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PREFACE

MANY years spent in teaching Elementary Mathematics have
convinced the authors of this book that the difficulties which
some pupils find in acquiring a sound knowledge of Algebra
are due, in the first place, to a failure to realise that, in the
main, 1ts operations are identical with those to which they are
already accustomed 1n their Arithmetic ; and, secondly, to an
mmpression that its treatment depends on arbitrary rules,
concerned with signs and brackets, for which they see no
adequate explanation

The early part of the book deals with the ordinary processes
of Anthmetic applied to algebraical expressions consisting of
a single term, and 1s restricted to those sections of Arithmetic
which are hkely to have come within the scope of the pupils’
knowledge. It is hoped that these chapters will prove useful
m estabhishing the principles that underhe their methods of
calculation in both subjects With this object in view the
formulation of ““ rules” has been avoided as far as possible,
as 1t has been found that though these may provide an easy
path over an immediate difficulty it 1s often at the expense
of much mental confusion in subsequent work For the same
reason the dangerous word “‘ cancel >’ 18 never used.

Negative Numbers are postponed until Chapter VI, and up
to this point the negative sign is used solely to denote sub-
traction.

Special stress has been laid upon those parts of the subject
which usually cause errors—such as the manipulation of
brackets, the treatment of fractions preceded by a negative
sign, and the order of operations

Revision sets of examples on such matters are provided,
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vi ELEMENTARY ALGEBRA FOR SCHOOLS

to which pupils may be referfed if it is found at a later stage
that these points have not been properly grasped °

* Factors have been dealt with by the introduction of a
skeleton framework which shows their relation to the forma-
tion of the product The method throws hight on what 1s too
often merely a mechanical process, and has proved especially
illuminating in the solution of quadratic equations.

For convenience, the graphical work has been collected in a
single chapter, but parts of 1t can be used at different stages
if considered desirable The authors beheve that when once
the method of graphic representation has been properly
grasped, practice m 1ts applications is better obtained by
occasional questions in weekly papers or in homework rather
than by the working of numerous examples consecutively.
Those teachers who agree with them may prefer to use the
last sets of examples in Chapter VIII in this manner.

In the Miscellaneous Examples an attempt has been made
to combine those of the usual straightforward types with
others of a more interesting character involving reference to a
figure or the construction of an algebraic formula The sets
marked B are slightly more difficult than those marked A

Chapter XII provides material for the more able pupils
and for those whose later reading is hkely to be of a specialist
nature.

A few historical notes have been introduced in places. For
these the main authority is Cajori’s Hustory of Elementary
Mathematics, but other sources have been consulted.

The tables of square roots are reprinted by kind permission
of Messrs Macmillan and Messrs G Bell & Sons

R CF
HCB
Crrrron, 1928
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‘“ Pupil And I to your authoritie my witte doe subdue,
‘Whatsoever you say, I take 1t for true

Master Though I might of my scholler some credence require,
Yet though I shew reason, I do 1t not desire >’

R RECORDE, The Grounde of Artes, A D 1540

Says Brahmagupta (circa A D 628) *‘ These problems are proposed
sunply for pleasure : the wise man can mmvent a thousand others, or
he can solve the problems of others from the rules given here As
the sun eclipses the stars by his brilhancy, so the man of knowledge
will echipse the fame of others in assemblies of the people 1if he proposes
algebraic problems, and still more 1f he solves them ’

(See Casori, pp 100, 184)



ELEMENTARY ALGEBRA

FOR SCHOOLS

PART I
CHAPTER 1
Introduction

ALGEBRA deals with the use of symbols to represent numbers.
It enables us to generalise and extend the knowledge we have
gained from arithmetic, and it 18 found that its use saves
time and trouble in the arrangement of our work, and helps
us to avoid many unnecessary calculations.

Thus, in arithmetic, we learn that 2+3=5 and also that
3+2=5 Similarly whatever pair of numbers we use the
total is the same, whatever the order in which we add them
In algebra we use letters to stand for numbers and express
this fact by saying x+y=y-+=z, which means that for any two
numbers x and y, the first added to the second gives the same
total as the second added to the first. We have here made a
general statement which includes the result given above, viz
3+2=2+43, as well as all others of the same kind, such as
5+4+6=6+5, 3+4=4+3, etc., and we shall see later (Chap VI)
how this simple generalisation 1s used in extending our power
of dealing with numbers.

As an instance of the use of algebra to save time, consider
the following examples. If we are asked to add the first 12
numbers from 1 to 12 we can find by writing them all down
that the total is 78. So also if we add the 18 numbers from
8 to 25 we find the total is 297. The work 18 easy, but if we
had a number of such sums to .vork out the calculations would

1



2 ELEMENTARY ALGEBRA FOR SCHOOLS

be tedious By the use of dlgebra we can discover what is
known as a formula which enables us to deal with these two
examples and all similar examples much more quickly.
‘ l

Itiss = n(_a;—_) , which meauns that if the first number is
called @ and the last I, then if a is added toJ and the total
multiplied by n (the number of the figures we are adding
together), then this result divided by 2 gives us s, the sum
required.

In the first case a=1, I=12, n=12, and the answer (s) is
12+41)12 84-25)%x 18
(—+2—) ="78; in the second case s is (—i—é)———— = 297.

Example.—Show that the sum of the 20 numbers from 21 to
40 is 610.

Substitution : Evaluation of Formulse

As in arithmetic, we use + (plus) to show Addition,
— (minus) to show Subtraction, X for Multiplication, and
= for Division, but in algebra there is one important differ-
ence. When we write 23 in arithmetic we mean twenty added
to 3, but when we write two letters side by side, such as zy,
we mean Xy ; and if we write 2ab we mean 2 X a X b.

Sometimes a dot on the line is used to show multiplication ;
thus 3X«, 3z, 3.2 all mean that = and 3 are multiplied to-
gether. When a letter is multiplied by a figure the figure is
written before the letter, thus : 3z, not x3

In arithmetic we write 22 for 2 X 2, so we write 2 (x squared),
meaning x Xz, and 23 (x cubed) for Xz Xx. x* is read “x
to the 4th.” So also V4 means the square root of 4 and Va
means the square root of the number represented by a.

Ilustrations
1. The sum of 2 and 3 is wnitten 243, similarly the sum of
z and y is z+y.
2. The difference between 5 and 2 is written 5§—2, so also
the difference between x and y is x—y, if z is greater than y.
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8. The product of 3 and 5 is 35, and the product of a
and b is a X b or ab.
4. The quotient when 6 is divided by 2 is §, and the result

of dividing p by ¢ is —g

6. When a=2, the value of 3a is 3 Xx2=6.

6. When a=3, the value of a3is 3 X 3 x3=27, and the value
of 243 is 2X3%x3x3=54. N B.—2a® means a® multiplied
by 2, it does not mean that 2a 18 to be cubed ; this would be
written (2a)3=2a X 2a X 2a =8a3.

7. When =2 and y=3, 2?+3zy equals 2X2+43X2X3
=4-416=22,

8. Just as 2(3+5)=2x3+4+2x5=6+10, so also 2(z+y)
means 2z-2y.

9. When a=9, Va means the square root of 9, that is

V9=3; and 2Va equals 2X3=6. Another value of V9
will be explained 1n Chapter XI.

Exercise I (a)

When =2, y=3, write down the values of
1 x+y: Yy—x, xy, 2xy'
2. 2z-4y, 2x+3y, 3x+2y, 3x—2y.
3. 3(z+y), 2(y—a), x(z+y), 5(x+2y).

z 2 = x+2y
4' Y 9.

Y ¥y 2 oy
5. a2, 322, 232, x2-}y2.
8. 222y, 3y222, x+2y% xyt
7. 23, 423, (2x)3, 2%y, wxyd, 2x%ys.
When z=4, y=9, evaluate
8. vV, vy, Vat+Vy, 2V
9. 5Vz+2Vy, =Vy, yVa.
When =3 and y=2, find the difference between
10. 322 and (32)2 11. 242 and (2y)2.
12. 3x% and 3xy2. 18. 5z-+y and Sxy
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14. 3(zy) and 3z-+y. 15. 5(2z+3y) and 10z+3y.
16. (z+y)? and 22442 17. (z—y)? and x2——y

18. 2%+« and 3. 19. (3xy)? and 3xz2y2.

20. 5z%? and (5zy)®. 21, 2(z+y)? and (22+42y)?

2. 3(x—y)? and (3z—3y)2. 28. 3(x—y)? and 3x2—3y?
24, bx®+y and bay.

When a=4, =9, ¢c=3, d=1, write down the vatues of

25. 2a+b+c_ 26. 3a%c-1-2b 27. b2+d 3

28. ¢cVa++Vh 29. Vab. 30. s\/~ +2\/b.
3a 2b

31.?+b. 32.-;+c”. 33. \/5+_

84. 3(2a+b+-c). 35. 6a-4-3b43c. 36. 4(b+c—d)
87. 4b—4c—4d.

When p=2, g=1, r=0, s=5, find the values of
388. 3p+-2¢-+5r. 39. pq+qr-trs. 40. p*+g*+r2
41, p(g+2r+s) 42. p*q+qr+4-rs.  43. (2p+q)(r+2s).
4. (p+q)r+(g+7)s. 45. 3p+2¢(3r+2s).

Using the letters %, y, and z, make general statements to
represent the following facts .

46. 3x2=2x3; 4x6=6x4; 5XT=T7x5b.

47. 5(3+6)=15+30; 4(2+5)=8+20; 6(2+1)=1216

48. 2%x2=2%, 3x3=32, 4x4=42

49. 24+2=2(2); 3+3=2(3); 4+4=2(4)

50. 32—22=(342)(3—2), 42—32=(4+3)(4—3);

—32=(5+43)(6—3).

Exercise I (b)

1. Usethe formulas =1 ( +

.2
t=4.
2. Given C=2n, find C when n=3%, r=14.

8. Ifs= MLF%“M—_‘_—I), find s when n=12.

> to find s when ©=10, v=20,
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4. From the formula v?=u?4-2fs, find v when u=6, f=2,
s=".
6. Given the formula V=473, find V when r=3, m=32.

8. The simple interest on £P for n years at r per cent. is
P.an.r
100
7. Use the formula (a?—b%)=(a+b)(a—>b) to find the differ-

ence between the square of 19 and the square of 17.
8. If two telegraph posts are ! ft apart the wire halfway

Pw

between them will dip d ft., given by the formula d =%

where the weight of a foot of wire 18 w lb. and the pull in
the wire 18 8 lb. Find the dip when =100, w= 07, and
8=250.

9. An embankment & ft. high, I yd long, = ft wide at
Ety)ih cubic

18
yards of earth. Find the volume of earth contained in an
embankment for which A=15, x=12, y=34, [=30.

10. The R AC rating formula for the horse-power of a

D2N

motor engine 1s HP = 55 where D 1s the diameter of the
cylinders in inches and N 1s the number of cylinders What
will be the horse-power of an engine which has 6 cylinders of
diameter 3 2 1n ?

£ Find the interest on £120 for 3 years at 4 per cent.

the top, and y ft wide at the bottom contains



CHAPTER 1I
Simple Rules

Terms.—Expressions which are to be added or subtracted
are called terms.

In the expression 22+ 3y, 2« and 3y are called terms.

The number which multiphes a letter is called its coefficient.
Thus 3 1 the expression 3x is the coeffictent of * The
coefficient may be another letter ; thus a 18 the coefficient
of z in the expression ax If the coefficient 1s 1 1t 18 usually
omitted ; thus « means lx.

Addition.—If we add 3 horses to 2 horses we have 5 horses,
80 also 3x+2x=>5x and 5x—2x=3x.

If we add 3 horses to 2 cows we get neither 5 horses nor 5
cows, but simply 3 horses + 2 cows.

So 1f we add 32 to 2y the result 1s 3z+2y.

Like terms such as 3z and 2z, 3a? and 2a® may be combined
by addition or subtraction and the results written thus .
3x+2x=>5z, 3a2+2a%=>5a?, Ix—2x=x, 3a2—2a2=a?

Unlike terms such as 3z and 2y when added are written
3xz+2y; when subtracted, 3x—2y So also a? added to a 1s
at+ta.

Note.—a?*+a does not equal a®; for a® means aXaxa, 1e.
(axa)xaoratxa

If a=3, a®+a=9-+3 =12, whereas a®=3 X 3 X 3=27.

Exercise II (a)
Add
1. _ and 2z 2. 3y and 6y. 3. 2a and 3a
4. 2ab and 5ab. 6. 2x and 3y. 6. 3a and 4b.
7. 2a? and 3a2, 8. z? and 2z. 9. 3a® and a2.
10. Gxy and 2xy. 11. 2a and 3b. 12. 242 and a.

6
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Subtract
13. 22 wow oz 14, z from 3z. 15. 222 from 3z2.
16. 2ab from 5ab 17. z from y. 18. 2z from 3y
19. a2 from a. 20. a from a2 21. 2% from 23
22, a3 from 323. 23. zy from 3xy. 24, 2q from 3b.
Simplify
26. 5y-+42y 26. 3217z, 27. ©+bx.
28. p24-2p? 29. 3¢24-2¢2 30. zy+3xy

3l z+y+2x. 82 3x+42y-txz—y. 33. 5p+69-+2p+4q
34. x2+‘:c+3x2. 36, Sx?—y2+a2—2y%. 36, 3y +y—v.
If x=4, y=3, find the difference between

87. 22+ and 23 38. 3x+y and 3y 39. 2y2—y and 2.
40. 22—z and 22—z 41. z®—2% and z 42, z+-y?and zy.

Simplify
4. 1+ 4. 44.g+§ 45. 3 — 1} 46.%-%.
47.%2+‘§. 48.%”—%”. 49.g+g.-g.
50. %2+‘-§-£ 51. b—;+§—i—b;. 52. 122 + 28z,
53. 1-6x+3-20—4x. 54, 2-622—3 8224-2-2x2.

55. If the sum of two numbers is # and one of them is y,
what is the other ?

56. The difference between two numbers is x; if the
smaller is y, find the greater; if the greater 1s y, find the
smaller.

57. The sum of two expressions is 2?4-6x. If one is 3z,
find the other.

58. Write down expressions containing x which représent
three consecutive numbers. Add them and show that the
total is always a multiple of 3. !

59. The difference betweeu two expressions is 2n. If the
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smaller is n+-1, find the larger. If the larger is 3n+4, 1ind
the smaller.

60. The sum of three expressions is n?+43n-4-5; if two of
then are n°+1 and 2n+3, find the third

Multiplication.—If we simplify 3x2 x4 the answer 1s 24.
This 1s the same as multiplying 2x4 by 3. It does not
mean 3 X2 X3 X4.

So also 3xy1s the same as 3 Xx Xy, 1t does not mean 3z X 3y.

If, however, there 1s a bracket contaimng two or more
terms, each term 1s multiplied by any factor before the bracket .
thus 2(3-+5) means 2 X8, which 1s the same as 2Xx3+2X5

So also 2(z+y) is the same as 2x+2y.

N.B.—2(xy) means 2xy as there 1s only one term, zy, in the
bracket.

If we draw a rectangle with one side z, and the other side
divided into any two parts x and y, the area of the whole

y rectangle is z(x+y) But
this area is the same as
z the sum of two areas, one
being xz, and the other 2y

2(x+y)=z2xr+2y

A term such as 318 said to be of the 3rd degree,%%1s a term
of the 5th degree 22 a3, «t, etc, are powers of z The
figure which indicates the power 1s called an index.

In anthmetic the numbers 22, 23, 24 . . . are called powers
of 2. so inalgebra 23 is the third power of z, it is also said to
be a term of the 3rd degree. %1s a term of the 5th degree.

A term such as 3z%y* 18 said to be of the 6th degree (2 degrees
in z and 4 in y).

Note.—(1) a?X a® means (aXa)X (aXa X a)=ab.
(2) 222Xy means 2X(zX z)Xy=2z% ;
«2zX 2y means (2X &)X (zy)=2X xX zXy=22% ;
2X 2%y means 2 X (z X x X y)=22% ;
B0 that 2% x y, 22X xy, 2 X 2%y all equal 22%y.
(3) In arnthmetic 3X2X5=5Xx2X3=2X5%X3; so also m
algebra 3a%h x 2b%®=3 X 2 X b X b?,. a® X a® =6b%a’ or 6ashs.
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Exercise II (b)
Multiply

1. 3z by y 2. 3 by zy 3. a”>by b

4. ab by a. 5. z by x%y 6. 22 by zy

7. 222 by 3y. 8. 22% by 3 9. a2 by c.
10. ab by ac 11. abc by a 12. p2 by ¢
13. ab by 3. 14. zy by x=. 15. (a+b) by 3.
16. (2a-+b) by 5. 17. 2ub by 5 18. (2a+b) by a.
19. 2ab by a. 20. (x+2y) by xzy  21. (z-—y) by a2
22. zy by «2.

Write expressions without brackets equivalent to the
following :

23. a(xy). 24. a(z+y) 25. 3(x%y)
26. 3(x2+-y). 7. 3(x2—vy). 28. a(bc).
29. a(b+c). 30. a(bc—b)
Simplify
8l. »*x«x 32. yixy? 33. PBxyt
34. 223 x 3a3. 35. 442 x 3y? 36. a8 xat
87. 2a3y X x%y? 88. 1% xa? 39. xs X a2,
Write without brackets .
40. a(a*+a). 41. 22(x+y). 42, x%(z3y).
43. 2%(z*+vy) 44, x%y2(xy?) 45. 22y2(x3+y3)
48. zy(z—y). 47. 2x(3z+3y) 48. a2x%(a®—2?).
49. 4xy(2x+3y). 50. 3x%(2x%y?).

51. Multiply 2xy by 2zy: write down a square root of
4x2y2,

52. Multiply a®? by a3?2. What 1s a square root of a%h*?

68. Square 422y%. What is a square root of 25x%y4 %

64. If x=2, y=3, what is the value of 52% and of 25x%y2 ?
What is the square of 523y ? State a square root of 25x8y*.

85. Cube 2%y. What is the cube root of 8x3y® ?

56. Write without a root sign the values of V. wph, VP,
Vasys, Voahy.
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67. Square g Draw a line and call its length & On it

draw a hne of length g and on it

describe a square. Compare the sizes of the two squares.

§8. How many squares of side %will equal a square of
side a ?

59. Write (using a bracket) the squares of (2a+b), (a—b),
(a+b), (3a*—D).

60. Write (with a bracket) the square roots of (a+b)?
(22—0b)2, (a®—b2)4, (3a2—b)S.

61. Write (with a bracket) the squares of (2a+4b), (3a—b),
4(2a+b), and the square roots of 4(2a-+b)2, 9(2x—3y)3,
16(z—2y%)%.

62. Write down the cube roots of 27(z+y)%, 8(x—2y)°.

Factors.—To factorise a number in arithmetic we find
those numbers which multiphed together will make the given
number, thus the factors of 35 are 5 and 7

Similarly the factors of the expression a2b are ab and a or
a? and b.

Since 224 2x=x(x+2) the factors of 22-+2x are x and (z+2).

Note.—The factors of 2a%b +ab are written ab(2a+1). Although

1t would be true to say they are also b(2a2-+-a), 1t 18 usual to put
the factor of highest degree possible outside the bracket.

Exercise II (c¢)
Wnite down the factors of

1. ab+-b. 2. 5x-+410. 3. z+2xy.

4, a*+a. 6. 5a*+5a. 6. 6b24-2b.

% 6x%*—3x 8. 2y—y2. 9. dxy—4a2.
10. 222—3x 11. 3z?y+2zy2. 12, 622y—12y.
13. 3234 2x2. 14, 5a2b1062. 15. 4a24-2ab+6a

16. 2224-ay+-z. 17. 3234 6x%y+922. 18, 2*4-2x3—22.
19. 2%y—xy?. 20. 2ax-+4ax?+2axd.
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Highest Common Factor.—Any number which will divide
exactly into 12 is a factor of 12 ; thus all the numbers 12, 6,
4, 3, 2, 1 are factors of 12. s ,

So also the expression 3a2b can be written 3 X (a2b) or 3a X (ab)
or 3a®Xb or 3abXa ; all these pairs of expressions are factors
of 3a2b.

The highest common factor (H.C.F.) of 12a%b and 9a3??% can
be seen by inspection to be 3a?, for 3 is the H.CF. of 12
and 9, and there 18 no power of a higher than a2 or of b higher
than b, which is a common factor of both expressions, and ¢
is not a factor of both.

The given expressions can be written thus:—(3a?)(4) and
(3a2b)(3abc).

Lowest Common Multiple.—The lowest common multiple
(L.C.M.) of 6x%y, 3zy?% and 2a%y% is seen by inspection to be
623132,

The least multiple of the coefficients 6, 3, and 2 is 6.

The lowest multiple of 22, z, and 23 is 3, and of y, ¥?, and
y3is 93,

The L.C M. must contain a factor z in order that it may be
a multiple of 223y

.. the L C.M. is 62332,

This L.C.M. contains 6x2y, xy?z times.

s ’ 3xy?, 2x%yz times.
' " 2x3y32, 3 times.

Exercise IT (d)

Find the H.CF. and L.C.M. of the following, and write
each term as two factors, one of which 1s the H.C.F.

1. 6a, 4a, 8a. 2. 1222, 4x.

8. 2a%b, ab?. 4, 3ab, 6a2bc.

B. ab, abc, be. 6. pgr, grt.

9. 3ab, 2a%, 4ab?. 8. 6a?b, 12ab%c, 4ab%2,
9. dxy, Ga?y, 3yl 10. 2a%b, 3a2b2, 2ab3.
11. p%, 4pg, 6pg2. 12, 2%yz, xy*, ayz2.
13. 6a2®, 8btc, 12b%?. 14. 62%2, 1624, 122%.

15. 3xy?, 4a?y?, 2x3%8, 16, 22342, 3x%ys, 4ay.
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Note.—The lowest common multiple in algebra mowus viae
expression of lowest degree 1n the letters involved which 1s exactly
divisible by each of the given expressions. It may be noticed that
1f the values of the letters are known, the result 18 not necessarily
the same as the least common multiple in arithmetic. Thus,
algebraically the L.C.M. of a%b, 4ab, 6ab? 1s 12a%?, but if a=2,
b=1, these expressions become 4, 8, 12, whose arithmetical
L.C.M. 1s 24, whereas 12a2b2=48.

Simplification of Fracuons. Division

In anthmetic a fraction such as % can be sumphfied by
dividing numerator and denominator by the common
factor 3.

Thus === =73

So 1n algebra fractions may be simphfied by dividing the
numerator and denominator by their H C.F

a?bc  (ab)(ac) ac
Thus b = @®) b
2
10a+10b  JB(a+b)
5 B
Division.—The method given above also enables us to
perform simple division thus .

= 2(a-b).

Sty —ay =3><x><x><y
Xy
= 3x.
a5_._a2=a><a><a><a><a
’ axa

=axXaXa=ad

¥ there 18 more than one term in the numerator, remember
that all the terms have to be divided by the denominator, thus :
644 ar+-bx2 ax  bx?

T=3+2=5 and o =—£+—x—=a+bx.




SIMPLE RULES

Exercise II (e)

Simplif;
2 2,
1. =Y 2.
x
9at
4- §;2. 5-
25910
7. -5? 8-
2y?
10. 617" 11.
18. l2i+_12’_’ 14.
4
2__
16. =2 17.
a
xs_x2
19. o 20.
3b2x—2bx?
22, ——”b——“— 23,
x
6xy?—3y®
25- "—3_y2 .

3x%a

ax
85
223
182°
323"
a?be
ab?’
6a2--6a
12a
2b2—b3
b2
Pq—pg®

e
42242
Yo

12.

15.

18.

21.

26. One factor of 2x%2}z is z, find the other

of 62%—12xy is 6z, find the other

222y is 2z, find the other

27. The product of two expressions 1s 4a2—6ab

of them 18 2a, find the other.

Divide
28. 3z by «.
81. 3xy? by »2.
84. 2%yz® by az2.
37. 4a2° by 23.
40. a?b%c by abe.
43. 2a°+4a*+6a® by 2a
46.
47.

29. 222 by x
32. a?b® by ab
85. 12zy? by 3zy.
38. 2527 by 522
41. 2 by =.

30.
33.
36.
39.
42

13

6ay’x
2ay
4p%

" opgt

Ox

* 1222

3pt

bx?—b5x

b5x
3a3+6a?

3a?
a2x--ax?

ar
6x%y?—4xy?

2xy

One factor

One factor of 4224 6xy--

If one

3z by y
10a? by 2a
15ab3 by 3b?
9at by 3a.
z" by x2.

44. 3a%b%+6a2b® by 3a?.
10238 +152%8 by 522> 46. 12p3-+15pg®+9p2gr by 3q.
826+ 102t 4422 by 222
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.

