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PREFACE

This text on elementary differential and integral calculus is presented
with the belief that it is adapted for usc as an introductory course both in
academic colleges and in engineering schools. The author has had over
twenty years of experience in teaching the subject in colleges and univer-
sitics using a great variety of standard texts.  He has written this book as a
result of that experience being convinced that the method of approach used
is the most suitable for a first year caleulus course.

Considerable attention has been given to the continuous development
of the subject with special emphasis upon the necessity of understanding
the fundamental principles. A conscious effort has been made to interest
the student regardless of the reason for his election of the subject. Tt is
recognized that his choice may be due to a desire to apply this most power-
ful tool of mathematics in some chosen field of science, or it may be due to
an interest in the subjeet for its own sake. The language of the text is
simple; full explanations and many illustrations are included.

This book provides unusual flexibility in the choice of material. The
development is continuous through the first cleven chapters. Since the
entire text cannot be taken in any onc year, various selections of chapters
are possible according to the individual requirements for a course. It is
suggested that at least the first nine chapters form the nucleus of a course,
supplementing this with seclections from the remaining eight chapters. In
this way provision has been made for those instructors who desire to give
students having particular applications in mind, an introduction to such
subjects as multiple integration, series, partial differentiation and differen-
tial equations.

Nearly all of the existing text-books divide the study of the calculus into
separate parts, the differential and the integral caleulus. In such books,
all types of functions are differentiated or integrated, after which the
applications are made.

Contrary to this method of study, the author has interwoven the proces-
ses of differentiation and integration. The first four chapters of this book
form an introduction to the concepts, theories and applications of both
differential and integral calculus in which the formal manipulation requires
the use of polynomials in the majority of cases. The study of these

ifi
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fundamental principles and applications is continued and extended by the
introduction of new functions: algebraie, trigonometrie, exponential and
logarithmic. The author bclieves that a continued application of the
calculus method to problems as they arise and require the use of more
advanced functions, engenders a more complete undmstandmg of the sub-
jeet than the traditional method.

Another departure from the existing texts is that polar coordinates and
their applications arc presented in a separate chapter. The various
sections may be used as parts of preceding chapters if desired. However,
since many instructors prefer not to make use of rectangular and polar
coordinates simultaneously, this chapter provides opportunity for a separate
consideration of the latter.

Extreme care has been given to the preparation of Chapter V1. Class-
room experience has led the author to fecl that a complete understanding of
the principles involved in this chapter is essential and that if these princi-
ples are mastered in applying the simpler functions, no difficulty should be
encountered when the applications require the use of more advanced func-
tions. The definite integral is defined by means of the indefinite integral.
The fundamental theorem states that the limit of a sum is equal to the
definite integral which is proved by means of the area under a curve.
Detailed applications are given for various elements of arca, volume, fluid
pressure and work.

In an eclementary calculus it is gencrally agreed that it is inadvisable to
give rigorous proofs for all the theorems to which applications arc made.
In those cases in which proofs are omitted or are not complete, the assump-
tions are clearly stated. The student should be made to realize that there
are proofs which are not within the scope of such a text and that such
proofs exist in more advanced treatises.

A knowledge of plane analytic geometry is assumed and the content of
that subject is used freely. A collection of formulas of trigonometry and
plane analytic gcometry is appended which may form a basis for a review
of those subjects as needed.

Since a knowledge of solid analytic geometry is not generally pre-
supposed, a chapter presenting the essentials of that subject precedes the
calculus study of functions of two variables. Although this chapter is a
condensation of the subject, it is felt that sufficient material is included
for an understanding of the content of the two chapters which follow it.

An important feature of the book is the large number of graded exercises.
These exercises give the instructor a wide range of choice as to number of
problems and as to degree of difficulty. Also, by means of the exercises a
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continuous review of previous chapters is provided. The answers are
given for the odd-numbered problems only, giving the student opportunity
to verify some of his results but placing him on his own resources in others.

I wish to express appreciation to my colleagues who have been good
enough to give me the benefit of their teaching experience and who have
given mc many highly valuable eriticisms. [ am particularly indebted to
Professors J. G. Hardy and D. LK. Richmond for their reading of the
manuscript and parts of the proof.

V. H. WELLs.
WiLniaMs COLLEGE,
Wilhamstown, Massachusetts,
February, 1941.
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Variables, Limits, Functions and Equations 3

of z there corresponds one or more definite values of y, then y is said to be
a function of z. If cach of the above functions is represented by y, the
functional relationships between z and y are given by the following equa-

tions:
y = 222 4 1, y=i\/m
y = z y = sin z,
zT—a
y = arctan z, y = log z.

Dependent and Independent Variables. In equations in which y is
expressed as a function of z,’as in the above, the variable x is called the
independent variable and y is called the dependent variable.

Geometric Illustrations. The area S and the circumference s of a
circle are functions of the radius r:

S=mxr? and s = 2ar.

The surface area S and the volume V of a sphere are functions of the

radius 7;
S =4r? and V = {mr.

One variable may be expressed as a function of two or more different
variables. The lateral surface arca S and the volume V of a right circular
cylinder are functions of the radius r of the base and the altitude A;

S =2rrh and V = mrh.
The lateral surface area S of a right circular cone is a function of the radius

r of the base and the slant height p, while the volume V is a function of
the base and the altitude A;

S=mp and V = irrch.
4. Functional Notation.
It is customary to express that y is a function of z by writing
y = f(=).

This symbolic expression is read “ f of z.”
If we write

flz) = a2 — 22 — 3,

2 is the independent variable and f(z) represents the dependent variable.
The notation for a function of x is useful in representing the value of
the function for assigned values of the variable. This is done by replacing
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the variable in the symbol by its value. Thus for

T =2, J2) = (2)?-2(2) -3 =3,
z = aq, fl@) =a*>—2a — 3
and f(—z) = 22 + 2z — 3.
Exercise 1

GROUP A

Express each of the following functions algebraically.
1. The surface area of a cube is a function of its edge.
2. The volume of a rectangular parallelopiped with a square base is a function
of its dimensions. *
3. The area of a circle is a function of its circumference.
4. The volume of a sphere is a function of the area of a great circle.
6. The variable y is directly proportional to z. Find the proportionality factor
if z = 3 when y = 2. Give the geometric interpretation of the equation.
6. The variable y is inversely proportional to z. Find the constant of pro-
portionality if = 6 wheny = 3. Draw a graph of the function obtained.
7. Iff(x) = 23 — 2? + 2z — 3, find f(0), f(3), f(—2) and f(—2x).
8. If f(x) = z¥3 — z72/3, find f(8), f(27) and f(—8).
9. Ifa2+ oy —y? =0, findy = f(z).
10. Ifx2 + 2y + 22 — 2y + 3 =0, find y = f(x).
11, If f(z) = 2® — 22 — 2z + 2, find [f(—1)] and |f(—2)|.
12. If 22 4 y2 = 25, find y = f(2), 1(3), |f(3)| and |f(4)].

GROUP B

Express each of the following algcbraically.

13. The volume of a sphere is a function of its diameter.

14. The surface area of a sphere is a function of its diameter.

16. The volume of a sphere is a function of its surface area.

16. The surface area of a sphere is a function of its volume.

17. The speed of a moving body varies directly as the square of the distance
moved.

18. The intensity of light is inversely proportional to the square of the distance
from the source.

19. If f(z) = V1 — 2%, find f(0), f(1), f(sin 6) and f(cos 6).
20. If f(8) = sin @, show that f(z + y) = sin z cos y + sin y cos z.
21. If f(8) = cos 8, show that f(z + y) = cos z cos ¥ — sin z sin y.
22. If f(8) = sin 6, show that f(2z) = 2 sin z cos z.
28. If f(6) = cos 8, show that f(2y) = cos?y — sin?y.

2tan A

24, If f(G) = tan @, show that f(2A) = i—:—g’iﬂ‘
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26. 1f f(0) = sin®6, show that f (g) = l_"z_“lﬂ.
26. If f(6) = cos? 0, show that f (j) - Ltzcir

GROUP C

27. If the length of the hypotenuse of a right triangle is 8 inches, express the area as a
function of one of the acute angles.

28. If a rectangle is insceribed in a eircle of radius 7, express the area of the rectangle
as a function of one of its sides.

29. If a rectangle is inscribed in an isosceles triangle of base b and altitude @, express
the area of the rectangle as a function of one of its sides.

30. If a right circular cone 1s inscribed in a sphere of radius r, express the volume of the
cone as a function of the radius of its base.

31. If a right circular eylinder is inseribed in a sphere of radius r, express the volume
of the eylinder as a function of the radius of its base

32. If a right circular eylinder is inscribed in a right cireular cone whose altitude is a
and the radius of whose base is b, express the volume of the cylinder as a function
of the radius of 1ts base.

33. If f(r) = sinx — cos x, find f(0), f(x/4), f(x/2) and f(x).

34. If f(z) = 27, find f(2), f(3), f(0) and S(—2).

386. If f(t) = at, show that f(r + y) = a%av.

36. If f(y) = 3¥, show that f(2z) = 9=,

37. If f(x) = log «, show that f(MN) = log M + log N.

38. If f(x) = log x, show that f(y?) = 2 log y.

39. If f(x) = log &, show that f(M/N) = log M — log N.

40. If f(x) = log r, show that f(vy) = }logy.

6. Limits.

An idea which is essential to the study of the calculus is that of the
limit of a variable. A variable which approaches a constant limit is en-
countered in the study of elementary geometry, where the area of "a circle
is defined as the limit approached by the area of a regular inscribed poly-
gon as the number of sides is increased indefinitely.

A variable x 1s said to approach the imit a if |z — a | becomes and re-
mains less than any preassigned positive number €, however small. To indi-
cate that x approaches a as a limit, we write

x—a or limx=a.

Hence, z — a, if for cach preassigned e, however small but greater than
zero, |z —a| < e

In the application of the definition of the limit of a variable, two cases
are to be considered. The first is the consideration of an independent
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variable which may be made to approach some constant as a limit in an
arbitrary manner. The second is a study of the behavior of a function as
the independent variable approaches a limit.

As an example of a variable which approaches a limit, suppose that x
takes on the following sequence of values:

123456 n
-3 b )y = ) 9 e 0 0 ) ——) s e e e
234567 n—+1
We wish to prove that as x progressively assumes the values in the terms
of this series, £ approaches the limit 1.

Let us first choose a small positive number e and then find a value of
in the serics such that |« — 1| is less than the number chosen. Since

1
lz = 1= T—F_f—ll - n—{-l,

we wish to show that it is possible to find values of n such that
1/(n 4+ 1) < ¢ however small eis chosen.  This we do as follows:

n

1 . 1 1
If e = 100° then n = 100, 101, 102, - - -, give Pl | < 100
Ife=—1’thcnn=1000 1001,.- - - give——L«<—1—'
1000 ! ! ’ n + 1000

This process may be continued indefinitely by choosing a smaller and
smaller number for e.  Thus it has been shown that x approaches the limit
1, since | ¢ — 1| becomes and remains less than any preassigned positive
number, however small.

If x takes on the values given by the sequence

2,4,6,8 10,12, -+, 2n, -,

z does not approach a limit. In many cases it is possible to show that the
limit of a variable exists, even though it may be difficult to find that limit.

Limit of a Function. If we have a function of the variable z, f(z), it
is frequently necessary to observe the behavior of f(x) as x approaches a
limit. As z approaches the limit a, if the absolute value of the difference
between f(z) and some constant L ultimately becomes and remains less
than any preassigned positive constant, however small, the function f(z) is
said to approach the limit L. 'The symbol

lim f(x) = L,

is read * the limit of f(z), as « approaches a, is L.”
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6. Theorems on Limits.

We shall desire to use the following theorems concerning limits. These
theorems are given without proof. In each case the limit is assumed to
exist.

Theorem 1. The limit of the algebraic sum of a finite number of vari-
ables is equal to the same algebraic sum of their limits: ™=

im@uU+v+w+ - )=limu+limv+limw+4---,

x—a x—a x—a x—a
in which u, v, w, - - - are assumed to be functions of z.
Theorem II. The limit of the product of any finite number of variables
1s equal to the product of their respective limits:
limuv-w-*)=limy‘limvy-limw---.
x—a x—a x—a x—a
Theorem III. The limit of the quotient of two variables is equal to the
quotient of their respective limits, provided that the limit of the denominator s
not zero:

u lim u
lim (--)=f‘:ia lim v = 0.
x—a v lim v’ x—a
x—a

The statement of Theorem III assumes that thelimit of the denominator
is different from zero. Supposc that lim v = 0, two cases arise. First, if

r—a

lim » # 0, then the fraction /v may be made to take on values greater

xr-—a
than any assigned constant by taking v sufficiently small. Consequently, the
fraction cannot approach a limit. Second, if also lim w = 0, then the the-

orem does not apply, and the ratio of the limits taf(vs the form 0/0, which
has no meaning. (However, the limit of the ratio may exist as we shall see
in the following chapters. )

Consider the following functions for which we wish to find their limits
as x approaches the limit 2.
filzx) = 22 4+ 3z, fix) = 3z ;’; 2

In application of Theorems I and II,

lim fi(z) = lim 2% 4 lim 3z
2 z—2

z—2

= (lim z)2 + 3 lirr;:c = 10.
z—2 z—
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In application of Theorem III,
lim B3z +2) 3limxz+4 2

. xr—2 x—2
X E e T 2
,]"J} f:(@) lim z? (lim x)?
z—2 r—2

As an illustration of the special case considered ahove, the
lim 2*—4 _0
==22r — 4 0
exists, despite the fact that in its present form the limit appears to be
meaningless. Since,

12— 4 +,. 2 —4 :_v__2_

= 2.

7. Continuous Functions.

A function of one variable is said to be continuous if a sufficiently small
change in the variable produces a small change in the value of the function.
The continuity of a function is such an important concept that its precise
meaning is stated with some care.

A function f(x) s said to be continuous for x = a if

tim £ (x) = £ (a).

A function is continuous in the interval z; < £ < 2, if it is continuous for
all values of x within this interval, or range.

A funetion is said to be discontinuous for z = a, if the condition for
continuity is not satisfied.

Infinity. The most important type of discontinuity with which we
shall be concerned is that in which the function increases without limit as
its variable approaches a limit. If the function f(z) increases without limit,
as ¢ approaches a, we say that the function becomes infinite.  In this case,
we write

im f(zx) = .

It is understood that the symbol « does not represent a number, but that
it is a symbolic representation of a variable increasing beyond any
limit.

Geometrically, a discontinuity of a function oceuring at = a, means
that the curve y = f(x) approaches nearer and nearer to the linez — a = 0,
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usually without reaching it, as the curve recedes farther and farther from
the z-axis. y
As an example of a function
possessing a discontinuity, the func-
tion
1
z—1

f@) =

is continuous for all values of z, save - : b3 X
forz = 1 for which it is not defined. )

As z approaches 1 from values less
than 1, f(x) becomes negatively in-
finite. As z approaches 1 from values
greater than 1, f(x) becomes positively
infinite. FiG. 1

The curve representing the given

function, drawn with reference to the z-axis and the f(x)-axis, is the hyper-
bola in Figurc 1. The curve is shown to be continuous for all values of x
less than 1 and for all values of z greater than 1. At z = 1, the curve is
discontinuous and possesses a vertical asymptote which is thelinez — 1 = 0.

Exercise 2
GROUP A
If x assumes each of the following sequences of values, find the limit where it exists
and prove that it is the limit by the use of an arbitrarly small positive quantity e.
L L3587 -1

2468 T
2. 0.6, 0.66, 0.666, 0.6666, - - - .
3. 1,2,3,45 --,m -,
Find the limit of each of the following functions, where it exists, using the theorems
of the last section.
4. Lim (23 — 222 + 2z — 2).
z—1
22—z —2

8. Lim=—"r5—

x2

6. xEle'i-l'

7. Lim (z — 3)(z + 4).
z—3

8. Iflimz = a and lim y = O, prove that lim(zy) = 0.
9. Prove that lim 22 = (lim z)2
10. Prove that lim 4z = 4 lim .
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GROUP B
If x assumes each of the following sequences of values, find the limit where it exists
and prove that it is the limit by the use of an arbitrarily small positive quantity e.

11, H L P & e -
12, 1,2,1,3,1,4, 1,5, - - -.

Find the limit of each of the following functions, where it exists, using the theorems
of the last section.

14, Lim% 1+ 2
z—0gp — 3

156, Lim = — 1
2o 2z +1°

16. Limsinz and lim cos z.
FAaus 4 x—n

17. Lim tanz and lim cot 2.
/2 T

18, Lim %% and lim %%,
z—0 tan x z—0 COS T

19. Prove that lim (E) 11m
Y him |

20. Prove that lim (zy) = hm x lim y.

provxded that lim y # 0.

GROUP C

21. Find lim 5122
z—0 SInx

2. 1 /() = & find lim G ) h) - [(x)
24. If f(x) = =, find hm f(r + h) - f(x)

26.-If f(z) = z — 22 find lim f(flC + h) —f=
L—*O

2
26. Show that i r - i
ow that lrfl_2 o + 4does not exist.
27. Show that llglo sin (1/z) does not exist.
T

28. Show that lim 1 exists and that lim —1—— does not.
z—0CO8 T z—7/2 CO

29. Show that lim tan z does not exist and that lim

does.
z—w/2 z—r/4 tan z oe

8. Polynomials.

A rational integral function or, a polynomial, is defined by
(@) = box" + bix"! + byr"? + bgz"? + -+ + by,
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The irrational roots of an equation, if any, may be approximated by
several methods. However, if no great accuracy is desired, an irrational
root may be approximated by narrowing the interval in which the root lies.
Since the curve y = f(z) is a continuous curve, the equation f(x) = 0 has
at lcast one root between z; and z, if f(z:) and f (z2) have opposite signs.

The equation

f@)y=2*4+2z—-6=0
has a real irrational root between 1 and 2 since
f1) = —4 and f(2) = 4.
Moreover, this root lies between 1.6 and 1.7 since

f(1.6) = —0.304 and f(1.7) = 0.613.

Tedious though this process s, it can be continued to give any desired degree
of accuracy.

Exercise 3

GROUP A

1. Show that f(z) = z?is a continuous function for all values of .

2. For what values of z is f(z) =

s z 5 continuous? For what value is it discontinu-
ous? Draw the curve.
3. Show that the function f(z) = « + 2/z has a discontinuity. Draw the curve

y = f(z).
4. Illustrate the remainder theorem using the function f(z) = 23 — 22 4 z + 6 and
a = 4.

5. Draw the graph of f(z) = 23 — 422 + 2 + 5.
6. Draw the graph of f(z) = z* — 132> 4 20 and show that it is continuous at every
point.

7. For what value of z is f(z) = g

-1 .. .
) discontinuous? Draw the curve.

Find all the roots of each of the following equations.
8 23 —4zx2+4x -3 =0.
9, 22 ~7x—6 =0.
10. 222 — 22+ z+1=0.

GROUP B

11. Show that y = sin z is a continuous function for all values of z.

12. For what values of z1s f(z) = :, t 19

continuous. For what values is it discontinu-

ous? Draw the curve.
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Show that f(z) = z 4 8/z? has a discontinuity. Draw the curve.

14. Find the value of B so that 3 is a root of x3 — 222 4~ Bx — 3 = 0.

16. For what real value of z is f(z) = 223 — 3z + 4 equal to 14?

16. Find the values of B and C so that —2 and 1 are roots of 23 — 222 + Bx + C = 0.

17. For what values of x do the functions fi(z) = 422 — 6z + 3 and fo(z) = 23 — 222 +
5z — 3 have equal values?

18. Find the value of k so that a chord perpendicular to the axis of the parabola y = kxz?
may be 6 inches long and may be 8 inches from the vertex. )

19. Locate between consecutive integers the real roots of z3 4 3z%2 — 2z — 5 = 0.

20. Approximate the real irrational root of z® — 3z 4 4z — 6 = 0 to one decimal
place.

GROUP C

21. Draw the curves ¥y = 27 and y = 272,

22. Draw the curve y = 2=,

28. For what values of z is f(z) = tan 2z discontinuous?
. .. 1

24. Discuss the continuity of y = T—cosz .

26. Given y = f(z), a polynomial. Is y? a continuous function? 1Is 1/y a continuous
function?

26. Given the two continuous functions y = fi(z) and y = fi(x). Consider the con-
tinuity of fu(@) + (&), fi@) - fu(@) and 5.

27. Prove the remainder theorem.

28. Prove that imaginary roots of a quadratic equation having real coefficients are
conjugate imaginaries.

29. Prove that imaginary roots of any rational integral equation having real coefficients,
oceur in conjugate pairs.

80. Show that the constant term of an equation is plus or minus the product of all the

roots, provided that the coefficient of the highest power of z is 1.



CHAPTER 1II
DIFFERENTIATION OF POLYNOMIALS

10. Increments.

The differential calculus may be said to be primarily concerned with the
problem of finding how a function varies in comparison with the indepen-
dent variable. In general, a change in the value of the variable will produce
a change in a function of that variable. It is from the study of a compari-
son of these changes that the fundamental operation known as differentia-
tion is developed.

An arbitrary change in an independent variable is called an increment
of that variable. For convenience, this increment is ordinarily taken to
be positive. Corresponding to any increment of the independent variable,
in general, there is produced an increment of the function which may be
positive, negative or zero.

If y = f(x), the increments of the variables z and y are denoted by the

symbols
Ax and Ay,

respectively, which are read “ delta "’ and ‘“ delta y.”” It is to be under-
stood that these symbols do not represent a product of A and each of the
variables, but that Az represents an arbitrary change in x and that Ay rep-
resents the corresponding change produced in the function y.

In the function y = f(z), if z is given an increment, the final value of
the variable is x + Az. Hence, the final value of the function is

y + Ay = flz + Az).

From the given value of the function and this one, the increment of the
function is obtained by subtraction, giving

Ay = f(x + Az) — f(z).

Let the area of a square whose variable side is z be denoted by the vari-
able y. Then
y = z%
If the side z of the square is given the increment Az, the corresponding
increment of the area y is Ay. Then

y + Ay = (z + Azx)2.
15
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From these two equations the increment of the area is obtained,
Ay = 2z Az + AT

The square of area z? is drawn in Figure 3. When a side is increased by a

length Az, it is seen that the area is increased by two

XAX AX rectangles each of area z Az and the square of area Az".
Let us consider the function :

XAIX s = 1622,
y
in which s represents the distance in feet from the
starting point of a body falling in a vacuum after ¢
X AX . . . o .
Fra. 3 seconds and in which the acceleration due to gravity is

taken to be 32 feet per second per second.
Let the distance which the body has fallen in the first ¢ seconds be rep-

resented by OA in Figure 4. Also, let the distance which the body has

fallen in the first ¢ + A¢ scconds be represented by OB.

Then, for a particular value of ¢,

0A = s = 16¢°

OB = s + As = 16(t 4+ Af)?

and AB = As = 16(2t At + AD).

0

. . 1S+AS
In both of the above illustrations, it is to be observed that

the increment of a function is expressed in terms of both
the independent variable and its increment.

AsS

11. Average Rate of Change.

Consider again the problem of the freely falling body,
where Fia. 4
s = 16¢%.

18

In the last scction it was found that the distance fallen in the interval of
time from ¢ to ¢ 4- At, that is, during the time At is

As = 32t At + 1647,
The ratio of the change of distance to the change of time,

As

Al = 32t + 16A¢,

is the average speed of the body during the time-interval At.
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For example, in this problem the average speed from ¢ = 2 to ¢ = 2.1
seconds is found as follows: Since ¢ = 2 and At = 0.1,
As

N 32(2) 4+ 16(0.1) = 65.6 ft./sec.

This average speed represents the average change of distance per unit of
time, or the average rate of change of s with respect to ¢ in the interval At.
Our result means that if the falling body moved at a uniform speed of 65.6
ft./sec. for 0.1 sec. after the end of the second second, it would have trav-
ersed a distance of 6.56 fcet.

As a second illustration of average rate of change, let us return to the
problem of the square, where

y =z

In the last section it was found that the increment of the area correspond-
ing to an increment of the side is

Ay = 2x Ax + Az
The ratio of the change of arca to the change of side,

% = 2z + Az,
is the average rate of change of the area with respect to the side in the in-
terval from z to = + Az.

If we wish to find the average rate of change of arca per unit side as
increases from 3 to 3.2 inches, we proceed as follows: Since x = 3 and
Az = 0.2,

Ay . .
Az 2(3) + (0.2) = 6.2 sq. ins. per in.

As in the previous sections, let y represent any polynomial, given by the

equation

y = f(x),

which defines the value of y corresponding to any initial value of z. If zis
given an increment, the increment of the function was found to be

Ay = f(z + Az) — f(x).

Dividing by the increment of the independent variable,

Ay _ f(x + Ax) — f(x)
Ax Ax
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This ratio is the average rate of change of the function with respect to z in
the interval from z to z 4 Ae.

12. Rate of Change.

In the preceding section the average rate of change of a function over a
given interval of the independent variable was defined and interpreted.
This is an essential concept as it leads to the important definition.of the
rate of change of a function for a given value of the variable.

The rate of change of a function with respect to the independent variable
is defined as the limit of the ratio of the increment of the function to the incre-
ment of the vartable as both increments approach zero. Thus, from the pre-
ceding section,

tim ¥ f(x + Ax) — f(x)

Ax—0 Ax Ax —>o Ax

provided that such a limit exists.

Once the initial value of z is chosen, it is considered to be fixed. Hence,
the ratio of the increments may be regarded as a function of Az alone which
may or may not approach a limit as Az approaches zero.

Let us find the rate of change of the function

y=x?— 2x
for x = 3.
The change in the function for any change of the variable is

Ay = 2z Ax + Az’ — 2Az.
The average rate of change of the function over any interval Az is

Ay

Az = 2z + Az — 2.

The rate of change of the function for any value of z is

hm——— hm (2x+Ax—2) =2r — 2.

az—0 AT

Ay . .
If x = 3, hm A= 2(3) — 2 = 4 units per unit of z.
0
Instantaneous Speed. An important physical application of the rate

of change of a function with respect to its variable can be made when the

distance of a particle moving in a straight line from a fixed point of that
line is expressed as a function of the time,

s = f().
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The instantaneous speed of the particle is the limit of the ratio of the dis-
placement As and the time-interval At as At approaches zero:

As
d = lim ==2.
Spee Jim

In the case of the freely falling body,
s = 1682, As = 32t Al + 16Af°

As
and N 32t + 16AL.
Hence, Speed = lim (32t + 16At) = 32t ft./sec.
At—0

By means of the definition of the limit of a variable given in Section 5,
it can be proved that the limit of the average speed of a falling body exists
and has the value given above. It is to be recalled that, while { may have
any value, once it is chosen it is fixed and, consequently, it behaves as a
constant. However, the expression (32t + 16A¢) is a variable which de-
pends on the variable At. In order to prove that the limit of the former
variable is 32t as At approaches zero, it must be shown that the absolute
value of the difference of the two may be made to become and remain less
than any small preassigned positive quantity e, however small. Thus,

| (32t + 16At) — 32¢| = | 16A¢].

As yet, no value has been assigned to At. This is done after ¢ has been
chosen. If we choose At so that

" €
16At < or Al < 6’
then the absolute value of the difference is smaller than ¢, regardless of how
small € is taken. Hence, the proof is complete.

Exercise 4

GROUP A

In each of the following problems s represents the distance of a particle moving on
a line from a fixed point of that line at any time ¢.

1. s =212 —t+ 3. Find As and As/AL.

2. s =22+ ¢ — 5. Find the change in s corresponding to any change in ¢
and corresponding to the change from ¢ = 2 tot = 2.1.

8. s=1+41{— 32 Find the average speed during the interval of time At
and from¢ =1tot = 1.3.
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4, s

6. s =t*-+2t+ 3. Find the speed at the end of 2 seconds.
Find the change in the volume of a cube of edge z for any change in the edge.
Iind the average rate of change of the volume with respect to the edge as the
edge is increased from 2 ins. to 2 4 ins.

3+ 2t + 1. TFind As/At and lim As/At.
At—0

7. Giveny =222 — z + 1. Find Ay, Ay/Ar and lim Ay/Ax.
Az —0
8. Giveny = 73 4+ 22 Find the change in y and the average rate of change of y with
respect to & for any change in x and as x changes from 1 to 1.2.
9. Given y = 4¢ — x2  TFind the rate of change of y with respect to z for z = 1,
z=2andx = 3.

10. A ball is thrown upward so that its distance from the ground at any time is given
by s = 480¢ — 16¢2. How long is it in the air? With what speed is it thrown?
With what speed does it strike the ground? At what time is the speed zero?
Iow high does it rise?

GROUP B

11. Given y = 23 — 22 4+ z 4 1. Find Ay, Ay/Azr and A}rlgo Ay/Ax.

12, Given y = £* + 22 + = + 2. Find the change of the function and the average
rate of change of the function with respect to = as & changes from 1.0 to 1.01.

13. Given y = 1 + 3z — £% Find the rate of change of the function with respect to
z for any value of x and for x = 5.

14. Find the rate of change of the volume of a cube with respect to its edge if the edge
is 6 ins.

15. Tind the rate of change of the circumference of a circle with respect to its radius.

16. I’ind the rate of change of the area of a circle with respect to 1ts diameter.

17. Show that the rate of change of the area of a circle with respect to its radius is
equal to its circumference.

18. Find the rate of change of the volume of a spherical balloon with respect to its
radius.

19, Find the rate of change of the area of a sector of a circle of radius a with respect to
the central angle.

20. The altitude of a right circular cone is always equal to the diameter of its base.
Assuming the cone to expand, retaining 1ts form and proportions, find the rate of
change of the volume with respect to the radius of the base.

13. The Derivative.

The derivative of a function with respeet to its variable is defined as

the limat of the ratio of the increment of the function to the tncrement of the vari-
able as both increments approach zero. If y = f(x), the derivative of y with
respect o x is

lim 2 o, lim fGx + Ax) — f(x)
os 0 AX Ax—0 Ax
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The rate of change of a function with respect to the independent variable
for a value of that variable is the numerical value of the derivative.

Se¢mbols which may be used to represent the derivative of the function
y = f(z) with respect to x are

% and  f'(x).

Similarly, the symbols to represent the derivative of the function s = f(¢)
with respeet to ¢t may be

ZSE and  f'(f).

The process of finding the derivative of a function is called differentia-
tion. To differentiate a function, give an inecrement to the independent
variable, find the corresponding increment of the function and evaluate the
limit of the quotient of these inerements as both inerements approach zero.
This process is indicated in the definition and may be called the delta
process.

The operational symbol for differentiation is d/dr. If functions of z
are represented by the variables y, w or f(2), the differentiation to be per-
formed is often denoted by
respeetively.  The value of these symbols lies in the fact that they indicate
an operation or a procedure to be carried out with respeet to a particular
variable.  We shall see later that differentiation with respeet to different
variables is an important variation of the process.

Some authors use D, as the symbol to indicate differentiation with re-
speet to z. Following this notation, the derivatives of the functions above
are represented by

Dy, Da or D.f(x).

Exercise b
GROUP A
Differentiate cach of the following functions using the delta process.
1. y =6c 4 2% 4. y=(r — 1)
2. y = 2x 4 xh 5.y=i-
. y=2*—-22+4+z—1. 6. y= r.
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7. Find the coordinates of the point on the curve y = z? — 6z at which the rate of
change of y with respect to x is zero.

8. Find the coordinates of the point on the curve y = 22 — 6z + 10 at which the rate
of change of y with respect to r is equal to 2.

9. A circular metal plate is heated and expands, remaining circular. Find the rate of
change of the area with respect to the circumference when the radius is 5 ins.

10. An expanding balloon remains spherical. Find the rate of change of the surface

with respect to the diameter when the radius is 10 ins.

GROUP B
Differentiate each of the following functions using the definition of the derivative.
11.y=x——§. 14.y=%.
12.y=r_l_—?c- 15, y =zt — x.
18,y =2+ 1. y =2t

17. Find the rate of change of the area of an equilateral triangle with respect to its side.
18. Find the rate of change of the sector of a circle with respect to the radius if the
central angle is 7/3 radians.
19. Find the values of z for which the rates of change of the two given functions are
equal
fi(x) =23 — 322 4+ 6x + 1, fo(x) = 2x% 4 322 — 30z + 8.

20. Find the coordinates of the points on the curves y = 1/r and y = & ~ x2 at which
the rates of change of y with respect to & are equal.

GROUP C
Differentiate each of the following:
1

z —
21.y—-z+1' 24-’1]—-\/;

1 N
22.y=m‘ 25.y=\/.t—-l.
23. y = Vz. 26. y = V2 + 4.

27. Tind the rate of change of the total surface aréa of a right circular cone with respect
to the radius of its base, if the slant height remains 5 ft.

28. Find the rate of change of the lateral surface area of a right circular cone with
respect to its altitude, if the radius of the base remains 4 ft.

29. The volume of a gas varies inversely as the pressure. When the pressure is 10 ibs.
per sq. in., the volume is 500 cu. ins. Find the rate of change of the volume
with respect to the pressure when the pressure is 100 lbs. per sq. in. Interpret
the result.

30. The intensity of light on a surface varies inversely as the square of the distance
between the surface and the source of the light. If the intensity is 500 units
when the distance is 1 ft., find the rate of change of the intensity with respect
to the distance when the distance is 10 ft.
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14. Differentiation Formulas.

In this section standard formulas for the differentiation of simple alge-
braic functions are derived. The use of these formulas cffects a saving of
time, obviating the nccessity of the cvaluation of a special limit in each

problem.
Derivative of a Constant. The deriwative of a constant is zero.

Let Yy = a,
where a is any constant. Then

y+ Ay =a and Ay =0.

Ay _ W _ pim A=
Hence, Az and e (};g}o Ax = 0.
da
(1) il
Derivative of x to a Positive Integral Power. The derivative of x™ is nx» 1.
Let Yy = xn,

where n is any positive integer. Then
y + Ay = (x + Azx)™.
The right-hand member may be expanded by the binomial theorem, giving

n(n—1)
1-2

Subtracting the first cquation from this one, we have

n(n 1)
12

y + Ay = a» + nam! Az + 2 AL’ + - - +Az .

Ay = na*! Az + 2 AL 4 AT

Dividing both sides of the equation by Az,

Ay _ n(n 1)

B Y I Y v-ial
Az

xn—-l _|,_.

Taking the limit as Az approaches zero,
d(x")
@

nx"-1

Derivative of a Constant times a Function. The derivative of constant
times a function is the constant times the derivative of the function.

Let Yy = au,
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where a is any constant and w is a funetion of x which can be differentiated.
If x is given the inerement Arx, « and y will have corresponding increments
Au and Ay, respectively. Then

y+ Ay = a(u + Aw) and Ay = a Au.
Dividing both sides of the equation by Ar,

Ay Au Ay An
Y = . I —J [
Ax Av’ Ac —}oA am—mAb

In taking the limit as Ax approaches zero, Au also approaches zero.

, d(au du
3) fix ) = a dx’

Derivative of a Sum. The derivative of the algebraic sum of two or more
Sunctions s the same algebraic sum of their derivatives.

Let Y =u-+0v,

where u and » are functions of x which can be differentiated.  If z is given
the increment Az, u, v and y will have the corresponding increments Au, Av
and Ay, respectively. Then

y+ Ay = (u+ A + v+ Av), Ay = Au + Av,

A1/ An Ay . A Av
2020 L 20 gim 2 = lim 22 4 lim 20
Ax Ax + .’/IJ, ;EU A.I Ax—»() Ax + AE—»()AL

In taking the limit as Az approaches zero, Au and Av also approach zero.

@) d(u+v) _ du

dx dx + dx

Although the derivation given for formula (2) is valid for positive inte-
gral valucs of n only, the formula holds for positive and negative integral

and rational fractional values of n. The general proof is to be found in
Section 35.

Exercise 6
GROUP A

Differentiate each of the following functions.
1 y =22 — 322 + 62 + 9.
2. y=3x"—204 2 —4.
3 flx) =1 —2r — 3r? — 2%
4, f(xr) =2 —x — 2% — 31>
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5. y = 1/x. Apply the delta process and compare with the 1esult by use of
formula (2).

8. y = +/z. Apply the delta process and compare with the result obtained
by the use of formula (2).

7. f(z) = 2vVx® — 3V + 8.

2 5r , 3

GROUP B

Differentiate each of the following functions.
11, f(z) = (z2 — 1)2
12. f(z) = z(z 4+ 2)
13. f(z) = 22(Vz — z7V).
14. y = kx(ax? 4 bz + ¢).

2 3
15,y=,3_'t_75_2.x_

— b
16. y = +—=]).
y ax(\/z \/L)
In each of the following problems the distance s of a particle moving on a line from
a fixed point of that line is given as a function of the time ¢.

717, s = 213 — 15 + 48{ + 24. Find the times at which the speed of the

particle is 12 units per unit of time.

18. s =t — 1263 + 46¢2 — 60t + 2. Where does the particle start motion?
Find the times at which the speed is zero.

19. s =+ — 83 + 22¢2 — 24t + 8. Find the times at which the particle
comes to rest.

20. s =t — 663 4+ 1142 — 6. Find the times at which the particle passes the
fixed point. Approximate to one decimal place each of the times at which
the particle comes to rest..

16. Geometric Interpretation of the Derivative.

A straight line which is determined by two separate points of a curve
is a secant of the curve. If one of the two points is fixed while the second
point is allowed to move along the curve with the first point as its limiting
position, the secant will rotate about the fixed point and ordinarily will ap-
proach a limiting position. A fangent to a curve at a fixed point of the
curve is defined as the limiting position of a secant through the fixed point and
a moving point as the latter point approaches the fixed point as a limiting
position.
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The coordinates of any point P on the curve y = f(z) are (z, y). Let
the coordinates of any other near point P’ be (z + Az, y + Ay). In Fig-
ure 5 the directed line segments PR and RP’ arc Az and Ay, respectively
While the point Pis any point of the curve, once it is chosen, it is con-
sidered to be a fixed point.

Fic. 5

Let \ represent the inclination of the sccant PP’ for any position of

P’, then
_ Ay
tan A= Z\; .

Hence, the slope of the secant PP’ represents the average rate of change of a
function with respect to the independent variable over the interval from z to
r + Az.

As the point P’ approaches the fixed point P, Az approaches zero. Let
6 represent the inclination of the tangent P@ to the curve at the point P.
Then

lim A\ =64, and lim tan A = tan 6.

Az—0 Az—0
Hence
’ lim Ay = tan 6, or
az—0 AT
f'(x) = %Y _ tane.

In words, the slope of the tangent to a curve y = f(z) at any point P is the nu-
merical value of the derivative f'(x) obtained by evaluating it for the abscissa
of P.
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The slope of the tangent to a curve at a given point is called the slope
of the curve at that point. Hence, the slope of a curve y = f(z) at any given
point represents the rate of change of the function f(x) with respect to the inde-
pendent variable for the abscissa of the given point.

It should be remarked that the derivative of a function is not another
name for the slope of a curve. Quite the contrary, the use of the derivative
for finding the slope of a curve from its equation is but one of the many ap-
plications of the derivative of a function. However, the geometric inter-
pretation of the derivative of a function is often useful in studying the
derivative and its meaning in other applications.

16. Equations of Tangents to Curves.

It is now possible to write the cquation of the tangent to a curve y = f(z)
at any one of its given points, since the slope of the tangent can be found
from the derivative. If the abscissa of the given point is z,, the slope of
the tangent to the curve at this point is the numerical value obtained from
the derivative for £ = x;. This value is indicated by the symbol

f '(931).
Hence, the cquation of the tangent to the curve at the given point is
y— f(x1) = f'(x)(x — x1)-

Let it be required to write the equation of the tangent to the curve
f(x) = 23 — 3x? + 4z + 1 at the point whose abscissa is 2.
From the derivative,

f(x) =322 — 62+ 4, f'(2) =4. d
From the given function, f(2) = 5. Hence, the equation of the tangent is
y—5=4(>x—2),"
or 4z —y -3 = 0.

Exercise 7
GROUP A

Find the equation of the tangent to each of the following curves at the indicated
points.

1 fx) =2 -6z +10at z = 4.

2 flz) =28 —22242z~5atzx=2.
8 f(z) =2 —zatz =2

4, f(x) =4+2x —z?atz = —1.
6. f(z) =x — (3/x)at z = 3.
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6. Find the slope of the curve y = 6z — z? at each of the points 2 = 2, z = 3 and
z = 4. Draw the curve and the tangents at the given points.
7. Find the slopes of the curve y = 22 — 4r — 1 at y = 4. Draw the curve and the
tangents at the given points.
8. Find the coordinates of the points at which the slope of the curve
f(x) =23 — 322 — 8z + 7is L.

9. Write the equation of the line perpendicular to the tangent to the curve y = 23 — 42?2
at ¢ = 1 and passing through the point of tangency.
10. Given f(z) = 22 + 2x — 5. Iind the average rate of change of the function with
respect to z from z = 2 to x = 3. Show that it is equal to the slope of the
secant through the points on the curve whose abscissas are 2 and 3.

GROUP B

11. Find the coordinates of the points on the curve y = 3z* — 223 — 622 4 6 — 9 at
which the rate of change of y with respect to z is zero. Write the equations of
the tangents to the curve at these points.

12. Find the equations of the horizontal tangents to the curve y = 325 — 2523 + 60z + 3.

13. Find the angle between the line £ — 3y + 1 = 0 and the tangent to the curve
y = 22 — 2z + 1 at one of the points of intersection of the curve and the given
line.

14. Given the line 4z —y 4+ 5 = 0 and the curve y = 22 4 2x + 6. Is the line
tangent to the curve? If so, write the equation of the perpendicular to it through
the point of tangency.

16. A secant of the curve 2 — y — 2 = 0 has a slope 2 and intersects the curve at the
point (—4,14). Find the angle between the curve and the secant at the second
point of intersection of the curve and the secant.

16. Write the cquations of the tangents to the curve f(z) = 23 + 4x2? — 2z + 1 which
are parallel to the linez — y + 8 = 0.

17. Find the equations of the tangents to y = z3 + 3z* — 92 — 10 which are per-
pendicular to the line z 4+ 15y — 23 = 0.

18. Find the equation of the tangent to the curve z? — 8y = 0 at z = 1... Find the
coordinates of the second point of intersection of the curve and the tangent.

19. Find the equation of the tangent to the curve 2y — 3y — z = Oat x = 4.

20. Find the rate of change of the slope of the curve y = z* — 23 — 322 — 6z + 2 at
z=—l,atz =0andatz = 1. .

17. Sign of the Derivative.

The general analytic meaning of the derivative of a function has been
given as the measure of the rate of change of the function with respect to
the independent variable. In addition, the geometric interpretation has
been given as the measure of the slope of the curve. The consequences of
these results are important and lead to significant applications.

For convenience, if y = f(x), Az was chosen to represent an arbitrary
positive increment of x and Ay was chosen to represent the corresponding
change of the function. Since the change of the function may be positive,
negative or zero, the difference quotient Ay/Az, has the same possibilities.
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Also, since Alir_r_:0 Ay/Ar = f’'(x), the numerical value of the derivative for
Z

x = 2; may be positive, negative or zero. We consider the three cases as
follows:

f(x) If for x = z,, the derivative of f(x) is

positive, that is,

fl(ilh) > 0,

the function is on the increase. Let P, be a
point on the curve in Figure 6 at which the
slope is positive. The inclination 6, of the
\ tangent to the curve at this point is ‘an

acute angle. Hence, the curve necessarily
rises from left to right. Thus, when the slope
is positive, the function increases as z in-
crcases. A function is said to be an increas-
ing function for those values of the variable
for which its derivative is positive.

If for ¢ = x,, the derivative of f(z) is negative, that is,

f/(x‘l) < 0;

Fie. 6

the function is on the decrease. Let P; be a point on the curve in Figure 7
at which the slope is negative. The inclination 6, of the tangent to the
curve at this point is an obtuse angle. Ience, the curve necessarily falls
from left to right. Thus, when the slope is negative, the function de-
crcases as x increases. A function is said to be a decreasing function for
those values of the variable for which its derivative is negative.

If. for x = ¢, the derivative is zero, AF (%)
that is,

f'(©) =0,

the function is neither on the increase
nor on the decrease. Let C be a point \
on the curve in Figure 6 and D be a point X’
on the curve in Figure 7 at each of which
points, the slope is zero. The tangents
to the curves at these points are parallel
to the z-axis. A function is said to have
critical values for those values of the vari-
able for which the derivative is zero.

The values of x for which a function f(z) is critical, are the real sclutions

Fia. 7
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of the equation f’(z) = 0. If the real roots are
X = Ciy C2y C3y°**, Cp,

then the critical values of the function are

f(cl)’ f(C2), f(Cs), ) f(cn)-
f(x)

MY

Fig. 8

To find the range of values of z for which a polynomial is increasing or
decreasing, the derivative is often written in its factored form,

J'(@) =alx —c)(x —c) - (z — ¢p),

so that we may find the sign of the derivative by considering the sign of
each factor.
Consider the function

f(x) = 32% — 5z,
The derivative, written in its factored form, is
f'(x) = 152%(x — 1)(z + 1).

The solutions of f'(z) = 0 are x = —1, z ='0 and z = 1, giving the eriti-
cal values of the function

J(=1)=2,/(0) =0 and f(1) = -2,

respectively. The function has the following variations:
z < -1, f'(r) = + and f(z) is increasing.
—1<z< 0, f(r) = — and f(z) is decreasing.
0<z< 1, f'(x) = — and f(x) is decreasing.
1<z , f'(x) = + and f(z) is increasing.
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The curve is drawn in Figure 8, showing the critical points at Pi(—1,2),
0(0,0) and P,(1,—2).

18. Velocity.

The speed of a moving body was defined in Section 12 as the rate of
change of distance with respect to time. Speed represents a magnitude
only, while velocity represents both a magnitude and a direction. Hence,
the velocity of a moving body may be defined as the directed speed.

If the distance of a particle moving on a line from a fixed point of that
line is expressed as a function of the time ¢, the derivative of the function
with respeet to ¢ is the velocity of the particle at any time. Let s represent
the distance and v the velocity of the particle. Then, if

s = f(®),

v=2-r0

A value of ¢ for which v is positive indicates that s is increasing and that
the particle is moving to the right. A value of ¢ for which v is negative in-
dicates that s is decreasing and that the particle is moving to the left. And
a value of ¢ for which vis zero is the instant

at which the particle is at rest. S\
Suppose that a particle moves on a line
so that its distance from a point A at any
time is given by the function
1
s =1 — 6124+ 9t + 4. .o t
" >
The velocity of the particle at any time lf
is given by the function
v =302 — 4t + 3) = 3(t — 1)(t — 3).
The particle comes to rest at the end of 1
second and at the end of 3 seconds. We Fra. 9

study the direction of motion as follows:

t <1, v = + and the particle is moving to the right.
1<t<3, v
3Lt v

— and the particle is moving to the left.

]

+ and the particle is moving to the right.

]
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It is instructive to draw the given function with reference to a pair of
{- and s-axes as has been done in Figure 9. From such a figure a complete

t= P S e e

. t=0 (SoSIISSIt=1
A S=4 s=8
Fia. 10

analysis of the motion may be made and a diagrammatic represent'ation of
the motion constructed as in Figure 10.

Exercise 8

GROUP A

1. Find the critical values of the function f(z) = 23 — 622 — 15z + 6.

2. For what values of z is the function f(z) = z® 4+ 3x2 — 9z + 8 increasing?
Decreasing?

8. Find the coordinates of the points on the curve y = 2° 4+ 3x2 — 24z 4 6 at which
the tangents are parallel to the z-axis. For what values of z are the slopes
positive?

4, Find the critical values of the function f(z) = 3x% — 522 4+ 3. Draw the graph
of the function. Show that one root of f(x) = 0 is real and that four are im-
aginary.

. Find the coordinates of the point on the curve y = 3z* — 823 4 622 4 1 at which
the slope is zero. Test whether the curve is rising or falling to the right and the
left of each point determined. Draw a graph of the function using the informa-
tion obtained.

6. A baseball is thrown upward so that its distance from the ground at any time is
given by s = 128¢ — 16/2. How long and how high does the ball rise? When
and with what velocity does it strike the ground?

In each of the following problems s represents the distance of a particle moving on

a line from a fixed point of the line at a any time ¢. Draw a graph of each function and

make a complete analysis of the motion.

7. s=12—10t 4 7.
8. s =13 — 15t 4 48t + 8.

9. s =14 — 1288 + 46¢2 — 60¢ + 12.

10. s =2 — 8¢ + 12. During what times is the particle approaching the

fixed point?

GROUP B

11. If the perimeter of a rectangle is 40 ins., express the area as a function of one side z.
For what values of .« is the function increasing? Decreasing? Draw a graph of
the function and find the dimensions of the rectangle having the greatest area.

12. If the area of a rectangle is 25 sq. ins., express the perimeter as a function of one
side z. Tor what values of = is the function increasing? Decreasing? Draw
a graph of the function and find the dimensions of the rectangle having the least
perimeter.
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13. For what values of z is the derivative of the function f(z) = 23 — 422 4 82 4 11
increasing? Decreasing?

14. Find the critical values of the slope of the curve y = z* + 223 — 1222 + 82z — 16.

16. For what values of r is the slope of the curve f(r) = 23 — 622 — 3z + 5 increasing?
Decreasing?

16. Find the coordinates of the points on the curve f(z) = z* — 623 + 1222 — 7z + 13
at which the slope is neither increasing nor decreasing.

17. The path of a punted football is given by the equation y = 150z — z2. If the
z-axis represents the ground, how high will the ball rise? How far from the
starting point and at what angle does the ball strike the ground?

18. The distance of a particle moving on a line from a fixed point at any time is
s =3 — 312 4+ 8 — 11. When is the velocity increasing? Decreasing? When
neither increasing nor decreasing?

19. Find the angle between the curves y = 2? and 2y = x2 4 4 at one of their points
of intersection. R

20. Prove that the tangents drawn to the parabola y? = 4pz at the extremities of the
chord through the focus perpendicular to the axis are perpendicular to each other.

21, Find the coordinates of the vertex of the parabola y = z2? + 4z and find its width
14 units above the vertex.

22. Find the coordinates of the vertex of the parabola y = 2 + 6x — 22 and show
whether it opens upward or downward.

28. Find the coordinates of the vertex of the parabola y = az? + bz + c.

19. Maxima and Minima.

Let f(z) be a continuous single-valued function having a continuous
first derivative for a range of values of z including x = ¢. If f(z) is a poly-
nomial, it and its derivative f’(z) are continuous single-valued functions
for all values of z. But if f(x) is not a polynomial, it and its derivative
are assumed to be continuous within a range a < x < b, where ¢ is some
value of x within this range. The assumption that the first derivative is
continuous within the range means geometrically that the curve has no
breaks in it and at no point has a vertical tangent. If f'(¢) = 0, then f(c)
is a critical value of the function.

A maximum and a minimum value of a function f(z) are defined as
follows:

The value f(o) is a maximum value of the function if there is a range of
values of x containing ¢ in its interior such that if z; is any other value in
that range,

f(©) > f(z).
The value f(c) is a minimum value of the function if there is a range of
values of z containing c¢ in its interior such that if , is any other value in
that range,

fe) < f(z).
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Again, f(c) is a maximum value of the function, if for values of z less
than ¢, but sufficiently near ¢, f’(z) is positive and for values of = greater
than ¢, but sufficiently near c, f'(z) is negative. Similarly, f(c) is a minimum
value of the function, if for values of « less than ¢, but sufficiently near ¢,
f'(x) is negative and for values of x greater than ¢, but sufficiently near c,
f'(x) is positive. Thus, a function reaches a maximum when it ceases to
increase and begins to decrease and, a function reaches a minimum when it
ceases to decrease and begins to increase. If neither of these conditions is
satisfied, the critical value of the function is neither a mazimum nor a mini-
mum value.

In studying the critical values of a function it is often helpful to con-
sider the geometrical representations of the function and various values of
its derivative.

Consider the curve representing the continuous single-valued function
y = f(x). If f’(¢) = 0, then the point [c,f(c)] is called a critical point of the
curve. The tangent to the curve at this point is a horizontal line. A erit-
ical point is a maximum point of the curve if the slope of the curve changes
from positive to negative in going from immediately to the left of the crit-
ical point to the immediate right of it. Similarly, a critical point is a min-
1mum _point of the curve if the conditions are exactly reversed, that is, the
slope of the curve changes from negative to positive in going through
the critical point. If neither of thesc conditions is satisfied, the critical
point is neither a maximum nor a minimum point.

Consider the function

f@) =zt 1

To find the values of z which give the critical values of the function,
the derivative
4
r@)=1-3

is set equal to zero. The solutions are z = 2 and z = —2. To test the

critical values f(2) and f(—2) for maxima and minima, the derivative is

written in its factored form,
(@) =
If < —2,f(x) =+, andif -2<2z2<0,f(z) = —.

z+2@ =2
x?

Hence, f(—2) is a maximum value of the function.
If 0<z2z<2f(r) =—, andif 2 <z, f'(x) = +.
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Hence, f(2) is a minimum value of the function. The curve representing
the function is drawn in Figure 11, showing the maximum point at

P3(—2,—4) and the minimum point at P;(2,4).

/\f (x)

Fia. 11

It may be well to remark that the definition of a maximum value of a
function does not state that such a value is greater that any other value of
the function, but that it is greater than any other value in its immediate
neighborhood. A similar statement may be made for a minimum value of
a function.

Exercise 9
GROUP A

1. Find the maximum value of the function f(zr) = 2 4 6z — z2. Draw the curve
and show the test of the maximum value.

2. Find the coordinates of the critical points of the curve y = 23 — 9z. Draw the
curve and show tests for maxima and minima.

8. Find the critical values of the function f(z) = z* — 423 — 10 and give any maxi-
mum or minimum value.

4, If s = 3 — 92 + 24 + 6 gives the distance of a particle moving on a line from a
fixed point of the line, find the maximum and the minimum distance from the
fixed point.

6. Find the minimum velocity of the particle from the equation in Problem 4.

6. Find the minimum slope of the curve y = z¢ — 2z3.

Draw the graph of each of the following functions.
7. f(x) = 4 4 12z 4 3% — 223
8. f(z) = 3z* — 8z® + 6% + 3.
9. f(z) = 3z8 — 25x% 4 60x — 2.
10. f(z) = 5x® — 1225 — 152* + 40z° + 152 — 60z + 5.
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GROUP B

11. Given f(z) = 22% + 322 — 36z — 85. By the use of maxima and minima, show
that two roots of f(x) = 0 are imaginary.

12. Find the critical point of the curve y = az? + bz + ¢. Derive from the result the
condition that ax? + bz + ¢ = 0 have equal roots.

138. Given f(z) = az® + bx? + cx + d. What kinds of roots may f'(z) = Q0 have?
Show that the equation f(x) = 0 has at least one real root.

14. Find two numbers whose sum is 8 and whose product is maximum.

16. Find two numbers whose difference is 12 and whose product is minimum.

16. Find two numbers whose sum is 12 so that the square of one plus twice the other
is a minimum.

17. Find two numbers whose sum is 4 so that the cube of one number plus three times
the square of the other is a maximum.

18. Find the number which added to its reciprocal gives a minimum sum.

19. Find the number which exceeds its square by a maximum amount.

20. The distance of a particle moving'on a line from a fixed point 4 iss = 2¢3 — 13¢2 4 20t
When is the distance from A maximum? When is the distance from 4
minimum? During what time is the particle approaching the point A?

v

20. The Second Derivative.

In general, the derivative of a function of a variable is itself a function
of that variable and can be differentiated. The derivative of the deriva-
tive of a function, each with respect to the independent variable, is called
the second derivative of the function.

The symbol for the differentiation of a function with respect to z, as
used in Section 13, is d/dz. Since the first derivative is represented by
either of the symbols dy/dx or f’(x), the second derivative may be repre-
sented by either of the following symbols:

2
TW_2Y, o Liw =1

The second derivative is the rate of change of the first derivative with
respect to the independent variable. Geometrically, the second derivative
is the rate of change of the slope of the curve y = f(x) with respect to z.

The third derivative of a function is found by the differentiation of the
second derivative. Similarly, higher derivatives are found by continued
differentiation. For example, if

flx) = =t + 222 + 2,
f(z) = 4x® + 4z,
f(x) = 1222 + 4,
(x) = 24z, fi¥(z) = 24
and f(x) = 0.
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Concavity and Inflection Points. The second derivative of a function,
being the ratc of change of the slope of a curve, gives valuable information
regarding the curve itself. Such an investigation is carried out by a
study of the sign of the second deriva- £(x)
tive over the intervals of the indepen-

dent variable. Pe
If y = f(x), f'(x) ts tncreasing as x

increases for those values of x for which P Py
f"(x) > 0. The range of values of x V% " > X
over which the second derivative is
positive defines the interval over which
the slope of the curve is increasing.  As
z increases, the tangent to the curve
turns in the counterclockwise direction. Henee, in this interval the curve
is concave upward, as is shown in Figure 12 in the interval —o <z < z;.
At & minimum point Py, where f'(x) = 0, the second derivative must be
positive or zero.

If y = f(x), f'(x) is decreasing as x increases for those values of x for which
f"(x) < 0. The range of values of z for which the sccond derivative is
negative defines the interval over which the slope of the curve is decreas-
ing. As z increases, the tangent to the curve turns in the clockwise
direction. Hence, in this interval the curve is concave downward, as is
shown in Figure 12 in the interval 23 < < . At a maximum point P,
where f’(z) = 0, the seccond derivative must be negative or zero.

If y = f(x), f'(x) is meither increasing nor decreasing for those values of
x for which f(x) = 0. The points of the curve y = f(x) at which the
slope is maximum or minimum locate those points on the curve where the
tangent changes from one direction of turning to the other. These are the
points at which the curve changes its concavity from downward to upward,
or vice versa, and are called tnflection points. Such a point is P; in Figure
12. The absecissas of the inflection points of a curve are real solutions of
the equation f"/(x) = 0, although all such solutions are not necessarily
abscissas of inflection points.

Second Derivative Test for Maxima and Minima. In making the test
for a maximum or a minimum value of a function it is often more con-
venient to evaluate the second derivative for the critical value of x, thus
determining the sign, than it is to find the variation of the sign in the
first derivative. The criteria arc as follows:

If at z = @, f'(z1) = 0 and f"(x:) > 0, the slope is increasing through
zero and [x1,f(x1)] is a minimum point of the curve.

Fia. 12
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If at z = o, f'(x2) = 0 and f”(22) <0, the slope is decreasing through
zero and [y, f (x2)] is & maximum point of the curve.
If at z = 3, f'(2s) = 0 and f”(x3) = 0, there is no test.
Consider the function
f(z) = 32° — 202° + 16.
The solutions of the first derivative set equal to zero,
fl(x) = 15x*(a* — 4) = 0,

are z=—2,r=0 and =z =2

i

These values give the critical values of the function. The second deriv-
ative is
J7(x) = 60x(x* — 2),
from which  f’(—2) = —240, f(0) = 0, and f"(2) = 240.
Hence, P (—2,80) and P,(2,—48)

are maximum and minimum points, respectively. For 2 = 0, the second

derivative test fails.  But since f/(x) does not change sign as z increases

through zero, the point B(0,16) is neither a maximum nor a minimum point.
The solutions of the equation

7 -0 P —
4\f(x) /' (x) = 60x(x 2) =0,
are
o t=—-vV2,z=0 and z = V2.
1
A Hence, A(—+V/2,16 + 28V/2), B(0,16)
and C(V2,16 — 28V2)
B arc the inflection points. The curve
1 1 -Q\ L 1 X

I is concave downward to the left of 4,
\/ concave upward between A and B,
c A concave downward between B and C
2 and concave upward to the right of C.
The curve is drawn in Figure 13.
The function f(z) = x®* 4+ 2 has
the first and second derivatives

S (@) = 3% ['(z) = 6bu.
The solution of f'(x) =0 is z =0, giving f(0) = 2 a critical value

of the function. Since f”’(0) = 0, the second derivative test fails. As z
increases through zero, f’(z) does not change sign and the critical value

Fia. 13
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is neither a maximum nor a minimum value of the function. The
curve has a horizontal tangent at the point (0,2), is concave downward to
the left of it and is concave upward to the right of it.

In comparison with the study of the function just given, let us con-
sider the function f(z) = z* + 2. It has the first and second derivatives

f'(x) = 4x®, ["(z) = 1227

The critical value of the function is f(0) = 2 and, here again, the second
derivative test fails. However, in this case, as z increases through zero,
f'(x) changes from negative values to positive values and the critical
value is a minimum value of the function.

£(x), f(x)p f(x)

}K\ £1x) £Ix). f(x)
\ 1 1 1 1 L - X

Ti6. 14

Derived Curves. It is often instructive to draw in the same figure the
graphs of the original function f(z), its derivative f’(z) and its second
derivative f”’(z). The graphs of the derivatives are called the derived
curves. When these curves are drawn on the same axes the ordinates
represent successively the values of the given function, the slopes of the
curve and the rate of change of the slope.

Perhaps the simplest method of procedure in drawing such curves is
to construct the sccond derivative first. From the information obtained
from it the first derivative is then constructed. Finally, from the latter
curve the original curve may be constructed. In Figure 14 the curve rep-

resenting the function
f(x) = z* — 62°
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is drawn from the derived curves obtained from the derivatives,

J(@) = 4z(2® = 3),
(=) = 12(z* — 1).

21. Acceleration.

In Section 18 a study was made of the velocity of a particle moving on
a straight line, where the distance of the particle from a fixed point of
the line at any time is given as a function of the time. If

s = f(®),
v = f'(¢).
The acceleration of the moving particle is defined as the rate of change
of the velocity with respect to the time. Letting j represent the accel-
eration,

If the acceleration is positive, the particle is moving with an increasing
velocity. If the accecleration is negative, the particle is moving with a
decreasing velocity. But it should be noted that if the velocity is neg-
ative, an increasing velocity means a decreasing spced and a decreasing
velocity means an increasing speed. '

In case the acceleration is constant, a particle is said to be uniformly
accelerated. An important illustration of uniformly accelerated motion
is that of a body falling toward the carth from a point near the surface,
where air resistance and other such forces are neglected. The attraction
of the earth gives the body an acceleration g which is called the acceler-
ation of gravity. Thus, we write

s=1%1gt2, v=gt and j=g.

Exercise 10
GROUP A '

1. Find the coordinates of the critical points of the curve f(z) = 423 + 322 — 18z + 4
and make the second derivative tests for maxima and minima.
2. Find the coordinates of the inflection point of the curve f(z) = 23 — 322 46z + 9
and find its minimum slope?
8. Over what intervals is the curve f(z) = z? — 922 4 8z + 7 concave upward and
downward?
Draw each of the following curves after making the second derivative maxima and
minima tests.
4, y =2 — 122 4 4.
6, y =5x3 — 22 — 8z + 6.
8. y =23+ 3z — 3z + 5.
7 y=2¢ — 8z + 2.
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In each of the following problems s is the distance of a particle moving on a line
from a fixed point at any time ¢.
8. s=1"—3t2+ 2t +4. Find the position and the velocity when the
acceleration is zero.
9. s =20 — 924 12t + 5. For what values of ¢ is the velocity increasing?
For what values is the velocity decreasing?
10. s =t* — 663 4+ 1212 + 6¢ + 4. Find the maximum and the minimum
velocities. Give the maxima and minima tests.

GROUP B
Draw a small arc of the curve y = f(z) through the point P; under each of the fol-
lowing conditions.
11. Iff(.’lh) = <4, f’(.’h) = — and f"(xx) = +.
12. If f(m) = +, f'(x) = + and f"’(z)

13. If f(m) = —, f'(z)) = — and f""(m) = —.
14, If f()) = —, f'(1)) = + and [’ (1) = +.
16. If f(z1) +, f/(z1) = 0 and f"'(z1) +.

[

16. If f(x)) = —, f'(m) = 0 and f"(z1) = —.
17. In Figure 15 give the signs of the first and the second derivative at each of the

points 4, B, C, and D.
18. In Figure 16 give the value of the first de- y

rivative and the sign of the second de-

rivative at each of the points 4, B and C. A \ / \\D
19. In Figure 17 give the sign of the first de- B c

rivative and the value of the second de-

rivative at each of the points A, B and C. >X
20. Draw on the same axes the curve

y=a—3z
and the first and second derived curves. Fic. 15

WA A

y

X

GROUP C
21. Given y = z* — $2° Find coordinates of critical and inflection points. Draw the

curve and first derived curve.
Determine the unknown constants in each of the following equations from the data

given:
22. y = ax® + bz? + cz + d, if the curve has a minimum point at (1,2) and a

maximum point at (0,3).
23. y = az® + bz? + cx + d, if the curve is tangent to the z-axis at (2,0) and
has an inflection point at (0,4).

Fic. 16 Fia. 17
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24. y = az’ + ba? + cx + d, if the curve is concave upward to the left of the
origin and concave downward to the right of it and has a critical point a¢
a,1).
26. f(x) = az® + bx® + cx + d, if the curve is tangent to z —y +4 =0 at
(0,4) and f(z) = 0 has roots —1 and 2.
26. f(z) = ax® + bx? + cx + d, if the curve is tangent to 8z + y — 10 = 0 at
the inflection point (2,—6) and f(0) = 2.
27. y = ax' + bx® + c»® + dz + ¢, if the curve has a critical point at (0,2)
and a slope of —2 at the inflection point (1,0).
28. Find the equations of the tangents at point (2,2) and at the inflection point of the
curve y = 2 — 3s2 4 4r — 2. TFind the acute angle between the tangents.
29. Show that the equation of the tangent to y = az® + bz 4+ cx + d at (z,y1) is
y = (3ar® + 2bx; + ¢) x + (d — bxy? — 2ax®).
80. Show that the curve y = az* 4 bz® 4 cx? + dx + e has at least one critical point
and either two or no inflection points.

22. Applications of Maxima and Minima.

In Section 19 it was shown that for a real value of z for which the
first derivative vanishes, the function assumes a maximum or a minimum
value, provided that the first derivative changes sign for this value of z,
or, provided that the second derivative does not vanish also for that value
of z. In application of this principle, many important problems are con-
cerned with some magnitude which varies continuously, subject to certain
restrictions, and require for their solution that the maximum or the min-
imum value be found. The given conditions enable one to express the
measure of the magnitude as a function of a single variable, usually within
a restricted interval. The critical values of the function can then be
found and examined for maxima and minima.

In some applications it may be found convenient to express the func-
tion, whose maximum or minimum value is sought,
in terms of two or more variables. Until the method
for differentiation of a function of more than one
variable is presented, it becomes nccessary to eclim-
inate all of the variables except one by means of rela-
tions which exist among them as determined from the
conditions of the problem.

As a first illustration of the application of the
theory of maxima and minima, let us find the dimen-
sions of the right circular cone of maximum volume which can be inscribed
in a given sphere.

As in Figure 18, let the altitude DC and the radius of the base DB of
the cone be represented by the variables y and z, respectively. Let the

Fia. 18
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radius of the given sphere be the constant a. Then

V= gxzy.

From the right triangle OBD, the relation between z and y is
2 =0t — (y — a7,

or 22 = a— (a — y)2

From cither x? = 2ay — y2

Eliminating x from the first equation expressing the volume, we have
V= §(2a12 - ¥°).

Since, av -

™
Ty = u(ta—3y),

the function V has critical values for y = 0 and for y = 4a/3. And since,

av

Fm (4a — 6y)

'f 1—&)&—-—%.
! Y=3 " "qp~ 3

Hence, the altitude and the radius of the base of the cone having the
maximum volume are

da and ?Xia,

3
respectively.

As a second illustration, we shall find the most economical propor-
tions for a cylindrical can of given capacity, if no allowance is made for
wastc of material.

The interpretation of this problem is that the volume of the cylinder
shall be constant and that the surface area shall be a minimum in order
that the least amount of material be used. Let the variables z and y
represent the radius of the base and the altitude, respectively. And let
the surface area be S and the volume be a. Then

S = 27zy + 27x?

and a = Tx2y.
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Eliminating y from the first equation by means of the second,

S = 2_a+ 2mx?,
x

Following the same procedure as before,

ds 20 2
a—— = 47 zz—-—2(21r:c3—-a)
3 3
T = L2 and y = 4a
™ ™

give S minimum. The solution of this problem cnables one to state that
a cylindrical can whose altitude equals the diameter of its base has the
least surface area of all the cylindrical cans of the same volume.

Exercise 11

GROUP A

/1.

2.

6.

8

Find the volume of the greatest open box which can be formed from a piece of card-
board 6 ins. square by cutting equal squares from the corners and turning up the
edges.

A tank with no top is to hold 300x cu. ft. and is to be made in the form of a right
circular cylinder, the circular base being horizontal. The material used for the
base costs twice as much per sq. ft. as that used for the sides. Find the dimen-
sions of the most economical tank.

A poster is to be printed having margins at the top and bottom of the printed mat-
ter 4 ins. wide, and margins at each side 3 ins. If the area of the cardboard must
be 1728 sq. ins., find its dimensions to give the maximum area of printed matter.d

A trough is to be made of a long rectangular piece of tin by bending up the two
edges so as to give a rectangular cross section. If the width of the piece of tin is
14 ins., find the dimensions of the trough in order that the carrying capacity be a
maximum. (The carrying capacity is a maximum when the cross section is a
maximum.)

Of all the lines which may be drawn through the point (4,1), find the equation of
the one for which the sum of the intercepts on the coordinate axes is a minimum.
Suggestion: Express the intercepts in terms of the slope.

Show that for a given perimeter, the square is the rectangle having the maximum
area.

Show that for a given area, the square is the rectangle having the minimum perim-
eter.

Find the dimensions of the largest rectangle which can be inscribed in an isosceles
triangle, base b and altitude a, one side of the rectangle lying on the base.

An open rectangular tank with a square base is to contain a given volume. If no

allowance is made for thickness or waste of material, find the dimensions which
will require the least amount of material.
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Find the area of the rectangle having the greatest area which can be inscribed in a
right triangle having a given base and altitude, one vertex of the rectangle being
at the right angle.

GROUP B

11,

12.

13.

14,

16.

16.

17.

18.

19.

20.

21.

22.

23.

Find the dimensions of the most economical cylindrical tin cup which holds a given
volume, not allowing for thickness or waste of material.

A piece of wire 24 ins. long is to be cut into two pieces, one of which is to bend into
the form of a square and the other into the form of an equilateral triangle. Find
the lengths of the pieces when the sum of the areas is a minimum.

The combined length and girth of a parcel post package is limited to 6 ft. Find
the dimensions of the largest rectangular package having a square base which
can be posted. Find the dimensions of the largest cylindrical package which
can be posted.

The strength of a rectangular beam varies as the breadth times the square of the
depth. Find the dimensions of the strongest beam which can be cut from a
circular log.

Find the volume of the maximum right circular c¢ylinder which can be inscribed in
a right circular cone, diameter of base b and altitude a.

Find the volume of the maximum right circular cylinder which can be inscribed in
a sphere of radius a.

A metal casting has the form of a cylinder with the ends hollowed out in the form
of hemispheres whose radii equal the radius of the cylinder. If the volume of
the casting 1s 57/6 cu. ins., find the radius and the length of the casting, in order
that the cost of finishing the surface be a minimum.

A window has the form of a rectangle surmounted by a semicircle having a diameter
equal to the width of the window. If the total perimeter of the windowis a ft.,
find the dimensions which will admit the most light.

A picce of wire 20 ins. long is to bend so as to enclose a circular sector. Find the
radius if the area of the sector is to be as large as possible.

A sector is to be cut from a circular piece of tin whose radius is . From the
remaining portion the two edges are to be soldered together forming a right
conical funnel. Find the altitude and the radius of the base of the cone if the
volume is & maximum

A long rectangular strip of tin a ins. wide is to be bent to form an open eaves trough.
Assume the two sides to be vertical and the bottom to form a semicircle. In
order that the carrying capacity be greatest, show that the tin should be bent so
that the cross section is in the form of a semicircle. Find the radius

The sum of the two bases and altitude of a trapezoid is @ and the difference of the
two bases is b. Find the bases and the altitude if the area is a maximum.

The equation of the curve of a stream of water projected from a hose is

(e
y =mz — —oo ’

where m is the slope of the nozzle which is taken at the origin. For what value
of m will the water reach the greatest height on a wall 45 ft. from the nozzle?
Find the greatest height.
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24, A coal hopper having a rectangular open top is to be built 50 ft. long. The sides
and ends are vertical. The bottom is formed by two planes inclined downward
60° from the horizontal, meeting in a center line. A vertical cross section, which
is three sides of a rectangle and two sides of an equilateral triangle, is to have a
perimeter of 66 ft. Find the dimensions in order that the capacity of the hopper
be greatest.

26. One man starts at a point A and walks 60° N of E at the rate of 3 miles per hour. At
the same moment a second man starts at a point B, 20 miles east of A, and walks
west toward A at the rate of 4 miles per hour. After how long a time is the
square of the distance between them, and hence the distance, a minimum?



CHAPTER III
THE DIFFERENTIAL
23. Infinitesimals.

An infinitessmal ©s a variable whose limit is zero. Such a variable may
take on any series of values, not all of which arc necessarily small. How-
ever, ultimately, the absolute value of an infinitesimal must become and
remain less than any small positive constant, however small. We have
illustrations of infinitesimals in the process of differentiation; Az and Ay
are such variables. Contrary to common usage of ‘‘ infinitesimal ”” as a
constant, however small in value, the mathematical definition requires the
use of infinitesimal for variables only.

1f one infinitesimal is a function of a second, the independent variable
is known as the principal infinitesimal. Tet « and 8 be two infinitesimals
such that

B = f(a).

Then « is the principal infinitesimal.

- Order of Infinitesimals. A concept which is of fundamental importance
in the study of infinitesimals is the order of one with respect to the other.
Infinitesimals are separated into classes according to the rapidity with
which they approach zero relative to some principal infinitesimal. Suppose
that « is the principal infinitesimal which approaches zero by taking on the
values indicated in the first line below. The corresponding values of the
infinitesimals 2a, a? and «® are shown in the lines following.

a : 01 0.01 0.001 0.0001
2 : 0.2 0.02 0.002 0.0002
a?z : 0.01 0.0001 0.000001 0.00000001

o 1 0.001 0.000001 0.000000001 0.000000000001

From this table we can sce that there is a great difference between the
relative behavior of a and 2a as compared with that of a and @2 and as
compared with that of « and a®. It may be said that 2« is relatively keep-
ing pace with o, while a? is decreasing relatively at a much more rapid pace.

This illustration indicates that we should put all infinitesimals ka into one
47
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class, ka? into another class, ka® into a third class, etc., where k is a con-
stant, not zero.

It im8 =k, ko0,

a—0

the infinitesimals a and 3 are said to be of the same order, or 8 is of the
first order with respect to a. On the other hand, if

lim? = o,
a—0 0

B 1s an infinitestmal of higher order than a. If a is an infinitesimal, then
a?, a® at- - -, are infinitesimals of higher order than «. Their orders with

respect to a are second, third, fourth, - - - | respectively. More generally,
if a value of n can be found for which

lim 2 =&,

a—) &

B is an infinitesimal of the nth order with respect to a.

To illustrate infinitesimals of the first, sccond and third order with respect
to a principal infinitesimal, let us take the circumference of a circle, the
area of a circle and the volume of a sphere, each expressed as a function of
the radius.

s=2mr, S=ar} V =mrd

Let r approach zero, thus making s, S and V infinitesimals.

. .S .
Since lim = = lim 27 = 2n,
r—07 r—0

s is of the first order with respect to r.

. 8.
Since lim—= = lim 7 = =,
r—07T r—0

S is of the second order with respect to .
. . .V .
Finally, since lim— = lim §r = $m,
r—0 7T r—0
V is of the third order with respect to r.

Principal Part of an Infinitesimal. An infinitesimal 8 which is a funec-
tion of the principal infinitesimal e, frequently is made up. of two or more
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terms of different orders. The term of the lowest order is called the prin-
cipal part of the infinitesimal. Thus, the order of the infinitesimal g is the
same as the order of its principal part.

In general, if

ﬁn=k+e, where lim ﬂ =k
a a—0 &

and where e is an infinitesimal, the term ka® is the principal part. If n = 1,
the term ka is the principal part.

Consider a slender cylindrical rod of constant length a and radius of the
base r. The total surface area is

S = 2rar + 2#rt..

As r approaches zero, the area S approaches zero and both variables are
infinitesimals. For small values of , it is obvious that the area of the ends
is small as compared with the lateral area. In fact, the lateral area is an
infinitesimal of the first order and the arca of the ends is an infinitesimal
of the second order, each with respect to the radius. The infinitesimal S
is of the same order as r and the lateral arca, 2mar, is its principal part.
If V is the volume of a cube whose edge is z, then V = z% Let the
side be increased by a length Az. Then the volume V is increased by

AV = 322 Axr + Az (3xAx+Ka_:2).

If we choose a value of z, and let Az approach zero, the variable AV is an
infinitesimal depending on the principal infinitesimal Az. And since,

AV R
vy = 3z + (3z Az + Aa:)
and lim 37 = 342,
Az—0 AT

Az and AV are infinitesimals of the same order. Moreover the term
3x% Ax is the principal part of AV.

Exercise 12
GROUP A

1. A straight steel rod is a ins long and has a square cross section whose side is 2. Ex-
press the perimeter p of one end, the total surface area S and the volume V of the rod
as functions of z. Compute each of the valuesof p,Sand Vforz = 1,z = 0.1 and
z = 0.01 ins.
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. In Problem 1, find the orders of the infinitesimals p and V as z approaches zero.
. In Problem 1, find the order of S and the orders of its two parts as x approaches zero.
Find the order of each of the following infinitesimals.

W »

4. The surface area of a sphere with respect to its radius.

5. The convex surface area of a right circular cylinder of constant height with
respect to the radius of the base

6. The volume of a right circular cone having altitude a, with respect to the
radius of 1ts base.

7. The surface area of a cube with respect to its edge.

v

8. Find the order and the principal part of the total surface area of a right circular cone
whose altitude equals the radius of the base as the radius of the base approaches
zero.

Find the order and the principal part of the function f(r) = 2x? — 6x as x approaches
7€er0.

10. Given the function y = x2 + 6x + 1. Find Ay for any Ar and find the order and

principal part of Ay with respect to Ar as Ax approaches zero.

9

GROUP B

Find the order and the principal part of each of the following infinitesimals.

11, The volume of a rectangular solid having a square base whose altitude is a
units longer than the side of the base, as the side of the base approaches
zero.

12. The surface area of the solid in Problem 11, with respect to the side of the
base.

13. The total surface area of a right prism of length @, whose base is an equi-
lateral triangle, with respect to the side of the base as this side approaches
zero.

14. The volume of the frustum of a right circular cone whose larger base is con-
stant and whose altitude is equal to the diameter of the smaller base, with
respect to the radius of the smaller base, as the radius of this base
approaches zero.

Find Ay for any Ax and find the order and the principal part of Ay with respect to
Az, as Az approaches zero for each of the following functions.

16. y = 3 — 2z — 22 17. y = z* + 2z.
16. y = 23 — 22 + 8. . 18. y = x% — 2 — z4,

If a and B are infinitesimals of the same order and lim a/g8 # 1, find the order of each
of the following with respect to either a or .

19. « + 3. 21, o2 4 B2
20. @ — 8. 22, o? — B2

If « and B are infinitesimals and if 8 is of the second order with respect to «, find the
order of each of the following with respect to a.

