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PREFACE TO SECOND EDITION

Although there has been no change in point of view, the book
has been brought up to date by the addition of new topics, such as
the cyclotron, the betatron and the wave guide; and by the omission
of a few topics of diminishing interest. Material has been rearranged
and clarified where experience has shown this to be desirable. The
treatment of units has been expanded and improved. Finally, in
accordance with the modern trend, the Gaussian system of units has
been employed throughout the book. Since this system wuses the
familiar e.s.u. for all electric quantities, including current, and the
familiar e.m.u. for all magnetic guatities, its adoption involves little
departure from previous usage. It does, however, avoid the con-
fusion inherent in the use of two units of charge which differ both in
magnitude and in physical dimensions.  Although all theory is
developed in terms of c.g.s. (laussian units, m.k.s. practical units
are used in most of the numerical calculations, especially in the

problems.
L.P.

N.IA, Jr.
YALE UNIVERSITY

September 1948.



PREFACE

The purpose of the authors in preparing this book is to provide
an elementary text suitable both for undergraduates who have
completed general courses in physics and in the calculus such as are
usually given in Sophomore year, and for advanced students who
wish a more comprehensive training in the important subject of
electromagnetism. By utilizing the first twelve chapters with the
possible exception of Chapter ITI, a course of the first type of the
usual length may be arranged. In order to make it possible to take
up magnetostatics before electrostatics, the more fundamental deduc-
tions of Chapters I and II have been repeated i Chapter IV.

Considerable space has been devoted to the theory of clectrical
measurements in the belief that a didactic course should be accom-
panied by practice in the laboratory. Nevertheless, the main
emphasis has been placed, not on applications of the theory, but on
instilling correct concepts in the mind of the reader. While the
relativity principle—so intimately connected with electromagnetism
—is not mentioned per se, the point of view of that theory is main-
tained throughout. Needless to say, the electron theory of matter
is adopted from the beginning. More space than usual has been
devoted to the phenomena of high-frequency circuits and electro-
magnetic waves, matters of great interest to everyone in an age of
electrical communication. Every effort has been made to develop
the subject in a logical manner and not to slight important deduc-
tions in order to minimize analysis. Carefully selected problems
have been appended to most of the articles.

L.P.
N.I.A,, Jr.
YALE UNIVERSITY
February 1931.
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CONVERSION TABLE OF ELECTRIC AND
MAGNETIC QUANTITIES

The magnitude of a quantity as measured in the c.g.s. Gaussian
units used in this book is indicated by a symbol with no subseript,
in c.g.s. electromagnetic units by a symbol with the subseript m,
and in m. k. s. practical units by one with the subscript p. The
unit, where it has received a name, is given in parentheses. As «
and ¢ are dimensionless ratios, thcy are the same in the three systems
of units.

QUANTITY CGAUSSIAN E.M.U. PRACTICAL
Distance . .. ...... I (cm) =In (cm) =(10)%, (meter)
Mass . .oovvvunn m (gm) =mn (gm)  =(10)*n, (kilogram)
Time . .......... t (sec) =ty (Sec) =1, (sec)

Force .......... F (dyne) =Fn (dyne) =(10)5F, (newton)
Work or Energy ... U (erg) =Upn (erg)  =(10)7U, (joule)
Power ...... v oo . P (erg[sec) =Py (ergfsec) = (10)"P, (watt)
Charge ......... 0 =3(10)Qn  =3(10)°Q, (coulomb)
Charge[Area......o =3(10)%n  =3(10)50, (coulomb/
meter?)
Charge/Volume ... p =3(10)°Pm  =3(10)%p, (coulomb|
meter?)
Electric Intensity . . E =}(10)"E,, =3}(10)"E, (volt/
meter)
Polarization . . ..., P =3(10)°P,,  =3(10)°P,
Electric Displace-
ment......... D =3(10)°Dy,  =12#(10)°D,
Flux of Displace-
ment.........N =3(10)°N;,  =12n(10)°N,
Electric Potential
oremf....... & =3(10)710g,, =3(10)"2¢ » (valt)
Current . ... ... i =3(10)%,  =3(10)%, (ampere)
Current/Area ... ..j =3(10)1%,, =3(10)%, (ampere/
meter?)
Resistance . , .. ... R =§(10)"®R,, =}(10)™MR, (ohm)
Resistivity ......p =4(10)"p,  =3(10)"%, (chm
meter)

Inductance , . ... . L =3(10)"%L,, =3(10)"1L, (hem-y)



vi

Capacitance . . ... C =9(10)2°C,, =9(10)11C, (farad)
Pole Strength . . . .. m =my, = 41 (10)%m,
m
Magpuetic Intensity . H(oersted) = Hyp (versted) =4a(10)~3H)(ampere|
meter)
Magnetization. . . . . I —In = o (1004,
w
Magnetic Induction . B (gauss) =B, (gauss) =(10)!B, (weber/
meter?)

Flux of Induction. . N(maxwell)=N,(maxwell) =(10)*N, (weber)
Magnetic Potential
ormmf, ..... “H(gilbert) =THp(gilbert) =4 (10)1 H»(ampere)
Reluctance . . ... R =Rm =47(10)"°R,
Example :  Find the magnitude of a current of 50 amp in Gaus-
gian units (g.u.) and in e.m.u.
i = 3(10)%, = 1.5(10)" g.u.
im = (10)7Yp = 5 e.m.u.
The following prefixes have the indicated significance when
attached to a unit :
mega = 1 million [(10)¢],
kilo = 1 thousand [(10)3],
milli = 1 thousandth [(10)73].
micro = 1 millionth [(10)7®].
Example : 1 megohm = (10)® ohm, 1 micromicrofarad = (10)-12
farad.



CHAPTER I
FUNDAMENTAL LAWS OF ELECTROSTATICS

1. Attraction and Repulsion.—The discovery of electrification,
which appears to have been made by the Greeks about 600 B. o.,
consisted in the observation that a piece of amber which has been
rubbed acquires the property of attracting light bodies to itself. Tt
was not until 1600 that it was noted that electrified bodies may
repel as well as attract, and du Fay, about 1735, was the first to
appreciate the fact that there are two distinct kinds of electricity.

These two kinds of electricity are called positive and negative.
When a glass rod is rubbed with silk, the glass acquires a positive
(vitreous) charge of electricity and the silk a negative charge. Con-
versely, when an ebonite rod is rubbed with fur, the ebonite obtains
a negalive (resinous) charge and the fur a positive charge. The
recognition of two kinds of electricity rests upon the observation
that two electrified glass rods, or two electrified ebonite rods, repel
each other, whereas an electrified glass rod attracts an electrified
ebonite rod. The results of early experiments may be embodied in
the following qualitative laws :

(I) Like charges repel, unlike charges attract.

(IT) The force between two charges decreases as the distance
between them is increased.

We have noted that when a glass rod is rubbed with silk, the
silk is electrified as well as the glass, and with a charge of opposite
sign to that on the glass. This fact suggests that electrification
consists in the separation of equal charges of opposite sign rather
than in the creation of charges. In more detail it indicates that
the glass and the silk in their original unelectrified condition each
contains equal amounts of positive and negative electricity, the
attraction of the one just sufficing to neutralize the repulsion of the
other on any third charge, and that when the two are rubbed
together negative electricity is transferred from the glass to the
silk, or positive electricity from the silk to the glass, or'both. If,
now, we keep the silk tightly wound around the glass rod after the
two have beon rubbed together, we find that the combination ex-
hibits no evidence of electrification, showing that the negative charge
on the former neutralizes the positive charge on the latter and
therefore is equal to it in magnitude. Thus we confirm our surmise
that electrification consists in a separation and not in a creation of
charges.

While ideally we might suppose that continued rubbing of glass
with silk would result in a transfer of all the positive electricity in
the combination to the glass and of all the negative electricity to
the silk, it is found that this limiting state is far from being reached
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by any methods available in the laboratory. In fact, our present
knowledge of the constitution of matter indicates that the most
intense electrification obtainable in gross matter represents the
transfer of a very minute portion of the electricity originally con-
tained in the bodies concerned.

Furthermore, as will appear from the results of experimeuts to
be described later, electricity is not infinitely divisible but consists
of small discrete entities. The elementary negatively charged particle,
known as the electron, has a charge of —4.80(10)71 electrostatic
unit and a mass of 9.1 (10)~28 gram. All negative charges consist of
an integral number of electrons. The charge of the electron is so
small, however, that ordinary electrical experiments fail to reveal
the fact that the least amount by which two negative charges may
differ is the charge of a single electron,

The elementary positively charged particle is known as the
proton. It has a charge of 4.80 (10) 10 clectrostratic unit and a
mags of 1.67 (10)™* gram. The charge of the proton is equal in
magnitude and opposite in sign to that of the electron, but its mass,
which is substantially the same as that of the hydrogen atom, is 1837
times greater. Therefore, the proton is much less mobile than the
electron. Tn addition to the electron and the proton, a third elemen-
tary particle, known as the neutron, has been isolated. This particle
has no resultant charge, although it exhibits & magnetic moment.
Its mass is effectively the same as that of the proton.

A normal atom consists of a positively charged nucleus, built up
of protoiis and neutrons, about which are revolving a number of
electrons sufficient to make the atom as a whole electrically neutral.
The nunber of protons in the nucleus is equal to the atomic number
of the element (the ordinal number specifying its position in the
periodic table), and the number of neutrons is equal to the excess of
the atomic weight over the atomic number. Thus the hydrogen
nucleus consists of a single proton and the helium nucleus of two
protons and two neutrons.

The fact that the electron is much lighter and therefore much
more mobile than the proton indicates that electrification consists
solely in the transfer of negative electricity. So great is the evidence
supporting this view that we may conceive of the positive atomic
nuclei as fixed in the bodies of which they are constituents, and of
elecirification as due to an excess or defecr. of electrons. Thus when
glass is rubbed with silk the contact of the two dissimilar substances
results in the detachment of electrons from surface atoms in the glass
and their attachment to surface atoms in the silk. The glass becomes
positively charged as a result of the subtraction of electrons, and the
silk negatively charged in consequence of the addition of electrons.

2. Insulators and Conductors.—With respect to their electrical
properties solids may be classified as insulators or conductors. The
electrons in the former are so tightly attached to the atoms that only
on the surface can they be torn loose and here only by relatively
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large forces. Tnsulators, or dielectrics as we shall more frequently
call them, ave characterized by the fact that thin sheets are trans.
parent or at least translucent to light. If we electrify an insulator,
such as a glass rod, by tearing off electrons from a few spots on the
surface, the remaining electrons in the rod are unable to redistribute
themselves under the action of the electrical forces to which the
electrification gives rise. Therefore, the charges remain at the spots
on the surface at which they have been produced. Nevertheless a
dielectric does not remain altogether uninfluenced by electrical
forces. Even though the electrons in each atom cannot easily be
detached completely from the atom, they suffer a small displace-
ment from their equilibrium positions under the action of electrical
forces. Although the displacement of the electrons in a single atom
is too small to produce noticeable effects, a displacement of the
electrons in all the atoms of an insulator in the same direction gives
rise to pronounced effects which are of great importance in many
electrostatic phenomena.

In conductors, on the other hand, the outer electrons normally
present in each atom become loosened from the atom and are free
to wander through the solid under the influence of electrical forces,
Therefore, if a charge is produced on the surface of a conductor by
rubbing, these free electrons redistribute themselves under the forces
of electrical attraction and repulsion with the result that the charge
does not necessarily remain localized in its original situation. As the
human body-is a fair conductor, charges produced on a conducting
rod held in the hand do not remain on the rod, but run over to the
hand and through the experimenter’s body to earth. If it is desired
to retain the charge on the conducting rod it must he supported by
an insulating handle. As a class, conductors are opaque to light
except in the very thinnest sheets. Metals are the best conductors
of electricity, particularly such metals as copper and silver. As will
be shown later, good conductors of electricity are also good conductors
of heat and vice versa.

If two conductors are placed in contact, the free electrons in the
one have no great difficulty in passing across the boundary surface
into the other. On the other hand, electrons do not easily escape
through the surface of a conductor into an adjacent gas or vacuum,
Only under special conditions, such as when enormous electric fields
are applied or high temperatures used. or when ultra-violet light or
X-rays are allowed to impinge on a metal, are electrons emitted from
its surface into the surrounding space.

Next we must mention an important class of liquid conductors
known as electrolytes. Tn these the charged particles which are free
to move under the influence of the electrical forces are not electrons
but charged atoms or groups of atoms, known as ions. The carriers
of electricity are of both signs, the positive ions moving in one direc-
tion under the action of electrical forces and the negative ions in
the opposite. The most important electrolytes are solutions of salts
or acids in water.
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Finally, a gas may be made conducting by the passage through
it of X-rays or rays from radioactive substances, or by high
temperature such as exists in a flame. Under these conditions
electrons are torn loose from mnormally uncharged atoms or mole
cules and either move freely or attach themselves to other molecules
We have present in the gas, therefore, ions of both signs which move
in opposite directions under the .mﬂ.uencc of electrical forees until
they become neutralized by recombination or reach a metal electrode.

3. Electrification by Induction.—Once a posit@ve qha.rgc h:}.q been
produced on the end of a glass rod by rubbing it with silk, any
number of additional charges can be produced on near-by conductors
by the process of induction. Consider the uncharged metal rod 4B

) (Fig. 1) with rounded ends
supported by the insulating
stand C. It the charged end
G of the glass rod is brought

, near the end A of the metal,

A B the electronsin the conductor

are attracted to A, giving rise

G to a negative charge on this end

+ of the metal rod and leaving

the end B positively charged.

C The charges so  produced are

said to be induced. On removal

of the glass rod the metal

Fie. 1 resumes its original unelectrified

condition. If, however. the

experimenter touches the metal rod at B while G is held in the posi-

tion indicated in the figure, additional electrons pass up from the

ground through the observer’s body to 4B under the attraction of the

pOSitiVB charge on the glass rod. If’ now, the experi]n(\nter removes

his finger from contact with B while still keeping G close to A, the

metal rod retains the excess clectrons, thus acquiring a net negative

charge. On final removal of the glass rod this negative charge spreads
over the whole of the surface of AB.

By a slight modification of this procedure charges of both signs
can be induced. All that is necessary is to replace the metal
rod by two uncharged metal spheres A and B (Fig. 2) suspended
by insulating silk threads. The sphercs are held in contact with
each other and the positively electrified glass rod G is brought near A.
Under the attraction of the charge on G, electrons pass from B to A.
If, now, A and B are scparated before G is removed, the first is left
with a negative charge and the second with an equal positive charge.
Note that in the former experiment the conductor consisting of the
observer’s body and the earth took the place of the sphere B and
was left with a positive charge at the end of the process.

Electrostatic induction is responsible for the attraction exerted
by a charge on uncharged bodies. On account of its closer proximity
to G, the negative charge on the end A of the metal rod in
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Fig. 1 is attracted by the positive charge on the glass rod more than
the equal positive charge at B is repell-

ed. Consequently, the rod 4B, if free

to move, would be drawn toward G. If

the rod AB were a dielectric instead

of a conductor, the electrons bhound to

the atoms of which it is composed

would be slightly displaced to the left

by the attraction of the charge at G,

giving rise to a negative charge on the

end A and a positive charge on the end G el

B. As the electrons are tightly fastened A B
to the atoms in this case, the charge

cannot be altered to any considerable Fic. 2
extent by touching the rod with the
finger, but the rod is attracted by the charge at G for precisely the
same reason as in the case of a conductor.

Problem 3a  Does it matter if the experimenter touches A rather than B
in inducing a charge on the metal rod of Fig. 1? Guve reasons,

4. The Electroscope.—This simple instrument is very useful in
investigating electrostatic phenomena in a qualitative manner, and
when calibrated it can be used for quantitative measurements. Many
forms of clectrosco pe have been designed, but we shall describe only
the simplest type consisting of a pair of gold leaves G, G (Fig. 3)
suspended from a metal rod R which supports a conducting disk D on
its upper end. The metal parts are insulated from the ground by the
glags bottle B through the neck of which the rod R projects. On the
disk Djmay be placed a metal pail P.

With this instrument Faraday performed the famous “ice-pail”
experiment. xo named because he used a common metal ice-pail for
P. Lowering a positively charged metal sphere into
P without touching it to the sides or bottom of the
pail, electrons were attracted to the inner surface
of P by the positive charge on the sphere, leaving
the gold leaves positively electrified. Having like
charges the gold leaves vepelled each other and
therefore diverged. The following phenomena were
noted : ‘

(a) Provided the sphere is well below the
mouth of the pail the degree of divergence of the
gold leaves is independent of its position.

(b) It the charged sphere is brought into
contact with the bottom of the pail the divergence
of the gold leaves remains unchanged, and does not
decrcase when the spherve is completely removed.
The spheve, however, is found to have lost its entire
Fie. 3 charge.

This experiment shows that the charge induced on the inner
wallx of the pail is equal in magnitude though opposite in sign to the
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charge on the sphere. When the sphere is touched to the pail its
entire charge escapes to the pail, neutralizing the negative charge on
the inner walls of the latter. Since no charge can be acquired by
again bringing the discharged sphere into contact with the inside of
the pail, there can be no charge left on its inner walls. The positive
charge originally on the sphere now resides entirely on the gold
leaves, rod and outer walls of the pail.

If the electroscope is charged positively, the introduction of a
positive charge into the pail P causes the divergence of the gold
leaves to increase, for electrons are attracted to the inner surface of
the pail, leaving the leaves with an increased positive charge. On the
other hand. the introduction of a negative charge into the pail causes
electrons to be repelled from the pail to the gold leaves, diminishing
the positive charge on the latter and decreasing the divergence. If
the negative charge introduced into the pail is large enough, suffi-
cient electrons may be repelled to the leaves to cause them to
collapse as the charge approaches the pail and then to diverge again
with a negative charge. In this way the electroscope may be used
to determine the sign of the charge on an electrified body, or the
sign of the charge on the gold leaves may be ascertained if that of
the charge on the body introduced into the pail is known.

If two uncharged rods, one of glass and the other of ebonite, are
introduced iuto the pail of an uncharged electroscope and rubbed
together inside the pail, no divergence of the gold leaves is noted.
If either rod is removed, however. the gold leaves diverge with a
charge of the same sign as that of the rod remaining in the pail.
This experiment constitutes a more precise method than that
previously described of showing that the negative charge acquired by
the one rod is exactly equal to the positive charge obtained by the
other and therefore that electrification consists solely in the sepa-
ration of charges already in existence.

The experiments described above enable us to draw the following
conclusions regarding the relative magnitudes of charges :

(@) Two charges of opposite sign are of the same magnitude if
they produce no effect on the gold leaves when they are placed to-
gether inside the pail of the electroscope.

(b) Two charges, A and B, of like sign are of equal magnitude if
the one produces the same effect on the gold leaves as the other
when introduced into the pail.

(¢) A charge C has twice the magnitude of A if it produces the
same effect on the gold leaves as 4 and B together.

5. Induction Machines.—The simplest type of induction machine
is the electrophorus. It consists of a disk of sealing wax AB (Fig. 4),
the upper surface of which has been charged negatively by being
rubbed with fur. Above the sealing wax base isa metal disk MN
of the same area supported by an insulating handle H. Uf the
experimenter’s finger is touched for a moment to MN while in the
position indicated in the figure, electrons are repelled from this
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conductor through the observer’s body to earth, leaving it positively
charged. So long as MN remains close to 4B, the repulsion of the
negative charge on the insulating base prevents electrons passing
to MN from any other conductor which may be brought into contact
with it. If, however, the metal disk is carried to a distance from
AB by means of the insulating handle and the observer’s finger is
brought near to the edge N, the attrac-

tion of the positive charge on the disk H

for the electrons in the finger may be

great enough to cause a small spark to

pass to MN. Since the positive charge s N
on the metal disk is held in position by A=E_—=——=—"=—"7B
the attraction of the negative charge on

the wax hase when the two are close Fic. 4

together. the positive charge is said to be bound under these condi-
tions. On the other hand, when the metal disk is removed to such a
distance that the force due to the charge on the base becomes
negligible, the charge on the
disk becomes free and is
shared with any conductor
with which the disk is
brought into contact. In the
first position the metal disk
may be laid on top of the
base, for the two come into
actual contact at only a few
spots, and since the base is
an insulator no appreciable
part of the negative charge
on its surface passesto the
disk.

By repeating the process
of charging the metal disk of
the electrophorus by induc-
tion and then transporting it

T, T, to a distant conductor a large

Fic. § charge may be imparted to

the latter. Various machines

have been devised to do this automatically. The Wimshurst machine,
which is illustrated diagrammatically in Fig. 5. consists of two sets of
metal carriers, indicated by thick lines, which are mounted on glass
disks and revolved in opposite senses about an axis through O per-
pendicular to the plane of the figure. The stationary wire connectors
AA and BB, provided with brushes to make contact with the carriers,
may be considered to be connected to earth. although it is not neces-
sary that they should be. Suppose that the carrier at a, has been
given a positive charge by contact with an electrified glass rod. Tt
induces a negative charge on the carrier at b, which is carried around
to b, and there induces u positive charge on the carrier then at a,.
The carrier at b, then moves on to b,, where it shares its charge with
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the collector C;, which is provided with points to facilitate the trans-
fer. The action of the points will be discussed in article 11. From C,
the charge travels along the wire represented by the broken line to the
terminal T,.

In the meanwhile the carrier at a, carries the positive chary’
which has been induced on it to a@,, where it induces a negative
charge on the carrier then at b,, and proceeding to a, shares its
charge with the collector C, and the terminal 7,. On the lower
halves of the disks the signs of the charges on the two sets of carriers
are reversed. In this way a positive charge is builb up on 7, and a
negative charge on T, and if the terminals are not too far apart a
spark eventually passes across the gap between them. The capacity
of the terminals for accumulating electricity may be greatly increased
by connecting them to the two plates of a device for storing charge
known as a condenser. In this case discharges across the gap take
place less frequently but with much greater intensity.

6. Coulomb’s Law.—-Before stating the law of attraction and
repulsion between electric charges in quantitative form we must be
careful to specify precisely the reference system or set of axes relative
to which the quantities involved are to be measured. Consider a set
of axes which is fixed relative to the average positions of the fixed
stars. This set of axes, and in addition all sets of non-rotating axes
which are in motion relative to it with constant velocities, are known
as inertial systems. We shall suppose that the observer who is
measuring the quantities involved in any of the laws of clectromagne-
tism taken up in this book is permanently at rest in an inertial system
to which we shall refer as the observer’s inertial system. Tt is
immaterial which one of the infinity of possible inertial systems we
select wherein to locate the observer. But in all cases the quantities
to which we shall have occasion to refer are those measured relative
to the particular set of axes chosen. The laws of electromagnetism
that we are going to develop are valid relative to any inertial system
in which the observer may happen to be located. When we pass
from one incrtial system to another the laws remain unchanged,
although the values of the quantities involved may be quite different
when determined by one observer from what they are when deter-
mined by another observer who is moving relative to the first. Thus
one observer may conclude that there are electric forces in his vieinity
but no magnetic forces, while another observer, located ut the same
spot as the first but moving relative to him, is aware of magnetic as
well as of electric forces. The nature of an electro-magnetic field —
that is, a vegion in which electric and magnetic forces are present —
is as much dependent upon the state of motion of the observer as
upon the distribution of charged bodies and magnets. Lack of recog-
nition of this fact has led to much confusion in the solution of
problems involving rotating magnets and the like.

In electrostatics we limit oursclves to the study of the forces
between charges which are all at rest in the observer’s inertial system.
Suppose, now, that we have two point charges q and q' a distance
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apart. By point charges we mean charges of linear dimensions
very small compared with the
distance  between  them. If we D
double the charge ¢ we find that the
force on g’ becomes twice as great, since
each half of the doubled charge exerts
the same force on ¢’ as that exerted F
by the original charge. Therefore, the
force between the two charges, that is,
the force exerted by either on the
other, is proportional to g. In the A —COB
same way we see that it is proportional C
to ¢'. Consequently, the force between
two charges is proportional to the
product of their magnitudes. B

To find how the force varies with
the distance between two point charges
Coulomb performed the following Fie. 6
experiment in 1785. A charge is G-
placed on a small conducting sphere B (Fig. 6) attached to the
end of the insulating horizontal arm AB of a torsion balance.
This arm is suspended at its center of mass from the drum D by
means of the torsion fibre F.  The tovsion fibre is rigidly fastened to
the drum at its upper end and to the horizontal arm at its lower end,
s0 that if the drum is held fixed the arm cannot rotate about the
fibre as axis without twisting it.

A second charge is placed on the small conducting sphere C
supported on the insulating handle H. We shall suppose this charge
to be of the same sign as the ~harge already on B. If, now, C iy
brought up to a point at a predetermined distance in front of the
original position of B, the charge on B is repelled and moves backward
in the direction of the arcow, turning the arm 4B and twisting the
fibre F. Next the experimenter rotates the drum in the opposite
sense until B is restored to the position originally occupied. The angle
through which it has beeh turned is equal to the twist now present
in the fibre and, therefore, is proportional to the force on B. By
placing C a! various distances in front of B Coulomb found that the
force between two charges is inversely proportional to the square of the
distance hetween them.

Analytically we can express Coulomb’s law for the force ¥
between two point charges by the formula

5= 9 (6-1)

If ¢ and ¢’ have the same sign, F is positive, wheveas, if they have
opposite signs, ¥ is negative. Consequently, a positive value of the
force indicates rcpulsion, a negative value attraction. As we shall
see later, the force between two charges is diminished by the presence
of a dielectric between them. While the effect of air on the magni-
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tude of the force is very small, the expression (6-1) applies exactly
only to the case of charges in vacuo.

This formula contains implicitly the definition of the unit of
charge For, if we make the charges equal, and make ¥ and r each
unity, § = ¢q’ becomes unity. Therefore, the c.g.s. unit of chargeis
that charge which repels a like equal charge placed at a distance of 1
cm. in vacuo with a force of 1 dyne. Putting 1 gm cem sec™® ¥
and 1 em for r and solving for ¢ = g’ we find that the c.g.s. unit of’
charge is 1 gm'2 em?/¢ sec™’. This unit, and all other c.g.s. units
based on Coulomb’s law of force (6-1), are known as electrostatic units
and are designated by the abbreviation e.s.u.

Problem 6a. Two particles are suspended by strings of the same length

{ from the same point Each has a mass m and a charge g Show that the
angle @ which each string makes with the vertical 1s given by

4mgl® sin® § =q* cos ¢
Problem 6b. A small positively charged conducting sphere 1s brought
into contact with an identical uncharged sphere = When separated by 5 cm,

thﬁ repulsion between them is 25 dyne. Find tke original charge on the first
sphere.

Problem 6c Two small identical conducting spheres with charges 20
es.u and —16 e.s.u., respectively, are 4 cm apart. What is the force between
them ? What will be the force if they arc brought into contact and then
separated by the same distance as before ?

7. Electric Intensity and Potential. —A region in which electric
forces are acting is called an electric field. In order to explore the

fieldl we may carry a unit positive charge of

very small dimensions around the field, being

careful to keep all the charges producing the field

fixed in position so that the field shall not be

changed by the attractions or repulsions exerted

by the test charge. The force experienced by the

B it test charge when at rest relative to the

observer at any point in the field is known as the

electric intensity or the electric field strength E at

that point. The unit of electric intensity is the

- dyne per unit charge or, in terms of the funda-

A mental units, 1 gm'/? em™/2 sec™. Since the

Fic. 7 electric intensity is a force per unit charge, it is a

vector and has divection as well as magnitude.

Tn expressing vector relations we shall represent vectors by letters

printed in black face type using the same letters in italics to
represent their scalar magnitudes. Thus the equation

C=A+B
signifies that the vector C is the vector sum or resultant of the two
vectors A and B as indicated in Fig. 7. The corresponding scalar
relation is C2=A2% + 24 B cos a+ B2, where a is the angle between the
the positive directions of 4 and B.

Evidently the force ¥ on a charge g placed at a point where the
electric intensity is E is
F = qE.
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If g is positive ¥ has the direction of E, otherwise the opposite
direction.

The complete relationship between these guantities is expressed
by the vector equation
F=4qE (7-1)

It is clear from this equation that if the electric intensity is known
at every point in the field the force on a charge of any magnitude
placed at any point can be computed at once, provided the charges
producing the field are held rigidly in position so that the field
remains unaltered by the introduction of the charge on which the
force is to be determined.

The electric intensity at a distance r from a point charge g is
obtained at once from Coulomb’s law by making ¢" equal to unity.
It is

E= % (1-2)
in the direction of the radius vector drawn from ¢q. Since any field
may be considered to be due to anumber of point charges, the resultant
electric intensity at a point may be calculated by finding the vector
sum of the clectric intensitics due to the individual charges. Except
in the simplest cases such a procedure is difficult to carry out, how-
ever, and simpler methods depending on the concept of potential
are employed instead.

The potential V at a point in an electrostatic field is the work
necessary to bring a unit positive charge from infinity, that is, from
outside the field. up to the point in question, the charges producing
the field being held rigidly in position during the process. Physically
it represents the potential energy of a univ charge placed at the given
point and is measured in ergs per unit charge. 1t is identical with
the work done by the field on the unit positive charge as the
latter moves from the given point to infinity. As it represents work
per unit charge, potential is a scalar quantity.

Let us calculate the potential due to a point charge g placed
at the origin. To find the
potential at a point P (Fig. 8)

distant rp from g, we shall , s
compute the work done by t/ﬁ»
the field on a unit charge as VD

it moves from P to infinity. S -
Tet PQ be the path followed. 0£===""ridr

The electric intensity at Q, is
E= 1 Fic. 8

R

in the direction of the radius vector r. and the work Jone by the field
in moving the unit charge the distance d/ from Q, to Q, is

fg dl cos a = ’Z dr,
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where o is the angle between E and d/. Integrating from rp to

infinity,
V=g J’m M (7-3)

showing that the value of the potential depends only upon the
coordinates of the point P and is independent of the path followed by
the unit positive charge.

It the field is due to point charges g,, ¢p, ¢s,...at distances
Fyy Iy, I's,... from P, the potential at P is the scalar sum

V=7q‘~+:"‘+q3+ ..... =X_‘{, (1-4)
1 2 rs

and in the case of a continuous distribution of electricity consisting of
P units of charge per unit volume occupying a volume = and o units
of charge per unit area distributed over a surface s

V__:j' pd= +J’ods . (1-5)

r s T

As is evident from the forms of these expressions, the electrostatic
potential in all cases is a function only of the coordinates of the point P
at which it is to be evaluated and is independent of the path along which
the unit charge moves. It'is this property which makes the concept
of potential important. In fact. we say that a ficld of force possesses

a potential only in regions

Y where these conditions are

fulfilled.

Evidently the drop in

potential when we pass from

apoint A to a point B is equal

to the work done by the field

on a unit positive charge as it

moves from the first point to

X the second, all paths between

the two points being equiva-

lent. The work, then, per-

7 formed on a charge ¢ as it

Fic. 9 moves by any path from a

’ point A where the potential is

V4 to a point B where the potentialis Vp is q(V4—Vp). [f the

charge moves around a closed curve, the two ends of the path
coincide. Therefore, Vp=V- and the net work done is zero.

Consider two near-by points P and @ (Fig. 9) a distance df
apart and denote the potentials at P and Q by V and V+dV res-
pectively. As the force on a unit pesitive chacge is the electrie
intensity E, the drop in potential in goinz from £ to Q is the work
done by the elcetric intensity. Therefore,

Vp—- I/()E-—-dV=ECOSadl.
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Hence the component of E in the direction of the displacement.
PQ is
E, = Ecosa = — aaII/, (7-6)
equal to the space rate of decrease of potential in the direction PQ.
The left-hand side of this equation is greatest for a equal to zero.
Therefore, the potential decrcases most rapidly in the direction of the
electric intensity.

If dl is parallel to the X axis, it becomes dx and E cos a becomes
E,;, the X component of the electric intensity. Consequently,
E = -0
r ax .

Similar expressions hold for the Y and Z components of E. So if V
is expressed as a function of the coordinates x, y, z,

oV oV oV
=G B= m gy E= =52
By means of these relations we can obtain the electric intensity
if the potential function is known. As the electric intensity is equal
to the space rate of decrease of potential, it follows that a positive
charge placed in an electric field experiences a force urging it from
regions of higher to regions of lower potential while a negative charge

tends to move from regions of lower to regions of higher potential.

If the potential V is expressed as a function of the spherical co-
ordinates r, §, ¢, where r represents the radius vector, ¢ the polar
angle and ¢ the azimuth, the space rates of decrease of potential and
therefore the components of electric intensity in the directions of
increasing r, 0, ¢ are vespectively

oV oV oV

Er—' - a'j’ EO—‘ l.ae: E¢—' r sin ea¢

Similarly, if V is expressed as a function of the cylindrical co-

ordinates r, 8, z, where now r represents the distance from the Z axis

and 0 thg, azimuth measured around this axis, the components of

electric intensity in the dircctions of increasing r, 8, z are respectively
oV oV oV

: O E=—% . 7-9)
a’, ) l.ag b Z az ( )

Problem 7a. Charges of 200 and -100 e.s.u. are placed at the points
0.9 and (1 cm,0) 1n the XY plane. Find the components of electric
intqnsity at the points (10 cm. () and (', 10 ¢m) and find a point on the X axis

where the field vanishes Ans. Ez=0.765e.s.u, Ey=0: Ez=0099 e s.u., Ep
1.0¥5 e.s.u. ; x=3.41 cm.

(7-7)

(7-8)

Er=

Problem 7b. Find the potential due to the charges in the preceding
problem at anv point in the XY plane and obtain the rectangular components
of the electiic intensity by ditferentiation, checking the numerical values
obtained above. What is characteristic of the potential function at the point
of equilibrium found above ? Is this a point of stable or unstable equili-
brium ? .

200 100

\/;ff:i" —_ V'(x—1)2+y2 , saddle point, unstable.

Ans.
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Problem 7c. A thin glass rod of length I placed along the X axis with one
2nd at the origin 1s electrified uniformly along its length with a total charge
Q. Find the potential and the electric intensity at any point on the X axis
beyond the end of the rod.

Q x

Ans. T log oy _TC(x——l) .

8. Gauss’ Law.— Consider an element of surface ds at a point
in an clectric field at which the ¢lectric intensity is E. Tf a is the
angle between the direction of E
and that of the normal to the
surface, the product E cos a ds
of the component of E per-
pendicular to the surface by
the area of the surface is called
the electric flux through the
surface ds. The sign of the
electric  flux depends wupon
which side of the surface 1s
chosen as positive, that is to
say, upon whether the mnormal
is drawn perpendicular to the
surface on the one side or the
other. The following con-
ventions are employed to
determine the positive sense

Fic. 10 of the normal :

(@) If the surface is closed, the outward drawn normal is taken

as positive.

(b) If the surface is open, the positive sense of the normal is
related to the sense in which the periphery is described by the rule
that p right-handed screw with its axis perpendicular to the surface
advances in the direction of the normal when rotated in the sense
in which the periphery is described. This rule determines the posi-
tive sense of the normal only if the positive sense of describing the
periphery is specified, or, vice versa, it prescribes the positive sense in
which the periphery is to be described if the positive side of the
surface is given.

Consider a point charge g (Fig. 10) inside a closed surface s. Tf
n represents the normal to the surface at P, the electric flux dN
through the element AB of area ds due to ¢ is

dN = E cos ads = q ds _c_(:s__a
r
where r is the distance of P from the charge.

If we draw straight lines from all points on the periphery of the
surface element AB to g, the cone so described is said to define a
conical angle or solid angle. The solid angle is measured by the area
intercepted on the surface of a sphere of unit radius having the vertex
of the cone as center. Since the area of a sphere is proportional to
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the square of its radius, the magnitude of a solid angle is also equal
to the area intercepted on the surface of any sphere with center at the
vertex of the angle divided by the square of its radius. Furthermore,
as the superficial area of a sphere of radius r is 47s2, the solid angle
subtended at ¢ by a surface such as s entirely surrounding it is 4.

Now ds cos a is the projection of the area AB perpendicular to
the radius vector 7, and the quotient of this projection by r? is the
solid angle d §, subtended by AB at q. Hence

dN = ¢dQ,
and if we integrate over the entire surface the total outward flux is
seen to be
N = dnq. (8-1)

Consider now a charge g (Fig. 11) lying outside the closed surface.
With g as vertex describe a cone of angular aperture d§),. Let ds,
be the area of the surface intercepted at P, and ds, that at P,. The
projections of these surfaces perpendicular to the radius vector are ds,
cos a, and ds, cos a,, and

as, _ dsy cos a _ ds, cos 0y
r? ra3 .

Since the angle w — a; between the directions of E, and n, is
obtuse the flux through ds, is negative, signifying that it is directed
inward through the closed surface instead of outward. Taking ds, and
dsy together, the outward flux is

ds, cos a,

d.sl,__qosr ay
.2 .
1

— Ej cos a,ds; + E, cos aydsy; = — g ot

+ 9

But the geometrical relation above shows that this expression
vanishes. Since the
whole surface s can be
divided into pairs of
elements  subtending
the same solid angle
at g such that the
inward flux through
one annuls the out-
ward flux through the
other, the net outward
flux through the entire
surface due to a
charge outside is zero. Fic. 11

If a number of )
point charges are present, some inside and others outside the surface
s, the normyl component of the resultant electric intensity is equal to
the sum of the normal components of the electric intensities due to
the individual charges. Therefore, if q,, ¢, ¢s... are the point
charges lying inside the surface, the entire outward flux through the

surface is
N=4dw(qg;+ gs + g5+ ... ) = 473gq, (8-2)
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since the charges outside make no contribution. If charge is
distributed continuously with density p units of charge per unit
volume,

N = 4= j od- | (8-3)
T

where the integral is taken through the volume t enclosed by the
surface s.

Equations (8-2) and (8-3) are equivalent statements of Gauss’ law.
In words this law states that the net outward electric flux through
any closed surface is equal to 4« times the total charge contained
within that surface. It is important to note that the deduction of this
law depends only upon the fact that electrical forces vary inversely
with the square of the distances between charges. Therefore, it is
valid for a gravitational field as well as an electrostatic field.

If we write for N the surface integral of the normal component of
the electric intensity in accord with the definition of electric flux, (8-2)
and (8-3) take *he forms

E cos ads = 4wsg, (8-4):

- &

and
J E cos ads = 41rj pd-. (8-5)
s -

In the first of these 3¢ represents the sum of all the charges contained
in the closed surface s, and in the second the volume integral is to be
taken over the entire volume 7 surrounded by s.

9. Applications of Gauss’ Law.—Gauss’ law constitutes a power-

ful tool for finding the electric intensity in fields of such symmetry

e —— that we can draw

" =~ surfaces everywhere

normal to E at all points

of which the magnitude

of the electric intensity
is the same.

Consider, for in-
stance, a sphere s
(Fig. 12) of radius a
inside of which electric
charge is so distributed
that the charge density
p is a function of the
radius vector r alone.
Describe a concentric
spherical surface s, of
. radius r, greater than a.

It is clear from symme-

Fic 12 try that the electric

intensity is everywhere normal to s, and has the same magnitude E,
at all points of this surface. Therefore, the total flux ‘through s, is

-~
~——————

.
— -
T o a e
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4xr,2E,, and Gauss’ law requires that
4mr?E, = 4xQ,
where Q represents the entire charge inside s, or

El = . (9-1)

This is just the expression we should have found if all the charge
had been concentrated at the center O of the sphere s. Therefore,
any distribution of charge in which the density is a function of the
radius vector only, such as that on an isolated charged conducting
sphere, produces the same field at exterior points as if the entire
charge were located at its center.

If we apply Gauss’ law to the spherical surface s, of radius r, less
than g, we find in the same way

Ez = "Q‘a; )
where Q, is the portion of the charge inside s,. In this case the
clectric intensity is that which would be produced by a charge Q,
located at O. The charge lying between the spherical surfaces s, and
s is without effect. If all the charge lay between these two surfaces,
there would be no field at points on the surface s, or at points inside
this surface. Thus a charge spread uniformly over the surface of a
sphere produces no field at points in its interior, although the field at
exterior points is the same as if the entire charge were concentrated
at the center of the sphere.

On the other hand, if the charge is distributed uniformly through
the volume of the sphere,

3
0, = "0
and
E=2r (9-2)

in the interior of the sphere.

Suppose we wish to find the force between two spherical charges
0, and Q, in each of which the charge density p is a function of the
distance from the center only. Denote the centers of the two spheres
by O, and O, and the distance between centers by R. Replace the
second spherical distribution by a point charge Q, located at O,.
The electric intensity at O, due to the first sphere is

El = :Rg;_ 3
as proved above, and therefore the force on the point charge Qq at O,
due to Q, is

= 20

j - R2 = QlEzs
where E, is the electric intensity at O, due to Q,.
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But the law of action and reaction requires that this expression
should also represent the force exerted by Q, on Q,. If now the point
charge at O, is replaced by the spherical distribution originally
assumed, the field due to Q, and therefore the foree exerted by it on
0O, remain unchanged. Consequently the force between the two
spherical charges is the same as if each were a point charge located at
its geometrical center. It is of interest to note that in order to
deduce this result, which follows so simply from Gauss’ law, for the
corresponding case of gravitational attraction, Newton delaved
publication of the law of gravitation for twenty years.

Next consider a uniformly charged plane MN (Fig. 13) of very
great (strictly infinite) extent. Let ¢ be the charge per unit area of
the surface.  From symmetry it is clear that the electric intensity

E is perpendicular to the plane,
being directed upward above
the plane and downward

A B below it the charge is posi-

N tive.  Describe a  pill-box

M shaped surface ABCD. the
D C flat bases AB and DC of the

box lying parallel to and

E equidistant from the plane

. MN. If as is the avea of

FiG. 13 one of the bases, the flux

through the surface of the pill-box is 2E A s and the charge enclosed
is e as. Therefore Gauss’ laws take the forn,

2EAS = 4dma A,

or
E = 27o. (9-3)

Consequently, the field is uniform on ecach side of the plane, the
magnitude of E being ‘Q
independent of the
distance from  the C D
plane.

Finally  consider P
the field due to two -+
parallel conducting A ] B
plates AB and CD Fic. 14

(Fig. 14) of very great cxtent, the lower of which has a positive
charge o per unit area and the upper of which has an equal negative
charge density. At a point P between the plates the electric intensity
due to AB is 27e upward and that due to CD is also 2me upward.
Therefore, the total field is

E=4no, (9-4)

upward everywhere between the plates. The electric intensity at
0, however, is 2we upward due to AB and 27¢ downward due to CD.
Hence the field at a point outside the plates, such as Q, vanishes.
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Problem 9a. What 1s the potential due to a uniformly charged spherical
shell of radius @ at a point (a) outside, (b) on the surface, (¢) 1n the interior of

the shell ? Ans Q- Q. Q.
. 7 a a

Problem 9b The plane ot Fig. 13 is replaced by a slab of thickness t,
the charge being unitormly distributed throughout its volume. Find the
electric intensity at a distance y from the median plane of the slab less than

one-half t. Ans. 4w (: Ve

Problem 9¢. Find the tield at a distance r greater than a from the axis
of an infinitely long straight cylindrical rod of radius @ which has a charge )\
per unit length. Find the field inside the rod (a) if the charge is distributed
uniformly over the surface ot the cylinder, (b) if the charge 1s distributed
2 2

A , 0, = ?—}r.
r a=

Problem 9d. Prove that the clectric intensity outside a uniformly
charged spherical shell 1s the same as it the charge werc concentrated at the
center of the shell by tinding the potential due to each element of charge and
integrating over the surtace ot the shell. By the same method show that the
tield inside the shell vanishes.

10. Lines of Force.—A line of force in an clectric field is a
curve so drawn as to have everywhere the direction of the electric
intensity, the sense in which the line is described heing indicated on
diagrams by an arrowhead.  Free positive charges, therefore, tend to
move along lines of force in the forward sense and free negative
charges in the backward sense. A bundle of M lines of force. where
M is a large integer arbitravily chosen but fixed in value, is known
as a tube of force. Lines of force are drawn in such density that the
number of tubes of force per unit cross section is everywhere equal
to the magnitude of the electric intensity. By selecting a large enough
number for M the representation of an electric field by lines of force
may be made as nearly continuous as desired, even in regions where
the electric intensity is very small.

Consider a small surface AB (Fig. 15) of area ds through which
dN tubes of force pass at an angle « with the normal 7. The cross
section of this group of tubes is the projection of ds on a plane per-
pendicular to E, that is, ds cos a.  Therefore, in accordance with the
conventiqn for drawing lines of force,

dN

T dscos a

uniformly throughout its volume. Ans.

>

or

dN = E cos ads. (10-1)
But the right-hand side of
this equation represents the
electric flux through ds.
Thercfore, the number of
tubes of force  passing
through any surface is equal
to the electric flux through
that surface. Fre. 15
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We shall now prove two fundamental theorems regarding lines
of force.

TrroreMm 1. Lines of force are continuous in regions containing
no charge.

To prove this theorem consider the closed surface AB (Fig. 16)
consisting of a tube
bounded by lines of
2 force and terminated
by the cross sections s,
and s,. The flux
through the sides of
the  tube vanishes
because the electric
intensity is everywhere
. parallel to the surface.

. Fic. 16- Therefore, the total
flux is that through the cnds of the tube, and as there is no charge
inside the tube Gauss’ law requires that the inward flux through s,
should equal the outward flux through s,. But the flux through a
surface has been shown to be equal to the number of tubes of
force passing through the surface. Therefore, as many tubes of force

) (2

(c) (d)
Fis. 17
pass out through s, as come in through s,. Consequently, lines of force

are continuous in the region occupied by the section of tube wunder
consideration and hence in any region containing no charge.
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TaroreMm 1I. The number of tubes of force diverging from a
positive charge q or converging on a negative charge —q is 4=q.

This theorem follows at once from Gauss’ law. For the number
of tubes of force passing through ary closed surface surrounding a
charge g is equal to the electric flux through the surface, and the
latter is equal to 4mg. KEach tube starts on a positive charge of
magnitude 1/47 and ends on an equal negative charge.

In Tig. 17 the lines of force are shown for the fields due to (a)
two equal point charges of the same sign, (b) two equal point charges
of opposite sign, (¢) two oppositely charged parallel conducting plates,
(d) a point charge near an earthed conducting plate.

An important theorem due to Earnshaw states that no charge
can be in stable equilibrium in an electrostatic field nnder the
influence of electrical forces alone.

‘The proof of this theorem is very

simple if we make use of the -pro- .

perties of lines of force which we

have just developed. Assume that

O (Fig. 18) is a point at which a \/

positive test charge would find

itself in stable equilibrium in the —> Q¢ “———

field under consideration. Then

in  whatever direction the test

charge is displaced from O the

force due to the field must urge

it back toward O. Consequently,

the lines of force must converge at

0. But this would require the

presence of a negative charge. .

Thercfore, there can be no point Fia. 18

of stable equilibrium in an electrostatic ficld. A point of unstable

equilibrium may exist, such as was found in problem 7b. In this case

displacements of a positive charge along the X axis tend to increase

whereas those in the plane at right

v R angles give rise to restoring forces
: .- directed toward the point of equi-
e D Ilibrium.

C .
P . . .
A /\B 11. Equipotential Surfaces and

Regions.—An equipotential surface is

Fic. 19 a surface all points of which are at

the same potential. No two equipotential surfaces can intersect, for
if they did the potential along the curve of intersection would have
more than one value. At points of equilibrium, however, a single
equipotential surface intersects itself. Equipotential surfaces are
drawn for equal increments of potential, for example, for the poten-
tials 0, 5, 10, 15, 20, ...... As the electric intensity is equal to the
space rate of decrease of potential, the field is most intense where the
equipotential .surfaces are most closely crowded together and least
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intense where they are farthest apart. Let AB and CD (Fig. 19) be
two adjacent equipotential surfaces. AB being the surface of higher
poteniial. If we pass from AB to CD along the normal PQ the space
rate of decrease of potential is greater than if we follow any other
path such as PR. Therefore, the electric intensily, since it has the
dircction of the greatest space rate of decrcase of potential, is per-
pendicular to the equipotential surfaces and directed from surfaces of
higher potential toward those of lower potential. Furthermore, lines
of force, since they have everywhere the direction of the clectric
intensily, intersect: equipotential surfaces orthogonally. They are
most dense where the equipotential surfaces are closest together, for
there the field is most intense.

A closed cquipotential surface with no charge inside encloses
an equipotential region, that is, a region all points of which are at
the same potential as the surface. For supposc that an equipotential
surface of different potential ¥’ lies inside the closed equipotential
surface of potential V. Tf V' is greater than V lines of force are
directed from ¥’ toward V at all points of the equipotential surface
V'. Therefore the flux through this closed surface is positive. But
a positive flux requires a positive charge inside the surface V.
Consequently, ¥’ cannot be greater than V. A similar line of reason-
ing shows that V' cannot be less than V. Therefore, V7 is equal to V,
and the same is true of the potential at all points mside the original
surface. As the potential is uniform throughout the volume inside
this surface, no field can be present there. Conversely, a region
throughout which no field exists is equipotential.

Consider a charged conductor (Fig. 20) with a cavily inside.
While the conductor is being charged. the free electrons in its interior
move under the influence ot electrical forces until they so distribute
themselves that the electric intensity is zero everywhere inside the
conductor. The number
of free electrons in
any metallic  conductor
is so great that this
condition can always be
realized. Therefore, in
the  equilibrium state,
there 18 no electric
field in the body of the
conductor. Consequent-
ly, there can be no
charge in the interior of
the conductor, for the

presence of  “charge
requires  diverging or
Fic. 20 converging lines of force

and thercfore the existence of an clectric field. So all the charge must
be located on the surface of the conductor. Finally, the absence of
an electric field in the body of the conductor means that the potential
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is everywhere the same, The outer surface and the surface of the
cavity are equipotential surfaces of the same potential.

If the cavity is empty, it is, of course, an cquipotential region
at the same potential as the conductor. On the other hand, if it
contains a charge, a field is present, and the cavity is no longer,an
cquipotential region. Since the lines of foree originating on the charge
must end on the surface of the cavity, a charge of equal magnitude
and opposite sign is induced there. This relcases to the outer surface
of the conductor an equal charge of the same sign as that introduced
into the cavity. The phenomena observed in the Faraday “ice-pail”
experiment (art. 4) are thus explained.

If the force between charges did not vary inversely with the
square of the distance, the field inside a cavity in a charged con-
ductor would not vanish. Cavendish and, later, Maxwell attempted
to detect the presence of clectrical forces in such a cavity with null
results.  So sensitive is this method of showing that the force varies
inversely with the square of the distance that Maxwell calculated that
if the exponent differed from 2 by as much as one part in 21,600
evidence of a field would have been found.

Next let us calculate the field just outside the conductor in terms
of the charge ¢ per unit area on its surface. As lines of force are
perpendicular to equipotential surfaces, the electric intensity just
outside a conductor must be at right angles to its surface. Therefore,
the flux through the pill-box shaped surface ABCD (Fig. 21) enclosing
a small area A s of the surface consists entirely of that through the
base AB, the flux through CD being zero since there is no field in the
body of the conductor.  Consequently, Gauss’ law gives

Eans = 4wo s,
or
E = iwe. (11-1)

It follows from this equation that no charge can veside on the
surtace of a conductor outside of which the field vanishes. This is
the case at the outside surfaces of the parallel conducting plates of
Fig. 14, So the entire charge on each of these plates must lie on the
inside surface.

Finally, we shall caleulate the stress . on the surface of the
conductor due to the action of the field outside on the charge o
located on a unit area of the surface.
Strictly speaking the charge does not lie
on a mathematical surface but occupics
a thin layer extending a short distance
into the conductor. et us describe in
this layer a number of surfaces parallel
to the surface of the conductor and
designate by do’ the charge per unit area
included between any pair of adjacent
surfaces. Then, since lines of force
originate on charges, the electric intensity )
increases in passing from each surface to the next, starting from zero

Fis. 21
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at the innermost surface. If ¢’ is the charge per unit area between a
given surface and the innermost surface, the electric intensity at the
former is

E' = 4nd'.
\Therefore, the tension stress on the surface of the conductor is
Fe = ja E'de’ = 4m jg o'de’ = 2na? (11-2)
) 0

Since o appears as a square in this expression the stress on the surface
is always a tension, no matter whether the charge is positive or
negative. In terms of the electric intensity E = 4wo just outside
the surface of the conductor, the tension is

Faraday and Maxwell conceived a tension of this amount as
existing everywhere along the lines of force. On this representation
the lines of force may be thought of as having the propertics of
stretched elastic bands tending to draw together the positive charges

on which they originate and the negative charges
B on which they end. With this conception in
' mind mere inspection of the field illustrated in
Fig. 17 reveals the direction in which cach of the
charges or conductors depicted there tends to
move under the action of the electrical forces
operating on it.

Let us examine qualitatively the field be-
tween two oppositely charged parallel conducting
planes AB and CD (Fig. 22), the latter of which
is provided with a rounded protuberance M and
a point P. The lines of force are represented by
full lines while the traces of the equipotential
surfaces are shown by broken lines. While the
field is somewhat increased in the neighborhood
y | of M, it is seen to be very intense close to P.

A C Therefore, air molecules in the vicinity of the

Fic. 22 point are strongly attracted to it. On reaching

P they acquire some of the charge on the point

and are then repelled to AB. In this way the plate CD loses its charge

to AB through the agency of the point. This action is made use of

in transferring the charge from the carriers to the collectors of an
induction machine such as was described in art. 5.

Problem 11a. Construct roughly the lines of force and the equipotential
surfaces in the field of the two charges of problem 7b.

Problem 11b. Two concentric spherical metal shells of radii 2cm and 8
cm have charges of 100 e.s u and 5000 e s.u. respectively. Find the stress on
each. Ans. 24.9 dyne[cm? 253 dyne/cm®




CHAPTER II
DIELECTRICS AND CONDUCTORS

12. Electric Dipoles.—1f two ecqual point charges of opposite
sign are located at the same point, the field of the one will exactly
annul that of the other so that the pair will give rise to no electrical
forces on a third charge. If, however, one of the two charges is
displaced a small distance relative to the other, the fields of the two
will no longer quite compensate. Such a combination is known as
an electric dipole. We
have already made
note of the fact that
when a dielectric is
subjected to electrical
forces the  bound
electrons in each atom
suffer a small displace-
ment. Therefore, each
atom  becomes an
electric  dipole, or
more accurately a
group of electric
dipoles each one of
which may be suppos-
ed to consist of one
clectron and  one X L .
proton. Under such circumstances the dielectric is said to be
polarized.

Fic. 23

Let I be the distance (Fig. 23) between the two charges ¢ and
— g constituting a dipole. We shall calculate the potential and the
components of electric intensity at a point P at a distance r from the
center of the dipole large compared witl} its length /. The potential
at P due to the two charges ¢ and —q is

y_4_4a_ 4 ___ 9 __ _gcsf
o ; cos§ r+ ; cos 0 rﬁ-—-g cos? @
ql cos 8
= - rz' ’

as I? is negligible compared with r*. The product g/ is known as the
electric moment of the dipole and is designated by pg. Evidently the
electric moment is a vector having the direction of the axis of the
dipole. We shall take its positive sense to be that of the line from —gq
to g. Then the numerator of the expression for the potential is just the
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component of the electric moment in the direction of the radius
vector ¥ and we can write
y— Prcosé (12-1)
e *
If a number of dipoles ave located in a small region, the potential
at a distant point P is given by the same expression, provided that

[ A

[ 0——) ® <—e
)
Fic. 24

/%
(b)
we understand by pg the magnitude of the vector sum of the electric
moments of all the dipoles and by @ the angle which the resultant
electric moment makes with the radius vector r. In the case of a
normal atom (Fig. 24a) the electrons may be considered to be dis-
tributed symmetrically about the protons in the nucleus, and if we
pair off cach electron with u proton we have a number of dipoles the
moments of which are represented by arrows in the figure. Clearly
the resultant moment is zero and therefore the potential vanishes at
distant points. If the atom is placed in an electric field, however,
the electrons are displaced relative to the nucleus in a divection
opposite to that of the
clectric intensity E (Fig.
24b), Evidently in this
case the atom has a
resultant electric moment
which has the same direc-
tion as the field if the
atom is isotropic.

AN

<
<

Diﬁerenti;mting the ex-
pression (12-1) for the
potential, we find for the
components E, and Ep of
the electric intensity in
the directions of increas-
ing » and increasing 6,
respectively,

oV 2pgcos@ 1
or 3 ’

, 14 prsm g |>
1) = — —— = - J

Fic. 25

E.= — -
(1-22)

2

red — r3
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The lines of force in the field of a dipole are shown in Fig. 25,
which differs from Fig. 17b only in scale.

13. Density of Charge in a Polarized Dielectric.—Although the
charge density in a dielectric changes very greatly as we pass from
proton to electron in an atom, ordinary electrical instruments are
unable to measure fluctuations which occur in so short a distance.
The measurements we make have to do rather with the mean values
of the charge averaged over regions containing many thousands of
atoms.  Therefore, we shall replace the distribution of charge
actually present by a smoothed distribution and understand hence-
forth by the charge density in a dielectric that obtained by averaging
the actual charge density over a volume A= which is small by usual
standards but iarge enough to contain a great many atoms. As a
consequence, we must understand by the electric field in the medium
the smooth field to which the smooth charge density gives rise.

We shall now calculate the average density of charge in the
small volume ax=axayraz (Fig. 26). Evidently this charge
density vanishes if the medium — B
is unpolarized, so our problem
is to calculate the excess of the f
charge entering A< over that L
leaving this volume when the i
bound electrons in  cach atom :
become  displaced by an !
impressed electric field. As the }
cffect we ave investigating is 1| o= ——— "7
due to the displacament of Ci’ Sz /
charge of one sign relative to
that of tlhic other, the analysis
is simplified  without in any o]
way limiting the generality of Fic. 26
the result by assuming that the negative cleetrieity remains fixed
and that the electric moment of each atom is due to a displacement R
of the positive electricity. It ABCD represents a face ay Az of the
volume a7, the positive charge passing through this face when the
medium is polarized is that contained inside the prism ABCDEFGH
of slant height equal to R. It R is not parallel to the X axis, a
portion of the charge passing through ABCD ncar one edge, such as
AB. may not remain in the volume a7, but this loss is compensated
by the charge entering at through the portion of the surface lying
bevond the opposite edge. Denoting the X component of the
displacement by R, the volume of the prism ABCDEFGH is
R; Ay Az and the positive electricity contained in it is

" Rayanr,
where p’ represents the aggregate positive charge per unit volume.
This expression, then, gives the charge passing into At through the
lett-hand boundary when the medium is polarized. That passing out
through the right-hand boundary is

5]

&5
w
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0
ox

‘where p’ as well as R, may have different values at the two
boundaries due to a change in the properties of the medium such as
occurs in passing from one dielectric into another. Subtracting the
second of these expressions from the first we find for the net charge
-entering A~ through the two faces perpendicular to the X axis the
quantity,

P'R.+ -(P'R;) aXx » ayaz,

.

0 [,
~ ax (P'R2) axAyDz.

Now p'R is the electric moment per unit volume. This
«quantity is called the polarization and is denoted by P. Tt is a vector
having the direction of the displacement R. Adding to the ex-
pression above corresponding expressions for the charge entering A~
through the pairs of boundary surfaces perpendicular to the Y and
Z axes, and dividing by the volume axa yaz of the region, the net
charge pp per unit volume produced by the polarization of the
medium is seen to be )

_ 9P, P, P, .
pp=— (Bt o+ %) (13-1)

If the polarization is constant throughout the medium the charge
per unit volume in its interior is zero sinee each of the derivatives
in (13-1) vanishes. 1n this case as much charge passes out of one
face of a volume A7 situated entirely inside the dielectric as passes
in through the opposite one, and the only charges are those produced
.on the surface of the medium.

The surface charge is easily calculated in the case of a bar of
length / and cross section A polarized uniformly along its axis.
Denoting the charge per unit area on the two ends of the bar by op
and — op, respectively, the electric moment of the bar is opAl and
the electric moment per unit volume is op. Therefore,

op = P. (13-2)

We can express the charge passing into any volume = when the
dielectric is polarized as a surface integral. For if B (Fig. 27) is the
angle between R and the
outward drawn normal n to
the surface s bounding =, the
charge entering ~ through
the surface element ds is that
contained in the prism
ABCD of volume — R cos Bds,
that is, a charge — 'R cos Bds.
Therefore, the total charge
entering © when the medium
is polarized is

Fic. 27 Op = - j P cos Bds, (13-3)
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where the surface integral is taken over the closed surface s which
surrounds the volume . ’

We can use this formula to obtain a general expression for the
density of charge on the surface of a dielectric. Let 4BCD (Fig. 28)
be a pill-box shaped surface enclosing an area As of the surface of
the dielectric K, the altitude BC of the pill-box being very small
comparéd with the diameter of the base. Applying (13-3) to the
surface of the pill-box, the value of the integral over AB vanishes
since this base of the pill-box lies outside the dielectric where the
polarization is zero, and the area of the cylindrical portion of the
pill-box is so small that the integral over this portion of the surface
is negligible. So the right-hand side of (13-3) reduces to the integral
over the base CD of the pill-box which lies inside the dielectric. If,.
then, op is the charge per unit area on the surface of the dielectric,

opAS = — PcosBAs = Pcosyas,

since 7 is the supplement of the angle B between P and the normal
n to CD. But P cos Y is the component P, of the polarization at.
right angles to the surface of the dielectric.
Therefore, P
op = P n (13-4)

is the charge per unit area on the surface.
This ecxpression evidently reduces to
(13-2) for the special case considered
there. If the polarization of the medium
is not uniform the surface charge is
accompanied by a volume distribution of
charge in the interior of the dielectric
given by (13-1). To find the mean
electric field in the vicinity of a dielectric
— whether outside or inside the medium
— we must add to the impressed electric Fic. 28
intensity due to outside charges that produced by the surface charge
(13-4) on the surface of the dielectric and that produced by the-
volume charge (13-1) in the interior of the dielectric.

Problem 13a. A sphere of radius a is polarized along the radius vector

so that P = kr. Find the volume and surface charge densities and show that-
the total charge is zero. Ans. -3k, ka

Problem 13b. A thin rod of cross section A and length [ lies on the X axis
with its nearer end at a distance b from the origin. The polarization is kx
parallel to the X axis. Find the charge at each end and the volume density
of charge in the intérior of the rod, and show that the total charge is zero.
Also find the potential at the origin due to the rod.

Ans. — Ab kAG + 1), —k — kA log (1+ —;)

Problem 13c. The following cavities are cut in a dielectric in which the
polarization P is uniform and fixed ; (@) a narrow slit at right angles to the
polarization, (b) a sphere, (¢) a long needle-like cavity with its axis parallel to-
the polarization. Find the electric intensity at the center of each due to the-

4
charge on the surface of the cavity. Ans. (a) 4wP, (b) 3 nP, (c) .
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Problem 13d. A long cylindrical cavity atright angles to the polariza-
tion is cut in the dielectric of the preceding problem. Find the electric
intensity at its center due to the charges on the surface of the cavity. Ans.
2mp,

14. Gauss’ Law for Charges in a Dielectric.—Consider a dielectric
in which are immersed free charges ¢,, ¢,, gs...... Describe any closed
surface s which may lie partly or wholly within the dielectric and
may also surround some of the immersed charges. Gauss’ law states
that the eclectric flux through this surface is equal to 47 times the
sum of the charges enclosed. Denoting the charge inside s due to the
polarization of the diclectric by Qp, .

J. E cos ads = 4n(Qp + =¢),

8

where a is the angle between E and the outward drawn normal to the
surface and X q represents the sum of the free charges inside.

Replacing QF by the right-hand side of (13-3) and transposing
this term to {..e left-hand side of the cquation so as to combine the
two surface in:egrals,

I (E cos @ 4 4P cos B)ds = 4w3q,” (14-1)
8

where B is the angle between P and the outward drawn normal to the
surface.

Using vector notation, we define the electric displacement D as
the vector sum of E and 4w P, that is,

D = E + 4rP. (14-2)

It is clear from (14-1) that E and P and, conscquently, D have the
same physical dimensions.  All three, therefore, may be expressed in
the same units.

If, now, 7 is the angle between D and the normal 5 to the sur-
face s,

D cos y = E cos a + 4P cos B,

as is evident from Fig. 29. Therefore Gauss’ law (14-1) becomes

f D cos vds = 4w3gq, (14-3)
8

or, for a continuous distribution of free charge of volume density p,
I D cos yds = 417“[ pdr, (14-4)
H T

the volume integral being taken over the entire volume = enclosed by
the surface s.

It is only in an anisotropic dielectric, such as crystalline quartz,
that P and E have different directions. In the case of isotropic
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media, such as glass or paraffin, P and D have the same directions
as E. Then the three angles o, Band v in Fig. 29 are equal, and
{14-2) may be replaced by the scalar equation
D = FE + 4wP.

We define the flux of displacement through
a surface ds as the product of the component
of the displacement D normal to the surface
by the area of the surface. Then the left-hand
side of (14-3) or (14-4) represents the outward
flux of displacement through the closed surface
s and these two equivalent forms of Gauss’
law state that the total outward flux of dis-
placement through any closed surface is equal
to 47 times the sum of the free charges
-enclosed within the surface, that is, of all the
charges except those due to the polarization of Fre. 29
the medium. The charges due to polarization are included in the
left-hand members of equations (14-3) and (14-4).

Lines of electric displacement may be drawn so as to have every-
where the direction of D and in such density that the number of tubes
of displacement — defined as bundles of M lines of displacement —
per unit cross section is equal to the displacement. Following the
same line of argument as that applied to lines of force in art. 10, it
is clear that lines of displacement are continuous in regions in which no
free charges are present, and that 4w tubes of displacement originate
on each unit positive free charge and terminate on each unit negative
free charge. When we pass from one dielectric to another through
the surface separating them, or from a dielectric into empty space,
lines of displacement are continuous provided no free charge resides
on the surface. Lines of forces, on the other hand, are not continuous
across the boundary, since they end on polarization charge as well as
on free charge.

Consider two dielectrics K, and K, (Fig. 30) in contact. Describe
the pill-box shaped surface 4BCD about an area as of the surface
of separation, the height BC of the pill-box being very small
compared with the diameter of the bases. Let D;n and D, be the

E!t K
E ——seee F' 2
_—>——l
I T 4

Fia. 30.

normal components of the displacement in the two media. Then, as
there is no free charge inside the pill-box, Gauss’ law requires that



32 DIELECTRICS AND CONDUCTORS

DynArs — Diprs = 0,
or
Dyp = Dy (14-5)
Therefore, the normal component of the displacement is the same on:
both sides of the surface of separation.

Next consider the rectangle EFGH of length Al and negligible
height. Let Ejand Ey be the tangential components of the electric
intensity in the two media. Then the work done in taking a unit
charge round the rectangle is

Eynl —E;:al
As this represents the drop in potential around a closed path, it must.
vanish. Hence
Eg =E,, (14-6)
and the tangential component of the electric intensity is the same on
both sides of the surface.

15. Tsotropic Dielectrics.—The results of the last article are
equally valid for isotropic and for anisotropic media. Henceforth
we shall confine our remarks to isotropic dieclectrics. Since the
polarization is produced by the electric field, we should expect that
P would be proportional in magnitude to E in such a medium as well
as being in the same direction as E. If we write

P = &gFE, (15-1y

the electric susceptibility eg is found to be practically constant for
steady fields. Hence

D = E + 4nP = (1 + 4weg)E,
and if we put

ke= 14 4nep, (15-2y
the relation between D and E becomes
D =¢E. (15-3)

The quantity x is known as the permittivity of the dielectric,
or the dielectric constant. Since D, E and P have the same physical
dimensions, €z and g are pure numbers. Equation (15-3) tells
us that there are x times as many tubes of displacement per unit
cross section in an isotropic dielectric as there are tubes of force.
Tubes of displacement terminate on free charges only, each tube
starting on a free charge 1/47 and ending on a free charge —1/4,
whereas tubes of force terminate on both free and polarization
charges.

In an isotropic dielectric Gauss’ law (14-3) takes the form
f. k E cos yds = 4w3g, (15-4)

and if the dielectric is homogeneous g is a constant so that we may
write
4
L E cos vds = : sq. (15-8)
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Since q in these formulas represents free charge, we see from
the second that if no free charge is present in the interior of a
homogeneous isotropic dielectric the flux of E out of any closed
surface lying wholly in the medium is zero. Consequently no
polarization charge can be present in the interior of such a dielectric.
All charges must reside on its surface.

By means of Gauss’ law (15-5) we find at once the electric
field in an isotropic dielectric surrounding a spherical charge Q
in which the charge density is a function of the distance from the
center only. The method is indentical with that employed in
article 9 in the case where no dielectric is present. Since Gauss’
law (15-5) for charges immersed in a dielectric differs from the
corresponding law (8-4) for charges in empty space only in the
appearance of the factor « in the denominator on the right, the

expression (9—1) for the electric intensity in empty space must
be replaced by

Q
E = or? (15-6)
when the charge is immersed in a dielectric.

The reason why the electric intensity is reduced in the ratio
1 to « by the dielectric is made clearer if we examine the polariza-
tion charges in the medium. Eliminating €¢g from (15-1) and
(15-2),
ce—1
P= —-4;_*—E, (15'7)
and making use of (15-6), '

«c—1 Q
P= € 4mr?

If a is the radius of the charge @, the polarization charge per
unit area of the cavity in the dielectric in which Q lies is

op = — (P)r—a= — 5;1 -Q_

from (13-4), and the total polarization charge on the surface of the
cavity is
c —1
QOp = 4wdlep = — ——0.
The effective charge producing the field is the sum of Q and
the polarization charge Qp, that is,
c =1 Q.
0-“Tlg=2%
Consequently the electric intensity in the dielectric is only 1/«cth of
that which would be produced by Q alone.

On account of the factor £ in the denominator of (15-6) we
must replace the expression (7-4) for the potential due to a
number of point charges by
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V=3 ;’r. (15-8)

when the charges are surrounded by a dielectric. Similary we have
for the potential due to a continuous distribution of charge on a
surface s immersed in a dielectric

V= j ods (15-9)

s LT

where o is the charge per unit area. If this surface is a closed con-
ducting shell, the presence of the dielectric within the shell is of
no consequence since no field exists there (art. 11). This means
that (15-9) remains valid even if the dielectric in the interior of
the shell is partially or wholly replaced by conducting material.
Therefore, this expression may be used to calculate the potential
due to the surface charges on  extended solid conductors immersed
in a"dielectric.

Furthermore, if the charged surfaces discussed in articles 9
and 11 are surrounded by a dielectric, the expressions obtained
for the electric intensity at outside points must be modified by the
introduction of the factor « into the denominator of each. Thus
(11-1) for the electric intensity just outside a charged conducting
surface becomes

E= 477, (15.10)

K
~ When two dielectrics are in contact, both lines of force and
lines of displacement are bent in passing from the one to the other.
As was shown in the preceding article, lines of displacement are
continuous provided there is no free charge on the surface of

Q

Space

Dielectric

Fic. 31

separation. To calculate the law of refraction of these lines, we
make use of equations (14-5) and (14-6). Designating the angles
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which the lines of displacement make with the normal to the
surface of separation of the two dielectrics of Fig. 30 by ¢, and 0y
we have
koE, cos @3 = i, E, cos 0,
from (14-5) and (15-3), and
E, sin 8, = E, sin @,
from (14—6). Dividing the one by the other,
tan g, _
tan @, — €y (15-11)
In passing from empty space into a dielectric, then, the lines
of displacement ave bent away from the normal to the surface,
an effect opposite to that which takes place when a ray of light
passes into a transparent medium, such as glass. In Fig. 31
the bending of the lines of displacement is shown for the case of a
poingcharge O placed above a diclectric.

16. Stresses in a Dielectric. —In the lasi article we investi-
gated the clectric field produced by charges immersed in an
isotropic dielectric. Tt remains to find the force experienced by a
charge surrounded by a dielectric. As a first step we must examine
the electrical forces on the elements of
the dielectric itself. S~<

As the polarization in an isotropic 1
dielectric is parallel to the electriC oue———— . — >E
intensity, each atomic dipole may be ~4 q
considered to be lined up with its axis
parallel to the lines of force as in -~
Fig. 32. It, then, E is the electrie inten- Fic. 32

sity at —gq, that at g is E + aalfl and the resultant force on the
dipole is E
0E ;1 oF

—qE+q<E+--aVII" al -

where gl is the electric moment of the dipole. Replacing g/ by the
polarization P, the force per unit volume is seen to be

oF

7‘1' =P é’ s

or E
© —1 0

Fr= 47“ E 'é‘l‘ (16-1)

from (15-7). This may be written
£ =-10 p .
Fo=—g7 " i &) (16-2)

If, now, we designate the pressure in the dielectric by p, we see
that the pressure over the face B of the rectangular parallelepiped of
unit cross section and thickness d/ pictured in Fig. 33 must be greater
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than that over the face 4 by an amount just sufficient to balance the
electrical force (16-2), that is,

o ,_«c-1o .,
) a7 dl = 87 3l (E?)dl.
Integrating,

p= f‘-%"--—l- E? = -;; {DE - E?} (16-3)
except for a constant of integration which is of no significance since
it represents merely a constant pressuce which is everywhere the same
and therefore gives rise to no tractive forces. Equation (16-3) shows.

that the pressure in a dielectric is
—>E proportional to the square of the
electric intensity, being large near

- ' charges, where E is great, and small
: at great distances from charges, where
! the field is weak.
A: B Stress on Surface of Dielectric. —
Hodp (4 d We have seen that a dipole well inside
4 > | *31 9 the body of a dielectric is urged by
[ the electrical forces acting on it from
/ the weaker to the stronger parts of the
7 field. The same is true of the dipoles
dl extending into the transition layer at
Fle. 33 the surface of a dielectric, where the
16. 33 . :
polarization charge resides. How-
ever, the field changes so rapidly in this region A B
from the value E in the interior of the dielec- x
tric to the value E, outside, that a special E Il E
analysis of the forces is needed. We shall ——| | | —2>
confine our discussion to the case where the |
field and therefore the polarization are normal |
to the surface of the dielectric.
Let the region between AA and BB Dielectric || vacuum
(Fig. 34) be the transition layer at the surface I
of the diclectric lying to the left. As we pass _‘|
from AA to BB the polarization charge in- —3}o
creases from zero to its full value op per unit L oo ol |
area, and since 47 lines of force originate on —
each unit of charge, the field increases from E ~—t ,
to E, at the same rate that the polarization T
charge increases. Thercfore, if the polariza- A B
tion charge per unit area between A4 and any .
intermediate plane xx is op’, the field E’ at Fic. 34
xx is
E=E+ ‘;’; (E, — E). (16-4y,

Now the existence of the transition layer is due to the fact that
the surface of the dielectric is not actually a perfectly smooth surface.
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At some places the last dipole reaches only as far to the right as
AA, at others the last dipole in the dielectric extends well into the
region between A4 and BB, whereas at still others the last dipole
reaches as far as BB. This is illustrated in the lower part of the
figure. So the field acting on the right-hand or positive end of &
surface dipole may be anything between E and E,, depending upon
how far the dipole under consideration extends into the transition
layer. Since the polarization charge is due, however, to the uncom-
pensated charges on the right-hand ends of the surface dipoles, the
charge per unit area on the right-hand ends of all the surface dipoles
which extend no farther to the right than xx is ¢p’. Hence the force
on the right-hand ends of the dipoles with charge dop’ is E’dop’ and
the force on the right-hand ends of all the surface dipoles is

f‘”’ E'dop' = EJ.UP dep’ + E-E IGP op'dop’
° op )

[}
=opE + op (E, — E)
per unit area. The left-hand or negative ends of the surface dipoles
lie in the homogeneous portion of the dielectric where the field is E.
8o the force on them per unit area of the surface is —opE. Adding

this to the previous expression, we find for the force per unit area on
the surface layer of dipoles

Fer = dop(E-E,). (16-5)
This, then, represents thc electrical stress on the surface of the
dielectric. If D is the electric displacement in the dielectric, Ey = D
=«E. Also op = P = (c—1)El4n. Heunce we may write

—1)2
g= o pe (16.6)

To Fs;z we must add the mechanical pressure (16-3) in the
homogeneous body of the diclectric to get the total stress ¥, on the
surface :

I VP
Fo="Tgy Bt B
. E* «—1E,?
==l gr=""" &~ (16-7)

As the expression for the stress involves only the square of the
field strength it represents a positive stress or tension whether the
electric intensity is directed along the outward normal to the surface,
as we have supposed, or in the opposite sense. This tension tends to
stretch a solid dielectric in the direction of the lines of force of the
field in which it is placed, an effect known as electrstriction. Using
a liquid dielectric with an air bubble above it, Quincke has verified
the formula (16.7) by measuring the increase in pressure of the air as
the field is increased.

Stress on Surface of Conductor—Only when a conductor is
immersed in a fluid dielectric does the total stress on the surface of
the conductor have, in general, a unique value. For, when the
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conductor is located in a cavity in a solid dielectric, the stress on any
portion of the conductor’s surface depends on the completeness of its
contact with the surrounding medium and on the elastic properties of
the medium. Consequently, we shall confine our analysis to the case
of a conductor with surface charge ¢ per unit area immersed in a
fluid dielectric. The total tension on the surface of the conductor is
the tension 270? in empty space, given by (11-2), less the tension on
the surface of the dielectric specified by (16-7), since the latter is
transmitted to the conductor as a pressure. Hence

2
Fs = 2n0? — IC(K.‘—].)»g;}- .

Now the free charge ¢ on the surface of the conductor may be
expressed in terms of the electric intensity E or the electric dis-
placement D in the dielectric just outside by (15-10), that is,
o = cE/4n = D[4w. Hence

DE «E? 2mo?
j. = 8-” = 478;1: = %0E= © . \ (16-8)

By integrating this stress over the entire surface of a conductor
immersed in a homogeneous fluid dielectric we can find the resultant
mechanical force experienced by the conductor.

Force on Conductor.—Consider a conductor immersed in a
homogeneous fluid dielectric. The field E at a point M (Fig. 35) in
the dielectric just outside the surface element AB of the conductor
may be considered as the resultant of three fields: the external
field E,, the field E’ due to the charge of density ¢ per unit area on
AB and of density op per unit area on the adjacent surface of the

dielectric, and the field E” due to

E the charge on the remainder of the

Bs conductor and adjacent surface of
the dielectric.

A Now the field at N due to the
charge on the portion AB of the
conductor and the adjacent surface
of the dielectric is. from syminetry,
equal and opposite to that at M,
that is, equal to — E’. The remain-
der of the field at N differs, however,
only infinitesimally from that at M.
But, as N is inside the conductor,

Fic. 35 the resultant field vanishes. Hence
at N we have

E,—E 4+ E" =0,
whereas at M we have
E,+ E +E’'=E.
Adding, we find that
E,+ E" = }E. (16-9)
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So the stress given by (16-8) is
: Fs = 40E = oE; + oE".
The resultant force ¥ on the conductor is obtained by integrating
the stress <, over its surface s, integration of & vector representing

veclor summation just as integrati¥ of a scalar represents scalar
summation. Thus we obtain

¥ = j. oEyds + j oE"ds

= J' oEds + rj‘ (¢ + op)E"ds

since ¢ + op = ofc. Now the second integral must vanish as it
represents the sum of the forces exerted on each element of the
conductor and adjacent dielectric by the charges on the remainder of
the conductor and adjacent surface of the dielectric. Hence we have

¥ = j oEqds. (16-10)

Therefore the resultant force exerted on a conductor immersed in
a fluid dielectric is obtained by multiplying each element of charge by
the external electric intensity and summing up over the surface of
the conductor. If, for instance, we have two conductors with charges
Q, and Q, at a distance r apart large compared with their linear
dimensions, the electric intensity at Q, due to Q, is

_ O
E=
and the resultant force on Q, is
F = Q%% . (16-11)

As a charged conductor of very small dimensions is effectively
the same thing as a point charge, (16-11) also holds for the force
between two point charges immersed in a fluid dielectric.

Of course, the restriction to fluid dielectrics made here applies
only to expressions for the stress or force and not to expressions for
the field such as given in article 15.

Problem 16a Two parallel plates of infinite extent are separated by a
slab of solid dielectric ot permittivity # One plate has a charge & per unit
area and the other a charge — ¢ What force per unit area is required to
pull either plate completely away from the dielectric? What is the stress on
the surface of the dielectric after the plate has lost contact with it ?

Ans. 2702, 27t % 1.

Problem 16b. The space between two concentric spherical conductors of
radius 5 cm and 10 cm, respectively, is filled with a fluid whose permittivity is
.5, at atmospheric pressure. The inner conductor is given a charge of 100 e.s.u.
Calculate the excess pressure due to the electric field (a),on the inner con-
ductor, (b) in the fluid very close to the inner conductor, (c) on the inner
surface of the outer conductor.

Ans. (a) — 0.127 dynejcm®, (b) 0.102 dyne/cm?, (c) — 0.008 dyne/cm?
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17. Electric Field in a Dielectric.—The electric field E, which is
responsible for the displacement of the bound electrons in the
atoms in a small volume At of a dielectric is the resultant of the
field due to extermal sources, includinz the surface and volume
charges in the dielectric calculatéll in article 13, and that due to the
adjacent polarized atoms. This is not, however, the total field E.
The latter is the sur of E, and the field E, to which the polarization
of the region At itself gives rise. In order to find the relation between

E, and E we shall calculate E, and make use of the equation
E = E, 4 E,. (17-1)
The field E, is, of course, the smooth field in At due to the
smooth charge density by which we have replaced the actual charge
density, as explained in article 13. Consequently, in a polarized region,
it is the field that would be produced if we take two equal
and opposite charges uniformly distributed throughout At with
densities p’ and —p’, respectively, and displacc the positive charge
relative to the negative charge the small distance necessary to
produce the required uniform polarization. Although the electric
intensity E, so produced depends to some extent on the shape of
the region AT, we shall take this region to be a sphere on the ground
that the distribution of the atoms in an isotropic medium has
approximate spherical symmetry.

Let a (Fig. 36) be the radius of either of the two relatively
displaced spherical charges, and r' and r” be the vector distances
of a point P from the centers of the positive and of the negative
spheres, respectively. Written in vector form, the electric fields
E’ and E” at P due to the charges §ma®p’ and — §ma’p’ are

E = $mp'r, E’' = —-4mnp't”,
in accord with (9-2). Therefore,
E,=E +E' = — 47" —r) = — {7p'R,

where R=1" —1r' is the
vector displacement of the
center of the positive charge
relative to that of the
negative charge. Since PR
is the clectric moment P per
unit volume,

E, = — §7P. (17-2)
Returning to (17-1) we have
then

E = E + ¢wP.  (17-3)

Since E, is the field
responsible for the polariza-
tion of the region under
consideration, we should

Fic. 36 expect the electric moment:
J.er unit volume to be proportional to E; as well as to the number n
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of atoms per unit volume. Accordingly,
P = noE,, (17-4)
where a, the atomic polarizability, is a constant characteristic of

the type of atom (or atoms) of which the dielectric is composed
and independent of the density, for instance, of a gaseous dielectric.

Since the polarization P has the direction of E;, equation (17-2)
shows that the field E, to which a group of polarized atoms gives rise
is opposite to E,. Therefore, the polarization of a dielectric has the
effect of weakening the field that would exist in its absence.

Now

from (15-7). Therefore, (17-3) may be written
3 —1
P= B (17-5)

The cocfficient of E, in this* equation is the ratio of the polariza-
tion produced to the field actually operating on the polarized
atoms. Eliminating P between (17-4) and (17-5), we get

c—1°* 4

4 :12 = 4 Tha. (17-6)

Since n represents the number of atoms per unit volume, the

right-hand side of this equation is proportional to the density of
the dielectric. Therefore, the ratio of « - 1to « 4+ 2 is also pro-
portional to the density. That this is the case has been verified for
a number of gases. The constant a may be shown to be approxi-
mately equal to the cube of the radius of the atom.  Therefore, the
radius of the atom may be computed from measurements of the
permittivity. The values so obtained are in fair agreement with
those calculated from kinetic theory considerations.

18. Capacitance and Condensers.—There is a definite relation
between charge and potential in any electrostati: system. Con-
sider first a single conductor with charge Q at potential V, sur-
rounded by an infinite dielectric of permittivity «. As the charge
is located entirely on the surface of the conductor, we have from

(16-9)
V= J ods
g KT
for the potential at any point in space, including, in particular, any
point P on the surface of the conductor.

Evidently multiplying every element of charge by any factor
multiplies ¥V by the same factor. The surface of the conductor
remains equipotential and equilibrium is not disturbed. Hence
V is proportional to the total charge Q. If we write

Q=CV, ’ (18-1)
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C is called the capacitance of the conductor. It is the charge that can
be placed on the conductor per unit potential.

In the case of a uniformly charged sphere of radius a immersed
in an infinite dielectric the electric intensity outside the sphere is
given by (15-6), that is,

-2
kr?’
and the potential at the surface of the sphere is
[ La- 2 asa)
a kr ca
Therefore, from (18-1),
C = «ra. (18-3)

As « is a pure number this equation shows us that the electrostatic
unit of capacitance is theb

- If several conductors are present there is no definite capacitance
associated with each one, since the charge on each depends not only
on its potential, but also on the potentials of the other conductors.
However, in the special case of two conductors arranged always to
have charges of equal magnitude and opposite sign, we have as before

v=2, n=-2,
so that we may write
Q = C( Vi—Vy), (18-4)
where
1 1 1
c=c¢ Tt

Such a combination of conductors is called a condenser or
capacitor. It is a device for the storage of charge, the quantity
stored being proportional to the potential
difference of its elements. The constant C
is known as the capacitance of the con-
denser.

Concentric spheres with a dielectric
between them (Fig. 37) form a simple
condenser. Let the outer sphere be ground-
ed, that is, be at the same potential as the
earth, walls of the room, and other near-by
objects. Since we are concerned with po-
tential difference alone, it is usually conve-

Fi. 37 nient to take the invariable potential of the
earth as zero. The electric intensity at a point P between the spheres
is Q/«cr? by (15-6), as the charge —Q on the outer sphere does not-
produce an electric field inside. Hence

vV, — V2=J5’Q‘ dr = Qb — a~)

o Kre xab

L
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where a is the radius of the inner sphere and b the radius of the inner
surface of the outer sphere. Therefore,

c=Jf* . . (18-5)
which may be made much greater than the capacitance (18-3) of an
isolated sphere.

In the case just considered the charge on the outer sphere is
evidently all on the inner surface. [f now we ground the inner sphere
instead of the outer, keeping ¥V, — ¥, unchanged, there will be an
additional charge on the outer surface of the outer sphere due to its
capacitance relative to surrounding objects. This charge corresponds,
approximately at least, to that on a single isolated sphere. So, if
b is the radius of the outer surface, the total charge on the outer
sphere is

«ab ,
— = V) = b (Vy = V),
and the capacitance is

cab ,
P 4 (18-6)

It is usually preferable to ground the outer sphere, since then
the capacitance is entirely independent of external objects. We
have here a simple case of electrostatic shielding, to be discussed in
more detail in article 19.

A very common and convenient type of condenser consists of
two parallel plates. If the distance d hetween the plates is small
compared with the dimensions of the plates, the electric intensity is
zero outside and constant between the plates, except near the edges.
In fact, inthe central portion of the condenser E is perpendicular to
the plates and, modifying (9-4) to take account of the dielectric.

dwo

E= . (18-7)
K
where ¢ is the charge per unit area. Then
v =Ei=*"",
and the capacitance per unit area is given by
©
C, = dd (18-8)

With the geometrical limitation mentioned above the edge effect
is small. That is, if 4 is the area of either plate, the total charge is
approximately Ao and the total capacitance is given by

C = A
dad ’

To obtain large capacitance without excessive size. condensers
are often composed of a pile of plates separated by thin layers of
dielectric such as mica or waxed paper. Alternate plates have the

(18.9)
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‘same polarity, so that double use is made of their area. If air is the
dielectric, one group of plates may be arranged to move relative to
the other, thus making the condenser variable.

When it is necessary to calculate capacitance very accurately, in
-order to establish Jaboratory standards or to make absolute measure-
ments, the edge effect may be eliminated. Suppose the central

TMIIMALD

portion of one plate of a single parallel plate condenser is separated
from the rest of the plate by a narrow gap (Fig. 38). The outer
portion is called a guard ring and its use is due to Kelvin. The lines
of force remain perpendicular almost to the edge of the guarded plate,
and on the lower, unguarded plate they are practically undisturbed
by the gap. If then A’ equals the area 4 of the guarded plate plus
one-half the area of the gap,
A’

C= o7 (18-10)

to a high degree of accuracy. Of course, the potential of the ring
must be kept exactly equal to that of the plate by some agency
independent of that supplying the charge to the plate.

\/

(a) (b)
Frc. 39

The capacitance of combinations of condensers is easily calcu-
lated. Suppose we have several capacitances Cy, Cy, ... Ci in parallel
(Fig. 39a). The total charge is given by

Q=0s+ O+ ... 0k = (Ca+ Cp + ... Ck) (V7 — V),
80 that the resultant capaci.ance is

k
C=Co+ Cp+ ... G = XG. (18-11)

a
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On the other hand with capacitances in series (Fig. 39b),
1 1 1
VieVo=Vak Vot ... Vi = (‘ca +g C;)Q,

where V, is the potential difference of the first pair of plates and so-
on. Therefore

k
1 1 1 1 —~ 1 .
_C = -C'; + —Cb + ... Ck = Za -C,: (18'12)*

It should be noted that when condensers are connected in series
we actually have a combination of series and parallel capacitances on
account of the capacitances of the outsides of the condensers to one
another and to surrounding objects. Generally, however, these stray
parallel capacitances are negligible.

Problem 18a. Show that the capacitance per unit length of two infinitely

©
long concentnc cylinders, of radii a and b (b > a), is B when the

. 2 10g a
outer cylindér is grounded.

Problem 180 A condenser known as a Levden jor is formed by coating
the inside and outside of a cyliydrical bottle (open at the top) with tin foil.
The diameter is 1t cm, the height 15cm, and the thickness 1 mm If the
dielectric constant of the glass 1s 7, find the capacitance Ans. 3064 cm.

Problem 18c. A parallel plate condenser has a slab of dielectric whose
thickness ¢ is less than the separation ot the plates. If the latter quantity is.
d, find the capacitance per unit area.

1
Ans. —- e - 1
[477d—t ('c - )J
«

Problem 184 A condenser is composed of a pile of n plates of alternate-
polarity, each of area A, separated by thin layers of dielectric of thickness d
and dielectric constant x. Find its capacitance.

(n - NKA
Ans. —— .
ns 4nd

Problem 18¢. Given two identical spherical air condensers like that
shown in Fig 37. Let the outer sphere of one be connected to the inner
sphere of the other, and the outer sphere of the latter connected to ground.
Assuming that the spheres are not close to each other or to any other con-
ductors, calculate approximately the total capacitance C of the series com-
bination, taking into account all stray capacitance to ground.

1 1 1
Ans. o =- g &

ZJ,___ +v .
D - a - a

19. Coefficients of Potential, Capacitance and Induction. —In the
case of several charged conductors the relations between charges and
potentials are still linear. For simplicity we shall confine the proof
to three conductors, although the analysis is applicable to any
number. Let V;, V,, V, be the potentials calculated from (15-9)
for conductors (1), (2), (3) respectively when we put charges Q,, Q,,
Qs on them, and V', V,’, Vy' the potentials when in place of the
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previous charges we put charges Q,’, Q,’, Q' on the three conductors.
Then it follows from (15-9) that if we put charges Q; + Q,’ on
conductor (1). @ + @, on (2) and Q3 + Qf’ on (3) the respective
potentials are V;, + V', V, + V, and V; + V3', for we have now
just a superposition of the two separate fields. :

In- the special case that the primed Q’s are equal to the un-
primed Qs the primed ¥’s are equal to the unprimed #’s, showing
that the effect of doubling all the charges is to double all the
potentials. Hence if we increase the charges on the three con-
ductors in the same ratio, the potentials are also increased in that
ratio. Consider now a set of charges Q,, 0, 0 on the three conductors.
As the charges on (2) and (3) are zero. all three potentials must be
proportional to Q. so that we may write for the potentials of the
three conductors pyQy, p,,Q,, P51 Q;, respectively, where the p’s are
constants independent of Q,. Similarly a set of charges 0, Q,, 0
results in potentials p;,Q,, Ps,Q,, P30, and a set 0. 0, Q, in potentials
P1303, P230s, PssOs.  In view of the conclusions reached in the prece-
ding paragraph, then, the potentials when all three conductors are
charged are

Vi = puQ + piQs + P10 ] .
Vo = PnQ1 + PeQs + pr0s. < (19-1)
Va = puQ1 + P3:02 + Ps0s, . .

The p’s are known as coefficients of potential. Their values
depend on the dielectric constant and the geometry of the system.
Note that since the Q’s represent total algebraic charge, the
equations give no information abont the distribution of charge on a
conductor.

The coefficients are not all independent. Suppose that charges
0y, @s, Qs give rise to potentials Vi, V,, V3, and that Q,, Q,', Q5
give rise to Vy', ¥y, V,'.  Consider first the potential ¥, at a point
on conductor (1). This can be expressed in terms of the charge
¢ per unit avea by

, ods ads ods __ ads
Vi= +| T Y= ,
8 Kl sz K1y 53 KFy s128 K

where the variable r; is the distance from the chosen point on con-
ductor (1) to the surface element ds, and the integrals are taken
over the surfaces of the three conductors as indicated by the s-sub-
scripts.  Furthermore,

QI, = J' o'ds’,
81

the surface element being written ds’ to indicate that here we are
dealing with the primed distribution of charge. Consequently,

o'V, = "- a'ds’ [ ods.
81 o

328 KTy °
Now, since the potential ¥V, is the same at all points of conductor (1),

I . J‘ ods J‘ j' ¢'ds’ads
o'ds —— = —re—
n s128 KNy s1e3) a1 KT



COEFFICIENTS OF POTENTIAL 47

where r is the distance from the surface element ds’ to the surface
element ds. Expressions for the other conductors are similar. Henco

? ’ ’ 'd !
Qi+ Qe+ oV = | j o'ds'ads
s128)s128 kT
In the same way, we find
p ' ’ odso’ds’
or+ o+ o= [ | :
s123ls12s KT
As the integral expressions in the last two equations are equal,
OV + OV, +0,'V; = OVY + QuVy' + O3V, (19-2)
a theorem due to Green. If now we take
Q , 1, Q2,= 0, Q3'= 0,
Q1=0: Q‘.’= l) Q3=0’

we have at once V' = V., and therefore from (19-1) pyg = pq,.
Similarly. in general,

1=

P = pjis (19-3)
a result of some importance. In wordsit is: The potential of one
conductor due only to a unit charge on another is equal to the potential
of the second due only to a unit charge on the first. For example,
a unit charge on a sphere produces a potential 1/cr at an outside
point distant  from the center. Hence a unit charge at this point
raises the uncharged sphere to a potential 1/cr. Another proof of
(19-3) will be found in article 21,

Il is often convenient to express the charges in terms of the
pofentials. The solution of (19-1) for the charges gives
0y = cnVi + Vs + Vs, )
Qs = cyVy + Vs + eyl F o (19-1)
Qs = ey Vi + eV + eV, J

where
c.. — PrPaa — p.s® Cros = oy = P3P0 — P1aPsy ]
n = A ) 12 = Cgy = A >
S _ l
Con = 1733”_1_1[A Psy’ , Cr3 = Cgp = I’slpva pzal’u, ?_ (19-5)
Con = P11P22 — 1275 Car == Crg = P12P22 — P31P23 |
33 A ’ 31 13 A ? J
and

A = PyPaDss + 2PyaPaspgy — P11P2s® — P3ePsi® — PasPra’.

The quantities cyy, ¢y, cy3 are called coefficients of capacitance
and the constants c,,, ¢y, Cy, coeffi-

cients of induction.  If all conduc- 2 3
tors but one are kept at zero
potential, a positive charge on
that one produces a positive

potential ; so the coefficients of
capacitance are all positive. On
the other hand, the charges
induced on the other conductors Fic. 40

——
-
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are negative or, in special cases, zero ; so the coefficients of induc-
tion are negative or zero.

The theory of electric shielding follows at once from (19-4).
Let conductor (2) (Fig. 40) completely surround (1) and let V, = 0.
Then .
’ 0, = cyV, + Vs,
Q, = ¢y Vy + €V,
s = Cy Vy + C33V5.
Since V.=V, =0 if O, = 0 (art. 11) regardless of V,, it is
evident that ¢, = 0. In consequence
0, =iV, 0, = ¢V, (19-6)
so that the electric condition of (1) is entirely independent of (3) and
vice versa. Thus a piece of electrostatic apparatus may be protected
from external disturbances by enclosing it in a grounded metal box,
a matter of great importance in making accurate measurements.
° Problem 19a. Show that (a) c11 + cig 4+ c13 € 0, (b) all coefficients of
potential are positive and pj1 - p1a S 0

Problem 19b By solving (19 4) for the potentials find the p's in terms
of the c's.

Problem 19c. Calculate the ¢’s for the concentric spheres shown in
I;_ig. 2;/) What change will be made by the presence of a third conductor as 1m
18. 40 ?

Ans. ¢y = bxiba» Cls = — bxfban Cee = bxfba +b'.

20. Dielectric Absorption.—If dielectrics were perfect insulators,
as we have tacitly assumed in the previous article, and if they had
no internal resistance to polarization, a condenser would assume its
full charge instantly on the application of a potential difference, and
discharge instantly on being short-circuited. But experiment shows
that with certain dielectrics a condenser continues to absorb charge
for many minutes, and discharges in a similar manner. In fact, if
such a condenser is short-circuited at regular intervals, being allowed
to stand idle in between, repeated sparks of successively smaller
intensity may be drawn from it. In measurement it is the first rush
of charge or discharge, completed in a fraction of a second, that
determines the geometric capacitance of the condenser.

The behavior of a typical condenser both while charging and
while discharging is illustrated in Fig. 41, the ordinate indicating the
rate of increase of charge
in the case of the upper
curve and the rate of
decrease in the ease of
the lower. The two
curves are similar in form,
but at any time they
differ in value by a small
amount. This is due to the
dielectric’s lack of per-
fection as an insulator ;
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as long as the charging potential is applied, there is a small but
steady passage of electricity through the condenser. This is not real
absorption of charge, of course, and on discharge it is not present. With
liquid dielectrics or solids that have absorbed moisture the charge
and the discharge curves sometimes differ in form as well as in
magnitude.

In itself the slight conductivity of the dielectric is usually not
important, but Maxwell showed that indirectly it may be responsible
for a real absorption of charge, corresponding t0 |e—d—> €—d—>
the rapidly falling portion of the curves in Fig.
41. Maxwell’s theory rests on the assumption :
that the dielectric layer is not homogeneous. As (1) (2)
a very simple case let the insulating layer consist
of two different dielectrics, mica and paper, say, Mica . Paper
of equal thickness (Fig. 42). If E| and E, repre-
sent the fields in the mica and in the paper,
respectively, Eid + Ed = V,, where V, is the

total potential difference applied to the condenser. _ . —
Consider, first, conditions at the moment when E : E
Vo is applied. Indicating initial values of the Fia. 42

variables by primes, we have E,'d + E,/d = V, and, i)y (14-5)
and (15-3), «,E," = «,E,’, so that the initial potential drops across
the mica and across the paper are

d = - 2. d= -F1_
E/'d = P Vo, E)d Ptip Ve
Now, the rate at which charge passes through either dielectric is
proportional to the potential drop acrogs it.  Thus, initially,

‘c'i"%:- V, units of charge enter the insulating layer per second,
1 2
while éGQiP V, leave it, the G’s representing the conductances of
1" %2

the mica and of the paper. In general,

Giky— Gory

L2 Y, #£0,

et e

80 that a charge begins to collect on the boundary surface between
the diclectrics. The presence of this charge decreases E; and in-
creases E,, or vice versa depending on the sign of the charge,
until finally there is no further accumulation of charge, but only
a steady passage through-the entire layer, given by
" I G,G

G1E1 d = GzEg d = 6;—1-*:16; Vo,
where E,"" and E,’’ are the final values of the fields. When the
condenser is short-circuited, the constant conduction disappears
and the process described above is reversed. Thus, we have,
qualitatively at least, an explanation of Fig. 41. Of course, in
practice we seldom have the ideal double-layer dielectric, but
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waxed paper approximates it, and any mixed or non-homogeneous
dielectric should behave in the same way.

Maxwell’s theory receives considerable support from experi-
ment. Usually mixed dielectrics exhibit absorption whereas pure
ones often do not. On the other hand, the absorption curves may
not be of the form predicted by the theory, and absorption is
found in some pure homogeneous dielectrics. This suggests that
there are other possible causes of absorption. One of the most
important of these is found to be a viscous resistance to molecular
polarizations, that is, polarizations in which molecules possessing
permanent electric ‘moments are oriented or displaced as a whole.
Mechanisms of absorption and the resulting characteristics of con-
densers are described in detail by Brotherton.*

Problem 2Ca. Find the density of charge on both plates of the condenser
shown in Fig. 42 and on the dielectric interface (a) tnitially and (b) finally.

’ K%y _ %%, £ Vo .
Ans. (2) %1 +%2 (4-nd K1+ %y (4-nd) »0:
(b) Gy Vo _) _ q:}ta 28 i Gi®, — G,X|(
G+ G:\ 4nd " )’ Gi+G.,\4m¢ )’ G; + G, 4nd

21. Energy of Charged Systems.—To charge a system of conduc-
tors requires the expenditurec of energy. This energy is stored
electrostatically and becomes available ggain when the system is
discharged. Let us build up a charge Q on an isolated conductor by
bringing up infinitesimal charges dq through the surrounding medium.
If g is the charge and v the potential at any time during this process,
qg = Cvby (18—1). Similarly @ = CV, where Q and V represent
the final charge and the final potential. Bringing up an infinitesimal
charge from infinity does not change the potential by any finite
amount ; so the amount of work done, that is, the increase in the
potential energy of the system during this process, is vdg. The total
energy of the charged conductor is therefore given by

U= j v —-«j qdq—lQ = Jov= o @

Since we are using electrostatic units, this energy is in ergs.

With a condenser we may take the elements of charge from the
negative to the positive plate and

Q :
U=L (v — v)dg = é[ qdq —;g
1
=y OVi—Vi = § CV—V.  (219)

By an extension of the above method we can calculate the

*Brotherton, M, Capacitors, D. Van Nostrand Co. Inc., 1946,
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energy of any number k of charged conductors (Fig. 43). As before,
we build up the charge on each con- Q Q
ductor in infinitesimal steps, but in ~\V V.
such a way that every charge at any 1 ! .
time is the same fraction of its final .

value. Thus, at any instant,

gy = aQy, Go = aQy, ... & = aQp, Q

where a lies between zero and unity. ¥

One step in the charging process

must then consist of bringing up Vi '
from infinity to (1) a charge dq, = Fic. 43

Oyda, to (2) a charge dg, = Q.da, ’

and so on. When all charges are multiplied by a given factor, the
potentials are multiplied by the same factor ; so using the same
notation as in (21-1), v, = aV,, vo= aV,, ... vy = aVi. The work
done per step is v,dg, + v,dq, + . .. vidqr. Therefore

Q
U= -L (ndqy + vodgs + . . . viday)
k
1 -
= Q1 + Oy + ...0V) j ada = } T QY. (21-3)
1

By means of the coefficients introduced in article 19 the energy
may be expressed in terms of the charges or of the potentials.
Restricting ourselves again for simplicity to three conductors, we
have for the energy in terms of the charges,

Upg = }{pQ:2 + P.0.0: + 730105 1
+ P Q.01 + P20y + P2a(0:05 (21-4)
+ 20030, + Ps:030: + P305%}, J

and for the energy in terms of the potentials,

Up = HeyV2 4 cuViVs + o3ViVs 1
+ enVoVi + cuVs®  + eVl r (21-5)
+ VsV + VsV + caVst} J

Now from (21-3)
2dU = (V1dQ, + V,dQ0, + V3dQs) + (21dVy + QudV, + QydVy).
But we know
dU = V,dQ, + V,dQs + V,dQs,
dU = Q,dV, + Q,dV, + QudVs.
Thus when the energy is expressed in terms of the Q’s,

so that also

— oUg = Uq V., = oUq 21-6
Vl - an ’ Vz - an: 3 aQs 4 ( )
and when in terms of the V’s,
oU, U, oU,

— = = . 2 -
Ql 6V1 ’ Qa an ’ Qs 2V3 ( 1 7)
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These differential relations are often useful. For example, from

Vi = puQ: + $(Pie + Pn)Q: + 3(Pis + Par) Qs

. Vi = PnC + P1aQs + P1uQs,
giving pys = Pg;, P13 = Py ; 80 that we have another proof of (19-3)
that pj = pj;i. Similarly, using (21-7), we find ¢;; = cji.

The amount of energy associated with a system of charges
having been determined, the question of its location arises. This is
evidently a somewhat arbitrary matter, since energy in itself is an
intangible thing. When a dielectric is present, at least some of the
energy is in the region between the charges, that is, in the field. It
seems desirable therefore to distribute all the energy through the
field. To see how this may be done, consider a single tube of electric
displacement. This will begin on a free charge 1/47 and end on a
free charge —1/4w. If the potentials at the ends of the tube are ¥,
and V, respectively, the contribution of the two charges to the energy
of the entire system is, by (21-3),

1 1 1 1 1 1 [2
2 (4;}) Vit 2‘('— z,;) Ve=g =V = I Ed, (21-8)

where dl is an element of the path along the tube from (1) to (2).
This energy of the tube we may distribute along the tube as we
please. The simplest way is at the rate of E/87 ergs per centimeter
at every point along the tube, as this leads directly to (21-8) for the
total energy of the tube. Since there are D tubes of displacement
per square centimeter of cross section (art. 14), energy is distributed
through the field in the amount of DE8 ergs per cubic centimeter.
Replacing D by «E for an isotropic dielectric,

the volume integral being taken through all space. The arbitrary
nature of the distribution is quite evident from (21 9); for we may
add to «E‘8n any quantity whose integral through all space is zero
and still obtain the correct resuit. The distribution here obtained,
however, has the advantage of being everywhere positive. As
D = FE 4 47 P, we have

DE_ 1 g 1 pp (21-10)
87 2

But

8 —
the last term being the energy per cubic centimeter assignable to the
dielectric proper.

The concept of energy in the field is an illuminating one, parti-
cularly in the study of forces on conductors and dielectrics. Use of
it will be made in the following article.

Prollem 21a A sphere whese radiuc is 20 cm is charged to a potentiak
of 100 units : find its energy. It is then connected by a leng thin wire with

an equal unchaiged sphere: find the energy of the system. What has
Dbecome of the rest of the energy ? Ans, 100,00 erg, 56,0C0 erg.



FORCES AND TORQUES 53

Froblem 21b. Two condensers of capacitances C; and C; have charges
Q; and Q, respectively. Calculate the amount of energy dissipated when they

QG - Q,C1)?

2C1C.(C, + C,)°

Problem 21c A condenser (K =1) composed of concentric spheres
(Fig. 37) 1s so constructed that the outer sphere can be separated and the inner
sphere removed without changing the charges on either The radius of the
inner sphere is a, of the outer b, and the charges are Q and - Q respectively.
Let the inner sphere be remov.d, the outer restored to its orig'nal form and
the two separated by a great distance. Calculate the increase of energy during

2
this process. What is the source of it ? Ans. %—.

22  Forces and Torques.—When a system changes its con-
figuration under its own forces, work is done, which can only be at
the expense of its potential energy if there is no external supply of
energy. Thus, let conductor (1) move a distance d¢ under a force
whose component in the direction of the displacement is ¥¢, the
<harges on all conductors in the system being kept constant. Then

are connected in parallel. Ans.

dUQ = — 7&615,
FE = — aé%o . (22-1)

Here we are differentiating the p’s in the expression (21-4), the Q’s
remaining constant.

