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INTRODUCTION

To state that the operations of industry and commerce with their
associated sphere, finance, are symbolically represented by figures,
may indeed be to utter a truism, but the fact should nevertheless
be emphasized in order to appreciate the close relationship between
the increasing complexity of modern business on the one hand and
the advances in technique required of the accountant on the other.

With the growth in size of financial structures, commercial
adventures and industrial projects, with increased governmental
controls and regulations respecting price-fixing, taxation, etc.,
it follows that accounting procedures must vary and expand. It
is the accountant who gives effective expression to the wants of the
community in matters of finance and as those wants increase there
is a correspondingly increasing burden placed upon the accountant
to arm himself with the technique necessary to deal with such needs.

Objects of Statistics

In order to keep abreast with such progress, the accountant has
acquired from the field of statistics a fund of knowledge which
assists him, not only in collecting his facts and in sorting, grouping
and comparing them, but also, in analysing and interpreting the
data in various ways depending upon the purpose in any particular
case. These form the objects of statistics as applied to accounting.
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2 Preliminary Considerations

Statistical work does not aim to eliminate altogether the human
clement in judgment. It does, however, by the very nature of its
analytical method, tend to control it.

It is perhaps nccessary to point out at this stage that the subject
of statistics, both in its mathematical theory and practical applica-
tion, is a science of no mean scope. It is a formidable body of
knowledge much of which has no application whatever to accounting.
This volume treats of those basic procedures applicable to busi-
ness and accounting data generally. Many institutions such as
banks and insurance companies require much greater elaboration
and detailed analyses of their figures than do ordinary trading
concerns, but a consideration of the advanced methods of statistics
necessary for that, does not lic within the scope of this book.

Reverting to a consideration of the objects of statistics as applied
to accounting, we can say that the purpose is actually twofold
and consists ol —

(a) the obtaining of a statistical record (which is a record of
many events of the same type, e.g., the sales per week of
certain types of shoes);

(b) the analysis of such record so that conclusions may be
drawn from it.

Supplementary to this is thc treatment of figures involving
graphs and diagrams, which will be considered in detail later
(seec Chapter 6).

Value of Statistics

An exhaustive survey of the benefits, advantages and values
to be derived from the application of statistical methods to account-
ing procedures will not be attempted here. It will serve our purpose
at this stage to indicate the main values in broad terms and leave
specific details to be illustrated throughout the text. In general,
the chief advantages attaching to the usc of statistics are as follow:

(a) It requires the observance of rules as to classification of
the data and its treatment generally, and thus is in accord
with the accounting doctrine of consistency.

(b) It provides for the analysis of past figures with the aim of
investigating the causes of the resultant effects.

(¢) Supplementary to (b) it provides a guide for the future
elimination of elements resulting in undesirable effects as
exhibited by past figures, and likewise, renders possible
the continuance of desirable elements.

(d) Tt provides methods for ascertaining the trend of figures,
or the direction in which a certain set of events is moving.

(¢) It may be used to ascertain whether a particular set of
events is by nature continuous, seasonal, fluctuating,
permanent, progressive or regressive.

(f) It makes possible the comparison of two sets of events so
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as to determine the degree of correlation between the two,
i.e.,, whether changes in one are associated with changes in
the other and if so, the degree of the relationship between
the two sets of events.

Whereas the methods of statistics were once rarely if ever applied
to accounting problems, by virtue of these values they have become
today an important part of the functionary equipment of modern
accounting technique.

Limitations of Statistics

Mention should be made, however, of certain inherent limitations
attached to the science. If, for instance, a possible future estimate
relating to certain cvents is arrived at by the application of statistical
methods, such result will not take into consideration the effect of
possibleé social and economic changes. These latter effects must
be gauged by human judgment and the statistical result arrived
at duly modified by such allowances. Such factors, however, do
not detract from the merit of first obtaining as solid a foundation
as possible upon which to base human judgment.

In some cases the statistical result may be impaired by the lack
of information which may be impossible or too difficult to obtain.
For example, the total time lost in a factory due to sick leave, may
be known or arrived at, but it may not be possible to ascertain the
causes of sickness so as to judge whether they were of a recurrent or
non-recurrent type and thus would be likely or otherwise to account
for a similar loss of time in the year ahead. In many cases the
keeping of records to show such details would place too great a
strain upon the administrative section of the business and the record
must be shelved.
~ Another deficiency results from the fact that when dealing with
large masscs of items, small but important dctails may be swamped,
and in the desire to obtain the general result, produce no effect.
More will be said later as to the effect of extreme items in a series.

Internal Statistics

Internal statistics is a name given to the statistical analysis of
data applicable to a particular business. It is the study of statistical
data drawn from within the business or organization itself. The
following give some idea of what kinds of internal statistics could be
prepared by a business:

(@) In connection with Sales
(i) Table of monthly average of sales for a year.
(ii) Table of comparative sales for a period of years.
(iii) Table of sales applicable to certain territories.
(iv) Table of comparative sales effected by salesmen.
(v) Table of comparative sales of the different departments
of the business.
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(b) In connection with Production
(i) Table of cost prices of different commodities produced
for a year or other period.
(ii) Table of quantities of commodities produced for a
year or other period.
(iii) Table of comparative production figures for the
different departments on basis of cost and/or quantity.
(iv) Table detailing comparisons of component parts of
cost of production (materials used, direct labour,
prime cost, etc.) for certain periods.

The above are, of course, only an indication of the many different
types of data which could be subjected to statistical analysis, and,
further, it should be noted that various statistical devices may be
applied to thesc tables. In some businesses, the collection and
tabulation of data are required on a large scale, particularly when
details rclating to marketing, advertising, finance, etc., are also
required. In those cases it is generally necessary to have a special
statistical staff to work in conjunction with the accounting staff.
As to whether such a special staff is warranted in any particular case
will depend, of course, upon the size and nature of the business.
Should it be necessary, then the respective functions of the account-
ing department and the statistical department should be well defined,
and to what degree of control (if any) the former should exercise
over the latter is a matter which the particular business must con-
sider for itself. Where a separate statistical department is not
warranted, it is the accountant who must perform the functions
normally carried out by that department. (See also under Collection
of the Data, post.)

The custom is growing yearly of presenting the accounts of a
company to its sharcholders in such fashion that the distribution of
the turnover between materials, labour, taxation, reserves and
dividends are shewn.

This is done either in total cash form as from the figures of I.C.1:

1947 1948
£m £m
Gross manufacturing and trading proceeds and gross income
from nvestments, etc. 140 4 167 0
Raw materials and purchases for resale, maintenance of
plants, freight charges, factory and sales administration
expensces (exclusive of salaries and wages) 818 96-1
Wages and salaries 342 40-1
Pensions and contributions to pension funds 29 2-5
Obsolescence and depreciation of plants 43 53
United Kingdom and overseas taxation 89 11-1
Retained by the company for additions to reserves, including
special addition to central obsolescence and depreciation
provision 44 7-5
Distributed as net dividends to stockholders 39 44

140 4 167 0
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or as a percentage of the whole as in the Bristol Aeroplane Co. Ltd.’s
accounts.
Here is the break-up of the company’s income of 1948 :

Per cent.
Materials, power and services 48-25
Wages, salaries and employees benefits 42-87
Depreciation 2-28
Taxation, apart from P.A.Y.E. 2-56
Net profit 4 04
100 00
or from the accounts of a famous Brewery:
Per cent.
Beer and licence duties 690
Taxation 5-1
Materials and services 87
Wages and salaries 44
Trade expenses 6-6
Depreciation and reserves 42
Interest -3
Dividend 17
100 0

Another variant is to show the break-up of cvery £1 of turnover
as in the figures for the Glacier Metal Company given below:

THE GLACIER METAL CO. LTD.

Financial Year 1947/48 (All Branches)
Allocation of Each Sales £1

Parts to
Expenses Nearest l'grthing
s.

PRODUCTION MATERIAL ... . .. 5 4}
WAGES AND SALARIES ... . 6 4}
GENERAL EXPENSFS:
(@) Services and Supplies

Rent and Rates 1

Gas and Electricity, Fuel Oxl Coku Ste.un 44

Consumable Supplies . 64

Stationery and Office Supphcs 1

Carnage, Postage and Telephone 2

Insurance, National, Fire and Gencral 2
(b) Mantenance and Depreciation

Repairs and Rencwals 1 2}

Depreciation 2}
(¢) Sundrv Expenses

Advertising, Discounts Allowed, etc. .. 5t
(d) Employees’ Welfare

Training, Gratuities, Cantecn, etc. 13

Pensions 1
(e) Scrap 1 13
(f) Other Expenses

Patent Action, etc. ... 2}
ProFIT Dlsmmunom

Taxes ... 1 9%

Shareholders’ Dividends Less Tax 2

Reserves 1 6}

20 0
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External Statistics

Preliminary Considerations

External statistics consist of statistics released by the statistical
departments of the various ministries and local government authori-
ties, or by the United Nations and other international bodies, as
well as by the Stock Exchanges, Banks and other institutions. They
are often of great importance to a business in the matter of its organ-
ization, control and planning.

In addition, see later under Market Analysis for other aspects
relating to External Statistics.

The following is a specimen of a table of statistics relating to the
retail trade, extracted from the Monthly Digest of Statistics published
by the Government.

Sales by independent traders(?)
Weekly average 1947 = 100

Men's wear shops
Drapers(4)| —-—— -=-——— -
Out- i Bespoke
I Total | fitters | tadors(*)
1
. |

1947 10 | 100 100 100
1948 117 119 120 118
1949 130 130 134 128
1950 129 135 137 133
1949 Apnit 142 143 147 139
ay 142 145 150 140

*June 131 138 147 129

July 127 144 145 144
August .. 101 103 105 101
*September 120 109 110 107
October .. 153 141 144 137
November 138 131 135 126
*December 168 182 200 160

1950 January .. 113 110 110 110
t cbruary. 100 96 94 98
*March 121 118 116 19
April 123 126 129 122

May 137 148 154 143
*June 121 141 147 135

July 125 135 139 132
August ... 108 17 120 114
*September 145 148 144 151
October . . 146 146 140 152
November 133 140 138 142
*December 178 199 213 182

1951 January .. 121 138 130 139
February .| 125 130 130 130
*March 136 160 155 166
Apnl 138 145 148 143

May 128 153 153 153
*June 124 133 137 130

|
}

’; Hardware, clectri-
: cal and radio shops

Boot Furni-
and shoe | ture Chemusts
retailers ' dealers Electrical

! an

i Total radio

! shops
100 100 100 100 100
128 1 101 103 101
128 124 100 11t 106
129 138 102 122 107
138 134 102 119 104
142 129 108 123 99
133 116 89 105 101
134 122 98 99 s
107 i 89 86 105
127 121 96 94 102
155 151 112 132 100
140 139 104 123 106
150 146 122 139 129
99 118 96 128 103

85 121 98 132 - 106

13 131 95 116 103
121 147 96 17 11
151 134 108 122 103
134 122 98 17 102
128 130 97 102 115
16 122 91 95 108
150 149 102 117 102
149 162 109 137 97
142 151 105 125 101
164 166 130 159 133
106 138 106 140 1t
105 189 126 193 118
124 157 112 160 98
137 178 133 230 106
147 149 118 146 102
173 137 109 141 13

November .

2‘) Including women'’s clothmg shops of all
o a sub

*) Including all shops which
® Average of five weeks.

kinds.

1 trade in made-t

Source: Board of Trade.

(") Details relating to the basis and size of sample, etc., were published in the Board of Trade Journal for

garments.
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It will be appreciated that the above table may be of considerable
value to the management, if it prepares corresponding tables so that
comparisons can be made between, say, the percentage increase or
decrease of net sales of the business for the relevant periods with
that as applicable to the trade generally, and so on.

External statistics are relied upon when organizing sales cam-
paigns in that they supply population figures for districts or towns
and thus quota systems can be devised for the distribution and sale
of the firm’s product. It may also be important to know whether
particular districts are agricultural. pastoral, coal producing,
mineral bearing, etc., districts, in that the product to be sold may
have no market in any one or more of such districts. Here again
the information is derived from external statistics.

These examples are an indication of the vast number of uses
to which external statistics may be put.

There are a number of official publications available which supply
valuable information of the nature indicated above, particularly,
the Government Annual Abstract of Statistics, thec Monthly Digest
of Statistics, the Board of Trade and Ministry of Labour journals,
the numerous white papers on national income and expenditure and
other subjects published by the Stationery Office, the monthly
reviews of the Banks, the Stock Exchange Official List, etc.

Part of a page from the latter is reprinted here to give an idea of
the information it contains. It will be seen that this, together with
other information contained in the Gazette relative to company
meetings and details of accounts, etc., affords a valuable source of
information generally, to accountants as well as to investors.

In addition, illustrations of external statistical diagrams are given
in Chapter 6.

THE COLLECTION OF THE DATA

In general, the accountant or other person responsible for the
statistical analysis in a particular organization, will be faced with
a problem which will come under one of three categories:

(a) It may be concerned with the statistical analysis of data
to be derived wholly from within the organization itself,
e.g., analysis of the departmental sales of the organization.
(See under Internal Statistics, ante.)

(b) It may be concerned with the statistical analysis of data
to be derived wholly from without the organization. (See
under Market Analysis, post.)

(c) It may be concerned with the statistical analysis of data
derived partly from within and partly from without the
organization (e.g., analysis and comparison of the profits
of the business over a period of years with those of the
trade generally over the same period).
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FINANCIAL TRUSTS, LAND AND PROPERTY—Continued
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It is apparent, from this summary, where the person making
the analysis will collect the data he requires. That is, the sources
of his data may be wholly within the business, wholly without, or
partly within and partly without. Reference has been made as to
the nature of internal statistics and in this and the next succeeding
six chapters, illustrations will be given of how problems relating to
internal statistics are handled.

The most difficult part of collecting data is that of collating
information supplied wholly from outside the organization. This
problem concerns Market Research and a short description of its
purposes and methods will now be given.

MARKET RESEARCH

Whilst Market Research normally does not come within the scope
of the accountant of a particular organization, it is nevertheless
essential that he should have some knowledge of its purposes and
methods, not only that he may be able to interpret the figures it
produces but also that he may appreciate the value to his organiza-
tion of such research.

Quite often, the cause of fluctuations in such matters as turnover
costs, absenteeism and unit production, are to be found outside,
and not within, the manufacturing or distributing organization
itself, and only by discovering the root causes can sound decisions
or corrective action be taken.

Market Research, in its widest sense, has been authoritatively
defined as ** The study of all problems relating to the transfer and
sale of goods and services from producer to consumer.”

Some Market Research is of a general character, and has to do
with marketing in its broad economic or social sense.

The great majority of marketing studies are, however, specific
to individual businesses, and practically every normal .marketing
problem can be related to onc or more of the following categories,
whether they arisc before, or after production:—

Studies relating to Policies, such as:

(a) What amount of capital should be provided for promoting
the sale of a product? Should the existing allocation be
increased or reduced?

(b) Should the product be sold outright or leased? Should it
be sold for prompt payment or on instalments? Should
the existing policy be varied in its entirety or in certain
limited respects only?

(¢) The composition of the product itself—should it be made of
metal, wood, rubber composition, etc.? Should its present
composition be changed to another material such as a
suitable plastic?
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(d) The form in which the product is to be offered—in bulk
or in packages? Should the existing policy be varied?
If policies are to be soundly formulated, they must be based on
facts, determinable only through competent research.

Studies relating to a Product include factors such as:
(a) Its quality.
(b) Its shape, size and composition.
(c) The style, type and size of package.
(d) The price at which it is to be sold.

All of the many decisions which have to be made involve con-
siderations relating not only to the product itself but also relating
to other products in competition with it. Obviously it is only with
the aid of competent research that decisions can be soundly based.

Studies relating to the Market include factors such as:
(@) The type and character of potential purchasers and their
ability and disposition to buy.
(b) The number of potential purchasers in different arcas,
and the relative accessibility of areas.
(c) Marketing facilities.
(d) The sales, advertising and service activities of competitors.
Again, research is of vital importance in gathering all the necessary
market data.

Studies relating to Methods and means of Transfer and Sales, such
as:
(a) Sales Promotion.
(b) Advertising and Selling.
(c) Channels of Distribution.
(d) Services required by competitive conditions.
Here again, it is necessary to have reliable data which can only
be made available as a result of research.
Competent Market Research involves the following procedures:

. The Analysis of the Problem.
. The Planning of the Procedure.
. The Collection of the Data.
The Organization of the Data.
. The Interpretation of the Data.
The Presentation of the Results.
These procedures are best illustrated by briefly describing an
actual example of detail required by an organization and how it
v&;ould be handled.

S wN—

1. The Analysis of the Problem

A manufacturer was considering the advisability of extending
his activities in respect of certain of his proprietary brands and,
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upon analysis, it was found that the problem resolved itself into
the necessity for ascertaining, in relation to his own brands and
all competitive proprietary brands and in a form which would
enable comparisons to be made between all proprietary brands,
the following detail:

(a) The relative effectiveness of all forms of publicity and
influences in inducing people to try each brand.

(b) The relative effectiveness of each brand in maintaining
continuous use in homes.

(c) The brands now used most regularly by people, analysed
into men, women, young children and other children.

(d) The foregoing requirements analysed into types of brands.

(e) Differences which exist, if any, as between metropolitan
and country people.

2. The Planning of the Procedure

Tbe first step was to find out how many different proprietary
brands were currently on the market. This was ascertained, and
totalled twenty-five different brands.

The second step was to design a suitable questionnaire on which
could be recorded the desired information. The important matters
to be considered in the preparation of the form were, (a) the infor-
mation had to be recorded in the shortest possible time for interview,
and (b) the information had to be capable of ready analysis.

The third step was to determine how the information was to be
gathered, i.e., whether by

(a) Telephone enquiries.

(b) Mailed questionnaire.

(c) Personal interview with people, i.e., in the street, in their
offices, in other public places, etc.

(d) Personal interviews with people in their homes.

Method (d) was adopted for the reasons, amongst others, that
telephone homes did not represent a true cross section of all people;
the questionnaire would appear too complicated to people who
might receive it through the post; and the subject of the investiga-
tion was of too personal a nature to interrogate people in the streets,
etc.

The fourth step was to pre-test the questionnaire. This was
done by trained interviewers who conducted * Pilot” interviews
and analysed the information they obtained.

/

3. The Collection of the Data

Trained interviewers were then briefed, and visited people in
their own homes. The interviews were as far as possible properly
spread both as to geographic area and social strata.
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4. The Organization of the Data
Two methods of organizing the data were available:

(@) The machine or mechanical method.
(b) The manual or hand method.

Owing to the multiplicity of the individual items, it had pre-
viously been determined to use the hand method.

Extraction and analysis summary sheets had already been designed
and prepared during the * Planning” stage, and each item of
information for each completed questionnaire, after editing, was
extracted and transferred to the appropriate extraction sheet.

Finally, all extraction sheets were summarized and converted to
appropriate percentages, and tabulated.

5. The Interpretation of the Data

The tabulations were then considered separately in dctail by
three senior research exccutives, cach of whom prepared a state-
ment setting out his interpretation of the tabulations.

The three executives then met in conference, and the interpreta-
tion of the tabulations was finalized.

By courtesy of Sales Rescarch Services Ltd. of London, therc is
reproduced below a series of tables illustrating part of a rescarch
into the market for quick frozen foods. Class AB arc middle-class
households whilst Class C are working-class.

Of a total of 5,002 housewives interviewed 630 or 12-6 per cent.
stated they had purchased quick-frozen foods. This fairly low
degree of purchase indicates what a large market yet remains to be
cultivated.

Consumers’ attitude to Quick-Frozen Foods
The 630 housewives who had purchased quick-freeze foods were
asked why they bought these goods, and their answers arc tabulated
in Table I below:
TABLE 1
Why Housewives Buy Quick-Frozen Foods
Great Britain

Total AB Class C Class
Total Buyers ... 100 0 100 0 100 0
No particular rcason, but lIike them . 36-1 36-1 36 1
Very good for change and for spccxal 196 21-2 18 4
occasions.
Easy to prepare, very convenient and 15-1 17 1 135

clean to use.
Quick, saves time, handy for emergency
Something new, have only tried once

9 85
9
Good in winter and when fresh 3
2
1
1

—

1
1

Ao
—

vegetables are scarce.
Economical, no waste good value ...
Nice flavours, very like fresh ..
Better than dried or tinned goods

4
3
1 2-
9 2

-3
Stock in own shop ... -5

3

——_—N AN

Joa=
O AN —

Can’t get tinned
Nice for children

2
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It is clear that consumers have not yet developed a real buying
consciousness about these goods; to the mass, they are as yet novel,
something new, attractive and nice. As will be shown later, a
consistent frequency of purchasing has not yet fully developed, so
that the important motives of purchasing behaviour, i.e. economy,
no waste, convenience, etc. have not yet developed to their fullest
extent into the field of buying idea-associations.

Over one-third of the housewives could not form a real reply to
the question of why they bought, beyond the fact that they had
tried frozen foods and liked them. The second largest proportion
of reasons, nearly one-fifth (19-6) is still linked with novelty—good
for a change and for special occasions. The inherent convenience
of these goods, so appealing in these days of harassed housewives,
only emerges in a quarter of the cases noted, where 15 per cent.
(15-1) and 10 per cent. (9-7) referred to their ease of preparation,
their convenience and cleanness in use, their time-saving qualities
and so on. Morcover, it is interesting to note that extremely few
of these users referred to the freshness and the preservation of the
essential flavour in quick-frozen foods—only 2 per cent. (1-9).

Copy appeal based on the selling of vegetables and fruit out of
scason is not necessarily the best angle of approach and it would
scem that content of propaganda would be better directed to educa-
tional work pointing out the economies of buying quick-frecze
foods (as contrasted with the wastes occurring in the preparation of
other foods) and the important quality of freshness which is an
essential feature of these products.

Frequency of Purchase

* About how often do you buy quick-frozen foods?” was the
next question put to the 630 housewife buyers, and their replics are
shown in Table 2.

TABLE 2
Frequency of Purchase of Quick-Frozen Foods
Great Britain
Total AB Class C Class
Total Buyers ... ... 1000 100 0 100 0
Have bought occasionally only 238 253 22-5
Have bought once or twice only 185 135 22-9
About once in three months or more 54 4-1 6-5
About every one or two months 17 4 13-8 20-1
Every two or threc wecks . 13-7 13-9 13-4
Once or more times per week 21-2 29-4 14 6

Thus, about 40 per cent. of these housewives must be regarded
as ‘‘rare > users, i.e. the occasionals.

Taking all those who do not buy more frequently than every two
or three weeks, it can be said that nearly two-thirds are just chance
or occasional buyers, whilst just over one-third (34-9 per cent.) are
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developing a genuine buying habit. But the 21-2 per cent. who do
buy once or more times per week, represent only 3 per cent. (2:7)
of the total sample. So there is quite a way to go.

What kinds of Frozen Foods are bought

The general availability of these products in this country, is largely
vegetables and fruit, but increasingly more goods arc coming into
the frozen food supply—meat, fish, poultry, made-up dishes, etc.

Table 3 shows the products bought, and it will be seen that there
is a fair degree of duplication in the purchasing.

