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EDITORS’ FOREWORD

The object of this series is to provide texts in applied mathematics
which will cover school and university requirements and extend to the
post-graduate field. The texts will be convenient for use by pure and
applied mathematicians and also by scientists and engineers wishing to
acquire mathematical techniques to improve their knowledge of their
own subjects. Applied mathematics is expanding at a great rate, and
every year mathematical techniques are being applied in new fields of
physical, biological and economic sciences. The series will aim at
keeping abreast of these developments. Wherever new applications of
mathematics arise it is hoped to persuade a leader in the field to describe
them briefly.

F. BowmaN, M.A. (Cantab.), M.Sc.Tech.
Formerly Head of the Department of Mathematics,
College of Science and Technology, Manchester.
IaN N. SNEDDON, M.A., D.Sc.

Simson Professor of Mathematics,
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PREFACE

The aim of this book is to exemplify the methods available for the
solution of standard electrical, magnetic, and hydrodynamic problems.
These methods are most clearly demonstrated through a wide selection
of worked examples, such as is provided here. We hope that study of
these will help to clarify both the techniques for dealing with problems
of this sort and the physical consequences of the solutions obtained.

We have deferred to a second volume consideration of the more
specialised mathematical techniques, e.g. complex variable, spherical
harmonics, etc.

In each chapter the essential theory for a topic is quoted in note form,
and is followed by a set of fully annotated solutions to specimen
questions and by a further set of problems for solution by the student.
Each chapter is, as far as possible, self-contained. All the questions
used are taken from degree examinations set by British Universities
during the past few years. They thus provide a representative selection
of the present content of degree courses on these topics.

We are indebted to the authorities of the following Universities for
permission to use questions from their papers.

BIRMINGHAM (B.)
CAMBRIDGE (C.)
Durnam (D.)
EXxeTER (E.)
HuLL (H.)

Leeps (Le.)
LiverrpooL (Li.)
Lonpon (L.)
MANCHESTER (M.)
NOTTINGHAM (N.)
OxrorD (0.)
READING (R.)
SHEFFIELD (S.)
SouTHAMPTON (S0.)

The source of each problem is indicated in accordance with the key
above. The responsibility for the solutions given here is, of course, ours
alone. Proofs of bookwork are not, in general, given.

We are indebted to Mr. J. G. Henderson and Mr. Stephen Greener
for the diagrams.

We shall be grateful for information about errors and suggestions for
improvements.
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CHAPTER 1
VECTOR THEORY

In this chapter the problems deal purely with vector relationships and
are not directly concerned with physical applications.

1.1 Notation and Basic Definitions

1.1.1 The rules of vector algebra are assumed known and are not in-
cluded here.*

1.1.2 The notation used will be:

for vector product a x b (alternatives are a ~ b or [ab])
for scalar product a . b (alternative (ab))
for scalar triple product [abc] (alternative (a, b, c)).

1.1.3 The positive right-hand screw convention is used, in which a
rotation and direction are connected in the same way as the rotation
and direction of advance of a right-handed screw.

1.1.4 The main functions associated with vector fields are defined in the
table below.

(a) With reference to a volume v bounded by a surface S whose unit
outward normal vector is n. (N.B. In some texts the inward normal
vector is used, which alters the sign of the corresponding term.)

(b) With reference to orthogonal curvilinear coordinates xi, x2, X3
whose corresponding elements of length are hidxi, hedxs, hadxs.

(c¢) With reference to Cartesian coordinates x, y, z.

The functions are all invariant, i.e. their values do not depend on the
particular coordinate system chosen. ¢ is a scalar and q (q1, g2, g3) a
vector quantity.

1.1.5 TABLE OF VALUES OF VECTOR FIELD FUNCTIONS

(a) (b) ©
. 1 o6 1 o 1 04 o¢ op ¢
d ! IR I N L

grav(f o DI.,—I)ng " /5 ngds hy 8x, hy 8x, hy Ox, ox Oy 0z
div 1 . %91 | 0q2 | g,
orq Lim ;/n . qu hlhgh, {axl (hzhaql) + ox + oy + 5z

V.q v=>0"Jg ] F]
2 ) + o)}

* They may be found in any standard text, e.g. Weatherburn, Vector Analysis,
Bell and Sons.
1



2 HYDRODYNAMICS AND VECTOR FIELD THEORY
TABLE OF VALUES OF VECTOR FIELD FUNCTIONS—Continued

(@ ()] ©
curl 1st component: i j k
or Li“?];/”q"s Teg o, )
V X q v—>0 "Jg h2h3{ax2( ada) — Eﬁxs( 242)} ox oy oz
and other components by cyclic| ' 91 92 9s
permutation i, §, k being unit
vectors in x, y, z
directions
div grad ¢ o () 9 P4 P9
VO’l;ﬁ hhohg | O0xy\ hy 0x; ox® ' oy ' oz?
_f?,(ﬁalb %é) 4.0 (/_l;’_!z ?42.)}
ox3\ hy Ox, Ox3\ hy 0x,
(a.grad) q Ist component: Ist component:
or a, 99, | ay 0gy | a3 99, oqr 04y
@.Vq hoox, Thyox, Thyox, |Mox "%y
and other components by cyclic a g,
permutation 3oz
and other compo-
nents by cyclic
permutation

1.2 Relations between Vector Field Functions

curl grad ¢ = 0, div curl q = 0 identically
curl curl ¢ = grad divq — V3q
div(dq) =grad¢.q+¢divg
curl(¢q) =grad¢ X q+ $curlq
div(a xb) =b.curla—a.curlb
cul(@axb)=(b.V)a—(a.V)b+adivh—bdiva
grad(a.b) =(b.V)a+@.V)b+b xcurla+a xcurlb
The vector operator V2 must be distinguished from the scalar V2,
meaning divgrad.
In Cartesian coordinates only, V2q = (V2q1, V3q3, V2g3.)
In any other coordinate system, V2q = grad div q — curl curl q.
(See 7.1)

1.3 Integral Theorems

(a) Green’s or Gauss’s theorem

When S is a simple closed surface, n the unit outward normal vector,
enclosing a volume v, and ¢, q and their derivatives are continuous at all
points of v, then we have the different forms

(i)/grad¢dv=fv¢dv=/n¢ds
v v S
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(ii)/diquv=fv.qdv=/n.qds
v v N

(iii) curlqdv=/V><qdv=/n><qu
v v S
A particular application of (ii) is

@iv) / n. grad (—}') dS = 4n or 0 according as the origin, i.e. the
s

point from which r is measured, is inside or outside S.
(N.B. The expression n dS is sometimes written as dS, which is then
taken to mean a vector of magnitude dS in the direction of m).

(b) Stokes’ theorem

When C is a simple closed curve, S a surface bounded by C, n its unit
normal, positive (right-hand screw) relative to the sense of description
of C, ds a vector, magnitude ds, where ds is an element of arc of C, and q
and its derivatives are continuous on .S, then

(i)yﬁq.ds:/curlq.nds
C S

An application of this is that

(ii) curl ¢ = 0 everywhere is the necessary and sufficient condition
that there exists a scalar ¢ such that

q= —grad ¢

B
and that ¢q .ds = 0 for all closed curves and / q . ds is independent
‘A

of the path 4B and depends only on the positions of 4 and B.

(c) Green’s second theorem

If U, V are scalar functions, one-valued and continuous, with their
derivatives, in a volume v bounded by a simple closed surface S, then

(1)/(grad U.grad V)dv = —/UV2Vdv+/U-dS

=—LVV2Udv+LV—a;dS

and hence

(ii)/(UV2V—-VVZU)dv=L( ¥ vy )dS



4 HYDRODYNAMICS AND VECTOR FIELD THEORY

SoLVED PROBLEMS
Problem 1

(a) Show that [(a X b), (a X ¢),d] = (a.d) [a, b, ¢]
B)If (¢c—a).a=(c—Db).b prove a—b perpendicular to
c—a—h (E)

Solution. (a) In a triple scalar product the cross may be put in either
place and so the left-hand side may be written

(axb).{(a xc)xd}=(a xXb){d.a)—(.c)a}
(by expansion of the triple vector product)
= [abc](a. d)

sincea Xb.a=0andd.a=a.d.

(b) If two vectors are perpendicular their scalar product is zero.
Hence we consider

(@a—b).c—a—b)=a.(c—a)—a.b—b.(c—b)+b.a=0

Hence the two vectors are perpendicular.

Comment. These are straightforward applications of vector algebra.

Problem 2
1. Establish the relations

[a, b, c] =[b, ¢, a] = — [a, ¢, b]
(axb)xc=(a.chb—(b.c)a

for the scalar and vector triple products, and
2. Prove that

[a, b, c]d = [d, b, c]a + [a, d, c]b + [a, b, d]c.
3. If a, b, c are linearly independent prove that

_ bXxe _¢txXa .~ aXb
A b @b € T abd
are also linearly independent, and that
,_ BXC  _CxA __ AxB
~ [A,B,CT " [A,B,C’ " [A, B, (]

4. Hence prove that an arbitrary vector d may be written

d=(A.d)a+@B.db + (C.d)e
=(a.d)A 4+ (b.d)B 4 (c.d)C (H.)
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Solution.
1. The relations for the scalar and vector triple products are book-
work.

2. To prove this assume
(a) a, b, ¢ not coplanar. Then there exist unique scalars X, ¥, Z such

that d=Xa+Yb+Zc . . . . . (D)
Operating on both sides of (1) with . b X ¢ gives
[d, b, c] = X[a, b, ¢] with the other terms vanishing. Hence
X = [d, b, c] and Y and Z are found similarly.
[a, b, c]

(b) If a, b, ¢ are coplanar, then [a, b, ¢] = 0,

If d is also coplanar all the triple products vanish.

If d is not coplanar with a, b, ¢ then, putting ¢ = Xa 4 Yb, the right-
hand side of the required relationship becomes

X[d, b, a]a - Y[a, d, b]b + [a, b, d](Xa -+ Yb)
and since [d, b, a] = [a,d, b] = —]a, b, d]

this is zero and the result is proved.

3. The necessary and sufficient condition for three vectors a, b, ¢ to be
linearly independent is [a, b, ¢] 4 0.

We form the triple scalar product for A, B, C.

Writing D for [a, b, ¢] we have

(e X a) X (axbh)

B x C = D? =z D (after simplification) . (2)
Hence ABxc=Px¢ca_l_ o @3
D2 D
Hence A, B, C are also linearly independent.
BxC

From (2),a = D(B x C) = from(3) . @)

(A, B, C]
4. Rearranging the expressions obtained in (2), any vector d may be
written

d=b><c.d cxa.d axbd

[a,b,c]® " b c® T b o
:(A.d)a+(B.d)b+(C.d)c

and, similarly, putting d in terms of the linearly independent A, B, C
and using the reciprocal relation (4),

d=(a.dA + (®b.dB + (c.d)C

Comment. The relations arise directly from the definition of linear
independence.
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Problem 3
(i) Solve for x the vector equation

Kx +aXx=c¢c

in which K is a scalar not zero.
(ii) Obtain the general solution of the vector equation

Kx+(a.x)b=c

Investigate the nature of the solution when the general solution is
inapplicable owing to K having a special value. (E)

Solution. (i) Kx+axx=¢ . . . . . @

Multiply both sides vectorially by a in order to break up the vector
product, which gives

Kx xa+ax—(a.x)a=cxa . . . (2

Similarly multiply both sides of (1) scalarly by a, giving

Kx.a=c.a . . . . . . (3
Substituting in (2) for a . x gives
Kx X a + a’x — . a)a—cxa. N ()]

Eliminating a X x from (1) and (4) gives

K2a + (c.a)a + K(c X a)
K(K?% + a?)

and this is a genuine solution, by substitution; it is also the only
solution.

(ii) Kx +(a.x)b=c N ()

Since a scalar product cannot be broken up, it must be substituted for,
and so we multiply scalarly by a, giving

@a.x)(K+a.b)y=a.c
ifa.b#*—-K . . . . (2

1.e. a.X—K+(a b)

Substitution in (1) gives

1 1 a.c .
X = pe K{K—_—+(a.b)}blfK¢0
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This solution breaks down when K = —a . b and when K = 0.

(a) When K = —a . b equation (1) is

—(a.b)x +(a.x)h=c

i.e. (xxXxb)xa=c
sothatalcanda.c=0.

Also (x X b)Llc, ie. (x X b).c =0, so that x is coplanar with b
and c. Hence we may put

x = ob + Bc (o, B scalars),

giving, as a.c =0,
—(a.b)ab — (a.b)Bc + (a.b)ab =c¢

Thus « is arbitrary, B = — a_lT) = 71<and the general solution in this
case is
X = < -+ ob
K

which includes the form previously obtained.

(b) When K = 0, (a . x)b = ¢, which implies

b//c,ie.b=2c
Then (a.x) = 1/x and x is any vector whose component along a
is known, i.e X = oa + Bb + y(a X b)
where a.Xx=1/A=aa2+ Ba.b
— aa?
Thus g = W—, y is arbitrary and the general solution is

- — a2
X = o + ‘a — b+ x b)

Problem 4

The centroid of a triangle ABC is P, sides BC = a and CA4 = b being
infinitesimal. If ¢¢ is the value of a finite single-valued differentiable
function ¢ at the point Q, prove from first principles that

¢ds = }{(a X b) X (grad ¢)p}
ABC

Hence or otherwise express #Sds, %q .ds and %q X ds round a
closed curve C as surface integrals over a surface S bounded by C. (L.)
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Solution.

Since P is the centroid of the triangle, BP is the mean of vectors
drawn from B to the three corners, i.e. of a + b, 0 and a, and hence

BP =3%a +1b
Similarly AP = —ja —3b
CP=—1a+1b

At X on AB, where AX = x(a +b) (x < 1), we have, as a first
(linear) approximation,

$x == x4 + (1 — x)¢s,
and, relating all ¢ to ¢p, we have also as a first approximation
¢4 = ¢p + PA . (grad §)p,

with similar expressions for ¢, ¢

Thus / ¢ds = —(a + b) /1{xq{>,1 4+ (1 — x)pp}dx
/AB )
= —(a + b)i($z + $4)
= +(a + b){—¢p + 3(BP + AP). (grad ¢)r}

Similarly / bds = a{¢pp —1 (CP + BP). (grad ¢)p}
BC

$ds = bigp — (AP + CP). (grad $)p}
CA

Hence / éds = 1{(grad ¢)p . (AP — CP)}a
ABC

+ }{(grad ¢)p . (BP — CP)}b
= —3}{(grad 4)r . bja +1 {(grad ¢)r . a}b
=4{(a X b) X (grad ¢)p}

by the expansion rule for the vector triple product.

Now %(a x b) is the vector n dS, where dS is the magnitude of the
area of triangle ABC and n is the unit vector normal to the plane of
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ABC and in the positive sense relative to the sense of description of
ABC. Hence this result means that for an elemental triangle

/qus=n X grad ¢ dS

Now any surface S bounded by a closed curve C may be split up into
a large number of such triangles: when each of these triangles is
described in the same sense the total effect will be to describe each side
twice, once in each direction, with the exception only of the sides which
make up C, the boundary curve, which are described once only. The
total effect of covering the perimeter of all the elemental triangles is
thus to cover the bounding curve, C, once.

Thus é ds = / é ds
~1BC
and we have ¢ ds = n x grad ¢ dS, whence
lABC
S ¢ds:/n><grad¢ds
ABC S

n is the unit outward normal to each elemerial triangic, gositive
w.r.t. the sense ABC, and so, in the limi¢, i« becomes the unit outward
normal to the surface S, positive w.r.t. the sense of description of the
curve C.

Hence fﬁd’ ds:fn x grad ¢ dS
(o] S

Applying this to the three components of a vector q,

%q.ds———/n.curlqu
¢ s

either by expansion, or by writing Sf;q .ds = / (n X v).qdS and con-
verting the right-hand side symbolically to / n.vy X qdS, the required
form.
Similarly, 56 q X ds = / {n div q—(n.v)q+curl q X n} dS,
c ]

most easily proved by expansion.

Comment. This problem is solved by the technique used in proving
many of the basic results—namely the splitting up of a region into
elemental zones, in each of which certain simple relations can be shown
to hold.
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Problem 5
(a) Prove that the position vector of the centroid of a volume v

bounded by a closed surface Sis 4v f n r2 dS, and hence find the centroid

of a hemisphere.
(b) If 04, OB, OC are three edges of a rectangular box of lengths

a, b, c, calculate [r . dS over the six faces of the box, r being the position

vector with origin O. Apply Gauss’s theorem to verify the result. (L.)

Solution. (@) The centroid of a volume has position vector ¥, where

Fo1 [rar
V. v
But r = 4 grad (r?), and so

- 1
r= 2—Jygrad (r2) dv

2‘ n 12 dS by (1.3) (a) (i)
Y 4
A
o >y
£
X
Fig. 2

Applying this to a hemisphere, centre of base O, radius a, base perpen-
dicular to Oz, the element of area of the curved surface, dS,, say, is
2ra dz and of the base dS2 = 2=R dR.

The unit outward normal, n, w.r.t. axes Ox, Oy, Oz, is
fOl‘ Sl (59 ) E>= nl

for Sa 0,0, —1) =ny
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and r2, the square of the position vector, is a2 for the curved area, R? for

the base. Hence T = 5:73 { / a’n 2radz + | R%nz 2nR dR}
3 1

'S Ss

Now | xdz = / ydz = 0 by symmetry, and so r has a component
S

Sy
along Oz only (as is obvious), and this component is

;= 1 /GZna"‘zdz— *)=R3 dR
r‘_.%n_a3 A a /0

1
= g0 (0. @ — da) = §a

z
\
C A
B' o)
Q) B )
A c'
x
Fig. 3
(b) Over faces OBCA, OCAB!, OABC!
[ r.ds=0
since r is in the face and dS perpendicular to it.
Over face OBIC1A4, dS is (1, 0, 0) dS everywhere.
Hence /r.dSz deandxza,/dS———bc

s0 /’r.d5=abc

By symmetry this is also true over the other two faces meeting at O} ;
hence, over the whole cube,

[r.dS=3abc
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By Gauss’s theorem 1.3 (a) (ii) /r.ds — / div r dv and by differ-
entiation, as r2 = x2 4 2 + 22, divr = 3.
Thus /div rdv = 3/dv = 3abc as before.

Problem 6
i g ; 1 2A
Show that if div A = 0, V2A = -5 - and
c? or?
E=— 1 a,—A: H = curl A, then
c ot
1 0E
1. (,ul'l H— C.?)E =0
1¢H

2.curlE+E-(,); =0
3. divH =0 — divE
4. Show that A — ia; cos {2;—’(: _ ct)} + jas sin {2;‘ . ct)}

is a solution, where a1, aa, A are constants and i = (1,0,0), j == (0,1,0).
Obtain E and H and show that they rotate about the z-axis with

frequency c/x. (H.)
Solution.
1 0E 1 ¢2A
l.curlH—E~a~t :curlcurlA—i—&é(,—}ﬁ

. o 1 &2A
= grad div A — V2 A + 2 (by 1.2)

== 0 by the relations given for A
1 éH 10

2.curlE + P curl (-—~c ~-—> + -9 (curl A)

= 0 since the order of /0t and curl may be inter-

changed, one being a time and one a space variation.

3. div H = div curl A = 0 identically (1.2)
divE = div <——1 %> = 0, interchanging order of div and gt

c ot

4. When A = ia; cos « + j a2 sin « where « = gi’-c(z — ct)

. 0 0 .
div A = —é;c(al cos «) + % (a2 sin o) =0
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and V2A—1{ -, (a1 cos «) 4 - 5 z(arl cos a) + az(alcos a)}

+j { d"; (@ sin «) 4 ;y—z (az sin a) + inz (a2 sin o:)}
(from (1.2)

l a 2 CcoS a 47:2 Sln Slnce Oa 271:
= i o — — o ===
152 jaz 5 oz

1 ¢2A 1 ; o2
and 2o (,) (01 cos o) + - )J ‘t° ((12 sin o)
s 41:? . 2 . ) ou  2me
= —iap -,y COS o« —jay ; sin af since - = —=_
2
Thus V2A = 1 A

c® o

Hence, with this A, all the required relations are satisfied.

1 0A . 2n . . 2w
In this case, E = —i o = iy asina +ja -, Cos «
. 0 . . 0
H = curl A = —i iz (az sin «) 4+ j P (a1 cos «)

. 2n .2 .
= —i~-azcos « —j - @ sin a

Thus both E and H are vectors perpendicular to OZ.
For fixed z, E and H change with time. Since both depend on

o = 2—Tc(z — ct), a change in ¢ by any multiple of — will restore the

.. . . 7\ .
original value, and thus E and H rotate with period o le frequency 3

about the axis of z.

Comment. These equations occur in electromagnetic theory. Their
proof depends wholly on the definitions and relations in 1.1 and 1.2.

Problem 7

1. Prove that div B == 0 is the necessary and sufficient condition that
a given vector B can be expressed in the form B = curl A.

2. If B = grad ¢ where ¢ = M . grad < > and M is a constant vector,
verify that A = grad (;) X M is a solution, satisfying also div A = 0.

3. Find A with 43 = 0 if B = ( ryz, = 2;‘5}’ ) (L)
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Solution. 1. (a) If B = curl A, then div B = div curl A = 0 identic-
ally, and so div B = 0 is a necessary condition.

() If div B aBl + ?—52 + 333 ~0
we define three components A1, Asa, A3 by the equations
043 _ oAz 0A;  0Ag
By B 2 ax B
This may always be done, e.g. by taking A3 = 0,
0As 0A1
Frie — By, = B;
so that A = / By dz + fi(x, y)

As = / — By dz - fo(x, y)

where fi, f> are arbitrary functions.

Then 2 _ 24 /__gpld _/6Bzd p % e;fyl

/aBad -}—%— jj(smced1vB~0)
= Bs, since fi and f2, bemg arbitrary, can be chosen to
f1
way will satlsfy B = curl A (in fact, there is an infinite number of such
vectors A), and so the condition is sufficient.
2. If B = grad ¢, where ¢ = M. grad (%)» M a constant, then
div B = V24,

soa (3 {48 (8 405 2 -3

so that ¢ = _Mr%’_‘ A’gl’ — Aﬁ;z’ and each of these terms separately

satisfy 2}2 Hence, given div B = 0, values of A defined in this

satisfies V2¢ = 0 (as can be proved by differentiation).
Hence div B = 0 as required.

Consider A = grad (1) X M
Then curl A = grad ( ) divM — {grad (—l ) . V}M

——MV2< ) + (M. V) grad ( ) (from 1.2)

=(M.V)grad (;), since M is constant and V2(%> =0
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Also B = grad {M . grad (%)}
= M.9) grad (1) + {grad (1) .5 }m

+ M X curl grad (l> + grad (-1;) X curl M (from 1.2)

= (M. V) grad ( ) (M constant and curl grad = 0)

= curl A.
Further

div A = —grad G) .curl M + M. curl grad (-};) =0.

Thus these values of A and B satisfy the given relations.

3. Given B = (—)iz ) —):52 -zx-y ) and A3 = 0 we have, as in part 1(b),

M= B+ i =35 +Ai0)

Az-:[—Bldz—f—fz(x,y) 3r3+/’z(x )

: o _ o2
and we require x = oy
It may be verified that these satisfy — AZ — %i;—l 2:?) .

Problem 8
Using Green’s theorem in the form
f(Ui;/ w) s — /(UVZV V V2 U)dy
show that, if P is any point of the volume v bounded by surface S,

1y a1 .
Ve ‘L{m Ve (R)}ds /RV Vv

where V is a scalar function of position satisfying conditions that should
be stated, Vp, is the value of V at P and R is the distance from P to a
variable point of v.
Hence:
. 0
@) Show that 4 — [ a ( R) ds
(ii) Determine V as a function of position inside a sphere of unit
radius, given that V2)/ = —6 everywhere inside the sphere and that

everywhere on the boundary V = 4, i’.’ =2 (L)
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Solution. Applying Green’s thecorem to the volume v! bounded
externally by S and internally by S1, a small sphere, centre P, radius ¢
(so that P is not a point of v!), we have, if V' be a finite, single-valued

function which, with its derivatives, is continuous in v!, and, if U = 3,

R
1 oV ef1 1 1
1 — - = ~ VY — 2( )
S+S/{R on V,n<R)}dS v,{RVV VV(R>}d)

1 .
Z v ) 2 — )
[v‘ V2V dv, asV(R) 0in v.
1 oV o (1 10 1
But L{R on Va?;('R)} as = [ Lo ds - | adS

(since the outward drawn normal to S? is directed towards P)
Also / ds = / div Vdv = %$=ed (div V)p
/1 én

v1 being the small sphere; hence

! —-n~dS——>0as e—> 0 and

elgd

V. 4dS—> VP dret —> 4xVpas < —> 0
Sl

Also / L V2V dy —> / L V2V dy, since dv is 0 (R3) near P
o R » R
1 0V 4
Hence 4nlVp = —/Sx{R n V- n (R)} as

__/Rv Vdv+/{1 o _ a(;)}ds

(i) Putting ¥ = 1 everywhere,

= — f 6n( ) dS, since the other terms vanish.

(ii)
Let P be distant s from O, the centre of the sphere, take PO as the
base-line, O the origin for polar coordinates r, 6.
Then R2 =2 {52 — 2rscos 0
and for points on the boundary
R2=1+4s%2— 2s5cos 0
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Singe V2V = -6 inside the sphere, and V = 4,

v
P —2 on the boundary,

1 1 2 (1
4V — +6/R dv —-Z/SRdS —4[@ (]i) ds
Evaluating the integrals in turn, first

2x sin 0 dO
2
/R v = /Or dr/ (r* 4 52 — 2rs cos )12

- 27" [(2 4 s2 - 2rs)l2 — (12 & 52 — 2rs)Li2]
0

Fig. 4

The square roots must be positive as they are the values of Rat 0 =
and 0 = =. Hence for r<s, the second is s — r, and for r>s it becomes
r—s.

Thus the integral is jo T (@n)dr + /9 13:-’ 2s) dr
=2r (1 — §s?)
Secondly,/ % a5 = / ﬂ( 1+ ;n—fi;secii 02 2.9_Tc (25) = 4=
and thirdly, / n ( ) dS = —4r from (i)
Hence 4nVs = 6. 2n(l — 452) — 2(4n) — 4(—4r)
and so Vi=3—524+2=5—42

Now if any other line be taken as base line, so that P becomes the
point (7, 6), the value of V depends only on the distance OP, i.e. at
(r, 6) the value of V'is 5 — r2.
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Alternatively, it is shorter to derive ¥ not using the integral relations.
Since V2V, and V, V» on the boundary, are all constant, ¥ must be a

function of r only.
Then the equations to be satisfied are

1af vy _
ra\ @)=

(V2 in spherical polar coordinates)

dav
T = —2,r=1
V= 4r=1

where the partial derivatives may be regarded as ordinary derivatives,
since V depends only on r.
Integrating the first equation gives

dav
re o -2+ C
V
whence Zfr —2r + Cir2
and, therefore, V=—r2—Crl+4+_C
Whenr =1,V =4 and ‘fiV = —2, giving
C1=0,C=5
and hence, as before,
V=5—1r2

Problem 9

Prove Gauss’s integral theorem, and, assuming that ¢, ¢ are twice
differentiable functions of position in a volume ¥ and on its bounding
surface S, deduce Green’s theorem.

[ ($V2p — 4V2) dv = / (¢ grad ¢ — ¢ grad ¢) dS

2
A solution of the wave equation Z i’ 22y =0
is of the form ¢ = ¢(r)f(#). Prove that if f(¢) is periodic, then ¢ satisfies
V¢ + K24 = 0, where K is a constant.
Show that {exp(iKr)}/r is a solution of this equation in any region not
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including the origin, and use Green’s theorem to prove that, for every
solution, the value of ¢ at the origin is given by

1 a ein ein' a¢
= x{‘ﬁ o (T) 7 b?;} as

assuming that the origin is within S. (L)

Solution. The first part is bookwork.
In the second part assume ¢ = ¢(r)f(¢) and f(¢) = ¢, a general

periodic function of period gg .
The wave equation then reduces to

—w?P(r)ett — c2Vpeivt = 0

. @2
1.€. V2¢ + 2‘2- ¢ == 0
ie. Vip + K2 =0

2
©)
where K2 = w2 constant.

Using the expression for V2¢, with ¢ a function of r only, gives

rl_z‘%<r“§_‘f)+1<2¢:0. LW

Substituting ¢ = etKr/r, we find

— rlz (__iKein + iKein —_ Kz,-eiKr)

= .__K_z ein
r
Thus ¢ = etXr/r is a solution of (1); but it is not continuous at the
origin.
Let ¢’ be another solution of (1) and use Green’s theorem in a region
v, excluding the origin, between a small sphere S1, centre the origin and
within S, and the surface S.

r r on

Then [ (#'V% — 472 dv = fs o {¢,’ 5 ( ‘-’_‘f‘_') _ ek ?i’} S
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and V24 = —K2p, V24’ = —K2¢', whence the left-hand side is zero.
On the right-hand side

, a elKr . etKr
Squ (r)ds“_ qur(—r—)dS

Sl
— - (¢>{ oy Ke_’i‘?}ds
—> 4nd’'gas e —> 0

e being the radius of S1. Also

1K K 4 i K
/fii’ esf,idszee/dlwdv
Jgr T on e JgOn

(where v; is the volume inside S1)

etk 4 .
o3 ned (div ¢')o —> 0 as e—> 0

_ 1 , a eiKr eZKr ()¢
Thus ¢o= 7 {¢ 5;<7> - .d;} ds

Comment. This is another application of the method used in Problem
7 to avoid a singularity.

Problem 10

A scalar function V is such that grad V' =F is parallel to
(Bx — y + 2z, — 2x — 2z, x — y) at every point except points in the
plane x == y. Determine V, and prove also that the F-lines are plane
curves. (H.)

Solution. [t is given that

ov . oV oV . e e
o W.~5‘:—3x-y+22. 2x—2z:x—y . (1)
but the coefficient of proportionality differs from point to point.
However, it follows identically that

8V ov oV
+ ay '57:':0 . . . . . (2)

The auxiliary equations are

dx _dy _dz_dV
1 71 1 0
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of which particular integrals are V = a, x — y = b, x + z = ¢, where
a, b, c are constants. Thus the general solution of (2) is

V= f(x—y), (x +2)}
v.ow.,

1
Put x — y = u, x -+ z == v so that Y nd
( oV oV . oV ¢V oV
(Z.Vf': . Also ¢ : 0 O I u,
ay oz y oz ol oy
. cV 1%
e’ -2 =0
cu cy

The auxiliary equations are

du dv v

u 2y 0
of which particular integrals are V = a, uvl/2 = b, and so the general
solution is V = fluvll2)

— =) (x + )

where fis an arbitrary function. This is the most general form for V
which satisfies the given relation.

An F-line is a curve whose tangent at any point is in the direction of F;
thus its direction cosines satisfy / 4+ m —n = 0, and so the line is
everywhere perpendicular to the vector (1, 1, —1) and the whole curves
lie in planes perpendicular to this vector.

Comment. This method reduces the solution of a vector problem to
consideration of the allicd differential cquations (Lagrange’s linear
equation).

PROBLEMS FOR SOLUTION

1. If the scalar triple product p x q. r is denoted by [p, q, r] show that
@b xe)y.dxa)l(cxa).dxb-4@xb).dxc)=0
(i) [(a xb) xe,(bxec)xa (c>xa)xbl=0
(i)(bxc¢)x(dxa)4(cxa)dxb)y+@xb)yxdXxc)
== 2[a, b, c]d (H.)
2. (i) If 4, B, C, and D have position vectors a, b, ¢, and d and numbers, A, y, v, not
all zero, exist such that
A4 pn+v)d = Aa+ pb 4 ve
show that A4, B, C, and D are coplanar. What geometrical property corresponds
toA=07?
(ii) Show that, if two pairs of opposite edges of a tetrahedron are perpendicular,
the third pair are also perpendicular. MD.)
3. Find the general solution of the vector equation for x

X X a == b given thata.b =0
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Hence or otherwise obtain the general solution for x and y of the simultaneou:
equations
X+y=a
X X y = bgiven thata. b= 0

What is the particular solution which satisfies the further condition

x.a = a?? (E)
4. Prove the formulae
div (A) =¢ divA + A.grad ¢
curl (4A) =d¢curl A —A X grad ¢

— Adi i OA _ . OB
curl (A x B)=AdivB BdlvA-l—B,ax‘ A’ax,
If r is the position vector of a point in space evaluate
div (r7r), curl (ror)
If a is a constant vector show that curl (a X r) = 2a. D.)
5. (i) Prove div (A X B) = B.curl A — A . curl B.
(ii) If Bé = grad ¢, where B is a vector function of position and ¢, ¢ are scalai

functions of position, show that B . curl B = 0.
(iii) A vector function of position A is such that the line integral

P
/A.ds=K’divA

where K*is a constant and div A is evaluated at the point P. Show that
A = KA
6. Establish Green’s theorem in the form

f (62 —yYas = / @YY — §V)dy

on

A vector field F(r) is O(|r[-?) at infinity, and is such that curl F = 0 everywhere

Show that at any general point r,

v.F)

Ir — ol

where V and V; denote the gradient at r and r, respectively, and the integral is taker

through all space. )
7. A volume v is bounded externally by a sphere of radius a, centre C, and in-

ternally by a sphere S%, centre C, which lies wholly within S. State Green’s theoremr

and deduce that
ov_ U ov _ ou
L(Uan—Van)dS+[g(U7n—V )ds 0

where U, V¥ are functions of position such that V23U = V3 = 0 at all points of v and

477F(l'0) =— VO

—a% denotes differentiation along the normal drawn outwards from v.

A general point P inside S is at a distance R from C! and at a distance R! from
the inverse point of C* with regard to S; if

U=1/R —a/bR!
where b = CC?, prove that V2U = 0 at all points inside S (except C*) and that, if

Pison S, U—Oand U @ ,b’)
aR
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Hence show that

a® —b? (VdS oV U\ o . I .
p /R“ +/<U6n - V@n >dS - 0 and derive the limiting form of this
S S1
equation as the radius of S* tends to zero. (L)

8. State the necessary and sufficient conditions that a vector may be represented
as the gradient of a potential function. Hence prove that the integral over all space
of the scalar product of an irrotational vector A and a solenoidal vector B is zero,
provided A and B and their derivatives are continuous everywhere except on a
finite number of closed surfaces across which the tangential components of A and
the normal components of B are continuous. It is assumed that |A| and |B| are
0(1/r?) for large values of r.

9. (i) Establish the identity curl grad ¢ — 0 by applying Stokes’ theorem to grad ¢.

(ii) Show that if the vector ¢ may be expressed in the form ¢,Vé,, then q is per-
pendicular to curl q.

(iii) Express the vector (xy%z, x%yz, x2y?) in the form ¢,Ve.. (M)

10. State Stokes’ theorem.

If t is a constant vector, prove that

n.curl(F xt) ~t.(n < V) XF

Hence or otherwise deduce that if F is a vector field which together with its first
space derivatives is finite, continuous, and single valued on and near a surface S,
and if C is a closed curve bounding S and positively oriented with respect to dS,

then
/a’stA:/deV:fF
c s

If also div F, curl F both vanish on S, prove that /dS ¥ F == /%5 ds. (H.)
s

c

11. If F is a vector field satisfying curl F - 0, prove that there exists a scalar field
¢ such that F = grad ¢.

Referred to orthogonal Cartesian axes Oxyz the components of a vector field A
are (yz, zx, xy).

Find a vector field B such that

curl B-: Aand divB == 0 (M.)



CHAPTER 2
PHYSICAL FIELDS

The basic formulae for electrostatics, magnetostatics, current flow in
continuous media, and gravitational attraction are given in this chapter,
and problems in each are worked out. The problems selected are those
whose solution involves no special methods—solutions using the com-
plex variable, spherical harmonics, images, and other techniques are
given in Yolume 1I.

The fields in all these topics are similar, based on the law of the inverse
square, and so the formulae are also very similar. Gravitation problems
differ, in that like masses artract, whereas in electricity like charges repel.
The chapter has been split into two sections, each preceded by its own
essential information.

2.1 General potential theory, problem 11
Electrostatics, problems 12-21
Magnetostatics, problems 22-29
Current flow, problems 30-31

2.2 Gravitational attraction, problems 32-37

Section 2.1

2.1.1 Potential Theory. (a) Uniqueness Theorems.

(i) A three-dimensional vector field which is irrotational, free from
discontinuity, and which at infinity is O(R~2), must vanish everywhere.

(ii) Hence there is, in a three-dimensional region, only one solution ¢
(apart from a possible arbitrary constant) satisfying q = K grad ¢,
curl q = 0 with |q| = O(R™?) at infinity, and ¢ or ¢, given on any
boundaries.

(iii) Similarly there is, in a two-dimensional finite region, only one
solution ¢ (apart from a possible arbitrary constant) satisfying
q = K grad ¢, curl q = 0, with ¢ or g, given on any boundaries.

(iv) But, for a two-dimensional infinite region, if |q| = O(R™1) at
infinity, the uniqueness no longer holds.

N.B. The forms |q| = O(R"2), |q| = O(R™1) at infinity follow directly
from Gauss’s theorem—see 2.1.2 (12).

24
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2.1.2 Table of Basic Formulae

25

1

Electrostatics |

Magnetostatics

Current flow

(1) Intensity E is force on a‘
unit positive charge I

Intensity H is force on a
unit positive pole

(2) Potential ¢ at P is work done ona unit positive charge
or pole by the field forces in going from P to a
fixed point Q, at which the potential is taken to be

Zero ] .
(3) A line of force is a curve whose tangent at any point

is in the direction of the intensity at that point.

Lines of force cut equipotentials at right angles

4)E = —grad ¢ w
(5) Polarisation P (see 6) |
(6) Displacement

D E ! 4P

(7) In isotropic dielectric ;
D - K i

K is the dielectric wn-!

stant
(8) From (4) and (7)
D- -—Kgrad ¢
©) divD =4mp (p volume
density of charge)

(10)divD - 0 in uncharged
space

(11) From (8) and (9) or (10),
when K is constant
Vig o —dmp/K
(Poisson’s equation) or
Vi = 0
(Laplace’s equation)
(12) Gauss’s theorem the flux
of intensity across any
surface is 4= > included
charge

ie. /EndS dm[pdv |
S
|- 4nYe

(13) At a boundary between two media, (1), (2), where ny, 1s the

H = —grad ¢
Magnetisation I (see 6)
Magnetic Induction
B--H-! 4x1
in magnetised material
In material not perma-
nently magnetised, and
isotropic B - - uH
w is the magnetic perme-
ability
From (4) and (7)
! grad ¢>
divB - 4mp (p volume
density of magnetic
poles—imaginary)
divB - 0 in uncharged
space, or for any real
distribution of dipoles
From (8) and (9) or (10)
when p is constant
Vig - Amplu
(Poisson’s equation) o
Vip =0

(Laplace’s equation)

Gauss’s theorem: the flux
of intensity across any
surface is 47 X included
poles

e / HudS -~ 4n / pdy
S

L 4rXm

Current density i

o 15 the conductivity

If ¢ is electrostatic po-
tential, i - -o grad ¢

divi 0

From (8) and (10) when
o is constant

Vi . 0
(Laplace’s equation)
Gauss’s theorem: the
flux of current (i.e. total
current) across any
surface is 47 X current
strength of included

electrodes, i.e.

/ indS- . 4 *
K}
normal from | to 2,

(a) the tangential component of E, H, is continuous, SO ¢; - ¢,

(B) Dy .y, —Dy.my, -
““477’(7

where ¢ is surface den-

sity of charge

~ Dy.np=D,.ny,

if surface uncharged

|
i
i
!

B,.n: —B;,.n, ==

s
where o is surface den-
sity of poles (imaginary)

1M = By Nyp

for zero surface density
or real dipole distribu-
tion

L.y =1

* We define J, the current strength of an electrode, as

4n

times the total current

emitted. Other writers use a symbol to denote total current emitted. The object of our
notation is to avoid repetition of the factor 4= and to preserve the analogy with

electro- and magneto-statics.
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Electrostatics

Magnetostatics

Current flow

(14) Some standard potentials and intensities in air, K = 1,1

wo=
(i) Three-dimensional fields

(a) charge ¢ at the|pole m at the origin

origin

¢ e, E (e/t¥r ) ¢ - mlr,H - (m[r)r
(b) dipole M at the origin: ¢

|

| Electrode conductivity o,

{
|

i .