24
o, M) g dety 0, 0
a b
o b2 302 2
51 b c-li—b(c . 52. 10x y-i—5x.
c %7

Fractions (Multiplication and Division)
Fractions are multiplied as in. arithmetic thus ;
2 5 2x5 10

So also 5X3=5‘>-<Ti=m
Frequently the result may be simplified by dividing numer-
ator and denominator by the same factor thus
3_4 3 £ 1

8512 ¥x2 X 4x3 " 6

Soako Gy X @S = Fxyraxd |z

Here we have divided numerator and denominator by the
common factors a, b, ¥, and z.

It 18 often necessary to perform the reverse process and
multiply numerator and denominator of a fraction by a
common factor , this operation, of course, does not alter the
value of the fraction.

Thus x _ xb
a

X b =

b ab’

When there are several fractions it is sometimes required to
express them so that all the denominators are the same as
the L.C.M. of the given denominators.

Thus the L.C.M. of the denominators of the fractions
z y xy®,
&, I;, % is a?b.

RIR
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r x ab zab
Now (;=&><;b=;;5,
y y _oa ya?
5= &= aw

.. the given fractions are equivalent to
xab ya? zy?
a?h’ . a%’ a%’
Division by Fractions.—Division by a fraction is performed
as in arithmetic, thus - 6 —3=6Xx2=12.

1
So also a—:—z=a><i=ab,
a 3 a_ b ab
2752737 %
Exercise IT (f)
Simplify the following -
b b 2b 2
LExZ 2ax- 8. atx-. 4= x=-.
q vy c a c b
4 1 1 1
5. 2xZ 8 a—a 7. ax%- 8 - = -.
x y a a’x
1 1 2 6a? 3 2 22
9. o +—. 10.pr—— 11 —= 2 19 T¥ 2
a*x * xa p? y? 2z T x
3xy®  adb 122%  day r x
13.72—><y—2. 14.—:3-2—?-2:7 15.2-XZ.
2 4 2
16. > 7. 17. 2 x 2. 182+ 2
2" 4 r  x z "z
2 2 2 2 4x
19. - -2 20. = x = o1 = -2,
3115 2yy 3 Y 1 Y
x x
2 o 28. 5(a-+b) X Tor e

1
24. 6(z+y)—2(x+y). 25. 4(x+y)? X ety
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Write the following fractions with the expression in hrackets
as their denominator .

<1 1 1 1 1
26 L S —_—
‘a b ab (ab) 2. 2a 30’ 6ab (6ab)
1 1 1 1 1
98, — — — 2,2 . 4
"2 g oy (=) 29. B x’ 3 oy (122y)
1 1 2 1 1 1
. — 29,2 —_— e — 3,,3
M xzyi xyg! xzyg (x y )‘ 31' 1‘3, y3) x3y3 (x y )

In each of the following, find the L.C.M of the denominators
and then express each fraction with this L C.M as the de-
nominator .

r x x x r x x 1 1
32. §, g 33. Z’ a 34. g, 1-2, 6 35. ‘x, é;
3 5 1 1 1 1 1 1
36. > 32 37. %% 6r 38. 3 35 39. o El
1 1 1 1 3 2 1
40. —, —-. 41. -, —+ 42, -, - 43. 1, -.
xy x%y ¥ xPy @ b x
1 1 1 3
44, 1, ;2 45. a, a 46. x—sy-é, Z‘Tys
2 3 1 1 1 1
. 7 @ o 18B. Too @ dber
1 1 2 1 1
49, x—z—y, @, E 50. 1, 2 2he’

Fractions (Addition and Subfraction)

Fractions are added or subtracted as in arithmetic by
expressing each fraction so that i1ts denominator 1s the L.C.M.
of the denominators of the given fractions.

Thus %‘I‘i—-rf“w”‘
1 b a b+4a
So also PR R
1 1.6 b 1 1 a_a
since (‘;——&XE——&—b, an B—bxa—-%-
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Exercise Il ®)

Simpnry
r x z z? ab ub
1'§+§ 2.;—6. 3.5—!—-%. 4.-2——§
p® pd r oxr oz a? a? 2a?
5% % 6.5t271 351
2x 3z x x?  a?
&= —= 2 __ 2 =
8. 3 5 9. x 8 10. « 1 + 3
1 1 1 1 1 1
1 1 1 1 1 1
2 3 x 1 1
17. P + b 18. 1 + ; 19. 22 " 3%
1 1 1 1 1
20.:&:—?—/ 21.5-:”24—-:—;; 22.%-}-@
1 1 1 1 1
23.1—{—@. 24-;'*—:?;2 %.a—z.
a b a b z oy
26. (_)+?:' 27. : 7 28. pri e
z a? x?
29.?-/-—1. 30'1+E‘§' 31.1—‘—1-2.
Write each of the following as two separate fractions :
b —a? 2—b
ag, “t° 33, == s, T
x x I
g5, 30120 Y " | gy, V=Y
2ab y? zy
a2b--ab? 2x—3y 3a—4b
38. — 39. by 40. 1oa%t
3t
A 4. 2°
x z



CHAPTER 111
Order of Operations: Brackets. Unitary Method

Order of Operations.—The symbols 4+, —, X, =, 4/, etc,
are called symbols of operation, as they indicate that an
operation (addition, subtraction, etc.) is required to be
performed.

An expression often contains more than one of these symbols
The parts of an expression which are separated by the signs
+ and — are called terms, and it is always understood that
unless there is a bracket the terms are to be stmphfied first
before the additions or subtractions are performed.

For instance a-bc contains two terms and means that the
product be has first to be evaluated and the result added to a

If terms are bracketed together they are to be considered
as a single expresrion, thus (a-+b)c+d means that d is to
be added to (a+b)c, whereas a+b(c+d) means that b(c+d)
18 to be added to a

It is very important to distinguish between such expressions
as

@) atble+d), (i) (@+ble+d; (i) (a+b)(c+d)

Each is often loosely read as a-b multiplied by ¢+d but
a dafferent form of words should be found to smit each case

E.g. 1) a+b(c+d) means that a is to be added to b times
the sum of ¢ and d.

(i) (a+b)c+d means that ¢ times the sum of a and b is to
be added to d.

(iii) (a+b)(c+d) means that the sum of a and b is to be
nfaltiphed by the sum of ¢ and d !

A fraction is sometimes written in the form 3/4 as in

( _‘Hg+b)(c+d) should be read as (a+b) times (¢+d), not as (a+b) into
c

18
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arithme.... In such cases only *the term adjacent to the
stroke fornis the numerator of the fraction, thus :

a+bjc=a + Ic-),

whereas (a+b)fc = %-—IZ.

Examples.

24-3x5=2+15=17.
(2+3)5=5 X 5=25.
6+4+-2=644=S8.

(6+4)-2=210=5.
6--2+4+4=2314=".

6—(24+4)=5=1.

6--2 x4 is ambiguous and should never be written; it is

usually taken to mean 6Xx}x4=12, but it is preferable to
insert a bracket and write it (6--2) x 4.

Exercise III (a)
1. Evaluate
(1) 3+6x%2; (1) 3+6—2; (1) (3+6)2;
(iv) 3xX6+2, (v) 3—(6+2); (1) 3—6+2;

(vi) 274-14%x3;  (vii1) (27414)x 3.
2. Express in words the meaning of the following expres-
sions, and evaluate them when v=1, z=2, y=3, z=4:
(1) xy-+z; (n) x+yz; (iii) (x+y)z; (iv) z+y(v+2),
(V) (@+yw+z; (vi) ztyvtz; (Vi) (2+y)(v+2).
3. Evaluate when a=4, =3, c=2:
(i) a+b—c; (ii) (@+b)—=c; (iii) a+b%-c;
(iv)a=(b+c); (v)a+b=b+c; (vi)(a+b)=b+g;
(vii) a+b—(b+c) ; (viii) (@+b)—(b+c).

z 2z 1 (.  z\1
4, Simplify (i)§+§><—; . (i) <§+§>§,
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Lx o 1 x L jxr 2\l =
(lll)§+~><—+1, (W)<§+§>§'+Z

x o [t 2\
5. Simplify () g X&—gzXg; (i) x<§—§>z.

6. Express 1n words the meaning of the following, and
evaluate them when a=4, b=3, ¢c=2, d=1:
(i) 4a—bc+d , (i) (a—b)c+d;
(i) 3a—b(c+d), (iv) (a—b)(c—d).
7. Smplify (i) x—2+xx % ; (ii) e X 3 —x—=3
8. Reduce to their simplest form :
a®> bx a S3ax 1 2by 1
(l)@—gi—}-ﬂ/)(g. (ll)é‘;)(& 3yX
9. Simphfy
() z=-b+zx—a; (@) (z+b)—x—b—2x; (i1i) (ra+zb)—=(a-+b)
10. Simplify (1) 2?b—z+bXx;

! 1 1 1
(11);—a—l—(—z—:—x, () <5+a>—<a+x>

11. Simplify () y/x+y/g; (i) (p+9)/p—a/p.
12. () 1+y/z—(z+y)fz; () (L+2)/y+1—2fy X (1+2)/x

Brackets.—The insertion and removal of brackets play a
much greater part in algebra than they do in anthmetic
Some types need especial care

a—(b+c).—In anthmetic 5—(2+1) means that we are
to subtract 2+1, ¢ e 3, from 5, obtaining the result 2.

This could be written 5—2—1, since both the 2 and the 1
have to be subtracted from 5.

This oan also be seen from a diagram

If a man walks 5 miles from O to A and then returns first

of all 2 miles to B and then

? , c B . A another 1 mile to C, his
i ) " distance from O is then 3

miles less than it was when he was at A. This distance
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may therefore be represented either by 5—2—1 or by 5—3,
t.e. 5—(2+1). Thus 56—2—1 and 5—(2-+1) represent the
same number. Similarly a—(b+c) has the same mea.mng .28
a—b—c, since both the b and the ¢ are to be Subtracted
from a.

Note.—It will He seen that reversing the direction of motion
corresponds to a change from + to —, for if he had continued to
walk 1n the same direction his final distance from O would have
been 5 42-41.

a—(b—o¢).
(3—2), t.e. 1, from 5 ” and the result is 4.

When we remove the bracket and write down 5—3 we have
subtracted 2 too much from 5, and the result 18 therefore 2
too small.

Hence 5—(3—2) is 2 greater than 5—3, and therefore equals
5—3+2.

If a man walks 6 miles from O to A, and then wishes to
reduce his distance
from O by (3—2) /! + t t L +-
mules, he will finally © ¢ B A
be 5—(3—2) mles from O, ¢ e. at B Suppose that by mistake
he returned 3 miles to C, he would then be 5—3 miles from O
and would have reduced his distance from O by 2 miles more
than he intended. To arrive at B he must now return 2
miles and will then be 5—3-2 miles from O, at B. Hence
5—(3—2)=b6—3+2. In a similar way a—(b—c) means
a—b+c. Here we wish to subtract (b—c) from a. When
we write a—b we have subtracted b from a, 2.e. ¢ more
than was required. Our result is therefore too small by c,
and we must add ¢ to a—b to give the value of a—(b—c).
Hence a—(b—c)=a—b+c.

Note.—We have proved that a—b—c¢ 18 equivalent to sub-

tracting (b+c) from a, and that a—b-+c 18 equvalent to sub-
tracting (b—c) from a.

Example—Write with brackets the result of subtracting
the difference between 5 and 3 ffom the sum of 2 and 6.

*“ subtract
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Answer.—(2+6)—(6—5). The result is 8 —2=6. which is
the same as 2+6—5-4-3.

*Example 1.—Subtract the difference between a and b,
(a>b), from the sum of p and gq.

N.B.—a>b means “‘ a 18 greater than b.”
a <b means ‘‘ @ 18 less than b.”

Note that in both cases the sign widens towards the greater
term.

Answer.—The result 18 (p+-q)—(a—b). When the brackets
are removed this is equal to p+9—a-b.

Example 2.—Remove the brackets from the expression
2(x+y)—3(a—b). Just as 2(5-+3) is the same as 2(5)+2(3)
and 3(6—4) is the same as 3(6)—3(4), so 2(x+y)=22+2y and
3(a—b)=3a—3b.

Hence 2(x+y)—3(a—b)=(2x+2y)—(3a—3b)

=2z+2y—3a+-3b.

Note the difference between this and 2(x+y)—3(a-+b). In
this case we have to subtract 3 times (a+b) from 2(z-+y), t.e.
we have to subtracc both 3a and 3b.

Hence 2(z+y)—3(a+b) =(2z+2y)—(3a-+3b).

=2x+42y—3a—3b.

Examples.—Insert brackets round the first pair of letters
and also round the second pair in the following cases :

atb—x—y,; a+b—x-+ty.

In the expression a-}-b—x—y we have to subtract both x
and y from a+b. Hence a+b—zx—y=a+b—(x+y).

As a test we can put a=>5, b=2, x=3, y=1, then

a+b—xr—y=564+2—3—-1=3
and (a+b)—(x+y)=T—4=3.

In the expression a--b—x+y the result is to be y greater
than if we subtract  only from a4-b ; thus we must altogether
subtract y less than z, t.e. (x—y) from (a-+-b).

s at+b—z+y=a+b—(x—y).
Testing : a+b—z+y=5+2—3+1=5.
(a+4b)—(@—y)=(6+2)—(3—1)=T—2=5.



ORDER OF OPERATIONS: BRACKETS 23

Exercise III (b)

In Questions 1-7 the answers should be written first with
brackets and then with the brackets removed. "Phe results
should be tested by substituting the numbers given in both
forms of the ansyer.

1. Find the remainder when the sum of a and b is subtracted
from p. [Take a=2, b=3, p="1.]

2. Subtract the difference between a and b, (a>b), from c.
[a=3, b=2, c=5.]

8. Subtract a from b and then subtract the result from c-d.
[c=3,d=2,a=1, b=4]

4. What is the number of shillings left out of £x after
paying two bills, one of y pounds and the other of « shillings ?

b Subtract the sum of p and ¢ from the difference between
zand y (v>y). [¢=9, y=2, p=4, q=1]

6. Subtract 3 times the sum of = and y from twice the
difference between a and b (a>b). [a=12, b=1, x=2, y=3]

7. What must be added to the sum of 3x and 2y to make
4zt [2=5, x=2, y=1.]

8. Write the following expressions with a bracket round the
second and third terms. Evaluate them both before and after
putting 1n the brackets

(i) a+b—c; (i) a—b—c, (iii) a—b+c; (v) a+bd+tec.
[a=6, b=3, c=2.]
9. Treat 1n a similar way
() 2a+3b—c, (i) a—2b+c, (1) 2a—2b—3c.
10. Rewnite the following with a bracket round the first

and second terms, and a second bracket round the third and
fourth terms.

(i) a—b+c—d; (ii) a+b—c+d; (ii1) a—b—c—d ;
(iv) 2a—b—3c-+d; (v) a+20—2c—3d; (v1) 3a—2b+2¢c—d;
(vii) a—2b—2¢+3d.

[a=10, b=3, c=2, d=1.]
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11. Remove the bracketsfrom the following
(i) (a= b)+(c+d); (1) a—b—(c+d),
(i) (@—b)—(c—d), (1v) (a—b)+(c—d).
[a=6, b=1, c=3, d=2.]
12. Remove the brackets from

(i) 3(a+b)+2(c+d), (n) 3(a+0)+2(c—d),
(m) 3(a+b)—2(c+d), () 3(a+b)—2(c—d);
(v) 2(a—b)—(c+4d), (v1) 2(a—2b)—3(c—2d).

13. Rewrite the following so that each contains a bracket
with a numerical factor outside it :

(1) 3a+2b+2c, (n) 3a+2b—2c¢, (1i1) 3a—2b+42c,
(1v) 3a+2b+-3c, (v) 3a—2b+3c; (v1) 3a—2b—3c.
14. Treat in a similar manner

(1) 2p—5q-+2r, (n) 3p+5q-+6r, (m) 3p—bq—br,
(xv) 6p—bg+-4r, (v) 5p—3q—3r, (v1) bp—2g9—4r.

* Application of Brackets to Simplification of Fractions.—
When the numerators of fractions contain more than one
term 1t is often necessary to insert brackets in the process of
adding or subtracting.

2b —
Example.—Simplify ‘-H—T + Sa 1 b.

Expressing both fractions with 12 as the denominator
(since 12 1s the LC M of 6 and 4),

a+2b " 3a—b _ 2(a+2b) = 3(3a—0b)

6 4 12 12
_ (2a-+4b)+(9a—3b)
12
2a+4b-+9a—3b
== —
lla+b
=12

* The rest of the chapter may he postponed, if desired, until after
Chapter 1V.
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Example.—Simplify ——’—"’1 — _%y
Since 6 is the LCM of 2 and 3 we first rewrite.both frac-
tions with 6 as their denominators.
Tty 2—y 3@ty 2z—y)
2 3 6 6
_ 3@+y)—2s—y)
6
3x+3y—2x+2y
=
z+by
=—5
The question tells us to subtract (x—y) thirds from (z+y)
halves, i e. 2(x—y) swxths from 3(x-+y) swxths.
The result 18
3x+3y—(22—2y) NOT _3_:51—33/—2&:—2,1/

6 ’ 6
2 2242
which would mean subtracting both — and ?y, 1e. :HG_ y,
. 3x+3y—2x—2y (3x+3y)—(2x+2y)
since = .
6 (3
—b

Ezxample —Simplify a — —2—.

Here we are to subtract (a—b) halves from 2a halves
a—b 2a a—b

2T T T 2

2a—(a—b)

- 2
2a—a-}+b

- 2
a+b

T2

2a—a—b
Note that the expression 5 would mean subtract both

a b 2a—(a+Db)
3 and DI e—
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Exercise III (c)

:.Simplif):

N A o i e T
4, “;b _ ai—b 5. 2 — x-2|-?/. 6 o+ Z’_;il

. 1-2 8.1-22 a2t
e I A B R TR T
e e
16, 20y~ 22 17 5oy Y gp TEM 2y
19. p _P;q + p;q. 20. x;a _ x_.b-é

In the following examples the expressions are to be simpli-
fied and the answers tested by substituting =4, y=2, 2=3:

21, 2z — 3’”3" Y. 22. 3 — ””%"’ o3, ST x:jy
24, dz—3y — 2x3_y. 25. g —(y—1) 26 x—j” - 3”2_7y
27. 2 —‘32“7? 2. o+ 2’”3;y.

29, 3”‘:2" — 3y2'” 4 ’”+’3’_z. 30. 1 — ’”—;z

g, Y% 82. (@+y)x—(y—2)fy.

u 4
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Revision Exercise III (d)

1. When we write down the simplified value of 6—3—1, by
how much is the result less than 6 ?

Have we subtracted 341 or 3—1 from 6 ?

Rewrite the expression with a bracket round the last two
figures.

When we write the value of 6—3-1, by how much is the
result less than 6 ?

Have we subtracted 341 or 3—1 from 6 ?

Write down the expression with a bracket round the last
two figures.

Does a—b—c mean that b—c or b 4 ¢ 1s subtracted from a ?
Justify your answer

Does a—b-+c mean that b—c or b+c 1s subtracted from a ?
Justify your answer

2. Explain why 8 —2—3 1s the same as 8 —(2+3).

Why 18 a—b—c the same as a—(b--c) ?

Explain why 8 —3+2 is the same as 8 —(3—2) Show that
x—y-+218 the same as z—(y—2).

3. Write down expressions for the total wealth in shillings
of a boy in the following cases, putting all terms except the first
in a bracket. Evaluate each when x=10, y=6, z=4

(i) Having « shillings he 1s given 2 presents of y shillings
each and 3 of z pence each.

(ii) Having £x he is given 2 presents of y shillings each and
spends z shillings

(iii) Having £x he spends 3y shillings and loses 2z pence.

(iv) Having £ he loses y shillings and earns 6z pence.

4. Write down and simplify the expressions which show the
following operations :

(1) Half the sum of @ and b is to be subtracted from two-thirds
of the difference between a and b. (a>b)

(i) Half the difference between a and b is to be subtracted
from 1.

(iii) One-third of the sum of 2a and b is to be subtracted
from half the difference between 2a and b. (2a>b.)
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(iv) One-third of the difference between a and b is to be
subtracted from half the sum of @ and b. (a>b.)

5. Simpkfy x — Y2 et your answer by putting x=>5,

2
y=3, 2=1.
6. When p=>5, ¢=6, r=4, find the values df
() p+2q—r, (i) @p+q)~r;  (ui) p=(g+7);

w) 2p—q—r+2; (V) 2p—q—(r+2).
7. Express without brackets
(1) 3(a+b)—2(a—b), (u)5(a—c)—4(b—d); (ir) a+b—2(c—d);
(iv) a—(b—c)d, (v) a+b—4(b—c).
8. In the following, bracket together those terms which
have a common numerical factor .
(1) 2z—y+22, (n) 224-3y—3z, () 3r—2y—22,
(iv) 3a—4b—4c+3d, (v) a+2b—c+2d; (v1) 2a—3b-+2¢c—3d.
9. The sum of p and 2q is to be subtracted from the amount
by which 5z exceeds 3y  Express the result (i) in a form con-
taming two bracket~, (1) without brackets.
10. Simplify

.. a—b a+bd p+2
0 5 — 5 w) p — 2+ 25,5

1 1 b 2 3
i) d) 50

Miscellaneous Examples I

1

1. What 1s the difference 1n meaning between 2z2 and (2x)? ?
Evaluate each when z=3.
2. Simplify (i) 2z?x 3a3; (ii) 6x3y2—2xy;
8

(iii) g—:,; (iv) V16a™s.

22
3. Given A=n72, find A whon = = r=2,
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4, Write down the results of (i) 'addjng 2z to 3y, ; (il) multi-
plying 2xy by 3a2y%; (ii) subtracting 4ay from ny

. x x . x T . ) x
5. Simphfy (1) 3 +35; (1) 535 (m) 3 >< s (1v) 35
8. By how much is a—(b—c) greater than a—(b+c) if b=0

and ¢=2 ? '
7. Write the number 36 1n terms of x and y if x=3 and y=6

2
1. What 18 the difference 1n meaning between 6x+4y and
6xy * Evaluate when =2, y=1
2. Divide (3x y)2 by 322y? and multiply 3z42y by 2z.

3. Ifs= -—(a+l), find s when =2, [=14, n=8.

4. Find the L CM. and H CF. of 12a?bc, 8ab%c, 6abc?.

1 1 1 1 1 1
5. Simphfy (1) a + 3’ (1) 2 X5 (iid) PR
6. Write the following with a bracket round the last two
terms © a—2b—3c, a4+2b—3c, a—2b+3c
7. What is the distance in feet round a rectangle whose
length 18 y yd and width x ft ?

3
1. Remove the brackets from
() 32@2z+y), () 3z—@z+y); (i) 3a(2ay).
2. Yactorise (i) 622 —4xy, (1) a?b—ab?; (ii1) a3+2a2—a.
4oc—4 a2 — 2a? 4
3. Sumplify (i) ad y; (ii) hd ; (ni) al +
4. Drvide 10x”y+5xy2+5xy3 by 5:z:y
5. Write the followmg so that each term has the same
1 1 »
denominator: (1) 1 — -; i) - — -,
M1-25 )
+2y 22—y . 3x+2y 2x—y
+ 6 [ (11) 4 - 6

8. Sumphfy (i)
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7. Write down an expression which shows that the difference
between « and y is to be subtracted from the sum 6f @ and b.

4

1. When z=2 and y=1, find the values of (x—)? and
x2—y2,

2. Simplify p(p—29)+4¢(2p—q).

8. Write down (i) with brackets, (1) without brackets, an
expression stating that y-z is to be subtracted from .

22
4, Given A=2mr(r-+h), evaluate A when 7 = w0 r=3, h=4
6. Draw a square on a line of length a. Show from your

a
diagram that this square is four times the square on 5

2 2 x 2 =z

8. Simphfy (i) = 4+ - 1) = X -3 i) — = -,

pUfy @) 555 () x5 () 5+

7. If x=3, y=2, 2=1, write an expression in z, y, and 2
whose value is 321.

5
1. Given that (a-b)2=a?+42ab+b2, find by using this
formula the square of 23, 1.e (2043). Use the same method
to find the square of 107.
2. Multiply by 5 (1) 3a+b; (1) 3ab.
8. What expression multiphed by 3az will make 6a2x2- 3ax3?

AR S 11 w11
4. Simplify (i) 7 + o (ii) ” X =3 (iii) 7 %
6. Write each of the following as two separate fractions :
. attab ..\ PP—g?
M) =gz @) 77
6. Write down (i) with brackets, (ii) without brackets, an
expression which means that p—q is subtracted from r.
7. The area of a circle is 7r2. Write down without simpli-

fication an expression for the area between two concentric
circles of radii x and z4d. *
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6

1. What' expression divided by 3xy will give 2x43y ?
2. Simplify (i) 322+4+2z—xy—a®+x+tzy;

(ii) 3a2—a+2—a2—2a—1.
3. Factorise (1) 2a®—a2—2a; (ii) 22+ x; (i) 2%y2—2y.
4. Find the H.C F. and L.C.M. of 4a2b%, 6a3?3c2, and 8abc3.
6. If s=ut-+4gt% find s when =10, t=3, g=32.

