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L. BEMERKUNGEN ZUDEM VORLIEGENDEN KOMMENTAR
GUSTAV JUNGE

II. INTRODUCTION
(1) Description of the MS.
(2) The Sources of Pappus’s Conception of Rational Quantities,
(3) Collation of the Arabic Text with the Greek Scholia.
(4) Translation and Text.

WILLIAM THOMSON






Bemerkungen
zu dem vorliegenden Kommentar.

Von Gustav JUNGE in Berlin-Lichterfelde.

LITERARISCHES. — Im Jahre 1850 kam Dr. WoOEPCKE
nach Paris. In der damaligen Bibliothéque impériale war ein
Sammelband von 51 arabischen Handschriften, auf den WoEPCKE
durch den Katalog aufmerksam wurde. Er muB} sogleich mit
dem Studium begonnen haben, jedenfalls erschienen schon 1851
mehrere Abhandlungen von ihm iiber einige dieser Handschriften.
Bald beschaftigte er sich auch mit unserem Kommentar, der die
Nummern 5 und 6 des Bandes bildet.

Dieser Kommentar bringt einige Andeutungen iiber ein ver-
lorenes Werk des Apollonius (I §§ 1, 21, 22, 23; 11 § 1), die
WorrckE besonders interessierten. Er legte der Académie des
Sciences einen Bericht iiber den Kommentar vor, unter dem
Titel: ,,Essai d’une restitution de travaux perdus d’Apollonius
sur les quantités irrationelles‘. — Dieser Bericht enthilt unter
anderem ein Verzeichnis der samtlichen Handschriften des
Bandes, bringt einige Stiicke des Kommentars, etwa den 15. Teil
des ganzen, arabisch und in franzosischer Uborqetvung, und den
Schluf3 der Abhandlung bildet eine Inhaltsangabe des ganzen
Kommentars. Das arabische Manuskript zerfillt in zwei 'Teile,
diese sind aber im Original in keiner Weise weiter gegliedert.

Worprckr’s Essai hat offenbar lange auf den Druck warten
miissen, er erschien erst 18561. Schon 1853 gab CHASLES, der
Mathematiker und Historiker der Mathematik, einen Vorbericht
iiber Worrckr’s Abhandlungen, der kurz und klar sowohl den
Gegenstand des Kommentars, nimlich das 10. Buch Euklid’s,
wie auch die Abhandlung WoEPCKE’s charakterisiert®. Vor-
trefflich ist die Bemerkung von CHasLES, der Inhalt des ganzen
Buches 10 von EuUKLD lasse sich w1edcrgeven durch die eine

Formel B e
YA + B = VA +"A";“ + A=y =B

CHASLES macht auch auf mehrerc Schwierigkeiten aufmerksam,
dic WoerckE nicht gelost hat. Es sind folgende: Warum hat



Evkrip sowohl die Linien von der Liange 2, 3 wie auch die von

der Liange }/2, Y3 alsrational, als rheta, bezeichnet ¢ — Welchen
Sinn hat die Bezeichnung ,,ungeordnet‘‘ fiir die Irrationalen des
Apollonius ¢ — Und endlich: Wie sind die Andeutungen iiber die
durch Subtraktion entstehenden Irrationalen des Apollonius
zu verstehen ? — Wir werden auf diese Fragen nachher (8. 21,
27 und 29) eingehen. —

Merkwiirdigerweise erwahnt WOEPCKE in seinem Essai, der
1856 erschien, mit keinem Worte, dafl er inzwischen den voll-
stindigen arabischen Text des Kommentars herausgegeben
hatte. Dieser war 1855 in Paris bei Firmin-Didot erschienen,
aber ohne Angabe des Jahres, Ortes und ohne Nennung von
Worrcke’s Namen. Es ist ein kleines Buch von 68 Seiten, das
auller dem arabischen Text nur einige lateinische Anmerkungen
enthilt. Es scheint, dall von dieser Text-Ausgabe nur wenige
Exemplare existieren. Eins ist in der Bibliothek der Akademie
der Wissenschaften in Berlin, ein zweites war im Besitz von
Herrn Professor Heiberg in Kopenhagen, ein drittes, das Suter
in Hénden hatte, ist nicht mehr nachzuweisen. Wegen der
angegebenen Eigenschaften ist diese Ausgabe natiirlich in den
Katalogen schwer zu finden.

WorpckE hatte eine vollstandige Ubersetzung des Kommen-
tars ins Franzosische geplant. Die Berliner Akademie hatte 1854
fiir die Veroffentlichung des Textes einen betrichtlichen Zu-
schul}, 300 Taler, gezahlt, und 1856 wurde sogar eine zweite Rate
von 400 Talern bewilligt. Aber die Akademie hatte schon 1854
den Wunsch geduBert, Ubersetzung und Anmerkungen mochten
in lateinischer Sprache abgefafit werden. WoEPCKE ist ja diesern
Wunsche in bezug auf die Anmerkungen nachgekommen. Er
machte aber die Akademie in einem Schreiben auf die Schwierig-
keit aufmerksam, die vielen Fachausdriicke des Kommentars in
lateinischer Sprache wiederzugeben. )

Vielleicht ist an dieser Uneinigkeit die Herausgabe einer Uber-
setzung gescheitert. Ubrigens starb WoEPCKE schon 1864, mit
38 Jahren. :

Wabhrscheinlich haben bei den Publikationen von 1855 und
1856 noch andere Umstinde mitgespielt, die sich heute nicht
mehr sicher feststellen lassen. Vielleicht ist die arabische Aus-
gabe von 1855 iiberhaupt nur in wenigen Exemplaren hergestellt
worden, jedenfalls war sie schon wegen der Sprache immer nur
wenigen zuginglich, und sie wird fast nie in der Literatur er-
wihnt. Auch die gegenwirtigen Herausgeber hatten von ihr
keine Kenntnis, als sie ihr Unternehmen hegannen.



Dagegen ist WOEPCKE’s Abhandlung von 1856 viel beachtet
worden, und sie war geeignet, iibertriebene Erwartungen iiber
den Wert des ganzen Kommentars zu erwecken. Die von
WoEPCKE mitgeteilten Stiicke bringen nicht nur die schon er-
wihnten Andeutungen iiber Apollonius, sondern der Anfang
gibt auch einige neue Aufschliisse iiber die Leistungen Theatets.
So konnte man wohl hoffen, dal auch die Stiicke, von denen
im Essai nur kurz der Inhalt skizziert war, dem Mathematiker
oder Historiker etwas bringen wiirden. Namentlich schienen
WorrckE’s Nummern 6 und 10 (bei uns § 10 und §17) des ersten
Teiles Berichte iiber die Mathematik Theitets und Platos zu
versprechen.

Die richtige Einschitzung des ganzen Kommentars hat
Professor HEIBERG schon im Jahre 1882 und nochmals 1888—89
dadurch angedeutet, dafl er den Kommentar neben die Euklid-
Scholien stellte, insbesondere die soeben erwihnte Nummer 6
neben das ziemlich nichtssagende Scholion 62 (Band V S. 450)
der Huisere’schen Euklid-Ausgabe!. — In der Tat hat unser
Kommentar viele Stellen, die wortlich mit den von HEIBERG
gesammelten  Scholien iibereinstimmen.  Wir haben diese
Koinzidenzen S. 57 angegeben.

Das genaue Studium des Kommentars bestitigt auch sonst,
was HriBera schon vor Jahrzehnten vorausgeahnt hat: unser
Kommentar steht kaum hoher als die besseren Kuklid-Scholien,
er bringt nicht viel mehr historische und sachliche Aufschliisse
als diese. Man kann auch hier von Goldkérnern sprechen, wie
HEIBERG es tut, und die groBleren Goldkorner sind schon von
Wogepcke gefunden worden.

Indes die Hoffnung auf reichere Ausbeute, die ja nach Woxp-
CcKE’s Auszug wohl zu verstehen war, hatte zunichst die Folge,
daBl H. SuTer in den letzten Jahren seines Lebens die Text-
ausgabe von WoEPCKE ins Deutsche iibersetzte, und sie hat auch
die jetzigen Bearbeiter des Gegenstandes zu ihrem Unternehmen
ermutigt.

Surers Ubersetzung erschien 1922 unter dem Titel: ,,Der
Kommentar des Pappus zum X. Buche des Euklides* in den
»Beitrigen zur Geschichte der Mathematik, Heft IV der
»»Abhandlungen zur Geschichte der Naturwissenschaften und
der Medizin“, Erlangen 1922.

SuTER hat wahrscheinlich die arabische Handschrift nicht
benutzt, sondern nur Worpcke’s Textausgabe von 1855. Woxrp-
ckE hat ofter Stellen der Handschrift nicht lesen kénnen oder
Worte vom Rande in den Text aufgenommen, und in allen Fillen
richtet sich SuTER nach ihm.
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Surer’s deutsche Ubersetzung gibt natiirlich, da sie von
einem guten Kenner der arabischen Mathematik stammt, den
Sinn des Kommentars geniigend wieder, und es kann einem
deutschen Leser, der sich schnell iiber den Kommentar unter-
richten will, nur empfohlen werden, zunichst SuTkr’s Uber-
setzung durchzusehen. Immerhin war SUTER zuerst Mathema-
tiker und in zweiter Linie Arabist; wir hoffen, da} in der vor-
liegenden englischen Ubersetzung ein Arabist vom Fach doch
manche Feinheiten jener so einfachen, aber gerade wegen ihrer
Kargheit schwierigen Sprache richtiger wiedergegeben hat als
Surer. Hinzu kommt, da3 Svrer nur selten die Uberein-
stimmung mit den Scholien bemerkt hat; die Kenntnis des
Scholions und damit des griechischen Urtextes erleichtert
natiirlich das Verstindnis des Arabischen auflerordentlich.
Endlich hat Mr.THomMsoN nach dem arabischen Original iiber-
setzt, wihrend SUTER, wie soeben bemerkt, nach allem Anschein
nur die Textausgabe WoEPCKE’s vor sich hatte.

Hiermit ist schon zum Teil die Rechtfertigung gegeben datfiir,
dafl die jetzigen Herausgeber ihr Unternchmen nicht nur be-
gonnen haben, sondern auch fortgesetzt, nachdem sie erfahren
hatten, daf3 der arabische Text schon gedruckt vorlag und daB
auch eine deutsche Ubersetzung existierte. Wir gestehen nim-
lich, dafl wir bei Beginn unserer Arbeit oder doch unserer Vor-
bereitungen im Jahre 1924 auch von Suter’s Ubersetzung keine
Kenntnis hatten. Zwar waren schon Besprechungen erschienen,
von H. WIELEITNER in ,Mitteilungen zur Geschichte der
Medizin‘‘, Bd. XXI, S. 171, 1922 und von SarRroN in ,,Isis¢,
Bd.V, 8. 492, 1923. Aber zur Entschuldigung mag doch an-
gefithrt werden, dal3 das ,,Jahrbuch iiber die Fortschritte der
Mathematik*‘ erst 1925 einen Bericht iiber Surkr’s Ubersetzung
gebracht hat. —

Wir haben uns zu einer Neuausgabe des arabischen 'T'extes ent-
schlossen schon deswegen, weil von der Ausgabe WoRPCKE’s
nur wenige Exemplare bekannt und zugénglich sind. Auch eine
eingehende Bearbeitung des Kommentars einschliellich der
Ubersetzung ins Englische schien uns die Miihe zu lohnen. Mag
auch unser Kommentar einer Verfallsperiode der Mathematik
angehoren, so hat er doch seinen kulturgeschichtlichen Wert.
Gerade der erste, mathematisch schwichere Teil zeigt, wie
religios und philosophisch interessierte Gelehrte von den begriff-
lichen Schwierigkeiten der Mathematik, insbesondere der Lehre
vom Irrationalen, einen Weg zu den ewigen Geheimnissen des
Lebens gesucht haben.

Wir hoffen auch, da3 die recht betrachtliche philologische
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Arbeit nicht umsonst gewesen ist. Das beigefiigte Verzeichnis
arabischer mathematischer Fachausdriicke wird das erste seiner
Art sein. —

Unser Kommentar handelt vom 10. Buche Euklids, dessen
Gegenstand die irrationalen Grofen sind. Wir werden zunéchst
versuchen, einen Uberblick iiber die Geschichte des Irrationalen
zu geben, von den Anfangen, die bei Plato nachweisbar sind, bis
zu der systematischen Behandlung bei Euklid und den Zusitzen,
die AporroN1us gemacht hat. Hierbei wird schon vieles aus
dem Inhalt unseres Kommentars zur Sprache kommen. Was
sonst noch daran fiir den Mathematiker erwahnenswert ist, soll im
Schlukapitel angefiihrt werden.

PLATO UND THEATET. — Die ersten Spuren des Irra-
tionalen finden sich in den Platonischen Dialogen. ,,Menon‘,
,,Der Staat, , Parmenides*, ,Theitet und ,,Die Gesetze‘:
alle bringen Andeutungen iiber die neue Lehre, meist freilich
in kurzer und fiir uns kaum verstindlicher Form.

Im ,,Menon‘ heift es: Wenn die Seite des Quadrats = 2 ist,
so ist die Flache = 4; wie lang ist nun die Seite des 8-fiiBigen
Quadrats ? — Der Sklave meint erst, sie sei = 3. Es stellt sich
heraus, dafl dieser Wert falsch ist, und Sokrates spricht: ,,Aber
wie grofs muf} sie denn sein? Versuche es uns genau anzugeben.
Und wenn du es nicht ausrechnen (arithmein ) willst, so zeige uns
in der Figur die Linic**. In der Tat wird nicht weiter gerechnet,
sondern gezeichnet.

Auf die Worte, die wir hier hervorheben (Menon 83—=84)
scheint bisher noch niemand aufmerksam gemacht zu haben.
Sie lassen durchblicken, daf3 die Rechnung nicht einfach ist, und
Praro wird gewult haben, daB sie sich iiberhaupt nicht genau
ausfithren 1at: die Linie ist irrational.

Der ,,Staat*‘ (546¢) bringt die beriihmte Platonische Zahl, aus
der fiir die Geschichte des Irrationalen zu entnehmen ist, daf3 der
Naherungswert 5: 7 fiir das Verhéltnis von Seite zur Diagonale
damals bekannt war.

Im ,,Parmenides** (140Db, ¢) heifit es von dem ,,Einen‘‘: , Ist es
groBBer oder kleiner, so wird es, wenn es sich um kommensurable
Grofen handelt, mehr MafBleinheiten haben als das Kleinere und
weniger als das Grofere; handelt es sich aber um inkommen-
surable GroBen, so wird es im Vergleich zu dem einen aus kleine-
ren, im Vergleich zu dem anderen aus grofleren MafBeinheiten
bestehen.

Bei kommensurablen Gréfien ist die Sache klar. Sei die eine
= 10, die andere =: 15 FuB, so ist 5 Ful3 das Maf}, und dies ist
in dem kleineren Stiick 2mal, in dem grofieren 3mal enthalten.
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Wie aber im Falle inkommensurabler Groflen? Es ist wahr-
scheinlich dieselbe Vorstellung von den zwei Maflen, die auch
AristoTeELES dunkel andeutet: ,,Die Diagonale wird von zwei
Maflen gemessen, die Seite und alle Groflen®. Verstindlicher
sind die Ausfithrungen in unserem Kommentar (§ 16 Ende und
§ 17 Ende). Soll die Seite des Quadrats mefbar sein, dann ist die
MabBeinheit entweder die Seite selbst oder deren Hilfte oder
Drittel usw. Die Diagonale mufl dann als inkommensurabel
gelten. Die Diagonale ist zu anderen Langen kommensurabel,
und fiir die Gesamtheit dieser Lingen 146t sich auch ein Mal
aufstellen, das aber ein anderes ist als das erste; es ist etwa die
Diagonale selbst oder irgend ein Bruchteil, vielleicht auch ein
Vielfaches vou ihr. Es sind also zweierlei Mafic zu unterscheiden:
das Mal fiir die Seite und die mit ihr kommensurablen Lingen,
und das MaB fir die Diagonale und alles was zu ihr kommen-
surabel ist; diese beiden Mafe sind immer von einander ver-
schieden. — Der heutige Mathematiker wird eine gewisse Ver-
wandtschaft mit dem Begriff des Korpers der rationalen Zahlen
erkennen.  Die Griechen betrachteten die Gesamtheit der
Liangen, die entstchen, wenn die Seite (oder Diagonale) mit allen
Zahlen dieses Korpers multipliziert wird.

Schon viel erortert ist die ,,Thedtet“-Stelle (147-—-148).
THEODOR zeichnet die Quadrate von 3,5 bis zu 17 Quadratful}
und beweist von jedem, dall die Seite inkommensurabel ist zur
Seite des Einheitsquadrates, also zu 1 Fu. TueiTer fat diese
viclen Sitze und Beweise in einen zusammen, indem er alle
ganzen Zahlen einteilt in Quadrat- und Nicht- Quadrat-Zahlen.
Zu den ersten gehoren Quadrate, deren Seitcn kommensurabel
zur Kinheit sind, ndmlich =: 2, 3, 4 usw. Fu8}, dagegen zu den
Nicht- Quadrat-Zahlen gehoren Quadrate, deren Seiten nicht
einfach als Lingen anzugeben sind; diese Seiten werden vielmehr
als ,,dynameis'* definiert, d. h. durch ihr Vermdogen, ein Quadrat
von bekannter Fliche zu erzeugen, oder, wie die Mathematiker
noch heute sagen, durch ihre Potenzen®.

Endlich die ,,Geselze’ (819—820) bringen allgemeinere Be-
trachtungen: nicht alle Lingen sind untereinander mefibar, und
niemals Langen gegen Flichen; eine dankbare Aufgabe ist es,
zu untersuchen, wie sich die meflbaren und dic nichtmefbaren
Groflen zueinander verhalten.” —

In unserem Kommentar wird die ,, Theitet-Stelle ausfiihrlich
besprochen (§§ 10, 11, 17), aus den ,,Gesetzen'‘ wird eine Stelle
angefiihrt (§ 12), ,,Parmenides’ immerhin erwihnt (§ 13). Doch
zur Aufklarung der mathematischen Schwierigkeiten tragt unser
Kommentar in der Regel wenig bei. —



— 17 —

Uber den historischen Theitet erfahren wir einiges durch den
schon linger bekannten Anfang des Kommentars (§ 1). THEATET
hat die Medial-Linie dem geometrischen Mittel zugeteilt, das
Binomium dem arithmetischen und die Apotome dem harmo-
nischen Mittel. Begniigen wir uns vorerst mit einem Zahlen-

beispiel, so ist zwischen 1 und ¥ 2 das geometrische Mittel
14+vV2

= } 2, eine Mediale; das arithmetische Mittel = st
ein Binomium; endlich das harmonische Mittel zwischen x und y
ist = jj_1; ; in unserem Falle kommt

2]/2 =272 (V ) oder 2 (2 —-}2),
und dies Lt;{ el‘/ne Apotome. -- Hierin liegt die Erkenntnis, daf}

(Y2 +1) und (Y2 — 1) multipliziert einen rationalen Wert,
nimlich 1 ergeben; oder in der Ausdrucksweise der Griechen:
ein Rechteck aus einem Binomium und einer gleichnamigen
Apotome ist rational.

Diese Aussage findet sich in verschiedenen Fassungen in den
Satzen 112 bis 114 im 10. Buche Euklids. Heiserc hilt die
Satze 112 bis 115 fiir interpolierts. Wir wollen hieran nicht
zweifeln, wenn uns auch der Satz 115, der hohere geometrische

Mittel wie t‘]/ 2, “i/ 2 betrachtet, weiter vom sonstigen Inhalt der
Elemente abzufiihren scheint als die Satze 112 bis 114.

Jedenfalls ist dic Einfiigung der Satze 112 bis 114 vor der Zeit
des Pappus (etwa 300 n. Chr.) erfolgt, denn unser Kommentar
schreibt den Satz dem Euklid zu (§ 22 Anfang). Hierauf macht
schon SuTkR aufmerksam (S. 54 Anm. 201). Wir kénnen noch
hinzufiigen: der Grund der Einschaltung der Sitze 112 bis 114
war wohl, daf} sie altes mathematisches Gut darstellen, namlich
auf Thedtet zurickgehen.

Ahnlich steht es ja mit dem Satze iiber die Inkommensurabilitat
der Quadrat-Diagonale zur Seite, der frither als der letzte des
10. Buches gefithrt wurde (Euklid ed. Heiberg, I1I. 408—412).
Er ist wahrscheinlich noch élter und wohl auch eben wegen seines
Alters interpoliert worden.

EUKLIDS ZEHNTES BUCH. — Unter den 13 Biichern der
Elemente Euklids ist das 10. bei weitem das umfangreichste.
Wahrend die iibrigen Biicher untereinander einigermafien
gleichen Raum einnehmen, erfiillt das 10. Buch in den Textaus-
gaben so viele Seiten wie drei oder vier andere Biicher zusammen.

Es bildet fiir sich allein den vierten Teil des ganzen Werkes.

2 Junge-Thomson.
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Diese ungefiige Ausdehnung ist nur eine Folge der Schwierig-
keit des Gegenstandes. Hieriiber klagte Petrus Ramus (gest.
1572), er habe nie etwas so Verworrenes und Verwickeltes gelesen
wie das 10. Buch Euklids, nie in menschlichen Schriften und
Kiinsten eine solche Dunkelheit gefunden. — RamMUs war mehr
Logiker als Mathematiker. Doch auch STEvIN, der vlamische
Mathematiker, schrieb 1585, fiir manche sei das 10. Buch Euklids
ein Schrecken, so dafl sie es ,,das Kreuz der Mathematiker
nennen, einen gar zu schwer verstandlichen Gegenstand, an dem
man aullerdem keinerlei Nutzen bemerken konne.'‘ — Endlich
CastrLLl, ein hervorragender Schiiler GArrLgis, schrieb 1607
in einem Brief an diesen, er sei bei dem 40. Satze des 10. Buches
stecken geblieben, ,.erstickt von der Menge der Vokabeln, der
Tiefe der Gegenstinde und der Schwierigkeit der Beweise. ?

Ein Mathematiker liest nicht wie andere Menschen, er ist schon
immer auf einige Schwierigkeit gefafit. Was uns Neuere beim
Studium des 10. Buches abschreckt, das ist, wie schon Ramus
hervorhebt, nicht so sehr die schwere Verstindlichkeit der
einzelnen Siatze. Manche Exhaustions-Beweise im 12. Buche
mit ihren Vorbereitungen sind kaum eine angenehmere Lektiire
als die Satze des 10. Buches. Man versuche es cinmal mit Satz
17 des 12. Buches iiber die Einbeschreibung eines Polyeders
zwischen zwei konzentrischen Kugeln! —

Eher konnte schon die ,,Menge der Vokabeln‘ angefiihrt
werden, die vielen Bezeichnungen fiir die einzelnen Irrationali-
titen. Diese sind in der Tat fiir unsere Begriffe ein primitives,
langst iberholtes Hilfsmittel; die Zeichensprache, die auch um
1600 schon einigermaflen entwickelt war, gibt eine viel bessere
Ubersicht.

Das Entscheidende ist aber doch wohl, daf3 zu der sachlichen
Schwierigkeit und der umstindlichen Nomenklatur des 10.
Buches noch ein drittes Moment hinzutritt, welches vor allem das
Studium erschwert: uns fehlt der Faden, der uns durch das
Gewirr der iiber 100 Satze hindurchleitet.

Es gab eine Zeit, die das Studium der irrationalen Gréfien und
die Miihseligkeiten von Euklids 10. Buch geduldig auf sich nahm,
weil man darin einen Weg zur Philosophie zu finden meinte.
Aus solcher Stimmung heraus ist, wie wir schon andeuteten,
unser Kommentar geschrieben worden, jedenfalls grofie Stiicke
des ersten Teiles, und dhnlich urteilte auch KEPLER, als er Euklid
gegen Ramus verteidigte: ,,Du magst tadeln, was du nicht ver-
stehst, mir aber, der ich die Ursachen der Dinge erforsche, hat
sich nur im 10. Buche Euklids der Weg zu diesen erdffnet. —
Durch einen rohen Richterspruch wurde dies 10. Buch ver-
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dammt, nicht gelesen zu werden, welches gelesen und verstanden
die Geheimnisse der Philosophie aufschliefen kannt®.*

Aber unsere Zeit ist hiermit nicht zufrieden, auch nicht mit
der unbestimmten Erklirung des Proklus, der KEPLER sich
anschlieBt: das Ziel der Elemente sei die Konstruktion und Be-
rechnung der reguliren Korper!!,

Doch es ist nicht schwer, von hier aus den genaueren Sinn des
10. Buches nachzuweisen. Das Buch ist in der Tat eine Theorie
derjenigen einfachen und doppelten quadratischen Irrationalititen,
die bei der Berechnung der reguliren Korper auftreten.

Im letzten, 13. Buche Euklids finden sich Berechnungen, die
wir in der heutigen Zeichensprache wiedergeben wollen.

Wird die Strecke 1 nach dem goldenen Schnitt geteilt und das
groflerc Stiick » genannt, so ist (x 4+ })? = j, woraus folgt
x=23%(/5—1). — (Satz 1 von Buch 13; — der 6. Satz, der
aber als interpoliert gilt, geht hierauf noch genauer ein).

Im Krmqe vom Radius 1 ist die Seite des regelmiBigen Fiinf-

ecks = § )2 (5 —¥5). — (Satz 11).

In der Kuge] vom Radius 1 ist die Seite des lkosaeders
=110 (5 —y5). — (Satz 16);

/ F. .

endlich ist die Seite des Dokekaeders — ' )]/Tl oder
= 3 (J15—73). (Satz 17.)

Da Euklid unsere Zeichensprache nicht hat, so muf} er die ver-
wickelten algebraischen Vorgiange alle durch Worte wiedergeben
und seine Darstellung ist darum fiir uns schwer lesbar. In einem
Punkte geht aber Euklid viel weiter als die gewohnlichen Dar-
stellungen in den Schulbiichern. Er stellt nicht nur die genann-

ten Ausdriicke auf, sondern er beweist auch von allen in
seinen Rechnungen vorkommenden Grofen, von den Formen

Ya, a + Vb, }/a v{]/ b, daf sie sich durch keine anderen gleich-
artigen und erst recht nicht durch einfachere Ausdriicke ersetzen
lassen.

Wir werden den gordischen Knoten des 10. Buches am
schnellsten léqen wenn wir mit der schwierigsten Frage anfangen:

Ist Vo — V5 durch eine einfachere Formel ersetzbar? Es
ist doch z. B.

Vb—2|/"—vo—l und
"_’—‘"Tf' ‘/r)'—l
2%
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Ist es sicher, daf} sich aus 5 — }/5 nicht auch auf dhnliche Weise
die Wurzel ziehen la3t?
Wir wollen die Frage in moderner Form behandeln und

Va — Vb =x—y setzen. @ und b mogen ganze Zahlen sein,
doch b keine Quadratzahl. Es folgt
a—Vb=a*—2xy + y
Nehmen wir nun an, x oder y oder auch beide sind einfache
Trrationalititen von der Form ym, dann ist 22 + %2 rational
(im modernen Sinne), dagegen 2 x y irrational. Es folgt
»+yP=a
22y =vb und hieraus weiter
— 2 =Va® —b.
Es kommt also darauf an, ob der letzte Ausdruck rational ist
oder nicht, und diese Bedingung ist auch von Euklid klar erkannt
worden. Ist Ya* — b gleich dem rationalen Werte ¢, so folgt
x=Vi(a+ec), y=Vi(a—c),
Va——W) =Vi(@+c)—V}(a—c).
In diesem Falle 136t sich also die gegebene doppelte Irrationalitit
durch zwei einfache ersetzen. Nehmen wir z. B.a =3, 0 =5
g0 wird ¢ = 2 und es folgt

Vs —vs —vi—vi
wie wir schon erwahnten.
Ist dagegen @ = 5, b = 5, soist ¢ == V20 == 2 V5, also nicht
rational. Die Umformung ist auch jetzt moglich, bringt aber
keine Vereinfachung. Es wird

Vo—vs =Vi+vs—Vi—vs (v

Diese Unterscheidung, ob Va* — b rational ist oder nicht,

st unseres Erachtens der Kern des ganzen 10. Buches. Eine

Andeutung hiervon hat schon CHASLES gegeben in seinem oben
(S. 11) angefiihrten Ausspruch. —

In seinem 10. Buche betrachtet EUvkLip nicht nur die ,,Apo-
tome* ¢ — Vb und die zugehorige Wurzel Va —_— l/ b, sondern
auch das ,,Binomium“ @ +yb und dazu Va + Vb, Als
guter Alexandriner, der die Vollstandigkeit liebte, hat er auch
noch die Formen V l/ a j_— bund V Va + Vb dazugenommen

Seine Uberlegung fiir die beiden letzten Formen wird am ein-
fachsten an Zahlenbeispielen erklirt. Es war doch
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Vo — 2 Vs =V5 — 1. Hieraus folgt
V6 V5 —10 — V5 (y5 —1) und 2)
Veve —2vio =Yz w5 —1)
Dies sind die Fille, die eine Vereinfachung zulassen; die vierte
Wurzel, die rechts auftritt, wird von EvurLID als Mediale

bezeichnet.
Um die anderen Fille zu erhalten die sich nicht veremfachen

lassen, beginnen wir mit V’S V5 und gehen iiber zu V’i V5 —5

oder auch zu Vl/ 5 — 1 und endlich zu Vo V2 — V 10. Esistklar,
dal fiir die Zerlegung die Formel (1) die Grundlage bildet; es

ist nur I]/5 als Faktor oder Divisor und im lctzten Falle i/ 2
als Faktor zuzufiigen. —

Hiermit ware fiir den modernen Leser iiber das Buch 10 genug
gesagt, wenn es sich nicht darum handelte, in das Verstandnis
unseres Kommentars einzufithren. Dazu ist es aber unerldflich,
iiber die Terminologie Bvkuips genauere Aufklirung zu geben.

Zunichst wollen wir den besonderen Gebrauch des Wortes
,rational” Dbei Bukrnip besprechen, auf den schon anfangs
(S. 11—12) hingewiesen wurde.

DIE RATIONALE LINIE. — Wie auch unser Kommentar
hervorhebt (I, § 19 Schluf}), sind medialen und rationalen Flichen
ebensolche Quadratseiten zugeordnet. Also z. B. das Quadrat

von der Fliche V2 Quadratfull hat cine mediale Fliche, und die

Seite, = .V2 Ful}, ist einc mediale Linge. Das Quadrat von
der Fliche 4 Quadratful3 hat eine rationale Fliche; die Seite
ist = 2 Full, sic ist rational, und hier stimmen antiker und
moderner Sprachgebrauch iiberein. Aber auch bei dem Quadrat
von der Fliche 3 Quadratfuf} ist fiir EUKrID nicht nur die Flache,
sondern auch die Seite rational, und diese ist doch = V3 Fuf3.

Diese eigentiimliche Ausdehnung des Begriffs rational hingt
also damit zusammen, daB3 dic Griechen die Strecke und das
zugehorige Quadrat gleichsam als untrennbare Einheit auf-
faiten. Die Linie von der Linge 3 Fuf} ist mit der Einhecit
»in Linge kommensurabel, dic Linie ¥3 Fuf ist ,,in Potenz
kommensurabel, wobei, wic schon erwihnt, das Wort ,,Potenz‘
nicht nur im Sinne von ,, Quadrat‘* aufzufassen ist, sondern auch
in dem von ARISTOTELES her bekannten Sinne von ,,Vermogen®.

Die genauere Erklirung 1ift sich nach unserem Kommentar
geben, und zwar besonders nach I § 5 Anfang und § 6 Anfang.
Beide Stellen sind auch als Scholien in griechischer Sprache
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erhalten (EukLip ed HEIBERG, V, Scholion Nr. 2, S. 418 Z. 7—9
und Z. 14—23).

Es wird gefragt: ,,Wie kann es irrationale GroBen, aloga,
geben, da doch fiir alle begrenzten Groflen, wenn sie verviel-
filtigt einander iibertreffen, ein Verhaltnis, ratio, logos existiert ?**
— Die Antwort lautet: ,Die irrationalen sind die, die kein
Zahlenverhaltnis haben; es gibt namlich drei Arten des Ver-
héltnisses: eins fiir alle begrenzten und homogenen Groflen, eins
fiir die kommensurablen und eins fiir die (sonstigen) rationalen.*

Das Verhéltnis der endlichen und homogenen Grofen, so
heiflt es weiter, wird nach ,,grofler und kleiner** behandelt, — das
heit, die eine kann vervielfacht die andere iibertreffen ; vielleicht
ist auch gemeint, dafl ein Vielfaches der einen ein Vielfaches der
anderen iibertreffen kann, womit auf die 5. Definition des
5. Buches EUkLIDSs iiber die Gleichheit beliebiger Verhaltnisse
angespielt wére.

In den beiden anderen Fillen ist das Verhiltnis .,rational®
(im griechischen Sinne), es ist durch Zahlen festgelegt, und zwar
bei den ,in Linge kommensurablen Strecken unmittelbar,
sagen wir ,actu’’; dagegen bei den iibrigen rationalen, namlich
nur ,,in Potenz kommensurablen, besteht das Verhiltnis
»potentia‘‘, namlich fiir die iiber den Strecken gezeichneten
Quadrate. — Hierin scheint wuns die Erklirung 2u liegen. —
Das Verhaltnis des (im griechischen Sinne) Rationalen zur Ein-
heit ist aussprechbar, rheton, das des Irrationalen nicht: diese
Auffassung zeigt sich auch in der Art, wie KukLiD im 13. Buch
die Sitze liber die Kantenlingen der reguliren Korper angibt.
Fiir Tetraeder, Oktaeder und Wiirfel ist das Verhiltnis zum
Durchmesser der umschriebenen Kugel ,,in Potenz kommen-
surabel, die Seite ist also nach griechischem Sprachgebrauch
rational. In diesem Falle wird das Zahlenverhaltnis einfach
angegeben, z. B. lautet Satz 15: der Durchmesser der Kugel ist
in Potenz das Dreifache von der Seite des Wiirfels.

Dagegen fiir Tkosaeder und Dodekaeder (Satz 16 und 17) sagt
der Satz nur: die Seite ist die ,kleinere Irrationale“ und dic
»Apotome®. Mit diesen Worten ist nur die Natur der Bezichung,
sozusagen der algebraische Charakter, angegeben; dagegen die
zahlenmaflige Abhingigkeit, die wir oben S. 19 durch moderne
Quadratwurzeln wiedergegeben haben, wird nur im Beweise
entwickelt. —

Man mag einwenden, daf} hier von ,,Grofler und Kleiner“ oder
von den Euklidischen Definitionen 4 und 5 des Buches 5 nicht
die Rede ist. Immerhin werden diese Definitionen aber voraus-
gesetzt. Kugeldurchmesser und Ikosaeder-Seite haben deswegen
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ein Verhaltnis zueinander, weil sie doch vervielfaltigt einander
iibertreffen konnen. Und der Anfang des 6. Buches beschiftigt
sich damit, zu zeigen, daf} gewisse geometrische Konstruktionen,
etwa das Zeichnen einer Parallelen zu einer Dreiecksseite inner-
halb des Dreiecks, zu proportionierten Stiicken im Sinne der
Definition 5 fiihren; diese Erkenntnis wird weiterhin stillschwei-
gend angewendet.

Besonders gliicklich ist die Evkripische Fassung des Begriffs
rational sicher nicht. Auch unserem Kommentator gefallt sie
nicht. Er meint, sie sei nicht recht durchdacht und habe Ver-
wirrung angerichtet (1 § 17). Sie hat sich ja auch nicht lange
gehalten, schon HERON und D1opxaNT haben sie nicht mehr.!?

DIE IRRATIONALEN LINIEN EUKLIDS. — V5 oder
/5 bedeutet fiir uns cine irrationale Zahl. Dergleichen gab es
fiir die Griechen nicht, Eukr1p handelt nur von rationalen und
irrationalen Strecken und Flichen'3. Eine Einheitsstrecke r von
bestimmter Linge, etwa = 1 Ful}, wird als Mall angenommen.
Dann ist also fur Evkrn (5 — V5) r eine Apotome, (5 + V/5)
r ¢in  Binomium. Auch (V5 —1) r und (V5 —V2) r sind
Apotomen, allgemein (Va — vb) r; dabei bedeuten ¢ und b
Briiche, es ist @ ) b, und @ und & sollen sich nicht wie Quadrat-
zahlen verhalten. — Entsprechendes gilt fiir das Binomium.

Auch unser Ausdruck Vﬁ—— 1’5 existiert fiir EUKLID nicht
in dieser Form. Kr betrachtet vielmehr das Rechteck, dessen
Seiten == » und (5 — ¢¥/5) » sind. Dies Rechteck wird in ein
Quadrat verwandelt, und dic Seite des Quadrats ist dann in
unserer Schreibweise = |5 — J/5 - r.

Um mit EukLip die verschiedenen Fille von }va — vb zu
unterscheiden, wollen wir noch einmal die Quintessenz des
Buches 10 in der Form von CrasvLes anfithren:

VALB = V?ﬂ;?}_?‘? L |Ava=B

2

Wir lassen das Vorzeichen unbestimmt, um zugleich Binomium
und Apotome sowie die aus beiden abgeleiteten irrationalen
Linien zu umfassen. 4 und B sind Quadratwurzeln aus

rationalen Zahlen, = Va und vb mit der soeben angegebenen
Beschrankung, daBl nicht beide zu einander kommensurabel
sein diirfen. — Wir kommen der Vorstellung EUxkrips niher,

wenn wir in (3) tuberall den Faktor r hinzugefiigt denken.
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Wann ist die rechte Seite von (3) einfacher als dic linke?
Dann und nur dann, wenn VA2 — B? = C kommensurabel
zu 4 ist. Dann stehen rechts im allgemeinen zwei vierte Wurzeln.
Evuxknip driickt die Bedingung fiir das Binomium so aus: ,,Der
groflere Name (A) potenziert um das Quadrat einer ihm in Linge
kommensurablen Grofe (ndmlich C) iiber den kleineren (B)*
(Definitionen 11, vor Satz 48 des 10. Buches). Die Bedingung
ergibt sich jetzt also in etwas umsténdlicherer Form als in unserer
vorlaufigen Betrachtung oben S. 20, wo wir 4 als ganze Zahl
vorausgesetzt hatten. —

Nehmen wir als Beispiel VV 18 4 V10, also A = V18, B =:V10;
dann ist Y42 — B2 = 8, kommensurabel zu v 18. Die Bedingung
ist erfiillt, die rechte Seite von (3) wird einfach, nimlich

=2 i+ vi) —

Evkiuip unterscheidet 6 Formen des Binomiums. 4 + B
ist ein 1., 2. oder 3. Binomium, wenn € zu A kommensurabel ist;
wenn nicht, so haben wir das 4., 5. oder 6. Binomium. — Beim
1. und 4. Binomium ist, wie schon oben angedeutct, A ,,in Liinge
kommensurabel mit der Einheit*, beim 2. und 5. gilt das gleiche
von B, beim 3. und 6. von keinem von beiden.

Bezeichnen wir die 6 Binomien mit bn,, bn,, ... bng, so konnen
wir, teilweise in Anlehnung an S. 20 oben, die folgenden Beispicle
aufstellen.

bn, = (3 + V5) r oder auch = (2 4 ¥3)r,
bny, = (3V5 + 5) r oder (2V3 + 3) 7,

bng = (372 4 J10) r oder (2 2 -+ y6) 7,
bny = (5 + ¥5) r,

bng = (Y5 + 1) r,

bng = (5 Y2 + J10) r oder auch (5 4 y2)r.

Werden diese Ausdriicke der Reihe nach in (3) fiir 4 + B
eingesetzt, so ergeben sich rechts die ,,6 Linien durch Addition‘15,
Wir wollen diese mit la,, la,, ...lag bezeichnen. Dann ist also

Vr-bn, =la,
Vr-bn, = la,

Vrebng = lag.
Die Linien durch Addition haben alle besondere Namen. Die erste
ist, wie leicht zu sehen, ein Binomium. Die zweite heilit ,,erste
Bimediale*, die dritte ,,zweite Bimediale*. Nehmen wir als Beispiel

by =1 V2 V2 1 V6= 2 VE -+ V) = (7F + i)
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Rechts steht die Summe zweier vierten Wurzeln oder nach
Evukrip die Summe zweier medialen Linien; daher ,,Bimediale‘.
— Vergleiche auch die Beispiele S.21 unter (2) und die zahlreichen
Beispiele bei SUTER, ,,Beitrige S. 67.—70 )

la, heiflt ,,groflere Irrationale’; diese kurze Bezeichnung fiir

den Typus 7 -‘E—}— V5 neben der entsprechenden , kleineren

Trrationale fiir den Typus r. 1/.5——]/5 13t vermuten, dafl}
anfangs, etwa von Theitet, iiberhaupt nur diese beide Formen
untersucht worden sind!®,

Endlich lag und lag heiflen ,.die ein Rationales und Mediales
Potenzierende und ,,dic zwei mediale Potenzierende. Wir
brauchen nur cine dieser Bezeichnungen zu erkliren und setzen

laz = (Y5 + 1) 72
Das Quadrat oder die ,,Potenz’* von lag ist die mediale Fliche
/5 - 72 vermehrt um dic rationale Fliche r% —

Es¢ sei uns erlaubt, die 6 Apotomen ap,, .... a p; und die ent-
sprechenden Linien durch Subtraktion, niamlich Is,, ... Isg4
jetzt sehr kurz abzumachen.

Es ist natiitlich Vr-ap, =ls,, Jr-ap, ==ls, usw.

Wir wollen noch die Bezeichnungen angcben:

ls; = Apotome,

Is, == erste Medial-Apotome,

lsg = zweite Medial-Apotome,

ls, = kleinerc lrrationale,

ls; = die mit einem Rationalen cin Mediales ergebende,
lsg = die mit einem Medialen ein Mediales ergebende.

Die beiden letzten Ausdriicke bediirfen vielleicht der Er-
klarung. Wir begniigen uns mit dem letzten. Hs sei
ls2g = (5 — J/2) - 2; durch Hinzufiigung einer medialen Fliche,
namlich Y2 -72, wird [s?; erginzt zu ciner anderen medialen
Flache, namlich ]/5 -2,

Konsequenterweise konnte man die ,kleinere Irrationale'*
auch nennen ,,die mit einem Medialen ein Rationales ergebende*.
— Entsprechend konnte die ,,groBere Irrationale* @, auch den
umstindlichen Namen tragen, den EUK11D an la; gegeben hat.
Der Unterschied ist der, daB bei la, wic bei ls, die groBere Fliche
rational ist, bei la; wic bei ls; die kleinere.

Ein hiibsches Beispiel zu ap, findet sich in dem — allerdings
wohl interpolierten — Satz 6 des 13. Buches. Wird die Seite 1
nach dem goldenen Schnitt geteilt und das groBere Stiick =«
genannt, so ist 22 =1—x. Da nun z und 1 — = Apotomen
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sind, so kann man wegen x = }/I—:—x sofort schlielen, daB
1 — x eine erste Apotome ist.
. 5 1 . .
Die Ausrechnung gibt @ = K‘; — g iibrigens eine 5. Apotome,
3 Vs L L. . .
— -5+ dics ist in der Tat eine erste Apotome,

4

und 1 —o =

wie wir auch aus fritheren Beispielen schon wissen.

APOLLONIUS. Evukups Buch 10 ist schon einigermafien
verschnorkelt, aber ein klares Ziel immerhin vorhanden, namlich,

wie wir hoffen gezeigt zu haben, die Untersuchung von V5- *7/5“
Die Arbeit des Apollonius, soweit sich aus den Andeutungen
unseres Kommentars schliefen 1a8t, stellt dagegen lediglich
einen tastenden Versuch dar, durch Verallgemeinerungen iiber
Evkiip hinaus zu kommen, ohne daf} ein Ziel oder ein befriedi-
gender Erfolg zu erkennen wére.

Das euklidische Binomium mag in der Form a -+ yb dar-
gestellt werden. Arorronrus bildet nun das Trinomium
a + Yb + Ve, das Quadrinomium @ + }b -+ y¢ + Vd usw. Hier-
iiber besteht kein Zweifel. (Siehe unten dic Ubersetzung des
Textes, I § 21, S. 85.)

Die euklidische Apotome ist entsprechend ==a — }b. Es
liegt nahe, wenn ein dreigliedriger Ausdruck dieser Art entstehen

soll, etwa an @ — }/b + Jc zu denken, und wir werden zeigen,
daB diese Vermutung mit dem Wortlaut des Textes sehr wohl
vertraglich ist (s. S. 29).

Die euklidische Mediale ist in modernen Zeichen = V]/a = Ya.
Mit den Hilfsmitteln der euklidischen Geometrie lassen sich
ebenso gut wie 4. Wurzeln auch 8., 16. usw. Wurzeln kon-
struieren. Der Text ist zwar an dieser Stelle nicht ganz in Ord-
nung, wir werden es aber wahrscheinlich machen, dafl Aporro-
N1Us in der Tat an 8., 16. usw. Wurzeln, oder, was dasselbe ist,
an immer wiederholte Quadratwurzeln gedacht hat.

Diese drei angefithrten Erweiterungen stellen nun gerade
keine sonderlichen mathematischen Fortschritte dar. Es wird
APOLLONIUS gereizt haben, zu den ibrigen ,Linien durch
Addition und Subtraktion® Eukrups ebenfalls allgemeinere
Formen zu finden, und dies scheint ihm nicht gelungen
zu sein.

Man konnte denken, AporronNius wollte Ausdriicke von der

Form Va-'ﬁli»;“]/.c— untersuchen. Solche lassen aber nie eine
Vereinfachung zu, wie eine leichte Rechnung ergeben wird.
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Natiirlich nehmen wir an, daB ¥b und yc nicht etwa kom-
mensurabel zu einander sind. Ist dies der Fall, z. B. vorgelegt

1 4+ Y2 + 18, so laBt sich der Ausdruck durch ein Euklidi-

sches Binomium ersetzen, in unserem Fall durch 1 -+ 1/ 18, —
Wir wollen fiir einen Augenblick setzen, dhnlich wie oben S. 20:
Va 490 +Ye=o +y 42 .

«, y und z seien einfache Irrationalititen von der Form ym
oder, aber hochstens in einem Falle, = m. Ohne Schaden fiir
die Allgemeinheit der Untersuchung diirfen wir m als ganze Zahl
annehmen. Auch von den Gréflen 2, ¥ und z sollen nicht etwa
zwei miteinander kommensurabel sein.

Es wird

(x +y +2)22 =24+ y® +22 22y + 222 + 2y=z.

Die drei ersten Glieder rechts sind ganze Zahlen, die drei
letzten samtlich Quadratwurzeln aus solchen, und untereinander
nicht kommensurabel, wenn «, ¥, z es nicht sind. Wire ferner
etwa 2 » y gleich einer ganzen Zahl, so miiliten « und y sich wie
ganze Zahlen zueinander verhalten, was doch ausgeschlossen
war. -- Rechts steht also erst eine gauze Zahl, nimlich 22 - 42
+4- 2%, und dann folgen drei einfache Quadratwurzeln, die sich
nicht etwa auf zwei reduzieren lassen.

Wir haben hiermit nachgewiesen, dall wohl ein viergliedriger
Ausdruck von der Form a ]/1) -+ }/c -+ 1/(:{ das Quadrat
eines dhnlichen dreiglicdrigen sein kann, aber niemals ein drei-
glicdriger selbst.

Gleichwohl untersucht ArorroNitvs Ausdriicke von der Form
« + ¥ - 2, indem er etwa die Bedingungen stellt: es sei 22 + »2
rational, also = m, ebenso a? 4 22 =m’, dagegen 2 yz sei
medial, = Yn (§ 22). Wir vermogen in diesen Dingen nur ein
,,Jeeres Spiel des Kalkiils zu erkennen und werden uns nicht
weiter damit befassen, zumal wir zu den Analysen von WOEPCKE
und CyasLEs kaum etwas hinzuzufiigen haben.

Nur auf drei Fragen wollen wir eingehen: auf die erweiterte
Mediale und Apotome, von denen schon S. 26 die Rede war,
und auf den Namen der ,,ungeordneten‘ Irrational-Linien.

Zur Medial-Linie heifit es (§ 22 Anfang): Wir kénnen zwischen
zwei rationalen, in Potenz kommensurablen Linien — wie 1 und
¥2 — nicht nur eine mittlere Proportionale nehmen, sondern
auch 3, 4 und mehr.

Eine mittlere Proportionale fiihrt auf J2, die Medial-Linie
Evkrips. Wenn namlich
4

iz =2:)2, so ist x = }2.
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Wir wollen auch den Fall von zwei Zwischengliedern nehmen,
der allerdings im Texte fehlt. Es wird

l:2=a:y=y:Y2 und hicraus

@ =2, Y = ‘VZ

Bei drei ,,mittleren Proportionalen entsteht die Reihe:

L V2, 12,78, Y2 oder 20, 2% 21 24 2% hei vier Zwischen-
gliedern:

V2, Y2, Y8, V4, 12 oder
20 20,1 20,2 20,3 204 205

Es treten also nicht nur 4., 8., 16. Wurzeln auf, dic sich
elementar-geometrisch konstruieren lassen, sondern auch 5. Wur-
zeln, und wenn man den Fall von zwei Zwischengliedern mit-
nimmt, 3. Wurzeln usw. —

Hiergegen sprechen nun mehrere Bedenken.

Zunichst wenn man auf J2 und J2 kommen will, so ist es
nicht notig, von 1 und J2 auszugehen, sondern es liegt doch
niher, 1 und 2 als Endglieder zu nehmen. 1m Falle der 3. Wurzel
oder des Delischen Problems wiiren allgemein zwei mittlere
Proportionalen einzuschalten zwischen zwei Linien, die sich wie
Zahlen, aber nicht gerade wie Kubikzahlen verhalten.

Ferner muf} es auffallen, dal unser Text gar nicht von zwes
mittleren Proportionalen redet, sondern daf3 es heifit: 3, 4 und
mehr. Unsere Vermutung ist diese. Es hat wurspringlich
geheiflen: 3, 7 und mehr. Die weiteren zu erginzenden Zahlen
sind 15, 31, allgemein 27" — 1. Das arabische Zahlwort fiir 4 hat
einige Ahnlichkeit mit dem Worte fiir 7, so daf} ein Versehen
wohl moglich ist. Schalten wir zwischen 1 und v2 drei mittlere
Proportionalen cin, so kommen wir auf 8. Wurzeln, bei sichen
auf 16. Wurzeln. Alle diese sind geomelrisch lonstruierbar,
wahrend etwa die 5. Wurzel fiir dic klassische griechische Geome-
trie vollig abseits lag.

Eine Korrektur des Textes ist auf jeden Fall notig. WOEPCKE
scheint allerdings am Text keinen Anstol3 genommen zu haben,
dagegen SUTER fiigt als scine Vormutung zwei mittlere Propor-
tionale hinzu, so dal es heilen wiirde: 2, 3, 4 und mehr. Die
von uns vorgesch]avenc Losung der bchwwrlgkelt wiirde gut
passen zu der schon einmal (oben 8. 17) erwithnten Vermutung
Hrrsrras, dafl der Satz 115 im 10. Buch EukLips von APOLLO-
~N1Us herriihrt, also interpoliert ist. Dieser Satz sagt namlich:
aus ciner Medial-Linie kénnen unzéhlige Irrational-Linien ent-
stehen; das Verfahren ist die immer wiederholte Einschaltung
cines geometrischen Mittels, so daf3 8., 16. usw. Wurzeln gebildet

wordenl?)
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Nun zur Apotome. EUKLID hat die zweigliedrige Apotome

vom Typus 5 — V5. Unser Kommentar sagt dazu, in § 23,
von der subtrahierten Linie wird eine weitere ,,rationale Linie

weggenommen.  WOEPCKE hat hierbei an }5 — }/3 gedacht,
wodurch man allerdings nicht weiter kommt. Die richtige Auf-

fassung ist wohl die, man soll vorliufig Y5 — 3 bilden und

dann die so erhaltene Linie anstatt 15 vom ersten Gliede, nim-
lich von 5, abzichen; auf diese Weise entsteht

5— (5 — y3),
und dies ist in der Tat eine dreigliedrige Apotome.

Die viergliedrige Apotome wiire bei unserer Auffassung des
Textes von dem Typus
(Y5 — (3 — y2). —»

Endlich die Frage der ungeordneten Irrationalen. Welchen
Sinn hat der Name ,,gcordnete Irrational-Linien* fiir die des
Evuxrip, im Gegensatz zu den ,,ungeordneten** des APOLLONIUS ?

ProkLus braucht in seinem Kommentar (S. 220) dieselben
Ausdriicke fiir Probleme: geurdnet sind solche, die eine Losung
haben, gemischt die mit einer endlichen Anzahl von Losungen,
endlich ungeordnet solche Aufgaben, dic wnendlich viele Losungen
zulassen,

Man konnte sich nun denken, wenn die Linien von der Linge
1 und y2 gegeben sind, so ist durch sie eine Euklidische Mediale,

]
etn Binomium und eine Apoteme bestimmt, namlich y2, 1 4 y2
und ]/2 — 1. Aus diesen lassen sich aber unbestimmt viele
Irrational-Linien des APoLLONTUS ableiten, nimlich die Medialen

N i -
V2, “}/2 usw., die Binomien 1 4 2 + y3, 1 4 ¥2 + 5 usw., Apo-
tomen etwa J2 — (1 — 1) usw. —

Man mag diese Deutung, wenigstens fiir die Binomien und
Apotomen, etwas oberflichlich finden. In der Tat ist die richtige
Auffassung doch die, dal das Ruklidische Binomium durch
zwei Stiicke bestimmt ist, die angefiihrten Binomien des AroLLo-
N1Us durch drei, von denen das dritte genau so wichtig ist wie die
beiden ersten.

Aber wir miissen bedenken, dal dic Arbeit des AporLoNIUs
durchaus auf den Voraussetzungen der ,,Elemente beruht.
Eine selbstandige Definition der dreigliedrigen Apotome wiirde
z. B. lauten: zwei Linien werden addiert und eine dritte davon
abgezogen. AproLLonius aber geht von der Euklidischen Fest-
setzung aus und ersetzt nur den Subtrahenden durch einen
anderen.

5
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NOCH EINIGE MATHEMATISCHE ERKLARUNGEN.
Der erste Teil des Kommentars bringt die philosophischen Grund-
lagen der Theorie des Irrationalen: besprochen werden die
Auffassungen von Prato und AristoreLEs und die Begriffe
Map, kommensurabel, rational; es folgen einige Bemerkungen
iiber die Irrationalititen Evukrips und des APoLLon1Us, und
endlich wird eine Einteilung des 10. Buches gegeben.

Der zweite Teil geht genauer auf die irrationalen Linien durch
Addition und durch Subtraktion ein, die wir oben mit /a und Is
bezeichnet haben. Einige mathematische Schwierigkeiten des
Textes, die nur kurzer Erklarung bediirfen, sind in den Anmer-
kungcn erledigt. Dagegen erfordern wohl die §§ 10, 19 und 26
eine etwas ausfithrlichere Wiedergabe in modernen Zeichen.

§ 10 handelt von den drei ersten e und ls. Hier sind die
Stiicke z und g, die addiert oder subtrahiert werden, zuecinander
kommensurabel in Potenz, aber nicht in Lange. Es wird nun die

Bemerkung gemacht: je nachdem 2 + y% = m oder = }m,
also rational oder medial ist, sind auch « und y selbst rational

oder medial, das heilt == }n oder == Vn

Dies ist leicht einzusehen. Da namlich 22 kommensurabel zu
y? sein soll, so ist auch jede dieser GroBlen kommensurabel zu
x? + 2.  Die Gleichung 2?2 + y2 = m hat also zur Folge
2?2 =m und %% =m". Ebenso folgt im anderen Falle aus
2% 4 y? = Ym, daBl 2% =m' Ym und y2 = m’" Ym.

Der erste Fall fithrt auf le, und /s,, Binomium und Apotome,
der zweite auf la,, la,, ls, und ls,, die ja samtlich durch Zu-
sammenfiigung medialer Linien entstehen. —

In § 19 wird entwickelt: wenn zwei Stiicke « und y zusammen
eine Linie durch Addition la ergeben, so ist das harmonische
Mittel aus « und y die entsprechende ls.

Wir erwihnten schon S. 17, dafl das harmonische Mittel
zwischen x und y dargestellt ist durch

2ay oder 2xy (x — 1/)
z+y vy

Wenn nun « -+ y =la, so ist x — y =1Is, und zwar von
derselben Ordnung, sogar von denselben ,,Namen‘‘, wie es bei

den Griechen heifit, d. h. von denselben Komponenten. Wir
DA

haben nur zu zeigen, dafl der Faktor :xy - von der Form
at—y
Ym ist und deswegen die Ordnung von ls nicht beeinfluBt.
Wir benutzen wieder die Formel (3) von 8. 23 und zwar zerlegt:
v+ y=74 + B, } .
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z und y seien der Einfachheit halber als Zahlen gedacht, der
Faktor r mag wegbleiben. Es folgt
@ — g = Y42 — B,
Durch Addition bez. Subtraktion der Gleichungen (3a) er-
gibt sich
22 =yY4+B+YJA—B
2y=yA + B—y4— B
4 Y = 2B
2ry=2~R
Da von A und B die Form }m vorausgesetzt ist, so haben auch
2 o y und 2*> — y?* dieselbe Form, ebenso ihr Quotient, und dies
war zu beweisen.
Als Beispiel sei eine 6. Linie durch Addition oder Subtraktion
vorgelegt, namlich

piy=Vis ey )P VV’

Es folgt oyt =15
2ry =3 =
a— gt = 2.

Das harmonische Mittel aus @ und y ist

W(

2

2 — ), und dieser Ausdruck ist fiir

EvuxkLip gleichartig mit x — y. —
Endlich § 26 besagt in unseren Zeichen:

i
la® entweder = Ym -7 -la, oder = Vm r-lag,

ls? entweder = ll/m-'r-lg2 oder = ]/m r18q. —

Wir hatten gesehen, dafl nach Definition la® =7 -bn ist
(oben S. 24). Aus den dortigen Formeln und Beispielen wird
der Leser auch ersehen, daf} la, und la, sich durch den Faktor

Vm unterscheiden von la, oder, was ja dasselbe ist, von bn,
wihrend der Faktor m auf die Art der Linie ohne KinfluB ist.
Entsprechendes gilt von /s und e¢p. Hiermit ist unser Satz
bewiesen.

Als Beispiel nehmen wir, dhnlich wie soeben und wieder ohne
den Faktor r: )

la* = {5 + V3.

Fiir m sei 2 gesetzt und also gefragt: von welcher Art ist z, wenn
die Gleichung gilt

V5 43 =72z
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Offenbar wird

1 — | ~ .
2 == {/; h/.’i - ]/3, = ]/2 (]/; 4 ‘/g)

Dies ist eine la,.
Eine la, entqteht wenn wir m = 15 wihlen, nimlich

oy (15 1) = (l/ *V)

8 2
Das Quadrat ist = y15 ( ]/ ) —}lr’ 4- 2, und dies ist

ein bn,, denn das erste Glied der rechten Seite enthalt eine
Wurzel und ist groller als das zweite.
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Harmonices mundi, Anfang.

Proclus in Euclidem, ed. Friedlein, Leipzig 1873, S. 68 und 71.

Bei HEroN gibt es eine bisher nicht beachtete Stelle, s. Bd. 3,
ed. SCHOENE, Lpzg. 1903, S. 18, Z. 22; &nel odv x dnmiv v mhevpav
odx ¥#youot, da nun 720 eine rationale Wurzel nicht hat. Die Stelle
fehlt im Register unter gntég. —- Fiir DiopnanT 8. das Register
der TeusNER’schen Ausgabe (ed. TANNERY, Lpzg. 1893—95).

Die ersten Sitze des 10. Buches bilden zwar den Anfang einer Theorie
kommensurabler und inkommensurabler Gréfen. Aber diese Theorie
wird nicht durchgefiihrt. Euklid verstrickt sich in eine Terminologie,
die doch immer an Linien und Fléchen haften bleibt. Fiir den von
uns angegebenen Zweck des 10. Buches, nimlich die Untersuchung der
Kanten der reguléaren Korper, ist dies ja auch kein Schade.

Unser Pappus-Kommentar geht auf dies sachgemife, freilich etwas
schwierige Kuklidische Kriterium nur einmal kurz ein, némlich in § 24
des zweiten Teiles. Grofle Stiicke des Kommentars (IT §§ 6—16)
scheinen geradezu in derAbsicht geschrieben, das Euklidische Kriterium
entbehrlich zu machen.

Dies ist die gewohnliche Bezeichnung unseres Kommentars, und
entsprechend gibt es die ,,Linien durch Subtraktion‘. Auch in den
griechischen Scholien heifit es ,,Hai kata synthesin hex alogoi'’, z. B.
Scholion Nr. 189, 204, 309, 358, 359. — Siehe auch Euklid ed. Heiberg
IIT 8. 107 Anm. 20 und S. 224 Anm. 5.

In Euklids Text hei3t es nur (Bd. III 8. 222, Z. 9),,das Binomium
und die darauf (folgenden) Irrationalen'‘; S. 224, 4 einfach: ,, Die
Irrationalen‘. Entsprechend fiir Apotome usw. S. 352, 18 und
354, 14ff.

Daf3 Theitoet sich mit der Form VS — 15 beschéftigt hat, ist zwar
nicht unmittelbar bezeugt; cs ist aber wahrscheinlich, denn 1. ge-
winnt die Apotome, die Theédtet eingefiihrt haben soll, erst Inter-
esse durch eine solche weitergehende Betrachtung; und 2. wird
Thedtet die Behandlung der regulidren Korper zugeschrieben, sogar
die Konstruktion von Oktaeder und Ikosaeder (s. EVA Sacas a. a. O.
S. 29 und 76-—87). Beim lkosaeder tritt aber gerade die Form

V.") - 1/5 auf.

DerVerfasser hat schon einmal darauf hingewiesen, da wahrscheinlich
der Anfang der 3. Definition des 10. Buches (Euklid ed. Hoiberg Bd. V,
S. 2, Z. 9—12) auch interpoliert ist. Hier werden die unendlich vielen
Irrational-Linien erwihnt, womit wahrscheinlich auf die immer wieder
eingeschalteten mittleren Proportionalen angespielt ist; siehe Jahres-
bericht der Deutschen Mathematiker Vereinigung Band 35, S. 170.

'8 Die Auffassung SUTERS (Beitrige S. 67 Nr. 8) scheitert doch wohl an

der klaren Bedeutung des Euklidischen Wortes prosarmozousa =
Subtrahendus.
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INTRODUCTION

by WiLLiam THOMSON.

I. DESCRIPTION OF THE M. S.

The commentary of Pappus on the tenth book of Euclid’s
Elements is preserved only in Arabic, and the Arabic text is
to be found, so far as is yet known, only in MS. 2457 of the
Bibliothéque Nationale in Paris!. This manuscript contains
some fifty treatises, of which Nos. 5 and 6 constitute our
commentary. The whole manuscript has been described by
F. WoEerckE in his Hssar d’une restitution de travauwzx perdus
d’ Apollonius sur les quantités irrationnelles (Paris 1856)2, where
WoxrrcKE also gives a fairly accurate analysis of the content
of our commentary and quotes four extracts from the manu-
seript with translations (pp. 57—63, 28—45). WogrckE also
published, anonymously, and without date or place of publication,
the full text of the commentary with the title, 17'he commentary
on the tenth book of Kuclid’s Elements by Bls, and his work
cannot be praised too highly, especially if one considers the
nature of the subject in the first part of the commentary and
the state of the manuscript, which is written for the most part
without the usual diacritical marks that ordinarily distinguish
similarly formed letters in Arabic.