TABLE 3
Types of Frozen Food Bought
Total Buying ... 1000
Bought Vegetables ... .. 943
,,  Fruit 46 7
,, Fish ... 22
., Meat . 11
,,  Miscellancous 10

The low proportions of the latter three items merely reflects, of
course, the lesser availability of these types.

Why Housewives do not buy Frozen Foods

Asked ““ Why do you not buy Quick-Freeze Foods? ” the follow-
ing replies were given:

TABLE 4
Why Housewives do not buy Frozen Foods

Great Britain

Reason Total AB Class C
Total not buying Frozen Foods ... 1000 100-0 |
They are too dear, not good value ... 46-6 30
No particular reason .. 14-6 20-
Never had, never heard of them 10-2
Prefer fresh foods, don’t keep 9
Don’t want thcm no use for them 8-

plenty of other foods.
Don’t like them, don’t look appetizing, 7
tried once, could taste carton.

Can’t get easily
Does own preserving
Packets too large
Has no refrigerator
Has refrigerator
Grow own vegetables ...
Doctor forbids
No good for chlldren
Too cold
Too messy

0
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Resistances based on price figure largely in this list of reasons,
covering one half of the working-class housewives and nearly one
half of the total. One-sixth of the housewives could not form a
reason, and a tenth had never heard of or tried them.

Of the remaining reasons showing any degree of intensity, most
of them betray a lack of understanding of the selling points of these
foods. For example, 9 per cent. said they did not buy frozen foods
because they preferred * fresh foods ™ thus betraying ignorance of
the quick-freezing process and of how it does in fact preserve the
freshness of foods so treated. The next largest reason has something
of the same intention—there are plenty of other foods, why should
I buy these?

The fact that 7 per cent. said that they didn’t like these foods,
that they didn’t look appetizing etc., may indicate the fact of badly
kept installations or poor display methods. Although of only
small dimensions the fact that 0-3 per cent. gave as a reason for
non-purchase the fact that they had no refrigerator again shows a
lack of understanding of the advantage of the product.

Broadly, this evidence links up with that shown earlier—there is a
considerable degree of non-acceptance due to ignorance indicating
the need for educational propaganda.

6. The Presentation of the Results

The draft report was prepared by the senior research executive
in personal control of the investigation, and was then finalized at
a further conference of the three exccutives.

The above outline briefly indicates the procedure adopted by
Market Research in the determination of a particular problem.

THE ARRANGEMENT OF THE DATA
The Statistical Table

Having collected the data required, it becomes necessary to
arrange or classify it so that it may be used for the particular
purpose or purposes for which it was collected. There are many
ways of tabulating the data collected and the nature and extent of
the information required from the material will largely govern the
mcthod of presenting it. Generally speaking, a siatistical table
should conform to the following requirements:

(a) It should be clearly titled so that the nature of the informa-
tion it supplies is obvious.
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(©)

(d)
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It should indicate the source or sources from which the
information was compiled.

It should be as concise as possible and not unwieldy.
In some cases it may be better to use a summary table
and attach the supporting tables.

Where particular items are subject to an exception or
are otherwise modified, reference should bc made to these
by means of footnotes to the table, e.g. in a table which
lists various companies with their respective figures for
net profit say for the year ended 30th June, 1950, the
financial year of onc of the companies may have cnded
on 3lst March, 1950. In that event an asterisk or other
mark should be noted against that item and explanation
given by way of a footnote.

The whole table should be arranged so that it supplics
the information desired to be derived from the data.

In throwing into relief the different parts and features of
the table, judicious usc should be made of sub-hcadings,
spacing of columns, different types, and underlining.

If possible columns and rows should be numbered so that
reference to the table may be facilitated.

Parts of the Table
In general, a statistical table consists of the following parts:

(a)

(®)

(©)
(d)

The Title. Invariably it will be found that it is necessary
to break this up into two parts, consisting of the main
title and a sub-title.

An indication as to the source from which the data was
compiled.
Captions, or headings for the various columns.

Designations for cach of the rows. Should the rows be
numerous it is desirable to number them. Such designa-
tions of rows are usually termed ** stubs™.

The above are really the basic parts of a statistical table and it
may be necessary to include others, depending upon the particular
table being prepared. For example, it may be necessary to add
totals and sub-totals; the table may be lengthened so as to include
averages, deviations, etc.; where the vertical columns include units
which represent certain amounts then the heading to the table should
state the designation of such units, and so on.

The following table sets out the various parts referred to above.
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The Alpha Co. Ltd.
Title —————————— Components of Factory Cost
Sub-Title ———————+For 5 years ended 1951.*

Source ————» Source:  Factory Cost Records

Designation
of Units ———————— = In £'000’s

Column
Headingsor—»| Year |Materials| Labour | Expense | Total
Captions o
> Column
-~ T —F &
#1947 28 9 4 41
Ly 1948 30 10 s 45&
Stubs > 1949 27 10 4 41 <Y Horizontal
Rows
™ 1950 32 11 6 49
1951 35 12 7 54!
Total 152 52 26 230

Footnote ——————— *Each year corresponds to the accounting year, viz : Ist
July to 30th June.

STATISTICAL SERIES

A statistical serics (or statistical distribution) is a systematic
arrangement of numerical data prepared so as to effect analysis
of the data contained therein. It is, in other words, the arrange-
ment of the main data within the statistical table itself.

Two features are exhibited by the statistical series, viz.:

(a) the characteristic, and
(b) the frequency.

The characteristic is really the item which is capable of being
measured or whose presence or absence can be noted, and the fre-
quency is the measurement, value or quantity attaching or relating
to such item. For example, in the frequency distribution illustrated
below, the characteristic is the size of each shoe and the frequency
is the quantity of shoes manufactured.

The different types of statistical series may be classified as follows:

Frequency Distribution

In this type of series the data is grouped according to magnitude
or size (i.e. the characteristic is ranged in order of magnitude or
size). A simple form of such a series would be as follows:
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Size of Shoe Quantity Manufactured
3 200
31 220
4 70
4} 85
5 100
5% 400
6 650

This type of series is dealt with in detail later.

Time Series

Here, the data is grouped according to time of occurrence. The
characteristic is measured regularly at intervals of a year, month,
week or day. The following is a simple illustration of a time
series:

Month Saf!es
January . .. .. .. 900
February . . .. 156
March . . . . .. 843
April . .. . . 926
May . .. .. . 543
June .. . ... 43
July . . . . . 376
August .. .. . .. 248
September .. . . . . 598
October . . . . 641
November . .. . . 859
December ... .. .. .. 946

The measurement of Trend (the direction in which the data is
moving) in a Time Series is of great importance and will be dealt
with in detail later. (See Chapter 5.)

Spatial Distribution

In this type of series the data is grouped according to geographical
location. This type of classification automatically arises with certain
matters, e.g. sales of a product in various districts. Such a series is
normally arranged as follows:

District Sales
£
Birmingham .. . . .. 846
Newcastle ... .. . o 132
Manchester ... 100
Liverpool ... ... 628
Leeds .. ... 571
Plymouth . . .. .. ... 233

Category Series

Here, the data does not lend itself to classification according to
size (frequency distribution), time (time series) or location (spatial
distribution). It may simply consist of a list of items, as in the
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following table, setting out a list of manufacturing companies
with their respective net profits, for a particular year.

Company Net l;roﬁt
A.B.C Cotton Co. Ltd. . .. 42,000
Manchester Export Co. Ltd. 31,500
K. Young & Co. (Oldham) Ltd. .. 10,250
Preston & District Weavers Ltd. . . 17,125
J. Flyn & Co. Ltd .. 9,370
F. J. Mecars Spinning Co. Ltd. . 4,231

In the above classifications of statistical series we have only
been concerned to point out the fundamental basis upon which
cach is prepared. It should be remembered that a particular series
would be contained in its statistical table with appropriate title,
sub-title, source, designation of units and so on as described earlicr.
In addition, it is as well to note here that the table as ultimately
presented would generally carry the details of the analysis to which
the data has been subjected. It may indicate the average of the
serics, standard or other types of deviation, degree of correlation,
etc. These matters are considered later.

FREQUENCY DISTRIBUTION

The accountant constantly meets with this type of series and it is
cssential that he be familiar with the various forms it may take.

It will, perhaps, be best if we take an actual illustration of how
data in its unorganized statc can be transformed into an grderly
serics capable of being analyscd.

Assume that the cost clerk of a manufacturing company has
extracted from the alphabetical hst of wage cards of employces
of the factory, the following list of the different wages paid for a
particular weck.

£s.d £ s d £ s, d.
7 2 6 4 1 3 8 1 7
4 9 3 516 9 317 6
6 7 5 79 4 6 6 3
S12 6 4 0 6 511 8
914 7 8 3 3 799
8 4 8 715 - 610 6
614 9 611 3 519 6
919 6 519 6 6 2 9
8 4 3 6 1 6 6 10 -
St 6 612 - 6 6 -
4 19 617 6 519 6
7 8 - 7 - - 615 9
S 7 6 6 99 611 6
S 17 6 6 - - 518 6
7 3 6 8 1 - 6 9 6
412 9 317 6 7 2 -
119 6 6 3 - 2 7 -
617 6 7 2 6 5 1 9
718 - 415 6 3 3 -
611 6 3 29 518 6
8§19 9 714 6 810 6
4 4 6 519 - 411 9
710 - 9 9 6 4 7 6
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£ s d £s d £ s d
599 6 3 6 729
6 7% 4 1 7 8 9 -
117 6 315 9 7 8 6
72 6 516 9 317 6
8 3 9 919 6 4 - 6
7 2 6 S 7117 8 9 -

There are 87 employces in the factory and all are represented by
their respective wage in the above list.

It is obvious that the data as it is, is not suitably arranged for
statistical purposes, and is not of much practical use while it exists
in such an unorganized state. The first step to be taken to organize
it is to decide upon suitable class intervals into which the different
wages can be divided. A class interval covers a conveniently sized
group forming part of the data as a whole. Numerically, it con-
stitutes the difference between the highest value in the class below
the group in question and the lowest value of the class above. We
will assume that in this particular case, class intervals of £0-99
have been decided upon. Actually, in practice it will be found that
experience will guide as to what is the best class interval for par-
ticular data for a given concern. Next, the highest and lowest
figures are ascertained and the class intervals arranged in a column
starting with the lowest first. Care should be taken to sce that the
class intervals do not overlap. A **score sheet ™ for the purpose
of marshalling the different wages into their respective class intervals
may now be prepared as follows:

X.Y.Z. COMPANY LIMITED
Score Sheet
Distribution of Lmployees

on basis of
Weekly Wages

Source: Employees’ Wage Cards—27th July, 19......

Weekly Wage Tally Frequency

*$£1—£1-99 11 2
2— 299 1 |
3— 399 | 6
4— 4-99 M M ] 11
5— 599 ™ M ML 16
6— 699 N MNN MNMNYL 21
7— 7-99 M M TN L 16
8— 8-99 ™ MY 10
9— 9-99 1111 4

* The respectlvc class mtervals are to be taken as reading--from and includ-
ing £1 to and including £1 99, etc. The class interval is thus £0-99, and, it
will be noted the class intervals as listed do not overlap.

It should be observed that it 1s not always neccssary to arrange the character-
istic into class intervals. In many cases it is of the simple form as illustrated
on page 19, where the frequency 1s applied to a characteristic represented by a
particular size. as distinct from a characteristic represented by a particular class
interval, shown above.

In the tally the diagonal line crossed chrough each group of 4 units is counted
as one and the total 1s thus 5.
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Cumulative Frequency Distribution

The serics, instead of being set out as showing the simple fre-
quencics, may show the cumulative frequencies. The distribution
of employees on the basis of weekly wages as shown in the previous
table may have an added column showing the cumulative frequency
distribution as follows:

X.Y.Z. COMPANY LIMITED
Distribution of Employees

on basis of
Weekly Wages
Source: Employees’ Wage Cards—27th July, 19...

Weekly Wage Frequency Cumulative Frequency

£1 -£199 2 2
2--299 1 3
3-3199 6 9
4-- 499 I 20
5--599 16 36
6 -699 21 57
7 799 16 73
8- -899 10 83
9-- 9-99 4 87

87

Another form which the tablc may take is as follows:

X.Y.Z. COMPANY LIMITED

Distribution of Employees
on basis of
Weekly Wages
Source: Employees’ Wage Cards—27th July, 19...
Weckly Wage Cumulative Frequency
£10 and over . .. 0

=INWARAANANIX L
=)
~3

As pointed out there are numerous ways in which the accumulated
frequency may be arranged. For example the series could have been
put into reverse as follows:

Wecekly Wage Cumulative Frequency
Under £2 2
W £3 3
" £4 9
w £5 20
. L6 36
w &7 57
. £8 73
£9 83
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Percentage Frequency Distribution

An extremely useful device is that of inserting an additional
column into the ordinary table with its frequency distribution
and show therein the percentage by which each item is represented
in the total quantity. The table with this added feature would
appear as follows:

X.Y.Z. COMPANY LIMITED

Distribution of Employees

on basis of
Weekly Wages
Source: Employees’ Wage Cards—27th July, 19...
Weekly Wage Frequency Percentage
£1—£1-99 2 2-30
2— 2-99 1 115
3— 399 6 6 9%
4— 4-99 11 12 64
5— 5-99 16 18 39
6— 699 21 24 13
7— 799 16 18 39
8— 899 10 1150
9— 9-99 4 4 60
87 100 00

The percentages supplied by this column are particularly im-
portant where two frequency distributions arc ranged side by side
and it is desired to compare them.

Another device is to have a percentage column showing the
percentage increase or decrease of cach item as compared, say, with
the corresponding period last year.
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INTRODUCTION

The Average is onc of the basic devices used in the analysis of data.
It may be defined as being the figure or item which tends to describe,
or sum up, or represent, the distribution or series being considered.

24
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In many cases the statistical analysis of data begins by finding one
of the different types of averages discussed below and using that as
the basis upon which to carry out further work.

Generally speaking, we can say that the following features are
associated with the average:

(a) The average is representative of the whole series.

(b) Different series may be compared to a certain extent by
comparing their averages.

(c) The average is used as the basis of further analysis of the
series.

(d) It is a measure of central tendency.

(e) Much labour is saved by substituting one figurc or item
for a number of figures or itcms.

From these points it will be realized why it is that the average
plays such an important part in statistics. Actually, of the features
noted above, not all are applicable to each and cvery one of the
different types of averages described below, but modification if
necessary will be made when considering the particular average
itself.

It is also necessary before proceeding further, to point out that
averages must be handled properly otherwise they may prove cx-
tremely dangerous by giving a false impression of the series. In
addition it must be noted that an average does not reveal trend, i.c.
an average does not show the direction in which a particular set of
events may be moving.

Types of Average
There are five main types of average generally in use, viz.:

(a) The Arithmetic Average

. ) (or Arithmetic Mean)}symbol M...
(b) The Median. Symbol M,.
(c) The Mode. Symbol M,,.

(d) The Geometric Mean. Symbol M,.
(e) The Harmonic Mean. Symbol M,

The characteristics, advantages and disadvantages of each of thesc
types will now be considered in detail.

THE ARITHMETIC AVERAGE.

Simple Arithmetic Average

The simple Arithmetic Average is calculated by adding together
all of the items in the series and dividing such total by the number
of items.
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IHustrative Example 1
Assume that it is desired to find the Arithmetic Average of the
Sales of the different types of cigarettes as per the following table.

THE DRAW-BACK TOBACCO CO. LTD.

Sales of Cigarettes by Types
Month Ended 30th April, 19...
Type No. S;les

600
350
900
1,200
700
800
850
1,000
800

7,200

TN NHBWN -

Here then, the Arithmetic Average is calculated by adding all
of the sales values together to give £7,200 and dividing such total
by the number of items (9), to give £800.

To express this calculation by way of a formula—

Let M, Arithmetic Average.
N - The number of items.
X The data expressed as individual items (this is somctimes
termed the * variate.”’)

The general formula is-—
2(x)
M, N
In the above illustration the evaluation of the formula could be
expressed as follows—-
600 - 350 1 900 + 1200 - 700 -+ 800 + 850 + 1000 + 800

(the symbol 2 called Sigma denotes ** the sum of ™).

M, 9
7,200
9
- 800.
That is, the formula—
2(x)
M, - N

means that the Arithmetic Average is equal to the sum of the indivi-
dual items of the series divided by the number of the items.

It will be apparent from an examination of the above calculation
that there is a feature attached to the Arithmetic Average which
may be quite useful in practice. It is that if you know the Arith-
metic Average of a series of items and know the number of items
in the series, then you can ascertain the fotal value of the items.
Again, if you know the total value of the items and also the Arith-
metic Average, then you can ascertain the number of items in the
series. In other words, of the three items, viz.: Arithmetic Average,
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number of items, and total of items, given any two of them you can
find the third.

Short Method of Calculating Arithmetic Average

There is a short method of calculating the Arithmetic Average
which may be quite useful where the numbers are large. The
procedure is to select an assumed average (known technically as the
“ Guessed Mean” or the ** Arbitrary Origin” or * Assumed
Mean ) and obtain the deviation of each of the items from such
Guessed Mean. These deviations are then added and divided by
the number of the items to obtain the average deviation from the
Guessed Mean. Such average deviation when ascertained is added
to or subtracted from the Guessed Mean (according to whether the
average deviation is positive or negative) and the resultant is the
true Arithmetic Average.

The short method of calculating the Arithmetic Average may be
illustrated by a simple example as follows:

Illustrative Example 2

The following series shows the number of motor-car tyres sold
by a certain company for the relevant years. Calculate the Arith-
metic Average by the Short Method of working.

Number of
Year Tyres Sold
1,250
1,100
1,300
1,350
1,500

N W —

Let the Guessed Mean be say 1,200.
Then the respective deviations of the tyres sold from the Guessed
Mean will be as follows—

Year Deviation
1 I S0
2 - 100
3 4 100
4 -+ 150
5 + 300

the sum of such deviations being -|- 500, which represents an average
deviation of -{- 100 per year.

Therefore the true Arithmetic Average is the Guessecd Mean
(1,200) plus the average deviation (100), i.e. 1,300.

If the average deviation had been — 100 instead of -|- 100 then
it would have been subtracted from the Guessed Mean instead of
being added to it.

It is useful to note that should the actual Arithmetic Average
have been taken as the Guessed Mean, then the deviations from it
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would total zero. In the above case the actual Arithmetic Average
being 1,300 then the deviations from it would be—
- 50
- 200
0
-+ 50
-+ 200

Total 0

Weighted Arithmetic Average

This is found by dividing the sum of the products of each item
and its weight, by the sum of the weights. The * weight ”’ may
be the actual quantity for each item or it may be an estimated
figure. In any casc the significance of it is that it gives to each of
the items the degree of importance which each should assume in the
table.

The method of calculation of the Weighted Arithmetic Average
will be seen from the following example.

IHustrative Example 3
It is desired to obtain the average wage paid per week per em-
ployee in a factory in which there are six different rates of labour.
The following table sets out the position.
THE X.Y.Z. CO. LTD.

Weckly Wages of Employees
Week ended 8th February, 1950

Wage per Number of
Week (t) Employees Products
X w wx
8 20 160
7 10 70
6 SO - 300 .
5 30 150
4 20 80
3 70 210
33 200 970

Here, the products are ascertained by multiplying the item (say £8)
by its frequency (in this case 20) and so on. The Weighted Arith-
metic Average is obtamed by dividing the total of the products (970)
by the total of the weights (200). This gives a Weighted Arithmetic
Average of £4 17s. 0d., i.c. the average wage paid per week per em-
ployee is £4 17s. 0d.

It will be appreciated that it would have been misleading to have
divided the total of the different wages (33) by their number (6) and
claim that the average wage paid per employce was thus £5 10s. 0d.
Such latter figure is merely an average of rates. If there had been
only one employee recciving each of the different rates then £5 10s. 0d
would have represented the average wage paid per employee as well
as the average rate of wages paid in the factory.
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To express the above by way of a formula:
Let AW. - The Weighted Arithmetic Average.

X - The data expressed as individual items.
w - The weights applicable to each item.
then
Z(wx)
AW, Tw)

That is, the Weighted Arithmetic Average is equal to the sum of
all the products obtained by multiplying each item by its weight,
the whole divided by the sum of the weights.

Averaging where Class Intervals Used

In the case of a serics wherein the items are shown in the form
of class intervals (see page 21) the mid-point of each class interval
may be taken as representing the particular class interval for the
purpose of calculating the Arithmetic Average.

Thus if the class intervals are expressed as, say—

*3—6Y9

7—10 99

11-—-14-99
ete.

Then the mid-points are-—

5

9

13

ete.
If the frequencies applicable to each class interval were, say,
20, 50, 30 . . . etc., then the products would be 100, 450, 390. . . etc.

Arithmetic Average and Trend

As intimated earlier, the Arithmetic Average does not indicate the
direction in which a particular sct of events may be moving. This
is one of the dangers associated with Arithmetic Average which
must be carefully guarded against. A comparison of the following
tables will illustrate the position.

Company A Company B
Year Net groﬁt Year Net l£’roﬁt
1945 25.000 1945 47,000
1946 26,000 1946 38,500
1947 30,000 1947 35,000
1948 32,000 1948 32,000
1949 37000 1949 30,500
1950 40,000 1950 29,000
1951 41,000 1951 19,000

231,000 231,000

* Here the class interval is taken as 4. The upper limit (6.99, 10.99, ctc.) in
each case, has been taken short of the whole number above, so that the class
intervals will not overlap. Thus 3—6.99 is to be taken as including 3 and every
number up to but not including 7. The mid point is ascertained by adding half

of the class interval (i.e. ;) to the lower limit.
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These are two series of Net Profits for Companies A and B over
a period of seven years. It will be seen that the total profits are the
same in each case and that therefore the Arithmetic Average of the
Net Profit of each company is £33,000. Even a casual inspection of
the two series, however, will reveal that whereas the profits of Com-
pany A are steadily increasing, those of Company B are steadily
decreasing. If then we were simply told that the average profits of
each company were £33,000, that information would not be a guide
as to the progress of the Company in each case.

In respect of a company prospectus, promotors could supply
misleading information by averaging profits in this way, if it were
not for the conditions imposed by the 1948 Companies Act that
the auditor or accountant must certify in the prospectus to each of
the profits of the previous five years.

The question of Trend is dealt with in detail in a later chapter
where certain other aspects of average such as “ moving averages
and ‘‘ semi-averages”, etc. will be considered.

Advantages of the Arithmetic Average

The following is a summary of the advantages attaching to the
Arithmetic Average as a particular means of averaging data:

(1) It is the most widely used average and is generally more
easily understood by people than are other averages.

(2) Itis comparatively simple to calculate.

(3) The data does not have to be arranged in any particular
order. Further, all that is required to calculate it is the
total of the data and the number of items comprised
in it. :

(4) It is used as the basis of further analysis of the series.
This will be very much in evidence later, especially in the
chapter dealing with Dispersion.

(5) All items in the series are used in its calculation. In par-
ticular, where a weighted average is calculated, all items
are given their relative share of importance in the calcula-
tion by means of the weights applicable to each of them.

Disadvantages of the Arithmetic Average

(1) The Average may not be truly representative of the series
in that the average as ascertained may not correspond with
any particular item in the series. In illustrative Example 3
for instance, the average wage paid to employees was
£4 17s. 0d. but no employee actually earned this wage.
This of course may not always be a serious disadvantage.