It often happens that the potentials are constant instead of the
charges. For a given configuration of the system the forces are the
same, of course, whether charges or potentials are kept constant.
However, the work done in a change of configuration no longer comes
from the potential energy ; so ¢ must be calculated differently.
For simplicity we limit ourselves to one movable and one
fixed conductor. but the number of fixed conductors does not
affect the result. We may imagine that the displacement d¢ with
constant V’s is performed in two steps, a motion with constant QO’s,
followed by an addition of charges sufficient to restore the potentials
to their initial values, If the energy added in the latter step is U,

dU, = dUy + sU, (22-2)

where dU, is the desired energy increase due to displacement with the
V’s constant. During the first step the potentials change by

de = (agé‘l Q1+a§;2 Qé)dé,

3 3
v, = (%P 0,+%Pr 0, e,

Hence in the second step we must add charges dQ, and dQ,
given by

PudQi+pudQe = — (T 0:40,) de,
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P2dQ+ P3ydQ; = - (aé%u Q1+a.§§2 Qz) d¢,

which will cause the energy to increase by
38U = VidQ; + V4dQ.
= (p1dQ; + Pnd0,)Q; + (P12dQy + P2d0Q,)Q;

[ )
= — (“ﬁ‘:‘] 0.2 +2 5?2 0,0; + aépgg Q22> d¢,
since py, = py;. But

Ug = ¥(puQ® + 2P1:0,1Q: + P205%),
and therefore
sU = — 2dUy .
This gives
. dUy = — dUy = :‘fgdg,
and

yg =" gg‘-’-. (22-3)

Here we are differentiating the ¢’s in the expression (21-5), the V’s
being held constant. This is an interesting result ; it shows that in
motions with constant potentials the potential energy increases by an
amount exactly equal to the mechanical work done. In other words,
the sources of the constant potentials supply double energy to the
system.

Torques are calculated by differentiating with respect to an
angle. For constant charges the torque about the axis around which
the angle 6 is measured is given by

; .
Lo=— aa%‘) (22-4)
and for constant potentials by
_oUr. i
£o= i (22-5)

A piece of dielectric in an electric field experiences forces, in
general, just as a conductor does, and these are calculated according
to the same principles. It is usually more convenient, however, to
use the distributed energy function (21-9) rather than (21-3) For
example, the energy per unit volume may be written D?8w«, and as
the tubes of displacement are continuous across the dielectric boun-
dary the potential energy of the system will be least when the greatest
possible number of tubes are included in the dielectric. Therefore,
the forces on a dielectric are such as to move it from a weaker to a
stronger part of the field.

Problem 22a. A parallel plate condenser of length I, width b and plate
separation d has the space between the plates filled by a slab of dielectric
whose constant is ¥ This slab1s withdrawn in the ditection of its length until

only a length x remains between the plates. The potential difference V of
the plates 1s maintained constant. Neglecting edge effects, calculate the force

tending to restore the slab to its original position. Ans. - chi?ll_ Ve
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23. Electrostatic Instruments.—Mention has already been made
of the electroscope. This is a sensitive instrument but not one
adapted to accurate quantatitive measurements, except in special
cases. There are, however, accurate potential measuring instruments,
known as electrometers.

The Absolute Electrometer.—This instrument (Fig. 44) is essen

tially a parallel plate FAN -
condenser with a guard
ring, the guarded plate v,

1

being suspended from a
balance arm, so that the Vv &g.' ]
force ¥ on it is measur- :

able in terms of weight.

The distance between the Fio. 44

plates and the mass in the pan are adjusted until the “movable plate
hangs exactly in the plane of the guard ring. Then, if 4’ is the area -
of the plate plus one-half the gap, as in (18—10),

F = 2n024’.
But
4 -—dV2 = E = 4mo,
so that
— /V! - Vz 2 ’
72 (gt )4
and

V,— ¥, = d,\/ 8?’. (23-1)

As ¥ is known directly in terms of fundamental quantities, the
instrument does not require calibration ; hence the designation
“gbsolute.”

The Quadrant Electrometer.—This is the most useful of the
electrostatic instruments. It combines
high sensitivity with great accuracy
and is adaptable to a great variety of
uses. It consists of a small metal pill-
box cut into quadrants, shown both in
plan and in section in Fig. 45. Within
is a metal vane, known as the needle,
which is suspended by a fine torsion
fibre. Opposite quadrants are connect-
ed by a wire. the potentials of
the two pairs being respectively ¥,
and V,. The needle is maintained at
some known potential V;. If it assumes
a position symmetrical with the quad-
rants when both pairs are at the same
potential, it will turn through some
angle ¢ when different potentials are
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applied to the two. When the constants of the instrument are
known, ¥, — V; may be determined from 6. In practice this angle
is determined by means of a small mirror mounted on the needle
suspension, and an external telescope and scale. The ‘instrument
has a removable metal case which serves as an electrostatic shield.
The details of construction are shown in Fig. 46, the case having been
removed.

The complete theory of the quadrant electrometer is somewhat
elaborate, but a sufficiently accurate result is obtained by an approxi-
mate treatment. Since the quadrants are edge to edge, the direct
capacitance between them is small .compared with the capacitance
between quadrants and needle. Hence the energy of the system may
be expressed approximately as

Uy = 4C(Vy — V)2 + $Cy(Vs — V)* + Uss (23—2)
where C, is the capacitance of quadrants. (1) relative to the needle,

Fic, 46

neglecting the existence of quadrants (2). C, refers similarlj to
quadrants (2) and the needle, and U, is & term independent of the
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needle, involving the capacitance of the quadrants to ground.. C,
and C, evidently are functions of 8. The torque on the needle is, by

’(22'5)7 c
Uy 103G o o 103G
£o= 20 — 2 o0 (Va—T")? + 9 30 (Vs — Vo)

This torque is balanced by that of the fibre, which, as it is
proportional to 6, may be written ag. Also, since the needle turns
out of one pair of quadrants as much as it turns into the other,

aC, _ aC,

~ o8 —o8 =D
another constant. Therefore
ad = — 3b(Vy — V)2 + 1b(V, — V)3,
or
6 = k(Vy — Vy) {Va— Vl’g-'@%, . (@-3)

where k == bla is a constant to be determined by calibration.

There are two methods in use. In the heterostatic method ¥,
is large compared with ¥; and V, and is held constant. Then (23—3)

reduces to
0 = kVy(V1 — V), (23—4)
so that the deflection is proportional to (V; — V).
In the idiostatic method the needle is connected to one pair of
quadrants, say (1). This gives
= %k(Vl— Vz)z- (23""5)
‘This method is less sensitive than the first, but it permits the

measurement of alternating potentials, since the deflection is always
in the same direction.

Va
Cl C,
Cs | C,
Vs ‘
| P— .-.—K—U
Vl‘_'—"—rv‘z
Fic. 47

Although the quadrant electrometer is not an absolute insttu-
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ment, it is much more sensitive than the absolute electrometer..
Used heterostatically it can measure (10)~% e.s.u. of potential with-
out difficulty. With special precautions an even greater sensitivity
is obtainable. In precise measurements it is customarily used as
a null instrument. An example of such use is the capacitance
bridge, illustrated in Fig. 47. C; is an unknown capacitance ; C,,
C,, C, are known. C,, being variable, is adjusted until the elec-
trometer shows no deflection when a potential difference V; - V,
is placed across the bridge by closing the key K. TUnder this con-
dition the potentials V4 and Vg of the two pairs of quadrants are
equal. Hence the quadrants are uncharged, so that C, has the same
charge Q as C,, and C; the same charge Q' as C,. Then

V1—VA=gl‘, VA—V2=%,
.m—m=%, n—n=%.

Therefore
Cl(Vl - VA) = Cz(VA - V.e),
Ca(V1 - VB) = C4(V - Vz)’

G _ G

C G

24. Determination of Permittivity. — Permittivities were first
measured by Faraday, by means of two gcometrically identical

and as VA = VB,
(23-6)

Substance ! ©

Solids : |
Ebonite...coeeeeciiiniiniiiirnennes 1
Glass..... X
Mica .....
Paper.. cceeereciniarenireiiinnnoiens
Paraffin...ccooivemeiinnnniiiaenees |
QUATEZ evuesecrecenrnnosencssonronons |
Shellac vovvereececneenneconcanienses |
SUlPhur..codeeenriinenescananenns '

Liquids :
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Castor Oil..eceeiuiicrieiirennnnenans
Kerosene....c.eeeieeceneen cenaenses ‘
Turpentine...cove, coeevecnrencansns J
WAt errerearionrnrieronnaes sunone ‘

Gases :

Alleeeieieniireens et e [ 1.,00588
Hydrogen....ooovieenieinnnnennnns 1.000264
Carbon Dioxide..ccevuer cennenn. 1.000985

?gmh-fa
[=F % QN
5
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(o]

spherical condensers, one of which had air as a dielectric, the other
some solid such as sulphur. He found the ratio of the capaci-
tances, which is «, by charging one condenser to a known potential,
allowing it to share its charge with the other, and then determining
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the final potential. Boltzmann later employed a similar scheme
using a parallel plate condenser into which a slab of dielectric
could be introduced. These early measurements were all subject
to error on account of dielectric absorption (art. 20). This error
(iis now avoided by means of quick-acting switches and other special
evices.

A table is appended giving values of « for the more common
diefectrics. The gases are at 0°C and under a pressure of one
atmosphere. It is worthy of note that for practically all solids «
lies between one and ten.

25. Practical Units.—Because of the inconvenient magnitude
of the fundamental electrostatic umits, a secondary or practical
set of units is commonly used in electrical measurements. This
set, designated by the abbreviation m.k.s., is based on the meter,
kilogram and second as fundamental units, rather than on the centi.
meter, gram and second. The practical unit of

Force is the newton. It is (1C)3 dynes.
Energy " joule. " (10) ergs
Charge ™ " coulomb. » " 3(10° e.s.u.*
Potential " yolt. » 2110 2es.u*
Electric Intensity vom ru;:)lt psr meter. nom ?(1(1));;1e s.u.'*
: . w [ farad. » o [9(10) e.s.u.
Capacitance {microfarad. 19(10)® e.s.u.*

The permittivity is the same in either system of units.

*Actually the factor 3 appearing in these coefficients is more accurately 2.998.
Observe that, whereas some formulas have the same form in

practical units as in e.s.u., others involve numerical constants on

transformation. Thus, using the subscript p to indicate practical

units,
O = GV, . Ely =V,
but
= o G0y’ = 6 o
Fp = 9000 B0, vy =ou0p B
Note that I, and r, are measured in meters.
A more detailed discussion of units and of the transformation

from one system to another will be found in article 50 and in Chapter
XII.



CHAPTER III
SbLUTION OF ELECTROSTATIC PROBLEMS
'

26n, }{issons’ and Laplace’s Equations.—We shall develop now
the diffefential equations which must be satisfied by the potential in

Y an isotropic medium in which

are immersed free charges of

A F density P per unit volume.

! In most problems of impor-

18y tance the free charges are

! located on the surfaces of

B o B G conductors surrounded by a
/ dielectric, and the solution

| D of the problem -consists in
OL---z-i-—- K finding the potential at all

/7 points in the dielectric in
/4% terms of the assigned potentials
cl/ . of the conducting surfaces.

Once the potential is known
as a function of the co-ordi-
nates, the electric intensity is
) Fic. 48 obtained at once by differen-
tiation (art. 7), and the charge per unit area on the surfaces of the
-conductors is given in terms of the electric intensity immediately
outside by (15-10).
Consider an infinitesimal rectangular parallelepiped (Fig. 48) with

its edges parallel to the co-ordinate axes. The flux of displacement
inward through the face O4BC 15

cE.nynz,
-and that outward through the face DFGH is

x( E.+ %-Ax)ayAz.

The net flux outward through these two faces perpendicular to the
X axis is the difference of the two expressions, that is,

0E,
K ox

Adding similar expressions for the outward flux through tife pairs

of faces perpendicular to the Y and Z axes, we have for the total
outward flux

aAXAYAZ

o0E: Q3E, 3JE;
"( ax Ty T oz
Gauss’ law (14-4) requires this to be equal to 47 times the free

charge contained in the parallelepiped. So if the density of free.
<harge is denoted by p.

) AXAYAZ.
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aEz aEy aEz
< _6x+—_ay + az“> AXAYAZ =4wPpAXAYLZ.

The components of electric intensity are given in terms of the
potential by (7-7). Using these relations and dividing through by
£ AXAYA z, the equation above becomes
otV | otV vV d7p
Tox? T}'"+-atzi =0 - (26-1)
This equation is known as Poissons’ equation.. In a region where
no free charges are present P = 0 and (26-1) reduces to Laplace’s
equation, ’
an aﬂV an
ot gt =0 (26-2)

1f, now, we are given a set of conductors at potentials V,, V,,
...... Vi the determination of the potential in the region between
and surrounding the conductors resoives itself into the problem of
finding a solution of (26-2) which reduces to ¥, at the surface of the
first conductor, V, at the surface of the second and so on. Such &
solution may be shown to be unique and therefore to represent the
only solution of the ‘problem under consideration. A solution which
represents the field outside the conductors, however, does not apply
to their interiors, for there is charge on the surface of each conductor
and therefore Laplace’s equation does not hold across the surface.
In fact the potential inside a conductor is always constant, as was.
shown in article 11. .

In (26-2) we have Laplace’s cquation expressed in rectangular
coordinates. In many problems other co-ordinates are more suitable..
Therefore we shall deduce this D
equation again in general orthogonal e
curvilinear co-ordinates £, 7, z. The b
co-ordinate surfaces consist of the 0
three families £(x, y, z) = constant,

7(x, ¥, z) = constant, y(x, y, 2) = by
constant, intersecting one another C -

at right angles. Consider a small

volume (Fig. 49) bounded by coordi-

nate surfaces. Let E, Ey, Eg be

the components of the = electric B

intensity in the directions of increas- Fic. 49

ing £, 7, g respectively, and A, p, v the functions of ¢, 7, ¢ by which
A&, oM, Ay respectively must be multiplied in order to obtain the
distances corresponding to these increments in the coordinates. Then.
the area of 0ABCis uv Am 4 ¢ and the flux through it is

‘eEEpvanar.
Similarly the flux through DFGH is
e { Eguv + %(Egyv)ag } anag
RS
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Sul;)tracting, the net outward flux through the two surfaces is seen
to be

£ %(Egyv)AéA‘nAc.

Adding similar terms for the flux through the remaining two pairs
of surfaces, equating the sum to zero and dividing by the common
factor kaéanay, weget

2, 9. 2 -
£ (wvEE) + o (VAEy) + 3 (AeEy) = 0.
In accord with (7-6),

(14 _ (14 _ _ oV

T T T g BT gy
So Laplace’s equation takes the form

Er =

3 916[’) 9 (VA 31) 9 (VY _
CIANENIS on\ p 07 ¢ \v o¢

In the case of spherical coordinates, £, m, ¢ become r, 6, ¢ and
A, p, varel, r, rsin g, respectively. Hence Laplace’s equation in
spherical coordinates is

B (rrsing 0¥ 2 (Gng 8V Y, 8 (1 3VYy _
ar<’ om0~ )+ ao"<sm b 26 )+ Py (sin 9 aqs) =0
Dividing by sin 6 this may be put in the better form,
0 [,V 1 er. OV 1 2%V _ o8
or r or ) + sin6 26 <s1n 8 26 ) + sin? 0 o¢? =0. (26-4)
In cylindrical coordinates &, 7, ¢ become r, 6, z and A, , v
assume the values 1, r, 1. Therefore Laplace’s equation becomes

2O RN 2O -

0. (26-3)

or
2 aV an 282V
"o réf>+ae=+r§5_

To obtain the charge density o per unit area on the surface of a
conductor when we know the potential function V outside the
conductor we have, from (15-10) and (7-6),

i« c oV

= @E= " m

0. (26-5)

(26-6)
where %Z— is the space derivative of ¥ along the outward normal n

to the surface of the conductor and ¢ is the permittivity of the
surrounding medium,
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Problem 26a. Obtain (26-4) directly from (26-2) by transforming the
coordinates according tg .the scheme x = r sin 0 cos ¢,y = rsin g sin ¢,
z = r cos

Problem 26b. Obtain (26 —5) directly from (26—2) by means of the trans-
formationsg = rcos 0 » = 7 sin 0.

-~ Solutions of Laplace’s Equation.—In solving Laplace’s
equation the two theorems that follow are of importance.

TueorkM I. If V,, V,,...V, are solutions of Laplace’s equation,

V= A]Vl + A2V2+ “ e AkV[g
is also a solution, where the A’s are arbitrary constants. This theo-
rem is proved at once by substituting the expression above in
(26-2).
TuroreM [I.  If V' is a solution of Laplace’s equation, then

v v v v v

ax ’ a); ’ az > axz ) axayﬁ *
and in fact all partial derivatives of V with respect to one or more of
the rectangular coordinates x, y, z (but not with respect: to spherical
or cylindrical coordinates) are solutions. For if we differentiate (26-2)
partially with respect to x we have

02 7oV ot oV 0 s oV
ax’<ax )+8y2<ax )'*' 62"<ax ) =0
Spherical Coordinates.—In many electrostatic problems we are

concerned with conducting spheres, and spherical coordinates are
indicated for the solution. We shall limit our discussion to those
cases in which the potential is a function of the radius vector r and
the polar angle # alone. Then the last term in (26-4) drops out
.and if we put p for cos 6 Laplace’s equation becomes

then

9,00V _a_g ) .
2(r i L 2§ =0 27-1)
This differential equation has a solution of the form
V= T”Pn,

where Pp is a function of p alone. Substituting in (27-1) we find
that P, must satisfy the differential equation
dPy

d . =

'dﬁ{ (a—p G } + n(n + 1)P, = 0, (27-2)
which is known as Legendre’s equation. Now if we replace 7 in this
equation by —(n + IJ the coefficient of the last term becomes

{—m+D}{—-—@mE+1D)+1}=nn+1.

Therefore, Legendre’s equation for P_n,,y is the same as that for Pj.
Consequently, Pn and P-(a,y) are identical. Thus, every Py satisfying
Legendre’s equation provides us with two solutions of Laplace’s equa-
tion, namely,
Pa

fn'Pn and rn-;l .
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Evidently the coefficients of the P’s as well as of the V’s are arbitrary.
Hence, we may introduce any numerical factors. Those included im
the P’s and V’s below are the ones conventionally employed.

Now

Voma, PBo=1, (27-3)
satisfies Laplace’s equation, as is seen at once by substitution in
(27-1). Let us take the Z axis in the direction of the polar axis of’
the spherical coordinates, so that z = r cos §. We can get a second
solution from (27-3) by differentiating partially with respect to z.

Remember that g% = -f = cos 0,
z
V=7 = "‘;520, P, = cos g. (27-4)

Differentiating again with respect to z to get a third solution,
1,322 1 3coszh — 1
Vemg(om ) = "% 7
P, =} (3cos?g — 1), (27-b)
and repeating the process for a fourth solution,
1 /528 3z 5 cos® 6—3 cos 6
Vo= ( r‘f‘_‘?“)= o T
?
Py = (5 cos® § — 3 cos 0). (27-6)
The solutions we have obtained are of the form Py/r"*!, but
since we have found the P,’s we can write down at once solutions of
the form r"P,. Table I contains the solutions which we have deduced

and which suffice for the applications which we shall have occasion
to make. The functions listed are known as zonal harmonics.

TasLe T
Zonal Harmonics

1, L
r
1
r cos @, 2 08 6,
r2[3(3 cos® A - 1)], L G ost -1,
) r3[3(5 cos® -3 cos g)]. | :—‘ [3(5 cos® § -3 cos 9)].

Cylindrical Coordinates.—In some problems— such as those having
to do with a long straight wire—the potential is not a function of one
of the rectangular coordinates, say z, and it is convenient to use polai®
coordinates in the plane perpendicular to the Z axis. In this case tl'e
last term in (26-5) disappears and Laplace’s equation reduces to €
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2/ aVy, oV
(75 )+ =0 ern
V = mC,,

where C, is a function of @ only, we see that C, must satisfy the
equation ’
. d2C"

dgg TG =0. (27-8)

Substituting

Evidently the differential equation for C_, is the same as that
for C,. Therefore, C_, and C, are identical, and every C, satisfying
(27-8) leads to two solutions of Laplace’s equation, namely,

rmC, and %‘ .

The simplest solution of (27-7) other than a constant is

Vo = logr, (27-9)
the symbol “log” without subscript indicating the logarithm to the
Naperian base e = 2.718...... To get other solutions we note that

either C, = cosnf or C, == sin nf satisfies (27-8). Hence the
cylindrical harmonics listed in Table II are solutions of Laplace’s
equation in cylindrical coordinates. °

TaBLE II
{ Cylindrical Harmonics I &
l, 1; log r;

rcos @, rsin @ : cos € , sin §' .

r r
r2cos 26, r2sin 20 ; cos 29 sin 26

i ' r?

cos 39 sin3

r3 cos 36, r° Sixy. _,.a“o N _9, .

Problem 27a. 1If R is the distance of a point P from the origin O, g the
distance of a point Q from O, and r the distance of P from Q,

E{-\/r’+2ar cos § + a?,

where § is the angle between OQ and QP. Expand the reciprocal of R by the
binomijal theorem both for r <<a and for r > a. Show that the successive

terms in the expansion are zonal harmonics.

28. Sphere in Uniform Field. —We will use zonal harmonics to
solve the problem of a sphere placed in a uniform electric field,
treating first the case of a conducting sphere immersed in a dielectric
.nd second that of a dielectric in empty space. In each case the
r oblem consists in finding the potential V as a function of r and ¢
frcm which the components of electric intensity can be obtained by
mevns of (7-8) and the charge density on the surface of the conduct-
ing iphere from (26-6).
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Conducting Sphere in Uniform Field—Consider an uncharged
conducting sphere of radius a placed in a uniform field E,. Since
potential is a relative quantity, we may take the potential of the
sphere as zero. Although the sphere distorts the field in its neighbor-
hood, as shown in Fig. 50, the field at a great distance retains its
original uniform character. Therefore, if the origin is taken at the
center of the sphere and the Z axis in the direction of E;, the

P

)

A
Fia. 50
potential at a great distance from the sphere must be — Egz = — Eyr

cos §. So we must look for a solution of Laplace’s equation which
satisfies the two boundary conditions
o V= —Eycos @ for r= oo,
V=0 for r =a.

To satisfy the first of these conditions the zonal harmonic 7 cos ¢
is required and to satisfy the second another harmonic involving enly
the first power of cos § must be added. Therefore, a glance at Table
I shows that the potential at a point P must be of the form

V=Arcos€+pcf:~e,

where the arbitrary constants 4 and B are to be determined so as to
satisfy the boundary conditions. When  is infinite the second term
in V disappears, and the first boundary condition is satisfied if
A = — E,. To satisfy the second we put r equal to a and equate
the coefficient of cos 6 to zero, getting B = E@3. Hence the
potential outside the sphere is

ve—(1- ‘::) Ey sos 6. (28-1)

Inside the sphere the potential is everywhere zero.
The components of electric intensity outside the sphere are
14 a?

E=—2=(1+25) Ecoss. (28-2)
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«long the radius vector, and
3
E°=——=-(1-‘},-)Eosina (28-3)

at right angles to the radius vector in the direction of increasing 9.

As the radius vector is normal to the surface of the sphere the
<charge per unit area on its surface is

o= —-£ ﬂ) _ 3By cos g
4w\ or J,_a 47 ?

being positive on the right-hand hemisphere and negative on the Ileft.

Here « is the permittivity of the medium surrounding the sphere.

So far we have considered an uncharged sphere at zero poten-
tial. If the sphere has a charge Q, we must add Q/«cr to (28-1)a
getting —=

a® 0
Ve = (1= %) Ereso + . (28-5)
The radial component of the electric intensity is increased by Q/«r?®
and the charge per unit area by Q[4ma®.

To return to the case of the uncharged sphere, it is clear from
symmetry that the plane MN (Fig. 50) through the center of the
sphere at right angles to Z is an equipotential surface at the same
potential as the sphere. Therefore, 1
we can replace the portion of this
plane outside the sphere by a
conducting surface, wiping out the
field to the left and leaving that
to the right unaltered. We have,
then, the case of an infinite con-
ducting plane with a hemispherical
boss as illustrated in Fig. 51. The Q¢--
lines of force originate on positive
charges on the surfage of the plane
instead of starting from positive
charges at an infinite distance to
the left. The potential is still
given by (28-1) and the charge
per unit area on the hemisphere )
by (28-4). To find the charge
per unit area on the plane portion Fra. 51
of the surface write (28-1) in the form

a
V _ — (1 -— ’"3—> E(,Z.
As the Z axis is normal to the plane,
o=— o (L), = (1-5)m @se
2=0

(28-4)

47 \ 3z B ) 4w
Inspection of (28-4) and (28-6) shows that the charge dens'ity
decreases from 3« Eg/4w at the tip of the boss to zero along the line
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f intersection of the hemisphere and the plane, and then increases
10 cEy/4m at a great distance from the boss. This problem illustrates
the general rule that the charge density and therefore the adjacent
field are greatest where the surface of a conductor is most convex and
least, where the surface is most concave.

. «Dielectric Sphere in Uniform Field—We will now replace the
conducting sphere of Fig. 50 by an uncharged dielectric sphere of
permittivity « and suppose the region outside the sphere to be empty
space. In this case the surface of the sphere need no longer be an
equipotential surface, but instead it is necessary that the normal
components ‘of the electric displacement and the tangential com-
ponents of the electric intensity should be the same on 'both sides of
the surface, as was proved in article 14.

As in the problem of the conducting sphere we will take
Vo = Aorcos 6 + Bocoso

for the pote11t1a] functlon outside the sphere To satisfy the boundary

condition at infinity, it is clear that A4, = — E, as before. The
components of the electric intensity are
‘ V, 2
(Er)o = — %'ﬁ“'— Eycos § + - Zo cos()
_ Ve _ B,, sin 6
(E0)°——760_—E81n0+ 3

We have supposed that there is no volume distribution of free
charge inside the sphere. Therefore, the potential must be a solution
of Laplace’s equation. We will try a function of the same form as
that used outside :

Vi = B; cos 0.

Evidently B; must be zero, for otherwise the potential would become
infinite at the origin. At the surface of the sphere V; must equal V,.
Consequently, if a is the radius of the sphere,

B,, cos_o

Aiacos § = — Eyacos § + (28-7)
The components of electric intensity 1nmde the sphere are
(Ep)i = — 6;{,— = — A; cos 8,
) (S
(EQ)i = — - oy = Aisin 6.

The continuity of the normal component of the displacement:
requires that «(E;); = (E;), when r = a, that is,
—xAicos 0 = Eycos § + 2»3-“3?,‘15 9 (28-8)

We need not write down the relation expressing the continuity
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of the tangential component of the electrio intensity, for this con-
dition is already satisfied by the equation (28-7) for the continuity
of the potential.

Bolving (28-7) and (28-8) fpr A; and B,, we find

A== k—-§_~2~ B By ;; @,
‘Consequently, the potential outside the sphere is
Vo — (1= £ 0 %) Ercose (28-9)
£ +2r3 ’ )
and inside,
Vi—= — F::T“z Eyocos § = — ;»3_;_2 Ez  (28-10)

Evidently the lines of force inside the sphere are parallel to th
Z axis, the electric intensity having the constant value - '

oVi 3

. E=- =2 b
and the electric displacement the constant value
' - 3« 3
D{ = KE-,: = E——-”:é Eo = '—_‘"2‘ Eo.
14 .

The number of lines of displacement per unit cross section inside
the dielectric is to the number at a great distance in the ratio of
3tol + 2/c. As « is always greater than unity, the lines of dis-
placement are crowded together inside the dielectric as illustrated
ih Fig. 52. Note that if « is made infinite (28-9) and (28-10) go
over into the corresponding expressions for a conducting sphere.
In electrostatic problems a conductor may be considered as a dielec-
tric of infinite permittivity.

Problem 28a. A spherical conductor with charge Q surrounded by

a dielectric of permittivity % is subject to a uniform external field Eq.
Find the stress on the surface and the total force on the sphere.
% EoQ Q?
Ans. 8o { 9Eo2cos? § + 6 ——3- cos § + Xigh } » QEo

*a?
Problem 28b. Find the .
polarization P in the dielectric
sphere of this article and the
charge op due to polatrizaion
Ter unit area of the surface.

_ 3 x-1
AnS.P-'— 4" x+2E0|
\
op = P cos §. -
Problem 28c. An isotro- ——

pic dielectric of infinite extent
izdin a uniform” external field —
Eo. A spherical cavity of

radius @ is cut out of the Fie. 52

dielectric F.nd the potential Vo in the dielectric and Vi in the cavit

the polarization charge 6P on the walls of the cavity and the field Ei insi
the cavity.
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Ans, Vo= — ( 1+ :2—:% rl;) Eyr cos @,
Vi=— 23?2—‘1 Eor cos 0,
Ei= pepifoe

Problem 28d. Two point charges g and ¢’ aie placed in small spherical
cavities in a rigid isotropic dielectric of infinite extent at a distance r apart.
The charges do not touch the walls of the cavities. Find the force between
them and compare with (16-10).

Ans. 3_ a4

' 2% +1 #3°

29. Conducting Cylinder in Uniform Field. —Consider an infinitely
long uncharged conducting cylinder of circular cross section placed
in & uniform electric field E, with its axis at right angles to the lines
of force. Let « be the permittivity of the surrounding medium.
Denote the radius of the cylinder by a, and take the X axis in the
direction of the field and the Z axis along the axis of the cylinder,
It is clear from symmetry that the potential is not a function of z,
and therefore the problem is one in two dimensions for the solution of’
which polar coordinates are indicated. The boundary conditions are
evidently

. V= — Eycos 8 forr = oo,

V=0 for r = a,
provided we take the potentiél of the conductor to be zero. Referring
to Table II it is clear that the potential function must be of the form

V = Ar cos 0+ _B_gp;ia_,

the condition at infinity being satisfied by taking 4 = — E, and
the condition at the surface of the cylinder being satisfied by making
B = E,®. Hence, the potential outside the cylinder is

v=-(1 —‘r‘:) Eyr cos 4, (20 1)

and the components of electric intensity in the directions of increasing
r and 6 are

14 at
E = - aAr—._(l +—,§) E, cos 0, (29-2)
oV a? . ~
Eg=— e, (1= f-) B sine. (29-3)

The charge per unit area of the conducting surface is

__* (3Vy _ 2cE,cosf i
i - M R C

, If the cylinder, instead of being uncharged, has a charge A per
unit length, we must add to the potential function a term involving
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the cylindrical harmonic log r of the form — 3} log %, getting

2
Ve—( 1= % ) Ercos 6 — 2—1‘ log . (29-5)

This term increases the radial component of the elestric intensity by
27\/«cr and the charge per unit area by A/2na.

Problem 29a. Discuss the field of a charged conducting plane of infinite
extent having a cylindrical ridge of semicircular cross section, finding the
charge per unit area on the surface of the plane.

2
Ans. (1 — % 'Cj_fo-
72 / 47
P':oblem 2%. A long cylindrical rod of radius a and permittivity & is
placed in a uniform external electiic field Eo, with its axis at right angles to
the lines of force. Find the potential outside and inside the rod.
Ke1agqg 2
Ans. —( 1 — —(— "5 _
ns ( €31 Eor cos 0, F3Y
Problem 2%c. An isotropic dielectric of infinite extent lies in a uniform
external electric field Eo. The dielectric contains a cylindrical cavity of
radius @ with its axis at right angles to the field. Find the electric intensity

E,r cos 0.

. . 2
in the cavity. Ans. % +—1-Eo.

Problem 29d. Find the stress on a cylindrical conductor with charge A
pet unit length surrounded by a dielectric and subject to a uniform external
ﬁell'd 520 at right angles toits axis. What is the force per unit.length of the
cylinder ? :

2
Ans. 8: { 4E® cos? 0 + 8';:‘» Eo cos @ + :—Z‘F } . AE,.

30. Electrical Images.—Consider the electric field produced by
two point charges. If we replace an equipotential surface surround-
ing one of the charges by a conducting surface and then transfer the
charge to this surface, the field between the-other charge and the
surface remains unaltered, although that between the first charge and
the surface is wiped out. For the potential in the original field
satisfies Laplace’s equation, and the transfer of the electricity on one
of the point charges to a conducting surface coinciding with one of
the equipotential surfaces of the field merely replaces the original
boundary conditions by equivalent boundary conditions in so far a8
the portion of the field remaining is concerned. The method of
solving electrostatic problems by the use of electrical images consists
in its simplest form in placing two point charges in such positions
that one of the equipotential surfaces of the field produced coincides
with the surface of a conductor which it is desired to place in the
field. Then the charge on one side of the conducting surface is
transferred to it, the field on the other side remaining unaltered.
When this method is feasible, it enables us to determine the field
produced by a point charge and a conducting surface from the simple
investigation of the field due to two point charges. In such a case
the point charge which is transferred to the conducting surface is said
to be the image of the other point charge. If the latter is surrounded
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by a dielectric of permittivity «, the permittivity in the region
occupied by the image charge must also be taken to be « for the
purpose of the calculation, even though actually it may be different.

' The method may be extended so as to find the field produced by
two ‘conductors neither of which constitutes a point charge, such as
the field due to two charged conducting spheres. In problems in
which the potential is not a function of one of the rectangular
coordinates the point charges referred to above are replaced by line
charges. ‘

“Point and Plane—To find the field due to a point charge ¢
(Fig. 53) and a conducting plane AB at a distance d|2 from it, we
consider the field due to ¢ and a point charge — g placed on the
perpendicular dropped from g to the plane as far to the left of the
plane as g is to the right. The potential at P due to the two point
charges is evidently

=-9 _ 4
or cr'
=91 _ 9 (30-1)

Kr kArt + 2rdcos § + d2’

where x is the permittivity of the medium surrounding the charges.
Evidently the median plane AB is an equipotential surface of zero
A potential. So if we transfer
the charge on the image—gq to
an earthed conducting plane
placed so as to coincide with
AB, the field to the right of
7 AB remains unaltered while
that to the left is wiped out.
-q . The potential  function
(30-1) still applies to the
region to the right of 4B and
the components of electric

Fic. 55 intensity are
_ vV _ ¢ q(r +_£cos 0 . )
Er= = a0 = %r™ «(r* + 2rdcos 6 + d?pe”’ (30-2)

Tra0 T k(rF + 2rd cos 0 + d2PR
The density of, the charge induced on the earthed conducting
plane by ¢ is

I €14 Kk (E 2
7= 47 \9z >z=.. a2 ‘=41r ( 2)z(="d'
. , d
= 4’;4 (E. cos § — Egsin 0),," = — 43}3' (30-4)

As the field in the neighbourhood of g is not cﬁa.rgg,d by the
gubstitution of the conducting plane for the image — g it follows
from the law of action and reaction that the total force on the con-
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ducting plane due to the attraction of g is the same asthat which
would be experienced by the image — ¢, that is,

g=— T (30-5)

= < !
_~Point and Sphere.—In this case it is required to find the
magnitude and position ) :

.of the point charge — ¢’
(Fig. 54) such that the

spherical surface s of radius

.a shall be an equipotential

in the field produced by

the charges ¢ and — ¢'. q
If the distances of g and

— ¢ from the center O of

the sphere are denoted by A
d and b respectively, the

potential at a point Q on Fic. 54

the surface of-the sphere is

y—_9._9 _ 4 _ g

£ER™ «R = co/d*+2dacos a+a®  #Vai+2ab cos atb?
If we make b = a’/d,
_ 4.
po et
‘ cVd? + 2dacosa + a’
and if now we give ¢’ the magnitude (a/d)q the potential vanishes
for all values of a. Therefore, the sphere is a surface of zero poten-
tial. Now we replace the sphere by an earthed conducting surface
and transfer the charge — ¢’ to it. This annuls the field inside the
sphere leaving the field outside unaltered. Therefore, the potential

at any exterior point P due to the point charge g and the earthed
sphere is ‘ :

a

2 aq
Ve e PR — . (30
. 4 ‘r + 2rd cos ¥ + "'/\/r’+2r -%~COSO+‘7,

The induced charge per unit area on the surface of the sphere is

e VN _ _ 4 di—a®

9= T g 87),=,, ~ T4na(d® ¥ 2da cos 6 + a®)32" . (30-7)
As in the previous case, the force between the charge g and the

sphere is equal to that between ¢ and its image — ¢’ in the sphere.

In the case we have been considering the potential of the sphere
has been made zero. If we wish the sphere to have a potential other
than zero, we can add a uniformly distributed charge Q to the surface
of the sphere ; the effect of such a charge is merely to increase the
potential of every point on the surface by Q/ca and therefore the
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surface remains equipotential. The potential at an exterior point P
will then exceed (30-8) by Q/«r.

If instead of transferring — g’ to the surface of the conducting
#pherical shell we leave it in its original position and transfer g to
the spherical surface, the field inside the sphere is unaltered and
therefore the potential at any interior point is given by (30-6) to
within an additive constant. The field outside the sphere, however,
is not annulled in this case. For only a portion ¢’ of the charge q
resides on the inner surface of the sphere, all the lines of force
originating on it ending on — ¢’. The remainder of ‘the charge ¢,
namely,

d—a

9—9g=—7—4

spreads itself uniformly over the outer surface of the sphere, giving
rise to the potential

at exterior points. For the screening effect of the conductor prevents

the field due to — ¢’ and the charge ¢’ on the inner surface of the

shell from passing to the outside. '
Problem 30a. What is the effect of adding a uniformly distributed

charge to the conducting plane of Fig. 53 ?
Problem 30b. Find the potential of an uncharged spherical conductor of

. . . . a
radius @ whose centey is at a distance d from a point charge q. Ans. wd

ﬁ./ 31. Sphere and Plane.—We shall apply the method of images to
d the capacity of a charged spherical conductor of radius a
(Fig. 55) at a distance d|2 from an earthed conducting plane AB of
infinite extent, a being supposed small compared with d.

In this case we must make use of an infinite series of images.
First suppose a charge g, placed at the center O of the sphere. This
charge gives rise to a field of which the surface of the sphere is an
equipotential, but the surface of the plane is not equipotential.
Adding the image —g, of ¢, in the plaue, 4B becomes equipotential,
A but the sphere is no

longer so. Next add the

image gy of — ¢, in the

-~ sphere ; this restores the
AN equipotential  character

\ of the spherical surface

. +—2 but disturbs that of the
d / plane. Addition of the
v — image — g, of g, in the
plane makes the plane an
: equipotential surface
B again but disturbs the
potential over the surface
of the sphere. Each one
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of the added fields, however, is smaller than the preceeding one, so
continuation of the process brings us ever nearer to the desired state
in which both the plane and the spherical surface are equipotential
surfaces. Finally, we transfer the charges inside the sphere and the
others to the plane. The total charge on the sphere is then the sur
of the series ¢, + g5 + g5 + ... and the charge on the plane is equal
but opposite in sign.

The distance of — g, from the center of the sphere.s d, so it
follows from the previous article that g, is a charge (a/d)q, at &

2

distance a?/d from O. Therefore, — g, is at a distance d ( 1—%5)

from O and q, is a charge
a a
2
g Fo,
a a
1- % 1-2%
at a distance
az
d
a
1- %

from O. If we put m for the ratio a/d we have the following point
eharges at the distances specified from the center of the sphere :

Charge Distance from O
' 9 o,
mql’ ma,
m? m
i—m 1—m®
_ mo g Mmoo a
—mt - M v _o.om
( m)(l l—m,) 1 1-m?
o W ™ 4
m? A L m %
—_m L - —_—
(—my (1 l_ma)(l 1 _ﬂg_) 1=—"

Q
il
=
—=A——
+
3
+
|
3
+
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w1 mEm w4 243 ) «(31))
Since g, is the image of — g, in the sphere, the potential of the
surface of the sphere due to this pair of charges is zero, ds shown
jn the previous article. The same is true of the pairs ¢; and — ¢y, g,

and — g;, etc. Consequently the potential of the sphere is ;
v=24, (31-2)

. ka , .

due to the image charge ¢, at its center alone.

~ Since equal charges of opposite sign are placed symmetrically
on the two sides of 4B, the potential of the plane is zero. - Con-
sequently, the capacitance of a sphere relative to an earthed plane is

C=%=xa{1+m+m‘+m’+2m‘+3m“+--- b (31-3)

Note that the capacitance of the sphere is increased by the proximity
of the plane.

The analysis above provides us at once with the solution of the
problem of two conducting spheres of the same radius @ a distance d
apart, the charge on the second sphere being equal but opposite in
sign to that on the first. The negatively charged sphere is indicated
by a broken circle in Fig. 55. 1ts potential is
: = ' (31-4)

ca '
The field on the right of 4B is the reflection in the plane of the. field
on the left. Evidently in this case the capacitance is half that
specified by (31-3).

Problem 31a. Show that the coefficient of induction is the negative of the
<capacitance (31—3).

Problem 31b. A sphere of 10 cm. radius is suspended 25 cm. above the
ground. Calculate the capacitance of the sphere relative to earth.
Ans. 1'39(10)~* farad. .

;32. Parallel Wires.—Consider two infinitely long straight parallel

s of radius @, shown in cross section in Fig. 56. We wish find
the field when one has a charge A per unit length and the other an
equal negative charge. Then we shall compute the capacity of the
one relative to the other. -

Begin by considering two parallel filaments intersecting the
plane of the figure ‘at O and Q and having charges A and — A per
unit length respectively. Evi- Y A r
dently the potential at a point i |
P due to them is not a function | 1«
of the coordinate z at right | |
angles to the plane of the figure.

Hence, it must be represented ] 2
by one of the cylindrical \ Of7
harmonics of Table II, article >
27. From symmetry it is clear A
that the potential due to each g ‘

filament i3 a function only of F1c. 56
the distance of P from the filament , therefore, we have

o

[« N

ec)
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Y - /s
V= 2:‘ oF 1 + .2:\ fog 17 >'=.f‘c log/ ~’r—,~-.-5‘ (32-1)
- N 2 .

This potential function makes the ‘potential zero midway between the
two filaments and satisfies the condition that the charges on the
filaments shall be A and — A per unit length. .

The traces of the equipotential surfaces are
St 1= 2rdcos 6 + g

I = )
Lo re nry o
. - g—
or : S

. d d
r? 4 2r cos'§ (in” . l)=m2 T @_f.__

where m is a positive constant which may assume any value between,
0and . .

Transforming to rectangular coordinates x = r cos 6, vy = r sin 6,
d \? 2 m?3d?
<x+mT- 1) TV 2 — 1y
d?
== ]: '_’ .
m-— ——
m
This equation specifies a family of circles, the right-hand member
representing the square of the radius: Evidently any two values of
m which are reciprocals yield the same value of the radius but
different positions of the center. For m > 1 the center of the circle
is at a distance d| (m* — 1) to the left of the origin O. As this is less
than the radius md| (m* — 1), the curve encircles 0. On the other
hand, for m < 1 the center is at a distance to the right of the point
Qequaltod/ (1 — m?) — d =m3) (1 — m?. As this is less than
the radius md| (1 — m?) the curve encircles Q. The set of circles.
surrounding Q are separated from those surrounding O by the straight
line AB obtained by making m = 1.

As the equipotential surfaces are cylinders of circular cross
section, we may take the two of radius « as the surfaces of the wires,:
transferring the charge on each filament to the surrounding cylindrical
surface and annulling the field inside.

Let m, be the value of m greater than unity corresponding to-

the left-hand wire, and m_ = 1jm, the valuc of m less than unity
corresponding to the right-hand wire. Then
e . m,d m_d

m2—1=1—m2:?"
Now if b is the distance between the axes of the two wires
d d

‘_(r‘_nif-fl)d =('f_+_m_2\/
\ m&”'—l l__m‘dﬁ
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Hence, eliminating d, we find
b

m2® — g Mt 1=0, (greater root),
m_2% — ~Z—m_ +1=0, (lesser root),
which give
m,=b+ v b —4a®
2a
m_ = b.:._l/. _b:_:_ég_’.
2a
:Since the potential of the positively charged wire is

’f;.:»= 2:— loglm:‘

and that cof the negatively charged wire is
22
V_= - log m_

‘the difference of potential is

V,—V_= 2 log 2 i'—‘{;bg—:—'*f: (32-2»
— G- K b — \/ b: — 4 a’ 2
.and the capacitance per unit length, '
)
" K
— e — =T T 2-
Si V+ _ V_ b + \/b" —_ 402 (3 3)

— 2 lo,

We have noted that the median plane 4B is an equipotential
surface of zero potential. Therefore, we might have transferred the
charge — A per unit length on the right-hand filament to a conducting
plane placed so as to coincide with 4B, wiping out the field to the
right of the plane. This device enables us to calculate the capacity
of a horizontal wire relative to earth. If # = b/2 is the elevation of

the axis of the wire,

V, = 2 log h + v —a R
K a .
and the capacitance per unit length is
14
C= 3 = : . (32-4)
V 2 __
* 2log h_-:!»_\/lz e

Problem 32a. A horizontal wire of negligible radius with a charge A per
unit length is suspended at a height h above the surface of a conducting plane.
Find the potential as a functien of r and @, where r is the distance from the
wire and @ the angle with the downward drawn vertical, and find the charge

per unit area on the surface of the plane.
Ah

A h h?
Ans. »;-log ( 1-4 —}—cosa+4}~,->, =T
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Problem 32b. Find the force per unit length between the two wires of
2A2

xd”
Problem 32c. What is the capacitance per unit length of a wire of 5 mm
diameter ga) relative to a parallel wire at a distance of 13 mm, (b) relative to

an earthed plane at the same distance ? Assume & = 1. Ans. (a) 1.73(10)—1
farad/meter, (b) 2.38(10)~™ farad/meter.

Problem 32d. A wire of 3 mm radius is 5 mm from an earthed conducting
plane. When the wire is raised to a potential of 1000 volts what charge is

induced on the plane per unit length of the wire? Ans. - 0.506(10)~?
coulomb/meter.

Problem 32¢. Find the capacitance per unit length of two parallel wires
-of radii @y and a, respectively, whose axes are a distance b apart.

article 32. Ans. —

b 3
Ans. 2 log AP = (4~ at) + Vb - e+ a) + (ot - g
as[b?* + (ai® - @) - \/ B - 2b%(ar® + agf) + (a1? - ag?)%]

33. Conjugate Functions.—An electrostatic problem in which the
potential is not a function of one of the rectangular coordinates, say
, is called a two-dimensional problem. In such a case Laplace’s
sauation (256—2) reduces to
3V | oV
axt T Tk 0. (33-1)
‘Ve have seen how to solve such a problem in the case where V is
c«pressed in_polar coordinates r and 6 by the use of cylindrical
harmonics. Now we shall consider a more general method involving
wvhat are known as conjugate functions.

Let z represent the complex quantity
zZe==x + iy,
“vhere i s /" — "1, To distinguish complex from real quantities we

shall use black face type to designate the former. A more detailed
discussion of such quantities is given in article 112.

Consider any function of z such as F (z), and let g (x, y) and
"1(x, y) be respectively the real and the imaginary parts of F(z), so
+hat

F(z) = F(x + iy) = g(x, y) + ih(x, y).
'he functions g and & are called conjugate functions of x and y.

Now *
oF _dF o°F _ d'F
ox — dr ox2 T dz®’

oF . dF *F _ _d°F

1 (33-2)
o =1 |

w0 T T
Therefore d d

0%F = 0°F *F *F
S0 any, function of the complex variable x + iy satisfies Laplace’s
equation (33-1) for two dimensions. Consequently, the 'real pdit
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g(x, ) of F(z) must satisfy Laplace’s equation and the same is true
for the imaginary part h(x, y). Hence, either the real part of F(z)
or the imaginary part may be taken as the potential function in 2
possible electrostatic field.
From (33-2) we have
- oF _ i oF
o v " x’
and therefore
og , . oh _ . rog . oh
o Tiay =i(o i)

So, as g and h are real functions,

og _ _ oh oh _ og
oy oy’ oy T ax’
and .
og oh
c- -3 =
oy 0x
Now consider the two families of curves
g(x, y) = constant,  h(x, y) = constant
The slope of the tangent to a curve of the first family is
(34
d_)_’) _ _ ox
dx/, Qg’
a9y
and that to a curve of the second family is
oh
dy) _
dx/n oh
oy

But (33—4) states that the one slope is the negative reciprocal of
the other, that is, that the two families of curves intarsect orthog-
onally. So if cne family represents the traces of equipotential
surfaces on the XY plane, the other represents lines of force.
Problem 33a. Show that the function
F(z) = (z +iy)n = (re’O)n.

leads to the cylindrical harmonics of article 27.

Problem 33b. Show, by finding the function conjugate to log r, that the
equation of the lines of force between the two wires of artticle 32 is

@’ — @ = constant,

where §’ is the angle which 7 makes with the X axis.

34. Examples of Conjugate Functions.—We shall consider &
few examples of the use of conjugate functions which are of practical
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interest.

Field Due to Two Conducting Planes Intersecting at Right
Angles.—The function of the complex variable z needed for the
solution of this problem is

F(z) = A(x + iy)* = A(x® — »?) + 2i4xy, (34-1)
where we choose for the potential function the imaginary part,
V= 24xy. : (34-2)

The equipotential surfaces are the e
equilateral hyperbolic cylinders whose
traces are shown by full lines in Fig.
57. The conducting planes, which
coincide with the XZ and YZ coordi-
nate planes are at zer o potential. The
equations of the lines of force are the
hyperbolas,

x% — y? — constant, (34—3)
shown by broken lines in the figure.

The components of the electric
intensity are

Ez=—g:=—2Ay,
oV ’ (344)
E, =~ "~ = — 24x.
v oy

If a dielectric of permittivity x occupies the region which contains
the field, che charge per unit area on the XZ pl;ne is
oV «

o = G(ay )v=o =— g %, (34-5)
with a similar expression for that on the YZ plane. The density
of charge, then, is zero along the line of intersection and increases

: linearly with the distance
from this Jine. If A is posi-
tive, the charge on the
conducting planes is negative
since the potential increases
as x and y are made greater.
The lines of force are
directed toward the planes
and terminate on negative
charges on their surfaces.

Field at the Edge of a
Conducting Plane.—For this
case the appropriate function

18
F(z) = {A(x + iy)}1"?
= g(x, y) + ih(x, y).. (34-6)
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Therefore,
Ax = g* — B8, Ay = 2gh,
and, choosing ‘A(x, y) for the potential function ¥V, we get, on
eliminating g(x, y),
A%y = 4V2 (Ax + V). (34-7)
The equipotential surfaces are parabolic cylinders as illustrated

in Fig. 58, the positive half of the X axis being the trace of the
conducting plane, which is at zero potential.

To get the charge per unit area differentiate (34-7) partially
with respect to y. Then
oV _ Ay AyEx+
oy~ 4V(dx + 2V¥ " 2(dx + 2V?)
on eliminating y by means of (34-7), Putting ¥V = 0 i8 equivalent

to making y zero, so
e sV A
- 47(37)“ o 81r x (34-8)

This gives the charge on one side of the plane only. The charge
density is infinite at the edge where the convexity of the su.rfa.ce

becomes infinitely great.



CHAPTER 1V
MAGNETOSTATICS

35. Attraction and Repulsion.—The use of a natural magnet
or lodestone to indicate direction at sea appears to have been
unknown to the ancients, but was certainly familiar to European
navigators at the time of the Crusades. As early as the thirteenth
century Peregrinus found that, if an iron needle is suspended at
different places above the surface of a lodestone and lines drawn
so as to have everywhere the direction assumed by the needle, these
lines converge at two points on opposite sides of the stone. These
points he named poles.

Little further progress was made until 1600 when Gilbert noted
that there are two kinds of poles, positive or north-seeking poles,
and negative or south-seeking poles, which are characterized by the
fact that like poles repel and unlike poles attract each other. He
also explained the action of a freely suspended magnet in assuming
a north and south orientation as due to the presence of poles in the
earth roughly coincident with the geographical poles. As the
north pole of a magnet turns toward the north, it must be attracted
by a south magnetic pole in the neighborhood of the north geogra.
phical pole and repelled by a north magnetic pole near the south
geographical pole.  Actually the earth’s magnetic field is better
represented by supposing it to be due to a comparatively short
magnet placed at the center of the earth along a line inclined 17° to
the geographical axis,

The early discoveries in magnetism may be summed up in the
two qualitative laws :

(I) Like poles repel, unlike poles attract.

(IX) The force between two poles decreases as the distance between
them is increased.

These laws are quite analogous to the corresponding laws for
electric charges given in article 1. There are, however, certain
fundamental differences between electric charges and magnetic
poles. In the first place, every .magnet is found to have equal
quantities of north and south magnetism. If, for instance, we
place a magnet on a cork floating on water, the earth’s field,
while it may turn the magnet, gives rise to no motion of translation.
This shows that the northward force on the north pole is just
balanced by the southward force on the south pole, and therefore
that the strength of the two poles is the same. Moreover, if a
needle, magnetized so as to have a north pole at one end and a
south pole at the other, is cut in two, we find that we have two
complete magnets, each of which has equal north and soath fFoles.
Therefore, it is impossible to isolate north and south poles on different
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bodies, as can be done in the case of electric charges of opposite

i This fact suggests that north poles and south poles are
merely different aspects of a single mechanism, rather than separate
entities. If we wish to deal experimentally with a north pole alone,
the best we can do is to employ a needle so long that the force exerted
by the south pole at the remote end is negligible in the neighborhood
of the north pole.

A second difference between magnetostatic and electrostatic
phenomena lies in the absence of conductors of magnetism. There
is no substance in which maguetic poles move under the influence
of magnetic forces with the freedom that electric charges move in a
conductor when subject to electric forces The poles in a piece of
very soft iron—which is the nearest thing to a conductor of magne-
tism—never move so far under the action of impressed magnetic
force as to annul the field in the interior of the body.

On the other hand there are many similarities between magnetic
and electric phenomena. For instance, an unmagnetized piece
of iron, when placed near a pole of a strong magnet, becomes magne-
tized by induction in the same way that a dielectric becomes polarized
when placed in an electric field.

Just as in electrostatics we are concerned only with charges
at rest in the observer’s inertial system, so in magnetostatics we
limit ourselves to a consideration of magnets at rest relative to
the observer’s reference frame. It is important to note that the
phenomena of electrostatics and of magnetostatics are quite distinct ;
no force is exerted by an electric charge on a magnetic pole when
both are at rest relative to the observer, and vice versa.

36. Molecular Theory of Magnetism.—The fact that two
magnets are produced by cutting a magnet in two indicates that
if the process could be carried far enough the ultimate particles of a
magnetic substance would be found to be themselves tiny magnets.
The molecular theory of magnetism, proposed by Weber and elabo-
rated by Ewing, accounts for many of the characteristics of magnetic
substances by attributing magnetic properties to' the individual
molecules or atoms. In an unmagnetized iron bar the elementary
magnets are arranged chaotically, so that in any small volume as
many have their axes pointing in one direction as in the opposite.

Therefore, the bar
as a whole gives
S>3 —=—=—s—) rise to no mag-
I3 40 . = 37> 2| netic forces at

=\

N S

outside points. If,
no;av, Nth(eF . nogté};
. e ig.

@ (b) gg a %trong

FIG"SQ . magnet is brought

near one end of the bar, the elementary magnets, represented by
‘arrows with heads at the north ends, experience a torque due to the
attraction of N for each south pole and the repulsion on each north
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pole. This torque tends to line up the elementary magnets parallel
to the axis of the bar. Each individual magnet, however, was in
equilibrium under the magnetic torques exerted by its neighbors in
the original chaotic condition. Therefore, the torque due to N is
opposed by these internal torques, and so long as the barisata
distance from N the elementary magnets are only partiaily lined up
as in (a). Nevertheless there is a preponderance of south poles at the
end s of the bar and of north poles at the end n, while in the interior
each mnorth pole is compensated by a neighboring south pole. Thus
the bar has become magnetized by induction with a south pole on the
end adjacent to N and a north pole on the farther end.

Further approach of N toward the bar increases the torques
exerted by the former on the elementary magnets, and they swing
more and more into line. At a certain distance a condition approach-
ing instability is reached, the internal torques becoming very small,
and the elementary magnets turning very rapidly as the distance from
N is decreased. If the strength of the pole N is great enough, a point
is finally reached where the molecular magnets are all in line, as
shown in (b). In this state the iron bar is said to be saturated. Since
the elementary magnets of which it is composed are completely lined
up, further increase of the magnetizing force cannot increase the
strength of the poles on its ends. «

If, now, the pole N is removed, the elementary magnets are no
longer subject to a torque due to external causes. They do not,
however, resume their original orientations, for now each is acted op
by a differsnt set of internal torques from that existing in the original
unmagnetized state. Instead the bar retains a certain fraction of the
induced magnetization, which, however, may be partially or com-
pletely destroyed by shaking, up the molecules, either by tapping the
bar with a hammer or by raising its temperature. )

Modern experiments show that actually the elementary magnets
under discussion are not individual molecules but rather groups of
molecules which act in unison. Each group constitutes a domain,
whose volume may be as great as (10)™®, cm3. Not only do the
molecules in a single domain, turn together, but the magnetic axes of
those in the larger domains, at least, reorient themselves abruptly
rather than continuously.

A graph showing how the degree of magnetization of the bar of
Fig. 59 varies with the magnetizing force exerted by the pole N is
given in Fig, 60. Starting with the bar in the unmagnetized condition
represented by the point O, we pass through the state a where the
magnetization increases very rapidly with increase of the magnetizing
force to saturation at b. Decreasing the magnetizing force to zero
the bar is left with a degree of magnetization represented by the
ordinate Oc¢. This ordinate is a measure of the retentiveness of the
bar. Reversing the direction of the magnetizing force and increasing
‘its magnitude brings us to the state d in which the bar has completely
lost its magnetization, and finally to the condition e of saturation in
the opposite sense to that previously existing. The mdgnetizing force
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Od necessary to demagnetize completely the bar is often referred to as
the coercive force. Continuation of the process takes us through the
points fand g to b again. The lagging of the magnetization behind
the magnetizing force illustrated by the curve is known as hysteresis
and bcefb is called a hysteresis loop.

- The preceding discussion applies to those substances known as
JSerromagnetic, that is, iron, nickel, cobalt and certain alloys. Another
class of magnetic substances, known as paramagnetic, exhibits similar
magnetic properties to a much smaller degree but does not show the
phenomena of saturation and of hysteresis in such fields as are

. available in the

Magnetization (1) laboratory. It is

b probable, however,

that such  sub.
¥ stances also would
y, ' become saturated
8 if subjected to

d , sufficiently large
0 z —T—  Iagnetizing forces.
/ Magnetizing  Finally, certain

Force (H) substances, when
acted on by

f a magnetizing

. force, become

e weakly magnetized
Fic. 60 in the opposite

sense to ferro-
magnetic or paramagnetic substances. These are said to be
diamagnetic. Thus a bar of diamagnetic material, placed as in
Fig. 59, would acquire a north pole at the end nearer to N and a
south pole at the opposite end. Although the molecular theory of
magnetism accounts satisfactorily for the general features of ferro-
magnetism and paramagnetism, diamagnetism is due to an entirely
different cause. Its explanation will be given in Chapter VIII,
article 84, where it will be shown that probably all substances are
diamagnetic, the diamagnetism of a paramagnetic medium being
masked by the very much more intense paramagnetism. An excellent
résum’ of the subject of magnetism is given by Bozorth.*

37. Coulomb’s Law. Consider two magnetic poles of strengths
m and m’ located at points a distance r apart. Doubling the pole-
strength m doubles the force on m’, for each half of the doubled pole
exerts the same force on m' as that exerted by the original pole.
Therefore, the force between the two poles is proportional to m.
Similarly it is proportional to m’. Consequently, the force between
two poles is proportional to the product of their pole-strengths.

When the distance between two point poles is changed, it is found
that the force exerted by either on the other is inversely proportional to
the square of the distance between them. This law was stated by

*Rev. of Mod. Phys. 19, 29 (1947).
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Michell in 1750, but it is usually attributed to Coulomb who put it on
a firm foundation by his experiments with the torsion balance in 1785,
These experiments are the same in

principle as those performed by the

same investigator in determining how : D

the force between electric charges varies
with the distance. A long magnetic
needle ns (Fig. 61) is suspended at its F
center of mass by the torsion fibre F of

the torsion balance. When the north

pole N of a second long magnet is /
brought up to a predetermined point in 8t— —In
front of the north pole n of the sus- N
pended magnet, the latter experiences

a torque and turns about the fibre as

axis. Since the fibre is rigidly attached

at both ends, the rotation of ns causes

it to twist. Next the drum D is turned

far enough in the opposite sense to bring S

the suspended magnet back to its Fic. 61

original orientation. The angle through

which the drum has to be turned is a measure of the force between
N and n in their final positions. By varying the distance between
the two poles the relation stated above is found.

In performing the experiment it is necessary to use.long magnets
so that the influence of the south poles s, S will be inappreciable.
Moreover it is important not to bring the two north poles too close
together, as each has a tendency to weaken the other by induction.
A more precise method of verifying the law of force, devised later by
Gauss, will be described in article 47. :

As the force ¥ between two point poles m and m’ varies directly
with the product of the pole-strengths and inversely with the square
of the distance r between them, we may write

L T (@1

a positive force indicating repulsion and a negative force attraction.
As we shall see later, the presence of a magnetic medium in the region
between the poles changes the force between them. So equation
(37-1) applies exactly only to poles in vacuo, although it may be
used for poles in air in all but very precise measurements,

Giving all the quantities in (37-1) the magnitude unity, we see
that this equation defines the c.g.s. unit of pole-strength as that qf
the pole which repels a like equal pole placed at a distance of 1 cm in
vacuo with a force of I dyne. Putting 1 gm cm sgec™2 for ¥ and 1 cm
for r we find 1 gm' '? cm?®/® sec™* for the c.gs unit of pole-strength.
This unit and all other units derived from the fundamental equation
(37-1) are known as electromagnetic units and are designated by the
abbreviation e.mu. Although the electromagnetic unit of pole-
strength has the same physical dimensions as the electrostatic unit of
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charge, thp reader must remember that magnetostatic phenomena are
quite independent of those of electrostatics, as pointed out in article 35.

38 - Magnetic Intensity and Potential.—In order to' explore a
magnetic field—that is, a region in which magnetic forces are acting—
Wwe may suppose a unit north pole of very small dimensions to be
carried around the field, all the poles producing the field being kept
fixed and of constant strength. The force experienced by the test
pole when at rest relative to the observer at any point in the field is
known as the magnetic intensity or magnetic field strength H at that
point. Since magnetjc intensity is a force it is a vector quantity,
its magnitude being measured in dynes per unit pole The electro-
magnetic unit of H is called the oersted. In fundamental units it is
1 gm'/2 em™1/2 gec™L.

The force ¥ on a pole of strength m placed at a point in a
magnetic field where the magnetic intensity is H is given by the
equation

¥ = mH.

If m is positive ¥ has the direction of H, otherwise the opposite
direction. The magnetic intensity at a distance r from a point pole
of strength m, which is obtained from (37-1) by making m’ unity, is

H="1 (38-2)

in the direction of the radius vector drawn from m.
The potential V at
a point in a magnetic
field is the work neoes-
sary to bring a unit
positive pole from out-
side the field up to the
point in question, all
the poles producing the
field being kept fixed
and constant in strength
Fic. 62 during the process. It
is equal to the potential energy of a unit pole placed at the point in
question and is measured in ergs per unit pole. It is identical with
the work done by the field on the unit positive pole as the latter
moves from the given point to infinity.

To calculate the potential produced at P (Fig. 62) by a point
pole m placed at O we shall compute the work done by the field on
a unit positive pole as it moves from P to infinity. Let PQ be the
path followed. At Q, the force is

H=-%
in the direction of the radius vector r, and the work done by the
field in moving the unit pole the distance d/ from Q, to Q, is

m m
-3 dI cosS a = —p- dr,
Na . re
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where a is the angle between H and dl. Integrating from rp to o,
the potential at P is found to be i p
® dr m ‘
Ve=m jrp-;, -z (38-3)
In the case of a number of point poles of strengths m,, m,, m, ...
at distances ry, ry, ry, ... from P, the potential is
=M M My = m
V= r1+ r,+r3 + ... = 5 (88-4)
and in the case of a continuous distribution of magnetic polestrength
consisting of p units per unit volume inside a volume t and o units
per unit area on a surface s, J i
pPax o
V= _[1- T j. r (38-5)
Evidently the potential in a magnetostatic field is a function only
of the coordinates of the point P at which it is to be evaluated and is
independent of the path along which the unit pole moves.

It follows from the definition of potential that the drop in
potential as we pass from one point to another is the work done
by the field on a unit positive pole as it moves from the first to the
second, all paths between the two points being equivalent... Since the
change in potential in going around a closed curve is zero, the net
work done vanishes when a unit pole traverses a closed path in a
magnetostatic field.

If two points P and Q are very close together, as in Fig. 63, the
drop in potential in going from P to Q is
Vp — Vg = — dV = H cos adl.

Hence, the comppnent of H in the direction of the displacement dl is
v y

T (38-6)
‘Since the left-hand side of this equation is greatest for a equal to
zero, the potential de- Y
creases most rapidly in

the direction of the

magnetic intensity.

H =Hcosa = —

Making dl in succes-
sion equal to dx, dy, and
dz, we find for the
rectangular components of

V -
Hy— — ch’ X
_ o -
oy’
14 Z
~ 9z (38-7) Fe. 63

Hy=

Hg=
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Similarly, if V is expressed as a function of the radius vector 7,
pol.ar angle ¢ and azimuth ¢, the components of H in the directions
of increasing r, g and ¢, respectively, are

_ oV _ 14 oV
H=—=% ®W=- 5 ¥sin 63"
Problem 38a. Three poles — m,2m, — m are placed on the Z axis at

distances -1, 0, | from the origin. Find the potential at a distance r from the
origin large compared with !, denoting the angle detween the radius vector and

Hy= — (38-8)

the Z axis by §. Ans. Zg? (1 -3 cos? §).

39. Gauss’ Law.—This important law is deduced for a
magnetostatic field in precisely the same manner as for an electro-
static field. Consider the closed surface s (Fig. 84) surrounding the
point pole m. The magnetic flux dN through the surface element 4B
of area ds is defined as the product H cos ads of the component of
H along the outward drawn normal n by the area ds of the element.
From (38-2) the flux through AB due
to the pole m is

dN = H cos ads = mds:;os;a.
But the solid angle* d§), subtended at
m by AB is
in - S22,
Therefore
dN = mdgQ,,
and integrating over the entire surface
) 7 the total outward flux is seen to be
Fic. 64
. N = 47m. (39-1)

On the other hand the net flux through the surface due to a
pole m outside (Fig 65) vanishes. To show this, describe a cone
of angular aperture d§}, with m as vertex. Then, if ds, and ds,
are the areas of the surface intercepted at P, and P,,

aq = ™ ,:;9_‘!; - d_s.z__»‘r’;ﬁ‘ as (39-2)
Taking these two elements of surface together, the flux through
them is :
: dN = H, cos (m — a;)ds; + H, cos auds,
= — H, cos a\ds; + H, cos a,ds,
ds, ;::)as ay + mcis, (;{: % _ o

*For the definition of solid angle see pag.e 14,
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on account of (39-2). As the entire surface can be divided into
pairs of elements subtending the same solid angle at m, the total
outward flux through it is zero, the inward flux through the nearer
side just annulling the outward flux through the more remote side.
If a number of point poles are present, some inside the surface s,
and others outside, the normal component of the resultant magnetic
intensity equals the sum of the normal components of the magnetic
intensities produced by the individual poles. Accordingly, if
my, my, mg, . . . are the point poles locatéd inside the surface, the
entire outward flux through the surface is

N=dnm +my + my + ...)dvSm, (39-3)

since the poles outside make no contribution. Furthermore, because
every magnet contains equal amounts of positive and negative
mmagnetism, a magnet entirely enclosed within a surface gives rise to

Fic. 65

no flux through it. Only when the surface cuts a magnet is the flux
of H different from zero. ,

If magnetic pole-strength is distributed continuously in the
volume t© surrounded by the surface s with a density of p units of
pole-strength per unit volume,

N == 41rJ'TPd-r, (39-4)

where the integral is taken through the volume 7 enclosed by the
surface s. ‘

 If we write for N the integral of the normal component of the
magnetic intensity over the surface s in accord with the definition of
magnetic flux, (39-3) and (39-4) take the forms

j H cos ads = 4wSm, (39-5)
8 -

and

J H cos ads = 4 j b, (30-6)
s . .
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- The use of lines of force in describing a magnetic field is very
convenient. These lines are drawn so as to have everywhere the
direction of the magnetic intensity, the sense of each line being
indicated by an arrowhead. A bundle of M lines of force, where M
is a large integer arbitrarily chosen, is known asa fube of force,
Lines of force are drawn in such density that the number of tubes
per unit cross section is everywhere equal to the magnetic intensity
H. By taking M large enough, the representation of a magnetic
field by lines of force may be made as nearly continuous as desired,
even in the case of a very weak field.

If, now, dN tubes of force pass through a small surface of area
ds at an angle a with the normal to the surface, the cross section of
the tubes is ds cos a and the magnetic intensity is

dN
H= -k cosa
or
dN = H cos ads.

But this is just the magnetic flux through ds. Therefore, the number
of tubes of force passing through a surface is equal to the magnetic
Jflux through that surface.

Lines of force are continuous in regions containing no maguetic
poles. To prove this, consider a tube bounded on the sides by lines
of force and on the ends by cross sections s, and 5s,. Evidently there
is no flux through the sides of the tube since these surfaces are loci
of lines of force. Therefore, the only flux is through the ends s, and
Sq- But as there are no poles in the section of tube under oconsider-
ation Gauss’ law requires that the flux out of one end must equal
that in through the other. Therefore, as many lines of force pass
out through one end of the tube as enter through the other.

By making m unity in (39-1), we see that the flux through a
small surface surrounding a unit north pole is 4w. Consequently, 4
tubes of force originate on every unit of positive magnetism. An
equal number terminate on each unit of negative magnetism.
Therefore, lines of force stretch unbroken from positive poles to
negative poles.

An equipotential surface is one all points of which are at the same
potential. Evidently the potential decreaces most rapidly in a
direction at right angles to an equipotential surface. Therefore, H,
since it has the direction of the most rapid decrease of potential, is
everywhere perpendicular to the equipotential surfaces of & magnetic
field, and as the lines of force have the direction of the magnetic
intensity they intersect equipotential surfaces orthogonally.

Problem. 39a A magnet is bent so as to bring the pole pieces opposite
and parallel to one another. the distance between the poles being small com-
pared with the linear dimensions ot their surfaces. If 6 and —& are the
magnetic pole- strengths per unit area, show that the magnetic intensity in the
space between them is 45 6.
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40, Magnetic Dipoles.—A magnet consisting of two equas
and opposite point poles ‘

a short distance apart
is known as a magnetic
dipole. Consider the
magnetic dipole consist-
ing of the poles m and
—m separated by the
distance ! (Fig. 66).
To find the magnetic
potential at a point P
at a distance r from the
center of the dipole
large compared with
its length /, we have

from (38-4) Fic. 66
y=m_m_ ..m m ml cos ¢
E— 2 .
o, —-é«cosa r + é—cos 0 r2 — -14— cos? g
So
ml cos 0
v= e,

as [? is negligible compared with r?. The product ml is called the-
magnetic moment of the magnet and is designated by py. Evidently
it is a vector, having the direction of the axis of the dipole. We shall
take its positive sense to be that from — m to m. In terms of its
magnetic moment the potential due to the dipole considered above is
cos 6
V= Pg?__. (40-1)
The components of the field in the directions of increasing r and
@ are obtained with the aid of (38-8) :

Ho = — 9V pmsing (40-2y
" ="%e~  ~

The lines of magnetic force have the same configuration as the-
lines of electric force in the field of an electric dipole, illustrated in-
Fig. 25. -

We have investigated the field produced by a magnetic dipole.
Y| . Next we shall consider-

H m mli the force and the

Mf,'_’ torque acting on a

H : > magnetic dipole placed
——X -mH in an external field H.

/m 1l m =m > To find the force
/g (a). (b) take the X axis (Fig.

67a) parallel to the axis
Fic. 67 of the dipole.  Then.



94 MAGNETOSTATICS

the X component of the force on the negative pole is
Fi: = — mH,,
whereas the X component of the force on the positive pole is

H

“The resultant force ¥, in the X direction is the sum of F¥,, and Fee.
In a similar manner we obtain the Y and Z components. Therefore,

we have
oH, oH, ?H.,
Fz'= Pm 5:, Fy = Pr '()_x”’ F: = Pm 8353 (40-3)

If the field is uniform, the components of H are constants, and the
resultant force vanishes.

The torque exerted on the dipole by the field (Fig. 67b) is due
to the couple consisting of the force mH on the positive pole and
—mH on the negative pole. As the lever arm of this couple is / sin
.a, where a is the angle between the axis of the dipole and the field,
the torque s

Lo = — mHlsin a = — pgH sin a, (40-4)
the minus sign indicating that the torque is in such a sense as to
decrease a. In other words the magnetic axis of the dipole tends to
turn parallel to the field.

To find the energy U of the dipole due to its orientation relative
to the lines of force, denote the magnetic potential at — m by V, and
that at m by V,. Then,

= - mVl + sz = — m(Vl - Vg).
But V; — V, = Hl cos a. Hence
U = — miH cos a = — pgH cos a. (40-5)

We shall see later that the properties of the elementary magnets
of which a magnetic substance is constituted are due to the presence
of moving electric charges rather than of actual magnetic dipoles.
Nevertheless, the external field of an elementary magnet, as well ‘as
the magnetic force or torque to which it is subject, is the same as if
it were an aggregatlon of magnetic dlpoles Consequently, we may
employ the expressions obtained in this article in discussing the
behavior of magnetized media, except when the internal structure and
the internal fields of the elementary magnets are involved.

Problem 40a. Two magnets of moments pH; and pH, are a distance r apart,
the axes of the magnets lying in the line joining them. What is the force
_ 6rH1PH

Problem 40b. The second magnet of the previous problem is placed with
its axis at right angles to the line joining the two. Find the torque exerted

by the field of each on the other Does the result constitute a violation of
the law of action and reaction ? Why ?

Ans, 2 qﬂ!-’f’ PHIPHs - N,

»

between'them ?~ Ans.

r
Problem 40c. Deduce (40-4) from (40-5).
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41. Magnetic Shells. - A magnetic shell is a thin sheet mag-
metized everywhere at right angles to its surface. The strength ¢ of a
shell is the magnetic moment per unit area of its surface. If, there-
fore the shell has a pole-strength ¢ per unit area on its positive side
and — o per unit area on its negative side, ¢ = ol, where [ is the
thickness of the shell. The importance of the concept of the magnetic
shell lies in the fact that the magnetic field produced by a current
circuit is the same as that due to a shell of strength proportional to
the current whose periphery coincides with the circuit. This relation
will be proved later. ,

Consider an element ds (Fig. 68) of the magnet shell 4B of
surface area s. This element is a small dipole with magnetic moment
Pr - @ds. The potential due to it at a point P is

dV_quscoso ¢ds cos a

re r
from (40—1). Now the solid angle subtended at P by ds is
d.Q, = "Zs (;:s a’

this angle being positive since the positive normal to the shell makes
the acute angle a with the radius vector. Therefore,

dv = — ¢dQ,,
and the potential at P due to the entire shell is
V= — j $ds.

Our chief interest is in shells of constant strength. In such a
<ase

V= —¢Q, (14-1)
where ), is the solid angle subtended at P by the entire shell AB.
Now £, is the same
for all shells having
the same periphery.
‘Consequently, (41-1)
tells us that all shells
of the same strength
and the same peri-
phery give rise to the
same potential and
therefore to the same
field everywhere,
except, of course, at
points in the interior )
of a shell. The shape - /
of the shell is S~—
immaterial, the peri- Fic. 68
phery and the
strength being the only determining factors.
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Let us calculate the work W done by the field when a unit
positive pole moves around the edge of the shell from a point D on
the positive surface of the shell to an opposite point C on the
nagative surface. If §¢ is the solid angle subtended at C and §,p

that at D,
W="Vp—~ Vo= ¢ (8o — Q)
While Q¢ is positive. § p, being the solid angle subtended at a point
on the opposite side of the surface, is negative. But, as the shell is
of negligible thickness, tue sum of the positive magnitudes of ¢
and §,p is a complete solid angle, that is, 4w. Hence,
W = 4ng. (41-2)
So far we have been considering the field produced by a magne-
tic shell. Let us next turn our attention to the effect of an external
field H on a shell of constant strength. If now a represents the
angle which the positive normal to the shell makes with the lines of
force, the energy of an element ds of the shell due to its position in
the field is
dU = — ¢ds H cos a

from (40-5). Therefore, the energy of the entire shell is
= — ¢J- H cos ads.
8

But.J. H cos ads is the magnetic flux N through the shell. Con-

sequeﬁtly,
U =—¢N. (41-3)

Let the shell suffer a displacement d£ under the action of the
field. If F¥g is the component of the force exerted on it in the direc-
tion of the displacement,

Fedé = — dU = ¢dN, (41-4)

since the work done by ¥ is at the expense of the energy of the shell.
So if the flux through the shell is expressed as a function of the
ooordinates specifying its position, the force exerted on it by the field
in the direction of d¢ is N

()

Fe=¢ 5 (41-5)

In like manner the torque £¢ corresponding to an angular
displacement dg is
: oN

o=9 3

From these expressions we see that the shell tends to move in
such a way as to increase the flux through it, the flux being reckoned
as positive when it passes through the shell from the negative to
the positive side. * The shell is in stable equilibrium in the position
in which the flux through it is a maximum. Furthermore, since the
flux through the shell is determined solely by its periphery, the

(41-8)
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energy of the shell and the force or torque acting on it depend only
upon its strength and its periphery and not upon its shape.

Problem 41a. A small magnet of moment pg with axis parallel to the X
axis is located at the origin. A plane circular shell of strength ¢ and radius
a is placed with its normal parallel to. and with its center on, the X axis a
distance x from the origin. Find the force on the shell,

6mPHa’x
e
Problem 41b. A plane <hell of area 4 is placed in a uniform field H with
its normal making an angle O with the lines of force. Find the torque, and the

pertod of vibration for the case where 9 is small. Denote the moment of
inertia of the shell by g,

Ans. -—

Ans. -HAg@sing, 27 \/H‘g$

42. Density of Pole-Strength in a Medium.— We have seen that
when a magnetic medium, such as a block of iron, is placed in
a magnetic field, the elementary magnets are subject to a torque
tending to line them up in the direction of the field. This gives rise
to an accumulation of poles in the interior of the medium. As we
can detect by ordinary instruments only the mean pole-strength
averaged over a region contaihing many elementary magnets, we
shall replace the distribution of pole-strength actually present by a
smoothed distribution and shall understand by the magnetic intensity
H in a medium the smooth field to which this smooth density of
pole-strength gives rise. In so doing we ignore the fact that the
magnetic properties of an elementary magnet are really due to mov-
ing charges, as pointed out in article 40, and that the internal field
due to these moving charges differs from that of the aggregation of
magnetic dipoles which produces the same external field. Hence H
in a magnetic medium is not the smooth value of the true field.
Nevertheless, we shall find that it is of fundamental importance in
describing the magnetic behavior of a medium.

We wish to find the pole-strength acquired by a volume element
At of dimensions ax, &y, az (Fig. 69) large enough to contain a
great many elementary magnets. Ags the elementary magnets turn,
pole-strength is acquired by a< F B
because of the passage of - poles . nly
through the surfaces bounding © /| /i
this volume. Let R, denote !
the mean displacement in the I
direction of the X axis of the
positive poles of the elementary
magnets in the neighborhood of
the face ABCD. Then all the y
positive poles in a layer 7 | /az
ABCDEFGH of thickness R, -V
pass into &t through the face D
ABCD because of the orienta- . Fic. 69
tion of the elementary magnets. If, then, m is the strength of each
positive pole, and # the number of elementary magnets per unit

(2N

A 18y
i
:
| C Ax

!
-r
|
|
]
|
|

n
/
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r~
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volume, the positive pole-strength passing into At through the
surface under consideration is

mmR, Ay Az,

Since we may suppose that each elementary magnet rotates
about its center, the mnegative poles suffer displacements equal and
opposite to those of the positive poles. Therefore, an equal negative
pole-strength passes out of A~ through ABCD from a layer of thick-
ness R to the right of this surface. So the net gain is

2nmR oy 0 2.

As R, is measured relative to the unmagnetized state of the
medium, 2R, represents the X component of the mean separation of
the positive and negative poles of the elementary magnets when the
medium is magnetized. Consequently, 2mR, is the X component of
the mean magnetic moment and 2nmR, the X component of the
resultant magnetic moment per unit volume. The magnetic moment
per unit volume is known as the magnetization* and is designated by
I' Tt is a vector in the direction of the resultant magnetic moment
of the elementary magnets involved. It has the same physical
dimensions as H.

Now

I; = 2nmR,,

and, when the medium is magnetized, the net increase of the magne-
tic pole-strength in A7 due to the passage of poles through the surface
ABCD is .

Layacz. (42-1)
Similarly the net decrease due to the passage of poles through the
right-hand face parallel to ABCD is

ol,

(Iz + 3 Ax) AyDz.

Subtracting this from the preceding expression, we find
oly

T oox

for the net pole-strength acquired in so far as the two faces perpendi-
cular to the X axis are concerned. Adding similar expressions for
the two remaining pairs of faces and dividing by the volume

£xA YAz of the region, we have for the magnetic pole-strength per
unit volume due to the magnetization of the medium

_ (2L ol ok _
Pr (—B_x 3y + a2z ) (42-2)
This expression is identical in form with (13-1), the magnetization I
taking the place of the polarization P of the electrostatic analog.

Since it follows from (42-1) that the pole-strength passing into
a region through a surface element is equal to the product of the

AXAYAZ

*This is preferred to the older term Intensity of Magnetization.



POLE-STRENGTH IN A MEDIUM 99

component of the magnetization along the inward drawn normal
and the area of the element, we can express the pole-strength
acquired by any volume t when the medium is magnetized as a
surface integral. Let ds be an element of the surface s enclosing
7, and B the angle between I and the outward drawn normal to ds.
Then the pole-strength passing into t© through the surface element
under consideration is — [ cos Bds and the net pole-strength acquired
by a volume T when the medium is magnetized is .

Mp = — L T cos pds. (42-3)

Although the charge M, is expressed in terms of a surface integral,
10 part of it need reside on the closed
surface s.

We can obtain the pole-strength per  \ ____.
unit area on the surface of a magnetized X
body by applying (42-3) to the surface In
of a short pill-box ABCD (Fig. 70) en-
closing an area As of the surface. The
base AB of the pill-box lies outside the
medium where I is zero, and the area of
the cylindrical portion of the surface may
be made so small that its contribution
to the integral is negligible. Therefore,
(42-3) reduces to the integral over the
base CD lying inside the medium. If, Fic. 70
then, o; is the pole-strength per unit
area on the surface of the body,

0,85 = — Icos Bas = [cos YaAs.

Now Icos y is the component I, of the magnetization along
the outward drawn normal to the surface. Consequently

O‘I = ln, (42‘4)

If I is perpendicular to the surface, oy = I. For example, in
the case of a uniformly magnetized bar, the pole-strengths per unit
area cn the ends are I and - I. If, however, the magnetization
is not uniform the surface distribution is accompanied by a volume
distribution in the interior of the body given by (42-2). To calcu-
late H in the vicinity of a magnetized body--whether outside or
inside the body—we must add to the field due to external causes the
field produced by the surface distribution (42-4) and-the volume
distribution (42-2).

Problem 42a In actual bar magnets the magnetization is less at the
ends than at the center on account of the demagnetizing effect of the poles.
Suppose that the magnetization in a bar magnet of length ! with its center
at the origin and axis parallel to the X axis is I=k(I2—x2). Find the pole-
strengths per unit area on the ends and per unit volume in the interior and
show that the total pole-strength is zero, Ans --§kI3, 2kx.

Problem 42b. A narrow slit is cut in a magnetic medium so that its

normal makes an angle ¥ with the magnetization I. Find the magnetic
intensity in the slit due to the magnetization. Ans. 4xI cos ¥.
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43, Gauss’ Law for a Magnetic Medium,—In magnetostatics
we have no entities corresponding to free charges in electrostatics.
Even the poles on the ends of a parmanent steel magnet are due
solely to the ovientation of the elementary magnets of which the
body is composed Therefore, & magnet, as well as a paramagnetic
fluid or solid which may surround it, should properly be treated as a
magnetic medium.

Applying Gauss’ law (39 5) to a closed surface which may
surround or cut through magnets which may themselves be immersed
in a paramagnetic medium,

j H cos ads = 4w3m.
8

Now the only poles inside the surface s are those due to the
magnetization of the media contained within this surface = The
quantity =m of this equation, then, is the My of (42-3:, and
consequently

J. (H cos a + 4nl cos B)ds = 0. (43-1)
8

If the surface s lies everywhere in the paramagnetic medium
surrounding the magnets under consideration, I represents at all
points of the surface the magnetization in this paramagnetic medium.
If, on the other hand, the surface s cuts a magnet, I represents the
magnetization in the magnet over that portion of s lying inside the
magnet.

The vector sum H + 4wl is known as the magnetic induction

B, that is,
B=H + 471 (43-2)

Evidently B has the same physical dimensions as H and I. Although
it is customary to distinguish B from H by calling the electro-
magnetic unit of B the gauss, nevertheless the gauss and the oersted
are given by the same expression in terms of the fundamental units.

As B is the vector resultant of H and 4wl, the component of
B normal to a surface element ds is equal to the sum of the normal
components of H and 4nl. So if the angle which B makes with
the normal is denoted by 7,
B cos Y = H cos a + 4wl cos B,
and Gauss’ law becomes

’ I B cos vds =0. (43-3)
8

If we define the flux of induction through a surface ds ss the
product of the component of B along the outward drawn normal
by the area of the surface, Gauss’ law (43-3) states that the
total outward flux of induction through any closed surface is equal
to zero. The electromagnetic unit of flux is known as the maxwell.

Lines of induction may be drawn in a magnetic field so as to be
everywhere parallel to B and in such density that the number of
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tubes of induction a tube being a bundle of a specified number
of lines—per unit cross section is equal to the magnitude of B.
The flux of induction through any surface is equal to the number
of tubes of induction passing through the surface, the proof of
this statement being identical with that of the corresponding relation
between flux of force and tubes of force considered in article 39.
If we consider a tube bounded by lines of induction and terminated
by cross sections s5; and s,, Gauss’ law requires that the flux out of
one end of the tube must equal that in through the other end.
Therefore, as many lines of induction must pass out of the one end
as enter the other. Tt follows that lines of induction are everywhere
continuous. They form closed
curves, never terminating. In
particular, lines of induction are
continuous when we pass from
one magnetic medium to another
or from the interior of a magnet
into the space surrounding it.
In empty space, B and H are
the same and there is no distinc-
tion between lines of force and
lines of induction.

In the case ofisotropic para-
magnetic media in such fields as

are ordinarily available, the state ®S

of saturation is far from being -m

realized and the magnetization Fic. 71

I is in the same direction as and proportional to the field H. Hence

we may write
I=¢egH, ’ (43-4)

the constant ey being known as the magnetic susceptibility. Therefore,
(43-2) gives

B = H + 4nl = uH, (43-5)
where the permeability p is defined by
pesl + dneg, (43-6)

Although & is constant for paramagnetic substances in available
fields. a general relation of the form B = xH holds only as a rough
approximation in the case of ferromagnetic media where, on account
of hysteresis, B is not even a one-valued function of H.

We are now ready to compute the field produced by a pole m
{Fig 71) located od the end of a long needle immersed in a para-
magnetic medium, such as oxygen. We shall suppose that the pole
of opposite sign is too far away to produce any appreciable effect in
the neighborhood of m. Describe a sphere of radius r about m as
<enter and apply Gauss’ law (43-3) to its surface Let B be the
magnetic induction in the surrounding medium and B’ that in the
needle NS. We have to evaluate the integral involved in Gauss’ law
in two parts, first writing down the integral over the portion of the
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spherical surface which lies in the paramagnetic medium and then
adding that over the portion of the surface which lies inside the
nltlaedle. If we denote the cross section of the needle by A, we have
then
: (4nr®* — A)B + AB’ = 0.
Since B’ = H’ 4 4w[’ in the needle,
(47r® — A)B + AH' + 4wAl' = 0.

Now the strength of the pole m on the end of the needle is equal,
by (42-4), to — AI', since I’ is measured as positive in the direction
away from N. So

4nr*B — A(B —H') = 4mm.

By making the needle thin enough, the term in A can be made
negligible. Hence ‘
47r:B = 4xm. (43-7)

As the left-hand side of this equation represents the number of
tubes of induction passing out through the portion of the surface of
the sphere which lies outside the needle, we note that 4w tubes of
induction must pass out from a unit positive pole into the medium
surrounding it. Since, however, tubes of induction are continuous,
the same number of tubes must pass into the unit positive pole under
consideration through the interior of the needle.

Replacing B by pH in the last equation, where u is the per-
meability of the surrounding medium,

m ,

H = art (43-8)
It follows, then, that the expressions (38-3) and (38-4) for the poten-
tial become

V=—- (43-9)
wre
and
V=132, (43-10)
ur

when the magnetic poles are immersed in a paramagnetic medium.

Just as in the electrostatic analog treated in article 16, a para-
magnetic medium in a magnetic field is subject to stresses due to the
forces acting on the elementary magnets. In order to apply the
formulas of article 16 to the magnetic case, it is only necessary to
replace D by B, E by H, and « by x. Thus the pressure in a para-
magnetic medium is

_pk=1 _ 1 — H? - .
= e H® = e {BH — H?} (43-11)

from (16-3), and from (16-7) the tension stress on a surface of the
medium Jying at right angles to the lines of force is seen to be
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p—1H?
Fo= g (43-12)
in terms of the field H, outside the permeable medium. The latter
should give rise to an increase in length of a solid paramagmetic rod
placed parallel to the lines of force, but the permeabilities of para-
magnetic media are so mnearly unity that this effect has not been
detected with certainty. On the other hand, ferromagnetic materials
exhibit a considerable change in length when placed in a magnetic
field, a phenomenon known as magnetostriction. The effect is,
however, often a shortening instead of a lengthening and is due to
mechanical stresses produced by the orientation of the elementary
magnets rather than to the magnetic stresses under discussion here.

To return to Fig. 71, suppose that a second magnetic needle is
placed with its positive pole m’ at P. For the moment let us consider
this pole to be a small sphere with the pole-strength distributed over
its surface in such a manner asto annul the field H in its interior.
This sphere constitutes the magnetic analog of an electrical conductor.
Hence, if we follow the line of reasoning employed in the latter part
of article 16, we have for the force between two point poles a distance
r apart in a paramagnetic fluid

mm’
J = prt . (43-13)

Problem 43a. Show that B inside a magnetic medium is the force that
would be experienced by a unit positive pole placed in a narrow slit cut so
that its faces are perpendicular to I, and that H is the force at the center of
a needle-like cavity cut with its axis parallel to I. (Kelvin's definition of
Band H)

Problem 43b. A long bar magnet is uniformly magnetized with magne-
tization I. Find B and H (1) just outside the positive pole, (2) just inside the
positive pole, (3) at the center of the magnet. Ans. (1) 2wl 2wl ; (2) 27I,
- 271 (3) 4n1,0.

Problem 43c. Near the middle of the magnet of the previous problem is B
the same at a point outside the bar as inside ?

Ans. No. (0and 47]).

44. Uniformly Magnetized Sphere.—-The field produced by a
uniformly magnetized sphere can be obtained easily by elementary
methods  Consider concentric
spheres of equal radius a one of
which has a uniform volume
density P of positive pole-
strength and the other an equal
volume density of negative pole-
strength. If the first is dis-
placed a small distance [
(Fig. 72) relative to the second,
every element of positive pole-
strength is displaced a distance /
from the negative pole-strength with which i¢ originally coincided,
forming therewith a magnetic dipole. By this displacement we have
arrived at a uniformly magnetized sphere of magnetization I = pl.

Fic. 72
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Now the field at outside points due to a spherical distribution of
pole-strength is the same as if the entire pole-strength were concentra-
ted at the center of the sphere. The proof of this statement foilows
from Gauss’ law in exactly the same manner as in the case of the elec-
trostatic analog treated in article 9. Consequently, the magnetic field
at an outside point P is that produced by a dipole of moment

Pr = §7a*pl = jwadl (44-1)
located at the origin. The potential outside the sphere is given by
(40-1) and the radial and transverse components of the magnetic
intensity by (40-2).

To find the field inside tho sphere we must remember that the
magnetic intensity at a point distant r from the center of a sphere
which has a uniform distribution of pole-strength is that produced
by the pole-strength inside a sphere of this radius. Following the

same method as was employed for the electrostatic
case in article 9, we have from (9-2)

M
{9 H = a3 r,
if we replace Q by the spherical pole M = §ma3p.
As H is directed along the radius vector. the vector
1 fields H, and H, due to the positive and negative
Fro. 73 spheres of Fig. 72 are proportional to the vector
fc. distances r, and r, (Fig. 73) from their respective
centers, the first being directed along r, and the second. since the pole
is negative, in the direction opposite to r,. But the vector sum of r,
and — 1, is — 1, the separation of the two spheres. Therefore, the
resultant field is in the Z direction and is given by
M 4 4
H¢=——a?l==~—-3~1rpl=— —3—171. (44-2)
This field is uniform throughout the interior of the sphere. Being
in the opposite direction to'I, it tends to weaken the magnetization of
the sphere. It is known as a demagnetizing field The presence of
the demagnetizing field means that the magnetization of an isolated
bar magnet of ferromagnetic material is always less than the retentive-
ness Oc (Fig. 60) which would represent the magnetization if no poles
existed on its ends.

The magnetic induction inside the sphere is
B; = H; + 4wl = §n], (44-3)
in the Z direction.

So far we have been considering a permanent magnet in the form
of a uniformly magnetized sphere, such as a spherical steel magnet.
Let us now consider a paramagnetic sphere of permeability p placed
in a uniform external field H, parallel to the Z axis. As the field
H, is uniform, the dipoles in the interior of the sphere will be in
equilibrium if the sphere becomes uniformly magnetized by induction
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80 as to produce a field of its own of precisely the same character as
that of the permanent spherical magnet just considered. The total
field is the resultant of H, and the field of the magnetized sphere.
‘The components of the latter at points outside the sphere are given
by (40-2). Therefore, the components of the resultant field outside
the sphere are

8 2
(Hyp)o = Hycos ¢ + 1:;:31 cos § (44-4)
in the direction of the rudiué vector, and
. dra’l )
(Hp)y = — Hysing + "9, Sin 9 (44-5)

at right angles thereto in the direction of increasing ¢.

Inside the sphere the field is in the Z direction and equal to the
sum of Hy and the internal field (44-2). Tt is
4
H; = H, - %" (44-6)
If we apply Gauss’ law in the manner of article 14, we find that
when we pass from one magnetic medium to another the components
of B normal to the surface of scparation and the components of H
parallel to the surface are the same in the two media. The proof is
identical with that given for the electrostatic analog in article 14, B
taking the place of D and H that of E.

Therefore, we have from (44-4) and (44-6)
87l . 4rxI
(Ho + 3—> cos @ =p(Ho — 3> cos §

for the normal components of B, or

3 p-1
I = Ar w2 H,. ‘ (44-7)
Equating the tangential components of H gives no new information
since an identity 18 obtained.

Equation (44-7), then, specifies the magnetization produced in
the paramagnetic sphere by the impressed field H,. The reader should
compare this result with that obtained in problem 28b for a dielectric
sphere placed in a uniform electric field.

Substituting (44-7) in .44-6) the resultant field in the interior of
the sphere is seen to be
3

(1= pg __3

H‘_(l p+2)H" B+ 2

which is less than H, if  is greater than unity, because the induced

poles on the surface of the sphere give rise to a field in the interior

opposed to H,, This field is the demagnetizing field. For the case
under consideration it is

.k
H; ‘L+2

~

H,, (44-8)

Hy=———1 (44-9)
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The ratio of the magnitude of the demagnetizing field Hy’ to that of
the magnetization I is sometimes called the demagnetizing factor. Our
analysis shows that its value for a sphere is 4x/3.

The magnetic induction inside the sphere is

(44-10)

which is greater or less than H, according as u is greater or less than
unity. Therefore, lines of induction are crowded together in a para-
magnetic sphere as illustrated in Fig. 52. In a diamagnetic sphere,
on the contrary, #'< 1 and the lines of induction are spread apart.
Problem 44a. Asa rough approximation, the earth may be considered

to be a uniformly magnetized sphere. If the horizontal tield strength at the
equator 1s 05 oersted, what is the magnetization? Ans. 0°12e m u.

Problem 44b A loug paramagnetic cylinder of circular cross section is
placed 1n a uniform magnetic field H, with its axis at right angles to the lines
of force. By the method of this article show that the magnetic induction in
the cylinder is

- 2~1~H0)
1+ g
and that the demagnetizing is 2.

Problem 44c. Solve the problem ot the paramagnetic sphere, treated in
this article, by the use of zonal harmonics.

45, Magnetic Shielding,—A sensitive magnetic instrument can
be shielded very effectively from outside fields by placing it inside
a cylindrical shell made of soft iron of high permeability. We shall
investigate the field in the interior of a cylindrical shell of constant
permeability placed in a uniform magnetic field at right angles to the
axis of the cylinder.

As the same inverse square law of attraction and repulsion holds
for magnetic poles as for electric charges, the magnetic potential in
a region containing no magnetie
poles must satisfy Laplace’s
equation (26-2) for the same reason
that this equation is satisfied by
the electric potential in a region
containing no electric charges.
Consider, now, an infinitely long
cylindrical shell (Fig 74) of inner
radius @ and outer radius b placed
in a uniform magnetic field H,
parallel to the X axis. Foll wing
. the same line of reasoning as in the
case of a homogeneous isotropic dielectric (art. 15), we conclude that
there can be no volume distribution of charge inside a magnetic
medium in which I is proportional to H. Consequently, we need three
solutions of Laplace’s equation: a solution V] to represent the potential
outside the shell, a second solution ¥, to represent the potential in
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the material of the shell, and a third ¥; to represent the potential
in the cavity. Evidently cylindrical harmonics are indicated, the
potential being a function of r and ¢ alone.

The boundary conditions to be satisfied are the following :
(a) For r very large ¥; must become —Hyx = — Hyr cos .

(b) At each surface of the shell the radial component of the
magnetic induction and the transverse component of the magnetic
intensity must be continuous as we pass from the outside to the
inside of the shell. .The latter of these two conditions is evidently
satisfied if the potential itself is continuous.

As the potential at infinity must be — Hy cos @, it is clear that
we are limited to harmonics involving only the first power of cos ¢.
Referring to Table II, page 64, we see that there are only two
cylindrical harmonics satisfying this condition and that the three
potentials must be of the form

Vi = - Hy cos g + B, (;OS 0’ w|

| :
Vy, = A,r cos g + gﬁ ‘;Oiﬁ, % (45-1)
Vs = Agr cos ¢, J

where we have omitted the term in 1/r from V¥, since its presence
would make the potential infinite at the origin,

In order that V; = V, for r = b, it is necessary that

—Hb® + B, = Ab® + B, (45-2)
and, in order that V, = Vg forr = a,
A,a® + B; = Ajad. (45-3)
. Continuity of the radial component of the magnetic induction
pHy = — p aal_:
at the outer surface requires that
Hyp® + B, = b (—Ab* + By), (45-4)
and at the inner surface that
B (— Aga® + By) = — Agt. (45-5)

In equations (45-2) to (45-5) we have four relations from: which
we can eliminate By, 4,, B, so as to find 4, in terms of H, Putting
the value of Ay so found into the expression (45-1) for V,

Vo= — - —4’-'72 Hgyrcos 6.,

~ (b4 1® = G5 (= 1P

The ratio of the field Hj existing before the introduction of the
shell to the uniform field .
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_ __‘ 3!3 — _4#'
Hy =~ % N
(n+ 12—y, (@ — 12
in the cavity is called the shielding ratio. It is
g=t = bl =% -1y
Hy = ap Y b
1 (p — 1) a?
=1+, " . (1= 4)- (45-6)

If the permeability of the shell is large compared with unity, as
in the case of soft iron where it may be several hundred, the shielding
ratio is given very closely by

1 a?
=4 H ( 1 - b2‘>
= 4“:b= [m(b —a?)). '(45-7)

Since w(b* - a?) is the cross section of the cylindrical shell, the
shielding ratio for a given amount of soft iron is greater the smaller
the outside radius b.

The effectiveness of magnetic shielding is somewhat increased by
using several coaxial cylindrical shells with air gaps between. Wills
has analyzed the case of three such shells and finds that for a given
amount of iron the most effective arrangement is that in which the
radii of the successive surfaces form a geometrical progression.

Problem 45a. A cylindrical shell made of iron of permeability 300 has
radii of 4 cm and 5cm. What is the shielding ratio? Ans.

Problem 45b. Find the radial and transverse components of the magnetiza-
tion inside the cylindrical shell of this article for u large. Sketch roughly the
lines of induction

a? a?
H, 1 r H, 1+ ¢

Ans. 52 ——5cosf, -3 -- sin
21r1__a 21"’1_.“1

46. Energy in the Magnetic Field. —Since any system of magnets
may be built up of magnetic dipoles (art. 40), a certain amount of
work being performed in the process, it is evident that such a system
has a potential energy associated with it. That is. during the

m, establishment of the given configuration

an amount of energy is storel which may

m, be obtained again on scattering the
magnetic elements to infinity. As ‘n the

2 case of charged conductors (art 21), it is

the final state of the system that deter-
mines the potential encrgy We may build

-m, -m, UP the system in any manner convenient

~my for calculation For simplicity let us
consider the case of k long thin fixed
k m magnets (Fig. 75) immersed in a medium

k

of permeability u, the pole-strengths being
Fic. 75 my, — my. m,, — my, ... mp, —my  These
poles are built up by bringing small incre-
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ments from infinity in such a way that at any instant all poles are in
magnitude the same fraction of their final values. That is, during
the building process the pole-strengths are — am,;, am,, — am,,
and so on, where a varies from 0 to 1. Furthermore, under the
above conditions the potential at every point varies in the same way
as the pole-strengths. Thus, if V is the final value of the potential
at any one of the poles m, the potential is a7 when the pole-strengtn.
is am. This follows at once from (43-9). A single step in the
magnetizing process consists of increasing every pole em by an
amount mda, since by so doing all poles are kept the same fraction
(¢ + do) of their final value. By definition the potential at a pole
is the work donc against the magnetic forces in bringing a unit
positive pole from infinity. Hence, the work done in the step des-
cribed above is given by

dU = smVada = adaSmV,

the summation being taken over all poles, positive and negative,
with appropriate sign. Thus the potential energy of the final
configuration is

U= | j: ada | smV = ysmV. (46-1

The location of the energy is to some extent indeterminate, as is
also the case with electrostatic energy (art. 21). However, when
there is a permeable medium present some of the energy at least is
distributed through it, on account of the induced magnetization. It
is convenient, therefore, to consider all the enecrgy as distributed
through the medium, even when the latter consists only of free space.
This may be done by observing that the tubes of induction, which
are continuous, pass through the given point poles to the number
of 47 per unit pole, as shown in article 43 Consider the portion of
a tube of induction running from 1/4w of a unit pole on the positive
end of some magnet through the permeable medium to — 1/47 of a
unit pole on some negative end. Evidently the energy which is
associated with it is

2(n)Ve 3 (=4,) ¥
- gl; (Va — Vo)— 81;]': Hdl, (46-2)

where ¥V, and V) are the potentials at the beginning and end of the
section of tube considered. This energy we may distribute along the
tube as we choose. The simplest way is at the rate of H|87 ergs per
centimeter at every point along the given section of tube. Since
there are B tubes per square centimeter of cross section (art 43),
energy is distributed through the field in the amount of BH 8w ergs
pe:d cubic centimeter. Replacing B by #H we have for a paramagnetic
medium

- d‘r,‘ (46-3)
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where the volume integral is taken through all space, since the
excluded volurne occupied by the long thin magnets is negligible.

The distribution of energy specified in (46-3)is an arbitrary
one, since we may add to uH?8w any function whose integral through
space is zero without changing the total energy. It is, however, the
most reasonable distribution, as it is everywhere positive, Using
(43-5), we have ;

BH H®* 1

o = st IH, 46-4)

the term involving I representing the energy per cubic cenfimeter
assignable to the permeable medium.

If some part of the magnetic system, say one of the fixed
magnets, is allowed to move a distance d¢ the force is, as in (41-4),

U
Fe = — _aa_{. (46-5)
-, the torque corresponding to an angular displacement dg is
oU .
= - 9 46-6
£o % (46-6)

~
.  Problem 46a. A fixed magnet of large cross section and uniform magneti-
zation I, is bent around until 1ts pole faces are parallel, with a separation d.
These pole faces are planes perpendicular to the direction of magnetization.
Between the faces is a plate of soft iron of thickness t and permeability 1. It
is withdrawn until only a length x remains between the poles. Find the force
per centimeter of width tending to draw theplate back to its. original

‘position.
AnS- 271‘10.t #’,l' e

47. Magnetic Tnstruments
and Measurements. — One
of the most useful magnetic
instruments is the magneto-
meter (Fig. 76). It appears
in a variety of special
forms but consists essential-
ly of a small magnet sus-
pended by a long torsion-
less fibre in a non-magnetic
case attached to the base
of which are two horizontal
arms. with sliding cradles.
In these may be placed
small auxiliary magnets
which deflect the suspend-
ed magnet from its normal
equilibrium position in the
magnetic meridian - of the
earth’s field. The suspended
system usually carries a
small mirror, so that the
Fie. 76. _ deflection may be observed
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by means of an external telescope and scale, or some such device.

To measure the horizontal component H, of the earth’s field, we
first determine the magnetic meridian and set the arms in a direction
perpendicular to it. A small magnet M of unknown moment pg
(Fig 77) is placed in one of the cradles with its axis perpendicular
to the meridian and ijts center a distance d from the center of the
suspended magnet M’ whose moment is pg’. The movable system
is deflected through an angle a. Let H, be the field of M at the
center of M’. As M’ is very short the variation of the field over

the region occupied by M’ may be neglected. Then a is determined
by the equation

Pa'Hp cos a — pg'H, sin a = 0, (47-1)

obtained by equating the resultant torque on M’ to zero. If M is

so small that it may be rcgarded as a magnetic dipole at distance d,
then, by (40-2),

2
H m = 55, >
and (47-1) reduces to
3
—’;}’ - i) tan a. (47-2)
A 2
In order to eliminate the unknown py, we must find another rela-
tion between pgy - North

and H,. This is ]
conveniently :
done by sus- L
pending M in i
the earth’s field I
and allowing it L :
to oscillate in a d >
horizontal plane ———
about a vertical M

axis passing
throulg;h its cen- Fic. 77

ter of mass. A torsionless fibre is used, and the oscillations are so
small that the motion is effectively simple harmonic. The equation
of motion is then

d?
g "aif“= — paH. 0,

where J is the moment of inertia about the given axis, and ¢ is the
angular deflection. The period is given by

Py = 27/\/}’ o{g B (47-3)
HiZe

Eliminating pg between this equation and (47-2) gives

=2 2y 47-4
He P, dStan a *7-4)
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Evidently we may eliminate H, and obtain

pg = 27 [dd tana (47-5)
P- 2

Unfortunately in practice the value of g is usually too small for

accurate measurement if d is made so large that the length of M is

negligible. In fact, the ratio of these quantities is rarely as great as

ten. Hence we require a more accurate expression for Hy, Referring

againdto article 40, we see that if we do not neglect /2/4 in comparison
with d?,

o ml 2mid . 2pgy 12
Hn == % (r,“_' 1=_) ] = (‘—12‘:‘ ,r>-f.» = T gq0),
4 r=d 4‘
where [ is the distance between the poles of M, a quantity in general
slightly less than the geometrical length of the magnet. Equation
(47-2) is now replaced by
Pu 2 ds
H,( 1 *og )= 9 tan «a. (47-6)
As [ cannot be measured exactly, it is eliminated by making
two sets of observations. Thus let a, correspond to d,, and a, to ds.

Then ]
Pu 2 d,®
,6( 1+2 !-12> = 5" tan a,,

Pu I2 d;?

i Ltage) = 5 tanon
and, on eliminating /2,

pg_ dftan e, — d; tan e,

H~  2df-d? (47-7)
This last equation is used with (47-3) to obtain H,.

In order to avoid errors due to lack of magnetic and mechan-
ical symmetry, the auxiliary magnet is turned end for end and then
transferred from the west arm to the east arm and the process
repeated The mean of the four observations gives the value of a to
be used. Also, care must be taken that the magnetometer fibre is
really torsionless, or that the effect of any existing torsion is
removed by turning the upper end of the-fibre through the same
angle as the lower for each deflection. In the Kew method of
making the observations this result is obtained automatically by
rotating the entire instrument.

Similarly, in the oscillation observations various refinements and
corrections are necessary. For example, the period can be deter-
mined accurately only by observing the time for a large number of
vibrations. Because of the mechanical damping, the initial amplitude
must then be too large strictly  to satisfy the condition for simple
harmonic motion. If P is the average period determined for 100-
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vibrations, say, and §,, 6, are the amplitudes in radians at the
beginning and the end of the interval over whick P is determined,
then approximately

P,=P ( 1— quz') : (47.8)

provided the difference between §, and ¢, is small compared with
either of these quantities. Corrections for temperature effects,
residual torsion in the fibre, and variation of pr due io H, are of
somewhat less importance. For a description of these the -reader is
referred to a more elaborate discussion of magnetometer measure-

ments. (See, for example, Glazebrook : Dictionary of Applied
Physics, Vol, 11, p. 532 ff.)