M.r E| _3M.r
P H B 123 r

current strength J, at

the origin

$ = Jjor, i =+ (JIr)r
M

"3
(1) Two-dimensional fields
(a) Line charge e per ! (a) Line  electrode
unit length at the origin | strength J per unit
¢ -—2e log r, E ! length, or circular elec-
(2e/r*)r ! trode in flat sheet, at
the origin]
—2Jlogr .
¢ o > 1=
@Jr*)r
(15) In uniform dielectric po- | In uniform material, po-
tential changeis lz po- | tential changeis I, po-
tential change in air tential change in air
(16) ¢ is constant on and in- é is constant on an
side a conductor and electrode
there is no included
volume charge. Surface
charge density is
o= D. n/4‘n
Force on unit surface
area is 2mo®n
(17) The energy of a set of
conductors is 1 Xewh
(18) The energy of a continu- | The energy of a continu-
ous d]istribution is ousl distribution is
SW/E.Dd‘ Sﬂ/H,de
v v
2.1.3 Electrostatic Results
(1) The potential due to a uniformly charged sphere, charge Q,

radius a, in air is ¢ =: Qla, r<<a; ¢ = Qfr, r>a.

(2) The capacity (i.e. ratio charge : potential) of a spherical con-
denser, radii a, b, is ab/(b — a).*

(3) The capacity of a cylindrical condenser, radii a, b, is {2 log(b/a)} .

(4) The capacity of a parallel-plate condenser, area A4, distance d, is
Al4rd.

(5) For a set of conductors, the potentials are linear functions of the
charges.

* In the special case when the inner sphere is earth-connected the capacity is
ab/(b — a) + b. (See, e.g., Ramsey, Electricity and Magnetism, pp. 51-53.)
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Thus for a set of n conductors carrying charges ey, es, . . . ey the
potentials are
é1 = puer + pa1€2 + . . . pnién
$2 = pieer + pazes + . . . pnoen
én = pine1 + pene2 + . . . pnnen
The py; are called coefficients of potential; py depends only on the
properties of conductor i, and it may be proved that py = pyu (j # i).
Similarly, the charges e; may be expressed linearly in terms of the
potentials, with coefficients qi;, where g is called a coefficient of
capacity, gy a coefficient of induction. g depends only on the pro-
perties of conductor i, and qi; = gs.

(6) Green’s Reciprocal Theorem: If the charges and potentials on a
set of conductors are eg, 3 in one state, and e;’, ¢;’ in another state, then

Yeips = Tei'd;
(7) The lines of force due to a set of collinear point charges e; are
given by
(a) in three dimensions: Ze; cos 8; = constant.
(b) in two dimensions: Ze; 6 = constant.

where 0; is the angle between the join of the point to the ith charge and
.the line of charges.

2.1.4 Magnetic Results

(1) The potential energy of a dipole M in a field His W = —(M . H).

(2) The force F of field H on dipole M is F = (M . grad) H. The
couple G of field H on dipole Mis G = M x H.

(3) Mutual energy of two dipoles Mj, Mz at distance rjs is

W = (M1 . Mz)/r123 — 3(M1 . r512) (M2 . nz)/r512
If the dipoles are coplanar, this reduces to
W = Mi1Ms/r3 (sin 0; sin 82 — 2 cos 01 cos 02)

where 6y, 02 are the angles made by the dipoles with their line join.

(4) The field outside a body, magnetisation I, is the same as that due
to an (imaginary) volume distribution of density -- div I in the body
and a surface distribution of density I. n.

2.1.5 Current Results

When current flows between two electrodes 4, B, strengths -4J, in a
conducting medium, the equivalent resistance, by Ohm’s law, is

¢

potential difference/total current, i.e. ¥4 4%‘—]9&3 .
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Problem 11

Prove that the necessary condition for the family of surfaces

f(x, y, z) = A (where A is a variable parameter) to be equipotentials in a
2

region of space where there is no charge is that (ng_Tff? be a function
of A only.

In particular, show that the family of cylinders x2 4 y2 — 2ax =0
can be equipotential surfaces. Determine the corresponding potential
and interpret your answer in physical terms. (D))

Solution. We must have the potential ¢ = ¢(f), since it is to be
constant on f = constant.

Then grad ¢ = ¢'(f) . grad f
and V2¢$ = div grad ¢ = ¢'V3f -+ ¢ (grad f)?
In free space VZp =0
And so L S a function of £, i.e. of » only
(grad /)2 ¢’ T '
For the family x2 432 —2xx =0
whence x2 4 y?

Sf(x, y,2) == x = o
azf 82 8?f o _}'2 + 212 B 2)\

Vi =5 +5:V'3 to = 3T T 2
of\2 of \2 of\?
and (gradf2:<5£) +<3§> +<d—£)
(1 NP
(2 - 2752) e
32
=5
¢//*2
=3

</>'sfgzand¢:B—/i
where 4 and B are constants.

Thus the potential on the cylinder x2 4 y2 — 2ax = 0is¢ = B — A/
Eliminating 2 between these expressions gives for the potential at any
point

2Ax
TE g

This is the potential due to a two-dimensional (i.e. line) doublet of
moment A, at the origin, directed along the x-axis. (The constant B is
immaterial.)

$=B
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Problem 12

Point charges ef (i = 1, 2, ... n) are placed at points 4; along a
straight line X'Y. Show that the equations of the lines of force are given
by

n

Y e cos 6; = constant

=1
where 0; is the angle made with XY by the radius vector from A;.

Point charges --e1, e2, —-e; are placed at points 4, O, B on a straight

line, where 4O = OB. If ez > 2e; > 0, show that the greatest angle at
O which a line of force leaving O and entering B can make with OB is
2 sin"1 Ve /es.

Give a rough sketch of the lines of force. D)
Solution.
e e 0>
A 0] B
Fig. 5

The equation of a line of force from O to Bis
—ej cos 01 -+ ez cos 02 — e; cos 03 = constant (from 2.1.3 (7))

If « is the angle with OB at which the line leaves O, 8 that at which it
enters B we find for the constant the values:

at 0, Where 61 = 0’ 62 = a’ 03 == 71’
—ej + ez Ccos o  e1 == ez COS «

at B, where 0 =x0,0p=0,03=§
—e1 +e2—e1CosPB =ex— e —ecosP

Equating these two values of the constant gives
e1(1 +cosB)y=e2(l —cosa) . . . . (D

Now ez > 2ei1, and hence all the lines of force entering at 4 and B start
from O. Very close to B the lines of force can enter radially, and so the
line of force leaving O so that « is a maximum will have 8 = 0. Using
this in (1) gives at once the required result. L

The limiting line of force leaves O at angle 2 sin™! v/ e1/ez and enters B
in the direction BO.
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Lines of force which leave O at a greater angle than this go off to
infinity. If the line leaves O at angle «, and goes to infinity at angle 6
then
(e2 — 2e1) cos 6 = ez cos «

. (]
1.e. cos 0 = - ——— Cos o
€y — 281
. . e — 2
Thus 6 <~ o, and this holds for 0 < cos a < 22 - <€
2
i.e. for 7/2 > o > 2sin"! Ve/e:

for which the corresponding angles 0 are =/2 > 0 > 0.

Fig. 6

Comment. The lines of force are almost always best treated in terms
of the angles made with each of the point charges, rather than in
ordinary cartesian or polar coordinates.

Problem 13
A number of point charges ei, eg, . . . e, are situated at collinear
points Oy, Oz, . . . Oy. If 6, is the angle which the line joining G, to a
point P makes with 0104, show that for all points P on the same line
of force
n

> er cos 6, = constant
r=1
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A point charge e is placed at a point 4 at a distance 2a from the
centre O of a spherical conductor of radius a carrying a charge —e.
Show that the plane perpendicular to OA at a distance a cos « from O
nearer to 4 will divide the charge on the surface of the conductor into
two equal parts if « is given by the equation

(2 — cos ) (5 — 4 cos a)1/2 = (L)

Solution. By the method of images (Vol. 1I) we can obtain the field
outside the charged conductor by replacing it by image charges

~g at O and —g at A1, the inverse point of A.
p
a
(d 62 3
ol 92 A ) Al
- S

Fig. 7

The lines of force from the charge e at A4 terminate at O or A!. The
problem reduces to finding the angle AOP («), P being the point where
the extreme line of force between A! and A cuts the sphere. By the book-
work, the equation of any line of force between 4! and 4 is

—34 cos 01 — 1 cos 02 + cos 03 = constant

If B be the angle (with OA) at which this line of force enters AL and y
that at which it leaves 4 we find, for the constant, the values

—3 —2tcosp—1land —3 — % 4 cosy
Thus cosy = —%cosB— %

But the extreme line of force from A! to 4 will have B = 180°. Hence
for this line y = 90° and the equation of this line of force is

—4% cos 6 — 4 cos 02 + cos 03 = —1

If we now put 6; = «, so that P is the point on this line of force where
it leaves the sphere, we get

2 —cosa=coslg—2cosb3 . . . . (1)

By elementary trigonometry and geometry of similar triangles

AP = } AP = ‘—11 (5 — 4 cos a)l/2
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By projection

AP cos 03 — AP cos b3 = §29

Substituting and using (1) leads at once to the required result.

Alternatively, ignoring the hint provided by the bookwork, we may
solve the problem by the less subtle, but longer, method of finding the
surface density of charge induced on the sphere and then integrating.

Fig. 8

By easy geometry and trigonometry
%cos 0 + ALP cos ATPO = a}

A M
2acos 6 4+ AP cos APO =a

Using, again, the image charges, we have

e e N e
En = =g = 2qipp 008 AP0 + py
__ e ea(l—%cosb)  ea
= T 34ips — + gps (1 —2cosb)

_e de(l—1%cos0) , e(l —2cosb)
2a2 a2 (5 — 4cos 0)32 ' g%(5 — 4 cos 6)3/2

_e 3e

2a2 a2 (5 — 4 cos 6)3/2

and o = ;‘1;5,,, from 2.1.2 (16).
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If we now integrate over that portion of the surface of the sphere cut
off by the cone of semi-vertical angle «, vertex O, the total charge must

be ——g. This leads to
“ . 6 sin 6 Ch
/0 {Sm o+ Gv—‘4c—o§_9537§}d6 -

—cos & 4+ 1 — 3(5 — 4cos )12 43 =2

giving the required result.

whence

Problem 14

Two wires in the form of circles of radii a and b lie in parallel planes
perpendicular to the line joining their centres, which are at a distance ¢
apart. They carry like charges of amounts e; and ez respectively.
Show that the mutual electrostatic energy of the system is

Keyes (2 do 7
mVab Jy V1 — KZsin0

where K2 = 4ab {c® + (a + b)%} L.
Find also in the form of an integral the force of repulsion between the
wires. ()

Solution.

>
0
o)

‘-

>Z

Fig. 9

The potential at a point on either wire due to the charge on the other
can be found by integrating the potential due to a point charge, e/R,
2.1.2 (14). If axes are taken as shown, the potential at P(a, 0, 0) on

wire A due to the element of charge ;-i dbg at O(b cos 62, b sin 02, ) is

2 (b cos 0 — a)? + b2 sin? 0y + c2}71/2 do,
In
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so that, integrating for 62 round the wire B from 0 to = and doubling,
the total potential at P due to charge on Bis

e: "{az + b2 4 ¢2 — 2ab cos 02}71/2 do
0

which, putting 6 = =/2 — 62/2, and using the expression for K2, reduces
Keg [ do

to ~Vably V1 — KZsin?0

By symmetry, this is the potential ¢; everywhere on wire A due to wire B.

Similarly, the potential ¢» everywhere on wire B due to wire 4 is

Ke1 72 dO
abJl, V1 — K2sin26

The whole potential ®; of A4 results from its own charge and the charge
on B and is linear in each 2.1.3 (5), i.e.

D) = puer + ¢1
and similarly Dy = pages + ¢

where pi1, pee depend only on 4 and B respectively.
Hence the mutual energy of the system Wis 3(eid1 + exo) (2.1.2 (17)),

Kele% /2 o ___df)" B

mVabJy V1 — K2sin20

The total energy is W together with the energy of each wire,
ie. W + tpue® + Ipaoed?,

and the repulsion between the wires is obtained as usual by differ-
entiating the energy with respect to the distance between them. Since
P11, p2e are unaffected by this distance, the repulsion is simply — dW/ oc,

i.e. —

m{c? + (a + by} ) (1 = K2 sm2 in? 6)3/2

i.e.

Problem 15

In a spherical condenser the inner sphere of radius a is maintained by
a battery at constant potential ¥, and the outer concentric thin spherical
shell of radius b, which is insulated, has total charge Q. If the inner
sphere expands to radius ¢, show that the energy supplied by the
battery is

V(V — @/b) (c — @)

Find also the energy supplied by the battery if the inner sphere remains
unchanged, radius a, and the outer shell expands to radius d.  (H.)
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Solution. Initially let e be the charge on the inner sphere; the inside of
the spherical shell then carries charge —e, and the outside carries charge
Q —+ e, since lines of force from the inner sphere must end on the inside
of the shell.

The two spheres together form a spherical condenser of capacity
1/a — 1/b, from 2.1.3 (2), and hence the potential difference is

)

But the absolute potential of the shell is known, since on its outer
surface it carries a charge Q + e (the charge inside is immaterial, since
it is screened). In fact, the shell must be at potential (Q + e)/b, from
2.1.3 (1), and so, since the inner sphere is at potential V,

_Q+e (1 1 Q0 _ e
4 Z—e E_B OrV‘—‘b—*a . . (1)
When the inner sphere expands to c, there are two effects

(i) the electrical energy increases, and
(ii) mechanical work is done by the force of attraction,

and both these changes have to be supplied by the battery.
(i) To calculate the change in electrical energy we use $Z1eé (2.1.2
(17)), where initially the inner sphere has charge e, potential ¥ and

outer shell has charge Q, potential Qbi?, so that the energy is

HeV + Q(Q + e)/b}.

Finally, the inner sphere has charge el, potential ¥ and outer shell
has charge Q, potential (Q + el)/b, giving energy 4{elV + Q (Q + el/b)}
where from (1) efla=V — Qlb=elc
Thus the change in electrical energy is

H(e* — oV + (Q/b)(e! — o)} = H(V + Q/b)(V — Q[b)(c — a)

substituting from (1).
(ii) When the radius of the inner sphere is r the charge on it is from

(1), er = er/a, and the outward force is /21:6‘3 dsS = e?[2a% (2.1.2 (16)),

C
hence the work done is / 3. ZZ dr = YV — Q/b)(c — a)
a
Thus the total energy produced by the battery is the sum of these,
ie. V(V — Q/b)(c — a).

If the inner sphere is unchanged and the outer expands to d we must
have, with the notation as before,

V—(@+e)d ¢ (3—3)ieela—V— Qdandela=V— 0fb
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By precisely similar working we find the total energy—mechanical and
electrical—in this case to be
avQ
bd
Comment. The two energy requirements, mechanical and electrical,
must both be supplied by the battery.

(d—b)

Problem 16
Show that if E is the electric intensity due to a set of point charges

and S is a closed surface in the field, then %E .dS = 4nQ, where Q is

the sum of the charges enclosed within S. Hence obtain Poisson’s
equation for a volume distribution of charge.

Volume charge is distributed throughout space in such a way that the
electrostatic potential at distance r from the origin is given by e™"3.
Show that the charge density p is given by

- 3313
p = 3r (‘LT3L)£_ (S.)
™

Solution. The potential at any point in space depends only on r, i.e.
this is a case of spherical symmetry, and Poisson’s equation takes the

d?¢  2dp

form }17‘2 + ;;1': = —47?9. e e e (1)
where ¢ =erd
ie. Zf =2 —3r2er3
d* -
and ge = —3re 8 (2 — 3r3)

and substitution in (1) gives the required value for ¢.

Problem 17

Show that, in an electrostatic field, the electric intensity just outside a
conductor is 4won where o is the surface density of charge and n is a unit
vector along the outward normal. Show also that the mechanical force
on the surface is 2no?n per unit area.

A conducting sphere of radius a is electrified to potential V. If the
sphere consists of two separate hemispheres, show that they repel each
other with a force 4V'2; and if the whole is surrounded by an uninsulated
concentric spherical conductor of internal radius b and the potential of
the solid sphere is still ¥, prove that the force between the hemispheres

is increased to
$V2b2/(b — a)? (E)
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Solution. When the inner sphere is alone it must have a charge aV
(from 2.1.3 (1)).

oA _ v

T 4na® T 4ra

Taking, as element of area, a zone bounded by cones of angle 6 and
6 + 36, so that the area of the element is 2ra? sin 6 86, the component of

mechanical force on that element in the direction of the diameter of
symmetry is

Hence

2ra? sin 6 80 . 2n(V2/167%a2) cos 0

The component in the perpendicular direction is clearly zero.
To find the resultant mechanical force on one hemisphere we must
integrate between limits 0 and =/s.

. "2 4r2q2V2
Force of repulsion = /0 1622 Sin 0 cos 6 db
= V?/8

When the second conductor is introduced its inner surface forms with
the solid sphere a condenser of capacity [7% (from 2.1.3 (2)).

Charge on inner sphere = };qél%
i.c 6= - ~b—l-/——
e " 4ra(b — a)

Proceeding as before, we get for the force between the two hemi-
spheres

22 /2
}i (l}éil’/ﬁd)?/ sin 6 cos 6 d6
0
_ 1 rw
“8(b— a2

Problem 18

Of two concentric, insulated, thin, conducting, spherical shells, the
inner has radius 2a and charge P, and the outer has radius 4a and
charge Q. The outer shell is coated inside and outside with a layer of
thickness a of insulating material with dielectric constant K, the
remaining spaces being filled with air. Find the potentials of the two
shells and show that if the inner one is earthed the potential of the

outer becomes
(I + 6K + 8K%)Q (D)
8K(4 + 11K)a ’
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Solution. Tubes of force from the inner sphere will cause the outer to
have a charge —P on its inner surface and Q — P on its outer surface.
If ¢1, 2 are the potentials of the inner and outer spheres, respectively,

3a 1 da
¢1—¢z=/2a1’/r2dr+~k 3aP/rzdr. ()]

(since the potential drop in dielectric is 1/K of the drop in air, from
2.1.2 (15))

1% Q—P ~Q—P
and h=g) Twdt] Tt O
(2) gives p=2"L 0+

and then, from (1), we obtain

_ 0 P g

After earthing, the inner sphere will have zero potential. Let the charge
on the outer sphere be now distributed so that +-e is on its inner and
Q — e on its outer surface. Let its potential now be ¢3.
There will be an induced charge —e on the inner sphere.

3a e 1 4ae

Then 0—¢3:/2u—;2dr—]?3a s dr
_ e €
6a 12Ka
and 4= 9o (1 +4K)
; . 3(1 4 4K

Equating gives e = 2(2 —2:1-1_1?)) 0
and hence

4o — (L +6K 1 8K?)

= "8K@& ¥ 11K)a

Problem 19

Two infinite slabs of dielectrics each of unit thickness, but of induc-
tive capacities K1 and Ks, have a face in common and separate two
infinite, thin plates of conducting material which are maintained at
potentials V1 and Vs, respectively.

Prove that the potential at any point in the dielectrics is the same as if
they were both replaced by an insulated conducting plate charged with
(" — Ve)(K1 — K?)

4n(K; +K2)
common face. (L)

surface density placed in the position of the
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Solution.

Let surface densities be s and —o.
If ¢1 is the potential function in the first slab of dielectric, then

opr 1
—5%—~I?14TEG 0<x<l
(since potential drop in dielectric is 1/K of drop in air, from 2.1.2 (15))
.. 0 1
Similarly, - gi-z = Ky 4no 1<x<2
Hence ¢1:A~4Fq. 0<x<1
K1
¢2~B——‘}F—c, 1<x<?2
K2
Vi V.
x=0 /x=l \ X=2
o K, / > o
07222225V
Fig. 10

When x = 0, ¢; = V1, whence 4 = V1.

8o

When x = 2, ¢3 = Vs, whence B -- Ve + Ko

When x = 1, ¢; == ¢2 whence
_KiKx (V1 — Ve)

T An(Ki + Ko)
We thus find for the potentials within the dielectrics
IRV (4 Sl £)).C
é1 == V1 Ki Ky - N ()

, 2K(Vi — Vo) Ku(Vi — Ve)
g2= Ve + K1 4+ K» Ki + K2 * - - @

The dielectric slabs are now removed. Suppose the situation is as shown
in the diagram on page 40.
oz is the net surface density on the middle plate and is thus taken to be

(V1 — Ve) (K1 — Ks) as given

A 47':([(1 + K>)
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\/ V2
x=0 x=| X=2
o o |avq,  -0-0,
o >
Fig. 11

Proceeding as before we find
¢ = L — 4morx 0
¢2 == M — 4r(o1 + o2)x 1
which, after using the boundary conditions x = 0, ¢; =

b1 = ¢o; x = 2, 2 = V3,
and the known value of o2

x <1
x <2

; x =1,

VAWA
~ AN

gives L=V, M ="V, + 8n(o1 + o2)

_ Ke(V1 — P2)
and finally 61 = (Ki + K

o, K — V)
Hence 1=V K K X

which is (1) above, and
Ly g K = Ve) K V)
e =V + K1 + Ko Ki + K2
which is (2), i.e. the potentials everywhere are the same in both sets of
conditions.

Problem 20

S1 and Ss are two equal fixed insulated conducting spheres. Initially
Sz is uncharged, S; has potential ¥ and charge P, and the spheres attract
each other with a force F. Ss is then raised to a potential ¥ by placinga
charge Q on it, and the spheres are found to repel each other with a
force F. If S; is now earthed, find the charge induced on it and show
that the spheres attract each other with a force

2P2 — Q2
,Q(___ﬁ_Q) r (D.)

Solution. Let p11, p12, pa1 (= p12), and pss (= pu by symmetry, as
S1, Sz are spheres of equal radius), be the coefficients of potential of
the system, i.e. such that potential ¢; = pner + piees, potential
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¢2 = por1er + pases, since the potentials and charges are linearly related
(2.1.3 (5)).

State 1 S1 Sz
Charge P 0
Potential pnP =V p21P
Energy Wi = $51e¢ = SpuP?
Differentiating this to obtain the force between the sphere gives
W ypa
—F = i 1P’y N € ))

(dashes denoting differentiation with respect to x, the distance along
line of centres of Sy and S»)

State 2 St Sy
Charge P 0
Potential pulP 4+ p12Q puQ +preP =V
Energy We = HpuP? + 2p12PQ + pu0?
and so F=—¥{P2+ Op'n +2PQp'12}. . . . (2
State 3 S1 S
Charge Py
Potential Py -t p12Q = 0. ])nQ -+ p12P1
FI'OITI State l, [)11 = ;

From State 2, pieP=-V—puQ -~ V-— QPk
V(P — Q)

P2
From State 3, the charge, P1, induced on S is

_p2Q  VOP—-O)P
pu P2 V

so that P12 =

__o®-—-0Q)
P

From (1) p'u = 2F/P?
Substituting in (2) gives

, F .
P1g = ~ P30 (2P2 4 Q?)
The energy, W3, in State 3 is
$(puP® + 2p12P1Q + p1uQ?)
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Force between spheres = —?WW?,
= —3{p'u (P + Q%) + p'2P?Q}
2 _ 02
which after reduction gives — Q(?_P, P'*Q ) F

Comment. The solution depends on the linearity of potentials and
charges on any system of conductors.

Problem 21
Charges e, €2, ... ey in equilibrium on a system of n conductors
raise them to potentials ¢1, ¢2, . . . ¢», while charges e'1, ez ... €'n

would raise the conductors to potentials ¢'1, ¢z, . . . ¢'n.
Prove that

n

g erﬁbrl == z erliﬁr

T 1 r=1

Three conductors, A1, A2, A3, are in fixed positions and are originally
insulated and uncharged. If any one of the conductors 4; is charged
and thereby raised to unit potential the potentials of the other con-
ductors A; and Ay are found to be ¢; and ¢xs. Prove that

Posbardie == paadiader

The conductor 4; is given unit charge, the other conductors re-
maining insulated and uncharged. Each of the conductors 42, 43 and
Aj is then earthed and insulated again in turn in this order. Show that
the residual charge on A; is

brador + h13dar — boadaidie (L)

Solution. The first part of the question is the proof of Green’s

Reciprocal Theorem.
In the second part, the first state of the field with A; charged and at

unit potential may be shown as

State 1 Ax As As
Charge e 0 0
Potential 1 $a1 $a1
and, similarly, we have for the other conductors each charged
State 2 A A2 As
Charge 0 e 0

Potential é12 1 $32
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State 3 A1 A As
Charge 0 0 es
Potential b13 bo3 1

Applying the theorem of the first part (Green’s Reciprocal Theorem) to
States 1 and 2, then 2 and 3, finally 3 and 1, gives

e1 d12 = es P21
€2 o3 = €3 b3z
es ¢31 = e1 i3

whence the required result follows.

When 4; is given unit charge the state is

State 1 A1 A2 As
Charge 1 0 0
Potential 1 P $31

o o e

When we earth As its potential must become zero. It must therefore
have acquired a charge sufficient to cancel its potential ¢g1/ey, i.e. of
amount

This will alter the potentials of 4; and A3, and so we may show the
second state of the field, after A» has again been insulated, as

State 2 Ay As As
Charge 1 —e %211 0
Potential L _ #2¢2 0 $a1 _ du2 b

ey e1 el ey
Similarly, after earthing and insulating 43, we have

State 3 Ay As As
Charge 1 —es q:—il g3
Potential 1. f12dn | dsdu g3 $2s 0

el el es e3

where g3, the charge now on A3, is given by

__esgm i €3 $az b1

43 = €1 (5]
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If, after 4; is now earthed and insulated, its residual charge is g1, the
final potential of A; due to all the charges is

@ __dudn | g
el (5] e3

But this must be zero. Substituting for gz and using ¢a3 ¢31 12 —=
$32 $13 P21, as already proved, gives the required value for g;.

Problem 22

Find the potential of a field produced by a magnetic dipole of
moment M and deduce an expression for the magnetic force H.

A magnetic ficld of intensity H and direction BA is applied to two
small magnets of moments M(>0) situated at 4 and B and resting in
equilibrium with their axes along AB. The magnets are deflected in a
plane through small angles o and 8 on the same side of 4B. Show that
their potential energy is approximately

M{(M -~ 3a3H)(o + B%) + apM}/a®

where a == AB.
Hence show that both dipoles can rest in stable equilibrium if
Had < M. (E)
Solution.

™~
>

H < 7 a
Fig. 12
Since the magnets lie in a plane, at distance a apart, and have

moments M, their mutual potential energy when deflected through
angles o, B from the line AB is, from 2.1.4 (3),

M2 . .
W= — B (2 cos « cos B — sin « sin B)

The potential energy of each in the field H along BA is given by the
expression, (2.1.4 (1)),

W= —(M.H)

which here gives, for 4, +MH cos «, and, for B, +~MH cos B.
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The total potential energy of the magnets is then

W= —=- —(Zcos acos B — sin asin 8) + MHcos « + MH cos B

{2M(1 — 3a2)(1 — $82) — Map — a3H(l — $o2)
— a3H(l — 4p?);

= —"{ M(o? + B%) — MaB + 3aPH(o2 + 82) + terms
independent of «, B}

= z_g{(M — 3ad3H) (o2 + B%) + «BM} as required.

This expression gives the change in P.E. from the position when the
magnets lie along AB to the displaced position «, B; hence, if this is
positive for all «, B, then the equilibrium position along AB is one of
minimum P.E., i.e. one of stable equilibrium.

To investigate this condition, we try to put the expression into the
form of a sum of squares. Thus
(M — 1a3H)(«® + B%) + oBM = tM(x + B)® + (UM — 1aPH) (o2 + B?)
and the r.h.s. is always positive if M > 1a3H, ie. if M > Ha® as
required.

Problem 23

Show that the magnetic-field intensity due to a magnetic dipole of
moment M at a field point of position vector r rclative to M may be
written in the form

H - +3(7M Oy

Hence find the mutual potential energy of two small magnets.

A small magnet of moment M, is fixed in space at a distance r from a
second small magnet of moment Mg, which is free to move about an
axis at its centre. This axis, the magnetic axis of the first magnet, and
the line joining the two magnets form a set of mutually perpendicular
lines.

Show that the periodic time for small oscillations of this system is
2n(Ir3| M1 M32)12, where I is the moment of inertia of the second magnet.

(E)

Solution.

Since the axis of Mj, the line joining M, and Ms, and the direction of
rotation of M are mutually perpendicular, M; and M; are coplanar,
in the x-y plane. The potential energy then takes the simple form

M1M2

W = (2 cos 61 cos 62 — sin 6; sin 62) (from 2.1.4. (3))
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where r is fixed and 6; = =/2, which means W = M ;TM? sin 6. Thus
0 = -t-n/2 are the positions of maximum and minimum energy, i.e. of
unstable and stable equilibrium respectively.

The equilibrium positions are then when the magnets are parallel; in
stable equilibrium the magnets are in opposite senses, in unstable
equilibrium they are in the same sense.

z
A
|
\Jl,)‘
\‘l\ .y
M, M,
X
Fig. 13
Consider then oscillations about stable equilibrium, 0z = —4; + 9,
ie. = —M—l?{u} cos 0
r
d . . . 0 . .
Then —a%/ = restoring couple acting = ﬂ_”;é‘ﬁz sin 0 = Aﬁg{?« if 0 is
small. Hence the magnet swings with an equation of motion
2
[ MiMey
dre rs

i.e. in S.H.M. with period 2n(/r3/ M1M2)!/2, I being its moment of inertia.

Comment. Care must be taken to measure both angles in the same
sense, between the positive directions of the dipoles and the positive
direction of the line joining them.

Problem 24

Find an expression for the mutual potential energy of two magnetic
doublets in the same plane.

Two doublets, each of moment M7, are mounted with their centres at
fixed points at distance R apart. They can rotate in the same plane and
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are constrained by a frictionless mechanism to be always parallel and in
the same sense. Find the positions of equilibrium and discuss their
stability.

Prove also that the work which must be done to turn the system from
a position of stable to one of unstable equilibrium is 3M2/R3. (H.)

Solution. The first part is bookwork, and proves that the mutual
potential energy of two coplanar magnets, moments M, M1, whose axes
make 6, 61 with their join, is

1
W - —MI:I (2 cos 0 cos 01 — sin 0 sin 01)
r

For the second part, the magnets are constrained to be always parallel
and in the same sense, i.e. so that both make 6 with the join.

The potential energy is

2
W= —%43 (2 cos? 6 — sin2 6)

The positions of equilibrium are given by %%V -0

l.e. by 4 cos 0sin 6 — 2sin 6 cos 0 - 0
i.e. 0:=0and 0 -==mr/2
52 ; _
The second derivative ew = —12 cos 20 negative for 0 =0

002 > positive for 6 = /2
and so 0 -=- 0 is a position of maximum energy, and so unstable, and
0 .= =/2 is a position of minimum energy, and so stable.

2M?
When 0 = 0, Wl —= '—‘—R?
When 0 = m/2, Wa = +M?/R3

and hence the work which must be done to turn from a stable to an
unstable position is - (W1 — Wa), i.e. is 3M?2/R5,

Problem 25

Obtain the expression (M. V)H for the mechanical force acting on a
magnet of moment M in a magnetic field H.

Three small magnets of moment m, 2m, and 3m are placed respec-
tively at points (a, 0, 0, (0, @, 0) and (0, 0, a), and all point towards the
origin. Calculate the field at a point (x, y, z) in the neighbourhood of
the origin correct to the first order in the coordinates.

A small magnet of moment M is pivoted at the origin of coordinates
and points in the direction of the magnetic field. Prove that the resultant

force acting on the pivot is of magnitude 2v/35mM/a*. L)
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Solution. The field at R due to magnet M at origin is

3(M

M M, 3M-B) g (from 2.1.4 (3))

For the field at r = (x, y, z) due to the three given magnets at positions
A, B, C we may substitute in this expression

M; = (—m,0,0),R; - r-—A - (x —a,yz2)
2 = (09 ~2m7 0), R2 -r--B - (x’y — a, Z)
M3 - (09 O) "_3m)9 Rs r -~ C = (X, Vs 2 (I)
giving a field of
M, 4 Hemx — @Ry
T S @R (@ e e
with two other similar expressions.
To the first order in x, y, z this is

M (1 N 2;) n 3‘( 4 5:) {(—m(x — a)Ry

&>
which gives finally the three components
__2m< }_)f)’ 3my 3mz

-
ad a) &’ at
.. 6bmx  4m 3 6m:z
Similarly, we have ~ — " -—511 V), "
a a a a

9mx 9my 6m(1 X 3z>

@ A T & a
which sum to ( —2 4+ ) _dm, f,'.’<~6 — 92)

These are the components of H, the magnetic field.

At the origin, Hp = —2m/a3, —4m/a3, --6m/a3, i.e. has direction
cosines (—1/4/14, —2/4/14, --3/4/14). A magnet of moment M lies in
this direction, i.e. has components — M/+/14, —2M/+/14, —3 M/ /14.
By the first part, the mechanical force on this magnet—i.e. on the pivot,
since the magnet is pivoted——is M. V)H

o {0 (2 4% o (o)

- m@/a, 0, —27/a)

and

ie.
and so has magnitude

Mm 9 Mm
O aa V10 =77 V35
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Comment. A direct application of the theory, with a simplification
introduced by evaluating the field approximately in the neighbourhood
of the origin.

Problem 26

Show that the magnetic field at a point P due to a small magnet of
moment m with its centre at O is

where r = OP and r — [r|.

A small magnet of moment mj is fixed at the point ai and another of
moment mi at the point aj, where i, j, k are unit vectors along the axes
of a rectangular set Oxyz. A third small magnet is pivoted at the point
ak so that it can turn freely about its centre. Show that there are two
positions of equilibrium of this magnet both lying in the plane z = a
and distinguish between the stable and unstable positions.

If a magnetic field Hk is superimposed on the system, where H is
constant, find the direction of the movable magnet in the position of
stable equilibrium. @)

Solution. Magnet M; at ai, moment mj, has field at ak of

3imj .-_.(e};_— D} k-

- ai) — %J which reduces to f—\_—/%
since j-k=j.i=0
Similarly, M» at aj, moment mi, has field at ak of
_mi
24/243
The total field at ak due to M; and M3 is
~5ya D

There are two positions of equilibrium for the magnet M3 along the
field, i.e. in the plane z = a. In the stable position M3 lies along the
field, in the unstable position against the field.

If a magnetic field Hk is superimposed the total field at ak is

~ v G D) + Hk

which gives the direction of the movable magnet in stable equilibrium.
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Problem 27

Show that the scalar magnetic potential at any point due to a mass of
magnetised matter occupying a volume ¥ can be expressed in terms of a
fictitious volume density ¢ of magnetic poles distributed throughout V
and of a fictitious surface density o of magnetic poles distributed over
the surfaces bounding V.

The interior of the circular cylinder x2 -+ y2 = g2 is occupied by
magnetised material, the intensity of magnetisation being (py + qa,
px, 0) where p and ¢ are constants. Show that the magnetic scalar
potential at the point (x, y) inside the cylinder is 2=x(py 4+ ga) and find

the corresponding expression for the potential at an external point.
(H.)

Solution. The first part is bookwork, and shows that the magnetic
field I is equivalent to the field produced by a volume density — div 1
and surface density I . n of magnetic poles.

Given that, within x2 - y2 = a2,

I = (py + qa, px, 0)

and outside I = 0, then, by differentiation, -—div I - 0 everywhere;
and, on the surface, n is (x/a, y/a, 0)

so that I.n=2pxyla + qx
Thus the magnetic field is that produced by a surface density
o = 2pxyla + gx.
We then require potential functions ¢; (inside) and ¢2 (outside) the
cylinder, satisfying
(i) V2 = V2o =0
(ii) é1 = 2 on the cylinder

.oy Oy Ods - 2pxy } from 2.1.2 (13)
(iii) T 4n<7 4-gx
(iv) ¢1 continuous at x =y = 0
(V) ¢2 —>0asx,y —> o
The form of (iii) suggests trying é1 = Axy + Bx (since this will give
terms in xy and x in %ﬁ on the boundary) and, for ¢2, we may use the
fact (Vol. II—Special Methods) that if a homogeneous function ¢ of
order n in two variables x, y satisfies V2 = 0 so does the function
é/ren, where r2 = x2 + )2,

Thus for the outer potential, we may take 2 = Aaxy/rt + Ba2x/r?,
in which form (ii) and (v) are satisfied.
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A and B are then found from (iii), which gives

(2Axy 4 Bx) — <2Axy + Bx — 4:xy — gf):) = 4 2pxyla + qx)

and, equating terms in xy and x,

A = 2=p, B = 2raq
Thus é1 = 2nx(py + aq)
and b2 = 2rx(paty/rt + a3q/r?)

Comment. A method, which is covered thoroughly in Vol. 1I, of
building up a potential from known functions in order to satisfy given
conditions.

Problem 28

A sphere has uniform intensity of magnetisation I. A cubical cavity
(not necessarily small) having faces perpendicular to the direction of L is
excavated from the sphere. By making use of Poisson’s equivalent
distribution of magnetic poles, or otherwise, prove that the magnetic
force at the centre of the cavity is zero.

Hence, or otherwise, prove that the magnetic force is zero at the
centre of any cubical cavity excavated from the sphere. (H)

Solution. For a uniformly magnetised body, since divI == 0, Poisson’s
magnetic distribution reduces to a surface distribution of magnetic poles
of density I.. n.

For a cubical cavity, edge a, with two faces perpendicular to I (and
the other four parallel to I) this gives:

(a) distributions of density I, —1I over the 2 end faces (where the
normals are parallel to I and in opposite directions);

(b) zero distribution over the side faces (normals perpendicular
to I).

__,l

:

|
|
I
|
) I I
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The centre of the cavity, O, is then midway between two parallel
sheets of equal and opposite magnetic poles : and so the magnetic force
at O is zero.

Now considering any cubical cavity excavated from the sphere, let the
components of the magnetisation I perpendicular to each pair of forces
of the cube be I, I, Is.

By applying the above result, the component 7 is equivalent to equal
and opposite pole distributions on the two corresponding faces, and
similarly I» and 75 on the other pairs of faces.

But for each pair of faces, the field at the centre of the cavity is zero,
and hence the total field there is zero.

Problem 29

Obtain the conditions satisfied by a magnetic field at a surface
separating two media of different permeabilities.

An infinitely long hollow cylinder of permeability . whose cross-
section referred to polar coordinates (r, 0) is bounded by r = a,
r = b(a > b) is placed in a uniform magnetic field of intensity H acting
parallel to the direction of the initial line.

Show that in the hollow of the cylinder the magnetic field is uniform
and of intensity

4Hpa?[{a%(p- + 1)2 — b*(n — 1)3}

Prove also that the lines of magnetic induction within the material of
the cylinder are given by the equation

. ([i: l)?f sin 0 .= .
{r w7 sin 0 == constant ()
Solution. o
a9
3 y
Fig. 15

We require potentials

¢, outside the cylinder a < r
¢m within the cylinder b < r < a
¢4 inside the cylinder r < b
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satisfying the conditions

(i) V2¢$ = 0 everywhere
(ii) ¢ continuous on all boundaries

¢

(iii) v, continuous on all boundarles} from 2.1.2 (13)

(iv) ¢g —> —Hr cos 0 as r —> oo
(v) ¢; finite at the origin

To satisfy (i) and (iv), we try

do - - Hrcos 44 208 oW
since these are known to be solutions of VZ¢ - 0 in two dimensions;
then ('0:;50) - <a—,¢9> — Hcos o — 4080
N Jy=q cr Jy - az

Thus we want <p. j)—"f) - Hcos0—14 CO_SE

r=a
so try ¢ém = Br cos 0 + C cos 0 A V)]
and, because of (v), ¢y =Ercos0 . . . . . . ()
and then uB — pCla2 = —H -~ Ala2 . . . . 4

wB — pClb2 .~ E N &)
and, from (1)and (2), B -{- Cla®> ~ —H + Afa®> . . . . . (6)
from (2) and (3) B+cCb2=E . . . . . .

Then (4), (5), (6), and (7) can be solved to give

Blae 2 - b — ) - —2HAG )

Cla(u + D~ B — D = —2Ha%2(u — 1)
Hence in the hollow the field — grad ¢; is uniform in the direction of H
and, from (8) and (5), is of magnitude

4Huaa(s + 1) -~ b(u — !

@®)

as required.

Within the material of the cylinder, the magnetic induction B
== —u grad ¢,, and lines of magnetic induction are lines whose
tangents are everywhere parallel to B.

From (2) ¢bm == Brcos 0 + - ¢ CO~S 0

Hence, using (8),
—1

I 1>COS 9}

(@ + DT B¥u — DY

ém = —2Ha*(u — 1) {r cos 0 + — (
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Hence the induction line has equation

dr i rdd = %m . 1 ofm

“or " r 99

. blp—1 . brlp—1 _
ie. rcos® {1 — 73<’;L_—{—_‘T)} db + sin 0 {1 + ﬁ(l]_-l—-]')} dr=20

and this integrates immediately, to give

. b2fu —1 B
sin 0 {r — 7(@ fi)} -= constant

which is the required equation for a line of magnetic induction within
the cylinder.