In 1922 a translation of WoEePCcKE’s text by HEINRICH SUTER
was published posthumously in Abhandlungen zur Geschichte
der Naturwissenschaften und der Medizin, Erlangen. Heft 1V,
Pp- 9—78, under the title of Der Kommentar des Pappus
zum X. Buche des Euklides. As Dr. JUNGE has observed,
SuTER’s translation is on the whole reliable, so far as
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the mathematical content of the commentary is concerned.
Nevertheless it has its defects. SUTER evidently did not consult
the MS., as might be conjectured from statements which he has
made, on pages 1 and 3 of his Einleitung. His translation re-
produces, therefore, for the most part, the errors of WoEPCckE’s
text3, and occasionally misrepresents the text entirely, especially
when philosophical ideas are introduced?. Sometimes indeed it is
misleading even when it deals with mathematics. For example,
in his notes, 54, 65, and 85, SUTER supposes that Pappus had
abandoned the Euclidian idea of rationality and had approached
that of Diophantes. But in each case SUTER’s notes are based on
mistranslations of the Arabic text, for, as will be shown later,
Pappus uses the terms, rational and irrational, in this commen-
tary at least, in their Euclidian signification®.

On page 17 of his Kssai WoOEPCKE assigns the commentary
to Valens; in all probability, he says, the astronomer, Vettius
Valens, of the time of Ptolemy. SuTER discusses this suggestion
in the first two pages of his Einleitung and rightly assumes
that Pappus was the author, pointing out that the Fihrist
ascribes a commentary on Book X to Pappus but makes no
reference to Valens in this connection. SUTER has omitted,
however, an important point, namely, that the Fihrist states
that the commentary of Pappus was in two books, like the
present commentary.

The source of WOEPCKE’s error was his reading of the con-
sonantal skeleton of the author’s name as Bls. SUTER quite
correctly suggests that the L may be a B with a longer upward
stroke than is usual. But as he did not, apparently, consult the
MS., he was unable to state positively that WoEPCKE’s reading
was false. As a matter of fact, however, WoEPCKE was deceived
by a trick of the Arab copyist, who almost invariably prolongs
the second letter upward more than is usual, whenever three
such letters as B, T', Th, N, or Y, follow one-another in succession
in an Arabic word®: and two B’s followed by an S present the
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same general pattern and would be subject to the same treatment.
Hence, probably, the unusual length upward of the second B
of the name and WOEPCKE’s conjecturc concerning Valens.

Although SuTEr ascribes the commentary in general to
Pappus, he raises the question whether (in its present form) it
represents the original work of the author of the famous Collec-
tiones, so astonishingly prolix appears to him the discussion, so
frequent the repetitions, so many the omissions, and so con-
fusingly obscurc oftentimes the expression’. He acknowledges,
indeed, that prolixity and repetitiousness are rather common
characteristics of Greek mathematics, but the omissions and
the obscurity of cxpression he imputes to the Arab translator
and copyist. SUTER’s judgment is, however, unjust, as, it is
hoped, the present translation will prove. Not only is the
commentary, as SUTER himseclf says (p. 73), well constructed,
which opinion seems to contradict the charge of the many
omissions, it is also for the most part lucid in statement, a good
example of the best period of Arab translation.

SUTER again raises the question of authorship in the last
paragraph of his Anhang (p.78). Some of the ideas expressed
in the commentary (cf. especially Part I, para. 9) are in his
opinion Neoplatonic in character and impell him, thercfore, to
agk whether, in the last analysis, the authorship should not be
ageribed to Proclus, whose commentary on Euclid may have
covered the whole of the Elements and not merely Book 1, as it
now stands.

The answer to SUTER’s query is simple. Not one of the philoso-
phical ideas in Part I of the commentary is peculiarly Neopla-
tonic®. The doctrine of the Threeness of things that appears in
Part I, para. 9, is found in Aristotle® and goes back to the early
Pythagoreans or to Homer even; paragraph 8 is mathematical
in content rather than philosophical, SUTER notwithstanding,
although there is an allusion in it to the Monad as the principle
of finitudes, again a very early Pythagorean doctrine!’; and
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these two paragraphs are the source of SUTER’s suggestion
of the authorship of Proclus!!. As a matter of fact, the philoso-
phical notions in Part I have been borrowed for the most part
directly from Plato, with two or three cxceptions that are
Aristotelian in origin. PrATO’s Theaetetus, Parmenides, and the
Laws, are specifically mentioned!®>. 'The Timaeus forms the
background of much of the thought!®. And the Platonism of a
mathematician of the turn of the third century A. D. need not
surprisc us, if we but recall Aristotle’s accusation that the
Academy tended to turn philosophy into mathematies!4.

It is also problematical whether Proclus could have ever
written such a clear, sober, and concise picce of work. His
predominant interest in any subject, even mathematics, is always
the epistemological aspect of it. He must ever inquire into the
how and the why of the knowledge relevant to that subject, and
its kind or kinds!; and such speculation is apt with him to
intrude into the discussion of even a definition or proposition?®.

Morcover Proclus can never forego theologizing in the Pytha-
gorean vein. Mathematical forms are for him but veils concealing
from the vulgar gaze divine things'’. 'Thus right angles are
symbols of virtue, or images of perfection and invariable encrgy,
of limitation, intellectual finitude, and the like, and are ascribed
to the Gods which proceed into the universe as the authors of the
invariable providence of inferiors, whereas acute and obtuse
angles are symbols of vice, or images of unceasing progression,
division, partition, and infinity, and are ascribed to the Gods
who give progression, motion, and a variety of powers!s.

This epistemological interest and this tendency to symbolism
are entirely lacking in our commentary; and another trait
peculiar to Proclus is also absent, namely, his inordinate pedantry,
his fondness of quoting all kinds of opinions from all sorts of
ancient thinkers and of citing these by name with pedagogical
finicalness. Obviously the author of our commentary had a
philosophical turn of mind, but he was a temperate thinker
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compared with Proclus. His philosophy is the handmaid of his
mathematics, serving to give his mathematical notions a more
or less firm metaphysical basis and no more. Philosophical
ideas do not seem to have interested him for their own sake.

The superscription of Part I and the postscript of Part IT give
the Arab translator as Aba ‘Uthman Al-Dimishqi. According
to Ibn Abi Useibia (ed., A. MULLER, 1884), p. 234 (cf. p. 205),
Aba <Uthman Said Ibn Ya‘qub Al-Dimishqi was a famous
physician of Bagdad attached to the person of the vizier of that
time, <447 Lbn “Isd@, who in the year 302 H. (i. ¢., 914 A. D.) built
and endowed a hospital in Bagdad and put Al-Dimishqi in charge
not only of it but of all the hospitals in Bagdad, Mecca, and
Medina. Al-Dimishqi flourished, therefore, in the first quarter
of the tenth century.

He was famous not only as a physician but also as an author
and translator!®. According to Al-Qifti he wrote some books on
medicine® and also a commentary on Ishaq’s translation of the
commentaries of Ammonius and Alexander of Aphrodisias on
Aristotle’s Topics?!. He is most often cited, however, as a transla-
tor of philosophical, medical, and mathematical works.

Of his translations the following are recorded: (1) The fourth
book of Aristotle’s Physics (The Fihrist, p. 250), (2) Books 1, 2,
and part of 3, of the commentary of Alexander of Aphrodisias
on the fourth book of Aristotle’s Physies (Al-Qifti, p. 38, 1. 18)%2,
(3) Aristotle’s De Generatione ¢t Corruptione (The Fihrist,
p- 251, Al-Qifti, p. 40, 1. 18), (4) Seven books of Aristotle’s
Topics (The Fihrist, p. 249, Al-Qifti, p. 36, 1. 19), (5) Porphyry’s
Isagoge (The Fihrist, p. 253, Al-Qifti, p. 257, 1. 6)%, (6) An
abstract of Galen’s book on the qualities (i. e. of character), the
De Moribus, (LIbn Abi Useibia, p. 234), (7) An abstract of Galen’s
Little Book on the Pulse, the De Pulsibus ad Tirones or the Book
on the Pulse to Teuthras and other beginners (Ibn Abi Useibia,
p. 234)%, (8) Several books of Euclid, of which Al-Nadim, the
author of The Fihrist, saw the tenth in the library of ‘Ali 1bn
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Ahmad Al-Imrani (died 344 H., i. e. 955/56 A. D.) in Mosul
(The Fihrist, p. 265, Al-Qifti, p. 64, 1. 5), (9) The commentary
of Pappus on Book X of Euclid (MS. 2457 of the Bibliothéque
Nationale in Paris). Al-Dimishqi is also said to have revised
and improved many translations made by others (The Fihrist,
p- 244), but this statement could quite well refer to some of
the works alrcady mentioned, as, for instance, his translations of
Euclid and Aristotle®.

The postscript to Part 11T (Book 11 of the Treatise) states that
this copy of the commentary was written by Ahmad Ibn Mu-
hammad Ibn “Abd Al-Jalil in Shirdz in the month of Jumada 1.
of the year 358 H (March 969 A.D.). According to WOEPCKE
the whole MS. 2457 of the Bibliothéque Nationale is an auto-
graph of this well-known Persian geometer. On page 14 of his
Essai he says: — “Les cent quatre-vingt-douze premiers feuillets
du volume présentent une seule et méme éeriture. Ainsi que
Iattestent les post-scriptum ci-dessus mentionnés, cette partie a
été¢ éerite a Chiraz, principalement pendant les années 969 et
970 de notre ¢re, par le géométre Ahmad Ben Mohammed Ben
Abd-al-jalil Alsidjzi, qui formait probablement ce recueil pour
son propre usage. Depuis le folio 192 v? a 216 v°, on trouve une
ou plutot plusieurs éeritures, différentes de celle de la premiére
partie du volume, mais qui, cependant, en quelques endroits,
ressemblent beaucoup a cette derniére écriture. Les trois der-
niers feuillets, 217 a 219, sont d’une déeriture complétement
différente”.

In his Die Mathematiker und Astronomen der Araber wnd thre
Werke SuTer accepted Worrcke’s judgment of the MS. with the
proviso that Al-Sijzi must have written it as a very young man
of about twenty years of age, since he was a contempory of
Al-Birani (972/3—1048 A.D.). Later, in 1916, however, he
revised his judgment, and in his Uber die Ausmessung der Parabel
von Thabit b. Kurra al-Harrani, p. 65,2 he questions whether
Al-Sijz1 wrote even those parts which have postseripts stating
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that he did so. Postseripts, he remarks, were often copied by
later copyists, and there are so many omissions, repetitions,
and bad figures, for example, in the treatise on the paraboloids
(MS. 2457, 24°, Fol. Y5 v®—122 ¥%) that it is impossible to believe
that such a good geometer as Al-Sijzi is known to have been,
ever wrote it. In his Der Kommentar des Pappus zum X. Buche
des Kullides (1922) SuTer does not mention Al-Sijzl at all.

SUTER’s argument is not very convinecing. TPostseripts were
occasionally copied by later copyists mechanically, but the later
copyist usually appended his own name to the MS. also; and the
accusations which SurTkr levels against the MS. of Thabit’s
work on the paraboloids, are the same, with the exception of
that concerning bad figures, as those which he has hrought
against the MS. of the present commentary on Book X of Kuelid,
which will be found, it is hoped, unjustified. Al-Sijz1 also, as
SuTkr has said, may have been quite young when he wrote
his copies, although this also is subject to doubt, since he seems
to have been already well known as a mathematician. He may,
of course, have developed his mathematical genius carly
in life, but SuTer’s argument would not be improved by
this fact.

The noteworthy points concerning MS. 2457 are as follows. 1t
contains five treatises which arc described as the work of Al-
Sijzi himself, viz., 10 (Fol. 52 v'—53 v?), 27% (Fol. 136 v,
1. 5—137 ), 280 (Fol. 137 v0—1391Y), 310 (Fol. 151 r—156 v°,
1. 11), 46° (Fol. 195 v*—198 ). Three of these, 10°, 27° and
289, are letters of Al-Sijzi on mathematical subjects, the other
two are treatises by him. 279 is dated, Oct., 970; 280, Keb., 972;
but the place of writing is in neither case given. 31° is undated,
but was written in Shiraz. Significant, perhaps, is the fact
that 46° occurs in that part of the MS. where WogpckE found
*“Une ou plutot plusieurs écritures différentes de celle de la premiére
partic du volume, mais qui, cependant, en quelques endroits,
ressemblent beaucoup & cette derniére écriture.



Four treatises are stated to have been copied by Al-Sijzi, viz.,
19 (Fol. 1 1%—18 v0), 59—6° (Fol. 23 v0—42 v), 15° (Fol. 60 1'—75v?).
These are said to have been written in Shiraz, the first three in
the year, 969, the last in the year, 970. They are all by the same
hand, occuring in the first 192 leaves.

Seven treatises, according to the postscripts, were written in
Shirdz, viz., 14" (Fol. 59 1", 1. 18—601?, 1. 8), 16° (Fol. 76 1*—78
), 24° (Fol. 95 v0'—122 19), 26" (Fol. 134 v°, 1. 14—136 v",
1. 4), 320 (Fol. 156 v°, 1. 12—160 1, 1. 4), 380 (Fol. 170 v",
L 12—180 v°, 1. 7), 41° (Fol. 181 v", 1. 16—187 % [. 12),
240, 26", 38", and 41° in the year, 969, 14" and 32° in the year,

970. 16" has no date, but was copied from a text of Nazif

Ibn Yomn, as was 15° which is dated 970. The name of the
copyist is not given in any of these treatise, but they arve all
by the same hand as those alrcady mentioned.

The treatises in the MS. deal predominantly with mathematical
or astronomical subjects.  One or two, such as 3" and 49, have
topics belonging to the field of physics; one, 220 treats of
medicine. It i also perhaps worthy of observation that eleven
of the treatises are devoted to the consideration of irrationals,
viz., 5% 6° (our commentary), 7° 169, 18° 340 390 419, 420
48 and 51°.

All of the works, therefore, attributed to Al-Sijzi, or stated to
have been copied by him or written in Shirdaz, fall within the
first 192 leaves, which are the work of one hand, excepting only
469, a treatise of Al Sijzi on the measurement of spheres by means
of spheres, which oceurs in that part of the MS., where, as
WoErPCckE says, we find “Une ou plutot plusieurs écritures
différentes de celle de la premiére partie du volume, mais qui,
cependant, en quelques endroits, ressemblent beaucoup & cette
derniére éeriture”. Even if, therefore, 46° were shown to be an
autograph of Al-Sijzi, that would not prove that the whole MS.,
with the exception of the last three leaves, is, as WorpckEe
claims, the work of Al-Sijzi. In the second part of the MS.,
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moreover, there is no date except at the end of a table of contents
to the whole MS. (Fol. 215 v®—216 v?), and this date is the eleventh
of Muharram of the year 657 H. (the eighth Jan., 1259 A.D.).

In view, therefore, of the facts that have just been set forth,
the most reasonable assumption would appear to be that the
first part of the MS. (Fol. 1—192) constitutes a collection formed
by Al-Sijzi and written in his own hand, but that the second part
(Fol. 192—216)?7 is another collection of the same type added to
the first at a later date. The later collection contains works by
the same authors as the first, and it is not necessary to suppose
that they were written much later than those in the first collec-
tion, if at all. It is quite possible that 46°, the treatisc by Al-
Sijzi, is in his own hand. But it is to be presumed that the
second collection was added to the first in the year 1259, when
a table of contents was supplied for the whole MS. No.71° (Fol.
217 r*—219 v°) would be added later. It deals with irrationals,
the subject which bulks most in the whole collection.

Abmad 1bn Muhammad 1bn <Abd Al-Jalil Abd Sa‘id Al-Svjzi®®
was a contemporary of Al Biruni (972/3—1048 A.D.), but his
exact dates are uncertain. 1In his Chronologie Orientalischer
Vilker®, p. 42, Al-Birlini states that he personally heard Al-
Sijzi citing the names of the Persian months on the authority
of the ancients of Sijistdn. On the other hand, in his treatise on
the trisection of an angle® Al-Sijzi quotes three propositions from
Al-Birtini; and the latter also wrote him concerning a proof of
the theory of sines3l. One of Al-Sijzi’s works is dedicated to
‘Adud Al-Daulah, who reigned from 949 to 982 A.D.32, another
to an Alid emir, Al Malik Al-‘Adil Aba Ja‘far Ahmad Ibn
Muhammad.

On the basis of his being a contemporary of Al Biriini, SUTER
gives as approximate dates for Al-Sijzi’s life, 951—1024 A.D.,
which would make him a young man of about eighteen years of
age in 969, when he was active in Shiraz both as a copyist and
as an original writer on mathematical subjects. But it seems
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certain from the facts that have been advanced, that he was
already a mathematician of some note, and he might quite well
have been born ten years earlier and still remain a contemporary
of Al-Biruni.

None of his works have yet been published33, but one or two
have been discussed by European scholars. 'These are: —
(1) On lines drawn through given points tn giwen circles (MS.
2458, 19, of the Bibl. Nat., Paris) by L. A. Sédillot in Notices
et Extraits des MSS. de la Bibliothéque Nationale, 1838, t. 13,
pp. 126—150, (2) On the determination of definite mathematical
rules (MS. 2458, 20) by L. A. Sédillot (ibid.), (3) On the solution
of certain propositions from the Book of Lemmas of Archimedes
(MS. 2458, 3% by L. A. Sédillot (ibid.), (4) Concerning conic
sections (Leyden, 995) by F. Worrcke in Notices et [atraits,
1874, t. 22, pp. 112—115, (5) Concerning the division of an angle
wnto three equal parts and the construction of a reqular heptagon in a
circle (Leyden, 996) (Cairo, 203) by F. Worrcke in L’ Algebre
d’Omar Alkhayyami, pp. 117—127 and by C. Scnoy in Graeco-
arabische Studien, lsis, 8, pp. 21—35, 1926 (Translation),
(6) On the attainment of the twelve proportions in the plain trans-
versal figure by means of one operation (Leyden, 997) by H. Bur-
¢erR and K. Kour. in Abkandlungen zur Geschichte der Natur-
wissenschaften und der Medizin, Heft 7, Erlangen, 1924, (Thabits
Werk aber den Transversalensatz, A. BJIORNBO, pp. 49—53b).

The rest of Al-Sijzi’s works lie buried in manuseript in the
libraries of Europe or throughout the East. In the libraries of
Europe we find: —

(1) A letter on the solution of a problem from the Book of Yihanna
b. Yasuf, namely, the division of a straight line into two equal
narts, together with a demonstration of Yuahanna's error
therein (MS. 2457, 10°, of the Bibliothéque Nationale).

(2) A letter to Abw “Alv Nazif Ibn Yomn on the construction of an
acute-angle triangle by means of (from ? ) two unequal straight
lines (MS. 2457, 279).
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(3) On the solutions of ten problems proposed to him by a certain
geometer of Shiraz (MS. 2457,319).

(4) On lines drawn through given points in given circles (MS.
2458,19, of the Bibliothéque Nationale).

(5) On the determination of definite mathematical rules (MS.
2458,29).

(6) A letter contarning answers to questions addressed to him con-
cerning the solution of propositions from the Book of Lemmas
of Archimedes (MS. 2458,39).

(7) On the trisection of an angle (Leyden, 996) (Cairo, 203).

(8) On the construction of a regular heptagon (Cairo, 203).

(9) Demonstration of certain propositions of Euclid, Al-Sijzi’s
solution of proposition 2, Book [ (India Office, 734,14).

(10) On the measurement of spheres by means of spheres (MS.
2457,46 of the Bibliothéque Nationale).

(11) On the attainment of the 12 proportions in the plain transversal
figure by means of one operation (Leyden, 997).

(12) On the relation of a hyperbola lo its asymptotes (Leyden, 998).

(13) A letter to the Shatkh, Abw'l- Husain Muhammad Ibn <Abd
Al-Jalil, on the sections produced wn paraboloids and hyper-
boloids of revolution (MS. 2457,28°, of the Bibliothéque
Nationale).

(14) On conic sections (Leyden, 995).

(15) On the use of an instrument whereby extensions (distances)
are known, and on the construction of this instrument (Leyden,
999)34,

(16) On the astrolabe and its wse (Only in Hajji Khalifa, vol. LI,
p- 366).

(17) A collection of astrological works, named Al-Jami‘w’l-Shahi.
(776 of the Supplement to the catalogue of Arabic MSS. in
the British Museum, p. 527), containing: —

1. An wntroduction to astrology (Fol. 3).
2. Canons used by astrologers in determining fate by the stars
(Fol. 17) (British Mus. (1838) 415, 9, p. 198, is identical).
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12.
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. An abridgement of the Book of Horoscopes of Abiu

Ma‘shar, in 33 chapters (Fol. 19)%.

. The book of the Za’irjat, on horoscopes (Fol. 27).
. An abridgement of the Book of the revolution of the birth-

years of Abu Ma‘shar (Fol. 30).

Uri, Bodleian, Oxford (1787), MS. 948, p. 206, seems
identical, but the title runs: The revolutions of the years
for the purpose of nativities, which seems the better title.
Hajji Khalifa has, “The book of the revolutions (Vol. v.
p. 60).

6686,2 of the Bibliothéque Nationale (nouvelles
acquisitions), E. Brocuarr, 1925, scems also to be iden-
tical, and the last phrase of its title, Al-sinin al-mawalid,
is possible, but probably we should read, al-sinin lil-
mawalid, and translate as in the Oxford MS. Another
title runs: — A swnmnary of the revolutions of the birth-
years3s.

The temperaments of the planets (tables) (Fol. 58). 6686,3,
of the Bibliothéque Nationale (nouvelles acquisitions)
seems identical %7.

. On the rise and fall of prices (Fol. 70). British Mus.

(1838), 415, 10° p. 198, is identical.

. On (astrological ) elections (Fol. 72); i. e., the chosing of an

auspicious day on which to begin an enterprise or so as to
avoid an impending evil. See Hajji Khalifa, Vol. I, p. 198.
An abridgement of the Book of the Thousands of Abi
Ma‘shar (Fol. 81) (tables). See Hajji Khalifa, Vol. V,
p. 50, and 6. above3s.

The significations of “Judicial Astrology” (or of ‘“‘The
decrees of the Stars”) (Fol. 92).

Proofs of “Judicial Astrology” (Fol. 113). British Mus.
(1838), 415,8°, seems identical. Its postscript reads: —
“Proofs concerning the science of “Judicial Astrology”.
On the science of the opening of the door (Fol. 128).

Junge-Thomson.
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"13. The sojourning of the stars in the twelve ‘“Houses” (Signs
of the Zodiac) (Fol. 131).

14. Astronomical tables proving the 360 degrees of the Zodiac
and showing what constellation arises in each degree. A
treatise without title (Fol. 140). 6686,4°, of the Biblio-
théque Nationale (nouvelles acquisitions) seems identical,
with the title, “‘Concerning the constellations of the degrees
of the Zodiac”. E.BLOCHET says that it consists almost
entirely of tables in which are found the predictions for
the 360 degrees of the Zodiac.

15. A short treatise on talismans without title (Fol. 153).
British Mus. MS. Add. 23, 400 (Corpus Astrologicus) has
an excerpt from the Al-Jami‘w’]l-Shahi.

The Gotha MS., 109, (vol. 1, p. 194) (W. PERTSCH)
also probably contains an excerpt from it.

(18) An introduction to the science of ‘‘Judicial Astrology”,
imitation of a work of the same name by Ab@’l-Nasr Al-
Qummi (6686,1°, of the Bibliothéque Nationale (nouvelles
acquisitions). Cf., however, (17), 1. and 11.3°

(19) In MS. 2458,20, (Fol. 4 v9) of the Bibliothéque Nationale at
the end, Al-Sijzi himself refers to a book of his own, which
he names, Geometrical notes (Ta‘ligat handasiyya). See
Notices et Extraits, t. 13, p. 143, and note 2 to p. 129.

(20) Hajji Khalifa also mentions an astrological work entitled
Ahkam Al-As‘Gd (The Decrees of the Auspicious Stars?),
Vol. I, p. 169, and another with the title Burhan Al-Kifayat
(The Sufficient Proof ?), Vol. II, p. 46, a compendium of
astronomy for students of astrology.

We have, moreover, in the Leyden MS. 1015 (Vol. 111, p. 64)
Abw’l-Jud’s solution of Al-Sijzi’s problem of trisecting an angle;
and Ihtiyarw’l-Din Muhammad refers to Al-Sijzi in his Judicial
Astronomy (MS. R 13, 9, of E. H. PaLMER’s Catalogue of the
Arabic MSS. in the Library of Trinity College, Cambridge),
which begins with the statement that the author has emended
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the astronomical tables of Ptolemy and Al-Sijzi, bringing them
down to the time of writing.

These references show the scope and spheres of Al-Sijzi’s
influence. He was known to his successors not only as a mathema-
tician, butalso as an astronomer andastrologer; and it is safe to
assume, on the basis of his extant works, that Judicial Astronomy
was the field of his greatest activity.

I1II. THE SOURCES OF PAPPUS’S CONCEPTION OF
RATIONAL QUANTITIES.

As a mathematical term, rationality has for our commentator
its Euclidian signification. Incommensurability and irrationa-
lity, he says (Part 1, para. 3; cf. 4,5, & 12), belong essentially to
the sphere of geometry. The numbers are all rational and
commensurable, since they advance from a minimum, unity
namely, by addition of the unit and proceed to infinity. They
have a common measure by nature (Part 1, para. 5), for “One”,
ag Aristotle says (Metaph. XIV. 1; 1088a, 5; 1087b, 30—35),
“‘evidently means a measure’.

The continuous quantities, on the other hand, have no mini-
mum. They begin with a definite whole, and are divisible
to infinity (Cf. Arist., Phys. 111,6; 207b, 1—5). There is, there-
fore, no continuous quantity which is naturally a measure,
and thus continuous quantities have a common measure not by
nature but only by convention (Part 1, para 5)%. In the case of
lines, for example, some conventional common measure must be
assumed ; and the measure which is assumed, cannot measure all
lines, since it is not a minimum, nor do lines advance from
it by addition of this unit.

Rational lines, therefore, are those which are commensurable
in length with the chosen unit, or the squares upon which
are commensurable with the square upon that unit. Irrational
lines are those which are incommensurable with the unit in
both respects (Part 1, para.18). The rationality of a magnitude

4.



depends upon its proportion to the chosen unit of measurement
(Part 1, para. 14). On the other hand, the commensurability
of magnitudes does not depend upon their proportion to the
chosen unit, for continuous quantities are commensurable with
one another, in length or in square only, by reason of a
common measure, be that what it may, commensurable or
incommensurable with the chosen unit (Part 1, paras. 15, 16, 17).
Some continuous quantities, therefore, are irrational and at the
same time commensurable. The two terms are not synonymous
(Part 1, para. 15).

The commentator’s conception of number and continuous
quantity is, it will be observed, Aristotelian. Numbers are
limited by one as their minimum, but have no maximum limit;
continuous quantities have a maximum, but no minimum limit
(Arist., Phys. IIL. 6; 207b, 1—5; cf. De Caelo, 268a, 6; Metaph.
1048b, 9). These notions imply Aristotle’s idea of an infinite as
“Not that outside of which nothing exists, but that outside of
which there is always something” (Phys. 111. 6, 207a, 1—5),
infinity, for Aristotle, not being a separate, independent thing,
nor even an element in things, but only an accident in something
else (Metaph. X, 11; 10664a, 35-b, 21), with no separate existence
except in thought (ibid. VIII. 6; 1048b, 15).

But our commentator, when he wishes to explain the reason
why numbers have a minimum but no maximum, and continuous
quantities a maximum but no minimum, i. e., are each infinite
in one direction, employs the Pythagorean-Platonic notion of
contraries, such as finite and infinite, that are, as Aristotle
remarks (Metaph. 1. 5; 986a, 211f.; Phys. II1. 4; 203a, 4—5),
substances and the principles of things. “If, then”, he says
(Part I, para. 3), ‘““the reason be demanded why a minimum but
not a maximum is found in the case of a discrete quantity,
whereas in the case of a continuous quantity a maximum but
not a minimum is found, you should reply that such things as
these are distinguished from one-another only by reason of their
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homogeneity with the finite or the infinite, some of those
created things which are contraries of one-another, being finite,
whereas the others proceed from infinity. Compare, for example,
the contraries, like and unlike, equal and unequal, rest and
movement. Like, equal, and rest, promote (or make for)
finitude; whereas unlike, unequal, and movement, promote (or
make for) infinity. And such is the case generally. Unity and
plurality, the whole and the parts are similarly constituted.
One and the whole clearly belong to the sphere of the finite,
whereas the parts and plurality belong to the sphere of the
infinite!”. ‘“Everything finite”, he says again (Part I, para. 8
(end), “is finite by reason only of the finitude which is the
principle of the finitudes?.

In Part I, paragraph 13, towards the middle, the commentator
uses the Aristotelian doctrine of the two kinds of matter, sensible
and intelligible (Metaph. 1036a, 10; 1037a, 4; 1045a, 34, 36),
and the Aristotelian terms, form and matter, potential and
actual. “If you wish”, he says, ‘‘to understand whence incommen-
surability is received by the magnitudes, you must recognise that
it is only found in that which can be imagined as potentially
divisible into parts to infinity, and that parts originate necessarily
only from matter, just as the whole from form, and that the
potential in everything proceeds from matter, just as the actual
from the other cause (i. e., form). The incommensurability of
geometrical continuous quantities, therefore, would not have its
origin in matter or anywhere, were there not, as Aristotle says,
two kinds of matter, namely, intelligible matter on the one hand,
and sensible matter on the other, the representation of bulk,
or, in short, of extension, in geometrical figures, being by means
of intelligible matter only”.

The doctrine and the terms are undoubtedly Aristotelian,
but the context in which they are employed is Platonic. In
the first part of paragraph 13 the commentator shows that
Plato in his Parmenides does not deny the existence of in-
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commensurable magnitudes. For, he says, “He (i. e. Plato) has
considered therein the first cause (i. e., the One) in connection
with the division (or separation) of commensurable from in-
commensurable lines (140¢). In the first hypothesis (140b. c. d.),
namely, the equal, the greater, and the less, are discussed to-
gether; and in this case the commensurable and the incommen-
surable are conceived of as appearing in the imagination together
with measure. Now these (i. e., the commensurable and the
incommensurable — (and measure ?)) cover everything which
by nature possesses the quality of being divided, and comprehend
the union and separation which is controlled by the God who
encircles the world (Cf. the Timaeus, 36c—37c, 40b). For
inasmuch as divine number (i. e., the separate numbers of
Aristotle’s Metaph., 1080a, 12—b, 33; 1090a, 2ff.; 978b, 31)
precedes the existence of the substances of these things, they are
all commensurable conformably to that cause, God measuring
all things better than one measures the numbers; but inasmuch
as the incommensurability of matter is necessary for the coming
into existence of these things, the potentiality of incommensura-
bility is found in them. It is, moreover, apparent that limit
is most fit to controll in the case of the commensurables, since it
originates from the divine power, but that matter should pre-
vail in the case of those magnitudes which are named ‘“‘incom-
mensurable”’.

Here we have the Pythagorean-Platonic doctrine of the
finite and the infinite as the two principles of world-creation,
the Timaean doctrine of the World-Soul with its circles of
the Same and the Other controlling the sensible world, and
the Platonic notion of the divine numbers which are things
in themselves and causes of sensible things, and which pre-
cede or are identical with the Ideas (Cf. W. D. Ross, 4ristotle’s
Metaphysics, Vol. I, Introd., p. LXVI; L. RoBiN, La Théorie
platonicienne des Idées et des Nombres d’aprés Aristote, Paris,
1908, p. 470).
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The same Platonic background appears in the last part of the
paragraph. “Where only form and limit are found”, says the
commentator, ‘‘there everything is without extension or parts,
form being wholly an incorporeal nature. But line, figure (or
plane), and bulk, and everything which belongs to the represen-
tative (or imaginative) power within us, share in a particular
species of Matter (Cf. Arist., Metaph, W. D. Ross, Vol. I, p. 199,
note to 1036a, 9—10). Hence numbers are simple and free by
nature from this incommensurability, even if they do not precede
the incorporeal life (i. e., are the mathematical or sensible
numbers, which in the Platonic scheme follow the ideas), whereas
the limits (or bounds) which come thence (i. e., from the Ideal
World) into the imagination and to a new existence in this
representative (or imaginative) activity, become filled with
irrationality and share in incommensurability, their nature, in
short, consisting of the corporeal accidents’.

The commentator’s conception of the origin of commensurables
and incommensurables in Part I, paragraph 13, is manifestly
Platonic. There are two principles, out of which everything
proceeds, namely, the finite and the infinite; there is the
Ideal World, where only limit prevails; there is the sensible
world, for the existence of which matter, the indeterminate,
is requisite; and between these two there lies the world of
mathematical objects, which are eternal, but share in the inde-
terminateness of matter (Cf. Arist., Metaph., 987b, 15; 1028b,
20; 1076a, 20; 1090b, 35).

The same conception is found in Part I, paragraph 9, where
the commentator discusses the three kinds of irrationality.
Numbers are metaphysical entities and causes of things. The
World-Soul, with its mathematical ratios unified by the three
means (Cf. the Timaeus, 34c—36d), comprehends all things,
rational and irrational, distinguishes and determines them, and
shapes them in every respect. The three means, the geometrical,
the arithmetical, and the harmonic, are the grounds of harmony
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and stability throughout theuniverse (Cf. the Timaeus, 31c—32a;
35bff.).

“It seems to me”’, says the commentator, “to be a matter
worthy of our wonder, how the all-comprehending power of the
Triad distinguishes and determines the irrational nature, not to
mention any other, and reaches to the very last of things, the
limit (or bound) derived from it appearing in all things”. As
Nicomachus says (see T. TAYLOR, Theoretic Arithmetic, p. 181),
“The number, three, is the cause of that which has triple di-
mensions and gives bound to the infinity of number”.

“The substance of the soul”, proceeds the commentator,
“‘seems to comprehend the infinity of irrationals; for it is moved
directly concerning the nature of continuous quantities (cf. the
Timaeus, 37a. b.) according as the ideas (or forms) of the means
which are in it, demand, and distinguishes and determines
everything which is undefined and indeterminate in the con-
tinuous quantities, and shapes them in every respect (Cf. the
Timaeus, 34c—37c). These three [means] are thus bonds
(cf. the Timaeus, 31¢—32a; 35b. ff.) by virtue of which not one
even of the very last of things, not to mention any other, suffers
loss (or change) with respect to the ratios (or relations) which
exist in it”.

For our commentator, then, there is, in a metaphysical sense,
nothing absolutely irrational, but only relatively so. From the
point of view of an ideal system of knowledge, or, Platonically-
speaking, from the point of view of the World-Soul, everything
is rational. But human reason is limited, and for it some things
are irrational: as, for instance, an infinite number of the con-
tinuous quantities. In the last analysis, however, even this
irrationality is not absolute but only relative; for they all belong
to one or other of the three classes of irrationals, and so admit of
definition, have a certain form or limit.

For, says the commentator (Part I, para. 9, end), ““Whatsoever
irrational power there is in the Whole (or Universe), or what-



— 57 —

soever combination there is, constituted of many things added
together indefinitely, or whatsoever Non-being there is, such as
cannot be described (or conceived) by that method which separa-
tes forms, they are all comprehended by the ratios (or relations)
which arise in the Soul”.

III. COLLATION OF THE ARABIC TEXT WITH THE
GREEK SCHOLIA.

There is some agreement between our commentary and the
Greek Scholia to Book X of Euclid in J. L. HE1BERG’s “‘ Buclidis
Elementa’, vol V. The passages where such agreement occurs,
are given below. Some of the passages correspond almost word
for word; in others the Arabic gives a somewhat expanded text;
all these passages have been marked by an asterisk. The re-
mainder correspond in a more general manner. W denotes
WOEPCKE’s text of the Arabic commentary*; H indicates Hxr-
BERG’S Huclidis Elementa.

Part 1.
*Para. 1 (W. p. I, 1. 1—2) = H. p. 414, 1l. 1—3.*
* ., 1(W.p. I, 1. 2—3) = H. p. 415, 1. 7—8.*
* o, 1(W.p. 21l 7—8) = H. p. 414, 11. 15—16.*
* . 2(W.p. 2 1. 10—16) = H. p. 417, 1l. 12—20.*
» 3 (W.p.3, 1. 4—12(15%) = H. p. 415, 1. 9ff.; of.
p- 429, 1. 26ff. and p. 437,
no. 28.
» 8 (W.p.6,1l. 1—5) = H. p. 437, 1l. 1—4.
* . 5(W.p.6, 1. 5—12) = H. p. 418, 1. 7—12.*
» b (W.p.6,11. 12—13) = H. p. 417, L. 21.
* . 5(W.p.6, 1. 13—16) = H. p. 418, 1. 12—14.*
* ,, 6(W.p. 7,11 1—9) = H. p. 418, 1. 14—24.*
* ., 9(W.p.9, 1.5—15) = H. p. 484, 1. 23 — p. 485, 1. 7

(no. 135)*,

* WOEPCKE’s pagination has been indicated in this edition of the
Arabic text.
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Para.10 (W. p. 10, 1. 7 — p. 11, 1. 2. ff.) = H. pp. 450—452,
no. 62.
The same topic, but very different presentations.
* 19 (W.p. 19, 1. 4. ff.) — H. p. 485, 1l. 8—16. Cf. also
for parts of the para., H. p. 488,
no. 146; p. 489, no. 150 (for W,
p.19, 1. 4—7); p. 491, no.158.*
* 20 (W. p. 19, 1. 16—p. 20, 1.16) = H. p. 485, . 16 —
p. 486, 1. 7.*
24 (W. p. 23, 11. 15—16) = H. p. 484, 1. 8—10.2?
25 (W. p. 23, 11.17—19) = H. p. 484, no. 133, 11. 11—15.
26 (W. p. 24, 1. 5) = H. p. 501, 1. 11—12 (no. 189).
(W. p. 24, 1. 6) = H. p. 503, 1. 3—4?
., 28 (W.p. 25, 1l. 15—16) = H. p. 534, 11. 13—15 (no. 290)
., 29 (W. p.25, 1. 20—22) = H. p. 538, 1L. 7—9 (no. 309).
., 30 (W.p.26, 1. 3—7) = H. p. 547, 1. 23—p. 548, 1. 5
(no. 340).
* . 31(W.p.26,11.8—11)=H. p. 551, 1..21—25 (no. 353)*
* . 32 (W.p.26, 1. 12—21) =H. p.553, 1l. 11—18 (no. 359).*
Part 11.
Para. 2 (W. p. 29, 1. 8—p. 30, 1. 4) = H. p. 415, 1l. 2—6.
» 17 (W.p.45,1 11.ff) = H. p. 551, 1. 2—19?

IV. TRANSLATION AND TEXT.

The translation is avowedly of a philological and historical
nature and does not pretend to render the thought of Pappus into
the terms and signs of modern mathematics. Whoever, there-
fore, would avoid the effort of imagination that is necessary, to
overcome successfully the difficulties of the style and technique
of Pappus and thereby to follow his argument, may be referred
to the Bemerkungen of Dr. JUNGE, where the chief mathema-
tical data of the commentary will be found presented according
to modern forms and methods. It is hoped, however, that the
nature of the translation will be an advantage for the historian,
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preserving, as it does, so far as is possible, the spirit and form
of the original Arabic.

The technical terminology of the translation is based upon
Sir T. W. Heath’s translation of the tenth book of Euclid in
The Thirteen Books of Euclid’s Elements, vol. III. My indeb-
tedness to this distinguished scholar is gratefully acknowledged ;
and it would be desirable that his work should be consulted
before entering upon a study of the present commentary.

The Arabic text of the commentary is based upon the Paris
MS., no. 2457 of the Bibliothéque Nationale, and WoOEPCKE’s
edition printed in Paris about 1855. The emendations which
have been made in WOEPCKE’s text, are explained in the accom-
panying notes. The text is referred to throughtout as W.

In conclusion I would express my deep sense of gratitude to
Dr. GeorcE SarToN of Harvard for much helpful encouragement
and many happy suggestions, and to Professor J. R. JEwWETT,
who has been my guide in Arabic these many years, and by
whose generosity this book is published.

WirLLiam THOMSON.



NOTES.

1 No. 952, 2 of the Suppl. arabe de la Bibliothéque impériale.
Extrait du Tome XIV des Mémoires Présentés par divers savants a
I’Académie des Sciences de I'Institut impérial de France.

3 Cf. Notes on the Text and consult Part I, notes, 19, 32, 44, 45, 98,

116, 138; Part II, notes, 2, 133, 173, 174; SUTER in order, p. 16, 1. 25;

p. 17, 1. 3ft. and note 41; p. 20, 1. 12ff.; p. 20, 1. 13—14; p. 24,

1. 11; p. 26, 1l. 3—4; p. 28, note 93; p. 37, 1. 25; p. 56, 1l. 32--33;

p. 65, 1. 21—22; p. 65, 1. 27 and note 241.

Cf. Part I, para. 9 with SUTER p. 20, 1. 28ff. and note 59; cf. also Part I,

notes 5, 14, 22, 37, 90, 94, 98, 139, 146, 182, 210; Part II, note 5 etc;

SUTER in order, p. 14, 1. 2—3; p. 15, note 24; p. 16, 1. 2ft. and note

35; p. 18, note 47; p. 23, 1. 17—18; p. 24, note 73; p. 24, 1. 11; p. 28,

note 94; p. 29, 1. 26—28; p. 33, 1. 16; p. 36, 1l. 1-——2 and note 127;

p. 38, note 140 etc.

5 Cf. Part I, notes 85 and 123, SUTER, p. 19, note 54; p. 22, note 65;

p- 26, note 85.

See Notes on the Text, n. 1. A common practice in Arabic Calligraphy.
Introduction, p. 10; Conclusion, p. 73.

See the sketch of philosophical ideas given below. An exception
perhaps is the idea of the return of all things to their source, which
may be alluded to at the end of para. 9, Pt I. But the text is difficult,
and the translation, therefore, doubtful. Pappus may quite probably
have been acquaint with the doctrines of Neoplatonism. He does not,
however, show that they have influenced him much if at all.

? Pe Caelo, I, 268a 11ff. See TH. GOMPERZ, Griechische Denker, 2nd
Ed., Vol. 1, p. 87.

10 Cf. Aristotle’s Metaph. XII, 6; 1080b, 31; DieLs, Doxographi Graecs,
Berlin 1879, pp. 280 (Aet. de plac. reliq., I, 3), 302 (Hipp. philosoph.,
2), 5565 (Epiph. Var. excerpta, Pro. I), 587 (Epiph. Haer. III, 8),
390 (Hermiae irrisio, 16).

11 See SUTER, pp. 20—21 with notes.

12 See Part I, paras. 1, 10, 11, 12, 13, 17.

13 See Part I, paras. 9 and 13.

14 Aristotle, Metaph., 992a, 32.
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See his Commentary on the first book of Euclid, ed., FrRIEDLEIN,
p. 5, 1. 11—14; p. 6, 1. 7; p. 10, 1. 15ff.; p. 11, 9—26; p. 13, 1. 6f.;
p- 16, 1. 4—p. 20, 1. 10; p. 27, 1. 27—p. 28, 1. 5; p. 30 top; p. 38,
1. 1ff.; p. 44, 1. 256ff.; p. 51, 1. 20—p. 52, 1. 7; p. 57, 1. 9—p. 58,
1. 3ff.; p. 82, 1. 7ff.; p. 84, 1. 10ff.; p. 95, 1. 10ff.; p. 138, 1. 25;
p. 213, 1. 14ff.; p. 284, 1. 17ff.

Ibid. p. 95, 1. 10ff.; p. 213, 1. 14ff.; p. 284, 1. 17f.

See his commentary on Book I of Euclid, ed., FriEpLEIN, p. 22, 1. 11.
Ibid., p. 22, 1. 11ff.; p. 36, 1. 12ff.; p. 90, 1. 14ff.; p. 132, 1. 17{f.;
p. 137, 1. 24ff.; p. 142, 1 8ff.; p. 146, 1. 24ff.; p. 164, L. 27ff.;
p. 290, 1. 15ff.

19 The I'ihrist, pp. 117, 244; the Ta’rikh Al-Hukama’ of Al-Qifti (J. Lip-
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PERT, Leipzig, 1903), p. 409, 1. 15.

Al-Qifti, ibid. Probably these are, however, his Galen translations.
See below.

Al-Qifti, p. 37, 1. 12.

It is possible that (1) and (2) refer to the same work.

Cf. J. BEpEz, Vie de Porphyre, Leipzig, 1913, iv (Listo des Eecrits),
p. 66, 5.

See G. BERGSTRASSER, Hunain Ibn Ishdq diber die Syr. u. Arab. Galen-
Ubersetzungen, p. 6, transl.,, p. 5; for no. (8), p. 49, transl., p. 40.
Cf. M. MEYERHOF, New Light on Hunain Ibn Ishiq and his period,
Isis, VIII (4), Oct., 1926, pp. 691, 700.

On Al-Dimishqi cf. H. SuTERr, Die Mathematiker u. Astronomen der
Araber u. ihre Werke, Abhdl. z. Gesch. d. math. Wissensch., Heft 10,
1900, p. 49, no. 98.

Sitzungsber. d. Physik.-Mediz. Societéit in Erlangen, 1916—17,
Bd. 48 & 49. (Erlangen 1918.) For Thabit’s treatise on the Para-
boloids see ibid. p. 186ff.

N. B. FOL. 1921° is blank.

The nisbah for Sijistan (cf. Kitab Al-Ansdb of Al-Sam‘ini, Gibb
Memorial Series, Vol. XX, p. 291). On Al-Sijzi see SUTER's Die
Mathematiker w. Astronomen d. Araber etc., p. 80, no. 185. G. SARTON,
Introduction to the History of Science, Vol. I, p. 665.

C. E. SacuAvU, Leipzig, 1878.

Leyden (996), Cairo (203); see F. WorrckE, L’Algebre d’Omar Alkhay-
yams, p. 119.

Leyden (997) towards the end. See Thabits Werk tiber den Trans-
versalensatz, A. ByorNBo, Abhandl. z. Gesch. d. Naturwissensch. u. d.
Mediz., Erlangen, Heft 7, 1924, pp. 63 & 84.
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See Suppl. to the Ar. MSS. in the British Mus., p. 527, no. 776; for the
next see Cat. des MSS. Ar. des Nouvelles Acquis., Bibliothéque Na-
tionale, Paris, E. BrocHET, 1925, no. 6686.

That is, in Arabic. C. ScHOY has published in Isis, VIII, pp. 21—35,
1926, a translation of the Cairo MS., 203, which discusses the con-
struction of a heptagon in a circle as well as the trisection of an angle.
The author is given as Al-Sinjari, which often occurs instead of Al-
Sijzi. Cf. Hajji Khalifa, Vol. I, pp. 169, 198; Vol. II, p. 46.

See SUTER’s Die Mathematiker und Astronomen der Araber etc, p. 28,
no. 53, on Aba Ma‘shar; also G. SARTON, Introduction to the History of
Science, Vol. I, p. 568.

See G. SARTON’s Introduction to the History of Science, Vol. I, p. 568;
Hajji Khalifa, Vol. I, p. 171, Vol. V, p. 60.

E. BLOoCHET says that this is an abridgement of the Book of the Thou-
sands of Abu Ma‘shar, which appears, however, hereafter in this
collection. He describes it as a treatise on the astrological properties
of the planets and their influences. See 9. and note thereon.

Cf. J. LippERT in the Wiener Zeitschr. f. d. Kunde d. Morgeniandes,
IX, pp. 3561—358, 1895 on ‘“Abu Ma‘shars Kitdab al-Ulaf”’. LIPPERT
says that the book deals with houses of worship. But LIiPPERT’S
judgment is based solely on four or five references to the book in other
works. It may well have been for all that predominantly astrological.
See SUTER’s Die Mathematiker und Astronomen der Araber etc., p. 74,
on Al-Qummi. .

See Die Fragmente der Vorsokratiker, H. Diers, 3rd Ed., Berlin, 1912,
Vol. 11, p. 9. for the fact that the opposition of nature to convention
occurs early in Greek thought.

See Arist., Metaph. 986a, 15ff.; 987a, 15ff.; 987b, 19—35; cf. Metaph.
10544, 20ff., for the Aristotelian method of dealing with the same
ideas; see TH. GoMPERZ, Griechische Denker, 2nd Ed., Vol. I, p. 81,
and the note to it on p. 437, for the supposed Babylonian origin of this
line of thought. Cf. Plato’s Philebus 16c.ff. and Parmenides 129.
The Pythagorean Monad.



TRANSLATION
PART 1

Book I of the treatise of Pappus on the rational and irrational
continuous quantities, which are discussed in the tenth book of
Euclid’s treatise on the Elements: translated by Abii ‘Uthman
Al-Dimishqi. _

§ 1. The aim of Book X of Euclid’s treatise on the Elements
is to investigate the commensurable and incommensurable, the
rational and irrational continuous quantities. This science
(or knowledge) had its origin in the sect (or school) of Pythagoras,
but underwent an important development at the hands of the
Athenian, Theaetetus, who had a natural aptitude for this as for
other branches of mathematics most worthy of admiration. One
of the most happily endowed of men, he patiently pursued the
investigation of the truth contained in these [branches of]
science (or knowledge), as Plato bears witness for him in the book
which he called after him, and was in my opinion the chief means
of establishing exact distinctions and irrefragable proofs with
respect to the above-mentioned quantities. For although later
the great Apollonius whose genius for mathematics was of the
highest possible order, added some remarkable species of these
after much laborious application, it was nevertheless Theaetetus
who distinguished the powers (i. e. the squares)! which are
commensurable in length, from those which are incommensurable
(i. e. in length), and who divided the more generally known
irrational lines according to the different means, assigning the
medial line to geometry, the binomial to arithmetic, and the
apotome to harmony?, as is stated by Eudemus, the Peripatetic3.
Euclid’s object, on the other hand, was the attainment of irre-
fragable principles, which he established for commensurability

Pa.ge 1.

Page 2.
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and incommensurability in general. For rationals and irrationals
he formulated definitions and (specific) differences; determined
also many orders of the irrationals; and brought to light, finally,
whatever of finitude (or definiteness) is to be found in thems4.
Apollonius explained the species of the ordered irrationals and
discovered the science of the so-called unordered, of which he
produced an exceedingly large number by exact methods.

§ 2. Since this treatise (i. e. Book X of Euclid.) has the
aforesaid aim and object, it will not be unprofitable for us to con-
solidate the good which it contains. Indeed the sect (or school)
of Pythagoras was so affected by its reverence for these things
that a saying became current in it, namely, that he who first
disclosed the knowledge of surds or irrationals and spread it
abroad among the common herd, perished by drowning: which
is most probably a parable by which they sought to express
their conviction that firstly, it is better to conceal (or veil)
every surd, or irrational, or inconceivable® in the universe, and,
secondly, that the soul which by error or heedlessness discovers
or reveals anything of this nature which is in it or in this world,
wanders [thereafter] hither and thither on the sea of non-
identity (i. e. lacking all similarity of quality or accident)®,
immersed in the stream of the coming-to-be and the passing-
away?, where there is no standard of measurement. This was the
consideration which Pythagoreans and the Athenian Stranger®
held to be an incentive to particular care and concern for these
things and to imply of necessity the grossest foolishness in him
who imagined these things to be of no account.

§ 3. Such being the case, he of us who has resolved to banish
from his soul such a disgrace as this, will assuredly seek to learn
from Plato, the distinguisher of accidents®, those things that
merit shame!, and to grasp those propositions which we have
endeavoured to explain, and to examine carefully the wonderful
clarity with which Euclid has investigated each of the ideas
(or definitions)!! of this treatise (i. e. Book X.). For that which
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we here seek to expound, is recognised as the property which
belongs essentially to geometry!2, neither the incommensurable
nor the irrational being found with the numbers, which are, on
the contrary, all rational and commensurable; whereas they are
conceivable in the case of the continuous quantities, the investi-
gation of which pertains to geometry. The reason for this is that
the numbers, progressing by degrees, advance by addition from
that which is a minimum, and proceed to infinity (or indefinitely);
whereas the continuous quantities begin with a definite (or
determined) whole and are divisible (or subject to division) to
infinity (or indefinitely)!3. T1f, therefore, a miniijmum cannot
be found in the case of the continuous quahtities, 1t is evident
that there is no measure (or magnitude) which is common to all
of them, as unity is common to the ffimbers. But it is self-
evident that they (i. e. the continuous quantities) have no
minimum; and if they do not have a minimum, it is impossible
that all of them should be commensurable. If,l then, the reason
be demanded why a minimum but not a maximum is found in the
case of a discrete quantity, whereas in the case of a continuous
quantity a maximum but not a minimum is found, you should
reply that such things as these are distinguished from one-another
only by reason of their homogeneity with the finite or the in-
finite, some of those created things which are contraries of one-
another, being finite, whereas the others proceed from infinity.
Compare, for example, the contraries, like and unlike, equal
and unequal, rest and movement. [Like, equal, and rest, pro-
mote (or make for)4] finitude; whereas unlike, unequal, and
movement promote (or make for) infinity. And such is the case
generally. Unity and plurality, the whole and the parts are
similarly constituted. One and the whole clearly belong to the
sphere of the finite, whereas the parts and plurality belong to the
sphere of the infinite. Consequently one is that which is deter-
mined and defined in the case of the numbers, since such is the
nature of unity, and plurality is infinite (or indefinite); whereas

5 Junge-Thomson,

Page 4.
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the whole is that which 18 determined in the case of the con-
tinuous quantities, and division into parts is, as is evident,
infinite (or indefinite). Thus in the case of the numbers one is
the contrary of plurality, since although number is comprised in
plurality as a thing in its genus, unity which is the principle of
number, consists either in its being one or in its being the first
thing with the name of one. In the case of the continuous
quantities, on the other hand, the contrary of whole is part,
the term, whole, being applicable to continuous things only,
just as the term, total, is applicable only to discrete things®®.
These things, then, are constituted in the manner which we
have described.

§ 4. We should also examine the [logical] arrangement of
ideas in Euclid’s propositions: how he begins with that which is
necessarily the beginning, proceeds, then, comprehensively and
consistently, with what is intermediate, to reach, finally, without
fail the goal of an exact method. Thus in the first proposition
of this treatise (i. e. Book X.) the particular property of continuous
things is considered together with the cause of incommensur-
ability ; and it is shown that the particular property of continuous
things is that there is always a part less than the least part of
them and that they can be reduced (or bisected) indefinitely.
A continuous thing, therefore, is defined as that which is di-
visible to infinity (or indefinitely). In this proposition, moreover,
he points out to us the first of the grounds of incommensura-
bility, which we have just stated (i.e. in the two previous sen-
tences); and on this basis he begins a comprehensive examin-
ation of commensurability and incommensurability, distinguish-
ing by means of remarkable proofs between that which is
commensurable absolutely, that which is commensurable in
square and in line together, that which is incommensurable in
both of these (i. e. in square and line), and that which is in-
commensurable in line but commensurable in square'®, and
proving how two lines can be found incommensurable with a
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given line, the one in length only, the other in length and square!?. Page 5.
Thereupon he begins to treat of commensurability and incommen-
surability with reference to proportion and also with reference to
addition and division (or subtraction)'8, discussing all this
exhaustively and completely satisfying the just requirements
of each case. Then after these propositions dealing with commen-
surable and incommensurable continuous quantities in common??,
comes an examination of the case of rationals and irrationals,
wherein he distinguishes between those lines which are rational
[straight lines commensurable] in both respects, i. e., in length
and square, — and no irrationality whatsoever is conceivable
with respect to these —, and those which are rational [straight
lines commensurable] in square [only]®, from which is derived
the first irrational line, which he calls the medial®!, and which is,
then, of all [irrational] lines, the most homogeneous to the
rational. Consequently in accordance with what has been found
in the case of the rational lines, some medial lines are medial
[straight lines commensurable] in length and square, whereas
others are medial [straight lines commensurable] in square
only?2. The special homogeneity of medial with rational lines
is shown in the fact that rational [straight lines commensurable)
in square contain a medial area (or rectangle), whereas medial
[straight lines commensurable] in square contain sometimes a
rational and sometimes a medial area?®. From these [rational
and medial straight lines commensurable in square only] he
derives other irrational lines many in kind, such as those which
are produced by addition* and those which are produced by
subtraction®. There are several points of distinction between
these: in particular, the areas to which the squares upon them
are equal and the relation of these areas to the rational line?,
But, to sum up, after he has shown us what characteristics these
lines have in common with one-another and wherein they are
different from one-another, he finally proves that there is no
limit to the number of irrational lines or to the distinctions
5*
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between them??. That is, he demonstrates that from one irra-
tional line, the medial, there can be derived unlimited (or
infinite) irrational lines different in kind. He brings his treatise
to an end at this point, relinquishing the investigation of irra-
tionals because of their being unlimited (or infinite) in number.
The aim, profit, and divisions of this book have now been pre-
sented in so far as is necessary.

§ 5. A thorough investigation is, however, also necessary in
order to understand the basis of their distinction between the
magnitudes. Some of these they held to be commensurable,
others of them incommensurable, on the ground that we do not
find among the continuous quantities any measure (or magni-
tude)?® that is a minimum; that, on the contrary, what is de-
monstrated in proposition i. (Euclid, Book X.) applies to them,
namely, that it is always possible to find another measure (or
magnitude) less than any given measure (or magnitude)?. In
short [they asked] how it was possible to find various kinds of
irrational magnitudes, when all finite continuous quantities bear
a ratio to one-another: i. e. the one if multiplied, must necessarily
exceed the other, which is the definition of one thing bearing a
ratio to another, as we know from Book V.. But let us point
out that the adoption of this position (i. e. the one just outlined)
(or definition) does not enable one to find the measure of a surd
or irrational®’. On the contrary, we must recognise what the
ultimate nature of this matter consists in32, namely, that a
common measure exists naturally for the numbers, but does not
exist naturally for the continuous quantities on account of the
fact of division which we have previously set forth, pointing out
several times that it is an endless process. On the other hand it
(i. e. the measure) exists in the case of the continuous quantities
by convention as a product of the imaginative power3. We
assume, that is, some definite measure or other and name it a
cubit or a span or some such like thing. Then we compare this
definite unit of measurement?* which we have recognised, and
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name those continuous quantities which we can measure by it,
rational, whereas those which cannot be measured by it, we
classify as irrationals. To be rational in this sense is not a fact,
therefore, which we derive from nature, but is the product of
the mental fancy which yielded the assumed measure. All
continuous quantities, therefore, cannot be rational with re-
ference to one common measure. For the assumed measure is
not a measure for all of them; nor is it a product of nature but
of the mind. On the other hand, the continuous quantities are
not all irrational; for we refer the measurement of all magnitudes
whatsoever to some regular limit (i. e. standard)® recognised
by us.

§ 6. It should be pointed out, however, that the term, pro-
portion, is used in one sense in the case of the whole, i. e. the
finite and homogeneous continuous quantities®®, in another
sense in the case of the commensurable continuous quantities,
and in still another sense in the case of the continuous quantities
that are named rational3?. For with reference to continuous
quantities the term, ratio, is understood in some cases only in
the sense that it is the relation of finite continuous quantities
to one-another with respect to greatness and smallness3®;
whereas in other cases it is understood in the sense that it denotes
some such relation as exists between the numbers, all commen-
surable continuous quantities, forexample, bearing, as is evident,
a ratio to one-another like that of a number to a number; and
finally, in still other cases, if we express the ratio in terms of
a definite, assumed measure, we become acquainted with the
distinction between rationals and irrationals. For commen-
surability is also found in the case of the irrationals, as we learn
from Euclid himself, when he says that some medials are commen-
surable in length, but others commensurable in square only;
whence it is obvious that the commensurables among the irra-
tionals also bear a ratio to one-another like that of a number to a
number, only this ratio is not expressible in terms of the assumed

Page 17.
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measure®®, For it is not impossible that there should be between
medials the ratio of two to one, or three to one, or one to three,
or one to two, even if the quantity (i. e. finally, the unit of
measurement) remains unknown. But this application (i. e.
of the term, ratio) does not occur in the case of the rationals,
since we know for certain that the least (or minimum) in their
case is a known quantity. Either it is a cubit, or two cubits, or
some other such definite limit (or standard). That being the
case, all the finite continuous quantities bear a ratio to one-
another according to one sense (i. e. of the term, ratio), the
commensurables according to another sense, and all the rationals
according to still another. For the ratio of the rationals is that
of the commensurables also, which is the ratio of the finites.
But the ratio of the finites is not necessarily that of the commen-
surables, since this ratio (i.e. that of the finites) is not necessarily
like the ratio of a number to a number. Nor is the ratio of the
commensurables necessarily that of the rationals. For every
rational is a commensurable, but not every commensurable is a
rational®.

§ 7. Accordingly when two commensurable lines are given,
it is self-evident that we must suppose that they are either both
rational or both irrational, and not that the one is rational and
the other irrational. For a rational is not commensurable with
an irrational under any circumstance. On the other hand, when
two incommensurable straight lines are given, one of two things
will necessarily hold of them. Either one of them is rational and
the other irrational, or both of them are irrational, since in the
case of rational lines there is found only commensurability,
whereas in the case of irrational lines commensurability is found
on the one hand, and incommensurability on the other. For
those irrational lines which are different in kind, are necessarily
incommensurable, because if they were commensurable, they
would necessarily agree in kind, a line which is commensurable
with a medial being a medial!, and one which is commensurable
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with an apotome being an apotome??, and the other lines likewise,
as the Geometer (i. e. Euclid) says.

§ 8. Not every ratio, therefore, is to be found with the num-
bers®; nor do all things that have a ratio to one-another, have
that of a number to a number, because in that case all of them
would be commensurable with one-another, and naturally so,
since every number is homogeneous with finitude (or the finite),
number not being plurality, the correspondence notwithstanding,
but a defined (or limited) plurality¥. Finitude (or the finite),
however, comprehends more than the nature of number®; and
80 with respect to continuous quantities we have the ratio that
pertains to finitude (or the finite), in some cases, and the ratio
that pertains to number, since it also is finite, in still others.
But we do not apply* the ratio of finite (or determinate) things
to things that are never finite (i. e., are indeterminate), nor the
ratio of commensurables to incommensurables. For the latter
ratio (i. e., the ratio of commensurables) determines the least
part (or submultiple, i.e., the minimum) and somakes everything
included in it commensurable; and the former (i. e., the ratio of
finite things) determines now the greatest (or greater) and now
the least (or less) of the parts'’. For everything finite is in fact
finite only by reason of the finitude which is the first (or prin-
ciple) of the finitudes®, but we for our part also give some mag-
nitudes finitude in one way and others in another way*. So much
it was necessary to cite in our argument concerning these things.

§ 9. But since irrationality comes to pass in three ways, either
by proportion, or addition, or subtraction®, it seems to me to be
a matter worthy of our wonder (or contemplation), how, in the
first place, the all-comprehending power of the Triad distinguishes
and determines the irrational nature, not to mention any other,
and reaches to the very last of things®l, the limit (or bound)
derived from it appearing in all things*?; and in the second place,
how each one of these three kinds [of irrationals] is necessarily
distinguished by one of the means, the geometric distinguishing
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one, the arithmetical another, and the harmonic the third. The
substance of the soul, moreover, seems to comprehend the in-
finity of irrationals; for it is moved directly concerning the nature
of continuous quantities®® according as the ideas (or the forms)
of the means which are in it, demand, and distinguishes and
determines everything which is undefined and indeterminate in
the continuous quantities, and shapes them in every respect®,
These three [means] are thus bonds® by virtue of which not one
even of the very last of things, not to mention any other, suffers
loss (or change)®® with respect to the ratios (or relations)®” which
exist in it. On the contrary, whenever it becomes remote from
anyone of these ratios (or relations) naturally®s, it makes a
complete revolution and possesses the image of the psychic
ratios (or relations)®. Accordingly whatsoever irrational
power there is in the whole (or in the universe), or whatsoever
combination there is, constituted of many things added together
indefinitely, or whatsoever Non-being there is, such as cannot
be described (or conceived) by that method which separates
forms, they are all comprehended by the ratios (or relations)
which arise in the Soul®. Consequently incommensurability is
joined and united (i. e., to the whole) by the harmonic mean,
when it appears in the whole as a result of the division (or
separation) of forms®!; and addition that is undefined by the
units (or terms) of the concrete numbers, is distinguished by the
arithmetical mean®?; and medial irrationals of every kind that
arise in the case of irrational powers, are made equal by reason
of the geometric mean®3. We have now dealt with this matter
sufficiently.