28. «+ 8. 26. a-p.
B a8
24. P 26. e
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24. Differentials.

As has been said, the variables Az and Ay as used in the fundamental
differentiation process, are infinitesimals. The derivative of a continuous
single-valued function y = f(x) has been defined as the limit of the differ-
ence-quotient,

. Ay . flx + Az) — f(x)
lim == = lim = f
ac—0 AT A‘xl-—-)() Ax f'(@).
In general, f'(x) # 0. This expresses the fact that Az and Ay are infini-
tesimals of the same order.
In general, the infinitesimal Ay is composed of infinitesimals of the first
order and higher. Thus, we may write

Ay o
L= 7@+
or Ay = f'(x) Az + € Ax.

In this latter expression, Az is the principal infinitesimal and f’(z) does not
vary with respeet to it, that is, f'(2) is fixed for a fixed . Therefore, the
term f'(x) Az 1s the principal part of Ay. The term e Ar represents all
infinitesimals of higher order.

The principal part of the increment of a function y is represented by the
symbol dy and is called the differential of the function. Thus, if f'(z) » 0,
the differential of f(zx) is defined by

dy = f'(x) Ax.
Hereafter, for the sake of symmetry, when expressing the differential of

the dependent variable dy, we shall define the differential dx of the inde-
pendent variable as the increment Az, Thus, we write

dy = f'(x) dx.

For the funetion y = 2% + 2z2% % = 322 + 4x. Hence, by the defini-

tion of the differential of the function,
dy = (3z* + 4x) dx.

The increment of the given function, found in the usual way by giving z
an increment, is

Ay = (322 + 42) Az + 3z Az + 2 Az + A7) Az

From this it can be scen that the principal part of Ay is dy.
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Let us further illustrate the difference between Ay and dy by comparing
their numerical values for small values of the increment of the independent
variable, using the function given above. Iet z = 10, giving

dy = 340dz and Ay = 340 Az + (32 Az + AZY) Az,
If Az = dz = 0.1, dy =34 and Ay = 34 4+ 0.321
If Az = de = 0.01, dy =34 and Ay = 3.4 4 0.003201
If Az = dx = 0.001, dy =034 and Ay = 0.34 4+ 0.000032001

Having defined the differential of a function ¥ = f(z) as dy = f'(z) dz,
we may now take the quotient of the differentials (dy) and (dx) and obtain

This justifies our original choice of the latter symbol as one of the represen-
tations of the derivative.

Differentials may be used in the technique of differentiation. The
advantage of their use, however, is not at once apparent but is indicated
in a later chapter. The differentiation of the explicit function y = 23 — 3x?
by differentials gives

dy = 3x2dx — 6z dx

and by the derivative gives dy/dz = 3z? — 6.

25. Geometric Interpretation of Differentials.

In Figure 19 let y = f(z) be represented by the curve PP’. At any
point P(xz,y) on the curve, z is given an increment

Az = PQ then Ay = QP’

is the corresponding increment of the
function. The tangent PR is drawn
to the curve at the point P, having an
inclination 6.

Then tan 6 = f'(x).
From the right triangle PQR,

QR = PQ tan 6.
or QR = f'(z) Ax.
Fig. 19 Hence, QR = dy.
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Exercise 13

GROUP A

1. Given y = 2z — z2.  Find Ay, the principal part of Ay and Ay — dy.

2. Giveny = 2% 4+ x. Show that the principal part of Ay is the same order as Az and
show that the remainder of Ay is an infinitesimal of higher order than Az.

8. Given y = z3 — 22. Find Ay, dy and Ay — dy.

4, If V and S are the volume and the surface area of a cube whose edge is z, find
AV — dV and AS —~ dS.

6. If S is the area of a circle of radius 7, find AS and dS.

6. In Problem 5 show that dS is equal to the area of a rectangle whose base is the
circumference of the circle and whose altitude is dr, and show that AS is the dif-
ference in the areas of the circles having radii » 4+ dr and 7.

7. Given y = 22 — 42. Find Ay and dy for x = 1 and dz = 0.01.

8. Giveny = 3z — 23 Find Ay — dy for z = 1 and dr = 0.002.

9. If f(x) = 3 — 622 4 2z4 find the differential of the function.

10. If f(t) = 3t3 — 2t2 4 6t + 3, find the differential of the function.

GROUP B

A particle moves on a line so that its distance s from a fixed point of the line isa
function of the time ¢, its velocity is » and 1ts acceleration is 7.
11. Show that ds = v dL.
12. Show that dv = j dt.

Find the differential of cach of the following functions.

13. f(x) = Vx — 23 168. f(t) = 2t +1t-.
14. f(z) =\/5+.'C+L».~ 17. v = ¢2 — 33,
Vz
1 1 1
15-f(x)=;;z—5+—\/§- 18. s =15 — V7.

19. If y = 2/x, show that Ay is made up of two infinitesimals, one of the first order and
one of the second order with respect to Az.
20. If y = 2 — (1/z), compute the difference between Ay and dy for z = 2 and

dzx = 0.001.

21, If the radius of a circle is 6 ins. and if it is increased by 0.02 in., compute the dif-
ference between the areas AS and dS.

22. If the radius of a sphere is 10 ins. and if it is increased by 0.03 in., compute the
difference between the volumes AV and dV.

26. Parametric Equations.

In analytic geometry it is frequently found to be more convenient to
express the locus of a point by means of two equations, one for  and another
for y in terms of a third variable, rather than the single Cartesian equation
in terms of z and y. The third variable is known as the parameter, and
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the equations are called the parametric equations of the locus. The ordi-
nary Cartesian equation of a curve can often be found from the parametric
equations by the elimination of the paramecter. However, there are many
cases in which such eliminations are either complicated or even impossible
to obtain. In fact, parametric equations are most useful in those cases in
which it is difficult or impossible to express the Cartesian equation.

If y = i) and x = fo(f),
we have two functions in which ¢ is the independent variable.
Hence, dy = f/t) dt and dzx = fi'(t) dt.

When dealing with parametric equations, it is nceessary to be able to
find the derivative of y with respeet to x, without having to find the Car-
tesian equation. We proceed to show that

dy ..
o= dy =+ dz,
or that % = %—%7 provided that f;’ (t) = 0.

From the two given functions we have
Ay = f;’(t) At + €1 At
and Az = /(1) At + e AL,

where ¢; Al and e, Af represent infinitesimals of higher order than Af.  Then

Ay _ ') + &,

Az £/ (t) + e
gy Im O +e o

and &~ Tm 70 T el R0
At —0

v where fy'(t) # 0.

In illustration, consider the equations

y =842 x =48

Then dy = (2t + 2)dt and dxr = 1282 di,
and dy _t+1,
dx 622

It may be advantageous to show this result in detail as was done in the
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general case as follows:

Ay

(2t + 2) At + AL
Ax = 1262 At + (12¢ At + AtY) At.

And since lim AY _ _ lim[(0+2) + A 2
ar—0 Az lim [12¢2 + (12t At + AD)]

the same result is obtained as before.

Exercise 14

Find the derivative of y with respect to x for each of the following parametric
cquations.

L y=1¢%2 =232

2. y =5 =1
3. y=20c =1
4. y =224 2% & = 6.
6. y =32 —7r,x =1/r

Find the cquation of the tangent to each of the following curves at the specified
points.

6. y =2, x =1 —t wheret = 2.
Ty =3t x =13+t wheret = 1.

4 _
8. y= 7 2, x = Vt, where { = 4.
9. y = Vz+2,x=1/z wherez = 1.
10, » =7 — 1, 22 = 73, where r = 4.

27. Approximation by Differentials.

It has been shown that the differential and the inerement of a function
differ by a very small amount for small values of the inerement of the
independent variable.  As a result, the differential of a function may often
be used to calculate approximations of changes of values of functions which
are produced by small changes in the independent variable.

To illustrate the use of differentials in making approximations, we shall
compute the actual area of a square whose side is 3.002 inches and then
approximate the area by the use of dfferentials, noting the difference in
the two results obtained.

If x is the length of the side and S is the area,

S = z2
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For AS=2xA9:+A_.:c—2,
we shall assume z=3 and Az = 0.002 ins.
Therefore, AS = 0.012004 sq. ins.

Hence, the exact area of the square is
S 4+ AS = 9.012004 sq. ins.
However, if we use differentials,
dS = 2x dr = 0.012 sq. ins.
And hence, the approximate area is

S + dS = 9.012 sq. ins.

We observe that the two results differ by the small amount
0.000004 sq. in.

As a further illustration, let us approximate the value of
fle) =23 — 2224 5z 4 1
if z = 1.998.
If z =2 f(2) =11

But since z differs from 2 by a small amount, we may compute the approxi-
mate difference of the function which is due to this small change in z.
The change in « is

dr = —0.002.
Since dy = (32 — 4z + 5) dz,
dy = f'(2) dz = 9(—0.002) = —0.018.

]

Therefore, the approximate value of the function is

f(2) + dy = 11 — 0.018 = 10.982.

Small Errors. A second application of differentials is made when small
errors in calculation are to be computed. For example, suppose that the
radius of a circle is measured and found to be 10.05 inches with a maximum
error of 0.02 in. We wish to approximate the mazimum error introduced
in the computation of the area of the circle. Using S and r for the area
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and radius of the circle, respectively,
S = ar

The exact maximum error in S will be the change AS found when 7 changes
from 10.05 to 10.07. But the approximate maximum error in S will be the
corresponding value of dS, where dr = 0.02. Hence, we have

dS = 2xr dr
dS = 27(10.05)(0.02) = 1.26 sq. in.

Relative and Percentage Error. In any approximate computation, the
error of the result is the amount by which the computed value differs from
the true value. This error should always be well within the limit of error
allowable for the problem at hand.

If Ay is the error in y, Ay/y is called the relative error in y, and 100 Ay/y
is the percentage error in y. These errors may be approximated by the use
of differentials instead of increments. Hence,

%’—” = Relative error in y, approximately,

and

100 %1/ = Percentage error in y, approximately.

Consider the problem last discussed, in which we now wish to approxi-
mate the relative crror in the computed area of the circle due to the maxi-
mum error of 0.02 in. in the measurement of the radius.

dS _ 2(10.05)(0.02)x

S =" 005 = 000398,

Hence, the area is subject to relative maximum error of approximately

0.4 per cent.

Exercise 16

GROUP A

1. Compute both AS and dS for the area S of a circle of radius 10 ins. corresponding to
an increase of 0.02 in the radius.

2. Find the approximate area of a square whose side is 5.001 ins.

8. Compute the approximate volume of a cube whose edge is 3.002 ins.

4. Compute the approximate volume of a sphere whose radius is 4.001 ins.
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9.
10.

Elementary Calculus

Find the approximate maximum relative error and the percentage maximum error

in the area of a square if 1ts side is measured as 3 ins. with a possible maximum
error of 0.01 in.
Given y = 2% — 322 + 3z 4+ 2. Find the approximate value of y for z = 4.99.
Given f(x) = z% — 2:2 4+ 2z — 1. Find approximately f(3.002).
Find approximately the volume of a thin spherical shell.
Find approximately the square root of 100.8.
Find approximately the cube root of 999.1.

GROUP B

11,

12,

13.

14,

16.

16.

17.

18.

19.

20.

21.

22.

The distance of a particle moving on a line from a fixed point of that line at any
time is given by s = (* — 2¢2 + 8. Compute, approximately, the distance, the
velocity and the acceleration when ¢ = 2.001.

The altitude of a right circular cylinder is equal to the diameter of its base. If
the radius of the base is measured as 5 ins. with a maximum error of 0.005 1n.,
find the approximate maximum errors in the volume and the area of the convex
surface.

The altitude of a right circular cone is equal to the diameter of its base. If the
radius of the base is 10.005 ns., compute the approximate volume and total sur-
face area. Find the approximate relative error in the volume.

The altitude of a right circular cone is equal to the radius of 1ts base  If the radius
is measured to be 6 ins. with a possible maximum error of 0.002 1n., find approxi-
mate maximum error in the computed area of the convex surface.  Compute the
apprdkimate pereentage maximum relative error in the convex surface

Find approximately the change in the reciprocal of a number corresponding to a
small change in the number.

Spherical iron castings are to be burnished to smooth surfaces. If the process may
change the radius by the amount 0.001 mn and the allowable change in volume is
1 cu. in., find the radius of the largest sphere for which the process may be used.

A closed rectangular box 6 X 8 X 10 ms. is to be lined with lead as a container for
radio active compounds. If the lining is % in thick, find the approximate change
of volume.

Spherical shot weighing 10 Ibs. each, arc made of iron weighing 400 Ibs. per cu. ft.
If the weight must be accurate to 0.1 1b., find the radius of the shot.

If w= %+ Vy + V7% compute the approximate value of w for z = 398,
y = 67 and z = 727, ’

The pressure of a gas varies inversely as the volume of the container. If the
allowable error in the pressure is 0.002 k, where k is the constant of variation, and
the volume can be measured to 0.2 cu. ft., find the size of the smallest container
to which the process can be applied.

A wooden sphere of radius r is to be cut from a cubical block having an edge of 2r.
If the value of r has a maximum inaccuracy of 1 per cent, find the approximate
maximum relative error in the volume of wood remaining.

The strength of a rectangular beam varies directly as the product of its breadth
and the square of its depth. From a log of radius 6 ins. a beam having a breadth
of 3.01 ins. is to be cut. Find the approximate strength of the beam in terms of
k, the constant of variation.
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GROUP C

23. At any time ¢, the distance s of a particle moving on a straight line from a point A
is given by s = t3 — 312 — 144¢ + 432. Find the intervals of time when the
particle is moving toward A4, when the velocity is increasing and when the speed
is decreasing.

24, Find the area of the triangle formed by the r-axis and the tangents to the curve
y = 4 — z? at the points for which z = 2 and z = —2.

26. A coal bin with a square base is to be built in a corner of a basement using two of
its walls as sides of the bin. The floor of the bin will cost 20¢ per sq. ft. to build
and the two sides to be built will cost 15¢ per sq. ft. Find the cost of the most
economical dimensions for a bin whose volume is to be 288 cu. ft.



CHAPTER 1V

THE INDEFINITE INTEGRAL

28. Integration.

The integral calculus is primarily concerned with the problem of finding
a function when the derivative of that function with respect to its indepen-
dent variable is given. Such a function can often be found by inspection
and the result verified by differentiation.

Suppose that we are given
dy

pad A 2
T 6x2 4+ 2.

Then by inspection, the function which gives this derivative is
y=2r3+2x+ C.

If C is any gpnstant, its derivative is zero. Hence, the derivative of the
latter functioa is the given function, regardless of the value of C.

An tndefinite integral of a function is a function whose derivative with re-
spect to the independent variable is the given function.

In general, if

)
Yy = F(x) + C:
where (%; [F(@)] = f().

The process of finding an integral of a function is called integration. Con-
sequently, integration and differentiation are inverse processes.

It is customary to express the relationship between the functions f(x)
and F(x) by writing

Jiw dz = F@ +c,

where the symbol f is called the tntegration sign. It is to be observed that
60
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the integration sign is always followed by the differential of the required
function and not by its derivative. Thus, if we have

y=x34+2 dy = 3x%dz.

Then y=fdy=f3x2d:c=x3+0.

Although further reasons appear in a later chapter for this demand, here,

ff(x) dz

requires that we find a function whose derivative with respect to z is f(x).
If, however, we have
f y dz,

it is implied that y is a function of z which must be substituted before the
integration can be performed. If

y=ua2—2z34+ 1,

fydx=f(x2—2x3+1)dx,

2:3 x4
=377 + 2z 4 C.

The constant C which appears in the integration of a function is known
as the constant of integration. The value of this constant is independent of
the integration process. Consequently, there are as many integrals of a
given function as there are values which may be assigned to the constant C.

Thus, y=Fx) +C

is a system of functions having the same derivative or the same differential.
It is for this reason that such an integral is called an indefinite integral. In
the applications the value of C is determined from the data of the problem
at hand.

29. Integration Formulas.

The differentiation of a function is a direct process. On the other hand,
the integration of a function, being the inverse of differentiation, is more or
less a matter of trial. That is, the function is found if its derivative is the
given function.
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From the definition of an integral of a function, the following three
formulas are stated:
Integral of x to a Power. Let n be any constant except —1. Then

(1) nge - X
fx dx—n+1+C.

Integral of a Constant times a Function. Let a be any constant and
let u be any function of x which can be integrated. Then

@ faudx=afudx.

This formula shows that any constant may be brought outside the integral
sign, and conversely.

Integral of a Sum. Let » and » be any two functions of x which can
be integrated. Then

3) ‘ f(u+v)dx=fudx+fvdx.

Formulated in words, this formula shows that the integral of an algebraic
sum of twe or more functions is equal to the same algebraic sum of the in-
tegrals of tnose functions.

Exercise 16

GROUP A
Evaluate each of the following integrals and verify each result.

1, f(3x'~’ — 6z + 2) dz. 4. f(a: + 2)2 dz.
2. f(l — 3z + 2 — 2%) dz. . b. f5(x + 3)2dx.
3. f(a + bx) dz. 6. f2x(x2 — 2)2dz.

7. If the derivative of f(z) with respect to z is 222 — z + 1, find f(z).
8. Find fdy if dy = (x + 1)3d=.

‘9. If the rate of change of a function with respect to z is 9% 4 522 — 8z + 3, find
the function.

10. If the velocity of a particle moving on a line at any time is given by v = 2 — 4¢ + 6,
find an expression for the distance of the particle from a fixed point of the line at
any time ¢.
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GROUP B

Evaluate each of the following integrals and verify each result.

11, ‘/‘(313 — 2t2 4 6t 4 8) dL.

12. f(2y + 1) dz, where y = 22 — z + 2.
13. f(.z: — 1+ Vi) dz.

14, f(a:"" + 6z 4+ 1 — z%) da.

16. j‘ 52222 — 2?) dx.

16. f\/ 222(t — 1) dt, where z = 3t — 4.

17. The slope of a system of curves at any point is 2z — 1. TFind the equation of the
system.

18. A curve passes through the point (1,6) and has a slope of 322 — 2z at any point.
Find the equation of the curve.

19. A particle moving on a line is 2 units from a fixed point on that line when ¢ = 0.
If the veloeity at any tiune ¢ is given by v = 2(2 — 3¢t 4 6, find the distance from
the fixed point at any time ¢.

20. A particle moves on a line so that its velocity at any time ¢ is given by
v = 32 4+ 4t + 2. How far will the particle move from ¢t = 1 to ¢ = 3?

30. Determination of the Constant of Integration.

When a problem of geometry or physics can be formulated by express-
ing a function as the rate of change of a variable, the solution can often be
found by the integration of that function. It was shown in the last sec-
tion that if the derivative or the differential of a polynomial is known, in
general, the function itself is known, except for the constant of integration.
If, however, a value of the function is known for a particular value of the
variable, the constant of integration can be evaluated and thus completely
determine the function.

Geometric Applications. If it is known that the rate of change of y with

respect to x is f(x),

dy _ _
o f(x) and dy = f(z) d.
Hence, the integral

v=[1@ de = F@) + €,
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is not a single function, but is a system of functions all of which have the
same derivative. Consequently, if the derivative is interpreted as the
slope of a curve at any point whose abscissa is z, the integral is represented
geometrically, not by a single curve, but by a system of curves.

If the slope of a curve at any point (z,y) is given to be 2z + 2,

%=2x+2 and dy = (2z + 2) dr.
Then y = f 2z + 2) dx
and y=2+2zx+ C.

This equation is represented by a system of parabolas having the line
z 4+ 1 = 0 as axes. Three curves of the system are drawn in Figure 20.

In the given illustration, suppose
that the curve be required to pass
through the point (2,9). This restric-
tion demands that C take on a partic-
ular numerical value in order that the
> coordinates of the point satisfy the
equation.

b / Thus, 9=44+44+C, C=1,

giving the unique solution of the
problem

y=2+2x+ 1.

y

In Figure 20, this equation is repre-
sented by the parabola which is
tangent to the z-axis.

Physical Applications. If a particle moves in a straight line so that its
distance s from a fixed point is a function of the time ¢, the derivative of s
with respect to ¢ is the velocity » and the derivative of » with respect to ¢
is the acceleration 7. In this section it is desired to consider some problems
involving relations among these magnitudes which are the reverse of those
previously encountered.

Suppose that it is known that the velocity of a particle moving on a
line in terms of seconds elapsed is
v=2t—-1

and that it is desired to find the distance passed over from ¢t = 2 tot = 4
seconds.

Fia. 20
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Since
ds = v dt,
s=f(2t—l)dt
and s=t—t+4C.
Assume 8 =0, when ¢ = 2 secs.
Then 0=4—-24C and C= -2
making s=1—1t-2

This is the distance from the fixed point at any time ¢. Accordingly, if
t =4,
s = 16 — 4 — 2 = 10 linear units.

In the determination of the value of C above, it is to be noted, that its
value depends upon the position of the point from which s is measured.
This point is not located in the problem. Consequently it may be chosen
at pleasure. In assuming s = 0 when ¢ = 2, the fixed point was chosen as
the position of the particle at the instant when 2 seconds had passed.

If a particle moves on a line, it may be that it moves to the left and to
the right as illustrated in Section 18. The distance from the fixed point
may be increasing at certain times and decreasing at others and distance
may become negative. Under such circumstances, distances moved in dif-
ferent directions must be computed separately.

Certain problems require two integrations for their solution. If so, it
must be remembered that a constant of integration is introduced each time
an integral is taken.

It is given that a particle moves on a line so that its acceleration at any
time ¢ is 6t feet per second per second and that its distances from the fixed
point are 10 and 15 ft. at the end of 2 and 3 seconds, respectively. It is
required to find the velocity and the distance from the fixed point at the
end of 5 seconds.

Since j = g—;’- and dv =jdt,
v=f6tdt= 3 + Cy.
Then ds = (3¢ + Cy) dt
s =f(3t2+01) dt = 8+ Cit + Ca.
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Ift=2, 10 =8 4 2C, + C..
Ift =3, 15 =27 4+ 3C, 4 C..
Solving these equations simultaneously, C; = —14 and C; = 30. Replac-
ing these constants by their values,
v=23%—14
and s = ¥ — 14¢ + 30.
Ift=25, v = 61 ft./sec. and s = 85 ft.

Exercise 17
GROUP A

1. Find the equation of the system of curves which have slopes at any point (z,y)
equal to 372 — 2r — 1. Show that the maximum points of these curves lie on a
line parallel to the y-axis and that the minimum points lie on a line also parallel
to the y-axis.

2. Find the equation of the curve through the point (—3,2) whose slope at any point
(x,y) is 3x?2 = 2r 4 4.

3. It being given that the acceleration due to gravity is 32 ft. per sec. per see., find
the distance from the starting point of a freely falling body in terms of the seconds
of fallihg.

In the following problems v is the velocity of a particle moving on a line at any time
t in seconds and j is its acceleration.

4. If v = 2t 4 2, find the distance covered from ¢t = 2 to ¢t = 4 secs.

6. If v = 12 4+ 2t + 1, find the distance covered during the first three seconds.

6. If v = t2 — 4t + 3, find the distances covered during the first, second and
the third seconds

7. If 7 = 2t — 3and if v = 2 when ¢ = 0, find the distance covered during the
second second.

8 If j=2t+ 4 and if v =2 when ¢ =0 and s = 6 when ¢ = 3, find the
velocity and the distance after 5 secs.

9. Find the equation of the curve through the point (4,6) whose slope at any point
(z,y) is 2Vr.
10. Find the equation of the curve through the points (0,6) and (3,2) if the rate of
change of the slope at any point (z,y) is 2z — 3.

GROUP B

11. The slope of a curve at any point (r,%) is 27 — 3z? and the curve has an z-intercept
equal to 1. Draw the curve.

12, Find the coordinates of the maximum and minimum points and the inflection point
of the curve whose slope at any point (z,y) is 2 — 6z + 8 and whose y-intercept
is —2.
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13. Find the equation of the system of curves having the slope at any point (r,y) equal
to 1 divided by the square root of the abscissa of the point. Draw three curves
of the system. Find the equation of the curve of the system which is tangent to
the y-axis.

14, A body is thrown downward with an initial velocity of 20 {t./sec. Assuming the
acceleration as 32 ft /sec.?, find the velocities after 2 secs. and after 3 secs. Find
the distance covered during the first two seconds.

16. A body is thrown upward from an elevation with an initial velocity of 64 ft./sec.
Assuming the acceleration as —32 ft./sec.?, find the time at which the body
reaches its greatest height. Find the distance covered during the third second.

16. The rate of change of the slope of a curve at any point (x,y) 15 6ax + 2b, and at
x = 1 this rate of change equals 2.  Find the equation of the curve if it is tangent
to the line 5z — y 4+ 7 = 0 at the pomnt (—1,2) and passes through the point
©,3).

17. A particle moves on a line so that its velocity at any time is given by v = 3t2 — 24¢ 4 36.
I'ind the time at which the velocity is @ maximum or a minunum and find
that velocity. Find the distance covered by the particle between the instants
when 1t comes to rest.

31. Rate of Change of Area.

Let the equation of the curve in Figure 21 be y = f(z), where the curve
is continuous, is rising and lies above the 2-axis in the interval from 4 to N.
Consider the area S bounded by the
curve, the z-axis and the ordinates AB
and MP. We shall assume that the arca
S is generated by the ordinate y as it
moves from the fixed position AB to any
other position MP. At any position of
the ordinate y, as at M P, give to £ an in- '
crement Az, Let the eorresponding in- A M N
crements of y and S be Ay and AS,
respectively. In the figure RQ = Ay
and

f(x)

AS = Arca MNQP. Fig. 21
From the figure it is obvious that
Rectangle MNRP < AS < Rectangle MNQT,
or YAz < AS < (y + Ay) - Az,

Dividing the inequality by Az, we have

AS
y <5y <@+ ay.
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As Ar approaches zero, the ordinate NQ approaches coincidence with the
ordinate MP, or y + Ay approaches y as a limit. But since AS/Ax always
lies between the two, it also must approach y as a limit. Thus,

lim aS _ 1
Ar—0 Az =Y
dsS
or —_— =
% = 1.

The rate of change of the area which is generated by an ordinate of a moving
point on a curve, with respect to the abscissa, is equal to the ordinate of the
potnt.

In the above discussion a continuous curve was assumed to be a rising
curve above the z-axis in the interest of definiteness and simplicity. The
argument may easily be modified to include the cases in which the curve
falls steadily and in which it rises and falls alternately.

Now we shall assume a continuous curve y = f (z) and consider the area
between the curve and the z-axis from 2z = a tox = b. We shall also
assume the following conditions:

f(@) =+ for a<z<ec, flx)=+forz=a
f'(x) =0 for z=¢c

f@)=— for c<z<b, fl)y=—"forzx
y

i
o

== X

i (b,0)
(a,0) O] (c,0) (x1,0) i

]

[}

Fig. 22

where a < ¢ < b. Then the point [¢,f(c)] is a maximum point and the
curve crosses the z-axis at the point (z,,0) where ¢ < z;, < b. See Figure
22. Then, since

dsS
% = f(x)a
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the sign of the ordinates of points on the curve indicate the intervals over
which the area between the curve and the z-axis is increasing or is decreas-
ing and the point at which the area becomes maximum. Thus,

f(x) = 4+ fora <z < z, S is increasing,.
f@) =0 forz = z;, S is maximum.

f(x) = — forx <z < b, Sis decreasing.

32. Area under a Curve.
It was proved in the last section that

dS
—(E = f(a:)y

where S represents the area between a continuous curve y = f(z) and the
z-axis. From this we may express the area under the curve by means of
an integral, thus

S =ff<x) dx = F(x) + C.

This expression obtained for the area under a curve is a function of z
and is indefinite because of the constant C. But also, the area under a
curve is indefinite until it is botinded on the left and the right.

Let us consider the area under the curve y = f(x) which is bounded on
the left by the ordinate at z = a, and on the right by the ordinate at
z = b. The variable area S will be small when « is only a little greater
than a. In fact, the arca S approaches zero as x approaches a. Therefore,

from above 0=F@+C, or C= — F(a).
The variable area under the curve to the right of the line z = a is
S = F(z) — F(a).
The area from z = a to = b may now be found by evaluating this expres-
sion for x = b,
S = F(b) — F(a),
where a < b.
The area between a curve and the z-axis found in the manner indicated
is positive if it is above the z-axis and is negative if it is below the z-axis.

If an area between two ordinates is to be found which lies partly above the
z-axis and partly below it, the two parts must be computed separately.
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Otherwise, the algebraic sum of the two arcas is found rather than the
required arithmetice sum.

In Section 15 it was shown that the geometric interpretation of the
derivative of a function is the slope of the curve.  In an analogous manner,
we may regard the arca under a curve as the geometrical representation
of the integral of a function. Thus, dS = f(x) dx is the differential of the
function S = F(x) + C and the geometric interpretation of the integral is
the area under the curve y = f(x). It is for this reason that considerable
emphasis is placed on the ealeulation of arcas under curves by integration.

In order that this point may be illustrated still further, let us find the
area under the curve

y = 4x — x?
between the lines x = 1 and 2 = 3. The area under the curve is
3
S = f(4x—x‘-’)dx=2x2—%+0.

And the area between the two given lines is

1 22
S=F@3)—F1)=(18-9) — (2 — 3) = 3 8. units.

Now supp@\so that we wish to find the distance covered by a particle
moving on a line between the times ¢ = 1 and t = 3, where the velocity at
any time is given by

v =4t — %

and where ¢ is in scconds and v is in feet per second. The distance of the
particle from a fixed point at any time is

ta
s=fur—ma-2we-5+c
And the distance covered between the speciﬁed times is
s=F(3) — F(1) = %gft.

If the equation v = 4¢ — ¢? is drawn on a pair of ¢- and v-axes, the same
curve is obtained as from the equation above in z and y. Moreover, the
areas under thesc curves between the given limits are the same. However,
the area under the latter curve is thc geometrical representation of the
linear distance 22/3 ft. which is covered by the particle during the time
specified.
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To find the area between the curve f(z) = 23 — 322 4 2x and the z-axis,
it is nccessary to know that the curve intersects the axis at the points
z=0,z=1and x = 2. The graph of the function shows that the first
portion of the area lies above the z-axis and the latter, below it. The solu-
tion is carried out as follows:

4

S=F(x)=ff(x)dx=%—m3+xz+c.
S=[F(1) = F0)]—-[F2)—FQ1)] =3

Exercise 18

GROUP A
1. Find the area under f(z) = 2z fromz = 1toz = 4. Verify the result by geometric
methods.
2. Tind the area under f(x) = 22 4+ 2 fromx = 0 toz = 3.
3. Tind the area between the curve f(xr) = 4z — z? and the z-axis.
4. TFind the area between the curve f(x) = 16 — 22 and the z-axis.
6. Find the area bounded by the curve f(x) = 23 — 6x2 + 9x and the z-axis
6. Find the area bounded by the curve f(x) = x? — 6xr 4 12, the z-axis, the y-axis

and the minimum ordinate.
Find the area bounded by the coordinate axes and 3z — 5y — 15 = 0. Verify
the result by geometric methods.
8. Iind the area bounded by the curve f(z) = 2?2 — 8z and the z-axis.
9. Find the areca bounded by the curve f(z) = z3 — 3x2 + 2r and the z-axis.
10. Find the area bounded by the curve f(z) = 2z3 — 922 + 12z, the z-axis and the
maximum and the minimum ordinates.

2

GROUP B

11. Find the area between the curve y = 42 — 22 and y = 2.

12. Find the area bounded by the curve f(x) = z3 + 3x? + 2, the z-axis and the maxi-
mum and the minimum ordinates.

13. Find the area bounded by the curves f(z) = 2% and f(z) = 18 — z2

14. Find the area of the segment of the parabola y? = 4x cut off by the chord through
the focus perpendicular to the axis

16. Find the area of the segment of the parabola x? = 16y cut off by the chord through
the focus perpendicular to the axis.

16. I'ind the arca bounded by the curve r 4+ y? — 2y = 0 and the y-axis.

17. A curve passes through the pont (2,0) and the slope at any point is 3r2 — 2z — 1.
Find the equation of the curve and draw it.

18. The z-intercepts of a curve are —2 and 4.  Find the equation of the curve and draw
it if the rate of change of the slope is 2

19. The velocity of a particle moving on a line at any time isv = ¢2 — 5t + 4. During
what time is s decreasing? Find the distance covered during that time.

20. The velocity of a particle moving on a line at any timeisv = 6t — 5§ — t2. During
what time is s increasing? Find the distance covered during that time.



72 Elementary Calculus

GROUP C

21. Twelve hundred persons would buy tickets to a moving picture show if they cost
20 cents each. Each cent added to the cost would deter 20 persons from buying
tickets. Find the price the manager should charge per ticket in order to receive
the greatest gross income.

22. Find the approximate crror in the volume and the surface area of a cube of edge
6 ins., if an error of 0.02 in. is made in measuring the edge.

23. Find how exactly the diameter of a circle must be measured in order that the area
computed from it shall be correct to within one per cent.

24. Write the expression for the area of a square inscribed in a circle of radius a. Find
approximately the area remaining, if such a square is cut out of a circle of radius
3.99 ins.

25. Find the area of that portion of the segment of the curve whose equation is
y = 6 + z — z? cut off by the line through the points (—1,4) and (3,0).



CHAPTER V
ALGEBRAIC FUNCTIONS

33. Classification of Functions.

All functions are divided into two large classes, algebraic functions and
transcendental functions.

In this chapter we are concerned with the differentiation of algebraic
functions. Prior to this, we have considered the differentiation and inte-
gration of a limited class of such functions, namely, rational integral func-
tions or polynomials. It is now our task to extend these studies to other
classes of functions.

Other algebraic functions are rational fractional functions and irrational
functions. Such functions may be obtained from polynomials by multi-
plication, division, raising to powers and extracting roots. Thus,

(x —2)%(x*+2) and (2% — 3z? + z)*
are rational integral functions, while

z—1

z? — 3z + 11
xz+ 2

and G =1D)°

are rational fractional functions. The functions
Vz—2 and (a2 — z2)?%/3

are illustrations of irrational functions.

Examples of transcendental functions are found in the trigonometric
and inverse trigonometric functions and in the exponential and logarithmic
functions. The differentiation and integration of such functions are pres-
ented in later chapters.

Single and Multi-valued Functions. A single-valued function is one
in which there is one, and only one, value of the function corresponding to
each value of the independent variable. A function is called multi-valued
if to some value of the independent variable, there corresponds two or more
values of the function.

In dealing with multi-valued functions it is customary to group the
values so as to form two or more one-valued functions. These one-valued

73
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functions are called branches of the function and the corresponding parts
of the curve are called branches of the whole curve. It shall be our practice
to attend to a single branch of the function or the curve, or to deal with the
branches separately. In this way, we may limit our study to that of a one-
valued function. In illustration,

y=x+1
is a two-valued function of which the branches are

y=Vz+1 and y= —Vaz+1,

and the two branches of the curve are the upper and the lower half of the
parabola, respectively.

The formulas for the differentiation of algebraic functions which are
derived in this ehapter are direct consequences of the definition of the deriv-
ative given in Section 13 and are valid for all functions which are con-
tinuous and onc-valued and which possess derivatives.

34. Differentiation Formulas.

In Section 14 the following formulas were derived:
¥

d

(1) dx (@) =0
where a denotes any constant.

d ny — n—1
(2) 7 (&) = navt
where n is a rational number, proved for n an integer only.
. d _du ,
3) e (auw) = a e
where u represents a function of  which can be differentiated.
@) Loty =2042,

where u and v are functions of  which can be differentiated.
In the next section the following formulas are derived:

dv du

(5) (u v) =ug+ v
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the formula for the differentiation of the product of two functions of x.

d /u dx dx
©) a(y) =~ =0
the formula for the differentiation of the quotient of two functions of z.
d o d
(7) a} (u") = nu dx ’

the formula for the differentiation of a function of z to a rational power.

36. Derivations of Differentiation Formulas.
Let ’ Yy =1u-v,

where u and v represent two functions of  which can be differentiated.
Giive to z an increment Az, and let the corresponding increments of u, v
and y be Au, Av and Ay, respectively. Then

y+ Ay = (u + Au)(v + Av),
Ay = u Av 4 v Au + Au Av,

) Ay A Au | Au
and Ar = Var T Par T At
s lim A% 9, gy, &0 @
mee Az—0 Ax - dx Axl—m Ax - dzx

and lim Av = 0, we have

Az —0

d dv du
(5) a;(u v)~ua—x+va;

Derivative of a Product. The derivative of the product of two functions
18 equal to the first times the derivative of the second plus the second times the
derivative of the first.

Let y=% 00,

where u and v are two functions of # which can be differentiated. Give
to x an increment Az, and let the corresponding increments of , v and y be
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Au, Av and Ay, respectively. Then
u + Au vAu — u Av

y+Ay=v+Av' Ay = v(v + Av)
vA—u—u—AE vhmA—u—uhmﬂj
Ay Az Ax ot Ay az—0 AT ar—0 AT

Ar v(v + Av) ’ Axl-n-}o Ar v limo(v + Av)
Az

Y
In taking the limit as Az approaches zero, Au and Av also approach zero.
du dv
6) < ) dx dx v = 0.

Derivative of a Quotient. The derivative of the quotient of two functions
18 equal to the denominator times the dertvative of the numerator minus the
numerator ttmes the derivative of the denominator, all divided by the square of
the denomanator.

Let : Yy = ur

where u is a function of z which can be differentiated and where n is a
positive integer. Give to x an increment Az, and let the corresponding
increments of u and y be Au and Ay, respectively. Then

y+ Ay = (u+ Aw)~.
Expanding the right-hand member of the latter equation by the binomial
theorem and subtracting u" from the result,

Ay = nu™! Au—l—#—_———zﬁu"'2 AL+ A

Dividing by A,

Ay ., Au nn — 1)
Az ™M A:c+

Au ' Ay —n—1
n—2 " _ -
13 Woagfu T A

Taking the limit as Az approaches zero, we have

(7) d dx ") = n ZZ

Derivative of a Function to the nth Power. The derivative of a function
to the nth power is equal to n times the product of the function to the (n — 1)th
power and the derivative of the function.
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The application of formulas (5) and (7) is illustrated by the differen-
tiation of the function

f@) = (& + 1)@ — 29",
F@) = @D (e — a4 (22— ) @ 1),

= @+ 1)2(2 — 2 1= (2 — 2) + (2 — 2728,
=202z — %) [(x* + 1) (2 — 22) + 2(2z — z?)],
= 22z — 2?)(2 — 2z + 4x? — 32%).

The application of formulas (6) and (7) is illustrated by the differen-
tiation of the function

_(x—2)
sy = &2
, GH) L -2~ @- D@t
) = @+ 1)
(a:—l—1)3(2)—2)23%(:1:—2)—(1:—2)3
- @+ 1)
=(x—2)'-’[3(x+1)~(x—2)]=(x—2)2(2x+5).
(x + 1)2 (x + 1)?

In the derivation of formula (7), n was restricted to positive integral
values. Now we shall show that this formula is also valid for negative
integral values of n and for positive and negative rational fractional values
of n. %

Let n=P,

q
where p and ¢ are positive integers which are prime to each other. Then
y = ul’/ q_
Raise both sides of the equation to the gth power
ye=w,

in which we have two functions of z, equal for all values of z. Taking the
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derivative of both sides of the equation by the use of formula (7),

dy du
—1 7 = -1 7,
- dz pur dr

or (_iyzp du

g eo-122,

dr ¢ dx
Upon replacing p/q by n, we have formula (7).
Again, let n= —m,
where m is a positive rational number. Then
1

Y=o
Applying formulas (6) and (7),
du
dy _ —mumtdz
dz — um
f .(& = — —m—1 Si_?_’L
dz = ™ dx

Upon replacing —m by n, we have formula (7).

Exercise 19

GROUP A
Differentiate each of the following functions.
1. f(x) = 2z — 1)(z® + 1). 8. f(x) = V2T — 3z + 2.
2. f(x) = (2 — 3x)(x2 + 1). 7 y = (x* — 2)(2z? — 2z + 3).
8 @) = T 8 y=V@-Dr
2z —1 1 — 2z
L I@ =g S y=Tya
B. j(@) = (322 — 2)°. -1 .
s 0.y = 75

11. Given y = z(z — 1)2.. Find the coordinates of any maximum, minimum and
inflection points and draw the curve.

12, Given y = 2/(z — 1)2. Find the equation of the tangents at the points where
z=2andz = —1.

18. Given y = z+/4 — z%. Find the rate of change of y with respect to « for x = 1
and z = —1.
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14. Given y = z(3 — z)% Find the coordinates of the critical points and the interval
in which the curve is concave upward.
16. Given y = z(1 — z)*. Draw the curve and the first and second derived curves.

GROUP B
Differentiate each of the following functions.
16. y = z/x? — 2. 21, f(z) = (22 4+ 2)v/{T — z)°.
- %, /a2 — 323
1. vy = g 2. f@) = ———"
18. y = (3 — 4x)V3x — 2s% 23 _ V3i—z
vV3+z
19. y = 2z — 1)22z + 1)3. o
24, y = ==
(=22 a+001 -2
20. y = . . B L L L
“ v UEET .70 t

26. A particle moves on a line so that its distance from a fixed point at any time is
s = t({ — 4)% Draw the s, v and y curves and make an analysis of the motion.

27. Find the equations of the tangents to y(r — 2) = z at the origin and at z = 3.

28. Gaven zy = 2% + 1. Find the intervals for which the curve is concave upward
and downward

29. Rectangles are inscribed mn a semicircle of radius +/5, with one side along the
diameter. Find the dimensions of the rectangle whose perimeter has a critical
value and show whether it is 2 maximum or a minimum.

30. Given y = 4x*(1 — z)2. Find coordinates of any maximum, minimum and
inflection points and give the intervals in which the curve is concave upward and
downward. Draw the curve.

GROUP C
Differentiate cach of the following functions.
-3 — _ wie —w)?
31, f(t) = i(t® —2)(* + 1). 86. v = T "
b
32. f(z) = (a¥3 — %), 87. z = P —ap
. S— - wl@ — 22
33- f(z) - ‘\/(b"‘ — 22)" 38. Yy = b(q +I)2
3. f(y) = P2V -y 39, y = ,\3/i: i’ Z .
N 3
36. f(y) = yvy — b, 40. f(z) = VT — 4
y+b x?

41, Three towns A4, B and C are so situated that they form an isosceles triangle with
the base AB of 12 miles. The altitude through C 1s 9 miles. Three roads
AD = BD and CD are to be built to a point D. Find the length CD so that
the three roads have the least total length.

42. If r = 4.002 find the approximate values of 1/(z + 1) and 1/v9 + z?).
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43. If y = Viand z = 1/(1 + t2) find dy/dz.

4. If y = (2t + 1)/t* and = = ¢. Find the coordinates of the minimum point of the
curve.

46. A particle moves on a line so that its distance from a fixed point at any time is
s = (2 — 1)?/t. Disregarding negative values of ¢, find the time at which the
velocity is zero and the acceleration at that time.

36. Implicit Algebraic Functions.

Consider an algebraic equation containing the variables x and y. The
symbol for the representation of such an equation may be

F(z,y) = 0.

The existence of such a relationship between x and y implies that y is a
function of x. Under these circumstances, y is called an implicit function
of z. Likewise, z is an implicit function of y. In the first instance, z is
thought of as the independent variable.  If the equation is solved for y
in terms of z, obtaining

y = f(x),

y becomes an explicit function of x, since y is expressed explicitly in terms
of z. Were the equation solved for z, x would be an explicit function of y.
In therequation

20y + .+ y* — 3 =0,
each variable is an implicit function of the other. Upon solving for y,
Yy = —x:f:x/:c”—m+3,

in which y is an explicit function of .
When working with equations in two variables, frequently it is not pos-
sible, nor desirable, to change the equation to explicit form.

37. Implicit Differentiation.
Given a function defined implicitly,
F(zy) =0,

in which it is desired to find the derivative of y with respect to z. To do
this it is unnecessary to express y as an explicit function of z. Each term
of the equation is differentiated with respect to z. Having in mind that
y is a function of z, by formula (7) the derivative of y» with respect to x is
dy

n—1
W dx
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In general, after the differentiations are carried out, an equation in terms
of z, y and dy/dz is obtained. This equation may be solved for dy/dz in
terms of z and y.

If a product or a quotient term appears in the equation, formula (5)
or (6) must be applied. For example, if

zy =1+ 2,
we apply (5) as follows:
dy _
xdx +y=1
dy 1-—y
and = 3
Or again, if ; =2+ 2,
we apply (6) as follows:
dy
L
v !
and dy _y(d -y,
dz x

An equivalent result in different form, might have been obtained for the
latter differentiation had we cleared the equation of fractions and applied
(5) as in the first equation.

Let it be required to find the slope of the curve

2+ 2y —4=0

at the point (2,1). Differentiating the function implicitly,

d d
y2+2xy8%+2£=0,

dy _ -y |
or dr ~ 2zy + 2
Evaluating the slope at the given point, we have
dy _ _1,
dr = 6

It is possible also to use differentials in implicit differentiation.
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From the last equation

—2
yidr + 2xydy + 2dy =0, or dy = Zx_z/—%-—ﬁ da.

From this, the derivative is the same function as before.

Exercise 20
GROUP A
In each of the following equations express y as an explicit function of x.
1. x4+3y—7=0.
2. 224 2 =4
3. ry—4r+2y=0.
4, 22 —y2 42y = 0.

Find the derivative of y with respect to x in each of the following equations.

6. 2y —4=0.

6 24y —4r+2y—1=0.
T 22—ry+y?+ 2 =6

8 242 —4y—4=0.

9 24 ay —yt =2

10. 2xy + y* = 6.

Find the equation of the tangent to cach of the following curves at the specified
points.
11, 2 + »2 = 25 at (3,4) and at (—3,4).
12. y* —@Br = 0 at (2,—4) and at (2,4).
13. 24+ 2+4+2y — 9 =0at (1,2).

14. Find the angle between the tangents to 2 + y? = 25 at the points (3,4) and (4,3).
16. Given the equation x2y? — r* — 2 = 0. Find dy/dc both by implicit and explicit
differentiation and show that the results are equal.

GROUP B

Find the derivative of y with respect to z in each of the following equations.
16. y*> + 2ar — a? = 0.
17. 22 + a?y? = a?b2
18. b2 — a?y? = a2b?.
19. xl/? + yll‘.‘ = al/Z‘
20. z2/% 4 23 = p2/3,

Find the equation of the tangent to each of the following curves at the specified
points.
21, 242 —y —9 =0at(7,2).
22, 22+ y* —4r + 6y — 12 =0 at x = 5. Show that the tangent is per-
pendicular to the radius of the circle at the given point.
23. 28 —y?=0atz = 2.
24, y? — 4pr = 0 at (x,y1).
26. x? + y* = a? at (z,u).
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Find the angle at which the following curves intersect.
26. 3y? — 16z = 0 and 422 — 9y = 0.
27. y* — 8r = 0and »? 4 y2 — 5y = 0.
28, 22+ y?*—4=0and y? —2r — 4 = 0.
Find the derivative of y with respect to z in each of the following equations.

29. zy +ax + by +c¢c = 0.
30. 222+ 22+ y?+ a2 =0.
31 zy? — P+ ax + by = 0.
82. (z+ ¥z —y) =a

8.y =z+ VETP

38. Successive Implicit Differentiation.

In Section 20 the first, the second and higher derivatives of y = f(x)
with respect to x were represented by f'(x), f”(x), f"'(x), f*¥(z), ete. The
continued differentiation of a function with respect to its independent vari-
able gives rise to functions which are known as the successive derivatives of
the function. The order of the successive derivative is the number of times
the given function has been differentiated.

The successive derivatives of a function of two variables with respect
to one of them can be found by continued implicit differentiation. If
F(z,y) = 0is differentiated successively with respect to z, it is convenient to
use the symbols

dg, (_pﬂ; _d3_y’ @: ete
de  dz? dx® dat "
for the successive derivatives of y with respect to .

For example, let us find the third derivative of y with respect to z from

the equation
¥ 4 y? = ad.

Differentiating implicitly,
, dy dy
Q2 2 d 2 2 7 —
3z +3ydx—0, or x—{—ydx-

From this f_ly z?

dr — y‘l

If we use the second equation and differentiate,

l
2x+2y(”’) + 32 (—1?17—2:-

or dy

2 +——+
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by substituting the expression for the first derivative found above. Solving
for the second derivative,

(lﬁ/ ) 5 2T 2a’x .
dx?

From this result, the third derivative is found to be

d3y 2a? dy
=~ e (0 o)
_ _ 2a%(y° + 517

yS
When working with parametric cquations

y =), z=[(),

it often becomes necessary to find the derivatives of y with respect to z
of higher order than the first. In Section 26 it was proved that

(11/ f1 (

where tHe primes indicate differentiation with respeet to £, In general, the
result is a function of ¢, In order to obtain higher derivatives, this result
must be differentiated with respect to x.

Thus, if we have the parametric equations

y=8+1, ==+ 2,

a1
de  t+1

Differentiating with respeet to z,

d*y dt

dx~—dr t+l t+1)2d.z:'

From the second given equation, we have
L=20+1) 5 dt

Hence, d?y _ I
de?  2(t 4 1)3
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Exercise 21
GROUP A

Find dy and (Z—Lf for each of the following equations.
dx dz?

1. y? = dar. 7. 2y + 3z 42y = a.

2. y® = 4. 8. zy* =a.

3. zy = at. 9. 2% = a.

4. 3 = dax?. 10. 22 4 xy —y2 = 0.

b. x? + y? = ak 11. y = 3, & = (2

6. 22 — y? = q2 12 y =34, e =2 — ¢t
GROUP B

13. Find the first and second derivative of y with respect to z if Vz + 4/ ‘1; = /.
14. Find ff—sy if y? = ard

3
d
d.

6. Find Zg 22 b 20V) — 2 — g2 42 = 0.

- Sy
16. Find v if 02 4 y2 = a2

, 3
17. Find the derivative of y with respect to z if g + \/§ = 1.

dy 2y a TV i e b — 9ap — 2by =
dedgt W dﬂlfr + y? — 2ax — 2by = 0.

4

19. I'ind z# if $2=x+uy.

20. Find the coordimates of the entical point of the curve 4r2y — 8ry? 4 3y° = 8 and
show it to be maximum or minimumn by the use of the second derivative.

21. Find the coordinates of the maximum and minimum points of the curve

2 —2xy — 42 +5=0

and show the maxima-minima test.
22. Find the dimensions and the area of the maximum rectangle which can be inscribed
in the curve 3043 + y*3 = 21,
Find and classify any critical points of each of the following curves.

— 3
23. y = 1218 ! T = % 26. 4r?y — 8xy? + 5y = 1.
24, y=02-8,x=2—1 26. f(x) = z(6 + x)2(6 — x)3.

27. Find the dimensions of the maximum rectangle which can be inscribed in the curve
28 L i3 = 24,

18. I'ind

39. Applications of Implicit Differentiation to Maxima and Minima.

The implicit differentiation of functions makes it possible for us to
simplify the method of finding the maxima and minima of functions as
presented in Chapter II. If the function whose maximum or minimum
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value is sought is expressed as a function of two variables, the data of the
problem must cnable one to relate these two variables by means of a second
cquation. Both cquations may then be differentiated implicitly and an
equation formed between the two variables which gives a solution. This
method of approach can best be presented by means of an illustration.

To find the dimensions of the maximum rectangle which can be inscribed
in the ellipse 22 + 4y? = 4, we proceed as follows:

The area of any inscribed rectangle is

S = 4y,

and since a critical value of S is desired,

dS 4< (l7/+ >__0

or .
dx z

From the equation of the ellipse,

d dy T
% - it A AN
{ z + vy 0 and o iy
Equating the two values of the derivative,
_y__* =
o 4y’ x = 2y. '

Thus, the maximum rectangle has a base equal to twice its altitude.
The same result is obtained if we substitute dy/dx = — (x/4y), from
the differentiation of the equation of the ellipse, in the equation dS/dx = 0,

obtaining
ds x? 4y -2
dz 4( 4y+y) =Ty =0
As before, 2% = 4y?% or x = =+ 2y. The solution x = —2y has no inter-

pretation in the problem under consideration.
In order to make the second derivative test,

=2
as V(33 -2) - -2 dy} '

drt y?

_y(—4y -4y —0 _

Y -8,
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which, being negative, shows that z = 2y gives S maximum. The dimen-
sions of the rectangle are found to be

2V'2 by V2,

oy solving this equation simultaneously with the equation of the ellipse,
sbtaining the solution = V2 and y = V2/2.

Exercise 22
SROUP A

1. Tind the proportions of the maximum isosceles triangle of given perimeter.

2. Find the most economical proportions for a conical funnel of given volume.

3. Find the minimum distance from (0,3) to the curve y* = 4z.

4. The length of the hypotenuse of a right triangle is a. Find the dimensions if the
area is maximum.

6. The strength of a rectangular beam varies as the product of its breadth and the
cube of its depth.  Find the dimensions of the end of a beam of maximum strength
which can be cut from a given cylindrical log.

6. A pyramid with a square base is to have a maximum volume. Find the proportion
of the dimensions for a fixed lateral surface.

7. A sector is to be cut from a given circular piece of tin. Find the proportions of the
right circular cone which can be formed having a maximum volume.

8. Find the most economical proportions for a cylindrical can for a given volume if
the material used for the bottom is twice as expensive per unit area as that used
for the sides and the top.

9. From 500 sq. ft. of tin find the proportions of the box with no top and a square base
which can be made having the maximum volume. No allowance is to be made
for waste or for the dimensions of the material.

0. A post 10 ft. high stands 20 ft. from an electric light pole 15 ft. high. A guy wire
is to be stretched from the top of cach to a stake between them. Find the position
of the stake in order that the length of the wire be least.

SJROUP B

1. Find the dimensions of the largest rectangle inscribed in the ellipse b2x? 4 a?y? =
a?b?.

12. Find the dimensions of the largest rectangle with two vertices on the curve
222 — 3y? = 6 and two vertices on the hne z — 5 = 0.

13. Find the area of the maximum isosceles triangle inscribed in b2z? + a?y? = a?b?
with its base parallel to the major axis, assuming ¢ > b.

4. The two sides of a long strip of tin of given width are to be bent up to form an open
trough. If the sides are bent to form an angle of 60° with the horizontal, find the
dimensions in order that the trough have a maximum carrying capacity.

16. Given y(z? + 4) = 8. Find the coordinates of the critical and inflection points of
the curve.

16. Given y(2? + 1) = z. Find the coordinates of the maximum, minimum and the
inflection points of the curve.



88 Elementary Calculus

17. A tank is to be built in the form of a half cylinder with no top and with semicircular
ends. If the material for the ends costs twice as much per unit area as that for
the convex surface, find the dimensions for the minimum cost for a given volume.

18. A power station is located on the edge of a chff and 1t is 2 mules across to the cliff
on the opposite side of the valley. It 1s desired to construct a high tension wire
across the valley to a town which is 20 miles directly down the valley from the
point opposite the power station. If it costs 100 dollars per mile to construct
the cable across the valley and 60 dollars per mile along the cliff, fird the most
economical way to build the cable, assuming the wires in a horizontal plane.

19. A vessel is anchored 6 miles off shore. A man wishes to go to a point on shore
10 miles from the vessel. If he can row 2 mi. per hr. and walk 4 mi. per hr., find
where he should land in order to reach his destination in the shortest possible
time.

20. Find the dimensions of the isosceles triangle inseribed in b2x? 4 a%? = a2b? with
its base parallel to the major axis such that the cone generated by rotating the
triangle about its altitude has a maxinum volume.

21, A rectangular sheet of paper is a inches wide. One corner is to be folded over so
as to lie on the opposite edge of the sheet. Find the width of the part folded
over in order that the length of the crease be minimum.

22. Regarding Problem 21, find the width of the part folded over in order that the
area of that part be minimum.

40. Cugve Tracing.

In many of the applications of the ealeulus it is essential to have preeise
knowledge concerning the position and the behavior of a curve which repre-
sents the function under consideration. The importance of being able to
trace a curve from its cquation, quickly and accurately, cannot be over-
emphasized. It is, therefore, pertinent that a few remarks be made on the
elementary part of the subject of curve tracing.

The analysis of an equation preparatory to the tracing of the curve is
here considered under two headings, the analytic study and the calculus
study.

Analytic Study. It is often possible to trace a curve readily by an in-
vestigation of the cquation by the methods of clementary analytic geometry.
Thesc methods of study, as applied to the simpler types of cquations, are
also most useful in obtaining information concerning the more difficult
types of equations in which a calculus study is to be made.

The usual topics included in any analytic study of an equation are as
follows:

Symmetry. A curve F(z,y) = 0 is symmetrical with respect to the
z-axis, if the equation is unchanged by a substitution of —y for y. The
curve is symmetrical with respect to the y-axis, if the equation is unchanged
by a substitution of —z for z. Finally, a curve is symmetrical with respect
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to the origin, if the equation is unchanged by a simultancous substitution
of —y for y and —z for z.

These symmetry relations may be extended to include a study of sym-
metry with respect to lines parallel to the coordinate axes. For example,
consider the curves representing the equations,

Alx —a)!+ By=0, Bly+5b?*+ Ax*+ Dx =0
and A(x — a)? 4+ B(y + b)2 = C~

The first is symmetrical with respect to the line  — a = 0, the second is
symmetrical with respect to the line y + b = 0 and the third is symmetri-
cal with respeet to both lines and hence, symmetrical with respect to the
point (a,— b).

Intercepts. 'The z-intercepts of a curve F(x,y) = 0 are the real solu-
tions of the equation /(x,0) = 0. Similarly, the y-intercepts of the curve
arc the real solutions of the equation F(0,y) = 0.

If the equation F'(x,0) = 0 has a multiple root, use should be made of
the calculus in order to determine whether the intercept is an inflection
point or a maximum or a minimum point. A discussion of a more gencral
case is given below under the caleulus study of inflection points.

Extent.  An equation F(z,y) = 0, should be solved for both z and y,
if possible, obtaining

y=f(x) and =z = g(y).

Those values of x for which f(x) is real, definc the intervals along the z-axis
in which the curve lics. Those values of  for which f(x) is imaginary,
define the intervals along the z-axis in which there is no part of the curve.
Similarly, the intervals along the y-axis may be studied for values of y
giving g(y) real and imaginary.

Horizontal and Vertical Asymptotes. In the cquationy = f(x), any value
of x, as ¢ = a, for which f(a) becomes infinite, locates a vertical asymptote
x —a=0. If such is the case, the function f(x) is discontinuous for
x = a. In the equation z = ¢(y), any valuce of y, as y = b, for which g(b)
becomes infinite, locates a horizontal asymptote y — b = 0.

In an application, such as finding the area under a curve, if the function
involved has a discontinuity within the interval concerned, it is highly
important to take that fact into consideration. In the same way, it is
often necessary to take into consideration a horizontal asymptote in certain
applications. Kxamples of some of these applications arc to be found in
Chapter IX,
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The tracing of the curve corresponding to the equation
2+ 2y —4=0
is given as an illustration in which the methods of analytic geometry give

sufficient information to draw the curve.
The solutions for y and for z are

_ —232V1 44z, 22 — y)
= z x=_——y'l_—.

There is no symmetry with respect to the coordinate axes. The y-intercept
is 2. For values of z less than —%, y is imaginary. For values of z greater
than —1%, ¥ is real. Both the z-axis and the y-axis are asymptotes. The
curve is drawn in Figure 23 by using this information and by plotting
several points of the curve.

AY

TG, 23

It is not considered necessary here to give an analytic method for finding
oblique asymptotes. However, it is sometimes advisable to make an inves-
tigation of a function for large values of the variable. Such a study may
or may not lead to the discovery of an oblique asymptote. As an illustra-
tion in which such an asymptote exists, consider the equation,

22—2y—1=0.
The solutions for y and for z are

1 y o1
y=z—_ :c=§:b§\/y2+4.
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There is no symmetry with respect to the coordinate axes. The z-inter-
cepts are —1 and 1. There is no interval along the z-axis for which the
first function is imaginary, nor along the y-axis for which the second func-
tion is imaginary. The y-axis is a vertical asymptote. In the solution of
the given equation for y, it is to be ob- y

served that as = becomes infinite, y — «
approaches zero, since 1/zx approaches
zero.  Therefore, the line y — z = 0 is
an oblique asymptote. The curve is the
hyperbola drawn in Figure 24.

Calculus Study. The analysis of an
equation preparatory to tracing the curve
by the methods of the calculus has been
applied to polynomials which are contin-
uous single-valued functions. These
methods may now be applied to other
functions which may or may not be
single-valued and which may or may not
be continuous for all values of the vari-
able. A summary of the methods of the calculus as applied to curve tracing
is given as follows:

Critical Poinis. The abscissas of the critical points of a curve y = f(z)
are the real solutions of the equation f’(x) = 0. At these points the tan-
gents to the curve are horizontal. The criteria for maxima and minima
are applied and the points are found to be maximum points, minimum
points or neither.

Inflection Points. If y = f(z), the real roots of the equation f(z) = 0
are the abscissas of inflection points of the curve only in case the second
derivative changes sign as z varies through those values.

The first and the sccond derivatives of the function f(z) = (x — 1)3 4 2
are

Fra. 24

fi(@) = 3(x — 1) and [’(z) = 6(x — 1).

The critical value of the function is f(1) = 2. The second derivative test
of the critical value fails, since f/(1) = 0. The first derivative does not
change sign as z increases through z = 1 and the second derivative does
change sign. Hence, the point (1,2) is a critical inflection point of the
curve,

The first and second derivatives of the function f(x) = (x — 1)* + 2

are
f'(x) = 4(x — 1) and f’(x) = 12(z — 1)~
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As in the function above, the critical value of this function is f(1) = 2 and
the second derivative test fails, since f(1) = 0. In this case, the first
derivative changes from negative values to positive values as x increases
through = = 1 and the second derivative does not change sign. Hence,
the point (1,2) is a minimum point of the curve.

Concavity. If y = f(x), the range of x for which f/(z) < 0, defines an
interval over which the curve is concave downward. The range: of = for
which f”(z) > 0, defines an interval over which the curve is concave
upward.

Suppose that an equation F(z,y) = 0 so that y = f(x) is not a poly-
nomial. The curves representing such equations often possess points which
merit special attention. The power of the ealculus is shown in the fol-
lowing investigation of these particular points. °

Singular Points. Suppose that F(z,y) = 0 is an equation such that by
implicit differentiation, the derivative of y with respect to x is a function
of z and y, taking the form

dy _ 9(zy).
dz  q(z,y)

If there are values of z and y, as (x1,y1), which satisfy the three equations
F(z,y) = 0,9(x,y) = 0 and q(zy) = O,

the point (x1,11) is called a singular point.

Consider the cquation y? = z3. By implicit differentiation, dy/dxr =
3x2/2y. Hence, the origin is a singular point. At the origin the two
branches y = 232 and y = — 2%% meet, and both are tangent to the
z-axis, since dy/dr = &= 3Vz. In this case the singular point is called a
cusp.

Consider the equation y* = 23 — 22°. By implicit differentiation,

dy  3x® — 4x
dz 2y )
Here again, the origin is a singular point. By solving for y and differen-
tiating explicitly, the slope for 2 = 0 is found to be imaginary. In this
case the singular point is an 7solated point.
To trace the curve corresponding to the equation

yz = 21?2(4 - xg),

we shall use the information obtained by applying both analytic and cal-
culus methods.
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The curve is symmetrical with respect to both coordinate axes. The
z-intercepts are —2, 0 and 2. The y-intercept is 0. For the interval
—2 <z <2yisrcal. For the intervals r < —2and z > 2, y is imaginary.

There are two branches of the curve corresponding to the two

functions
Yy=2zV4d—2? y=—2zV4— 22
Attending to the first branch,

dy _4-20° g @y _ 220G -6
dez /4 — z* dz? (4 — x?)*2

From these derivatives it is found that (—v/2,—2) is a minimum point,
(V/2,2) is a maximum point and (0,0)
is an inflection point. The curve
intersects the z-axis perpendicularly
at the points (—2,0) and (2,0). From
this information the first branch of /N
the curve is drawn in Figure 25 /I N

/

i

y

with the full line. An analysis of the
second function yields derivatives
differing from those obtained in \
sign only. With these results the \
curve is completed with the dotted \
line in the same figure. The singu- N
lar point at the origin is a double
point, since the slopes of the curve
at this point are real and cqual to Fie. 25

2 and —2.
The curve drawn in Figure 26 is obtained from the equation

¥y — 2x + 4y = 0.

The derivatives, taken implicitly, are

dy _ 2(1 — zy) d dy _ 2Q3z% — 4xr — 4y) |
dr = 22+ a M ogeET (x2 + 42)

The curve has no singular point. The coordinates of the critical points are
obtained by solving the given equation simultaneously with the equation
zy — 1 = 0. They are found to be (—2,—3%) and (2,3), of which the first
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is a minimum point and the second is a maximum. The coordinates of
the inflection points are obtained by solving the given equation simul-

AY

Fia. 26

taneously with the equation 3x% — 4z — 4y = 0. They are found to be
(0,0) and (& V15, & 2v/15/19).

Exercise 23

GROUP A
Trace each of the following curves.
1L zy+r+1=0. 2y +z =4.
2. yHx+1) =1 v 41) =1,

8 x4 x2=1 2 —y?—8x + 6y + 16 = 0.
4, y? =zx(2? — 1). y(x? + 1) = 22 + 4.
Find the equation of the tangent to cach of the following curves at the specified
points. TFind the Cartesian equation of each.
9. z=8y=t—1latt=2.
10 x =12 -2,y =13+ 3at ¢t = 1.
I r=2t+ 3 y=2t+3att = —1.
12. Find the values of ¢ which give the critical points and the inflection point of the

curve £ = 3, y = 3 — 32 Test the critical points for maxima and minima
and trace the curve.

PN e

GROUP B
Trace each of the following curves.
13, 2y — Y2 — 42 = 0. 18, z2y? = 4 — z3,
14, 22y +4y —2 = 0. 19. y2 = z(2 — 2)2(4 — z).
16. y(x — 1)2 = 1. 20. y(z? —z —2) = 2.
16. y(x+ 1) = (z — 2)2 21. y%(a? — 1?) = ar.
17. y? = 2% — 422 22. y? = (z — 1)3

In each of the following find the first and the second derivatives of y with respect
to z as functions of the parameter.
23. =3, y = (13 _ 1 _

24 z=124+2,y =1 25'x“1+t’y‘1—¢'
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26. Find the coordinates of the critical point of the curve z = 32, y = 2 — 2t. Find
the range of values of ¢ for which the curve is concave downward and concave
upward. Trace the curve.

GROUP C
Trace each of the following curves.

27. 22y2(1 — z) = al 37. 32(x? + 4) = a2
28. y%(a? + 2?) = ax. 38. y(rt —af) = 2.
29. y(z — a)3 = axd 39. zy(4 — 2?) = 1.
30. ary = (x — 2a)3. 40. ry(x? — a?) = 0b.
31, x%yd = ad 41, y2(x? — a?)3 = b.
32. z%® = at 42. y(a® + r?)? = bz.
33. »2(1 — 2?) = a2 43. ¢ =112 — 2,y = 4/t
34. r2y2(2? — a?) = b2 44, 2 =42 y = 4(1 — )2
36. zy(x? + a?) = 0. 46. 2213 4 y23 = 4,

36. z?2y(x? + a?) = b.

41. Motion in a Curve.

In Chapter II, Sections 18 and 21, the velocity and the acceleration on
a particle moving on a straight line were studied. Such a motion is called
rectilinear motion. In this section we are to consider curvilinear motion, or
the motion of a particle along a curve.

Vectors. A vector quantity is defined as a quantity having a magnitude,
a sense and a direction. Accordingly, such a quantity may be represented
by a directed line segment where the length represents the magnitude of
the vector quantity. The sense isindicated by an arrowhead at one extrem-
ity and the direction is the angle which the line segment makes with some
line of reference. Such a line segment is called a vector. Vectors are of
considerable importance in physics as they
arc used to represent forces, velocities, accel-
erations and other such quantities.

If two forces act simultaneously on the
same particle, they are equivalent to a single
force which is called their resultant. The
two original forces are called the components
of the resultant. If the two forces are repre- Fia. 27
sented by the vectors AB and AC as in Fig-
ure 27, the resultant force is represented by the vector AD which is the
diagonal of the parallelogram ABCD. This is known as the parallelogram
law of vectors. Conversely, a single vector can be resolved into two com-
ponents in many ways. That is, in the same illustration, two sides of any

D

@
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parallelogram of which AD is the diagonal, as AB’ and AC’ in the figure,
are two components of the same vector.

Velocity. If a moving particle describe a plane curve, its coordinates
at any time may be expressed as functions of the time. Hence, the path
of the particle has the parametric equations

z=fi(t), y=fAt)

in which the parameter ¢ is the time elapsed. At any instant ¢, the particle
has a position P(z,y) on the curve, where x and y are the values correspond-
ing to the value chosen for ¢.

The velocity of the particle at any instant in the z-direction is the rate
of change of « with respect to ¢, or

dx _ .,
v = 57 = 1O

And the velocity of the particle at the same instant in the y-direction is
the rate of change of y with respect to ¢, or

d ,
v, = 3% = £/ (1).

If v representssthe velocity of the particle along its path at any instant,
v, is called the z-component of » and v, is called the y-component of v.
Suppose that a particle is moving on the
¢ curve drawn in Figure 28 and that we wish to
vy find the velocity along the path at the instant the
particle reaches the point P. If the z- and the

—~

Y B

AN .
y-components of the velocity are represented by
the veetors PA and PB, respectively, where v,
AN >X is drawn parallel to the z-axis and v, is drawn

/ parallel to the y-axis, the resultant velocity is
represented by the veetor PC which is the diago-
nal of the rectangle PABC. Let the direction
of the vector PC be represented by the angle_6,
that is,

Fia. 28
LAPC = 6.

Then v, =vcosf, v,=vsind.

Squaring these two equations and adding

ve + ut = A
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This result is a fundamental relation by means of which the magnitude of
the velocity of the particle at any instant may be found from the components
of that velocity.

Upon dividing the second equation by the first,

% L tan 6.
v, vcosé

From Scction 26,
dy
dy dt
dz ~ dx
dt

= tan 6,

where tan 6 is the slope of the curve at the point P.  Hence, the velocity
of a particle moving on a curve at any instant ¢ is represented by the vector
v laid off on the tangent to the curve at the corresponding point P(x,y).
The dircction of the motion of a particle at any instant can be found
from the components of the veloeity at that instant by means of the relation

§ = arctan -¢.
Ux
Suppose that a particle moves so that its position at any time is given
by the equations
z=10 y=3-1

and that we wish to find the velocity and the direetion of the motion at the
instant ¢ = 2.
The solution is carried out as follows:

v, =2t v, = 3.

ol = viE 9| =5,

372
§ = arctan ——] = arctan 2.
2t

The path of the motion is the parabola drawn in Figure 29. When ¢ = 2,
the particle has the position P(4,5) and the vectors v,, v, and v have the
lengths 4, 3 and 5, respectively.

Acceleration. We shall consider the acceleration of a moving particle
which describes a plane curve in the same manner as has been followed for
the study of its velocity. The acceleration of the particle at any instant
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in the z-direction is the rate of change of v, with respect to the time, or

. d
Jx =S = 100

And the acceleration at the same instant in the y-dircction is the rate of
change of v, with respect to the time, or

. dv

Jy =g = fH"@®.

If 7 represents the acceleration of the particle along its path at any instant,
Jj=1is called the z-component of j and j, is called the y-component of j.

y s
]
3 4
P y
/Wa/ ;v
—
'Y
'
Fia. 29 Fi1a. 30

Suppose that a particle is moving on the curve drawn in Figure 30 and
that we wish to find the acceleration along the path at the instant the
particle reaches the point P. If the - and the y-components of the accel-
eration are represented by the vectors PA and PB, respectively, where 7,
is drawn parallel to the z-axis and j, is drawn parallel to the y-axis, the
resultant acceleration j is represented by the vector PC which is the diagonal
of the rectangle PABC. Let the direction of j be represented by the angle
¢, that is

LDPC = ¢.
Then je=Jjcos ¢, j,=7gsin ¢.
Squaring these two equations and adding
Pl

This result is the fundamental relation by means of which the magnitude
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of the acceleration of the particle at any instant may be found from the
components of that acceleration.
Upon dividing the second equation by the first,

‘7.—” = tan ¢.

z

Hence, the acceleration of a particle at any instant may be represented by
a vector j laid off on a line having the direction given by the relation

¢ = arcta.n'l.!-
Jx

1t is to be observed that it is possible to find the absolute values, only,
of the magnitudes of the velocity and the acceleration from the relations

o] = Viv2 + v?
and il = Vst + 3%

The sense of the vectors representing them is determined from the directed
veetors representing their components.

It is important here to note that, while the acceleration j of a particle
having reetilincar motion is equal to dv/dt, this is not true for a particle
having curvilinear motion. That is, the resultant acceleration is not rep-
resented by the derivative of the resultant velocity with respect to the
time in curvilinear motion.

Exercise 24
GROUP A

A particle moves along a plane curve given by each of the following equations.

1. z =2t y =2t — 3t2. Find v, vy, v and the coordinates of the position
when ¢t = 1. Draw the curve and the velocity vectors at the given time.

2. ¢ =3, y = 3t — 3t Find the position and the time at which the motion
is parallel to the z-axis. Find the velocity and the direction of motion
when t = 2.

8 z=1t,y =2 — ¢ Findj;j, jand the coordinates of the position when
t = 2. Draw the curve and the acceleration vectors at the given time.

4. z =1 y =2 — 5t Find the velocity at any time. Find time and the
position at which the velocity is minimum.

5. z =3, y = 32 — {3 Find the acceleration at any time. Find the time
and the position at which the acceleration is minimum.

6. z =1, y=(—2)2 Find v, vy, v, ji Jy,, 7 and the coordinates of the
position when ¢ = 1. Draw the velocity and acceleration vectors at the
point found.
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7. 2 =3, y =% Find the directions of the velocity and the acceleration
vectors. Iind the Cartesian equation of the path.

8 r =1 -3 y=1t4+2 Imd the velocity, the position and the time at
which the velocity is minimum. Tind the Cartesian equation of the path
and draw the vector representing the least velocity.

9. A man can row at the rate of 5 mi. per hr. and wishes to reach a point across a river
1} miles wide directly opposite his starting pomt. If the current of the nver 1s
4 mi. per hr., in what direction must he row and how long will it take him?
10. A man can row 4 mi. per hr. If he rows across a river 11 miles wide at right angles
to the current which is 3 mi. per hr., when and where will he reach the shore
opposite?

GROUP B

Given the following equations of the paths of curvilinear motion. In each case find
Ve, Uy Uy Joy Juy Jy the direction of v and the direction of j at the given instant.

11, c =2t y =1 att = 2. 1
’y—*———-&tt—l

12.J:=3t2,y=]‘2[3utt=1. 16. :E=1+t ;
13. r =2t y=, at ¢ = 1. 16. t=at+Db y=c+d att =t.
6t 602
17 v = — —ry = — — att = 1.
14,1=1+[’y=1—}———2att=2‘ v 1+t3!?/ 1+t3a

I

18. A particle describes the first quadrant of the circle 22 + y2 = 20 with v, = 3,

mnstant I'md v, v, ). and j, at the pomnt (2,1).

19. A p‘trtncL; describes the upper half of the parabola 2 = 6z, with v = 5. Iind v,
vy, 7= and g, at the pont (6,6).

20. The equations of the path of a particle are x = 4/t,y = (2. Find the time at which
the velocity and the acceleration vectors are at rght angles to each other.

42. Projectiles.

An object which is thrown in the air is called a projectile. 'The path
which is traced during the flight of a projectile is approximately a portion
of a parabola. Were there no forces acting except that of gravity, the path
would be that of a true parabola. In our work we shall neglect such forces
as air resistance and speak of the parabolic path of a projectile. Con-
sequently, our results will be first approximations to those which might be
obtained from the true path, or the trajectory of a projectile.

A projectile which is thrown horizontally from an elevation traces the
arc of a parabola from the vertex to the ground, while one which is thrown
upward at an acute angle with the horizontal, traces a portion of a parabola
whose vertex is the highest point reached. In both cases the axis of the
parabola is vertical.

In expressing analytically the path of a parabola, it is convenient to
express the coordinates of the position of the body at any instant in terms
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of the time clapsed as a parameter. If a projectile is thrown from the
origin with an initial velocity vy and with an initial direction o with the
z-axis, the parametric equations of its path are

x = v cos o, Y = volsin a — gt

From these cquations the z- and the y-components of the velocity at
any time are

Uz = 0y COS @, ¥y = Vo sin a — gt,

from which the magnitude of the velocity can be found. Again, from the
last equations the - and the y-components of the acceleration at any time
are

j-t = 0: ju )

from which it is seen that the acceleration is the constant g directed down-
ward. We shall assume g = 32 ft. per sec.?

If the paramecter is eliminated from the equations of the path of a
projectile, the Cartesian equation is seen to be that of a parabola having
the form

Ax*+ Bz + Cy = 0.

This justifies the statements made in the first paragraph of this section.
The range of a projectile is the horizontal distance to the point where it
strikes the ground.

Exercise 26
GROUP A

1. A projectile is given an initial velocity of 200 ft. per sec. in a direction inclined 45°
with the horizontal. Write the equations of the path if it is released from the
origin. Find the component and resultant velocities at the end of the third
second.

. A projectile is given an initial velocity of 150 ft per sec. in a direction inclined 60°
with the ground. Find the height to which it rises, the range, the angle at which
it strikes the ground and the velocity with which it strikes the ground.

3. Find the range and the time of falling of a projectile thrown horizontally from a

height of 600 ft. with an initial velocity of 80 ft. per sec.

4. Show that the magnitude of the velocity of a projectile at any time is

(]

Ve — 2guot sin a + g2
6. Show that a projectile reaches its maximum height when

_vosin e
g

¢

and find the maximum height.
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6. Show that the magnitude of the velocity has a minimum value of v, cos @ when
the projectile has attained its maximum height.
Find the Cartesian equation of the path of a projectile.
Show that the range of a projectile thrown upward from the ground is twice the
abscissa of the highest point in the path.
Show that the angle at which a projectile thrown from the ground stiikes the
ground is equal to the angle at which it was relcased.
10. Show that the magnitude of the velocity with which a projectile thrown upward
from the ground strikes the ground is equal to the initial velocity.
11. Find the angle « at which a projectile should be released in order that the range be
greatest for a given initial velocity
12. Derive the parametric equations of the path of a projectile using

® =

®

dv.  d% _ . ‘Il!‘_ _ flﬂ _
WEW Tde T T

and assuming the same initial conditions as heretofore.

GROUP B. Tangential and Normal Components of Acceleration.

Instead of resolving the acceleration of a particle moving along a plane
curve into the components j, and j,, in
the z- and the y-dircctions, respectively,
it is often convenient to resolve it into
components along the tangent and the nor-
mal line to the path. Referring to Figure
31, assume that j has the horizontal and
vertical components j. and 7,. Let @ be the
inclination of the tangent to the curve at the
point P in question and let the line CD be
the normal to the tangent line AB also at
the point P. For the tangential component of j, we have

FIG.‘ 31

(1) je = jz cos 6 + j, sin .