Comment. Another example (like Problem 27) of the technique,
covered thoroughly in Vol. II, of building up a potential from known
functions to satisfy given conditions.

Problem 30

Show that if ¢ is the potential at any point of a medium of conduc-
tivity o in which steady currents flow, then div (s grad ¢) = 0.

A block of conducting material is in the form of a cube of side a, and
the conductivity at any point in the block is AM(a + x), where x is the
distance of the point from a face S of the cube and A is a constant.
Show that the resistance of the block between S and the opposite face is

Mlz"" log 2 and find the resistance between a pair of opposite faces per-

pendicular to S. (It may be assumed that the currents are uni-directional
in each case.) (L.)

Solution.
From the bookwork of the first part
div {:Ma + x) grad ¢} =0
2p P 24 o
or Aa ’”‘)<ax2 0y2+822)+)\3~x_0 )

When current flows from S to the opposite face there is no potential
drop between any other pair of opposite faces (else current would flow
between such a pair) and hence

2 2
279; = %E(é = 0 (since ¢ is a function of x only)
so from (1), Aa + x)d ¢ + 2 dé _

dx? dx
whence ¢ = A log (x + a) + B, where 4 and B are constants.
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Thus the potential difference between S(x = 0) and the opposite face
(x = a) is given by

ba — ¢y — Alog2
Also the total current flowing is, by 2.1.2 (8) and (12),

s |dd
=— a? pes
I=a%c dxl

= a4

: _$a— ¢ _ 1

and the resistance — ~ = I T log 2

z

A

X
S
y <
Fig. 16

We now consider current flowing between the faces y = 0 and y = a.
Then ¢ is a function of y only and (1) becomes

e
dy?
¢ =Ay+ B

so that the potential difference between the two faces is Aa.
To find the total current flowing we must evaluate

di
J] <l
over any face y = k (0 <<k < a). This is then
/ * / Nx + @) dx dz = $rAd?
0 ‘0
giving resistance = 2/(32a?)

0

dx dz [2.1.2 (8) and (12)]

Problem 31

Two small, spherical, perfectly conducting electrodes of radii & and 3!
are embedded in an infinite medium of conductivity o, their centres

c Ve ~ . AN I\ -
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being at a distance 2a apart. Show that the resistance between them is

approximately
1 /1,1 1
R 4rc (8 51 &)

If the medium is bounded by an infinite plane surface from which each
of the centres of the electrodes is at distance b, show that the resistance

. 1 /1 |
&5 s~ v ) ()
Solution.
A n P
2a e~
B
Fig. 17

Let A be the clectrode of radius & and strength J through which
current enters and B the other where the current leaves, i.c. of strength
— J. At any point P, with AP = r;, BP = re, we have the potential

J
Bo - o oy BY 212(14),
At A4, r =38, re = 2a
J(1 1
P4 = &<8 2&)
Similarly bn =" (21(1 L )

. b4 — oB 1 (1 1 1
SO resistance = ey 21%5(8 + 51 éz) (from 2.1.5.)

To solve the second part we use the method of images.

At the image point, A1, of 4 in the boundary introduce a similar
electrode of strength J, and likewise at B! an electrode similar to that at
B with strength —J. The choice of currents in these electrodes is made
to ensure that the current density i, is zero across the boundary.

Then at a point P in the medium we have

¢P:J<1 1+71i_‘1>

e\ri r'n r
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Hence at 4 and B

J /(1 | 1 1
4= (*s T2t 2\'/@1‘2?525)
J(1 1 1 1
=3 (’2‘& Tata@ ey 2‘5)
¢4 — ¢5

resistance —
4rJ

=R+ 4%,@-1, - \/(&21?772“)

Comment. The method of images is covered fully in Vol. 11.

2.2 Gravitation Results

(1) The intensity F is the force on unit mass.

(2) The potential ¢ at P is the work done by the field in moving unit
mass P from a fixed point Q, at which the potential is taken to be zero.
0 is generally taken to be at infinity.*

(3) F - grad ¢
4) div F = —4myp, y the gravitational constant.
Hence V2¢ -= -—-4nyp (Poisson’s equation)

(5) At a boundary between two media, 1, 2,

(@ ¢ - $2
(b) F1.ni2 — Fz . npg -~ 4nyo

(6) The gravitational energy W is the work done against the attractive
forces in collecting the particles from a state of infinite dispersion.

For a discrete distribution W= 33 mups

For a continuous distribution W .= A%/ptﬁ dv

(7) Attraction and Potential of a Uniform Straight Rod
If ¢ is the density per unit length of a uniform rod AB, then;

(i) The attraction at a point P, not in the line of the rod, is
2yp sin «
p

where 2a is the angle subtended by AB at P and p is the length of the
perpendicular from P to 4B (or AB produced). A convenient form

* Some authorities define ¢ to be minus this value; in this case the signs of terms
involving ¢ in the results quoted must be altered.



58 HYDRODYNAMICS AND VECTOR FIELD THEORY

for the component of attraction parallel to AB (and in the same
sense) is

11
Y°\pPA~ PB
rn-+re+a

(ii) The potential at Pisye log - -~

where AB =a, AP =r1, BP =1

(8) Attraction and Potential of a Uniform Plane Circular Lamina at a
point P on the Axis of Symmetry

(i) Attraction == 2myp (1 — cos «), where o is the semi-vertical angle
of the cone with the lamina as base and P as vertex.

This result can be obtained from first principles by integration, but
follows at once from the following general theorem:

Theorem. The resolved part of the attraction, at a point P, of a thin
uniform plane lamina, surface density e, in the direction perpendicular
to the lamina is ypw, where o is the solid angle subtended by the
lamina at P.

(ii) Potential = 2,-;.),9{\/,’-2_%‘_"?‘2 - p
where r is the radius of the disk and p the perpendicular distance of P
from it.

(9) Attraction and Potential of a Uniform, Thin, Spherical Shell
(i) Attraction = yM/r? r>a
= 0 r<a

where M is the mass, a the radius of the shell, and r the distance of the
point from the centre of the shell.
This follows at once from Gauss’s Theorem, which may be stated as:

The outward flux of the force of attraction over any closed surface
in a gravitational field of force is equal to —4ry times the mass
enclosed by the surface.

.. . yM
(ii) Potential S (r ~a)
_rM

a

(10) Attraction and Potential of a Uniform Solid Sphere
(i) By integrating the result of (9)(i), or directly by Gauss’s Theorem,
the attraction at a point distant r(>= a) from the centre can be shown to
M
be Y

re

(r<a)

(ii) Potential = (r>=a)
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Problem 32

A uniform straight rod is of mass m per unit length. Find the com-
ponents along and perpendicular to the rod of the gravitational field at
any point.

A uniform rectangular plate of surface density o per unit area
has sides of lengths @ and b. A point P is a distance c along the per-
pendicular at one corner. Show that the gravitational field at P parallel
to the sides of length a is
[(az + eyl (b2 + 22 4 b

C

: {(a3 462 Eﬁl/z +‘b}

where y is the gravitational constant. (D.)

yo log

Solution.

P

A4
/

D C
Fig. 18

Consider the component of intensity of attraction at P, parallel to
AB, due to an elemental strip, LM, of width 8x, and hence of density o5x
per unit length, where AL = x.

The bookwork of the first part gives this component as

adx (—L — —1—>
YOX\PL T PM
This at once leads to the value of the component due to the whole
plate as

b
'yc/ {(c2 + x2)-112 — (cz + a2 + x2)-1/2} dx
0

~ o {Uog (¢ + VEF] — llog (x + Ve Tt T ) xZ)J:}

giving the result stated.
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Problem 33

Two uniform straight rods each of length / are placed parallel to each
other and perpendicular to the line joining their centres, which are at a
distance A apart. If their masses are M, N respectively, show that the
force of attraction between them is

2yMN /2 \1/2
72 {(’ +h‘2> ”1}

where y denotes the gravitational constant. (D.)
Solution. ;
B D
Q--—-—m=mmmmmmmmm o - P
1Xx
A C
Fig. 19

The density, 1, of AB is %[, and of CDis pz = zlv

Measuring x from the mid-point of rod CD, consider an element of
length 3x at P. The force of attraction between this element and rod AB
is directed along the bisector of BPA and is of magnitude

Zyeiee SI0 3% (fr0m 2.2 (7))

Thus the total force of attraction between the rods is

1/2
2 [ “YP1%2 Gin a cos (x — 0) dx
0

h
a
where 6 = BPQ, PQ being perpendicular to AB.
By symmetry components parallel to the rod cancel.
Hence total attraction is sum of components perpendicular to rod

12
= ZXI_Z—A%M {sin (2 — 6) — sin 0} dx
__2yMN (2 124 x 2 —x dx
BhJ, 2+ (12 + )22 T (B2 4 (12 — x)2pf2
2yMN

{(1 + P/p2yz — 1
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Comment. In this type of problem it is usually easier to obtain the
attraction directly by integration, rather than from a potential function.

Problem 34

Find the gravitational attraction at any point due to a uniform
straight rod.

Show that if a uniform straight rod 4B is free to slide in a smooth
groove parallel to a similar fixed rod CD its time of small oscillations
about its equilibrium position is 2=/p, where

P2 — Zym( 1 1
CD\BD AD

where m is the mass of unit length of the rod and A D, BD are distances
in the equilibrium position. 0.

Solution.

S0
O

_—— ==X

Q

>
x

>l

o]

@

®h----

Fig. 20

Let / be the length of each rod and d the distance BD in the equilibrium
position. Consider rod AB at A’B’, where AA" = x.

Clearly we are concerned only with the component of attraction
parallel to CD, and this, on an element of length 8y at P, where A'P = y,
is, by the standard bookwork (2.2 (7))

L1
2 (.
v (PC PD) »
PC2=d? 4 (y — x)?
PDY =2 4 (I + x — yp

and hence the total attraction on A1B1 parallel to CD is

ym? /Ol [ + (v — B2 — (@ + ( + x — Y] dy
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Using the standard form for these integrals (or substituting y — x = v
in the first and / + x — y = u in the second), this becomes

ym? [log [(/ — x) + {(/ — x)? + d2}11?] — log (—x + (d% 4 x?)1/2}
—log [( 4 x) + {( + x)2 & d2}12] + log {x + (a2 + x®)1/2)]
= ym? [mg{z — X (2 4 a1z (1 — azl—il—z)}
+log{(1 + x/d)/(1 — x/d)}

_ Ty 2 L 202 Ix ) ]
]og{l—} X (2 a2y <1 +
where we have neglected x2 and higher powers on expanding the square
roots, since we are considering only a small displacement of 4B.
After expansion of the logarithms, retaining only terms in Xx, this
reduces to
ym2{2x[d — 2x(d? + [2)71/2}

] 1
_ 2 [ - -
- 2ym (BD AD) X
leading at once to the result required.

Problem 35
Show that the potential energy of a volume distribution of gravitating

matter of density o is %/j/ e dv, where ¢ is the gravitational
potential.

A spherical shell of gravitating matter of internal and external radii
a and b is such that its density is inversely proportional to the distance
from the centre. Show that the potential energy of the shell is

3y M?Q2a + b)/(a + b)?
where vy is the gravitational constant, and M is the mass of the shell.
(D))

Solution. Let the density at any point, distant r from the centre be k/r.
Then the mass of the shell is given by

b
M - / rr?(k[r)dr = 2rk(B® — a?)

We now find the potential ¢ at an internal point P, distant x from the
centre, (@ < x << b). Considering an elemental shell bounded by
spheres of radii r and r 4 dr, we have, for the potential at P due to such
a shell, from 2.2 (9),
yadrrX(k/r)drix r<x
or yvarr¥(k/ndrfr  r>=x
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Thus the total potential at P is
x b
¢:4’E£fl’ rdr+4rrky/ dr
x

a

- 27‘? Y (x2 — a?) + 4rky(b — x)
Using the bookwork of the first part gives, for the potential energy,
b
—nky / I;{(x’& — @)/x | 2(b — x)} dnx2 dx
a

_ 8nZk?y
3

(b3 — 3a2b t 2a3)

® + 2a)
AR

Alternatively, we might consider the shell as built up by bringing from
infinity successive layers of mass 4mox2 dx, i.e. 4nkx dx. Since the
potential at the point P due to the part of the shell already assembled is

2rky(x® - a®)/x
the work done by the forces of attraction in adding the next layer is
{2rky(x2 — a?)/x}4rkx dx

Integrating this from x = a to x -= b gives the result as before. Note
that in this method we have not needed the potential at an internal
point of the shell.

Problem 36

The attraction at any point inside a sphere of radius a is 3znypr2.

Find the mean density of the sphere and show that the loss of gravita-
tional potential energy in assembling the particles from a state of
diffusion at an infinite distance is %z yM?2, where M is the mass of the
sphere. (L)

Solution. If N is the attraction at the surface and M, the mass of a
sphere of radius r, then, by Gauss’s theorem,
—4nr2N = —4ry M,
2
Here N = 4myer?
3a

whence M, = ﬂ%—‘l
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Thus when r=a, M= iﬁ?

and the mean density is p.

Let the density at a point distant x from the centre be f(x). Then the
mass of a sphere of radius 7 is

4 4rort .
M, = / 4nf(x) x2dx = 3a (from the above working)
0

Differentiating w.r.t. r gives

s =%
_ dor
f(n) = 3z

If we now consider the sphere to be assembled by bringing up from
infinity successive spherical layers of thickness 3¢ we have, for the
potential at the surface when the radius is r,
rMy _ yhrer’
r  3a

and hence the loss of gravitational potential energy

3 2
. [a vamer? dor g gr — My
o 3a 3a Ta

Problem 37
The potential of a gravitational field at the point (x, y, z), distance r
from the origin, is given by
V1 = yk(13a% — 3x?) forr <a
Vo = yka®(12rt 4 a?r? — 3a®x?)[r5 forr > a
where k is a positive constant and y the gravitational constant.

Show that the potential arises from a sphere of uniform density
having radius a, together with a surface distribution of density

15k(a® — x2)/4ra on its surface. (R))
Solution.
a2V, |, 2V | "N
2y, = 91, o1, v
Vi = ox? oy? 0z2 byk

Hence, by Poisson’s equation (2.2 (4)), for r < a there is a uniform
volume density, magnitude 3k/2x.
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Using r2 = x% 4 y2 4- z2, and hence or = 5, etc., we readily find

ox
Ve, of 12 x 3a® x 6a®x | 15ax* x
“a?"”“’( rRor ril'-r_‘75*+'r6“'7>
12x  9a%x | 15a%x3
= yka 3( w T oE T ‘,7“)
2Vs 36x2 9a%2 | 45a2x2  45a2x2  105a2x%
and so P yka 3< 3 4 == - 5 + i + T e )

. . e .. 2V
Combining this with similar results for _(Hj;?? a
r2 = x2 + y2? 4 z2) gives V2Jp = 0.

Hence for r > a there is no distribution of matter.
To find the distribution on the surface of the sphere r == a we use the
result

o2 .
nd e)}l';? (remembering that

ov: ov;
( dr2> _ (_9;_1>r=a: —4nys [2.2 (3) and (5)]
o being the surface density
0x _ X
o r

(as we see by writing x = r sin 6 cos , in spherical polars) and hence

0 Vl - 6ykx2
“or r

and

oVa 12 3a2 | 9a2x2
3( o 04T AT

d ')/k ( r_ r4 + r6 >

Putting r = a, we get

o 145k (a — x%/a)

as required.

PROBLEMS FOR SOLUTION

1. Point charges e, ¢, . . . en are at the points X;, X3, . . . X, of the straight line
OX. Prove that along a line of force,

n
3 emcos 0m = constant
m=1

where, if P is any point on the line of force, PX:n\X = Om.

In the particular case when there are two charges only, namely 4¢ at X; and —e at
X,, prove that the line of force leaving X; at an angle n/3 with X,.X, has equation
sin 48, = 4 sin 49,.

Hence or otherwise prove this line of force passes through the neutral point.

(H)
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2. If the equation f(x, y, z) == A, where A is a parameter, represents a system of
equipotential surfaces in a region devoid of matter, prove that

(é*f ef o’f /1 = af) }(if)gl

8x2 ﬁyz 0z2 oz) |

is a function of A only.
Show that (x — ¢)? - y* = M(x -+ ¢)? + y?} represents a family of equipotential
surfaces and that
V-~ AlogA - B

where V is the potential function and 4 and B are arbitrary constants. (L.)

3. Define the coefficients of capacity and potential of a system of conductors.
Show that they form symmetrical matrices, assuming the conductors are embedded
in an infinite dielectric.

Three equal conducting spheres are placed with their centres at the vertices of an
equilateral triangle and are initially isolated and uncharged. Conductors 1, 2, and 3
are in turn charged to potential ¥ and then isolated. If the charges on | and 2 are
then Q, and Q,, find the charge on 3. M.)

4. Define the coefficients of potential, capacity, and induction for a system of n
conductors.

Show that the coefficients of potential p,, are all positive and that p,, = p.

(r +# s).
Obtain all the coefficients for three concentric spherical conducting, thin shells of
radii a, 2a, and 3a, the intervening dielectric being air. (E)

5. Three conductors A,, A., and A, are such that A, is inside 4,. Show that there
are four independent coefficients of potential.

A, is given a charge Q, and initially 4, and A; are uncharged. A, is now con-
nected to A, by a fine wire passing through a small hole in 4,; contact is broken and
A, is now connected to 4;. The process of alternately connecting A; with A4, and
A, is repeated. If Rr and Sr are the charges on A4, and A, after they have been
connected r times with A4,, write down the equation between the charges when A4,
is connected to A, for the rth time. Write down the corresponding equation when
A, is connected to A, for the (r -i- 1)th time. Hence or otherwise show that

w8 (1)

where « == py; — P, B = Paz — Pro, ¥ = Paz — Pra.

Find also the charge on A, after it has been connected to A4, for the (» -+ 1)th time.

D.)

6. Find the equations to the equipotential surfaces and lines of force of the electro-
static field due to charges 9¢ and —e at distance 10a apart.

Show that one of the equipotential surfaces is a sphere of radius 9a/8 and examine
in particular the surface which passes through the point of equilibrium.

Sketch the equipotential surfaces and lines of force. (E.)

7. Charges e, —2e, 8e are placed at the pomts (—a, 0, 0) 0, 0, 0) and (a, 0, 0)
respectively. Prove that the neutral points in the plane z — 0 are

a a [5
(~% iz\/s’ 0).
Hence show that the extreme line of force passing from the charge e to the charge
—2e makes on leaving e an angle « with the x-axis where

9 /3
cosa=6—§\/§~ (E)
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8. Two concentric spherical surfaces, radii a, & (a >> b) insulated from each other
and from earth, are given charges ¢, and ¢,. After the spheres have been charged the
inner sphere is connected to an infinitely distant uncharged insulated sphere of
radius c¢. Find the charge Q which this sphere receives.

If the two concentric spheres are now connected to each other and the charge on
the distant sphere becomes —2Q, prove that

ey _aa+b+3c)
e,  3ab + 2bc + ac

Find the electrostatic energy of the system in its final state. L)
9. Prove that a conductor at potential ¥ and carrying charge Q has potential
energy 1QV.

Three concentric insulated spherical conductors have radii a, b, ¢ (a < b < ¢)
and carry charges e, e,, e; respectively. If the three conductors are joined together
by fine wires, show that there will be a loss of energy and find this loss. {D.)

10. An equipotential surface .S, whose potential is ¥, completely surrounds a
system of charges whose algebraic sum is Q. Explain why, if S is replaced by a thin
conducting shell the electric field is unaltered. Show that the capacity of an isolated
condenser, consisting of the surface S and the sphere at infinity, is Q/V.

Two such equipotential surfaces S;, S,, remote from each other, are at potentials
V1, V. and enclose charges whose algebraic sums are Q,, Q,, respectively. Each is
now replaced by a thin conducting shell. If these shells are now joined by a thin
conducting wire, prove that they attain a potential

Vo0 -+ Q)
ViQ. + V.0,

Find the energy dissipated when the connection is made. D.)

11. A parallel-plate condenser has plates of area A at a distance ¢ apart. Ignoring
end effects, find the capacity of the condenser and show that it has electrostatic
energy AV?/8xt when charged to a potential difference V. Find also the force of
attraction F between the plates.

If the plates of the condenser move farther apart through a small distance at, the
potential difference V being maintained constant by connecting the plates to a
suitable battery, find: (i) the loss in electrostatic energy of the condenser; (ii) the
work done by the force F; (iii) the energy supplied to the battery, and hence check
the energy balance. )

12. Three concentric conducting spheres have radii a, 24, and 3a, and carry
charges ¢, 0, and —2e respectively. They are in vacuo except for the region between
the middle and outer spheres, which is filled with a substance of dielectric constant K.
Show that the spheres have potentials in the ratio —(K -}- 1): 2K — 1:2K. If the
middle sphere is now earthed, prove that the electrostatic energy of the system will
decrease by an amount (2K — 1)%¢*/6K(2K + 1)a. (H.)

13. State Gauss’s Theorem of electrostatic induction.

An insulated spherical conducting shell of inner radius 4 and outer radius ¢
carrying a charge Q is concentric with an inner earthed conducting sphere of radius
a(<b). The dielectric constant of the region ¢ < r is K, and in a < r < b the di-

2
electric constant is K (?) , where r is the radial distance from the centre of the
system. The shell is divided into two segments by a diametral plane P, and these
are maintained in electrical contact by a smooth, inextensible string just fitting the
outer surface of the shell and lying along a great circle in a section perpendicular to
the string is in tension, show that the tension T is given by

_ Q¥b*b —a)* —a*}
" 16b%c(b — a) - a%)?

with the condition b > (V'5 + 1)a/2. (N.)

T -
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14. State the equations satisfied by the electrostatic field in a region where there
is a volume charge density p and no dielectric material.

Assuming that the electric charge Z. of an atomic nucleus is uniformly distributed
inside a sphere of radius R, prove that the potential at a distance » from the centre is

AR

Obtain an expression for the electrostatic energy [ pedr of the nucleus and verify
that it is equal to the field energy 8177/ Edr. <)

15. Find the radial and transverse components of the electric field due to an
electric dipole of moment m.

Electric dipoles of moments V' 3m, 2m, m, and m are fixed at the vertices 4, B, D,
and F respectively of a regular hexagon ABCDEF. The four dipoles are fixed in
direction and point in the direction BA. Another dipole has its centre fixed at E
and is free to rotate about its centre in the plane of the hexagon. Show that it will
rest with its axis making angle « with DE, where tan « = 27V/3/65. D.)

16. Show that an electric dipole of moment M placed at a distance r from a point

. eM 3e(M.n)r eM < r
charge e experiences a force T s and a couple - I

At the points (d, 0, 0) (—d, 0, 0) of a system of rectangular Cartesian axes are
placed charges ¢, —e respectively and a dipole is placed at the point (0, 0, /). Show
that the dipole experiences the same force as it would do in the presence of a dipole of

moment
a5
2ed (1 + ~12~> ’

at the origin, pointing along the positive x — axis. (D.)
17. Obtain the magnetic field intensity H due to a small magnet of moment M,
and deduce the potential energy of a second small magnet M; in the field of the first.
A small magnet of moment M is fixed in space and another of moment m is free
to rotate about its centre, which is on the axis of the first magnet and at a distance b
from it. Show that if I is the moment of inertia of the free magnet about its centre
the period of its small oscillations in a plane containing the magnet M is

(272 I/mM)1 /2 (E.)

18. Two small magnets, moments M,, M, are fixed with their centres at the
corners B, C of an equilateral triangle ABC and with their axes pointing in the
directions B4, AC. A third small magnet, Mj, is free to turn in the plane of the
triangle about its centre, which is at 4. Show that the axis of M is inclined to the

. PR L M+ M, . - .
bisector of BAC at tan V30M, — M) in the positions of equilibrium. If M} > M,,
which of these positions is stable? Determine the period of small oscillations about
the position of stable equilibrium given that the magnet has moment of inertia /
about its centre. D)

19. Prove that the potential energy of a magnetic doublet of strength m in a field
of magnetic intensity H is —m . H and that the mutual potential energy of two

doublets m, m!, whose separation is r is

~.m.m! 3(m.r)(m'.r)
T T T T

w

Two small coplanar magnets of moments 2m, 3m are free to turn about their
centres, which are fixed and are placed with their line of centre perpendicular to a
uniform field H. Calculate the potential energy of the system and show that the
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position of equilibrium in which their axes are in the direction of H is stable if
8m < Hd?, where d is the distance between the centres. L)

20. Prove that the mutual potential energy of two magnetic dipoles, of moments
m, m! at a distance r apart, is

{m.m! — 3(m.a)m'.a)}/r

where a is a unit vector along the line joining the dipoles.

Two small magnets of equal moment m are free to turn about vertical axes through
their centres, which are at a distance r apart. The line joining their centres is hori-
zontal and perpendicular to the earth’s magnetic field. If H is the horizontal com-
ponent of the latter field and H << 3m/r3, show that there is a position of stable
equilibrium with the axes of the magnets parallel and inclined to the line of centres at
sin-t (Hr?/3m). @D,

21. Show that the scalar potential at a point P due to a uniform normally mag-
netised shell of strength / is /w, where w is the solid angle subtended at P by the shell.

A sphere of radius a is magnetised so that the intensity of magnetisation at a point
whose position vector is r referred to the centre of the sphere is f(r)r - ¢, where f(r)
is any function of r (- |r]) and ¢ is a constant vector. Prove that the field at an
external point is the same as if the sphere were uniformly magnetised to the intensity
c.

Show also that the potential at an internal point 1s

4n /“ f()dr +47r.c (L)

r

22. Prove that the potential energy of a magnetic shell of any form and of uniform
strength 7, placed in a magnetic field of intensity H, is equal to

HI//H.dS

the integral extending over the positive face of the shell. Deduce that the total force
on the shell is given by
I / H » ds

where the integral is taken round the boundary of the shell.

A small magnet of moment m lics along the axis of a flat circular uniform» magnetic
shell of strength I and radius a, its distance from the shell being . Find the mutual
force between the magnet and the shell. D)

23. State the equations which determine the steady flow of current in an isotropic
conductor and indicate their physical meaning.

A and B are opposite ends of the diameter of a thin spherical shell of centre O,
radius a and thickness . Current enters and leaves by two small circular electrodes
of radius ¢ (> t), whose centres are at 4 and B. If i is the total current and P is a

point on the shell such that P(/)\A = 0, show that the magnitude of the current vector
at P is if2mat sin 8. Deduce that the resistance of the conductor is approximately
1

not

24. Obtain the following equations for steady current flow in a non-uniform
medium of resistivity = and specific inductive capacity K, in which p, ¥, and ¢ are
respectively the electric volume density, the electric potential, and the current
intensity

log gcg where o is the conductivity. (C)

_ o(logm) oV

H - 2y -
dive = vy r a
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A perfectly conducting sphere, of radius a, is surrounded by two concentric
spherical shells of uniform material; the inner and outer radii of these shells are a
and b, and b and ¢, and their resistivities are = and 27 respectively. The rest of the
space is filled in by a uniform medium of resistivity 3r. Show that the rate of out-
flow of current from the conducting sphere, when it is maintained at potential ¥,
relative to points at an infinite distance, is given by 4mabcV,/r (ab + bc +- ca).

S.)

25. Show that the gravitational attraction due to an infinite rod of mass m per
unit length at a point, perpendicular distance r from the rod, is 2ym/r in the direction
of the perpendicular from the point to the rod, where y is the gravitational constant.

An infinite rod of mass m per unit length lies along the x-axis. A finite rod of
length @ and mass m per unit length lies parallel to the xy plane with its ends at the
points (0, 0, #) and (a cos «, asin «, #) (e # 0). Show that the z-component of the
gravitational force between the two rods is 2ym?B/sin « where B = tan ! (a sin «/h)
and find the y-component, also in terms of 8. D)

26. Prove that the attraction of a uniform circular disc of radius a and surface
density o at a point on the axis distant p from the disc is

2myo{l — p(a® - p*) -4}

Prove that the attraction of a uniform solid hemisphere at the point on its curved
surface farthest from the base 1s 2(3 —V/2)/3 times the attraction at the centre of the
base. (R

27. Find the potential of a thin uniform shell of matter at: (i) an internal point;
(ii) an external point.

The density in a sphere of matter is p, - - Ar® at a distance r from the centre, where
po is the density at the centre and A is constant. Find the potential at any internal
point, and prove that the potential at the centre is

7Ga*(py + py)

where a is the radius of the sphere, p, the density at its surface, and G the gravita-
tional constant. D.)

28. A spherical shell of gravitating matter of uniform density p has internal and
external radii b and ¢ respectively. Show that the work done in dissipating the shell
completely to infinity is (in gravitational units)

&5 m%2c° — 5¢26® + 3b%)
Find the potential ¢ at any point of the complete shell and verify that the above
expression is equal to
i / piar

where the integration is over the complete shell. MD.)
29. Show that the potential energy of a volume distribution of gravitating matter

of density p1s —% / / / pVdv, where V is the gravitational potential. The density at a
(%

point inside a solid sphere of mass M and radius a is proportional to the square of
the distance from the centre. Show that the potential energy of the sphere is
—5yM?®/9a, where y is the gravitational constant. D)

30. Assuming the inverse-square law of attraction, obtain Poisson’s equation
V3¢ = —4nGp for the gravitational potential ¢ in a continuous distribution of
material of variable density p, G being the gravitational constant.

A small portion of a continuous gravitating medium is bounded by a sphere of
radius a. Show that the force on it per unit volume due to the action of the remainder
of the material is given approximately by the vector expression

pgrad ¢ + 1’5 a*V*(p grad ¢)
evaluated at the centre of the sphere. (L)
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31. If V4, V¥, denote the potentials at points P, and P, on opposite sides of a surface
distribution of matter and dn denotes an element of normal taken positively from P,
to P,, prove that the surface density is

1 /en ?ﬁ)
471'( on on

evaluated at the surface.
The potential of a certain distribution of matter at a point (x, y, z) is

4 . 4 o [3x* 1

2 . x5 ! -~

3 yomat/r + 05 yoma ( P ,.3> r>a
and 2 yoma® -+ {5 yoma(3x® —r?) r<a

Find the distribution of matter. (L.)



CHAPTER 3
HYDRODYNAMICS

In this chapter some simpler problems of non-viscous hydrodynamics
are solved, dealing with uniform streams, sources and sinks, and
Bernouilli’s equation applied to various conditions. More specialised
problems of two-dimensional motion and spherical boundaries, to-
gether with particular techniques, are covered in Vol. II.

3.1 Basic Equations

Non-viscous fluid, density p, velocity q, in laminar flow, satisfies
(a) equation of continuity %‘; + div (pq) == O

For incompressible fluid this becomes div q =0.
The acceleration of a fluid particle is

0 0
f— —6—? +(q.V)q = bi} + grad (J¢2) — q X curlq
and the

(b) equation of motionis f = F — i grad p

where F is the body force per unit mass and p is the fluid pressure,
which, for a non-viscous fluid, is the same in all directions (and so is a
scalar quantity).

3.1.1 Bernouilli’s Equation. If the body forces are conservative, and the
pressure is a function of the density, then F = —grad ¥V, and

(a) in steady flow 4q% + V + / dp/e is constant along a streamline;

(b) in irrotational motion (see 3.2) —Z—f +3q2+V + [ dple = G(2),

a function of time only;

(¢) in irrotational steady motion %q% + V + f dple is constant
everywhere.

3.1.2 Boundary Conditions. At any boundary the normal velocities of

fluid and boundary are equal.
72
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3.2 Irrotational Motion

This is defined by curl q = 0, and so q = —grad ¢, ¢ being the
potential (single valued in a simply connected region).
For an incompressible fluid, the equation of continuity then gives

V2$ == 0

3.2.1 Uniqueness Theorems. There cannot be two motions satisfying
V2¢ =- 0 and prescribed motions of boundaries.

3.2.2 Some Potential Functions in Three Dimensions. For a source of
strength m at the origin, ¢ == m/r, where m is defined as 41?: X (rate of
emission of volume).

For a doublet M at the origin, ¢ -~ M cos 0/r2.

For a uniform stream in positive x direction, ¢ == — Ux.

3.3 Impulsive Motion
The general equation of impulsive motion is

1
ql—qozl——;gradp

where I is the impulse and p the impulsive pressure. (If the impulse is
produced solely by the motion of the boundaries, I = 0.)

3.3.1 A motion generated from rest by impulsive pressure from
boundaries only is irrotational, and the impulsive pressure is given by

p = e everywhere.

3.4 Kinetic Energy
The kineticenergy of a fluid is }¢ / g2 dv, which for irrotational motion
v

reduces (by Green’s Theorem) to
. 4
K.E. -- %p/S(ﬁ@n ds

'éan meaning differentiation along the outward normal, as usual.
3.5 Dynamical Principles
The ordinary laws of dynamics hold, and may often be used to
shorten the solution of a problem; in particular,

(@) the momentum produced by an impulse is equal to the impulse;
(b) the kinetic energy produced by an impulse is the product of the
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impulse, and the mean of the initial and final velocities of its point of

application in the direction of the impulse;
(c) the rate of increase of energy in a system is the rate at which

work is done on the system.

Problem 38

An infinite mass of inviscid liquid of constant density ¢ is initially at
rest, and has a spherical cavity of radius a. The liquid is made to move
outwards by a pressure applied uniformly over the surface of the cavity;
there is no pressure at infinity and no body forces act. If the radius of
the cavity is b at time ¢, and the pressure applied is Kb 3, K constant,
prove that

pb3<f”’ )2 — 2K log (b/a)

dt
and that the pressure at distance r from the centre of the sphere is
(K/b2n)[1 + {1 — b3/} log b/a] (L)

Solution. The motion is purely radial, and hence must be irrotational,
with potential

¢ = AJr (where A is independent of r)

To find 4, in terms of the other quantitics, we solve for the outward
velocity at the bubble boundary, which is

@ and is also A

dt b2
db b% (db
- h27 Ea—— .
Hence A»-bdt and ¢ == r(dt)

Now we can use Bernouilli’s theorem (3.1.1) in the form applicable to
irrotational non-steady motion; this gives, with the usual notation,

ple— PVt GO . .. L)

where G(¢) is a function of time only, i.e. is constant throughout all

) z;—f er 02—';1 and by con-

sidering conditions as r— o where p = 0 it can be seen that
G(t) =0, all ¢.
Hence (1) becomes, substituting for A4,

d2b db\2 db\?
{b2~»,,+2b(—~ } bt —)
dr? dt dat ) —
1_; ) L < =0 . . (2

r

space at any instant. Here V =0, ¢ = A/r2
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and, since p = Kb~3 when r = b, this reduces to

3 (db\? d2b

2 2
Using ‘cii—tg = -}‘%)—( Z?) ,and ‘de = 0 when b = g, this integrates to

b3( g? )2 — (2Ke) log bja

Substituting from this in (2) gives the relationship
p = (K/b*r) [1 + {1 — b%/r3} log (b/a)]

Alternatively the problem may be done by using energy, which
shortens the working by obtaining a first integral directly. In this we

2
work as before up to ¢ = ér %’ Then the kinetic energy, at the instant

when the radius of the bubble is b, is from 3.4,

%P/‘ﬁg_ﬁ dS = —3p [‘f’%‘é . 4r:r2] ,

(since ¢, d¢/or are constant over r = b)
db)2

— 3. 4mobt( G @

The motion starts from rest and so this energy is the work done by
the pressure in expanding the bubble from initial radius a to .

The work done by pressure p in expanding from radius b to b + db
is 4nb%p db, and p = K[b3, giving

b
total work — f z’-f, 4xb2db — 4nK log bla . . (5)

a

Equating (1) and (2) gives the first equation required

dt

The pressure at any distance r has then to be found from Bernouilli’s
equation as before.

pb3<41’)2 — 2K log b/a

Problem 39

Infinite inviscid liquid of constant density is attracted towards a fixed
point O by a force f(r) per unit mass, r being the distance from O.
Initially the liquid is at rest, and there is a cavity bounded by a sphere
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r = a. If there is no pressure at infinity or in the cavity, prove that the
radius R of the cavity at time ¢ is such that

~d—{R (‘i’:) } 2R —13 [ fwydr —o

If f(r) = Kr3/2, K constant, and the cavity is filled after time 7, prove
that 25 K2T4 = 4a5. (L)

Solution. The motion is wholly radial and so irrotational, with
potential ¢ = A/r, A a constant. To find A4 in terms of other quantities
we solve for the velocity at the bubble boundary, which is

—‘gf (inwards) and also — A/R? (inwards)

dR R2dR
g 41 L R an
Thus, (as in problem 38), 4 = R di and ¢ Cdr

Now use Bernouilli’s theorem (3.1.1) for irrotational non-steady
motion; this gives

¢

ple— - +V+ig2=G60n . . . . (1)

where G(¢) is a function of time only, i.e. is constant throughout all
space at any instant.

Here the potential of external forces is V = ~—/ f(r) dr, and
r
o _1dA
o rdt’
V = 0and p = 0, it can be seen that G(¢) —= 0,allz. Sincealsop = Oon
r = R, substituting these values and r = R in (1) gives

‘ftf+2(> wa(r)dr~%—--(i{§> —0

and this can be put into the form

Ji{R (dR>}+2R2‘§/:f(r)dr:O NG

q = A/r?, and by considering conditions as r — « where

a\ o\ ar
If f(r) = Kr3e, f £(r)dr — 2KR-12, and using dR/df = 0 when R = a,
R

the equation (2) then integrates to

3 .|_ 5/2 — = asl2
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If u = RS2, du/dt = 5/2R3/2 dR/dt and, substituting in (3)
(du/dt)® = 10K(a52 — u)
This integrates, using R = a, u = a%2 when t =0, u = 0 when ¢t = T,
to give
T! = - a°/K?
Alternatively, the working can be shortened by using energy to obtain

a first integral directly, as in Problem 38.
The kinetic energy when the radius is R is, from 3.4,

bofd 5 as — 4 LR @

o
‘¢ ar47rr ]r:

The rate of change of kinetic energy is the rate of doing work, and the
only force doing work is the attraction f(r) per unit mass.

The rate of flow must be the same across any concentric spherical
surface; and across the inner surface it is —4nR2dR/dt, across any
other —4nr2dr/dt. The total rate of doing work is then

/R 4an3§ £ dr — 4nR2 ‘2’: /R ... )

and equating this to the rate of change of kinetic energy from (4) gives
equation (2).

Problem 40

If the pressure in a non-viscous fluid is a function of the density and
the external forces are derived from a potential V, prove that the
vorticity W = % curl q, (q being the velocity vector), will be zero every-
where at all times if it is zero everywhere at ¢t = 0. Show further that
when W = 0 everywhere then

dp o
[P +a24+v -5

is constant throughout the fluid at any instant of time.

A spherical shell with inner and outer radii @ and b, of uniform in-
compressible gravitating liquid is at rest and surrounds a solid sphere of
radius a. The inner sphere is suddenly annihilated. Prove that the
pressure distribution in the liquid immediately afterwards is given by

p—=2my2 ,:_r),(_r,._:;_zrxgtbj__r_) ©)
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Solution. The first part is bookwork.

In the second part, consider the part of the shell between r and r + dr;
the force on this is due only to the matter within it, and this attracts as
if its mass were concentrated at the centre of the shell (2.2 (9)).

Thus the force of attraction initially is

3 _
-3-‘rrp'y ‘(”r“‘,z“q) =f(r)inwards a<<r<b . . (1)

The liquid is then subject to this body force and to zero external and
internal pressures, and the problem is similar to Problem 39.

b
As then, V= —/f(r) dr initially N 74

p
and ple — ¢ +VH+ig2=G60rH . . . . (3
ot

As in Problems 38 and 39, the motion is irrotational, potential A/r,
and if the internal radius be R at time ¢ we find 4 = R2dR/dt by
equating velocities at r = a. Then

2 _ 104 _1[ dR dR\?
at at . r{R ae T 2R< dt)}

L _ dR 645 a®(d%a
and so initially R = a, di = 0and =7 (Uﬂ‘) e 4)
Also g = 0 everywhere, and (3) gives, taking conditions at » = b, = 0
a® (d%a
"F<W)¢=0_G(O) R

and, taking conditions at r = a, t =0
( dﬂ) / fhdr=G0) . . . ©
and at r, t = 0 we have

ple—" (ng) - frb./‘(r)dr:G(o) )

2
Eliminating (57?‘21), and G(0) from (5), (6), and (7) gives
=0

a(b

ple — / " 1) dr = [ 1) dr

and substituting from (1) for f(r) and integrating, this reduces to

. bG—nrr—afa+b+r
.p - 27’)’92 37
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Comment. This problem is the same in principle as the two previous
ones, but differs slightly in technique because of the unknown d2a/dr?
and G(0). Since only the initial pressure distribution is required, it is
no easier to do the problem by energy methods. If the subsequent
motion were required, however, energy would be a much easier method,
since otherwise conditions at fwo moving boundaries are involved.