It is interesting to note that Gauss used the magnetometer to
demonstrate the validity of the inverse squaro law (37-1). Consider-
ing the arrangement shown in Fig. 77, we obtain

pn __ d® .
He = 2 tan a, . (47-9)

as has been shown. Suppose now M is turned end for end and then
moved parallel to itself in the horizontal plane until its center lies in

the meridian at a distance d again from the center of M. Then, by
(40-2), :

Ha = 1,
and :
__Z? = d®tan a’. (47-10)
Thus,
e

On the other hand, it
may be shown that if the
force  between magnetic
poles varies as 1/r* we must
have

tan a =n
tano’”

As the ratio of the tangents
is found experimentally to
be 2, the inverse square law
is confirmed. |

Another instrument of

‘ use in the measurement of
L Fic. 78 terrestrial magnetism is the
dip-circle (Fig. 78). It consists of a light magnetic needle arranged
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to rotate about a horizontal axis through its center, and a circular
scale over which the ends of the needle move. The axis of rotation
being set perpendicular to the magnetic meridian, the needle assumes
a position tangent to the lines of force of the earth’s field. The angle
which the needle makes with the horizontal, that is, the angle of dip,
is determined from the position of the ends of the needle on the scale.
As in the case of the magnetometer, various precautions are necessary
to avoid errors due to lack of mechanical and magnetic symmetry in
the instrument. A detailed discussion of the dip-circle is given by
Glazebrook in the article to which reference has been made.



CHAPTER V
STEADY CURRENTS

48. Current and Electromotive Force.—A free charge placed in
an electric field experiences a force and moves under the influence
of this force in accordance with the usual laws of mechanics. Let
us place a conductor in the field. As the conductor contains a great
number of free charges and as the field, initially at least, penetrates
into its interior, a flow of electricity takes place. If the conductor
is isolated, the charge soon distributes itself in such a way as to
make the field within the conductor everywhere zero, and motion
of charge then ceases. This static state is considered in earlier
chapters, and we are not concerned with it here. If, on the other
hand, the conductor is connected to reservoirs which supply or
absorb charge as required to maintain the original electric field,
charge passes continuously through the conductor. As there can be
no continual accumulation of charge at any point along the conduc-
tor, the amount of charge passing per second is the same for every
cross section which cuts all the lines of flow. Moreover, although
each free charge is continuously accelerated by the field, it progresses
through the conductor at a constant speed on the average because
of the mechanical retardation it experiences from frequent collisions
with the atoms of which the conductor is composed. The total
charge passing any cross section per second is the electric current in
the conductor. We will denote it by i. Suppose the conductor is
a wire of cross section 4. Let dq be the charge passing through
this cross section in time df. Then if there are n free charges per
unit volume, each with charge e and average speed of progression
v, dg=Anevdt. Consequently,

. dq

= = —=Anev. 48-

- nev (48-1)
‘The current j per unit area of cross section, called the current
density, is given by

jm= IA = nev. (48-2)

The positive direction of the current is that of the electric field,
the direction in which positive charges tend to move. As the freb
-charges in a metal are electrons, with e=—4.80(10)% es.u., the
actual direction of flow in a metallic conductor is opposite to the
«eonventional direction of the current.

Evidently the magnitude of the current between two points
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depends on the nature of the conductor and on the forces which
urge the free ocharges through it. The cffect of such forces js most
easily calculated in terms of the work performed per unit positive
E charge. This quantity is called

the electromotive  force,  often

abbreviated c.m.{’, and is denot-

P ) ed by & Thus, suppose a unit
dl Q positive charge moves along some

. path from Pio Q (Fig 79 in a

Fic. 79 field of force, 1f E is the magnitude

of the force per unit positive charge, and a is the angle which the
force makes with an element dl of the path, we sce taat

Q
& E! E cos adl, (48-3)
r
for this is the work done by the field on the unit charse.

The total force per unit charge may be due to any one or to
any combination of several types of force. If E represents an
electrostatic ficld E,, with which we are already familiar, the mtegral
of (48-3) is identical with the potential drop from P to Q as defined
in article 7 and is therefore independent of the path. With other
types of force, which we shall study later, there is in general no
definite potential difference between the two points, that is, the
integral is not independent of the path  Therclore, 1o include all
cases, we must define the e m.f. from P to Q along a given path as
the work done on  the unit charge when it moves from P to Q by
that path.

We are usually interested in the eleetremotive force around a
complete circuit.  Let a; be the angle which an electiostatio field
E, makes with dl. "~ Since the integral of E, cos a,di along any path
is the potential difference Vp— Vg of the end points, its value is
zero when these points are brought together {o form a circuit. In
this case. then,

g= f E, cos agdl = 0, (48-4)

where the symbol $ indicaies integration around a closed path.
Tt is, therefore, clear that no static distribution of churge cun produce
an e.m f. around a circuit, a fact important in circuit theory. In
general, however, the electrome« tive foree

6= f E cos adl (48-5)

around a circuit does not vanish but depends on the path followed.

We have previously defined the electrostatic unit of charge and
the practical unit or coulomb. Each of these gives rise to a unit of
current, The practical unit, that is, a coulomb per sccond, is called
the ampere. 1t is evident from the relation between the units of
charge given in article 25 that the ampere is 3(10)° e.s8.u.*

*More accurately 2.998(10)° ¢ s.u,
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As we shall see later, a current gives rise to a magnetic field.
Because of this ficld, a coil of wire carrying a current excrts a torque
on a magnet and vice versa. ' If one is fixed and the othor suspended
so that it may rotate, we have a means of detecting and measuring
current. Current indicators of this type are called galvanometers.
A complete description of such instruments is deferred until a study
of electromagnetism is made. Some important applications of the
galvanometer are given, however, in connection with various electrical
measurements described in this chapter.

49. Metallic Conduction and Ohm’s Law.—Let us now examine
the mechanism of conduction in solids, that is, in metals, as all good
conductors are metals. We picture the interior of a conductor as
a three-dimensional lattice of atoms with free electrons moving about
between the atoms and colliding frequently with them. As the
effective radius of an atom is of the order of (10)™8 ¢m, while that
of an clectron is of the order of (10)713 cm, we may neglect the
collisions between electrons and atoms. The atoms vibrate about
their equilibrium positions, and the clectrons move, with a mean
encrgy determined by the absolute temperature.  Tn fact, the atoms
have the usual thermal agitation of any solid, while the electrons
collectively behave like a gas at the temperature of the conductor.

As long as no external field is applied to the conductor, the
average ficld in the interior is zero, since there is as much positive
charge as negative in any small volume. Therefore, there is on the
whole no motion of free charges through the conductor. Tf now we
apply a ficld of intensity E. cach charge experiences an acceleration
of magnitude ¢E/m. where m is the mass of the charge. This super-
poses on the random thermal motions of the charges a general drift,
which constitutes the current. The drift vcloc-itvy' is small compared
with the thermal velocitics, so that the two motions may be treated
as independent. The mean free time tr between successive collisions
of a free charge with some atom is thus determined by the structure

of the conductor and the temperature, but not by E.

We may now calculate the mean drift velocity and hence the
current. Between collisions the drift velocity is increased on
the average by the amount (eEjm)tr. The ecffect of each collision,
however, is to restore the random thermal distribution of velocities,
that is, to reduce the drift veloeity to zero, Thevefore, the mean
drift velocity v is given by

0+ Cf)' _1eE

V= 2 2mtf’

and, from (48-2),
. _ rhetty -
J"‘\2m>E' oD

Defining the electrical conductivity o as the current density produced
by a field of unit strength, we have
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_ J _ nety
C=F = om- (49-2)

Under all ordinary conditions the conductivity is a characteristic
of the conducting substance independent of j or E. It does, however,
vary with the temperature. According to the kinetic theory of gases
ty is inversely proportional to the square root of the absolute
temperature. Experimentally it is found, however, that ¢ is more
nearly proportional to the inverse first power of the absolute
temperature.

The most satisfactory check on the general validity of the
electron theory of conduction is obtained by considering thermal
conduction as well as electrical. The mean energy of both the
electrons and the atoms in a body depends on the temperature,
so that when a temperaturce gradient exists there is also an energy
gradient. Energy is transferred from a region of higher temperature
to one of lower by diffusion of the clectrons. We may ascribe
heat conduction almost entirely to this cause, since in dielectrics,
where there are no free charges, there is very small conduction of
heat. By an analysis similar to that used for electrical conductivity
it may he shown* that the thermal conductivity oy is given by

3nk2t, ¢
op = ( o ) T, (49-3)
where k is a universal constant having the value 1.38(10)71% erg per
degree, and T is the absolute temperaturc.

Taking the ratio of (49-3) to (49-2) we find
Op k 2
a.=3(e)r (49-4)

a relation known as the law of Wiedemann and Franz. It is found to
be in good agreement with cxperiment, at least in the case of the
best conductors, such as gold, silver and copper.
Returning now to (49-2), the resistivity p is defined as the reci-
procal of the conductivity, so that, using (48-2),
E=pj= /. (49.5)
Let us apply the last equation to a wire of length /, the com-
position and cross section being uniform throughout its length.
Since E is then constant and directed along the wire, EI is the
electromotive force gnd we may write
g = ;’ i (49-6)
The quantity pl/4 depends only on the absolute temperature under
ordinary conditions, being in fact approximately proportional to it.
If we denote pi[A by R, we have
& = Ri, (49-7)
* Page L., Introduction to Theoretical Physics, 2nd Fd., D. Van Nostrand
Co. Inc., 1935, p. 455.
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which is Ohm’s law, R is called the resistance of the conductor
and its reciprocal the conductance. In the practical system of units,
where § is measured in volts and i in amperes, R is measured in
ohms. Very large resistances are sometimes measured in megohms,

a megohm being a million ohms. The ohm is equal to §(10)™ e.s.u. of
resistance.

Ohm’s law may be stated in general terms as follows: The
ratio of the electromotive force between two points on a conductor to

the current flowing between these points is a constant, at any given
temperature, known as the resistance.

The passage of current through a conductor evidently is attended
by an evolution of heat, since the moving charges lose their energy
to the atoms at each collision. The heat generated per second in
a conductor is casily calculated. Using the notation of article 48,
the force on the moving charge contained in a length dl is (Anedl)E.
Therefore, the work done on the charge in the length d/ of the conduc-
tor in a time dt is

(Anedl)Evdt = (Edl)idt

by (48-1). The work for the entire conductor is

(JEdDidt = & idt,
so that the work done per second, called the power, is §i. This
energy all appears in heat, as there is no storage of energy in the
interior of the conductor. Denoting power by <D, and using (49-7),

P = §i = Ri2. (49-8)
In e.s.u. power is measured in ergs per second. In the practical
system the unit is the joule per second or watt. As the joule is
(10)7 ergs, the watt is (10)7 ergs per second, The number of calories
developed per sccond is obtained by multiplying the power in watts
by 0.238.
A table of resistivities is appended for reference. The metals are
arranged in order of increasing resistivity, the values being given in

Substance Po (ohm meter) a (1/deg)
' Metals : |
! FTCZS 1.53(10)—® 40(10)—*
Copper (annealed)......... | 1 65(10)—® 43(10)—
L2 & U 2 25(10)—* 40(10)—*
Aluminium ..oveee. veeeenreen! 2 88(10)— 38(10)—*
Tungsten.ce.coeeeieninienineedt 4.44(10)—® 51(10)—*
b s T ! 10.4(10)— 45(10)—*
Platinum e eeveeecvsennens | 103(10)-8 38(10)—
TEON terrereeareesresresees oen | 10.8(10)—* 62(10)—
' Lead...cet cveereervnieeeeean, 19.3(10)—® 43(10)—
MEICULY tveversereerannn saeane 94.1(10)— 9(10)—* |
} Alloys : i |
Brass.ecoceereerereeereereeesanns | 650(10)—* 10(10)—¢ .
l Manganin....coeeeeeeereeenens | 420010)8 0(10)—* !
NichIOme .oeveeseerraion | 1oo0ao- | 200~ |

ohm meters for a temperature of 0°C. Note that the resistivity is
equal in magnitude to the resistance of a unit cube of the given
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material. The total resistance of a conductor of any length and
cross section is calculated by means of the rclation R = Pl[A. The
resistivity at a temperature not greatly different from 0°C is given
by the formula p =p, (1 4 at) where p, is the resistivity at 0°C, ¢ is
the centigrade temperature, and o is the temperature coefficient.

50. Conversion of Units. — Although electrostatic formulas have
been stated in e.s.u., and magnetlo formulas in em.u, most labora-
tory measurements are made in practical units. Transformations are
simply effected when it is remembered that the magnitude of any
quantity in a formula represents the measurc of a definite physical
entity in terms of a given unit. Thus, suppose we observe a certain
current, Let its measure in c.g.s. electrostatic units be i and in
m.k.s. practical units, i,. Now the ampere is 3(10)? times as great*
as the e.su. of current, so that the proper substitution equation is

= 3(10)%,. This and several other common conversion relations
are included in the table below, where a symbol without subscript
indicates the measure of a quantity in c g.s. units — electrostatic in
the case of clectric quantities, including current and resistance, and
electromagnetic in the case of magnetic quantities — and a symbol
with the subscript p the measure of the quantity in m.k.s. practical

units, A complete conversion table is to be found at the beginning
of the book.

Quantity ‘ Ccnversion Equation, l
Charge e eovesveennee oenne T Q =3(10)°Qp |
Electric intensity........: E = 1(10)—E» ‘,
Electric displacement.. ' D = 127 (10)°D»
Magnetic intensity...... H = 4w(10)"*Hp ,
Magnetic induction. . B = (10)*Bp .
Emf. (or Potentxal) o & = ‘(10)—"51, '
Current.......... ) = 3(10,011, f
Resxsmnce . R = 4(10)-1'Rp |
Capaclrance ............... i C = 9(10)11&, '

To illustrate the use of the tdble let us tru;gform (18-1),
Q = CV. Making the indicated substitutions,

V, .
3(10)°Q, = 9(10)"C,,3(;’O v Q= V.

Hence this equation takes exactly the same form in both systems of
units. The same thing is true of Ohm’s law and a few other relations,
but in general numerical factors appear. Tor example, (18.-5),
C = «ab| (b — a), transforms to

1 «cab
G = 9101 b — a
Also D = «E becomes D, = ««yEp, where «, has the magni-

tude- 10)-%, and B = uH tukes the form B, = uu,H,, where

1
367
*The factor 3 in 1elations between units appearing herc aad below 1s
more accurately 2.998.



THE VOLTAIC CELL 121

o has the magnitude 4w 10)~7. The quantities ©, and p, represent
the permittivity and the permeability, respectively, of empty space
in practical units.

A further discussion of units appears in Chapter XTI,

51. The Voltaic Cell. —In order to maintain a steady flow of
current a constant electromotive force is necessary. This is readily
obtained by chemical means. for if two dissimilar conductors are
dipped in a conducting liquid which reacts with them there is in
general a potential difference between them, which is maintained
even when current flows steadily from one to the other through some
external resistance.  Such a device is called a voltaic cell. The two
conductors are the poles, the positively charged one being the
positive pole, and the other the negative pole.

Let us consider, for example. copper oxide and zine dipped in an
aqueous solution of potassium hydroxide (Fig 80). This is an
Edison cell. Within the cell chemical 4 -
forces exist which tend to transfer charge ~'/}L J{?_
from one pole 10 the other. These forces Cu0 n
are capable of doing a definite amomnt of ] W
work § pcr unit charge,  They build up a
positive charge on one pole, the (a0, and
a negative charge on the other, the Zn.
giving rise to clectrostatic forces which, in
the interior of the cell. act in  oppovition to -] o
the chemical forces TLet E be the force |[--1 [ZKOHZ| |7
per unit charge in the cell due to chemical |- —+Aq- - -
causes, and £, the force per unit charge - |- - kT
due to static distribution of charge. Then ||—-—-—- - @ —=—
the total electromotive foree around a S ~
circuit consisting of any path from the Fic. 80
positive pole 10 the negative outside the
cell and any path from the negative to the positive inside — regard-
Jess of whether current is flowing or not — is

m
T
e
T T
|
i

.
I
1l
!
t
L

i
1
'
t
'

RN

J- E, cos a il + J (Eq cos ag + E cos a)dl]
[ 1]

= f E, cos a,dl + j E cos adl. (15-1)
t

Here a, is the angle between £, and dl and @ that between E and
dl. Tne subscripts o and /i indicate integration along the outside
path and the inside path respectively, and & E, cos a,dl is the line

integral of the electrostatic force around the complete circuit. By
(48-4) this line integral is zevo, and. as the last integral in (51-1) is §,
we sec that the total e.m. J. around the circuit equals the chemical
em.f of the cell. Any e m.f., such as this chemical e.m.f.,, which
is the primary agent in the production of a current, is called an
applied e.m.f.

First suppose that the poles are not connected externally. Then
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no current flows, and the condition of equilibrium in the cell requires

R . that E, cos a; + E cosa = 0 everywhere
NV inside. Hence using (51-1),
j E,cos a,dl = §. (51-2)
9

Y The integral represents the potential
difference of the poles. Therefore, the
open circuit potential difference equals the

1 chemical e.m.f, of the cell. .
=

Next let us connect the poles by a

conductor of resistance R. A current i

F1c. &1 flows, the circuit being shown schemati-

cally in Fig. 81. We know that the total work  done on a unit

charge as it passes around the circuit is §. While this work is

generated chemically in the cell, it can be performed only in over-

coming resistance. Referring to the integrals in (51-1), Ohm’s law
requires that

I E; cos agdl = Ri
/]

when a current is flowing. Also we may write

J" (Eq cos a; + E cos a)dl == ri,
L.

where r is called the internal resistance of the cell. Thus (51-1)
becomes

- & .

6—(R+r)1,1——R+r (51-3)
The quantity r is not strictly an ohmic resistance, being depend-
ent to some extent on the current and on the past history of the
cell. In the type of cell described above, it is usually negligibly
small, but in some cells, particularly dry cells in which the liquid is
replaced by a paste, the internal resistance may be appreciable.
Observe that the potential difference of the poles, which is given by
Ri = § — ri, is now less than its open circuit value by an amount ri.

It is interesting to note that, although the charge on the poles
does not contribute to the e.m.f. of the circuit, it provides the me-
chanism by which work generated internally is performed externally.
In fact, if the cell has no internal resistance, the chemical forces are
just balanced by the internal electrostatic forces, so that all the work
is done outside the cell. If r is not entirely negligible, there is, of
course, a small amonnt of work ri per unit charge done inside the cell.

Referring to (51-3), it is evident that we may state Ohm’s law
for a complete circuit in which a steady or direct current is flowing
in the form : The current equals the applied e.m.f. divided by the total
resistance of the circuit. _
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The e.m.f. of all commonly used cells
lies between one and two volts. When a +|
higher e.m f. is desired, it can be obtained _'
by connecting several cells in series, that
is, by connecting the positive pole of one
to the negative pole of the next (Fig. 82a). ~ +
As the work done on a unit charge as it '_|
moves around a circuit passing through all
the cells is the sum of the & ’s, the resultant

e.an.f. is the sum of the separate e m.f’s. _l____
Obviously a parallel connection (Fig. 82b) of T
identical cells does not change the e.m.f , but (2) (b)

it does; decrease the effective internal
resistance. Any combination of cells is called
a battery.

Prcblem 51a.  Show that if n identical cells of e.m.f. & and resistance r
are connected in sertes they will produce a current through an e'xtemal resis-
tance R equal to n § |(R + nr), whereas it they are connected in parallel the
current is n § /(nR + 7).

Problem 51b. Using the results of the preceding problem find the relation
between R and r when (a) the series connection produces a greater current
than the parallel, (b) the parallel produces greater than the series, (c) both
produce the same Ans. @R > 7, (b)) R 7, ()R =1,

52. Combinations of Resistances and Kirchhoff’s Laws.—In the
construction of circuits it is often necessary to connect several resis-
tances together in series (Fig. 83a), or in parallel (Fig. 83b), or in
more complicated ways to form networks. * .

In the series case the total e.m.f. & through the combination is
clearly the sum of the e.mf’s through the individual resistance
elements. Hence if a total current i is flowing, we have

Fic. 82

BN
§= Ry + Ry + ... Ri = [:1 R Ji (52-1)
! I y Now the equivalent or total
R resistance R of the series ‘combina-
! tion is given by § = Ri. Com-
. R paring this with (52-1), we see that
R, R = 3 R;. (62-2)
L > In the parallel case the e.m.f.
i is the same for all the resistance
l elements, whereas the currents iy,
ig, ... iy are, in general, different,
Applying Ohm’s law to each resis-
R, i R tance, R R
& = i, = Ryi, )
AAA e R, (62:3)
and also
(@) ®) & = Ri, (52-4)

Fic. 83 where R and i denote total resis-
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tance and total current as before. Asi =i, 4+ i, + ... ir. we have
with the aid of (52 3) and (52 4),

& €& & [ |
R = R;+ R3+ Rk_s }..1 RJ.
-or
1 o
R == F‘_ Rj . (52'5)

In either of the cases considered above, the calculation of R
is but a means to an end, of course. In most circaic problems we
are interested in the currents in the various eclements of tho circuit,
together with the corresponding ¢.m.f.’s, Occasionally, only certain
ratios of these quantities are required,

Let us now investigate resisiance networks in general.  Although
it sometimes happens that a network may he analvzed into series
and parallel groups, more often  in fact whenewor o junction
in the circuit is coomected to more than two oiher junctions - - no

such suople {reatment is
R, possible.  The first case
R, i illustrat-d in Fig 84,

The rescoanee from A4
A B O to B aud that from B to
m C arc obtained by use of

52-5)  'Threse are com-
R, E R, bined by 52-2) 1o obtain
D‘—J\/\/\/\/\/\_‘—'\NW—‘F the registanee of the paph
ABC. Silarly the resis-
i tance of DLF is calculat-
T ed and m'mhmcd with
+| = that ot ABC by (62-5) to
obtain the total resistance
Fi6.84 of the ¢ir wit. An example
of the socond and more
complex case is shown in Fig. 85. To analyze this dircuit we must
evidently return to fundamentals, where two facts at once present
themselves.  First, since there can be no continual  accumulation of
charge at any point, the sum ot the currents flowing to a junction
must equal the sum of the currents flowing from it N cond, if a unit
positive. charge moves around any closed path in the ncetwork, the
total electrical work done on the charge as ity s through the
resistance elements must equal the iotal applicd « .00, in the given
path, just as in the case ot the semple circart diseus v o in article 5t.
Having arbitravily chosen po sive direetions. oo o dicated in the
figure, we may put the above statements in a 1oore analytieal
form, known as Auchhoff’s laws. -

Law 1. The algebraic sum of ail the currents necting at a junction
ds zero. ‘

-
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Law 11. Th aloe-
braic sum of the Ri
terms around anv closed
path equals the algebraic
sum of the applied
emf’s in the given
path. ‘

Let us now find ¢
the six unknown hranch

currents of Fir. 85, in
terms of the R's and /J\[\P
&’s, as an illusiration 3 : P Y

of the application of ‘

Kirchhoff’s lwws {o a

circuit problem  We a
require six ind pondent +| -
cqualions, that i4, six &
equations no one of Frs 85

which can be derived
from a combin:dion of
the others. From the first law we may write the junction equations

i"‘ll—l-q-":'o (].)
i — 1, — i 0 (2) > (52-6)
13+‘ “‘14-0 (3, SNt
and from the sceound law the loop equations
Ry + Ryis — Ryiy — Rjiy = 0, (4)
R]il - R,i_‘ = 6,. t)) (52 7)
Rii; — Ryiy == &. (6 J

There are several other equations  dircetly obtamable, but they
are not indepeadent of the six chosen.  For example, the junction
equdlion iy - i, i==0, applying to the point D, may be obtained
by adding the first three equations above, and the loop equation
Ry + Ri, = & by adding the fourth equation to the sixth. Actual-
ly, with any number of Ny of junctions, there arve always N, - 1
independent junelion equations, since, if charge does not accumulate
at Ny — 1 junctions, the rate at which charge leaves the remaining
junction must cqual the vate at which it arvives. Hence there can
be only Np — (N;y - 1)=Np Ny -+ 1 independent loop equa-
tions, wherc Ny is the number of branches, Evidently the group of
equations {0 be solved is to some extent arbitrary.

The algebraic solution of the equations (52-6) and (62-7),
which is most casily effected by means of determinants, is left to the-
reader. If we sct

A\ = R R.R; + RyRyR, + RyR(R, + R,R\R,,
we find for the solution



126 STEADY CURRENTS

i = Rs(Ry + R) & +Ry(R; + R)§’ N
1 = ) |

|
i = R-I(RI ‘+ Ra—)——g—_t_B_l_‘(4R~3 t____Rd)_G;_’ !
2 D ) A , |
Ia = .R'(Rﬂ + _'_Rl) & '_"R;(R, + R)E§’
a ’ 52-8
i = RZ(RI + R8)§+R§(RI + R)E' > (52-8)
¢ b

A
i = Rit Ry (Ry + R)E +(RyRy — RR))E’

A
. (RRy — RR)E+(R,+ R) Ry + R,) &
i'= ’
A J
Observe that under certain conditions some of the currents may be

negative. A mnegative current is, of course, one which flows in a
direction orposite to that arbitrarily chosen as positive.

There are several points of interest in connection with (52-8).

In the first place each e.m.f. makes its contribution to the various
currents independently of the other e.m.f. This is a general property
of networks and, often, a useful one ; a complicated network contain-
ing a number of e.m f.’s may be solved for each separately, and the
complete solution obtained by addition. Again, we see that, when
&' =0, i’ hasthe same form asi/when § = 0. This illustrates
another important general property of networks : namely, ifan e.m.f.
& in the jth branch of a network produces a current iin the kth
branch, then e.m.f. & in the kth branch will produce the same current
i in the jth branch. The foregoing statement is sometimes called the
reciprocity theorem. Finally, note that if R,R; = R,R,, & makes no
contribution to i’, and § ' makes none to i. Any two branches of a
network with this mutual property are said to be conjugate.

Problem 52a. Resistances of 3,5 and 7 ohms respectively are connected
in parallel, the entire group being placed 1n series with a resistance of 1.ohm.
What is the total resistance ? Ans. 2.48 ohm.

Problem 52b. The combination of resistances described in the preceding
problem is connected to a battery of two identical cells in series. Each cell
has an e.m.f. of 1.5 volts and an internal resistance of 0.1 ohm. Find the total

current which passes through the battery. and also the partial currents in the
3, 5and 7 ohm resistances. Ams. 1.12 amp ; 0.55, 0.33, v.24 amp.

Problem 52c. Eight equal resistances R are arranged to form a square
with diagonals connected at the midpoint Find the total resistance between
adjacent corners of the square ; between opposite corners.

8 2
Ans. . —R R
157 3

Droblem 52d. Twelve equal resistances R are arranged to form a hexagon
with diagonals connected at the midpoint. Find the total resistance between
adjacent vertices : between opposite vertices.

11 4
Ans. Z—OR. 5 R.
Problem 52e. Letn identical cells of e.m f. & and internal resistance »

be connected in p rows each of which contains s_cells in series. The p rows
are connected in parallel with an external resistance R. Find the curieit
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through R and show that it is greatest when the cells are so grouped that the
total resistance of the cells is as nearly equal as possible to R.

&
Ans. -—vm .

Problem 52f. Two batteries of electromotive forces 6 and 10 volts and
resistances 0'5 and 1 ohm respectively are connected in parallel with a resis-
tance of 12 ohms. Find the current through each branch of the circuit and
the pctential difference between the two junctions. Ans. -2.27 amp, 2.86
amp, 0°59 amp : 7.14 volt.

Problem 52¢. Show that if a resistance R’ is placed in series with &'
{Fig 85) the current through it is given by

;0
’ ?

1+ i’ (Re+R)(Rs+RY)

where 19’ is the current through &’ when R’ = 0 and A has the same signi-
ficance as in (52-8).

53. The Wheatstone Bridge. —In laboratory practice rapid and
accurate measurement
of resistance is essen-
tial. Numerous me-
thods have  been
devised, almost all of
which depend wupon
a special type of
resistance network
known as a Wheat-
stone bridge (Fig. 86).
This differs from the
network of Fig. 85
only in that §' is

replaced by a galvano- |
meter or other current : i
indicator G, of resis- + Il -
tance R;. There is ¢
now a potential drop Fm'i%
from B to C equal to

Ryig, where iy =8 i’, instead of an applied e.m.f. Hence i, may be
obtained from the last equation of (52-8) by substituting — R,i" for
&', and solving for i’ (= i;). This gives

I o= —- _(_Rll_z&,f:_lg!&_)_g___ (53-1)
y A +Ry (Ri+R,) (Rs+R,) ’
and we see that i, = 0 when RyR3 = R,R,. As a matter of fact the
condition for i, = 0 may be found without solving the network
equations. For when i, = O there is no difference of potential
between B and C, which requires that the potential drop from A to B
equals that from 4 to C. That is,
Rlil = Rais. (53'2)
Similarly we must have
Ryiy = Ry, (63-3)
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Since with i, = 0 we have i, = i, and iy = i, we nia.y cdivide (53-2)
by (63-3) and obtain

R, Ry

.R2 - .R,l ’
which is the same relation as found from (53-1).

Now let us suppose that one of the resistances, say R, is un-
known, and that R;, R,, R, are known, at least one of them being vari-
able. The variable resistance is adjusted until G indicates that i; == 0.
Then the relation (53-1) is established hetween the resistances, and
R, becomes known in terms of R, R, and R,, The adjustment of
the bridge to the condition of no current in the galvanometer arm s
called balancing and is the essential feature of resistance measure-
ments by the bridge method.  Calibration of G is not required, since
it is used only as a null indicator.

Although the existence of the balance depends upon only (53-4),
the accuracy with which the balance can be established experimentally
depends on the magnitudes of the individual resistances, as well as
on the applied c.m f. and on the galvanometer deflection S, per unit
current. In order to discover the best arrangement of the bridge,
let us suppose, for example, balance is obtained by adjustment of R,.
Then, since the precision of adjustment is greater, the larger the
galvanometer deflection for a given fractional change of R, at the
point of balance, the bridge sensitivity is given by

(63-4)

o ai,, _ I{de _
S=S,R: gy, Ba= T (53-5)
Using (53-1), we find
R
S=-S,R [ 2
2 LA - Ry (B Ry)(R +Ry)
_ 2 [ o ]
R N R P 1
_ Sy, Ry &
T OA4R, R+ Ry) (Ry + RY)
iR, & 536

A4 Ry (B +Ry) (By+ R
Evidently S has exactly the same form if adjustment is made by
means of B, or R,, and therefore for a given sct of resistances the
bridge is equally sensitive to a variation of any arm. I( all the known
resistances arc variable, as is often the casc, adjustment to balance
should be made by moans of that resistance which can be varied by
the smallest fraction of itself.

We first investigate the condition for a maximum value of S,
with a given huttery and galvanometer. That is & and R, are
constant, but f,, R, and £, may be varied, subjcct to the relation
R,R;=R,R,. Tn addition to this mathematical restriction there
are certain physical hmitations which must be obscrved, for each
resistance element has a definite current capacity or maximum safe
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current, the magnitude of which depends on the construction of
the element, Therefore, with the given e.m.f. there is a minimum
permissible value for R, + R, and also for R; + R,. The minimum
value may be different in the two cases, of course. In fact, the
current capacity of a given type of resistance element or of a
variable resistance is usually greater for low resistance than for high.
We may avoid any restriction on R, by supposing that & is small
enough so that the current through R, can never be excessive
regardless of the value of R,. We cannot, however, escape the

condition
Rs+ Rgk=R+35 8§20, (83-7)
where R is the minimum safe value of B; + R,. Since (53-6) reduces
to the simple form
. Sg g
S = — 7 7, (638)
T L9 2
(Bi+ R+ Ryt RO+ By (p-+2+ )
the desired maximum corresponds to a minimum of the denominator
- B o, B
D=(Ri+ B +R+R)+R (R +2+ 5 ) (39

subject to the conditions

R,R; = R,R,,
R, +zRf = R‘+15, s> 0. ] (53-10)

Minimum D evidently requires § = 0, and in addition §£—= 0. That
2

is,
) R, o R, :‘ —
5'R'='[:(R] + Rﬁ + R) + Rﬂ ( R’ + - + R]) - O)
which leads to
1—-r Bir 1 o
g Ra’ 4 Rl )
%

or R, =R B (53-11)
: ! /\/31 + R,
From (53-10) and (63-11) with § = 0 we find
R E__. )
1+ ,\/ .E!___ ' }
R + R, |
R, e (63-12)
.R‘ = ‘-RL-*_.-_}?’ ]
1+ Af B |
) R, + R, J

Inspection of these results shows that if R, is la.r§e compared with
R,, the best arrangement of the bridge is ¥, = R, and By = R, =

R[2.
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Now let us consider the effect of varying R,. When there is a
choice between several galvanometers with different values of R,,
differences in S; also must be taken into account, mMaximum S for
each galvanometer being calculated with the aid of (63-8). If, how-
ever, a galvanometer is designed especially for a given bridge, R,
being adjusted to any desired value by proper choice of wire size in
the winding, we have, approximately at least, Sy = ¢/ R,, where cis
a constant. That this is so may be seen by considering two galvano-
meter coils of the some dimensions, one coil having half as many turns
of twice as large wire as the other. The deflections per unit current
will be in the ratio of one to two, while the resistances will be in
the ratio of one to four. Substituting S, = ¢4/ R, in (53-8) and setting
g'l% equal to zero to find the maximum, gives

R, = R,R R + R, + Ry + R, — (Ri + Rg) (Ry + R,)
PR+ R)(Ry+ R) T Rt R+ Ry f Ry
since R,R3 = R,R,. Hence
1 1 1

BR-E+RVTETER (63-13)
Thus the resistance of the galvanometer should equal the parallel
resistance of the bridge. This is a perfectly general result, quite
independent of other conditions or restrictions.

It only remains to solve (53-11) to (53-13) inclusive for R, R,,
R, and R, in terms of B, and R. In practice we usually find that &
is small compared with R,. Then approximately R, = R,R4/R =
R,R,/R and the solution is
R, = iR, R; = 3R,
R; = iR, Ry = }R. . } (53-14)
This optimum arrangement of the bridge can rarely be attained in
the laboratory because of limitations of one sort or another in
equipment. However, the equations (53-14) may serve as a guide,
at least, to the best arrangement under the existing experimental
limitations. Evidently for a given set of resistances the galvano-
meter should be connected between the junction of the two larger
resistances and the junction of the two smaller resistances. Also,
the galvanometer resistance should correspond to the resistance to be
measured. That is, while the standard galvanometer resistance of
about 100 ohms is quite satisfactory for ordinary measurements, a
bridge designed to measure a few ohms should be supplied with a low
resistance galvanometer, and a bridge for high resistance measure-
ments should have a high resistance galvanometer. The application of
these principles is made clear in the following articles.

Problem 53a. Deduce (53-1) by direct application of Kirchhoff's laws.

54, Resistance Boxes and Resistance Standards,—A variable
resistance is usually enclosed in a box, with some external device
for adjusting its magnitude, the entire assembly being called a
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resistance box. The most common types are the plug box (Fig. 87)
and the dial box (Fig. 88). The plug box consists of a number . of
resistance elements of different magnitudes connected in series.
Each junction between elements is connected to. a metal block ;

Fic. 87 (a)

so that if a metal plug is inserted between adjacent blocks the
corresponding resistance is short-circuited, that is, removed from
the circuit (Fig. 87b). The total resistance of the box is thus the sum
of the resistances whose plugs
have been removed. The
resistance elements are spools
of some resistance wire with a
small temperature coefficient,
such as manganin wire (see
Table, p. 119). The lower
o) resistance elements are usually

Shall wound with larger wire than

Fioc. 87 A the higher resistances, so that.
their current capacity is greater, as mentioned in article 53.

The dial box also consists of a number of resistance elements
in series, the junctions in this case being connected to a set of
metal buttons over which a contact arm 4 moves. This dial switch
allows any number of the clements to be included in the circuit.
Usually the elements are arranged in groups -of ten of equal magni-
tude, successive groups however differing in magnitude by a factor
of ten (Fig, 88b). With this scheme the position of the switch
‘arms indicates the total resistance directly, a convenience not offered
by the plug box. The latter has some advantages, however, as it
is less bulky than the other and less subject to errors arising from
‘contact resistance, the plugs being more positive in action than the,
sliding contact arm.’
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-For the most accuraté resistance determinations fixed standards
are used. In the Bureau of Stavdards type (Fig. 89) the resistance'
ooil is sealed into an oil-filled container. "A ' thermometer well in the -
center allows the temperature to be determined.” The terminals are
heavy lugs of such shape that they may be dipped in mercury
cups to avoid contact resistance. .. - . U :

B
*

' g

)
.F1c. 88

A special form of known resistance called a shunt is of great
utility in reducing the effective sensitivity of a current indicator in
order to increase its range or to prevent excessive deflections. By
the effective sensitivity we mean the deflection per unit current to be
measured. - A small risistance connected in parallel with the instru-
ment achieves the desired result by shunting or by-passing all but
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a small fraction of the total current. Suppose an instrument of resia-

tance R, is shunted by & resistance aR;.  If the total current through
O the combination is i and that

. through the - instrument only is i,
we have o

Ry = L
737 + 5‘«;
= R(pE) e

If, for instance, o = 1/9, the current
through the ‘instrument is 1/10
of the total and the effective sensi-
tivity is reduced.to a tenth of ita
full value.” Similarly if o = 1/99
the sensitivity factor is a hund-
redth. A calibrated or direct-
reading current meter is usually

=== equipped with a set of shunts to
Fio. 89. allow it to be used for different

ranges of measurement.

‘In the adjustment of a bridge it
is desirable to start with the galvano-
meter in a relatively insensitive
condition and to increase its sensitivity
as the condition of balance is
approached. A convenient adjustable
shunt in the form of a dial boxis
shown in Fig. 90. The terminals
marked G ‘are connected to . the -
galvanometer, those marked B to the
bridge. If the total resistance of the
shunt is R, and the resistance between
the zero button and any other is
BR,, the galvanometer current for
the 1-position of the contact arm is

o , iy = ’RFF‘R—.-—I’ ,
‘and for the B-position it is .

. Re . e .__'_'B_R‘..:_;;-i
. "T IR+ T -PRI+ER R +R?”
where i is'the ‘total current in either cage, and .R, is the galva-
nometer resistance. - The effective sensitivity for the second - position,
relative to that:for the first is igli; = 8. The factor # is peually

>
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taken as a tenth, a hundredth, and so on for successive positions, as
shown in the figure. Since the relative sensitivity in independent
of R, this type of shunt is described as wuniversal. In practice R,
should be large compared with R, so that the effective sensitivity in
the l-position is practically the full sensitivity of the unshunted
galvanometer.

55. Resistance Bridge Measurements.— The most important
applications of the bridge principle to resistance measurements are
described below.

The Post Office Box.—This is a plug box with the resistance
elements arranged as indicated in Fig. 91. Two keys (K) and four
binding posts (P) are mounted on the box. Internal connections are
shown by hroken lines and external connections by full lines. The
resistance to be measured is R,. Comparing Fig. 91 with Fig. 86 we
see that the circuit is a simple Wheatstone bridge. The keys are
included to prevent continuous flow of current with the attendant
heating. This is a necessary precaution in all bridge measurements,
for steady heating even at a low rate will in time raise the tempe-
rature of the coils enough to change their resistances appreciably.
In making an observation the battery key is closed first to permit a
steady flow of currents to be established, then the galvanometer key
is tapped. If there is a deflection, the battery key is released and a
readjustment of the bridge is made. This process is repeated until
the galvanometer shows no deflection when its key is opened and
closed. '

Ry R,
1000 100 10 10 100 1000

P O W W ¢ S YO )

! ..  eemeec—mecm— e ———
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4000 3000 2000 1000 400 300 200 100
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Fra. 91
Returning to Fig. 91, the bridge arms indicated by R, and R,

are known as the ratio arms, since they may be set in certain definite
ratios, 100:1,10:1, and soon down to 1:100. The remaining
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resistances R, constitute the adjustable arm. For any given R,
there are usually several possible arrangements of the bridge. The
primary consideration is to set the ratio arms so that R, is as large
as possible, for the smaller the fraction of itself by which it can be
varied the greater the accuracy of the balance. Any further choice
in arrangement should be made in accordance with the principles
for best sensitivity developed in article 53. The position of the
galvanometer and the battery may be interchanged if necessary.
For example, if R, is of the order of a thousand ohms we take
R; = 10, R, = 100, or Ry == 100, R, = 1000. 1In this case it makes
little difference which pair of values we choose except that the latter
pair allows the use of a larger battery. The galvanometer is as shown
in the figure.

On the other hand if the resistance to be measured is of the
order of ten ohms we set the ratio arms at 10 and 1000, and inter-
change the galvanometer and battery, so that the former is con-
nected from the junction of the larger resistances to the junction of
the smaller. -

This Slide Wire Bridge,—This is a more accurate device than
the post office box. The resistances R; and R, are replaced by a
single straight resistance wire. The junction with the galvanometer
arm is made through a sliding contact, which also serves as a tap
key. Assuming that the resistance w per unit length of the wire is
constant,
where /; and [, are the lengths into which the slider divides the wire.
Therefore .

R, =R, l: , (65-1)

and we require only one known resistance to determine R;, the length
l, and /, being obtained by direct measurement after the bridge is
balanced. The congtruction of the slide wire unit is shown schema-
tically in Fig. 92, R R
together with the P ! 2 Q
external connec-
tions. The wire
EF is connected to
a heavy copper
strip with four
gaps. Into two of |
them, B and C, E

R,
the unknown and p—- l ._l '_
[

B 1A—¢ D

F

the standard resis- K

tance are connect-

ed. The other 5
gaps, A and D, Fra. 92
may be short-circuited with metal straps, or may contain two auxi-
liary resistances P and Q whose purpose is explained below. The
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wire actually lies on a scale by means of which the ratio /I, is deter-
mined. In making an observation the battery key K is closed first,
then the key incorporated in the slider .

"The slide wire bridge may be balanced very accurately, so it is
worth while to eliminate any possible errors associated with the wire
itself. In the first place the ends of the wire may not coincide with the
ends of the scale, or there may he a small resistance where the wire is
connected to the copper strip. Let us suppose that the extra resis-
tance at the zerc end of the scale is equal to that of a section of the
wire a unite long, Similarly let 8 be the equivalent end correction at
the other end of the scale. Then, short-circuiting P and Q and using
known resistances for R, and R,,

R]. ll + a

R3_12+ﬁ’ (552)
when the bridge is balanced. Next, interchanging R, and R, and
rebalancing,

R2 __11, + a

R~ L'+ F
From (55-2) and (55-3) a and B may be obtained by solution, since
all other quantities are known. The ratio R,/R, should be large,
10 : 1 or 20 : 1, in order to include as much of the wire as possible
and thereby obtain the end corrections in terms of the mean resis-
tance w per unit length ; for the bridge wire is seldom absolutely
uniform throughout its entire length. This is, in fact, the second
source of error, to eliminate which we must calibrate the wire.

The best method of calibration is due to Carey-Foster. Let P
and @ be two nearly equal resistances, their difference being some
small fraction, a tenth or a twentieth, perhaps, of the resistance of
the whole wire. For instance we may make P the cffectively zero
resistance of the metal strap, and Q a small resistance consisting of
a short length of resistance wire soldered to two connecting lugs.
R, and R, must be adjustable, but not necessarily known. Let us
balance the bridge for any value of R,/R, ; then interchange P and Q
and rebalance. If the first balance point corresponds to a scalc read-
ing I, and the second to /, it i8 cvident that the resistance of the
portion of the wire in the interval ; — I’ equals Q — P, since there
has been an exchange of equal amounts of resistance hetween the R,
arm and the R, arm of the bridge. By manipulating R, and R, we
may cause the interval /;, — /,’ to fall anywhere along the wire, thus
dividing it into a number of sections of equal resistance. The lengths
of the sections differ slightly due to lack of uniformity of the wire,
By adding the lengths and dividing by the number of sections, thc
mean length of a section is found. Tf now we subtract the length of
each section from the mean length and divide by the length of the
section, we obtain the correction per unit length which we must
apply over the sectinn to obtain the corresponding length of an ideal
uniform wire whose resistance per unit length is w. This enabbes us
te construct a calibration curve, plotting total correction against scale

(65-3)
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reading By starting with a correction a for zero on the scale, the
end correction i8 included with the other, and the total. length 2, of.
the ideal uniform wire equivalent to Ry is obtained by adding to J, the
corresponding correction as shown on the graph, If /is the scale
length, the total equivalent length of R; 4 R, is given by

AN=1I1+a+ B
and the equivalent length N, for R, is then A — 2, Therefore, for
an accurate determination of an unknown resistance, (55-1) is replac-

ed by Rl = Rz(7\1/7\2)-

When the bridge is used to make a direct measurement of resis-
tance as described above, it is often called a meter bridge, because the
slide wire is usually a meter long. Obviously, however, the bridge
may be used to measure the difference between two nearly equal
vesistances by inverting the process used for the calibration of the
wire. When thus used, the bridge is called a Carey-Foster bridge. An
important application is tne determination of the temperature co-
efficient of resistunce (art. 49). The method consists of measuring the
difference between two approximately equal resistances, the tempera-
ture of onc being kept constant and that of the other varied. From
a series of observations the change of resistance per degree is obtain-
ed, and hence the temperature coefficient. As the resistances must
not be removed from the temperature baths or other thermostats in

which they are placed, the l e
transfer from one arm of the l
bridge to the other is accom- I

plished by a mercury-cup
switching device of negligible
resistance, R

The  Callendar  and
Griffiths Bridge.—This is a
variety of slide wire bridge
specially adapted to resistan- R
ce thermometry, that is, the '@Q@ 3
determination of tempera- ‘gh@@
ture by measurement of the Y%
resistance of a coil at the
given teraperature.  Pure
platinum wire is used for
the coil, which is enclosed in
a long tube of porcelain or
refractory metal capable of
withstanding temperatares
as high as 1200°C. By
means of flexible leads the
resistance element T is
connected into one arm of .
the bridge (Fig. 93) A FiG. 93
pair of identical dummy )
or compensating leads is comnectcd into the opposite arm to
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climinate temperature and contact effects associated with the leads.
In the same arm is a set of resistances arranged in the manner of
a plug box. The resistances, R, and R,, of the other arms are equal.
The slide wire and all other resistances, except T, are assembled as a
unit in one case, the only external connections being galvanometer,
battery and flexible leads.

It is customary in using this particular bridge to measure positions
on the wire with reference to its electrical center C, a point that may
be found by balancing the bridge with both sets of leads short-
circuited and all adjustable resistance removed from R;. If in making
u measurement of T the balance point is a distance / to the left of C,

TH+r+3W—wl=S+r+3iW-+wl,

where S is the amount of adjustablé resistance included in Ry, r is
the resistance of either .set of leads, W is the total resistance of the
wire, and w is its resistance per unit length. The above equation
reduces to

T =S+ w2l (65-4)
As usually constructed the smallest resistance element in § hasa
resistance exactly equal to 20 c¢cm of the wire. It is, therefore,
equivalent to a 10-cm displacement of the slider and is so marked.
Similarly, the second coil has a resistance equal to 40 ¢m of the wire
and is equivalent to a 20-cm displacement. If /I’ is the total equiva-
lent displacement corresponding to S, (55-4) becomes simply
T = 2w(l + I'). When not otherwise known, the value of w may be
found by some such method as that of Carey-Foster.

The actual calculation of the temperature may be performed
in two ways. Callendar has shown that the resistance of a platinum
coil at t° C is accurately represented by

T = To(1 + aif + ayt?), (56-5)
where T, is the resistance at 0°C, and e, and a, are constants. These
may be determined by measuring T at two known temperatures. The
formula then gives implicitly at least the temperature corresponding
to any measured value of the resistance. A simpler method is to
define a platinum temperature t, by

T = Tyl + aply),

T—T,
Ty — Ty’
the two scales being made to agree at 0° and 100°. To obtain the
true temperature f, an empirical formula is used, namely,

t=n=s {(106) = (260) } -

It is usually convenient to plot the curve represented by this equation
and find the correction for #, graphically, The quantity § depends
on the degree of purity of the platinum ; for extremely pure samples
it is very close to 1.5.

or more explicitly,
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Galvanometer Resistance..—An ingenious application of the
Wheatstone network is Kelvin’s method of measuring galvanometer
resistance (Fig. 94). The galvanometer is placed in one of the
resistance arms, R, say, and serves as its own ‘balance indicator. In
the regular galvanometer arm there is only a short-circuiting key. As
opening or closing this key does not affect the bridge in any way
when  the latter is
balanced, Ry, R;and R,
are adjusted until the
galvanometer deflection is
the same with the key
open as it is with it closed.
Under this condition

Rﬂ = R3
Ry, R’

With a sensitive in-
strument a large resis-
tance Rp must be placed
in series with the battery
to  prevent excessive
deflections.

Fic. 94

The Kelvin Double Bridge.— Although the Wheatstone bridge has
a wide range of utility, it is not well adapted to the measurement of
very small resistances, that is, resistances of the order of one
hundredth of an ohm or less. This is due in part to the fact that with
the equipment usually available it is impossible to make a sensitive
arrangement, but more particularly to the difficulty of avoiding
contact and junction resistances of the same order of magnitude as the
resistance to be measured. The double bridge (Fig. 95) devised by
Kelvin does not suffer
from either of these
defects. R, is the un-
known resistance, and
R, is a continously vari-
able resistance such as
a slide wire. The con-
nection - between these,
which has some small
unknown resistance r,
is shunted by a pair of
resistances. R; and R,.
It is this? shunting of
the junction resistance

J. that distinguishes the
T | | * double bridge from the
o simple Wheatstone

Fic. 95 bridge.
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To find the conditions for bs,'lance, we observe that, when there
is no current through the galvanometer, F and H are at the same
potential. Therefore,

Rlil+ R5i5 = Rais,‘ Rb-ia+R2i2 = R‘i‘ (55-7)
and
i1=i2, is=i4, i5=ie, (55'8)
where i, is the current through R;, and so on. Also, considering the
parallel paths BCD and BFD

r

. . . r .
=, L R+ R "TTIR TR (65-9)
Combining (55-7) and (55-9) gives
rRg . ps
(Rt i R ) o= R
rR, . o
Dividing one by the other leads with the aid of (55-8) to
Ry(r + R4 + Ry + 'Ry Ry
R,r + R; + R)) + rR;, — R,’
or
(RyRy— RyRy) (r+Rs+Re) + (R Ry— RyRe)r=0,
which is satisfied if .
R _ R _ R
R=R =R (65-10)

This set of conditions represents the only balance independent of the
junction resistance r, an essential point.

The double bridge appears in several standard forms. A con-
venient one is shown schematically in Fig. 96. In order to avoid
the double adjustment of ratios indicated by (55-10 , the resistances
R;, R, R; and R, each consist of a set of coils with plugs, so arranged
that the ratio R;/R,=R;/R, may be set at definite values 100:1, 10:1
and so on down to 1:100, as desired. The unknown resistance
R,, shown as a rod, is clamped in pairs of jaws, J, and J, The
adjustable resistance R, consists of the portion of the slide wire
included between two sliding contacts, S, and S,. The end
portions of the wire do not enter into the balance as they come into.
the junction resistance r and into the battery arm respectively.

Calibration of the wire is accomplished by dividing it into a
number of sections of equal resistance, with the aid of a known
resistance in place of R;, in the manner described for the Carey-
Foster bridge, A curve is plotted showing resistance per unit length,
or total resistance from one end, along the wire, whereby the
resistance in any interval S,S, is readily determined. In making
measurements of the unknown resistance, R, is taken as the mean
of several observations in which S,S, is allowed to fall on different
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parts of the 'wire. R, is then obtained on multiplying by the

appropriate ratio factor.

}lj'r g% ’

Fic. 96

An analysis of sensitivity similar to that carried out for the
Wheatstone bridge shows that for best sensitivity a low resistance
galvanometer should be used.

56. The Potentiometer.— Equally important as the measure-
ment of resistance is the measurement of electromotive force, or

i +J€1 Re
~— MYV M

F1c. 97
potential difference. For when & and R are known, the current
i is determined, and the electrical condition of a eircuit is
therefore completely specified. For accurate measurements - it is
essential that no current whatever be taken by the measuring
apparatus, otherwise the e, m. f. measured may differ appreciably
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from the true value, which exists in the absence of the
measuring equipment. This stringent requirement is met by a
resistance network device called a potentiometer, whose main features
are indicated in Fig. 97. A battery & p causes a current i to flow
through a resistance Rp. The magnitude of the current may be
varied by means of an auxiliary adjustable resistance Rp in series
with Rp. Across a certain portion r, of Rpis bridged a source of
e.m.f. §,and a galvanometer in series. By Kirchhoff’s second law
ry(i+ip)+Ryi;= & 1, Ry being the galvanometer resistance, Let us
suppose that r; is chosen so thati, = 0. Then evidently r;i=§;.
Balancing the potentiometer consists therefore in adjusting r, until
the galvanometer shows no deflection. Note that this cannot be done
unless §, is connected with the proper polarity. 1If, now, &, is
replaced by another em f. §, and a new balance obtained with r,, 7
being unchanged, we see that

§,_n .

€y =T’ (56-1)
that is, the potentiometer compares e.m.f.’s in terms of resistances.
Supposing that &, is due to a standard cell § g, and that &, refers to
any unknown e.m.f. &, (56-1)- becomes

& = §&s (56-2)

r .
rs
The construction of standar1 cells of known ¢ mf. is described in
Chapter VI. The Weston standard cell, with an e.m.f. of 1.0186
volts at 20° C, is the most common.

If the current through Rp is always kept the same, we may
mark the elements of which Rp is composed to read directly
in volts. Consequently, in several standard types of potentiometer the
standard cell is applied to a fixed portion of Rp only, and the bal-
ance effected by adjustment of Rg.  This establishes a definite
current in Rp and a” definite potential drop across each resistance
element, so that when the unknown & is balanced by varying
r the desired magnitude is indicated directly.

The Leeds and Northrup potentiometer employs the above
principle. The wiring diagram of this instrument is given in Fig. 98,
the binding posts for external connections being indicated by P.
The resistances in Dial 1, Dial 2, and the slide wire represent Rp,
A double-pole double-throw switch is used to change from the standar-
dizing position to the measuring. Thus when the switch is up in the
figure, & g and G are across ten coils in Dial 2 and a certain number
in Dial 1. depending on the value of §s. The balance is obtained by
varying Rp. The switch is now thrown down, placing § and G
across part of Dial 2 and part of the slide wire, and balance is obtained
by adjusting both of these. Thes lide wire is actually a long wire wound
on a drum with a revolving contact and scale. The resistances S and
S’ are so arranged that with a plug in the normal position, marked
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Rs

Slide Wire

Frc. 98

1, the current through Rp is 0.02 amp and the figures on Dial 2
indicate tenths of a volt. Under these conditions the slide wire may
be read directly to 0.00005 volt, When the plug is in the 0.1 position,
the current through Rp is reduced to 0.002 amp, and consequently
the voltage indications are reduced to a tenth of their normal value.
The high resistances R, and R, in series with G serve to protect the
latter from excessive deflections and & g from excessive current drain
while adjustments for balance are being made. .

A potentiometer which is not direct-reading is somewhat more
flexible than the direct-reading type and is therefore sometimes used.
The Wolff potentiometer (Fig. 99) is a good example. Dial 1 has
nine 1000-ohm resistances and Dial 2 nine 100-ohm resistances. The
blocks A and B represent two identical plug box arrangements
totaling 100 ohms each, with only one set of plugs, Plugs are moved
only from one to the corresponding position in the other ; so that the
total included resistance of 4 plus B is always 100 ohms. The
resistance of the entire potentiometer is always 10,000 ohms, and
consequently the current is constant. Balancing consists of adjusting
the dials and transferring plugs between A and B until G shows no
deflection. The total bridged resistance, r, or r as the case may be,
li)s the6sum of that shown on the dials and in B. Then & is calculated

Y (66-2).
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Fic. 99

As suggested at the beginning of the article, one of the most
important uses of the potentiometer is the determination of current
and the calibration of current indicators, the method being simply to
introduce a known resistance into the given current circuit and to
measure the e.m.f across it. There are also several other useful
applications of the potentiometer which are described at appropriate
places in later chapters.



CHAPTER VI
CHEMICAL AND THERMAL EFFECTS

57. Electrolysis. —Liquids, like solids, may be either insulators
or conductors. Aqueous solutions of inorganic salts, acids and bases
are the most common examples of conducting liquids. These are
called electrolytes. As the mechanism of electrolytic conduction is
quite different from that of metallic conduction, we must investi-
gate it in detail.

Consider an electrolytic cell consisting of a solution of silver
nitrate (AgNO,) with two rods or plates of silver, called electrodes,
partly immersed in it. Current is caused to pass through the
clectrolyte from one electrode to the other  The electrode by which
the current enters the solution is designated as the anode, and the
one by which it leaves as the cathode. We observe that, as the
current flows, silver is deposited on the cathode, and incidentally an
equal amount is removed from the anode, the electrolyte remaining
unchanged ~ Furthermore, mcasurement shows that the mass of
silver deposited is exactly proportional to the product of the current
by the time for which it flows, that is, to the quantity of electricity
passing through the electrolyte. The phenomenon just described is
termed electrolysis. If, now, we repeat the experiment using a
solution of copper sulphate (CuSO,) and copper electrodes, we find
that copper is deposited on the cathode andl removed from the anode,
the mass involved being as before proportional to the quantity of
electricity which passes. However, the constants of proportionality,
namely, the masses deposited per unit charge, are not the same in
the two cases. They are, in fact, in the same ratio as the chemical
equivalents of silver and copper. The chemical equivalent of a
substance is the atomic weight, or in the case of a compound sub-
stance the group weight, divided by the valence.

Faraday, who was the first to make a systematic study of
clectrolysis, discovered that the simple relations described above
represent general laws. Thus, we may write :

(I) The mass of a substance liberated at an electrode is propor-
tional to the total charge passing.

(IT) The mass of a substance liberated at an electrode by a unit
charge is proportional to the chemical equivalent of that substance.

These laws may be expressed analytically in simple form. Let

M be the mass of substance liberated, i the current, and ¢ the time
of flow. Then for the first law,

M = Zit, (57-1)

where Z is a constant called the electrochemical equivalent of the
given substance. Z is usually expressed in grams per coulomb.
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For the second law let w be the atomic, or group, weight of the
substance involved, and v its valence. Then

Wl g
z=2(5 ) (57-2)
The quantity 1/F evidently is the mass per coulomb for a substance
of unit molecular weight and valence, As the atomic weight of
hydrogen is 1.008 and its valence is unity, F, called Faraday's cons-
tant, is the number of coulombs required to liberate 1.008 grams of
hydrogen Its numerical value is 96,490. Observe that a charge of
96,490 coulombs liberates at an electrode a massin grams of any
substance numerically equal to its chemical equivalent. This amount
of a substance is called a gram-equivalent. Thus F is measured in
coulombs per gram-egquivalent. Similarly, we may refer 1o the total
amount of substance liberated at both electrodes when a charge of
96,490 coulombs passes through the electrolytic cell as a gram-equiva-
lent of solute.

An explanation of the underlying principles of electrolysis has
been given by Arrhenius and elaborated by later investigators.
According to their theory of electrolytic dissociation, a certain fraction
& of the molecules of the dissolved substance is separated into iwo
or more parts, each of which bears a charge. These charged carriers
are called ions. TUnder the influence of an applicd e.m.f they move
to the electrodes, the positively charged cations to the cathode and
the negatively charged anions to the anode. At the elcctrodes the
ions give up their charge and the substance of which they are com-
posed is liberated The continuous arrival of positive charge at one
electrode and negative charge at the other is equivalent to a transfer
of charge from one to the other, and constitutes the current passing
through the electrolyte. Material liberated may actually appear on
an electrode, or it may be involved in some secondary chemical
reaction. For example, the ions in the silver nitrate solution are
Ag* and NO,~. The Ag" is deposited as metallic silver on the
cathode, thereby increasing the latter’s mass. The NO;~ is liberated
at the anode, but it cannot exist alone in the neutral state ; so it
combines with the silver of which the anode is composed. The silver
nitrate thus formed remains in the solution and the net result is loss
of silver by the anode. Simultaneously the concentration of silver
nitrate increases in the vicinity of the anode and diminishes in the
vicinity of the cathode With currents of ordinary magnitude the
change is slow, since even in a dilute solution the amount of ionic
charge present is relatively great. Eventually the rate of change of
concentration is balanced by diffusion and a steady state is reached.
The working of Faraday’s laws of electrolysis is often confused by
secondary reactions of the sort just described, particularly in cases
where the material of the clectrodes is different from that of the ions.
Thus if current passes through a solution of sulphuric acid (H.SO,)
in water, the electrodes being of platinum, hydrogen is deposited on
the cathode and appears directly in small bubbles. The anion 8O,~ ~
is liberated at the anode, but cannot exist alone in the neutral state,
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nor can it combine with the platinum. It therefore removes H, from
a water molecule to form sulphuric acid again, releasing oxygen
which appears on the anode in bubbles. This is an interesting case
because the water is continually decomposed, the concentration of
the solution becoming therefore steadily greater. We shall return to
this case later. '

The question now arises as to the magnitude of the charge
carriel by the individual ions. We know that a gram-equivalent of
any substance carries 96,490 coulombs. Moreover, the number of
atoms or molecules in a gram-equivalent depends only on the valence.
For a monovalent substance the number is 6.02 10)?$, the number of
atoms in 1.008 grams of hydrogen. For a bivalent substance the
number is one half of this, and so on. These facts indicate that
every monovalent ion carries the same basic charge, positive or
negative as the case may be. A bivalent ion carries two of these
charges, a trivalent ion three. We suspect at once, of course, that
the magnitude of this basic charge is equal to that of the electron
and the proton, 1.60(10)™*¥ coulomb, Dividing 96,490 by 6.02,10)23
does indeed give that exact value, which we may regard as a confir-
mation not only of the theory of eiectrolysis but also to some extent
of the entire electron theory of matter.

Prcblem 57a. Given that the valence of silver 1s one and that the valence

of copper is two. calculate the chemical equivalents of these metals and also
of the acid radical's NOy and SO,. Ans. 107.88, 31.79 ; 62.01, 48.03.

Prohlem 57b. Calculate the electrochemical equivalents of Ag and Cu.
Ans. 00011180 gm/coulomb, 0 0003294 gm/coulemb.

Problem 57¢ Determine for how long 1 amp must flow through a dilute
solution of sulphuric acid to liberate 1 gm of oxygen. How much hydrogen is
produced at the same time ? Ans. 3 hr 21 min, 0.126 gm.

58. Conductivity of Electrolytes, — The electrical conductivity
o of an electrolyte is equal to the sum of the partial conductivities
due to the various types of ion present. Kvidently each partial
conductivity dcpends on the amount of ionic charge per unit volume
and on the ionic mobility, that is, the transport velocity of the ions
per unit applied electric field. For simplicity, consider an electrolyte
in which there are equal numbers of positive and negative ions, of
mobilities #, and u_, respectively. Then

¢ = Féc(u, + u). (58-1)
where F and § have the same signiﬁcmlc\c as in the preceding article
and c is the concentration, expressed in gram-equivalents of solute
per unit volume of solution, In electrolysis it is customary to use
the equivalent conductivity \ given by

Ne= - = Fau, + u), (58-2)

since this quantity does not contain the concentration explicitly.
Actually A increases to a limiting value %, as ¢ converges to zero.
When the solute is a salt or a “‘strong” acid or base, the dissociation
is essentially complete (§ = 1), but the mobilities change with con-
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centration because of change in the electrostatic forces between the
ions. This change is relatively small, so that the conductivity ratio
NN does not differ greatly from unity. On the otHer hand, if the
solute is a ‘“‘weak” acid or base, the mobilities are practically
constant, but ,§ increases rapidly from a small value as ¢ approaches
zero and there is a corresponding rapid increase in A/d,. 1f § = 1
when ¢ = 0, as is usually assumed, § = A/}, for any finite concen-
tration, whick allows the degree of dissociation to be determined
experimentally.

The measurement of the conductivity of an electrolyte is quite
simple if the passage of current does not cause any change in the
surface of the electrodes, since, with the small currents employed,
any change in composition of the electrolyte is so slow that its
homogeneity is not appreciably disturbed in the period of time
required for the measurement. In such a case any ordinary direct-
current method may be used. Usually, however, the measurement
of conductivity is complicated by a phenomenon known as polariza-
tion. Consider, for example, platinum electrodes in a solution of
sulphuric acid in water. As we have seen (art. 57), hydrogen is
liberated at the cathode and oxygen at the anode. A layer of gas
collects on each electrode, so that in effect the electrodes are con-
verted from platinum to hydrogen and to oxygen respectively. But
dissimilar electrodes in a solution with which they can react consti-
tute a voltaic cell (art. 51), so there is an internal e.m {. of magnitude
& z, which opposes the external or applied e m.f. Unless the external
e.m.f. is greater than § ,, current cannot be made to pass through the
cell. As the work performed in the decomposition of a given amount
of water must be equal to the energy obtained on recombination,
2.873(10)® joules per gram-molecule, we can easily calculate & p.
Suppose a gram-molecule of water is decomposed. A gram-molecule
of substance has a mass in grams numerically equal to its molecular
weight, Since oxygen is bivalent, a gram-molecule of water is two
gram-equivalents. Decomposition of this amount requires the passage
of (2 x 96,490) coulombs through the cell, and corresponds to electrical
work of amount (2 x 96,490) & ,. This latter quantity is not equal to
the energy of formation, however, for experiment shows that the
cell ahsorbs heat as the decomposition taxes place at the rate of
0.797,10)% joules per gram-molecule at 20° C. Thus if no energy is
dissipated,

(2% 96,490) € p + 0.797(10)° = 2,873(10)°.

which gives &, = 1.08 volt, Actually it takes about 1.7 volts to
produce steady decomposition of water in the given cell. The
poiarization voltage is therefore greater than is necessary to supply
cnergy for the decomposition. The excess voltage, called the over-
voltage of the cell, is ascribed to a dissipation of energy attendant on
the formation and release of bubbles of gas at the electrodes.

When polarization is present, measurement of conductivity is
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usually made by a method due to Kohlrausch. The electrodes are
contained in two flasks which are connected by a straight glass tube
(Fig. 100). The area of the electrodes is made large in order to increase
the time necessary for &, to build up. The entire unit is inserted in
one arm of a slide wire
bridge, whose applied
e.m.f. is not steady but
alternating ; that is, it
reverses direction per-
iodically. The current
through the electroly-
tic cell also reverses
direction, and if the Fic. 100

frequency of reversal is great cnough—several hundred alternations
per second—polarization is unable to develop to any appreciable
extent. The mcasured resistance is then the true resistance of the
electrolytic cell. Of course, a special alternating-current galvanometer
or a telephone receiver must be used in balancing the bridge, instead
of the ordinary direct-current instrument descrited in Chapter V.
In order to eliminate the unknown resistance of the electrodes and
the electrol yte in the flasks. measurement is first made with a long
tube between the flasks, then with a short tube of the same cross
section. The difference between the two resistance values obtained
is the resistance of a column of liquid of length equal to the difference
of the tubes. Knowing the cross section of the tubes the conductivity
of the electrolyte may be calculated at once.

Electrolytic conductivity like metallic conductivity is independent
of em.f. and current, that is, electrolytes obey Ohm's law. The
dependence on temperature, however, is different in the two cases ;
metallic conductivity decreases slowly as the temperature rises,
whereas electrolytic conductivity increases quite rapidly, as wmuch
as 2 or 3 per cent per degree centigrade at room temperature.

In order to apply Ohm’s law to a cell which is subject to polariza-
tion. we must write
. _ & — &
- ’

i
I'o
where & is the applied e.m.f. and ry is the true ohmic resistance. If,

now, we define the apparent resistance r by the equationi = §|r,
we see that

r=ry+ 5;’. (58-3)
As § p depends in a complex manner not only on the current but also
on the length of time it has flowed and on the previous condition
of the electrodes, r is in general variable and to some extent indeter-
minate. This result evidently applies to a voltaic cell, itself causing
the flow of current, as well as to a simple electrolytic cell with an
external applied e.n.f., which explains the statement made about r
in article 51. ‘
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59. The Voltameter.—Electrolytic cells are frequently used
for the absolute measurement of current. It is only necessary to
determine the mass M of substance liberated at an electrode in a
time t. Then by the first law of electrolysis the current is

M

Zr
where Z is the electrochemical equivalent of the substance liberated.
We usually choose a cell in which a metal is deposited directly on the
cathode without any secondary chemical reaction. A cell used for
current measurements is called a voltameter.

For ordinary laboratory use a copper voltameter is convenient and
sufficiently accurate. The electrolyte is a solution of copper sulphate
made by dissolving copper sulphate crystals in about four times their
weight of water. The electrodes are copper plates, usually arranged
as shown in Fig. 101 in order to utilize both sides of the cathode.
It is necessary to determine the increase in mass of the cathode rather
than the decrease in mass of the anode, as the latter may contain
impurities which dissolve out during electrolysis.

The cathode, having been cleaned and weighed, is placed in the
cell and current is allowed t6 pass for a known time. In order to
obtain a hard smooth deposit, the current density at the cathode
should not exceed 20 milliamperes per square centimeter. The

i (59-1)

Cathod

C
Fic. 101 Fra. 102

cathode is now removed, washed in distilled water and weighed again.
As the electrochemical equivalent of copper is 0.0003294 gm/
coulomb we have all the necessary data for tho calculation of i by

(69-1).

For the most accurate absolute determinations of current a silver
voltameter is invariably used. The electrolyte is a solution of silver
nitrate, about 15 or 20 parts by weight of silver nitrate to 100 parts
of water The anode is, of course, silver. The cathode, however,
is usually a platinum cup which serves as a container for the elec-
trolyte (Fig. 102). In order to prevent impurities from reaching the
cathode 'a small porcelain cup P — porous to the electrolyte —
surrounds the anode. The voltameter shown schematically in Fig. 102
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is the Richards’ type. There are several other types which differ
considerably in details.

To obtain th> highest accuracy, a few parts in 100,000, great
care in the preparation and assembly of the apparatus is essential.*
Because of the high accuracy obtainable under proper conditions, the
silver voltameter is uscd to establish the standard current at the
Bureau of Standards and at other standardizing laboratories. That
is, the ampere is specified in terms of the amount of silver deposited
in it per second. This quantity, the electrochemical equivalent of
silver, is 0.0011180 gm coulomb.

60. Theory of the Voltaic Cell —The physical characteristics of
voltaic cells have been described in article 51. As these cells are
simply electrolytic cells in which the electrodes react with the electro-
lyte in such a way as to produce an internal e.m.f., their electroche-
mical behavior is governed by Faraday’s laws of electrolysis. It
remains, however, to investigate the mechanism by which the internal
e.m.f. is produced. An explanation of this mechanism has been given
by Nernst.

In order to understand Nernst’s theory it is necessary first to
familiarize ourselves with the phenomenon of osmiosis. Suppose we
have a U-tube (Fig. 103) with water in one arm and an aqueous solu-
tion of some sort in the other. The
liquids are separated by a semiper-
meable membrane or plug M which
permits free passage of water but
not of the dissolved substance in the
solution. It is found that the height
of the liquid is not the same in the
two arms of the tube, being greater
for the solution than for the pure
water. The pressure p; just to the >
right of M is therefore greater than Fic. 103
the pressure p, to the left. Now p,‘is made up of two partial pres-
sures, due to the water and to the dissolved substance respectively.
Moreover, as water passes through M freely, its partial pressure on
the right of M must be equal to the total pressure p, on the left ; so
that p, = p,, + p, where pis due to the dissolved substance. The
quantity p, which is thus the difference of pressure across M, is
called the osmotic pressure. A few measurements of p under different
conditions suffice to show that in a sufficiently dilute solution at
least it is proportional to the absolute temperature and to the
number of dissolved molecules or ions per unit volume of solution.
In other words, the dissolved particles behave as if they constituted
an ideal gas, quite independent of the solvent, With this fact we may
return to Nernst’s theory.

When a metal electrode is dipped into an electrolyte, there is a
tendency for positively charged metallic ions to go into solution.

*A detailed discussion of the technique of voltameter measurements is
given by Glazebrook, Dictionary of Applied Physics, Vol. 11, p. 247 ff.
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According to Nernst, we can measure this tendency in terms of a
pressure P called the electrolytic solution pressure. If some of the
metallic ions are present in the solution before the electrode is intro-
duced, we are able to distinguish three cases. Thus if P is greater
than p, the osmotic pressure of the ions in the solution, ions must
pass into solution from the electrode, leaving the latter negatively
charged. If P is equal to p nothing occurs, whereas, if it is less, ions
are deposited on the electrode, charging it positively. If the clectro-
Iyte does not contain ions of the same susbtance as the electrode, p
is zero, of course. In any event, equilibrium occurs when the
electric forces between the electrode and the ions are just sufficient
to balance the difference between P and p. For example, a silver
electrode dipped in a solution of silver nitrate becomes positive rela-
tive to the solution, for the electrolytic solution pressure of silver is
very small. The difference of potential between an electrode and a
solution can be measured by suitable means and serves to confirm
Nernst’s theory.

We are now in a position to understand the difference between
a simple electrolytic cell, without resultant e.m f, and a voltaic cell,
which has an emf. TIf two identical electrodes are placed in an
electrolyte, each in general differs in potential from the electrolyte,
but by the same amount, so there is no difference of potential between
the electrodes. On the other hand, electrodes of different materials
differ in potential from the solution by different amounts, and there-
fore differ in potential from each other, this potential difference being
the e.m.f. of the cell. Basically, therefore, the electrolytic cell is a
special case of the voltaic cell rather than the other way, as we have
heretofore considered it.

Incidentally, it appears from the solution pressure theory that
we can produce an e m.f withont chemical reactions. The potential
difference between an electrode and an electrolyte containing the
same substance depends on the osmotic pressure of the metallic ion,
which in turn depends on the concentration. If, then, a cell with
identical electrodes is arranged so that the concentration of the solu-
tion differs as we pass from one electrode to the other an e.mf. is
produced and we have a concentration cell. The e.m f. of a concen-
tration cell is usually quite small. Thus a silver nitrate cell with
silver electrodes has an e.m.f. of about 0.05 volt at ordinary tempera-
tures if the concentration at one electrode is ten times as great as it
is at the other. .

There are several ways in which cells may be classified. For
theoretical purposes it is usually best to classify them as reversible and
irreversible. A reversible cell is one which may be restored to its
original condition after discharge by passing a reverse current through
it, the energy required for charging being exactly equal to that ob-
tained from the cell during discharge. An irreversible cell does not
have this property, either because energy is dissipated or because
there are secondary chemical actions which cannot be reversed. For
practical purposes it is convenient to classify cells as primary and
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secondary. A primary cell is used for discharge only. It is usually,
but not necessarily, irreversible. A secondary cell, often called a
storage cell, is alternately charged and discharged and is necessarity
reversible, therefore. Various cells will be described under this classi-
fication in the following articles. '

There is an important theorem relative to reversible cells, origi-
nally deduced by Gibbs and by Helmholtz independently Let us
suppose that a given reversible cell at an absolute temperature T
generates Q units of electricity. If H is the heat of formation of the
chemical compounds which appear in the cell during the process, that
is, the energy released during the formation of the compounds, and
H' is the external heat absorbed, the electromotive force § is deter-
mined by the equation,

Q& — H+ H, (60-1)
This follows immediately from the law of conservation of cnergy.

Let us now apply a eyclic process to the cell in order to estab-
lish a relation between heat absorbed and work performed. Thus
suppose the cell first generates Q units of charge at temperature T
absorbing external heat H'. This is represented graphically by ab in
Fig. 104. Now insulate the cell thermally and pass a reverse current
through it. If heat was absorbed before, it must now be evolved. It
cannot escape because of the thermal insulation, so the temperature
of the cell rises. We limit this step in the cycle, represented by bc.
to infinitesimal changes. Thus the temperature rises to T + dT and
the e m.f changesto § + d&. The insulation is now removed and
the reverse current continued until we reach the point d, H' 4+ dH'
units of heat being given up at the temperature T + dT. The point
d is chosen in such a oy
way that, if we replace
the thermal insulation ,
and allow the cell to H+dH'

generato charge, the d ¢ &+d&T+dT
cell is restored exactly ‘
to its original condition a b £

when the temperature H

reaches the value T. ¢
Since we have a com-
plete cycle, the energy e
dH' given up by the charg
cell in the form of heat Fic. 104

must be equal to the energy received electrically. To calculate this
electrical energy, we observe that the total charge produced by the
cell during the cycle equals the total charge absorhed by it and
therefore, as bc and da are infinitesimals, ab equals cd. Thus the
clectrical energy received is Q(§ +d&§) — Q& = Qd§ and we have

dH' = Qd§. (60-2)

‘The gyole is reversible since we are dealing with a reversible cell, so

s )
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we may give the cell dH' units of heat and receive Qd § units of
electrical work if we choose.

This reversibility leads us to a very interesting fact. Suppose
we have two reversible cells working in cycles with the same tempera-
ture l.mits. We may arrange the cells so that, in effect, one cell
runs the other backwards, that is, the external work Q,d §, supplied
by one is cxactly equal to the amount Q,d § , absorbed by the other.
Thus dH,' = dH,’ Also H,' = H,'; otherwise we can run the
combination of cells in a direction such that heat is removed from
bodies at a temperature T and is delivered to other bodies at a
temperature 1' + dT without expenditure of energy, a procedure
contrary to the second law of thermodynamics. Hence dH,'|H,’ =
dH.'[H,’, and as we are dealing with any two reversible cells it is
evident that the ratio dH'[H' is the same for all reversible cells, for
all reversible mechanism of any sort, in fact, working between the
temperatures T and T + dT. As dH'|H’ is independent of material
properties, it cffers an ideal means of establishing an absolute tempera-
ture scale, and, as it happens, the thermodynamic or Kelvin scale to
which we are accustomed is obtained by making T proportional to H’.
That is,

dT dH’
"’;1—. ==—H7 B (60'3)
Combining this with (60-2) gives
. dg g
H = QT =1, (60-4)
and finally, using (60-1),
_ 4§
O! d
- & -
§ =h+T—_p2. (60-5)

where h == H/Q is the heat of formation per unit charge.

The Gibbs-Helmholtz equation (60-5) shows us that the electrical
energy developed by a cell at constant temperature is equal in amount
to the énergy supplied by the internal chemical processes only if

gﬁ = 0. Otherwise, the cell absorbs heat as it generates charge, or

evolves it, depending on whether Z;E is positive or negative.

61. Primary Cells. — Several different types of primary ecell
have been devised to meet various practical requirements. The most
important feature in any of them is the depolarizing mechanism, for
the primary chemical process almost always involves })ola.riza.tion
effects which must be neutralized by secondary reactions of some sort.
A ccll that polarizes appreciably is of little practical value. .

(O
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The Daniell Cell. — In its simplest form this cell has a zine
electrode in a solution of sulphuric acid and a copper electrode in a
solution of copper sulphate, the two liquids being separated by a
porous cup (Fig. 105). The zinc is amalgamated to eliminate the
effect of impurities which cause a local
electrolytic action that wears away the elec-
trode. When the cell is in action, SO,~ ~
ions combine with zinc at the electrode to
form ZnSO, while the H* ions move out
through the walls of the cup. On reaching
the copper sulphate they displace copper
ions and form H SO, with the remaining
80,7~, the copper being deposited on the
copper electrode, The copper sulphate solu-
tion is thus the depolarizer, for it prevents
hydrogen, the most common source of polari-
zation, from appearing at the electrode.

Use of the porous cup may be avoided
by placing the zinc electrode above the Fic. 105
copper, and relying on the different densities
of the solutions to keep them from mixing. A Daniell cell so arranged
is often called a gravity cell. In any form of Daniell cell mixture wiil
take place by diffusion if the cell is allowed to stand idle. This cell
is therefore adapted only to a service where there is a continuous flow
of current. The internal resistance of the cell is rather large, of the
order of an ohm.

Ideally, at least, the Daniell cell is reversible, so we may
calculate its e.mf. by means of the Gibbs-Helmholtz equation,

As Zﬁ is very close to zero (60-5) reduces to § = h. The resultant

action in the cell is the formation of zinc sulphate and the decomposi-
tion of copper sulphate, so & is the heat of formation of ZnSO, minus
that of CuSO,. The first of these heats in joules per coulomb is 0.82
and the second —0.27, so that § = 1.09 volt, This is the observed
value, subject to slight variation with different concentrations.

The Leclanche Cell. — In its basic form this cell has zinc and
carbon electrcdes in a solution of ammonium chloride (NH,Cl). The
carbon electrode is in a porous cup packed with manganese peroxide
(MnO,) which is the depolarizer (Fig 106). When current flows,
Cl- ions move to the zinc electrode where they form zine chloride,
The NH,* ions move to the carbon where they separate into ammonia
(NH;) and hydrogen. The latter reacts with the MnO, forming Mn O,
and water. As the depolarizing action is rather slow, the cell becomes
somewhat polarized if used continually, but recovers on being allowed
to stand idle for a time. Itis, therefore, particularly suited to
intermittent service. Itse.mf is 1.5 volts.

The common dry cell is a special form of Leclanché cell. In this
case both the depolarizer and the electrolyte are made into a paste.
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‘The cell is contained in a zinc can which serves as one electrode, the
whole being sealed to prevent the paste from drying out. The internal
resistance of a new dry cell is one-tenth of an ohra or less, so fairly
large currents may be drawn momentarily before polarization
develops.

CdSO,

crystals
Paste
Hg

CdSso0,

“% crystals

Amalgam

Fre. 106 Fic. 107

The Weston Standard Cell — When carefully prepared and cared
for, this cell provides a highly accurate standard of electromotive
force, The somewhat complicated construction of the cell is indicated
in Fig. 107. The cell is contained in a closed glass tube of H-form.
Platinum wires sealed into the glass make contact with the electrodes,
which are mercury and cadmium amalgam respectively. Above the
mercury is a paste composed of mixed cadmium sulphate and
mercurous sulphate, which is the depolarizer. The electrolyte is a
solution of cadmium sulphate, crystals being included to insure
saturation. The e.m.f. at 20° C is 1.0186 volts with a negative tem- .
perature coefficient of 4 parts in 100,000.

Extensive research has been devoted to the preparation of the
Weston cell.* In use, care should be taken to maintain the entire
cell at a uniform temperature, and to protect it from agitation.
Measurements are always made by a potentiometer method (art. 56)
to aveid appreciable flow of current.

62. Secondary Cells. — There are two types of secondary cell of
practical value.

The Lead Cell. — Of the two types this is distinctly the more
important. It was devised by Planté in 1859 and has been highly
developed commercially since that time. When the cell is fully
charged, the electrodes are lead oxide (PbO,) and lead in & spongy
form, respectively. The electrolyte is a solution of sulphuric acid
with a specific gravity of 1.20 to 1.28. Usually, in order to obtain a
large capacity, each electrode consists of a number of plates connected

®A full discussion of the Weston cell may be found in Glazebrook,
Dictionary of Applied Physics, Vol. II, p. 260 £f.
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together (Fig. 108). Insulating separators prevent plates of opposite
polarity from coming into contact.

As the cell discharges, SO, ~ions move to the negative (lead)
plate with which they combine to form PbSO,. The action at the
positive plate is more complex. The H* ions reduce the PbO, to
PbO, forming water in the process. Then the PbO combines with
the sulphuric acid forming PbSO, again, and more water. As lead
sulphate appears on both plates according to the foregoing explana-
tion of the chemical reactions, this explanation is called the double
sulphate theory. Some objections have been raised against it since
the intermediate reaction at the positive plate cannot actually be
observed. However, the theory is in agreement with the known facts.
The reactions in charging are, of course, the exact reverse of those
described above.

Since acid is removed from the electrolyte during discharge, the
specific gravity of the solution falls. This provides a convenient
indication of the state of charge, as the

specific gravity is easily measured with -% .
a hydrometer. When this quantity has

fallen to about 1.15 the cel! should be i
considered fully discharged, for at lower nigisipiighig

values the lead sulphate tends to change
from the normal form in which it is
deposited to an insoluble form which is
not decomposed on charging. This not
only destroys part of the active material
but, by covering the plates, causes a
serious increase in the internal resistance
of the cell. A cell which has suffered |[= . =
in this way is said to be sulphated. |E==— ——— =
Prolonged idleness also causes sulphation
unless the cell is fully charged. Frc. 108

The em.f. at full charge is 2.05 volts or slightly more. The
value when discharged is about 1.80 volts. The internal resistance is
0.01 ohm or less if the cell is not sulphated, and there is no appreci-
able polarization, so very large currents may be obtained. The
capacity of a cell is wsually expressed in terms of the quantity of
electricity it can generate, the unit being the ampere-hour. That is,
a 100 ampere-hour cell will provide 10 amperes for 10 hours, or 5
amperes for 20 hours, and so on. The ordinary cell varies in capacity
from 50 to 200 ampere-hours. For such a cell a current which charges
or discharges it in 8 or 9 hours is considered to have a good working
value. As has been pointed out, a cell should not be discharged
beyond a certain point, but it may be overcharged without any
particular harm except the decomposition of water in the electrolyte.

This loss may be repaired by adding the proper amount of distilled
water.

The construction of the plates is a matter of some interest.
Originally Planté fomed the plates electrolytically by placing pure

L
PbO, —
PEO,_

Pb
Pb
FL

SR LER R R R
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lead in dilute sulphuric acid and passing current first in one direction
and then in the other. This process is slow and expensive, so that
other methods have been devised. The simplest method consists of
casting skeleton plates, or grids, of lead and filling these with a paste
which is easily converted by electrolysis to the desired form.  For
the positive plates the paste may be made of PbyO, and for the
negative plates of PbO. Pasted negatives are quite satisfactory and
are widely used. Pasted positives, although frequently used, are some-
what less desirable as they have a tendency to crack or buckle.

For both commercial and lakcratcry use several cells—usually
three—are connected in series and assembled in one case, the
resulting unit being called a storage battery, or an accumulator.

The Iron-Nickel Cell —This cell has electrodes of iron and of
nicke] oxide. The electrolyle is a solution of potassium hydroxide,
It is not described in detail as it is not extensively used. It has
however certain valuable characteristics. For a given energy content
it is lighter than a lead cell. Moreover it is capable of withstanding
considerable abuse both electrically and mechanically. When charged,
the cell has an e.m.f of about 1.4 volts.

Problem 62a. The temperature coefficient of the lead storage cell is

00004 volt per degree centigrade. How much heatat 200°C does the cell
absorb per ampere-hour of dischirge ? Ans, 100 cal.

63. Thermo-Electricity.-—It is possible to produce an e.m.f. by
thermal means without resort to chemical reactions. S:ebeck in
1826 discovered that a current flows in a circuit composed of two
metallic conductors of different materials if the temperatures of the
two junctions are different. There is therefore an e.m.f. in such a
circuit, dependent on thermal conditions, called a thermal electro-
motive force. The combination of conductors in which this e.m.f. is
generated is known as a thermocouple. The energy expended as the
current flows is supplied by the absorption of heat from external
sources, nssuming the temperature at every point in the circuit is
maintained unchanged, for there is no other possible means of supply.
The first experimental observation of this phenomenon was mds by
Peltier. who discovered that, when current flows across a junction
between two metallic conductors at constant temperature, heat is
absorbed or evolved, depending on the direction of the current.
The quantity of the Peltier heat is proportional to the quantity of
charge which crosses the junction. It depends also on the tem-
perature of the junction and the materials of the two conductors.
Thus when current flows in a thermocouple circuit because of a
temperature difference of the junctions, heat is absorbed at the high
temperature junction and evolved, in a smaller amount, at the low
temperature junction, The difference between the two quantities is
converted into electrical energy by the thermocouple. The Peltier
heat is perfectly reversible. If a reverse current is forced through
the thermocouple by means of an external e.m.f., heat is absorbed
at the low temperature junction and evolved at the high. Care
must be taken to distinguish between the reversible Peltier heat
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and the irreversible Joule heat due to resistance, We need not in-
clude the latter in the thermodynamical discussion, as we can make
it negligibly small by using small currents and conductors of large
cross section. This follows from the fact that the Joule heat is
generated at a rate equal to Ri2%, R being the resistance of the
circuit and i the current, while the Peltier heat is developed at a rate
proportional to i alone. '

- The existence of the Peltier heat at the junction of two con-
ductors indicates the presence there of an e.m.f. Suppose a charge
Q passes across the junction in the positive direction, that is, the
direction in which the e.m.f. tends to produce current flow. If II
is the e m.f., the electrical work generated is QII, and this must be
equal to the heat H, absorbed. Thus IT equals the Peltier heat per
unit charge. We can understand the production of the e.m.f. at the
junction, in a general way at least, from our knowledge of the
structure of conductors (art. 49). In the interior of a metal there
are free electrons which, taken collectively, behave like a gas. When
two metals are placed in contact, the electron gasin each diffuses into
the other, but the densities differ in general, so the rates of diffusion
are different, and the metals become oppositely charged. As the
charges are built up, an opposing electric field develops and, equi-
librium is soon established The differential diffusion thus creates
an e.m.f., which is measured internally from the negative metal to
the positive, as that is the direction in which it tends to produce
-ourrent in a closed circuit.

The discussion of the junction e.m.f. contains a valuable
suggestion. It the temperature is different at two points in a con-
ductor, the density of the electron gas must differ. We may there-
fore expect an e.m.f in a conductor whenever there is a tempera-
ture gradient. This effect, which is easily found experimentally, was
first predicted by Thomson {Lord Kelvin) and is called the Thomson
effect. As the electron density is greater at lower temperatures, the
Thomson e.m.f should be from cold to hot. In some metals, how-
ever, it is in the other direction, an anomaly for which no simple
explanation has been given. When current flows, T,
there is a reversible absorption or evolution of
heat just as in the case of the junction e.m.f.

‘The Thomson e.mf. belween two points on a

conductor which differ in temperature by dT may o b
be expressed in the form odT, where o, called
the specific heat of electricity, is some function of
the temperature.

We are now able to express the e.m f. of a T,
thermocouple analytically and to deduce some Fic. 109
important theorems  Denoting the conductors of 1.
which the thermocouple is composed by @ and b, the total e.m.f. is
& a», measured around the circuit in such a direction that a positive
current flows from a to b at the warm junction. If the upper junction
in Fig. 109 is the warm one, the positive direction of e.m.f. and
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current is indicated by the arrow. Let the temperature of the warm
junction be T3 and that of the cool junction be 7,. Then

€ o = [Mas]ry —j:' opdT — [I1gp)7y + I:’ o, dT
2 2

=T |7} + j: 1 (04 — 0p)dT. (63-1)
2 2

The first important property of & a» is apparent if we choose some
temperature T intermediate between 7; and T, and calculate the
emf’s Ea and §a' for the temperature intervals 7; — T and
T — T,, respectively. We have

T T
Ea =!Iy ™ + j ' (0 — 0,)dT,
T Vi

'T T
(‘;ah” = :IIab:,,' + j1 ("a - Ub)d']‘-
2 '2
Adding these,
T T
gabl + 6«!1” ==| -”abl:ll -+ ,Ll (00 — “b)dT = &a- (63-2)
T "2

We may evidently divide T; — T, into any number of intervals with
the same result. Hence, the em.f. of a thermocouple for any tem-
perature interval Ty — T, is the sum of the e.m.f.’s corresponding to
any intervals into which Ty — T, may be subdivided.

Next let us introduce a third metal ¢, and compare the
thermocouples ac, bc and ab. For the temperature interval T; — T,

T T
& ac = ‘ IIac \ ! - j ! (aa - oc)dT;
T T2

T T
S =T > + [ (o — 0T,
T2 T2
and by subtraction, . ,
Eac— &pe = — "I + o | ¥ + J. (o — a,)dT, (63-3)
T2 T3

as Ize = — Il

Now consider a closed circuit abc composed of the three metals,
all parts of which are kept at the same temperature. There can be
no resultant e.m.f. in this circuit ; otherwise current would flow and
heat energy would be converted directly into electrical or mechanical
work without any temperature difference available, which is contrary
to the laws of thermodynamics. As there are no temperature
gradients, the Thomson e.m.f.’s are all zero and we must have

1., + Il + Iea = O. (63-4)
Combining this with (63-3) gives
Tl

Ga = 600 = T |2 + [7) (00 — aldT = Gar  (635)
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Therefore, if we know the thermal e.m.f. for each of two metals in
combination with a third, we may obtain the e.m.f. for the combination
of the two metals by subtraction. This allows us to measure and
tabulate the e.m.f. for each metal against some T,
one chosen as a standard. The e.m.f. for any
pair of metals is then given by the difference of b
the corresponding tabular values. Evidently the a
same thing is true of the rate of change of e.m.f.
with temperature, a fact which we shall find useful
later. Lead is usually chosen for the reference T T,
metal because its Thomson coefficient is found to 2
be zero. C

Lastly, let us include a third metal ¢ in the Fic. 110
thermocouple circuit ab (Fig. 110), keeping the 6.

junctions bc and ca at the same temperature T,, however. The
e.m.f, is

1'
& abe = (asl7, — j . 04T + [Miclr,
T T
+j ! 0 dT + [ Tieg Irs +] ! 0,dT
T2 T2

T
= [Hab ]1’1 + [Irbc + I, ]Tz + JTl (0g — "b)dT-
3
Using (63-4), we obtain

T 7
Eave= Iy 1 ' + J- o — 0p)dT = § . (63-6)
T2 T2

This result evidently may be extended to include any number of
added metals. Thus, any number of intermediate metals may be
included in a thermocouple circuit without affecting its e.m.f., provided
each such conductor has thesame temperature at both ends. This is the
most important property of thermocouple circuits from a practical
standpoint ; for it permits the introduction of instruments, copper
connecting wires and other accessories which must be included in the
circuit for measurement purposes, without any disturbing effect.

It remains to determine the form of &, as a function of the
temberature. Suppose the thermocouple works between the absolute
temperatures T and T 4 dT. As the Peltier and Thomson heats are
both reversible, we have a device whose thermodynamical properties
are identical with those of the reversible voltaic cell. Therefore the
fraction of the heat passing through the thermocouple which is
converted into electrical energy must be equal to dT|T, as explained
in article 60. This means

Ay — oodT + o4dT _ dT
T T =T°

I I
lii%ab___;?_b_*_ 0 — 0y =0,

or
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which may be expressed in the convenient form

d IIab ag - Ub
a(Cr)+" ™ =0 (63-7)

This equation establishes a general relation between the Peltier
and Thomson coefficients. Now experiment shows that o is very
nearly proportional to T for most substances. Let us set

Oq = ka]".. oy = k T,
Og — Op = kab%: t _} (63-8)

where kop = ko — ks. This enables us to integrate (63-7) obtaining
o = katT(Tay — T), (63-9)

'I‘.he' quantity T, which is equal to the constant of integration
divided by kg, is called the neutral temperature. ‘

f:_F.‘inally, using (63-1), (63-8) and (63-9), we have for the total
e.m.f.

\ Tl Tl
Eap = kaT(Tas - T) '+ j kayTdT
T2 T2

= kaaTa(Ty — Tg) — Kap(Ty2 — Ty2) + k(T2 — Ty2)
= kab(Tl - 2)[Tab - ‘1‘ (Tl + Tz)]-

Since in practice we always keep one junction at a fixed temperature,
we may set T, = T,, a constant reference temperature, and 7, = T
a variable quantity. Then ’

Eaw = kp(T — T))[Ty — 3 (T + ). (63-10)

It appears that & a» is a parabolic function of the temper
(Fig. 111), being zero when T=T,, of course, and ugai[r)le 33?;3
T=2T,,—T,, that is, when the average temperature of the junctions
3\T+T,) cquals To. Curves are shown in the figure for various
values of T,. Evidently &4 has a maximum for any value of T,
when T="Top. ‘ ’

As (63-10) depends on (63-8), it is sometimes not sufficiently
accurate when the tem- ?®
perature varies over a o
wide range. In sucha ~®P
case the thermocouple
must be calibrated.

On the other hand,
when only small tem-
perature differences are |
involved, as is often
the case, (63-10) serves

|
very well. We are T T L ™
then interested in the r / /l‘ /I Tap \\\
rate of change of § 0. Fro. 111 .
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This quantity, called the thermo-electric power, is given by

de

‘7’72"=ka,,(Tab—T). (63-11)
Since T, does not appear, the fixed temperature is of no con-

sequence. This is indicated grapbically in Fig. 111 by the parallel

tangents, ‘whose slope is the thermo-electric power. In order that

g‘g" ? shall be large, it is necessary that T be kept well away from

Tap. Equation (63-11), being linear, offers a more convenient means
of recording data on thermocouples, either graphically or in tabular
form, than (63-10). The thermo-electric power for each metal in
combination with lead is determine‘l experimentally. Then the value

for any pair of metals is obtained by subtraction, as explained in
connection with equation (63-5) above. Thus, for example,

d§ ab__ d(‘:n!_ d&u
dT — dT T’
where / indicates lead. If we write this in the form
kat(Tar—T)=kat(Tar—T) — koo Tor = T')
and note that k,y=ka—Kku. we see that
kayTas=KatTol —kuTp, (63-13)

indicating that the various constants are not independent. For
tabulation it is convenient to use the centigrade scale. Denoting
centigrade temperature by ¢, T=¢+4273° and (63-11) may be written

‘l—ﬁl;'ﬂ-=k,,;/(lml—-t)§a+ﬂt, (63-14)

(63-12)

where m indicates any metal. Thermal e.m.f’s are usually very
small, of the order of a few microvolts. Values of @ and B for some
metals and a few alloys are given in the adjoining table, which is based
on the very complete work of Bridgman.* The values of the con-
stants vary considerably with the condition of the substances, and must
be regarded as approximate only. To find the basic constants in
terms of a and B, we have kpy=—B and Tpr =ty +278°=(—a/B)+
273°. Note that we have taken the e.m.f. to be positive when it causes
current to flow from m to / at the warm junction. Practice varies
in this regard.

The thermal eleciromotive force for any metal in combination
with lead expressed in terms of a and B is obtained by integrating

(63-14). This gives
& m=a(t—t;)+3B(t* -1/, (63-15)
where ¢, is the fixed reference temperature of one junction.
* Bridgman, P. W. Amer. Acad. of Arts and Sci., 53, 269 (1918).
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Substance Il a(volt/deg) j’ B(volt/deg?)
Bismuth ..ceuee.... [ 74.42(10)-* | -—0.0320(10)—°
Cadmium.....ccre. —12.002(10)~¢ | —0.3238(10)—
Cobalt......... v | 17.32(10)7° 1 0.0780(10)—¢
COPPET ++veererernne © = 2777(10)=* 1 —0.00966(10)—*
Iron . ...oeeverveees: —16.18(10)=8 0 0178(10)—#
Magnesium... ....| 0.095(10)—* — 0.00008(10)—°
Nickel...covrvenn.. | 17.61(00)* | 0.0356(10)=*
Platinum............ ( 3.002(10)—* 0.02668(10)—*
Silver.vreureres o' — 2 566(10)—° —0.00864(10)—*
Tinevererrens seeee — 0.230(10)—° 0.00131(10)=* |
Tungsten............ — 1.594(10)—* —0.03410(10)~¢ \
ZiNCeverrrrvviirienns — 3.047(10)= ¢+ 0.00990(10)~*
Constantan......... 34.76(10)—8 ' 0.0794(10)—¢ .
Manganin.......... — 1.366(10)—* 1 —0.000828(10)=" .

Problem 63a. Show that
d&a
llas =T aT
A& w»
oa — Op T dT?

are general relations applying to all thermocouples. Verify these relations
for the special case in which § ,; has the form given by (63-10).

Problem 63b. Referring to the table of thermo-electric powers, calculate
Ilap and oa-ob for a bismuth-cadmium thermocouple at 0°C.
Ans, 0.0236 joule/coulomb, — 79.7(10)—® volt/degree.

Problem 63c. Express the thermal e.m.f. of a copper-con:tantan couple
in terms of centigrade temperatures, the cool junction being at 0°C.
Ans. & ,p = — 37.54(10)—%t — 0.0445(10)~%2 (in volts).

64. Thermocouple Measurements and Instruments.—Thermo-
couples are of great value for the measurement of temperatures and
temperature intervals of any magnitude up to 1600°C. The type
of thermocouple is determined by the use for which it is intended.
Up to 300°C, copper and constantan—a copper-nickel alloy—are
satisfactory. Iron and constantan will serve up to 800°C. For
the higher temperatures platinum and some platinum alloy must be
used. Temperature measurements in commercial practice usually
consist in obtaining the thermal e.m.f., either directly by means of
a potentiometer or from the deflection of a high-resistance galvano-
meter, and referring the result to a calibration curve. In the labora-

‘ tory it is often necessary to deter-
mine small changes in temperature
accurately. In this case a potentiometer
is always used to measure e.m.f.’s to
avoid a possible error due to Peltier
——— heat developed at the junctions of the
thermocouple. Onc junction is kept at
any convenient fixed temperature while
the other varies. The change in e.m.f.
divided by the thermoelectric power
Fie. 112 gives the corresponding temperature

change.
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I

Thermocouples are used, indirectly, to measure several physical

quantities -in addition to temperature. For example, if radiant

energy in the form of heat or light falls on one junction, it produces
a rise of temperature and consequently an e.m.f., which may be
used to measure the intensity of the radiation. Great sensitivity may
bhe obtained if a number of thermocouples are connected in series
(Fig. 112), alternate junctions being exposed to the heating influence
so that the em.f.’s add. A device of this sort is called a thermopile.

In alternating-current electrical measurements thermocouples
play an important role, especially for high frequencies where the
coil type of measuring instrument is not effective. A thermocouple

meter consists of a sensitive direct-current meter
element, a thermocouple and a small resistance
unit, all included in a single case. The external
current to be measured is passed through the
This is so arranged
that the heat generated warms one junction of
the thermocouple. The resulting thermal e.m.f.
produces a direct current through the meter
element. In most direct-current
the deflection is proportional to the current,

resistance or heater unit.

indicators

which in this case is proportional to the thermal Frc. 113

e.m.f. This latter quantity, in turn. is proportional to the average
rate at which heat is generated, that is, to the mean value of the square
Thus the scale of a thermocouple meter
is not uniform but is more extended at the upper end than at the
lower. A convenient arrangement for a thermocouple meter is
shown in TFig. 113. The meter element is designated by M. The
thermocouple and heater are formed jointly by crossing two dissimilar
conductors, ac and bd, such as iron and constantan for example, and
welding or soldering them at the point of contact 0. The external
current flows along aob. which serves as the heater. The thermo-

of the alternating current.

couple proper is cod.

65. Contact Potential Difference.—Although we have studied
various phenomena dependent on the existence of free electrons in

B hd

\

A

AN

b
Fic. 114

a

the interior of a con-
ductor, we have as yet
made no mention of
the restraining forces
which must exist at
the surface of the con-
ductor to oppose the
escape of these elec-

trons. There are several effects which depend on these surface forces.

In the first place, experiment shows that a definite amount of
work ¢ must be done against electrical forces in carrying an electron
from the interior of a conductor out through the surface. This
quantity, called the work function, depends primarily on the substance
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of which the conductor is composed. It varies slightly with the
temperature.

Now suppose that we place two conductors a and b (Fig. 114)
in contact. If we carry a unit positive charge around a closed path
such as that indicated in the figure, the total electrical work perform-
ed is zero since the forces are of an electrostatic nature (art. 48) Let
V.ip be the potential drop, if any, from a point A just outside the
surface of conductor a to a point B just outside the surface of con-
ductor b. The work equation is

¢a ¢b
- I, — — Vap = 0.
¢ Ia' e AB
or

Van =57 % 1,

where the Peltier coefficient I14, appears with the negative sign since
the electric field to which it refers is in the direction opposite to the
Peltier e.m.f. and where e is the charge of the electron (a negative
quantity). V,p is known as the contact potential difference of the
two conductors. Its existence is readily confirmed by experiment,
although accurate measurement is very difficult. Its magnitude is
of the order of a few tenths of a volt. so Ila is entirely negligible
and we may write

Vi = P R %, (65-1)

Carc must be taken to distinguish between the potential differ-
ence just, described and that existing between an electrode and an
electrolyte, to which the same name is sometimes applied.

66. Thermionic Emission,—The work function ¢, described
in the preceding article, is the controlling factor in an effect of great
practical importance called thermionic emission.  When a conductor
is heated, clectrons are emitted, the number increasing with great
rapidity as the temperature rises. This phenomenon is utilized by
many devices which involve electron currents such as X-.ray tubes,
radio vacuum tubes, alternating-current rectifiers, and electron relays.
The mechanism of the emission is easily understood when we consider
the properties of the electron gas in the interior of the conductor.
The free elcctrons move about with a random distribution of velo-
cities, their mean kinetic energy, however, being always proportional
to the absolute temperature. Whenever an electron with kinetic
energy greater than ¢ happens to move toward the surface from a
point just inside, it is able to escape, losing an amount ¢ of kinetic
energy in the process. The higher the temperaturc, the greater is
the number of electrons with the necessary energy for cscape, so the
emission increases as the temperature rises.

From the kinetic theory of gases, and from thermodynamics,
it is possible to calculate the rate at which electrons are emitted as
a function of the temperature. This calculation was first made by
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Richardson, who showed that if ¢ is a constant the emission current
per unit area must have the form
b
j= A'TV2e~T> (66-1)

where T is the absolute temperature and A’, b’ are constants for any

substance, b’ being proportional to ¢. If variation of ¢ with

temperature is taken into account the emission current equation is
-0 ’

Jj=AT% T, (66-2)

It is difficult to distinguish between the two equations experiment ally

with the range of temperatures available in the laboratory. However,
(66-2) is superior theoretically and is therefore to be preferred,

Electron emission usually takes place in a vacuum, the emitting
body being in the form of a filament F (Fig. 115) heated by a current

N ) Ip

o]

ey

L

r

- |
H
4

T

Fie. 115 Fic. 116

from an external battery & p. Included in the vacuum space is
another conductor P, usually called the plate. When this is main-
tained at a positive potential ¥ relative to F by a plate battery & p,
the emitted electrons are drawn away from the -filament as they
appear and a steady emission current exists. Evidently if the plate
is at a negative potential, no current can pass In order to obtain
the full emission current predicted by (66-2), it is necessary that ¥V
be great enough to remove the electrons from the vicinity of F very
rapidly. otherwise a space charge (art. 81) accumulates between P and
F and limits the current to the plate. This effect is shown in Fig. 116
where the full line curve, representing (66-2), gives the current i, to
the plate when V is very large. The broken curves show the currents
actually obtained for smaller values of V. Evidently the higher the
temperature, the greater must be the value of ¥ to obtain the full
emission current,
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The magnitude of the emission from any substance is greatly
affected by the condition of the surface. For example, the presence
of a minute amount of thorium on the surface of tungsten increases

(. APy Ly

Substaic: ‘ iA(meter' deg? )‘ b(deg abs) :

Molybdenum....... ~ 55(10)* ~ | 48200 '
Tantalum...cceeeenen.., 60(10)¢ 47,600
Thorium..,...eeeeenee 70(10)¢ ! 39,200

Tungsten........ | 60(10)* | 52,600
. Thoriated Tungsten 3(10)¢ ~ 30500

the emission many thousand times. Use is made of this fact in
constructing filaments. Platinum filaments coated with various
barium and strontium salts also have very high emission. Values of
A and b for few substances are given in the table.

Problem 66a. For pure tungsten filaments the normal working tempera-

ture is about 2400° K (absolute). Calculate the emission current at this
temperature. Ans 1.05(10) amp|meter®.

) Problem 66b. The normal temperature for thoriated tungsten tilaments
is about 1900° K. Calculate the emission current. Compare 1t with the
emission current for pure tungsten at the same temperature.

Ans. 11.56(10)* amp|meter?, 5630 times as great.



CHAPTER VII
MAGNETIC FIELD OF A CURRENT

67. Scalar and Vector Products.—So far our use of vectors has
been .confined to the addition and
subtraction of directed quantities. In Z
the study of the magnetic fields due
to currents and of induced electro-
motive forces certain products of vec-
tors play such an important part that
the treatment of the subject becomes
very clumsy if we limit ourselves to
the scalar methods employed for the
most part in the preceding chapters,

In order to represent a vector in
terms of its rectangular components
we employ unit vectors g, §, b direct-
ed along the X, Y, Z axcs respective-
ly. If, then, the magnitudes of the
rectangular components of a vector Fia. 117
P are designated by P,, P,, P, we have

P = {P; + 3P, + RP,, (67-1)
as is evident at once from Fig. 117.