§ 10. Since, moreover, those who have been influenced by
speculation® concerning the science (or knowledge) of Plato,
suppose that the definition of straight lines commensurable in
length and square and commensurable in square only which he
gives in his book entitled, Theaetetus, does not at all correspond
with what Euclid proves concerning these lines, it seems to us
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that something should be said regarding this point%. After,
then, Theodorus had discussed with Theaetetus the proofs of the
powers (i. e. squares)® which are commensurable and incom-
mensurable in length relatively to the power (square) whose
measure is a [square] foot®?, the latter had recourse to a general
definition of these powers (squares), after the fashion of one who
has applied himself to that knowledge which is in its nature
certain (or exact)®. Accordingly he divided all numbers into
two classes®?; such as are the product of equal sides (i. e. factors)™,
on the one hand, and on the other, such as are contained by a
greater side (factor) and a less; and he represented the first
[class] by a square figure and the second by an oblong, and Ms 26 r.0
concluded that the powers (squares) which square (i. e. form
into a square figure) a number whose sides (factors) are equal?,
are commensurable both in square and in length, but that those
which square (i. e. form into a square figure) an oblong number,
are incommensurable with the first [class] in the latter respect
(i. e. in length), but are commensurable occasionally with one
another in one respect’. Eueclid, on the other hand, after he had
examined this treatise (or theorem) carefully for some time and
had determined the lines which are commensurable in length
and square, those, namely, whose powers (squares) have to one-
another the ratio of a square number to a square number, proved
that all lines of this kind are always commensurable in length?.
The difference between Euclid’s statement (or proposition)™ and
that of Theaetetus which precedes it, has not escaped us. The
idea of determining these powers (squares) by means of the
square numbers is a different idea altogether from that of their
having to one-another the ratio of a square [number] to a square
[number]®. For example, if there be taken, on the one hand,
a power (square) whose measure is eighteen [square] feet, and on
the other hand, another power (square) whose measure is eight
[square] feet, it is quite clear that the one [power or square]
has to the other the ratio of a square number to a square number,
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the numbers, namely, which these two double, notwithstanding
the fact that the two [powers or squares] are determined by
means of oblong numbers. Their sides, therefore, are commen-
surable according to the definition (thesis) of Euclid, whereas
according to the definition (thesis) of Theaetetus they are
excluded from this category. For the two [powers or squares]
do not square (i. e. do not form into a square figure) a number
whose sides (factors) are equal, but only an oblong number. So
much, then, regarding what should be known concerning these
things?.

§ 11. It should be observed, however, that the argument of
Theaetetus does not cover every power (square) that there is?8,
be it commensurable in length or incommensurable, but only the
powers (squares) which have ratios relative to some rational
power (square) or other, the power (square), namely, whose
measure is a [square] foot. For it was with this power (square)
as basis that Theodorus began his investigation concerning the
power (square) whose measure is three [square] feet and the
power (square) whose measure is five (square] feet, and declared
that they are incommensurable (i. e. in length) with the power
(square) whose measure is a [square] foot™; and [Theaetetus]
explains this by saying: ‘“We defined as lengths [the sides of the
powers (squares)]® which square (i. e. form into a square figure)
a number whose sides (factors) are equal, but [the sides of the
powers (squares)] which square (i. e. form into a square figure)
an oblong number, we defined as powers (i. e. surds)®8?, inasmuch
as they are incommensurable in length8? with the former [powers
(squares)], the power, namely, whose measure is a [square] foot
and the powers which are commensurable with this power in
length, but are, on the other hand, commensurable with the
areas (i. e. the squares) which can be described upon these
[lengths]®. The argument of Euclid, on the contrary, covers
every power (square) and is not relative to some assumed rational
power (square) or line only. Moreover, it is not possible for us to
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prove by any theorem (or proposition) that the powers (squares)
which we have described above®, are commensurable [with
one-another] in length, despite the fact that they are incom-
mensurable in length with the power (square) whose measure is a
[square] foot, and that the unit [of measurement] which measures
the lines, is irrational, the lines, namely, on which these powers
(i. e. the squares 18 and 8) are imagined as described®. It is
difficult, consequently, for those who seek to determine a re-
cognised measure for the lines which have the power to form these
powers (i. e. the lines upon which these powers can be formed), to
follow the investigation of this [problem] (i. e. of irrationals),
whereas whoever has carefully studied Euclid’s proof, can
see that they (i. e. the lines) are undoubtedly commensurable
[with one-another]. For he proves that they have to one-another
the ratio of & number to a number®. Such is the substance of
our remarks concerning the uncertainty about Plato.

§ 12. The philosopher (i. e. Plato), moreover, establishes,
among other things, that here (i. e. in the lines of Theaetetus
148a., which are commensurable in square but not in length) are
incommensurable magnitudes. We should not believe, therefore,
that commensurability is a quality of every magnitude as of all
the numbers; and whoever has not investigated this subject,
shows a gross and unseemly ignorance of what the Athenian
Stranger says in the seventh treatise of the Book of the Laws®,
[namely], “And besides there is found in every man an ignorance,
shameful in its nature and ludicrous, concerning everything
which has the dimensions, length, breadth, and depth88; and it is
clear that mathematics can free them from this ignorance®.
For I hold that this [ignorance) is a brutish and not a human
state, and I am verily ashamed, not for myself only, but for all
Greeks, of the opinion of those men who prefer to believe what
this whole generation believes, [namely], that commensurability
is necessarily a quality of all magnitudes. For everyone of them
says: “We conceive that those things are essentially the same,
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some of which can measure the others in some way or other%,
But the fact is that only some of them are measured by common
measures, whereas others cannot be measured at all”. It has
also been proved clearly enough by the statement (or proposition)
in the book that goes by the name of Theaetetus, how necessary
it is to distinguish lines commensurable in length and square
relatively to the assumed rational line, that one, namely, whose
measure is a foot, from lines commensurable in square only.
We have described this in what has preceded ; and from what has
been demonstrated in the generally-known work (i. e. Euclid)?,
it is easy for us to see that there has been described (or defined)
for us a distinction that arises when two rational lines are added
together®2. For it says that it is possible for the sum of two lines
to be either rational or irrational, even if both lines are rational,
the line composed of two lines rational (and commensurable)
in length and square being necessarily rational, whereas the line
which is composed of two lines that are rational (and commens-
urable) in square only, is irrational.

§ 13. If, then, the discussion in Plato’s book named after
Parmenides should not contradict this (i. e. the existence of
incommensurable magnitudes), [let it be observed that] he has
considered therein the First Cause (i. e. The One) in connection
with the division (or separation) of commensurable from in-
commensurable lines?. In the first hypothesis®, namely, the
equal, the greater, and the less are discussed together; and in
this case the commensurable and the incommensurable are
conceived of as appearing in the imagination together with
measure®®. Now these (i. e. the commensurable, the incom-
mensurable, (and measure ?)) cover everything which by nature
possesses the quality of being divided, and comprehend the
union (combination) and separation (division)® which is con-
trolled by the God who encircles the world®”. For inasmuch as
divine number®® precedes the existence of the substances of
these things, they are all commensurable conformably to that



cause, God measuring all things better than one measures the
numbers; but inasmuch, as the incommensurability of matter
is necessary for the coming into existence of these things, the
potentiality (or power) of incommensurability is found in
them?, It is, moreover, apparent that limit is most fit to
control in the case of the commensurables, since it originates
from the divine power, but that matter should prevail in the
case of those magnitudes which are named incommensurables!®,
For if you wish to understand whence incommensurability Ms. 27. ro.
is received by the magnitudes, [you must recognise that] it
is only found in that which can be imagined as potentially
divisible into parts to infinity (or indefinitely); and [that] parts
originate necessarily only from matter, just as the whole from
form; and [that] the potential in everything proceeds from
matter, just as the actual from the other cause (i. e. form)L,
The incommensurability of geometrical continuous quantities,
therefore, would not have its origin in matter or anywhere,
were there not, as Aristotle says,'? two kinds of matter namely, Page 14.
intelligible matter on the one hand, and sensible matter, on
the other, the representation of bulk, or, in short, of extension,
in geometrical figures being by means of intelligible matter only.
For where only form and limit are found, there everything is
without extension or parts, form being wholly an incorporeal
nature. But linel®3, figure (or plane), and bulk, and everything
which belongs to the representative (or imaginative) power
within us, share in a particular species of matter'®. Hence
numbers are simple and free by nature from this incommens-
urability, even if they do not precede the incorporeal life'®s;
whereas the limits (or bounds) which come thencel® into the
imagination and to a new existence in this representative (or
imaginative) activity, become filled with irrationality and share
in incommensurability, their nature, in short, consisting of the
corporeal accidents0?.
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§ 14. We must return, however, to the object of our discussion
and consider whether it be possible for some lines to be rational
notwithstanding their incommensurability with the lines!08
which have been assumed as rational in the first place. We must,
in short, examine whether it be possible for the same magnitude0?
to be at once rational and irrational. Now we maintain that
measures (i. e. in the case of the continuous quantities) are only
by convention and not by nature!?, a fact which we have often
pointed out before. Consequently the denotation of the terms,
rational and irrational, necessarily changes according to the

.convential measure that is assumed!!!; and while things which are

incommensurable with one another can never be commensurable
in any sense whatsoever, it would nevertheless be possible for
what is rational to become irrational, since the measures might
be changed. But as it is desirable that the properties of rationals
and irrationals should be definite and general!?, we assume some
one measure and distinguish the properties of rational and irrat-
ional continuous quantities relatively to it. For if we did not
distinguish between these relatively to some one thing, but
designated a continuous quantity which the assumed measure
does not measure, rational, we would assuredly not preserve the
definitions of this learned scholar!l® distinct and unconfused.
On the contrary, a line which we would show to be a medial,
would be considered by another to have no better a claim to be a
medial than a rational, since it does not lack measure!’, But
this is not a scientific method. As Euclid says, it is necessary
that one line should be [assumed as] rationall?,

§ 15. Let, then, the assumed line be rational, since it is
necessary to take some one line as rational; and let every line
which is commensurable with it, whether in length or in square,
be called rational. Let these be convertible terms!; and let it
be granted, on the one hand, that the line which is commensurable
with the rational line, is rational, and, on the other, that the line
which is rational, is commensurable with the rational line, since
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Euclid defined as irrational the line which is incommensurable
with this line!’?”. On these premises, then, all lines that are
commensurable with one-another in length, are not necessarily
proportional to the assumed line, even if they be called rational ;
nor are they necessarily called commensurable!®, because this
line measures them. But when they are proportional to the
assumed line either in square or in length, they are necessarily
named rational, since every line which is commensurable with
the assumed line in square or in length, is rational. The commens-
urability of these lines in length or in square is an additional
qualification of them!® and does not refer to their proportion to
the assumed line, since medial lines, for example, are sometimes
commensurable in length and sometimes commensurable in
square only. He misses the mark, therefore, who says that all
rational lines which are commensurable in length, are rational
in virtue of their length!'®. Consequently the assumed line
does not necessarily measure every rational line. For lines which
are commensurable in square with the assumed rational line,
are called rational without exception on the ground that if we
take two square areas, one of them fifty [square] feet and the
other eighteen square] feet, the two areas are commensurable
with the square on the assumed rational line whose measure is a
foot, and the lines upon which they are the squares, are com-
mensurable with one-another, although incommensurable both
of them with the assumed line. There ig no objection at all, then,
to our calling these two lines rational and commensurable in
length ; rational, namely, inasmuch as the two squares upon them
are commensurable with the square upon the assumed line, and
commensurable in length inasmuch as even if the unit of meas-
urement®! which is common to them, is not the assumed rational
line, there is another measure which measures them!??2, Com-
mensurability with the assumed rational line, therefore, is the
only basis of rationality!?. Continuous quantities, on the
other hand, are commensurable with one-another, in length or in
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square only, by reason of a common measure, be that what
it may.

§ 16. It has been established, moreover, that the area (or
rectangle) contained by two rational lines commensurable in
length is rational®. It is not impossible, then, that the lines
containing this area should be at the same time rational —, the
reference in this case being to their homogeneity with the rational
line, their condition, namely, compared with it in length
or in square only'® — and also commensurable with one-
another in length!*® —, where the reference is to the fact that
they have necessarily a common measure. We must assume,
that is, that in this case we have two lines such that containing
the given area, they are named rational and are commensurable
also [with one-another] in length without being measurable by
the given rational line, although; on the other hand, the squares
upon them are commensurable with the square upon that line.
It has been demonstrated, however, that this area is rational.
For it is commensurable with each of the squares upon the lines
containing it; and these are commensurable with the square
upon the given line; and, therefore, this area is also necessarily
commensurable with it and thus rationall?’ if, however, we take
the two given lines as commensurable [with one-another] in
length but incommensurable both in length and square with the
line which is rational in the first place, we cannot prove in any
way that the area contained by them is rational. On the con-
trary if you apply the length to the breadth!?® and find the meas-
ure of the area, it will not be an extension such as you can
prove to be rational. For example, if the ratio to one-another
of the two lines containing it be three to two, then the area of the
rectangle (or area) must be six times something-or-other!?,
But this something-or-other is an unknown quantity, since the
half and the third of the lines themselves are irrational’®. Tt is
not correct, however, for anyone to maintain that there are two
kinds of rational lines, those, namely, which are measured by
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the line which is rational in the first place, and those which are
measured by another line which is not commensurable with that
line. On the other hand lines commensurable in length are of
two kinds, those, namely, which are measured by the line which
is rational in the first place, and those which are commensurable
with one-another, although they are measured by another line
which is incommensurable with that line. Euclid never names
those lines which are incommensurable with the given rational
line in both respects (i. e. in length and in square) rational. And
what would have prevented him doing so, if instead of deter-
mining rational lines by reference to that line alone, he had also
determined them by adopting some other measure from those lines
which are called rational and referred them to it 2131

§ 17. Plato gives even rational lines diverse names. We know
that he calls the line which is commensurable with the given
rational line, length'3?, and that he names that one which is
commensurable with it in square only, power'3?, adding on that
account!® to what he has already said, the explanation, ‘“Because
it is commensurable with the rational line in the area to which
the square upon it is equal’’1%. Euclid, on the other hand, calls
the line which is commensurable with the rational line, however
commensurable!®, rational, without making any stipulation
whatsoever on that point: e fact which has been a cause of some
perplexity to those who found in him some lines which are called
rational, and are commensurable, moreover, with each other in
length but incommensurable with the given rational line (i. e. in
length). But perhaps he did not mean to measure all rational
lines by the line which was assumed in the first place, but in-
tended to give up that measure, despite the fact that in the
definitions he proposed to refer the rationals to it, and to change
to another measure incommensurable with the first, naming
such lines!??, then, without noting it'%, rational because they
were commensurable with the given rational line in one respect
that is, in square only, but referring their commensurability in

6 Junge-Thomson.
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length to another measure, subscribing in this instance to the
opinion that they were commensurable (i. e. with another) in

both respects, but not rational in both respects (as, e. g., }@
and Vg).

§ 18. We maintain, therefore, that some straight lines are
wholly irrational and others rational. The irrational are those
whose lengths are not commensurable with the length of the
rational line nor their squares with its square. The rational are
those which are commensurable with the rational line in either
respect (i. e. in length or in square only). But some of the
rationals are commensurable with one-another in length, others
in square only; and some of those which are commensurable
with one-another in length, are commensurable with the rational
line in length, others are incommensurable (i. e. in length, but
commensurable in square) with it. In short, all lines which are
rational and commensurable in length with the rational line, are
commensurable with one-another (i. e. in length), but all rational
[lines] which are commensurable with one-another in length,
are not commensurable with the rational line (i. e. in length)3.
Some of the lines, again, which are commensurable with the
rational line in square, for which reason, indeed, they also are
named rational®®, are commensurable with one-another in
length, but not relatively to that line; others are commensurable
in square only (i. e. with the rational line and with one-another).
The following example will make this clear. If, namely, we take
an area (or rectangle) contained by two rational lines which are
commensurable in square with the given line, but with one-
another in length, then this area is rational. If, on the other hand,
the area is contained by two lines which are commensurable
with one-another and with the rational line in square only, it is
medial®l, That is the sum and substance of what we have to say
concerning such things2. It should be evident now, however,
that if [it be stated that] an area is contained by two lines rat-
ional and commensurable in square [only], [this means that]



— 83 —

the two rational lines are commensurable with one-another and
with the given rational line in square only™3; whereas if [it be
stated that] an area is contained by two lines rational and
commensurable in length, [this may mean either (i) that] the
two rational lines are commensurable with one-another and with
the rational line in length, or [(2) that] they are commensurable
with the rational line in square only, but with one-another in
another respect (i. e. in length).

§19. We must also consider the following fact. Having found
by geometrical proportion that the medial line is a mean pro-
portional between two rational lines commensurable in square
only and, therefore, that the square upon it is equal to the area
(or rectangle) contained by these two lines¥ —, the square upon
a medial line being one which is equal to the rectangle contained
by the two assigned lines as its adjacent sides¥ —, he (i. e.
Euclid) always assigns the general term, medial, to a particular
species (i. e. of the medial line)6. For the medial line the
square upon which is equal to the rectangle contained by two
rational lines commensurable in length, is necessarily a mean
proportional to these two rationals; and the line the square upon
which is equal to the rectangle contained by a rational and an
irrational line, is also of that type (i. e. a mean proportional);
but he does not name either of these medial, but only the line
the square upon which is equal to the given rectangle'¥’. More-
over since in every case he derives the names of the powers (i. e. the
square-areas) from the lines upon which they are the squares,
he names the area on a rational line rational® and that on a
medial line medial.

§ 20. Comparing, furthermore, the medials theoretically to
the rational lines?, he says that the former resemble the latter
inasmuch as they are either commensurable in length or com-
mensurable in square only, and the area (or rectangle) contained
by two medials commensurable in length is necessarily medial,
just as the area contained by two rationals commensurable in

6#

Page 19
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length is, on the other hand, rational®. The area, moreover,
contained by two medials commensurable in square only is
sometimes rational and sometimes medial®®!. For just as the
square on a medial line is equal to the area contained by two
rationals commensurable in square, so the square on a rational
line is equal sometimes to the area contained by two medial lines
commensurable in square. There are thus three kinds of medial
areas: the first contained by two rational lines commensurable in
square, the second by two medials commensurable in length,
and the third by two medials commensurable in square; and
there are two kinds of rational areas: the one contained by two
rational lines commensurable in length, and the other by two
medial lines commensurable in square®2. It appears, then, that
the line which is taken in [mean] proportion between two medial
lines commensurable in length, is, together with that one which
is taken in mean proportion between two rational lines commens-
urable in square, in every case medial!5®, but that the line which
is taken in mean proportion between two medials commensurable
in square’?, is sometimes rational and again medial, so that the
square upon it is now rational and now medial. Thus we may
have two medial lines commensurable in square only, just as we
may have two rational lines commensurable in square only, and
the ground of distinction (or variance) between the areas con-
tained by the two sets of lines'® must be the line which is the
mean proportional between these two extremes, namely, either
a medial between two rationals or a medial between two medials,
or a rational between two medials®®. In short, sometimes the
bond (i. e. the mean) is like the extremes, and sometimes it is
unlike. But we have discussed these matters sufficiently.

§ 21. Subsequent to his investigation and production of the
medial line, he (i. e. Euclid) began, after careful consideration, an
examination of those irrational lines that are formed by addition
and division (i. e. subtraction) on the basis of the examination
which he had made, of commensurability and incommensurabil-
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ity’?, commensurability and incommensurability appearing
also in those lines that are formed by addition and subtraction®s,
The first of the lines formed by addition is the binomial (bino-
mium)¥?; for it also [like the medial with respect to all irrational
lines'®] is the most homogeneous of such lines to the rational
line, being composed of two rational lines commensurable in
square. The first of the lines formed by subtraction is the
apotome!®1; for it also is produced by simply subtracting from a
rationalline anotherrationalline commensurable with the whole!82
in square. We find, therefore, the medial line by assuming a
rational side and a given diagonal'®® and taking the mean pro-
portional between these two lines; we find the binomial by
adding together the side and the diagonal; and we find the
apotome by subtracting the side from the diagonall®. We
should also recognise, however, that not only when we join
together two rational lines commensurable in square, do we
obtain a binomial, but three or four such lines produce the same
thing. In the first case a trinomial (trinomium) is produced,
since the whole line is irrational; in the second a quadrinomial
(quadrinomium); and so on indefinitely. The proof of the irra-
tionality of the line composed of three rational lines commens-
urable in square is exactly the same as in the case of the bino-
miall®,

§ 22. It is necessary, however, to point out at the very be-
ginning that not only can we take one mean proportional between
two lines commensurable in square, but we can also take three
or four of them and so on ad infinitum, since it is possible to take
as many lines as we please, in [continued] proportion between
two given straight lines. In the case of those lines also which
are formed by addition, we can construct not only a binomial,
but also a trinomial, or a first, or second trimedial, or that line
which is composed of three straight lines incommensurable in
square, such that, taking one of them with either of the [re-
maining] two'%®, the sum of the squares'®” on them is rational,

Page 21.
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Page 22. but the rectangle contained by them is medial, so that in this
case a major results from the addition of three lines. In the
same way the line the square upon which is equal to a rational
and a medial area, can be produced from three lines, and also the
line the square upon which is equal to two medial areas!®s, Let
us take, for example, three rational lines commensurable in
square only. The line which is composed of two of these, is
irrational, namely, the binomial. The area, therefore, contained
by this line and the remaining line is irrational. Irrational also
is the double of the area contained by these two lines. The
square, therefore, on the whole line composed of the three lines
is irrational. Therefore the line is irrational; and it is named the
trinomial. And, as we have said, if there are four lines commens-
urable in square, the case is exactly the same; and so for any
number of lines beyond ‘that. Again, let there be three medial
lines commensurable in square, such that one of them with either
of the remaining two contains a rational rectangle. The line
composed of two of these is irrational, namely, the first bimedial,
the remaining line is medial, and the rectangle contained by
these two is irrationall®®. The square on the whole line, there-
fore, is irrational [and therefore the line also]. The same facts
hold with respect to the rest of the lines. Compound lines,
therefore, formed by addition are infinite in number!®.

§ 23. In like manner we need not confine ourselves in the case
of those irrational straight lines which are formed by division
(i. e. subtraction), to making one subtraction only, obtaining
thus the apotome, or the first, orsecond apotome of the medial,
or the minor, or that [line] which produces with a rational area
a medial whole, or that which produces with a medial area a
medial wholel”!; but we can make two or three or four subtrac-
tions. For if we do that, we can prove in the same way [as in
these] that the lines which remain, are irrational, and that each
of them is one of the lines which are formed by subtraction. If
from a rational line, for example, we cut off another rational line
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commensurable with the whole line in square, we obtain, for
remainder, an apotome; and if we subtract from that line which

has been cut off!'?2, and which is rational, and which Euclid calls

the Annex'"®, another rational line which is commensurable with page 23.
it in square, we obtain, as remainder, an apotome; and if we cut Ms. 30 r.
off from the rational line which has been cut off from that linel™,

another line commensurable with it in square, the remainder is
likewise an apotome. The same thing holds true in the case of

the subtraction of the rest of the lines!”. There is no possible

end, therefore, either to the lines formed by addition or to those

formed by subtraction. They proceed to infinity, in the first

case by addition, in the second by subtraction from the line that

is cut off (i. e. the annex). It seems, then, that the infinite
number of irrationals becomes apparent by such methods as

these, so that [continued] proportion does not cease at a definite
multitude (i. e. number) of means, nor the addition of compound

lines come to an end, nor subtraction arrive at some definite

limit or other'”. With this we must be content so far as the
knowledge of rationals!’? is concerned.

§ 24. Let us begin again and describe its parts (i. e. the parts
of Book X)178. We maintain, then, that the first part deals with
the commensurable and incommensurable continuous quantities.
For he (i. e. Euclid) establishes in it that in this instance (i. e. in
the case of continuous quantities) incommensurability is a fact!?,
[shows] what continuous quantities are incommensurable!s
and how they should be distinguished, and [explains] the nature
of commensurability and incommensurability as regards pro-
portion'®!, the possibility of finding incommensurability in two
ways, either with reference to length and square or with reference
to length only!82, and the mode of each of them with respect to
addition and subtraction!83, increase and diminution. That is,
in all these propositions, fifteen in number, he instructs us con-
cerning commensurable and incommensurable continuous quan-
tities184,



Page 24.

Ms. 30 v.0

— 88 —

§ 25. In the second part he discusses'® rational lines and
medials such as are commensurable with one-another in square
and length, the areas that are contained by these lines, the
homogeneity of the medial line with the rational, the distinction
between them, the production of it (i. e. of the medial), and such
like subjects!®. For the fact that it is possible for us not only to
find two rational lines commensurable in length but also to find
two such lines commensurable in square [only], shows that we
can obtain two lines incommensurable with the assigned line, the
one in square and the other in length only®”. If, then, we take a
rational line incommensurable in length with a given line, we
obtain two rational lines commensurable in square only. And if
we take the mean proportional between these, we obtain the first
irrational line?ss.

§26. In the third part he provides the means for obtaining the
irrationals that are formed by addition, by furnishing for that
operation two medial lines commensurable in square only which
contain a rational rectangle, two medial lines commensurable in
square which contain a medial rectangle'®®, and two straight
lines neither medial nor rational, but incommensurable in square,
which make the sum of the squares upon them!® rational, but
the rectangle contained by them medial, or, conversely, which
make the sum of the squares upon them medial, but the rectangle
contained by them rational, or which make both the sum of the
squares and the rectangle medial and incommensurable with
one-another!®. These propositions, namely, and everything
that appears in the third part, were selected by him for the sole
purpose of finding the irrational lines which are formed by
addition. For if those lines which have been obtained (i. e. in the
third part) be added together, they produce these irrational lines.

§ 27. In the fourth part he makes known to us the six irra-
tional lines that are formed by addition®2. These are composed
either of two rational lines commensurable in square'®, — two
[rational] lines commensurable in length forming when added
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together a whole line that is rational —, or of two medial lines
commensurable in square!®, — two medials commensurable in
length forming when added together a medial line —, or of two
lines, unqualified'®, which are incommensurable in square.
Three are irrational for the reason we have givenl®; two are
composed of two medials commensurable in square; and one of
two rationals commensurable in square!®?; six lines altogether,
the [lines in the] third part having been produced in order to
establish these [six lines] in the fourth part. In this fourth part,
then, he shows us the composition of these six irrational lines
by forming some of them, namely, the first three, from lines
commensurable in square, and the others, that is to say, the
second three, from [lines] incommensurable in square!®s, in the
case of the three latter [propositions] either making the sum of
the squares upon them (i. e. upon the two lines incommensurable
in square) rational but the rectangle contained by them mediall®,
or, conversely, making the sum of the squares upon them medial
but the rectangle contained by them rational, or, finally, making
both the sum of the squares upon them and the rectangle con-
tained by them medial and incommensurable with one-another.
For were they commensurable with one-another (i. e., the sum
of the squares and the rectangle), the two lines which have been
added together, would be commensurable in length®®, He
proves also the converse of these propositions in some form or
other, namely, that each of these six irrationals is divided at one
point only®!. For he demonstrates that if the two lines are
rational and commensurable in square, then the line composed
of them is a binomial; and that if this line be a binomial, then it
can be composed of these two lines only and of no others; and so
analogously with the rest of the lines. In this part, therefore,
we have two series of six propositions, the first six putting to-
gether these six irrational lines, and the second six demonstrating
the converse propositions.

Page 25.
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§ 28. After these parts®? the binomial line is [at last] found in
the fifth part, the first, namely, of those lines which are formed
by addition®3. Six varieties of this line are set forth®4. And I do
not think that he did this (i. e. found the six binomials) without
a [definite] purpose, but provided them2 as a means to the
knowledge of the difference between the six irrational lines
formed by addition, by means of which (i. e. the binomials) he
might make known a particular property of the areas to which the
squares upon these (i. e. upon the six irrationals formed by
addition) are equal®®,

§ 29. This [fifth] part, consequently, is followed by the sixth
part in which he examines these areas and shows that the square
on the binomial is equal to the area contained by a rational line
and the first binomial, that the square on the first bimedial is
equal to the area contained by a rational line and the second
binomial, and so forth®?. These lines, therefore, (i. e. the six
irrationals formed by addition) produce six areas contained
[respectively] by a rational line and one of the six binomials8.

§ 30. In the seventh part he discusses the incommensurability
[with one-another] of the six irrational lines that are formed by
addition, proving that any line which is commensurable with
anyone of these, is of the same order as it®°. Applying, then,
the squares upon them to rational lines he examines the breadths
of the areas [thus produced] and finds six other [propositions],
the converse of the six mentioned in the sixth part?!,

§ 31. In the eighth part he demonstrates the difference
between the six irrationals that are formed by addition, by means
of the areas to which the squares upon them are equal®*. In
addition he gives a clear proof of the distinction between these
irrational lines that are formed by addition, by adding together
a rational and a medial area, or, again, two medial areas®!2,

§ 32. Thereafter in the ninth part he describes the six irra-
tional lines that are formed by subtraction®!3, in a way analogous
to that in which he has described the six that are formed by
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addition, making the apotome to correspond to (or the contrary
of)24 the binomial, in that it is obtained by the subtraction of
the less from the greater of the two lines which when added
together, form the binomial; and the first apotome of a medial
to correspond to (or the contrary of) the first bimedial; and the
second apotome of a medial to the second bimedial; and the
minor to the major; and that which produces with a rational
area a medial whole, to that the square upon which is equal to a
rational plus a medial area; and that which produces with a
medial area a medial whole, to that the square upon which is
equal to two medial areas. The reason for the application of
these names to them is obvious. And just as he proves in the
case of [the irrational lines that are formed by] addition?!5, that
each of them can be divided at one point [only], so he shows
immediately after these [propositions concerning the irrational
lines]?18 which are formed by subtraction, that each of them has
one Annex [only]?'7,

§ 33. In the tenth part in order to define these six irrational
lines he sets forth some apotomes that are to be found in a manner
analogous to that in which the binomials were found?1,

§ 34. This is followed in the eleventh part by the demonstrat-
ion of the six irrational lines that are formed by subtraction®!®,
the squares upon which are equal [respectively] to a rectangle
contained by a rational line and one of the apotomes, also num-
bering six, taken in their order.

§ 35. After examining this matter in the eleventh part, in the
twelfth part he describes the incommensurability with one-
another of these six irrationals, proving that any line which is
commensurable with anyone of these, belongs necessarily to the
same kind (or order) as it*®. He points out also wherein they
differ from one-another, showing this by means of the areas
which, when applied to a rational line, give different breadths?2..

§ 36. When he comes to the thirteenth part he proves [in it]
that the six irrational lines that are formed by addition, are

Page 27.
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different from the lines that are formed by subtraction???, and
that those which are formed by subtraction are different from
one-another?®. He distinguishes these also by the subtraction
of areas just as he did the lines that are formed by addition, by
means of the addition [of areas]?®. For subtracting a medial
area from a rational, or a rational from a medial, or a medial
from a medial, he finds the lines the squares upon which are
equal to these areas, namely, the irrationals which are formed by
subtraction. 'Thereafter, wishing to demonstrate the infinite
number of irrationals, he finds lines unlimited (or infinite) in
number, different in kind (or order), all arising from the medial
line?®. With this indication he brings this treatise to an end,
relinquishing the investigation of irrationals, since they are
infinite in number?2s,
End of the first book of the commentary on Book X.
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NOTES.

See paragraphs X & XI of Part I and Appendix A for the fact that
Powers in this connection means Squares. See also WorrckE’s Essat,
p. 34, and note 3. The reference is to Theaetetus, 147d.—148a.
For the first two sentences of the paragraph see J. L. HE1BERG, Euclidis
Elementa, Vol. V, p. 414, 11. 1—3 and p. 415, 11. 7—S8.

In Part II, paragraphs 17—20, the author develops this discovery of
Theaetetus further and proves that the irrationals that are formed by
addition, can be produced by means of arithmetical proportion, and
those that are formed by subtraction, by means of harmonic proportion.
The medial line is, of course the geometric mean between two rational
lines commensurable in square only.

See ProcLus, Commentary on the first book of Euclid’s Elements. Basle,
1533, p. 35, 1. 7: p. 92, 1. 11: p. 99, 1. 28: The Commentary of Eutocius,
p- 204 of the Oxford edition of the Works of Archimedes; Frabicii
Bibliotheca Graeca, 4th edition, Hamburg, 1793, Vol. III, p. 464 & 492.
WorrckE translates: ‘“And, finally, he demonstrates clearly their
whole extent’’, remarking that the author alludes to prop. 116 (115)
of Book X. But the Arabic word Tandghi does not mean Euxtent, but
End, Limit, or Finitude; and the allusion is most probably to proposi-
tions 111—114, 111 showing that a binomial line cannot be an apotome,
whereas 112—114 show how either of them can be used to rationalise
the other. (W. p. 2, 1. 6.) For the last sentence of para. I see J. L. HuI-
BERG, Huclidis Elementa, Vol. V, p. 414, 11. 15—16.

See J. L. HEIBERG, Huclidis Elementa, V, p. 417, 1. 15, where &oyov
and &védcov are used together in the same way; also p. 430, 1l
10—11, where &loyoc and &ppnrtoc are so used; see H. VoaT, Die
Entdeckungsgeschichte des Irrationalen...., Biblioth. Mathem. 10,
1909/1910, p. 150, n. 1. See Euclidis Elementa, V, p. 417, 11. 19—20,
for the translation: ‘“The sect (or school) of Pythagoras was so affected
by their reverence etc.” (W. p. 2, 1. 13 & 10.)

That is, the world of generation and corruption, the sensible world,
a brief statement of the Platonic position as, e. g., in Phaedo 79¢
(cf. Symp. 202a, Republic 478d, and Tim. 51d.) The sensible world is
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in a state of continual change; there is no identity of quality in it;
therefore no standard of judgment; and consequently no real knowledge
of it or through it. The Arabic word, Tashabuh, means Identity of
quality or accident (See A Dict. of Technical Terms etc., A. SPRENGER,
Calcutta, 1862, Vol. I, p. 792, Dozy, Vol. I, p. 726, col. 1). Itis probably
a translation of the Greek word &uotdtne, which Pappus uses (See
Fr. HurrscH, Pappus, Vol. III, Index Graecitatis, p. 22) (W. p. 2,
1. 15).

? The Arabic word, Al-Kawn, means The coming-to-be, or, The coming-
to-be and the passing-away (See A Dict. of Technical Terms, Vol. II,
p- 1274). The Arabic word, Marir, probably renders the Greek word
pohy, Stream or Flow (W. p. 2, 1. 16).

8 See Plato, De Legibus, Lib. VII, 819, beginning.

? The Arabic phrase, Mumayyizu-l-Ahdath, is evidently an epithet for
Plato, although I have not been able to find the Greek phrase upon
which it is based (W. p. 2, 1. 20).

10 The Arabic phrase, Al-Mustahigqatu-lil-‘ar, qualifies Al-amir (things)
and not Al-Ahdath (accidents) as in SUTER’s translation (W. p. 2, 1. 20)*

11 The Arabic word, Qawl, may mean Enunciation or Proposition (cf.
Glossary for references to the text; see BESTHORN & HEIBERG, Kucl.
Elem., Al-Hajjaj, i (p. 34, last line; p. 36, 1. 16; p. 40, 1. 4). Ma‘na
may mean Definition (cf. Glossary for references to the text).

12 T interpret the Arabic phrase, Hagsatu-l-Magumati, according to
Wright’s Grammar, 3rd Ed., Vol. II, p. 232, C, etc. The Arabic
word, Al-Maquam, occurs again in the next paragraph (Part. 1., Para. 4.,
WOEPCKE's text, p. 4, 1. 14) with Al-Muthbat as an interlinear gloss.
According to this gloss Al-Magim means Established, Known, Proved,
or Belonging as a property or quality to (W. p. 3, 1. 3).

13 Aristotle says that numbers are limited by one as their minimum,
but that they have no maximum limit; whereas exactly the opposite
is true of the continuous quantities. In consequence of the finiteness
of the world they are limited as to their maximum, but have no mini-
mum. (See Arist. Phys. III. 6, 207b, 1—5; cf. J. L. HEIBERG, Euclidis
Elementa, Vol. V, p. 415, 1. 9ff., 24ff.; p. 429, 1. 26ff.; Nicomachus
of Gerasa, University of Michigan Studies, Humanistic Series, Vol.
XVI, Part II, p. 183, 1l. 7—10.)

14 SUTER’s statement that ,,Hier befindet sich im MS. eine nicht lesbare,
verdorbene Stelle** (p. 15, n. 24), based apparently on WoOEPCKE's
note 7 to page 3, that ‘“Verba ‘w-al-wuqif’ ete, usque ad ‘Al-Muséwi’,
in texta omissa, margini adscripta, sed rescisso postea margine ex
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parte peremta sunt’’, is misleading. The part of the text which has
been omitted and then given in the margin, can be read with the
exception of one word; and that word of which two letters can still be
deciphered, can be reconstructed from the context. What has hap-
pened, is a curious case of haplography, and T have reconstructed the
text. (See text and notes on the text.) (W. p. 3, 1l. 18—19.) '
For the philosophical notion expressed in these sentences compare
The Commentary of Proclus on Book I of Euclid, ed., FRIEDLEIN,
p- 87, L ‘19ff.; p. 314, 1. 16ff. It follows the Pythagorean doctrine
that the principles of things are such contraries as Limit and Unlimited
(the Finite and the Infinite), Odd and Even etc (cf. ArisT, Metaph., A.
I; 986a, 22ff.). In Platonism the Finite and the Infinite became the
two principles out of which everything arose (Cf. Plato’s Philebos
16c.ff.).
See Arist., Metaph. 1024a, 6. On the opposition of Unity and Plurality
see Arist., Mesaph., 1054a, 20ff., 1056b, 32, 1057a, 12. On Plurality
as the genus of Number see Arist., Metaph., 10574, 2; and for the fact
that One means a measure, i. ., is One, the arithmetical unit, or the
first thing with the name of One, e. g., one foot, see Arist., Metaph.,
1052a, 15—1053b, 4; 1087b, 33—1088a, 4.
See Euclid, Bk. X., props. 5—9. For “Commensurable absolutely”,
cf. Def. I.
See Euclid, Bk. X., prop. 10.
See Euclid, props. 11—18, esp. 11, 15, 17, 18.
See Euclid, props. 11, 14, 17, 18. WoEPCKE’s judgment on the text
here is unsound, and SUTER, following it, misses the sequence of
thought (See text and notes on the text,) (W. p. 5, 1. 3ff.).
See Euclid, prop. 18, Lemma.
See Euclid, prop. 21.
The Arabic phrases, Mantigatun fi-l-amraint and Mantigatun fi-l-
quwuwatt, which, rendered literally, give Rational lines in both respects,
i. e. in square and length, and Rational lines in square, mean, as is clear
from prop. 21, Rational lines commensurable in square and length and
Rational lines commensurable in square. The following phrases, there-
fore, mawsitatun fi-g-tuli wa-l-quwwats, and mawsitatun fi-l-quwwats,
literally, Medial lines in length and square and Medial lines in square,
must mean Medial lines commensurable in length and square and Medial
lines commensurable in square, as given above. Further confirmation
of this fact may be found in the sentence which follows this one, where
props. 21 & 25 are alluded to in the text. WOEPCKE’S correction of
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mantiqatun to mawsitatun is, therefore, to be accepted. SUTER's
translation and note 35 are based on a misunderstanding of the text.
The full phrase is given, Part I, para. 18. (W. p. 5, L. 6ff.)

23 See Euclid, Bk. X., props. 21 & 25.

% See Euclid, Bk. X., props. 36ff.

% See Euclid, Bk. X., props. 73ff.

28 See Euclid, Bk. X., props. 54ff. & 92ff.

27 See Euclid, Bk. X., prop. 115.

28 That is, a measure or magnitude which is common to all magnitudes as
unity is common to the numbers, and which must be, therefore, the
minimum measure or magnitude as One is the minimum number. The
Arabic word, Qadr, means strictly a Measurable Quantity or Magnitude,
and is then used, as in paragraph 3, Part I., in the sense of a Measure
or a Unit of Measurement (See the Glossary for references to the text).
(W. p.6, L 3; cf. p. 3, 1. 10). Cf. J. L. HEIBERG, FEuclidis Elementa,
Vol. V, p. 437, 1. 1—4.

2% QOr, ‘“To find another measure or magnitude less than the lesser of

B

two given measures or magnitudes”, if we adopt the marginal addition
to the text, which seems unnecessary, however, and may have been
added to make the statement conform more literally with the enun-
ciation of proposition 1. The literal translation of the longer statement
is: “That there can always be found another measure or magnitude
less that any given measure or magnitude which is less than some
measure or magnitude or other” (W. p. 6, 1I. 4—5).

30 Book V., Def. 4. Cf. J. L. HEIBERG, Euclidis Elementa, Vol. V.,
p- 418, 1. 7ff. for this sentence in the Greek Scholia to Book X.

31 Qr, “An irrational measure’, i. e., unit of measurement. As SUTER
points out, Pappus probably means that it is not possible to prove by
means of the propositions of Book V. alone that, e. g., }/'8 and Vis
have a common measure, i. e. /2. (Page 17, note 40.)

32 WoeprckE's reading of the text is false at this point, and SUTER
naturally gives up in despair. (See text and notes on the text.) Cf.
for the following sentence J. L. HEIBERG, Euclidis Elementa, Vol. V,
p. 418, 1. 10ff. (W. p. 6, 1. 10).

38 Cf. J. L. HEIBERG, Huclidis Elementa, Vol. V., p. 417, 1. 21. Ta pév
uadnpata uvtaaTixds voobuev, Todg 8t dptdudug Sogmotixds. That is,
as a hypothesis accepted for practical purposes, based on generali-
zations from sense-perception, but not supported by any rational
principle.

3 Al-‘adad, which is most probably the original reading of the text,



36

37

38

39

—_ 97

means in the first place Quantity (Al-Kammiyyatu; see A Dict. of
Technical Terms ete”’, A. SPRENGER, Vol. 11, p. 949), and is here used
in the sense of a quantity recognised as a unit of measurement. It is
employed as a gloss for 4l-Qadr, Measure, Unit of Measurement (cf. the
previous note 28) in the MS. in the next paragraph, 6, and in para-
graphs 11, 14, and 15 the two words are used as synonyms. (see Glossary
for references to the text). The Greek word behind Al-‘adad is pro-
bably &p.Budc used as in Plato’s Philebus, 25a, b; 25e, in the sense of
that which numbers. On the argument of this paragraph up to this
point cf. J. L. HEIBERG, Euclidis Elementa, Vol. V, p. 418, 1. 13ff.
(W. p. 6, 1. 14).
That is, the Platonic mépag. Cf. p. ara. 9 and the third note to para. 9
for this meaning of hadd (W. p. 6, last line).
The original text of the MS., as given by WOEPCKE, p. 7, notes 1, 2,
and 3, is to be prefered. Al-Mutlaq is used in arithmetic to denote a
Whole Number (See A Dict. of Technical Terms otc, A. SPRENGER,
Vol. 11, p. 921; Dozy, Vol. II, p. 57, right column) and is used here
probably by analogy in the same sense. WOEPCKE'S text runs: — It
is also necessary to point out that the term ‘“‘proportion’ can in general
he used to denote one thing in the case of etc.” For this and succeeding
sentences cf. J. L. HE1BERG, Buclidis Elementa, Vol. V, p. 418, 1. 17ff.
SUTER’s note 47, p. 18, seems contrary to the whole argument of the
paragraph. See especially the last sentence. Commensurable and
rational magnitudes are not contraries, but neither are they identical.
The Arabic phrase translated, “With respect to greatness and
smallness”, renders the Greek, xatd 7o weifov wxdt ¥Aatrov — (Cf.
J. L. HE1BERG, Euclidis Elementa, Vol. V, p. 418, 1. 19), i. e., “Accor-
ding to the great and small”. The reference is probably to Euclid,
Bk. V, Def. 4: — ‘“Magnitudes are said to have a ratio to one-another
which are capable, when multiplied, of exceeding one-another’;
which, as T. L. HEATH remarks, excludes the relation of a finite magni-
tude to a magnitude of the same kind which is either infinitely great
or infinitely small and serves to show the inclusion of incommensurables,
See para. 8, note 47.

b) This is the Platonic expression for continuous change. See,
however, para. 8, note 47. G. J.
See Euclid, Bk. X. props 23, 27 & 28. SUTER (See p. 19, notes 49 & 50)

cites the two medials, V5 & VBO which are incommensurable with
unity, but have the ratio to one-another of 1 to 2.

7 Junge-Thomson.
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See SUTER, Beitrdge zur Geschichte der Mathematik bet den Griechen und
Arabern, Abhandlungen zur Geschichte der Naturwissenschaften und
der Medizin, Heft IV, Erlangen, 1922, p. 19, Note 52, and Appendix 2.
Irrationals as has been stated, may be commensurable with one-
another.

Euclid, Bk. X. prop. 23.

Euclid, Bk. X., prop. 103.

Literally, within Number.

WoErcKE substitutes the supralinear gloss for the MS. reading, but
the latter should be restored to the text, since the whole argument of
the paragraph is based upon the idea of finitude. The Arabic phrase
given in the MS. and translated, ‘“A defined plurality’ is a rendering
of the Greek definition of number, nA780c dpopévoy (Eudoxus
in “Jambl. in Nicom. Arith”., Introd., 10, 17: cf. the Aristotelian
definition, wAfi®o¢ 16 memepaopévov, Metaph. 1020a, 13; 1088a, 5,
whereas the supralinear gloss gives the Greek definition, “A pro-
gression (and retrogression) of multitude”, mpomodiouds, dvamodiopée.
SuUTER does not appear to have grasped the sense of the Arabic nor the
syntax either, the matter is hardly philosophical (W. p. 8, 1. 17 and
note 5).

% WoEPCKE substitutes the supralinear gloss for the MS. reading. The
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Arabic word rendered by ‘‘Comprehends more than’ should be read
Mujawizatun, not Muhawiratun or Mujawiratun, as WOEPCKE suggests.
The supralinear gloss, Arfa‘u min, is an explanation of this term. The
meaning is that finitude is a more comprehensive term than number,
or, according to the gloss, is of a higher category, number being just
one of its kinds and not therefore, exhausting its content, so that the
ratio pertaining to number does not cover everything included under
the ratio pertaining to finitude (W. p. 8, 1. 17 and note 6).
Literally, “We exclude the ratio of finite things from .......... 7,
Magnitudes are commensurable when they can be measured by some
unit or other which is the least part or minimum. This minimum,
therefore, is determined ultimately by the ratio of the magnitudes to
one-another. The ratio of the finites, on the other hand, is defined
(Euclid, Bk. V, Def. 4) so as to exclude the relation of a finite magnitude
to a magnitude of the same kind which is either infinitely great or
infinitely small, and to show the inclusion of incommensurables (See
note 38 above).

b) Perhaps an allusion to Plato’s Parmenides, 140c. See Intro-
duction, p. 6 or a reference to the idea of continuous change; see
para. 6. G. J.
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48 That is, presumably, the Pythagorean Monad. Cf. Part I, para. 13
(W. p. 13, 1. 11) where it is stated that God measures all things better
than one measures the numbers.

4 Human reason, however, is limited and can find no natural unit of
measurement for continuous quantities, as for numbers. For them,
therefore, it uses various conventional units of measurement, which do
not, therefore, apply to all finite things.

5% For the para. see J. L. HEiBERG, Euclidis Elementa, Vol. V, p. 484,
1. 23—p. 485, 1. 7. That is, medials, binomials, and apotomes.

51 That is, the things furthest removed from their causes, the ideas or
forms in the Universal Soul, and which are, then, only very dim re-
flextions or very poor images of these, devoid for the most part of form,
or limit, or definiteness.

52 That is, as the whole argument of this paragraph goes to prove (cf. also
§ 13), there is nothing absolutely irrational but only relatively so.

, From the point of view of an ideal system of knowledge, or, Platon-
ically speaking, from the point of view of the World-Soul, everything
is rational, but for human reason there are things which are relatively
irrational, as, e. g., an infinite number of the continuous quantities.
But these are, even for human reason, relatively rational, inasmuch as
they all belong to one or other of the three classes of irrationals, and so
admit of definition, have a certain form or limit. For the Platonist,
and likewise the Neopythagorean and the Neoplatonist, the cause of
this, that everything consists of three parts, is the number three
conceived of as a metaphysical entity. ‘“The Triad”, says Nicomachus
(in Photius), “‘is the cause of that which has triple dimensions and gives
bound to the infinity of number”’. (Cf. T. TAYLOR, Theoretic Arith-
metic, London, 1816, p. 181). The doctrine is derived from the Platonic
speculation concerning the separate as distinct from the mathematical
and sensible numbers. (Cf. Aristotle, Metaph. 1080a, 12—1083a, 14.)
The separate numbers were not only the formal but also the material
causes of everything. Even the universal soul, it should be observed,
is threefold, being formed from same (16 tavtédv), other (vd Odrepov),
and being (4 éuota) (Cf. PraTO’s Timaeus, 37a; Proclit Diodachi in
Platonis Timaeum Commentaria, E.Dierr, Leipzig, 1903, Vol. II,
p- 295 (on Timaeus, 37a), p. 125, 1. 23ff., p. 1567, 1. 27ff., p. 272,
1. 21ff., p. 297, 1. 171f., p. 298, 1. 2ff.). On the threeness of things see
Aristotle, De Coel., 1. 1.

83 The Greek corresponding to this passage in the Arabic is found in
J. L. HeiBerG’s Euclidis Elementa, Vol. V, p. 485, 1. 3ff. The Arabic,
7‘
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Tushabbahu an (‘‘seems to’’), gives the Greek &#oixsv; the Arabic,
Min qurbin (‘‘directly’), gives the Greek mpoceyés; so far as the
Arabic is concerned, the latter phrase might be translated. “By affi-
nity”’. For the notion of the soul’s being moved concerning the nature
of the continuous quantities, see Plato’s Timaeus, 37a. b.: ‘“Therefore
since she (the soul) is formed of the nature of same and of other and of
being, of these three portions blended, in due proportion divided and
bound together, and turns about and returns into herself, whenever she
touches aught that has manifold existence or aught that has undivided,
she is stirred through all her substance, (xwwvoupévn Sk mdone foutHg)
and she tells that wherewith the thing is same and that wherefrom it
is different etc. (R. D."ArRcHER-HIND’s translation). Cf. also the com-
mentary of Proclus on the Timaeus, E. Dienr, Vol. 11, p. 298, 1. 2ff. &
pp. 302—316 on Timaeus 37a. b., esp. p. 316, 1. 24—25 (W. p. 9,
1. 111f.).

84 For the interpretation of this sentence cf. Plato’s Timaeus, 34c.—37c.,
where Plato describes the composition of the soul out’ of same, other,
and being, goes on then (35b.ff.) to give an account of the mathematical
ratios pertaining to the soul, to state, finally (36e.ff.), that God
fashioned all that is bodily, within her; that from the midst even
unto the ends of heaven she was woven in everywhere and encompassed
it around from without; and that she can tell that wherewith anything
is same and that wherefrom it is different, and in what relation or
place or manner or time it comes to pass both in the region of the
changing and in the region of the changeless that each thing affects
another and is affected. See the commentary of Proclus on the Ti-
maeus, E. Digrr, Vol. II, p. 47, 1. 28ff.: ‘“‘Again the Soul is one and
contains in itself that which is divine (16 Oeiov) and that which is
irrational (t& &\oyov), and in the divine part of itself it comprehends
(meptéyer) rationally the irrational powers (tag &Adyoug Suvdpeig) by
which it governs the irrational and arranges it in a becoming manner”’.
Cf. also Vol. II, p. 106, 1. 9—15, p. 108, 1. 29ff., p. 160, 1. 26ff.,
p. 208, 1. 5ff. Cf. J. L. HeiBeERrc, Buclidis Elementa, Vol. V, p. 485,
1. 3ff. for the Greek.

% The basis of this view is again to be sought in the Timaeus, 31c.—32a. &
36b.ff. In the first passage Plato shows how the mean term of three
numbers makes the three an unity and how the material world is
a harmony through the proportion of its elements. In the second the
harmony or unity of the soul is established by the three means.
Cf. the commentary of Proclus, Vol. II, p. 198, 1. 9ff.: “The three
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means may be said to be the sources of union (évewrtixdt) and connection
(ouvextixat) to the Soul or in other words to be unions, proportions,
and bonds (Seopdug). Hence also Timaeus names them, lbonds. For
prior to this he had said that the geometric mean is the most beautiful
of bonds and that the other means are contained in it. But every bond
is a certain union.”” Cf. also Vol. II, pp. 16, 18, 21 (on Timaeus 31c.—
32a.), p. 131, 1. 30ff.; Vol. III, p. 211, 1. 28ff. That is, the three
means are the basis of the unity of the soul and of everything, there-
fore, rational or irrational.

Or, “Is deprived of the ratios etc.” The reading of the ms. is Yughlaba,
and the marginal gloss is Yuglaba. The idea to be conveyed is evidently
that of loss or change of property or relation (W., p. 9, 1. 14).

I have adopted with WOEPCKE the marginal reading, Al-Nisabi,
instead of the text’s Al-Sababi, because Al-Mawjidati (Which exist)
seems to require this change. Observe also that Al-Nisabt (ratios) is
used in the next sentence manifestly with reference to the same object
as here The argument, moreover, deals with the ratios of the soul and
those of continuous quantities, and how the three means are the causes
of union therein (W., p. 9, 1. 15).

%8 The clause is difficult; and a marginal gloss, instead of helping to solve
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the difficulty, adds to it. The gloss reads, Lakin (not Lakinnahu, as
with WOEPCKE) shait>un (shai’an?) ba‘da shai’in minha, instead of
Lakinnahu matd ba‘ada (not instead of Ldakinnahu matd ba‘ada ‘an
wahidin minha, as with WoEPKE). The meaning to be attached to this
is obscure, to say the least; it can only be conjectured that it should
mean that one thing after another of these last things returns and
becomes the image of the psychic ratios. ‘Naturally” gives the
Arabic Min til-g@* tabi‘atin, i. e., from, for, or on the part of any
nature, Min til-g@s meaning the same as Min “ndi, or Min gibali, or
Min ladun. Ya‘ud might be read instead of Ba‘ada, i. e. “Whenever
it turns back from anyone of these ratios” (W. p. 9, 1. 14—15).
The clause is again obscure. The meaning of the Arabic phrase, Min
al-ras ila ghairihi is not clear. I suspect that some Greek phrase such
as & médug &x xepadic is the basis of the Arabic. The meaning
of the sentence as a whole is, however, doubtless that given above. The
last things are those furthest removed from their psychic prototypes,
things almost devoid of form or limit. Even these, however, are sub-
ject to the ratios that govern their psychic prototypes, can never
indeed, change or lose these. There is a limit, therefore, beyond which
they cannot go, since, then, they would lose these ratios and change
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their nature. They can only return whence they came. The Platonic
doctrine of the harmony of the world (cf. the Timaeus) and the Neo-
Platonic doctrine of the return of all things to their source give a basis
for the solution of the passage.

So stands the text of this sentence, which has apparently a meta-
physical signifance. Things irrational are divided into three classes.
(1) Irrational powers, as, e, g., the two psychic powers, anger and
desire, (cf. the citation from Proclus in note 54 above).

(2) Infinite series of things, as, e, g., species.

(3) Not-being, & pi 8&v, i. e., Matter (4An) or Space (xdpa) which
has not yet received any form, is still formless (&uwopgov) or without
shape (&ynuatixov) (cf. Timaeus 50b—>52¢; Arist., Met., W. D. Ross,
Vol. 1, Comm. p. 170), forms probably being conceived of as mathe-
matical figures in this instance, concerning which idea see the Timaeus
53c. and ZELLER's Pre-Socratic Philosophy (Trans., S. F. ALLEYNE,
1881), Vol. 1, p. 436, on Philolaus (W. p. 9, 1. 17—p. 10, 1. 2).

As in the case of apotomes, for example. Harmoniec proportion is such
that the difference between the middle term and the first is to the
first as the difference between the middle term and the last is to
the last.

As in the case of the binomials, for example. The arithmetical mean
separates three or more terms by the same term, but with irrationals
this term is an unknown quantity.

As in the case of the medials, for example. The geometric mean unites
three or more terms by the same ratio. Mathematically the paragraph
informs us that there are three kinds of irrationals, and that to each
kind one of the three means pertains. See Part 11, para. 17{f., where
the author shows how the three kinds of irrationals are produced by the
three kinds of proportion.

Or, “Those who have influenced speculation”, reading Al-Mw’tharina
or Al-Mwaththirina (W. p. 10, 1. 6).

See Theaetetus, 147d.—148b. For the Greek cf. J. L. HriBERG,
Euclidis Elementa, Vol. V, pp. 4560—452, no. 62.

See Appendix A for a discussion of the use of the term, Quwwah
(power = square) in paragraphs X & XI (W. p. 10, 1. 10). Sometimes
it would have been more convenient and practical to translate ‘‘powers’
(= square-roots), the point being that }/5 and }/3, e. g., are incom-
mensurable with 1 (= }/1) in length, whereas }/4 is commensurable.
But the use of “Quwwatun’ (= power) throughout paras. 10 and 11
proves that it means square and square only; and the awkwardness of
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the argument will be excused, it is hoped, for the sake of its historical
accuracy.

Whose lineal measurement is, therefore, a foot. Cf. Appendix A.
That is, conceptual knowledge dealing with forms or genera which are
not subject to change, and knowledge of which is, therefore, by its
very nature real knowledge. I read Al-Muntabih not Al-Mutanabbih
(W. p. 10, 1. 11).

Theaetetus, 147e.—148a.

The Arabic is an exact rendering of the Greek loov lodwig, Al-
Mutasdwiyan miraran mutasdwiyatan (W. p. 10, 1. 12).

That is, they form the number into a square figure as in the problem
of the quadrature of a circle. Cf. Appendix A on Rabba‘a. If ‘“Quw-
watun’’ is taken as ‘“‘power’’ (= square-root), then ‘“Rabba‘a (to square)
must be translated, ‘‘Whose square is’’, and so throughout wherever
this change is made.

There is no mention of the fact referred to in this last clause in Theae-
tetus, but it is a pet idea of the commentator. G. J.

Cf. Book X, prop. 9. I read with SUTER Abadan not Aidan (W. p. 10,
1. 19).

See note 11 of this Part for the meaning of “Qawl”.

Or, “The definition that determines these ‘‘powers’ (squares) by
means of the square numbers is different altogether from that which
makes them have to one-another the ratio of a square number to a
square number’’.

That is, the ratio of 9 to 4, the halves of 18 and 8.

I have adopted the reading of the MS. Worrckk preferred the
supralinear gloss. (see text and notes on the text.) (W. p. 11,
1l. 7—8, note 5.)

As SUTER says (p. 22, note 62), the definition of Theaetetus was not
universally valid, whereas that of Euclid was. '

Theaetetus, 147d. And in the next clause it is evident that Theaetetus
must be the subject of the verb, explains, since the reference is to
148a.—b. (W. p. 11, 1. 13).

The Arabic is a free rendering of the Greek of Theaetetus 148a.—b.
I have taken the Ha of Annahd tulun and of Annahd qiwan as referring
to the Sides (Al-Adla‘u), although the form of the sentence would lead
one to suppose that it referred to the antecedent of Allat?, i. e. Power
or Powers (quwwatun or giwan). But if the Greek on which the Arabic
is based, is taken into account, the antecedent of Allatz would be some
phrase equivalent to &sor ptv ypappait. The fact, then, that in the
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Greek the subject of discussion is the lines or sides of the squares,
points to sides (Al-Adla‘u) as the most probable antecedent to Ha
(W. p. 11, 1l. 14—15).

That is, the sides of squares commensurable in square but not in length.
That is, as the side of a square.

That is, the squares upon these powers (surds) are commensurable
with the squares upon the lines called lengths. SUTER omits this
sentence: the Greek behind it is evidently [evpperpog] Tolc 8'¢minédorg
& Sdvavtar Theaetetus 148b. Length and power here denote, as
SUTER says, rational and irrational respectively (W. p. 11, 1. 17).
That is, as SUTER says, the squares of 18 square feet and of 8 square
feet mentioned in the previous paragraph, 10.

Cf. the previous note, 34, on the meaning of Al-‘adad. SUTER’s note,
65, rests on a misconception, due to hisnot recognising the real meaning
of Al-‘adad and its use in the sense of Unit of Measurement. His note 54
also rests on a misconception of the sense of the paragraph. And
Pappus had in all probability the same conception of irrationality as
Euclid. T have translated the last clause according to the reading of
the MS. The marginal gloss given by WoEPCKE would run: “On which
these powers are [described] (i. e. which are the sides of these squares).
The original text adds the important point that these lines are ima-
ginary, so far, that is, as measure is concerned (W. p. 11, 1. 21).
SuTeR’s change of subject (lines to sguares) and the consecquent
change of number to square number is unnecessary. The lines are
commensurable in length according to Book X, prop. 9, and have,
therefore the ratio of a number to a number according to Book X,
prop. 5. (W. p. 12, 1. 2—3.) There is' a Latin translation of the
treatise up to the end of this paragraph in the Paris MS. 7377 A,
fol. 68—170b., apparently by GERHARD of Cremona. See STEIN-
SCHNEIDER in Z. D. M. G., Bd. 25, Note 2. (Cf. SUTER, p. 23, note 67.)
PraTo’s De Legibus, Bk. VII, 817 (end)—820.

Cf. De Legibus VII, 819 (StarLBAUM, 1859, Vol. X, Sect. II, p. 379,
1. 1—5). The Arabic, Wa ba‘da hadhihi-l-Ashya:, gives the Greek
pera de tadta. In the Arabic, Bi-I-Tab% (= Greek ¢uoe) qualifies
Qabihun (shameful); and it is to be observed that H. MUELLER (1859)
and Orro APELT (1916) both make gioe. to qualify ludicrous and not
tgnorance, as most of the commentators do (See JOWETT). WOEPCKE’s
reading, Yadhaku minhu jami‘a etc., is a marginal reading. The MS.
reads Fadehika minhu bijamit etc. Bijami‘% is certainly correct,
although Jahila can take the accusative. Fadahika minhu is possible,
but the F may just be a Y thickly written (W. p. 12, 1. 7—9).
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Cf. De Legibus VII, 819d. (StarLiBaum, p. 379, 1 5.) (W. p. 12,
1. 9—10.)