(2) Extreme items (i.e., very low or very high) may affect the
average so that it will not be typical of the series.
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(3) The average tends to be dangerous if used on its own and
without either the actual items themselves or an indication
of trend. See under Arithmetic Average and Trend, ante,
and under Dispersion, post.

THE MEDIAN

The Median is the value of the middle item in a series after it has
been arrayed according to size.

To ascertain the Median, it is first necessary to arrange the series
in order of size. The value of the middle item of the series so
arrayed is the Median. Should the number of items in the series
be an even number, then the Median may be taken as the average
of the two middle items. If the number of items in the series is an
odd number and it is desired to ascertain the median item it may be
located by the formula

where n represents the number of items in the series. Thus, if there

are eleven items in the series then the median item would be
11 +1

—y i.e. the 6th.

Hlustrative Example 4

Assume the following different wages have been paid to a group
of employees and that it is desired to find the Median wage—

£ s. d. £ s. d. £ s, d.
4 2 6 3 76 6 4 6
7 - - 315 -~ 5 8 -~
412 6 5 76 6 9 -
6 2 - 6 6 -

(¢
0

Arrayed in order of size th
follows—

bove list of wages would appear as

Y- N-N- Y- XV LV S IRTIE N
| CoabNuNNLwa?
11l | sl &

The Median wage, being the middle item, is therefore, £5 8s. 0d.

Another way of referring to the Median is to state that it is that
item in the series such that there are as many items above it as there
are below it. It is thus a measure of central tendency.
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The illustration given above is rather simple and the slightly
more difficult cases which may arise are—

(a) Where the series contains both a characteristic and a
frequency for each characteristic.

(b) Where the series is arranged as in (a) but the characteristics
arc arranged in class intervals.

We will consider each of these cases in Illustrative Examples 5 and
6 respectively.

To bring out the comparison between the two workings, it should
be noted that the respective series in these two examples are based
on exuctly the same information, the only difference between them
being that they arc arranged differently.

Illustrative Example 5

In the following distribution of employeces by wages, the basic
information derived from the wage cards is the wage (the charac-
terestic) and the number of employees carning cach particular wage
(the frequency). Inserted in the table for purposes of calculation is
the cumulative frequency. It is desired to find the Median Wage.

Number of Cumulative

*Wage Employees Frequency
£ s, d.

2 - - 20 20
2 5 - 30 50
210 - 40 90
215 - 10 100
3 - - 30 130
3 5 - 20 150
310 - 20 170
315 - 40 210
4 - - 20 230
4 5 - 10 240
410 - 50 290
415 - 60 350
5 - - 90 440
s 5 - 100 540
510 120 660
515 140 800
6 - 150 950

950

N 950,
The Median (being the mid-point) is situated at the point 5=

the 475th item, i.e., at £5 5s. 0d.

The Median Wage is thercfore £5 5s. 0d.

It will be noted that the 475th item (proceeding down the Cumu-
lative Frequency column) lies in the group with a frequency of 540
which represents therefore the Median Wage of £5 5s. 0d. since that
is the wage at which the frequencies accumulate to 475.

* Note that in this series, the wages step up by 5s. in contrast to being divided
into class intervals as set out in the next illustrative example.
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Illustrative Example 6

Here, the same data as that applicable to 1llustrative Example 5
has been arranged by class intervals and our purpose is to illustrate
the finding of the Median where data is arranged in such manner.

Number of Cumulative

*Wage Employees Frequencies

£ £ s. d.

2 — 215 - 100 100
3 — 315 - 110 210
4 - 415 - 140 350
5 — SIS - 450 800
6 — 615 - 150 950

950

We proceed by starting in the same way as for the previous
example, i.e. since the total number of employees is 950 we divide
that by 2 to find the mid-point, viz., 475.

The mid-point 475 lies this time in the group with a frequency of
800, i.e. somewhere between £5 and £5 15s. 0d. We may therefore
call the class interval, £5 to £5 15s. 0d., the ** Median group.” To
find the Median Wage we have now to find the value of the 475th
item knowing that it lics somewhere between £5 and £5 15s. 0d.
This is done by a procedure called * Interpolation™.

The formula for interpolation is as follows —

ay Cl
Mo L (U1

Where, M, the Median. ) . .
L the lower himit of the class interval in which the median item
lies.
a the difference between the median item and the number of
items up to the lower limit of the class interval in which
the median item lies.

CI the class interval of the median group.
b the frequency applicable to the class interval of the median
group.
In this example then—
L £5
a - 125 (i.c., 475 less 350)
CI £0 75 (ie. 15s.).
b 450.
Therefore the Median is ascertained as follows —
M. L+ (u /b(,l)
125 x 0-75
£+ 450 —
- £5 4 0 2083
- £52083
- £5 4s. 2d.

The following diagram and explanation may help to explain the
reasoning behind the formula.

* Note here that the class intervals are not continuous, i.e. the upper limit of
one class does not correspond with the lower limit of the next class.
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Class Interval
15/-
Lower 450 Items Upper
Limit lelt
350 items
to lower ——p r
limit
l25 T £s-|so
items
475th
Item

In this class interval are 450 items. To find how far into this
class interval the item 475 extends, we take from 475 the number
of items up to the lower limit (i.e. 350 items) the result being 125.
So then the value of the Median item of 475 is the lower limit (5)
plus the value of the class interval (15s.), multiplied by the pro-
portion of the number of items extending into the class interval
(125) to the total number of items in the class interval (450).

Comparison of Methods of Finding the Median

The method of ascertaining the Median described in Illustrative
Examples 4 and 5 may be termed the Direct Method. That is,
virtually what is done is that all the items are listed down in order
of size and the centre one is picked and thus the value attaching to
that centre item is the Median. [In Illustrative Example S it will be
seen that had all of the 950 items been listed one after the other from
£2 to £6 then the centre or 475th item would have been £5 Ss. 0d.

In Hlustrative Example 6 we took the same data as that in 5 but
re-arranged it in class intervals and found the Median to be £5 4s. 2d.
The reason for taking the same data was to show how closely the two
mcthods approximated in result. The difference in the latter case
is caused by the fact that we only knew that the Median lay some-
where between £5 and £5 15s. 0d. and had to find a particular figure
by interpolation, i.e. on a proportional basis. It was assumed in
Illustrative Example 6 that the table there presented was the only
information we had and thus we did not know how the different
items were spread throughout each class interval. If we had known
that, we would have used the direct method illustrated in Example
5. But where the detail is thus not known then the method of inter-
polation is the only one that can be used.

It is interesting to note that the Arithmetic Average of the series
as set out in Illustrative Example S is £4 16s. 6d.

Advantages of the Median.

The following is a summary of the advantages of the use of the
Median as a particular form of average:

(1) It is easily calculated. In many cases it may be obtained
by mere inspection of the series.
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(2) It is not affected by extreme items in the series. This is
because its location depends not on the magnitude of the
items but on the number of them.

(3) It is typical of the series in that it is an actual item (that
is, if found directly. If found by interpolation it may not
in some cases be an actual item. Again in some cases it
may be the average of the two centre items.

(4) It is easily understood.

Disadvantages of the Median

(1) Before the Median can be located, the data must be arrayed
in order of size. This may present some difficulty where
the data is voluminous.

(2) Mathematically, it is of limited use, c.g. if the Medians
of sub-groups werc ascertained, then such Medians could
not be averaged to find the Median of the whole group.

(3) It is not likely to be representative of a series in which
there are only a few items.

THE MODE

The Mode (or as it is sometimes termed, the Norm) is another
measure of central tendency and is the position of greatest numerica!
density. It is really the most common value, i.c. the value which
occurs the greatest number of times.

In the following scries the Modal Average of products sold is
Product E, since there were more of this product sold than any other.

Product Sales

TQTmTOE>
S

In the above case the Mode was obtained by simple inspection,
but in many instances it is more difficult to ascertain due to the fact
that the data may be more evenly spread and there may be no appar-
ent item which occurs more times than any other or at least it may
not be obvious that there is a point of greatest density in the series.
In such a case a method of arriving at the point of greatest density in
the series is that of continued grouping as illustrated in the following
example.

Illustrative Example 7
The following is the result of a survey taken of the length of time
each employee takes to carry out a certain task. It was found that
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the shortest time taken was 5 minutes and that the longest was 12
minutes. It is desired to find the Modal time.

Time taken Number of
(Minutes) Employees

5 22

6 6

7 17

8 30

9 10

10 9

11 30

12 4

The first step is to group the frequencies successively in two's and
three’s in order to see which group predominates.

Time Number (a) (b) (0 (d) (e)
5 2 3
; ] } 28 |
} nor® 53
7 17 o J | ]
8 30 J 37
9 10 } 40 ] ]
} 9 b
10 9 J 49
39
1 30 } J 43
34
12 4 |

The columns (a) to (¢) represent the five groupings of the data.
Columns (a) and (b) are groupings in pairs and columns (c), (d) and
(¢) arc groupings in three's. From these groupings the following
observations are made-—

Column (a), largest group 1s 47 and contains Times 7 and 8
W (b), ., v 9

W ey DD 8L 9and10
O S T
W@ L WSt L L T 89

It can thus be seen that Time 8 with its frequency of 30 employees
is the only one common to all the largest of the groupings.

Time of 8 minutes is therefore the Modal Time.

Actually it may not always be necessary to carry out the groupings
as far as was done in this instance. If the above example is again
referred to it will be seen that it is fairly apparent that from column
(a) alone, Time 8 is the measure of central tendency. However, the
groupings were carried further for the purpose of illustrating how
they would be continued if that were not so after the first grouping.

Series with Class Intervals

Where the characteristic of the series is arranged in class intervals
the Mode must be found by means of a formula.
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The formula is as follows:

. axCI_
M, - L+a+b

where, M, -- The Mode.
L - The lower limit of the modal group.

a The frequency or number of items in the next higher class.
b - The frequency or number of items in the next lower class.
CI - The class interval.

Illustrative Example 8

It is desired to find the Modal Wage from the following series
(which incidentally is the same as that in Hlustrative Example 6).

Number of
Wage Employces
£ £ s. d.
2 -— 215 - 100
3 — 3150 110
4 — 415 - 140
S -- 515 0 450
6 - 615 - 150

By inspection the Modal Wage lies in the class interval £5-
£5 15s. 0d. which class interval represents the modal group.
Applying the formula we have—

a < CI

Mo L+t
150 % 0-75
£5F 150 1 140

£5 |- 0 387

Mode - £57s.9d.

Advantages of the Mode

The following is a summary of the advantages attaching to the
use of the Mode as a form of average:

(1) In many cases it can be obtained by inspection of the data.

(2) Since it is the value which has occurred the greatest number
of times, it is the most descriptive average.

(3) It is generally quite easily understood.

(4) It is not affected by extreme items.

(5) If further examples are collected the Mode is the one most
likely to occur.

Disadvantages of the Mode

(1) Where the number of items is small the Mode may not
be representative and further, if the class intervals are
large it may be difficult to determine.

(2) The frequency distribution to which it relates must be
comparatively large and possess a distinct central tendency.
In fact in a particular distribution it may not exist because
of the fact that none of the values may be repeated.

(3) Once ascertained it is not capable of further algebraic
manipulation.
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THE GEOMETRIC MEAN

If there are n terms in a series, then the Geometric Mean (Symbol
M,) of the series is the nth root of the product of such » terms.
The following illustrations show how it is computed—

Series Geometric Mean
(a) 4,9 V4 x99 =6
(b) 1, 1, 27 V1 X1 x2T =3
(© 1,4,4,16 VIix4x4x16 =4

It will be noted that in series (a) there are 2 terms, in series (b)
there are 3 terms and in series (c) there are 4 terms. Even though
the above series do not mean very much it will be noted that the
effect of the Geometric Mean is to weight down the large items in
the series and weight up the small items. That is the general effect
of the Geometric Mean.

Illustrative Example 9
Compute the Geometric Mean of the following series.

Year Indexes
1948 110
1949 124
1950 105
1951 109
1952 130

Geometric Mean V110 < 124 x 105 x 109 x 130

Log G.M. -- 3} (log 110 + log 124 -+ log 105 -+ log 109 + log 130)
= }(2:0414 + 2:0934 + 2 0212 4- 2-0374 + 2-1139)
= 2:0614
Geomctrlc

= anti-log of 2.0614 = 115 2.
Tables of Logarithms are given in the Appendlx at the end of this Volume.

Geometric Mean and Price Indexes

Since the Geometric Mean measures the relative difference be-
tween the items (or the ratio of change) it is particularly applicable
in the computation of Index Numbers. The following example
illustrates how the Geometric Mean brings to light the true state
of affairs in a case which would be falsely represented by the Arith-
metic Average.

Illustrative Example 10

The following table sets out the prices attaching to four different
products for each of the years 1948, 1949.

Product 1948 1949
£ s. d £ s d

A -15 - - 76
B 2 6 - 412 -
C -14 - 1 8 -
D 10 - - 5 - -
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These could be represented by indexes as follows, assuming the
base year is 1948 and that the price in such base year is 100.

Product 1948 1949

A 100 50

B 100 200

C 100 200

D 100 50

400 500

Arithmetic Average 100 E

Now if we were to assume from the above that there was an in-
crease in the general level of prices of these four products of 25 per
cent. we would be wrong. That, however, is what the Arithmetic
Average would lead us to believe.

Actually if we examine the indexes we will see that the general
condition of the prices is the same in 1949 as that in 1948. The

calculation of the Geometric Mcan will prove this.
The Geometric Mean for 1948

= V100 X 100 X 100 x 100
00

= 100.

The Geometric Mean for 1949 o
- W50 x 200 x 200 X 50
= 100.

This is so since the prices of two products have doubled and the
prices of the other two have halved, leaving the general price con-
dition the same. This particular example is only given to illustrate
the theory, and would not represent the position in practicc where
different weights would attach to each of the items—unlike this case
where it is assumed that all the items have equal weights.

Advantages of the Geometric Mean

The following are the advantages of the use of the Geometric
Mecan as a particular form of average.

(1) It weights down large items in the series and weights up
small items.

(2) It uses all of the data in the serics.

(3) The influence of large items is not reflected in the result
so much as is the case with the Arithmetic Average.

(4) It is not necessary to arrange the data in any special way.

(5) If the Geometric Average and the number of items are
given the aggregate can be found.

Disadvantages of the Geometric Mean

(1) It cannot be used where one of the items in the series is
zero, or a minus quantity.

(2) Itis not generally understood as easily as are the Arithmetic
Average, the Median and the Mode.
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(3) It is more involved in its calculation than are the types of
averages mentioned in (2).

(4) The result may not be representative of any particular item
in the series.

THE HARMONIC MEAN

The Harmonic Mean is used in the averaging of rates.

If the items in the series are designated by the symbols—X;, X,,
X, Xy, X5 ... X, (there being n of them) then the Harmonic Mean
is computed from the formula—

| S TS U B 1
L o Pttt P g
M, o n
that is, it is the rcciprocal of the arithmetic average of the reciprocals

of the values.

Illustrative Example 11
Calculate the Harmonic Mean of the series—

2, 4, 5, 10, 20.
Solution:
R
12t atstiofa
M, 5
1045 Fd+2+1
20 < S
2
100
M, % s

2

Advantages of the Harmonic Mean
The following is a summary of the advantages attaching to the
use of the Harmonic Mean as a particular form of average.
(1) Ttis particularly adapted for averaging rates.
(2) It is capable of algebraic manipulation.
(3) It gives little weight to extreme items.

Disadvantages of the Harmonic Mean
(1) It is not generally as well understood as the Arithmetic
Average, the Median or the Mode.
(2) Its calculation is more involved than are those for the
averages mentioned in (1).
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INTRODUCTION

In the previous two chapters, consideration was given to the
fundamentals of—

(i) the statistical series itself, and
(ii) the average.

However, whilst use may be made of the series and the average
as they stand, in the majority of cases, these can only be considered
as first steps in the analysis of the data. What are generally required
next are answers to the following questions:

(a) Is the average really typical of the series?

(b) To what extent do the various items comprising the data
vary from the average?

(c) What is the spread of the data?

Dispersion is a measure which tells these things and the methods
of measuring dispersion take different forms according to what
is required. Dispersion, defined simply, is 2 measure of the scatter
or variation of the items in a series, about the average.

41
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The importance to be attached to the question stated in (a) above,
cannot be over-emphasized. Much confusion and many errors
result from the false idea assumed by some that, because an average
of a series represents that series, then you can compare different
series by comparing their respective averages. To illustrate the
danger associated with such a concept, assume that we have two
factories, the Alpha factory and the Beta factory, and that the
former manufactures soap and the latter furniture. Their respective
outputs are recorded in value for each month of the year 1950 as
follows:

Alpha Factory Beta Factory

Month Value of Value of

Production Production

£ £

January ... 9,000 2,900
February 2,000 2,700
March ... . .. Nil 3,000
Apnl ... . . 3,000 3,200
May .. 1,000 3,100
June 2,000 2.800
July . . .. 3,000 3,100
August . . - . Nil 3,200
September .. . . 5,000 2,950
October . . 6,000 2,850
November . . 2,000 3,200
December . . 3,000 3,000

£36,000 £36,000
Monthly Average (Arithmetic Average)  £3,000 £3,000

Now, it is clear that by simply inspecting the averages of each
of these two series, we cannot judge of their relative nature, i.e. we
cannot say that the Alpha Factory has a satisfactory output at
£3,000 per month because the Beta Factory has a similar value of
output. Nor could we claim contrariwise, i.c. that the output of the
Alpha Factory was unsatisfactory because it was only equal to that
of the Beta Factory. We would have no right to make such assump-
tions from a mere inspection of each of the averages.

Looking at each of the scries it is obvious that whilst the average
of the figures of the Beta Factory is a true and faithful representation
of that series as a whole, the same could not be said of the figures as
disclosed by the Alpha Factory. We can only make this statement,
however, after inspecting the data from which each of the averages
was derived and seeing what the degree of representation actually was.
If we had not made such an inspection we would not have known,
in either series, whether the average was representative or not.
Judging by the average above, we could have made no assumption,
in either series, about the output conditions in either factory.

Summarizing these observations we have the following points:

(a) In each case (i.e. in each series) we do not know whether
the respective average of each is typical of its series unless
we inspect the data from which the averages were derived.
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(b) A comparison of the two series by means of their averages
thus cannot be made, quite apart from the fact that in this
particular case the outputs of each factory are of different
commodities.

In the above illustration, two series were considered simply for
the purpose of emphasis. Our remarks apply with equal force to
any particular series and it is clear from the explanation given, that
in addition to the average of a series, we require some further infor-
mation. The measures of dispersion outlined below are devices
designed to supply this need and demonstrate the spread of the items
in a series, or the deviation of the individual items from the average
of the series.

MEASURES OF DISPERSION

The different measures of dispersion which are commonly used
are four in number and may be conveniently grouped as follows:
A. Those which measure the spread of the data without taking
into account the relation of the average to the serics. They
are:
1. The Range.
2. The Quartile Deviation.
B. Those which ascertain how far all the items of the scries
vary from the average. They arc:
3. The Average Deviation.
4. The Standard Deviation.

1. THE RANGE

The Range is simply an expression of the difference between the
maximum and minimum values of the items in the series. In the
following series the Range is £1 6s. 0d.

Product Retail
Type Price

£ s d

A 2 - -

B 2 5 -

C 2 7 6

D 3 - -

E 3 6 -

The Range, as used here, has no technical meaning other than
that supplied by common usage, so that if a trader states that the
retail prices of his products range from £2 to £3 6s. 0d., he is only
indicating the lower and upper limits of the prices between which
his prices of all goods are spread. As a measure of dispersion, the
Range is of limited use, particularly in the case of series wherein
the extremes are of an exceptional nature. For instance, if a trader
deals in goods all of which lie in price between £2 and £3, except
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that in addition he sells gramophone needles at 1s. a tin and refrigera-
tors at £100 each, it is little to the point to state that the Range of his
retail prices is £99 19s. 0d. The exceptionally low extreme and the
exceptionally high extreme have, in this case, distorted the position.

In some cases the Range is extremely useful to Management, e.g.
where it is a pointer to the evenness of output over a period. In the
figures of the Beta Factory shown on page 42 the lowest value is
£2,700 and the highest £3,200, the Range thus being £500. It is
obvious that the more this value of the Range can be reduced, the
more constant and steady will be the output, month by month. If
this value were taken as standard, say for this year, then a drop in
value to say £300 next year would indicate a still more satisfactory
state as far as constant production was concerned, assuming that
prices of materials, etc. have remained steady.

2. THE QUARTILE DEVIATION

This is the other measure of Dispersion which measures the
spread of the data without taking into account the relation of the
average to the serics.

The Quartiles are the values which are one-quarter and three-
quarters of the way up a series of items, after such series has been
arrayced in order of size. It will be remembered that the middle
value of an array is termed the Median, so that we can say that the
Median, together with the Quartiles, divide the scries into four
equal parts.*

The Quartile Deviationis found from the following simple formula—

Q:--Q
Q.D. 2
where, Q.D. — the Quartile Deviation.
Qs the upper Quartile.
Q the lower Quartile.

It will be evident that Q, and Q, between them enclose half the
arca of the scries—furthermore, it is the central area which is so
covered and thus the Quartile Deviation takes no account of
extremes, as does the Range. Sometimes the Quartile Deviation is
called the Semi Inter-Quartile Range.

Ilustrative Example 1

From the following list of the costs of production of different
units produced in a factory find the Quartile Deviation. These
items are arrayed in order of size.

Cost
Per lfI:nit

1
1

(S X}

* Other measures which correspond to the Quartiles are—
Quintiles,  dividing the series into 5 equal parts
Deciles, e wo
Percentiles ' " w s 100, =
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........... Ist Quartile (Q,)

............ Median

.......... 3rd Quartile (Qs)

W WL —
HENOXRANO XS

.. Quartile Deviation Qs —2—0--'-

3:0-14
F -
= £0-8
Should the series have consisted of 9 items then the Quartiles
would have to be found by averaging as follows. Assumc the same
series, omitting the last two items.

Il

Cost

Per Unit
£
10
3} ite =28 .13
[-4 [ereeeenenens 1st Quartile -= 2 -k
1-8
20 ... Median
2:2
2 } ............ 3rd Quartile - 524 2.7
30

Thus the 1st Quartile is obtained by averaging the 2nd and 3rd
items and the 3rd Quartile by averaging the 7th and 8th items.
The Quartile Deviation here would be—

Q- Q
QD. - V'
2713
; 5
— £0-7
Illustrative Example 2

The following is a distribution of employees by wages. Calculate
the Quartile Deviation.

No. of Cumulative
Wage Per Week Employees Frequency
£ s. £ s. d.
2 - - — 2 911 214 214
210 - — 21911 326 540
3 - - — 3 911 92 632
310 - — 31911 46 678
4 - - — 4 911 192 870
410 - — 41911 x 78 948
5 - - — 5 911 30 978
510 - — 51911 49 1,027
6 - - — 6 911 90 1,117
610 - — 619 11 151 1,268
7 - - — 7 911 76 1,344
1,344
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It is first necessary for us to locate the Ist and 3rd Quartiles.