And for the normal component of j, we have

2) Jn = jy €OS O — j,sin 6.
Since
3) v.=vcosf and v, = vsiné,

these components can be expressed as follows:
Ve _(zg“f + v" .(_i_zi'.l
V2 + v,
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doy _ dvs
Y="0r T Ve
V4 v,

18. Draw the Figure 31 and carry out the derivations for (1) and (2).

14. Draw the velocity vector parallelogram and derive the equations (3).

16. Derive equation (4) from (1).

16. Derive equation (5) from (2).

17. Show that by the differentiation of v/2,2 + v,% with respect to ¢, 7. = dv/dt.

18, Given x = 3t + 1, y = 2t2 — 1. Tind the tangential and normal components of
the acceleration.

19, Given z = 2 — 4¢, y = 22 — ¢t. Find the tangential and normal components of
the acceleration when ¢ = 1.

20. A particle moves along the curve z = t3, y = t* — 18¢t. Find the point at which the
tangential component of the acceleration is minimum.

(5) jn =

43. Time Rates.

If a variable is expressed as a function of the time, its derivative with
respect to the variable ¢ is called the time rate of change of the function.
We have previously expressed variable distance measurements as functions
of time and have called their derivatives, velocities. In this scction we
wish to study the rates of change of other variable quantities with respect
to time, of which the velocity of a moving body is a particular case.

Suppose that air is blown into a rubber balloon and that the balloon
retains its spherical shape. Then the radius r and the volume V are vari-
able, and at all times have the relation

V = dmrs,

Each variable is a function of the independent variable ¢, even though such
functions are not expressed. And for any value of ¢, each variable has a
rate of change. The latter are

dv dr

-—d—t' and 'EZ .
The time rates of change of such variables are obtained by implicit differen-
tiation as was done in Section 37. Hence,

av dr

= 4mr? —-

i dt

If air is forced into a spherical balloon at the rate of 4 cu. ins. per sec.,
let us find the time rate of change of the radius when the radius is 10 ins.
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It is given that

dv
E——élr and r = 10.

Hence, from the last equation we have

% = fog—r = 0.01 in. per sec.
It is observed that in this problem the time rate of change of the volume
is constant, while the time rate of change of the radius is variable, differing
for each value of r.
As a second illustration, two ships start simultane-
ously from the same position, one sailing due cast at
y z the uniform rate of 20 mi. per hr. and one sailing N 60°
E at the uniform rate of 30 mi. per hr. How fast are
A they separating at the end of 2 hrs.?
o) X A In Figure 32 let OA = z represent the distance the
Fr first ship has travelled after ¢ hours, let OB = y repre-
G. 32 . . A
sent the distance the second ship has travelled during
the same time and let AB = z represent the distance between them.
From the law of cosines

B

22 = 22 4+ y? — 2zy cos 60°,

22 =2+ y* — xy.
Differentiating implicitly with respect to ¢,

dz dx dy
2zd—_(2x_y)d_[+<2y_x)3t—

At the end of two hours, z = 40 and y = 60 from which z = 20V/7 miles.
It is given that

i _ dy _

Pl 20 and i 30.

dz

Hence, U 10V7 = 26.46 mi. per hr.

As a final illustration, the solution in a conical funnel 16 ins. across the
top and 10 ins. deep is dripping out at the rate of 4 cu. ins. per hour. How
fast is the surface falling when the solution is 5 ins. deep?
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The volume of the solution in the funnel at any time is
™

3 ny,

where z is the radius of the surface and y is the depth. 'From similar
triangles 5z = 4y. Eliminating z,

V=

V=18 =y’
Differentiating, %I{ = §§ my? %J.
Hence, % = 4% in. per hr.

Exercise 26
GROUP A

1. Water 1s running into a vertical cylindrical tank having a radius of 10 ft. at the
rate of 4 cu. ft. per min. How fast is the surface rising?

2. A man is walking toward a vertical flagstaff at the rate of 6 ft. per sec. When he
is 60 ft from the foot, how fast is he approaching the top of the flagstaff?

3. Water flows at the rate of 2 cu. ft. per min. into a vessel 1n the form of an inverted
right circular cone of altitude 6 ft. and radius of the base 2 ft At what rate is
the surface rising when the surface is halfway to the top?

4. A circular metal plate is heated and expands retaining its circular shape. If the
radius increases 0 01 m  per min., how fast are the area and the circumference of
the plate increasing when the radius 1s 10 s ?

6. Two automobiles start simultaneously at the same point, one travelling due west
at the rate of 30 mi. per hr, and one due south at the rate of 40 mi1. per hr. How
fast are they separating at the end of 3 hrs ?

6. A particle is moving along the parabola y? = 4z so that when z = 4 the abscissa is
increasing 6 ins per min. At what rate is the ordinate increasing and what 1s
the velocity of the particle in its path?

7. The top of a ladder 30 ft. long shdes down a vertical wall at the rate of 4 ft. per sec.
ITow fast does the foot slide away from the wall on a horizontal floor when the
foot is 20 ft. from the wall?

8. A cubical block of ice is melting, retaining its cubical shape. How fast is the sur-
face decreasing, if the volume decreases at the rate of 2 cu. ins. per min. when the
length of an edge is 20 ins.?

9. A man 6 ft. tall is walking at the rate of 8 ft per sec. directly away from a lamp
post 20 ft. high. TIlow fast is the tip of his shadow moving and how fast 1s his
shadow lengthening?

10. A particle moves on the circle x? 4 y? = 100 so that x decreases at the rate of 12 ins.
per sec. when z = 6. Find the rate of change of the ordinate.

GROUP B

11. A trough has the form of a right prism whose vertical ends are equilateral triangles.
If the length of the trough is 15 ft., and if the water leaks out at the rate of 2 cu.
ft. per hr., how fast is the surface falling when the water is 6 ins. deep?
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12. Three towns 4, B and C are connected by straight roads. The road AC is 20 miles
long and makes an angle of 30° with the road AB. One automobile starts at C
travelling toward A at the rate of 15 mi. per hr. and at the same time a second
automobile starts at A travelling toward B at the rate of 24 mi. per hr. How
fast are the two approaching each other 20 minutes later?

13. A balance wheel 6 ft. in diameter is rotating at the rate of 50 revolutions per minute.
A lug on the rim of the wheel becomes loosened and flies off at a tangent. Assum-
ing that no allowance is made for any new force, how fast will the lug be movmg
from the center of the wheel 3 seconds later?

14. The top of a ladder 30 ft. long rests against the vertical side of a house and the foot
is being pulled from the wall at the rate of 5 ft. per sec. along a roof which makes
an angle of 120° with the vertical wall. How fast is the top of the ladder sliding
down the wall?

16. Coal is being released from a hopper at the rate of 12 cu. ft. per min. and forms a
right circular conical pile whose height is always half the diameter of the base.
How fast is the ground being covered with coal when the radius of the base is
20 ft.?

16. A light on the floor is 50 ft. from a wall. A man 6 ft. tall walks from the light
toward the wall at the rate of 4 ft. per secc. Find the rate at which the length of
his shadow on the wall is changing when he is 10 ft. from the wall.

17. A right triangle ABC has the right angle at C and AC = 50 ins.,, CB = 40 ins. A
particle starts at A and moves toward C at the rate of 20 ins. per sec. At the
same time a second particle starts at B and moves in a line parallel to AC and in
the opposite direction at the rate of 30 ins. per sec. At what rate are they
approaching or separating at the end of 1 second and at the end of 2 seconds?
At what time are they nearest each other?

18. Points A and B slide along a straight line on a horizontal planc and are connected
by a cord 84 ins. long passing over a pulley at C which is 30 ins. above the line
AB. 1If B is pulled away from the point D in AB vertically below C at the rate
of 20 ins. per sec., how fast is A moving toward D when DB = 40 ins.

19. An airplane leaves the ground at an angle of 30° at a distance of 2 miles from an
observer. If the speed of the airplane is 70 mi. per hr., at what rate is it approach-
ing or receding from the observer according as it flies directly toward or away
from him?

20. An elevated track is 36 ft. above a street and crosses it at right angles. A car on
the track travelling at the rate of 27 ft. per sec. reaches the crossing at the same
instant that an automobile travelling at the rate of 24 ft. per sec. reaches it.
How fast are they separating after one second?

44, Reversal of Time Rates.

A study of the integration of polynomials was presented in Chapter
IV. It was also stated that

ft"dt g

which can be applied for all real values of n except —1. In this section it
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is desired to consider some applications which are the reverse of those
treated in the last sections.

As a first illustration of the nature of such problems, suppose that water
is being pumped into a pressure tank so that the volume is increasing at
the rate of 8/4/1 cu. ft. per minute. We wish to know the volume of water
pumped into the tank during the first four minutes and during the second
four minutes.

It is given that

av _ 8
a i
From the definition of the differential of a function,
8
dV = —dt.
Vi
Hence, V= S'Bj‘t‘”2 dt = 16Vt + C.

i

Fromt=0tot=4, V =16(2 —0) = 32 cu. {t.
Fromt=4tot =8 V = 16(2V2 — 2) = 13.25 cu. ft.

As a second illustration, a particle describes a plane curve in such a way
that the z- and the y-components of the acceleration are 2 and 6¢ ft. per
sec. per sec., respectively. If the particle have the position (2,0) when

= 0 and, (10,6) when ¢ = 2 secs., we may find the parametric equations
of the path.

It is given that

dv,

. dv, .
= =2 Jy= qn s 6¢.

Jz EZ‘
Integrating each equation,
v,=2fdt=2t+A1

v,=6ftdt=3t2+Bl.

Again, integrating each equation,

y=[(3e+B)dt =0+ Bt + Ba
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Fort=0, =2 and y=0 givesAd>=2 and B,=0.

Fort=2, =10 and y=6 givesA; =2 and B, = —1.

Hence, the required parametric equations of the path are

c=04+2+2 y=4£-t

Exercise 27

GROUP A

1.

8.

10.

Water is flowing into a reservoir at the rate of 200 cu. ft. per min. How much
flows in during the first 10 mins.? How much flows in during any 10 minute
period?

A mountain stream empties into a lake. Melting snow increases the volume of the
flow at the rate of 60¢ cu. ft. per hr.  Find the increased volume of water in the
lake during the first 10 hours and during the second 10 hours

An automobile is travelling at the rate of 30 mi per hr. If 1t is accelerated 10 mi.
per hr. per hr., how far will it travel during the first 2 hours and during the second
2 hours?

The z- and the y-components of the velocity of a moving particle are 4 and 2¢,
respectively. If the particle starts motion at the point (3,2), find the parametric
equations of the path.

The z- and the y-components of the acceleration of a moving particle are 4 and 0,
respectively. If the particle starts motion at the origin with the z- and the
y-components of the velocity 3 and 6, respectively, find the parametric equations
of the path.

A particle starts motion at the point (3,—2) with », =5 and v, = —4. If
j: = 2t and j, = 3, find the parametric equations of the path.

A particle starts motion at the point (0,2) and it is given that + = (2 and », = 3¢2
Find the Cartesian equation of the path and the acceleration in the path when
t=1

A particle moves along a straight line withy = ¢. Itisatrestatz = 1 whent = 1.
Find the equation for its motion and its initial position and velocity. Find its
position and velocity when ¢t = 3.

A car is moving northward at the rate of 40 mi. per hr. If a ball is thrown from the
car toward the east at 20 ft. per sec., find the direction and velocity of the ball
with reference to the ground.

Find the magnitude and direction of the resultant of a force of 15 units directed
northeast and a force of 8 units directed 30° W of N.

GROUP B

11.

12.

A particle moves on a straight line with j = ¢t — 1 and starts from the origin with a
speed of 1 ft. per sec. toward the left. Find the equation of motion, when it will
stop and when it will return to the origin.

A particle moves so that z = t? and y = ¢/2. Find the Cartesian equation of its
path, its velocity and its acceleration.
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13. A point moves along the curve zy = a with the vertical component of the velocity
constant. Find the acceleration.

14. A particle starts motion at the origin, moving along the curve 2y = 2% As it
passes through the point (2,2), the z-component of the velocity is 3. Find the
resultant velocity and show that 2j; — 7, + 9 = 0.

16. Given 5. = k and j, = 0. If the particle starts at the origin with v, = a and
vy = b, find the equations of the path.

16. Given j; = a and 3, = b. If the particle starts at the origin with » = ¢ directed
along the y-axis, find the equations of the path.

17. Given j: = 1/v; and j, = 0 If the particle starts motion at the point (9,9) with
v; = 3 and v, = 2, find the equations of the path.

18. A car starts from rest with an acceleration of 16 rds. per min. per min. for 1 minute.
Then it coasts for 2 minutes. Thereafter the brake is applied giving a retardation
of 16 rds per min per mun., bringing the car to a stop. Find the distance covered
by the car and the time required.

19. An automobilc is moving at the rate of 8 rds. per min. and is given an acceleration
of 16 rds. per min. per min for 3 minutes. Then it coasts for 3 minutes. There-
after, the brake is applied giving a retardation of 28/3 rds. per min. per min. bring-
ing 1t to a stop  I'ind the distance covered and the time required.

GROUP C

20. Find the area bounded by y = 2% y = 2r and y = z.

21. A road is to be built from a point A, located on the corner of a large rectangular
tract of tunber, to a point B situated in the timber 50 rds south and 30 rds. east
of A. The cost of building the road along the edge of the timber is one-half as
much per umt of length as through the timber. Find the length of the road for
which the cost of building is minimum.

22. Prove that for a given hypotenuse, the isosceles right triangle has the maximum
areq.

23. A point is moving on the curve z? 4 4y = 16. Find the coordinates of the points
at which x is increasing at the same rate y is decreasing.

24. A pomt is moving in the counterclockwise direction around the circle £2 + y2 = 100
with a constant speed of 6 ins. per sec.  Find the components of its velocity at the
point (6,8) and at (8, —6)

26. One ship is 75 miles due east of a seccond ship  The first is sailing due west at the
rate of 9 miles per hour and the second, due south at the rate of 12 miles per hour.,
Find how long they continue to approach each other and find the nearest distance
they can get to each other.

26. A particle moves downward on the right-hand branch of the curve zy = 12 with a
constant total veloaity of 5. Find the components of the velocity and the ac-
celeration at the point (4,3) and draw the vector of the resultant acceleration at
that point showing magnitude and dircction.

27. Approximate the value of (z — 1)* + (572‘2)"2 — VZF1forz = 3.02 using dif-

ferentials.



CHAPTER VI
THE DEFINITE INTEGRAL

46. The Definite Integral.

In Chapter IV an indefinite integral of a polynomial was defined as a
function whose derivative is the given polynomial. Thus

J1w de = F@) + ¢,

where f(z) is called the integrand. In this chapter, also, the integrand is
limited, with a few exceptions, to polynomials. The integration of a more
general class of functions is given consideration in Chapter IX. Conse-
quently, in the discussions which follow, the integrand f(x) is assumed to
be a continuous single-valued function.

An indefinite integral of a function does not have a definite value
corresponding to each value of its variable because of the constant of inte-
gration C, hence its name, indefinite integral.

If the symbols V, and V, arc chosen to represent indefinite integrals of
f(x)dzx for £ = a and z = b, respectively, one is a function of @ and C and
the other is a function of b and C. That is,

V.= f 1(=) <sz=“ - P(z) + CT“ —Fa) +C

z=b

and V= f (@) (Ix]Fb - F(x) + C] — F(b) + C.

From these two expressions it is possible to find a value of the difference
which is independent of the constant C. Thus,

Ve — Va = F(b) — F(a).

This difference is a function of the constants a and b which generally exists,
provided that f(z) is a continuous single-valued function in the interval
a<z=sbh

The symbol for the definite integral is

710 2,

110
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which is read “ the definite integral of f(z) dzfroma to b.” It is the differ-
ence between values of indefinite integrals for x = band x = a. Hence, from
this definition,

b r=>b
‘Lﬂ@w=FmLW=F@—Fw.

Thus, for a given continuous single-valued function the definite integral is
a constant which depends only on a and b, hence its name, definite integral.

In the use of the definite integral, care should be exercised in placing
the limits a and b. TFor the integral above, the limits are from a to b,
while in the integral

ﬁ%@w=mw—mw

the limits are from b to a.
An interchange of the limits of a definite integral, changes the sign of
the value of that integral. Thus,

‘ﬁ ") dx = ~ ‘ﬁ " 1) da.

Exercise 28
GROUP A

1. If dy/dx = 2x, show that dy = 2x dx and express y as a function of . Find the
change in y from z = 2 to 2 = 4. Show that this change 1s equal to Ay.
2. If dy = (322 — 8z) dx, express the change of y between the limits z = 0 and z = 2
as a definite integral and find its value.
Evaluate cach of the following integrals.

2 6
3. f 4x dr. 7.ﬁ (t+1)dt.
)
2 21 2
4.f3z2dx. 8. f ’;‘dz
-2
16 _
5.‘[; Vzdz. f 1 +y+y)dy.
8
6.‘/; 2213 dz. 10. ‘/w (0.01 + 0.026) d.

GROUP B

11. A stone falls vertically with a velocity given by v = 12 + 16t ft. per sec. Find the
distance covered as a function of ¢{. Find the distance covered from ¢ = 2 to
t = b secs.

12. An automobile travels at the rate of ¢/2 ft. per sec. Find the distance covered
during the first 10 secs and during the second minute.
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13. If the pressure on a certain gas is increasing at the rate of V7% Ibs. per sec., find the
change in pressure from ¢ = 1 to { = 4 secs.

14. A rocket is let fall from a parachute with an acceleration of 32 ft. per sec. per sec.
Find the change in the velocity from ¢ = 2 to ¢ = 3 secs. Find the distance
covered during the same time.

16. Find the area between the curve y = 22(1 — z) and the z-axis.

16. Find the area under the curve y* = 22 fromz = —ator = a.

17. Find the rate of change of the slope of the curve y = z* with respect to x. Express
the change of the slope as a definite integral between the limits 2 = 2 and 2 = 3
and find that change.

18. Express the area in the first quadrant under the curve = 2, ¥ = 2 fromx = 0 to
z = 4 as a definite integral of f(¢) dt with values of ¢ as limits and evaluate the
integral.

19. For a continuous curve z = f(y) in the first quadrant prove that dS/dy = z, where
S is the area between the curve and the y-axis.  KFrom this result show that the
aren between the curve and the y-axis fromy = atoy = bis

b
f J() dy.

20. Find the area between the curve y? 4+ 4z — 4y = 0 and the y-axis

46. Area under a Curve.

It was proved in Section 31 that if f(x) is a continuous single-valued
function, the rate of change of the area S between the curve y = f(x) and
the z-axis is given by

s
az = 1@
From this relation we may now use the definite integral to find the area
between a curve and the z-axis, provided that the right and left boundaries
are known.

If f(z) is positive in the interval ¢ < x < b, the area S between the
curve y = f(z) and the z-axis from z = atox = b is

b N
S = f f(z) dz = F(b) — F(a).
a
If f(x) is negative in the same interval, the area S, is
b
S=— f f(x) dx.

However, if the curve intersects the z-axis once at z = ¢ between z = a
and ¢ = b and if f(a) is positive and f(b) is negative, the area S, is

s =fa°f(x) do —ff(x) dz.
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When working with areas for curves whose equations are expressed
parametrically, it is unnecessary to find the corresponding rectangular equa-
tions of those curves. If x and y are functions of the parameter ¢, the
integrand and the differential may be expressed as functions of ¢, if so, the
limats must be expressed as t limits.

Consider the area in the first quadrant bounded by the curve

$=t2, y=t3’

the z-axis and the ordinates z = 1 and z = 4.

From the first given equation de = 2tdt. Forz = 1,¢ = 4+ 1 and for
z =4,t = £ 2. Choosing the positive values of £, since the first quadrant
area is desired, we have

S fydx—f2t4dt

== = —
or S 5t]¢=1 R %q units.

Exercise 29
GROUP A

Find the area bounded by each of the following curves, the z-axis and the given
ordinates.

1. 2y =z2fromz = 1tozx = 4.

2, y =6z — 22 fromz =0tozx = 2.

3. y? = z%in the first quadrant fromz = 0 toz = 9.
4, y=2" —4r2 4+ 3rfromz = 0tozx = 3.
6
6.

3
I +£Efr0mr,=2to:z:=4.

- Y=
. z=t+1l,y=t—1lfromz=1toz =6.

1. x—t-_——1,y——fromt=2tot-4

8. 2=1+4++V4Ly=20fromt=0tot =09.

9. x=1——t,1/=\/r—{:_tfromx=—‘2t,0:c=2.

10, 2=+ 1, y=+1 —1fromt=1tot =5

GROUP B

Find the area in each of the following problems.
11. Bounded by y = 9 — z? and the z-axis.
12. Bounded by y = 4z — z? and the z-axis.
13. Bounded by y = 4z3 — 922 + 6z, its minimum ordinate and the z-axis.
14. Bounded by vz + V¥ = v/2 and the axes.
6. Bounded by y? = 4r and 3y = =.



114 Elementary Calculus

16. Bounded by y = 22 —4randy —z = 0.
17. Bounded by z = 2¢, y = 8¢? and the line y = 8.

18. A curve cuts any line joining any point on it to the origin at right angles. Find the
equation of the curve if it passes through the point (4, —3).

19. Find the equation of the tangent to z*/3 + y2/3 = 2a?/3 at the point (a,a).

20. An isosceles triangle is inscribed in the ellipse b2r? + a?y? = a?? where a > b,
having its vertex at an extremity of the minor axis. Find the base and the alti-
tude of the maximum triangle. ,

47. Summation Notation.
In mathematies the Greek letter 3 is used to indicate the sum of any
number of terms. For example,
i=4

Si=1+4+2+3+4

2=1

The letter 7 is always assumed to take on the values of the consecutive
positive integers. In the sum the first value of 7 is indicated at the base
of the symbol and the last value of 7, at the top of the symbol.

The letter ¢ may appear in various positions in the expression which is
to be summed, that is, it may represent a term, a subseript or an exponent.
In illustration, the following sums are written:

I
&

T2+ =C+)+@+3) + @ +4)+ 2+ 5).

=2
1=n
I:c_,=x1+x2+xs+-~+xn-1+xn-
=
i=3
=14z + 22+ x5
1=0

T 10 = @) + ) +16) +16).

1=3

2 J@) = f(@) + f(22) + f(=s).

=1
Ifz, = 1,00 = 19andxs — @ = 23 — &3 = +++ = T30 — Ty, then
T, — L1 = 2

-

i=10
and ;x,=1+3+5+7+9+11+13+15+17-I-19.

Again, if £, = 2,2, =12, n =6, f(z) =224+ 2 and 2, — 21 = 23 — 2, =
cee =X, — Tp, thenz, — z,.; = 2 and

S f(z) = 6 + 18 + 38 + 66 + 102 + 146.
1=1
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Exercise 30

115

Find the numerical value of each of the following sums. In each case it is assumed

that 23 — ) = 23 — 22 = 2, — Tua

i=6
1. X 2z, where z; = 5 and xs = 10.
1=1
1=5
2. z,2, where x; = 1 and x5 = 5.
=1
1=6
8. X f(z.), where f(x) = x — 3, x; = 3 and x5 = 15.
1=1
=9
4, Y f(z.), where f(x) = xr 4+ 3, &, = 4 and x,0 = 13,

.o
o
Be

5. f(x.), where f(x)
i=1

1/z, 21 = 1 and z¢ = 4.

U

1 =10 1
6. ————>wherez; =0and zy = 1.
=1 + X~
1=10
7. D sinx, where z; = 0" and z, = #7/2, and where z is measured
1=1
1 =10

8. > cos, where z; = 0"and 2y = #7/2, and where r is measured

PO
Tt

9. > log x,, where 2, = 2 and x5 = 10.

S =

10. Z ¥, Where y = 28 — x 4+ 6, y1 = f(0), ys = f(6) and n = 3.

1
1=
=1

48. Approximate Area under a Curve by Summation.

Consider a function y = f(z) which is positive, continuous a1

in radians.

in radians.

1d single-

valued in the interval from x = a to x = b and draw the curve as in Figure
33. Let S represent the arca under the curve
between the ordinate AC drawn at z = a and f (x) P
the ordinate BP drawn at x = b. It is desired 5?7_
to find an expression for an approzimation to the Céé ,
area S. This is done in one way by dividing the Z
line segment AB into n equal intervals Awz, a
x
where OL_A B
b—a
w oAb Fra. 33

and by erecting ordinates at cach of the points of division. At cach point
on the curve so located, parallels are drawn to the z-axis, thus forming a
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series of inscribed rectangles. The sum of the areas of these inscribed rec-
tangles is an approximation to the area S. The larger the value of n is
chosen, orthe smaller the value of Az, the better is the approximation. In
the figure n was chosen as 5, but were n = 50, n = 100, n = 200, etc., the
approximations would be nearer and nearer to the value of S.

Let Si represent an approximation to the area S by the sum of » inseribed
rectangles. Then

Si= T f@)bw = [f(xo +f@) + o) o+ f(xa] Az,

where nn=a, Tya=a+Ar, 23=0a+2Azx,---
and Zo=a+ (n—1)Ax = b — Axz.

Another way in which an approximation to the area S may be expressed
is by using the circumscribed rectangles, as shown in Figure 34. Let S,
represent such an approximation. Then

1=n-+1
Se= "3 Jw) az = | e + ) + -+ Slow) |2,

where @, b, n and z, are subjected to the same conditions as above.
The first approximation S; is smaller
p than S and the second approximation S, is
larger than S, no matter how large n is
choscen, if, as we have assumed, f(z) is an in-
creasing function. These differences are
due to the triangular shaped areas which
>X arc neglected in the first case and those
which are added in the second case. Hence,
for any value of n,

Fra. 34 S <8< 8.

The inscribed or the circumseribed rectangles
fz) Az

are called elements of the area S. As n increases indefinitely, each of the
elements approaches zero, that is, they are infinitesimals.
In the next section the limit of the sum of the elements of the area S

as Az approaches zero is considered, where it is shown that the lim S; or
Az—0

lim S, is equal to the area S. The problem of finding the limit of the sum
az—0

f(x)

of infinitesimal elements arises many times in the applications of the integral
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calculus.  Consequently, it is well that this first appearance of the subject
should be treated with some care.

Exercise 31

1. Draw the curve y = 1/z? to a large scale and draw both the inscribed and the cir-
cumscribed rectangles for the area under the curve from z = 0.5 to z = 1 by
taking n = 5. Compute the approximate area under the curve between the
given limits. Compare the results with that obtained by the use of the definite
integral.

2. Compute the approximate area under the curve in Problem 1 between the same
limits by taking n = 10. Compare the results obtained with those found in
Problem 1.

8. Draw the curve y = 1/(z + 1) to a large scale and approximate the area under the
curve from x = 0 to x = 1 by taking n = 10 and by using both inscribed and
circumseribed rectangles.

In each of the following problems proceed as in Problem 2.

4. y = 1/rbetween v = 05 and x = 1, taking n = 10.

6. y =1/(x>+ 1) between x = 0 and x = 1, taking n = 10.
6. y = cos x for the first half arch, taking n = 10.

7. y = sin z for one arch, taking n = 20.

8. y =log z betweenz = 1 and z = 2, taking n = 10

I

I

49. Area under a Curve as the Limit of a Sum.

In Figure 35 let S, represent the sum of the inscribed rectangles and S,
represent the sum of the circumseribed rectangles to the area S under the
curve between the ordinates AC and
BP. Asin the previous section, it is
assumed that there are n rectangles QP
in each case. Then it is obvious that

Si<S<8,

f(x)

for all values of n. The difference b
between the area S, and the area S; 5
is "the sum of the small rectangles b
which in the figure, are the shaded
ones. The sum of these rectangles
is equivalent to the area of the ree-
tangle DEPQ), as may be seen by sliding each small rectangle across into
the last column. Since,

EP = f(b) — f(a),
S — 8, = [ 1) — f(a)] Az,

Fig. 35
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As n increases without limit, Az approaches zero, so that
Hm (S; — S;) = 0.
Azx—0

But since S always lies between S; and 8., S, and S, approach S as their
common limit. Hence,

lim Z f(x,) Ax =
Ax—0 i=

The area under a curve between given limits is equal to the limit of the
sum of elementary rectangles inscribed or circumscribed to that area, as the
number of such rectangles is increased without limat.

In the foregoing discussion it was assumed that f(x) was positive in the
interval from z = a to z = b and was increasing with = so that the curve
y = f(z) rises from left to right. In the following scctions it is shown that
these restrictions may be removed, that f(z) may decrease as x increases
and that f(z) may alternately increase and decrease. However, the
assumption that f(z) be a continuous single-valued function through the
range, of course, cannot be abandoned.

50. The Fundamental Theorem.

Let us again assume that f(x) is a continuous single-valued function
and that it is a positive increasing function in the rangea < z £ 0. If
S is the area bounded by the curve y = f(x), the z-axis and the ordinates

= ¢ and = = b, it has been proved that

S = f "i() dz

and that S =lim ¥ f(z) Az
Ax—0 1=1 .
Therefore, for the same arca,

b
tim 5 f0) ax = [ fx) d,
Ax—0 i=1

wherez; = a,2, = b — Arand Az = (b — a)/n. Thisequality, under the
conditions imposed, is a statement of the fundamental theorem of the integral
calculus.

While the fundamental theorem has been proved by means of a plane
area, it is a general theorem, which is stated presently. The general proof
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of this theorem is beyond the scope of this treatment, such a proof may
be found in an advanced calculus textbook.

Consider the area under the liney = 2¢ + 2 fromz = 0 to z = 2.
See Figure 36.

The interval OA from z = 0 to x = 2 is di- y
vided into n equal parts Az. At each point of
division vertical lines are drawn, thus dividing Ay

the area S into n increments AS. Then the area

S is equal to /
1=n
AS,,
1

i

——

i [

regardless of the value of n. Hence,
t=n

8 =lim ¥ AS; Fio. 36
n—o =1

From the figure the area of any clement is
AS, = 1, Az + } Ay Az = y, Az + Az

since Ay = 2 Az from the equation of the line. Hence,

S=1lim ¥ (y Az + Az).
Azrx—0 1=1
If we disregard the infinitesimal of the second order, AT , and use only the
principal part, dS, = y. Az, of the infinitesimal of AS; we shall have the
cxact area S. Thus,

S =lim Y y. Az
Az—0 1=1

By the fundamental theorem,

2 2
S =‘£ y(lx=f(2x+2)dx=8.
0

In this illustration, the step in which we substituted the differential of the
area for the increment is justifiable. However, its validity depends on a
thcorem called Duhamel’s Theorem, the proof of which may be found in
any treatment of the advanced calculus.

The fundamental thcorem of the integral calculus may be stated as
follows: If an arbitrarily close approximation to a quantity R is given by

T f@) as,
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by taking n sufficiently large, so that
R = lim 'f:l 7(x:) Ax,

n—o 1=

then R =‘£bf(x) dx,

where 21 = a, z, = b — Az and Az = (b — a)/n, provided that'f(z) is a
function which is integrable.

In the applications of the fundamental theorem in which R is to be deter-
mined, it is convenicnt to divide it into » increments and to denote the
approximation of cach of the increments AR by its principal infinitesimal
dR. Tt is assumed in cach case that such an element can be expressed in
the form f(z) Az. This method of procedure is illustrated in the following
sections.

The integral sign originated from the old-fashioned long s, which is the
initial letter of summa. Thus the integral was first conccived as a definite
integral, the limit of a sum.

51. Plane Area.

In this section we shall illustrate the more general problems of finding
plane area. In each case, the required arca is divided into n vertical or
horizontal increments AS. A rectangular element of area dS is found which
y arbitrarily closely approximates this in-
crement by increasing the value of n. An
approximation to the desired arca is rep-
resented by the sum of all such elements
of the area. The required area is the limit
of this sum as the number of the clements
is increased without limit. By means of
the fundamental theorem, the limit of the
sum is replaced by the definite integral
X and the solution is obtained by the eval-

uation of the definite integral.

First, we find the area bounded by a
curve and a line;

y=4-—2 and y=1-— 2z.

Fia. 37

The coordinates of the points of in-
terscction of the parabola and the line are P1(—1,3) and P,(3,—5) as
shown in Figure 37. The line scgment 4,4, is divided into n equal parts
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each of length Az. The vertical lines from the line to the parabola divide
the arca S into n increments AS. If P.’(z,y’) is a point on the parabola
and P,”(x,y"’) is a point on the line, then the length of the vertical line
PP/ is

v — v,

which is positive for any valuc of z, in the interval —1 < 2 < 3. An
clement of area, which approximates an increment of area AS, is

a8 = (y' — ") Az,

In the figure one such clement is the inscribed rectangle P, MQP,’. From
the given cquations

dS = (3 + 2z, — z,?) Ax.

If we sum the n elements corresponding to the n increments of the area,
an approximation to the required area is found,

1=n
> 3+ 2z, — x?) Ax.
1=1
The arca is the limit of this sum as n becomes infinite. Thus,

S = lim lin B + 2z, — z,?) Ax.
1

Ax—0 1=
By the fundamental theorem,

3
S=f (3 + 20~ 29 do = -
-1

Second, we find the area bounded by the curves
e

by =4x and y*=9 — z.

The coordinates of the points of intersection of the parabolas are (5,2)
and (5,—2) as shown in Figure 38. Since both curves are symmetrical
with respect to the x-axis, the required area is divided symmetrically by
it and we need to find the area in the first quadrant only. In this problem
the area is divided into n horizontal strips by dividing the line segment OB
into parts cach of length Ay. Since the length of the horizontal line seg-
ment P’P" is 2"/ — x,” and is positive for any value 0 < y, < 2, the area
of an element is

dS = (z. — =) Ay = 2(4 — 5.2 Ay.
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An approximation to the arca is the sum of all such elements for any value
of n. The area is the limit of this sum as n becomes infinite. Thus,

S=

lim S 2(4 — 42 Ay.

Ay—0 =1

Hence, by the fundamental theorem,

9 2
S=~-f 4 — 7 dy = 12,
4 Jo

and the entire area enclosed is 24 square units.

y
— (5,2)
Bl ————=
P Pll
1y y!
0 x
J—
Fic. 38

The solutions given for the two problems above illustrate the necessity
of having precise geometric information concerning the curves under con-

Fia. 39

sideration. In the first, vertical elements
were necessary to avoid the evaluation of
two integrals. In the sccond, horizontal ele-
ments were similarly necessary. However,
in some instances it is necessary to evaluate
two integrals. An illustration of such a case
is given below.

We find the area which is enclosed by the
curve and line:

y=2—6224+ 9z and y =z

The coordinates of the points of intersec-

tion of the two loci are (0,0), (2,2) and (4,4) as shown in Figure 39. The
required area is divided into two parts and each must be computed sepa-
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rately. The elements of area for the first and the second parts, by taking
vertical strips, arc

dS: = [(z.* — 62, + 9z,) — ] Az
and dS; = [z, — (2.3 — 62,2 + 9z,)] Ax.

Summing cach of the two parts, taking the limit of each of the sums as
Az approaches zcro and applying the fundamental theorem, we have

2 4
S=SI+SQ=‘/0‘ (:c3—6x2+8x)dz—jz‘ (2 — 622 4 8z) dx
2 2 24 1
S=[——2x3+4x2] —[—~2x3+4x9] =4 — (—4) =8
4 o 4 2

Exercise 32
GROUP A

In solving each of the following problems, draw a careful figure, draw a representative
element of the required area, express the approximate area, apply the fundamental
theorem and find the area bounded as indicated.

1. The arca enclosed by y? = 16z and the line through the focus perpendicular
to the axis.

2. The area enclosed by #2 = 2y and the line y = 8.

3. The area bounded by y = 4r — 22 and y = z.

4. The arca bounded by y = 2?2 — 4rand y = z.

Find the arca enclosed by the following loci.
b. y = 2% — 2? — 4x + 4 and the z-axis.
6. 224+ 3y —7=0and2x+3y —4 =0.
7. y* = z%and y* = 4r.
8 g2+ y2=2andz +y =4

iROUP B

9. Find the area between the curves 1622 = 9y and 9y? = 16z by taking the element

in two different ways.

10. Find the area between y = z2(4 — z) and z + y = 4.

11. Find the area between 4y — r2 — 4z — 4 =0and y + z? + 4x = 1.

12. Find the area in the first and second quadrants which is bounded by y? + 4z = 16,
2y = z + 1 and the z-axis.

13. Find the area bounded by 42 = 2z + 9and z + y* = 0.

14. Find the area between the curve y = (z — 1)%(x — 3) and the z-axis and find the
ratio in which it is divided by the minimum ordinate.

16. Find the area enclosed by the curve r = t* — 4, ¥ = 2t and the y-axis.
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16. Find the parametric equations of the path of a particle which moves so that the z-
and the y-components of its acceleration are 2¢ and 3¢, respectively, if the initial
position is (2,1) and the initial velocity is such that its z- and y-components are
3 and 4, respectively.

52. Volume of a Solid of Revolution.

A plane curve which is rotated about a line lying in its plane, generates
the surface of a solid of revolution. If a plane arca is rotated about such
a line, it generates the volume of a solid of revolution. The line is known
as the axis of revolution.

In this section we shall consider two types of solids of revolution, those
which are generated by the rotation of
an areca about a lincar boundary as axis
and those which are generated by the
rotation of an area about an axis not
bounding the area.

X As in the case of plane arcas, ‘the
volume of a solid of revolution is found
by forming increments of the volume, by
approximating thosc increments by ele-
ments of volume, by summing the elements

Fig. 40 as the number of them becomes infinite,
by applying the fundamental theorem
and by evaluating the definite integral.

Let us find the volume of the solid generated by revolving the arca
between the line y = 2z + 1 and the z-axis from z = 0 to x = 2 about

[T O

)

&

the z-axis. )d/

The volume V generated is divided into elements by dividing the seg-
ment OA in Figure 40 into n parts each Az in length and by passing planes
perpendicular‘to the z-axis at each of the points of division. In the figure
one of these elements is the truncated cone PQRS. Its volume is

AV =3 [yﬂ + (. + Ay)?] Ax

or AV = =(y.2 Ax + 2u; Az + 2 ATY).

Taking the principal part of this infinitesimal only, we have the element
of volume
dV = ry.2 Az = w(4z.2 + 4z, + 1) Az.

This element of volume is the volume of an inscribed cylinder whose radius
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is y, and whose altitudc is Az. Following the usual procedure,

2 62 .
V= j(; 4z + 4z + 1) dx = 3 T U units.

We turn now to the problem of determining an element of volume which
arbitrarily closely approximates the volume of an increment. There are
three types which we shall find useful, the circular disc, the cylindrical shell
and the circular ring. Each type is illustrated below.

Circular Disc Element. If a narrow rectangle of width w and length &
is rotated about one of its ends, it generates a thin circular cylinder whose
volume is wh2w. Such a volume is a circular disc element which may be
used when the axis of revolution is one y
boundary of the area revolved.

Let us find the volume of the solid
generated by the revolution of the area
in the first quadrant bounded by the
curve y* = 2z, the z-axis and the line
z — 8 = 0 about the z-axis. We shall
be concerned with but one branch of the o
curve, namely y = +V2z. L

The line segment OA in Figure 41 is
divided into n ecqual segments of length
Az. At ecach division, ordinates of the
curve arc drawn and either inscribed or
circumseribed rectangles to the area are
constructed. Each rectangle, as ABPC,
will generate in its rotation about the z-axis, a circular disc whose volume is

Fig. 41

dV = my,? Azx.

An approximation to the volume is the sum of all such elements and the
volume is

1=n
V=2r lim Y uz, Az
Az—0 1=1

By the fundamental theorem,

8
V=21rf zdz = 64r.
0

If the same area as above, is rotated about the line £ — 8 = 0 as an
axis, a totally different solid of revolution is gencrated. In this case a
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point P on the curve describes a circle lying in a plane perpendicular to
the y-axis, having its center on the line  — 8 = 0 and having a radius
equal to (8 — z,). Hence the area of the circular cross section of the solid
is #(8 — x,)2.  The elements of volume are the circular discs of thickness
Ay, one of which is drawn in Figure 42. Therefore, we write

AV = x(8 — 2.)? Ay.

x

Fia. 42

An approximation to the volume for any value of 7 is

1=n

2\2
Ty (8 - yi-) Ay.
1=1 2
Taking the limit and applying the fundamental theorem,

A e gy — 2048
V—4£(16 y)‘dy— 5™

Cylindrical Shell Element. If a narrow rectangle of width w and
length A is rotated about a line in its plane which is parallel to the longer
sides and is at a distance of r from the nearer side, it generates a cylindrical
shell whose inner radius is r, whose outer radius is r 4 w and whose height
is h. The volume of such a shell is

7 [(r +w)? —rh = 7(2rw 4+ w?)h.

If w is an infinitesimal, the approximate volume of such a cylindrical shell
for small values of w is the principal infinitesimal of the function, 2xrwh.
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The use of the cylindrical shell element of volume in finding volumes of
revolution is frequently advantageous.

Let us find the volume generated by the rotation of the area in the first
quadrant bounded by y* = 4z, the y-axis and the line y — 8 = 0 about

the z-axis.
—
c B
% i /

Fic. 43

The rectangle PBCD in Figure 43 has the length z and the width Ay.
When such a rectangle is rotated about the z-axis a cylindrical shell is
formed whose inner radius is y, whose length is 2 and whose thickness is
Ay. From above, the approximate volume of the clement is

dV = 2rz.y., Ay.

The required volume is approximated by taking the sum of such elements,

i=n

g 2 Y.l Ay.

1=1

Taking the limit of this sum and applying the fundamental theorem,
r (8
v=3 [ vy - stom.
2 Jo

Circular Ring Element. If a narrow rectangle of width w is rotated
about a line in its plane which is parallel to the shorter sides and which is
a distance of r; from the nearer side and r, from the farther side, it generates
a thin circular ring whose volume is w(r2 — n?)w.

In application of the use of the circular ring element, let us find the
volume generated by the arca in the first quadrant between y* = 2z, the
z-axis and £ — 8 = 0 rotated about the y-axis.
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In Figure 44 the rectangle PQRS has the width Ay and CP = z while
CQ = 8. When this rectangle is rotated about the y-axis a circular ring
is formed which is an clement of the desired volume. We may think of

\ \y
7 B
B’ /
’ c P
Q P | Q
= | S | 1 R
'y 0 A x
Fia. 44

the rectangle CDRQ as rotated about the y-axis generating the circular
disc and the rectangle CDSP also rotated about the y-axis, the latter cutting
the hole out of the circular disc thus forming the circular ring. The volume
of the element is

dV = =(64 — %) Ay.
The approximate value of the volume is

T (256 — 3.9 Ay.

4 1=1

Taking the limit and applying the fundamental theorem,

4
V = Z‘[: (256 — ¥4 dy = 10§4W cu. units.

Exercise 33
GROUP A

In each of the following problems draw a.good figure showing a representative cle-
ment of the volume and find the volume which is generated under each of the following
eonditions.

1. The area in the first quadrant bounded by z? = 4y and y = 6 is rotated
about the y-axis.
2. The area bounded by y = 2z — 2?2 and the z-axis is rotated about the z-axis.
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3. The area in the first quadrant bounded by 22 = 8y, the z-axis and z = 2 is
rotated about the y-axis. Use cylindrical shell elements.

4. The area in the first quadrant bounded by ¥ = 2% z + 4 = 2 and the z-axis
18 rotated about the y-axis. Use circular ring elements.

Find the volumes which are generated by the rotation of the areas given.

6. Bounded by y = 222 + z?® and the z-axis rotated about the z-axis.

6. Bounded by ¥? = 8z and = = 2 rotated about z = 2.

7. Bounded by ¥? = r and z = 4 rotated about z = 6.

8. In the first quadrant bounded by 22 = 2y, z + y = 4 and the z-axis rotated
about the z-axis. Use cylindrical shell elements.

GROUP B

Find the volumes which are generated by the rotation of the areas given.
9. Bounded by y = 22? the y-axis, z = 3 and y + 2 = 0 rotated about

y+2 =0.

10. Bounded by y? + 4z = 0, the z-axis, ¢ = 2 and y = 3 rotated about x = 2.

11. Bounded by y = 4z — 2%, and y = z? — 4z + 6 rotated about the z-axis.

12. Bounded by y? = 4z, x + y — 8 = 0 and the y-axis rotated about the
y-axis.

13. Bounded by 2y? = z% and ¢ = 2 rotated about x = 2.

14. Tind the area between 22 + 2z 4+ y = 2 and 322 + 6z — 4y = 48.

16. A particle moves on a line so that 1ts velocity at any time is given by 12 — 3¢ 4 2.
Show that its direction of motion changes at the end of the second unit interval
of time. Tind how far it moves during the sccond two unit interval of time.
Draw a figure for the given function and show the geometric illustration of the
latter solution.

16. A wire 2¢ ft. long is to be bent into the form of an isosceles trrangle and one-half of
it is to be revolved about the altitude to form a cone of revolution. Find the base
and altitude of the triangle which will give a cone of maximum volume.

GROUP C

Derive formulas for the volume of each of the following solids by integration.
17. A right circular cone of altitude A and radius of its base 7.
18. A frustum of a right circular cone of altitude A and radii of its bases r; and rs.
19. A sphere of radius 7.
20. A cylinder of altitude k and radius of its base r.
21. A segment of a sphere of altitude k and radii of its bases r; and r,.

22. Find the volume generated by the rotation of the area between zV2 4 yl2 = 2,
the z-axis and the y-axis about the y-axis.

23. Tind the volume generated by the rotation of the area in first and second quadrants
between z%/3 + ¥/ = 4 and the z-axis about the z-axis.

24, Show that the volume of a thin spherical shell of radius 7 and thickness ar is approxi-
mately 4zr2 Ar.  Using such spherical shell elements, find the volume of a sphere
of radius a.
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63. Volumes of Miscellaneous Solids.

In finding the volumes of misccllaneous solids it shall be assumed that
the area of a cross section is known. A cross section of a solid is a closed
area bounded by the intersection of the enveloping surface and a cutting
plane. The data of the problem cnable one to compute the area of a cross
section which lies on any one of a serics of parallel planes. In addition,
it must be possible to express the perpendicular distance of any,such cross
section from some fixed point. If the variable x represents that distance,
then the area of the cross scetion multiplied by its thickness Az is an cle-
ment of the volume. It is seen that the various elements which were used
in finding the volumes of solids of revolutions are special cases of the present
more general problem.

Fia. 45

Let us find the volume of the solid of which any cross section made by
a plane perpendicular to the z-axis is an equilateral triangle having two
of its vertices on the curve y? = 4z, if the altitude OA of the solid is 8.
Since one side of the triangle forming a cross section is 2y,, the area of
the triangle PP'Q in Figure 45 is V3 4,2 Accordingly, the element of
volume is
dV = V3 y.? Az.

Proceeding as in the previous illustrations,

Approximate V = Iin 4V3 z, dx

1=1

8 —
V = 4\/§fx dx = 128 V/3 cu. units.
0
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As a second illustration, we find the volume common to two right cir-
cular cylinders each of radius a whose axes intersect at right angles.

In Figure 46 onc eighth of
the common volume of the two
cylinders is rcpresented. The
lines OA and OC represent the B
perpendicular axes intersceting N p
at 0. The arcs BD and BE are R
the ares of circles on the surfaces L)
of the cylinders which intersect in 7 F
the curve BF. l.et OA and OB 4
be taken as the z- and y-axes and C
take any secction perpendicular
to the y-axis which is the square Tia. 46
PQRS whose side is z,. Since
its distance above the plane AOC is y,, the element of volume is

dV = z,? Ay.

y

But since the radii of the (-ylindcrs arc a,
+y.b = a
Hence, 8f (a* — y?) dy =

‘)

Exercise 34

GROUP A

A solid has a circular base of radius 6 ins. and the diameter of this base is the line OA.
Find the volume of cach of the following solids where every plane section of the solid
perpendicular to OA is given as follows.

1. An equilateral triangle.

2. An isosceles right triangle with its hypotenuse in the plane of the base of the
sohd.

8. An isosceles right triangle with one of its cqual sides in the plane of the base
of the solid.

4. An isosceles triangle with its altitude equal to its base, the latter bemg in the
plane of the base of the solid.

A solid has an elliptical base whose major axis is 12 ins. long and whose minor axis is
6 ins. long. Find the volume of each of the following solids where every plane section
of the solid perpendicular to the major axis of the base is given as follows.
6. A square.
6. An equilateral triangle.
7. An isosceles triangle with its altitude equal to its base, the latter being in
the plane of the base of the solid.
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A solid has as base a segment of a parabola which is cut off by a chord 24 ins. long,
9 ins. from the vertex of the parabola and perpendicular to the axis. Find the volume
of each of the following solids where every plane section of the solid perpendicular to
the axis of the parabolic base 1s given as follows.

8. A square

9. An cquilateral triangle.

10. An isosceles triangle with altitude 4 ins. whose base is in the base of the
solid.

:

GROUP B

11. Any section of a sohd made by a plane perpendicular to a line segment OA is a cirele,
tangent to OA, whose center is on a line segment OB making an angle whose tan-
gent is 2 with 04 1f the altitude of the sohid along OA4 15 9 1ns |, find the volume.

12. On a spherical ball of wood two great circles are drawn intersecting at right angles
at the points P and Q. The radius of the ball is @ ins.  If the wood is cut away
so that any cross section perpendicular to PQ 1s a square with its vertices on the
two great circles, find the volume remaimnng.

13. Any plane section of a solid made by a plane perpendicular to the r-axis s a square
of which the center lies on the r-axis and two opposite vertices hie on the curve
y? = 8r. IFind the volume of the sohd if the altitude along the z-anis 1s 10 ins.

14. Any plane section of a solid made by a plane perpendicular to the y-axis is a circle
with the ends of one of its diameters on the curves y? = xr and y? = 2r — 4.
Tind the volume of the sohd between the points of intersection of the curves.

16. The center of a square moves along the diameter of a circle of radius ¢ with the
plane of the square perpendicular to the diameter of the circle and two opposite
vertices of the square move on the circumference of the circle. Find the volume
of the sohd generated.

16. A variable equilateral triangle moves with its plane perpendicular to the y-axis and
the ends of its base on the curves x? = 16ay and z? = 4ay, and to the right of
the y-axis. Find the volume generated by the triangle as it moves from the
origin to ¥y = a.

17. A variable rectangle moves from a point O so that one side is equal to ifs distance
from O and the other is equal to the square root of this distance  Find the vol-
ume of the solid generated if the rectangle moves a distance from O of 4 ft.

18. Find the volume of & wedge cut from a right circular cylinder of radius a by a plane
intersecting the base 1n a diameter and inclined to it at an angle of 60°.

19. Derive the formula for the volume of a right pyramid of altitude 2 and having a
square base of side @, using integration.

20. Derive the formula for the volume of the frustum of a right pyramid of altitude A
and having square bases of sides a; and as, using integration.

21. The carrying capacity of a rectangular beam varies as the product of its width and
the cube of its depth. Find the dimensions of the beam having maximum carry-
ing capacity which can be cut from a circular cylindrical log of radius a.

If water 1s flowing from a right circular conical tank, 6 ft. across the top and 4 ft.
deep, at the rate of 2 cu. ft. per min., find the rate at which the surface of water
is falling and find the rate at which the circumference of the surface of the water
in moving down the side of the cone when the depth is 2 ft.

22
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64. Fluid Pressure.

A liquid which is at rest exerts a force on a surface in contact with it.
In this section we shall consider the problem of finding this force in special
cases where the submerged surface is taken as a vertical bounded area lying
in a planc.

Assume an increment of area AS containing a fixed point A so that as AS
approaches zero the point A is in its interior.  Let AF represent the force
wxerted by the liquid on one side of the arca AS.  Then the average pressure
is AF/AS, which is the average foree per unit of arca AS.  The pressure at
the fixed point A is defined as

— lim éE
P= AS—0 AS

In the study of hydrostatics it is shown that the pressure exerted at a
point in a liquid is proportional to the depth of the point below the surface.
Thus,

P = hw,

where h is the depth of the point A and w is weight of the liquid per unit
volume. But since the pressure is the same at all points having the same
1epth £, the pressure is taken to be the force excrted by the liquid on each
unit of this area.

Suppose that the area CDEF in Figure 47 is A B
vertically submerged in a liquid with horizon- 1§~
tal top CD at a depth of AC = a below the sur- | |
face AB of the liquid. Let the arca be divided 7| 5
into n horizontal strips cqually spaced along A_Lﬂ:--_—

|
E
v

the vertical line CF. If the upper edge of any
strip has the distance y, below A B, if the width
of the strip is Ay and if its length is x, then —-YF

dS = z, Ay, Fia. 47

which approximates the clement of arca AS.. The pressure at any point
on the upper cdge of AS, is wy, and the pressure at any point on the lower
adge of AS, is w(y, + Ay). Then the pressures at points between the two,
range between these, or in terms of fluid force,

wy; AS, < AF, < w(y, + Ay) AS,
and wy.dS, < AF, < w(y, + Ay) dS..
Hence, AF, differs from wy.dS; by an infinitesimal of higher order than it.
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Using the principal part of AF,
dF = wy,dS, = wa,y, Ay.

i=
Therefore, F = lim En wx,Y, Ay
Ay—0 1=1
b
and F=w f zy dy,

where the limits a and b are taken so that b — a is the width CF of the area.
Let us find the horizontal force against a vertical triangular water gate
whose horizontal base is 12 feet long and
/ 3 feet below the surface of the water and
whose altitude is 10 feet, where the vertex

is below the base.

In Figure 48 the data of the problem
arc represented and a horizontal rectangle
is circumscribed to a strip of the arca. Let
the length of such a rectangle be z and
let the upper base be a distance of y
below the base of the given triangle, where y is directed downward as
positive. Then the element of arca is

Fra. 48

dS = z, Ay.

The distance below the surface of the water of any element of areaisy, + 3.
If we denote the approximate force on the rectangular clement of area by
dF, we have what may be called an element of force,

dF = wz,(y. + 3) Ay.
Summing all such elements, an approximation to the force is
1=n '
w z;l z,(y: + 3) Ay.
The force is the limit of this sum, from which
10
F=wf =(y + 3) dy.
0

From the similar triangles A BC and A PQ,
5z 4+ 6y = 60.
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Solving for z and substituting in the integral,
F = gw‘[;w(SO + 7y — y?) dy = 380w.
If w represents the weight of a cubic foot of water and w = 622 Ibs.,

F = 23,655 Ibs. = 11.83 tons.

Similarly, let us find the force exerted by a liquid on a vertical parabolic
segment whose altitude is @ and whose horizontal base is 2b, where the
vertex is in the surface of the liquid.

<]

Fia. 49

Taking the z-axis in the surface of the liquid and the y-axis through the
vertex, downward as positive, the equation of the parabola is
az? = b%y.
The clement of area for an inscribed rectangle as shown in Figure 49 is
dS = 2z, Ay
and the element of force is
dF = 2wzy, Ay.

Hence, F =2w ‘L‘ ’ zy dy
F = —f—/%w ana/z dy = —g—azbw.

Exercise 36

GROUP A
A triangular water dam has a base 10 ft. and altitude 8 ft. and is submerged in water
with its altitude vertical. Find the force exerted on the dam under each of the follow-

ing conditions.
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. The vertex is in the surface of the water with base below it.

The vertex 1s 3 ft below the surface and the base 1s below the vertex.

The base is in the surface of the water with the vertex below it.

. The base is 4 ft below the surface and the vertex is below the base.

In Problem 3 find the position of a horizontal line so that the force above it
is equal to that below it.

O 0o B0

A trapezoidal water dam has its horizontal bases 50 {t. and 60 ft long and has an alti-
tude of 20 ft. and is submerged in water with its altitude vertical. Find the force
exerted on the dam under each of the following conditions. '

6. The longer base is in the surface of the water with the shorter base below it.
7. 'The longer base is 2 ft. above the surface and the shorter base 18 below it.
8. The shorter base is in the surface of the water with the longer base below 1t.
9. The shorter base is 5 ft. below the surface and the longer base is below the
shorter one.
10. In Problem 6 find the position of a horizontal line so that the force above it
is equal to that below 1t.

GROUP B
A parabolic water gate is formed from a parabola by a chord 32 ft long at a distance

of 16 ft. from the vertex and perpendicular to the axis. If the water gate is submerged
in water with its axis vertical, find the force exerted against it under cach of the follow-
ing conditions.

11. The vertex is in the surface of the water with the base below it.

12. The vertex is 4 ft. above the surface with the base below it.

13. The vertex is 3 ft below the surface with the base below it.

14. The base is in the surface of the water with the vertex below 1t.

16. The base is 4 ft. below the surface with the vertex below the base.

16. The base is 5 ft above the surface of the water with the vertex below it

17. In Problem 11 find the position of a horizontal hine so that the force above

it is cqual to that below it.

18. A board 5 ft. square is submerged in water with one vertex in the surface and with
the diagonal through that vertex vertical  Find the foree exerted on the board
both above and below the second diagonal

19. In accordance with Boyle’s Law PV = k, a volume of air varies inversely with the
pressure, where k is a constant.  If the pressure is decreasing at the rate of 4 1bs.
per square inch per minute, find the corresponding rate of change of the volume
at the instant the pressure is 100 1b. per in. and the volume is 20 cu ins

20. TFind and classify the critical points of the curve y = 3% — 152* + 1023 + 30c2 —
45z — 4. Tind the abscissas of the mnflection points and give the intervals over
which the curve is concave upward and downward.

66. Work.

If a force of constant magnitude is applied to a particle in a fixed direc-
tion and if the particle is moved along a line in the same direction, the
force is said to do work. From physics

W =F-z,
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where W is the work donc by the force F in moving a particle the distance
z. If the force is expressed in pounds and the distance in feet, the work
done is in foot-pounds.

We shall be concerned with problems in which the forees acting on a
body are variable and are functions of the distance over which the hody
is moved. Hence,

F = f@),

where f(x) is a positive continuous function of the variable distance z of
the moving body from a fixed point in the line of motion.

Let us consider a particle which is moved by a force f(z) from A to B
along the line OP as shown in Figure 50, where

OA =a, OB=b and OP =z.
The line segment A B is divided into n equal segments Az. At any point
Py, where OP, = x;, f(x1) represents the force exerted on the particle.  Then

by the definition of work, the work done by the force over the interval Az
is approximately,

dw = f(z.) Ax.

>X

AX

Fia 50 Fia. 51

For any interval, we shall call this an element of work. The sum of all such
elements forms an approximation to the total work in moving the particle
over the interval from z = a to r = b. Hence,

W = f " () da.

When work is done against the force of gravity, the force exerted is the
wetght of the body and the distance is the vertical distance through which
the body is lifted.

A conical tank 16 ft. across the top and 12 ft. deep is represented in
Figure 51. If the tank is full of water, we wish to find the work necessary
to pump the water to a height of 4 ft. above the top of the tank.

The volume of any inscribed circular disc element of the given volume is

dV = =wz,? Ay
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and the weight of the element of volume filled with water is

rwz,? Ay,

where w represents the number of pounds in a cubic foot of water. This
function is the force against which the work is exerted. The distance to
which any element of volume filled with water must be lifted is 16 — y..
Hence, the element of work is

dW = qwz,? (16 — y,) Ay.

From similar triangles, we find that 2y = 3z. Substituting the value of
z and taking the sum of all the clements of work,

W="2%rwlim S (16,2 — v Ay
9 " a0 =1

12
W _ %mﬁ (161_]2 — y3) dy = 1792 7w ft. 1bs.

Exercise 36

GROUP A

1. The force in pounds acting on a body is F = 2z — 5, where z is the distance of the
body from the source of the force. Find the work done in moving the body from
z=3tor =5

2. The force in pounds acting on a body is F = 3z% 4 1, where z is the distance of the
body from the source of the force. Find the work done in moving the body
from a point where F = 13 to F' = 28 lbs.

3. If the weight of a body varies inversely as the square of its distance from the center
of the earth, find the work done in hifting B lbs from the surface of the earth to a
height of a miles above the surface. Use 4000 miles as the radius of the earth.

4. A positive charge k of electricity at O repels a unit positive charge at a distance z
from O with the force k/z2.  Find the work done in carrying the unit charge from
z=2atox = a.

6. The force necessary to stretch a spring is proportional to the amount the spring is
stretched. If a force of 3 Ibs. will stretch a spring 6 ins., find the work done in
stretching it 3 ins. and in stretching it 12 ins.

6. A vertical cylindrical water tank has a radius of 3 ft. and a height of 10 ft. If the
tank is full of water, find the work done in pumping the water to a height of 6 ft.
above the top.

7. If the water tank in Problem 6 stands on a horizontal roof 50 ft. above the ground,
find the work done in pumping the tank full of water from the ground through a
pipe which delivers at the top of the tank.

8. A particle moves on a straight line so that its distance from O at any time is z = bt2.
If the resistance of the air is proportional to the velocity, find the work done
against that resistance as the body moves fromz = 0toz = 9.
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GROUP B

9. A conical tank of height 12 ft. has a circular base of radius 6 ft. If it is full of
water, find the work done in pumping the water to a height of 3 ft. above the
vertex until the surface is lowered 6 ft.

10. A segment of a parabola with a vertical axis is revolved about its axis to form a
tank 6 ft. deep and 4 ft. across the top. If the water in the tank has a depth of
4 ft., find the work done in pumping the water to the top of the tank.

11. A segment of a parabola with a vertical axis is revolved about its axis to form a
tank 6 ft. deep and 4 ft. across the base. If the base of the tank is 10 ft. from the
ground, find the work done in pumping the tank full of water through a pipe
from the ground to the bottom of the tank.

12. Find the work done in pumping the water from a hemispherical tank of radius 6 ft.
to a height of 5 ft. above the top of the tank.

13. A water tank has the form of the frustum of a right circular cone. If the tank is
6 ft. deep, 8 ft. across the top and 10 ft. across the bottom, find the work done in
emptying the tank over the top of the tank.

14. A rectangular tank 6 ft. deep, 5 ft. across and 10 ft. long stands with its base 12 ft.
from the ground. Find the depth of the water in the tank when one-half of the
necessary work has been done to fill the tank from the ground through a pipe in
the bottom.

1
16. Find approximately, the value of Vio—2 for z = 1.001. Find the percentage

error of the approximation.

16. The motions of two particles moving on a line are given by the equations s; = 2¢3 —
512 4+ 2t — 20 and s = {* + 442 — 10t — 2. Find the velocities and the positions
of the two particles at the instant they have equal accelerations.

17. Given the cquation y = Are the first three derivatives continuous for all

1-=z
1+
values of r? Does the curve possess an inflection point or a critical point? Find
the interval of z in which the curve is concave upward.

p— 2 3
18. Given z = 1~__ti, Yy = }—_Fi Find Z—;ﬁ an g;g
19. A particle moves on the curve y = 22 + 2r + 3 with the z-component of its velocity
equalto 3. ¥ind the y-component of the velocity and the x- and the y-components
of the acceleration at any time.
20. If a stone is thrown from the top of a cliff 200 ft. high directly toward an object
100 ft. from the foot of the cliff with an initial velocity of 50 ft. per second, find
the distance by which the stone misses the mark.

GROUP C

21. A ball rolls down an incline whose equation is 16y = 16 — 22 to the z-axis. If the
horizontal component of the velocity is 6, find the speed of the ball when it reaches
the z-axis.

22. Find the volume generated by rotating the curve 4z2 + 9y? = 36 about the z-axis.
Find the portion of this volume which lies between the two planes perpendicular
to the major axis of the curve at the two points of trisection.
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23. A vertical rectangular water dam is 10 ft. wide and 6 ft. deep. Find the total
force on the dam when the water level is 8 ft, above the top of the dam. Find
how much higher the water must rise to double the force on the dam.

24. A hemispherical tank of diameter 20 ft. is full of oil weighing 60 lbs. per cu. ft.
The oil is pumped to a height of 10 ft. above the top of the tank by an engine
which can do work at the rate of 16,500 ft lbs per min. How long will it take
to empty the tank?

26. A bucket of weight 50 Ibs. is to be lifted from the bottom of a shaft 100 ft. decp.
The weight of the rope used to hoist it is 0 5 Ib. per ft. Find the work done.

26. A square hole with sides slanting at 45° is to be dug in the ground. The soil to be
removed weighs 200 lbs. per cu. ft. If the top of the hole is to be 10 ft. on a side
and if the depth is to be 3 ft., find the work done in excavating the soil and in
lifting it to the level of a truck 3 ft. above the ground.



CHAPTER VII
TRIGONOMETRIC FUNCTIONS

66. Circular Measure of Angles.

In practical problems which arise in surveying and in related fields of
study, where the solution of triangles is required, angles are more conven-
iently measured in degrees.  However, in theorctical problems and those
which arise in the study of the calculus and its applications, the radian
measure of angles is more convenient.

~ Radian. A radian is the angle at the center of a circle which subtends
a circular are equal in length to the radius of that circle.  As an immediate
consequence of that definition

s=r-6,

where s is the lincar measure of the are and 7 is the measure of the radius
of the cirele in the same units.  Then 6 is measured in radians, that is, 8
represents the number of radians in the subtended angle.

From the clementary relation ¢ = 27r, where ¢ is the lincar measure
of the circumference of a circle and r is that of the radius in the same
units,

C .
;= 27 radians.

Henee, the entire angular magnitude about a point is 27 radians which is
cquivalent to 360°. Then

T radians = 180°.

657. Graphs of Trigonometric Functions.

The six fundamental trigonometric functions are
sin x, cos x, tanx, cotx, secx, cscx.

If each of these functions is represented by y, there are six equations ex-

pressed in which z is the independent variable. The range of values of z

is unlimited, both positively and negatively. While each function is a

single-valued function, they are not all continuous for all values of z. The
141
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variations of the different functions differ very markedly and the range of
values for some of the functions is limited.

Graph of y = a sin bx.

In drawing the graph of the function

y = 2 sin 3z,

it is convenient to find first, values of x for which y = 0, those for which
the sine has the maximum value +1, by letting y = 2, and those for which

the sine has the minimum value —1, by lettingy = —2. Thus:
Ify: 0’ T = “y _%7") —3m, 0) 1’{7"; %7""
Ify=2) =", _%‘"’) %7"7 gﬂ')"'-
Ify=*2: Tr=- -, —2'1r, _(157"7 %ﬂ-}."'
Y The graph of the function is
drawn in Figure 52 from
Pai 2= —7/3tox = 2r/3.
—m 0 7, 2y The peri(?d of a trigono-
\/ metric function is the least
7,1 angular magnitude after

Fic. 52

which the wvalues of the
function repeat themselves
in the same order. The
period of the function a sin bz

is 2x/b. 'The constant a is called the amplitude of the function.

Graph of y = a cos(bx + ¢).

In drawing the graph of the function

y = 2cos 3z + 1),

we may procced as above, solv-
ing for z if y=0, y=2 and
y = —2. However, a more con-
venient method of attack is to use

a transformation of axes. If we
let
v =z+1% then y=2cos32

When this curve has been drawn
with reference to a pair of z- and
y'-axis as in Figure 53, the original

<

T.1
/z‘;/,-

\ m:.—-
o/
4l\=t b
0 |

N

Tl

Fia. 53

y-axis is drawn parallel to the y’-axis and } unit to the right of it.
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Graph of y = a tan bx. The graph of the function
Yy = a tan br
is discontinuous for £ = nr/2b, where n is a positive or a negative odd
integer. As x approaches any one of these values, ¥ increases or decreases

| y
!
i

a+t

— /b o) b 5 $7/2p

>X

F1a. 54

without limit, that is, becomes infinitec. Hence, all lines having the equa-
tion 2bx — nr = 0, for these values of n, are vertical asymptotes. Two
branches of the curve are drawn in Figure 54 in which it may be seen that
the period of a tangent curve is m/b.

Exercise 37
GROUP A

Trace the curve for each of the following functions, indicating the vertical and
horizontal scales used and giving the period of each function.

1. y = sin 3z. 6. y =2cotz.
2. y = cos4r. 7. y=4sin,§.
3. y = 2tan 2r. 8. y = cos §z.
4. y = secu. 9. y=4tan§.
6. y =cscz. 10. y = 2sec 3r.

11. A flywheel of radius 20 ins. makes 10 revolutions per sec. Find the linear speed of
a point on the rnm of the wheel and of a point on a spoke 5 ins. from the center.

12. Find the angle which a chord 6 ins. long subtends at the center of a circle of radius
20 ins. Find the length of the smaller arc subtended.

GROUP B
Trace the graph of each of the following functions.
13. y =2 + sin 22. 16. y=25in(a:+1§r)-

14, y =4 — cos 3z. 16. y = 3 cos (x — 7).
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17. y = tan (x + %) . 20. y = }tan (224 1).
18. y = 280 (2 — ). 21, y = cosz + sin z.
19. y = 3cos (¢ — 1). 22. y =z + sin z.

23. The angle between two radii of a circle of radius 6 ins. is 20°.  Find the area of the
sector between them and the area of the segment formed by the chord joining
their extremities and the minor subtended are

24. A horizontal cylindrical tank is 12 ft long and the circular ends have a radius of
2 ft. Find the volume of water in the tank if the water is 1 ft. deep, and if the
water is 3 {t deep.

68. Evaluation of Two Limits.
If 6 is an infinitesimal measured in radians, the variable sin 6 is of the
same order. Thus
. sind
lim 5 = k.

6 —0

We wish to prove that £ = 1 for reasons which appear in the next section.
In Figure 55 an angle 26 is constructed, where

20 = £ AOB.

B

26 clol\g With the vertex O as a center and with any length »
as a radius, the circular are ADB is drawn. At the
points A and B, tangents to the circle are constructed
which intersect at the point K lying on the bisector
OD of the angle 26. The chord ACB is drawn.
From the figure it is obvious that

Chord ACB < Arec ADB < AE + EB.

Fra. 55

Again from the figure,
ACB = 2AC = 2rsin 0, AE =.EB = r tan 6.
ADB = 219, where 6 is measured tn radians.
Whence, 2r sin 6 < 2rf < 2r tan 6,
sin § < 6 < tan 6.

Dividing the inequality by sin 6,

1
1 <sin6<cos0
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and inverting,

1>%9>cosa.

As 6 approaches zero, cos 8 approaches 1. And since the ratio of the angle
and its sine lies between 1 and cos 6, 1t also must approach 1. Thus it has
been proved that: The limit of the ratio of an angle and its sine is unity
as the angle approaches zero, provided that the angle vs measured in radians.
If 6 is an infinitesimal, the variable 1 — cos 6 is an infinitesimal of
higher order. Thus
.1 —cos@
lim —— =
6 —0 0

0.

This statement is proved as follows:
From trigonometry

., 0
1 —cosf =2smm?--

2
Dividing both sides of the equation by 6,
sin? g sin 9
1 —cosf _ 2—'ing- 2,
o~ T 2T
2 2

Taking the limit of both sides of the equation as 6 approaches zero,

.0

Sin -
fim 2200 i win Zolim —2 = 0.1 = 0.
8 —0 0 6 —0 24950 0

3

69. Formulas for Differentiation of Trigonometric Functions.

The formulas for the differentiation of the six fundamental trigonomet-
ric functions are as follows, where w denotes any function of z which can
be differentiated:

d . du
®) gy Sinu = cosu -

d . du
9) ggcosu = —sinu -
(10) —d—tanu=se02u‘—iy-

dx dx
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d  —esety Y.
11) @ cotu = —cscu ax

d _ du
(12) gpSecu =secutanu 4 -

d _ du
(13) . G oscu = —cscucotu -

60. Derivation of Trigonometric Differentiation Formulas.

The derivation of the derivative of the sine of a function requires
the use of the delta process which was used in carlier chapters. However,
once this derivative is found, the result can be used in the derivation of the
derivatives of other trigonometric functions. Consequently, the first
derivation is a fundamental one.

Derivative of sin u. Let
Yy = sin u,

where u is any function of z which can be diffcrentiated. If z is given
the increment Az, u and y will take on the corresponding increments Au
and Ay, respectively. Then

y + Ay = sin(u + Aw),
Ay = sin w cos Au + sin Au cos u — sin ¢
and Ay = cos uw sin Au — (1 — cos Aw) sin «.
Dividing both sides of the equation by A,

Ay . 1 . 1

Ag = C0s usin Aqu (1 — cos Au) sin Uve

The limits of the terms of this equation can be evaluated if Au is supplied
in both numerator and denominator of ecach term in the right hand member.

Thus :

Ay _ cos %
Ax

sin Au Au 1 — cos Au sin u Au
Au Az Au Az

Taking the limit of each term as Az approaches zero by making use of the
evaluations of the limits in Section 58, and by making use of the fact that
Au also approaches zero, we have,

d

y _ du
) G = COS U
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Derivative of cos u. From trigonometry
€os % = sin (T — u)
S U

By the use of formula (8),

a _ 4 (7:_?),
dx CoOs U = dx Sin ) 2

—co'<1~r—u)i<1~r—u>’
= 8\ 2 dz \2
du

d .
9) 75 C0s w = — sinuw

dx

Derivatives of tan u and cot u. [Ixpressing tan » in terms of sin », and
cos U,

sin u
tan 4 = ——
cos U

Differentiating the quotient of two functions by formula (6) of Section 35,

d . .
oS U —— Sin U — SN % —— COS U
d dx dx
——tan u = > ’
dx cos? u

. du
cos? u + sin® ) —
(cos? u -+ sin? ) 72

cos® u
d du
10 ——tan 4 = sec? u -+
(10) dz dx
cos u
In the same manner, cot © = —
sin w

. -du
~(sin* u + cos® u)
dz

“ cot u =
dx N sin? u ’
d . du

(11) g oot u = —esctu o

Derivatives of sec u and csc u. Expressing sec u in terms of cos u,

1
sec 4 = —— = (cos u)~L.
Cos U
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Applying formula (7) of Section 35,

4 sec u = —(cos u)~2 4 cos u
dx dx ’
_ sin u @,
" cos?u dx
d du
(12) 7 Sec u = sec u tan u -
In the same manner,
CSC U = — ’
sin u
icscu _ _cos wdu
dz T sintwu dr
d du
(13) o oscu = -—cscucotu%

To illustrate the use of the formulas derived, we shall differentiate th
function
y = sin® 2z cos 2x.

Using differentiation formulas (5), (7), (8), and (9),

WY _ 59, L sor &g
2z = Sin 2z 7z °°8 2z + cos 2z 2z Sin 2z,

. d . d
= 4 2 2
sint 2z e 2z 4 3 sin? 2z cos? 2z iz 2z,
—2 sint 2z + 6 sin? 2z cos? 2z,

]

= 6 sin? 2 — 8 sin® 2z.

As a second illustration, let us differentiate

_ tan® x .
y tan x + sec x

Applying formulas (6), (10) and (12),
dy _ 2(tanz + sec x) tan z sec* z — tan® z(sec® x + sec x tan x)
dz ~ (tan x + sec z)2 !
dy tanzsecx(2secr —tanx)

dz sec x + tan =
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Exercise 38

GROUP A
Differentiate each of the following functions.
1. y = 6 sin 3z. 6. y =sin?z cos® x
2. y=4tan§- 6. y = sec 2z tan 2z.
3. y = 3cos (1 — 2z). 7. y = cot3 4z.
4. y = sin? 3z. 8. y = 4sin? }z + 2z cos iz.
Find the slopes of each of the following curves at the specified points.
2
9. y=smmzratzc =§,31r T
r 5
10. y =coszatz = 51T
T T ™
11, y =tan2zxatz = —5’5’6'
12. y =seczatxr =0, ; %
. T T 3
18. y =sinz +cosratzx ——0,;,‘2,41r,1r
GROUP B
Differentiate each of the following functions.
3 s 3z 1+ sinz
14. y—-4tan 3+tzm 3 18. y = i1 —snz
16. y = (1 — sin 22)2. 19. y = S“‘x”.
2
16. y = (1 — 2 tan?2z)3. 20. y = tm;x&'c
17. y = VI = cosz. g1, y = Scr —tanz,

sec T + tan I

22.. Derive the formula for the differentiation of y = cos u, where u is a function of z
which can be differentiated, using the delta process.

23. If f(x) = sin z, find f'(x), f”(2), f”’(x) and fv(x).

24. If f(x) = tan z, find f'(z), f''(x) and f'"'(x).

Find % for each of the following equations.

26. sinzx + cosy = 0. 28, zy — tanzy = 0.
26. cos 2z + sec 3y = 0. 29. sin% + cos% =0.
27. tan(x+y)+mn(x—y)=l. 30. y=xsec%.

Fmd and s for each of the following.

31. x=4coso,y=4sin0.
82. z =acosh, y = bsiné.
83. z =asech, y = btanb.
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34. Consider the function y = 1 + sin 2r in the interval 0 £ z £ ».  Find those inter-
vals 1in which the function is increasing and is decreasing and those intervals in
which the eurve is concave upward and is concave downward.

36. Consider the parametric equations of a projectile given in Section 42, where v, is
constant and the angle 6 1s variable. Find the range of the projectile and find
the value of 8 giving the maximun range.

61. Applications of Differentiation of Trigonometric Functions.

Thus far in our study of the calculus, the problems have been restricted
to those in which the functions involved were algebraic. We may now
remove that restriction and solve problems in which the functions are trig-
onometric. In fact, many of the problems alrcady solved can be more
expeditiously treated by the use of trigonometric functions.

In the application of the differentiation of the trigonometrie functions,
it is essential to remember that the angle must be measured in radians.
The same is to be said for the differentiation of the inverse trigonometric
functions which is presented in a later section.  Ifach such differentiation
is based on the differentiation of sin %, which in turn,
is dependent on the limit of the ratio of sin Aw and
y Au, as the latter approaches zero, and this is not
) unity unless the angle is expressed in radian measure.

E A problem in which a minimum value is sought,
is chosen as the first illustration of the use of trigo-
A D nometric functions. If two corridors, one of which
is 5 ft. wide, interscet at right angles and if a beam
40 ft. long is to be carried horizontally around the
corner, we wish to find the minimum width of the
second corridor which will just allow the beam to pass, no allowance being
made for its width. )

In Figure 56 any position of the beam AC is represented. Let EC = y

and £ DAB = ZEBC = 6. Then since AB = 5sec § and BC = y csc 0,

5scc 6+ y csc § = 40.

Solving for y and differentiating with respect to 6,

C

TF16. 56

dy 5
dd  cscd
Placing the derivative equal to zero, reducing and solving,
sccftan? — 8 +secd =0

(—see 6 tan 6 + 8 cot & — sec 8 cot 6).

sec’d —8 =0, sec =2, 0=

wiy

Hence, AB =10ft., y =30sing = 15V/3 ft.
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If one side of a triangle is 6 ins. long, if a second side is increasing at
the rate of 2 ins. per min. and if the included angle is increasing at the rate
of 0.8 radians per min., we wish to know how fast the third side is increas-
ing. First, let us assume that the included angle is 60° at the instant the
sccond side is 3 ins. long. Sceond, let us assume that the second side is 6
ins. long at the instant the included angle is 60°.

Let y represent the length of the second side, z that of the third side
and 6 the mcasurc of the included angle in radians. By the law of cosines,

2?2 = y? 4 36 — 12y cos 6.
Differentiating with respeet to the time ¢ in minutes,

df

dz dy .
z— = (y —GCOSG)-(Z[+Gy51n0dt°

dt

. . praliy o - ™ .
First, since z = 3v3 ins., for y = 3 ins. and 6 = 3 radians,

dz . .
= 2.4 ins. per min.
Second, since z = 6 ins., for y = 6 ins.
% =14 2.4 V3 = 4.16 ins. per min.