Problem 41

A source of strength m is situated in a stream which at large distances
from the source has uniform velocity U and pressure P. Show that this
combination represents irrotational flow past a certain semi-infinite
surface and find the equation of the surface. Determine the part of the
surface on which the pressure exceeds P and find the force exerted by
the fluid on this part. (M.)

Solution. Taking spherical polar coordinates with the source at the
origin and the base line along the positive direction of the stream, we
have, from 3.2 (2), potential due to source is m/r, potential due to stream
is — Ur cos 0, so that the total potential is m/r — Ur cos 0 . (D

and the velocity q =— —grad ¢

= {Ucos 6 + m/r2, —U sin 6, 0} N @3]
There is a stagnation point where

(U cos 6 4+ m/r2)2 + U2sin2 6 =0
and the only possible solution of this is 6 = =, r = Vm/U

i.e. at the point S, where the source and stream neutralise each other.
The streamline through S is the dividing streamline as shown.

Fig. 21
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The velocity at any point is tangential to the streamline, and so
rdd  —Usin6

& = Ucos 0 + mjre ®)
which integrates to $r2U2sin? 6 — mU cos 0 == constant.
Thus the streamline through S is
$r2U2sin2 6 — mU cos 0 - mU
which simplifies to r=,/ %’ cosec6/2 . . . . . @

This is the equation of the boundary shown of a semi-infinite solid
(a solid of revolution about the base line); and since the whole boundary
is a stream surface, the potential (1) represents flow up to this boundary,
i.e. flow in which the shaded region contains no fluid.

Using Bernouilli’s equation (3.1.1) for steady irrotational motion
under no body forces, p/e 4 }¢2 is constant, and since at infinity p =: P,
q = U, we have everywhere

ple +3¢2 =Pl +302 . . . . . (5

Now from (2)

q% = (U cos 6 + m/r2)2 4 UZ2sin2 6
= U2 + 2mU cos 0/r2 -+ m2/rt
Hence from (5)
p = P 4+ o{3U2 — U2 — mU cos 0/r? — tm?/r4}
And on the boundary (4) this gives, after simplification,
p=P+4pU2%sin26/2(3/2sin206/2—1) . . . (6)

Thus p > P on the boundary as long as %sinzg > 1, ie. sing > V2/3.

(the alternative sin 0/2 < —+/2/3 is meaningless, since 0 < 0 < =)
The total force exerted on the body by the stream is, by symmetry, in

the direction of the stream.

The unit inward normal has components —r%g, % and the unit

vector along the stream has components in the r, 6 system (cos 6,
—sin 8). Hence the thrust 2=r sin 6 pds on an element of boundary has

component along the stream of —2rrp sin 0 (rgg cos 9 +Z—: sin e) ds.

Substituting for p from (6) and for r from (4) this becomes, on
simplifying

2mm sin 0 202 (320
U {P—}—pU 81n2<2sm2 1) do
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The total thrust on this part of the boundary is then

0y = =l . 0
rm [T T2 gin 0{P + oU?2sin? g(g sin2 g — l)}d<§>
U Jot=sni vaps

which gives, after integration and substitution,

§%§ G P+ FeU?)

Comment. The method is straightforward, but requires a considerable
amount of manipulation.

Problem 42
Obtain the equation

a
”agt + grad (p/e -+ 1¢* - V) = q X curlq

for the motion of an inviscid incompressible fluid under forces arising
from a potential V.

A pipe of variable circular cross-section is given by r = a(cosh «z)1/4
where r, 0, z are cylindrical polars, and the z-axis is vertical. Incom-
pressible inviscid fluid is in steady irrotational motion, a volume Q
passing every cross-section of pipe per unit time.

Assuming the vertical velocity to be a function of z only, and neglect-
ing the horizontal velocity, show that the pressure will not be a mono-
tonic function of z if

«Q? > 4n2a’g (L)

Solution. In the second part the fluid flows steadily along the pipe at
a volume rate of Q per unit time; and since the radius is a(cosh «z)'/4,
the velocity g along the pipe is given, by continuity, by
ﬁrzq == Q
ie. q = Q(cosh az)l2/rg®2 . . . . (1)
Gravity is the only external force, and has potential ¥ = gz. Thus
Bernouilli’s equation (3.1.1) for steady irrotational motion gives

ple +4¢2+V=C

i.e. ple +4%Q%cosh az/r2at 4-gz=C . . . (2
The pressure change along the pipe is dp/dz, which from (2) is given by
ldp Q2%« sinh az

E?Iim_g-{—%?ajcoshzaz SEEREEINRIN ©)
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The condition that p shall not change monotonically is that the equation
dp/dz = 0 has real roots (since then dp/dz changes sign along the pipe).
dp

2
Putting 2—%—22% == b, the equation == 0 is, in terms of sinh «z,

g(l + sinh? «z) — b sinh az =0
which has real roots if
b > 4g? ie. b > 2g, or «Q? > 4n2a'g.

Comment. It should be noted that the expression found for q does
not satisfy the equation of continuity div q - 0; this is, of course,
because the horizontal components have been ignored as being small
compared with the lengthwise component. Being small, they would not
materially affect the expression for pressure.

Problem 43
Show that a perfect fluid in a conservative field of force satisfies

VV~|—%Vp 4+ f--0

and explain the symbols.

In a large pond each particle of water traverses a horizontal circle
whose centre is on a fixed vertical axis; the speed at r from the axis is
or, ¥ < a, and oa?/r for r > a. Given that «, a are constant, find the
form of the free surface. (L)

Solution. In the second part, the motion is not irrotational (since

g.ds. round a horizontal circle traversed by a particle is not zero).

We know q everywhere, and V, the potential of external force, i.e. of
gravity, is gz. Bernouilli’s theorem (3.1.1) gives only p/e + 492 + gz
constant along a streamline, which, since the streamlines are horizontal
circles on which p and q are constant, gives no new information.

It is therefore necessary to go back to the basic equations of motion.

<
-

Fig. 22
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Take cylindrical coordinates r, 6, z with origin at the lowest point of
the free surface, and assume the pressure there to be py.
Then the acceleration f is due to the circular motion only, and so is

f=£,0,0 = —re?0,0" r<a
< f5,0,0-- —02a¥r3,0,0 r>a
VV-=grad V=10,0, g
op op
oz

The component equations of motion are then, from 3.1(b),

Vp -=grad p -

Lip

3R A N ()
1op )
which integratc to
P = po--egz i F(r) where F(r) - 0,r -0 . . (3)
r
and P pe A+ GE) A f ( fydrforr-Za
0

— po + G(2) /a(“ﬁ)dr + /r(»-_fé) drforr=-a (4)
0 a

Combining (3) and (4) and substituting for f1 and /> gives finally
P = Po — 08Z + er2e¥[2, F < a; p =: py — 08z -+ paw? — pw2at/2r%, r > a
From these, the free surface p — py is

2
(O
o =3 r << a;
2 2
SO [}
T=a - at —, r>a
g gr

The surface is as sketched.

Comment. This is one of the few hydrodynamic examples where the
original equations have to be used, since the motion is not irrotational
and Bernouilli’s equation, which normally provides a first integral,
gives no useful information.

Problem 44

Prove that if the boundaries of a liquid at rest are suddenly set in
motion the resulting motion of the liquid is irrotational.

A cylinder of any form of section is filled with fluid and is suddenly
given an angular velocity o about any point. Show that if the kinetic
energy acquired by the fluid is /w2, the angular momentum acquired
is Io. (C)
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Solution. The first part is bookwork.

The second part can be done in several ways.
(@) The most straightforward approach.
The motion, being started by boundary movement, is irrotational

(3.3.1); suppose its potential to be ¢.
Then the angular momentum about O is —p / (r X grad ¢) dv, the
v
integral being taken through the interior of the cylinder.

rw
n

w
27

(o]
Fig. 23

To transform this to a surface integral (since it is only on the boundary
that the velocity is known) we use

r x grad ¢ - grad (3r%) x grad $ = —curl (¢ grad 1r2)
(since curl grad 4r2 = 0)

Hence —- / (r % grad §) dv — o / {n X ¢ grad (32)} dS from 1.3 (i)
a S

~:p]‘;(n*f< $1)dS

where n is the normal to the surface drawn out of the liquid, and makes
angle 6 with the direction of the velocity at any point of the boundary.

i.e. angular momentum -- - p/qS rcos8dS . . (1)
S

The kinetic energy—irrotational motion—is 4p / ngj: dS (3.4) and, on
s

the boundary, 2—5; is the inward normal velocity —rw cos 9.

Hence kinetic energy = —4pw [ $prcos0dsS . . . (2

Thus from (1) and (2) if the angular momentum is /e the kinetic

cnergy is /w2,
(b) Alternatively, the working can be shortened by using dynamical

principles.
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The angular momentum of the liquid must be the moment of the
applied impulse, and this is simply the impulsive pressure, pé on the
boundary, i.e. in the direction of —n (3.3.1). Hence

angular momentum = — / e0r cos 6 dS
S

i.e. equation (1) is obtained directly.

(¢) Similarly, the derivation of the kinetic energy can be shortened by
using the relation that the energy is the product of the impulse and the
mean of the initial and final velocities in the direction of the impulse
3.5).

Here the impulse is p¢p along —n, and the final velocity in this direction
1S —ro cos 0, so that immediately

kinetic energy -~ --4 [ ed ro cos 6 dS

giving equation (2) directly.

Comment. This illustrates the way in which the use of general
dynamics can replace manipulation of vector fields and integrals.

Problem 45

Incompressible liquid of density p flows steadily under the action of a
conservative external force —grad V. If p and g denote the pressure and
speed of the liquid at any point show that

ple +3¢* +V

1s constant along a streamline.

Water flows steadily with a free surface under the action of gravity
along a long straight channel bounded by plane vertical walls y = con-
stant. The bed of the channel is in the form of the surface z = f(x)
where zis measuredin the direction of the upward vertical and f(x)—>0
as x —> +o. The gradient of the bed is everywhere small and the
velocity may be taken as horizontal and uniform over any section
x = constant. If the depth and velocity of the water at a great distance
upstream are respectively 4 and 4/ «3gh, show that the depth d at any x
satisfies

L = (38 + DA
gz T4+ =02+ 1)

Hence show that the maximum possible value of f(x) is

th(e — 12 (« +2)
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Show also that, if the bed of the channel attains this maximum level
at one point only, the depth of water at a great distance downstream is
nh, where n is the positive root of

2n2 — a3n — a8 =0
provided that there is no discontinuity in the gradient of the free
surface. (C)

Solution.

>

/ %I = (%)
ST

Fig. 24
Since the velocity ¢ is uniform and horizontal over any cross-section,
the equation of continuity gives
qd = constant = h+/e3gh. . . . . (1)
The potential V' is gz, and, since the pressure is constant on the free
surface, Bernouilli’s equation (3.1.1) gives
142 + V = constant on the free surface

ie. 1q2 + g(d + f(x)) = constant = 3u«3gh +gh . . (2)
Substituting for g from (1) in (2) gives
w3h3
3 +d 4 f(x) = (Fe3 + Dh
. odh’
ie. fG) = (o8 + Dh—d - %

The maximum possible value of f(x) is attained when the derivative
with respect to d vanishes, i.e. when

—1 + o8h3/d3 = 0, i.e. d == ah N €)]

This is the only turning-point, and is a maximum (since the second
derivative is negative). Substituting,

maximum f(x) = (3«3 + 1)h — 3ah
= $h(x — 1)%(« + 2)

Far downstream, i.e. as x — o, f(x) —> 0, and the depth dis nh, and so

ad
st -4l @
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This is a cubic in n, of which one root is n = | (since upstream d == h).
The other roots are then given by

2n2 —otp— o3:=0. . . . . . (5

The roots of this are of different signs, and hence, when f(x) =0, a
possible depth is nh, where n is the positive root of this equation.

Now if the bed of the channel has a maximum level at one point only,
i.e. if f(x) has only one maximum (and no minimum, since the equation
(3) shows there is only one turning-point), then f(x) == 0 at two points
only, which are given to be - o0.

Upstream the depth is given as /1, and downstream, by (4), it is nh
where n is either 1 or the positive root of equation (5). Consider the
position if n = 1. [n this case the stream would have the same velocity,
namely 1/ o3gh for x = -- co. But, since the velocity is not everywhere
constant, this means that there is at least one point where the velocity
is either a maximum or minimum. However, it is known (see, e.g.,
Milne-Thompson, Theoretical Hydrodynamics, p. 86) that in irrotational
motion under conservative forces the velocity cannot have either a
maximum or a non-zero minimum within the fluid. Hence it is im-
possible to have the downstream depth the same as the upstream, and
the downstream depth must be n/i, where n is the positive root of (5).

Comment. This is a straightforward application of the principles
of continuity and energy (Bernouilli’s equation) to a simple system.
The final argument, however, requircs knowledge of the impossibility
of a non-zero stationary value of speed within a liquid.

PROBLEMS FOR SOLUTION

1. In an infinite uniform liquid of density p there is a spherical cavity of radius a
containing gas at rest at a pressure =. At time ¢ == 0 the gas in the cavity immediately
begins to expand adiabatically according to the law pV*/* = constant, where V is
the volume of the cavity and p the gas pressure. Given that the pressure of the liquid
at infinity vanishes and that gravity and the inertia of the gas are neglected, prove
that the radius R of the cavity at time ¢ is given by R = a(l + x), where

(1 +3x + ) V2 = (7) w ®)

2. An infinite mass of incompressible liquid is instantaneously at rest subject to a
uniform pressure p,, and it contains a spherical cavity of radius « filled with gas at
pressure mp. The inertia of the gas can be neglected, and throughout the subsequent
motion the gas pressure is proportional to pv, where p is density and y is a constant.
Show that the radius of the sphere will oscillate between a and na, where

m 1
—_— —_— — 3 —
; =it ) ®.)
3. In an irrotational motion of inviscid liquid, constant density p there is a source
with rate of flow 47 Ua?® at the origin O together with a uniform stream with velocity
D
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U; the direction of U is such that the point whose spherical coordinates are (a,
0, 0) is a stagnation point. Show that the velocity at any point of the surface
r = a sec 40 is tangential to the surface, and if there is no body force, find the pressure
at any point on this surface. L))

4. A sphere of radius R, whose centre is at rest, vibrates radially in an infinite
incompressible fluid of density p which is at rest at infinity. If the pressure at infinity
is IT, show that the pressure p at the surface of the sphere at time ¢ is

=T+ 3 {ga 0 + ()}

If R = a(2 + cos nt), show that, to prevent cavitation in the fluid, 1T must not
be less than 3 pa?n®. (H)

5. A uniform liquid rotates with constant angular velocity « about a vertical axis.
Show that the surfaces of equi-pressure are given by 2 — 2gz/w?® = constant, where
z is drawn upwards and r? == x2 -+ y%

A solid sphere of radius a and weight W floats in such a rotating liquid, and the
free surface meets the sphere in the horizontal great circle (i.c. in the diametral plane).
Find the density of the liquid. D.)

6. A fluid is in equilibrium under the action of a field of force F per unit mass.
Obtain the relation

grad p = pF

where p denotes the pressure and p the density.

A cylindrical vessel, of radius a and height 4, is closed at one end and open at the
other end. The vessel stands on its base, with its axis vertical, and is just filled with
liquid. If the liquid is made to rotate about the axis of the vessel with uniform
angular velocity o, show that the volume of liquid spilt over the edge is 7w?a*/4g
provided that a?w? < 2gh. Explain briefly what happens if a?w? > 2gh. (H.)



CHAPTER 4
ELECTRIC CURRENTS IN NETWORKS

The problems solved in this chapter require a knowledge of Ohm’s
law, Kirchhoff’s laws, and the simplest facts about electromagnetic
induction.

The differential equations arising are not solved in detail, and the
student should verify solutions by whatever method he normally uses.

Problems on alternating currents are solved by using complex
quantities, but only the simplest properties of complex numbers are
required.

4.1 Basic Results

4.1.1 Ohm’s Law. If V is the potential difference between two points of
a wire and i is the current in the wire, then ¥V = Ri, where R is the
resistance between the two points.

4.1.2 Kirchhoff’s Laws. (i) The algebraic sum of the currents entering a
junction is zero.

(ii) In any closed circuit the algebraic sum of the products of the
resistance and current in each conductor is equal to the algebraic sum
of the electromotive forces in the circuit.

4.1.3 Rate of Generation of Heat (Dissipation of Energy) in the Circuit.
If V is the potential difference, R the resistance, and i the current
between two points of a conductor the rate of generation of heat is

Vi = Ri®

4.2 Electromagnetic Induction

4.2.1 If a loop of a circuit has self-inductance L, then, when a current i
di
dt
sense being such as to oppose the tendency of the current to increase.

4.2.2 If the mutual inductance of two circuits 4, B is M and currents

flows in the loop, a “back” e.m.f. —L 5. is induced in the loop, the

i1, iz flow in A, B respectively, the e.m.f. induced in 4 is — M %2 and in
. di
Bis — M ‘—1?.

4.2.3 If L;, L, are the self-inductances of two loops and M their mutual
inductance, then M < VL1Lo. In practice, M < VL Ls.
89
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4.3 Alternating Currents

If an alternating e.m.f. £y cos pt is applied to a circuit the complex
solution of the resulting differential equation consists of the comple-
mentary function (the transient), which rapidly becomes negligible with
time, and the particular integral (steady-state solution), this latter being
the subject of the present scction.

Since we are concerncd only with the forced oscillations, all oscillat-

ing quantities may be assumed to have the same frequency p/2r, but
there may be phase differences. In these problems the differential
equations may be avoided, and the working shortened, by using
complex quantities.
4.3.1 When an alternating e.m.f. E, cos pt is applied to a circuit we may
treat it as the real part of a complex e.m.f. E = Eyei?t (here i is V' —1).
If the circuit includes resistance R, self-inductance L, and capacitance C
it may be shown that the steady-state current is the real part of

[ =

Eyeint E
- 1 = 7, say.
R+i(Lr =)

1 is called the complex current and Z the complex impedance of the
circuit.

4.3.2 By using complex current, e.m.f. and impedance the theory of
networks, based on Ohm’s law and Kirchhoff’s laws, can be applied to
a-cnetworksin the steady-state. Complex impedances may be combined
in series and parallel by the same laws as for (real) resistances. Thus
the equivalent impedance Z of a circuit containing impedances Z, . . .
Zy in series is given by

Z-—3Z
K
and, similarly, for impedances in parallel,
1 1
zZ ng

4.3.3 Students often find it easier, especially with inductively coupled
circuits, to use the following rules:

the (complex) potential drop in a circuit carrying (complex) current /
due to

(i) a resistance R, is RI;
(ii) a self-inductance L, is ipLI;
(iii) a capacitance C, is I/ipC = —ilpC;
(iv) a mutual inductance M from a coupled circuit with (complex)
current 1, is ipM 11,
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Applying Kirchhoff’s second law (using these rules) to a circuit
results in each term of the differential equation being replaced by one of
the above. (Sce Problems 51, 53, 55.)

In general, the current will be out of phase with the e.m.f., and we

may write I == |I| et +9_where 3 is the phase shift.
4.3.4 Mean Rate of Dissipation of Energy. The actual current in a
circuit loop, being the real part of the complex current, will have the
form |I| cos (pt + 8). If the loop contains an e.m.f. FEj cos pt the
power being expended at any instant is given by (from 4.1.3)

P = Ey |I| cos pt cos (pt + 8)
= +FEp |I] (cos 8 + cos 2pt cos & — sin 2pt sin §)

If we find the average power P over a whole cycle, by integrating P
w.r.t. ¢ between limits 0 and 2=/p and dividing by 2=/p we get

P 4FEy|Ilcoss . . . . . . )

If the resistance (real) of the loop is R the power at any instant is
(from 4.1.3),

R X (real part of I)2 = R |I|2 cos? (pt + 8)
Averaging this in the same way over a whole cycle gives

27/
0

F:ﬁRmZ/ Y cost (pt + 8 dt —4RIIE . . ()

Problem 46

Twelve straight uniform wires of equal length a and equal resistance r
are joined to form the edges of a cube of side a. Current enters the
system at one vertex. Show that

(i) if the current leaves at the opposite vertex the resistance of the
system is o ;

(ii) if the current leaves from a point on one of the edges meeting at
the opposite vertex and at a distance xa (0 < x < 1) from it, the
resistance of the system is a quadratic function of x. If x is chosen so
as to make the resistance a maximum, show that

9r

2 . .
X =73 and the resistance is 0 (L))
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Solution.

(i) Considerations of symmetry and Kirchhoff’s first law (4.1.2) give
the current distribution shown. Then the potential drop from 4 to G
(along the path ABFG, say) is

i i, i\_5r.
’(3 *e +3) =%
i 0 .4 c
i 37 i
.6 N
A iV B . i
Y A S | 5.
3| H | G
PRl - i
E l' F 3
Fig. 25

and the equivalent resistance (4.1.1) is

(i) By symmetry and the application of Kirchhoff’s first law (4.1.2)
the current distribution can be expressed in terms of three unknown
currents w, y, z as shown, the total current through the network being

i=2y+z
D y-w C

i Y ; 2y-2w
w i
A >
y " B PQVH—:
v JRN wel
2 %’/—' r G
.’/ - W+Z
E z F o
2
Fig. 26

Round the circuit ABCP we find, for the potential drop from 4 to P
(4.1.1),

Va— Vp:r{3y—:—:‘22»+(l——x)(4y—3z)} RN )
Similarly, round AEFG
VA—Vp=r{772-—y+x(4z—2y)} N )}
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Finally, since there is no potential drop round ADHEA, we find, after
dividing by 7,

%=w+y... 0B

Using (3) to eliminate w and then equating (1) and (2) gives

, Y@ —x)
8 +x

Hence the total current through the network is

i=2y+z=2y<81_§x)

Also substituting for w and z in terms of y,

m—w@zgzxao+&~4m%

Hence the equivalent resistance of the network is

R:lzglfzﬁao+4p—ﬂ%

Simple calculus shows that this is a maximum when x = £ and, for
this value of x, R = 9r/10.

Problem 47

A network of conducting wires forms the edges of a tetrahedron
ABCD. The resistance of the wire AB is x and can be varied. The
resistance of each of the other five wires is constant and equal to . The
two vertices 4 and C are maintained at a constant potential difference V.

Show that the heat loss in 4B is a maximum when x = §5_r , and show

that the heat loss in the network as a whole decreases steadily as x in-

creases and lies between 8V2/5r and 872/3r. (L)
Solution.
Let the currents flowing along AB, AC, AD be a, b, ¢ and along DC
be y.

Then by applying Kirchhoff’s first law (4.1.2) to the points B and D,
we find the currents in DB and BCtobec — yand a + ¢ — y.
Then the second law (4.1.2) applied to the circuit BCD gives

a+2c—3y=0. . . . . . @
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The potential drop from A4 to Cis V, and if we build this up as the
sum of the products of resistance and current (4.1.1) along the three
paths AC, AB - BC, AD + DC we get

Ve=br . . . . . . . . . .
ccax+@+e—yr . . . . . (3
=cr+yr . . . . . . . . @

C . . ] 2V
Eliminating ¢ from (1) and (4) gives y - s\¢ + -

o 28 3V 1

Tor 5r 5
A

0+c‘y

Fig. 27

Substituting for y and ¢ in (3) gives

a=3Y _
T 5x +3r
Thus the rate of heat production in AB (4.1.3) is
16V2x
(5x + 3r)?
and straightforward differentiation shows this to be a maximum when
x = 3r/5.

To calculate the heat loss in the whole network it is quickest to use
the product of the potential drop V from A4 to C and the current,
(a + b + ¢), flowing through the network.

Thus heat loss = V(a + b + ¢), which, after substitution and
reduction, gives

8V2(r 4+ x)
r(5x + 3r)
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2
The derivative of this is — (3;-1_*6_‘)—5}72 < 0 so that the heat loss is a con-

tinually decreasing function of x and the extreme values, when x = 0

8y2 4
and as x —> o, are -, - and — - .
3r 5r
Problem 48
A telegraph wire ApA142 . . . Ap has a number of faulty connections

at A1, A2, ... An—1 through which the current leaks to earth. The
portion of the wire between Ay and Ax+1 (0 <k <n—1) has a
resistance r, while the resistance betwecen Ay (1 <k < n — 1) and the
earth is R. Prove that the potential Vi of the fault 4y is

y. Vo sinh (n — k) 6 4 Vy sinh k0
ke sinh n0

where cosh 0 =1 —2;.

If the terminal A, is earthed, and n0 is large, show that the effective
resistance between Ao and the earth is approximately

1[r + (2 4 4rR)112] (L)
Solution.
A, Ak Ak+i An
AT r r Ansl
R
E E E E
Fig. 28

Let the current flowing from Ay to Ax+1 be i.
Then, by Ohm’s law (4.1.1),

. Ve — Vs
iy = L
r

O<kgn—1 . . . )

Also, equating the two expressions, from Kirchhoff’s first law (4.1.2)
and from Ohm’s law (4.1.1), for the current flowing to earth through the
fault at Ay, we have

o —ie=2F  (l<k<n—D. . . @
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Using (1) to replace ix-1 and ix in (2) gives

Vi — Vi _ Vi — Vi1 _ Vi
r r R

i.e. Vk+1—-Vk<2+~1%>+Vk-1=0 A<k<n—-1)
or Vit1 — 2Vir cosh 0 4+ Vg—1 =0

The solution of this difference equation is
Vi = Ap* + Bq*
when A4 and B are constants and p and g are the roots of
x2—2xcosh0+4+1=0
ie. p=¢é,qg=e"
Hence Vi = A 0 + Be k8
= L cosh k0 + M sinh k6

Putting kK = 0 and k = n to find the arbitrary constants L, M gives, as
required,
_ Vosioh (n — k) 6 + Vn sinh k0

Vi = T sinhn0 9

When A, is earthed V, == 0 and all the current /1 entering at Ao goes
to earth. This is given by (from (1))

h=i= V(’__I_ﬁ — l[yo _— V‘L,Smh (n f_l_)e_l

r r sinh #6

substituting for ¥; from (3). Then the effective resistance between A
and earth

Vo_ _ _rsinhmd

i~ sinh n6 — sinh (n — 1)0

When #6 is large, we may neglect e 7% and e 10, and the resistance
becomes approximately

remd _red
end — e 16 0 —

Since cosh 6 =1 4 2—;—?, we find e =1 4 2% (r + V'r2 +4Rr).

. . 2Rr
The expression for the resistance then reduces to r 4+ — == ==,
P r V2L 4Rr
and rationalisation of the fraction gives the stated result.
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Note. When n is large a rather interesting alternative derivation of
the last part is as follows.

The resistances r from A,-1 to A, and R from A,-; to earth are in
parallel, and thus have a combined resistance, ry, say, where

-1
o= ()

Now r; and r (from A,—2 to Ax-1) are in series and give
I 1\
rz=r+ (; + ﬁ) ’
rg is in parallel with R, and so on. In fact, proceeding in this way, we
can express the net resistance of the circuit as the continued fraction
,a L1 1oL
R+ r4RY4+r+ """+ r+R14
If n is large we can treat this as an infinite continued fraction whose
value, x, satisfies

1
;

X

X
rRTI

X -r-+ 1 =r +
I 1
R ' x
This gives a quadratic equation whose positive root is

il + (2 + 4RP12]

Problem 49
A circuit is made up of two concentric regular polygons each of
n sides, with vertices Aj, A, ... Ap and Bi, Bs, . .. By, respectively

(and so placed that the lines A1B1, A2Bo, . . . AnByn meet in the centre O)
together with cross pieces A1Bi, . . . ApBn. The material of the circuit
is such that the resistance of each of the wires A4z, ... ApAi,
BiBs, . .. ByB1, A141, . . . ApBy is the same and equal to r. Current
enters the circuit at 4; and leaves at B;. Show that the current in
AyAr+1 is C sinh (ar — 3na), where C is a constant, and that the
equivalent resistance of the circuit is

—V3 cosh $na + sinh dna
v/3 cosh ina — 3 sinh 4n«
where cosh o = 2. (D))

Solution.

Let I be the total current entering at 4; and leaving at B; and let iy be
the current circulating in the mesh AyAy+1By+1By, so that Kirchhoff’s
first law (4.1.2) is automatically satisfied.
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Then applying the second law (4.1.2) to this rth mesh leads at once to
the difference equation

ir+1 - 4ir + ir—l =0
Putting cosh « = 2 gives (as in Problem 48) the solution
iy = Ae™ 4 Be ™ r=1...n . . . ()

where A and B are constants.
From the given conditions the current distribution is clearly sym-
metrical about 4;B;, and hence either

iyn = —ijn =0 (n even)
or Iyn-1) = —lm+1) (n 0dd)
and substitution in (1) gives B = — A4e™*. Thus (1) becomes

Iir = Ae™ — Ae r**tn* = C sinh (ra — n«)
where C = 2A4eim (constant)
Thus ir == C sinh (ra — $na) N )
For the first mesh we find, applying Kirchhoff’s second law and re-
membering that i, = —i1, by symmetry,
Siv—ia=1 . . . . . . (3

The current in A1 By is I + in = [ — 2ij, so that the potential drop
from A to By is r(I — 2i1), and hence the equivalent resistance of the
circuit (4.1.1) is (I — 2i1)r/1

311
=G —inby Q)
__3sinh (l — 3n)a — sinh (2 — In)a

= Ssinh (I — dm)« — sinh (2 — nya’ Y @
Expanding this in terms of sinh 4n« and cosh 4n« and using cosh « = 2
leads at once to the required result.

Problem 50

A circuit contains a condenser of capacity C, a wire of resistance R,
and a coil of self-inductance L = 2R2C and negligible resistance. The
coil is in parallel with the wire and the condenser is in series with them.
At time ¢t = 0 the charge of the condenser is Qp and there is no current
passing through the coil. Show that the charge of the condenser at a
later time is

Qo e ¥t(cos kt — sin kt), where k = 1/2RC (C)
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Solution.

Let Q be the charge of the condenser at time 7 and the currents be as
shown. Then

. . d
I1+12="d? e e e e (1)
. . 0 . dip
The potential drop across the condenser is c and across L is L??'

in+i1

Fig. 29

Hence, by Kirchhoff’s second law,

Qg
cHLE=0. . . . . .0
Similarly, Ri — L‘% =0 . . . .. .0

Using (3) and the result of differentiating (2) to eliminate i; and Q
from (1) gives
@i 1dy, 1
d?2 " CR dt ' CL
The solution of this using L = 2R2C, is
ia = e7¥t (A4 cos kt + B sin kt)
where k = 1/2RC. When t = 0, iz = 0, whence 0 = 4.
: ie = Be %t sin kt

ip =10

and, from (2),
Q= —CL %tz = —CL e #¥B (—k sin kt + k cos kt)

When t =0, Q = Qo. Hence Qo = —BCL k and Q = Qo e ¥t (cos
kt — sin kt) as required.

Problem 51

Define the self-inductances L, L2 and the mutual inductance M of
two closed circuits Ci1, Cz in free space and state the inequality which
they satisfy.
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A circuit C; consists of an inductance L; in series with a resistance
Ry, and a circuit Cz consists of an inductance Lg in series with a re-
sistance Re. The mutual inductance of C; and Cyis M. If the circuit C;
contains an e.m.f. Ep exp (iot), find the value of  for which the current
amplitude in Cz is a maximum. Find also this maximum, and show that
it cannot be greater than Eo/2(R1R2)!/2 for any admissible values of L;,
Ly, and M. (L)

Solution.

Fig. 30

We avoid solving the differential equations of the circuits by using
complex impedances. This amounts to combining in series the (com-
plex) resistances

Ry, ioLy, ioM L|L
and Rg, iwLg, ioM LIy
in C; and C; respectively, where I; and I are the (complex) currents in

each circuit.
Then applying Kirchhoff’s second law to each circuit gives, for Ci,

(R +ioL) I + ioML=E . . . . (1)
where E = Ej exp (iot), and, for Cs,
ioMh +(Re +iol) =0 . . . . (2
Solving (1) and (2) for I, gives )
b= f‘f’%f‘-’i;fff N )
where A=02(LiLg—M2)—RR . . . . 4

B = o (RiLz + R:Ly)
Rationalising (3) and picking out its real part gives for the (real)
current in Cs
_oMEp (A sin ot + B cos of)
A2 + B2
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This is a variable current whose amplitude is clearly
oMEy
VA T B
Differentiating this w . r . t . ©, using (4) and equating the differential
coefficient to zero, gives
A% — 202A4(L1Le — M?) =
Thus, either = 0, whence w? = Rle/(Lle M?)
or A — 2w2(L1L2 M 2) =0

i.e. w?(LiLe -~ M2) + RiRe = 0, which is not possible, as LiLs > M2,

®)

Substituting the result 4 = 0, which gives the maximum amplitude,
in (5) we find the value of this maximum to be

oME, ME,

B “RL+RL -~ - - = * 6)
Now put M = kv L1L» (k < 1). Substituting in (6) gives
lCE(_) VLiLy
RiLs + RoL,y

The reciprocal of this may be written in the form

1 Lo L
KEo (Rl\/; * Rg«/gz)

and taking é—‘z to be the variable, this is easily shown to be a minimum

Ly Ry
when L= R
This gives 2\/(R R ) as the maximum value of (6), which, as k <

is the result required.

Problem 52

A coil of inductance L, a condenser of capacity C, and a battery of
electromotive force E and resistance R are connected in parallel.
Assuming that all resistances other than that of the battery can be
neglected and that L << 4CR2, show that the current through the coil at
time ¢ after the battery connection is made is given by

E 1 .
o= =41 — e ti2RC o
i R {l et (cos ot + >aRC sin mt)}
where o=t L
LC 4ReC:



102 HYDRODYNAMICS AND VECTOR FIELD THEORY

Also show that the charge on the condenser at this time is

Q= R € ~tI2RC sin ot (E)
A h
B
R
C Oé: L
-Q
E D E H
E
Fig. 31

Let the currents be i, i1, i2, as shown, and let Q be the charge on the
condenser, at time z.
By Kirchhoff’s first law,

i=1in +1i N ¢
By the second law applied to the circuit ABGHFA,
E— L%’—‘ —Ri=R+i) . . . . Q@

Similarly, for the circuit ABCDEFA,
I .
E C—Rz—-R(zl—l—zz) N €))

Also dQ/dt = iz N )]

diy

Comparison of (2) and (3) gives Q = CL; ar

, which, with (4), gives

Ip = CL‘Z Substituting in (2) and re-
arranging gives
1 1. E
2 L Vi = E
(D + weP +Lc)’1 = LRC
where D = d/dt.
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A particular integral is clearly £/R and the complementary function is
e tI2RC (4 cos wt + B sin wt), where 4, B are constants and

TN TN S
T LCT AR

iy = E/R + e t2RC (4 cos ot -+ B sin wf)

When t = 0, = 0and Q = 0; hence di = 0, and

dt
E E
A=—p 8= "irec,

; - El| _ suere L
and hence i —j R,{_l e cos of -+ roRC S ot

Also Q = CLdi/dt leads at once to Q = R}f—oe*‘/?RC sin of.

Problem 53

Describe briefly the use of impedance in investigating alternating
current networks.

Points 4 and B are connected by a condenser of capacitance C;
B and D by a wire of resistance R; 4 and F by a coil of inductance L;
Band F by a wire of resistance R; and D and F by a wire of resistance R.
An alternating e'ectromotive force Eg cos ot is applied between 4 and
D. Show that the amplitude of the current in BF is

Eo(l + o2LC)/{4R¥(1 — w?LC)? + w2(3L 4 CR2)ZL2

and that the difference in phase between this current and the applied
electromotive force is

o(3L + CR?
tan1 {Q-RS'(ZZZ—% = 1) )} D)

Solution.

Using complex e.m.f., currents etc. (4.3) we may write down, by
Kirchhoff’s second law applied to the three meshes of the circuit as
shown, the equations

l'coL(Ia — 11) + R(13 — L) = Epet«t

(ioL — ifwC)h — iwLls + R(; — ) =0

R(BIL, — L — Iy) =0
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Since we require only the current in BF, we eliminate /3 and solve for
I and I, getting

Eo(R + 3iwL)etet
TREF3LIC + 2ioRL — i2R]aC

h =

1 — _[__ iwt
Ey <R + 2ioL wc>e

I =

R2 4-3L/C + 2ioRL — i2R/wC-

Fig. 32

Hence (after simplification)

i1 + «?LC)Ege™t
~ (3L + CR%w + 2iR(o?LC — 1)

L —

If we write
L — Iy = let»t

I will be a complex number of the form |/|et®, say, where |I| is the
amplitude of the current in BF and 3 the phase difference between
this current and the applied e.m.f.

i(1 + «2LC)E,

Thus e = AF  CRY + 2IREPLC = 1)
Hence = Greqr— w'«’ELO((}*);r +w115(c3)L + CRYIR
and 8 = tan™! {2‘;(3 Lzl:{_cc_wf?)}
Problem 54 -

A circuit A containing a switch and a battery providing constant
electromotive force E has resistance R and self-induction L. A second
closed circuit B has resistance R and self-induction L. The coefficient of
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mutual induction of 4 and B is L sin «, (« 7% 4x). The switch in circuit
A is closed at time ¢t = 0.

Find the currents in the circuits at time ¢, and show that the current
in circuit B reaches a maximum after a time

L
5 R“s’lsn Zlog {(1 + sin /(1 — sin «)}

and then approaches zero asymptotically.
What is the physical significance of the condition « # 4+ ? If « = 4=
show that the currents in 4 and B at time ¢ are

£ yeripL _E mpr
R(l 1e ) and 2Re‘

respectively. (H.)
Solution.
VWA A
R R
L L
i, i
Lsine
Fig. 33

Applying Kirchhoff’s second law to each circuit gives

Riy —{—Ldl1 -+ L sin atélz = E]
Ris +L —{-Lsm oc‘:;,ltl OJ)

ie. (R+LD)iy + Lsin «. Dig=E R ¢))
Lsin «. Diy + (R + LD)iz =0 N V3]

whence
(L2 cos® . D% 4 2RLD + R?®i, = RE

from which we find

_%-{-Aewa-Beq‘ N )
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R R
where P="i0sinay?™ Litsing @
Eliminating Dis between (1) and (2) and using (3) leads to

ip = Bett — Adert . . . . . . (5
Attime t =0, i1 = 0 = ip, and hence A = B = - 2%

Thus

i = —g{ I — Jept - fett} ][( ©
o= plert - bewy |

When iz is a maximum, dis/dt = zi(pem — qet) =0

or et = plg.
Using (4), this leads at once to the result

_ L cos® « o 1 -+ sin «
T 2Rsin « gl—sina

t

o F ; expresses the fact that in practice M2 << LyLs, M being the

mutual inductance between two circuits of self-inductance Lj, L2
respectively (4.2.3). If, in (3) and (5), « —— =/2, then, using (4), we
find, in the limit,

. FE

h=p (1 — %e—Rtl2L>

and e e

Comment. It should be noted that in this case the limit must be taken
after the solution of the differential equation; the limiting currents do
not in fact satisfy either of the original boundary conditions i1 = 0,

ip=0,¢t=0. If we put « =—; before solving the equations (1), (2),

then these equations simplify and the result of eliminating iz between
them is to give a first-order equation in i; rather than the second-order
equation which occurs in the general case; thus only one boundary
condition can be satisfied, and if we use either of the original boundary
conditions the final currents will differ from those obtained by the
limiting process.
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hid
2

removes the term in e?? altogether, whereas, for « just less than E, ept

Inspection of the solution (3) shows that the limiting process « —>

has the value 1 at # = 0 (so that the solution satisfies the boundary
conditions at ¢ = 0) but dies away rapidly with increasing ¢. The
T
2
from below, and the justification for it is the physical fact that « < —th
for all real circuits. The question does not make it clear that the
currents are limiting rather than actual ones.

limiting solution obtained is thus the true limit for all # = 0 when « —>

Problem 55

Two circuits coupled by a mutual inductance M are made up as
follows. The first circuit contains, in series, resistance Rj, self-induc-
tance Lj, and a generator producing a potential difference V cos wt.
The second circuit consists of resistance Rg, and self-inductance Lg.
Show that E; and E», the mean rates of dissipation of energy in R; and
Ry, respectively, satisfy

Es/Ey = consz/(Rzz + coszz)Rl
and that E» = _%V‘szM 2R2{R22(R12 - 0)2L12) + 202M2R1R>
+ w[wX(L1Ls — M?)? + Lo2Ry2]}1
Draw rough sketches indicating the behaviour of Ez/E1 and Ez as Re

is varied and all other parameters are kept fixed. (L)
Solution.
R, R.
Vcos “’"65 ) L, L. )
iy i
Fig. 34

Let i, I, be the complex currents in the circuits and Vel the
complex e.m.f, (4.3). Then Kirchhoff’s second law gives

(R1 + iwL)h + ioMIp = Ve‘“"}
(Re + ioLo)lz + ioMI; = 0
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Solving these gives

e (Re + ioLy)Velt
" (R + ioL)(Re + ioLg) + w?M?