Writing a second vector Q in the same form,
Q =40, + ij + sz, (67-2)
and the sum of the two vectors is given by

P+ Q = i(Px + Qz) + j(Pu + Qy) + k(Pz + Qz)a (67-3)

since each component of the sum is equal to the sum of the corres-
ponding components of the two vectors.

Two products of vectors are important in physics, the scalar
product and the vector product.

Scalar Product.—The scalar product of two vectors P and Q is
defined as the product of the magnitude of P by that of Q by the
cosine of the angle between them. It is a scalar quantity and is
designated by P * Q, the dot representing the cosine of the angle
between the positive directions of the two vectors. It is equal to the
component of either vector in the direction of the other multiplied
by the magnitude of the other.

Many examples of the scalar product occur in physics. Ifa
body on which a force F is acting suffers a displacement dl in a direc-
tion making an angle a with the force, the work done is

dW = ¥ cos adl = F * dl (67-4)
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A plane surface may be represented as a vector directed along
its positive normal and having a magnitude equal to its area. There-
fore the electric flux through an element of surface ds (the element
ds may always be considered plane even if the surface of which it
forms a part is curved) is

dN = E * ds,
and Gauss' law (8-5) may be written
I E-ds = 4n I Pdz. (67-5)
8 T
Next consider a current, whether it be due to a flow of electri-
LA i city or of a material fluidl The current density
- { j is a vector having the direction of the current
a ds and a magnitude equal to the current per unit
dAY cross section. In terms of j the current di

through an element of surface ds is j* ds. For
the current through ds (Fig. 118) is that

Fic. 118 through the cross section dA = ds cos a.
Consequently,

di = jdA = jcos ads = j * ds.
Hence the total current through any surface s is given by the integral

i= Lj - ds. (67-6)

Vector Product.-—This product is of great importance in electro-
magnetism. The vector product of two vectors P and Q is a vector
normal to their plaue in the sense of advance of a right-handed screw
rotated from the first to
the second of the two  ‘y=——7"TTTTTTTT7 7
vectors through the smaller
angle between them. Its
magnitude is equal to the
product of the magnitudes
of the two vectors by the
sine of the angle between
their positive directions,
that is, equal to the
magnitude of either vector Fic. 119
by the normal component of the other. This product is designated
by the symbol P x Q, the cross between the two vectors representing
the sine of the angle between them.

If, then, the two vectors P and Q are oriented as in Fig. 119, the
vector P x Q is directed out from the paper and has the magnitude
PQ sin a. On the other hand, Q X P is a vector of the same
magnitude directed into the paper. Hence

QxP=-PxQ (67-7)
Whenever, then. we interchange two vectors appearing in a vector
product, we must change the sign of the product.

/
>/C
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Since the area of the parallelogram OA4BC is PQ sin a, the vector
product P x Q has a magnitude équal to the area of the parallelo-
gram of which the vectors P and Q are the sides. Moreover, as the
vector product of P and Q is directed along the normal to the
parallelogram, the vector representing the surfaceis P X QorQ x P
according as the one or the other face of the parallelogram is chosen
as positive.

The torque £ exerted by a force F about a point O provides a
simple example of the vector product. For if r is the position vector
of the point of application of the force relative to O,

E£=rxF (67-8)
the vector product having the magnitude of the moment of the

force and the direction of the axis about which it tends to produce
rotation.

We shall find it very convenient to use the compact notation
which we have developed here. In so far as the major portion of the
text is concerned no more vector analysis will be used than that
which has been presented up to this point. All that the reader needs
to remember is that P * Q represents the scalar PQ cos a, where a is
the angle between the vectors P and Q, and that P x Q represents a
vector perpendicular to the plane of P and Q in the sense of advance
of a right-handed screw rotated from P to Q having a magnitude
equal to PQ sin a. To solve a few of the problems and to develop
part of the theory given in Chapter XVI, however, it is necessary to
express the scalar and vector products in terms of the components of
the vectors involved. Therefore. we shall now investigate the expan-
sion of the two products.

Expansion of the Scalar Product.—TFirst we must note that the
distributive law of multiplication holds for the scalar product. This
law states that

P+Q *'R=P-R+ Q"R (67-9)
which is evidently true since it amounts to nothing more than the
statement that the component of P + Q in the direction of R is
equal to the sum of the component of P in the direction of R and the
component of Q in the direction of R.

Having shown that the distributive law is valid for the scalar
product of the sum of two vectors by a third, it follows at once that
it holds for the sum of any number of vectors. For example,
P+Q+R):'S={(P+Q +R}'S=(P+Q S+R"S

=P-S+Q*S+R"S,
and similarly,
P+Q+R)*'S+T+U=P*S+P:T+P-U
+Q'S+Q'T+Q-U+4+R*"S+R°"T+ R-VUL
The scalar products of the unit vectors g, 3 p arc

i'i=j3'i=k k=1,
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sihce the angle involved in each is 0 and

| i j=j" b=h"i=0,
as the angle is n/2. Therefore, the scalar product of the vectors
P and Q given in (67-1) and (67-2) is

P Q=(iPs+jP,+kP:) * (10:+10y+hbQ:)
=1 * iP:0z+1 " )P.Qy+1° hP.Q:+etc.
=PzQz+PyQy+PzQz- (67-10)

" Thus the work done by a force

?‘:173“’3311'}‘ k}z
when the body on which it is acting undergoes a displacement
dl=qdx + jdy + hdz
is
F * dl=F.dx+ F dy+F .dz, ,

each term on the right representing the work done by one tom-
ponent of the force.

Expansion of the Vector Product.—The distributive law holds
also for the vector product, that is,

' (P+Q)xR=PxR+QxR. (67-11)

To prove this, consider the vectors P, Q, P+Q, R as illustrated
in' Fig. 120a. Project the triangle formed by the vectors P, Q,
P+Q on a plane perpendicular to R. The sides of the projected
triangle represent the components of the three vectors P, Q, P+Q
normal to R. If, therefore, the projected triangle is rotated in its
plane through a right angle and the length of each side
increased in the ratio R : 1, the sides of the resulting triangle
(Fig. 120b) will represent in magnitude and direction the vectors
PxR, QxR, (P+Q)xR. These threc vectors, then, form a closed
triangle, showing that the third is the sum of the first and second.

In developing the expansion of the vector product it is im-
portant that the axes employed should be right-handed, that is, that
the Z axis should have the direction of advance of a right-handed
screw rotated from X to Y through the right angle between them. TIf
this condition is satisfied, the vector products of the unit vectors
¥ j: k are ..

| iXi=1xg=kxk=0,
ixl=h  Ixk=i  kXi=].

Y

(P+Q)xXR
PxR

(b)
Fic. 120
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.+ Consequently, )
PxQ=(;Ps+JPy+kP:) X (iQ:+10,+hQ:)
" =X iPQs+ i X PafPy+i X hPyQs+ete.

) =i(Psz—PzQu)+?(PzQz“ Pqu)

+k(P:Qy— P,Q:). (67-12)
This expansion can be written very compactly in determinant notation.
as .
li 1k
PxQ= P, P, P, (67-13)
Q. Ql/ (0

As an example, suppose we wish to write down the components
of the torque given by (67-8). As

r=ix+iy+ks,

the components of £ are
Lo=yF.—2F,,
£y=29z~x52)
£-=xﬂ’,,-y? z.

Problem 67a. A rigid body has an angular velocity « about an axis
through the origin. Show that the linear velocity of a point whose position.
vectorisr is v=wxr.

Problem 67b. Show that the scalar (PXQ) * R represents the volume of
the parallelopiped of which P, Q.R are the edges. Show, therefore, that
(PXQ).R=P * (Q xR), that is, the dot and the cross are interchangeable.

68. Ampere’s Law.— As was pointed out in article 48 an electric
current along a conducting wire is attributed to a drift of electrons
in the dircction opposite to that of the impressed electric force.
If a point charge ¢ is at rest in the observer’s inertial system, the
only field to which it gives rise is the electric ficld directed along the
radius vector,

E-Ir (68-1)
In 1819, however, the Danish physicist Oecrsted discovered that a
current exerts a torque on a magnet held near it, which tends to
turn the magnet until its axisis at right angles to the wire. In the
following year Ampere showed that currents also exert forces on one
another and succeeded in formulating analytically the force or torque
exerted by one current circuit on another. Although Oersted’s
and Ampére’s experiments were confined to conduction currents in
wires, Rowland showed in 1876 that the convection current due to a
moving electrified body produces the same effect on a magnet asa
conduction current.

We conclude, then, that a charge moving relative to the
observer’s inertial system produces a magnetic field as well as an
electric field. The magnitude of the magnetic field is proportional
to the speed of the charge relative to the observer, provided the



174 MAGNETIC FIELD OF A CURRENT

speed is small compared with the velocity of light. An observer
iravelling with a moving charge, for instance, detects no magnetic
field. In other words, a moving charge exerts no force or torque on
a magnet which is moving along with it, but onlv on a magnet
which does not partake of its motion.

Provided the velocity v of a moving point charge ¢ is small
compared with that of light, the magnetic intensity at a point P
(Fig. 121) at a distance r from the charge is found to be

= xr '
=" - (68-2)

We shall continue to measure magnetic intensity in the c.g.s.
electromagnetic units defined in article 38 and the -charge in the
c.g.s. electrostatic units defined in article 6. Since the c.gs. unit of
His 1 gm' 2em™/2sec™ and that of g is 1 gm2cm3/%sec™?, it follows
from (68-2) that the constant ¢ has the dimensions.of a velocity with
the unit 1 ¢cm sec™). The magnitude of ¢ must be determined by
experiment. It would be very difficult to obtain it directly from
(68-2) as we should have to measure, by some such method as that
described in article 47, the instantanecous magnetic field produced at
a specified distance r from a known charge ¢ moving with a known
velocity v. In article 74
we shall describe a more
practicable method of
determining this import-
tant constant. The best
value of ¢ is 2.99790(10)1°
em sec”! obtained from
the measurements of Rosa
and Dorsey, as corrected
by Curtis. We shall use
the approximate value
3(10) cm sec'in this

FiG. 121 text or when more
accuracy is required, the closer value 2,998 (10)® cm sec™. It will
be shown later that ¢ is identical with the velocity of light in empty
space.

The magnetic field specified by (68-2) is perpendicular to the
plane of v and r in the direction of advance of a right-handed screw
rotated from the first to the second of these vectors. At the point
P, therefore, H is directed toward the reader. Its magnitude is
given by

= 9vsin 6
T cr?
where @ is the angle between v and r.

If we take instead of P other points on the circumference of a
eircle passing through P and lying in a plane perpendicular to v with

b



AMPERE’S LAW 175

its center on the X axis, we note that the magnitude of H remains
unaltered. Its direction, however,

changes so as to be everywhere 7
tangent to the circle. The magnetic
lines of force, therefore, are circles in
planes perpendicular to the velocity
with their centers on a line through
the charge in the direction of the
velocity. Moreover, the sense in
which these lines of force are described
is that of the rotation of a right-hand- /
ed screw advancing in the direction of / /
the velocity. Finally, if we consider Fic. 122
different points on the surface of a

sphere with center at ¢, we note that H vanishes at the poles g =
and § = 7 and is a maximum along the equator § = /2.

Consider, now, a small tube of a conducting medium (Fig. 122)
of cross section 4 carrying a current i. We shall confine ourselves to
the case where the moving charges responsible for the current are of
one sign only. If n is the number of free charges per unit volume,
e the charge of each, and v their mean drift velocity,

i = Anev. (68-3)
When the conducting medium is a metallic wire, in which the moving
charges are electrons, i has the direction opposite to v since e is
negative.

The total movihg charge in a length d! of the tube is

g = Aned. (68-4)
Substituting this in (68-2), the field at P due to a length dl of a
current is found to be
dH = e x Ty
cr

P

= ;5--’—d1, (68-5)
by virtue of (68-3). As dl may be considered to be a vector in the
direction of the current this may be written equally well

dH = i~-d——lcr’.:—r . . (68-6)
This is Ampere’s law for the magnetic field due to a current
element id]l, Although we have formulated it for a conduction current,
it is equally valid for a convection current produced by the motion
of charged particles in empty space. In the case of a conduction
current in a wire, the electric field due to the moving electrons is
annulled by the opposite electric field produced by the stationary
atomic nuclei, so that the only electric field inside the wire is the
impressed field along its length which is responsible for the current.
Since the law of action and reaction holds for the magnetic forces

between a current element and a magnetic pole, it is possible to
deduce from equation (68-5) the force exerted on a current element
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by an external magnetic field. To do so, consider a pole m placed at.
the point P in Fig. 122. The force exerted on the pole by the current.
element is

mdH — i ix (") (68-7)

by (68-5). According to the law of action and reaction the force
exerted by m on the current element is equal and opposite to this.
If, now, we use H to represent the magnetic intensity at the current
glement due to the pole, we have

mr

H=- "7

since here the vector r is directed toward the pole instead of away from
it, Consequently the force dF on the current element is

aF = _'c i x Hdl. (68-8)
As this expression contains no reference to the pole m, it repre-
sents the force due to an external field H, no matter what the origin
of the field may be. Dividing by d/. the force per unit length of the
circuit is :
Fi= :‘l‘ ix H. (68-9)
Again, if we replace i by j4 in (68-8).
dF = | j x Hadl
and the force per unit volume of the current is
Fr= i i xH (68-10).

To find the force on a moving charge due to a magnetic field
through which it may be passing, replace i in (68-8) by the right-hand
member of (68-3) and then use (68-4). This gives

F = i qv x H. (68-11)

We must consider next what modifications, if any, are required

in the formulas of this article when the circuits under consideration

: are surrounded by a magnetic medjum.
First, consider Ampeére’s law for the
ficld produced by a current element. As
the lines of force in the neighborhood of
the current are closed curves surround-
ing the circuit, the magnetization in the
medium has no component normal to the
—==—=—=e»N surface of the cavity in which the circuit

lies. Therefore, the field due to the

current is not altered by the induction of
) C

Ai

U magnetic poles on the surface of the
\ medium adjacent to the circuit, and
equations (68-5) and (68-6) are valid:

Fic. 123 whether the current is surrounded by a
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magnetic medium or not. The same statement applies to the
expression (68-2) for the magnetic intensity produced by a moving
charge.

When we come to consider the force (68-8) on a current element
due to an external magnetic field, we must distinguish several cases.
The case most often encountered in practice is that of a non-magnetic
wire CD (Fig. 123) carrying a current i which is free to move in a
slot in a solid magnetized medium,'such as iron. If we understand
by H the magnetic intensity in the slot, (68-8) remains unaltered.
But it is often more convenient to express the force in terms of the
field in the iron. At first, let us limit ourselves to the case where B
in the iron lies in the plane of the wire and the normal n to the face
of the slot. Since the force on the current is determined solely by the
component H, of the field in the slot at right angles to the circuit, the
force on a length dl of the current is

dF = l iH,dl

into the paper. But, as the normal component of the magnetic
induction is continuous across the surface of the slot, H, = Bsin a,
where a is the angle between i and B, and we may write

dF = _i iB sin adl,
or, in vector notation,
dF = —i i x Bdl. (68-12)

If, now, the field has a component at right angles to the plane of
the figure, this component of the magnetic intensity, being tangent to
the face of the slot, has the same value in the iron as in the slot. So
far as the force due to it is concerned, we must replace B by H in
(68-12). But the force on the current due to the component of the
field under consideration is along the normal n. If, then, we are
concerned only with the component of the force parallel to the face of
the slot, formula (68-12) will always yicld the correct result, B
representing the total magnetic induction in the iron.

Next we have the case of a current in a non-magnetic wire which
is immersed in a paramagnetic fluid. The detailed treatment of this
cage is beyond the scope of this book: It may be shown, however,
that formula (68-12) holds, B representing the magnetic induction in
the medium before the wire is placed in it.

Finally we have the case of a current passing through a medium
which is at the same time conducting and magnetic, such as a
current flowing through a magnet. This case will be treated in
full in article 75, where it will be shown that (68-12) is the correct
expression for the force.

Problem 68a. A current element idlis located at the origin, the current
having the direction of the Z axis. What are the components of H at a point

P(x, 7,2)7 Ans. — 281 ixdl

crd’ crd’
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Problem 68b. A current of density j lies in a magnetic field H parallel
to the X axis. If the direction cosines of the current are I, m, n, find the

components of the force on it per unit volume. Ans. 0, %njH, - i miH.

Problem 68c. A current element i,dl, is at a distance r from a current
element i1dl;. Find the force exerted by each current element on the other.
Discuss the result from the point of view of the law of action and reaction,
when the two current elements are (a) parallel, (b) not parallel.

Ans iaiadly T:'gll X 1) , 196:d ]y ’:’gﬂ: x 1)
Problem 68d. Express (68-6) and (68-8) in m.k.s. practical units, substi-
tuting for ¢ the numerical value 3(10)*°. .
ip dlp x .
Ans. dHp = ;5 2 Prp,'l’, dFp = 47(10)"ip* x Hpdlp.
69. Magnetic Fields of Simple Circuits,—The magnetic field at
B the center O (Fig, 124) of a circular circuit of
i radius a consisting of a single turn of wire is
A easily found. The magnetic intensity due to
the current element AB of length dI evidently
is perpendicular to the plane of the circle
toward the reader. From (68-5) its magnitude

is )
' dH= ', d,
ca
since the angle between AB and .40 is =/2.
Fic. 124 Now dl = ada, and consequently the total field
at O is - o
=L I "o = 27 (69-1)
ca jo ca .

directed out from the paper. The lines of force in the field of a
circular current are illustrated in Fig. 125. If the circuit consists
of n turns of wire lying close together, each turn gives rise to a field
of this magnitude and we have altogether

H=" (69-2)

Next we shall find the
field due to a circular
circuit of one turn at a
point P (Fig. 126) on the
axis of the circle at a dis-
tance x from the center O. -.-
First consider the field dH
due to the current element
AB. It is directed at
right angles to 7 and the
radius vector AP, and as
the angle between these
is /2 its magnitude is i, 125
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Two diametrically opposite current elements give rise to fields whose
components normal to OX annul each other. Therefore the resultant
field is along the X axis and equal to

ia [ [2r 7 2ria®
H—crz[J.o da. _JcosY =5

2nia®

-
= c(a® + x2)81p (69-3)

Note that H is in the direction of advance of a right-handed screw
rotated in the same sense as the current.

We are ready now to compute the magnetic intensity on the
axis of a straight solenoid or coil of circular cross-section such as is
shown in longitudinal section in Fig. 127. If n; is the number of
turns per unit length, the number of turns in a length dx is midx, and
the field at O due to an element dx of a solenoid of radius a is

2ria’ndx

dH = cla® + x3)3i2

Fic. 126

from (69-3). The magnetic intensity is directed along the axis OX of
the solenoid in the sense of advance of a right-handed screw rotated
in the same sense as the current.

Now
x = acot B, dx = — a csc?Bdp,
ldx
Q00000000 Q000000000000
1
ro
0 — X
. ——t
/31,/\ Py i
|
ooaom\;‘?bmm
Fic. 127
and hence '

H= — 27:’.—”1 [S’ sin BdB
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= -2—".(’:'!’\ (cos B, — cos By). ~(69-4)
Near the center of a solenoid of length very great compared with
its radius, cos B; = — 1, cos B, = 1 and
H= 4"c”l" , (69-5)
At the end of the solenoid cos B, = 0, cos B = 1 and
¢ 2mnyi
H=""-"- (69-6)

Therefore, half the lines of force passing through the central section
of a long solenoid pass out through the sides before reaching the end.

/

¢

Fic. 128

Comparing with the results of problem 43b, we see that the H field
inside a long solenoid is identical with the B field inside a long uni-
formly magnetized bar magnet. Fig. 128 shows the distribution of
the lines of force, )

¥
|
|
[
|
f
|
|
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Next we shall calculate the field at a point O (Fig. 129) due to
a straight current 4B parallel to the Y axis. Assin § = cos 8 the
magnetic intensity at O due to the current element idy is
dH = W 8 B
cr
directed out from the paper. If R is the perpendicular distance OC
of the current from O,
y = Rtan B,
dy = R sec? BdB = r sec BdB.
Therefore, dy cos B = rdB and
dH — idg i cos BdB
~¢cr R
Integrating,

i . .
H = R (sin B, — sin B;).

(69-7)
If the straight current is infini-
tely long, sin f; = — 1,sin B, =1
and
2i
cR”’
an expression known as the law of
Biot and Savart. Evidently the
lines of force are circles in planes
perpendicular to the current with
centers on the latter. They are
depicted in TFig. 130, the current Fic. 130
7 being directed toward the
4 reader. The sense in which
H) they are described is that
of rotation of a right-
handed screw which advan-
ces in the direction of the
| A current. We can use (69-7)
e / to compute the field at
R any point due to a circuit
in the shape ot a polygon,
o whether plane or not.
. Finally we shall evalu-
=N T ate the field due to a
X I o \ small plane circuit of
P 1 any shape (Fig. 131) at
Q dal a point P whose distance
S from the circuit is large
' compared with the linear
Y dimensions of the latter.
Fic. 131 Take an origin at some
point O inside the circuit

H= (69-8)
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and orient the axes so that the Z axis is along the positive normal to
the plane of the circuit and OP liesin the XZ plane. If R= R
(isin @ + h cos ©) is the distance of P from O and p=¢ x 4 J ¥
is the position vector of the current element QS relative to O, the
vector distance QP is
r=R - p.
The square of the distance QP is
rr=@R—-p)*"(R—p)=R —2R"p + P,
where p2 = x2 4 y%. Now R ‘' p = Rx sin 6, so that
= R? — 2Rxsin 6 + p2.
As x and y are small compared with R we can neglect terms

involving the squares of these coordinates throughout our analysis,
Hence

= = k:‘(l + 3 ;sin 6)

by the binomial theorem. Therefore Ampére’s law (68-6) gives
us for the field due to the current element QS

i x .
dH = (’R"( 143 ]Ts_me) (dl x R — dl x p)

i X .
—éR‘*(dIXR--dlxp-*-sR smedlxR).

Integrating around the circuit, we have for the total magnetic inten-
sity at P

He o (Fd1) X R = S 1l x 7) + 3 psine( frdhxR.

Now & dl = 0 as the circuit is a closed curve. The vector
representative of the triangle OQS is 4P X dl since the area of
this triangle is half that of the parallelogram of which p and 4l
are the sides, Therefore, Fex dl is twice the vector area A of the
circuit, along the Z axis. Finally, as dl = {dx + jdy, where { and
4 are unit vectors along the X and Y axes respectively,

fxdl=ifxdx+jfxdy=ig?i:+j.4=jz4,

for the first integral vanishes since the upper and lower limits are
the same and the second integral is the familiar expression for the
area under a curve. Therefore,
iA iAsing .
H—2cR3+ 3-W—3 x R.
Taking components along R and at right angles thereto in the
direction of increaging @,
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2iA

Hp = <R 8 e, 1
(69-9)

iA .
Hy = Ek;gsm 0.

Comparing these expressions with (40-2), we see that the field
at a distance from a current circuit large compared with its linear
dimensions is identical with that produced by a small magnet of
moment equal to the product of the current by the area of
the circuit divided by ¢, the magnetic axis of the equivalent magnet
being normal to the plane of the circuit in the sense of advance of
a right-handed screw rotated in the sense in which the current is
flowing. For this reason the quantity i4/c is known as the magnetic
moment of the circuit.

As a small current circuit produces the same field as a small
magnet of moment id/c we can use the law of action and reaction to
prove that it must experience the same force or torque as the magnet
when placed in an external magnetostatic field.

Problem 69a. A circuit carrying a current i is in the form of a square of
Ans 8\/2' .

cl

Problem 69b. A circuit has the form of a regular polygon of n sides
inscribed in a circle of radius a. Find the field at the center and show that
the result goes over into (69-1) as n is indefinitely increased.

side I. Find the magnetic intensity at its center.

2n: w
Ans. " tan " -
ca n

Problem 69c. Find the field due to the circuit of problem 692 at a point
on the axis of the square at a distance d from its center.

Ans, —.—— 2

Problem 69d. Two long parallel wires a distance 2d apart carry equal
but oppositely directed currents Find the field at a point in the plane of
the wires distant R from a line half-way between the two.

4id
Ans. - (Raodny

Problem 69¢ The length of a solenoid is ten times its radius. What
i: the percentage error in using (69-5) to calculate the field at the center ?

ns.

Problem 69f. The windings of an actual solenoid are in the form of
a helix rather than a succession of circles such as was assumed in the previous
article. Show, however, that (69-4) for the axial field 1s valid also for helical
windings.

Problem 69¢g. A solenoid is 2 cm in diameter and 20 cm long. Plot

‘the axial field against the distance from the center of the solenoid.

Problem 69h. A solenoid of nl turns per unit length carrying a current 4
is wound in a number of layers extending from a distance a from the axis
to a distance b. Find the axial field at a point in the interior distant I, and g
from the two ends.

. ————— N\
Ans, 2:””" l: 1, log VANE + 13 log \/li-*' b+ b

c(b-a) VI;"-I: @+a Vig +a +a_
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Problem 6%:. A circular coil of n turns is wound in a rectangular channel
of width 2d and depth 2h. If a is the mean radius of the coil, find the field at

its center.
9,2 2
Ans. 2_@[ 14 2B L ]
ca 6a’ .

Problem 69). A unit positive pole 1s carried along the axis of a circular

current 3 from infinity on the positivc_ stde of the circuit to infinity on the
negative side. Show that the work done is 441/c.

Proolem 69k. Express (69-5) and (69-8) in m k.s. practical units, substitut-
ing for ¢ the numerical value 3(10)1°. .

ip
2#Rp

70. Magnetic Shell Equivalent to Current Circuit.—We shall
show now that the magne-
tic field produced by a
current circuit is identical
with that produced by a
magnetic shell of constant
strength equal to the
current divided by ¢,

N whose periphery coincides

Fio. 132 with the circuit. This
statement is limited, however, to the region outside the equivalent
shell, for at points inside the shell the field of the latter diffecs both in
magnitude and direction from that of the circuit.

We shall start by considering a magnetic shell of constant
strength @ in the shape of the plane figure ABCD (Fig. 132) of infini-
tesimal width extending from AB an infinite distance to the left. Let
the sides CB and DA make the angle da at P and take the front face
of the shell as positive. We shall calculate the magnetic intensity
at P due to the shell. The magnetic moment of the section of the
shell included between the arcs of radii p and p + dp described about
Pis @ pdadp directed outward from the paper, and from (40-2) the
field at P due to this element of the shell is

dry = 2P dgdp =
P

Ans. Hp = nlpip, Hp =

dp
p'd
directed inwards, as § = =/2 in the formula. Integrating with

respect to p from r to oo the field at P due to the entire shell is found
to be

®dq

o wde] O3
r P r r

Now r®da is twice the area of the triangle ABP. But if r is the
vector distance AP and dl the vector AB then dl X ris a vector
directed into the paper having a magnitude equal to the area of the
parallelogram of which 4P anl AB are the sides, that is, equal to
twice the area of the triangle ABP. Therefore, the magnetic in-
tensity at the point P is given in magnitude and direction by the

vector expression



MAGNETIC SHELL AND CURRENT CIRCUIT 185

dl xr

dH =0 "——. (70-1)

Comparing with Ampere’s law (68-6) we see that this expression
is identical with that for the field due to a current element idl along
AB provided ijc is cqual to the strength @ of the shell. Hence we
conclude that the field at any point P due to a current element is
equal to that of a long narrow magnetic shell of constant strength
equal to the current divided by ¢, extending, between two straight
lines drawn from P through the extremities of the current element,
from the current element to infinity.

Now consider the circuit ABCD (Fig. 133). To find the mag-
netic intensity at P due to the current i we may replace the circuit
by a conical magnetic shell of strength equal to i/c, having the point
P as vertex and extending from the curve ABCD to infinity. As here
described the shell is open at infinity. We may, however, close the
farther end by means of a shell of the same strength in the form of a
spherical cap without affecting the field at P. For the magnetic
intensity at P due to an element of such a cap which subtends a solid
angle d§), at P is

22 2
dH = 2274 _ 2248,
r r
in the radial direction by (40-2). As r approaches infinity dH

approaches zero, and the field of an infinitely distant spherical cap
vanishes.

We have found now that the field at P due to the current is
identical with that of a magnetic shell of constant strength equal to
i|c, which is closed
everywhere except .
over the curve C T -
ABCD. But. we - -
proved in article D P
41 that all shells of i
the same strength nd
and the same peri- A
phery produce the
same field at all
outside points.

‘Consequently  we

may replace the

shell under con- Fic. 133 .
sideration by any other shell of the same strength whose periphery
coincides with the circuit. Such an equivalent shell prod.uce.s at all
outside points a field identical with that of the current circuit. The
positive face of the shell is related to the sense in which the current
is flowing by the rule of article 8, that is a r1ght-haqded screw,
rotated in the sense of the current, advances from the negative toward
the positive face of the equivalent shell.

The same conclusion may be reached by the following some-

_--P

-
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what different line of reasoning. Let ABCD (Fig. 134) be the circuit
under consideration. Divide this circuit into a number of elementary
circuits sush as abcd by means of the network shown in the figure
and suppose that the same current i is flowing in each of these in the
sense ABCD. Any one of the interior branches of the network, such
as ab, is a part of two adjacent circuits and carries two equal and
opposite currents the magnetic fields of which annul each other. Only
those currents flowing in the peripheral branches are uncompensated.

Therefore the resultant field is identical

B i with that produced by a current i in 4BCD.
N Now it was shown in article 69 that an
/ ichK« b N elementary current circuit produces the same
(IR 0%

______\\ magnetic field as a magnetic dipole parallel
) | to the axis of the circuit of moment equal
to the product of the current by the area of
the circuit divided by ¢. The equivalent mag-
netic moment per unit area of the circuit is
therefore equal to the current divided by c.
Consequently the field produced by the net-
work at exterior points is identical with that
of a shell of strength i/c having the same
periphery as the network, its positive face
Fia. 134 being uppermost.

As an illustration of the method which has just been developed
for finding thefield produced by a current circuit by substituting an
equivalent magnetic shell, let us deduce H near the center of a long
solenoid of m turns per unit length. Each turn of wire may be
replaced by a plane shell of strength i/c. By making the thickness of
each shell equal to 1/n; the solenoid is replaced by a uniformly mag-
netized bar of the same outside dimensions having magnetization
I = mijc. At all outside points the field due to this equivalent
magnet is identical with that of the solenoid. The equivalence,
however, applies only to points outside the magnet. Therefore, in
order to calculate the field inside the solenoid, we must leave a narrow
transverse slit between the magnetic shells corresponding to the turns
of wire on either side of the point P at which we wish to obtain the
field strength. The poles on the ends of the bar being too far away
to produce an appreciable effect at P, the field is due entirely to the
magnetic poles on the surfaces of the slit. Consequently, if we make
use of the result of problem 425,

]
o

i

\L

—e—

.|

b

/4_

H = 4] — 41;1111 ’

in accord with (69-5). This method of treatment reveals one fact,
however, which was not evident from the solution of article 69,
namely, that the field is uniform through the entire cross section of
the solenoid provided the region under consideration is far away
from the ends. Now the force on a unit positive pole placed inside
a transverse slit in a magnetic medium is not H, but B, as was shown
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in problem 43a. Therefore the H field of a solenoid is identical with
the B field of the equivalent magnet.

As pointed out in article 68, the magnetic intensity due to a
current is unaltered when it is immersed in a permeable medium.
The same is true of an infinitely thin magnetic shell, for as the
thickness of the shell approaches zero, the surface density of
magnetic charge on the shell increases without limit, while the
induced magnetization on the adjacent surface of the medium
remains finite. Hence the contribution of the medium to the field
vanishes with the thickness of the shell. We conclude, therefore,
that the equivalent shell has a strength equal to the current divided
by ¢ even in a magnetic medium.

Problem 70a. Equal currents are flowing in opposite senses in two
circuits not lying in the same plane. Show that the resultant magnetic field
due to the two currents is the same as that due to a single tubular magnetic
shell extending from the one circuit to the other.

Problem 70b A sphere ot radius a carrying a uniform surface charge @ per
unit area rotates about a diameter with constant angular velocity ©.
Show that the magnetic field outs:de the <phere 1s the same as that of a

stationary uniformly magnetized sphere of the same radius with magnetiza-
tion I=0aw/c

Problem 70c. Show that the magnetic field inside the charged rotating
sphere of 70b is a uniform field parallel to the axis of strength (87/3¢)cze.
Compare with (44-3)

71. Circuital Form of Ampere’s Law.—The results of the last
article enable us to express Ampere’s law in another form, which is
often more useful than (68-5) or (68-6). Suppose the current circuit
whose field we wish to investigate to be replaced by a very thin
magnetic shell whose periphery coincides with the circuit and whose
strength @ is equal to the current i divided by ¢. It was shown in
article 41 that the work done by the fiell of a shell of constant
strength when a unit positive pole moves from a point on the positive
side around the edge of the shell to an opposite point on the
negative side is 4wr®. Such a path encircles the current in the
equivalent circuit in the sense of rotation of a right-handed screw
which is advancing in the direction in which the current is flowing.
Therefore the work done by the magnetic field produced by a current
when a unit positive pole follows a path of any shape encircling the
current in the sense of rotation of a right-handed screw advancing in
the direction of the current is

W= 3 (71-1)

In deducing this expression we have neglected the portion of
the path of the pole lying inside the equivalent magnetic shell. In the
field of a shell the work done on a pole in passing through the shell is
equal and opposite to that donc along the part of the path lying
outsice the shell, so that the net work done around a closed path is
zero. The field in the interior of the equivalent shell, however, is
not the same as that due to the circuit. In the case of the latter the
field is continuous all the way around. So, as the equivalent shell is
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extremely thin, the work done on a pole as it passes from a point on
one side around to an opposite point on the other does not differ
appreciably from the work done on it in completely encircling the
current circuit.

If @ is the angle between the magnetic intensity H produced by
a current circuit and an element dl of a closed curve surrounding
the current, the work done by the field when a unit posltive pole
describes a closed path arround the current is

X = f H cos adl = f Hedl. (71-2)

This integral is known as a magnetomotive force, abbreviated m.m.f.
Tt is quite analogous to the electromotive force (48-5), namely,

(Sﬁf E cos adl= fE‘dl.

The ¢ g.s. unit of magnetomotive force, that is, the erg per unit pole,
is named the gilbert.

Comparison of (71-1) and (71-2) enables us to put Ampere's law

in the circuital form
§ wa- i (71-3)

The closed path around which the ntegral is taken may be any closed
curve arbitrarily chosen, ; being the current passing ihrough the
curve in the direction of advance of a right-handed screw rotated in
the sense in which the closed path is described. If the closed curve
surrounds no current, the right-hand side of (71-3) is zero; il'it
encircles n wires each of which carries a current i the right-hand
member hecomes 4wnijc. Since the field produced by a current
circuit is unaltered when the circuit is immersed in a magnetic
medium, (71-3) holds no matter whether the circuit is located in
empty space or is surrounded by a magnetic
fluid or solid.

The circuital form of Ampere’s law is
B especially useful in calculating the magnetic
intensity when symmetry shows that it has
the same magnitude at all points on a
closed line of force which we choose for the

T \ path involved in (71-3). Consider, for
P Q [ instance. a straight wire AB (Fig. 135) of
—— radius a along which a current i is tlowing.

We will provide a return circuit in the form
of a cylindrical shell of radius b coaxial with
the wire, the two being connected at their
extremities by conducting disks in planes
perpendicular to the wire, Ttis clear from
symmetry that the lines of force are circles
in planes perpendicular to the wire with
Fio. 135 their centers on its axis. Applying Am-
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pere’s law (71-3) to the circular line of force PQ of rading R lying
between the wire and the cylindrical shell,

2rRH = " (71-4)
or
2i
H = CR", (71-5)

in agreement with the formula (69-8) for an infinitely long straight
current.

If, however, R is less than a the path PQ lies inside the wire and
encircles only a part of the current. If the current is steady and
therefore distributed uniformly through the cross section of the wire.
the current surrounded is iR?ja? and (71-4) hecomes

4niR?
2aRH = 'rrlf -
ca
leading to
2i -
H = ca? R (71-6)

at a point inside the wire,

On the other hand, if R is greater than b the path PQ encircles
the return -circuit as

well as the current in .
the wire. Therefore, 2L
the net current passing 2
through the closed
curve along which we

are integrating is zero

and H  vanishes.
Similarly there is no
field beyond the closed Frc. 136

ends.  Consequently

the field is confined entirely to the enclosed region inside the outer
cylinder.

Plotting H against the distance R from t-l.w axis of the wire we
obtain the graph shown in Fig. 136. By making b large enough we
approach as closcly as we choose to the ideal case of an infinitely
long straight current.

” fo - - —— - —

»
£3Y

b

Next we shall investigate the ring or toroidal solenoid (Fig. 137)
wound uniformly with »n turns. each of which carries a current i.
Evidently the lines of force are circles in planes parallel to the paper
with centers on the axis through 0. If His the magnetic intensity
along the path / lying inside the solenold which encircles all » turns
of wire, we have i
yi = i

c

from (71-3). Therefore,
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47 /' n . -
H= c(l)l (73-7)

inside the coil. If the radius a of the solenoid is small compared
with the radius R of its circular axis, all paths such as [/ lying in its
interior have nearly the same length
and the field is nearly umiform. In
this case (71-7) goes over into the
formula (69-5) for the field at a point
on the axis of a straight solenoid far
from its ends,

A path such as /; lying outside the
solenoid surrounds no current and
therefore H vanishes. On the other
hand, a path such as [, encircles as many
currents directed out from the paper as
into the paper and hence H is zero here
too. Consequently the field is confined
entirely o the inside of the coil. Evidently these conclusions, as
well as formula (71-7), apply no matter whether the cross section of
the ring’is circular or not.

Fi1g. 137

The  straight solenoid D C
‘previously discussed may be
considered to be the limiting AL——IB

case of a ring solenoid when R
becomes infinitely great, at
least in so far as the field far
from the ends is concerned. Fic. 138

However, we can show very simply that the field inside a straight
solenoid near the middle must be uniform throughout its cross section
by applying (71-3) to the path ABCD (Fig. 138). As the lines of
force are parallel to the axis inside the solenoid and the field outside
is negligibly small, the magnetomotive force reduces to the integral
along AB. 1If the length of this line is / and », is the number of turns
per unit length,

HI — 41({1111 ,
c
or ’
H= _4amyi ,
c

anywhere inside the solenoid far from the ends.

Problem 71a. A current flowing along a surface is known as a current
sheet Two parallel plane current sheets of infinite extent carry currents k
per unit width in opposite senses. Find the magnetic intensity (1) between
the sheets, (2) outside the sheets. Ans. (1) 47k[c at right angles to the current
(2) 0.

Problem 7Ib. Show that, if the lines of force of a magnetic field are
straight and parallel in a region containing no current or magnetic poles, the
magnetic intensity must remain constant 1n magnitude as we move in a direc-
tion at right angles to thc field.
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Problem 71c.  Show that the field inside a ring solenoid is the same as
that due to a straight current m: flowing along the axis of symmetry of the 11ng,
n being the number of turns on the ring and i the current per turn.

Problem 71d. Show that a many-valued potential of the form

V=~ ' (Q + 470

exists in the case of the field of a current circuit, where §y is the solid angle
spbtendeq by the circuit and p is an integer which increases by unity every
time the circuit is linked.

Problem 71e. Al'thoqgh the components of the magnetic intensity pro-
duced by a current circuit cannot be expressed as derivatives of a single-
valued scalar potential, they may be obtained from the single-valued vector

potential
a =
cr

integrated around the circuit. Show by differentiation under the sign of

integrgtion that the magnetic field due toa circuit, obtained from (68-6), is
given hy

[

Hy — da; oay

or — oz’
dar oa.
= o= ax>
_ aa,, 0az
Hz = ax — ay .

72. Field of a Circular Current.—By the use of Ampere’s law
for the magnetic intensity due to a current element we have been
able to calculate the ficld strength (69-3) on the axis of a circular
current. Kxcepting such special cases, however, the field produced
by a current circuit can be more readily computed by replacing the
circuit by a magnetic shell which has the same periphery and a
strength equal to the current divided by ¢, and then calculating the
magnetic intensity H,
due to the equiva- . B
lent shell. As was H,
noted in article 45
the magnetic pote- P
ntial in a magneto- <
static field must
satisfy  Laplace's

equation, Therefore, [ \ Z
t h e magnetic po- C Z T
tential must be 0 " @

expressible as a
solution or as the a
sum of a number of b
solutions of La-
place’s equation so
chosen as to satisfy
the assigned A
boundary condi-

Fic. 135
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tions. Once the potential has been found, the components of the
magnetic intensity are obtained at once from (38-7) or (38-8).

We shall apply this method of solution to the calculation of
the magnetic field produced by a circular current AB (Fig. 139)
of radius @ lying in a plane through the origin O at right angles
to the Z axis. Suppose that the current /i enters the plane of the
paper at A and emerges at B. Then the magnetic potential ¥ at
any point Q on the Z axis may be calculated by replacing the circuit
by a magnetic shell ACB of strength i/c in the shape of a spherical
cap with Q as center, the concave face of the shell being positive.

If the angle which any radius vector drawn from Q to a point
on the cap makes with the tine QO is denoted by ¢, the area of the
cap is

S = ja 27b? sin ¢pdp = 27b%(1l — cos a),
0

and the solid angle subtended at Q by the cap is

S . 2 7
= = 27(1 -- cos @) = — 2#[: 1~ \/dé-+-?_J'
Therefore, the potential at Q is
_ i.Q,_27rir z
V=== Lt Ja + 22] (12-1y

from (41-1), since the point Q here is on the positive side of the shell.
The field strength (69-3) at any point on the Z axis is obtained at
once from (72-1) by taking the negative of the derivative with respect
to z.

We wish to obtain the field at a point P off the Z axis. It is
evident from symmetry that the potential at such a point can be a
function of the coordinates r and ¢ only. Therefore, it must consist
of a series of zonal harmonics so chosen as to reduce to (72-1) at
points on the Z axis. The form of the potential function depends on
whether the distance r of the point P is less than or greater than the
radius a of the current. Let us consider the case where r is less than
a. Then we can expand the radical in (72-1) in powers of z/a by the
binomial theorem, getting

2mi z 1 z?
V = c[l—'a+2 a3+ :} (72-2)

This equation expresses the boundary condition which must be
satisfied by the potential function. Remembering that r becomes z
and cos ¢ unity along the axis, we see by consulting Table I, page
85, that the desired series for the potential is

V = 2;"[ 1 - ;cos 9 +% ‘:; (b cos® g — 3 cos g) + ] (72-3)

Differentiating, we find for the components of magnetic in-
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tensity at P in the dircctions of increasing r and @ respectively,

H = — 3;: g;’,"[cos 0 - 3a, (5 cos® §—3 cos 4. :] 7,
v _ 2 r(724)
1
Hy = — oo = "[_ g+4 2(5coss 6—1)sin §+...

These expressions aré useful in finding the field at a distance from the
center of the circular current small compared with its radius. If, for
mstance, r is not, greater than one quarter of a, the first two terms in
the series specify the field with an error less than one per cent.

The solution for the case where r is greater than a is found by a
procedure similar to that employed above.

Often it is desirable to obtain a field more uniform than that -
given by a circular current without having recourse to a long solenoid.
This may be effected by the use

of two parallel circular currents
of the same radius a placed a
distance 2b apart as illustrated
in Fig. 140. By a suitable > X « X
separation of the circuits the
field at a point O half-way

between the two may be made

more uniform than the field at Fic. 140

any point due to either circuit

alone. To find the optimum value of 2b, we have from (69-3) for the
field at a point P a distance x from O

2mia? 1
H= c { [a* + (b + x)i3® + & + (b —x)Epp } (72-5)

Expanding by means of the bmomlal theorem in powers of x,
4mia? 34b* — a 2 ] oy
H = cla® + b2 [ 1+ 2(a® + b‘)~ T (72-6)
If 2b = a, the coefficient of x? vanishes and the field is very uniform
for some distance to either side of the mid-point O. Therefore, the
coils should be placed a distance apart equal to their radius. The
magnetic intensity at O is then
327  2.86mi

H= (5’)8127(‘./'_; = c'a' . (72'7)

Problem 72a. Find the field off the axis of a circular current at a dis-
tance r from the center of the circle greater than the radius a.

, L 5 g8
Ans, He = 2:: fL—:? cos § - 4:“ (5 cos® g - 3 cos g) + ... :}'
Hy = i:" {; ‘:: sin 8 - 196 o) (5cos? § = 1)sin gt .. }

Problem 72b. Show from the result of the previous problem that the field
at a distance from a small circular current large compared with the radius of
the circuit is the same as that due to a magnetic dipole of moment equal to
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the product of the current by the area of the circuit divided by ¢, in accord
with (69-9). -

Problem 72c. From the result of problem 71b, show that the uniformity
of_the field in the vicinity of O (Fig. 140) holds off the axis, as well as on the
axis.

73. Galvanometers. — An instrument devised to measure the
strength of a current is known as a galvanometer. We shall describe
in this article some of the instruments used to measure currents which
are based on the interaction between a current and a magnet. In
some the circuit is fixed and the magnet, in the form of a compass
needle, suffers a deflection when a current passes through the circuit ;
in others the magnet, shaped so as to bring the poles close together
with their faces parallel, is fixed, and the circuit, placed between the
poles of the magnet, is deflected by the magnetic field of the latter.
In either case the moving part must be subject to a control torque of
restitution. Galvanometers may be described as absolute or sensitive.
The current passing through an instrument of the first type may be
calculated in terms of its dimensions. the strength of the field and the
observed deflection. Instruments of the second type are designed to
secure great sensitivity and generally are not absolute. Such instru-
ments must be calibrated by comparison with an absolute
galvanometer,

Tangent Galvanometer. — This instrument consists of a vertical
circular coil of n turns of radius a (Fig. 141) at the center of which
is suspended a compass needle free to turn in a horizontal plane
about its center of mass. The length / of the needle must be small
compared with a. The
coil is oriented so that its
plane is parallel to the
earth’s field, which supp-
lies the control torque.
When a current i passes
through the coil. the field
at its center is

_ 2mmi
. T ca
along the axis of the coil,
Fic. 141 from (69-2). If H, is the

horizontal component of the earth’s field, the compass needle assumes
the direction of the resultant of the two perpendicular fields H and
H,. Consequently, if « is its deflection from the plane of the coil,

H Qmni
tan e =,r = aH,
or
i= M»H-' tan a
2nn

= K; tan o, (73-1)
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where K; == caH,/2nn is known as the galvanometer constant. We
have scen how to determine H, in absolute units in article 47,
Therefore, i may be measured in absolute units by means of this
instrument.

If the needle is not so short that the distance / between its poles
is negligible compared with the radius a of the coil, the field at the
poles differs slightly from the field at the center of the coil and we
must make use of (72-4). The torque due to the current in the
direction of decreasing ¢ is .

— mlHy = 2":'{;”' sin @

’

2
( 31 (5 cos?g — 1)

Ll— 16 a*

g_”ﬂp_”.l COR @ { 1 —

N

J
2

1?5 ‘52 (5 sin?a — 1) IR

since the deflection a of the needle from the plane of the coil is the

complement of the angle ¢ of Fig. 139. The opposite torque due to

the earth’s fieid is p; H, sin a. Kquating the two torques and solving
for the current,

. _ caH, [ 3R ) —o ¢
i = P tan o L 14 16 a* (D sin® a 1)J (73-2)

Since the poles of the necdle are not always located at its ends, it
is difficult to determine the value ot / necded for the correction term.
The latter, however, may be made negligibly small by using the
instrument so that the deflection is in the neighborhood of are sin
(1/¢/5) = 26°.6. :

Helmholtz has improved this type of galvanometer by locating
the needle half-way between two parallel coils placed a distance
apart equal to their common radius. As was shown in the last article,
the field is very uniform in the neighborheod of this point. There-
fore, no correction term is needed. the current being given by

(5‘3/’(' aH,
32mn
from (72-7), where 1 is the number of turns in each coil.
The current sensitivity of the tangent galvanometer is

9
Z? = cgfl-l; cos’o = ]é cos? a (73-4)
e 1

from (73-1). To make this great, a large number of turns, small

radius and small control field H, are needed, and the deflections

should be small. Increasing the sensitivity by increasing n and

decreasing a increases the magnitude of the necessary corrections.

On the other hand, if the control field is made small, the disturbing

effect of stray fields,-such as those due to neighboring power circuits,
is magnifled.

A modification of the tangent galvanometer which secures in-

creased sensitivity by decreasing the magnitude of the control torque

tan a (73-3)
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consists of two fixed coils 4 and B (Fig. 142) in the samec vertical
plane wound so that the current traverses them in opposite senses.
The needles (ns) at the centers of the coils are rigidly connected and
free to rotate as a pair about a vertical axis. Asthey are of equal
moments and oppositely oriented the earth’s field exerts no torque on
the movable part. Instead the control

R torque is supplied by the torsion fibre F.
By using a fine fibre the torque of restitu-

CM tion can be made very small, thereby
' making the sensitivity very great. As the

current traverses the two coils in opposite
senses, the torque exerted by it on each
needle is in the same sense. Therefore,
the torque on the suspension due to the
current is as great as in a single coil
having a number of turns equal to the sum
of those of the two coils. A mirror M is
rigidly attached to the suspended system
so that the deflection may be read with a
telescope and scale in a manner to be
described later. The whole apparatus is
placed inside a cylindrical shell, or several
Fie. 142 coaxial shells, of soft iron so as to shield
it from outside magnetic fields in accord with the theory of article
46. The type of instrument under discussion is known as an astatic
galvanometer. As usually constructed it is not absolute,

If the needles are short compared with the radius a ot each coil,
the torque on the suspended system due to the current is
2nnpgi
ca
for a deflection a, where pg is the magnetic moment of either of the

needles and n the sum of the number of turns in the two coils.
Equating this to the torque of restitution ka of the twisted fibre,

B{n=——s

cos a (73-5)

=, kg (73-6)
“Zmhpy COoS a
If the deflection is small cos a remains sensibly unity, and
cak
27rl‘lp11a
=Kja, (78-7)

where K;jmecak|27npy is the galvanometer constant for this type of
instrument.

D’Arsonval  Galvanometer.—The moving ~ needle type of gal-
vanometer is eagily disturbed by stray fields unless carefully shield-
ed. This difficulty is obviated in the moving coil instrument
depicted in plan in the upper part of Fig. 143 and in vertical section
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in the lower part of the figure. The flat rectangular coil BCDE of
n turns surrounding a fixed
cylinder of soft iron, is suspend-

ed by the torsion fibre F N - S
between the poles N, S of a <
strong magnet 8o as to lie in a

Flane parallel to the lines of F
orce when no current is flowing.

The current i enters the coil E
through the upper suspension
and leaves below.

If /is the length DE—BC, S

the force on DE due to the field
H of the magnet is iHl|c in the
backward direction from (68-9).
An equal forward force is ex-
perienced by BC. Tf h is the .
width EB=CD, the torque due Fic 143

to this couple is iHIh[c. This is the total torque on one turn, as the
horizontal arms are subject to no turning moment. Multiplying by
the number of turns the torque on the entire coil is seen to be
niHA|[c, where A is the area lh of the rectangle,

The soft iron core which the coill surrounds concentrates the
lines of induction in its interior as illustrated in Fig. 143. There-
fore, the field is nearly radial for small deflections of the coil and
the torque which it exerts on the current remains proportional to
the current alone. For large deflections, however, the vertical arms-
of the coil come into a portion of the field which is more nearly
transverse and the lever arm of the couple is therefore approximately
h cos a, where a is the deflection. instead of h. Consequently, the
torque becomes niHA cos afc.

The torque of restitution exerted by the torsion fibre is pro-
portional to the deflection and may be written ka, where k is a
constant. Equating this

;KN

! to the torque on the coil,
/ we have for small deflec-
/ tions
/ // i= ck a
/ " nAH
s =Ka,  (73-8)
R where Kiseck[nAH is the
== galvanometer constant,
Y and for large deflections,
) ck
— s 4 et nAH cos a * (73-9)
0° 15 30 £ 60 In Fig. 144 the
Fia. 144 current is plotted against

the deflection, the lower broken line corresponding to (73-8) and the
upper one to (73-9). The actual curve observed, shown by the full
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line, lies between these, followmg the strmght line very closely near
the origin, '

‘ The current sensmvmy of the d’Arsonval galvanometer for
small deflections is :

do nAH 1 :
7{——.—- "'c—k‘*‘=K‘ . (73“10)

To obtain high sensitivity the coil should have many turns of fine:
wire, the field H should be large, and the stiffness of the suspension
small. For this reason the coil is suspended by a fine wire, usually
of phosphor-bronze. The sensitivity may be made great enough to
measure currents of (10)7!! ampere. As the field of the fixed 'magnet.
is large, stray fields produce relatively unimportant disturbances.

M The instrument, as generally
7(\(5 constructed, is not absolute and
AN must be calibrated by compari-

PN son with an absolute galvano-

meter.

Sensitive galvanometers of
this type are usually provided
with a mirror M (Fig 143),
which turns with the coil. A
telescope T and scale S (Fig. 145)
are placed in front of the mirror.
A deflection a of the mirror brings
on the cross-hair of the telescope
a point P on the scale at an
Fic. 146 angular distance 2a from 0. We

generally  ex-
press K; in
amperes per
scale  division

to avoid
calculating a.
The amme-

ters and volt-
meters used for
direct - current
measureme n t s
are merely
d Arsonval
galvanometers
provided with

a pointer
- instead of
mirror and

telescope, the
torque of
restitution being : Fic. 146.



DETERMINATION OF THE CONSTANT c 199

supplied by a fine spiral spring insteal of a torsion fibre. Such an
instrument is shown with the case removel in Fig. 146.

Problem 73a. Show that if the coil of the tangent galvanometer is rotated
about a vertical axis soas tolie in the same vertical plane as the needle
when the deflection is read,
ga—H—esin a.

mn

1=
; 2
Compare the sensitivity of this sine galvanometer with that of the tangent
instrument.

Prohlem 73b. Find the galvanometer constant in m.k s. practical units for

(1) the tangent galvanometer, (2) the d' Arsonval galvanometer.
(1M ?%kp
drnApHp *

74. Experi~~utal Determination of the Constant c.—The tangent
galvanometer descr, ‘ed in the preceding article provides us with a
simple, although no' the most accurate, mathod of m-asuring the
constant ¢. There we assumed ¢ to be knowa and determined the
current in terms of the magnetic field H,. If, however, we devise an
independent method of measurinzg the current in absolute units, we
can use (73-1) to determine ¢,which is given by

Ans. (1) 21":{” (2

9

¢ = ;H’" cot a. (74-1)

This can be done by means of the circuit of Fig. 147, containing

a battery of known electromotive force & , the tangent galvanometer
G, and a condenser of known capacitance C.* The prong T of the
tuning fork inserted in the circuit makes contact alternately with 4
and with B, char2ing up the condenser from the batterv through the
galvanometer when in contact with A4, and discharging it when in
contact with B. It v is the number of vibrations per second of the
tuning fork, the current measured

C by the galvanometer is
‘__ i =vCE. (74-2)
T 785. Ampére’s Theory of Mag-
G netism — -We have seen that a small
A B

current circuit produces a magnetic
field which is indistinguishable, at
distances large compared with the

11 || dimensions of the circuit, from that
l ~ . . .

of a magnetic dipole TIn fact, it

- 4:6: . has been shown that the field out-

side a magnetic shell of constant
strength & is identical with that of a current i, which satifies the
relation ijc = @&, flowing around a circuit coinciding with the peri-
phery of the shell. These considerations led Ampére to suggest that
the magnetic moments exhibited by the molecules of paramagnetic
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and ferromagnetic substances are due not to the presence of magnetic
dipoles but to the existence of intra-molecular currents. As the
magnetic properties of such Ampérian circuits are permanent, the
currents involved must be supposed to flow without resistance.
Ampére’s theory, which is universally accepted today, makes unneces-
sary the supposition of the existence of a magnetic entity, all mag-
netic phenomena being attributed to moving electric charzes. Our
present knowledge of the structure of atoms leads us to believe that
the Ampérian circuits existing in the molecules of magnetic media
eonsist of rings of electrons revolving about the nuclei of the atoms, or
possibly of electrons spinning, like the earth, about a diameter as axis.

While it is a matter of indifference in describing the field outside
a magnet whether we attribute magnetic properties to actual dipoles
or to intra-molecular currents, the two points of view lead to different
conclusions regarding the field in the interior of the substance.
Therefore, we must investigate the field inside a magnetic medium
from the point of view of Ampére’s theory, As it is only the smooth
field (art. 42) which we can detect experimentally our problem is to
discover how the smooth field inside a medium whose molecules

N contain Ampérian circuits differs from that
_-~7"" inside a medium whose molecules contain

equivalent magnetic shells.

Consider a single atom (Fig 148) con-
taining a plane Ampérian circuit shown in
cross section by BC, the current i entering
the plane of the paper at B and emerging at
C. If we replace the current by an cquiva-

Fic. 148 * lent magnetic shell whose periphery coincides
with the circuit, the field is altered only in the interior of the shell.
Let the thickness of the shell be /. Then, as the strength of the shell
is i/cZ/ 1;he pole-strength per unit area of its surface (art. 41)is
e = jlcl,

As the shell is the magnetic analog of a parallel plate condenser,
it gives rise to a field in its interior equal to 4we¢ in the direction
opposite to the normal ON. So, if A is the area of the shell and
7o the volume of the atom, the contribution of the field inside the
shell to the mean field averaged over the volume of the atom is

1 4miA
H, = % (4ne) (Al) = e
in the direction opposite to that of the positive normal ON. As
iA/c i3 the magnetic moment pg of the shell and 7, the reciprocal of
the number n of atoms per unit volume, this field becomes —4mnpy
in vector form, the minus sign indicating that it has the direction
opposite to pg.

So far we have averaged over a single atom only. If now we
average over a volume <t containing a large number of atoms, the
field under consideration is

Ho = - 477”5&,
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the bar indicating the mean value of the quantity over which it
appears. But npy is just the magnetic moment per unit volume,
that is, the magnetization I of the medium. So the contribution to
the magnetic intensity due to the fields in the interiors of the mag-
netic shells by which we have replaced the Ampérian circuits actually
existing inside the atoms is
H, = — 4nL (75-1)
We wish to compare (75-1) with the contribution to the total
field provided by the portion of the field of the Ampérian circuits
which occupies the space previously- filled by the equivalent shells.
As the ficld due o a circuit is continuous all the way around we can,
however, make the latter contribution vanishingly small by taking [
small enough. Therefore, we conclude that the magnetic intensity
inside a medium composed of Ampérian circuits exceeds that inside
an exactly similar medium composed of equivalent magnetic shells by
471. If H; is the magnetic intensity in the first and H,, that in the
second, '
H; = H,, + 4L (75-2)
. Now, as Hy, is the quantity which we have denoted by H in the
discussion of magnetic media in Chapter IV, H, + 4=1 is the mag-
netic induction B. Therefore we conclude that on Ampére’s theory
of magnetism the true magnetic intensity inside a magnetic medium
is the quantity B, while the quantity H is not the magnetic intensity
actually existing at all, but the fictitious field which would exist if
each Ampérian circuit were replaced by an equivalent magnetic shell.
Outside a magnetic medium B and H are the same and either repre-
sents the true magnetic intensity.

The conclusions reached in this article enable us to generalize the
expressions found in article 68 for the force exerted on a current
element by an external magnetic field so as to apply to currents flow-
ing through magnetic media. Since the magnetic intensity inside
such a medium is B, equation (68-8) becomes

dF = :i x Bdl, (75-3)
and the expression (68-10) for the force per unit volume,

F: = (11 x B (75-1)



CHAPTER VIII

MOTION OF IONS IN ELECTRIC AND
MAGNETIC FIELDS

76. Equation of Motion.—-We shall use the term ion in this.
chapter to designate any free charged particle. It may be an atom,
molecule or aggregation of atoms or molecules which has acquired a
positive charge through the loss of one or more electrons or a
negative charge through the attachment of extra electrons. or it may
be a free electron, such' as a B ray emitted by a radioactive atom,
or a free proton. TUnless otherwise stated, we shall limit our dis-
cussion to ions which have velocities relative to the observer small
compared with the velocity of tight, and for the present we shall
suppose that the ions under consideration are so far apart and moving
through a region where the gas pressure is so low that we can neglect
both the collisions of ions with other ions or with neutral molecules
and the forces exerted by the ions on one another, )

The electric force of an ion of charge ¢ moving through an electric
field where the electric intensity is E is éE.  The magnetic force on
a moving charge is given by (63-11). For an ion of charge e this

o1 . .
foree is e VX H, where v represents the velocity of the ion

relative to the observer. Adding the electric and magnetic forces
together. the total force on an ion with .charge ¢ moving with
velocity v is

,‘}'=¢’<E+;-v>< H). ! (76-1)

The force due the magnetic field exists only when the ion is moving
relative to the observer. It is directed at right angles to both v and
H in the direction of advance of a right-handed screw rotated from
the first to the second of these vectors. Being at right angles to
v, the force due to the magnetic field does no work on the moving
ion. Since the force due ro the magnetic field is proportional to the
sine of the angle between v and H, it is maximum when the motion
is at mght angles to the magnetic lines of force and zero when the
motion is along the lines of force. If the ion should be moving in
a magnetic medium, as in the case of a current passing through a
magnet. H must be replaced by B as noted in atticle 75, giving for
the force on the ion,

l ~
:}'=e(E+cva/. (76-2)

f, then, we can treat each ion as an isolated particle not subject
to collisions with neighboring ions or neutral particles, the equation
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of motion of.an.ion.of mass m moving through an electric field E and
a magnetic field B is

mf=e(E+i v:<B>, (76-3)

the vector f representing the acceleration of the ion.

77. Uniform Fields.—We shall consider three cases under this
heading : (a) a uniform electric field alone, (b) a uniform magnetic
field alone, (c¢) combined uniform electric and magnetic fields.

Uniform Electric Field.—The equation of motion of an ion in a
uniform electric field E is

e
f="EFE (77-1)

The 10n has a constant acceleration in the direction of the lines
of force. TIf it starts from rest, it acquires a speed f7 in a time ¢
and traverses a distance }ft2. If it is projected with an initial
velocity which is not parallel to the lines of force, it describes a
parabola of the same type as that of a projectile moving without
resistance through the earth’s gravitational field.

Uniform Magnetic fiell —The equation of motion of an ion
moving through a uniform magnetic field H in the absence of an
electric field is
f= v xH (77-2)

mc

Since the acceleration is always perpendicular to the Velocity, the
speed of the particle remains constant throughout its motion.
Moreover, as the acceleration is perpendicular to H, the component
of the velocity along the lines of force does not change with the time.
Therefore, it is only the motion at right angles 1o the field which
requires consideration, and we can limit our dis- . v
cussion for the moment to the special case where

v is perpendicular to H.  Then the magnitude of €
v X His vH and, as f is constant in magnitude and £
at right angles to v, the jon describes a circle (Fig. Hout

149), 1If p is the radius of this, circle, the normal

acceleration f has the value v3/p. Since it is desir-

able to treat v and H as positive, the sign of p

depends upon that of e.  Examination of the figure

shows that if ¢ is positive the rotation is in such a Fic. 149
sense as to cause a right-handed screw to advance

in the direction opposite to H. According to the usual convention
this is « negative rotation. Hence we write the «quation of motion
in the scalar form,

e
——= — — VH,
P mc

positive p corresponding to positive rotation and vice versa.
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- The radius of the circular path is
P = — 81{” ’ ' (77'3)
- H
me
proportional to the linear velocity of the ion. The magnitude of
the angular velocity with which the circular path is described is then

v e
@ = = e -
P mc
independent of the linear velocity. Considered as a vector, the
angular velocity is directed along the axis of rotation in the sense of
advance of a right-handed screw. Since @ is opposite to H when e
is positive, the last equation assumes the vector form
w=— °H (77-4)
mc
If,. now, the initial velocity of the ion is not perpendicular to the
lines of force, equation (77-3) holds if we replace v by the normal
component of the velocity, In addition to motion about the lines of
force with angular velocity @ specified by (77-4) in a circle of radius
p given by (77-3), the ion has a uniform translation parallel to the
lines of force with a speed equal to the component of the initial
velocity parallel to the field. Therefore, the path is a helix with its
axis in the direction of H.

By allowing a stream of ions to pass through a uniform magnetic
field the velocities of the
individual particles can be
calculated by (77-3) from the
observed deflections.  This
method is used in obtaining

b

L the magnetic spectrum of B
P rays (electrons) from radio-
S Q active sources. The rays,

Fie. 150 proceeding from the source

) S (Fig. 150), pass through
the slit L into a magnetic ficld at right angles to the plane of the
paper and, after completing a semicircle, impinge on the photographic
plate PQ. On account of the finilc angular width of the beam,
different electrons describe different circular paths, but all those of
the same velocity cross at approximately the same point after
completing a half revolution. This focussing action results in a single
line at P corresponding to a group of electrons of a definite initial
velocity, another group of greater velocity coming to a focus at Q
and so on. :

Combined Electric and Magnetic Fields.—We shall consider now
the motion of an ion in a region where it is acted on by both a uni-
form electric field and a uniform magnetic ficld Asno force is exerted
by the magnetic field in the direction of the lines of force, the motion
parallel to H is uniformly accelerated motion produced by the com-
ponent of E parallel to the magnetic lines of force. The only part of
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the motion which requires examination, then, is that in the plane-
perpendicular to the magnetic intensity. Consequently, we may
confine our attention to the special case where the two fields are
perpendicular and the initial velocity is at right angles to H.

Let us orient the right-handed axes XYZ fixed in the observer’s
incrtial system so that Y is parallel to E and Z to H. Consider, now,
a second set of parallel axes X'Y’Z’ which are moving relative to the
observer’s system in the X direction with a constant velocity

U=c E
=c
that is, in vector notation,
Ex H
=10 oy (77-5)

Denoting by v the velocity of the ion relative to XYZ and hy v”
its velocity relative to the moving axes X'Y'Z’,

v=u+V." (77-6)
Now the equation of motion of the ion relative to the observer is

dv e 1
= — . 77-7).
e (ms Lvxn) e

From (77-6) we have for the acceleration

dv  av .
dt = dt’ (77-8)

Substituting (77-6) and (77-8) in (77-7), we find for the equation of
motion relative to the moving axes
dvl e 1 ’ -
Now
1 (ExH) xH EH?
uXx H= e = HE = E,
as is clear from Fig. 151, Thercfore, (77-9) becomes
v e .
i =me ¥ > H. (77-10)
By passing to a set of axes moving Y
relative to the observer with the
velocity u at right anzles to the two \E
fields we have ecliminated E. An
observer moving with these axes ExH
would detect no electric field. He would X
assert that the ion under consideration H
was moving under the influence of a
magnetic field alone. This example J,(EXH)XH
illustrates the statement made in article 7z
6 that the description of an electromagne-
tic field depends as much upon the state Fi. 151
of motion of the observer as upon the
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distribution of charges, poles and currents.

Since equation (77-10) for the motion of the ion is identical with
equation (77-2), for the case of zero electric field, we know at once
that the ion under consideration describes a circle of radius

p = — __n?E_H (77-11)
in the XY’ plane with angular velocity
®»=—2"H (17-12)
mc

relative to the moving axes X’Y’Z’, the speed v with respect to the
moving axes remaining constant during the motion. Relative to the
axes XYZ fixed in the observer’s inertial system the center of this
cirele moves in the X direction with a uniform velocity of translation
u. Therefore, the path ot the ion is the cycloid described by a point
at a distance p from the center of a circie rolling on the X axis. As tho
velocity of the center of the rolling circle is u its radius is

=— = — - - - 77-13
a ” e 7 (77-13)
me*
independent of the velocity of the ion. The ratio of p to a is
L_V. (77-14)

a u

According as V' is greater than, equal to, or less than w, the generat-
ing point lies outside,
on the circumference
of, or inside the rolling
circle, and the cycloid
is curtate, common, or
prolate. Typical paths
are shown in Fig. 152
for the case of a
positive ion, H being
directed toward the
reader.  The rolling

Fig. 152 circle is indicated by a
broken line, (a) representing a curtate, (b) a common, and (c) a prolate
cycloid. The drift u resembles the precession of a rotating top in that
it is at right angles to the impressed fields E and H.

Since u depends only on E and H, it is in the same sense for a
negative ion as for a positive ion and is independent of the magnitude
of charge or mass. The paths for negative ions are obtained by
rotating those in Fig. 152 through the angle # about the horizontal
axis,

If the initial velocity v, of an ion relative to the observer’s inertial
system has the components vy, and vy,
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VE = (v — u)? + v, (77-15)

We can classify all possible paths in terms of the initjal velocity
as follows :

(1) v/ = 0. This case requires v = u and Voy = 0. The path
is a straight line at right angles to E and H, the force due to the

electric field being exactly balanced by the opposite force due to the
magnetic field. ;

(2) v % 0. We have three subcases, namely :

(a) vo = 0. Then v’ = u and the path is a common cycloid,
the ion starting at the cusp.

(B0 < vy € 2u. Itismnecessary to caleulate the value of

Viu from (77-15) in order to determine the type of cycloid
described.

(0) 2u < vo. Then v > wand the path is a curtate cycloid.

In the preceding discussion we have supposed the electric and
magnetic fields to be at right angles and the initial velocity to lie in
the plane perpendicular to the magnetic field. Tf these conditions are
not sdtisfied, we must replace E in our formulas by the component of
the electric intensity at right angles to H and the various velocities
involved by the component velocities in the plane perpendicular to H.
Then, in addition to the motion depicted in Fig. 152, the ion has a
uniform acceleration at right angles to the plane of the figure due to
the component of the electric intensity parallel to the magnetic field.

The deflection of a stream of ions in crossed electric and magnetic
fields at right angles

to the initial velocity I PP —, ]_3 E

of the stream may be C——-——--- —————— s
employed to measure [ R B \Q
both the velocity and Y

the ratio of charge to +

mass of the ions. The FIG. 153.

electric field may be produced by the parallel plate condenser AB
(Fig. 153) between the plates of which the stream of ions CD passes,
the magnetic field (indicated by dots) at right angles to the plane of
the figure being produced by a solenoid.

First the potential difference of the condenser is adjusted.until
the stream suffers no deflection. Under these conditions the upward
force due to the electric field is just balanced by the downward force
due to the magnetic field, and the velocity v of the ions is equal to the
drift velocity w, that is,

v=u=c E.
T H

If, now, the electric field is suppressed, the ions describe the

circular are CF of radius .
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mc

The radius p is obtained at once from the observed deflection, and
as v is known, e/m can be calculated by means of the formula

v
= -

obtained from the preceding equation.

The deflection may be observed by placing at F a metal cylinder
with a narrow opening, known as a Faraday cylinder, which is connec-
ted to an electrometer. The strength of the magnetic field is varied
until the electrometer shows a maximum rate of deflection, indicating
that all iong in the stream are entering the chamber. Another method
of measuring the deflection is by means of a photographic plate
placed at D at right angles to the stream.

By employing this method J.J. Thomson was able to determine,
in 1897, the ratio e/m of electrons coming from the cathode of an
evacuated tube through which a discharge is passing. The most
recent value of the ratio of charge to mass of the electron obtained
by the deflection is

¢ = — 5.274(10)" e s.u.[gm. (77-17)
In Thomson’s experiments the velocity of the electrons was of the
order of one-tenth the velocity of light.

Sometimes, as in the positive ray spectrograph, it is convenient
to have the electric and magnetic fields parallel. Suppose both
fields have the direction of the Y axis (Fig. 154), the ions entering
the field at C along the X axis. Assuming both deflections to be
small, the deflection due to the electric fiell at the end of the
time ¢ is

_ 1 eE P
2 m’

and that duc to the acceleration (77-2) caused by the magnetic
field is

}e_}ivz 1 eHs

= _ . 't
2 mc 2 mc

Z ==
where s = vt is the length of the path through the fields. Eliminating
t, we get the parabola

mc*E

T~
eH?s? z

=2
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All jions having the same value of e/m strike a photographic plate
lying in the YZ plane somewhere along the arc OP of this parabola,
whatever their velo- Y
cities may be. Ions
with a  greater E H
value of e/m give ~Q
rise to another
parabolic are, such
as 0Q. If the
particles under con-
sideration are sin- o
gly ionized, the C . 0 - X
charge e ‘is the
same for all. We
have here, then, a N7z
method of differ- Fic. 154
entiating the masses of ions which does not require a knowledge of
their velocities.

By passing charged atoms first through an electric field and
then through a magnetic field at right angles in an instrument known
as the mass spectrograph, Aston has shown that many of the elements
are mixtures of atoms of two or more species, each of which has a
characteristic atomic weight. Such species are known as isofopes,
since they occupy the same place in the periodic table. Thus chlorine
consists of two isotopes, one with atomic weight 35 and the other
with atomic weight 37. On account of the greater prevalence of

the former chemical methods of determining the atomic weight give
35.46.

Problem 77a. 1f « is the angle which the velocity v of an ion projected in

a uniform magnetic field makes with the lines of force, show that the pitch of
V“(_:OS—_ o
.
-H

mc

the helix described is -27r-

Problem 77b. Under the influence of ultra-violet light electrons are
emitted normally with negligible velocities from one plate of a parallel plate
condenser placed in a magnetic field H parallel to the plates. Find the tela-
tion between the potential drop V across the condenser, the separation d of
the plates, and the field H so that the electrons may just get across.

Ans. V=1 % aun,
2 mc

Problem 77c. What is the drift velocity of ions moving in crossed
gravitational (g) and magnetic (H) fields? Do ions of both signs progress in
the same or opposite senses.
. Ans. u= ";C— £ ;I'a‘H' » Opposite senses.

Problem 77d. Find the integrated equations of motion of an ion mov-
ing in crossed electric and magnetic fields E being parallel to the Y axis and
H to the Z axis. The ion has an initial velocity v,,

c(v eH Voz E . eH E
Ans. x=r%-[-;_’1’(1—cos mct )+ f%-c_ﬁ' sin ﬁ?t] +c—ﬁ—c.
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- T, vz _ E eH \, vy cH
Y="e [- H CH’)(I-Cosmct)"'Hsm_sz‘]"
Z == Yozt. '

78. Charge and Mass of the Electron.—In the last article we
have seen how the ratio of the charge to the mass of the electron may
be measured by means of the deflection of a stream of cathode rays
in crossed electric and magnetic fields. Ve shall now describe the
method used by Millikan for measuring the charge alone. From
this measurement and that of the ratio of charge to mass we can
calculate the mass of the electron, as well as certain other important
physical constants.

Suppose oil drops of radii between (10)75 and (10)™* cm to be
sprayed into the space between the horizontal plates (Fig. 155) of a
parallel plate condenser. If the air between the plates is ionized by
a flash of X-rays or by other means. occasionally one or more ions
will attach themselves to an oil drop, the motion of which can be
observed through a microscope provided with cross-hairs. By
charging the condenser to a potential ¥, the 0il drop may be subjected
to an upward electrical force ¢E, where e is

3
| TeE the charge on the drop and E = V|d is the
e electric intensity.
For simplicity we shall suppose that oniy
Frc. 155 a single electron is attached to the drop.

Then e is the charge of the electron. [t is a simple matter to
differentiate experimentally the cases where iwo or three electrons
have become fastened to the drop from the case where only a single
electron is involved.

The forces acting on the drop are the downward force of gravity,
the upward force due to the buoyancy of the air, and the upward
force duc to the electric field. Let a be the radius of the drop which
must assume a spherical form on account of surface tension, o the
density of the oil of which it is composed. and p the density of the air.
Then the three forces just enumerated are 4wadeg, §wadpg, and eE
respectively. So, if the potentiul is adjusted until the drop is m
equilibrium, ‘

§ma®(c — p)g = eE. (78-1)

Although o, P and E are easily measured, we canuot calculate e
until we determine the radius & of the drop. To do this we remove
the electric field and observe the speed v with which the drop falls.
A deduction from hydrodynamics, known as Stokes’ law, shows that
v is related to a and the viscosity 7 of the air through which the drop
is falling by the equation

a=v9 n v, (78-2)
20—prg

Eliminating a from (78-1) by means of this relation and’ denoting the
value of e so obtained by e,

dm 9N\ 1 1j2 y3/2 -
e=3(5) Lg(a-—P)] E (8-3)
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If the charge of the electron is computed from this formula, it is
found that the value obtained depends upon the pressure of the air
and the radius of the drop. The trouble is that the drops are so
close to molecular dimensions that the hydrodynamical assumption
underlying Stokes’ law that the fluid through which the drop is fall-
ing has a continuous structure is no longer altogether valid. Con-
sequently, (78-3) can be considered as correct only in the limiting
case of large drops or high pressures of the gas. As the pressure of
a gas is inversely proportional to the mean free path ! of the mole-
cules composing it, our %]
formula may be expected
to hold accurately only for
small values of the ratio ___|_ ===
Ila. Now (78-3) shows .
that v is proportional to  Jlsg
3, Asitis the expres-
sion for v given by Stokes’ .
law which requires corrce-
tion, we can investigate Fo. 156
the nature of the correction empirically by plotting the values of ¢,2/3
obtained from (78-3) for drops of different sizes at different gas pres-
sures against //a, Doing so, the straight line indicated in Fig. 156 is
obtained. Extending this line to the axis of ordinates €2/3 is found.

In this way Millikan finds for the charge of the electron
e = — 4.803(10)70 ¢.s.u. (78-4)

Combining this with (77-17), we compute the mass of the clectron
to be

1
a

m = 9.11(10)~2 gm, (78-5)
The deflection method of the previous article shows that tha ratio
of charge to mass is 1837 times as great for a hydrogen nucleus or

proton as for an electron. Therefore, the mass of the proton (or
hydrogen atom) is
m == 1.673(10)2! gm. (78-6)
Ag noted in article 57 Faraday's constant F respresenting the
charge carried in clectrolysis by one gram-cquivalept is 96,490
coulombs or 2 892(10)1 e.s.u. Therefore, Avogadro's number. that is,
the number of atoms per gram-atom or of molecules per gram-mole-
cule is

)] <) A3
A= 892(10) 6 02(10)# molecule/gm-molecule. (78-7)

4,803(10)~10 —

Since one gram-molecule of an ideal gas is found to occupy
2.24(10)%4 em® at 0°C and one atmosphere pressure, the number of
molecules per cubic centimeter under standard conditions (Loschmidt’s
number) is

6.02(10)® i 8 N
= 3oa0d = 2 adofems. - 8
L= 55, (1053 687(10)*® molecule/em (78-8)

The equation of state of an ideal gas composed of N molecules is
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pV = kNT,

where the Boltzmann constant k is one that appears in many impor-
tant physical relations. As (78-8) gives us

L= g = 2.687(10)!® molecule/cm3,
for the temperature T = 273°.2 K and the pressure p = 1 atmos,
= 1.0132(10)® dyne/cm?, we can calculate k, getting

o . LOI32(10)° 16 org]
k= 26R7(10) x 273.2 = 1.380(10)™18 ergjdeg. . (78-9)
If M represents the number of gram-molecules of an ideal gas
in a volume V, it follows from Avogadro’s law that the gas constant
R in the equation pV" = RMT is a universal constant. Its value is

R = kA = 8.31(10)7 erg/deg gm-molecule. (78-10)

79. The Cyclotron.—An important application of the motion

of ions in combined fields is the cyclotron, first constructed by E.O.
Lawrence in 1932. This device generates a beam of highspeed ions
whose energies are great enough to produce atomic transmutations
and disintegrations when they collide with atomic nuclei. A metal
pill-box (Fig. 157) is cut into two semicircular parts, D; and D,,
called dees. These are placed within an evacuated container C
between the poles N, S of a magnet. The latter is composed of a
large soft iron core wound with a heavy copper conductor so that a
strong magnetizing current may be used. The magnetic intensity H
between the poles is then very large and uniform over' the region
occupied by the dees. Simultaneously
an electric field which alternates direc-
tion with a high frequency v, is establish-
ed in the gap between D; and D, by
means of an electric oscillator. Consider
positive ions introduced at a point P
near the center of the gap when the
electric field is from D, to D,. They are
accelerated toward D, and enter the
interior of the pill-box with a velocity
v. Here they are shielded from the
electric field but not from the magnetic
field, Hence they describe the circular
path shown in the figure with an angular
velocity of magnitude eH[mc indepen-
dent of v, as demonstrated in article 77.
Suppose now, that the frequency of the
electric field is made equal to the fre-
quency of revolution of the ions, that is,
) v, = eH 2amc. Then by the time the
Fie. 157 ions have passed out of D, into the gap,

the electric field has reversed and the ions are again accelerated., This
process continues, the ions receiving an impulse twice in each com-
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plete revolution. The maximum velocity attainable is limited
by the radius R of the dees. For, in accord with (77-3), the ions
spiral outwards as their velocity increases, the maximum velocity
attainable being

vg = - HR. (79-1)

When this has been reached, the ions are deflected out through a
window W by means of the high-potential deflecting electrode E.

The ions most commonly used in a cyclotron are the deuterons
from heavy hydrogen. As each is a combination of a proton and a
neutron, e = 4.80(10)7° e.su. and m = 3.34(10)~*¢" gm. Using
H = 16,000 oersteds and R = 75 cm as typical values for a cyelo-
tron of medium size, we find v, = 12.2(10)¢ cycle sec™ and vg =
5.75(10,* cm sec™. The most important characteristic of the emer-
gent ion beam is the cnergy imwvg? of the ions. In practice it is
customary to express beam cnergies in units of a million electron volts,
abbreviated Mev. An electron volt is the amount of energy acquired
by an electron as it passes through a potential difference of one volt,
that is, 1.60(10)7** ergs. The beam energy for the case under con-
sideration is found to be 34.5 Mev. In order to make the spacing
between successive paths inside the rlces large enough to produce a
satisfactory beam, it is necessary to use a large electric field, With
50,000 volts, an appropriate value for the cyclotron under discussion,
the ions make 690 revolutions before emerging,

Heretofore, we have treated the mass m of a particle as a con-
stant independent of its velocity v». Actually, as predicted by the
relativity theory of Einstein, the mass increases with increasing
velocity in accord with the formula

m= ™o (79-2)

where the constant m, represents the rest mass, that is, the mass for
velocitics so small that v?[c? is negligible compared with unity, Con-
sequently, the angular velocity (77-12) of an ion in a uniform
magnetic field is no longer independent of the linear velocity at speeds
comparable with the speed ¢ of light.

Newton’s second law of motion retains the form

!
F= 4 my) (79-3)

at all velocities. So, if we designate components parallel and transverse
to the path by the subscripts [ and t respectively, we have

m, ~
Fi = -(‘l _ ov;a)alz Ji= dt (mv), |‘
4
¥ (79-4)
Fi= o fe = mf. {
J

V’
A -
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The kinetic energy acquired when the velocity increases from 0
tovis

v vdy 1
Ij L vdt = my '. N myc? - Y 1 , (79-5)
| <1 B 7) \/ -2
0 ¢ c?
- dv 2 - . .
since f; = dr For v < ¢* this reduces to the Newtonian expression

3my¥?, as it should. Since we measure only differences of energy, it
is permissible to discard the constant term — mgyc? and write for the
kinetic cnergy

= M e (79-6)

Then the kinetic energy for zero velocity relative to the observer’s
inertial system is mygc?, a large quantity, instead of zero. In the
table we give, for the electron, proton and deuteron, the ratio of the
mass to the rest mass and the ratio of the velocity to that of light,
for various values of the energy.

- .

U—mgc? | Electron \ Proton ‘ Deuteron
(Mev) | T : | { A T
Pomang | vc Comime | w/c | mimg , v|c
PR, i - | . _— -
1 295 | o041 1000 | 005 | 1.000  0.03
10 | 205 | 0.999 1011 | 015 | 1.005 | 0.10
20 | 400 | 1.000 1021 | 020 | 1011 , 015
30 . 595 ' 1.000 - 1.032 ; 0.25 || 10l1€ | 0.8 .
50 | 985 ; 1.000 | 1.053 031 | 1027 ' 023
| 1.053 031

100 . 196 ‘w 1.000 } 1106 | 043 |

It is seen that the mass of an electron with an energy of 1 Mev is
already three times its rest mass, and its velocity is 94 percent of the
velocity of light. Consequently, an ordinary cyclotron cannot be
used to obtain electron beams of high energy. On the contrary, the
mass of a proton or deuteron does not differ appreciably from unity
until an energy of from 30 to 50 Mev has been reached.

Substituting (79-6) in (77-12), we have for the angular velocity

ec

U H. (79-7)
Hence the angular velocity of an ion which is being accelerated in a
cyclotron decreases in magnitude as the energy increases. This-
destroys the necessary phasc relation between the times at which the
jon crosses the gap and the accelerating electric field. If the fre-
quency of the oscillator remains unchanged, the ion acquires a
greater and greater lag with respect to the field, until it may cross-
the gap during the part of the cyclein which the electric field is
decelerating. This results in a decrease in energy and a consequent
increase in angular velocity, and soon the ionis again crossing the
gap during the part of the cycle in which the electric field is accele-

W= —
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rating. Evidently the energy of the ion oscillates about a value U,
determined by the ratio of the frequency v, of the oscillator to the,
magnetic field H in accord with the equation

v, = 57, (79-8)
- o
and after a few revolutions the ion will gsettle down in an orbit of
this encrgy, in such a phase as to cross the gap between the dees
when the clectric field is zero. If, now, either the frequency of the
oscillator is slightly decreased or the magnetic field is slightly increas-
ed, the ion will pass to an equilibrium orbit of slightly greater energy.,

The Synchro-Cyclotron.—This device makes use of the first of
the two methods cited above for increasing the energy of an ion be-
yond the value at which the variation of mass with velocity becomes
appreciable. The frequency of the oscillator is decreased very slowly,
of course. as compared with the rate of revolution of the ion
inside the dees.  The synchro-cyclotron is generally used for high
energy protons and deuterons.

The Synchrotron.—The synchrotron increases the energy of an
ion by slowly increasing the magnetic field, keeping the frequency
of the oscillator constant. When used for electrons, for which it
is particularly suited. the ions are given an initial energy high
cnough so that they enter the device with a velocity nearly equal
to that of light. Consequently. there is very little increase in the
size of the orbit as further increments of energy are added. There-
fore, the solid magnet of the ordinary cyclotron may be replaced
by a magnet in the form of a hollow cylinder, saving weight and
expense.

80. The Hall Effect.-—If the terminals of a galvanometer G
(Fig. 158) are attached to two opposite points 4 and B of a thin metal
strip MN carrying a current i, the Y
galvanometer will remain undeflect- \ V\I:I_\’_
ed, showing that the equipotential \
line AB is perpendicular to the A
current. If, however, the strip is
placed in & magnetic field H at right -— i |+
angles to its plane, a deflection is 2 X
observed which does not vanish E c_-—"
until the lead at Bis displaced to a L=~
point C beyond B. The equipoten- Al .- ey B
tial lines, therefore, are rotated from ™. 1
the direction of AB to that of AC by
the magnetic field. This effect was

discovered by E.H. Hall in 1879,
M
G

Since the free paths of the elec-
trons responsible for metallic condue-
tion are probably short, these
electrons describe only small portions
of the cycloidal arcs depicted in Fig.
152 when subject to crossed electric Fic. 158
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and magnetic fields. Suppose that E is directed along the Y axis and
H along the Z axis as in article 77. The component velocities of an
ion due to the circular motion about the lines of magnetic force
relative to the moving axes X'Y’'Z’ are

vy = — V' sin (@f + §') = V' sin (fn[jt —0'),

vy =V cos (wt + ') = v’ cos (;I%t-—a' ),

from (77-12), where §’ (Fig. 159) is the angle which v’ makes with
the Y’ axis when f = 0. Therefore, the components of velocity
relative to the axes XYZ fixed in the observer’s inertial system are

. eH . eH
Ve = U+ v’ = u 4+ v cos §' sin e t—v' sin @' cos m t, )

|> (80-1)

J

If v, is the initial velocity of the ion, it

’ eH . . eH
v,,=v,,'=v’ cos § cos ﬁc t 4+ v gin 9’ sin }:n_(: t.

Y’ /_-.E follows from (77-6) that
N
3! —V' sin @’ = vpr — 4, v ocosf = v,,.
3! Subsituting these in (80-1) and putting
i
' sin E»{L—I t = th,
% , mc me
= X el 1 seH \?
cos — t=1— ) 12,
mce 2 \mc
since ¢ is small, we get
: eH 1 re*EH
fro. 159 V2 = Vor = Vou (mc) P+ g 7}?)‘”

== v ()14 ()

First we find the mean velocity of an ion between successive
collisions, 1If #; is the time taken to describe a mean free path, the
X and Y components of the mean velocity are respectively

¢ r
I._JI Vodlt, ! f ¢ vydt.
Ir)o irlo

Next we average with respect to the initial vclocities. As the
electrons may be assumed to start out indiscriminately in all dirce-
tions after collision with the fixed atoms in the conductor, the
average values of vyz and v, are zero. Therefore, the average com-
ponents of velocity are

- 1 /eEH
'z =% mzz) i
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=y (5

Consequently, if n is the number of free electrons per unit
volume, the current densities in the X and Y directions are

. - ne’EH
J”="ev’=‘(m’c)f” 1|

b (80-2)
. = ne*E {
Jy = nevy =, ( m )ff. J

The resultant current, therefore, makes an angle a with the electric
ficld given by

j. | reH
tna = b~ (00 )t,. (80-3)

Consequently, the resultant electric intensity, represented by E in
Fig. 158, is not parallel to the axis of the strip. The transverse com-
ponent of the electric field is due to charges on the edges of the strip
caused by electrons which have been deflected by the magnetic field.

1f E; is the transverse component of the electric intensity,
E; = Esina = Etan a,
since a is small. Hence
(eEH)
I

3nec JH (80-4)
as we need not distinguish here between j, and the total current j.
This equation is usually written

E; = ngjH. (80-5)
the constant =g being known as the Hall coefficient. According
to the simple electron theory outlined above, this coefficient has the

value
2
TH = 3nec’ (80 6)
and, as the charge on the electron is negative, the Hall coefficient
should always be negative. This would mean that the angle a should
be laid off in the opposite sense to that illustrated in Fig. 158,
Experiment shows, however, that the Hall cocfficient is positive in
nearly as many cases as it is ncgative. Although a more rigorous
development of the electron theory of the Hall effect leads to a
slightly different numerical coefficient than that of (80-6), the sign
remains unchanged. No satisfactory explanation of the positive Hall

coefficient has been proposed.

In terms of the Hall coefficient the deflection of the equipotential
lines is given by

E, .
tan ¢ = E.‘ = ‘”H(_.JE ) H = WHGH,. (80*7)

where ¢ is the electrical conductivity.
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Values of the Hall coefficient for some common metals at 18° C
are given in the table. The coefficient varies considerably with
temperature and even reverses sign in certain cases. The reader will
find a detailed account of this effect and other related effects in L. L.
Campbell’s Galvanomagnetic and Thermomagnetic Effects.

T T —
Metal TH |
Ag [ -0.99 (10)—* |
Au P -0.80 (10)—%¢
! Cu i —0.59 (10)—2
al L -0.43 (10)—2
Zn L 1.1(10)—
Fe . 11710

Ni © =31 (10)—2

Problem 80a. The resistivity of gold in c.g.s. units is 2.69(10)~!%. Find
the deflection of the potential lines 1n a gold strip through which a current
is passing when a normal magnetic field of 10,600 cersteds is applied. Ans.

-10".2.

81. Space Charge. — In our previous treatment of the motion of
ions in external electric and magnetic fields we have neglected the
forces excrted by the ions on one another. This procedure is justi-
fiable if ions of both signs are present in equal numbers so that
attractions and repulsions balance, or, in the case of ions of one sign,
if the ions are few enough and far enough apart so that the forces
they exert on one another are negligibly small. In some cases,
however, such as that of the hot filament vacuum tube (art. 66), we
have to deal with a dense current of ions of one sign without the
presence of compensating ions of the opposite sign. Then we must
take into account the electric field due to the charged ions themselves
in the evacuated space through which a current of ions is passing.
‘We shall assume that the external field is entirely clectric.

Let p be the charge per unit volume of the ions and V the electric
potential in the region through which they are passing. The Poisson’s
cquation (26-1) must be satisfiel. As &« =1 in the empty space
under consideration, .

v v | 'V _

axt Ty T8 = - 4mp. (81-1)

Next we have from the definition of the current density j,

Jj= by, (81-2)
where v is the velocity of the ions, and finally the law of conservation
of energy requires that

imv? + eV = C (constant). (81-3)

If we eliminate p and v from these equations, we are left with a
relation between the current density j and the potential for the case
of a current consisting of ions of one sign only.
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We shall consider two typical cases: first a current of ions
passing from one of two parallel plates to the other, and second a
current passing from the inner of two coaxial cylinders to the outer.
In bhoth cases we shall assume that the ions have negligible velocity
at the initial clectrode and that they accumulate there in very great
numbers so as to produce a finite current in acebrd A B
with (81-2).

Parallel Plates. — Let us take the potential | |
at the plate 4 (Fig. 160) to be zero and denote d—
the potential at the plate B by Vy. Take the X
axis at right angles to the plates with the origin Op-+4---—+---Xx
at plate 4. As the potential is a function of x ei

only, (81-1) becomes Y

dzv 1

e = — e (81-4) n

X oV v
Since E equals the space rate of decrease of V, d
this cquation tells us that the electric intensity Fia. 160

mast change rapidly with x in a region in which the charge density p
is large.

As ¥V = 0 when v = 0, the constant C in (81-3) is zero, and we
have

2¢
= — [ )V -5
v ( - ) (81-5)
Eliminating p and v from (81-2), (81:4) and (81-53),
v 4mj
= (81-6)

“a -G

Muitiplying by
dv
2 = 2V
2 i dx = 2d}

and mtegrating,

dV \? dV \? .. M 2e
@) (o )y =17 (G = G 7
Note that j always has the same sign as e. Furthermore — (2¢e/m\V
is always positive, since if e is positive ¥ must be negative to produce

a current, whereas if ¢ is negative, as in the case of clectrons, ¥ must
be positive.

The large number of ions in the neighborhood of the plate
A neutralizes the ficld E, at the plate, so that

dv
Ey= " (Fx_‘);___ 0-—-.0.
W have then

=~ ) 1o (COL-Cor %
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‘where we have taken the minus sign before the radical since :Z: is

-opposite in sign to e, Integrating again and solving for the current

density, e
- (“’> ]
J= 911 ze)

If we make x equal to the dlstance d between th~ plates, V
becomes ¥;. Hence

Ly T

Generolly the ions giving rvise to space charge are thermionic
electrons (art. 66) and consequent]y e is negative and Vjis positive.
In this case we can write (81 -7} in the form

== A/ =G 518

If we substitute the value of e/m given in (77-17), the current
density j, in amperes per square meter is

Ja=— 233 (10)7 "7 V"” , (81-9)

where Vg, is the excess of the potentlal of B over A expressed in
volts and d, is the distance between.the plates in meters. The
negative sign indicates that the current flows from plate B to
plate A.

The right-hand side of equation (81-8) represents the maximum
current densmy that can be obtained for a given V3 and d. Until
this maximum is reached, the current increases with increasing rate
of production of ions at A. After the maximum current has been
obtained, however, no further increase in the rate of production of
ions has any effect on the current so long as Vg remains unchanged,
the current being limited by the space charge due to the ions
between the two plates. The maximum current does not obey
Ohm’s law, since it is proportional to the three-halves power of the
potential difference rather than to the first power.

Coaxial Cylinders.—'This is the case of a heated filument emitt-
ing ions which move radially through an evacuated space to a cylin-
drical receiving electrode called the plate. Let a be the radius of
, the filament and b that of the plate. Using polar coordinates in &
" plane perpendicular to the common axis of the cylinders, it is clear
that the potential V is a function of the radius vector r alone.
Remembering that the left-hand side of Poisson’s equation is the same
as that of Laplace’s equation, we have from (27-7)

1d dv
r dr_< " ar )=—4WP’ (81-10)
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provided we restore the factor 1/r2 which was lost by division. As
the current is radial, we shall use j; to represent the current per unit
length of the cylinders. Then

Ji=2mrpv. (81-11).
Finally, taking the potential of the filament to be zero, we have

from (81-3), as before,
2e
v_—_,\/ ( m-)V. (81-12).

Eliminating e and v from these three equations,
1 d_ < dv
roodr

4 dr )=— }/\/—<§?>V

On integration this gives
- . 8):
[ _( Ze)V :i 2
m - -

h= ; (’2ne> | ry?

where the quantity ¥ satisfies the equation
2 r

2
14 [7‘1;2 (¥2) + 2% (¥?) + y2 :I___ 1, o= _3_10g "

The form of the solution of this non-linecar differential equation-
depends upon the magnitude of s. For the specified boundary con-
ditions we find*

¢ = (35)23[1 — 0.400s + 0.098s2 — 0.015s53
+ 0.002s5¢ — ...], s<1;
¥ =1 — e78[0.652 cos y] — €% [0.116 cos 2¥Y + 0.055 sin 27]
— ©73¢[0.035 cos 3y + 0.029 sin 3y + 0.008 cos ¥
<+ 0.032 siny] — ..., s> 1;
where ¥ = 40°.51s 4 22°.83.

To express the maximum current in terms of the plate potential
Vy set r = b, and designate the corresponding value of ¢ by V..

Then
2 3,2
. 2 /m [—(;;)Vbjl.

= 9 \2e bl,bbs
Dividing by the circumference 27b of the plate, the current per unit

area is 5 "
(-G ]
- 1”<_m> \m )
7= on \2e By
The variation of ¢,;% with bja is shown in Fig. 161. Note that if bfa.
* Page and Adams, Phys. Rev. 76, 381 (1949).

(81-13)-
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is greater than 10, as is usually the case in practice, ys® does not
differ appreciably from unity.

If a and b are hoth large, the difference between them being

small, .
= [1()g2]2== [:—— log(]— b ; a)J'= b - a]

to a sufficiently cloge approximation, and therefore

s
- (oe )[ (]
= 9n\2e b —a2 -
in agreement with (81-7).
Actually the ions are clectrons here and we have

, 2 a6 N Vol
= — (e Si-14
i== 3 A/ = G Y (31-14)
3
4
1.0}
0.5¢
-l 4 A 1 - b
1 10 100 1000 10000 @&
g, 161

as in the case of (81-8). The ecurrent pér unit length in amperes is
given in terms of the potential difference V), in volts by

, . V312 3
jip = — 14.65 (10)~8 —b”"bs . (31-15)

Problem 8la. If a= 1 mm, b = 10 mm, what is the maximum current that
can be obtained from the filament of a cylindrical vacuum tube undera
potential of 12 volts ? Ans. 0.062 ampere/meter.

82. The Discharge Tube.--The study of the passage of electric
currents thréugh gases at low pressure has revealed many of the
properties of gaseous ions and has led to the discovery of the clectron,
The gas is usually contained in a glass tube provided with metal
electrodes through which the current enters and leaves the tube,

In a gas at atmospheric pressure there are normally present
several ions per cubic centimeter. This number may be greatly
augmented by ionizing the gas through the agency of X-rays or rays
from a radio-active substance, which eject electrons from uneutval
molecules, forming pairs of oppositely charged ions. While many of
the ejected electrons remain free at very low pressures, they (rvucmlly
become attached to neutral molecules at higher pressures, forming
negative ions of molecular dimensions. The ions of opposite sign



THE DISCHARGE TUBE 223

attract one another and tend to recombine into neutral molecules, If
no impressed field is present a state of equilibrium is speedily reached,
in which recombination goes on a1 the same rate as the production of
new ions by the ionizing agent.

Consider a gas at a pressure o1 a*few millimeters of mercury in a
discharge tube, the gas being subject to a constant ionizing agent. If
a potential drop V exists between the electrodes, positive ions are
driven by the field toward the cathode and negative ions toward the
anode, and those which do not recombine on the way ultimately reach
the electrodes, giving rise to a current i through the tube. As the
field is increased, the ions are swept more rapidly toward the
clectrodes and thercfore have less opportunity to recombine before
reaching them. Consequently, the current increases until the field
becomes so great that all the ions produced reach the electrodes,
when a condition of saturation, vepresented by s on the current curve
of Fig. 162, is attained, Further
increase of V' gives rise to no addi-
tional current until the point ¢ is
reached, when a very rapid growth
of current takes place. This increase S ¢
is due to the fact that the field has
become so great that an ion acquires v
sufficient energy between successive Fic. 162
collisions to eject an electron from )
the next neutral molecule which it strikes. This process, known as
ionization by collision, gives rise to a greatly increased number of ions
in the gas, and consequently the current grows very rapidly, the dis-
charge assuming the nature of a spark.

When a gas is not subject to an applied ionizing agent, the only
current at low potentials is that, due to the few ions normally present.
Not until the field has been increased sufficiently to produce ioniza-
tion by collision is there an appreciable current. The field necessary
to propuce a discharge, however, varies greatly with the pressure, as
indicated in Fig. 163 for air. A\t pressures of several millimeters of
mercury the discharge is ecasily produced, but as the pressure is
decreased below a millimeter or thercabout the potential required

increases very rapidly. In
v highly evacuated tubes,
therefore, it is necessary
to furnish a supply of ions
in order to cause a current
to pass. This is generally
done by using a heated
filament for cathode, as in

I T the vacuum tube of article
01 2 8 4 5 6 P (mm Hg) 81, the eclectrons emitted
, Fic. 163 by the filament carrying

negative charge  from
cathode to anode, and therefore giving rise to a current from anode
to cathode.
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We shall now describe in more detail the nature of the discharge
between cold electrodes. The spark observed at atmospheric pressure,
¢~ Which requires a potential
ci—+ of some hundreds or

thousands  of volts,
becomes broadened out
Fic. 164 as the pressure is reduced,

until, at pressures of a few millimeters of mercury, a steady discharge
is obtained of a quite different character from that at atmospheric
pressure. The luminosity, which is observed on the surface
of the cathode at higher pressures, stretches out in the tube,
separating into the negative glow n (Fig. 164) and the cathode glow c,
the two being separated by a dark region C known as the
Crookes dark space. Similarly the glow on the anode extends
out into the tube, becoming striated under suitable conditions. This
region of luminosity, p, is known as the positive column and is
separated from the negative glow by the Faraday dark space F.
If the length of the tube is increased, the pressure of the gas remain-
ing constant, the positive column extends so as to fill the additional
space, the other regions remaining unchanged in dimensions.  As the
current through the tube is increased, the cathode glow extends
further over the surface of the cathode, the potential difference
between the electrodes remaining nearly constant until the entire
surface of the cathode is covered. Investigation of the field in the
tube by means of exploring electrodes indicates that most of the
drop in potential takes place near the surface of the cathode, the
electric intensity varying from point to point somewhat as shown in

Fig. 165.

The current is initiated by the collision of ions already present
with neutral molecules, the negative ions produced by collision at low
pressures being largely E
free electrons and the
positive  ions  charged
molecules. The negative
jons, on account of their

1l

smaller mass, have a much [ . Ao -

greater mobility than the A Pos. Column_|_

positive ions.  Consider node Cathode
first the positive ions. Fic. 165

Moving toward the cathode, they acquire greater kinetic energy
between successive collisions close to the cathode than elsewhere in
the tube, as the field is most intense there. Consequently, most of
the ionization produced by impact of the positive ions takes place at
the surface of the cathode. The negative ions formed there are swept
away more quickly than the positive ions on account of their greater
mobility. This action results in the formation of a positive space
charge in the region close to the cathode, which explains the rapid
fall in potential and large electric field,

The negative ions formed near the cathode acquire sufficient
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kinetic energy in passing through the Crookes dark space to ionize
by collision in the negative glow, thus producing the luminosity found
there. The striations existing in the positive column are probably
separated by distances just sufficient for the ions to acquire an energy
that will enable them to excite if not to ionize the neutral molecules
with which they collide. In this way the periodic luminosity in the
positive column is explained.

At very low preasures many of the electrons liberated from the
cathode by impact of positive ions travel the whole length of the
tube without colliding with gaseous molecules. These streams of
electrons are the cathode rays (art. 77) which J. J. Thomson deflected
by perpendicular electric and magnetic fields in his determination
of the ratio of charge to mass. When these electrons strike the
walls of the tube, or a metallic anticathode placed in their path, their
sudden stoppage gives rise to the eclectromagnetic waves known
as X-rays.

83. The Magnetron.—In article 81 we discussed the ion current
passing through an evacuated region from one electrode to another
under the action of an applied clectric field. We shall now investi-
gate the characteristics of such an ion current when a uniform magne-
tic field at right angles to the eclectric field is added. We shall
consider two types of magnetron : first, one in which the electrodes
are parallel plates and, sccond, one in which the electrodes are
coaxial cylinders. In both cases we shall assume that the ions have
negligibly small initial velocities at the electrode from which they are
emitted and that they are present at its surface in sufficiently great
numbers to neutralize the electric field.

Parallel Plates—We shall take the X axis perpendicular to the
plates as in Fig. 160 and the Z axis parallel to the magnetic field H.
Then equation (81-1) becomes

¢V _ _ gnp (83-1)
dx? :

Although the total current is not parallel to the x axis at all points
between the plates, we are concerned only with the X component of
the current. So (81-2) takes the form

j= p=z, (83-2)
where we use the dot over a letter to indicate the derivative with

respect to the time.  Finally, if the potential at the emitting
electrode is taken to be zero, (81-3) becomes

Im(® + 3?) + eV = 0. (83-3)

In addition we have for the deflecting acceleration due to the
magnetic field

. e .
V=—mexH

from (77-2). This gives on integration
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. e
Y= m
since the initial velocity is negligible.
Eliminating y between (83-3) and (83-4), we get

e - o - (e

H, .« (83-4)

As noted in article 81 the quantity — (2e/m)V is always positive,
no matter whether e is positive or negative. Hence this relation tells
us that the greatest distance x, which the ions can proceed from the

emitting plate is given by putting x = 0, that is,

_ 2mc? .
Xm = /\/ = g Vw (83-6)

where Vy, is the potential at x,,. If the separation d of the plates
is greater than this, no current flows, the ions curving back under
the influence of the magnetic field and returning to the neighbor-
hood of the plate from which they were emitted. Suppose we start
with a fixed potential V; across the plates and zero magnetic field.
If we increase the magnetic field gradually, the current will continue
to flow until H reaches the value H, given by the relation

é’szd*

Va= 2mc?

when the current will suddenly cease. This equation, then, expresses
the condition for cut-off, which can be attained as well by decreasing
the potential difference of the plates as by increasing the magnetic
field.

While the condition for cut-off is independent of space charge,
the magnitude of the current density j as a function of the potenfial
difference Vy between the plates and the magnetic intensity H can
be determined only by solving the space charge equation as in
article 81. So we eliminate p between (83-1) and (83-2), and then

get rid of x by means of (83-5). Tf we put
eH

0=— -, J"="47r‘e‘j,
mc m

(83-7)

b

WE-_—( ii::) V — wx?

we obtain the differential equation
axw 2J

4 2w = . 83-8)
. dxz \/ W (
The first integral* of (83-8) is
aw .
e = (87 — 4datW) 2.
g = BIVW — datW)
*Page and Adams, Phys. Rev. 69, 492 (1946).
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since the eléctric field 'must vanish at the emitting plate. To obtain
the second integral, put

. J
Waarsm4x, x= ¢

taking X positive when o is positive. Then the first integral above
becomes

dé = 4sin*xdx,
and the second integral is

. §=2X — sin2X, (83-9)
since” & and X must vanish together. Evidently the zeros of W
corresponding to the emitting plate and to the plane of cut-off come
at X = 0Oand at X = w, respectively, when w is positive, as with
electrons. At cut-off, then, £ = 2w,

Let j, be the current density which would exist with the speci-
fied potential ¥y at x = din the absence of a magnetic field. as
given by (81-7), and H, the magnetic intensity necessary for cut-
off at x=d, as specified by (83-7). From the defining equations
for sin X and £ it follows that

i 1

jo 2 /. sinxH\3E
E (1+4 g’*’)

H 1

H™ k‘ sintx\Y2
<1+-r y )

Calculating corvesponding values of X and Z from (83-9) we can plot
J ljo against H|H.. The curve is shown in Fig. 166. Tt should be
noted that the current decreases only slightly with increasing magnetic
field until cut-off is reached, when it falls precipitously to zero.
An investigation of the charge density shows that it becomes
infinite at the plane of cut-off as well as at the emitting electrode.

il
Jo
1.0
0.5}
o, e H
0 0.5 ) 1.0 H,
Fire. 166

Coaxial Cylinders.—In this case ions in the form of electrons
are emitted by the hot filament 4B (Fig. 167) with negligible initial
velocities. We shall neglect the magnetic field produced by the



228 MOTION OF IONS IN FIELDS

heating current in the filament, taking into account only.the
external magnetic field parallel to the axis of the tube and the
radial electric field due to the difference in potential hetween the
filament and the surrounding cylindrical electrode. It will be
convenient to use cylindrical coordinates r, ¢, z, the last being
measured parallel to the axis of the tubé. Let a denote the radius
of the filament and b that of the outer electrode, Then, we have
in place of (83-3)
Im(ri 4 r2g%) 4+ eV =0. (83-10)
The torque about the axis is due to the magnetic field alone

. 1 - .
and is equal to — ¢ -errH. Equating this to the rate of increase of
angular momentum,
d - 1 .
) = — - .
my, (r*g) = o o H,

and integrating

I g (83-11)
2rmcer

where N is the magnetic flux through the cross-sectional area between

the filament and the coaxial circle of radius r.