. at+b a—d . z—y
= _ . 9 =2
6. Simphfy (i) 3 i (i) 2z 3 -

7. Fill in the gaps in the following :

z bx .
(1) 2= () 5—3z+3y=5—3( ? );
3q = ?
(lll) P — 2 - 2 = - 2( )'

1. What expression subtracted from 2zx—3y gives z—2y ?
’rove your answer.

2. Wnite down the square of 4222 and the square root of
6alb.

3. Two of the angles in a triangle are x degrees and y degrees
Vhat is the third angle ?

9abc R | 1

4. Sumphfy (1) Oabe (ii) a7 — 2ot

b. State which of the following are factors and which are
aultiples of 2a2b.

(i) 4a%b%; (i) 2ab ; (iii) 6ab?; (iv) a?;
(v) 3a2b ; (vi) 2a; (vil) ab; (viii) 6a2b3.

6. The relation between F, the reading on a Fahrenheit
hermometer, and C, the same temperature on a Centigrade
hermometer, is given by F=$C+32. Find F when (i) C=100;
i) C=0.

7. Write in shillings the sum of £x and y shillings.

(ii1) 9abc—9abe
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8
1. Write without brackets
(1) 3ab(2b+3a); (1) 3ab(2ab) ; (11) }(4x+8).
2c—y x—2y
2 3
8. Find the perimeter of a square whose area is 1622,
4. A stone thrown upwards with a velocity of u ft. per sec

will travel s ft in ¢ secs. where s=ut—16¢2. Find s when
%=200 and t=2.

&. Simplify (1) a(a—bd)—b(b—a); (ii)

N B 1, L1 1
5. SlmthY(l)E’-—y'f‘y—.‘x, (11)9—0><y+§><x
6. If p is greater than ¢, will —p be greater or less thar
z—q ? By how much ?

7. I rule 2n+-1 parallel lines on a page, n being any whole
number. What 1s the number of the middle hine ?

9
6 L 22 x
Ty Wy Ty
2. Find the L.C M. of the denominators of the followiny

fractions, and write each fraction with this LCM as th
denominator :

1. Simplfy (i) 4

ab ac be

c® b¥ ¥

3. A father whose age 18 « years is 31 ycars older than hi
son  What 1s his son’s age ?

‘What will be the sum of their ages 1n 4 years’ time ?

4, Find a value of x which makes

“(i) 4+10=27; (i) 32=27; (lii)g=4

¢ 1 1 1
b. If 7= + find f when ©=10, v=12,

e e a .. a NN
6. Simplify (i) a — X dii) a X 3 (iii) @ = 3
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7. Given that a?—b%2=(a-+b)(&—b), find the difference
between the squares of 19 and 17 without squaring either of
them.

10

1. By what expression must 3xy be (i) multiplied, (ii)
divided, to give 1'as the answer ?

2. Write without brackets

() 22(2z+2%); (i) }2x+4); (i) $(4ey).

3. Write down three consecutive numbers of which the
middle one is 2r Which of the three will be odd and which
even ?

4. Write down the square of 9z%2 and the square root of
16242

922

5. Fill in the gaps in the following :

N 2t v TH2 0
(1);/——7., () z=z; () — =5

6. How many minutes are there between x minutes past
10 and x minutes to 11 ?

7. The last term ! of a series of » numbers is given by
l=a+(n—1)d, where a is the first term and d is the difference
between consecutive numbers of the series. Find the 20th
term if a=3 and d=2.

11

1. How much is left over when (z+-2)y is subtracted from
z(y+2)*

2. The perimeter of a quadrilateral is I in. One of the
sides is a in., and two of the other sides are b in. each. What
is the length of the fourth side ?

8. How many times is the sum of g and g contained mn 1Ve?

4, A photographer finds that he makes 3d. profit on each
of the first twelve prints that he sells and 6d. profit on each
additional copy over and above 12. What is his profit if he

3
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sells 20 copies ? How muich profit does he make if he sells
x copies where x>12 ?

" 5. Simplify (a?b% X a3b2c3) —atbict.

6. Show that 6(2a+b)+3(a—2b)=15¢ How much is
left over if 3(a—2b) is subtracted from 15a ?

7. Wnte the number 553 in the form 100x-y. A number
of the form 100x+y 18 known to be divisible by 7 if 2x+y is
divisible by 7. Test the number 553 in this way. Is the
number 861 divisible by 7 ?

12

1. What is the difference between 4% and z* (i) when x=3,
and (1i) when x=1?

x x . 22 z
2. Slmphfy(1)x+§——2 z—3); (11)a:+§ =2 z—3)

8. The postage for a foreign letter is 24d for the first ounce
and 13d for each additional ounce =~ What will be the charge
for a letter weighing « ounces ? The answer may be given in
halfpennies

4, Divide 15 shilhings between A and B so that A gets 3
shillings more than B If x shillings is divided between A
and B so that A gets 3 shillings more than B, how much does
each get ?

5. If a boy saves 1d the first week, 3d the second week,
5d. the third week, and so on, the total amount he will have
saved in x weeks is 22 pence. Show that this is true (i) when
r=4, (ii) when x=10.

6. Find the result of adding the product of 3a and (2a--b)
to the product of 2b and (a-+3b).

7. Simplify as much as possible

9 35_ a2  be
) 57 +39° (W) 7 + g3



CHAPTER 1V
Symbolic Expressions

THE solution of problems in algebra requires considerable
facility in the writing of statements which are similar to those
required in arithmetic, but involve the use of letters instead
of numbers.

The student will find httle difficulty in the following exer-
cises if he substitutes numbers for letters and then copies
the operations which are required in the solution of the
arithmetical example

Example.—The sum of two numbers 1s 2. If one 1s y, find
the other.

A similar example is : The sum of two numbers is 12. If
one is 4, find the other.

The answer to the latter question is 12—4, and to the
former it is x—y

Oral Examples

1. The sum of two numbers is z, the smaller is 5. What is
the greater ?

2. The difference of two numbers is y, the smaller 1s p.
What is the greater ?

8. How many halfpence are there in x shillings ?

4, How many pence are required to pay for two articles,
one of which costs £x and the other y shillings ?

6. A man who has @ miles to go, travels for « hours at 3 miles
per hour. How much of his journey remains ?

8. How many trees are there in an orchard if there are x
rows with y trees in each and b rows with ¢ trees in each ?

7. What length of paper is left 1f = pieces each y in long
are cut from a strip z in. long %

36
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8. The product of two numbers is  ; oneis 4. What is the
other ?

9. How many jugs each containing x pmnts can be filled
from a cask which contains y gallons ? (Try a numerical
example first.)

10. How much will be left in a cask whjch originally con-
tained y gallons when z jugs each containing x pints have
been filled from it ?

11. If » is an even number, what are the next two even
numbers ?

12. If n is an odd number, what is the next even number ?
What is the preceding odd number ?

Exercise IV (a)

1. How many shillings are left after deducting x florins
from y pounds *?

2. Find an expression for the total area A (sq ft.) of two
rectangles, one x ft. by y ft. and the other p yd. by g ft.

8. What is the number of pence left after paying x shillings
out of y pounds?

4. Find the number of books in a bookcase which has =
shelves each containing y books and p shelves each containing
¢ books.

6. Find the length of a rectangle whose area is 24 sq. yd.
and width 4 yd.

What 18 the length of a rectangle whose area is A sq. yd.
and width b yd. ?

8. A boy is z years old. How old was he y years ago ?
If his brother is 2z years older, how old will this brother be in
b years’ time ?

7. Write down an expression for the number of pence left
qut of x shillings after buying » buns at y pence each.

8. By what number must z be divided to obtain the quo-
tients (i) 3; (i) y ?

9. The breadth of a rectangle is y ft. less than its length.
What is its area if its length is = ft. ?
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10. If the sum of two numbers is 10 and one is 2, what 1s
the other ?

11. If the product of two numbers is 6 and one is z, find the
other.

12. A boy is allowed pocket money at the rate of = pence
for each weekday.and y pence for each Sunday. How many
shillings does he receive in a term of 10 weeks ?

13. If x is any whole number, write down (1) the next con-
secutive number ; (ii) the previous number.

14. Write down 3 consecutive whole numbers of which z
is (i) the least ; (i1) the second ; (iii) the greatest.

15. What is an even number ?

Using the letter x to represent any whole number, write
down an expression containing x which will always represent
(1) an even number ; (ii) an odd number.

16. How many times is } contained (i) in 5; (i) in = ?

How many heaps each weighing £ lb. can be made out of
zlb ?

1
17. A piece of paper is n in. thick. How many such pieces

would make a pile 1) 1 in high; (ii) « in. high ?

18. How many articles worth $d. can be bought for x

nce ?

19. If n books each y in. wide will just go on a shelf, how
many books of width x in. will fill it ?

20. If the perimeter of a rectangle is 12 in. and one side is
z in., what 18 the other ?

21. If the perimeter of a square is x ft , what 18 the area ?

22. The perimeter of a rectangle is 12 in and one side is
z in. ; find the area.

23. If the area of a square is 22 8q. in., what is the length of
(i) each side , (ii) the perimeter ?

24, Write down an expression containing x which will
(i) always, (11) never, be a multiple of 3, whatever the value
of .

25. What is the total cost in poynds of « yd. at p shillings per
yard and y ft. at g shillings per foot ?
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26. A boy is y years old and his brother is « years older,
what will be their total ages in 4 years’ time ?

'27. A sheet of paper has x lines, y in. apart, drawn across
it parallel’to the top ; the lines start 1 in. from the top and
end 1 in. from the bottom. What is the length of the sheet ?

28. A chapter 1n a book starts at page ».and ends on page
y. On an average there are z letters per page. How many
letters are there in the chapter ?

29. The carriage paid for excess luggage 1s z pence for
every pound above y lb. How many shillings have to be
paid for z cwt. of luggage ?

80. A rectangular lawn x ft by y ft. has a path z ft. wide
all round it. What is the area of the path ?

Construction of Formulge

If you walk at 3 miles an hour for 2 hours you travel 6
miles. If you cycle at 10 miles per hour for 4 hours you
travel 40 miles The distance travelled in miles 1s always
obtained by multiplying the number of miles per hour at
which you travel by the number of hours you travel. This
fact is expressed in letters by a formula, d=st; where d
represents the distance travelled in miles, s the speed in miles
per hour, and ¢ the time taken in hours.

To construct a formula in algebra we consider first the
corresponding arithmetical example, thus. Find a formula
for the number of pence (p) in x shilhings added to £y. The
number of pence in (3 shillings - £2) is clearly 12 X 34240 x 2.
.. for (z shillings 4+ £y) the number of pence is

12 X v+4-240 X y=122+240y.
~. p=1224-240y is the required formula.

Exercise IV (b)

Find formule for the following —
1. The number of books (b) in a bookcase which has s shelves
with # books on each.
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2. The number of books () in a bookcase having x shelves
each holding y books, and p shelves each holding g books.

8. The number of miles (m) travelled in x hours at the ragte
of y miles per hour (cf. the number of miles travelled’in 5 hours
at 4 miles per hour).

4, The number.of hours (k) it takes to travel m miles at y
miles per hour (c¢f. the time taken to travel 20 miles at 4 miles
per hour).

6. The number of pence () in z shillings,

6. The number of pence (p) 1n z shillings+y sixpences

7. The number of feet (f) in = yd.

8. The number of inches (z) in z yd.+y ft.

9. The number of shillings (s) 1n « pence.

10. The number of pounds (p) in 3z shillings+y pence.

11. The cost (¢) mn shillings of borrowing n books from a
library at x pence each if y shillings is charged as an entrance
fee.

12. The number of pence (p) you have left if originally you
had « shillings and then buy 4 buns each costing y pence.

13. The number of square yards (A) in the area of a rect-
angle whose length 18 / yd and breadth b yd.

14. The length 1n feet (I) of a rectangle whose area is A
sq. yd and breadth b ft

15. The time 1n minutes () required to walk z yd. at y ft
per second

16. The profit £p made by buying » books for £ and selling
them for y shillings each.

17. The area A sq ft. of the walls of a room whose length
is I ft., breadth b ft , and height & ft.

18. The amount A paid 1n pounds by a customer who buys an
article marked x shillings and is allowed y pence in the shilling
as discount.

19. Thespeed v ft. per second of a train after ¢ sec. if 1t stagts
with a speed of u ft. per second and increases 1ts speed by a ft
per second every second.

20. The amount of tax (T)in pounds paid on an income of £P
if £« is untaxed and the rest is faxed at y shillings per pound.
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Examples in Unitary Method.

A man walks z miles in p hours. How far will he walk in
y hours atethe same rate ?
A similar example in arthmetic would be: A man walks
10 miles in 3 hours How far will he walk in 7 hours ?
In three hours he walks 10 miled.
».in 1 hour ,, »w 2,
vy 1 hours ,, s > XTmiles.

So in algebra
In p hours he walks x miles

x
..in 1 hour ,, T

p

x .
‘. s Y hours ,, ' 2—D><y miles.

X

B miles.
p

N.B.—Be careful to state your units. The letters represent
numbers. Do not sav a man walks a distance x.

If =3, a distance z might mean 3 ft. or 3 yd. or 3 kilometres
etc. When a number 18 used with a umt such as 3 miles the
expression is called & ‘‘ quantity >’ : thus 3 is a number, 3 miles 18
& quantity.

Exercise IV (c)

1, If apples cost 2 shillings a dozen, find in pence the price
of 7 apples. If apples cost z shillings a dozen, find in pence
the price of y apples.

2. If a train travels at 30 miles per hour, find how long it
will take to go 80 miles. If a train travels at  miles per hour,
find how long it will take to go ¥ miles.

8. If a yd. of cloth cost b shillings, how many pence should
¢ yd. cost ?

4. If 2 men can do a job in y days, how many men would be
required to do it in z days ?

b. The fare for a journey of x miles 1s y pence. What should
be the fare for a journev of z miles at the same rate ?
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6. If & of a stick is z ft. long, what is the length of the com-
plete stick ?

7. A bath holds = gallons. How long will it take to fill it at
the rate of y gallons per mmute ?

8. How long does it take to travel (60—x) miles at y miles
per hour ?

9. How far can you go in z hours at (y—>5) miles per hour ?

10. If p cu. ft. of water weigh ¢ Ib, what 1s the volume of
1 ton of water ?

11. A train travelling at « miles per hour travels for y hours.
How far did it go ¢ How long would a train travelling 4 miles
an hour faster take over the same journey ?

12. A journey of z miles takes y hours How long would a
journey of x-+5 miles take at the same rate ?

18. If m men have provisions for # days, how long should
their provisions last if y additional men are added to the
party ?

14, One clock gains x minutes a day and another loses y
minutes a day. If they are both put to the right time, in how
many days will they differ by z mimutes ?

15. One boy runs at z yd. per minute and a slower one runs
at y yd. per minute. If the slow one 1s given z yd. start, in
how many minutes will he be caught ?

16. One rectangle’s length 18 = ft. and breadth y ft. If
another rectangle which 1s 2 ft. longer has the same area,
what 18 1ts breadth ?

17. If a road nses z ft. in height for every y yd. of its length,
how much will it rise in m miles ?

18. If = sheep can be put in a square pen whose side is
b yd., how many can be put in a square pen whose side is
cyd.?

19. How many eggs at ® pence per dozen can be’ bought
for y shillings ?

20. A sheet of paper has x lines, y in. apart, drawn across it
parallel to the top the lines start 1 in. from the top and end
lin from the bottom. If the lines were z in. apart, how many
would there be ?



CHAPTER V
Equations

In the following examples x represents a number ; find its
value by guessing :

1. z4+10=15. 2. x—5=6. 3. 2z=12.

4. z=3. 5. 2v+4=8. 6. 3r+9—12.
xr x b
7. 2x—5=". 8. 3x—21=9. 9. '§ + é =6

The exercises above are known as ‘‘ equations.”

An equation is a statement of an equality between two
expressions which contain a letter representing an unknown
number and 1s only .rue for a special value of that letter The
process of finding this value is called * solving the equation.”

When a statement of equality 1s true for all values of the
letters mvolved, 1t is called an Identity : e g 3(a-+b)=3a4-3b.

The sign = 18 sometimes used between the two sides of an
dentaty, thus, 22+3(2y+2) = 2(x+3y)+32

Many problems may be solved by writing the given informa-
tion algebraically in the form of an equation in which the
unknown number which 1s to be discovered is denoted by a
letter, generally but not necessarily, x.

Example—Find a number which when increased by 12
becomes 18. Let x be the required number, then the question
tells us‘that x+4+12=18. Since 6+12=18, it 1s clear that
z=6.

When the question is more complicated, some simplifications
may be necessary before the answer is obtained.

Example.—A certan number 18 doubled and the product

mcreased by 6; if the result 18 9 more than the origmnal
49
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number, find that number. Let x be the required number ;
when doubled it is 2¢. Hence from the question we know
that 2z-6=z+9

The expressions on either side of the sign of eyuality are
called the ‘“ sudes >’ of the equation

Since the sides,are equal to one another, the remainders will
be equal if we subtract the same number from each side.

Subtract « from each side, then x+6=9

Subtract 6 from each side, then x=3, which 1s the required
number.

Check —If x=3, 2x+6=6+6=12,
and z+9=3+9=12.

If a letter is used instead of a number the method 18 un-
altered ; eg. solve 2z+a=z-+b.

Subtract x from each side. .:. x+a=b.

Subtract @ from each side .. z=b—a.

In simphfying an equation 1t 1s convenient to carry out
operations which will eventually bring « alone on one side of
the equation. The following axioms are constantly used for
this purpose.

(1) If equals are added to or subtracted from equals, the results
are equal

(i1) If two equals are multiphed or dinded by the same
number, the resulls are equal.

The example below 18 worked out 1n full to illustrate the
process and to show a convenient method of arranging the work.

Example.—Solve 5(x—4)+4+11=3(z+1)42.

o br—20+411=32+4342 [Clearing of brackets.]

. 5x—9=3x+5 [Collecting like terms.]
. br=3x+414 [Adding 9 to each side ]
c. 22=14 [Subtracting 3z from each side.]
cooe=T [Dividing each side by 2.]

Check.—When x =17,
L.H.S. (left-hand side) =5(7 —4)+11 =5 x 3411 =26.
R.H.S. (nght-hand side) =3(1+41)+2=3 X 8+2=26.
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Note.—(1) Do not check by substituting =7 in the equations
thus:
5(7T—4)+11=3(7T+1)+2.
oo 164+11=244-2.
.. 26=286.

Nobody asks us to prove 26=26. .
(2) Use the sign . . (therefore) before each step of the solution.

Exercise V (a)

In the following equations the operations should in all cases
be stated 1n words and the answers checked :

1. The sum of z and 71s 10. Find .

2. The sum of 4z and 3 is 15. Find .

8. The excess of 3z over 7is 5. Find x.

4. What number is next above « ? If the sum of these two
consecutive numbers is 29, find x

5. If the sum of two numbers is 18 and the smaller is z,
what is the greater ? If the greater 1s twice the smaller, find .

6. If the difference between two numbers is 6 and the smaller
is x, what is the greater ? If the greater is three times the
smaller, find .

7. If the sum of three consecutive numbers is 24, find them.

8. Three times a number is 11 greater than 7 Find 1t.

9. If « is an odd number, what 1s the next greater odd
number ¢ If their sum 1s 28, find them

10. Twenty-seven 1s 3 less than 5 times « Find =.

11. If = is the middle of three consecutive numbers, what
are the other two ? If the sum of the three numbers is 27,
what are they ?

Solve the equations :

12. 3x=2x4}5. 138. 3x4-6=2z8.
14, 52—10=22+42. 15. 5x—7+43x=9.
16. 4(52—3)=68. 17. 3(2x—4)=8.

18. 2(z+3)+5(2x—3)=39.
19. 3(x—2)+4(x—1)=5(2z+7)—54. 20. 2x—3=>5(2z—17).
21, 24+y=2(y+3)—3(y—2). 22. 3p+24—5p=30—S8p.
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28. a—3=5—a. 4. 3z (xz—17)=21.
. 3(x—8)=r. 28. 3(x+2)=2(x—3)+17.
. br—4(xz+13)=4(x—13)—Tx.
. 202 —3(x4-6)=3(2—=x)+16.
. 3(t—2)—2(t+1)+5=0. 80. 7—(t+2)=2(1—1¢)+3.
81, 3—2(t—1)3(t—4)+7t=0.
32, 2(t—1)—8(3—t)=3—(2t—1).
33. 4(1+y)—6(2—y)=2—5(1—y).
34. 8m+-2(3m—2)—5(2m-+1)=0.
35. 3(8z+3)—4x=68—3(9x+4)
86. 3-6xr—96=12x—24 87. 2(3z—1-8)+45(x—3-8)=4-9.
88, 3(x-+1-25)=4 250—0 125.
39. To a certan number I add 3-4, and then multiply the
sum by 2  If the result is 11, find the number.
40. If I subtract 2:8 from a certain number and then
multiply the difference by 5, the result is the same as if I had
subtracted 1-2 from the original number. F¥ind the number.

SBIS

Equations involving Fractions

Ezxample.—Find a number such that, when one-half of it is
added to one-third of it, the result is 25.
Let the number be z.

Then g + g=25.
* Multiply both sides of the equation by 6 (the L CM.
of 2 and 3).
- 3x+-2x=150 30 30
.~ =30, = 25.

* Note.—(1) This step gives a new equation equivalent to the
original one and without fractions. The words 1n 1talics should
always be included to prevent confusion with the process of

addition, such as ',—; + z_3z 2z bw

36766
(2) Do not write =3x+42x=150; 3z 2z 18 not equal to ; + g
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z+1 %43

Ezxample—Solve 5 =5
Multaply both sides of the equation by 15 (the L.C.M. of the

denominators).

. 15@+1)  15(z+3)
o 3 = =
<. 5245 = 3x+-9. Check._._g_ =5 = L
oo 2 =4, s+3 243
=2 T = T =1.

3z—1  3x—2 9 —0

4 5 20

Multiply both sides of the equation by 20.
o B(3z—1)—4(3x—2)—9=0. Check.

oo 1562—5—122+8—9=0. 6—1 6-2 9
- 3z—e¢, LHS. =— ——— ——

v r=2, 25—16—9

Example —Solve

Exercise V (b)
Solve the equations 1-14.

1, jx=%. . r=1%. 3. 3jx=4.
4
4. 3jw=. 5. 16 == 8. 33=21x.

7. =3. 8 fy+3=34 9 —- =12

10. 11, §t+3=35. 12 > —

5 5
+7 x xz—2 b
5 Ws+—5 =3
. .oom—1 m—2 2(x—1) z—3
16. Slmphfy ——2— - T 16. Solve 5 - T =14.
4— —
17. Simplify 1 — _6:'5 18. Solve p — 2—2—3 = b5}.

13.
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19. One-third of a number added to one-quarter of it equals
14. Find the number

20. The difference between half a number and one- -third of
it equals 3. Find the number.

21. Half a number added to one-third of it is 28 less than
twice the number. Find it.

22. One-fourth of a number subtracted from two-thirds of
it 18 6 more than one quarter of it. Find the number.

3x4+1 2247 2z+1
23. What value of  will make —— x+ — x;— equalto x;— ?
5 1 —3
24, Whatvalueofxwillmakex—g _a:-;— +x4 equalto0?
Solve
r 2x 3z 7__ 3y+2 1_y+1
2. 3 ‘3"+7£“§*0‘ 8. 5 3= 19
22—
2. —— 4 — 2(2z4+4)+3(da+1)=0.
2(x—9 x—T
28. }(@+T)—{5(z—3) = : 3 ) 5 )°
5—z (x—1) 3x—8
Wl-—="% "1
z+3 2(=x—3) 3z—5
30. 10 — T =7 + 3
—2 -3 —2 —3 +
31. Slmpllfv 3 —-—3—. 32. Solve—2———T=2.
291:—7
33. Simplify 1 — +
-2  2x—7
84. What value of = will make 1 — xT + xT equal
z+3 . T(x—3) 3(z—2)
to —1—2—-? 85. Simplify i w—
— 3(x—2
86. Solve w=3) = )=‘8.

4 2
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Equations involving Quantity

'Example.—1 bought a number of books at 5 shillings each.
If. the price had been 4s. 6d. each I could have bought one
more book by spending another 6d. How many books did
I buy ? .

Let = be the number of books bought, then the amount
actually spent is 5x shillings.

N.B.—Do not say ‘ Let x=the books.” zstands for a number,
not a quantity (see p. 40).

To buy (x-+1) books at 4s. 6d. each would cost 2(z+1)
shillings The question tells us that this 18 6d , or } shilling
more than 5z shillings.

