin 9).
0
Put 6 = 7 at the upper limit, sin § =0,
then A=}m or f P2 do = 1.
0 w
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Observe; il we write o = ux, and make p positive, the limits of
« are the same as of w, therefore

[ sin (p2) dw _
JO & —éﬂ-;

for all positive values of #; but to make u negative changes the sign
of the result. Such a phenomenon is new.

20. ProBLEM. To expand (sin™ u)* in powers of u. That this
is possible, is clear from the fact that sin™ u is thus expressible, when
if w=sin ,  is less than {mr.

Assume  V=(sin7'u)’=A"+ A u' + A’ + &e.
Differentiate; then

av _ 9 in~ u dsin™u _ 2sin
du — Tdu o N(A=-u)’
2
Hence 1 -u). (‘%) =(2sinu)=4V

Differentiate anew:

. dV\? . av. d&'v._ 4V
. . av av 2 av
Divide by 2'_du ; ther. 24+ u. —(w+(u -1) dz,-:O.
But %Z—I—f =24,u+ 44,0° + 64 " + &e.
u
av . .
also d—u"_=1'2A“+3'4A‘u +5.84u" + &e.

Introduce these two series into the antepenultimate; collect the
coefficient of every power ™, and it must vanish sepzvately. This
gives binomial equetions:

22 4’
.A.g'-:].; A‘=§—.'1A2; AG:S—T—G—A‘;
and the law is evident. Hencs
22 22 42 22 42 2
1.\ __ .8, 2 4, < e * V.8
(sin7w) =+ g uth g Wiy ey gV T e
2wt 2.4 u 2.4.6 4
3 __ —ny2 s 7 - Bt
or w-V—-u+3.2+ 5.3+3.5'7.4’+&c
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Cor. Differentiate the last,

: @—u+-2-ua+-2—'—4 h

©odu 3 3.5

2i. ProBLEM. "o expand (.in7'w)" whether n be positive or
negative, if z is as before.

Take new values (unknown) for 4, 4, 4,... then in algebraic
form 2",

or GinTu)' =u"(14+ A0 + A u* + 4 u° + &e).
Let U=a", .. Qg=n.§§or%g=n.g.
and de= Z/(ld+6u”) or g—: = \/(11:;:2)

But identically %-g= ((llU . g—f

Eliminate d’—U: , then
dz

(L’Z:< U) »\/(I—ZL)

du “w) 1o
or (1-—u’)%—{ ce=nlU /(1 - ).
Multiply the last by %p = —LT ,
w1 —u')
then (1- )dU “d“ff nl.

In the Corollary to the preceding we know fd{f in series of

powers of w.

Put . ¥=(1- ’)m——dw=“+§“+§’§ ”+§%’$u’+&c.\
2 2.4 ,
-8 -5 w-— 35 u—&c./

w 2w 241_@_
335 3.5 7

with the law still clear.

=U—-
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We have now Y.%-g =nU; in which on the left two series of

powers of u are to be multipl'ed together.’ It is a somewhat
elaborate, though mere algebraical process to com.pare the result

with U or nz" or ,
n(u"+ A u"? + 4w + &),

also % =nu"" + (n+2) A + (n + 4) A u™ + &e.

First we have nd, =(n+2) A, —n.}; or 24, =n.}.

Next nA9=(n+4)A2—(n+2)§,Al.-n_s_zs,
or more simply
1 2
4A2— (n+2\3A1—7’L3—‘5.

In general for A,, w> easily find the law; for
nd,=Mn+2m)4,,

St om=2)g A, ,—(ntIm—4) 5o A, ,— &

down to the last term

6...2m —2) 1
7...2m—-1)"2m+1°

Blot out nd,, from each side of the equation and for conciseness
write n+ 2m =7, then

r—2 g r—4

2.4,
"33,

4 r—6

2
2mAm=—3_‘Am-l+3‘ 5 Am-2+3_5’ 7 Am—s
+2.4.6 r—=§ A4+ +2.4<_.’6_:;2?‘7_L_—_2 r—2m
13579 Tt T T 5.7..2m—1"2m -1

where 4, =1, »—2m =n, and tae law is cvident.

It is of great interest that » may be nega*ive, or indeed fractional.
The cases of n=—1 and n=-—2, serve Legendre excellently in
elliptic interpolation. He deduces U™ and U™ by direct reciprocating
of Uand U"

We can verify our gencral result by trying it on n=2. The
reduction to our known series is somewhat elaborate; but thereby
yields the more satisfactory test.
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22. To interpret log(4 + By/ —1). Let

A=pcosw, B=psinw, .. A+ B =p* —-=tanw.
P P P

NI

Inversely then, p=v(4*+ B, w=tan™ fii )

Thus while A and B are real and finite, so are p and w. Then
log(4 + B« —1) =log {p(cos w + 4 —1sin w)}
=log{p.."Y "M} =logp + log (¥ 7).
The last term can oaly mean wy/—1. Thus we obtain
log(A+By—-1)=logp+v/-1.w
= }log (A" + B) +y ~1.tan" 5.
23. Now let « be numerically less than 1 and u = . ¢~V ™%, then
w=a. (e"“”‘/ - 1) or u, =" (cosrw+4/ —1.sinrw).
The series 1+ u+u*+ v’ + &c. will converge when # is less than 1,
For it is equivalent to M + N 4/ -- 1, when
M=1+xcos w+a* cos 2w + &° cos 3w + &c. ......... (a),
N=  xsinw+2"sin 2w+’ cos 3w +&c. ......... (b).
Every cosine and cine being less than 1, each series mus® converge
when simple 1+ + «® + 2® 4 &c. converges; that is, when z is <1,
In the same case M + N4/ —1 and i.s equivalent 1+ u +u® +%° + &ec.
converges.
Further
1 1 _ 1
1—u 1—z(cosw+y/—1sinw) (I—zcosw)—4/—1.z5nw

Multiply numerator and denominator of the last fraction by
(l—rcosw)+4/—1.2sinw,

1 (l-zcosw)++/—1.zs8inew -

then o= a — cGaT)-k_(EEf&;S’ @
But —1—=1+u+u’+&c.
1-u

which =M + N/ —1.
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l—2zcosw Z 8in o
Hence M= —x , T e (0),

if X stands for (1 — « cos w)’+ @ s’ w)* or 1 —2x cosw+ "

Thus we obtain in finite terms the infinite series M and N,

. 2—-2zcosw 1-42°
Cor. Since 2M ~1= e —1—-X ,

~ we obtain

1_ 2
——X—w =1+ 22 cos w + 22° cos 2w + 24° cos 3w + &e.

24. Integrate — Ndw with # constant, observing that
—sin wdw = « cos w,
then —4log X =wxcosw +42" cus 2w + 2° cos 3w + &c. + ¢ (2).

In precaution we add an arbitrary of integration ¢ (z), which cannot
involve w.

Put =0, .. X =(1 —=)? the series becomes
z+3a*+ 32 + &e. or —log(1—2),
. —log (1 —2) = —log (1—a) + $ (2);
whence ¢ (z)=0.
Having now attained, while 2® < 1,
—1log(1—=2zcosw+ #*)=xcosw + }a* cos 2» + } cos 3w + &e.

we may push z to its extreme, » =1 since the se:ies still converge.
The left-hand then becomes

—4%log(2—2cosw) or —log sin }w;
hence changing o to 2w, we find
— log sin @ = cos 2w + 4 cos 4w + } cos 6w + &e.,

a curious result, in some rare cases good to know.

25. Again, integrate IV (—? with @ constant, from =19

& sin . 1 . 1
.. tan™ _PIMO  _ sine 3 4t sin 20 + - o’ 3w + &e.
1—zcosw 2 3

Change « to — 2, and

. 1 . 1
I:;lzo%—a-’=wsmw—§w2sm 2w+§x33w—&c.

tan™
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Call these two tan™4 and tan™k. Form the sum

h+k
tan? ——
1 had l’Lk’
where
22 sin @ 2 sinw 1-4°
h+k= I-2cosfe’ - 1-Fwse’ 1—hio = 1—4*cos’e’
Halve the sum, then
1, _2sinew_ . 1,. 1.,. .
5 tan o = ¢sinergzasin 3w+ 54 sin 50 + &e.

Cor. In general, z is by hypothesis < 1; but if we push to the
extreme « =1, the last series is still convergent. Its equivalent is
2 /2snw

(o

317 =sinw + 1sin 3w + 1 sin 5o + &e.

1
then = tan

5 ) , that is, while w 1s bevween 0 and ar,

Series of this class can generally be tested by first assuming U = the
finite seri~s to n terms, then differentiate, sum the series 1o n terms,
integrate Lack, and make = izfirite.
26. Above, we had
1-4° . N
—x =14 22 cos w + 22° cos 2w + 22° cos 8w + &e.

Multiply by cos nw.dw, suppose « constant, and integrate. The
general term of the new series is

f a™. 2 cos mw cos nwdw or & f (co8m —nw + cos m + no) do,
0

where m has the successive values 0, 1, 2, 3,... When m differs
from n, the result is ,
2 {sm (m—n)w 4 5o (m +n) 9} ,

m—="n m+n

which vanishes at the upper limit o=a. Only when m =n, the
term is finite, giving

a —w’>f"ﬂ’l%ﬁl2=f"m"(1 + cos 2nw) do.
0 0

But f (1 4 cos 2nw)dow = w + §_1_112'2ln_w ;
0
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and the last texm vanishes when w = o, making our integral z”. .
Dividing both sides by (1 — 2°), there remains

J"' cosnw.do _ wa"
ol —=2zcoso+a® 1-—2°"

27. In the original M change # to —z and M to M’, X to X,
and take § (M — M’); observe that

X.X'=1-2a"cos 20 + 2*
by the Elements of Trigonometry, then

z — 2°) cos
T_(Aﬁg%—(:—? =& cos w + 2° ¢us 3w + 2° cos Sw + &e.
Divide by =, then write everywhere z tor 2% then

(1-2z)cosw

1'—_; ‘2;66g‘2m = COS @ + & COS 3w + .Z'Q cos bw + ‘03 COoSs 70) + &C.

Not to dwell on special results when the assumption z=1 is
permissible, suppose

z=tand, *. $0 < 45°, 6 <im

Qu 1
" — 2N S — 2 R,
Then X=(1+4a%-2zcosw (1+a,){1 1+w.,.cosau).

But 1+ &* = (sec £ 6)’,
2z, .
and Thai™ sin 0,

o X =scc? 10 (1 —sin d cos w).
But we had - log X in .eries of powers of 2% whence
— L log (1 —sin @ cos w) =logsect 8 + zcos w
+ 3 4° cos 2w + 12° cos 3w + &e.
Reverse the signs of z and 6, which does not affect sec (36),
s —3%log (1 + sin 0 cos w)
=log sec §0 — z cos w + 4 4° cos 26 — §a’ cos Bw + &e.
Halve the sum of the two last, then
— } log (1 —sin’ cos’w)
=log sec 6 + §2* cos 2w + }a* cos 4w + &c.
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In the last we may change
o to (37 —w), 2nw to nr — 2nw, cos 2nw to cosnw . cos 2nw,
then —} log (3.— sin’@ sin’w)
= log sec $6 — %x cos 2w + }2* cos 4w — &e.
28. A more arduous transformation is possible. For z write
é'y“/"l, which being =cosy —4/ —1siny will not damage conver-

. . 1—a
gence in the series. INowcosf =—-——. Hence

1 +ze
1—e V-1 /-1 _-yJ-1 smy
cos@=1+‘_2y~/_1= IV ~¥V-17 cosy V-1
or cost/=»/—1tany,
| . 2z 2¢~ YNV -1 2
also sm0=‘1+w.,=1+y_2y~/_1=ey~/_1+e_y~/~1=secy.
Then 1 —sin®@sin’w =1 —sec’y sin’w.

The coeficient of sin’cv was previously less than 1. We now make
it to exceed 1.

Also a"=<""N =1 = cosny — 4/ — 1 sin ny.
Thus the series splits in two. We have likewise
sec’$0=1+4+2"=1+cos2y—./—1sin 2y.

Put A =1 +cos 2y; B=sin2y,
log (4 + B/~ 1) = 3 log (4°+ BY) + v/~ 1 tan =
where A+ B*=1+2cos 22 + 1,
B sin 2y
A Tvas2y~ ™
and if y is < §, tan™ tan y = 1.
Observe. that log sec 6 =4 log (sec’$ 6).

These give  logscc*y0=13%1log (2 + 2 cos 2y) + 4/ - 1y;
and 2 (1 +ccs 2y) =4 cos®y.
From the real terms of our general equation we now find
— 1 log (1 —sec’y sin’*w)
=} log (2 cos y) — § cos 2 cos 2w + § cos 4y cos 4w — §, &e.,
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and more simply, by transposing } log cos y = } log cos®y,
— }log (cos’y —sin’w)
=} log 2 — % cos 2y cos 2w + } cos 4y cus 4w — &e.
From the imaginary terms,
3y =14 cos 2w sin 2y — } cos 4w sin 4y + } cos 6w sin 6y — &c.,

a series well known when w vanishes, but new and surprising here,
where o is arbitrary,

We have supposed y less than 7. Change 20, 2y to @ and 7,
then % is less than 7. Then the last serics doubled gives

47 = cos  sin 7 — % cos 2w sin 27 + } cos 3w sin 3y — L.

Also the previous one adn.its improvement, since

2 cos*n — 2 sin’w = (1 + cos 29) — (1 — cos 2w) = cos 27 + co. 2w,
so that by the same changes

% log (& cos n + 2 cos w)
= 08 77 COS @ — % €08 27 €08 2w + } cos 3w cos 3y — &c.

The symmetry indicates then w, like 5, must be less than ar, though
it has not appeared in what stage that limitation first came in.

29. It is wortn while to verify these two series by an entirely
different process.

Put

Z=ucorw—1u’co‘s 20 + 11""cos 3w — &ec.... 1 LU cos 2nw;
2 3 2n

a series of 2n terms. Suppose u variable and w constant, also
w=eV-1 v=eV"1,
Differentiate ;

dz

s —— = CO0S @ — U €08 2w + u? cos 3w — &c. ... — u™ cos 2nw.

du

For the cosines substitute fiom 2cosw = v+ ™, and gencrally
2cosrw=v"+v",
. 2dZ

L= v —wt Ut —&c....—-u”""v""]
du .

+ v —w vt = &e. .. =TT
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These two series can be summed separately, making
E{l:mm) P! (1 u -2:)
1+ ou 1+
and integrating back '
vdu v du ouns [ WdU o [ wdu
ol+vu+ 01+v“u_v 1+vu v ol+vu
The formula

-/'uzn du _ u2n+l 1 u‘znﬂd (1 )

z  (2n+az 2n+1), @

applies to both the last integrals, if we make z=1+v*'u. Observe
that

2Z =

w =cos (2n +1) 0 + /— 1sin (2n + 1) 6,

varymng through narrow limits. If then the denominators 1+ vu
and 1 4 v™'u never vanish, the hypothesis of n infinite expunges both
of the uncertain integrals, ar.d leaves accurately

vdu v du

27 = f 14 vu vt ol v’
Now I4+omm=1+ ¢V 1 IV 1oq 4 or0V-1

=1+cos(w+ 0)++/—1sin(w +6),
which cannot vanish unless the real and imaginary parts vanish,
each separately. Now sin(w + ) vanishes when o + 6 is any mul-
tiple of 7. Can 1+ cos(w } 6) then also vanish ? Only if (o + ) be
an odd multiple of 7. Exactly ix. the same way it appears that

1+ww™=1+cos(d —w)++/—1sin(d— ),

and vanishes only when 6 — o is an odd multiple of . If either
(0 + w) or (0 — w) be such, our process fails to prove anything. In
integrating back, we regain the serics for 2Z; but in a new inte-
gration
272 =C+log (1 +vu) +log (1 ko),

where (' is zero, becavse Z in the original series vanishes with w.
Suppose w less than §- -, and @ begi.ning from zcro, never to become
so great that 8 + w = 7-, this secures the needful conditions,

We have now
2Z=log 1 +vu.14+v u}=log(L +v+v" . u+’)

= log {1 + 2cos w (cos 6 + 4/— 1sin 6)
+ (cos 20 + 4/ — 1 sin 268)} ;
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call this log (A + /—1B),
c.A=14+2coswcos @+ cos20=2cos’8 + 2 cosewcos b
=2 cos 8. (cos (" + cos 6),
and B=2coswsinfd+sin 20 =2 ror wsin 8 + < sin @ cos 8

=2 sin € (cos » + cos ),

B siné
whence iy tan 6,
and tan™ B =tan'tan 6

A )

or here =8, also
A+ B* =4 (cos® 6 +sin™* O\ (cos w + cos (),
V(4* + B*) =2 (cos w + cos 6).
Thus 27 =log(2cosw+2cosf)+4/—1.6.
At the same time Z now
= u cos ® — 3u’ cos 20 + {u’ cos Bw — }, &e. . . ad nfin.

or = 20s 6 cos ® — % cos 26 cos 2w + § cos 36 cos 3w — &e.
+ 4/ — 1 {sin @ cos @ — } sin 26 cos 2w + } sin 36 cos 3w — &e}

Equating then separately the real and imaginary parts, the
penultimate scries =4 log (2 cos w 4+ 2cos ), and (removing 4/ — 1),
the last = 16.