A |
—_—H \/
N y
Fic. 167
If, now, we use (83-11) to eliminate 79’ from (83-10),

. 2e e:N?

T P A :

= (mg) V= Tomicr (83-12)

Making 7 =0 we find that the greatest distance from the axis which
the 10n8 can reach is

T eN* .
r= \/ ~Srtmai o 6319
Indicating the values of ¥ and N corresponding to r = b by the
subscript b, the condition for cut-off at the outer electrode is then

eNy?
Vo= = Gromen (8314
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If a good vacuum is maintained in the tube, the cut-off is even
sharper than that illustrated in Fig. 166 for the plane magnetron,
as is shown by the solution of the space charge equation obtained
by Page and Adams.* As in the case of the plane magnetron, the
condition (83-14) is independent of space charge.

The magnetron provides a means of cutting off a current by
means of a magnetic field. It may also be used to measure the
strength of a uniform magnetic field by placing it with its axis
parallel to the lines of force and adjusting the potential ¥ until cut-
off occurs.  Finally the tube may be used to obtain the value of e/m
for the electron by adjusting known electric and magnet fields so as
to secure the condition of cut-off.

A modification of the magnetron described here is one of the
most satisfactory sources of very high frequency electric oscillations.

Problem 83a. A magnetron consists of a filament of 02 mm radius
surrounded by a cylindrical electrode of 3 cm radius. It is observed that when
the tube 1s placed with its axis parallel to the lines of force of a uniform
magnetic field, cut-off takes place when the potential on the tube is 8.85 volts.
Find the magnetic intensity. Ans, 6.67 oersted.

84. Diamagnetism and the Zeeman Effect. —As pointed out in
article 75 the Amperian circuits responsible for the magnetic
properties of matter may be rings of electrons revolving about the
nuclei of the atoms. Consider one such circular ring ; suppose it to
consist of N electrons of charge e revolving in a circle of radius a
with angular velocity w under a force F directed toward the center
of the circle. As a charge Ne passes each point of the circumference
in a time 27/, the current is

New

i= 9 (84-1)
™
and the magnetic moment of the ring (art. 69) is
iA Newa®
pa = "0 =200 (84-2)

In general an atom or molecule contains several such rings, the
resultant magnetic moment being the vector sum of the magnetic
moments of the individual rings. If the resultant - magnetic moment
is not zero, the atom or molecule has the properties of a small magnet
and the medium of which it is a constituent is paramagnetic or
ferromagnetic. In a great many cases, however, the resultant
magnetic moment vanishes, and then the atom or molecule is subject
to no torque when placed in an external magnetic <\
field, In all cases, however, the application of an .
external field changes the magnetic moments of e
the rings of electrons, diminishing the moments of
those whose axes lie in the direction of the field
and increasing the moments of those whose axes
are opposite to the field. This effeet, known as
diamagnetism, produces a rvesultant magnetic
moment opposite to the applied field. It probably
exists in all substances, although in paramagnetic

*Ibid., 494.

Fig. 168
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and ferromagnetic media it is marked by the much greater opposite
effect due to the orientation of the magnetic atoms or molecules.

To investigate the effect of an external magnetic field on the
magnetic moment of a ring of electrons, consider the motion of a
single electron (Fig. 168). In the absence of a magnetic field the
only force on the electron is the central force F, and its angylar
velocity wg is given by the equation of motion

mwyla = ¥. (84-3)

If, now, a uniform magnetic field H, is applied at right angles

to the plane of the figure, the lines of force being directed toward
the reader, a magnetic force

evH,[c = ewaH,|c

directed away from O is brought into being. Consequently, the
equation of motion is now

mwla = ¥ — "“"C’H‘ . (84-4)
Eliminating ¥ by means of (84-3),
W — w? = — eH, .
mc
If we put A w for the increase @ — wg in the angular veloeity,
Ao = — @ eH,
® + w, mec
eH,
- = e (84-5)

to a sufficient degree of approximation, since w differs very little
from w, even in the strongest fields available in the laboratory.

From (84-2) and (84-5) we find for the change in th¢ magnetic
moment of the ring

Near ® Aw
Apn=-—,. =DPu
preH,
= 7 mee (84-6)
Therefore, the magnetic moment of a ring of electrons whse axis
lies in the direction of the field, as in the case under discussion, is
decreased by the field. If the magnetic axis had been directed
opposite to H;, the effect of the field would have been to increase
the moment by an equal amount. Consider an atom which contains
two rings of electrons of equal moments oppositely oriented, so that
in the absence of a magnetic field it has zero resultant moment.
The effect of a field, parallel to the axis of the first ring, is to decrease
the moment of this ring and increase that of the oppositely oriented
ring. Therefore, a resultant magnetic moment opposite to the field
is imparted to the atom.
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If the plane of the ring is not at right angles to the field, it is
cvident that only the component of H; parallel to pg is effective in
altering the angular velocity and the magnetic moment of the ring.
If, then, the angle between pgy and Hj is denoted by 4,

H,
Apg = —g”;:';ml cos 4. (84-7)

and the component of the added magnetic moment in the direction
of the field is

eH.
APy cos § = ~omcw cos?g.

To find the magnetization / in a diamagnetic medium, we must
sum up over all the n rings in a unit volume, Assuming that the
axes of the rings are directed at random, the number making angles
between ¢ and §+d@ with H, is

_ 2 sin ,9,‘7,'9

dn 4y = in sin gdg,
and
I = IApH cos fdn = — ’_7([5’%:{1
nNe?a®
= 7 2mer T (84.8)

The field H, in (84-8) is not. the total field in the medium but
rather the field external to the atom under consideration. It corres-
ponds to the E, of article 17. In fact, it may be shown that
H, = H + (4=/3)I, an expression analogous to (17-3).

As nN is just the total number of electrons per unit volume,
(84-8) can be used to calculate a mean radius of the atom from
measured values of the susceptibility of diamagnetic substances,
or, if a is taken as known, the number of electrons revolving in
rings can be computed, The results are in fair accord with expecta-
tions. '

The phenomenon of diamagnetism constitutes the strongest kind
of evidence for Ampere’s theory of magnetism. For if magnetic
properties were due to the presence of actual magnetic dipoles in the
atom instead of Amperian circuits it is difficult to see how a medium
could be diamagnetic. TIn the electrostatic analog, for instance,
where true dipoles arc respongible for the properties of the medium,
we never find a value of the permittivity less than unity.

As light consists of electromagnetic waves (Chapter XVI), the
change in angular velocity given by (84-5) is responsible for a change
in the frequency v of light emitted by an electron revolving about the
nucleus of an atom placed in an external magnetic field H. If the
revolution is in a plane perpendicular to the lines of force,

Aw eH

AT = o = dame (849)
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where H is to be taken as positive when in the same direction as .
This influence of a magnetic field on the frequency of light is known
as the Zeeman effect.

Now in order to account for the monochromatic character of the
light emitted from a radiating gaseous atom, we must suppose that
the emitting electron is bound to the atom by a simple harmonic
force of restitution. Its motion, even if it is describing a circular
orbit, may be treated as the resultant of linear simple harmonic
vibrations. For simplicity let us confine our attention to one such
linear simple harmonic motion. To analyze the effect of an impressed
magnetic field, we shall resolve this vibration into two linear simple
harmonic vibrations, one in the direction of the field and the other
in a plane perpendicular to the field. Since linear simple harmonic
motion may be represented as the projection on a diameter of uniform
motion in a circle, the latter may be resolved into two circular
motions in opposite senses in the plane perpendicular to H. Along
one diameter the displacements combine to give rise to a simple
harmonic oscillation of amplitude double the common radius of the
two circular motions, whereas along a diameter at right angles the
displacements due to the circular motions annul each other,
Altogether, then, we have replaced the original linear oscillation by
three component oscillations : (1) a linear vibration along the lines
of force, (2) a circular motion about the lines of force in the positive
gense and (3) a circular motion about the lines of force in the negative
gsense. Let us denote by v, the frequency in the absence of the field
and by v;, v, and v; the frequencies of the three component motions
when the field is applied. As a magnetic field exerts no force on a
charge moving parallel to the lines of force, vhe frequency of the
linear vibration (1) is unaffected by the field. On the other hand,
that of (2) is decreased by eH/4wmc and that of (3) is increased by
an equal amount. Therefore, we have the three frequencies

eH eH .

Vg = Vo —— % vy = Vg Vg = V) + 41;’;;{(:’ (84-10)
~

47mc’
when the field is applied, in place of the single frequency v,. Actually,
since e is negative, vy is the smallest and v, the largest of thesc
frequencies,

There are two principal ways of forming the spectrum of a source
placed in a field, If the slit of the spectroscope is placed at a point
on a line drawn from the source in-the direction of the lines of foree,
we have longitudinal observation, whereas if it is placed at a point on
a line drawn from the source at right angles to the lines of force, we
have transverse observation. It will be shown in article 139 that the

‘radiation from an oscillating charge is greatest in directions at right
angles to the oscillation and zero in the line of the oscillation.
Furthermore the electric vector, the direction of which determines the
polarization of the emitted light, lies in the plane determined by the
escillation. Therefore, in longitudinal observation v, and vy appear
eircularly polarized and no light of frequency v; is present. On the
other hand, all three frequencies appear as plane polarized light in



UNIPOLAR INDUCTION 233

transverse observation, v, and v3 with the electric vector perpendi-
<cular to H (s polarization) and v, with the electric vector parallel to
H (p polarization). These threé frequencies constitute the normal
Lorentz triplet. One of the earliest methods of calculating the ratio
e[m of the electron was from measurements of the separation .found
in the Zeeman effect.

The analysis of the Zeeman effect given here fits the observations
in every respect for simple spectra. In the majority of cases, how-
ever, the resolution is more complex than that predicted by this
simple theory, and for an adequate explanation the concept of the
spinning electron and the quantum theory are necessary.

Problem 84a. On Ampére’s theory of magnetism the true field inside a
magnetic medium is B, not H Show, nevertheless, that the field to which

an atom is subject is H + (47/3)I just as in the case of the electrostatic analog.
(Consult art. 17 and art. 75).

Problem 84b. From (84-8) find the susceptibility and the permeability of

i ; fum i - niela®
a diamagnetic medium in terms of § = 2me”
R 1- s
Ans. tg =—- PRI B =— .
1453 1+ T3

Fra. 169 (b)

85. Unipelar Induction.—Finally we shall consider an example
of the motion of ions in a magnetic medium. Let M (Fig. 169a)
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be a symmetrically magnetized steel cylinder arranged so that it can
rotate about its axis PQ and provided with a‘side arm ED the end [»
of which dips into a coaxial trough of mercury. The trough and the
portion ACD of the circuit are held fixed. If a current passes from
the trough through the side arm into the magnet, emerging along the
axis at 4, the magnet experiences a torque which causes it to rotate
in the positive sense about its axis. We have, here, a simple type of
motor.

To calculate the torque on the current passing through the side

arm and magnet, we have for the force per unit volume
1.
5 = ¢ J X B,

from (75-4). .

If a (Fig. 170) is the angle between j and B and ¢ the azimuth
measured around the axis of the magnet, the force on a volume
element rdgdldn at a distance r from the axis is

:: JB sin ard¢dldn

at right angles to the plane of the figure. We are measuring d/ along
and dn at right angles to the lines of induction. The torque duc to
this force is

.

a’g = (1_ JB sin artd ¢dldn
in the positive sense about the axis.
§
Now the current di passing through

the face rddl of the volume clement
is

ittt

di = j sin arddl,

and hence

a2 = : rB didn.

)

But if dN li‘slici':hg?iux of induction through an annular ring of width
dn described about the axis of the magnet,
dN = 2=rBdn, )
since the magnet is symmetrically magnetized and dn is pérpendicular
to the lines of induction. Consequently,
didN
g = 2mc”

Summing up dl and d¢ is equivalent to summing up di without
change in N, giving

idN
g = 2zc”

Finally, summing up dN gives for the total torque
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s = o (85'1)

where N is the flux of induction through the circle of radius OD
(Fig. 169a) at right angles to the axis of the magnet, Evidently we
have made no error in treating j as if it lay in the plane through PQ
since the component of j at right angles to this plane contributes
nothing to the torque. As the lines of induction outside the magnet
have the opposite sense to those in its interior, the torque is greatest
when the side arm is shortest.

Thé torque expressed by (85-1) is that produced by the magnetic
field on the portion of the current circuit lying in the movable part
of the system. Before we can conclude that this is the total torque,
we must show that there is no torque exerted by the current circuit
on the poles of the magnet.

The gpreading of the current in the interior of the magnet may
be taken into account by replacing the current by a number of closed
current filaments which follow the same path outside the magnet but
separate in its interior. Let the circuit ACDEFA (Fig. 169a) be one
such elementary circuit, the current flowing in it being designated by
di. Construct a surface of revolution (Fig. 169b) by rotating the
curve EFA about the axis of the magnet. This surface divides the
magnet into two parts : an upper and outer part bounded above by
the upper surface of the magnet and below by the conical surface
$;» and a lower and inner part bounded above by the surface s,
coincident with s, and below by the lower surface of the magnet. Let
us calculate first the torque on the upper and ouvter portion. It
contains the north magnetism spread over the upper surface of the
magnet and an equal amount of south magnetism spread over the
surface s5,. Consider an annular ring G of radius r lying in this
portion of the magnet, which may contain some of the magnetism on
the one or the other surface. Tf 2 is the magnetic pole-strength per
unit length of the ring, and Hg is the component of the magnetic

mtensity in the direction of increasing ¢ due to the current filament
di. the torque on the annular ring due to the current filament is

a*e = r ﬁ” N H dg. (85 2)

As the magnet is symmetrically magnetized A is not a function of ¢
and may be placed in front of the integral sign. Furthermore.

H ¢rd¢ = (85-3)

0

by Ampére’s law (71-3). Hence
d2e = ‘_13"_31‘,1" )

Now 2mrp is the total pole strength dm in the annular ring under

consideration. So

_ 2dmdi
(4

a:e . (85-4)
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Summing up over the portion of the magnet under consideration, we
find that the torque vanishes since the total pole-strength on any
isolated body is zero.

Turning now to the inner and lower portion of the magnet, we
note that the right-hand member of (85-3) is zero since an annular
ring lying in this portion cf the magnet does not encircle the current
filament under consideration. Therefore, the torque is zero.

We conclude, then, that (85-1) represents the total torque on the
movable part of the system. This formula is well verified by experi-
ment*, and substitutjon of a brass cylinder in the magnetic field of a
coaxial solenoid for the magnet verities the theoretical deduction that
the poles of the magnet are in ‘no way responsible for the torque.
The fact that the formula deduced on the basis of Ampere’s theory of
magnetism accords with the experimental measure of the torque
shows the correctness of Ampere’s conception of the nature of mag-
netism. Tor if the molecules of a magnetic medium owed their
magnetic properties to the presence of actual dipoles instead of
Amperian circuits, the flux N in (85-1) would be that of H instead of
B, and as H may be less than a hundredth of B in iron, the torque
would be only a small fraction of that actually observed.

The mechanism in Fig. 169 has been considered as a simple form
of electric motor. It may also be operated as a generator. To show
this, let & be the external electromotive force producing the current
i and R the resistance of the circuit, and suppose that the magnet
rotates with constant angular velocity w against a frictional torque
equal to (85-1). Then the rate at which work is done by the external
electromotive force is

gi=Rit4+ N

27

or
Nw 9. .
[6 - _2_rrC i = Ri%

As Ri* must equal the product of the total electromotive force
by the current, we sec that the rotation of the magnet gives rise to
a reverse electromotive force

Nw

& = 27c’

If, now, we remove & and rotaté the magnet mechanically, the
electromotive force (85-5) will be generated.

(85-5)

Problem 85a A current of 0.05 amp passes through a magnet as indicated
in Fig. 149. The flux through the circle of radius OD is 1045 maxwells.
Compute the torque. Ans. 0.832 dyne cm.

Problem 850. Deduce the torque (85-1) by computing the torque about
PQ on the fixed portion ACD of the circuit of Fig. 169 and applying the law of
action and reaction.

*Zeleny and Page, Phys. Rev. 24, 544 (1924).



CHAPTER 1X

ELECTROMAGNETIC INDUCTION

86. Faraday’s Law.—Inasmuch as a current gives rise to a
magnetic field, it occurred to Faraday in 1831 that a magnet might
induce a current in a neighboring fixed circuit. Although he found
that the proximity of a stationary magnet gives rise to no current,
He noticed that a galvanometer in the circuit suffers & momentary
deflection while the magnet is approaching or receding. Further
investigation showed that the same cffect is produced by moving a
second circuit in which a current is flowing toward or away from
the first, or by holding the second circunit fixed and varying the
current in it. The phenomenon of current induction had been
obscrved by Henry in  America even carlier. but the discovery
is generally attributed to Faraday since he wax the first to publish
his results.

Faraday's experiments indicate that a change in the flux of
magnetic induction through a fixed circuit gives rise to an electro-
motive force which lasts as long as the flux is changing, the magni-
tude of the induced e.mf. being proportional to the time rate of
change of flux. If the flux through the circuit is decreasing, the
sense of the induced electromotive force is found to be that of
rotation of a right-handed screw advancing in the direction of the
flux passing through the circuit, as illustrated in Fig.’171a, whereas
if the flux is increasing, the induced electromotive force is in the
opposite sense as in Fig. 171b. Now suppose we take the upper
face of the circuit shown in the figure as positive so as to make the
flux through i4 positive. Then, according to the convention of article
8 relating the positive sense of describing the periphery of a surface to-
the positive direction of the normal, the periphery is traversed in the
positive sense when we pass from ato btoc. Consequently, the
induced electromotive force is positive in the case of decreasing flux.
and negative in the case of increasing flux. As a current in the
circuit would have to flow in the sense @ to b to ¢ to produce a flux in
the same direction as that of the external field, the induced e m.f.
acts in such a sense as to produce additional flux in the same
direction as the flux due to external sources if the latter is decreas-
ing, and in the sense to produce additional flux in the opposite:
direction to the flux due to external sources if the latter is increasing.
Ineach case the induced e.m.f. acts in the sense to oppose the change-
in flux which produces it.
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If B is the magnetic induction, ds an element of area o

y any surface s having

the circuit as its

i periphery, and 7Y the

angle between the

a )c a ¢ lines of induction and
the positive normal

b' b to the surface ele-

ment, the flux of

. R . induction  throug!

(a) Flux decreasing  (b) Flux increasing i "0 e" . FHOUER
Fie. 171

N=L B cos vds= I Beds.

As noted earlier, the c.g.s, nnit of flux is the maxwell. The m.k.s.
practica 1 unit, equal to (10)® maxwells, is called the weber. \

Taking account of the relation between the positive face of the
circuit and the positive sense of describing the periphery, Faruday’s
law states that the electromotive force & induced by changing the
flux of induction through a fixed circuit is proportional to the time
rate of decrease of flux Experiment shows that the constant of
proportionality in Faraday’s law is the same as that in Ampére’s law.
Therefore, we have

1 dN
= e o Y 86-1
& ¢ dt (86-1)
Since the c.gs. unjt of & is 1 gm!/2 em''? gec™! and that of .V is
1 gm 1/2 em3/2 sec™, we sec that (86-1) is correct dimensionally.

In terms of the magnetic induction, (86-1) takes the form
1 p] o
= — S6-2
& c J‘, 3t (B cos y)ds, ( )

where we have to differentiate cos ¥ as well as
B since the direction as well as the magnitude
of the induction may change with the time.
Now let B, (Fig 172) be the magnetic in-
duction at the time ¢ and B, that at the time
t+at, the angle which B, makes with the
normal n to the surface element ds being
denoted by 7, and that which Bj makes with
nby ¥, The increase in the vector B during

the time At is AB=B,—B, Fig. 172

in the direction PQ, and the time rate of incrcase of B at the time
t is the vector

B T AB
- = lim - --

T g, A
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in the limiting direction assumed by the line PQ as A? approaches

Zero. -

If we represent the magnitude of the vector ABby | AB |,
| aB| cos a=B, cos Y;— B, cos v,

from the figure, or

AB

at
and letting At approach zero

| OB =9

| g |COSa= 5
the angle a between PQ and the noimal now having its limiting alue.
‘Therefore, Faraday’s law becomes -

1 | Ba 1[ oB
& NREY cos ads = e, ot

In differentiating B with respect to the time we have used the
notation for partial rather than for total differentiation for the reason
that B is generally a function of the coordinates as well as of the
time. In (86-4) we are dealing with a fixed circuit and are concerned
solely with the time rate of change of B at each point.

By cos Y,—By cos 1,

cos a
At ’

(B cos V), (86-3)

ds. (86-4)

The reader must remember that g?‘ . the magnitude of the

time rate of increase of the vector B, is not at all the same thing
0B
as -~
o’
instance, in the case of a rotating vector of constant magnitude, the
latter derivative vanishes while the former does not.

As the electromotive force in this case is the line integral (48-5)
of the electric intensity E around the circuit, we can write (86-4) in
the form

the time rate of increase of the magnitude of B. For

_ o 1[ B,
g=j§E = | 7 ds. (86-5)

Tt is important to note that Faraday's law applies to any eclosed
curve whether or not a conducting wire coincides with it, although
only when a conducting circuit is present does the electromotive force
give rise to a current. In all cases Faraday's law tells us that the line
integral of the electric intensity around any fixed closed curve is equal
1o the time rate of decrease of flux of magnetic induction through the
curve divided by c. Equation (86-5) should be compared with the
circuitdl form (71-3) of Ampére’s law, to which it is quite ahalogous,
particularly if the latter is written in the form

J(a-fH-dl=4:Lj-ds, (86-6)
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obtained by expressing i in terms of the, current .density j over any
surface s whose periphery coincides with the path along which the line
integral of H is vaken.

Faraday’s law implies that the lines of electric force due to
changing magnetic induction form closed curves much as do the lines
of magnetic force produced by a current in a wire. Consider, for
instance, a magnet (Fig. 173) held above the plane of the figure with
its axis on the perpendicular through O, the north pole being the
nearer to O. If, now, the magnet is moved toward the figure, the

lines of electric force in the plane of the

A figure are, on account of symmetry, circles
/’ with O as center, the sense of the electric
\ F  intensity being that of the arrowheads.
Reversal of the direction of motion of the
\ magnet merely reverses the sense of E. If
a wire coincides with the line ABC, the elec-
) tric field exerts a force on the iree elec-
trons in a direction everywhere tangent to
C the wire, and consequently a current is pro-
duced. Evidently no scalar potential exists
Fic. 173 in an electric field of this type, for such
’ a potential would have to decrease as we
pass in the direction of the electric intensity from 4 to Bto C to A,
so that after passing completely ,around the circuit we would come
back to the starting point with a different
value of the potential from that with
which we had begun.
In the case under consideration no
part of the wire ABC is charged electrical-
ly. If, however, we cut the wire at A and
insert a parallel plate condenser as in
Fig. 174, the situation is altered. Now the
clectric field E due to the changing induc-
tion causes positive charge to accumulate
at a@ and negative charge at b until the
difference of potential ¥; — ¥V} between the
two plates of the condenser due to these
charges is equal to the electromotive force
& , represented by the line integral of the Fic. 174
clectric intensity E along the wire from b to ¢ to a, that is,

Ve — Vs =.J-me-dl =€,

For only when this condition is satisfied is the .total work performed
in carrying an electron from b to a through the wire equal to zero and
only then can the flow of electrons stop. If the distance d between
the plates of the condenser is small compared with the distance /
around the circuit, §, = (1 — d/l)§. Hence,
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d
Vo Vo=(1- 7 )e
for equilibrium.

The electric intensity in the region between the plates is not
(Va — Vi)|d, but rather (V, — Vy)|d + E = § |d. Nevertheless the
charge on the cordenser, at least in the case where the permittivity
of the dielectric between the plates is unity, is determined by
(Va — V3)|d alone, for the lines of force of the field E do not termi-

nate on the plates and therefore do not lead to any additional
charge.

In this connection it must be remembered that a field due to
static charges can never give rise to an electromotive force around a
closed circuit. For every electrostatic field possesses a potential,
and therefore the line integral of the electric intensity around any
closed curve vanishes, as shown in article 48. Consequently, the
clectromotive force around a closed curve due to changing magnetic
flux is unaffected by the presence of chargss such as those on the
condenser plates of Fig. 174.

Ifa circuit is located in empty space, where B and H are the
same, the flux of magnetic induction through the circuit is equal to
the flux of magnetic intensity. However, if the
circuit embraces a magnetic core, as in Fig. 175,
we may determine the flux either by integrating /, “
over a surface 5, lying entirely in empty space or O
by integrating over a surface s, cutting the core. |, \
But B lines are continuous as we pass through the | 1
surface of the core, whereas H lines are not. There- <-—_s-7——>
fore, the flux ef H = B through s, is equal to the
flux of B through s,. Hence we see that, when the
surface of integration passes through a permeable
medium, the induced electromotive force must N
depend upon the rate of change of flux of B as Fio. 17¢
expressed by (86-2) rather than upon the rate of o
change of flux of H, for, if the latter were the case, we would obtain
different results according as we intesrated over s; ors,. The same
conclusion may be reached from Ampere’s theory of magnetism (art.
75), which shows that the actual magnetic intensity inside a perme-
able medium is B.

Problem 86a A long solenoid of n; turns per unit length and cross section
A carries an alternating current i = i sin Wt. The solenoid is wound on a
core of permeability £. Find the flux N of induction through a closed curve
which encircles the solenoid and calculate the e.m.f. § around the curve.

Si

Ans. N= 47“2"""‘ A sin ot, & =— 4“‘:?‘-’-“ A® cos .

Problem 86b. A cutrent i = iy sin @t flows in a very long straight wire.
Calculate the flux N through and e.m.f. § around a rectangle of dimensions A
and d which liesin a plane through the wire, the sides of length being
parallel to the wire and at distances R and R + d from it.

_ 2igh ay ..
Ans. N = p log (1 + R') sin wt,
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6=-—~2'c—°, log (1 +§) ® cos Wt.
Problem 86c. If the magnet of Fig. 173 has a moment pH, is at a distance
h from O, and is approaching O with a velccity v, find the flux N through a
circle of radius a about O and the electric intensity E in the plane of the
figure at a distance a from O.

2nvHa’ E= 2pHahy
(h2+4a?)3/2 " T T o(h¥tav)se’
Problem 86d. The plates of the condenser of Fig 174 are separatcd by a

dielecttic of permittivity 2 Show that the charge per unit area (neglecting
edge effect) on the plates is

1
o=, {6, +E—Dg}

Ans. N =

87. The Betatron.—A very illuminating application of Faraday’s
law is found in the betatron. 'This dcvice, developed by D. W.
Kerst in 1941, is used to produce clectron beams of energies so great
that the mass m of each electron is many times its rest mass m,
(art. 79). The instrument consists of a large electromagnet (Fig. 176)
between the pole pieces of which is placed an evacuated toroidal
chamber DD known as a doughnut, a top view of which is shown
in the upper part of the figure. The magnet is actuated by an
alternating current so as to produce a sinusoidally varying magnetic
field. The changing magnetic flux
gives rise to circular electric lines of
force, such as pictured in Fig. 173,
lying in planes perpendicular to the
axis of the magnet with their centers
on this axis. During the quarter cycle
in which the magnetic field increases
from zero to its maximum value, the
induced electric field accelerates, along
a circular path lying inside the dough-
nut, electrons which have been injected
at P. The clectrons are kept in this
, circular path by the deflecting force
ev X HJc due to the magnetic field.

th Pole
Sou Let r, be the constant radius of
I the equilibrium circular orbit which
1'3 J D the electrons follow and let H, be the
D 1 varying magnetic ficld in the median
1 plane at this distance from the axis of

the magnet. The varying magnetic

North Pole field at any point in the median plane,

given as a function of the distance r

from the axis, we shall designate by

' Fw. 176 H. Then the varying magnetic flux
through the area bounded by the equilibrium path is

N, = I " Howrdr (87-1)
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and the varying electric field E, along this path is given by

1 dN,
2uroEy = — - ‘7?" (87-2)
from Faraday’s law. Since the force exerted on an electron by this

field is eE,, the equation governing the motion tangent to the circle is

e dN,
Sarec dr (87-3)
from (79-4), where m is the variable mass (79-2). The minus sign
indicates that the motion would be in the negative sense relative to
the flux for a positive e while N, is increasing, as indicated by the
arrow in the figure. Actually the motion is in the opposite sense,
as e is negative.

Since the transverse acceleration is f; = v¥r,, the motion at
right angles to the path toward the center of curvature is specified by

it ) = -

ve
o
Now the integral of (87-3), subject to the initial conditicn that
v = 0 when Ny = 0, is

— z evH,. (87-4)

eN,

2nrec’ (87-5)

my = -—

whereas (87-4) gives
eroH,

; (87-6)

my =
Consequently, the device will operate in the desired manner only if
the magnetic flux has the value
— Ny = 27rg*H, (87-7)
dnstead of the smaller value =ry2H, which would result from a uni-
form field H, over the entire median plane. The equilibrium orbit
is that circle whose radius r, satisfies this equation. Evidently
the magnetic field must be stronger at the axis of the magnet than
at the distance r,, as indicated by the lines of force in the figure.
This is accomplished in part by a proper shaping of the pole pieces
and in part by the insertion of the soft iron block B in the center of
the gap. The non-uniforn? character of the field is actually an
advantage in holding the beam to the proper path. First, the deflecting
force proportional to v X H is in such a direction as to bring back
to the median plane any electron which may have strayed from this
plane. Second, the required weakening of the magnetic field near
the periphery can be utilized to produce focusing in the median
plane. For this purpose the pole pieces are designed so that H falls
off less rapidly than 1/r in the neighborhood of the equilibrium path.
Then, as the centrifugal reaction is proportional to 1/r, the electron
is brought back to the equilibrium path if it deviates to cither side of
it. Aclually a more detailed analysis shows that in such circums-
tances the clectron oscillates about the equilibrium path with rapidly
dccreasing amplitude. .
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The radius of the equilibrium circle in a typical betatron designed
to give electron cnergies of 20 Mev is 18.8 cm and the frequency of
the exciting current is 180 cycle sec™. 1In a quarter cycle the
electrons make approximately 250,000 revolutions, traveling a dis-
tance of over 200 miles. Larger betatrons have been built and
successfully operated to give energies as high as 100 Mev.

If the beam of electrons is to be used to produce hard X-rays
by impinging on a target, it must be swerved out of the equilibrium
path at the end of the accelerating quarter cycle, for in the next
quarter cycle the electric field is in such a direction as to decelerate
the electrons, This may be done by an additional coil, which is
excited near the end of the accelerating period.

Contrasting the betatron with the cyclotron, we notice that the
magnetic and electric fields in the former vary together at a relatively
low frequency, whereas in the latter the magnetic field is constant
and the electric field alternates at a very high frequency. Further-
more, the action of the electric field is continuous in the first case
and intermjttent in the second.

88. Motional Electromotive Force and Neumann’s Law.—Ia
article 86 we confined our attention to the electromotive force in a
circuit which is fixed relative to the observer. Now we shall deter-
mine the electromotive force along a conducting wire of length /
which is moving with velocity v relative to the observer across the
lines of force of a magnetic field. In this case we do not need to
appeal to experiment, for the electromotive force is deducible at once
from the expression (76-2) for the force on each of the free electrons
in the moving wire. From this equation the force per unit charge
due to a magnetic field is seen to be

E, = i v X B,
where v represents the velocity of the wire. So, if dlis a vector
element of length of the wire, the motional electromotive force is

6==J.Eu‘dl=]j(v><B)'dl (88-1)
l C Ji

in the sense of the component of v X B along the wire.’

Consider the parallelepiped (Fig. 177) formed by the vectors
v, B and dl. The vector
vx B is cequal in
magnitude to the area VRB
of the basé’and has the
direction of the altitude,
Consequently, the
scalar (v x B)*1dis
equal to the arca of the /
base multiplied by the
component of dinormal
to the base, that is,
equal to the volume of
the parallelepiped. Tf, .
now, we chose the face Fic. 177
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of the parallelepiped of which v and dl are edges as base, the 'volume
of the parallelepiped is given by (d1 X v) * B = B * (dl X v). There-
fore,

(vx B)-di=B" (dl xXv),

and the electromotive force under consideration may be written
§=" LB S (dL X V). (88-2)

Now dl X v is the area swept over per unit time by the length
dl of wire and B * (dl X v) is the flux of induction through this area.
Therefore, the motional electromotive force is equal to the flux of
induction cut by the wire per unit time divided by c. It acts in the
direction of the component of v X B along the wire.

Consider, for instance, a straight wire PQ (Fig. 178) of length [
with a metal knob on either end moving with velocity v to the right
through a uniform field the lines of force of which are directed per-
pendicular to the plane of the figure away from the
reader. The electromotive force acts in the direction Q R
of the vector v x B, that is, from P to Q. The flux + @-—-=-
of induetion cut by the wire per unit time is the flux
Bul passing through the area PQRS.
Therefore,

&= :, Bul 1
acting from P toward Q. This electromotive force urges
positive electricity toward Q and negative toward P
until the knobs acquire sufficient charges to produce
a difference of potential equal to the electromotive force. _ P ——
Observe that the motional e.m.f. vanishes if either dl or P

v is parallel to the ficld, for in either of these cases no Frc. 178
flux is cut, 1G.

Let us apply (88-2) to the case of a complete circuit which is
moving relative to the observer. The motion may be due to the fact
T e that the circuit has a movable arm
7 \\,B S which slides back or forth relative
I to the remainder of the circuit, or

o\ the circuit, while rigid, may trans-
I Y late or rotate relative to the
\ observer. TIn any case the periphery
\ or a part of it moves relative to the
| observer, having the location of the

\ 4

I}, curve I, (Fig. 179) at the time ¢ and
/2 that of the curve Iy at the time
/ t + dt. Since we are describing the
/'~ circuit in the counter-clockwise
N e sense, we must take the front face
Sso - , as positive. If, then, we denote by
i ds; the vector area which is added

Fic. 179 to the circuit per unit length in the
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time df, the area PORS added to the length dl in the time dt is
dsidl = — dl x vdt,

the negative sign being due to the fact that the positive sense of ds; is
toward the reader, and (88-2) becomes

__ 1 . 08/ | o8 ]
&= 7jfB " dl = chosv o, (883)

the angle 7 being that between B and the positive normal to the area
PQRS and the integral being taken all the way around the circuit.
The integral alone represents the amount of flux of B through the
area added to the circuit per unit time on account of the motion of
the periphery. Therefore, the motional electromotive force around a
closed circuit is equal to the rate of decrease of the flux of induction
through the circuit due to the motion of the periphery relative to the
observer, divided by c.

Finally let us compute the total electromative forcc around a
closed circuit when B at every point is changing with' the time and
also the circuit is moving relative to the observer. Referring again to
Fig. 179, if the circuit remains fixed in the position /; we have an
e.m.f. proportional to the rate of decrease of flux of induction through
the fixed curve /; as specified by Faraday’s law. In addition, how-
ever, we have in the case of a moving circuit a motional e.m f. pro-
portional to the rate of decrease of flux due to the motion of the
periphery. Adding the two together, the total electromotive force &
is equal to the total rate of decrease of flux of induction through the
circuit, due in part to the change of B with the time and in part to the
;‘notion of the circuit relative to the observer, divided by c. In analytical

orm,

_1dN

§=—ca (88-4)

where
N=j BcosYds=I B :ds,
]

integrated over the entire area bounded by the circuit at the instant
considered. This law was formulated by F.E. Neumann in 1845.
It is equivalent to Faraday’s law for the case of a fixed circuit, but 1s
more general in that it applies also to a moving circuit.

Two cautionary remarks are called for by the preceding discus-
sion. In the first place, although an e.m.f, acts around a fixed closed
curve through which the flux of induction is changing, whether a
conducting circuit coincides with the curve or not, we cannot suppose
a motional e.m.f. to exist in the absence of moving charges, such as
the electrons carried 'along by a moving conductor. Secondly, the
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statement often
made that the
motional e.m.f, G
along a moving C
wire is equal to

the number of 1

tabes of induction

cut per unit time p

is eorrect only if F

the tubes of in-

duction are con-° Fic. 180(a) Fic. 180(b)

sidered to be stationary relative to the observer, for only in this case
is the number of tubes cut equal to the flux of induction through the
area swept over by the wire. The concept of moving tubes of
induction is one which should be avoided as it often leads to erroneous
conclusions.

A simple example of motional electromotive force is afforded by
the circuit of Fig. 180a. The arms AC, CD, DE are fixed, whereas
the wire FG slides to the right with velocity v through a magnetic
field directed perpendicular to the plane of the figure away from the
reader. The positive sense of describing the circuit is FDCG and the

e,m.f, is AN )
1
= 24 __ . 88-5
& - dt o BV (88-5)
where / is the width of the circuit. The negative sign indicates that
the e.m.f. acts in the sense GCDF. Tt is generated entirely in the
moving wire FG, and the present method of computing it leads to
the same result as that obtained in the case of the isolated wire of
Fig. 178 )

: d Next consider the plane coil abc (Fig. 180b) of one turn rot.a.tm_g
about a line PQ lying in its plane. We shall suppose that the circuit
is in a uniform field B the lines of force of which are at right angles
to the axis PQ. If g is the angle which the normal to the plane of

Fic. 181

tile circuit makes with B, the flux of induction is
N = AB cos 6,
where A represents the area of the circuit, and the induced e m.f, is

1dN AB . _ dg
6= — — Et‘s——sma —d—t--'- . (88‘6)

[ 4
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If the coil consists of 7 turns, each of which embraces the same
Q flux, the em.f. is n times as
| great. Both the flux and the

induced e.m.f. reverse their

. | senses relative to the circuit

N | S twice each revolution. If the
l,
l

rotation is uniform, the oneis
maximum when the other is
zero and vice versa, as illustrated
in Fig. 181. In this case § = wt,

> where w is the constant angular
C I" éR velecity of the coil, and
| - € = !'"’_f.“f sin wr. (88-7)

P The ends of the coil may be

Fia. 182 . connected to collector rings C, C
(Fig. 182), located on the axis of rotation PQ, from which the current
is carried by means of brushes through an external circuit R. We
have here the essentials of an alternating-current generator. The
magnetic field in which the armature coil rotates is supplied by the
field magnet whose poles are indicated by N and S.

If the lines of force are not perpendicular to the axis of rotation
of the coil, we must replace B in (88-6) by the component of the
magnctic induction at right angles to the axis, for the component
of the magnetic induction parallel to
the axis does not contribute to the
flux through the circuit at any time
during the course of a revolution.

A simple type of direct-current
generator making use of motional
electromotive force is the Faraday disk
machine. It oonsists of a copper disk
D (Fig. 183) of radius a rotated with
angular velocity @ between the poles
N, S of a magnet, the external circuit
being brought into electrical contact | >
with the disk by btushes at the axis 4 Fic. 183
and at the rim P. If, for simplicity, we assume the magnetic field
to be uniform between 4 and P and perpendicular to the plane of the
disk, (88-2) gives for the induced e.m.f.

A

1 (e Bo (e Bwa?
§=1 L Budl = B2 lel =Bed (88-8)
directed from A to P. Machines of considerable power have been

constructed on this principle, being known as homo-polar generators.

A more commonly used direct-current generator is similar in
construction to the alternator illustrated in Fig. 182, the collector
rings being replaced by a commutator which reverses the sense in
which the external circuit is connected to the rotating coil every
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half-revolution. With a single coil, as shown in the figure, this
arrangement gives a unidirectional but fluctuating current. By using
a number of armature coils uniformly oriented about the axis PQ and,
connecting each to the external circuit only during that part of-its
revolution when the e.m.f. is near its maximum, an effectively cons-
tant current may be produced.

Problem 88a. Twelve Faraday disks of radius 10 cm connected in
series rotate at 50 r.ps. in fields of 10,000 oersteds. Calculate the induced
e.m f. Ans. 188 volt.

Problem 88b A straight wire 100 cm long provided with a metal knob
on each end as 1n Fig. 178 1s carried by an airplane traveling ata speed of
720 kilometers per hour The wire moves at right angles to the earth's
magnetic field, whose magnitude is 0.5 oersted What is the e.m.f. along the
wire as determined by an observer on the earth? To what does the pilot of
the plane ascribe the charge appearing on the knobs ? Ans. 0.0l volt.

89. Circuit with Self-Inductance and Resistance.—A current gives
rise to a magnetic fiell and therefore contributes to the flux of
induction through the circuit in which it is flowing. If the current
changes, the flux is altered and an electromotive force is induced.
This phenomenon is known as self-induction. As the flux produced
by a current is positive relative to the sense in which 1t is flowing,
the induced electromotive force is in the direction of the current if
the latter is decreasing and in the opposite direction if the current is
increasing. Therefore, the e.m.f. of self-induction opposes any change
in the magnitude of the current.

According to Ampere’s law (68-6) the magnetic field and, con-
sequently, the flux of induction in a paramagnetic or diamagnetic
medium are proportional to the current. Hence we may write for
the flux of induction through a circuit in which a current i is flowing

N = cLi. (89-1)

The positive coefficient L is known as the self-inductance of the
circuit. It represents the flux of induction through the circuit
due to a unit curremt, divided by c. Provided the permeability
of the surrounding medium is constant, L is a constant characteristic
of the circuit.

If the current i changes, an electromotive force

1 dN di
C§i=— =LY (89-2)

is induced in & circuit of constant self-inductance. ~From this equa-
tion we may define the self-inductance L more conveniently as the
e.m.f. induced per unit time rate of decrease of current. The
practical unit of inductance is called the henry. It is the self-
inductance of a circuit in which an e.m.f. of one volt is induced when,
the current decreases at the rate of one ampere per second. The
henry is equal to §(10)~! e.s.u. of inductance. .
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*. Although the self-inductance of a single turn of wire is small, that
of a coil of a number of closely wound turns may be quite large,
especially if the wire is wound on a core of high permeability. For
multiplying the turns by n multiplies the flux through each turn-
by n and the flux through the entire coil by n2.

Consider a circuit (Fig. 184) consisting of an impressed electro-
motive force &, a coil of self-inductance L, and a resistance R

L . connected in series. The impressed
00004 1 _a e.rp.f., acting in the sense ¢ to a,
builds up a positive charge at a

and a negative charge at ¢. If the

b e resistance between ¢ and a4 is zero

the potential difference due to such

¢  charges must at every instant be

equal to &, for the resultant electric

_ intensity must vanish in the interior

Fic. 184 of a perfect conductor. So if we

denote by &, the drop in potential between ¢ and a due to the
charges on the circuit, ‘

&+ 64=0. (89-3)

If the current is varying, an clectromotive force & ; (taken as

positive when acting from a to b) is induced in the coil L on account

of its self-inductance. The e.m.f. likewise gives rise to a separation

of charge until a potential drop & 1, is established between the ends
a and b of the coil such that

i+ & =0. (89-4)

Finally the charges on the wire give rise to a difference of poten-
tial between the ends b and c of the resistance. Denoting the drop
of potential in passing from & and ¢ by & r we have

Ex=Ri (89-5)
from Ohm’s law,
Adding equations (89-3), (89-4) and (89-5),
&+ 6i+(6a+ &L+ &r) = Ri (89-6)

But the electromotive force taken all the way around the circuit due
to the static charges vanishes, that is,

&4+ &2+ &Er=0.

Hence, replacing & ; by the right-hand side of (89-2) and rearranging
terms,

di .
L dt + Ri= §. (89-7)

This relation is known as the equation of the circuit. It is valid in
either c.g.s. units or m.k.s. practical units, .
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It should be observed that the effect of the charges on the circuit
is to fransfer the place at which work is done on the electrons consti-

tuting the current from the region of N\

the external electromotive force and Qf/

the coil L to the resistance. As the

resultant e.m.f. through the external

source is zero by (89-3) no work is _b a
done there on the current, and the L

same is true of the coil L on account
of (89-4). The entire work done on
the current is expended in the resist-

ance, being dissipated there in the
form of heat. '—J\/\M/\N—é'

If a voltmeter V (Fig. 185) is R
connected across the coil L of the Fic. 185
circuit under consideration in such a way that there is no varying
magnetic flux through the space between the leads, the voltmeter
measures the potential drop & 1 between the terminals a and b of
the coil.  According to (89 4) this potential drop is

_ -1 di
6 L= K A d t .

The voltmeter reading, therefore, is equal to the negative of the
electromotive force due to self-induction in the coil. If, for instance,
the current is increasing, the e m.f. of self-induction is directed from
b to a whereas the voltmeter registers the equal potential drop
from a to b. We may refer to &z as the electromotive force
across the coil.

Heretofore we have supposed the resistance of the circuit to
lie entirely. outside the impressed e.m.f. and the inductance.
Suppose now that a resistance R, is associuted with the external
o. m. f. and a resistance R, with the coil L, the remaining resistance
of the circuit being denoted by R;. Then equations (89-3), (89-4)
and (89-5) become

&+ 6A =R1i)
&i+ & L =Ry,
&R =Rai,

respectively, and adding we get

E+Eit(Ea+6L+ER) = (Ri+Ry+Ry)i.
If we put R for the total resistance R;+ R,+R, of the circuit and
remember that & 4 + & 1 + & riS zero, we are led to (89-7) again.

Therefore, this equation is valid no matter how the resistance may be
distributed in the circuit,.

Growth and Decay of Current.—Suppose that the impressed
clectromotive force & is a constant e.m.f. such as might be sup-
plied by a cell, and let the circuit be suddenly completed by closing
a key or switch. We wish to investigate the rate of growth of the
current. Separating the variables i and ¢ in (89-7),
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di

= — _Iidt,
L

of which the integral is

» s —
—_ = (RIL)t.
.7 R Ae

If we determine the constant of integration 4 by taking =0
when =0,

= g { 1_e-(R/L)t}. (89-8)

The current approaches asymptotically the value & /R given by
Ohm’s law (49-7) for the steady state. It reaches the fraction
(1—1/e) of its final value, that is, 0°632 & /R, in the time L/R. This
ratio,

L
= (89-9)

is called the time constant of the circuit. The smaller A, the more
rapidly the current grows. In Fig. 186 the current is plotted against
the time for several
different values of the
time constant. As ¢
and A each represent a
time, the units em-
ployed on the diagram
are arbitrary.

A==

Next let us

suppose that the im-

. y ' P ’ t pressed e m. f s

0 i 2 3 4 5 suddenly removed
Fic. 186 from the circuit while

a current iy is flowing, without breaking the circuit. We wish to
find the law of decay of the current. In this case § vanishes and
(89-7) becomes

di R
i =" L%

leading to the integral )

i=iye(RID) (89-10)
if we count time from the instant at which the impressed e.m.f.
is removed. The current decays exponentially, falling to the
fraction 1fe of its original value, that is, 0 368 iy, in a time A. The.
decay curves for the values of A appearing in Fig. 186 are obtained
by inverting the figure. The smaller A, the more rapidly the current
falls off.-

Simple Harmonic Electromotive Force,—If the impressed electro-
motive force § is a simple harmonic function of the time,

& = §8in wf,



CIRCUIT WITH SELF-INDUCTANCE 253

such as might be produced by a coil rotating with constant angular
velocity w in a uniform magnetic field, the equation of the circuit
‘becomes

di . .
Ld’t + Ri = §&,sin ot. (89-11)
" Evidently in the steady state the current alternates with the
same frequency as the impressed e.m.f. Theretore, we should expect
a solution of (89-11) of the form
i = iy sin (w2 — @).
Substituting in (89-11) and arranging terms,
(Loig cos ¢ -~ Rigsin ¢) cos wt
4+ (Lwiysin ¢ + Rigcos p — &) sin ot = 0,
and the differential equation is satisfied for all values of ¢ provided
the coeflicients of cos wt and sin w? vanish. that is,
L(.l.) l. — 6_0”
R ®~ Losing + Rcos ¢ *
Conscquently, if we put the values of sin ¢ and cos ¢ obtained from
the first of these relations in the second,

1 ' g(} : Lw
= s wl — “ an = - .
v R+ Lo? i (wf = @) tan ¢ R

The current, therefore, is out of phase with the impressed e.m.f,
lagging behind it by an angle ¢, that is, by ¢27 of a period. The
tangent of the lag is proportional to the frequency /27 as well as to
the self-inductance, the lag increasing from 0 for a steady e.m.f. to
7/2 for infinite frequency.

The quantity

tan @ =

(89-12)-

Z = /R + L*e?

is known as the impedance of the circuit. The amplitude i, of the
current is related to the amplitude &, of the impressed e.m.f. by the
equation

s 60 80-13

‘o R+ Lol (89-13)
Therefore, impedance plays much the same part in this a-c (alter-
nating-current) circuit that resistance does in a d-c¢ (direct-current)
circuit. It is to be noted that the impedance increases with the
frequency. The quantity Lw appearing in the expression for the
impedance is called the reactance. At low frequency the reactance
may be relatively unimportant as compared with the resistance,
whereas at high frequency the reactance may be so great as to make
the effect of the resistance quite negligible. The ohm is the practical
unit of impedance and of reactance as well as of resistance.

Equation (89-12) is a particular solution of the equation of the

circuit in that it contains no arbitrary constant. As (89-11)isa
differential equation of the first order, the complete solution must
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contain one constant of integration, For the moment let us denate
the particular solution (89-12) by i, and the solution of the equation
obtained by making the right-hand member of (89-11) equal to - zero
by i#;. Then : '
' =1+ 1
is a solution of (89-11). For, if we substitute in the differential
equation, : :
(L"_’.‘fx_ + Riy) (Lf’iﬂ + Riy — Gosin of) = 0
ar 1)+ \Egr 2 0 810 =0,
which is satisfied identically since each of the two expressions within
parentheses vanishes. Now i, is the solution (89-10) already obtained.
So if we replace the coefficient iy in (89-10) by A4 to indicate that'it
represents an arbitrary constant of integration, .
Lo
i== Ae~(B/L) 4 . _ €o - sin (wt - tan = ", , (89-14
J R+ ['w? ( ?) @ R ( _, )
is the complete solution of the equation of the circuit. The constant
A is to be determined by the initial conditions, for instance by the
current at the time t = 0. The current represented by the first term
is known as a transient. On account of the negative sign in the
exponent the magnitude of this term decreases exponentially with the
time, so that after a sufficiently long interval it becomes negligible as
compared with the second term, and the current becomes that of the
steady state represented by (89-12). The oscillogram (art. 116) shown

oy

N /\ f%\x
A% A

Fre. 187 ) )
in Fig. 187, which represents the current, from the instant of connect-
ing the circuit with a simple harmonic e.m f., illustrates the decay of
the transient and the establishment of a sinusoidal current.
Problem 89a. A circuit consists of two concentric cylindrical shells of
radiiaand b (b > a) and common length ! connected by flat end plates, the

gtrent flowing out along one shell and back aleng the other. The space
stween the shells contains a medium of permeability . Find the self-
inductance of the circuit, ‘ . :

w.q,w:»..;‘mm%m_,.m« 7 e w—

N

2l b
Ans. p -log o
"~ Problem 8%b. Find the self-inductance of a toroidal solenoid of mean
radius b and cross-sectional radius @ containing # turns of wire wound on a

Ting of permeability $:
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4tun? T
T (b - o BT = ).

. Problem 89¢. A circuit contains a ring solenoid of radius 20 cm and cross
section 5 cm® consisting of 2000 turns. It is wound on an iron core of per-

meability 2000 and it has a resistance of 10 ohms. Find the inductance of the
solenoid and its time constant A. Ans 4 henry, 0.4 sec

Problem 89d. A circuit has a resistance of 2 ohms and a self-inductance
of 0.01 henry. At what frequency is the reactance equal to the resistance ?
What is the lag of the current at this frequency ? Ans. 31.8 cycle/sec, mt/4.

Prohlem 8%. 1In the circuit of 89c, how long will it take a transient to
fall to 19, of its initial value ? Ans 1.8 sec.

. Problem 89f. 1f a part R, of the resistance of the circuit discussed in this
article is associated with the coil L, what will be the reading on a voltmeter
connected across the coil ? Ans. & L + R

Problem 89¢. A simple a-c generator such as illustrated in Fig 182 is
connected to an external resistance of 1 ohm The armature coil has a self-
inductance of 2 millihenrys and negligible resistance. It rotates 69 times a
second. It has an area of 100 cm? and contains 110 turns. The magnetic field
in which it rotatesin 100 oersteds. Find the current Ans. 30.1 sin
(@t - 0.65) amp.

Problem 89h. A circuit contains a constant external e.m.f. and an in-
.ductance but no resistance. According to what law does the current grow ?

Ans. x=-§- t.

Ans.

90. Circuit with Capacitance and Resistance.—Consider a con-
denser of capacitance C (Fig. 188) in series with an impressed
electromotive force § and a resistance R, . C
the self-inductance of the circuit being b||a
so small as to be negligible. If § is a e
constant e.m.f. acting from c to a, the plate
a of the condenser will acquire a positive
charge and the plate b an equal negative
charge of magnitude sufficient to produce a
difference of potential between the plates R ¢
equal to &, the current ceasing to flow as Fic 188
soon as this state has been attained. On
the other hand, if & is an alternating e.m.f., current will flow back
and forth through the circuit from the one to the other plate of the
-condenser, the charge on each plate reversing sign with every alterna-
tion of the electromotive force.

Let us analyze the circuit. If the resistance associated with &
is negligible the charges present must give rise to a drop of potential
& 4 between c and a just sufficient to neutralize &, so that at every
‘instant

§+ &a=0. (90-1)

Next there is a potential drop & ¢ across the condenser due to

the charges ¢ and - g on the plates given by
o .
60 = c” (90 2)

Finally the charges present on the circuit gives rise to a difference



256 ELECTROMAGNETIC INDUCTION

of potential § r between the ends b and c of the remstance amount-
ing to
&r= Ri (90-3)
Adding (90-1), (90-2) and (90-3),

E+(Ea+8Ec+Er)= g.- +.Ri.

But the electromotive force (&4 + &c¢ + &g ) arround the entire
circuit due to charges on the condenser plates and on the wire

vanishes. ' Hence, as i = —Z‘t] s
dq , q _

Ry+c=2¢ (90-4)
is the equation of the circuit under consideration. This equation is
identical in form with the equation (89-7) of a circuit containing seif-
inductance and resistance only, g taking the place of i, R that of L
and 1/C that of R.

Growth and Decay of Charge. — Suppose that & is a constant
e.m.f. and that the circuit has just been completed by closing a key,
the condenser having previously been discharged. We wish to
investigate the rate at which charge accumulates on the condenser
plates. As the equation of the circuit is of the same form as (89-7),
we have at once from (89-8)

q=Cg{l — e"WRONY, (90-5)
by substituting 1/C for R and R for L. The charge increases ex-
ponentially to the final value C§. The time constant,

A= RC, (90-6)
represents the time necessary for the charge to attain the fraction
(1 — 1/e) of its final value. The smaller A the more rapidly the
charge accumulates. If we interpret the ordinates in Fig. 186 as
charge on the condenser instead of current in the circuit, the curves
there drawn show the accumulation of charge for various values of the
time constant.

To get the current in the circuit, (90-5) must be differentiated
with respect to the time, giving

c iq & —(1IRC)t’ . R
i=— =p¢ . (90-7)

The current starts with the value & [R, gradually decreasing and
finally stopping when the condenser has attained its full charge C& .

Next consider a circuit consisting of the condenser with charge
g, key and resistance connected in series, no impressed e.m.f. being
present. We wish to find the way in which the condenser discharges
through the resistance after the key is closed. All we have to do is
to make the appropriate substitutions in (89-10), getting

q = q e-(IIRr')t : (90-8)
We note that the condenser discharges exponentially, the rate of
discharge or the current being
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dq 9o

= _ _ 9o —urey N

i dt RC © y (90-9)
where the negative sign indicates that the current is in the sense to
decrease the charge on the condenser. The discharge is more rapid
the smaller the time constant.

Simple Harmonic Electromotive Force. — Now we sghall suppose
that the impressed electromotive force & in the circuit of Fig. 188 is
a simple harmonic function of the time of the form

& = &y sin wf.
Then the equation of the circuit is
dg 4
R a tc
As this equation is of the same form as (89-11) we obtain the

solution for the steady state trom (89-12) by means of the substitu-
tions previously employel.  Thus.

= &, sin wf. (90-10)

g = 150 sin (@t — ¥),
A e

&a

- @ | sin(@r — ), tan ¥ = RCw, (90-11
and the current is
=- cos (wt — ¢)

V R4 oo

- — - sin (0t — @), tan ¢ = — R%). (90-12)

1
\/ B Cran

As in the case of a circuit containing self-inductance and resis-
tance the current is out of phase with the impressed e.m.f., but here
the current leads the e.m.f. instead of lagging behind it since ¢ is
negative. For high frequency the angle ¢ is very nearly zero,
decreasing to —=[2 for zero frequency. = Note that this is quite
different from the case of a circuit containing self-inductance.

The impedance of the circuit is e

1

the amplitude i, of the current being related to that of the e.m.f. by
the equation
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o (90-13)

Contrary to what was found in the case of self inductance, the impe-
dance of the circuit under -consideration here decreases as the
frequency is increased, approaching the limiting value R for very high
frequencies. For zero frequency, that is a steady e.m.f., the
impedance is infinite and no current can flow. Obviously this must
be true, for the condenser constitutes a break in the circuit and no
steady current can flow under the action of a constant e.m.f.

The reactance of the circuit is —1/Cw. Tt is important only at
low frequencies, becoming negligible at high enough frequencies. Tn
fact the insertion of a capacitance in a circuit has no appreciable cffect
upon either the amplitude or the phase of the current at sufficiently
high frequency.

So far we have omitted the transient. The complete solution of
the equation of the circuit may be obtained from (89-14) by means of
the substitutions already employed. It is

. - &o . 1
= (IRC)E S i - _
i = Ae + . - _sin (ot — ¢), tang= CR
R® 4 o2
(90-14)

the constant of integration A being determined from the initial value
of the current. The transient current, represented by the first term,
falls off with the time, leaving the second term alone after the steady
state has been attained.

Problem 90a. A condenser of 2 micrcfarads capacitance is ccnnected in
series with a high resistance and a quadrant electrometer. It 1s found that the

condenser loses half its charge in 120sec. Find the resistance. Ans. 86.6
megohm.

Problem S0b. A leaky condenser of capacitance C and conductance G is
connected in series with a resistance R and an impressed em.f. &,
sin ot. Find the impedance of the circuit.

Ans. .. 1+2GR.
N R+ ot 6o

91. Circuit with Self-Inductance, Capacitance and Resistance.— A
more general type of circuit than those considered heretofore is one in
which a self-inductance L (Fig. 189), a condenser of capacitance C
and a resistance R are connected in series with an impressed electro-
motive force §. Denoting the potential drop from d to a due to the
static charges on the circuit by & 4, that from atob by §,, that
between the plates b and ¢ of the condenser by & and that across
the resistance by & g,

(S + 6A=0;
Ei+ &.=0,
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6C= Cq:

6R = Ri’
where, as before,
Gi= — L(Tt- (91-1)

is the induced e.m {. due to the inductance of the coil L. Adding the
preceding equations,

&+ §i+(Eu+ Er+ Ec+ Er)=Ri + g.

As the e.m.f. around the L
complete circuit due to the i
static charges vanishes, the a
expression within parentheses is bl
zero. So, making use of (91-1) C

and rearranging terms, T]:/\/\/\
di
L d

e
G R+ L -8 @ R

It should be noted that the left- Fic. 189
hand side of this equation is equal to the sum of the potential drops
across the three circuit elements L, R and C.

To obtain the differential equation for g we put —g? for i getting

d’q dqg | q
Ld12+R dt+C—67 (913)
or, if we wish to use i as dependent variable, we differentiate (91-2)
with respect {o the time, so as to have the equation of the circuit in
the form

d? d 1. dg .
LW + R dt + c'T ar (91-4)

Equations (91-3) and (91-4) hold for either ¢ g s. units or m.k.s,
practical umits. As the reader can easily show. they are equally
valid when part of the resistance is associated with the coil L and
part. with the electromotive force &. Furthermore. part of the self-
inductance may be associated with &, and there may be several
condensers in the circuit. In every case. however, R represents the
total resistance in the circuit, L the total self-inductance and C the
total capacitance.

Charging Condenser.—1f the e.m.f. in the ecircuit under con-
sideration is constant, we can find the rate at which charge accumu-
lates on the condenser plates after the circuit is completed by closing
a key, To do so we integrate (91-3), remcmbering that the right-
hand member is a constant. The equation is put in more convenient
form if we introduce a new dependent variable,

Q=q—-Cg.
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Then (91-3) becomes
d*}Q, ,do Q
La’t"' + R atc = 0. ' (91-5)
At this equation is lincar and homogeneous in Q, the solution is
of the form
Q = Act,

where A4 is an arbitrary constant. Substituting in (91-5),

LY* + Ry + 4= = 0,

- . R Rt 1

ach value of ¥ gives a solation. If we put

R RE 1
a= ., = o
op P /\/41,2 IS

so that Y = — a 2= B. we have for the complete solution of (91-5)

q=C& + ™ {A;ct + Ape ¥}, (91-7)

where A4, and A, are constants to be determined by the initial con-

ditions. The current is obtained by differentiating (91-7) with

respect to the time :

P = e { (B — Q) Ayc® — (B + a)AeP). (91-8)

If the condenser is uncharged when the key is closed, ¢ =i =0
when t = 0. Consequently,

A+ A, = — Cé&

(B—a)A; — (B+ a) Ay =0
from (91-8). Solving for 4; and A,,

giving

from (91-7), and

A1=—“2;B C§, A2=“;ﬁﬂcs,

and
I
g=CE[ 1= o fla + B — (@ ~p)7¥} 1 e
The constant 8 is real if

R? 1
i > Lo
that is, if the resistance is larger than twice the square root of the
ratio of self-inductance to capacitance. In this case 8 < a by (91-6),
the term involving the exponentials decreases continuously with the
time, and g approarches the limiting value C§ . The broken curve
in Fig. 190 shows how ¢ increases with the time. Evidently the
charging of the condenser is aperiodic.
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If the resistance of the circuit is less than twice the square root
of the ratio of self-inductance to capacitance, B becomes imaginary
and the solution (91-9) is not in convenient form. In this case
oscillations are set up in the circuit, and we may proceed by assum-
ing a solution of (91-5) of the form

Q = AT sin (o + €). (91-10)

Substituting in the differential equation,
[-(a."' — we?)L — aR + Cl;:lsin (gt + €)
+ { — 2awoL + woR} cos (wet + €) = 0,

which is satisfied for

all values of ¢ provid- g 2
ed the coefficients of /\
the sine and cosine / \ —— .
vanish, that is, R e e N 7T —===TTC
R ettt
a = 2L’ // -7 !
7
1 : / et
Po = \/LC—4[.“ /’
(91-11) Z t
Consequently. the Fic. 190
complete solation of (91-5) is
q=C§ + Age™ sin (&gt + €), ° (91-12)

Ag and € being arbitrary constants to be determined by the initial
conditions.  As «a is positive, the amplitude of the oscillations given
by the second term falls off with the time and ¢ approaches the same
final value C & as in the previous case.  The current
i = Ageal{wy cos (wgt + €) — asin (wgt + €)}, (91-13)
is also ogcillatory, becoming, however, of smaller and smaller ampli-
tude as time elapses.
Instead of solving the differential equation of the circuit anew
for the oscillatory case, we may write
8= iw \/ ] R
= | Wy = _—
0 0 LC ~ 4L?
in (91-7), where i =4/ —1, and oblain (91-12) immediately by
means of the identity
e4-10M= cos wyl4 1isin wyf.
For then the expression inside the braces in the second term of

(91-7) becomes
(A4 Ay) cos wot+i (A;—Ay) sin ayf,

which reduces to .
Ay sin (vt + €),
if we put
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A,+A

=9 =i‘7T 4

Ay=2+/A4,A,, tan €=1Ag A,

Under the same initial conditions as considered previously
g=i=0 when t=0in (91-12). Hence
Aysine = --C§,

W, cos € —a sin € =0,

giving
2 2
tan € = 0 A0=——¢E" = _V@'te Cg.
a sin € ®,
Therefore,
[ _ vVod+a? : 1
=C 1- Ve e~ sin (wot 4 €) ¢,
9=C§ § o (@ + )|
tane= ; (91-14)
a
and the current is
o2 2
z'='/m:’ .+a Cge{asin (wyt+ € ) — wq cos (gt 4 €)}
0
21 2
=3‘Lia—— C & sin wyt,
0
which we may write
.. . . w02+ a?
i=ie™ §in wyt, iy=— o cg. (91-15)
0

The charge on the condenser in this case is shown by the solid
curve in Fig.190. During the oscillations the charge may become
considerably greater than the final value C &, and consequently the
potential difference between the plates may exceed &, as at the point
a on the curve. This sometimes results in a breakdown of the
dielectric between the plates, entailing destruction of the condenser.
Therefore, care must be exercised in connecting a circuit
containing a condenser and a self-inductance in series to a source of
potential in order to avoid excessive oscillations. This may be
done by including in the circuit sufficient resistance. If the resistance
is great enough, the charge increases aperiodically in conformity
with the broken curve and never becomes greater than C § .

The factor e™* in the equation (91-15) causes the amplitude
of the current oscillations to become smaller and smaller as time
goes on. This factor is known as a damping factor. The larger
a the more rapidly the current is damped® out.

Discharging Condenser.—1If there is no impressed e.m.f. in
the circuit, § =0 in (91-3). This is the case of a charged condenser
connected in series with an inductance, resistance and key. The
solution of (91-3) now specifies the rate of discharge of the conden-
ser through the inductance and resistance after the key is closed.

If the resistance is large, the discharge is aperiodic, and the
charge g, obtained from (91-7) by making & zero, is
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g=e2 { A, 6B+ A,0~B}. (91-16)

The current is still given by (91-8). To determine Ajand A4, we
have ¢ =g, and i=0 when 1=0. Therefore,

A1+A2=Qo,
o (B—a) Ay—(B+a)A4,=0,
giving
-8B
A1= a-gg‘qo’ A2= — 0.23.» 9o-
Consequently, (91-16) becomes
4= 35 ¢ { (a+B) Hm(a—Ple P}, (91-17)

When the resistance is so small as to make g imaginary, we nced
the periodic solution obtianed from (91-12) by making & zero. In
this case

g = Ae™ sin (wpt + ¢), (91-18)
the current still being given by (91-13). Making use of the initial
conditions employed above,

Agsin € = g,
W, C0s € — asin € =0,
and o
tan € = ‘mo 5 AD = - ‘70 - = ‘\_/%:ig‘ 9.
a Sin € W, .
Consequently, )
q = v o + o goe™? sin (wet + €), (91-19)
@o

and the current is

i=Vo' +«
wq

‘”02 + al

=,— e~ gin wyt
’ w, qo 0>

2 .
qoe™% {wg cos (wof + € ) — a sin (@t + € )}

which we will write in the more convenient form

. . . . ®y% + a?
i = ige~ sin wyt, b= — ~"— - go. (91-20)
Wo
The current is plotted against the time in Fig. 191, the broken
lines representing the enveloping curves
i = j:‘ l'oe"“t.
The natural frequency of the circuit is

= @ _ 1 1 R 91-21
Vo 27:-27CVLC_4L2’ ( )

the natural or free period P, being the reciprocal of this. If R is small
compared with 24/L|C, which is usually the case,
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@y 1 91-99
2 T 2/ LC (91-22)

to a sufficient degree of approximation.

To find the time #,, when the current has a stationary value, we
place the deriva-
tive of (91-19)
with respect to
t equal to zero,
getting

"0 =

@
tan wotm= ao

Evidently there
is a series of
stationary

values (Fig.
191), which are
/‘,,f’ alternately
- minima and
@ > :
| = maxima. If 7,
Fie. 191 is  the time
tia. 19 : .
elapsing be-
tween successive maxima,
wo(tm + Ty) = wotm + 27,
or
2%
Ty = = P,. (91-23)

The maxima recur, then, at intervals equal to the free period of
e . . . .
oscillation.  If iy’ and iy are two successive maxima,

iy eat
‘I];" = ;::Otm_f-’;,) = eoP,.
The quantity § defined by
_/ R
2= (s

§=log-5 = (91-24)

= aPy = -
{y 1 R?
LC ~4L?*

is known as logarithmic decrement of the circuit. If the resistance
of t}!e circuit is small so that (91-22) holds,

= C _ R _ R 01-95
8 nR/\/_L_ano_n‘l- (91-25)
Cw,

The logarithmic decrement is a convenient index of the rate at which
the oscillations are damped out.

The oscillator used by Hertz to produce electromagnetic waves
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in his famous experiments of 1888 consisted essentially of a condenser
disclarging th1ough an inductance
and resistance.  The apparatus

is shown in Fig. 192. The two ;
metal plates 4 and B form the v Ge B
condenser, the self-inductance of A Fii. 192 B

the circuit being that of the two
short wires connecting the plates to the spark gap G. As the first
discharge ionizes the zir in the gap. the resistance becomes so small
that oscillations are set up. The potential difference existing between
A and B in the first place may be produced by connecting the two
sides of the gap to the secondary of an induction coil (art. 99). Each

time the primary current in

the coil is broken, an oscilla-

ll f\ o f\ _~ 4+ tory discharge passes across

N \/ ~ the gap, as illustrated in

M TFig. 193 for two breaks of

the primary. The impedauce

Fic. 193 of the secondary of the coil is

so great for the high frequency discharge takine place across the gap

that no appreciable part of the current passes through the coil.  As

will be shown in Chapter XVI an oscillatory discharge such as that

described here acts as a source of electromagnetic waves which travel
out from it through the surroanding space.

Problem ©1a A cucuit has an inductance of 10 millihenrys, capacitance

of 0 1 microfarad and resistance ot 1000 ohms Is 1t periodic or not ? If there

1s an impressed e m £ of (1) volts in the circuit, what1s the tinal charge on
the conderser ? Ans. 001 coalomb

Froblcm 91b. A condenser of capacitance 1 rucrofarad 1s connected in
sertes with an 1nductance ot 10 millihenrys and a resistance of 10 ohms.
Initially the condenser "has a chaige ot 1 coulomb Find the natural fre-
quency of the circutr and the chaige at the end of 10 oscillations. Ans. 1594
cyclefsec, 0 0426 coulemb.

Problem 91c.  An oscillatory circuit 1s connected with a constant e m.f.
Show that the greatest charge acquired by the condenser is

qm = Cé; {1 + C—:z,l(.)()}_
If, C L and R have the values given 1n 91b, tind the ratio of gm to the final
charge Ans. 186.
Problem 91d. A circuit in which

R? 1

4L T IC
15 said to be critically damped, Show that in this case a condenser discharges
aperiodically according to the law,

q = qo(1 + at)e™

. Problem 91¢. Find the logarithmic decrement of a circuit containing an
inductance of 10 millihenrys, a capacitance of 1 microfarad and a resistance of

1 ohm. By what percent does the current diminish per oscillation on dis-
charge’? Ans. 0.0314, 3.09%

Problem 91f. Plot on a single diagram the aperiodic discharge curve given
by (91-17) and the periodic discharges given by (91-19).

Problem 91g. Find the current occurring during the discharge specified
by (91-17) and draw a graph showing how it varies with the time.




266 ELECTROMAGNETIC INDUCTION

92. Alternating Current.—If the circuit discussed in the last
article is connected with a simple harmonic impressed electromotive
force

{': == g 0 sin mt,
the equation (91-4) of the circuit becomes
d2 di 1.
LW“"R?—I—*——C:I-—‘@OQ)COS wl, (92'1)‘

In the steady state the current must alternate with the fre-
quency of the impressed e.m.f. Therefore, we look for a solution of
the form

i = Iy sin (of — ¢@).
Substituting in (92-1) and arranging terms.

{—Lmzcoscz)—{- Rw sin ¢ + é cosc}S% ip sin ot

—;—%(Lmz sin @ + Rw cos ¢ — Cl, sin ¢> ip — & q® }cos wt = 0,
showing that to satisfy the differential equation we must have

Lo — Co &,
tan ¢ = - R s = — A et
R cos ¢ + (Lm—c,w> sin ¢

Putting in the expression for iy the values of sin ¢ and cos @
obtained from the expression for tan ¢,

1
Lw_Cw

oo sin(er— @), tang=—p O 92:2)

= 1
,\/R= + (Lm-c.;>

the relation between the amplitude of the current and that of the
impressed e.m.f. being

= — — &o L (92-3)
/\/R2 + <Lw - Cm)

At low frequency the dominating term in the impedance,

i 2
Z= /\/R= + <Lo.> - C‘a) (92-4)

is the one involving capacitance. whereas at high frequency the term
containing inductance is the important one. The impedance is a
minimum and therefore the current greatest for the {requency v,
which makes the reactance Lw — 1/Cw vanish, that is, for

L S (92-5}

VY, =-— .
"7 2T omyLC
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By analogy with the simple harmonic oscillator this frequency is
known as the fre- |
quency of resonance. a
In a circuit of negli-
gible resistance it is
equal to the natural
frequency (91-22). In
Fig. 194 the amplitude
of the current is plot-
ted against the
logarithm of the fre-
quency for constant 1 2 3 4 N5 log,®
& o. the point @ on the 77155 1000 10,000 100,000
curve corresponding to
the state of resonance. Fic. 194
If we denote the ratio o/, by k, equation (92-4) becomes

., L 13\?
Z = 2 . o o— - ’
\/ R+ (k=)
showing that the impedance is the same for the frequency ko, as for

w,/k. Therefore, the curve of Fig. 194 is symmetrical about the
frequency of resonance.

For frequencies less than resonance ¢ is negative, indicating that
the current leads the impressed e.m f., the difference in phase, how-
ever. always being less than 2. At resonance ¢ = 0 and the current
is in phase with the electromotive force. For frequencies greater than
resonance ¢ is positive, the current lagging behind the e.m f. by an
angle between 0 and w/2. TIn terms of k = o|w,,

showing that ¢ has the

: 1 same absolute value
72 (although opposite sign)
lag for the frequency ko,
as for w,|k. Therefore,
],‘ 21 ? ‘? 5 lgg 0% if e plot ¢ against
«=ll 10 100 1900 10,000 100,000 the logarithm of o,
we get the symmetrical
lead curve shown in Fig.

e 195.
e . The power delivered
Fic. 195 to the circuit by the

impressed e.m.f. at any instant { is
2

P =¢gi= &o sin w? sin (wt—¢@). (92-6)

VL
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Evidently the power fluctuates during the course of an oscillation,
and. as the current is not
in phage with the e m.f,,
PO SN it even becomes negative
/ \ SN for part of the time. Tf
7 we represent the eleetro-
b A )b t motive foree by a solid
= _7 curve (Fig, 196) and the
Fie. 196 current by a broken curve,
we can find the power at
any instant by taking the produet of the ordinates of the two curves,
the power being positive when the ordinates have the same sian and
negative when they have opposite signs. In this way we get the
dotted curve on the diagram. At a. a, * - * the power is positive. that
is, the circuit is drawing cnergy from the source of electromotive
force, whereas at b, b, - * * the power is negative, the circuit returring
energy to the external soarce. As ¢ is always less than =[2 in
absolute value the mean power, averaged over a period, is alwsys
positive. It is

- w [Tl .
9 == _“‘J 15 idt
0

w &

= ,. -, Y %cos o} I;:’m sin? wtdt
= 2 _
/\/ R+ (Lo) Cw)

o
—sin ¢ J' sin w! cos wtdt g
0

/g'\ a a

1 &o? -
= 0 , cos . 02.7)

AR e - gg)

The net energy supplicd is all converted into heat in the re.istance
element, since there is no dissipation of energy in the inductince or
the capacitance.

The effective current i, is the steady current which will d:velop
the same amount of heat in the resistance R as the alternating
current actually flowing. We have from (49-8) for the energy con-
verted into heat per unit time

2=l rwl
Ri2 = R %;_‘_ij © iy g = Ri? %;’_’_I “ sin? (ot — @)dt g
-tV o - 0
= }Rig. (92-8)
Consequently.
1 . 1 ) _&o_

TV T (e
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As 7, is the square root of the mean value of the square of i, it is also
known as the root-mean-square (r.m.s.) value of the current.

We define the effective or root-mean-square (r.ms.) electromotive
Jforce & . in analogous manner by

w [2re w [Tlo |
62 = J' &t = § 2 {O-J' sin? wtde g

27 0 27 Jo
L = ‘&6 02:
giving
1
68 = {/2 <o
Hence, from (92-3) and (92-4),
e = % (92-9)

and from (92-7), .

P = &, cos ¢. . (92-10)
The quantity cos ¢ is known as the power factor. At resonance it is
unity and the maximum of power is delivered to the circuit. At
frequencies far from resonance the power factor becomes very small,
and nearly as much work is done against the impressed e.m.f. during
the course of an oscillation as by it. A coil of large self-inductance
and small tesistance placed in an a-e ecircuit makes ¢ approach =/2
and cuts down the current by increasing the impedance without
wasting power in the development of heat as a rheostat does in a
d-c circuit.  Such a coil is called a choke coil.

The current given by (.2-2) is that existing in the steady state.
In addition we may have transients. These, however, are rapidly
damped out if there is any appreciable resistance in the circuit.

Problem 92a. What value of the capacitance will make the circuit of
this article equivalent to that of article 89 ? Justify your answer physically.

Problem 92b. A circuit has an alternating e mf. in volts of 100 cos ©t,
a resistance of 2 ohms, a self-inductance of 0.001 henry and a capacitance of
1000 microtarads, all connected in series. Find the effective current for the
following values of ®: 1 rad[sec, 10 rad[sec, 100 rad[sec, 1000 rad|sec
10.000 rad/sec, 100,00 rad/sec. 1,000,000 rad/sec. Also find the freunency of
resonance. Ans. 0070 amp, 0.707 amp, 6.93 amp, 353 amp, 6.93 amp, 0.707
amp, 0.071 amp : 159 cvcle/sec.

Problem 92c. A 60-cycle a-c circuit has resistance of 2 ohms and induc-
tance of 10 millithenrys  What 1s the power factor 2 What capacitance,
placed in the circuit, will make the power factor unity ? By how much does
the 1nsertion of this capacitance increase the current” Ans. 047, 0704
millifarad, 1139.

Problem 924 Show that the mean power expemded by the external
c.m 1. in the circuit under consideration in this article is equal to the rate at
which heat is developed 1n the resistance.



CHAPTER X
INTERACTION OF CURRENTS AND FIELDS

93. Energy of an Isolated Circuit.—The equation (91-3) of a
circuit containing self-inductance, capacitance and resistance has the
same form as that of a damped simple harmonic oscillator. Consider,
for instance, a mass m (Fig. 197) suspended from O by means of a
spring S. When displaced vertically a distance x from its equilibrium
position, it experiences a for<e of restitution — Ax because of the

spring, a damping force — b - on account of air resistance, and in

addition it may be subject to an ext-ernal force F. So its equation
of motion is
m bk
+ dt + X = 7'

Comparing this oquatmn with (91-3), we see that the self-

inductance of the circuit corresponds to the mass of the oscillator,

0 the resistance to the damping constant » and the reciprocal

of the capacitance to the stiffness k of the spring. We can

carry the analogy as far as we choose, likening, for instance,

i to the velocity and Li to the momentum of the oscillator.

Thus, once the current is established, its momentum tends to

S keep it flowing even in the absence of an impressed e.m.f.

This momentum, however, is dissipated in part in overcom-

ing resistance and the remainder is used up in charging the

condenser just as that of the oscillator is lost in extending

* or compressing the spring.  After all the momentum has

m been absorbed and the current has ceased to flow, the con-

Fic. 197 denser starts to discharge, giving rise to a current in the

opposite sense. exactly as in the mechanical analog the

oscillating mass comes to rest after extending the spring and then
start to move in the opposite direction as the spring contracts.

The rate at which work W is done by the external e.m.f. in the

circuit under consideration is obtained by multiplying (91-3) by

i= Z:I , giving

aw 1 dq
di 5m_b +&+cqw

Integrating from time ¢, to time ¢, the total work done in the time
ta - tl iS

7= 1Lj.2 172 ‘o pio g9, q,° .
W = }Li2 — 3Li* + thl dt +'.’.C — 9C (93-1)
where i; is the current in the circuit at the time ¢, and i, that at the
time t,, g, and g, being the charges on the condenser at the same



ENERGY OF A SYSTEM OF CURRENT CIRCUITS 271

times. As the integrand in the term involving R is always positive,
this term becomes greater and greater the longer the interval of time.
It represents an irreversible dissipation of energy, which is trans-
formed into heat in the resistance. On the other hand, the remain-
ing terms specify an increase of energy of the circuit which is recon-
verted into mechanical work when the current and charge resume
their initial values. The quantity 1¢%/C has already (art. 21) been
shown to be the potential energy of the charged condenser. The
expression $Li% represents energy possessed by the circuit on account
of its self-inductance. As self-inductance is a consequence of the
magnetic field of the current, we can interpret this as magnetic energy.
By analogy with the oscillator we may describe it as kinetic rather
than potential in character. 1In fact it represents the kinetic energy
of the electrons constituting the current.

In the case of an alternating current the magnetic energy is

2
Uy = 3Lt = Z€9 iz (wr1—g)

272
Lg?
= 423 {1 — cos 2 (wt — @) }
from (92-2). Substituting the current from (92-2) in (91-2), we find
that the charge on the condenser is

q = —ZCO c0Ss (d)t —_ ¢)
So the electric energy is

1 g2 & 2
UE = 2 qC, S 2C2020)2 C()Sz(wf hnd ¢)

= -- (Soi 08 2
= iCZte? {1 + cos 2 (0t — @)},

from which we see that the one energy is maximum when the other is
minimum and vice versa. The energy of the circuit, therefore, passes
from the kinetic to the potential form and back again with a frequency
double that of the impressed e.m.f.. just as in the analogous case of
the mechanical oscillator. It we calculate the work done during a
complete period, we sce from (93-1) that it is cntirely accounted for
by the heat developed in the resistance,

Problem 93a. Under what condxtions'is the mean kinetic energy equal to
the mean potential energy in the circuit ticated in the latter part of this
article’? Ans. Resonance.

. Prpblem 93b. Find the }emetxc and potential cnergies of the freely
oscillating circuit discussed in article 91, Show that, if the resistance of the

circuit is negligible, the mean kinetic energy 1s equal to the mean potential
energy. .

Ans. L(@0° + «%)qo® (@, - a®)q,®

-eTTel sinfe,t, L %l sin? €
2w Ine,t 3Cw,:  © sin®(wet + €).
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94. Energy of a System of Current Circuits. -— In the last article
we confined our attention to a single circvit.  Now we shall consider
the interactions of a number of circuits near one another and fixed
relative to the observer. Although the method to be developed is
applicable to any number of circuits, we shall confine the analysis to
the case of three circuits designated by the numbers (1). (2) and (3).
As we are interested only in the magnetic energy of the circuit, we
shall suppose that they contain no condensers,

The total flux of induction through (1) is made up of three parts,
the flux due to the current i, in circuit (1) itself, the flux due to the
current i, in circuit (2), and the flux due to the current iy in circuit
(3). The first of thesc, as we have already seen, is cL,i;, where L, is the
self-inductance of (1). As the magnetic field due to the current in (2) is
proportional to i,, the flux through (1) occasioned by it may be written
cM,.i,. The coefficient M, is a function of the coordinates specifving
the relative positions of the two circuits but is independent of i,
provided the permeability of the medium surrounding the circuits is
constant. It is smaller in absolute magnitude the farther apart the
circuits are placed. We call My, the mutual inductance of circuit (1)
with respect to circuit (2). It represents the flux through (1) due to a
unit current in (2). Tt is positive or negative according as the flux
passes through the two circuits in the same or in opposite senses.
Evidently mutnal indactance is measured in the sume units a< self-
inductance.

Finally we have the flux ¢M,4i; through circuit (1) due to the
current iy in (3), My, being the mutual inductance of (1) with respect
to (3). So the entire flux through circuit (1) is

Nl = CLI"I -+ CM12i2 + CMl3f3, (94'1)
and, if the currents change, the circuits being held fixed in position,
an electromotive force

, 1 dN di di di
&1 = — CAc?t‘=“Ll ) — 12“'2 - M s

. dt dt B dt
is induced in circuit (1), provided p is constant, From this equation
we can define M;, as the e.m.f. induced in (1) per unit time rate of
decrease of current in (2), and so on.  Expressions similar to (94-2)
give the induced clectromotive forces in cireuits (2) and (3).

The magnetic encrgy of the system of circuits is equal to the work
done against the induced emit.’s as in the case of the single circuit
discussed in the last article. Therefore, we do not need to write down
the complete equations of the circuits in order to calculate the
magnetic encrgy of the system, but can obtain the desired result by
computing the work done against the induced electromotive forces
&{. &4, &4 in the three circuits by the currents iy, i, iy flowing in
them. In a time df this work is

dU = — & iydt — &,'idt — &3igdt. (94-3)

By starting with zero current in each circuit and gradually

building the current up to its final value we can calculate the

(94-2)
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magnetic energy of the system of circuits. Denote by 1,, I,, I; the
final values of the currents in the three circuits and suppose that the
currents increase in such a way that at any instant each current is
the same fraction a of its final value. Then i, = al,, iy = alj,
iy = aly, where a increases from 0 to 1 during the process of building
up the currents. Putting (94-2) and similar expressions for the
electromotive forces in the other circuits into (94-3), we find for the
total work done against the induced e.m.(f.’s in establishing the
currents
U=1{LI*+ MpIi, + Ml
+M2112II + L4[22 + M281213 d
o=
+ My + Mg, LI, + Lyl? } J Yo'l
=0 Al
giving
U= 3 {LI*+ M.lI, + My 11 1
+ Myl + Lol + Moyl (94-4)
-+ My ld + My, 151, + Lgls®. f
This cxpression Tepresents the entire energy of the system of
circuits, since no condensers are present. However, it does not
represent all the work which has to be performed to establish the
currents, since energy Has to be sapplied to overcome the resistances
R,, R,, R, of the circuits at the rate

Ryi* + Ryiy® + Rsig®
and this expenditure of energy continues after the currents have
attained their final steady values. The energy used in overcoming
resistance is all dissipated in heat and does not add to the energy
of the system of circuits.
If, now, we vary the current 7, keeping the other currents con-
stant, the change in the magnetic energy of the circuits is

U
31 dh = (L, + HMse + MDI, + Moy + My}l
(94-5)
But when I, alone is changed, . p
, dI , dI , T
&1 = - L’dt" &y = — My, dtl’ 5'3 = - Msx"d;l‘,
and the work done against the induced electromotive forces is
oU di, dl dr,
oL, dr, =§ Ll + Muly 0+ Mgl 5- dt
= { LI, + M1, + My} di,. (99-6)

The cxpressions (94-5) and (94-6) are equal whatever values we
choose to give I}, I, and I;. If, for instance, we make I; and I, zero,
we find that M, = M,,. Similarly we find that the other mutual
inductances arc equal in pairs. In all we have

My = My, My = Mg, M, = M. (94-7)
Hence we conclude that the flux through circuit (1) due to unit
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current in (2) is equal to the flux through (2) due to unit current in
(1) and so on. Instead of six independent mutual inductances we
have but three. .

Since the expression (94-4) holds for any values of the currents,
it is no longer necessary to distinguish final values by special symbols.
Hence, if we make use of (94-7), we have finally

U= %(Llilz + Lgix? + L3i33) + Mpiyiy + Moygipiy + Mslisi(u

In the case of two neighboring circuits (94-8) reduces to
U= 3Lji? + Mii, + }Lyi,% (94-9)
where M e= M,,, the middle term representing the mutual energy
of the pair. If we separate the circuits, keeping the currents

constant, the mutual energy becomes smaller and smaller in absolute
value, approaching zero for infinite separation.

Although the mutual energy term may be negative as well as
positive, U itself can never be negative. This enables us to establish
an important relation between the mutual and the self-inductances of
the two circuits. Putting x = i}/i,, we sce that U >0 requires that
Lix* + 2Mx + L, should be greater than or equal to zero for all

values of x. Evidently x = — M|L, gives this expression its
minimum value L, — M2L,, so that
M? > L L, (94-10)

no matter how the circuits are placed or oriented. Usually in
practice the maximum value of M2 obtainable is considerably less
than L,L,, although in special cases this limiting value may be very
nearly reached.

Problem 94a. A current of 5 amp flows in the solenotd of problem 89c.
Find its energy. Ans. 50 joule.

9S. Forces and Torques on Rigid Circuits.—For simplicity we
shall confine ourselves to a pair of circuits and calculate the force or
torque on one due to the other. Each circuit will be supposed to be
rigid, the only motion considered being that of the one relative to the
other. If one circuit is fixed relative to the observer and the other
suffers a small displacement d¢, the work done by the magnetic force
exerted by the first circuit on the second is Fzd¢, where ¥z is the
component of the force in the direction of the displacement.

As each circuit is rigid, the relative motion of two circuits
changes the mutual inductance M but not the self-inductances L, and
L, of the two circuits. The change in mutual inductance means that
the flux through each circuit changes, resulting in an induced e.m.f.
and a change in current. The flux through the first circuit is

N1=CLli1+CMl'g,
and the e.m.f. induced when both the currents and the mutual
inductance change as a result of the displacement is
di, di, .dM

8i=— Loy = My —h = -
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If, then, &, is the external e.m.f. and R, the resistance of circuit
(1), the equation of the circuit is
&1t 6 1'=R1i1:
or
di di ., dM .
le; + M dt2"+ lz 75 R111= 61- (95‘1)

Writing down a similar expression for circuit (2), the rate at
which work is done on the two circuits by the impressed electro-
motive forces §, and § , is

aw . .
ar = &1+ &4z
. di, . di, . diy . di,
=L1’l "ai + Lzlz d[ + Mll dt‘ + M’2 dt‘
.. dM . .
+ 2’112‘dt - + Rlllz + Rz[zzg (95'2)
The rate of increase of magnetic energy obtained by differentiat-
ing (94-9) with respect to the time is
dv . di, . diy . diy . di, .. dM
= Tl g Loty Mb gt Mis gy 4 by
where we have kept L, and L, constant since the circuits are rigid.
Now the work performed per unit time by the external sources of

d¢ .
energy is equal to the sum of the rate JF: o which mechanical

work is done by the magnetic forces between the two circuits, the

rate ((JI(}] at which the magnetic cnergy of the pair of circuits increases,

and the rate Ri,2+R,i,® at which energy is dissipated in heat.
Consequently,

aw _ de i - di, . di, di
dids 4t Lyiy o+ Lz’z“dt + Mi, “dr T Mi ‘a'tl_

.. dM . .
+ hia = g+ Ri*+Roi. (95-3)
Equating (95-2) and (95-3),

de .. dM
Fe a = 1112‘_d_t' ’ (95-4)
from which
.. oM
Fe = i, —a'ae'- (95-5)

If we are concerned with a torque ‘instead of a force, the rate
at which mechanical work is done when one of the circuits rotates

through an angle dg is £o -‘—;,?-, where Lo is the torque about the
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axis of rotation. In this case we are led to.the relation

do .. dM
Lo g =hiz Zr

or

oM

Lo = iji, 20 ° (95-6)

for a pair of rigid circuits.

From these cquations it is clear that the force or torque on the
movable circuit is in such a direction as to increase M. Therefore, a
circuit tends to move in such a way as to increase the flux of indue-
tion through it, the flux being taken as positive when in the direction
of advance of a right-handed screw rotated in the sense in which the
current is flowing. The position of stable equilibrium of the circuit is
that for which the flux is a maximum, subject to whatever mechanical
constraints may be imposed.

As the flux through the movable circuit (1) due to the other
(2) is

N == cMi2,
we can write (95-5) and (95-6) in the forms
_iaN N
7’*‘c'as’ (95-7)
—_ i‘_ aAL 5
Lo = ¢ 2 (95-8)

where the change in flux represented by the derivative is that due to
motion of the circuit alone and docs not include any change in flux
produced by time varviation of the field. Tn other words, the change
in flux involved js that which takes place when the current i, in the
fixed circuit is kept constant.

Since the force or torque on the movable circuit may be con-
sidered as due to the magnetic field in its neighborhood, it makes no
difference whether the flux N is produced by a second circuit as we
have supposed or by a magnet. In fact it may be due to a number
of neighboring circuits’ and magnets acting together. Thercfore,
formulas (95-7) and (95-8) are quite general in their applicability. If,
for instance, a rectangular circuit ABCD (Fig. 198) in which a current
is flowing in the sense of the arrow-heads is free to rotate in the gap
between the poles of a magnet, the position of stable equilibrium is
that in which the positive face of the circuit is turned toward the
south pole and the negative face toward the north pole, as in the
illustration. Hence the positive face of the circuit acts like the north
pole of a magnet and the negative face like a south pole.

If the permeability of the medium in which the circuits are
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immersed is unity, B = H and N in these equations is equal to the
flux of magnetic intensity. ~Compar-

ing with (41-5) and (41-6), we see ; B i
that the force or torque on a current —— C

circuit in empty space is the same as T
that on a magnetic shell whose N| TV S
periphery coincides with the circuit -

and whose strength is equal to the A
current. In article 71 it was shown / D

that such a magnetic shell produces Fro. 19
the same field as the current at all ic. 198

outside points. Therefore, we have established the equivalence of a
magnetic shell and a current circuit both as regards the field produced
and the force or torque expericnced under the action of an external

field.

On the other hand, if a surrounding medium of permeability
different from unity is present, N in (95-7) and (95-8) represents the
flux of B whereas N in (41-5) and (41-6) stands for the flux of H.
Nevertheless, the normal component of H in the disk-shaped cavity in
the medium occupied by the shell is equal to the normal component
of B in the medium just outside the shell, and therefore to the com-
ponent of B normal to the surface bounded by the circuit in the
absence of the equivalent shell. So in this case too we have an exact

equivalence both in the field produced and in the force or torque
experienced.

Finally let us return to the problem of the interaction of two
current circuits and consider the case where the electromotive forces
&q1and &, are chosen so0 as to keep the currents constant during the
displacement d¢ of circuit (1). Then

ag .. dMm
dr = g

and, comparing with (95-4), we conclude that the magnetic energy
of the circuits increases at the same rate as that at which work is done
by the mechanical force acting on the movable circuit. Hence, in
addition to the work necessary to overcome resistance, the external
eam.f’s supply energy at double the rate at which mechanical work
is performed. This is known as Kelvin’s law. The phenomenon is
quite analogous to that discussed in article 22 for the case of charged
conductors, where it was shown that if the potentials of a set of
conductors are kept constant during a displacement of one of them
the electrostatic energy of the system increases at the same rate as
that at which mechanical work is done, the sources of potential
furnishing a double amount of energy.

Problem 95a. The centre of a plane circular curient of radius @ consist-
ing of one turn lies on the X axis at a distance x from the origin, the positive
normal to the circuit being in the X direction. Find the force exerted on 1t
by a radial field diverging from the origin of intensity H = m/r3.

2 2 ’
Ans. — c(a? im;?)_a' a e
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Problem 95b. Find the torque on the circuit of Fig. 198 for any angle 0
between the noimal to the circuit and the lines cf force of the field. Assume
that the coil has n turns of area A.

Ans. £6 = — Eéfi‘ sin §.

. Problem 95c. The center O of a circular current of radiusa liesat a
distance R from the centre C of a thin bar magnet of pole-strength m and
length I, the line OC being parallel to the axis of the magnet and perpendicular
to the plane of the circuit, Find the force between them.

2tma?
Ans. — ¢ t R

1 1
4 3/2 2 312 |°
R (G () Sy
96. Calculation of Inductances.—Both self and mutual inductance
are manifestations of the interaction of currents and fields. Precise
calculations of inductance in most practical cases are quite involved.
Numerous examples of such calculations are given in publications of
the Bureau of Standards, particularly in Scientific Papers No. 169
and in Circular No. 74. However, we may obtain approximate

values of the inductance without difficulty in a number of useful
cases.

Self-Inductance.—We can deduce an approximate expression for

the self-inductance of a

—*!dx,t‘— straight solenoid of radius a

f’ﬂ_—ﬁ ip! 8 and length 7 (Fig. 199) having

(0] et i r———'-g*-—— ——~%X  m turns per unit length if we
L suppose that the field is

uniform across the cross sec-

Fia. 199 tion of the solenoid and has
the value given by (69-4) for a point on the axis. Then at a point
P at a distance x from the left end of the coil,

H =2 feos B, 1 con (x—fy)}

_ 2mmi ( x _ 1=x
= o Wvera T Via a}
and the flux through the midx turns in a length dx is
dN = ma®Hndx
_ 2nna%(  xdx (I=x)dx
T e WAt tTVi-a 4 e }
Integrating from 0 to /,

2n%nslatl| o
N = I_?‘_—!\/xa T =y (=% + a*

1

0
=2 {vIP+ta-aj.

This gives for the self-inductance of the solenoid
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4w2n2q?
L=_"cg'* {\/12-}-02—0}, ‘(96-1)

an expression which is correct to within 29, if / is greater than 10a.
For solenoids which are shorter in proportion to their radii Nagaoka
has given the formula

L="_"IK ' (96-2)

where K is a function of K
a/l which decreases from

1 to 0 as the argument 1
increases from 0 to « in
accord with the curve of
Fig. 200, A table of
values of K may be found

on page 283 of the Bureau

of Standards Circular No.

74. The reader should

compare (96-1) with the Fie. 200

result of problem 89b. '

For the limiting case of a single circular turn of wire the induct-
ance is given by Kirchhoff’s formula

4na 8a
L= éa—<log i 1.75) , (96-3)

=1
-

Secondary where a is the radius of the turn
and w is the radius of the wire.

H Mutual Inductance. —Consider
| two solenoids one of which is
H , , W wound outside the other as in

Fig. 201. Suppose that the inner
solenoid (primary) is very long

/ whereas the outer (secondary) con-
.

. sists of a number of turns situated
Primary near the center of the primary. If
Frc. 201 i is the current in the primary and
n; the number of turns per unit
length, the field far from the ends is
47ni
H= c
from (69-5), and if x is the permeability of the core on which the
primary is wound,
B=uH = 47r,ucml .
Consequently, if 4 is the cross section of the primary, the flux
through each turn of the secondary is . '
N, = BA = dmpmAi

c ?



280 INTERACTION OF CURRENTS AND FIELDS

and if the secondary has m turns the total flux linked is

N=mN,= %" ""c’”t{’_‘_ )
Hence the mutual inductance of the two coils is

M= 4"“:1"“4 . (96-4)

This gives the flux through either coil due to unit current in the
other. Observe that M is independent of the cross section of the
secondary, for the field due to i is negligibly small outside the
primary, and the flux through the secondary due to the current in
the primary is not changed appreciably by making the cross section
of the secondary greater than that of the primary. While the mutual
inductance depends upon the number of turns per unit length of the

dn primary, it depends upon the total
T * number of turns of the secondary.
:a dl, D A pair of circuits for which the
1 ‘i, approximate value of the mutual in-
0 X ductance is easily calculated consists of

two parallel coaxial circles (Fig. 202) a
distance x apart, one of which has a
Fic 202 radius b small compared with the radius
a of the other. If a current i flows in the larger circuit, the field at
the center P of the smaller is
2nia?
H= clat + xt)3ie
from (69-3). As a fair approximation we can take this to represent
the field over the entire cross section of the smaller circle. Therefore,
the flux of induction through it is
N bH 2n%a?h? . ¥
= 0 H = i
and the mutual inductance
of the circuits is2b2
2n%q
M= T (@ + X2
(96-5)
If the coils contain more
than one turn, this
expression must be multi-
plied by the product of
the number of turns in the
two circuits. 0 dl,_
In deducing (96-5) > X
the currents have been ’
supposed to flow in
the same sense. This
makes the mutual induc- Z
tance, and therefore the F16. 203
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flux through either circuit due to the other, positive in sign. Thus,
as the circuits tend to move in such a direction as to increase the
flux, the two currents attract each other. In general, parallel currents
Sflowing in the same direction attract, in opposite directions repel.

A general expression which is fundamental in the calculation of
inductances has been given by Neumann. To deduce this formula we
shall first compute the force exerted by one circuit on another. Let dl,
and dl, (Fig. 203) be elements of two circuits carrying currents i, and
iy respectively. Let § be the angle between dl, and the position vector
r of dl, relative to dl;, and ¢ the angle between dl, and the plane of
dl; and r, which we shall take as the XY plane with the X axis in
the direction of dl;. Further, let ¢ be the angle which the projection
dly cos ¢ of dl, on the XY plane makes with r. Then the magnetic
field at P due to the current element i d}; is

i dl sin 6
dH=p"* o
in the Z direction.
The force which this field exerts on the second current elemcent
is

d2$ = ]é' i;(lltz X qu
As dly = dl,{; cos ¢ cos (§—V) + § cos ¢ sin (§—¥) + b sin ¢},

this expression becomes
i\i,dl\dl, cos ¢

A*F = cir? {isin sin (§ — ¥)~J sin g cos {§ — ¢)}
_ i-izdgz‘iﬁﬂzfps_? {— 4 cos 6 cos (6 — ¢)

jsino cos (§ — ¢) + ¢ cos ¥},
Now the angle ¢ between the two current elements is given by
cos € = cos ¢ cos (§— ¢) and the vectorrisr = r (fcos § + jsin g).

Also dl, cos ¢ cos ¢ = dr. Hence
EF — — ivigdldl, cose( )+ ﬁlgfi/ﬂﬁ . (96-6)

Ard
To obtain the total force on the circuit of wlnch dl, is an element
due to the one of which dl; is an element, we must integrate this
expression around both circuits. When we integrate the second
term around circuit (2), however, we get

iiydl, f dr_iidl, 1 _o

C‘t r2 c- r
since the limits coincide. Hence we need consider further only the
portion d2JF , along the radius vector of the force, as specified by the
first term in (96-6). Tt may be written

iy dly - dl, iy dl, - di,
d*F, = — 4l 2 Nl 1' >

cird = cé ar (96'7)
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Now let circuit (2) suffer a pure translation relative to circuit
(1) so that every element dl, of circuit (2) remains unaltered in
direction. The rate at which work is done is

dr iy, d rdl -
2p__ ey, A _Ne 4 (4L,
dP=d"F, dt = ¢ dt( r )
since dl,’dl, is not a function of the time. TFinally, if we integrate
first around one circuit and then around the other

§= 12122 dtf f )

Comparing with (95-4) we obtain Neumann's formula,

_ %."sz dl, 'rdl., - (96-8)

The symmetry of this expression shows at once that two circuits
have but a single mutual inductance, ie. M;,=M,,. This formula
enables us to calculate not only the mutual inductance of two circuits
but also the self-inductance of a single circuit. For we can consider
a circuit to be made up of a bundle of current filaments, the self-
inductance being the mutual inductance of the filaments with respect
to one another.

By the use of Neumann's formula we may obtain a closer
approximation than (96-5) for the mutual inductance of two parallel
coaxial circles (Fig. "02) of radii @ and b, without limiting ourselves
to the case where b is small compared with @. From the figure we
have .
dl.dl,=dldl,cos € =dlb cosed e =bdll(2 cos? ; —1 >d €,
and the distance r between dl; and dl, is given by

r2=x24(a—b cos € )2 4 b?sin’e
=x*+(a+b)*—4ab cos”;-
Putting
1= a4 (a + b

we have
4ab €
2__j2 2
ri=h (1 00 3 ),

and expanding by the binomial theorem,

353
-!——A <1+2 i cos? ~ 3 ‘16 ahl: cos? 24+ 2022 ZG cos°—2€«+..)_
Therefore
— b 2 G - Bl 2 €
= fdl,f(2 cos® 1) de (1-{-2 cos -
a*h? a®bh’

+ G_hT cos? 2+ 20 — I cos® ~~+.. .
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Integrating term by term,
wab? ab 175 ab?
M= Cz,,a-fdh (143 Ga+5 @ o)

2,2p2 75 a°b?
=.2"cfh3b-—<1+3 %f—-i— *"g') q‘m + ) (96-9)
Y
Y a 9 j 'l'|“"
l----------- [
--*_..p :

\ |
| ! 1 |1
o : 7 0 ' Z

(@) )

Fic. 204

If b is neglected as compared with a, the first term of (96-9) is
identical with (96-5).

Inductance of Straight Conductors.—Fundamentally, inductance
is a property of a complete circuit. However, it is often convenient
to ascribe inductance to finite lengths of straight conductors in such
a way that the inductance of a complete rectangular circuit, for

instance, may be found by simple addition or subtraction of the
component inductances.

To accomplish this, we may take as the self-inductance L of a
straight conductor of length / and radius a (Fig. 204a) the flux per unit
current which passes through a rectangular strip extending from
the surface of the conductor to infinity, divided by ¢.  Let this strip
lie in the YZ plane as shown in the figure. Expressing (69-7) in

terms of the rectangular coordinates used here, the magnetic field
normal to the YZ plane at the point P is

L R A
cz L/ (I =y2 + 22 N2 72
per unit current. Hence
L=er{_ﬁtﬁ4;+:?:}@ﬁ
cya Jo LA/U—p2+ 22 VYyE + 24

2 [ —e dz
=4 WEFEZ-27
I Y — I+ B3,
chl’—f-.’—Ilog > “
=f_:{1og’+\/al"+a“+a—~/‘13+£_'}. (96-10)
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Strictly speaking, (96-10) is correct for a thin tube of radius a
rather than a solid conductor, since we have not included the flux
inside the conductor. Calculation shows that the mean value of
this internal flux is //2¢2? if the current is distribated uniformly over
the cross section of the conductor, so we have more exactly

2l I+ P+d a—Jlt+a 1
L—czélogf Ty -+ I +4 . (96-11)
Similarly, we may take as the mutual inductance M of two thin

parallel conductors of length / and separation d (Fig. 204b) the flux

per unit current in one which passes through a strip of width [

extending from the other to infinity. To find the flux we need only
replace a by d in (96-10), obtaining

2l I+ PPadt  d= T3+ de .

M= o g lo ey + ] } . (96-12)

As an application of (96-11) and (96-12) we shall calculate the

self-inductance of a square circuit whose sides are conductors of

length / and radius @ { /. Since the currents in opposite sides of

the square are in opposite ditections the mutual inductance of cach
side must be subtracted from the self-inductance of the opposite side.
Setting d = 1 in (96-12), the total inductance of the square is

. 8 .
Ls=4(L —M) = c“{< log aI + a[ - 0.52 ) (96-13)
to a sufficient degree of approximation.

Formulas (96-11) and (96-12) are useful also in estimating the
amount of inductance in a circuit due to connecting wires and instru-
ment leads, a matter of importance at high frequencies.

Prcblem 96a  An air solenoid of radius 2 cm and length 5) ¢cm has 400
turns. A secondary of 20! turns, radius 2.5 cm and length 25 cm is wound
around it so that the centres of the two windings coincide, Find the seif-

inductance of each coil and the mutual inductance® of the pair. Ans. 0.48
milliheury, 0 37 millihenry, 0 25 millihenry.

Problem 95b. A ring of mean radius b and cross-sectional radius a is
surrounded by two windings: a primary of a2 turns and a secondary of m
turns. Find the mutual inductance of the two circuits, using the result of

4runm

problem 8%. Ans. M = e G - b~ a¥).

Problem 96c. Two parallel coaxial circles of the same radius a are a
distance 7.75¢ apart. Compute their mutual inductance. Ans. 0.0405a/c2.

Problem 96d. Find the force betwecn two circular coaxial currents z; and
iy of radii @ and b a distance # apart.