Exercise 39
GROUP A

1. Find the equations of the tangents to the curve y = sin 2x + cos z at x = 0 and at
x = m/6.
2. Find the equations of the tangents to the curve y = tan2ratx = Oandatz = =/8.
In the interval 0 < r < m, show for what values of x each of the following functions
is mecreasing and 1s decreasing.
3. y =sinx. 6. y = cscx.
4. y = cos2x. 6. y = scc 2z.
7. Show that tan r is increasing and that cot x is decreasing for all values of z.

Iind the maximum and the minimum values of y m each of the following functions
in the interval 0 < & < 2#

I

8. y = sinz + cos I. 10. y = sinx + cos 2z.
9. y =sinx + 2cos . 11. y = 2sin x + sin 2.

12. Find the angle of intersection of the curves ¥ = cosx and y = cos 2z between
z=7/2andz =

13. Find the values of z in the interval # = 0 tox = 27 for which the curve
y = sin £ — cos x is coneave upward and is concave downward.
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14. Find the central angle when the area of a circular sector of given perimeter is
maximum.

16. The angle 8 between the equal sides of an isosceles triangle is increasing at the rate
of } radian per min. If the equal sides are 8 ins. long, how fast is the area chang-
ing when 6 = 60°?

GROUP B

a ;0;‘:%-02 with respect to 6.

dry

17. If y = cos*z — sin* x, show that i —4 cos 2z.

. dzy

18. If y = a cos k0 + b sin k6, show that §ro

19. Find the angle of intersection of the curves y = 2 sin 2z and y = tan 2z at the com-
mon point 0 < z < w/4.

20. If the side a and the opposite angle « of a triangle are given, prove that the maxi-
mum triangle is isosceles.

21. Two corridors intersect at right angles, one 27 ft. wide and the other 8 ft. wide.
Find the length of the longest beam which can be carried horizontally around the
corner, neglecting the width of the beam.

22. Find the vertical angle of a conical vessel of minimum volume which will permit a
sphere of radius a to be completely submerged if the vessel is filled with water.

28. At any time ¢ a moving particle has the position given by the equations
z=2—4cost, y =3+ 2sint. Find the positions and the velocities for ¢ = 0
and for ¢ = v/2. Show that at one time the velocity is maximum and at the
other it is minimum. Draw the curve of the path.

24. The position of a particle in the xy-plane is given by the equations z = 2(f — sin 0),
y = 2(1 — cos6). If the angle 6 is increasing at the rate of 2 radians per min.,

+ find the velocity and the acceleration of the particle when 6 = /3.

26. Approximate the value of sin 60° 10’ and find the approximate relative error.

26. Find the approximate maximum relative error in the cosine of an angle if the angle
is measured as 7/6 with a possible maximum error of 0.01 radian.

16. Differentiate the function

= —k?y.

62. Simple Harmonic Motion.

In the study of physics there are important applications of the motion
of a particle which is vibrating in a straight line., This motion is typified
by that of a particle supported by a vertical spiral spring and vibrating
freely in a vertical line. Another illustration is furnished by the motion
of any point on a guitar string which has been plucked and released.  Other
important examples are to be found in the motion of a particle transmit-
ting a wave of sound, a wave of light or an electric impulse. In these il-
lustrations there are forces acting which tend to bring the particle to rest
after a period of time. In the discussion which follows, we shall neglect
such forces, thus simplifying the problem and bringing it within the scope
of our treatment.
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Suppose that a particle P moves on a straight line and that its distance
from a fixed point O of that line at any time ¢ is denoted by the directed
variable s. Also suppose that the particle starts motion at the point O,
then s = 0 when £ = 0. Since the sine of an angle is a periodic function,
we write

s = a sin bt,
and study the motion of the particle under such circumstances, where a

and b arc constants. We note the positions of the particle at each of the
following instants of time:

If ¢t = nw/2b,

n=20246,---, s = 0 and it is at the point O.
But for

n=15,913,---, s=aanditisat the point 4.
And for

n=3711,15 ---, s= —aanditisat the point A”.

See Figure 57. Consequently, we have written an expression for the dis-
tance of a particle from a fixed point as a

function of the time in which the particle , F—-s—; .
vibrates between the points A and A/, A 0 A
starting its motion at the mean position O. Fra. 57

If the constant a is positive, the particle
starts motion to the right, but if a is negative, it starts to the left. The
constant b we shall always assume positive.

The absolute valuc of the constant a is called the amplitude of the
motion. When ¢ = 2rx/b, the particle has completed one complete
oscillation. This interval of time is called the period of the motion.

Since the cosine of an angle is also a periodic function, we might choose
to write

s = acos bt.

An investigation will show that this function also expresses the distance of
a particle from the point O at any time in which it vibrates between the
points A and A’, but in which it starts its motion at an extreme position,
A or A’, instead of at the mean position.

Returning to the first equation, the derivative of s with respect to ¢
gives the velocity of the particle at any time.

= ab cos bt.
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The differentiation of v with respect to ¢, gives the acceleration of the par-
ticle at any time,

j = —ab?sin bt.
If we form the ratio of the acccleration j to the displacement s,

J_ ab®sinbt

—_— b2’

s asinbt
we find that it is independent of the time and is equal to the constant —b2.
In other words, the motion is one in which the acecleration is proportional
to the displacement and opposite in sense.  Such a motion is called stmple
harmonic motion.

Let us analyze the motion of a particle for which it is given that

s = 8 cos 3t.

When t = 0, s = 8 and the motion starts at the point A in Figure 57.
When ¢t = 7/6, s = 0 and the particle has reached the mean position O.
When t = 7/3, s = —8 and it has reached the extreme position A’.
When ¢ = %=, it has returned to the extreme position A.
The amplitude of the motion is 8 and the period is .
Since

v=—24sin3t and j = —72 cos 3, ‘§= -9.

Hence, the motion is simple harmonic.
It is not always possible to find the period and the amplitude of a
simple harmonic motion by inspection. For example, in the function

s = 3 cos 4t — 4 sin 4¢,

we proceed as follows:

v = —12sin 4¢ — 16 cos 4¢.
j = —48 cos 4t + 64 sin 4t
When ¢t = 0, s = 3 and v = — 16, thus giving the initial position and the

direction of motion at the instant of starting. To find the extreme posi-
tions, we find the maximum and minimum values of s. For v = 0,

tan 4t = —4, sin4t = ¢, cosdt = —§,

giving a positive value of j. From these values s = —5, which is the min-
imum value of s. But also for v = 0,

tan 4t = —4, sin4t = —4¢, cos 4t = §,



Trigonometric Functions 155

giving a negative value of j. From thesc values s = 5, which is the max-
imum value of s.  Henee, the amplitude is § and the fixed point is the mean
position. Moreover, when

t=57 =3, v= —16.

At the instant ¢ = x/2, the particle passes the initial position moving in
the same direction. Ilence, 7/2 is the period of the motion. The motion
is simple harmonic, since

1~ —16.
S

Exercise 40

GROUP A

1. Analyze the motion of a particle moving on a line such that its distance from a
fixed point is s = 4 sin 2¢.

2. Asm Problem 1, analyzc the motion given by s = —10 cos 3¢.

3. A particle moves with simple harmonic motion having a period of 8 sees. and an
amphtude of 5 ft. If it starts at the mean position moving to the left, find the
equation and the velocity at the second passing of the mean position,

4. A particle moves with sumple harmonic motion having a period of 4 sees. and an
amphtude of 6 ft. If 1t starts motion at the left extreme, find the equation and
the acceleration at the right extreme.

6. Given s = —12sin 3. Find the velocity and acceleration whent = #/3, /2, 2x/3,

and 27 secs.

. Analyze the motion of a particle whose position is given by s = 5 + 3 sin é

Show that the displacement from the mean is proportional to the acceleration.

. A particle starts at its mean position and has a period of 8= sees.  Find the equation

if s = 2 at the end of 27/3 sces.

8. A particle starts at its right hand extreme and has a period of 37 sees. If s = 3
when v = 2, find the equation and 1ts velocity as it passes its mean position.

o

-3

GROUP B

9. Show that the function s = 2 — 4 sin? 2¢ gives the simple harmonic motion of a
particle. Iind 1ts period and amplitude.

10. Show that the function s = 4 — 8 cos? 3¢ gives the simple harmonic motion of a
particle.  Iind its period and amphtude.

. .t . . .

11. Show that the function s = 4 sin 5~ 3 cos 3— gives the simple harmonic motion
“of a particle. Find its veloeity and acceleration at the mean position.

12. A particle moves with simple harmonic motion with an amplitude of 3 ft. If its
velocity is 5 ft. per sec. when at a distance of 2 ft. from its mecan position, find its
period.
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13. A particle moves with simple harmonic motion with a period of 4 secs. If it has a
velocity of 2« ft. per sec. when it is at a distance of 3 ft. from its mean position,
find its amplitude.

14. A particle moves with simple harmonic motion with an amplitude of 4 ft. If its
velocity is 4 ft per sec. when it is halfway from its mean to its extreme position,
find the period of the motion.

16. Find the volume generated by the rotation of a parabolic segment, base b and alti-
tude a, about its base.

16. Find the volume cut from a right circular cylinder, radius of base r and altitude a,
by a plane through the diameter of the base and tangent to the upper base.

63. Graphs of Inverse Trigonometric Functions.
The statement, u is the sine of the angle y, is written
u = sin y.
The inverse statement, y is the angle whose sine is u, is written

Yy = arcsin u.

The symbol arcsin u is called the inverse sine function of u. Tt is repre-
sented by the angle y, where it is to be understood that y is measured in
radians. Moreover, the function is defined for limited values of u, that
1s, for

There are six elementary inverse trigonometric functions,

arcsin u, arccos u, arctan u, arccot u, arcsec u, arccsc u,

where each is defined by means of the corresponding trigonometric func-
tion. Each inverse function is a multi-valued function, that is, for every
value of w, within its limits, there are many values of the angle y.

Principal Values. For most purposes of the calculus where inverse
functions are used, it is advisable, and often necessary, tolimit the range of
such functions. A principal value of a function is one which lies within a
range of values which is sclected for each function. If the principal values
only, are used, we shall have under consideration a single-valued function.
The principal values of

3

arcsin u, arctan « and arcesc v arc — 5 fu

I\
0ol

and of
arccos u, arccot u and arcsec u are 0 < u <
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Graph of y = a arcsin bx. In drawing the graph of the function

y = 2 aresin 3z,

we observe that z is limited to values fromz = —3 toz = §.
Ifz=0, y=--+, —4m, —2m,0, 27, 4mw,---.
Ife=—-4y=--+, =bm, —m, 3w, Tm, -+ -.
Ifz=3% y=---,—7n, —3m, m 6m,---.
The curve is drawn in Figure 58 from y = —4x to y = 4w. That part of
the curve corresponding to the principal values of the function, from
y = —x to y = m, is more heavily drawn than are the other parts.
y
// y
< ar 9, 7
- 72
- . /
T4 _3 T
Z
- y l: X 3 ’ 4 S
3 _--f =" s X
S
27
-> _/—311'/—_
) . X

Fia. 58 Fig. 59

Graph of y = a arctan bx. In drawing the graph of the function

y = 3 arctan 2z,

it is observed that the values of the variable 2z are unlimited. If
z=0,y=-+-+, —bwr, —3m, 0, 3m, 6m, - -

As z increases or decreases without limit from zero, the corresponding
values of y locate the positions of the horizontal asymptotes. Thus, if

— = s 0. —29 —_ 3 9 .o
T = 0,y = ’ 2™, %7"; %7") 3, .

Three branches of the curve are drawn in Figure 59 in which the central
branch corresponds to the principal values of the function.
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Exercise 41

Solve for x in each of the following equations and reduce to the simplest form.

1. y = 2 arccos 3x. 3. y == — aresin x.
2. y = % arcsin }r. 4., y = 2arccos (x — 1) — m.

Draw the graphs of cach of the following functions.

6. y = :m'sing 8. y = }arcsin 2x. '
6. y = 2arccos . 9. y=3 arcoos:z'
7. y = arctan 2z. 10. y = 3 arcsec 2x.
GROUP B
Draw the graph of each of the following functions.
11, y = }aresin (2z — 3). 13. y 4+ /2 = arcsin (2x + 1).
12. y = jarccos 2z — 1). 14. y = n/2 — arcsin (x + 2).

In each of the following solve for x and differentiate implicitly. Solve for dy/dx
and express the result as a function of .

15. y = aresin 2x. 18. y 42 = arcsec z.
16. y = 2 arccos 3r. 19. y = = — arcese 2z.
17. y = ar(-tzmg 20. y = v/2 — arccot 3r.

Verify each of the following identities.
21. arctan } — arctan ;% = arctan }.
22. arcsin % + arcsin 1§ = #/2.

1 — x?

1+ x2 :

24. 2 arctan 2 + arctan } = .

26. sin (2 arccos z) = 2rV1 — z2.

23. cos (2 arctan ) =

64. Formulas for Differentiation of Inverse Trigonometric Functions.

The formulas for the differentiation of the six inverse trigonometric
functions are as follows, where « denotes any function of z which can be
differentiated:

d N 1 du
(14) o aresin u = Rt h

d —1 du
(15) gy Tccos u = e adr

d 1 du
(16) 7 &rctan u = T de
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d —1 du
17 dx arccot u = 1T dr’

d 1 du
(18) a} arcsec u = 17\7—“;-—;:: 1 a .

d -1 du
(19) Ei; arccsc u = u—\/—;_z i ? 'd‘*x'

In each of these formulas the inverse function is understood to be
restricted to principal values.

66. Derivation of Inverse Trigonometric Differentiation Formulas.

To derive the formula for the differentiation of arcsin u, let
y = aresin u,
where u is any function of x which can be differentiated. Then
u = sin y.

Differentiating this equation with respeet to z,

du _ oS 7 dy,
dr = PV
dy 1 du
whence, dz ~ cosy dz
But since cos Y = £4/1 —sinty = £V1 — ud
dy £1 du

dr ~ /1 — 2 dz’
If the angle aresin u is restricted to the first and fourth quadrant angles,
that is,

™ .
—égarcsmu < =

[\

the principal values of the function are retained. A reference to Figure
58, Section 63, will show that the slope of the limited portion of the curve
corresponding to the principal values of the function is everywhere pos-
itive. Consequently, the negative sign in the derivative is discarded and
we write

d . _ +1 {]_1_1, ,
(14) 7, aresin w = o
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which is understood to be the derivative of the function for principal

values of the function only.
To derive the formula for the differentiation of arccos u, let

Y = arccos u.
Then U = COS Y
i dy  —1du_ _F1 du ,
an dr ~ siny dr +/]1 — g2 dx

If the angle arccos u is restricted to the principal values, the slope of the
part of the curve under consideration is everywhere negative. Conse-
quently, the positive sign is discarded and we write

d -1 du
(15) dg Brecos u = ——— T

To derive the formula for the differentiation of arctan wu, let

y = arctan wu.

Then u = tan y
dr  secty dr 1+ u?dx

which is formula (16).

The derivatives of arccot u, arcsec u and arcesc u are obtained in a
like manner, obtaining formulas (17), (18) and (19), respectively. These
derivations are left as an exercise.

Exercise 42

GROUP A
Differentiate each of the following functions.
1. y = 2 arcsin 3z. 8. y = arcsin §V'z.
2. y = arccos }z. 7. y = arcsin Vz + 1.
3. y = arctan 1_;;_:: . 8. y = arcsec(z? + 1).
_ x 1
4. y = zarctanzx. 9. y= xarccot§+m.
6. y = arcsin z2. ®10. y = rarcescr + V2 — 1.

11. Find the principal maximum and minimum values of the function

y=z-—4arctang'
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One side of a right triangle is increasing at the rate of 2 ins. per sec., while the second
side remains 8 ft. long. At what rates are the hypotenuse and the angle opposite
the second side changing when the first side is 6 ft. long?

GROUP B

Differentiate each of the following functions.

13. y = 9arcsin2 — z V9 — 22

3
Vv — 2
14 y= arcsin = + V4 =2,
2 T

16. y = zarcsinz + VvV 1 — 2z
16. y = ———— — arcsin > +

Y V16 — z2 4
17. y = (2 4 1) arctanz — z.

18. y = zarctan z2
19. y=a arcsinz-

20, y = 1 arctan = -
a a
a
21, y = arctan; .
22. y = Vat — a? -}-aarcsing-

Derive the formula for the derivative of each of the following functions, assuming

that u is a function of z which can be differentiated.

26.
27.

28.
31.

32.

33.

84,

35.

23. arccot u. 24. arcsec u. 25. arcesc u.
Find g—z from y = arcsin (zy). 29. Find j—?—; and ii—;% fromz = arctang-
Find gg from y = arctan ; : 30. Find (%Z and g}i fromtan6 = x—j—l .
Find gz and % from x = arctan (zy).

Find the principal maximum and minimum values of the function y = (z — 1) —
4 arctan (x — 1)/2. Iind the coordinates of the inflection point of the curve
and give the values of z for which the curve is concave upward and downward.

The altitude of a right circular cone is 3 ft. If the radius of the base increases at
the rate of 2 1ns. per sec., find the rate of change of the vertical angle of the cone.

A pole 15 ft. long 1s resting against a vertical wall. If the foot of the pole is pulled
away from the wall at the rate of 2 ft. per sec., how fast is the angle with the
ground decreasing when the foot is 12 ft. from the wall?

A searchlight is 10 miles from a straight railroad track. If a train travelling along
the track at the rate of 60 mi. per hr. is followed by the light, how fast is the light
rotating when the train is 20 miles down the track from the point nearest the light?

Find the force exerted on a vertical water gate which has the shape of a parabolic
segment, base b and altitude a, where the base is ¢ feet below the surface of the
water, the vertex of the parabola being below the base.
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66. Angular Velocity and Acceleration.

If a wheel rotates on its axis, a spoke of the wheel generates an angle
which is dependent on the time of rotation. Denoting such an angle by
6, it is a function of the time,

9 = f(t).

The rate of change of 6§ with respect to the time is called the angular
velocity and shall be represented by .  Hence, '

do ,
w = -({t =f(t).

The rate of change of the angular velocity with respeet to the time is
called the angular acceleration and shall be represented by . Henee,

__d‘f__fﬁfo_ 7
« == ap=1"®

If 6 is measured in radians and ¢ in seconds, the angular veloeity is in
b o

radians per second and the aceeleration is in radians per second per sceond.
Angular velocity divided by 27 radians gives the number of revolutions of
the wheel per sccond, if w is constant.

As a point P(z,y) on the rim of a wheel of radius a describes an are of

Y

length s, the radius sweeps over an angle 6 at the center.  From Scetion 56,

s = af.
Differentiating with respecet to ¢,
dt — T dt o

where v is the velocity of the point P along the cirele. Thus for circular
motion, the linear velocity is proportional to the angular velocity, the
proportionality constant being the radius.

Suppose that a wheel of radius 2 ft. makes 3 revolutions per second
and that we wish to find the horizontal and vertical components of the
velocity of a point on the rim 1 ft. above the level of the center.

Taking the origin at the center of the wheel and the z-axis horizontal,

x=2cos6, y=2sind.
Differentiating with respect to ¢,
v, = —2wsinf = —12r sin 4

vy = 2wcosf = 127 coso,
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since w = 6. Fory = 1,0 =x/6or 8 = 5r/6. Hence, for the first,
v, = —06m, v, = 6v3 T,
which is verified by |[v] = 127. For the second value of the angle,
vy = —6m, v, = —6V3 .
In the same problem,
Jjz = —72x%cos 6, j, = —T72x?sin 6,
il = 7272 and tan ¢ =;—.’i = tan 6.
From the last statement, the lincar acceleration of the point on the rim
is directed toward the center of the wheel. The angular accelération is
zero, since the angular velocity is constant.
Again in the same problem, let us ask what constant acceleration

would bring the wheel from rest to its present angular velocity in 30
seconds?

Since (-(li—(-z’ =a, =fadt,

and w=oat+ C.

But w=0whent =0, hence C = 0andw = of.
When ¢ = 30 sees., a = x/5 rads. per scc.?

To consider a problem of a more general nature, suppose that a point
P(z,y) deseribes a locus in the zy-plane and that, under certain conditions,
it is required to find the angular velocity of the line determined by P and
a fixed point O.

Let the fixed point O be the origin, then

tan 6 = Y, 0 = arctang'
T T

Differentiating with respect to ¢,

v, — Y.

x2+y2

w
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Exercise 43
GROUP A

1. A point on the rim of a wheel of radius 5 ft. has the vertical component of its velocity
50 ft. per min. when it is 4 ft. above the level of the center. Find the angular
velocity.

2. A point on the rim of a wheel of radius 10 ft. has the horizontal component of its
velocity 100 ft. per min. when it is 6 ft. above the level of the center. Find the
number of revolutions of the wheel per min. ,

8. The angular velocity of a point on the rim of a wheel is 6¢ ft. per second. Find the
angle passed over by a radius in the first two seconds and in the first four seconds.

4. The angular acceleration of a point on the rim of a wheel is 12¢ ft. per sec. per sec.
If the wheel starts rotation from rest, find the angle passed over by a radius
from t = 1 sec. to ¢ = 3 secs.

6. The position of a moving point at any time is given by = 5 cos 2(, y = 5 sin 2.
Show that the point moves on a circle and find the angular veloaity of a radius.

8. The position of a moving point at any time is given by £ = 4 cos 3, y = 4 sin 3L
Find the angular velocity of a radius and the angle passed over during the first
three seconds.

7. Find the angular velocity of the line through the origin and P(z,y) at the point
(2,1) when z and y each increase at the rate of 4 ins. per sec.

8. A point moves on a circle of radius 3 ft. so that its distance along the arc from a
fixed point on the circle is given by s = 9¢2. TFind the angular velocity at the
end of 2 secs. and find the angular acceleration at any time.

GROUP B

9. The position of a moving point at any time is given by z = 3 cost, y = 2sint.
Find the equation of the path and linear velocity and position when ¢ = 0 and
when ¢t = »/4.

10. One side of a right triangle is 6 ft. long and the adjacent angle is increasing at the
rate of 3 radians per min. Find the rate of increase of the other side when it is
2 ft. long.

11. A lighthouse at A is due east 6 mi. from a point B at sea. A ship moving north
from B is followed by a beam of light from A. If the ship is moving 12 mi. per
hr., how fast is the beam of light rotating when the ship is 8 mi. north of B?

12. .\ point is moving on the line 3xr + 4y = 27 in such a way that x = 4¢2. Find the
angular velocity of the line joining the point to the origin when ¢ = 4.

13. A pomnt moves on the line x + 2y = 8 with a linear velocity of 6 ft. per sec. Find
the angular velocity of the line joining the pont to the origin as it passes through
the point (2,3).

14. Find the angular velocity of the line A(a,0) P(z,y) if z and y each increase at the
rate of b units per sec. as the point P reaches the position B(3a,a).

16. A point P moves on the curve 22 — y? = 16 so that the y-component of its velocity
is 5 ins. per sec. Find the velocity at the point A(5,3). Find the rate of change
of the angle which OP makes with the z-axis as P reaches the position at A.

16. A point moves on the curve y = 4 cos (2z — 3) so that the z-component of the
velocity is 2 ins. per sec. Find the coordinates of two points, one at which the
velocity is maximum and one, at which it is minimum.
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67. The Cycloid.

A cycloid is a curve traced by a point on the circumference of a circle
as it rolls along a straight line.

To derive the parametric equations of the cycloid, let a circle of radius
a roll on the z-axis. Also let the point
P(z,y) which describes the locus be ry
that point on the -circumference

which is the point of contact when

the circle is tangent to the z-axis at P@_\/
the origin. If the cirele rolls from Q N
left to right, the radius CP in Figure O|M N X

60 has turned through the angle with
the vertical,

§ = /NCP,

since the time P occupied the position at the origin. The are NP is equal
in length to the line segment ON, because we assume that there is no
slipping as the circle rolls. From the figure

x=0N—-PQ, y=NC - QC,
ON = a8, PQ = asinb, QC = acos?é.

Fig. 60

Hence, x=a(@ —sinf), y = a(l — cos o).

The 2- and the y-components of the veloeity of a point on the rim of a
rolling wheel are dependent on the angular rotation of the wheel. Thus

v, = aw(l — cos 0), v, = aw sin 0
0
and v =awV2 —2cosf =2awsing*

From the components of the acceleration, assuming w constant,
Jjz = aw?sin 0, j, = aw® cos 6,

we have Jj = aw

Exercise 44
GROUP A

1. A wheel of radius 2 ft. rolls on the level ground making 10 revolutions per sec.
Find the linear velocity of a point on the rim when the radius through the point
makes 60° with the vertical.
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2. Find the slope of the cycloid for ¢ = 60° and for § = 3.

3. Find the components of the veloeity of & pomnt describing a cycloid when it reaches
the highest point and the lowest point.

4. Tind the position of a point moving on a cycloid when the z-component of the
velocity 1s maximum.

6. Find the position of a point moving on a cycloid when the y-component of the
velocity 1s & maximum.

6. Show that the x-component of the velocity of a point moving on a cycloid is pro-
portional to the ordinate of the point. ‘

9 .

2

8. TFind the linear velocity of a point moving on a cycloid when it reaches a position
whose ordinate is half the radius of the rolling circle.

7. Prove that the slope of the eycloid at any point is cot

GROUP B

9. Find the rectangular equation of the cycloid.

10. If the equations of a cyclod are r = 3(2t — sin 2¢), y = 3(1 — cos 2t), find the
positions and velocities of a point on the generating circle when ¢t = #/4 ‘and
t=m/2.

11, If a circle with the radius of 6 ins. rolls on the z-axis so that the angular velocity of
a radius C'P 1s 3 radians per see., find, in terms of the parameter ¢, the equations
of the cycloid traced by the point P starting at the origin.

12. Using the same conditions as given in Problem 11, find the equations of the cycloid
traced by the point P starting so that 6 = =/2 when ¢ = 0.

13. The parametric equations of a curve, called o trochoud, traced by a point P(zr,y) on
the radius, or the radius produced, of a circle of radius @ are £ = a6 — bsin g,
y = a — bcoso, where b = CP. TFind the components of the velocity and the
velocity of the point P.

14. Find the componcnts of the acceleration and the acceleration of the point P moving
on the trochoid given in Problem 13, where the angular velocity of CP is constant.

68. Integration.

It was stated in Chapter IV that an indefinite integral of a function
is a function whose derivative is the given function. It was also
pointed out that while differentiation is a direct process, integration is
indirect and is performed by reversing the result of a differentiation.

With these statements in mind, the formulas for the integration of cer-
tain trigonometric functions and special algebraic functions can be written
immediately from the differentiation formulas derived in Sections 60 and
65 of this chapter. They are as follows:

4) f sin u du
(5) f cos u du

If

—cos u + C.

sinu + C.
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(6) fsecQudu= tanu + C.

@) fcsc2 udu = —cotu + C.

(8) ftanusecudu=secu+C.
9) fcotucscudu = —cscu + C.
(10) . fﬁd—u_uz = arcsin u + C.
(11) 1—%=arc tan u 4 C.

(12) J f;—‘::_ 7 = arcsec u + C.

In these formulas it is understood that w is a function of some variable
thus making dw its differential.
The following integrations are carried out as illustrations of the

formulas:
fsin 6z dx =%fsin 62(6 dz) = — % cos 6z + C,
since © = 6z and du = 6 dz.
f(cosz 2z — sin? 2z) dr = ifcos 4z (4 dz) = § sin 4z + C,
since cos? 2x — sin? 2z = cos 4z, u = 4z and du = 4 dr.

ftan’Bxdx=%fsecZSx(3d:c) —fdx=%tanx—x+C,

since 1 + tan? 3z = scc? 3.

dc 1 £+2dz _. 1
14222 V2 1+2$2—\/§arctan\@x+0,

since u? = 2r?, u = V2 z and'du = V2 dz.

The limits of a definite integral of a trigonometric function are expressed
in radians. The geometric interpretation of such an integral is the area
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under the curve which represents the function. For example, the area
under the curve

/3 z /3 z dr .z 1 1
j:r/S COhidx B 2f-x/3 €08 § _5 = 2sn 5]—7/3 N 2[§ - (— § ]- 2.

In finding the definite integral of a function which gives rise to an
inverse trigonometric function, the principal values of that function are
used in every instance. For example,

f‘/" j‘l/ﬂ _8dz_ _ 1 .o. ]1/6
1/6 \/1 - 9x2 “3) 16 VI = o 3OIROT|

=1|:arcqm~l——arc" (— l) _1 E__(_ ?f) _
3 sin 5 sin 5)|= 316 i)l =

Exercise 45

Nl ]

GROUP A
Perform each of the following indicated integrations.

1. fsin 3z dz. 6. jcsc’ Zxdzx.

2. fcos 4r dx. 7. f4 sin x cos  dx.
z

3. f sec? 3 dz. 8. f cot? rdzx.

4, f sec 2z tan 2z dz. 9. Vi i

2dzx dx
5. frFrTzz' 10. fm/x—_i

11. Find the area under the first arch of the curve y = sin z.
12. Find the area under one arch of the curve y = cos x.

GROUP B

Perform each of the following indicated integrations.

13. f sin 3z cos 3z dx. f tan? 3 d:c

z ..z
14, f (coss2 3~ sin? ﬁ) dz. 16. f 0
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17. fsin’ z dx. 19. fsin2 2z cot 2z dx.

3

dx
18. fcos’xd:c. 20. fm-

3r/4 T
21. Evaluate f sec? 3 dz.
—3r/4

*2r/3
22. Evaluate j " sec gtangdx.
0

23. Draw the curve y = sin 4z and find the area under one arch.
24. Draw the curve y = cos ; and find the arca under one arch.

25. Draw the curve y(z? + 1) = 2 and find the area under it fromz = —1toz = 1.

26. Draw the curve y%(1 — z2) = 1 and find the area under the upper branch between
the lines 2z +1 =0and 2z — 1 = 0.

27. A particle moves so that the z- and y-components of its velocity at any time are
given by v, = —2sint and v, = 2 cost. If the particle has the position (2,0)
when ¢ = 0, find the parametric equations and the Cartesian equation of its
path. Tind the linear and angular velocity and the linecar acceleration at any
time.

28. A particle moves so that the - and y-components of its velocity at any time are
given by », = 2sint and v, = 3 cost. If the particle has the position (0,4)
when ¢ = 0, find the parametric equations and the Cartesian equation of 1ts path.
Find the linear velocity and acceleration at any time.

29. A particle moves on a circle in such a way that its angular velocity at any time is

given by w = cos é « Find the angle passed over by the radius from ¢ = 0 to
t = 2m
30. A particle moves on a line in simple harmonic motion so that its velocity at any

time is given by v = 4 cos2t. If s = 2 when t = 0, find the amplitude and the
period. Yind the position and the acceleration when ¢ = =/4.

GROUP C

. . . . sin r
31. Find a maximum and a minimum value of ;-————
1+ tanzx

82. A picture 5 ft. high hangs vertically on the wall so that its lower edge is 4 ft. above
the level of an observer’s eye. How far from the wall should the observer stand
in order that the picture subtend the greatest angle at his eye?

33. A searchlight 3 miles from a straight level road is following a motor car travelling
along the road at the rate of 40 miles per hr. Find how fast the light is rotating
as the car passes the point nearest the light and how fast it is rotating 15 mins.
later.

34, Two line segments AB and BC intersect at an angle of 60°. If AB = 10 ins., and
if & point P is moving from B toward C at the rate of 10 ins. per min., find how fast
the line AP is rotating and find how long after P leaves the point B the line AP
is rotating most rapidly.
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86.

36.

87.

38.
39.

40.
41,

42,

A point P moves on the upper branch of the curve y? = 4x so that z is decreasing
at the rate of 2 ins. per sec. Iind how fast the line through A(2,0) and P is
rotating at the point (9,6).

If z = 312 — 6t + 1, y = 2t + 5 are the equations of the path of a moving particle,
where ¢ is time, find when the velocity is least and show that the particle is at the
vertex of the parabolic path at that time.

Find the volume of the solid generated by revolving the area bounded by y = sin 2,
the z-axis and 4x = = about the line y = 1.

Differentiate y = sin 2, where z is expressed in degrees.
Differentiate sin z with respect to z 4+ vV + 1.
2.
If y = asin z + b cos z, prove that g—:g +y=0.
. d?y dy
= 2 b — ) =L — gt =
If y = aresin? z, prove that (1 — z2) R

If 2 = a(® — sin6), y = a(l — cos6), find 2-¥.
z=a sing), y = cos 6), find -3



CHAPTER VIII
EXPONENTIAL AND LOGARITHMIC FUNCTIONS

69. Exponential Functions.

The quantity a defines a real number for all rational values of n, if
a is a positive constant. In order that the laws governing the use of expo-
nents as presented in algebra be available, they arc stated as follows:

ar =1, if n=0.

am-ar = amtn,
m
g/—-— = qm " = 1 .
an a’l"'m
(am)? = a™,.

arlm = Var, m % 0.

The equation
y=a,
where a is any constant, defines a function of x which is called an exponen-
tial function. 1If 1t is assumed that a is always positive and real, then the
function is positive and real for all real values of . Moreover, the function

is one-valued and continuous for all those values of x.
Consider the exponential cquation

y = 2%
As x becomes large without limit, y becomes

large without limit. Forz = 0,y = 1. For 1
negative values of x, we may study the /

function

Y

1—_]_
J_2z’

for the corresponding positive values of z.
As z becomes large without limit in this
function, y approaches zero. Hence, the z-axis is an asymptote of the curve.

The curve is drawn in Figure 61.

Fic. 61

171
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Considerable care should be exercised when exponential functions are
plotted where limiting values are to be found. Such functions may not
only possess discontinuities, but the behavior may be quite different from
that of any function yet encountered.

Consider the exponential equation

y = 2=,

The function is studied for positive values of z as follows: As z becomes
large without limit, the exponent approaches zero and y approaches unity,

As z approaches zcro, the cxpo-
y nent becomes large without limit
so that ¥y increases without
limit. For negative values of z,
the function

1 v= o,
1 1 y - il X .
o is studied for positive values
of z as follows: As x becomes
Fic. 62 large without limit, the expo-

nent approaches zero and y ap-
proaches unity. Asz approaches zero, the exponent and the denominator
become infinite and, consequently, y approaches zero.  In conclusion, the
function is positive for all values of z, the curve is asymptotic to the
line y = 1 and to the y-axis on the right and the curve terminates at the
origin from the left. The curve is drawn in Figure 62.

Exercise 46

Draw each of the following curves.

1. y = 3= 6. y =271

2. y =27 7. 9y=2 zu)/x_
1

3.y =" 8 ¥ =swume

4, y =27z, 9. y =222

6. y = 3= 10. y = 2sinz,

70. Logarithmic Functions.

The logarithm of a number N is the exponent p of a constant b, called
the base of the logarithm, required to give the number N. Thus,

logy N = p.
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From the definition, this equation is equivalent to the one in exponential
form,
b? = N.

Logarithms, being exponents, obey the same laws of combination as do
exponents. These laws may be written as follows:

logs N =0, if N =1.

logy (MN) = logy M + logs N.
M
lOgb (ﬁ) = logb M — logb N.
. log, (N)* = k logs N,

where k is a rcal number.

Common and Natural Logarithms. While any positive number b, ex-
cept 0 and 1, may be used as the base of a system of logarithms, in practice
there are but two numbers used.  For the first system, b = 10, which gives
common logarithms of numbers. These are used in numerical computa-
tion, multiplication, division, extracting roots, cte. For the sccond system,
the base is chosen as a number represented by e which arises in the dif-
ferentiation given in Section 72. If the number ¢ is used as a base, the
system of logarithms is known as the natural logarithms.

In writing the logarithm of a number it is customary to omit the base
for both common and natural logarithms. Thus,

if b = 10, log N = pis equivalent to 107 = N,
and if b = e, In N = pis equivalent to e» = N.

The logarithm of a number to any other base must express that base. For
example,

logs 8 = 3, since 23 = 8.
The equation
y = log, x

defines a function of & which is called a logarithmic function. This function
is one-valued and continuous for all positive values of z, there being no
logarithms of zero and negative numbers.

Consider the logarithmic equation

y = logs .
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For values of x less than 1, y is negative and decreases without limit as «
approaches zero. Forxz =1,y = 0. For values of = greater than 1, y is
positive and increases indefinitely as z inereases.  The curve is drawn in

Figure 63.

YA

T

Fia. 63

iy

Change of Base. It is often desirable to
change the base in a logarithmic cquation from
one constant to another. This may arise when
a table of logarithms is being used which is
expressed in terms of a base which is different
from that used in an equation. Suppose that
we have the equation

y = logy, x
and that we wish to cxpress the function in
terms of a basc a. F¥rom the definition of a
logarithm,
b = x.

Taking the logarithm of both sides of the equation to the desired base,

Hence,

GROUP A

y =logyx =

y log, b = log, .

log, x .
log, b

Exercise 47

Solve for z in each of the following equations.

1. logsx
2. logs 3.
3. logs (§) = .
4. logsr 9 = x.

]
| v

. log, 27 = 3.

log: (1) = 4.

logb r =3 logb 2 + 2 logb 3.
2logz = 3log 2 — log 3.

® N o

Draw each of the following curves.

9. y = log, .
10. y = log, 3z.
GROUP B

13. Show that log, b* = z.
14. Show that b8 % = z.

1
18. Prove that logy a = foa b

11, y =log (x — 1).
12, y=1—-logux.



Exponential and Logarithmic Functions 175

Solve for z in each of the following equations.

16. y = 102=, 20, y = 22,

17. y = tan 2= 21. y = log sin z.
18. y = log tan 2z. 22. y = arctan 27,
19, y = cos 272, 23, y = 2%log v,

24, 2logz =log2 +log8 —4log3 + 2.
26. 2logiz = 3 — 2loge2 — 2 log: 5.
Draw cach of the following curves.

26. y =z + log z. 29. y = log tan z.
27. y = log sin 2. 30. 3v = z.
28. y = log cos z.

71. The Limit e.

In the derivation of the derivative of a logarithm we shall need to find
the limit of an expression having the form

Iim (l + l) .
2—® 4

The rigorous proof that this limit exists is beyond the scope of our treat-
ment.  For our purposes, however, it is essential to show that the limit
exists and to find a rough approximation to its value. Ior simplicity, we
shall confine our treatment to the case in which z becomes infinite through
positive integral values only.

If 2 is a positive integer, the expression can be expanded by the binomial
theorem as follows:

1\* z(z — 11 2z — 1)z —2)1 1
(1+0) =t4e + P G+ e

e (=D (- D0
HD0 Y e

=1+1+ 1+ 3 + L +

Il

.1 11 1
+(Termsm—z~»§’;w'-,z
From this
. 1y LR N U DR
lim (143) =141+ gy gy +gytgpt o+ limg

where € represents all terms containing 1/2, 1/22, 1/28, - - - .
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It can be shown that the limit of € is zero as z becomes infinite, and that

. 1\ . 1 1 1
e—,l.lﬂ(1+;)_,}ﬁl+l+2*!+3‘!+ +(n—1)_!+ )
From this scries an approximation to the value of the limit may be obtained
by computing the sum of the series. By the use of a table of reciprocals,
the sum of the first ten terms yiclds a value of e correct to four decimal
places. The value of e to seven decimal places is

e = 27182818 - - -,

As indicated, this number is represented by the letter e.  This designation
is as generally and consistently used, as is the Greek letter = for the number
3.14159 - - - . The importance of the number e in the theory of logarithms
is discussed in Section 73.

72. Exponential and Logarithmic Differentiation Formulas.

The formulas for the differentiation of the exponential and logarithmic
functions are as follows, where u is any function of x which can be differ-
entiated:

(20) dd} logy u = i’ logs e‘;—l;-
(21) %MU=$%~

(22) g)—ca"=a“lna‘dil;-
(23) ;; e! = e %‘;

73. Derivation of Exponential and Logarithmic Differentiation Formulas.

To derive the formula for the differentiation of a logarithmic function,
let

y = IOgb U,

where u is any function of z which can be differentiated and b is any posi-
tive real number greater than 1. Let z be given the increment Az and let
the corresponding increments of y and » be Ay and Au, respectively. Then

y + Ay = logs (v + Au)
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and Ay = logy (u + Au) — logy u = logs <1 + %)

Dividing both sides of the equation by Az and supplying Au in both numer-
ator and denominator of the sccond member,

Au 1
z;—zz@‘gb(”‘)

Even yet, the limit of both sides of the equation cannot be taken. How-
ever, if u is also supplied in both numerator and denominator of the second

member,
Ay _AMul u ( Au
Ar Az u Au logs (1 + u

and if the factor u/Aw is written as an exponent, the limit can be evaluated.

Then
By _ Sy () g duys
Ar Az u logs (1 + u

Taking the limit as Az approaches zero, and using the fact that Au ap-
proaches zero,

dy _ . Au Aw\w/ax
dr = AETO A’ w hm logs <1+ >

The logarithm is a continuous function, which permits us to write

X u/Au Au u/Au
lim logs (l + = ) = logs hm (1 + — = logs e.

Az—0

The latter cquality is made possible from Section 71, where it was shown

that
. 1\? . AN
Iim (14 ;) = lim (1 + —u-> = e,

z—>® Au—0
Hence, we have

dy 1 du
dr _ u log, e dx

.

(20)

In formula (20) it is observed that the differentiation of a logarithmic
function to the base b contains the constant factor

logs e,
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where ¢ is the number obtained as the limit of a sum in Scction 71. This
constant factor may be avoided by building a system of logarithms having a
base e, since

log.e =lne = 1.

This is the sole justification for the use of the base e in the natural, or the
Naperian system of logarithms.

For the most part, we are not concerned with numerical calculations in
the calculus. However, when we are, tables of natural logarithms are
available. In addition, by the use of the relation

logN _ log N _
Toge ~ 043420 ~ 2.30259 log N,
natural logarithms of numbers may be readily converted to the common
logarithms, and vice versa.
To find the formula for the differentiation of the function

In N =

y = Inu,

the base b is replaced by ¢ in formula (20). Sincelne = 1,
dy _ ldu

20 de  ude

To find the derivative of the exponential function, let
y = a
where a is any positive real number and » is a function of z which can be
differentiated. Taking the natural logarithm of both sides of the equa-

tion,
Iny =ulna.

Differentiating with respect to z,

Ldy _ | du
y dx dz

22) Y _ i g W
aw ¢ Ina dx

To find the derivative of the particular exponential function
y =
let @ = ¢ in formula (22). Sincelne = 1,
@) dy _ judu,

dx dr
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The applications of the formulas derived are illustrated by the differen-
tiation of the following functions:

I y =log(z® — 4),
dy = 2z
P — log e.
1t y = In sin ax,
dy cos ax
—_—= g = acOtax'
d.’L‘ Sin axr
If f(x) = (jcos 2:;,
f’(x) = —2 In 6 sin 2x Geos 2=,
If f(x) = garctan b:c’
b

earctan bz

T = o

Exercise 48

GROUP A
Differentiate cach of the following functions

1. y =log, (x2+1). 9. y = In(e?* + e722),

2. y =In (22 + 4z + 2). 10. y = zrarctan z — In V1 + 12
= 2= —qulzsinz,

3. y=2= ll'yulnl—f—siuz

4, y = eV, 12, y = In (2 — 1).
-1 T2, _Inz,

5.y—,,ln£+2 13. y .

6. y = ¢* sin 3r. 14, y = esin’ 2,

7. y = alex!s 4+ ¢~#/e), 16. y = log tan? z.

8 y=1log 2 —u). 16, y = 3cos =z,

17. Find the equation of the tangent to the curve y = ez at £ = 1.
18. Find the equation of the tangent to the curve y = Inrat z = e.

GROUP B
Find the equations of the tangents to each of the following curves.
19. y=Inzatzr =1 20. y = e~ having slope 3.

21, y = In r parallel to the linez — 4y +4 = 0.
22. y = z In z perpendicular to the line z 4+ 3y = 0.
23. y =2%atzx = 3. 24. y =log z at z = 10.
26. Differentiate y = z* with respect to « by first taking the logarithm of both sides of
the equation.
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26. Derive the formula for the differentiation of y = u* with respect to z, where u and
v are functions of  which can be differentiated.

Find gg for each of the following equations.

27. y = In2 2z, 36. y = In? (ze?).
28. y = 3arctanz, 36. y = InInsin az.
. 1
= ¢sinex =
29, y = esine®, 37. y T as
30. y = log?ax. 38 y=In Ye+l-1.
Vi+1+1
31, y=Inlnaz 39. eztv = In z/y.
32. y = In cos? ¢=. 40. zy =1n (x + 9).
33 r=¢0, y =B+, 41. e = axy.
34, z=logz y=e. 42, 22 4+ y? =2 logy, (x + y).

74. Tracing Curves of Exponential Functions.

The graphs of the simpler exponential functions which are drawn in
Figures 61 and 62 have no maximum and minimum points nor inflection
points. If this section we wish to consider those functions whose graphs
possess such points.

Consider the function

flx) = x>,
The first derivative and the second derivative are
y J(@) =23 —x) e%,
and
B f(x) = z(z® — 62 + 6) e =
A c If f'(x) =0, =0 and z = 3.
Ao T @) =0,z =0,

z=3—v3 and z=3+ V3.

The second derivative test shows
that B(3,27¢7?) is a maximum
point. The points 0, A and C
having abscissas 0, 3 — /3 and
3 + V3, respectively, are inflec-
tion points. The curve is concave downward in the intervals to the left
of the origin and between A and C. It is concave upward in the intervals
between O and 4 and to the right of C. The curve is drawn in Figure 64.

Fic. 64
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Exercise 49

GROUP A

Find the coordinates of any maximum, minimum and inflection points and draw

each of the following curves. Give the intervals over which each curve 1s concave up-
ward and downward.

1. y = ze=. 3. y =zsin .
2. = 22, 4, = e_z .
y = xe v=7
5. Show that the function ¥ = In z is an increasing function for all positive values of
x and that the curve s everywhere conecave downward
6. Show that the function-y = ¢* is an increasing function for all values of x and that
the curve is concave upward cverywhere.
7. Find d*y/dx* for y = e*=.
8. Iind d*y/dxb for y = In 2.
GROUP B
Draw cach of the following curves.
9. y = re?. 11, y = z%=.
10. y = zet=tViz, 12, y = ¥ 4 ¢722,

76.

. Find d%y/dx® for y = 22.

Find d7y/dx” for y = log, ax.

Find approaimately the value of In 2 01 from In 2.

Find approximately the value of €2 from e2.

Find the equation of the tangent to the curve y = In sin z at z = =/6.

Show that the curve ¥ = In sin 2 15 everywhere concave downward.

Draw the curve y = In cos 2z.

Write the equation of the tangent to the curve y = In tan z at the inflection point
0<z<m/2

Integration.
By reversing the formulas for the differentiation of exponential and log-

arithmic functions, the formulas for the integration of those functions can

be obtained. Thus
(13) o mu+tc
u —_ i u
(14) fa du_lnaa + C.
(15) fe" du = e* + C.

In

each case, u is a function of a variable and du is the differential of that

function.
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If in formula (13) u = x, du = dxr and
dr _ =lnz+ C.

This is the exceptional case, where n = —1, of formula (1) as presented
in Section 29 for the integration

o . 1 n+
fa dx = +1x 14 C.

The following integrations are carried out in illustration of the applica-~
tions of the formulas:

—i—‘f’§~ In(z — 4) + C.
x dx 2z dr
f.?z2+1”‘2 x2+1——2—ln(x2+1)+0'
=InVvzr+1+C.
2 2z .3
‘/;,1;2--21 +—§dx—ln(x2—2x+3)]l—]n§;

f2“dx— f22’(2d)— 22 4 C.
2 2 . ..112 g _11122_()4~l.
j(:xe d.v—é‘/(: e (2xdz)—2a ]O— 5

To find the areca bounded by the coordinate axes, the linex — 4 =0
and the curve

y =27
we proceed as follows: The element of area is
dS = y Ax = 2* Ax.
Summing the elements, taking the limit of the sum and applying the funda-

mental theorem,
16 — 1 15
m2 "2

To find the volume generated by the rotation of the area bounded by
the coordinate axes, the line x — 3 = 0 and the curve

y=e
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about the z-axis, we proceed as follows: The element of volume is

dV = wy? Ax = me?* Ax.

As before,
3 ™
V= rf e dg = (e — 1),
0 2
Exercise 50
GROUP A
Carry out each of the following indicated integrations.
Iil:. | o 2
L5 ;7;1«39( 5. [c 1 dz. e
2. f e dr. . o 6. f 2+ dr,
=z

l%nf .r‘

e (mf/l_)
4. f E ‘i: 5 =% 8. f £6** dx.

9. The velocity of a particle moving on a line at any time is given by v = 2/t. If
s =2whent =1, find s when t = 4.
10. The slope of a curve at any point is 2/x. If the curve passes through the point
(2,3), find its equation.
11. Find the area under the curve y = e* fromxr = 0 to r = 4.
12. Find the area under the curve 2y = 4 fromx = 1toz = 3.

GROUP B

Carry out cach of the following indicated integrations.

9 z2 _ e’ ~
13. f:cz dx. 16. .[el + 1d;z:.
14. f (x 4+ 1)e=*t2= dx. 17. f e® sin e dx.

x + 3 cosT
16. fx2 F 6z + ld 18. 1 + sin .vdx
19. Tind the area under the curve y = e*" fromz = —2 to xr = 2.
20. Find the arca under the curve y = 4* fromz = —4toz = 1.
21. Find the area under the curve y = 2(¢*/? 4+ ¢7#/2) fromz = —2tor = 2,

22. Find the area between zy = 8and x + y = 6.

23. The slope of a curve at any point is equal to three times the slope of the hine from
the point to the origin. If the curve passes throught the point (2,4), find its equa-
tion.

24. Find the volume generated by the rotation about the z-axis of the area bounded by
zy = 1, the z-axis, z = land z = 4.
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26. Find the volume generated by the rotation about the z-axis of the area bounded
by y = e%*, the z-axis, the y-axis and £ = 3.
26. Iind the volume generated by the rotation about the z-axis of the area bounded
by y = 2(e#/? 4 ¢7#/2), the z-axis, z = —2 and z = 2.
27. Tind the volume generated by the rotation about the line y + 1 = 0 of the area
bounded by zy = 4, the r-axis, z = 2 and r = 4.
Differentiate cach of the following functions.

«
2z q ,1
28 In bl 3L o 5 ©°
29. log, Vf%—t; 32, g@bartertd
x —
30. ¢ arctan?az 33. bV

76. Law of Natural Growth.

An important application of exponential functions occurs in problems
where the rate of change of a quantity with respect to a variable is propor-
tional to the quantity itself. If y represent the quantity and the deriva-
tive with respect to z, its rate of change, the mathematical statement of
the law is

dy _
a“kyt

where k is the proportionality factor. This type of rate of change gives
rise to the equation known as the law of natural growth. This equation is
obtained as follows:

dy = ky dzx, or %‘?/:kdx.

Integrating,
Iny =kx + C.

From the definition of a natural logarithm,
y — ek:+C —_ GC elcz.
Replacing the constant ¢ by A for C(‘)nvcnicncc,
y = Ae*~,

This law obtained its name from the fact that, for example, the natural
growth of bacteria in a culture follows the type of change this equation ex-
presses.  Suppose that the population of a culture of 1000 increases to
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50,000 in 10 hours. We find its population at the end of 20 hours as fol-
lows:

‘%=kN, InN =kt +C

N = Aer,
Tt ¢ =0,

N =A4 =1000 and N = 1000 €.
It ¢ = 10,

50,000 = 1000 el%, ¢t = (50)1,

Hence, if t = 20,
N = 1000 (50)* = 2,500,000.

Other variations in which the law of natural growth apply are that the
rate of change of air pressurc with respect to the distance from the surface
of the earth is proportional to the pressure at each distance from the sur-
face, that the rate of change of the difference of the temperature of a body
and a cooling flow of a medium is proportional to that difference and that
the rate of change of an amount of moncy put at interest and compounded
continuously is proportional to the principal.

In illustration of the latter variation, suppose that $100 is placed at in-
terest compounded continuously at the rate of 4 per cent. Let us find the
number of years required to make the principal $500. Since

% = 0.04 P,
InP =004+ C, P = Ae,
Ift=0, P =4 =100, P = 100 ¢ %,
If P = 500, %t = § 0.04t = In 5.
Hence, t = 40.2 yrs,,

using a table of natural logarithms.

Exercise 61
GROUP A

1. The rate of change of y with respect to z is always equal to 10 timesy. Ify =20
when z = 0, find the equation connecting = and y.

2. The rate of change of y with respect to z is proportional to y. If ¥y = 6 when
z = 0 and y = 12 when z = 3, find the equation connecting z and y.
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3. The rate of change of y with respect to ¢ is always proportional to y. If y = 4
when ¢t = 2 and y = 9 when ¢ = 4, find the equation connecting y and ¢.

4. The sum of $200 is put at interest at the rate of 5 per cent per year. If the interest
is compounded continuously, find the amount in 20 years.

5. The population of a locality 1s 20,000 and is increasing at a rate proportional to the
population at the time. Find the population fifty years later, if the population
is 50,000 twenty-five years later.

6. There are 1000 bacteria in a culture and 5 hrs. later there are 5000. Find the
number of hours after which there will be 10,000 bacteria.

7. A soluble substance in solution is being decomposed at a rate proportional to the
amount present. If 50 lbs. is reduced to 20 lbs. in 15 hrs., after how long a
time will there be 10 lbs. remaming?

8. In a chemical reaction the rate of change of concentration is proportional to the
concentration at any time. If the concentration is 0.02 when ¢ = 0 and is 0.01
when ¢ = 5, find the concentration when ¢ = 10.

GROUP B

9. Resistance is applied to a rotating wheel so that the angular acceleration is propor-
tional to the angular velocity. If the wheel is making 100 revolutions per sec.
in the beginning, and in 1 min. it is reduced to 50 revolutions per sec., find the
time necessary to reduce it to 10 revolutions per sec.

10. The population of a city changes at a rate proportional to itself. If it is now 50,000
and 25 years ago it was 20,000, find the population 15 years hence.

11, A particle moves on a curve in such a way that the rate of change of the ordinate
with respect to the abscissa is proportional to the ordinate. Find the equation
of the curve, if the slope of the curve is —3/2 at the point (2,3).

12. The rate of change of the slope of a curve at every point is equal to twice the slope
of the curve. If the slope is 3 at (0,3), find the equation of the curve.

¢
13. Assume the compound interestlaw A = P (1 + 7—:)" , where A is the amount, P the

principal, r the annual interest rate, ¢ the number of years and n the number
of compoundings per year. Derive the natural growth law from it, if the inter-
est is compounded continuously.

14. An electric current decreases in intensity 20 per cent in 20 minutes. After how
long will it have one-hundredth part of its original intensity?

Verify each of the following integrations.
dy

16. Ifa:d—x=y+2, Az —y —2 =0.

16. Ifxy%=y?+3, Ax? — y? = 3.

I

1. I zy‘% T2 a =AY

GROUP C

18. Differentiate y = zsin =,
19. Show that the curve y = 3z + sin z — cos z has no maximum or minimum points
and find the coordinates of one inflection point.



20.
21.

22.
23.
24,
26.

26.
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Draw the curve y = cos?® 2z, fromz = —rtoz = 7.

Find the approximate difference between y = Iln 2 and y = In (z + Az) for large
values of z.

Find the approximate difference between a® and az+4z for large negative values of z.

The inclination of a pendulum to the vertical is given by 0 = ae™™ cos (nt + b),
when the resistance of the air is taken into account. Show that the greatest
inclinations occur at equal intervals of time m/n.

Find the minimum value of y = ae"® + be "=,

Find the coordinates of the minimum point and the inflection point and draw the
curve y Inz = z.

Show that the maximum rectangle with one side on the r-axis which can be inscribed
under the curve y = ¢7*% has two of its vertices at the points of inflection.



CHAPTER IX
INTEGRATION

77. Standard Formulas for Integration.

This chapter is devoted, primarily, to the technique of integration.
As a first step in acquiring facility in integrating various expressions, called
integrands, familiarity with the formulas which have been used in previous
chapters is essential. For purposes of reference these formulas are collected
in this section, some of which are changed slightly. These changes are
discussed in the sections which follow. In addition, other formulas are
given which are necessary for the purposes of this text.

(1) f:c"d:c=njr_lx"+‘+0, where n # —1.
)] f audu = a f u du, where a is a constant.

3) f(u + ) dz = j‘u dx + [vdz, {where u and v are

Ifunctions of x.
4) f sin u du

(5) fcosudu=sinu+0.

—cosu + C.

(6) J‘sec2 wdu = tan u + C.
©) fcsc2udu= — cot u + C.
8) ftanusecudu=secu+C.

9 fcotucscudu=—cscu+0.

du .U
(10) f_a\/ﬁ = arcsin - + C.
d
11) PER s +’_‘u2

1 u
= arctan 2 + C.

188
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du 1 u
(12) fu s g Aresec + C.
du
(13) Pl Inu+ C.

(14) f wdu = ——av + C.

Ina

(15) f ot du = e + C.

R 1
(16) fudu—n-f-l

(17) ftan wdu = In sec u + C.

urtl + C, wheren = —1.

(18) fcot udu = In sin u + C.
(19) fsec wdu = In (sec u + tan u) + C.

(20) fcsc udu = In (csc u — cot u) + C.

1) fudv=uv-fvdu.

78. Integral of u" du

¢

The integral of a function to any exponent except —1, is given by for-
mula

- 1 n+1

(16) fu"du—n+1u + C.

The single case in which n = —1 is an application of formula
(13) B mu+tec

In the application of these formulas, it is most important to know that
u represents any function of a variable and that du represents its differential.
In the integrations carried out in previous sections w represented, for the
most part, a single variable. In this section the functions which u repre-
scent are varied; they may be algebraic, trigonometric or exponential.
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The first task in an integration is to ‘separate the integrand into two
parts, that which is represented by » and that which is represented by du.
Having chosen the function u, the remaining part of the integrand must
differ from its differential du at most by a constant. As a corollary of

formula

(2) f audu =a f u du,

a constant may be introduced in the integrand, provided that its reciprocal
is placed before the integration sign.
The following illustrate the applications of formulas (13) and (16):
(x —1)dz 2z — 2) dx

Vit -9 +3 2 Vit—ar 3 YE T EEIFG

where u = 22 — 2x + 3,du = (2 — 2) dr and n = —3}.

(x—1)dx_ _1 (2r — 2) dzx _ VT3
22—2r+3 2 x2—2x+3—ln =20 +3+0C,

where n = —1.
.._—-—x— d.L' —_ — l 2 — 3)—3/2 2 —_ —2_—
Vo = maf @ e = s,
where u = a? — 23, du = —3z*dr and n = —§.
%2—2%{2—5 = — % (1 + cos 2z)~Y2(— sin 2x)(2 dx)
1+ cos2z+ C,
where u = 1 4 cos 2z, du = —2sin 2z drandn = —3.
m2
fﬂ—@dx -1 sin? 3z cos 3z 3 dxr = 1sin“3:v + C,
sce 3z 3 )

where u = sin 3z, du = 3 cos 3z dr and n = 2.

l14+cos3x , 1,3 +3cos3z, 1 g
55 Fsin3:s ® T3 Bz fsinsg = 3nGrFsindn) +C

where u = 3z + sin 3z, du = 3(1 + cos 3z) dr and n = —1.

1n3(3x+1) 3 dx 1
f St sfln"(3x+1)3+1 21n4(3x+1)+C,
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where v = In Bz + 1), du = 33 and n = 3.

+1

et — .
fe T dx—ln(e +e?) +C,

where u = e + ¢ %, du = (¢* — e ®) drand n = —1.
a® dx ool 1
m lnaf(l—a) (—a*lna)dx = i a(l )+C

where w = 1 — a%, du = —a*Ilnadrandn = —2.

If the integrand assumes the form of a rational fraction whose numera-
lor 1s of the same or higher degree than that of the denominator, the indicated
division should be performed and the result integrated term by term. For
example,

.L3+x2—4x+3 _ _
f 7 =1 dx f<x2+2x 2+——)dx

§+x2—2x+1n(x—1)+0.

|

The integrals which are given in the excreises following any particular
section of this chapter, arc not necessarily to be evaluated by the formulas
and methods considercd in that particular section. As more and varied
integrands are set for evaluation and as new mecthods are presented, the
wider becomes the choice of a method of attack. While many integrals
can be cvaluated in but one way, others can be done by various methods.
Thus, the more miscellaneous is the group of integrands, the more it
becomes an exercise in the recognition of types.

Exercise 62

GROUP A
Evaluate each of the following integrals.
1 [EED 5. f:/xrfi—;_zdz
2. fxx_aldx. 6. [
3. f:c?(.t“ + 2)* dz. 7. \/:v;;}—_+1-2; dzx
4, fx\/:m dx. 8. fxT-{};_‘_ngl-i-—‘}dx
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_ 2 2
9. fiﬁ — 3d:z:. 20. ftﬂ.n x sec? x dx.

10. f&z? \V:c“’ + 4 dx. 21. fsin“ 3x cos 3x dx.
4r 22 s .
11. \‘Vm dzx. . sec3 2r tan 2 dzx.
12 _6z dr 23 cot bx csc? br dr
. e . s .

2 dr 1 + cos 2¢ ’

13. V1 — 22 24. (2 + sin 2r)? de.
- 2 sec? ax

14. f V(1 — 2?) dz. 26. f T tan az %
x? dr sec? 6

16. f (3 T 4z%)? 26. ¥ tan 6202 &%

16. fsin x cos z dz. 27. fe’(l — e*)2 dzx.
17. [ cos? 2z sin 2z dz. 28. f o dn
cos x ex
18. fSiﬂ2 z dr. 29. fm dx
sin az er
19. f os® am 30. f VL

GROUP B
Evaluate each of the following integrals.

31. f;—f%d 40. fﬁ—-ﬁf
32. f(” — % 41. ‘/Fff; -
33. f’f:gdx. a2. f—le?sﬁdx.
34. f Gy 13. f o da.
35. f;ji;dx. 44. f\/ 1— Vo,
36. f():" + 2)(x? + 1) dz. 46. ‘]ﬂsec4 az dz.
3v. f I%—% . Y —gé}% “_’fc)) dz.
38. f Zf—:ﬁ dz. 47. f ——1\/—&:———7—1 dx.

5 et
39. f(zzsh + 1)2/3 ‘\/:l:—dlf. 48. fm dx.
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49, f sin® z dz. 56. f z sin? z? cos z? dz.
50. f 2* sin o dz. 56. f 2 g,

51. f e L Y 57. f Mithz g
er — ¢ x

52. Q‘%’%da 58. f 2 2% dz,
e® — COS ar e 41

53. fe'“‘ — e oz 59. feh —5 9=

edz —— e—ﬂz .
54. m dz. 60. sin® 2x dz.

T79. Inverse Trigonometric Functions.

Formulas (10) and (11) for the integration of functions giving rise to
the arcsine and the arctangent of a function, as given in Section 77, have
slightly different forms than those obtained by the reversal of the corre-
sponding differentiation formulas. To obtain these more general forms we
proceed as follows:

du
du a . u
(10) f\/a"-—u2=f u2=arcsma+C.
N
a
du
du 1 a 1 u
(1 Jatw =af T mgremg e
1+a—2

The two following integrations illustrate the use of these formulas.
/‘ dx _lf 2 dx —larcsinzx_S-l-C
JVT+120 — 422 2J V16— (20 —3)r 2 4 '

dz 1 3dx 1 ¢ 3r + 1 c
f9x2+6x+4 =33+ @z + e 33 ctan—_s +C
The two following integrations illustrate the combinations of formulas

(11) and (13) and of formulas (10) and (16).

x4+ 3 _1 2r — 4 dzx
fx2—4:c+8dx—2 x2—4x+8d”+5f4+(x—2)2
v —

2
5— 1+ C.

= %ln (x? — 4+ 8) + garctan
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2z + 3 1 —8z dx 3
V5 — 4z

&
|

Exercise b3
GROUP A
Evaluate each of the following integrals.
1. _iz_——_' .
V16 — 9x?

dx
2. f FF5

dx
L BV

dr
& f?&?rs
5 dx
* 22 +2r +2°

dx

GROUP B
Evaluate each of the following integrals.

x+ 8
f 4.£+7d
18. fx/‘u-ﬂ—z

:c—l
19. \/.5+2.v
r+2
20. f3:c2 +2d.v.
x—2

1. hay————-S .
R
r -3
22. ‘/‘m dx.

2 4z +4
23. fmdﬁ.

eI
2. f Froa 5P

2dx

10.

11.

12.

26.

26

27.

-3

28.

29,

30.

31.

32,

“i) Vst T2) Vs _ 1
2z
—%V5—4xz+garcsin7‘g+0.

z+1
V4 =32

r+3 d
2+ 4z +8%
fe"“’ dzx.
fxe"’ dzx.

dz.

sin @ dz
: 1+coszx

x+2
(&% + 4z - +2)2

z+2 d
) rar 2%

. f(l + 3 sin3 x)2 cos z dx.

er/?

Vi — 3e'dx

sin r
NEh
cos T

f99§—’”dx. 4

sSin

esin oz ¢og ax dx.

f acos # gin z dz.
ln cos :c
“eot z

f cot? 4z csc 4z dz.

f tan? az sec az dz.
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80. Integrals of Trigonometric Functions.

The formulas (4) — (9), Section 77, are the inverses of the correspond-
ing differentiation formulas. The formulas (17) — (20) cannot be directly
identified with the derivatives of known functions. However, such forms
can be changed so that they may be recognized as derivatives of known
functions. These four formulas are obtained as follows:

17 ftanudu= — =Y = — Incos u = In sec u + C.
COS U

(18) cotudu—fﬂwdu—lnsmu-}—c

_ sectu+secutanu
(19) sec u du -f P — du = In (sec u + tanu) + C.

2 —_ : )
(20)e fcscudu =fcsc ad Cwu(()tu(ltt =1In (csc u — cot u) + C.

esc u — cot u

Integrals of Sines and Cosines. An integrand which assumes the form
sin™ u cos™ u,
where m and n are positive integers, is treated under two cases:

Case 1, if one exponent is odd, the integrand is transformed by the
elementary relation

sin? u + cos? u = 1.

In illustration,

f<3053 ax dr = :—Lf(l — sin? az) a cos ax dr

%(sin 0 — sin? a:r,) +C.

. 1 .
fsm3 ax cos? ax dx = — E‘/'(cos2 ax — cos! ax)(— a sin ax) dz

_cosbar cos®ax L
5a 3a )

sintax  sin® ax
4a ba

f sin® az cos® ax dx +C,

cos® ax  cos?ax
or = - C.
6a 4a +
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Case 2, if one exponent is e¢ven and the other is also even, or zero, the
integrand is transformed by one of the multiple angle relations
2sin?u = 1 — cos 2u,
2 cos?u = 1 + cos 2u,
sin 2u = 2 sin u cos u.
In illustration,

fcos2 ar dr = %f@ + cos 2az) dx = %’ + sm42ax L

‘fsin2 ar cos® ar dx = %‘/‘sin"’ 2ar dx = %f(l — cos 4ax) dx

x  sin 4ax
=g 33, 1O

Integrals of Tangents and Secants. An integrand which assumes the
form

tan™ u sec™ u,

where m and n are positive integers may be transformed by the elementary
relation

tan?u + 1 = sec? u
In illustration,

ftan“ ax dr = ‘/‘tan2 az (sec?ar — 1) dx

3
wn az f(sec2 ar — 1) dx.

_ tan3 ax tan ax
3a

+ 24 C.

f tan? ax sect ax dxr = f (tan? ax sec? ax + tan' ar sec? ax) dx

_ tan®ax tan ax

3. T +C’

The treatment of an integrand which assumes the form
cot™ u csc” u,

is similar to that of tangents and secants except that one uses the relation
cot?u + 1 = esc? u

In the integration of trigonometric functions the formulas of trigonom-
etry should be used freely. More often than not, some change in the
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function is necessary before an integration formula can be applied, as the
above illustrations show. It frequently oceurs that different trigonomet-
ric changes yield different forms of the result.  Such forms usually can be
shown to be equivalent by including in the constant of integration certain
numerical values. Thus,

<2 — Qan?
fc——-———()s. L 2‘/‘90'____s v dxr = 2fcot 2z dx
Sin & €os sin 2z
= In sin 2z + C,
or = f (cot x — tan z) dx
= In sin z — Jn sec z 4+ C.
Transforming the latter result,
sin x . sin 2x
=In(sinzcosz) = In

sec & 2
= In sin 2z — In 2.

Insinx — In sec x = In

Henee, when the constant term —In 2 is combined with the constant C,

the results are the same. \/
Exercise b4
GROUP A
Evaluate each of the following integrals.

1. sin3 r dx. 11, f sint z dz.

[

——

.

cos? 2x sin 2z dx. 12. f cos! 2z dx.

sin? 2z dzx. v 13. f V1 + cos 2z dz.

see 3 tan 3x dx. 14. f V1 = cos 2z dz.

2

dx
P 3 16. BN
sind x cos3 z dx. f\/cos 3z +1

dx
4 16. ———————
cot* z dz. f\/I o5 42
dr

T 2
(sin% — cos 5) dz. 17. f snz

=

—

d
8. f sin? x cos® r dz. 18. f cosx:c .
9. f sin? g cos? gd:c. 19. f cost z sind z dz.
10. f sin? %z dz. 20. f sin® 3r dx.
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GROUP B /

Evaluate each of the following integrals.

*eos3
21, j 952 e 31.
sin*zx

22.

sin* x cos' r dx.

=

tan? 2z dz. 32. sin 3z cos 2z dx.

—
=

€* sin e* dr.

23. cot®  dzx. 33.

—
—

2
esin”r qin 2r dr.

~ =

24. tan® x dr. 34.

—

1
26. f sin’ x dz. 36. f y il de,
26. ftzm5 rdr. 36. f(3<:3*‘ + 2x%) d.
27. f tant r sect r dr. 37. j2“2 xrdr.
28. f sec® 2 dz. 38. j o* s du.
i 2 “arctan x
29. ‘/‘sm4 r cos? x dz. 39. j s dzr.

30. fsin“ ar dr. 40. fcarct.xn z Ti‘lz—xz .

81. Integration by Substitution.

Many integrands can be integrated by the introduction of a new vari-
able of integration. If the original variable is z, the substitution of a new
variable z is brought about by assuming a relation

x = f(2).

It is highly important to remember that not only is z replaced by the fune-
tion of 2, but also, that dz is obtained from that function and substituted.
When the new function and its differential '

dr = f'(2) dz

are substituted in an expression and the integration carried out with respect
to 2, the reverse substitution gives the result in terms of the original vari-
able . This process is called integration by substitution.

No general directions can be given as to the nature of a substitution.
Its purpose is to bring the integrand into a form which will permit the
application of one of the formulas of integration. Frequently, substitution
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of a new variable is used to remove radicals in the integrand. Skill in the
use of substitutions comes with practice only.

In general, substitutions may be considered of two types, algebraic and
trigonometric.

Algebraic Substitutions. The substitution which is to be made in any
particular integrand is to be determined by inspection.  Consider the fol-
lowing integrations in which the substitutions are made for the purpose of
eliminating the radicals.

f V41 2f z+1
\/55+2x+2\/,c 2+2z+2

-where £ = 22 and dx = 2z dz. Integrating and making the reverse sub-
stitution, we have

m@E+2+2)+C=In(+2Ve+2) +C.
V3z+ 1, fz‘ldz__Q_ __2
3z +3° z2+2—3f<1 z2+2>dz’

where 22 = 3z + 1 and dzr = 3z dz. Integrating and making the reverse
substitution, we have
2

3¢~

4 2 2
3—\7—5 arctan V2 +C = 5\/ 3z +1 — gi arctan \/ix;l:_l + C.
In the following integrand there is no radical and yet it cannotebe inte-
grated by any of the standard formulas. IHowever, the substitution used
brings it to a form readily integrable, since the denominator is reduced to
4 monomial.

x¥de (P -4+ 4, 4 4
arm T e [ ) e

where £ = z — 2 and dx = dz. Carrying out the integration and the
reverse substitution,

z2—4lhz—4z'+C=2—4In(x+ 2) ————ﬁ-l-C
in which the constant of integration includes the 2 omitted in the result.
Trigonometric Substitutions. If a change of variable of integration
includes a trigonometric function, the substitution is known as a trig-
onometric substitution. Such substitutions have been found useful
when the integrand contains certain special forms. The forms and their
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substitutions are as follows:
For a? — x> use x = a sin 6.
For a> + x2 use x = a tan 4.
For x2 — a2 use x = a sec 6.

In justification of the use of these substitutions for the removal of
radicals, we write the following cxpressions:

Va? — 22 = Va*(l — sin?6) = a cos 6.

Va? + 22 = Va*(1l + tan?6) = a sce 6.

V2 — a? = Vai(see?§ — 1) = a tan 6.

However, these substitutions are frequently used for the transformation
of an integrand when there is no radical involved. Morcover, these com-
binations by no means exhaust the possibilities of trigonometric substitu-
tions.

The following three integrations will serve to illustrate the use of trig-
onometric substitutions.

f\/aQ—xzdx=a2fcos'~’6d0=q2—-f(1+cos20)do

- (20 4 sin 20) + C

S

NI R

= (a? aresin = + x — %) 4+ C.
The change of variable is cffeeted by letting x = a sin 6. Henee,

Va2 — 2

6 = aresin p andsin 24 = 2sinf cosd. From Flgure 65, cos § =
a

f 3 dx _9 tan30 f tan g (sce? 6 — 1) &b
(x? + 4)%2 sec @ sec 0

=2ftan0(seco—cos0)d6

2f(tan 6 sec § — sin 6) df

= 2(sec 6 + cos §) + C,
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in which z = 2 tan 0. By means of Figure 66, the reverse substitution
is made, giving

\/—2‘—4 4 x2+8
RV S sy S

:a ix o X (f | Vx

az-x? 2 V6-X
Fia. 65 F1c. 66 Fia. 67

To evaluate the following integral, we let
z = 6 sin? 4.

dz !
- . _ 1
f:c 6x — x? 3 blnzﬂ 3be0 0 do 3cot0+C

Making the reverse substitution, by means of Figure 67, we have

1 V6 br — 2

— X
"3 - 3z +C.
Exercise b6b /
GROUP A
Evaluate each of the following integrals.
1. fx\/i_+—1 dz. 11, \/jz?-
2. f vz ¥ 1dz. 12. j—;i_-%dx.
.

. f R/—?::Z’ 13, f —(;—T——l—)—" dz
N =t w [
6. f T,/-f—_}_-—-idx. 16. f gf’\/i dz.
6 \/;i_;z. 6. \/x::—_{_adx
7. f - 7. f —\/;%
8. f gl 18. f(x2+4>2
9. f ;z—_%—4 d. 19, f EE R

10 dx 9. [—9=
) VvV + 4 ) z?Va? — z?
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GROUP B
Evaluate each of the following integrals.

1 f\/1+\/5dx. 29. f\/\/i—-ldz.
xs

22. frz 1= 30. [(4 e

sin Vz

23. ———=dz. 31.

vz ’ f\/l — \/.1:

24. f'(;-z—_i_wd.’t. 32. fmdx
Vi3 — 4 dx
26. fT dzx. 33. fm .

(4x2 — 9)%* dx
26. f Sz ol Bv-r
27, f 253 — 8)¥3 dx 5. [ Y2 4.
9x + 4)2
dr 3 .
28. f oV F o 36. f aF anm &

GROUP C
Derive formulas for the evaluation of each of the following integrals.

d W S

317. \/uz + pr =1In (u + Vu? ¥ a?) + C.
du P
38. PP In (u + Vuz — a?) + C.
du V2au — u?
39. - — = — A
/.u\/Zau. — u? au +C
40. f—-d"— = - M2aut v, o
uVaau + u? au
du Vur = 2au
41, — = 2.
‘/‘u\/u2 — 2au au +C

82. Integration by Parts.
The formula for the differential of the product of two functions is
d(uww) = w dv + v du.
Integrating both sides of the equation,

uv=fudv+ v du.
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Solving for one of the integrals, we have an important formula of integra-
tion,

(21) fudv=uv—fvdu.

Integration by means of this formula is called integration by parts.
The application of this formula succeeds in many cases when the methods
presented in previous sections fail. The success of the application of the
method of integration by parts usually depends on the ability to choose

and dv so that the integral, f v du, can be evaluated.

The following evaluations illustrate the application of integration by

‘parts.
fxcosxdx =:csinx-—fsinxdx
= zsinx + cosz + C,
where
u =z, dv= coszdz,
and hence,

du = dx, v = sin x.
In this same problem, it may be pointed out, that had we let
u = coszx, dv=zxdz,
then
du= —sinzdr, v="5
and

x? 1 .
fxcosxdx= gcosx—i-i x? sin z dz,

in which the latter integrand is more difficult to evaluate than is the given
one.
fxae” dr = 3z%” — [ ze* dx
= 1(z%% — ¢*) + C,

where
u = 2, dv = ze* dx

$e=,

and

du =2xdx, v



204 Elementary Calculus

Sometimes the method of integration by parts should be applied two

or more times before an integrand is obtained which can be evaluated, as
illustrated by the following:

fxzsinxdx= —x”cosz+2fxcosxdx

= — z?cos z + 2(z sin z + cos z) + C.

fe’sinxd:c = — e*COS T +fe=cos:cdx,
where
u = e* dv = sinzdzx.
Upon a second application,

fe’sinxdx= —e’cosx+e‘sinx—fc’sinxdx,
where

u = e* dv = cos x dx.

Transposing the integral in the second member, we have

fe: sin x dr = 1e® (sin x — cos z) + C.
Certain integrands, such as
In z, arctan z, arcsin z, ete.,

cannot be integrated directly. But since they are differentiable, integra-
tion by parts serves to evaluate them. For the first,

fln:cdx=xlnx—-fd:c=xlnx—x+C. 4“"6@‘)

Exercise 66
GROUP A

Evaluate each of the following integrals.

1. f ze?* dzx. 4. f arctan z dx.

2. f z In z dz. 5. f %3 dx.

3. f z sin z dz. 6. f 22 sin 2z dzx.
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7. f:v'*‘lnxd:c.
8. fa: sin? 3z dx.

z arctan z dz.
z arcsin z dz.

11.

z? In 22 dx.

—_——

12. f z arctan x2 dr.
"GROUP B
Evaluate each of the following integrals.
19. dx .
rinz
20. [ o[% T T de.
: a—ux
\/
*+1
21, dz.
VI

22. fe'dﬂ zsec? rdr.
23. f((”“‘-—- e"ar)? dx,

2. (x+1)+x/x+1

25. f \/‘L“_I_‘

26, ‘ir-‘i‘;lﬁ d
L

27. f“l’f dr.

83. Integrals of Rational Fractions.

The quotient of two polynomials is called a rational fraction.

205

13. x arctan? x dr.

—

14.

o

sin z In cos z dz.

16.

e* cos zdur.

=

16. | 23 V4— 2?4z

17, zle™*2 dx.

18. z? aresin z dz.

.

xe*
B )it ®

29. f et

30. f arctan%dx.

3L f ’”_C“‘Tnzl/_; de
32, f In (1 — V) dz.
33. f e~* sin 3z dz.
34. fsec’xd:c.

36. f csed rdx.