For this passage beginning, “For I hold”, cf. De Legibus 819d.
(STALLBAUM, p. 379, 1. 9—12), 820a. (STALLBAUM, p. 381, 1l. 1—2),
820bh. (StaLLBAUM, p. 381, ll. 3—9). SUTER’S note 70, is based on a
mistranslation. His translation, p. 23, 1. 15, would demand instead of
Man tagaddama (yugaddimu ?), Mimman taqaddama min al-Ndasi.
Moreover the verb Istahd needs a complement, and Min Zanni man
tagaddama ete. is that complement. This phrase is not, therefore, the
Man zamna of SUTER’s translation (W. p. 12, 1. 11—12.)
According to WOEPCKE and SUTER we have here in the phrase, Al-
Kitabi-l-marifi b. .., a repetition of a phrase of the preceding sen-
tence, namely, Al-Kitabi-l-ma‘riifi bi-Thi’a titus, i. e. ‘“The book that
goes by the name of Theaetetus”, except that unfortunately the last
word is illegible. In my opinion, however, the last word of the phrase
is undoubtedly Thabatan, an accusative of respect modifying Qila, i. e.,
“From what has been said by way of support or demonstration in
the ........ book. The complement of Al-ma“raf has, therefore,
either been omitted, or Al-ma‘réif is used here absolutely with the
meaning of Mashhur, i. e., Well-known, Standard (Cf. Lane’s Arabic
Dict., I. V, p. 2017, col. I). The latter supposition finds support in the
fact that Euclid was generally known to his successors as The Ztot-
xetoths simply, and that they took a knowledge of his works for granted
(Cf. M. CANTOR, Vorlesungen iber Geschichte der Mathematik, 3rd Ed.,
1907, p. 261, the reference to Archimedes, De sphaera et Cylindro
(Ed. HeEiBERG, 1. 24), also J. L. HEIBERG, Litterargeschichtliche
Studien iiber Euclid, Leipzig, 1882, p. 29 (foot) and his reference to
Proclus). The propositions in Euclid referred to are evidently 15 and
36 of Book X. (W. p. 12, 1. 20.)

Or, “Applied to one-another’.

Parmenides 140c.

Parmenides 140b., c., d. Al-Wad‘u is the Greek ¥ dnéfeorc of Par-
menides 136, for example. SUTER’s note 73 is based on a false rendering
of Al-Wad‘u. Al-Mawdi‘u also is (uite correct and means case as
translated above (W. p. 13, 1. 6).

That is, the three ideas are interdependent.

The Greek words behind Al-Ijtimdaw (union) and Al-Iftiraqu (se-
paration) are probably 7 ovyxpisic and # Swxplog as used, e. g., in
Aristotle’s Metaph., 988b. 32—35, cf. Plato’s use of cuyxplivesdar
and SaxplvesBar in Parmenides 156b. The sensible world is the
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product of union and division, which are themselves the results of the
movements of the circles of the same and the other in the World-Soul.
Cf. Tvmaeus 36c.—37 ¢ and the commentary of Proclus on the Timaeus,
E. Dienr, Vol. II, p. 158, 1. 18—19, p. 252ff. (W. p. 13, 1. 9).

97 That is, the World Soul of Timaeus 34b. c., 36¢. d. e., 40b., which
through the revolutions of the circles of the same and the other
controlls the world. Observe the use of xpdtog in 36¢. for the sense
of the Arabic word gawd (controlls). Cf. also the commentary of
Proclus, E. DigHL, Vol. I, p. 414, 1. 13, where the soul is said to be
dvaxuxdoboav 16 mav; cf. also Vol. II, p. 286, 1. 21, p. 292, 1. 10ff.,
p. 316 1. 24—25 (W. p. 13, 1. 9).

98 Al-‘adad is the reading of the MS. 4l-Qadr is a marginal reading to be
taken in the sense of measure, not will, as SUTER supposes, number
being that which measures in this case. Divine number is the Platonic
separate numbers, conceived of as separate substances and first causes
of existing things (See Arist., Metaph., 1080a. 12—b. 33, 1090a. 2ff.,
987b. 51). All things are, therefore, commensurable by divine number,
since it is their formal cause. But matter is also necessary for their
existence; and it is indefinite; therefore they can be incommensurable
(W. p. 13, 1. 10).

9 Matter is here conceived of Platonically. It is the Indefinite Dyad
(Cf. Arist., Metaph., 1081a. 14; cf. also 1083b., 34), or The Great and
Small (Cf. Arist. Metaph., 987h. 20; cf. also 1085a. 9), which as the
material principle of sensibles is, as the TWmaeus clearly enough says
(52a.), space not yet determined by any particular figure and capable
of indefinite increase and indefinite diminution.

100 Limat is the Platonic t& mépag. It is imposed on matter, the unlimited
(16 dmepov), by the Ideas or the divine numbers.

101 Cf, Arist. Metaph., 1—9, esp. 8; Z. 1034b. 20—1035b. 31, esp. 1035a.
25. The Arabic words translated, Part, Whole, Matter, Form, Poten-
tiality, Actuality, give the Greek words, pépog, 8dov, Uiy, &doc,
dbvaprg, &vépyera. (W. p. 13, 1. 18).

102 See W. D. Ross, Aristotle’'s Metaphysics, Vol. II, p. 199 (note to
1036a. 9—10). “The words, GAn vonty’, says Mr. Ross in part,
““occur only here and in 1037a. 4, and 1045a. 34, 36. Here it is some-
thing which exists in individuals (1037a. 1, 2), in non-sensible indivi-
duals (1036b. 35) or in sensible individuals not regarded as sensible
(1036a. 11), and the only instances given of these individuals are
mathematical figures (1036a. 4, 12; 1037a. 2). It seems to be equi-
valent to # té@v padnuatixdv OAnof K 1069b. 15. ALEXANDER, there-
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fore, indentifies it with extension (510. 3, 514. 27),.which is satis-
factory for Z (1036). But in H (1045a) it is the generic element in a
definition and, therefore, (1) is present in the nature of a species, and
(2) has no limitation to mathematical objects. The instance given
in H is a mathematical one: ‘‘Plane figure is the $An vont) of the
circle”. So UAn vonth in its widest conception is the thinkable
generic element which is involved both in species and in individuals,
and of which they are specifications and individualizations”. ‘‘Matter”
says Mr. Ross again (Vol. II, p. 195 to 1036a. 8), ‘‘is sensible and
(changeable), or else intelligible, viz., the matter which exists in
sensibles not qua sensible, i. e. mathematical figures”. (W. p. 14,
1. 1—1. 5) Cf. The Commentary of Proclus on Book I of Euclid, ed.,
FrIiEDLEIN, p. 51, 1. 13ff.; p. 67, 1. 9ff.

Rasmun, meaning Line, is unusual. Khattun is the common word,
Rasmun means usually Mark, Sign, Trace, Impression. But un-
doubtedly Rasmun, Shaklun, and Hajmun give here the Greek
yoouwh, éninedoc, and odpa, and to be observed is the fact that
Rasmun and ypapps correspond in several of their meanings, e. g.,
Writing, Drawing, or Sketching. It might mean a mathematical
diagram, but that is the meaning of Shaklun. Perhaps the three
terms represent the ufxog, &nimedog, 8ywxog of| Arist.,, Metaph.
M 1085a. 1. 10—12. Then Rasmun would give pijxoc (W. p. 14,
1. 5).

Cf. W. D. Ross, Aristotle’s Metaphysics, Vol. II, p. 199, note to 1036a.
9—10 (towards the end). “Itisevident”, says Mr. Ross, ‘“from line 11
that in Aristotle’s view everything which has sensible matter has
intelligible matter, but not vice-versa. We get a scale of matters,
each of which implies all that precedes: (1) OAn vonrh; (2) 9An dwdnth
including, (a) OAn xivnry (tomxd), (b) OAn ddAdotwt), (c) OAy
GuEnT) xal @duth, (d) GAn yevvnty xal Bapty, which is §in udhota
xal xvptweg (De Gen. et. Corr., 320a. 2).

That is, sensible and mathematical numbers, which in the Platonic
gystem follow the ideas (the incorporeal life), are free from in-
commensurability no less than the ideal numbers which precede the
ideas (L. RoBIN, La Théorie platonicienne des Idées et des Nombres
d’aprés Aristote, Paris, 1908, p. 470), or are identical with them (W.
D. Ross, Arist., Metaph. Vol. I, Introd., p. LXVI). They possess only
limit and form (W. p. 14, 1l. 6—S38).

That is, from the incorporeal life, the ideal world, the Plotinian
70 &xel.
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E. g., Length, breadth, and thickness (W. p. 14, 1. 8).

The MS. reading, The lines which have etc., is correct, and not the
marginal reading, The line which etc., as WOEPCKE suggests. This
may be seen from the fact that the author in the next sentence but
one speaks of measures. Cf. also para. 5, near the middle, where it is
asserted that one may assume a line a cubit long, or a line a span long,
or some line or other, to be the rational unit of measurement (W. p. 14,
1. 12).

Cf. note 28 of Part I. of the translation for this sense of Qadr (W. p. 14,
1. 14).

Cf. para. 5, near the middle (W. p. 6, 11. 10—13), (W. p. 14, 1. 14).
That is, the rationality or irrationality of a magnitude depends upon
the given rational unit of measurement. Cf. note 34 of this Part of the
translation for the meaning of ‘adad. It is number as measure
(W. p. 14, 1. 15).

The marginal reading, adopted by WoEPCKE, Muhagsalatun might
mean determinate, as in para. 3, near the end. In all probability,
however, it is a gloss on the MS. reading, Mujmalatun, meaning
general, in the sense that the properties sum up the species of rationals
and irrationals (W. p. 14, 1. 18).

That is, presumably, Euclid. The marginal reading which WoEPCKE
adopts, Al-%Imi, would run, “Of his science.” On La, as marking the
apodosis of a conditional sentence, cf. Wright’s Arabic Grammar 3rd
Ed., Vol. 11, p. 349A (W. p. 14, last line).

That is, it can be measured by some unit of measurement or other
(W. p. 15, 1. 2).

As SUTER says, this means that some line or other must be taken as
the rational unit of measurement (W. p. 15, 1. 3).

That is, the subject and predicate of the previous clause-viz., ‘“Every
line which t8 commensurable”, i. e., commensurable and rational ; as may
be seen from the next two sentences. The Arabic runs literally: “‘And
let the one of the two of them be convertible into the other”. I read,
of course, Ya‘kasu, and not Bi-l-‘aksi, as WoeprckE. I read also
Yusamma and Yuda‘u, and not Nusammi and Nadi¢ w. (W. p. 15,
1. 6—7).

Cf. Book X, Definitions 3 & 4.

Commensurable, that is, in length or in square; since lines are
said to be commensurable in length, although not commensurable
with the assumed line. See the end of this paragraph and the
succeeding one.
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Literally, “Is a something added to them from without””. But the
Arabic phrase, Min kharijin, probably gives some such Greek phrase
as dutdg Téutwv (Extéc?, ¥w?), meaning, besides (praeterquam),
as in Plato’s Gorgias, 474d. The Commentator means that in the two
phrases, rational lines commensurable in length and rational lines com-
mensurable in square, commensurable in length and commensurable
in square do not modify the idea, rational line, i. e., as the next
clause says, do not refer to the proportion of the lines to the assumed
rational line, but modify the idea, line, i. e., refer to the proportion
of the lines to one-another (W. p. 15, 11. 14—15).
Since lines can be rational and commensurable in length, although not
commensurable with the assumed rational line in length. See the end
of this paragraph and the next paragraph.
Cf. note 34 of Part I of the Translation for the meaning of 4l- adad
The unit of measurement in this case is |/2.
WOEPCKE omits the phrase, Yagqdiru-l-khatta-l-mafrada aidan, from
the text of the MS. at this point, since it is impossible that this
measure (J/2) should ‘“measure the assumed line also””. Perhaps we
should read ‘ Bigadri-l-khatts ete”, meaning, ‘“With the measure of an
assumed line also” (W. p. 16, 1. 4, note 3).
Literally, ‘““There is not anything, then, which makes a rational except
commensurability with the assumed rational line’’. SUTER’s notes
84 & 85 rest on a misapprehension of the meaning of the text. Pappus
had undoubtedly the same conception of rationality as Euclid, as has
already been pointed out in note 85 above (W. p. 16, 1. 1£f.).
Euclid, Book X, prop. 19.
In short, ‘“What ratio they have to the rational line’’, or, “What is the
mode of their relation to the rational line”.
But not commensurable in length with the given rational line. The
Arabic is slightly involved in this sentence. But observe that the
Arabic, Amma. ................ amma, renders the Greek pév.....
.88 Cf. Wright’s Arabic Grammar, 3rd Ed., Vol. I, p. 292B
(W. p. 18, 1. 9—12).
Book X, prop. 19 and Definition 4.
That is, if you multiply the length by the breadth.
Literally, ‘“Then the area of the rectangle must be six somethings-
or-other. But what the six somethings-or-other are, is not known’.
As SUTER says (Appendix 3), the lines containing the rectangle would

4 4
be, e. g., 3}/2 and 2})/2, which are commensurable in length, but the
product of which is 6}/2, a medial, irrational rectangle.
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Not very clear, as already SuTER has observed. G. J.
Cf. Theactetus, 148a.; i. e. pijxog. (W. p. 17, 1. 15).
Cf. Theaetetus, 148a. b.; i. e. dbvapig. (W. p. 17, 1. 16).
That is, to explain the use of the name ‘power’ (square) for these
lines.
Cf. Theaetetus, 148b.
That is, in length or in square.
That is, the lines commensurable with this other measure but incom-
mensurable with the first.
The MS. reading is ‘‘Wahuwa la yash“ru’’. The meaning is that Eu-
clid without giving notice of the basis of his procedure, named these
lines rational on the ground that they were commensurable with the
given line in square, and named them commensurable in length on the
ground that they had a common measure, although that measure was
not the given line (W. p. 18, 1. 2).
Which they are not, according to definition. See Definition 3, Book X.
SUTER’s note 94 rests on a misapprehension of the text (W. p. 18, 1. 3).
Cf. the previous paragraph towards the end.
SUuTER remarks (Appendix 4): This last proposition is not wholly
correct. If, for example, the given rational line is 10 and the two lines
containing the area 5 and '\/ 3, the area, 5\/ 3, is medial, but one of the
sides, 5, is commensurable with the given rational line, 10. That is,
both sides need not be incommensurable with the given line in length.
SUTER supposes (note 96) that this sentence should stand at the end
of the paragraph, or else that the rest of the paragraph is a later
addition. The latter supposition seems to him the more likely, since
what comes hereafter is to him self-evident, even naive. It is, however,
pertinent, if somewhat tautologous. The commentator points out in
this paragraph that rational lines are; —
(1) commensurable in length with the given line and therefore with
one-another.
(2) commensurable in square only with the given line. Of these
(a) some are commensurable with one-another in length, but not
with the given line,
(b) others are commensurable in square only with the given line
and with each other.

Therefore in this last part of the paragraph he points out that if it
be stated that an area is contained by two lines rational and commen-
surable in square only, this means that the two rational lines are
commensurable with one-another and with the given rational line in
square only Ete. (See Translation.)
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WOEPCKE’ conjecture that the reading should be ‘“In square only* and
not ‘‘In length only is correct. The use of only determines the use

of square (W. p. 18, last line, note 6).

Cf. Book X, props. 21 & 22; J. L. HEiBERG, Huclidis Elementa,
Vol. V, p. 488, no. 146; p. 489, no. 150. On the paragraph cf. ibid.,
p.- 485, 1l. 8—16.

Book X, prop. 21. That this clause seems to repeat the previous
clause, is due to the exigences of translation. The former clause
translated literally would run somewhat as follows: ‘‘And, therefore,
can have a square described on it equal in area to the rectangle etc.
“The use of Janbatun (Side) is unusual. The ordinary word for side
is Dil‘un. The dual of Janbatun may emphasize the fact that the
sides are adjacent sides. The two lines are, of course, the extremes,
& &xpa, but this in Arabic is Tarafani (W. p. 19, 1. 7).

Cf. J. L. HrBerG, EHuclidis Elementa, Vol. V, p. 485, 1. 8—9;
p. 491, no. 158, for the Greek of this clause. Juz’tyyatun (Particular)
is an adjective qualifying T'abi‘atun (nature or species), not a noun as
SuTer takes it. ‘ald tabi‘atin juz’iyyatin gives the Greek énl
ueptxotépac @losweg (W. p. 19, 1. 7—S8).

That is, the rectangle contained by two rational lines commensurable
in square only.

Cf. Book X, Def. 3. As this definition shows, this phrase includes not
only the square upon the line but all areas which are equal to the
square upon the line.

Cf. for this paragraph J. L. HeiBerc, Ruclidis Elementa, Vol. V,
p. 485, 1. 16—p. 486, 1. 7. Cf. also para. 4 above in the translation.
As SUTER says (note 98), this resemblance is nowhere expressly stated
in Euclid. The short lemma before proposition 24 does not carry the
comparison so far as Pappus does here. Pappus seems to have based
his comparison on props. 21—25.

See Book X, prop. 23, Porism; props. 24 and 19.

See Book X, prop. 25.

Cf. SuTeR, Appendix 6, who gives the following examples of these

areas in the order of the text: (l) \/3 \/5 = \/15 (2) 2'\/5 3'\/5
= 84/5 = 4/180, (3) \/20 \/45 = \/900 = 4/30; (1) 3.5 = 15,
or 1/18.4/8 = 12, (2) V27 V4s = \/12%'== 6.

The Greek of this sentence is given in J. L. HEIBERG'S Euclidis
Elementa, Vol. V, p. 485, 1. 23—25: — xal fowxev 9 piv t&v phxe
ovppétpwy puéswv dvddoyov petald Angdeion xol % t@v Suvduer ouppé-
Tpwyv fNTdY Ex mavreg Evar péom. (W. p. 20, 1. 5).
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WorrckE’s emendation of the text is correct, as may be seen from the
context. Wemust read ¢‘Commensurable insquare,* not “Commensurable
i length.* The error occure, however, in the Greek text, cf.J. L. HgI-
BERG’S HBuclidis Elementa Vol. V, p. 485, 1. 25—27: — # 3 td&v
pnrdv phxer ovupétpev tére udv fnth, téte 8¢ péom. — The Arab
translator probably did not notice the error and translated mechani-
cally (W. p. 20, 1. 8).

That is, the two rationals or the two medials commensurable in square.
The Greek is given in J. L. HerBere, Euclidis Elementa, Vol. V,
p. 486, 1. 3—6: — dutixtéov obv Thv dvadoylav tTHc t@v mepiexo-
pévoy ywployv dwapoplic Thv petafd thHv &xpwv ete. — The pri-
mary meaning of Ikhtilatun is Mixture, Confusion, but here it renders
the Greek % dwgopd. Cf. Khiltun, meaning Kind, Species (Dozy,
Supplément, Vol. 1, p. 394, col. 1). Al-Tarafani is the technical
Arabic term for the extremes and does not mean, as SUTER supposes,
the length and breadth of the area, although they are here that also.
The Greek gives only the first and last of the three types of means
given by the Arabic text (W. p. 20, 1l. 12—13).

Cf. Book X, props. 1—18 (20). Cf. Para. 4 above (W. p. 5).

Cf. Book X, props. 36ff., 73ff.

Cf. Book X, prop. 36.

Cf. Para. 4 above near the middle (W. p. 5, 1. 7).

Cf. Book X, prop. 73.

That is, with the minuendus. G. J.

SUTER quite rightly remarks (note 103): ‘‘Clearer would have been the
expression, ‘“And the diagonal of the square described on the rational
line”’. WOEPCKE, however, (Extrait du Tome XIV des Mémoires
présentés . ............ a UVAcademie des Sciences de UInstitut
imperal de France Essai d’une Restitution de Travaux perdus d’Apol-
lonius, p. 37, note 1) takes the diagonal as @ in his example. The side

2
is, then, as SUTER says, = %_. WOoEPCKE also points out that the

Arabic word translated, diagonal, also means diameter, and shows how
this meaning of the word might be interpreted geometrically. But the
meaning, diagonal, gives the simpler and the better idea (W. p. 21,
1. 5).

SuTER says (Appendix 7): According to WOEPCKE the three lines are,

the medial line = a V ‘_123 , the binomial = a + V‘_l.;. , the apotome
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the binomial = \/ 2a® + a, the apotome = '\/ 2a% — a. — Both
conceptions are justified, so far as Euclid’s definitions are con-
cerned.

a) WOEPCKE’s conjecture that drrationality (Asammu) must be
supplied is undoubtedly correct; cf. Book X, prop. 37 and the next
paragraph (W. p. 21, L 12).

b) That @ 4+ 4/b + 4/cis not “rational”, = 4/d, can be proved as
follows. It would follow that @ + 4/b = 4/d — 4/, i. e., a binomial
would be equal to an apotome, which according to Euclid X, 111, is
impossible. G. J.

WOEPCKE's conjecture, “One of them” (Ahaduhd), instead of ‘“‘One
of the two of them’’ ( Ahaduhuma ) is supported by the reading of the text
later in the paragraph (W. p. 22, 1. 9). ‘‘Again, let there be three
medial lines commensurable in square, such that one of them (Aha-
duha)”’. The following Ma‘a may have caused the intrusion of the M
between the H and the 4 (W. p. 21, 1. 21).
The Arabic is Majmi‘a-l-murabba‘i, i. e., the sum of the square
[areas] that is produced by the two of them. — But the reference is to
prop. 39 of Book X, and the phrase is best rendered into English by
““The sum of the squares onthem.”’ Cf.note 190forthisand ‘‘synonymous”
Arabic phrases. SUTER thinks that Pappus applied this extension
wrongly to irrationals which he had not discussed. But this is only a
question of method of treatment (W. p. 21, L. 21).
Cf. Book X, props. 40 and 41.
a) “Namely, the first bimedial ............... irrational”’, may be a
gloss. The paragraph is most concise in statement and omits many
steps in the argument. See prop. 37, Book X (W. p. 22, 1. 10—11).
b) The previous sentence presupposes something impossible. Three

— 4 ——- —— 4 —
medials commensurable in square are of the form 4/ a '\/ m, /b v/ m,

Ve {/ m. If now each with either of the remaining two form a rational
rectangle, the product of the first two is rational, viz. '\/ abm =r,
givea bcm '\/ m = 7, ry7,. That is, a square root is equal to a rational
number, which is nonsense. G. J.

That is, binomials, bimedials etc. On the mathematical implications
of the paragraph see WoEPCKE’S Essai, notes to pp. 37—42; T. L.
Heath’s “The Thirteen Books of Euclid’s Elements* (1908), Vol. III,
Pp. 266—258.

Cf. Book X, props. 73—78.

8 Junge-Thomson.
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Or, “Which is to be cut off”’, taking the participle in its gerundial

sense and the clause in a general sense.

a) On the “Annex” cf. T. L. Heath’s ‘“‘The Thirteen Books of Euclid’s

Elements (1908), Vol. ITI, p. 159. The Greek is 9 mpocapuéloven.

The Arabic (Al-Lifqu) means To join and sew together the two oblong

pieces of cloth of a garment, i. e. in its primary sense (W. p. 22, last line).
b) Anner or % mposapuélovsa is = Subtrahendus. Euclid’s

apotome, a—b, is formed from two rational lines. If from the sub-

trahendus, b, something be subtracted, ¢, a new apotome arises,

a — (b — c¢). The difficulty mentioned by WoerckKE (Essai p. 43

= 700) is thus resolved. G. J.

That is, the annex of the apotome last arrived at.

That is, not only apotomes but also first and second apotomes of a

medial, minors etc. can be produced by the same method of subtraction.

Compound lines are those formed by addition.

SuTeERr adds logically enough in his translation, ‘‘And irrationals”.

178 Jumlatun means a part or a chapter of a book (See Dozy, Supplément,
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Vol. 1, p. 219, col. 1), not a Class in this case, as SUTER translates it
(W. p. 23, 1. 10).

Book X, prop. I.

Book X, prop. 2.

Cf. Book X, props. 3—9, esp. 5—9; cf. also props. 11 & 14.

Cf. Book X, prop. 10, and Definitions 1 & 2. That is, the incommensur-
ability of lines may be based upon their lineal measurements only or
upon their lineal and square measurements. SUTER translates, ‘‘In
square only”, taking ‘Inlength” (Fi-l-tuli) in the second case to be an
error for ,,In square’” (With reference to the square: Fi-l-Quuwwati)
(W. p. 23, L. 14).

Cf. props. 15—18. The “Them’’ are the commensurable and incom-
mensurable continuous quantities.

Prop. 16 of our Euclid is manifestly referred to in the previous
clause; cf. the previous note. Cf. J. L. HE1BERG, Euclidis Elementa,
Vol. V, p. 484, 1. 8—10.

Dhakara here gives the Greek 8&uddoxer (J. L. HEIBERG, Euclidis
Elementa, Vol. V, p. 484, 1. 13), and later, para. 30, first line, it
renders the Greek dixAéyeton deixvbwy (Ibid, p. 547, 1L 24). “To
Discuss’ has much the same connotation (W. p. 23, 1. 17).

Props. 19—26. Prop. 21 is referred to in the phrase, ‘‘The production
of it” or “The finding of it” The Annahd after the third Dhakara of
this paragraph may be an interpolation. The Greek has nothing
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corresponding to it (J. L. HeiBERG, Ibid., p. 484, 1l. 11—15; no. 133,
esp. 1. 14) (W. p. 23, 1. 18).

Prop. 10 of our Euclid. Cf. the lemma to prop. 18, and Heath’s note to
prop. 10 (Vol. III, p. 32).

Prop. 21.

Props. 27 & 28 respectively. For the first clause cf. J. L. HEIBERG,
Euclidis Elementa, Vol. V, p. 501, no. 189 (cf. p. 503, 1. 3—4).
The reference is to prop. 33. The Greek is td udv cuyxelpevov &x
TGV & dutdv TeTpaydvay. For this the Arabic uses several phrases:
Majmii‘u-l-Murabba‘i-l-ka@’ini minhumd (para. 22); Al-Murabba‘u-
lladhi minhuma ma‘an (para. 26, twice); Al-Murabba‘u (Same para-
graph, a line later, but manifestly depending for its sense on the
previous phrase; Al-Murabba‘u-l-murakkabu min murabba‘athimd
(para. 27); Al-Murabba‘u-lladhi min murabba‘aihima (para. 27);
Al-Murabba‘u-lladht minhumd (para. 27) This last phrase is shown by
its context to be identical in meaning with the two previous phrases
and thus proves that all the phrases given here have one and the same
meaning (W. p. 25, 1. 5).

Book X, props. 33—35 respectively. SUTER (note 111) gives as

in square; the sumn of their squares is rational (16): their product
medial (1/32 = 44/2).

Book X, props. 36—41.

That is, the binomial, prop. 36.

That is, the first and second bimedials, props. 37 and 38.

That is, the major, the side of a rational plus a medial area, and the
side of the sum of two medial areas. These two lines are not qualified
as either rational or medial. Cf. paragraph 25, where they are
described as ‘‘Neither rationals nor medials””. The reference is to
props. 39—41. WOEPCKE’s conjecture is, therefore, correct. We must
read ‘‘Incommensurable in square’” and not ‘‘Commensurable in
length’’. The error is probably a copyist’s mistake. The phrase,
“Commensurable in length’ occurs in the MS. directly above on the pre-
vious line and again two lines before at the end of the line (W. p. 24,
1. 19—20).

That is, in the previous paragraph, 26: ‘“And two straight lines,
neither medial nor rational, but incommensurable in square, which
make the sum of the squares upon them rational, but the rectangle
contained by them medial ete.”.

a'
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197 And, therefore, irrational. The two last clauses might be translated
as follows: — “Two because of the two medials etc.; and one because
of the two rationals etc.”. But the preposition, Min, can hardly
convey both the sense given it in the translation and that given it in
this note, as in SUTER’s translation, even if, ultimately, such is the
meaning to be attached to the text (W. p. 24, 1l. 21—22).

198 Book X, props. 36—38 & 39—41 respectively.

199 The phrase, I kulls wahidi min hadhihe (in the case of each one
of these), translated above: ‘‘In the case of the three latter propo-
sitions*, refers evidently to props. 39—41, in which these irrationals
are formed from lines incommensurable in square (W. p. 25, 1. 3).

20 g) The text is incorrect. It should run: — “The whole line would be

medial”. Proof: —

2t + Yt = '\/(7, i. e., the sum of the squares is medial.
xy = n+4/a, i. e., the rectangle is medial and commensurable
with 4/a.
x? + 22y + Y2 = '\/Zz_(l + 2n).
The whole line « + y = t'\/;{. A/ 1 + 27 = medial.
x—y = V\/Ez_. A/ 1-"2n = medial.

v =5Vva WTT2 + /T %) = 2nd

bimedial.

Y = 12~ V\/E (\/1‘?’2"12“_ \/T:‘sz) = 2nd apo-
tome of a medial; ¥ and y are not com-
mensurable in length. G. J.

b) This is undoubtedly, however, the text of the MS., and there is no
just reason for supposing a scribal error. The only question is
whether the error is one of translation or a slip of the original
author.

201 Book X, props. 42—47.

202 The Arabic word, Ma‘a, usually meaning “With’* “Along with’’ probably
renders here the Greek petd (‘‘After”) (W. p. 25, L. 15).

203 Book X, prop. 48.

24 Props. 48—53. Cf. for these two sentences J. L. HEiBERG, Euclidis
Elementa, Vol. V, p. 534, no. 290. The Arabic phrase, Wa huwa
mugarrafun ala sittati anhd’in, gives the Greek &§uyde Siamotnidhopévyy
(W. p. 25, 1. 16).

26 The Hu (it) in Ista‘addahu (he provided it (these)) refers back to the
Huy (it) in Fa‘alahu (he did it (this)), which refers back to Amrun,
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which is the finding of the six binomials. In the next clause Alladhi
and ‘alaihi (by means of which) also refer back ultimately to Amrun.
I have, therefore, translated the Hu in Ista‘addahu by “These” for the
sake of clarity (W. p. 25, 1l. 16—17).

That is, that the squares upon these six irrationals formed by addition
are equal to the rectangle contained by a rational line and one of the
six binomials respectively.

Book X, props. 54, 55, 56—59.

For this paragraph cf. J. L. HEIBERG, Huclidis Elementa, Vol. V,
p. 538, no. 309.

Book X, props. 66—70.

Bock X, props. 60—65. SUTER has not grasped the meaning of the
text. The Greek runs (J. L. HE1BERG, etc., p. 547, 1. 23—p. 548, 1. 5
for the paragraph, and for the last sentence, p. 548, 1. 2—5): —
ral #1v tog Suvapels duTdv Tapk Tog PNTAC TapaPdAAwv &mioxénTeTot
Th AT TéY Yowplwv &vtistpogov Etépav £4da tfj &v 6 S xepadate
mopadodeloy tadtnv edpdv. — The Arabic does not say that these pro-
positions belong to part seven. As a matter of fact they form the first
group mentioned in part eight. Did propositions 60-—65 come after
propositions 66—70 in Euclid ? (W. p. 26, 1l. 6—7).

Book X, props. 60—65. Cf. the previous note.

Book X, props. 71-—72. WOEPCKE omits the phrase, Allati li-ba‘diha
“inda ba‘din, given in the MS., without comment. It is true that this
phrase is not necessary in the Arabic for the sense of the clause. But
it gives the Greek: — v ¥youowv & xatd odvdeoty &hoyor wpdg
dAMAag —, which is represented, therefore, in the Arabic not only by
the status constructus, but also by this clause. For the paragraph in
the Greek cf. J. L. HE1BERG, Buclidis Elcmenta, Vol. V, p. 6§51, no.
353; for the clause cited, ibid., 1. 23 (W. p. 26, 1. 11, note 2).

Book X, props. 73—78.

Cf. Part II of the translation, para. 12, towards the end and the note on
Nagzir given there. Cf. also the following paras., 13, 14, and 15.
WOEPCKE’s conjecture is unnecessary. The meaning of the Arabic
phrase, F'i-I-Tarkibs, is quite clear (W. p. 26, 1. 20, note 5).

I think that it would be better to adopt the marginal reading, F'i-,
and translate the clause in full as above (W. p. 26, 1. 21, note 6).
Book X, props. 79—84. On annex cf. note 173 above. For the para-
graph in the Greek cf. J. L. HE1BERG, Euclidis Elementa, Vol. V,
p. 563, no. 359.

Book X, props. 85—90. Cf. para. 27 above. The Arabic has the
singular, ‘The binomial was found” (W. p. 27, 1. 1).
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Book X, props. 91—96.

Book X, props. 103—107.

Book X, props. 97—102. That is, the squares on the various irra-
tionals applied to arational line give as breadths the various apotomes.
Book X, prop. 111, first part.

Book X, prop. 111, second part.

Book X, props. 108—110. Cf. para. 30 above.

Book X, prop. 115.

Literally, ‘“‘Abandoning irrationality, on the ground that it proceeds
without end”. Cf. paragraph 4, above, (end): — “Wa taraka-l-Nazara
fi-l-summa li-khuragihd ila ma la nihayata’. “ Tamurru bila nihdyatin’
is a circumstantial clause (a maf‘@lun li-ajlihi) giving the reason for
the relinquishing of the investigation. Observe that props. 112—114
are not referred to at all. But cf. note 4 above (W. p. 27, 1. 18).



PART 11

Book II of the commentary on the tenth book of Euclid’s Ms. 31 v.0
treatise on the elements!.

§ 1. The following is, in short, what should be known con- Page 29.
cerning the classification of the irrationals. In the first place
Euclid explains to us the ordered [irrationals?, which are homo-
geneous with the rationals. Some irrationals are unordered,
belonging to the sphere of matter, which is called the Destifute?
(i. e., lacking quality or form), and proceeding ad infinitum;
whereas others are ordered, in some degree comprehensible, and
related to the former (i. e., the unordered) as the rationals are to
themselves (i. ., the ordered). Euclid concerned himself solely
with the ordered [irrationals], which are homogeneous with the
rationals and do not deviate much [in nature] from these.
Apollonius, on the other hand, applied himself to the unordered,
which differ from the rationals considerably.

§2. In the second place it should be known that the irrationals
are found in three ways, either by proportion, or addition, or
division (i. e., subtraction?), and that they are not found in any
other way, the unordered being derived from the ordered in
these [three] ways only. Euclid found only one irrational line Page 30.
by proportion, six by addition, and six by subtraction; and these
form the sum total of the ordered irrationals®.

§ 3. In the third place we should examine all the irrationals
with respect to the areas to which the squares upon them are
equal, and observe every distinction between them with respect
to these [areas), and investigate to which of the areas the squares
upon each one of them are [respectively] equal, when these
[areas] are ‘“‘parts’’ (or “terms”)5, and to which the squares upon
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them are equal, only when these [areas] are “wholes”®. In this
way we find that the square upon the medial [line] is equal to a
rectangle contained by two rational lines commensurable in
square, and each of the others we treat in like manner. Accord-
ingly he (i. e., Euclid) also describes the application of the
squares [upon them to a rational line] in the case of each one of
them and finds the breadths of these areas’. Whereupon,
zealous to make his subject clear, he adds together the areas
themselves, producing the irrationals that are formed by addit-
ion8. For when he adds together a rational and a medial area,
four irrational lines arise; and when he adds together two medial
areas, the remaining two lines arise. 'These lines, therefore, are
also named compound lines with reference to the adding to-
gether of the areas; and those that are formed by subtraction
are likewise named apotomes (or remainders )* with regard to the
subtraction of the areas to which the squares upon them are
equal’®; and the medial is also called medial, because the square
upon it is equal to the area (or rectangle) contained by two
rational lines commensurable in square [only]!.

§ 4. Having advanced and established!? these facts, we should
then point out that every rectangle is contained either by two
rational lines, or by two irrational lines, or by a rational and an
irrational line; and that if the two lines containing the rectangle
be rational, then they are either commensurable in length or
commensurable in square only, but that if they be both irrational,
then they are either commensurable in length (i. e., with one-
another), or commensurable in square only (i. e., with one-
another), or incommensurable in length and square, and, finally,
that if one be rational and the other irrational, then they are
both necessarily incommensurable. If the two rational lines
containing the given rectangle are commensurable in length,
the rectangle is rational, as the Geometer (i. e., Euclid) proves-,
viz.: — “The rectangle contained by two rational lines com-
mensurable in length is rational’’13; if they are commensurable
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in square only, the rectangle is irrational and is called medial,
and the line the square upon which is equal to it, is medial, a
proposition which the Geometer also proves-, viz: — ‘“‘The
rectangle contained by two rational lines commensurable in
square only is irrational, and the line the square upon which is
equal to it, is irrational: let it be [called] medial®”. If the two
lines containing the rectangle are, on the other hand, irrational,
the rectangle can be either rational or irrational. For if the two
lines are commensurable in length (i. e., with one another), the
rectangle is necessarily irrational, as he (i. e., the Geometer,
Euclid) proves in the case of medial lines', which method of
proof applies to all irrationals. But if the two lines are com-
mensurable in square only (i. e., with one-another), the rectangle
can be rational or irrational; for he shows that the rectangle
contained by two medial lines commensurable in square [only]
is either rational or irrational®. And, finally, if the two lines
are wholly incommensurable (i. e., in length and square), the
rectangle contained by them is either rational or irrational. For
he finds two straight lines incommensurable in square con-
taining a rational [rectangle]'’; and he finds likewise two others
containing a medial [rectangle]'8; and the two lines (i. e., in each
case) are incommensurable in square, which is what is meant by
lines being wholly incommensurable, since lines incommensurable
in square are necessarily incommensurable in length also?®.

§ 5. Thus he finds by geometric proportion that the medial
line has described upon it a square equal to a medial rectangle,
which rectangle is equal to that contained by two rational lines
commensurable in square. That is his reason for calling it® by
this name.

§ 6. 'The six irrationals that are formed by addition® are
explained by means of the addition of the areas to which the
squares upon them are equal, which areas can be rational or
medial?2, For just as we find the medial line by means of the
rationals alone, so we find the irrational lines that are formed by

Ms. 32 r.0

Page 32.
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addition, by means of the two former, i. e., the rationals and
medials, since the irrationals that are nearer [in nature]? to the
rationals, should always yield to us the principles of the know-
ledge of those that are [in nature] more remote®. Thus the
lines that are formed by subtraction, are also found only by
means of the lines that are formed by addition®: but we will
discuss these later. The lines that are formed by addition,
however, are found by taking two straight lines. Two straight
lines must be either commensurable in length, or commensurable
in square only, or incommensurable in square and length?6. If
they are commensurable in length, they cannot be employed to
find any of the remaining irrationals? . For the whole line that
is composed of two lines commensurable in length, is like in
kind (or order) to the two lines which have been added together2s.
If, therefore, they are rational, their sum is also rational; and if
they are medial, it is medial. For when two commensurable
continuous quantities are added together, their sum is commens-
urable with each of them; and that which is commensurable
with a rational, is rational, and that which is commensurable
with a medial, is medial?s.

§ 7. The two lines, therefore, that are added together, must
be necessarily either commensurable in square only, or incom-
mensurable in square and length. In the first place let them be
commensurable in square: and to begin with let us imagine the
possible cases® and point out that either the sum of their squares
is rational and the rectangle contained by them medial, or both
of these are medial, or, again, the sum of their squares is medial
and the rectangle contained by them rational, or both of these
are rational. But if both of them be rational, the whole line is
rational®. Let them both (i. e., the sum of the squares and the
rectangle) be rational, and let us apply to the rational line AB
the rectangle AC equal to the square upon the whole line LN
and let us cut off from it (AC) the rectangle AF equal to the
sum of the squares upon LM and MN, so that the remaining
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rectangle FD is equal to twice the rectangle contained by LM
and MN. Then because both the rectangles applied to the
rational line AB are rational, therefore both the lines, AE and
ED, are rational and commensurable with the line AB in length
and, therefore, with one-another. The whole line AD is, there-
fore, commensurable with both of them and with the line AB;
and, therefore, the rectangle AC is rational. The square upon
LN is, therefore, of necessity also rational. Therefore the line
LN is rational. We must not, therefore, assume both of them, Ms. 32 v.0
i. e., the sum of the squares upon LM and MN and the rectangle
contained by them, to be rational. — There remain, then, [the
three possible cases]: either the sum of the squares upon them is
rational and the rectangle contained by them medial, or the
converse of this, or both of them are medial. — If the sum of
their squares be rational and the rectangle contained by them
medial, the whole line is a binomsal, the square upon it being
equal to a rational plus a medial area, where the rational is
greater than the medial®2. For it has already been shown that
when a line is divided into two unequal parts, twice the rectangle
contained by the two unequal parts is less than the sum of the
squares upon them33, Conversely, i. e., if the rectangle contained
by the two given lines which are commensurable in square only,
be rational and the sum of their squares medial, the whole line
is irrational, namely, the first bimedial, the square upon it being
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equal to a rational plus a medial area, where the medial is greater
than the rational®. If, however, to state the remaining case,
both of them, i. e., the sum of their squares and the rectangle
contained by them, are medial, the whole line is irrational,
namely, the second bimedial, the square upon it being equal to
two medial areas, these two medial [areas] being, let me add,
incommensurable [with one-another]%. — If they be not so,
let them be commensurable [with one-another]. Then the sum
of the squares upon LM and MN3% is commensurable with the
rectangle contained by LM and MN. But the sum of the squares
upon LM and MN is commensurable with the square upon LM,
the square upon LM being commensurable with the square upon
MN, since the two lines, LM and MN, were assumed to be com-
mensurable in square, and when two commensurable lines are
added together, their sum is commensurable with each of them?7,
The square upon LM, therefore, is commensurable with the
rectangle contained by LM and MN. But the ratio of the square
upon LM to the rectangle contained by LM and MN is that of
the line LM to the line MN. The line LM, therefore, is commens-
urable with the line MN in length. But this was not granted
(i. e., in the hypothesis): they were commensurable in square
only®. The sum of the squares, therefore, upon LM and MN is
necessarily incommensurable with the rectangle contained by
these lines. Such, then, are the three irrational lines which are
produced when the two given lines are commensurable in square.

§ 8. Three other [lines] are produced when they (i. e., the two
given lines) are incommensurable in square. Let LM and MN be
incommensurable in square. Then either both the sum of their
squares and the rectangle contained by them are rational; or
these are both medial; or one of them is rational and the other
medial, which gives two alternatives as in the case of the two
lines commensurable in square®®. But if both the sum of the
squares upon LM and MN and the rectangle contained by them
be rational, the whole line [LN] is rational®. — Take the rational
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line [AB], and let there be applied to it the rectangle [AC] equal
to the square upon LN, and let there be cut off from this rect-
angle[AC] the rectangle AF equal to the sum of the squares upon
LM and MN, so that the remaining [rectangle] ¥D is equal to
twice the rectangle contained by LM and MN. AF, then, and
FD are rational and have been applied to the rational line AB.
Both of them, therefore, produce a breadth rational and com-
mensurable with the line AB. Therefore AE and ED are
commensurable [with one-another]; and AD is commensurable

with both of them and is, therefore, rational and commensurable page 35.

in length with the line AB. But the rectangle contained by two
rational lines commensurable in length is rationaltl. Therefore
the rectangle AC is rational. Therefore the square upon LN is
rational. Therefore LN is rational; since the line the square
upon which is equal to a rational (i. e., is rational), is rational. —
Since, therefore, we desire to prove that the whole line (i.e., LN)
is irrational, we must not assume both of the areas (i. e., the sum
of the squares upon LM and MN and the rectangle LM-MN) to
be rational, but either that both of them are medial, or that one
of them is rational and the other medial, which latter instance
gives two alternatives. For either the rational [area] or the
medial is the greater; since if they were equal [to one-another],
they would be commensurable with one-another, and the rational
would be a medial and the medial a rational. — If the sum of the

Ms. 33 r.0
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squares upon LM and MN be rational, but the rectangle con-
tained by LM and MN medial, let [the whole line] LN be [called]
the major, since the rational [area) is the greatert?. Conversely,
if the sum of the squares upon LM and MN be medial, but the
rectangle contained by LM and MN rational, let LN be [called]
the side of a square equal to a rational plus a medial areats, since
its name must be derived from both the areas, from the rational,
namely, because it is the more excellent in nature, and from the
medial, because it is in this case the greater. If, however, both
the areas are medial, let the whole line (i. e., LN) be [called] the
side of a square equal to two medial areas¥®. TKuclid in this case
also adds in his enunciation that the two medial areas are in-
commensurable®.

§ 9. We need not, therefore, conceive of the irrationals that
are formed by addition, as [resulting from] the adding together
of lines in two ways?, but rather as [the result of] the adding
together in two ways of the areas to which the squares upon these
lines (i. e., The six irrationals by addition), are equal?’. Euclid
makes this fact all but clear at the end of this section®, where he
proves that if a rational and a medial area be added together,
four irrational lines arise, and that if two medial areas be added
together, the two remaining [lines] arise. It is obvious, then, in
our opinion, that if the two lines are commensurable in square,
of necessity three lines arise; and that if they are incommensur-
able in square, three [lines also] arise; since it is impossible that
they should be commensurable in length. — Enquiry must be
made, however, into the reason why when describing the [lines]
commensurable in square, he (i. e., Euclid) also mentions their
kind (or order), saying, namely, [in the enunciation], ‘“Two
rationals commensurable in square or two medials’’4®, whereas
when positing (or describing) the incommensurable in square, he
does not name them rational or medial®. He ought, [as a matter
of fact], to have given the enunciation in the former cases the
same form which it has in the latter, as, for example: — “When
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two straight lines commensurable in square [only] which make
the sum of the squares upon them medial, but the rectangle
contained by them rational®, be added together, the whole line
is irrational: let it be called the first bimedial”’; and inlike manner
[should have been stated the proposition dealing) with the second
bimedial. For this is the form of enunciation which he gives in
the case of the [lines which are] incommensurable in square,
naming them neither medial nor rational, but making such an
assumption in the case of the areas omly, i. e., the sum of the
squares upon these lines and the rectangle contained by them,
positing either that both are medial, or that one is rational and
the other medial, with either the rational or the medial the
greater®. — Let me point out, then, that I consider Euclid to
assume that when two lines are commensurable in square, the
square upon each of the lines is rational, if the sum of the squares
upon them is rational, and medial, if the sum of the squares upon
them is medial; but that when two lines are incommensurable in
square, the square upon each of them is not rational, when the
sum of the squares upon them is rational, nor medial, when the
sum of the squares upon them is medial. Accordingly when he
posits [lines] commensurable in square’3, he names them rational
or medial, since lines the squares upon which are equal to a
rational area, are rational, and lines the squares upon which are
equal to a medial area, are medial. But when he posits [lines]
incommensurable in square, there is no basis* for his naming
them rational or medial, since only lines the squares upon each
one of which are equal to a rational area, should be named ra-
tional, not those the sum of the squares upon which is rational,
but the squares upon which are not [each] rational. For a
rational area is not necessarily divided into two rational areas.
He names medial also those lines the squares upon which are each
equal to a medial area,not those the sum of the squares upon which Page 37.
is medial, but the squares upon which are not [each] medial, For Ms. 33 v.
a medial area is not necessarily divided into two medial areas.
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§ 10. Such was his (i. e., Euclid’s) idea. But proof is required
of the fact that two lines® are rational or medial, when they are
commensurable in square and the sum of the squares upon them
rational or medial, and that this statement (or enunciation) does
not hold concerning them, when they are incommensurable in
square. — Let the two lines, LM and MN, be commensurable
in square, and let the sum of the squares upon them be rational.
I maintain, then, that these two lines are rational. For since the
line LM is commensurable with the line MN in square, there-
fore the square upon LM is commensurable with the square upon
MN. Therefore the sum of the squares upon the two of them is
commensurable with [the square upon] each of them. But the
sum of the squares upon the two of them is rational. Therefore
[the square upon] each of them is rational. Therefore the lines,
LM and MN, are rational and commensurable in square. — Let,
now, the sum of the squares be medial. I maintain, then, that
these two lines are medial. For since LM and MN are com-
mensurable in square, therefore the squares upon them are
commensurable. Therefore the sum of the squarés upon them is
commensurable with [the square upon] each one of them. But
the sum of the squares is medial. Therefore the squares upon
LM and MN are medial. Therefore they (i. e., the two lines,
LM and MN) are also medial. For that which is commensurable
with a rational, is rational, and that which is commensurable
with a medial, is medial; and the line the square upon which is
equal to a rational [area], is rational, and the line the square upon
which is equal to a medial [area], is medial. If, then, the squares
upon LM and MN are medial, their sum (i. e., the line LN) is
medial; and if the sum of the squares upon them is medial, then
they (i. e., the lines, LM and MN) are medial, since LM and MN
are commensurable in square’, — Let the two lines, however, be
incommensurable in square. I maintain, then, that they are
not rational, when the sum of the squares upon them is rational,
nor medial, when it (i. e., the sum of the squares) is medial.
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Assume this to be possible, and let the squares upon LM and
MN be rational, and let there be applied to the rational line AB Page 38.
the rectangle AC equal to the sum of the squares upon LM and
MN, and let there be cut off from it the rectangle AF equal to
the square upon LM, so that the remaining rectangle EC is
equal to the square upon MN. Then because the square upon
LM is incommensurable with the square upon MN, since these
are incommensurable in square, it is obvious that AF is incom-
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mensurable with EC. The line AE, therefore, is incommensurable
with the line ED in length. But because the squares upon LM
and MN are rational, therefore the rectangles, AF and EC, are
rational; and they have been applied to the rational line AB;
therefore the lines, AE and ED, are rational and commensurable
in square only. But since the rectangle AF is incommensurable
with the rectangle EC, therefore the line AE is incommensurable
with the line ED in length. The line AD, therefore, is a bino-
mial and, therefore, irrational’?. But the rectangle AC is
rational, since it is equal to the sum of the squares upon LM and
MN, which is rational; and it has been applied to the rational
line AB. Therefore the line AD is rational. The same line is,
therefore, both rational and irrational’8, The squares upon LM
and MN are not, therefore, rational. — Again, let the sum of the
squares upon LM and MN, which (lines] are incommensurable

9 Junge-Thomson,
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in square, be medial. 1 maintain, then, that the squares upon
LM and MN are not medial. Assume this to be possible, and
let AB be rational, but let the same two rectangles (i. e., AF and
EC) be [in this case] medial®®. The lines, AE and ED, are, then,
both rational and commensurable in square only®. AD, there-
fore. is a binomial and, therefore, irrational. But it is [also]
rational, since the sum of the squares upon LM and MN is medial,
and it has been applied to the rational line AB producing a
rational breadth (i. e., AD). The squares upon LM and MN are,
therefore, not medial. Jt has heen proved, therefore, that two
lines incommensurable in square are not also rational or medial,
when the sum of the squares upon them is rational or medial®l.
Since, then, Kuclid has shown this (i. e., the proposition con-
cerning lines being rational or medial, when the sum of the
squares upon them is rational or medial) to be true in the case of
(lines] commensurable in square, but not true in the case of
llines| incommensurable in squarc®?, he names the commen-
surable in square rational or medial, but does not name the latter
s0. He names them ncommensurable in square simply®s.

§ 11. Since, then, [Euclid’s] division [of lines] assumes, to
begin with, only lines commensurable in square and lines in-
commensurable in square®, he finds the irrational lines therewith
by adding rational areas with medial areas, or by adding together
medial areas which are incommensurable with one-another®,
these two kinds of areas bheing convenient, inasmuch as they are
produced by rational lines. For when the lines containing an
area are rational, they are either so (and therefore also commen-
surable) in length, in which case the area contained by them is
rational, or they are so (and therefore also commensurable) in
square, in which case the area contained by them is medialfs.
Consequently he finds the six irrationals that are formed by
addition, by means of the fact that rational lines contain one [or
other] of these two [kinds of] areas. — Let this description which
we have given of the irrationals that are formed by addition,
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guffice, since we have already shown their order and number with
respect to this division (i. e., of lines into those that are commen-
surable and those that are incommensurable in squarc)®?.

§ 12. We find the six [irrationals] that are formed by sub-
traction, by means of those that are formed by addition. For if

we consider each one of the irrational lines which we have dis-
cussed®®. and treat one of the lines (i. e., one of the terms) of
which it is composed, as a whole line and the other as a part of
that, then the remainder which is left over from it (i. e., the
remainder left after taking the term treated as a part from that
one treated as a whole line) constitutes one of these six irra-
tionals®.  When the whole straight line and a part of ™ produce
Iby addition] the binomial, [by subtraction] the apotome
arises. When they produce [by addition] the first bimcdial,
{by subtraction] the first apotome of a medial arvises. When they
produce by addition | the second bimedial, [by subtraction| the
second apotome of a medial arises. When they produce [by
addition ] the major, by subtraction| the minor arises. When
they produce [by addition ] the side of a square equal to a rational
plus a medial area, Tby subtraction| that (the line) which pro-
duces with a rational area a medial whole arises. When they
produce [by addition] the side of a square equal to two medial
areas, by subtraction] that which produces with a medial area

a medial whole arises. Thus it is clear that the latter [six irra-
tionals] are produced from the former «ix, that they are their
likes (or contraries )7 ; and that those |irrationals] that are formed
by subtraction, are homogencous with those that are formed by
addition, the apotome being homogeneous with the binomial, the
first apotome of a medial with the [first] bimedial [the two terms
of which, two medial straight lines commensurable in square
only,] contain a rational rectangle, the second apotome of a
medial with the [second ] bimedial [the two terms of which cte., ]
contain a medial rectangle, the others being the likes (or
contraries) of one-another in like manner.

9*
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§ 13. That we name the irrationals that are formed by
subtraction, apotomes™, only because of the subtraction of a
part of the line from the whole [line], need no more be supposed
than that we named the six [irrationals] that are formed by
addition, com pound lines, because of the addition of the lines.
On the contrary we name them [so| only with respect to the
areas that are subtracted and subtracted from. just as we named
those irrationals that are formed by addition, compound lines,
only with respect to the areas to which, when added together,
the squares upon them (i. e., the six irrationals formed by addi-
tion) are equal. — — Let the line ADB produce with [the line]

A c B

. " "
r L 1

g, 4.

BC a binomial . Now the squares upon AB and BC are equal
to twice the rectangle contained by AB and BC plus the square
upon AC™. But the sum of the squares upon AB and BC is
rational, whereas the rectangle contained by them is medial®.
Subtracting, then, a medial area (i. e., twice AB-B(C) from a
rational area (i.e., AB? -+ B(?), the line the square upon which is
equal to the remaining area (i. e., AC?), is the apotome (namely,
AC).  Consequently just as the binomial can be produced by
adding together a medial and a rational [arca |, where the rational
is the greater, so if a medial [area] be subtracted from a rational,
the line the square upon which is equal to the remaining [areal],
is the apotome. We designate the binomial, therefore, by
addition (or The line formed by addition) and the apotome by
subtraction (or The line formed by subtraction), because in the
former case we add together a medial |area|, which is the less,
and a rational, which is the greater, whereas in the latter case we
subtract the very same medial [area] from the very same ra-
tional; and because in the former case we find the line the square
upon which is equal to the whole [area] (i. e., the sum of the two



— 133 —

areas), whereas in the latter case we find the line the square upon
which is equal to the remaining [area] (i. e., after subtraction
of the medial from the rational). The apotome and the binomial
are, therefore, homogenecous, the one heing the contrary of the
other?”. — Again if the two lines, AB and B(, are commensurable
in square, and the sum of the squares upon them is medial, but the
rectangle contained by them rational™, the medial [area)
@i. e, AB? | B(?) is equal to twice the rational (i. e., twice
AB - BC plus the square upon the remaining line AC). Con-
versely to the former case, then, subtracting here a rational area
(1. e., twice AB-B() from a medial (i. e., AB? + B(®), the line
the square upon which is equal to the remaining [area) (1. e.,
A(?), is the first apotome of a medial (i. ¢., AC)™. Consequently
just as we produce the first bimedial by adding a medial {area]
with a rational, granted that the rational is the less and the
medial the greater, so, we maintain, the first apotome of a medial
is the line the square upon which is equal to the remaining
[arca| after the subtraction of that rational from that medial. —
Again if AB and BC produce, {when added together], thesecond
bimedial®, so that the sum of the squares upon them is medial
fand also the rectangle contained by them ¥, and the sum of the
squares upon AB and BC is greater than twice the rectangle
contained by them, by the square upon the line A(*2, subtrac-

ting, then, a medial larea] (i. e., twice AB-B(') from a medial
(i. e., AB® + B(), where the lines containing the medial and
subtracted area® are commensurable in square, the line the
square upon which is equal to the remaining jarea] (i. e., AC?),
is the second apotome of a medial®t. For just as the line the
square upon which is equal to these two medial areas when added
together, was named the second bimedial, so the line the square
upon which is equal to the area which remains after subtraction
of the less of the two medial [areas]from the greater, is called the
second apotome of a medial. — Again when the two lines, AB
and B(, are incommensurable in square, the sum of the squares
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upon them rational but the rectangle contained by them medial,
subtracting, then, twice the medial area (i. e., twice AB-BC)
from the rational (i. e., AB® 4 B(?), the square upon AC re-
mains; and it (i. e., the line AC) is named here the minor, just
as it was named there (i. e., in the case of the addition of these
two areas) the major®. For the square upon the latter is equal
to the [sum of the] two areas, whereas the square upon the former
is equal to the area that remains after subtraction (i. e., of the
less of these areas from the greater). Consequently he names the
latter the minor, because it is the like (or contrary) of that which
he names the major. — Again if the sum of the squares upon AB
and BC be medial, but the rectangle contained by them rational®,
and twice the rational area (i. e., twice AB-B()) be subtracted
from the medial, which is the sum of the squares upon them
@i. e., AB? ++ B(?), then the line the square upon which is equal
to the area that remains after subtraction, is the line AC:; and it
is named the line which produces with a rational area a medial
whole, since it is obvious that the square upon it plus twice the
rectangle contained by the two lines, AB and BC, which i
rational, is equal to the sum of the squares upon AB and BC%. —
Again if the two lines, AB and BC, be incommensurable in
square, the sum of the squares upon them and the rectangle
contained by them medial but incommensurable with one-
another, subtracting, then, twice the rectangle contained by
them (i. e., twice AB-B() from the greater medial area, namely,
the sum of the squares upon them (i. e., AB2 4 B(?), the line the
square upon which is equal to the remaining area (i. e., A('?), is
the line AC; and it is named the line which produces with a
medial [area] a medial whole. since the square upon it and twice
the rectangle contained by AB and B(® are together equal to the
sum of the squares upon AB and BC, which is medial®s,

§ 14. 1If, then, rational areas®® be added with medial [re-
spectively], or medial areag with one-another, it is clear that the
irrational lines the squares upon which are equal to the sum of



two such areas, are those which receive their name in view of this
addition. But if medial areas be subtracted from rational, or
rational from medial. or medial from medial, it is obvious that
we have the irrational lines that are formed by subtraction. In
the case of the latter areas we do not subtract a rational from a
rational, since, then, the remaining arca would be rational. For
it is evident that a rational exceeds a rational by a rational® and
that the line the square upon which is equal to a rational area.
is rational. 1f, then. the line the square upon which is equal to
the area that remains after subtraction. is to be irrational.
and the square upon it to be equal to another area, which from
this specification of it is irrational. the area subtracted from a
rational area cannot be rational. Three possibilities remain.
therefore: either to subtract a rational from a medial, or a medial
from a rational. or a medial from a medial. But when we subtract
a medial area from a rational, the two lines®! which we produce.
the two squares upon which are equal to the two remaining arcas,
are irrational. For if the two lines containing the medial area
are commensurable in square, the apotome arises; but if they are
incommensurable in square, the minor arises. And when we
gubtract a rational area from a medial, we likewise produce two
other [irrational] lines. For if the two lines containing the
rational and subtracted area are commensurable in square, the
first apotome of a medial ariges ; but if they are incommensurable
in square, that which produces with a rational arca a medial
whole, arises. And, finally, when we subtract a medial area from
a medial, if the two lines containing the medial [and subtracted®?]
area are commensurable in square, the line [the square upon
which is equal to] the remaining [area] is [the second apotome of
a medial; but if they are incommensurable in square], that which
produces with a medial area a medial whole, [arises]?s. For, in
the case of addition, when we joined medial areas with rational,
or rational with medial, or medial with medial, we produced six
irrational lines only, {two] in each case®, whence the method of
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positing [in the enunciations] the addition of lines containing
the less arcas. the squares upon which are equal to the greater
areas. where we assume the lines in certain cases to be commen-
surable in square and in others incommensurable in square®.

§ 15. Tosum up. [Firstly]. when a medial area is added to a
rational, the line the square upon which is equal to the sum, is a
binomial; when it is subtracted from it, the line the square upon
which is equal to the remaining area. is an apotome, granted that
it (i. ¢.. the medial arca) is contained by two lines commensurable
in square®. — [Sccondly,] when a rational area is added to a
medial, the line the square upon which is equal to the sum, is a
first bimedial: when it is subtracted from a medial, the line the
square upon which is equal to the rvemaining avea, is a first
apotome of a medial, granted that it (i. e., the rational area) is
contained by two lines commensurable in square?. — [Thirdly |,
when a medial area is added to a medial, the line the square upon
which is equal to the sum, is a second bimedial: when it is
subtracted from a medial, the line the square upon which is
equal to the remaining area, is a second apotome of a medial,
granted that it (i. e., the first mentioned medial arca) is con-
tained by two lines commensurable in square®. — [Fourthly],
when a medial area is added to a rational, the line the square
upon which is equal to the sum, is a major; when it is subtracted
from a rational, the line the square upon which is equal to the
remaining area, is a minor, granted that it (3. e., the medial area)
is contained by two lines incommensurable in square which make
the sum of the squares upon them rational®®. — [Fiftly,] when a
rational area is added to a medial, the line the square upon
which is equal to the sum, is the side of a square equal to a
rational plus a medial area; when it is subtracted from a medial,
the line the squarc upon which is equal to the remaining area, is
the line which produces with a rational area a medial whole,
granted that it (i. e., the rational area) is contained by two lines
incommensurable in square which make the sum of the squares



upon them medial®. — {Sixthly.] when a medial area is added
to a medial, the line the square upon which is equal to the sum,
is the side of a square equal to two medial areas; when a medial
is subtracted from a medial, the linc the square upon which is
equal to the remaining area, is the line which produces with a
medial arca a medial whole, granted that the less avea itsell is
contained by two lines incommensurable in square. the sum of
the squares upon which is equal to the greateri®. — The areas
may be taken, therefore, in three ways. either a medial is joined
with a rational, or a rational with a medial, or a medial with a
medial. A rational is never joined with a rational, as has alrcady
been shown2. The lines containing these areas may be of two
kinds: either commensurable in square or incommensurable in
square. That they should be commensurable in length is im-
possible. The arcas may be either added together or subtracted
from one-another.

§ 16. The irrational lines, therefore, (i. c.. those formed by
addition and subtraction) are twelve. They are the contraries of
one-another: firstly. with respect to the manner in which the
areas (i. e., the rationals and medials) are taken, since |for
example,] we sometimes add a medial to a rational. and some-
times we subtract a medial from a rational® . secondly, with
respect to the lines containing the less areas, the squares upoh
which are equal to the greater, since these are sometimes com-
mensurable in square and sometimes incommensurable in
squarc'®; and thirdly, with respect to the areas taking the place
of one-another, since, for example, we sometimes subtract a
rational from a medial and sometimes a medial from a rational,
and sometimes a rational and less arca is added to a medial and
somctimes a medial and less arca is added to a rational™. The
lines, therefore, that are formed by addition are respectively the
contraries of thosce that are formed by subtraction so far as
concerns the manner in which the areas arc taken (i. e., whether
they are to be added together or subtracted from onc-another).
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With reference to the lines which contain the less areas, the first
three of the lines formed by addition and of those formed by
subtraction are respectively the contraries of the following three.
And with respect to the areas taking the place of one-another,
the ordered irrationals are the contraries of one-another taken in
threes’®.  Such, according to the judgment of Buclid, is the
manner in which the irrationals are classified and ordered.