This exactly agrees with the series above, which involved 5 and
. But we row attain the strict condition that neither 6 + @ nor
0 — o must be (within the limits here concerned) anywhere an
odd multipie of .

Plunge into the Culculus of Symbols.
30. The Trigonometry rising out of the Factors of .in # carries
us unexpectedly fartler.

We found various identities in which # appeared quite arbitrary,
and among these

z.€
-1 1

or again, if we change x to — ¥, it yiclds

or == 14 L VI S 2 I, 2 H 2 — &,
— € 2 1 2 3

=1 ~Y 4y - 2 H Y + 2 H Y~ K (A).
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But we have no right to treat this equation as an identity,
unless the series converges, and if we substitute a mere symbol as
A or 2 for y, we have no test of cowergence; therefore the result
becomes not a demonstrated equation, but 2 something to be ¢nquired
nto, a probability in fact; and this in strict Mathematics! This is
paradoxical at first, but the thought underlies all interpolation.
Maclaurin first was bold enough to start the application to equa-
tion (A), and the student will quickly see that our conviction of
truth hee springs, not fiom the cogency of the proof, but from the
harmony of results.

In Taylor's Theorem, write D for Zi%; then

¢(@+h)=¢(x)+ ’idew + 1—}% D¢z + &c.,

which may be shortened into

h h? ) n s Lo
Py S +&c} .

(1+A)¢a={1+ s

The series of operations impiied on the right, may be compressed
into the symbol €"”; after which we discern from this equation that
the complex of operations denoted by € is equivalent to the simple
1+A

Now if it, be proposed to sum the series
(@) +d(x+1)+ ¢ (v +2)-- &c. ad nfin.
in which ¢ (2 + ») vanishes when n is irfinite, and the sum is pre-

sumed to be finite, we may call it F (z). Then we see that F(z+1)
is less than F () by the first term ¢ (), so that

A F(z)=— ¢ (2),
of which we might vepresent the integral by
F (2) = —Z(¢u),

if we include a possiblc arbitrary constant. But instead of 3 it is
lawful to write the reverse operation-A™, then

Fe=—A". ¢ (2)

Superadd the differential process by the operation (% =D, and

observe that the order of operation D.A™ is equivalent to A™. D,
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so that each may be denoted by IK), then our equivalence of operations

is D.V(x)=—-§.¢(x‘).
Above, assume k=1, to adapt it to our series in which x increases
by 1, then 1+A=¢"
-D
and D.F(z)= <s,, — 1> b ().

In equation (A) above, introduce the symbol D instead of the
numerical y; then D . F (z) is probably equivaleat to

{(=1+3D-2"H 1+ 270 D' — &e.} ¢ (2).
Multiply by d2: and integrate ; which lowers D" to D**, D inte 1P or 1;

s F(x)= [— bada
+ (é ~ D + 2 HD - DD+ &) $(@) (D)

Such is Maclaurin’s celebrated “Sum-Formula.”

31.  Its first application is to
S,=1"4+2" 4+ 3" 4+ 4™ 4+ &e,

where we may by actual addition of the (m—1) first terms, leave
only a residne

R=n""4+(m+1)"+m+2)"+...
of infinite length. Hecre m being at our free choice, we may write o
for it; and thus have
R@)y=a"+{x+1)"+ (. + 2)" + &e....
. ¢(2) now means & . Our application f it to S, supposes x

integer ; but we need not so limat it in R(x). Making z vary, we find

—n+l
T

f— ¢ () da =f_ a"dr = n—1"’

which vanishes when « is infinite. The same we shall find true of
every other term, therefore no constant of integration is required.
N. 3
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Further D¢ (x) = — na™;
Dop@)=—n.n+1.n+2. 2™
D¢p(@)=—n.n+l.2+2.n+3.n+4.2™";

and the law is clear.

Hence
Z | - n _ n.n+1.n+2
R($)=m+§.x +2 IHI-FT]' 23}4»-_743'_ ...(C).
+2_5Hs.n.n--l .n-.'—”%.n+3.n+4_&c‘

x

After a certain number of terms, the nume-ator wins on the denomi-
nator, and the series ceases to converge. There our calculation must
ccase. The divergency which follows has signs alternately + and —,
and is to us unmeaning. Legendre calls such series half-converging.

32. Apply (C) first to calculate S, by assuming n = 2. This gives
for (C) from known values of the H ceries;

A

+ 2®  10z™

6.7 30 112"
if we may stop at he term containing H,. Call the term containing
H, simply M,, then

R, (z)=a"+ 1 a4+ 1 z®

2 I - 3—6 &e.

11
1W5 = here % ,
whence My, H, n+9.2+10
1”5 a I{.s ' 22 . wz
in generul, and here %ﬂ , 11130172»
whence M= I}; 6 ]49 L

5

or nearly 427", since H, very little exceeds {;H,. If then 2 is taken as
large as 10, the terms written down seem likely to give us a result
accurate to 12 decimals. But try #=15, and then to check it, try
also # =16. Then we have as a test of accuracy,

R,(15)= 15"+ R, (16).



THE HIGHER TRIGONOMETRY. RES

When 2 =15, we obtain for R, (15)

157" 10666 6666 6666 6¢67
4157 + 22 2222 2222 2222
31570 ... + 4938 2716 0494

-M, ... — 4 3895 7475
+ M, . + 139 5518
~M - 3670
M| - 88

- M slightly exceeds
115 or—-1,3
R, (15) = ‘0689 3822 7847 6836

Next with x =16

1671 -0625
167 | + 19 5312 5
‘ZWl ... + 4069 0104 1667
-M, ... — 31789 1439
M, | + 88 6973
-M, | — 4051
M| + 43
- J[e .................... -0,5

R,(16) = 0644 9378 3403 2393
Add 157 = 44 4444 4444 4444

therefore R, (15) =-0689 3822 7847 6 6837

The two resalts differ only by « unit in the 16th place. Apparently
if we had carried the work to 18 decimals, we should have found
agreement in the 16th. Se~ the enormous chances against such
agreement, if the cquatien (C), which has not been absolutely de-
monstrated, were not trustworthy, when rightly managed. Again, try
z =20, also = 21 ; work with 17 decimals.

For z = 20
05
+ 0012 5

+ 2083 3333 ©3333
:— 1 0416 66666
: + 18 60119
— 6510
+ 37
R, (20)= 0512 7082 2935 20313
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For 2z =21

0476 1904 7619 04762

+ 11 3373 6848 07256

+ 1799 6C16 63607

— 8161 73090

+ 13 21952

— 4196

+ 21

R, (°1) ="0487 7082 2935 20312
Add 0025 =20

+. R,(20)="0512 7082 2935 20312

We now have agreement all but a unit in the 17th decimal.
Above, Art. 14, w2 gave decimal computation of H,, H,, H, ... where

H,=000001082... or barely ?T.(}—”g’ by whicl we can on occasion find
M,, or learn that it is insignificant.

33. Proceed to n =3,
SR (@)=t + 3t e — 5 (070 — 2T = FaT0+ 19a7H — Qe
When n = 4,
B (2) = 307 + 3™ + §o7° — fa + 327 — Ja + 1007 + &e.
When n=35,
R(z)=1a""+ 4o + o ° = § . Lo + 407 — ™
+5(1+ 1)« — &e.
When =n=6,
Rye)=1a"+ Lo+ 4o — Fa™ + 2™ -3. 2™+ 13. Ia™° — &e.
So By(a) = s+ har 4 fyu™ = fpa 4 Yo
- 112'013 x ™ 5 3—7?13 ™ — &e.
11.13
10

R(z)=14a7 + o™ + 327 — &7 4 32270 — o+ &e.

R (z)= 12"+ 327" + 227" — a™ + &,
and so on: which expleins the organic process for calculating S, as
far as we choose, and the ease of verifving.
In cach case we have to prefix the initial terms
1427437+ ..+ (m—1),
which we omitted in Art. 31.

34. But we cannot define S,, because
1+ 4+ +1+&c... is infinite.
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Nevertheless, cssuming f(n) for n terms of this series, observe that

_z2 3 4 n
n=q{-3 37
Take the logarithm of the last from the former, then

2.1 3.1 n 1
f(n)—logn=1- locr1 2—-log§+§—&c....—logﬁ_—l+—;

LEMMA : 'rln lies between log and log —-

1 .
1.
For first I greater than

1 1 1 N
m T oami e

1
or > log <1 + ;L) )
. m+1
that is, log iy

: m

Next  is less than
m

1 1 + 1 &
m T ons T g T8
1
— 1 _1
or than og <1 m) ,
or log —2
( -,
8 m =1

This being the case, the terms i the series of alternate sigm, equi-
valent to f(n)— log n, successively diminish, and if » be perpetually
increased, the total converges o a finite limit
y=1-1log2+4—1log3+%— &e... ad infin,

This « is called Euler’s Integral. Professor J. C. Adams has com-
puted and verified it up to 263 decimals. To 20 figures it is

v ="57721 56649 01532 86060.
This constant arises out of Euler’s Function called I' (Gamma) by
Legendre. It is in some sensc a substitute for S,.

The ¢ car be computed from f (n) —log (n) by Maclaurin’s Sum
Formula, with » infinite, but more elegantly by several series of the
Gamma Function especially

y+log2=1+4%(5,—1)-4(S,—1)+2}(S,—-1)— &c,
and with greatcr convergence,

-6
1-y=logs+ 2(@_1)+ (8, =)+ T (8= 1)+ e
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The values of S, are supposed to be known, and n> idea of half-

convergence now enters,

@®
—fy=f €®.logz . d,
0 ,
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A transcendal equivalent of « is in

which rather needs tnan gives light.

35. Legendre’s table of S, to 16 decimals may be conveniently

presented as follows;

S—1 ' n S—1
2 |"6449 3406 6848 2264 || 19 | 190 8212 7166
3 | 2020 5690 3159 5943 || 20 95 3962 0339
4| 823 2323 3711 1382 || 2I 47 6932 9868
5 369 2775 5143 3700 | 22 23 8450 5027
6 173 4306 1984 4491 || 23 II 9219 9260
7 83 4927 7381 9227 || 24 5 9608 1891
8 40 7735 6197 9443 || 25 2 9803 5035
9 20 0839 282C 0822 || 26 I 4901 5548
10 9 9457 5127 81%0 || 27 | ...... 7450 7118
184 4 9418 8604 1194 || 28 | ...... 5725 3340
a2 2 4608 6553 3080 || 29 | ...... 1862 6597
13 1 2271 3345 5785 Il 30 | ...... 931 3274
14 | ennnn 612, 8135 0587 [ 31 | ...... 467 6629
15 | eenes 3058 8236 3070 -2 232 8312
16 | ...... 1528 2259 4086 || 33 | ...... 116 4155
7| o 763 7197 6379 || 34 | +--ee. 58 2077
18| ... 381 7293 2650 (| 35 | ...... 29 1038

When n exceeds 34,

decimal.

decimals beyond.
Twrite I for 1"+ 3™+ 5™+ 7"+ &.=(1 -2 8,
Then from Legendre’s S, —1 I deduce

no term after the first affects the 16th
Hence S, —1 confounds itself with 27, when we neglect

n 7—-1 l n T-1
2 |'2337 oo55 o136 1698 | 13 62 8og5 6218
_ 3| 517 9979 0204 6450 || 14 20 9240 5193
4 146 7803 1604 1920 | 15 6 9724 7031
5 45 237( 2795 1397 || 16 2 3237 573
0 14 4707 6640 9a21 || 17 | ...... 7744 8400
7 4 7154 8652 3765 || 18 | ...... 2581 4375
8 I 5517 9o25 2961 || 19 | ...... 860 4442
Q| ceunen 5134 5183 8438 || 20 | ...... 286 8077
10 | ...l 1704 1303 0447 || 21 | ...... 95 6o12
| & T 566 6051 0QoI || 22 | ...... 31 8668
| 2 188 5848 5831 || 23 | ...... 10 6222
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When « exceeds 23, 5™ gives only a unit o 17th decimal;
ST, -1=3"

Further, from S, we deduce U

n?

or rather

1-U,=2"—3"+4" - &

n 1-U, n 1-U,

2 |'1775 3296 6575 8866 || 19 rgo 6491 8289
3 |'0984 5932 2630 3043 || 20 | 95 3388 4184
4 | 0529 6717 o502 7541 || 21 47 6741 7845
5 | 0278 8022 9553 ogob || 22 23 8;86 7692
6 |'o144 4890 8702 5649 || 23 11 9198 6815
7 74 0618 oo77 1698 || 24 5 9601 1076
8 37 6699 8147 3521 || 25 2 9801 1431
9 19 o57¢ 2458 3947 || 26 I 4900 7680
10 9 6049 2401 7284 || 27 | ...... 7450 4495
11 4 8324 7126 9390 || 28, | ...... 3725 2466
12 2 4231 4856 1418 || 29 | ...... 1862 6306
13 T 2145 7236 7349 || 30 | -..ee 931 3177
4 | e 6082 9654 0203 || 31 | ...... 475 6597
I5 | .onee 3044 8786 9oo8 || 32 | ..... 232 83c1
16 | ... 1523 5785 0936 || 33 | - --- 116 4151
17 | ... 762 1707 9599 || 34 | -.e... 58 2076
18| ..., 381 2130 3899 || 35 | =~7"

From Gudermann (p. 72) I infer the following, correcting only

an error of a unit in 7th place of f;7"

1-U

n

7775 3296 6575 8867
‘0529 6717 o502 7640
‘0144 4890 8702 50648

37 6699 8147 3521
9 6049 2401 7283
2 4231 4856 1418
...... 6082 9654 0202
...... 1523 5785 0938
...... 381 2130 3899

8177
8242
9591
0076
8435
09Iz
8188
9360
8649

Gudermann’s value

ML@w—vﬂr@mwMSmewmmjﬁT~

—mdv

(see Art. 4, above) or log% +c—3 %.Ugm. v, He gives the coeffi-
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cients m™.U,, in figurcs. Given m™.U,,=a, I infer U,, = ma, and
1-U,,=1-ma from which I have made out the last tablc.

36. On V,=1-3"45" =71 + &e.

We may treat this as the difference of two series

Po=3" 4T +117" 4+ &e; Q, =57+ 97"+ 137 + &e.

If each be calculated by Maclaurin’s method, P, + Q,=1,—1,
which last is known already, and gives a severe test,

then P-Q=1-V.

This process is claborate, but very safe.

To adapt I’ and @ to the form of
d(x)+ @+ 1)+ ¢ (z+2)+ &e.
in which the variable increases by 1 at each step, we must first
change # to w or v, ther make w=4x ¥ 1. It ieplaces du or dv by

4dz, so that the symbol D each time doubles the result. Thus our
R () becomes

f— ¢ (v)da + % w4+ 28 H nu™

—2. Hn . (n+1)(n+2)u™? 22H .n.(n+1)...(n+4) ™"
But, to begin from u=2, and v =42 + 1,

f—(ﬁ(zb)dz:iu“,
2.3.4 , 20

-5

U=

_2 g o
jl/[-—.u ,A{Q——ZT 30

' ’;

2.8.4.5.6 90
— 5 SRt -7 —__ -7.
M=2 g W =g

and so on. First, take w =45, for 57+ 97 + 137 + &ec. tp find the
restdue R, (45) to 18 decimals.
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1w = 00555 55555 55555 555
Iut= 24 69135 30246 913
M, = 73159 57933 232

- M= — 115 61019 944
M, = 65247 379
-M,= — 721757
M, = 12 943

. R,(45)= 00580 97735 9725% 034

. Observe that R, (45) =457+ R, (47).

Next with v =49

00510 20408 16326 530

... 20 82465 62931 695

...... 56665 73168 209

......... - 75 52284106

............... 35948 278

............... — 335 377

..................... 5079

‘00531 59464 36760 308 = I, (49)
Add 45™ 49 38271 60493 827

whence £ (45)= 00580 97735 97254 135

Our crror is only a unit in 16th decimal, though we hav. not taken
account of M.

~,

By direct addition find
A=5"+97+13"+ ... 417

or A =-06902 32985 39440 393
Add R (45)= 580 97735 97254 034

Q, = 07483 30721 56694 427

Proceed to w=4x—1, and compute R,(47) side by side with
R, (51).
For R,(47)

00531 91489 33170 212
22 63467 63241 285

M, 64211 84777 802
- M, ~93 01852 091
M, 48124 437
- M, — 487 997
M, 1 944

00555 19076 29976 592
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For R, (51)

00490 19607 84313 725
19 22337 56247 597
50257 19117 584
— 61 83122 328
27168 110
— 233 974
3177
00509 92141 03493 891 = R, (51)
45 26935 26482 571 = 47*

00555 19076 29976 462 = R, (47)

The two results again differ by a unit in the 16th decimal place,
the former being the greater. But in neither is M, estimated; a
negaive term, greater in the former. Witl direct calculus of R, (47)
M, (roughly) gives 206 for the three last figures, thus reducing 592
to 386: and with R,(51) I make M, (roughly) =077, reducing the
other result 462 to 885, with a difference of only a unit in the 18th
decimal place. Thus we may trust as secure

R, (47)="00555 19976 29976 38|6.
Zt only remains to add the previous terms

32474 .. 44372

Now 34+ 7+...+43%=8
=-15531 55703 49498 914
Add 555 19076 29976 386 = R,(47),

-, 15886 74779 79475 300 =37+ 77 + &e. ad infin. P,.