72a%h 41,1,

ch a2
Ans. - - s % { T+5 .+ 21.875 o T

Problem 96e. Two square circuits constitute cpposite faces of a cube each
of whose edges has the length I. Find the mutual inductance of the two
) .
circuits. Ans. 1.012 ,
C
Problem 96f. Deduce Kirchhoft's formula (96-3) for the self-inductance

of a circular conductor of circular cross section, given that the mean value of
the 1internal tlux 1s mafc®.
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97. Examples of Electromagnetic Reactions.—Here we shall
discuss some specific examples of the theory developed in the pre-
ceding articles. First we shall deduce Lenz’s law.

Lenz’s Law.—Consider a turn of wire placed in a magnetic field.
If we move it in such a way as to increase the flux through it as
illustrated in TFig. \
205a, a current is

induced in such a ~ ~—

sense as to give rise g . ] .
to an O%positely >Motion <'——-I‘ Motion
directed flux. There-

fore. the lefthand face (i\)

of the circuit is posi- (a)

tive relative to the F1c. 208

sense in which the current is flowing and the force exerted on the
cireuit by the magnetic field is in the direction to produce a displace-
ment which will increase the flux from right to left or decrease the
flux from left to right.  That is, the magnetic force is in the opposite
sense to the motion. The same is true it the circuit is moved so as to
decrcase the flux as in Fig. 205b, and the reader can casily show
that similar conclusions are reached regarding the torque in the
0 case of rotation. In all cases the induced
current is in such a direction as to oppose
the motion which generates it. This is.
known as Lenz’s law.

A striking application of Lenz's law
N : is afforded by the copper pendulum (Fig.
' 206). This consists of a copper plate C
e suspended from O so that it can swing
s S b ! back and forth between the poles N,
i S of a large electromagnet. The pendu-
------ - lum is set swinging while the magnet is
N unexcited. If, now, the switch controll-
ing the current in the magnet coils is
Fic. 206 closed. induced currents—known as eddy
currents—are set up in the moving copper
plate in such directions as to oppose tbe motion of the pendulum.
Conscquently the latter, which may be moving with considerable
speced at the instant the magnet is excited, is brought almost to a

standstill and slowly sinks to its equilibrium position.

The energy of the pendulum is converted into heat through
the agency of the eddy currents sct up by its motion through the
magnetic field. These eddy currents have the further effect of giving
rise to a flux opposed to that of the magnet and thereby diminishing
the flux which passes through the surface of the copper plate. This
shielding effect is greater the less the resistance of the plate, a perfect
conductor constituting a complete shield against variations in the
magnetic field.

Electromagnetic Shielding. To illustrate more fully the pheno-
menon of electromagnetic shielding, consider a solenoid L (Fig. 207)
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~ ., through which an alternating
current iy sin ot is flowing and a
neighboring loop of wire A near to

@ O which is placed a parallel metal
A

plate C. If we suppose the latter
to be a perfect conductor, the
e.m.f. around every closed curve
L lying entirely inside it must vanish.
1 Therefore, the change of flux
C through such a curve due to the

Fi. 207 varying current in L must be com-
pensated by an equal and opposite change of flux produced by the
eddy currents in the plate. As the resultant variation of flux is zero
inside the plate, it is very small near the plate. So if A4 is placed
close to C—it makes little difference whether it is on the one side or
the other—there is very little variation of flux through 4 and there-
fore only a very small induced e.m.f.

If instead of a finite plate C a perfect conducting shell is construct-
ed so as to entirely surround L, the region outside is completely shield-
ed from the varying flux produced by the alternating current in the
solenoid. Actually the shielding is never complete since even the
best conductors have some resistance.

On account of the dissipation of energy in heat through the
production of eddy currents it is important to have no large pieces
of metal in the neighborhood of electrical machines or instruments
which make use of e.m.{.’s induced by varying flux. To avoid elec-
tromagnetic shielding and reduce eddy currents to a minimum, the
iron cores used in transformers and in the armatures of a-c generators
and motors are laminated, that is, cut into disks or sheets insulated
from one another by shellac or paint. The particular type of lami-
nation employed in each ease is that which gives the least opportu-
nity for the generation of eddy currrents. Thus to reduce eddy
currents in the copper pendulum, we might laminate the plate into
narrow strips parallel to its longest edge. Q

Direct-Current  Motor.—In  the
simplest type of d-c motor an _
armature consisting of a number of F
rectangular coils wound at different
orientations around a  cylindrical
soft iron core rotates in the space N
between the poles of a large magnet.

By means of a commutator the current

is allowed to pass through only the one

coil which is in a position to exert the
greatest torque at the instant considered,

that is, the one which has its face

parallel to the field. We need, there- t;
fore, to consider only one rectangular

coil CDEF (Fig. 208) rotating about an ¥ic. 208

O m—




EXAMPLES OF ELECTROMAGNETIC REACTIONS 287

axis PQ between the poles N, S of the field magnet. If it contains n
turns and has an area A, the flux through it due to the external field

when the normal to the plane of the coil makes an angle § with the
lines of force is

N = nAB cos ¢, (97-1)
and the torque is
idN  niAB 9
cdg =~ sin

from (95-8), which is greatest when § = =2, as stated above. The
steady torque on the armature, then, is

£=-"=. (97-2)

‘The minus sign indicates that the torque is in the opposite sense to
that in which ¢ is measured.

On account of its motion through the field, however, an e.m.f.
1 dN nABo .
cdt — ¢ sin §
is induced in the coil. Since the coil under consideration is connected
to the external circuit through the commutator only when 6 = =2,
we have a steady e.m.f. generated of amount

nAB
Ey= """ (97-3)
As the coil rotates in the sense of the torque, ® = 4 is neg-

dt

ative and the induced e.m.f. opposes the current, as might have been
predicated from Lenz’s law. Since § y is negative, it is more con-
venient to consider the positive em.f. &y’ = — §y acting in the
opposite sense to the current. This e.m.f. is called the counter
electromotive force of the motor. If & is the impressed e.m.f. and R
the resistance of the circuit, we have

§ — &x' =Ri (97-4)
from Ohm’s law. If R is small, the current is large when the motor
is starting since @ and therefore § 5’ are then small. To avoid an
excessive current, a starting rheostat is placed in the circuit. By
this means an additional resistance is connected in the circuit until
the motor has come up to speed. If the motor
is carrying no load and the frictional resistance @ C
to the motion of the armature is negligible, the v
speed will increase until & 5° becomes equal to ¥
& and ivanishes. =

Energy is developed by the impressed e.m.f.
at the rate & i, converted into mechanical work K &
in the motor at the rate & y' i and dissipated in
heat at the rate Ri%2. To secure great efficiency,
the motor must be run at high speed so that i
may be small and the resistance of the circuit Fic. 209
must be as little as possible.

—_—
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Electromagnetic Repulsion.— Consider a circular ring C (Fig. 209)
of heavy copper wire placed above an electromagnet K which is
connected to an alternating electromotive force &§. Denoting the
current in X by

iy = Iy cos wt
and the mutual inductance of the two circuits by M, the flux through
C due to the electromagnet is
N = cMi,.
The induced e.m.f. in the ring, then, is

1 dN

= — . = Muwiy sin w?
gl c dt 0 3

and according to (89-12) this gives rise to a current

. Mowi . _Le
i = z, sin (mt‘-— &), tan ¢, = R, ’
in C, where L, is the sclf-inductance, R, the resistance and Z, the
impe-ance of the ring. Making use of (95-5) the upward force on C'is
i2
Fy, = M;:° sin (w? — ¢,) cos wt agi . (97-5)

As the distance y of the ring from the electromagnet increases,

M . . .
M decreases. Therefore gy is negative and we may write

Fy, = — Asin (ot — ¢;) cos wf,
where A is a positive quantity. Averaging over a period,

§in (Wt — ;) cos wt = sin wf cos wt cos P, — cos? wtsin P,

= — % sin ¢,.
Therefore the mean force is positive. If R, is small and o large, it
may be of such a magnitude that the ring is thrown a meter or more
up into the air when the alternating current is turned into the magnet
coil. Decreasing R, increases the forcc both by making the imped-
ance of the ring less and the lag @, greater.

FProblem 970. How should the armature core of the d-c motor described
in this articke be laminated 1n order to minimize the production of eddy
currents ?

Problem 97b. Find the torque on the moving coil galvanometer of art.
73 by the method used in this article.

Problem 97c. Each coil in the armature of a d-c motor consists of 100
turns of 200 cm? cross section. The field 1s 4000 oersteds and the external
e.m.f. 110 volts. Find the counter e.m.f. at 1200 r.p.m. If the resistance of the
circuit is 1 ohm what power is developed ? Ans. 100.5 volt, 955 watt.

Problem 97d. The ring C of Fig. 209 has a radius of 12 cm, self-inductance
of (10)~7 henry and resistance of (10)~* ohm. The electromagnet hasa core of
permeability 500 and cross section 10 cm? wound with 10 turns per cm. The 60-
cycle alternating current passing through it hasan amplitude of 10 amp. The ring
is placed 5cm above the end of the magnet. Assuming that the magnet is so-
long that the effect of the distant pole can be neglected, that the magnetization
is uniform and equal to that calculated for its mid-point, and that the pole
adjacent to C can be treated as if concentrated on the axis, calculate the mean
force on the ring. Ans. 5.8 1b wt.
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98. Galvanometer Damping.—A single loop of heavy copper wire
is generally attached to the moving part of a d’Arsonval galvanometer
with its plane parallel to the coil. It is not connceted electrically to
the coil but is provided for the purpose of damping the oscillations
of the moving part through the agency of the currents induced by its
rotation in the field of the fixed magnet. We shall discuss the motion
of the suspended part of the instrument when the galvanometer is on
open circuit 8o that there is no current in the coil.

If A is the area of the loop, H the field in which it swings, and a
the angle which the plane of the loop makes with the lines of force,
the flux through the loop is N = AH sin a. As the loop rotates an
induced e.m.f.

€ = 1dN AH cos da
T oecdt ¢ %
isset up init. In calculating the induced current we can omit the
term in the equation of the circuit which involves the self-inductance
of the loop, for the time rate of change of current is so small for the
slow oscillations we are concerned with here that this term is inappre-
ciable as compared with the others. Hence the current is the quotient
of & by the resistance R, of the loop, that is,

L cos da
T TR ar
The torque due to the induced current is
i dN _ AH\* 1, da
Se=o =~ (%) g ©eg 8D

the negative sign indicating that the torque opposes the motion which
produces it, in accord with Lenz’s law.

In addition the moving coil is subject to a torque of restitution
da
dt

air damping. So if J is the moment of inertia of the moving part, the
cquation of motion is

d*a da (AHN* 1, da
55— = ko 0 (A Lo o

If the deflection is small or the field radial (art. 73) we can replace
cos®a by unity. Then,
AF

d2a 1\2 1 )do .
JW"+{I’ '*‘(_&“) R, %dt“.*‘ ka=0. (88-2)

Since this equation is linear with constant coefficients the solu-
tion is of the form evt multiplied by an arbitrary constant. On sub-
stituting this in (98-2) we find that v is given hy

() A (o T

Y = Cc

2

—ka due to the torsion of the suspension and a torque ~b ,, due to
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As ordinarily designed the constants of the instrument are such that
the expression under the radical is negative. Consequently, the
two values of y are complex, and, as shown in article 91, the solution
is

a=age”!t sin(w + €), (98-3)
where the damping constant / is _
1 AHN\? 1
I=ygib + (-c) . 1. (98-4)

The moving part of the galvanometer, then, oscillates about
its position of equilibrium with rapidly decreasing amplitude. Since
air resistance is small, by far the greater part of the damping is due
to electromagnetic action in the loop. That this is so can easily be
observed by removing the loop from the instrument, when it is
found that the coil, upon being set into motion, takes much longer
to come to rest. If the coil, instead of being on open circuit, is
connected to a constant external e.m.f., the damping under considera-
tion brings it rapidly to rest in the position for reading. In this
case induced currents are set up in the coil as well as in the loop,
thus increasing the electromagnetic damping.

If the loop is removed and the instrument short-circuited
electromagnetic damping is produced by the currents induced in the
oscillating coil alone. If the coil has n turns of area 4, (98-4)
becomes

e _213 { b+ (nACI_{__>’ }Q _}, (98-5)

where R is the resistance of the coil and the external circuit. The
coefficient (nAH/c)? of 1/R is just (k/K,)? in terms of the symbols of
(73-8). Although the resistance

of the coil of a d’Arsonval 1 Q
galvanometer is generally about
100 ohms, the number of turns
is so great that the electro- P
magnetic damping due to the b Pl
short-circuited coil alone is of —|~
the same order of magnitude as 29 1
that due to the loop. By putt- =
ing different external resistances R
in series with the coil after the Fic. 210

loop has been removed and determining / experimentally, the straight
line of Fig. 210 is obtained, confirming the formula (98-5) for /.

m Extending PQ to the axis of ordinates, the
r . . . ’
hN damping due to air resistance alone is ob-
A X B tained.
Fic. 211 So far we have confined our attention

to the moving coil galvanometer. Now we shall calculate the
damping of the moving needle type. The change in flux through the
fixed coil to be considered in this case is that due to the motion of
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the needle at its center. First we must compute the flux N, through
a circle AB (Fig. 211) of radius a due to a pole m lying near the axis
of the circle at a distance % from its plane. Provided 74 a, we may

perform the calculation as if m lay exactly on the axis of the circle
without appreciable error. The field at P is

m_  m_
'rz—xa_i_hz’

and, as we want the flux from below to above,

H=.

a @ xdx
Ne= — L (H cos g) 2axdx = -2mmh L o F KT
since cos § = h/4/x% + A% Consequently
h
Ne = — 2nm2 = s ha%.

The south pole being an equal distance below AB, the flux
through the circle due to the two poles is 2N,.. In addition to this
there is an upward flux 47m in the interior of the ncedle. Hence
the total flux through the n turns in the coil is

4mrnmh

= Vat +h—='
and the induced e.m.f. is

1dN 4vnma*  dh
&= — cdt T cla® + mEdr
4wnm dh
~ “ea di’
since / is negligible compared with a. Now if d is the length of the
needle and a the angle which it makes with the plane of the coil,

d . dh d do.
h = —‘2 SN a, -df = 9 (0SS a dt )
and
‘Zfrnpn da
g = — ca cOosS a dt >

where pp is the magnetic moment md of the needle. The current
induced by this e.m.f. in the fixed coil is
S 2anpy da

I fa |
' RT. caR “°*° 4

where R is the resistance of the circuit.

This gives rise to a field

Qwni 4nnipp da

ca = catR % dt

at the center of the coil, which exerts a damping torque
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27, s
$: = Hpg cosa = — ( }:apﬂ 11{ cos® a Z: (98-6)
on the necdle.
As this equatlion takes the place of (98-1) in the case of the
moving coil instrument, (98-5) must be replaced by

1 . 2mnpgN\? 1 ,
15—2;5-[.17+( i ) R]. 198.7)

The cocfficient (2mnpg/ca)? of 1/R is the ratio (k/K;)? of the symbols
appearing in (73-7). Expressed in terms of the galvanoneter constant,
then, equation (98-7) is identical with (98-5).

Although the form of the expression for / is the same as in the
case of the d’Arsonval galvanometer, the values of the quantities
mvolved are such that electromagnetic damping is generally negligible
in this type of instrument.

Problem 98a. The coil of a d'Arsonval galvanometer has n turns of 5 cm®
atea in a field of 500 ocrsteds. The needle of a tangent galvancmeter has a
magnetic moment of 50 e.m.u., the fixed coil having n turns of radius 10 cm.
Assuming the moment of nertia of the moving part and the resistance of the
circutt to be the same 1n the two cascs, calculate the ratio ot the electromag-
netic damping of the coil of the first instrument to that of the needle ot the
second. Anms. 6330.

99, Induction Coil.—This instrument consists essentially of a
primary and a secondary, the latter wound outside the former on a
longitudinally laminated iron core. A’ constant electromotive force
&, is suddenly inserted in the primary circuit and then suddenly
removed. By making the number of turns in the secondary much
greater than in the primary a momentary e.m.f. much greater
than &, may be induced in the former. We have here a special case
of coupled circuits, which will be discussed in more detail in Chapter
XV. :

The induction coil is illustrated schematically in Fig. 212. The
primary circuit contains the battery B and the condenser C which
is placed in parallel with a current interrupter. The condenser is

employed primarily to prevent

G
‘ ! the formation of a spark when
the circuit is broken. Howecver,

[oJo:o: i oowoomw(’l(71 A it also has the important function
- = of making the discharge current
= — L [ oscillatory. The interrupter con-
of SrrnrnnT o\ g sists of a soft iron armature 4 on
b ba the end of the spiring S. When
c i growing, the primary current
— follows the path ¢hSa, but after
. tt has reached a certain magni-
¥

IIIII tude the soft iron core K of the
coil becomes sufficiently magneti-

Fig. 212 zed to draw A4 toward it and

break the circuit at S. The

primary current now is constrained to follow the path cbC, charging
the condenser., In this way oscillations are set up which last until
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the current has decayed to the point where K loses enough of its
magnetization to release 4 and allow contact at S o be renewed.

Generally the growth of the primary current is not sufficiently
rapid to produce an e.m.f. in the secondary great enough to cause
a spark to jump the gap G. On the other hand the decay, because
of the action of the interrupter, is much more rapid, resulting in a
greater rate of change of current in the primary and therefore a
sufficiently great ¢.m.f. in the sccondary to cause a spark.

In order to investigate the essential characieristies of the circuits
after the break of the primary current without hecoming involved
in too lengthy an analysis, we shall neglect the small resistance of
the primary. The resistance of the secondacy, on the other hand, is
large and must be t{aken into account. We have then for the
equation of the primary after the break

di di, ©
L, M )y = g 99-1
v Myt = &o (99-1)
where M is the mutual inductance. This can be expressed in terms
of the currents alone if we differentiate with respect to the time and

da,

put i, for di Then we have for the two circuits
diy dii, 1 .
LI (‘1[2 + M dtz +C1 = 03 (99'2)
di, diy . i
LB dt + M dt + R.»’z - O: (99 3)

since &, in (99-1) is the constant e.m.f. of the battery B.
Differentiating (99-2) with respect to the time,

d3i, d3i, L odiy
Ly + M as C, dt 0,
and from (99-3),
diy di, .
Mg ==Ly = Rdv
ddiy dsi, d?i,
My ==Ly = Ra g
Using the last pair to eliminate i; from the previous equation,
dsi d%, | L,di R
A2 2 ] 2 iy 2 ;o
(L,L,— M?) dr’ + R.L, At + C, dt + C, iy = 0.

The solution is of the form e” multiplied by an arbitrary cons-
tant, where m is a root of the equation
am® + bm® 4+ cm + d = 0, (99-4)
the positive constants a, b, ¢, d being
L2 R,

a= LL, — M2 b=RL, c= o d=
1



294 INTERACTION OF CURRENTS AND FIELDS

Now the cubic (99-4) has one real negative root as the function
of m on the left changes sign between m = — o and m = 0. The
magnitudes of the constants involved in the problem under considera-
tion are such that the two remaining roots are conjugate complex
quantities, the real part of each being negative. So if we denote
the three roots by — 7, — a + iwy, — a — i@y,

1" = Ae~Y! -+ e ot (A,e“"o‘ + Aze-lm“t),
As was shown in article 91 this can be written

Iy = Ae™t + Aje™ sin (wot + €). (99-5)
If we count time from the instant of breaking the primary circuit,
iy = O when ¢t = 0. Therefore A + A, sine = 0. The current is
given by (99-5) as the sum of an exponentially decreasing term and a
damped harmonic oscillation. These two components are represented
' by broken lines in
Fig. 213, their sum
being given by the
solid line. Actual
oscillograms of the
current in the
secondary of an

-/ induction coil con-
N\ /7 'ﬂ‘f% _4 form quite closely
/

i

i~ Typesm—y 2y

‘\\Vll s o -~ to the theoretical
AT curve which we
have deduced,

when the secon-
dary terminals are
Fre. 213 connected by a
constant high resis-
tance. When they are not so connected and a spark is produced,
the resistance of the gap dccreases materially after the initial dis-
charge and the current curve is somewhat distorted although it
retains the essential features of the graph depicted in the figure.
Problem 99a. The gap G (Fig. 212) in the secondary of an induction coil
is so wide that no current passes. Find the potential drop across G when the
primary current is interrupted. Neglect the resistance 1n the primary buc take
account of the capacitance of the condenser C.
My, t
S TVLG T vy

An



CHAPTER XI
FLUX MEASUREMENTS

100. Ballistic Galvanometers.—1It is often desirable to measure
the total quantity of electricity passing through a circuit due to a
momentary current. For instance, if a condenser of capacitance C
charged to a potential difference, V is allowed to discharge, a quantity
of electricity @ = CV passes through the circuit connecting its plates.
By measuring QO we may determine C. if V is known.

A more important case occurs in measurements involving mag-
netic induction. Consider a coil through which the flux of induction
due to external sources changes suddenly from N, to N,. During the
short interval in which the flux is changing there is an induced

i gjv and if the coil forms part of a circuit whose total self-

e.m.f. —
inductance is L and total resistance is R there is a momentary current
i given by

di 1 dN

-~ 4+ Ri= — .

Lo+ R ¢ di
Therefore, integrating over the time during which the current

flows, the charge passing through the circuit is

. 1 o 1 [N
Q=I idt = — {L Ld,+ chlng.

This reduces to

0= N!.C*RN! , (100-1)

so that determination of flux may be made to depend on measurement
of charge.

A ballistic galvanometer is one designed to measure the quantity
of electricity passing through it in terms of the amplitude of the
mechanical oscillation produced by the momentary current. An
ordinary instrument of either the moving needle or the moving coil
type, such as were described in article 73, may be used ballistically
provided it has a period of oscillation long compared with the dura-
tion of the momentary current, and provided the damping of the
moving element is not too great. On account of the second require-
ment the damping loop (art. 98) of a d’Arsonval galvanometer must
be removed before it is used to measure charge. Also, if the galva-
nometer is used in a low resistance circuit, it may be necessary to
break the circuit immediately after the passage of the charge and
before the moving element has suffered an appreciable deflection.
Although ordinary galvanometers are usually satisfactory for the
measurement of charge as well as of current, special ballistic galvano-
meters with longer period are available for precise work.
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To mvestlgate the ballistic behavior of a galvanometer, let J be
the moment of inertia of the moving part and o its angular deflection.
Then its equation of motion is

d2a do.

I g =S =y

g T80 (100-2)

where f(a) is the restoring torque, b’ dt is the total damping torque,

and g(a)i is the deflecling torque due to the current i. In the casc
of the tangent galvanometer f(a) is the torque pyH, sin « (art. 73)
exerted by the control field on the needle, whereas with the astatic
or the moving coil gm]vanumetel f(a) is the torque ka duc to the
suspension. The quantity &', which includes both mechanical and
electromagnetic damping, reduces to b (art. 98) when the latter cffect
is absent.

We consider first the short interval © during which the momen-
tary current / passes through the instrument. During this time the
moving part acquires momentum from the impulse given to it by the
current, but on account of its long period, its deflec tion Aa is only a
negligible fraction of that which it acquires after the current ceases
to flow. So, integrating (100 2),

g Z;‘ = — L fla)dt — b'sa + L gla)idt

- _ f(O)j dt — b aa + g(O)J- id,

where we have replaced a by 0 in the functions f and g since the
deflection during the short interval of time under consideration is
quite negligible. Now f(0) .s zero for all types of instrument.
Therefore the first term on the right vanishes. Next, the sccond term
is inappreciable on account of the smallness of Aa. So, as the charge
passing through the instrument is

0 = J- idt,
T
we have for the angular velocity acquired
d“ -Go, G= %9, (100-3)

J

For the tangent galvanometer g(0) = 27npglca = pHHe/K, by
(73-1), K; being the galvanometer constant, and

pH He
G = 100-4
kg (1904
For the astatic moving needle galvanometer, on the other hand,
2(0) = 2mnpg/ca = k|K, in accord with (73-7). Hence
: k
1G =K. g ' (1007§_)
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Finally, for the moving coil type, g(0) = nA®c = k|K; by
(73-8), where n is the number of turns in the moving coil, A the area
of each and H the field of the fixed magnet. So the constant G is
given by (100-5) for this instrument as well.

Next we must consider the motion after the current has ceased
to flow. Asi = 0, (100-2) becomes

g j;;’ b - "“ 4 fla) = 0, (100-6)
subject to the initial conditions a = 0 and —g?- = GQ when 1 =0,

In discussing this part of the motion we must treat the different types
of galvanometer separately, since f(a) has different functional forms
in the different cases.

Tangent Galvanometer.—In order to arrive at a simple solution
we shall suppose that damping is negligible. Then (100-6) becomes

g 4%+ puH.sina = 0. (100-7)

Multiplying by ;1': dt and integrating we get

d
Z g \/d?) == IHJ(He cos a + A.

Determining the constant of integration A by the initial conditions
given in connection with (100-6)

2,2 (1(1 =9 Py [{ .
G2Q° — ) 1[ g (1 cus a)
_ 4 Pule .
=4 g sin® .
We observe the amplitude aq of the oscillation, which is known
technically as the throw of the galvanometer. Since z,‘: = 0 when

a = ay, the charge Q which has passed through the instrument is
given in terms of the throw by the equation

)

~ pnHe . a,

Q G ‘ (3 Sin 2
— 2K; I n % (100-8),

puaH, 2

Now, for small oscillations of the needle (100-7) becomes
d2
§ “yat PaHea =0,

since we may replace sin a by a itself. This is. simple harmonic
motion with the period
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_ S
A
Therefore, we may write (100-8) in the form
0= 1-;‘_' K; sin ‘;", (100-9)
which becomes
Q=K K= P gf , (100-10)

if the throw is small. This type of ballistic galvanometer isan
absolute instrument since K; and the period P, may be determined
by direct measurement. It must be remembered that P, is the period
for small oscillations ; if the amplitude is considerable, the period
observed is greater than P,

Astatic and Moving Coil Instruments.—In either of these cases
(100-6) becomes

d% , da o ]
Dividing by J and putting
2] = —g, , k== 2 ,
it takes the simpler form
d%a da .
e T gy Rl =0 (100-12)

This second order differential equation is of precisely the same
form as (91-5). Since the damping is small in the present instance
we want the periodic solution (91-10),

o =aelsin(0f + €), @, gt — P
the constants being determined by replacing L, R and C in (91-11)
by 1, 2/ and 1] ¢ ? respectively.

To determine a, and ¢, we have a = 0 when ¢ = 0 showing

that € = 0, and
da 2m
60 = (G ),_, = po

since 2w/, is the period P,. Hence

a=gee™" gin Wy t, aq,= ~G2};° 0; (100-13)

which is the equation of damped harmonic motion, shown in Fig. 214,
The curve representing the motion lies between the broken line
curves corresponding to « = 4 ag,e™¥, being tangent to them when
ain wot = :t 1.
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When the damping is so small that /* may b8 neglected in
comparison with k2, as is often the case. Q is easily expressed in
terms of measurable
quantities. For then &

the period P, reduces TN — o

to 2mlx =2m/ gk ! T-—a

and the time of the @l I\ "= —e

first throw a, may be ! ﬂ'}\ A{\_“

taken as that of the

17
first tangency in the ol W \ _
figure, that is, P4 % NS

Replacing G by its o
value k/K,g, (100-13) -
gives
Q-_—Z"K"emomal (100-14) Fic. 214
and it remains only to evaluate the exponential factor.
Since the amplitudes of successive throws are

P
-
-
-

T

—a.o-lP, [t —q.e-3P —g e3P !
ay=aoc™ P/, ay=ageTIHG, ey =aeTHEMLLL

each is in the constant ratio ePy/2 to the next. Denoting by A the
logarithm of this quantity,

A= Z}:," =1log ' =1log = .. (100-15)
- a, 03
This is one-half the logarithmic decrement as defined in article 91,

the half logarithmic decrement being more convenient here.

To obtain A experimentally, it is only necessary to observe any
two successive throws. However, when the damping is small, the
ratio of successlve throws is nearly unity, and a more accurate
value is obtained by observing throws separated by several half
periods. Evidently, if r is the number of half periods, we may
express A in the form

A= log -, (100-16)

and the effect of experimental error is reduced by a factor 1/r.
Returning to (100-14),

el i=er2=]4 ;‘ ,
as we are neglecting terms in 2, and hence
A __ PoK;
Q=Kq(l + -2._).;1, Kp= 0, (100.17)
Since K; is obtained by passing a steady current through the
instrument as explained in article 73, and P, and A may be observed.

the ballistic galvanometer is an absolute device, that is, it does not
require calibration. However, it is often simpler to pass a known
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charge through #, from a condenser, for example, and to observe the
first throw, thereby obtaining the constant K;'=K, (1+7/2) at once.

When the damping is not small enough to permit the neglect
of terms in /%, the analysis is slightly more involved. This case
occurs quite frequently in the measurement of the magnetic induction
B. .Here a small closely wound flux coil of area A and n turns is
connected to the galvanometer and placed in the field at the point
at which B is to be measured, with its plane perpendicular to the
lines of induction. The coil is now suddenly moved to a place whete
the field is zero, or the field at the coil is reduced to zero by remov-
ing its source. The charge passing through the galvanometer due to
change of flux through the coil is given by (100-1), where Ny=nAB
and N,=0, so that

cR
nfiQ’ . (100-18)

Now the eclectromagnetic damping (art. 98) varies inversely
with R, in this case the combined resistance of galvanometer and
external coil. As Ris relatively not very great, the damping, at
least. for a moving coil instrument, is quite large. [t is, of course,
possible to open the circuit just as the galvanometer swing begins,
but this is often troublesome in practice. A moving needle instru-
ment does not suffer from excessive damping but is much less
convenient to use.

To obtain the exact relation between Q and ey, we return to

(100-13). As before G = kK, J, but now

P
V=1 1}' Ik
J
so that
e
and

t2
2
0

_ P4 Ny 2w A2
0= guil pp 1)~ pi (1+ L) (0019)
The times t,, at which the throws a4, a,, ag, ... occur are obtained

by setting ‘;‘:— equal to zero, which gives

tan @ gty = ‘*l’“ (100-20)
As the period of this function is 7[w,, it is evident that successive
throws are separated by a half period as before, and that the ratio
of any two successive throws is ¢/7y/¢. Thus A is determined exactly
as in the previous case. However, the time T of the first throw a.
is not Po/4 but somewhat carlier, as indicated by (100-20).
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Since
1 1

— - _]--.’--—-_—.. — A2 >
Vvt A

we have for the initial throw

sin w otm =

_ D ?\2 e—-lT
= P(,Ki( 1+ rr“‘) 7\i Q,
and hence
3 T
o= Dk e ~ a,. (100-21)

2r ) A2
VAR

All quantities in the coefficient of a; are known, for (100-20) may be
put n the form

2

N ™
IT = " arc tan
A

to determine /T, but usually we write @ = K, a; and determine the
constant by calibration. .

The expression (100-21) is valid for any magnitude of damping,
provided the motion of the galvanometer element is oscillatory. If
the damping is made sufficiently great, the motion becomes non-
oscillatory, but even in this case it may be shown that the single
throw is proportional to the charge. Thus an equation of the form
Q = K, 'a; holds for a ballistic galvanometer under all circumstances.

Problem 100a. A tangent galvanometer having a period of 8 sec deflects
15° when a steady current of 0.1 amp passes through it. What charge will
produce a throw of 30° when the instrument is used ballistically, assuming
negligible damping ? Ans. 0'246 coulomb.

Problem 100b. A secondary of m turns is wound around the middle of a
long air core solenoid of n¢ turns per unit length and cross section A. The
secondary 1s connected to an astatic ballistic galvanometer. the resistance of
the ctrcuit being R. Find thg quantity of electricity passing through the
galvanometer when the current: in the primary is reversed, expressing all
quantities (1) in cgs. units, (2) 1n m k.s. practical units. 1f the throws are
o, = 10 scale divisions, &, = 9.5 scale divisions, etc, and ip = 10 amp, Rp =
500 obm, m = 100 turn, njp = 1000 turn/meter, Ap == 0.002 meter?, find the
ballistic constant Kgp of the galvanometer in coulombs per scale division.

8nmnAi _ 8mmngpApip
Ans. (1) Q - ch ’ (2) Qp - . (10)7Rp .

Kgp = 0°980(10)—® coulomb/scale div.

Problem 100c. The coil of a moving coil ballistic galvanometer has a
period of 10 sec for freec oscillation. and throws a; = 12 scale divisions, &3 = 11
scale divisions, etc. A steady current of (10)™* amp produces a deflection of
10 scale divisions. Find the capacitance of a condenser which, when charged
to 100 volts and then discharged through the galvanometer, produces an
initial throw of 8 scale divisions. Ans." 1.33 microfarad.
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101. The Grassot Fluxmeter.— This instrument is essentially a
moving coil galvanometer in which both mechanical damping and
restoring torque are made negligibly small, connected by flexible leads
to an external flux coil, sometimes called a search coil, similar to that
used with an ordinary ballistic galvanometer.

Let us suppose that the search coil is moved from a position
where the magnetic induction is B and the flux linkage, that is, the
total flax passing through the circuit of the coil, is N, = n4B to a
position where the flux linkage is zero. It is immaterial whether or
not the motion is sudden. The induced e.m.f. gives rise to a current
and hence to a torque on the moving element of the fluxmeter. This
torque is of the form gi (art. 73) where g is the flux cut by the galva-
nometer coil per unit angular deflection, divided by ¢, The equation
of motion of the moving element is therefore

d*a
= gi 0l1-
gy =éi (101-1)
if g is its moment of inertia.

In order to express /in terms of the flux linkage N, it is necess-
ary to write the electrical equation of the circuit composed of the
search coil and the moving element. Let L be thc total inductance
of this circuit and R the total resistance. Then

‘ 1 aN du
cd — % a
the last term representing the c.m.f. induced in the galvanometer coil
as it turns in the field of the fixed magnet. KEliminating the term in i
between (101-1) and (101-2) gives
d?a g 1dN da di
Sar =%l ca—¢u Tl

Let us integrate this equation over a period of time which

includes the entire action, that is, over a peviod at the beginning and

end of which both 7 and %

di . o
L g + Ri=-— (101-2)

are zero. Then,

dt
. 0 da _ g _ l 0 _ dz _ 0 .
Io ch dt ) ~ R i c No“I)N J-ou_ gda Io Ldi % ’
or
g 1 .
0= %3 No—gla—a) — 0 (101-3)

As the moving element has no restoring torque and therefore no
zero position, the deflection interval a, — a; may fall anywhere on
the scale with which the instrument is provided. Putting
ay = ay; — a;, (101-3) gives

No = Cgao, (101'4)
and

B = Kpa, Kp= & (101-5)



MAGNETIC STANDARDS 303

The constant g must be obtained by calibration. In practice the
scale is usually arranged to give N, directly rather than B, so that
different search coils may be used.

102. Magnetic Standards.— Several methods are employed for
the calibration of flux measuring apparatus. When calibration is to
be made directly in terms of the induction B, a standard field is
necessary. This is obtained by means of a long air-core solenoid, the
field at the center of which is very closely 4mui/c according to (69-5),
where n; is the number of turns per unit length and i is the current.
By tapering the ends of the solenoid or by using auxiliary windings at
the ends the end effect can be much reduced and the field made
essentially uniform over a considerable region on either side of the
center,

Often it is only necessary to calibrate in terms of flux. In this
case a standard mutual inductance may be used. Such an inductance
usually consists of a standard solenoid of the sort described above
with a small closely wound secondary coil about its central portion,
If there are m turns in this coil and the cross section of the solenoid is
A, a current i in the latter cvidently produces a total flux linkage
equal to 4wmmAijc. Therefore, a known change in current produces
a known change in flux. In calibrating a Grassot fluxmeter the search
coil may be replaced by the secondary of the mutual inductance as
the deflection does not depend in any way on the resistance in the
circuit. In the case of a ballistic galvanometer provided with a flux
coil, however, both the damping of the instrument and the charge
passing through it corresponding to a given change of flux depend on
the resistance. Hence the secondary coil of the mutual inductance
must be permanently included in the circuit of the galvanometer and
its external coil to assure the use of the galvanometer under the exact
conditions of calibration. An example of this
procedure appears in the next article,

It is sometimes useful to have a standard
source of flux which does not depend on a
current. The Hibbert magnetic standard, shown
in section in Fig. 215, is of this type. A per-
manent magnet M is set in a cylindrical iron
yoke which provides a continuous path for the
magnetic flux with the exception of a narrow £
circular gap GG.* A thin brass cylinder, carry-
ing a winding W, is arranged to drop through | -,
the gap, cutting the flux asit doesso. The |~
total flix linkage is found bydmu]tiplying the |77 /
number of turns in the winding by the flux | /777 7
across the gap, which is usually of theyorder of izl ‘// ///"
20,000 maxwells. By using cylinders with F1e. 215
different windings different amounts of flux linkage are obtained.

NN

The device just described is, of course, a secondary standard, as
the flux across the gap must be determined originally by comparison
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with an absolute standard such as the mutual inductance described
above. It is, however, compact and wvery convenient, especially in
cases where a calibration must be checked frequently.

103. Magnetic Properties of Materials.—The behavior of almost
all electrical machinery and apparatus depends on the magnetic pro-
perties of some ferromagnetic material. It is thercfore very important
to be able to determine these properties experimentally. There are
several types of measurement which may be made. The most signi-
ficant of these is the determination of the hysteresis loop, described
in article 36. As explained in that article the value of the magnetiza-
tion 7 in a ferromagnetic material depends not only on H but also on
the magnetic history of the given specimen. Unless this history has
B a definite character

there is in general no

16,000 ,/-cr- definite relation bet-
7 ween I and H. The

1 same is true of
12,600 Y / B and H since
/ B=H+ 4nl. We
005 find it more con-

venient to deal with
B than with I since
4 B is usually the
quantity measured.

— 3 A repeated cyclic

10 15 variation of H Dbet-

ween limiting values

H, and — H, pro-

vides a definite

history and thercfore

establishes a definite

relation — the hys-

) ; : / /£
-5 =10 -5[[/0
0004
~ 80001

teresis loop — bet-

/2,006 . ween the variables.
A family of loops for
—16,000- gsheet iron corres-
ponding to different
Fic. 216 values of H, is
shown in Fig. 216.
Suppose now we calculate the energy cxpended in a complete
cycle, that is, the work donc in carrying a specimen of magnetic
material around a given hysteresis loop. As magnetizing fields are
usually produced electromagnetically it is intercsting to make the
calculation from that point of view. For convenience let the specimen
be in the form of a long rod of unit cross section, wound with »; turns
of wire per unit length. Confining our attention to the central portion
of the rod, where the effect of the poles on its ends may be neglected,
the total magnetizing field is H = 4mni|c, due to the current i in the
winding. A cyclic variation of i between im = CHmn/47m and —ip
causes the desired variation in H.
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Now the variation of current induces & back e.m.f. whose magni-

tude per unit length of winding is 'Z’Zg by (86;1), since the cross

section of the rod is unity. The work done by the current against
this e.m.f. is evidently the magnetic work we are seeking to " calculate.
Thus for a time dt the work per unit volume of material is

_mdB . _mip 1
dw = cdt——tdt_ p dB-—4"_ HdB,
and for a complete cycle the work per unit volume is
1
P o= HdB. -1
W= f (103-1)

Since B = H + 4nl, we may also write

- —4{—7 f HAdH + f Hdl = f HI, (103-2)

for the integral HdH around a closed path is zero.

Returning to (103-1) we observe that the loop integral represents
exactly the area Apg of the B — H hysteresis loop, expressed in pro-
per B — H units. Thus,

W= zl;,— Asm. (103-3)
When a hysteresis loop is plotted from experimental data, its area is
ordinarily measured in square centimeters by a planimeter or some
such device. The value thus obtained must be multiplied by the
proper scale factors, that is, the number of B wunits per cm and the
number of H units per cm, to obtain Apg, Using c.g.s. units, wis
expressed in erg cm™ per cycle,

As the energy represented by (103-3) is dissipated in the form of
heat, the hysteresis loop is of basic importance in the choice of
materials for electrical machinery of all sorts from an economic as well
as from a technical point of view. Care must be taken to distinguish
between energy losses due to hysteresis and those due to eddy
currents (art. 97), which may be reduced by lamination. A rough
idea of the magnitude of hysteresis losses may be obtained from an
empirical formula of Steinmetz,

w = 1B, (103-4)
where B, is the maximum induction reached in the loop and v, the
Steinmetz coefficient, is a constant varying from about 0.001 for soft
iron to 0.050 or more for hard steel.

To illustrate the manner in which the magnetic characteristics
of materials are revealed by their hysteresis loops, several loops are
shown in Fig. 217. The first loop (a) is for soft iron and shows a
large saturation value without excessive hysteresis loss. The next
loop (b) applies to a specimen of cobalt steel. Because of the high
retentiveness and large coercive force this material is excellent for
permanent magnets but it is not at all suitable for cyclic use, Loo
(¢) is for an iron-nickel alloy known as permalloy. Its chief charac-
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teristic is the high degree of magnetization produced by a very small
magnetizing force. Loop (d) for perminvar, an iron-nickel-cobalt alloy,
is of particular interest. For magnetizing fields not greater than
about three oersteds the loop is very nearly a straight line as indicat-
ed by the solid line in the figure, that is, the material behaves like a
paramagnetic substance with no hysteresis loss and constant perme-
ability. This characteristic is destroyed by greater fields, and the
loop takes the form indicated by the broken line. Actually special
alloys have been developed to meet almost every type of magnetic
requirement. In the case of large alternating-current devices, such
as power transformers (art. 118), where maximum reduction of
losses is essential, the core usually is made of silicon steel. This
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material has favorable magnetic and mechanical characteristics and,
in addition, low electrical conductivity so that the eddy-current loss

is small. ’
Besides the hysteresis loop, another curve of importance is the
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normal magnetization curve. This is the locus of loop tips, shown by
aa’ @’ ¢ in Fig. 216. It is a fictitious curve since the material cannot
be carried along it magnetically. However, it is very useful as it
shows the maximum induction obtainable with ,any alternating
magnetic field. It should be remarked here that although the
general velation p = B[H, in which the permeability x is a constant,
can hold accurately only for paramagnetic or diamagnetic substances
{art. 43), nevertheless the relation u = B/H may be applied to
ferromagnetic substances in cases like the above, where there is a
definite connection between B and H. Thus the normal permeability
of a ferromagnetic substance at any point on the normal magnetiza-
tion curve is defined as the ratio B/H at that point.

The initial magnetization curve, which is the actual curve
followed by the material when it starts from a state of complete
demagnetization, coincides with the normal curve except in the
vicinity of the origin, where it deviates slightly, as indicated by the
broken line in Fig. 216. Demagnetization is best obtained by placing
the specimen in an alternating field of continuously diminishing
amplitude. This produces a hysteresis loop that becomes smaller
until it finally vanishes, leaving the material demagnetized.
Demagnetization is also obtained by heating, ferromagnetic materials
becoming practically non-magnetic at sufficiently high temperatures.
However, heating may cause permanent changes in the magnetic
characteristics of a substance, especially in the case of an alloy.

The- incremental permeability p; is the effective permeability of a
material to a small alternating field superposed on a larger constant
one. This case occurs frequently in communication apparatus where
coils carry direct and alternating currents simultaneously. Thus, if a
small change a H in the magnetizing field causes a change ABin the

induction, yu; = LB In general y; decreases continuously as the

AaH’
magnetization of the material is increased from zero to saturation.
The limiting value of #; corresponding to a vanishingly small alter-
nating field is called the reversible permeability, since in the limit
hysteresis effects disappear.

Problem 103a. The core of a generator armature is made of iron whose
‘hysteresis loop under operating conditions has an area of 2(10)5 c.g.s units.
The core is cvlindrical. having a length of 40 cm. and diameter of 20 cm. If
it rotates at°1200 r p.m., find the rate at which heat is developed in it. Ans,
5.7 (10)3 cal/min.

Problem 103b. A solenoid 100 cm long and 5 cm in diameter has 500
turns of wire. The soleno'd is filled with an iron core whose magnetic
characteristics are shown in Fig. 216. Starting with the core demagnetized,
a current of 0'5 amp 1s allowed to flow through the winding, a number of
reversals being made to establish a cyclic state. Then the current is increased
to 1.0 amp and the process repeated. Find the flux of induction in the core in
both cases, neglecting end eftects. Ans. 9.93(10)5 maxwell, 2 16(10)8 maxwell.

Problem 103¢c. Express equation (10-31) in m.k s practical units. Ans.
wp = f HpdBp.
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104. Measurement of Magnetic Properties.—There are several
methods by which the magnetic properties discussed in the previous
article may be measured. Description of the more common follows.

Ring Method.—A ring, usually of rectangular cross section, is cut
from the material whose characteristics are to be determined. Two
windings are placed on it, a magnetizing coil of #; turns per unit

Fi1c. 218

length measured at the mean circumference, and a flux coil of m
turns total. As the dimensions of the cross section 4 are made small
in comparison with the mean radius and there are no end effects, a
current i in the magnetizing coil produces a very nearly uniform field
of magnitude 4nnji/c throughout the ring. The corresponding flux of
induction is determined with the aid of the flux coil and an associated
ballistic galvanometer or fluxmeter. Division by mA gives the
induction B itself.

A typical experimental arrangement is shown in Fig. 218,
Current for the magnetizing winding of the ring is supplied by a
battery &, the magnitude of the current, which is controlled by an
adjustable resistance R;, being indicated by an ammeter M. The
direction of the current is readily reversed by means of a double-pole
double-throw switch S connected as a reversing switch. A second
resistance R, is included with the switch in such a way that it is in
series with R, when the switch is in one position but not when it is
in the other. The flux coil on the ring, with the secondary of a
standard mutual inductance and an adjustable resistance R in series,
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is connected to a ballistic galvanometer G. The mutual inductance
is used to calibrate the galvanometer, while R serves to control the
sensitivity. Deflection of the galvanometer when not desired is
prevented by means of a short-circuiting key K.

The exact experimental procedure depends on the type of
measurement. To determine a hysteresis loop R, is set at zero and
R is adjusted until the magnetizing field H = 47n,i/c has the desired
maximum value H,, for the given loop, Then with the aid of S the
field is reversed a number of times, perhaps fifteen or twenty, to
establish a cyclic state. This is an important matter and it is well to
ascertain the number of reversals necessary by comparing flux
measurements made after different numbers. After the cyclic state
is established, further reversals are without effect. R is set to give
approximately a full scale throw of the galvanometer when the
maximum field is reversed, and finally G is calibrated. Calibration is
effected by observing the throw o,’, corresponding to a reversal of the
current i’ in the primary of the mutual inductance. Then if a throw
a, corresponds to a change of induction from B, to B, in the ring,

cmA(B, — B,) ay .

8um'n A" T a)’
or
8 Tcmln ‘9 Al il
By —~By= —_ ja—l,-- ay, (104-1)
the primed quantities referring to the calibrating apparatus.
When wusing this formula for calculation, it must be remembered
that all quantities, including current, are expressed in c.g.s. units.
The galvanometer should be calibrated at several points along its
scale, in case the latter is not quite linear. Also, it must be recalibra-
ted if the sensitivity is increased as is usually necessary in measuring
the smaller values of B.

We are now ready to make the actual measurements. Denot-
ing the ‘‘up” position of S as plus and the ‘“down’ position as minus,
we start at plus and observe the
galvanometer throw caused by a B
reversal with R = 0. This cor- b a
responds to a change of induction .

equal to 2B,,, the value of which ¢
/ Bm
d

is given by (104-1). As Hp
= 4nmiy/c, we are able to plot
the point a (Fig. 219) on the B ~ H
H diagram. To obtain the next « Hn

point, we return S to plus, bring- - g

ing the ring back to a on the loop, €
and then increase R, until the field

is reduced to seven or eight-tenths

of its forimer value, corresponding f

to point b. A reversal of S now

gives the change of induction be- Fia. 219

tween b and f, from which the ordinate of b is obtained by substrac-

|
I
|
|
]
|
|
i
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ting By. Other points on the portion ac of the loop are obtained
in the same way. Great care must be taken not to destroy the
cyciic state during the measurements. For instance, after the
reversal from b to f just described, R, must be reduced to zero before
S is returned to plus, and then set for the next point; otherwise
the ring does not move along the path fgab and subsequent observa-
tions are incorrect. If the cyclic state is accidentally disturbed,- it
rhust be re-established by a number of complete reversals between
a and f. '

Points betwecen ¢ and f are most readily obtained by moving
the leads connected to R, and M to the other end of S, without
changing the polarity. Then R, is included in the circuit when S is
in the minus position instead of the plus, and, starting at a with R,
correctly set, a reversal carries the ring from ato d. Subtracting
the observed change of induction from B,,, we obtain the ordinate
of d. For the next point we reduce R, to zero, return S to plus and
then reset R,, in order to preserve the cyclic state. As regards the
lower branch fga of the loop, it is exactly like the upper branch
inverted and may be plotted from the data already collected, provid-
ed the ring has no permanent magnetic set. As a precaution a few
points should be located experimentally for the lower branch even if
the ring was originally demagnetized.

Measurements for the normal magnetization curve are relatively
simple. R, is not used as we require only the location of loop tips.
r 1 Having determined the

coordinates of a for a
loop in the manner just
described we readjust R,
to give a different value

of H,, and establish a new

cyclic state by repeat-

ed reversals. The coordi-

\ — nates of the new loop tip

Fic. 220 are now obtained and

8o on until enough points are located to delineate a curve from the
origin to the region of saturation.

The procedure in measuring incremental permeability is straight-
forward and will suggest itself to the reader.

Single Bar and Yoke.—In order to avoid the necessity of prepar-
ing ring-shaped specimens, Hopkinson devised a heavy yoke of soft
iron (Fig. 220) in which a bar of the material to be tested may be
.placed. Magnetizing coils M, M’ and a small flux coil F, all wound
on brass bobbins, are slipped over the bar as shown in the figure.
The bar is cut at the center and arranged so that one end may be
withdrawn a short distance, allowing the flux coil which is attached
to a spring to fly out. All the flux in the bar is thereby cut by the
coil and B can be measured directly. The corresponding H is calcu-
lated from the magnetizing current and the mean turns per unit
length of bar, We use the mean turns, that is, the total number of
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turns divided by thelength of bar between the inside surfaces of the
yoke, rather than the actual turns per unit length on M and ‘M’,
because of the small gap in which F lies.

This method is not highly accurate as there is some leakage of
flux where the bar passes through the yoke and at the cut in the
center. Moreover,
as the yoke does
not have infinite
permeability, it
does not entirely
fulfil its purpose
of joining the ends
of the rod magne-

tically. Both
effects tend to
produce demagne-
tization, that is,
to make H less

than 4mnjijc by a
few per cent. We
shall see how to
calculate a correc-
tion for the effect
of the yoke in the
next article.

The experi-
mental  arrange- Fic. 22
ments (Fig. 221) and procedure are very similar to those used with
the ring. No auxiliary resistance R, is required in this case and the
induction is given directly by the formula '
8wm'n/ A'i’

cmAa,

B = (104-2)
the symbols having the same significance as before, One additional
precaution must be taken, however. Since each time B is measured
the parts of the bar are separated and free poles are exposed, the
magnetic condition of the bar is disturbed, and must be restored
before another measurement. Thus for a hystersis loop suppose the
preliminary adjustments and galvanometer calibration have been
made and the coordinates of the point a (Fig.219) have been obtained.
To locate b the flux coil is returned to the measuring position, the
field set at H,, and a number of reversals made to re-establish the
cyclic state destroyed by the previous measurement. Then the field
is reduced to the desired value H by adjustment of R,, and B
determined. This process must be repeated for each point, reversals
being made at H, before the field is adjusted to the measuring
value. Points between ¢ and f are most easily reached by adjusting
the field to a positive value of the same magnitude as the desired
negative value, and then throwing S from plus to minus. This fulfills
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the condition that the bar must always move from a to f on the
upper branch of the loop.

The procedure for the normal magnetization curve is exactly
the same with the yoke as with the ring, since it is necessary to
establish a cyclic state before each measurement in either case.

| RN |
| CENRPR— | nl
m
— n,

- -H

Fic. 222

Double Bar and Yoke.—By modifying Hopkinson’s method to
use two bars instead of one (Fig. 222), Ewing succeeded in eliminat-
ing the errors due to demagnetizing effects. A bobbin with magnetiz-
ing and flux coils is slipped over each bar as shown in the figure. In
this case the flux coils are immovable, so all measurements are made
in the same manner as when a ring is used.

To understand how the errors are eliminated, suppose, for
example, a set of observations has been made to determine the
normal magnetization curve. The values of B are experimental and
the values of H are given by

H=H'—h, (104-3)

where H'=4nn;i'/c and h is the demagnetizing field due to flux
leakage and so forth. Let us plot B against H' obtaining curve (1),

B Fig. 223. The true B —H curve
(unnumbered) evidently lies to the

(1) (2) left of (1) by the amount A, which

a £ is a function of B. To find A

suppose we replace the two
magnetizing coils by another pair
each of which has the same number
of turns per cm as before, but is
one half as long. The yoke blocks

H are of course moved up to the ends
F1c. 223 of the coils, so the effective length
of the bars is reduced to one-half its former value.

Repeating the measurements for the B—H curve, we have now
H=H" -2h, (104-4)
where H”’ = 4wnii"/c and 2h is the demagnetizing field. This field is
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twice as great as before because.the same sources of demagnetization
become twice as effective with half-length. bars, a fact demonstrated
analytically in the next article. Plotting B against H" gives curve
(2). Now from (104-3) and (104-4) it appears that curves (1) and (2)
are also separated by the amount A. Therefore, the true B—H
curve-is simply derived from the other curves by laying off ab=bc
for various values of B. )

The double bar method is rather laborious and is used in practice
only to standardize certain bars for reference purposes.

Magnetometcr.—When the quantity of material available for
testing is small, the specimen in the form of a fine wire or thin film,
for example, a magnetometer must be used. An ordinary instrument
of the sort described in article 47, with the earth’s ficld as a control,
will gerve, but a double needle or astatic instrument, similar to the
astatic galvanometer (article 73), is preferable. The measurements
may be made in a number of ways. An excellent method employing—
an astatic magnetometer is described by Bozorth.* Here two
identical solenoids (Fig. 224) are symmetrically placed on either
side of the magnetometer. The solenoids are connected in series
with their fields in the same sense and the whole system carefully
adjusted until the magnetometer deflection .
is entirely independent of the solenoids. 1 R

The test specimen S’ is now placed in
one solenoid and a very small compensating
coil C of the same length as S is placed in
the other. Because of the field of the
solenoid, S becomes a small magnet and
produces a deflection of the magnetometer.
This deflection is reduced to zero by adjust-
ing the current i’ through C until the latter
has an equivalent magnetic moment equal
to that of S. As this equivalent magnetic
moment can be calculated in terms of i’
and the dimensions of the coil, the magnetic
moment S becomes known and from this Fic. 224
the magnetization I can be found H is
calculated in terms of the current i/ in the solenoid (69-4), taking
account of the demagmnetizing effect of the ends of the specimen.
Finally, using B=H--4=I, we cau plot B as a function of H.

For details of this and other magnetometer methods, which are
rather laborious, the reader should consult some treatise on magnetic
measurements.

Permeameters —For commercial testing a number of complete
assemblies of magnetic measuring apparatus have been produced,
special care having been taken to insure flexibility, facility of opera-
tion,direet indication of B and H, and other convenient characteris-
tics. Such units are called permeameters. With one or two exceptions
their operation depends on the principle of the yoke.

*Bozorth, R. M. R:v. Szi. 1ns. 10, £91 (1925).
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One of the most widely used permeameters for general testing is
the Fahy simplex permeameter. 1t consists of a yoke with several
windings (Fig. 225), a control box containing ammeter, standard
inductance, resistances, together with keys and switches to facilitate
operation, and a ballistic galvanometer., The construction of the yoke
is of especial interest. Its form is shown in the figure. The magne-
] r tizing winding M is placed directly

£ on the yoke and does not surround

,_J— the test specimen S. The latter
F is clamped in a pair of heav

S | 1S jaws Whli)ch are a pall)rt of the yokz

—— : /j """ I~ and passes through a flux coil F,

8o that B is measured in the usual
manner. The determination of H,
however, is novel. The sides of
d M the yoke project a short distance
beyond F and an air-core flux coil
f is placed between them. The
- field Hy through this coil is not in
- general equal to the field H in the
L specimen, which we wish to
Fc. 225 measure. In fact, Hy is variable
both in magnitude and direction,
while H is essentially constant. However, the flux linking f is the
same as for a constant field equal to H and therefore H can be
measured with the aid of fin exactly the same way as B can be with
the aid of F.

To demonstrate the equality of flux linkage under the conditions
mentionied, we observe that the difference of magnetic potential
between the ends of f is practically the same as the difference between
the ends of the effective portion of S, since the magnetic intensity
and hence the potential drop is very small in the projecting parts of
the yoke. Thus if /is the distance between the sides of the yoke,
and a is the angle which H; makes at any point with the axis of f,

r Hj cos adx = HI, (104-5)

where dx is an element of length parallel to the axis. Now the flux
linking fis

! ‘A
M=j nldxj Hj cos a ds,
0 0
n; being the turns per cm and A the cross section of which ds is an
element. Since the order of integration is immaterial, we have, with

the aid of (104-5), .
4 '
Ny =n I ds J. Hy cos a dx = mAHI, (104-6)

0 0
which is exactly the flux linkage corresponding to a constant field
equal to H, as stated. .
The general experimental procedure is the same as in other yoke
methcds.
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105. The Magnetic Circuit.— Having determined the magnetic
properties of materials in general, it remains to translate these pro-
perties into the production of flux in electromagnetic apparatus and
machinery, for all electromagnetic reactions depend in one way or
another on flux. We may attack the problem in the same way as in
articles 44 and 45, that is, by attempting to find a function specifying
the field which satisfies the assigned boundary conditions. This is
often difficult, however. Moreover, we are primarily interested in
the amount of flux rather than in its exact distribution. The fact
that the tubes of induction which comprise the flux are confined to a
definite circuital path, composed largely or entirely of ferromagnetic
materials, in almost all practical cases, suggests the point of view of
a magnetic circuit.

To establish the necessary ideas consider the magnetized ring
described in the previous article. If A is the cross section of the ring,
I the mean distance around it, and 7 the total number of turns in the
magnetizing winding, the flux in the ring, that is, in the magnetic
circuit, is .

)

or

N.= © . (105-1)

. pA
The flux, being circuital, is the same through any cross section around
the ring, Note that the flux in the magnetic circuit is not the same

thing as the flux linking the electric circuit, the latter being n times
the former in this case.

Now by Ampere’s law 4wni|c is the work done in carrying a unit
pole around the magnetic circuit, that is, the magnetomotive force A
defined m article 71.  Evidently //u4 measures the resistance of the
circuit to the production of flux. [f we call this magnetic resistance
the reluctance R and write (105-1) in the form

Nc = '%C_’
we have an equation of exactly the same form as Ohm’s law, namely,
3

. ' R )
The magnetic circuit iz therefore analogous to an electric circuit, flux
corresponding to current, m.m.f. to e.m.f. and reluctance to resis-
tance. The analogy is even more close, for the resistance of a
conductor whose length is /, cross section A and conductivity o, is
lloA, which compares exactly with //sA. Thus p corresponds to
o. The mk.s. practical unit of magnetomotive force is the ampere-
turn. It is equal to 47(10)™? gilberts (art. 71).
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Equation (105-1) deduced from the uniform ring evidently applies
with very little error to a ferromagnetic circuit of any shape in which
u and A are constant, even if the magnetizing winding is not. uniform-
ly distributed, for the flux is still almost entirely confined to the high
permeability material of which the circuit is composed. We may
easily generalize (105-1) to apply to a circuit of variable cross section
and permeability, including air gaps. Carrying a unit pole around

such a circuit,
f Hdl = 5;”" (105-2)

by Ampere’s law. Now H = B[y = N.[uA, and, since N, is constant
around the circuit except for slight leakage, (105-2) becomes

dl 4mni
N f wA= ¢’

4wni

AT
No= — = (105-3)

f nA
In practice a circuit usually consists of several distinct parts in
each of which x and A4 are constant. Then

a _ Lo b
f pAd T mAd, + pads Fo

This indicates that the reluctance of a magnetic circuit is the sum of
the reluctances of its parts, just as the resistance of an electric circuit
is the sum of its component resistances. In fact, since the basic
equations of the two circuits are alike, all the properties which depend
on these equations. must be the same. Thus parallel reluctances
combine in the same way as parallel resistances (art. 52) and flux
divides between the former in the same way as current divides
between the latter. .

Neglecting’ leakage of flux through the air evidently introduces
an error of the same sort as neglecting leakage of current from an
electric circuit which is placed in a slightly conducting solution. This
error is not very great except perhaps at an air gap, where, unless
the gap is very small compared with the linear dimensions of the
circuiy at that point, there is some spreading of flux. In any case
leakage factors are known for the common forms of magnetic circuit,
and may bo used if necessary.

As an example of the utility of magnetic circuit "analysis let us
find the effect of cutting a narrow gap of width @ in the uniform ring
discussed above. Using the same symbols as before the reluctance
is now

8o that

=lza_a _l+a(=-1
R=-"T+i=  a .
Comparing this with the former value //ud, we see that the gap
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reduces the original flux by a factor TF¥aG=1" For instance,
with £— 1 = 500, a gap as small as //500 reduces the flux by
one-half, which shows the great effect of even very small gaps in a
magnetic circuit.

Another useful application of (105-3) may be made to yokes
used in maguetic measurements (art. 104). Denoting total length
of path, cross section and permeability by /, 4 and u, respectively,
for the test material, and by I, 4’ and u” for the yoke, we have

4uni
c
No = z _l_’_—__—_g_ ’ (105-4)
kA + p'A + A

where a is the total equivalent air gap in the circuit. Now, as we
have seen, B is measured in the determination of magnetic charac-
teristics but H must be calculated. Since H = N.[ud, equation
(105-4) becomes .
477?11[

¢

Ted | d
1+W+ I 'I'

H =

1, being the mean number of turns in the magnetizing winding per unit.
length of the test bar. As the last two terms in the denominator are
made as small as possible in practice, tllle equation may be written
dwni 'uA a

H = c ( 1 Il.LIA'— ‘LL —l'_‘>- (105'5):
In applying this to the single bar and yoke it is customary to neglect.
the last term in the parentheses, as it is usually smaller than the
second term and somewhat indeterminate. The field correction
factor, due to the yoke, is then (1-/'nA(lu'A’), which may differ
from unity by several per cent. In the case of the double bar and
yoke uafl is not neglected, as both correction terms are eliminated:
together. The demagnetizing field, resulting from the last two terms.
in (105-5), is seen to be inversely proportional to /, as was previously
assumed.

Problem 105a  Let the core of a U-shaped electromagnet wound with n
turns of wire have a permeability ¢+, a length ! and a square cross section of
area A The pole separation is d Using (43-12). show that the force with
which it holds a bar of the same cross section and material against its poles is
approximately

4rutn2icA

c2(l+d)s’

in c.g.$. units. . )
Problem 105b. On the basis of the preceding problem show how an
electromagnet can be made to serve as a permeameter. .
Problem 105¢c. Show that tl_:e magnetomotive forces around a magnetic
circuit, expressed in m.k.s. practical units is nip. What form does (1053-1)
nip
4n(10)~7nAp

take in m.k.s. practical units ? Ans. Nep= -




CHAPTER XII
ABSOLUTE STANDARDS AND UNITS

106. Absolute Measurement of Current.—Assuming that the
constant ¢ has been determined by some method such as that
described in article 74,

X, an  absolute measure-

| ment of a current can be

D made in terms of the
force between two con-

B nected coils through
H which the current passes.

—
—
& Instruments  designed

with this object in view

“'—'llllll—-‘ are known as electro-

Fre. 226 dynamometers.

The Kelvin current balance (Fig. 226) is an electrodynamometer
consisting of coils 4 and B attached to the ends of a beam balance,
the first Jying between the parallel fixed coils C and G and the second
between D and H. The coils are connected in series so that the same

. current 7 passes through each coil in the sense of the arrow. Conse-
quently, A is attracted by G and repelled by C and similarly B is
attracted by D and repelled by H. By sliding a ride along the
beam of the balance until the torque due to the forces on A4 and B
is compensated, the latter can be measured in terms of the weight of
the rider.

If M is the mutual inductance of A4 and C, the force beteen

these two coils is .
)

j2 0M
0x
from (95-5), and as the total force ¥ is four times as great,
lF .
i=} [OM . (106-1)
ox

In article 96 we have seen how tn calculate the mutual inductance
of two parallel coaxial circles in terms of their dimensions and the
constant ¢. Therefore, all the quantities on the right are readily
determined,

Incidentally it may be noted that, as the force between the
coils of an electrodynamometer is proportional to the square of
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the current, this instrument may be used to measure alternating
as well as direct currents.
‘When so used, the effective or
root-mean-square current is
given by formula (106-1). An
ordinary galvanometer, on the
other hand, cannot be em-
ployed for this purpose, for
the alternations of the torque
on the needle occur at such
short intervals of time com-
pared with its period of Frc. 227
vibration that no deflection at all is ohserved.

a
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An electrodynamometer designed by Ayrton and Jones for
absolute ‘measurements is capable of even greater precision than
the Kelvin current balance. This instrument (Fig. 227), con-
sidered to be accurate to 1 part in 50,000, consists of two coils
A and B wound on marble cylinders suspended from the eands of a
beam balance. The suspended coils move inside the coaxial fixed
coils C and D. All four coils are connectéd in series in such a
way that the force on one of the suspended coils is downward
and that on the other upward. The torque due to the current
18 balanced by a weight in much the same way as with the Kelvin
balance.

If, now, a silver voltameter (art. 59) is connected in series with
an elrctrodynamometer, the mass of silver deposited on the cathode
by a current of one ampere flowing for one second can be measured.
In this way the electrochemical equivalent of silver, 0.0011180
gm/coulomb, and the value of Faraday’s constant, 96,490
coulomb/gm-equivalent, are determined in
absolute measure.

Once the electrochemical equivalent
of silver has been accurately determined,
a given current can be measured in
absolute units more simply by observing
the rate at which it deposits silver in a
voltameter, than by the use of an elec-
trodynamometer. Furthermore, the cali-
bration curve of a current measuring
instrument which is not absolute may be

Fic. 228 obtained by connecting it in series with a
silver voltameter and passing steady currents of various magnitudes
through the two, measuting the currents in each instance by the rate
at which silver is deposited on the cathode of the voltameter.

Problem 106a. Show that (106-1) has the same form in m.k.s. practical
units as in c.g.s. units.

107. Absolute Measurement of Resistance.—The ' absolute
measurement of the resistance of a standard coil of wire is of prime
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importance, since, once a resistance has been so determined, the value
in absolute units of an electromotive force may be obtained from
Ohm’s law in terms of resistance and current. Moreover, any other
resistance may be accurately measured in terms of the standard by
the use of a Wheatstone bridge.

One method of measuring the resistance of a coil AB of radius &
(Fig. 228) consists in rotating the coil about a diameter in a uniform
field H. If the coil has n closely wound turns, and we take the
positive normal to the circuit in the direction of the arrow perpendi-
cular to its plane, the induced e.m.f is

_ 1dN j_t_na’a_)Hs.n ot
& = cd c !

when the coil is rotuted about the Z axis with angular velocity ®.
This e.m.f. induces a current

wna®w H . Lo
= mﬂi—[}:@;ﬂ sSin (OJt -— ¢), tan ¢ - \fR—’
in accord with (89-12). This current in turn gives rise to a magnetic
field

i

H = 2_7:_m' _ __223’:’2“ oH ]
T ca T VRt Dot
at the center O of the rotating coil,

Now if a magnetic needle is suspended at O, it will point in the
direction of the resultant mean field. The mean values of the com-
ponents of H' along X and Y are

2rn?aw H

sin (wt —¢)

S T 3%
sin (wt—¢) cos wi=— nintaw H

H ’ — e S' y
' 2y R+ [*a? cty/ R’-f-Lsco’mq5
etnfaw H o o n*n®a 0 H

! —————n oo ‘\)t"‘ sin mt= I Ta= =T
v e/ R + Lzmzsm( ¢) i/ R + Lawzcos é
where
sin @ = Lo cos @ = R
v R ¥ L*o?’ vV R+ Lw?

Therefore, the deflection of the needle from the X axis due to the
rotation of the coil is given by |
H/ mn%a w R
H+ H = @R + (¢®L* = n¥n%al) 0? *
For the speeds of rotation ordinarily used the second term in the
denominator is negligible compared with the first. Consequently,
w*n’a 107-1
T Ctana’ (107-1y
which gives the resistance, in c.g.s. units, in terms of easily measur-
able quantities. A small correction is necessary, however, to take
account of the current induced in the coil by the magnetic field of
the needle.

tan a =
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Other absolute methods of measuring resistance involve com-
parison of a resistance with a known inductance. A detailed account
of such methods may be found in Glazebrook’s Dictionary of Applied
Physics.

Problem 107a. Express (107-1) in m.k.s. practical units,

n2nZape
(10)’ tan a

108. Other Absolute Measurements.—The absolute value of an
clectromotive force cannot easily be obtained directly, Hence
recourse is had to Ohm’s law, the value of an electromotive force
being obtained from the value of the current it produces in a circuit
of known resistance.

The Weston cell (art. 61), when made according to prescribed
specifications, has very closely the e.m.f. 1.0186 volts at 20° C when
on open circuit, Other electromotive forces can be compared with
this by the potentiometer method of article 56.

We have seen that the capacitances of condensers of simple
form can be calculated from their dimensions. The capacitance of
any other condeniser can be compared with that of a standard by
the bridge metkod of article 23.

Finally both self and mutual inductances may be calculated
from their dimensions in many cases by the methods developed in
article 96. Once a standard of inductance has been obtained, any
other inductance may be measured in terms of it by the bridge
methods described in article 121,

109. Systems of* Units.—The c.g.s. system of units which we
have employed is known as the Gaussian system. It makes use of
the electrostatic units of all electric quantities, including current,
and the electromagnetic units of all magnetic quantities. Collecting
the fundamental equations as developed so far in these units, we
have

Ans. Rp =

E=-%, H=T"., @
. anf . . . ___lq oB
]S'H dl—-—cJ:] ds, (3) fE d=— | 2.ds, @)

D=E-+4mP = xE, (5) B=H + 4zl = pH, (8)
Fo=rE+ - §xB. ()

Equations (1) and (2) are Coulomb’s laws for electric charges
and for magnetic poles, respectively ; (3) is Ampere’s law ; (4) is
Faraday’s law ; and (5) and (6) are the constitutive relations between
displacement, electric intensity and polarization on the one hand,
and between induction, magnetic intensity and magnetization on the
other. Finally, (7) is the force per unit volume on free charge of
density p in the electric field E and on current of density j in the
magnetic field B. The current density j is, of course, due to such
part of the charge density p as is in motion.
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To pass to any other system of c.g.s units, indicated by single
accents, we may put ¢ = ag’,m = pm’, D = yD’, B = §B’, where
we agree to preserve the defining relations

g = qE = q,EI’ )

¢ F =mi=mH, I> (109-1)
1 = ‘l—{= 3’-—, '
J

Therefore, we have E= (1/a)E’, H= (1/B)H’, i = ai’, j = qj’.

Furthermore, since polarization is electric moment per unit volume,

{: = aP’, and similarly I = BI’. Hence the fundamental equations
ecome

4 ’

m

E=aZ, 1 H =p 5, (2)
fﬂ'-m:‘”‘“ﬁj i - ds, (3)
¢ Js
.. v _ _ as[ B ,
fE di=— P 50 ds, ()

D= LE k()P = EE )

ay

L 1 ’ ﬁ I_._f" ’ ’
B—ﬁ8H+4n<8>[—BSH,(6)
Fo=pE + 2 i xB. (1)

The constants k£ and y, beirllg pure ratios, are the same in all units.

The complete electromagnetic system, in which electric as well as
magnetic quantities are expressed in e.m.u., is obtained by putting
a=7Y=2¢, B =28 = 1. This system, although much used in the
past, is gradually giving way to the symmetrical Gaussian system
which has been employed in this text. As, however, many important
electric quantities are still tabulated in e m.u,, the electromagnetic
system is included in the conversion table at the beginning of the
book. When quantities are measured in electromagnetic units, indi-
cated by the subscript m, the fundamental equations take the form

dn

En=c T, (m) Ho= "7, (2m)

F =t [ e ds Gm) FEucdt= — [ D ds, am

1
Du = 1 En + 47Pn = S E,, (5m)

Bn = Hnm + 47l = uHa, (6m)
Fr = PuEm + jm X Bn. (Tm)
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The most convenient c.g.s. system for theoretical investigation,
which has the advantage of eliminating the coefficient 47 in the
more important equations, is the Heaviside-Lorentz system, the units
of which are designated by the abbreviation h.l.u. In this system

1 —
a = = _ R = = 477'.
A Vir r=3 v
Indicating quantities measured in Heaviside-Lorentz units by

}he subscript /, the fundamental equations in these units take the
orm

= = M
EI - 4""2 ’ (ll) Hl - 41".3' (‘21)
R I . _ 1[ oB
FH-a = CLJ, ds, (3) F B+~ | B
D, =E + Py = KkE;, (5] B, = H, +L, =uH,, (6])

“

F: = pE + i i X B. (1)

It is to be noticed that the force between two charges measured
in h.lu. is

g _aa

s 4up2”
Therefore, the Heaviside-Lorentz unit of charge is that charge which
repels an equal like charge at a distance of 1 ¢m in vacuo with a
force of 1/4w dyne, ,Similar remaiks apply to the unit of pole-
strength.

Gauss’ law (14-4) takes the form
J- D, ds = J— [T (109-3)
8 T

in h.L.u , so while we have introduced a factor 1/4= in Coulomb’s
law we have rid ourselves of 47 in Gauss’ law. A system of units
which removes the factor 47 from Gauss’ law and the constitutive
relations, as the Heaviside-Lorentz system does, is said to be
rationalized.

Since the practical units now used by the electrical enginecer aro
based upon the meter, kilogram and second as fundamental units
instead of the centimeter, gram and second, the practical unit of
force is not the dyne but the newton, which is (10)> dynes. There-
fore, if we designate electric and magnetic quantities measured in
m.k.s. units by a double accent, the first two relations in (109-1)
must be replaced by

_ s gm cm ..,
g€ = oy 85 T aE, 1
|

m ¢ nxyr
mH = (10) —gk—g—%m H", J

(109-2)

(109-4)
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the unaccented letters, as before, representing the same quantities
measured in c.g.s. Gaussian units. As, however, the units of many
electromagnetic quantitics, when expressed in teims of the units
of mass, length and time, involve awkward fractional indices,
we shall confine our transformation relations to equations bctween
numerics, writing the relations above in the form
gE = (10)°’q"E",
mH = (10)5m""H" .
Let us uow put g = (10)*/%ag”, m = (10)*28m"’, D= (10) 1/2yD",
B = (10)*'* §B”". As polarization has the dimensions of charge per
unit area, P = (10) /2 ¢ P’ and similarly 7 = (10)42 BI".  Also, as
i = (10072 ai”, it follows that j = (10)!/2 «j". Finally, if we
designate geometrlcal and dynamijcal quantities measured in m.k.s.
units by the subscript p,r = (10)%,, dl = (10)%dl,, ds = (10)'ds,
and ¢ = (10)’c,. Then the fundamental equations (1) to (7) become

1
S (109-5)

E" — o2 _‘_q (1:/) H'" = ﬁ! :nz \ (2")
v
f H - dl, = 4"“’3]. i’ dsp, (37)
Cp 8
w. o _ _ a8[ 9B "
g W,
" 1 " ) ’” ’"
DY = E'+ 4r (G)P' = S E. (@)
B" ﬁsH +47r< >1=— , (67)
Frp = P"E" + 2§ x B (1)
Cp

These are identical in form with (1) to (7') and reduce, like them,
to the equations in any c.g.s. system of units when the constants
a, B, vy, 8§ are given the appropriatc values, and the accents and
the subscript p are removed.

In any m.k.s. system the joule is the unit of energy and the watt
the unit of power. We wish to retain in our m.k s. system the six
remaining internationally recognized practical units : namely, the
coulomb, ampere, volt, ohm, farad and henry. All six of these

are included if we make a = 2 998 (10) ®/2 =,/ 29.98¢,, for then the
joule is the unit of energy and the coulomb the wunit of charge, and
all the others can be expressed in terms of these two and the time, the
unit of which remains the second. This leaves the three constants 8,7,
§ arbitrary. If we made B = a and § = 7, the equations would retain
the symmetrical form of the Gaussian or the Heaviside-Lorentz
system, and one parameter, ¥, would still be arbitrary. However,
the International Electrotechnical Commission at a plenary session
in June 1935 decided to sacrifice the advantages of symmetry in favor
of making the coefficients of the integrals in the right-hand members
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of the circuital equations (3'') and (4”) equal to unity, as advocated
by Giorgi. This fixes the values of 8 and § as well as a, and, even
though 7 is still arbitrary, a symmetrical set of units is no longer
attainable. Finally, y is selected so as to make the coefficient of P
in (5"”) equal to unity, like that of I' in (6").

This gives the four constants at our disposal the magnitudes :
a=14/29.98c, = 2,998 (10)°/3,

1 o _ P 5/2
B= L ,\/ yon, = 0.7958 (10)

y=4m,/29.98c, = 3.767 .(10)1/2, § = ,\/ _)9“68 (10)7/2,

This system is the accepted practical system today, Indicatin
practical units throughout by the subscript p and putting

(109- )

S~ ———

1 1 1 i = 1
Ko =8 ay~ 1199mc, = 4w T yE 8.854 (10) L (100-7)

1 119.9+ 1 47 — |
”°!EB_ =, Tanpr = g = 1.257 (10)78,
so that & oo = 1/c,®, the fundamental equations in these units
take the form

— 9 —_ 9 q"
E, 4 g st 8.988 (10) = (1p)
my
Hp, = , = 6.333 (10 , (2
P 477_#0”‘ ( ) ( p)

. B
fﬂp * dlp = Is 720 dSp, (3p) pr . dlp = —I‘ 'aatp . dSp, (4p)

Dy = kEp + Pp = ki Ep = 8.854 (10)~12«E,, (5p)
B, = uoHp + Ip = puHp = 1.257 (10)=5, Hp, (6p)
* Fro = poly + Jo X By, (7p)
The quantities « o and p,, appearing in the equations in practical

units, represent the permittivity and the permeability, respectively,
of empty space. Although the physical dimensions of both are fixed

by those assigned, arbitrarily, to a, 1/4/ £qu must have the dimensions
of a velocity, For the dimensional relations

_ r M2
LE] = [thzTK'olia] ’ [H] = LanTl'Lollz ’
follow from (lp) and (2p). Substituting them in (4p) it is found

that . L
[\/}c 0,,0:} = [T:] '

The most symmetrical assignment of dimensions consists in making
the dimensions of o and p, the same. This requires that a? be a
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velocity and justifies writing o in the form 4/29.98c, as we have done
above.

Since the fundamental equations (1”) to (7"’) in m.k.s. practical
units reduce to those in Gaussian units when a, 8, v, § are made
unity, it is evident that any equation derived from them can be
written in terms of a, §, 7, § in such a manner that the equation in
¢ g.s. Gaussian units is obtained by making these constants unity,
and in m.k.s. practical units by giving them the values specified in
(109-6). Where none of the four constants appears, the equation is
the same in both sets of units. In order to avoid confusion, the
subscript p should be appended to all geometrical and dynamical
quantities as well as to all electric and magnetic® quantites appearing
in equations expressed in m.k.s. practical units. Also, the coefficients
associated with electric quantities should be given in terms of g, and
those associated with magnetic (uantities in terms of u, A list
of important derived equations expressed in terms of a, B, ¥, §
follows.

€1 F=o%, (198) & — R,
(14) V=ox?, (68-6) dH — api d!c_;;,r,
(8-5) j E.ds = 4‘"“2'.‘ pdx (69-5) H = 4"‘;3"’i ,
8 <
ol _ 2aBi
(16-8)  F, = g E° (69-8) H= "1,
2mal ad dN
=70 (88-4) § = -7,
~__ kA i _c .
(189) C=, &> (89-1) N = - ~Li,
D — Q2 — 1 _ di . q .
(21-]) U=} ¢ =igv ©1-3) Lo +Ri+-0=¢,

—1Cpe 924)Z =/ Ra(Lo—_ L)
o, (024) Z /\/R—}-(Lm Ay

cEr (94-9) U = 3L,i,? + Miji,
21-9 U= - 8ma? d-, T
= 2ﬁnl' J- v =_08 ; -aN
(7)) F=pF—F0 057 Fz =i
@84 V=pgs" (06-4) p = *retummd
N, — N,
(39-6) H:ds = 4nf? | pdz, (100-1) Q = a8 N, P
8 < c
_ I“'Hz _ c R )
(46-3) U = TSP dr, (100-18) B = ) 0.
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Evidently the derived equations above can also be expressed in

electromagnetic or in Heaviside-Lorentz units by inserting the
appropriate values of «, B, 7, §.

The procedure explained above is illustrated by the following
examples,

- x4
M C= 4mald
In practical units, a = ml_“ Cp = k kodp .
NE " 0 (4
A
In em.u., a = c, Cp. = drotd
In h.lu., o= ! , C = ’_"'HA ,
\ 4w
dnalummA
(2) M= = I‘fz na

In practical units, a = \/ ‘il];;, = Cp /\/ Z;‘; sy Mp = ppgmnpAp ;
0

In e.m.u,, a = C, M, = 4wpmnA ;

A
In h.lu, a = 1 M, = ymrzu .
A4 c
_ a8 N - N,

®) Q= c R :
In practical units, a§ = ¢, Op = - Nyp ;;N?P ;

Niyw — N,
In e.m.u., ad = ¢ Qm —_ ImRm 2n!;

Ny— N
In h.lu,, ad =1, Q= 1 R o

Certain equations, which are really definitions of one of the
quantities involved, hold in all system of units, including practical
units. In addition to (109-1) the following are among these :

oV v
EI="'"él, ]{l_ al:
& =fE-dl, £k=fn-d1,

(47
R= &, g

i b

pd

s
<
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_ 9 - .
c=9, N-—J..B ds,
. . &
) 'd = - - . .
i Lj 's, L _‘_1
dt

Problem 109a. Show that £, has the dimensicns of farad meter—! and
Wo those of henry meter—?, regardless of the assignment of dimensicns in
terms of mass, length and time.

Problem 109b. Obtain conversion relations between measures of
quantities in c.g.s. Gaussian and m.k.s. practical units, like those in the table
of article 50, for flux of induction, magnetomotive force. reluctrance.

Ans, N = (10! Np, R = 4= (1 )1 R, R = 47 (10)~9Rp.



CHAPTER XIII
ALTERNATING CURRENTS

110. Simple A-C Circuits, — When a periodic or alternating
electromotive force is introduced into a circuit, an alternating current
results. The e.m.f. need not bhe sinusoidal in form, although it very
frequently is so in practice. We may restrict our analysis to the
sinusoidal case, however, for a non-sinusoidal periodic e.m.f. may be
expressed as an infinite scries of sinusoidal terms whose frequencies
are integral multiples of the fundamental frequency of the em.f. The
current is then the sum of the currents corresponding to the separate
terms in the infinite series. An infinite series of the sort just des-
cribed is called a Fourier series.

We have already made a preliminary study of a simple series
circuit with resistance, inductance and capacitance in article 92.
Denoting these quantities by R, L and C, respectively, an impressed
electromotive force & , sin w? gives rise to a current

i=1i,sin(wt— @),
where

= - - S Ea 1@ tan ¢ = R
’\/R2+<Lw'Cm>

These equations were deduced on the assumption that the circuit
elements consist of one unit each, but, as was pointed out in article
91, R, L and C may also represent resultant values if each element is
a combination of units. We have seen how to calculate these values
for series and parallel arrangements of resistances (art. 52) and of
capacitances (art. 18). When inductances are placed in series, the
total induced e m.f. is the sum of the scparate e.m.f.’s. Thus, if i is
the current flowing through the inductances and L is the resultant or
equivalent inductance,

k
di di di di - di
Ly=L—y thg +.- Loy = [%‘ Li | g

and therefore
k
L= Y L. (110-1)
1

With inductances in parallel the induced e.m.f. is the same for each
inductance, whereas the currents iy, iy, ... i are in general different.

Then
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di diy diy di ,
Lo =L =L =-L%, 102

where i = i; + iy + - - - i is the total current. Writing (110-2) in the
form .

Ldi_di  Ldi_di  Ldi _d
Lot~ dr L,dt— dt’ Lydt — dt ’
and adding, gives
L L LNdi  di fIz, | di
LYL+Y - Gla=dta T 4

As the right-hand member of this equation is equal to 3:, we must

have
L L
‘L—1+L2+"'L;_=],
or, finally,

ko
=¥, (110-3)

[

Thus self-inductances combine, when arranged in series or in parallel,
in the same way as resistances.

Let us now return to the original circuit (Fig. 229) and consider
the relation between current and ¢.m f. across each e¢lement, These
c.m.f’s are the potential drops §r, &1 and & of article 91.

The e.m.f. across the resistance is

&r = Ri = Rigsin (0t — ¢), (110-4)
which is simply Ohm’s law.

The e.m.f. across the inductance is, as shown in. article 89,

di .
§r=L dl: = Lwiy cos (ot — ¢). (110-5)
The amplitude of this e.m.f. is therefore obtaincd by multiplying the
amplitude of the current by
R L C the magnitude of the induc-
/\/\/\ m tive reactance. This is an-
alogous to Ohm’s law for the
resistance. In this case,

i} | however, there is a difference
in phase between e.m.f. and
/,\-_,\ \ current. In fact, since cos
v (ot — @) =sin (wt — ¢ +
EOSlnwt m(2), i lags =/2 radians behmd
Fic. 229 & . . This means that the

current in the inductance
reaches its maximum value a quarter of a period after the e.m.f.
across the inductance.
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The e.m.f. across the capacitance,

1,
Ec = g- = — (g focos (0t — @), (110-6)

is found from (91-2) by substituting for & and i their sinusoidal
values. The amplitude of this e.m.f. is equal to the amplitude of the
current multiplied by the magnitude of the capacitative reactance. As
regards phase, i is evidently #[2 radians ahead of & .. The phase
relations in (110-5) and (110-6) are often expressed by saying that an
inductance draws a lagging current and a capacitance draws a leading
carrent.

For the whole circuit, the amplitude of the e.m.f. is

§o=2Zi Z= \/R‘ +( Lo — £), 10

from (92-3) and (92-4) ; and, denoting the reactance by X, the phase
difference is given by

tan¢=X 1

R’ X=Lw — Co (110-8)
A positive value of ¢ indicates that the current lags behind the
e.m.f,

Evidently (110-7) and (110-8) include the previous results. For
let us reduce the circuit to only a resistance by setting L = 0,
C = o« . Then Xand ¢ become zero, so that the amplitude of the
e.m.f. across R is Riy and the phase difference is zero. Similarly with
R =0, C = o, the amplitude of the e.m.f. is Lwiy and the lag ¢ is
|2, while with R = 0, L. = 0, the values are (1/Cw)iy and —m/2.

We may also find the relation between current and e.m.f. for any
pair of circuit elements. For example, putting C = . we see that
the amplitude of the e.m.f. across a resistance and an inductance in
series is 4/ R’ 4+ L?w?%, and the angle of lag is arc tan (Lw/R).

Protlem 110a. Inductances of 2 millihenrys and 5 millihenrys respec-
tively are connected in parallel. The combination 1s placed in series with a
resistance ot 10 ohms and a 1000-cycle e.m.f. of 10) volts. Find the amplitude
and the angle of lag ot the current 1n the resistance and in each inductance.

Ans. 7.44 amp, 5.31 amp, 2.13 amp ; 0.731 radian.

FEroblem 110b. Find the amplitude and the phase angle (relative to the
impressed e.m.f.) ot the e.m f.’s across the resistance and the inductances in
thg. preceding problem. Amns. 744 volt, - 0.731 radian; 66.8 volt, 0.839
radian.

111. Divided Circuits. — Often circuits are divided into several
branches. A simple illustration of a divided circuit is given in
Fig. 230. To find the total current i in this circuit, denote the
current through L by i, and that through C by ic . Also let the
charge on C be g¢. Since the circuit is divided there are two
circuit equations, corresponding to (89-7) and (90-4), respectively.
That is,

dig,

Ldt'

+ Ri = §,sin wi,
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Ri + ﬂg—: €, sin of.

Differentiating the second equation twice, multiplying through
by LC and adding to the first equation, we obtain
di di , 9 o
s = — -1
i + L di + Ri & (1 — LCw?) sin wt, (111-1)
since i, + ic = i. As in the case of (92-1) we know the solution of
(111-1) has the form,

RLC

i = iysin (wz — ).
Substituting in the differential equation and arranging terms, we have
{(—~RLCw? cos ¢ + Lw sin ¢ + R.cos Pig— & o(1 —LCw?)} sin wt
+ {RLCw? sin ¢ + Lw cos $—R sin ¢p}is cos ot = 0,

O,
& sinot
Fic. 230
showing that to satisfy (111-1) we must have
. & 1 Lw
o = - Oy v, stmg= o () LCm")'

- kc(;s o) +(1 _L;sz >§in o)

The values of sin ¢ and cos ¢ may be obtained from the ex-
pression for tan ¢, and we find that

fp= — - 80 ; (111-2)

Lo 2
’\/ R+ () LCwt )

T Le N2
Z= \/ R+ (; Tcer) (111-3)
Inspection of (111-3) shows that Z = o for the frequency

v, = 12/ LC. Since this is the exact antithesis of the series
circuit case where the impedance has a minimum value for this
frequency, the circuit is said to be antiresonant  Antiresonant circuits

and hence
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are often useful when it is necessary to eliminate certain definite
frequencies in a current supply.

Usually, divided circuits are more complicated than the one just

discussed. For example, R L

the resistance Ry of an r"'/\w
inductance coil often ’
cannot be neglected. R

Consider  the circuit /\/\/\

shown in Fig. 231. This C
may be solved by the H
same method as before, . | d
but, as the reader may 4 o

easily convince himself,
the analysis is quite

mnvolved We, therefore, (~)
defer the solution of this o
and  more  elaborate Cosinwt

circuits and turn_ our ¥16. 231

attention to the develop-

ment of a new and more powerful method of attacking circuit
problems which depends on the use of complex quantities.

112. Complex Quantities. — Although the squarc roots of
negative numbers have no existence in the domain of real quantities,
we often find it necessary to deal with them in analytical problems.
A quantity of this type, called an imaginary, may evidently be
cxpressed in the form =-jy wherei= 4/ — 1 and y is the square
root of the magnitude of the negative number. The combination of a
real quantity and an imaginary is called a Complex quantity. Thus
X + iy and its conjugate x — iy are complex quantities. We shall
use black face type, as in the case of vectors, to distinguish a complex
quantity. For example,

z=x + iy (112-1)
Complex numbers obey all the ordinary laws of algebraic
manipulation. Thus to add, and to subtract,
Z4+2 = (x4 1)+ (¥ + D)= (x + x) + iy + ), ] (112.2)
Z—z =(x+D) - & +))=x—-x)+iy—)
To multiply, and to divide,

7' = (x + ) (x' + i) = (x' — py') + il + xy),
z _ x+iy _ (x4 iy (x —D)
£ x4+ T x4y L (112-3)
- (Vxx’ Wy ( xy' — x'y l
x? 4+ 2 X2 4yt ) J

It is important to observe that since the real and the imaginary
parts of a complex equation are entirely independent, such an equa-
tion represents two real equations. If we set

z+ 2 =127,
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for instance, we must have

x 4+ x' = xx" — yy,

y+y =xy+xy.
We may represent z graphically by a point in the XY plane,
Imaginary taking the X axis as the real
axis and the Y axis as the
, imaginary axis. In Tig. 232
Z4Z are shown z,z' and z + z'.
Z Evidently, if we think of the
lines from the origin to, the
given points rather than of
the points themselves as re-

y presenting the complex quan-

' tities, the addition of complex

Z quantities is, graphically,

X |y exactly like the addition of
X Real vectors. That is, the directed

lines are placed head to tail
and a closing line drawn to
obtain the sum. Similarly,
subtraetion is effected graphi-
cally by reversing the direction
of the representative line and
then adding.

The vector properties of
complex quantities suggest
that it may be convenient to
express the latter in terms of
amplitude and direction as
well as in terms of real and imaginary parts. In polar coordinates

z, ¢,

and, conversely,

= z cos P, y=zsin ¢; (112-4)

Z= Jx* 42, tang — fc (112-5)

These relations are illustrated in Fig. 233, which shows the same
quantities as Fig. 232, in terms of z and ¢.

The polar form z = = (cos ¢ + isin @) leads us to an important
result, for
cos ¢ + isin ¢ = ei¢h, (112-6)
as may be seen by expanding all terms in infinite series, where e=
2,718 - . - is the base of the Naperian logarithms, as usual.
Therefore
z = zeigh (112-7)
The exponential from of complex quantities is very convenient
for multiplication and division, just as the rectangular form is
especially adapted to addition and subtraction. Thus,
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2z = (zelQp) (z'e'@’) = zz'e!p*p), ]

ok - F (112-8)
z ze ¢ = — s i
i,- = ;;;—-"el¢~,= 'z‘_;e_(igb ¢ ), J'

Graphically, multiplication or division by a complex number is
represented by a change of amplitude and a rotation of the quantity
affected. For example, multiplying z’ by z increases the amplitude
of the former by a factor z and rotates it through an angle ¢.
A special case of- interest is multiplication by i. Since i = e™/2,
this merely causes rotation through =/2 radians. Similarly division
by i causes a rotation of — 7|2 radians.

From (112-2) and (112-8) we may formulate the rules for com-
bining complex quantities :

(I) In addition (subtraction) the components of the sum (difference)
are equal respectively to the sum (difference) of the components.

(II) In multiplication (division) the amplitude of the product
(quotient) is equal to the product (quotient) of the amplitudes, and
the angle of the product (quotient) is equal to the sum (difference) of
the angles.

In the course of complex analysis we express quantities in
rectangular or in exponential form according to convenience, passing
from one to the other by means of (112-4) and (112-5). Numerous
examples of this procedure will be found in following articles.

Problem 112a. Show that

Vit =+ jz(\/\/ Wl g4 x i \/\/ﬁ"+‘y"’. j_x).

Problem 112b. Prove that if n is an integer

n_ 5 +2m 5 + 2
A°1 == cos - + i sin . s p=0,1,-++(n - 1).

Problem 112c. Show that

(cos ¢ + i sin h)n = cos ngp + i sin n¢p.
Problem 112d. Find the value of it. Ans. 0.208,
Problem 112e. Find the real part and also the amplitude of

(ifi‘) @ + 50).
Ans 5[2,~/J§§!2.

113, Application of Complex Quantities to A-C Circuits.—In
order to see how complex quantities may be used in solving a-c
circuit problems, consider again the differential equation of «a simple
series circuit (art. 92). This equation is

d di 1. d&
Ln Tt RGg+ci=—4
Suppose we indicate the solution corresponding to § = &, cos w?
by i, and that corresponding to § = &,s8in wt by i;,. Then
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dlx + di, 1. d -

dt2 Rdt +-Cu = dt(gocos wt),

d1 di 1 d .

dt‘y + R d‘tl + ¢ iy = & (& o sinwt). (113-1)

Multiplying the second of these equations by i and adding it to the
first gives

di 1 d
L dt- + R dt + C dt (&8 .t)s (113-1)

where i = iy + iiy. Thus, in solving the circuit problem, if we
replace the actual sinusoidal e. m. f. by a corresponding complex
e m.f.; we obtain a complex current whose real part is the current
due to an applied cosine e.m.f and whose imaginary part is the
current due to an applied sine e.m.f. The utility of this procedure
lies in the fact that it is simpler to solve the differential equation in
the complex form than in the real form. This is not of great impor-
tance in the case of (113-1), but the method is applicable to all a-¢
circuit problems and is of very great value in the more complicated
cases.

Let us now solve (113-1). The solution must be of the form
igei®?, since current and e m.f. have the same irequency. Substitut-
- ing in the differential equation,

. 1 . . )
(— Lw?® 4+ Rio + C > jpelol = § jiwevil,
so, in order that (113-1) may be satisfied, we must have

o o (113-2)

The denominator of the right-hand side of (113-2) is the complex
impedance Z of the circuit. [ts amplitude

Z = /\/R2 -l-(Lw—CL)z

is the real impedance to which we are accustomed, and its angle ¢,
given by
Lo — 1 .
tan ¢ = — - Co
R

is the angle of lag.
Expressing Z in exponential form,

- zg?}se“”’ = 520 oiwt=gh), (113-3)

The actual current corresponding to an applied em.f. §, sin w?
is the imaginary part of (113-3), that is

i= 3" sin (wf — @),
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which is the value previously found in (92-2). Since actual values
are obtained so simply from the complex expressions, circuit problems
often reduce merely to a calculation of impedance.

From (113-3) the relation in complex form between the applied
e.m.f. and the current is seen to be

& = 7i. (113-4)
The quantity Zi is equal to the sum of the e.m.f.’s across the circuit

elements R, L and C, since, in accord with (110-4), (110-5) and
(110-6), these e.m.f.’s are, respectively,

612 = Ri) .
S, = L-Z: —iLoi,

In each case the em.f. is equal to the impedance of the element
multiplied by the current. It should be borne in mind that § g,
&1 and & ¢ are potential drops.

Evidently a relation of the form (113-4) holds not oniy for a
simple series circuit, but for any circuit. The value of Z depends,
of course, on the arrangement of circuit elements involved, but it is
always of the form

Z=p,+ixg, (113-5)
where £ is the equivalent series resistance, and ¥ is the equivalent
reactance. Comparing (113-4) with Ohm’s law in real form § = Ri,
it is evident that in an a-c circuit complex impedances behave exactly
as real resistances do in a d-c circuit. Thus, impedances in series
add directly, and impedances in parallel add by reciprocals. Since

the impedances of the elements R, L and C are R, iL® and — i Ca
respectively, we can easily calculate the impedance of any series and
parallel combination of them.

We are now able to deal with the circuit of Fig. 231. The
impedance of the upper branch of the divided circuit is R ;+iLw and

that of the lower — ii . Therefore, the impedance of the divided

Cw
portion of the circuit is
__—____‘_1'7 _ R;, 4 iLo
1 1 7 (1— LCw? + iR Co "
Rr+iLet . T

— 1 = -
Co
Multiplying numerator and denominator by the conjugate of the latter
reduces the expression to the standard form
R; i Lol - LCw?% - Ri2Ce
(I= ICwi? ¥ RpiCfat T ' {i = LCw®® + R7:Coa? *
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and Z is obtained by adding R. Setting

R,
R=R+ (' = LEohp § RpAChan
5 Lw(l — LCw?) — R;2Co (113-6)

X= T =LCo" + Ry'CPa?
the amplitude and angle of Z are given by

Z=\/‘ﬁl_.F"5”{2,_ tan ¢ = §

A divided circuit of the type under discussion is, by definition,
antiresonant when its equivalent reactance vanishes. Hence, putting
X = 0, the antiresonant frequency is found to be

_ 1 41 Rr?

Va = 27/_.0 - A& (113-7)
Evidently this does not differ apprec_ia,bly from the series resonant
frequency v, = 1/2ny/ L if Rz?/L? is small compared with 1/LC,
which it usually is in practice. In this case we may take v, = v,,
as for the ideal circuit of Fig. 230. At antiresonance the impedance of
the circuit is equal to R + L/CRy, which becomes infinite if Ry is

reduced to zero.
In the foregoing discussion we have assumed that the frequency

can be adjusted to the value v,. Of course, if v is fixed, antireso-
nance is obtained by varying L or C so as to make vz = v,

Returning to (113-4), we observe that while this relation is of
convenient form when circuit elements or parts of circuits are in
geries, an expression of the form

i=Y8§, (113-8)
is better suited for parallel combinations. @We therefore define the
complex admittance Y as the reciprocal of Z. As the admittances of
the elements R, L and C are respectively R}—, - izla and iCo the

total admittance of R, L and C in parallel is
1 .71 .

Y=g _1(H—Cw)EG-——1B, (113-9)
where G is called the conductance and B the susceptance. In the
exponential form

Y = Ye~ieh, (113-10)
where

Y= yGiB, tang =~g.

The admittance for a more complicated combination of circuit
elements always has the general form

Y =G - iB, o (113.11)
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in which G is the equivalent parallel conductance and B is the
equivalent susceptance. For example, the admittance corresponding
toZ = R + iXis
Y——---l _R-iX R X

TR+iX TR4x2T 2T zie
Hence, in this case,

~ R ~_ X
G= Zg'! B= Zz " (113-12)

The relation between current and e.m.f. in any circuit may be
determined by calculating either Z or Y, of course. One calcula-
tion is usually found to be simpler than the other, however.

There is one restriction on the use of complex quantities in
circuit analysis which must be mentioned. They cannot be used
to calculate power directly, because the real or imaginary part of &i
is not equal to the product of the real or imaginary parts of & and i
respecitvely. To find the power at any instant, we must find the
actual e.m.f. and the actual current and multiply these real quantities
together.

Problem. 113a. Deduce (110-4) to (110-6), inclusive, by means of complex
quantities.

Problem 113b. Find the current in the circuit of Fig. 230, using complex
analysis.

Ans. & o sin (ot - @),

LN
VR + ( 1—Lc;5=‘)

1 Lo
an ¢ = 3 (7 fcar )
Problem 113¢c. Given a current { = i, sin (ot + ¢) flowing through R and
L in parallel. Find the e.m.f.

__ RLei, . = k.
Ans. VR 4 Lot sin(ot +e+ ¢), tangh= Leo
Problem 113d. In the circuit of Fig. 231 the resistance RL in series with
L is removed, and an equal resistance R¢ is placed in series with C. Find Z.
Also, show that, at antiresonance, Z has the same value for both circuits.
- ReL*Clot .__]
Ans. Z = [R T A=Icwt) + Rocie?
+i Le(l-LCw? + ReLCe®
‘[ (1-LCw?? + RoiCiw?

Problem 113e. In the circuit of Fig. 231 an additional resistance Rc is
included, in series with C. Find Z if RL = R¢ = 4/ LJC.
‘Ans. Z =R+ ,/LJC.

114. Graphical Representation of Electric Quantities.—Electrio
quantities in complex form may be represented graphically, according
to the method described in article 112. Graphical representations
are often of great value in understanding the behavior of complicated
circuits and graphical analysis is particularly useful to the engineer
in designing electrical machinery and other apparatus. -
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. Figure 234 shows an impedance

Z=R+i( Lo - oo )

and Fig. 235 an admittance

1 .7 1
Y= R—1<Lw — Co )

A more complicated case, the impedance of the circuit of Fig
231, is shown in Fig. 236. . Line 1 is the impedance of the upper
branch of the divided circuit, and its reciprocal (line 2) is the corre-
sponding admittance. Adding iCw we obtain line 3, the admittance
of the divided part of the eircuit. The reciprocal of this (line 4}
is the corresponding impedance, to which we add R and obtain Z.
The diagram as drawn indicates a frequency condition below antire-
sonance, since ¢ is positive. This follows from (113-6).

Often it is more instructive to show currents and e.m.f.’s directly
on the diagram, rather than impedances and admittances. In this

. Imaginary
Imaginary
h
I .
iLiw A/ |iCe
1
y Real
Real "‘L'Lw’u 2
Fic. 234 Fic. 235

case we usually dispense with the axes as we are interested only in
the relative phases of the electric quantities. A graphical representa-
tion of currents and e.m.f.’s is called a vector diagram although the
quantities represented are not true vectors in the pliysical sense.

To illustrate such a diagram we may use again the divided circuit
to which Fig. 236 refers. Denoting the current through the upper
branch by iz and that through the lower branch by i¢, the current
and e m.f. relations are represented by Fig. 237. Angles measured
counterclockwise indicate a lead in phase. The diagram shows that
the applied e.m.f. & is the sum of Ri and the e.m.f. across the
divided portion of the circuit. This last e.m.f. is, in turn, the sum
of Rzip and the e.m.f. across L. Asregards the currents, the total
current i, which is in phase with Ri, is the sum of iz, which is in
phase with Ryir, and i¢, which leads the condenser e.m.f. by 72
radians.
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Note that if we are interested in the actual or instantaneous
values of the electric quantities, we may draw the real and the
imaginary axes and project Imaginary
the entire diagram on them.
As & = § o', the pro-
jection on the real axis at
any instant gives the in-
stantaneous values for an
applied cosine e.m f., and the
projection on the imaginary
axis gives the corresponding
values for an applied sine
em.f. Since the phase of
each of the electric quanti-
ties contains wt, the angles
of the vectors increase uni-
formly with time, which is
equivalent to a rotation
of the vector diagram about
the origin. The variation
of the projections due to
the rotation vepresents the
actual sinusoidal wvariation
of the instantaneous values.

Problem 114a. Draw the
vector diagram of a divided
circuit with a resistance R¢ 1n

sertes with the capacitance Iic. 237
instead of Rz in series with the inductance.

Real

. 115, A-C Networks and Kirchhoff’s Laws.—When an a-c circuit
is so arranged that it cannot be analyzed into series and parallel groups
of circuit elements, it constitutes an a-¢ network, analogous to the
d cnetwerk described in article 52.  Evidently Kirchhoff’s laws may
be generalized to apply to a-c networks. As in the d-c case there can
be no continual accumulation of charge at a junction, so Law I of
article 52 remains unchanged. On the other hand, Law II assumes
a more complicated form. Consider any closed path in the network,
made up of three or more network branches each of which may
contain an applied e.m.f. together with inductance, capacitance
and resistance. Now, just as for the simple circuit of article 91, we
have for each branch a relation of the form

§+ 6i+ (E4+ Ex+ 8o+ r)=Ri+ [

in the notation of that article. Here, however, the expression within
parentheses does not vanish. But if we sum around the closed path,

we have > (§.4+ &z + ¢+ &r) = 0 since the summation
represents the e.m.f. due to static charges around a complete circuit.
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Hence, replacing §; by — L :—z, we obtain

§:(.Lfg + Ri + ) _ o

for any closed path in the network, as the analytical form of Law II.
In this form the law holds for any type of varying current, whether
sinusoidal or not. The left-hand side of the equation is the sum of
the e.m.f.’s across the various circuit elements included in the closed
path and the right-hand side is the sum of the applied e.m f.’s. In
the case of sinusoidal currents, if we express the a-c network equations
in terms of real currents and e.m.f’s, they are awkward to solve,
except in the case of a pure resistive network, because of the phase
differences involved. In terms of complex quantities, however, the
sum of the e.m.f’s across the circuit elements is given simply by
3.Zi, where the Z’s are the branch impedances, as shown in article 113.
i’.!.‘hus we may state the generalized Kirchhoff’s laws in the complex
orm :

Law I. The algebraic sum of all the complex currents meéting at
a junction is zero.

Law II. The algeb-
raic sum of the Zi terms
around any closed path
equals the algebraic sum
of the complex applied
e.m.f.’s in the given path.

Consider, for exam-
ple, a network of the
Wheatstone bridge type
(Fig. 238), in which each
branch, except the one
with the e.m.f., contains
an impedance of any

form. Since the equa- /Ez\_
tions  arising  from - \&J
Kirchhoff’s laws have Fic. 238

exactly the same form as

for the d-c bridge (art. 53), the solutions also have the same form.
Hence, referring to (53-1), we see that the complex current in the
galvanometer arm is

: (Z,Z; — Z.Z)8

VWS R Z(Z, T Z) (Z, ¥ Zy)

(115.1)

where
H == Z1Z2ZJ + Z2Z3Z4 + ZgZ‘Zl + Z4Z1Z2.

The actual current i, is found by taking the real or the imaginary
part of (115-1), as usual. :
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z Wh%n the bridge is balanced i; = 0, so that we must have
1 L3 i
z,~ 7, (115-2)
This result may also be
obtained by observing
that, at balance,
z1i1=Z3ia,Z2i2=Z4i4.
Dividing the first equa-
tion by the second
gives (115-2), since
il = ig, and ig = ig-
A common variety
of this Dbridge, the
inductance bridge, is

shown in Fig. 239. .
Usually L, is an un- . @

known inductance of

resistance R,, while L; Fre. 239

is a known adjustable inductance of resistance R;. The resistances
R, and R, are also known and adjustable. Equation (115-2), the
condition for balance, reduces in this case to
leA iLl(D _ R3 + iL30)
R, — R~
Equating real parts and imaginary parts, we find
R, _ R, L _ L
R, R/ R, — RS

The double condition for balance is characteristic of a-c bridges.
The first relation corresponds to an ordinary d-c¢ balance and is
established with the aid of a constant e.m f, and a d-c current
indicator, R, or R, being adjusted. Then an alternating e.m.f. and
an a-c current indicator are put in place of the others and the
second relation in (115-3) isestablished by adjusting L,, care being
taken not to disturb the d-c balance. The unknown L, is now
determined in terms of Ly, R, and R,.