1

1
The Ist Quartile is located at the point—él—dli X Z—i.e. 336, and

is therefore in the group £2 10s. 0d. to £2 19s. 11d.
344
The 3rd Quartile is located at the point—lT— X 3, i.e. 1008 and

4
is thercfore in the group, £5 10s. 0d. to £5 19s. 11d.

We have located the Quartiles and must next proceed to find
their values, which should be done by the process of interpolation
as was necessary in evaluating the median where it was known that
it was contained in a certain class interval (see page 33).

1st Quartile.

* By interpolation Q; - L F (a Xb 9!)
122 x 0-5
£2 10s. 0d. + (__.32.{_)

- £2 10s. 0d. 4 0-187
£2 10s. 0d. 4 £0 3s. 9d.

- £2 13s. 9d.
3rd Quartile.
By interpolation Qs L+ (“ s c
30x05
_ £5 10s. 0d. + ( o )

- £5 10s. 0d. + 0-306
- £5 10s. 0d. + £0 6s. 1d.
- £5 16s. 1d.

The Quartile Deviation 1s therefore—

__ £5 16s. 1d. — £2 13s. 9d.

Q, —Q,

_ £3 2s. 4C.

- £1 l%s. 2d.

We can now sec what the expression, “ Quartile Deviation”,
means. It is clear that by taking the 1st and 3rd Quartiles, we con-
sider or work upon half of the total items in the distribution (since
1008, the 3rd Quartile, less 336, the 1st Quartile = 672, i.e. half of
the total items of 1344).

Therefore, viewing this half of the distribution, it would appear
in diagrammatic form as follows:

Ist Quartile
. 1.

3rd ngrtile

Q
Quartile Quartile
- Deviation > | Deviation ———————»
£1-11-2 £1-11-2
1 1 i |
1 ] 1
£2-13-9 £4-4-11 £5-16-1
* L. := the lower limit of the class interval in which the quartile lies.
a = the difference between the quartile item and the number of items
lqp to the lower limit of the class interval in which the quartile item
ies.
CI = the class interval of the quartile group. .
b = the frequency applicable to the class interval of the quartile group.
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A useful way of describing this state of affairs is to say that one
half of all the employees receive wages falling within the range
£4 4s. 11d. & £1 11s. 2d. It should be noted that the value of
£4 4s. 11d. (calculated by adding the quartile deviation to the Ist
Quartile) will only coincide with the median provided the distribution
is perfectly symmetrical.

Quartile Coefficient of Dispersion

The Quartile Deviation which we have just considered is an
absolute measure and thus is not always suitable for using for
comparative purposes. That is, if we desirc to compare two different
series as regards their quartile deviations the actual or absolute
measures applicable to each are not comparable.

To enable us to make the comparison we must first convert the
quartile deviation to a coefficient, and when so converted it is known
by the title, Quartile Coeflicient of Dispersion (note that the Quartile
Deviation is one of the methods of Dispersion). The meaning of
a coefficient of dispersion is that it is a relative measure as contrasted
with measures of dispersion which are absolute. It may happen for
instance that two series, say A and B, have the same mecasurce of
dispersion but different averages. Thesc two are thereforc not com-
parable by their measures of dispersion because if, say, the average
of Series A were larger or greater than that of Serics B then there is
relatively less variation in Series A than in Series B.

As pointed out previously, the range and the quartile deviation
are measures of dispersion which do not take into account the
average of the series and therefore there is no coeflicient of dispersion
applicable to the range. In the case of the Quartile Deviation, the
Quartile Coefficient of Dispersion is calculated according to the
following formula—

Q; —Q,
2 ) .. Q-Q
Q.C.D. = o, ) l.e.,Qu i

2
where Q.C.D. = the Quartile CoefTicicnt of Dispersion.
In illustrative example 2 the Quartile Coefficient of Dispersion

would be—
£5 16s. 1d. — £2 13s. 9d.
QCD. = £516s. 1d. + £2 13s. 9d.
5-80 — 2:68
5-80 + 2-68
312
T 848
0-37 or 37 per cent.

i

3. THE AVERAGE DEVIATION

As indicated earlier, the Average Deviation is a measure of
Dispersion which aims to demonstrate how far the individual items
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3

of the series vary from the average. The term * average ™ used
herc may mean the Arithmetic Average, Median or Mode, but since
the Arithmetic Average is generally used as the central point from
which deviations are measured, this will be used in illustration.
In arriving at the Average Deviation the following procedure is
carried out—
(i) Calculate the Arithmetic Average of the original data.
{ii) Ascertain the deviation of each item from this average.
(iii) Add the total of the deviations (ignoring the algebraic
signs) found from (ii).
(iv) Divide this total by the number of items (not by the fre-
quencies) and the result is the Average Deviation.

Illustrative Example 3

The following frequency distribution represents the outputs of
seven employees of a factory for a particular month. All are engaged
on the same type of task and the output is expressed in pounds
weight. Calculate the average deviation.

Output in
Employee pounds

1 70

2 53

3 49

4 81

5 67

6 58

7 49

Solution:
Output in Deviation from
Empl;)yee Po;mds Arithmetic Average
0 9
2 53 8
3 49 12
4 81 20
5 67 6
6 58 3
7 49 12
427 70
Arithmetic Average = - 421 _. 61 1b.

7
0

Average Deviation == 77 = 10 Ib.
In the following illustrative example the Average Deviation is
computed in respect of two series for comparative purposes.

Ilustrative Example 4

The following series represent the sales of two departments for
the period indicated. Calculate the Average Deviation of each
of the departmental sales.
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£
February 2 . 32 53
3 . 26 12
4 . 30 20
S . 22 31
6 . 45 49
155 165
Solution:
DEPT. A DEPT. B
Deviation from Deviaiion from
Sa£les Arith. Average Saées Arith. Avcrage
February 2 32 1 53 20
3 26 5 12 21
4 30 1 20 13
5 22 9 31 2
6 45 14 49 16
155 30 165 72
Arithmetic
Average 31 33
Average - 30 B 72
Deviation 5 - £6 5 £14 4

In the calculation set out above it will be noted that when the
deviation from the average is ascertained, no account is taken of
the sign of the resultant, i.c. whether the resultant is positive or
negative. This is so because algebraically the sum of the devia-
tions from the average would total zero and thus no further calcula-
tion would be possible. To avoid this the algebraic sign is ignored, an
admitted weakness in the procedure which is eliminated in the method
used in the calculation of the Standard Deviation, described later.

The working illustrated in the example may be expresscd by way

of a formula as follows:
. Zd
n
Where 3 the average deviation.
d - the deviation of the value of each of the items from the
average (the sign £ means ** the sum of **).
n the number of items.

This deviation when calculated is an absolute measure of dispersion

and to obtain the coefficient of dispersion, or the relative measure,
it is necessary to divide the average deviation by the average.
In Illustrative Example 4 the coefficient of dispersion would be

calculated as follows—
Dept. A  Dept. B
31 33

Average ... ..
Average Deviation ... . 6 14 4
. . . 6 14 4
Coefficient of Dispersion ... ar a3
- £0-19 = £043

or 19% or 439%,
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The significance of these comparative coefficients is that since the
fluctuation about the average sales is far greater in Dept. B than in
Dept. A, the sales for the latter are steadier and more constant than
the former and perhaps it may mean too that they are more reliable
and more certain. In practice, however, comparison over a longer
period than is covered in this example would be desirable before
forming conclusions.

4. THE STANDARD DEVIATION

This measure of dispersion is similar to the average deviation,
except that the deviations when ascertained arc squared and the
square root of the average of the total of these squares is taken as
the Standard Deviation. The standard deviation is capable of being
treated algebraically and the steps necessary in its calculation may be
summarized as follows:

(i) Calculate the arithmetic average of the original data.

(ii) Ascertain the deviation of each item from this average.

(iii) Squarc cach of the deviations so obtained.

(iv) Add the squares of the deviations.

(v) Divide the sum of the squares by the number of items in
the original data.

(vi) Take the square root of the result of (v) and this repre-
sents the standard deviation.

In the following example the same data as in Illustrative Example
4 is used to indicate the similarity in the two methods.

Illustrative Example §

DEPT. A DEPT. B
Deviations Deviations
Sales Deviations Squared  Sales Deviations Squared
(d) (d*%) (d) d?)
Feb. 2 32 1 | 53 20 400
3 26 5 25 12 21 441
4 30 1 1 20 13 169
5 22 9 81 31 2 4
6 45 14 196 49 16 256
155 304 165 1,270
Arithmetic
Average 31 33

Now, the Standard Deviation of Dept. A is the square root of 3-_24, ie.,
\/ 304 or 779
5
1270 .

and the Standard Deviation of Dept. B is the square root of ——, i.e.

o 5
\/1—257-(-) or 1593
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(The arithmetical method of calculating the square root is ex-
plained in the footnote.)*

The use of the Standard Deviation is preferred to that of the
Average Deviation because it is more correct mathematically
in its calculation, in that the sign of the resultant of the subtraction
of the item from its average (c.g. 32 from 31 in lllustrative Example
4) is ignored when computing the Average Deviation. If it were
not so ignored, the sum of the deviations would be zero and so pre-
vent further analysis. With the Standard Deviation, however, all the

* The ordinary arithmetical method of calculating the square root of a number
is as follows:
Take a number, say, 72,467.
Pair off the numerals from the right, thus—
7,24,67.
Now find a number such that when multiplied by itsclf gives a number as
near as possible to 7. This would be 2. Then we have—

2
17,24,67
4

3
Then bring down the next pair, and find a number (x) such that when placed
after 2 doubled (i.e. 4) (resulting in forty-x) and multiplied by x, gives a product
as close as possible to 324. This would be 6 so that the calculation would
appear as follows—
26

7,24,67
4

46 (324

276

48
This process is continued and when the last pair of numerals 1s disposed of,
pairs of noughts may be brought down if the square root is required to one or

several places of decimals. The remainder of the above calculation would be
as under—

269-19
7,24,67
4
46 (324
276
529 | 4867
4761
5381 | 10600
5381
53829 | 521900
484461
37439

So, the square root of 72,467 is 269-19 to two pfaces of decimals.



52 Dispersion

deviations from theaverage are squared and it thus makes no difference
whether such deviations were positive or negative quantities.
The formula for the Standard Deviation is as follows:

oA
n

Where o - the standard deviation. .
d? - the squares of the deviations of the items from the average.
n the number of items.

As indicated previously, the dispersions of different series cannot
be compared by aligning their respective measures of dispersion,
which are absolute values. It is necessary to calculate the coefficient
of dispersion which in the case of the standard deviation is found
by dividing the standard deviation by the anthmetic average. In
the example above, the cocfficient of dispersion would be ascertained
as follows:

Dept. A Dept. B
779

Standard Deviation . 1593
Arithmetic Avcrage .. .. 31 00 3300
7-719 1593
Cocflicient of Dispersion . — —_—
31 i3
0-25 - 048

or 25°, or 489,
When comparing, say, the output of two employees in a factory,
it is often very useful not only to know what is the average output
of each but also how far or to what extent such output fluctuates
about his average. Assuming that in Illustrative Example 5, Depts.
A and B represent two employces A and B and that the figures in
the Sales column represent the production in pounds (weight) of
each, then the coefficient of dispersion of A being 25 per cent. and
that of B 48 per cent., it is clear that A would be a mych steadier
and more reliable worker than B, becausc his production figures
fluctuate far less about the average than do these of B. This, of
course, is so provided that A and B are producing similar articles.
The following illustrative example shows the method of calcu-
lating the standard deviation whcre, in the series, the items are
shown in the form of class intervals.

Ilustrative Example 6

Compute the standard deviation of the following frequency
distribution.

Exceeding Not Exceeding  Frequency
55 6-5 10
65 -5 18
75 -5 9
85 -5 13

\C oo
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Solution:

It is first necessary to calculate the arithmetic average and this is done as
follows:

Not Product of Mid Point
Exceeding Exceeding Mid Point  Frequency and Frequency
55 65 6 10 60
65 75 7 18 126
75 85 8 9 72
8-5 9-5 9 13 117
50 375
Arithmetic Average -~ 35705
=75

The standard deviation is then calculated as follows:

Frequency,
times

Exceed- Not Mid Deviations Deviations
ing Exceeding Point  Frequency Deviations Squared  Squared
5-5 65 6 10 15 225 22 50
65 7-5 7 18 05 025 450
75 85 8 9 05 025 225
85 9-5 9 13 1-5 225 29 25
50 58 50

58-50

Standard Deviation s

108

COEFFICIENTS OF DISPERSION

Although each of the various cocfficicnts of dispersion was con-
sidercd when cach of the respective measures of dispersion was
dealt with, it is thought convenient to repecat them here in summary
form so that by collecting them together under the one head,
empbhasis is made as to when each is used.

Each of the three measures of dispersion, viz.—

(1) The Quartile Deviation.

(2) The Average Deviation.

(3) The Standard Deyviation
has its coefficient of dispersion which, in formula form, is respec-
tively—
Ql == Ist Quartile

1

O Q,q Q where = 3rd Quartile.
8 = Average Decviation
(&) ;\ where {A == Average.
4 J o == Standard Deviation
3 A where 4 A — Average
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IMlustrative Example 7

Dispersion

Compare the dispersions of the following series, making the necessary calcula-
tions based on the Standard Deviation.

Company A Company B
Year Profits in £s Profits in £s
| 3,600 1,020
2 5,400 1,140
3 4,800 1,080
4 5,200 1,300
5 6,300 1,400
6 6,500 1,500
7 7,200 1,800
8 6,000 1,450
9 5,400 1,010
Solution:
COMPANY A COMPANY B
Deviation Deviation
from Deviations from Deviations
Year Profit  Arithmetic squared Profit  Arithmetic squared
Average Average
(5,600) (1,300)
£ £
1 3,600 —2,000 4,000,000 1,020 —280 78,400
2 5,400 - 200 40,000 1,140 —160 25,600
3 4,800 — 800 640,000 1,080 —220 48,400
4 5,200 — 400 160,000 1,300 — —
5 6,300 700 490,000 1,400 100 10,000
6 6,500 900 810,000 1,500 200 40,000
7 7,200 1,600 2,560,000 1,800 500 250,000
8 6,000 400 160,000 1,450 150 22,500
9 5,400 -~ 200 40,000 1,010 —290 84,100
50,400 8,900,000 | 11,700 559,000
Arithmetic
Average 5,600 1,300
Sum of deviations squared 8,900,000 559,000
Arithmetic average of devia-
tions squared 988,889 62,111
Square root of arithmetic aver-
age of squares of devia-
tions = 994-42 249-22
Comp;ny A Comp:ny B
Arithmetic average 5,600 1,300
Standard deviation 994-42 249-22
Coefficient of dispersion—-
_S.D.x 100 994 42 x 100 249-22 x 100
Arithmetic Average™’ 5,600 1,300
= 1775% = 1917%

The profits of these two companies are thus put on a comparable
basis as far as variations from the average in each case are con-

cerned.
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SKEWNESS

The various measures of dispersion outlined to date have been
concerned with either the spread of the data or a consideration as
to whether the individual items of the series vary from the average,
whilst the coefficients of dispersion have illustrated how the relative
variations may be expressed. None of these things, however,
denotes skewness, i.e. how far and in what direction the distribution
departs from a symmetrical distribution. The notion of skewness
does not concern the accountant a great deal and but a passing
reference is made here, simply to indicate that a measurement of
this lack of symmetry exists.

Data which, when plotted in the form of a graph will result in a
curve of the following type, is said to be a symmetrical distribution.

Jy axis |

x axis

In such a curve as this the vertical line drawn through the centre
of the curve denotes that the arithmetic average, the median and
the mode, are all coincident, i.c. they have the same value, which
is found at the point where the vertical line cuts the x axis.

Should, however, the curve be distorted, it may be skewed to the
left or right as follows:

y axis ¥ axis

- ’ ma = Arithmetic "
X axis me ma mo Average. xaxis mo ma me

Left me = Median. Right
Negatively Skewed. mo = Mode. Positively Skewed.

Common methods for measuring skewness are—

Ma — Mo
(1) Skewness = o dard Deviation.
3 (Ma—Me)

(2) Skewness =

Standard Deviation.

_ (Q —Me) (Me —Qy)
(3) Skewness = *- Quartile Deviation.
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The above remarks on skewness are intended only to indicate
the method whereby an index may be obtained so as to represent
the skewness of a particular distribution and thus facilitate com-
parison with that of other distributions. Skewness is used so
little in the analysis of accounting data that any further detail
relating to it would be quite unwarranted in a book of this nature.
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INTRODUCTION

Quite often there is such a relationship between two series of
figures that a change in one is accompanied by a change in a similar
or opposite direction in the other. The change in the latter series
may not be of the same degree as that in the former, but generally
speaking it is often important for us to know whether between, say,
serics A and B there is a condition such that a movement in A
results in a sympathetic movement in B, and if so, in what direction
each movement is tending, i.e. whether in the same or opposite
direction. These problems are concerned with the notion of
Correlation.

Correlation deals with the observation and measurement of the
relationship (if any) existing between statistical series. Where
there is a movement in one series in a certain direction, and this is
accompanied by a movement in the other series in the same direction,
there is direct correlation between the two. If the movement in the
former is accompanied by a movement in the latter in the reverse or
opposite direction, then we say that as between the two series there
is inverse correlation.

To illustrate, if an increase in the number of motor cars on the
roads is accompanied by an increase in the number of accidents,
then as between these two sets of conditions or objects there is
direct correlation. On the other hand, should an increase in the
number of policemen in the active force be accompanied by a

57
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decrease in crimes committed, then as between these two sets there
is inverse correlation. If should be noted, however, that while
correlation appears to be present, the movements may not necessarily
be related as to cause; e.g. an increase in road accidents may, on
investigation, be found to be partly the result of a long period of
bad weather, etc. The movements in both series may be the result
of a third factor affecting each in some degree, rather than a sym-
pathetic movement.

MEASUREMENT OF CORRELATION

In the interpretation of accounting data there are two main
methods of testing two series for correlation:
(a) by calculating the coefficient of correlation,
(b) by preparing ** scatter diagrams™.
Correlation is of limited use in statistics as applied to accounting
data and these two methods are generally considered to be those
most applicable.

The Coefficient of Correlation

When considering the coeflicient of correlation, two things are
important, viz.:
(a) the method by which it is calculated, and
(b) the interpretation of the coefficient when once it is cal-
culated.

In business statistics the most ccmmon method of calculating the
coefficient of correlation is the Pearsonian method. This method,
the formula for which is given later, involves the following steps in
carrying it out:

1. Prepare a table as in Illustrative Example 1, setting up the
original data in each series in columns 2 and 5.

2. Calculate the arithmetic average of each series.

3. Find the deviations of each of the items from the arithmetic
average and insert in columns 3 and 6. These deviations
are simply the result of the subtraction of each item from
the arithmetic average of the series in which the item appears.
It is important to see that the correct algebraic sign is
affixed to the deviation.

4. Multiply each of the deviations in the first series (column 3)
by the corresponding deviation in the second series (column
6) and insert the products in column 8, taking care to affix
the proper algebraic sign resulting from the multiplication.
It will be remembered that a negative quantity multiplied
by a negative quantity results in a positive quantity and
that a positive quantity multiplied by a negative quantity
results in a negative quantity.
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5. Square each of the deviations in columns 3 and 6 and insert
the resultant figures in columns 4 and 7.

6. Add the columns containing the deviations squared and
the products of deviations (columns 4, 7 and 8).

7. Find the standard deviation of each serics by taking the
square root of the total deviations squared divided by the
number of items.

8. The coefficient of correlation is then given by an evaluation
of the following identity:

Total of Products of Deviations

Number of items x Stand. Dev. of Series A x Stand. Dev. of Serics B.

Illustrative Example 1
Calculate the coefficient of correlation between the following
series:

Year ended Sales of Sales of
30th June Implements Spare Parts
£000’s £000’s
1936 36 33
1937 38 34
1938 39 34
1939 42 35
1940 36 3-2
1941 34 3.0
1942 25 2-8
1943 22 29
1944 20 30
1945 28 2-5
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We will temporarily defer discussion of the interpretation of
this particular coefficient since at this stage consideration is only
being given to the method of computing it.

As indicated previously this coefficient is known as the Pearsonian
Coefficient of Correlation and the method expressed in formula
form is as follows:

%))
nex oy
where r = the coefficient of correlation.
x = the deviations of the items from the arithmetic average—in the

first series. ) ) )
y = the deviations of the items from the arithmetic average—in the
second series.

n = the number of items, i.e. actually the number of pairs of items.
ox =: the standard deviation of the first scrics.
oy = the standard deviation of the second series.

It is clear then that xy is the product of the deviations of both
series and that X(xy) represents the algebraic sum of all the products
of the deviations of both series.

INTERPRETATION OF THE COEFFICIENT

Once the coeflicient has been calculated the next and probably
the most important matter is to interpret the meaning of the result
obtained.

The following give some idea of the different types of scrics
between which there is quitc often a high degree of correlation:

(a) Between the sales of machines and the sales of spare parts.
In the case of a motor distributor for instance it can roughly
be said that the greater his sales of cars, the greater will
be his sales of spare parts. There is thus direct correlation
between these two sets of things but the degrece requires
mathematical mecasurement along the above lines. It
might be noted here that there is quite often the possibility
of a time lag, so that, for instance, although increased
salcs of spare parts may follow increased sales of cars, the
increase in the former may not be immediately apparent.

(b) Between turnover and gross profit. Normally it is ex-
pected that the greater the value of sales, the greater
profit will be made. The calculation of the coefficient
of correlation of two series consisting of turnover and gross
profit over a period of years should test whether in a
particular case this is so or not.

(c) Between the ages of workers and the times they take to
perform a certain task. It may be that the older a worker,
the longer he takes to complete the task. On the other
hand, the results may disclose an absence of correlation.

These are only examples of the pairs of events between which
it is often desired to ascertain whether or not correlation exists.

5
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It 1s essential that in such cases the coefficient of correlation
should make manifest two things, viz:

(a) Whether the two sets of events are moving in the same
direction or not, and
(b) The degree of the relationship between them.

When properly interpreted the coefficient of correlation calculated
according to the method described above should indicate both of
these requircments.

The starting point in the interpretation of the coefficient is the
fact that the limiting values of the coefficient are 4+ 1. That is,
the coeflicient cannot exceed |- | in the positive (or direct) direction
or — 1 in the negative (or inverse) direction. If the coefficient is
cqual to -|- 1 then as between the two series there is perfect direct
correlation. If it is cqual to — | then as between the two series
there is perfect inverse correlation. The algebraical sign indicates
whether the two sets of events are moving in the same direction or
not. If the sign is |, then they are moving in the same direction
(i.c. the correlation is direct): if the sign is —, then they are moving
in opposite directions (i.e. the correlation is inverse). The degree
of the relationship is indicated by the value of the coefficient which
in cach particular case will lie somewhere betwecen -+ 1 and — 1.*

Bcfore considering what the varying values between + 1 might
mean, it is proposed to illustrate how it is that perfect direct corre-
lation results in a coefficient of -}- 1 and perfect inverse correlation
results in a coefficient of -- 1.