Add ‘07483 80721 56694 39 =57+ 97 + &c. ad infin. Q,,
s 125870 053501 36169 69 =37+ 574+ 77"+ &e.

The last agrees in 15 decimal places with 7, —1 in the table above,
deduced from Legendre’s S,. In the 16th figure, that has 8, but in
estimating T}, as = (1 -1)S,, it was as legitimate to write 75 for
80 as 1Gth and 17th figures; and from 69 we of course write 7 for
the 16th. Thus we may fairly claim agreement up to 16 places.

We likewise now by taking (P,— @,) obtain
1-V, or 32 —=5"+4+77—=9"+ &c. = 08403 44058 22780 91.
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I have confirmcd this result (to 13 decimals) by a different process,
which must now be explained.

On series with clternate signs.

37. Suppose the series which we desire to sum has alternate
signs, as Fay=¢pr—p(z+1)+¢(z+2)— &e,
which by the notation /=1 + A, becomes
Fa)y=¢pz— E.¢pz+E* ¢z —-&c.=(1—-E - E* - &c.) ¢pz;
1
T+ %

or since = ¢, and here h or Az=1

or F=

1+ e” ¢-
But in the identity
lle 3 —(2=-2")Hy+(2-27) Ip*— &c. (given above),

we may write D for v;

={}~-2-2")HD+(2-2")H D' -&c....} $,
whence F(z)=3px—(2—27")H,. Dpx+ (2 —27°) H,D*¢px — &,
which differs remarkably from Maclaurir’s Sum-Formula in involving
no integration, But it does not converge so rapidly as Maclaurin’s.
It evidently applies to the series

1™ =27 43" - 47" + &e....

and to 1™=8" 4+ 5" -7"+&ec....
but the former is deducible from S,.
Put‘, ¢JL‘=$_4,
Pz =—4da7, &e.
1 ., 2-1 4 , 2°—1 4.5.6 _
1{‘(%‘)‘—_550 +-_2-—‘ . G.’L‘ —“23— . —g"—(l/v
-1 4.5.67.8 , 2-1 4.5.9.10
T 3510 YT 9 3.5.7.9.10°

Q2= 451112

¥ 35799110 ~%e
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To get fair convergence, I try #=33. Reducing, wc find

R, (z)= x tya” ——;w”+14 '°+3~ 9.13 ™

+(2+29).7.10.122™ — &e.

Applying the formu'a to V,, we have ¢ (z) = (2x —1)™, and each
differentiation multip'ies by 2. Gbserve that

(2*—1)H1=%1 (2"—1)112=?1!;

@ - 1) H,=5;

.0

(-1 H=4. 15.2-4);

@°—1) I, = ﬁ}flg‘_‘g .
Also pr==2n.2c—-1)"";

e ==2>n.n+1 n+2.2c—1)"" &e
Tet 22 —-1=u.

Put F,(2)=3u"+ Inu™" = Ma™™ + M
— My + Ma™™ - &e.

then M,=4n.n+1.n+2;
Ms-"ﬁ;-——‘t?
M, = 7 10 n.n+1l..n+6;
1|15=-~ 7319 9 n.ntl..n+8.

I find v =33 convenicnt. Then
1-3"4+5"—&ec....— 31"

must be computed by clementary methods. By this formula I have
made out the following values of 1 — V', to 13 decimals.
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)

n | 1-V (13decimals) | = 1-r, | n 1=V,
I|1—3w 8 15 0009 7532 || 15 ! 0069 6591
2 | '084c3 4405 8228 9 5 o315 8128 || 16 23 2240
3 | 03105 3853 7406 || 10 * (835 9738 1 17 7 7422
4 |rorros 5488 2589 || 11 | ...... 5625 0262 |18 2 5809
5 384 2171 9229 || 12 | ...... 1877 6,94 | 19 | ...... 8604
6 131 4777 7816 || 13 | ...... 0626 416~ | 20 {(=37%)2868
7 44 5492 1095 || 14 | ...... 0208 g127 | 21 |(=37%)

Having no check on trivial error, contingent on a tired brain, I
1ave to speak diffidently of this Lttle table. But 1 find it to agree,
jo far as it can be compared with Gudermann’s calculation of

2
S (1= V)

vith 7 odd only,—except as to V

197
nconsistent with himself. He has

where I think him wrong and

r 2r (1-7))

1 | 42920 306732 og5103 38076 86783
3 2070 25691 60420 41301 OQIOI
5 153 68687 69164 77439 74722
7 12 72834 59845 74014 39070

9 1 11812 91728 86892 35874

T | 10227 32032 05469 6540
13 e 963 71727 40906 13

I5 | eeeens 92 87887 65025

17 | eeeene 12 10849 178

Computing even to 20 decimals, we easily find
1 - V;g S U
[ndecd 117 gives a uait in last figure. Hence agninst Gudermann

1—V,=.....8 60335 25544.

Bolder computers may carry my table of 1 — ¥, to 16 decimals if
there is an adequate object.
F. W. N.
Adug. 26, 1891,
(END)
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SUPERRATIONALS OF SECOND ORLER.

PREFACE.

My excuse for this little treatise, is, that its topic is not at all new
to me. Allured into it by a cursory perusal of Spence’s Essay on his
Superleznrithm, I essayed to analyze all Loga::thnic Integr.ls of the
Second Order, and at length in 1847 some discussion of the three
from my pen appeared in the Cambridge and Dublin Mathemnaticac
Journal. Then first I learned that Kummer had treated the subject
in Crelle, indeed had pnushed on into a Third Order. It does not
appear that he was aware of Spence’s Essay, or of Hill’s dcaling
with my Third Integral, for which I sought in vain in the British
Museum.

As these Integrals scem not to have a place in the ordinary
Calculus, a treatise not too claborate may be acceptable to some,
though it cannot pretend to any real novelty or, I believe, necessity.

In correcting the press in 1847 I learned many small lessons.






1,

CONTENTS.

CHAPTER L

2. Kummer’s General Treatment. [/ means log, that 7s, log to base e.]

3, 4. TFirst Superlogarithm,

10.
11.
12.
13.
14.
15.

16.
17.

18,

(logy.dy .. ogy.dy
Kummer’s / 14y V=K ()5 Spence’s fl ';f/y_—i*/ =L(y)

. w2 a8 at '
Spence’s sevies L (1+2)=a— g2t g3~ 42+&c,
2
12 5
K (2)+L(1+2)=logx.log(1+x).

Complementary Eq. LZ(@)+L(1-2)—lx.l(1-2).
Reciprocal eq. for L with x positive; L (2)+ L (v=1) =3 ().
........................ Keovvvvviviiiviis K@)+ K (2-1)=4%12(7)-2L2.

Quast Reciprocal L (1+2)4 L(1+2~1)=402(x)+2L2; a positive.

Rednction of L (1 -»~1) to Lz when z is >1.

Reduction to L (1 —z) when x is <1.

Reduction of every case of L (y) to that of L (1 +) with # not above 4.

How simplest to compute this Z (1 +2) for tabulation.

How to supply 12 decimal places to our logarithms?

My short table for Primes up to 97.

Table for L (1+4a), also for —L(1-x), up to x=4%; calculated by

Professor J. C. Adams.
Curve of y= Lz, from x, y rectangular co-ordinates.
A general property elicited by Fox Talbot’s symmetrical method :
viz. 2L +2Ly+2Lz= L (zy)+ L (x2)+ L (yz)
under sole condition that z+y+z=xyz+2.
L (a+x) after the type of Taylor’s Theorem.

Spence’s Constants, L1=0, L2= LO0=—-212= — 7;:
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CHAPTER II

SUPERRATIONALS OF SECOND ORDER. THE SECOND INTEGRAL OR supersfne.

1. HowCl (2)=— f log chord 8 d4 is elicited.

2. Evaluation of 1722 -3-2434+5-225— &c. by 3 linear integrals CL

3. Primaryeq.CL(8)=1"2sin6+2-28in20+3~2sin 3+ &c. Hence C1.90°=}m.
4,5. Curve of Cl., the Supersine *

6. Series for Cl () in powers of sin314. This at once yields CL (60°).

7. When =2mv, serics for C1. (4) in powers of ». Hereby 20 values of Cl. 6,
(with 8 not exceeding 60°) are computable accurately with no great
trouble.

8, 0. Secries for Cl. when (180° — 6) is small,

10, 11. Suggestion of series for Mechanical Quadrature of Cl. (6), since tables
of log «in 46 exist, and their successive triangles lessen steadily.

12, 13.  Given a table of CL (4) up io §=60°; how to deduce, by linear com-
posit.on from these, the values of Cl. when 6 ranges from 60° to 180°.

14. Clausen’s own table of his Integral. taken from Crelle,

15.  Specimens of the use of Clausen’s Integral.

CHAPTER IIL
HILL'S INTEGRAL ; THE DILOGARITHM. -

1. Notation, .X'2 means 22— 22 cos a+1.
dx 7d.Lf

Kummer reduces f —

T i—b to the integrals already treated

and to a third f log 2. dlog X = A (xa).
0
2. We add a fellow f log X.dlogz. Their cum is lz. Y.
0

. rsina d
4. With tane=_ - , as before, and @ constant, — . X {2a) =w.

l1-2cosa ’da’
When 2 and a both vary, d\ (za) =l.Ydlx + wda.
5. New form of the integral, if :c=c} , and a varies, with = +a,
<1

A(ea)=L (1 —c)—ﬁ«:‘ﬂ»/ sin=! (c sin 6) dé.
0



18.
19.

20.

21.
22.
23.
24.
25.

CONTENTS. 53

Case of = 1.
xr=2cos a.
Z=Cos a.
2=83C a.
xr=4% sce a.
x=cot La.
Special values of a, viz. 0, m, 1w, 37
Reciprocal of 2.
When #+y=2 cos a.
When #—y=2cosa and a+B=m.
When x cosa+ycosB=1, and a+B=}n.
When 1-2x=2ycos B, and 2B8=n%r —a.
(In the two last, integration is too complicated.)
Commutation of za with X
Obverse eystem a+B=nr —w, and o =1

Transformation from x to 1-y
1+y

, when 2 is necar to 1. Especially first
when ais <3

Arther method when a is<imr.

Case of « mean to 90% X’ (¢, a) is found by two different expansions.

Genceral equivalent of A (2, a) in lincar cosines of o, when #=(uan ta)?

Eq. involving 3 integrals of A, 3 variable of Z and constant 4L2.

The complete integral of Art. 5 is

in
f sin~!(¢sin@)dd=YL(1+ec)-5s L(1-c).
0






CHAPTER T.
THE FIRST SUPFRLOGARITHM. SPENCE'S INTEGRAL.

Kummer's General Treatment.

1. WE learn in the Elements of the Iniegral Calculus, te integrate
fX dz, when X is a rational fraction of . If the numerator of X
involve  to a higher degree than its denom’nator, mere algebraic

division reduces X to M + ﬁ, where MNP are integer functions of z,

and N is of lower degree than P. Next Jg is reducible to 3 w—f_l& ,

where 4, a are constants, i.e. independent of x, and « is either real,
or has the form m +n/—1. Hence

fde fde+ s, fAdw

We know familiarly, that f Mdz is an integer function; aso when ais

real, 3, f ;iiil% is a series of logarithms, but it any of the values f @ has the

form m +ny/—1, then with it a circular furction (tan™) is involved,
as wel as a logarithm. Thus from integrating a Rational Function
there arises, besides a new Integer form, two novel forms of Functions,
Logarithmic and Cyclic; both which, as here discovered or generated,
we may fitly call Superrational of the First Order. Let one be
P, ().
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2. Kummer embraced a higher set in the for.nula fPer‘”’

where X 1is, as before, a rational fraction. The new form has for

cquivalent
I [de -3 f_‘f’”] .

In .fl’lde there cannot be anything new. For we may write

Mdx = dP, where P is integer in @ Then
fpl . de=fpl .dP = PI.P—fP .dP,.

But dP, has the form
Bdxz

Ndz +3 o b

and there is nothing new in
p.P=[r (NdL+E—BiL)

Thus it enly renains to consider
Adz
[r, 54
z—a

Again for ’, we may substitute,

and we have as result

ff{z\fdﬁﬂg—df’:}zfi-df

a

T (O RN S

But since IV is integer, we may put Ndz = d@, then
f 0. 2 Bdw

is Superrational of First Order, and nothing remains new but a
scries of terms, cach v ith the form

[N

In these both @ and b may have the form m +n4/—1. Every such
integral is cutitled Superrational of the Second Order.
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dz

‘Z—a

S ‘mplest Integral in f f;?b

3. Evidently our simplest case is when « and b are both real.
On that type it becomes

[Hog e =tds,

z—a
or indeed j log (# —b) d log (z — a),
which alternately is also
log (x — b) log (z — a)—-flog(a;— a) dlog (x —b).
Therefore we may deal with b and « in alternate order at pleasure.

. du .
In these pages log w can only arise out of f ot and since then

du_ —du

u — U

we are free to change logu into log (—u), if we are careful to
remember that at worst it only adds log(—1) in the equation re-
sulting.

4. Tosolve X = {1(_);{@—_13)_(1_@ = [ _dw . Ao ,
. z—a z=b w—a
put & —b =cy, ieaving the constant ¢ at our disposal.
First let b —a be positive, and c=b—a; 2 —a =cy+c; then
x= ([ cdy
¢y " cy+c
or Y- logy.dy
y+1
_ [logydy
B cy+1 )
The i st integral is Kummer’s first. It may somectimes be con-

venient to denote it by K (y). But if (b—a) be negative, put
¢=a—0b, and we alight upon

dy
fologyy—I’
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which is virtually Spence’s integral L (y). It gives
L+y)=[loga+pZ,

or, when #° is less than 1,

J+y

3‘+ +&c with L (1) =0.

=Y-
No doubt Kummer worked by this very same series.

. log yda _f dy
It is f0y+] =logy.log (1+y) log(1+y)y.

5. Spence not quite logically proposed his series as his definition ;
but procecded to give his variable an unlimited range; which shews
that be really was dealing with

flogw.dlog(w—l).
0

He sets 2 over his L, which here is needless, since we do not use L
for simple logarithm. I have wished to write Sp. for Soence’s
integral, as more distinctive. Here

K(z)=logz.log(z+1)— L(1 + =).
Whence K(1)=-L2.
Spence’s integral is discontinuous where 1 4 y =0, because
log (1 + y) is then ininite. This calls for atiention to our constant
of integration.

6. In Trigonometry we learn that

17 4+27% 4324+ 42 4+ &e. ...or S, =~

IS

2 E .
77_2
Also 1'2—2"+3"—4’2+&c....=1—2.
Since now L (1+2)=a—-2"2"4+3""--472" +&c............. (A).
Put z=1; then
L(2)= T =8224 6703 3424 1182............... (B).

Put £=-1; then
2
L0)= ——«=-—2 L (2).

We have also by hypothesis, L (1)=0. Such are our 3 constants.
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7. Comple. entary Equation. Let z be <1. For conciseness
write [ for log. Since '

d

d(lz. 11— )—lw —— +I(1- :L)%w,

— )
integrate both sides; then
I().ll=-2)=Lz+ L1 -2)+c

The left hand vanishes when 2=1; indeed also when 2=0;

oo 0=L(C)+c;
hence c=—L(0)=2L2;
and Lo+ L(1=a)+2L(2)=le. l(1 =)o, ©);
COR. \Vhen €T = -,}—’ 1—-—w-- %’

2. L (D) +2L2)=(L.2),
by which L (%) is known =4 (1. 2)"— L (2).

8. Reciprocal Equation. Let au=1,
1 [ du
. L;—c=LN —jlog o
But logu=—1 «, and

cl 2™ —dw
=1 = (1—-w)’
Thus f 105, - il‘{},) - [ 1) {‘i—“ + ii-iec}
— 3 () +[l@ Y = (- L
We suppose « positive : let it ve 1, .. C=0.
Finally Lo+ Lat =% (la) ooviiiiininininn. D).

We deduce the Cor. of the last, by making « =4 or x=2.

9. Observe the difference of

K ()= f e
" . da™
Herc K@@= [,.11 T
. v flea?de [ lz.da _ id’ ©
which further = i - (vvq_ 1) f[ o i +.L}

= % (ko) — K (L) + O,
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i

Let 2 =1, s 2K(H)=0C.
But KE(1)=~-L(2).
Hence Kz + Kot =3 (2)" —2L2......cvvnvn.n. (D,).

10.  Quase-Reciprocal Equation.
dz!

10
2t

which fz“ ! (7 @) )= [+ 1)~ (‘%)
=—L({1+az)+1 {2) +e.

Let: =1, s 2L2=c,

or LA+aM+LA+a)=30. .« +2L2 ............ (E).

L1 +2™) means fl (A+a™).