§ 17. Those who have written concerning these things (i. e.,
of irrationals), declare that the Athenian, Theaetetus, assumed
two lines commensurable in square and proved that if he took
between them a line in ratio according to geometric proportion
{the geometric mean), then the line named the medial was pro-
duced, but that if he took [the line] according to harmonic
proportion (the harmonic mean), then the apotome was pro-
duced®”.  'We accept these propositions, since Theaetetus
enunciated them, but we add thereto, in the first place, that the
geometric mean [in question] is [and only is] the mean (or
medial) line between two lines rational and commensurable in
squarel®, whereas the arithmetical mean is one or other of the
[irrational] lines that are formed by addition, and the harmonic
mean one or other of the [irrational] lines that are formed by
subtraction, and, in the second place, that the three kinds of
proportion produce all the irrational lines. Euclid has proved

A

C
Fig. b.

quite clearly that when two lines are rational and commensurable
in square, and there is taken between them a line proportional
to them in geometric proportion (i. e., the geometric mean), then
the line so taken is irrational and is named the medial™. We
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will now show the remaining [two kinds of] proportion' in the
case of the remaining irrationals. — Take two straight lines,
A and B, and let C be the arithmetical mean between them. The
lines, A and B, when added together, are, then, twice the line C,
since this is the special characteristic of arithmetical proportion.
1f, then, the two lines, A and B, are rational and commensurable
in square, the line C is a binomial. For, when added together,
they are twice . But when added together, they produce a
binomial. Since, then, the line (! is their half [and so commen-
surable with them M1, therefore this line (i. e., (0) is also a bino-
mial. — But if the two lines, A and B, arc¢ medial and com-
mensurable in square and contain a rational rectangle, their
sum (A + B), which is the double of the line (! is a first bimedial.
The line C, therefore. is also such, since it is the half of the two
extremes (i. e., A and B). — Ilf, however, they (A and B) are
medial and commensurable in square and contain a medial
rectangle, their sum (A + B) is a sccond bimedial. 1t is also
commensurable with the line (*, since C is its half. Therefore
the line (! is also a second bimedial. — Tf, on the other hand, the
lines, A and B, are incommensurable in square, and the sum of
the squares upon them is rational, but the rectangle contained by
them irrational (i. e., medial), the line (' is a major. For the
sum of the two lines, A and B, is a major; it ix also the double
of the line ('; therefore the line (! is a major. — But if, con-
versely, the two lines, A and B, are incommensurable in square,
and the sum of the squares upon them is medial, but the rectangle
contained by them rational, the line O is the side of a square
equal to a rational plus a medial area. For it is commensurable
with the sum of the two lines, A and B and their sum is the side
of a square equal to a rational plus a medial arca. — I, however,
the two lines, A and B, are incommensurable in square, and both
the sum of the squares upon them and the rectangle contained
by them are medial, the line (! is the side of a square equal to
two medial areas. For the sum of the two lines, A and 13, is the
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double of (* and is the side of a square equal to two medial areas.
Therefore the line (0 is the side of a square equal to two medial
areas. The line €, therefore, when it is the arithmetical mean,
produces all the irrational lines that are formed by addition.

§ 18. Let the enunciations [of these propositions], therefore,
be stated as follows. — (1). 1f there be taken a mean (or medial)
line between two lines rational and commensurable in square
according to arithmetical proportion (i. e., the arithmetical
mean), the given line is a binomial. — (2). If there be taken the
arithmetical mean? between two lines medial, and commensur-
able in square, and containing a rational rectangle, the given line
is a first bimedial. — (3) If there be taken the arithmetical mean
between two lines medial, and commensurable in square, and
containing a medial rectangle. the given line is a second bimedial.
— (4) H there be taken the arithmetical mean between two
straight lines incommensurable in square, the sum of the squares
upon which is rational. but the rectangle contained by them
medial, the given line is irrational and is named the major. —
(5) If there be taken the arithmetical mean between two straight
lines incommensurable in square, the sum of the squares upon
which is medial, but the rectangle contained by them rational,
the given line is the side of a square equal to a rational plus
a medial area. — (6) If there be taken the arithmetical mean
between two straight lines incommensurable in square, the sum
of the squares upon which is medial and also the rectangle con-
tained by them, the given line is the side of a square equal to two
medial areas. The proof common to all of them? is that since
the extremes, when added together, are double the mean and
produce the required irrationals, therefore these (i. e., the
means!®) are commensurable with one order [or another] of
these irrationals.

§ 19. We must now examine how the irrational lines that are
formed by subtraction, are produced by the harmonic mean.
But first let us state that the special characteristic of harmonic
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proportion is that the rectangles contained by each of the ex-
tremes in conjunction respectively with the mean, are together
equal to twice the rectangle contained by the extremes!™, and,
in addition. that if one of the two straight lines containing a
rational or a medial rectangle be anyone of the irrational lines
that are formed by addition, then the other is one of the [irra-
tional] lines that are formed by subtraction, the contrary.
namely, of the first!'®.  For example, if one of the two lines
containing the rectangle be a binomial, the other is an apotome;
it it be a first bimedial, the other is a first apotome of a medial:
it it be a second bimedial, the other is a second apotome of a
medial: if it be a major, the other is a minor: if it be the side of
a square equal to a rational plus a medial area, the other is that
(i. e., the line) which produces with a rational arca a medial
whole: and if it be the side of a square equal to two medial areas,
the other is that which produces with a medial arca a medial

whole. — Assuming these propositions for the present'”, let us
take the two lines AB and BC, and let BD be the harmonic mean
D
C
A B
Fig 6.

between them. Then if the two lines, AB and B(, arc rational
and commensurable in square!'®, the rectangle contained by them
is medial, and, therefore, twice the rectangle contained by them
is medial. But twice the rectangle contained by them is equal to
the rectangle contained by the two lines, AB, BD, plus the rect-
angle contained by the two lines, BC. BD. Therefore the sum
of the rectangles contained respectively by AB-BD and B(*-BD
is also medial. But the sum of the rectangles contained re-
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spectively by AB-BD and BC-BD is equal to the rectangle
contained by the whole line AC and the line BD. Therefore
the rectangle contained by the two lines, AC and BD, is medial.
But it is contained by two straight lines, one of which, AC namely,
is a binomial. Therefore the line BD is an apotome. — But if
the two lines, AB and BC, be medial, and commensurable in
square, and contain a rational rectangle, and we proceed exactly
as before, then the rectangle contained by the two lines, AC and
BD, is rational. But the line AC is a first bimedial. Therefore
the line BD is a first apotome of a medial. — 1f, however, the
two lines, AB and B(', are medial, and commensurable in square,
and contain a medial rectangle, then, for exactly the same
reasons, the rectangle contained by AC and BD is medial. But
the line AC is a second bimedial. Thervefore the line BD is a
second apotome of a medial. — If, on the other hand, the two
lines, AB and BC, are incommensurable in square, and the sum
of the squares upon them is rational, but the rectangle contained
by them medial, then twice the rectungle contained hy them is
medial, and, therefore, the rectangle contained by AC and BD
is medial. But the line AC is a major. Therefore the line BD
is & minor. — But if the two lines, AB and B(, are incommen-
surable in square, and the sum of the squares upon them is
medial, but the rectangle contained by them rational, then the
rectangle contained by the two lines, AC and BD), is rational. But
the line AC is the side of a square equal to a rational plus a
medial area. Therefore the line BD is that (i. e.. the line)
which produces with a rational area a medial whole. — 1f,
however, the two lines, AB and B(C, are incommensurable in
square, and both the sum of the squares upon them and the
rectangle contained by them are medial, then the rectangle
contained by the two lines, AC and BD, is medial. But the line
AC 1s the side of a square equal to two medial areas. Therefore
the line BD is that which produces with a medial area a medial
whole. When, therefore, the arithmetical mean is taken hetween
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the lines that are added together (i. e., to form the compound
lines), one of the irrational lines that are formed by addition
(i. e., a compound line) is produced; whereas when the harmonic
mean is taken, one of the [irrational] lines that are formed by
subtraction, is produced: and the latter is the contrary of the
line formed by the addition of the given lines.

§ 20. Let the enunciations of these [propositions] be also
stated as follows. — (1). If the harmonic mean be taken between
two lines which [added together| form a binomial, the given line
. If the harmonic mean be taken between two
lines which (added together] form a first bimedial, the given
line is a first apotome of amedial. — (3). If the harmonic mean be
taken between two lines which [added together] form a second

is an

himedial, the given line is a sccond apotome of a medial. —
(4). If the harmonic mean be taken between two lines which
|added together] form a major, the given line is a minor. —
(5). If the harmonic mean be taken between two lines which
jadded together| form the side of a square equal to a rational
plus a medial arca, the given line is that (i. e., the line) which
produces with a rational area a medial whole. — (6). 1f the
harmonic mean be taken between two lines which [added to-
gether] form the side of a square equal to two medial areas, the
given line is that which produces with a medial area a medial
whole. 'The geometric mean, therefore, produces for us the first
of the irrational lines. namely, the medial; the arithmetical mean
produces for us all the lines that are formed by addition; and the
harmonic mean produces for us all the lines that are formed by
subtraction. — It is evident, moreover, that the proposition of
Theaetetus is hereby verified!?. For the geometric mean between
two lines rational and commensurable in square is a medial line;
the arithmetical mean hetween them is a binomial; and the
harmonic mean between them is an apotome!®. This is the sum
and substance of our knowledge concerning the thirteen irrational
lines so far as the classification and order of them is concerned
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Ms. 37 v.* together with their homogeneity with the three kinds of propor-
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tion, which the ancients extolled.

§ 21. But we must now prove by the following method the
proposition that if one of the two lines containing a rational or a
medial rectangle is anyone of the irrational lines that are formed
by addition. then the other is its contrary of the lines that are
formed by subtraction. Let us first, however, present the
following proposition. Let the two lines, AB and BC, contain a
rational rectangle, and let AB be greater than BC. On the line
AC describe the gemicircle ADC, and draw the line BD at

D

F

Fig. 7.

right angles [to AC]. The line BD, then, is also rational, since
it has been proved that it is a mean proportional between the
lines, AB and B(': and if we join DA and DC, the angle at D is a
right angle, since it is in a semi-circle. Draw the line AF at
right-angles to the line DA: produce the line DB, so that it
meets the line AF at the point F: and draw a line at right-
angles to DC' [at the point, (']. This line, then, 1 maintain, will
not meet the line DF at the point ¥, nor will it pass outside
DF. bhut touch within it'2). 1f possible, let it meet [the line DF]
at F. Then the arca DAFC is a [rectangular] parallelogram,



— 145 —

since all its angles are right angles. But the line DA is greater
than the line DC. Therefore the line C'F is greater than the line
AF, since the opposite sides [of a parallelogram] are equal.
Therefore the squares upon BC and BF (B(? + BF?) are greater
than the squares upon AB and BF (AB? 4 BF?). Therefore BC
is greater than AB: which is contrary (i. e., to the hypothesis),
for it was [given as] less than AB. — The following proof would
be, however, preferable. Because the angles at A and C are
right angles and the lines, AB and B(', perpendiculars {to DF],
therefore the rectangle contained by DB and BF is equal to the
square upon BC. But it is also equal to the square upon AB.
Therefore the square upon AB is equal to the square upon B(.
But we have assumed the line AB to be greater than the line
BC. — In the same way we can prove that this line (i. c., the line
at right-angles to D(',) does not meet DF heyond the point F. —
Let it meet DF, thcrefore, between D and I at the point E.
I maintain, then, that the rectangle contained by FB and BE is
equal to the square upon DB, which is rational. For DCE is o
right-angled triangle, and the line CB a perpendicular [to DE1.
Therefore the two triangles (CBE and ('BD) are similar triangles
(i. c., of the same order). Therefore the angle at E is equal to the
angle DCE. But for the very same rcason the angle DCB is
equal to the angle BDA, and the angle BDA to the angle
BAF, since the angles at (!, D, and A, are all right angles. There-
fore the angle at E is cqual to the angle BAF. But the two
angles at B (i. e., CBE and ABF) are right angles. Therefore the
angles of the triangle BCE are equal [respectively] to those of
the triangle BAF. Therefore the ratio of the line BF to the
line BA is that of the line BC to the line BE, since they subtend
equal angles. Therefore the rectangle contained by FB and BE
is equal to the rectangle contained by AB and BC. But the
rectangle contained by AB and BC is equal to the square upon
DB. Therefore the rectangle contained by FB and BE is
rational.

10 Junge-Thowmson,
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§ 22. Having first proved these propositions, we will now

prove what we set out to prove!??. Let the two lines, AB and

Me. 38 7% B contain a rational rectangle. Kuclid has proved that a
rational rectangle applied to a binomial produces as breadth
an apotome of the same order as the binomial'?®.  1f, then, the
line AB is a binomial, the line B(' ix an apotome. If it is a
first binomial, BC is a first apotome. If it is a second binomial,
B('is a sccond apotome. 1f it is a third |binomial], BC is a third
tapotome], and so on*®. Suppose, now, that the line AB is a
first bimedial. Proceeding, then, as before!®, we can prove that
ithe Jine BC is a first apotome of a medial. For'*] the linc
BF is a second binomial, since the square upon a first bimedial
applied to a rational line produces as breadth a second binomial.
And the line BE is a second apotome, since the rectangle
contained by FB- BE is rational, and a rational area applied to a
second binomial produces as breadth a second apotome. There-
tore the line BC is a first apotome of a medial, since the side of
a square equal to an arca contained by a rational and a sccond
apotome is a first apotome of a medial. — Let now the line AB
be a sccond bimedial and contain with B(! a rational rectangle.
Page 52. T maintain, then, that the line B(' is a second apotome of a
medial. For proceeding exactly as before, because the line AD

is a second bimedial, and the line DB a rational, therefore the

line BF is a third binomial, since the square upon a second
bimedial applied to a rational straight line produces asbreadth

a third binomial. And the line BE is a third apotome, since the
rectangle contained by F1-BE is rational: and if one of the two

lines containing a rational rectangle be a binomial, the other is an
apotome of the same order as the hinomial. But the line BF

is a third binomial. Therefore BE is a third apotome. But the

line BD is rational: and the side of a square cqual to a rectangle
contained by a rational line and a third apotome is a second
apotome of a medial: thercfore the line B('1s a second apotome

of a medial, since the rectangle contained by BE-BD is equal
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to the square upon BC, the angle at (! being a right angle. —
Again, let the line AB be a major. 1 maintain, then, that the
line BC is a minor. For proceeding exactly as hefore, because
the line AB is a major, and the line BD rational, therefore the
line BF is a fourth binomial, since the square upon a major
applied to a rational line produces as breadth a fourth binomial,
But the reetangle contained by FB-BE is rational. Therefore
the line BE is a fourth apotome, since the line BF is of exactly
the same order as the line BE, the rectangle contained by them
being rational. Because, then, the line BD) is rational and the
line BE a fourth apotome, the hne B(' is a minor, since the
side of a square equal to a rectangle contained by a rational
and a fourth apotome is a minor. -- Again, let the hine AB be
the side of a square equal to a rational plus a medial arca. 1
maintain, then, that the line B(' is that (i. ¢., the line) which
produces with a rational area a medial whole.  For proceeding
exactly as before, because the line AB is the side of a square
equal to a rational plus a medial area, and the line BD rational,
therefore the line BF is a fifth binomial, since the square upon
the side of a square equal to a rational plus a medial area, when
applied to a rational line, produces as breadth a fifth binomial.
And because the rectangle contained hy FB-BE is rational,
therefore the line BE is a fifth apotome. Since, then, the line
BD s rational. the line B(' is that which produces with a
rational area a medial whole.  For this line is that the square upon
which is equal to a rectangle contained by a rational line and a
fifth apotome. — Finally let the line AB be the side of a square
equal to two medial arcas. 1 maintain. then, that the line BC
is that which produces with a medial arca a medial whole. For
proceeding exactly as hefore, because the line BD' is rational,
and the line AB the side of a square equal to two medial arcas,
therefore the line BF 1¢ a sixth binomial. But the rectangle
contained by FB-BE is rational. Thercfore the line BE is a
sixth apotome. But the line BD is rational. Therefore the
10°
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square upon B( is the square upon a line which produces with
a medial area a medial whole. Therefore BC is that which pro-
duces with a medial area a medial whole. — If, therefore, one of
the two straight lines containing a rational rectangle be anyone
of the irrational lines that are formed by addition, the other is its
contrary of the lines that are formed by subtraction. Our
discussion has proved this.

§ 23. 1t will be obvious, moreover, from the following propos-
itions that if one of the two lines containing » medial rectangle
be anyone of the irrational lines that are formed by addition,

C D

L M N

Fig. 8.

then the other is its contrary of those that are formed by sub-
traction. But first let us present [the proposition| that if the
ratio of two straight lines to one-another be that of a rational to
a medial rectangle or of two medial rectangles to one-another
which are incommensurable with one-another, then the two
lines are commensurable in square. — Let the ratio of the line
A to the line B be that of the rectangle C to the rectangle D,
one of which is rational and the other medial, or both of which are
medial but incommensurable with one-another. Let the line
NR be rational, and let us apply to it the rectangle RM equal
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to the rectangle C, and also the rectangle RL equal to the rect-
angle D. The two lines, MN and NL, are, therefore, rational and
commensurable in square, since the two rectangles applied to the
rational line (NR) are either rational and medial respectively, or p,ge 54.
both medial but incommensurable with one-another. Because,
then, the ratio of the line MN to the line LN is that of the
rectangle RM to the rectangle RL, that is, of the rectangle C
to the rectangle D, and the ratio of the rectangle (' to the
rectangle D is that of the line A to the line B, therefore the
ratio of the line MN to the line LN is that of the line A to the
line B. But the lines, MN and LN, are commensurable in
square, Therefore the line A is commensurable with the line
B in square. — Having demonstrated this. let us now proceed to
prove what we set out to do, namely. that if one of the two
straight lines containing a medial rectangle be anyone of the

F

A B
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Fig. 9.

irrational lines that are formed by addition, the other is its con-
trary of the lines that are formed by subtraction. Let the two
fines, AB and CD, contain a medial rectangle, and let AB be
one of the lines that are formed by addition'®”. I maintain, then,
that the other line, CD. 18 not only one of the lines that are formed
by subtraction, but also the contrary of that linc (AB). Apply
to the line AB a rational rectangle, namely, that contained hy AB
and BF. The line BF, then, as we have already proved!?®, is one
of the irrational lines that are formed by subtraction, the con-
trary, namely, of the line AB, since they contain a rational
rectangle. But because the rectangle contained by AB and CD
is medial and that contained by AB and BF is rational, therefore
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the ratio of the line FB to the line CD is that of a rational to a
medial rectangle. Wherefore they are commensurable in square,
as we have just proved'®®. Consequently whichever of the irrat-
ional lines formed by subtraction the line CD is, the line AB
is its like (or contrary)!3, since the line FB is exactly similar
(i. e., in order) to CD, the two rectangles to which the squares
upen them are equal, being commensurable™.  Therefore when
one of the two straight lines containing either a rational or a
medial reetangle is anyone of the irrational lines that are formed
by addition, the other is the line which is ite like (or contrary) of

. those that are formed by subtraction. — Having demonstrated

these propositions, it is clear, then, that all the irrational lines
that arc formed by subtraction. are produced from the lines that

. are formed by addition by means of harmonic proportion in the

manner previously deseribed!®2, since we have assumed nothing
that cannot be proved.

§ 24. Following our previous discussion, we will now set forth
the essential points of difference between the binomials and also
between the apotomes, their contraries'®.  The binomials, as
also the apotomes, are of six kinds. The reason why they arc sia
in kind is obvious. The greater and less terms of the binomial,
namely, arc taken, and the squares upon them distinguished.
For it 18 self-evident that the square upon the greater term i
greater than the square upon the less either by the square upon a
line that is commensurable with the greater, or by the square
upon a line that is incommensurable with it'™.  But in the case
of the square upon the greater term being greater than the
squarc upon the less by the square upon a line commensurable
with the greater, the greater[term], or the less, can be com-
mensurable with the given rational line, or neither of them.
Both of them cannot be commensurable with it, since, then, they
would be commensurable with one-another, which is impossible.
And in the case of the square upon the greater term being greater
than the square upon the less by the square upon a line incom-
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mensurable with the greater, it follows likewise that the greater
term, or the less, can be commensurable with the given rational
line. or neither of them. Both of them cannot be commensurable
with it for exactly the same reason [as is given above]. There
are, therefore, three binomials, when the square upon the greater
term is greater than the square upon the less by the square upon
a lme commensurable with the greater: and there are likewise
three. when the square upon the greater term is greater than the
square upon the less by the square upon a line incommensurable
with the greater. And since we have pointed out that when the
ratio of the whole line to one of its [two] parts is that of the [two
terms of a} binomial, then the other part of the whole line is an
apotome!® . and since it is self-evident that the square upon the
whole line is greater than the square upon the first-mentioned
part cither by the square upon a line that is commensurable
with the whole line. or hy the square upon a line that is incom-
mensurable with it. and that in both cases cither the whole line
can be commensurable with the given rational line, or that part
of it which has the ratio to it of the [two terms of a| hinomial. or
neither, but not hoth. just as in the case of the binomial, there-
fore necessarily the apotomes are six in kind and are named the
first apotome, the second, the third, and so on up to the sixth.

§ 25, By design he (1. e., Euclid) discusses the six apotomes
and the six bmomials only in order to demonstrate completely
the different, characteristics of those irrational lines that are for-
med by addition and those that are formed by subtraction. For
he shows that they vary from one-another in two respects, cither
with regard to the definition of their form!3% or with regard to
the breadths of the areas to which the squares upon them arce
cqual, so that the binomial, for example, differs from the first
bimedial not only in form, since the former is produced by two
rationals commensurable in square and the latter by two medials
commensurable in square and contaming a rational rectangle,
but also in the breadth produced by the application of the arcas

Page 6.
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of the squares upon them to a rational line. The breadth so
produced in the case of the former is a first binomial, in the case
of the latter a second binomial. 1In the case of a second bimedial
it 1s a third binomial; in the case of a major a fourth; in the case
of the side of a square equal to a rational plus a medial area, a
fifth: and in the case of the side of a square equal to two medial
areas, a sixth. The binomials are equal in number to the irra-
tional lines that are formed by addition, each group numbering
six, the binomials in order being the six breadths produced by
applying the areas of [the squares upon] the latter to a rational
line, the first in the case of the first, the second in the case of the
second, and so on in the same fashion up to the sixth, which is the
breadth of the area of the square upon the side of a square equal
to two medial areas when applied to a rational line. — In
exactly the same way he appends the six apotomes in order to
demonstrate the difference between the six irrationals that are
formed by subtraction, which is not a mere matter of difference
of form alone. For the apotome differs from the first apotome of
a medial not only in that it is produced by the subtraction of a
line (part) the ratio of which to the whole line from which it is
subtracted, is that of the [two terms of a] binomial, whereas the
latter is produced by the subtraction of a line the ratio of which
to the whole line from which it is subtracted, is that of the [two
terms of a) first bimedial, but also in that the square upon an
apotome, when applicd to a rational line, produces as breadth
a first apotome, whereas the square upon a first apotome of a
medial produces as breadth a second apotome. And the rest of
the lines proceed analogously. The apotomes, thercfore, are
equal in number to the irrational lincs that are formed by sub-
traction. The squares upon the latter, when applied to a rational
line, produce as breadths the six apotomes in order, the square
upon the first producing as breadth the first apotome, the square
upon the second the second apotome, the square upon the third
the third apotome, the square upon the fourth the fourth apo-
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tome, the square upon the fifth the fifth apotome, and the square
upon the sixth the sixth apotome, the sum total of both kinds
[of lines], i. e., of apotomes and of the irrational lines that are
formed by subtraction. And they correspond in order, the first
with the first, the intermediate with the intermediate, and the
last with the last.

§ 26. We should, however, discuss the following propositions.
The square upon one of the irrational lines formed by addition
produces, when applied to a rational line, one of the binomials as
breadth, and the square upon one of the irrational lines formed by
subtraction produces, when apphed to a rational line, one of the
apotomes as breadth: apply now these same squares not to o
rational but to a medial line, and it can be shown that the
breadths [produced] are first or second bimedials in the case of

D A F
c B E
Fig. 10.

|the irrational lines that are formed by| addition, and first or
second apotomes of a medial in the case of those lines that are
formed by subtraction'”. We must begin our proof of this, how-
ever, [with the following proposition]. 1f a rational rectangle be
applied to a medial line, the breadth [so produced] is medial.
Let the rectangle AC he a rational rectangle applied to the
medial line AB. 1 maintain, then, that the line AD is medial.
Describe on AB the square ABEF, which is, therefore, medial
and has to the rectangle AC! the ratio of a medial to a rational
area. The ratio of AF to AD is, therefore, that of a medial to a
rational area. Therefore the lincs, AF and AD, are commen-

Page 58.
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surable in squarc. But the square upon AF is medial, since the
square upon AB is medial. Therefore the square upon AD is
medial. Therefore the line AD is medial.

§ 27. Having first proved this [proposition}, I now maintain
that if the square upon a binomial or the square upon a major
be applied to a medial line, it produces as breadth a first or a
second bimedial. Let the line AB be a binomial or a major,
the lme €D a medial, and the rectangle DG equal to the
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square upon AB. Take a rational ine LM, and let the rectangle
MP cqual the square upon AB — H, then, the line AB be a
binomial, the line LP is obviously a first hinomial?, but if the
line AB be a major, then LP is a fourth hinomial'®. as has
already been proved with respect to the application of the
specified areas!® to a rational line. Divide LP into its two tering
at the point, 0. Then in the case of both of these binomials
(First and fourth) the line LO is commensurable with the given
rational line LM, the rectangle MO is rational, and the rectungle
PN is medial®!, since the two lines, LM and 1O, are commen-
surable in length, but the two lhines. NO and OP, rational and
commensurable in square [only |. Cut oft [from DG the rectangle
DF equal to the rectangle MO. 'The remaining rectangle
NP™2 is, then, equal to the rectangle EG. since the rectangle
DG is equal to the rectangle MP. The rectangle EG is. there-
fore, medial. — But the rectangle DF is a rational rectangle
applied to the medial line CD. The line ('F, therefore, is medial,



as has been shown above'¥. And the square upon CD, then,
since it is medial. being the square upon the medial line (D, can
be regarded (or taken) as ecither commensurable with the rect-
angle EG, or incommensurable with it. In the first place lot it
be commensurable with 1t. But, then, the ratio of the square
upon (D to the rectangle KG is that of the line ('D to the line
FG, since thev have exactly the same height. The line CD is,
thercfore. commensurable with the line FG in length. The line
F( is, therefore, medial. Therefore the lines, ('F and FG, are
medials. — The rectangle contained by the two lines (i. ¢., CF
and F(G) is also, 1 maintain, rational. For4 since the line (D
is commensurable with the line FG i length |, and the ratio
of the line ('D to the line FG is that of the rectangle contained
by (‘D> and CF to that contained by C'F and ¥G, if, then, you
place the two lines, ('D and FG, in a straight line, and make the
line CKF the height, the rectangle DF is commensurable with
the rectangle contained by ('F and FGY.  But the rectangle
DF is rational. Therefore the rectangle contained by ('F and
FQG is also rational.  Therefore the line (!G4 is a first. bimedial 46,
— Let now the squarc upon (‘D be incommensurabie with the
rectangle BG. The ratio of the line D, then, to the line FG
is that of & medial arca to a medial area incommensurable with
it. 'This will be ohvious, if we deseribe the square upon CD.
For the square so desceribed and the rectangle EG have exactly
the same height (C'D, namely): wherefore their bases, the lines,
FG and (D, namely, have to one-another the same ratio exactly
as they have, the latter line (i, ¢., ('D) being equal to the base of
the area (i. c.. the square) desceribed upon it. (D, therefore, is
commensurable in square with FG, as has been shown ahbove.
The square upon FG, therefore, is medial. Therefore the line
G itself is medial. Therefore the two lines, ('F and FG, are
medial. -— And the rectangle contained by them is, 1 maintain,
medial. For since the rectangle DF is rational, but the rectangle
EG medial, therefore the ratio of CF to FG is that of a rational



Page 60.

Ms. 40 v.0

— 156 —

to a medial area. Therefore CF and FG are commensurable in
square, as has already been proved. Since, then, the line CD
is incommensurable in length with the line FG, the rectangle
DF incommensurable with the rectangle contained by CF and
F@E, and the rectangle DF rational, therefore the rectangle
contained by CF and FG is not rational, and the two lines, CF
and FQG, are medials commensurable in square only. But the
rectangle contained by two medial lines commensurable in
square is either rational or medial, as Euclid has proved (Book X,
prop. 25). Therefore the rectangle contained by the two lines,
('F and F (@, since it 1s not rational, is medial. Therefore the line
(G is a second bimedial (Book X, prop. 38). When, therefore,
the square upon a binomial or the square upon a major is applied
to a medial line, it produces as breadth a first or a second hi-
medial}4s,

§ 28. Again let the line AB be either a first bimedial or the
side of a square equal to a rational plus a medial area, let the
line CD be a medial and apply to it a rectangle (DG) equal to
the squarc upon AB, and let the line LM Dbe rational and the
rectangle MP equal to the square upon AB. The line LP is,
then, a second binomial, when the line AB is a first bimedial,
and a fifth binomial, when the line AB is the side of a square
equal 10 a rational plus a medial area. Divide LP into its two
terms at the point O. Then in the case of both of these hinomials
(namely, the second and the fifth) the line OP is commensurable
with the given rational line (i. e., LM); the rectangle NP is ra-
tional; and the rectangle MO is medial. Cut off [from DG]
the rectangle DF equal to the rectangle MO. The remaining
rectangle EG is, then, equal to the rectangle NP. The rectangle
DF is, therefore, medial. But the rectangle EG is a rational
rectangle applied to the medial line CD. Therefore the line FG
is medial. — And since the rectangle DF is a medial rectangle
applied to the medial line CD, therefore the square upon CD
can be either commensurable with the rectangle DF, or incom-
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mensurable with it. In the first place let it be commensurable
with it. Then the line CD is commensurable with the line C'F.
The line CF is, therefore, medial. — And since the line FG is
commensurable with the line CD in square [only], but the line
CD commensurable with the line CF in length, therefore!®
the line FG is commensurable with the line ('F in square
lonly]. But since the line (D is commensurable with the line
CF in length, and the ratio of the line (D to the line ('F is
that of the rectangle contained by (D) and FG to that contained
by CF and FG, therefore these [rectangles] are also commen-
surable®. But the rectangle contained by CD and FG is rational,
since it is the rectangle KG. Therefore the rectangle contained
by CF and FG is rational. Therefore the line (/G is a first
bimedial. — Let now the square upon (‘D be incommensurable
with the rectangle DF. The ratio, then, of the line CD to the
line CF is that of a medial arca to a medial area incommensur-
able with it. The lines, CD) and CF, are, therefore, commensur-
able in square. But the square upon (D is medial. Therefore
the line CF is medial. And in the same way as before it can be
proved that the line (/G is a second bimedial. — I, therefore,
the square upon a first bimedial or the side of a square equal to a
rational plus a medial area be applied to a medial line, it produces
as breadth a first or a second bimedial.

§ 29. Again let the line AB be either of the two remaining
lines of the irrationals that arc formed by addition, i. e., either a
second bimedial or the side of a square equal to two medial areas.
Let the line CD be medial, and the line LM rational; and let the
same construction be made as before. The line LP, then, is
either a third or a sixth binomial, since these are the [only] two
that remain; neither of these is commensurable (i. e., in their
terms)™? with the line LM in length: the two rectangles, MO
and NP, are medial and incommensurable with one-another; and,
therefore, the two rectangles, DF and EG, are also medials. But
since the line CD and the two lines, CF and FG, are medial,
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CD (i. e, in length), whenever™ one of the two rectangles, DF
or I8G, is commensurable with the square upon CD. The rectangle
contained by CF and FG is [also], then, commensurable with one
of them®'. 'Therefore the rectangle contained by CF and FG is
medial, The line (G, therefore, is a second bimedial, — But if
the square upon (D is not commensurable with either of them
(i. c., DF or EG), then neither ('F nor F( is commensurable with
the line (‘D Therefore the rectangle contained by CF and FG
is not commensurable vith either of them (i e., DF or EG), the
two lines, ('F and F(, ure medial lines commensurable in square
onlv, and the rectangle contained by theni, therefore, either
rational or medial2.  1f, thercfore, the square upon a second
bimedial or the side of a square equal to two medial areas be
applied to a medial line. it produces as breadth either a first or a
second bimedial; which fact has already been proved in the case
of the other lines?.  Therefore the square upon cach of the
[irrational] lines that are formed by addition, when applied to a
medial line. produces as breadth a first or a second binedial.

§ 30. Having dealt with the irrational lincs that are formed by
addition, let us now consider the nrrational lines that are formed
by subtraction taken in pairs [as in the case of the former|. Let
the line AB be either an apotome or a minor. let the line D
be a medial ; and let us deseribe upon it the rectangle DG equal
to the square upon AB. | maintain, then, that the line ('(i is
either a first or a second apotome of a medial. Let the line LM
be rational: and let us describe upon it the rectangle MP equal
to the square upon AB. The line LD is. then, a first apotome
[if the line AB be an apotome], and a fourth apotome if the
line AB he a minor. Let the line PO be the anncar of the line
I.P, and the rectangle EG equal to the rectangle NP¥. The
ratio, then, of the rectangle MP to the rectangle NP is that of
the rectangle DG to the rectangle BG so that the ratio of the
line LP to the line PO is that of the line CG to the line FG.
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But!® the rectangle MO is rational, sinee we are dealing with a
first or a fourth apotome. so that the hine LO is commensurable
[in length| with the given rational line LM and the rectangle
contained by them, therefore. rational, since they are com-
mengurable in length. 'The rectangle DF is also, therefore,
rational, since it is commensurable with the rectangle MO.
But since the rectangle DF ix a rational rectangle applied to the
medial line ('D, therefore the line F(' is medial.  And because
the two lines, LM and PO, arc rational lmes commensurable in
square, smee the line LP 1s either a first or a fourth apotome,
therefore the rectangle contamed by them, NP, is medial  'There-
fore the rectangle KG 1s medial.  But the square upon (' is
also medial. Therefore they (i. e, EG and ('D?) are either
commensurable or incommensurable with onc-another, — Let
them be commensurable with one-another. The line FG s,
then, commensurable with the line (‘D 'in length|, as we have
shown before®?. Therefore the two lines, F(! and F@, are me-
dials. But the three lines, CD. FC and F@, are such that the
ratio of the line (‘D to the hne FG s that of the rectangle
contained by ('D and F(' to that contained by FC and FG.
These rectangles are, therefore, commensurable.  But the
rectangle DF is rational. Therefore the rectangle contained by
FC and FG is rational.  Therefore the line CGois a first apotome
of a medial. — But if the square upon CD is incommensurable
with the rectangle EG, then the line FG is not commensurable
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with the line CD in length, but in square only, since the ratio
of (D to F( is that of the medial square upon CD to a medial
area incommensurable with it, namely, EG. The square upon
F(Q is, therefore, medial, and FG is, therefore, also medial. But
because the line FC is commensurable with the line CD in
square, and likewise FG, therefore FC and FG are commen-
surable with one-another in square. And because the line CD is
incommensurable with the line FG in length, and the ratio of
the line (D to the line FG is that of the rectangle D¥ to that
contained by FC and FQG, therefore®™® these two rectangles are
also incommensurable. But the rcctangle DF is rational.
Therefore the rectangle contained by F(! and FG is irrational.
But the two lines, F(' and FG, are medial lines commensurable
in square only. Therefore the rectangle contained by them is
medial, since the rectangle contained by two medial lines com-
mensurable in square is either rational or medial. Therefore the
line CG is a second apotome of a medial. — 1f, then, the square
upon an apotome or the square upon a minor be applied to a
medial line, it produces as breadth a first or a second apotome
of a medial.

§ 31. Again let the line AB be either a first apotome of a
medial or that |line] which produces with a rational area a medial
whole; let the line CD be a medial: and let us describe upon it a
rectangle (DG) equal to the square upon AB. 1 maintain, then,
that the line CG is either a first or a second apotome of a medial.
For® the line LM is rational, and there has been applied to it
the rectangle MP equal to the square upon AB. Therefore the
line LP is a second or fifth apotome!®. Let the line OP be the
annex of LP; complete the rectangle MO: and let the rectangle
EG equal the rectangle NP. Then because the line LP is
either a second or a fifth apotome, therefore the line OL is a
rational line commensurable in square with the given rational
line LM, and the line OP is [a rational line] commensurable in
length with it181. Therefore the rectangle NP is rational, and



— 161 —

the rectangle MO medial, since the former is contained by two
rational lines commensurable in length, whereas the latter is
contained by two |[rational] lines commensurable in square
lonly]. Therefore the rectangle EG is also rational, but the
rectangle DF medial. Because, then, the rectangle EG iz a
rational rectangle applied to the medial line (D therefore its
breadth FG is a medial line commensurable in square [only |
with the line (') since a rational rectangle can be contained by
medial lines, only if they are commensurable in square!®?,  But
since the rectangle DF and the square upon C'D are medial,
they can bhe either commensurable or incommensurable with
one-another. Let them be commensurable with one-another.
Then the line CD is commensurable in length with the line FC'.
Therefore the line FC is also medial. But since the line F(G,
s commensurable in square with the line (‘D therefore the lines,
FC and F@, are commensurable with one-another in square.
But since the ratio of the line ('D to the line FC' is that of the
rectangle contained by the two lines, CD and FG. to that con-
tained hy the two lines, FG and F('. if, then, you make the two
lines, (‘D and FC. their bases, and the line FG their height!%3,
(it is clear that] the rectangle contained by the two lines, CD
and FG, is commensurable with that contained by FG and F(.
But the rectangle contained by (D and FG is rational. There-
fore the rectangle contained by FG and F( is rational. Therefore
the line CG is a first apotome of a medial. — But if the square
upon (‘D is incommensurable with the rectangle DF. then the
ratio of the line CD to the lme FC is that of a medial area to a
medial arca incommensurable with it. They (i. ¢., CD and F(')
are, thercfore, commensurable with one-another in square
fonly]. The line FC is, thercfore, medial. Therefore the two
lines, FC' and FG, are commensurable with onc-another in square
[only], since each of them is commensurable with the line CD
in square [only]. But because the line (‘D is incommensurable
with the line FC in length, and the ratio of the line CD to the

11 Junge-Thomson,

Ms, 42 r0
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line FC is that of the rectangle contained by the two lines, (D
and FG, to that contained by FG and FC, therefore these two
rectangles are also incommensurable with one-another. But the
rectangle EG is rational. Therefore the rectangle contained by
F( and FG is not rational. But the two lines, F(! and FG, are
medial lines commensurable in square. Therefore the rectangle
contained by them is medial. Therefore the line CG is a second
apotome of a medial. 1f, then, the square upon a first apotome
of a medial or the square upon that which produces with a
rational area a medial whole, be applied to a medial line, it
produces as breadth a first or a second apotome of a medial.

§ 32. Again let the line AB be one of the two remaining
irrational lines, either a second apotome of a medial, or that
which produces with a medial area a medial whole: let the line
CD be a medial, and the rectangle DG equal to the square
upon AB: and let the line LM be rational, and the rectangle,
MP equal to the square upon AB. The line LI is, then. either
a third or a sixth apotome. according as the line AB is either
the third or the sixth of the irrational lines that are formed by
subtraction. Let OP be the anner of LP, and the rectangle EG
equal to the rectangle, NP. Then since the line LP is either a
third or a sixth apotome, both of the lines, 1.O and OP, are
incommensurable with the given rational line LM in length,
but are rational and commensurable with it in square!®™. Both
the rectangles, MO and NP, are, thercfore, medial. Thercfore
both the rectangles, DF and EG, are medial. But since the
square upon CD is medial, it is commensurable either with the
rectangle DF or with the rectangle EQ, or it is incommensur-
able with both of them. It cannot be commensurable with hoth
of them. For, then, the rectangle DF would be commensurable
with the rectangle EG; i. e., the rectangle MO would be com-
mensurable with [the rectangle] NP; i. e., the line LO would be
commensurable with the line OP [in length]; but these were
given incommensurable in length. — Let the square upon CD be
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commensurable with one of the rectangles, DF or EG. Then
since both the rectangles, DF and EG, are medial but incom-
mensurable with one-another, therefore the line FC is com-
mensurable with the line FG in square [only]. But since the
square upon CD is commensurable with one of the rectangles,
DF or EG, the line CD is commensurable with one of the lines,
FC or FG, in length. 'Therefore one of them is medial. But they
are commensurable in square. Thercfore the other is medial,
since the area (i. e., square) that is commensurable with a medial
area, 1s medial, and the side of a square equal to a medial area,
medial. The lines, FC and FG, are, therefore, medial lines
commensurable in square [only]. But since the rectangle con-
tained by (‘D and F( is medial, and Iikewise that contained by
CD and FG, therefore the rectangle contained by FC' and FG
1s necessarily commensurable with one of them, since the line
CD is commensurable with one of the lines, F(C or F(, in length.
Therefore the rectangle contained by ¥(' and FG is medial.
Therefore the line (‘G is a second apotome of a medial. — But
if the square upon (‘D is incommensurable with both of the
rectangles. DF and KG9, then the ratio of the line ('D {o each
of the two lines, FC and FG, is that of a medial arca to a medial
area incommensurable with it. Therefore both the lines, FC
and FG, are commensurable with the line CD in square [only].
But because the rectangle DF is incommensurable with the
rectangle EG, and the line FC incommensurable with the line
FG in length, therefore the two lines, FC' and FG, are medial
lincs commensurable in square {only], and the rectangle con-
tained by them either rational or medial. Thercfore the line
CG is either a first or a sccond apotome of a medial. — Our
investigation, then, has shown that the squares upon everyone
of the irrational lines that are formed by subtraction. produce,
when applied to medial lines, either a first or a second apotome
of a medial, just as the squares upon the irrational lines that are

11*
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formed by addition, produce the two lines that are the contraries
of these, namely, the first and second bimedial.

§ 33. Various kinds of applications (i. e., of the squares upon
irrational lines to a given irrational line) can, however, be made.
1f, for example, 1 apply the square upon a medial line to anyone
of the lines that are formed by addition. the breadth is one of the
lines that are formed by subtraction, the contrary, namely, of the
line formed by addition, as we have shown above!®®.  And if
I apply it to anyone of the lines that are formed by subtraction,
the breadth is that line formed by addition which is the contrary
of the one formed by subtraction. For if one of the two straight
lines containing a medial arca, in this case, namely, the [area
of al squarc upon a medial, be one of the irrational lines that are
formed by addition, the other is 1ts contrary of the lines that are
formed by subtraction, and conversely, as we have demonstrated
before’®?.  We can also determine the breadths, if we apply the
squares upon the irrationals that are formed by addition to the
lines that are formed by subtraction, and conversely, if we apply
the squares upon the lines that are formed by subtraction to the
lines that are formed by addition. Whenever, then, we make
these applications [of squares] to a medial line, or to the lines
formed by addition, [or to those formed by subtraction!®®], we
find many of the definitions which govern these things (i. ¢,
ultimately, the irrational lines under discussion) and recognize
various kinds of propositions?®®.

§ 34. We will content ourselves at this point with our dis-
cussion, since it is [but] a concise!™ outline of the whole science
of irrational lines. For we now know the reason why these
applications are necessary, [to show], namely, the commensur-
abilities (i. e., of the irrationals)'™, and we are also well cnough
awarc of the fact that the irrationals are not only many but
infinite in number, the linesformed by addition and by subtraction
as well ag the medials, as Euclid proved [with respect to the last-
mentioned ]2, when he established that “from a medial {straight]
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line there arise irrational [straight] lines infinite |[in number],
and none of them is the same as any of the preceeding'™”’. But
if from a medial line there can arise lines infinite in number,
it is obvious to everyone what must be said concerning those that
can arise from the rest of the irrationals. It can be affirmed,
namely, that there arise from them. infinite times a finite num-
ber7,

§ 35. But we have discussed the irrationals sufficiently. We
can investigate by means of the facts that have been presented,
any problems that may be set. as, for example: — If a rational
and an irrational line be given, which line is the mean propor-
tional'”® hetween them, and which line the third proportional
to them, whether the rational line be taken as the first (1. e., of
the two lines) or the second 2 Kach of the irrationals is dealt
with, in its turn, analogously. For example, if a rational line
and a binomial or an apotome be given, we can find which line is
the mean proportional between them, and which is the third
proportional to them: and equally so with the rest of the lines.
Also if a medial line is given, and then a rational or one of the
irrational lines, we can find which line is the mean proportional
between them, and which the third proportional to them. For
since the hreadths produced by the application |of their squares)
can be determined', and we know that the rectangle contained
by the extremes is equal to the square upon the mean, it is
casy for us to do this.

The end of the second book and the end of the commentary
on the tenth book of the treatise of Euclid; translated by Abit
Uthmin Al-Dimishqi. The praise is to God. May he bless
Muhammad and his family and keep them. Written by Ahmad
Tbn Muhammad Ibn ‘Abd Al-Jalil in Shiriz in the month,
Jumiada 1. of the year 358 H. (== March, 969).

Page 68.



NOTES.

! The phrase, “Iu the name of God, the Compassionate, the Merciful’’,
given 1 the MS., is obviously un addition of the Muslim translator, or,
perhaps, of the copyist.

WorprckE road Muwiratun, translating, Corruptible (Essai, p. 44, 111,
para. 11). Sutkr read, Mu‘awwiratun or Mu‘cwwaratun (note 138),
translating, Corruptible or  Corrupted (Vergangliche, Verdorbenc).
But, in the first place, matter 1s not concerved of as corruptible or

2

corrupted in Platonism, or Neoplatonism, or even in Neopytha-
goreanism generally (See the Timaeus, 52a.). In the second place,
Muswrratun, or Mu‘awwiratun, ov Mu‘cwwaratun, 15 appled in this
sense only to men as depraved, so fur as I can find, and even this 1s a
late usuage. On the other hand, matter 1s Destitute of quality or form
((f. Numenius, CUXCV, Carentem  qualitate: and Plato’s T'imaeus,
50a.-—52a., esp. H0e. and Hla. mavrov Extdg &ddv.), and Muwiza-
tun means Needy or Destitute Cf. Part I, para. 2 (end) and para. 3
(W. p. 29, L. 3).

Cf. Part 1, para. 9 (beginmng).

4 Cf. J. L. Hersrra, Kuchdis Elementa, Vol. V, p. 415, 1. 2—6.

o That 15, the areas which constitute by addition or subtraction those

areas t0 which the squares upon the irrationals are equal, as in pro-
positions 71-—72, 108—110. Literally translated the last clause would
run: --- “On condition that (or provided that) these areas are parts’.
The syntax of the Arabic 1s simple, SUTER’s note 140 notwithstanding.
8 (f. the previous note. The reference is to propositions 21 —22, 54-—59,
91 96, where the areas to which the squares upon the irrationals are
equal, are not compound areas (W. p. 30, 1 7).
7 Book X, props. 22, 60—65, 97—102.
8 Book X, props. 71—172, ef. 108—110. I read Ka-I-Mujiddi (like one
who is zealous) instead of Ka-I-Muhwddun? (W. p. 30, 1. 12).
® a) Compound lines is acceptable: these are the lines that are formed by
addition. But apotomes is incorrect; for it is spoken about the lines
that are formed by subtraction. G. J. See Bemerkungen, page 25.
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b) The MS., however, gives Munfagilatun, which is the regular word
throughout for apotomes. Either, then, we have an extension of the
term, apotome, to include all the irrational lines that are formed by
subtraction, or a false or dubious translation of the original Greek
term, whatever 1t was, or an error of the copyist. The term occurr
with the same meaning in para. 13 of this Part (beginning). Perhaps,
as Dr. JUNGE suggests, we should read Mufagsalatun in both cases,
which would, then, correspond to Mwrakkabatun (W. p. 30, 1L
15—16).

Book X, props. 108—110.

Book X, prop. 21.

In the Lisan al-arab (Bulag, 1299- 1308H), Part 1, p. 191 (top)

Awta’a is explamed as Overcoming by proofl or crdence, or as Struggling

wnth and throwing down or making jast; in this context, therefore, To

establesh.  (W. p. 30, L 19.)
Book X, prop. 14,
Book X, prop. 21.
Book X, prop. 24.

' Book X, prop. 25.

a) Book X, prop 34, ¢f. prop. 40.

b) It 15 the lne the square upon which 18 equal to a rational plus
a medial area, lag;. See Bemerkungen, p. 25. G.J.

a) Book X, props. 33 & 35; cf. props. 39 & 41.

1) That 1s, the major, and the line the square upon which 15 oqual to
two medial areas; twice two lines. Soc Bemerkungen, p.25. G.J.

The last three clauses are somewhat tautological. The commentator,

however, wishes to explam the phrase, *Wholly mcommensurable’.

That 1s, the ne. What SuTEr is translating, I do not know. This

paragraph is really the conclusion of the previous one and should be

included i it. The MS. has no punctuation points after 4 ydan (also),

but has two dots (thus,:) after Al-asmi (name). Cf. Book X, prop. 21

(W. p. 32, 1. 2).

See Bemerkungen, page 24. (. J.

Cf. Book X, props. 71 & 72.

Cf. Part I, paras. 21 & 4 (W. p. 20, last Line ff. and W. p. 5, 1. 7). That

is, the medials in this case.

In this case the irrationals formed by addition.

This is now wholly correct. The linos that are formed by addition, are

co-ordinate with those that are formed hy subtraction. (i. J.
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a) That is, all the possible cases are given. SUTER has misunderstood
the Aralne and omitted the phrase, commensurable in length,
accordmgly (W. p. 32, 1. 9--11).

b) The following lines show that the text means commensurable with
one-another and not commensurable with the assumed line. G. J.

The medial, that is, having already been discussed.

Book X, prop. 15.

Book X, Def. 3 and prop. 23.

According to The Dictionary of Technical Terms ote., A. SPRENGER,

Vol. I, p. 1219 (foot), Qistmatun has the same general meaning as

Nanbun (Substitute ete.).  Ista‘mala can mean To fewgn « thing

(W. p. 32, 1. 18--19).

With modern signs this proposition s very sunple.  Let. the sum of the

squares = «, twice the rectangle, b, where a and b are rational in the

antique (1. e., Euchdian) sense (as also m the modern). The whole

line is then = A4/« 4 b, rational in the antique (Buchdian) sense (4, J.

a) Book X, prop. 71.  See Bemerkungen, page 24.

b) Always taking what was stated at the hegimnimg of para. 7 (Part 1T),
as granted, namely, that the lines are commensurable i square with
the assumed line and therefore with one-another. G. J.

Book X, prop. 59, Lemma.
Book X, prop. 71. See Bemerkungen, page 24.
Book X, prop. 72. Sec Bemerkungen, page 24.
Using the same lettors, but following the text and figure given both
in the MN. and by WoEPCKE, this passage runs: -—— ““Then the sum of the
squares upon LN and NM is commensurable with the rectangle con-
tained by LN and NM”, and so on throughout. SUTER’s reconstruction
simplifies the operation and probably represents the true text, since
the following proposition in para. 8 (W., p. 34, 1. }15) uses the same ti-
gure, but gives the lines as LM and MN.

Book X, prop. 15.

Let the line LN = . } y, where x* has to y* the ratio of a number to a

number, but. » to ¥ not so. Presupposed is x* + %* commensurable

with ay. DBut because @ 1s comm. with ?, therefore «® + ? is comm.
with &%, and therefore x* wath wy, or »r with ¥, -which was not granted.

G.J.

Cf. Part II, para. 7 (beginning).

Cf. the foregoing figure. The explanation of the following in modern

signs is the same as in Note 31 above (Part I1). G. J.

Book X, prop. 19.
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a) Book X, prop. 39.
b)The explanation of the word Major m the text is hardly true.

Va + \/Uis, indeed, Major, where a > '\/br. But Vam \/b 18
called Minor, and here the rational part, ¢, is also greater than the
mechal, \/b. — Cf. NusseLMANN, 1lgebra der (iriechen, Berlin
1842, 5.176. G.J.

Book N, prop. 40.

Book X, prop. 41.

Cf. para. 7, above, Part II, towards the end (W., p. 33, last hne, to
p. 34, 1. 1).

Cf. Book X, props. 36 to 38 and 39 to 41 respectively. The Arabic says
simply, “The two additions of limes™, 1. ¢., the addition of lines com-
mensurable in square and the addition of hnes meommensurable in
square, as in these propositions.  The Arabic may be read as either
Tarkibare hutatere or Tarkbanae hutatan (Cf. de Saey’s Grampoar, 2nd
Ed., Vol. 11, p. 183, and Frerscaer's Kl. Sehr.. Vol 1, Tell 1, p. 637
on de Sacy). On the use of the dual of the mfimtive, of. FLrIsSCHER,
ibid. p. 633 to de Sacy, 11, 175 (W.p. 35, L. 16) (W. p. 35, 1L 16 17).
Cf. Book X, props. 71 and 72 1espectively, 1) the addition of & rational
and a medial area, 2) the addition of two medial areas.  Cf. the provious
note on the Arabie. (W., p. 35, ). 17).

That is, m props. 71 and 72. Therefore Magalatun nioans hoere Section
and not treatzse (W. p. 35, 1. 18).

Cf. Book X, props. 36 to 38.

Cf. Book X, props. 39 to 41.

Woercke's conjecture (p. 36, note 3) 1s mamtestly correct. (f. Book X,
props 37 and 38.

2 Cf. Book X, props. 39 to 41. NUTER’s note (no. 164) 1s meorrect. The

Avabic means the sum of the squares wpon them ; hterally 1t runs: -
“The area composed of the sum of the squares upon them®”, out of
which Surer somehow o1 other gets areas. (W. p. 36, 1. 8).

As 1 Book X, props. 36 to 38.

I read Yahtapja(i), not Yeahtaj (need) (W. p. 36, 1. 18).

The whole argument of the paragraph shows that Pappus is here
referring to the lines. SUTER in note 167 maintams that this is in-
correct, and that the reference should be to the squares upon the
separate lines. But if the squares upon the hines are rational or medial,
so then are the lines; and Pappus may quite well have stated the pro-
blem 1n this way. — See also Bemerkungen p. 30.
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SUTER omits this last sentence without remark. But the sense is

obviously that given above. Al-Murakkabu minhd can mean the

compound line made up of LM and MN as well as the sum of the squares

upon them. (W. p. 37, 1. 16—17.)

See Bemerkungen, page 24.

Which, as SurTkEr adds, is impossible.

That is, so as to curtail the construction, which is obvious from the

immediately preceding proposition, viz. - -; let LM? and MN? be medial,

and let there he applhied to AB a rectangle = LM?2 4- MN?, and let

there be cut off from it the rectangle AF = LM?, so that EC == MN2.

Therefore AF and EC are medial.

Because, as SUTER says, two rational lines commensurable in square

only form a medial rectangle,

Cf. SUTER, note 172, who supposes that in the propositions just given

Pappus tries to set up another mode of division for the irrationals of the

first hexad (as he puts it).

These propositions appear in Euclid implicitly but not expheitly. Gi. J.

That is, without quahfication by any such term as rational or medial.

Cf. Book X, Def. 2.

That is, the six irrationals formed by addition. Cf. Book X, props. 71

and 72.

Cf. Book X, props. 19 and 21 respectively.

Seo the whole discussion from para. 4 to para. 8 of Part I1, where the

order and number of these irrationals are discussed (W, p. 30, foot, to

p. 35).

That is, the six irrationals formed by addition.

a) That is, one of the six formed by subtraction.

b)If @ + % is an irrational formed by addition, then o —y is an
wrrational formed by subtraction; granted « > y. G. J.

That 15, the greater and the less of the two terms (or lines) that added

together produce one of the six irrationals formed by addition, con-

sidered as a whole line and as a part of it as above. See Bemerkungen,

page 24; for the various irrationals.

Nazir may mean like, equal, corresponding to, or contrary. In the

next paragraph (W. p. 40, 1. 19) the apotome and the binomial are said

to be contraries of one-another ( — Wahiduhuma yulkhalvfu-l-akhara — ) ;

in paragraph 16 (W. p. 44, 11. 13, 20, 21; p. 45, 1. 1) the lines formed by

addition and subtraction arve said to be confraries respectively of one-

another; and the like is asserted of them in paragraphs 19, 22, 23 (W.

p. 47, 1. 14; p. 48, 1. 23; p. 63, 1. 11, 13), only here the word, Muga-



-
X

3
71

%

7

~
<

78

79

80

8

— 171 —

balun (-opposite, contrary), replaces the Ywukhalifu of paragraph 16.
Contraries, moreover, may be homogeneous, belonging to the same
genus at opposite polos of it (Cf. Aristotle’s Metaph., 1065a. 3if.,
osp. 23ff.). The meaning of Nuazir, therefore, would seem to be
contrary. 1 have used, however, like (or contrary), throughout,
inasmuch as Binomials ete. and Apotomes etc. are likes, since they are
produced by the same terms or lines, but contraries, since they are
produced by addition and subtraction respectively (W. p. 39, 1. 19).
Cf. Part 11, note 9.
AB and BC are, theretore, rational and commensurable in square only.
a) Uf. prop. 7, Book IT of Kuchid, which gives the positions of AB and
BC as in the figure above, whieh 1s @iven hy SUTER, but not in the
MS. nor in Wogpcke.
b)ItisAB* 4 BO*=-2AB. BO 4 AC*, simee A"~ (4B —BCO): G. J.
AB and BC bemg commensurable i square (AB | B(, a binomial).
The clause, ““Now the squares ......... medial (Fa-Murabba‘v .. ..
mawsitan ), probably represents a Greek genitive absolute construction.
Pappus shows by Kuchid’s prop. 7, Book I1, that f 4B « BC 15 a
binormal, then 4B — BC is an apotome. For AB* «+ BC* - 24ARB-
BC + AC? Theretore AC* = ADB* + BO* 24D -BC. But AB* |
BC% s rational and 24 B - BC' 15 medial; and A B® s > BC by the
square upon a straight hine commensurable with AB.  Thereforo
'\/A(" (i.e., AC - AB B(') 15 an apotome.  See prop. 108 and
compare it with prop. 71 (W. p. 40, 11 9-—11).
Ct. note 71, Part 1l.
Note that AB - ("1 in this case a first himedial. Cf. Book X, props.
109 and 71.
See note 76, Part 11, If AB | BC is a first bimedial, 4B -~ BC 15 a
first apotome of a medial.
Ci. the statement. of the first. of thix series of propositions i para.
13, Part LI (W., p. 40, 1l. 8—9): - “Let AB produce with BC a
binomial™. The text is quite sound as it stands, and does not need to
be emended to, “Let AB and BC be commensurable in square”, as
SUTER erroneously suggests (note 183).
Worrckr’s suggestion (p. 41, note 2) that this phrase be added to the
text 18 sound, if not exactly necessary. In fact, since AB 4 BC is
given as a second himedial, the previous phrase 18 also unnecessary.
But both are perfectly sound consequences of the given fact, and if the
first be given, so should the second.
It does not seem necessary to msort the phrase, Murabba‘ai . . . ..
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. min, as WOEPCKE does (p. 41, 1. 7—8, enclosed thus, (3) ...
........ (3)) The sense of the Arahic is quite plain without it. It
says, “The sum of the squares ete. being greater than twice the rectangle,
it is, then, the square upon the line AC”. That is, it is greater by the
square upon  AC.

That 1<, the lines, AB and BC. (. J.

That is, if 48 - BC is a second bimedial, A B - BC is a second
aputome ot a medial.  Cf. Book X, props. 110 and 72.

That is, if AB | BC is & major, A B — BC is a minor. Cf. Book X,
props. 108 and 71, A B*1s, in this case, greater than BC* by the square
upon a line incommensurable with AB.

" AB and BC being meommensurable in square.

Cf. Book X, props. 109 and 71, 7t AB + B('is the side of a square = a

rational -} a medal aren, AB - BC s the e whieh produces with

a rational area a modial whole.

Cf. Book X, props. 110 and 72. If 4B -+ BC( is the side of a square —= 2

medial areas, 48— BC is the lime which produces with a medial area

a mechal whole.

SutER translates as if the Arabic word were a smgulax, probably for the

sake of clanty.

1 accept WorPCKE's substitution ot the margimal reading and translate

accordingly, although the reading of the text could be considered satis-

factory and rendered thus: - - “That a rational area remains trom a

rational arca (1. €., m this case). (W., p. 42, 1. 13, note 4).

a) Two lIes, since as the following sentence intorms us, there are two
cases of subtraction of a medral from a rational.

b) The reason must he sought in the relation of the medial, \/lb, to the

rational, a. For ]/(1 - \/ b produces the apotome, when ¢? — b:a? = a
suare number: o square namber. Otherwise the minor arises.  See
para. 24 (Part. 11) and Bemerkungen, page 25. (. J.

I have supplied the words within brackets for the sake of clanty.

"The words within brackets, from “The line™ to **Arises,” have heen sug-

gosted by WoerckEand incorporated in lus text, except “Area,” whichis

obviously to be supplied. The Arabie text is, as SUTER says (Note 186,

p. 48), “stark verdorben”. WORPCKE's conjectures, however, are,

from the mathematical point of view, necessary and, from the linguistic

pomt of view, guite acceptable (W. p. 43, 1l. 3—4, notes 3 & 4).

Cf. Part I1, para. 9 (W. pp. 35— 36) for this statement. In that para-

graph Pappus asserts that Euchd should have treated the compound

lines after this method; and here and m the next paragraph he points
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out how clear then would be the homogeneity, with the opposition, of
compound linesand those formed by subtraction. «Two’ must be supplied
after *“In each case™ (Fi kulli wahidin ) in the Arabic (W., p. 43, L. 6).
Cf. the previous note and Book X, props. 36 41. These last two
sentences connect para. I4 with para. 9 and also refer to the begmnmy
of para. 14. 1tself.

Cf. Book X, props. 36 and 73

Cf. Book X, props. 37 and 74.

Cf. Book X, props 3% and 75.

Cf. Book X, props 33, 39, and 76. The sun of the squares is rational
and equal to the greater area, as 1 stated under “Sixthly” (prop. 35).
Ci. Book X, props. 34, 40, and 77. The sum of the squares 15 medial
and equal to the preater area.

Ct. Book X, props. 35, 41, and 78 The sum ot the squares is medwal
and equal to the greater arcu.

Part 11, para. 7.

Cf. Book X, props. 71 and 108 The hmes formed hy addition ure
1ospectavely the bikes (o1 contraries) of those formed by subtraction, as
Pappus says towards the end of the paragraph  As Surkg says (note
190), Pappus means by, “Are tuken™, the kid of relation which the
areas have with one-another, whether they are to be added together or
subtracted from onc-another. See Part LI, note 71, for “Contrares™.
Cf. Book X, props. 36 -38 and 39—41, 73 75and 76 78. As Pappus
says mmmediatoly after, the first three of each kind are respectively the
contraries of the last three.

Cf. Book X, props 109, 108, and 7} (parts | and 3). Tn tho one case the
rational is the greater, the moedial the less: m another the medial is
the greater, the 1ational the less; and in the third case both the groator
and the less are medials.  SUTER’s notes 191 and 192 show that he did
not understand the Arabwe. Pappus now goes on to state what lines
are the likes (or contraries) of one-another in these different respects.
That is, the wrationals formed by addition and subtraction fall into
groups of three accordimg as the areas are, 1) rational and medial,
2) medial and rational, and 3) medial and medial. G. J.

NSUTER points out (note 193) that the amthmetical mean by means of
which the bmomial 1~ produced, 15 not mentioned. Tf this tailure be
due to the copyist, st means that he omutted a whole line, which
probably began hke the succoeding one with the Arabic words, Wa-
wdha akhadha (And if he took), whence his omission.  Porhaps, how-
over, Pappus himmself overlooked this case or the translator failed to
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reproduce it. Part I, para. 1 (W, p. 2, 1I. 2—3) says that Theaetetus
divided the irrational lines according to the different means. ascribing
the medial hne to geometry, the binomial to anthmetic, and the
apotome to harmony.