I

- (R2 4 iwLg)Vetivt
RiR2 + 0?(M?2 — L1Lg) + io(R1Le + RoL;)

- —loM Vet
RiRy 4+ w2(M?2 — LiLs) + iow(RiLs + Rz2Li)

and e

The mean rate of dissipation of energy is, in Ri, E1 = $Ri|h|? and,
in Ry, Ez = 1R\ L% (4.3.4).
Hence, at once, from the previous results for 1, b,

_E_'z . wZM2R,
E (Rz2 “+ mszz)Rl

_ . - M 2)2Re
{[R1R2 + w?(M?2 — L1L2)]?2 4+ »?(RiLs + RaoL1)?}

and Es

which can be rearranged to give the stated answer.

If only R may vary we can write

E3/Ey = ARs/(R22 + B), A = w2M2/Ry, B = w2L,.

Considering only positive values of Rg, we find Ez/E; has a maximum
value of $4B71/2 at Ry = B1/2; its variation is indicated in the sketch.

mjm

R.
Fig. 35
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Similarly, E> has the form
ARy
Ro?2 + BlRy + C!

and varies as shown.

R.
Fig. 36

PROBLEMS FOR SOLUTION

1. State the laws governing the distribution of steady currents in a network of
linear conductors.

Six equal wires, each of resistance r, form a regular tetrahedron. Current is led
into the network at a vertex and is withdrawn from a point in one of the opposite
sides.

Show that the effective resistance lies between /2 and 5r/8.

Find also the maximum rate of heat production. (L.)

2. A rectangle ABCD has sides AD, BC of length 3X and sides 4B, DC of length
unity. E, Fand G, H are points of trisection of 4D and BC respectlvely and EG, FH
are lines parallel to AB. The lines in the figure, forming the sides of three small
rectangles, represent uniform conducting wires having resistance r per unit length,
and current / enters the mesh at 4 and leaves at C. Show that the equivalent resist-
ance of the circuit is

r(6A* + 8A + 1)/4(A + 1)

If A = 1, r = 2 ohms, I = 5 amperes, calculate the power put into the circuits.
D.)

3. A uniform wire of resistance 5R is bent to form the sides of a closed regular
pentagon, and each vertex is connected to the centre by a wire of resistance r. Find
the equivalent resistance of the network to a current entering at one of the vertices
and leaving at the centre, and verify that it reduces to SR/11 whenr = R. (R.)

4. Electric current enters a network of conducting wires at a given point and
leaves it at a second given point. The system contains no batteries and the flow is
steady. Show that of all the possible distributions of current which satisfy Kirch-
hoff’s first law, and have the same inflow, the one that satisfies Kirchhoff’s second
law gives a minimum rate of heat production.

A pentagon ABCDE is formed of fives wires each of resistance r. Each of the five
vertices is joined to a point O by a wire of resistance kr. Current enters the system at
A and leaves at O, these points being maintained at a constant potential difference.
Show that the heat produced by the system is the same as that produced by a wire
of resistance kr(k® + 3k + 1)/(5k* + Sk 4 1) whose ends are maintained at the
same potential difference. (H)
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5. Two long, straight, uniform parallel wires are joined at equal intervals by
cross-wires of length a, forming cqual rectangles of sides a, 2a. All the wires have
the same resistance per unit length. A current enters and leaves the network at the
ends A, B of one of the cross-wires. Show that the equivalent resistance of the net-
work is r/v/2, where r is the resistance of one of the cross-wires. (L.)

6. State Kirchhoff’s Laws controlling the flow of current in a network of wires.

A telegraph line A4yA4, ... A.A.., has n -4 1 identical sections of constant
resistance r. The end A, is raised to a higher potential than that of 4, ;, which is
earthed, the current entering the line at 4y being I;,. Ateachpoint 4,(s = 1,2,...n)
there is a leakage to carth of constant resistance R, the current leaving the line at
An ., being I, , ;. Prove that the current in the section A4, ., 4, is

!Qig_h“({z + 1 —8)a -+ I, ysinh (s - Da

sinh na
where 1 - er == cosh «, and show that
Iycosh o= 1I,, cosh(n | $a (N.)
7. A plane network is constructed of a regular polygon 4,4, . . . A, formed from n

pieces of uniform wire, together with n straight pieces of the same wirc joining the
vertices A,, A,, . . . A, to the centre O of the polygon.

A steady current I enters the network at A4; and leaves at O. Prove that, if
X1, Xs, . . . Xn denote the currents in the wires 4;4,, A;A4;, . . . AxA, respectively then

Xeyg —2Xx,51c08h20-f x,=0 (s--1,2,...n—2)

where cosh 2o = 1 -} sin (=/n).
Verify that all the conditions of the problem are satisfied by

X, I ‘‘‘‘‘‘ sinh(n ~{~| —25)0‘ (::],2,...11)

Prove also that the equivalent resistance of the network is r coth na tanh «, where
r is the resistance of the wire OA4,. (H.)

8. A condenser of capacity C carries a charge Q,. At time ¢ — O the plates are
connected by a wire of resistance R and inductance L. If CR?< 4L, show that at
time ¢ the current in the circuit is

Qo
nLCe ot sin nt
2
where a :75 n? == 1 R

2L LC 4L*

Verify that the total heat developed in the circuit is equal to the original electro-
static energy of the condenser. (L)

9. An open circuit consists of a coil of resistance R; and inductance L, and a
battery of electromotive force E connected in series. A second closed circuit of
resistance R, and inductance L, lies near by. Show that if the first circuit is closed
the total amount of charge which flows past any point of the second is EM/R,R,,
where M is the mutual inductance of the coil and the secondary circuit. (E.)

10. A simple circuit whose resistance is R and inductance L contains a condenser

of capacity C. Show that if an alternating e.m.f. of frequency 2])3 is applied to the
circuit the phase difference between the current and the applied e.m.f. is
tan~! { ( pL — 5%,) /R} after a sufficient time has elapsed.

Obtain also an expression for the amplitude of the current flowing in the circuit.
(E.)
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11. State Kirchhoff’s laws for a network whose members contain resistance,
capacitance, and inductance and which is connected to a source of alternating e.m.f.
Derive the rules for combining the complex impedances in series and in parallel.

In the network shown in the figure, L and R represent an inductance and a
resistance respectively, and C;, C, are capacitances. If L < R®*C,, show that the net-

work acts as a pure resistance for a current of frequenc ! [__Cz ~ LR
auency oL Lcu(c, + ¢l
(L)
L R
—~ T —\/\/VVV‘T
I %l'
Ie, c.
Fig. 37

12. Calculate the current in a circuit of resistance R and inductance L which
contains a battery of electromotive E, cos pt.

Prove that the introduction of a secondary circuit of inductance N and resistance
S increases the effective resistance by

SMp?/(S* -+ N*p?)
and diminishes the inductance by
NM2p((S* | N*p?)
where M is the mutual inductance. (L))



CHAPTER 5
ELECTROMAGNETISM

5.1 The Magnetic Field Due to a Current

If a current i flows in a closed loop C it produces a magnetic field,
intensity H = —grad ¢, where the value of ¢ at any point P is given by

¢p=iowp. . . . . . . (@

wp being the solid angle subtended at P by C (but see 5.1.1).

¢ is the usual magnetic potential defined, as in 2.1.2 (2), as the work
done on a unit pole in going from P to a fixed point Q, at zero potential.
5.1.1 Ampere’s Circuital Rule. The magnetic (scalar) potential ¢ is not
unique. Ampere’s rule states that if a unit magnetic pole is taken on a
closed path threading the loop C positively » times, an amount of work
4n~i is done by the field forces. The positive direction of threading C is
related to the direction of the current in C by the usual right-handed
screw rule.

It follows that ¢ is determinate only to within an integral multiple
of 4ri.

5.1.2 Simple Special Cases.
1. A steady current i in an infinitely long straight wire. 1t is easy to
show that ¢ = —2i0 and that Hy = 0, Hyp = gr—l, H, = 0, using cy-

lindrical polar coordinates with z-axis along the wire.
2. A steady current i in a circle, radius a. From 5.1 (1) it is easy to
deduce that at a point on the axis of the circle distant z from the centre

; __Z
¢ == 2111(1 —_ \/az + 22)
and the only non-zero component of intensity is
__ 2rig®
T (22 + 2?3
3. From (2) may be deduced the well-known result that the field inside
a long solenoid with » turns is 4rni.

H,

5.2 Volume Currents. Vector Potential
Since there are no isolated magnetic poles, it is always true that

divH=0 . . . . . . (2
112
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Also in any region where no current flows it may be shown that
clH=0 . . . . . . (@3

If, however, there is a volume current, current density i, (3) must be
replaced by

curl H=4~i . . . . . . @

This implies that H can 1o longer be expressed as the gradient of a
scalar function, but, as (2) still holds, we may write

H=culA . . . . . . (5

where A, the vector potential, may be replaced by A + grad ¢, ¢ being
any scalar function of position (as curl grad ¢ = 0, 1.2).
To determine A a further condition

divA=0 . . . . . . (6

is usually imposed.
Equations (4), (5), (6) now lead to

VA= —4«i . . . . . . (D

It may be shown that if A tends to zero at infinity and there are no
current sheets (surface currents) a solution of (6) and (7) is
idv
A= p B ¢))
5.2.1 The Biot-Savart Law. If a current i flows in a thin wire, the
current density i = i ds, ds being a vector element of length, and (8)
becomes

[ ds
A=1r......(9)

In particular, if a current i flows in an infinite straight wire the vector
potential is —2ik log r, where r is the distance from the wire and k is a
unit vector along the wire in the sense of the current.

From (9) it may be deduced that the magnetic field H at the field
point P is given by

[d
H=1/—s-r§—<—'. R ¢ 1))

r being from ds to P.

If 6 is the angle between r and ds (10) expresses the fact that each
element of the wire contributes a component i sin 8 ds/r? to the magnetic
intensity at P, in a direction perpendicular to the plane of P and the
element. This is the Biot—Savart Law.

(Note: In a medium of uniform permeability u the right-hand sides of
(9) and (10) must be multiplied by p, B replacing H in (10).)
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5.3 Force on a Circuit in a Magnetic Field

If a closed circuit carrying a current i is placed in a magnetic medium
in which there is a magnetic field H (not including the field of the current
itself), it may be shown that the potential energy of the system is

W-_:ai/BndSv_—.—iN .. . .. (an

N being the flux of magnetic induction, wherc the integral is taken over
any surface with the circuit as boundary. From (11) it may be deduced
that an element ds of the circuit experiences a force iB sin 0 ds, (0 being
the angle between ds and B), in a direction perpendicular to the element
and the induction and in the sense of a right-handed screw from the
direction of the current to that of the induction. We can writce

F=idsxB . . . . . . (12
This is Ampere’s Law.
5.3.1 If a point charge e is moving with velocity v in a magnetic field H
and an electrostatic field E the resultant force on the charge is given by

F:wE+jva N ()|

where ¢ is the ratio of the electro-magnetic to electro-static units of
charge.

5.4 Coefficients of Mutual and Self-inductance

If currents flow in a number of circuits there is induced in each
circuit an e.m.f. which is proportional to the rate of increase of N, the
flux of magnetic induction, and is negative relative to the sense of the
flow of induction.

If there is only one circuit with current i we may write the induced

e.m.f. as
dN di

E=-p=-Lg . . . . . @149
where N is the flux of induction, L is a quantity, called the coefficient of
self-inductance (or induction), which depends only on the size and shape
of the circuit.

If there are two circuits with currents i, iz there will be an e.m.f.
induced in each circuit by the current in the other (in addition to the
e.m.f. due to its self-inductance, given by (14)). In the first circuit this
will be

E— —m % (15)
AR
and similarly for Ep, where M is the coefficient of mutual inductance of
the two circuits and depends on their shapes, sizes and relative posi-
tions.
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If ds;, dse are vector elements of the two circuits and r the distance
between them, then
M=)
(Neumann’s formula).

If there are n circuits Ci, . . . Cp, carrying currents i1, ... i, With
self-inductances Li, . . . L, and mutual inductance M,s between Cy and
Cs the magnetic energy of the currents is

LS L is® - X Mysiyis

5.5 Magnetic Vector Potential
The concept of a vector potential may be used in magnetostatics
where we determine the vector A by the equations
curl A =B, divA =0
It may be shown that the magnetic vector potential for a magnetic
dipole, moment M, is

A:ngrad<1r>:(Mxr)/r3 . .an

In general, if I is the intensity of magnetisation of an element of volume
dv and r the distance of a field point P from dv, then

A /9&1 Tav I><rnf,15 N E)

where S'is the surface enclosing the volume v. Ata surface of separation
of two magnetic media 1 and 2 the boundary conditions are

Ai=A. . . . . . . @19
(i.e. the vector potential is continuous) and
dAs  dA
: d’f — d—nl =4l — L) xn . . . (20

where n is a unit vector normal to the surface of separation and drawn
from medium 1 to medium 2.

5.6 Maxwell’s Equations
In the notation of Chapter 2 these may be written in vector form as

divD=4r . . . . . . . (2D

divB=0 . . N 7))

curlH——41+%?]-) L@
1¢é¢B

D=KE . . . . . . . (25

B—wH . . . . . . . (@26

fl

i=0E . . . . . . . (@27
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5.6.1 Boundary Conditions. We suppose two media to be separated by a
thin sheet which may carry a current (density vector i) and an electric
charge (density o). Take a unit vector n in the direction of the normal
from medium 1 into medium 2.

Then it may be shown that the tangential components of E, H, and i
are continuous across the surface of separation. The normal com-
ponent of B is continuous. The normal component of D changes by
4re. The condition for H is

Hz —_ H1 =4ni X n
If there is no current or residual charge in the surface of separation,
then conditions reduce to:
Dp, Bp, Et, and H; are continuous . . . (28)

where n denotes a normal and ¢ a tangential resolute.
5.6.2 Energy. 1. The energy per unit volume of an electromagnetic
medium is (KE? + pH?2)/8x

2. The vector S = ZCT—_ (E x H) (Poynting’s Vector) measures the rate

of flow of energy across unit area perpendicular to it.

5.7 Electromagnetic Waves

5.7.1 Electromagnetic Waves in an Isotropic Dielectric. In this case we
put o and ¢ equal to zero and regard K and u as constant.
Equations (21)-(27) then reduce to

divE=0=divH

curIEz—%a—g;curlH=§<%ItE~. R 72°)]

It is easy to deduce that

Ku OE
c o2’

Ku 2H

VZE = V2H = ? a-tz* (30)

This is the standard wave equation, and the velocity of propagation for
plane waves is known to be
v=c/VKe . . . . . . (3D

In vacuo K = 1 = ¢ whence v = c.

If nis the refractive index of a medium it is known that% =n=VKy,

and since « = 1 for a transparent medium, n = VK.
5.7.2 Plane Waves. Consider a plane harmonic wave travelling with



ELECTROMAGNETISM 117

speed v in the direction defined by the unit vector n = (/, m, n). Each
component of E and H must be a function of Ix 4+ my + nz — vt, e.g.

E; = Aexp {ip(Ix + my + nz — vt)} =
Bexp ip{(v/Ku(lx + my + nz) — ct)}
using (31), etc.

(It is convenient to adopt the device here of using the complex ex-
ponential; the actual component E. is, of course, the real, or
imaginary part of this expression.)

It may be shown that

1/7
nxH= KEg_- —<{<> ‘E. .. (32
¢ u
1/2
and an:*ng=<%> H . . . . 3

[t follows that the vectors n, E, H form a right-handed triad of vectors,
E and H being at right angles to the direction of propagation. The plane
of m and H is called the plane of polarisation.

As an example we may write down a possible set of components of E
and H for a plane harmonic wave propagated in the positive direction
of the z-axis:

Ep= E, = 0; Ey = aete (t7%)

1/2 z
Hy=H,=0; Hy = ——(E) aeto (1-3)
where a may be complex.
(Hz, Hy, H, may be determined from equation (33).)
It is necessary only for the terms in ¢ and z in the exponent to be in
the ratio v, and so we can write Ey, for instance, as ajet“(*t?) or, using

(31) ageiv (ct-vVEr2) It should be noted, as a consequence of (32) or

(33), that K172 |E| = pl/2 |H| whence

KE?2  uH?

8~ 8rn
i.e. the electric and magnetic energies have the same density.
5.7.3 Waves in a Conducting Medium. Now ¢ # 0 and equations (21)-
(27) give

(34

divE=0=divH
_eH g K 06
curl E = ¢ curl H = 4noE + T
from which it may easily be shown that
Ku PE | 4oy OE
cz a2 c ot

with a similar equation for H (the equation of telegraphy).

V2E = @395
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If we are dealing with waves of period 2x/w, so that E is proportional
to el“t, we may write (35) in the form

. w .47‘50’ 82E
VZEZC_Z(K—,‘;)W (36

Comparing this with equation (30), we see that the propagation of
waves in a conducting medium is the same as for an isotropic dielectric

with a complex dielectric constant K! = K - - i 426-

The analysis of 5.7.2 may now be carried through with K1 in place
of K.

5.8 Scalar and Vector Potentials in Maxwell’s Equations

An alternative approach to the solution of Maxwell’s equations
(21)-(27) is as follows:
Since div B = 0 there is a vector A such that

B=culA . . . . . . (37

Moreover, A is indeterminate (cf. 5.1.2), and we may choose div A at
will.
Substitution in (24) gives

1 oA
curl (E +; w) =0

whence there exists a scalar ¢ such that

1¢A
E=—grad¢~52’7 B 1))
If we impose the condition
. Ku 0
div A - A 0 N 1))
it may be shown that
Ky 9%¢ 4rp
of . DR oTe AT
V24 2T K N V)
) Ky 2A .
VZA - —cz— —372‘ = "‘4TU[J.1 . . . . (41)
and
.. 1 op .
dwl+?5t_0 B (- )]

If we can solve equations (40) and (41), subject to (42), a solution of
Maxwell’s equations is given by

_ _ _laA

B=curl A, E = —grad ¢ Py
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¢ and A are called the electromagnetic potentials. Clearly if ¢o and Ay
are solutions of (39)-(41), then

¢ = o + % %‘i{ and A = A -- grad ¢ are also solutions provided that
Kup 029
2, — DB 078
Vi = c2 of2

5.8.1 Retarded Potentials. It can also be shown, by a method of inte-
gration due to Kirchhoff, that a solution of (40) and (41) is given by

¢:71{/I:Jdv N (% )\
and )
a=efWa o 00w

where [¢] and [i] are the values of p, i at time ¢ — r/c, r being the distance
from the charge or current element.

Problem 56

A circular loop of wire, containing a periodic electromotive force of
constant amplitude E and period 2n/w, rotates with uniform angular
velocity » about a fixed vertical diameter. The radius of the loop is a,
the resistance of the wire is R and its self-inductance is L. If H is the
horizontal component of the earth’s magnetic field, prove that the
current 7 induced in the wire satisfics an equation of the form

I_gf -+ Ri = E cos (cot + oc) — ma?Ho cos ot

Show that for variable « the periodic component of the induced
current has a maximum amplitude

(E + ma®Ho)/(R? + L2o?)l/2

and that in this case it differs in phase from the electromotive force by
tan™! (Lo/R). (H.)

Solution.

When the horizontal diameter of the loop makes an angle wt with the
earth’s horizontal magnetic field H, the flux through the loop is
na?H sin o¢ and so the induced back e.m.f. in the loop is d/dt
(ra?H sin ot), i.e. is ta2Ho cos of.

The forward e.m.f. in the loop is given to have period 2=/w, amplitude
E, and thus is E cos (of + «), the « giving a phase difference between
the two periodic changes, in position and in e.m.f.

E
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The equation satisfied by the current in the loop is then, as in 4.1.1
or 5.1.2.3
lgi + Ri = Ecos (ot + o) — ma?Hw cos ot . (1)

The periodic part of the induced current is the steady state solution of
this, i.e.

E 2H
(Riﬁg‘z)lﬂ Ccos ((Dt + a - ﬁ) — (RZF_'?LQEQ)“II_Z cos (mt - B) . (2)

where tan B = Lo/R.

Fig. 38

The amplitude of this is clearly a maximum when the terms add, i.e
when « — =. In this case the amplitude is

A = (E + =a?Ho)/(R? 4 [2u2)1I2

and the induced current is —A4 cos («f — B), and so differs in phase
from the em.f. E cos (ot + «), i.e. —E cos ot (since « = =n) by
B = tan"! Lw/R.

Problem 57

A current 2] flows in a long straight wire whose position referred to a
right-handed rectangular system of axes is x = 0, z = q, and a current /
flows in another wire given by y = 0, z = —a, the senses of the currents
being respectively those of y and x increasing. A small magnet of
moment M, pivoted at the origin of coordinates, is free to move in any
direction about its centre. Determine the positions of equilibrium and
discuss their stability.
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Prove also that the mechanical force acting on the pivot in either

position of equilibrium is 6M1/(a2V/'5). (L)
Solution. -
z
21
9 y
)

+ /
A
Fig. 39

The magnetic field due to the current 21 is, from 5.1.1.1 (1), at O,

—A4la —4]x )

—4] . .
( = 0, 0> and, near O, at (x, y, 0) is (mé’ R

The magnetic field due to the current [ is, at O, (0, :ﬂZl’ O> and, near

. —-2la 21

0, at (x, y, 0) is (0, E1 a/z'f*_y'y'z)

A small magnet of moment M at O therefore is in equilibrium when
it lies in the direction of the resultant field, i.e. when it lies along the line
with direction cosines (2/V/5, 1/4/5, 0).

The potential energy of a magnet M in a field His —M . H and so is
a minimum, i.e. the equilibrium is stable, if M and H are in the same
direction, unstable if M and H are in opposite directions.

The moment M is (F2/4/5M, F1/4/5M, 0) in the equilibrium states,
and so the potential energy W = —M . H and the force on the magnet
isF=(M.grad) H

. - o0\ —4la —2la —4Ix 2ly
= (Ml o T M 5})(&5‘4?72’ T et )
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which becomes on expansion

£ 2 8Mlax_ 1 4Mlay
V5@ + 2 V5 (@ + )

2 Ix? 4] 1 —47x2 2]
+ M {(dzm - bgj{}é} M {( Frpr ey yz}
and,atx = 0,y = 0,1s (0, 0, +-6/M/+/5a2).
Thus the force on the pivot in either position of equilibrium is in the

z-direction, and is of magnitude 6/M/+/5a2, upwards when the equili-
brium is stable, downwards when it is unstable.

Problem 58

A current i flows in a thin wire, forming a circuit C, in the presence
of an external magnetic field of intensity H. Prove, by considering the
equivalent magnetic shell, or otherwise, that the mechanical force F

acting on the circuit is F = i% ds X H (e.m. units), where ds is an
element of C.

A current i flows in a circular wire of radius @, and a current i’ flows
in an infinite straight wire in the same plane and at a distance b (>a)
from the centre of the circle. Show that the force between the wires is

4rii’{(1 — a?/b®)™12 — 1}

Indicate the senses of the currents if the force is one of attraction.
You may assume that
2”7k _dﬁ__ ) 271:
o 1+ acosd \/(l

Solution.

Fig. 40
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The magnetic field H at P due to the current i’ is 2i’/r right-hand
screw positive with respect to i’, normal to the plane of the circle and
wire; and the element at P of the circuit carrying current i is ds. Thus
by the result in the first part of the question (Ampere’s Law), the force
dF on the element at P is

ids X H = 2ii'/r ds along the radius OP

By symmetry the total force F on the circle is along O Y and so, resolving
in this direction,

277 ass
F=/ 2}1_(1 cos 0 do
o T

with r =5b—acos0,

a cosO do

2T
so that F — 2ii /0 jroosidi

2 do
= 2ii {"27‘! +/O 1':m}

= 2ii’ {—2n + 2n/V'1 ~- a%/b?} by the result given,
ie. F = 4xii’ {(1 — a%/b%)"1/2 — 1} as required.
This is positive, since (1 — a2/b?)71/2 > 1, and so these directions of the
two currents give an attraction between them.

Alternatively, the force may be obtained by considering the potential
eriergy of the circular current. This is, from 5.3 (11)

W = —inhereszHdA

E/ being the normal component of the field due to current i’ and d4 the
element of area of the circle. Here the field is wholly normal, so that

H = 2'/[r,r =5b — acos 6 and dA = 2a2sin2 6 d6

Then W--—411’2f _sin®6d6
b—acos 6

O b2
:—411/0{5 acm—l—b—{—acose}de

= —4ij’ <a2 . b2> z + brr} using the given result
- )NV am glice

= —4ii' (b — VB — a¥

and so the force of attraction = »55 _4ml {(1 — a?/b?) 12 — 1} as

required.
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Problem 59

By considering the equivalent magnetic shell, or otherwise, prove that,
in the usual notation, the coefficient of mutual induction between closed
circuits is given by

?S dsi . dsy

rr —rs

Two parallel fixed wires given by x = 4-a, y = 0, carry fixed currents
+-1. Show that the electromotive force per unit length induced in the
parallel moving wire x = x(¢), y = y(¢), is given by

x —a) +yy  Xx +a) A yy

2’{(1«' —af+yt (x+aPf+ yz} (L)
Solution.

Yy
ct
<2
Cz Ci
J ~I X
a a
Fig. 41

The induced e.m.f. in a circuit is —(rate of change of flux of magnetic
induction) (5.4).

If Lo is the mutual induction of circuits C; and Cg, then the flux
through C; due to current Iz in Cz is Lioh.

Thus, if C; be the circuit composed of the wire through (a, 0) carrying
current I and the wire through (—a, 0) carrying current —/ and C; be
unit length of the wire through (x, y), then the flux through C; is Lj¢l

(since C; has no self-induction), and the induced e.m.f. is

(1
dt

Using the formula,

Ly = fo ' dsy /_ : dsy { \/(rlzl_{_ 5B \/(,-221

+ Sﬁ)}
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1

S 1
Now[s {\/ (r2+s2) V(2 + Slz)}dsl

—lo S+ /r? 482 | [—8 4+ /(r2 + 5?)
TR TS VT TS F V(% £ 59
S+ 8? rzz) o .
=log{ =T YL L2 t[’2
g {S V2 F Sg}( 5 | expanding since S'is large

r
—> 2 log (re/r)) as S —> o

1
Thus Ly = 2 / dst log (rafr)
0

/!
= 2 log (re/r1) = 2 log %%E'%jﬁt %%i_/:

= log {(x + a)? + y*} — log {(x — a)* +- y%
and the induced e.m.f. is

_ldLy _ ,, [X(x —a) + 9y Xx +a) +yy
(x—aP+)y2  (x+aP+)y?

as required.

Problem 60

Show that, in a cylindrical problem in which the field is due to
currents in straight wires parallel to the z-axis,

By = 0Az/0dy and By = — 0A4,/ox
where A denotes the vector potential. (The result A = pJ / rlds for

the vector potential due to the current / may be assumed.)

Hence show that, at the interface separating media of different
permeability, d4,/0S and w194,/0n are continuous, where S and on
denote elements in the directions of the tangent and normal to the
section of the interface.

A current I flows along the wire parallel to the plane face of a semi
infinite medium of permeability v and distant 4 from it. By con-
sidering a corresponding potential problem with a dielectric, or other-
wise, show that the force per unit length on the wire is an attraction

(45) P ©)

Solution

The vector potential A due to current / in a circuit element ds is (from
5.1.2 (8)) ul/rds; and the vector potential A due to currents in straight
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wires parallel to the z-axis is thus in the z-direction only, i.e. is (0, 0, 4;).
Hence, since B = curl A,

o4,
Br =%,

By = —% as required.

To calculate conditions at an interface, take the x-axis tangential, the
y-axis normal to the interface and suppose the transition between the

two media to occur through a layer of thickness 8, in which u changes
continuously from y; to pa.

Fig. 42

Then the vector potential A is continuous at the surface,

ie. A0, 8) = 4,0, —3) and A,(E,8) = A%, —9)

0A oA .
and so (—5;> at x =£/2, y =3, equals (af) atx =£/2,y = —3, 1.e.

aAz
o5
ds = 0x).

Also curl H = 4ni, where B= pH and i is the current density

is continuous, where ds is the general tangential element (here

i.e. within the transition layer, curl (%> = 4ri, whence

i— L] _2(By) 9(Bs\ o(By\ 0[5
T 4n oz\'w ) oz\w ) ox\ y\ w

But the current density in the transition layer must have zero component

in the normal (y) direction, i.e. L 0(B:) _ Oi.e. By must be constant
4r 0z \ p ®
through the layer i.e. L od, must be continuous on both sides of the

w on
interface where on is the general normal element (here on = 0y).
Given a current flowing along an infinite wire parallel to the plane
face of a medium, permeability u, the vector potential has only one
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.. . W 0 .
component 4, and the conditions to be satisfied are that (i) %‘3 is

continuous, and (ii) —{ll 8;72 is continuous at the plane face. Also the
vector potential due to the wire alone would be A, = —2I log r in free
space, r being distance from the wire (from 5.2.1).

It follows that the conditions are identical with the corresponding
potential problem of a line charge 27 in the presence of a plane dielectric
1/ where the potential ¢ has to satisfy ¢ = —27 log r due to charge

op 1 0¢

alone and -;~, — - continuous at the plane face.
s’ . on

N

%

(9]

HA

Fig. 43

To solve this, try image* line charges €', e at the image point C1 (for
free space) and at C (for dielectric) and let

¢q = ¢ in dielectric = —e log r
¢r = ¢ in free space = —e’ logr’ — 2l log r

Then we need ¢q = ¢y on the plane r = r’, so that

—e= —e' — 2] N ()
1 3a _ 04y

and won = o on the plane, so that

le d e d  2Id

a;.;-—— —7,.——,-{—7;ontheplane
ie. tefu=—e+2I . . . . . (2
Solving (1) and (2) gives

e=dull(p+ 1), e =20 —D/+1) . . . (3)

* The method of images is dealt with in Vol. II.
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As in the corresponding potential problem, the force on the wire at C
is the same as if the material were removed and there were another wire
at C’ carrying current I’ = ¢’/2 in the same sense.

Pl —1)

dw 1) as required.

This force is 21I'/2d =

Problem 61

Write down Maxwell’s equations for the electromagnetic field in
vacuo. Hence prove that the rate of diminution of electromagnetic
energy in a fixed volume equals the integral of Poynting’s vector over
the surface of the volume.

Given that an electric dipole of moment M = M cos «f (Where Mp
is a constant vector) produces, at large distances, the field

E = o'r X Mo X 1) cos {w(t— m)}

& ¢
2
H=—% 1\;I'Lﬁl‘cos © t——ILI
c?  rf? c
4

show that the mean rate of radiation of energy is % \% (% z_ )5 (L)
Solution.
By the first part, the mean rate of radiation of energy is the time mean

of the integral of the Poynting vector S = ‘—f; E X Hover the surface 0.

a sphere.
Since E=4Ar x(Mp Xr)
and H = BMjp X r)
E X H=AB[{(My x1r).1} (Mp X 1) — (Mg X 1)r]
= —ABMp X r)’r
(O]

2 2
where 4 = E(;)—rz cos {u(t — r/c)}, B = — ;37 €08 {o(t — r/c)}

On the surface r = R, we have, measuring 6 from the direction of My,
(Mo X r)2 = M¢g?R? sin? 0 and r= (R, 0, 0) in spherical polars.
The integral of E X H over the surface is then

/(ExH).ndS=/(ExH).rd—rS
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Thus the flux of the Poynting vector is

4 v
4—01—: E;—)——Rs cos? {o(t — R/c)} / Mo2R2 sin2 6. R. 2=nR2 sin 0 d6

2Mo
~3

cos2 {w(t — R/c)}

Fig. 44

and, since the average value of cos? 0 is 4, the time average of this flux is
1 M2t - e .
3 Z—;’, which is the mean rate of radiation of energy as required.

Problem 62
Show that the scalar potential ¢ and the vector potential A of a
system of currents and charges in free space may be chosen to satisfy

1 o2
O¢ = —p/te, OA = —ugj, where [J = V2 — i o
A constant current J is started at ¢ = 0 in an infinite straight conducting
wire. Find the vector potential A at a point P distant r from the wire at

time ¢, where r < ct. M)

Solution. The result in the first part of this question is an alternative

form of equations 5.8 (40) and (41).
A solution of these equations is known to be, from 5.8.1 (43) and (44),

e

_H/[J]

where [p], [j] are the values of p, j the charge and current densities, at
time ¢ — r/c, and r is the distance of the external point from the charge
or current.
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If a current J is started in an infinite straight wire, in direction k,
then we have j = JKk, ¢t > 0; j = 0; ¢ < 0 and the potentials at an ex-
ternal point P, at distance r from the wire, are given by

¢ = 0 (since p = 0 everywhere) and

A=uf UlREx

But [j] = j at time t — R/c
= 0 when R > ct, i.e. when |x|2 > ¢22 — r2
= Jk otherwise

K
'
R
X
) - P
Fig. 45
+Verer 2 dx

Thus A — uJk / ~ cf, A = 0 otherwise

s = r
— /AT \/xz —+ r2’

ie. A= 2kJu[log {x + VT £ rRjJpver—r

Ve — 1 4 ct

= 2kJu log - ; sr<ct;A=0,r>ct

and this is the required vector potential.

Problem 63

Prove that, for any vector F having components with continuous first
derivatives,

fcurlev=/s(n>< F) dS
v

where S is a smooth closed surface bounding a volume v, and n is the
unit vector in the direction of the outward drawn normal to S at the
element dS.

Assuming the formula A = (m X r)/r3 for the magnetic "vector
potential at the point r due to a dipole of moment m located at the
origin of coordinates, prove that, at an external point P, the yector
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potential of a finite body, magnetised with intensity I and bounded by a
closed surface S, is

AZ/curlldv+/IxndS
v s T

r

where r is the distance of the element dv or dS from P.
Deduce, or prove otherwise, that if the magnet is a uniformly
magnetised sphere of radius a, then

A= 4@ X R)
at an external point whose position vector is R relative to the centre of
the sphere.
(The formula curl (¢F) = ¢ curl F + (grad ¢) X F may be assumed.)
©)

Solution. The first part is a standard vector result (1.3 () (iii)).
The second part is a standard result on magnetisation (5.4(18)).
For the final part, we have

Azfcujl,ldv+/l_X,edS
v r S r

where the integrals are to refer to the interior and surface respectively of
a uniformly magnetised sphere r = a. In this case curl I = 0 in the
interior of the sphere (since the magnetisation is uniform); so that

A:jlxndS
S

r

where r is the distance of the element dS of the sphere’s surface from the
field point r = R.
Since Iis a constant vector, A = [ X / n_rc_i§ and the integral must be

a vector along the direction of R.
Hence integrating components in this direction gives
7 2na? cos 6 sin 0 &6
A=Tx R/O {a® + R%2 — 2aR cos 6}172

and this, on integrating, gives the required result.

Alternatively, we may regard a uniformly magnetised sphere as the
superposition of two identical spheres, one made up of positive poles
with density p and the other of negative poles with the same density,
displaced from each other by a small displacement 3. Then the potential
at an external point due to a uniform distribution through a sphere is
the same as if the distribution were collected at the centre, and so the
potential here is the same as for positive and negative poles of magnitude
$na3 at distance 8, i.e. as for a dipole $ra3e3, or $na3 I, since I = 3,
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the magnetisation per unit volume. (This has been proved for scalar
potential, and since there is a unique vector potential corresponding to
any given scalar potential, it holds also for vector potential.)
Hence, using the result given for a dipole, the vector potential at an
external point R is
4ma% I X R/R8 as required.

Problem 64

Prove that outside a straight wire parallel to the z-axis and carrying
a current of strength j the vector potential is —2jk log r, where r is the
distance from the wire and k is a unit vector along the wire in the sense
of the current.

If n parallel straight wires each carrying a current of strength j in the
same sense are placed at equal intervals round the circle r = a, z = 0,
and normal to its plane, prove that the vector potential at the point P of
cylindrical polar coordinates (r, 6, z) can be expressed in the form

A = —jk log (r*® + a2 — 2rma™ cos nb)

Hence, or otherwise, show that the mechanical force per unit length on

one of the wires is j2(n — 1)/a towards the z-axis. (L.)
Solution.
P
<
AT
Fig. 46

The currents are through the points
Pp, (r=a, 0 = 2rxm[n)(m =0,1,...n—1)
The distance from Py, to the field point P (r, 6, 0) is given by
Rp? = r2 + a2 — 2ar cos (0 — 2nm/n)
and the corresponding vector potential at P is (from 5.1.2.1)
—2jk log Rm
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Thus the total vector potential at P is —jk Z log R2y,
= —jk log nﬁl {rz + a® — 2ar cos (0 — g;r;n)} . (D
m=0
The product is a known expression: most easily arrived at by using
Zm = anﬂ:mi/n’ 7 = retb
and considering
|Z — Znm|2 = r2 4+ a® — 2ar cos (0 — 2mmn) = (Z — Zu)(2Z — Zm)
Now Zp, Zp, are roots of Z* = qgn.

Hence I(Z — Zp) = 2" — a» = r* e — g» and 1(Z - Zn) =
rre=iné — gn and so |II(Z — Zn)|2 = 12" 4 a2" — 2rmg cos n0, the

required product (2)
Hence (1) gives

total vector potential A = --jk log (r2® 4 2" — 2r*a® cos nb) as
required.
The force per unit length on the mt* wire, at Py, (r = a, b = 2mm/n), is
jk X B

where B = curl Al and Al is the vector potential at Pp, due to the other
(n — 1) currents.

ren 4 g2 — 2rtg® cos n

1= o h
Thus A! = —jk log ¢ =ap asr—» a,0 —> 2mm/n
1 541
and B has components in the r, 6 directions - L oA, , _ oA,
r 90 or
J 2nrta® sin no

e,  —t.ig—m my
r’(r*m 4 q?n — 2rrq® cos no)’
L 2nr2nl — 2prn 1 cos n  2(r — a)
rn 4 gn — 2rngncosnd  (r -- a)?

which, putting 6 = 2nm/n, become
0 .{?.nrz"‘l — 2nrvign 2 }

C(m—a"? r—a

Le. 0, %

P4 rn R
2}{(n —Dr2 4+ (n— 2)ar“ 8 4+... F+am?
(rn1+arn2_|._ +anl)
dividing top and bottom by (r — a). Puttmg r = a gives
B—o ¥3n—Dn_ 0,1((" - 1>

*a n a

n{nr"‘1 — (a2 4 .4 avL))

ie.
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thus the force per unit length which, from 5.1.2.2. (12) is jk X B,

is ——j2((1——3—1—>, ie.is jz(l’_% -1> towards the z-axis.

Problem 65

Explain what is meant by a plane-polarised electromagnetic wave.
Such a wave in vacuo is incident at a plane boundary with an isotropic
dielectric medium of specific inductive capacity K and permeability
w=1

Show that the angles of incidence and reflection are equal and that
sin 8 = K1/2 sin ¢, where 6 is the angle of incidence and ¢ is the angle of
refraction.

If the wave is polarised in the plane of incidence, prove that the ratio
of both the electric and magnetic vectors in the reflected and incident
rays is sin (¢ - 0)/sin (¢ + 0). (D.)

Solution. The speed of propagation in a medium of specific inductive
capacity K and permeability is ¢/v/uK. In vacuo this is simply c.

b
Y
Z
4
P -
€
%
[
%
4
4
X
et roc
1
-]
¢ - Z
e

q:? ARV HVATTRRTRTRT RN INNAN
i
<2

We consider a wave incident on the plane z = 0, 6 being the angle of
incidence and y = 0 (the plane of the paper) the plane of incidence.

Let (1, my, n1), (l2, mg, ng) be the direction cosines of the reflected and
refracted rays respectively.

Then, (by 5.7.1), the components of the electric and magnetic
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vectors E and H for the incident, reflected, and refracted rays are pro-
portional to

eip {ct— (zsin§+zcos 0)), etp {ct — (hz+my +ni2)}
and etp (ct= VK (2 2+ may +n22)} respectively.

We may write the E; componénts for instance as

aelp {ct— (x 8in § +z cos 0)}’ aleip {ct— (hz+tmy+ nlz)), _
asel? (et = VK (laz+may +ns2))

But, (5.6.1 (28)), £ must be continuous in the plane z = 0, and so, for
all values of x, y, #, we have

qetp (ct=z8inb) | gelp it~ (WT+my)} = goeip (et~ VE (laz+may))
For this the three indices must be identical, and hence

sin0:11=\/K.lz
and 0=m = VKmg

The second of these two sets of equations shows that the reflected and
refracted rays lie in the same plane (y = 0) as the incident ray. The first
set gives the results:

(i) sin 0 = sin 0%, and hence 0 = 01, 01 being the angle of reflection,
and
(i) sin 6 = V/ K sin ¢, ¢ being the angle of refraction, as required.