This reduces Ly, however large v, to L (1 4+ z) with a small «.
In fact, 1ot 14+27=1+¢ete,
l.a=-p, (.2)=p%
Develop L (1 + @), put a" = e,
L +e)=2L2+1p"—{eP—27 e 2%+27 % —&c.}

This convergence is good, if 1 exceed 3, or say 1 +2a7" exceeds 21, and
the terras are casy to compute from a tabls of €7

11. Let @ be > 1, so that 1 —a™ .5 positive.

Then L (1 —2™) mcans

fra-an &2 =it (75,
or Jo-to—1y%- :}(la:)’—lxl(w—l)+flw£i,

or Ly —la (le —1 — o) + C.
12. Let « recede to its smallest value 1,
w C=L0)=-2L2.
Finally Le—L(1—a)=lz.(l.a—-1-}l)+2L2......... ).
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)

13. GENEEK.L ProBLEM. To reduce L (u) to L(1 + ), in which
 shall never exceed .

I. If u be between 0 and 4, write =1 — u, then by equation (C)
Lo+ Tu+2/2=I».1lu,

which reduces Lu to Lz or L (1 — ), in which « at utmost = }. This
writing w for «, is the Problem in hand.

II. Letu bebetween  and . If between } and 1,put u=1—=;
butsif between 1 and 3, put w=1 t«. In the two cases

Lu=L(1—-2) and <.

III.  Let u be betwcen 3 and 2. Put u(1—2)=1. Then by
Reciprocal Equation (1))

L(l—=a)y+ Lu=1% (. uy,

and 1 —2 is between 2 and §. This shows 2 between § and §; or
never cxceeding 1.

IV. Finally, let « have 3 for its least value - then by equacion (5)
we obtain Lu with greater ease, the larger is ' for with w=1+27,
the # diminishes a3 w increascs, and Lu is always reduced to L (1 + ).

This concludes the Problem.

No doubt, both Kummer and Spence substantially solved this
whole Prohlem; but it does 1 9t scem to have occurred to them in
how narrow a compass it could be presented in tabular form.

14. Tt is now proved, that if we have registered in two Tables,
first, the values of L(1+2) from =0 to =14 as the npper limit,
and next the values of — L (1 —«) with the same upper limits, we can,
by aid of natural logs, and our constant 2, reance Ly to firite terms,
whatever the value of 7, positive or negative. Our further Problem
is, to caleulate 7, (1 +z) and — L(1 —«); and the process is casy.

Put b (r)=a+ 3% 4+ 57%°5 + 7% + &e.
Yr(2) = 27" + 47" + 67 + &c.

=1 {2+ 27%" + 372° + &e.].
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Evidently then LA+z)=¢x)—¥ ()
and —L(l—w)=¢(w)+‘!'(w)}'

It remains chiedly to compute the two series ¢ (2) and 4 (z).

This computation was perfor.ned by myself as I was best able;
but, wishing to get my results tested by differencing, I begged access
to a trustworthy arithmetician from the local knowledge of the
eminent astronomer, Prof. J. C. Adams. But to my surprise, one
whose time is so valuable for his own purposcs, performed the whole
calculation independently and corrected all my errors. He kindly
sent me his tables anc their verification. I do not know how duly to
return thanks for a favour so unsolicited, and so hard to estimate:
but the puplic has the advantage. Nothing remained for me but to
add and subtract in ¢ () + 4+ (2). My previous errors had mostly
been in the last figures of 12 decimals.

15. In my ambition to present so many decimal places as 12, I
had oveilooked how rasc is the possession of logarithms to thi~ extent.
I have never possessed o used so full a table, and I suppose very few
Jearners are likely to have access to natural logarithms of 12 figures.
This has one remedy, if the usc is general of Weddell’s leaflets,
which enable any logarithm required to be quickly calculated to
16 decimals.

Mesnwhile, I venture to print a chort table; showing the
logarithms of primes up to 97, which I computed years ago without
thought of publishing. I carried it to 13 decimals, and think it
must be accurate to the 12th. It will at least give a certain complete-
ness to illustrate the Caleulus of L. Weddell’s leaflet is short to
reprint, yet this might be a violation of Copyright.

In my own littie Table I computed avery logarithm by at least
two indenendent methods, and by their accurate agreement I am
satisfied. I briefly exhibit my doubl. procedure, to give the reader
confidence in the Table.

The first column shows the number whose logarithm is sought,
in order of smallness, assuming those from 2 to 10 as notorious to
16 decimals. The 2nd column shows the equations by which I
worked,
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II | 100—-1I=9.II :’41 41= 40+1 i 71 JI= 70+1
120+ 1 =11° I1.41=450+1 | 69.71== 70°—1
[ 9.71=0640—1
f
I
13 go+1=17.13 43’ 7.-43=300+1 | 73| 3.73=320—1
13_1+12F 43 _1+427 | 7.75=510+1
T 11— 12’”% 41 1—427"
17| s0+1=3.17 | 47 |17.47= 800+ 1| %79 |19.79=1500+ 1
120-1=7.17 | 23.47 =180+ 1 79.81= 8o°—1
19 | 360 + 1 =19° 153 . 17.53=900+1 83| 3.83= 250—1
21 _1+207F 3.53=160—1 47 .83 = 3900 + 1
19 1—20f
23 7.23=160+1 | 59 59= 6o0o—1| 89 89= go—1
13.23=300—1 19.59=1120+ 1 | 9.89=8c0+1
91 1+9o0 !
31 31°=960+1 | 61 61= 60+ 1 8 1-9o!
29.31=30"—1 9.61=552—1I 89.91= 9o’ —1
31 _ 1+3071 56.61= 60"—1
29 1—30f
37 3.37=I110+1 67| 45.67= 2oo+1]3 97 | 3.97= 290+1
13.37=480+1 43 .67 =2880+1 | 23.97=3200+ I
| M B

-As we ascend from 100 to 10,000 the case of computing the
logarithms of any given primes generally increases.

It must be odd.
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Short Table with z a Prime.

SUPERRATIONALS OF SECOND ORDER.

(Natural cogs.)

x log @ log x
11 | 2°3978 9527 27983 || 53 | 3'9702 9191 35521
13 | 2'5649 4935 74615 | 59 | 40775 3744 39059
17 | 2°8332 1334 40562 || 61 | 41108 7386 41733
19 | 29444 3897 91661 || 67 | 42046 9261 93908
23 | 3'1354 9421 59294 || 71 | 4°2626 7987 70483
29 | 3'3672 9382 99863 || 73 | 4'2904 5944 11483
31 | 3'4339 8720 44851 || 79 | 4°3694 4785 24071
37 | 36100 1791 26443 || 83 | 44183 4060 77967
41 | 37135 7206 Cjo42 || 89 | 44886 3636 97321
43 | 377612 oor1 56934 || 97 | 4°5747 1097 85032
47 | 3'°501 4760 17098
x L(1+x) x L(x+x)
'0I {'0099 75II 0490 ‘ 26 | 2448 o759 1657
‘c2 | o199 0087 go1s |[*27 |'2536 78.5 4093
‘03 |'0297 7795 0327 | ‘28 |'2625 1267 6614
‘04 |'0396 0695 5096 ‘29 |‘2713 1124 3880
‘05 | 0493 8351 0345 (|30 |'2800 7433 3760
‘06 | 0591 2321 9862 | ‘31 |'2888 0231 7509
‘07 | 0688 1167 4606 |32 |'2974 9555 9926
"08 | 0784 5445 3083 |'33 |'3001 5441 9513
‘09 |'088c 5212 1722 |[‘34 |'3147 7924 8625
"10 | 0976 0523 5229 1735 73233 7939 3626
‘11 |'1071 1433 6926 I 36 |°3319 2819 5021
‘12 |'1165 7995 9083 |/ °37 |'3404 5208 o6os
‘13 | ‘1260 0262 3229 || ‘38 ['3489 45:0 0590
‘14 | ‘1353 8284 0467 [°39 |"3574 0485 7745
‘15 |'1447 2111 1757 |40 |°3058 3257 7513
‘16 | ‘1540 1792 8204 H ‘41 3742 2861 3137
‘17 |'1632 7377 1334 |42 |'3825 9515 2783
‘18 | 1724 8911 3350 |43 | 39009 20661 9655
'19 | 1816 6441 7392 |44 |'3992 2927 2051
20 | ‘1908 o013 7778 |'4, |'4075 0140 3725
21 | '1998 9672 0242 |46 | 4157 4330 3593
22 |'2089 5460 2162 |°47 |°4239 5525 5868
‘23 |'2179 7421 2783 |48 | 4321 3754 o822
24 {2209 5597 3423 |'49 | ‘4402 9043 4033
l'zs 2359 0029 7686 | '5° ‘4484 1420 6923

L (14 2) means 17% — 27% + 837 — 47%* + &c.




THE FIRST SUPERLOGARITHM. SPENCE'S INTEGRAL. 65

x —L(1-x) x —L(=—=x)
'OI | ‘0100 25IT 740 |l 26 |°2791 9665 5857
‘0 | o201 0089 9org || 27 |*2908 1500 4677
‘03 {0302 2805 1617 |28 | ‘3025 ogor 1592
"04 |'0404 0727 5324 ||'29 |"3142 8004 3520
‘05 |0506 3929 2465 |°30 |°3261 2951 0076

06 | 0609 2484 2460 |31 |°3380 £386 5503
‘07 |o712 6468 2410 {|"32 |"3500 6961 o724
08 [ 0816 5958 7699 || "33 |3621 6329 5513
‘09 |0921 1035 2632 |34 |°2743 4152 o809
‘10 |'1026 1779 1099 '35 |°3866 0594 1160

Ixo|cri3r 8273 7272 |1°36 |'3989 5826 7343
‘12 |'1238 0bug 6417 || 37 | 4114 0026 2133
13 |'1344 8859 5213 |38 |"4239 3377 8266
‘14 (‘1452 3128 3445 | ‘39 |'4365 6069 1597
"I5 |'1560 3503 3945 | '40 |'4492 8297 4471

l'l6 ‘1669 0079 3918 |41 |'46°T 0270 4323
‘17 |'1778 2953 5770 | '42 |"4750 2187 4533
‘18 | 1888 2225 8086 |43 |°488c 4679 8559
‘19 | 1998 7998 6634 | 44 |"501T 6771 44711
*20 |'2112 0377 5440 |45 5043 9898 9154

21 | 2221 9470 7914 |46 |°5277 3908 4519
"2z |°2334 5389 8030 | 47 |°5411 9056 1906
23 | 2447 8249 1573 |'48 | 5547 5608 8554
24 | 2561 8166 745. |i'49 |'5684 3844 3897
2y | 2676 5263 9o82 | ‘50 ['5822 4052 64F5

— L(1 —2) means 1% + 277 + 37%" + &e.

PRrROBLEM. To sum the series
S=172%+3%"4 5% + &c
when #< 1. Pore we have

(_ii_s'x =12+ 872+ 37"+ &e.=§ log 1 i’f
dz 1—-=z

dS=1}log(l+x)dlogw—3log (1 —x)dlogz,
or S=3}LA+x)—3L(1—-rx);
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no constant of integration needed. Otherwise:
S=z+ 27"+ 37" + 47" + 57%" + 67%2° + &e.
- 277 — 47 — 67 &ec.
=—L(1-2)+27.L(1-2";

a result identical with the former.

16. Picture oF CURVE v = La.

We mean z and y to be Rectangalar Coordinates.
We have L(1)=0, L (2)={47"

Take 0AX opposite to BOY, but 0B=%’.

When « exceeds 1, dy = logz
dz x—1

dy 0_ dlogz 1

, which is positive.

Also when =1, D=0 d1)" o= 1.
. . log
With the increase of «, 1 lessens therefore after ~ passes 1,

the curve is concave to the axis OX, indeed iapidly tends to
parallelism. But when zis <1,

dy _loga™

dz~ 1-z’
which is still positive, though y is now negative. The curve is con-
tinuous, until it reaches YOB in B. There

dy _loga™

dz~ 1-z’
which then (since 2=0) becomes log% or log 0. Thus the curve

touches YB at the point B.
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When X0 is continued along negative , if we change z to — o/,
we have y =L (z') or

flx. do =fz’(7x).%,

z—1
dx
or f(lw + C) a?;{-l ,
since ! (— ) only means
—dx
——+e.
—Z

17. Spence showed that by putting
w = 1—ax
T l-a
with & constant and working on L () we can deduce an equation
with five integrals of the type L, with the term

1—2
T=a"

1 5
é.l

I prefer a method originated in Elliptic Int2grals by Mr Fox Talbot.
It is here not more fruitful, but fully as much, and more elegant.

Assume U= L (z) + L (y), and seek a symmetrical relation between
« and y which wili make dU integrable.

Try the relation
(Q-u)l=v(U=a)eciiiriiiiiininnianinnnn .(A)

with @ constant, and let @, » be the two roots of u in this equation,
while v varies.

Arranging for u, we have

w—=2+v)u+(1+av)=0.
Then, because 2, y are the two roots, we find
c+y=2+v,
and ey=1+av ana lz+ly=1(1 — av).
From these eliminate v, then
a(z+y)—ay=2a-1.

Otherwise (z=a)(y—a)=(a=1) i, (B).

Also dlv=dl(av)=dl (zy—1) ............... (B).
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Now by definition of L,
Lz:flx.dl(x—l),

and Ly:fly.dl(y—l).
2U=2Lm+2Ly=flm.dl .;‘:‘1|*+fzy.dz.—‘y T

But (z—=1"=v(z—a),
and (y-1=v(y —a)
by making alternately w =« and u =y in the original equation (A).

Hence 2U-=fzwdz [v.7- a] +fzydz [v.y7=a]
=f(zx +1y) dlv-{-flxdl (w—a) +fzydl (y - ).
Of these three, the first = [ I (1 +av)dl (av) else

= (.l (zy)dl (wy ~1)=L (xy). See (B").
In vhe second, make « = at, and it becomes

f[la Pl (=) =lal (e —a) + Lt = lal (x —a) + 1.
Similarly the third ~ =la l(y—a)+ L%,

Hence U=L @y +lal (z—a.y—ay+ L '£+ Lg .
Now by (B) @—-a)(y—a)=(e—1)";
so that we may include this term in the constant of integration. The
assumption, # =1, y =1, fulfils the last cquation, and shows that on
the left hand we need 2L («™) as the constant of integration. Finally,
we may change a™' to z, then
2Lz +2Ly+ 2Lz =L (»;)+ L (rz) + L (y2),
and our equation of condition
a(x+y)—ary=2a-1
becomes x+y+z=xyz +2.

Since 2, ¥, z are connected by only one equation of condition, any
two of them are arbitrary.
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The number of such equations here seems unlimited, and the
results in detail obtainable are endless, but always less useful than
curious.

From tne equations of 7—12, marked C D E F G, many relations
between only two integrals of the type L result; and I alighted on
the following, which is not likely to be quite unique:

1. L9=L3-L2.

18. It is easy to produce a formula on the steps of Taylor’s
Theorem : namely, if # is much smaller than @, assume

x* ° at
L(a+x)=L(a)+Alcc-A2.§~+A3.~§—Ad.a~+&c.

then, to find 4, 4, A, ... as functions of a, assume « constaat, =
variable, and differentiate : whence
log (¢ + )

—A — P_Aa® .
@ro- 1 =A,—-Agx+Aa" — A2 + &e.
Multiply vy (¢ — 1) + @, and develop the log; whence

t- 3]

xz &£ L R
loga+2— o0 + o —&e.= A, (a=1)=d, (a= D)o+ 4, (=) -—&c.}'

+4, « -4, + &e.
Equate like coefficients: then
log a A, —a .
A= A=
4,—3a A —3a
F R I I Uy Y

where the law of succession is clear.

The convergence is only that of (¢ — 1), which is the same as
that in equation (E) of Art. 10. But our z in this Article may be
cver so small; which essentially alters th2 qucstion.
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CHAPTER L
CLAUSEN'S INTEGRAL ;—the Supersine?

1) Ix f / p e have hitherto supposed a and b both
real. IVext suppose only one real. It does not signify which. For
dx
fbg @-0). .,
yields log (x — a) .log (z — b) —flog (z - b)d log (z — a).
Suppose then a to be real, and let
z=a+y,
S xe—b=y+(a—0).
For (- b), which is imaginary, we may write now

»(cos p + &/ — 1 sin p),
which changes our integral to

f log ydy
(y+rcosp)++/—1.rsinp’

(y + 7 cos p) — :/—1 Mm”’locr'/dy
(y+rcosp)+risin’pu

or

Next, put y =1z,
log y=logr +log 2.
That part of the integral which is then multiplied by log 7, is only of
the earlier order. Write Z* for
Z+2zcosp+1;

and the residue becom=s

fz +2?s’u'logzdz—- fSln#logzdz

since Z.dZ =(Z + cos p) dz.
The former part is reducible to

flogz .dlog Z, Hill’s intcgral (the Dilogarithm ?)
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involving the constant angle 4. In the second part, write tan o fo1 -
_zsinp
1+zcosu’

which gives sinw(1+2cosu)=cosw.zsin u,

SID @

whence 2= —
8IN W COS @ — COS 4 SIN @

sin @
= sin 1(p— @)’
log z =1log 2 sin w — log 2 sin (u — ).

or

Again : differentiate

tan o = - zsinp

1+zeosp’

whence sec’ 0. dw = sin pdz 5

(14 zcosp)
Z2
But scc’w=1+tan’ 0=, ——~ —;
(1+ z cos p)

inud

whence do = b»ll[/—t( 2

We deduce fig# log zdz =flogzdw

=flog (2 sin w) dw -—Jlog 2sin (p — w) do.
Put p — 0 =v, and the residual integral is
f log (2 sin @) dw + f log (2 sin v, dv,

where each part is of the san_e form, and involves only one arbitrary.
This is Clausen’s integral. Let Cl () denote

f _ log, (chord ) dé,
[}

or - flcg, (2sin £6) db;
the symbol CL alluding to Clausen. Then we have
f log 2 &M “ — const. —} Cl. (20) — 3 CL (2 — 2).