36. f (1’“’

While

the integration of special cases of rational fractions has been found possible
by the methods of previous sections, these miethods do not apply for all

cases.

Regardless of later considerations, the first step in the integration of a
rational fraction is to perform the indicated division until the numerator s

of lower degree than the denominator.
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Partial Fractions. The partial fractions of a rational fraction are those
fractions whose sum is the original fraction and whose denominators are
the real factors of the denominator of the original fraction. The separa-
tion of a fraction into its partial fractions is a problem of algebra which is
considered under three headings: The denominator can be factored into
real lincar factors, no one of which is repeated. The denominator can be
factored into real linear factors, at least one of which is repeated. And
the denominator has at least ornie quadratic factor.

Distinct Linear-Factors. A fraction whose numerator is of lower degree
than the denominator and whose denominator can be factored into several
distinct linear factors can be separated into the same number of partial
fractions. For example, for the fraction

22—=3x4+5 22 —-3x 45 ,
-2 —5z+6 (@x—DE+2)x—23)

we assume that

”»—-3x+5 = A B c
P2 —b: %6 s-1 z+2Tz-3

in which 4, B and C are constants to be determined. Clearing of fractions,
22 —-3r+5=A@+2)(x —-3) + Blx — 1)z — 3) + C(x — )(xz + 2).

Since we have assumed that the original fraction is equivalent to the sum
of the partial fractions, the latter equation must hold for all values of z.
Consequently, we may choose the most convenient values of z which will
enable us to find the values of the unknown constants. Choosing those
values of x which will make each factor zero in turn,

=1, 24 = —1,
Tz = —2 B =1,
= 3, 2C = 1.
Using these results,
22 -3z +5 1 dz dzx 1 dx
fx3—2x2—5x+6dx——§ x—1+ x+2+§ z— 3

=—ln\/x-—1+ln(x+2)+anx—3+C,

(x + 2)Vz — 3
=p=T2 Y= " 91 C.
! vz —1 +
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Repeated Linear Factors. If the denominator of a rational fraction
contains a repeated linear factor, the first method of separation into partial
fractions fails, since there would be several partial fractions having the
same denominator which could be combined into a single one. The fol-
lowing problem illustrates the method of procedure.

For the given fraction, we assume the constants A, B, C and D,

T i G T G
Clearing of fractions,
2241 =A@+ 1)* + Bx(x + 1)2 + Cx(z + 1) + Dz.
,As in the first method,
2=0, A=1 z=-1, D= -2

This exhausts the possibilities of choosing those values of z for which a
factor is zero. To determine the two remaining constants, we may use the
method of equating the coefficients of like powers of z, or we may choose
two convenient values of z other than those already used. Sometimes it
is advantageous to combine the two methods to obtain suitable equations
in terms of the unknown constants. Let us equate the coefficients of z3
and those of 2. Since the coefficient of cach is zero in the left-hand mem-
ber of the equation, these are the more convenient coefficients. Thus,

A4+B=0, B=—A=—1,
34+B+C+D=0, C=0.

Using these results,

f_izil_d_ ‘_‘,{_‘I‘.Jlﬁ__g dz__
e+ 10" ) = r+1 x + 1)°

=ln:c—ln(x+l)+(x—+—ll)—2+0
+ C.

T 1
it EFIe

Quadratic Factors. Corresponding to every quadratic factor of the
denominator of a rational fraction, we assume a linear numerator for the
partial fraction. Such a quadratic factor is assumed not to have real
linear factors, otherwise the separation into partial fractions is one of the
two preceding cases.

=In
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For illustration, we choose a rational fraction whose denominator has a
nonrepeated quadratic factor and assume the constants A, B and C,

32 —-2x4+1 A n Bz +C
2 =22 4+2x—1 a—1" 22—z +.1

Clearing of fractions,
32 —2r+1=A@—z+ 1)+ Bzx(x — 1) + Cxz — 1).
Letting z = 1, x = 0 and equating coefficients of z2, we find *
A=2 C=1 B=1
Using these results,

f 3x2 — 2¢ + 1 d:c=2f dx +1 2r — —I—d n
x —. 1 xr —

S22+ 22 12—z +1
3 dx —
E '(‘F%-)—z—_?"% = lll[(.l? -_ 2)2\/2?2 — X + l:l + \/_ arctan—v_— + C

A rational fraction whose denominator has a quadratic factor repeated
is treated as follows:
20t 4 2 + 422+ 1 =£1_+B:v+0+ Dx—{—E,
z(x? 4+ 1)2 z 241 (x2 + 1)2
20 + 2+ 42+ 1 = A@@® + 1) + Br*(@* + 1) +
Cx(x? 4+ 1) + Dz + Ex.

The constants are found by equating coefficients of constant term, x4, x
z, and 2? in the given order, giving

A=1 B=1 C=1, E= -1, D=1.
Hence,

f2x4+x3+412+ ld
z(zz + 1)2

dx z dr x dz dx
f?"' x2+1 x2+1+f(x2+1)2 f(x2+1)2

=Inz + :n(x?+ 1)+ arctanz —

x2+1
3 arctan x — 2+1+C
=1n(x\/x2+1)+%arctanx——.i+0,

2(x2 4+ 1)
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where the last integral was evaluated by means of trigonometric substitu-

tion.
Exercise 57 /

Evaluate each of the following integrals.

r+4 2z —5

L fo—zz dz. 8. fmdx-
z+ 8 dx

2. fx__—ﬁ-l-x—fidgc' 9. ./":':_44_}:3
z—3 dr

3. f————-—gxz_zx_ldx. 10. f:cT;_xi'

GROUP A

4 f ﬁ;’——f%;—‘*dx. 11. f ﬁ;-——j_—;i‘fdx.

5. (—%Lis)%zi_% dz. 12, f e

6. f (f;tﬁg:i___lxdx. 13, Ta\{—% 2

7. f% da. 14, fxa—z_:_—ldx
GROUP B

Evaluate each of the following integrals.

15. f e 02 22, f ot

16. \/3_’”:%—1__:; dr 23, (775‘:%?&——_4272 dz.
17, ——r%l:—_—ﬂ dz. 24, %d@
18. f e e 26. f HF:%:T?)T
19. f . 26. f s d.

20. f e g, 27, f ——(111‘;)3@.

dz cos?
2. f:czx/l—:c' 28"f&>_sx+1dx'
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GROUP C
Derive formulas for the evaluation of the following integrals.

du 1, u—a
29, f&r_‘_—a—z = a In u’ﬂ + C, where [u| > |a| .

du 1 a—u
30. f(—lz———— =—In T u + C, where |u]| < |a] .

—-u? 2a
du 1 u
31, f;ﬁt—:a:‘ = g aresec - + C, where [u > |a].
84. Definite Integrals.

In Chapter VI the definite integral is shown to be independent of the
constant of integration. Thus

b b
1) s - ’”(”]a = F(t) - F(a),

where (% F(z) = f(x). Hence, a definite integral is a function of its limits,

Tn addition, it was assumed that the function f(z) is continuous and single-
valued in the interval from 2 = a to 2 = b and that the function is inte-
grable.

Change of Limits. When a definite integral is evaluated by a change of
the variable of integration, the limits of the integral should also be changed
to correspond with the Zlange of variable. 'This change of limits obviates the
necessity of making A& reverse substitution of variable. For example,

2 gr /4 /4
f — =f see 0 d6 = In (sec 6 + tan 0)]
—2Vrt+4 —r/4 —/4

=In(vV2+4+1) —In(v2—=1) =1 3+ 2V2).

Also,
0 _ P o s
£v5+ldx—2£z+ldz-z 2z—f—2ln(z—|~1):|2
=3—-lnl§-

9
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Exercise 58

GROUP A
Evaluate each of the following definite integrals.
. f3/4 . fS
. zVz? + 1dr. 13. y Vo — 2
g
2. f vz + 1dr. 14. j aresin z d.
1/2
dr 3 de
3 . \/4-—Ll 16. ‘/: (J;l+i—)7‘-‘.

4 i . 16 ° _de
TSy t4 ) \/*ﬁ\/z-—Q

3 e
6. fx\/x + 1de. 17. [ In z dr.
0
2 1
6. f (4 — 232 de. 18. f arctan x dr.
0 0
/2 /4
7. f sin? x cos r dx. 19. f z sin & d.e.
0 0
1 /8
8. f €271 . 20. f cos 2z sin 4r dr.
1/2 0
5/3 T T
9. » \/zih—t 1 dr 21, ‘/0‘ rsin?xde.
1 4
10. f 22 e dx 22. f 23V — 4 dr.
0 2
5 dr
11. \/xz — 9 . 23. '\/)I — x2dx.
5 lr 1/2 dr
12. T 24, .
‘/;2.172—‘5134‘ f1/2 \/7 +4.B"‘4.£'
GROUP B

26. Find the area bounded by zy =12 and z +y =

26. Find the area of a circle of radius a by integration.

27. TFind the area of the ellipse b2z? + a%y? = a??

28. Find the area of the loop of the curve y? = z2(2 — z).

29. Find the area bounded by y(z* + 4) = 8, the z-axis, z +2 =0and z — 2 = 0.

30. Find the area under the curve y2(4 — 2?) = 4 fromz = —2toz = 2.

81. Find the area under the curve y = arcsin r fromz = 0tor = 1.

82. Find the area under the curve y = arctan z fromz =0toz = 1.

33. Find the area in the first quadrant bounded by y = cos z, y = sin 2z and the
y-axis.

34. Find the area under the curve y2(x? 4+ 4) = 4 and above the z-axis between
z=—2andz = 2.
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85. Find the volume generated by rotating the area under one arch of ¥y = sin z about
the z-axis.

86. Find the volume generated by rotating the area under one arch of y = cos 2z about
the z-axis.

87. Find the volume generated by rotating the area under the curve y(z2 +z) =1
from z = 1 to z = 2 about the z-axis.

38. Find the volume generated by rotating the area in the first quadrant bounded by
y = cos z, ¥ = sin 2z and the y-axis about the z-axis.

89. Find the volume generated by rotating the area under one arch of the cycloid
z = a(@ — sin 8), y = a(l — cos 0) about the r-axis.

40. Draw the curve y(2? 4+ 4) = 4z, find the coordinates of the maximum, min-
imum and inflection points, find the slope at the origin and find the area in the first
quadrant bounded by the curve, the z-axis, the maximum ordinate and the or-
dinate of the inflection point.

GROUP C

Differentiate each of the following functions.
41, earctan 72, 43, qmnsin sz,
42. In (In tan z). 44, gcos =z,
Draw each of the following curves.
46. y = 31n§- 47, y = er+(ta),
46, y = z%~=. 48, y = 1(e?/2 4 e7%/2),

40,

50.

51.

62.

54.

66.

86.

A ladder 80 ft. long rests against the vertical wall of a house. A fence of greatest
height is to be built 10 ft. from the house. Find the height of the fence so that
the ladder just clears it.

Draw the curve y = 22 — 4 arctan z from z = 0 to z = V3. Find the coordi-
nates of the minimum point and find the area from that ordinate between
the curve and the z-axis to z = V3.

Find the volume generated by rotating the area bounded by y = e#, the z-axis,
r = —2 and the y-axis about the line y +1 = 0.

z
Find the area in the first quadrant under y = e“*e——l between £ =1 and

z =2

The slope of a curve at any point is y/2% If the curve passes through the point
(1,e), find its equation. .

Find the volume generated by rotating the area bounded by y = arctan z, the
z-axis and the line z = 1 about the y-axis.

A particle is moved along the z-axis by the action of a force numerically equal
to z/ V25 — z?, where z is measured in inches.  Find the work done by the force
in moving the particle from the origin to z = 4 ins.

Improper Integrals.
By the fundamental theorem of integral caleulus

f bf(x) dx = lim 1.inf(ac,-) Az,
a Az—0 i=1
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where
r=a, 2,=0b—Ax and (b — a)/n = Azx.

Thus we have the geometric interpretation of the definite integral as the
limit of the sum of the elements of arca where that area is bounded by the
curve ¥ = f(x), x = a, x = b and the z-axis. This limit exists provided
that f(x) is a continuous single-valued function in the interval

aszx=bh,

and that the function is integrable. On the other hand, this limit may or
may not exist if f(x) possesses a discontinuity at any point in that in-
terval.

If the curve y = f(z) has a horizontal asymptote, the area is not
bounded in the ordinary sense. Such a curve is drawn in Figure 68.

If f(x) is infinite for any value of « in the interval, including the end
points, the curve y = f(z) has a vertical asymptote and, again, the area
is not, bounded in the ordinary sense. Such a curve is drawn in Fig-
ure 69.

A definite integral whose integrand becomes infinite for one or more
values of the variable of integration in the interval of that integration or
which has an infinite limit is called an ¢mproper integral. The evaluation
of an improper integral requires special attention.

Infinite Limits. An improper integral whose upper or lower limit is
infinite, must be cvaluated by the limit process. Whether or not this limit
cxists, depends on the nature of the integrand.

If the upper limit is infinite,

® b
f J(x) dx = lim f 1(x) dx.
And if the lower limit is infinite,

f_ '; J&x) dx = lim f *fx) dx.

The area in the first quadrant between the curve zy = 1 and the z-axis
to the right of = 2 is infinite. This is known from the evaluation

© b
% _ lim lnx] — lim (nb—1n2) = .
2 x b—o 2 b—re

The limit does not exist, and the integral has no meaning.
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The area in the first quadrant between the curve 2% = 1 and the z-axis
to the right of x = 2 is represented in Figure 68. This area can be found
by the evaluation

2o (<DL~ b -G -D)-

since the limit does cxist and the integral does have meaning.

1)/

Fic. 68

Infinite Discontinuities of the Integrand. An improper integral whose
integrand is discontinuous in the interval of integration, must be evaluated
by the limit process.

If the integrand is infinite at the lower limit,

b b
7 50> ax = tim f f(x) dx.
a h—0 Ja+h
If the integrand is infinite at the upper limit,
b b—h .
S sy ax = tim [T 1 .
a h—0 Ja
And if the integrand is infinite at = ¢, wherca < ¢ < b,
b c—h b
f f(x) dx = lim f #(x) dx + lim f 1(x) dx.
a h—0 Ja ha—0 c+ha
To find the arca in the first quadrant between the curve zy? = 1, the

z-axis, the y-axis and xz = 4, we note that the y-axis is an asymptote.
Hence, the following integrand is discontinuous at the first end point of
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the interval of integration. The evaluation

4 do 4
li f—=1im2f]=lim4—2f=
air(‘) a ‘\/1; a—0 ( I) a a—0 ( a) 4’
shows that the integral has meaning, since the limit exists.

For the area in the first quadrant between the curve 2% = 1, the z-axis,
the y-axis and x = 2, we observe that the following integrand is discontinu-
ous at £ = 0. The curve is drawn in Figurc 68. The cvaluation

. 2 dx . 1 1
lim “T = llm — ) = lim — S— =)= o,
a—0 Ja a—0 2 a

shows that the integral has no meaning, since the limit docs not exist.
For the area between the curve y(x — 2)? = 1, the z-axis, z = 1 and
x = 3, it is highly important to know that the curve is discontinuous for

1 2 3 X

!
Fra. 69

z = 2. The curve is drawn in Figure 69. Were the integral evaluated
without observing the discontinuity, the result would be wrong, thus

-/1‘3(70—(??= (x—2]3 —(141)=—

In fact, the integral has no meaning. That the limit does not exist is shown
by the following evaluation:

im [ [P
m—0 J1 (@ —2)2 " oo Jo4m (x — 2)2

1. ( 1 2—h ]
h,lln,o x— 2 ]1 + h,lglo - ;__.,é)l“’

lim —(—l+1)+ lim —(1——)—
h1—>0 hl h2—0 hg
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Exercise 69

GROUP A

Evaluate each of the following integrals, if possible.

° dz
1.‘/: pel
6 dx
2.£ =

2 dx
5. ﬁ s
6 3 dz
“J2 V=2
@ z
7. £ m2+4dx.
1
8. f dz_
—1 X
GROUP B

® z
9. ‘/(: m dz.
@ dr
10. — —.
‘L‘ xVaz? — 1
® T
11. j; g da.

2 dr
12. f_z Vi—a"

2 dx
13. A -1 .

3 dx
4, —————..
1 ‘/—‘3 V9 — 22
1 /T 1 2
16. f VIt
0 T

16. f In z dzx.
1

Evaluate each of the following integrals, if possible.

17. f sin z dx.
0
m
18. f cos 2z dz.
0
/2
19. f tan z dz.
0
x/2
20. f sec? z dx.
0
1
21, f e+l
0 € — 1

GROUP C

3 z

22. £ ma dzx.
4 1

23. ‘L‘ m dx.
1 dz

2, ﬁ L
L dz’

25. e

,/1‘ zVz + 1

2. [ 2
6. ‘[)‘ m dx.

Investigate the area under each of the following curves between the given limits and

find that area if it exists.
27. In the first quadrant under zy?

tor = w.
28. In the first quadrant under z%
tox = .

29. In the first quadrant under z%
tor = .

1 fromz =0toz =1 and from z = 4
1 from z = 0 to z = 4 and from z = 4

1 fromz =0 toz =2 and from z = 2
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80. The area under 2% = 1 fromz = —1toz = 1.

81. The area under z%y® = 1 fromz = —1toz = 1.

32. The area between the curve y(z? + 4) = 8 and its asymptote.

83. The area in the first quadrant between the curve y2(1 — z%) = 1 and its
asymptote.

84. The area in the first quadrant under (4 — z) = z2 fromz = 0 to z = 4.

86. The area between the z-axis and the curve y(zr — 4)® =8 from =z =1 to
r = 4.

36. The area under the curve y3(x — 1)2 = 8x3fromz = 0tox = 3.

87. The aren between the curve y(x2 — 5x + 6) = 6 and the z-axisfrom z = 0
tor = 4.

38. The area between the curve ¥y = In z and the z-axis fromz = 0 to z = 1,
it being given that 111_1’10 [tInz] = 0.

x

89. Investigate the volume generated by rotating the area in the first quadrant under
the curve y = €¢7* about the z-axis, and find that volume if it exists.

40. Investigate the volume generated by rotating the area between the curve y = Inz
and the z-axis from z = 0 to x = 1 about the r-axis, and find that volume if it
exists.

86. Table of Integrals.

It is unnecessary at this stage in the development of the integral calculus
to go farther into the theory and methods required to evaluate integrals
which are more complex than those already given. Some of the integrals
which ordinarily arise in practice and which can be evaluated in terms of
elementary functions have been collected in the form of a table appended to
this text. This table is a very brief one. A more complete one is to be
found in Short Table of Integrals by B. O. Peirce.

In the table appended, only those integrals appear which are not imme-
diately reducible to a standard form. Those which are immediately reduci-
ble to a standard form appear in the first section of this chapter.

If an integral to be evaluated has the form of one given in the table,
the result can be written immediately. In other cases a transformation
may be required to bring the integrand into the form of that of the table.

It is to be observed that some of the formulas of the table express an
integral in terms of a simpler one. Such formulas are called reduction
formulas, which with many others are derived in more advanced calculus
texts. It frequently happens that a reduction formula must be applied
several times before the final integral can be evaluated.

To use a table of integrals intelligently, one must possess some ability
in the technique of integration. The purpose of such tables is the saving
of time and labor and not to obviate the necessity of knowing how to in-
tegrate.
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To illustrate the uses to which the table may be put, the two following
evaluations are made:

f.r\/i — B dy = ?)kfsin5 6 cos? 6 db,

in which the substitution = sin?® 6 is used. Applying the reduction for-
mula 43 once and formula 41 twice, we have

]le — x3¥dy = COZO (15 sin® 6 — 3 sin* 6 — 4 sin? 6 — 8),

- __”3‘5” (1522 — 3243 — 423 — 8) + C.

sin 2
;—/«;_l%—;;l_—xdx=2fsinxmd%
—2‘/’\/—'_(1

in which the substitution sin x = z is used. Applying the formula 7,

sin 2z

\/l—i—s'inx =4z —2V1+2z=4sinz - 2)VI+sinz+ C.

Exercise 60

Evaluate each of the following imtegrals by using the table of integrals.

1. fsm vz dr = 2(sin Vx — VI cos Vz) + C.

2. f\ﬂ+sm2.rd.t
) = g i
./‘\/1+de V1 =z + aresin z + C.
dx
. f"‘?:f

dz
f i arctan e + C.

dr
Vi+3-—-+Vr+2
7. f—:—:/%.—.—%(x’+xx/xz+1)+1n(z+‘/x2+1)+C
dz

Ve +1

Lad

o
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) fwdx =31 +In2)¥ + C.

e

\/1-{-0’
'f\/1+\/1 = 4vViFz-2V1i+Vitz+C.

.fo2+2x+2dx.
e =4 t—2)Vst+1+C.

\/1

__sm 2a:
V1 +sin?z

5
\ fx‘lnxdz =z (6lnz=1) +C.

arcsin
. dr.

f \/1 —at
. f:v\/l — z?arcsin r dz = §[3z — 28 — 3 (1 — z%)¥2arcsin 2] + C.
18. f (1 4 z) cos vz dz. 28. f sin® 2z dz.
19. f sin 2z ¢<in? Z gy, 29. f cos® 3z dx.
20. f azb?zc3* dz. 30. f cos® 2z sin? 2z dz.
21, f ~ d:c 31 f sin? 3z cos? 3z dz.
5
9, | —=d . g 222
2 f Vig -z f cos
7 ; cos’ 2x

23. f\/a‘ 3 4 g¥3 dr, 33, fsm2 5
24. f —dz. 34, j tant 6z dz.

\’a -z
26. f : sm.xz dz. 36. f sect 8z dz.

2 —sin*z

. . sec T

2 fsm zIn (1 + sin z) dz. 36. beL 7~ tan 1:

cosS T
. f9—4§n-22d”' 3. f —-a”e‘-'“

s




CHAPTER X

APPLICATIONS OF DIFFERENTIATION AND INTEGRATION

87. Differential of Arc.

In Figure 70 let s represent the length of an arc of the curve

T C)

from an initial point A of the curve to P(x,y). Then arc AP = sand sis a

/p'

Ay

Fi1a. 70

function of z. For convenience, it is assumed
that sincreases as x increases. An increment of
z produces corresponding increments of y and s
and locates a point P’'(x 4+ Az, y + Ay) on the
curve so that the length of the arc PP’ = As.
Let the length of the chord PP’ = PP’. Then
from the figure

PP’ = VA" + Ay’

PP / Ay\?
and Ar 1+ B)'

Multiplying- the numerator and the denominator of the first member of the

equation by As,

Hence,
As

%N

lim 22. lim — = lim

PP' 1 + (é:g)z
2az—0 AT az—0 AS az—0 N Az

and

4@

’

in which we have assumed that lim f% = 1, as is shown later in this

section.

az—0 A

220
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From the definition of a differential of a function,

ds = \J1 + (%)2 dx.

Upon dividing the expression for PP’, given above, by Ay instead of by
Az, it can be shown, similarly, that

which will be found useful upon occasions.
The latter two forms for the differential of arc can be written in the

equivalent form
ds = Vdx*? + dy?,

2 2
using that (%) = %% from Chapter I11.

In case the cquation of the curve is expressed parametrically, so that
z and y are expressed as functions of the parameter ¢, the expression for
PP’, given above, may be divided by At. This yields the following value

for the differential of arc:
o= (@) + (@) @

The positive sign used preeeding the radical in each of the above differ-
entials is a result of the assumption that s increases with x, with y and with
t. Otherwise, the sign might be taken as negative.

Limit of the Ratio of Arc and Chord. It was assumed above that the
limit of the ratio of the arc and the chord joining two near points of a curve
approached unity as one of those points approached

the other as a limit. A formal proof of this statcment Q
can be given as follows:

In Figure 71 a tangent is drawn to the given curve _ ’
at the point P on the curve. At the second near point PAT P
P’ of the curve a perpendicular is erected to the chord Fra. 71

PP’ intersecting the tangent at the point Q. Let the
angle QPP’ = 6. From the figure it is obvious that if P and P’ are suffi-
ciently necar points,

Chord PP’ < Arc PP’ < PQ + P'Q

Arc PP’ PQ P'Q

and 1 < Ghora PP < PP T PP’

+
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Also from the figure,

rQ P'Q
ppr = sec 6 and PP = tan 6,
. b
whence 1< (‘ﬁl\o]:TI;’]F < sec  + tan 0.

As 6 approaches zero, the right-hand member of the inequality approaches -
unity. Hence, as P’ approaches P as a limiting position, the ratio of the
arc and the chord approaches unity.

88. Curvature.

A curve which changes its direction rapidly is often spoken of as a sharp
curve as compared with one which changes its direction more slowly over
an arc of cqual length. Such statements express qualitative aspeets of a

curve. It is our task to find a quantitative

expression for the sharpness or flatness of a

curve.

In Figure 72 let A represent the angle by

which the tangent to the curve at the point P

has changed its direction as the point of tan-
x geney P moves along the curve to a near

point P’. The measure of this angle depends,
not only on the sharpness of the curve, but also
on the arc length PP’ = As.

The ratio of the change in the direction of
the tangent and the change of arc length is defined as the average curvature
of the curve over the arc As. Hence, letting K denote curvature,

A®

Average K = As

Y

Fia. 72

The limit of this ratio as the point P’ approaches P as a limiting position
is defined as the curvature of the curve at the point . Hence,
. A6 _ db
K=lim 3= @

Thus, the curvature of a curve at any given point is the rate of change of its in-
clination per unit of its arc length.

The definition given for curvature is independent of any coordinate
system. The change in direction of a tangent may be measured with ref-
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erence to any fixed line of the plane. Those properties of a curve which
are independent of a coordinate system are known as the tntrinsic proper-
ties of the curve.

To derive the analytic expression for curvature, a coordinate system
must be chosen. Assuming such a system, the equation of the curve is
expressed in Cartesian coordinates and the direction of the tangent is taken
as the slope angle. As a result, the curvature of a curve at any point can
be evaluated by means of the coordinates of that point.

In Figure 72, s is measured from the fixed point 4 on the curve

y = f(2)
to the point P(z,y). The slope of the tangent at P is

tan 6 = éy and 6 = arctan é?/
dx dr
d2y
Hence, do _ da? .
dr (dy 2
1+ (%
dx
: ds _ mgz_z
From Section 87, e 1+ s
de
i do  dr
Since, 5= gf’
dx
dy
_4de _ dx?
we have, K = =

dy 271 3/2
1+ ()]

According to this definition, the curvature of a curve y = f(x) at any
point Pi(z1,y1) has the same sign as that of f”(z:). Hence, K is positive
or negative according as the curve is concave upward or concave down-
ward at the point P;. Ordinarily, it is customary to consider curvature as
essentially positive. However, as we shall see, there are occasions when
we shall desire to retain the sign.

The curvature of a curve y = f(x) vanishes at any point of the curve at
which f/(z) = 0. Thus, the curvature is zero at an inflection point of the
curve.
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Radius, Center and Circle of Curvature. The reciprocal of the curva-
ture of a curve at a point is called the radius of curvature of the curve at that
point. Denoting the radius of curvature by p, by definition

-1,
PTK

The curvature of a circle is a constant and is equal to the reciprocal of
its radius. Thus, if

z? + y? = a?, K=—1—»
a

and the radius of curvature of a circle is its radius. By means of this re-
sult, the analytic definition of curvature, when applied to a circle, conforms
with the qualitative statement at the beginning of this section: the larger
the radius of a circle, the smaller the curvature and the more nearly the
circle coincides with its tangent at a
point.

Let a length equal to the radius of
curvature of a curve at a point P, for
which the second derivative does not
vanish, be laid off on the normal to
the tangent to the curve at P toward
the concave side of the curve. The
0 V4 S T >X extremity R of this line segment is

/ known as the center of curvaturefor the

point P. The circle whose center is R

and whose radius is the reciprocal of

Fia. 73 the curvature at P, is called the circle

of curvature at the point P. If the given curve is a circle, the center of

curvature is the center of the circle and the circle of curvature is the

circle itsclf. It can be shown by more advanced methods that the circle

of curvature of 'a curve, other than a circle, represents the curve near
the point P more nearly than does any other circle.

The coordinates of the center of the curvature of a curve y = f(z) at
a given point P of the curve are derived by means of Figure 73. Let the
coordinates of R be (h,k) and choose the positive value of the radius of
curvature p, since the curve is concave upward at the point P. Were the
curve concave downward at the point, p would be taken negative. Then,

since f'(z) = tan 6 and ds = V1 + [f'(z)]* dz = sec 0 dz, cos 6 = dz/ds

yA

T Lo
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and sin § = dy/ds. Hence,

___f’g)z:d cos § = ———————1 .
V1t [f @) V1+ [f (@)

sin 6 =

From the figure,
h =0T — QP =z — psin §,
k=TP+ QR =y + pcosé.

In these equations we substitute

_ {1+ @
p= 7z *

assuming that f/(x) # 0. Substituting the values for sin § and cos 6,
obtained above, we have the coordinates

SO+ @R
h=x 7).

14 [P
F7G)

The curvature, the radius of curvature and the coordinates of the center

k=y+

of curvature of the parabola y = 2? at the point (v/2,2) are found as fol-
lows:

(&) =2z, f/(V2) =2V2.

2 27
1 () — [ p— = —

f’(x) = 2. Hence, K %7 and p 5

h=V2—9V2=-8V2,

9 13
k=2+ 5= 39"
Exercise 61
GROUP A

Find the curvature of each of the following curves.

1. 2 =8z at (§,3). 4, y2 +z =2at (—2,2).
3

2. 3y = z%at (2,§). 6. y = fvig%f&_* at (2a,a).

8. y=22— 3z +1at (1,-1).
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Find the radius of curvature of each of the following curves.

6. y2 =4 — zat (0,2). 9. 16x2 4 9y? = 288 at (3,4).
7. y =3+ — x2* — z*at (0,3). 10. 4y? = 22 4 36 at (8,5).
8. 27y? = 4x3.

Find the coordinates of the center of curvature at any point of each of the following
curves.

11, 22 = 4y. 12, 2zy = a2
GROUP B
Find the curvature of each of the following curves.
13. y = ze~Tat (1,1/e). 16. z/3 + 23 = @2/3,
14. y = In sec . 17. z =t 4+t y =t — t2att = 1.
16. Vi + Vy = Va. 18. z = sin 6,y = cos 20 at § = n/2.

Find the radius of curvature of each of the following curves.

19. y = arcsin V2r — z?atx = 1.

20. r =acosf,y =bsinbatd = v/4.
21, y=zsinratr = n/2.

22, z =12,y = 2% att = 1.

23. r=¢cost,y =¢ésintatt =x/2

I

I

Find the coordinates of the center of curvature at any point of each of the following

curves.
24. y =coszatr = .
26. z=t—t,y=t+2att = —1.

26, = = sin 26, y = cos? 6.

27. Find the coordinates of the point on the curvey = e* at which the curvature is max-
imum.

28. Find the coordinates of the point on the curve z = a(@ — sin 6), y = a(l — cos 6)
at which the radius of curvature is maximumn.

29. Find the coordinates of the point on the curve y? = 4ar at which the curvature is
maximum.

80. Find the coordinates of the point on the curve zy = a? at which the curvature is
maximum.

GROUP C ]
Find the radius of curvature for each of the following cutves.
31. x =acosf +afsinh, y = asin @ — ab cos 6.

a—2

32. y = a arccos — V2az — 22 at * = a/2.

33. y=:csin}:atx = 2/m.

34 y=smxat:c=1r.

86. r = 2cosh, y = sin? 0.

86. z = acos?t, y = asin®t.

37. r=2sin*6,y=2cos*fatd = r/4.
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38. Tind the value of ¢ for which the radius of curvature of x = 2 cos?t, y = 2 sin3 ¢ is
maximum.

39. Find the coordinates of the center of curvature at any point of the curve »? = 2ar,
eliminate r and y from these equations and thus find the equation of the locus of
the center of curvature. This curve is called the evolute of the curve.

40. A point moves along the arc of the curve y = % at the rate of 4 ins. per sec. Ap-
proximate the change in direction of motion during the sccond after it has passed
the pomnt (1,1).

89. Length of an Arc of a Curve.

The integral caleulus enables us to compute the length of an arc of a
planc curve. To do so is frequently called, to rectify the curve.

Let s represent the length of the continuous single-valued curve y = f(x)
from the point A(a,a’) to the point
B(®,b") as in Figure 74. 1f the interval
AB = b — ais divided into n equal in-
crements Ar, and if the ordinates of the
curve are drawn at each of the division
points, the arc AB is divided into n
unequal inerements As.  The problem
of expressing the length of any inere-
ment of are, As,, presents much the
same problem as that of finding the
length of the are AB. However, it is Fra. 74
possible to find an approximation ds,
for this increment by thc use of 'a theorem known as the Mecan Value
Theorem which is presented in a later chapter. Since the results of this
theorem are not yet available, a different method of approach to the prob-
lem is presented.

In Scection 87 it is shown that the differential of an arc length is

= d_y_ ’
ds \/1+(dx> dx.
d

d

. . Y . .
Since, in general, ~f: is a function of z,

ds = g(z) dz.
Making use of the indefinite integral,

s = fg(x) dx = G(x) + C.
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Hence, the length of the arc AB is expressed by the definite integral

s= [ o) &z = GO) - 6(@),

s—-f\/l—{—( )dx

Similarly, if ¥ is to be the variable of integration, the second form of the
differential of are length from Section 87 is used, giving

e

Again, if the equations of the curve are given in parametric form, where
z and y are functions of ¢ and where f; corresponds to the point A and ts,

to B,
t2
s—f\/ )dt

To find the circumference of a circle of radius a, we may proceed as

follows:
a Py a
s=4f\/1+x—2dx=4af dx
0 Yy oy

T a
— = 4q arcsin — | = 2a.
a jo

or

Or, more simply, we may use the parametric equations of the circle,

z=acosf, y = asind.

Thus,
/2 —_—
s=4af Vsin? 0 + cos?® 6 d
0
/2
s = 4a f df = 2arr.
0
Exercise 62
GROUP A

Find the length of the arc of each of the following curves.
1, y? =4r — z2
2. y? = 8z from the vertex to x = 2.
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. ¥ = In sin z from z

oo s

. x23 —|— y2/3 = q?/3,

© ™=

y=Inzfromz =1tozx

GROUP B

=x/2tor =
y=Inseczfromz =0tozx ==/4

T =acos’d,y =asin®6fromd =0tob = x/2.
One arch of £ = a(@ — sin 0), y = a(1l — cos h).

. 3y? = x*(1 — z) over the loop.
= 2.
10, y =e*fromz =0tox = 1.

Find the length of the arc of each of the following curves.
11, y=In (1 —x2)fromz =0tox = }.

12. z =cosf +0sinf, y = sin 6 — 6 cos 6 from § =

Oto6 =

13. 8y =22 —8Inzfromz =1tozx = 2.
14. y =53 fromx =0toxr = 1.
16. y = e*/2 + e"/z fromz =0tozx = a.

from z =

16. y—lnelp__*_1

=1tox =2.

17. 2 = ¢ 20 5sin 20, y = €720 cos 260 from @ = 0 to 6 = =/2.

In each of the following problems a particle moves on a curve whose parametric

equations are given.
18. = = 4¢

Find the distance covered by the particle as specified.
— 212 y = {2 — 2t 4+ 2 during the first two seconds.

19. z =1 —2sin 2, y = 2 + 2 cos 2¢ in traversing the entire curve.
20. z = 2t — sin 2(, y = cos 2¢ in traversing one arch of the curve.

90. Area of a Surface of Revolution.

If a plane curve is rotated about a line in its plane, a surface of revolu-
tion is generated. The area of such a surface can be computed by integra-

tion.

229

In Figure 75, let the arc AB of the curve y = f(x) be rotated about the

r-axis and genecrate a surface
whose arca is S. The interval
A’B’ on the z-axis is divided
into n equal parts of length Ax.
Planes creeted perpendicular to
the z-axis at each of these
points of division divide the sur-
face into n narrow bands cach
of which is an Increment AS of
the surface S. Each band is
generated by the rotation of
an increment As of the arc of
the curve. Consider one such
increment of are, As, = PP,

Fia. 75
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and the generated increment of area AS,. An approximation to AS, is
1 + (7 1 + A 1) —y —
2"[9____12_1.] Var + apl

which is the surface area of the frustum of the cone generated by the revolu-
tion of the chord P,P,y, about the z-axis. Since the length of the incre-
ment of the are differs from the length of the chord by an infinitesimal of
higher order than As,, we write

21r(y, ds, + é2y~' ds,),

as an approximation to AS,. Here again, if we neglect the infinitesimal
ég—i ds,, the element of surface area is
dS, = 2wy, ds,,

since the sum of all such elements is an arbitrarily close approximation to
the surface area. The limit of the sum as n becomes infinite is the surface
area. Thus,
. i=n
S = lim Y 2wy,ds,

n—w 1=1

and by the fundamental thcorem

S=21rf y ds.
c

The limits of the definite integral, being indicated by C, express that the
integral is to be evaluated for limits giving the area of the surface from
plane AA’A” to plane BB’B”.  One of the three forms given for the differen-
tial of the arc length is chosen from those given in the previous section,
dependent on the choice of the variable of integration.

In the above derivation the curve y = f(x) from A to B was rotated
about the z-axis. Consequently, any point P on the curve gencrates a
circle whose center is on the z-axis and whose radius is y. Hence, using
z as the variable of integration, the element of surface area is

dS = 2my; ds, = 27y, V1 + [f'(x,)]2 dx

S=21rf y,/1+(% * dz.

and
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To find the area of the surfacc generated by the rotation of the arc
Pi(1,2) Py(4,4) of the parabola y? = 4z about the line y — 2 = 0, we
proceed as follows:

xY

Fia. 76

As shown in Figure 76, a circle of revolution has the radius (y — 2) with
its center on the line y — 2 = 0. Hence, an element of the surface area is
dS = 2x(y. — 2) ds..

and

S = lim Z 21r(yt—-2)\/1 +yTAy

Ay—0 1=

Smcegz—i = g, y is chosen as the variable of integration. Therefore,

S=¢£4<y—2)W)2+4dy,
4
S = g[(y2+4)“/2 —3yVyr+4—12In(y+ \/yz—_;iﬁ]z

and
4 - 1+ \/é]
S = — —T =2 .
31[4\F \/2+31n2+\/5
Exercise 63
GROUP A

Find the area of each of the following surfaces of revolution.

1. A sphere of radius a.
2. A zone cut from a sphere of radius a by two parallel planes a. distance of h

apart.
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8. One arch of y = sin z rotated about the z-axis.

4. The portion of y = In z in the fourth quadrant rotated about the y-axis.

5. The portion of 2% 4 y?/3 = 4?3 above the z-axis rotated about the z-axis.

6. The torus generated by rotating a circle of radius a about a line in its plane
b units from the center, b > a.

7. The surface generated by rotating a circle about a tangent.

8. The curve 4y = z® from z = 0 to * = 2 rotated about the z-axis.

GROUP B .
Find the area of each of the following surfaces of revolution.
9. The curve y = ¢*/2 + ¢ %2 from z = —a to z = a about the z-axis.

10. The curve y = %(e,/ @ + ¢7#/a) from x = —Fk to x = k about the tangent at

the lowest point.

11. The upper half of the curve = 5 cos?6, y = 5 sin®0 rotated about the z-axis.

12. The curve ¥ = az between y = 0 and y = a rotated about the y-axis.

13. One arch of the cycloid z = a(@ — sin 6), ¥y = a(1 — cos 6) rotated about
the z-axis.

14. One arch of the cycloid rotated about the tangent at its highest point.

16. The curve 22 — y2 = a? from z = a to * = 2a rotated about the z-axis.

16. The curve 3y* = z? from 2 = 0 to z = 3 rotated about the z-axis.

91. Mean Value of a Function.

Let y = f(z) be a continuous function from z = a to z = b. Divide
the interval b — a into n equal parts of length Az. If the ordinates of the
curve are drawn at each of the points of division,

9 = fla) and y; = f(z.),
where
z,=a+ (z — 1) Ax.

The sum of all such ordinates divided by the number of them,

n n

is the arithmetic mean of the ordinates drawn. If the numerator and
denominator of this fraction is multiplied by Az, and if the limit is taken
as n becomes infinite, the arithmetic mean M of the ordinates is

1=n b
lim Y f(z) A f f(z) dz
M — n—o =1 = a

lim n Az b—a

n—ro

’

since n Az is equal to the constant b — a.
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The expression written for M is called the mean value of the function
with respect to its variable over the given range.

To find the mean length of the ordinates of points on the first quadrant
arc of the circle 22 + y* = a?, assuming the points equally spaced along
the circle, we proceed as follows:

The mean of n ordinates is

1=n i=n

Z Y. 2 Y. As

1=1 — 1=1 ,
n n As

where As is supplied in numerator and denominator, since the ordinates
are equally spaced along the arc of the circle. Also, since,

nAs=sm, and ds = —dx,

——2—fyds—— udx—':@-
a 0 ™

Exercise 64

RIK

GROUP A

1. TFind the mean width of a semicircle, assuming that the widths are taken as verticals
to the diameter and equally spaced along it.

2. Find the mean width of the segment of 2 = 4z to r = 3, assuming that the widths
are taken perpendicular to the r-axis and equally spaced along it.

3. Find the mean width of the segment of the parabola y? = 4r to x = 4, assuming
that the widths are taken perpendicular to the y-axis and equally spaced along it.

4. Find the mean width of an arch of the curve y = sin r, assuming that the widths
are taken parallel to the r-axis and equally spaced along the vertical.

6. Line segments are drawn from the point (2,0) to points which are equally spaced on
the circle 22 + y? = 16. Find the mean of the squares of the lengths of the line
segments.

6. Find the mean width of the area between y = x? and x = y? assuming that the
widths are taken vertically and equally spaced along the z-axis.

7. Find the mean width of the loop of the curve y? = r?(3 — ), assuming that the
widths are taken vertically and equally spaced along the z-axis.

8. If rectangles are inscribed in the circle 22 + y? = a?, prove that the mean area when
the altitudes are equally spaced along the z-axis, is equal to the mean area when
the bases are equally spaced along the y-axis.

GROUP B

9. If rectangles are inscribed in the ellipse b22? 4 a?y? = a?%?, prove that the mean area
is the same whether the altitudes are equally spaced along the z-axis or the bases
are equally spaced along the y-axis.
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10. Find the mean area of isosceles triangles inscribed in a circle of radius @, assuming
that they have a common vertex and that the bases are equally spaced along the
diameter through the vertex.

11. Find the mean area of the isosceles triangles in Problem 10, assuming that the bases
are equally spaced along the are of the circle.

12. Find the mean arca of the sections of a right circular cone of altitude & and base a,
assuming that the sections are perpendicular to the axis and equally spaced
along it.

18. Find the mean volume of the cylinders inscribed in a sphere of radius @, assuming
that the bases of the cylinders are equally spaced along a diameter of the sphere.

14. Tind the mean veloeity of a body falling freely from rest during the time a sces,
assuming that the velocity is averaged with respect to time.

16. Find the mean velocity of a body falling freely from rest through the distance b ft.,
assuming that the velocity is averaged with respect to distance.

16. A particle has simple harmonic motion given by s = asin bl.  Find the mean veloc-
ity of the particle during the time of motion fromn the mean position to an extreme.

17. If y = z In z, find the mecan value of y from z = 1 to z = 4, assuming equal differ-
ences of x.

18. If the volume v of a gas varies inversely as the pressure p, find the average pressure
as the gus expands from a cu ft. to b cu. ft.

19. If the angular velocity of a rotating wheel is proportional to the cube of the time,
find the average velocity from 4 to fs.

20. Find the length of the curve y = In cos z from ¢ = 0 to z = =/3.

92. Double Integrals.

The integral of an integral, or a definilc iterated integral is represented

by the symbol
b Y2
LS rew an] e
a mn

We shall call this integral a double integral.

In the double integral, as written, the énner integral belongs with the inner
differential dy and the inner limits arc cither constants or functions of z
alone.  The ouler integral belongs with the owter differential da: and the outer
limits are constants. During the first integration with respeet to y, x s
held fixed. The result is a function of x alone. If we let F(x) represent the
evaluation of the inner integral, it is possible to evaluate the double integral
as follows:

‘L-bj:’ flz,y) dy dx =ja'b F(z) dx = E(b) — E(a).

We shall have occasion, also, to evaluate a double integral by an in-
tegration with respect to x first, followed by an integration with respect
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to y. In this case, the inner limits are constants or functions of y and y
is held fixed during the first integration. The result of this integration is
a function of y which may be represented by G(y). The outer limits
are constants. The cvaluation of a double integral with this order of
integration, may be represented as follows:

d I d
[ f ) de dy = f Gly) dy = H(d) — H(c).

The evaluation of the two following double integrals will illustrate the
technique of double integration.

2 2y 2 2 2
f f 3dzx dy =f 3x] dy =f 32y — y?) dy = 2.
1 y? 1 y? 1
2 s 1 (2 2 1 (2
f f xy dy de = xy2:| dx=rf 27 dx = 16.
o Jo 2Jo 0 2Jo

93. Plane Area by Double Integration.

The symbol for a double sum is
1=n 1=m
2 Z LY ;e
1=1 1=1

The double summation sign indicates that both variables x and y, enter into
the quantity which is to be summed. The indicated sum, written out
completely for m = 4 and n = 3 is

=3

Zgl (e +x2t 23+ 1)y, = (@1 + 22+ 23 + )01

+ (xr + 22 + x5 + 2y + @1+ 22+ 23 + xo)ys.
The arca between two curves
y=fi() and y=fi(z), or x=gq(y) and z =gy,

as drawn in Figure 77, may be expressed as the limit of a double sum.

As shown in the figure, it is assumed that the curves intersect at the
points A(a’,a’’) and B(b',b"") and at no other points. Thus the horizontal
line segment between P,’'(z,’,y,) on curve (1) and P,”(z,”,y,) on curve (2)
has the length (z,”” — z,’) for all positions between A and B.

First, the area between the two curves is divided into » horizontal strips,
each of width Ay. Any element of area AS, differs from the area of the
corresponding strip whose base is P,’P,” by infinitesimals of higher order
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than (z,” — z,’) Ay,. Then this jth strip is divided into m rectangles by
vertical lines from P, to P,” at equal intervals of Az. The area of the
1th rectangle in the jth strip is an element of area,

dS = Az, Ay,.

(2)

(1)

Fia. 77

Holding y, and Ay, fixed, the position and width of the jth strip remains
constant. The area of this strip is the sum of the m rectangles, or

i=m
> Az, Ay,.
1=1

The sum of the areas of the n strips is an approximation to the arca between
the two curves from y = a’’ to y = b" for any valucs of m and n. This
approximation is the double sum

ji=n 1=m

2 X Az, Ay,
J=1 i=1
The area between the curves is the limit of this double sum as m and n
become infinite.
An extension of the Fundamental Theorem given in Section 50, Chapter
VI, permits us to express the limit of a double sum by a double integral
with appropriate limits. Thus, the area between the two curves is

j=n i=m b oz(v)
S= lim 3} > Az Ay, f f
0N

mn—o j=1 1=1 ()



Applications of Differentiation and Integration 237

Similarly, the area may be expressed by the double integral

b’ f2(x)
S = f f dy dz.
a’ fi(z)

In writing the latter double integral for the area between the two curves,
it should be noted that any vertical segment P,,”(z,,y.”) P.'(x.,y."), must
not intersect cither of the curves between those two points.

The choice between the two possible orders of integration may often
be motivated by the desire to evaluate the simpler integrals. More often,
however, the relative position of the two curves may require that a particu-
lar order be chosen. A case in point is illustrated in finding the area
between the two curves

(1) 9y =2% and (2) y = 2% — 2z.

A

(2) (1)

(3,3)

Ol_ﬁ; X
NN

Fia. 78

The two curves are drawn in Figure 78 from which it is clear that the inte-
gration with respect to ¥ must be performed first. The solution is carried

out as follows:
3 3 /9
s=ff” dydx=f ydx]
0 v 0 z3—2z

S=lf3(x3—9x2+18x)dx=g-
9 Jo 4
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Exercise 66
GROUP A
Find each of the following areas by double integration.

1. Bounded by y = 2z and y% = 2%
2. Inside 22 — 8y + y? = 0 and outside 22 = 4y.
8. Under one arch of the cycloid # = a(@ — sin 6), y = a(l — cos6).
4. Enciosed by the curve £ = a cos®9, y = a sin® 4.
6. Bounded by y = sin r, y = cos x and the y-axis.
6. The loop of the curve y2 = z*(4 — x).
7. The area between y* = 2x and 2% = 16y.
8. The loop of a?z? = y*(a + y).
GROUP B

Tind each of the following areas by double integration.

9. Inside the curves z2 — 4ax + y2 = 0 and y? = 2ax.

8a?

r? + 4a?’

11. Bounded by y = xe¢™%, the z-axis and the ordinates of the maximum point
and the inflection point of the curve.

12. Bounded by y = sin ax, y = cos ax and the z-axis for the first arches of the
curves.

13. Bounded by y2(z? 4 a?) = a?r? and its asymptote in the first quadrant to
z = 2a.

14. Enclosed by the curve £ = a cos 8, ¥ = b sin? 0.

16. The two areas in the first quadrant between the curves y? = 23 and
z? 4 y? = 12.

16. Bounded by 27y2 = 1623 and y2 = 8(5 — z).

17. Bounded by a?y? — z?y? = a?h? and its asymptotes.

18. Find the length of the curve y = (1 + 2%)¥2 fromz = 0 to x = 3.

19. Find the area of the surface generated by rotating the part of the curve y = ¢7=
lying in the first quadrant about the r-axis.

20. If the angular velocity of a rotating whecl is proportional to the square of the time,
if it starts from rest and if in 2 minutes it has an angular velocity of 200 revolu-
tions per minute, find the average angular velocity during the 2 minutes of
rotation. '

10. Bounded by 2?2 = 4ay and y =

94. Volume of Revolution by Double Integration.
Consider the area bounded by the curves

y = filx) and y = fi(z),

as shown in Figure 79. We wish to find the volume which is generated by
the rotation of this area about the z-axis.

The area between the two curves is divided into rectangular elements,
each Az by Ay, by drawing equally spaced lines parallel to the z-axis and
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parallel to the y-axis. If the ¢th element in the jth strip is rotated about
the z-axis, an element of volume is obtained. As in previous instances,
an approximation to the volume of this element is

dV = 2wy, Ax, Ay,.
The summation,

21 (27 Az)y, Ay,

holding the jth horizontal strip fixed, is the volume of a cylindrical element.
The summation,

J=n
2. (2my, Ay,) Ax,,
7 =1

holding the ith vertical strip fixed, is the volume of a ring element.

<

Fic. 79

The double sum of the clements of volume dV is an arbitrarily close
approximation to the required volume. The volume is the limit of this
sum. By the fundamental theorem,

J=n| 1=m b’ 02(y)
V = lim Z[ 21rA:c,}y,Az,=21rf f y dx dy,
7=1 1=1 a" 0n

n—o = ()
m—row
. 1=m [ J=n v f2(x)
V= lim 3 [ > 2wy, Ay,:[ Ar, = 27rf y dy d.
m-—o =1 7=1 a’ Nx) -
n—mrw

We shall find the volume gencrated by rotating the area in the first
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quadrant bounded by y = z® + 1, the y-axis and y — 2 = 0 about the
liney +1=0.

The radius of revolution of any element of arca, Az by Ay, is (y; + 1)
as shown in Figure 80. Hence, the element of volume is

dV = 2x(y, + 1) Ay, Az,.

y

2 (1,2)

\L/ P(xy)

%
F1c. 80

If y; and Ay; are held fixed first, we find the volume as follows:

V=2wfzj.vm(y+l)dxdy.

V=27r1 y+l)x} y—27rf (y+1)\/y—1dJ

But if z, and Az, arc kept fixed first, it is found that the integral can be
evaluated more readily. This is done as follows:

—21rff (y+ 1) dydx = f (y2+2y)l dr

= f (5 — 4x? —x4)dx———1r
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Exercise 66

GROUP A

Find the volume of each of the following solids of revolution by double integration.

R S e

1

GROUP B

A circle of radius a rotated about a diameter.

The area bounded by y? = 4z and = = 4 rotated about the z-axis.

The area between y? = 4z and z = 4 rotated about the y-axis.

The area bounded by y? = z® and z = 4 rotated about the z-axis.

The area in the first quadrant between y? = 2z3 and its tangent at (2,4) ro-
tated about the y-axis.

The area bounded by y? = 4ax, y2 = 4a? — 4ax and the r-axis rotated about
the y-axis.

The area bounded by ¥* = 4(2 — z) and the y-axis rotated about the line
z = 2.

The area enclosed by Vr + vy = Va and the coordinate axes rotated about
the linez 4+ a = 0.

Find the volume of each of the following solids of revolution by double integration.

9.
10.

11.

12.

The oval of the curve y2 = z(z — 1)(z — 2) about the z-axis.

The area bounded by 32 = z(z — 2)(z — 3), the z-axis and z = 4 rotated
about the z-axis.

The area in the first quadrant bounded by ¥y = (z + 1), 2 =1land y = 1
rotated about the y-axis.

The area of a circle of radius a rotated about a line in its plane b units from
the center, where b > a.

. The area of a circle of radius a rotated about a tangent.
. The area under one arch of y = sin 2z rotated about y +1 = 0.
. The area bounded by y(z? + 4) = 8, the y-axis and y = 1 rotated about the

y-axis.

. The area of the ellipse b2x? + a?y? = a?? rotated about the z-axis.
. The area of an ellipse rotated about the y-axis.

The area bounded by b2r? — a?y? = a??, y = b and the r-axis rotated about
the y-axis.

. The area bounded by ¥ = In z, z = 2 and the z-axis rotated about the y-axis.
. The area bounded by y = 2¢2%, y = ¢%, x = 1 and the y-axis rotated about

y =1

GROUP C

Solve each of the following problems by double integration.

21.

22.

Find the force exerted on a circular water gate of radius a vertically sub-
merged with its upper edge tangent to the surface of the water.

Find the force exerted on a vertical parabolic water gate, base b and altitude
a, submerged so that the surface of the water is tangent to vertex of the
parabolic segment.
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23. Tind the work necessary to pump a hemispherical bowl full of water 10 feet
above the surface if the radius of the surface 1s 5 fect.

24. A parabolic bowl is formed by rotating a parabolic segment, base b and alti-
tude a, about its axis. If such a bowl stands so that its vertex is the lowest
point and is at a distance of ¢ from the ground, find the work necessary to
fill the bowl with water from the ground by a pipe in the bottom.

26. Tind the mean value of the square of the distance of all points within a
square of side 2a from the center of the square.



CHAPTER XI

INDETERMINATE FORMS
96. Law of the Mean.

Let the curve y = f(x) be drawn in the Figure 81, where f(z) is a
differentiable, continuous and single-valued function in the interval
a =z =0b. From the figure it is obvious
that at some point Pi(x1,y:1) of the curve AY
between Q[a,f(a)] and R[b,f(b)], the tangent
to the curve is parallel to the secant QR.

The slope of the secant QR is

BR — AQ _ f(b) — f(a)

1 L.

T AB T b—a

The slope of the tangent at Pp is f'(x1).
Hence, it follows that

f(b) f(a) — ()

Fia. 81

or, Jb) = f@) = (b = a)f'(z1).

This is known as the law of the mean or, the Mean Value Theorem which
may be stated as follows:
If a function f(x) 1s continuous and single-valued in the interval a <
z =b, and if its first derivative exists in this interval, then there exists at
least one value z; of x such that

J(®) = f(a) + (b — a) f'(x1),

where a < 2; < b.
Another useful form of the law of the mean is ‘sometimes written by
letting

a=2z b=2x+Ar
and by denoting a positive number less than unity * - 6. Thus,

f(x + Ax) = f(x) + Ax f'(x + 6 Ax),
243
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0 < 8 < 1. In this statement of the theorem, we have assumed that f(r)
is continuous within the interval Az. It is also assumed that

i L@+ 42) — /()
im

Ar—0 Ar

exists. It may be observed that the existence of a derivative f/(z) for every
value of x within an interval, guarantees the continuity of f(x) within that
interval. '

Ay

y
(1)
\ \
—] E

: >2R/-

' | H
ol B X

A { P

Fic 82

The curve (1) drawn in Figurc 82 has a discontinuity at x = ¢. The
derivative does not cxist for = ¢. Consequently, there is no point be-
tween x = a and z = b at which the tangent is parallel to the sccant QR.
Again, the curve (2) in Figure 82 has a cusp at = ¢, f'(¢) does not exist
and there is no point on the curve between @ and R at which the tangent
is parallel to QR.

96. Rolle’s Theorem.

A special case of the mean value theorem may be stated as follows: If
a function f(x) is continuous and single valued in the interval ¢ £ z £ b,
if its first derivative exists and if f(a) = f(b) = 0, there exists at least one
value of z, as x = x4, for which f'(x;) =0, wherea < z; < b. This theorem
is known as Rolle’s theorem.

Geometrically, this theorem states that the curve y = f(x), under the
conditions assumed, has at least one tangent parallel to the z-axis between
the points (a,0) and (b,0). Consequently, such a curve has at least one
critical point between the two given points.
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Exercise 67

1. Find the coordimates of the point on the curve y? = 4r at which the tangent is par-
allel to the chord ,(1,2),P.(1,4).

2. Find the equations of the secant through the points (1,0) and (2,6) of the curve
y = z* — z and the tangent parallel to it.

3. If the abscissas of pomts A and B on the curve ¥y = In x are 1 and 3, respectively,
find the coordinates of the point on the curve at which the tangent is parallel
to AD.

4. If f(x) = 22, verify the statement f(4) = f(0) 4 4f’(x)) and find the value of x;.

6. If f(r) = =1 investigate the existence of &y such that f(2) = f(0) + 2 f'(x1).

6. Show that f(0) = f(4) = 0 for the function f(x) = 4r — 22 Illustrate the validity
of Rolle’s theorem with this function.

7. Given the function f(r) = ! ;—zz « Find the values of x for which f(z) = 0. Show

that Rolle’s theorem does or does not apply for this function in the interval be-
tween the roots of f(x) = 0.

Investigate the validity of the mean value theorem for each of the following functions
in the specified intervals.

8. y=c*fromxr =0tor =2.

9. y=In( —1)fromar =1torxr = 3.
10. 2y = 1 fromx = —1tox = 1.

11, y =¢=fromz = —1tox = 1.

12. y = cos x fromz = 0 to x = =/2.
13. y =tanrfromzxr =0toxr = .
14. y =22 —1fromz = —1toxr = 1.

i

97. ‘¢ Indeterminate Forms.”
Loxt— 1t

The expression T s defined for all values of z save for x = 2 for
which it has no meaning. This is because the denominator is then zero.
That the numerator is also zero for that value of x, neither helps nor hin-
ders the fact that the expression has no meaning for 2 = 2. By the appli-
cation of the general rules of operation with limits, it is impossible to
evaluate the expression as x approaches 2, since both numerator and de-
nominator approach zero. However, since

r:—4
z — 2

=24 2,

it becomes evident that the limit of the quotient is

lim (z + 2) = 4.
r—2
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Such functions as the one given above for x = 2, are generally said to
have an * indeterminate form.” Historically, this designation arose
through a vaguceness of understanding of the problem involved. Actually,
a function of the type given may be undefined for certain values of the
variable. Nevertheless, its limit may exist as the variable approaches
those values. It is sometimes important to find the limits of various ex-
pressions which assume the form illustrated, for certain values of the vari-
able.

Let f(x) and g(z) be two functions cach of which vanishes for z = a,
or cach of which becomes infinite for x = a. Thus,

fla) =0 and g¢ga) =0,
or, fla) = © and g¢g(a) = .

Under such circumstances the quotient of the two functions has no meaning.
We wish to investigate the limit of the quotient of two such functions as x
approaches a for the first case only. The method of evaluation for the
second case is the same. However, the proof for the latter is omitted.

The first and the second quotients assume the so-called “ indetermi-
nate forms ”’

fla) _ 0 nd flay _ =

gl@) ~ 0 MY g T

8

respectively.

Suppose that f(x) and g(x) have continuous derivatives at + = a and
that f(a) = g(a) = 0. but that ¢'(a) # 0. Then, from Section 95, where
b = x, we have

f@@) = fl@) + (x — a)f' (1)
and gx) = gla) + (x — a)g'(x»),

where @ < 2, <z and @ < 22 < 2. Since ¢’(a) # 0 and ¢'(x) is contin-
uous at x = a, then ¢’(z2) 5 0 if z is sufficiently near a. Therefore, for
z near a, but different from a, g(x) is different from zero and may be used
as the denominator in the quotient. Hence,

f@) _ (@ —a)f'(x) _ (=),

9@) " @—a)g @) @)

As z approaches a, f'(x)) approaches f’(a) and -¢g’(x:) approaches ¢'(a).
Therefore

f@) _ f'@ _ f'(a)
ll-—m g(x) l'fmg(x) g'(a)
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If the quotient of the two first derivatives also assumes one of the in-
determinate forms, the same procedure is followed, obtaining the second
derivatives of the original functions. In fact, the process may be repeated
as many times as necessary to obtain the quotient of two derivatives which
is not indeterminate. In cach case of the evaluation of a limit of a quo-
tient, the numerator and denominator are differentiated separately and the
limit of the quotient of those derivatives is taken.

The following fractions, as x approaches zero, assume the form g :

sin x tan x
=, e,

x x
Differentiating numerators and denominators, and taking the limits,

cos T seetxr

lim =1,  lim 1.

z—0 1 x—0 1
The limit of the first function was found geometrically in Section 58, which
was necessary in order to differentiate the sine.  Consequently, this evalu-
ation does not constitute a real verification of the limit.
There arc other indeterminate forms of which we shall consider but one,

0 o,

Assume the product of two functions f(x) and g(x) and suppose that as z
approaches a, one function approaches zero while the other function in-
creases without limit. The product of the two functions takes the form
0- ., Iowever, if we write

1@ - g0y = 12,
g(x)
the last quotient takes the form g or —:— - Consequently, the limit of the
quotient of the derivatives of numerator and denominator may be taken
as before.
The expression
z In z,

as x approaches zcro, takes theform 0 - «. TFollowing the usual procedure,

we have
1

lim 2L fim = = lim (—z) = 0.
a—+0 1 aoto 1 2o

x z?
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Exercise 68

Evaluate cach of the following or show that the himits do not exist.
2

him £, - lim _ tan 2r
L 0 s — 1 10. ﬁ—"i) In(1 +0)°
2. hm _\f;_ig 11. lm sin2r —sinz,
.0 £ —9 £—0 tan 3x
. z — 3 1 — er
Z 2. li S S,
3. Jim i3 i e
4. lim =2 13. lim 22 In 24
z—2 In (x — 1) z-->0
5. lim ¥ __. 14, L M,
z—0 1 — ¢* r—>w L2
. Inzx z—2
1 N lim -
6. zf; x? 15. z— ?z Inr—In2
7. lim LTSINT 16. m 1,0 >0
x— /2 COS I z-——>w CF
8. er — 2% . 17. lim (1 + 21:)1/:’
z—0 x r—0
9. lim (1 4 z)1= by taking the liTO(In ).
' z—0 ’ ’

by taking the lim (In 7). 18. lim [
z—0 nrx xr—1

x—1



CHAPTER XII

INFINITE SERIES
98. Infinite Series.

This chapter is devoted to an elementary study of infinite series because
it is desirable for the student to have some acquaintance with these forms
and their applications. This study is limited in its scope for the reason
that it is considered inadvisable at this stage to demand the rigor and the
completeness to be found in a more advanced treatise. Those who pursue
the study of mathematies beyond this course will desire a more exhaustive
treatment of the subject.

A finite series of n terms is defined by the expression

1=n
ot ur Uzt U= 2w,
1=1

where n is a positive integer. Ordinarily, cach series is formed by some
definite law which may be given by means of the nth term.

The following arithmetic and geometric series are examples of finite
series where the nth term is written in each series.

Si=34+5+74+---4+[3+2n— 1)
Se=34+64+ 12+ -+ [3(2)"1].

If the number of terms in a series is unlimited, the series is known as
an infinite series. Such a serics is defined by the expression

Ut ugFus o U e

The general term of a scrics is usually taken as the nth term. If the gen-
eral term of a series is known, the law of formation of its terms is known.
If, however, the first few terms of the series are known and if it is assumed
that the law of formation for succeeding terms is the same as for the first
ones, the general term may be formulated. The formulation of the general
term for many scries presents difficulties. The first terms and the general
terms are written for the following infinite serics.

1,11 1
Lbgdgtgtot +

1 1 1 1
tsatset tam -y

1-273-4 IR
249
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99. Sum of an Infinite Series.

The sum S of an infinite series is defined as the limit of the sum S, of
the first » terms as n increases without limit, provided that such a limit
exists. Thus,

S = lim S, = lim Enu,.

n- roo n—o 1=1

The sum of the first n terms of the geometric series is

S,.=a+ar+ar2+ar3+...+arn—1=a1__a: .
Hence,
Ag=a+ar+ar2+...+arn—1+...= lim %:_agf
n—ro -

is the sum of the infinite series, provided that it exists.

Ifr<it, lim ar* = 0.

n—ow
In this case the sum exists and its value is given by

=_ 2
’ 1=
Ifr>1, lim ar* = o,
n—e
In this case the sum does not exist. If r = 1, thescricsisea +a +a + -+
and the sum of the first n termsis S = an. Ifa = 0,8 = 0. Butifa # 0,
the sum of the infinite series is not defined.

100. Convergence and Divergence.

An infinite scries is said to have a sum only in case the limit of the sum
of the first n terms exists, as the number of termsis increased without limit.
An infinite series which has a sum is called a convergent series.  An infinite
series which does not possess a sum is called a dwergent series.

The sum of the first n terms of the infinite geometric series

1 1 1 1
1+§+3.§+§g+"'+374[+"‘

. 3 1
is S,.—-2-(1—?F-
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And since, S = lim S, =3,

n—wo

the series is convergent. However, the sum of the first n terms of the in-
finite arithmetic series

L+3+54+7+ - +@—1) 4+

is 8, =520 +dn — 1] =
And since, lim S, = =,

the series is divergent.

Divergent series are of no importance in elementary applications.
However, convergent series are useful in various computational problems.
Conscquently, in working with scries it is essential that the convergence
or divergence be cstablished. As we progress in the study of series, it is
found that is is often unnecessary, indecd often impossible, to find the sum
of an infinite scrics.

A nccessary condition for the convergence of an infinite series is that the
limit of the general lerm be zero,

lim u, = 0.

n—r o
This condition is satisficd in every convergent series. However, this nec-
essary condition s not also a suffictent condition for the convergence of a
serics. If the condition is not satisficd, that is,

lim u, # 0,

n— o
the series is a divergent one.  On the other hand, if the condition is sat-
isfied, the series is not necessarily convergent and may be divergent.

Each term of a series is a finite number and the sum of a finite number
of such terms is also a finite number. Hence, the convergence or divergence
of any given series is unaffected by adding or discarding a finite number of
terms.

Exercise 69
GROUP A

Assuming that the formation of succecding terms in each of the following series is as
suggested by the given terms, write the general term for each.

Lol+i++a+
2 143+5+7+9+ .
S 1+i+iti+Ato .
T R R R altr
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2,3 4
. 14 4o +at
1 1

6. 13t+33

1
57 A
1 1 1
Tatagtaat
1 1 1

tatsrtent

Write the first four terms of each of the following series for which the general tgrms
are as follows.

+
7.

8.

on 2n
 GrDl W (=D e

n n— 2.“.,
10. ;I:z—-l_-—l. 12. (—1) ln!

Find the sum of each of the following series.
13. 1 +44+7+10 + .- + 28.
14. 2 4+4+8 +--- + 64.
1

16 L+3+i+ gt
16 143+ i+04 4.

GROUP B
Assuming that the formation of succeeding terms in cach of the following series is as
suggested by the given terms, write the general term for each.

1 1 1 1 1
Wotstotmtat
1 1 1 1
18, — - = e
vt vstuntvmt
3-4

1-2 2.3 4.5
19.'§"+—43—+ +6—3+--'.

5
1 2,3 4
20. §i+".ﬁ+ﬁ+ﬁ+""

21. Derive the general expression for the sum of n terms of an arithmetic scries whose
first term is @ and common difference 1s d. Find the expression for the last term.

22. Derive the general expression for the sum of n terms of a geometric series whose
first term is a and common ratio is ». Find the expression for the last term.

Show that each of the following series is divergent.
23. 1 4+24+3+44+54---.
24. 14+2+4+8+16+4---.
2. 14+1+1414+14---.
26. 1 —14+1—-1+4---.

27. Show that every infinite arithmetic series is divergent.

28. Write the general term for the series 1 +2 +4 +8 +16 4+32 +.--. Drop
the first term of this series and write the general term. Drop the first two terms
and write the general term. Continuing in this manner, show that the divergence
of the series is unaffected by dropping a finite number of terms of the series.
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101. Cauchy’s Ratio Test.

One test of an infinite series for convergence, known as the ratio test, is
duc to A. L. Cauchy (1789-1857). Of all the tests, this is the most useful
for infinite series which are commonly used. It is a test which is valid
regardless of whether the terms of the series are all positive, or positive and
negative. Iowever, it fails to test certain serics as we shall sece. It makes
use of the ratio of two successive terms of the series, hence its name.

Assume the infinite series of positive terms,

U +us A w A U -,
and let the ratio of the (n 4 1)st term and the nth term be denoted by

u
R(n) = -".
Un
As indicated, this ratio is a function of n. In a given series, we seck the
ovaluation of the limit of this function as n increases without limit. The
following are the criteria:

1. If lim R(n) < 1, the series converges.
n— o

I1. If lim R(n) > 1, the series diverges.
n—w

II1. If lim R(n) = 1, the test fails.

In Case III, some other test must be applied to the series. In other
words, a scries for which the limit of the function R(n) is unity may be
cither convergent or divergent.

Proof for Case I.

Let lim R(n) = L <r <1,

n—o

Then the difference between R(n) and I must become and remain as small
as we please as n increases.  Therefore, the ratio R(n) for sufficiently large
values of n, becomes and remains less than 7. Let k represent such a value
of n. From this, we may write the inequalities:

Ui 11

—uf— <r, or Uyt < TUk.
k

Ukt2

171 <r or Upge < TUrpr < 72U
b+l

Uk4-3 3
— < or Ukgs < TUkyp2 < ToUER

Un+2
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Adding corresponding members of these inequalities, we have

Ungr + Upgr + U + - <wur(l+r+r2+--0) = ukr(llr),
where r < 1. This shows that the sum of the serics, neglecting the first &
terms, is less than the last expression written above. This is finite since it
is the product of three finite numbers. Therefore, the given series is con-
vergent, as we may necglect a finite number of terms without affecting the
convergence.

Proof for Case II.

Let lim R(n) = L > 1.
As n increases without limit, R(n) becomes and remains greater than 1 for
sufficiently large values of n. Let k represent such a value of n. From
this, we may write the inequalities

Urg1

—ui‘ > 1, or Uk41 > ug.
k

U2

a—i‘“ > 1, or Upyo > U1 > U,
k41

Ukt 3

-2 > 1, or  Ups > Upps > U

Uk y-2

Adding corresponding members of these incqualities, we have
U+ Uge F gz + - > utwet+u + -0 = (0 — Dw.

This shows that the sum of the serics, neglecting the first k terms, is greater
than the last expression written above. But since

Iim (n — k)w

n—o

does not exist, the given series is divergent.
Given the series

1 1 1 1

ptomtygt ot

To test the convergence of this series, we apply the ratio test as follows:

Uni1 n 2" n

Un ‘n¥ D22 dn+ 1)
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Taking the limit,
lim "~ 1.
amdn+1) 4
Hence, the given serics is convergent.

Alternating Series. A scries in which the terms are alternately positive
and negative is called an allernating series. A series some of whose terms
arc negative is convergent if the series formed from the absolute values of
the terms of the given series'is convergent. Such a series is called an ab-
solutely convergent series. However, there are alternating series which are
convergent when the series of the absolute values of its terms is divergent.
An example of such a series is

1-3+35—t+t—-3%+--,
which is convergent. The series which is formed from the absolute values
of the terms of this series is shown in the next section to be a divergent

series.
A simple convergence test for an alternating series,

Up — Ug+ Us — Usg T+ * 0,
where u, is positive, is as follows: If after a certain term,

Uy > Uppr and  lim w, = 0,
n—w
the series is convergent. Using this test, the alternating series above is
shown to be convergent.

Exercise 70

Determine whether each of the following series is convergent or divergent. In case
the 1atio test fails, apply the necessary, though not sufficient, condition that the limit
of the general term be zero.

1,2 3

Logtatat

N

1 1 1
. 1+ﬁ+3_i+Z! + .-

1 1 1
stomtas

14+449416+---.
T+b+i+i+.

2,3 4
L4 +gtgnt

L]

oo

LAl o

o



256 Elementary Calculus

1 1 1

T 14yttt

2 3 4 5
S oi—aiteiTs Tt

22 32 4

9 1+ttt
10. 3+ +5+54+--

32 33 34
11.3+2—|+m+4“i+"
I
12.2+72~+—3‘+—4+ ;

102. Integral Test.
In this section the convergence or divergence of the scries
1

1 1 1 1
ltgtmt et o+

is considered for various real values of p. This series is an important one
for our purposes as it is used in the comparison test given in the scction

following.
If the ratio test is applied to this series for any integral value of p, it

fails since
. nr . n »
L I [(_n'fﬁ] =1
We consider the four following cases:
(1) Ifp<o. 2 Ifp=1 B) Ifo<p<l1. 4) Ifp>1.
(1). If p < 0, the limit of the general term is taken. Let [p| = ¢
Then

.1 .
lim — = lim n%= o,
n—wo NP n— o *

and the series is divergent.
(2). If p = 1, the resulting series is known as the harmonic series,

1 1 1 1 1
1+§+'3+4+5+“'+ﬁ+”"

In’ order to study the convergence or divergence of this series, let us
draw the curve y = 1/z for positive values of z, as in Figure 83. The area
under the curve from x = 1 to = b as b becomes infinite, is expressed by
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the limit of the definite integral,

lim

b=

s

Hence this limit does not exist.

are circumscribed to the area under the curve fromx = 1 tox
The area of cach rectangle is equal to the corresponding

in the figure.
term in the given series.  That
second is %, the third is }, cte.

= lim

b—roo

b
[ln :c" ®,
I

Rectangles having bases each equal to 1
b as shown

J

is, the arca of the first rectangle is 1, the
The area of the first n rectangles is greater

than the arca under the curve from

z=1to x=n+1. For example, if Y
n =4,
1,1 1 5 dx

L+gtgty >£ %

25
or, 3> In 5, 2.083 > 1.609.

1 Z 345605 %
Thus,
n+1
lim S, = lim [[ d—;-:l = T1c. 83

Hence, the given scries is divergent.
(8). If0 < p <1, we compare the terms of the series with the area

under a curve.
In order to study the convergence or the divergence of this serics, con-

sider the function

y=;{,

and draw the curve similar to the one drawn in Figure 83. The area under
the curve from z = 1 to « = b as b becomes infinite, is expressed by the
limit of the definite integral,

. b dx ) xi-r P
lim [:f —~} = lim ]
b—ox 1 xP b— 1 - p 1
. Jor? —1
= lim [——] = o0,
b— 1 — p

But since p < 1 makes the exponent of b positive, this limit does not exist.
As in the previous case, rectangles having bases each equal to 1 are circum-
scribed to the area under the curve from z = 1 to £ = b, as shown in the
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figure. The area of cach rectangle is equal to the corresponding term in
the given series. The combined arca of the first n rectangles is greater
than the arca under the curve fromz = 1tox = n + 1. Thus,

. . Hn dy
lim S,.;hm[f — | = o,
n—w n—w 1 x?

Hence, the given series is divergent for any value of p in the interval
O0<p<l ‘

(4). If p > 1, the character of the scries is changed.

Consider the function

1
Y=

ar
and draw the curve as in Figure 84. The area under the curve fromz = 1
to £ = b as b becomes infinite, is ex-
Y pressed by the limit of the definite in-
tegral,

. bdx] . [ =P ]b
lim — | = lim |-
b—w 1 X b—r o 1-— P

1
=1im|:b':1_1:| 1
i > X b = .
12 346560 1—p p—1

Rectangles having bases each equal to 1

arc inscribed to the area under the
Fig. 84 curve from z =0 to x = b as shown

in the figure. The area of each rec-
tangle is equal to the corresponding term in the given serics. That is, the
area of the first rectangle is 1, the sccond is 1/27, the third is 1/3?, ete. The
arca under the curve from z = 1 to x = n is greater than the area of the
(n — 1) inscribed rectangles, omitting the first. Thus,

. .
S,.—1<f@;
1ox?

. . ndx 1
—1= -1 < == _
§—1= lim (S 1)=3.131,[‘/1 ] p—1’
from which
s P
p —

Hence the given series is convergent.
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103. Comparison Test.

The comparison test of a series is one in which the terms of a given series
are compared with those of series known to be convergent or divergent.
Let the infinite serics

() a+cetet+---Fe.+--

be onc which is known to converge, let the infinite series

(d) A d+di+-+d,+---

be one which is known to diverge and let the infinite series of positive terms
(u) U Fus o U -

be one whose convergence or divergence is to be cstablished. The series
(w) is convergent if, after some term, cach of its terms is less than or at
most equal to, the corresponding term of the series (¢), known to converge.
Thus, if

T=n 1=n

T=n
lim > ¢, =C, S u = Y e <C.
n—rwo 1 =1 1=1 1=1

Then,

1=n 1=n
lim 3 %, < lim Y ¢, =C
n—w =1 n—o =1
and the series (u) is convergent.
Similarly, the series (u) is divergent if, after some term, each of its terms
is greater than or at least equal to, the corresponding term of the series
(d), known to diverge. Thus,

i

il

n

if im Y di=w, Souz > d=c
n—w 1=1 1 =1 =1
Then, lim ‘Zn U = o,
n—o =1
and the series (w) is divergent.
Consider the scries
1 1 1 1
1+§+52+ﬁ+"‘+m+"
The ratio test fails, since
. (2n — 1)?
lim = - = 1.

noe (20 + 1)?
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In application of the comparison test, we choose the series
Ittt ot

which is known to converge from (4), Section 102. Comparing the series,

the first terms are equal. Thereafter, each term of the given series is less
than the corresponding term of the latter. Hence, the given series con-

verges.
Consider the series
Jor ey
In2 "In3 " Int In(n+1)

For comparison, we use the harmonic series (2), Section 102, which is
known to diverge. Omitting the first term of the harmonic scries, each of
its terms is less than the corresponding term of the given series.  Hence,
the given series is divergent.

Exercise 71

Establish the convergence or the divergence of each of the following series by com-
parison with either the p-series or other series known to converge or diverge.

1,1 1
1+6+I(_)+.“+2"+V2 4.

1,2 3
2. 2<+5+1—0‘+"‘+ﬁz—:1+

3 3 3
3. 1+§+1§+‘+Z’L2—_FI+
1 1 1
Lol gttt
R
6. 3 +E+E+i+
1 2 5 4

0 1-g+57-73

11. It was assumed in the last illustration above, that the logarithm of a number
is less than that number. Prove that this is true.

4.
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104. Power Series.

A series which assumes the form
aQ + @z + ax? + ased + -0 @zt 40

in which x is a variable and in which the coefficients are constants, is known
as a power series. The remainder of the chapter is devoted to a study of
such series.