Part 1, para. 19 (beginnimg) (W., p. 19, 1. 7{f.) explams what Pappus
means by tins clause. He says there: — “He (i. e., Euclid) always
assigns the general term, modial, to a particular species (1. e., of the
modial Ime).  For the medial line the square upon which 1s equal to the
arca contained by two rational lines commensurable in length, is
necessarily a mean proportional to these two vationals etc., but he
does not name either of those {lines] medial, but only the line the
square upon which 1s equal to the given area* (i. e., the one con-
tained by two rationals commensurable in square only) (W. p. 45,
II. 7—8).

Cf. Book X, prop. 21.

The Arabic has simply, “The remammng proportiowng” (Infinitive).
The infinitive gives the abstract idea. The context shows that we
must interpret as above (W. p. 45, 1. 13- 14).

Worrckr (W. p. 45, 1 4, foot, note 3) substitutes Wa-kana tor the
MK’s Li-anna. The torm of the argnment demands Fa-li-anna. 1 have
suppled, “And so commensurable with them”, after the analogy of the
argument given i the second succeeding case (W., p. 46, 1. 2). The
Arabic would run: — “* Wa-musharidean la-huma”. Sec J. L. HEIBERG,
Kuclidis Elementa, Vol. V, p. 5561, 1. 2--19.

The same phrase is used here and in the following enunciations
as in the first instance. I adopt “Aruhmetical mean” tor the sake of
brevity.

That is, common to all the arithmetical neans taken above.

The text of the MS., givon hy WoErckE, 18 obviously corrupt. 1t
says: — “Therefore these (i. e., the various means, or, perhaps, the
required 1rrationals) are incommensurable with the wrationals of one
order or another”. The demonstrative pronoun, Hadhihi (W., p. 47,
1. 7), which is femimne, must refer back either to the required irra-
tionals or to the “"Them™ of “All of them’ (1. e., the various means});
and the latter is, logically, the more probable. The substitution of
the text’s “Incommensurable” (Mubdyinaturn) for the logically
required “‘Commensurable” (Mushdarikatun) cannot. casily be ex-
plained. Perhaps the thread of the argument was lost, the antecedent
of Hadhikr not being clear. Possibly the error oceurred in the Greek
toxt.
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That is, if u and b are the extremes and ¢ the mean, then ac + be =
2ab
@+ b

Cf. Part 11, note 71.

Cf Part IT, paras. 21 and 22.

The next case (W., p. 48, 1. 6) shows that WorrckE’s conjecture hero
(W, p. 47, 1. 22, note 5) 1s incorrect. We must read: — “Fgan
kana khatta, AB, BC, mantagauu fo-l-quuwati mushtarikaini ete.”
Cf. Part 11, para. 17, bogannmg (W., p. 45, 1. 3ff.).

Here, then, 15 used the Euchdian proposition, X, 112, The further

2ab, or ¢ = . — Cf. Bemerkungen p. 30.

propositions which are presupposed, over the other frve mes that are
formed by addition and the correspondmg ones fonned by subtraction,
are first proved In para. 210 (G0 J.

That 18, will meet DI within the points, D and F. DBoth Wokrcke
and the MS. have AF. But what succeeds shows that Surkr 1s
correct in 1eading DF

Ct. the previous paragraph, first sentence.

Cf. Book X, prop. 112, “The square upon a rational straygzht line
applied ete.”

Surer’s note, 208, pomting out that Kuchd does not prove these pro-
positaons, nor Pappus, but that they assume them to he solf-evidont,
18 false. Kuelwd, X, 112, proves the whole of this. G, J.

That 1s, as m the previous paragraph with the same figure.
, L

 SUTER quite correctly (note 210) supphes the words within brackets,

winch do not appear m Worpckr’s text nor in the MN. Nec “"Notos on
the Text™ (W. p. 61, L. 15).

The figure 1 not given m the M8, or Worrcke. 1 follow Svrek.
That 18, m Part 11, para. 22 (W., p. 51, L. 81 ).

At the begmung of this paragraph. Therelore (D s one of the lines
formed by subtraction and of the same order as FB.

Cf. Part 11, note 71.

A proposition is used here, whiclt is correct, but. wiuch neither Euelid
nor our commentator enunciates, namely, “'1f a hne s commensurable
n square with an irrational line formed by addition (or subtraction),
then 1t is also an irrational line formed by addition (or subtraction)
of the same order, G. J.

Cf. Part I1, paras. 19 and 20 (W., p. 47, L. 8ff.).

We must either road, *“Al-Khutate-llati min ismaini wa-l-munfagilati-l-
mugabalaty laha’, and translate as above, or, “Al-Khutte-Uadhi min
ismaing wa-l-munfasili-l-mougabali lahw™, and translate, “Points of
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difference between the hmomial and the apotome, its contrary”. The
former gives a sense more in keeping with the contents of the para-
graph than the latter. Read “ Yaji’u”, not “Nahnu'. The last lettor
is certainly a " Yao (W. p. 55, 1. 3-—4).

For this and the following sentences ¢f. Euclid, Book X, Definitions 11,
I—6 (Sec Hersrra, Vol 111, p. 136, HEats, Vol. I1I, pp. 101- 102).
Cf. Part T1, para. 12 (Beginmng, W., p. 39, L. 91f.). If AB | BC
A & B 18 a bmowual, then 4B — B(, i, e., A(!, is an
apotome.  “Al-Munfasida”™ (W., p. 55, 1. 17) 15 an absolute nomina-

tive, which recerves its syntactical relation when 1t is caught up and
repeated in the phrase, “Huwa munfasilun” (W., p. 55, 1. 19).
Ma‘na means definition fas may be seen from DesTHORN and HEIBERG
Buclid:s Elementa, Al-Hajjaj, Vol. I, pp. 40—41. Cf. also the present
text (W, p.6, 1 7; p. 10, L21; p. 11, L 1; p. 27, L 17). Al-Akwan
according to M. Horren, Z. D. M. (., 1911, Vol, 65, p. 539, means
dic Formen des veranderlichen Sewns, ov Seinsformen (W. p. 56, L 7).
It might, be rendered, however, hy the form of thewr being or existence,
i. e, m time and space.

For this proposition as also for paragraphs 27— 32 (Part T1) see Be-
merkungen, p. 31.

Since LM is rational and M P — AB* (Ct. Euchd, Book X, prop. 60.
G.Jl)

Smee LM is vational and M P — A B* (Cf. Euchd, Book X, prop. 63.
. )

That 1s, the squares upon a binomal und a major. Cf. Part 11, para. 2
Cf. Euchd, Book X, prop. 71.

o1}

* The names of the two rectangles have been interchanged. KG should

be the one mentioned first, Cf. the next paragraph, 28 (W., p. 60,
1. 15).

In the previous paragraph. Cf. Kuclid, Book X, prop. 25. CF is
medial and commensurabie with (D wn square.

One would expect this sentence to begm, “‘Wa-dhalika mnahu 1i-
anna”, as the corresponding sentence of the next part of the proof
(14 lines later, W., p. 59, L 19) has, “Wa-dhalika innahu lamma™ .
“Wa-dhalika innahu” should, therefore, T think, be inserted in the
text (W. p. 59, 1. 7).

Ct. Euclid, Book X, prop. 37.

It 18 to be shown that (/G 18 a first or a second bimedial, 1. e., is of

4 L .
the form, \/b (a + \/b) or Ve (w i '\/h). In the furst case the

rectangle contained by the two parts (terms) is rational, namely,
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{/b.a.’\?b.\/é = ab; in the second case it is medial, namely,
'\l/ c.a \l/ ¢.4/b — a./be. - This rectangle is geometrically —
CF. FGQ. The rectangle CF. (D 18 in any case rational. The two
cases can also, therefore, he distinguished from one-another, according
as FG is commensurable with (D in length or not, or, — and the
commentator always begins with this —, according as the rectanglo
EG is commensurable with ("D* or not. G. J.

SuTERr translates correctly, but has fuiled to remark that his transjation
does not give the Arabic text as it stands. This last clause i the
Arabic 1s conjunctive with the two previous and not the apodosis of
a conditional sentence. We must read, therefore, “Fa-Khattu . . ."" and
not, “Wa-Khattr .. .7, as in Woprcke and the MS. (W, p. 60, 1. 20).
Cf. the previous paragraph on this pomt at note 145, SuUTER does not

.

give the correct connection of the Arabie clauses.
To make sense of this clause and to make it correspond with paras.
27

bhinomials 18 commensurable with the line LM. G. J.

32, the Arabic must mean that neither of the two terms of these

Dr. JunGe pomts out that we must translate thus m order to give a
meanning to this clause. The Arabic reads, ** Wa-li-anna’, which would
ordinartly be translated, “But since cte.”; the boginnmmg of & now
statement altogether. But the clause obviously qualifies the previous
one, as Worrckr felt, when he suggested that we read “Li-anna’,
instead of “Wa-li-anna™. This suggestion, however, does not remove
the difticulty. It is probable that the Greek at thus pomt had some
particle such as §re o1 Emedy —, which the Arab translator undor-
stood mats causal instead of its temporal sense, thereby imtroducing
confusion into the text (W. p. 61, 1. 15).

Namely, the one commensurable with €=,

(f. Book X, prop. 25. (G, therefore, 18 ether a first or a second
himedil (Cf. props. 37 and 38), and Pappus has demonstrated his
proposition, SvrEr notwithstandmg (See his noto 232).

That 1s, of those formed by addition.

Surik doems 1t necessary to give the construction of these rectangles,
but the sense is quite clear, as the text stands.

The reading of the MS. (“But because the rectangle s vational ete.™)
15 obviously incorrect. 1t assumes what is to he proved, namely, the
rationality of the rectangle MO. We must read simply *But”
(* Wa-lukin™, or better, perhaps, just “Wa ) and omt the “ Becguse™
(“Li-anna”). Surkr did not understand the argument, as his trans-
lation of the next clause shows.

12 Junge-Thomson
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Accordmg to defmition.  See Euchd, Book X, Defs. 111, 1 & 4 (Hz1-
BERG, Vol. V, p. 255; Hearm, Vol. LI, p. 177) (W. p. 62, 1. 15).
Cf. Part 11, para. 27 (W., p. 59, L 4if.)

Better to read “Fa-hadhany” and not ~Wa-hadhian” as in the MS.

and 1 WorrceKE, since this clause gives the result of the facts stated in

the two former clauses (W. p. 63, 1. 13).

So runs the Arabie text, roferring evidently back to the last figure

grven, SUTER translates as if it were a part of the construction. The

sense 1s the same m both ecases.

That is, according as AB is 4 first apotome of & medial or that which

produces with a rational area a medial whole.

Accordmmg to defmition (See Kuclid, Book X, Defs. 111, 2 & 5; Hu-

sERG, Vol. V, p. 2565 Heara, Vol. T11, p. 177).

Cf. Book X, props. 24 and 25.

Cf. Part 11, para. 27, second figure.

Accordmg to definition (Sec Kuclid, Book X, Defs. 111, 3 & 6, HE1BERG,

Vol. V, p. 255; Hwarn, Vol. 1, p. 177).

SUTER’s note, 237, that the text here 1s corrupt, is correct.  We must

read “Li-kuwllh wahwlen” (W. p. 66, 1. 1).

Cf. Part. 11, para. 21, first sentence (W., p. 49 foot) and the whole of

para. 23 (W., p. 53, 1. 12ff).

Cf. the previous note.

SuUTER quite rightly adds this phrase. The copyist probably inadver.

tently omitted it by haplography. See ““Notes on the Text” (W. p. 66,

1. 21).

Cf., e. g., Part 11, para. 26 ete. 1 end paragraph 34 Liere instead of two

sentences later, as Wonrrckr, by so doing, has separated two sentences

whach in the Arabic are dependent and conjunctive.

Read “Migjizatun’, not “Muwahhadhatun™ (W., p. 67, 1. 1).

a) The MB. reads “Qiwan’, apparently, written, however, with an
Alif at the end instead of the usual Ya. The marginal reading is
“Hiya”, which with Wokrcke 1 have adopted. The MS. text
could be translated, “And the possibilities of commensurabihty”’
(1. e., which the irrationals show) (W. p. 67, 1. 2).

b} The allusion is, apparently, to the terms of an irrational line (formed
by addition or subtraction), whether they are commensurable to
one-another or to the given rational line. G. J.

17 Cf. Book X, prop. 115.
1% Ome has only to insert a negative mto the Arabic of this clause in

WoEPCKE's text to reproduce the Greek of the last clause of propo-
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sition 115: and m the MS. there stands before " Bi-Hasabi”, " Lahu™,
scored out apparently by two almost, perpendicular strokes, but with
an asterisk above 1t calling attention to some fact or other. The
asterisk does not refer to the eimination of the two words, La and Hu.
This 15 not the practice of the copyist. Tt calls attention to the fact
that the Hu 15 scored out by the left-hand stroke, and that the right.-
hand stroke 1s an Alif, making with the Lam the negative La. Read,
therofore, “*La bi-Hasabi™ (W., p. 67, L 6).

a) Svrer rightly calls attention to the fact that the text given by
WoEPCK L has a meamng that 1x not to be taken m a striet mathema-
tical sense, namely, “Infimte times an mfiite number”, since the
correct mathematical number 15 12,0 == oo (Not 13. .0, as SUTER
has 1t: only the hnes formed by addition and subtraction are
roferred to m this clause). But the MS. gives, as WORPCKE shows
(P. 67, note 4), “Ghairu Mutanahiyatin miraran mutandhyatin’,
which may be rendered as above and satisty the mathematical
requirements.

For Euchd the wrational hnes were already infinite i number.
The bmormals, for example, were 1 | \/2, I - *\/3, 1 + '\/.’;,
1 -+ \/(_i ... ad miimtum. On the other hand the groups of
irrationals were, for Fuchd, 13. Our commentator, howevor,
treats of the number of the groups. The trinomial (1 - 2 \/3),
the quadrinomial (1 + \/,2 | ‘\/3- -+ \/5), are ever new groups, the
number of which is mfimte. G. J.

...
~

"

SUTER translates “‘The geometric mean’, but the Arabic, strictly
speaking, has only *“The mean proportional’” without specifying which
(W. p. 67, 1. 12).

176 Qr, “Is definite (W. p. 67, 1. 19).

e



APPENDIX A.

Paragraphs 10 and 11 of Part I discuss the definition of lines
commensurable in length and square found in Plato’s Theaefetus
(147d.—1484a.) in respect of that of Euclid (Book X, prop. 9).
Unfortunately the Theaetetus passage affords little help for the
interpretation of these two paragraphs, since commentators of
the Theactetus seem to be hopelessly at odds over the inter-
pretation of this passage and, in especial, concerning the meaning
of the two key-words, Sdvapig and terperywvilew.

Some commentators (e. g., M. WoHLRAB (1809), B. Gnrrh,
and Orro Aprrrr (1921)) hold that Sdvapig in 147d. means
square; and this is the only sense in which it is used as a mathema-
tical term by Pappus Alexandrinus (Cf. Fr. Huvrscen, Vol. I,
Index Graecitatis, p. 30.) and by Kuclid. Others (e. g., L. Fr.
Huinporr (1809), SCHLEIERMACHER, JOWETT, CAMPBELL (1883),
Pavey (1875), and A. Dius (1924) contend that it must be taken
in the sense of square root, or, in geometrical terms, side of
squarc. Some commentators derive the meaning, square rool,
or side of a square, for the Svapg of Theaetetus 147d. from a
comparison of its use in 148a. as a general term for all lines that
are incommensurable in length but commensurable in square,
but find, then, a difficulty in explaining what exactly 147 d.ff.
means. CAMPBELL (The Theaetelus of Plato, 2nd Ed., Oxford,
1883, p. 21, note 1.) supposes that Svauic in 147d. is an abbre-
viation for ¥ Suvopévy ypaupy evdele and bases this assump-
tion on Euclid's use of Suvapévy, in Book X, Definitions 3—11
etc. The fact remains, however, that Euclid uses Sdvapic in Book
X in the sense of square only.
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Another argument in support of the meaning, square rool, or
side of a square, goes back to Hrinporr (1805), who says
( Platonis Dialogi Selecti, Vol. 11, p. 300, § 14, Berlin 1805): —
“Scilicet, J0vapic tpimouc est eddeloe Suvaper Tpimove (velut Politic.
Pp- 266. b. dicitur ¥ Sukpetpos 7 Suvaper Stmoug), seu latus quadrati
trepedalis”. This suggestion is adopted by B. H. KENNEDY
(Cambridge University Press 1881) who omits, however, HEi~-
DORK’s “‘scilicet” and says: — “rpimouc, as HEINDORF says,
Is ed9elar Suvauer Tpimoug”’; and naturally Sdvaypwc is square rool
or side of a square. But the analogy of HeINDORK's phrases
is extremely doubtful, and the contraction finds no support
in later mathematical usage.

StarLBavm (Platonia Opera Omnia, Vol. VIIL, sect. 1, 1839.)
and Pavey (The Theaetetus of Plaio, London, 1875.) also adopt
HErinpore’s interpretation of Sdvapic tpimous.  They contend,
however, that Plato in 147d. is considering rectangles com-
posed of a three-foot and a five-foot line. The relation, then, of
147d. to the discussion in 148a. is somewhat obscure, to say
the least.

The Arabic word for Sdvapw 1 “‘Quumvatun’
as a mathematical term square and square only.  The Dictionary
of Technical Terms (Calcutta, A. SpreNGER, Vol. 11, p. 1230,
top.) defines it as “ Mwurabba‘u-I-Khatti”, i. e., “‘the square of
the hne”, “the square which can be constructed upon the line”,
and goes on to say that the mathematicians treat the square of a
line as a power of the line, as if it were potential in that line as a
special attribute. Al-Tusi (Book X, Introd., p. 225, 1. 9.)
says: — ‘“‘The line is a length actually (reading *‘bi-I-fi‘le *‘for”
bi-l-‘agli) and a square (murabba‘un) potentially (bi-lI-quwwalti )
i. e., it is possible for a square to be described upon it. Lines
commensurable in power (*‘bi-l-quwwati’’) are those whose
squares (“‘murabba‘@tu-h@” ) can be measured by the same area
ete”; and in Book X he uses “‘Quwwatun’ in the sense of square
only and only in the phrases, lines commensurable (etc.) in

)

, and it means
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square and the square on a straight line elc; and in the latter
phrase the word, “Murabba‘un’ (square) is sometimes used
instead of “‘Quuncatun’.

An analysis of our two paragraphs (10 & 11) shows that
“Quiwwatur’” (power) is used in two senses. It is used in para-
graph 11 once (p. 11, 1. 15) in the same sense as Sivauic in
Theaetetus 148a., 1. e. as the side of a square which is commen-
surable in square but mot in length. In all other cases it means
squure and square only. Its use in the first sense is quite ex-
ceptional and is explained by its oceurring in a direct citation
of the Theaetetus passage where Stveyue is used in this sense:
and Pappus explains in paragraph 17 (p. 17. 1l 16—17) that
the word Sbvapis (“Quirwatun™) was used in this case, “he-
cause it (the line) is commensurable with the rational line in the
area which is its square (literally, which it can produce)”. 'The
origin of this sense is, therefore, quite clear.

In paragraph 10 (p. 10, 1L 7. 8, 18) the phrase. conmen-
surable i square, occurs.  In paragraph L1 (p. 11, 1. 22—p. 12,
1. 2) we find the significant statement that <1t is difficult for
those who seek to determine a recognized measure for the lines
which have the power to form these powers, i. ¢., the lines upon
which these powers can be formed —. to follow the investigation
of this problem (i. . of irrationals)”, where the word. powers.
must mean squares. Paragraph 11 (p. 11, 1. 17—18) is quite as
significant, pointing out that ‘“The argument of Euclid. on the
other hand. covers every power and is not relative only to some

LB

assumed rational power or line,”” where the words. “or line,” show
that power is to be taken in the sense of square. Finally in
paragraph 10 (p. 10, L 17—p. 11, L. 8) Quuwatun (power) can
signify square and square only. For in the first place. in
Euclid’s definition of lines commensurable in length and square
as those whose powers (qiwihum ) have to onc-another the ratio
of a square number to a square number (p. 10, 1. 17—18),

powers must mean squares (cf. Bk. X, prop. 9). It follows also
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that powers must mean squares when three lines later it is
stated (p. 10, 1. 21—p. 11, 1. 2) that the idea (found in the
Theaetetus) of determining those powers by means of the square
numbers is a different idea altogether from that (in Euclid) of
their having to one-another the ratio of a square number to a
square number’’; or what other basis for the comparison of
the two definitions is there 7 The two powers of p. 11, 11. 2{f. are
also squares: for thev have to one-another the ratio of a square
number to a square number, as in Euclid’s definition, and their
sides also are commensurable according to the same authority.

The fact that the two powers of p. 11, 1l 2—8, are squares,
eliminates two difficultics that arise, namely, the meaning of the
Arabic word, Rabba‘a, and of the phrase, “The power whose
measure is a foot or three feet or five feet ete.”™  For it is evident
that the phrase, A power whose measure ig eighteen (or eight)
feet””, must mean, A power (square) whose measure is eighteen
(or cight) square feet”, smce power here means square (p. 11,
1. 2—3)1. Accordingly the phrase. A power whose measure
is one foot”, can and does mean, A power (square) whose measure
is one squarefoot”’: and the same argument is valid in the case of
the two phrases, “The power whose measure is three feet”, and
“The power whose measure is five feet”™ (p. 10, 1. 10—11:
p. 11, 1L 11, 13, 16, 200 p. 11, 1. 12).

The verb, rabba‘a, occurs in two phrases, “The powers which
square a number whose sides are equal”, and “Those which
square an oblong number” (p. 10, 11 14, 15 po I 1L 14, 15).
The Greek word behind rabba‘a here is evidently the terpaywvileo
of Theactetus 148a. But neither rabba‘c mnor tetpayovilo
means, as CAMPBELL supposes in the latter case. T'o form as their
square, i. e., The square on whick is, but To form into a square
figure, Ad quadratam formam redigere, as WOHLRAB puts it; and
this is the only sensc in which Pappus Alexandrinus uses the
verb tetpaywvile (Cf. Fr. Hurrscen, 111, Index Graecitabis,
p. 111); and he employs its participle tetpdywvov and retpaywy
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in the same way with reference to the problem of squaring the
circle.

Accordingly the phrase, ““The powers which square a number
etc’”’, means “The powers (squares) which form such a number
into a square figure”?. WonLRAR and Arrrr have interpretated
the Theaetetus passage (148a.) in this way, the former translating
it, “Alle Linien welche die gleichseitige Produktzahl als Quadrat
darstellen”. and the latter, *Alle Linien nun, die die Seiten eines
nach Seciten und Flache kommensurabeln Quadrates bilden”.

Tosum up. The Arabic word, Quurwatun, means as a mathema-
tical term square and squarc only. In our two paragraphs it
signifies square save in one instance, where it is used to render the
dtvapte of Theaetetus 148a., which use of it is clearly excep-
tional. Such phrascs, therefore, ag “The power whose measure is
a foot”, must be interpretated as “The power (square) whose
measure is a square foot”, and the verb, rabba‘a, must be ren-
dered, To jform into a square figure. Pappus, therefore, on this
evidence, took the 3Ovap of Theaetetus 147 d. in the sense of
square, and the tetpayovilw of 148a. in the sense of to form
into a square figure®. That is, the phrase. All the lines which
square a number whose sides are equal”, in 148a., meant for
Pappus, “All the lines which are the sides of a square squaring
such a number”, as in the problem of squaring the cirele: and
what Theaetetus did, then, was to distinguish between squares
commensurable in length and square. and squares commen-
surable in square only.

NOTES.

PCf p. 15, 1L 2122, where similar phrases evidently denote the
S(UATE Imeasures.

2 That 18, 4, which is a square number, has for its sudes (factors), '\/ 4 =2,
But 6, which 1s an oblong number, has for its swdes, 3 and 2; and the
side of the square formed from it would he '\/ 6, which is inexpressible,
1. ¢., m whole numbers.



INDEX.

N.B. The numbers after those mvimg the Part of the Treatise refer
to the paragraphs.

A.

Actuality. Part 1, 13.

Addition (as a means of irrationahty). Part I, 9.

Annex. Part I, 23, 32.

Apollomus.  Part. 1, 1; Part 11, 1.

Apotome. Part 1, 1,7, 21, 23, 32, 33, 34; Part 11, 8, 12, 13, 14, 15, 17,
19, 20, 22, 24, 25, 26, 30.

First, apotome of a medial.  Part 1, 325 Part 11, 12, 13, 14, 15, 19, 20,
22, 25, 26, 30, 31, 32.

Second apotome of a medial. Part 1, 25, 32; Part 11, 12, 13, 14, 15,
19, 20, 22, 26, 30, 31, 32.

Athenian Stranger Part 1, 2, 12.

B.
The first bimedial. Part 1, 22, 29, 32; Part 11, 7, 9, 12, 13, 15, 17, 18,
19, 20, 22, 26, 27, 28, 29.
The second bimedial. Part 11, 7, 9, 12, 13, 15, 17, 18, 19, 20, 22, 25,
26, 27, 28, 29.
The bmomial. Part I, 1, 21, 22, 27, 28, 29, 32; Part. 11, 7, 10, 12, 13, 15,
17, 18, 19, 20, 22, 24, 25, 26, 27.
Bulk. Part I, 13.
.
Commensurabihty. Part I, 1, 4, 6, 12, 15, 21, 24; Part 11, 34.
Commensurable (hmes, i. e., in length or square or i hoth). Part 1, 7,
10, 12, 13, 15, 16, 17; Part 11, 6, 11 (Sce Quantities).
Commensurables among Irrationals. Part I, 6.
Jompound hnes (those formed by addition). Part 1, 22; Part 11, 13.
Continuous things. Part 1, 4.
Contraries. Part 1, 3.
D.
The three dimensions. Part 1, 12.
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3
e

The Equal (of Parmenides). Part I, 13.

Fuehd. Part 1, 1, 3, 6, 7, 10, 11, 16, 19; Part 11, 1,16, 22, 25, 27.
Eueclid’s Elements., Part I, 1, 3, 4, 11, 12, 16 etec.

Budemus the Peripatetic. Part I, 1.

Extension.  Part 1, 13; Part IT, 18, 19.

k.
Figrure  Part 1, 13.
The Funte. Part 1, 3, 6, 8
The Fist Cause.  Part I, 13.
Form. Part I, 13.

G

The Greater (of Parmenides). Part 1, 13

1.

Incomnensuralnlity.  Part 1, 1, 4, 9, 13, 14, 21, 24, 35, 36.

Incominensurable (of lines and magmitudos). Part I, 3, 7, 12, 13; Part {1,
1.

Inconcervable (— Irvational). DPart 1, 2

The Infimite. Part I, 3

Irrationality. Part I, 9, 13.

Trrationals. Part 1, 1, 2, 3,4, 5, 7, 11, 12, 14, 15, 18;: Part II, 4, 34

Ordered rrationals.  Part 1, 1; Part 11, 1, 2

Unordored arrationals.  Part 1, 1; Part 11, 1, 2.

Irrationals formed by addition.  Part 1, 4, 21, 23, 26, 27, 29, 30, 31, 36;
Part 11, 2, 3, 12, 13, 14, 16, 17, 19, 25, 26, 32, 33, 33.

Trrationals immod by subtraction. Part 1, 4, 21, 23, 32, 33, 34, 35, 36;
Part 11, 2, 6, 12, 13, 14, 16, 17, 19, 25 26, 32, 33.

Trrational magmtudes. Part 1, 5

L.

Length (= Rational). Part 1, 11

The Less (of Parmemdes). Part 1, 13.

Jamit. Part I, 13.

Line. Part I, 13.

Compound lines (those formed by addition). Part II, 3.

The lino the square upon which is equal to a rational plus a medial aroa.
Part 1, 22, 32; Part 11, 4, 8, 12, 15, 17, 18, 19, 20, 22, 25, 28.

The lme the square upon which s equal to two medial aross. Part I,
22, 32; Part T1, 4, 8, 12, 15, 17, 18, 19, 20, 22, 25, 29.
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The line which produces with a rational area a medial whole. Part 1,
23, 32; Part. 11, 12, 13, 14, 15, 19, 20, 22, 31.

The hne which produces with a medinl area a medial whole. Part I,
23, 32; Part 11, 12, 13, 14, 15, 19, 20, 22, 32,

M
Magmitudes. Part 1. 5, 13, 14.
The major. Part 1, 22, 32; Part 11, 4, 8, 12, 13, 15, 17, 18, 19, 20, 22,

a5, 27,

Matier. Part T, 13.

Matter intelhgble and sensible.  Part 1, 13.

Maxmmum. Part 1, 3, 5.

Means. Part I, 1, 9, 18, 19.

Arithmetical mean. Part I, 1. 9 17; Part 11, 17, 18, 20

Geometric mean.  Part 1, 1, 9; Part 11, 17, 20.

Harmome mean., Part 1, 1, 9; Part 11, 17, 19, 20.

Measuare (unit of measwoment).  Part 1, 5, 13, 14.

The medial. Part 1, 1,4, 6, 7, 9, 14, 15, 19, 20, 21, 25, 36; Part 11, 4,
6, 6, 17, 20, 26, 33.

Modial area. Part 1, 4, 19, 28; Part TI, 4.

Mmmum. Part 1, 3, 5, 6.

The munor  Part I, 23, 32: Part 11, 12, 13, 14, 15, 10, 20, 22, 30.

N.
Numbers. Part T, 3, 5, 8, 10, 11, 13

0.
One. Part 1, 3.

P.
Parts. Part I, 3, 13.
Plane.  Part 1, 13.
Plato. Part 1, 1, 3, 10, 11, 12, 13, 17.
Plato’s De Legmbus. Part 1, 12.
Plato’s Paymemdes. Part 1, 13.
Plato’s Theaetetus. Part 1, 1, 10, 11, 12, 17, 20.
Plurabity. Part 1, 3, 8.
Potential. Part I, 13.
Power (= square). Part I, 1, 10, 1L
Power (= surd). Part I, 11 (once).
Proportion. Part 1, 6, 9, 24; Part II, 17, 19.
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Geometric proportion. Part I, 19; Part 11, 17, 19.
Mean proportional. Part I, 19, 20, 22, 23; Part 11, 35.
Pythagoreans. Part I, 1, 2.

Q.
Quadrinomal.  Part 1, 21, 22,
Continuous quantitres, commensurable and mcommensurable, rational
and wrational, finite. Part I, 1, 3, 4, 5, 6, 8, 9, 13, 14, 24; Part 11, 6.

R.
Ratio. Part 1, 5, 6, 8, 9.
Rationality. Part 1, 15.
Rationals. Part I, 1, 4, 5, 6, 7, 14, 23.
Rational area. Tart I, 4, 19, 20.
Rational Lines. Part 1, 4, 7, 14, 15, 16, 17, 18, 20, 25; Part 11, 4,
Rational quantities. Part. 1, 1, 14.

Substance of the Soul. Part 1, 9.
Subtraction (and lrrationality). Part 1, 9.
Surd.  Part 1, 11 (onece).

Thenetetus.  See Plato.

Theodorus. Part I, 10, J1.

Total. Part 1, 3.

Triad. Part I, 9.

First. and second trimedial. Part 1, 22.
Trinomial. Part I, 21, 22,

U.

Unity. Part I, 3.
Ww.

‘Whole. Part I, 3, 13.



THE ARABIC TEXT






PO TS QNI
JdY ‘\)L.LL‘
‘,,aj\) Lol (U‘QQB“ e uL:fu,.
3 e =5 )
s 5 lad) Al
uwdf\éj‘ \..)LJ..(
Sleila Y 8

-

(ry .

Ls_n.....b..\“ d.o.& d\ d.?j

p U0Vl 3 padis) DS e s ol LA 3 aadl OF g
ol lam Oof ells s “rén,. dilatlls an Ll s A8 5all pllacV e coondl
SV eIl 08T msk s ad ohis ogely ket Vsl w lan
AN Blol e bés slaVlode 3 kil e S e OF 3!

S5 Ml A sl e SIS e I ate o Lfd"““"‘
“’um\dgm’ dmdwlfr,l‘d\,uaémk’)— A
bbb lgasds Y I Lalss cadl s Ll acl aLc"Lg.dl
AP PSP | I W S EPTUrIN W UTVIPNL VAR Wl i W A PR I RV



Pag. 2

9
v

§3

— 192 —

g oLl L 515 | OV Y es o JW 33531 G 0SS L
srsetl 55 Ll e Joldl 3 ARl ) e habl OY
159 Aozl o) L a2 LSl g Tl byl | - e
ool L LAY 3l Pl 8l Jaidls sl ey
pooe ol el IO g b ab Lgioeh Y o) asb 0 b
A el 5287 Lol Ll aons calls Gilatd) Vs 1350
cdl eyl UL as gl als s o) Ll em sl el
528 dr Lpte o balte e ed I e il Rilazil)

Liad) 3 b s

E wwwﬁw\ o;\hdu\«:&a}‘)‘)’a‘}iﬂ‘ }h ‘;\b O{é\:ﬁ

(L]

iL:.:'y‘ a;\-ej rqu\ u» C\) J)}LU}: i—l::-' g)b ,_}.an.“ OA }b J)J
call e A e TS0V gms JsBY) e 08 ke e 070!
iy gt V58 ) 3455 56 0 Dsedl G achils Gl s
) O e b\.&in)(“);‘}'\;t_ AEY) s s Lol ‘_l;i G sl
38s aledl pae 2 3 05% L6 T e b Ll s 3 sl
Pl ig @ el Y IO s
PR s oV i Bl o A ) G Y o A
AR T I S

Al e e avd e a0 O e 21 o3 e e oY) 130
caids L G d] Ble W) (B e e ¥l e las

L_‘“)}é’u)‘fl‘f‘: a\j C,a(



— 193 —

A ol slaa Y el
eV o OY DL sin Glas oo ooy ol J.\.m ol
Bad! Sl Ll 56 a Lgedad ool ban 3 s )
Sl 55 gmgm id sl WL 3 Lal V1, ol ol ells s
ads awargl L Ll Lel oM oallaeY) (3 Ll &S Tta, ddlele LgS
Bl m s e 5T o slae¥l O ells 3 s © s
oo Ll el el S pllaeY) LB Gl e I Ses U
g il e O 56 LU 6 Jlaedl 3 T8 daltl Al
Firnlo s0d wm g A al ) 2 plaeWY 3555 0m e (LIS 5)
L oz gy Vs o s asSDshaedll sus ) oy 15 gat
DV Jss OV K b azp L1515 LB 31 e g ¢ o201
S L 8l o g P M AL L) e vl LB OB e 3
sy Al LSO 35 2SO ST L asy Vs akaait) 2SN
s Jal N & s O s SN 81 s g Y el ST
O30l B Y Loy LUl Ladls ot opd KLy
YW sadge slals Ll Slad o sll Ol bl & e 0l

(18)

Lo linad 2 5BV [ pu s

(24) . (23)

[0 Ma] 7 o) aes ol anall sésansll Lis e &\
S loly aldl dV 053] 5 B0 s [oaldls antdl D] 25 35
G JUH GlASh Bl Y bl dsgr A “ootdl s aall
=5 sam gl 3 oY o2 D) e e SV LY Sl
SV aldl o e i) o A, sl 6 el AL

13 Junge-Thowmson.



— 194 —

Pag. 4 31V (3 132 St a1l 5l SV LY b S e [555005
g elaeY! 3 e VRl S E 3300 e e sas gl OB
Ll Y L il s s Y Ll e AR L S
3 Jet S sadl 0¥ Tl Bl sl olaeyt 3 ol ellas
LIRSV PO RV | PRI S WL g 1S |
PlaeY! 3 Wby w5 LaVL ) 06 Ol Lals ao )l o 006
IS OV S Akt sl ads L A O ells 5 sl A Lol

Lios b e el ode 3 JB6 daid! cLaVl 35 Ll

§ 4ol iy ol UK lae o L) Jals O £ 035

Pl e g Baflagle o i elaa¥) g Lt Gl eladl
ol ellss sal 3 W AL L ol e B s s
gL dey dols o) LoV duw g VUL ode KN Uob or
Lo Y 53 Ol m Attt cLspl) dols e sll ¢ 2l o) s
ol el @l Gk Y lgais s ade ) m s ) d g
Jal el lam 3 L b 5 B Y L I il el el o,iu:
A1 5Y) e L2 oy 12 psbl lin e U L1 e
B5te Lo ey GV Je KTta a2 el S AL
Lslia e Los e amly 573 Lolie Lin Loy lan Jlally 3080 3
b L e ol AL S o 3581 3 K52 )

Pog 5 aw (3 35b o 0 | 3V s Uyl G Leos!
AL 3Pl eyl S 1l g oLl Siseyl




— 1956 —

ol @l Je i olas g8 odn 3 U paid 5 il s
A kil is= sel) ellacV 3 ag= nndl L BY) Can
Jol) 3 o) e o Y 3 il e b s ol ool
3 e Lot s ) n e 2 L 0z Y G e 350,
O el ol oy T I Byl S5 Bl s 5,30
Ladl ool elals dikdl bylsll L2 Lyadl ;51 L3 s
ade ooyt W0 e 5alls U 3 Aasye o b Lte Basl
iols & ook g sl L syl 3 llenge Litay dakail
gl y Loy oy Lot 55301 3 Akl OF Ne e U LilE
gl odo o s g bt ooy shic bt Lo sudl) 3
oy b Lptas ol oaly le id LoVl 5t L 5
58 N poland] o dolis 5208wl n N (s il
LB LW a5 glat) Ldt ) gl ) e WLl as e
al cllas b s s el 25 pac lghl OV ) @1 S sl
G Ly W oo &af Ll gy ool aols bas e w0
a2 ol 3 Jadl 875 aogll an on B clasl Jax s g 53
ot B el e pas O L K L Sl g Bl Y L I

A iy amite s LS lan

Pag. 6

o e g o2 1 L dad PV e s O Ll k|
3oy Y OES) Gl lgams D5t g OF V) ol 1y ;2
Lﬁﬂ\éwbw&w/Y\ﬁW\ JS\}AJAS(U&:«Y\

13



— 196 —

SRCIRPIN RS RSN B e JNP SV B CIRC U P
o) ol Gl az g OF oS5 GS AL, an el 3 50
o 05 4l Glis dd s ole lgiand L Al pllacYl a7l
036 Ol me 32 lany A2 Y an e Lgan Jiab O e g 1]
coad el Jpi A DL 3 Lide WS e ae a5 )
UQ;OJM,&;\ IENIRES U IPUN SR VS VLR PP LR
3 Wl Ludl Ol e ““l.L;ﬁ s L oY e - e e Ol iy
SN v VS I R PR IRPYCS IRV
Wb oy 08 ST L N L Ll L e ElES:
ez 15502 L ood s bl ellss © “’r:,.n Jeamelys nll
sadl ells JY ey @ el s s Ples 5 e sl ey

las lilate olie pllaeV o & orai O ESG) B Lote plall 5504

e e 3kl 045G call plaeVl &5 - 3 slihar Sadl 1n o50d |

S s o g pin o880 bl e slidsl 22 pn )
dibaie g plaeYl 00K Y OV s cllids s all Hadl Lo g

5 S 1 s e ) ol Sudl OY Jia sl us Lt
P ellaeY) Vs SE Jbil e a0 dacdadl L e b ge
ohite Loz UL.. o> Al sladl dxlea M 25 LY o gt

P g Al plaeV) s ol ol dys o) © Gw Ll

A 5ed) lhaeY) 3 Jlis azs e 0, adlet! aatal g
el slass e @aladl o M oplaeY 35 3l ax, e

{44



— 197 —
L,\,,,ué,m.uf(u p=oltl a3 s
an s il Jad utgfugi Lgian inlize ¢llael LI
eVl 3 VA DBV e Bl 5 e L e asl !
308 8iS am I lgln B g8 AS k) plae¥) O s VA
25a8 ) ol sodl gt Ll Uee 5 aalgll o 35 30 U

(7)

9)

B e a8 Lul Jeyl oy el adlad) o 5 e Liass
Sl gl om0l Jgis 3 s sl e clls Lke iy ™
Ol Ll v V15 daid 5,3 3 a8=5te Lgiams Jylall 3 35 52
Je ol Wloae Jhsse S an 1 Lgiam i o) pn 25l
[ESTIPNPUICUSIPRYEN R SRE| OIS A R
S Slde s Blas Y A, il d dawyll 3 0K O e
8l Gl 3 ol s s el
S plos Slaie 0pC Ol Ll Wiy s 3 W 0l A Y s
ALl am ge YV 36 JBH sds Al sl ag Jag sl oelsd
a5 e iS5l Jos boazs e an J lgan i) 3 Ll g
B O el ongr )l i e 5lams e L adhdl Jlos 5
oo o)l s Al L s L] AS5all A o Al
206 1S sV o el adll |oim OY RSl dd W2 Y v s
St JOV lliy &l & 505 00 o d &S 5t i sae
Eate J5ta K7 s e
L) ! Ja2 OV s0s po s I te Ollas o8 2 SUA)s 47



— 198 -—

OY ool AV glats LPasl Ol Jsa V3 Ol by Lacr Oldlae
Ollas 351 151 Wb oM 83 Jp¥1 e S 3 V0, Y sl
5 O Lal ol w533 5 TG 58 o850 Ol
Ol &llsy creed WY 0 ol s ilaze 51
b o gy 0 call L Lo S5Vl Ly oo g 1) il b plad
e om g 3 W) 00 ) e G de e 152V
& Gt ULE Y o S me ciEIB L @lins Al Y Ayl
Saite Juaitdl SrLally Ulasgn Lampal) 5Lall L3 087151 g 21
gl Ui 5 Y Lyldl 3 oY @lass

§8 508 azid & &) b 7 ds sadd) 3 ey 131 ad K7 s
UsS O 3o and Lgiam 4S5 0en W i U875 s OY e U
ciil L GS 536 o ) sl 06 Llgdl Ll sae U
osbe saall Piacd 33512 AL iss it 555301
sl g G Ay dgz m pllaeV) 3 vy LA n G AN
sl e Lads dalidl i bé g 51 dgr op olila gn 3l
Sy O oy ALlall e bb)s e skl ds Lad alis Y G
Kot ad cham Lo S Jnf @A, s sl g5 L)
pag 0 1 [ olita JOU s La ol 5,0 oWl (lasl 5,0 J2F oins
Ll and o) a5 S It o Ly 2l
8 gt Ol s b g 3 apa  gand Lychans 835 1)
LoVl oie 3

(,.,\ WP



— 199 —

el G e bl Olgr ok e cust Ghdl pue KU, 89
A Yl ol 16 il g e Wl LS dgr e Ll
cinem T K Waladl TR 3 Ol gas ate mead O gt
AN ATy Lasé e N sl Bl Tk, 6
sty KON s am @ sV e @ e Lt s U T
o6 sl Sl “asl D Y e oLV B Las o
A Loyl I ol Layd ™ Sy, azhl deyd)
de o om plaeY) dnd 3 Jb 131 it e 0,5 ot M
U8 7 s Spay Ol I Blas e L b s e o
pac bt Olgdl o n Lasgos JoF Vo 00u8 e ollae¥l 3
e SV e e 2 WD ol Al g call el
o 2l e am e a0 T 5 T e ba
ladl il el JI sles ope d1 G e sl dacd slils
525 elal e ol gl 5l Gilata 6 595 e I 3 OF " eh
syl oy G 3 falb S pan s La [ pae ot
b 13U gLl Gy Jazd ) 3 adleUH (il L g8
SN aasf e et s AUV Lyl pdll e OV G
Aasylll ol Lol ar (597 5 (gl amug Tl Sadl sl 5505

LUS Naa a 555 L ootk Loyl () (08l 3 Wl
355 @il wusdl Ol oy bW Jde 3 Ll 530V 410
spalls Syl 3 A5l dindl bglad| 3 ablU ol LS

(83)

J.:_.)J: g :,M.I:»\ Pag. 10



Pag. 11

— 200 —

(89)

SN b adilaze s WA ™ 381 ga Lé Jadd 5,31 3 4520l s
3 o3t Vsl W bl N ey Jydll aw @3 3 Jye
bolade B 5sdl UV gelias Jyla) 3 anlally 85 5el) ol pnl s
sl el W e e b e e A1l b sl
AV sl Ll bslta el sl ao o3 (end a8 50l i
AUy AL I oW s il oy bl Ao e s
B e L eV sl sndl o7 Il gl e Koy ezl
g i I le Jdaz 1l sl g Aol ol sl 3
B sl Ll olgdl e dgf and Holze Jl> e Lgam OF V!
S s 5sdls Jyll 3 A7l Lyhdl oy DAL 3 WS i
F O e e s Al s ae LS an ) Lgion el i
G als Tl el 3 a5 e byhdl e Al oin o L
I o i @ Opdl fos padil U e N o G e
ol A ALVl | @ st 3 pall ) O ells, Ll
oY lamls s e dlmr S e Yok ol
and O o) 2 plad) Gzd o 2 ls land te dd Weolade 548 Y
Olsaall L3 o sie Jl s i 6 5V UV i
e e laeols oduazon (ronm TONEE 035 LPlias Sli 0N
I aae e Molans bl
ezl ) Ol S ) o eIV (gt sl Ole s L (Y

07

DLV 22 15 Ligd

=Kol

(93)

,.,...n..'u JL Lold :Lf"n J\.\..L;\



— 201 —

a8 5end) 6,3 o 3 oS b bl KOl Uss O paks s
sy 1 Ll g ol ) Pl g al! ;3';,@ anlally Jull 3
Soedl osasll lant asl iy pad olaie g 5yl gel dilaie
lia e ol ir aslade gl a,als #lodl &l beslads g0 530 e
ey ads s bolade 0 sl STl e ) Jla st
S Jok Ll bsas 06 eVl cslatl sadl o5 G ol J ok
AT Sota o Il 3 Ll (B on 68 Ll s Jatdl s
Jelall (3 5,al) oab de=nlall gdlls pad Laslads W oseal) el
Syl a3 aM06 padsl Wb e 585 N sl ASHL2e
ERUPR VAR P i A AP A S0 LI - PV Y B
iS5t Waos I il OV LsBYY e Ui one 23 0S5 01 52
Lol 58 o pad Leohaie Gl 5d) &S5Lea - S5 L Ol Juh!l 3
Sl Lilate o) oie ey e el Lo glasll Sul] sl
ML sl [ 13 O Ol Al e Lotian I3 e ol Lo g 12
23 1L DLW Lz 05 & e loghan 103 cadll wim ge c0i )
id L@ O oo b &Y A Y AS e bat O padil s

ywa:gd,;,uéf.\;\@a_\; RIERYS
ails ke 53l Liabs O oopdiddl Lail GV slaW) cas g2
G sp B Ll a3 s pe J5aV O Jb O
A6 Lo clly e o S e wo ) han aiin | ge wls sl
IS [PR VANV 1| BT G- WU B[ Y S | S



— 202 —
N T pet i iy il e Jgr AU o Gy
el 03 6l ol s Gl wie GUAL s e JIpkl LG 3
Ll Y e A Lan OF 65l 1 liss U6 JLdt S 1o e
or P r 8 e ol o o0 BB i Y Y s
o 0¥ FEaV Ol pa s pedl 21 e 3ty 201 I AN
b o5 L sl cltl Jaw 03 Ul 0yl y0 oalS o polal!
o Lgam OV b 531 L1 Law Dad Lgiam U555 OV 0ilgd) ja dg#
ST 3 Al Jpdls x5 Sol sod Y lgiams 35 5ma Sladl
3 il Lsladl 6 Ol ady a8 WKL ablls Uyl
B el ol glatll L3t J1 Ul 5@ J
Jget 95 a5 b s Lo sy Lo 5,a) (3 &S 5all byl o pad
MY Lyl L iy 0 il s OF o Gkl ST (3 8 e e
WS Ol | 0871531 Ui ail sy dalatl) byladl LS5 3 A
Pag.l3Q\§&ja;.J:,&,;/}m” ikata 5 KOV 0,K O G “‘*“’IU“‘]“‘
L3, Al Y ghaie apdls Sl 3 nilaie das e SO L
Slie ¢ bl 5yl 3 prilate ol e SA
§13 1 0yl OLSON 3. 55 besamsg YOI iy 6 O

il &5l Lyhdlans 3 JoV Al T as asles

315 oW aa gl Je lan Lao¥ls aeWls oLl i il ellss

om3 Nkl me 201 3 OB | e po bl 13w 3 oLl Sl
feaWl by oi O LA e Gl oLVl Al s odn O 0!

oolaia A



— 203 —

saddl Ol ellsy fdb dadal) Al g5 Ly )
S 5tn g @ L2Vl udm pl3 sy i b 3y b e A YY
MmN Lk e ST LG LY Sug wl OY A el s
Sazs stVlaie 0 O ¢ d bl gL Ol 30 b oes sl
&Y 355l 3y O dsl o 0K ot s oL 543 L
I B a3 Sai d bt 0 Ol iYW 5 e oy
% oLl sl Je Lo ol e ("L“ Ol ool O by sl )
3l UV e e ahis b V) laW) e s 2 e clls (s

or SN T bl a6 A2 Y 2V L Y b J
Jadl o O 5kl o sV oy 1615580 M 000
I3 oAbl 3 G e 151 L) am gy 5 5 Y1 Ll e
Olito Iloglasl | Jsh 53 b) O Y sz yy g ) o5 Jgub) P 18
Wt md! L O ey gt 3V Byinn LA
OY Uyadl d gl U5 e bl 5yl 3 g k) ad) T LE
sl W gl LoVl g i adly syl ad axy o) oo
S oM ler e il Ll M ) ey Ll Y
D2pAll or 0 pd Dolay 03 LS N spall 5yl L ory
e e &y Ay olaeY! dad oslo iy LYy bl aold
Slasadl Lab iV o) ) 503 poim O 6 g LI
wi pall Jadl L V050t s Jsdl A Al e o>
LYsbl ool sl B Ll LIl oS)Les gladl pae n o

(108) 1oy

RIFOE



— 204 —

s130) oG Je s o) Lo gl et 1 s OF i s
Gaze Y oV e R g Al Lglasl A5 Le dilaia Lo bglas 0450
Jsi (m)(w\: lhata aam amls 503 0,0 OV 5@ J» A b,

s B 08T Ll LBl Y gl o el O

s e il saldl [0 de ¥l hal Jak Ot aos s

3l AT g Il e 4z Kme 0% Ol 502 Y oLl 0L S

ke DKW Sy Jat wb olal) a5t ool amp OV 552 Y

- ao;u}f‘ﬂ ool a2 &kt PAFESCR O]

Jaf bV cally diladl sVl ol gl Ll Ls sl
ooad Y gl r"‘” Lo LSO asls s 1 Sl @) bt
3¢ baze W yi# LW Lan soe i U Lilate ool Sl

b 15 &l peade 2 g ol F oo ) B3 UKL & e ¢ |

ool sé gn Lo 151 Uilate 0550 Ob aie o) lamgo 05 Ob
5 e arls i 0, O iy oS0 Lde i b o Lins

ol Jsa

§ 15 ae looly Uas 3b O acdy &) el ilata s idt L3 sa s

ool [ Sas Uilale sl (3 50 OF Johll 3 o) 2lotta 7 omss
Ll dotes 3ldls gl gladl L) Aotedl O ams SV e
Lals 3 (..,\ sb o8l oo 0s Ll g oldt o elss ahd!
ot T Dl Sl 3 ATl bldt a0l 2 Y
L e o) e J}Mw ol £ Vo ol Ll J) dilaca

("l)

b..x; L.‘.eJa



— 206 —
Sl 5@l 3 bl ol B VA @ e g O i
ASHLall byladl e sl 7OV cllss dihte BF Y caee Jyhall
byl de 08 Lab 3hate Juhall 3 5V udll 3 ol Lasd)
2 s o e L Gt haib sl 3 5l Sl 3 a5 e
e Aamgll byldt b elis paal) LA AV i s
L 5udll 3 de= e
T Jalad) 3 35 et dalatt) Laglad| ESCINI
b Gl bylad| oz sai o ellis Syl 35 n delaia
oAl lall sl 5,1 3 as=stal) byld O B Y el
Swmr gwises wi>l UL s e adhie SYBY! je e 0d

{1za)

o oy Syl 3 A5 et

(24,
15

Olas bl KD s te &8 SV 5 bead Ogi LPo>| imle
OB 08 oolades ilaia oo dll L) e i1 dd 8 5
lule W S0 2lre Lol ke O sa Ol Ol
O 5t nilete QU Ol et O e it o1 o ) Lesld | e 16
S oAl G e AW o M OV crilae Wl Sl 3
T sl K L0l b Sl 3 oS ste bely ool e
st T L0 ek o Lilate el L3 e g
eV bl 1y il gletl) L) AS5lte ¢ Wt Jaft 15151y
Jrell Hodll oS Cahat s Laad s,all 35 J,LI (3 &Sl
K L L
Jsbll 3 O Te Qlilata Ollas @ ot (il wogll O 36 g16



Pag, 17

— 206 —
Ll e gty ket I Lyl CuC 0 wle wit s gt
S el 3 aoe | @l T aS glatll L) (il U3 ) dilat
Ee 1oad D2 Y\ POl U5 2 Syl 3 2S5t Ll Laid 503 3
plads Olbas Bl iy et Linle OF Ui O iy &l ells
LA Ws sl Vgt 3 U6 LAy oxilate Oliawy s il
&3 (o g ) T e g2 A AT S0 i ol
or aols O len a¥ Gt ol pas w1 ol i L3
om s Al OS5t Shils OE 35 4 Ollat Al (e e -
el lag &) Lt Ll el Vi 04 O Cd o ALl
! e oS st Tyl 3 e i) o) L35 o8 O glata 13
o Lasd) 3 Ys Sl 3 Y VL U5l e latll Lsd) oS5lee 8
ol O (K5 3hie 6 OlUat Gl mhdl O oz ) o s e
e plate &l sl o 0 | pipll e iz ol o Jolall
oY LAl g o et Al pdad) i 0G0l s
Ll om0V WL slsl a2 Y T ln 05 il O s
0 Mgl el 3 A, G OV e b a2
b Lo Olito dibattl bylad) OF Jgd OV 0y ik ¥y e U
o) A s i b ey oY U0l e ahadl L3 oo
ooy la La Olize Jlall 3 &S el byhdt STy ) g Klea
bas oud 0K Ols S 5mm o b Ltes oY) Ol e gladl) L3
plall e poge 3 ) of Lody Ll i) doles & 5




— 207 —

e o ll Ll oxiedl o sy 73 AL b e
Gl byhdl je aufo- 08731 &lls e anie 0K G Lay dilaa
\;,,\L‘,h(@ O b a8 L L3 ells S Ll e 1)

PP is k) @ O g bkl e s) L Lus asb ol
£ Al sl uaﬁ)w\ il bglasell Jag ad o bYe Lb § 17
Aol s Vob Uikt oy il Julall 3 stall L3 ey O
BY Jli ol @l e dU L Jl Blols s Lis sydll 3o
B s o dil Wb ade 658 W) pladl ghtll Lal)
3 bt Ol 4 e Uihaie &) aShlee o7l iS glatd) el
Lo Wb sl onze Osaf ol 5, 0 slo i)y s el
Ll s Joball 3 and Elon s an Lglans Gilale Ly Uy
Bkl byld) o sui O G ) s liate p ) dasil
s adll @l Ii o 6 a W sl e e il Ll
Ao d) Jass ad) Gkatl) ad Jasm Ol 57 95 35ad govl Pag. 18
LY adleie "k ¥ as byladlas Sl ey 035 JoW L
i3 o 5l gl o gl e az gy Lilain gl L) 3551

@ ey 0l dlels 3 o 3 o JL Jkll 3 \§ ) e

,,\p.\) ‘_)(‘; J‘J d.\a.J\) M)'\ o “m»s-b-‘ﬁfd
Yol alae i Woglas daizd) byl | e 0l Jps V0N ells, 818

st L Uyl i5Len @bl o G e dilatll b et ey
o 4y gl L) ASHLal) o @ikl 6y AS5Lsa Lalys Y



— 208 —

lo Lty Jolall 3 jand Shlie (giam b 122 Ll Qalatll simy o g2l
e e Syl 3 and okt tgiam 5 a5, 3 S
I A5 4 AS5lme e ptas bl 3 ] Lad) aS5les o
oand Dolra Lgland ghatdl Lall Jokll 3 ie=)las Gilate bylas
sl £50en b ol 3 and 2Dlin Lgians iaze 7
ddhle Lol p jend le clals 35301 3 glatdd ASHLal) bglad s glaitl
Les Lol clls JI ol ¥ sl 3 and olen Ugiam b 22
&kt o WIT O e on cllas saib 550l 345520 o e
AW ol WPasly o all sl O Lea 5530l (3 Olidlaza OlLas
O8Ga Ol &y Lot wis sl OFTO1s lilate azgll am 5lo Jylall 3
RPN 'C\T' lagd e gie sl Joid 55 (3 alal) Lascll OBz
s5al (3 Olilate Oz & Lot ) pe Ol o) e slaY) o
3 lilate o ad OB as K te palaill adas OB 0Kt
P 19 Ot Jylall 3 Oliaze Ollas &0 Lot sl pogtl et e 75 0
Ikl 3 alattt Lasl) (S lens oF Ste DL 50 nilail) adas O
A igf oF fmes hadd 55d) 3 Ghid oSlae OUSS 500

§ 19 &bl Ll sz U sl gms Lal gall Le Jals O Ca Yl
iy oF jte Lo 59l 3 (nilate (o v Uawgie Lwgll L
B e gl Mok 4 ot G az ] e ph sl b
s aiz o Olessll Oladl 4 kot oW1 pdopuld slos Loyl
S L] a3V OY Bes e e Lapel) o) YN se K73

(144



— 209 —

hsle OB s Jglall 3 Olilale Ollas- & Jat Gl migll e 503

bt Gl aosl) e opn Sl Ly k) el A Y

a1 Vo s ¥V 4O L) Sl el e ool Jos s late ks
et Je sai oW B U ge oy L)y Uage 00 e

Lde Sai BN e (s 5d)) ol pse K3 5 0 b L)y ool
Uav g b gl) e 015 Lilata Glatll L) a ) aioghl et
Jei sl cllas adlat) byhdl ollawyl) 3 Ll asy 4b Laly  §20
BAS rre o) Jyhall 3 85 5ta 005 Ol Ll s e byl o O

fa o Jyhall 3 OBGta Ollange 4 Jat ) ikl Ol ais 33!