Change (for convemence) zto —uand o to —Yr;

. tan ¢ =

usinp
1—-wcospu’
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¢

and observe that log z meaning only f%z is exchangeable to fi—:—‘
or log u, and multiply by — 2;

. _ sinp.du .y - _ 2
. foz log gl = L2+ 29) = CL (29— CL (20)

which reduces this portion to Clausen’s Integral ; the sign — after log
being here unimportant,

(2) We thus have found, thut if
X*=1-2xcosu+a’

and tan w = - J/‘-Svlp/:&_ )
1—-xcosp

which entails r=——"n®_
sin (0 + p)
sin udz

and dow = V;; =

we have f 2 log #de = CL (20 + 2u) — OL. (20) - CL (2u).
(]

Eat in Tiigonometry we learn that o or

tan™ <1ﬁwzr(1(;us, #) =zsinp+ §o°sin 2p + 1o sin 3u + &c.

Now [2 log zdw = 2w log —f?w (% ,

therefore (since u is constant)
=2wlogz + 17 z sin p + 27 2" sin 24 + 57% 4" sin 3u + &e.
Let p = 4, then the terms with 2% z*, 2°... vanish, and tan w =,
making
172 —-372"+ 572" — &e. = Cl. (20 + 7) ~ Cl. (20) — CL (7) — 20 log .
To this series Spence devoted a caicful discussion, but we see it is

solved at once by Clausen’s integral; as is the wider series with u
arbitrary.

[T have also in Ch. 1. before Art. 14,
1724372+ 570 + &e.= 4L (1 + x) = 3L (1 - x).]
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(8) It is known also that
—log (2sin $6) = cos @ + % cos 20 + } cos 30 + &e....

whence Cl (0)=17sinf +27*<in20+37*sin 30+ &e. ......... (),

of which the sum vanishes when 260 = nar, (n an integer). We lose
this advantage, if we remove the factor 2 after log.

Such is the cardinal series, which Clausen has tabulated, by pro-
cesses of his own. The pictorial formr of his function suggests Super-
sine as a name for it. If x and y are rectilincar coordinates of this
curve, by means of = cos w, ¥ =Cl. (»), and «, y are the coordinates
of a circle, by # = cos », and y=sin w,

dy

do =" log (2 sin {w) = — log chorl @ = = log /2 (1 — «).

This is positive while  is less than 60°. When o = 60°,
Jo=30°" z=} 2(1-a)=1,

and y =0.
o QY . Sy .
When o passes 60°, de becomes negative, and %’ diminishes until

o = 180°, at which y" becomes zero, then dl/

18 wnfinite.  For
de " St

dJ do .
da” a~-—-—lo J-(l—.b)(

which when » =180° becomes
2 9 o9
log /2.2 log2
sin 180" 0
Thus the curve has the form of a kettle-drum, very flat where o is
small, tapering but still rounded when w approaches 180",

= r./) —_
andw log (1 ‘C) sine’

(4) Let S, as with Legendre mean 17" + 27 + 3™ 4 &c., a known
series: a few other series may in certain ~ases avail us in computing
CL. (). First observe that the series (1) shows

ClL (- 8)=-CL (#);

ClL (0) =0 =CL (m);

ClL (27w — 8)=CL (6);

Cl (7 + w)=—Cl (7 - w),
and when n is integer, CL (2nm + ) = CL (6).
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Thus if CL (8) is known from §=0 to 6 = m, it is known universally.

Curve of Supersine or Kettle Drum?

y'=CL () 40P =8
z=cos 0 OM =z, A[P':y',

In fact, by simple equations, we can deduce tke values from 8 = 60°
to 8 =180° from the varlier values, as will soon appear.

Also CL(90)=1"?—-8"4+5"*-77+ &c,
which is known to be = }r, or
9159 6559 4177 2190.
-Let sin 10 =u,

A f— 1()g (2’“) (le = — 0 jog (’2/“) + fe . (,iil’ .

But 6 =2 sin™ u, of which the develc pment in powers of = is known:

X

1 «* 1.3 du
o Cl.(0)=—€log(2u)+f2{u+§ gty g—i-&c.} W

3 5
= — Olog (2u) + 2 {;—‘+% . 3i,+é-:—2 . g§+&c.}...(2),

which, wlen u is a convenient fraction, yields a value. But it suffices
to make 6 = 60°, u = }, log (2u) = 0, whence Cl. (60°) i« found

=1'0149 4160 6409 6536.
(3) We cannot compute CL (6) from series (1). Series (2) avails

us only when u is a simple small fraction ; and this does not yicld an
exact number of degrees,
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The scope of this Chapter is, first, to give series by which it is
possible to get values when 6 is less than 60° and economize labour ;
also series by which second compu*ations may be made, affording veri-
fication : mext, it will be demonstrated, that,—Given a.table up to 60°,
the entries un to 180° can be deduced by easy linear equations, with-
out new infinite series or logarithms. Lastly, some uses of this new
integral will be pointed out.

(6) As a general series for ac.ual computation, the following
seems to claim chief attention: § Cl (2z), or

—f log (2 sin ) dz = — z log (2 siu z) +}r zd log (2 sin x)
0 . 0

= —z log (2sin z) +f z cot xda.
0

1 2r .
But cotw=_— 21;;;;-?; if rmeanl,?2, 3, 4...

2uc"'dac
fwcotwdx:x—if 5
0 07' .L'

2,2
=x+ Efo {747:_%‘11} 2da

4
=r+3 (Zz—mrlorr?—W {1}
1 Srr—a

in which we have only to make z= 16, dz=1d0, and double the
equation,

. CL(f)=—0log(2sin}d) +0+5 {29 2 log ¥ 2r7r -+ e}

ol
Call the last sumimation ®, which is an infinite seriss. Putting

1,2, 3... for r, the convergence is slow. Take 6 a submultiple of 27,
or 8 = 27rv, and develop in powers of v. The general tern: is then

26 21“1001 -9 i‘ll 1. 2 33"‘6'53

3 5 7 ]
——471'{,3‘+- 4+7,,+L\0I
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(7) Collect —4mA,, the total coefficient of v™"' by making
r=1, 2,3, 4... and you find

1 - -
= {174 27" 4 37" + &e.),
1
or j‘)..n ;i . Sw-
Thus O = —47r (38,0°- - 18,0° + 48V + &e.).
But 27 log —}—i——?: drr (v + J0° + 30 + 0" + &
. O+ 27log i;g

=+4mv— 3 (S,— 1) "+ 1(S,— 1) 0* + &c.} 47......(3),

which improves the convergence, and shows that we ought not to have
developed the first term

27+ 6

The highest value for  which we need is 8 = €0°, which is gained
by v=1: and with v less than }, we have good convergence.

Take as values of v,
6, 8 9, 10, 12, 15, 18, 20, %o, 24, 30

and the values ¢t 6 will be
60°, 45° 40° 36°, 30", 24°, 20°, 18° 16°, 15°, 12°
36, 40, 45, 60, 72, 90, 120, 240, 360.
{10", 9°, 8, ¢, 5, 4° 3, 2 1°
Thus 20 values of CL (6) are obtainable directly from equation (3),
* while in every case, except v = g,, v’ is an integer.

By what process Clausen obtained his results so far as to
16 decimals, I have to guess.

(8) When @ is near to 180°, CL 8 can be computed (as will pre-
sently be shown) from the carlicst entries; but a direct method will
give verification.  Let 8 =180 — w, and » be small,
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Begin anew : sin 46 = cos }w,
ClLé= +f log (cos 3w) dw = C + wlog cos (o)
0

+f % tan (o) do.

0

When o =0, CL6=Cl180°=0.
s C0=¢C

Put w = umr, u being a fractivn. Develop tan () in powers of v,
3w tan (3mu) =T + Tl + T’ + &e.
if T, mean 17"+ 3™+ 5™ + &e.
Multiply by udu and integrate ; then, since
wdo =7 . udy,

f%tan(éw)wdw—uw{ RN O +&c}

and if w. have extended tables of natural 1>garithms, we may increase
convergence by subtracting

T 4u ue
'n-logl_ =27 {u+3+ + 4—&0}

Thus CL. () is obtained, 7', being known to 16 decimals.

(9) For small values of 6, simplest of all in appearance is the use
of Euler’s coefficients H,, which result algebraically fiom

zeotw=1-2H.*— 2H z* — 2H 2" — &ec.
The five first are easy to remember and convenient to use, viz.
Hi=}; H,=qy5;
._1_,
7.

H, = ="
Hi={5 Hy~ Hy=

9’
=% - I
It’is known that
logsin z =log # — H a2 — } H2' — J H a* — &c.
Add log 2 to both sides, and make z = }6,
. —log (2sin46)=—log 6+ 27°H 6"+ 27°H, (i: + 2"’H3%6 + &e.
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Multiply by d6, and integrate from @ = 0, observing that
fo_ log 8.d6 = 8 (1 — log 6).
Finally

CL(8) =6 (1 —log 6) + 47 H, ﬂ+4"H o

8
—a
+ 4 1133 .+ +&eoonnnnn. (4).
Algebraically, this is good; but  being an arc, not an exact
number of degrees, we are troubled by its powers, even when it is
small. If we make
0=2m, H,=n"8,,

™S, oS, °S,
Cl~(9)=9(1—10g0)+47w{23+ +67+&}

For the series in v write 47V when every S is replaced by 1, or

o o o
V—§T§+4,3 +6—7 + &e.

Now =
! 7
whence V=<v-+2+g +&c.)—<%—+g+$ +&c.)

—Jolog (1 —v*) +v — } log ”",

then
3

Cl (27v)=2mv (1 ~log 27v) + 47V + 4 {23—3 S, - 1)

5

v
+ s (S=1)+

perhaps better than equation (3).

IO &C.} ....... (3)

We buy better convergence at the price of a complex V.

(10) How to obtain with accuracy 16 decimals (from ignorance
what tables are available) I cannot explain : but for liberal knowledge
of these integrals the following may suffice.

All tables furnish us with log sin 2, and the differences of log sin
when 2 proceeds by single degrees are small,—the smaller as «
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increases. If then we begin by series (3) or (4) while € is small, we
soon proceed safely by addition of A Cl. (6), calculated from

A" log sin (36)
in some method of Mechanical Quadrature. Very simple is that
founded on the presumed identity of

R — m.A? s
fog (1549 with 14+ mA —m,A+m,A° — &e....
where m =14, m,= {5, My=4y,
19 1
™= 19~ T (1=

Make — Fr=logsinx;

. A
then since g (1+A) AD7=A J. ...... dux,
we have

Af— log sin 2dz =} [Fr + m AFx + mA’Fz + mA°Fx + &c.]...(6),

which ought to agree with the equivalent : eries
h[F(z+h)—mAFr+mA'F (x — h) — mA°F (z — 2h) + &e.]

The two afford a reasonable check on error; but the latter is less
trustworthy here.

To obtain A Cl (8) we have to double the last (changing dz to
2dz) and then write 6 for 22. (Thus 2 ought to advance by half
degrees, if 6 is to advance by degrees.) But we must first supbtract

Aflug 2dz,

to insert the factor 2 before sin #, and from the right-hand take
A(log2.z) or h.log 2.

If the values of C1. up to 8 = 10° have been obtained L series (3).
and in (5) we make #=35° h=4% a degree or 30', we obtain A CL 10°
which added to CI. 10° yields to us Cl. 11°, hitherto unknown. By a
second step make = 5°30’, h = 30’, and you can get A Cl. 12° which
was previously known by series (3). Thus at unce a test is obtained
of the validity of our method. Carry it further we have new tests,
wherever Cl. was already otherwise known. Nothing is here gained,
rather we lose, by descending to

F(z—h). F(x—2h) &e.
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(11) Nevertheless for the arduous task of 16 decimals a quicker
converging series, proceeding by 1 AA‘A°... may be desired. Perhaps
one of those by which Legendre computed his Elliptic Table deserves
attention. Its theory may be herc expuunded with slight variation
from his point of view.

2

&
1+

First, given =4u', we may develop log (1 + ) in rising
powers of u’.

Solve for z; then x=2u’ + 2 4/(u* + ).

Diderentiate :
.o de +_1+2u’ _ 14z
T 2udu TN+ W) N+ )
whence de du

T +2) JA+u
Develop the right member into series, and integrate :

1.3 v 1.3.5 u" .

u’
o élog(1+a,)—u- %.-3“4"2—‘—4. 5"'m . 7'+OLC.

The coefficients are familiar in the series for sin™ ; call them
N, N,N, ... whence
1
log(1+2) _ 1—-Nu*+ Ny — Nab + &e.
211’ 1 2 3
Reciprocate this equation,

Bg_(QfLﬁS =14+ Ml + Myt + Ml + &e. ... (7),
and you compute M, M, M, ... from N, N, N, ..., namely

M =N =t

M,=MN,-N,;

M,=MN - MN,+N,; &e

Treat the equation (7) as an <dentity while convergence is sure; and
2

assume symbols for quantities ; viz. put A for z, .". (2u)’ becomes lw—i— A

2
or, say, % , and v’ becomes 47'. A’E™.  In (6) multiply (so to speak)
by VK or Et
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LA
“Tog(L+A)

or =E"Y 4 M AET 4 4 MAETY 4 e,

E+§+E+§ (4-1A2E—1)M +E+§(4-1A2E~—1)IM + &e.,

(1A+ 3) into AD™, then

A f Fodo =h (B Fo + 4 Mn'E ™} Fo + 47 MAE " Fo + &),

Apply this to F (z), and as before cuange 1

which means
h{F (x+%h) + 4 M AF (2 — ) + 47 M,A'F (z — $h)
+ 4 M A°F (z — 5h) + &c.l,
and it remains to assume, as before

Fr=—logsinz, 2z=0, &ec.

Continuation of a table of Cl. (6) beyond 6= £0°.

(12) We know in Trigonometry that
2sin ne = 2 sin 2.2 sin <x+:—:> ...... 2 sin (x+71-;—1 7r>;

where n is any positive integer. Let z=46; take the logarithm on
each side, multiply by «6, and integrate ; then

1 O
~ Gl (29) + «=CL (6) + Ol (e + 7)

+Cl. (H+%:—r>+...+Cl (6+-2n

To find a, make =0,
a=CLY oLt L ta <2""2w);
n n n

'n') ...(8).

in reverse order,

D
q=Cl.(‘n 2 )+Cl (2n )+...+Cl.2—’f
n n 7

Add each term to that above, remembering that
CL@+CL2r~-6)=0;
. 2a=0.
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In the gencral cquation (8) first make

n=2 0=uc;

and observe that ‘

L. (w+ 22— Cl(r ~a),
or 3 CL(22) =CL(2)=CL(180° —2) ...ccevvvrvninnne. 9).

Next, for 6 write y, with n=3. Note that
e (y+ ‘{;l’) — —CL(120°— ),

- 3 CLBy) = CL (y) + CL (120° + ) — CL (120° = ) ...(10).
By taking n =35, we have a formula of verification,
1 CL(50) =CL(0) + CL. (6 +72°) + CL (8 + 144")
- CL (144" - 0) - CL.(72° - 6).
For a mument suppose that oniy 90" and 60° are kndwn as by
Art. 4.
In (9) make « = 60° and in (10) make y =30°,
.~ 3 CL 120°=Cl. 60°,
known by Art. 4. Hence CL 120° is known, and
4 Cl. 90" = C1. 30° + CL. 150",
Thus Ci. 150 is known.
Again, in (9) make z = 30,
.. CL150°=Cl. 30" — § Cl. 60°.
This is a check and test of accuracy.
(13) Farther, in (9) make 2 =36 and in (10) make y = 48°.
Then 31 CL 72°=Cl. 36" — CL 144°,
1 Cl.144° =CL. 48° + C1. 168° — C1. 72",

which are of avail to find Cl. 72° and Cl. 144°, after Cl. is calculated
up to 8= 60°. For then by (9)

CL168°=CL 12" - } Cl. 24°,
and if p =Cl 36° and q =CL 48" +Cl. 168°, both p» and ¢ become
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83

known, and in tlie two equations only CL 72° and Cl. 144° are unknown,
Call them » and «,

if

L p=%172

p=CL36° and ¢ =Cl 48° - } CL. 24° + CL. 12°,

By a persevering use of equations (9) and (10) every value of
CL 6 from @ = 61° to # =179° can n.w be deduced from the values

which have @ less than 60°.

values from 6=179° to 6 =150°.

Ohviously from (9) alone we obtain the

The successive steps are less

obvious in other parts of the table; but only vhen 6 is less than 60°
is the method of independent serics indispensable.

Again, if

Also from

Next, let

Clausen’s Integral.

r =74,
x =176
« = 807,
a = 82°,
r = 80",
a = 86,
z = 46°,
x = 47",
z =49,
a = 50",
x = 52°,
x = 53",
y =39 ..
y = 37°,
y =35,
z = 817,
a = 83,

Cl
Cl

. 106" = CL
. 104 = Cl.
. 100" = Cl.
98" = CL.
94" = Cl.
92° = CL.
134 = Ol
133" = CL.
L131° = CL
L130° = C.
.128° = CL,
L127° = Cl.
81" = CL.
83" = CL
85" = CL
99° = Cl.
97" = CL.