A power series may converge for all values of the variable z, or it may
not converge for any values of x, save r = 0. However, it is usual for a
power series to converge for all values of x within some finite interval and
to diverge for all others outside that interval.

Interval of Convergence. The totality of values of the variable for
which a given power series converges is called the interval of convergence of
the series.  In the applications it is of fundamental importance to be able
to find the interval of convergence for a given power series,

TFor most power series the ratio test may be used to find the interval of
convergence. For example, given the series

x? | 28 "
1+x+*2*+'3—+"'+;;+"'.
Taking the limit of the absolute value of the ratio of the (n + 1)st term

and the nth term as n beecomes infinite, we have

1

Unyt | . nantl . n
S = lim l— —5 o b= lim — =
Un

n—w | (14 1)x"| nl.,w n—+1

Therefore, by the criteria given in Section 101:

lim

n—o

if | x| < 1, the series converges for —1 <z < 1,
if |z ] > 1, the series diverges forz < —land z > 1,
if | x| =1, the test fails.

If x = 1, the series is the harmonic series which is known to be divergent.
If x = —1, the series is the alternating series given in Section 101, where'it
is said to be convergent. Ilence, the given series has the interval of con-
vergence,

-1 =2x<1.

As shown in this illustration, the interval of convergence of a power
series may be found by the application of the ratio test, but the behavior
of the serics at the end points of the interval must be tested by some other
criteria.
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Exercise 72

Find the interval of convergence for each of the following series, testing each of the
end points.

[y

z  x* 2P
.1+§+§‘+’4—+"'.
2. 1+2x 4322+ 4234+,
z , 2?2 2 ,
3.1+g+§+’7‘+"'
4
g1tz + 5+ S+

1‘2 r‘ 1-2
Sl=gity et
6. 1 —3c+ 52 +7x3+---.

2 3 4
7. x—%-{—ig«+i~+..._

222 3% 4%

8 14+ + 5+ 5+ e+

1 1 1
9. L+-+55+t5 1

[ 13 ,1:3:5 ,1:3:5.7

x? x3 axt

10.

3(x — 2)?
4

1

z

1 2(x—2)
11. 5 + 3

(e +2)
4

3@ 4 2)!

2(z 4 2)?
12. S ot

+ +

106. Maclaurin’s Series.

A power series which is convergent for a < x < b, has a sum which is a
function of x, valid for only those values of x in the interval of convergence.
Consider the series obtained by the indicated division,

e B e AR Iar

Since,

lim | “r+L =|z],

n—rw

Un

the interval of convergence of the series is —1 < x < 1. The series is di-
vergent at each of the end points. Also, the given function is not defined
for x = 1 and the series does not represent the function for z = —1, since

1AL —141—-1---.
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Similarly, the scries does not represent the function for values of r < —1
or for values of x > 1. If, however, z has any value in the interval of con-
vergence, the infinite power series is said to represent the function.

This discussion suggests an important problem, that of expressing a
given function as an infinite power scries. This process is known as ez-
panding a function in a power serics. While it is by no means possible to
expand all functions in a power series, it is now our task to represent cer-
tain functions by such series within the interval of convergence.

Let us assume that sin « can be expanded in a power series in z, in ra-
dians, and write

sinx=A4 Br+Cz*+ Dz* + Ex* +Fab + -+,

in which A4, B, C, - - - arc constants to be determined.  The successive de-
rivatives with respect to x are as follows:

cosr = B + 2Cx +3Dx? -+ 4KEx* + S5Fz*+ - --
—sin z = 2C + 6Dx + 12Ex2* + 20F23 + - - -
—Ccos T = 6D +24Kx + 60Fx2+ -
sinx = 21K + 120Fx + - - -
cos T = 120F 4+ ---

in which it has been assumed that series may be differentiated term by
terme.  Making the assumption that the original equality and those derived
from it, hold for x = 0, the values of the constants can be found. Since
sin 0 = 0 and cos 0 = 1, we have

A=0, B=1 C=0, 6D=—-1, E=90, 120F=1,---
or
B=1 D=—J
I 3 51
Replacing the constants in the original equation by these values, we have
the serics
. AR a’
Smx=x—3—,+5~,—ﬁ+
This power series converges for all values of x. We say that it represents
the function sin z for all values of z.
Let f(z) be a function having derivatives of all orders, each of which

can be cvaluated for z = 0. Also, assume that f(z) can be represented by
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a power series convergent within an interval containing x = 0. Then the
series and the derivatives are written as follows:

J@)y=A+Bz+ Cx>+ D24+ Ex*+ Fz5 + -+

f(x) = B +2Cx +3Dx*+ 4Ez*+ SFzt+---
fx) = 2C +6Dx + 12Ez* + 20Fx® 4 - - -
() = 6D + 24Ex + 60F® + ---
fY(z) = 24F + 120Fx + - - -

If x = 0, the values of the constants are

A =f0), B=f0), C= f_;(?) p=I"0
! 31
Substituting these values for the coeflicients,
56 = 50 + 5@ x + T 0 1 L0 oy

This series is called a Maclaurin’s series.

Expanding a function in a Maclaurin’s series is also known as develop-
ing a function f(r) in powers of x in the neighborhood of zero. A function
cannot, be developed by the Maclaurin expansion unless the funetion and
its derivatives exist for x = 0. In case it can be expanded, the series rep-
resents the function for all values of z in the interval of convergence.  How-
ever, as we shall sce in the applications, a Maclaurin’s series is most useful
in finding values of f(x) for values of z near zcro.

To expand the function ¢ in a Maclaurin’s scries, we proceed as follows:

Let f(x) =e* then f(0) =
Also, (@) = e, f/(O) =1,

@) = e, f70) =1
Hence,

c=ltot S+ S+ e+

which is a series convergent for all values of z.
Sometimes the Maclaurin expansion of a function can be simplified by
a transformation of the variable. For example, the expansion of the func-
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tion sin x? may be obtained by letting 2 = z.  Then,
., . 23 25
smx~=s1nz=z—§—!+m+---,
as developed above. Making the reverse substitution,

+....

6 xlO

. x
3 2 — 22 el
Sinx° =2 3'+5‘

Exercise 73
GROUP A

Verify each of the following important series expansions and their intervals of con-
vergence.

1-2 x3
1. ez=1+x+2__'+§—'+---. All values of z.

z3 25 27

2. sinx=x—g—,+—5——'—7—,+-~. All values of z.
22 24 5
3. cosx=1—§——’ ~4—'—6_—'+---. All values of z.
2 3 4
4.ln(x+1)=x—%+%——%+-~. 1<z <l
3 5 7
5.arctanx=x——§3~+%—-fb7—+-~-. —-1=2x<1.

Expand each of the following functions into a Maclaurin’s series, obtaining the first
four nonvanishing terms.

6. arcsin z. 10. cos azx.

7. In (a + x). 11, i(e* + €e7%).

8. sin (g + r) . 12. a=.

9. V1 + 13. In (1 + sin x).
GROUP B

Iixpand each of the following functions into a Maclaurin’s series, obtaining the first
four nonvanishing terms.

14. In cos . 21, In (x + V1 + z2).

1
. cos? . 22. —.

156. cos? vi—z

16. (e* + ¢33 23. z arctan z.

17. sin (% - :c) . 24, etan =,

18. V{1 = 2)= 26. cos 2.

19. sec z. 26. e
1

20, esinz, 27.

V1 —:c4.
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106. Computation by a Maclaurin Expansion.

One of the most important elementary applications of the expansion of
a function into a series is the computation of various values of the function.

To compute sin 2° to five decimal places, we use the expansion of sin z,
where

z=2°= 66 radians. ’

oo T _1/mN _1_(1)5_
Sin2° =96 " 6 (90) + 120\ 90
— 0.034907 — 0.000007 = 0.03490

This scries converges rapidly, so that in the computation two terms are
sufficient. It is obvious, without computing, that the third term is too
small to affect the sixth decimal place.

To compute sin 62° to five decimal places, the scries for sin 2 converges
too slowly to be practical, where

= 62° = ?)T) w radians.

Consequently, the series for sin (x + 7/3) is used, where

x=2°= Eradlans
sin<x+1§r> <\f+'c—_-\[§ —:3—1‘!903-%%'?1:‘—!—---)-

Replacing z by its value,
sin 62° = 3(1.73205 + 0.03491 — 0.00105 — 0.00001) = 0.88295.

Maximum Error. In an alternating series, the absolute value of the
maximum crror committed by stopping with any particular term of the
series is less than, or cqual to, the absolute value of the term succeeding
the last term used in the computation. This is assumed without proof.

In the sin z series, if we use

sinz = z,

| error | =
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While if we use

. 3
sinz =2 — g5
5

xr
< =,

error | < 51

If a maximum error of 0.0005 is allowed in the computation of the sine
of an angle, we can find the limits within which the first term only, may
be used.

x3
2=
x = 0.1442 radians = 8° 15’, approximately.

0.0005, =z* = 0.003

With the same allowable error, we find the limits within which the first two
terms may be used.

1"5
120
x = 0.5697 radian = 32° 39, approximately.

= 0.0005, z° = 0.06

Differentiation and Integration of Series. If a function is represented
by a power scries, the derivative of the function is represented by the series
obtained by the term by term differentiation of the given series. The
series obtained is valid for those values of the variable within the interval
of convergence. Similarly, and under the same conditions, the integration
of a function is represented by the series obtained by the term by term in-
tegration of the given series.

Consider the function
sin
=

fl@) =

While f’(x) can be obtained readily by the usual methods, the f f(x) dx

cannot be obtained by such methods. In the solutions of the two problems
which follow, use is made of the differentiation and the integration of series.

To find the slopes of the given curve at the pointsz = 0 and z = 1, we
use

2 4 8
f@) =1— G+ 5=yt

2 4 6
F@) = = Ga gyt — et
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Atz =0, f'(0) =0, and the curve has a horizontal tangent.
Atz =1, f'(1) = —0.33333 4 0.03333 — 0.00119 = —0.30119.

The absolute value of the error, using the first neglected term, is

8 2" | = 0.00002.

| error | < 01

The area under the curve y = fl%f from z = 0 to 2 = 1 may be found

as follows:

_ (lsinz , 1 2?2 at ot
s—j; : dx—‘/;(l—g—!—f—g—!—?—!*i-“-)dx
x3

x5 x7 1
18 T 500 ~ 35280 +"']o

=1 — 0.05556 + 0.00167 = 0.9461,

= —

in which the absolute value of the error is less than 0.00003.

.
v

Exercise T4
GROUP A

Compute the value of e to four decimal places.
Compute the value of cos 2° to four decimal places.
Compute the value of sin 3° to four decimal places.
Compute €' 2 to four decimal places.

Compute In (1.2) to four decimal places.

Compute Ve to four decimal places.

S B wPR

GROUP B

+ =z

7. Expand In } into a Maclaurin’s scries.

8. Using the expansion in Problem 7, find In 2 to four decimal places.
9. From the expansion of aresin x and aresin 3 = 7/6, compute the value of = to three
decimal places. ' .
10. Expand V9 + z and compute v'9.02 to five decimal places.
11. Compute sin 32° to five decimal places.
12. Compute cos 62° to five decimal places.
13. Show that cot z cannot be expanded in a power series in z.
14. From the expansion of arctan z and arctan } -} 2 arctan } = =/4, compute the
value of 7 to four decimal places.
16. Compute In sec 46° to four decimal places.
16. Within what interval can sin z be replaced by z, if the allowable error is 0.0001?
17. Within what interval can cos z be replaced by 1 — }z? if the allowable error is
0.0001?



Infinite Series 269

18. Expand e #%/2 into a Maclaurin’s series.

19. Using the series obtained in Problem 18, evaluate f o2 e#*? dg to four decimal
places. °

20. Evaluate lino y—;—r by means of series.

. arcsin z
21. Evaluate lim ~—"-—= by means of series.
z—0 T

05 .
22. Evaluate f V1 — 13 dzx to four decimal places.
0

. 1 —cosx
23. Evaluate lim —-——= by means of series.
z—0 T

. T — et .
24. Evaluate lim - - e by means of series.

z—0 2

26. Find the area under the curve y = ¢™** from r = 0 to x = 1, to four decimal places.

107. Taylor’s Series.

It is often desirable to expand a function into a power series of a bino-
mial (z — a) instead of a power series in z for reasons which are given in
the next section. In expanding a function in a series of (xr — a), the con-
stant @ is some given number or is chosen at pleasure. The procedure is
analogous to that of the Maclaurin expansion.

Let f(z) be a function whose successive derivatives exist, each of which
can be evaluated for x = a.  Also, let

@) = A + B — @) + Oz — a)* + D(z — a)® +
By differentiation,

fx) =B+2C(x—a)+3Dx—a)?+---
/@) = 2C + 6D — a) + - - -
frx) = 6D + - - -

............................

By letting x = a, the values of the constants are determined,

=1, B=s@, c=10 p-L0,

Substituting values,
1) = 5@ + @G = @)+ 1D e ayr + LD <x}a>3

This series is known as Taylor’s series.
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Let us expand In x in a power series of (x — 1). This is a Taylor ex-
pansion in which ¢ = 1.
If flx) =Inz, f(1y =o.
Also flx) =71, [y =1,
fl@) = —a%, (1)
(@) = 2273, fra) =2

[
!
—

Hence,
hz=@-1)—-2-1)+3e-1)°-1@—-1)+---.

Using the ratio test for this series,

Yt = lim

n—ro

'lim

n—o

g @—D]=le—1].

n

Consequently, the series converges for |z — 1| < 1,orfor0 < z £ 2.

Exercise 76
GROUP A
Expand each of the following functions into a Taylor’s serics, obtaining the first four
terms and using the values of a given.

1. e fora = 4. b. tan z for a = =/4.
2. sin z for a = 7 /6. 6. ¢2* fora = 2.

3. coszfora = /3. 7. V1 + x2fora = 1.
4, arctan z fora = 1. 8. Vzfora = 9.

GROUP B
9. Expand In z about z = 2.
10. Expand V/z in a power series in (z — 8).
11. Expand z® — 222 — z — 5 in powers of (z — 1).
zd — 222 —z — 5

12. Using the result of Problem 11, evaluate f TGS dz.

13. Expand In (sin x) about x = = /4.

a 1
14. Find — 2 by means of a series, where a < 1.
0 '\/1 — 3
Verify each of the following series and their intervals of convergence.
16. (z + @)k = a* + ka*1 z +]f£%.l_)ak—zxz P
+k(k— Nk —-2)---(k—n+2)
n—1)!
If k is zero or a positive integer, the series is finite and holds for all
values of z. For other real values of k, the series is infinite and holds
for —a <z < a.

ak—nHlogn-l oL
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16. lnx=lna+é(,v—a)+Q%(x—-a)2+-~-,a>O,f0rvaluesofx,

0 < & £ 2a. Write the nth term.

17. ¢ [l + (¢ — a) —I- + ] for all values of x  Write
the nth term.

(x — a)? . (z )3

18. sinz =sina + (r —a) cos a — oy sina == ————cosa + -
for all values of .
— a)? -
19. cos.v=cosa—(x—(l)sina—(—x—z'a)csa—f—(j—‘S' cosa + -

for all values of z.

108. Computation by a Taylor Expansion.

As has been stated, one of the most important applications of series is
in the computation of values of a function for different values of the vari-
able. The tables of values of the logarithms of numbers and of the trig-
onometric functions of angles may be computed in this way. For this pur-
pose it is nccessary that the series used for the computation, converge.
For practical purposes, it is desirable that the series used converge rapidly.
It should be possible to find a series to represent a function so that for the
value sought, the first few terms are sufficient.

If & Maclaurin expansion is to be used, the rapidity of the convergence,
assuming that it does converge, depends on the numerical values of z and
the coefficients of the series. In general, the smaller z is, the more rapidly
the terms of the series diminish in numerical value. Hence, if f(z) is to be
computed for a given small value of z and if f(0), f/(0), f/(0), - - - can be
computed easily, a Maclaurin series usually gives an approximation of the
value of f(zr). Under such circumstances, we say that a Maclaurin series
is applicable in the neighborhood of the origin.

If a Taylor expansion is to be used, the rapidity of the convergence,
assuming that it does converge, depends on the numerical values of (x — a)
and the cocfficients of the series. In general, the smaller (x — a) is, the
more rapidly the terms of the series diminish in numerical value. Hence,
if f(z) is to be computed for a given value of = and if a value of a can be
chosen so that (x — a) is small and f(a), f’(a), f"(a), - - - can be computed
easily, a Taylor series usually gives an approximation of the value of f(z).
Under such circumstances, we say that a Taylor series is applicable in the
neighborhood of x =
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To compute sin 62° we may expand sin z in a Taylor’s series about
= 7/3.

f(x) = sin z, j(3> = .2_
f(x) = cos z, f’(3) ;

f(x) = —sinz, (3> —~-I

sin = I‘Iz‘[‘/“( >f< 3)*]

o _ 31
When z = 62 5

106, where it was found that sin 62° = 0.88295.

7, the same series results as was obtained in Scetion

Exercise 76

GROUP A
Compute each of the following by series to four decimal places.
1. sin 61°. 4. In§.
2. cos 62°. 6. V15,
3. sin 35° 6. ¢2
GROUP B

7. Compute cos 31° by expansion about © = 7/6 using four terms. Show that the
result is correct to three decimal places, since the error is 0 00006.
8. To find cos 66° to four decimal places, what series and how many terms should be

used?
9. Using the series for In z about x = 4 to obtain an approximation for In 4.2, find

the maximum error if 5 terms are used. 1f the decimal is to be correet to four
decimal places, how many terms of the expansion are necessary?

10. Find v/(7.95)2 by a Taylor’s series for v/ to five decimal places.

11. Find V/16.5 to five decimal places.
12. Find the volume generated by the rotation of the area bounded by the curve

y= } sin > 37 the z-axis, the y-axis and the line z — 1 = 0, correct to four decimal

places.



CHAPTER XIII
POLAR COORDINATES

109. Polar Coordinates.

The polar coordinate system consists of a fixed point, the pole, and a
fixed line, the polar axis, through the pole. The polar coordinates (p, 6)
of a point are the radius vector and the vectorial angle, respectively. The
vectorial angle is measured from the polar axis and may be positive or
negative according as it is measured in the counterclockwise or the clock-
wise direction. The radius veetor is measured from the pole and may be
positive or negative according as it is taken along the terminal side of
the angle or along the terminal side produced through the pole.

The polar coordinate system is well adapted to the expression of the
equation of a curve which involves a motion about a point. The equa-
tions of some curves are seldom cxpressed in any other system than the
polar, others are usually expressed in the rectangular system, while still
others may be equally well expressed in either system. In this chapter
the methods of the calculus are applied to the equations of curves which
are better expressed in a polar co-
ordinate system. 7

The equation of a curve in polar Nl /
coordinates usually assumes the 1T
form

p = f(6).

To plot the graph of such a func-
tion, a table of corresponding values
of p and 6 is prepared from which
a smooth curve is drawn through
the points located in a polar system.
For this purpose it is convenicnt to
use polar coordinate paper which
consists of a series of concentric circles drawn about the pole and a
number of radial lines through the pole.
The graph of the equation

p=2—3cosb
273
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is drawn in Figure 85. It is to be observed that the curve is symmetrical
with respect to the polar axis, since cos 8 = cos (—6). The value of p
is zero for the angles 6§ = + arccos 3. This curve is known as the limagon.

The graph of the curve known as the lemniscate is drawn in Figure 86
from the equation

p? = 16 cos 26.

The values of p are real for the following intervals of the angle,

3
—E§0§£;EW§0§Zm
Exercise 77
GROUP A
Draw the graph of each of the following equations.

1. pcosf = 4. ' T. o(1 4+ cos 6) = 4.
2. psin g = 3. 8. p(2 + sin 6) = 6.
3. pcosd +2 =0. 9. p(1 —cosf) =2.
4. psingd +6 =0. 10. p(1 — 2cos6) = 4.
6. p =4 cosé. 11. p = 4 sin 26.

8. p = 2(1 — cos 9). 12. p = 4 cos 26.

Transform each of the following equations to polar coordinates or to rectangular
coordinates.

13, zy = 2. 16. p = 2asin 6.
14. 2 = 4py. 17. p = acscé.
16. r? + y? = a% 18. p = a tane.
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GROUP B
Draw the graph of each of the following equations.

19. p = 3(2 4 3 cos 0). 26. p? = a?sin 26.
20. p = 2(3 — 2sin 0). 26. p = asin 36.
21. p =3 —2sino0. 27. p = 8sin3 (0/3).
22. p? = 1 cos 20. 28. p? = a?sin 30.
23. p=1+ 2.cos 0/2). 29. p = a(l — cos 26)
24. p =1 + sin (8/2). 30. p = a(1 4 2 cos 20).

Transform each of the following equations to polar coordinates or to rcetangulur
roordinates.

81. 12 4 2 — 2ar + 2ay = 0. 34. p = asin 20.

p
32. (22 4 y)? = a?(a? — y?). 36. p% = a? cos 20.
33. 2 + y® — Bary = 0. 36. p = a cos 2.
GROUP C
Draw the graph of each of the following equations.
37. p = al. 40. p0 = a.
38. p = 8 cos? (0/3). 41. p = e,
39. p? = a*(sin + cos 0). 42, p = 2cos 6 — 3sin 0.

Find the coordinates of the points of intersceetion of the following pairs of curves.
43. p=1+cosb, p=2cos6
44, 52 = a?sin 0, p? = a?sin 26.
46. p% = a?sin 0, p* = a?sin 30.
Transform each of the following equations to polar coordinates.
46. r = 2cos0 —cos 20, y = 2sin8 — sin 26.
47. 2 = acos’d, y = asind0
cos 0 sin 0

8. z="""y y="p

110. Angle between the Radius Vector and the Tangent.

Let the equation of the curve in Figure 87 be
P = f((’))

in which 0 is expressed in radians.  Let
P(p, 6) be any point on the curve, where
OP = p, and draw the tangent P71 to
the curve at this point. Finally, let
the angle between the tangent and the
radius vector be denoted by ¢, or

£ OPT = .

If the angle 6 is given the increment
A, the increment of the function Fie. 87
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is Ap, thus locating the point Q(p + Ap, 6 + A6) on the curve. The
chord PQ is drawn and the line segment PR perpendicular to OQ through
P is erected. The angle at @ in the right triangle PQZR is represented by
¢. Then, from this triangle,

tan ¢ = RP _ __RP _ p sin A
RQ OQ — OR p+ Ap — pcos A9
sin Ag '
L
T Ap (1 — cos Af)
ag TP Y,

Since 6 is expressed in radians,

lim Sin A9 _ 1 and lim 1~ cos Af =
a—0 Af £6—0 6

0.

As A# approaches zero, the chord PQ approaches the tangent TP as a
limiting position and angle ¢ approaches .  Hence,
lim tan ¢ = tan y
A0—0
-and
_p _ 4
tan ¢ = P P dp

do
If the angle p is the inclination of the tangent to the curve at the
point P,
=10+

From this relation the slope of the curve at the point P may be found by

_ tan 6 + tan ¢
tan p = 77— tanftany

To find the slope of the curve p = 2(1 4 cos 6) at the point where
8 = /6, we first find tan .

dp _ o _1+cosé _
2= 2sinf, tany = —Sin 0 = (2+\/§).

Hence, tanug = —1 and u= im
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Exercise 78
GROUP A

1. Find the angle which the curve p = a cos? (§/2) makes with the polar axis.

2. Find the angle which the curve p = 2(1 — 2 sin 0) makes with the polar axis

3. Find the angle which the curve p = ¢ makes with the radius vector at any point.
4. Show thaty = 6/3 for any point on the curve p = a sin® (8/3).

Find the angle between each of the following curves and the given lines.
6. p =1 —2cos20and 66 = .
6. p = acos?0/2 and 20 = .

T. p(1 —cos ) = 1and 46 = .
8. p(1 +cos8) = aand 20 = .
9. p = a(l —cos 0) and 26 = =.

10. p = a cos 20 and 6§ = arctan 3.
11. p = a(l — cos 0) and 0 = arctan 3.
GROUP B

Find the angle between cach of the following pairs of curves.

12. o2 = a2 cos 20 and p = a V2 sin 6.
13. p? = a’cos 20 and 6 = 0.
14. p = a(1 +sin 0) and p = a(l — sin 6).

Find the slope of cach of the following curves at the given points.
16. p? = a2 cos 20 at (a/ V2, ©/6).
16. p = a(l + cos 6) in the first quadrant for 6 = arcsin §.
17. p = a(l + sin 0) in the first quadrant for 6 = arccos §.

18. Find the polar equation of the tangent to the curve
p =1 — cos @ at the point (},7/3).

111. Plane Area.

In Chapter VI the arca under a curve in rectangular coordinates was
expressed as the limit of a sum and by means of the fundamental theorem
of integral calculus, the arca was computed by a definite integral. In
this section, application of the same thcorem is made in finding plane
arcas bounded by curves cxpressed in polar coordinates. These con-
tinued applications of this theorem indicate, not only its importance in
the calculus, but also the tremendous power of the definite integral.

Let the curve in Figure 88 be given by the equation

p = f(8),

where f(6) is a continuous single-valued function from 6§ = « to § = 8
and is increasing with 6 in this interval. We wish to find the area bounded
by this curve and the lines § = a and 6 = 8.
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The angle (8 — @) is divided into n equal angles A6 by drawing radial
lines through the pole O. These lines divide the area S into n incre-
ments AS. In the figure the increment AS, is bounded by the lines
OP,, OP,4; and the increment of arc length P.P,4;. If a circular arc
P.Q is drawn with O as a center and OP; as a radius, the circular sector
is said to be inseribed to the curve. The area of this sector differs from
AS. by infinitesimals of higher order than Af. Hence, neglecting these

infinitesimals, the element of arca dS, is
the arca of the circular sector. From

P, clementary plane gcometry,
Piy1 dS = 3p.? A6.
Py i=n
Since S = Z AS,,
Py
© S = lim Z ds, = hm Z 10,2 AW,
g \« n—eo =1
o / X By the fundamental theorem,
1 f,
Fie. 88 S =z K de,

where o, 8 and 6 are expressed in radians.

The restriction made above, that the function increases with 6, was
made to simplify the discussion. To illustrate that it is unnecessary, we
shall find the area outside the cirele p = a and inside the circle p = 2a cos 6.

Let p’ and p’’ represent the radii vectores of points P,'(p,,0,) and
P.”(p,”,8.) on the first and sccond curves, respectively.

Then the clement of arca is

dS = 3(p/"* — p.?) A,
and the area is

S =3 11m Zn (4a? cos? 0, — a?) AA.
2 A0 1=

The coordinates of the points of intersection of the circles are (a, 7/3)

and (a, —7/3). However, since both circles are symmetrical to the

polar axis, it is convenient to find twice half the arca. Now that the

limits of the integral are known, the fundamental theorem is applied.

Thus,

/3 2
S=a2f (4cos2e—l)d0=%—(21r+3\/§).
0
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Volume of a Solid of Revolution. To find the volume of the solid gen-
erated by rotating the area enclosed by the curve

p = 2asin @
about the polar axis, the cylindrical clement (cylindrical shell) is chosen.

Let the radius of the circular base and the length of the cylinder be y
and 2z respectively. Then the element of volume is

av

4rxy dy.
Since x = pcos f = 2a sin 6 cos 6,

y = psin § = 2a sin? §

and dy = 4a sin 6 cos 6 db.
Then, dV = 647a? sint 6 cos? 0 db.
x/2
Hence V = 64ra® f sin* 6 cos? 6 df
0
. . . x/2
V = %waa[lﬁ sin® 6 cos § — 4 sin® 0 cos § + 60 — 3 sin 20]
(4]
= 2%’
Exercise 79
GROUP 4
Find the entire area bounded by cach of the following curves.

1. p = 2a cos 6. 6. p? = a? cos 26.

2. p = a(l + cos 9). ' 6. p = acos 26.

3. p =3 —sinb. 7. » = acos 36.

4. p = a(l — cos 9). 8. p = asin 26.

9. Find the volume generated by rotating the upper half of the area inclosed by
p = 2a cos 6 about the polar axis.

10. Find the arca inside p = 4 4+ 2 cos 8 and outside p = 4.

GROUP B
Find the entire area bounded by cach of the following curves.
11. p = asin 34. 14. p = asin?6.
12. p? = a?cos 6. 16. p? =2sin6 — 1.

I
[

13. p? = a?sin 26. 16. p? = a?sin 36.
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17. Find the area inside the smaller loop of the curve
=14 2sin0.

18. Find the arca inside p = a(1 + cos 6) and outside p = 2a cos 6.

19. Find the area of the segment of the parabola p(1 4 cos 6) = 2a from the vertex to
the chord perpendicular to the axis.

20. Find the arca common to p = 3sind and p = 1 4 sin 6.

21. Find the volume generated by the rotation of the upper half of the area bounded
by the curve p = 1 + cos 8 about the polar axis.

22. Find the angle of intersection of the curves p = a cos 8 and p = a sin 26.

23. Find the polar equation of the curve which intersects the radii vectores of its points
at a constant angle.

24. ¥ind the polar equation of the curve through the point (3,0) if the radius vector and
the curve at any point make an angle whose tangent is equal to the cube of the
length of the radius vector.

112. Length of an Arc of a Curve.

From Section 87, the differential of the arc of a curve in rectangular

coordinates is
= 4 W\ 4 = /(de)? 2
ds 1+ (dx) dx = V(dx)?* 4+ (dy)>

This may be expressed in terms of polar coordinates by means of the
transformation

2 =pcosf, y =psiné.

Hence,
dxr = cos O dp — psin 8 df
and dy = sin 6 dp + p cos 0 db.

Squaring and adding,
ds = Vp*(d8)* + (dp)?,

@y

From this result, the length of the arc of a curve p = f(6) betwecen
6 = « and § = B can be expressed by means of the definite integral

8
d2
= d: 2(_’3
./;S fa\“’+d0 b,

where f(6) is a continuous single-valued function in the interval.

or ds
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Area of a Surface of Revolution. To find the area of the surface
formed by revolving the lemniscate p? = 4a® cos 26, about the polar axis,
we proceed as follows:

/s o

S=27rfyds 47rf psinO\/2+42qm 20 9

cos 26
/4
= 16ma® f sin 0 d6 = 8ra*(2 — V'2).
0
Exercise 80

GROUP A

Find the total length of the curve p = 2a sin 6.

Find the total length of the curve p = a(l — cos 6).

Find the total length of the curve p = a cos?® (6/3).

Find the length of the curve p = a6 from 6 = 0 to § = 2.

Find the area of the surface gencrated by the rotation of the curve p = 2a cos @
about the polar axis.

Find the area of the surface generated by the rotation of the curve p? = 2a? cos 20
about the polar axis.

SV

o

GROUP B

7. Find the total length of the curve p = sin3 (6/3).
8. T'ind the total length of the curve p = a(l 4+ sin 6).
9. Find the length of the curve p = €49 from 6; to 9,.
10. Find the area common to the two curves p = 2a cos 6 and p = 2a sin 6.
11. Tind the area enclosed by the curve p = a(1 + cos 8) which is cut off by the line
through the point (}e,0) perpendicular to the polar axis.
12. Tind the arca of the surface generated by the rotation of the curve p? = 2a? cos 26
about the line § = /2.

113. Plane Area by Double Integration.

Double integration was used in Section 93 in finding planc areas where
the equations of the curves bounding those arcas were expressed in rec-
tangular coordinates. It is of interest to apply this same method of
approach to the problem of finding plane arcas when the curves involved
are expressed in polar coordinates.

In Figurc 89 the arca S is bounded by the curves

p=f(6) and p = g(6)

and the lines § = « and 6 = 8. Radial lines are drawn through O divid-
ing the angle (8 — @) into n equal angles Af. Concentric circles are
drawn with centers at O and with the radii of consecutive circles differing
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by the equal length Ap. In this manner a sct of clementary areas are
formed of which PQRS is one. Assuming the coordinates of the point P
as (p, 0), the coordinates of the opposite vertex R are (p + Ap, § + Af).
The area of PQRS is
AS = 3(p + Ap)* AG — 3p* AD
= pAp A0 + 125 A6.

Neglecting the second infinitesimal,
which is of higher order than is the
first, the element of arca is

dS = p Ap A6.

Fic. 89 The double sum of all such clements

forms an arbitrarily eclose approxi-

mation to the arca enclosed, by inercasing the number of radial lines and
the number of concentric circles.  This may be shown as follows:

Referring to the same figure, let the radial line through £ interseet the

first curve at the point V(p,/,0,) and interscet the second curve at the

I'té. 90

point W(p,”,8,). Iolding 6, and A fixed, let Ap approach zero. Thus the
number m of concentric circles is increased without limit. The area of
the strip UVWZ is

lim S o Ap:IAB =[f” pdp] 26.
Ap—0 1=1 '

As A9 approaches zero, the number n of radial lines is increased without
limit. Hence, the required area is

. i=n 9(0,) 8 9(0)
S=hmz[f pdp]A0=ff p dp db.
A0—07 =1 FICH) a Jf6)
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In application, the area inside the circle p = 2a cos 8 and outside the
cardioid p = 2a(l — cos 0) is found as follows:

The curves are drawn in Figure 90, where the symmetry with respect
to the polar axis is shown and the points of intersection are indicated by
Py(a,r/3) and Psla, —m/3). The element of arca is

dS = p Ap Af.

/3 2a cos 0 2a cos 0
Then f f pdpdo = f ] o
2a (1 —cos 09) 2a(l —cos 8)
S = 4a2f *(2cos 0 — 1) db = $a2(3V/3 — 7).
0

Exercise 81

GROUP A
Tind each of the following areas by double integration.

Bounded by p = 6a sin 6.

. Bounded by p? = a? cos 26.

Bounded by p =1 — sin 0.

Between the two curves p = 3 sin 0 and p = 6 sin 4.

Inside the curve p = a sin 0 and outside™ = 2a cos 0.

Inside the curve p = 2a sin 8 and outside p = a.

The first quadrant area inside p = a and ou'fsidc p? = a?sin 20.

NoeooropR

GROUP B
Find cach of the following areas by double integration.
8. Inside the curve p = a(l + cos ) and outside p = 2a cos 8.
9. The area common to the areas cnclosed by the curves p = 6a sin 6 and
p = 2a(l + sin 0).
10. Inside the curve p = a and outside p = a(l — cos 0).
11. Bounded by the curves p = 2a sin 0 and p? = 2a? cos 20 and the lines
40+ 7w =0and 49 — = = 0.
12. Inside the curve p? = 2a? cos 26 and outside p = a.
13. Inside the curve p = a(l — cos 8)"and outside p(1 — cos §) =
14. Between the curves p = a cos 20 and p = a(3 — cos 6) and the lines
60 +7 =0and 60 — 7= = 0.



CHAPTER XIV
SOLID ANALYTIC GEOMETRY

114. Solid Analytic Geometry.

The study of the calculus as presented thus far has been largely con-
cerned with functions of one variable. The content of plane analytic geom-
etry, which deals with such functions, is used so consistently, that it is
indispensable for adequate interpretations of much of the calculus. In
precisely the same manner, the content of solid analytic gecometry is essen-
tial for a proper understanding of much of the material presented in the
remaining chapters of this book. Consequently, it is advisable that this
chapter’on analytic geometry of space be inserted for reference or for study.

Solid analytic geometry deals with lines, planes, curves and surfaces in
a three dimensional space. In this chapter is to be found a very brief
study of some of the equations of these loci.

116. Space Coordinate Systems.

There are three systems of reference, or coordinate systems, which are
commonly used in a study of solid analytic geometry. They are the rec-
tangular, the cylindrical and the spherical coordinate systems. The first
is an extension of the rectangular Cartesian coordinate system in the plane
and the latter is an cxtension of the polar coordinate system in the plane.
The second system makes usc of both the rectangular and the polar coordi-
nate systems.

Rectangular Coordinates. A system of reference in space is established
by means of three mutually perpendicular planes which intersect in three
mutually perpendicular lines. These are called the coordinate planes and
the coordinate azes, respectively, and the common point is the origin. The
rectangular coordinates of a point are the three directed distances of that
point from the three coordinate plancs. Conscquently, the position of a
point is uniqygely determined provided that the distances from the coordi-
nate planes and the directions of those distances arec known.

If z, y and z are the coordinates of a point P(x,y,2), in Figure 91,

2=FP =04, y=EP=0B, z=DP =0C.
284
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Having directed the axes as indicated in the figure, any point whose first
coordinate is positive is in front of the yz-plane, and any point whose first
coordinate is negative is back of that plane. Similarly, the signs of the
other two coordinates give positions to the right or to the left of the zz-
plane and above or below the zy-plane. Thus a point may be located in
any one of the eight octants. Any point whose seccond coordinate is zero
lies on the xz-plane and one whose first two coordinates are zero lies on the
z-axis. Thus every point in space has three coordinates which are positive
or negative real numbers, including zeros.

z z
CRT- "
C \\ 7 |
_______ F AN |
N4 |
/ X : P
S 1Y I |
Ef P |
| | ]
| | a
] 0 z Il . o ,'
! /B y // B
: / 6 y;
_V P //
A D Q
X X
Fic. 91 Figc. 92

Cylindrical Coordinates. A point P whose projection on the hori-
zontal planc is known by its polar coordinates Q(p,6), is located in space if
its dirccted distance z from that plane is also known. The coordinates of
the point P in Figure 92 are (p,8,2z), where

p=0Q, 6=/,X0Q, z=QP=0O0C.

Such coordinate systems are called cylindrical coordinates and gre particu-
larly useful in expressing the locus of a point which lies %i surface of
revolution about one of the coordinate axes. _

While it is customary to establish a polar coordinate system in the
horizontal plane and a vertical z-axis through the pole, this is but one of
three possibilities since the polar coordinate system may be established in
any one of the three mutually perpendicular planes.

¥
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It is often desirable to change the equation of a locus from the rectan-
gular coordinate system to the cylindrical and vice versa. The relations
which exist between the coordinates of the two systems depend on the rel-
ative position of the two sets of axes. If the x-axis is the polar axis and
the z-axis is the vertical axis,

x=pcosh, y=opsing, z=12
and p? = x4+ y? tang:%.

Spherical Coordinates. Three mutually perpendicular lines OX, OY
and OZ from a common point O may be uscd to establish a spherical coordi-
nate system. In Figure 93 the spherical

z coordinates of point P are r, 6 and ¢, where

r= 0P, 0= 4X0D, ¢ = £LZOPD.

é The point P and the OZ-axis determine
N | a planc which is located by the angle 6
E i between that planc and the XZ-planc.
i | The angle 6 ranges from 0 to 2 for any
{ /B position of . Tn this plane, P is the point
P having the polar coordinates (r,¢) with O
D as the pole and the line OZ as the polar

axis.
X In comparing the eylindrical and spheri-
Fic. 93 cal coordinates of a point, it is to be ob-
served that p of the former is not equal to

r of the latter, but that
p = T 8IN ¢.
As with cylindrical coordinates, it is often desirable to change the equa-
tion of a locus from the rectangular coordinate system to the spherical and

vice versa. If the r-, y- and the z-axes are the lines 0X, OY and 0% , respec-
tively,

x=rsin¢cosd, y=rsingsing 2z =rcoso.
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Exercise 82
GROUP A

Write the equations of the following loci in rectangular coordinates.

1. Each of the coordinate planes.
2. Each of the three planes parallel to the yz-plane, the zz-plane and the
xy-plane and at distances @, b and ¢, respectively, from them.

3. Each of the two planes through the z-axis bisecting the angle between the
xz- and the yz-planes.

4. Each of the two planes through the y-axis bisecting the angle between the
zy- and the yz-planes.

6. ach of the two planes through the z-axis bisecting the angle between the
zy- and the rz-planes.

Find the length of each of the following line segments.

6. Between (1,2,2) and the origin.

7. Between (1,2,1) and (5,4,5).

8. Between (3,2, —1) and (—1,-3,2).

9. Between (0,1,6) and (2,0,—3).

10. Find the coordinates of the midpoint of the line segment joining (3,2, —1) and
(7,8,5).

GROUP B
Write the equation of cach of the following planes.
11. Parallel to the z-axis through the points (¢,0,0) and (0,b,0).
12. Parallel to the y-axis through the points (a,0,0) and (0,0,c).
13. Parallel to the r-axis through the points (0,0,0) and (0,0,¢).
14. Through the r-axis making an angle of 60° above the ry-plane.
16. Transform the equation 22 4 y? + 22 = a? to cylindrical and to spherical coordi-
nates
16. Transform the equation p = a to rectangular and to spherical coordinates.
17. Transform the equations z = p%, p = 2a sin 6 and 2 = 2a — p cos 6 to rectangular
coordinates.
18. Transform the equation r = « to rectangular and to cylindrical coordinates.
19. Transform the equation z = ae***¥* to cylindrical coordinates.
20. Find the perpendiculur distances of the point P(p,6,2) from the axes OX, OY
and 0Z.

116. Direction Cosines.

A dirccted line through the origin of a rectangular coordinate system
makes three angles «, 8 and v with the z-axis, the y-axis and the z-axis,
respectively.  These angles are called the derection angles and their cosines
arc called the direction cosines of the line. Any line which is parallel to
such a line and which has the same direction, has the same direction angles
and the same dircction cosines.
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The sum of the squares of the direction cosines of any line is equal to unity.

In Figurc 94 the line AB is directed in such a way that the direc-
tion angles arc acute angles making the direction cosines positive. How-
ever, were it oppositely directed, each angle would be obtuse and the
direction cosines would be negative. The line OP of any length r is drawn
B through the origin parallel to AB and

having the same direction. The direction

angles of OP, which are the same as

those of AB, arc «, 8 and v, indicated in

A the figure. If the coordinates of P are

z

y < P taken to be (z,y,2) then
olLAB , >y T =7C0Saq y=rcosfB, z=rcCos%y.
* ,/I But, since x4y + 22 =17,
——Y 2 cos? a + 12 cos? B + r2cos? y = r?
X and
Fia. 94 cos? o + cos? 8 + cos?y = 1.

Any three numbers which are proportional to the direction cosines of a
line are known as direction numbers of that line. Let a, b and ¢ represent
three such numbers, then

cosa _ cosfB _ cosy
= = =k’
a b c

or
cos a = ak, cos B = bk, cosvy = ck.

Substituting these values of the cosines in the relation above, we have
a’? 4 bk +- c%? = 1.

LY . .
Hence, the proportionality factor is

P S—
+Va? + b + ¢?
and
a b
c05a=i\/b—5w—ﬁ2; cosﬂ::ﬁVW—?’
c

COSY= st bt e
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Since the direction angles are fixed for any directed line, a proper choice
of sign must be made for each dircction cosine.

The direction cosines of a line segment are proportional to the lengths of
the projections of the line segment on the coordinate axes.

~N

_____ \I~P2

V /

Fia. 95

In Figure 95 a rectangular parallclopiped is constructed, having the
given directed line segment Py, as a diagonal, with its edges parallel to
the coordinate axes. If the coordinates of P, and P, are (x1,41,21) and
(x2,y2,22), respectively,

P, A = Ty — I, PlB=y2—y1, P10=22—21.
From the right triangles P1A P., P1BP; and P,CP,

Pa cos B8 —EI—B~; cos y = PC
P11)2, _P1P2 L")’_-I)1P2

COs a =

Hence, direction numbers of the given line segment are
a=2xy— T, b=ys— 1y, ¢c=29— 2.
The length of the line segment PP, is
V(X — x1)2 + W2 — 1) + (22 — 21)?.

117. Angle between Two Lines.

The angle between two intersecting directed lines in space is defined as
the angle between the positive directions of those lines.

Let CA and CB be two intersecting lines in space, directed as indicated
in Figure 96. If two lines are drawn through the origin parallel to the given
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lines and a point is chosen on each,
£4BCA = £P,OP; = p.
The coordinates of I, and P being (21,1,21) and (22,y2,22), respectively,

O——P12 =x,2 4+ ?112 + 212, O—Fzz = x,2 4+ y22 + z,°
and
1'—)11_322 = (T2 — x)? + (y2 — ?/1)2 + (22 — 21)?,

A

Fia. 96

From the law of cosines
PHSQZ = m)—‘12+(7—1)22—'2(_)—1_)1'07200814.

Hence,
cos y = 0L + 0P — PiPy
20P; - OP,
or
cosS u = — —x;x‘?j_i@ﬁ?—:: =
\/3312 + y? + 2 \/-E22 + Yot 4 25°
and

COS i = COS o COS a2 + cos B, cos B2 + cos ;1 cOS va.
If two intersecting lines in space are perpendicular,
cosu =0
and
1Ty + Yiye + 2122 = 0.
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Hence, the sum of the products of corresponding direction numbers of two
perpendicular lines is zero.

If we have given the quadrilateral A(3,3,4), B(2,4,6), C(—2,4,7) and
D(0,2,3), the sides AB and CD are shown to be parallel and the angles A
and D to be right angles as follows:

Direction numbers of the sides are

AB:—=1,1,2. CB:40,—1. DC:—224. DA :3,11

Since the direction numbers of AB and DC are proportional, the lines are
parallel and the four points are coplanar. The other two lines are not
parallel and the figure is a trapezoid.  Taking the sum of the products of
the direction numbers of AB and DA and of the direction numbers of DA

and DC,
—34+142=0, —-64+2+4=0.

Hence the angles A and D are right angles.

Exercise 83

GROUP A

1. Tind the length of each of the following line segments: (3,1,—2) and (1,—2,0).
(1,0,—2) and (3, —1,=3). (3,2,7) and (0, —2,7)

2. Tind direction numbers of each of the line segments given in Problem 1.

3. The line segment P’,(1,2,3) P,(2,—1,2) is directed from P, to P,. Find direction
numbers and the direction cosines of the line segment.

4. Show that the three points (1, —2,3),(—2,4,—6) and (6,—12,18) are collinear.

6. Is it possible for a line through the origin to make the angles 120°, 120° and 60°
with the coordinate axes?

6. If @ = 45° and B = 4, {ind the angle B.

7. The line segment OFP = 5 and @ = 8 = 60°. Find the coordinates of P and cos .

8. Show that the points (0,0,0), (2,1,4), and (5,0,6) and (3, —1,2) lic in a plane and
form a parallelogram.

GROUP B

9. Find the angles of the triangle (4,3,1), (2,6, -5), (—1,0,=7).
10. Find the area of the triangle given in Problem 9.
11, Find the direction angles of a line making equal acute angles with the coordinate
axes
12. Find the coordinates of the midpoint of the line segment Pi(xy,y1,21) Pa(x2,y222).
13. Show that the coordinates of u point P, which divides the line segment P,P, in
the ratio »,/r, are

[rg.’l'l + rixe , T2 + ny. , T2 + 7‘122]
ro+re 4y At
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14. Show that the points (0,0,0), (1,1,—-2), (—1,1,—3) are the vertices of a right
triangle.
16. Find direction numbers of a line perpendicular to the plane of the triangle given
in Problem 14.
16. Prove that direction numbers of a line perpendicular to each of two non-parallel
lines having direction numbers a,by,c;, and ay,bs,c, are given by
bl (8]

o oal la b
b2 Cy

cx ay |, az by

’

118. Equations of Planes.

A plane is determined in space by three conditions, such as being
required to pass through three points, or to pass through one point and be
perpendicular to a given line. These
\Z geometric conditions can be expressed in
the form of an equation containing the
constants which locate the plane in space
and the coordinates of the moving point
which deseribes the plane.  This equation
is called the equation of the plane. 1t will
be found that all forms of the equation
of a plane have one characteristic in
common, that of being a first degree equa-
tion in any one, or any two, or all three
variables z, y and z.
In Figure 97 let the point P(z,y,2) be
any point of the plane ABC and let OP,
Fie. 97 be the perpendicular to the plane from
the origin, where the point Py(x1,y1,21)
also lies on the plane. If the perpendicular OP; has the length p and the
direction angles «, 8 and v, the coordinates of P, are

Ty =pcosa Y =PCOSP, 2 = PCOS~.
Then direction numbers of the line PP are
r—pcosa, Yy—pPCoOsPB, z— pcCosy.

But since the lines OP; and P,P are perpendicular for all positions of the
point P,

cosa(r —pcosa) +cosB (y —pcosB) +cosy (z— pcosy) =0,

or
xcoSa+ycosB+ zcosy = p.
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This equation is satisficd by the coordinates of all points of the plane and
by those points only. Hence, the equation of a plane is always of the first
degree in x, y and 2.

The form of the equation of a plane which is derived above is known as
the normal form of the equation. Any cquation of a plane may be written
in this form by dividing it by the square root of the sum of the squares of
the coefficients of the variables. Since p is always taken to be positive, the
sign of the radical is chosen so that the constant term of the equation is
positive in the right-hand member. For example, the equation

2 —2y+24+9=0
is written in the normal form by dividing by —3:
—jr + jy — 3z = 3.

The direction cosines of any normal to the given plane are the coefficients
of this equation and its distance from the origin is the constant term.
The cocflicients A, B and C of the general form of the equation of a plane,

Ax + By + Cz+ D =0,

are direction numbers of a normal to the plane.

The traces of a plane are the lines of intersection formed by it and each
of the coordinate planes. The equations of these lines are found by let-
ting x, y and 2, each equal to zero in turn in the equation of the plane. For
example, the xz-trace of a plance is

Az +Cz+D =0, y=0.

The intercepts of a plane are the directed lengths cut off on each of the
coordinate axes. An intercept is found by letting two of the variables of
the equation equal zero simultaneously.

The equation of a planc in which one variable is missing expresses the
fact that one intercept is missing. Such a plane is parallel to that axis.
For example, the cquation of a plane written,

By +Cz+ D = 0,

represents a plane parallel to the z-axis. Similarly, the equation of a plane
in which two variables are missing expresses the fact that two intercepts
are missing. Such a plane is parallel to a coordinate plane.
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Exercise 84

GROUP A

1. Write each of the following equations in the normal form. Find the distance of

each plane from the origin and the direction cosines of its normal.
r4+2—2:=92c—y —2:+12=0,3r —4y + 10 = 0.

2. TFind the distance of each of the planes given in Problem 1 to the point (1,1, —1).

8. Find the equation of the plane through the point P(2,1,2) and perpendicular to
the line OP. .

4. Find the three traces and the three intercepts of cach of the following planes.
2r — 3y +2=6,3c +4y — 22 =8and S5r + 3y +2 + 10 = 0.

6. Show that the planes 2r — y 4+ 3z = 4 and 6r — 3y + 92 + 3 = 0 are parallel.

6. Show that the planes 2¢ — y + 3z = 5 and 3r + 3y — 2 = 8 are perpendicular.

Find the equation of cach of the following planes.

7. Through the points (2,0,0), (0,1,0), (0,0,3).

8. Through the points (1,1,1), (—1,2,—3), (2,—1,0).

9. Through the point (2,1,3) perpendicular to a line having direction numbers
2,2, —1.

10. Distance from the origin 4+ 2 and cos @ = §, cos y = — &,

GROUP B

11. Derive the wntercept form of the equation of a plane r/a 4+ y/b + z/c = 1 by writing
the equation of a plane through the points (¢,0,0), (0,5,0), (0,0,c).

12. Find the coordinates of the point of intersection of the planes z 4+ y — 2z = 6,
2r -4y +z2=43c+y+ 2z =2.

13. Tind the equation of the plane having intcreepts ¢ = 4,b = —3 andc¢ = —2.

14. Find the equation of the plane through the point (3,—2,1) parallel to the plane
2xr =2y +2z=4.

16. Find the equation of the plane through the points (2,1,3), (1,2,1) perpendicular to
the plane z + 2y — 2z = 4

16. Find the cosine of the angle between the planes

20 -2y +2=3 and z+2y —2z =8.
17. Show that the plane r + y 4+ 2z = 12 intersccts the coordinate planes at equal

angles and that the sine of those angles is V2.

18. Show that the distance from the planc r cos a@ 4 y cos 8-+ 2z cos v = p to the
point (x,y1,21) 1s equal to x, cos @ + y; cos B + 2z cos v — p.

19. Find the distance from the plane & + 2y — 2z = 12 to cach of the points (1,2,1),
(1,0,2), (0,0,3).

20. Find the equations of the locus of a point equidistant from the planes

2r —2y+2=3 and z -2y —22=17.

119. Equations of Lines.

A line in space is located by any pair of planes through it. The equa-
tions of two such planes are known as the equations of the line of intersce-
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tion. Thus, the general form of the equations of a line may be written

{AIIC‘*‘Bly"{'ClZ'{*‘D[ =O
A2x+B;;y+ng+Dg=0

A line in space is determined by onec of its points and its direction
angles. Let Pi(x1,y1,21) be a given point on a line and P(x,y,2) any other
point. If PP = d and e, 8 and v are the direction angles of the line,

decosa=zx —x;, decosB=y —y, dcosy =2z — z.
Equating the values of d from these equations,

CI"‘.’L']_?/_]/I_Z—ZI

Ccos «a cos Ccos vy

If dircction numbers of the line are used, a more convenient form of the

cquations of the line is obtained:
X—X _Y— Y1 _ 22,
a b c

This form of the equation of a line which has been derived is known as
the symmetric form, which represents the line by means of three planes, one
parallel to each coordinate axis.

Let us reduce the equations of a line

[fr4+ y— 242=0
le+4y+2:—-1=0

to the symmetrie form and henee find its direction numbers.  Solving the
two equations simultancously by climinating first y and then z,

o =22—-3, —3r=2y+1.

From these equations we have

Exercise 8b

1. Find the direction cosines and the direction angles of the line
z—1
3=y -2="05

2. Find the direction cosines of the line z ; L l—z_——g =z + 3 and the coordinates

of the points of intersection with the coordinate planes.
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8. Write the equations of the line {2£ _'; g - zz i g : 8, in the symmetric form and

find its direction cosines.
4, Find the angle between the lines

z—1_y+2 _2-3 r—1_y+2_ 2z-3
R S L e S A
5. Show that the line T—:B = l;_% =2 T ! lies in plane M, is parallel to plane M,

and is perpendicular to plane Ms. M, :2r — y — 4z = 6.
My:d4x — 2y — 82 =15. M3 -3r +2y 42 =17,

Find the equations of each of the following lines.

6. Through the points (2,—3,4) and (1,2,3).

7. Through the point (4, —3,2) parallel to the line in Problem 6.

8. Through the point (1, —2,3) perpendicular to the plane 3z — 5y — 6z = 4.
9. Through the point (—2,3,—4) having cos 8 = 3 and cos vy = 1.

10. Through the point (—1,1,2) : (a) parallel to the z-axis, (b) parallel to the

z-axis, (¢) perpendicular to the r-axis, (d) perpendicular to the y-axis.
11. Find the cquations of the projections on the yz-, the xz- and the ry-planes of the
lines of intersection of the plane 2r 4+ 3y + 42 = 12 with the planes £ — 3 = 0,
y —2 =0and z — 1 = 0, respectively
12. Show that the lines of intersection of 3r — 4y + 2z = 12 with the planes z = q,
y = b and z = ¢, each form a series of parallel lines. ¥ind a, b and ¢ so that the
three projections of the lines pass through the origin.

120. Surfaces and Curves.

An equation in three variables may be represented by either of the
symbols

F(ryz =0, z=f(xry).

The locus of all points whose coordinates satisfy such an cquation is known
as a surface. 'The plane is the simplest case of a surface where the equation
is linear in the three variables.

Points of a surface may be located by assigning particular values to x
and y and computing the corresponding value or values of z. For the
equation z = f(x,y), such values of z will be distinet, finite in number and
will lie on a line parallel to the z-axis. As other values are assigned to x and
y, new lines parallel to the z-axis are located on which there are isolated
points of the locus, in general. Hence, the locus has extension in two
dimensions only, that is, it has no thickness. It is for this reason that the
locus of an equation in three variables is known as a surface.

As with lines in space, curves in space cannot be represented by means
of a single equation. The analytic equivalent for such a curve is a pair of
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equations of two surfaces which intersect in the curve. The equations of
a curved surface and a plane, considered simultancously, are the equations
of a plane curve. The equations of two curved surfaces, considered simul-
taneously, arc the equations of a space curve.

The traces of a surface are the curves of intersection formed by it with
the three coordinate planes.  Other plane sections of surfaces are the curves
obtained by taking intersecting planes parallel to the coordinate axes. The
equations of plane sections are found from the equation of the surface by
letting x, ¥ and z equal to certain constants separately. The use of such
scetions is extremely helpful to obtain complete knowledge of the surface.

121. Right Cylinders.

A surface generated by a straight line which moves parallel to a fixed
line and which interscets a given plane curve is a cylinder. The fixed line
i1s known as the directriz and the curve, as the generatrix.

If the z-axis is the directrix of a cylinder and the cirele z2 4 y? = a2,
z = 0 is its generatrix, we have a right circular cylinder whose equation is

22 4y = a2

Again, if the z-axis is the directrix of a cylinder and the parabola y* = 4pz,

z = 01is its generatrix, we have a right parabolic eylinder whose equation is
y? = 4pz.

In solid analytic geometry, an equation of higher degree than the first
containing two variables only, is the equation of a cylinder whose directrix
is the axis of the missing variable and whose generatrix is the plane curve
having the same equation as the eylinder.

122. The Sphere.

A sphere is defined as the locus of a point in space whose distance from
a fixed point is constant. The fixed point is the center of the sphere and
the constant distance is its radius.

If the center of a sphere is C'(h,k,l) and the radius a, the cquation which
must be satisfied by the coordinates of any point P(z,y,2) is

(x— B+ (y — B + (2 — D)? = a,
If the center of the sphere is at the origin, the equation of the sphere reduces

to x*+y?+ 22 = a?
ot + 22 = a?
and r=a

in rectangular, cylindrical and spherical coordinates, respectively.
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123. Surfaces of Revolution.

A surface of revolution is one which is generated by the rotation of a
planc curve about a straight line in its plane called the axis of the surface.
The plane sections of a surface of revolution perpendicular to the axis arce

the circles known as parallels.

A parabola which is rotated about
its axis generates a surface which is
called a paraboloid of revolution. The
equation of such a paraboloid may be
derived as follows:

y Consider the cquation of a parabola
in the yz-plane,

22 =4ay, =0,

and let the point P(x,y,2) be any point
on the surface generated by rotating
the curve about the y-axis. Tn Figure 98 the plane SBQ is passed through
the point P, parallel to the az-plane, interseeting the given parabola in the
point Q(0,y,¢). Since Q is a point of the parabola, its coordinates satisfy
the given equation,

Fic 98

¢® = 4ay.

From the right triangle PRB, 2% + 2% = ¢% Substituting the value of ¢,
we have
x* + 22 = 4day.

An ellipse which is rotated about one of its axes gencrates a surface
which is called a spheroid.  If the major axis is the axis of rotation, the
spheroid is known as prolate.  If the 7
minor axis is the axis of rotation, the
spheroid is known as oblate. The
equation of a spheroid may be
derived as follows: '

Consider the cquation of an cllipse
in the zz-planc,

z? | 22

ata=L y=0

and let the point P(x,y,2) be any point *
on the surface generated by rotating

the curve about the z-axis. In Figure 99 the plane STQ is passed through
the point P, parallel to the xy-plane, intersecting the given ellipse in the

Fic. 99
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point Q(¢,0,2). Hence, the coordinates of @ must satisfy the given equa-
tion,
¢ 2 _
ata=t
From the right triangle PRT, 2% 4+ y? = ¢* Substituting,
z2

x2+y2+ Co1

a’ c?

A hyperbola which is rotated about one of its axes generates a surface
which is called a hyperboloid.  If the transverse axis is the axis of rotation,
the hyperboloid has two nappes.  If the conjugate axis is the axis of rota-
tion, the hyperboloid has one rnappe. The equations of these surfaces are
given in Scction 127.

Exercise 86

1. Derive the equation of a sphere in rectangular coordinates having its center at
(k1) and radius a.
2. Derive the equations of a sphere of radius a with its center at the origin in cylin-

drical coordinates and in spherical coordinates.

. Identify the following surfaces: 4r? 4 9y? = 36, 22 = 8y, 9r? — 422 = 36,
y:+ 22 —2y—2 —7=0, r2 —2r — 42+ 8 = 0. Locate the surfaces rela-
tive to the coordinate axes.

4. Tdentify the following surfaces: p = ¢, p = 2a¢0s 6, p = a(l — cos0), pcos 0 = a,

p = 42. Locate the surfaces relative to the z-axis and the pf-plane.

w

Find the equations of each of the following surfaces of revolution.

The ellipse b2r2 4 a?y? = a??, z = 0, rotated about the r-axis.
The ellipse in Problem 5 rotuated about the y-axis.

The parabola 22 = 4y, ¢ = 0, rotated about the z-axis.

The hyperbola c2r? — a%? = a%?, y = 0, rotated about the .r-axis.
. The hyperbola in Problem 8 rotated about the z-axis.

10. The line br + ay = ab, z = 0, rotated about the y-axis.

PPENe e

GROUP B

11, Find the equation of the locus of a point (z,y,2) so that the sum of its distances
from the points (¢,0,0) and (—¢,0,0) is equal to 2a.

12. Tind the equation of the locus of a point (r,y,z) so that the difference of its distances
from the points (0,¢,0) and (0, —c¢,0) is equal to 2a.

13. Find the equation of the locus of a point (r,4,2) so that its distances from the plane
z + p = 0is equal to its distance from the point (0,0,p).

Find the equation of each of the following surfaces of revolution.

14. y2 = 4r,z = 0, rotated about x +2 =0,y = 2z = 0.
16. 2y — 3z = 6, x = 0, rotated about y = 5, x = z = 0.
16, 322 — 2z =1, y = 0, rotated about t = 1, y =2 = 0.
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17. Show that the sections of the surface z2 4 y? = 8z parallel to the zy-plane are
circles and that the sections parallel to the rz- and yz-planes are parabolas.
Find the equation of the ry-projection of the cirele having the focus of the
paraboloid of revolution as center.  Find the coordinates of the vertex and the
focus of the yz-projection of the section made by the plane r — 4 = 0.

18. Draw a figure for the paraboloid given in Problem 17 and find the volume within
the surface and the plane z = 8.

19. Show that the sections of the surface 4x2 + 9y? + 422 = 36 parallel to the rz-plane
are circles and that the sections parallel to the ry- and yz-planes are ellipses.
Find the equation of the xz-projection of the circle having a focus of the ellipsoid
of revolution as center. TFind the coordinates of the foci of the ry-projection of
the section made by the plane z — 1 = 0.

20. Draw a figure for the ellipsoid given in Problem 19 and find its volume.

124. The Right Circular Cone.

A surface generated by a straight line which passes through a fixed
point and which intersects a given plane curve is a cone. The fixed point
is the vertex of the cone and the curve is its generatriz. If the generatrix

is a circle and the vertex lies on a line

through the center of the circle and per-

pendicular to its plane, the cone is a

right circular cone.

The right circular cone in Figure 100
is taken with its vertex at the point
¥(0,0,¢) and with the generatrix a circle
in the pb-planc whose center is at 0, so
that the generating line makes a constant
angle a with the Z-axis. To derive the
equation of such a cone, any point
P(p,0,2) in cylindrical coordinates 1is

v taken on the surface. TFrom the right
triangle VCP,

p = (z—c) tan a.

If‘the vertex of the cone is at the origin,
its equation reduces to

Fic. 100

p = z tan a.

These two equations in rectangular and in spherical coordinates are as
follows:
224y = (2 —c)?tan?a, 22+ y? = z’tan’a
and
(rcos¢ —c)tana =rsing, ¢ = q,
respectively.
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125. Quadric Surfaces.

A surface whose cquation in the three variables x, y and z is of the second
degree is called a quadric surface. The quadries hold the same relative
position of importance among surfaces that the conics have among curves
of the plane. The eylinders, the cone, the sphere and the surfaces of revolu-
tion considered previously, are quadric surfaces.

There are nine types of quadric surfaces which are as follows:

The ellipsoid of which the sphere and the prolate and oblate spheroids
arc special cases.

The hyperboloids of which therc arc two species, one nappe and two
nappes.

The parabolotds of which there are two species, the clliptic and the
hyperbolic.

The quadric cylinders of which there arc three species, the elliptic, the
parabolic and the hyperbolic.  The circular eylinder is a special case of the
elliptic cylinder.

The quadric cone of which the circular cone is a special case.

126. The Ellipsoid.
The surface whose equation in rectangular coordinates is

[T

x2 2 2z
LG

is called an ellipsoid. 1f two of the constants are equal, the ellipsoid is a
spheroid, and if the three are equal, it
is a sphere.

To derive the equation of the ellip-
soid, we may proceed as follows:

In Figure 101 the two cllipses AQB
and ASC are taken in the zy- and the
zz-plancs, respeetively. They have the
one axis OA in common. The equa-
tions of the cllipses may be assumed
to be

x? y2

atp=L 2=0
and
2 2
_2_2 %=1, y=0. Fig. 101

If a variable ellipse through a point P(z,y,2) is allowed to move so that the
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ends of its axes Q(x,9,0) and S(x,0,s) are on the fixed ellipses and if it lies in
a plane through P always perpendicular to the z-axis, this ellipse generates
the ellipsoid.

Since the points @ and S lic on the first and the second ellipses, respec-
tively, their coordinates must satisfy the above equations,

> | ¢ A

paiy .= 2 — 2 . 2

a? bz - l: q° = a’ ((l x )
and

% | s? c?

dTa=1 8= -2

The equation of the ellipse QPS, referred to the lines RQ and RS as the y-
and the z-axes, respectively, is

z
L +5=1
7N oS
- Substituting the values obtained for ¢? and s?, we
--2Q have the equation of the surface,
P

|

I P 9 0 9
L/ b2c2x? 4 a*c®y® + a*hz? = a*hic

i B “y
gﬁ 127. Hyperboloids.
The surface whose equation in rectangular
coordinates is
z‘.!

Ly
T eh

R
r

is called the hyperboloid of one nappe. Such a
quadrie surface is represented in Figure 102,

The derivation of this equation may be carried out in a manner similar
to the method used in the derivation of the equation of the ellipsoid. The
two fixed hyperbolas in the zz- and yz-planes have a common axis and their
equations may be written

Fra. 102

¢k — a%? =a%? y =0, and c%? — b%%=b%? x=0.
The variable ellipse @PS is allowed to vary so that the ends of its axes,
Q(0,q,2) and S(s,0,2), move on the hyperbolas and generates the hyperboloid
of one nappe.
The surface whose equation in rectangular coordinates is
xZ y2 ZZ
LA 5= 1,

a? b?
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is called the hyperboloid of two nappes. Such a quadric surface is repre-
sented in Figure 103.

As before, the derivation of this equation may be carried out by allowing

a variable ellipse to move with the ends of its

axes on the fixed hyperbolas z
a%? — ¢k = a’? y =0, — TT—
and b%% — c¥y? = b%?, « = 0. !
. . =t R~
At z = =+ ¢, the ellipse has the equation T =Q
S\ 1/
b2 + a%y? = 0 1/
C

which is the point C or C’. There are no sec-
tions of _the surface in the interval —e¢ <z <ec.

two nappes are hyperboloids of revolution.

GROUP A

1.

2.

<Y

If @ = b, both the hyperboloids of one and

Exercise 87

Transform the equations p = 3z and p = 4(z — 1)
to rectangular coordinates and make a drawing of
each cone

'rans g ations A

Transform the equations Fie 103

¢ =7/3 and rceos¢ —2 =rsing

to rectangular coordinates and make a drawing of cach cone.

Find the traces of the surface «2 + y* = 422 Show that scetions parallel to the
ry-plane are circles and that the sections by planes £ = ¢ and y = b are hyper-
bolas

Find the traces and the coordinates of the vertex of the cone y? + 22 = 4(x — 2)2
Show that sections parallel to the yz-plane are cireles and that sections by
planes y = b and z = ¢ are hyperbolas.

2 2 ~2
Find the traces of the surface 1—4— + % + ]LG = 1 and find the lengths of the axes

and the coordinates of the foei of each trace.

Find the equations of the yz-, the rz- and ry-projections of the sections of the ellip-
soid given in Problem 5 made by the planes r = 1, y = 2and z = 3, respectively.

Tind the traces of the surface 942 — 9y + 422 = 36 and show that plane sections
parallel to the rz-plane are cllipses.

Make an analysis of the nature of the sections of the hyperboloid given in Problem
7 by planes £ = a for |a] < 2, for |a] = 2 and for |a] > 2.

Find the ry- and the rz-traces of the surface 9x2 — 9y* — 422 = 36 and show that
sections by planes y = b and by planes z = ¢ are hyperbolas.

Make an analysis of the nature of the sections of the hyperboloid given in Problem
9 by planes x = a for |a| < 2 for |¢| = 2 and for |a] > 2.
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GROUP B

11. Find the volume enclosed by the conical surface given in Problem 3 from its vertex
to the plane z = 4

12. Find the volume enclosed by the conical surface given in Problem 4 from the
yz-plane to the vertex.

2 2 2
13. Find the volume of the ellipsoid 21 + Z; + (z—l = 1, using the fact that the area of

an ellipse is = times the product of its semi-axes

14. Find the volume enclosed by the surface given in Problem 7 from the rz-plane to
the plane y = 3.

16. Find the volume enclosed by the surface given in Problem 9 between the planes
z=3andr =4

128. Paraboloids.
If a variable ellipse moves with the extremities of its axes on two fixed
parabolas which lie in perpendicular planes, which have a common axis and
a common vertex and which extend in the

z same direction, a surface is generated known
_— as an elliptic paraboloid. Such a quadric sur-
face is represented in Figure 104,
The equation of the elliptic paraboloid in
1 ?{ the figure is
=T R T .
SN NEE A LV e,
3 'y’ i a b2
L U R . .
Iz and may be derived in the usual way, where
ey the equations of the directing parabolas are
Iz -
od >Y g2 =4a%z, y =0, and y?=4b%z, z = 0.
The surface whose equation in rectangular
X coordinates is
x2 2
‘16. 104 Z 2 =
Fr Pl il 12

is called the hyperbolic paraboloid. Such a quadric surface is represented
in Figure 105.

The hyperbolie paraboloid is a saddle-shaped surface. In the figure the
x2- and the yz-traces are parabolas having a common axis and a common
vertex and opening in opposite directions.  Also, the plane scctions parallel
to these coordinate plancs are parabolas. The ay-trace of the surface is a
pair of lines. The plane sections parallel to the xy-planc are hyperbolas
having transverse axes in the yz-planc if above the origin, and having trans-
verse axes in the xz-plane, if below the origin.
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129. The Elliptic Cone.

If a variable ellipse moves with the extremities of its axes on two fixed
lines which lie in two perpendicular planes and which intersect on the line

Fia. 105

of interseetion of those planes, a surface is generated known as an ellipiic
cone. Such a quadrie surface is represented in Figure 106.

Tia. 106

The equation of the elliptic cone in the figure is

e, oz2_(b-y)»
a c2 - b2

and may be derived in the usual way, where the vertex of the cone is the
point B(0,b,0) and where the equations of the directing lines are

bx t+ay=ab, 2=0 and cy+bz=10be, =0
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130. Quadric Cylinders.

A variable line parallel to a given line generates a surface known as a
quadric cylinder if the generatrix is a conic. Such a cylinder is parabolic,
elliptic or hyperbolic according as the conic is a parabola, an ellipse or a
hyperbola, respeetively. The circular eylinder is a special case of the
elliptic eylinder.

The equation of a quadric cylinder can be found if direction numbers
of the directrix and the cquation of the generatrix arc known. The deriva-
tion of the equation of the cylinder represented in Figure 107 is as follows:

Fra. 107

Let direction numbers of the directrix be a, b and ¢ and let the equation
of the generatrix in the yz-plane be the parabola

22 = 4ky, x = 0.

Through any point P(x,y,z) of the surface an element of the surface PQ
is drawn parallel to the dircetrix, where the point Q(0,q,s) is a point of the
given parabola. Since this is true, the coordinates of @ satisfy the equation
of the parabola,

§? = 4kq.

The equations of the line P’Q are

from which
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Substituting the values of ¢ and s, we have the equation of the parabolic
cylinder,

(az — cx)? = 4ak(ay — bx).

131. Transformations of Coordinates.

In some of the more complete treatises on analytic space geometry, a
study of the translation and the rotation of rectangular coordinate axes may
be found. Of these, the translation of axes only, is considered here.  The
purpose of such transformations is the simplification of equations of surfaces
by referring them to coordinate axes which occupy positions of symmetry.
In this way, second degree equations in the variables z, y and 2 may be reduced
to the type forms of the quadrics as given above.

AZ
z |
! P
1
OY
|
—- -k -1 ->Y
| A
: 0 yal 1 ]
| 4 / y
| /X +h e
._.___k__._. //x
/
______________ ¥
y
X
Fic. 108

Let the origin O of the zyz-coordinate system be translated to the point
O’ (h,k,l) as the origin of an XYZ-coordinate system, in which the pairs of
corresponding axes are parallel.  From Figure 108, the coordinates of any
point P are (z,y,2) or (X,Y,Z), where

x=X+h y=Y+&k z=72+41

As an example of the simplification of an cquation by the translation of
axes, consider the equation

z? — 4y — 6z + 16y — 162 +9 = 0.
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Completing the squares in x and y, we have
x> —=6x+9) —4(@y*— 4y +4) = 162 — 9+ 9 — 16,
(x —3)2—4(y — 2)2=16(z — 1).
Translating axes by letting
z=X+3, y=Y+2 z=Z+’1,

Xz Y? .

ToT " 47,
Thus the surface is shown to be that of a hyperbolic paraboloid of which
the new coordinate axes are line of symmetry. Figure 105 represents such
a surface having the same relative position with respect to the coordinate

axes.

Exercise 88

GROUP A
Identify and make a sketch showing plane sections of each of the following surfaces.

1. 9x? 4 36y2 + 422 = 36. 17. 9z + 42 — 144z = 144.
2. 9% 4 9y? — 422 = 36. 18. p = 4z.
3. 22522 — 252 — 922 = 225. 19. p? = 4z,
4, 922 — 42 — 1442 = 0. 20. p =4 — 2z
6. 4y2 4+ 22 — 322 = 0. 21, p? =22 + 4.
6. 422 +y2 —4 =0. 22. 422 — 9p? = 4,
T. 9y? — 422 — 36 = 0. 23. 4¢ = 7.
8. 22—8 +8=0. 24. 20 = =.
9, 22+ y? + 22 — 2y — 4z = 20. 26. p = 10.
10. 42% 4 4y% 4 922 = 36. 26. r = 5.
11, 9z2 4 4y2 + 922 = 36. 27. rsin ¢ = 6.
12, 2+ 22 —4(x —1)2=0. 28. pcosf = 2.
13. 422 4 922 — 144y2 = 0. 29. p(1 + cos8) = 2.
14, 22 4 22 + 4y = 0. R 30. p = 2asin 6.
16. 20z? — 5y + 422 = 20. 31. rsin ¢ = 2a cos 0.
16. yz —4 = 0. 32. rsin¢ = a.

GROUP B
Transform each of the following equations by translating the coordinate axes to
positions of symmetry.
3. (x—1)24(y —2)2+ (z — 3)2 = 25.

(422, W+, —1)2
. i Tt 9 T =1




37.
. Find the volume enclosed by the surface given in Problem 34.
39.
40,
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y—12 (x+3)?2, +1)?2_
36. 1 - 9 + 9 = 1.

(z—2)? (x-—12 (y+2)?° _
8. g — - - =1

Find the volume enclosed by the surface given in Problem 33.

Find the volume enclosed by the surface 412 4+ 9y? = 36(1 — 2) above the ry-plane.
Find the volume enclosed by the surface 9y? + 422 = 36(z — 1)? from the yz-plane
to the vertex.



CHAPTER XV
PARTIAL DIFFERENTIATION

132. Functions of More than One Variable.

This chapter is concerned with a calculus study of functions of more
than one variable. While a thorough study of functions of several var-
iables is beyond the scope of a first course in the calculus, a few of the
most important definitions and theorems are given, primarily confining
attention to functions of two variables.

Functions of more than one variable occur frequently, even in the
most elementary mathematics. For example, the area S of a rectangle is
a function of its sides,

S = zy.

Again, the volume V of a rectangular parallelopiped is a function of its
three dimensions,
V = axyz.
In general, if z is an explicit function of x and y, we write
z = f(xy).
The symbol for a function of three variables is similarly written,
u = f(x,y,2).

Continuity. As in the case of functions of a single variable, we shall be
concerned chiefly with functions of two variables which are continuous.
The definition of the continuity of a function of two variables is an exten-
sion of the one for a function of one variable given in Section 7.

A function f(z,y) is said to be continuous for z = a, y = b, if

lim f(z,y) = f(a,b).

z—a

y—b
In order to be precisely accurate, it is nccessary to qualify this definition
by saying that the function is defined for the values z = a, z = b and for

neighboring values, regardless of the manner in which these variables

approach their respective limits @ and b. Throughout the discussion of
310
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functions in this chapter, it is assumed that they arc continuous at all
points within the range of consideration.

A function of two variables is not always single-valued. For example,
if the equation of a sphere,

a4y 422 = a
is solved for z, there are two branches of the function.
Thus 2=+ Var—zz— 2

However, as in the case of a function of a single variable, each branch
may be treated separately.

If we require a function f(z,y) to be a continuous function, it is the
geometric equivalent of saying that we have under consideration a surface

z = f(z,y)

having no breaks which would make it impossible for a point (z,y,2)
moving on the surface to approach the point [a,b,f(a,b)] from any direction
or in any manner. If we require, in addition, that the function be single-
valued, then for x = a, y = b, there is one and only one value f(a,b).

133. Partial Derivatives.

A function of two variables can be differentiated with respect to either
variable, provided that the other variable is considered as a constant during
the operation. Such a derivative is the partial derivative of the function.

Assume that z is a continuous single-valued function of z and y,

z = f(z,y).

Then the partial derivatives of the function with respect to x and with
respect to y are defined by

f(r+AH/) J@y) o fey + 8y) = floy)

A.t——>0 Ay—0 AZ/

respectively, where in the first, the variable y is held constant and in the
sccond, the variable z is held constant.

The partial derivatives of z with respect to  and y, may be repre-
sented by one of the following symbols:

£ =2 Jew = faw) and 3=l @) = @),

respectively.
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Since the partial derivatives of a function of two variables require that
one variable be treated as a constant during cach differentiation, the
formulas for partial differentiation are those for ordinary differentiation
of a function of a single variable.

Let us find the partial derivatives of the function

z=2x4+2xy +
9z

_A=2x+y;

2
9z - =z 4 2y.

d
dy

The partial derivatives of functions of more than two variables with
respect to any one of them may be found by extending the above defini-
tion, in which all the other variables, except the one, are considered con-
stant during the process.

134. Geometric Interpretation of Partial Derivatives.

The partial derivatives of a function of two variables have geometric
interpretations which are both instructive and useful. Geometrical fig-
ures often assist the student to learn that partial differentiation is more
than mere technique.

Let f(z,y) be a continuous function and represent the surface z = f(x,y)
as in Figure 109. If the variable y is given a constant value, the equation
isy = b. This is the equation of a plane parallel to the zz-plane.

Hence, the simultaneous cquations,

z=fley),y="
are the equations of the plane curve in which the surface and the vertical
plane PQSB intersect. Again, if the variable x is given a constant value,
the equation is = a. This is the cquation of a plane parallel to the
yz-plane. Hence, the simultaneous equations,

z = [flxy), = q,

are the equations of the plane curve in which the surface and the vertical
plane ATP intersect.