Jshll 3 OFGte Olilae & gt ) ln azll O B L )

s hadd 53l 3 O8Gze Ollage & it SAI Loyl o gl)s 3lata

ool e 68 daugll L) O Bal &llss tagn 5,05 Bhte O

Gab Lo ahill Ll AlaS Ok 53l 3 Olilata & Lt i)l

postl s O6G2a 3581 3 Ollamge Olas & ot S eV o | v 20
O ata 8l 3 Ol ot o Lt OL Ll sET Al e da )

s 3 U85t 593l (3 Gldamge ol O82a Jhall 3 L lan ge )

O e Jalall 3 Olilaze ' VOUas & st Ol Ll (e e ladl
354Ul L3 0, OV Aty O 543l 3 Olasge Ol
odas 0n b 55 Uls O e Jslall 3 pdan e o o L8 L
b 55Ul Ly laye Slgdl ar a8 S 55l 3 ilale
O s Lalate OF U oS a5l 3 cxlamgn ot o

14 Junge-Thomson.



§ 21

Pag. 21

— 210 —
e ddlate i Lo 10 Syl enle &laly Llauga
S ka5l 3 Ol g Ollas 0> g OF Ke 03 sl sy Loy
Ol i o ke Jadd 553 3 Olikata Ol 05K O 556 &l
DU N S = PRSI NIV
b Jagn o) pilate b daegn Ll gn g3 00 Ll o b (g
sl b I as e b W, e gn b e ) il ye O
BUS LAV odn e ol L STy i e e Lo
el Waodl 30t ol ast s s fan dl L) 3a s ces
Sodl p daniad bo o e Redlls SN G o) Lyl e
Leag’ 6 ML ey o) ellss MU L), eV e
S Lyl i eVl 55 dlaidls A bkd
s a5 o) s glaitl Ll it Lyledl 5571 ) Y|
Alas Jaids P bygladl psin Juaatls S 5te 53l 3 onilaie
b ghle ki e b Ob U=y Gl Lol Jaid) Ssos O
Ob legll Il s O llss 5,8l 3 KN Aotes gl
T8 o damdll 3 U gln Uas 3362 o3 sie \JbSJ\iJa_:»\_.l;,C;,s
Ol ellss Lills dadl S5 b oW IS st O ellas e
st lal o OF iy 85 JLaill o Wl Juats O Juailll - st
or ) Basl O6Gee a0l 3 Oldlate L Ol S ga o
Lol DALl @3 e dmsls byl &k Ll s &gt 0d oS oxe!l

(153)

Ll s (....\ a5 L3 A et ks oo <ol Saf aas Yol



— 211 —

SOl e Ola s Bl s oo slet dmsl n sl Sas

PV Ol ) s g el RS ity B iae oples B2 e
oS e e & ps

30 Ol BSE K1 0 w16 I e Jom Ol il 22

Ol LSE w3 b o it 35l 3 s co Uda gl b Loy Uas

o ol Ol e Wb 0K 3 Ay 6 d1 s e daols & asl

SE s e L Ul pesde i s Sen

0 b b ol e L e O UG s Ll ST

oW Sllan pe &1 e s slel B e ) emi OV L} LS

P s ) 3 AL Resiion bslas 2 e il SWI

b LBl iata 2o GO 0 ) 802 iV pmamly K e

e s [ st Bk e LS BV 5o iy (2o 53 g 2

CUAST bolas L yn Janges 3late e g4 s L Jlall s

Sl 3 Rilate Lohas &2 i Bl clds cdavsn o spis s )

ol om0l as ood oY) e CSU ISV L AST b

) Lal azglls ool UV L e Bk e e V11 0 gl

Lol U e M S L g el 6 e e

LS bglas Gl o7l el &2 o ey ool 151 LG )

T Ly a2 L Lpd oY (6 5! (3RS ke LIS

o 5l 3 4S5 ste B ye bylas a2l I8 Sl Ve b &l

TS e I T STAB s Ol U m s e

14*



— 212 -

e 6 aoghls Jamrge BUN L5 J5Y1 dage cpn s 7 )
Eylad s sasls Sl Y1 7l 3 IUH, o) 151 O o 3 1
Bl 4 LS 0,8 gl e 3 15T
823 Ol Je Joaidl N call bplad) 3 amm Ol ik ) UAST
bl Juite 5l Juid) L of > L L\,\, Yiwa! " gl
Uawrge K30 et 630l 51 V! ol GU fa gl Jaize sl J,Y!
ot Lglas U Loyl an Ungo 1 a2 Sl 51 3lata me
G baladt OF Sl s e L ells Lk 151 06 &als a2k
o) it I byl e sty e ety 0L M e s
W o8 sl 3 K K5l Wlate Uas ghaie ks e Lhad 131 0
ol ol latl) Jgaill L3l s opa Lhad O Saite 3L Lad|
bag 25 3L o5 T 08 5 3 &) Klte ilata 5 e | 31 s
s o Jpaill glatl]l L3 on Ldad O Ll ™1 S Maaita e
3 JH elas aize 3U) o 5,31 34 Blea 51 e L
Y, " ST B Y O 13l Ko s byldl SL s
a3 Lals asb o ey 3 LAy W aD aadl Pl
sin Jiab gl oall DU e O Ol aztyy Jpeil) b aiiis
T Yy il sasu2 5553 el Gk O) 6 e )
A5 O ik a3y e s e Jlas Y] el Vs S J,m
Lalatl 3"

s,

§ 24 oWl 3 JoV A OV Jpas e T ias ) e e



— 213 -
o taeYl el Lol Uiale OV L ok a3, dnLal)s 3875l
aly bl 3 oL eVl by e O iy S5 Al
3 Y sl Jukil 3 LPasd e e oL ab ol uﬁ
gl iS5 oeils LS 3 e amly KU (ST e k!
WG ze di s g IEEYI Lag O ellss Olaidls sl ) 3
Lty &S sl plae Yy NRIRFE
lgiams Dolall Ollan s Qilatl) Lokdl s $3 LW Al g2
TS5 baldl s e st G all) S35 Ul sl 3
cls asl bos axlmials (g 3l ghid LoVl LI s
dlale oo 0F O) b Lee k) W al g Y Ol ells,
M e Jyll 3
b6 L Jlll 3 Vs 5l 3 LPas o el Ll o Lse daa,| Pag. 24
Olas W O Jabdl 3 Lol s Lalate osie b Loz O
O Al 3 Uaw g2e i bas) 31 Lais 5,30 3 Ot Olilaze
JoW f“m LAt
O oS5 0GP el Y dle Ugles WU A, g0
Ot s s G oS e g ol Lerl ALY e
bt et o s 50 3 ey Ll it (3l
Ot 558 3 nilte ndlate Vs ordavps € (eilon L) (e
S U ge 4 0Lt 1 oy et les e 1 o 0!
& et Gl el o g lan (e 1 1 OVt s

asb ol L,I.g“ 38 &l Y L.a;‘ ;).El\ ,3; Jo



— 214 —

ol DL s lamye eladls Al o amly SN2 5! lilaa
Jal e o ) WM 3 Jes L s SV uhe O el
Lyl S5 13l &Y sl 0,6 G el bladl 2 s
e Laladl el Le Sasl i sl

§ 20 ko oSl S pall bladt A1 G Al L
3 oS al) e OV llay oF 5t 508 3 opilate (e e OF
Mawge (o e O Uy Lilkate aS L3 Yas LS 131 Ukl
05 ol 3 858l Ll e bl O @iy sydll 3 o8 ste
3 oxtlies OV e calas n OF o Ly Uas g2le
angll o 1 U5 S i) oaie e iy T3
s pnd 55i) 3 E= e idlaia e amlos 51 3OS Sl
bag. 25 oigh | LI A i) ) )1 B 3 B sde s i
o e Jaz O ol Rl Llad) ST a1 Al ) A
Gl o Lgans VLY R as 5,0l 3 A ke bgls
S a3 O Ll ade e sty 3 LN AL o 5,4
S5b ells S ol lamge 4 Olat ) peladls ilain (yams o e
35 ) e e Ollact G0 el g L e 530
O35 Ungn ™ a0 el oo e U1 0 01
Jakll 3 O Ol Sle E=iea VSO 1Y onbla
O srs 032 d) e 0 nd IV L (e L) s (nE= 52
sy i sumls Wi o ity W) odll &dlodn e asly K7



— 215 -
S LI OB 8 5 il 3 pdlaie VKO a3 O s &)
BRI __,f,-a.s\é ol e L3 e KOl ol e g
A oim s LB bglad) 3 oLl g 4 S LA e Y Laib
Sy (D byl ) e VR SV e Ol
Kl o
o5 o) e W 3 b iy JF i e e AF, g2
o ol ams A e O an gay LS 1 bl )
o) gl 0 Gy ) s Gl o bl s )
e (585 N aolpll o Bals ade b 01 e ) LS I
b e L s Gl Asl) AL A Sde ok A g
Shis b @ Lt aipn fe 5 ol e A OY s a2l
3 oV o g e g L3 Ol UVl xel e o) L
o i Las Ju‘o\_:““}p&;\“}:’.la;a L o L}Co,» e Pag. 2
Shie b by bt xolee i Gad 151 Lyldl i Ul e g
ol e N Al e asls
Lyl ) oo MGl SV 1L SE all dd, gse
Lyl odm pa ozl KO olad) L OF ooy S50 G ol
o r o o ddadl byhdl i Ll Blol Uy acy oa g
Lol A 3 bS5 il Ko g sl i sty gl
or S B A O s sl KLl A
gl 57 e Lol Lo IS e s e (558 3 ol b




— 216 —

G el byldl s el gz gl e 5l Ll 3l
" o i g 1S

582 I oall Lylad) R0l Gl A1 3 ios s 2V odn e
s i) e ST N L o e Ja e il 0,5
b o) om0 e 55 ) e OV s e oy 63
A5 JoW o gLl Jsile Jamy 2V g o) il Juaiill b
otage pn ) e U e gll ™ ity JoWN cilaniga e )
G e e gt o JOI et s Jaedl) Y1y GLY)
sal ua,,A lge po S Jet 15 gy 3late e i
S NG o ‘f o el o 8 s e e 080
do&bw&wagsw\dﬁm&rﬂﬁb}b Lte ol KO
axls Lo axls K38 Ol Jeaidl S

2t et [ Ol e ot Mkt W gas 5 20 A 3 g
e Lsladl Ll ade Jyad ut o et e 0

TR B JUPD SNE AP S IO ST AR o) el
Glaie ki & ot g o gp g1 et 1 o)L
sy e i Lol o I alaatl "L e s,y

35 LWL A 3 cies s e Bl A 3 e o et s
SRR ICTPIPON SR VR R P PN M e
SWSY el Gioss A2 Y g0l 3 4S5l o Lyt wals KO

(186)



— 217 —
or O AL OMBVL e om ate Lglnd (3
iz sl che gl U
c TN Lyl O) s aze TR A A1 Sl U 836
lgmm Juaidl ) odn Oy Jewadl Pl Lglasl) Az S5 )
S sl s S sl s e Ll Lezes e 2
Blatn b op Uaope bdan b o) iy S5 m ST
Lgn pla n Uacge Usnlan sl lavge el o Lilata loelaw |
Jeaiy D D as el G e a8 G Lgld s
sl sy ol 3 il alidl poe gl O) 51 U ells 50
ol e Jams ol L3 e Gl pudl s L R
Ll g el 215 D o ol
doY Jial) o

‘;J\ Ce\}l\ (191)
Cas! 13

(194)

s ) Al s o



Pag. 29 ﬁ,JJ\ J;J\ ,,_1)\(_.,.
Lol Ll

n
)l ULl s
sl QLS

JeaVl 3

g 106 Yol Lal lae oo 5L£h ol ol 3 ades O iy o)
b e ol O ellsy dilatdd 2ty (e Rlazall Usbl pads]
ok %5 55l W JE G dpdlie on oms dlaZie 6 n
Tl L el J1 as e L bt bt o Lt
lezsr ) 3l B il a7 e ) a1
02 Lt el I ARzl G raosbl L 1S s 5 e
FRgpe

§ 2 L o%&&o»;@\o\ruo\ﬁkdﬁsb\gf
£ s Rer e sz Lo deaids Lol (ST L el



— 219 —

dlazdl) e ol el adazdl ¢ Ol 2llsy Yol wlg I ,.'.u-| Pag. 30

(198)

f“\ lasly Las ass L) udishs olgd! odn sab
sae pm T Wl e Joaidl diy ST ATy dil
Lbull ol

655 ) ol o ol o 3 a5 O) i i am W0 83
3 g Ol il 008 e jam e Lgland ) oMY C’th‘l‘
sl el e Le aale aals Lo 602 ) Cf“’“ s s ol
sim o dausll 0f UL ellss OB L) e Lde 08 I o s
SUaS, O te 543l Juhh,.‘uua;—mja.f-cay Je S ah agh]
>l 3 Ll il ool i Bl SV e axls KT of

(208)w

(199)

(202) . (2001)

Sl S ells p s el s s e
,{J\a\ sl S50 G el i Lguisl aolyll ez 2 olebl 3
S Olage 57 13ly oo bslas dnl G davgas gl
U3 e 5o et 23 Ll byl Lim O el QLWL Ol
doai S5 e Mk il N e S sl ST

WA OV g o ] Ll Lol e i I aal
O e syl (3 ikl Oldas & kgt gl C;,.L\ aln aa

(206)

A}‘)

pasm 0N g O s LW s Llbyly a3 335 ¥4
Oles) Ol 5l Qlikate Olas 4, ot 04K O Lol ails L1} £5
ondkis & Olat NI Ol O8Ol wils ol a5 3late b )
Y™ OB Ot s " e 530l 3 O ke o) J gl 3 OBt el (@b

Pag. 31




— 220 —

lai 5ydl 3 o8 5t ol Jaall 3 o8 5t 1K OV el (@b sl
(@ ool AV Lilale WPast OE7ON, 55dlls Dkl 3 plze )
OB Olilkte Dl sl algll Lt OO plle A Y
ol op W ghie posll g ite Syl 3 VKOV el
el 3 LKU\, Slle O8Gte Jobll 3 Olilaia 4 Lt Ca}l\ ]
ade oty G Lo U go s ooh 0ol OB o S2e L
bt GBI e Ol el pacgl) ae 96 Ll Yams aw e
lage g2 ool ade 60 ) daH s ool BTt 5,00 3 Ol
C,.;,JL\ O Ol 9% i (e! et et O 0K Ol
B0l ot O liss Ll 005 O 5y2s Ulia S ¥l e U2
it wims dangl) 3 op S ol W2 Y kb S e S 3
o5e 8 syl 3 o 5te VEOL il o Bam iy Ll
bt W sl O i 03 i ol 000 O Se s lilate 0K O
Bl oot Lals Gale 0p5 O lal 08Tt 381 3 Ol ga Ollas o,

s 0t W T A O 0B g N e G ol L
3l 3 AL L Oeniten (s oz s 0B &l i3 oo Q)Q_, lila e
Lol U5 dage Ollat “V0L s e o 31 ams ghate Olant
o oe Al bahadl 4G OV 3 all oo Lms 5,dl 3 oplie
Loyl Jghadl 3 Aulia ALz Y o 55l 3 ALLIN OY 642 )]

§ 5 Vans dange aige o g oarthl ol sazy el LG

(207)



— 221 —
O8Ga 5p8 JOMate Ollas &t i1 o gl s 0 U | g
Y e ol b el
6385 P palll 8T e s LS G LG s
lagtl L) af 61 LS sl cllos Alagas Bilate w3l gll oy e
Ui S eE=l ) bladt uF lAS Laass dilady
2 M el O O Kl i &Y dan s Rkl el o Y
1Lt UYL sl o e ooln b dlatl) JI O3
et sim s S5 ) L Joaidle S Lyt of
O e FUN IR e PNt
Lt 5yl 3 o8 sma o)yl 3 o8 e ) b yEm Ol e V)l
Ob Jgbll 3 8 5z LTI S s Jglalls a0l 3 opnlie 5!
olas e S ) A OV G Sl s s 3 ety
oulae U706 oS A ol 531 3 &olen JSl 3 oS
S5 ol iy dange @ otam e VETOL Qe Wl (2
il el | asls KD ASSls (de OB U8 e Olde
baega oyl Sytally gl
Al 3 o8 e Ll O Ok 0,K O o Ll g7
Joaid @ 3yl 3 o8 5ma Wob 1, Uplalls 2530 3 ol )
oMo e \gam s o a2l 00K OF el Jgith P M e 2!
2B O sl o pa gn amls K708 5l lange & Ollat 3
axly KO ol date & et Al wighls Uage lgen s 8



— 222 —
;,Je;-,,ut L35 Ulats e axls FTOEO S5 Lilata e
u\,,.}dja. ke ) Gads Uil e aols S S5
Pag 33 b slee b1 poae e 5AD .ﬁnfz,c}n,ud\‘z‘“’csrl
@:‘UJW“‘JU‘&C‘ﬁfﬂwf_{_e{}\ s
dI odlal) sl a asls O o5 2 m & bt 3

)

_J)L_,.,‘,Lﬂ,fc\gxpw axls O glais gl g
Dolta o b b AW Dol | le sl JQ J,LJ\ dui L
oo s M OpS O o ghate 1S Jl = ol Ly
amby K35k O \.,\G._&,Jm‘“"osa‘, 15) 50 L e L) 5m
& Ot Al Co;l‘;f’-‘f/ o SH el Lt g
o gn & 170Ut G0y Ulaie lum s oyo S 0 OV 15) s
o ) U OB OB xangn a1, 00 sl ells G )
e 3 ol m o b LG e e 4 Ollat 05 e gom 2
5 8l o 98 &Y gl e (el Ghdly bages Slale (s
QUL Oldll & Jot N LM Pl OB (il s las- B



— 223 -

gl S VOO (am e n S posl) n B o
3yl 3 Gl Olep Al Olbd o et il az sl 0K O
o N gns ol ol o Lo g ams o e A5 e L
phel Jauglls dangas glate (msge fo sah gm0 SV (e ye
ool o g g s OB Uaw gs \pla aly KTOK Oy glaill s
oo Al s ool o i B 0B & Olatt G35 (gam o e S
o bl G an OV I e ge e e g5i 25 QU (o g
Gg/d,c..é\""ut(uud(ﬂu,ﬁb gﬂf\,iguwuul
o ol s o guuﬂ,.,,uu&m(, e
s o p b &Y o st Kol ol g UK o gt e
gad Ob UEGze Olhs S gas oS jia sydl 2w o
o @ g gal) Flea 13l u\cja s oy KO olea
ol b i o Ul & bt il el ol g s
wY ook bl oy e bt ) 3 Dolea 31 Sl L o s
Sl Lz s O e e 151 S L 58 3 oS
U513l Buf o bslas &5 131 aig & Olant W1 L1, 1 Al

il 3 of e Ologall Ol
du\,.‘:-:\ OS5 5@l 3 onlie UETBL 518 Sast uds
) L1 ALl Waie (gm0 SSAL 0SS OV LB 530l 3
AV et Lol 0480 3l oo gn LY 6,5 5! Lihate & Ot
Ol 55 5l 3 S 5ed) (a3l 3 UK (g e iny Uaga

o o

Pag. 34

§ 8



b )

o Qum»g&MJM\,%»;Jw/yé\oK
;Ju,zc},uc-,,‘w Ciads 3aie i Ll o ids gl
L’gr:”»&-"@*/u*v{ﬂ:b g pe bl e e
J,Lydy/(Zl))»u\muéﬂlL\))\r&ﬂ;ub\dl._\\ﬁ
B8 V3 e ol UG 3l m e 1 sl W65 Az 15
pJ,u&q{M\g\;;;;u K5t Glate Lo s
b Ay e byl 3 Holees glate 131 4@ g2e ool
Pag. 3 \Z\Inc;,é&h;po\{ﬂ:. ekl 3 Olilaie OU::’-A.:L:%,_;L\J\'
Bate Je ssb i) L Ol ellss gate 26 ghte 2| 2 3laie
OV s s ol mis WO a6 Ol adli W6 3lata
oy W) WAL O iy a0 lilate cpmis gkl e amls K050
ellss e e lm 055 e 515 iate Wl 5l 87
b ol gt ) 31 dav bl 5l ) e eV 05 OF L )
OB lilate Lo gkl s Uamgn 3lall 0455 o8 jta 15K WD o slida
w_,\u &l L\,)\rm\u\gub,.,u\d.,,wjuu\{



— 295 _—
S VIS Ol das¥) g Gatll OV aeVl 2| pads Unese
PG g G L A lan e o Ol s e S OKG
i sl sy fagas 3late Jﬂs}i{‘«‘;@%” Udaia o o)
call ol adls Gl pon Lal ra sl m sl ST m o O
LAY ol O8OV (.):.;Y\ c"}“ s (3 A Jan L) o lels
Lol wo bl lom 35 clase e 538 ol o b B3 pods (e e

O bt (el O W58 3 il o)
Jo byl 0SS Ul ol OV W iy ) S5 el 0
i e s e i S etk s
bges Fate pige ST I3l cy 2 mmf\;‘ ks
LY La Ol ya == Bl o (22“19)25 )l \ e Lo
2l o sl 3 S rme WL padt O baze n ge OLSUY
sl sy At Lo sl 3 o le VBTSN, Sos o b glas
G !Jlmu\ s S J,H\dg FEVRTAGUIIRAYS
3l 3 oulale JB L) gy 55 55 G iem el s |
5\ adlaze M ga blgass Wasdl 3 A0l (pdangn 5l o8 7t
ods 3 I L Jlie el s 3 Ui OV iy OB 235 dan g
Tganign 0 S Had U204 3 Olaizon Ol S e
ags o s ool 0 b 36 TR G Olast s L e
ALl 3 U6 165 ail s QU e g oye s 3 RS SV
3 ol Ul ST Giate sl daege Lo OF 6 n Ll a0 3

15 Junge-Thomson,

§ 9

Pag. 36



— 226 —
Wl LPasls & et W g oo S el e pal )
ol leh gie LaeVls lage YD Glate Lol by ber (o g
syl 3 U6 ga e O S padil Ol el b Jan bl Laly
sy s OB s \ganige p S p2 s O o 5
sols g 06 laegn iam s on SN KOl 3hie (g
HSH mm\‘.r_ﬂ/ or SO rnlia 5,31 3 KDL, o gn (e
U g om S OO e (e il F e oS0
ler 5530l 3 ASall ds) U iy lange \ge 0ol K m 050
o Gate Ghill pal gl o (588 N L glad OY Lam ga ) At
Yoot O i fpdl 3 ALLAL S5l U e e gl Je (508
K ol o) pdate e O iy 1 Y iavye 5] Lilate
Fate lgems on S TGN Y Gt e b e ol
Qe Y iy ) ghdl) aopdl OY cpdbts L “pLa
e i \gte 9oy SO g s ot e (a5
Par. 37 cplaneyn Ld Pl 23 e ga Lagm o o | S AN Y e
Savgn gmige JVAE Y in ) deepll w0V
§10 Ol OF 3o &l Ola s J) -2£ a5 lags ool g all Ll

O sSS lag B awgn 5V Wilate Logam oo SUN UG 35000 3 U2
e ol an 56 13, 3 olia LKub o s 5l (plate
o SH s B e ita il 3 o) et S5 Bl
Dolen 5yl 3 ) e 06 POz i O S iaie Logum, -



— 297

als UK itn Y o 6 oy g A olee Sl g L
Ll glats Logte amly J ghie oVl o Sl Lo
I Unga S L) S5 5l 3 OB te Olilaza 151 %70y
WPla b 065 5531 3w o) OB+ Uage plad| im0
) e AL e a0 oles e e SAB O
DLl BY Ollampn Ll logd Slamgn 131 m O P70 3 Lo ye
Sl e i @ L)y lge byl olalls glaie il
amym 2 N b r IEOB Jago L bl o 550 505 ™ ghae
Olbac g Lagh Unusn gl SAN OF Ols dago oyl S U 0B
Sl 3 ol 6 S0 g 58l o o) 0K
ui Vs Oldhaie logh liaie laan oo U OEO) ) &l J g8t
- J La s oSk LS s 05706 Olavye g Uanga OF

(239)

nu\

yg_%:ﬂ;mcb,.ly}»)‘ya;bé\ WJ)QM.L,‘P% a8
o [ ‘
J I
( J‘)

Llﬂ}b;u\ C})Lﬁcarwwjrhy,mu‘du/

e ch JLAA u‘ C‘/ u)ﬁ’u(w’c)l slea VL}.J ‘J\ ‘_3L,JL9

15*



— 228 —

Sote 13 L ‘.u sl a0l g O Lie 3581 3 LY
Olilie rl’“l’ s 53 uubwu\@qu;th;J,H\
5,3l 3 oliaze 150 Jb *'ha L.L:&oja,i\ PR (TR
Jy\ﬁqpbug@}qp‘,&gidyg)lﬁw_m
Bain o s S5 ool 150 50 onel e 151 i L 7 0L L3
L 1 cies) 035 3lie a2 O ‘.J/L,,J,-U ,L..,w
w,\;\ﬂ#\,&“w\ox,@wm&uw\
ﬂ\dwu\wu\&/uﬁv@\ wﬂ;&w,ﬂu
o LS s OET0b (an ge us,o,\dm/u Jsl U ge
T VR N WU RN
Gy onel on E\Imo@@;,‘mgw,"”’&uﬁﬁ
i) As;hdymu\gmfu.é;\u Ja;‘,h.ﬁa..ﬂ
485 oplannge 2 o Lo 151 s Liaca La/ud)bdk,ﬂfd\
e Oy 5,.(,&\ oK) ) asdll 3 o) Otja;‘ ol 13) o
A3 Ol i) o LS Ol gn 5l Olilate L) Logh Uam gn 51 ilae
Al o 32 ) sl 3 auldl Gs e sl 3 S5l g
G AL bl oS ode o Ly dan gy Wilata 5,8 3 A5
3)ALY\J;;,H\
g 115, 3 A5 5all byl sl Wl oV Ul e I ad) OYs
pag 39 Al Ll aolpll _ST7 Al bglad U o sty 5l 3 ALl |
o el G ads 98 Y Ll Hansll Ll T e



— 229 —

ok Olat NN Ol OF7 5 dild) e Ol g3 !l JB
Hay Olet £ a1 055 Jyall 3 ST C O b piate
lawye “%0 Ot i 058G 3yl 3 SIS, O Ll et
UL sl e ST Bl a  al ellils
S5 N el 3 bty e TS a s rie ) ddlac)

o)) oy brouey iy L o3 3
JOARNCIE R BT . L | AR WO [ | R CO | INVRT P B
Al et sl Sl Lk Ltios 1 ol bglad | e oy
AUV Jadll OB aze s 1o b b b JST sV Y g S
ol @i dl L Saml 22 QA Lie e sasls Sut aie
o Saml zas Juaitll Sus et e SO L3 ate o e
or Sl St s DoV gl Jaite 00 oY ey
Sax acVl Sual zes SUIL Lol daite oo GU (ydags
B s 6l Boam lagay 3hia o 51 @il Saml gay aeY
e T I TS e B
edn Wy O s ax M e ey lamgn Jagn e S ey o)
S5 Gl Al Jewads ol @ sl el adl el e
PR PR PR |M 5 ol ol it Y Laiils pag. 0
Olmge o g3 32 QU Ul Juailes glatc Ollat (ydavuge e
s e 2l on B3 Sk 0dm e A3ULS b s OLLS

e Ll 1 il I ORI IOY ISR P P



Pag. 41

— 230 —
L o P U S e e W i il U3 e bt
I3 o Ly 1) UST bplad | 5T U3 e 5 ST )
= el el e 5 i i) haitl) al )
Sasds ol ks s e op AU palll U3 n 15
bt Gl L Al Ob slen 2w Ol bt ol on s o
= ol g or G Do B e e s B Ol e
Bhie pige o s 13 ) OB Lange & Ollat i) lilae
11 6l G Jaitt) BLI e gpi ) ol OB Uy Laga
Opéiﬂ\ O.&%O\ OL‘ VL‘Y\ ).hjja.nu{);;a“) L ge _,.S;
de Gai s Ll OB dawge glaie o e 131 VNS et
Jaaidl Juaills S el e o)) L s Juaill 3UN
on Uk Lialay el glate 7 na ol e g LS Sln 61 23
Laley K de S V! bo s Jlis aiw Jan gl alm 5&&\
B inia el e S, 131 Juaitd BN e (g0 3 b
oS ia 5yl 3 e o Uns 0151 Ll 5Y1 G2 Lpas
b 3 els s U2 s e 5 s plaid | sl
Sl Jusiin U e (5 580 s | O e lege o ja OF Jud
Aagn o S B b1 LG gl a7 il 3lall OY U5V
eVl Loy il glall O e glatlly L bl S50 SV
AU azyll e g 1 o IV da bl it O i 2SS



— 231 —
age m s s o S ) LTy Sl e 3latl Sl oin
or s g3# 085 T lagn (gt O,C Al 2 O G
2 0 21 s e 6 65, 4 Ot ) e el )
Jpaill oyl Olact O Olladl U6 Uargn Jampa oo chd
S L bl Jsite UV e s5a ol Lt 06 55dl 3 oF fta
b 131 ol gb m ] i e 65 s L ) S i) ells s
de i g L) laS dUN pange o g s OELSL
Jasll Juaiin ot AW o el e iV Tl e 3L
e om S O3 0slte sl o s O G Ll G
il e da Bl 6 Jawgll OB Unga & Ollact g3l Uilata
O8 s OY aeW) ey @3 O B oVl e )@;c/a“f
o A Ll sm U e om Lans T i pa e 50
= A OO Lty (el e ) ) Wl ae Y s
Fatl 2ol Lilaie & 0Lt U5 Unogs 2 ol gu o o
am SUV e ah W OB gam s e oW lagll e 06
Ugn ghtn g SO s sl oss ™21 s n il
S ol Uas 4 Lt Gl LI ABY e S5 151wy s OV
Ol Lals o O mr o S sl il o 3 3laie gas |
W5 U go (gm0 ) O8S olie 5381 3 o0 O Llas
Ot Gl W ¢ optlie Olapll 085 e pe & Ot
e 3 s BAOB \gam o o S (lae¥l da bl e 06

Pag. 42



— 232 —
Sl \L»}»LM}ACAUKJ\ML;J\W)
dﬁ'ﬂ,)\““ b{LgA \»‘ \o\ ‘J?k/ e g_)\ & Ja.‘.% Lgv\.“) Ans » L)‘
fge g g o Ol e n S

§ 14 0 dangll oo Qo ydl ol Banghl aa dihad) anl o) ST 156
JJJL@“’.&J &Wé“é‘éﬁmsﬂr‘“l’%ﬁ"o\iﬁf‘
ua.-:)ﬁj Zlau},- o ija.la} dalats O Uau}.- C.“}. C,.La’ \.}\)
oan 3 U1 ellss Juaidl P ol Lpbd | W s 0@ Aange e
WY Lkt U1 00K WD dilaie oo dilaze sl Lid 0!

(265) (265)

Jhais Gl Jab kil o) g a8
S e g ) L 06 OV il 006 ghate Ghil e

S b Gl ol ool ) aose e ais ool JLai Y e
Shte Wl e 0l s Uil glall e Jaiill po gl 05C O
Wt 130 LSy Jaga yn Jam g Lals 3laie o Jamge sl Jamge ya
OB el oW e Ok 5 A e Lilaz 3late yo Uae e
3 U0 Juaidll Sum oS ate apdl gl PO OF

(268)

W Ly \A]a..\a\..,\asdf-b\;ﬂy‘ S polla o}A.“
Jpaills glaill glls

263

> L )A‘;LJ\

S 98 5A)\ .L;L\ Ol

Sl DL O8Ol Lyl o 5t e
ol spdl 3 UETOL V) dayl) Jusite o o8 ta 50l 3
o 43 el e U e 1505 Uaoga gt s ) o 00 s |
b oS ate sydl 3l gl Ot Ol Ol UK U ge
Ol G bl Juize 50

(272)
|

L}‘ 6)54_ L;..\H (272)9‘



—_ 233 —
BY U gn Lemgo oo S et ol ™00 ot 5,01 3 U7
Raogll o &ilaill 5 dilatt] o Lol polyll ST 35000
x5 K3 b ol Ll byl Ltias) Blanyl) aa dall
e sin gl el bt G ST W) o oL
le s,dl 3500 A5 Ame aydl 35 bLASD dadl =l
i G| dax 3lais oe SNl LoVl Uas £ s 18
Naite SN Jo 58 M Jum aln 2 1515 ool o I g
dogn S 130 Blates OFta 5,8 3 Ollas o bt OF 5
brgn a a1 IV Gage e SN e 602 G
Gkt 06 g IV Tl ge it SUN e s ) e
Gt W S Lo gn ame S5 15V hangay OBTze i) 3 Ol
Sob gV Jam dage o ai 115 BU ppdasge e KO ke
G o Olast O Sllad) U8 g0 GUI L Jaite UL ge
S W dar 3lata ma Lowge STl Ll F0 8 ke 342
AL e si G e gt - e e B r}aﬂ\ SN e
i) 3 lle o Obshy & Olat ONI QUL 0K 5o iV
IO e o @) Jar dage pa e ST Bl gl
Je $sh @M oz g pa i 1515 dagas lata e (553!
ORI U O 5 Lamgn 3laie ae SO Jat o1 L)
oo e S50 ptle 5yl 3 ese e Db shs 4 Ol
o 15) e ge e g5t W SO e g0l L Jao Lawya

Pag. 44



— 234 —

o S det il U e pl) B3 e daga e e
Ob s s amis LoV Olat O Olad | U8 g0 Uawge Levya
Sler & e 0, 1) palll 356 oblie 5,3l 3 eYl e
Al Olas b ga 5l o ge J) Gl Shate 5l slaie dl Olas Jawya
0w Samy ) glate dl Gl ghie d5) Ol &llsy b e
iS5ea sudll 3 W) e e 05K L bt )l Lykdl Ssus s
TN 3 ST 06 Ol oSk ) oY A5l 5,81 G Ll
Jeaidh lals LS Ll Olizo Lol sl Gleal s

§16 051 L2 Ll Lan Lgan A2 2c g1 13 Pl Lyl
o aga s Wy i a5 LS 10 =lal
T TN bt TG LIl 2 L g
aulie 5 edl 3 oaB7100, S hma 5pdl 3 T I) s e abad)
o Lilate 5o Liai 131 ells ULt aalyll G| s Ll
Wiate Lgdl ae S 05K 500 Glata n Usirgs 5,05 s
o2 AV O35 Uange 3latll ae U0 305 sV 0,5
ot Ll 33Vl Gt Jeaidl GGl ST G Ll
Sk M s el W B 0B a2l Lt G Ll
Pag. 45 Lalall o) [ 06 aslyll G| ot Wy I il )
O bmd o3 o) B Ul o3 Lam lglan A e WL
il 6l

§ 17 551 oV able Ol )y eLaY) im Ll il ¢ dl OV



— 2350 —
B A e dos i 6 351 131 Wl a8 oS ata 5@ 3 e
3 a3 16 Lol e i L Sas ackl )
bl U85 LY i s e Jeaitl] S ) i)
Onilaie plas g e gl B3 5a paihl Ly WOV iy Wdads
S bgladl e gty K ae ool L ydls oS e s,dl 3
Jeaids g byledl a ol B e ad) e 31 ST
oAl ey ais el byldl e s A bl Glel Ol
s sl S sta il 3 ondlate Ollas O6 e a5l e s Lla s
!

S—?

>

s ool 33Ul LIl OB dnte Blie g i g
e s JU) ol s ks A3 ol L L
el e e Led dawge o sy O | Uas WPy (rasiles
i OV > i Ciei WSS 1551 O | La > yas gsall
St 5D 3 ondlate o | s OF OB g0nll il il
1S5 151 g > cins Lo LS5 1) gy ol opn > ke
e b3 PG Lagia > ks P oo ol o s s
\)Mf,“..,d\adhwyu Las OB 131 Lol onev!
J)Y\J:L.:,.Q.M?bw,»; L..,,....‘,.il\ubh,h...



— 236 —

Pig 46 U6| 0B o0 | e ol i &Y S e e (315 L
or s egie SO gt Ol o Gt 550l 3 e
sl oo 13l > L3 dins Y 7 Ll Glaes G e
Lo o 31 O cxlze 30 o | s KO, L) G
s e SOV eVl e > s O ol Loglay sl i
A OO BV 13 > b > b Cias gas (Jae wol
oo WO, s s )A\‘3Q1u¢>u\{u\‘3;\ =l
bagns Flate o 55l 7 - sle e Lty G5 Uage o2
de 6B legin S 085 o e e LS Sl oY
om0 O olie 5,30 3 o | Uk U5 Ol lagas glaie
e A WENJP PN
L lange o Bl a3 > Cinis o \ng,gqugax
byt ar S Lo e UKW 130 Ja,dda,,,éw,»

S G

§18 1 Lo ge L3 S 150V Gl sde e el S

L3 OB goudl el e oS te 5pdl 3 ndlate phs o
e (s oy amgia Jas G515 LW onel e O 345U
el e Mieta & Olat W po | 06 St 330
31150 AW UV (e ge e w5501 L3 OB ool

de dass Ot o8 fta s0dl 3 oo gie oplas (o awsle b
Vs G g o 35Ul L3 Sle goudl ol

(288)

15!



— 237 —

el 3 plte 35l 3 peiien e (6 dawge b3 35
L ol hega Lot b s Gt lyan o oo i) goudll
as o egin Jos 351 131 Rally oW ey, ) S50
bapts sl Jaogn Logm e s 30) nlilza 5430 3 WlPag.47
i e s @il 3l L Sle gond) il e glat
il 3 teniies (b o dewgie Jas 351 151 KLy Lawgas
el e Lo ge @ Ot Gl e gn Lepm e s 0 L
el oy damss e g s Syl L Sl gaudll
cal OBag L85 L V1 Cins Lolo 1877 151 ) OF g Lgacd

O T RO R C S PRCK I VR ANV
sas S ety I Al Ll 3 ode s LS OV ks g9
al 7 A ) Bl Of el U5 pams LI eyl
bt Al cind Loyl a0l e sl (T8 Lt G Jagt
et m“ou?a:“. Ollas U8 o1 &) Ll lam was O Ll o,
G el Bgladl e sy Lpasl UE; Lase o) Shis o
do s gas ooty ) Ll e amls SV 06 s
ol or mosth el a3 ael OO0 wl ells g adilia
Lge Juaile YN OB IV vy e OO Juaaddl UL OB
Ol QU kv ge Jaize Y1 OB QU (rdawge e B0, IV
AY6 hges glale e g5dll UEOL jaoVl Y1 OB (Lae) OF
b g e g8l OFT O Blate ae Uampe SOV Jut



— 238 —
oin LS5 Lasd 03 36 Unmgs lawge an JOI ot il 5V
e B 3 gty el o) L L85 oals ot ol
5l 3 prilaie 2w ool e 08706 P s il eS|
Pog 48 oo | 05, gy 6301 OB o gn Lty s 8 8 e

o

Vo =

w ool Uas g T el sl o g il SO
Jarge woaw o Ol 13l a et B W e & Lt 0l
émju,mc,,uu\u.»\,fbu&mqﬁu
La}.w>\\_]a:-b\«»u‘_;..\.‘buuja>}>-\L}c?A.,L.J-
\o\mL}uw\u,.AL?,»;U’»\uWuLh’mu,
gl Ollat o fta ,A\dJL,,.,.,u\LbuKu\,M\
QKLAL_‘»H\:>\LL}A»M&A‘QKMM\JJW\J\;&
OOV IVl L.“,L\J.aa_-,uuuwv\ o@,x\&,>\»
dUu,fbfuMu{M ,A\._;dda..,.»u\t.b
plac gn u.>.\ b5y " lhanga 4 2l 4 Jat ) Lileb LY
}J\dmu\bu\{u\; au\byw\é\.\,uau\
L;J\obbruaw‘_;,d\;&h;.w/u. s s loa

>\ by g o >\ \;\ «uja}‘_sv\lb Ua ga pas uu,/muUa..}

(298)



— 239 —
o W5 oxalin 3381 3 o ol s SOy a1 oy L e
s 7l s 4 datt 1 OB 3t & Ollet VU e Lagem
dnt il 13l .\,L;JM,.,JL.,J;L;,” ol sy Uilate s
S olia s,dl 3 ow ol s OOl o gn ot ma S
o hat G ole Ll dage 2 0Lt Al dape Logm 2 0m
N 151w kb e g J S5 ol Unge w0 o) et
byad e 351 151 go 0 T3] da g6 U g Janepe o S Jag
S ey ST G ) byl e sl sl A5
aopill bybdl o (ST lil) gmy Joaidh GV byl a las s
om b ey 31131 oY) Laddl ol L) oe Slanie oK, g20
bl g 3y U1l OB o) e ) U8 Lo i) e
amgl) cn lapin 050 A e o ik ey 251 13V B0
Jawg 351150 WL UV lge Juile gm 3, U OB Y
06 GO iaye o ) g Loty bl o A0
el o b damge 351 Bl a1 QUL b e Jusile 345U
Sl 1) Bl AoVl e 35Ul OB eV Lgte 005 A
bogns 3hate e 638l lgte 05K Al ol oy A6 ey
31 1) sl Uamge late we KO Ja i) pn 55Ul le
OB gplage e 3l Lagte Oy Al e g a6 Sy
bl T3] Jay B Unge Lgn o KO e sl 350
L) o ol laydly Bugll gas ol "Vl sld ) 0ol W s

Pag. 49




— 240 —

byad) o U o A e gdls ST M VL
Ll U O LaW ade e @l e UGS LJJ\
B n S5t 3l 3 plate et O eath) L3 OB >
ey ol a0 Ll e Lot oadl Lawydls Ll
el ol Lyl 3 e OF L fhn 13 Juail o Loyt )
Sl ) Gy s Ly Lhend LG e 20
slaodl Lgac

§21 Lge 5l glaic 0Lt e aal OETBL T B Y L
B 0, GU L 0B CSHL G byt e s
am g\ lin e a2 O) iuid Juaidl G Lylad] o ) olall

N,

v 7T

(302)

o

)
.30 O 50 it Ok o ol upv,ﬂp\mmmu\[

L’CJ"J},J‘G“’U\)M"L’J"JQJ’"U‘VB\
A._.J\‘_giur‘u\du»myw\ja.»» L}ub\:\;)é‘:m

iy asiion (a# >> 3 \; o We s 304)\4\;: ol s o



241 —
J;)\L:-\;L’J;Cfdga;\awdlf\(ubabj\)u\
Cfr-—J))" (30”))\19»‘_,1.1) ‘J"L’CJ"‘” gH blss
ch,)duéc); Ll Y&l UG Ll e 5 opa las
>,\;CL,.J &&L‘_ﬁubw\;@_\s@)\wl’)b
25 Jas a5 15 asy ACB LKLY, O e 6,\,, 1)
AP T dd,un\ o3l oY ,\Ja,d.rjd\ \.;\J,L.;
i bl e SV 150 o B OV o n (el O
OV >yl \MJ&MQ‘ 5Vl e ale iel OKTWE &Y s
Qbu\;fmu\dia;; \JU.C.L’>\‘_;L.EGML‘)\.:B ReEip
o C,\;L.nw}»;» A s 3 oo pr sl LY Fl

wr&c\u‘bg)\uﬂ}d’)@c})b\a‘u CJ;
l€l>\>\.>\u.Lls b e o> LﬂlJYM\WJu‘;MJJC)»
uécjl)l...nbu)uGJJ‘L))‘(‘M‘Q‘\.@;\J}’E ied e
okl G oy L b;uu;\)\rls axs & OY 3his sm

(307) -

>3 4.;)\)) & oaloa \Z\?L,\}\')WL‘_‘J@

310 @y (308) -
4.-)L..n ‘_\, 4;;\ ..\L) \mm;\)m;\,@ e

\o\ Va3 A L | w\,, > Lol > &l OV )\,|4,,\)
o sl OB o e o oW 5 5t Al sl
BONIF RIS 13 o _,x:sfz,,\; L slee 151 23U
,«,L,Y«.»J,\ o b LS L Q11 »MI
Lt gl bl fmu & sluia bls)

(312)

L_\)j\('l.&u a0 :)_) &

16  Junge-Thomson,

Pag. Hl



sy
a0 o bt il bls)) £l JQ K mu&m
Bl & o) 4kt G 51U FW6 O oA

g22 boad el Oglie oetd LV oda L Leadi 03 505
5 ) radis) o s gtz Olat e o s+ ST Laud
4z s Shaite 055 a2 OB el e il AP gl il
S Ay OE b Jaiie 2w b gl e Ol s S OB azs_
SN ol e ) ells U6 UV Jaidhl g IV ol e
At Il e jes S e I OOl SU Szl 1igh
clls L 15166 IV (dags oy :\L,; Ll s a3UL 3
@ Ls [P0 U1 dags desite o a5 ] U700 o el
il UV e ge e il e 006 L OY QU e e
LI @l Y, QU el e o) 0K ez e O glaie
Uilaze 0l llss G i) & bt 0K 3hie & o) 0 bt
L G MY i as e OFT AW el e il JI i s
St n bt pige O 13l s IoY! dage il 151
L ls IV L,)A Jaile ao gl s e (4] ol JU\ Saiin 9
OV Il his o das e lamds SW (ase ol s S
pag. 52 L2 O oy Sl A5 UL 131 1Y G La e W|,.J Ls
sy I el n 5 L glate 05 dais G e pn ol
aspe U6 hie I sl 150 QU pdavge Ui 055 L O
shin 6 O) & et G L) AR OV, W) gl e )



243 —
O3 plaix Ot Ol OF 5l Y Ul il NEVIUR
XU b;u/wf; iz u)(dLJ\ ubd‘r’\d‘-w»\

(318)

au\ bl Laile u; G el b e Lauu)ola.\.-b
a bt Al LIl FBY Y G b l) Jite 151 o

uu>M3\Q;)\u\J¢;»L}J§J\ ,u..Z;
Glls Lt 151 LY ae¥ ow ks O J 30 rxam s =l

ol e j,lamdbnwjz?;rhc}}\u\bu)hmu\uj\
@s\u}i 82,8 OB plats Y ciosl 151 aeY .u,g e 0¥ w )l
A,JWJJM w5 & ket il Ll Fd) S R
uywbbuffjbu,uum, SO duia 131
e & b lin 4y L O ghale Lol I L1 il
Fhin & bt G LIl AL OY aoVl oy bs ) Sl
@3 ol b (S Ll f»v\f«:ks,ﬂ\ O o)) Juiiny
lagn Blale on SN oy SOl g0 o 135 O U fagas s e
bagey glaie fo osdll gp OV Lm O alia Jealt U5 LA B LY
658l e 05 el OY el ol e g L 3late by dess
ol e W as e O Blate Jl il 13 by glia e
Jaidl 4 L e Emuému,px (‘w\|\_')y,d,,x;\ Peg. 5
laesn 3lain ao SOV a6 o asd 3late oy Lo OW6 yald]
Jeciilly 3lain s ot (G} magel) slas nige e (63 5! L3Oy

16*



— 244 —

I oeesn o s Ol L oS8 Ll 3 e
ol &l L 131 1Y e Ja g o SN e ) o - O
on gt b s oS58 O Ly glaie oyl OO 4
Juaictl 15 @ Jasd 3hate a3 & Lt 301 L) Pl sl o)
S e g L e g0 15 oo e C,:&xa..u\, Ly sl
156 Uawyn L yn g SO a1 51 s a5 U o b o
o ol Wl oleai Olles & bt gl e 131 OS7
P Sty PN & LA 0SB 06 S 1 gkt

Lios & ov o lam ST

g28 oo by WPasl U, lawgs Oldat Oldas OK7151 &l Lo

¢ b ’

(s21) caidy P e o) Jolall o,ﬁ, Sl oe VSJJL Bl (.A\ L)L:'H



— 245 —

Wl & Oleiien Ollas O™ 131 &l )y sLaY] ods pn oo g
Jl ke go £iST51 lamge poge I Blatn poge i8S 5Y1
el ok Al G ol 0B lie w2l i feee
WPl OE > CarJ\ C‘a}hdubdx (*)\lpa._..su\
e L s
i L,,»,>Ca,u,,\~..u,ux iy Liie » b
il 131 o ab Ueitd 75 403 5> a2l bslon Lasgn Ll o
e gl L A1 oblall Olas il 08 08 5430 3
i U ab b i O ol L,SQ\MJL,,, K uu,,,l
>3ug\> pogn 1S e C,,w,“; L3 w,,.wf»
b i o hs V1 s 1iS s cos Al 2 C,,‘u;
sdl 3 C»d,LL>;uL>J\\L>M(CnL>JHa\
ALl ells o b 3B o b Holee 53 3 1) s Ot
U6 byt Ot Olesiies ol OB 131 4) b L Ol 3
oo L O BUIOB ST B call b e Lpus!
Oart gl st s S 2 s 68 iy ) Ll
Il S0 I bgladl e vl Ol e sas WPl Uange &
o Ll il ns Jeaidl gl byl e asly,
Wl C, C;\mh.}‘sol\)m,uhu\..a}»u\bé\m.h
i i g deidl G Bad e sl OL e i
ez 4 bt cdll C;,,L\ OW late & Olda# A0 OF el ol

gLy) }Y\»L}'-O\

Pag. 54



— 246 —

T Qb gt ol & Bt i b s
3yl 3 Logh 138 Lim OBTI0D o ga poge U Bt aioge 2iS
el Lshdl gl b Ll e lam 0871305 o 08 5 O
o Al ™ s 06 OV LB e e U il
Ol 1510 52 ™0 e e Oy Al punia ) O U5
bty ol OF 131 46 L gs L1y ghic Lol Lt Oledte.

Sl or o gr gl LA SV 06 gl N byl e

s I ks OF alad slaVl b i 08 3B Jeardl

pu 55 Je oS A [ T ity 1 Ll on
e é obasl et ) e pas gt

§24 0wl e DN L)la;-‘ AW pe (332);‘5% Lo ddw oL10 Lo GL')

Slial & gl e il e il l3s g AL alaidl

sl @l o & e aoly e L G I Jaatl] laSS
el Y el ey el e Il e iV VL.;Y\ F,SS\ oz
Dlta e 056 e Ll aoVl e 558 (el W) LA O K Ol 505

o O3S e g el OEO6 W gl e 055 & Lals o

0% Ol bals Lalaie o il 50 o 04K O Wb o) S)lea
S5t PGS O S il &Y Lagte sy 0050 Y Lol as)

(oY) OO0 Legd o2t Vs S st s o boSG ail My o

Ol Lal Ll &lls J2e o5 d ln o0 05K L oY e 558 Jlae

u,ﬁn Y\ INPRFRY Q)g Ol Lty ilata ua)}u\lmm\{) Lo o u,ﬁ_

i"))



— 247 —

ool B d oS5lee LAY L Ol o Y aY Lyie an s
om 558 lasl LoVl Bl OO el e Lglas 220 15 jend a2
o O ke ata i el OETO A &) Dolta a 055 iV
Bl b L ad 150 040 Juatl) O LS LY Lals ) sl
eldl o Y @l OETIS) el e ) B S & > o)
ol o b L O OV 505 s s OBG Juailll gm o ol L
e 5n 0K & Ll dfhlae o0 0K L Ll V1A e 555
sl Klea o b L300 Ol Ll gas e axly K35 W
Lls ol e i A o adl s g o555 0 Ol Ll s Lilaze
55k L, 01 082 ol Y & 5k Lt sl |00 W g 56
Slel i daatll 0,5 Ol 55 e ol e il 3 Jg"d

ool el d1 adly QU UsY) Jaadl) s O
ol e Al el bybdl il sie S5 L Jat 2 g2
S =l G ) bglasd) Gkl L AN e e Y
WS re o o bl 0 e e ity ) Q35 il
o SOl ells e e i G polall Gose o e Ll
o DYV OY s 00 3 IV (range e ) I )
OUs it o8 5t 55801 3 o go o GUIs o e 5531 3 dlae
S b gl Bl e Bat Gl ol 3 L) Oy gl
s DoV el m o)) ab e Ja 3 OF @l glattl JI Loge
ol om sl ab s Jnt GU plamge e 3 OF B GU et



— 248 —
St de 6l pUl el r il e e daf eVl U
sae O oy ol et o ge o g sdls ald] dlat lo ey
amls KOV S5l N ol byl sam ol a1 byl
Bl o Lo ke o) e ) Bl ™ s 1 i A e
oo QUL YL e DY sl e ot plis b I els ol
roldl et e s 04K o Sl e e el ks Ly SUI
e oo 3hie dV Sl pdavsn e 58 om W 2l o e
N el O e o Bl i) Lyld ) Glol aiw ells
G2 Ll ) daad) OB ki LS 3 ik W), Jeaidl
pag. 7 Bl aid [ s Jlail e Sa n wl 3 1 UV da gl Jsie
Jlaish & sam s oaet e il i o b ata Juaisl 1 L3
IV (o go om0 B o b ate Jas) g | ) e Ls
shie Jl izt Bl Jaittl e P01 3l iz i SO
as e 035 JoV! dan bl Jaite e 5015 oY1 Juatid] 4o e 045
daadl bylad| soe O s 23U 3 O oS U Juasdd)
slaie JUeanl 10 o g ghs Ll PN ol byl aaS
I o M asdl Ll e e daitl) Lol &l gy e 05
S Pl UK B e s IV St Loe 045
A O B e G 20Kl e B U1 0K
el A e Ol sy LI G sl e Gl
Sl my Joaidl D o) by i) Lyl el izl



— 249 —

AV Cas gl e Langdls Y aze JEV a5 3
ESRMAES

or 055 il Gl 13l il elsyladg o S13 04K Ol ik §26

Tlasy aze 04K 3l A1 ST G ol L ld e s

Lybdl ausls e 058 @il cinl 131 Lls el o G e

Wb i) Lyl n ol e e Oy Ghaie JI il )

Segn dos IV i) O glate ) Lgeis) ola M ie Lol

FUN pamgn 0 JB SN G Ll OG Gosl Ol s i

Syl KUY olanydl Juatd Jeadl Pl 3 Lls d1yls

BV lae | sl 131wl e ot 3 36 O 5as 5 s g 5

S | )

> N 3

(344)

b5 J1 Bl MVl 2 o ugs Ua g A;,,comu,,
fee \a\,@u\c/(%,h.bﬂ}.s\bu\d,s\u\,»;hﬂr
S Al 1 s gl J L,,,,a,_{g o Al s
bga 1 o s O il R B ISR UNTS W R
Jage 151 o) L dage 105l e (B dage ool opm s OY
om0 Tl Cial 13) il U3l e by Lani a3 315 g2



— 250 —
(346)

Py s 055 Jage JI aeV) e A1) el e T o)
df:d‘ % x._g‘ Jos O_(m:b du‘ u&h.'}‘ O ‘5».\5\) JaVYl d\_.lz~}A

)C.:\_)?)'(.>|

- W) P

(‘47)

Ol il Lsln (s e o> 10; ey
b o o Gl bsl o e Ui 5 ks s
O Ol UV onel e 3 L Ol (b el J o ub/
A BLEL 3 o 8 lin 6wl ) ol e i el o
B oo db e oW ) it il L) d1 Gyl
b hd Gl o T e e P
s Ol el laya &) M}'}J‘u S m0 92 9 Ll u"b‘m
Olalaie s U8 te }A\d K ._,>(M)U.:zs O e J}H\Ju’v«.’
L)LM Sud d\f, C;,},: S C""L \”L'“”;C“’" Qe
B posh oo pesh boles sa sige O W5 Wl sy oangl
bug 59 Jam g0 V31 03 o2 Loyl a5 Ul _,mdbgcay}b,ﬁ|
b P s e &Y by e 31 1300 g sl o 6

(351

AJKJL‘...«Y) ﬂ)djlgﬁ J\jca)lgjlwnu}gu‘\m\ rwj
J‘ (354)» L,‘_ _.' R >/(3.’|3)J.; Ca)p J‘ (362) i On 6:0‘ u Oil)



251 —
olea Jylall 3 13) “”’»L;w,\,\)uwwuyf

L;.m cestl ol J,,t Q\L.«)»anuhuy 5 o Ld . Ld
ML?A.*.J:JAJQ’J)LMML?UY) L@\Jla_..«,uu.a}
Lt @il Jl e o> 4 k@ b1y A LS e Ls J)
ey dalila] \;M;;&}W;&\O\;;L

C"}‘) BRI .a,} LSJ.U .J)L..A ‘d‘ ? Cacﬁ ELG.)Y\ £ las

-,.a\a\)z_iakL_.a\dl:.. fp\o\muéu\)\sdlur’
151 ae das did JC.,)L _I)LJJ«;A»C/UQ;J;Y\ o ga
O 9bs & Gla bege wbge dllase poge B a5 b
(::SGJ[)Y BV RO L;J.‘\ (W) uﬁ [EYIRNYS

T @a6)

ot e Y
b el L sanly g 3151 WPUel i als pla)!

(357

ML; L oY an ks, M7

I (358)

oo B sl e oo O a5, oLl _I,Ld seal 315
uu,s\uuwy\ax';m, b go s 15) 5 JuB Laye 15)
5 CA),,“ " ket r" oz OF Ul sy Lagn gy Ollact A1
base piogn Bl 3late wioge £iS o bl o a5 Ldd T aune
L O ass Led s b lam OB 5pall 3 OKTGLe 151 e s a2
fpuu&\nduf@wfuupw,wé»
oo sy sl ;\—; 15| “ULSA‘"JLA("@)*;] Pag. 60
Ollew go Ollaz & ot el L1, (L‘d\, OB 7te 54l 3 Ollaw g
oadisl on 8 Uange 5l Lilaie 0,8 01 el OGe 55l 3

(360)



— 252 —

L dagn 15y Uty ) 3l 5e g e 151 bt o0l
S ol e gl g 15 il 136 G ol ge e 181 55
o S5 UV e ga pn 1 42 O Jarsn B acV1 -
AUl oo o

528 e sl Lo JuY1 pdaosn e il L ol s 6 L
'C};L..C;)‘;L}J\“M’M;Uu}”a s oges 3l
\J\J, Lsd o ™ A Lol o goges et 5 L S L

l)»\ ls Js¥ e g e O das KOV QU L) onel ope
& dhil asl e (""‘JJ hgas 3late Jc‘_g)n“ u\ Ls 0K

opA ) it el e G e o 3 S g B dasd
oler o2 plsn Sl Lamge S pges Blae " oy liale
bgr o2 oo HM)J posk slen GUI TSI "y post S posh
Jogs 15} 5o L am a5 gns bape U uwu,}fw,w,,
om0 o b a, brge o 1 2l 65 lese o o0 OV
A5 Yol s d la Ll o poA Bl 055 ol bl e

J,u,. L ¥ Ll dage U g i > L _\)x.,.“‘“h, Lasdd
Bl & s am i Sl 3 9l am L 5,30 3 e Lk
s b i o3 L Uyl 3 olen o das 06 e b Sl

(371)

ﬂ;«,u‘smg\, om o w0 ot il Ak S o b J

(36 {)

Pag (1 ‘5&3‘) J"’ Co).a A;y"ja.a B ML}L;J\;QKMM\Q\MI
C‘/UQ’ J)Y‘ UTL“)‘Q)" \J\ )) jﬂ”¢}a‘n jl BV \J‘Loia__}.



-— 253 —
L}‘;\uﬁ\ubd\ubga\w(.;c,,lbuu
Lo age 3 o O3 ,.,J\dp»u,,.,uuub,,&
i or 3 ki Ol e aen i b Ja des dapa V31 3
Bhie e il 5l UM pdage o il e 1 it 36 G
o 6y IV age e G Al 05K Jaega I daegas

SUI ydaw g
Sl ST e 0B kd O s S L, g
Uagn an dai S5 pdecgn o 5015 G ey n 530
Wl o) o 315 i Lt slaW) s KOs Uit 5 ks
K. L.f,v. a1y ds La Ol L yam OY ol Ll et
JJ‘.aL..a,:ubL.a Ollan 4a J_'..,..»Lw,,;JJL)»J,U\d
SV an s OV Qo ga L)
-Y,,\..L;i!,u.. Lo o\ L |

Oed OUawgn a0 Llas-s Javge

H'It) (374)

_J)L-A J.J r W}p A?-‘
J..> & bt A LPusY _J)L... 2 bl e u sy e C:JL

‘”“L;ux | g yn 5 s L Pl 1)
Jaladl 3 KSles 5o 03 e als o e wsly) Poloa e
Lo lgte 2y S 5n 1 5 o et il dé an Ld
05 Ol ) 1™t il 08t 5930l 3 Oy T oa e
s3> QU planse m s o Bl il 156 Uayn ! Wiate
I Gagn e g3 Ll oyl O e s ) g e
LU ol bl G b o g Limy QU e gn o 01 el g

An C‘/ L.)K&‘}

377)



— 254 —
e B Ll 13 ST G Lsld e b KT 0
GU davgn o g5 IWI o g go S o8 0K
§30 b S5 bl 8l Jeaidh I all Lyl e e 35U
o)) ibdy Uavge aa L s eV Lals Jwadl L) Ll O

- « e )
=y S \

< oo 5
ol Jaii 04 O L35 b3 0l U ol sl o o
Libte b .La}d_é-_zJ; SU L gl Jgie g}f Y lals Jal
Sl Ll 31 5 s ool s g lsle o e adl G
Oau, buﬁ,ﬂyl u\»u{u\ I it Lls ™y

J e ! - posn ‘**““"J’ gost bolee O wfﬁm)} S
idS 5 s \J\J,L, it ,CO,,J\ » ...‘.,,,MJ
i) e ol lisy ghaie oo Cay“””usq, s ) s s
Gl o L gns ilaie o iall ote 2 12 L)) ey S
J;\..»A,YJL.AV» ,A;t,}a.auKMJ,thw ol e Olet
by o b2 Loyl oe Juu‘,sw‘.» "o yn uy,wca}x

5™ o) | 235 O 58 3 Ot 2 i e M s Y5

Pag. 3 b legn 5 m3 0Lt @06 L s U1 il o



— 255 —

W)y 5t W 15 Mg ey L) an o O e 15 13
LAV 3 Ly 5 o b ol \o\pud&w b5 Ol Le
o> an s bl &5 Lale uvjumwrfwua;wm,g\
u@s\g\puhu&s@fbgm s i
\fwu@n,diwr»c,y, O et \a\uw,:m
w}uuuc/u\(u\; JoY) e ol sk 1ol 35 L}J‘\a,w
wu’Y sl 3 K05 am L3 lae ‘}U\dflvwﬂﬁj

ﬁj@fﬁ’d«)“br&‘hﬂ}“~/%~5u
ML?J,L.A 50l 3 an a Y5 Lal dagn 131 5 Jasa 131
oMb OB e 5581 3 L) (b alem L ) les el 3 e a0
u&fbg\ﬁbu,_s,u\dfggu;b

(385) |

— o

.,,An@uu....ﬂf}_\,. up,ju ST \;\ Muéuud}u

Gl L ALl o) @y dawye 131 4, Ut oAb U8 e

hgn Lols ghaie L) O 25l 3 Ola e Slas & Lot

S daitll g 151 izl 156 Gl G ke 131 55 L

s 05 legn b d) g W
Sul sl

.»"K) ML;»)J PARSE LRSS R WS U\L}L;,\OQ; § 31

\,;L,,\m,ﬂ»bg @,myubuﬁ;mﬁ.w

Ol Ellas G Ll JaY Lol dangll Juaize 55 Ja OV J ) o oA

(389)



— 256 —

u\\é\jj.;ijcj,u:“,,u\@m}éu;u
pag. 64 Wly U1 Wl Jaidl) L:-uybjca,lt,l..a 05 g 505
u,,fn_,,su_\)x.., ,A\JOL..A\.;\JL}JA)-\
UYL“)‘WC‘}‘JJ“*‘JJC‘}’“}—IJL‘J}U\J,’JL’J
,A\dubmu\ugu&«“ J,U\duwapbuJ\o
JL’*"J' c"r W Lo sn r‘ Cﬂr;&» 151 Cﬂrﬁ OB e
oY ;,;Mg Skl Sllaw gl a0 Lt ) gl OY :L,i
\;)Q; (‘QO)OL::L?:‘ J-‘—f){j&.a b\ \‘.G.D C)LL.-.«_,A 0> g‘/) r.ﬁ C"}A
Ll dawgn 131 4o g5 L Julll 3 Jotea (51 05 L2 8
O O 7t 59al 3 5a 0 L2 5 L Joles 5ol 305 Jas Y6
uéﬁ\‘j\(-},:&éhu‘g&\u(p Ls Jles s i
£ L}Wb)\);:ga»\dﬁu\;bulou\ g\;:b@

bt cilly f) VAT XV U] IR SR Ua>-A.-L..~}(M)Lg;\5

Jaiie 15153 L3 g | O\::muéﬂup}j:@
L Ui .:L,wr» post Lole o> cfub’u\, Jsy Ju,,
rm,zu\s,w ,A\duwudx..h,,g\h,,,wp
3 \gr als J{o\‘.u_uoxﬁ.u;,md,pwbym
bu;rahigud,U\aubuW»L}J;L.. 5 4a)!
@u&mg\f,nwbudmdpbg\u



— 287 —

(392)

4 b G ld Gl 05 g DL L) 0N e o
VB U8 ta 3l (3 Oldan e J-, ey Ul o ks 15\ >
sl 136 GUN Legl) Jita 131 55 L dage 131 & olas

lage 3late oo JON ey 501 i 31 I oo Jusiie o 13
SU U oV L ge Jsite 4 e 0450 Jamge s JI
Ll o) pea¥ ) e sty O s ) S5[ P
J»OQ; e, IO a @H laly SUN Lo ya Jaiie
o pogns lible 5 Lz o gt boles o C"}‘Jmm‘hﬂr o2

(1)7)

oo ool Ll edut bl \.:\;L.iu\ CJK b sl
el ﬁs\ﬁj\ Lyl o JU\ Oy O bt OF L Ol Js
Ca}). bsbes O e aad i las a3 Jal...)\ u)( Ol Ll
a=ls KO esldl ol edul Jaaidd u,ﬁ ol Ll 3 las u)'bj
NIHSS Lﬁ)hb»uo;ﬂ\yhﬁ—d)laﬂauhﬁjwkw
phd},,wwyu,\_,\ ,\,\,V&,w’uu(u 5sd) 3
.J;L...b\,@hﬁ,‘.\nc/gwaayb\jv»wrw»b
e PR 1 ER T R R T
N J’C"}lKL—*r'cey)LeYb\“.K Kuu)ﬁu\uﬁ
u\uca;»JﬁL;J;L.uabg\‘_;\ _..J)L...s S pogn

(H!})

qur“wr»V(JuMQ/ug’J#" Ol e

17 Junge-Thomson



— 258 —

3Py Lgn 13 LAGD o e Lo 0 65l Syl 3 um
Tangn Jamgald )Ll aipll OY demga 0 U L6 0Tt 34
it 5380l 3 Ollamegn 15 o oa L e bll e 5
2 % 1t Gl Ll QU5S Lamgn am am 40 ot o)) OV,
3»» O 3l LeasY Jsle owv;;bu@uf
boge o> & & bt il 151 ,u,f,udx»,\,y Sle Jsball
Dolen si am e OF O QU gl Y iz 1515 L2
Pag. 06 on s S a0 1) we s 5 on a5 w““‘“”»\,p[
y»\;ﬁduu bavga JI Ja.,,‘.ca,, 4‘,.5,, e s
> C"fk"\“r"c‘_“}‘ OV an b e °)‘MG3J‘“"‘;5}°"
OEta ,A\duu@.},,.\‘ u,;fuuud}u\dpb,
Jiza 51 35 Jad Unga sl Liaie 0,5 O L & ot il
Lohdl o 3 bk b ae loas i GUY by JVI Ll el
Bawge Lglas 1 isl 13V Lo 0f ™ il B o
o L G L gl Jaita 5l SV daw bl it L) o]
e o s 5 1 IR ) ST I Ll
U oy oy 615 V!

§33 gl s OF ellis 5087 el Lblel G O LSe iy
o haels s e ouzs LS G e sty A sl 15 L)
N o amls Sl sl 131 bl B8 L) gy Jeasdl )
Ol oy &) Jlall LS N e lasly as e wass Jaaidh

(401)



— 259 —
UKD Ol Ol 4 Lt 131 o bl e go 5 das gl ooyl
o & Rl BUEOETCSTAL G o Lylad) e sl LRus
Il lismg wis U3 6 o a8 s 2 Lams s S iy 3))
Gl s 0V aitl G AL ST ) ol il
oo U ellsy ST I A el ot L sl 131 Wl
SN S 2 bldt 4 o) s it R 1 oBleY Wes
LWl o 3 Al Gl e 5,88 aum st ST laidl
5[ OF 8 Lo ko G 85 cleadl) e Lol Lo)os pag 67
Lom P A e W6 1Y o) b gadl JN D 3975 4
15V M s BV ) s
Al e bt all sne O LK Le Ll Lide w35 g3
oadisl oo U ams T Ll ll L3 s sl s CSTHL )
LU M o 3 g Lol MR e 0K Wi el S
B e Bag O Ols Loy pas I bybdl gy e My
Jo UL ol SL e a2 13 S B DL S byl Ll
Jai Ol et s ol asl oz ol e i e ey il

(411)\ \/ amlis J\p sae s A As a8 a5l

\;L_JY\M.O.L,.,G»;F‘J\JL,\su@.f B s s
Lay ghis b 0K el MLAL 20s e ale Jo WF o
Ll 310 bgladl () Bdll B (gt Jampll gm Lghd ()
3 Y 2 QliSs QUl ) et £ UV pop Gl O e

17



— 260 —
Slaze Jas U OK 1) s O s Jin aia e ol pn s 7
Ll 3 g bl ge byldl ol Jaitll ol el e s
131 Ll &3U1 bylad) 3 JUH Syl 3 s el
a5 45l PA\L}JJ—\&» axls sl gl d\:; Lo ge oz W OF
L PAPE WU PSS AT SV PP S RE Y
SOl Lides das Lpblal on e W ool ol elloy il 3
B el ULt o gl o b sbes OB & Lt
Pag. 63 iy DL e 3ol DA ek ¢ ULl BLal o
Ao dly aF e dll pos Al uly il - gl Js

I s g ag g arl S
DoVl ol et 3 Sl
iy O L
Ll



NOTES ON THE TEXT.