74° — } Cl.
6" -- 4 CL.
59" — 1 ClL
82" — 3 Cl.
86" — & Cl.
88" — 4 CL
46" — 3 CL
47" - 3 CL
49" — % CL
50" — % Cl
52° — } Cl.
53" — 4 Cl

148°,
1527,
160,
164,
1727,
176"

927,

94°,

98",
100°,
104°,
106".

39" 4+ CL 159" — 4 CL 117,
37" -+ CL 157° — 1 CL 111°,
35" + CL 155° — 3 CL 105°,

81° — § CL.
83° —  Cl.

182°,
186°,
6—2
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Finally,
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x = 85",
y = 41°,
y =43,
xz="T7",
y = 33°,
y =27,
y = 31",
x = 89°,
=179,
y = 13"
a=1T1°
=170
x = 68",
x =67,
xz =065,
a = 064",
x = 56",
r = 62",
x = 58",
v = 61°
a = 59",
@ =55,

Cl.
CL
CL
CL
CL
ClL
Cl.
ClL

Cl

Cl
CL

CL

ClL
Cl.

Cl

ClL.
CL
CL
ClL.
CL

95° = ClL
79° = CL
77" = CL
10" = CL
87° =ClL
23 =CL
89° = ClL
91" = CL
101° = CL
170° = CL
109” = CL.
110" = CL.
.112° = ClL
113° = CL
115" = Cl.
116" = CL
. 124° = CL
118" = CL
122" = ClL.
119" = CL
121" = CL
125° = CL

85> — § CL

1707,

41° + CL 161° - } C1. 123",
43° + CI. 163° — 1 CI. 129,

T7° — 4 CL

1547,

33° 4 CL 153" =} C1. 99",
27" + CL 147° - 1 Cl. 81",

31 + CL 151° - § CL. 93°,
89° -4 CL 178,
79" — 3 Cl. 158°,
157 + CL 133" — 1 CL 39°,
71" — 1 CL 142°
[might have been earlier],
70" — 3 CL 1407,
68" — & Cl. 136",
67" — 4 CL 1347,
65" — § ClL 1307,
64° — } CL 128",
56" ~ 3 CL 1127,
62" — 1 ClL 124",
58" — § CL 116",
61" — § Cl 122,
59" — 1 Cl. 118".
55" — } Cl. 110°,

which completes our problem of this article. We can construct many
verifications by taking new values of y or a.

I proceed to copy out Clausen’s table of

z=- f log, ch (0) dw, to 16 decimals.
Y
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TaABLE IV.

Copied out from Crelle.

ClL. (w)

CL ()

‘0881 0825 5769 3816
‘1520 2155 3586 8417
2068 0333 4607 0624 |
'2556 5584 9659 5340
‘3001 0018 6767 3956

8755 9079 8996 7808
8862 5316 1826 4641
‘8963 8427 2291 5068
‘go68 ori1 6233 6120

915 1970 6837 0285

3410 3242 9322 09606
*3790 4482 9624 8711
4145 5845 3838 3392
"4478 8824 4813 3546
4792 7876 0375 2437

'9237 5516 8102 5253
'9319 2180 9230 1292
9396 3318 9807 3681
‘0469 0218 0990 0054
‘0537 4101 6638 8513

" '5089 2545 8247 8208
'5309 8817 7258 7339
"5636 0008 7633 3457
'5888 7387 4464 o590
‘6129 0614 4155 6218

‘9601 6134 2130 6023
9561 7425 7305 1169
"9 "17 9035 5502 9obo
9770 1975 8971 0157
‘0818 7215 1050 2034

1 60

6357 8065 0927 6729

6575 /071 3646 7511
‘6783 4106 2111 0970 |
6901 4927 1851 7745 |
7172 4689 6085 3112

'9863 5080 5501 2737
'9924 8261 3281 6732
"9942 ;810 7043 7516
9976 9148 3592 1363
‘0007 9262 4508 5728

7350 8037 0749 8140 |
7522 97,4 6792 7012
7687 1928 963 6796 |
7843 9797 0873 9228 |
‘7993 5988 6000 161)() !

‘0035 63171 5127 5813
0005 1626 2024 6885
‘0081 5710 9160 5273
0099 9245 28006 2885
o115 2885 5367 5050

8136 3459 4674 3617
8272 4941 6274 3459 |
8402 2967 8654 2658
8525 9893 1517 4475
8043 7913 1853 8927

‘o127 7265 8199 6113
‘0137 29)9 3512 1934

0144 0079 5437 35°1

5148 0881 0336 6062
‘0149 3160 6409 6536
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TasLE IV. (convinued).

® ClL (w) :; ® Cl. (w)

61°| 1°0148 1058 2663 856 || 91° ‘9098 4103 0699 7436
62°| 1'0144 20¢7 7296 8533 || 92° '9035 6679 0135 4674
1 63°| 10137 7787 5538 9387 || 93° 8971 4546 3151 8ogs
64°| 170128 2621 6999 4148 || 94° *8905 7959 7112 5609
65°| 10117 5¢80 2554 3869 | 95 8838 7169 7533 1242

66°| 1'0103 7630 0812 L7551 | 96"; ‘8770 2422 9475 7791
67'| 10087 6725 4187 4170 ‘8700 3961 8888 1217
68°| 1°0069 2808 4615 1755 | 98°| "8029 2025 3887 6263
69°| 170048 6309 8928 1536 | 99°| 8556 6848 5995 1023
10025 7649 3924 8256 Ioo°| 8482 8663 1319 6489

O
3

-

o]

)
°

71"| 1°0000 7236 1148 4501
72’1 9673 5469 1298 4148 |l 102

‘8407 7597 1697 5556
8331 4175 5787 4517

73°| 9944 2757 891 7486 || 103"| 8253 8320 o123 8715
74" 9912 9422 5792 6o51 || 104" ‘8175 0349 o131 2800
75°1 ‘9879 5894 5025 o142 | 105° ‘8095 0478 1100 4812

76°] 9844 2516 4883 5026 || 106°| ‘8013 8919 9129 2267
90806 9643 1954 8802 [ 107°( '7931 5884 2028 7364
78°| 9767 7621 4463 4752 || 108" 7848 1578 0197 7508
9726 6790 5351 1523 | 109°| 7763 6205 7405 6417
80"| ‘9683 7482 5202 5917 |{110°| *7077 9969 Tyob 0278

81"| ‘9639 0022 5025 5169 | 111° *7591 3067 6622 2615
82"| 9592 4728 8894 8467 || 1:2° 7503 5628 0506 0800
83"| 9544 1913 6469 0848 || 113°| 7474 8054 8970 6471
84"] ‘9494 1882 5386 6654 || 114° *7325 0330 4659 1441
85"| '9442 4935 3549 4182 || 115°| '7234 2714 8130 0127

-

el

[
>

86°! 9389 1366 1299 8123 I 7142 5395 8519 8906
87°| '9334 1463 3498 1743 | 7049 8559 4185 2321
88| 9277 5510 150 6496 | 118°) ‘6956 2389 3323 5527
€9°| 9219 3784 5078 2809 || T19°| ‘6861 7067 4575 1907
'9159 0559 4177 2190 || 129" 6766 2773 766 4358

-

—

~
>
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TABLE 1IV. (continued).

Cl. (w) |

Cl. (w)

6669 9686 3074 8299
6572 7981 6177 4098
6474 7834 1182 6213
6375 9416 7946 6013
6276 2900 9414 4910

'3453 9553 3798 7699
"3338 4334 9504 4452
3222 5318 9871 7016
3106 2646 3662 o175
2989 6457 3745 8835

| 6175 8456 2707 4131
"6074 6250 9595 7139
5072 6451 (959 0485
5869 9223 7233 8555
5766 4730 8848 7484

‘2872 6891 7352 0470
2755 4088 0313 0428
2637 8186 7307 1933
2519 9324 2097 2555
‘2401 7638 7765 8856

5662 3135 6048 3232
5557 4599 2305 862u
5451 9281 4725 3925
5345 7341 0433 5400
5238 8935 3961 5938

2283 3267 6948 ogo4
2164 6347 8060 8294
045 7015 5529 9251
‘1726 5407 CO14 4409
‘18c7 1657 8628 6755

‘5131 4220 8218 1909
"5023 3352 4853 0008
4914 6484 4611 7342
4855 3769 7683 1790
'4695 5360 4037 5555

|
l
!
\

"4585 1407 3758 2678
*1474 2060 7365 6768
4362 7469 6133 82606
"4250 7782 2401 3279
'4138 3145 9879 6257

166"
I67(‘r
168"
169"
170

'1687 5903 5161 9261
‘1567 8279 0296 1049
‘1447 8919 1821 7725
1327 7958 4851 4702
‘1207 5531 2032 5880

171":
172"
173,
174“
175

1087 1771 3757 8061
09066 6812 8374 5027
0846 0789 2392 8416
'0725 3834 0692 7297
0624 6080 6729 7737

"4025 3777 3926 0213

3911 9612 1885 4692 |
'3798 1005 3526 7567 |
1 °3083 8031 0348 3542 j

2569 0832 7849 0059 |

177°
178"

179"
180"

0483 7662 2740 3644

0362 8711 9946 - 140
0241 9362 8757 0748
2120 9747 8975 9Co7

010
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Scme Uses of Clausen’s Integral.

(15) (a) To find
®=- folog (sin® @ — sin® &) d6,
observe that the quantity under lo¢
=:sin (0 + @). sin (6 — a).
Hereby @ is reducible to  Cl. (26 + 2a).

) O=- folog (cos 8 — cos a) d6.

But cos @ —cos o = 2 sin® a — 2 sin® 16,
which admits a reduction as the preceding.
cos 0
(c) C] —fr .0g (l + E(Tsw&) dé.
The log being equivalent to
log (cos a + cos 8) — log cos a,

the second term involves nothing new. Put a==— g, and for the
former we regain the last case.

@ 0= f log (1 + sin  cos 6) 6.

0

This is less obvious. Put
tonm = sinf

"= Yan Ja tcos @’
and write m=tan a;
then m = sin (6 — )

sinp
. 2m

But s a= 1+ m*

1 + 2m cos 8 + m?

1+ sinacosf = T
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Now 14 2m cos @ +m® = sin® 6 + (cos 6 + m)?,
and nz+cos0=ﬂe_—7’)+cosﬂ=ﬂ(ﬁ?,
sin g sin 7
sin® 6
whence we find 1+2mecos@+m?=",~,
sin®7
1 +m® = sec® {a;

A2
. sin? @
2. 1 4 sin a cos 8 = = 5— cot® }a,
sin® 9

of which the log is
2 log sin 6 — 2log sin 5 + % log cos }a.

Add 2log2—2logz=0.

2. @ =—20log (sec §) — CL (26) —flog 2 sin 7 2d6.

Now df=dn+d(0-19),

whence the last integral

= {Iog 2 sin 7 2dn +flog 2 sin p2d (6 — ),
J

or since sin g = EILZ‘:_:'I_) ,
we get —CL(2p) + flog (2 s 7(7?4-_-?2) 2a.(0 - 7).
But log 2 sm?ELH = log 2 sin (6 — 5) — log m.

Further, we have
— CL (29) — CL (26 — 29) — 2log m (8 — 7).

Since 5 vanishes with 6,

® = - 20 log sec $a — Ci. (20) + CL. (27)

+ CL (20 — 29) + 2log m (6 — ),

where restoring to m its value
log m — log sec ya =log (tan 4a cos Ja) = log sin }a,
and the algebraic terms make

20log sin Ja — 25 log sec la.

89
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Generally then
f log (4 + B cos 6) 6,
is integrable by Cl., whatcver the ~elative magnitude of 4 and B.
(¢) When F(2) is rational,
foe o

is redecible to the forms

floa(a - bw)\/(p ol

and f log X — 7 ( =
of which each is solved by CL.  So is

2" log zdx
(a + ox)™*¥’
when m and n are integer:.

(f) So indeed is

f log (1 — 21 cos p sin  + 17? sin’ @) do.
0



CHAPTER IIL

Hut's INTEGRAL;—The Dilogarithmn?

1. IN the Reduction of

[l

when of @ and b one is real, we found in Ch. 1L two new Integrals,
Clausen’s, which is of single entry, and Hill's, which being of the

type
flogxd log v/ («* — 2 cos u + 1),

involves a constant arc u. The treatment of the latter was deferred,

I have now to add that Kummer clicits only these two Integrals
from the general formula, even when both « and b in the above are
of the form m + ny/— 1. First reducieg to

log z dx
a+1
which makes « imaginary, he assumes
x=(cospu ++/— 1sinu)y,

as a general represervation of «n imaginary variable and makes his
w constant with his y proportionate to #. This is not with me in
itself obviously admissible; for the y herc has superseded a more
complex form

y={m+‘;—\/:1+(ﬁ+f1\/—1)}

and y docs not vanish with 2 I cannot doubt that Kummer can
make his case good, also Professor Cayley by an aliter method of
his own justified it. But I cannot trust mysclf to expound the
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argument. Years ago I essayed an after process by presuming a
perfect table of double entry from which I argued as though® the
distinction of constant and variable were abandoned. I thought
this satisfactory; but I have lost my paper and fail to recover the
outline. I can only announce how Kummer brings out this result.

Let X* stand for 2 —2zcosa+1. We may find it convenient
also to use Y for y* — 2y cosa+ 1 otherwise with a variation of the
constant, Y* for y*— 2y cos 8 + 1. So too with z and Z.

Supplemental Integrals.
2. Let A (x, a) stand for f log z d log X,
. 0

and A (2, &) stand for f log X d log ,
0

which are in some sense supplemental, since evidently their sum

=log « log X.

Cor. Mz, 0)=f10g\/11— 2z + 2*) d log &
0

=fl(1_w)@= L(1-a).
0 A
So A, o')=f ledl(1 - &)= Lo + 212,

0

Each integral is known from the other, but A has a distinct develop-
ment in powers of 2. For —}log X is known

=z cosa + $a” cos 2a + % a? cos 3a + &c.,
and dlog z= %Z ,

whence

M@, a) =172 cos a+ 277 2% cos 20 + 37 ® cos 3a + &e....(1).
The simplicity of this serics commends it, yei even with z =}, the
convergener is poor.

3.  What then is our present aim ? To attain power of evaluation,
must be our first object, and therefore to attain, so far as may be,
such interchanges as lead to easier estimates. But besides this, we
inquire under what values of the constant a, A and A are reducible
to L; and whether at definite values for z or any relation of = to a,
the A and N become reducible to L or indeced to a function of
single entry.
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4. The coastant arc a involved in the integral may at our
pleasure vary independently. Then we find

d d fod .
2@ a)=aafolelx—Jo%%lX dl

-[ zeing do_ [ sinads
__ 0 X? - @ - 0 X?
But in Ch. 11. we found that when tan o is taken

rsina
1—zcosa’

SN w

it is equivalent r=
1t 1s equivalent to "= (@+3)’

. sin o
and yields = (et a)
1 do sina
A dw = Xt

a

d(l) . . .
from A(z, o) =/ ——dz or w, since w vinishes with .r.
da 0 dz

Now universally dA, when both z and a vary,

d d
= <(ﬂ' 7\.) dz + (?Jla 7\) da,
or total dX (z, o) = X dlzx + wda,
whence also dA (z, a) =lzdlX —odo....c.coccooeeniil, (2),

since 1 Xz is the sum of both.

In these last formulae z and « varying independently, we may
at plcasure assign any relation between them, making them vary
together.

Ziew form of Integral.

5. Further, since (;—; A (%, a) =,

when « is constant, SoA(z ) = f wda.
0

We may better remember that z is constant, by changing z to ¢, for
a moment, which gives
csina sin o

e = e d ‘Cdn(wta)
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Put wta=0, a=0- o, oda=w(d0—do),
and sinw =c¢sin 6,

NG a)=fwdo-fwrzw = [wdd - yar
But ® = sin”' (¢sin ), .
finally A (e, @) = f sin (e sia 6) dO— o'+ €,

when a=0, ¢c=1, w=0=0, A(c. 0)=L(1—c¢), sin"(csinf)=4,
L(l—c):f 0d — 3o +C or C=L(1—0).
0

Finally Ao, a)=L(1 -¢) -3’ +f sin™ (¢ sin 0) df ......(3).
0

Here, if «, (that is ¢) be less than 1, the last integral is continuous
from =0 to §=3m, and so on with sin@ retrograding to zero
when =7 From == to 0 =27, the integral is negative, and
destroys itself.

It is remarkable now the Logarithmic integral is here changed
into Cyclic. ‘
Spec.al Cases of « in Dilogarithm.

6. Since lzlX vanishes when o =1, and
Az, a)+A(z, a)=llX, -. A(l, )+ (1, 2)=0.

But we found dx (1, &) = wda,
zsina sina
where tan o or ~— becumes |, - —,
1—zcosa 1 —cosa

or cot ja, or tan (37 — a); that is w =4 (v —a). Hence

x(]—@:f%(—r——a)da.