Perfect Direct Correlation

For the purpose of illustrating how perfect direct correlation
results in a cocefficient of exactly 1, let us assume the following
hypothetical series for sales and profits. In these series the profit
figure in cach case is 25 per cent. of sales so that as sales increase,
so do profits. There is an increase in the same direction and also
there is an increase in degree of the same value, since if sales are
doubled then profit is doubled. It can be argued of course that this
state of affairs could be ascertained merely by looking at the two
series. This is so in this case which is particularly designed only for
the purpose of demonstrating the theory underlying the formula. In
many cases therc may be a high degree of direct correlation (although
it might not be perfect) but it could not be ascertained accurately
unless the formula were applied. Take then the following series:

Sales Profits
£ £
20 5
40 10
60 15
80 20

100 25
120 30
140 35

* If, however, the value of the coefficient is 0, this indicates a complete absence
of correlation, see later.
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Interpretation of the Coefficient

The calculation of the coefficient of correlation is as follows:
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Thus, in respect of two series between which we know there is
perfect direct correlation, the coefficient or correlation is exactly

+ 1.

Perfect Inverse Correlation

To illustrate perfect inverse correlation assume the following
series for costs and profits. From these it is clear that as costs
increase profits decrease. The two series not only move in the
opposite direction but they do so by the same degree, i.e. if costs are
increased by £20, profits decrease uniformly by £1.

Costs Profits
£ £
20 15
40 14
60 13
80 12

100 11

120 10

140 9

The calculation of the coefficient or correlation is as follows:

of ¢
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Interpretation of the Coefficient
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Thus in respect of two series between which we know there is
perfect inverse correlation, the coefficient of correlation is exactly
— 1

Complete Absence of Correlation

If there is a complete absence of correlation between two series
the coefficient of correlation will be 0.

Assume the following series:

Sales Salaries
£ £
200 75
250 75
270 75
290 75
300 75
350 75

In this case as sales increase, there is no corresponding movement
in salaries whatever. There is thus a complete absence of corre-
lation. To demonstrate that the coefficient of correlation must be
0 is an easy matter for in the second series there is no deviation of
each of the items from the average of the series. The ““ squares
of the deviations are, therefore, all 0, the products of the deviations
of the two series are thus all 0, the numerator of the coefficient of
correlation must be therefore 0, and so the coefficient itself is O.

Varying Degrees of Correlation

Summarizing the above remarks on the interpretation of the
coefficient of correlation, we have—

ifr - 4- 1, there is perfect direct correlation.
ifr - — 1, there is perfect inverse correlation.
ifr == 0, there is a complete absence of correlation.

As indicated previously, however, perfect direct and inverse
correlation will only be met with in rare cases. Usually if either
exists, it is known beforehand and there is no need to compute the
coefficient.

When two series are tested for correlation, the resultant coefficient
will be somewhere between 1 and — 1. The following general
indications afford a guide as to the interpretation of the coefficient
of correlation.
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If the Coefficient lies between

i
I

Table of Interpretative Values

It will generally indicate

0 and 0-30

| w

hether positive or negative, little
evidence of direct or inverse
correlation, and changes in items
of the first series should not be
taken to indicate what changes will
result in the second series.

030 and 0 50

Whether positive or negative, there

is some degree of direct or inverse
correlation and changes in the
items of one series should not
necessarily be taken as a guide to
the probable changes in the other.

0 50 and 0-75

W

hether positive or negative, there
is a decided correlation between
the two serics and changes in one
series may be taken as a rough
guide as to probable changes in the
other series.

0-75 and 0 90

Whether positive or negative, there

is a fairly high degrec of direct or
inverse correlation between the
two series. Estimations of items
of onc serics may be made from
known values of the other series
with reasonable accuracy.

0-90 and 100

W

hether positive or negative, there
is a high degree of direct or inverse
correlation.  Estimations of items
of one serics may be made from
known values of the other series
with substantial accuracy particu-
larly where the coefficient is grcater
than 0 95.

Another illustrative example will now be worked to test the
interpretative value to be placed on the coefficient.

Iustrative Example 2

Calculate the coefficient of correlation between the following
serics. What does this coefficient indicate?

Year

NP ND -

Series A Series B
8,000 300
7,500 350
9,000 400
9,600 450

10,400 500
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The coefficient of correlation being greater than 0-9, there is thus
a high degree of direct correlation between the two series and an
estimation of items of one series may be made from known values
of the other series, with substantial accuracy.

SCATTER DIAGRAMS

A test for correlation between two series may be made by means
of a “ scatter diagram”. In some cases the preparation of a graph
or diagram may be more laborious than the mathematical calcula-
tion of the coefficient and it is not always used. Furthermore, it
does not give the mathematical precision of the former method.
The great value of a scatter diagram, however, is the pictorial presen-
tation which often is more easily understood by those for whom it
is prepared.

Iustrative Example 3
Prepare a scatter diagram to illustrate the suspected correlation
between the following series:

Series A Series B
15 100
17 185
21 230
22 350
26 385
29 440
31 540
34 530
35 670
38 670
40 785
43 815
44 920
48 875
48 1,010
50 1,030
50 1,150
55 1,160
55 1,275
58 1,310

To construct this diagram the first series is placed on the x axis
and the second series on the y axis and the various points plotted
according to a convenient scale.

It will be noticed that the dots tend to follow a line sloping up-
wards from left to right. This indicates a high degree of direct
correlation. If the correlation were highly inverse, the dots would
tend to follow a line sloping downwards from left to right. If no
correlation existed, the dots would be spread over the graph and
would not follow any particular pattern.

Actually the dots in the diagram follow more of a path than
a line and the closer the two series are to perfect correlation,



70 Correlation

1300

Ne

1200

1100

900
y axis / )

700 /

g

0 -
v

5 18 U U 27 0 B 6 H 2 £ 8/ 5 54 5
Series A. X axis
SCATTER DIAGRAM
Showing High Degree of Direct Correlation.

the narrower becomes the path until, if perfect correlation does
exist, the path of dots converges into the straight line.

The straight line drawn through the dots has been drawn free-
hand, i.e. it is simply a line such that it describes what appears to
be the direction of movement. The insertion of this *“ line of best
fit” enables estimations to be made of items in one series from
known values of items in the other series.

For instance, if it is required to find what value in Series B would
correspond to the value 42 in Series A, all that is necessary is to
trace from point 42 on the x axis to the straight line and from there
across to the y axis and read off the value, 830.
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CLASSIFICATION OF CHANGES IN TIME SERIES

Secular Trend.
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Removal of Seasonal Variations.
Illustrative Example 6.

INTRODUCTION

In this chapter we are concerned with—

(a) the description, and
(b) the measurement

I

3

77

90

of movements and changes which occur or appear in a statistical
series over a period of time. Such a series is known as a time series.
In Chapter 6 when considering the general classification of statis-
tical series it was stated that a time series was one in which ‘the

data were grouped according to time of occurrence.

example of a time series is as follows:
71 °

A simple
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Telephones (N.S.W.)

Telephone Lines Telephone Instruments
30th June Connected Connected
1940 197,046 ! 268,216
1941 205,097 280,161
1942 206,103 285,243
1943 210,112 295,266
1944 217,345 308,016
1945 225,832 320,198

Source: N.S.W. Statesman’s Year Book for 1947.

In the above example, the independent variable—time—is con-
stituted by a series of consecutive years and the dependent variables,
which fluctuate in time, are constituted by the number of telephone
lines and telephone instruments connected at 30th June in each
year. Similar tables might be prepared for, say, monthly sales,
weekly price quotations, daily or hourly returns of electricity con-
sumption, etc. In each case, the various values of the dependent
variables—sales, prices, electricity consumption—would be related
to definite points in time.

Necessity for Analysis of Time Series

A simple illustration will show the necessity for investigating
the general tendency of a series to move in a certain direction, i.e.
for investigating the trend of a series.

Assume that the following data represents the net profits earned
by two companies over a period of ten years.

Net Profit
Year Company A Company B
£ £
1941 5,000 28,650
1942 5,200 26,420
1943 6,700 23,290
1944 6,850 21,985
1945 8,405 19,200
1946 7,200 18,400
1947 8,750 18,300
1948 9,270 20,870
1949 10,050 17,250
1950 11,090 15,490

These series exhibit two distinct and opposite movements. In
Company A, profits have steadily increased over the 10 years, and
there is an upward trend, or a growth. In Company B, profits have
steadily decreased, showing that there is a downward trend, or a
decline.

These figures for a period of years supply information which
would not be forthcoming from a consideration of the profit for a
particular year, or, further, from a comparison of the profit for a
particular year with that of the previous year. In Company A,
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for instance, the profit for 1946 was lower than that for 1945 despite
the fact that over the period of ten years profits have shown a
definite trend of growth. If in 1946 a comparison had been made
with the profit for 1945, the decrease noted, and the assumption
made that profits were decreasing, such assumption would not
have been correct. Again, in the case of Company B, there is a
downward trend of profits despite the increase in 1948 as compared
with 1947.

The study of trend is important, not only for investigating the
progress of a particular enterprise but also for reviewing business
conditions generally. Quite often a particular enterprise will
prosper only if it * feels the pulse”” of the trade and correctly
anticipates changes and movements within it as indicated by
trends. Whilst trend is the study of past events or performances
occurring throughout the period of time taken, its purposes are
to determine the direction in which the data are moving and assist
business forecasting. Most business executives attempt to forecast
future demands of the consumer, future possibilities of supplies,
future rises or falls in prices, and so on. Thus, an enterprise may
stock up heavily if it considers that costs of materials will rise or
supplies will become scarce and, on the other hand, it may attempt
to rid itself of its stocks as quickly as possible if the prices at which
it will be able to sell are likely to fall drastically. These are only
instances of the circumstances in which businessmen require a
fairly sound idea as to how events are moving, i.e. as to the direc-
tion in which the trend of business generally is moving.

CLASSIFICATION OF CHANGES IN TIME SERIES

Generally speaking there are four classes of changes or movements
in a time series. These are as follow:

Secular or Long-term Trend.
Seasonal Variations.
Cyclical Movements.
Irregular Variations.

SN

1. Secular Trend

The secular trend is a long-term trend. That is, it is the growth
or decline exhibited by the series over a period of years. When
discussing the movement of profits of companies A and B on
page 72, what we were really considering was the secular trend
of the data, i.e. its tendency to move in a certain direction over
the period of ten years. Generally, secular trend should not be
looked for in data extending over a period of less than ten years,
unless there is special reason for doing so. In the following diagram
extracted from the Barclay’s Bank Review it will be seen that the
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trend of social service costs per head of population has been steadily
upwards both in terms of money and of purchasing power in the
fifty years under review.

2. Seasonal Variations

Seasonal variations are fairly regular movements occurring
within a period of twelve months. As the name implies the varia-
tions are due to the differences in seasons and social festive occasions.
Thus, ice cream sales are greater in summer than in winter, sales
of winter clothing are greater in winter than in summer, businesses
in holiday resorts will do the great bulk of their trade in the holiday
seasons and little else during the rest of the year, and so on. Fre-
quently, however, the term seasonal variation is given a much
wider meaning, e.g. there may be certain days of the week when
sales are greater than the other days, and there are fluctuations
in electricity consumption throughout each period of 24 hours, etc.

Social festive occasions, such as Christmas, Easter, Mother’s
Day, etc., must be considered also in the trend of seasonal variations.
(See post under Methods of Measuring Seasonal Variation.)

3. Cyclical Movements

It is now generally recognized that business conditions tend to
move in cycles. These-cycles: are characterized by the tendency of
business to recover from a depression and climb to prosperity,
decline again and descend to another period of depression and so on.
Business cycles are irregular and they vary in duration and in-
tensity.
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The diagram on page 76 is a graphical representation of a Real
Estate Cycle reprinted here by permission of the Security-First
National Bank of Los Angeles. It will be observed from the graph
that there have been six points of highest level or peaks, viz., those
occurring in 1855, 1875, 1887, 1906, 1923 and 1946. Between each
of these peaks are low points at 1863, 1880, 1900, 1918 and 1933.
Thus real estate sales activity in Los Angeles County between 1850
and 1946 exhibits a fairly regular cyclical pattern. Other forms of
activity do not always exhibit the regularity manifested. in this
particular case. However, the Monthly Summary of Business
Conditions from which the chart is extracted, points out that,
“in considering the possible course of real estate activity in the
period ahead, readers are cautioned against making detailed fore-
casts on the basis of historical precedent. Many things have
affected the specific character and timing of individual real estate
cycles in the past, both in this and other areas; among thesc are
(1) wars, (2) major catastrophes, such as earthquakes, fircs and
floods, (3) discovery of important oil fields or other natural re-
sources, (4) completion of railroads or harbour facilities opening
up an area to extensive development, (5) major waves of population
influx, (6) financial crises, and cyclical swings in business activity.”

These general considerations apply with the same force to the
British economy (see further under Irregular Variations).
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4. Irregular Variations

The effect of possible irregular or unusual disturbances on trends
and trade cycles cannot be ignored. It was seen, when considering
cyclical movements, that such random variations exerted a major
influence on the timing and extent of fluctuations, such an influence
in fact, that since they are to be expected in the future, specific
predictions as to real estate activity (the case under consideration)
would be meaningless.

Irregular variations may be caused by wars, floods, droughts,
earthquakes, fires, mineral discoveries, strikes, large-scale immigra-
tion or emigration, institution of important public utilities, and so
on. Some of these events have exerted great influence on economic
conditions, particularly mineral discoveries, droughts, strikes and
wars. Certain forms of activity are more prone than others to
reflect within themselves the effects of extraneous events.

THE MEASUREMENT OF SECULAR TREND

The measurement of trend involves the determination of a trend
line such that it is representative of the normal values which would
have been recorded had no forces other than those of normal growth
or decline been operating. Thus the problem involves the climina-
tion from the data of cyclical movements, seasonal variations and
irregular variations. A trend value is thus a normal value. The
problem of the measurement of seasonal variations is dealt with
separately later in this chapter.

To fit a trend line to data it is wise to plot the data on a graph
first. The resultant chart may indicate such a simple and straight-
forward movement that the trend line may be fitted quite easily
by freehand (see later) and there will not be any need to compute
trend values by any other mathematical method. The value of the
preparation of a graph as a preliminary consideration to fitting
a trend is also apparent where there are any extreme items in the
series. Such extreme items will show up readily in a plotted chart
and their effect can be guarded against. The selection of the period
of years over which the data extends is important. As indicated
previously such period should not be less than ten years and further
it should not start or end with an unusual period of activity such as
a boom or a depression.

The most common methods of fitting a line of trend to data are:

1. Freehand Curve-fitting Method.

2. Semi-Averages Method.

3. Moving Averages Method.

4. Least Squares Method or Method of Mathematical Curve
Fitting.

An outline and brief explanation of each of these methods will
now be considered.

6
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1. Freehand Curve-fitting Method

This method of fitting a trend line to data simply involves the
drawing by freehand of a line through the data in such a way that
the line describes what appears to be the general direction of move-
ment of the data. The drawing of the line need not be strictly
frechand and a ruler, etc., may be used if necessary, but the method
does not involve any mathematical calculation whatever. If the
line is drawn with care and good judgment is exercised in tracing
it and in choosing its direction, it may closely approximate to a
trend line fitted by mathematical calculation.

In the diagrams on page 79 a straight line has been superimposed
on the right hand diagram, and a curved line on the left hand
diagram, over the lines representing Britain’s import trade with
certain areas.

These trend lines* illustrate or describe the general direction in
which imports have moved during the period 1948/51. As to whether
this trend is an accurate description of the movement depends on
mathematical calculations, which may modify the line in some
respects. It should be noted, however, that the trend line elimin-
ates or ignores the bulges occurring in the years 1949 and 1950.

2. The Semi-Averages Method

Under this method of fitting a trend line, the data is divided into
two equal parts and each half is averaged. The averages so obtained
are then plotted on the graph at the points which represent the
centre of ecach of the halves of the original data. A straight line
is then drawn through the two pcints so plotted and this represents
the line of trend.

An illustration will make the procedure clear.

Ilustrative Example 1

The sales of the Alpha Co. Ltd. for the period 1939-1948 are as
follow:

Sales
Year £000s
1939 18
1940 22
1941 45
1942 50
1943 60
1944 62
1945 60
1946 63
1947 70
1948 90

Plot the graph of the above series and fit the line of trend by the
Semi-Averages Method.

*These trend lines have been inserted by the author and were not originally
part of the chart as extracted from the Statistical Bulletin of the Economic
Co-operation Administration.
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Solution:
Arithmetic
Year Sales Totals Averages
1939 18
1940 22 )
1941 45, 195 39
1942 50
1943 60 )
1944 62
1945 60
1946 63" 345 69
1947 70)
1948 90

The data is divided into two equal parts for the periods 1939-1943
and 1944-1948. FEach half is totalled and the amount inserted in
the totals column. The arithmetic average of each of these totals
is next obtained by dividing each total by the number of years it
represents, i.c. in this case five each. Note that the totals and their
averages are placed opposite the centre year in each half (i.e. opposite
1941 and 1946 respectively).

The next step is to plot the original data and join the points to
form a graph of the sales over the period. Then the value 39 is
plotted against the year 1941 and the value 69 against the year
1946 to give the two crosses marked on the graph. A straight line
is then drawn through these two points and this is the line of trend.

The graph with its line of trend would appear as follows:
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SALES OF ALPHA CO. LTD., 1939-1948.
Trend ascertained by Semi-Averages Method.
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3. Moving Averages Method

By this method of fitting a trend line to the data, the trend ordin-
ates (which are plotted so as to determine the line of trend), are
obtained by successively averaging the data in cycles of 3, or §, or
7, or 9, etc., years. A cycleis really a number of years to be averaged
and the selection of a suitable cycle is the first requirement when
using this method. For instance, if a cycle of three years were
selected then the data would be successively averaged in groups of
three.

As indicated previously, a trend line should eliminate cyclical
and irregular variations. Whether a three-year, or five-year, or
seven-year, or nine-year cycle is chosen depends upon how long a
period is necessary to remove the effects of these cyclical and irregu-
lar variations.

The following example illustrates the method of computing the
moving averages for purposes of plotting the line of trend.

Illustrative Example 2
The value of production of the Gamma Factory has varied
throughout the period indicated as follows:

Production
Year £000s
1935 16
1926 17
1937 21
1938 31
1939 35
1940 39
1941 43
1942 53
1943 57
1944 61
1945 71

You are required to:
(i) Calculate the trend values for the above series, using a
three-year moving average.
(ii) Graph the above data.
(iii) Graph the trend.

Solution:
Production 3-year Moving 3 years Moving

Year £000s Totals Average
1935 16

1936 17 54 18
1937 21 69 23
1938 31 87 29
1939 35 105 35
1940 39 117 39
1941 43 135 45
1942 53 153 51
1943 57 171 57
1944 61 189 63

1945 71
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The figures in the 3 years moving totals ” column were obtained
by (a) adding the first three years’ items together, (b) dropping the
first item and adding the next three items, (c) dropping the first and
second items and adding the next three, and so on. In other words,
the first total is obtained by adding the values for 1935, 1936 and
1937; the second total obtained by adding the values for 1936, 1937
and 1938; the third total obtained by adding the values for 1937,
1938 and 1939, and so on. The moving totals and the moving
averages (these latter being obtained by dividing the moving total
by the cycle period, which is, in this case, 3) are placed against the
middle year of the 3 years averaged.

The moving averages are then plotted on the graph against the
years opposite which they appear and when these points are joined
the resultant line is the line of trend.

In the following diagram the solid line is the graph of the original
data and the dotted line is the trend line.

Production 80
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PRODUCTION—GAMMA FACTORY, 1935-1945

Trend ascertained by three-year Moving Average.
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If the trend line is to be based on a five-year moving average,
then each successive five years’ values are averaged and computed
on the same principles as above. The same applies to any other
cycle used.

It should be noted that in this particular method, the trend
line cannot be brought up to date since the averages are repre-
sentative of the middle point of each cycle.

Further, if the cycle taken is an even number of years then the
average will lie between the fiwvo middle years of the cycle and thus
the averages will require to be recentred so as to bring them opposite
a particular middle year. For instance, assume that in the pre-
vious example it was required to find the line of trend basing it on
a four-year moving average. The averages would be computed as
follows:

¢)) ) 3 (©)) (&) (6)
4-year 4-year 2-year 4-year
Year Production  Moving Moving  Moving Totals Moving
Total Average of Column 4  Average
added in Centred
pairs
1935 16
1936 17
85 21-25
1937 21 47 25 23-63
104 26-00
1938 31 57-50 28 75
126 31-50
1939 35 68-50 34-25
148 37-00
1940 39 79-50 39-75
170 42-50
1941 43 90-50 45-25
192 48-00
1942 53 101-50 50-75
214 53-50
1943 57 114-00 57 00
242 60-50
1944 61
1945 71

It will be seen from the above that the items in Column (6) are
now opposite a particular year and thus can be plotted to give
the line of trend.

4. The Least Squares Method

The Least Squares Method of finding the trend ordinates (some-
times referred to as the method of Mathematical Curve Fitting)
is slightly more involved than the previous methods and requires
some mathematical calculation. If it is to be assumed that the
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line of trend is to be a straight line then such trend will have a
formula:

y=mx+b

because, mathematically, any straight line is reducible to such a
formula. In this formula y and x are variables and further y is
termed the dependent variable because its value depends upon
what value is given to x. The symbol x itself is called the indepen-
dent variable. It will be noticed that the assumption that the
line of trend is a straight line presumes that the series is in arithmetic
progression in the line of trend. For a short explanation of arith-
metic progression see Chapter 6. Now, the problem involved
is to find the straight line which best describes the data. The method
of least squares, or it is really more correct to say, the principle of
least squares, aids in determining that line. Once the trend values
are found they may be graphed as in the previous methods, to give
the straight line forming the trend of the data.
From the formula—

y=mx +b

it will be seen that there are two constants, viz., m and b.
In order to determine what these constants are it is necessary to
solve two equations. These are of the form:

Zy) = nb + mZ(x)
Z(xy) = bZ(x) + m(x?).

These are two normal equations arising from the above formula
and it is necessary now to substitutc values in these equations for:

2(y), which is the sum of the values of y.

2/(x), which is the sum of the values of x.

Z(xy), which is the sum of the products of each of the x’s and its re-
spective y.

2(x*), which is the sum of the squares of the value of x.

n, which is the number of years or items as the case may be.

To sec how we get the value for each of these symbols we will
work through an actual example.

Illustrative Example 3

It is required to compute the trend ordinates for the following
data so that the trend will conform to the equation of y = mx + b.

Year Sales
£

1944 1,200
1945 1.300
1946 1,250
1947 1,400
1948 1,450
1949 1,500

1950 1,600
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Solution:

It is first necessary to prepare a table with six columns ruled as
follows:

|
a | 3] 3) ()] ! () (6)
Year Sales E Trend
x ¥ xy | x? Ordinates

1944 0 1,200 0 0 1,194
1945 1 1,300 1,300 1 1,258
1946 2 1,250 2,500 4 1,322
1947 3 1,400 4,200 9 1,386
1948 4 1,450 5,800 16 1,450
1949 5 1,500 7,500 25 1,514
1950 6 1,600 9,600 36 1,578
Totals | Z(x) = 21 | 2(y) = 9,700 | Z(xy) = 30,900| X(x?) -~ 91

The figures in column (6), i.e. the trend ordinates, represent the
final answer to the problem and of course are inserted last. In
column (2) the years are consecutively numbered, the first year
starting from O being the origin year. This column represents the
independent variable x. The original data is inserted in column
(3) and becomes the dependent variable (y) of the equation. In
column (4) are inserted the products of x and y, i.e. the products
of the two variables. Column (5) carries the squares of the inde-
pendent variable x.