S Yxe+-1)=bx+3.
Multiply both sides of the equation by 2.
s 9(x4-1)=10x+1.
ce 924+9=10x+1.
s.or=8.
1e number of books bought was 8.

st.—8 books at 5s. cost 40s.
9 books at 4s. 6d. cost 40s. 6d.

Jrample.—A man takes 7 hours over a journey of 60 miles.
Zart of the time he walks at 4 miles per hour and the rest he
cycles at 12 miles per hour How far did he walk ?

It is often helpful to draw a diagram.

<~—— 60 miles —
Let xz=the number of Distance x 60—z
miles he walked | | |
Then 60 —x=number of
‘miles he cycled.

X x 60—z
Time i hours BTH hours

— 17 hOUrS —_—

Time taken to walk x miles 2t 4 miles per hour = z hours.
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Time taken to cycle (60—x) miles ‘at 12 miles per hour

60—x
=12 hours.

. . r 60—z
But since the total time 18 7 hours we have 1 + T = 7.
Multiply both sides of the equation by 12.
.. 3+ (60—x)=84.
s 20=24
o r=12,
Test.—12 miles at 4 mules per hour takes 3 hours.
48 mles at 12 miles per hour takes 4 hours. Total
time, 7 hours.
Alternative Method —If we had taken x to be the number
of hours of walking, then 7—x=number of hours cycling.
Distance walked =4x mles. Distance cycled=(7—x)12
miles.
oo 4x+12(7—x)=60.
oo —8r=—24.
. 8r=24
s =3,
[Which of the two methods do you think is easier ?]

Exercise V (c)

1. I bought some cards at 3d. each and twice as many at
2d. each. If the total cost was 4s. 1d., how many of each did
I buy ?

2. I sold one set of books at 2s. each, and another set which
contained 2 volumes more than the first at 2s 6d. each. The
total receipts were £2, 10s. How many books did I sell ?

8. A is four times as old as his son, and the difference
between their ages is 36 years Find their ages

4. The length of a rectangular field is twice its width. i
its perimeter is 360 yd , find its dimensions

6. A mixed school has 340 pupils. If there are 40 more
boys than girls, find the number of each.

4
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6. The angles of a triangle are in the ratio 1:2:3. Find
them.

7. A school of 764 boys is divided into an upper and a
I6wer school. The number of boys in the upper school is
34 less than 5 times the number in the lower school. How
many boys are in each part ?

8. A shopkeeper with a stock of 120 bats sells some at 30s.
each and the rest at 155 each. By disposing of his whole
stock he obtains £150. How many bats did he sell at 158
each ?

9. A has twice as much money as B. B gives A £5 and then
A has 5 times as much as B. What had they at first ?

10. To pay a bill of 8d. I give a tradesman £1. The change
consists of an equal number of half-crowns, florins, and pence,
together with half that number of sixpences How many
coms did he give me ?

11. A straight line 25 1n. long is divided into two parts, one
of which is £ of the other Find the length of each part.

12. A cycles from X to Y at 10 miles per hour, but B goes
by car at 25 miles per hour. If B takes 3 hours less than A
on the journey, find the distance between X and Y

13. I travel to a neighbouring willage by a bus whose speed
is 15 miles per hour, and return by tram at 10 miles per hour
The return journey takes me 12 minutes longer than the
outward journey What is the distance to the willage ?

14. The ages of two men differ by a fifth of that of the
younger. In six years they will differ by a seventh of that
of the elder. What are their present ages ?

16. A boy cycled from A to B at 10 miles per hour,
remained there 2 hours and came back by tramn going 25 miles
per hour by a route 15 miles shorter than the road If the
total time taken was 7 hours, find the distance by road from
A to B.

16. A man walked to a town at 4 miles per hour and re-
turned by the same road in a car at 25 miles per hour. The
double journey took 4 hours 21 minutes How far away
was the town ?
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17. A monarch who came to the throne at the age of 30
reigned for ¥ of his life. How long did he reign ?

18. A boy walked for 2} hours, starting at 3 miles per hovr,
but after some time he increased his speed to 4 miles per hour.
If the times he walked at the two speeds had been inter-
changed the total distance gone would have been % mile
farther. How long did he walk at each speed ¢

19. In a certain railway carriage the width of seat each
person has when 4 sit on each side is 4} . more than if b
sit on each side. Find the width of the seat.

20. A motonst starts from a town X for another town Y,
135 miles distant from X, at the same time as another,
travelling 6 miles per hour faster, leaves Y for X. If they
meet after 24 hours, what 18 the speed of each car ?

21. A boy’s cricket average after his first = completed
innings is 17. In his next five innings he makes only 40 runs,
and his average consequently drops to 12 What is the
value of = ?

22. 20 c.c. of a liquid weighing 0 8 gram per c.c. are mixed
with another liquid weighing 1-2 grams per cc. If the
mixture weighs 1-1 gram per ¢ c., how much of the second
hquid was used ?

23. A 1s employed at an initial salary of £120 with annual
increments of £20 B at the same time starts at £300 with
a yearly rise of £56 After how many years will their annual
salary be the same ?

24. A school of 750 boys had 360 boarders. The following
term the number of day boys remained unaltered, but the
boarders increased so that they formed half the school. Find
the increase in boarders.

256. A man spends z shilhngs a day during July and 5
shillings more each day during August. How much does he
spend in July and August together 2 During September his
daily expenses are 1 shilling a day less than in July, and his
expenses for this month come to £14, 1s. less than the whole
cost for July and August together. How much a day does he
spend in July ?
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Revision Exercise V (d)

1. If 3z=5, does x=5—3 ¢ Gave reasons for yuw answer
If ax=b, does x=b—a ?
If ax=b, what 18 the correct value of z ?
2. Does §—3=10—3 ¢
2z 3

Is 3TTF" 10x—9 ? Correct these two statements.

2z 3
What multiple of —; -3 is equal to 10x—9 ?

2

If-g—5=4, what is the value of z ?
s—1) 10 dotd

L2 ——F— =55 °

How many fifths have been subtracted from 2 in this state-
ment ? What is the correct number to be subtracted ?

5—1 5—1
4 Is3 — e equal to 12—(5—1)? If3 — b replaced

by 12—(5—1), what operation has been performed ?

Ifa— t_;Tc = %, what does 4a—b--c equal ?

5. Multiply ab by 3. If 2 X5 is multiphed by 3, express the
result in the form of two factors.

What is the result of multiplying #(x—5) by 9 ?

6. Multiply }(x—4%) by 6. By what must you multiply the
given expression to obtain the result 3x(6z—2) ?

7. Multiply 3—2(2x—%) by 12, without removing the

bracket.
¢ Solve the following equations :
$z—3)—3(@+})=2—b.

9‘%}_2@' 5_% 3x— 1%
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10. }(2z+5)—3(x+33)=2(2—a,.
11, z+1=4(x+3)—$(2z—1).

12. 3z — 4x3— o

=5+1(z—2).

Historical Note

The name Algebra 18 derived from one of the processes adopted
for the solution of equations. The Arabic mathematician Al
Khwarizm wrote a treatise about A.Dn. 830, which he called
‘“ Al-jebr w’al muquabala.” By  Al-jebr,” or ‘ Restoration,”
he meant the transferring of negative quantities from one side of
an equation to the other side; by ‘ muquabala,” or ‘ Opposi-
tion,” the removal of such hike terms as occur on both sides of
the equation. Thus the equation 5x—3=2x+12 when treated
by “ Al-jebr’’ becomes 5x=2x+3-+12, and the further operation
of “muquabala’ reduces 1t ta 3x=3+12 (by the removal of
22z from each side). The verb from which Al-jebr was derived
meant to ‘‘make whole’” or ‘ restore that which was broken.”
It was adopted mnto the Spamsh language in its original sense,
80 that to-day in Spain ‘algebraista’ means a bonesetter or a
surgeon.

One of the earliest equations known in algebra is the Egyptian

Vrsh el T8 Fafhm
which means 2(3+3+314+1)=33.

In the Middle Ages, Z =zensus or census stood for z3% and R =res
stood for «; p was plus and m minus. Thus 1Zp56Rm4 18 224 52—4.
Later on this was written 12p51m4, but there was no method
universally adopted and progress was hindered by the absence
of a suitable shorthand. .

The signs + and — came into general use in the 16th century ;
the sign = was introduced by Robert Recorde in his algebsa
called ‘the Whetstone of Witte >’ (1557). The use of = and y
for unknown quantities and @, b, . . . for known quantities 18
due to René Descartes (1637).
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Miscellaneous Examples IT
A 13

/1. A hay z pence, B has y pence more than A, and C has
twice as much as A and B together. How much have they
between them ?

2. Express ¢ hours and m minutes in seconds.

8. Solve the equation 26 —3x=38—7x, testing your result.

4, What is the result of multiplying 22+42x by 3z ¢ If this
18 8 less than that of multiplying 2x+3 by 2%, what 1s the
value of z ?

b. Simphfy 3(a+2b)—5(b+2c)+2(a—3¢) and check your
answer by putting a=>5, b=4, c=1.

6. What 1s the H.C.F. of 12, 20, 36 ? Find the H.C.F. of
2ab?, 4b%, 6bc?

7. Divide 29 shillings between two boys so that the elder
boy gets 7 shillings less than twice the younger boy’s share.

A 14

1. Find the values of (a+2b)c, (a+2)(b+c), and a+2(b-+c)
when a=4, b=3, c=2

2. What 1s the L C M. of 3ab? and 2bc*? How many times
does each divide into the L.C.M. ?

3. Subtract z+%y from }x-+3y.

4, If 4x}-3=>bx—a when x="7, what is the value of a ?

5. How much is left when 32?222y +-5xy2) 18 subtracted from
43y(2x+Ty) ?

6. Solve the equations

0 5=6—3; (i) 232+5)+3(4s—2)=40.

7. Apiece of cord 28 in. long s divided by two knots into three
parts. * The middle part is 21n. longer than the first part and 3in.
shorter than the last part. What 1s the length of each part ?

A 16

1, Rewrite in its simplest form
2a2-+8ab+5a - 4a2+Ta+3a2 —6ab.



MISCELLANEOUS EXAMPLES II 55

2. Show that x—3y-+~y+2z and {*—3y)—(y+2) have differ-
ent values when x=12, y=2, z=1. Is there any value of x
for which they are equal when y=2, z=1? ’

. .3 4 x—1 22 x41°

3. Solve the equations (i) 25 (ii) 8 + 5= 1

4, If x=3y+2 and z=4y-}3, show that 3z—4x=1.

8. A party of z boys divide a number of cherries between
them. Each boy gets y cherries and there are z left over. How
many cherries were therein all ? Test your answer by putting
=5, y=13, z2=3.

6. If a tons of steel are required to make x girders, how much
steel would be wanted to make y such girders ?

7. A has four times as much money as B If he gives B
£8 he will then have only twice as much as B How much did
each have at first ?

A 16

1. Subtract 3a—2b—c from 5a-+3b-2c, testing your answer
by putting a=5, b=3, c=1

2. What 1s the total cost in shillings of buying a lb of salt
at p shillings per Ib. and y oz. of pepper at z oz. for a shilling ?

3. Add together 2a—;—3b’ 3a _ 2b, 5a—2}—3b
4. Which of the numbers 1, 2, 3, . . 10, when substituted
—+5
4
you guess the next value of « which will also do this ?

6. Solve

r+a

(1) 2(52—3)—3(42—5)=14—3(z+1); () —

6. Remove the brackets from 2(x+3y)—3(2a—b). Bracket
together the terms which are divisible by 3 and 5 in the ex-
pressions 5a—3b—10¢+9d and 5a—3b+10c—9d *

7. Anexcursion party consists of 40 persons To meet the ex-
penses, which came to £2, 1s., each adult contributes 4 shillings
and each juvenile pays 6d How many adults were there ?

a whole number ? Can

3
for  will make the expression

=b—=x
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‘A 17

.1. Distinguish between the meanings which are given to
2% and 5x., What is the actual difference of their values when
x=21

b b
2. Subtract the sum of g + 5 and g + i from 3a4-2b.

8. If xy+yz=21, what is the value of y when =2 and 2=5 ?
4, Solve the equations
(i) z—a=%(x+a); (i) y—3=y—1)+i(y+1)

5. A cart can hold ¢ cwt. of sand. How much will 1t have
carried after  journeys when three-quarters full and y journeys
when only half full ?

6. A dog sleeps for = hours out of the 24 hours of the day.
If his waking hours are 4 less than his sleeping hours, find the
value of .

7. A tenms club buys a new set of nets and raises the cost
by a levy of 12 shillings a head on its members  If the number
of members had been 10 greater the cost per head would have
been only 9 shillings. How many members were there ?

A 18

1. What is the difference in the values of 2 X 23 and x2-+}-a3
when =2 ?

2. Find the factors of 2a3-+-4a2b and of 5ab+41062. Have
they any common factor ?

molify 2220 - & 3_1

8. Simplify 2% — 7 and 6x<2x 3>.

4, If a—2b=1, 3b—2c=1, 4¢c—3d=1, find the value of
Sa—4b+43c—2d when d=5.

b. Solve
(1) 32—2(2—8)=5T—4(z+3); () =+§=4(x+4)—2(1—2).

6. Insert a bracket round the last two terms of each of the
expressions 2x-+4y—3z, 2e—y—3z, and 22—y-+32. Find the
value of each when x=>5, y=3, 2=1 both before and after the
insertion of the brackets. !
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7. In the year 1928 A was 55 ycars old and B was 25. In
what year will A be twice as old as B ?

A19
1. When a=>5, b=2, find the values of
ad>ps (a—b)3 a’_z_ — 2__.b2
’ ’ 26 a°
2. Find the H CF. and L.C.M. of 4a2bsc, 6ab%d, 8atbc?
r x—2
8. The equation i =1+ + 5
the three values 3, 5, 7. Which is 1t ?
4. Divide 8a%h?+6a2b*+12a3b® by 2a2b.
5. A tumbler % in high, 2 1n. in diameter across the top, and

is satisfied by one of

h
yin. across the bottom holds 1—3§(x2+xy+y2) pints What are

the contents of such a tumbler for which x=3, y=2, h=3} ?

6. What value of x will make (x+33%)+34(x+4%) equal to
x+23 ?

7. A house agent bought a house at an auction and resold
it again for £1620 after having spent on redecoration, etc, a
sum equal to a quarter of the amount he paid for the house.
If he thereby gained one-tenth of the purchase price of the
house, at what price did he buy it ?

A 20
1. Express mn words the difference in meaning between
a+b(c+d) and (a+b)c+d. What is the difference in value
when a=3, b=1, ¢=2, and d=0 ?
. ah . 227 ac?
2. Simplhfy (1) = X (ai) B T a5
3. Solve
. x x .. z—5
(i) 5<§ — 3> =3<‘1 -+ 2> ; (ii) 2z — - = 20 — 3
4, After riding along a straight road for z miles at y miles
per hour a cyclist has a puncture and walks back home at
z miles per hour. How many hours was he away from home ?
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b. The whole area of a &ircular tin is 2mr242mrh where r
is the radius of the base, % is the height, and #=33}. Rewrite
this expression in factors and find 1ts value when r=3, h=4

2a+3 3a+2 a+3 3a+tl
6 Slmphfy (1) - 12a ) ( ) 2 - —5_ + 4 .
Test each answer by putting a=1. °

7. A can walk at x mles per hour, B can walk } mile per
hour faster. If they start from two places 12} miles apart
and meet in 1§ hours, what 18 the value of « ?

A2l

1. Divide 2x%y2+4-4x2%y® by 22?2y What are the factors of
your answer ?

2. If 4(22—9)—}(3r—a)=2 1s satisfied by x="17, what must
be the value of a ?

8. The area of a rectangle is A sq. 1n and 1its longest side
is 1in. What is the length of the shorter side ? If the peri-
meter is s 1n, write down a formula connecting s, I, A

4, Find the H.C F. and L.C M. of 6p3g?, 18p2g3, 9pqt.

622—13x—5
5. What 1s the value of —ux——— when ©=2-6 ?
3z+1
8. Solve the equations
r—4 . 3x+8
(l)7~—*§—-—5, (ll) 2% =2%.

7. The sum of » terms of the series x, x+2, x+4, r+6, . .
18 n(z+n—1). What 1s the value of « if the first 12 of these
numbers add up to 240 ?

A 22
1. If ,xy=120, find the value of y when x=10. What are

then the values of - and 2%y ?

2. Subtract the product of 5x%+2x+410 and 3z from that of
322+4x+6 and 6x. For what value of « is the result equal
to 1400 %
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8. One angle of a triangle is half the sum of the other two.
If these two differ by 12°, what 1s the size of each angle ?

9 3 3.9
4. What value of z will make ; — - equal to - = - ?
2 = z 2

8. By choosing any values you like for p and ¢ (p should be
greater than ¢), Verify that the result of adding the squares
of p2—q? and 2pq is the same as that of finding the square of
P*+¢

6. Rewrite in a form free from brackets
asba(a2+b2), a3b3(a2b2)’ a3b3_(a2b2)2’ (a3b3)3, (a3b2_|__a2b3) __azbz_

7. A school is divided into 18 forms. Of these z have an
average of 15 boys each, 3 others have an average of (x-4)
boys each, and the remainder have 10 boys each  If the total
number of boys 1n the school 18 258, what 1s the value of = ?

A2
1. If a=2b, express the value of

of b.
2. If the equation 322 —ax+412=0 is satisfied when x=3,
what must be the value of a ?

b b
3. Simplify (1)——;2—;-2; (i )<—__>_:_f"

x

4. The area of any triangle can be found from the formula
}V(a+b+c)(a+b—c)(a—b-+c)(b+c—a) where a, b, ¢ are the
lengths of the sides. Calculate the area of a triangle whose
sides are 6 in., 1§ in., 6} in.

5. Solve the equations

. 3 4 . b ¢
(1)5—3:_91:—9’ (u)a—x—x—d.\

6. The raw material for a certain machine costs £a and $he
expense of 1ts manufacture is £6. What will be the total cost
of making x such machmes ? If the price of the raw material
rises by £p and the cost of manufacture drops £g9, how many
machines can be made for the same total cost as before ?

5a+8b 3a-+2b
3 4

in terms
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%. A motorist allows himself 4 hours to complete a journey
of 75 miles. After going 24 hours he finds himself behind
time and jncreases his speed by 2 miles per hour. If he
arvives punctually, at what speed did he start on his journey ?

A 24 .
1. A has £p, B has £¢g more than A, C has £r more than

half B's amount. How much have A and B together more
than C has ?

2. Rewrite the fractions mn terms of a common

a 3
3b’ 4a’ 6ab
denominator.

3. Show that =5 and x=3% both satisfy the equation
2a2—17x+36=0.

4. Bracket together the terms which have a common
factor in 2ab—3cd+5ac+7bd. 1In how many ways can this
be done ?

2 — 2

5. Show that { n(n2—|— 1)} — {n(nz 1)} has the same

value as #n® when n=2. Is this also true when =3 ?

6. Simplify
. 3a a a\ ... 3a®+2a—5 2a%43a—4
(l) '2—b‘ - 3(65 — '5 H (ll) 1 —_ 6 .

7. A tradesman spent £8 in buying one kind of cloth at a
certain price per yard and £24 on another kind costing twice
as much per yard. Altogether he bought 50 yd. What was
the price per yard of the cheaper cloth ?

B 25.

1. Find the values of a-+2b and (¢+2)b when a=3, b=4.

2. A hawker buys one barrel containing 4« lb. of apples
for-2d. per 1b. and another barrel containing 2y Ib. for 3d. per
Ib. If he mixes the two lots together and sells the whole at
34d. per 1b., how much will he gain ?

3. If 2=y+3t, y=2-4¢, z=t+2, find z, y, z when t=4 and
show that 2y —z—z=4.
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4. Simplify 2(3a-+5b)—5(a—+2b)+47(b43c).

B. There are three pieces of machinery weighing (224 3x24-4)
tons, (6x2+2x) tons, and (323-+5x+48) tons respectively.
What is their joint weight 2 By how much does ti?e weight of
the last two together exceed that of the first ?

6. Solve the equation

(x41)+2(x+2)+3(x+3) =4(x+4).

7. Divide £53 between A, B, C so that B gets £3 more than A

and C gets £2 more than B.

B 26

1. A, B, C divide (n?45n+410) pounds between them. If
A gets £(n+2) and B gets twice as much as A, how much is
left for C? Test your answer by putting n=3

2. Find the values of 22— 2, (x—y)?, and (z+y)(x—y) when
=6, y=4.

8. If the number of fine days in June is z, what is the
expression for the number of wet days in that month ¢ If
these are two less than the number of fine days, what 18 the
value of x ?

4, Solve the equa,tlons

Q) = sti=2 42 5i (i) 5(32—7)=28—2(22+3).

5. Express the difference between the square of a number
and the square of its double in terms of the original number.
[Take this to be n.] If this difference is equal to 192, what
was the original number ?

8. Simphfy (i) 12( g + g—> —8<g- — :3/,> ; (i) 3x<§ — %)

7. One girl buys 30 yd. of ribbon at x pence a yard. Her
sister buys 10 yd. less but pays twice as much per yard.
Between them they spend 8 9d. How much did thé ribbon
cost per yard ?

B 27

1. Multiply 2ab+3b% by 3a? and a?-}-2ab by 2b%.. What is

the sum of the two answers ?
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2. Prove that a rectangular block whose edges are [ in.,
b in., h in. has a total area of 2(lb4-bh+-hl) sq in What is
tlfp value of this when 1=8, b=5, h=T 1

8. Find the values of 3x34-4%2, 323X 4a?, 323 44?2, (3x44)?
when xr=2.

4. How many pence are there 1n £a, bs. cd. ? What should
I have left in pence out of this sum if I paid away a half-
crowns and b florins and recerved ¢ sixpences 1n change ?

§. Solve the equations
() 6(3z+5)—4(2x+8)=28; (i) He+3)—}(a+1)=}(@—2.)

8. If a car takes p hours over a journey when its speed is
x miles per hour, what time will it take when it is driven at
z miles per hour ?

7. A hammer is made up of a wooden handle and an iron
head. The total weight of the two parts is 6% 1b., and the
handle alone weighs 1 Ib. less than half the weight of the
head. What is the weight of each part ?

B 28

1. One boy can count the number of cards in a pack at the
rate of x cards per second. A slower boy can count only at
the rate of y cards per second. By what time will the first
boy beat the second in counting z cards ?

2. Find the values of (3a—2b)? and 9a%—4b% when a=3,
b=4.

3. Evaluate (p—¢q)r—t and p—q(r—t), when p=10, ¢=3,
r=4, t=2. Rewrite each expression without brackets.

4. Express 48 as a product of two factors in as many ways
as you can. Can you discover values of x and y which make
2x4-y=20 and xy=48 ?

> -3
B. Simplify  — x_4_ Check your answer by putting x="7.

6. Solve the equations
2z\ =z

3 5 6
M) +o=0t—-; i) %(6 ~§>=§<1 —i>
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7. A garden bed 1s 10 ft. long and x ft. broad If 2 ft. is
ocut off both the length and the breadth the area would be
diminished by 32 sq. ft. What was the original breadth of
the garden ?

B 29

-1. A ship travels z miles on its first day out of port, and
each following day exceeds the preceding day’s run by y
miles. How far will 1t have gone 1n 5 days * If on the 5th
day it goes a quarter of the whole distance then travelled,

x
show that y = &

2a+5b 3a—b a-+2b

&~ 6 T3

3. Rearrange 3a—4b—6c+-8d so that the first and third
terms may be bracketed together, and also the second and
fourth terms Find the value of the expression both before
and after the rearrangement, given a=8, b= 7 c=2, d=3.

4. Solve the equation }(2x+5)—X( x+4§ L(z+3%).

5. Find three consecutive odd numbers whose sum 18 291

2a%b%c® 6a  8b3%¢
6. Simphfy ——— 3a% X&';;*——F

7. What is the distance between two neighbouring towns
if a traveller saves 104 minutes by taking the bus which runs
between them at 18 miles per hour, instead of a tram whose
average speed is 12 miles per hour ?

2. Siumplify

B 30

1. Subtract the sum of z(x—2y) and y(x-+42y) from 3(x’+y’)
and check your result by putting =5, y=2.

2. If a=2b, b=3c+1, c=d 2, find the values of a, b, c when
d=3, and calculate the value of 3a+4b—5c¢.
2241

o e g3
3. Slmphfyz2—a—: -
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4. Convert the two sums of money ps. ¢gd. and g¢s. pd.
both into pence, and show that the result of adding the sum
and difference of the two amounts is twice the larger of the
ongmal sums [Take p>q ]
132z z+2
5= 29 — 5

6. In ¢ seconds a stone dropped from the top of a tower will
fall through 16¢2 ft How far does a stone fall in 7 seconds ?
How far will it fall during the 7th second ?