To solve the last part of the question we must consider the amplitudes
of the waves.

It is easier to write down the components of the vectors if we take a
new set of axes with Oz’ in the direction of the incident ray, Oy’

X

| ‘/

X Z

\ L/

4 '
4
L/
" \ ; et
\ “ e

4
%
[
[
2
L~
; z
-
”
-
L~
”
L~
L~
-

Fig. 48
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coincident with Oy (i.e. at right angles to and coming out of the plane
of the paper), and Ox’ to complete the right-handed triad. Since the
wave is polarised in the plane of incidence, H lies wholly along Ox’ and
E along Oy'.
We have

Hy=Hy =0, Ey = Ey=0
Also

Ey = Aet? {ct—(z8inf+zcos0)}
the index being obtained as in the previous part of the question.
Hence, (by 5.7.1 (33)),

H, = — Aeip {ct— (zsin 6+zcos0)}

Resolving these quantities to find the components of E and H along
the original axes gives

Ez = 0

Ey = Aeipict—(xsinbh+zcos b):

Ez= 0

Hz = —Acos 0. etplct=(zsing+zcos6)
Hy = 0

H, = Asin 0. ¢»{ct—(z8in6+2co80)}

Treating the reflected wave in a similar fashion, choosing new axes Oz”
along the direction of reflection, etc., we find that the components of
E and H will be proportional to et? {ct~ (#sin 0~z cos 0)} gince the direction
cosines of Oz” are (sin 0, 0, —cos 0).

Carrying through the analysis as for incident wave leads to the results

E, = 0, E = Betp {ct~ (zsin0~zcos 0)}, E, =0

and
H; = Bcos 0.¢tpict—(z sin § ~z cos 6)}, Hy =0,

H, = Bsin 0. etp{ci— (x8inf -z cos 0)}
Similarly, we find for the refracted wave

E;, =0, E, = Cetp lct—VK . (zsin¢+2cos N E, =0

and
H; = —VKC cos ¢ etr{ct=VK . (zsiné+zcos ¢)}

Hy = 0
H, = VKC sin ¢ eip {ct= VK (z8in ¢ +2 cos ¢)}

The boundary conditions (5.6.1 (28)) here are that E,, E,, KE;, Hy,
Hy, H, are all continuous at z = 0.
Those for E, and H lead to

A+B=C
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and —Acos 9 + Bcos 6 = —VKC cos ¢
4 . _B__

cos 8 +4vKcos¢ cos 6 —VKcos ¢

but VK = sin 6/sin ¢ and so

A cos 0sin ¢ + sin 0 cos ¢ .
B~ Cos Osin ¢ — sin 0cos ¢ > required.

whence

Problem 66

The magnetic and electric vectors of a train of plane electromagnetic
waves in a medium of dielectric constant K1 and permeability yu; are

given by H = («i -+ Bj) eiror E = ykeiPor,
A=Xxcos 0+ ysin 06— cit
where o, B, y, po, 6, and ¢; are constants. Show that

e B K
sin6 —cos 6 YA m

A homogencous medium whose constants are Kj, w1 occupies the
space x << 0, the space x > 0 being occupied by a similar medium of
constants Ka, p2. If the above wave train is incident upon the interface
x = 0 of the media and gives rise to similar reflected and transmitted
waves propagated with speeds ci, ¢s respectively, the angles of reflection
and refraction corresponding to 0 being ¢ and ¢, prove that § = = — 6,
that

a _ C
sin 6 sin ¢
and that the amplitudes of the incident, reflected and transmitted waves
are in the ratios
K1 sin 26 + Ko sin 2¢ : K; sin 26 — Kp sin 2¢ : 2 K; sin 26 (L.)

Solution. Since A = x cos 0 + y sin 0 -— c1f we have a plane wave
whose direction of propagation is parallel to the xy plane and at an
angle 6 with Ox.

We know that (5.7.2 (33))
— [¥
nxXE= X H
and here n = (cos 6, sin 6, 0)
It is given that H = (aetP), Betp), 0)

E = (0, 0, yetrox)
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whence it is easy to write down the equations
Y sin 6 = am}
—y cos 8 = BV w/Ki

providing the results required.

In the second part the angles 6, ¢, ¢ are measured from the positive
x-direction and the situation may be represented by this diagram.

Y
kll/ul k2iu,
q o,
Q,
eq sm\uv;\
el
]
e (o) X
A
/\x\‘v‘&
Fig. 49

We can now write down the components of the magnetic and electric
vectors as follows (cf. Problem 64):
Incident wave

Hy; = agipo (z cos 0+ysin 0 —cit)

Hy = Beipo (v cos 0 +y sin 6 —cut)

Hz=0
EZZO:E]]
Ez — ye“’“ (z cos O +y8in 0 —c1t)
@« B K
Also sn6 = ooso " Afm - 0 0 0 O

Reflected wave
Hy = ayet®o (x cos §+ysin —cit)
Hy = Breipo (x cos Y +ysin y—et)

Hz = 0
Eg; == Ey = 0
E, = yjetpo (xcos ¢ +ysin y-at)
where S . S Y1 B 03]

siny ~ —cos ¢ w1
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Transmitted wave
Hy = agetpo (x cos é+ysiné—cat)
Hy — Bzeipo (z cos ¢ +y sin ¢ —cst)

Hz = 0
Ex = Ey = 0
Ez — ‘yzeim (z cos ¢ +y sin ¢ —cat) -
w __ B _ . [K
where Sing =~ “cosp sz I 3)

We have to satisfy the boundary conditions that the tangential
components of both the magnetic and electric intensities are continuous
and that the normal components of the electric displacement, KE, and
magnetic induction, pH, are continuous.

This implies that at x = O the indices of the exponential factors must
be the same for all y, z, and ¢.

Hence e e I e e e e e e (4)

whence ¢ == — 6
The boundary conditions also lead to the following relations between
the amplitudes:

Ez 'y + ‘)’1 = 72} (5)

Hy B+ Br= B
The second of equations (5) becomes, on using (1), (2), and (3),

— cos 0 — — cos 0 = — cos
4 \/ U1 N m LN

Eliminating yi, w2 by use of the facts that
a1 = c/VmKi, ¢z = ¢/V Kz (5.7.1 31))
gives further
c1Kyy cos 8 — c1Kiy1 cos 0 = c2Kzys cos ¢ . . (6

Solving (5) and (6) for the ratios y : 1 : vz and using (4) leads to the
desired result.

Problem 67
Show that E, H defined by
Ey= A twt-va) E, = E, =0,
H; =0, Hy = K12 4 twt-u2) H, =0
where A4, « are constants, satisfy Maxwell’s equations for a uniform

medium of dielectric constant K and permeability unity provided that
u = K2/c.
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The region 0 < z < A is filled with material of dielectric constant 4
and permeability 1, and the rest of space is empty. A plane-polarised
plane wave of frequency w/2r, travelling in the positive direction of Oz,
is normally incident on the face z = 0. Show that the ratio of the
amplitude of this incident wave to the amplitude of the reflected wave
inz<0is

(1 + 48 cosec? 6)1/2
where 0 = 2wh/c. (L)

Solution. The first part is essentially bookwork, see (5.7.1, 5.7.2).

For the second part we consider first the region z < 0.

There is an incident wave for which we may, by the first part, write
down the components of E and H:

» = AjeTiot=200 E, = 0 = E,
Then, by (5.7.2 (33)),
Hy =0, Hy = Aje"tot-zle), H, = 0
In the same region there is a reflected wave which is propagated in the

negative direction of Oz (this may be proved as in Problem 65, but is
here assumed as a known result). Its components are

Ez = Age ot +2l0) E, =0 = E,
Hy =0, Hy = —AgeTtot+zlo) H, = (
We may treat the regions 0 < z < 4 and 4 < z similarly and obtain:
0<sz<h
Transmitted Wave E; = Agze 1ot~ 2z/c)
H, = 2Aze tw(t —2z/c)
remembering that K = 2, ¢ = 1 and omitting zero components.
Reflected Wave E; = Aqeto+2z/c)
H, = —2Aze ot +2zlc)
h<z
Reflected Wave E; = Aseto—zlc)
Hy = Ase iot—zlc)

Boundary Conditions. At z=0 and z=a E; and H, are both
continuous. In the region z < 0 the total E, is the sum of the com-
ponents of the incident and reflected waves, in 0 < z < A the sum of
the transmitted and reflected waves. Putting z = 0, we obtain

A1 + Az = Az + Ay R ¢ )
and A1—-A2=2A3-—2A4. ce e (2)
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Proceeding similarly at z = h gives
Azetd 4 Agei0 = Ageidi2 c e (3)
243e'0 — 244et0 = Aset®2 . . . . . (4)
where 6 = 2wh/c.
Solving equations (1)—(4) for the ratio 4;/A42 gives
A1/ Az = (9710 — ¢i0)/3et0 — 3ei0

which reduces to —5/3 — i 4/3 cot 0
Hence the ratio of the amplitudes required,

|1/ Ag] = (3% + && cot? o)1/
= (1 + £ cosec? 6)1/2

Problem 68
Show that E, H defined by

E;=0,E, =aexp {in (q;c — t>}, E, =0

Hy =0, Hy =0, H; = qa exp {in (q_:___ t)}

can represent the electric and magnetic vectors of an electromagnetic
wave in a uniform dielectric for which the dielectric constant Kis g2 and
the permeability p is unity.

A dielectric slab of thickness 2 with plane faces lies in otherwise
empty space. A plane-polarised harmonic wave whose electric vector
has amplitude a is normally incident on to one face and b is the cor-
responding amplitude of the emergent transmitted wave. Prove that

@ _ os? 1 1) Gine

B cos? 0 + 3(‘1 +5> sin2 0,

where g2 is the dielectric constant of the slab, the permeability of the
slab is unity, and 6 = ngh/c. @)

Solution. For the first part see 5.7.2.
We set the second part out as in Problem 67.

x<0
Incident Wave (zero components omitted)

Ey = a1 exp{in(x/c — 1)}
H, = a; exp{in(x[c — t)}
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Reflected Wave

Ey = az exp{—in(x/c + 1)}
H, = —az exp{—in(x/c + 1)}

Transmitted Wave
Ey = a3 exp{in(gx/c — 1)}
H, = qas exp{in(gx/c — 1)}
Reflected Wave
Ey = aq exp{—in(gx/c + 1)}
H, = —qay exp{—in(gx/c + 1)}
h<x

Transmitted Wave
Ey = as exp{in(x/c — 1)}
H; = a5 exp{in(x/c — )}
Applying the usual boundary conditions (as in the previous problem)
at x = 0, x = h gives
a1 +az=a3 + as
ay — az = qaz — qas
aseie + 043‘16 = aseiolq
qaseio — qaae‘ie = aseiO/q
where 6 has been written for ngh/c. Solving these for the ratio
a1/ase0/2 leads to

a g2 +1

asells = cos 0 — i 2% sin 6

a ]2 a® 1 1\2 .
whence ‘a‘ggm = 52 = cos2 0 + Z(q + 5) sin2 6
Problem 69

Prove that in a medium of conductivity o, unit permeability and unit
dielectric constant, there is a solution of Maxwell’s equations of the
form

E = iF exp(iot — inwz/c — awz/c)
H = jHexp(iot — inwz/c — awz/c)
where H=n—id)Eand (n — ie)2 = 1 — 4rio/o.
Material of conductivity o fills the region 0 < z, and a plane harmonic
wave of frequency »/2r, given by
E = id exp(iot — iwz/c)
H = jA exp(iot — iwz/c)
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in the region z << 0, is incident on the face z = 0. Prove that the ratio
of the energy of the wave reflected by the material to the energy of the
incident wave is (n — 1)/(n + 1). Find the fraction of the incident
energy which crosses a plane distant z(> 0) from the surface of separa-
tion. (L)

Solution. The first part is easily obtainable from 5.7.3 (36) and the
analysis of Problem 64.

The analysis for the second part is as in Problem 64, with suitable
modifications.

z<0
Incident Wave
E; = A exp io(t — z/c)
Hy = A exp io(t — z/c)
Reflected Wave
E;= Aexpion( + z/c)
Hy = —Aexpio(t + z/c)
z>0
Refracted Wave

E; = A exp(iot — inez/c — awz/c)
Hy = (n — i«)A exp(iot — inwz/c — awz/c)

By continuity of £ and Hy at z = 0 we obtain

A1 +As=4s. . . . . . . .
A1 — Ae=Mn—iY4ds . . . . . (2

Using equ. (34) of 5.7.2 for the energy and remembering that
K = p =1 in vacuo, we find from (1) and (2) that

Reflected energy A_g‘z _(n—1)% + a?
Incident energy |41l ~ (n + 1) + o2

But(n — i«)2 = 1 — 4ric/w, whence n2 — o2 = 1.

As2  2n2—2n _n—1
Al T2+ 2 n+1
In the conducting medium there is a decay factor e~xw?/c in both the
electric and magnetic intensities.

It follows that since the fraction of incident energy which is trans-
mitted is 2/(n + 1), the fraction crossing the plane z(> 0) is 2¢~2xwzlc/
(n+1).

Hence
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Comment. The mean flux of energy in the refracted wave may be
obtained directly by use of the complex Poynting vector (see, e.g.,

Ferraro, p. 517) as the real part of 807; Eo x Hy.

This is the form applicable when E, H are products of Eo, Hp and a
complex exponential, and E and H are complex vectors. The ratio of
the flux of incident to reflected energy is, however, simply the ratio of
the squares of the moduli, as given, since in this case

Incident: Eo x ﬁo = A174-1 = ]A1|2
Reflected: Eg x Ho = AsAdz = |Ag)?

Problem 70
Verify that Maxwell’s equations for free space are satisfied by

19
H—;&gm¢xk

1 @
E=—kagp typeadd

. . . . 1 29
where Kk is the unit vector along the z-axis and ¢ satisfies V2 = 2 e

Show that ¢ can be of the form
A sin ox sin By cos yz cos wf

provided that the angular frequency « and the constants o, B, y satisfy a
certain relation. Find the Cartesian components of E in this case and
deduce that such a field can exist in the region 0 < x </, 0 <y </,
0 < z <</, where the boundaries are perfectly conducting, if «, 8,y have
suitably chosen values. Ifthe field does not vanish identically, show that

the least allowed value of  is (=c//)V/2. (L.)

Solution. In free space Maxwell’s equations are

div H = divE = 0; curl H = © &
c ot

1 H

curl E = —2"—5?

With the given value of H

19

divH = div (grad ¢ x k)

ot
2
ot

Ol 0N

(k . curl grad ¢ — grad ¢ . curl k) (by 1.2)
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But curl k = 0 (k constant) and curl grad ¢ = 0 (1.2).
: divH=0

or?
(as div grad ¢ = V2¢)

_ Lo (@) 01
A 0z \ c2 o2

Similarly, div E = d1v (6 ¢ ) + 3 (V24)

=0
curl E = __1_( ; Jaax)(i;tf> (as curl grad = 0 and using 1.1.5)
16H _ 1 & (/. 2 3¢ 849
ow T T 912{ gy Thy) Xk

__lal % ¢
= W( x T1% )
= curlEas requ1red.

(Since the order of differentiation in space and time may be reversed.)
Finally, curl H = % gt{curl (grad ¢ X k)}

= % —a%{(k.V) grad ¢
—(grad ¢ . V) k 4 grad ¢ div k — k V2¢} (by 1.2)

10 9 o2
1 9E

T c ot

It is easy to verify by straightforward differentiation that ¢ can be of the
form A sin ax sin By cos yz cos ot provided that

©? = c2(o? + B2 -+ y2)
Substitution for ¢ now gives

Ey = —Aaycos axsin Bysinyzcos ot . . . . (1)
Ey= —ABysin axcos Bysinyzcosowt. . . . (2)
E; = A(w?/c2 — y?) sin «x sin By cos yz cos wt

= A(o2 4 B?) sin ax sin Bycosyzcos ot . . (3)

On the boundary planes of the cubical region given we must have
(since they are perfect conductors)

Ey=FE,=0atx=0and x=/
E,=FE;=0aty=0andy=1/
Er=E;j=0atz=0andz=1/
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These are satisfied if

sin o/ = 0 = sin B/ = sin y/
i.e. al = myw, Bl = ngrm, yl = nan

where n1, ns, n3 are integers, no two of which may be zero if the field is
not to vanish identically. Hence the least value for o is given by

w2 = c(n2[[2 4 n2/I?)
rcV2
/

ie. o =

Problem 71

Verify that a possible form of the electric intensity vector E in the free
space between two perfectly conducting planes z =0 and z = a is

Ez = E cos « sin (kz cos o) sin {k(x sin a« — ct)}

Ey = O

E, = E sin « cos (kz cos «) cos {k(x sin « — cf)}
where E and « (5 ) are constants. Show that £ must satisfy a certain
equation. Find the corresponding magnetic intensity vector H con-
taining only periodic terms. Prove that the energy flux is entirely in the

x direction and that the average flux across the area bounded by
y=0,y=05b,z==0, and z = a is (abcE? sin «)/16~x. (L)

Solution. Maxwell’s equations in free space are
divE = 0; divH = 0,

1 0F, _1eH
curl H = PP curl E = — %
1 2E

and these may be combined to give VZE = Tl (5.7.1 (30)).

The given value of E may be shown by direct differentiation to satisfy
this, and also div E = 0. Thus it is a possible form for E in free space
(though we have still to show that it satisfies the boundary conditions).

To find H we have

curl H = i ZItE = —iEk cos a« sin(kz cos ) cos k(x sin « — cf)
+KEK sin o cos(kz cos «) sin k(x sin « — ¢f) (1)
—% c'%l-tl = curl E = i(0) + j{Ek cos? « cos (kz cos «) sin k(x sin « — c?)

+Ek sin? « cos(kz cos a) sin k(x sin « — c£)} +k(0) . (2)
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From (2) we find

0Hg _ 0= oH,
o0~ ot
oHy . .
and 5 = — Ekc cos(kz cos «) sin k(x sin « — ct)
whence we have Hy=H,=0 } o)
and Hy = —E cos(kz cos o) cos k(x sin « — cf) | ~

It is readily verified that this satisfies (1) and also that div H = 0.

On z = 0 and z = a we must have E; = 0.

This is obvious at z = 0, but at z = a we require sin(ka cos «) - 0
(as « 5= m/2) or ka cos « = n= (n an integer).

The energy flux is measured by the time average of Poynting’s vector

4—(; (E x H), which in this case reduces to
<
47

The time average of the first component integrated over the area
bounded by z =0, a,and y =0, b is

: b a 27 [k
’2%‘; ) ‘.:Ezz;n “/0 dy[0 31 + cos (2kz cos oc)}dz/o / c{;{l +
cos 2k(x sin o — ct)}dt
and, remembering that ka cos o = n=, this reduces to abcE? sin «/167,
as required.
Treating the other component similarly gives zero flow in the :z-
direction.

Problem 72

Deduce from Maxwell’s equations that v, the velocity of propagation
of electromagnetic waves in an infinite uniform medium of dielectric
constant K and permeability u, is cqual to ¢/(wK)!/2, where ¢ is the ratio
of the e.m.u. to the e.s.u. of electric charge.

A long circular cylinder of this material, of radius a, is embedded in a
perfect conductor, the axis of the cylinder being the z-axis. Assuming
that in the dielectric H, = 0, and all other field quantities are of the
form R(r) ® (0) exp (iwt — yz), where w, y are constants and (r, 0, z) are
cylindrical polar coordinates, show that Ju(va) = 0, where Jp(x) is the
Bessel function of the first kind, n being an integer, and

\2
2 (@ 2
#=(5) +

Show that, for a given n, there is a critical value wp which » must
exceed if waves of this type are to be transmitted in the cylinder. (D.)
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Solution. The first part of this is a standard result.
For the second part, consider the equations satisfied by E and H,
which are, by Maxwell’s equations (5.6),

K E curlE= -~ whlchreduceto lzaatlz‘:—- VZE (1)

curlH=7 7> "

where, using cylindrical coordinates r, 6, z

10 1 o2 a2
V2 = ; a—)_(rar> + = e 262 + P72 (2)

and we are to take

E = Ej exp (iot — yz), H = Hp exp (iot — yz) . (3)
with Eo, Hy of the form R(r) ® (6) and Hp, =0 . . (4)

Substituting (3) in (1) gives, for Eo,
w? ,
—52 Lo = (V2 + )k

and substituting (4) and (2) in this, and separating the variables
1420 (o | rd [ dR
o = (57— kalG) = - ©
where n is a constant by the usual argument.
The solutions must

(i) be periodic in 6 with period a multiple of 2r — since the in-
tensity is a single valued function of position,

(ii) satisfy Ep, = O on r = a,i.e. R = 0 on ~ = g, since the tangen-
tial component of intensity must vanish at the surface of a conductor.

Thus we must have from (i)
® = A cos nb + B sin nY

where n is an integer.
And, since (5) is

S8 {5 7))

which is Bessel’s equation, the solution is
R = Ju(vr)
where o= o[y 4 2
Applying condition (ii), we must have
Ja(va)=0asrequired . . . . . (6)
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For given n, condition (6) defines a series of possible (positive) values
of va, (i.e. the positive zeros of the Bessel function J,.) Then
y2 = V2 — w22
and the wave is transmitted without attenuation only if y is purely
imaginary, i.e. if w2 > v&2. If vo be the smallest possible value of v,
corresponding to the smallest positive zero, then o > wg where
wg = W
Problem 73

Write down Maxwell’s equations for free space and show that there is

a possible solution given by

E = curl curl (k¢)

H = curl (¢k/c)
where k is a fixed unit vector and ¢ is a scalar function that satisfies the
wave equation V2 ¢ = ¢/c2.

An electric dipole at the origin has a moment kM(¢), which varies with
the time. Find the function ¢ for the field produced by this dipole and
show that the equation of a line of electric force in a plane containing
the origin and the polar axis is, in polar coordinates,

CIM@Et—rle)+riM <t - g) = A cosec 20

where A is a constant, 0 being measured from the direction of k. (L.)

Solution. Maxwell’s equations (5.6) for free space are, if K = p = 1

curlE = —1 2B divB=0 B=H
c ot

curl H =1 D divD=0 D=E
c ot

Consider E == curl curl k¢ = grad div (k¢) -- V2ké
and H = curl (¢k/c)

k being a fixed unit vector.
Then the vector relations in 1.2 give

(1) div E = div curl (curl k¢) = 0 identically
(2) div H = div curl (§k/c) = 0 identically
(3) curl H = curl curl (¢k/c) = grad div (¢k/c) — V(¢k/c)
= 1 grad div @) — § V(h)
_10E
T c oot
since the space and time differential operators are independent.
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(4) curl E = curl {grad div (kr;S) — VZk¢} = -—curl V2k¢

1oH 1 r’)
PR i A url (pk/c) = 2 curl (ké)
Thus curl E = ——i H if — curl V2k¢ = cl‘z curl k¢

and this is certainly true if V2 = 22513 as required.

An electric dipole at the origin has moment M = kM(¢). Since this
will radiate, we require a solution of the wave equation in terms of the
radial distance r and time ¢ which reduces to the known field for a
dipole as r —> 0. We try the standard form of solution

_ M(t —r/c)
=
Then E = grad div (k¢) — V2k¢

and since ¢ = ¢(r, ¢), this gives after some manipulation

e () S e (S

r or r or

which gives, on substituting for ¢ from (1),

M

E = (k—z) GMrt +3M'[cer3++ M [c2?)r
— (M[r3 4 M'[cr? -+ M"[ct)k . (2)

The leading terms of this as r — 0 are
&.0OM_ Mk

ré r3
which give the electric field due to a dipole Mk as required. Hence
(1) is the value of ¢ for the field produced by a variable dipole.

A line of electric force is a curve whose tangent at any point is in the
direction of the vector E at that point, and, by (2),

E=3

E = Air + Aok
a0
<
A Pl‘
f\}
A,
<
e K

Fig. 50
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Thus the condition is
A b
Awr + A2 cos & —Assin 0
where Air = cos 6 3M/r3 + 3M'[cr? + M"'[c?r),
Ao = --M[r3 — M'[cr® — M"[c?r
so that
dr cos 0= - - - I_‘?ng R -
QM3 +2M'[cr?) T (M3 - M'[er2 -+ M”[c?r) sin 0
which may be put into the form
dM’[c + M]r)
M'jc + Mlr —

2 cot 0.do +
and so integrates to
M'[c + M]r = A cosec? 0 as required

0

Comment. The general expression ’l f(t — r/c) may be shown by direct
2
differentiation to be a solution of the wave equation V¢ = 212 %{é

Problem 74
Assuming that the Lagrangian function for a particle of mass m and
charge e moving in an electromagnetic ficld is
L =1imv? — ep + e(V.A)/c

where ¢ and A are the scalar and vector potentials of the field, find the
force on the particle. Prove that the path of a particle moving in a
uniform magnetic field Hok is a helix of the form

x = (U]w) sin ot, y = (U/w) cos ot, z = Wt

where w = eHp/mc, and (U, 0, W) are the components of the velocity
of projection.
If the field is non-uniform, being given by

H = Ho(eyi + <xj + k)

where ¢ is small, prove that components (u, v, w) of the velocity at time ¢
are, approximately,

u=Ucos ot,v=—U(l — cW/w)sin ot, w = W

the circumstances of projection being the same as above. Find the
coordinates of the particle at time ¢ to the first order in «.
(The unit vectors i, j, k denote the directions of the coordinate axes.)

x)
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Solation. In terms of x, y, z and their time-derivatives

L =3m(z2 + 32 + 2) — ed(x, y, 2) + g(.{:A, + YAy + 245)

Then the equation of motion in the x-direction is given by

dfoL) _ oL
dt\ox/| — ox
i.e.
0 04 .04 . 0A
atfit(m}” + Az) - Heéi 3 (‘f a: + )’(zj’y +z 5;) . (D

Here % denotes differentiation following the motion of the charge

(compare the derivation of the equations of motion in hydrodynamics).

d 7 0 0 0
AN i e
Hence = at¥aTrs i
Thus (1) becomes
.. e 0As 8Az e. 6Az op e . 0Ay e, 04,
N - -7 7= _—p - = R S B
mx'c3t+c + 0z ebx—{_cy ox z(’)x
or

._ [ _eddz 0¢ 0Ay  0Az\ [ 9Ax ?i
mi = (*z Gt 8x) +e {y<_a”£ ~ o ) A @
Combining (2) with two similar equations for my, m# and writing the
result in vectors gives

mv——g%‘l’} —egrad¢+—V><cur]A

or mi’=e(E+-cV><H) )

Clearly the total force on the charge is the right-hand side of (3).
When H = Hok (E = 0), (3) gives the equations of motion

._eHo ., . . ..

X=- V=0 )= wx,Z =0
which, using the given initial conditions x = U, y = 0, 2 = W, x =0,
y = Ulo, z =0, t = 0, readily integrate to give the required equations
for the path of the particle.
When H = Hy(eyi + exj + k) the equations of motion are

X = oy — exz)
V= o(—=X + i)
F=we(xk—yp) . . . . . @
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The third of these integrates to give, with the same initial conditions as
above,

elU?
2=4}we(x2—y2)+W—{—-}K. N )

Substituting in the first two equations of (4), rejecting terms in < of order
higher than the first, gives

x = oy — Woex
= --wX -+ Wmey} ©)
U . ;
Now assume x = — sin ot g
y = gCOS of -l-7
w
where £ and n will be of order e.
Substitution in (6) gives, to the same order,
£ — o = —WeU sin ot )
i + & = WeU cos ot
whence, integrating once
WeU WeU
E— om= o COS wf — o
8
WeU . ®)
7 wf == o sin ot J

asf=7n=0=¢=nwhent=0.
The second equation of (7) with the first of (8) gives

i 4+ w2y = WeU
whence
n = ":fU(l — cos wf)

using the initial conditions.

Hence y= gcos ot + P_Iﬁ:U (1 — cos wt)

whence v=yp = —Usin of + W—:(—] sin ot
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It now follows easily that

. U .
z = 0, whence x = , SIn ot

and u = X = U cos ot.

Equation (5) now yields
Z=W + 3cU?%w - $eU? cos 2ut/w

whence
= Wt + 3eU%/o + §<U? sin 2ot/ w?

‘b‘

PROBLEMS FOR SOLUTION

1. Dectermine the radial and transverse components of force due to a small magnet
of moment m.

A circular wire of radius a carries a current i. Another wire in the form of a small
square of side b carries a current i', and is distant L from the centre of the circle along
the normal to the plane of the circle through its centre. The planes of the wires are
inclined at an angle 0. Determine the force and couple on the small circuit.

What is the mutual induction between the two circuits ? (0.

2. Show that the magnetlc vector potential for a uniform magnetic field (0, 0, H)
has components A,, Ag, A in spherical polar coordinates given by 4, = 0, Ag = 0,
A¢ - 3Hrsin 6.

Show also that, for the field due to a small magnet of moment M at the origin
pointing along the axis of the coordinates, the vector potential is

A, =0, Ag = 0, Ap = Mr%sin 0

A sphere is uniformly magnetised with permanent magnetisation of intensity M
and is placed in vacuo in a uniform magnetic field of intensity H. Prove that the
resultant couple on the sphere is $7a®M < H. 0.

3. Obtain the Biot-Savart law from the expression A = f/ (fs for the vector

potential of a current loop.

A plane loop, through which a current / e.s.u. flows, consists of a square of side 2a.
Find the magnetic field at a point which is distant b from the plane of the loop and
lies on the normal through the centre of the square. (M.)

4. Derive formulae for the electric and magnetic intensities of an electric dipole
oscillating with frequency /27 in free space. At large distances from the dipole,
show that the field is transverse to the direction of propagation and find the Poynting
vector. (M)

5. A plane harmonic, plane-polarised electromagnetic wave of frequency w/2x in
a medium of dielectric constant ¢; and permeability p,, is incident on to the plane
face of a semi-infinite medium of dielectric constant ¢, and permeability p,. The
direction of propagation of the wave makes an angle 6 with the normal to the inter-
face and the electric field of the wave is normal to the plane of incidence and has
unit amplitude.

Find the magnetic field of the incident wave and the magnetic and electric fields
of the reflected and transmitted waves. Also obtain an expression for the difference
in phase between incident and reflected waves, when total reflection occurs.

M)
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6. Electromagnetic waves of frequency w/27 are propagated along a rectangular
wave-guide, having perfectly conducting walls x =0, x= a, y — 0, y = b, and
containing a medium of dielectric constant K and magnetic permeability ;. Show
that the field components for H.,..-waves are given by

H, = Ccos K;x cos Kyyer@ =8 F, = 0
H, = ke E, —- Q%‘ sin K;x cos K,y ettwt— B2
wp k*

H, = B E, = CIBK“ cos Kyx sin K,y et~ B

where K; = Kn = — k2 = Ki? + K,? and B%? = w?uK — k3%

Find the dlstnbuuon of current density J and the distribution of surface charge o
which are induced on the wall x -~ 0 by the H,, wave. Check your results by

o oy ol _
verifying that oy + 2z = (E.)

7. Theregions x < 0,0 < x < h, h < xare occupied by media defined respectively
byconstants (K=1,u=1,6=0),(K,p= 1,0 =0),and (K= 1,p = 1,0). A
train of plane harmonic electromagnetic waves moving with constant velocity in the
region x < 0 is incident normally on the plane x 0. If the waves in the region
0 < x < h have wavelength A/m, where m is an integer, show that the ratio of the
squares of the amplitude of the incident electric wave in the region x < 0 and the
transmitted electric wave in the region & < x is given by H{(n 4- 1)? -+ pBe-imnp/VK,
where (n — ip)? = 1 — 2ihaV K/m. (N

8. For a non-conducting dielectric medium show bricfly how Maxwell’s equations
can be expressed in terms of a vector potential A and a scalar potential ¢ and with
the usual notation establish the equations

E - —%A — V4, div A - K" , VA = K:—‘A

Determine the cylindrical polar components of the field vector E in terms of (r, 0, 2)
if A == kf(r) exp 27i(z/A — t/r) where A and T are constants. Such elcctromagnetic
waves are propagated along a dielectric cylinder of constants (K, x) with axis in the
z-direction bounded by a perfectly conducting surface at » = a. Show that the
condition

Kp b?

cirt T a t 4t
must be satisfied, where b is a root of the equation Y(ba) = 0 and Y(x) is the
solution, finite at x = 0, of the differential equation

dy  ldy

dx* ' xdx

9. A circuit ¢ carrying current / is set in a medium of unit permeability in the
presence of a magnetic field of intensity H. Show that the force exerted on the

circuitis F == [ / ds x H.

+y=0 (N.)

A wire circuit in the form of an isosceles triangle 4 BC, right angled at B, carries a
current I;. An infinite straight wire L, parallel to 4B, has a projection L' on the
plane of ABC intersecting CB produced at D, where CB = BD. If L carries a
current I, and is at a distance equal to BD from L, show that the force component
acting on ABC in a direction parallel to BC is of magnitude (log £ — 1)/, 1.

(

10. An infinite conducting slab of conductivity o is contained between the planes
z = 4a, and orthogonal rectilinear axes Ox, Oy are located in the plane z = 0.
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The current in the slab flows symmetrically with respect to the plane z = 0 parallel
to the x-axis with density J, = real part of ¢’«!f(z) and the only non-zero magnetic

intensity component is H,. If, in the usual notation, curl H = 4=J, curl E = —%ﬂ,

div E = 0, where J = coE, find the equation satisfied by J. and show that the total
current flowing in the region contained by any two planes perpendicular to the
y-axis at unit distance apart is the real part of

fwt
I= 2—"}'?—— sinh aK
where J, == f(0) and K? = 4nicw. Determine also E, and H, on the plane z = a.
N)
11. Define the vector potential of a magnetic field and obtain the expression
[ dst
A(r) = pi r—r|
for the vector potential due to a steady current i in a finite wire in a medium of
permeability .

Current i flows along a wire which is in the shape of a curve whose parametric

equations are
= 1+ _ 2t 7= 28
- (1 + t2)2’ y (1 __*_ t2)8/2’ (1 + tz)zv

Show that the vector potential at the origin is equal to the vector potential at an
infinite distance from the wire. {D.)

12. A magnetic doublet of moment m lies on the axis of a fixed circular wire of
radius a carrying a current /. If the axis of the doublet is along the axis of the wire
and its distance from the wire is x, show that the doublet experiences a force of
magnitude 6mima®x/(a® 4 x2)*/2.

A fixed circular wire of radius a has resistance R and zero self-inductance. A
magnetic doublet of moment m is moving with velocity v along its axis, which is also
the axis of the wire. Find the magnetic flux through the wire, and hence show that
the force opposing the motion of the doublet is

3672m?v sin® 0 cos? 0/ Ra*
where 0 is the angle subtended at the doublet by a radius. (D)
13. A transverse magnetic wave of the form
H = H, (x, Y)e® 59, E = Eq (x, y)eoi=59
where p and K are constants and p is real, is propagated in a rectangular wave guide
without dielectric, and having sides parallel to the z-axis. Prove that E, satisfies the
equation

—0 S I ®

PE, | PE
ax T o
where y* = p*uge, -— K*? in m.k.s. units.
For a guide having a square cross-section with sides of length =, the only com-
ponent of the field in the direction of propagation is

+7E=0

E, = sin x sin y e'»— &2

Find the other components of the field and determine the ““cut-off’’ frequency of the
guide. D)

14. Show that the formulae E == curl curl S, H = é curl (;?) for the electric and

magnetic vectors satisfy Maxwell’s equations in empty space provided that in a
rectangular coordinate system the vector function S is a solution of the wave
'S

equation ¢?V?S = N
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Verify that 4k sin ax sin (w? — yz) is a positive form of S, where A4, «, y are real
constants, x, y, z rectangular coordinates and k is a unit vector along the z-axis, if
o, y and o satisfy a certain condition.

Find the condition that such a solution should represent a field between two
perfectly conducting planes x = 0, x = a and prove that if the field is that of a wave
propagated along the z-axis, then w > nnc/a, where n is an integer.

Show also that the time average of the energy flow is parallel to the z-axis and of
amount Wya«?42/16w per unit width. L.)

15. Show that in a homogeneous, uncharged, non-conducting medium, Maxwell’s
equations have a solution in which every component of the field vectors E and H
vanishes except E; and H,, and that such a solution corresponds to a plane wave
travelling in the z-direction with velocity ¢/V 1K, where X is the dielectric constant
and p the permeability.

Prove that if a plane-polarised plane wave of monochromatic light travelling in
vacuo falls normally on a slab of dielectric that occupies the region z > 0, the
amplitudes of the electric intensity in the incident, reflected and transmitted waves

are in the ratios
1+ (’—5)”’:1 - ({E) g @)

16. A rectangular circuit is free to rotate about an axis bisecting two opposite
sides; the sides parallel to the axis are of length /, and the sides bisected by the axis
are of length 2q. The axis is parallel to, and at a distance b from, a long straight wire
carrying a current /. Find the magnetic flux through the rectangle when its plane
makes an angle 6 with the plane containing the long straight wire and the axis.

Hence, or otherwise, find the couple acting on the rectangular circuit if it carries a
current i* showing in particular that when 6 = =/2 the couple is 4ablii*/(a® -+ b?).

H

17. The magnetic scalar potential ¢ at a point P due to a current I flowing in a
closed linear conductor C is ¢ = IQ, where Q is the solid angle subtended by C at
P. Deduce the Biot-Savart law for the magnetic intensity H in free space due to I

. ds X . - .
in the formH =1 / Sra r where r is the positive vector of P relative to the element
[

ds of C.

Two circular loops of wire each of radius a have their planes perpendicular to Oz
and their centres at (0, 0, b) and (0, 0, —b), where b > 0. Equal currents I flow
through the wires in opposite senses, that in the wire for which z is positive being in
the positive sense relative to Oz. Prove that the magnetic field at a point (x, y, z)
near the origin is approximately (—4Ax, —¥Ay, Az) where

A = 12nla®b/(a® + b%)°I? (H.)

18. Current j flows in a circular coil of wire of radius a. Find the magnetostatic
potential at a point P on the axis of symmetry of the coil at a distance z from the
centre, and show that the magnetic field at P has magnitude 2nja?/(a? + z*)3/2.

Current j flows through a closely wound cylindrical solenoid having circular cross-
section and » turns per unit length. A point P on the axis is such that the angles
subtended at P by diameters of the two end circuits are 2« and 2. Show that the
magnetic field at P is directed along the axis and find its magnitude. Compare this
problem with that of finding the field produced by a uniform cylindrical bar magnet.

(H)

19. A current I flows in a circular wire of radius @ and centre O. Show that the
magnetic field at a point P on the axis of the wire is 27a%I/R®, where R is the distance
of P from any point on the wire.

A circular coil of radius 2a, coplanar and concentric with the wire, is added.
It has eight turns, and the same current I circulates in it in the opposite sense to that
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in the wire radius a. Show that the magnetic field at O is numerically three times as
strong as it was before, and that the field at points on the axis at a small distance
x from O is nearly uniform, the variation from uniformity being of order x*/a.
(H.)

20. A thin vertical bar of iron is magnetised by an alternating current so that the
strength of its poles are --m sin pz. A horizontal circular wire, of radius a, inductance
L, and resistance R, is placed with its centre on the bar so that its radius subtends
angles 6, 0! at the poles. Find the current induced in the wire and show that the wire
will experience a mean force

2111212
2 (%r_r{z— Lzl;’ﬁ) (sin® 0 —sin®0') (2 -—cos O — cos 0Y) (L)

21. In a certain electromagnetic field in a non-conducting dielectric of constant
K the scalar potential is zero and the vector potential is A; =0, 4, =0,
A; - f(r)et*==n9  where r? = x? + y%. Determine the cylindrical polar com-
ponents of the electric and magnetic intensities E and H.

Show that if such electromagnetic waves are propagated along a dielectric cylinder
with a conducting boundary r = a, the speed of propagation is u(1 -} s?/a2)'/2, where
u is the speed of light in the dielectric and s is a root of the equation Jy(sa) ~ 0.

0.

22, A circular loop of radius a, mass M, resistance R, and inductance L has its
centre at distance x from a long straight wire carrying a constant current / e.s.u.
The wire and loop are in a plane and the medium is of unit permeability. Show that
the magnetic flux @ through the loop due to the current 7 is

s —ve=al

Initially x = x, and the loop is given a velocity « in its plane perpendicular to and
away from the wire. Write down the equation for the current J in the loop at any
time. Given that the magnetic force on the loop is (J/c) (d®/dx), verify that the rate
of dissipation of energy in the loop through resistance is equal to the rate of decrease
of the sum of the kinetic energy and the magnetic self-energy of the loop.