Although the simultaneous solution of the junction and the loop
-equations does not present any difficulty for a network such as shown
in Fig. 238, it is desirable to
write the circuit equations in a
more compuact and symmoatrical
form, especially when the
number of branches is large
Since the circuit equations are
linear, every branch current can
be expressed as the algebraic
sum of a number of loop cur-
rents each of which is continuous
around a closed path in the
network. The loop currents
satisfy Law I individually, so. Fic. 240

(115-3)
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that the jﬁnction equations are satisfied automatically and only the
loop equations in terms of the loop currents remain to be solved.

To illustrate the use of loop currents, let us suppose that loop
currents i, i» and i, flow in the network of Fig. 238. the relation
between these currents and the branch currents being shown schema-
tically in Fig. 240, .

Since
!1 =1ia _'*' ibs. i2 = ig, ]
iy = —is — iy + i, ig = —ia + i, > (115-4)
i = ir’ iﬂ = ib, J
the loop equations
Zlil + ZLiz - Z.‘i,‘ - Z3i3 = 0, .‘
Zii, + Zsi; — Zsiy = O, S (115-5)
Z3i3 -*- Z4i8 = 83 J

become

(Z1+Z2+Z3+Z4)ia+(Z1+Za)ib+(—zs_z4)ic = 0, l
(Z1+Z;)ia+(zl+Zg+Z3)ib+( "‘Z’)ic = 0, (115‘6)
("‘zs—z.t)ia+(—Za)ib+(z:{+l4)ic = §. J
Solving these and using the simple relations contained in (115-4),
we obtain the branch currents, but with less labor than before.
‘When only one branch current, such as i, is required, the labor is
reduced to a minimum by choosing the loop currents in such a way
that one of them, is in this case, is identical with the required branch
current,

Let us examine the constants appearing in the loop equations
after writing them in the completely symmetrical form

Zaa.ia + Zabib + Zacic == 811,
Zsaia + Zopio + Zycde = &, (115-7)
Zegios + Zesiy + Zecie = &,

where Zg= (Z; + Zy + Zy + Z,), Zup = (Z, + Zy), ...... and
8.=8=0,8,= & Evidently Z,,, Z;, and Z. are the self-
impedances of the three loops, that is, the total impedances through
which i,, i, and i, flow, respectively. The other Z’s are mutual
impedances, each shared by two loops. For example, Zgs; = Zy, is
the total impedance traversed jointly by i, and i,, while Zg = Z,
is that common to i; and i, It must be remembered that mutual
impedance terms are positive if the two loop currents have the same
direction through them, and negative if they have opposite direc-
tions. Finally, &, & and &, represent the algebraic sums of the
applied e.m.f.’s contained in the three loops, respectively. Note that
if an applied e.m.f. is common to two loops it must be included in
the total e.m.f. of each. .

. Evidently loop equations in the form (115-7), with the required
number of independent loop currents, apply to any network, and it is
unnecessary to write them down in the form corresponding to (115-5),
since the self and mutual impedances are known as soon as the loop
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currents have been specified. Tt is particularly advantageous to use
equations (115-7) for the investigation of general properties of net-
works. Either the fundamental branch current method or the
derived loop current method may be used, as preferred, for the
solution of any particular network.

When a network contains several applied c.m.f’s of the same
frequencv, it is necessary that they all be given as cosines or all as
sines, with appropriate phase angles, before they are expressed in
complex form. Otherwise the actual solulions cannot be obtained
by taking real parts of the complex solutions throughout or imagi-
nary parts throughout. If some of the e.m.f.’s have different fre-
quencies, actual solutions for each frequency must be obtained
separately and added together Lo obtain the complete solution.

Problem 115a. Obtain (115-1) by the loop current method.

116. A-C Measuring Instruments.—Alternating currents and
c.m.f’s cannot be measured with an ordinary instrument of the
d’Arsonval type because even at low frequencies the inertia of the
moving element is too great to permit the latter to follow the alter-
nating torque, and the mean torque, to which any steady deflection
must be due, is zero. We may, however, use the dvnamometer type
of instrument, in which both the fixed and the moving element
consist of coils. The torque at any instant on the moving part is
proportional to the product of the currents in the two elements from
(95-6). If these currents are drawn from the same source, the mean
torque is, in general, not zero, so that a steady deflection results.

When the elements are connected in series, so that the same
current i flows in each, the deflection is proporhonal to the mean
value of i2, which by definition (art. 92) is i.2, the square of the
effective current. Alternating-current ammeters and voltmeters are
often instruments of this sort. The ammeters are made with as low
resistance as possible, so they may be included in a cireuit without
disturbing it appreciably. The voltmeters, on the other hand, are
made with high resistance, so they may be placed across any part of
a circuit with negligible effect. Both ammeters and voltmeters are
calibrated to indicate effective (r.m.s.) values. Because the scale is
of the “squared” type, small values are determined with less accuracy
than large, which is often a serious defect.

In addition to the measurement of current and e.m.f., it is
important to be able to determine the mean power supplied to a
circuit or to part of a circuit. This can be done by means of a
dynamometer instrument with one low resistance element and one
high resistance element. The former is connected in ‘scries with the
load, and the latter across it (Fig. 241). The instantaneous torque
on the moving element is therefore proportional to &i, where § is
the e.m.f. across the load and 7 is the current through it. The mean
torque — and hence the deflection—is proportional to the mean value
of &1i, which is the mean power. The instrument just described is
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called a wattmeter. Tt is a,ccura,te and can be constructed for almost
any power range desu'ed but, in common with-all dyna,mometer type
instruments, "its use is limited " to
relatively low frequencies, not over
a few hundred cycles per second.
” : There are other types of a-¢ in-
Line g ' Load| syryments beside theylc)lynamometer.
One of the most widely used is- the
moving iron type in which two parall-
' Fic. 241 el pieces of soft iron, one fixed and
: one ‘movable, are surrounded by a
smgle coil coaxia! with the moving element. Current in the coil
produces a magnetic field which magnetizes the two - -pieces of iron.
The resulting mutual repulsion causes the movable iron to be de-
flected. Moving iron instruments, like dynamometers, are restricted
to low frequencies. For high frequencies thermocouple instruments,
already described in article 64, aré commonly employed.

For null measurements, such as are involved in balancing a-c
bridges, an instrument sensitive to small currents is required. In
the range of audio frequencies, that is, a few hundred to a few
thousand cycles, a telephone receiver serves very well. For low
frequencles the best instrument is the vibration galvanometer. This
is similar to a d’Arsonval galvanometer in that it contains a fixed

» Fie. 242 .
magnet and a moving coil. The method of - suspendmg the coil,

»
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however, is different. The coil, which is made very small, is held
between two metal strips whose length and tension may be varied
until the period of mechanical oscillation of the moving element is
exactly equal to the period of the current in the coil. In this condi-
tion of resonance the periodic force due to a very small current builds
up vibrations of considerable amplitude. A small mirror mounted
on the coil reflects a spot of light on a scale. During vibration the
spot of light is drawn out into a band whose length indicates the
amplitude. A vibration galvanometer with the case removed is shown
in Fig. 242.

Finally we shall describe an important instrument which is of an
entirely different nature from those discussed above. This is the
cathode-ray oscillograph, a device for examining the wave form of
ane.m.f. Tt consists of an evacuated cathode-ray tube (Fig. 243)
together with its external power and control circuits. Within the
tube an ‘‘electron gun’’ G produces a sharply defined beam of electrons
whose speed corresponds to an accelerating potential of several
thousand  volts. The .
beam, after  passing
between a pair  of
horizontal deflection plates
H and a pair of wvertical
deflection plates ¥V, im- |
pinges on a screen SS of
fluorescent material placed
on the glass which forms
the end of the tube.
Impact of the electrons Frc. 243
on the screen produces a
Jluminous spot which moves '
when the beam is deflected. In order that the spot may trace a
curve showing the e.m.f. as a function of the time, a periodic poten-
tial difference called the sw-ep voltage is applied betwcen the
horizontal plates. Because of the resulting field, the spot sweeps
across the screen in a horizontal direction at a uniform rate. When
it reaches the edge of the screen, it returns in a negligibly small
fraction of the sweep time to its starting point and begins the next
sweep. Simultaneously the e.m.f. whose wave form is required is
applied betwcen the vertical plates Ordinarily the curve represent-
ing the wave form is traced in a small fraction of a second, too fast
for the eye to follow. However, if the wave form is repeated periodi-
cally and the sweep frequency is properly adjusted, the curve is
continually retraced. A steady picture of the wave form is then
obtained, as a result of a slight persistence of the fluorescence of the
screen. -A permanent print or photograph of the wave form, such as
that reproduced in Fig. 187, is called an oscillogram.

The cathode-ray oscillograph appears in a variety of forms
depending on the service for which it is designed. It is of great
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value in the adjustment of complicated vacuum tube circuits,
-especially at high frequencies.’

117. A-C Machinery.—Alternating-current machinery may be
divided into two classes—generators or alternators which convert
mechanical energy into electrical, and motors which convert electrical
-energy into mechanical.

Generators.—The simplest a-c generator consists of a coil of
wire rotating in a constant magnetic field, as described in article
&8, In order to obtain sufficicnt induced e.m.f., several coils in
series, wound on an iron frame, and an equal namber of field
magnets are usually employed. The former comprise the armature
and the latter the field.  Since the armature winding is more com-
plicated and requires better insulation than the field, it is usual
practice to keep it stationary and to rotate the field. In any case
the stationary part is called the stator, and ‘the rotating part the
rotor,

A typical arrangement is shown in Fig. 244. The armature
coils (A), cach of which contains a number of turns, lie in slots
in the frame while the field windings are placed on salient pole
pieces attached to the rotating clement. The direct current neces-
sary to excite the field is supplied through brushes resting on _slip
rings.

The machine just lllustrated is a single-phase generator. That
ig, it produces a single e.m.f. of
the form & = §,sin ot
between its terminals. For the
efficient operation of motors,
however, several e.m f.’s of uni-
form phase difference are desir-
able. A polyphase genera'or is
exactly like a single-phase
generator except that it has as
many independent scts of arma-
ture coils as there arc phases,
uniformly spaced around the
armature frame. For cxample,
a three-phase generator, which
is the most common, produces
e.m f.’s

61 = 61°Sin Q)t,

. 2
&y = 59031n<“’t + ‘:;‘)a

Fic. 244

Sa= 5aosin(wt + 47)

To transmit power from a three-phase machine, four wires are
required, in general, one end of cach phase being connected to neutral
(Fig. 240&) However, when the loads are balanced so that the
currents in the three phases have the same amplitude and uniform
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phase difference, the ncutral wire may be omitted. For the current
in the neutral wire .at any instant is the sum of the currents in the
three phases and, under the conditions specified, this sum is zero, as
shown by the vector diagram in Fig, 245b. Although the neutral
wire i3 not used for transmission, it is usually brought out of the
machine and connected to ground to stabilize the system.

Phase 3

Neutral

"0 phage 2

Phase 1

(a) (b)
Fic. 245

Motors —The simplest type of a-c motor to understand is the
synchronous motor, which is, in effect, an alternator running back-
wards. Consider two identical machines connected electrically
phase to phase and running at the same speed, one as a generator
and the other as a motor. In the generator the reaction of the
stator on the rotor is such as to oppose the¢ motion of the latter,
causing the machine to absorb energy mechanically. In the motor,
conditions are exactly reversed, for current is everywhere in the
opposite direction to that in theé generator, so that, the reaction of
the stator on the rotor assists the motion and produces mechanical
work. Evidently this state of affairs exists only when the speed of
the motor is exactly that of the generator. If the load on the motor
is increased until the latter is pulled out of synchronous speed, the
torque falls to zero and the motor stops.

Although any alternator may be used as a synchronous motor,

and vice versa, there are usually
slight differences in the details
of construction. For one thing,
since the motor has no starting
torque, it must be provided

Fic. 246 with an auxiliary winding or
T some other device by means of

which it can be brought up to speed.

The most useful type of a-c motor is the induction motor. The
stator of an induction motor is similar to that of a synchronous.
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motor. The rotor, Y C
however, is entirely /
different, consisting .
merely of a core with Phase 8
some closed windings
on it, or in its H
simple?t form of a X
squirrel cage (Fig.
246) made by settingg Phase 1 Pé H
copper bars into the A—-kgf)e————— X
edges of two conduct- 0 \
ing disks. The rotor \
is thus energized by \
induction instead of \
by an auxiliary excit- Phase 2
ing current, a great
practical advantage. )%

To investigate
the means by which Fig. 247
rotation is produced, let us take a simple case such as a three-phase
machine with a single concentrated winding per phase (Fig. 247). We
wish first to calculate the resultant magnetic field H in the region
occupied by the rotor. This is due to three fields, H, sin wt in the

direction AO, Hy sin (ot T%) in the direction BO and H, sin

(wt + %’T ) in the direction CO.

Taking XY axes as shown in the figure, the components of the
resultant field are

. . 2m 27

H, = H, { sin w? 4 sin (wt -+- g )cos 3

+ sin(mt +‘—t3ﬂ )cos 4?:-1§= 3— H, sin wt,
2w
3

“ + sin(aut +~-4;~) sin % % = —g—Ho cos wf,

Evidently then the resultant field has the constant magnitude 3H,,.
Its direction is determined by tan @ = tan wt, thatis, § = wt,
which indicates a uniform rotation in a direction opposite to the
progression of phases.

Now consider the effect of a rotating field on a conductor or a
closed coil placed in it. Induced currents, and hence forces, are the
same as for a rotating conductor in a stationary field, and by Lenz’
law {art, 97) motion of a conductor in a field is always opposed.

H, = H, { 0 + sin (wt +231£ )sin
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Therefore, the motion of the field is opposed, which, of course, results
in a torque on the conductor or coil,

Thus, in the machine described, there is a torque on the rotor
in a direction opposite to the phase progression. The same
thing is true in any polyphase induction motor, although when the
windings for each phase are distributed around the stator the
analysis of the rotating field may be very complex. The magnitude
of this torque in any particular machine depends on the relative speed
of field and rotor. A typical speed-torque curve is shown in Fig,
248. The torque at first increases with rotor speed, reaching a
maximum at a little under synchrorous speed. Thereafter the torque
falls rapidly to zero as synchronism is approached. The fact that
polyphase induction motors have a starting torque constitutes one of
their major advantages.

Single-phase induction motors
are more difficult to analyze as the  Torque
stator field is not rotating, but
merely oscillatory. However, an
oscillatory field may be thought of
as consisting of two oppositely ro-
tating fields of the same magnitude.
‘There is then no resultant starting
torque as the torques due to the §_Rotor
two fields neutralize each other. If, Speed
however, the motor is started Fre. 248
in either direction by some auxiliary device, the torque in that
direction becomes greaten as indicated in Fig. 248 and the motor
continues to run.

S; ronous
ym’ihSpeed

e o s e e .
~

Problem 117a. Show by means of a vector diagram the relation between
voltage of phases to neutral and voltage between phases for a three-phase
alternator. If there are 220 volts between phases, what is the voltage to
neutral ? Ans. 127.0 volt.

Problem 117b. A single-phase six-pole synchronous motor (like the
alternator in Fig. 244) is driven by 60-cycle current. What is its speed of
rotation ? If the armature coils are reconnected for three-phase operation

with a two-pole rotor, at what speed will the motor run ? Ans. 1200 r p.m.,
3600 r.p.m.

Problem 117c. Given a simplified induction motor consisting of a single
flat coil of area A, resistance R gand seif-induccance L, free to revolve in a
rotating magnetic field of magnitude H. Prove that the mean torque on the
coil in the direction of rotation of the field is

_ AMRQ,

SR LYy
where §, is the angular velocity of the field relative to the coil. Show that
this leads to a speed-torque curve like that in Fig. 248. .

118. Transformers.—It is often desirable to change the relative
magnitudes of current and e.m.f. in a-c systems. For instance, the
generation of electrical power is most conveniently effected at a few
thousand volts with large currents. On the other hand, in the
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transmission of power, especially over long distances, high voltages
and small currents must be used to avoid excessive ohmic losses, for
the latter are of the form Ri? and so diminish rapidly as the current
is decreased. Finally, devices using power, such as motors, are
usually designed for a few hundred volts.

Transformations of current and e.m.f. of the sort indicated are
readily made by means of transformers, which consist essentially of
two coils wound on a laminated
iron core, so arranged that the
magnetic coupling between them is
— as nearly perfect as possible. Power
Primary F™%Secondary is delivered to the primary winding

g and withdrawn from the secondary,
being transferred from one to the
1 — other by electromagnetic induction.
Fig. 249 illustrates a common type
of transformer construction in

Fic. 249 which the windings are superposed
and the core is made in the form of a frame so designed that there is
a double path for the flux outside the coils.

Let us first investigate the properties of an ideal transformer,
in which there are no energy losses and no leakage of flux (that is,
all the flux links every turn of both primary and secondary), and in
which the numbers of turns are so large that the self-inductances of
both windings as well as the mutual inductance between them are
effectively infinite.

As all the flux links all the turns of both windings, an induced
em.f. in one is always accompanied by an induced e.m.f. in the
other, and the amplitudes of these e.m.f.’s are in the same ratio as
the numbers of turns in the windings. Further, at any finite
frequency the induced e.m.f.’s can be finite only if the total flux in
the core is very small, since by hypothesis the numbers of turns in
the windings are very large. Hence a current in the primary must
always be accompanied by a current in the secondary such that the
resulting fluxes are substantially equal and opposite. This requires
that the amplitudes of the currents be in the inverse ratio of the
numbers of turns in the windings. Thus, if §, and &, are the
terminal voltages across the primary and secondary, respectively, and
ip and ig are the currents, we have for the amplitudes

Epo _ 1 ]l

& a’

o (118-1)
I _ g

iuo

where a is the ratio of the number of turns in the seeondary to the
number in the primary. .

Suppose we couple two circuits having the resistances and reac-

tances indicated in Fig. 250 by means of an ideal transformer. We
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shall assume positive coupling. That is, having, chosen positive direc-
tions for the currents in the circuits, we connect the transformer in
such a way that the flux in the core links the two windings in the
same sense (mutual inductance positive). Then the simultaneous
induced e.m.f.’s in the windings are in the same sense. However,

- al & Y 1
Xp X,
Rﬁ_@ R,

&, 5

Fie. 250

& » has the sense opposite to the induced e.m.f. in the primary since
it is defined as the potential drop across the winding, whereas &, has
the same sensc as the induced e.m f. in the secondary since it is
defined as the potential drop across the external part of the circuit.
Therefore, the terminal voltages have opposite senses. The currents
ip and iy also have opposite senses since they produce opposing fluxes.
Thus the transformer equations are

1
gl’ = - —a" 6')

(118-2)
ip = — Qis.

In order to cxpress the voltages and currents in terms of the
impressed clectromotive force &, consider the impedance of the
secondary circuit. The true impedance, exclusive of the
transformer, is given by Z; = & slis. On the other hand, the
equivalent impedance introduced into the primary through the trans-
former is Z, = & polivo = Zs/a?, using (118-1).  Therefore, the
characteristics of the primary circuit are the same as if the trans-
former was entirely removed and a resistance R /a® and a reactance
X,)a® were put in its place. This arrangement is equivalent to a
simple series circuit with

R
Re=Ro + g

X,
X? = Xp + a.',

for which calculations are easily made. Having determined §p and
ip, & s and i, are obtained at once by means of (118-2). The property
of a transformer of effectively changing an impedance is of great value
as it allows us to adapt apparatus and circuits to use with other
apparatus and circuits of entirely different impedances.
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A well-constructed transformer in practice approximates an
ideal transformer but it has some losses due to resistance of the
windings and to hysteresis and eddy currents in the core. Also there
is some leakage of flux in both windings and the inductance of the
windings, although large, is finite. These defects may be represented
in a circuit diagram* by a fictitious‘ideal transformer of the given
turn ratio with a small resistance and reactance in series with each
winding and with a conductance and a susceptance shunted across the
primary.

Two circuits coupled by a real transtormer are shown in Fig. 251.
The terminal voltages are &p and &, as before, and the total
currents are ip and i,. Primed quantities refer to the fictitious ideal
transformer. The current i#; flowing through the conductance g,
represents the core losses, while iy flowing through the susceptance b,
is the magnetizing current that produces the flux N, in the core. The
sum of /; and iy is the exciting current i,, which added to ip’ gives the
total primary current i,. The quantities r, and r, are the primary

Xp
X,
&,
R,.

&

Fic. 251

Fic. 252

. *Mass. Inst. Tech. Staff, Magnetic Circuits and Transformers, John
Wiley & Sons, 1943, pp. 313-356.
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secondary leakage reactances. The relations of the various currents
and e.m.f.’s are shown in the vector diagram, Fig. 252, which the
reader should study carefully as it is an excellent example of graphical
representation.

Problem 118ac. An a-c generator with a resistance of 10 ohms and negli-
gible reactance is coupled to a load of 1000 ohms by means of an ideal trans-
tormer, In order to deliver maximum power to the load, what turn ratio must
the transformer have ? Ans. 10.

Problem 118b. Referring to Fig. 250, the primary circuit containsa
resistance of 60 ohms and an inductance of 1J= henrxswhile the secondary
contains a resistance of 900 ohms and an inductance of 3/ henry. The turn
ratio of the transformer is 3 I the applied e.m.f. has an amplitude of 100 volts
and a frequency of 60 cycles per sec, find the primary and secondary currents
(amplitude and phase) Ans. 0.442 amp, —=l4 radian ; 0.147 amp, 3=/4 radian.

Prcblem 118c. The circuits of the preeeding problem are tuned to
resonance, first by placing a condenser of appropriate size in the primary,
then by placing one in the secondary. Find the ratio of the capacitances.

Ans 9.



CHAPTER XIV
MEASUREMENTS WITH VARYING CURRENTS

119. Types and Methods of Measurement.—There are three
fundamental quantities, resistance, inductance and capacitance, to
be determined in circuits carrying varying currents. Pure ohmic
resistance is independent of frequency, except at very high frequen-
cies, and it may be measured by d-c methods when these are available.
A special method for measuring very high resistance is given below.
An inductance coil with an iron core has an apparent resistance, in
addition to its ohmic resistance, due to hysteresis and eddy-current
losses. Similarly a condenser with a material dielectric has an
apparent resistance due to dielectric losses (art. 20) These apparent
resistances, which are often quite important, are usually measured
in a-c bridges simultaneously with the inductance or capacitance
with which they are associated.

Inductance and capacitance are measured in a-c bridges or by
some special method, usually of a ballistic nature, depending on
equipment available, accuracy required, and so forth. Measurements
of inductance and capacitance, except at high frequencies where
resonance methods are used, fall into two general classes ; comparison,
where the unknown quantity is determined in terms of known
inductances and capacitance, and absolute, where the unknown is
found in terms of some basic quantity, such as resistance.

120. Measurerrent of High Resistance.—In article 90 we saw
that if a condenser of capacitance C with an initial charge g, is
allowed to discharge through a resistance R the charge remaining
after a time 7 is given by

g = goe~WIRON, (120-1y

This provides us with a method for measuring high resistance,
With the aid of a ballistic galvanometer G the ratio qy/g correspond-
ing to any value of t may be found. This determines the value of
RC experimentally, and, if C is known, we can calculate R. The
method is usually limited to resistances of 10 megohms and above
by the size of available condensers, for RC must have a value of 10
seconds or more to give accurate results.

The experimental arrangements are shown in Fig. 253. The
known capacitance is shunted by the resistance to be measured. A

356
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two-position key K connects the condenser to a
steady em.f. & of a few volts or to the ballistic (:) .
galvanometer, as required. It must be possible to

leave the arm of this key midway between the
contacts while the condenser is discharging through R
R.

A set of observations is begun by observing the
galvanometer throw when K is snapped quickly
from the lower to the upper contact. This throw C
corresponds to ¢, and should be made approximate-
ly full scale by proper choice of &. The next
observation is made by moving the arm of the key ‘ I__

+ -
&

- L

from the lower contact to the mid-position, allowing

it to remain there for a measured time 7, and then

moving it to the upper position. The throw now Fic. 253
corresponds to the charge g remaining after the

condenser has discharged for a time ¢ through R. Other observations
are made with successively greater intervals of discharge, until the
throw is too small to be accurately determined.

Now, taking the ratio of the first throw to each of the following,
we have the values of g,/g corresponding to various values of z. We
may calculate RC for cach case and take the mean, but it is simpler
to find the average value of RC graphically. Taking the logarithm
of (120-1),

t = RClog %o
€y

Thus, plotting ¢ against log (¢o/q) gives a straight line whose slope is
RC. Having determined RC, we divide by the known value of C
to obtain R,

The value of R just obtained applies actually to the parallel
combination of the resistance to be measured and the insulation
resistance of the condenser. The effect of the latter may not Le
entirely negligible, especially in measuring very high resistances so
we make another set, of observations with the resistance element
removed. The former value of R may then be corrected, if necessary,
by means of the ordinary formula for resistances in parallel.

In the measurements just described it is essential to use a con-
denser entirely free from dielectric absorption, a condition usually
satisfied by mica condensers. Also, the key employed must have
extremely good insulation between its contacts to avoid leakage from
the source of potential.

121. A-C Bridges.—A number of a-¢ bridge networks adapted
to various measurements have been devised. Except under special
conditions, they all involve a double balance. Usually one balance,
called the d-c balance, can be made with a steady e.m.f. and a
d’Arsonval galvanometer. The remaining balance is then established
with an alternating e.m.f. and a telephone receiver or other a-c
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indicator, depending on the frequency. In practice double-pole
double-throw switches in the battery and galvanometer arms are used
to facilitate change from d-c to a-c¢ condition and vice versa. How-
ever, these switching arrangements are not shown in the circuit
diagrams of bridges described in this article for the sake of simplicity.
The e.m f. is designated in general by & and the appropriate current
indicator by G. In this connection it is interesting to note that if
the a-c balance is independent of frequency, as is almost always the
case, it holds for any wave form of applied e.m.f., since the latter
may be expressed as a sum of sinusoidal components. Thus the a-c
balance may be obtained with the same steady e.m.f. and d’Arsonval
galvanometer as the d-c balance by merely opening and closing a
switch in the battery circuit. This procedure does not yield as
accurate results as the other, however.

Certain precautions must be observed in the use of a-c bridges.
In order to obtain a sharp a-c balance, care must be taken that no
random e m.f.’s are introduced into the bridge. That is, the source
of the alternating e.m f. should be shielded or located at some
distance from the bridge, so that there is no magnetic coupling
between the two, Inductive
and capacitative  coupling
between different elements of
the bridge should be reduced
to a minimum by a careful
arrangement of the parts.
Capacitance effects become
increasingly important with
higher frequencies. @~When a
telephone receiver is used, it is
advisable to couple it to the
bridge by means of a trans-

former with some point @
grounded, in order to eliminate
the effect of the observer’s Fic. 254

capacitance. It is essential, of course, to employ only non-inductive
resistance boxes designed for a-c use.

Self-Inductance Bridge.—This bridge (Fig. 2564) has becn analyzed
in article 115. The conditions for balance are

Rl Rs

R, = R’

L L (121-1)
R, = R’

In order to minimize the effect of any small residual inductance
in the resistance boxes and to avoid insensitive arrangements of the
bridge, it is desirable to have R, and R, at least of the same order of
magnitude. To establish the d-c balance under this condition it may
be necessary to include a small external resistance in series with one
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of the inductances. For the a-c balance L, and L; must now also
be of the same order of magnitude. Satisfactory use of this bridge
is therefore limited to the measurement of inductances which do not
differ greatly in magnitude from the extreme values at which the
adjustable inductance L; can be set.

The accuracy of the results depends directly on the variable
inductance or inductometer used.
There are two standard types, the
Brooks-Weaver, in which several L
coils connected in series move
relative to one another in parallel

planes, and the Ayrron-Perry, R
in which one coil rotates inside 3
another.

Maxwell’s L~C Bridge. —
A Vbridge for comparing a self-
inductance and a capacitance, due
to Maxwell, is shown in Fig. 255,
To find the conditions of balance

we observe that, as in article 115, Fa. 255
Z, _1Z,
Z," 7’
that is,
Ri+ilo __ Ry
R, - R
1 + iR, C®
Equating real parts and imaginary parts gives
R,” R/
L (121-2)
R:; = RsC,‘.

If either the self-inductance or the capacitance is variable, the
d-c balance may be made in the usual way and left undisturbed while
the a-c balance is established. As variable capacitances are usually
not available except in small sizes, Maxwell’s bridge is adapted to the
measurement of a capacitance in terms of a variable inductance or to
the calibration of a variable inductance in terms of a capacitance. If
the inductance and the capacitance are both fixed, the bridge can be
balanced only by the laborious process of trying different d-c balances
until one is found which is also an a-c balance. ~Under these
circumstances some other more suitable bridge should be used for the
measurement.
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Anderson’s L ~C Bridge. — This is a modification of Maxwell’s
bridge which avoids the diffi- —

culties mentioned in the last
paragraph. The capacitance C, R, AN ~
(Fig. 256) is now bridged across L, 5/1 2
R, and an adjustable resistance G
R in the galvanometer arm, in- C4H
stead of across R, alone. R { 1

1 ’ R R4

Let wus supply Kirchhoff’s
laws to this network. Denoting
the complex currents in the main
arms of the bridge by i, i, i; and
is, and those flowing through R —
and C, by ig and i¢ , respectively, ‘"——--—"-A{&" - - e
we have at balance the special L
relations Fie 20

(R, + iLw)i, = Ri; + Riz,

.1,
R2i2 = —1 'C—::w- ic,
together with
=1, ip=1Ilc.
Dividing the first equation by the second and using the current
relations,
I3
R +iLo X () +R
= . (121-3)
R2 - _ ]- _
- C,®

To find igfic we note the general relations
. .1, .
Rip — i Cpo ic= R,
is = iR + i4.
With iz = i¢ these reduce to
.1 . .

(R -1 ‘é“:)v) g == R‘h,

i3 =ip + i4,

from which
1

iy _ fd_j_-_R _l__c4“’

ig R, ’
Combining this with (121-3), we find

R o1
R +iLo E<R4+R“ _c;a{) +R
R, = 1 :

_—1 i

Cw
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and the balance conditions are
R, R, 1
R, R’ |
L R l)- (121-4)
1 3
R =C R4(R4+R)+R]. |

After this usual d-c adjustment has been made, the a-c balance
is established by means of R, so neither inductance nor capacitance
nced be variable. It is usually desirable to have R, and R, of the
same order of magnitude. Often they are made equal, in which
case

Ll = C4R2 (2R + R;).

The Anderson bridge does not suffer any serious restrictions,
being capable of accurate measurements over a wide range of values.
Its characteristics are
described in detail by
Rosa and Grover* who
have used it in standar-
dization work.

Owen’s L ~ C
Bridge.—This differs
from the two preceding
bridges in that two
capacitances (Fig. 257)
are involved, an adjust-
able resistance Rj; being
placed in series with
one of them.

The Dbalance con- ‘
ditions are obtained \§/
from Fia. 257

Z, _1Z
Z, 1,
that is, from
.1
R +iLe _ 7
R, i |
C,»

Evidently we must have

R _G ]
IL{’ Co L (121-3)
L !

*Bureau of Standards, Bull. I, 291 (1905).
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The first condition does not represent an ordinary Wheatstone
bridge balance, since no direct current flows through the condensers.
However, the balance can be made by d-¢c means. Suppose that the
galvanometer arm is opened and a steady e.m.f. is applied to the
bridge. If Ry/R, = C,/C,, the ends of the galvanometer arm are at
the same potential, and the galvanometer switch may be closed with-
out effect. On the other hand, if the balance equation is not satisfied,
the ends of the galvanometer arm assume different potentials.
Closing the galvanometer switch now results in a ballistic throw.
The d-c balance is fhus established by varying one of the bridge

Rl\ 'R2
L, L, 1
A
Ml M2
- B\
&)

Fic. 258

elements, usually R,, until there is no throw of the galvanometer
when its switch is closed. Care must be taken to discharge the
condensers after each observation. The a-c balance is obtained by
adjusting R,, the other balance thereby remaining undisturbed.

Since L, is proportional to Rj, the bridge is useful for measuring
inductances of any size. Tt is not as accurate as the Anderson
bridge but is easy to assemnble and simple to operate. It is necess-
ary to use good condensers whose apparent resistance is negligible,
if a sharp balance is to be obtained. Usually it is advantageous to
have C, and C, of the same order of magnitude, which may require
some external resistance in series with L,.

Mutual Inductance Bridge.— A simple network for the comparison
of mutual inductances is shown in Fig. 2568. The equations for
balance are readily found with the aid of Kirchhoff’s laws. Denoting
the currents in the bridge arms by i, and i, and the current in the
generator circuit by i, we must have

(Ry + iL,w)i; + iM,wi = 0,
(R, + iL,w)i; + iM,wi = 0,

with i; = i,. By division we obtain
Ry +iLe _ iMoo
R, +iL,w  iM,a’
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which gives

M, _ M,
R, ~ Ry’

121-6
M, M, ( )
P A

Both equations represent a.c conditions, 8o the two balances
must be made simul- A
taneously.  Fortunately /
this is not as laborious
as it might appear, for
by making the resistances
large the effect of the
self-inductances is made
small and the bridge can
be approximately balane-
ed without regard to the
ratio L,/L,. The resis- _ R
tances are now reduced
without changing their

-6

ratio, and the approxi- fén\
mate balance improved N
by an adjustment of Fic. 259

L,/L,. Hereafter slight

readjustments of Ry/R, and L,/L,, made alternately, soon establish-
a complete balance. Note that the mutual inductances must be
connected in the same sense to make this balance possible.

As ordinarily used the bridge consists of two fixed mutual
inductances, one of which is known, with adjustable resistances in
series. A variable, but not necessarily calibrated, self-inductance is
placed in whichever arm of the bridge the self-inductance associated
with the mutual inductance is too small to satisfy the balance condi-
tion. Since R, and R, are the total resistances of the bridge arms,
the resistances of the coils must be found and added to the adjustable
resistances.

Maxwell’s M ~ L Bridge-—The comparison of a mutual
inductance and the self-inductance of one of its coils is most simply
made by means of the bridge illustrated in Fig. 259.

Analysis of the network is carried out in the usual manner.
Distinguishing currents in the bridge arms by numerical subscripts:
and denoting the currents flowing through M and R by iy and ig,
respectively, we have under the conditions of balance

(R, + iL w)i; + iMwiy = Ryi,,
R2i2 = R‘i‘,
together with
i-_ = iz, i3 = i‘-
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In addition there are the general relations
Ri; + R,i; = Rig,
i + i 4 ip = in.
Using i; = i;, and eliminating ig, these give

+ (14 Ry + R4) i, = iy,

We can now eliminate i3; from the first condition cquation and
«livide by the second, obtaining

Ry + R,
(R, + iLw) + Mo R~ ‘M_‘°_<_+ R )
The balatnce equations are thus
B R (121-7)
_ Ry + R, “
Loy MO+ TR

The a-c balance is made by adjustment of R, which does not
«disturb the previously obtained d-¢ balance. Rearrangement of the
a-c balance equation gives

=—I1 - R
R2<1+——>+R4 (1-r 1;;

which shows that the magnitude of L; must be greater than that of
M. This is a distinct

P R

limitation on the useful- ! \1/1
ness of the bridge. The / M \'\[\/ R,
negative sign signifies, S

of course, that M must P L @)

be connected to give L
negative coupling, so % R,
that the induced e.m f. \‘/|R°‘

due to L, is opposed by

that duelto M. /L\
Heaviside's M ~ L

Bridge.—This bridge

(Fig. 260) is more sensi- ()
tive than Maxwell’s and @
it does not suffer from Fic. 260

restrictions on the rela-

tive magnitudes of M and L,. However, it involves a self-inductance
Ly in addition to that associated with the mutual inductance, and
either the independent self-inductance or the mutual mductanee must
be adjustable.
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Using the same notation as in the case of Maxwell’s bridge just.
preceding, the condition equations at balance are
(Ry + iLw)i, + iMwiy = (R + iLzo)i,
Rpi; = Rii,,
with
i =1, iy = i,.
Eliminating izs from the first condition equation by means of the

general relation i; 4 i3 = iy, and dividing by the second condition
equation, we have

(R + iLw) + iMoo _ (R, + iLw) — iMw

.Rz - .R4 *
The balance conditions are therefore
R, _ R )
R, T R’ I
S (121-8)
L+M _ L,—-M [

The d-¢ balance is made as usual. The a-c balance is established
by adjusting L; or M. In order to find either of these quantitics in
terms of the other, L, must be knowi, of course. Solving the a-c
balance equation for M gives

— L3AR‘2 :— _IJI 1?_4
M= R, +R

which shows that M must be connected for positive coupling or for
negative, depending on whether L3R, is greater than L,R, or less.
We may set R, = R; provided we use an adjustable resistance in
series with L; or with Lg, as required, to establish the d-¢ balance.
This gives

M = }(L; — L))
a very convenient relation.

Incidentally, the Heaviside bridge may be used differentially to
measure sclf-inductance in terms of mutual inductance alone. Thus,
supposc M is a variable calibrated mutual inductance, while L, and Lg
are fixed self-inductances, preferably of the same order of magnitude.
First, lot the bridge be balanced with R, = R,, so that M’ =
3(Lg — L,). Then, having placed the inductance L to be measured
in scries with Lj;, let the bridge be rebalanced. This time we must

have
M" = (L3 + L] - Ly).
Taking the difference of these equations, we see that
L=2M" — M),
where M’ and M"’ represent the two settings of the variable mutual

inductance. In addition to simplicity, this inethod of measuring self-
inductance has the great advantage that errors due to residual
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inductance in R, and R,, capacitance effects, and so forth, affect M"
and M" equally and so eliminate themselves.

Heydweiller's M ~ C C

Bridge. — A convenient 2
method for comparing R

a 1 mutual inductance 1 §

an a capacitance is

illustrated nﬁ) Fig. 261. M &G>
Both the inductance and
the capacitance must have L,
adjustable resistances in |
series with them, but no >
other variable elements are
required,

When the bridge is
balanced, we have Fic. 261

with

where the notation is the same as that used for the two preceding
bridges. Eliminating iy, from the first equation by means of the
general relation i; + i; = ip;, and dividing by the second equation,
we obtain

(R, + iL,w) + il_\'[fn_ —iMw |

_ . 1 R,
Re=icw
The corresponding balance equations are
R,
M=—L R, + R,’ (121-9)
M = — GC,RR,,

the negative signs indicating the connection of the mutual inductance
for negative coupling, as in the case of the Maxwell bridge. The
balances are both a-c and must be made simultaneously. This is
done simply by adjusting R, and R, alternately, since each of these
appears in only one of the balance equations. Note that L, must be
greater in magnitude than M. If necessary, a separate self-induc-
tance can be placed in series with the appropriate coil of the mutual
inductance to establish this condition.

Capacitance Bridge.—This bridge (Fig. 262) compares two
capacitances and, incidentally, establishes a relation between their
apparent resistances. When the standard capacitance is supplied
by a good condenser with negligible resistance, the unknown
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capacitance and its associated resistance are measured simultaneously,
which is very convenient.

As in other bridges of the Wheatstone type, the balance con-
ditions are obtained from

Z_ 1,
Z, 17,
In this case we have
.1 .1
B e BT i)
R, - R,
and the balance equations are
R _ Ry ]
R, T R, !
L |> (121-10)
C\R,” G,R,® J

As the bridge is ordinarily used, C, is the unknown capacitance
and R, is its associated
-apparent resistance,
while C, is the standard
capacitance, with an
adjustable resistance R,
in series. No d-c current
can flow, so the balances
must be made simul-
taneously with a-c. C,
and R, are varied
alternately, beginning
with C;, until a com-
plete balance is found.
If G is fixed, the

capacitance balance is —@
made by means of R,
or R,, When possible Fic. 262

R, and R, should be of the same order of magnitude to minimize the
effect of residual inductance.

From R, and C; we nray determine the apparent power factor
(art. 92) of the condenser. Thus,
1 1

s Py = ——ee—— = = - ,
V1 + tan@, \/H' 1
R

C;’a.;z
where /27 is the frequency at which the bridge is balanced.
Actually, with any usable condenser, R;C,® is very small compared

with unity, so that, veﬂ'ectively,
cos ¢y = R;Cim. (121-11)
“The power factor of a condenser is important because it is an ex-
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cellent  criterion of
quality, the smaller the
power factor, the better
the condenser, in general.
Experiment shows that
the power factor is
practically independent
of frequency, at least
over moderate ranges of
frequency variation.

Frequency Bridge.—
Any bridge in which the
balance depends on fre-
quency m?y be used to
measure frequency. A
simple but effective bridge @
for this purpose is shown
in Fig. 263. Fic. 263

Evidently the balance conditions are

R, Ry 3
R, T R, +(121-12)
1 — Llcl ma = 0. J
Using a variable inductance or capacitance, the scale may be cali-
brated to read frequency directly, since the a-¢ balance independent
of the vesistance ratios.

122. Absolute Measurements.— We have already seen (art. 107)
that resistance may be determined in absolute measure. Determina-
tions of inductance and capacitance in which resistance is the only
electrical quantity involved are therefore regarded as absolute-
measurcments. Examples of this type of measurement are given below.

Self-Inductance—The experimental arrangements for the absolute
measurement of self-inductance (Fig. 264) consist essentially of a.
d-c Wheatstone bridge
with the unknown induc-
tance L included in one
of the arms. In the
s4ame arm is a resistance
R, very small compared
with R,, which can be
short-circuited by a
copper rod dipping into
mercury cups or by some
other device with negli-
gible contact resistance.
Switches S, S’ are located

as shown in the figure. PY S '
The galvanometer B+ = l =
must have sufficiently l &

small damping (including
the effect of the external Fic. 264
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circuit) to allow ballistic observations to made as well as steady
current measurements. A moving needle galvanometer is preferable
but a d’Arsonval galvanometer may be used if the galvapometer
circuit is opened immediately after the ballistic impulse has been
given. The resistance elements must have negligible self-inductance
as compared with L.

To measure L, an ordinary d-c balance is established and
then, with the galvanometer circuit still closed, the battery circuit
is opened. The current i through L falls from its steady value i,
to zero in a very short interval of time during which there is an
induced em.f. — L Zi This e.m.f. produces a momentary current
through the galvanometer, whose ballistic throw is proportional to
the total charge passing. As in article 100, it may be shown that
this charge is proportional to the total flux change cLi,, independent
of the self-inductance of the galvanometer. Hence the charge is
equal to kLi,, where k is a constant. Expressing the charge in terms
of the first throw a,, we have

. PK;
KLy = -0 (1 +f;—\->a1 (122-1)

from (100-17), where P, is the period, A is the half logarithmic
decrement and Kj is the galvanometer constant.

Next, with battery and galvanometer circuits both closed and
the previous d-c balance unchanged, the resistance R is short-
circuited. This has the same effect as introducing an e.m.f. equal
to Ri; and causes a steady current AR/, to flow through the galvano-
meter. We use the undisturbed value 7, for the current because R,
is always taken so large compared with R that the current in this
arm of the bridge is practically unaffected. The galvanometer now
has a steady deflection a given by

kRi; = Kja (122-2)
according to (73-8). '
Dividing (122-1) by (121-2) we have the desired absolute relation
between L and R, namely,
L _ P, 0 7\7 _(!-_L
a=ao(1+ )5, (122-3)
where Py and A must be determined (art. 100) with the galvano-
meter under working “conditions.

For accurate results R should be so chosen that a is of the same
order of magnitude as a,. It must be remembered that as;/a is the
ratio of the angular deflections. This is equal to the ratio of the
corresponding scale readings if the scale is curved. If the scale is
straight, the ratio of the scale readings may require slight correction.

Mutual Inductance.—The absolute measurement of mutual
inductance depends on the same principle as the corresponding
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measurement of self-inductance just described. Circuit arrangemsants
are illustrated in Fig. 265. A double-pole

G double-throw switch § allows the galvano-
meter to be coupled to the battery circuit

R through the mutual inductance M alone or

2 to be shunted across a very small resistance

4 M R. The resistance of the battery circuit
exclusive of R is R,. If variable, it may
conveniently be used to control sensitivity,
S but it must always be large compared with R.
The total resistance of the galvanometer
cbecuit is R,. As in the previous case the

Ry galvanometer should be of the moving needle

R type to avoid excessive damping, unless the

\ ' n - | circuit is opened immediately after a ballistic
pray "'i'“(‘f- impulse.

€ To measure M, the switch S is placed

in the “up” position with the key K closed.

Fic. 265 The battery circuit is then broken and the

current i in it falls from the steady value i; to

di

zero, inducing in the galvanometer circuit an em.f. — M e

A momentary current flows through the galvanometer, whose resulting
throw is proportional to the total charge passing. From (100-1) this
charge is Mi,/R,, independent of the self-inductance of the galvano-
meter. Expressing the charge in terms of the first throw o, by
means of (100-17), we have

Mi, _ PyK; A 29,
R = an (1t g ) (122-4)

where P, is the period, A is the half logarithmic decrement and K; is
the galvanometer constant.

Next S is placed in the “down” position. With K closed there
is a steady deflection a of the galvanometer corresponding to an
e.m.f. Ri; in the galvanometer circuit. We use the same value i; as
before for the current in the battery circuit, since R is so small
compared with R, that the shunting effect of R, is negligible. The
current through the galvanometer is evidently Rij/R, and hence, by
(73-8),

. Ri,
R,

Dividing (122-4) by (122-5) gives the absolute relation between

M and R,

— Ka. (122-5)

M Pn 7\ aq
B= (1 2) (122-6)

As in the case of the corresponding measurement of self-inductance
above, P, and N\ must be determined with the galvanometer under
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working conditions, and R should be chosen so that a and «, are of the
same order of magnitude.

Capacitance. — This absolute measurement ~
is very similar to the preceding one, to which \(:}/—

the reader should refer. The unknown
}‘=K R

capacitance C (Fig. 266) is charged to a

potential difference & and then discharged
through the galvanometer by means of a two-
position key K. The first throw a, is therefore
given by 4

PoK A

E
3
C(cg ='2'—7T—‘<1 + '2" aj. _7-l

Next, the switch S is closed, allowing a &
steady current to flow through the galvano- Fic. 266
meter which now has a very high resistance R )
in series with it. As the galvanometer resistance is negligible, the
deflection a is determined by

5

& _
R = K a.
Dividing the charge equation by the current equation, we obtain
P, Ao
RC=10(14 )0 (122-7)

As in the other absolute measurements R should be chosen so that «
and «; arc of the same order of magnitude. Note that in this case
the galvanometer operates ballistically on open cireuit, so the
d’Arsonval type may be employed to advantage.

Problem 1221. Denoting the galvanometer resistance by Ry, demonstrate

by actual calculation that the constants k appearing in (122-1) and (122-2) have
the same value
R, + R,

(B + RO(Ry + R - Ro(By + By + By + Ry » Vhere Ralls = Bu By

123. Measurement of Large Self-Inductance. — Iron-cored coils
of large self-inductance, called choke coils (art. 92), are often used to
separate direct currents L R S

from alternating currents. W—

Such coils permit free

passage of direct current Cl l

but offer a high im- ]

pedance to alternating

current. It is difficult <A> ‘( :
to determine the induc- ~

tance L of a choke coil s

by any of the ordinary N\

methods described in this Fra. 267

chapter, both because of its magnitude, which may run to a number
-of henrys, and because of ils dependence on the maguetic state of the
iron core, that is, ¢n the amount of direct current flowing simul-
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taneously with the alternating current. To be of any value, measure-
ments must be made on choke coils under the conditions in which the
coils are to be used.

A simple method of measuring L under practical conditions has
been devised by Turner.* The principle of the method is indicated
in Fig. 267. The choke coil with a switch S in series is shunted by a
variable capacitance C to form a divided circuit. An a-c ammeter 4
is included in the line to show the magnitude of the total current,
which is proportional to the real admittance Y (art. 113) of the
circuit.

Since the complex admittance is

1 . _ R . Lo—Cw(R? 4 L2w?)
SR¥iLe T myLe Tl T R Dwe
we have

Y [“‘— I A P T 1R R
RG] R + L¥w?

Y

e —
Frcm this it appears that if
1-2LCw? =0, . (123-2)

the admittance Y and hence the magnitude of the line current have
the same values as if the capacitance alone was in the circuit.
Therefore, to
determine L we
have only to
adjust C until !
opening and ‘ '
closing S does
not affect the
ammeter reading,
Then (123-2)
is satisfied and
we can calculate
L if C and o are Fic. 268

known, irrespeec-

tive of the resistance R of the choke coil.

In order to send direct current through the coil simultaneously
with the alternating current, a battery may, of course, be introduced
in series with the alternating e.m.f. This is, however, objectionable
in practice because it prevents a sensitive ammeter from being used
in the line. A better plan is to use two identical choke coils, if
available, in parallel, with a battery and potentiometer arranged to
produce a circulating dire:t current which does not pass into the
line. Such an arrangement is shown schematically in Fig. 268.

* Proc. I. R. E. 16,1559 (1928).
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The inductance now measured is one-half that possessed by either
coil alone.

In making the measurements described above, care must be
taken that the change of phase which takes place when S is opened
or closed does not produce a change of voltage across the divided
circuit and hence a change of total current even when (123-2) is
satisfied. This cffect may be avoided by keeping the impedance of the
ammeter and of the source of e.m.f. small.

124. Ballistic Comparison Measurements.— A ballistic galvano-
meter may be used to compare any two sources of charge, such as
two mutual inductances, a mutual inductance and o
a capacitance, or two capacitances. The latter \Gj
comparison is particularly useful, as it provides
a very simple means of finding an unknown

capacitance in terms of a standard when measure-
ment of the apparent resistance is not required.
The cxperimental arrangements (Fig. 269)
consist of a single-pole double-throw switch S and K
a two-position key K so connected that either the

unknewn or the standard capacitance may be
charged to a potential difference § and then dis-

charged through the galvanometer.
If C and C” are the capacitances, and a; and I l’ ]

a,’ are the eorrespondmg first throus, we have,
from article 100,

Cg = K,/a,,
C'€=K'ay. Flc. 269
Hence, by division,
C o
= o (124-1)

In making the observations the key should be thrown from
charge to discharge quickly, in order to avoid loss of charge by
leakage or by dielectric absorption.



CHAPTER XV
COUPLED CIRCUITS, FILTERS AND LINES

125, Types of Coupled Circuits.—It is often convenient to
couple two or more simple circuits by means of inductance or
capacitance. The combination of circuits forms a network and may
be treated as such. It is easier to obtain a physical insight into the
behaviour of the circuits, however, if their separate identities are
maintained.

Confining ourselves to two circuits for the present, the simplest
R, types of coupling are
NAS——  illustrated in Fig. 270.
In (a) the (ou}\hng is
magnetic, in (b) inductive,
and in (¢) capacitative.
| |C2 The  larger  the
‘ fraction of the induc-
| tance or of the capaci-
tance of each circuit
that is mutual, the
more the circuits react
on one another. The
square root of  the
product of these frac-
tions for any pair of
coupled circuits of the
type illustrated is called
the coefficient of coupling
of the circuits. For
example, in case (a) the
coefficient of coupling is
given by

‘k“’\/(Ml "L>

(125-1)

‘\/L1Lz
where ‘M. denotes the
absolute value of M, so
Fie. 270 that k is always positive.

As the greatest possible magnitude of the mutual inductance is 4/ L,L,
from (94-10), we see that 0 < k < 1. Nimilarly, in case (b),

ko Lw_' ., (125-2)
VL' + Ly) (L" + La)



COUPLED CIRCUITS FREELY OSCILLATING 375

and in case (c),
1

k= - G

| B UV R |
\/ (¢ +ea e tcz)
The general behavior of all three types of coupled circuits is the
same. Kxcept under limiting conditions there are two characteristic
frequencies, both for free oscillations and for forced oscillations. An

investigation of magnetically coupled circuits, the most common
type, is carried out in the next two articles.

(125-3)

Problem 125a. Show that inductive coupling between two circuits may
be replaced by magnetic coupling such that

M= —Lwy, Ly = L' + L, L,=L"+4+Lm ;
without changing the electrical characteristics of the circuits.

Problem 125b. 1f C; and C,; are the total .se.ries capacitances in two
capacttatively coupled circuits, show that the coefficient ot coupling may be

putin the form v/ C,C, |Ca1. :

126. Coupled Circuits Freely Oscillating.—Suppose an electrical
impulse is given to the R ; i R, '
coupled circuits of Fig. 271 1 2
by some means, such as I\/W . JVV\/\
allowing the condenser C, (L ; (
in the primary circuit (1) L, L,
to discharge, there being

2)

. . . Cx Cz -
no applied e m.f. in cither | l ‘
circuit. Then, if the resis- | I M
tances arc not too

great,
free oscillations take place Fia. 271
as in the case of a single circuit (art. 91).

The circuit equations are

L 4 + R+ = N
L, zz + Ref, + gi - _ M*Z’}« | (126-1)
or, differentiating with respect to the time,
R ]
L, -‘:;f,f + R, ‘g;*-+ éz h=—M ‘(zi‘- (126-2)

The first step in solving these simultaneous differential equations
is to express each in terms of one current only. Having multiplied
either equation through by M and differentiated twice, we may
substitute in the relation so obtained the value of the right-hand
member of the other equation, getting - -
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d4i ddi
(LLy — M3 50 + (R, + RyLy) d,: )
dci, diy 1
+ ( + R1R2+ C drs +< )dt +C C, h=0, L (126-3)
d d ]
(Ll — M) 2% 4 (RL, + RiL, d,i
d? 12 di,

R.R 1
+ + 2 — —— —_— — 7 —
( 1742 (:1 dta C2 > dt (1( 212 0. J

‘Since these equations are identical in form the currents must be of
the same form, Thatis, damping constants a and frequencies of
oscillation @, (art. 91) must be the same in the two circuits.

Exact solutions of (126-3) are extremely complicated. Fmtunately
in practical applications of oscillating circuits we always use circuits
with small damping, so we shall restrict our analysis to this condition
and obtain approximate solutions. Thus, we shall refer to 1, alw,,
(a/wg)?, ...as quantities of the zero, first, second,...order, respectively,
and shall neglect a quantity of any order in comparison with one of
lower order. This enables us to neglect a in comparison with wy, aw,
in comparison with @g?, and so on.

Let us divide both equations of (126-3) by L,L,. If we put

R, R,
. a; = 2L1--, Qg = -2T2,
and
;= -, (Dz = — ——]—.—*——- ,
VLG, VL,C,
we obtain
d4 ddi d?i
(=KD + 20+ ap) G0 +<w12+4a1aa+w22> i
+ 2(a 0, + as‘”la) +w12cu,211 =0, (126-4)
)-
d, dzi,

(1—Kk*» dik +2(a;+a,) dtT‘f‘(‘”x + 40,05+ w,?) dit
+ 2(a,52 + ay®,2) ff{:—-l- w,?w,2i, = 0,

where k is the coefficient of coupling, defined in article 125. Evident-
ly e; and a5 are the damping constants of the two circuits taken
separately, and ®; and o, are the angular resonance frequencies
(92-5) of impressed e.m.f’s for the individual circuits. For small
damping, however, the resonance frequencies do not differ appreciably
from the natural frequencies of free oscillation, as indicated by
(91-22), so we can regard ®; and w, as the mdependent angular
frequencies of free oscillation,
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We may expect damped harmonic oscillations as in the case of
the single oscillating circuit, so we look for solutions of the form CeYt
where C is an arbitrary constant and ¥ = — a4 iw,. Substituting
e(~=*o )t for the current in either equation of (126-4) gives
(1 = k) (= a + iwy)* + 2{a; + ;) (— a + iwy)®

+ (02 + daja; + @,%) (— a + iag)?

+ 2(0,w2 + 0,0,2) ( — a + iw,) + ®w,2 =0
after the common factor e(~xtiog)sr has been divided out, and this
equation reduces to

(1 — k2) (diawe® + wgt) + 2(a, + a5) (— i)
+ (0,2 4+ 0,2 (= 2icw; — wy?)

+ 2(a, 0,2 + a,0,?) (iwg) + 2w,z =0,
when second and higher order terms are dropped. Separating real
and imaginary parts, we have finally

(1 - Kot — (w2 + w?)w? + 0,2w? =0, (126-5)
and
{2(1 — k*)w® — (0® + ®,%)}a
— { (o + ay)wy? — (a1®22 + aawlz) }p=0. (126-6)
Exactly the same equations are obtained, of course, if we substitute
€(TeTie)r originally.

As there are two positive real roots of (126-5), namely,

0= A [ (@t o) = (P 0 4=k fw? )
) /\ L >

A= et (126)
@)= ,\/ (0,2 + 0,0+ o/ (@,7+ 02— 41 =¥, Ry |
2(1 - k?) J

there are two oscillation frequencies, both of which appear simul-
taneously in each circuit. From the form of (126-7) 1t is evident
that these frequencies are always different from the characteristic
frequencies w, and w, of the circuits oscillating independently. A
special case of interest is when the circuits are tuned together, so that
®, = w, == §,. Then (126-7) reduces to

u)o,:_' "_I'é ) 1

Vi L 268
l
J

Corresponding to the two values of w, there are two values of
a, given by (126-6), which we may designate by o’ and a ’, respec-
tively. These quantities have a simple form, independent of @, and
®,, only when the circuits are tuned together. In this case using
(126-8), we obtain from (126-6)
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. 1 /oy + a N
* T T—Fk( = ->,
o= '1‘-1'-'k (a, 42-_33)_ L (126-9)

Let us return now to the differential equations. The complete
solutions are obtained by adding together the four possible express-
ions of the form CeY!. Thus,

iy = A)/eC*'*o /)t | Bl’e(—a’—lmO')t

+ All'c(-a"+im0")t + Bllleo_all—lwollo)t’
iy = Aa'e(—a'ﬂwo')t + Byleta’'~wi0')t :
+ Az’le(—“’,+'wo'l)t + Bzue(—all-ic(ull)t’
where the A’s and B’s are arbitrary constants. As in article 91
these equations may be put in trigonometric form and we find
ip = ipe”@t sin (wy't + €,') + iy"e7@""t sin (wy 't 4 €,"), (126-10)
iy = lpg'e™ @'t sin (wo't + €,') + iy e ot sin (wy't+ € ,"’), -
the arbitrary constants now appearing as amplitudes and phase angles
iepresented by the iy’s and the e’s, respectively.

The arbitrary constants are not all independent, as may be seen
by substituting (126-10) in either of the original differential cquations.
Thus, dividing the first equation of (126-2) by L, in order to introduce
a;, o; and k, and substituting the values of the currents from
(126-10) gives, if we assume positive coupling,

(— 0o 4+ 0 Yijp' e sin (wy't + €,')
+ 2(— o’ 4 o))wyiyy’e @’ cos (w't + €4)
+ (= )% + w1y e sin (wy 't + €4")
+ 2(—a"" + ay)wy'¢T®"t cos (wy''t + €,")

. L, e oy
= /\/ L‘ wo'2ig'e® gin (wy't + € )
1 -

+ 2k ,\/é‘z o’ wy'igy’e™'t cos (wg't + €,')

1

+ k /\/ fl o, et sin (wy''t + €,”)

1

+ 2k,\/ II:Q' o @y iy €%t cos (wo''t + €,),
1

where the second order terms have been omitted as before. The

equation holds for all values of ¢, so the parts of the equation in which

w,’ appears must represent one identity and the w,"’ parts must

represent another. Then, as the terms in o are negligible compared
with those w,

(— ®g2 + of)ijg'e™" sin (wy't + €')
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= kvL’ @2, 'e" %t sin (W't + €4),

(= W% + w,3)iyy e %" sin (wy''t + €,")

= kViI! wo "% e sin(wy" + €57'),

1
from which we have

. - L 12+ 1 r __ .
(= g% + ‘1’12)’10'=]”/\/ sz @ 2izg’s €1 = €25

1

, L. , v
(— wo"? + @iy =k/\/ LJ Wy 2y, €y = €4

1
Hence, dropping unnecessary subscripts, the complete solutions of
(126—4) become
i; = I'o'e"u" sin (wo't 4+ €’) + iyee" sin (w, 't + € "),

%
l
iy = /\/ —1]10—“‘5111(w0t+e} |
L. > (126-11)

L) Jeeaieine

The arbitrary constants are now independent. and are determined by
the initial conditions under which the oscillations are set up.

The general character of the oscillations is apparent from
(126-11). There are two j
damped harmonic oscillations !
in each circuit the simul-
taneous occurrence of which \
leads to a periodic rise and VT H v VVAVA" MAAAAnre
fall of amplitude superposed
on a steady falling off due to
damping, in a  manner
analogous to the production
of acoustic beats between
two musical notes. Since
w, < w,, while 0, > w,,
the low-frequency oscillations QVL\ AAA
are in phase in the two t
circuits and the high-fre-
quency oscillations are ™
radians out of phase, so the
electrical beats in the Fic. 272
circuits are out of phase, as
illustrated in Fig. 272. Evidently energy surges back and forth
from one circuit to the other at the beat frequency, which is
(wy" — wy') [2m.

The graphs in the figure represent oscillations produced by
discharging the primary condenser at time ¢ = 0. The values
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of the arbitrary constants for this case are found by setting
ip =0, iy = 0,
91 =Ho, g, =0,
fort =0 in (126-11) and (126-1). The current conditions give

’

0=y sin ¢ + i)/ sin €”,

0=i/5f@if—1jgwme'

L,L\®
1 L W, 2] 7 "
— - 1 — —_
k«/Lz[ 1 <°-’o”> iy sin e,
from which we see that
e’ =0

€’ =0, = 0. (126-12)
The charge conditions lead to

1+ 11

17 ’ 1
wo'iy cos €' 4 wy'if" cos € + w2,

@, \?2 .
= —[<~}> -1 :lwo’lo’ cos €'
. @,

r w 2 -l nern n
1— ( —‘) w,' iy’ cos €
+ L wou J 0 ‘ ’

2 A 2
W . (O] .
(——%) — 1 |w)iy cose’'—| 1 — ( L3 ) w,iy cos €
'} - @

1.1

= — k2w,'iy’ cos €' — k2w,"iy’" cos €,
after terms in a have been droppzd. Using (126-12) and combining,
these equations reduce to

1 1
T i ! + " i” + = O’
[) w,” 10 9o

w,
et 11 mlz
Wolp + Wo'ly + - ke do= 0,
so that
. "y 9 "9 w12 ’
10 (0)0 —_ (l)o ) = — wo — I— k’z (I)o qo,
2
)
) 13 2y 1 —_ g N, 1
Iy (W% — wy?) = — (1 ZE T Qo j% Yo

Now, if we eliminate w,? betwean the equations (126-7), we have the

relation
2

w12 Q)oly('uoll
gy

2 ”g
——— = W + W -
2 0 0 2
1 —k W,

which allows us to put the constants in the final form

w,; \2
1
1= ()
n[— - mo‘

]0 == e
2
__“31“) —_ <_“31_)
’ n
Wy w,

7 —_ W
o /@y \2 w, \2 ¢
\ v ] = 7
g w,

'
2@y qo,

(126-13)

€
N
~—A
»
Pd
——
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When the circuits are tuned together, the complete solutions.
corresponding to the initial conditions given above become

§ 8

= —5 7 __ge %sin — °® __¢
1 RVE T S L
1R e S
PIVZ Rl o€ % sIin VT___kt,
I = — 1 L& g™t sin — S t
2AN L1 + k vV1+k
« VL, & goo~v'"t sin~~~‘Q’ -t
20 L/l — k 1 —k

the damping constants being given by (126-9) above. Tuned coupled
circuits of this sort may be used to produce damped radio waves.
The circuit arrangements are of interest, although in modern practice-
continuous rather than damped waves arc used for radio communica~
tion. A spark gap G (Fig. 273), connected to the secondary of a
high-voltage transformer, is included in the primary circuit (1). As
the transformer voltage increases in magnitude the primary condenser
charges until finally a spark passes, effectively short-circuiting the
gap, and oscillations ensue. Since the frequencies are very high,
the oscillations die away long before the transformer voltage has
passed through a half cycle. When the transformer voltage has
reversed direction and again reaches sufficient magnitude, another set
of oscillations results, and so on, the number of wave trains generated
per second being equal to twice the frequency of the transformer
power supply. In the secondary circuit (2) the capacitance is
supplied by an antenna and ground system, from which energy is

radiated in the form of electromagnetic waves, described in Chapter
XVL

The approximations made in the above treatment of free
oscillations are Antenna.
valid only if
the  coupling

between  the H' “
circuits is not l‘l I\

so small that G
terms involving T
k arc of the

same order of l
smallness  as —
terms which Ground
are neglected. Fic. 273

In particular, if

(w,— w,)[w, as well as k is of the first order or smaller, it is necessary-
to obtain a new solution of (126-4) in which at least all first order-
tern.s are retained.

D (2
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Problem 126a. Given an oscillogram of the current in either of two
coupled circuits tuned together to the angular frequency {,, find a simple
expression for k in terms of quantities which may be obtained from the
oscillogram, assuming k? to be negligible compared with unity.

Ans. b =n/N, where n is the beat frequency and N is the mean oscillation
frequency.

Problem 126b, Taking w, constant, plot w0’ and wo’’ as a function of o,
for k equal to 01, 8‘5 and 0'9. Compare the three sets of curves.

127. Coupled Circuits in Forced Oscillation.—Let us now
investigate the behavior of coupled circuits (Fig. 274) when an
alternating e.m.f. & = §, sin wt is included in the primary circuit.
(1). The circuit equations are

di , di, .
L, dt1+R1’1+ ~g,1= —Mdt + & sin wf, -
L _C_l{.:z + Ri + _qz_ _ _M (1'1-1 ( H7“1)
*dt ¥2 C, dt’

Assuming that the e.m.f. has been acting long enough for a
steady state to have been L e
reached, the currents are y A
sinusoidal in form with
an angular frequency w. 1)
Hence we may con- (& L,
veniently use the com- C,
plex method of analysis, ! .
described in article 113, | ] M | ]
to obtain the solutions of
(127-1). Replacing & Fic. 274
by & = &, and introducing complex currents we have, after
differentiation,

Al iy
/\..

dd, di, 1 . di, d ot
L ar T Ry g + C, h=-M 4+ dr (&),

4 di, 1 as (127-2)
LGE R g MG

correspondiné to (113-1) for a single circuit.

The complex currents must have the form
ip = dgeief, I = dpeiet.

Substituting these in (127-2) and removing common factors, we
have

. LN 4 oaap
[ R, +i (Llw — _ZZ':'('»‘) iy + iMwiy, = & s
r 1 . . (127-3)
| Rt (Lzm - Cow ) Jieo + iMwl = 0,
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which give

fg =~ - - 8o EPRY B & 2 1|
. C M2w? T M3w

(R, + iX;) + R, + iX, Z, + 7z |I

T — iMwg, |
o . - M2w? S (127-4)

Rt X [(Ry i) + QM |

_ ~iMeg, , |

= M202 |

z, [z : ]
2 1 + Z2 J

where X, X, are the reactances of the separate circuits, and Z, 7,
are the corresponding complex impedances. The same result may be
obtained by applying Kirchhoff’s laws to the coupled circuits regarded
as a network. In this case we have

Zlil + iMQ)iz = 8;
Z,i, + iMwi, = 0,
which are equivalent to (127-3).

In order to find the actual currents we must take the imaginary
parts of i; and i,. Sctting
o M2w2
Z/'eip) =17, + A
2

equations (127-4) become

. —iMw&y . 4., Mowg, _. )beeo
Iy = —,, % e ) = 0 T, ep, "t 2y,
20 Z,Z,, OPGN Z,Z, PPy )
where
Miw? 2 M2w2 2
7, = ,\/(Rl+--z22 R ) +(x =" 1% x, )
24,2
X=X,
tan ¢/ =—- _M;_‘T « (127-5)
Rl +_Z'22 2
Hence
i = 261? sin (wt — ¢;'), .}

. Mmgo . ’ .ZT_“
lg = Zg’Zl’," sSin (Q)t _ ¢2 -_ ¢1 -_ P )-
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We are concerned chiefly with the current amplitudes,

. &o .
he = z =gz

As these are functions both of the applied frequency and of the
constants of the circuits, we shall investigate their behavior when &
alone is varied and also when X; and X, are changed with @ constant.
In practice the resistances are almost always small compared with the
reactances, except near the independent resonance points where the
latter vanish. We shall therefore confine our analysis to the case of
small resistances.

Frequency Variation. — Consider first i,y as it is the more im-
portant of the two amplitudes. We can write
2.z, = v (_R12 +>X1E) (R? + Xa?) + 2M2“’2(R1R2 - XLX-zH('l]g;‘;%

Neglecting the resistances in comparison with the reactances, this
vanishes when

XX, — M2w? = 0,
that is, when
(1 — Yot — (02 + w0l + 0w, =0, (127-8)

the constants k, @; and w, having the same significance as in (126-5).
Evidently equation (127-8) has the same roots as (126-5), since the
equations are identical in form.

Now, maximum values of /,, correspond, very closely at least, to

minimum values of Z,Z,". Thus there two resonance frequencies for
the secondary circuit, given by

o = \/(wlz * ol — «/(MZ)Z’_—‘;;(lsz)Eew;z’}
r = A o w,?)2—4(1 — k?) %0

) 2 — )2 )
[ {2 A (127-9)
! '\/(w‘2 + @f) + V(of+ o) 41—k ole,?
@r = T T 2~k )

and these are identical with the frequencies of free oscillation.
When the circuits are tuned together, as is often the case, so that
®, = w, = §, we have simply

0.),.’ = — QA—A N ]I
‘/15 k |> (127-10)
@, = —\/-—1,:]( . J

Maximum values of iy, occur at very nearly the same values of
® as maximum values of iy. The factor Mw|Z, is increasing at w,’
and decreasing at ®,”, so that the primary maxima are slightly
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farther apart than the .
secondary. The chief i, ) :
effect of MwZ, is,

however, to make i,
decrease more rapidly
than i,, between the
maxima and less rapid-
ly outside. The forms
of the resonance curves
for two circuits turned
together are shown in
Fig. 275. With the
resgistances small, as Fre. 275 ]

assumed, the maxima in the secondary circuit are effectively eqqal,
and those in the primary very nearly so. Note that, in accord with

(127-10), the resonance peaks are not symmetrically placed relative
to Q.

[ TP

i
[
i
|
|
|
]
|
1
1
oy

If the coupling is made small, the foregoing results are some-
what modified, for the resonance values of o approach w, angl @, 80
that the reactances are no longer large compared with the resistances.
To investigate this case, with the circuits tuned together, we express
the secondary current amplitude in terms of the independent damp-
ing constants o, = R,/2L, and a, = R,/2L,. After arranging and
collecting terms, we find

o — . - ke?g, . _
? [{ (I=kh0t=2(02 =2~ a 2wty Q4j2

—4{a,®— 0,220 +4k2%(a;+ ay)2wS8]L,L,

To find the angular frequencies at which iy, is a maximum, or a

- (127-11)

minimum, we set %ﬁ-‘:— equal to zero and obtain
[(1 — k2)m4 — sz)&]ﬁ + 4(a12 —_— 022)20)4
— 4[(R? — o — a0 — Q42 = 0. (127-12)
In general theroots of this equation can be found only approxi-
mately and the solution is difficult. However, if it happens that the
damping constants of the circuit are equal, so that o, = a,5= A, the
middle term of (127-12) disappears and the equation can be factored.
In this case the roots can be found exactly. Thus we have
[(1 =Kot — 2(2° — 24%0% + Q4]
[(1 = K)ot + 292 — 2A4%)0? —30%] = 0.
The first factor gives the two resonance frequencies
o = NI—2A — V/(QFT AN = (1 = Qe
’ I—k ’
" = V ST —2AT 4+ V(R — 247 — (1 ~ e
N 1 — k2 .
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and the second factor gives the intermediate frequency of the mini-
mum between the iwo resonance peaks .

= A TSIV 2k 3k
: 1 -k -

Although these roots are exact, we are interested here in the case
where k as well as A[§), is a small quantity of the first order (art.
126). Hence, to the first approximation,

w; = Q. J.

Evidently as k diminishes the resonance peaks draw together,
When k reaches the transitional value given by

A

k=20, (127-14)

the peaks merge. Up to this point the peaks have the same magni-

tude & o/4As/L,L, independent of k, found by substituting o, and
®,” in (127-11), with,a; = a,. When k is less than k;, there is only
a single resonance frequency w, = §, and a single peak whose
magnitude diminishes with £k
and vanishes, of course, when £k 0 '

becomes zero. :

The behavior of the pri-
mary current is similar to that i
of the secondary except that the |
peaks merge a little less rapidly. i !
Resonance curves for the transi- 10 N
tional point are shown in Fig. [
276. Actually the conclusions - 1'7. ®
reached above on the assump- ¥
tion that a; equals a, are very 16. 276
nearly correct if ¢; and a, are not equal. The only difference of any
importance in practice is the fact that in the first case iy, has a
stationary maximum value for the entire range k >k, while in the
second case it has a discrete maximum for a value of k less than
ke.

Circuit Tuning.—When X; and X, are varied by means of the
circuit elements, w being kept constant, the exact conditions for
resonance can be found without difficulty. Maximum values of iy,
occur at minimum values of Z,Z,’, which may be found by setting
the partial derivatives with respect to X, and X; equal to zero.
Thus, :
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9 4 X (R, 2) — M2w?2
i)Xl_(ZZZl)’-: 1 (R* + X,?) MwX2=O

Ay A »
0 (7,20 = R XA X — M, l* (127-15)
ox, T z,z; R
which are satisfied either by
X,=0 X,=0, (127-16)
or by

R (127-17
2 (Af202 — |
+ /\/R1 (M2w Rle).J
In the latter case both positive signs must be used or both negative,
so there are only two possible sets of values.

X, =+ V ﬁ: (M?o? — RR,), |
A

X, =

Applying the usual tests for minima, we find that (127-16)
represents the conditions for secondary resonance for the case M2w?
<R,R,, which we shall designate as insufficient coupling. The corres-
ponding value of iy is

. Mo §
(720) max = Mz;;z‘:_i_*R:‘R—z , (127-18)

which vanishes if M = 0 as is to be expected.

On the other hand (127-17) gives the rescnance conditions for
M2w? > R|R,, which we shall call sufficient coupling. in this case,
for either the positive or the negative set of values,

(i20) max = 2\;R1R_ ) (127-19)
2

Thus with sufficient coupling the maximum current obtainable in the
secondary is entirely independent of the coupling (Fig. 277) and
incidentally, of the frequency. G0

Although in this case the circuits log/max. 6:)
may be tuned for secondary
resonance with their reactances
cither both positive or both
negative, the latter is usually more
convenient as smaller variable
capacitances or inductances are

required. \NR.R:

‘As regards the primary cir- Fic. 277
cuit, there is no complete resonance, the maximum value of iy
increasing continuously as X, approaches infinity. Thcre is, how-
ever, a partial resonance corresponding to adjustment of X; only,
given by
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M? 2
X, - Z“;— X,

X, =z
This is equivalent to the first equation of (127-15), so the primary

partial resonance for X; occurs at the same place as the secondary
partial resonance for X,.

=O.

The frequency v = w/27 of a sinusoidal e.m.f. contained in a
circuit (1) may be determined by coupling to this circuit an auxiliary
adjustable circuit (2) composed of an inductance, a variable con-
denser usually calibrated divectly in terms of the independent
resonance frequency v, = w,/2%, and an alternating-current indicator
such as a vhermocouple type ammeter. An adjustable circuit of
this sort, assembled as a unit, is called a frequency meter. When it
is adjusted for maximum current indication, v must cqual the
frequency v, indicated by the condenser setting, for with M small

. Mo g,
fgg =~ — — ———0 - (127-20)
® v (R2 + Xi?) (R + X,%)

and the maximum occurs when X, = 0, that is, when w, = 1/y/ L,C,

is made equal to the impressed angular frequency. Tuning the
primary increases the meter deflection for any given coupling, but is
not necessary to establish the secondary resonance relation.

Problem 127a. Referring to Fig. 274, suppose the e.m.f. is connected
across C; 1instead of in series with it. Neglecting the resistances R, and R,,
find the condition under which the impedance of the network is (1) greatest,
(2) least. In which case is the amplitude of the secondary current larger ?

M2e0? M20?
X, (2) Lo = X, -

Problem 127b. Deduce the transformer equations (118-2) from (127-4).

Problem 127c. Given two identical series circuits with resistance 10
ohms, inductance 20 millihenrys and capacitance variable. They are coupled
magnetically, the coefficient of coupling being 0'1. If a sinusoidal e.m.f. of
frequenzy (10)4 cycles per second is introduced into one of the circuits, find
how the capacitances must be adjusted to give a maximum current in the
other circuit. Ans. C; = C; = 00141 microfarad, or C, = C, = 00115
microfarad.

123. Logarithmic Decrement and 2 of a Circuit.—When dealing
with free oscillations, we usually wish to know the logarithmic decre-
ment § of the circuit (art. 91), as the magnitude of § determines the
rapidity with which the oscillations are damped out. Similarly, in
the case of forced oscillations, knowledge of the quantity 2 = Lw/R
is important since its value is an index of the sharpness of resonance
as the circuit is tuned. For consider a series circuit which can be
tungd by means of a variable capacitance to resonance with an
applied e.m.f. of fixed angular freqency w. The ratio of the ampli-
tude of the current when the circuit is not adjusted to resonance to
the amplitude at resonance is given by

Ans, DX, = -
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iy R 1

AR s

T e 2. L= 1 - RPUE-E - = :".'2”2, (128‘1)
2 —_— 2 — %o

,\/R + (Lo— V1+9(1 o)

where ®, == 1/4/LC (the variable in the equation) is the angular

frequency of resonance corresponding to the given adjustment, and

also that of free oscillation since the damping is small. Thus the

larger 2 is, the more rapidly the current falls as @, is varied either
side of resonance.

Ordinarily it is difficult to calculate the logarithmic decrement
or the 2 of a circuit accurately, particularly at high frequencies
where the apparent values of the circuit elements may depend on the
frequency, so we must resort to direct measurements. These may
be made with either frec oscillations or forced oscillations, that is,
with damped waves or with undamped waves, but free oscillations
are rarely used. Actually it is only neccessary to measure 2, since
for the resonance adjustment w, = @ we have from (91-25)

s = nR|Lw = =2,

As an example let us take the frequency meter circuit described
in article 127. This includes a device for measuring current, which
is essential, and it is arranged so that it can be coupled loosely to a
primary circuit (1) which contains an applied e.m.f. of the desired
angular frequency ®. Now from (92-8) and (127-16) the mean-
square current in the measuring circuit (2) is

%M2w2 6 02
(R + XPA)(R? + X,%) °
This is a function only of the adjustable resonance frequency ®, of
the measuring current, since both @ and the primary resonance

fr quency w, are kept constant. Thus the maximum value (/,%)m
occurs when X, = 0, that is, when ®, has its resonance value
w, =, and

’::E = iieo2 =

= 2Aw, is the interval

R L es
(izz)m RJ + X2 1 2 /1 —- @g )’
’ + 2 \ @y
Let us vary w, in the vicinity i
of resonance, putting w, = wn
4+ Aw, The corresponding .
resonance curve, shown in '
Fig. 278, is symmetrical H
about w, so that Aw, i
1
t

betwecer. pair of values of giving AN

I . ! 1
the same value of i,2 on either RCheld
side of resonance. Finally, as O

we are interested only in circuits
where the resonance is resonably
sharp,

.
Fic. 278
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(1__ ‘”22 )2 — (1 _ wm =+ 2wmAw2> - (Amm)z
Wyt wm2
;;o a sufficient degree of approximation. Substituting in (128-2), we
ave

iy 1
()m 1 4 92 me> ’
wﬂl
which gives
%) [.2
9, — - V U .y (128-3)
m iy

Hence the experimental procedure consists in tuning the measuring

circuit _to resonance to obtain (i,2), and then detuning it to the same
value i;2 on either side. If the variable condenser used in the
tuning is calibrated in terms of actual frequency v, we obtain
‘”m/ Awy, = vm/Avm directly. On the other hand, if the condenser
is calibrated in terms of capacitance only,

1

mm \/L‘Z ~m 2 Cm

Aen = F ACw’

VL,(C ;Ac,,,) /\/L,(c,,, 4C )

where C,, is the resonance setting of the condenser and A Cy is the
capacitance difference corresponding to Awy,. It is convenient to

choose i,? = } (iy®)m since then the radical in (128-3) reduces to
unity. Care must be taken to note whether the ammeter scale gives

Fic. 279

mean-square or root-mean-square currents. In the latter case the
scale readings must be squared.,

Although here we have ascribed 2, to the entire circuit, often the
resistance of a circuit is almost completely associated with the induc-
tance coil, in which case we may speak of “‘the £ of the coil.”

Problem 128a. Show how to measure the & of a fixed circuit by varying
the frequency of the applied e.m.f.
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129. Filters.—We have investigated various simple a-c networks
in which a limited number of impedance elements are used. Let us
now turn our attention to a general type of network in which
numbers of similar impedance elements are assembled to form a
recurrent structure. Network of this sort are called filters, as they
pass certain frequencies freely and stop others.

Various forms of structure may be employed,
We ghall confine our discussion to the ladder type,
illustrated in Fig. 279, which is one of the most
common. This filter consists of a number of identi-
cal series elements of complex impedance Z, and a
number of shunt elements of complex impedance
Z,. Atthe input end of the filter is a complex
applied e. m. f. § = § 4", corresponding to an
actual em.f. § = §,sin wt, with a generator im-
pedance Zj, and to the output end is a complex load Fic. 280
impedance Z». As shown, the filter proper ends with half series
elements and is said to have mid series terminations. We may think

@+
2Z, a

Fis. 281
of the filter as composed of n T-sections (Fig. 280). Sometimes
however, it is more convenient to arrange the filter as illustrated in
Fig. 281, with mid-shunt terminations. In this 7
case we regard the filter as made up of »n II-
sections (Fig. 282). The type of termination
affects the values of the currents in the different o7 YA
sections of the filter for given generator and 2 2
load impedances, of course, but it does not
affect the general frequency characteristics of | l
the filter. Thus, to illustrate the principles Fro. 182
involved, we need analyze only one case and 6. 8-
we shall choose the mid-series.
Using Kirchhoff’s laws in the complex form (art. 115), with
positive directions of currents as indicated in Fig. 279, we have
Zoig +3Zii, — Z, (iy - i) = &, )
Z’(il - io) + Zli]. -_ Zg (iz - il) = 0,

o : L (120-1)
Zz (in—1 - in--l) + Z1in-1 - Za (in - in—1) = 0. |
Z, (in — iny) + 3Zsin + Zpin = 0. J

As we assume that a steady state exists, the currents have the form

iy = igele?, i; = i,e'@' and so on. Hence, removing the factors eiw
and arranging the equations symmetrically, (129-1) becomes
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=Zyi_yo + (Zy + 2Z,) iy — Zyiyy = 0 )
—Zsjigy + (Zy + 2Zy) iy — Zyiy = O, I
e > (129-2)
—Zsi(n_s)o + (Z, + 2Z,)i(n-1)o — Zsing = O,

[ ——

_Zgi(n-l)o + (Z1 + 2Z2)iﬁ0 - Z'j(n&l)ﬂ O!
where the quantities i_jg and ip, 1), are defined by
o= = (2o — 3y — L)y + &0 )
10 = oz, T
. b (120-3)
S = -\ ln = 321 = Zy) ino |
n+1)0 22 J

The equations of (129-2) are of the form
—ZZi(m-l)o + (Zy + 2Zy)img — Zzl(m.u)o = 0, (129-4)

in which m takes all integral values from O to #n, inclusive. We may
expect a progressive change in the current as we pass from one
section of the filter to the next, due to the recurrent structure. Let
us, therefore, assume as a solution of (129-4)
iz = AeIm 4 Be™Im, (129-5)
where A, B and I are complex constants to be determined. Sub-
stituting (129-5) in (129-4) gives
—Z,[AeT(m™1) 4 Be~Tn~V] 4 (Z; + 2Z;) [AeT™ 4 Be™ I'm]
— Z,[AeIm*) 4 Be~T(n*)] = 0,
which reduces to
[(Zy + 2Z,) — Z (el + e~ I)] [Ael™ + Be Im] = 0.
Hence (129-5) is a solution of (129-4), provided only
el + e I = le 2fZ—2.
2
Here we may use hyperbolic functions to advantage. The
hyperbolic sine (sinh) and the hyperbolic cosine (cosh) are defined by
. et — e72 et teZ
sinh x = — 3 ) cosh x = - o
Evidently sinh x is an odd function of X and cosh x is an even
function. The graphs of these functions,

2
assuming x real, are shown in Fig. 283, coshx
Note that cosh x is never less than
unity, which is its value for x = 0.

When the argument of the -functions is 1
imaginary, we have Sinhx
sy . W —eTiv
sinh (iy) = ?—--7—2-6« =isiny, -1 0 1 X
. 1Y 1Y '
cosh (iy) = pl —';—e—- = cos ), -1

where y is real. It follows from these
relations and fiom the general defini- 21
tion of the hyperbolic functions
that Fic. 283
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cosh (x + iy) = cosh x cosh (iy) + sinh x sinh (iy)
= cosh x cos y + i sinh x sin y,
a result which we shall find useful.

N In terms of hyperbolic function the equation determining I' is
then

_Z, +2Z,
cosh ' = 0z, (129-6)

The quantitics A and B evidently are arbitrary constants de-
pending on the boundary conditions, that is, on the values of Z,, Z,
and & ,.

The frequency characteristics of the filter are controlled by —T°,
which is called the propagation constant. For let us write

—T =a + i¢. : (129-7)
Then since the actual currents are obtained by multiplying (129-5)
by e@? and taking the imaginary part, there is an attenuation factor
e~* introduced into the amplitude of the first term by ecach section
ag we move away from the input end, and similarly for the second
term as we move toward the input end. Hence if o differs from
zero for any frequency and the filter has an appreciable number of
sections, the current transmitted by the filter is effectively zero.
On the other hand a current is freely transmitted if its frequency is
such that a == 0. The quantity a is called the attenuation constant.
Similarly ¢ is called the phase constant, since it gives the change of
phase per section (measured as a lag) in the currents as we move
along the filter.

The physical significance of (129-5) is now clear.  The first term
represents space waves of current traveling away from the input end,
attenuated from section to section much as the time waves of current
due to frec oscillations in a single circuit are attenuated from instant
to instant. The second term represents similar waves traveling back
toward the input end arising from reflections at the output end.

There are two separate points of interest to be considered, the
dependence of the frequency characteristics upon the filter’s cons-
truction, that is, upon the nature of Z, and Z,, and the dependence
of the general transmission characteristics upon the terminating impe-
dances Z, and Z,. The first matter involves only relations (129-6)
and (129-7) already obtained, the second involves the determination
of A and B.

Frequency Characteristics.—We shall neglect resistances in the
filter as they are always made small compared with associated re-
actances. Then Z, and Z, are pure imaginaries and, in consequence,
cosh T' is real. Expressmg T in terms of a and ®,

cosh ' = cosh(— T') = cosh a cos ¢ + isinh a sin @.
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Since cosh T' is real, either a must be zero or ¢ must be an integral
multiple of =. Hence, as cosh a is never less than unity and cos ¢
is never greater, we can distinguish three cases :

—1<coshT<1, a =0, = —ig3; I
cosh T'> 1, ¢ =0, I'= —a; r (129-8)
coshP< —1, =+ 7, D= — a F im. J
In the frequency range corresponding to the first case, currents are
transmitted freely without attenuation, so we have a pass band.
Frequency ranges corresponding to the other two cases are’siop bands.
Thus, in terms of Z, and Z,, pass bands are given by

9
-1< 'Z"o;‘:% <1
—~dy
or
0< (_ %1) <4, (129-9)

and stop bands by all other ranges of values.

The simplest filters of the type we are considering are illus-
trated in Fig, 284. For the arrangement shown in (a},

Zy=ilw,  Zy=—ig,
so that the pass band is given by
0<L,C,w*<¢4,
that is,

— 2
T WILC,
Since all frequencies from zero to a critical or cut-off frequency given
by w, = 2[4/ L,C, are passed without attenuation, we have a Jow-pass
filter.

In (b) the filter elcments are

0< o» < w, ® (129-10)

.1 .
Zl = =1 Cl(u’ Z: = lL“(D,
and the pass band is determined by
1
0'<— L2C1w2£ 4’
that is,
1
w,<w< o, We = . 129-11
RO °= 2vic, (12910

Here all frequencies above a critical frequency are passed without
attenuation, so that we have a high-pass filter.

Arrangement (c) is slightly more complicated. As
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s _ 1 _ Lo»
Z1—1<L1m Co) Z, =i 1= LGy’
we have the inequality

0< (1 - LGo? (1 — L,C,»?) <4,

L,C n?
L C
i i L i | (e
C, C, L, L,
(a) ™)
L, ¢
- 4
&_& _1C,
Lgl—r- Lzl-[‘
(e

Fic. 284

which is satisfied by two ranges of values of o, We usually prefer
to bring the two ranges together, however, by taking L,C, = L,Cs.
Then, setting we = 1/4/ L,C, = 1/ L,C,. there is a single pass band
given by

a’cl SO) < wc”»

< ]
' LG JLCy | |
wcﬁwc[/\/\/lfzc1_+1 - ,\/\/ 21 ] |
L,C, LC, $(129-12)

r’ TTyee——m R [

"o__ L,C, L,C I

= W 21 21
e ‘L/\/\/Llcﬁ 1+ \/’\/L.p2 ©
This filter is called a band-pass filter.

" "In (d) we have
A L

=1 - L

Z,=i( Lo~ -Ci;—)

The inequality
L,C,0?

°S i=nGe) - rigey =
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is satisfied by two ranges of values of ® as in the previous case.
Here we cannot bring the ranges together, but we will take w, =2
YVILC=1|v L, C, as before, for simplicity. Then there are
two pass bands :

w —_—— ———
0< o< o, o = -"[ L,C, _ LA,Cg]
- Gor e = 4 /\/ \/L2C1+ 16 ip_a_cl_ J

(129-13)

" y o e LC, | .. LGy
0/ ' << o, 0/ = - [ g <2
o T '\/\/L=C1+ ]6+\/ Lacl_]_
As there is a single stop band corresponding to w, < @ < a,”
this filter is usually called a band-stop filter.

()

O~ W N
08\
e
[-X -9 O Y W N
¥

Gg
: =
-w.—/
? oG
(a) (by
a a
34 3}
pas PAS
1t 14
O O
¢
w--

FiG. 285
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In addition to the location of the cut-off frequencies, it is often.
important to know how a varies with frequency in a stop band or
how ¢ varies in a pass band. Using (129-6) to (129-8) inclusive, we
see that in a stop band

Z, + 27,

cosh a = + ) S (129-14)-
2

the proper sign being used to make the right-hand side of the equa-
tion positive. Similarly, in a pass band,

cos ¢ = Zlg'Z?‘_Zz )

In Fig. 285 o and ¢ are shown as functions of the angular frequency
for the four filters we have just discussed. To facilitate comparison
the same value of @, is used in each case. The sign of ¢ is deter-
mined by including the resistance terms of Z, and Z, in the expand-
cd form of (129-6) and observing that for X; >0, X, < 0, ¢ is
positive while for X; < 0, X, > 0, ¢ is negative. In other words ¢
always increases with frequency in pass bands.

(129-15).

In all the filters described the structure is such that K==\/Z 7,

is independent of the frequency. Hence they are usually termed
constant-K filters.

Transmission Characteristics.—The values of A and B are most
simply expressed in terms of the characteristic impedance Zy of the
given filter, so we shall determine this quantity first. By definition.
Zg is the impedance of a filter of the type in question having an
infinite number of sections. For such a filter (129-5) may be written

imo = Am el‘m + Bwe-m = imer'” e Bw (erm - e—r”‘)
since iy = Ay, + B. But there can be no reflected waves,
represented by the eI term, in an infinite filter, since the original
transmitted wave is attenuated to zero before it reaches the output
end of the filter. Hence By, = 0 and the complex current ampli-
tudes are simply iny = inef™. The first equation in (129-2) then.
gives
[ —Zyel — 1) + 3Z, + ZyJipp = &,

But, for the infinite filter,

[ZK + zo]ico = &o
and hence

F < e T
Zx=—Zil - )+ =-2 (53°

). (129-16).
Squaring this equation and using (129-6),

Ze Y (Bt _ T 2t
(“ZZ) =\"3z, )"1—Z;+4z22’

or finally,
Iz = VZ,Z, + 17" (129-17p
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‘We see that when we neglect the resistance terms in Z,; and Z, as
in (129-8), Z ¢ == Rg, a pure resistance, in the pass bands and Zg
= iX k¢ in the stop bands. In Fig. 286 Rgr and Xk are shown as
functions of the angular frequency, the four cases corresponding to
those of Fig. 285. To aid in comparison the same value of K is
used in each case,

Rx RK
™ L
@, d We ?
XKJ XK e o)
K
\ —K.-
@, b
(a) (b)
RK RK
I\ TS
| CI ol of
XK XK |
K K |
C - @ ) = : @
l % e :
Kt / -Kt :
|
(c) i (d)
Fic. 286

We are now ready to evaluate A and B. Substituting (129-5) in
the first and last equations of (129-1), we obtain

{—Z,(ef — 1)+ 3Z, + Z,]A
+ [ = Zye L - 1)+ 3Z, + Z,B = §,
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e[ — Zye I — 1) + §Z, + Z,]A
+ e~ In[ — Zyel - 1)+ 3Z, + Z,]1B = 0.
From (129-16)
— Z,(er — 1) + 32, = Zg.
Similarly, from (129-16) and (129-6),
— Zye l — 1) + 3Z, = — Zg,

Hence we have .

(Zg + Zo)A — (Zg — Z)B = §,,

— eM(Zg — Z,)A + e~ IZg + Z,)B = 0.

‘These equations can be solved for A and B immediately and the
resulting values substituted in (129-5) to obtain the general expression
for the complex current amplitudes, applicable to any filter with any
terminating impedances. Then the actual current amplitudes iy and
corresponding phase angles can be found in the usual manner.
However, in the general form the current amplitudes are complicated
functions of the frequency, and calculation of them is laborious, so
we shall confine ourselves to special cases. Thus, suppose that there
is an output impedance match, that is, Z, = Zg_ while at the input
end of the filter Z, = K == /Z,Z,. In this case the filter with its
load impedance behaves like an infinite filter. Reflections are absent,
80 that all the energy delivered to the filter at the input end is
transmitted to Z, and the filter operates at maximum efficiency.
Setting Z, = Zg in (129-18) gives

: } (129-18)

—_ . 6‘0_, —_
A = 7 K B=0,
and so
i —_— _6,0_ 'm 92Q.
ino = 4 KeI' . (129-19)

Usually we are only interested in the input and output currents,
determined by

i == ~~€>’0~— i = 60
0" Zg+ K’ "o Zg + K

Both of these are functions of w. Evidently in a pass band the
actual currents i, and i» have equal amplitudes but a phase difference
n¢, whereas in a stop band iny = ige™* and the phase difference is
merely & multiple of =. These simple results hold, of course, only
when Z, = Zg, and it should be observed that since Zz is a func-
tion of the frequency no simple fixed load impedance can match the
filter over a range of frequencies. TFor this reason it is often necessary
in practice to use a special impedance matching section at the end of
the filter.

Finally consider the reverse case where we have the input im-
pedance match Z, = Zg, while Z, = K. Here

el (129-20)
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_ 6o = 90 .rn Zx — K
A=z, B= 2ZK‘e i <ZK+K>’
80 that
. &o -
ing = 57| erm + efen m)( N K)_] (129-21)
and
iy = 22’-[1 + erem @i—ig)] ‘ 1‘
|
—Z;g—_;’_—-k er® [cosh T'n — Zlgsinh I‘n:’, F (129-22)

Z — &
= %0l or r K o _ ol
ino 2zK[e"+e" ZK+K):] Zi+ K& )

Although the output current has the same form as before, due to the
reciprocal nature of the two cases, the input current and, therefore,
the relation between the currents are quite different.

DProblem 129a. Show that the characteristic impedance ZkK’ of a mid-

shunt terminated {ilter (Fig. 23l) is related to the corresponding mid-series
characteristic impedance Zg according to the equation ZXZK’ = Z1Z,.

Problem 129b. A low- pass filter with mid-series terminations is con-
structed of elements L, = ||r henry, C, = 1/= microfarad. Find the cut-off
frequency ve Also express the characteristic impedance in m k s. practical
units as a function of the frequency .

, Ty
Ans. wve = 1000 cycle/sec, Zkp = (10)® \/ 1-— (y ) ohm.
[

Problem 129c. " A high pass filter with mid-series terminations has ele-
ments C; = 1/4n microfarad, L = !/4n henry. Make the same calculations as
in the preceding problem.

Ans wve =1000 cycle/sec, ZXp = (10)3 \//1_ (—3"-'1')2 ohm.

Problem 129d. Using (129-22) calculate and plot as a function of the
frequency the actual output current (amphtude and phase) for (1) a two-
section low-pass filter with elements as specified in problem 129, (2) a two-
section high-pass filter with elements as specified in problem 129%.

130. Lines.—The a-c¢ circuits and networks which we have
considered up to this point are such that at any instant the current
is the same all the way around a circuit or all the way along any
branch of a‘ network. Let us now consider a case in which the
current varies along the circuit at every instant as well as varying in

Z]

. 2

Fic. 287
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time at every point. Suppose we have two long parallel conductors
of uniform, but not necessarily the same, cross section (Fig. 287).
Although the two conductors are often separated as shown in the
figure, one, in the form of a hollow cylinder, may surround the other.
Let the long conductors be connected to an impedance Z, and an
em.f, & = &, at one end and to an impedance Z, at the other.
The pair of long conductors constitutes a line, and Z, and Z, are its
associated generator and load impedances, respectively. Let the
length of the line be S and the distance of any point on the line from
the input end be s. If R and L are the resistance and the inductance
per unit length (including both sides of the line) and G and C are
the leakage conductance and the capacitance between conductors per
unit length, we have for the series impedance per unit length along
the line Z;, = R + iLw and for the shunt impedance per unit length
across the line Zg = 1/ (G + iCw).

Now consider an element ds of the line located at a distance s

from the input end (Fig 288),
denoting the complex current along
the conductors and the complex S ‘dS!*-
e.m.f. between them .at this point ?‘ —
by i and &, respectively. As we J s;
go from s to s -+ dsy the current 1
along the line must diminish, in ' ;
accord with Kirchhoff’s first law, by [ i
an amount equal to the current i}
across the line, Since the shunt % —
admittance for the length ds of line
is (Gds) + i(Cds)w, the shunt cur- Fic. 288
rent is [(Gds) + i(Cds)®]®, and we have

— s = [ (G ds) + I(Cds)w]8, = -O° 4.

os Zc

Similarly, as (R ds) + i(Lds)e is the series impedance of the
length ds of line, the e.m.f. across the line diminishes, as we go from
s to s + ds, by an amount equal to [(R ds) + i(L ds)w]is, giving

- e ds = [(Rds) + (L ds)o]i, = Zj i.ds.

This follows from Kirchhoff’s second law, since — ( aaés ') ds is, in

in effect, the e.m.f. applied to the elementary circuit formed by the
length ds of the pair of conductors.

Hence
2, 8 28 o _
e T Zo' T as = e (130-1)
and, eliminating &,,
"
o Zy g _ (130-2)

ost T Zg
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The frequency of the curvent is the same as that of the applied
e.m.f., so that i, = ixe!®t. We may therefore reduce (130 1) and

(130-2) to .
_ Ol & _ 8 _ g . ]
an
% Z; .
%‘? — 7o =0, (130-4)

respectively, and deal with the complex current amplitudes only,
The solution of (130-4) has the form

isp = Aels 4+ Be~ Iy, (130-5)
where — T' = a i is the propagation constant just as in the case
of the filters discussed in article 129. Here a is the attenuation
constant per unit length of line and ¢ is the corresponding phase
constant per unit length. The first term of (130-5) represents waves
of current travelling away from the input end of the line, continuous-
ly attenuated because of the factor e™>¢. To see this, express A in
the exponential form Ae™s. Then on multiplying through by eiot
the first term becomes Ae™%e!(wt=hs=a), the imaginary part of which,
corresponding to an applied sine wave, is Ae™® sin (wt — ¢s — a).
This expression varies sinusoidally with the time at every point
along the line and it also varies sinusoidally along the line at every
instant of time. It therefore represents a wave travelling along the
line, the direction of propagation being in the direction of increasing
s, since increasing s requires increasing f to maintain a constant
value of the total phase (wt — ¢s — a). The wave length, that is,
the distance it is necessary to go along the line to find a phase
difference of 27 radians at any instant, is given by

== (130-6)

while the speed v with which the waves travel is equal to the
product of the wave length by the frequency, that is,

v =2 () =%. (130-7)
The second term of (130-5) represents waves travelling back toward
the input end,
is arising from reflec-
' R | tions at the output
: [l
i

/7

end. A wave of
‘ the sort under dis-

- ! cussion is depicted
‘*--;-I_\__ in Fig. 289, where
———5 the actual current
\-/""’ i, is shown as a
fom— function of distance

- for a particular
P instant of time. As
z time changes the

wave crests move
Fic. 289 with the speed yp
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keeping always between the broken line curves which represent the
effect of the attenuation factor e~as,

Frequency Characteristics.—Substituting (130-5) in (130-4)
shows us that

-7 = V Z- =v(R +iLw) (G + iCw).  (130-8)
Hence, squaring,
(@ 4+ ip)? = (R +iLlw) (G + iCw),
or
a? —¢p? = (RG — LCw?),
2a¢p = (GL + RC)w,

from which

/\/ (RG — LCo?) + V/(R? + L*w?) (G 4 Clar?)
a = b
2
e . _ 7 (130-9)
—(RG-LCw® + V(R® + [2w?)(G? + Cw?) |
¢ = 2 J

Evidently both of these quantities have finite values over the entire
range of frequencics between zero and infinity, so that current waves
of any frequency suffer a steady attenuation and lag of phase during
propagation along the line.

Lines are used both for the transmission of power and for
communication. In the former case only one frequency is involved
and the primary requisite is small attenuation. In the latter
case, on the other hand, it is usually necessary to transmit an entire
band of frequencies and the essential requirement is that
attenuation and speed of propagation should be independent of
frequency, in order to avoid distortion. Returning to (130-9) we
see that, in gencral, this condition is not satisfied. If, however, we
make

GL = RC, (130-10)
then
a = ,/RG, ]
) = 1 ) > (130-11)
v LC

and the line is distortionless. Unfortunately, it is not possible in
practice to satisfy (130-10) unless G is artificially increased.
This results in a prohibitively high value of o, so we must proceed
otherwise.

In a well-insulated line even at low frequencies G/Cw is usually
so small that its square is negligible compared with unity. Assuming
that R/Lw can be made small also,
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vLC’
and the line is again distortionless. To make R%/L2w? sufficiently
small at audio frequencies, at least in telephone cable lines where the
line conductors must be closely spaced, it is usually necessary to in-
crease L as R cannot be reduced economically beyond a certain point.
There are two practicable ways in which large values of L may be
obtained. The first consists of enclosing the line conductors in g
thin sheath of some highly permeable substance such as permalloy or
perminvar (art. 103). This method is very expensive to employ and
its use is confined commercially to long distance submarine cables,
The second way of increasing L depends on the insertion of smalt
inductance coils in the line at regular intervals. While this procedure
introduces a recurrent structure which causes the line to cut off at
some critical frequency like a low-pass filter, nevertheless at lower fre-
quencies it is approximately equivalent to increasing the inductance
of the line uniformly. For good results several coils per wave length
must be used. This method is used for long distance cables on land.
A line whose inductance has been increased above the normal b
either of the means just described is said to be loaded. Note that
loading not only eliminates distortion but also reduces attenuation,
a very desirable circumstance.

Hence

)
I} (130-12)
J

Transmission Characteristics. — Next let us determine the
arbitrary constants A and B in (130-5). These are best expressed in
terms of the characteristic impedance Zg of the line, that is, the
impedance of an infinitely long line of the given type. For such a
line (130-5) may be put in the form

igo == AQ ers + Bm e It = iogere — Bc‘ (er\ — e‘f‘)
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sincc iy = A, + B, . But in an infinite line, as in an infinite
filter (art. 129), there can be no reflected waves. Consequently,
B, = 0 and the comp]ex current amplitude is given by i, = igel™.
This ma,y be substituted in the first equation of (130-3) giving

8

— Teltiy = g;o‘-

Taking s = 0 and using (130-8), we have
VZyZc iy = 8o

Hence, since Zgiy, = &, for the infinite line,
= 7. Zs = N[ REiLe 130-13
ZK’“‘/ZI’ZC_/\/G-'HC«» (130-13)

When R/Lw as well as G/Cw is small enough to make the line
distortionless, Zg reduces to the pure resistance

L
Rrg = b 130-14
i'g /\/ ol ( )

Returning now to (130-5), substitution in the first equation of
(130-3) gives with the aid of (130-8) .

Zy (e[*A — e~TB) = 8q,.
But
8w = &0~ Ly = &9 — Ly (A + B),
8s0 = Zsisy = Zg(eISA + e~ I[SB),
so that
(Zg + Z)A — (Z —Z)B_~g’ -
—ofS (Zyg — Zg)A 1 I8 (Zg + Zg)B = 0. } (130-15)

Solving for A and B we find

A= S ) 1 , '}
(Lg + Ly) (1 — e¥1>Nlg)
130-16
o & ety o f %0
(Zg + Zy) (1 — e?ISTTg )
where
Zr — Z, Zx — Zs
‘ TOEZK-%-ZO’ Tszzx-i-zs’
and, finally,
(25-5)
& et +el Ty, (130-17)

W= Zi+ Zy) (1 —eST,Tg)"
It is very instructive to expand (130-17) with the aid of the
binomial theorem to the form
= &o_ r TS -8) r@S+3) r4sS—oT.7T
dsg (ZK+Z0)[3"+G OTg + e T Ts + ¢ T,Ts*
+ e[USH+OT Te? 4 eI6S=) TT53 - .. . ). (130-18)
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Each term in this series has a definite physical significance. Since
8 o/(Zx + Z,) gives the current flowing into an infinitely long line
of the given type, the term (_Z}—E -if—Z“)e I's represents a current
0
wave of characteristic initial amplitude which has travelled directly
from the input end of the line to the point s. Similarly
7 §o_. el'25=) Ty is the same current wave after it has travelled
( K + Zo)
to the output end of the line, been reflected, and returned to the
point s, a distance 2S—s. Tjs, which evidently represents the effect
of the reflection itself, is called the output reflection coefficient. The
third term in the series gives the current wave after it has returned
to the input end, been reflected with an mput reflection coefficient
Ty and travelled down the line to the point s again. Thus we may
regard the current at any point along the line as due to a current
wave §&/(Zx + Z,) which enters at the input end and is then
reflected back and forth across the point in question.

The point of view adopted above is helpful in considering the
transmission characteristics of the line as a whole. By giving T, and
Ts suitable values various special characteristics can be established,
as will be shown below.

The actual curront corresponding to an applied sine wave is
obtained by multiplying (130-17) or (130-18) through by ei*t and
taking the imaginary part, as usual. For example, consider the
special case of a line matched at the input end but short-circuited
at the output end, that is, Z,= Zgso that T, = 0, while Zg = 0
so that Tg = 1. For simplicity we will assume that R and G are
negligible, in which case there is no attenuation and Zg reduces to
to Rg, a pure resistance. Then (130-18) becomes

fop = _2_(1';;2 ; [e7igs + e-igp@s—) ],

and the actual current is

4]

is =2—1§;’[ sin @ ( t— i) + sin @ (t - 2 ’ S—):], (130-19)
¢ having been replaced by o/v in accord with (130-7).  The
first term represents the primary current wave and the second
the reflected wave from the closed end of the line. The combination
of these waves results in a standing wave. That is, there is a fixed
amplitude of oscillation at every point on the line, the amplitude
varying sinusoidally between zero and a maximum, §,/Rg, as we
pass along the line. Since w/v = 2w[A, the points of maximum
oscillation, called loops, evidently occur at

A
§ = S, S — '2<,
‘while the points of zero oscillation, called nodes, occur at

S—2 ceny
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3 5\

s=2S 4° -3 - ey
halfway between the loops. This standing wave- may be shown
graphically as in Fig. 290, the vertical distance between the curves
representing the limiting (Cyrrent
magnitude of oscillation,
that is, twice the ampli- : H

tude, at each point. As
nodes and loops may be H s
located experimentally, !

5 S

standing waves afford a S—a2 S—
means of determining an
unknown wave length
directly. The method Fre. 290

is particularly valuable at very high frequencies where the wave
lengths are small. .