7. A museum charges 3d for entrance on Tuesdays and
Fridays, and 1d. on each other weekday In a certain week
for which the admission fees amounted to £6, 3s 4d. it was
noticed that the average number of visitors per day on the
cheap days was 250 more than on the other two days. What
was the average attendance on Tuesday and Friday %

6. Solve the equation 7

B31

1. A motor car uses g gallons of spirit in running n miles
What 1s the yearly cost in pounds of the spint 1if its daily run
averages x miles, and the price of the spirit 1s y shillings per
gallon ?

—-b b—c

2. Slmphfy T - —c—

8. Express in their simplest forms

— % 2b%  ab%r
NIST anv o w7
e, 3¢ < aa? T 6
4. Solve the equation }(x—1%)+L(x—3) =133

V9xth,

6a2—
5. Rawrite —m——f as the difference of two fractions in
2 4 3
theu- lowest terms, and mmpllfy o Bl

6. A’s marks for the term are a, and B’s marks are b. In
the examination A gains three times as many marks as B,
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and his total marks for term and’ examination together are
thus twice B’s. Find an expression in terms of @ and & for
the number of marks B gained in the examination. Show
that your answer is correct by putting =80, b= =48.

7. A train has to travel D miles in A hours. The average
speed for the firstd miles is m miles per hour. For the rest
of the journey it travels at « miles per hour and thereby makes
up for lost time. Prove x=m(D—d)/(mh—d)

B 32

1. A chain is made up of a section of 4x links each } in.
long, followed by a section of 12z links each } in.long What
is the whole length of the chain ? If it 18 hung over a rail so
that 6z of the links are on one side and the remainder (all
small Iinks) are on the other, what is the difference in depths
between the two ends of the chain ?

2. A railway engine burns p tons of coal for each mile that
it runs. How many hundredweight does it consume per
hour if it makes a journey of b miles in ¢ hours ?

8. The middle angle of a triangle is 7 degrees larger than the
smallest angle and 4 degrees less than the greatest Find
the size of each angle in degrees.

ab
4, Show that aigc can be written in a simpler form. If

you are given ab=20, bc=30, a+c=40, can you find the
values of a, b, ¢ ?

6. Find the factors common to 6p3%+9p%? and 6p%®+12pgs.
What is their H.C.F. ?

8. Bracket together in each of the following expressions
those terms which have a common numerical factor .

2a—4b+5c,  3a—db+6c,  Ga—3b—6c,  da—Gb—6e.

7. Two towns P and Q are 84 miles apart. A car starting
from P at 9 a.m. meets at 11.45 p m. another car which started
from Q at 9.30 a.m. and travelled 4 miles per hour faster.

What were the speeds of the two cars ?
b
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‘B33
. 1. A boy spends s shillings 1n buying envelopes at pd. per
dozen. How many does he buy ? If the price of envelopes
falls by 2d. per dozen, find an expression for the additional
number he would be able to buy for the same expenditure.
2. Simplify

3a 3a 3a+-9 3a+49

g—bxﬁab, %—.—Gab, b X 6ab, b —+ 6ab.
b 2 2

3. Express a 1+ asa single fraction and Zlqtl as the

sum of two separate fractions

4, Show that the difference between any number and the
square of that number is equal to the product of the original
number and the result of diminishing it by unity. [Take the
original number to be n.]

5. If =1—2s% and y=2cs, find the value of 22432 when
8=0 6 and ¢=0-8

8. Solve the ecmation g(x+§)+§<§ + 1>=16§.

7. During the War a village contamed 120 men, 385 women,
and a number of children. The number of girls was 73 more
than the number of boys, and the total number of females was
twice the number of males. How many boys were there ?

B 34

. a a a a\ [a a
1. Simphfy <.3_“:1+5_E>;‘<§+1>'

2. Divide 122%2—15xy* by 3y?, and 6ziy—4a?y® by 2zy.
Subtract your second answer from the first.
&
622 —5x—21-3
< 3. Find the value of %;T- when x=2+4.
4, The sum of the cubes of the first » numbers is given by
n¥(n+1)2

the formula S= ya— Find from this formula the sum
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of the cubes of the numbers from . to 6 and also that of the
numbers from 15 to 20

5. A regiment loses one-fifth of the number of men enga,ged
in each of two successive battles. What will be its final
strength if it starts with ¢ men and is reinforced by b men
between the two Qattles ?

6. Write down expressions for the squares of 3(p—gq),
2%(x+2y), 2a%b%, where necessary employing brackets. Also
rewrite (4p—8¢)? as a numerical coefficient multiplymmg the
square of an expression in brackets.

7. A father is twice as old as his elder son, who is himself
twice as old as his younger brother Three years hence their
combined ages will be 100 How old 1s each now ?

B 35
3x—2 20 —4b
IR (g 5 ? an x3 have the same value when x=8,
3a+4
show that b= 0

2. What is the total cost of p things at 5d. a score and ¢
things at 8d. per dozen ? Express your answer in shillings.
What is the average cost of each thing ?

3

4a3--6a?
8. Can the numerator or denominator of 3 21 3, be simpli-
fied in any manner ? Can the whole fraction be simplified ?
1 1
4, Simplify (1) p2—q® + %, (ii) <Z_’ + 2q> _<2—q + p>.
b. If y?=4ax and x=at?, find an expression for y in terms
of a and ¢.
6. Solve the equations
i) 3(x—12)—3}(3x—4-4)=4;
(i) 3z—}(4z—9)=5-+1(z—2).
7. A boy receives a fixed sum as pocket money at the be-
ginning of every week. In each week he spends two-thirds of

all he had at the beginning of the week. At the end of the
3rd week he had 1s. 1d. left. What is his weekly allowance ?
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‘B 36

. 1. Solve the equations
(1) 4x3--Tx—1-4=-36x+-85; (i)  — %ﬁl = -’%I—b

2. For a train rounding a curve at V miles per hour the
2

4dV !
outer rail should beﬁ in. higher than the inner rail; R

being the radius of the curve in feet and d the distance between
the rail in feet. Find the difference in heights of the rails
when R=600, d=>5, for a train travelling at 44 ft. per second.

8. Itis known that (a—b)2=a?—2ab+-b2 By putting a=40
show that this relation can be used to find 392 In a similar
manner find 1992 and (49-9)2.

4. Water is pouring from a tap into a tank at the rate of
n cu. ft. per second. At a given moment the quantity of
water in the tank was V cu ft. How much water was in the
tank (i) ¢ seconds later ; (ii)  seconds earlier ? How much
water was added in the interval ?

(6 p 4(_1)2 (2a—4b)? 2ax—4bx
—2q° (a—2b)2’ 3ay—6by’

6. One iron tool is one-sixth as heavy again as a second
tool. If 4 1b. is taken from the weight of each the first will
now be one-fifth as heavy again as the second. Find the
weights of each.

7. The value of a motor car diminishes by a quarter of its
purchase price during the first year of use and by one-tenth of
the purchase price during each subsequent year. After 6
years its value is estimated as £120. What was the price
originally paid for it ?

5. Simplify —-



CHAPTER VI
Negative Numbers

The substance of this chapter should be taken orally by the teacher.
The pupil 18 not expected to be able to reproduce the argument.

It has already been pointed out that algebra enables us to
express 1n general terms results which have previously only been
proved for special cases. It often happens, however, that a result
or formula which 1s to be regarded as true ‘‘ generally ’—or for
every possible case—cannot always be interpreted by the use of
positive numbers only.

Thus xz—y represents the result of subtracting y from z; but
if y 18 greater than « the result cannot be given by a positive
number. It has therefore been found necessary to invent another
set of numbers, viz. —1, —2, —3, ete., called Negative Numbers.
Such 1inventions are common in the history of mathematics, and
many of them have proved of very great value in furthering the
development of the subject. One such invention was that of the
sign for zero. When the Arabic figures we now use were first
mtroduced mnto the West (about the twelfth century) the sign for
0 had not been invented. The absence of a figure was indicated
only by a dot, e.g. 7.1 (now 701). This was easily rubbed out
by careless or unscrupulous merchants, so its place was filled by a

figure made thus ( >l , which 1n time was modified to 0.

The idea of & ‘‘ negative >’ number 18 probably not entirely new
to you. For instance, the negative numbers on a Centigrade
thermometer scale are probably famihar. The temperature
of freezing water 18 marked 0° and that of boiling water 100°.
For temperatures below 0° the graduations are marked —1,
—2, etc. Here —1 does not mean that 1 1s subtracted from
any number, but that the temperature indicated 18 one degree
less than that shown by 0°.

It will be clear that —2° 18 a higher temperature than —3°,
and that we are justified 1n saying that 0 1s greater than —1,
—1 greater than —2, etc. Such a fact 18 usually expressed by
saying that although 3 1s numericelly greater than 2, yet —3 18
algebraically less than —2.

69
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If no sign 18 written before a letter or figure 1t 18 assumed to be
positive. At first negative numbers will be enclosed m a bracket.

‘“When negative numbers were adopted for use in mathematics
it became fiecessary to find rules for the methods of operating
with them. It 18 not, for instance, immediately obvious what 18
even meant by the operations of multiplication and division by a
negative number such as 2 X (—3) and 6 —(—2).

In searching for these rules 1t 1s clearly desirable that the intro-
duction of new symbols should not alter the principles already
established for ordinary numbers, though they may extend the
meaning to be given to them. Thus, rules hke z+y=y-+« or
z X y=y X x, which have been proved true for positive numbers,
will be taken to hold true for negative numbers as well.

Addition of Negative Numbers.—To add 3 to 2 on the scale

5 shown we begin at 2 and travel 3 divisions upwards to 5,

which represents 2--3.

4 Simuilarly, to add 3 to (—2) we start at (—2) and travel 3

3 divisions upwards, arnving at 1. .. (—2)+3=1.

So far we have only added positive numbers; we have

2 now to find a method of adding negative numbers.

1 For positive numbers 1t has been shown that z+y=y+ 2.
Such a law should therefore hold good for negative numbers.

+(—2)=(-2)+3=L
! Hence to add (—2) to 3 we start at 3 on the scale and
-2 descend 2 divisions.
Similarly 44 (—2)=(—2).
Addition of positive numbers, thus, 1s performed by
-q ascending the scale; for negative numbers we descend the
scale.
-5 We have shown that 3+ (—2)=1.

But we know 3—2=1. .. 34-(—2) 18 the same as 3—2.

Again, 4+(—2)=2 and 4—2=2.

Hence our calculations may be performed by removing the
bracket and taking the combination of the sign of addition with
a negative sign as equivalent to a minus sign, e ¢ a+(—b)=a—b
and 3p+(—2¢)=3p—2q.

Subtraction of Negative Numbers.—A question in subtraction
can alv ays be transformed into one which involves addition only :
theis, Subtract 2 from 5 corresponds to the question  What
number added to 2 makes 5 ?

Example 1.—Subtract (—3) from 2. Otherwise, ‘What num-
ber added to (—3) makes 27 From our scale we see that the
answer is 5.

e 2—(—3)=5.
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A temperature of 2° is 5 degrees Nigher than a temperature of
—3°, hence the difference between 2° and —3° 18 5°.

Example 2.—Subtract 2 from (—3). Otherwise what number
added to 2 makes (—3) ?

Starting at 2 on the scale we must descend 5 divisions to reach
(—3). But we have seen that to descend 5 divisions 18 equivalent

to adding (—5).
. (—3)—2=(—5).

In Example 1 we have shown that 2—(—3)=5: but we know
that 243 =5, so that we can obtain the required answer by con-
sidering that the combination of the sign of subtraction with a
negative sign 18 equvalent to +, e g.

a—(—b)=a+b,  2p—(—3¢)=2p+3q.

These results may also be justified by the following illustration :

Suppose the money 1n a man’s actual possession to be regarded
as a positive quantity, while that which may be owed by him 1s
taken to be a negative quantity.

Then a man who possesses £5 and owes £2 may be said to have
5+ (—2) pounds. His total worth, however, 1s clearly 5—2 or £3.
Thus 5+4(—2)=6—2=3.

Exercise VI (a)

1. Add 3 to (—2) Use the identity z4-y=y+=z to show
the result of adding (—2) to 3. What 1s the value of 3—2
and of —2+43 %

2. What rise of temperature above —5° will give a tempera-
ture of 2°? What is the difference between a temperature
of 2° and —5°? Subtract (—5) from 2. Evaluate 2—(—5)

8. What rise of temperature above —4° will give a tempera-
ture of —1°? How much is —1 greater than —4 ? Subtract
(—4) from (—1). Evaluate (—1)—(—4). Evaluate —1-4-4.

4, The height of a place 200 ft. below sea-level being given
as —200 ft., state the difference in level between A whose
height is 300 ft. and B whose height is —100 ft. Evaluate
300—(—100) and 300+ 100.

6. What is the height of a place which is 500 ft. below~A
A’s height above the sea-level being 200 ft. ?

6. I ascend 200 ft. above a place whose height is —150 ft.
What is then my height ?

7. A boy’s place in his form at the beginning of term was
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8th. If this is taken as hi8 standard position, what is meant
by saying that his place at half term was (i) +6; (ii) —9 ¢

8. In what other way could you date an event which is
described as happening in the year (—67 A.p.) ? What would
be the meaning of (—1928 B.c.) ?

9. A boy finds that his average mark on a weekly grammar
paper is 62. What are s actual marks in two weeks when
he gets a mark which he thinks of as (i) 4+17; (1) —23 ?

10. Simplify 6—(—2)+3, (—2)+(—3)—(—2), 4—(—6)—5.

11. Write without brackets the expressions

a—(—b)+ec, a—(b—c), a—2(b+-c), a—b—(—c)

12. What number added to —3 makes 5 ? Subtract (—3)
from 5.

13. What number added to —2 makes —4? Subtract
(—2) from (—4). Evaluate (—4)—(—2).

14, If a=—2, b=1, ¢=—3, find the values of a—2b-}c,
—a+b—c, —a—b—c, a—(b—c), a+(b—c).

15. The temperature falls from 12° to 6°. What is the
change in temperature ? What is the change 1f 1t falls from
a® to b° ¢

Evaluate this result if a=—6, b=—12. What is the value
of (—6)—(—12) ?

16. What is the rise in temperature if it changes from
(i) 4° to 8°; (ii) a® to b° ?

Evaluate the latter if a=—8, b—=—4. What 1s the value
of (—4)—(—8) ?

17. How many feet is A higher than B (i) if A is 500 ft. and
B 200 ft. above sea-level ; (i1) 1if A 1s z ft. and B y ft. above
sea-level ?

Evaluate the latter expression when x=—200, y=—300.
What is the value of —200—(—300) ?

18. Fow far1s A to the right of B on the given line (i) if A is
at 2and Bisat 1, (ii) if A is at x and B at y ?

.

- -z a4 0 iz
Evaluate the latter when x=—3, y=—1. What is the value
of —3—(—1)? Explain how this agrees with the diagram.
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Evaluate the expression in (ii) it t=—3, y=+2. What is
the value of (—3)—(+2) ? .

19. A walks to a place 5 miles to the east of X. B walks
3 miles tq the east of X and then returns 1 mile (i) How far
is B finally to the east of X ? (i1) How far 1s A to the east of
B? R
Evaluate 5—(3—1) and explain how the result 1s 1llustrated
by the question just answered

Multiplication by a Negative Number.—Multiplication 1s repeated
addition : thus 3 multiplied by 4 means 3+43+43-+43=12.

Similarly (—3) X 4 means (—3)+(—3)+(—3)+(—3)=(—12).

For positive numbers 1t has been shown that x X y=y X .

This rule 18 also to hold good when negative numbers are in-
volved. ... 4X(—3)=(—3)x4.

But we have seen that (—3)x4=(—12). . 4X(—3)=(—12).

We have now to find the result of multiplying a negative
number by another negative number, e g (—4) X (—3)

We know that 4 X 3=12, and that not onlydoes 4 X (—3)=—12,
but also (—4)x 3=(—12).

It thus appears that the effect of multiplying a positive number
by a negative number 18 to change the sign of the result obtamned
by multiplying 1t by the same positive number ; and a similar
change of sign occurs if we multiply a negative number by a
positive number. It would therefore appear likely that if we
multiply a negative number (—4) by another negative number
(—3), the result will have a changed sign from that obtained
from (—4)X 3 : 1n other words

(—4)x(—3)=+12

This conclusion can be confirmed in another way.
For all positive numbers z(y+2)=ay-+ 2z, and a simlar result
should be true if any of the numbers are negative, 2.e.

(=3)7+(—=2)]=(=3)T)+(—3)(—2).
Consider the left hand side :

7+(—2)=5 and (—3)(5)=(—15).
< (=T (—=2)]=(-15).
Now consider the right hand side which must also equal (—15).
We know that the first term (—3)(7) =(—21), so that the second
term must equal 6, i.e. (—3)(—2)=+86.
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Division by a Negative Number.—To divide 6 by 2 18 equivalent
to asking the question: ‘‘ What number multiphed by 2 makes
6¢”

To divider 6 by (—2) we ask the question: ‘‘ What number
multiphed by (—2) makes 6 ? ”’ and we have just seen that the
answer 18 (—3). .- (—:_?)=(—-3). ,

Similarly, to divide (—6) by (—2) we ask the question: ‘“ What
number multiphied by (—2) makes (—6) ?

el )

Now IX(—2)=(—6). .. (T2)—3.
The results we have 1illustrated may be classified as follows :
a+(—b)=a—b,
a—(—b)=a-+b,
ax(—b)=—ab,
(—a) X (—b)=ab,
a__a —o_a
-5 ¥ —b b
Exercise VI (b)

1. Show how to obtain a meaning for (—4) multiplied by 3
Using the identity xy=yw, prove that 3 multiplied by (—4)
=—12.

2. A temperature drops 2° per minute for 3 minutes. If it
was originally 0°, what 1s it finally ? If 1t was ongally 2°,
what is it finally ?

Evaluate 0+43(—2), 2+3(—2).

8. Find the square of (—2); also the cube of (—2).

4, Show that the square root of 4 can have two values.
What are the square roots of (i) 9; (u) a2, (iii) b4 ?

5. State the cube root of (1) 8; (u) (—8); (iii) a3, (1iv) —a3.

6. A has £x, B has £« but owes £2. How much better off
is:A than B * Use this to illustrate the identity x— (2 —a) =a.

7. Evaluate 6(3—2), 6 X 3+6(—2), 6 x3—6x2.

8. Write a general formula which 1s illustrated by the
following results .

(=3M=—@)D), (—E)=—@)3), (—5)(6)=—(5)(6).
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9. Simplify () (—1)(—1)(—1); (i) (—1)(—2)(—3).

10. A body’s velocity is 20 ft per second, and it changes at
the rate of (—5) ft. per second What will be ity velocity,in
6 seconds ? How do you explain the result ?

11. The velocity v of a body 1s given by v=204-af, where a
is the increase m velocity per second. If a=5, what is v
when t=0, =4 ? If a=—>5, what 1s v when {=6 ? Can you
explain the result given when a=—5, t=—4 1

12. The velocity v of a body thrown upwards with velocity
128 ft per second is given after ¢ seconds by v=128—-32t.
What is » when t=4; t=5?% After what time did the body
reach its highest point ? How do you explain the sign of
the result when ¢=>5 ?

13. Evaluate (—1)2, (—1)3, (—1)4 What is the value of
(—1)® (i)if n1sodd; (i) 1if n1s even ?

14. By what must (—2) be multiplied to give 6 ¢ By what
must —a be multiplied to give b ?

15. One factor of bis (—a) What is the other ?

16. What number divided by a gives —b as a quotient ?

17. What is the meaning of 2 when x=-—2? When
z=—2, find the value of 522 and also the value of (5z)2.

18. When z=—3, evaluate

222, (2x)%, 23, 5«8, (6z)3, dx—a2.

When a=3, b=—2, c=1, x=—4, evaluate the following :

19. a2—b?%, (a—b)? a2—2b2 a%—(2b)%, (a—2b)2.

20. 3ab—2bc+ca, 3a2—2b2+4-c?, ad-+b34-c3.

21, ax+ba?, cad—bct+abd, (cx—b)?, cx?—b2.

22. If x=—2, find the values of
3x2—b5z+2, (Bx—5)(x+2), 3a?—5(x+2), (3x—5)xz+2.

23. Evaluate (¢ —2b)2—(b—3c)? when a=3, b=2, c=—1.

Notes.—(1) In Chapter III we have seen that if the letters
employed represent positive numbers, then a—(b+c)=wu—b—c
and a—(b—c)=a—b+c, and an example will show that these
results hold good when the letters represent negative numbers.

Let a=4, b=—2, c=—1. Now a—(b+c¢) means that the sum
of b and ¢ 18 to be subtracted from a. The sum of b and ¢c=
(—2)+(—1)=(—3) and a—(b+c)=4—(—3)=T.

Also, a—b—c=4—(—2)—(—1)=4+2+1=T.
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_ Whatever the values of the letters, it appears that a negative
sign before a bracket changes the signs inside the bracket, while
a positive sign in front leaves the signs in the bracket unchanged.

t2) A negative number need not be written inside a bracket

unless another sign comes before 1t ; thus, —6+48 equals 2,
whether 1t stands for (—6)+(+8) or for 8 —6.

4 4
Soalso, instead of writing —2= (—2), we mby write — = —2,

-2
e, 2 _ ¢4
%.e. 3= — 7
a a —a a
Sumlarly ':7) = — l_) and ——-—b = 5

(8) —(a—b). If we change the sign of the expression (a—b)
1t becomes —(a—b), v.e. —a+b or b—a. Consider, for nstance,
the expression 6—2, which equals 4. If we change its sign 1t
becomes —(6—2), i.e. —6+2=—4.

It is a common error to say that when the sign of (a—b) is
changed it becomes a+b, but 1t 18 clear that here we have only
changed the sign of b and have left the sign of a unaltered.

(4) If one factor either in the numerator or in the denommator

of a fraction has 1ts sign changed, the sign of the whole fraction
18 altered.

3)2) 6
Thus m)=ﬁ,
3)(—2) 6 (3)(2) 6
but mG) — 35 2 ThHE) T T3

L GBN2)_ B)=2) (3)2)
NG (DG) T (=T)6)

If, however, two factors have their signs changed, the sign of the
fraction 1s unaltered ; thus

(=3)=2)_6 _ . (=3)®)_ —6_ 6
M(G) "~ 35 (=N(6)~ =356 35
L BX2)_ (=3)(=2)_ (=3)2)
TME)T M6 (=16
. a a
Sxmllarly a—_:z = — (l:&—)’
but TTULYTE

b—a’
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(5) When desirable, both sides of 8&n equation may be multiplied
or divided by —1, thus:
If —z=a,
L= —ay
or if —2z+b=—c+d,
o x—b_c——d
. x=b+c—d.
When possible, It is usual to write an answer with a positive
term first, thus:

If z=—a+b, write x=b-—a,
¢ —a+b 4 _ b—a a—b
Oor 1 r=—7 o—d ’ write xr—= m or E:—c

Multiplication by 0.—3 times 0 =0, 7.e. 0 X 3=0; but since a X =
18 always to equal z X a,

. 3x0=0x3. .. 0 times 3=0.

Similarly ax 0=0.

Division by 0.—To find the result of dividing 6 by 2 we ask the
question : ‘ What number multiphed by 2 equals 6 ? ”’ If, when
asked to divide 6 by 0 we change the question to ‘“ What number
multiphed by 0 makes 6 ?”’ we see that no answer can be given,
for any number we can suggest when multiphed by 0 makes 0
and cannot produce 6.

We can, however, look upon the question in another way. If

luate the fractions b —, ==, o=, — Y th
we evaluate the fractions 7, 3, 57 501’ ;00001 t1© answers are

6, 60, 600, 6000, 600,000. The smaller the denominator the larger
the quotient.

If we make the denominator approach nearer to 0 the greater
will the quotient become and we say that 1t eventually becomes
nfinitely great. The symbol for infimty 18 o, so that the only
answer we can give to $ 18 to say that if the denominator can be
regarded as steadily approaching 0, the quotient approaches .

We can write the result g-» ®.
z->0
Such expressions will not occur 1n the earlier parts of the book.