The respective columns are then totalled as indicated.

It is now clear how we get the values of the symbols for insertion
in the two normal equations. They are:

2(y) 9,700
2(x) 21
2(xy) 30,900
2(x?) = 91
n 7

Substituting these values in the two normal equations—

2(y) = nb + mZ(x)
2(xy) = b2(x) + m(x?)

We have:

9,700 = 7b 4+ 2Imii n
30,900 = 21b 4+ 9lma 2

Thus, it is necessary for us to solve these simultaneous equations
to find the values of b and m.

Multiplying equation (1) by 3 and leaving equation (2) as it is
we have:

29,100 = 216 + 63m.i 3)
30,900 = 216 + M “)
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Subtracting equation (3) from equation (4):

1,800 -- 28m
: _ 1,800
.m R = 64 (approx.)

To find the value of b substitute 64 for m in equation (1) and
we have:

9,700 =— 7b 4+ @21 x 64)
= b + 1,344
. 7b —= 9,700 — 1,344
b = 8375 6 . 1,194 (approx.)
The values of m and b are therefore:
m -- 64
b — 1,194

and substituting these in the equation—
y —mx + b

we have
y - 64x + 1,194,

To ascertain the trend ordinates is now quite a simple matter.
All that is necessary is to give x each of the seven different values
it has in column (2) and we get seven different values for y which
are the trend ordinates.

Where x - Othcny = (64 < 0) + 1,194 = 1,194
. X L, Yy = (64 x 1) 4+ 1,194 == 1,258
X = 2 ., Y == (6 4 X 2) + 1,194 = 1,322
, X3 ., y-=(64x 3)+ 1,194 == 1,386
s X=4 | y= (64 x 4) + 1,194 = 1,450
h» X =5 = (64 x S5) + 1,194 -= 1,514

x~6,,y:(64x6)+ll94~1578

These trend ordinaltes are then inserted in column (6) in the table
against their respective yecars. When they are plotted on the graph
and joined together the result will give the line of trend.

Alternative Method

Sometimes the least squares method is simplified by assuming
that x lies at the middle of the period; 2x thus becomes zero. The
normal equations then take the form of—

2(y) = nb
Z(xy) = mX(x*)
From the first equation it can be seen that
Xy . . . .
b = n (b is thus the arithmetic average of the series)

and from the second equation—

_ Z(xy)
Y]
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If this form were adopted, the working of Illustrative Example 3
would then appear as follows:

Trend
Year X y Xy A% | Ordinates
1944 | -3 1,200 —3,600 9! 1,194
1945 | —2 1,300 —2.600 4 1258
1946 | —1 1,250 | ~1.250 I 1,322
1947 0 1,400 | — —_ 1,386
1948 1 1,450 | 1,450 1| 150
1949 2 1,500 } 3,000 41 1514
1950 3 1,600 | 4,800 91 1,578
b TEe 9700 [ 2xy) - 1,800 | Zxy - 28|
N
b =D 9700 e,
n 7
_ Z(wy) 1,800
iy o2 %

Substituting these values in the formula, y = mx | b for say

the sixth year, we have:
y = (64 x 2) + 1,386
== 128 4 1,386
=1,514 (i.c. the trend ordinate for year six).

The trend ordinates for the other years would be calculated on
the same principle.

In illustrating this method of least squares, the equation:

y=mx-|-b

and the normal equations derivable from it have been assumed.
It is not within the scope of this book to explain the mathematical
theory underlying these equations but the method is probably
the most accurate one of inserting a line of trend in graphed data,
provided that a straight line will serve as the most satisfactory trend.
Further, an advantage of this method is that an extension of the
trend line for say one or two years ahead will generally give fairly
reliable estimates for these years. For instance, in the example just
considered, if we read off on the y axis the value of the point where
the extended line of trend cuts the vertical ordinate through the
year 1951, such value would be an estimated figure for sales for 1951.
Care must be exercised however is relying on such estimates and the
comments made earlier under irregular variations should be noted.

In addition the following factors must be taken into consideration
before reliance is placed upon a forecast as indicated by the line of
trend:

(a) If the data used were obtained by sampling, then it only
represents a portion of the whole data, but since we wish
to use the sample to draw conclusions about the data as
a whole the limitations of sampling should be understood.
(See Chapter 7.)
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(b) The data and the statistical analysis to which it has been
subjected are all quantitative measurements. Social and
economic forces may modify any interpretation of the
results obtained by statistical analysis.

(c) Mathematical methods are rigid. They tend to treat
data on the assumption that they will conform to mathe-
matical principles.

(d) Statistical methods are not always adequate in that they
are in some cases far too refined to interpret properly the
data they handle. It is for this reason that a line of trend
should not be fitted to data extending over a small number
of years.

In the following example, the trend ordinates are calculated in
a series dealing with an even number of years.

Illustrative Example 4

Sales Trend
Year x y Xy x? Ordinates
1946 0 1,200 | — 0 1,200
1947 1 1,300 1,300 1 1,260
1948 2 1,250 2,500 4 1,320
1949 3 1,400 4200 9 1,380
1950 4 1,450 5,800 16 | 1,440
1951 5 1,500 7,500 25 1,500
Totals" 2(x) = 15 l 2(y) = 8,100 | Z(x) = 21,300 | 2(x?) = 55

The two normal equations arc:

2(y) = nb + m2(x)
Z(xy) = bZx + mZ(x*)

Substituting the above values in thesc equations we have:

8,100 = 6b 4+ 15m
21,300 = 15b -+ 55m

Solving these:

m 60
b 1,200

Substituting these values in y == mx - b, for the first year we
have:

(]

y = (60 x 0) + 1,200
= 1,200

The trend ordinates for the other years would be calculated on the
same principle.

By the alternative method, taking the centre year as being notion-
ally between 1948 and 1949, thus meaning that these two years are
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each 0-5 of a year from the * centre year”, the solution would be
as follows:

| {
Sales t | Trend
Year X y 1 xy | x* Ordinates
1946 25 1,200 —3,000 6-25| 1,200
1947 —1-5 1,300 —1.950 2-25] 1,260
1948 —05 1,250 — 625 025 1,320
1949 +0-5 1,400 700 0-25| 1,380
1950 +15 1,450 2,175 225 1,440
1951 +25 1,500 3,750 6 25| 1,500
Totals Z(x) = 0| Z(y) = 8,100 ).(xy) =: 1,050 lZ‘(x‘l) —175
l T e
b~ 20 U BI00 a5
n 6
_ Z(xy) _ 1,050
m = yxy 71715 T 60

Substituting these values in the formula y ~- mx - b, for the
first year, we have:
y = (60 x —2-5) + 1,350
== 1,200.
The trend ordinates for the other years would be calculated on
the same principle.

Elimination of the Secular Trend

In order to eliminate the influence which the trend has on the
data, the method used is to express the data as a percentage of the
trend ordinate which corresponds with the items of original data.

The following table reproduces the information contained in
columns (1), (3) and (6) of the table in [llustrative Example 3 and
in addition shows the computations for the percentages of each of
the original items to its trend ordinate (column (4) in the table
below). Also, if from each of these percentages 100 is subtracted,
then the result will be the percentage deviation from the line of
trend (column (5)).

Q)] (2) 3) (4) (%)
Percentage of Deviations
Year Sales Trend Col. (2) to from trend
Ordinates Col. (3) %
1944 1,200 1,194 100-50 +0-50
1945 1, 300 1,258 103-33 +3-33
1946 1, 1250 1,322 94-55 —545
1947 1 400 1,386 101-01 +1-01
1948 1, ’450 1,450 100-00 0
1949 1, 7500 1,514 99 07 —-093

1950 1, 1600 1,578 101-39 +1-39
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The interpretation of the figures in column (5) is that in 1946,
for example, the actual value of sales is 5-45 per cent. below what
would have been recorded if the series had been affected only by
forces of normal growth.

MEASUREMENT OF SEASONAL VARIATIONS

As indicated earlier in the chapter, seasonal variations are fairly
regular movements occurring generally within a twelve months’
period. It can generally be said that if a time series exhibits seasonal
variations then each month has a typical value in relation to the
values for the other months of the year. The problem with which
we are concerned here is the procedure by which the typical value
for each month is ascertained.

There are several methods used for measuring seasonal variations,
but the two common ones which will be considered here, are:

(a) the monthly average method,
(b) the moving average method.

Monthly Average Method

The purpose of this method is to calculate a seasonal index for
each month so that we can tell how far above or below the monthly
average for the year the individual monthly averages are.

Illustrative Example 5

Using the ‘“ monthly average” method, calculate a seasonal
index of Sales from the following data:

Sales in £'s

Month 1945 1946 1947 1948 1949 1950 1951
January ... 200 185 190 175 170 195 215
February ... 180 170 175 160 150 170 185
March... ... 130 125 140 125 115 140 135
April ... e 95 100 90 80 85 90 90
May ... .. 9 80 75 60 50 75 95
June ... ... 85 90 80 70 75 75 85
July ... o 15 80 75 70 70 70 85
August ... 170 70 65 60 65 60 65
Septecmber ... 65 65 70 50 50 50 70
October ... 120 110 95 90 80 85 120
November ... 180 175 170 160 165 185 190
December ... 300 320 280 260 255 285 330

Totals 1,590 1,570 1,505 1,360 1,330 1,480 1,665
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The procedure to carry out the above working is as follows:

(1) Arrange the data in columns as in the above solution.

(2) Total the monthly figures for all the years under review.
For example in the above case 1,190 represents the total
of all the figures for February for all of the seven years.

(3) Find the arithmetic average of each of these totals by
dividing each total by the number of years. Thus 1,190
divided by 7 gives 170.

(4) Total these arithmetic averages and divide such total by
the number of months (12), to give the arithmetic average
per month per year (125).

(5) The seasonal index is calculated for each month by ex-
pressing each monthly average (190, 170, 130, etc.) as a
percentage of the average per month per year (125). Thus

190 x 100 _

s 12
170 x 100
T~ 138

and so on.

The value of the indexes when so obtained is that they give us a
means whereby we can compare the average for a particular month
with that of the monthly average per year. January, for instance,
with an index of 152 is 52 per cent. higher than the average for the
year: May is 40 per cent. below the average for the year and so on.

This monthly average method however is deficient in that it does
not take into account the fact that there may be a pronounced trend
throughout the data and this will influence the indexes obtained.

The Moving Average Method

The moving average method of calculating a seasonal index tends
to remove to some extent the effect of the secular trend and thus is,
in that respect, more satisfactory than the monthly average method
just described.

The procedure necessary to use the moving average method is
extremely tedious and involves the following steps:

(1) Ascertain the average of the original data for successive
twelve month periods on the moving average method.
These are set out in column (4) of the table A below.

For instance average of sales for period from January,
1947, to December, 1947 is 100; the average for period
from February, 1947, to January, 1948, is 99-08; and so on.

(2) Pair these averages successively and total them. For
instance 100 - 99-08 = 199-08; 99-08 + 98-33 = 197-41;
98:33 4- 99-08 = 197-41; and so on. These are inserted
in column (5).
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Average each of the totals in column (5). Thus

193'0§ = 99-54, ﬂz‘“ == 98:71; etc. These are inserted

in column (6).
Next, express each of the items of original data as a per-
centage of the respective averages as obtained in step (3)

above. Thus, for July, 1947, 99-54 x 100 = 120-55,

0
1 9gi7] X 100 == 111.43, and so on.

These are inserted in column (7).

The percentages in column (7) are then transferied to
another table, viz., table B.

Column (a) in table B carries the totals of the percentages
for each month.

The arithmetic average of cach of these totals is next
obtained by dividing such totals by the number of years
represented in the totals (in this example, 3). These are
inserted in column (b).

The arithmetic average of the total of column (b) is then
obtained.

Each of the averages in column (b) is expressed as a per-
centage of the average ascertained in step (8). These are
the seasonal indexes and are inserted in column (c).

and for August, 1947
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Table A
% of Sales
each
Year Month Sales |12 Months’| Total of | Average of | month to
Average Paired Paired | average of
Averages | Averages Paired
Averages
1947 | January 80
February 90
March 100
April 130
May 150
June 170
July 120 100°00 199-08 99-54 120-55
August 110 99-08 197-41 98-71 111-43
September 90 98-33 197 41 98-71 91-17
October 60 99-08 197-41 98-71 60-78
November 50 98-33 197-41 98-71 50-65
December 50 99-08 197-91 98-96 50-52
1948 | January 70 100-83 200-83 100-42 69-70
February 80 100-00 198-33 99-17 80-66
March 110 98-33 194-99 97-50 112-82
April 120 96-66 193-32 9666 124-14
May 160 96-66 192:49 96-25 16623
June 190 95-83 189-99 95-00 200-00
July 110 94-16 189-16 94-58 116-30
August 90 95-00 191-66 95-83 93-91
September 70 96-66 191-66 95-83 73-04
October 60 95-00 189-16 94-58 63 43
November 40 94-16 187-49 93-75 42-66
December 30 93-33 185-83 9292 32-28
1949 | January 80 92-50 184-16 92-08 86-88
February 100 91-66 182-49 91-25 109-58
March 90 90-83 180-83 90-42 99-53
April 110 90-00 180-00 90-00 122-22
May 150 90-00 180-83 90 42 165-89
June 180 90-83 181-66 90-83 198-17
July 100 90-83 180-83 90-42 110-59
August 80 90-00 179-16 89-58- 90-42
September 60 89-16 177-49 88-75 67-72
October 60 88-33 177-49 88-75 67-72
November 50 89-16 179-16 89-58 55-81
December 30 90-00 180-83 90-42 33-17
1950 | January 70 90-83 182-49 91-50 76-50
February 90 91-66 184-16 92 08 97-74
March 80 92-50 185-83 9292 86-09
April 120 93-33 186-66 93-33 128-57
May 160 93-33 185-83 92-92 172-19
June 190 92-50 186-66 93-33 203-57
July 110 94-16
August 90
September 70
October 60
November 40
December 50
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Removal of Seasonal Variations

The following example illustrates how the seasonal index may be
applied to the original data to remove season variations. Inaddition,
the secular trend of the corrected data is calculated, so that the
percentage deviation from the trend may be computed.

INlustrative Example 6
Sales of a certain commodity during the month of August in each
of the nine years were as under:

Year Sales in £s
1941 1700
1942 1717
1943 1751
1944 1768
1945 1751
1946 1785
1947 1802
1948 1785
1949 1819

Calculation of a seasonal index of sales has shown that the index
for August is 85, on the basis of 100 as the arithmetic mean of the
monthly averages.

You are required to remove the seasonal variation from the above
table of August sales, and then calculate the percentage deviation
from the long-term trend of the corrected sales in August 1948.

Solution:

The corrected August sales for each year are found by dividing the actual
sales by the scasonal index and multiplying by 100, in each case. These cor-
rected sales figures represent the actual sales after removal of the scasonal
variation, and are shown in column (c) of the following table which 1s also
designed to carry the necessary columns for computation of the long-term
trend by the use of the formula, y = mx + b.
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Substituting these values of m and b in the formula y == mx + b,
for the year 1941, we have:

y = (16 » — 4) 4 2076
= 2012
and so on for the remaining years.

These trend values are then inserted in column (g).

The next step is to calculate the percentage of each item in column
(c) to its respective trend value in column (g). Thus, in respect of
the year 1948 the percentage would be:

2100
2124

This could be done for each year if desired. Then in column (i)
are shown the percentage deviations from the trend by subtracting
100 from each item in column (h).

Columns (h) and (i) could be used as a possible measure of
“irregular fluctuations”.

x 100 —= 98-87
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INTRODUCTION

A graph is a symbolic diagram representing or expressing a set
or sets of statistical data. It is a visual form of presentation.

The terms, graph, diagram and chart are more or less synonymous
and are words of a general nature indicating that data have been
depicted in some representative form calculated to make them
readily assimilable to the mind. These terms, therefore, are used
more or less interchangeably throughout this chapter, except that
occasionally certain types of graphs bear particular names, e.g. in
the case of a Pie Chart, the term Chart is used and not diagram or
graph. However, an attempt at classification into graphs, diagrams
and charts would prove fruitless.

As indicated, the great advantage of a graphic presentation as
compared with a tabular presentation is that the former depicts the
data in a way which facilitates absorption by the mind. This is an
invaluable attribute from the point of view of two classes of persons,
viz.:

(a) the person who is unskilled in interpreting tabulated data,
and,

(b) the person who requires a speedy summing up of a set of
statistical facts.

As regards the former case, increasing use is being made of graphic
presentations of data by company directors in their reports to mem-
bers. Illustrations of these are given throughout this chapter and
there is little doubt that they have a great value in making the
average member better informed of the activities of his company.

99



100 Graphic Presentation of Data

The validity of the statement made in (b) above, is almost beyond
dispute. Not only does a graph provide a mental picture far easier
to comprehend than a set of tabulated figures but also it is quite
often the only form in which the data may be interpreted, e.g. the
chart of a plotted course used by the navigator.

Graphic presentation of data has its uses in most forms of intel-
lectual activity. Instances of these are, the temperature chart used
by the doctor, the seismogram by the geologist, the calibration curve
by the engineer, the concentration curve by the chemist, the ampli-
tude curve by the physicist and so on. As far as accounting data are
concerned it will be found that they may be represented in a great
variety of ways.

RULES FOR GRAPHIC PRESENTATION*

It is essential that the preparation of graphs should be carried out
in accordance with rules and principles which are more or less
uniformly recognized. Set out below are the main rules which
should be observed in preparing graphs.

1. (a) A zero line for the vertical scale, should, if possible, appear
on the diagram and the scale selected should provide for this.
(See Figure 1 (a).)

(b) If, having regard to the size of thc numerical quantities or
values to be placed on the vertical scale, the showing of a
zero line would not normally be convenient, then the vertical
scale should be broken if pcssible to permit of the zero line
being shown. (See Figure 1 (b).)

(c) The ruling of the zero line should be heavier than that of
the other co-ordinate lines. (See Figure 1 (c).)

(d) Particularly is this so where the zero line appears in the
middle of the diagram. (See Figure 1 (d).) '

2. (a) In the case of a graph representing percentages, it is desirable
that the 100 per cent. line be heavier than the other co-ordinate
lines. (See Figure 2 (a).)
(b) Particularly is this so where the 100 per cent. line appears in
the middle of the diagram. (See Figure 2 (b).)

3. (a) If more co-ordinate lines than necessary are used, the dia-
gram may tend to become confusing. (See Figure 3 (a).)

(b) Therefore, it is preferable to use only such number of co-
ordinate lines as will enable the diagram to be easily read.
(See Figure 3 (b).)

* These rules are based on those produced by the Joint Committee on Stand-
ards for Graphic Presentation, America.

No comparable rules have been produced in this country although it is believed
that the British Institute of Management is considering the matter.
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. Greater emphasis should be given to the line representing the
graph of the data than to the lines forming the ruling of the
diagram. (See Figure 4.)

. Where possible, it is desirable to indicate on the diagram the
individual points representing the items of the data. (Sece
Figure 5.)

. It is often desirable to accompany the diagram by a tabular
statement showing the data of which the graph is a representation.
(Sce Figure 6.)

. The title of the diagram should be as brief, yet clear and com-
plete as possible. (See Figure 6.)
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Set out below is a chart showing the designation of the various
components of a graph, which has been reproduced from the Stan-
dard Rules on Graphic Presentation.

DESIGNATION OF CHART COMPONENTS

GENERAL MAIN REFERENCE
NOTE TITLE suB- TITLE SVMBOL
ADVEBRTISING EXPENSES R $1000 PALES Asngow::n-
AL
HORIZONTAL BETA MA'NUFACTURlN COMPANY NUMERALS
RULINGS Y
OTE DOES NOT INCLUDE SPECIAL ADVERTISING CAMPAIGN/OF 1020 -
0 E
LABELS AN g AMOUNT-
(curve b~ 4 azZ: SCALE
gnr-onsx [72 2 ey S b H
X —®pwvision A" / i~ caeTioN
o [ 3 o
<] 3 ., 3 o
“ R s N “ i
= |owision a/ p‘\ ‘A i
w . w
STUBS > 2 — S \‘MOU""’
UBS~—~_ »n o SCALE
- " AUA R
3! =N
. o T { =
VERTICAL L4 o o | \CURVES
RULINGS m ¢ W © ~ ofdo O - & o g @ 77
N N N N N N N M ~ ~ Ld el ”,
oo @ o @ o @ @ @ o Oy O
ranTiy esTaaTeo [/ RN T
REFERENCE BASE LINE TIME TIME
NOTE _ (ZERO LINE) SCALE 0 ESIGNATIONS

TYPES OF GRAPHIC PRESENTATION

The various types of graphs may be most conveniently classified
as follows:

Line graphs.
Area diagrams.
Bar Charts.
Solid diagrams.
Cartograms.
Pictograms.

IS o

Each of these types will now be briefly considered.

1. Line Graph

The purpose of a Line Graph is to indicate variations in the data
either by means of a straight or a curved line. The rules for prepar-
ing this type of graph have been dealt with above and it now remains
to consider the different types of line graphs that may be used.
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The most satisfactory classification of line graphs is one based upon
the type of scale ruling used. These are—

(a) arithmetical rulings,
(b) logarithmic and semi-logarithmic rulings,
(c) miscellaneous rulings.

(a) Arithmetic Rulings

An arithmetic scale is one marked out by divisions, between each
two of which there is the same distance.

Two points should be noted in connection with this type of ruling,
viz.:

(i) if an arithmetic progression* is plotted it will result in
a straight line;

(ii) as equal distances on the scale represent equal amounts,
the graph will reveal the actual extent of absolute increases
or decreases.

This type of graph wherein an arithmetic or natural scale is em-
ployed is by far the most commonly used. On pages 107 and 108
are illustrated two line graphs employing arithmetic scales, taken
from the Annual Report of the American Eastman Kodak Company

* An arithmetic progression is one wherein each term differs from the one
preceding it by an equal amount, e.g. 2, 9, 16, 23, 30, 37 . . . is an arithmetic
progression because the difference between each pair of terms is 7, or put
another way, there is a constant difference of 7 between the successive values
of the series.
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(b) Logarithmic and Semi-Logarithmic Rulings

If a logarithmic ruling is used on both the x and the y axis, the
resultant graph is known as a Logarithmic Chart. 1f logarithmic
ruling is used on one axis only, it is known as a Semi-Logarithmic
Chart. These forms of ruling are used where it is desired to compare
percentage tather than absolute changes. The reason for this may
be illustrated as follows:

The log. of 4 is 0 60206
and ,, ,, 12, 107918

and the difference 0-47712

Also log. of 7 is 0-84510
and ,, ,, 21,, 1-32222

and the difference 0 47712

It will be noticed that between the numbers 4 and 12 there is
the same rate of change or the same percentage change as there is
between 7 and 21, and the difference between their logarithms is
the same. Therefore, if in a series, the logarithms of the values
are plotted instead of the original values themselves, any constant

differences, i.e. rises and falls, will equal constant percentage
changes.
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There are two ways in which this type of graph (sometimes called
Ratio Graph) may be constructed. The first is where the values
of the items are converted to logarithms and these logarithms
plotted on an ordinary or arithmetical scale. Thus, if it is desired to
plot the number 21 according to a logarithmic scale, its logarithm,
viz. 1:3222, will be ascertained from the tables and 1-3222 plotted
on an arithmetical scale. This, as can be imagined, may be very
tedious where many numbers are involved. The second and by far
the most common way is to use specially ruled paper (generally
called ratio-ruled paper).