Integrating, SA,)=C—-1(m—a)
To find C, make a=0; A(x, 0) was L(1—a), by Cor. in Art. 2;
. _ __m m .

and C = {47°, or
x(1’ a)=__1‘27r2—% (W—a)g) A(lx a)= i(w_a)g_%g‘ﬂ'g,
or again, A(l,a)=3% (7 —a)*— L2
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7. To finu N(z,a), when & =2cosa. Proceed by Art. 4, in
which # and a varying together, always fulfil this equation. Then

Xi=1l—-z.2--2’=1, [X=0,

2 sin o 2 cos a sin a sin 2a
then tanw=- --—— =" - = -
1—xzcosa 1—2cos’a —cos2a

= — tan 2a = tan (7 — 2a),
or o =m—2a. In general
dX\ (2, ) =1Xdlz + wda,
which here = wda, (since [X =0) which further = (7 — 2a) da, making
A(2cosa, a)=C+ ma—a’,
To find C, make a= 3w, 2=0; then
A0, i7r)=C+Ln* =7, or C=—}n’

Finally A(2cosa, a)=— (37 - a)")

also A(2cosa, a)=+ (37 —a)’ f

The sumn of these vauishes, because [.X here = zero.

8. When z =cosa. Then
X’=1—2.’e.m+x2=l.~— L IX =4 (1 -2,
Then
cosasina _cosa

—— = cot a = tan (}7 — a),

tanw= , —-, =-.
1 —cos’a sina

and o =47 —a Here

d\ (2, 0) = 1X wiz + wda =3I (1 —2°) f—l;-r + (37— a) da,
whence Mz, )=1L(1-a")~3(dm—a)'+ C.
Make z=0, a=}m A#,a)=0, L(1-2%)=0, .. ('=0.
Finally A (cosa, a) =} Lsin*a—% (37 - a)’

Similarly treated
A (cosa, a)= }L cos’a+ 3 (37— a)* + L2
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9. When z=seca. Herezcosa=1, X’°=2"-2+1=2"-1;

tanw=-—-"=w, o =3m,

A (s, ) =%f (s~ 1) dlw +f1}1rda,
0
which by integration is
1K (*—1) + 3ma+C,

or indeed
0@ =)@ -1 [16) @ ~1) +bra+ 0,

where the [ means L (#°). To find C in the last, make a=0, =1,

Az, a)=r(1,0)=-2L2, .. —2L2=C,
and  A(seca, a)=}1(tan’a)l (sec’a) — } L (sec’a) + o —~ Z"G_
So too A (seca, @)=} L («*) — tmra + ',
and C'=A(1, 0)=2L2=1}L (sec’a) —ima + 21.2.

10. When z=14seca.

$sccasina  sina
— = - =tana;
1-14 cos &

Now tanw =

whence w =a, t.nless indeed w =7 —a. But since

sin o sec a
r=-————and &= ,
sin (o + a) 2

s 2sinwcosa=sin o + a);
this gives preference to o =a.  Also
X?=1—-secacosa+a*=2a"
Thence dA (z, @) = lzdlz + ada,
and Aa, @) =4 () + 3o’ + C.
To find C, it is well to make &= 1, then
cosa=%, seca=2, zoriseca=1l.

S ) =&t + O
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[But we must return from Art. 12, 1v, for the equivalent
SN ) =4 02— L2=—3T2;

S O0=—3L%—3L2=~12
Also N (z,0) + A (2, a) =1zl X =here lrlz = (lx)’.]
11. Lastly, if
_l—sinz_ /l—sira _ dr—a —t .
T cosa 1+sina g say =langs
then. tan @ = — > %
1—2zcosa
But rcosa=1—sina, 1— -cosa=sina.
 sin o
Sotanw= - L —=uw.
sin o
But a=tan pu; .. tan ¢ =tanpy,

and @ =g not w =7 — u; sin @ increases with «, and w=14% (7 —a).

Making all clements vary,
dX\ (v, @) =1X dlx + ode.

. 2
Now cos a in terms of =3 -f—%j“
since 3 —a=2pu,
2 tan w 2t e 2r

cosa=smu=q tan'p 1+ tan‘ew 14 o*

2. 1— 22"+ 2
2 _. — I ‘2= L adl
Hence X*=1 2x]+wu+a¢ T4at

Hence if a < 90°, z is <1 and positive. We need not care for
negative. Only for

v 1=
LTI EE)
Thus d\(z, )=l (1 —2%) — L1 (1 + a”)] dlx + pda ;

and dlm:%f: 1dl (e N (2, @) =3 L(1 —2*) =} L(1 4 2%)

=}@mr—a)+C.
But when #=0, a = }7; so that without any C, every term vanishes.

This completes the selution.
N. 7
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Special cases of the constant a.

12. I. We have already found in the Cor. to Art. 2
Az, 0)=L(1-2);
and A(z, 0= Lz + 2L2.

II. Take now a=. Then

2, w):fol(l +a)dle=L(1+a),

and A (z, w)=f ledl(1+a)=lal(L+ 2\ — L (1 +a+C).
0
Make z=1, .. A (1, 7)=C, which is not yet known.
But since universally
A(z, o) + A (2, a)=1zlX;
and here c=m, X=1+u
SoA@m)=ll(l+2)- L1 +2),

without new integration.

Cor. Since our last C is thus found neediess,
S AQ, ) =0.
IIT. Take a=31m,
A (z, 4m) =f0 WA +a)dlz=}L(Q1 + 2%,
whence A, lm)y=3l(Q +a")lz—3I (142°).

IV. Take a=}w. Falling back on Trigonometry, write for a
moment f(z, a) for X* then
F@, 30) =1 @, 0 f @ a+§m)f (5 a+gn).
Take log and multiply 4 log2”=} log2. Then integrate;
IA (@5 3a)=A(z, )+ A(2, a+3m)+ A(2, a+§m).
Let a=lm;
SIA@, my=A(z, im)+ A(x, ™)+ A (2, §).
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Now A (a7, m) is known by writing 2* for 2 in IL above, where
A (2, 7) is found. Also

cos §7r = cos (2m — §m) = cos }m.
Hence 2A (@, ) =3A (&°, w) — A (z, ),
known by L.
Somewhat simpler,
A (2, ) =In(@®, ) = Az, m) =3 L (1 +2°)— L(1 + ).

13. The Reciprocal of z. Assume zy =1,
Y*=1-2ycos a+y’

then Y?=a7(a"—- 20 cosa+1)=2"X"
Y=2"'X; Y =1X -z,
also ly =—lz,
s dA (y, ) =lydlY =~ lz (dIX — dlx) = — dA (2, a) + lzdix;
whence Ay, )+ A (2, ) =% (lx) + C.
Make z=1=y;
then C=2A(1, a),
which was found in Art. 6, so that
A@,a)+A@,a)=1 {2y +3(r -a)—L2......... (4).

By similar steps, we have only to change A to A, and €’ to 2\ (1, a)
and we know that

AQ,a)+2(1,4)=0 or C'=-0C.
Thus an x greater than 1 is at once reduced to «7' less than 1;
which by slight effort is an enormous lessening of our problem.

14. A Complement of x, viz. from z + y =2 cosa.
Here V=1 -(z+y)y+y'=1—ay,
by symmetry = X?,

m+xy=f H (1 —ay) d (o + Iy)
0

=%fol(1 —ay)dl(zy)=3L (1 —2xy)+C.

To find C, make x=2cosa, y=0,
.. C=A(2cosa, a), known in Art. 7, or make =y =cos a;
s C=2\(cos o, @) = L (sin’a) + C, less simply.
Hence Ao, )+ (y, ) =3L(1—ay)—Fmr—a) ......... (5);
7—2
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When we work similarly for A, we get
AW+ A 0=} [Ley)dl (1 —ay)

Though dl(1—ay)=dl(zy — 1),
yet zy is at its maximum when z =y =cos a,

A (@, @)+ (g, @) = §l(ey) L i = ay) — § [ 11— ay) dl (ay)
. =3l(ay)l(1—ay)— 3L (1 —ay)+C"...(5b).

Let Z =y =cosa,
s 2A (cos a, a) =} (cos a)y I (sin’a) — $ L sin®a + C'.

But in Art. 8,

2A (cosa, a)=%4L cos’a + (3m — a)* + L2,

o, O =} (Lsin®a+ L cos’a) + (37 — a)* + L2 — 2l cos alsin a.

Now, because sin’e 4 cos’a =1,

oo Lsin®a+ Lcos’a =l cos*al sin®a -- 212,
whence C=Gmr—a) i, (5¢).

Cor. Only when (2 cos a— ) is small, does this .elieve the case
ot z almiost =1.

15. A Decrement of x; viz. x—y=2cosa; 2cosa positive and
less than a.
Supnose also a=7—8, Y’=1-2ycos B+,
Yi=1+42ycosa+y’'=14+(@—-m)y+y'=1+ay,
X'=1-2zcosa+y’'=1-(z—p)z+2"=1+yax

SOM (@, 0 A, B)=fgz(1 +ay)dl) =35 (1+ay) + C.

Put y=0, S A (2cosa, a)=C=— (37 —a),
or AMa, )+ Ay, m—a)=3L(1+ay)— (Gmr—a)......... (6),
when z—y=2c8a

Here if « be somewhat too large for the service of equation (1) Art. 2,
y may possibly be small enough to relieve us.

Cor. In our worst case, # a little exceeds 1 or a little falls
short, y does not help us, unless 2 cosa is in like case with z, i.e.
unless o — 2 cos a is small.
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Tan 2z =

1—¢*
1L+e™’

=01 to z=1.

dé

ocos 6 °

December, 1884, recopied from original pavers.

Corrected by Professor J. C. Adams.

x Tan 2 @ Tanac‘

‘o1 |'0099 )66 6680 | '26 |'2542 9553 2627
02 0199 9733 3760 | 27 |2636 2483 5472
‘03 | 0299 9100 3239 | ‘28 ['2729 0508 0503
‘04 0399 7868 0318 | ‘29 |'2821 3481 2670
05 |'0499 5837 4958 | 30 |'2913 1261 2452
06 |'0599 2810 3529 ||'31 3004 3709 7147
‘07 | 0698 8589 0316 |32 |'3095 0692 1213
‘08 {0798 2976 9111 |'33 |"3183 2077 6903
09 |"0897 5778 4747 | '34 |'3274 7739 4808
‘10 |'0996 6799 4625 |'35 |'3363 7554 4337
‘11 |'1095 5847 o215 | ‘36 |°3452 1403 4136
‘12 | ‘1194 2729 8535 ||°37 |'3539 9171 2477
‘12 | 1292 7258 35006 || '38 2627 0746 7578
‘14 |'1390 9244 7878 | ‘39 |'3713 Gozz 7877
‘15 | 1488 8503 3623 || 40 |'3799 4896 2257
‘16 | 1586 4850 429~ ; ‘41 ['3884 7268 0216
‘17 | 1683 8104 5870 i|'42 |'3969 3043 2005
18 | 1780 8086 8117 1|'43 |'4053 2130 8689
‘19 | ‘1877 2720 5869 | ‘44 |'4136 4444 2187
20 |'197, 7532 0225 ’ ‘45 |'4218 9900 5251
21 | 2069 6649 9730 ' 46 | 4300 8421 1403
2z | 2165 1806 1493 ||'47 | 4381 9931 4833
23 | 2260 2835 2279 ||'48 | 4462 4361 0249
'24 2354 9574 9539 |49 |'4542 1643 2683
‘25 | 2449 1866 2403 ||'50 |'4621 1715 7200
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@ Tan x “ @ ’ Tan x

‘51 |°4699 4519 8933 |[*76 | 6410 7696 1186
‘52 |'4777 ooor 2168 |77 16469 2945 0442
53 |°4853 8109 0606 |78 |*6527 0670 5962
'54 |'4929 8796 v675 ||*79 |'6584 0903 5955
‘55 |'5005 2021 1190 || ‘80 ['6640 3677 0267

‘56 |'5079 7743 2898 |81 |'669F go25 9620
'57 |'5153 5927 8008 ||:82 |'6750 6987 4836
‘58 |'5226 6542 9685 ||'83 |6804 7600 6113
59 |'5298 9560 7:28 |1-84 | 6858 09ob 2230
60 | 5370 4956 6998 |85 | 6910 6946 9833

‘61 |'5441 2709 8854 |86 |6962 5767 2687
‘62 | ‘5511 2802 8538 |87 |'7013 7413 0938
63 |'5580 5721 5559 |88 | 7064 1932 0597
04 |'5648 9955 2846 |89 | ‘7113 9373 1818
65 |'5716 6996 6085 | ‘9o 7162 9787 ozo00

66 |'5783 6341 3044 ||'91 |'7211 3225 4077
67 15849 7988 2881 |92 |'7258 9741 4849
68 |°5915 1939 5433 | 93 (7305 9389 6090
69 |'5979 8200 0499 |94 | 7352 2225 2916
70 6043 6777 7117 | '95 |'7397 8305 1273

71 |*6106 7683 2817 | 'ab |'7442 7685 7362
72 |*6169 0930 2877 | ‘97 |°7487 0428 6969
73 {6230 6534 9572 | '98 | 7530 6590 4870
74 |*6291 4516 1414 |99 |7572 6232 4216
75 | 6351 4895 2388 j1-00| 7615 , 115 5955

To use sin 6 = tan 2, when « is given, this Table may aid.
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P(@)=2 +578" +57%° + 77 + &c.
Corrected by Professor Adams.
For Spence’s Integral. December, 1884.

z $ () | @ $ ()

‘o1 |'0100 0OII 1115 |26 |2620 az12 3757
‘0z ['0200 0088 go17 | ‘27 ['2722 4662 9385
‘03 |'0300 0300 0972 |28 | 2825 1084 4103
‘04 |'0400 O7II 5210 ||'29 |°2927 9504 3700 |
‘05 |'0500 1390 1405 ||'30 |°3031 0192 1918
‘06 |'oboo 2403 1161 [|*31 |°3134 3059 1500
‘07 |0700 3817 8508 |/'32 |'3237 8258 5325
‘08 | 0800 5702 0391 |33 |°3341 5885 7513
‘09 |'0goo 8123 7177 |34 |°;445 6038 4717
‘10 | ‘1001 1151 3164 |/'35 {3549 8816 7393
‘11 | ‘1101 4853 7099 || ‘36 |'3654 4323 1182
‘12 |'120I 9300 2705 (137 |°3759 2662 8369
‘13 |'1302 4560 9221 |38 1°3804 3943 9428
‘14 |'1403 0706 1956 |[°39 |°3969 8277 4671
‘15 |'1503 7807 2851 1'40 "4075 5777 5992
‘15 |'1604 5936 1061 t 41 ;';181 6561 8730
‘17 |"1705 5105 3552 | °42 4288 o751 2658
18 |'1896 5568 5718 |'43 ‘4394 8470 9107
19 | 1907 7220 2013 |°44 |'4501 9849 3231
‘20 |'2009 0105 660y |45 |'46°9 5019 6440
‘21 |'2110 457 4078 | °46 | 4717 4119 4011
22 |'2212 u425 0096 |47 | 4825 7290 8887
23 |'2313 7835 2178 |48 |°4934 4681 4688
‘24 |'2415 6882 0437 ||'49 |'5043 6443 8965
"25 | 2517 7046 8384 ||'50 |'5153 2736 6694
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SUPERRATIONALS OF SECOND ORDER.

Table of Y ()= 27"+ 47%* + 672° + &e.
I

@ v (@) @ v (@)

‘oI |'0000 2500 0625 |['26 |'0171I 9453 2100
‘02 |'ooor ooor oooz [ ‘27 |'0185 6837 5292
‘03 | ‘0002 2505 0045 "28 ‘o199 9816 7489
‘04 |'0004 0016 ov14 | ‘29 |'0214 8439 9820
‘05 | 0006 2539 1060 | ‘30 |'0230 2758 8158
‘06 | 0009 0081 1299 | 31 |'0246 2827 3997
‘07 {0012z 2650 3902 ||°32 | ‘0262 8702 5399
‘08 |'0016 0256 7208 |33 | ‘0280 0443 8oco
‘09 |'0020 2911 5455 | 34 |'0297 8113 6092
10 |0e25 00627 7935 |55 |'©316 1777 3767
‘IT | 0030 3420 0173 | 36 0335 1503 6161
‘12 | 0036 1204 3622 | ‘37 |'0354 7364 0754
13 |'0042 4298 5992 | ‘38 | 0374 9433 8838
‘14 |'0049 2422 1489 ('39 |0395 7791 6926
‘15 | 0056 5696 1094 ||*40 |‘0417 2519 8479
‘16 | 0064 4143 2857 |41 |'0439 5704 5593
‘17 |0072 7788 2218 |42 |'0462 1436 0875
‘18 |'0081 6657 2368 |43 |'0485 5808 9452
‘19 |'009I 0778 4621 | 44 |'0509 6922 1130
20 |'o101 0181 8831 | ‘45 ['0334 4879 2714
21 (‘o111 4899 3836 | ‘46 |'0559 9789 o508
‘22 |'0122 4904 7934 | "47 | 586 1765 3019
23 |'0134 0413 9395 | 48 |"0b.> 0927 3866
24 0146 1284 7014 | '40 |'0640 ,..00 4932
‘25 [0158 7617 0698 | ‘50 |0669 1315 9771
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16. In he Cambridge and Dublin Mathematical Journal I ob-
taine 1 besides two tndependent integrations,

1st of V=2x (2 a)— 1y, B),
when zcosa+ycosB=1, and a+B=}m
Here of z=cosa, y=-cosp.

2nd of V=2x(z, a)— 2\ (y, B),
when 1—-a=2ycosB, with a+28=mr,

which again allows 2 =cosa with y = cos f3,

but in integrating back the constant of integration is too complex
to be of any service in our only troublrsome case. Therefore it is
not worth while to add the investigation here.