In the figure the surface is cut by the plane y = b in the curve SPQ.
At any point P(z,b,2) of the curve, the variable z is given the increment
Az. This locates a point P'(x + Az,b,z + Az) also on the curve. The
slope of the secant Pl is

f(o + axp) — f@,b)

Az = tan a.
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The limit of this difference-quotient as Az approaches zero is the partial
derivative of z with respect to z, for y = b. As Az approaches zero the
secant approaches the limiting position, which is the tangent to the curve
at the point P(z,b,2). Therefore,

a9z

ol tan 0,

the slope of the curve SPQ at the point P.

Fic. 109

Similarly, the partial derivative of z with respect to y, for x = a, is
the slope of the curve TPU at the point P(a,y,2),
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Exercise 89

GROUP A

Find the partial derivatives of each of the following functions with respect to z and
with respect to y, first solving for 2, if necessary.

1. z = 222 4 3y2
2. z =4 — 412 — 92
3. 242422 =4,
4, 2z = 3z + 2ry — 242 ,
b. .
T =Y
6. z = 2% 4 2z% — 2
7. z =e™.
8. 22+ 222 = (y — 1)

9. Draw a figure representing the first octant portion of the surface 4z = 22 + 432 to
the plane z = 4. Draw the curves of intersection obtained by taking planes
parallel to the zz- and the yz-planes through the point (2,1,2). Find the slopes
of these curves at the given point.

10. Draw the first octant representations of the curves 22 — y2 4+ 22 = 0, z = 4 and
22 —y?+22=0,y =5. Find the slopesof thesecurvesat the point of intersection.

GROUP B

Find the partial derivatives of each of the following functions with respect to each
of the variables.

11. z = zye®. 16. z = e*sin (x -- y).
12. 7 = sin 8 cos ¢. 16. z = arctan y/z.
13. 7 = ef sin 2¢. 17. z = =22,

14, z = In(x? — ¥?). 18. z = arctan In (zy).

19. Find the coordinates of the point in the first octant on the curve 22 = z2 4 32,
z = 3 at which the slope of its tangent is 3. Also, find the slope of the tangent
to the curve of the given surface at this same point, if the curve is cut from the
surface by a plane parallel to the zz-plane.

20. Find the slope of each of the curves 22 + y2 + 22 = 9, r = 2and 22 + y* + 22 =

=1 at the point (2,1,2). Show that the equations of the tangents to these
curves at the given point are y + 22 = 5 z =2 and z + 2z = 4, y = 1, respec-
tively.

21. Find the equation of the plane tangent to the sphere z? + y? 4+ 22 = 9 at the point
(2,1,2), using the fact that it is perpendicular to the radius at the point of tan-
gency. Show that the two lines whose equations are obtained in Problem 20 lie
in this plane.

22. Ifu=:c’+y2+rz,showthatx +y6y-} z——-2u
23. Ifu=(—y)(y—2)(— 1), showthat%+5g+aa—1:- =0.

24. If u = 22 — 4zy + 4y?, show that 0 ?)Z) - 5 (@) )
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136. Tangent Planes.

The equation of the tangent plane at a given point of a surface can be
found by means of the partial derivatives of the equation of that surface.

In Figure 110, the tangent plane to 2
the surface z = f(z,y) at the point
Py(x1,41,21) on the surface, is determined
by the lines P;Q and PR which are tan-
gent to the curves

It
B

z = flay), r
z = f('r'yy)} Yy =Yy

respectively, at their intersection point P.
The slopes of these lines found from the
partial derivatives, evaluated for the co-
ordinates of Py, are represented by

@) @)
ox 1 6y 1 Fi1a. 110

The equations of the two lines are

<Y

PQ: z—zl=(?> (y—wy), z—2,=0 and
Y/

PR : —a=(£) @2, y-u=0

v . 2 2 = axlx ), Y Y = O,

Hence, their direction numbers are

a9z a9z
0, 1, ((,’—y)1 and 1, 0, (%)1’
respectively.

The equation of any plane through the point P, is
Al —x) + By —y) +C(z — 2) =0,

where A, B and C are direction numbers of its normal. If the lines
P,Q and PR lie in this plane, they are perpendicular to that normal.
Hence,

9z
A-O+B-1+C(@)I—O
and
a9z
A-1+B-0+C(£>1—0,
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_li__(%) and 4__(593 .
C_ 6y1 C_ 6x1

Substituting these values in the equation of the plane,

z-—21=(g§~:>l(x xl)+( )(y %),

which is the equation of the fangent plane to the surface at the given point.
In illustration, we find the equation of the plane tangent to the clliptic

paraboloid

giving

4z = 2% + 4y?
at the point (2,2,5). Since

i _ =z dz\ _

=3 (a?;) =1
and since

a9z dz

mmw ()=
Hence,

z2—5=@x—-2)+%2y—2)

or

44y —2—5=0.
136. Higher Partial Derivatives.

The derivatives % and gg of z = f(z,y), in general, are functions of z
and y and are known as the first partial derivatives. If a function is differen-
tiated twice with respect to z or y, or once with respect to cach x and y, the
derivatives are called the second partial derivatives. The second partial

derivatives of a function are represented by the following symbols:

d (o2 3% ‘ d (dz
a(a;)—@—fn@,w, 2(2) = 2z = fta,

d [oz 9 9z 9%
2(E) -2 - s, 5(5) - 5= Sute.

If z = f(z,y) is a continuous function with continuous derivatives

%z 9%z
ay ox  ox ay

that is, the order of differentiation is immaterial.
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Partial derivatives of higher order than the second are represented by
symbols which are similar to those indicated for the second derivatives.
For example, the symbols for the third partial derivatives arc

o(se\_ae o (o) o

dx \9x? ox3 ay\oz?) ~ oy ax*’
o (F\_ % o ( 0w\ _ o
dx \dx 9y ox*dy’  oy\dyoz) ooz’
a(r\_ w0 (w2 _ o
ox\oy?) ~ oz oy’ ay\ayt) ~ oy®’

a [ o% 9% a3 [ o% 9%
- = —— ) - —_— = e—
0z \dy dx drdy dr  Jy \dx 9y dy dx 9y

As with second derivatives and under the same conditions, the order of
differentiation is immaterial. Hence,

9% 9% 9%
_—— = — - — = ————
dxr*dy dyox* Oxr dydx
and
Pz 3% _ o%
dy*dr odrady: Jdyadrdy
Exercise 90
GROUP A
Find the equation of the plane tangent to each of the following surfaces at the given
points.
1. 2% 4 y2 4 22 = 17 at the point (3, —2,2).
2. 22 + y* — 4z = 0 at the point (2,2,2).
3. 4x2 — y? 4 22 = 4 at the point (—1,3,3).
4. 9z2 — 9y — 422 = 36 at the point (3,1, —3).
6. zyz — 8 = 0 at the point (1,2,4).

6. TFind the rate of change of the volume of a right circular cone with respect to the
radius of its base if the altitude is constant. Find the rate of change of the volume
with respect to the altitude if the radius is constant. Find the numerical values
of these rates when the radius is 10 ins. and the altitude is 8 ins.

7. Illustrate that -

8. Show that b2 =~

2 2 ——
desy = g 2= VET
2
g;f — a? gy—i = 0, if z = cos ar cos by.
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022 0%
9. Show that Py -+ a

10. Show that the partial differential equation given in Problem 9 is satisfied if

= 0if z = In (22 + »?).

z = arctan v,
z
11. Write the equation of the plane through the point (2,1, —2) parallel to the plane
tangent to x? 4 y* + 22 = 12 at the point (2, —2,2).
12. At what point on the surface 2 = 4r? 4 y2 does a tangent line in the planey — 1 = 0
have a slope of 27 Write the equations of the tangent plane at this point and the
plane through the origin parallel to it.

GROUP B

Write the equation of the plane tangent to each of the following surfaces at the point
(z1,41,21) on each surface.

13, 22 4 2 + 22 = a2

14. Az 4 By + Cz2 = F.

16. b2%%z? — a’?y? & a?%? = a2l
16. b2z? & a%?y? = 4pa?b?z.

17. Find the four second partial derivatives of z withrespect to z and y, if
z = (z* + y?) arctan z

18. Show that the sccond partial derivative of the function sin (z — y) + In (z + y)
with respect to z is equal to the second partial derivative with respect to y.

19. Find the equation of the line tangent to the curve z = z2 + 2y2, ¢ = 2 at the point
(2,1,6).

20. Find the three first partial derivatives of the function z = zy cos 0.

21. The variation of the volume v of a certain gas, the pressure p and the temperature
tis given by the equation pv = ki, where k is a constant. Find the rates of change

. of each variable with respect to each variable when the third is held constant.

22. The sides of a triangle are z, y and z and the angle opposite the side zis 6. Find the
rates of change of z with respect to z, if y and 6 are held constant, with respect to
y, if z and 6 are held constant and with respect to 6, if x and y are held constant.

) 9%u 9%u d%u ae _THy+z
23. Showthatx’—a?-l-yza—w-i‘z?@—4u—0ylfu-—”Tyz .

24. If f(z,y,2) = 22y? + %2 + y%2?, show each of the following:
Jou = fuzy Soz = [y Sus = [y Srvz = fuzz = fuuz = 0.
26. If f(z,y) = zsin y + y cos z, show that frzy = fryz = fyzz.

137. Total Differentials.

For the function, z = f(z,y), if x and y are given the independent incre-
ments Az and Ay, respectively, the increment of the function is

Az = f(x + Axy + Ay) — f(x,y).
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In general, such an increment is made up of infinitesimals of the first order
and higher. For example, in the function

z =22 — zy + 9y
Az = 2(x + A2)* — (z + Ax)(y + Ay) + (y + Ay)? — 2
= (4o — y) Az + (2y — 2) Ay + (283" — Az Ay + Ap).

The principal part of Az is called the total differential of z and is repre-
sented by dz. In the example,

dz = (4 — y) Az + (2y — z) Ay.

But since

the differential of z may be written in terms of these partial derivatives,

dz = —g}—chx —}—gzz,Ay.

In Chapter IIT the differential of a function of one variable was expressed
in terms of dx instead of Az. In the same way here, in the interest of sym-
metry, we shall represent Az by dz and Ay by dy when expressing the differ-
ential dz of a function of the independent variables z and y. In general,
for any continuous function z = f(z,y) having continuous derivatives, it
can be shown that

0z 0z
dz = -a;dx +@dy.

If x and y are functions of a third variable ¢, then z is a function of the
single variable ¢ and the latter expression reduces to

dz
This is in accord with the definition given for a differential of a function of one
variable in Section 24. This is as far as the justification of the form given
for the differential of a function of two variables is carried in this book.
In the expression for the total differential of a function,

dz=dz if dy=20

and
dz = dp, if dr=0,
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where d.z and d,z are called the partial differentials of z. Since dr and dy
are independent differentials, the total differential of a function is the sum
of the partial differentials of z with respect to « and y,

dz = d,z + dgz.
If "
z 1 z
==y dez=-dzr and dpz= — = dy.
e=y d = dz 2 SY

Hence,
ydr —xdy

dz = 7

The expressions for the total differentials of functions of more than two
variables arc defined by extensions of the case of a function of two variables.
For a function

u = f(z,y,2),
the total differential is defined by the expression

ou ou du
du = (—ﬁ-dx +5§dy +52dz,

and similarly, for a function of a larger finite number of independent vari-
ables. Such formulas may be used as the principal part of the increment
of the given function for small independent increments of the several vari-
ables.

The above derivation assumed that f(x,y) was a function of two inde-
pendent variables and was extended to a function of three independent
variables z, ¥ and 2. In more advanced treatiscs it is shown that thesc
results hold when the variables are dependent.

138. Approximations.

The total differential and the increment of a function of two variables
differ by a small amount for small values of the independent increments of
those two variables. Consequently, the diffcrential of a function may be
used often to calculate approximations of changes of values of functions
which are produced by small changes in the independent variables.

If two sides and the included angle of a triangle are measured as 30 ins.,
40 ins. and 30° and if the first side has a possible error of 0.005 in. and the
second, 0.01 in., let u- find an approximation of the largest possible error in
the area of the triangle due to the errors of measurement.
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Let z and y represent the first and second sides, respectively. Then the
area is

The approximate error in S is
dS = }(y dx + = dy)

_40(0.005) + 30(0.01)
- 4

= 0.125 sq. ins.,

in which dz and dy are taken with the same sign, since the largest possible
error is required. The approximate relative error is
dS  0.125
S =300 = 0.000417.
Exercise 91
GROUP A

Given the function z = 22 + xy + »2

1. Find Az corresponding to the increments Az and Ay.
2. Find dz corresponding to the differentials dx and dy.
3. Write the expression for Az — dz as a function of the increments of z and y.
4. Find Az and dz as r changes from 2 to 2.02 and y changes from 1 to 1.01.
6. Using the increment of 2, compute the exact value of z for £ = 2.02 and y = 1.01.
6. Using dz, compute the approximate value of z for z = 2.02 and y = 1.01.
7. Approximate the value of the function for 2 = 3.001 and y = 2.0006.
Find the total differentials of each of the following functions.
8. z = x% — 4xy + 3y 10. z = arecsin (y/x).
9. z =21, 11, z = e,
r—y

12. A rectangular metal box 8 ins. high has a base 10 ins. square. If the metal is 0.05
in. thick, compute the approximate volume of metal.
Compute the approximate values of each of the following.
13. (4.002)2(2 001)3, using z = xz25.
14. V(8.002)(1.99), using z = Vzy.

16. Find the approximate largest error in computing the value of y/22 if y = 100 with
a possible error of £0.02 and if x = 2 with a possible error of +0.1. To find the
largest error dr and dy should be taken of opposite signs.

16. TFind the approximate relative crror and the approximate relative percentage error
in the computation in Problem 15.

GROUP B

17. Find the increment and the differential of the function In
Az = 0.02, y = 1 and Ay = 0.01.

7 — gt

for z = 2,
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Find the approximate value of each of the following.

18. V(7 — 0.02)% 4 (24.04)%, using V12 + 42
19. (1.01)(1.02) In (1.01)(1.02), using zy In zy.

1 . T 1

© 20a%" B02 = 1.02) P

21. The equal sides of an isosceles triangle are 10 ins. long and the base is 8 ins. Find
the approximate greatest error committed in computing the area of the triangle
caused by ecrrors of 0.02 in. in the length of each of the equal sides and 0.03 in. in
the length of the base.

22. By measurement two sides of a triangle are found to be 20 ins. and 15 ins. and the
included angle 60°. If there is a possible error of 0.02 in. in measuring the length
of each of the sides and of 1° in measuring the angle, find the greatest possible
error committed in computing the area of the triangle.

T
r—y

20. s using in

139. Implicit Differentiation.

If z is a variable which is an implicit function of the two independent
variables  and y, the equation may be written F(x,y,2) = 0. The partial
derivatives of z with respect to x and with respect to y have been found thus
far by first expressing 2z as an explicit function of x and y. This process is
called explicit partial differentiation. The process whereby it is possible to
find these derivatives from the implicit form of an equation is called mplicit
partial differentiation.

Let y be an implicit function of z which is defined by the equation

fly) =0,
and let
z = f(z,y)
for the moment. Then from the previous seetion,
-9 of
dz = 5‘; dr + ay dy.
But since z = 0 and dz = 0, we have

of Lo,
axdx-i—aydy =0

and
)
dy _ _ oz ; of
PER » provided that 3y # 0.
9y

This value of the derivative of an implicit function of two variables conforms
with that which was found in Section 37.
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Analogously, we shall consider an implicit function of three variables.
Let 2 be an implicit function of the two independent variables z and y de-
fined by the equation

F(zy,2) = 0,
and let
u = F(zy;)
for the moment. Then from the previous section,
oF oF oF
du = é—x—dx +5gdy+5;dz.

But since u = 0 and du = 0, we have

F

aF 0 oF
adx—!-bydy—i—é;dz—o

First, if we hold y fixed, dy = 0 and we have the first equation below.
Seeond, if we hold z fixed, dz = 0 and we have the second cquation below.

or oF
dz _ _dr 9z _ dy . or
el @, oy = 6_1"’ provided that 5 0.
0z 9z

Suppose that we wish to write the equation of the plane tangent to the
surface 22 + ay + y? + 2° + 2z — 19 = 0 at the point (1,2,3). We pro-
ceed as follows:

0n _ 02 _ _ 2ty )i _
@ +y+2+@+a)5=0 5= -] ] 1
dz _ 9z _  x+2y02 5
@+2) +@+a); =0 == '2711] - -5

z=3=—(e—1) -4y —2).
Tz + 5y + 7z — 38 = 0.

Exercise 92

%

_ dy o

1. Ifz=z'*’+y’—a2—0,showthatd—x—- %.
dy

2. If f(z,y) = In (y/z) + ye* = 0, find %: using the partial derivatives of the given

function.
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Find the equation of the tangent to each of the following surfaces at the given points.
22 + y% + 22 = 49 at the point (3,2, —6).

312 + 2y? + 22 = 30 at the point (2,1,4).

2z? + y? — 22 = 0 at the point (2,1,3).

22 4+ y? 4+ 22 — 4x — 2y — 6z = 11 at the point (2,1, —2).

RS .

Find the partial derivatives of z with respect to z and y for each of the following
functions.
7. rz — cos yz = a.
8 @—ykE—-—2@—2=c
9. eV 4 ¢* 4 ev: = A,
10. e*v sin z — ¢2 sin (zy) = O.

11. Show that the surfaces z2 4+ 3y2 + 222 =9and 22+ y2 4+ 22 —8r — 8y — 62+ 24 =0
are tangent to cach other at the point (2,1,1).

12. TFind the equation of the plane through the point (—2,1, —2) which is parallel to the
plane tangent to the surface r2yz + 2r + 28 — 16 = 0 at the point (2,1,2).



CHAPTER XVI
MULTIPLE INTEGRATION

140. Multiple Integration.

In Chapter X a definite double integral was defined and used in finding
plane areas and volumes of revolution. In this scction it is desired to dis-
cuss both definite and indefinite multiple integrals in order to relate the
processes of partial differentiation and integration.

The symbol for an indefinite single integral of a function of one variable
with respect to that variable has becen used frequently in this book. It is

Jrw

which represents any function of @ whose first derivative is f(x). In the

same manner, the symbol
fjf(.l) dx?,

represents any function of x whose second derivative is f(x). It is called
an indefinite iterated integral of f(x) with respect to z.

The symbol
fff(x,1) dx dy

is an indefinite iterated integral of f(r,y) with respeet to x and y. It in-
dicates that the given function is to be integrated with respect to z while
y is held constant and that the result is then to be integrated with respect
to y. The first integration is a partial integration and is the reverse process
to that of partial differentiation.

Continued partial integration n times of a function of n variables with
respeet to each of them is called indefinite multiple integration. The sym-
bols representing such integrals are called multiple integrals.

Trrespeetive of the order of integration, a multiple integral of a function
of x,y,2,+ ++, with respect to cach variable, is another function whose
mixed partial derivatives of the same order of multiplicity, is the given

function.
325
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Analogously to the evaluation of an indefinite integral of a function of
one variable between two limits giving rise to a single definite integral,
the evaluation of a multiple integral of a function of several variables gives
rise to a definite multiple integral. The symbol

b 2 22
[ 7 [ o dedy de,
a n 21

is called, for brevity, a definite integral. It indicates that three successive
integrations arc to be carried out and ¢n a definite order. The limits 2, and
29 are constants or functions of = and y, the limits ¢ and ¥, are constants
or functions of z and the limits a and b are constants. During the inte-
gration with respect to 2, the variables x and y are regarded as constants
and during the integration with respect to y, the variable z is regarded as
a constant.

141. Volume under a Surface.

The methods which have been used in previous chapters in finding the
volumes of solids were applicable to limited classes of solids, such as those
obtained by the revolution of a plane area about an axis. In addition,
the volumes of a few other solids were obtained in Section 53, where the
area of a cross section was known. In this chapter these methods are ex-
tended and are applied to the problem of finding the volumes of solids of
a more general nature. These methods employ multiple integrals which
are applied, not only to problems of finding volumes, but also to other
problems: moments of mass, moments of inertia, centroids and attraction.

In this section double integration is applied to the problem of finding
volumes of right cylindrical-shaped solids. Such a solid is bounded by an
enclosed area of a given surface, the projection of that area on one of the
coordinate planes and the cylindrical surfaces of projection. This problem
is often spoken of as that of finding the volume under a surface. In addi-
tion, the application of the method permits the solution of the problem of
finding a cylindrical-shaped volume between two surfaces.

In Figure 111 the area MNQR is assumed to lie on the surface

z = fzy),

where f(x,y) is a continuous single-valued function over the area EFTS on
the xy-plane. It is also assumed that MN and QR arc segments of the
curves of intersection of the given surface with the cylindrical surfaces

y = g(r) and y = gs(x),
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respectively, and that NQ and MR arc segments of the curves of intersec-
tion of the given surface with the planes

r=a and z =0,

respectively. Conscquently, the planc area EFTS is the projection of the
area MNQR on the xzy-planc.

The line segment AB is divided into m equal parts, each equal to Ar,
and at each point of division, lines are drawn parallel to the y-axis. Then,
a set of lines is drawn in the zy-plane parallel to the z-axis at equal dis-
tances Ay between adjacent lines. In this manner, a set of clementary rec-
tangles of dimensions Az by Ay, is formed on the xy-plane. One such
rectangle is drawn in the figure at the point P’(xz,y,0).

I
B A
E S
X
Fia. 111

At each vertex of the clementary rectangles within the area EFTS, a
line is drawn parallel to the z-axis and terminated by the given surface.
Since the point P(z,y,z) lies on the surface, the line segment P = z. In
this manner, there is formed a set of right rectangular prisms which are the
clements of volume. If P’(z,,y,,0) represents a point within the area EFT'S
on the jth parallel to the z-axis and on the 7th parallel to the y-axis, the
volume of the corresponding elemental prism is

dV = z Az Ay = f(z.,y,) Az Ay.

For sufficiently small values of Az and Ay, this element is an approxima-
tion to the increment of volume, AV, having the rectangle Az by Ay as base,
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having vertical edges and having as its top the intercepted portion of the
given surface.
Holding z, and Az fixed, the sum

Z; [f (x,y,) Ay] Az,

is approximately the volume of the solid included between the ith and the
(¢ + 1)st planes parallel to the yz-plane. The sum of the volumes of all
such slices forms an approximation to the volume between the planes z = a
and z = b. The limit of this sum, as the numbers of planes parallel to the
the xz- and the yz-plancs becomes infinite, is the required volume. Thus,

V= lm ¥ % J(a,y,) Ay Ax.

myn—eo j=1 1=1

By the fundamental theorem for functions of two variables, mentioned in
Scetion 93,

b 72(x)
v =f f Sf(a,y) dy de.
a 91(x)

In the foregoing discussion, the eylindri-
cal-shaped solid under the plane was divided
into clements of volume which arc right
prisms with cdges parallel to the z-axis.
Frequently, it is more convenient and some-
times nccessary, to choose clements of vol-
ume whose edges are parallel to one of the
other coordinate axes. In each application,
|5 asketch of the required volume should be
¥ made and by means of it, the order of inte-

gration determined and the clement of vol-

ume expressed.
Let it be required to find the vol-
ume below the surface z = 2? 4 32, above
Fre. 112 the zy-plane and within the cylinder
z? 4+ y* = a

The paraboloid and the cylinder are represented in Figure 112, where a

vertical element of volume is constructed. The volume of this element is

dV = z Az Ay = (2 +y?) Az Ay.
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Hence,

= C(Ve-i 2
V—4£j(; @ + 9?) da dy

a 3 prar
=4f[xy2+?—]‘/ " dy
0 3 do

N O Y P

4 o
=3J, (2y2Va? — y? + a?Va? — y?) dy

[_zy(az — y?)¥2 + 3a%yVa® — y? + 3a* arcsin g]o

Nl Wi

a! cubic units.

If a volume between two surfaces is to be found, we shall consider
only those cases in which the element of volume may be expressed as the
difference between two right prisms having the same base but different
altitudes. Such a case is illustrated by the following solution in which it
is to be noted that the equation of the projection of the curve of intersec-
tion of the two surfaces must be known.

To find the volume enclosed by the
surfaces

z=24+y? and z2=8— 22 — 32

use is made of Figure 113. The surfaces
intersect in a circle onc-fourth of which is
the arc A(2,0,4) B(0,2,4). The equation
of the projection of this circle on the
xy-plane is 22 + y* = 4,2 = 0.

We let 2’ and 2"’ represent the z-coordi-
nates of the points on the first and the
second surface, respectively, which are
vertically above any point P(z,y,0) within
the circular arc A’B’. Then the vol-
ume of an element between the two surfaces is

Fra. 113

dV = (2" — 7)) Az Ay = 2(4 — 2? — y?) Az Ay.

Taking the limit of the sum of all such elements and applying the funda-
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mental theorem, we have

2 —
V=8b/(:fv4 P4 gt — y?) dr dy,
0

in which four times the volume in the first octant has been taken. From

this
2 s
V= §f [12x — - 3xy2]‘/“ " dy = 16m.
3Jo 0 '
Exercise 93
GROUP A
Evaluate each of the following integrals.
2 3 12—y
1. ffxy(z-—y) dy dz. 3. ff_ y? dr dy.
0 JO 0 JVy
2 Y 1 2~z
2. ff.vdzdy. 4. ff y? dy dz.
1 Jo 0 Jr
Find the volume of each of the following solids bounded as specified.
6. Bounded by 3r 4+ 2y + 4z = 12 and the coordinate planes.
6. Bounded by 2z — 3y 4+ 6z = 12 and the coordinate planes, by taking ele-
mental prisms with edges parallel to the y-axis.
7. Bounded by 42 = 16 — 422 — y2and z = 0.
8. Bounded by z = 4 — z? — y? and the zy-plane.
9. Bounded by z% + 42 — 4z = 0, z — £ = 0 and the zy-plane.
10. Under the surface z = 16 — 22 — 42 above the zy-plane and between the
cylinders £2 = 4y and y? = 4z.
GROUP B
Find the volume of cach of the following solids bounded as specified.
11. Bounded by z = 9 — y2 —z2and z = 0.
12. Bounded by z = % + 32, z + y = 2 and the coordinate planes.
13. Bounded by 2z = 2?2 + y%2 and z? + 9?2 = 4.
14. Bounded by y2 =4 — 2z, x2 + y2 = 4 and z = 0.
16. Bounded by y2 =4 — 2,z =22+ 3% 2z =0and x = 0.
16. The first octant volume bounded by z = z + y2and z = 4 — 32
17. Common to the cylinders 2+ 22 = a? and 22 + 22 = a2
18. Thefirst octant volume between the zy-plane and the surface zz = 4, bounded
by the surface zy = 4, z = 4and y = 4.
19. Under the surface z = 12 + y — z% above the zy-plane and between the
cylinders y2 = z and 2% = y.
20. Bounded by the surface z2/3 + y?/3 + 2%/3 = a?/3,

142. Double Integration in Cylindrical Coordinates.

In many problems in which a cylindrical-shaped volume is required, the
task of evaluating the integrals is simplified by the use of cylindrical co-
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ordinates. This is particularly true if the bounding surfaces are coaxial
with one of the coordinate axes.
Consider the volume of a solid bounded by the surface

z = f (p,e),
the pf-plane, the cylindrical surfaces
p=gq0) and p = gs(6)

and the planes
0=a and 6 =46.

The volume is divided into elements by means of n vertical planes
through the z-axis and m vertical coaxial cylinders about the z-axis. The
area of a cross section of such an element is equal to

dS = p Ap A6,
as shown in Scction 113. Hence, the clement of volume is z dS,
dV = zp Ap A8 = pf(p,0) Ap AS.

Taking the limit of the sum of all such cle-
ments as m and n» become infinite, and
applying the fundamental theorem, the
volume is

] 72(0)
V= f f pf(p,0) dp db.
a 01(0)

To illustrate the comparative sim-
plicity of the use of cylindrical coordi-
nates in certain instances, the volume of
the solid deseribed in the last section is
found. It is required to find the volume
below the parabolic surface z = p?, above
the pb-plane and within the cylinder
p = a.

An element of volume is represented in Figure 114, The volume of
this element is

Fia. 114

dV = zp Ap A8 = p® Ap A8,
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Hence, the volume is
1r/2
v=af" [T erapan = [T 5] ao
0
/2 ™ .
= f at df = a“o] =3 a* cu. units.
0

As a second illustration, let us find the volume of the cylinder p = 2a sin 6
included between the planes z = a and z = 2a — p cos 0.

/(2a,o,0)
X

The length of the element between the planes M, and M, as represented
in Figure 115 is 2 — 2. Hence, the volume of the clement is

dV = p(z!" — 2') Ap A8 = p[(2a — p cos 8) — a] Ap A6,

Fic. 115

The required volume of the solid:is

a sin @
ffs (ap — p?cos 6) dp df
f[ ——1 cosoilasmo de
g” 3" 0

=a3f (3 sin? § — § sin® 6 cos 6) df
0

I

ad . . G < .
—22[60 — 3 sin 20 — 2 sin* 0]0 =13 a® cu. units.
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Exercise 94
GROUP A

1. Find the volume of a right circular cylinder of radius a and height &, using cylin-
drical coordinates.

Find the volume of each of the following solids bounded as specified.

2. Bounded by p = 2acos 8,z = pcos§and z = 0.
3. Cut from the sphere p2 + 22 = 4a2 by p = 2a cos 6.
4. Above the surface p2 = az and below p? + 22 = 2az.
B. Above the plane z = 0, inside the cylinder p = a and under the cone p = 2.
6. Enclosed by the surface p? + 22 = a2
7. In the first octant outside p = z and inside p = a sin 24.
8. Cut from the sphere p? + 22 = a2 by p = a sin 6.
GROUP B

9. Find the volume common to the sphere z2 + 3?2 + 22 = 4a? and the cylinder
2% + y* = a? by cylindrical coordinates.
10. Find the volume between the planes z = 0 and z = p cos 8 and within the cylinder
p = acos 20.
11. If the curve az? = y® is rotated about the z-axis, find the volume between this
surface and the surface p = a
12. Find the volume between z = 0 and the cylinders 2 = a? — az and p? = a2 cos 20.

143. Volumes by Triple Integration.

The symbol for a triple definite integral of a function of three variables

may be written
b Y2 22
f f ' f Fay,z) dz dy de.
a E75% 21

Tirst, holding x and y constant, the inner integral is evaluated. Since, in
general, the inner limits are functions of x and y, the integral is a function
of x and y. Thus, we have

b 2
f f " Gy) dy dz.
a y1

Next, holding x constant, the second integral is cvaluated. Since the limits
of this integral, in general, are functions of x, the integral is a function of z.

Thus, we have
b
f Q) da.

Finally, the evaluation of this integral yields a numerical result.
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In this section the volumes of solids are computed by means of triple
integration.

If the equations of the surfaces which bound the solid whose volume is
sought are given in rectangular coordinates, we may formulate the volume
by means of a triple integral as follows:

Three sets of parallel planes are constructed. One set of planes is taken
parallel to the yz-planc so that any two adjacent ones arc separated by the
distance Az, one set is taken parallel to the xz-plane so.that any two adja-
cent ones are separated by the distance Ay and one set is taken parallel to
the zy-plane so that any two adjaccent ones are separated by the distance
Az. These planes divide the solid into small rectangular blocks, each hav-
ing the volume

dV = Az Ay Az,

together with the irregular portions around the boundaries. The sum of
the volumes of all such elemental blocks which lic wholly within the solid
is an approximation to the required volume. The limit of this sum is the
volume of the solid, if the dimensions of the blocks approach zcro as limits.
Thus,

1=l j3=m k=n
V= lm Y Y Y Az Ay, Az,
lmn—eo 1=1 3=1 k=1

In this notation, Az; Ay, Az, denotes the volume of an element which has a
vertex at a point P(z,,y,,2:) and which is included between the kth and the
(k + 1)st planes parallel to the zy-plane, between the jth and the (5 + 1)-
st planes parallel to the zz-plane and between the ¢th and the (z + 1)st
planes parallel to the yz-plane. The limit of this triple sum is expressed
as a triple integral whose limits arc obtained from the given boundaries of
the solid. More advanced treatises show that the limit of this sum can be
evaluated by successive integration as has been indicated.

To find the volume of the solid bounded by the paraboloid and the
cylinder, ’

z=24y% z=4— 8y
by triple integration, we represent the first octant portion of the solid in
Figure 116. The volume of an element of the solid is
dV = Az Ay Az.

It is convenient, in this case, to integrate with respect to z first, since
the upper and lower limits for z are readily expressed as functions of z and
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y. Infact, they are the functions given above. If the second integration
is taken with respect to y, the upper limit is found by the elimination of z
from the two given cquations. Thus,

- ViE i

Since the zy-plane forms the lower boundary
of the solid, the lower limit of y is zero. The
final integration must be performed with
respect to x with constant limits. The upper
limit of 2 is found from the latter equation for
y = 0, since it is the zy-projection of the
curve of intersection of the two given sur-
faces. The lower limit of x is zero, since we
wish to express one fourth of the total volume.
Thus, X
z=2 and z=0.

>

IS

S v
T3

Fic 116

The solution for the required total volume above the zy-planc is carried
out as follows:

2 1 s 4 —8y?
V=4ff"ﬁ f " &z dy de.
0 0 242
2 [ iVise?
V:4£‘/0'54 (4 — z* — 9y?) dy dx.
2
v=3 [ t-aVicsa=in
0

By similar reasoning, the volume of a solid whose bounding surfaces are
expressed in eylindrical coordinates, may be formulated by a triple integral.
This is done as follows:

Two sets of planes and one set of cylinders arc constructed. One set
of planes is taken perpendicular to the z-axis so that any two adjacent ones
are separated by the distance Az and one set is taken through the z-axis so
that the angle between any two adjacent ones is equal to A. The set of
right circular cylinders is taken with axes the z-axis so that any two con-
secutive ones have radii differing by the length Ap.  These three sets of sur-
faces divide the solid into small elements. The base of each clement is
p Ap A and its altitude is Az. Hence, the volume of an element is

dV = p Ap A8 Az.
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The sum of the elements of volume which lie wholly within the solid is an
approximation to the required volume. The limit of this sum is the volume
of the solid, if the numbers of planes and cylinders become infinite.  Thus,

1=l 3=m k=

V= lim S 5 5 pApdd, Az,
lmn—o 1=1 j3=1 k=1
The notation denotes an element included between the kth and the
(k + D)st cylinders, between the jth and the (j 4 1)st planes through the
z-axis and between the ¢th and the (7 4+ 1)st planes perpendicular to the
z-azis. The limit of this triple sum is expressed as a triple integral whose
limits are obtained from the given boundaries of the solid.
To find the volume above the polar plane and included between the
sphere and the cone,

p? 422 =25 1622 — 9p% = 0,

we proceed as follows:
The element of volume is

dV = p Az Ap A6.

The 2 limits are from 2p to V25 — p*, the p limits are from 0 to 4 and the
6 limits are from 0 to 2. Hence,

2 4 /0 =2
V=f ff‘ * pde dp df
0 0 H

21 4
v =f f (V25 —p2— 3p) pdp db = 100x
o Jo 3

It is somctimes convenicnt to be able to formulate the volume of a
solid by means of a triple integral in spherical coordinates. The element
of volume in these coordinates is

dV = r?sin ¢ Ar A¢ A9,

which is derived by means of Figure 117 as follows:

A sphere TUV of radius r is taken with its center at the origin O.
Through the point P(r,6,¢) the plane OV@Q is taken through the OZ-axis
and the plane SPR is taken perpendicular to the OZ-axis. In the first
plane, QPV is the arc of a great circle of the sphere having the same radius
as the sphere. In the second plane, SPW is the arc of a parallel which is
a circle having the radius

RP = rsin ¢.
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If the angle ¢ is given the increment A¢, holding r and 6 constant, the
point P’ is located on the arc QPV. Thus,
LVOP = ¢, LPOP' = A¢ and PP =r A¢.

If the angle 8 is given the increment A6, holding 7 and ¢ constant, the point
P’ is located on the arc SPW. Thus,

ZSRP =6, ZLPRP" = A9 and PP = rsin ¢ Ad.

Fic. 117

Let the arc of the great circle VP’ and the parallel through P’ intersect
at the point P/, The arca of the enclosed surface PP'P"P" is approxi-
mately equal to

dS = PP'- PP" = r*sin ¢ A¢ A9,

for small increments of the angles.

A second sphere, not shown in the figure, is taken concentric with the
first one and having a radius r + Ar. For a small value of Ar, there is
formed a thin spherical shell between the two spheres.  The small portion
of this shell bounded by the planes POP’, POP’”, P'OP"’ and P"OP'"
is the spherical element of volume and is approximately equal to

dV = Ar dS,

for small values of the increments of the three variables. Replacing dS
by the value found, we have the expression for the volume of an element
in spherical coordinates given above.



338 Elementary Calculus

The volume of a sphere r = a is as follows:

2x /2 a
V= 2f f f r?sin ¢ dr d¢ df = $ma’.
0 (4] (4]

Using the element of surface area of a sphere obtained above, the area
of the surface of a sphere of radius a is as follows:

2 /2 ’
S=2f" [T atsingdp a0 = ana
0 (4]

Exercise 95
GROUP A

Evaluate each of the following integrals.

3 90—z [rty
1. f f\/ f z dz dy dx.
0 0 r—y
4 Y y/z
2. f f f z dr dz dy.
0 1/ydJ1/22
4 p”
3. f f f\/; zyz dr dy dz.
2 1/z2J0

Find the volume of cach of the following solids by triple integration.
4. Bounded by the coordinate planes and the plane bex + acy + abz = abe.
6. Bounded by the surface r2 + y2 =2z + 1l and z = 0.
6. The wedge cut from 22 + 22 = a? by y = 0 and z = my.
7. Bounded by z = 22 + 2y? z + y = 1 and the coordinate planes.
8. Find the volume of a right circular cone, altitude % and radius of the base a, using
triple integration and cylindrical coordinates.
9. Find the volume of a paraboloid of revolution, altitude and radius of the base are q,
using triple integration and cylindrical coordinates.
10. Find the volume of a spherical zone cut from a sphere, radius 2a, by one plane
through the center and one plane parallel to it at a distance of a, using triple
integration and spherical coordinates.

GROUP B

Find the volume of each of the following solids, using triple integration.
11. Enclosed by the surface b%2x? 4 a%?y? 4 a?h2? = a2
12. Bounded by 2(2? + 4) = 8 and the planes z = y, r = 2, y = 0 and z =0.
13. Bounded by p% + 22 = 25 and 4z = 3p above the pf-plane.
14. Bounded by p? + 22 = 23 and the upper half of 22 = 9 + p2.
16. Bounded by 72 = 23 and the upper half of r2 cos 2¢ = 9.

144. Moments.

The moment of a force about a line at right angles to the line of action
of the force is defined as the product of the force and the shortest distance
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between the two lines. The force is assumed to be cxerted at a point P
and the moment taken about a line L not through 2. The moment of a
force I taken about a line L as an axis is frequently said to be taken with
respect to the line L. Qualitatively, the
moment of F taken at: P with respect to
L is the tendency of a particle at P to
turn around the axis L. If the force is
the weight of the particle, thc moment
is the moment of the weight.

In Figure 118, it is assumed that a Tic. 118
force F is acting vertically to the horizon-
tal zy-planc at the point I’(z,y). Then the moments of the force, with
respect to the z- and the y-axes, are

F-y and F -2

respectively. The signs of the moments depend on the signs of F¥, x and y.
Moment of Mass. The moment of a mass m, concentrated at a point
P, with respect to a line L, is defined by the product

M=r-m,
in which r is the shortest distance from P to L.
Let us assume a set of n particles of masses mi, mq, ms, - - - , m,, concen-
trated at the points (ry,y1), (Xa,y2), (@3,ys), - - -, (LaYa), respectively, in

the zy-planc.  Then the moments of mass of the system with respect to the
z-axis and with respect to the y-axis, are defined to be

t=n
M, = ymy + yome + ysms + - - - +yam, = 2 yon,
1=1
and
1=n
M, = xymy + xzamy + xzsms + - - - + M, = Zl x,m,
=
respectively.

Moment of Inertia. The moment of inertia of a mass m, concentrated
at a point P, with respect to a line L, is defined by the product

I =r*m,

in which r is the shortest distance from P to L. Since the square of the
distance from the point to the axis is taken in this definition, the moment
of inertia is sometimes called the sccond moment of mass.
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Again, assume a sct of n particles of masses m,, concentrated at the
corresponding points (z.,y.) in the zy-plane. Then the moments of inertia
of the system with respect to the z-axis and with respect to the y-axis, are
defined to be

i=n i=n
I, = 121 yim, and I, = 1; z,'m,,
respectively.

The concepts and the definitions for moments of mass, thus far devel-
oped for masses concentrated at isolated points, admit of an extension to
solids having continuous homogenecus mass distribution.

Assume an arca S of a thin metal plate in the xy-plane.  Corresponding
to any point P(z,y) within that area, an increment of area AS is chosen
whose corresponding inerement of mass is Am. The ratio Am/AS is the
average density of the arca AS. The limit of this ratio, as AS approaches
zero, is the density k at the point P. Thus,

Am _ dm

k= lim 26 =75

Hence,
dm = k dS = k Ax Ay.

It is to be observed that the thickness of the metal plate was disregarded
in this discussion. The element of mass is the product of the element of
arca and the constant density factor.
Similarly, by means of an increment of volume AV whose increment
of mass is Am,
. Am _dm
= l —_——
b= m0Av = dv
and i
dm =k dV =k Ax Ay Az.

The moments of inertia for the thin metal plate are

j=m t=n

I,= lim Z Z ky 2 Az, Ay;

mmn—rw ]=1 1=1

and

j=m t=n

I,= 1Im Y} Y kx?2Az, Ay,

mn—o j3=1 1=1
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In Figure 119, the surface of a thin metal plate of uniform density is
represented by the arca OAC, bounded by the curve y? = 4z, the z-axis
and the linez = a. The area is divided into clements Az by Ay by equally
spaced lines drawn parallel to the z-axis and to the y-axis. The element
of mass is

dm = k Az Ay.
Applying the fundamental theorem to the limits /
of the sums above, where the integrations are

taken over the area of the plate, the moments of
inertia are as follows:

I = kf“f“/;yzdy dr = 16 pgqor,
o Jo 15

I,,=kfaf2\/;x2dydx =éka7’2.
o Jo 7

The moment of inertia of a particle about a point is defined as the product
of its mass and the square of its distance from the point. Consequently,
the moment of inertia of a given plane arca about the origin is

Fre. 119

b f2(x)
Io=kf fm @ +y) dyds = I + 1,

where the limits of integration are taken to cover the area of the surface.
The moment of inertia about the pole of a thin metal plate which is
bounded by the polar axis and the upper half of the cardioid
p = 2(1 — cos 6)
is found as follows:
The clements of area and of mass are

dS = pAp A9, dm = kp Ap A8.

L 2(1 —cos )
Io = kf f /:0"i dp df
0 0

= 4lcf”(1 — cos 0)*df = §ék1r.
0 2

Hence,

An extension of the above definitions enables one to find the moments
of inertia of a solid about the coordinate axes and the origin. As the
definitions for a plane area imply a double integration, the definitions for
a solid imply a triple integration.
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Consider the volume bounded by the paraboloid z = p? and the plane
z = 4. The clements of volume and mass are

dV = p Az Ap A8, dm = kp Az Ap A6.

For a point P(p,0,2) at one vertex of the clement of volume, the line seg-
ments PQ, PR and PS8 are drawn perpendicular to the axes OX, OY and
0Z, respectively, as in Figure 120. Then, from the figure,

QP = 22 4 p?sin® 6, RP’' =22 + p?cos? 6, SP' = p?, OP' =22 4 p.

A?

<\

Fra. 120

Hence the moments of inertia about OX, OY, OZ and O arc

/2 2 4
I,=4kf ff p(2* + p?sin0) dzdpdd = 102k,
0 0 Jp2 15

/2 2 4
I, = 4101; j)‘ f p(22 + p? cos? 6) dz dp db,
2
/2 2 4
L=ak[" [ [ o azdpas,
0 0 Jp?
x/2 2 4
L= [ [7 [ ot + o) de dp .
0 0 Jp

Because of symmetry relations, I, = I,.
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Exercise 96

Find the following moments of inertia.

1. The area of a circle of radius a with respect to a diameter.
2. The area of a parabolic segment, base b and altitude a, with respect to its base.
8. The area of the ellipse b2r? 4 a?y? = a2b? with respect to its axes.
4. The area bounded by xy = a?, y = 0, 2 = a and r = 2a with respect to the
y-axis.
6. The area under onc arch of ¥ = sin x with respect to the z-axis.
Find the moment of inertia of each of the following solids with respect to the axes
designated.

6. The solid bounded by bcx + acy + abz = abe and the coordinate planes with
respect to the z-axis.
7. The solid bounded by x3 = y? and the planes z = 1, z = 0 and z = 2, with
respect to the z-axis.
8. The solid bounded by 18z = 922 + 432 and the plane z = 2 with respect to
the z-axis.
9. The solid bounded by 422 + 9y% = 36 — 18z and the planc z = 0 with respect
to the z-axis.
10. The solid bounded by p? 4+ 22 = a? p = a cos 6 and the plane z = 0 with
respect to the z-axis.
11. The solid hounded by p = 2a cos 6 and the planes z = 0 and z = 2 with
respect to the z-axis.
12. The solid bounded by pz 4 22 = 4, 42 = 8 — p? and the plane z = 0 with
respect to the z-axis.

13. Find the moment of inertia with respect to the pole of the areainside p = a(1 + cos6)
and outside p = a.

14. Find the moment of inertia of the area within z = 2 cos 6, y = 3 sin 6 with respect
to the r-axis.

146. Centroid of a Plane Area.

As in the foregoing section, assume n particles having masses m, con-
centrated at the corresponding points (x,,y.) in the xy-plane. Then, as
before, the moments of mass are

M, = i ym, and M, = i T m;.
1=1

1=1

i1=n
Suppose that a single particle has the mass m = Y m; and that this
i=1

mass is concentrated at a single point P(Z,y). Then its moments of mass
with respect to the z-axis and with respect to the y-axis, are

M,=my and M, = mz.
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Hence, . .
_ 1=n ~ 1=n
mr= 3 zm, and my = 3 ym,
1=1 1=1
or
i=n
xm;
5=x1m1+x2m2+-~-+xnmn=1z=:1 '
my+my+ o+ ma K=y
m.
and =1
i=n
> ym,
= __ =1
¥y=5 *
2 m
1 =1
The point P(,y) is known as the center of gravity or, the center of mass
AY of the system of particles.
—(2) The extension of these concepts to a
(/ solid having continuous homogeneous
_____ /] mass distribution enables us to find the
[ ___Z Ay . .
1 Pak coordinates of the center of gravity of
such a solid. The moment of mass of
{ J the solid with respect to a coordinate
b L | —® axis is the limit of the sum of the
o =& ' B °x  Mmoments of its elements of mass. The
mass of the solid is the limit of the sum

Fra. 121

of its clements of mass.
Supposc that a thin - metal plate

whose area is S in Figurc 121, in the zy-planc is bounded by the curves

y =filz) and y = fi(z)

and the lines x = a and £ = b. Then the coordinates of the center of
gravity of the arca S are expressed as follows:

i=n Sa(x)
lim }: ka,Ax,Ay] f‘/; x ydx

(x)

- m,n—wo 1
T = I=

) j=m l'= fz(x)
lim 2 kAx; Ay, f f
mn—w =1 i=1 Ni(x)

s

y

Sa(x)
f y dy dx
f:(x)

In this study we are concerned with the coordinates (z,) for a thin
metal plate whose surface area is S and, being a homogeneous solid of uni-
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form thickness, it has a constant density k. The density k is a factor of
both numerator and denominator of the expressions written for  and 3.
Consequently, the quotient of the limit of the sum of the mass-moments,
with respect to an axis, and the limit of the sum of the mass elements, is
independent of k and, therefore, independent of gravity. In other words,
our study is reduced to that of geometrical figures. It is for this reason
that it is customary to speak of the point P(Z,3) as the centroid of the
figure rather than its center of gravity.

Let us discuss more specifically the difference between the center of
gravity of a thin solid and the centroid of its surface. The centroid of a
plane area such as S in Figure 121 is a point P which is located by its coor-
dinates T and y with reference to a coordinate system.  This in turn, locates
the point P with reference to the area S itself and may he taken without
reference to any coordinate system. Suppose, having located the centroid
P with reference to S, we take a thin metal
plate of uniform thickness and density so
that the upper and lower surfaces are exactly
the size and shape of S. If this plate is
placed in a horizontal position and if it is
supported by a ncedle point, placed at a
point @ on the under surface vertically below
P on the surface S, the plate will balance.
The center of gravity of the solid plate will /
be at a point midway between @ and the
centroid 2 of the area S.

Let us find the coordinates (z,y) of the
centroid of a thin plate of uniform density which is bounded by the parabola
y = z? and the liney = © + 2.

The point P(z,y) is chosen at a vertex of an element of arca Az by Ay
as in Figure 122.  Using the equations derived for the coordinates of P, we

y 2.4)

(-1,1)

ik
~

xY

F1a. 122

have
2 z+2 2 9
f f x dy dx f (2 + 2z — 23 dr -
— —1Ja? _ -1 4 1

T =T frte = 3 =573’
j f dy dz f (x+2—a?)de 5
-1 Jr? -1 2

36

2 r+2 1 2
fl‘/: y dy dx éf](x2+4;v+4—x4)dx 3
y=— S = S 5.

_5
R
3
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If an arca has boundaries which arc expressed in the polar coordinate
system, where the polar axis is the z-axis, the coordinates of the centroid

may be written immediately:
f2(0)
f f p%cos 0dpdb
X=pcosh = L@ ’

f2(6)
f f pdp db
£1(6) ,
f2(0) .
f f p?sin 6 dp df
= Ja Ji0)

psing = A
S
11(6)

Exercise 97

@
Il

GROUP A

Find the coordinates of the centroid of each of the following areas.

1. A right triangle having a base b and altitude a.
2. A semicircular area for a cirele of radius a.
3. One quadrant of the ellipse b%r2 + a2y? = a?2.
4. The area bounded by the parabolas y2 = 4r and «? = 4y
6. The area bounded by r'/2 + y'/2 = @/? and the coordinate axes.
6. The area in the second quadrant under the curve y = ¢=.
7. The area inside the loop of the curve y? = 4.2 — 2%
8. The area inside the curve p = a(l + cos 0).
GROUP B

Find the coordinates of the centroid of cach of the following areas.

9. One arch of the cycloid r = a(0 — sin 0), y = a(l — cos 0).

10. The area in the first quadrant between 0202 + a2y? = a%? and 12 + 2 = @2,
where a > b.

11. The area between z? 4 y? = a? and the tangents z = @ and y = ¢ in the
first quadrant.

12. The arca bounded by »2(2a + ) = x3 and the line z = 2a.

13. The area under y = sin z from z = 0 to 27 = =.

14. The area in the first quadrant bounded by y(22 4+ 4) = 8, 22 = 4y and the
y-axis.

16. The area of one loop of the curve p

16. The arca of one loop of the curve p

a cos 20.
a cos 30.

i

146. Centroid of an Arc of a Plane Curve.

The coordinates of the centroid of an arc of a plane curve may be found
by considering the moments of an clement of the arc about the coordinate
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axes. As in the previous sections,

f x ds f y ds
¥ = _C__’
f ds f ds
c
where the integrations are taken along the curve.
The coordinates of the centroid of the first quadrant arc of a circle of

radius a, by rectangular coordinates are found as follows:
Since

22+ y?=a?> and ds = %da:,

a
af T dx
— 0o Y

x=v.—a1——=
aj =~ dx
oy

The ordinate of the centroid is equal to x because of the symmetry relations.

If the coordinates are to be found by means of the parametric represen-
tation of the circle,

ERES)

x=acosb, y=asind and ds = adf.

. 1r/2.
ajo" sin 6 df 2

27 = 1,/2 = —a.
¢ af do "
0

Exercise 98

Hence,

Tind the coordinates of the centroid of each of the following arcs.

1. The semi-circular arc of z% + y2 = «a? in the first and second quadrants.
2. A circular arc of £2 + y? = a? which subtends an angle 2« which is bisected by
the r-axis.

3. Thearcofthecurvey = % (e*'* 4+ ¢#/%) from x = —ato xr = a.

4. The arc of the first arch of 2 = a(6 — sin 6), y = a(l — cos 6).
6

. The first quadrant arc of z%3 4 /3 = a2/3,

147. Centroid of a Volume.

The moment of mass of an element of mass about a plane is the product
of the mass and the distance from the plane. Pursuing the same type of
reasoning as was given in finding the coordinates of the centroid of an area,
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the moments of mass of a system of n particles with respect to the coordi-
nate planes xy, zz and yz arc

t=n

i=n . t=n
v = ‘21 am,, M, = Z ym, and B, = 21 x.m,,
1= 1=

respectively. As in Section 144, assume that the mass of the system is

concentrated at the centroid (7,7,2) and also, that the same reasoning is
carried out to permit application to a continuous homogencous mass occupy-
ing a volume V. Then we have

M, =kVx, M..=kVy, M., =kVz.

Hence,

(4] 2
fffydzdydx fffzdzdydx
4 21
7 .

Exercise 99
Find coordinates of the centroid of each of the following solids.

"1. The solid bounded by bex + acy + abz = abe and the coordinate planes.
2. One eighth of a sphere of radius a. ‘
3. The solid between the coordinate planes and the first octant portion of the
surface b%?z? 4 a%?y? + a?h%? = a®hc2
4. The solid in the first octant bounded by x? 4 22 = a? and 22 4 3% = a2
6. The solid bounded by the surface 18z = 4x? 4 9y? and the planes z = 0,
y=0andz = 2.
6. The solid in the first octant bounded by az = p2and z 4+ p = 2a.
7. The solid in the first octant bounded by z = p and 2% 4 p? = 1.
8. The solid above the p#-plane bounded by p? + 22 = a? and p = b where
a>b.

148. Attraction.

Two particles of matter attract cach other with a force which is directly
proportional to the product of their masses and inversely proportional to
the square of the distance between them. The force is called the attraction
of one particle on the other. This statement is also known as the gravita-
tional law.
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If the masses of two particles are m; and ms and the distance between

them is r, the force F is

F =T,

where \ is the constant of proportionality.
Consider n particles in the zy-planc at the points Py, Py, Ps, - - - P,
having the masses m;, ms, ms, - - - m,, respectively, as shown in Figure 123.

)

K
iy

0s| /6,

6,410 X

n

Pn
Fia. 123
Let the distances of the particles from the origin be denoted by 71, 73,

T3yt The

If it desired to find the attraction of the sum of these masses on a unit
particle at the origin, the attractions of the individual particles are

m y me ms3 Mn

F'1=)\;1—2; ]‘2=X'T2“_2’ F3=X;?’Fn=X‘r::§

But since thesc forces arc not parallel, they cannot be added directly. To

find thex resultant, each may be resolved into its z and y-components.

Assuming that

£$01)1=01, ZLL'OPQ -_-02, Ax0P3=03,~-- éxOP,.=0n,

the z- and the y-components of the resultant attraction are

m m m m
F,=7\(-—00361+——§cos62+;~;‘cos03+--‘+T—';coso,.)»
T2 3 n
=)\Z——cos0,,
1=1T,
. my . ms . Ma .
F,,=)\(—.s1n01+T—§s11102+—r-—2s1n03+---+r—;'sm0,.),
2 3 n

A ):, 2 sin 6,.

i=17 t
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The resultant of the attraction is equal to
F = VFEETF;

and acts in the direction with the z-axis equal to

—_ F v
= arctan 7.

The finding of the attraction of isolated particles in a plane on a unit
mass is preliminary to the finding of the attraction of a solid of uniform
density on a unit mass.

Let the solid be divided into n elements, the mass of each of which is
approximately dm. Also let P(z,y) be a point at which the mass of any one
element is considered to be concentrated then the attraction of this ele-
ment on a unit mass at the origin is approximately

dl’-)\(-iln-

and its z- and y-components arc
dF; =\ d%? cos 9, dF, =2\ —d-;? sin 6,

where » = OP and 6 = Z20P. Hence, the sums of the z- and the y-com-
ponents of the attraction of all the elements on the unit mass at the origin

are
A L Y- L

where the integrations are taken over the mass in question.

B To find the attraction due to a slender
straight wire of length b on a unit mass which
lies on a line perpendicular to the wire at one
extremity and a units from it, we procced as

P y follows:

Let the wire AB in Figure 124 lie on the
> X po-planc with one end on the polar axis and let
° A the unit mass lic at the pole. If an xy-coordi-

Fra. 124 nate system is used with the z-axis the polar
axis, the coordinates of any point P are (z,y) or (p,6). Also,

1

p?=2zx2+y% pcosf=a, psinfd=y.
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If the density of any element Ay is the constant k,

dm =k Ay
and

bcos 6 bsin 6
Fz=xk£ o, F,,=)\Ic£ Tl dy.

Expressing the limits and the variable of integration in polar coordinates,
and integrating, we have

F,=5kf°cosode — X sin g,

a 0 a

F,= ﬁkf“sinodo = Ml = cos ),
a 0 a

where y = a tan 6, dy = a sce?8 df and a=arctan g - Hence, the resul-

tant force of the attraction is

F=~)3kv2—2005a=g)\ksing,
a a 2

and the direction of that force is

8 = arctan {l_—_@q_a]

sin «

Fia. 125

To find the attraction due to a thin circular homogeneous metal plate
of radius a on a unit mass which lies on a line perpendicular to the plane
of the plate at its center and b units from it, we procecd as follows:

The plate is taken as in Figure 125, perpendicular to the y-axis with
its center at the point B(0,b,0). At any point P(0,b,2) on the plate a ring-
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shaped element is taken whose mass is approximately,

dm = 27kz dz.
Then,
F.=0, F,=0,
and
F, = 2k “;i 080, g
F, = 2xknb f & j‘ii)m = 2k ————”‘f/;;__j‘:b:b

where r cos § = b and 2 = 22 4 b2
To find the attraction due to a right circular cylindrical homogeneous
solid of radius a and length ! on a unit mass which lics on the axis of the
cylinder at a distance of b units from the nearer base, we proceed as follows:
The cylinder is taken as in Figure 126, with its axis on the y-axis and
the centers of its bases at the points B;(0,b,0) and B,(0,b 4+ [,0). At any

F1a. 126

point P(0,y,2) within the cylinder a circular ring-shaped element is taken,
whose mass is approximately

dm = 2rkz Az Ay.

b
= 27rk)\f f go_sgzd 2z dy

= 2rkNl + Va: + b2 — Va: + (b + 1)?.

Hence

where y = r cos 6 and r? = y? + 22
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Exercise 100

Find the attraction of each of the following on a unit mass located as indicated.
1. A quadrant arc of a circular slender wire of radius ¢, unit mass at the center.
2. A slender straight wire of length 2a, unit mass at a distance of b on a line
perpendicular to the center of the wire.
3. A hemispherical shell of radius @, unit mass at the center.
4. A right eircuiar cylindrical shell, radius of the base a and altitude %, unit mass
at the center of the base.
6. A hemispherical solid of radius @, unit mass at a distance of a from the base
on a line perpendicular to the base at its center and away from the solid.
6. A right circular conical solid, radius of the base 2 and altitude 2, unit mass at
the vertex of the cone.
/. A solid in the shape of the volume generated by the revolution of the area
bounded by the curve x? = y3 and the line y = 3 about the y-axis, unit
mass at the origin.
. A solid sphere of radius @, unit mass at a point on the surface of the sphere.

o]



CHAPTER XVII
ELEMENTARY DIFFERENTIAL EQUATIONS

149. Differential Equations.

A differential equalion is an equation which involves derivatives or
differentials.

The subject known as differential equations is an extension of the calcu-
lus rather than a part of it. “"Any adequate treatment of this important
subject is far beyond the scope of this book. However, it is advisable that
the student of the elementary calculus be familiar with some few types of
differential equations which arise in the physical sciences.

Those differential equations in which all the derivatives have reference
to a single independent variable are called ordinary differential equations
as opposed to partial differential equations in which there are two or more
independent variables and partial derivatives with reference to onc or more
of them.

The order of a differential equation is the order of the highest derivative
appearing in the equation.

The degree of a differential equation is the degree of the highest deriva-
tive when the cquation is free of radicals and fractions.

The differential equation

=Y dy=ydz
is of the first order and first degree.
The differential equation
dy
(Ei = 61:,
is of the second order and first degree.
The differential equation
YN _ gops
ar) = @
is of the first order and second degree.
The study which is made in this chapter is limited to those differential
354



Elementary Differential Equations 355

equations which are of no higher order and degree than the second. More-
over, the treatment of cven these simpler types of equations is by no means
a complete one.

160. Solutions of Differential Equations.

The solution or the integral of a differential equation is a relation
between the variables, not containing their derivatives, by means of which
the differential equation is satisfied.

The solution of the first equation given in the preceding scction is

dy f
—~ = Jdx+C,
S5 = e
Iny=x+4+0C, y= Ae.
The solution of the second, is
dy

- = (’)fzdx+01 =32 4 (),
dx

y =3 xzd.r-i-le(l.z‘—i—(’g,
Y =1’3+C’1.’E+Cz.
The solution of the third, is

y=afx3/2d:c+C
2a2°2 + C', 25(y + B)? = 4a%>®.

5y

»

The arbitrary constants A, C;, C, and B appearing in these solutions
are called the arbitrary constants of integration. In general, the solution of
a differential equation which contains a number of arbitrary constants equal
to the order of the equation is called the gencral solution or complete integral.
Solutions which are obtained from it, by giving particular values to the
constants, are called particular solutions.

In the last solution obtained above, the result is a complete integral
in which B is the only arbitrary constant of integration, since the equation
is of the first order. The general solution of the equation

zdr+ydy =0,
is
x? 4 y? = a?,
in which a? is the arbitrary constant. Assuming values for a, the particular
solutions may be obtained, x> + y? = 1, 2? + y* = 3, 22 4+ y? = 16, etc.
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151. Geometric Interpretation of Differential Equations.

Consider a differential equation of the first degree and first order repre-
sented by the symbol
d
) (r,y, ﬁ) = 0.

Let the general solution be denoted by the symbol
F(zy,C) = 0.

For each particular value of C, the resulting equation is interpreted as a
curve in the ay-plane. Ilence, for all values of C, the locus of the latter
equation is a system of plane curves. The same interpretation is obtained
by an analysis of the first cquation, which may be done as follows:

A point P(z,y) which moves, subject to the conditions of the first equa-
tion, must have the direction at any one of its positions, (21,51), given by
the corresponding value obtained from dy/dx for x = 2, and y = .
Thus, the point P will describe a curve, the coordinates of every point of
which, and the direction of the tangent thereat, will satisfy the differential
equation. If the moving point P starts at some other point of the plane
not on the curve already deseribed, and if it moves in the same manner, it
will trace another curve, the coordinates of whose points and the directions
of the tangents thereat, satisfy the same differential equation. Contirnu-
ing in this way, through every point of the plane, there will pass a particular
curve, for every point of which

dy
X, Y, d_;/:’

will satisfy the given differential equation.

The locus of a first degree and first order differential equation is a singly
infinate system of plane curves, each curve of which is the locus of a particular
solution of that equation. That the system of curves is singly infinite is
cquivalent to saying that every ordinary point of the zy-plane lies on one,
and only one, curve of the system.

The locus of the equation

zdr —ydy =0

is a singly infinite system of hyperbolas. This may be seen from the gencral
solution as follows:
From the solution
z* —y* =C,
if C=0, z—y=0 and z+y =0.
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This curve of the system is a pair of lines bisecting the first and the second
quadrants as shown in Figure 127.

From the same solution, if C > 0, let C = a2 The solution is then
written

22— y? = a?

For all values of a, other than zero, this is the cquation of all those hyper-
bolas asymptotic to the given pair of lines, symmetrical with respect to the
coordinate axes with transverse axes on the z-axis. Three curves, A,, 4,
and As;, of the system are drawn in the figure.

W

Ay AIAOR AL A, >

By

B2

By
1]

Fia. 127
Again, from the same solution, if C < 0, let C = — b% The solution
is then written
y2 —_ xZ . b2.

For all values of b, other than zero, this is the equation of all those hyper-
bolas asymptotic to the given pair of lines, symmetrical with respect to
the coordinate axes with transverse axes on the y-axis. Three curves, B,
B,, and B;, of the system are drawn in the figure.

These three forms of the solution of the given equation constitute the
equations of the curves of the system. Through any one point, except the
origin, passes but one curve of the system. However, in this illustration,
dy/dz = x/y is not defined at the origin. For example, through the point
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P,(3,4) passes the curve 32 — 22 = 7, one hyperbola of the last mentioned
set.

Let us consider the geometric interpretation of a differential equation
of the first degree and second order. Such an equation may be represented

by the symbol
d?y
f(xyya Ex—2> = O,

in which it is assumed, for simplicity, that no term in dy/dzx is present in
the equation. Let the general solution be denoted by the symbol

F(‘T;y)ChC2) = 07

since such an equation is obtained by two successive integrations of the
differential equation.

Corresponding to each particular value of Cy, is an equation containing
the arbitrary constant C,. Hence, in general, for every different value
assigned to the constant Cj, the cquation containing the constant C, is
interpreted as a singly infinite system of curves. This leads to the state-
ment that the locus corresponding to a first degree and second order differential
equation is a doubly infinite system of curves. That the system of curves is
doubly infinite is equivalent to saying that an infinity of curves pass through
cach point of the zy-plane.

The solution of the differential equation

2
j—ag=2 is y=x2+Clx+C2.

If '
Cl=2, (x+1)2=y—02+1

This is the equation of a system of parabolas all of whose axes are the line
2z + 1 = 0. Such a singly infinite system is obtained for each particular
choice of a value for C;. Since any number of choices for C, are possible,
there is a singly infinite system of such systems. In this instance, all the
curves are parabolas, with certain degenerate cases, each having its axis
parallel to the y-axis. Through any point pass any number of parabolas.
For example, if the point is P;(1,1), from the solution the only condition
to be satisfied is that C; + C; = 0. Since there are an unlimited number
of choices possible, satisfying this condition, there are an unlimited number
of curves of the system passing through P;.

In conclusion, it may also be said that in general, two curves of the sys-
tem of curves corresponding to a differential equation of the first order and
second degree pass through each point of the plane.
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Exercise 101
GROUP A

1. Solve the equation z + y % = 0 and by means of the result give the geometric
interpretation.

2. Find the general solution of 4z 4 y % = 0 and find the particular solution which
is satisfied by the point (2,3).

3. Iff (x,y, %) = 0 represents the differential equation in Problem 2, show that
(2,3, — &) satisfies that equation.

4. Show that the general solution of the equation (z — 2) + (y + 2) i = 0is the

system of circles (z — 2)? 4 (y + 2)? = a2
6. Find the differential equation for which the general solution is 22 — y2 + y3 = C.

6. Find the gencral solution of the equation dy _ 6r 4+ 2. Find the equation of the

dz? z
system of curves through the point A(1,2). Tind the equation of the curve
through the points 4 and B(2,3).

7. Show that z? + 4y = 01is a solution of (dy) +z5= —y=0.

8. Show that y = 222 4 3z is a solution of z’ - — 2:: d”

d +2y-0

GROUP B

Solve each of the following equations and show that the solution satisfies the given
equation.

2
9. (1/+1)+(z+2) oo, 12. (ifi’) = 22z + 4).
d—u-}-x—e’ 13. ("") ——)=412—1.
1 dy - Ly
11.1d£+1—c0qr 14.xdx2—2.

16. Eliminate the constant C from the equation y = Cz by forming the differential
equation. Solve the equation found and show that its solution is the given
equation.

16. Eliminate the constants from the equation y = Az + Bz2

162. Separation of Variables.

Every differential equation of the first order and first degree can be
written in the form

Jiz,y) dz + fa(z,y) dy =
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It is often possible to transform the equation so that the coefficients of dx
and dy are functions of  and y alone, respectively. This transformation
to the form,

g(x) dx + q(y) dy = 0,

is known as separation of variables.
A differential equation in which the variables are separable, is solved
by direct integration. For example, the equation
transforms to
y—y)dze— (x+1)dy =0,

dx dy

s+l y—gt

Integrating,
& DA =y _ c,
Yy
(1421 -y = Ay.
It is possible to write the solution of a differential equation in a variety

of forms. The differences in such forms are due to the treatment of the
arbitrary constant. For cxample, in the illustration above,

A = €.

Usually, preference is shown for that form which gives the simplest expres-
sion of the solution.

Exercise 102
GROUP A

Solve each of the following equations.

dy _
1. xy+2(7;—0.
2. eVsinx+%=0.

. A+ +ua+a)P=o,

4. 1+ z)y*dz —z3dy = 0.
8. 2(1 — y¥)zy dz + (1 + 23)(1 + ¢?) dy = 0.
8. sin z cos? y dz + cos? z dy = 0.
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7. Find the differential equation of all circles having their centers at the origin, Verify
the equation by solving it.
8. Find the differential equation of all parabolas having their vertices at the arigin
symmetrical to the z-axis. Verify the equation by solving it.
9. Find the differential equation of all parabolas having their vertices at the origin
symmetrical to the y-axis. Verify the equation by solving it.
10. Find the differential equation of all circles of radius 2 having their centers on the z-
axis. Verify the equation by solving it. .

GROUP B

Find the differential equation for each of the following systems of curves.

11. All circles through the origin having their centers on the z-axis.
12. All circles through the origin having their centers on the y-axis.
13. All parabolas having their foci at the origin and symmetrical with respeet to
the z-axis.
14. All straight lines whose z- and y-intercepts have the sum of 4.
All straight lines tangent to the circle z2 + y2 = 9.
16. All straight lines tangent to the hyperbola 22 — y2 = 4,

163. Equations Homogeneous in x and y.

A polynomial in x and y is said to be homogeneous when all the terms are
of the same degree in x and y. In general, any function of z and y isa homo-
geneous function of the nth degree if, when « and y are replaced by kz and
ky, the result is the original function multiplied by k». For example, the
functions

2 —ay + vy, 2x% — 3x% + 4xy?
)
are homogeneous functions of the second and third degrees, respectively.

Also, the function
2z — y + xel=

is a homogeneous first degree function.
A differential equation of the first order and degree

fl(x)y) dz +f2(x7y) dy = 0)
may be written in the form

dy | hizy)
& ey =%

If the functions f; and f, are homogeneous of the same degree in z and y,
it is always possible to effect a separation of variables by the transformation

y = vx,
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From it,

dy dv
a—v-{—xd—;

The equation is transformed to

d
v+xd~;}+F(v)=O,

where

Llzy) _ filzpex) o, _
Fay) ~ folapn) ~ @) for y =
For example, if

fHxy) =22+ 2y —y* and folz,y) = 2% — ¥?

filzx) _ x? 4 vx? — vP2?
Sa(z,ox) x? — v%?
1 4v—?

l_v'z—' =F(U).

fory = vz,

The separation of variables gives the differential equation

dx dv

PN IOET s

When this equation is solved by the methods of the preceding section and
when the reverse substitution

v="1
x

is made, the solution of the given differential equation has been found.
The solution of the differential ecquation

d

z+y+ xag =0
is obtained as follows:

dy L,z ty _

dz + x 0.
Letting y = oz,

d
v+x£+(l +v) =0,

dx dv

R T
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Integrating,
InavVw +1 = C,
32w + 1) = A.
Substituting
v=1Y,
z
2 4+ 2zy = A.

As a second illustration of the method of solving differential equations
of this type, the equation

x—y+xe”’z+x%= ,

is solved as follows:
Letting y = vz,

14 dv_
(1+e)+x(~i;—0.

Separating variables,
dv
1+e°

dx
= + = 0.
Integrating,

Inz+Ine”—-In(1+¢") =C,

R ze®” = A(1 + e").
Making the reverse substitution,
ze''s = A(1 + ev'?).

Exercise 103
GROUP A

Solve each of the following equations.

1. y2dz + (zy + 2?) dy = 0.

2y de — (23 + %) dy = 0.

(y —2z)dz + (4y + 3z) dy = 0.
(4 y?) dz — 2zy dy = 0.
(zev/z + y) dz — z dy = 0.

(y* —zy) dz 4+ 28 dy = 0.

2z%y + y¥) dz — 2z dy = 0.

. y*dz 4+ 28dy = 0.

PND o
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GROUP B

9. Find the differential equation of the system of ellipses having the points (2,0) and
(—2,0) as the extremities of an axis.
10. Find the differential equation of the system of hyperbolas having the coordinates
axes as asymptotes.
Solve each of the following equations,

11, 2y dz + (22 + 1) dy = 0.

12, 2y2 + zy?) dx — 23dy = 0.

13. zy(dz — dy) = y dz + z dy.

14. sinzcosydxr —coszsin y dy = 0.
16. sin z cos? y dx + cos? z dy = 0.

16. (x —2y)dz 4 ydy = 0.

164. Exact Differential Equations.

In a differential equation
fizy) dx + fo(zy) dy = 0,

it may happen that the left hand member is the differential of some function
of x and y. If it is, let w represent that function. Then

du = fi(z,y) dz + fo(z,y) dy
and -

9 9
fay) =500 fimy) = 3o
from Section 137. Hence, the solution may be represented by
u = F(z,y) = C.

Such equations are called exact differential equations.
The solutions of exact differential equations frequently can be obtained
by inspection. For example, the solution of the equation

zdy +yde =0, is zy=C.

Also, the solution of the equation
2zy® dz + 32%? dy + 3x2dx = 0,

r%y® + 28 = C.

Sometimes, a differential equation which is not exact as given, may be
made exact by the introduction of a term which is called an integrating
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factor. For example, the equation
yde —zdy = y* dy

is not exact. However, multiplying both sides of the equation by the inte-
grating factor 1/y?% gives an exact differential equation,

der — xz d
y - Y_ yay
Integrating,
T_¥ 1 p-2+By=0
Exercise 104
GROUP A

Solve each of the following equations.
1. x4+ y)dr+ (z —y) dy = 0.
2z +y)dz + (z +2y) dy = 0.
yez dz + (¢* — 3) dy = 0.
zdr = zdy — y dr.
(y? — 4x?) dx + 2zy dy = 0.
(2zy? — 3) dx + 222y dy = 0.
(2 — y?) dr + 2zy dy = 0.
cosydzr —zsinydy = zdz + ydy.

PRI O

GROUP B
Solve each of the following equations.
9. zdy — ydzr = z*dy.

10. 4z dy + y dz = zy? dy.
11, (22 + 2y2) dr — 2y dy = 0.
12, (23 — ¢¥) dr + zy? dy = 0.
13. (@22 —zy + y?) dz + 22 dy = 0.
14, (224 y?) dy + 2y dz = 0.

16. Find the differential equation of the system of curves whose slope at any point equals
the ordinate of the point. Find the equation of the curve of the system through
the point (0,1).

16. Find the differential equation of the system of curves whose slope at any point(z,y)
isequal to ev. Find the equation of the curve of the system which intersects the
line x — 1 = 0 at the angle of 45°

166. Linear Differential Equations of the First Order.

A differential equation is called a linear differential equation when the
dependent variable and its derivatives appear in the first degree only. The
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form of the linear equation of the first order is

dy

dx

where P and Q are constants or functions of z alone.
If @ = 0, the linear equation assumes the form

+ Py = Q, dy + Py dx = Q dx,

Z—Z—+Py=0, dy + Py dz = 0.

Separating variables,

Y _ _ pa.
)
Integrating,
Iny = -—dex—}-C, y = Ae~JSPiz,
or

yeS/ Pz = 4,
The differentiation of the latter equation gives
eSP o (dy + Py dr) = 0.

This shows that the term
e S P dx

is an integrating factor of the equation dy + Pydx = 0, where Q = 0.
Since Q is a function of z alone, it is also an integrating factor for the linear
equation

dy + Py dz = Q dz,

as given above, where @ is not zero.
As a result of the above reasoning, the general linear differential equa-
tion of the first order may be integrated by the use of the integrating factor

edex

as follows:
Multiplying by the integrating factor, we have

¢SP4 (dy + Py dz) = e/ F % Q da.
Integrating both sides of the equation
yef“"=fef“"0dx+c.
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This general solution which has been obtained for the linear differential
equation cannot be simplified farther until the functions P and @ are known
and the indicated integrations carried out. However, this result may be
used as a formula to give the solution of an equation when it has been
expressed in the lincar form with the given functions P and Q.

The linear equation

xdy = 2z + 2y + 1) dx,
expressed in the type form is

dy _ 2 =_2___x+1, dy—%yd:c=2x~3:—1dx,

dxr x z
where

Then

f1Dazac=—2f(i'”f=1n—1E
x £

and the integrating factor is

efpdz = elﬂl/z2 = _l—o

xZ
Using this factor, the equation becomes
1 2 241
.- ;ﬁ(dy 5ydz> = dx.

Integrating both sides of the cquation,

Y =—§—i2(4x+1)+0,

x?

or
2y = 2Cx% — 4z — 1.

Exercise 1056
GROUP A
Solve each of the following equations.
1.z j—‘z —y =z
dy

2. :ca—2y=x+l.
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%+y=e".

4. (x+l)%—-2y=(x+l)’.
b. cos’xg—z+y= 1.

6 ol + D)W 4 ary =2,

7. zzz—z—l—(l —2r)y =z

[

d
L@+ 1) dz — 3y = e*(z + 1)

GROUP B

Solve cach of the following equations.

9. (22 +1) % + 2ry = 4x2.

10. 2y —z)dxr + dy = 0.

11. (sin z cos y — sin ) dr + sin y dy = 0.
12. dy + y cos z dx = sin 2r dur.

18. 3y dz — x dy = y® dx.

14. (22 — y?) dz ¥ 22y dy = 0.

16. 22y dx + (y2 — 322) dy = 0.

16. Find the particular solution of 3z%y dx + 1% dy = x dy + y dx satisfying the condi-
tionz =2,y = 2.

Reduce each of the following equations to linear form by the substitutigns suggested,
and solve.

17. y% +2zy2 —z = 0. Lety? =0
18. sinyg—z+sinz (cosy —1) = 0. Letcosy =v.
19. xd—y +y — 2% =0. Let1l/u® =v.
dr
dy | .
20. 4xa + 3y +ezxtys = 0. Let 1/y* = v.
21. 3z(1 — z2)y? Z—Z + (1 —22)y® = 3. Let y3 = .
d _— S
2 G+ D - w+D) =@ +DVyTL Let Vy+1=u

28. Solve the equation sec? z tan y dz + sec? y tan z dy = 0.
24. Solve the equation (z + y)? dy = 4 dz, by substituting z + y = v.
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2
166. Differential Equations of Type g% = f(x, gy

Differential equations of the second order and first degree which do not
contain the variable y, have the form

ay _ o, WY,
det = I\Y ax
Only certain simple differential equations of this type are considered in

this section.
The solution of the equation

Eﬁ"f(x)
is
dy —ff(x)dx—i—Cl, y—fff(x)(dx)2+01fdx+02
It
f(x)=%: Zy Inz 4+ C;
and

y=(@lnz—1z)+ Cz+Ce

The method to be used for a more general equation of this type is illus-
trated by mecans of the following examples.
Given the:equation

LY
dac"'+

The absence of the variable y permits us to reduce this equation to one of
first order by making the substitution

W s

Thus, the given equation reduces to

xg—i)+p=2x, zdp + p dr = 2z dzx.