Here the distances between the horizontal lines are according to
a logarithmic scale and the great advantage of this method is that
the actual numbers or values may be plotted on the Vertical Scale.

On page 110 is an illustration of a ratio graph extracted from the
Official Year Book of the Commonwealth of Australia (No. 36).
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Features of Ratio Graphs

The following significant features associated with ratio graphs
require to be carefully noted:

0]

(ii)

(iii)

(iv)

v)

If the vertical distance between a pair of horizontal lines
is the same as that between another pair of horizontal
lines, then the proportional change between each pair
is the same. For instance, in the graph on page 110 the
vertical distance between 2,000 and 4,000 is the same
as that between 10,000 and 20,000 and there is the same
proportional change between 2,000 and 4,000 (viz. 2) as
there is between 10,000 and 20,000. Thus if a geometric
progression* were plotted on a logarithmic chart it would
form a straight line. This is so because the logarithms
of the terms of a geometric progression constitute an
arithmetic progression.

Two or more different sets of data may be plotted on the
same graph (e.g. costs and profits). They can thus be
compared by means of the slopes they cxhibit. If the
slopes are more or less parallel, for instance, then as be-
tween the two sets of data there is approximatcly the same
proportionate rate of change. Further, if onc part of a
curve is steeper than another it means that the former
part is changing at a rate more rapid than the latter.

If it is desired to compare on the onc gruph two series
which are widely separated as to values (e.g. profits
may be in the £10,000 to £20,000 group but costs say in
the £100,000 to £150,000 group) then plotting the scries
on a ratio chart will have the effect of bringing them closcr
together and thus facilitate their comparison.

It has been stated elsewhere that Time is generally placed
on the horizontal or x axis, and therefore in a Time serics
an arithmetic scale is generally used on this axis and a
logarithmic ruling used on the vertical or y axis. The
resulting graph will then be a semi-logarithmic chart.
There is no base line and zero cannot be shown on a ratio
graph.

Set out hereunder is an extract from the Standard Rules for
Graphic Presentation dealing with Ratio Graphs.

RATE-OF-CHANGE CHARTS

A. Definition

The rate-of-change chart (“ratio” or ‘ semi-logarithmic”
chart) is a type used for plcturmg the percentage or relatxve change

* A geometric progression is a series wherem thcre is the same proportionate
change between each pair of adjacent 1tems m the series. Thus, 3, 9, 27,

81

81 ... is a geometric progression smce 3= 3, §- =3 =3....

127
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in values of a series over a period of time rather than the change

in absolute amounts as shown
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Two-cycle semi-log paper scale
from 1 to 100

by the arithmetic chart.

1. The picture of rate of
change is achieved through the
use of logarithms. Rate-of-
change curves can be construc-
ted either by plotting the
logarithms of the values on an
arithmetic scale or by plotting
the actual values on a loga-
rithmic scale. The latter is the
more usual procedure.

2. The effective use of rate-
of-change charts requires an
appreciation of their limitations
as well as their possibilities.

B. When to use Rate-of-change
Charts.

1. When the interest is in
relative movement of a time
series and not in the differ-
ences bctween amounts.

2. When it is desired to compare the relative movements of

several time series.

3. When the readers are likery to be familiar with this form

of chart.

4. When the usual arithmetic chart would present a misleading

picture of movement.

5. For occasions when there are no minus figures included in

the time series.

Note: If it is desired to present a complete picture of both rate of change
and amount of change the data can be presented on companion charts, one
with a logarithmic amount scale and the other with the usual arithmetic scale.

CONSTRUCTION

1. Layout and Design

In general, the principles and procedures required in the prepara-
tion of rate-of-change charts are the same as for arithmetic charts.

2. Grids

Rate-of-change charts are normally prepared on commercially
printed papers. On these forms the horizontal rulings are spaced
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logarithmically and the vertical
rulings are spaced arithmetic-
ally., The scale range on
““single cycle ” paper includes
only a single power of 10 (1-10,
10-100, etc.) but paper is avail-
able which provides for several
cycles (1-100, 1-1,000, etc.).
These grids are generally closely
ruled horizontally to assist in
plotting.

Where it is desired to sim-
plify rate-of-change charts and

000 2
e00 A
/1% 2
800
[ Z
r00 ,
-~
/ £
' ol 10
Arithmetic Semi-log

Companion charts of the same data

commercial grids do not prove entirely satisfactory, special grids,
having the desired characteristics, can readily be laid out by the
“ diagonal scalc method ” using a commercial paper as a guide.

3. Scale Selection

Logarithmic amount scales should be so selected that the

curves will be well placed on the grid.

As there is no zero

line to serve as a base for comparing trends, considerations
of the zero line are not applicatle to rate-of-change charts.

In rate-of-change charts, it
is often helpful to provide a
secondary scale indicating uni-
form rates of change. Such
scales are constructed by means
of straight diagonal lines radi-
ating from some point of origin
{as shown in the illustration).

Multiple amount scales are
more appropriate for rate-of-
change charts than for arith-
metic charts because in the
former the movement of the
curves is compared and not
their position relative to a base.
The procedures relative to the
zero line as presented on
pages 102 to 104 do not apply,
but otherwise the procedures
are similar for both arithmetic
and rate-of-change charts.

100
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UNIFORM RATE OF CHANGE PER YEAR

/ L1
20 / /
L1
%/ ///S'/.
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[~

A\

t0

TIME

Secondary scale of uniform rates of
change

Note: In order to take full advantage of the scale range, the vertical scale
numerals usually printed on a chart sheet may be multiplied by any constant
factor but integers should be chosen so that the scale subdivisions will not

indicate inconvenient fractions.

4. Scale Designations (See 7 below).
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5. Curves

Graphic Presentation of Data

The plotting on rate-of-change charts requires considerable
care because of the peculiar character of the logarithmic spacing.
Where special grids are prepared without intermediate rulings, it is
desirable to use a logarithmic plotting scale which may easily be
made from printed commercial paper of the proper dimensions.

nEASC

o

&

N
N

Meaning of curve shapes on
Rate-of-change charts

In general, rate-of-change
charts call for simple lines
connecting the points of value.
Columns or surfaces, of course,
should not be used to indicate
values on a rate-of-change
chart. Columns and surfaces
may be used on an arithmetic
chart to indicate changes in
ratios, however.

6. Curve Designations (See

7 below.)

7. Chart Designations

In general, the principles and
procedures in regard to scale,
curve and chart designations
are the same as for arithmetic
charts.

(c) Miscellaneous Rulings of Line Graphs

There is a number of miscellaneous forms in which line graphs
may be presented. The most common are—

(i) Silhouette Charts. Here the positive or negative deviations
from a base line are plotted, the plotted points joined to
give the line graph and then the area between the line
graph and the base line is filled in.

An example of a Silhouette Chart is given on page 76
in Chapter 5, whilst another example is given below, taken
from the Recovery Guide of the Economic Co-operation

Administration.

(ii) Histograms and Historigrams. In the case of a histogram
rectangles are formed out of the data so that the frequency
of each series is represented by the height of each rectangle
and the class interval is represented by the width of the

rectangle.

When so drawn the area enclosed by the

sum of all the rectangles may be filled in as is the case
with the illustrations below taken from the Statistical
Bulletin of the Commonwealth Bank of Australia.
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An historigram is the term used for this type of diagram
drawn to fit a time series. Thus, the only difference
between an histogram and an historigram is that the
former refers to a frequency series and the latter to a time
series.

The histogram is sometimes called a rectangular fre-
quency polygon.

Historigrams

¥ 1 BLACK COAL PRODUCTION 00| EMPLOYMENT IN FACTORIES
1400
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[is3sf1940 [10aifisszfasusfisnafisus ises |
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000 REGISTRATIONS OF NEW INDEX OF TOTAL SALES 1938/39 =100
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(iii) Band Chart. This is a particularly valuable form of
line graph since it shows not only the graph of the total
of the various component parts of the whole but also thc
individual graphs of the parts themselves. (See the
explanation at the foot of the Band Chart illustrated
below.) This has been taken from the Official Year Book
of the Commonwealth of Australia.

BAND CHART

VALUE OF PRINCIPAL MINERALS PRODUCED—AUSTRALIA, 1850 To 1943

4

o
>

%

&
7z
’ 7
-3

MILLION POUNDS (AUSTRALIAN)

G )
/ o
A
b QeI %
l/ il iver
Y P
e
&
. 5 | (.“rl"lEI‘
© . ’ i ililh,
S AR o
- Lgou ] H!‘:m;‘ o
. - D St
p M-
oll5° - 1840 - 80 I!B.9.~ 13%0 1900 1910 329 10 1340 1959

EXPLANATION.—The upper curve represents the total value of mineral pro-
duction while the vertical distances between the curves represent the value of
production of each mineral.

2. Area Diagrams

Area diagrams may take different forms but they all involve
the same idea, viz. to contrast different quantities by relating such
quantities to areas. For this purpose squares, rectangles, circles
and other geometrical figures are used, but perhaps the most com-
mon type of area diagram is the Pie Chart. By permission of H.M.
Stationery Office a series of Pie Charts are given on page 145. These
are reproduced from Recovery Record, The Story of Marshall Aid
in Britain.
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The method of construction of a Pie Chart to illustrate the distri-
bution of a company’s costs would be as follows:

(i) Tabulate the data so as to show the respective percentage
of each item to the total.

Thus:

1943
(a) Cost of Goods ... w. 61 9%
(b) Employees Received ... . 163%
(c) Rent and Light, Advertising and Maintenance, etc. 64%
(d) Taxation ... e 13%
(e) Shareholders Reccived ... e 2%
(f) Reserves ... . 1%

100 %

(ii) Assume the full circle to represent 100 per cent.

(iii) Since at the centre of the circle there are four right angles

or 360°, then each per cent. represents 100~ i.e. 3-6°.

(iv) Draw in arcs of the circle such that each respective arc
bears an angle at the centre corresponding to the number
of degrees arrived at by multiplying the per cent. of the
item by 3-6°. Thus item (e) above represents an angle
at the centre of 2 x 3-6 degrees, i.e. 7-2°.

(v) The sectors should run clockwise with the largest first
so that a start will be made by drawing a vertical line from
the centre of the circle to the position of twelve o’clock
on the circumference of the circle.

The chart illustrated on page 119 is based on one issued by the
Central Office of Information which gave in pictorial form the
details of the 1951/2 Budget. The original was in colour, revenue
in dark green and expenditure in red. The use of bold colourings
in such pictograms can be extremely effective. Alongside the
legend were small pictures to bring alive the figures. For
example, the word “defence” was illustrated by a soldier, a
warship, and an aircraft, and ““ Alcohol” by a foaming tankard
of ale.

3. Bar Charts
Bar Charts may be classified as—

(a) Vertical Bar Charts, where the bars are vertical; or
(b) Horizontal Bar Charts, where the bars run horizontally
across the graph.
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THE NATIO
REVENUE

Thisis howthe Government collects
each@of Revenue

DIRECT TAXES @

INCOME TAX
and SURTAX

(€4,753 million)

DEATH DUTIES
PROFITS TAX, etc.

(€493 miiltion)

EVERYTHING ELSE
2. stamp duties,
motor duties, etc,

(€125 mullion)

INDIRECT TAXES @

PURCHASE TAX

(€310 million)

ALCOHOL

(€368 multion)

TOBACCO
(€400 miliion)

ENTERTAINMENTS,

Betting, etc.
(£74 million)

EVERYTHING ELSE

®.3. petrol tax and other Customs
& Excise duties

(@92 mittion)

NON-TAX REVENUE

«.g. trading services, surplus war stares, ete.
(@21 miltion)

1951-52

TOTAL €423 million £|°o ‘
' 119

NAL BUDGET
EXPENDITURE

This is how the Government spends
each @ that it collects

DEFENCE AND
NATIONAL DEBT

DEFENCE

(€1,488 million)

NATIONAL DEBT

g, interest on War Loans,
Savings Certificates, egc.

(€535 mllion)

SOCIAL SERVICES AND

FOOD SUBSIDIES @

EDUCATION, HOUSING

and other local services
(€455 mullion)

HEALTH

(€398 mullion)

PENSIONS,
ALLOWANCES, etc.

(£39 nuition)

FOOD SUBSIDIES

(£410 million)

EVERYTHING ELSE

Works, Buildings 2{d. Agriculture &
Fisheries 3d; Colonial & Foreign S{d:
Ministey of Supply (Civil) 24d;
Employment Services 1d;
Broadcasting 1d; Research and
Development 1d; Civil Aviation 1d;
Rest 11d; Surplus 2d

(€554 million)

TOTAL  £4,236 million
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Those diagrams below and on pages 122 and 123 are vertical bar
charts while that on page 121 is a horizontal bar chart. The hori-
zontal bar chart has been taken from the pamphlet on Energy by
Dr. Bronowski published by the Bureau of Current Affairs.

Either vertical bar charts or horizontal bar charts may be—

(i) Simple, i.e. consisting of single bars representing one unit
only.

(i) Compound or multiple, i.., a grouping of bars representing
different units so as to throw emphasis upon comparisons.
The illustration below has been taken from the Report of
the Economic Co-operation Administration.

(iii) Component, i.e. the whole bar is divided into its component
parts and thus shows the total as well as the individual
variations. ‘The illustration on page 122 has been re-
produced from the pamphlet on Social Insurance published
by the Burcau of Current Affairs.

Bar Charts may be representations of absolute values, i.. the
actual items themselves, or percentages. An illustration of a
percentage bar chart is given on page 123, reprinted here from the
Monthly Summary of Business Conditions in Southern California,
produced by the Research Department of the Security-First National
Bank of Los Angeles.

COMPOUND VERTICAL BAR CHART
UNITED KINGDOM

INUEX
19381100

00— ANNUAL COMPARISONS OF INDUSTRIAL PRODUCTION |———
150 _;i'—" |
100 -——
50 — 1 R -
GENERAL INDEX GAS, ELECTRICITY lmwmruﬂmcl "~ BUILDING 8 MINING &
| (EXCL ING) & WATER CONTRACTING QUARRYING
(111 ARRREEAEN

200

150

100

'47 48 49 'S0 4748 49'50 474889 'S0 47 48 49'S0 47 4849 '50
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CONSUMPTION OF ENERGY—1948

The estimated total consumption of energy for production purposes expressed
in Kilowatt-hours

m:?::slo[ Poputation KWH PER CAPITA
KWH millions Hundreds
0 10__ 15 20 25 30__35 40 45
*
AFRICA 39,800 177
INDIA &
PAKISTAN 120300 408
BURMA &
20,400 k?}
SIAM
CHINA 74,000 415
U.S.A. 1,562,700 145
U.K. 294,900 50
5,900
1 t RN SR e
[ ]
U.S.S.R. | 460,400 | 200 f 2,300
1,190
ITALY 48,800 44 # m ’

* Excludcs South 4frica

From the Guyol Report, 1949
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PERCENTAGE BAR CHART
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A further variant of the bar chartis reproduced below by permission

of the Glacier Metal Co. Ltd.
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Set out hereunder is an extract from the Standard Rules for
Graphic Presentation dealing with Bar Charts. These charts are
referred to in the rules as Column Charts.

TIME-SERIES COLUMN CHARTS

A. Definition.—Column charts
arec graphic presentations TITLE
wherein numerical values
are represented by the i
length of vertical bars or
columns.

B. The Column Chart is par-
ticularly effective:

1. To emphasize compari-
sons of amounts in a Simple column chart

single time series.

For popular presentation.

To show components for a relatively few totals.

To picture “period” data as against “point” data.

For showing a range of values or deviations from a normal

or bogey.

C. The Column Chart is not the best form:

1. For comparing several times series.
2. For time series over an extended period with many plottings.

Note: The column chart, while simple to read, is relatively difficult to design
effectively. The proper layout of columns requires special care and good
judgment.

AMOUNT

TIME

LW

CONSTRUCTION
BE 1. Layout and  Design.—A
8 chart consisting of a few

columns should generally
% be higher than wide; for

more than a few columns a
wider-than-high chart is

% preferable.

2. Grids.—The field or grid
used for column charts may

% be a completely ruled co-
ordinate surface. Usually,

% however, it is not necessary
to indicate all the rulings
Indicating irregularities in time scale which would normally be
shown on a line chart. A

complete grid outline is usually not required. The columns them-

selves generally make vertical rulings unnecessary. Moreover,

fewer horizontal rulings may be needed since column charts are
9

G061

e:e& 9'6»\ 0161
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more generally used for popular presentation than are line charts.
Often horizontal rulings may be incomplete, being extended
through only that portion of the field occupied by the columns.

3. Scale Selec ion.—In column charts the interest is generally in a
comparison between amounts as of different dates. These
amounts are proportionate to the height of the columns. This
means that the zero line, when it is the principal line of refer-
ence, should always be included in a column chart. It follows,
too, that the amount scales should not be broken, but made
continuous from the reference line. While normally the full
length of the column should be shown, when it represents an
abnormally large value the column may be broken at the top
and the amount indicated.

Columns should be spaced according to their proper position
on the time scale. When time intervals between values are
not equal, columns should be spaced accordingly.

4. Scale Designations.—Placing of scale
numerals and captions on column
charts is less conventionalized than
on line charts. As the grid rulings
are often incomplete, the vertical
scale values generally are placed on
the side where the rulings are com-
plete. (For example, if the tallest
columns are at the right, the scale
designations may be shown on the
right-hand side only.)

Time Scale Designations are nor-
mally centred under the columns,

- reading horizontally; in column
Few Cmum'ﬁah'gher than charts for popular presentation

either or both amount .and time
designations may be placed above the columns (see illustration
above).

5. Columns.—The effective
appearance of a column
chart requires special care —
in the design of the
columns. When there are

only a few columns they s
should be narrower than
the white space between; o

when there’ are many col-
umns the reverse should
be true.

Many columns—wider than high

Note: An empirical relationship between column and space is presented in the
chart below, based on an actual test of charts of root-two proportions and various
numbers of columns, one set wider-than-high and another higher-than-wide.
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COLUMN WIDTH AS A PERCENTAGE OF THE SPACE BETWEEN CENTER-LINES OF COLUMNS

60% T S e 60%
y W
L Higher -Than-Wide /
i an-Wha 55%

5%

a2t ay

S0% | 150%
Gnd 9
Wider -Than -High

45% 45%
1~ 3

40x Tt e e 40X
5 10 15 20 25 30 35 40
Number of Columns

TT

T

TTTT
n

To space columns equally
along the time scale, divide 642
the available horizontal TONS
space into twice as many
spaces as there are to be
columns. Then centre the
columns on every other
division mark beginning
with the first from either

end. Variations of location of scale
designations

$69
1924

Lightly shaded columns
should be slightly wider
than solid black columns to
appear the same width.

As the number of col-
umns increases the chart
loses its character as a
column chart and becomes,
in effect, a shaded surface
chart. For a chart of root-
two proportions, wider-
than-high, the range of
columns that can be effec-
tively shown is from about
8 to 40 columns; for a chart higher-than-wide, from 1 to about
16 columns.

Examples of shading for columns

The weight and spacing of the lines and dots of the shading
should be determined from a consideration of the size of the
areas to be shaded and the relation between the sizes of the
original and finished chart.
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L

Specific column designs
" or shadings are recom-

mended as follows:

|

SHADING MAY AFFECT (a) Black (SOlld) for general
APPARENT SHAPE use for narrow col-
umns. However, a

series of long narrow
columns filled in solid
may cause an unpleas-
ant optical effect. In
segmented column

DIACONAL SHADING charts, black is good
MAY BEND" SHADING MAY AFFECT
THE COLUMNS APPARENT WIDTH for the bottom seg-

Effects of improper use of shading

ments if they are not
too large.

(b) Vertical Line Shading
is recommended for
general use as pleasing in appearance and easy to construct.

(c) Diagonal Line Shading is useful only in small segments as

optical illusion results if any appreciable length of column
is shaded with this design, as illustrated above.

(d) Horizontal Line Shading has limited usefulness and is not

generally reccmmended.

(e) Cross-hatch Shading (diagonal) is recommended in place of

black for wide columns. Cross-hatch shading made by
crossing vertical and horizontal lines is not recommended.

(f) Dotted Shading (pebbled or stippled) is sometimes effective

for columns of medium width and particularly for small
segments for charts in which a third or fourth distinguishing
shading is needed.

(2) Hollow columns, if distinctly wider or narrower than the

space between and outlined with a heavy line.

Columns may present undesirable optical illusions unless slight

correctives are applied. A white or lightly shaded segment on
top of a column may appear to spread unless the column outline
is tapered about the width of a line; a black segment may appear
more narrow than the rest of the column unless it is widened
about the width of a line; a tall column may appear to be thinner

in

the middle unless the lines are bowed out slightly.
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6. Column  Designations.—It
is generally more difficult
to label segmented or
grouped columns than
curves because the columns
themselves take up so q
much more of the space.
Segment labels should be Iu “H
placed across several col-
umns if practicable. How- Designations for grouped columns
ever the space about labels
should be reduced as much
as possible and too much
contrast with the tone of
the column avoided so as
not to distort the im-
pression of the relative
Iengths of the columns and
segments. Where labels
cannot be placed on the
columns, arrows may be
used. A key or legend
should be used only when
impracticable to label Designations for *“ deviation”
directly. columns

7. Column Chart Designations.—Column chart titles can often
be placed most effectively according to the distribution of the
columns rather than in a fixed position at the top (the usual
case with line charts).

4. Solid Diagrams

These consist of pictorial representations of geometric forms such
as spheres, cubes, etc. The purpose is to throw into relief com-
parisons of different units by contrasting the volumes of the solids
representing the units. This means that a person making an in-
spection of solid diagrams must generally be expert at judging their
volumes. For this reason this form of graphic presentation is gener-
ally little used.

5. Cartograms

The cartogram is simply a map representing a spatial distribution.
For instance, a map of Britain may be prepared in such a way
as to indicate the different areas wherein sales of a company’s pro-
duct are made. Indications may be by dots or squares or shading
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or cross-hatching, all varied in proportion so as to show differences
in numbers or densities. This form of graphic presentation is
particularly important to the Sales executive.

6. Pictograms.

These are diagrams of infinite variety, consisting of drawings of
articles designed to emphasize pictorially differences or variations
in the units compared. Increasing use is being made of the picto-
gram by directors in their annual reports to the members of the
Company. It is a form of graphic presentation extremely easy to
comprehend and further, the impression it leaves on the mind usually
lingers for some time after it is withdrawn from sight.

Illustrations of the pictogram are given in the following pages.

The pictogram on page 133 was taken from the report of the
Economic Co-operation Administration, whilst that on page 132 is
reproduced from ‘“Marshall Aid in Britain” by permission of H.M.
Stationery Office.
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BRITAIN’S WAR LOSSES

A

-y
[/

Damage to property
(e.g | house in 3 damaged)

£1,500 m.