17.  Commutative System. With
tanw= TSN
1—zcosw

we had X = Sius(l;l 3_7) aad z= sﬁ?}%%;
so that to exchange o with a« exchanges # with X,

Now we had

d\ (z, a) =1X dlz + wda,

when 2 and a vary togejher.

Hence dA (X, )=z dlX +adw.

Take the sum and integrate ; then

A, )+ A X, 0)={X lz+ wa+ C,
in which C is numerical. Whew
#=0, =0, X=1,1X=0, » A(l, 0)=C, or C=—2L2.

Thus Az, )+ (X, 0)=I1X lz+wa—2 L2

But our difficulty as to convergence is, when z is ¢ little less

or greater than 1; but X is as liable to that inconvenicnce as .
To pass to it is no remedy.

18. The Obverse System. Take B as arc in V* and 6 related
to yB as @ to xa. But assume

a+B=m—w, and o=
Then @, o and y, B are symmetrical,
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Sincenow ow+oa=7-8, and wo+B8=m7—aq,

sin @ sin a sin @ sin 8
=— . ‘Y=r7~m-, y=‘—-’ Y—_: -
sin 8 sin B sin a sin o

whence y=%, V=X ly=le—IX, I¥=-IX.

X

)

Thus
d\(z, a)=1X diz+wda; IA(y, B)=1Y dly+ odB
=—IXd(lz - 1X)+wdp.
Stin of the two last equations is

IX dIX + wd (2 + B),
or M@ @+ B) =3 (V) + [0 d(r—0)=}(X) o'+ C.

Rut =0 since every term vanishes witn w.

Still y = fY is not more favourable to convergence than .

Cuse of « mear to 1.

19. If 2 is less than }, perhaps no scries for A {x) can compcte
with that of Art. 2 which I call Cardinal : nay, even when x does
not exceed 3. If # is >3, the Reciprocal equation enables us to
passtoz’ <}. Between z=3} and x=2, is our maiu difficulty. When
 is a little less than 1, every series hitherto Qisappoints us,

Dissatisfied with these, I proposed in two ways to use the
assumption y= i.;if’ and think my methods, with slight modifica-

tion, worthy of reprint.

If a,‘:é) y:%’ 12;_}’
ut cosa = 1—_——”12 ;
p - 1 +’I)L2 )
then m = tan ia.
If ais <iwm, mis<l;
2

. . . m*—1

bat if ais > §mw, —cosabeing= e

then m is > 1, and may be enormous. This unccrtain value of
m must be kept in mind.  Now

(T +w®) X* =(14m’) {1 - 2s cos o + ),
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or eliminating <osa,
A-mHX*=1Q+m*) -2z —m*) + (1 +m?) 2
=(l-2)+m* (1 +2).

Assume
Cy=11 T (Lmd) X = (1 + 2) () + m?)
or 2 log X =2 log (1 +«) + log (y" + m*) — log (1 + m®),
diX =dl (1+z)4 3dl (" +m");
whence Az, @)= K(z)+0+2fl() 2y‘7’7{1
To find C, make y=0, x=1,
C=AQ0,a)—KQ)={}(m—a)’—= L2} +L2,
or U=}(r—a)
- _ydy
Put Q—fo la s
or Az, @) =F(m -a)' + K(2)+ Q.

Our remaining Problem is to evaluate Q. The relative magnitude
of y* and m? being uncertain, to develop (3*+ m’)™ is inexpedient.
But

1=y _ y. .y )
o=l Y= 2(y+ +7 &) ;
Q=—2{ ydy 1[ y'dy 1 [ y'dy +&c.},

oyt +m? " 3oyt +m® T 5oy

2 4 Foms
add R=-2 [?dy—.;—l Zld3/1+lj Zbdy.,—&c. ,
Joy +m ol +m 2oy +m

at least when m is < 1; for in that case the series

m? — 3m*+ im®+ " + &e. converges, and =m tan™ m,
7

so that R is a finitc quantity. We must afterwards inquire as to the
casc of m > 1.

When m is < 1,

an! ,
R=- 2[ 7_;»_1:@:1 13&;@ =—2tan m tan™ - = — a tan™ g,
0 Y+ m m m
1
-3 R+R)
_ L[ m—y 1 w4y L=y
"fod'y_gf ::[+J l‘/+ 0 m“'+y"d“l/ 7‘ m' +Jd‘/+&(
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Every numerator is now divisible by the denom‘.ator, and be-
comes integrable.

We may write
- 3@+ R)=y -4 +5Y, - 1Y, + &e.

where

Ya=f (m* = ) dy; K=f (m* —m’y* +y) dy ;
0 0

Y, = f m® —m'y’ + m*y' — ) dy, &e.
0

Arrange these verms so as to place all the partial coeffirients
of ™ in the same vertical line, after effecting the integrations.

Then -%(Q+R)
—3(m’y — 3y
+ E(miy — my* + 1y°)
— 3 (mfy — fmiy 4+ Lty® — 1y7)
+ &e. &e.
Call the total
My+ My + 1My + &ec.;

Q=atan™; J —-2(M,y + 3 My’ + &e.).
We deduce
M =1-31m®+ tmt—m® + &e. = tar;‘:_qz-i ;
if mis <1
My=3—1m® + fm* — Jm’ + &e. or = 1”—77;&?{1 .
31— M,

M=t —dm*+ Im*— Lm’ + &e. or = AR,_

The la- is manifest. We have

_i- M 5, M, = = fm; and so on.
e m

The less is m, the slower is the convergence. The worst case
is that of m = zcro, which gives

Q=-2[ g4y iy +eidy
-2 +3 P+ 5+ Ty + &,



HILL'S INTEGRAL;—THE DILOGARITHM? 109

such .is our siowest convergence. The larger is the divisor ', the
more rapidly do M M M M.,... diminish, and we attain
(since R = — « tan™ l) ,

m
A(z, @)=}(r—a) + K () + 2 tan™ 7%

—2{My+3 My + i My° 4 &c}...(A),
1—2
where m =tan (la), and y= 1 <a’
M M.M.,... are deduced by Binomial operations.

This equation has been established beyond question, so long
as m is < 1; thus it is an identity continuous, between a =0, and

t -1
a=4m. M = an” m

Continuous identity between two separate finite values, while there
is no discontinuity of form, establishes identity beyond, so long
as the series remain convergent. But here, to make m greater
and greater, does but improve convergence. ‘We may conclude that
the last series (A) is really gencral, and that when m exceeds 1,
we may confidently deduce the series M M, M M,... each from the
preceding, without caring for the series which ¢.. this case diverge.

is always intelligible, and always less then 1.

The lessening of the series M gives our new process a vast
advantage over series (1).

Besides, we have here only the odd powers of y, while in series
(1) all the powers of # have to be computed. Moreover the case
which before was hardest (wien « was a little smaller than 1), is now
peculiarly favourable.

20. Nevertheless wher m is > 1, put
a=m—28, and p=tangp.
Since m=tan ja=tan(Fr—-B)=cot B, p=m7,
wty_14py
m*+1 1 +p2"
This is favourable to development in powers of y, p and y being
now both small.

and

Hence it becomes simpler to integrate A than A.

dlz=dr 1 7Y =2
1+y 1-y
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Ve had

¥+ m?

2log X = 2100(1+a:)+loo Trm

2 !+1
= 2 log (1+w)+log%;§+

2 (a, az)=f0 IX dio

5+ C.

14+ p* 2dy
=1L 1+a+f l
(1 +2) %1+py =

When ‘ ,=0, »=1,
S C=71,0a) -12=—}(r—a)’=- 3"

Differentiate under f for B and p variable ;
0

[ d oty —2 :
dp~ dp(’ =t 1+pJ)1—3/2_d-’P'8'
Now
d o o Zpy 2}) 1=y
T 14 pt =114 =1 P+ IT
b +pt =1 1Py = +p T1apiE T A+ )0+ )
so that _ =l B dB

dp  Jo(1 +p) A+ P
_ 2tan” (py)

15 2R

B
dp’

When p vanishes, so does B, and M\ (2, a) becomes L (14 2).
Integrating for p variable, you get

Az, a)=L(1+2)— ,8“+2f Sat (py) T

dp_ _
1 + p'.' - dﬂ'
and tan™ (py) =py — 40"y’ + 1p°y’ — &e,
so that development in powers of y becomes very simple. Let

1+p

But

B, stand for f pdB.
0

Then A (z, 7 —28)
=L(1+a)—f+2{By—3By’ 1By’ — &c]}...... (B).
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The series B, is easily computed in succession. First

B, =f tan Bdf8 = log secB.
0
Next, generally B,  + B, ,,
tan” B

=f tan"™ B (1 + tan’B) dB = f tan"? B dtan B = .
0 0 n

Thus each B,,, in succession is known from B,_| preceding.

Likewise g
7)n+l B pﬂ+l 3 pn+3 B
= - = - , and so on.
L | 41 n+3+ e
Since p is < 1, B, vanishes when n=o0; so that
)n+l n+s ,n-HS
=1 p P — &e.,

o+l T a¥3 ks
is a converging series, and B, is always less than np+~—1 , but greater

sthan
n+1 7n+3

p__P

n+1 n+3"
Equations (A) and (B) both convince ; yet are hard to identify.

The convergence of (A) is at its worst when a is very small,
yet if « be very near to 1, the smallness or ¥ makes up. It is
hard to get any advantage from the smallness of a, that shall compare
to the advantage gainea from y.

21. New ProBLEM. 710 find N with advantage, when a s near
to 90°.

We know that it
a=1m, M\(x, 7) becomes }L (14 2°).
Let P=1o14+2")-A(z a);

1 1+2°
wo Py toe (1 g gras) 2

1 2z cos @
=— ~éfolog (1 e dl.r.

Let z=tan }6,
2z do

1= o0 0, diz= L

1 . dé
P= —-2-‘[010g(1 —sm(?cosa)sih—?.
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Now if cos a is extremely small, possibly nothing is better than to
expand in series of its powers; which yields directly

2P=0cosa+3 ) (os ey f (sin 8)"* df ;
0
where n=2 3 4....

It is easy to work out / (sin 6)"" d@ into linear sines or cosines,
0

and retain the series in its existing order. If
e, = f (sin 6" 6,
0
evidently

G‘n:f sec 0 (sin 0)"d sin 6 = sec 8 hx 1l nl d sec 6.

The last being positive, while 8 is <90°, shews that ®, is within
this limit less than

soc 0 (sin 8)

n+1
R (sin o
at is. than w1 tan 6.
Besides, &(‘_()’S;oi is small.

But otherwise; we may differentiate I’ with a variable under
f , and @ constaat.

Then
dP __1[ sinfsina  df _ 1 sinadd _
da 2Jol—sinfcosasingd z'-1-—smbcosa
Let §=90°—+, and a=090°—28.

By hypothesis, 8 is small ;
da=-2dB; df=-dvy;
. 4P _ [ —ces2Bdy
" dB )] 1—cosyrsin 23
= -—f[l + 2p cos ¥ + 2p* cos 2y + 2p° cos 3¢ + &c.] dyr

by known Trigonometry, if p=tan 8, and » is <1. Integrate for
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4 variable :
‘dP c . ey - o 8%
JE= —[¥ + 2p sinyr 4+ 2p* 4 sin 2y + 2p” 1 sin Bbr + &ell.
To find C, make L
. Y=1}m 6=0 P=0,
C=3m+2(p—31p*+}p°— &c),
or C=%imr+2tanp =47 +28.

Integrate next for B variable;
‘P=f(;-1r+26)d3— W8 —2 (siny /;pdﬁ‘+ 1 sin 2” P
Lt 0

+}sin 3y fo P'dB + } sin 4y fo P8 + &)
]

P vanishes with cosa, that is, when a =90". Then also 8=0;
hence

) f(%vr + 28) dB must be interproted 3 =B + B’

and . 7B — B =6B.
Finally
X (o, @)= }L(1+a") — 8" — 08
+ 2 {B, sin ¥ + 1B, sin 2yr + 1 B, sin 3y + &c.},

if B, means

[(tan,@)"dﬁ; ¥v=90"-6; tandf=x; a=90°—2/8,
v 0

Since (cos a)* or (sin 28)" is increasingly greater than
r
jo (tan B)"dB3,

we may seem to have improved the convergence by th's last step.

Yet

fo (sin 6) d8
may chance to be less than

[ (tan gy as;

as an equivalent form, each may have its service.
N, 3
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Genercl equivalent of N in linear cosines.

22. We may also adapt the n.ethod of Art. 21 to attain a series
in linear cosines applicable for all values of z, instead of the series in

yyy .. &e.

It gives a new cquivalent of A. Le.
2

1 X
Q = -—2-,[0 lOg (1+—w—)2dl-,b

or @=L +2)- (2, a)
Put 43=m—a, p=tanB, z=(tanlw)’
or 2y =sinw; dlz = ?dw ,
1+ sin @
Vo= tan {o.
Hence

Q=- —f log { (14+ ) cos® }dlm
= -f log {1 — sin’ @ (sin 287}

sm o’
or by known Trigonon.etry,

do
sin @

1Q =f {log sec B — 4 p* cos 2w + } p* cos 4w — L p° cos 6w + &ec.}
0 .

This guides to assume
$1Q=4,-24,cosw+24,cos3w—24,cos 5w + &c.,
whence by differentiation,

i— Z—Q-—2A sin 0 — 24, sin 3o + 24 _sin 5w — &c.
But
% %g sin w = log sec 8 — §p* cos 2w + 1 p* cos 4w — &,

which is cherefore identical with
A, (2 sin w sin w) — A, (2 sin 3w sin w) + 4, (2 sin 50 sin w) — &c.,
or A, (1—cos2w)—A,(cos 2w — cos 4w)
+ A, (cos 4w — cos 6w) — &c.,
or A —(A,+ 4)cos20 +(4,+ A4,) cos 4w
—(4; - A,) cos 6w + &e.
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This gives us equivalents
' 2

A, =logsecB; A,+4,=T;
4 (]
A+ 4= 4,+4,=%, &

and, as p=tanB, and logsecB= f pag,
0
these equations establish universally
A, =j pdpB.
0

But we have not yet found the value of 4, in }Q. @ must
vanish when =0, in which case w = 0, which makes all the cosines
in that series to become +1;

0=A,—24,+ 34,34, + &,
or 3d,=4,~ 4,444, - Ge.= [ {p—jp'+ip-So) g

=f0 tan™ p dB = fo BdB; .. A,=p%

Finally A (2, a) ,
=L(1+2)—48+8{4,cosw—3d, cos 3w+ 34, cos 50 — &c.,

where B=}(r-a), 4, =f0 (tan 8)*dB, « = (tan }w)

The Symmetrical system.

23. As in Spence’s L(z), so here Fox Talbot’s principle of
Symmetry yields an integration,—of whatever worth.

Let 2 and y be the two roots of u in

W —2ucosa+ 1=(m—u)v,

or W —(2cosa—v)u+ (1 —mv)=0,
in which a, m are constants, but v varies with the two roots z, y,
of which it is a symmetrical function.

By the property of quadratic equations

z+y=2cosa—v and zy=1-mo,

Xi=(m—-a)y, Yi=(n-y)o
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¢

We snppose « and m positive,
M?=1—2mcos a+m’.
Then we easily obtain
—-C= Ay
2Az+2Ay—C= L(wy)+Lm+ Lm,
by differentiating 2Az + 2Ay and integrating back after certain
changes. .
To find C, make y=0, and z=p,
Joov=mo
and since
z+y=2coso0—v, p=2cosa—m, 2Ap—0=2LO+L;}’)—l .
Then observing that 2L (0) = — 4L (2), you find
- LY +rd P
2Az+ 20y —2Ap =L m ¥ Lm Lm + 4L (2),
where - p=2cosa—m
We easily find also
dz dy

bE + Vi 0, do +df =0, o+ 8= coustant.

Though the formulae are elegant, they do not aid us.

If we climinate m;,
20 + 20y — 2Ap
=L(z.2cosa—p)+L(y.2cosa—p)—L(p. p—2cosa)+ 4L (2).

24. On the complete integral of Art. 5. Write
é(6)= f sin™ (¢ sin 6) <.
0

The ¢ here represents our original «, which we suppose to have
been so reduced as to be less than 1 at its upper limit; there repre-
sented by c.

ProBLEM. To find ¢ (6) when §=4r.
We had universally
() =A(c, a) +30’ = L(1'=¢),

where 0=w+a sinw=csinb.
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When 0=4%m sinw=c.
Also w=0—a=%}mT—a,
so that ¢ = cos a.

By Art. & above, we know tha, when =ccosa
Az, a)=1L (sin’a) — (37 — a)?,
and this « is our present c.
Therefore now A(c, a)=1L (sin*a) —$?
and sinfe=1-—¢"
Thus dFm) =1L A=) —L(1-2).
But in Spence’s integral,
1ILA-)=3L(1+c)+3L(1—c);
therefore also ¢ (3m)

in
or f sin™ (¢ sin 6) d6 =3 L (14 ¢)— 3L (1 —c).
0

Some Integrating machine scems hopeful for ¢ (6); which will
supersede calculation of A and A.

CAMBRIDGE: PRINTED BY C. J. CLAY, M.A. & S50NS, AT 1HE UNIVEKSITY IRESS.
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