Exercise VI (c)
1. When a=—3, b=—2, ¢c=—1, evaluate
(i) 2a—3b+-c; (ii) 2(a—3b)+(a—b),

(iii) 2(a—3b)—2(a—b); ~ (iv) 2(b—c)+3(a—3c);
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(v) a®—b%+-c?; (vi) (a—b)*+(c—a)?;
(vii) 2(@—b)2+3(c+a)?,  (viii) 2(a+b)2—(c+a)?,
(ix) 362 —c®—a, (x) 2b%+3c2—ad.
2. When a=—3, b=2, c=—1, d=0, evaluate
0% e @ ke
— d b ab
(M) 5 +os  (ac—2;  (vin)ad—be, (viil) o,
—n2
P
8. When =3, b=—2, ¢c=2, d=—1, evaluate
. atb ... ab oy @b (—a)(e) .
(l) 5__'_—0 s (11) CTi > (lll) C+Cl > (IV) (b)(—d) ’
— b— b b
Wi (s (i) s (i) — s
(ix) bd—ac () c(b—d)—ab
be ’ cb—(bd —ac)’
4, Fill in the gaps 1n the following :
a (—a) e (@)
()b—( )’ (ii) 3 = O
b b— — _
() 25~ = =55 (v ¥ = — =Y,
e—y (). r—y (y—=)
(V)a___z::(b__a): (VI) a—>b '—( )a
T —(=—y) (viii) ab _a(-b)
M= =T ) «d ™ (@)’
(.)a_b__(a)(b)_ (x)gb__ ab
FedT T a0’ = (=)’
N By —(x—y) o Ty —(y—=x)
&) o =) (xi1) a6~ ()’
e
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5. If z=3, y=—2, 2=—1, find vhe values of
Y 2 x x 2 y z
x+z) y_xy z+yy y_x’ 2+x

2

6. Multiply
(z—y), (@—y)a+d), (x—y)(b—a), (a—b)(c—d)(x—y)
each by —1, giving as many forms for each answer as you can

7. Divide each of the expressions in Question 7 by —1,
again giving as many forms as you can for each answer.

— 3
8. If Y _ =, write down the values of
a—b 2
r—y y—=x T—y . —(y—=)

(l) bTa ’ (ll) b—a’ (111) ___(a__b) H (IV) a—b

9. If x=4, b=—2, y=3, c=—1, evaluate

T I M=
(@ y—c’ i1) oy’ (ind) oy’ (iv) s
10. If =3, b=—2, c=1, d=—1, evaluate

—b —a)b —a)(—b
05 @i w - 2

(x+1)3 (x—1)3
(+ap ¢ Q—zp
12. Evaluate 22— (—=z)2, 23— (—2x)3.

13. Discuss whether or no (a—b)? is the same as (b—a)?;
and whether or no (a—b)3 is the same as (b—a)® Find the
values of each when a=3, b=2.

11. Simphfy

14. Is either of the following statements correct :

(i) (a—b)>*—(b—a)?=2(a—b)?; (ii) (@a—b)3—(b—a)*=01
Justify your answer.
(a—b)® (a+b)®
(b—a)® " (b+a)*

15. Write in 1ts simplest form



CHAPTER VII
Simultaneous Equations : Literal Equations

A PROBLEM is sometimes solved more easily by taking two
unknowns, = and y, than by taking z only.
Example.—5 tons of coal and 3 tons of coke cost £17, 5s.
2 tons of coal and 4 tons of coke cost £12, 10s.
Find the cost of coal and of coke per ton.
Let one ton of coal cost £x and one ton of coke cost £y.
Then bx+3y=17} . . . . ()
2x+-4y=12} . . (i)
Multiply both sides of equation (i) by 2, and both sides of
equation (ii) by 5, then :
10z 6y =34}
10420y =62%.
If we subtract 10z-+6y from 10z-+20y the result will equal
the difference between 62} and 34%.
. 14y=28,
s y=2,

The operation above has been performed in order to “ elim-
tnate ” (v.e. get rid of) x and so obtain an equation involving
only one unknown, y

We can now obtain x by substituting 2 for y in either
equation (1) or (ii).

From equation (i) we have

5z+6=17}.
- br=11}.
: x=2}.

Testing our result by substltutmg in (ii) as we have already

used (i), we have 2(2)+4(2)=4}+8=12}.
80
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Hence coal cost £2, 5s. per ton and coke £2 per ton.

We could also obtain z by eliminating y from (i) and (ii) by
multiplying (1) by 4 and (ii) by 3, and then subtracting.

Indeterminate Equations.—When we have only one equa-
tion involving two unknowns, we can obtain any number
of values of x and, y which satisfy it. If, for instance, 3z 42y
=5, then when =0, 2y=5 or y=% When x=1, then
3+42y=>5 or y=1, and so on For any value of x we can
obtain a corresponding value for y.

If, however, we are given 3z-2y=>5 and also 5x—3y=2,
there will be only one value of x and one value of y for which
both equations are true. The equations are called simul-
taneous equations, because the same values of # and y must
simultaneously satisfy both.

Example.—Given 3x4-2y=5 . . . . ()
Sx—3y=2 . . . . (i)
to find z and y.
Multiply both sides of equation (i) by 5 and both sides of
equation (1i) by 3, then
152+10y =25
1562—9y=6

Since the x and y in the first equation are to have the same
values as in the second equation, we may subtract and so
obtain

19y =19.
soy=1.

Substituting y=1 in equation (i), we have
3x+2=5.
=1

It will be found that x=1 and y=1 also satisty equation
(ii), for 6w —3y=>5(1)—3(1)=2.
1
1) .

2
Lz
Y

Il
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Exercise VII (a)

‘ N.B —The graphical method of solution will be found in

Chapter VIII.
Solve the simultaneous equations :
1. 3x--5y=S8. 2.
4x+3y=1.
4, 6p—Tq9=1. 5.
11p—13g=1.
7. 22+y=9. 8.
z—3y=1.
10. 9y—52=117. 11,
132—2y=20.
13. 5u—"Tv=20. 14,
9’“'—11’0:44.
16. 3x=Ty-85.

0-52+0-2y+2=0.

z+y=11. 3. 3z+4y=14.
x—y=3. 4—3y=2.
8x—6y="12, 6. 22—3y=30.
3y=2z. bx+4y=6.
z+3y=—2. 9. 3z+8y=117.
4x+5y=13. 2x—y=>5.

12243y =6. 12. 12x=8y+-4.
2x=14—Ty. 10y=3—=.
Tx-+4y=8. 15. 8p=6—9q¢.
9xr—6y=1. 3p=23+"1q.

17, 3z+4y—6=0.
12245y +9=0.

In the following examples, before attempting to solve the
equations, both sides should first be multiplied by suitable
numbers so as to obtain whole numbers for coefficients.

x 2y
18. 5 + —5'=4.

§x+!2!=5%'c

20, z=3(y—3).
y=}x+4).

22, ’%2 + 8y=31.

3z y
19. —2——5—4.

T Y
T Y s
gtg==

2L 3(x—1)=Hy—1).
r—y=1.

x
23. 3 + 3y="1.

4x—2
5 = 3y—4.

3z 3y
26. > + 2= 4x—y.

3x—2y=1.
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z z+2 y+2
26. 24—-3x=y=10 + 3 27, 3 =4
y—2x
2y—3x 4.
28. x-—2y=l=3x.+5y. 29. 2x—3y=0=x+2y—4.

Ty _._2%,9
30.T~3— 3+2—l.

Example 1.—The relation between the load (W) raised by ar
effort (P) applied to a set of pulleys is given by P=aW--b
where a and b are constants When W=120, P=64, and
when W =200, P=80; determine @ and b, and find what effort
will raise 500 lb.

From the data we have

64 =qa(120)+b . . L@
and 80=a(200)+b . . . (i

These are two simultaneous equations in which the un
knowns are @ and b.

By subtraction 16=80a. .. a=1}=2.

Substituting this value i (1), 64=24+4b. ... b=40.

Hence the relation is P= 2W-40.

When W =500 1b., P =-2(500) 40 =140 Ib.

Example 2.—Find a number the sum of whose digits is 11
such that the digits are interchanged when 27 1s added to it.

Let x be the digit in the tens place and y the digit in the
units place.

The number will be 10z+y.

When the digits are reversed, the number will be 10y+2
The sum of the digits 18 x+y.

Now z+y=11 and 10z+y-+27=10y+=.

. z4y=11 (i). - 924-9y=99.
92z —9y=— 27 (ii). } 9z —9y=—217. }
.~ 18y=126.
y=7 and z=4

The number is therefore 47
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Exercise VII (b)

1. An article in a magazine occupied 74 pages and contained
11,700 words. In large type a page contained 1200 words and
in small type 1800 words. Of how many pages of each type
did the article consist ? ‘

2. A man, who went to business by tram 4 miles and by
rail 10 miles, paid 1s. 7d. in fares. By another route, going
3 miles by tram and 12 miles by rail, the fare was 1s. 9d.
What were the train and tram fares per mile ?

3. A submarne travelled at 20 knots (z.e. sea miles per hour)
on the surface and at 14 knots when submerged. A journey
of 65 sea miles was made 1n 4 hours. How much of the distance
travelled was under water ?

4. A boy gives his age in years and months. Twice the
number of months was 1 more than the number of years, and
five times the number of years was 1 more than 9 times the
number of months. Find his age.

5. The road from my house to the golf links is 5 miles in
length and is all cither uphill or downhill. My speed on a
cycle is 8 miles per hour when going uphill and 12 miles per
hour when going downhill. It takes me 30 minutes to ride
out to the links. How long will it take me to return ?

6. In a school of 600 children, boys, girls, and infants, there
are 18 more boys than there are girls, and the number of boys
and girls together is double the number of infants. How
many boys are there ?

7. For a certain machine the effort P required to lift a load
W is given by P=aW b, where a and b are constants. When
W=24, P=18, and when W=60, P=27; find e and b.
What is P when W=100 ?

8. The difference of the two digits of a number is 4. If the
number itself is added to the number formed by reversing the
digits the result is 110. . Find the number.

9. Tea worth 2s. a lb. is mixed with another brand worth
2s. 8d. a lb. to make 56 1. worth 2s. 6d. a Ib. How much
of each kind 1s taken ?
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10. If ax+by equals —12 when z=3, y=—2 and equals —4
when z=-—2, y=1, find ¢ and b and the value of aa:-l—by
when z=1, y=—1.

11, A servant who is sent with £1 to buy 6 oz. of wool and
4 oz. of silk buys by mistake 4 oz. of wool and 6 oz. of silk.
The change she brings home in consequence is ls. instead of
5s8. 3d. Find the cost of wool and of silk per oz.

12. A book of 2 volumes contains 1189 chapters. The
number of chapters in the first volume is 111 less than 4 times
the number mn the second volume. Find the number of
chapters in each volume.

.18. A firm buys 200 tons of coal for £369. If some was
bought at 36s. per ton and the remainder at 40s. per ton,
how much was bought at each price ?

14. A cattle show lasted for 6 days During the first two
days the charge for admittance was 2s. 6d., and on subsequent
days 1s. Altogether 56,000 people visited the show, and the
total takings at the gates were £3160. How many visitors
were there during the first two days ?

156. A man invested £1200, partly at 4 per cent. simple
interest and the rest at 5 per cent. If his income from the
investments was £52, 16s., how much was invested at each
rate ¢

16. A boy’s bowling average was 21 If he had taken
7 more wickets and had 53 less runs scored off him it would
have been 17. How many wickets did he actually take ?

17. Bronzeis an alloy of copper and tin. A cubic centimetre
of copper weighs 8-8 grams, and a cubic centimetre of tin
weighs 7-4 grams. If 100 c.c. of bronze weighs 857-6 grams,
how much of each metal does it contain ¢

18. In a football match the winning side scored as many
goals and tries respectively as the losing side scored tri~s and
goals and won by 2 points. If one side had converted all the
tries into goals and the other none, the difference would have
been 6 points. Find the scores. (A goal=>5 points, a try
=3 points.)

19. A carrier charged 4d. each for all parcels not exceeding



86 ELEMENTARY ALGEBRA FOR SCHOOLS

a certain weight. For heavier parcels an additional charge
is-made for each pound above that weight. A parcel weighing
1C 1b. costs 7d. and the charge for 15 1b. was twice as much as
for 91b. What was the scale of charges ?

20. The sum of the two digits of a number is 12. When 18
is added to the number the digits are reversed. Find the
number.

21. A government office which employed 5 clerks of grade A
and 6 of grade B paid £3, 10s more per week in wages in
consequence of an increase in the salary scales Another
office, employing 4 clerks of grade A and 8 of grade B, paid an
extra £4 per week What was the weekly increase of salary
for each grade of clerk ¢

22. A man who smoked 2 oz. of tobacco and 50 cigarettes
each week found that he could save 2d. a week by changing
the brands bought. If his consumption had been 1 oz. of
tobacco and 100 cigarettes his saving would have been 10d.
What was the difference in the two prices paid for 1 oz. of
tobacco and the two prices for 50 cigarettes ?

[Take z pence to be the saving on 1 oz. of tobacco, and
y pence the saving on 50 cigarettes. One of your answers will
be negative. What does this imply ?]

28. A traveller to Dublin had the choice of two routes—one
222 miles by rail and 56 miles by sea, the other 180 miles by
rail and 64 miles by sea. A change in the rates charged made
an increase of 6s. 11d. in the fare for the first journey and of
4s. 10d. for the second. What were the alterations in the
fares per mile by rail and by sea ?

24. A man bought 20 shares in a rubber company and 50
oil shares. At the same time a friend bought 50 of the rubber
shares and 10 oil shares. They sold out on the same date, the
first 7~an making £105 profit and the second losing £25. What
change had taken place in the price of each kind of share ?

25. A motorist said that with one of his cars he averaged
40 miles per hour in the country and 12 miles per hour through
towns, and that a journey,to London took 4 hours. In
another car his averages were 30 miles per hour and 10 miles
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per hour respectively, and the journey took 5 hours 12 minutes.
How far was the journey ?

26. Tin appears to lose one-seventh of its weight when
weighed in water. Lead appears to lose one-twelfth of ifs
weight under the same conditions. An alloy of tin and lead
which weighs 180,1b. in air appears to weigh only 160 1b when
weighed in water. How much of each metal does 1t contain?

27. At an election the successful candidate had a majority
of 88, but if 1 out of every 7 of his supporters had voted for his
opponent he would have been in a minority of 18. How
many votes were recorded for each candidate ?

28. A boy proposed to cycle a certain distance in 10 hours,
but when he had gone half-way he increased his speed by
2 miles per hour and consequently arrived 50 minutes before he
was expected. Find the distance and the rate at which he
started.

29. The ratio of a number of two digits to that formed by
reversing the digits 13 4 7 If the units digits had been
3 larger, the ratio obtained would have been 3.8. Find the
number.

80. The value of gold mined in the British Empire to the
value of silver mined was 1n the ratio 7.1. In the rest
of the world the ratio was 4 :7, and for the whole world the
ratio was 5 : 4. Find the ratio of the value of the gold mined
in the British Empire to that mined in the rest of the world

Literal Equations. Change of Subject.—Sometimes letters
instead of numbers are used in an equation as coefficients of z
and also for the terms which do not contain z, the method of
solution is 1n no way altered.

Example.—Solve ax-+b=cx-+d.

It is necessary to get all the terms which contain = on
one side of the equation and the rest of the terms on the vther
side. If the equation were 5x+2=3x+4 the procedure
would be :

Subtract 3z and 2 from both sides of the equation, then

5r—3x=—4—2.
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So in the given equation’ we subtract cz and b from both
sides.

Then ax—cx=d—b.
.c z's are to be subtracted from @ z’s. ... LHS.=(a—c).
s (@—c)x=d—b.

« d—b
Divide both sides of the equation by (a—c), then T=_—

Change of Subject.—The formula l=a-+(n—1)d gives the
last term of a series of » numbers, each of which differs by
d from the preceding one, a being the first term of the series.
For instance 3, 5, 7, 9, 11, 13, 15, 17 is such a series in which
a=3, 1=17, d=2, n=8. From the formula we could find
the 8th term 1f we knew only that a=3 and d=2, for

1=34(8—1)2=17.

If it is required to find a formula for d, knowing a, n, and I,
we change the subject of the formula from [ to d by the same
methods as those used in solving equations.

Since l=a+(n—1)d,
subtract a from bota sides of the equation, then
l—a=(n—1)d.
Dividing both sides by (n—1) we have
l—a
1=
17—-3

If then l=17, a=3, n=8, d= 8————1 = 4.

Ezample.—Change the subject of the formula A=nr? from
A tor.

Since A=mr3
A
R 1—11 =:r2 .

Take the square root of both sides.
A
N/; =r, which is a formula giving the radius of a circle

in terms of the area.
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Exercise VII (c)
Solve
1. y =a. 2. z =b. 8. ax=b.
3 a
4, g:b. 5. 2x—a=x. 8. 3z +a=2x-+b.
7. ax+b=c. 8. axr—b=c 9. b -+ T 1.
a b
a b x
10. px—r=qxz—s. 11, S 12, a + p==c
a r+a z T
16. a(z—b)—c.  17. (atbw=b—cz. 18. Z— b=ec.
a b
19, p(a—x)=q(a—zx). 20. o + =
In Examples 21-25, express y in terms of x given :—
21. 3z4-5y=12 22, xy—6=0. 23. ax+-by=c
24, x2+y?=4. 25. zy+z=a.

26. Given P=aW--b, find W, 27. If u?4-2fs=22 find s.

2bt?

28, If A=2nr?+4-2arh, find A. 29, If W = - find ¢.

30, If % + ?-1; = ;., make f the subject.
31, Express x in terms of y, regarding the other letters as
constants.
(i) zy=a; (i) z+y=b; (iii) zy=z+y;
. a—x y—b .
(iv) 3ax+2by=c; V) —— =" () zly=a+ty;

1 1
(vii) = + -~ =2;

(viii) 22+ y=a.
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82. Given wx(x+y)=A, find a formula for .
m(1—1)

88. Make ¢ the subject of the formula z = 04

84. If vy(1+at)=v, find a formula for a.
B
85. Make r the subject of the formula A‘— a=e

86. Given A=7r2 and C=27r Find r (1) in terms of A;
(i1) in terms of C. Hence find (i) A in terms of C; (i) C in
terms of A.

87. The velocity v ft./sec. of a body thrown upwards
with a velocity u ft./sec. is given after ¢ seconds by the formula
v=u—gt ; write this with ¢ as the subject.

Given 4=192, g=32, find ¢ when (i) v=0; (u) »=100.

38. The Fahrenheit (F°) and Centigrade (C°) temperatures
of a body are connected by the formula 5F—160=9C Ex-
press this with F as the subject For what temperature are
the Fahrenheit and Centigrade readings the same ?

Prt
89. Simple interest is given by the formula I = = Write

100°
this with ¢ as the subject.
How many years (f) will it take for the interest on a prin-
cipal (P) of £450 to amount to £48 at a rate (r) of 4 per cent.
per annum ?

40. If d= \/——— find x

4]1. Make P the subject of the formula W= \/ P—da

1 1 1
. Find f - = —-,
32 mez 2 a+ b ¢
Simultaneous equations with literal coefficients are solved
by the same methods as those having numerical coefficients.
It is often more convenient to find both unknowns inde-
pendently than to use the process of substitution.
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Example i.—Solve prtqy=r . . . . (i)

ax—by=c . . (1)

Multiplying both sides of equation (1) by b and both sides of

equation (i1) by g, we get
bpx-+bgqy =br,
. aqx—bgy=cq. et
o 7-Tcq

By addition (bp+aq)x=>br+-cq, whence x = bptaq

Again multiplying both sides of (1) by @ and both sides of
(i) by p we get apx-+agy=ar,
apr—bpy=cp.

By subtraction (ag+bp)y=ar—cp, whence y =

ar—cp
ag-+bp’

is the required solution.

+cq __ar—cp

Thus =
bp+ag’ y bp+-aq

When the simultaneous equations contain reciprocals of the
unknowns they may be solved as follows :

1 1

Ezample ir.—Solve z + g B )
3 4 _
;: ?‘/ =25 . . . . . . (ll)

1 1 1
Consider the unknowns to be % and (Wmte p for ; and

q for g-/ if you hike).
Multiply both sides of (1) by 3 and subtract (i1) :

3 3
;+§I=21.
314 s
z Yy
1
- =4 * ==
v y=%

By substitution x=1%.
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The following example 1s added to show how the use of a
little ingenuity will at times reduce the amount of working
involved.

Ezxample iii.—Solve 13z-+19y=2 . . . ()
192-+13y=62 L L ()

By addition 322+32y=064.
o z+y=2 . . . . (lii)

Subtracting (i) from (ii), 6z—6y=60.
coe—y=10 . . . . (iv)

Working with equations (iii), (iv) we get by addition 2x=12
and by subtraction 2y—=—8.

. =6, y=—4.

Notes.—(1) A convenient form of giving the answer to a sumultaneous
equation 18

x 6

Yy —4

(2) The continental method of solution 1s to find one of the unknowns
1n terms of the other unknown.

Thus Example 11 above would be solved by rewriting the equations (1),
2—13z _62—19z

(i1) 1n the forms y= 9 and y = 3

and then solving the equation

2—13z _ 62—192
19 — 13 °

(3) In Literal Equations and Change of Subject it will be found
useful at first always to give the argument for each step of the work,
e.g. 1n solving px+g=a—bx.

- . pr+br=a—q [Adding bx—q to each side.]
. (p+b)r=a—q [Collecting like terms.]

.. #=——/ [Dividing both sides by (p+b).]

Avoid the use of * getting bx to the other side.”
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Exercise VII (d)
Solve the equations
3 4 1 3 4 2 .
1.;}+?;=3. 2':;:+.g‘/=_3;+:l;=l
6 2
-1
x Y
8. z—ay=b. 4, ax+by=a+b.
z-+by=a. z+cy=1+4-c.
2
b. 6x+}— = 5x+4——0 =45, 6. ar=by.
y y z+y=1/a+1/b.
7. px+qy=pq. 8. ax+by+c=px+qy+r=0.
gr—py=g".
3 1 8 5
p —— — 3 =—. . = 4+ -=3l1.
9. P —y 10 = + 7
5,3 5.3,
sty r—y 2y
11. (a+b)r—(a—bjy—a+2ab—b2.  12. : +¥=a-s.
bz-+ay=0. ax—by=a3+b3.
13. a(z+y)=b(x—y)=2ab. 14. gz+py=2p.

Pq(x—y)=p*—pg.

z—a
15. Rewrite the equation y = 275 % that « is the subject.

16. In % = g— — 1 make R the subject

17. If Vz*+a?=b, find z. 18. If y— J ’fb—;—“ find .

y—b
19. Given ar= J g———l-c’ make y the subject.

1
20. If}, =} — ~. make v the subiect.



CHAPTER VIII
Co-ordinates: Graphs

THE position of any point on a plane is determined if we know
its distances from two fixed lines on the plane (generally taken
at right angles to one another)

These lines are called axes, OX being the X-axis and OY the
Y-axis.

Their point of intersection, O, is called the origin.

Equal distances are marked off along these axes and num-
bered positively when they are to the right along OX or up-
wards along OY, and negatively when they are to the left
along OX’ or downwards along OY".
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P is 4 units from OY and 2 units’from OX : these distances
are called the co-ordinates of P.

It will be seen that we can arrive at P from O by moving
along OX to 4 and then upwards through 2 units parallel to OY,

A point which has p and g for its co-ordinates is called the
pomt (p, q). Thus P is the pont (4, 2). Note that the =
co-ordinate (i.e. the one parallel to 0X) is always written first.

Q is the point (—3, 1), Ris (—2, —1), Sis (3, —2).

The resemblance of this method to that employed in the
index of a geographical atlas should be noticed.

Exercise VIII (a)
(Graphical)

1. A is the point (10, 6). Join A to the origin O and bisect
OA at right angles. Read off the co-ordinates of the points
where this bisector cuts the axes.

2. Draw a circle with centre at the origin and radius 10 units
(take 2 small divisions to represent the unit). Two lines are
drawn parallel to OY and 6 units from 1t, one on each side
of O. What are the co-ordinates of the points where they cut
the circle ?

8. The plan of a field, ABCDE, is drawn by joining the
points A (12, 11), B(17, —1), C(—86, —19), D (=11, —7),
E (—5,10). A tree is known to stand where the line BD cuts
the line AC. What are the co-ordinates of the position of the
tree ?

4. The 3 points A (7, 7), B (21, 7), C (2, —2) are 3 corners
of a parallelogram ABCD. Find the co-ordinates of D if AD is
parallel to BC What 1s the area of the parallelogram ?

6. A quadrilateral, ABCD, has vertices at A (6, 10),
B (13, —3), C (—2, —5), and D (—5, 3). Through A and C
lines are drawn parallel to OX and through B and D lines
parallel to OY. What is the area of each of the four triangles
which now appear on the figure ? What is the area of the
quadrilateral ABCD ?

8. The vertices of a triangle are’at A (2, 3), B (4, 7), C (8, 5).
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Through the vertices draw AL, BM, CN perpendicular to OX.
Find the areas of the trapeziums ALMB, BMNC, ALNC, and
deduce the area of the triangle ABC.

Graphs ot Statistics

The information provided by a table of statistical results
can often be shown more clearly by  plotting >’ the data on
squared paper The diagram so obtained is known as a graph.

Example.—The amount of coal exported from this country
during the period 1913-1925 1s given 1n the table below The
figures are given to the nearest million tons.

2l2lslelsizlzlglzialglels
Year . AR AR EREAERE R AR R
Exports in millions

of tons . .|94(79|57|51[46|41(47|39({36|81|97 (80|67

The amounts erported range between 36 millions and 97
millions, t.e. a difference of 61 millions. For the sake of pre-
gerving round numbers 1t is convenient to arrange to represent
from 30 milhons to 100 millions If the size of our paper
permits, we take 10 divisions to represent 10 mallions , if not,
we can take 5 divisions to represent 10 milhons.