The first member of this equation, being exact, enables us to write the
solution
xp =2+ Ch.
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Upon replacing p by its value, we have

Mg:y_m 2 —_ (_i?_:.
L= + C, dy—xdx—{—Clx

Hence, the solution is
=124+ Cilnzx 4+ C..

Given the equation

dxz+ dx+a=0
Letting
_dy
dz’
dp dp , 1 a
2 ZE = _ — = — ——
xdx-l-xp—l—a 0, dx+xp x?

This being a linear first order equation, we find the integrating factor,

efd.r/.t = ¢MZ¥= g,

Then
x(dp +de) = — %
x x
and
2p= —alnzx + C.
Replacing p by its value,
%y—= —alnz+C, dy= ——lnxdx—l—c‘l‘dx
Hence, the solution is
Yy = —%ln2x+(]11nx+02.
Exercise 106
GROUP A
Solve each of the following equations.
1.z 2—21{- —z =1
LTy
2. =54 + =o.

d
3. (x+1)z—2—d~g—
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d%y dy _
4. (T.’;; — & ;1-; =
dx’ + _ =
6. d:ﬁ Y+o: ¥ =1,
dy dy
T 2 dax? 2d
@y dy _
" dz? dz '
GROUP B
Solve each of the following equations in which y’ = g— and y"’ = g;—z .
9. ¢y ==
10. ywy” +2(@¥)? = 0
11. w" —-2@) =
12. ¢ = V1= (y)"'.
13. 2y’ = zy? +y. Letwy = 1.
14. 2 =z + y% Let y> =o.
16. =%y =1+ 2%

16.

y = sinz + 2y.

17. Find the equation of the system of curves such that the normal to the tangent at
any point of any curve of the system coincides, in direction, with the line joining
the point to the origin.

18. Find the equation of the system of curves such that the tangent at any point of any
curve of the system and the normal to the tangent at the same point make an
isosceles: ‘riangle with the r-axis.

19. A system of curves each member of which cuts each member of a given system of
curves at right angles is called an orthogonal system. Ilence, if the given system
is represented by the equation F(x,y,dy/dz) = 0 the orthogonal system is repre-
sented by the equation F(z,y, — dz/dy) = 0. Find the cquation of the system
of curves orthogonal to the system of circles 22 + y? = a2

20. Find the equation of the system of curves orthogonal to the system of circles
22 4+ y? — 2az = 0.

167. Differential Equations of Type de =f (

Differential equations of the second order and first degree which do not
contain the variable x, have the form

dxz—f(

Only certain simple equations of this type are considered in this section.
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The solution of the equation

dxg = f(y)

can be found in the following manner, due to the absence of the variable z.

Since
2(@) dz = 2 dy
dx ’
both members of this equation are multiplied by this factor, giving,

2() L dx = 25w) ay.

The integral of this equation is

() - [rw ay+c.

Letting the integral expressed in the second member be denoted by F(y),

dy _ NI
dr +VF (y) + Cu
The variables being separable in this equation, the solution is

dy
— = 4 + C,.
f VF@y) + ’
A more general equation of the type under consideration s represented
by
d2y

d:v2+b +cy—0

in which the coefficients a, b and ¢ are constants.
To determine the solution of such an equation, we first assume that it
has the form

y = e,
in which m is a constant to be determined. Secondly, we show that the

solution obtained satisfies the given equation.
Given the equation,

dy _ody -
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2
y = em, % = me™ and % = m2e™,

Substituting these values in the given equation,
e™(m? — 3m + 2) = 0.
Since the first factor cannot be zero, the second must be and

m*—3m+2=(m—1)(m—2) =0,
hence
m=1 or m=2.

At this point the student should verify that a constant times a particular
solution of a differential equation is a solution of that equation and also,
that the sum of two such solutions is a solution.

Using the values of m obtained above, we write the general solution of

the given equation,
Yy = Cie* + 0262’,

and show that it satisfies that equation as follows:

(*iy = Cie® + 2Cqe?7, 37 = (C1e* + 4C,e?,

dr
Hence,
(CJ@_’ + 402622) - 3(016z + 202622) + 2(0162 + Cge"”) = 0.

Thus, we have shown that the solution has been obtained, since it satisfies
the given differential equation.
If y = e™= is substituted in the equation

d d?y
dx“’

dy

+o -ty =0,

we obtain the equation
em*(am? + bm + ¢) = 0.
Here again, since the first factor is different from zero, we are called upon
to solve the characteristic equation
am? 4+ bm + ¢ = 0.

This being a quadratic equation in the unknown m, there are the three
following possibilities as to the nature of the roots:
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If the roots are real and unequal, let them be denoted by m; and m..
In this case the solution of the given differential equation is written

y = Crem= 4 Cae™=,
If the roots are cqual, let them be denoted by m; = my = m. In this
case the solution of the given equation is written
y = e™*(A + Br).
In showing that this equation satisfies the differential equation, we obtain
e™[B(am? + bm + c)x + A(am? 4+ bm + ¢) + B(am? + bm + ¢)] = 0,

which justifies the solution.
If the roots are imaginary, let them be denoted by m; = « + 87 and
me = a — Bi. In this case the solution of the given equation is written

y = Cie@tBOT | (Che@hD7,
However, this solution is more often written in the form
y = e**(A cos Bx + B sin Bx).
Here again, either of these forms of the general solution, for imaginary

roots, may be shown to satisfy the given differential equation.
Given the diffcrential equation

% +2 % + 5y = 0.
The characteristic equation is
m?+2m + 5 =0,
from which
m=—14+2/ and m;= —1— 2:.

Hence, the two forms of the solution are
y = Cle (—=1+21)z + C2e(_1—2‘)2

and
y = ¢ *(4 cos 2z + B sin 2z).

Exercise 107
GROUP A
Solve each of the following equations in which y"” = (di—;% andy’ = jg .

1. v/ — 4y +4y = 0.
2.y =3y +2y=0.
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8. y' — 4y + 13y = 0.
4. y' + 6y + 9y = 0.
6. ¥ +y +y=0.
6. y' — 3y —4y =0.
7. ¥ = 4y.
8. 2 + 3y’ = 0.
GROUP B
9. If a + B¢ and a — Bi are the roots of the characteristic equation of

10.

11

12,

13.

14,

16.

ay” + by’ +cy =0

show that the solution y = Cie@ 8% | (@B satisfies the differential equa-
tion.

Show that the solution y = eaz (A cos Br + B sin Br) satisfies the differential equa-
tion given in Problem 9 with the same roots of the characteristic equation.

Find the general expression for the distance which a body falls from rest in a vacuum,
taking the downward sense as positive and by solving the equation d2r/di* = g.

Find the general expression for the distance which a body falls from rest, if the resis-
tance is proportional to the velocity, taking the downward sense as positive and
by solving the equation d2x/dt: = g — k (dr/dt), where k is the proportionality
factor.

Find the general expression for the distance which a body moves in a straight line,
if the resistance is proportional to the square of the velocity, by solving the equa-
tion d2x/di2 = — k(dr/dt).

A body moves in a straight line so that its acceleration is proportional to the velocity.
Find the expression for the distance, it being given that * = 0 and v = v, when
t =0.

A body is projected straight upward with an initial velocity of 1000 ft. per sec. T1f
the resistance of the air is taken as proportional to the velocity and if proportion-
ality factor & is taken to be 0.01, find how far and for how long a time the body
will rise. ~

Solve cach of the following equations in which y’” = d3y/dx3.

16. ¥ — 3y + 2y’ = 0.
17. ¢ = 2y" — v + 2y
18. ¥ 4+ y’ —2y =0.
19. ¢ — 4y” 4+ 5y’ — 2y = 0.
20. ¥y —3y" +3y -y =0

I

0.



APPENDIX

I. Trigonometric Relations.

Trigonometric Formulas.

sinfcsc b = 1. cos 0 secd = 1. tan 6 cot 6§ =
tan0=smo~ c0t0=c9so-

cos 6 sin 6
sin?@ + cos? 6 = 1. 1 + tan?6 = sec?4. 1 4 cot?6 = csc?4.

sin (A = B) = sin A cos B =+ sin B cos A.
cos (A & B) = cos A cos B F sin A sin B.

tan A + tan B
tan (4 + B) = 1¥tan A tan B
sin 24 = 2sin A4 cos A. cos 24 = cos? A — sin? 4.
2tanA
tan 24 = 1 —tanzd "
# 1 —cosb 0 1+ cosé
22 - 2 TP, 22 2 T OO
sz 3 0052 3
¢ 9 I—COSG.
an 5 sin 0
sin z + sin y = 2 sin +" 08 23-
z+y -y

cos £ + cos y = 2 cos D) cos =

2
+

. . .=y
gin z — sin ¥y = 2 sin 2 Y cos

T4y . z—y
D) sin D)

—2gin

cOoS T — CO8 ¥

Reduction to Acute Angles.

1v'(-27f T+ 0) = =+ F(6), n is zero or any even positive integer.

F (-g T+ 0) = 4 co-F(f), nis any odd positive integer.

Trigonometric Laws.
a _ b _ ¢ |
sind smB sinC
376

Law of Sines.
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Law of Cosines. a? = b? 4 ¢2 — 2bc cos A.
b? = a® 4+ ¢ — 2ac cos B.

¢ = a? 4 b? — 2ab cos C.

A—-B a-b% C

Law of Tangents. tan B ERET cot 3"
A-C a-c B
tan 2 —a—f-cwt‘}.
tanB—C_b—c tA
2 T bFc¢°"2
Half-Angle Law. a +b+c =2s. Radius of inscribed circle is r.
_T B_r
tanz—s__a tani-s_b.
T
tan 3 s =3¢
Radian Measure of Angles.
Radian-Degree. = radians = 180°.
Arc-Angle-Radius. s =10,
73 78
Sector Area. S = 2 =3°
2 —al
Segment Area. S = &7@ .

II. Plane Analytic Geometry Relations.

Rectangular coordinates of any point P are (z,y).

PPy, m 1%z + T2l ny: +r

If =" = Ntz 1T Tl = Ny2 T T,
PPy 72 o ntr yo T

If Ty =Ty .'to=‘xl—1;£2! y0=-y—l%lz-

Length P]Pz = '\[(12 - x1)2 + (y2 - yl)2 °

_—m = 2T,
Slope of P\P; = m o
Angle between two lines = arctan My =,
1 + myma

General equation of any line Lis Az 4+ By + C = 0.
Slope form: y = mz + b.

Intercept form: % +% =1,

Normal form: zcosa + ysina —p = 0.
Az + Byx + C.

Distance from L to P,: d = Yy e
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General equation of any circle is Az? + Ay* + Dx + Ey + F = 0.
Center at (h,k): (x — B2+ (y — k)2 = a2
Polar equations: p = a, p = 2a cos 6, p = 2a sin 6.
Parametric equations: £ = a cos 8, y = asin 6.

General equation of any conic with axes parallel or coincident with the coordinate
axesis Az? + Cy2 + Dz 4+ Ky + F = 0.
Parabola, if A or C = 0. Vertex (hk): (y — k)2

(x — h)?

4p(z — k),
4p(y — k).

. 2 —_ 2
Ellipse, if A # C, having the same sign. Center (h,k): (1:_62 ) + Q’—E zﬂ = 1.

y — k)2 _

—_— 2
Hyperbola, if A and C have opposite signs. Center (h,k): g{—zz—h)— + ( 52 +1.

Asymptotes: a(y — k) = x£b(z — k).

General equation of any conic is Az? + Bxy + Cy? + Dz + Ey + F = 0.
Parabola, if B2 — 44C = 0.
Ellipse, if B2 — 4AC < 0.
Hyperbola, if B2 — 44C > 0.

Polar equations of conics having their foci at the pole are

p(l 2 €ecos0) =ep and p(l =esinh) = ep.

Parabola, if e = 1. Ellipse, if ¢ < 1. Hyperbola, if e > 1.

Transformations of coordinates.
Translation of axes: z =X 4+ h,y =Y + &
Rotation of axes: z = 2’ cos0 — y’'sin 6, y = 2’ sin 6 + ¥’ cos 6.
Rectangular-polar, pole at the origin and polar axis the z-axis: z = pcosA » = psiné.
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I. Forms containing a Linear Binomial Factor.

xdr z b
1 f‘aﬂﬁa—a‘“("”bwa

z dr b 1
2. (a:c + b)’z = az(az F [)) + d; In ((IZ -+ 17) + C.
ndp = Tz £ )™ (az + b)nt
3.fx(ax+b) dr = ain ¥ 1) a2(n+1)m+0,n#—l,n?ﬁ——2.
dz 1 z
4. f:c(ax+b) =g TC
dx 1 1 z
6. fx(az+b)2 bty teays T &
6. fx\/m ar = 28U =) (0 4 hyo 4
*emlg . 2(az — 2D)
O e R e VR L
f __ﬂ):__ — _1 In __g'ii_—.__\é__g +C b 0
Var+b Vb Var+b+ VD ’ > 0.
2
= arctan 4 'iu__'; b + C, b<o.
2z (ax + b)3/2 2bn _ —
9. fx"\/ax+bd:c= a@nF3) " ai@n +3) zrt Vaz + bdr,2n +3 0.
zrdr  2enVar +6 2 znldr )
10. Var+b a@n+1) aln+1) Var +b’ Znt 10
dr _ Var+b _ a(2n —3) dz
1. ./‘x"\/&x——i-—l; T b(n = Dzt 2b(n—1) " Var + b’ n 1L

379
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II. Forms containing a Quadratic Binomial Factor.

1'.2./v dx =—1"+"+C

a? —z? 2a

dx dz
13. f @ T B T S et

dz 1
14. fx(ax’+b)_§51 az2+b+o

15. f\/az—xzdz=%x\/a2_32+%azarcsin-§+0.
18.fv;z’:bazdx=%zv:ﬂ:ta’:&:%a’ln(z+\/:cz:ta’)+C’.

dz
17. ‘/‘m=ln(z+v:ﬂ;&;az)+a

dx 1 T
18. ‘/‘:cvazzl:"_xf2 —5lna+ Vazj:15+

dr 1 .. a
19. fz\/m_ —a‘trcbln5+C.

vVa? x x? T
20.f———d =vVa+zrr4+aln ———+4C.
z ’ + a+Va’:l:z’+

21. f——za——-—a—zd:: =V - a2 + aarcsing-i- C.
1 3 S 3 -
22. (a2 — x2)¥2 dx = 175(“2 — )32 8—a2.1:\/a2 — 22 + ga‘ aresin - + C.

23. f (z? £ a?)¥? dr = Jz2(z? + a)¥? & $a22Vr? & a? + Jatln (z + V22 £ @?) + C.

dx _ z
24. f @ =) g =g +C.

25. £ 4o

(x? £ a?)¥? - a2Vt + a?

26. fxz\/a2 —ztdr = — ix(a’ — z)¥2 4 éa*:c\/a"’ — 22 + %a‘ arcsin z + C.

27. f VI £ a?dr = lz(z? & a?)¥? F }a2z V2 £ o — dafIn(z + V22 £ @) + C.
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2 —

28. \/%= —-Exx/az—z’+—a2arcsm + C.
3 SE—

29. ._zaTd;x_x.z = —22Va — 77 — % (a* — 2232 + C.

30. —f-zﬂ*=§x\/ﬂ:ta’¥%a’ln (x + Vz £ a?) + C.

Vz? £ a
zndr znl a2 — x? az(n -1 "2 dx
) Va—a T [ Va -z n#o
dr Var = 22 n—2 dz
52. fx"VJ’ =2 an — Dzt + a*(n — 1) Vet — gt n 7L

- n—1(r2 2)3/2 2 —
33. fx"\/zzzi:afdz:=z (:+:l:2a) =Fa(:+2l) "V 4 atdz,n + 2 < 0.

ss.f;\/—j:—ﬁ=q:az(‘:ﬁ_l$2%—}2l—) ;#iziﬁ’ n ol
36. fm = 2arcsm\/—+C
st x/zgi:xdi = zn_l\&:x Ty e =) \/;:;—lii-z?z’ n # 0.

‘+c.

38. f\/2ax — 22dz = %(x —a) V2ar — 22 + %a’ arcsin = —

III. Trigonometric Functions.

39. fsin’a:cdx = g _§1n42a:c+c.
a

40. fcoszaxdx— +sm2az+a

1
41, j sin® ar dz = — . sin®! az cos ax + ——— | sin"? gz dz.
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1 _ . n—1 _
42, cos™ ar dr = — cos™ ! ax sin axr + —— cos™™ 2 az dx.
an n
43. f sin™ ar cos” ar dr =
sinm*t qr cos®ltax  n —1 - s
an ) +m+nfsm ar cos"2azx dx, m + n # 0.
44. f sin™ ax cos” ar dr =
Si"‘l{l.r_c(ﬂflm_) m — inm—2 n
an =+ ) 7mf sin™2 ax cos” ax dx, m + n #= 0.
46. f sin™ ar cos” ar dr =
sinntarcostar  m+n+2 o nt2 -
aln ¥ 1) + e | fsm ar cos™t?ar dr,n # — 1.
1
46. f tan ar dr = a Insec ax + C.
47. f cot axr dr = clzln sin ax 4 C.
48. f tan? ax dr = ;I;t{u‘l ar —z + C.
1
49, fcotﬁazdx = — ﬁcotaz —z+C.
50.”" | tanmardr = 1 tan®! ar — tan™~2 ar dx n#l
. an — 1) ¢ g :
b1 cotrardr = — L cot™lar — . cot™ 2 qr dr n#1
* a(n — 1) ’ :
= M insee o1 1 tsinaz
52. fsec ar dr = aln(aec ar + tan ar) + C = % In 1 — sinaz + C.
1 1 azx
63. csc ar dz = p In (cse ax — cot azx) + C = p In tan o) + C.
_ 1 sinez 1 . 1+sinazx
84. fsec’ ards = 5; costaz T 3a P T —sinaz T C
S ardo = l_c_oga_x+ 1 cosaz_*_o
65. e8CT ardr = = 54 sin? ax 'y + cos ar
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tan arsec*2ar  n — 2
;een = 7 _— AG— —2
66. seer ax dx an = 1) + - lf sec™ 2 ax dx, n # 1.
cot arcsc™2axr [, n — 2
W = e 7T —_ -2
b7. cser ax dr an = 1) + p lf csc™ 2 azx dz, n # 1.

58.

. 1 . 1
zsin ar dr = g2 Sinaz —azcosar-I-C.

59. z cos ar dx = (:5 cos ar + é z sin az + C.

. 1 n
60. rrsinardr = — “ " cos ar + a z7 1 cos ax dz.

. n .
rmsinar — p f x"~lgin ax dz.

. 1 1 . 1
2 = 2 — - -
z sin?ar dx 41 4ax sin 2ax 82

61.

x"cos axr dr =

Q==

62.

cos 2axr + C.

1 1 . 1
2 _— _m2 —
63. rcostardr = i -+ g T Sin 2ax + gt ©08 2az + C.

sin (a —b)r sin(a+b)x

T R g N

64. sinazsinbxdr=-2(a—b) R rE) + C, a #b.
i . _ _cos(a—b)xr cos(a+t+b)z
66. ‘u"l(lf'(!()hb.l'dl' = 42(7-? 2(a+b) +C, a #b.
_ sin (¢ —b)x | sin (a + b)r
66. cos ar cos br dx = 2 = b) + 2@+ ) + C, a #b.

IV. Exponential Forms.

o. f zeordz = Lax — Veos + €.

68. f z2%* dx = ;11—3 (a%x? — 2az + 2)es* + C.
1 n -
69. fz"e" dr = - rmett — — fx" leaz dr.
a a,
70. f es* gin bx dr = er(a Sl::zbi ;zb c0s br) + C.
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72.

78.
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6.

76.

1.

78.

79.

81.

82,
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S

Elementary Calculus

e**(b sin br + a cos bx)

e®* cos bz dxr =

a? 4 b?

Inzdr =z2zlnz — z 4+ C.

zrIn z dz = znht

In z

f_ln"xdz =zln"r — nf In*~tz dr.

Inverse Trigonometric Functions.

+ C.

1
n+1_(n+1)2]+c’

. .z —
farcslnadz=:carcsma+ Vat =z + C.

J

% = L @2 — o aresin © 4 T VI
fzarc31nadx—4(2z a)ar051na+z\/az—x2+C.

-
arcsin? = dx =

a

.z
fx" arcsin =~ dr
a
z
f arecos dz =

— ===

z
"™ arccos a dx
x
arctan = dx =
a
z
z arctan p dr

z
™ arctan p dx

ntl

n+1

- X
arcsin —
a

1

n

+1

LT — .z
z arcsin? - — 2az + 2vVa? — z? arcsin PR

xn+1 dx

)
Vat — 12

. .
z arccos — — Var =12+ C.

zntl

n+1

z
arccos p +

1

xntl dx

n+1) Var — 2

z arctang — gln(a2 + z2) + C.

[

1 z ar

= 2 2 PO

2(a +x)arctana 2-i—C'.
~zn+l arctan r_._°_ ——————-znﬂ dz
n+ 1 a n¥1l) @@’

et

7

n # —1.
!

n ¥ —1.
n = —1.
n # —1.
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Absolute value, 2
Absolutely convering series, 255
Acceleration, 40, 97

angular, 162

components of, 97, 102
Accuracy in computation, 56, 266, 320
Algebraic functions, 73
Algebraic substitution, 199
Alternating series, 255
Amplitude of

simple harmonic motion, 153

trigonometric functions, 142
Analytic geometry of space, 284
Angle

between curve and radius vector, 275

betwgenrtwo lines, 289

radiaht measure of, 141

vectorial, 273
Angular acceleration and velocity, 162
Approximation

by differentials, 55, 320

by series, 266

of area under a curve, 115

of roots, 13
Arc

centroid i, 346

differential of, 220

length of, 227, 280

limit of ratio of chord and, 221
Area

by double integration, 235, 282

by single integration, 69, 112, 120,

182, 277

by limit of a sum, 117

centroid of, 343

in polar coordinates, 277, 281

of a surface of revolution, 229, 281
Arithmetic series, 249
Asymptotes, 9, 89
Attraction, 348
Average

curvature, 222

density, 340

rate of change, 16

speed, 16
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Cardioid, 283
Cartesian coordinates, 284
Cauchy’s ratio test, 253
Center

of curvature, 224

of gravity, 344
Centroid

of an arc, 346

of a plane arca, 343

of a volume, 347
Change of base of logarithms, 174
Change of limits of integration, 210
Characteristic equation, 373
Circle of curvature, 224
Circular disc element, 125
Circular ring element, 127
Comparison test of series, 259
Components of

acceleration, 97, 102

a vector, 95

velocity, 96
Compound interest, 185
Computation

accuracy, 56, 266, 320

by differentials, 55, 320

by series, 266, 271

ofy e, 175

of logarithms, 268, 272

of m, 268
Concavity, 37, 92
Cones, 300, 305
Constant, 1

derivative of, 23

of integration, 61
Continuity, 8, 310
Convergence, 250

interval of, 261

tests for, 253, 256, 259
Coordinates,

Cartesian, 284

cylindrical, 285

polar, 273

spherical, 286

transformations of, 286, 307
Cosine curve, 142
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Cosines, dircction, 287
Critical points, 34, 91
Critical values of a function, 29
Curvature, 222

center, circle and radius of, 224
Curve, plane and space, 296
Curve tracing, 89, 142,157,172, 180, 273
Curvilinear motion, 95, 100
Cus
Cyc{)(nd 165
Cylinders, 297, 306
Cylindrical coordinates, 285
Cylindrical shell element, 126

Definite integral, double, 234, 328
for an area, 235, 281
for attraction, 352
for centroid, 344
for moment of inertia, 341
for surface arca, 338
for volume, 238, 328
Definite integral, single, 110, 210
for an arc, 228
for an area, 112
for attraction, 350
for centroid, 347
for fluid pressure, 133
for mean value of a function, 232
for surface arca, 229
for volume, 124, 130
for work, 136
Definite integral, triple, 326
for centroid, 348
for inertia, 342
for volume, 333
Density, 340
Dependent variable, 3
Derivative
definition of, 20
notation for 20, 311
geometric mtcrpretatlon, of, 25, 312
partial, 311, 316
second, and higher order, 36, 83, 316
sign of 28
Derivatives of
algebraic functions, 20, 23, 74, 83
exponential functions, 176
inverse trigonometric functions, 158
logarithmic functions, 176
polynomials, 23
trigonometric functions, 145
Derived curves, 39
Development in a power series, 263, 269

Differential
definition of, 51
of are, 220
partial, 319
total, 318
Differential equations
definition of, 354
exact, 364
geometric interpretation of, 356
homogeneous, 361
linear, 365
separation of variables, 359
solutions of, 355
Differentiation, 21, 312
explieit, 80
formulas for, 23, 74, 145, 158, 176
implicit, 80, 83, 322
of series, 267
partial, 311, 316, 322
Direction cosines, 287
Directrix, 297
Discontinuity, 8, 214
Distance between two points, 289
Divergent series, 250, 253
Double integral
definite, 234, 281, 328, 330, 338, 341,
344, 352
indefinite, 325
Double point, 93
Duhamel’s theorem, 119

e, base of logarithms, 173, 176, 178
Element of
arca, 120, 236, 278, 28"
force 134
mass, 340
surface area, 230, 281
volume, 12) 126 127, 130, 239, 279,
327, 3‘31 334 336
work, 137
E]lipsoid, 301
Elliptic
cone, 305
cylinder, 306
paraboloid, 304
Error in computation, 56, 266, 321
Equations
explicit and implicit, 80
differential, 354
of quadric surfaccs 297, 298, 301
of lines, 294
of planes 292
of space curves, 206



Index

Equations

of tangent lines, 27

of tangent plancs, 315-

parametric, 53, 96, 165

roots of, 11
Expansion of a function, 262, 269
Iixact dufferential equation, 364
Expheit function, 80
Exponential functions, 171
Extent of curves, 89

Factor, integrating, 364, 366
Fluid pressure, 133
Foot-pound, 137
Foree, 133
Formulas for
differentiation, 23, 74, 145, 158, 176
integration, 62, 106, 166, 181, 188,379
reference, elementary, 376
Fractions
differentiation of, 75, 76
partial, 206
Functions
algebraic, 73
continuous, 8
decreasing, 29
discontinuous, 8, 244
expansion of, 262, 269
exponential, 171
explicit and implicit, 80
increasing, 29
inverse trigonometric, 156
logarit! -ie, 172
mean value of, 233
multiple-valued, 73
notation for, 3
of two or more variables, 310
polynomial, 2
rational integral, 2, 73
single-valued, 73
transcendental, 73
trigonometric, 141
Fundamental theorem, 118, 236, 328,
334

General term of a series, 249

Generatrix, 297, 300, 306

Geometric interpretation of
derivative, 25
differential, 52
differential equations, 356
indefinite integral, 63
partial derivatives, 312

387

(icometric series, 249
Graphs
in polar coordinates, 273
of algebraic functions, 25, 31, 34, 88
of exponential functions, 171, 180
of inverse trigonometric functions,
156
of logarithmic functions, 173
_of trigonometric functions, 141
iravitational constant, 40
Gravity, center of, 344

Harmonic motion, 152
Harmonic series, 256

Higher derivatives, 36, 83, 316
Homogeneous equations, 361
Hyperbolic paraboloid, 304
Hyperboloids, 302

Implicit differentiation, 80, 322
Implicit functions, 80, 83
Improper integrals, 213
Increments, 15
Indefinite integral, 60, 106, 166, 181,
188, 379

Independent variable, 3, 320
Indeterminate forms, 245
Inertia, moments of, 339
Infinite limits of integration, 213
Infinite series, 249
Infinitesimals, 47
Infinity, 8
Inflection, point of, 37, 91
Instantancous speed, 18
Integral

definite, 110, 326

double, 235, 281, 328, 330, 341, 344,

352

improper, 212

indefinite, 60, 106, 166, 181, 188, 379

sign, 60

tables, 217, 397

test of series, 256

triple, 333, 342, 348
Integrand, 188
Integration

multiple, 234, 325

order of, 234, 326

partial, 325
Integration by

algebraic substitution, 199

partial fractions, 206

parts, 202
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Integration by
use of tables, 217
trigonometric substitution, 199
Integration of
exponential functions, 181, 188
infinite series, 267
polynomials, 60, 106, 110
rational fractions, 205
trigonometric functions, 166, 188, 195
Intcrcepts
of a curve, 89
of a plance, 293
Interval of convergence, 261
Inverse trigonometric functions
derivatives of, 158
graphs of, 156
integrals leading to, 167, 188, 193
principal values, 156
Isolated point, 92

Law of natural growth, 184
Law of the mean, 243
Leibnitz, 1
Lemniscate, 274
Length of arc, 227, 280
Limit
defining e, 175
definition of, 5
of a definite integral, 213
of a function, 6
of arc to chord, 221
of a variable, 5
of ratio of sin 6 to 6, 144
theorems, 7
Limits of integration, 111
Line
direction cosines of, 287
equations of, 294
Linear differential equations, 365
Logarithms
common, 173
computation of, 268, 272
differentiation of, 176
integrals leading to, 181, 189
natural, Naperian, 173, 178

Maclaurin’s series, 262, 266
Mass,
center of, 344
element of, 340
moment of, 339
Maxima and minima
applications of, 42, 85, 150

Index

Maxima and minima

defined, 33

criteria for, 34, 37
Maxima and minima points, 34, 91
Mean value of a function, 233
Mean value theorem, 243
Midpoint of a line segment, 291
Moment of

inertia, 339

mass, 339, 343, 347
Motion

curvilinear, 95, 100

in a straight line, 18, 31, 40

on a cycloid, 165

simple harmonie, 152
Multiple integral, see integral.
Multi-valued functions, 73

Naperian logarithms, 173, 178
Natural growth law, 184

Natural logarithms, 173, 178

Newton, 1

Normal component of acceleration, 102

Order of
derivatives, 36, 83, 316
differential equations, 354
infinitesimals, 47
Orthogonal system, 374

Paraboloids, 298, 304
Parabolic cylinder, 306
Parameter, 53
Parametric equations, 55
Partial
derivatives, 311, 316
differentials, 319
fractions, 206
integration, 325
Parts, integration by, 202
Percentage error, 57
Period of
simple harmonic motion, 153
trigonometric functions, 142
Plane
distance from, to a point, 294
equations of, 292
tangent to a surface, 315
Point
critical, 34, 41, 91
maximum or minimum, 34, 41, 91
of inflection, 37, 41, 91
singular, 92, 93



Index

Polar coordinates, 273
area in, 277, 281
length of are in, 280
surface area in, 281
volume in, 279
Polynomials, 10
Power scries, see sertes.
Pressure, 133
Principal value of a function, 156
Projectiles, 100

Quadratic, characteristic cquation, 273
Quadric surfaces, 297, 298, 301, 304,
306

Radian angular mecasure, 141
Radius of curvature, 224
Radius vector, 273
Range
of a projectile, 101
of a variable, 8
Rate
of change, 18
of change of area, 67
of change with respect to time, 103
Ratio
of arc to chord, 221
of sin 6 to 6, 144
test of scries, 253
Rational fractions, 205
Rational integral equations, 11
Related rates, 103
Relativeegror, 57
Relations b&ween coordinate systems,
286
Remainder theorem, 11
Revolution
area of surface of, 229, 281
equations of surfaces of, 298, 300
volume of solids of, 124, 170, 183,
238, 279
Rolle’s theorem, 244
Roots of an equation, 11

Second derivative, 36, 83, 316
Series
absolutely convergent, 255
alternating, 255
arithmetic, 249
computation by, 266, 271
convergent, 250
differentiation of, 267
divergent, 250

389

Series
expansion of functions in, 262, 269
finite, 249
general term of, 249
geometric, 249
harmonic, 256
infinite, 249
integration of, 267
interval of convergence of, 261
Maclaurin’s, 262
power, 261
sum of, 250
Taylor’s, 269
tests for convergence of, 253, 256,
259
Sine curve, 142
Sign of
acceleration, 40, 99
area under a curve, 68
curvature, 223
first derivative, 28, 34, 41, 65, 91
inverse trigonometric functions,
159
second derivative, 37, 41, 91
velocity, 31, 99
Simple harmonic motion, 152
Single-valued function, 73
Singular point, 92
Slope
of a curve, 27, 312
of a secant, 26
Solids of revolution, 124, 170, 183, 238,
279
Space
coordinates, 284, 286
geometry, 284
Speed, 18
Sphere, 297
Substitution in integration, 199
Summation, 114, 115, 121, 124, 130,
136, 328
Surface area, 229, 281
Symbol for
absolute value, 2
differentials, 51, 319
increments, 15
integration, 60, 110
limits, 5
ordinary derivatives, 21, 36
partial derivatives, 311, 316
summation, 114
Symmetry, 88, 274, 307
Systems of curves, 356
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Table of integrals, 217, 379
Tangent
curve, 143
line to a curve, 25, 27
plane to a surface, 315
Tangential components of acceleration,
102
Taylor’s series, 269
Tests for
convergence of series, 253, 256, 259
maxima and minima, 34, 37
Time rates, 103
Total differential, 318
Traces of
planes, 293
surfaces, 297
Tracing curves, 89, 142, 157, 172, 180,
273
Transcendental functions, 73
Transformation of coordinates, 286,
307
Trigonometric functions, 141
differentiation of, 145

Index

Trigonometric functions, computation
of, 266, 272
integration of, 166, 188, 195
plotting of, 142
Triple integrals, 333, 342, 348

Variable, 1
dependent and independent, 3, 310
limit of, 5
of integration, 61, 210,
Vectors, 95
Velocity, 31
angular, 162 N
components of, 96
Volume
by double integration, 238, 326, 330
by single integration, 124, 130, 170,
183, 279
by triple integration, 333
centroid of, 348
in polar coordinates, 279

Work, 136



ANSWERS

Pages 4, 6, Ex. 1

1. 622, 58
y? 15. -1- §- .
3.8="2=" 6N~
4 17. v = ks2.
6. 2z = 3y. 19. 1, 0, cos 6, sin 6.
7. -3,21, —\}g, —z? — 2% — 2z — 3. 27. S = 32sin 0 cos @ = 16 sin 26.
b
9,y=1:i:2 51;. 29.S=%(b:c—x2)or—(ax—a:2).
a
11. 2, 6. 31. V = 2r22Vr? — 22,
. %y’- 33. —1,0,1, 1.
Pages 9, 10, Ex. 2
1. 1. 11. o. 21. 2.
8. none. 13. +1. . 23. 2z.
6. 0. 15. }. 26. 1 — 3z2.
7. 0. 17. none, none.
Pages 13, 14, Ex. 3
7.z =2. 17. 1,2, 3.
9. —1, —2,3. 19. —4 and -3, —2and —1, 1 and 2.
15. 2. 3 T w 3w
23.z= e, —m ) — == —
4 4 4 4
Pages 19, 20, Ex. 4
1. 41 At + 250 — At 4t + 28t — 1. 1. G2 =2 +1)Az + Bz — 1) ax +
. 1 — 6 — 3a1, —5.9. Az, 322 — 2+ 1) + 3z — 1) Az
G 14 umts/se&2 + Az, (322 — 2z + 1).
7. 4r Ax + 2Az — Az, 4r + 24z — 1, 13. 3 — 322, —72.
4z — 1. 16. 2n.
9. 2,0, —2. 19. a?/2.
Pages 21, 22, Ex. §
1. 6 4 322, 18. 27 — 3 23. 1/2V'x.
3. 322 — 4z + 1. ) a? 26. 1/2Vz — 1.
6. —1/x2. 16. 4x3 — 1. 27. =(2r + 5).
7. 3,-9). 17. V3 z/2. 29. —0.5 cu. in./lb./sq.in.
9. 5 sq. ins./in. 19. —6, 2.
1. 1 +f—,- 21. 1/(z + 1.

391
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1. 6(z2 — z + 1).
3. — (322 + 6z + 2).
6. —1/x2.

3
7. 3Vz — .
2Vz
8 3 1
0 (2 =24+ )
xs+\/x+\/;>

1.2z —y—-6=0.

3. 11z —y — 16 = 0.
6. 4 — 3y — 6 = 0.
7. —6, 6.

9. z— 5y — 16 = 0.

Answers

Pages 24, 26, Ex. 6

11, 4x (22 — 1).

13. 5Vz3/2 — 1.
16. 9V'z/2 — 5Vz5.
17. 2, 3.

19. 1,2, 3.

Pages 27, 28, Ex. 7

13. 45° arctan 3.

16. arctan (2/5).

17. 156z — y — 38 = 0,
15z — y + 70 = 0.

19. 3z +y — 16 = 0.

11, (—1,—186), (1/2,—121/16), (1,—8),
¥+ 16 = 0, 16y + 121 = 0,

y+8=0.

1. 14, —94.

3. (2,—22), (—4,86),z < —4

and 2 < x.
5' (01 l)y (11 2)

11. p = 20z — 2%, z < 10, 10 < z,

§ 10 X 10.
18. 4/3 < z, z < 4/3.

L 11

3. —10, —37 minimum.

6. —3.

11, f(—-3) = —4, f(2) = —129.

9. 3/2 <t t<3/2.

17. f'(a) = +, 1" (@) =
f'®) = +; f)
J' ) = +; f'@)
J'd) = —.

o

Pages 32, 33, Ex. 8

15. 2 <z, z < 2.
17. 5625 ft., 150 ft., arctan (—150).
19. arctan (2/9).

21. (—2,—4), 2V 14.

2
23.(___1_7_’ _b 4ac>_
2a 4a o~

Pages 35, 36, Ex. 9

16. 6, —6.
17. —4, 8.
19. 1/2.

Pages 4042, Ex. 10

1. (1,—7) min., (—3/2, 97/4) max.
8. 3 < z upward, z < 3 downward.

19. f'(@) = —,f""(a) = 0, f(b)
7 (®) = 0; f'(c) =f"(c)
21. (0, 0), (1, %2/5),

+,
0

;+f’(b) = -, (£V'2/2, +7V/2/40).

28. 4y = 2% — 12z + 16.
26. 2y = z3 — 522 + 2x + 8.
27. f(z) = 2 — 62? + 62% — 24,



Answers 393
Pages 4446, Ex. 11
1. 16 cu. ins. 16. wab?/27.
8. 36 X 48 ins. 17. }in, 4 ins.
6. 2r+y—6=0. 19. 5 ins.
9. Side base = twice height. 21, a/7 ins.
11. Height = radius base. 23. 10/9, 4 ft. 9 ins.
13. 1 X 1 X 2 ft.; circum. = 4 ft., 26. 284 hrs.
length = 2 ft.
Pages 49, 60, Ex. 12
1. 4,2 + 4a, a; 04,0.02 + 0.4a, 0.01a; 9. 1st, —6z. 19, 1st.
0.04, 0.0002 + 0.04a, 0 0001a. 11. 2nd, ax2. 21. 2nd.
3. 1st, 2nd and 1st. 13. 1st, 3ax. 23. 1st.
b. 1st. 16. 1st, —2(z + 1) Ax. 26. 3rd.
7. 2nd. . 17. 1st, 2(2z% + 1) Az.
Page 63, Ex. 13
1. 2az — 2z Az — AT, 13 Vz — 628 i
2(1 — z) dz, -z, ) 2r )
3. (32? — 2z) dz, (3z Az + b — Az) Az. e 3Vz
B. x(2r + Ar) Mg 2r dr. Y R
7. —0.0199, —0.02. 17. (2t — 9¢2) dt.
9. (8z* — 12z) dz. 21, 0.00047 = 0.001257 sq. in.
Page b6, Ex. 14
1. ¢/2. 7.3z -2y =0.
3. 3/2t. - . 9. 72 +2y —11=0,52+2y — 5 =0.
6. r2(1 — 6r).
Pages 67-69, Ex. 16
1. 1.257893, 1.256636 sq. ins. 16. —dzx/z2.
3. 27.054 cu. ins. 17. Decreased 23 5 cu. ins.
6. 0.0067, 0.67%. 19. 33.004.
7. 14.034. 21, 0.03.
9. 10.04. 23. 0<1<3,8<t<12;1<¢;t<L
11, 16.024, 24.044, 44.048. B 26. $21.60.
18. 2003x/3 cu. ins., 100.L(V'5 4 1)x sq. ins.

Pages 62, 63, Ex. 16

1. 22 — 322 + 2= + C. 11, 3t4/4 — 2t3/3 + 3t2 4+ 8 + C.
8. ax + bx2/2 + . 18. z2/2 — x + 22%/2/3 + C.

6. 5(x + 3)3/3 + C. 16. 524/2 — 25 + C.

7. 228/3 — z2/2 + z + C. 17. y =22 -z + C.

9. 9x4/4 + 5x23/3 — 4x? + 3z + C. 19. s = 2¢3/3 — 3t2/2 + 6t + 2.



394 Answers

Pages 66, 67, Ex. 17

l.y=z3—2?—2z+C. 11, y = 27z — 23 — 26.

3. 8 = 16¢2. 13. (y — C)? = 4z, all tan to r-axis.
6. 21 units. 16. 2 secs., 16 ft.

7. 1/6 unit. 17. ¢ = 4, v = —12, 32 units.

9. 3y = 4292 — 14,

Pages 71, 72, Ex. 18

1. 15. 15. 128/3.

3. 32/3. 17 y =23 — 22 — z — 2.
6. 27/4. 19. 1 <t <4, 9/2.

7. 15/2. 21. 40 cents.

9. 1/2. 23. 0.5%.

11. 4/3. 26. 32/3.

13. 72.

Pages 78-80, Ex. 19

1. 8z — 322 + 2. 26. — (22 + 1)/t
3. —2/(x — 2)2. 2. 2+ 2y =022 +y — 9 =0.
5. 18z (3x? — 2)2. 29. 1 X 4, maximum.
7. 2(4z* — 32 — z + 2). 31, 2(25 + 20 — 32 — 1).
9. —4x/(1 + z2)2. 33. (b2 + 222)/ (b2 — 22)8l2,
11. (1/3, 8/27), (1, 0), (2/3, 2/27). 36. (y2 + 3by — 2b%)/2(y + b)2Vy — b.
13. 2V/3/3. 37. 2b(a — 22)/2%(z — a)b.
17. (2 + 3z)/(2 — 3x)3. 39. —2ax?/(2? + a)3(xd — a)4h3,
19. 2(2z — 1)(2z + 1)*(10z — 1). 41. 9 — 2V3 mi.
21. V1 — z (4z — 7z — 6)/2. 43. — (1 + t2)2/4¢302,
23. —3/V (3 — )3 + )% 46.t =2, 1.

Pages 82, 83, Ex. 20

1Ly=(7-2z)3. 17. —b2r/a?y.
3. y = 4z/(z + 2). 19. —Vy/ V.
6. —y/z. 21, 2+ 3y — 13 = 0.
7. x—y +2)/(x — 2y). 23. 3z —y—2=0,3x+y—2=0.
9. 2z + y)/ 2y — z). 26. zr; + yy = a®.
11. 3z + 4y — 25 = 0, 27. 7/2, arctan 7.
3z — 4y + 25 = 0. 29. —(y +a)/(z + ).
18. z + 6y — 13 = 0. 81. (y2 + a)/(3y% — 2zy — b).
ls.l—yﬁ_ +2 23 I+\/1:2+y2.

zy —:c’\/x’+2 2y\/x2+y2..y
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Page 85, Ex. 21

. 2a/y, —4a?/ys.

—y/x, 2y/x%

. —z/y, —a*/ys.

@ +3)/@+2),
—2(y + 3)/(z + 2)%

. —y/z, =29/

3t/2, 3/4t.

. —Vy/zx, \/;/2903/2.

16. —3a2x/15.

17. y/x.

19. —120/(2y — 1)W.

21, (1, 1) min., (—1, —1) max.
23. (-1, —2), (1, 2).

26. (1, 1) max.

27. 128, 8V/2.

Pages 87, 88, Ex. 22

. Base = side.

V2.

. a/2 X g\/§/2, a = diameter.
.r=V2h
. e = 2h

aV'2 X V2.

13. 3V/3ab/4.

16. (0, 2) max., (£2V'3/3, 3/2).
17. Length = 2 diameter.

19. 2V/3 mi.

21. 3a/4.

Page 94, Ex. 23

r—4y =0,y —xz+2y+1=0.

z+2y—3=0, .
3y —4x — 14y + 15 =0

23. ¢/2, 1/12¢.
26. — (1 +8)2/(1 —1)?,
41 + )3/ — t)s.

Pages 99, 100, Ex. 24

.2, —4,2V5, (2, —1).

2, —2,2V'2, (4, 0).
Y ey +2,t=1 (3 2).

. arctan(z/5t) arctan(1/3t), y¢ = 22
. arctan(4/3), 1/2 hr.

2, 12, 2V 37, arctan 6; 0, 12, /2.

13. 2, —2,2V'2, 3x/4; 0,6, x/2.

16. 1/4, —1, \/17/4 arctan —4;
—1/4, 2, V/65/4, arctan —8.
17. —3/2 3/2, 3V/2/2, 3x/4; —9/2,
15/2, 3V/31/2, arctan (5/3).

19. :1:2\/..), +V'5, +1/3, F2/3.

Pages 101-103, Ex. 26

z =100V2¢ y = 100V2 ¢ — 1662;

1414, 45.4, 1488,
5V6/2 secs., 20016 ft.

7. 20y = 20 tan a — gr? sec? a.
11, »/4.
19. 12/5, —16/5.

Pages 105, 106, Ex. 26

1/25x ft./min.

. 2/ ft./min.

50 mi. /hr.

. 2V ft./sec.
. 80/7, 24/7 ft. /sec.

2V/3/15 ft./hr.

15002
13. ‘\/;2‘57#—_’_1 t./min.
16. 12 sq. ft./min.
17. —250/V/89, 250/V/41 ins./sec., t=1.

1o, 350700 & V3 i/

T V12250 353 ¢ + 1
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Pages 108, 109, Ex. 27

2000 cu. ft.

. 80, 120 mi.

T =243ty = 6L
(y — 2)? = 23, 2V 10.

. arctan (44/15), 50.3 mi./hr.
. 6s =13 — 312 — 6, 2.7 secs., 4.4 secs.

15. = = kt?/2 + at, y = bt.
17. (2t + 9)¥2/3, y = 2t + 9.
19. 422 rds., 6 mins,

21. 50 + 10V'3 rds.

23. (+£8V'5/5, +2V5/5).
26. 3 hrs., 60 mi.

—2kxv, /a. 27. 8.155.
Pages 111, 112, Ex. 28
y=2*+0C,8. 11. 12¢ + 82 + C, 204.
8. 13. 14/3.
. 128/3. 16. 1/12.
33/2. 17. 6z, 15.
44/3.
Pages 113, 114, Ex. 29
21/2. 7. 3/4. 13. 1.
486/5. 9. 16/3. 16. 72.
7. 11. 36. 17. 64/3.
19. z + y = 2a.
Page 116, Ex. 30
90. 6. 25/12. 9. 3.58433.
36. 7. 5.85312.

Page 117, Ex. 31

0.86157 < 1 < 1.16157.
0.66877 < 0.69315 < 0.71877.

6. 0.7600 < 0.7854 < 0.8100.
7. 1.8390 < 2 < 2.153%= °

Page 123, Ex. 32

13. 6V/3.

16. 64/3.

9. 1/3.
11. 40/3.

Pages 128, 129, Ex. 33

17. wrth/3.

19, 4xr3/3.

21, 7h(3r2 + 312 + h?)/6.
23. 16, 384x/105.

Pages 131, 132, Ex. 34

128/3. B. 71/6.
9/2. 7. 32V/2/15.

. 72, 9. 1392r/5.
. 11. 16x.

. 128x/105. 18. 128r/35.
3841 /5. 15. 14/3.
288V3. 9. 648V3.

. 576. 11. 972r.
288. 13. 800.

. 144 15. 8a%/3.

17. 64/5.
19. ah/3.
21. a X aV3.



13.

1.

6.
7

. 640w/3.

320w/3.

. 4 ft. below base.

8,586w.

6

. 4000aB/ (4000 + a).
. 3/16, 3 ft. lbs.

54007 w ft. 1bs.

. 1357w ft. lbs.

2m /3.
/2.
2m.

18 cos 3z.

. 6sin(l — 2z).
. sin 2 cos? x(2 cos?x — 3sin?zx). 23. cos z, —f(z), —f'(z), f(x).

—12 cot? 4x csc? 4x.

. 1/2, —1/2, —1.

. 2,2 8.

.1,0, —1, —V/2, —1.

. —4(1 — sin 2x) cos 2z.

sin :1:/(2\/1 — cos z).
-

Answers 397

Page 136, Ex. 36

9. 50,500w/3. 15. 53,248w/15.
11. 16,384w/5. 17. 8V/8 below vertex.
13. 21,504w/5. 19. 0.8 cu. in./min.

Pages 138-140, Ex. 36

.

11. 144xw ft. Ibs. 19. 18t + 6, 0, 18.
13. 393xw ft. Ibs. 21. 3V'5.
16. 0.3333485. 23. 660w, 11 ft.

17. Notatx = —1,no,z > —1. 25, 5050 ft. lbs.

Pages 143, 144, Ex. 37

T. 4. 11. 4007 ins./sec., 1007 ins./sec.
9. 2. 23. 6.2838 sq. ins., 0.1278 sq. in.

Pages 149, 160, Ex. 38

. 19. (z cos z — sin z)/x2.
21, 2sec z(tan r — sec )%

26. cos z/sin y.
sec? (z +y) + sec? (zx — y)
* see? (x — y) — sec? (z + y)
29. y/z.
81. —cotf, — (1/4) csc3 6.
33. (b/a) csc b, — (b/a?) cot? .
36. =/4.

Pages 161, 1562, Ex. 39

2z —y+1=0, 15. 4 sq. ins./min.
6z — 12y = = — 12V/3. 19. arctan (6/17).
0<z<w/2,n/2<z<m 21. 13V13 ft.
r/2<z<m0<z<m/2 23. (-2, 3),2; (2, 5), 4.
5, -5, 25. 0.86748, 0.00167.
3V/3/2, —3V/3/2.

0<z<m/4 5r/4 <z <2m,

/4 <z < 5r/4.

Amplitude 4, period .

Pages 166, 166, Ex. 40

9. j/s = —16, w/2, 2.

s = —b sin(wt/4), —br/4. 11. j/s = —1/9, 5/3, 0. .
0,9V'2, 18, 18; 27, 27V'2/2, 0, 0. 13. 5 ft.

= 4 sin (¢/4).

15. 87a?b/15.



398

W

¢ L4
53
i

[y
be
li

"°!"

o

7.
9.

11, (=2, r—2) max., (2, 2—) min.

13.
16.

-

3.

N

1.
3.

5.

1,

3.

5.

7.

9.
11,

13.
16.
17.

19.

o
=]
w

[ SRS
.

8
I

VR R
=
<

+2
"V = g2

= —siny, ————=

3 lO

8/V1 —or2.
—2/(x? — 2z + 5).
22/V1 — 1. .
1/2V —2? — 7.

arccot (z/2) — @+ 4

222 /V'Y — .

aresin z.

. 50/3 rads./min.

12, 48 rads.
2 rads./unit time.
4/5 rads./sec.

407 ft./sec.
0, 0; 2aw, O.

(wa—-2a )
ra)e
2

cos 3z

3 + C.
2 tan (z/2) + C.
arctan 2z + C.
2sin2z + C.
arcsin 2z + C.
2.
ssm2 3z

+ C.

-—3 tan (z/3) —z + C.
r sin 2z s

2 4

sin? 2z
4 + C.

2x (2™ 5) .

Answers
Page 158, Ex. 41
17. z = 2tauy,x23_4'
1 -1
19. z =écbcy,xm

Page 160, 161, Ex. 42

17.
19.
21.
27.
29.

2z arctan z.

a/Va? — 22,

—a/(a? 4 x?).

y/(e* + y* + x).

(@ + y? + y)/x,
2(y + 1) (2% + y?) /22

(-, r—-2), 3,2 —-1=),1,0),
r>1x<1.

2/9 rad./sec.

2abw(5a — 3ab + 5¢)/15.

31.

33.
36.
Page 164, Ex. 43

9. 422 + 992 = 36; 2, (3,0; V'26/2), 3V3/2,V'2).
11. 0.72 rads./hr.

13. 48V/5/65 rads.

16. V34, 8/17.

Pages 166, 166, Ex. 44

=Y N So
9. r = a arccos - V2ay — y2
a

11. z = 63 — sin31), y = 6(1 — cos 31).
13. wVa? + b2 — 2ab cos 6.

Pages 168-170, Ex. 46

. 21. 6.
23. 1/2.
25. .
27. x = 2cosl,y = 2sint; 2,1; 2.
29. 4 rads.
31. V2/4, —V2/4.
83. 40/3, 120/109 rads.
36. 22/225 rads /sec.
37. (18 — 8V2 — )/8.
2Vzr +1 + 1 cos T

3 —_—
Vrtl+1



el

23.

L

2.
2.
3.
72.
2z logs e/ (z2 + 1)
222" In 2.
L 1/ (x2 — 4).
. exla — g~zla,

., 2(6” — e—zz)/(ezz _|_ 6_").
. —2secz.

. (1 —In x)/x2

. 4 esc 2z log e.

.y = ex.

z—y—1=0.

.z — 4y = 4(1 —In 4).
8In2—-y=24In2 —8.

(=1, —1/e) min., (—2, —2/¢?) infl,,

z > —2 upward.

. (0,0) min.
. atess,

In z

2

5

, 2:+1/In 2 + C.

er 1 4 (.
In (z2 — l_)

2 + C.

. In 16 + 2.
et — 1,

. 22°/2In 2 + C.

(1/2) In (22 + 62 + 1) +

y = 20e1=,

9y = 16(3/2)t.
125,000.

26.4 yrs.

2.34 mins.

Answers 399

Pages 174, 176, Ex, 47

log arctan y 21. arcsin 10v,

1. log 2 23. 2log; .
log arccos y 26. +4/5.
9, —-—-
log 2

Pages 179, 180, Ex. 48

26. z=(1 + In ).

27. (2/r) In 2z.

29. 2e2x e8I €* cog e27,
31. 1/(z In x).

83, —2¢9911,

36. 3 ( + 1) In (ze®).
87. —1/(x In2 azx).
y(1 — xextv) .
Ut o)
2zer* ' — ay
" oye™ v taz

Page 181, Ex. 49

18. 27/Ins 2.
16. 0.698.
17. 6V3z—6y =6In2 + V3.

Pages 183, 184, Ex. 50

17.
19.
21.
23.
25.
27.

29.
31.
33.

—cos e + C.

(et — 1) /e.

8(e2 — 1)/e.

zt = 2y.

w(e? — 1)/4.

(8 1n 2 4+ 6).

—2log, e/zVz + 4.
ez,

—2bV" " In b/ Ve — g2,
C.

Pages 186-187, Ex. 51

11, y = 3ei7=/2,
19. (n/4,37/4).
21, Az/z.

25. (eje), (¢%,€%/2).



400 Answers
Pages 191-193, Ex. 62

1, (z* —1)/222 +In22 + C. 3.z +4ln(z—-1) 4+ C.

3. (x*+2)5/156 4+ C. 83. 22/2 +3z+5In (x — 3) + C.
6. 2Vz3 +2/3 + C. 36. z?/2 — (1/2) In (2* + 2) + C.
7. V72 T2z +C. 37. (3/2) arctan 2z + C.

9. (1/12) In (42 — 3) + C. 89. (1/5) 1<2x“’2 + 1% + C.

11, — 3(4 — g2)2is .
13. 2 arcsin z + C. 4 4(22* + 1) +c
1 -1 g 43. (6/V'7) arctan V7 z + C.

" 12(3 + 42%) 46. (1/3a)(3 tan ax + tan3 azx) + C.
17. (—1/6) cos? 2z + C. 47. arcsin ¢* + C.
19. (1/2a) sec? ax + C. 49. (1/3)(cos®z — 3 cos z) + C.
21, (1/15) sin® 3z + C. 61. In (er — ¢7) + C.
23. (—1/2b) cse? bz + C. 63. (1/a) In (e** — sin ax) + C.
26. (1/a)In (1 + tan az) + C. 66. (1/6) sin® z* + C.
27. (—=1/3) (1 — ¢*)* + C. 67. (2/3) (1 +In z)¥2 4 C.
9. 1/(1 — e2) + C. 69. In (e2 — e7=) + C.

Page 194, Ex. 53

1. (1/3) arcsin (3z/4) + C. 19. —V3 + 2z — 22+ C.

3. (1/V/2) arcsin (V22/V3) + C. V23 2 V3

6. arctan (z + 1) + C. 2l —m— = arcsin —=— + C

7. aresin (z — 1 3 V3 V2

. arcsin (z )+ C.

9. arcsin (z/2) — \/4___~;2 +cC. 23. z + 2\/5 arctan (2r + 1)/\/5 + C.
A, (1/4a)ews + C. 26. (2V/3/3) arcsin (V3 ¢=/2/2) + C. .
13. —In (1 4 cos z) + C. :7- I(n Sif/llfc +)C~ c
15, InV* 342 £ 2 4+ C. 9. (=1/In )a™* + C.

17. InV2? — 42 =7 1-4:': :_-7 _:- 31. (3 csc4xr — cseddx)/1z 4 C.
19 arctan + C.
V3 \/_
Pages 197, 198, Ex. 64

1. (1/3) cos®z — cos z + C. 83. —coser + C.

3. 2/2 — (1/8) sin 4z + C. 36. —e'= 4+ C.

5. (1/6) cos® z — (1/4) costz + C. 37. (1/81n 2)2¢* + C.
7.2+ cosz + C. 39. (1/2) arctan?z + C.

9. /8 — (1/16) sin 2z + C.

11, 3z/8 — (1/4) sin 2z + (1/32) sin 4z + C.
18. V2sinz + C.

16. (V'2/3) In (sec 3z/2 + tan 3z/2) + C.
17. In (esc x — cot z) + C.

19. (1/35) cos® z(5cos?z — 7) + C.

21, (3sin?z —1)/3sin®z + C.

28. —Insinz — (1/2) csc?z + C.



Answers 401

25. cos z(5 cos® x — 21 cost z + 35 cos? z — 35)/35 + C.
27. tan® z(5 tan2z + 7)/35 + C.

29. (84x — 48 sin 2z + 3 sin 4z — 4 sind 22)/192 + C.
31, (24r — 8 sin 4x + sin 8z)/1024 + C.

Pages 201, 202, Ex. 56

. 2(z + 1)¥2(3z — 2)/15 + C.
. arctan (Vz — 4/2) + C.
. 3(z + 1)¥3(2z — 3)/10 + C.
. z/4V'4 — 22 + C.
. x — 2 arctan (z/2) + C.
11. 2Vz + 3 +C.
18.In (x + 1) + (4= + 3)/2(x + 1) + C.
16. 22%2/3 — 3z + 18Vz — 54In (Vz +3) + C.
17. (1/a) arcsec (xz/a) + C.
19. —z/9Vz? — 9+ C.
21, 4(1 + V)2 3V — 2)/15 + C.
23. —2 cos \/; + C.
26. 2Vz? — 4/3 — (4/3) arcsec (2z9/2/2) + C.
2T. (28 — 8)%3(5z% + 24)/40 + C.
29. 4(Vz — 1)"2(3V'z +2)/15 + C.
81. —4V1 - Vz(Vz+2)/3 +C.
1 z
8. gIn —— +C.
86. —V'z/9(9z + 4) + (1/54) arctan (3V'z/2) + C.

»
I

O =3 W =

Pages 204, 206, Ex. 56

1. e2/2 + C. 21. 2(Vz + ¢¥%) +C.

8. sinx —xcosz + C. 23. (e*** — 4ax — e722)/2q + C.

b. €% (922 — 6z + 2)/27 + C. 26. — (4 — z2)%/2/1223 + C.

7. 238Ilnz - 1)/9+ C. .~ 27. —e#(sinx + cos z)/2 + C.

9. (z?arctan z + arctanz — z)/2 +C. 29, —e=(x2 4+ 2z + 2) + C.
11. 2?3 In2? — 2)/9 + C. 31. —(xarctan Vz + Vz +
13. (1/2)(x? 4+ 1) arctan?z — z arctan x + arctan \/;)/% +cC.

In Vz + 1+ C. 83. —¢-*(sin 3z + 3 cos 32)/10 + C.

16. e*(sin z 4 cos z)/2 + C. cos T 1. 1—-cosz
17. —e='(z* +1)/2 4+ C. 86. _2ain2x+2 ll1+cos:¢:+C

19. Inlnz + C.
Page 209, Ex. 57

1, In (z — 2)3/2? + C.
8. (1/2)In B3z + 1)8/(z — 1) + C.
5. (1/2)In (z — 2)(x + 3)¢/(z + 2)* + C.



402 Answers

7. 1/2)Inz/(x +4) — 6/ + C.
9. 2r—1)/222+Inz/(x+1) +C.
11. (1/2) In r®/ (2% +1)% + arctan z + C.
18. In (Vr — )YV +C.
16. z — In (22 4+ 2x + 10) — (8/3) arctan (x+1)/3 + C.
17. 2 arcsin (r — 1)/2 — V3 + 2r — x2 4+ C.
19. (1/8) In tanZ x/(tan2x + 4) + C.
21, (1/2)In (1 = V1 — 0)/(1 + V1 —z) = V1 - z/z + C.
23. 2—-3r)/(z—1x—-2)+2In(x—-1)/(x —-2) +C.
26. (x —1)(2 — 2)/4(z? — 2 + 2) + (1/8) In 22/(z? — 2z + 2)
4+ (1/2) arctan (x — 1) + C.
27. (1/8) In 22/ (22 + 1) + 22/8(x2 + 1) — (In 2)/4(1 + 2?2 + C.
Pages 211, 212, Ex, 58
1. 61/192. 19. (4 — =)V'2/8. 37. In (4/3).
3. /3. 21. =2/4. 39. 5m2ad.
5. 116/15. 23. /4. 4y, 257
7. 1/3. 26. 16 — 121n 3. 14 xt
9. 7/12. 27. rab. 43. 3 In aa'™ %in3=z cot 3z,
11. In 3. 29. 2r. 49. 30V/3 ft.
13.2. . 31, (r +6V3 —12)/12. bl =(5ct — 4e? — 1)/2et.
16. (9V3 — 10V'2)/24.  33. 5/4. B3. y = =~V
17. 1. 36. =2/2. 65. 3 ft.-lbs.
Pages 216, 217, Ex. 59
1. 1. 16. None. 27. 2, none.
3. None 17. None. 29. Norr41/8.
6. None. 19. None. 31. None.
7. None. 21. None. 33. 2.
9. =/8. 3 1 1 36. None.
11. None. 2. 17)(\3/—2?5 - \7—5) 37. None.
13. None. 25. None. 89. /2.
Page 219, Ex. 60
19. esin’z | (O,
21, z/8(x* 4+ 4) + (1/16) arctan (z/2) + C.
23. 2(al/3 4 21/3)%3(15z2/3 — 12at/3z1/3 + 8a2/3)/35 + C.
26. —arctan (cos z) + C.
27. (1/12)'In 3 4+ 2sin z)/(3 — 2sin x) + C.
29. sin 3z(3 cos* 3z + 4 cos? 3z + 8)/45 + C.
81, — (105 cos?® 3z — 189 cos® 3z + 135 cos’ 3z — 35 cos® 32)/945 + C.

83,
36.
37.

(=5 csc 2z — 15z + 5 sin® 2x — sin® 22)/10 + C.
(3 tan 87 + tan’ 8z)/24 + C.
(1/2a) In (a — ¢?)/(a + ¢*) + C.



Answers 403
Pages 226-227, Ex. 61
1. 16/125. 21. 4V/2/x.
3. \/51 2. 23. none.
6. 2V/5/25a. 26. (—7/6, 3).
7. V. 27. (—In V2, V/2/2).
9. 24/125. 29. (0, 0).
8 + 3:1:2) 31. .
I .
1 ( = 33. 16V/2/xs.
13. 1/e. 36. 2(1 + cos? )32
16. Va/2(z + y)¥. 37. V2.
17. 3V/21/98. 39. 27ak* = 8(h — a).
19. .
Pages 228, 229, Ex. 62
L 4r. 11. In (3/4) — 1/2.
3. In (V2 +1). 13. 3 +81In 2)/8.
6. 3a/2. 15. e/2 — eme/2,
7. 6a. 17. V2(1 - &),
9. V5—V2+In@2V2+2)/(V5+1). 19. 4.
Pages 231, 232, Ex. 63
1. 4ra’. 11. 60r.
3. 2:V2+In 1+ V2)] 13. 64ma?/3.
5. 12ra?/5. 16. ma2[2V7 -1 —
7. 4n%a?. V9 - —
9. 2r(2a + e — e70). ~In @V2 + VD)V + 1)
Pages 233. 234, Ex. 64
1. ra/4. 11, 2a%/x.
3. 8/3. 13. 7a3/2.
5. 20. _ 16. 2V/2bg/3.
7. 8V/3/5. 17. 641n 2 — 15)/12.
19. k(t:2 + 42 (ta + ).
Page 238, Ex. 66
1. 16/5. 11. (e — 3)/e.
3. 3ma. 13. 2a? — aV/5.
5. V2 -1 16. 12 arcsin (V'2/V3) — 2V/2/5.
7 32{3- 17. 2rab.
9 2a°(3r + 8)/3. 19. 7[V2 +1In (1 + V).



404

1.
3.
5.

1.

6.
7.
9.
11.

47ra3/3.
5127/8.
527/27.

. 512=V'2.

w/4.
11r/6.
27%ad.

(9/4, 3).

(1.82, 0.598).

1/n2.
17271,
n/2771,
1/n(n + 1).

14+2/34+1/34+2/1564---.

Answers

Pages 241, 242, Ex. 66

7.
9.
11.

15.
17.
19.
21.
23.
25.

Page 246, Ex.
5.
7.
Page 248, Ex.

0.
e.
1/3.

47(2In 2 — 1).
4ra?b/3.

#(8In2 — 3)/2.
adrw.

11, 875rw/12 ft.-lbs.
2a2/3.

67

No real solution.

=+1.

68

Pages 251, 262, Ex. 69

13.
16.

17. 1/(n* 4+ 1).

145.
2.

13. 0.
16. 2.
17. €2

19. n(n + 1)/ (n + 2)3.

1—-4/54+3/5—-8/17+--..

Convergent.
Convergent.

Convergent.
Convergent.

221

Pages 265, 266, Ex. 70

6.
7.

3
2o

S

Divergent.
Convergent.

Page 260, Ex.

Divergent.
Convergent.

Page 262, Ex.

All values.

-1Zz<1.

Page 266, Ex.

71

72

73

21. n(a + 1)/2, a+ (n — 1)d.

YA
9. Convergent.
11. Convergent.
~>

9. Convergent.

9. 25 -1, z> 1.
1. 1 <z <3.
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z? x4 z
11, 1+2!+Z—!+6'+
I AR
13. v — PY + s 12 +
z x4 z
16. 1 — 2 — — 23 — — 26 —
21 41 6! +
1 ; 2 V3
1. o 1—\/§z~2—!+——3——!— +)
z? 5t 618
19. 1 + ST T er +
x’ 3zb 3-527
21,z — — .
Loz =33 T 245 ~ 2207
AR AR
23, 22— 4o — =
S N
x4 g8 gl2
6. 1 — —2_1 + Z—! — ; +
o142 4 20
“ 24" 246
Pages 268, 269, Ex. T4
1. 2.7183. 16. 0.36434.
3. 0.0523. 17. 0.22 or 12° 36,
6. 0.1823. 19. 0.1987
x?  xb 21. 1.
T2(o+ 5 + 2 23. 0.
9. 3.142. 26. 0.7467.
11. 0.52992.
Pages 270, 271, Ex. 76
— 4)2 — 4 3
1 e4[1+(x—4)+(’”2, ) +($ A ]

() )
s 142(== 1) 45 (== ) 53 “>]+

\/-[ z—1 (z—1)? (z—1)

7. 1+= s T3 6 T
@-2) (@-2)7¢ 20-—2)

2+ —— ="y t a1 T

1. -1+ @-1)?2—-2(z—1) -7

1 T ™\* 2 ™\
13, —§1n2+(2—z>—<x—-z> +§<x—z) +

(23 _ a)n-l
e




406 Answers

1. 0.8746. 5. 1.9680. 9. 3 terms.
3. 0.5736. 7. 0.85723. 11, 2.01545.
Pages 274, 276, Ex. 77
13. p?sin 2§ = 4. 36. (2 + y%)? = a(2® — y?).
16. o = a. 43. (2, 0).
17. y — a = 0. ) 46. (0, 0), (a/V'2, ©/4).
31. p = 2a (cos 6 — sin 9). /2. Br/4
33. p(cos® 6 + sin® @) = 3a sin @ cos 6. 47, (:/az (S’in:é -)I- cos® 6).
Page 277, Ex. 78
1. /2. 11. 3.
3. arctan (1/a). 13. /2.
5. 0. 16. arctan (V'3/2).
7. arctan (1 — V/2) = 157° 30". 17. —5/12.
9. /4.
Pages 278, 280, Ex. 79
1. ma?. 9. 47a3/3. 17. (2r — 3V/3)/2.
3. 197/2. 11. wa?/4. 19. 8a2/3.
b. a2 13. a?. 21. 8r/3.
7. ma?/4. 16, (6 — =)/3. 23. p = Aedlk,
Page 281, Ex. 80 _
1. 27a. 6. 4ral. 9. V1 + a?(e?f2 — ¢afr)/q,
3. 3ra/2. 7. 3x/2. 11, @8 — 9V/3)/16,
a2(167 + 9V'3)/16.
Page 283, Ex. 81
1. 9ral. b. a?(3 arctan 2 + 2 — x)/4. 11. a?2(2x + 3\/5)/3.
3. 3r/2. 7. @*(x — 1). 9. 4na?/3. 18. a2(9r + 16)/12.
Page 287, Ex. 82
Lz=0y=02=0. 11. bz 4 ay = ab.
S.z+y=0. 13. cy + bz = be.
6. y+2=0. 16. p2 4+ 22 =a? r = a.
7. 6. 17, z = 22 + y? 2% + y? = 2ay,
9. V86. 2 = 2a — z.

Page 272, Ex. 76

19, z = qer’.
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Pages 291, 292, Ex. 83

1. V17,V6, 5. o, 21V10 ~11V13 33V/130,
. b
3.1, -3 —1; /VIL. 130 130 ' 650
5. No 11, 54° 44.1",
55 £5V2 V2 16. 1, -5, 2.
7. (572""“5— }:I:T'

Page 294, Ex. 84

1. 3, .%y % -5 47—:2?’ 5 "%; 9. 2r +2y—~2=3.
2, —3, 4,0 13. 3r — 4y — 6z = 12.
3.2x+y+2:=3 16. 20 —4y — 32 +9=0
7. 3¢+ 6y + 22 = 6. 19. 3,5, 6
Pages 295, 296, Ex. 86
1. 1/2,1/2, \/5/2; 60°, 60°, 45°, 9. (x+2)/V1l=(y—3)2
3. x/2=(y—1/3)/2 = (z — 5/6)/1, = (z +4)/L
2/3,2/3,1/3 1.3y + 42 =6,r =0; v + 2z =3,
T.z—4=(y+3)/-5=2—-2 y=0; 2r +3y=8,2z=0.
Pages 299, 300, Ex. 86
L (x=h+@@—k2+ (—-D2=a?
3. Cylinders: elliptie, parabolic, hyperbolie, cireular, parabolic.
B. b2r? + a?(y? + 2?) = a? 13. 22 4 42 = 4pz.
T. 24 = 16(z* + »?) 16. (32 — 4)* = 4(22 + y2 — 10y + 25).
9. c2(x? + y*) — a%? = a%* 17. 22 4 52 = 16, (0, 0, 2), (0, 0, 4).
11, (a — c2)a? + a?(y? + 22) 19. Locus of fi)cus 2422 =5,
= a*(a* — ). (£2V10/3, 0, 0).
e Pages 303, 304, Ex. 87
L2+ y?=92%224 9y =160z — 1) 9. 22 — y? = 4, 92° — 422 = 36.
3. (0,0),z = £22, y = 422 11. 256x/3.
5. 922 + 42 = 36, 412 4 22 = 16, 18. 4rabe/3.
162 4+ 922 = 144, 16. 257/2.
T. 22 — y? = 4, 9r? 4 422 = 36,

9y? — 422 4 36 = 0.
Pages 308, 309, Ex. 88

1. Ellipsoid. 21. Hyperholoid-one nappe.
3. Hyperboloid-two nappes. 23. Circular cone.

6. Elliptic paraboloid. 26. Circular cylinder.

7. Hyperbolic cylinder. 27. Circular eylinder.

9. Sphere. 29. Parabolic cylinder.

11. Prolate spheroid. 31. Circular eylinder.

13. Elliptic cone. 83, x? 4 y? 4 22 = 25,

16. Hyperboloid-one nappe 36. 9y — 4a? 4 422 = 36.
17. Elliptic paraboloid. 37. 500x/3.

19, Paraboloid. 39. 2r.
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3.
6.
7.

9.

3
7.

by

ol

4z, 6y.

—z —y

Answers

Page 314, Ex. 89

13. ¢f sin 2¢, 269 cos 2¢.
16. e*[cos (x — y) + sin (z — y)],

\/4—x2—y2’\/4—:c"’—y2.

—y/ (@ — )% =/ (x — y)2
yerv, xe'v,

2, 1.

yesv(zy + 1), zex (zy + 1).

3r — 2y 4+ 22z = 17.
4r + 3y — 32+ 4 =0.
4r + 2y + 2z = 12,

x—y+z+4+1=0.

iz + ny + 2z = a’.

—e% cos (x — ).
17. 2xe=*tv?, 2ye=’tv’,
19. (3, 9/4, 15/4), 4/5.
21, 2z +y + 22 = 9.

Pages 317, 318, Ex. 90

17. —2zy/(x? + y?) + 2 arctan (y/z),
2ry/(x? + y?) + 2 arctan (y/x),
(x? — y3)/ (@ + y?).

19. 4 + 4y — z = 6.

21. —u/p, —p/v; k/v,v/k; k/p, p/k.

btz — ac?yy + a2z = a?hic?.

2z +y) Az + (z + 2y) Ay

+ &% + Az Ay + Ay).
~A? + Az Ay + 517
7.1407.

19.0122,
2(xdy — ydx) .

(z —y)?

3z 4+ 2y — 62 = 49.

—z2

x+ysinyz’:c+ysinyz

. —6

11/84,
12,
16x.
8.

wa%h.
64a3/9.

—z sin yz
.

. 2ma3/3.
. a3/18.

Pages 321, 322, Ex. 91

11. e=v(y dz + z dy).
13. 128.320.

16. 2.505.

17. 0, 0.

19. 0.03.

21. 0.199 sq. in.

Page 324, Ex. 92

6. 4z + y = 3z.
yexv + ze**

eV - ze¥®
—_ .
xex? + yevs ’

yev: + TEec*

Page 330, Ex. 93

11. 81x/2.
13. 4.

16. 1664/35.
17. 16a3/3.
19. 569/140.

Page 333, Ex. 94

9. 4ra’(8 — 3V/3)/3.
11, 4xa?/7.
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. (2b/3, a/3).
. (4a/3m, 4b/37).

. (3y’—2y)§1—/+2x = 0.
dz

Answers

Page 338, Ex. 96

. 81/4. 9. ma3/2.
. (56 — In 8)/18. 11. 4rabe/3.
/2. 13. 100x/3.
1/4. 16. 27 (23V23 — 101)/3.
Page 343, Ex. 96
wkat/4. 9. 22k,
. wkab3/4, mkash/4. 11. 3rkat.
4k/9. 13. a*k(320 + 81x)/96.
. 64k/63.

Page 346, Ex. 97

2a 2a
1. (12 “3r'12 — 31r)'

. (a/5, a/5). 13. (1, 7/8).
. (16/7, 0). -
(o 5u70), 16. (256V'2 a/105m, 0).
Page 347, Ex. 98
. (0, 2a/x). 3 (0 alet +4e2 — 1)
(2a/5, 2a/5). "\ de(er—1)
Page 348, Ex. 99
(a/4, b/4, c/4). 5. (0,0, 4/3).
. (3a/8, 3b/8, 3¢/8). 7. 2 = 3V2/16.

Page 363, Ex. 100

. \V2/a. ® B. 2kara(V2 — 1)/3.
2k 7. kamr3V3 — 31n (2 + V3)].
Page 359, Ex. 101
. 2?2 4+ y? = q% 11.Iny +2 —sinz =C.

18. y =C — z + 22
dy

L rx— —y = 0.

16 xdx y

zy+z+2y=0C
Pages 360, 361, Ex. 102
224+4lny = C, y* = Ae~?. dy _
In (1 + y2) + 2 arctan z = C. 11 2xy-——+:c’-y2 =0.
yd + 291 +y) = A0 ~ ). dy
dy 13. ( ) - 2:c +y=0.
:I/‘T +z=0.

z

dy dy
dy V=g \/ (&)
xy—2y=0. 16. y Id;c:t3 14 iz
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1. 2yt = C@y + 2). .
2y+(1—\/§)z
8. =—————— @@+ 2y )V =C. gy ] =
.yVar+4+1=C.
o 1+V3z 13. zy = Ade=v.

1, 22+ 22y — 2 = C. 9.
8. y(er — 3) = C. 11.
8. 3xy? — 4a® = C. 13
7. 22+ y*+Czx=0. 15.

Answers

Pages 3683, 364, Ex. 103

. Inzx + eviz = C.

Page 365, Ex.

15.

Y =A:c\/x2+y’.
9. (22 —4)dy — zydz = 0.

secz + tany = C.

104

y(l — z) = azx.
@ =cVz + 2
. In z 4 arctan (y/z) = C.

Yy = €~

Pages 367, 368, Ex. 106

#V3 = y? = Ay.

¥ = Cy® — x%).

2y — 1)e2=" = C.
235(5 — Cx2) = 2,
2¢vy* = In (22 — 1) + 22
tanztany = A.

y(Cix + Cy) = 1.
22y + 2z = Cy.
3x2y = Cx? — 1.

1. y = 22 + ax. 13.
8. yer =z + C. 16.
5. ey —1) =C. 17.
7. y = 2 + Cz2'/=. 19.
9. 3y(xt + 1) = 428 4+ A. 21.
11, e%® *(cosy — 1) = C. 23.
Pages 370, 371, Ex. 106
1. 2y = 2xInz + 22 + Ciz + C.. 11,
8. y = Ci(z* + 2x) + Co.. 13.
6.4y =22+ Cilnz + C.. 16.
7. 4y = z* + Cix® + Co. 17, 22 4+ 2
9.2y = 22V + C 19. zy = a.
+ Ciln (z + Vi + C) + Ce
Pages 374, 376, Ex. 107
1. y = (4 + Bz).
3. y = ¢®*(A cos 3z \-l}_B sin 3z).
A
6. y = e=/2{\ A cos 3z + B sin 2T
7. y = Ae*® 4 Be™=,

a3,

11. 2 = g12/2 + Cit + C..

18. z = (1/k) In (kvot + 1).

16. 12,960 ft., 27.2 secs.

2 - 17. y = Ae* + Be?** 4 Ce™=.
’ 19. y = e*(A + Bzx) + Ce*=.

+ C.
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