Derive an equation for the distance x, at which the loop comes to rest, assuming
that self-induction can be neglected. )



CHAPTER 6
WATER WAVES

6.1 Basic Assumptions

The basic hydrodynamic equations (Chapter 3) can be modified for
the special case of wave motion, i.e. of small disturbances in a fluid.
We assume first that

(1) The velocities are small so that second order terms may be
neglected. The equations (3.1) then reduce to

(a) continuity (incompressible fluid) divg=0
. O
(b) acceleration f= ;—?
(c) equation of motion 2% =E — —P! grad p

and Bernouilli’s equation (3.1.1) reduces (for irrotational motion) to

¢

(d) V -+ ple — vgt‘ = constant

0

where the two terms f? 4+ G(¢) in (3.1.1) have been replaced by

—g—? + constant by adding a term in ¢ to the original ¢. This is permis-

sible, since this term is constant in space and so does not affect the
space derivatives of ¢.
Conditions (3.1.2), (3.2) are unchanged, and so
(e) at any boundary the normal velocities of fluid and boundary are
equal;
(f) in irrotational motion V2¢ = 0
Also
(g) for two dimensional motion— waves in one direction only—
there exists a stream function ¢, constant along a streamline, and
satisfying V2¢ = 0 when the motion is also irrotational. (See Vol. I1.)

6.1.1 Notation (¢) Waves in One Direction

The standard system which will be used in the problems will be to
take the undisturbed free surface as y = 0 and the y-axis upwards, the
x-axis in the direction of wave propagation. The shape of the surface

159
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y
n
Fig. 51

at any instant will be defined by y = » where 5 is, in general, a function
of x and 1.
(b) General Wave Motion

z

Fig. 52

In this case the undisturbed free surface is taken as the plane z =0
with the z-axis upwards, and the wave motion is defined by z =2¢
where { is, in general, a function of x, y, and ¢.

Most of the problems which follow are two-dimensional so that the
axes in (a) are used.

6.2 Surface Waves
These are waves on deep water satisfying the condition:

(2) The wave profile moves with the liquid, i.e. the velocities of wave
and liquid are the same at the liquid surface.
This gives the additional condition

u iqui o B0
) - oy at the liquid surface: or = "5

Such waves are in general irrotational, and are governed by the set
of conditions (a)-(h).
Some commonly occurring special cases may be listed. (The condi-

tions appropriate to the axes 6.1.1 (a) are quoted, unless otherwise
stated.)
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6.2.1 Liquid under Gravity only. In this case the external force F is
(0, —g), the potential ¥ is gy, and the pressure p = po, constant, at the
liquid surface y = 4. Hence the conditions become

oq |
(© E‘*F—E grad p

d) gn — éé =0 at the liquid surface (defining ¢ so that the
constant vanishes)

Also gy + ple — %‘f = pole anywhere in the liquid.
o 0P - .
h = 3 at the liquid surface; or

(g) Stream function ¢ constant at liquid surface together with (e)
normal velocities of fluid and boundaries equal; or (g) stream func-
tion ¢ constant on fixed boundary.

o) Vi =0
[t should be noted that (d) and (g) may be combined to eliminate 5 and
. R 7 0
give (i) g ;f + dtf 0

at the liquid surface.

6.2.2 Interface between Two Liquids. In this case there exist potentials
é, L in the two liquids (densities p, p1), and the conditions which hold at
the interface are that both the pressure p and the vertical velocity must
be continuous there. Hence the corresponding set of conditions is

o < — ?) continuous
t .
at the interface

op _ ot om
Bo=%="a

with (e) normal velocities of liquids and boundaries equal
or (g) stream function ¢ constant on a fixed boundary,

and (f) V2 = V24l = 0

If gravity is the only external force, then, as above, V = gy, and
eliminating 4 from (d) and (h) gives

P = FOT L

6.2.3 Surface Tension at Liquid Surface. When surface tension 7 is taken
into account, the pressure p; just inside the liquid is smaller than the
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outside pressure po by T/R, where R is the radius of curvature of the
liquid surface, so that

0%

p=po—T—, (2 dimensions)
2 2
or pi=po—T (—Z—)—Ez + Z—yé) (3 dimensions)

Thus condition (d) becomes
(d) (2 dimensions) % _ v+ T?ﬁ —0

o ox? at the free

s 325) —0 surface

Lo
(3 dimensions) .- — V + T ( g + 5

ot
6.2.4 Stationary Waves, Steady Motion. It is possible to have a system
where the wave profile remains unchanging in space while the fluid
flows along it (see 6.4 (iii)). The conditions in 6.2.1-6.2.3 which depend
on time variation no longer apply. The corresponding conditions are
then
Bernouilli’s equation, ¥ + p/e + 4¢g2 = constant

(terms in speed can no longer be neglected, since there is a streaming
motion) which, for a liquid under gravity only, gives

(d) gn + 342 = constant at the liquid surface;
also (h) is replaced by
(j) y = n is a stream line (or z = ¢ a stream surface)

. o
ie. I 0, ¢ = constant on y = 7 (or on z = %)
In addition, there are as usual the conditions
(e) normal velocities of fluid and boundaries equal (or ¢ = con-
stant on a fixed boundary)

(f) V=0
6.3 Long or Tidal Waves

These are defined by the condition, replacing 6.2 (2), that:

(2) the wavelength is much greater than the depth, which implies that
the vertical acceleration may be neglected and that the horizontal
acceleration is the same at all depths.

In this case the wave profile does not, in general, move with the liquid,
and the motion is not necessarily irrotational.

6.3.1 Liquid under Gravity only. The equation of motion 6.1 (c) gives,
using condition (2) above,

g
Le. () P = po + geln — ¥),

Do being the pressure at the free surface y = .
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Substituting this value of p into 6.1 (c) gives

@ _ o0 GO0 T
© 2y 0, = 87y (2 dimensions)
oq oqs o % Oqe ot
o = Oy 0 G = g o = ey

(3 dimensions)

Since (6.1 (¢)) g1 = 0 on a boundary x =- constant, g2 = 0 on y = con-
stant, it follows from (c¢) that ¢¢/dx = 0 on x = constant, &%/dy = 0
on y = constant, and by extension, %’E =0 on any boundary
Ix 4+ my = 1. Also on the base the vertical velocity is zero.

Since the horizontal acceleration is the same at all depths, so is the
horizontal velocity, and an equation of continuity (a) may be given
directly connecting the velocity with changes in depth or breadth of the
channel.

6.4 Characteristics of Wave Motion in One Direction

(i) Progressive Waves on Still Liquid. A simple harmonic progressive
wave in the x-direction is represented by a surface elevation

n = asin (mx - nt).

This gives a motion in which the wave profile n = a sin mx moves
parallel to the x-axis with velocity ¢ = n/m the velocity of propagation

a is called the amplitude of the wave.

A = 2n/m is the wavelength, i.e. distance between successive crests.

v = 2rn/n is the waveperiod, i.e. interval between successive times at
which the elevation of a point on the free surface is the same.

i_w= n/2r is the wave frequency.

(ii) Stationary or Standing Waves on Still Liquid. A simple harmonic
stationary wave in the x-direction is represented by a surface elevation

= g sin mx cos nt.

This gives a motion in which the wave profile n = a sin mx is
multiplied as a whole by the factor cos nt varying from +1 to —1.

The effect is that crests and troughs alternate with each other, while
the nodes—the points where n = 0—remain unchanged.

(iii) Stationary Waves on a Steady Stream. A steadily flowing stream
can carry waves which are stationary in a different sense from the
stationary waves in (ii). Such waves have a profile constant in space, an
effect which may be produced by combining a progressive wave with a
stream of equal and opposite velocity.

(iv) Group Velocity of a Train of Waves. If the overall surface
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elevation is due to the superposition of a train of progressive waves of
slightly differing wavelengths, the group velocity ¢, is given by

cg————g%,———c%-mg’%:c~A%wherec:n/m

(v) Energy. The energy of a harmonic wave is the energy of the liquid
between surfaces a wavelength apart.
For a progressive wave, in a channel of constant depth and breadth,

K.E. = P.E. = }a%gX
For a stationary wave under the same conditions

K.E. = }a%g2 sin2 nt
P.E. = }a%g2 cos? nt

since in this case the liquid is instantaneously at rest when the wave
crests turn, i.e. when cos nt = 4-1.

The problems which follow deal mainly with surface waves under
different conditions; Problem 81, however, is on tidal waves in a
shelving canal.

Problem 75

(i) Show that the velocity potential for a train of straight-crested
waves of small elevation n = a sin (mx — nt) on liquid of density ¢ and
uniform depth 4 is

4 — ga cosh m(y + h)
T n cosh mh
and that n? = mg tanh mh

cos (mx — nt)

(ii) Show that the time average of the kinetic energy of a vertical
column of this liquid is $E = }pga? per unit area of the base of the
column; and that this is equal to the time average of the potential
energy of the column.

(iii) Show that the time average of the rate at which work is done by
the fluid pressure across a vertical strip of the plane x = constant is,
per unit width of the strip,

tega’c (1 +

_ mh_\ Ed(mc)
sinh mh coshmh/ — = dm

where ¢ = n/m is the wave velocity.
(iv) Assuming the above results to hold for a group of waves of
slowly varying amplitude, deduce that the group travels with velocity

done)

C="dm (0.)
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Solution. The conditions applicable are those for surface waves on a
liquid under gravity, i.e. the conditions 6.2.1 (¢)-(h) or (i).
(i) We are given the elevation 7, and hence find

from 6.2.1 (d) -¢ = ga sin (mx — nt)
on the free surface

¢> y=0. (1)

from 6.2.1 (h) By na cos (mx — nt)

and since the canal is of uniform depth 4,

from 6.2.1 (e) %’f =Qatthebase,y=—h . . . . (2

and from 6.2.1 (f) V=0 . . . . . . .0

By inspection of (1), ¢ must be of the form f(y) cos (mx — nt), and
substitution in (3) leads to

—=m*f(y) +f"(») =0

i.e. f(y) = Aemv - Be~my
while substitution of this in (1) and (2) gives finally

¢ = rTc-ogh i cosh m(y + h)cos (imx —nt) . . (4)
where n? = mg tanh mh N )

(ii) The kinetic energy of a vertical column of unit base area is
/ 3oq2dv = %o j qS%ﬁ dS by the usual transformation. Over the base of

the column Z—f = 0 and over the sides Qé -}; QS while over the top
y = 0, to a first approximation, a¢ 2;5
Hence K.E. =
g2a2 0 h2 m(y + hy{ in ( y ( 9
3 o mh[/_hcos m(y + hy{m sin (mxo — nt) cos(mxo — n

—m sin (mx1 — nt) cos (mx1 — nt)}dy
z,

+ / m cos? (mx — nt) cosh mh sinh mh dx]
Zo

where x; — xo = 1 unit.

Now the time average of sin (imx — nt) cos (mx — nt) is zero for any
X, so the first integral has an average of zero and the K.E. is given by
the time average of the second integral,

1 Pi @\ tanh mh

= } pga? using (5) above
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The potential energy of the same vertical column is due to the eleva-
tion of columns of liquid to height =, i.e. is

Ty
/ $ogn® dx
z,

which substituting n = a sin (mx — nf) and then taking the time
average, becomes }pga®.
If the total energy is E, then

KE.=PE. =1F=1ga®2 . . . . (6
(iii) The rate of doing work across a vertical strip, unit width, is

4 2
ﬁﬁ——/ pq1 dy where p = pg + p—é(é — gy, 1= _53

Substituting for ¢, this gives
aw B mga cosh m(y + h)(po — gey)
dt = sin (mx — ni) / n cosh mh dy
0 meng2a® cosh? m(y + h)
2 —
+ sin? (mx — nt) / n? cosh? mh &
and integrating and averaging over time, since
average sin2 (mx — nt) = 4,

aw mog2a? 1 .
@ = ¥ i coshemh <h + 5 sinh 2mh>

Using (5), (6) and writing ¢ = n/m, the wave propagation velocity,
gives

gives mean

dW mh
fmean “g %Ec( sinh mh cosh“hﬁz) -

Differentiating (5) gives

dn 9
2n an =& tanh mh + mgh sech? mh
. dn mh
Le. am = 3¢ (1 T Sinh mh cosh mh)
Thus the mean rate of doing work from (7) is given by
dn . d(mc)
Egm =2 dm

(iv) If these results are assumed to hold for a group of waves of
slightly varying amplitude, then for such a group:

mean total energy = E

d(mc)

mean rate of doing work = = rate of energy change
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Thus, the rate at which energy is transferred along the wave direction is
d(mc)/dm, and this must be the rate at which the group of waves travels.

Alternatively. Since the motion is two-dimensional, we may use a
complex potential w = ¢ -+ iy.
The conditions are from (1) that the real part of w satisfies
i% = ga sin (mx - - nt)
) ony=20
% _ (mx — nt)
by = na cos (m: J

and from 6.2.1 (g) the imaginary part of w is constant on y = —Ah.
To fit the conditions, consider

w = A cos {m(z + ih) — nt}

This satisfies (2), the streamline condition at the basc of the channel,
since imaginary part of w = 0 on y = —h, and application of conditions
(1) at y = 0 gives

An cosh mh = ga

Am sinh mh = na

from which
. ga g
W= cosh mi ©©8 {m(z + ih) — nt}
and n? = mg tanh mh as required.

The problem has then to be completed as before.

Problem 76

Liquids of densities p and ¢! (p << p!) are confined between rigid plane
boundaries y = & and y = —Ah!, the plane y = 0 being the surface of
separation of the liquids. Waves of wavelength 2=/m are propagated
along the interface y = 0 of the two liquids. Show that the velocity of
propagation is given by

c2 = g(e! — p){m(p coth mh + ¢! coth mht)} (L)

Solution. We seek potentials ¢, ¢! satisfying conditions 6.2.2 (d)-(h).
Since the waves are to have wavelength 2x/m, a suitable choice
satisfying (f) will be, as in problem 75

¢
¢1

(Aemv + Be~™¥) cos (mx — nt)
(Alemv + Ble~mv) cos (mx — nt)
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and to satisfy (e) these become

¢ = 2A4em* cosh m(h — y) cos (mx — nt) } (1)
¢t = 2A4lemr' cosh m(y + hl) cos (mx — nt)f = °
Then (h) gives Ale ™' sinh mh! = —Aem*sinhmh . . . (2)

and (i) gives

plAle~mh' sinh mh! (—o? coth mh! -+ mg)
= pAemt sinh mh (—o? coth mh — mg) (3)

From (2) and (3) we obtain

g2 . mgle — el
el coth mhl + p coth mh

and hence the wave velocity ¢, where ¢ = n/m, is given by
2 . 8e—e)
m(pt coth mh! + o coth mh)

Problem 77

A stream of depth 4 is flowing with velocity ¥, and on its surface there
are stationary waves of small amplitude and of wavelength 2. Neg-
lecting the effects of surface tension, prove that

2 &* 2mh
V2= = tanh ;

and deduce that ¥ must be less than V/gh.

Find the corresponding equation when account is taken of the surface
tension 7 and the stream is assumed to be very deep. Deduce that there
exists a critical value of ¥ below which the existence of surface waves is
impossible. (L)

Solution. The conditions are given in 6.2.4 (d), (e), (f), and (j).
Suppose the fixed profile to be y = 4 = asin 2=x/A. Assume potential

é= Vx + f(y) cos 2rxx

where the conditions (f) V26 = 0 and (e) % =0ony=0give

$=Vx+beoosh 2 (y+hycos X . . . (1)
The corresponding stream function is

y=Vy—bsinh =y +HsinZE . . L Q)
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Here a and b are both small quantities.
Condition (j), that y = a sin 2=x/) is a streamline, gives, substituting
in (2),
constant == Va sin 2rx/:» — b sinh 2rh/x sin 2rx/x
(neglecting the product ab), and so
Va — b sinh 2nh/x = 0 N )

and condition (d) gives, at the liquid surface (y = 0 to a first approxima-
tion),

2
gasin2nx/k+}{(V-%§—lz hz—nl—l i 2’%‘)
2nb 2nh 2nx\2
+ ( Y inh 5 cos T) } == constant

i.e. neglecting second order quantities,

47: Vb 27rh G 2nx

ga sin 2nx/x + §< Ve — cosh "— T) = constant

which means

2”{/” hﬂ’:o @

ga —

Eliminating a and & from (3) and (4) gives

V2= 'gxt nh2} asrequired . . . . (§)

The maximum value of V2 with respect to A is found when d(I; ) 0,

27rh 21rh ech2 271 27rh

i.e. when tanh =— ==
This means tanh Zﬂfl < ZE}—I
and so, from (5), V2 < gh.

When the effect of surface tension is considered also, the only change
is that (4) is replaced by (from 6.2.3 (d) applied to these conditions)

4nVb 2rh . 2nx
cosh = sin -=

gasm—+=}(V2—

Ta [27\2 . 2=x
+ _p_<—7\.> sin = constant

2=Vb 2rh | 4r’Ta
BN G RST

ie. =0. . . (6)
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Eliminating a and b from (3) and (6) gives

4n2T\ » 2nh
V2= <g 'Jr' p__‘>'§ﬂ tanh _),\_,

and if the stream is very deep, so that tanh 27th —> 1, then

42T\ A
=g+ )2 @

This is the corresponding equation to (5) for a deep stream with surface
tension T.

Inspection of (7) shows that ¥2——> o0 as x—> 0 and as A —> o
and that V2 has one turning value, clearly a minimum, for positive A.
This value is given by

d(v®)/dr =0

S T
which gives A= 2% |-~
ge

and, by substitution in (7),

V2:2\/Ig
P

This is the critical value of ¥V below which stationary surface waves are
impossible.

Problem 78

A uniform incompressible liquid of negligible viscosity and surface
tension flows with mean velocity U over a corrugated surface whose
equation is y = (¢/K) sin Kx, y being measured upwards and = small
compared to unity. The mean depth is 4, and the direction of mean
flow is parallel to the x-axis. Prove that in steady flow the equation of
the free surface is

y=h+ (s/K) (cosh Kh — £, sinh Kh) “sinkx  (C)

Solution. The form of the equation for the base indicates that the
origin has been taken at the mean base level instead of in the free surface.

The requirement is for steady flow and so the conditions are those in
6.2.4 (d), (e), (f), and (j) as in the previous problem.

We assume a potential ¢ = Ux + f(y) cos Kx assuming that since
the corrugations have wavelength 2=/K, so will a steady displacement
due to them.

To satisfy (f) ¢ must be of the form

¢ =Ux + (acosh Ky + bsinh Ky)cos Kx . . (1)
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a, b being small (of order ¢), since they represent the disturbance due to
the corrugations.

As in problem 77, it is easiest to proceed by using the stream function,
which is, from ¢,

¢ = Uy — (asinh Ky + bcosh Ky)sin Kx . . (2)

We are now not given the form for the stationary wave profile, and so
we assume that the surface is

y=htn=n=h+csinkx. . . . (3

where ¢ is small (of order ).

Then there are three conditions to fix the three constants a, b, ¢,
namely streamline conditions on the base (e) and on the surface (j) and
also the condition of constant pressure (d).

From (e)

l—]]g sin Kx — a sinh (e sin Kx) sin Kx — b cosh (e sin Kx) sin Kx
== constant
i.e. to first order in ¢, b = Ue/K e ()
From (j) U(h + ¢ sin Kx) — a sinh (Kh - Kc sin Kx)
- b cosh (Kh + Kc sin Kx) sin Kx = constant
i.e. to first order in e,
Uc=asinh Kh +-bcosh Kh . . . . (5
From (d)

g(h + ¢ sin Kx) + 3[{U — K(a cosh Kh -+ b sinh Kh) sin Kx}?
+ K2(a sinh Kh + b cosh Kh)? cos® Kx]

= constant (putting y = A for the free surface in the small terms)
and, to first order in e this reduces to
ge = UK(acosh Kh 4+ bsinh Kh) . . . (6)
Solving (4), (5), and (6) gives
¢ = (¢/K){cosh Kh — (g/KU?) sinh Kh}
and so the surface equation is
y = h + (¢/K){cosh Kh — (g/KU?) sinh Kh}™1 sin Kx

as required.

Comment. In these two problems it is necessary to approximate at
each step, since the overall approximations, ignoring ¢ and equating the
expressions for upward velocity at the free surface, no longer hold.
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The use of the stream function is not absolutely essential, but makes
the streamline condition much easier to use; the alternative would be to
use d¢/dn = 0, but the approximation d/dn = 9/dy is not applicable at

the free surface, as can be seen by comparing g—i from (1) with (5)

Problem 79

The free surface of water of uniform depth 4 is disturbed by standing
waves of elevation a sin (2rx/2) cos (2nvt/2), where a is small compared
with A. Show that the velocity potential of the motion of the water,
assumed irrotational, is given by

__av sin (2rx/2) sin (2nvt/2) cosh {2=(y + h)/2}
P= T sinh (/D)

and that the velocity v is given by

)2 = (53) tanh (2rh/2)

2n

Show further that the paths of the particles of water are straight lines,
described harmonically, the direction being vertical beneath the crests
and troughs and horizontal beneath the nodes. (H)

Solution. These are surface waves on still water, and hence satisfy
conditions 6.2.1 (d)—(7)

From (d) «2—? = ag sin (2nx/2) cos (2nvt/2) “

ony=0 . (1)
From (h) Z—f :&;vf sin (27x/2) sin (2mcvt/x) j
From (e) g—f =0ony=—h . . . . . . . . 2
From (f) V=0 . . . . . . . . . . .0

By inspection of (1),
¢ = f(y) sin (2mx/2) sin (27ve/3)
and substitution in (3) leads to
” 2r\2,.
-(5)r=o0
i.e. f(y) = Ae2vir 4 Be2myiA

while substitution of this in (2) gives

70) = oo {0 + 0}
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Thus

é = C cosh {%’—‘ & + h)} sin (27x/2) sin 2mve/x) . (4)

which gives, substituting in (1),

(2nvC/}) cosh 2rh/\ = ag

and (2rC/2) sinh 2rh/x = 2nva/x
i 2 (&2
i.e. v <2n) tanh (27hA/2) } as required
and C = av/sinh (2=h/})
For the path of any particle we use the velocity vector ¢ = —grad ¢.

Using ¢ as above, q has components gi, g2 where

g1 = —(2=C/») cos (2rx/2) cosh {2n(y -+ A)/2} sin (2rve[X) s
gz = —(2=CJ}) sin (2=x/2) sinh {2r(y + h)/#} sin (2nvt/X) } ®)

This gives the velocity components at any time 7 of the water particle
which is initially at (x, y). From (5)

q1/g2 = cot (2rx/2) coth {2=(y + h)/2} N ()

and so is independent of time ; thus the direction of motion is unchanged,
i.e. the particles all move in straight lines.

Also from (6) g1/gq2 = 0, i.e. motion is vertical when cot (2xx/}) == 0,
i.e. when 2rx/A = (2n 4 1)=/2; and similarly q1/g2 — o, i.e. motion is
horizontal, when 2nx/A = nr.

But 27x/x = (2n + 1)=/2 gives sin (2rnx/A) = -1, i.e. gives the crests
and troughs of the wave profile,

— 1 E{csziv_t
7N = asin X O X

and 2rx/A = nr gives n = 0, i.e. gives the nodes of the wave profile.
Hence the particles move vertically beneath the crests and troughs
and horizontally beneath the nodes.
Finally, to show that the particles move harmonically we consider,
from (5), their total speed which is

q = (2=C/)) sin Qrvt/2) f(x,y) . . . . (D)
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Thus a particle starting at (x, y) will move, as above, in a straight line
and its speed varies with time according to sin 2=vz/2; this is then simple
harmonic motion with period /v, the period with which the whole
profile moves.

Comment. The value given to A fixes the wavelength of the stationary

waves; for stationary waves in a region between vertical planes, » may
. . ... 0

take only certain values, since then the condition 5?; = 0 must hold on

the bounding planes. The velocity v, determined by » and / as above,

then fixes the speed at which an individual particle, and the whole

profile, move.

Problem 80
¢

- .
Establish the condition %t;f = gg—— at y = 0 on the velocity potential

for small motions under gravity of an ideal incompressible fluid at the
horizontal free surface y = 0, the y-axis being drawn downwards and
surface tension being neglected.

Deduce the connection between wavelength and phase velocity (i.e.
velocity of wave propagation) for plane progressive waves on deep
water, making clear how the derivation depends on the condition that
the water is deep.

Show that, if z = x + iy, ¢ = real part of Az 1/2 exp (—igr2/4z)
satisfies all the conditions of the problem, and sketch the shape of the
surface for x >« > 0, ¢ > 0, 4 being real. (L)

Solution. The last part of the problem is in complex variable form,
so it will be convenient to do the first part in this way (though it can, of
course, be done otherwise, as in problem 75).

Using conditions 6.2.1, a plane progressive wave on water of depth 4
may be represented by ¢ = real part of 4 cos (mz — nt — mih) since
this makes V2¢ = 0 and %ﬁ = 0 on y = h, the base (y axis being now
taken downwards).

¢ _ op

The condition e = 7y at y = 0 then gives, as before,

n? = mg tanh mh

. Ag 2rh
_ - 2 . 8 als
or, if ¢ = n/m, » = 2n/m, ¢ = P tanh ( X )
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If the water is deep so that 2=h/) is large, then tanh 2rh/A = 1 (in fact
1 > tanh (2rh/2) > 0-99 for 2rh/x > 2-65). In this case

c? = Ag[2=
which is the required connection between wave velocity ¢ and wave-
length A.
If ¢ = real part of Az71/2 exp (—igt2/4z) then, on y = 0, we have

2 2
-Z—t? = real part of Ax1/2 (»Ag»itc{:, — %‘%) exp (—igr?/4x)

and % _ real part of Ax 12 (—i/2x — gt2/4x?) exp (—igt?/4x)

ay

a2 0P . . S

so that T 3y on y = 0 as required, i.e. the free surface condition is
satisfied.

The stream function ¢ = imaginary part of
Az712 exp (—igr2/4z)

and by inspection, § —> 0 as y —> o0, all x and ¢. Thus at a great
depth the streamlines are parallel to the undisturbed free surface.
The given value of ¢ thus satisfies the conditions for surface waves on
very deep water.
To find the shape of the free surface, use 6.2.1 (d)

7 = <1 99}) = real part of —2Ait x71/2 exp (—igt2/4x)
g 3t y=0

24 sin (-gjz
o \/_\' 4X
gt

This gives an elevation which is zero when 4y = i.e. when

x = g?/4nw or 12 = 4nnx/g.
Thus:

(a) at constant time ¢ the surface is in the form of a modified sine
wave which, as x increases, has decreasing amplitude proportional
to x712 and increasing wavelength;

(b) at constant distance x, the surface oscillates with increasing
amplitude proportional to ¢, and decreasing period as t increases;
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i.e. for small ¢ = fy the shape of the surface is shown by
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Problem 81

Show that the equation for the propagation of tidal waves (long
waves in shallow water) is

8, & o(, %\ 1
Wl 5) +(h) = g
where ¢ is the height of the surface above the undisturbed water level
and 4 is the height of this level above the bottom of the tank.
If h is given by h = d + Kx (d, K, constant) prove that there are

solutions of the form ¢ = f(x) cos pt where p is a constant and find the
equation satisfied by f(x). Show that the solution is

L = Jo(ahll?) cos pt
where « is a constant and Jy(x) satisfies the equation

azh , 1dh
&z Ty TR=0
and is finite at the origin.

If these standing waves are generated in a tank bounded by x = 0,
x=a,y=0,y=0b,z+d+ Kx=0 (a,bd,K > 0), find the addi-
tional restrictions imposed on the solution by the boundary conditions;
find also the vertical velocity component of the water. (L)

Solution. In dealing with long waves we use conditions (6.3):

p = po + go( — z), po being the pressure at z = ¢, the free

©) surface
o _ g 2 _ g O _ K g O
oz > 0z > ot ox’ ot gby

(d) continuity, which for a tank of varying height 4 gives, to the
first order

oK oquh) | o(geh)
o ‘Tx“+_aT—°' R ¢

by considering the flow of liquid into a small prism at (x, y) of height
h + &, using the fact that the velocities g1, g2 are the same at all depths,
and neglecting g%, g2t as second order quantities.

Differentiating (1) with respect to ¢ then gives

R o foq | o\ , o[ oh , oh\ _
Pred +h5t(-6; + 5}) +57(an +q25"> =0
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991 0q2
ot or

% o g ac oh ¢ oh
atz“'ax(“ *)*“h ( By) Eoxix Eapay 0

. 1% 4 g :
i.c. P A 5}(%}> + 53)(11»@}) asrequired . . . (2)

and, substituting from (c) for since 4 is a function of x, y only,

Substituting £ = d 4 Kx in (2) gives

1 02%¢

(d+K) +K +(d+K)ay2 g

which, if { == f(x) cos pt, reduces to
d+ K)f" +Kf' +@¥g)f=0 . . . (3)

which is the equation satisficd by f.
Putting y = ohl’2 = a(d + Kx)!/2, equation (3) reduces to

2f 2
%Kzaz,‘{lz +&xK2a2g[+Ef= 0

. Ldf
1.e. to dxz+xdx+f OfK—2—2 1. . . . @

This is Bessel's equation of zero order and has a solution f = Jo(%),
which is finite at the origin (this condition is necessary to maintain the
basic assumption of small vertical displacement everywhere).

Since K is fixed, the condition in (4) connects the parameter « with p,
the wave frequency.

If waves of this form, where { = Jo(«hl/2) cos pt, h = d + Kx, are to
be generated in a tank bounded by x =0, x=a, y =0, y = b,
z +d 4+ Kx = 0 the conditions are simply that the normal velocity
must vanish on each boundary.

The conditions specify a tank of rectangular section with a base
sloping in the x-direction only, with depth varying from d on x = 0 to
d + Ka on x = a, and so we require, from 6.3.1 (e),

12¢

48 —0 v—
-5—)2—00nx-0 x = g and y~00ny—0,y~b

The value 2 = 0 is now excluded and so we may take

{ = {4Jo(«hl/2) 4+ BYo(ahl/2)} cos pt
where $oaKh™1/2 { 4Jo'(«hl/2) 4+ BYy'(ahl/2)} cos pt = 0onx =0,x = a
ie.  Jo'(edl2)/ Yo' (adi?) = Jo'{a(d + Ka)ll2}| Yo'{a(d -- Ka)1/2} (5)

This determines values of « (d, K, a being given) and hence, from (4),
determines possible wave frequencies p.
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It should be noted that the condition of long waves—that the wave-
length shall be long compared to the depth—implies the restriction that
there must be only a small number of zeros of Jy', Yo' between the ends,
and this means that Ka/d must be small, i.e. the total change in depth
along the tank is small compared with the original depth.

VA,

To find the velocities, we usc the original continuity equation (1),

which now gives
Aqih) _ Q| i

()t + ox =0orh Ax + Kqu -+ —?)t—o

As above Ka/d is small and so Kq; is a second-order term compared with
the others,

le. 3q1 + = == 0 to the first order

By the general continuity equation 6.1 (a), divg =0

8q3_“1>(7: . _
+az—0andso % T ho (6) and g3 =0 on z = —h

(since the slope of the base is small)

8q1

Substituting for ¢ and integrating gives

qs = — p(z+k—)ttanpt

for the vertical velocity.
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It should be noted that condition (6) is exactly the same as would be

obtained by equating the vertical velocity of the proﬁle C to the

particle speed at the surface. This follows since i;qa is mdependent of z

and so, since g3 = 0 on z == --h, the surface speed is & dqs/oz.

Comment. The assumption of long waves implies restrictions on the
geometrical conditions—in particular, that if there are changes in
breadth or depth the amount of change shall be small within a wave-
length.

PROBLEMS FOR SOLUTION

{. An inviscid liquid of constant density p occupies the region —o0 < x < o0,
a sin 27/X)(x — ct) <y < o, where Oy is drawn in the vertically downward direc-
tion. y =- asin 2n/A)(x — ct) is the free surface of the liquid at time ¢, and a is
infinitesimally small compared with A. Verify that the velocity potential ¢ for the
consequent irrotational wave motion is given by

¢ = ac exp (—2my/X) cos 2=/)(x — ct)

where ¢? — gA/27. Show that the total energy per wavelength is $gpAa®.

If the group velocity ¢, is defined by ¢, = ¢ — AZX’ show that the energy is trans-
mitted with the group velocity. @)

2. A stream of depth A flowing with uniform horizontal velocity U in the x
direction is slightly disturbed by irregularities a sin Kx in the bed of the stream, a
being small compared with 27/K and with A. Show that the first-order stream
function for the steady disturbance is

= Ussin Kx
sinh Kh

{a sinh K(y — h) — b sinh Ky}

where y is measured vertically upwards from the bed and b represents the amplitude
of the disturbance of the free surface. Find the ratio b/a and show that the elevation
of the free surface is either in phase or in antiphase with the elevation of the bed

according as U? < K) tanh Kh. What happens when U? — ( tanh Khand why ?
@)

3. An infinite liquid of density p’ lies above an infinite liquid of density p the
surface of separation being horizontal. Allowing for surface tension T, show that
the velocity ¢ of propagation of waves of length A is given by

2 A(e—p) 27T

ST+ e +4)
If ¢? has a minimum value when A = A,, show that the group velocity is

K/
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4. A deep liquid of density ¢’ is moving with speed ¥’ over another deep liquid of
density p moving in the same direction with speed V. If c is the velocity of propaga-
tion of oscillatory waves of length 2=/m at the interface, show that

V' —cyp+ (V' —cy = glp —p)im

If the velocity of wind is just sufficient to prevent propagation of waves against it

on deep water at rest but for the wave motion, show that the velocity of propagation
2cVo(l —0)
1+o

the propagated wave velocity if there were no air present. (N.)

5. Obtain the equation of propagation of long waves in a channel of cross-section
of varying area S in the form

o? [
b1 - o2 (520)

or? ox \Pox

of waves with the wind is where o is the specific gravity of air and c is

where x is measured along the channel, b is the breadth at the free surface, and 7 is
the height of the free surface above the mean level.

Show that if the cross-section changes abruptly at any point, 1 and Sdn/dx are
continuous.

Hence prove that if the section changes abruptly from a rectangle of breadth a to
one of breadth b, the depths on cither side of the discontinuity being the same, an
incident wave of amplitude =, in the channel of breadth a gives rise to a reflected
wave of amplitude 79(a — b)/(a + b) and a transmitted wave of amplitude
2neal/(a + b). (L)

6. Waves of small elevation a sin (nx — nt) are moving on water of depth A.
Show that, with proper choice of axes, the complex potential of the motion is
w = ac cosech mh cos (mz — nt), where ¢ -~ (g/m) tanh mh. Examine the variation
of pressure at any given point on the bed as the waves pass along. (L.

7. A harmonic train of progressive waves of small amplitude a and wave length A
moves under gravity upon the surface of water of infinite extent and uniform depth A.

. A
Show that the velocity v of the waves 1s given by v = ‘*;; tanh (27h/}).

Show also that during the motion each particle of water describes an ellipse, the
distance between the foci of which is 2a cosech (27//]). (H.)

8. A group of straight-crested waves of wavelengths all very close to 27/K are
propagated with velocity V. Show that the maxima of the resulting wave profile
travel with velocity U, where U = d(KV)/dK.

If the waves are gravity waves in water of constant depth 4, find ¥V and U and
show that + < U/V < 1.

Show that in this case U is also the average rate at which energy is transmitted
across a fixed plane normal to the direction of propagation.

9. If a horizontal rectangular canal of great depth has two vertical barriers at a
distance [ apart, prove that the periods of possible stationary surface waves are
2V7ljVsg where s is a positive integer; and that, for any value of s, the motion is
such that all the particles of fluid oscillate in straight lines of length inversely pro-
portional to exp (swz/l), where z is the depth below the undisturbed free surface.

10. Show that the velocity potential for simple harmonic waves of small amplitude
a and elevation n = a sin {2n(vt — x)/A} on the surface of water of infinite extent
and uniform depth 4 is

é = —av cos {2m(vt — x)/A} cosh {27(y + h)/A} cosech 2wh/A

and hence or otherwise find the velocity of propagation in terms of A and A.
Show also that the pressure at height +# above the bottom is

go{}h 4+ 7 cosh (wh/X) sech (2mh/A)}
where p is the density. (H.)
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11. Find the possible lengths of standing waves in a rectangular trough of length
2/ containing water to a uniform depth A, surface tension being neglected.

The undisturbed surface of the water is in the plane y = 0, the base is in the
plane y = —h, and the ends of the trough are in the planes x = +4/. The water
is displaced so that initially it is at rest, and the form of its surface is given by
7 == a sin (mx/2l), where a is small. Find the form of the surface at any subsequent
time ¢: (i) when surface tension is neglected; (ii) when surface tension is taken into
account. (L)



CHAPTER 7
VISCOUS FLOW

7.1 Basic Equations—Navier-Stokes Equations
z

DI

Fig. 56

To define the coefficient of viscosity w consider a fluid in horizontal
motion with velocity u between two parallel horizontal planes z = 0,
z = h; then the two portions of the fluid separated by a horizontal

. 0 . .
plane exert on each other a tractive force “'ég per unit area. This

definition can be generalised to Stokes’ Law, which states that viscous
stresses are proportional to the rate of change of strain with time.
Then for incompressible liquid of constant viscosity the basic
equations governing the flow are those for non-viscous liquid (3.1) with
additional terms arising from this frictional stress. We have:

an equation of continuity
divg=0

an expression for acceleration

as in (3.1)
7
f—= [5% + (q.Vq)

(where l:ia?_(tl:’ = —2;1 + Q x q if the axes rotate with angular velocity €2)

* and a basic equation of motion which can be shown to be

f=F——égradp+vV‘3q . m

. . . D
* The notation f = %? is used in many textbooks, where Dt denotes the operator

[/
-a-2+(q.V)+Q X
G 183



184 HYDRODYNAMICS AND VECTOR FIELD THEORY

where v = pfg, p being the coefficient of viscosity and ¢ the density.
(v is called the kinematic viscosity).

The equations (1) are known as the Navier-Stokes equations.

7.1.1 Stresses in the Liquid. There are nine components of stress, and a
double suffix notation is used to describe them; thus py is the stress
(force per unit area) on a plane normal to the axis i in the direction of the
axis j.

The normal stress py is taken as positive when it is a tension, negative
when a compression. With this notation and convention, the stress
components may be expressed in terms of velocity gradients: in the
coordinate system (x, y, z) the relations are

a
Pz = —p + 2“ II1
oq3 |, 0q2
Pyz (ay + az ) Pzy

with similar relations for pyy, pzz, pzz, pzy. Here p is the mean pressure
at a point.

7.1.2 Equations of Motion and Stress Functions in other Coordinate
Systems. The basic equations may be expressed in any coordinate
system by transforming the velocity components and using the relations
given in 1.1.5. It is convenient, however, to write down explicitly the
equations of continuity and motion and the stresses in the two most
common other coordinate systems, cylindricals and spherical polars.

(a) Cylindrical Coordinates (r, 9, z)

g L im e

Continuity ar r 00 (z

Equations of Motion

Dgr q* . 1 op o 2 0qy  qr
Dt rmI’ 98r+qur'12E r7>

DqG+qu6 F _}1€g+v<vg% 4.2 ar tLe)

pr r2el 2
D 19 s
'qut‘z: z";g“f“'vzqz
D 0 0 )
where oY air T ™ +q0r 30+qz —+—(qV)

, L, ® 18 1 e @
and V=t s T e T

and the other terms on the left-hand side are components of Q X q
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Stresses
p
prr=—p+2u gqf;Pee —p + 2#(, 20 + qr/’)
b 1o 0
Pzz = —p + 2u -a‘q;-;,l’ez = W@ ('r‘ —a%z + Q9>;
0 0 1 og, 7
pzr:ll-<a‘]zr+ g:) Pro —u(r ~A~q/ + - qe)
(b) Spherical Polar Coordinates (r, 0, &)

0 2 1o to 1 oqs
_aqrr__}_qr_} q() +q0CO + e q =0

Contmulty r r o9 rsin® oo

Equations of Motion
Dgr _q¢* +qo* _p 1

Dt r T o or
2gr 2cotb 2 Jqg 2 g
2, . “qr __ 2 cot L o I
+ V<V i = p 2 TR T 2sine
Dgy ga*cotb gy _ o 1 op
Dt r - r 0 T o 80

2 q0 2 9 2cosb iga
+V<Vq9 r2sin?6 ' 2 do r¥sin?6 96
D w w t(j 1 0,

~_q_ + ‘Irflw 4 9095 ’CO 5= rinG 7}0:/;

2 ogr  2cos 0 gqﬁ)

v V2ga — q_“’. - Ar gy e Tz
L V( 9@ p " 2sin?6 46 T r2sin?0

r2 sin? 6

D @ 18 N
where D= o a0yl 99 o= @)
2 3 cot0 o l 2 dZ
. 2 ——
and V2 (r2 Yot atrmet s sm2 0 &2

and the other terms on the left-hand side are components of ) < q

gr).
r b

Stresses

¢
prr = —p + 2u L pog = —p +2u(—"3~
cot |

’

N | 99 qr gp Co
pab = p+2u<rsm0 o6 Tt

. 1 9ga 1 6@_@ cote .
Pos = <r 26 T rsin0 9o r ’

oo L % qa  99s
par = *‘(rsm‘e " r o

— (Y% _ g0 94
P'ﬂ—“(r o r
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7.1.3 Boundary Conditions. A viscous fluid does not slip in contact with
a boundary; i.e. both the tangential and normal velocity components of
fluid and boundary are the same.