The dates are represented along the ‘“ horizontal ’ axis, the
amounts exported along the * vertical > axis.

For any year (say 1915) we place a small cross on the
vertical line denoting that year at a pomnt level with the
number of millions, v1z. 57, exported 1n that year.

The graph shows at once a rapid fall in exports during the
War years, 1914-1918, and the failure to return to the normal
during the first few years of peace, a sudden rise during the
years 1921-1924 when there were stoppages in the German
coalfields, followed by another drop.

The amount exported in different years depends on many
circumstances and there is 11o means of predicting the increase
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Graph showing the exports of coal from 1913-1925.

or decrease from year to year. In such cases it is usual to
join the points by straight lines, but these are to be interpreted
only as helps for making the changes more conspicuous to
the eye.

Note.~—Tt is most important to select scales so that the values
can be read at a glance. The sides of the large squares on the
paper are usually divided into 5 or 10 subdivisions. Each such
subdivision should represent 1 unit or some simple multiple of the
umt. It would be unnecessarily inconvenient, for instance, to
take 10 divisions to represent 12 mulhions instead of 10 millions.
Graphs should always be drawn as large as the paper will allow
consistently with the condition that the scales chosen are reason-
able. At first they should be made, to fill most of the sheet.

Always state what the numbers on the axes represent.
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Exercise VIII (b)

Represent the following statistics graphically. The points
shown may be joined by straight lines.
1. The value of the coal exported from Great Britain was

Year . .| 1916 | 1917 | 1918 | 1919 | 1920 | 1921 | 1922 | 1923

Milhions of £'s 51 52 52 92 100

100 | 43 73

Plot a graph, taking 1 1. along OY for every 10 million
pounds from 50 to 100 Ts it possible to estimate from the
graph the value of the coal exports in 1924 ?

2. The mean temperature in degrees Fahrenheit for the
different months of the year are as shown.

Jan. | Feb. | Mar | Apr | May | June | July | Aug |Sept | Oct | Nov | Dec.

39 | 39 | 42 | 47 | 53 | 59 | 63 | 62 | 57 | 50

44 | 40

At what times of the year does the mean temperature
(i) increase, (1) decrease, most rapidly ? Plot the months
along OX.

3. The “index prices ” of meat and sugar for the period
1919-1925 are given below (The price in 1913 1s taken as
100 in each case )

Draw the two graphs on the same axes. At what periods
was the percentage rise in each the same ?

I

Year .| 1919 1920 | 1921 1922 1923 1924 1925

Meat . | 214 | 264 | 220
Bugar .| 300 | 432 | 162

186 161 169 163
152 203 197 1567
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4. The world’s gold production in millions of pounds at
different dates was as given below.

Year . . .| 1912 | 1914 | 1916 | 1918 | 1920 | 1922 | 1924

Value of gold produced | 959 | 90-4 | 9356 | 790 | 693 | 6565 | 800

In what period was the decrease in the amount produced
most rapid ?

5. An explorer crossing an unknown river takes soundings
of its depth at intervals of 10 yd From the results given
below draw a plan of the section of the river at the place of
crossing

Distance from bank

1 yards 10120 { 30|40 (560{60 |70 (80| 90 {100

4 7 9113 (2521|1711 3]

Depth 1n feet

3

6. Compare graphically the Birth Rates and Death Rates
in England and Wales for the dates given below.

Year . .| 1912 | 1914 | 1916 | 1918 | 1920 | 1922 | 1924
Birth rate .1 239 | 2381209 | 177 | 2556 | 204 | 188
Death rate .| 133 | 140 | 144 | 176 | 124 | 128 | 122

7. Represent the following running records graphically :

Distance in yards . | 100 | 120 | 150 | 200 | 440 | 600 | 880 | 1760

Time in seconds . | 93 | 11} | 14§ | 19 47 | 70% | 112} | 2603

Show that the lines joining each point to the origin
represent the average speeds.
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Example 1.—A set of flower-pots of the same shape but of
different sizes hold V cu 1n. of earth when the height is A in

given by the following table .

Heght () .| 1 l 15 l 2 25 3
Volume (V) .| 25 l 84 ‘ 20 39 67
80
i
=4
I
60 }
" |
o |
K =4
3] - haas e g e e s et et i
c 4
- 7 1
(8]
o 40
=
O 1
]
£ 1
© |
g / 1
o 20 $
> y, !
| |
t
[ ]
| |
|
L 2
0 1 2

Height In inches
Volume and height of flower-pots:

From the nature of the question we see that when =0 then

V=0.
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In this example the height and the volume of the pots are
bwo quantities which vary, hence they are called variables.
The volume depends upon the height selected, and is cailed
the dependent variable.

The dependent variable should always be plotted along OY.

Here the twoevariables are connected by a law, so that it
would be possible to find the volume corresponding to any
given height of pot. In such cases the points plotted should
be joined by a smooth curve.

From the graph find (i) the cubic contents of a pot 3 1 in.
deep, and (i1) the depth of a pot holding 50 cu in.

From the point P on the graph we see that when A=31,
V=12, and from the point Q we have A =2-75 when V =50

Ezample 2.—Draw a graph to show the squares of all numbers
from —4 to +4

Numbers .‘~4|—3 —2| =1 0 1|2!3 4
Squares |16 | 9 | 4] 1|01 ] 4] 09|16
1 I

\
|
v 1
1]
is i
x' -« .3 -2 -1 o* 2 3 a X

Graph of y=a3.



102 ELEMENTARY ALGEBRA FOR SCHOOLS

Since the square of a number is never negative, the scale for
the numbers, viz. —4 to +4, may be taken at the bottom of
the- paper.

.If y represents the square of z, then y=a?; this relation is
called the equation of the curve given by the graph. In this
case there is a definite law connecting the two variables x and
y, and consequently the points of the graph should be connected
by a smooth curve. Any square not actually plotted, eg.
(2-5)% can be read off from the graph by considering the point
on the graph whose x is 2-5. The y of this point is 6-25.
Thus (2-5)2=6-25.

Pownis to be remembered when drawng graphs *

1. Write your name on the paper.

2, Select scales that are easily read. They need not extend much
beyond the range of the variables given in the question.

3. The independent variable (2.e. nearly always the one whose values
1 the table increase by equal amounts) should be represented on the
hornzontal axis.

4. The graph should cover most of the paper used.

5. Mark the umts on the axes and state what they represent.

6. Mark the given po.nts with a small X.

7. Draw the curve neatly in pencil.

8. If the shape of the curve between two pownts is at all doubtful,
calculate the position of an intermediate point, when this 1s possible.

9. Print a title to the graph.

Exercise VIII (c)

1. An electric lamp at a height H cm. above the centre of a
desk provides at the blotting-pad an amount of light L given by

H 90 100

20 ' 30 40 50 60 75

L 57 79 96 107 113 115 112 106

Plot these, taking 1 mn. for 10 units on both axes, and from
the graph determine the best height for the lamp

2. A rectangular flower-beq of area A sq. ft. is to be laid out
against the wall of a garden If the width parallel to the wall
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is z ft., what length of wire-nettirg will be required to protect
the three exposed sides ¢ Taking A to be 200, draw a graph
to show the value of your expression for values of » ranging
from 5 to 50, and discover what width will enable you to
purchase the netting at least cost.

8. When £100 is invested at 5 per cent. compound interest,
the amounts to which it accumulates at different pertods is

Years . . 0 5 10 16 | 20 | 26 | 30 | 36

Amount in £'s .| 100 ] 128 | 163 | 208 | 265 | 339 | 432 | 552

Plot these values, taking 5 years to the inch along OX and £100
to the inch along OY. Read off the amount at the end of
18 years and the number of years required for £100 to exceed
£300.

4. The distances in feet travelled by a train in ¢ seconds after
the application of the brakes are

““t” 1n geconds | 0 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80

Distance 1n ft

0 ‘350 680 | 990 | 1280 | 1550 | 1800 | 2030 | 2240

How long will the train take to run a quarter of a mile ?
b. The following table shows the expectation of life for
males :

Age 1n years . . 20 | 30 | 40 | 50 | 60 | 70 | 80

Expectation 1n years .1 39 | 32 1 25 19 13

From a graph discover how long a man aged 62 years may
expect to live, and at what age the expectation of life is a
further 20 years.
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8. The number of cubic féet of water left in a tank ¢ seconds

after the opening of an escape tap is given by the formula
t\2

¥ 10
t=10, 20, 30, etc. Draw a graph to show the volume of water
left in the tank for intervals of 10 seconds after the opening of
the escape tap. What is the original amount of water in the
tank, and how long 1s required to emptyit ? At what moment
was it half full ?

7. A small water-trough for a bird-cage is to be made out
of a rectangular sheet of lead 20 cm long and 10 cm broad.
Four equal squares are cut off from the corners, and the side
pieces left are then bent up so as to form the vertical sides of
the trough. Calculate the volume of the trough when each
side of the squares is 1 cm , and obtain the corresponding values
when the sides of the squares are 1-5 cm., 2 0 cm , 2-5 cm., ete.

Draw a graph to illustrate your results What is the largest
amount of water that such a trough can contain, and what is
the length cut off at each corner in this case ?

Functions.—An expression whose value depends on the

4x—5
, 243
are all functions of . The value of the expression itself is
often denoted by y When the law of a function is known, we
can plot its graph by giving x a series of numerical values and
obtaining the corresponding values of y. The number of values
to be given to x will depend on the nature of the curve thus
obtamned. Care should be taken so that the points through
which the graph has to be drawn are not too far apart.

Two cases of especial importance are the functions whose
laws are of the form axz-+b and ax®+-bxr+c The former is
called the Linear Function of x, and is shown in works on
Algebraic Geometry to be always represented graphically by a
straight line The latter, known as the Quadratic Function,
gives a curve which is called a Parabola (see, for instance, the
graph of y=a? on p 101) Ope example of a parabola is the
path of a stone thrown up into the air.

Wrnite down the values of this expression when

value of z1s called a function of x. Thus 3z+5, 222—7
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Graph of 2x-1-8.—Make a table of corresponding values
for x and 2243 thus :

x 1—4.—3 —2‘—1‘0‘1‘2 3

2243 ' —5| —3 —1‘ 1 } 3 l 5 \ 7| 9

Here x ranges from —4 to 3 and 2x+-3 ranges from —5 to
9. The axes should be drawn in such a position on the paper
that all these values can be shown. (In most cases of graphs
you will not put your origin in the middle of the paper.)
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NP(—5) represents the value of 2243 when r=—4.
MQ represents the value of 2x+3 when x=-3.
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It will be found that all the points so obtained, such as.
B, Q, etc., lie on a straight line. For every point on 1t the y
co-ordinate equals twice the x co-ordinate 43

If 2243 is called y, then y=2x-}3 is the equation of the
straight line shown 1n the graph.

Exercise VIII (d)

1. Draw on the same axes the graphs of 3z and of 3z-4,
from x=—5 to x=-+5. What resemblance is there between
them ? What does your graph give for the value of 3z-{4
when x=2-3 ?

2. Draw a graph of y =; — 3 from x=—4tox=+4 How

could you now draw also the graph of y =g without calculating

any values of z ?

8. Draw a graph of 2z—5 from xr=—4to x=+4 Whatis
the increage in 2z- 5 between r=—1 and r=3 ?

4, If 1 in. is taken to be 2 5 cm., how many centimetres
are there in zin ? If this number is called y, write down
the relation between y and . Draw a graph for converting
inches into centimetres.

5. If F° Fahrenheit is the same temperature as C° Centigrade

A 1t 18 known that F=3C+32.
Draw a graph for converting
from one scale to the other.

v From it read off 104 C° in
Pz -8 F°. What Centigrade tem-
perature =0° F. ?
6. The line AB is the graph
X' N, /

x
0 N, N‘x0f§+1.
Py

A If ON,=1, what is N,P, ?
If ON,=4, what is N,P, ?
If ON;=—4, what is NP, ?

P




CO-ORDINATES : GRAPHS 107

7. The line AB is the graph of — E;f + 2.

If ON,=—4, find N,P,. , B
If ON,=—2, find N,P,. v
If ON, =1, find N,P;. 2

If ON,=6, find N,P,.

8. Given 1 kg.=22 Ib., \f\
draw a graph showing the | Ny X
relation between pounds NN, O N,
and kilograms from 1 kg. \E
to 5 kg. v B

If there are y 1b. in x kg ,
what is the relation between y and 2 2 What is the equation
of your graph? Fromt find (i) number of kilograms in 8 1b. ;
(11) number of pounds in 3-4 kg.

9. Show that 60 miles per hour =88 feet per second. If x is
a speed 1n miles per hour and y the same speed in feet per
second, find the relation between  and y. Draw a graph to
show this relation for speeds from 10 mules per hour to
100 mules per hour.

What 18 the equation of the graph ¢ From 1t convert
35 mles per hour into feet per second and 60 feet per second
into miles per hour.

10. Draw a graph which will reduce marks running from
123 to 317 to a range of 0 to 100. You may assume it will
be a straight line. What ranged mark will correspond to 200 ?

11. Draw a graph that will give the results of dividing any

1
number from 1 to 100 by 5-9. (Note = 0-17 approx.) From
it find '5—-§

12. A function is equal to 2z for values of x between 0
and 5, to 10—a for values between 5 and 10, and to 2z—10
for values between 10 and 15 Draw 1ts graph, taking one
small division of your paper as the unit.

[Such curious functions as this do actually occur in practical
problems.]
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Graphical Solution of Simultaneous Equations.

Ezxample.—Solve 3z+2y=>5, bx—3y=2 graphically.

We have seen that the single equation 3x+2y=>5 is satis-
fied by any number of values of z and y, If some of these
values are obtained by taking x=—2, —1, etc , and finding the
corresponding values of y, the results can be tabulated thus :

4

as

8
|

1L
I
1

nEN

N
H
M-
.
e
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Similarly for 52—3y=2 we get

z

_2|—1|o 1|2
y|—4l—2}|-—§ +1|+2g

Now plot both equations on the same axes.

The co-ordinates of all points on line A satisfy 3z 2y=5,
nd of all points on line B satisfy 5z—3y=2.

.. the co-ordinates of the point P where the lines meet
aust satisfy both equations

Thus the required solution is z=1, y=1.

Note.—To tabulate the values quickly 1t 18 sometimes a con-

53z and

entence to rewrite the equations i the forms y=

5x--2
= x3 before substituting for z.

Exercise VIII (e)

Note.—Plot the following from z=—2 to z=3.

1. Draw the graphs of y=2xz—4 and 5x+42y=13 on the
ame axes, and find where they intersect. [Take one large
livision of your paper to represent the unit along each axis.]

2. The graphs of 52—6y=>54 and 4x+5y=12 are drawn
o a scale of 1 1n to the umt on each axis. What are the
o-ordinates of the point at which they cut ?

Solve graphically the following simultaneous equations :

3. 3x—5y=3 5. x ¥y

2543y ="T-4. 4 3+3=1L
r=2y—3.
b. 22+y=2, 8. 3z-+5y=10.
4x—3y=10. z—3y=1.
7. 3z4+2y=10. 8. 6z=4y+5.
y=%(x—1). z4-y+2=0.

For further examples, see Exercive VII (a).
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Graph of 2x?+x—8.—From z—=—3 to z=-+3.

x —3 —2 —1 0 1 2 3
x? 9 4 1 0 1 4 9
222 18 8 2 o [‘ 2 8 18
z -3 —2 —1 0 1 2 3
—3 -3 —3 -3 -3 -3 -3 -3
2z%+x—3ory 12 3 —2 -3 0 7 18

Here we have to represent values of 2x%4-x—3 from 18
to —3, so that it is convenient to take a smaller scale for
22242 —3 than for x.

g
1
1
1

:

r

-

Vi
Lol

Graph.of 223+2—3.
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. Let y represent the values of 2z%+z—3. From the sym-
metry of the graph we see that the lowest value of y occurs
when z is less than 0 .

To get a more accurate drawing we also calculate y when
z=—} and z=—%.

We find that when z=—}, y=—3%; and when z=-—1},
y=—3: so that — 3} 1s the least value of y.

As z increases from large negative values to x=—1, y
diminishes. As z increases from —%, y increases.

N.B.—There are two values of z for which 222+ 2—3=0, viz.
=1 and —1-5. These are called the roots or solutions of the
equation 222+ x—3=0. There are also two values of x which

make 222} x—3 have a value such as 10. These values are called
the roots of the equation 222+ x—3 =10.

N.B.—A useful check for the numerical values of an expression
mm which the values of z increase by regular steps 1s to subtract
each value of the expression from the preceding one.
Thus, the values found for 222+ x—3 are
25 12, 3, —2, -3, O, 7, 18, 33
13 9 5 1 -3 —7 —11 -—15
4 4 4 4 4 4 4

If the calculated values are correct, the numbers 1n the third line
should all be the same when the function 1s a quadratic one. For
a lhinear function the numbers would be found to be all equal in
the second hne.

Exercise VIII (f)

1. Make up a table of the values of 322+4x—2 from z=—3
to x=-3.

2. Make up a table of the values of 422 —6x+7 from x=—4
to x=-4.

8. What is the value of #2—4x+3 when =0 and when
2=2? Show from your results that the equation 22—4x43=0
has a root between 0 and 2.

4. Draw a graph of the values of 34222 from x=—3 to
x=+3. What is the least value of the expression ? For what
values of z will the expression equal 5 ?

6. Draw a graph of 22—3z+1 from x=—3 to =5. For
what values of x will the expression equal zero ?
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6. Find from a graph the values of x for which 6z—a? is
negative.
. Find for what values of z, 6z—2?=2 and 6z—a?—4=0.
7. With the same axes draw the graphs of 2x+41 and 22
From your graph state the values of 2 which make 22=2z-1.
8. A cricket-ball thrown in the air describes a curve given

2
by y=x — -1-9;—0 Calculate ¥ when =0, 20, 40, 60, etc., and

draw a graph. What is the greatest height the ball reaches ?
Where does it hit the ground *?

9. Draw the graph of y=x2—3x—2 for values of x between
—1 and +4, taking 1 in to represent umty on each axis.
From your graph read off (1) the greatest negative value of y;
(1i) the values of  which make x*—3x=3.

10. If (x+3)2=5(y+2), express y in terms of x, and draw
its graph for values of « between —8 and 2.

11. The resistance (R) to a train’s motion in pounds per ton is
given by R=6-+0-01V2, where V is the speed in miles per hour.
Draw a graph from V=5 to V=40, and from it read off the
value of V when R=20,

Revision Exercise VIII (g)

1. Plot on the same axes the graphs of 5y=2x+7 and
y=1-52—2 for values of z from —1 to +3 Show how your
graphs can be used to solve the simultaneous equations
by—2x="7, 1-bx—y=2

2. When a weight W Ib. is hung on the end of an elastic
string 3 ft long, the string stretches to a length I ft. given
by W=%#(l—3). Draw a graph showing the relation between
W and I for weights not greater than 6 lb. What is the
stretched length when the weight is 1§ lb., and what weight
would stretch it an additional foot ?

3. Plot the graphs of 225 and -3 on the same axes.

3 4
2¢—5 T—3x

3 4

From your graph read off the.valuesof x for which
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is equal to (i) 0; (i) 42; (iii) —2 Check your results by
caloulation.

4. An expression is equal to 2z when z lies between 0 and. 2
(inclusive), but to #*—7x+14 when «x lies between 2 and 5
(inclusive), and to 14—2x when z lies between 5 and 7. Draw
its graph between x=0 and x=7, and find the values of x

for which it is equal to 3.
2

5. Draw the graph of 2—<4x — ?%—> between x=—1 and

32
x="7. Hence solve the equation 2—4x -} —;— =0 For what

2

3
values of x does 4x — -51 equal 4 ?

6. Show the graphs of 322—7x and 243 on the same axes.
From your figure discover the values of « for which

(i) (32— Tw)—(x+3)=0; (i1) (3x®2—Tx)—(x+3)=2.
7. If x=3p—2 and y=T7—2p, find the values of z and y as p
changes from 1 to 5, and show graphically that the points

represented by the connected pairs of values of  and y all lie
on a straight line. What is its equation ?

18 f f
3712 or values of x between
Oand 6. For what value of x in this interval are the expressions
equal in value ?
9. Onthesame axesdraw the graphs of 2+ 3z and 1tz 222,
Show that the two curves fouch one another, and find the values
of z for which the difference of their ordinates is §.

8. Draw the graphs of 22 and ——

1
10. Calculate the values of ; when x=-001, -01, -1, 1, 10, 100,
10,000. Plot the values of i from #=1to x=>5. What do you

1
consider will be the values of = (i) when =0 ; (ii) when = o ?

11. Without drawing a graph show that 222 — 842 —-693=0
has a root between 0-84 and 0-83.
8
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12. Find the values of *2?—2 82¢+198 when z=1-3 and
when z=14. Plot these values on a large-scale graph
showing only these two points. Assuming that for this
magnification the curve between these points is practically a
straight line, find the approximate value of the root of
2% —2-822-+1-98 =0 which lies between 1-3 gnd 1-4.

. »—1

13. Draw the graph of y 3
-4 of z, and use it to solve the equation 23—13x=S8.
(z+2)(x—1)(3—2)

4
between x=—4 and r=+44. What values of x make the
expression have the same value as (i) z ; (ii) 6—2x ?

between the values —4 and

14. Draw a graph to show the values of

Miscellaneous Examples II
A 37
1, Divide 8a20—10ab® by —2a, and 6a%b-+9ab® by —3ab.
Subtract your seccad result from the first.
2. Find the values of 3p°+5p% 3p3x6p%, 3p3--5p2,
(3p-+5)2 when p=—4
3. Solve the equations 3z+47y=4.

Tx+43y=16.
—3%a /8xz—
4, Simplify ad PR xzaa — x;(; ?). Is there any value

of x for which the result would be equal to % ?

6. Rewrite p+g—r-+t with (i) brackets round the last three
terms, and (ii) brackets round the last two terms. Test each
result by putting p=5, ¢=6, r=3, t=1.

6. It costs 16s. 8d. to go a journey of 120 miles partly by
car at 2d. a mile and partly by train at 1}d a mile. How
much of the journey is made by car and how much by train ?

A 38

1. Find the value of (a—-2.b)(c——3d) when a=5, b=—3, ¢=2,
d=—4
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2. Find the H.C.F. and L.C.M. of 12a%?%* and 20a%b?3,
and show that the product of the H.C.F. and L.C.M. is equal
to the product of the two numbers themselves.

x+y a2y (i) P—q p—2
3 ’ 2r 3r
4. The expressidn ax2 —-bx 18 equal to 40 when x=4, and to
16 when x=—2, find the values of a and b.
5. Find the values of the letters shown in the diagram if
each line and each diagonal add up to the same number.

8. Simplify (i) 1 —

1 21 20 a
16 b z 13
c 14 15 7
19 3 2 d

8. A manufacturer stocks a number of grinding wheels all
of the same thickness. Their diameters in inches and weights
in pounds are given in the table below.

Diameter . 3 4 5 6 8 10 12 14

Weight . ‘ 172 ‘ 300 | 480 | 670 | 126 | 196 | 282 | 374

Draw a graph to show the relation between the weight and the
diameter, and read off from it the weights of wheels whose
diameters are 7 in. and 11 in.

A 39

& (ater 28 & (a—cp
1. Evaluate + i’ m,' B T oga’ b—d8

when =3, b——2, c=—4,d=1.
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2., A substance which lo. .. x oz. in every pound of its weight

on being dried finally weighs y Ib. What was its weight before
being dried ?
. 8. A, B, C, D are four points in order on a straight line such
that AB=1, BC=2, CD=3. The direction from A to D
being regarded as positive, how would you describe the
distance (i) BD; (ii) CA? Prove that AB4BC4CA=0.
Can you invent any illustration to explain this result ?

4. Express 2ax—3by-+9ay—4bx in terms of two expressions
in brackets (1) with coefficients 2 and 3; (1) with coefficients
a and b.

5. A poulterer sells 6 ducks and 15 chickens for £7, the price
of each duck being 1s 2d. more than that of a chicken. How
much does he charge for each ?

6. A, B, Care at (2, 3), (5, 7), (9, 1) respectively. Through
A a line DAP 18 drawn parallel to OY, and through B a line
PBQ parallel to OX ; through C, two lines CD, CQ are drawn,
CD being parallel to OX and CQ parallel to OY. A rectangle
PQCD 1s thus formed What 1s its area ? What are the
areas of (i) the triangles PAB, QCB, ADC, and (ii) the original
triangle ABC ?

A 10

1. Divide 12a2b°—8a5? by —4a2b, and add your result to
the product of 2a*—3ab and —3a?.

2. Show that the equation 622—13x—5=0 is satisfied both
by =24} and by x=—1%.

3. A boy obtains 5 marks for every sum which he gets right
at first trial, 2 marks for every sum which he gets wrong at
first but afterwards corrects, and loses 3 marks for every sum
left uncorrected. If he tries x sums and gets y of them correct
at first and afterwards corrects half of the others, how many
marks will he get ?