With the line open-circuited at the output end instead of short-
circuited, Ts = — 1, and the current is

iy = zé;an [sin w( t — —Sv )—sin ® ( t — 2S; ‘)] (130-20)

In this case the standing wave is as shown in Fig. 291. A standing
wave is, in fact, produced by any termination of the line other than

Current Zs = Zg. However,
in cases other than

><\/\//v\/\ wave is combined

A with a progressive

i those mentioned
l above, the standing
i

S-2 S"z' S wave, 80 that the

w2

amplitude of the
Fic. 291 resultant wave does

not fall to zero at its minimum. We shall refer to such a wave as an
incomplete standing wave. In all cases the distance between successive
maxima or successive minima is A/2,

It remains, as a matter of some interest, to determine the
values of v and Rg for some actual lines. The common unloaded
open-wire telephone line consists
of two wires of circular cross sec-
tion of radius a separated by a
distance b large compared with a. (ﬁ

The inductance per unit length H _)E:‘:
of line is found by calculating the 2u
flux which links a unit length of
the line when a unit current is
flowing  Taking thé origin of Fi6. 292
rectangular coordinates halfway
between the wires as indicated in Fig. 292, we have

%-—-)4——%——)
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1 [ 9 2 2
L= ’Z"’j' 57— +5— )
“emtal 0 _x S+ x

[ b (b 12)-a
2
} IOg b - =

=2 +a
since b is large compared with a.

The corresponding capacitance per unit length is

c= L.

4 logZ-

from (32-3). Thus, assuming the resistance of the line is small
enough so that the line is distortionless,

1

v= - =g, 130-21
vLC ( )
regardless of the size of the wires or the spacing. As has been
pointed out in article 68, c is equal to the speed of light. It is in
fact the speed with which any electromagnetic disturbance travels
through free space. On the other hand, in a telephone cable, loading
the line to the extent necessary for satisfactory voice transmission
reduces v to about one-third ¢ or less. That is, the speed on an
average loaded telephone line is of the order of (10)5 kilometers
per second. The corresponding wave length at, for example, a

thousand cycles is a hundred kilometers.

For transmission of high frequencies the coaxial type of line is most
commonly used as it is both self-shielding and convenient to handle.
It consists of a wire of circular cross section of radius @ surrounded
by a coaxial tubular conductor of inside radius b. Usually the wire
is mechanically supported and insulated from the outer conductor by
thin ceramic disks widely spaced, in which case we may consider the
region between the conductors to be empty. Then, from the results
of problems 89a and 78q,

2 b 1
L=—c'510g a’, = - -

2 J.Og—a

Since the transmission frequencies are high, the line is distortionless
and, as we might expect, we find v = ¢ again. Occasionally the
space between the conductors is filled with a solid dielectric, which
increases C, and then v is less than ¢, of course.

Unlike v, the characteristic impedance of a line depends both on
the type of line and on the line constants. Thus, for the unloaded
open-wire line ’
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L 4 b >:
= st z, 130-22
Ry \/ c=, g, ( )
while for the (empty) coaxial line .
L 2. b )
RK == v~—€=—c- lOg -a—a (130"‘3)

Usual values of Rg are 600 ohms for the open-wire telephone line
and 50 to 70 ohms for the standard high frequency coaxial line.

Special Applications at High Frequencies.—In the high-frequency
range where A is small, short sections of line can be used convenient-
ly for coupling, impedance matching and other special purposes, in
addition to simple transmission. Consider a section of line of length
S terminated at the output end by an impedance Zg. From (130-17)
the input impedance of such a terminated section is

Z = Bu_ §0=Zdn _ (Zg + Zy) (1—e*[ST,Ts ) — Zy(1 +€°T5Ty)
" i igo o 1 + e2I'STg

« 7. Zx + Zs) — (Zg — ZLg)e*l's

= K (Zg + Zs) + (Zg — ZLs TS

= 7z | Zs (1 + 05 + Zg (1 —eI*)

= TR Zg (1 + eTo) + Zg (1 — e2L¥)
As we are interested here in short lengths of line, the effects of
attenuation are negligible and we may put ' = — i¢p = — i(2n/n).
Also at high frequencies, Z; =R z. Making these substitution and
remembering that (1 — e™I37% M)/(14 e727 I(S/N) = j tan (2uS/7), we
find

Zs + i Rg tan 27 <—§~)
Zw =Rx ——— — ———¢%. (130-24)
Rx + i Zgtan 2 (7)

There are several special cases of interest, Suppose we make
S = \/2 (or any number of half waves). Then
Zy, =Zg, (130-25)
independent of Rg. Hence a half-wave line may be used to couple
elements of a high-frequency circuit without affecting the imped-
ances involved. When so used, it performs the same function as a
transformer (art. 118) of turn ratio unity in a low-frequency circuit.
‘On the other hand, if we take S = 7/4 (or any odd number of
quarter waves) we have
2 .
Zin = 25 . (130-26)
S
Evidently a quarter-wave line provides a means of transforming and
matching impedances. This makes it a particularly useful device.
For example, if it is used to couple a resistance load Rgto an e.m.f,
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of internal resistance R,, maximum power is transmitted to Ry when
Rg is so chosen that the input resistance R;, = Rg?2/Rg is equal
to R,.

A short-circuited quarter-wave line has an infinite input imped-
ance according to (130-26). Hence, if it is bridged across a trans-
mission line, it has no effect on transmission in that line at the
quarter-wave frequency. However, for any second harmonic present.
'it is a short-circuited half-wave line, which has zero input impedance,
and therefore it can be used as a harmonic suppressor.

Finally, if we short-circuit a short length S of line, its imped-
ance is iRg tan (27S|\), whereas, if we open-circuit it, its imped-
ance is — iRg cot (27S/A). Thus we have available a positive or a
negative reactance whose magnitude may be given any desired value
by proper choice of S. A stub line of this sort has many applications.
In particular, one or more stubs may be bridged across a trans-
mission line on which there are standing waves and adjusted in such
a way that the standing waves are eliminated.

Problem 130a. Show that the complex amplitude of the e.m.f.at any
point on a line is

Zz el — o[s-0 Ty
8l0=60 T (1 = e2TS \
(Zg+Z,) (1 — IS T Tg)
What are the input and output reflection coefficientsin this case? Explain
the signs. Ans. — Ty, —Ts .

Problem 130b. Find the relation between e.m.f. and current in standing
waves. Ans. Loops of e.m.f. occur at current nodes, and vice versa.

Problem 130c. Suppose that a line of characteristic impedance REK is
matched at the input end but is terminated at the output end by a resistance
Rs -£Rg. Find and plot the incomplete standing wave if Rg equals (1)
Rk|2, (2) 2Rg. Compare with Figs 290 and 291.

Problem 1304 Express (130-22) and (130 23) in m.k.s. practical units and
find the values of bja necessary to give 600 ohms in the first case and 60 ohms.
in the second.

Ans. Rgp = 120 log , 148 ;

Rgp =60 log -, 2.72.

Q8 o

Problem 130e. Deduce for a line of any length the exact relation
ZE = afZscZ>c, Where Zsc and Zoc are the short-circuit and the open-circuit
input :mpedances, respectively, of the given line.



CHAPTER XVI
ELECTROMAGNETIC WAVES

131. Electromagnetic Equations. — The fundamental equations
describing the electromagnetic field produced by charges at rest or in
motion relative to the observer may be taken as (1) Gauss’ law
(14-4) specifying the flux of displacement through a closed surface s
surrounding free charge of density P, (2) Gauss’ law (43-3) for the
flux of induction in the corresponding magnetic case, (3) Ampere’s
law (71-3) for the magnetic field due to a current, and (4) Faraday’s
law (86-5) for the electric field produced by a changing magnetic
flux. In addition we need relations such as (15-3) between D and E
and (43-5) between B and H.

In vector notation the four field equations take the form

I, D'ds=41rJ-r pdz, () j B-ds — (b)

dn [ .. 1 aB
fH.dl= 'Cf.’.s] ds, (c) fE dl-——f .ds, (d)

where the current i in Ampere s law has been expressed in terms of
the current density j by (67-6). In (a) and (b) the surface integral
on the left is taken over a closed surface, whereas the surface integral
on the right of (¢) and (d) is taken over an open surface bounded
by the closed curve along which the line integral on the left is
evaluated.

Maxwell’'s great contribution to electromagnetic theory had its
origin in his recognition of the fact that these laws fail to satisfy the
equation of continuity. This equation states thiat the time rate of
increase of charge inside a volume =t is equal to the excess of the rate
at which charge flows into = through the boundary surface over that
at which it flows out. Physically it is equivalent to the statement
that charge can neither be created nor be destroyed. For if charge
i§ indestructible, the only way in which it can accumulate in a region
7 is by more charge entering than leaving the region.

Maxwell traced the difficulty to Ampere’s law, which he showed to
be incomplete in the form (c). In fact, he found it necessary to add a
term to the right-hand side of this equation involving the integral
over s of the time rate of change of displacement. Without this

411
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1 added term the electromagnetic theory
of light would have been impossible.
We shall now examine the reasons
which led Maxwell to modify Ampere’s
law, although we shall develop them
from a somewhat different point of
N view than that adopted by him in his
original investigation,

If we apply Ampere’s law (¢) to a

surface s (Fig. 293) which is closed

W except for a small opening, the line

integral on the left is taken over only

the boundary / of the opening. If we

Fic. 293 make the hole smaller and smaller, the

periphery becomes shorter and shorter,

until finally, when the surface is completely closed, the left-hand

member of (¢) reduces to zero. So, for a closed surface s, Ampere’s
law requires

I j*ds = 0. (131-1)
8

In words, this relation states that the current entering through
one part of s must be exactly compensated by the current leaving
ihrough other parts of the surface. But this stringent requircment
is not at all in accord with experience. If, for instance, the surface
s surrounds one plate M of a condenser, we can certainly charge up
M by a current entering s through the wire W without any com-
pensating conduction current flowing out through the surface.
Consequently, we conclude that Ampere’s law cannot be properly
expressed in the form (c).

To correct Ampere’s law, we will calculate the time rate of
increase of charge in a volume < from (a). If 7 is the angle between
D and ds,

J. D-ds = I D cos vds,
8 8
and the rate of mcrease of charge is

or . 1 [ 0
Lat dr = *”Lat(DcosY)ds.

Now if a is the angle which the vector a,g makes with ds,

D O
' 5 !cosa-’— ot (D cos 7),
as in (86-3), and
-0 —[|2P] - [P
L of (D cos vy)ds H 5t ) cos ads = Lot ds.
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So

T or 1 oD
L T =, ,‘aT‘dS (131-2)

represents the rate at which charge accumlates inside the closed
surface s.

[ ]

But the excess of the rate at which charge flows into * over that

at which it leaves is — [ j - ds integrated over the closed surface s
bounding v. So, if the equation of continuity. is to hold,

1 9D .
L( oy + )ds =0 (131-3)
must be valid instead of (131-1) for any closed surface. Consequently,
we must replace the current density in Ampére’s law by the integrand
of (131-3), getting

1[ /D .
fH-dl = CL T 4n1).ds (131-4)

as the complete expression for the magnetomotive force around the-
periphery of an open surface s.

Effectively we have added to the conduction or convection
current j an additional current proportional in density to the time
rate of increase of displacement. Maxwell called this a displacement
current. In part it represents a true motion of electrie charges. For
the displacement in a dielectric is

D=E + 4P
8o that the displacement current is

19D _ 1 oE P
dmpi T dwoar T
Now if p’ is the charge per unit volume which suffers a displacement
R when the medium is polarized (art. 13), P — P'R, and

_61: = p’ oR
or ot
represents the current passing through a unit cross section due to the
velocity of the displaced charge. This is a true electric current, due,
like the current in a conductor, to a flow of electricity.

1t should be noted that when we take account of displacement
currents as well as of conduction currents all currents flow around
closed circuits. For (131-3) tells us that any conduction current
leading into the region surrounded by a closed surface must be
compensated by an equal displacement current flowing out. Thus,
in the case illustrated in Fig. 293, the current passing through the
wire W to the plate M of the condenser is accompanied by a dis-
placement current flowing through the dielectric from the plate M
to the plate N. The conduction current entering through the surface
s is exactly compensated by the displacement current passing out.
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The net result is that the same current—either in the form of a
conduction current or of a displacement current—flows through every
cross section of the complete circuit WMNW.

Tn the case of a steady conduction current the added term in
(131-4) vanishes, and in the case of slowly varying current it is
negligible except between the plates of a condenser in the circuit.
Hence, in such cases, the calculations of the magnetic field produced
by a current which were made in Chapter VII have not been invali-
dated by Maxwell’s revision of Ampére’s law.

In a region in which no conduction or convection currents are
present, (131-4) becomes

_ 1 (oD N
fH-dl_ . j”a[‘ 5. (131-3)

This equation states that the magnetomotive force around any
closed circuit is proportional to the time rate of change of flux of
displacement through the circuit, just as Faraday’s law states that
the induced electromotive force around a circuit is proportional to the
time rate of change of flux of induction through the circuit. ~ Why,
then, is this equation not as susceptible to direct experimental
verification as Faraday’s law ? The reason is that there exists in
nature no conductor of magnetism and therefore no sensitive method
of detecting a magnetomotive force. Only because metals are
excellent conductors of electricity was Faraday able to detect so
simply the electromotive force induced in a circuit by a varying flux
of induction.

In addition to the four equations which have been under dis-
cussion we need the relation specifying the forces exerted on charge
and on current by the electric and magnetic fields in which they are
located. These forces are given by (7-1) and (75-4). Per unit
volume the total force is .

F.=rE + zj x B. (131-6)

. If we denote partizi differentiation with respect to the time by a
dot placed over the quantity involved, we have the complete set
of electromagnetic equations :

J" D ds =4n .L pdr, (1)
J.’B +ds =0, (2)
fH'dl=2j‘,(f)+41rj)'ds, 3)

fE'dl=—-iL]§'ds, (4)
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Fo=PE+ -ixB, )
D = E 4 47P = «E, 6)
B =H + 471 = uH. )

Whereas the first five equations and the relations D = E + 4xP,
B = H + 47l are quite general, the relation D = xE holds only
for isotropic dielectrics and B = uH only for isotropic paramagnetic
or diamagnetic media. The first four equations, known as the field
equations, together with (6) and (7), suffice to determine uniquely the
electric and magnetic fields produced by an arbitrarily assigned
distribution of charge density P and current density j. The force
equation (5), on the other hand, specifies the force per unit volume
on the charge and current present. Here, as in the field equations,
p represents the total free charge per unit volume and j. the current
density due to that portion of the {ree charge which is in motion.

Problem 131a. A parallel plate condenser consists of two circular
plates of radius a. It is connected to an alternating e.m.f. so that the charge
is ¢ = gy sin wt. Neglecting edge effect, find the magnetic intensity between
the plates in terms of the distance r from the zaxis.

2wr
Ans. H = g2 o cos ot.

132. Differential Form of Field Equations.—Before we can
deduce the wave equation and investigate the properties of elec-
tromagnetic waves we must express the field equations (1) to (4) of
the previous article in differential form.

Equations (1) and (2) are easily transformed. Consider the

small rectangular parallelepiped (Fig. 294) of dimensions ax. ay,
&z, The flux of displacement through the two faces prependicular
to the X axis is

r aDz " ) P aDz N -

Dz:aynz + (Dz + ax—AA AyLz = ox AXDYAZ.
Adding similar expressions for the flux through the pairs of faces
perpendicular to the Y and Z axes respectively, we have for the total
-outward flux

(o

and equating this to 4= times the charge PA XA y Az inside the para-
lelepiped we get

oD, 0D,
+ a—y + az)AxAyAz,

9Dz | 9Dy  9oD: _ .

ox Ty T T dme )
for the differential form of (1). Similarly (2) becomes

9B, , 0By , 2B. _ of

ox toy T oz =% 29
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To obtain Ampére’s law in differential form we shall apply (3) to
a small rectangular circuit (Fig. 295) of dimensions Ay, az lying in

v Y
! oA
i
>
I Ax Ay
- —EE - - ——X
Z
Fic. 294 Z fre. 295
1G. 2%

the YZ plane. Then, denoting the components of magnesic intensity at
o by H,, Hy’ H,,

H, H
H,ay + (Hz + '%y Ay)az—(Hy + aaz” Az )Ay
1 .
or
oH,

H, 1, . ,
- '"aaz '!) aysz= - (D:+dnj)ayaz.

Dividing by the area Ayaz of the circuit and writing similar

expressions for the cases where the circuit lies in the ZX and XY
planes,

H, oH, 1 . ]
—aa—y—zf— aazy- = c (Dz + 477]1)) =
H, H. 1 - . ¢
) ) IL (3)
H, 1. . '
From Faraday’s law (4) we obtain in exactly similar fashion
RE_0E, __ 14 )
—_ L =—- Z5
oy 0z ¢ 1
0E. oE, _ 1 4 4"
0z " ax — ¢ D |> “
o0E, 0E, 1z '
T e o I '—'B"o
0x oy c J
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It may be noted that Ampere’s law and Faraday’s law lead to
three scalar ecquations each, indicating that these laws are vector
relations. The vector whose three components are given on the left-
hand side of (3') is known as the curl of H. Similarly on the left-hand
side of (4') we have the curl of E.

&
133. Electromagnetic Waves.—In a homogeneous isotropic
medium containing neither free charge nor current the field equations
(1’) to (4') of article 132 become

oty ok < | kO __rg, |

where we have put « E for D and uH for B.

. The first step in the deduction of the wave equation consists in
eliminating the components of H from (3") and (4”). To accomplish
this, differentiate the first of the three equations (3"") with respect to
the time, getting

9H. oH, _ r
0y 9z ¢ ™
Next differentiate the sccond of (4'’) with respect to z and the third
with respect to y. This gives :

81_11, — c 32Ez aaEZ)
]

0z T w\9z2 T oxoz
_0H, _ ¢ ﬁ%_a’_E_u)
0y w \0y? oxoy/°

Adding the last three equations,
L | 0B 0 (0, OB _fnp,

¢ T2 “ax\oy T oz
Using (1) to eliminate the terms in E, and E, and writing
similar equations in the remaining components of E, we have
0°Ey | °E; | O%Es _«p O°E, ]
oxt T gy? o T g
9°Ey | °%E, , 0°E, _«un 0%E,

|
ot ot T or 0 {
O°E, | °En O°E, _«p O°E; '
ax® T T a2 T gm

(133-1)
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This set of relations is known as the wave equation. If we had
eliminated E from the field equations instead of H we would have
obtained an exactly similar set of equations in the components of H,
namely,
oH. O,  OH. _eu¥H. )
ox? 0t T ezt T e g
O*H, | O°Hy,  9’H, _ xkp0°H,
ayz 0z% — 2?2 9ot2 4
°H,  O°H,  O°H, _ rpdH,
axz ayz azz = ¢ atz * J
Let us consider the case where the components of E and H are
functions of x and # only. Then (133-1) reduces to

|
[
T (133-2)
|

0’E; 1 9%, 1
ox: T 2 g2’ l
°Ey _ 1 9%,
e p o um)
O _ 1 0L |
ox% — v o2’ J
where we have put
y= € (133-4)

Voep
A similar set of equations holds for the components of H.

Consider the first of the three cquations (133-3). Its general
solution is

E=f(t=7)+n(t+])

where f; and f, are arbitrary functions, as can be verified at once
by substitution in the differential equation. Now if we increase ¢ by
7 and x by vr,

A+t wrm)=h(e=7),

showing that the function f; has the same value at the point x + vz
at the time ¢ + v as it has at x at the time f. Consequently, this
function represents a wave advancing in the positive X direction
with the phase velocity v. Similarly the identity

(a5 k=) =n(t +7),

shows that f; represents a wave travelling in the negative X' direction
with the same phase velocity. In both cases E; has the same value
at a given instant at all points in any plane perpendicular to the X
axis. Therefore, the wave is plane, the wave front being infinite in
extent.

If, now, we confine our attention to a plane wave moving in
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the positive X direction, the wave equation gives

<!w
~

E¢=f(t——§), H,=i(t—

Eu=g<f""x')» Hv-’-’f(t—'

v

AR
~

x x
E,=h(t-—-v—). H,=k<t—v).
Substituting in (1"’) and (2"') we find
. of _o, O _
ox 0, ax 0.

Therefore, £, and H, are constants in x. They are also constants in
t since

of _ _ _of of _ o

ot T T Vaxr  ar T T Ve
As we are interested only in the variable part of the field, and not
in electrostatic and magnetostatic fields which may be superposed on
the electromagnetic wave, we shall take these constants to be zero.
Consequently, E and H are both at right angles to the direction of
propagation. The wave, then, is transverse and in this sospect has
the characteristics of light.

The remaining components of E and H are not independent
since they must satisfy the field equations (3”) and (4”). Denoting
the derivative of a function with respect to its argument by a prime,
the second and third equations of (3”) give

K K
k' = VC g/' jl - VC_ h’,

k—_—vulc_ig,j=-— /\/_lc_h,
© M

except for a constant of integration which we bave taken to be zero
as before, since it represents merely a superposed static field. The
same relations might have been obtaincd from (4”).

Hence we have altogether
Eg; = = 0

0, H, = 0, )
=g 0= 2) m=pfEn (=0

|

J

X
4
Bom (1= ) mom ) fe (%)

Evidently

or
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E-H= V."’ {—gh+ght=0.
I

Consequently, E and H lie in the wave front at right angles to each
other.

We can consider that (133-5) represents two waves, each corres-
ponding to one of the two possible states of polarization of a
transverse wave. One of these waves, determined by the function
g(t — x[v), consists of an electric field g in the Y direction and a
magnetic field 4/ «/u g in the Z direction ; the other, specified by the
function h(t — x/v), consists of an electric field # in the Z direction
and a magnetic field ./ «[u h in the negative Y direction. In each
wave the electric and magnetic fields are in phase and so oriented
that a right-handed screw, rotated from E to H through the right
angle between them, advances in the direction of propagation. As
the waves corresponding to the two states of polarization are
independent, we shall limit our subsequent discussion to one of them,
taking )

E,,=g<t— :), ,==,\/%g (t— f) (133-6)

If the wave is simple harmonic, g is a sine or cosine function and
we can write

. x . m >
E,,=Asmm<t— v).—Asm(wt—ex), e_.v.(133~'7)
Denoting the period by P and the wave length by A,

ot + P) = wt + 2w, €(x + N = e€x + 2m.

Consequently,
2 2m

= —Pi" € = -—7\— 3 (133'8)
and we can write (133-7) in the form
. t X
E, = Asin 27 (’P"’;\ ) : (133-9)

Often it is convenient in dealing with plane waves to make use
of the wave slowness S which is defined as the reciprocal of the phase
velocity . Then € = S and (133-9) may be written

E, = A sin o(t — Sx). (133-10)
Finally the last equation may be replaced by
E, = Ae'e(t=52), (133-11)

where it is understood that the imaginary part of the complex
expression on the right is to be taken as representing E,.

If the wave normal or ray does not have the direction of the X
axis, we can choose a new set of axes X'Y'Z’ such that X'is
perpendicular to the wave front, as shown in Fig. 296, and Y’ is
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>,
parallel to E. Then (133-11) holds if we replace x by x' and y by y'.
But if x, y, z are the coordinates relative to XYZ of a point P in the
wave front,

x'=Ix + my + nz, -

where I, m, n are the direction cosines of OX’ with respect to the
original axes. Consequently,

E, = Aelot—SUztmytnz)) = feio¢-S.r,, (133-12)

where r is the position vector of P and the vector wave slowness S is
a vector of magnitude S in the direction of the wave normal. The
exponent in the last expression has the advantage of being in vector
form and therefore independent of the orientation of the axes to
which the wave motion is referred.

Equation (133-4) shows that electromagnetic waves travel in
vacuo with the velocity ¢ of light. The inference that light itself is
electromagnetic in character is inescapable. In addition to being
transverse, electromagnetic waves possess many other characteristics
of light waves. It is important to note that the wave equations
(133-1) and (133-2) would not have followed from the field equations
without Maxwell’s revision of Ampére’s law. It was his introduction
of the displacement current which made possible the electromagnetio
theory of light.

The index of refraction n of a material medium is defined as the
ratio of the wvelocity of
light in vacuo to that in
the medium. Hence, from
(133-4),

=-§= vk p. (133-13)

Both ¥ and p may be
shown to be functions of
the frequency, but for
frequencies at all compar-
able with those of the
visible spectrum u is very-
exactly unity for all media.
In this case we may
write

n=+g. (133-14)

)
|
'
f
+
)
'
|
v

Fic. 296

For infra-red radiation g should have nearly the limiting value
which it assumes for steady fields. The following table illustrates
the excellent agreement found for'a number of gases.

The gamut of electromagnetic radiation with which we are
familiar today cxtends all the way from radio waves on the long
wave-length end to cosmic rays on the short ® wave-length end



422 ELECTROMAGNETIC WAVES

& for Steady . n? for Infra-Red
Fields Radiation
Air, 1.000586 1.000585
H, 1.000264 1.000277
© CO4 1.000984 1.000909
CcO 1.000694 1.000670

of the spectrum. The different regions comprise roughly the follow-
ing ranges of wave length :

Waves from Oscillatory Circuits.ee.iveeieeeeee 3(10)% km to (10)~2 cm,
Infra-Red Rad1ation....ee veeeeienriirerienienecnnnes (10)~! cm to 7(13)"® cm,
Visible Spectrum..c.cceeeeuiieceriniernrneniieeneenns 7(10)~° cm to 4(10)~° cm,
Ultra-Violet Radiation....c.cce sveceeniecevaeess 4(10)=5 cm to (10)—8 cm,
X-RAYS corerrinrartnranincarsiniirenensceranees socannns (10)~% cm to (10)~9 cm,
Y-Rays ...ccveviieniimiinn e iiiineriiniieas eeeeee (10)~% cm to (10)~10 cm,
CoSMIC RAYS veeversrrcntransocenroniuvensranerienns (10)~*! cm to (10)~1%2 cm.

All electromagnetic waves travel with the same velocity ¢ in empty
space, being distinguished from one another only by differences in
wave length and frequency.

In the next article we shall see how to compute both the energy
associated with an electromagnetic field and the flow of energy
across a fixed surface through which electromagnetic waves are
passing.

Problem 133a. Standing waves are formed by two sets of progressive

waves of the same amplitude and wave length travelling in opposite directions
in empty space. lf the progressive waves are represented by

Ell’='AC°5m(t_‘:), Ey”=Acosw(t+t>,

find the resultant E and H and the positions of nodes and loops.

Ars. Ey = 24 cos 2"(‘;\' )cos ot, H; = 2A sin 2 11( ; ) sin ot,

134. Electromagnetic Energy and Poynting Flux.—To obtain the
energy equation we multiply three equations (3') in article 132 by
E,, E,, E; respectively and the three equations (4') by H,, H,, H,
and subtract the sum of the last three from that of the first three.
If we pick out the terms containing derivatives with respect to x on
“the left-hand side of the resulting equation, we have

— 8Hz BH,, _aE; 3Ez/
Ey ox -+ Er”a’x -—(-—Hy ax' -+ Hz ax—‘ )
0 4T Qo
= -— 'Az (Esz _ EgH” == —E_— a—.xz——,
if we put o for the vector (c/47) ExH. So the entire equation is
— _@qz _aiy 30'3 _ _1__ T . ..
ox Ty + dz)'” 4 ED + H'B) +j-E.
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Multiplying by an element dv of volume, replacing D by «E and B
by #H and rearranging terms, ge get

;. 094 09y | 007 = -0 (K% gy P
§rEd + ax T oy 1oz )df— at(SwE'i'st)dT’
(134-1)
in an isotropic medium of constant permeability.
Consider the flux of ¢ out of
a volume element such as that Y
illustrated in Fig. 297. The next
flux through the two surfaces |
perpendicular to the X axis is '
!
. id
— o, dydz + ( o, + a—a«dx ) | y
9x | _dx
2o = ——X
dvdz = "7 ds, 7
ox

where dv = dxdydz. Adding Z
similar expressions for the other Fic. 297
two pairs of faces,

_ (00z , Doy 603)
Outward flux of o = ( o + 3y + 3z dr.
The second term on the left-hand side of (134-1), then, represents
the flux of the vector ¢ out of the volume dr. If, now, we inte-
grate the whole equation over an arbitrary volume <, this term will
specify the flux of o out of the entire volume. This flux, however,
can be expressed by the surface integral

Ia'ds

taken over the closed surface s bounding v. We have, then, for any
volume t

T ot
This equation is known as tne energy equation. We shall now investi-
gate the meaning of the three terms which it contains.

The rate at which work is done by the electric field per unit
volume is given by j * E, since the electric field does work only on
the moving charge which constitutes the current. On the other
hand, the magnetic field does no work, even on moving charge,
since the force exerted by it is always at right angles to the direction

s, . _ 0 « 2 ~
LJ Edr + Lo’ ds = (st H2>d1-.l (134-2)

of motion. The total rate of doing work is, then, | j* Edr, which
T
is precisely the first term on the left of (134-2),
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To interpret the term on the right of (134-2) we shall oconsider
the case where E and H vanish at all points on the boundary of =,
Then o is zero over the surface s and (134-2) reduces,to

i, 0 k © B
JT] Edr = — a—_t_L(S'rr E? + 8—11-H2>d1. (134-3)

As the work done on the moving charges is performed at the expense
of the energy of the field, the right-hand side of this equation must
represent the time rate of decrease of electromagnetic energy.
Therefore, we may represent the energy of the field in the volume <
by the integral

= L BTy C AP (134-
U= L(&r B+ lw )d;, (134-4)
and ascribe the electric energy

up = gﬂ E* (184-5)
and the magnetic energy

ug = 8";H” {134-6)

to each unit volume. These expressions are identical with the
electrostatic energy (21-9) and the magnetostatic energy (46-3) per
unit volume which we have already found it convenient to attribute
to the medium through which the field extends.

We are now ready to consider the complete equation (131-2),
In the previous special case there was no possibility of a flow of
energy through the surface s bounding the volume t since the field
was zero at all points of this surface, In the general case, however,
the law of conservation of energy rcads: the rate at which the
electromagnetic field does work on the charges in the volume 7 plus
the rate at which energy flows out in the form of radiation through
the surface s bounding v must equal the rate of decrease of electro-
magnetic energy in this region. Therefore, we conclude that the
second term on the left of (134-2) represents the energy passing
through the surface s per unit time in the form of radiation.  From
the form of this term it is clear that we can ascribe a flow of energy
equal to

[
o= . (ExH) (134-7)

per second to each square centimeter of cross section. This vector
is known as the Poynting flux. Its direction is that of the flow of
energy and its magnitude &pecifies the quantity of energy passing
through a unit cross section in a unit time. Itis to be noticed that
o vanishes unless both electric and magnetic fields are present and
not in the same direction. The flux of energy is perpendicular to
the plane of E and H in the sense of advance of a right-handed
screw rotated from the first to the second of the two vectors.
It is proportional in magnitude to E, H and-the sine of the angle
between them.
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In the case of the plane wave specified by (133-6) the electric and
magnetic energies per unit volume are '
K o 1.9
ug = o B = g-8%
" x (134-8)
= P g2 £ 5
Ur = gy H? = 8 &

The energy of the wave, then, is half electric and half magnetic. The
Poynting flux is

o= C EH. = 5 g2 — yug + ug) (134-9)

z 4 Lvilz in g E q )
As this represents the energy passing through a unit cross section in
a unit time, the entire energy of the wave progresses with the phase
velocity v. This result is independent of direction and we have in
general for plane waves
o = vu, (134-10)

where u is the total energy density.

Problem 1342. Calculate the energy of a spherical conductor of radius

«acharged with a quantity of electricity Q trom ('34 5) and show that
the result agrees with (21-1).

Problem 134b. Calculate the energy of the solenoid of problem 8% from

»(9134-6) and show that the result agrees with the calculation made in problem
4a.

Problem 134c  The earth has a downward electric field of 100 volt/meter
and a northward magnetic field of 0.5 gauss. What is the Poynting flux ?
Ans. 3979 joule/meter? sec eastward.

Problem 134d. Find the mean energy density % and the mean flux of
energy o for the standing wavesof problem 133a.  Ans. =7 '+ u',
¢ =0.

Problem 134e. A straight wire of resistance R carries a current i. Com-
pute the Poynting flux through the surface and show that it accounts for the
producticn of heat at the rate R:2,

135. Reflection of Electromagnatic Waves by a Perfect Con-
ductor.—Let MN (Fig. 298) be the plane surface of a perfect con-
ductor on which plane electromagnetic waves are incident at the
angle ¢. As the electric intensity must be zero at every instant in
every part of the conductor, it is clear that the wave cannot penetrate
into its interior. Therefore, we have to consider only the incident
radiation BO and the reflected radiation OC.

Y

If we orient axes so that the Y
axis is perpendicular to MN and the Z
axis to the plane of incidence BOC, the
vector electric intensity in the incident
wave is given by the imaginary part of
E' = A’e@/t—Sltsin ¢-y cos¢]) (135-1)
from (133-12), where S is the wave
slowness in the medium above MN. As
we shall see, the angle of reflection
must be equal to the angle of incidence.
Therefore, the electric intensity in the

B,
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reflected wave is given by the imaginary part of
E" = A’elo(t=Slzsin g+ cos b)) (135-2)

Everywhere on the surface of the conductor (y = 0) the Z and
X components of the resultant electric intensity must vanish at every
instant. This requires that the exponentials in the expressions for
the two waves should become identical at y = 0. Hence the angle
of reflection must be equal to the angle of incidence, as taken above,
Furthermore, it requires that the Z and X components of A’ shall be
the negatives of the Z and X components of A’, respectively. In the
case where the radiation is polarized with the electric vector perpen-
dicular to the plane of incidence,

A’ = DA, A" = — hA, , (135-3)
and the resultant electric intensity is

E =E + E’ = 2pd sin 2~ ( Y °;S-‘7?-) cos o(f—Sx sin @), (135-4)

where 7 is the wave length measured along the normal to the wave
front. On the other hand, in the case where the radiation is
polarized with the electric vector parallel to the plane of incidence,

A’ = (jc03 P + Jsin p)4, A" = (— { cos ¢ + ] sin p)4, (135-5)
since each amplitude vector must be perpendicular to the direction
of propagation. The resultant electric intensity, then, is -

E=E 4+ E’ = 2{4 cos ¢ sin 2n (y Cc;\s ¢) cos w(t — Sx sin @)

+ 244 sin ¢ cos 27 (yﬁ();—-q—sf) sin w(t — Sx sin ¢). (135-6)

As the amplitude of the reflected wave has the same magnitude
as that of the incident wave in both cases, all the energy is reflected.
Consequently, a perfect conductor is a perfect reflector of electro-
magnetic waves.

If the region in which the waves are travelling has a permittivity
«, the free charge per unit area on the surface of the conductor is
o = rE/4w in terms of the electric intensity just outside, in accord
with (15-10), In the perpendicular case, then, there is no charge on
the conductor, while in the parallel case there is a charge

o = fzﬁ sin ¢ sin w(t — Sx sin @), (135-7)

which is alternately positive and negative and is greatest in magni-
tude at grazing incidence (¢ = =/2).

Although waves incident on a perfect conductor do not pass
through the surface, there is always some penetration beyond the
surface of an actual conductor.

Problem 135a. Show that when electromagnetic waves are reflected at
the surface of a perfect conductor the resultant magnetic intensity at the
surface is parallel to the surface for any state of polarization.
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Problem 135h. Find the current per unit width on the surface of a perfect
conductor on which electromagnetic waves are impinging, when the electric
vector is (1) perpendicular to the plane of incidence, (2) parallel to the plane
of incidence.

«©
Ans. (1) » E:—?— tos ¢b sin w(t — Sx sin () in Z direction,

2) v %?— sin w(t — Sz sin @) in X direction,
where 1 = ¢/v/ cp.

136. Wave Guides. — Returning to (135-4) and (135-6) We note
that the components of electric intensity parallel to the surface of
the conductor vanish not only at the surface y = O but also at the
Y surfaces y = k|2 cos ¢, where k

is any positive integer. If,

Q therefore, we place a parallel

perfectly conducting plane PQ

(Fig. 299) a distance k\[2 cos ¢

above MN, the plane waves under

élo consideration will be reflected back

and forth from the one surface to

0 the other, advancing meanwhile in

the X direction. In other words,

M 7727727722227777777 N if the distance between the two

Fic. 299 planes is a, plane waves of wave

length A will be propagated along the X axis in the region between
them if, and only if, directed at an angle ¢ specified by

2a cos ¢ = k. (136-1)

As unity is the smallest value which k£ may have, and is the largest
value which cos ¢ may have, the longest wave length which can be
transmitted is the cut-off wave length A = 2a. The corresponding

cut-off frequency is v. = Vihe = c/2ay/ cp.

P

N

Consider, now, the speed with which the wave system is pro-
pagated along the X axis. While a plane wave front of one of the
constituent waves, shown by the broken line in Fig. 300, progresses a
distance BC along the normal, it advances a distance AC = BC/sin ¢
along the X axis. Therefore, the velocity of propagation along the X
axis is v, = v/sin ¢, which increases from v to oo as ¢ decreases from
72 to zero. Similarly, the wave length, measured along the X axis,
is 7\, = Alsin ¢. These conclusions could have been reached equally
well from examination of the last factor in (135-%) and in (135-6),
which describes a wave moving in the X direction with wave slowness.
S sin ¢ or phase velocity v/sin ¢, and of wave length 27/wS sin ¢
= \fsin @.

If, now, we add to the conducting planes MN and PQ a pair of
conducting planes perpendicular to the Z axis, so as to form a wave
guide of the rectangular cross section, the wave (135-4) can be trans-
mitted since it has no component of E parallel to the added -conduct-



428 ELECTROMAGNETIC WAVES

ing surfaces, but the wave (135-6) fails to satisfy the boundary condi-
tions at these surfaces. ,

However, there are
other waves of a more
general character which
can be transmitted
through a perfectly con- 7
ducting tube of rec- - -~
tangular cross section. B~ -
Consider, for example - ~
the following combina- -
tion of four plane A C
waves inside such a 300
wave guide (Fig. 301)
of dimension a, and a, parallel, respectively, to the Y and

Y

T —— ——)—X

Fia. 301
Z axes :

E = A{jn — pm } sin o( ¢ — Slix + my + nz})
+ Afjn + km } sin o( 1t -- S[ix — my + nz])
+ A{ —jn — pm } sin w(t — S[Ix + my — nz])
4+ A{ —jn + bm } sin o( t — S[Ix — my — nz] ). (136-2)

The first trigonometrical function represents a wave travelling in a
direction specified by the direction cosines I, m, n, the second in a
direction specified by the direction cosines I, — m, n, and soon.
In each wave the vector amplitude is at right angles to the direction
of propagation, as i% should be. Evidently the second wave is
formed from the first by reflection at a plane perpendicular to the Y
axis and the third from the first by reflection at a plane perpendi-
cular to the Z axis. The fourth is formed from the second by
reflection at a plane perpendicular to the Z axis, or from the third by
reflection at a plane perpendicular to the Y axis. Combining the
sine functions, we get
E = 44 { — jn cos wSmy sin @ Snz cos o(t — Slx)

+ bm sin wSmy cos @Snz cos w(t — Six) }
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= 44 { —jn‘cos 211'—%?’ sin 27 17\2 cos w(t — Six)

+ bm sin 27 Lr;\y cos 2m n)z\ cos w(t — Slx) % . (138-3)

The component of E tangent to the conducting planes y = 0 and
Y = ay is the Z component, and this vanishes at the surface of each
plane provided 2ma, = k), where k, is a positive integer. Similarly
the component of E tangent to the conducting planes z = 0 and
Z = @,, that is, the Y component, vanishes at the surface of each
plane provided 2na, = k,\, where k, is a positive integer. If these
relations are satisfied, the boundary conditions of the problem are
fulfilled and the composite wave can be transmitted by the guide.
The electric intensity in the transmitted wave, then, is

_ 24N ke kymyN . (kenz _
E= { 3 cos( a, ) sm( . ) cos w(t — Six)

™ a,
k_,,n . (kymy k,mwz>
+ b a sm(ay )cos(»az )cos w(t — Slx) g
(136-4)
where

ki \?  rk.a\2
2 — ] — (m2 2y — ] — y[%V AU -5).
P=1—(m4 ) =1 { 2a,)+<2az)§ (136-5)
The mode of vibration is specified by the integers assigned to
ky and k,. The cut-off wave length A. is the longest wave length
of any stated mode which can be transmitted by the wave guide.
As the largest value of m? + n? is unity, the cut-off wave length is

e Y
ky N2, [ ks
A Gy )+ (32)

and the corresponding cut-off frequency is

=_C_ ky V' ¢ ks \° 136-7

ve v?ﬁ’\/(ééy‘> +(20,) " (136-7)
The phase velocity along the guide is y, = y//, which may have any
value between » and oo, the latter value being attained at the cut-

off wave length. Similarly, the wave length measured along the
guide, called the guide wave length, is N, = /L.

, (136-6).

# Another combination of four plane waves which can be trans-
mitted by a rectangular tube, which differs from that specified by
(136-2) only in that the polarization of each constituent wave is
perpendicular to that of the corresponding constituent in the earlier-
combination, is given by
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E=A{ — im® + nz)'+ jlm + pnl} sin o(t — S[ix + my + nz])
+ A{3(m® + n?) + 3Im — pnl} sin o(t—S[Ix — my + nzl)
+ A{j(m® + n®) — §im + pnl} sin w(t—S[Ix + my — nz])
+ A{ — j(m® + n*) — jlm — pnl} sin o(t — S[Ix — my — nz])
= 4A{j(m® 4+ n?) sin wSmy sin ®Snz sin w(t — Six)
—3Im cos @Smy sin wSnz cos ot — Six)
— bnl sin @Smy cos wSnz cos w(t — Six)

= 44 gz(m2 + n®) sin 27 ~~7-\— sin 27 - 7\— sin w(t—Slx)
—3Im cos 2= n;;v sin 2111;-7-- cos w(t — Six)

i sin 2 72 cos 21 "% cos w(t — S g (136-8)

In this case the boundary conditions are satisfied if 2ma, = k,\
and 2ma, = k., as before. The electric intensity in the trans-
mitted wave, then, is

B () + () ] an (57 ()i ot =59

— . 27l k,,n) ( u ‘) ( ) cos w(t — Six)

?w/ kzﬂ’ . kymy k. mcz %
—b o ( sin @ ) cos (—[—h- ) cos o(t — SIx) ¢,
(136-9)

where [ is specified by (136-5). The cut-off wave length and fre-
quency are given by (136-6) and (136-7), respectively, and the
phase velocity and wave length measurcd along the guide are the
same as before.

It should be noted that the electric field in (136-4) is entirely
transverse to the axis of the tube, whereas the electric field in (136-9)
has a longitudinal ¢s well as transverse componenis. Siuce the
-magnetic vector associated with each constituent planc wave lies in
the wave front at right angles to the electric vector, it follows that
the magnetic field is entirely transverse in the second case but has
.a longitudinal component in the first. Therefore, the wave described
by (136-4) is'called a TE (transverse electric) wave, and that des-
-cribed by (136-9) a TM (transverse magnetic) wave. Ifit is desired
to specify the mode by stating the values of the integers k, and k,
they are appended as subscripts. Thus, TM;, indicates a wave of
type (136-9) in which k, = 1, k.= 2. It should be noted that
(136-4) becomes identical w1th (135-4) if k; = 0. But we have seen
that the latter wave can be transmitted by a rectangular wave guide.
“Therefore, the mode of lowest order of a TE wave is TE)y or TE,,.
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On the other hand, we cannot make either k, or k, equal to zero in
(136-9) without causing all components of the wave to vanish. So
the mode of lowest order of a TM wave is TM,,.

Wave guides of the type described are particularly suitable for
the transmission of microwaves, which have wave lengths in the
centimeter range. Wave guides may be constructed with circular
cross sections, but those with rectangular cross sections generally are
more useful. Ordinarily ¢« = p = 1 inside a wave guide.

Problem 136a. Tind the limiting values of the width a of a wave guide
of square cross section which will transmit a wave of length A in the TE,;, mode

but not in the TE,;, or TM;; modes. Ans. -; <a <:;3—_ .

137. Reflection and Refraction of Plane Waves at the Surface of
a Dielectric. - When light or electromagnetic waves of any wave
length strike the interface between two dielectrics, the radiation is
partly reflected and partly transmitted. ~We shall consider separately
the case where the incident radiation is polarized with the electric

vector prependicular to the plane of Y

incidence and the case where the clectric

vector lies in the plane of incidence. Let B C
MN (Fig. 302) be the surface separating

a medium of premittivity £, above from P B

a medium of premittivity «, below. ¢, |9

The incident, reflected and refracted
rays are BO, OC and OD, respectively,
¢, being the angle of incideace and ¢, M
the angle of refraction. Our aim is to Kg
find the ratio of the amplitude A,” of the
reflected radiation to the amplitude A,

of the incident radiation, and of the
amplitude A, of the transmitted radiation

to the amplitude A4, of the incident Fie. 302
radiation. The first of these ratios is

known as the coefficient of reflection R and the second as the coefficient
of transmission T. Since the energy density is proportional to the
square of the amplitude, the ratio of the intensity of the reflected to
that of the incident radition, known as the reflecting power, is equal
to the square of the coefficient of reflection. Incidentally we shall
deduce Snell’s law giving the relation between @, and ¢;.

At the surface MN the normal component of D and the tangen-
tial component of E must be continuous, as proved in article 14.
Since # is always unity for high-frequency fields, all components of
H must be continuous. These boundary conditions have to be
satisfied, then, by the three systems of waves.

Perpendicular Case.—If E is perpendicular to fthe plane of
incidence, we have only the component E;. We write then
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E, = A, 'eio(t - S,lx sin ¢~y cos ¢bu1), I
E/ ' = bA, 'eio(t—S5,[x sin P1+y cos .0, > (137-1)
E, = pA,eia(t ~S:[x sin ¢ha—y cos ¢al), J

for the incident, reflected and refracted wave trains, respectively, S;
being the wave slowness in the first medium and S, that in the second.
In each of these expressions the electric intensity is represented by
the imaginary part of the complex quantity.

The magnetic vector is perpendicular to the electric vector in the
sense which makes E X H have the direction of propagation. So,
from (133-6),

H, = n,E/'(—1 cos ¢, — 7 sin @), ]
H,"= mE"(j cos ¢, — 3 sin @), be (137-2)
H, = n,Ey(—4 cos ¢, — 4 sin $a)s
where we have replaced 4/ , by the index of refraction n in accord
with (133-14),
The boundary conditions, therefore, are

El, + Ell' = E_), (137'3)‘
(Ey +E,")ny sin ¢, = Epn, sin Py, (137-4)
(E)’ —E,")n; cos b, = Eyngy cos Py, (137-5)

the first expressing the continuity of the tangential component of
E at the surface, and the remaining two the continuity of the two
components of H. Dividing (137-4) by (137-3) we have Snell’s law,

sing, _ nm v S,
sing, n v, S;° (137-6)
As a consequence of this relation the exponentials in (137-1)
become identical for y = 0. Hence we may replace the E’s in
(137-3), (137-4) and (137-5) by the A’s. Dividing (137-5) by
(137-4) to eliminate 4,, and putting R, = 4,"|A4,,
1 — R, sin ¢, cos ¢,
1+ R, = sin ¢, cos ¢’
which gives for the coefficient of reflection
sin ¢, cos ¢, — sin @, cos P, sin (¢, — ¢y) (137-7y

L™ "Sin ¢, cos ¢y + sin @, cos B, — sin (Py + Po)

Similarly, if we solve (for T, == 4,/A4,’, we get for the coefficient

of transmission
2 sin ¢, cos ¢
T, =2 2 Y95 Y1 137-8
L sin (¢, + ) ( )

Parallel Case.—If the electric vector lies in the plane of inci-
dence, the electric intensities in the incident, reflected and refracted
waves are, respectively,
E, =4, (3 cos $,+] sin ¢,) eio(t - Sz sin =y cos 1), )
E,"=A4,"(—1 cos $1+9 sin @) eio(t- S;[x sin @1+ cos ¢al), +(137-9)
E, =A,(j cos ¢+ 7 sin ¢Py) eio(t - Sy[x sin ¢,—y cos ¢a]), J
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and the magnetic intensity is

H,' = bnE/’,

Hlu = knlEli’, }(137'10)
Hz = kanz.

Equating the normal components of D and the tangential com-
ponents of E and H on the two sides of the surface of separation, we
bave the boundary conditions

(E) 4+ E")n2sin ¢, = E.n,? sin ¢, (137-11)
(Ey' — E,"”) cos ¢, = E, cos ¢p,, (137-12)
(El' + El”)nl = Egnz, (137‘13)

if we replace « by n2. The quotient of (137-11) by (137-13) leads
to Snell’s law again. Solving for the coefficient of reflection
R| = A,"|4,’ and the coefficient of transmission T) = A4,/4,’, we
find in this case

tan (¢1_—' ¢2)

- Sin @, cos ¢y — sin P, cos P, ¢ e)
R sin ¢, cos ¢; -+ sin ¢, cos ¢, ~ tan (P, + ¢,)’ (137-14)
and
_ 2 sin ¢, cos ¢,
7= sin (s + pa) cos (1 — B (137-15)

The theoretical expressions for the coefficients of reflection and
of transmission for both states of polarization are well verified by
cxperiment. In fact, Fresnel had given these relations as empirical
formulas long before the advent of the electromagnetic theory of
light.

It is interesting to note that of the four coefficients only R can
vanish. This occurs when ¢; + @, = =/2, for then the denominator
tan (¢, + @#,) becomes infinite. Under these circumstances the
reflected and refracted rays are at right angles, and all incident
radiation polarized with the electric vector parallel to the plane of
incidence is transmitted. If the incident radiation contains both
states of polarization, the reflected radiation consists solely of elec-
tromagnetic waves polarized with the electric vector perpendicular to
the plane of incidence. So by allowing unpolarized light to strike the
surface of a dielectric such as glass at the proper angle, a reflected
beam of polarized light may be obtained. However, on account of
surface irregularities, the polarization is never complete.

The angle of incidence @, necessary to make Ry vanish is known
as Brewster’s angle or the polarizing angle. Making use of Snell’s
law, we have

n1 Sin®1= nz Sin(; —®1 > H
or
®, = arc tan ( 3’-) (187-16)
1

For crown glass in air ny/n; = 1'5 which mikes &, =56°.
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Problem 137a. Show that the reflectiilg power of glass of index of refrac-
tion n for normal incidence is (:;—;—) . What change in phase takes
place on reflection ? Why do Ry and R|| differ in sign for normal incidence ?

138. Radiation Pressure and Electromagnetic Momentum.—
When electromagnetic waves impinge on matter, they exert a stress
known as radiation pressure. 'To calculate this stress, we must
express the force per unit volume (5), article 131, in terms of the

components of E and H alone. Writing down the X components of
¥+, we have

1 . ,
Lrz = pE: + (JyB: — JjeBy ). (138-1)

The charge p can be eliminated by means of (1'), and the com-
ponents of the current density j by means of (3'), giving

1 0D: aDy aDz aHt oH, 1.
Fra = 41F§E’ = Ty Taz >+ B oz — ax_—l‘D>

aH, oH, 1.
- B, (5= %y —cD‘>§' (138-2)

Furthermore if we multiply (2’) by H, and the second and third
equations of (4') by D, and D, , respectively, and combine,

_ 1 aB:c -a_Byw 9B, _aEz aEz‘ l_ I
O“Tﬁ'{H" (5 + ay T oz )+ D (G- 0 eh)

—_ 0Ey, 0E. 14
D, (Ex“"ay +- B, )} (138-3)

Adding (138-2) and (138-3), putting D = «E and B=#H, and
collecting terms,

K

Foo = 0o f (B2 = B — BN+ [ (2 = B — W) |

? . n 0 K [
+ o B ety e DA B 4 L
~ i Eh - EH,) ] a3

Cosider a small rectangular parallelepiped (Fig. 303) of matter
of dimensions Ax, Ay, az. If we designate the stresses in the X
direction on its faces by Xz, Xy, X, the first being a tension on the
face perpendicular to the X axis and the second and third shears on
the faces perpendicular respectively to the Y and Z axes, the total
force in the X direction is

( X, | oX, | oK.
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or

Xy | 03X, | X,
ox + oy + 9z

1
| > X+ Ay
X J DT
X;ét-- ; — X+ Znx
,'---Q,—_—.-==.-: ——— x
X e e X G
Z.
Fie. 305

per unit volume. Comparing with (138-4), we see that the electric
stresses parallel to the X axis are

«
877(

X, = ;- EE+ { H.H,

X, = ¢ (Ef - Ef - EN 4 - (H? — Hf — HY),

(138-5)

e ——

w
Xz = —41;" Eg;E; + 471 Hsz.

In addition to this system of stresses the electromagnetic field
exerts a body force the X compone nt of which is given by the last
term in (138-4). Now (E,H. — E.H,) is the X component of the
vector EXH. Consequently, the body force is

re 0 ([ kn - _ O (kp ‘
Fi=—o(fLExH )= o (e ) (389

per unit volume, where o is the Poynting flux (c/47) E x H.

Consider a slab of matter MN (Fig. 304) perpendicular to the
X axis on the left-hand face of which a steady train of electro-
magnetic waves impinges normally. As E and H are perpendicular
to the direction of propagation, E, = H, = 0. Hence the
tension is

- —( % pey Pope\ _ _ |
X, = (8”E+sﬂH> “, (138.7)
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where u is the energy density of the radiation. As
the stress is negative, it represents a pressure.

4

If 4,’ is the mean energy density in the incident
radiation, u,” that in the reflected radiation and u,
that in the radiation which passes through the slab, [--~-—--- X
the average force per unit area of the slab in the X
direction due to the radiation pressure under con-
sideration is

pr=1uw + ' — i, (138-8)
In the case of a perfect reflector, this becomes Fic. 304
pr - 2{‘11-
The shear in the Y direction is
K ®
Yz =—4;- EyEz +4; H;,H;,

obtained by interchanging x and y in the second of equations (138-5).
This vanishes since E, = H;, = 0. The same is true of Z,.
Finally the average value of the body force F-’ on the slab vanishes,
since the intensity of the incident radiation remains constant and
therefore the mean value of o does not alter with the time. Con-
sequently, the total force is given by (138-8). The predicted pressure
has been verified experimentally by Nichols and Hull and by
Lebedew.

Consider next a region t containing radia%ion but no p or j. The
force F:, then, must be zgro. Therefore, if F'’ is the force on this
region due to the stresses acting over its surface,

0= 3’"—% 1(2’:::) d=.

As the volume 7 contains radiation and nothing else, the force F’*
due to the stresses on its surface must be supposed to act on the
radiation in its interior- As we have

F' = 7?: L( ple o') dr, (138-9)

and as force is equal to time rate of increase of momentum, the
radiation has an electromagnetic momentum

G = L( Ko ) ds. (138.10)

We may attribute momentum, therefore, in the amount

= %L‘ o (138-11)
to each unit volume of a radiation field. For plane waves the
electromagnetic momentum per unit volume has the magnitude

g= 2l yu= -‘";~ (138-12)
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from (134-10) and (133-4), equal to the energy per urit volume
divided by the velocity of propagation.

To illustrate the utility of the concept of electromagnetic
momentum, we shall calculate the pressure on the perfectly reflecting
surface MN (Fig. 298) due to a train of electromagnetic waves inci-
dent at the angle ¢. If y is the velocity of propagation and g, the
momentum per unit volume of the incident radiation, a momentum
g, v cos ¢ is transferred from the incident to the reflected beam per
unit time by each unit area of the reflector. Consequently, the time
rate of increase of electromagnetic momentum of the radiation field is
2g,’v cos® ¢ upwards. This is the force exerted by each unit area of
MN on the radiation. According to the law of action and reaction,
the radiation field exerts an equal and opposite force on the reflecting
surface. - The latter, therefore, is subject to the pressure 2g;'y cos?¢.
Now if %, is the mean energy density of the incident radiation, the
mean pressure is

Pr = 2g,'v cos® ¢ = 2u,’ cos® ¢ (138-13)

from (138-12). Note that equations (138-8) and (138-13) give the
same result for normal incidence on a perfect reflector.

Problem 138a. The earth receives 20 large calories (1 large calorie
= 1000 calories) per square meter per minute from the sun. Calculate the
maximum electric intensity and magnetic intensity in sunlight. Assuming
that all the light is absorbed, compute the mean pressure at normal
incidence. Ans. E = 0.0341 e.s.u.,, H = 0.0341 oersted, pr = 46(10)~%
dyne[cm?.

139. Electromagnetic Oscillators.—Although we have considered
in ‘'some detail the properties of plane electromagnetic waves, we
have given no attention to possible sources of electromagnetic
radiation. In all cases electromagnetic waves originate in the oscilla-
tion of electric charge, The necessary vibratory motion may be
produced most simply by means of the Hertzian oscillator described
in article 91. Here an oscillatory discharge takes place across the
gap G (Fig. 192), the charges on 4 and B
reversing sign every half period. Essen-
tially we have equal positive and negative
charges vibrating along the line AB with
simple harmonic motion, the charge of
the one sign being out of phase with that .
of the other by = radians. The mechanism
is equivalent to an oscillating electric
dipole. In our theoretical investigation
of the production of electromagnetic
waves we shall suppose that the oscilla-
tions are maintained at constant ampli- Fic. 305
tude, so as to avoid the complications
produced by damping, and shall assume that the region surrounding
the oscillator is empty space.

P
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Oscillating  Electric  Dipole.—Consider a positive charge ¢
oscillating with frequency /2r along the section AB (Fig. 305) of
the Z axis. If g, is the amplitude of vibration, the displacement of
the charge at any instant is ‘

Z; = @, cos wt.

The displacement of an equal negative charge vibrating with the

same frequency but out of phase by = radians with the first is

Zy = gy cos (wt 4+ m) = — a, cos wt,
where a, represents the amplituile of the second charge. At any
instant, then, the distance between the charges is
Z; — z, = (a, + a,) cos wt,
and the electric moment of the dipole is ‘
q(z1 — z3) = p, cos wt, Po = ql(a, + a). (139-1)
Close to the dipole the field at any instant may be treated as
if static, the components of the electric intensity being given by

(12-2). Consequently, at a distance r from the centre of the dipole
large compared with 4B,

Er = 2p9-;30-s 8 COo

S wl, { '
. > T (139-2y
Ey= P Srl;I 9 cos wt. [
From (68-2) the magnetic field near the dipole is
_ q(dz  dz,\ . ' .

H= cr2< d — dt ) s 0

— CPo SO ot (130-3)
cr

at right angles to the rZ plane. The lines of magnetic force are
therefore circles about the Z axis. -

As its electromagnetic field is propagated outwards from the
oscillator with the velocity ¢, equations (139-2) and (139-3), in which
we have treated the field as if it were static, are valid only in the
neighbourhood of the source. To obtain E at a distance from the
oscillator, we must solve the wave equation (133-1) subject to Gauss’
Law (1”). The solution must reduce to (139-2) in 'the immediate
vicinity of the oscillator if the waves are to be those produced by the
mechanism which we have postulated. In fact we may consider
(139-2) to represent the boundary conditions which our solution must.
satisfy. '

Since the wave equation (133-1) is linear with constant coeffi-
cients, any derivdtive with respect to x, y, z or ¢ of a 'solution is also-
a solution. We shall start, then, with a solution which is a func-

tion of r and 7 alone and build up other solutions by differentiation.
As

rt = x4 32 4 22
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it follows that
P or 0 x 0

ox 9x or _r or’

2 9 /x 0 x*9? x? o9, 1 3
oxt = ax(r 8r>= AT W at o
o . ke 2
and similar expressions hold for a7 and 528 ° Consequently,

02 9 L, 9® 9* 2 2
o T o™ 0= an T ar
So if we take for the dependent variable in (133-1) a function

@, of r and t alone, the wave equation becomes

0*°®o , 2 9%, 1 0*®,

or? r or — c® ot?°’
since xk = p = 1. Asall the derivatives are partial, this can be
written

0? 1 2
art "2 = 5n (F20), (139-4)
an equation which is of precisely the samc form as (133-3). Con-
sequently, its solution is

oo= fi(t=S)krh (t4+1). ases

Evidently the first term represents a spherical wave diverging from
the origin and the second term one converging toward the origin,
We are interested in a simple harmonic diverging wave. Therefore,
we shall take

by = % cos (wt — €r), €== -—9;-, (139-8)
in the notation of (133-7).
Since @ is a solution of the wave equation,

0%0_ _ 20%0_ _ cos g.aq?l

0z r or or
= A cos @ %rﬁ cos (wt — €r) — —E’; sin (ot — €7r) g (139-7)

D, = —

is also. If, then, we take for the components of E
9%, 9%, p o _ 0%, 10,
ox oy > ° 9z Tt o2’

each component of the electric intensity is a solution of the wave
equation.

E; = — s Ey = — (139-8)

As this procedure seems somewhat artificial at first sight, it may
be illuminating to observe that the method we are following is closely
analogous to that which we might pursue in obtaining the components
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(12-2) of the electric intensity due to a static dipole. In that case
we might start with the solution

A
Vo =T

of Laplace’s equation, then differentiate with respect to z to get the
potential (12-1)

V. — _0Vy Acosg
1™ ez T
of the dipole, and finally write
= — aVL = _jV' " — oV
Ez— ax’ y ay"i_Ez—'— az ’

a set of equations which, of course, is exactly equivalent to (12-2).
The only respects in which our procedure in obtaining (139-8) differs
from that which we have outlined above for the static dipole are that
we start with a solution of the wave equation, which is the generali-
zation of Laplace’s equation for electromagnetic fields, and that we
have an added term in the expression (139-8) for E,. The necessity
of this added term will appear immediately.

We have yet to show that the components (139-8) of the electric
intensity satisfy Gauss’ law (1''). Making use of (139-7),

aEx+aE,, 0E. 2 (3*®, 62@0+_a_2_<1>0__j_8269
ox 0z 0z 0z | ox* oy 0zt ct e

But, as ®, is a solution of the wave equation, the expression
within the braces vanishes identically. Consequently (1) is
satisfied. It should be noted that if we had omitted the second
term in the expression for E,, the components of E, while they would
have satisfied the wave equation, would have failed to satisfy
Gauss’ law.

Now equation (139-8) shows that E, E, and the first term in E;
are obtained from &, just as the components of the electric intensity
(7-7) are obtained from the potential in an electrostatic field. So we
can consider that we have the field that would be produced by the
1 2%,
C2 atz
of the axis of the dipole. Consequently, with the aid of (7-8),
we have

+

potential &, plus the electric intensity — in the direction

E' = —67- ._22 a[z CcOoSs 0, ]I
2 (139-9)

e -0 1000, f

roé c® or? J

for the components of eleotric intensity in the directions of increasing
r and @ respectively. Making use of (139-6) and (139-7) we get
explicitly
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E, = Acosg {;2—3 cos (wf =~ er) — -2-;;'sin (wt — €7r) g,

Ey = Asing %(%—- 6;—2—) cos (wf — €r) (139-10)

e

—— sin (wf — €7) }
r

As € =2n[)\, the terms in 1[r® predominate over the others at
distances from the origin small compared with the wave length.
Furthermore, near the origin €r in the argument of the trigono-
met}t)‘ical functions represents a negligible phase angle. Consequently,
we have

E = 2Ar<;os 0 cos wt, ),
. S (139-11)
Ey =_A ilan 6 cos wt,

in the immediate neighbourhood of the oscillating dipole. So the
boundary conditions (139-2) are satisfied if the constant A4 is made
equal to the amplitude p, of the electric moment.

At a great distance from the origin we need retain only those
terms in (139-10) involving 1/r. Hence E, has a negligible mag-
nitude compared with Ep, and, putting 2r/A for € in the amplitude
factor, the electric intensity consists of the component

_.47%p, sin ¢

Ey = A2

cos (wt — €7) (139-12)
alone. At this distance from the dipole a small section of the wave

front is approximately plane, and the magnetic intensity is given by
{133-6). It is, then,

Hy= =% —
in a direction at right angles to the rZ plane, that is, in the direction

of increasing azimuth ¢ measured abqut the Z axis, Therefore, the
lines of magnetic force are circles around the Z axis.

Both E¢ and H 3 are zero along the axis of the dipole on account

of the factor sin g and are maximum in the equatorial plane. The
radiation, therefore, is emitted from the dipole in greatest intensity
in directions at right angles to the line of oscillation. Both fields
fall off inversely with the distance r and, for a constant p,, are
inversely proportional to the square of the wave length or directly
proportional to the square of the frequency. Inspection of (139-10)
shows that the phase of Ep changes by m as we pass from the vicinity
of the origin to a distant point. Although the two fields are in phase
at a great distance from the source, comparison of (139-2) with
(139-3) shows that they differ in phase by #/2 in the neighbourhood

cos (wt — €7r) (139-13)
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of the oscillating dipole. That the Jatter must be the case is clear
from the fact that when the electric moment is greatest the current
is zero and vice versa. The radiation emitted is polarized with E in
the rZ plane and H at right angles thereto.
The Poynting flux is
4r3cp,? sin® ¢
EgHg = — ™ ga cos? (wt — er) (139-14)

in the direction of the radius vector.

The energy &, radiated per unit time is obtained by integrating
o over the surface of a sphere of radius r. We have then

™ () .} 2
P, = L o 2mr?sin §dg = 3“’37;\:‘1"’ cos? (ot — er), (139-15)
and the mean rate of radiation is
o 4 2
&, =160 (139-16)
3N A

For a given p, the rate of radiation is inversely proportional
to the fourth power of the wave length or directly pro-
portional to the fourth power of the frequency. 1

In an actual oscillator the charges which act as sources
of electromagnetic radiation are not point charges asin | :
the ideal oscillator which we have discussed. Rather we e
have a continuous back and forth flow of electricity between
two adjacent conducfors such as A-and B in Fig. 306. If / Fic. 306
is the distance between 4 and B ‘

ql = p, cos wt,
and the current i is :
dq
dt

i = = i, sin w{,

where

, 2mc
== wp =~ 77 py

In terms of the current amplitude (139-12) and (139-13) become

b amp
By = Hy = ‘1”057\5}‘9»(’? cos (©f = €7r), (139-17)

and the mean rate of radiation of energy is:
Pr= "20", (139-18)

If R, is the ohmic resistance of the oscillator, the mean rate at
which energy is converted into heat is

Po = $Roig?.

)t
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from (92-8). So the total dissipation of energy per unit time is
P - 1 8n2l2 ) .
9 = 90 T 9, = "é*% RO + 'gz‘?‘g loa.
The effective resistance of the oscillator, then, is increased by radia-
tion in the amount
8722
R, = S (139-19)
This is known as the radiation resistance of the oscillator, In practical
units (ohms),

Rrp = T o e (139‘20)

The radiation characteristics of the ordinary vertical wire
antenna used in wireless communication can be determined with the
aid of (139-12) and (189-13). The antenna is divided into a number
of short lengths each of which acts like an oscillating dipole. The total
radiation field is then the sum of the fields due to these elementary

oscillators, and the radiation resistance of the
Z p antenna can be calculated by the same methods
that we have used here.

Oscillating Magnetic Dipole. — A circular
loop of wire C (Fig. 307) in which an oscillating
current i = i, cos wt is flowing constitutes an
oscillating magnetic dipole. For, on account of
the back and forth flow of current, the field
which it produces is the same as that of an
equivalent magnetic shell whose polarity is a

F1c. 307 simple harmonic function of the time. If A is
the area of the circuit, the equivalent magnetic moment is i4/c and
the amplitude of the magnetic moment is 7y A/c.

All we need do to obtain Hp in the radiation field is to replace
Py by iyAjc in (139-12). We have then
472 A si_n 0
NP
since E¢ must be negative of Hp for a diverging wave.

C

Hy = — E¢'—_— - cos (@t — er) (139-21)

The mean rate of radiation is
- 164 2A?
Fr="gept

from (139-16). Comparing with (139-18) we see that for the same
current and wave length
Radiation from Magnetic Oscillator (_27A4 2
Radiatigxf_from Electric Oscillator ~— \ 2/
Since the linear dimensions of an oscillating dipole must be small
compared with the wave length A of the emitted radiation, a magne-

(139-22)

(139-23)
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tic oscillator is inefficient compared with an electric oscillator of
comparable size as a source of electromagnetic waves. Now open
circuits operate effectively as electric oscillators, whereas closed
loops have the characteristics of magnetic oscillators. Con-
sequently, the former are used in preference to the latter for wireless
antennas.

Problem 13%9a. An oscillator has a length of 5 meters and carries a current
whose r.m.s. value is 5 amperes. The frequency is 1000 kilocycles per second.
Find the power radiated. Ans. 54'8 watt.

Problem 139b. What is the radiation resistance of the oscillator of 139 ?
Ans. 0.219 chm.

Problem 139c. Find the relative efficiency as sources of electromagnetic
waves of an electric oscillator of length 5 meters and magnetic oscillator
of the same diameter at a frequency of 1000 kilocycles per second. Ans.
148: 1,

Problem 139d. An antenna consists of a straight wire of length/2
parallel to the Z axis with centre at the origin. The amplitude of the current
along the antenna is given by iy = 30y cos € z. Find the radiation field at a
distance r from the origin great compared with the wave length A.

2290 COS (g—cos 6)
Ans. E9 = Hpp = —- orsino — Cos (wt— €7).

140. Graphical Representation of Electromagnetic Waves.—
Since electromagnetic waves progress through empty space with the
velocity ¢, we can consider the field of an oscillating point charge as
travelling out from it radially in all directions with the speed of light,
the charge replenishing the field. as fast as it moves away. by the
emission of new lines of force. For instance, let us consider a charge
oscillating up and down along the line AC (Fig. 308) with simple
harmonic motion and let us fix our attention on a line of electric

7

-

-
-

-

pw o

Frc. 308

force extending to the right. If we suppose the charge to be initially
at rest at A. the line of force under consideration is then the straight
line AD. If, now, the simple harmonic motion is imparted to the
charge, the field at 4 moves out to A4, with the velocity ¢ while the
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charge moves up to B. The line of force is now BA,D. Allowing
another equal interval of time to elapse, 4; has progressed to A, and
B to B, while the charge has reached the upper end C of its path, and
the line of force under consideration has assumed the form CB,A,D.
The direction of motion BB, of the point B of the field is horizontally
to the right relative to an observer moving with the charge. therefore
inclined upward relative to an observer who does not partake of the
motion. Continuing the process we find BC3B;4,D and AB,'C,B,A,D
for successive later configurations of the line of force under con-
sideration, the line of motion BB,’ being inclined below the horizontal
on account of the downward motion of the charge on passing through
B on its return to 4. We have here a moving picture of an electro-
magnetic wave progressing to the right from the oscillating charge.
The farther the wave travels from the source, the steeper and more
nearly transverse it becomes. The reader can easily show that no-
wave is emitted in the vertical direction.

The line of force shown in the figure has exactly the configura-
tion of a stream of water issuing from a nozzle kept pointed to the
right and caused to oscillate up and down along the line AC. The
picture is not merely approximately correct, but is an exact represen-
tation of an electromagnetic wave. In fact the entire group of
Maxwell’s field equations, (1’) to (4”) of article 133, has been shown*
to be merely the kinematical equations of motion of the lines of force
of the field as here represented. @ Had this representation been.
available before QOersted’s discovery of the magnetic effect of a
current, Ampere’s law with Maxwell’s addition of the displacement.

~.
~
Sew
il

Fie. 309

current, Faraday’s law and the second term in the force equatiom
could have been predicted without any appeal to experiment.

We cannot apply correctly the foregoing representation to the
resultant field of an oscillating dipole since the radial velocity of’
propagation ¢ applies only to the individual field of a single point.
charge. The waves produced by a dipole must rather be considered.

*Page and Adams, Electrodynamics, D. Van Nostrand Co., Inc., 1940,
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as the resultant of the two trains of waves to which the two charges
give rise, These are illustrated in Fig. 309 for a horizontal line of
force extending from each charge. Remembering that the line of
force terminating on the positive charge is directed away from the
charge on which it originates whereas that terminating on the
negative charge is directed toward its source, it is clear from the
diagram that the transverse components of the two fields reinforce
each other whereas the longitudinal components are oppositely
directed. Whereas the field is largely longitudinal close to the dipole,
it is nearly altogether transverse at a distance of a few wave lengths.



CHAPTER XVII

HIGH-FREQUENCY OSCILLATIONS

141. Characteristics of High-Frequency Circuits.— Although
high-frequency circuits are subject to the same fundamental laws
as low-frequency circuits, their behaviour in practice differs in a
number of importan® respects. In the first place, it is very difficult
to construct circuit clements which are pure resistances, inductances
or capacitances and which have constant magnitudes. Thus a
resistance unit usually has a small but not negligible reactance.
Moreover, the magnitude of the resistance itself varies somewhat
with frequency because of change in the current distribution within
the conductors of which the resistance element is composed, an effect
discussed in more detail in the next article. Similarly an inductance
coil has a resistance which increases appreciably with frequency.
Also a coil behaves like an inductance shunted by a small capacitance,
because of the capacitance between adjacent parts of its winding.
Again a condenser has an apparent series resistance due to dielectric
Josses. This is true even of an air condenser, unless it is very carefully
constructed.

Distributive effects constitute another difference between high
and low-freqency circuits. That is, the inductance of leads and
connecting wires and the capacitance between different parts of a
circuit usually cannot be neglected. Stray coupling and stray capaci-
tances to near-by objects are particularly troublesome, it often being
necessary to resort to shielding as well as to special arrangement of
the circuit to avoid errors due to these causes.

Measurements in high-frequency circuits cannot easily be made
by means of bridges and similar arrangements suitable for low-
frequency measurements, both becausc of the lack of constancy of
circuit elements and because of the distributive effects just mentioned,
Usually, high-frequency measurements are made to depend on reso-
nance phenomena, since resonance adjustments are relatively simple
at high frequencies. Incidentally, knowledge of the frequency
often is required, so that use of a frequency meter (art. 127) is
involved.

Finally, with the exception of thermocouple meters (art. 64)
instruments suitable for low-frequency ecircuits cannot be wused in
high—frequency circuits.  Special devices are required, the most
important of which is the thermionic vacuum tube to be described in
article 143. ‘

High-frequency theory and practice contain so many special
features that they are often regarded as constituting a separate field
of physical knowledge. Excluding the microwave frequency range,
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which is distinet in itself, some of the more important features of
high-frequency circuits are discussed briefly in this chapter.

142. Resistance, Inductance and Capacitance. — As has been
pointed out in the previous article, circuit elements do not possess
pure resistance, inductance or capacitance of constant magnitude
in high-frequency circuits. Let us investigate the high-frequency
characteristics of resistance units, inductance coils and condensers.

Resistance. — Consider first a straight conductor of circular cross
section carrying a current i = i, sin wt. Let the length of the con-
ductor be / and its radius a. We are interested in the current
density j at different points in the conductor. At low frequencies
the current density is everywhere j = j, sin wt, where j, = iy/ma?,
since the current is uniformly distributed. At high frequencies,
however, the current density is not uniform across the cross section
of the conductor, for the change of magnetic flux inside the con-
ductor results in an e.m.f. of sufficient magnitude to affect the distri-
bution of current. It is "evident from symmetry that the internal
e.m.f, and, consequently. the current density are functions of the
distance from the axis of the conductor.

To find the current density, we may use the electromagnetic field
equations developed in Chapter XVI. However, the solution of these
equations under the given conditions is rather difficult. As the
variation of the current density is quite small, even at frequencies of
several million cycles per second, we can obtain a satisfactory
approximate solution of the problem by supposing that the total
current density J at any point is made up of the low-frequency
density j and a circulating or eddy-current density jo. That is,

J=j+j. (142-1)

The eddy currents, which are due to the internal e.m.f. in the con-
ductor, do not affect the total amount of current passing, of course,
but merely alter its distribution. In calculating j, we
shall take account of the flux corresponding to the un-

<rpi | disturbed current density j, but shall neglect the small
~ir'e 1 | amount of flux due to j, itself.

1

1 The eddy-current density is a function of the distance
gl r (Fig. 310) from the axis of the conductor, so that the
| eddy currents flow in cylindrical shells. Moreover, as the
eddy currents do not produce any resultant flow of
current, there must be some distance r, from the axis at
which j, is zero, the eddy currents always being in
,-""[7~| opposite directions inside and outside of r,. Referring to
yy the figure, let us determine the e.m.f. around the
rectangle efgh of unit height lying in a plane through the
i=i,sinwt axis. With the positive direction of current in the
conductor as indicated, the positive direction of e.m.f.

Fi6. 310 ground the rectangle is in the sense of the arrows.

h

0
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If we exclude ferromagnetic materials and assume / large com-
pared with a, the flux of induction through the rectangle is
70 2f, sin @t 1 .
Ir -l—c?,— rdr = c [7(re2 — r?)j, sin wt},

using (71-6). Then, from Faraday’s law (86-1),

/ 1 d .
{: == a4 [7(re2 — r?)j, sin wt],

where ¢ is the conductivity of the conductor, so that
7{:7:—, (r2 = ry?)j, cos wt.

It remains to determine r,. As the total flow of current due

Je =

to j. is always zero, we have
r Je « 2mrdr = 0,
0

or, removing factors independent of r,

a at  rea?
2 _ .2 _ - 0
j (r ro2)rdr 3 o 0.
Thus ry = a/+/ 2 and, finally,
3
Je = I;iu (r*‘ - 02— ) Jo cos wf. (142-2)

Evidently the mean rate at which energy is dlss1pated in the
conductor for a given magnitude i, of total current flowing is great at
high frequencies than at low because of the presence of the eddy
currents. The low-frequency rate is 3Ri,®2 from (92-8), where
R = Il/ma%c is the low-frequency or d-c resistance. In order to
express the high-frequency rate in the same form, it is convenient to
define the effective resistance R, by setting }R.i,> equal to the
mean power developed in the conductor. As the instantaneous
power is

r"! 2nrdr = Jo'l Ia[sin’ wt 4 27"”” ( — a )sin ®f cos w?
1] 0
22,2 2
+ 7 c:;fg (r’ - -‘;—) cos? mt] 2wrdr,

the mean power is

R R Be (I P

e [ - $) )
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since in taking mean values sin? wf = cos? wf = }, while

sin of cos @f = 0. Thus, equating }R.,? to the expression just
obtained and evaluating the integral,

2m202w? a8

1 . 1 ..
g Reid® = 5 Rig? [1 * a2
or, in terms of the frequency v,

R, wioly2qt

R =1+ g
In. applying this formula it must be remembered that ¢ is in c.g.s.
units, although R, and R may be expressed in any system of units
since they appear as a ratio.

(142-3)

The increase of the effective resistance of a conductor with fre-
quency is called the skin effect, because the current density diminishes
along the axis and increases near the surface. This fact does not
appear from our approximate analysis which is valid only for small
values of ova’[c?, but is brought out by an exact solution of the
problem.

To minimize the skin effect, we must keep ova®/c? small. The
sizes of manganin and of copper wire (American wire gauge) which
must be used to keep R,/R less than 1.01 are shown for various
frequencies in the table. Evidently, as far as skin effect goes, it is
desirable to use fine wires of low tonductivity. For this reason
primary resistance standards for high frequencies usually consist of

Wire Size (A. W. G.)

Manganin Copper
1.0(10)® 14 28
2.5(10)% 18 31
5.0(10)* 21 34
7.5(10)8 23 36
10.0(10)* 24 38

gingle lengths of fine manganin wire. For convenience these resistance
units are made up in sets covering a range of resistance values. The
construction of such a set is described in Bureau of Standards Circular
No. 74.

When resistance wire is wound into the form of a coil, the
variation of the effective resistance with frequency is much increased,
for now there are eddy-current losses in each turn of wire due not
only to its own field, the skin effect, but also to the field of adjacent
turns, the proximity effect. 1In addition there is always some residual
inductance even with the non-inductive type of winding and some
capacitance between different parts of the coil, so that at high fre-
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quencies its reactance is appreciable. Resistance boxes can be used,
therefore, only when great accuracy is not required and then only
subject to frequency limitations. For general purposes carefully con-
structed resistance boxes may be used up to 50,000 cycles per second
without incurring errors greater than one or two per cent. In tuned
circuits, where the tuning neutralizes the residual reactance of resis-
tance elements, the frequency limit is considerably higher.

Inductance. — An inductance coil is subject to two disturbing
influences at high frequencies. The skin and proximity effects cause
R the effective resistance R,

[ 66 5 AN AA to increase quite rapidly
with frequency, whereas

‘ C, the capacitance between
| I different parts of the wind-
l l ing causes the current to

vary along the coil. 1In

Fic. 311 . the case of a single layer

coil, for example, the

current is greater in the middle than at the ends. It is found that the

impedance of the coil is approximately equivalent to that of the

divided circuit shown in Fig. 311, L being the low-frequency induc-

tance and Cg, by definition, the distributed capacitance. Referring

to article 113, the complex impedance of the divided -circuit is seen
to be

R, . Lo(l — LCyjw?) — R2Ciw
(T = LCio? + RACHw? T 1 (I = LCaw?)* + RACiwt”
As C; is of the order of a few micromicrofarads and the coil is never
used with a frequency so high that LC;®? approaches unity, we can
neglect R.Cyw in comparison with (1 — LCzw?) and the expression
for the impedance reduces to
Re L(D

= Lo 1 (1 - LG

Thus the apparent resistance R, and the apparent inductance L of
the coil are given by

R _ 7;_ Re 1
T (1 = LCw?)¥ l
L . (142-4)
Li=u - LCse?)

Tt appears that both the apparent resistance and the apparent
inductance increase with frequency because of the distributed capaci-
tance. The former also increases as a result of the skin and proximity
effects, so its rate of increase is relatively large. For this reason the
apparent & of the coil, 2, = L,w/R, does not change very rapidly
with frequency. In fact, for a limited frequency range, it may often
be treated as a constant. '
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As (142-4) gives only approximate results, particularly in the
case of the resistance, and as the values of R, and L, in practice
depend somewhat on the position of the coil in the circuit, stray
capacitance to ground, the presence of near-by conductors and so on,
it is necessary in accurate work to measure R, and L, under the exact
conditions in which the coil is to used. Methods of measurement
will be described in article 144.

Capacitance. — The behaviour of a condenser at high frequencies
is similar to its behaviour at low frequencies. There are energy losses
due to dielectric absorption (art. 20) whose effect may be represented
by an apparent series resistance R. If C is the capacitance of the
condenser, its power factor is given by

cos P = RCuw,
as in (121-11)

Although the power factor does not change greatly with fre-
quency, it is usually somewhat greater at high frequencies than at
low. Also it is more important at high frequencies, for circuits are:
usually adjusted to resonance and small resistance "is desirable in
order to obtain large currents. For these reasons care must be used
in selecting condensers for high-frequency circuits. Condensers in
which the dielectric is waxed paper have a power factor of the order
of (10)~2, which is often too large to be satisfactory. Mica condensers
and air condensers in which the insulation between the two sets of
plates is not well arranged have a power factor lying between (10)~3
and (10)™%. In the case of a carefully built air condenser in which
the plates are supported by some low-loss material such as quartz,
the power factor may be (10)7% or less. If the condenser is variable,
these figures apply at maximum capacitance, the power factor being
approximately inversely proportional to the condenser setting.

As the high-frequency characteristics of standard air condensers
can be accurately determined at low frequencies, using methods
described in Chapter XIV, high-frequency measurements are made as
far as possible in terms of capacitance.

143. Vacuum Tubes. — The vacuum tube is a device whose
operation depends primarily on the control of space charge (art. 81).
The simplest type is the three-electrode tube or
triode. 'This consists of a hot filament F (Fig. 312),

a fine wire grid G and a plate P, all enclosed in a

highly evacuated bulb. The tube whose elements

are shown in the diagram has a cylindrical structure

but the electrodes may equally well be parallel

planes. Thus the triode 18 similar to the two-

electrode tube described in article 81 except for the P
grid which has been interposed between the cathode Fic. 312
and the anode.

Let us suppose that potentials §¢ and & p, measured relative
to the filament, are applied to the grid and plate, respectively, the
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latter potential being much greater than the former. Electrons are
drawn from the filament through the grid to the plate. Assuming a
sufficiently plentiful supply of electrons, the plate current ip is deter-
mined by the distribution of space charge between F and P. Now,
as we have seen, with no grid present the plate voltage controls the
space charge in such a way that ip is proportional to § p3/2. With
the grid, however, the space charge depends on both &g and § P.
It is found that because the grid is much closer than the plate to the
filament &g is more effective than &p in controlling the space
charge. [n fact, a given change in grid voltage causes the same
change in plate current as a change in plate voltage u times as great,
where p is a constant called the amplification factor. This constant
ranges in value from two or three to several hundred depending on
the geometry of the tube. Thus for the triode the plate current is
proportional to (§ p + & ¢ )®'* and we may write

ip=Kp(&p+pn&a)?? (143-1)

Kp being a constant.

The way in which ip varies p(mils)
with § ¢ and & p is shown gra-
phically in Fig. 313 for a typi-
cal case. Each curve represents
the variation of plate current
with grid voltage for a
definite value of plate voltage.
In practice the grid voltage
is restricted to negative and & wolts)
small positive values, as large X9
positive values cause electrons
tlo be deflected to the grid
diminishing the plate current —+ —
and reduci%lg thepeﬂ'ectiveness -15-10 -5 0 5 10
of the grid control. Fic. 313

9
N

5:‘ (volts)

S&

L,

Te,

A HR

Fic. 314
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There are a number of uses to which vacuum tubes may be put.
The most important of these in connection with high frequencies
are amplification, detection and oscillation, which we shall discuss in
turn. In each case small variable e.m.f.’s and currents are super-
posed on larger steady ones.

Consider the typical circuit arrangement shown in Fig. 314.
The tube elements are indicated schematically in the circle. Voltage
for the filament, plate voltage and grid voltage are supplied by
batteries § 4, & p and §¢. The subscripts 4, B and C are customa-
rily employed to indicate quantities associated with the filament, plate
and grid circuits, respectively, and the three sources of e.m.f. just
mentioned are often called the A-battery, the B-battery and the
C-battery. A high-frequency e.m.f. is introduced into the grid
circuit by means of magnetic coupling, the coil L¢ in the grid circuit
bei ng tuned to the applied frequency by a condenser C¢. Similarly,
a high-frequency e.m.f. is taken from the plate circuit, the coil Lg in
the plate circuit carrying the steady component of the plate current
as well as the varying component.

Suppose now that & p has a relatively large value, while §¢ is
kept negative, so that the i
characteristic ip ~ & ¢ P
curve and the operating ' /
point O are as shown in
Fig. 315. Then, as O is ..
on the part of the curve 1 ___leoSNal

which is nearly straight, ]
AVAAVAL

o

the variable part of the
plate current has essen-
tially the same form as
the variable part of the
grid voltage. This is illus-
trated by the two sinusoi-
dal curves on the diagram.
Finally, the  voltage
taken from the plate
circuit also has the same
form as the input voltage.
Its amplitude, however,
is much greater than that
o}i; the input voltage when
the circuit is properl .. 315

adjusted.  Thus the tuby e 313

functions as an amplifier. Several amplifying tubes may be con-
mected in series, the output voltage of one tube supplying the
rnput voltage to the next. In this way very large amplifieation may
be obtainted, an important matter in the reception of the high-
Jequency electromagnetic waves used in wireless communication.
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Next let us change the value of § ¢ s0 as to make O lie on the

non-linear part of the
ip ~ & ¢ curve (Fig. 316).
Then the variable part of
the plate current no
longer has the same form
a8 the variable part of
the grid voltage, but is
distorted as illustrated in
the diagram. Evidently
the mean value of the
variable part of the plate
current is not zero but has
a positive  magnitude.
Thus, if the plate circuit
inductance Lp is replaced

Ip

by a d-c milliammeter,
the reading will be greater
when the high-frequency
voltage is impressed on
the grid than when the
grid voltage consists of
& ¢ alone. The tube is
now acting as a detector
of high-frequency oscilla-
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tions. As the increase of the meter reading over the steady state
value incrcases with the amplitude of the impressed grid voltage,
the meter may be calibrated to indicate this amplitude directly. The
vacuum tube and its associated circuit are then called a vacuum tube

:
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o o
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Fic. 317

voltmeter. By using this instrument
to measure the e.m.f. across & known
impedance the amplitude of a small
high-frequency current may be
determined.

Finally we must consider the
production of high-frequency oscilla-
tions by means of a vacuum tube.
If a single tuned circuit is set into
oscillation by any means, the ampli-
tude of the oscillations diminishes
rapidly, as demonstrated in article
91, the energy of the oscillations
being dissipated in the resistance
of the circuit. If, however, the
oscillating circuit is associated with
a vacuum tube in such a way that
energy is supplied as fast as it is dis-
sipated, then steady oscillations of
constant amplitude are maintained,
There are a number of ways in which
this can be done,
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A convenient circuit is shown in Fig. 317. The oscillating circuit
consists of a plate coil of inductance Lg and resistance Rp shunted
by a variable capacitance Cp. The oscillating current in Lp induces
a voltage in the grid coil Lg due to the mutual inductance M between
them. This voltage in turn causes a plate current which supplies the
necessary energy to the oscillating circuit. In order that the phase
relations may be correct with the coils connected as shown, the
windings must be in the some sense.  The frequency of oscillation is
controlled by the oscillating circuit, being given by 1/2m4/[,Cp as
usual. As the tuned circuit is in the plate circuit of the tube, the
circuit arrangement of Fig. 317 is called a tuned-plate oscillator.

In order to adjust the oscillator in practice, it is usually desir-
able that the coils be provided with taps as indicated in Fig. 318.
Then, by moving the grid lead, the proper amount of grid voltage
to sustain oscillation is obtained and, by moving the plate lead. the
amplitude of the oscillating current is controlled.

For a description of tetrodes, pentodes and other multi-element
vacuum tubes, and for a detailed discussion of amplifiers, detectors,
oscillators and other vacuum

tube devices, the reader Grid Plate
should refer to some work ‘«——__'
devoted to the theory of M/’]

vacuum tubes. No attempt 4
is made in this article to do '

more than give a qualita- |
tive description of vacuum I
tubes and of their uses in Fic. 318
high-frequency circuits.

144. High-Frequency Measurements.— In making measurements
at high frequencies certain general precautions must be taken in
order to obtain consistent and significant results. Thus, a circuit
must be arranged so that capacitance between its different elements
is avoided. Also, the effect of capacitance to ground should be
minimized by grounding the circuit at the point where this capaci-
tance is greatest. Similarly, stray magnetic coupling must be elimi-
nated. Often shielding is necessary to prevent undesirable coupling,
both capacitative and magnetic. Finally, in comparison measure-
ments where one circuit element is substituted for another, care must
be taken to see that the circuit is not changed in any way by the
substitution. The practice of these precautions and of some other
special ones will be made clear in the description of actual measure-
ments below. Although, for simplicity, an ammeter is employed in
each case to indicate resonance, a vacuum tube voltmeter connected
across an impedance elemcnt in the circuit can be used equally well.

As we are usually interested in determining the complete charac-
teristios of a resistance element, or an inductance coil, or a conden-
ser, we shall discuss the measurements under these headings.
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Resistance Element.— The circuit used to calibrate a resistance
element at high frequency is shown in Fig. 319. L is an inductance
coil loosely coupled to a vacuum tube oscillator, C is a variable
condenser and A4 is a sensitive

the rmocouple meter of low resistance. V.T.Osc.
R, 1s a standard variable resistance
or a set of standard units such as

. . . 2, .

were described in article 142, while
R, is the apparent resistance of the
element to be calibrated and X, is its
apparent inductance, if any. Either
R, or R, may be introduced into the
circuit by means of a double-pole ;_?

double-throw switch which may well
consist of six small mercury cups and e

two copper jumpers, instead of the
ordinary knife blade type, in order Xa
to avoid contact resistance and stray R

capacitance  cffects. It will be '° Ca R,
noticed that the leads from L are ,

fairly long in order to remove the FIG. 319

rest of the apparatus from the field of the coils. On the other hand,
the leads connecting R; and R; to the switch are short and of
approximately the same length in order that the circuit may not be
affected by the substitution of one resistance for the other. One side
of the condenser is grounded. If the condenser is enclosed in a
metal case, this is included in the ground connection.

The actual measurements consist first in adjusting the oscillator
to a desired frequency with the aid of a frequency meter (not shown
in the figure), including R, in the circuit and tuning by means of C,
resonanee being indicated by a maximum current reading on the
meter A. Then R, is substituted for R,, the circuit retuned and
R, adjusted until the resonance current has the same value as for
R,. Since the reactance is zero in both cases equal currents indicate
equal resistances. Thus R, = R,. The process is now repeated
with a new frequency and so on until the desired frequency range
has been covered. It is usually convenient to plot R; as a function
of frequency. If desired, the apparent reactance X, of the resistance
element may be cal-
culated in terms of
Land C at each of
the frequencies, since
at resonance Lw—1/
Co + X, = 0. Often,
however, khowledge of
the apparent reactance
is not required.

*V.T.Osc.

Ay

Inductance Coil.—
The apparent induc-

Fic. 320
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tance L, of a coil, its true inductance L and its distributed capaci-
tance Cj can all be obtained from one set of measurements. The
experimental arrangement is indicated in Fig. 320, the coil being
represented by its equivalent circuit as explained in article 142. C
is a calibrated variable condenser and A a thermocouple meter to
indicate resonance as in the case of the resistance measurements
described above. The coil is loosely coupled to a vacuum tube
oscillator whose frequency can be adjusted with the aid of a fre-
quency meter to any desired value.

From (142-4) the apparent inductance at an angular frequency
o is given by
L = L
7 1 — LCga?"
Now, having adjusted the measuring circuit to resonance, we
have 1 — L(C 4+ C;)w? = 0. Hence eliminating L we find

L (144-1)

8 = Cw?
or, eliminating w,

Lo = L(l - %‘ ) (144-2)

Thus to find L, as a function of frequency we need only tune the
circuit to resonance for a number of frequencies and use (144-1). To
find L and C; we may proceed in either of two ways. Suppose we
choose a pair of frequencies w, and w, not toc widely separated and
tune the circuit for each, C; and C, being the two resonance values
of the capacitance. Then

1 — L(C, + Ca)oy? =0,
1 — L(C, + Ca)w,®> = 0.
Eliminating first Cz and then L we have

1 _ 17 ]
L et @ [
G -Gy g (144-3)

Cio? — Cw,? |

Ci=- et — wp

In making determinations of L and Cg by this method several pairs

of values in different parts of the frequency range should be used as

these quantities, particularly Ci, 1

may not be absolutely constant. @2
The second method is graphi-

cal and hence somewhat less

accurate than the first. Having

tuned the circuit to resonance for

a number of frequencies, we plot

l/w? against C (Fig. 321) and -

draw a straight line through the -

points so obtained, extending the —= C

line until it cuts the C axis. Then d

from the reiation 1/w? = L(C+Cy) Fic. 321
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we see that the slope of the line gives L and the intercept on the C
axis gives C4. When these quantities have been determined, L4
may readily be calculated with the aid of (144-2) and plotted against
frequency, if it has not been previously obtained.

In applying formulas (144-1) to (144-3) inclusive it must be
remembered that the angular frequency w is 2x times the actual
frequency given by the frequency meter.

To determine the apparent resistance Rz of the coil, we require
a somewhat different circuit, iliustrated in

Fig. 322. The coil in question is re- V.T.Ose.
presented by L,, R, while L’ is a small

coupling coil loosely coupled to the oscil-

lator. C is a variable condenser, R, a

standard adjustable resistance and 4 a m
thermocouple meter. By means of a switch L

the coil can be introduced into the circuit L
or removed from it as desired. The circuit ~?
is arranged in accord with the precautions R
outlined at the beginning of the article, *a
special care being taken that there is no
coupling between L, and either the oscil-
lator or L’.

We first measure the resistance of the
entire circuit including R,. Let R be the
resistance of the circuit exclusive of R; and
R,. Having adjusted the oscillator to a
desired frequency we tune the circuit to
resonance with the standard resistance set
at zero and note the amplitude i), of the
current. Then we increase the standard
resistance to a value Ry, so that the current amplitude diminishes to
i90. This gives

Fic. 322

iw R+ R+R,

[ R, + R i
or, solving for R; 4+ R,

R.+R=R, . '™ _. (144-4)
] ho — Iz

This result rests on the assumption that there is no change in the
e.m.f. induced in L’ by the oscillator, that is, that the coupling is
loose enough so that the measuring circuit does not react on the
oscillator and change the oscillating current. It is important to
verify this assumption, either by including a meter in the circuit of
the oscillator or by using several values of R, and observing whether
there is a change in the values obtained for R; + R.

Next we remove the coil, retune the circuit and again me asure
the resistance. This time we have
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R=R/ ™ -, (144-5)

o — 20

the prime indicating the new set of current and resistance values.

R, is now obtained by taking the difference of (144-4) and (144-5).
If the current amplitude is reduc- V.T.Osc.

ed one-half by the addition of the

known resistance in each ease, we

have simply R, = R, — R,

Evidently the condenser must be

sufficiently good so that the ..
change in its apparent resistance L
during the process of retuning is
negligible.

When R, has been deter- L :

mined for a number of frequen-
cies we plot it as a function of
frequency, preferably on the same

diagram with L, for the sake of Rs
comparison.

Condenser.—The capacitance e
of a condenser is found by com-

parison with that of a variable
standard condenser. At the same
iime its apparent resistance R ——
may be determined if the standard C?
is of the low-loss type so that its ’—L‘—_?‘
resistance is  negligible. The Fie. 323
circuit arrangement is shown in e
Fig. 323. The condenser to be calibrated is represented by C, R
and the standard by C,. L is a variable but not necess arily
calibrated inductance. L' is a small coil loosely coupled to the
vacuum tube oscillator. R, is a standard adjustable resistance
and A4 a thermocouple meter. The circuit is laid out in a manner
similar to that of Fig. 319, the condensers being removed from the
coils and symmetrically disposed with respect to the rest of the
circuit. One side and the case of each condenser is grounded. The
switch by means of which cne condenser is substituted for the other
should be of the mercury cup type deseribed in concection with
Fig. 319.

To make a determination of Cand R we adjust the oscillator
to a desired frequency with the aid of a frequency meter, include C
in the circuit and, with the adjustable resistance set at zero, tune the
circuit to resonance by varying L. Then, having noted the amplitude
of the resonance current, we replace C by C, and tune again, vary-
ing C, this time and leaving L unchanged. Finally we set R; so
that the current is the same as before. Under these conditions

C = C., .R = R‘-
Unless the condenser is poorly constructed C is independent of fre-

—

o | o o]
o o—

LII‘_j
Gt
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quency and the power factor RCw is very nearly so. However, it is
usually desirable to repeat the measurements at several other fre-
quencies to verify this behavior.

If the condenser is variable, we determine C and R for a number
of settings at one frequency and then repeat for a few settings only
at several other frequencies. It is usually convenient to plot C as a
function of the condenser reading on a fairly large scale in order to
be able to determine the capacitance at any setting accurately.

A more precise method than the one given above for determining
R consists in measuring the total resistance of the circuit when C
is included and again when C; has been substituted and taking the
difference. The procedure followed is exactly the same as in the
measurement of total resistance described in connection with the
inductance coil measurements just preceding. This method is, how-
ever, considerably more laborious than the other.
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—, equation of motion, 203

—, mobility, 147

—, motion in combined fields, 204

—, motion in electric field, 203

—, motion in magnetic field, 203

Isotope, 209

J

Jones, 319

Joule, 59

Joule heat, 159

Junction equations, 125, 343

K

Kelyin, 44, 139, 159
Kelvin’s law, 277
Kerst, 242

Kirchhoff's formula, 279
Kirchhoff's laws, 124
—, complex, 342
Kohlrausch, 149

L

Lag, 253

Lamination, 286

Laplace’s equation, 61

—, solutions, 63

Lawrence, 212

Leakage measurement of high resist
ance, 356

Lebedew, 436

Legendre's equation, 63

Lenz's law, 285

Line, 401

—, characteristic impedance, 404, 409

—, distortionless, 404

—, frequency characteristics, 403

—, high-frequency applications, 409
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—, input impedance, 409
—, loaded, 404
—, propagation constant, 402
—, reflection coefﬁr t, 406
—, stub, 410
—, transmission cha":teristics, 404
—, wave velocity, 402, 408
Line of displacement, 31
Line of force, electric, 19
—, magnetic, 92
Line of induction, 100
Logarithmic decrement, circuit, 264
—, galvanometer, 299
—, measurement of, 299, 388
Loop equations, 125, 344
Loschmidt’s number, 211

M

Machinery, a.c., 348
Magnet, 83
—, rotating, 234
Magnetic circuit, 315
Magnetic field, 88
Magnetic induction, 100, 201
Magnetic intensity, 88
~—, circular current, 178, 191
-, components of, 90
-, current element, 175
—, dipole, 93
—, moving charge, 173
—, small current circuit, 182
—, solenoid, 179, 186, 190
—, straight current, 181, 188
Magnetic properties of materials, 304
Magnetic shell, 95
- 29.7q7uivalent to circuit, 185, 186, 187,

Magnetic shielding, 106

Magnetic spectrum of B rays, 204

Magnetic standard, Hibbert, 303

—, mutual inductance, 303

Magnetization, 98

—, induced, 85

Magnetization curve, initial, 307
~—, normal, 307

Magnetlzatmn measurement, double

bar and yoke, 312

—, ring, 308

—, single bar and yoke, 310

Magnetometer, 110, 313

Magnetomotive force, 188, 315

Magnetostriction, 103

Magnetron, coaxial cylinders, 227

—, parallel plates, 225

Mass, variation with velocity, 213

Mass spectrograph, 209

Mazwell, 23, 24, 49, 359, 411

Maxwell, 100

Mazxwell’s equations, 414, 415

Michell, 87

chtowave. 431

INDEX

Millikan, 211

Mobility of ions, 147

Molecular theory of magnetism, 84
Moment, electric, 25

—, magnetic, 93

—, of circuit, 183

Momentum, electromagnetic, 436
Motor, a c. 348

—, d.c., 286

—, induction, 349

—, synchronous, 349

N

Nagaoka, 279

Negative glow, 224
Nernst, 151

Network, a.c., 341

—, d.c., 123

—, reciprocity theorem, 126
Neumann, 246, 281
Neumann'’s formula, 282
Neumann's law, 246
Newton, 18

Newton, 59

Neutron, 2

Nichels, 436

Oersted, 137

Qersted, 88

Ohm, 119

Ohm'’'s law, 119

Oscillator. electromagnetic, 437, 443
—, Hertzian 264, 265

—, vacuum tube. 452

Oscillograph, 347

Osmosis, 151

Osmotic pressure, 151

P

Paramagnetism, 86
Peltier, 158

Peltier heat, 158
Peregrinus, 83

Period, free or natural, 263
Permalloy, 305
Permeability, 101

—, incremental, 307
—, normal, 307

—, reversible, 307
Permeameter, 313

—, Fahy simlex, 314
Perminvar, 306
Permittivity, 32

—, measurement of, 58
—, table, 58

Phase velocity, 418
Plante, 157

Plate, 167, 220, 452
Poisson’s equation, 61



INDEX

Polarization, electric, 28
—, electrolytic, 148
Polarizing angle, 433
Pole, magnetic, 83
Pole-strength, due to magnetization,
98, 99

—, electromagnetic unit, 87
Positive column, 224
Positive ray spectrograph, 208
Potential, electric, 11, 12, 34
—, inside conductor, 22

—, magnetic, 83, 89, 102
Potentiometer, 141

—, Leeds and Northrup. 142
—, Wolff, 143
Power, 119

—, a.C. circuit, 267, 339
Power factor, 269, 367. 461
Poynting flux, 424
Practical units, 59
Pressure, in dielectric, 35
—, osmotic, 51
—, radiation, 434
—, solution, 152
Primary, 279, 352
Proton, 2
—, mass, 211
Proximity effect, 450

Q
Quincke, 37
R

Radiation pressure, 434
Reactance, 253, 258, 266, 330
—, equivalent, 337
—, laekage, 355
Reciprocity theorem, 126
Reflecting power, 431
Refiegtion, at surface of conductor,
2!
—, at surface of dielectric, 431
—, coefficient of, 431
Refraction, at surface of dielectric,
431
~—, index of, 421
—, lines of displacement, 35
Reluctance, 315
Repulsion, electromagnetic, 288
Resistance, 119
—, absolute measurement of, 319
—, apparent, 451
—, effective, 449
—_ equwalent. 337
—, high frequency, 448
—, of cell, 122, 149
—_ radiation, 443
—, standard, 178
Resistance box, 131
Resistance measurement, 134, 135, 137,
139, 319, 356
=, high frequency, 448
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Resistances, in parallel, 123
—, in series, 123
Resistivity, 118

-, table, 119 ok
Resonance. 2675
Retentiveness, -~
Right-hand rule, .4

,Rosa, 174, 361

Rotor, 348
—, squirrel cage, 350
Rowland, 173

S

Saturation, magnetic, 85
Scalar product, 169, 171

Search coil, 302

Secondary, 279, 352

Seebeck, 158

Self-induction, 249

Shielding, electric, 43, 48

—, electromagnetic, 285

—, magnetic, 106

Shielding ratio, 108

Shunt, 132

—, universal, 133

Skin effect, 450

Slip rings, 348

Snell’s law, 432

Solenoid, straight, 179, 190

—, toroidal, 190

Solution pressure, 152

Space charge, 167, 218

—, coaxial cylinders, 220

—, parallel plates, 219

Spark, 223

Specific heat of electricity, 159
Spectrum, electromagnetic, 422
<p}16esre in uniform field, conducting,

~—, dielectric, 68

—. permeable, 104

Sphere uniformly magnetized, 103
Standazd cell, 142, 156, 321
Stator, 348

Steady state, 254

Steinmetz, 305

Steinmetz coefficient, 305
Stokes' law, 210

Strength of magnetic #hell, 95
Stress, on conductor, 24, 37
—, on dielectric, 37

—, on permable medium, 102
Stresses in medium, 35, 435
Sulphation of cell, 157
Surface, positive normal, 14
Susceptance, 338

—, equivalent, 339
Susceptibility, electric, 32
—, magnetic, 101
Synchro-cyclotron, 215
Synchrotron, 215
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T

Temperature, Kelvin, 154
—, neutral, 162

—, thermodynamic, 154
Thermal electromotive force, 158
Thermocouple, 158

—, meter, 165

- Thermo-electric power, 163
—, table, 164
Thermo-electricity, 158
Thermometer, resistance, 137
Thermopile, 165
Thermionic emission, 166
—, table, 168

Thomson, 208, 225

Thomson effect, 159

Time constant, 252, 256
Torque, on circuit, 276

—, on conductor, 59

—, on magnetic dipole, 94
—, on magnetic shell, 96
Torsion balance; 9, 87
Transformer, 351

—, vector diagram, 354
Transient, 254, 258
Transmission, coefficient of, 431
Triode, 452

Tube of displacement, 31
Tube of force, electric, 19
—, magnetic, 92

Tube of induction, 100
Tuning, 377, 386

U

Ultra-violet light, 3

Unipolar induction, 233

Units, conversion formulas, 326, 328
Units, conversion table xii, 120

—, electromagnetic, 87, 322

—, electrostatic, 10

—, Gaussian, 321

—, Heaviside-Lorentz, 323

—, practical, 59, 325

v

Vacuum tube, 452

Vector product, 170, 172

Vectors, addition, 10

—, multiplication, 169

Veﬁcgty, of electromagnetic wave,

INDEX

—, of light, 174, 421

—, of wave along conductor, 402, 403
408, 429

Volt, 59

Voltaic cell, 121,.151

Voltameter, 150, 319

Voltameter, a.c., 345

--,d.c., 198

-, vacuum tube, 455
w

Watt, 119

Wattmeter, 346

Wave, along conductor, 402, 427
—, electromagnetic, 417

—, graphical representation, 444
—, reflection, 402, 425, 431

—, refraction, 431

—, standing, 406

—, transverse electric, 430

—, transverse magnetic, 430
Wave equation, 418

Wave guide, 427

—. cut-off frequency, 427

—, cut-off wave length, 427

—; guide wave length, 429

—, guide wave velocity, 429

—, modes of vibration, 430
Wave length, 402

Wave slowness, 420

Weber, 84

Weber, 238

Weston cell, 142, 156, 321
Wheatstone bridge, 127

—, sensitivity, 128

Wiedemann and Franz, law of, 118
Wills, 108

Wimshurst machine, 7

Work function, 165

Work in hysteresis loop, 305

X
X-rays, 4, 225

Y
Yoke, magnetic, 310, 312

z

Zeeman effect, 232
—, Lorentz triplet, 233
Zonal harmonics, 64
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