\ 3

Loss of shipping and cargoes
(half of the pre-war British
£700 m. Merchant Fleet was sunk)

\

Wastage and deterioration of

‘ equipment (five years gap in

replacement and re-equipment)
£900m. p quip

War-time debts to overseas
countries

£2,900 m.

5 OO0, .

Sale of overseas assets

£1,100m.

20m.|  Fall of gold and dollar reserves

TOTAL LOSS

OF BRITAIN'S NATIONAL WEALTH
(or £7,300 million)
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'INDIA: B e

Wheat yield
per acre
one half of
that in U.S.A.

W

Cotton yield
per acre
one fifth of
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WHAT MACHINES CAN DO

. & TRACTORS

The area under cultivation in the United States is only about one-sixth larger
than in India, yet the United States uses over sixty times as much fertiliser —
more than 13,000,000 tons a year, compared with only 200,000 in India. The
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SAMPLING

In practice, it is not always possible or desirable to tabulate,
classify and analyse the whole of the data relating to a particular
problem. This may be so because the volume of data is so great
that the time and expense involved in its complete analysis would
not be justifiable or profitable; or again, it may not bc possible
to collect the whole of the data.

In cases such as this, the fact that the data is not handled in its
entirety does not preclude its subjection to statistical analysis.
By the process of sampling, representative portions of the entire
mass of data are selected and examined. The representative por-
tions are known as Samples and the entire mass of data from which
the samples are drawn is known as the Universe, or Population.

The theory relating to sampling is based on several laws or prin-
ciples, the most important of which are:

(a) the Law of Statistical Regularity, and
(b) the Principle of Large Numbers.

The Law of Statistical Regularity is to the effect that if a reason
ably large sample is selected from a population consisting of a large
number of items, then such sample will, in general, possess char-
acteristics little different from those of the population from which

134
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itwas drawn. The Principle of Large Numbers states that, although
abnormalities occur or exist in a large population, the probability
is that the abnormalities in one direction will be offset by the
abnormalities in the opposite direction so that the average of the
population will remain unaffected.

Principles of Selection

Certain conditions should be observed to ensure that the sample
is as representative of the population as possible. These are:

(@) The data should, if possible, be grouped and the samples
selected from each of the groups. For instance, if it
is desired to select from among 3,000 employees, samples
of times taken for the carrying out of a particular task,
the samples would not be representative if they were all
related to those carried out by young people. The em-
ployees, in such a case, should first of all be grouped into
convenient age classes and samples drawn from each of
them.

(b) Bias or prejudice should be completely avoided in selecting
the samples.

(c) Every item of the population should have an equal chance
of being sclected as a sample.

(d) Every item of the population should be subject to the
same conditions. For instance, following on the example
in (a) above, the samples would not be representative
of the population if 1,000 of the employees carried out
the operation using old machinery and the other 2,000
carried out the operation using modern and improved
types of machines.

() The greater the number of samples selected the greater
will be the accuracy achieved in the result.

Methods of Selecting the Sample

Random selection of samples may be effected in many ways
but the two most common are (a) the Lottery Method, and, (b) the
Array Method.

By the Lottery Method a draw is made as is done in the case
of a lottery in order to choose the winner. The great advantage
of this method is that if all the items comprising the population
are well mixed, each item has the chance of being selected in the
draw. An illustration of how this method is used is as follows.
Assume that a large selling organization desires to test or sample
the reaction of the public to one of its products and for that pur-
pose decides to send representatives to question residents of 6 out
of the 30 suburbs of the city throughout which the product is sold.
The choosing of the 6 suburbs may be done by the lottery method,



136 Accuracy and Approximation

i.e., all of the names of the 30 suburbs are shuffled together and
6 drawn at random.

In the case of the Array Method, the data is arrayed in ascending
or descending order and every nth item selected, n being small
enough to give a sufficient number of items in relation to the total
to form an adequate sample. Actually it is not always necessary
for data to be arrayed to apply this method. For example, a
production manager may test a mass-produced product by examin-
ing every, say, seventh article produced.

ACCURACY AND APPROXIMATION

Although accounting data must be recorded accurately in the
books of account and records, the accountant often deals with
figures for statistical purposes in cases wherein absolute accuracy
is not necessary. In that event approximations arc made so as to
facilitate calculation. Sometimes, too, approximations are made
in financial statements themselves, c.g. by the elimination of shillings
and pence from the figures stated in published revenue statements and
balance shcets.

Generally speaking, approximations should only be made where
they will assist in computation and yield a result which is sub-
stantially accurate, i.c. so close to the true result that the difference
may be trcated as negligible. It is important also, to take into
consideration the nature of the item, e.g. whereas the output of
a coal mine may be taken to the nearcst ton, the output of a gold
mine would be taken to the nearest ounce.

Methods of Approximation
The following are the methods sometimes used to approximate
numbers to those capable of easy manipulation: )
(1) Approximation to the nearest whole number below.
Here the procedure is to discard the last digits and
substitute for each a zero.
In the following case, ‘“‘the nearest whole number”
taken was the “nearest hundred”. It could have been
taken to the nearest thousand or to the nearest ten.

Thus:
Actual Numbers Approximations

1792 1700

641 600
1809 1800
1728 1700
1847 1800

429 400

98 —

8344 8000

Difference = 344
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This method has the disadvantage of producing what
is called a Biased Error, for an explanation of which see

post.

Percentages under this method, would be approximated

as follows—

76-2899%, would be stated as 76%,
32'7690/0 EX) EE3 » 133 320/0

It is usual, however, to approximate percentages correct
to two places of decimals, so that 762899, would become

76-299, and 32-769%, would become 32-779%,.
(2) Approximation to the nearest whole number above.

In this case the numbers in (1) above would be approxi-

mated as follows:

Actuzl Numbers Approximations

1792 1800

641 700

1809 1900

1728 1800

1847 1900

429 500

98 100

8344 8700

Difference = 356.

Like the previous method this one also produces

Biased Error.

(3) Approximation to the nearest whole number whether above

or below.

Under this method, the actual numbers appearing in the
previous methods would be approximated as follows:

Actual Numbers Approximations

1792

641 600

1809 1800

1728 1700

1847 1800

429 400

98 100

8344 8200

Difference = 144.

Here, the difference is much less than is the case with
the other methods. This method results in what is known

as an Unbiased Error.

Error

The term Error as used in statistics refers to the difference be-

tween a computed (estimated) value and the true value.
does not mean ‘“‘mistake” as used in ordinary parlance.

Error
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There are two ways of expressing the degree of error, viz., (a) as
an absolute measure, (b) as a relative measure.

Absolute Error is the difference between the approximated
figure and the actual figure, e.g. if 9425 had been approxi-
mated to 9500, the absolute error is 75.

Relative Error is the ratio of the absolute error to the approxi-
mation, so that in the above case the relative error is:
75
9500

This relative error may be expressed as a percentage error
by multiplying by 100. So:

Percentage Error = 0-0079 x 100
0-79%.

= 0-0079

l

Classes of Error
The two classes into which errors may be divided are:

(a) Biased Errors.
(b) Unbiased Errors.

Biased Errors are those which result when the approximations
have all been made to the nearest whole number below, or have all
been made to the nearest whole number above. That is, the approxi-
mations have all been made on the “same side” of the actual num-
bers.

Taking the figures used in methods (1) and (2) on pages 136 and
137, the comparison would be as follows:

Approximations to Approximations to

Actual Numbers nearest whole . nearest whole
number below number above .

1792 1700 1800

641 600 700

1809 1800 1900

1728 1700 1800

1847 1800 1900

429 400 . 500

98 — 100

8344 8000 8700
Absolute Biased Error 344 356

It will be seen therefore that the biased error is a cumulative
error and the greater the data the greater will be the error.

Unbiased Error results where the numbers have been approxi-
mated to the nearest whole number whether above or below. In
a lengthy list of numbers, the effect of this will be for the differ-
ences to compensate each other and thus reduce the absolute error.
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For example:
Actual Numbers Approximations
72 70

98 100
41 40
67 70
29 30
33 30
21 20
17 20
88 90
81 80
547 550

Ags—olute Unbiased Err;;— = 3.

Estimation of Errors in Totals

Where a number of figures has been approximated and added
it is possible to estimate the absolute or relative error whether
biased or unbiased.

Biased Errors

In the case of approximations made, for example, to the nearest
ten below, the greatest possible error in any one item is 9, but on the
average it would be ; i.e.,, 4-5. This is called the average error.
To estimate the absolute error in the sum of a number of items
which has been so approximated, this average error is multiplied by
the number of items. In Illustrative Example 1 the estimated absol-
lute biased error is therefore:

4-5 X 11 =495

To estimate the relative biased error, divide the above result
by the estimated total. In this case the estimated relative biased
error would be:

49 5

7130

which expressed as a percentage error would be:
0-0069 x 100 = 0:69%.

= 0 0069

Unbiased Errors

In the case of approximations made, for example, to the nearest
ten (whether above or below) the greatest possible error in any one
item is 5. but on the average would be 2-5.

To estimate the absolute unbiased error in the sum of a number
of items which has been so approximated, multiply the average
error by the square root of the number of items. Thus in Illustrative
Example 1 the estimated absolute unbiased error would be:

25><\/11—25><(;{:33l)
= 18-
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To express this as a relative error, divide by the estimated total.
The estimated relative unbiased error in this case is therefore:
48275
=506 = 00011
which expressed as a percentage error would be:
£0-00115 x 100 = + 0-115%.

Ilustrative Example 1
In respect of the following set of numbers you are required to
add them by approximating them to the:
(a) nearest 10 below
(b) nearest 10 above or below
and estimate in each case the biased and unbiased absolute error
and the biased and unbiased relative crror.

946

762

375

210

496

782

817

375

937

824

657

Solution:
Approximations to Approximations to
Actua! Numbers nearest 10 below nearest 10

946 940 950
762 760 760
375 370 380
210 210 210
496 490 500
782 780 780
817 810 820
375 370 380
937 930 940
824 820 820
657 650 660

7130 7200

Estimated Biased Error
Absolute = 45 x 11 = 495

49-5
= 730 = 0-0069
Estimated Unbiased Error

Absolute = 2-5 X /11 = -1.8-275
|-8-275
7200 =+40-00115

It is emphasized that in the above illustrations only a small
number of items was taken to illustrate the principles involved.
It is not intended that the addition of such a small number of
items be carried out by the methods of approximation as it would

Relative

Relative =
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be quicker in such case to add the actual items. The principles
outlined however may be used with a large mass of numbers to
facilitate addition where 100 per cent. accuracy is not required.

Similar principles may be used for approximating in connection
with the multiplication, division, subtraction' and averaging of
numbers, but a detailed description of the respective procedures
is not within the scope of this text.

INDEX NUMBERS

Index numbers are statistical devices prepared for the purpose of
measuring changes in data at different points of time. They are
devices which serve as a means of comparative measurement of the
data. or groups of data which they represent and thus the principle
underlying their preparation is that of reducing all of the factors
to be compared to a common denominator.

Originally, index numbers were used to study movements in Price
Levels and the Purchasing Power of Money. To-day, however,
their use has been extended to cover not only the above types of
movements but also changes in Profits, Costs, Production, Sales,
Interest Rates, etc. They are frequently used by individual enter-
prises to measure changes in the above types of data applicable to
the particular organizations.

By means of index numbers the average price of a number of
articles in, say, 1935, may be compared withthat for the same num-
ber and type of articles in, say, 1950. Generally speaking, it is the
purpose of index numbers to supply an indication of the trend of
some group of data in this way. Many different serics of index
numbers are published in the official publications of the Board of
Trade, the Ministry of Labour, the Government Monthly Digest of
Statistics. These include index numbers for retail prices, wholesale
prices, basic materials and foodstuffs, wage rates, employment,
production, export prices, etc.

In order to simplify the explanation of how index numbers are
constructed it will be assumed that we are concerned with those
relating to prices.

The Calculation of Index Numbers.

The study of Index Numbers is such a complex one and is of such
considerable extent that a detailed description of even some of the
procedures is quite beyond the scope of a text on Advanced Account-
ing. It is considered, however, that the accountant should be
familiar with one or two of the more simple and generally used
methods and a brief outline of these is now given. It should be
noted that in all of the illustrations taken, the prices of only

10
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small number of commodities are used for the purpose of simplifying
the description of the particular method. Normally, a far greater
number of products or commodities is used in constructing the
indexes. In addition it should be noted that in the illustrations
which follow, index numbers have been calculated, using the
arithmetic average (for the sake of simplicity). This average is
not always satisfactory and the geometric mean is to be generally
preferred (see Chapter 2 under Geometric Mean and Price Indexes).

The simplest method of calculating index numbers is that based
on the aggregate of actual prices. The following example illustrates
the procedure.

Illustrative Example 2

Calculate a composite index number for the commodities indi-
cated, for the year 1949, using as the base year the figures relating
to 1939.

Prices per Unit

Commodity Unit 1939 1949
Milk Pint 3d. 5d.
Bread Pound 6d. 7d.
Butter Pound Is. 7d. 2s. 0d.
Solution:
Prices per Unit
Commodity 1939 1949
Milk 3d. 5d.
Bread Ad. 7d.
Butter 1s. 7d. 2s. 0d.

2s. 4d. 3s. 0d.

If 1939 is taken as the base year and represents 100 per cent.,

then the composite index number for 1949 will be: ] .
3s. 0d. x 100

That is, the prices in the aggregrate in respect of the above com-
modities, have increased 28:57%, as compared with those for 1939.
This method suffers from a number of disadvantages, the chief of
which is that a commodity with a large price will dominate the
index.

In order to overcome this disadvantage, the method based on the
average of relative prices may be used.

Illustrative Example 3

Using the same data as in Illustrative Example 2, calculate a
composite index number based on the simple average of relative
prices.
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Solution:
1939 1949

Commodity Price Index Price Index
Milk 3d. 100 5d. 166-66
Bread 6d. 100 7d. 116:66
Butter Is. 7d. 100 2s. 0d. 126-31
300 409-63
Index Number = 300 = 409 63

3 3
= 100 = 136-54

Under this method, price relatives are obtained for each of the
commodities. A price relative is the percentage of the price of a
commodity for the period under review (in this case 1949) to that
applicable to the base period (in this case 1939). Thus the price
relative for milk would be calculated as follows:

—5»*3—‘702 ~= 166-66.

The price relatives when so obtained are then averaged to find
the index number.

Both of the methods described in Illustrative Examples 2 and 3
produce what are generally called Simple Index Numbers, i.e.
Index Numbers which do not take into consideration the fact that
different commodities may vary considerably in importance. In
other words the index aumbers are unweighted and assume that
each of the items is of equal importance.

Where, however, it is necessary to calculate index numbers for
commodities which vary in importance then a method should be
used which gives due consideration or ‘“weight” to each of the
items. It is thus necessary to calculate a weighted index number.
The weights to be assigned to each item may be the actual quantity
say, produced or sold, etc., or may be arbitrary numbers estimated
to give to the items the respective degrees of importance which
they should assume in the calculations.

Ilustrative Example 4

From the following data calculate a composite index number
for the undermentioned commodities using a weighted aggregate
of actual prices, taking the base year as 1939.

Prices
Commodity Weights 1939 1949
A 2000 £1 £1 10 -
B 500 2 3 - -

C 3000 3 2 - -
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Solution:
Prices Price times Weights
Commodity 1939 1949 Weights 1939 1949
A £1 - - £110 - 2000 2000 3000
B 2 - - 3 - - 500 1000 1500
C 3 - - 2 - - 3000 9000 6000
12000 10500
10500 x 100
Index Number = -- 12000
= 87-5.

The following example shows the method of computing a weighted
index number basing it on price relatives.

Illustrative Example S

Assuming the detail in Illustrative Example 4, calculate a com-
posite index number based on the weighted average of relative
prices.

Solution:
Prices Price
Commodity 1939 1949 Weights Relatives Products
A £1 - - £110 - 2000 150 300000
B 2 - - 3 - - 500 150 75000
C 3 - - 2 - - 3000 66-666 199998
5500 574998
574998
Index Number = 5500
= 104-54

It will be noticed that although the same data was used both in
this and the former example, the index number in Illustrative
Example 5 is 104-54 whilst that for Illustrative Example 4 is 87-5.
This difference is of course due to the particular way in which the
weights were applied to the price relatives in the latter example.

In the former example we weighted the actual prices whereas in
the latter we weighted the price relatives.
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Formula: S

where S
r

Il

I

I
1 — (1 + 106) — n
periodic payment applicable to £1.

Appendix C

APPENDIX C

rate per centum per annum.
n number of ycars.

. Note: The values of § are given by the numbers to six places of decimals
in the body of the table.

153

n |[r = 29% 3% 49, 5% 6% 7%
1 1.020000 | 1.030000 | 1.040000 | 1.050000 | 1.060000 | 1.070000
2 0.515050 | 0.522611 0.530196 | 0.537805 | 0.545437 | 0.553092
3 | 0.346755 | 0.353530 | 0.360349 | 0.367209 | 0.374110 | 0.381052
4 0.262624 | 0.269027 | 0.275490 | 0.282012 | 0.288592 | 0.295228
5 | 0.212158 | 0.2183556 | 0.224627 | 0.2309756 | 0.237396 | 0.243391
6 | 0.178526 | 0.184598 | 0.190762 | 0.197018 | 0.203363 | 0.209796
7 | 0.154512 | 0.160506 | 0.166610 | 0.172820 | 0.179135 | 0.185553
8 | 0.136510 | 0.142456 | 0.148528 | 0.154722 | 0.161036 | 0.167468
9 | 0.122515 | 0.128434 | 0.134493 | 0.140690 | 0.147022 | 0.153487
10 0.111327 | 0.117231 0.123291 | 0.129505 | 0.135868 | 0.142378
11 0.102178 | 0.108078 | 0.114149 | 0.120389 | 0.126793 | 0.133357
12 0.094560 | 0.100462 | 0.106552 | 0.112825 | 0.119277 | 0.125902
13 | 0.088118 | 0.094030 | 0.100144 | 0.106456 | 0.112960 | 0.119651
14 | 0.082602 | 0.088526 | 0.094669 | 0.101024 | 0.107585 | 0.114345
16 0.077826 | 0.083767 | 0.089941 0.096342 | 0.102963 | 0.109795
16 | 0.073650 | 0.079611 | 0.085820 | 0.092270 | 0.098952 | 0.105858
17 | 0.069970 | 0.075953 | 0.082199 | 0.088700 | 0.095445 | 0.102425
18 | 0.066702 | 0.072709 | 0.078993 | 0.085546 | 0.092357 | 0.099413
19 | 0.063782 | 0.069814 | 0.076139 | 0.082745 | 0.089621 | 0.096753
20 | 0.061157 | 0.067216 | 0.073582 | 0.080243 | 0.087185 | 0.094393
21 0.058785 | 0.064872 | 0.071280 | 0.077996 | 0.085005 | 0.092289
22 ] 0.056631 | 0.062747 | 0.069199 | 0.075971 | 0.083046 | 0.090406
23 | 0.054668 | 0.060814 | 0.067309 | 0.074137 | 0.081279 | 0.088714
24 0.052871 0.059047 | 0.065587 | 0.072471 0.079679 | 0.087189
25 | 0.051220 | 0.057428 | 0.064012 | 0.070953 | 0.078227 | 0.085811







IN

A

Accuracy and Approximation, 136 et seq
Arbitrary Origin, 27
Area Diagrams, 116
Arithmetic Average, 25 et seq.
Arithmetic Progression, 106
Arrangement of the Data, 16
Assumed Mean, 27
Average, 24
arithmetic, 25 et seq.
advantages of, 30
and trend, 29
arbitrary origin, 27
assumed mean, 27
class intervals, usc of, 29
disadvantages of, 30
guessed mean, 27
short method of calculating, 27
simple arithmetic, 25
weighted, 28
deviation, see Dispersion
features of, 25
geometric mean, 38
advantages of, 39
and price indexes, 38
disadvantages of, 39
how calculated, 38
harmonic mean, 40
median, 31 ef seq.
advantages of, 34
calculation of, 32
disadvantages of, 35
interpolation, where necessary, 33
mode, 35 et sq.
advantages of, 37
calculation of, 35
disadvantages of, 37
types of, 25

B

Band Charts, 116
Bar Charts, 117 et seq.
Biased Error, 138

C

Cartograms, 129

Category Series, 19

Class Intervals, 36

Collection of Data, 7

Correlation, 57 et seq.
absence of, 66
coefficient of, 58
interpretation of, 61 et seq.
definition of, 57
degrees of, 66

DEX

Correlation—continued
direct, 57, 62
inverse, 57, 64
measurement of, 58
perfect direct, 62
perfect inverse, 64
scatter diagrams, 69

Cumulative Frequency Distribution, 22

Cyclical Movements, 74

D

Data
arrangement of, 76
collection of, 7
Deviation (and see Dispersion)
average, 47
quartile, 44
standard, 50
Dispersion, 41 ¢t seq.
average deviation, 47
coelticients of. 53
deciles, 44
definition of, 41
measures of, 43
nature of, 42
percentiles, 44
quartile coeflicient of, 47
quartile deviation, 44
quintiles, 44
range, 43
semi inter-quartile range, 44
skewness, 55
standard deviation, 50

E
Error, 137 et seq.
classes of, 138

estimation of, 139
External Statistics, 6

F

Frequency
meaning of, 18
distribution, 18 et seq.

G

Geometric Mcan, 38 (and sce Average)

Graphic Presentation, 99 et seq.
rules for, 100
types of, 105

Guessed Mean, 27

H

Harmonic Mean, 40
Histograms, 114
Historigrams, 114
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) |
Index Numbers, 141 et seq.
Internal Statistics, 3
Interpolation
to find median, 33
to find quartile deviation, 46

L

Line Graphs, 105
rulings of, 114
Logarithmic Charts, 108

M

Market Research, 10 et seq.
Mean (sce Average)
Median, 31 ¢t seq.

Mode, 35 ct seq.

|
Percentage Frequency of Distribution
23

Pictograms, 130

Q
Quartile Deviation, 44

R

Rate of Change Charts, 111
construction, 112 et seq.
Ratio Graph, 109 ef seq.

S

Sampling, 134 et seq.

Score Sheet, 21

Seasonal Variations
measurement, Y0
monthly average method, 90
moving average method, 92
nature of, 74

Index

Semi-Logarithmic Charts, 108
Series, 418
Silhouette Charts, 114
Spatial Distribution, 19
Standard Deviation, 50
Statistical Series, 18
category series, 19
frequency distribution, 18, 20
spatial distribution, 19
time series, 19
Statistical Table
nature of, 16
parts of, 17
specimen, 18
Stock Exchange List, 7-9

T

Tally Sheet, 21
Time Series, 19, 71 et seq.
classification of, 73
charts, construction, 112
Trend, 71 et seq.
analysis of time series, 72
classification of time series, 73
cyclical movements, 74
formula, 84
irregular variations, 77
measurement of, 77 et seq.
freehand curve-fitting method, 78
least squares method, 83
moving averages method, 81
semi-average method, 78
seasonal variations, 74
mecasurement of, 90 et seq.
sccular, 73
elimnation of, 89

U
Unbiased Error, 138

w
Weighted Arithmetic Averages, 28
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