7.2 Dynamical Similarity, Reynolds’ Number

A necessary condition for the dynamical similarity of two fluid
systems which are geometrically similar is that they have the same
Reynolds’ number, R, defined by

R = ullv
where u, [ are respectively standard velocity and standard length and
v = p/fp as above.

Since u has dimensions L7T1
! has dimensions L
v has dimensions ML1T1
e has dimensions MIL3

l R is non-dimensional.

If R is small viscosity effects predominate.
If R is large inertia effects predominate.

7.3 Approximate Solutions

Few exact solutions of the equations 7.1 (1) are known, and it has
been found necessary to make approximations. These are

(a) Small Reynolds’ Number—Slow or Creeping Motion. As a first
approximation this case can be considered as covered by the equations
7.1 (1) with the inertia terms omitted, i.e. by

%gradp=vV2q B )

together with continuity and boundary conditions as before.

Extensions of this formula taking the inertia terms partly into
account have been used, e.g. by Oseen in considering the drag on a
sphere.

(b) Large Reynolds’ Number—Boundary Layer Theory. This case can
be dealt with by Prandtl’s assumption of a boundary layer; the effects
of viscosity are supposed to be perceptible only within a layer of fluid
close to the boundary, and elsewhere the flow is to be non-viscous. The
derivation of the corresponding equations is given in the solution to
Problem 90.

In the problems which follow, numbers 81-84 deal with exact solu-
tions of the Navier-Stokes equations; number 85 is a solution using the
method of dimensions only; numbers 86-89 deal with the approxima-
tion of very slow motion; numbers 90, 91 give the derivations of the
Prandtl boundary layer equations and von Karman’s momentum
integral equation and solve two simple problems.
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Problem 82
The space above the plane y = 0 is filled with liquid of kinematic

viscosity v. Initially the plane and liquid are at rest. At time ¢ = 0 the
plane begins to move parallel to itself with velocity U and the liquid also
moves in the same direction. Show that the equation of motion is

ou _

Gt oy
and that the appropriate solution is

u="U- %/Z/O et dt

e

where « = y/(4vf).1/2 0,

Solution.

IS ESENSEEENENSENEEREEOREENEREsEnE X

J— |

Fig. 57

Since the plane moves parallel to itself, i.e. in the x-direction, and the

liquid is dragged in the same direction, the velocity q = (u, 0, 0).
Z = 0, so that u does not
depend on x. Further, since the motion is generated by the motion of
an infinite plane, it must be two-dimensional, i.e. all quantities must be
independent of z.

Hence u = f(y,t)and u = Uwheny = 0,u—> 0as y —> o (i.e.
the fluid has the same velocity as the moving boundary, and remains at
rest at a great distance from this boundary).

Substituting in the first of the Navier—Stokes equations (7.1) gives

The equation of continuity (7.1) reduces to

ou _ 1op %u

and this means that % must be independent of x, since u# is. The other
equations reduce simply to Zf) =0, %ﬁ-) = 0, so that p is independent of
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y and z. Further, since the plane is infinite in the x-direction, there
. . . PN . /)
cannot in fact be a pressure gradient in this direction, so that 6—§ =0.
Thus p can depend only on time, and the equation (1) reduces to
ou %u

This can be transformed to an ordinary differential equation by the
substitutions

x = YA, 1 = g(a)

since then ou _ _* ‘!ﬂ di‘ — __l dilf
ot 2t do’ 9y:  4Avt do?
2.
(2) then becomes ——Za% = g;l—; N €))

and the boundary conditions are u = U, « = 0, and 4 —> 0 as « —> 00,
The general solution of (3) is

(4
u=A/ etdt + B
0
and the boundary conditions give
B=U A= —U//era et dt = --2U/\/r using the known integral.

Thus u = U — —= / e " dt as required.
\/ 7

Comment. The results that » is a function of y, ¢ only, and p is a
function of ¢ only, could have been written down intuitively on con-
sideration of the geometry of the problem; the full discussion has been
given here to illustrate the way in which, without appealing to intuition,
the results may be found by straightforward application of the basic
equations.

Problem 83
Assuming the equation of motion of viscous liquid to be

Dq_ .
‘D;—PF Vp + uviq

show that if liquid flows steadily under pressure only through a long
cylindrical pipe of radius a with a coaxial core of radius b, the velocity
at a distance r from the axis is of the form 4 + Blog r + 3Cr?/p.

If end effects may be neglected, determine the constants given that the
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pipe is of length / and that the pressures at the ends are p, p! (p > pl).
Find the mean speed of flow and the drag per unit area on the wall of
the pipe. (*L.)

Solution. Using cylindrical coordinates (r, 0, z) with the z-axis along
the pipe, we have steady flow in the z-direction only, so that

q= (0’ 0, V)

The equation of continuity (7.1) reduces to -Z—; = 0, so v must depend

on r only.
The Navier-Stokes equations (7.1 (1) using 7.1.2 (@)) reduce, since
F=0,to

P 19
-B:o—r” LW

d2v ldy
and 0=—12 ( Ag dr) )
From (1), p does not depend on r or 6 and, from (2), g does not depend

. a .
on z, since v does not. Thus _61-)' must be constant along the pipe; let the

constant be C. Then (2) is

d2v+ldv C C
dr? rdr v

and the solution of this is
v= A + Blogr + }Cr?/u as required N ()
If the pipe is of length /, the pressures at the ends are p, pl and end

(€)

effects are neglected, then C = gzz) = (p 7 P ) the pressure gradient

must be negative to produce a positive flow in the z-direction.
The other conditions are fixed by the boundary conditions v =0 on
r=a,v=0on r=>,. Substituting these in (4) gives

A= (1’ — 7 )(b2 log @ — a2 log b)/log (a/b) %
: &)
B= (24—!3- )(a~ — B®)log (afb)
a
The mean speed of flow is ;(52—1_ () /b 2nrv dr and substituting from
(4) and (5) and integrating gives finally

—(P=P 2 1 a2 (g2 — P2
mean speed ( 4 ) a2 + b?) log (a/b) — (a b2)}/2 log (a/b)
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The drag on the wall of the pipe per unit area is py, (drag on a surface
r = constant in the z-direction) and, from 7.1.2 (a), this is

dv
Prz = E’-(a",)r —a

which, substituting from (4) and (5) and differentiating, gives

__pl
drag per unit area = (Pwﬁ}[az — b2 — 242 log (a/b)}/a log (a/b)

Problem 84
The velocity at any point P (x, y, z) in a viscous incompressible fluid is
or perpendicular to the plane through P and the z-axis, where
r2 = x2 4 y?2 and o is a function of r and ¢ only. Prove that the tan-
. . . . 0
gential stress at any point on the cylinder r = constant is pr 5‘; .

Prove also that if the external forces have no moment about the z-axis,
P 3d0 1w
or2 ror v ot
In the case when the motion is steady and takes place between two
rigid cylindrical boundaries r = a, r = b (b > a), which are rotating
about their axes with constant angular velocities v, wg, respectively,
show that

252 (61 —
0= ’L‘_]f"&’z {Ei ("’;}Z_*,“,’?A) + conh? — mlaz}

and that the external couple on unit length of the inner cylinder neces-
sary to maintain the motion is

Aruab¥(o) — 02)/(B% — @) (L)

Solution.

Fig. 58

The motion is clearly the same in all planes perpendicular to the
z-axis, and so none of the quantities can depend on z. Taking cylindrical
coordinates r, 0, z, the tangential stress on the cylinder r = constant
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(i.e. stress in the direction of 6 increasing) is pye, Which, from 7.1.2 (a),

is
19gr g9 , 999
“(r % " r T er

Here we are given that ¢ = 0, gy = or and » depends on r and ¢ only,
Jo
so that Prg = wr —8; . . . . . . (1)
If the external forces have no moment about the z-axis they must be

wholly in the r-direction (there can be no force in the z-direction).
The basic equations 7.1.2 (a) therefore reduce to

L op
= F. 249
»2r T N 1)
3(.0 0w 2w
3 0o 1 0w .
and (3) gives —— () 5 i ok v dr & required.

If the motion is steady, —a%) = 0, and (3) becomes

lzw 3 dw o

(an ordinary differential equation now, since » depends on r only).
The general solution of this is @ = A4/r? 4+ B and the solution satis-
fying the given boundary conditions ® = w1, r = a; © = wg, r = b is

1 { a?b?(o1 — wg)
o —

[P 2 i 2 .
=R o + wob? — w14 } as required

Since prg = ur d , its value on the inner cylinder is
_ 2ub¥wr — w2)
Pao = =" g
and the frictional couple on unit length of the inner cylinder is

2ma%pag
ie. —4rpa?h?(w1 — w2)/(b2 — a?)

The external couple necessary to maintain the motion is then equal and
opposite to this.

Problem 85

Liquid of viscosity ¢ is bounded by n rigid cylindrical surfaces Cy,
with generators parallel to the z-axis, which move with velocities ¥y in
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the direction of their lengths. If the liquid motion is steady with velocity
q, everywhere parallel to the z-axis, and p is the pressure, show that

i) g=4q(x ) (ii) 3_127 = —k (constant) (iii) 4pg = 2¢ — kr?

where r = (x2 + y?)1/2 and ¢ is a plane harmonic function satisfying
¢ = 3kr? 4+ 2uVy

on each boundary Cj.

Determine the general form of ¢ when ¢ = ¢(r) only.

If the liquid is contained between two boundaries Ci, Cz which are
coaxial circular cylinders of cross-sectional areas Si, Sg, respectively
(S1 < S2), show that if £ = 0 the flux past any cross-section is

(S2 — Sy(V1— V)

SeVe — S1V1 + " Tog (/S L)
Solution.
X
{\
Cn s —r—Vp
// /l
/
// // z
// )
{ 4
\ . ’
Y — . a7
Fig. 59

The motion is to be steady with velocity q everywhere parallel to the
z-axis, i.e q = (0, 0, ¢).
The basic equations (7.1) reduce to

P _ o P _
—aR -_— O, ay - 0 . - . . . . (l)
P 19

and qa“‘zl = "Ea‘g +vwW2g . . L (D

and the equation of continuity is —gg =0.
Thus:

@D g =4
(ii) p is a function of z only, but g—‘:, from (2), cannot depend on z,
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. 9 .
since g does not; hence ?3!; = —k, a constant (negative to produce a
positive velocity q)

(iii) substituting from (i) and (ii) in (2) gives

22
—kle = V(sz + 6)2)

. 2q &
ie. —kfu = axZ+3yZ AN ¢ )

Let ¢ = ¢(x, y) be any plane harmonic, i.e. a solution of V3¢ = 0.
Then a general solution of (3) is

q = ¢2u — k(x2 + y¥)/4p asrequired . . . (4)
The boundary conditions are ¢ = ¥, on Cy, i.e., substituting in (4),
¢ = 2uV, + 1kr? as required N &)
If ¢ = ¢(r) only, then it satisfies (see 7.1.2 (a))
d* | 1d¢
dr? + rdr =0

and so is of general form
¢=Alogr+B . . . . . . (6

If the liquid is contained between coaxial cylinders, Ci, Cq, radii
r1, r2. and k = 0, then (5) and (6) must both hold on both C; and Cq, and
we have

A = 2u(Va — Vi)/log (r2fr1) } Q)

B = 2u(V1log rz — Valog ri)/log (ra/r1)
The flux past any cross-section is / 2nrq dr, and, from (4) with k = 0,

g=¢2e . . . . . . . @®

Substituting the value for ¢ from (6) and (7) and integrating
gives for the total flux

(V1 — Vo) m(re® — n?
2 log (ro/r1)

or SeVe — SiVh + (Vi — Va)(S2 — S1)/log (S2/S1) as required.

m(re2Vs — ri2V1) +

Problem 86

Use dimensional considerations to determine, apart from a numerical
factor, the drag exerted on a small sphere moving with constant speed
through a viscous fluid.
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Deduce the rate of rise of a small spherical air bubble through a
viscous liquid in terms of its radius. If bubbles are released at different
depths with the same initial radius, show that the time taken for a bubble
to reach the free surface of the liquid is proportional to p1 — pe5/3/p;2/3
where po, p1 are the pressures at the free surface and at the point of
release. Neglect the inertia of the air and liquid and the effects of surface
tension and assume that the temperature remains constant. (M)

Solution. The drag on a sphere moving through a viscous fluid is a
force, and so has dimensions MLT 2, and we must obtain a combination
of the other quantities so as to have these dimensions. The operative
quantities will be

radius R (dimensions L)
speed V (dimensions LT1)
viscosity w (dimensions ML™1 T1)

and so if we assume drag = KR*VBuv, the coefficient of propor-
tionality K being purely numerical, then equating the powers of M, L,
and Tgivesl =y; 1l =a+ B -y; 2= —B-—-vy

givingy == 1, = 1, « = 1 and so
drag=KRVy . . . . . . (D)

A small spherical air bubble at depth y below the surface of a viscous
liquid will have acting on it two forces only; the drag, as above,
opposing motion, and the force of buoyancy urging it upwards.
Neglecting inertia, surface tension, and temperature variation, we may
assume these forces equal. Buoyancy varies as gR3p and so

RVu = K'gR3p
or velocity = K’ gR%/u.

If a small air bubble is released below the surface, and inertia is
neglected, the conditions at constant temperature are

Boyle’s Law: Pressure X Volume = Constant . . (2)

and the law of hydrostatic pressure,

p=gy . . . . . . .03
where y is depth below the surface.
Since the upward velocity is —%, % = —K'gR%/u i.e. since g, o,

and u are constant, Z—f variessas — R2 . . . . . (4
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From (2), p varies as R™3

and from (3) p varies as y
so that a bubble released with constant radius at depth where the

pressure is p; will have, when pressure is p, radius R proportional to
(p1/p'f3

Thus from (4), g’; varies as —(p1/p)?/3, i.e. as —p12By 23 | (5)
so that, by integrating, ¢ -- — Ap723y53 - B
= — Alp;2/3p5I3 | Bl

A1, Bl being numerical constants
There is an initial condition that time ¢ shall be measured from the
point where p == p; and so

0= —Alp + B!
and the time to the free surface, p = py, is then given by

t = Al(p1 —— p172Bpe5/3) as required.

Comment. An example of the way in which purely dimensional con-
siderations can be invoked to obtain relationships for a simple system.

Problem 87

A steady two-dimensional flow of viscous incompressible fluid takes
place in an infinite channel whose walls intersect the plane of the flow in
the lines y = —+h, where Oxy are Cartesian axes in the plane of the flow.
The walls are made of porous material through which the fluid flows
into the channel with a specified uniform velocity ¥V (the appropriate
boundary condition on the tangential component of velocity being the
usual no-slip condition). Show that it is possible to satisfy all the
conditions of the problem by assuming that the stream function is of the
form Vx f(y/h), provided that the function f satisfies the differential

equation
flz = ﬂ’// o R.—l f/ll _— K

where R = Vh/v and K is a constant, and determine the corresponding
pressure distribution.

It is found in practice that when the Reynolds’ number R is large,
there are no boundary layers or other rapid changes in the velocity
distribution. In this case, show that the velocity component parallel to
the walls is given approximately by
=V
-—ZI;;\ cos (;Z) <)

U=
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Solution.

The basic equations (7.1) for two-dimensional motion are

_ 1o Pq | Pq
th dx o By cox T V(?xz_ +.‘372~ )
aqg 1 Op azqz 82q2 ’
N 3A+q ay p@y+(dx4+dy2
Yy
v
o
I
b
1dx % X
b
< | |
| 7; 1
v
Fig. 60

The usual equation for continuity cannot be used, since fluid is
flowing into the channel through the sides; the corresponding equation
here, by balancing the flux into and out of a section of channel, length
3x, is

h (c)ql .
/h~3}dy~2V )
The boundary conditions are
q=0,y=4h;qe= FV,y= +h N )]
Consider now the stream function 4 = Vx f(y/h) which gives velocity
components
— 9 VXY
= ay h f (h)l @)
34-'
g = 5% =V f(y/h) J
This satisfies the boundary conditions (3) if
f(£D)=0,f(1)=—1f(-1)=1
It satisfies condition (2), since
oq h K& . oyt from (4)
/ dy ), oxay dy = Cox |, v and (3)
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Substitution in (1) gives

V32X 9 . lop Vex1 ,, ]
h—g(f — 0" = _EF,V_'TRf }
Vi lap VRl
A==y TE RS
where R = Vh/v
3 la V2 1 (2
ie e T (r—prgs) 6
top v, 1.,
—F->~y~—h‘<ﬁ—Rf>. )

Now fis a function of y only, so that, from (6), 25 depends on y only,
ie. p=F@y) + G(x)

But then <= = G'(x), whereas, from (5) lS xH(y), and these are

clearly mcompa‘uble. The only possibility is that H(y) = k, a constant,
and G'(x) = kx.

Then from (5), f2—ff" + % f'"" = K as required N )]
The corresponding pressure distribution, integrating (6), is given by
—ple =" (32— Rf') - GLfe ®)
p h R T
and (5), using (7), gives
Kvz ,
-ple = D2 x2 — F(y)le N )

and combining (8) and (9) gives

-ple = 1,(,;: X2 4 (Jz.fz > )

]
for the pressure distribution.
The equation (7) reduces, for large R, to
f2—ff"=K R ¢ ()]

and the boundary conditions, as above, are f'(41) =0, f(1) = —1,
(=) =1
A first integral of (10) satisfying these conditions is /2 = K(1 --f2)
and, integrating again,

f=sin{vK/h + 8)}

There are many possible values of K, g which will satisfy the boundary
conditions. However all values except V'K = =/2, B = 2 mean that,
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within the channel, i.e. for y/h between =1, fand f” take both negative
and positive values; and this, from (4), means that the velocities g1, g2
change direction within the channel. Excluding this possibility (since it
certainly involves rapid changes in velocity), the only solution is

—sin( ™
f=sin <2 b -+ 7:)
and so the velocity component parallel to the walls, from (4), is

nVx

= 7 Ty i
q1= -3 COS 5, as required.

Problem 88

A circular cylinder of radius a rotates about its axis with constant
angular velocity in an unbounded viscous fluid, at rest at infinity. The
cylinder is porous, and fluid is sucked into the cylinder normally
through its surface with constant speed W. Find the radial component
of velocity u(r) in the resulting steady motion, where # is the distance
from the cylinder axis.

Show that for this flow the equation gf = vV, satisfied by the

vorticity ¢ in two-dimensional flow, takes the form
dz ac _
raet (n+1 i 0 where n = Wa/v

Deduce that the transverse component of velocity is
wWr) = Arl™» 4+ Br (n # 2)

where A, B are constants. M)

Solution. The basic equations are

_ Dq
f= 5
(using D/Dt to denote total rate of change, i.e. 9/t + (q.V) + Q ~,
as in 7.1) and f=F— % grad p + Wq .1 (1)
These can be transferred, in two dimensions only, into
_ D
curl f = Dt

curl f = vV2g
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where € =curl q = (0, 0, ¥) is the vorticity, since curl F =0,
curl <§ grad p) == 0 and curl and D/Dt interchange. Thus

= w2 B 0]
In this problem the motion is produced purely by rotation; and so the

velocity components gr, gy depend on r only. The equations are,
as in 7.1.1 (a),

continuity A 4qfr=0. . . . . . . . Q
. 1d
vorticity (= % dr (rgp) from 1.1.5) . . . . (3
and the equation (1) becomes
ac _ (d% | 1dy
&g “<drz + ’rd'r) SIS
The boundary conditionsareqr = — W, gy =, r =aandgqr = g3 =0
as r —» oo0. Integrating (2) gives
rqr = constant
= — Wa using the boundary conditions . . (5)

Substituting from (5) in (4) gives
Wadl d% 4 1 d¢
v dr dr2 " rdr
. e ac __ Wa
ie. ra;2+(n+1)a’;-0wheren—~r . . (6)
Solving (6) gives {=Ar" 4+ B

and substituting from (3),
d
- = —(n—1)
i (rqe) = 24r 1) - 2Br

which, when integrated, gives, for n * 2,

gy = Alr~@-D 4 Bly
as required.

Problem 89

Assuming the Navier-Stokes equations of motion for a viscous in-
compressible liquid, show that for slow steady motion in a plane the
stream function ¢ satisfies the equation

o2 o2 \2
(7 + 50) 4 =0
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Rewrite the equation in plane polars (r, 6) and determine solutions of
the form rnt1 £(6).

Consider the motion of the fluid in the neighbourhood of a corner
formed by plane boundaries inclined at an angle to each other and show
that the permissible values of n are determined by the equation

sin na sin a
e (L)

Solution. The Navier-Stokes equations in two dimensions for very
slow motion are obtained (7.3 (a@)) by omitting the inertia terms com-
pletely, and so are

op 5
P V2
ox vV ’k

p _

. i (1)
ot 4 V-
5 ® ‘12J

Suppose the motion has stream function ¢ so that ¢; = —g;, q2 = gi

and the equation of continuity is automatically satisfied.
Substituting in (1), and eliminating p, gives

S5 - 2002

. 02 02 \2
which means (-@%-5))—_2)4::0 B )]

In plane polars, by the usual transformation (7.1.2 (@)) (2) becomes

lLof o 1 022
Galré)vampv=0- .0

Putting ¢ = r»*1 £(0) in (3) gives, after reduction,
PS{(n — DY + 20n2 + D + ) =0
so that f must satisfy
=D +20+Df" +f*=0 . . . 4
and the general solution of this is

Sf(6) = Acos (n + 1)6 4 Bsin (n + 1)0 + Ccos (n — 1) +
Dsin(n — 1)6 (5)
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Consider flow in the neighbourhood of a corner bounded by planes
6 = 0, 6 = . By the usual boundary condition (7.1.3) we must have
Y 1oy

4
3': and -

;28 both zero on both planes, i.e. if ¢ = r**1f(6) we require

£0) =0, f(x) = 0, f(0) = 0, /() = O.

O\M
Fig. 61
Substituting in (5) gives
A +C =0
Acos(n+1)a—+ Bsin(n+1)a+Ccos(n—1)o+ Dsin(n —1)a=0
(n+ 1)B +(m — 1)D =0¢(6)

—(n + 1)Asin(n - 1)a + (n + 1)Bcos (n + 1)«
—(m — 1DCsin(n — 1)a 4 (n -- 1)Dcos(n — 1) =0

for which the condition that non-zero solutions exist is that

1 0
cos (n 4 1w sin(n + Do
0 n+1
—m-Dsin(n + Da (n-+1)cos(n - 1)a
1 0 1
cos (n — D sin (n — 1)« !
0 n—1 -

—(n—1Dsin(n— 1)« (n—1)cos(n — 1) |
which reduces, after some manipulation, to
sin2 no — n2sin?2 « = 0

sin no sin « .
e = +——as required.

Alternatively, the same result may be found directly from equations (6)
without using the determinant, by eliminating C and D first and then
A and B.
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Problem 90

Liquid of constant viscosity u contained between concentric spheres
of radii @ and b (b > a) is in slow motion due to the rotation of the
spheres about a common diameter with angular velocities i and wli,
where i is a fixed unit vector along this diameter. Show that the velocity
q at any point P in the liquid, and the pressure intensity p, are given by

q = (Ar3 + B)i X r; p = constant

where 4 and B are constants to be determined and r is the position
vector of P relative to the centre of the two spheres.

By finding the stress vector Ry, show that the couple which must be
applied to the inner sphere to maintain its motion is

8ru a¥h3 (0 — wl)(b® — a®)1i (L)
Solution.
b
qQ
i
w ll)’
Fig. 62

The Navier-Stokes equations for very slow motion are, as in 7.3 (a)

grad p = pv2q N ()
Here the boundary conditions are
q=owiXr on r=a
q=olixron r=5b } e @

The form of the boundary conditions suggests trying, within the fluid,
q=/Nixr
(This gives zero velocity in the direction i, which is reasonable), i.e.
using spherical polars (r, 0, &), with i along the initial line 6 = 0,
q = {0, 0, rf(r) sin 6}
The equation of continuity (see 7.1.2 (b)) is automatically satisfied, and
the equations (1) become, from 7.1.2 (b),

op_ % _
5 =0=0 . . . . . .0}
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and

1 o ?2 20 ,cotbd 1 e\ _ qa
Fsin® 86 *"{(372 tra T w e 9‘62>q‘" - mz’—o}
which, substituting ga = rf(r) sin 6 reduces to

1 a . 1’ !
rsineyg=usm6(rf + 4f") N )

Thus, from (3), the pressure p is independent of r and 6, and by the
conditions of the problem, since there is symmetry about i, it must be
independent of &@. Hence

p = constant

and (4) becomes rf’ 4+4f =0
for which the general solution is
f=Ar34+B . . . . . . (5

Thus q = (4r~3 + B)i X r as required.
To satisfy the boundary conditions (2) we need f(a) = o, f(b) = o1,
and this gives

ah¥(e — wl) blul — adw
= pmog o B=m s O

The stress vector on the surface of the inner sphere has only one
component, that in the direction of increasing &, which has a moment
about the axis; and, from 7.1.2 (b),

. 1 9gr g3 | 993
Pros = o (;«—sm—% T T
= prf’ sin 6 when g = f(r) r sin 6 ...

The moment about the axis per unit area is then pr& r sin 0 and so the
total moment over the whole sphere is

T
/ Pré> 1 sin 0 2=r2 sin 0 d6
0

and substituting from (7), (6), and (5) gives finally

_ 8mu(e — wl)a®h®
total moment = — —‘—‘537—_—03—‘—

and this is about the axis i.
Thus the couple necessary to maintain the motion is

8ru(e — wl)a®h?

R — i as required.
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Problem 91
Give an account of Prandtl’s boundary layer theory of the motion of
a viscous incompressible liquid, leading to the differential equation

u | ou . oUy | Pu
“ax TV TNy T

describing the two-dimensional steady flow along a semi-infinite flat
surface, where v is the kinematic viscosity, U; is the main stream
velocity, x, y are distances measured respectively parallel and per-
pendicular to the surface of the plate, and (», v) are the velocity com-
ponents in the boundary layer in these directions.

Show that the steady two-dimensional flow in the boundary layer
along either of the two non-parallel plane walls in a converging canal
has a solution

u= —(c/x) [3 tanh? {(%)1/2 @) + B} «-2]

where tanh? 8 = 2/3 and U; = —¢/x. (S)

Solution. The boundary layer theory is developed on the assumption
that:

(a) The effect of viscosity is apparent only in a thin layer round any
boundary, the rest of the fluid being treated as non-viscous.
(b) The pressure distribution in the non-viscous region is known.

This may be applied to two-dimensional steady flow along a semi-
infinite flat surface
Y

—t— U,

VL'U// boundary layer
L X

Fig. 63

Let the velocities within the boundary layer be u, v, and let the layer
have thickness & (small in comparison with any other dimensions) and
the main stream be in the x-direction with velocity Uy.

Then u changes from 0 at y = 0 (i.e. on the surface) to Uy at y = 8

and so % is O(U1/8); u itself will be O(Uh), and so will %‘c .
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The equation of continuity is

u ov
x5 =0

and so g—; is O(Uy) and, since v=0on y=0, v= O(U1d) in the

boundary layer, and 1s of the same order.

The Nav1er—Stokes equatlons (7.1) are, for steady motion in two
dimensions,

ou ou_ 1op Pu | Pu
ucT.\‘+vé)y_ +<v3+ )

o Ox ay?
ov __ 1adp 32y Ry
oty =t (Bt O
The orders of the terms in the first equation (1) may now be written:
ou ou_ lop 2y Ru
%ﬁ”@‘;a+<w+w)
order Ulz U12 VU1 vU1/82 . . (2)
2
It can be seen that v 6 5 may be neglected in comparison with v - g l; and
ay
that v 82u/dy? (order vU1/%%) is of the same order as the inertia terms
ou ou .
u o 2
UV 3 (order U?) if

siso( )" 3
1s<~U—l>......()

This gives an estimate of the boundary-layer thickness.
Applying the same reasoning to the second equation in (1) gives

8v 10p Py
order U123 U;2% yU18 vUy/8 . @

from which it follows that all terms in this equation are an order
smaller than those in (2); and this applies also to the pressure terms,
so that

o can be neglected in comparison with %

oy ox

This means that, for given x, the pressure is constant across the layer,
ie.fromy=0toy=>3.
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In the main stream, where the liquid is assumed non-viscous, Ber-
nouilli’s equation for motion under no external force gives

ple + 3U:2 = constant

Vop 40 2

and so S ax Ux dx b o(U?) N )
and this relation must then hold also in the boundary layer, since the
pressure is constant across it.

Thus the equation (2) reduces, taking terms of O(U:2) only and using
(5), to
dU; d2u
dx TV

and the equation (4) has been shown already to reduce to

ou ou
u§x+v5_=U1 (6)

p = constant across the boundary layer, i.e. for fixed x

y
\,/
P %v
. | b
Fig. 64

When a viscous fluid flows into a convergent channel, as shown,
boundary layers will build up on each wall. The main stream velocity
is purely radial, and so must be that due to a two-dimensional sink,
i.e. must be ¢/r inwards at distance r from O, the intersection of the
channel walls. Considering the wall which lies along Ox, this means
that the main stream velocity there is —c/x.

Thus we have to satisfy, substituting Uy = —c¢/x in (6)

ou u 44 %u
uAa}—i—vé}—-—c/x +v@—2 N )]
continuity 2; —%Y =0 . . . . . . . .0

and boundary conditions
u=0,v=00ny=0;u= —c¢/x,v=00ny =3 ®
The form of the boundary condition (9) suggests that, within the layer,
u= —c/xf(y/x) where f(0)=0 . . .10
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Substituting in (8) gives

v _ 2 ,
ay = —(c/x0) f— (ey/=3) f
from which, since v =0, y = 0, v = —%f N ¢ §))

Substituting (10) and (11) in (7) then gives, after simplification,
vf'le=f2—1 . . . . . (12)

It can be verified that the form given,

fO/x) = 3 tgnh‘ﬂ{(;v )”2 (fé) + (s} -2

actually satisfies equation (12) together with the boundary condition
f(0) = 0 if tanh2 B = 2/3.

The equation (12) is not soluble directly by any standard method; a
first integral can be obtained immediately in the form

()" =@r—r+ope

but the integral which is then required, / /3 — f+ )12 df is of the

form which is normally an elliptic function. In this case it is actually
pseudo-elliptic, but this cannot be recognised and there is no uniform
method of approach (see, e.g., Hardy, The Integration of Functions
of a Single Variable, p. 47).

Problem 92
The boundary-layer equations for steady two-dimensional flow are

ou u dU 2u
ua—*—\’@-— sz +v—3_y§
ou | 0y _

x a0

Prove the momentum integral equation
o _do 81+ 2%dU
U2 dx U dx
defining the quantities introduced in this equation.

If U is constant and the boundary layer starts at x = 0, estimate the
skin friction by assuming an approximate velocity profile of the form

u=Usin4m, n = y/3x) M.)
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Solution. The derivation of the boundary-layer equations is given in
Problem 91 (here U = Uh).

Using these, the momentum integral equation follows by making
some hypothesis as to the functional form for u, the velocity in the
boundary layer, satisfying the boundary conditions, and using dynamic

considerations.

—_—l

1 5
g "

P /

/ boundary layer

p —= g—P+ﬂ> dx
dx

Y
x

Q N dx N
Fig. 65
Consider two adjacent points P, P! on the boundary layer profile

y = & (3 being a function of x), and let N, N1 be the corresponding

points on the x-axis.
The momentum in the x-direction of liquid within NPPIN1is then

</:pudy> dx

The time rate of change of this must be the sum of the two quantities

(a) the rate of momentum flow into the area;
(b) the component of force in this direction across the boundary of

the area.
The rate of flow of momentum into the area across NP is

@ [ ez dy
0
and so the total rate of flow for NP and NP!is

0
—EJ—C(/:puzdy)dx

3
The rate at which fluid mass is crossing NP is [ pu dy, and so the
0

3
/ ou dy) dx, and this

total outflow rate, considering NP and NP1, is 53} (
0
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must, by continuity, equal the mass inflow rate across PPL; on PP! the
fluid velocity in the x-direction is U, the main stream velocity. Hence
the rate of inflow of momentum in the x-direction across PP! is

0
UaU:pudy) dx

(b) The total component of force in the x-direction over boundaries
NP, N1P1 s ~8§§ dx (it has been shown, problem 91, that pressure

does not vary with y across the boundary layer).

The tangential force along NN is py; dx = '"“(%ylf) 0 dx
y =

(g;: being of smaller order, as in problem 91).

There is no tangential stress along PP! (since % =0u=U )

Thus, equating the sum of (a) and () to the time rate of change of
momentum within the area gives

d 0 o op ou
- _ 2 . — 3£ -
m/:pudy 3 /:pu dy—l—Ua /(;pudy 83x [J.(a )y;

which, in steady motion of incompressible fluid reduces to

o o, /‘5 _ _3dp_u _<3u
8x wdy — U——| udy > dx o 1)
. au _ ldp
As in problem 91, UE'I Sde e )

and we may define three quantities:
tangential surface stress, or skin friction

Tw=p(-§—;)y_o. L ®

displacement thickness

1[* 1
sl=—Ufo (U——u)dy=f,/:(U-—u)dy —

momentum thickness when y > 8

82:513/0 u(U—u)dy=—é§/:u(U—u)dy
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Substituting (2), (3), and (4) into (1) gives the momentum integral
equation
Ta; d32 31 + 28, dU
=TI + U 4 required . . . (5)
If u = U sin 4, n = y/8, U constant, 8 = 0 at x = 0, the skin fric-
tion will be given by, from (5),

T _ d%
U2 dx
1 S(4 —
where 8y = 8/ sin $mn(l - sin 4mwq) dy = 6(42—-' &
0 '
. 4 —=n o A8 ds
i.e. ‘rw~<——2———) U de oo 6)
Also from (3) Tep == ( Ou )
> w = W ay y=0

28 T U with the given expression for u (7)

Thus equating the two results, (6) and (7),

. d8 pm2 vr2
from which 8 (4 - n:)pU (4 U

By integrating, and using 8 = 0 when x = 0, and substituting in (7)

. 2vrex 4 — =\ ppU3 1/2
2 . o . — ] v
Y=o %{( ) ) x }

PROBLEMS FOR SOLUTION

1. Obtain the equation
Gw  Ow\ _op
“(8x2 + 5 oy? ) 0z —P

satisfied by the speed w of a viscous liquid flowing steadily under no external forces in
straight lines parallel to the axis of z, p being the pressure, p the coefficient of
viscosity, and P a constant.

If this liquid is flowing steadily along a tube of cross-section given by

x2la® 4 y*[b? == 1

find w and show that the flux of liquid is ﬁ% N)
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2. Viscous incompressible fluid moves two-dimensionally in planes perpendicular
to the z-axis. At any instant the streamlines are circles about this axis. Show that
the differential equation satisfied by the vorticity ¢ at a distance » from the z-axis is

& (32; lf’_C)

a~ "\or + ror

where v is the kinematic viscosity and ¢ is the time.

At t = 0 there is a vortex filament of strength K positioned along the z-axis, and
elsewhere the vorticity vanishes. Find the velocity of the fluid at distance r from the
axis at time ¢ and show that if a circle, with its centre on the axis, is drawn so as to
enclose a constant amount of vorticity its radius must increase steadily with time.
Show also that the circulation inside the circle r == R in the plane = 0 is reduced
to half its initial value in time R%/4v log 2. (S.)

3. Give an account of Prandtl’s boundary layer theory of the motion of a viscous
incompressible liquid.

u u (') U

Obtain the equation u -+ Vo, TV oy — 3 for the steady flow along a
boundary y = 0, the main stream velocity outside the layer being U parallel to the
voundary. Show that if U is constant, then

u
{](u —ulU)dy -} v(@)}/n0 -0

where 8(x) 1s the thickness of the layer at coordinate x. If the liquid streams past the
flat plate y - 0, 0 < x </, in steady flow with U constant, find 8(x) given that
u — (Uy/8)(2 — y/8) and show that the drag on both sides of the platc is

(32/vp"’U3> /2
15

4. Incompressible liquid, whose coefficient of viscosity is u, occupies the region
between two infinite cylinders, one containing the other, their generators being
parallel to Oz. The outer cylinder is fixed while the inner has a uniform velocity V
in the direction Oz. Assuming that the pressure is constant, show that in the absence
of external forces the equations of motion are satisfied if the velocity at the point
(x, y, z) is (0, 0, w) where w is independent of z and ¢ and satisfies Laplace’s equation.

@)

Show that the drag per unit length on the outer cylinder is u Z—;vds taken round

. . 0
the boundary of its cross-section, ';—V
transformation x == ¢ cosh £ cos 1, ¥y = ¢ sinh £ sin 7, or otherwise show that when
the cylinders are x* + 4y* - a2, Sx? l 8y? -- 10a® the drag is

4muV/log { 3 —t;l/]o} (L.)

being the normal derivative of w. By using the

S. Find the velocity distribution in the steady flow of viscous incompressible fluid
along an infinitely long circular pipe duc to an applied pressure gradient.

A large cylindrical tank, the horizontal circular end of which has radius a, is filled
with water to a depth A, which is of the same order of magnitude as a, the free
surface being open to the atmosphere. The water drains from the bottom of the
tank through a long and narrow vertical pipe, of uniform circular section, which is
open to the atmosphere at its lower end, and, simultaneously, the level of water in
the tank is maintained by an external supply. Show that, if the external supply is
cut off, the tank will empty itself in a time

8avl

g 108 (1 + Al
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approximately, where / and b are the length and radius of the pipe and v is the
kinematic viscosity of the water.
Discuss any approximations you make, and explain how their validity is related
to the restrictions on the various lengths occurring in the problem. )
6. Show that with a suitable choice of units the Navier-Stokes equations can be
expressed in the form

U+ uug + vuy + wu, — —p, + V2 etc.

where €2 is the Reynolds’ number of the flow.

Hence obtain Prandtl’s boundary-layer equations, and construct an approximate
solution for a semi-infinite flat plate placed in and parallel to a uniform stream.

S)

7. A viscous incompressible liquid flows slowly with axial symmetry about a fixed
straight line. The coordinates of any point P in the liquid are denoted by R, the
perpendicular distance of P from the fixed line, and x, the distance of the foot of this
perpendicular from a fixed point O on the line. Show that the components of
vorticity (¢, 0, {) and the stream function ¢ satisfy the equations V¥ = V2, = V¥ =0

and
a2 ? 1 012
{6x’+ oR? _RaR} $=0
By obtaining a suitable solution of this equation, show that for the slow motion of a
viscous fluid past a stationary sphere, of radius «,

3a a®
—_ 2 —_
¥ = —UR (l 2r Zr“)
where r is the distance OP, and U the main stream velocity. (S.)

8. A viscous incompressible liquid streams with velocity Ui past a body with axis
of symmetry Ox. Deduce Oseen’s equations in the form

2 __ "’)/-, _ Lt _
(v 2K, )a' =0, p=pUy, 2K=Up

where q, the fluid velocity, is q = Ui — V¢ + q’
Verify that these equations possess a solution in the form

1
q = 2K7—Xl

where x — x(x, ®) and (V* — K?)e £z == 0
Find also the vorticity at any point. (E)
9. Viscous fluid fills the space between rigid boundaries which lie in the planes
v =0, y = h and which are made to move parallel to the x-axis with velocities
U cos nt, —U cos nt respectively. Assuming the mean pressure to be constant, prove
that the velocity of the fluid at (x, y) is

Ue™EY cos (nt -- Ky) -1~ a{eX¥ cos (nt + Ky) — e~E¥ cos (nt — Ky)}
— b{eXv sin (nt 4 Ky) — e~E¥ sin (nt — Ky)}

where
(e“" cosh Kh — cos Kh sinh Kh — cos?® Kh)
a= 2(cosh® Kh — cos® Kh)
b = }U sin Kh/(cosh Kh — cos Kh)
K*= nj2v 0.,

10. Explain the nature of the flow of incompressible viscous fluid past an obstacle
when the Reynolds’ number is very small, and show that in this case the velocity
vector v is approximately a solution of the equation

curlPyv =0
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. Using spherical polar coordinates (r, 6, &) show that v - f(r) sin 6 K will be a
splution when
) rodr? re’
Kbeing a unit vector in the direction of & increasing.
Hence find the solution appropriate to the slow steady rotation of a sphere in an

uthounded fluid which is otherwise at rest, and show that the couple necessary to
mgntain the rotation is

G = 8muwad®

wiere p is the coefficient of viscosity,  the angular velocity and a the radius.

(L)
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