(') There is no general title to the whole treatise. The first general
title which Worrcke gives, A ..... Jtall swdi, i8 an adapt-
ation of the title of Book 11 of the treatise. The second is the title of
Book 1 of the treatise minus the first phrase, - PR IR

WorpckE’s title to Book 1 is a combination of the first phrase of
the title of Book 1 and his own first general title to tho treatise.
The phrase, — ‘,.__..Jll ‘-_,._‘JJI alll - adopted by WOEPCKE, is
manifestly an addition erther of the Arab translator, or more probably
of the copyist.

Worrcke reads b instead of ., deceived evidently by a trick
of the copyist who, whenever three such letters as “B”, “T", “TH",
“N”, Y™, follow one-another i succession in an Arabic word, prolongs

almost mmvariably the upward stroke of the second more than usual;

as, for example, in ‘_;.Aﬁx (P-4, 1. 10); o (p. 5, 1. 4): les! (p. 12,
1L4); s (p. 32, 1 3); S (e 32, 1 6); ads (. 30, 1. 3ft.);

(P 42,1 13)5 o (p- 42, L 11); 4;:; (p. 48, last.).

Some words in the margin which I cannot decipher, may he a note
on ﬁ, which has in the M. 8. a sign over it. f > evidently means
“Exposition™ (Sec Lane’s Dictionary, 111, 969, col. 111). WOEPCKE
translates ‘‘Mention™.

%) Olaak N gl m.

*) C‘J";‘”I Je L.r-,;f, gl. m. Worrcke read U instoad of JL".
Syntactically 3t 15 in the same relation as the preceding J6. le 8
would be an accusative of respect in the same relation as &

(4) Conj. (Worrcks). kS t.

() byd gl. m.

(®) The MS. has »& by haplography for »sl after LS There is, then,

a supralmear gloss to »>l, namely, u.:il , and also a marginal gloss,
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namely, u::ii s »=!. The marginal gloss probably serves the pur-
pose of giving clearly the correct reading of the text and also the
supralinear gloss.

() Gl. m, u...;)}ol t.

(%) Lok} gl. m.

(®) The marginal gloss, which it is impossible to decipher, must be some
word meaning, Respect, Veneration, or Honour, such as g, or :;-
or 2;;‘ See J. L. HriBerc’s Euclidis Elementa, Vol. V, p. 417,

1. 19—20, where the Greek equivalent of the Arabic phrase is given.

() ped Szl & Ol gl m.

(1) oLl gl m.

(12) aho gl. supra.

(%) ._},f:ll 3. gl. m. WOEPCKE read Q,ﬁl Sgds. yy 4 is probably the
Greek 7 f)o*;). 9 )ﬂl and O _,Gl are synonyms as used here.

(1) Conj. b | adgpt. The |is more likely to be a dittograph than the »;
and gramatically the feminine is to be preferred.

(1) GL m. «le t.

(') ool all gl. supra.

('") T read W with SuTEr 1nstead of Wourcke's and the MS's jll.

(**) ¥From J;l::l y to basas is given in the margin,

(1) 3 A&l is added in the margn.

(#) shuwly is added in the margin.

() y 3T gl m.

(%*) GL. m. 3b t.

(%) L;,L.ll s m.

(*) A curious case of haplography has occurred here. In the first place
the copyist omitted the first _js4): then his eye slipped from the
first to the second & JL|; and finally in supplying the omissions in
the margin, he began with the second b ¢ 4|, neglecting the first and
also the phrase after the first hy JU. The part given in the margin
can be read with the exception of one word, of which two letters
can still be deciphered and which can be conjectured from the c¢on-

text. For, as a matter of fact, the same word occurs in another

form in the very next line («:5:.‘, [J,S]}.). 1 have, therefore,



— 263 —

reconstructed the text on this basis, enclosing, within square brackets
what is not given in the text or in the margin.

(%) Y (U'u\ll 3 Wb gl m.

(*) [p=al] 3 gl. supra.

(27) GL m. a0 Ll anlylly t.

{(?®) The MS. has ¢ guns quite distinctly, which could be taken as the
pass. partic. of the eighth stem. WorrPckE gives the commonly
used act. partic., and his emendation is probably to be accepted.

(?*) Conj. (WoEPCKE): lacking in the MS.

(*) =2\ gl. supra.

(*') Gl m. C,r’.\:" Je t.

**) s m.

() 5 Jylt m,

(*) il 3 to U..L.:") m.

(®) Conj. (WOEPCKE). hie t.

(%) );.a:._ gl. supra.

(37) Lo m.

() Conj. (WonuPCKE). Q:JI t.

(**) 4 Jshll m.

() J2» gl. supra.

(1) Conj. (WOEPCKE). 4w t.

(4?) WorrckE conjectures Ay .

() 1 m.

(%) o JA.¢| m.

(#5) Js! gl. supra.

(4%) WorprPckE read adzs.

(1) nad gl. supra.

(4%) L ? gl. supra. It reads u.s.

(#°) W m.

(%9) VA}” gl. supra.

() 4y m.

(%2) C-onj. (WOEPCKE). l:..| o t. The second | is evidently a dittograph.

(53) yudl gl. m. duall is used as & gloss to ,4dl p. 7, 1.13, note 8 (para. 6).
The two words are synonyms in paras. 11, 14, and 15; p. 11, 1. 21,
p. 12,1 1, p. 14, 1L 13, 15, p. 16, 1. 3—4.

¢ Lol gl. m.
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(%) pid Lty gl m.

(%) dwlzl rUuY\ 4 bV Jc— gl. m.
(%4 Jl‘: gl. m.

(") lg! gl. m.

(%8) deanll gl. supra.

@) DV G sy &5 Lal Y gl m

(%) 05 m.

(81) saall gl. supra.

(%2) The MS. gives r‘” with b above the line after Y.

(%) by e m.

(") GL m. K t.

(%) Conj. (WOEPCKE). lael t.

*%) Y m.

(*7) =6 is given in the margm to he inserted after LJ.

(%) Wizl gl m.

(%)l 0 Ci)l gl. m. Worrcke read 3ysie .

() Jot gl. m.

) F\.A) is added here in the margin.

(%) L..‘;.J m,

(™) &4l gl. supra.

(™) Jﬂ) m.

(™) Jaty gl m.

(%) &l gl supra.

(") 3m gl m.

(%) 4 gl. supra.

(™) ¢! Y gl m.

(%) Ly to Yy m.

(81) Worrcke read .25 . The Greek is gowev (J. L. HuiBere, Buclidis
Elementa, Vol. V, p. 485, 1. 3).

(*¥) Ja> gl. supra.

(*) s gl m.

(%) Gl m. ._,..J\ t.

(%) \ge PP uﬁ gl. m. WOEPCKE read &3,

(*%) A supralinear gloss adds o.

(%7) WOEPCKE conjectures i, reading L._a But the text is undoubtedly

(R



(%) Joaf gl m.

(%) Conj. (WOEPCKE). 4@l e t.

(%) a2yt gl. m.

(*1) L=l gl. m.

(°2) The MS. has asly at the end of the line, and «! Y| at the beginning
of the next. Obviously the first | of the second line helongs to asly.

(*%) Gl supra. Asiyi t.

(M) Slaf gl supra.

(%) ada Ja m.

(*%) The MS. has 0l caad; but the “Ya” is palpably an addition. An
asterisk appears above the word, which may serve to draw attention
1o the introduction of the “Ya’ or to indicate that the introduction
15 an error. Cf. a similar case in Part II, para. 34.

(*7) Sl Lex Lo [Lin], gl. supra.

(*) Uonj. (Wourcks) of ita t. [u_\(])L‘..n gl. supra.

**) Jll gl. m.

() =6 gl m.

(1) b bl i t; byball Jyus gl m.

(102) &> gl. m.

(193) The MS. reads, or seems to read, awg 4w Exis; but the “Fa”
may be a “*Ya’” somewhat thickly written. The marginal gloss runs:

e aia G, DOt Just Elxeda 08 in WOEPCKE. awd would seem to

he the bettor reading after Jee See Trans., ]%u‘rt 1, note 88,

(104) d;n‘ m.

(%) Cony. (WorPeks).  hi t.

(1) Lqbl gl. supra.

(107) J‘_;ﬁ“_, gl. supra.

(19%) ya@) gl .

(19%) sas[ Y] gl. supra.

(1) wai gl m.

(') WoBPrcKkE suggests .&- as a correction; but 1t is unnecessary.

(%) GL m. Wiy t.

(113) Conj. (WOEPCKE). Laasl t.

(1) ‘}:aﬁ- m.

(1) b Gl fo gl m.

(11¢6) J,.xll) gl. m.
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(1*7) Lo gl. supra.

(118) u;;_,iJi L) gl. m. See Trans., Part 1, note 108.
(*1%) Conj. (WokrckE). l.aly t.

(1%) Conj. (Worrcke). lual t.

(12 daz gl. m,

(122) ‘.Ul gl. m. See Trans., Part 1, note 113.

('23) b/jl.‘..p to =& m.

(*21) 13 m.

() t., b m.

(1%¢) WOEPCKE proposes u_ﬁ\.‘..a as a better reading. Gramatically
he is justified; but in usuage ) iis is often found in this sense.

(127) Conj. (WOEPCKE). & At t.

() After i the MS. has L‘a.:‘ o9 J-‘ll Ll 4. WOERPCKE quite cor-
rectly omitted them. See Translation and note.

(*#) Jyh)l 3 is added in the margin.

(130) CL.JL gl. m. (130by oSl t.

(131) Cl:...” gl. m.

('%%) éa..“ gl. m.

(133) Conj. (WOEPCKE). 4alwa t.

(') leguas! L,L.'L\ Jd m.

(135) [0__9:. gl. m.

(190) {guis) dahall m.

(137 e .

(138) énrnj. (WOEPCKE). ;& (5, L.

(1%°) WoEPCKE read: _alt .\)_,A,. See Trans., Part 1, note 138.

(140) 51 m.

(1) Conj. (WORPCEE). sy t.

(12) 36 gl. m.

(1) WOEPCKE suggests §Rss as a better reading. DBut it is possible
that the same phrase as in the previous clause is to be understood.

(144) ‘}(to L) m.

(45) Conj. (WoEPCKE). }H\ t. See Translation and note.

{1%) Conj. (Worrckx). ¢bid t.

(197) Slas m.

(198) d&" m.

(14%) Conj. (WorrckE). Jybll 3 Cnihis t. See Trans., Part 1, note 154.
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(%) Gl. m. s t.

(151) ¢lidy to a\:ﬂb m.

(152) JLM m.

(1%%) Conj. (WORPCKE). luw! t.

(*%*) Conj. (WOEPCKE). o gl o b

(1%) Conj. (Worrcke)., The MS. does not give t‘"" o to gdll m.

(%%) w5} gl. m.

('%7) Gl. supra. P t.

(158) G1. m. ',L- t.

(3%%) Conj. (WOEPCKE). luds! t.

(1%0) ¢l m.

(181) Conj. (WORPCKE). __,f_)‘ &t

(1%2) Sic |y t.

(%) GL m. n b t.

(1) 13| m.

(1) o= to ‘..al m.

(196) 1{)‘ m.

(197) lhuais O m.

(1%%) Conj. (WOEPCKE). P..o) t.

(169) ;}l to Ul m.

(*") Conj. (WOEPCKE). v:(le 4 t. The text of the MS. is, however,
quite intelligible as‘ it stands.

(") Gl m. Skt

(*7%) ldg m.

(17%) s gl. supra.

(*") The MS. has lg| after ﬁ It is probably an interpolation. The
Greek has nothing corresponding to it. See J. L. Hursrra, Euclidis
Elementa, Vol. V, p. 483, no. 133, 1. 11—15, esp. 1. 14.

(*™) Conj. (Worpcokr). 3§ ita t.

(7% L to of Ate m.

(1"") Conj. (Wonrcke). J,hll 3 u(,c.‘ t.

(17%) Conj. (WorrckE). JaV! t. Perhaps we should read Jag . CF -L»L_
two lines later.

(%) ks to & m.

(180) 4 m.

(*%1) Conj. (WOEPCKE). u;” t.
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(182) WoEPCKE omits this sentence. But it is presumably the Arabic
equivalent of the Greek clause: v #youew ai xara oivleoty
&royor mpbs GMAfAag, which is represented, then, in the Arabic
not only by the status constructus, but also by this sentence. See
J. L. HewBERG, Huclidis Elementa, Vol. V, p. 551, 1. 23.

(1%3) Conj. (WOEPCKE). Juailly t.

(%) Conj. (WOEPCKE). lou ga t.

(1%) Conj. (Worrcks). S A 3 ‘_m\(, t.

(186) d m. )

(**7) Conj. (WOEPCKE). ic t.

(%) @l to L,Lil m.

(1*%) Conj. (Worrckg). e t.

(1%) Conj. (Wokrckn). _ze Wl ¢.

(') & gl. supra.

('*%) Conj. (WOEPCKE). vl t.

(1%%) Conj. (WogpPckE). W t.

(1) Conj. (Worpckz). sl t.

(%) J‘Jl m. At the bottom of this page of the MS., on the left-hand
margin, is wntten: J . “It has been collated”?, 1. o., the MS.
copied with another or others.

(96) G1. supra. bzl t.  Wowurckr read s)eall in the preceding
line as 5y )-1]. See Trans., Part 11, note 2. The phrase, 4} o~
- MV e )l is manifestly an addition of the Muslim translator or
copyist.

(197) Le m.

("*%) axb t. Womrckr adopted as his reading Jab, but suggested  gaslb
in his note.

(199) Lo m.

(200) ~ gl. supra.

(201) ualy m.

(2) ufLy gl. supra. (af,47?).

(2%) WorrCKE read ass,

(™) GL m. skl 575t

(2%%) dais?. See Trans., Part 11, note 9b.
(208) C’:L' gl. supra.
(207) Sly to Lka m.



(25) o 1 m.

(209) After Jlll the MS. has Olhs, obviously an error, and probably a
partial dittograph of the following word.

(2*) Gl. m. d-,n t.

(21!) Conj. (WOEPCKE). '.U\ t.

(32) Conj. (WOBPCKE). duaiw t.

(213) gl. supra.

(*14) b to hie m.

(219) (}()nj. (WorPcKE). kbt t.

(21%) 5 m.

(317) The MS. adds O8in the margin after Ob.

(?1%) Conj. The MBS. has >l for O} and > for a from hine 2 to line 9.

Cf. line 11ff., where the MS. has :—)- and :

(*1*) Con). The MS. has agam o 2.

(22) Conj. (Woeprcke). LY t. '

(**') « conj. WorPcKE). 1t is the usual construction, but not absolutely
necessary .

(*2) 4 m. But the MS. places it after ..l

(223) WORPCKE suggests that M:B would be better. But |48 1 possible.

(2 L )L, n.

)Y gl m. cawy Y H.

(228) Conj. (WORPCKE). l;,-l:;ll t. wasy might be read as c’;,. Cf. 1 2.

(22%) Conj. (WOEPCKE). lgans t.

(32%) Conj. (Worrcks). buge 4 Ot gy lihe t.

(22) ae 4o to l.e:.,'j- m.

(230) Conj. (WOREPCKF). ‘;,,_.'\UV t. A case of haplography, the | of
ol omitted after the | of Y.

(*31) Cony. (WORPCKE). ligm a9 t.

(*32) Conj. (WOEPCKE). legw g t.

(#38) Conj. (WoEPCKE)., (pslie t.

(%) Conj. (WOEPCKE).  (pahis t.

(*%) Conj. (WOEPCKE). ot

(2%¢) Conj. (WOEPCKE). C"’ t.

(*97) Conj. (Worpckr). The MS. lacks k.

(3%8) &:,(j\.‘..o m.
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(23%) Conj. (WOEPCKE), Cinaly t.

(#9) Conj. (WOEPCKE). u"'«‘l t.

(#1) Conj. (WOEPCKE). W t.

(#2) Conj. (WoErcks). 5 t.

(#%) Conj. (WOEPCKE).  ydh t.

() Conj. (WoErckE). Olihie t.

(#5) Conj. (WorrckE). bl Wy t.

(%) Ghs to 4 m.

(#7) Gl. m. E.""':‘”i t. Buat an “Alif”’ has been written over the “Ya'’ of
gy i the MS.

(*#) Conj. Ah t. WorpckE adopted wizSls. The copyist probably
wrote Jl:h in error for J&B, itself an error for ua.C.b

(*9) Conj. &usl .

(#9) Conj. (WOEPCKE). sa does not occur in the MS.

(*') Conj. (WOBPCKE).  juails t.

(#2) Conj. (Worrckr). S Al t.

(#3%) Read QLaie? See Trans., Part 11, note 9b.

(#%) Conj. (Worrcke). ¢l t.

(#8) Conj. (WOEPCKE). oy t. (265 Cnlilota t.

(¥¢) Conj. (WOEPCKE). (& is lacking in the MS.

(7) Conj. (WOEPCKE), .J':;l t.

(#8) WorPCKE suggests that the phrase, la.ye 4 Olg ..y, should
he added here to the text. Although not strictly necessary, the
phrase completes the argument.

(#°) WOEPCKE insorts here; FRUP R .j\}a.:‘“ s ,L...,-: : S
The insertion is not necessary. The sense is quite clear without
1t, although the clarity of the argument is aided by it. See Trans.,
Part 11, note 82.

(290) Conj. (WOEPCEE).  phs t.

(#%1) Conj. (WOEPCKE). —:\ t.

(202) Conj. (WOEPCKE). louwge t.

(26%) Conj. (WOEPCKE). -:\ t.

(2%) Conj. (WOEPCKE).  |eaii u‘:J t. The text of the MS. is possible.

() Gl m. Ghidl e Juab t. Ghi ... el Jas gl

(2¢) WOEPCKE rejects &,:» and suggests &J:a: .
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(267) Conj. (WOEPCKE). a:h:él t.

(2%8) Conj. (WOEPCKE). Al gs t.

(#9) Oonj. (WOEPCKE). opdlll k) t.

(2%) Conj. (WOEPCKE). ahu ! t.

(271) Conj. (WORPCKE). ahw gl t.

(?7?) and (?"®) Conj. (Worrcke). Not in the MS. The scribe’s eye wan-
dered probably from the first ¢l before 35 (272) to the second
before  jag .

(**) GL. m. Lal ¢.

(2%) Conj. Jks! not in the MS.

(27¢) So given in the MS; for L...,Il Jwaia; ef. the following text.

(277) Conj. (WOEPCKE). M Rt

(278) Jﬂ\ m.

(2%%) Conj. (WOEPCKE). 34l t.

(80) Conj. (WorPCKE). lowye t.

(281) Conj. (WOEPCKE). law g t.

(2%2) Conj. (Worrckr). LelaVl ¢ Lt t.

(%8%) Con). (WOREPCKE). (54id t.

(2#) Gl. supra. M)L t.

(2%) Conj. (Worrcks). las t.

(3%) The MS. has Y simply without the _;. WoOEPCKE conjectured )6 y-

(#87) Conj. (Worrckr). lds t., which is possible.

(%#%) Conj. U,Yl Ll t. Cf. p. 48, last line, whero context and construction
are similar.

(%%) Conj. (WORPCKE).  _3hia t.

(200) Conj. (WOEPCKE). GU\, t.

(21) Conj. (WOEPCKE). leo! t.

(22) Conj. &lw t. See Trans., Part 11, note 114.

(293) Conj. (WOEPCKE). ‘)i:ll‘.'ll 1.

() Conj. (WOEPCKE). cpasilusn i t.

(%) Conj. (WOEPCKE). Asly t.

(2°¢) Conj. (WOEPCKE). &ll’:ﬂ t.

(297) Conj. U,ﬁ:.:., Sgdl 3 e : :T hs Ob t. Woxrckr suggestes: —
R " sl 3 ._)\S.L.A:;-:l g"L;. ab.  Cf. p. 48, 1. 6, where the
next case is stated.

(**8) Conj. (WOEPCKE). CJ.U t.



(2%) Conj. (WOEPCKE). lawga t.

(300) (""“ to L)Lii m.

(391) WoErckE read ..

(") WorrcKE suggests b. Better perhaps to read simply «!. Observe
that the correlative of Ll is the _j before o

(393) Conj. (WOEPCKE). Jaiy t.

(*) WoEPCKE omits the y, considering it an error.

(3%) Con). (WOEPCKE). j t.

(%) Conj. (WOEPCKE). At

(37) Conj. (WOEPCKE). ::) t.

(398) Conj. (WOEPCKE). :: t.

(3*) Conj. (WOEPCKE). I—_; t.

(#19) Conj. (WOEPCKE). E t.

(31t) Conj. (Wowpckn). &G.J t.

(*12) Conj. (Worrcke). lod St

(3'3) Conj. (WOEPCKE). )—‘ i.

(*1) Conj. (Worrckr). lha t.

(#15) Conj. Not in the MS. See Trans., Part 11, note 126.

(318) So given here and subsequently for J.AA-U

(#17) As Worrpckr says, we should here read, < oy since as the
text stands, -y here fulfills two functions: (1) As part of the name,
S o g4 o, (2) As indicating, “The square upon’.

(%18) Conj. (WorPCKE). Jc 1.

(19) Conj. (WOEPCKE). pmediies -phi t.

(*%) oo m.

(”3’)aﬂ, to J:,a.‘JL m.

(®*%) Cony. (WORPCKE). u._r,:.:, t.

(*) The figure is not given in the MS.

(323) The clause heginning o )ll QK, 11. 22—23, may be a circumstant-
ial clause. It might be better to suppose, however, that an 3| or
even & 3| had been omitted before db/.

(33) Olbs m.

(3%) 4a9 m. It is possible that sy should be placed before _,;Y\.

(326) \..aJ\ m. _

(**7) Cony. (WOEPCKE). z t.
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(328) Conj. ) t. WOEPCKE accepted the text of the MS. here.

(32°) WOEPCKE suggests J..

(330) Conj. (WOEPCKE). u_r;.:.. t.

@ g to byhll m.

(%) WoEPCKE read .£.

(33) Conj. d Jlall fuaiclly t. Possibly we should read: Cpewl oo o0l kel
J il Juaiclly.

(*) 34 m.

(3%5) Conj. (Worrcke). 2l t.

(3%8) Conj. (Woerckr). J,l2a t.

(") Conj. (WOEPCKE). L;:!(t. Cf. p. 56, 1. 1.

(338) Conj. (Worrckr). H)lia t.

(399) e ML

(3%) Conj. (WoErrcke). Ol is lacking i the MS.

(31) Conj. (WOEPCKE). il t.

(32) Conj. (WOEPCKE). oy t.

(34) Oonj. (WOEPCKE). sl t.

(34) Conj. (Worrckr), The MS. does not give liha.

(35) Conj. (Worrckr). ki t.

(#®) Conj. (WorpckE). gl ,_'),(_ not given in the MY,

(%7) Conj. (WoEPCKE). 4 not given in the MS.

(3%) Conj. (WorpPcKR). L t.

(M°) Conj. (WOPECKE). _:A t.

(%9) Conj. (WOEPCKE). ; t.

(%1) Gl1. m. ) t.

(*2) Conj. (WOEPCKE).

- =

(%3) Conj. (WOEPCKE).
(34) Conj. (WOEPCKE).
(%) Conj. (WOEPCKE).

(38) Conj. (WOEPCKE). ) J_: Q,f»r,..)l\ t. :}:._;,(_ is probably a
supralinear gloss which has crept into the text, Ja (i. e. DC) being

A supralinear glosgs gives 5> ? for 3.

A supralinear gloss gives 5 for ;.

LAY

the line upon which the square is described.
(%7) Conj. (WOEPCKE). : ? t.
(%8) Conj. (WOEPCKE). lauys t.
(%9) Conj. (WOEPCKE). _shw t.

18 Junge-Thomson.
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(3%) Conj. (WOEPCKE). lewga t.
(261) Conj. (WOEPCKE). aady t.
(362) Conj. (WoxrrcEs). C"’l t.
(%63) Conj. (WOEPCKE). o

-t

-

(3%) Clonj. (WOEPCKE).

-

(%) Conj. (WOEPCKE).

(%86) Conj. (WOEPCKE).

-

(37) Conj. (WOEPCKE).

Pl v I

(*#) Con). (WORPCKE). ot ot ‘5,‘\3&. t.
(3%9) Conj. (WOEPCKT). ; t.

(370) Conj. ;s Liy t. WompcRE suggests e rending the preceding line

-

(3™) Conj. (WOEPCKE). _; t.

(*™) sl (4aly?) should be added here, suys WoRPCKE.

(37%) Conj. (WOBPCKE), ; t.

(3") The MS gives K 3. WOEPCKE suggests Y. The context demands
some such word as “When”", or “As soon as” (IJ), The Greek text
had evidently some such phrase as émeldf) de or é1e d¢, which
the Arab translator took in its causal instead of in 1ts tomporal sense.

(%) Conj. (WOEPCKE). ;t ) )

(#%) Conj. (WOEPCKE). Cplaw ga oy 1) RYpAt Lo o 131 ; Li t.  Clearly
a case of haplography.

(#17) Cony. (Worrckr). 54l 3 3,lea t.

(%) Conj. (WOEPCKE). 35 e Liyt.

(57%) Better perhaps lgw gdlly. Cf. p. 46, 1. 4 & 22.

(380) Wogrcke suggests that the words, J.wi;ll -:\ Ls oK 0! be added
at this point.

(381) In this part of the MS. the letters designating tho hines of the figure
have been rather carelessly written, hut there are no real errors as
WOEPCKE seems to claim.

(*82) Conj. (Worpcke). s t.

(?%%) Conj. (WorpckE). s t.

(%) Conj. (Wourckr). JWl t.

(38) Conj. Jldey t.



(%) Conj. (WoEPCKE). Lt t.

(87) Conj. (WorrckE). Olbwys not given in the MS.

(#5%) Lo yll m.

(38) Conj. (WOELCKE). Jwaidl t.

(*%) Conj. (WOEPCKE). Caslie o Of Ate t.

(391) Conj. gl t.

(®92) Conj. Jlday t.

(39%) Worpck: suggests {ihte. But o with the genitive is also correct.
() Conj. (WOEPCKR). ki t.

(3%5) Conj. (WorpPckE). Jsly t.

(39%) Conj. (WOEPCKE). Jzm go 1.

(#97) Conj. (Worrcke). sl t.

(*98) 8,Le m.

(%) Womrckn remarks: — Thus the text, better ca L:p

(19%) Clony. (WORPCKE). 4 not given m the MS. It is not necessary.

(1) Conj. (WORPCKE).  j.aile Ja...yo 151 t.

(#0%) Comj. axlyl t.

(%) Conj. (Worrcke). \gle o o O 1.

1) ol to ,_,:( Al (3 lines luter) m. The phrase within scuare brackets
an emendation suggested by SUTER.

(4%) WorpPCKE remarks: --- Thus the text, better Ol .

(19%) WOKPCKE road Sas ge.

(*7) GL m. gy t.

(49%) Conj. (Worrcke). hidl t.

(29%) Cony. (WOEPCKE). L)Ia.il t.

(*19) Conj. Nee Trans., Part 11, note 173.

(#11) Conj. See Trans.,, Part 11, note 174.

(#12) Conj. (Worrcke). Lg! t.

(11%) Worrcke read lsl in both cases.

18*



GLOSSARY
OF TECHNICAL TERMS.

In the following glossary W. indicates WoEPCKE’s text of the
Treatise of Pappus, printed in Paris by the firm Didot*: BH.
indicates Codex Leidensis 399, 1, Euclidis Elementa ex inter-
pretatione Al-Hadschdschadschii cum commentariis Al-Narizii,
BestHorRN and H=rIBeERrRG, Part 1, Fascicule 1; H. indicates
Euclidis Elementa, J. L. HeiBera, Leipzig, 1888, vol. V; Spr.
indicates A Dictionary of the Technical Terms etc., A. SPRENGER,
Calcutta, 1862; 7. indicates Euclid’s Elements, translated from
the Greek by Nasir ad-din at-Tiisi, Rome 1594 ; “Heath’’ indicates
The Thirteen Books of Euclid’s Elements, T. L. HEaTH, 1908.

\ 43l To take for granted, to assume (W., p. 47, 1. 20).
Cf. 23,5.\.“, “Adsumptum” (Lemma) (BH., I, pp.
38-—-39).
Sgale Given (W., p. 49, 1. 1; “The given line”).
CJ:“‘N‘ The two terms of a binomial (or major etc.) (W., p. 58,
1. 16).
w.-\f|~33 The Binomial (W.,p. 2, 1. 3; p. 20, 1. 20; p.21, 1.6, etc.)
el o sl Lll The Binomial (W., p. 25, 1. 15; cf. W., p. 21, 1l. 8—9;
p- 22, 1. 4; p. 25, 1. 21).
m....l ot A Binomial (W., p. 25,11 11, 12; p. 33, L. 13; p. 43,
L 10).
! oo i A Binomial (W., p. 21, L 18).
o J“Jl L,Li\ The Binomials (W., p. 55, 1. 3; cf. (W., p.26, L 2).
|

(% o
e oo b ghs Binomials (W., p. 55, 1. 15).

&:...\Oa‘_g.illli| The First Binomial (W., p. 25, 1. 22).
I

* WOEBCKE’'S pagination has been indicated in this edition of the
Arabic text in the margin.
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The Second Binomial (W., p. 25, 1. 23).

The Trinomial (W., p. 21, 1l. 10, 19).
Trinomial (W., p. 22, 1. 5).

The Quadrinomial (W., p. 21, L. 11).
The Elements (i. e., of Euclid).
Gloss, Sl NI (W, p. 1, 1 1).
Harmony (e. g., Theaetetus assigned the apotome to
harmony) (W., p. 2, 1. 3).

Greek, grolyeiu.

Beginning or Principle of a thing (As *‘One" of the
numbers) (W., p. 4, 1. 5).

The Difference between or the Variance from one-
(W., p. 56, 1. 6).

Distance or extension

another. A synonym of ksl
Extension (W., p. 14, 1. 2).
hetween things; shortest distance between things (Spr.,
Vol. 1, p. 115). Greek, Sikomyue.

Radius (BH., I, p. 20, L. 11).

The Remainder after subtraction (T., Book X, p. 226).
Greek, 10 xatohetduevay.

The rectangle contained by the two of them (i. e., the
two lines, A and B) (W., p. 46, 1. 4; cf. p. 46, 1. 22).
Synonymous with — 4 J\L:f_ YN
Incommensurability (W., p. 4,1 17). Tt is the opposite
of J R4l q. v.

p. 31, 1. 3, 20).
aobppetpoc. It is the opposite of JR2a. q. v,

Incommensurable (W., CGreek,
Prime (of numbers to one-another) (T., Book VIII,
p. 169). Greek, wpéiTol pde AAATAOLG.

A Progression (and Retrogression) of Multitude (W.,

p. 8, .17, n.5). Greek, mpomodiopde (avamodiopée).

The Triad (W., p. 9, 1. 6; cf. Translation, Part I, note 52)
The Greek is given, H., Vol. V, p. 484, 1.23, % tplac.
Triangle (W., p. 50, 1. 20).

The Part (of a line or a magnitude) (W., p. 4, 1. 7;
p. 39, 1. 11). Tt is the opposite of dzr. (. v.
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Part (i. e., in the restricted sense of a submultiple
or an aliquot part (T., Book V, p. 108). Greek, pépoc.
(With Acc. and J“)' To multiply (e. g., length by
breadth) (W., p. 16, 1. 21—22).

The Sum (of lines or magnitudes) (W., p. 34, L. 5;
p- 40, 1. 20). Greek, 10 &rov.

The Sum (of squares upon two limes) (W., p. 32, 1. 19).
Union or Combination (W., p. 13, 1. 9). Groek,
f oOyxpiorg?

The “Whole™ (of a magnitude) (W., p.3,1. 8; p. 4,1 7).
It is the opposite of . > (Part). . v.

The Sum (of two lines; 1. e., the whole lino composed
of the two lmes (W, p. 32, 1. 14). Cf. the phrase,
Ly dx (The whole line), 1. 12 of the same page.
Chapter or Part of a Book (W., p. 23,1 10; p. 26, 1. 7).
The Greek is given, H., Vol. V., p. 485, 1. 11; p. 548,
1. 25, %e@aratoy.

Homogeneity (W., p. 23, 1. 19) The Greek 1s given,
H., Vol. V, p. 484, |. 14, suyyévera.

Homogenecous (W., p. 7, 1. 2). The Greek 1s given, H.,
Vol. V, p. 418, 1. 16, Opovyevédy.

Bulk or Magnitude (W., p. 14, 11. 2, 5). Creock, &yxoc.
To Define (W, p. 11, 11. 14, 15).

The Limit or Bound (W., p. 9, 1. 8; p. 13, 1. 13ff.;
p. 14, 1L 3, 8). It is the Platonic wépog of the Twmacus
and Parmenides.

Standard (i. ¢., a unit of measuroment accopted for
practical purposes) (W, p. 6, 1. 21: p. 7, L. 17).

The point of bisection m a line, the line of bisection 1n
a plane, the plane of bisection in a body (Spr. Vol. 1,
p. 285).

Definition (W., p. 10, 1. 6).

Defimite or Determinate (W., p. 4, 1. 1). The Greek
is given, H., Vol. V, p. 426, 1. 6, Gpropévos.
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To arise or be produced (W., p. 39, 1. 15, 16, 17;
p. 40, L. 8; of. p. 34, 1L 10 & 11).

To produce (W., p. 39, 1l. 13, 14, 15).

Movement (W., p.3, 1.19). It is the opposite of _j 43y,
Rest. ¢. v.

To be comprised or comprehended in (of a thing in its
genus) (W., p. 3, 1. 4).

To determine (a thing), i. e., make known its form or
(W, p. 10, 1L, 17 & 215 p. 11, 1. 4).
Determinate or Distinet (W., p. 4, 1. 1).

To contain (as the sides of a square the square) (W.,
p. 10, 1. 13).

charactor.

Greck, Med., Teptéyw.

To draw (a lime) (W., p. 50, 1. 3) (Cf. BH. I, p. 16).
To produce (3. e., extend a line) (W., p.50, 1. 8) (f.
BH. I, p. 10).

The findmg or discovery of (W., p. 23, 1. 19). The
Groek is give H., Vol. V, p. 485, 1. 15, aﬁpEGLg.

The Greek
is givon, IL., V, p. 551, 1. 23, gmdetnvdov.

To prove or demonstrate (W., p. 26, 1. 8).

Boeyond (i. e., of a line meeting anothor, AB, for example,
heyond the point B, i. e., not within AB, which is Ja15)
(W., p. 50, 1. 10).

line.

Dstinetion or Difference (W., p. 20, 1. 12). The Greek
1 given, H., Vol. V, 486, 1. 4, Suxpopd.

To be the contrary of (i. e., of two homogeneous things
to one-another (W., p. 40, 1. 19; p. 44, 11. 13, 20, 21).
Difference (W., p. 26, 1. 8).
Vol. V, p. 551, 1. 26, Suxpopg.

The Groeek 15 given, H.,

To take the place of one-another (i. e., of areas; e. g.,
m the forming of the irrational lines sometimes a
rational area is subtracted from a medial and sometimes
a modial from a rational. Cf. Translation, Part II,
para. 16 (W., p. 44, 1. 17).

Caso (Casus, Ttwolg) (BH., 1, p. 40, 1. 8; sec Heath,

Vol. 1, Introd., p. 134).
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Unequal (of magnitudes) (W., p. 33, 1. 15). Greek,

&viooc.

Cubit (as an unit of measurement) (W., p. 6, 1. 14).
The Greek is given, H., Vol. V, p. 418, 1. 13, m¥yvc.
To discuss (teach, explain, show by argument) (W.,
p. 23, 1. 17, 18; p. 26, 1. 3). The Greek is given,
H., Vol. V, p. 484, 1. 13, and p. 547, 1. 24, diddoxet,
SraréyeTar Setuviwy.

Definition (or Thesis) (W., p. 11, 1. 5).

Bonds (W.,p. 9, 1. 14). Greek, 6 3éopog of Timacus,
3le.

To ‘‘square’” a number, i. e., form it into a square
figure. Cf. Appendix A. (W., p. 10, 11. 14, 15; p. 11,
1. 5, 7, 14, 15). The Greek is the tetpuywvilw
of Theaetetus 148a.

Square (of a number) (W., p. 11, 11, 1, 3, 4).

Square (of a figure) (W., p. 10, 1. 13; p. 11, 1L 1).

The sum of the squares upon (W., p. 24, 1. 11). But

this meaning is derived from the context. Cf. f_,n
The square upon HZ. (W.,p. 33,1. 1; ¢f. W., p. 34,1. 3).

The square upon HZ. (W., p. 33, 1. 8; cf. p. 24,11 9,
10; p. 25, 1. 5, 6).
The square upon AJ. (W., p. 40, 1. 21; cf. W., p. 57,

1. 14ff.; NB. 1. 18 the phrase (le&l ol l1).

The sgquare upon a line commensurable (incommens-
urable) with it (W., p. 55, 11. 7—8 etc.; cf. p. 61, 1. 16;
p. 52, 1. 3).

To describe (a square upon a line) (W., p. 58, L
cf. BH., 1, p. 24, 1. 18).

Line (W., p. 14, 1. 5). Greek, ypapui).

Height (of a rectangle) (W., p. 59, 1. 5).

3;

To apply (an angle to an angle, a triangle to a triangle etc.
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Addition (Of magnitudes to one-another) (W., p. 5,
L2;p.915;p. 20,1 18; p. 35, 1l. 16, 17).

The six irrationals formed by addition (W., p. 26,
1. 8; p. 40, 1. 6). The Greek is given, H., V. p. 551,
1. 28, of xartx obvbeow. Cf. W., p. 89, 1. 9.

The irrationals formed by addition (W., p. 24, 1. 15;
p. 35, 1. 16).

Compound Lines (i. e., lines formed by addition)
(W, p. 20, 1. 20; p. 22, 1. 12; ¢f. p. 80, 1. 15).
Compound Lines (W., p. 23, 1. 8).

The two [incommonsm'able] lines which have been
added together [to from a binomial] (W., p. 25, 1. 7;
cf. p. 48, 1. 21).

The sum (of two lines, of the extremes) (W., p. 45, 11
21, 22).

The sum of the squares upon them (W., p. 25, 11. 3—4),
(Cf. W, p. 24, 1. 9—10; p. 25, 1. 5,6; p. 46, 1l. 3—4;
p- 41, 1. 20; p. 33, 11 8, 16; p. 36, L. 11).

The sum of the squares upon HJ., JZ (W, p. 33, 11. 10,
11, 18, 21; p. 34, 1. 2—-3, 8—9, 12, 15, 18; p. 41,
1. 19) (Ct. W, p. 33, 1. 12).

The sum of the squares upon them (W., p. 37, 1. 10).

The sense is evident, however, from the context.

Anglo.

At right angles (W., p. 50, 1. 4).
Rectangle (W., p. 21, 1. 22; p. 31, 1. 8 etc.).
Addition (of lines) (W., p. 23, 1. 5).

Area, Plane (W., p. 17, 1. 17). Here 1t renders the
gminedoc of Theaetetus 148h. On page 30, 1. 19, it
oceurs as & glogs for abg. In T., Book X, p. 268, it
gives the Greek, ywplov). It is used throughout for
“Rectangle” (Cf. W., p. 25, 11. 4, 5, 6).

The Equal (as an abstract idea contrasted with the
Greater and the Less, a reference to Plato’s Parmenides
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140b. e. d.) (W, p. 18, 1. 6; cf. p. 3, 1l. 17, 18, where
it 15 contrasted with the Unequal). Greek, td locov.
The Unequal (W., p. 3, pp. 18, 19; sec Equal).
Numbers such as are the product of equal sides (i. e.,
factors (W., p. 10, L. 12). The Greek is {cov lodxtc,
Theuctetus 147e.

Span (W., p. 6,1. 14). The Greek is given, H., Vol. V,
p. 418, L. 13, % ombopy.

(With o & Ace.) To compare one thing to another, i. e.,
to liken or represent them as similar (W,, p. 19, 1. 16).
The Cireck 1s given, H., Vol. V, p. 4835, 1.17, £Eopotbo.
1t scoms that (W., p. 9,1 11; p. 20, 1. 5). The Greek
is given, H., Vol. V, p. 485, 11. 3, 23. Zouxev.

And such bke (W., p. 23, 1. 19). The Groeek is given,
H., Vol. V, p. 484, 1. 15. oo ToLRDTO.

Like (W., p. 3, 1. 17) Sce gslll.

Unlike (W., p. 3, 1. 18). See gyl

Tdentity of quality or accident (W, p. 2, 1. 15; see
Spr. Vol. 1, p. 792). The Groek, opotdtrg probably.
Sunilar (of triangles with smnilar angles) (W., p. 50,
1. 21).

Commensurabihity (W., p. 2, L. 5). 1t is the opposito
of O._L‘.:H

Commensurable (with something or other) (W., p. 18,
1.7, 8, 9, 10, 11; see especially 1. 19). Greek, obu-
RETEOC.

Commensurable (with one-anothor) (T., Book X,
prop. 6, p. 230).

Commensurable (with one-another) (W., p. 18,1. 16, 19).
Common, ¢. g., there is no quantity which 1s common
to all quantities (W., p. 3, 1. 10); of a characteristic
common to several things (W., p. 5, 1. 3, N. 3); of an
angle made so that it is adjacent to two others and
forms with each a larger angle (BH., 1, p. 24, 1. 3).
Incommensurable (with one-another). Cf. the use of
érowwvytoc H., Vol. V, p. 414, 1. 10. Is this the
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explanation of the use of the root, 4 &, to express
this idea ?

jeometrical figure (W., p. 14, 1. 5). Proposition
(W, p. 50, 1. 1).

Of various sorts (W., p. 25, 1. 16). The Groek is given,
H., Vol. V, p. 534, no. 290, Suemouudhopévoc.

The lLess (as an abstract idea contrasted with the
Greater and the Equal, areference to Plato’s Parmenides
140b. ¢. d.) (W., p. 13, 1. 6). Grook, 70 ENaTTOv.
The minor (the irrational line) (W., p. 22, 1. 16;
p. 26, 1. 17).

Irrational (of hnes or magmitudes), surd (W., p. 1,
L 2:p. 2, 1.2, and 1. 3). Cf. JL.;

Form (Idea), as opposed to Matter (W., p. 13, 1. 18;
p. 14, 11 3, 4). Creek, loc.

Geometrical figuros (W., p. 14, 1. 2).

To form, produce (e. g., the first bimedinl by the addition

ob two given areas) (W., p. 41, 1. 2).

Side (of a triangle ote.). Greek, % nleupo’t.

Breadth (ot a ratwonal area (Cf. 'I.; Book X, p. 239,
prop. 16 = prop. 20 of our Euelid). Gireek, 16 TAkToC,
Side, i, e., Factor of a number (W., p. 10, L. 14; p. 11
1. 5). Tho Greek is tho # mhsupd of Theactetus
147d.—148D.

To apply (squarves ete. to lines) (W., p. 26, 1. 5; p. 30,
1. 10; p. 38, 1. 6). The Greek s given, H., Vol. V,
p. 548, 1. 2--3, mapaPfarhe.

Relation (of uantities to one-another) (W., p. 7, L 5).
The Greek is given, H., Vol. V, p. 418, 1. 18, ’;) oxémg‘

The Extremes (i. e., of a series of numbers in continued
proportion) (W., p. 20, L 13). Cf. lwy. Creek,
ol &xpoL — (See H., Vol. V, p. 486, L. 5).
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Doubt, Suspicion (in the phrase, — U‘L il Y L’:J\ s
meaning, ‘“Irrefutable”, W., p. 1,1. 8; p. 2,1. 4). The
phrase probably renders the Greek word, &véheyxrtov.
Cf. G. FriepLeIN, Procli Diadochi in Primum Euclidis
Elementorum Librum Commentarii, p. 44, 1. 14,
Simply, Without Qualification (W., p. 24, 1. 19;
p. 38, 1. 22).

A “‘whole” [continuous quantity], i. e., a finite and
homogeneous one (W., p.7,1. 1, N. 2). Cf. Translation,
Part I, note 36.

Oblong (the figure) (W., p. 10, 1. 14).

Oblong (of number, i. e., an oblong number) (W., p. 10,
1. 15; p. 11, 1L 4
Theaetetus 148a. mpounxec. Cf. sae.

5). The reference is to Plato’s

Unit of measurement, measure (W., p. 6, 1. 14, N. 9;
p.- 11, 1. 21; p. 14, 1. 15; p. 15, 1. 2; p. 16, 1. 3). See
Translation. Part 1, note 34.

A square number (W., p. 11, 1. 4; ef. p. 10, 11. 12—14
for its defimtion, ““A number which is the product of
equal factors”. The reference is to Plato’s Theaetetus
147 0.—-1484a.)

An oblong number (W., p. 11, 1. 4—5; cf. p. 10,
1. 12—14, for its definition, ‘A number which is the
product of a greater and a less factor’”., See Plato’s
Theaetetus (147 0.—148a.).

Cf. hil, Alg, b,

Breadth (W., p. 26, L. 6). Greck, t& wAatég (H., Vol. V,
p.- 548, 1. 3).

Corporeal Accidents (W., p. 14, 1. 10).

A Continuous Quantity (W., p. 1, 1. 2). At-Tasi says
(T., Book X, p. 225, 1. 1ff.): - , “The continuous
quantities are five, the line, the plane, the solid, Space,
and Time”. eVl (W., p. 7, 1. 2) = 1& peyély of H.,
Vol. V, p. 418, 1. 7. Cf. the phrase, al.azll Zz.ﬂl of W,
p. 3, 1. 14.
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The major (the irrational line) (W., p. 21, L. 22; p. 26,
1. 17 etc.).

The Greater (as an abstract idea contrasted with the
Equal and the Less, a reference to Plato’s Parmenides
140b.c.d.) (W., p. 13, 1. 6). Greek, 10 pcilov.

To convert (the two terms of a proposition) (W., p. 15,
1. 6),

The converse (of a proposition) (W., p. 25,1. 8 and 1. 14).
Cf. H., Vol. V, p. 548, 1. 3 with W, p. 26, 1. 6. Greek,
AVTLaTEOPOG.

Conversely (W., p. 24, 1. 10; p. 25, 1l. 4—35).
Mathematics (W., p. 1, 1l. 4 &9).

Assigned, Given (of a line) (W., p. 24, 1. 1). Greek,
mwpotebelon.

A perpendicular (line) (W., p. 50, 1. 16).

Definition (W., p. 6, 1. 7; p. 56, 1. 7). Cf. BH. 1,

p. 40, 1. 9.
Destitute of quality (W., p. 29, 1. 3). See Translation,
Part 11, note 2.

To cut off (arectangle from a rectangle) (W., p. 33,1 1).
Assigned, Given. OGreek, wpoteleica (W, p. 8, 1. 4).

To subtract (one magnitude from another) W., p. 22,
1. 15, 18) Greek, apatpéw.

Subtraction (W., p. 22, 1. 18). “Distinctio” (BH.,
p- 8, 1. 5) — distinguit inter enuntiationem ejus, quod
fieri potest, et ejus, quod fieri non potest.
Subtraction (Division) (W., p. 26, 1. 15).
Vol. V, p. 553, 1. 14, doaipeote.
Definition or Specification (Greek, Swopiapéc) (BH. I,
p- 36,1. 5). 1t states separately and makes clear what

Greek, H.,

the particular thing is which is sought in a proposition
(Cf. Heath, Vol. I, Introd., p. 129).

The irrational lines formed by subtraction (W., p. 22,
1. 14, 20; p. 26, 0. 12—13; p. 39, 1. 9; p. 40, 1. 4.
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The Greek to p. 26, 1. 12—13 is given, H., Vol. V,
p. 553, 1. 11, 14; of 8¢ datpéoews al xat’ apaipeoty.
The irrational lines formed by subtraction (W., p. 20,
1. 20).

The irrational formod by subtraction? (W., p. 40,
1. 16).

Subtraction (W., p. 22, 1. 15: p. 42, 1. 15).
Subtracted (e. g., the rational and subtracted area;
W., p. 42, 1. 21).

Subtracted from (e. g., the area that is subtracted from a
rational area; W., p. 42, 1. 16).

Discrete (of quantity) W., p. 3,1. 13). It isthe opposite
of J..;:p (continuous).

The apotome (The irrational line) (W, p. 2, 1. 3; p. 22,
1. 21; p. 26, 1. 13). Ureck, 7 &mwotowy.

The first, second, third apotomes etc. (W., p. 51,
0. 12 14; cf. p. 51, 1. 19).

The first (second) apotome of a medial (W, p. 22,1. 16;
p. 26,1 15—16;p. 39, 1. 14— 15; p. 43,11 13, 16).
Greek, péonc &moTopy TpdTy (dzdtepa).

First and second apotomes of a medial (W., p. 57,1. 20).

The Remaimnder (after the subtraction of one line from
another (W., p. 39, L. 11).

Opposite, contrary (i. e., of two things within the same
genus, o. g., the binomial and the apotome) (W., p. 47,
1. 14; p. 48, 1. 23; p. 53, 1. 11, 13) (Cf. Spr. Vol. IT,
p. 1205).

Opposite (of the sides of a parallelogram) (W., p. 50,
1. 12).

Measure or Magnitude (W., p. 3,1. 10; p. 6 (throughout);
p. 14, 11. 13, 18). See Translation, Part I, note 28.
Measure or Magnitude (W., p. 14, 1. 13, 17; p. 6,
L. 2ff.). P. 13,1 7 it gives the 10 pétpov of Plato’s
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Parmenides 140D, ¢. d. At-Thsi defines it as the relation
or proportion of one homogeneous quantity to another,
or the measure of one to the other. Greek, 10 puéyefoc.
The ratio of 1 to 2, I to 3 (W, p. 7, 1. 15).

Enunciation (of a proposition) (W., p. 46, 1. 14).

To divide (a hno). Greek, Statpée.

Division, Subtraction (W., p. 3, 1. 8; p. 9,1 5; p. 20,
1. 18; p. 25, 1. 9). Greek, duxipeatc.

Term (i. e., one of the two terms of a hinomial etc.)
(W., p. 55, L. 6).

The greater and less terms (W., p.

Greek, 0 Svopa.

55,

1, 6).
Division (into parts) (W., p. 3, 1. 8; p. 4, 1. 3).
Diameter or diagonal (W., p. 21, 1. 5) (Cf. BH. 1,
p. 20, 1. 6).

Base (of a rectangle or square) (W., p. 59, 1. 15).

The (A) Minimum (W., p. 3, 1. 7, 9). Greek, &Ao-
yioTov pétpov (See H., Vol. V, p. 429, 1. 27).

To enunciate, or to say or state in the enuneiation, or
to give the enunciation (W., p. 36, 1. 1, 3, 6).
The enunciation (of a proposition (W., p. 35, 1. 15).
Proposition or theorem (W., p. 3, L. 1; p. 5, L. 3; p. 10,
1. 20; p. 11, 1. 19) (Cf. BH. I, p. 36 1. 16).

Theorem ? (W., p. 10, 1. 17).

Part or section (of a book) (W., p. 35, 1. 18).

Right (of an angle) (W., p. 50, L. 7). Seo & 3l5.
Istablished, known, proved, bolonging as a property or
quality to (W.,p. 3, 1.3;p. 4, 1. 14). See Translation,
Part 1, note 12.

Straight (of a line) (W., p. 31, 1. 17).

In a straight hne (i. e., of the production of a line)
(BH., T, p. 18, 1. 8) (of the placing of two lines, W.,
p. 59, 1. 9).

To have the power to form such and such a square,
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i. e., the square upon which is equal to such and such
an area etc. (W., p. 11, 1. 17; p. 12,1. 1; p. 19, 1. 6,

21,22; p. 25, 1. 21). The phrase, — Jal| -0 (g ol ok
Ca,.U sbes Ll ete. —. p. 19, . 6—7, reproduces

and means the same as the phrase, C' Sl Ja Sav o le,

before it in 1. 6. Greek, 30Ovap.at.

The (A) side of a square equal to a rational plus a medial
area (W., p. 22, 1. 1; p. 26, 1. 18; p. 35, L. 11; p. 44,
L 1). Greek, gntov ol péoov Suvapévy.

The (A) side of a square equal to two medial areas
(W.,p.22, L. 2; p. 26,1. 18; p. 35,1. 14; p. 44, 1. 4).
Greek, 7 800 péoa Suvopévy.

Square (W., p. 10, 1. 7, 8, 10, 14, 15, 18; p. 11, 11. 2,
9, 11, 12, ete.; p. 12, L 1).
ddvarte.

Square root, surd (W., p. 11, 1. 15).

See Appendix A. Greek,

See Appendix
A. Here 54 renders the SUvatc of Theaetetus 148b.
Potentiality or power (W., p. 13, 1. 13). Greek,
Sdvapetc.

The representative or imaginative power, the psycholo-
gical faculty (W., p. 14, L. 5). Greek, 30vaptc.

It is the opposite
of Jaill (actually), p. 13, 1. 19.
The side of a square equal to a rational plus a medial
area (W., p. 44, 1. 1). See Js 9 ete.

The side of a square equal to two medial areas.

Je s

Plurality or multiplicity (W., p. 3, 1. 20ff.). It is the
opposite of as 4l (Unity).

Multitude or many (W., p. 3,1. 20ff.). It isthe opposite
of asl Jl (One).

Greck, duvapet.

See
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2531 AT Maximam (W., p. 3, 1. 13). See Jdi Jil.

S

The sum (of two areas) (W., p. 43, 1. 10).

1;:( Quantity (quantum) (W., p. 3, L. 13).
D f The coming-to-be or the coming-to-be-and-the-passing.

o SV
Rpel

prinill 13
a2 L
o Je

away (W., p. 2,1 16, n. 9). See Translation, Part I,
note 7. In the first case it is synonymous with & gal
and is the opposite of sLuil (corruption). In the second
it is synonymous with such terms as O 42, siml, 5 4o .
(Cf. Spr., Vol. II, p. 1274).

Form (W.,p.56,11.7,9, 22). See Translation, Part II,
note 136.

are the forms or ways in which sensible things exist.

The coming-to-be (W., p. 2, 1. 16). It is the emergence
of the mnon-existent from non-existence to existence
(Cf. Spr., Vol. II, p. 1276).

The ‘‘annox’ (W., p. 22, 1. 22; p. 26, 1. 21). P. 22,
1. 22 it is defined as, jhall J guaall Ll i, e., the rational
line commensurable in square with the whole line,
which, when subtracted from the whole line, leaves as
remainder an apotome. GCreek, 7 mpocapuélovsa.

The Peripatetic (W. p. 2, 1. 4).

“After” (= Gr. pera?) (W., p. 25, 1. 15).

See c:,a and _..S)f.

Impossible (W., p. 55, 1. 11).

Distinction (W., p. 26, 1. 10). Greek, H., Vol. V,
p. 551, 1. 24, Sudxpioig.

To take (e. g., Let us take three rational lines commens-
urable in square only, W., p. 22, 1. 2).

Proportion, ratio (W., p. 5, 1. 1; p. 6, 1. 6ff.; p. 8,
1. 14ff.). Greek, Abyoc.

The ratio of 2 to 1 (W., p. 7, 1. 14).

The ratio of 3 to 1 (W, p. 7, 1. 14).

In [continued] proportion (W., p. 21, L. 17).

19 Junge-Thomson,
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(In extreme and meoan ratio).

In proportion.
metric mean’ (W., p. 45, II. 4—5).
The harmonic mean (W., p. 45, 1. 5—6.

The whole phrase means, ‘“The geo-

In mean proportion hetween (W., p. 20, 1. 6).

Geometrical proportion (W., p. 19, 1. 4). Greek, H.,

Vol. V, p. 488, 1. 23, 1oy yewpetpuy cvaroylocy.
Proportion, ratio (the abstract idea of) (W., p. 7,
1. 1: p. 9, 1. 4). Continued proportion (W., p. 23,
1L 7).

Geometrical proportion (W., p. 45, L o)
Arithmetical proportion (W., p. 45, 1. 17).
Harmonie proportion (W., p. 45, L. 6).

The Arithmetical mean (W., p. 45, 1. 15—16).

Proportional (to something) (W., p.45,1.12; p.20,1.13).

Geometrical proportion (W., p. 45, 1. 12).

The geometric mean (W., p. 45, 1. 12).

Proportional (To one-another) (T., Book X, p. 231).
Semi-cieele (W., p. 50, 1. 3).

Irrationality (W., p. 14, 1. 9).

Rational (W., p. 1, L 2 etec.). Groek, ¢mtov. See

S damge Juale, o

Rational lines commensurable in length and square
(W., p. 5, 1. 6,8, 9,10, 11).
note 22,

Irrational (W., p. 63, 1. 13—14).

Lake or contrary (W., p. 39,1 19; p. 40, 1. 2; p.
1. 17, 20). Part TI, note 71,
Standard (of measurement or judgment) (W., p. 2, 1. 16).
Classification (of the irrationals) (W., p. 29, L 1)
Ordered (of irrationals) (W., p. 2, 1. 7; p. 29, L. 5).
Unordered (of irrationals) (W., p. 2, 1. 7, p. 29, 1. 6).

Sec Translation, Part I,

54,

See Translation,
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(With Ace. & ») To subtract something from (W., p. 40,
1. 11).

7 Subtraction (of lines in the case of the irrationals

formed by subtraction) (W., p. 23, 1. 6).

Reduction, bisection (W., p. 4, 1. 15).

Subtracted from (e. g., the areas subtracted from)
(W, p. 40, 1. 11).

A point (W., p. 50, 1. 9).

The finite (W., p. 3, 1. 15). Greok, 16 Tépuc.

The infinite, mfmity (W., p. 3, 1. 15, 17, 19; p. 4,
. 1, 3) Greek, 70 &meLpov.

Finite (W., p. 3, 1. 16).

Tnfinite (W., p. 4, 1. 2).

Ad infinitum or indefinitely (W., p. 2, lIl. 7, 8).

Ad infimtum or indefinitely (W., p. 4, 1. 16).
Finitude, the fiite (W., p. 3, 1I. 18, 21).

Fmite, determined (of magnitudes) (W., p. 3, L. 8;
p. 7, L 2ff.) Greek, H., Vol.V, p. 418, 1.7, mene-
PAGUEVOC.

Defmed (of plurality or multitude) (W., p. 8, 1. 17,
N. 5). Greek, opiopévos (memepaopévoc). See Trans-
lation, Part 1, note 44.

“There”, the ideal world (W., p. 14, 1. 3, 8). CGreek,
T0 Exel.

Sensible matter (W., p. 14, 1.1). Greek, Uiy alcbnty.
See T'ranslation, Part 1, note 104.

Intelhgible matter (W., p. 14, 1. 1, 3). Greek, \'5)\7)
voyty).  See Translation, Part I, note 104.

To subtend (of a line an angle) (W., p. 51, L. 4).
Diameter, chord (of a cirele) (Spr., Vol. TI, p. 1471).
Necossary, Self-evident (W., p. 55, 1. 6-—7, 19).
Unity (W., p. 3, 1. 10). Tt is the opposite of &)
(Plurality).

One (as the principle of the numbers) (W., p. 4, 1. 4).
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A rectangular parallelogram (W., p. 50, 1. 11).

The means (geometric, arithmetical, harmonic) (W.,
p- 2, 1. 2).

The medial line (W., p. 5, 1. 7, 8, 9, 11—12; p. 19,
1. 5, 12, 16). Greek, H., Vol. V, p. 488, 1. 21, 7 péo.

Medial lines commensurable in length and square)
(W., p.5, . 89, 11). The full phrase, Ol ,e
(s 3) Jok) 3 O Rea is given, p. 19, M. 17—18;
p. 20, 1. 1, 3.

The first bimedial (W., p. 39, 1. 14).

First bimedials (W., p. 57, 1l. 19—20).

The first bimedial (W., p. 22, 1. 10; p. 36, 1. 5).
The second bimedial (W., p. 39, 1. 15).

Second bimedials (W., p. 57, 1. 19--20).

The second bimedial (W., p. 36, 1. 6).
The first trimedial (W., p. 21, 1I. 19—20).

The second trimedial (W., p. 21, 1. 19—20).

The line which produces with a rational area #
medial whole (W., p. 22, 1. 17; p. 26, L. 17; p. 44,
1. 2).

The line which produces with o medial area a medial
whole (W., p. 22, 11. 17—18; p. 26, 1. 18; p. 44, 1. 5).

The arithmetical mean (W., p. 45, 1. 15; p. 46, 1.
14—-15).

The harmonic mean (W., p. 49, 1. 5).

The medial line (W., p. 23, 1. 19).
p. 484, L. 14, t¥c péome.

Greek, H., Vol. V,
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The means (W., p. 9, 1. 9) (geometrical, arithmetical,
harmonic).

The geometric mean (W., p. 45, 1. 7).

The arithmetical mean (W., p. 45, 1. 8).

The harmonic mean (W., p. 45, 1. 9).

A mean proportional (W., p. 19, 1. 5, 9; p. 21, L. 15).

A mean proportional (W., p. 21, 1. 5; p. 24, 1. 3).

The arithmetical mean (W., p. 46, 1. 16, 1. 19).

Continuous (of quantity) (W., p. 3, 1. 14). It is the

opposite of ..

That which produces with a rational area a medial
whole (T., Book X, p. 287).

That which produces with a medial area a medial whole
(T., Book X, p. 288).

To put two lines in a straight line (W., p. 59, L. 9).

(With Acc. & L}n) To assign somothing to something
(W., p. 19, L. 7). Greck, H., Vol.V, p.485, L. 9, &0cto
To posit, i. e., assume for the purposes of proof. (W.,
p. 16, L. 2).

, By convention (W., p. 6, 1. 13; p. 14, 1L 14, 15). Tt

is the opposite of CUL Greek, H., Vol. V, p. 414,

L. 4. Oéoet.

Hypothosis (W., p. 13, 1. 6). Greek, Gnélestc. The

reference is to the first hypothesis of Parmenides,

140b. ¢. d. Cf 136 for Ymébeorc.

Area, roctangle (W., p. 16, 1. 9, 15, 18; p. 18, L. 16ff.;

p. 19, 1. 6,7,9,10). It is practically synonymous with
See the glosses to p. 16, 1. 9, 15, 18. 1. 13

18 used for c'o).o.

As “‘rectangle” it represents the phrase, by ;| ‘,"U ca TR

(Cf. p. 80, 1. 19). Greek, H., Vol. V, p. 484, 1. 13,

yoplov td.



— 204 —

L, To establish (W.,p.30,1.19). See Translation, PartII,

note 12.
syl Rest (W, p. 3, L. 18). It is the opposite of & LI
(Moverment).

.J s To be produced (of areas, for example, by rational lines,
i. e., to be contained by them) (W., p. 39, 1. 3).

:,;.:2: Certain, exact (of a mothod) (W.,p. 4,1.12; p. 1, L. 7).
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