4. Find the values of # and y from the two equations

22 z—y . 2243y 6 3x—2y

5——-——-: = —

7 3¢ 8 5
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ab a+b ab+bc a+b
5. Which of the fractions — b bIe b bo
pressed in simpler form ? Find the value of each when a==3,
b=2, c¢=5.
6. A class of boys cut a series of regular hexagons out of
cardboard and find their weights The results are

can bd ex-

[
=]

Length of idemem. . | 4 | 45 65 7 8

Weight 1n grams .| 26329 (406|585 (687|796 104

Draw a graph to show the relation between these results, and
read off (1) the probable weight of a hexagon whose side is
5-8 cm., and (i1) the side of a hexagon whose weight 1s 90 grams.

A 41

1. Find the values of a2—b2 (a—b)2 (a-+0b)°® when a=—2,
b=—b. .

2. A train goes z miles in y hours ; how far would 1t go in
2 hours less at the same speed ?

8. What value of  will make 4(x—2)—}(x—6) three times

r—4 x—8
the value of {——-4— e

e b b b\ . b
4, Simplify @ + . +c ~a and <a + c>7<c+a>.

5. The straight hne joiming the pomnts (5, 2) and (z, —2)
cuts the axis OX in the pomnt (2, 0) By drawing a figure
find the value of x and prove your answer correct by the help
of congruent triangles.

8. One of two persons is @ years old and the other is b years
younger. How many years must elapse before the elder is
twice as old as the younger ? What does your answer become
(i) when a=28, b=16; and (ii) ywhen a=37, b=14? Explain
your result in the latter case.
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AR

1. When a=z, b=—x, c=2*, express the values of (a—b) x¢,
1+(be), a—b-c, (a—b)—c, a—b*--c in their simplest forms.
X .. b—a b—c  aitc
2. Simplify — be + o |
8. Bracket together the terms divisible by 2 and the terms
livisible by 3 in the expression 3x —2y+4z—9¢. Check your
aswer by putting =5, y=—3, z=—1, {=2.

sl _y43 _

4, Solve the equa,tions{ ) 5 3.

3r+y=1.
6. Th ti B——7' tisfied both wh
. The equation oy o is satisfied both when

¢r=8 and when x=—3. Find A and B.

3
6. If x=3a2p3, y=2ap? show that the value of % does not

iepend on the valuss of @ and p.

A 43
1. If xy4-2y2—8za =242y —3z, find (i) x when y=3, 2=—2,
ind (ii) y when z=—1, 2=—3.
2. Solve the equations
(i) 3x—10—}(x—6)=3§(5x+4)—y;
(i) 2z0—3y=3r—2y=1.
8. After paying income tax on his salary at 4 shillings in the
oound a man’s net income 1s £A. What was his salary ?

1 1
4. Find the sum of ;— and ;—; as a single fraction, and re-
2pq  3p

., 2p*—3¢*
write ———
6pg

5. The area of an equilateral triangle whose side is I can be
V3
i

as the difference of two separate fractions.

proved to be A regular hexagon, each of whose sides
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is @, has its three alternate sides produced so as to form an
equilateral triangle. What are the areas of this triangle and
of the three smaller triangles so formed ? Deduce the area ‘of
the original hexagon.

8. A firm sends out 2000 circulars, paying 4d. postage each
for some of them and 13d. each for the others. If their stamp
bill came to £10, how many of their circulars were posted with
3d. stamps ?

A4

1. Write down two common multiples of 2a% and 3a%b?, and
two common factors of 102%y® and 15y%3. What 1s the LCM
of these four expressions ?

2. Find the value of a—b+2{

b=—1, c=-2.
3. Solve the equations

(i) }(2x—3)—}(dw—19)=5x— & (3x+8);

3z+1 4x—2y

4 7

4. If v®=u?+{2fs, express f in terms of the other letters
and find its value if v=12, ©=20, and s=8.

5. A cross Channel passage consists of two stages which are
supposed to be made at 15 knots and 12 knots respectively, 1n
which case the time taken over the whole distance would be
7 hours. Owing to bad weather the speeds over the two stages
are reduced to 12 knots and 8 knots and the steamer is conse-
quently 2} hours late in arriving at its destination. Find the
distances of the two sections of the journey. [1 knot=1 sea
mile per hour.]

6. A is the point (—6, 3) and B is (10, —9). What are the
co-ordinates of the mid-pomnt of AB ? If with this pomnt as
centre a circle is drawn of ra.dms 10, at what points will it
cut (i) the line x=8, (1i) the line y=5 ?

a?—(b+-c)?

atbto } when a=2,

(ii) T2—10y =5, =2—y.
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A%

1. What is the value Of§+%_£ when p=-—2, ¢=3,

r=—11

2. Simphfy .
4+ (—x), x+(—=x)?, xxX(—=x), T(—x)8, (—2)*—(—x)

8. A rectangular field is a yd. long and b yd. broad. A
path everywhere « ft wide is constructed round the outside of
the field. Draw a rough diagram and calculate the area of
the path in square feet.

4. Three places, A, B, C, lie on a straight road, A being
15 mules east of B and C 20 miles west of B. A man starting
from A at 9 a.m. cycles towards C at 10 miles per hour. How
far (1) east of B; (1i) west of B; (1ii) west of C, will he be at
11.30 a m. ?

6. The plan of an orchard can be drawn by joining in order
the pomnts (10, 3), (5, 8), (—2, 3), (—5, —T7), and (10, —2).
Draw it on squarec paper, taking each small division of your
paper as the unit. What is the area of the estate if each small
division represents 10 yd ¢ See p. 95, Ex. 5.

6. After a meeting a silver collection was made to defray the
expenses. Each person present gave either half a crown or a
shilling. There were 53 persons present and the collection
amounted to £4. How many gave half-crowns %

A 48

_ 6 —7x—20x?

1. Find the value of T when z=—1-1.

2. The distance between the two points whose co-ordinates
are (21,y;) and (2, ) can be proved to beV/ (z;— ) 1 (7, — )"
What is the distance between (5, —2) and (—4, 10) ?

8. Solve the equation %:f =c— (c —ba)x‘

4. Find the value of p if the three equations 0-22—0-3y =—2,
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x
it
values for « and y

5. Ifxr—y=38and x—2z=1, what are the values of (z—y)(z—2);
y—z, (2—x)?, (y—x)(2—z), and y—z ?

8. A car bought originally for £450 loses £120 of its sale
value during the first year of use. For the next 10 years it
deteriorates by £20 a year and subsequently by £10 a year.
Draw a graph to show 1ts value during 15 years of use When
could 1t first be bought for (1) less than £150, (ii) less than £100 ?

=67, and y-i— = p are all satisfied by the same pdir of

A 47

1. Find the difference between a—2b—b+3c and (a—2b)
—(b+3c) when a=5, b=—2, c=1.
2. Solve the equations

3y+5 — 2
i) 2y ——— = "—; (ii)2z—g=12, 3x=-§y+11.

—2
8. Express 20{1 — ?5—} —12{2—$(x+1)} in its simplest

form, and test your answer by putting = equal to 7.

4. n lines parallel to one edge of a sheet of paper are ruled
y in apart, beginning and ending 1 in. from the edge Find
the length of the sheet.

5. A housekeeper buys 17 lb. of cooking apples and 9 lb.
of eating apples for 11s. 3d. Had she bought 13 Ib. of the
former and 7 1b. of the latter the cost would have been 8s. 8d.
What was the price of each kind per 1b.?

6. A battleship B steaming b miles per hour pursues an
enemy vessel C which is d miles ahead and is steaming at
¢ miles per hour. If B’s guns can hit at a distance of A miles,
find in what time C will be within range of B.

A 48

1. Remove the brackets from, p(6a—2b)—q(5x—2y), and
express vour answer in the form 2( )—5( ).
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2. The diameter AB of a circle is produced to O. If AO=x
BO=y, find the distance from O of the centre of the circle

8. If (x+y)(x—y)=T7 and (z—y)=3, find the values of s
and y.

4. A party of boy scouts on arriving at camp find that the
number of tents is too few by a to allow,3 boys to a tent
while if 4 boys are put in each tent there will be b tents lefi
empty. How many tents were there and what was the numbe;
of scouts ?

5. Find a value of z such that 2z —1, 52—7, 21 —2x may be
in ascending order of magmtude. Is there more than one
such value ?

6. The horse-power obtainable for 3d. an hour with single
and triple cylinder engines 1s given below .

Price of coal perton . 20 30 40 50 shillings.

H.P. (single cylinder) . 112 75 56 44

H.P. (triple cylinder) . 186 124 93 75

Draw a graph showing the relation between horse-power anc
the cost of coal for the two cases At what price per ton does
the triple cylinder give 4 H.P. more than the single cylinder ?

B 49

1. A boy buys p articles at ¢ pence each. How many o
the articles could he have bought for the same money if eact
had cost r pence more ?

’ br—4 4x—3
2. Find the value of 193z 321 when z=—3%.

3. Simphfy 325X 523, 42824, 2 X @, &™ +an, %/ (zin)s.,

4. If A=2h(l4b), express I in terms of A, &, b Verify
your answer by putting A=600, =10, =12, both in the
original formula and in your answer.

6. A non-stop train runs from B to L (120 miles), passing
through R which is 80 miles from B. At ¢ minutes after noor
it will be (§£—30) miles beyond R. How far is it from R ai
1 pm.? At what times did,it (i) pass through R; (ii) leave
B; (iii) arrive at L ?
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8. Tabulate the values of 2:1:-{-:", and 3x—2 for values of
« between —2 and +3. Deduce the values of (2x+3)(3z—2)

2
v +3 between the same limits.
3x—2

and

! B 50

1. The sum of the first » odd numbers 18 equal to n2 Show
that this 1s true 1n the case (1) when n=3 , (i1) when n="17.

2. Find the values of (z+3)*+2—(x+4-2)*+3 when « has the
values —1, 0, +1.

3. At the present time B is twice as old as A. Prove that
when A is as old as B 1s now, B’s age will be only half as
much again as A’s.

a+3 y—2a
4. If y = —5 > eXpress the value of a2y

in its simplest

form.

6. If x>1 prove that 2>x. Is there any value of « for which
22 is less than #? Find a value of x for which (r—2)2<(x—2).

6. A seaside golf course offers daily tickets and monthly
tickets to hohday visitors. A visitor who played 3 days a
week for 4 weeks would save 6 shillings by taking a monthly
ticket instead of daily tickets. If he played only twice a
week over the same period he would waste 4 shillings by
taking the monthly ticket. What is the price of each kind
of ticket %

B 51

1. If a=3, b=—2, and a+b-+c=0, show that
(i) a®—b%+-c?=abc and (u) a®+b3+c3=3abe.

2. A rectangular field 18 p yd. long and ¢ yd. broad. A
path everywhere x ft. wide is constructed round the inside of
the field. Draw a rough diagram and calculate the area of
the path in square feet.

3. By how much are the first and last of the three expres-
sions 3a—2b, 4b—a, b—4a greater than the average of the
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three? Verify by puttiﬁg a=6, b=>5, and explain your
result. ..
P P—9 PI—9 P—4

4, Which of the fractions —, , , can be ex-
. @ qg—r P9 P
pressed m simpler form ? Find the value of each when
p=3,¢g=—2,r=—1. ¢

6. A and B, touring by car between two towns, choose
different routes A travelling by the eastern route at 20
miles per hour takes half an hour longer over the journey
than B, who goes by the western route at 24 miles per hour.
If the routes chosen had been interchanged B would have
beaten A by 1 hour 36 minutes. What is the length of each
route ?

6. The relation between the reading (F°) of a Fahren-
heit thermometer and that of a Centigrade thermometer 1s
C=§(F—32) Draw a graph for converting C into F and
read off :

(i) the Fahrenheit temperature corresponding to 64° C. ;
(ii) ,, Centigrade » » 80° F.

B 52

1. Simphfy 24222, (a+2x)%, a?—222, a®—a?, (a—x)® when
z=—a/2.

2. If p—q¢=3 and y—2=2, find the values of (p--q)(z—y),

29—2p

)2 (2—ay)3 et N
(q p) 3 (2 y) ’ a’nd (3z__3y)2'

8. The expression ax®+ba? is equal to —40 when x=—2,
and to 45 when x=3. What 1s its value when z=1 ?

1 1 1
4. Clear the equation ” + =3 of fractions, and hence ex-

press v in terms of w. Find the value of » when w=12, both
from the given relation and from your first answer.

6. One year the expenses of a factory for raw material and
labour came to £50,000. In the following year the amount
paid for raw material diminished by 10 per cent., while the
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cost of labour increased by 20 per cent. The saving on the
year in consequence was £2000. How much was paid for
raw material and for labour in each year ?

8. If — z—b

2
— 7= =3 Prove that a-+c¢=2b.

1
=§and

B 53

1. If 2=(x—3)(y+2— )(z+2)(y—3), find the value of z when
z=—4 and y=—3. What value of y will give z this same
value when r=—2 ?

2. At the end of a year a boy is given x pence for
every shilling he has saved during the year. After this he
possesses £y. What was the original amount of his savings
in pounds ?

8. If a point is taken on each side of a figure of = sides,
and these points joined in every possible manner by straight
lines, the number of parts into which the figure is divided is
"(7; . Dot 5nt18). What is
the number of parts when the original figure 18 (i) a triangle ;
(ii) a quadmlateral ? Verify by drawing a figure for each
case.

given by the expression 1 4

3(6—=x) 2(1—=)
@+z)  (2—2)
bracket the « term comes before the numerical term.

6. A map is drawn to show the ups and downs of a switch-
back road between two places A and F each 100 ft above sea-
level B (1, 300); C (3%, —250); D (4, —150); E (5,—100)
represent the tops and bottoms of the intermediate hills,
referred to AF as horizontal axis and A as origin. The
first co-ordinate is measured in miles and the second in feet.
Draw a sketch on squared paper, taking 1 in. to the mile
horizontally and 4 in. to each 100 ft. vertically. Which is
the steepest section of the road ?

6. A sum of money is expressed in shillings and pence
Show that if the difference between it and the new amoun

4, Rewrite the expression , 80 that in each
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obtained by interchanging the numbers which express the
shillings and the pence is given n pence, the number so
obtained is always divisible by 11.

B 54
: a2 —Twy —6y? ¢
1. Find the value of m when x——l~5, y—-—2.

. ah?/3x by ax*(3b ay

2, Sumplify T<a2b — a,b2> — 2 <1' — x2>'

3. If £a will buy p articles, how many shillings does each
article cost ? Write down an expression for the number of
such articles which can be bought for £a when the price of each
has gone up b shillings. Verify your answer by putting a=12,
p=16, b=5.

4, Bracket together the odd terms and the even terms in

. 22 3y b6z Tw .
the expression - - ——+— — — + 3 giving your answer in the

form 3( )—4( ).

5. A train which departs at 2z minutes past z o’clock and
arnves at x minntes past 2z o’clock 1s 4 hours 55 minutes on the
road. What is the value of z ?

6. What are the values of @ and m if the equation y=mx 4 ;n

is satisfied both when =2, y=3, and when x=3, y=4?

B 56

1. It is known that an equation whose graph is a straight
line can always be written in the form y=axz+b. Find in this
form the equation of the line which joins the two points
(3, —2) and (—4, 7).

2. Simplify

B X3P, pyixay’, (=28, (-, Vedat

. z y
8. Solve the equations SyT3 = 5, 5213

1
e
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4, If T=R<l—-&g>, find an expression for ¢ in terms of R, [,
and T. What is its value when I=4, R=4, T=2 1

5. An aeroplane on its first trial over a measured course
completed the distance in 2 hours, which implied a speed of
5 miles per hour legs than that expected by the makers. On a
second trial, after slight alterations, it travelled the course in
1% hours, and the calculated speed in consequence proved to be
25 miles per hour better than before = What were the length
of the course and the speed originally expected ?

8. A series of square table-covers is made from material
costing 3 shillings per square yard. Each 18 provided with a
fringe costing 1 shiling per hinear yard. What 18 the total
cost of such a cover whose side is z yards in length ? Draw a
graph for values of z increasing by } at a time from z=1 to
=3, and read off from your figure the costs of a cover (i)
14 yards square; (1) 2} yards square.

B 56

1. Subtract %(a—2b)—%(a+2b) from Z(a—2b)+4(a-+2b).

2. If the expression 28— (x—1)3 is denoted by the symbol
f(x), find the value of f(5)—f(1). Find also the value of
f(2)—f(=2).

8. Solve the equations

22— 3y=(a+b T+¥=2
z—3y=(a-+be, “tTE=6

4. Given z—3y=1, express y in terms of x and deduce the

x—2y . s
“+2y 1 terms of x, gi1ving your answer in its simplest

value of

form.

5. A body moving in a straight line has travelled a distance
(15¢+3¢2) ft at the end of the first ¢ seconds of its motion.
How far does it travel (i) in 2 seconds, (i1) in 3 seconds, (iii)
during the third second ? Show that during the 6th second it
travels twice as far as during the 2nd second.

6. ABCD is a parallelogram, and P is the meet of the
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diagonals. If Bis at (—2,'5), C at (6, —1), and P at (2, —2),
whay will be the position of A ¢ [Remember that the diagonals
of a parallelogram bisect one another.] What is the position
of D?

B 57

o 1 9\  /—3b

1. Simplify <2a2 - a,b> : < a >

2. If 2—y=a, x+y=>b, and y=pz, express p 1 terms of
a and b.

8. Three armies A, B, C are making arrangements for a
combined offensive, and agree to commence operations at
different times, based on the hour at which B will be ready to
start, which is known as the zero hour. On this scheme A is
timed to begin at —15 hours 20 minutes and C at +9 hours
30 minutes. If B decides that the zero hour shall be 5.30 a m.
on lst August, at what times do A and C begin their moves ?

4, A machine bought for £A deteriorates in value by £30
per year during the first 10 years after its purchase and by
£15 during each year afterwards. What is the value of the
machine (1) 7 years; (1) 13 years after 1its manufacture ?

Find a formula for its value after n years (i) when = is less
than 10; (1i) when # is greater than 10.

6. Rewrite the two equations v=10(2—f) and v*=20f, so
that f may be the subject of the sentence in each of the two
new equations. If the two equations are true simultaneously,
give 1 a form cleared of fractions an equation from which »
could be found. [You are not asked to solve it.]

6. The height of a cricket-ball ¢ seconds after 1t leaves the
thrower’s hand 1s given by the formula a.t+b.82. Find the
values of a and b if the ball reaches a height of 64 ft. after
1 second and 96 ft. after 3 seconds. What will be its height
after 2} seconds, and when will 1t reach the ground ?

B 58

1. The equation of the line which joins the two points

(%yy,) and (x,y,) is known to bey——yi = M_ What does
Y2—=U%h Ta— %
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this become when #,=3, y,=—5, and z,=—1, y,=~T1?
Express your result in as simple a form as possible. .

2. The area of a trapezium is 12 sq. in. and one of the
parallel sides is 34in. If the other parallel side were increased
by 1 in the area would be increased to 134 sq in. Find the
height of the tragezium and the length of the longer parallel
side. [Area of trapezium =34A(a+b).]

3. If 2—y=2(y—=2) and y+2=3(2—=z), find y and z in terms
of z and show that 4z=5y.

2ax+b
4. 1f ax®-+bx+a
be equal to 3 when =2 and to -—} when x=-—3.

5. The circumference of a circle is given by the formula
2nr and its area by the formula #r2. What are the radius
and area of a circle whose circumference is a 1n. ?

If a piece of paper a in. long by b in broad 1s rolled up so
as to form a cylinder, what will be the volume of this
cylinder ? Show that there are two possible answers, and
find the difference between them when a=5§, b=4. [Take
=42

8. The amount of useful work done by a water-wheel is

8
measured by 240n — E;L, where # is the number of revolutions
made by the wheel in 1 minute. Draw a graph of the
expression for values of n between 0 and 10, and find the
number of revolutions per minute when the wheel is doing
most work.

is equal to 2 when =}, show that it will

B 59

1. Simplify }(2nD —x)—}{nD+(—1)"z}, where D=180 and
=60 in the two cases (i) when n=1; (ii) when n=2.

2. Atravelleris paid a fixed salary of £400, and also receives
15 per cent. on the amount by which his total sales exceed
£500. If he sells goods worth £x (where #>500) in any one
year and receives £y pay, find the relation between x and y.

8. In the series 135, 132, 129, . . . each number is 3 less

. 9
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than, the preceding number. Find an expression for the nth
nvmber, and verify your answer by putting n=>5. What is
the 50th number ?

4. Solve the equations

nZ_g 2 3% T 0 b
(1)._‘2_ 275 (u)a_ Ta ¢

5. If the average value of z shillings and y pennies is 10d.,
find z in terms of y, and deduce that the average value of y
shillings and x pence would be 3d.

6. A and B are z miles apart and are riding towards one

another A sriding @ miles per hour and they meet in — + b
How long would A have to ride before he caught B if they
had both been riding 1n the same direction ¢ (a>b)

B 60

= b, solve the equations

5 3 . 2 7
Te+y Bz—y Tx+y + 3z—y
finding the values of a and b and deducing the corresponding
values of x and .

2. Find by trial the integral values of = less than 30 for
which 7x+41 is a perfect square. Is there any such value for
which 5x+-1 is also a perfect square ? [An integer is a whole
number.]

8. The nth term (T,) of & series of numbers is given by the
formula T,=n%*—1. Write down the first five numbers of
the series. Is the (2n)th number double the nth number ?

4, In the diagram AB=AC=12, GF 1s
parallel to AB and DE parallel to AC at
equal distances z from AB and AC re-
spectively. Express BD, GF, GH in terms
of x, and then obtain expressions in terms
of = only for each of the four areas shown. Draw a graph

. 1
1. By putting T a, and 3

=25,
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showmg y in terms of z, and find for what value of z, y
is a maximum.

b. O, A, B are 3 points on a straight line such that 0A=2,
AB=3. Find the posltlons of two points P, Q on the line

which are such that B—Q—2 and PQ=5.

6. A man has £p deposited 1 one banking account and £q
in another If he wishes to withdraw a total sum of £r, how
much should he withdraw from each account so that (1) the
amounts left in the two accounts may be equal, (1) the
amount left in the first may be half that left in the second ?



CHAPTER IX
Binomial Expressions : Factors : Remainder Theorem

Column Addition and Subtraction.—In the preceding chap-
ters easy cases of multiplication and division have been of
frequent occurrence and have been treated by first principles
and in connection with the interpretation of brackets. In
dealing with more complicated examples it is convenient to
adopt a formal arrangement of the work similar to that em-
ployed for long multiplication and division in arithmetic.

Addition by Columns.—When several expressions, each con-
taining a number of terms, are to be added, they may be
written in lines urder one another as in arithmetic, the like
terms being placed in the same columns.

Thus : add 222 +2z+3y—2, —32%+2y+1, 4c+y+4>2.

2224 x+3y—2
—3a? +2y+1
dzty  +9

—a?+-5x+4-6y—1+92

The answer could be rewritten so that the terms of higher
degree come first, viz. —a?+4y2+5x4-6y—1

Subtraction by Columns.—As we have seen in Chapter 111, the
result of subtracting 2a—b from 3a+2b may be written
(3a+2b)—(2a—b), and this is equal to 3a+2b—2a-+b or
a+3b.

The negative sign in front of the second bracket causes a
change of sign in each of its terms.

If we arrange the work in columns as in arithmetic, we must

132
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therefore change mentally the signs of each term of the lower
line and then proceed as in addition.

Thus 3a+2b
2a— b
Difference a-+3b

In order to subtract the lower line from the upper we change
the 2a mentally into —2a and add 3a to —2a. So also —b is
changed mentally into +b and 2b added to +b.

Exercise IX (a)

Add together, employing the ““ Column Method **:
. a—b, a+b, 2a-+b, a—2b.
. 3x—2y, z+y, 2x—y, x—3y.
. 2a—b, —a+2b, 3b—2a, b+a.
2z+y—4, z—3y+2, 3x—y+1.
. B24x+y+2, 202—2y+1, x—3y+2.
. 318 —2a24-4, 23+x—5, 202—2x.
Find the sum of the following expressions :
7. —(a—b)+3, —a+2(b—2)
8. a—2(b—c), 3(a—2c)+b, —(a—2b)+c
9. 22 —x(y+2), ry—x(z—x).
10. rp+q(r—s), —r(p—q)+gs, rq—p(s—r)
Subtract both by the  Column Method *’ and the * Bracket
Method " :

O T eo 20

11. z—y from z+y. 12. 22—y from z+2y.
13. a—b+4-c from a+b—c. 14. 22x—3 from —z-}4.
15. 1—z from x—2. 16. 222—z+1 from 22-4-2x—2,

17. 2a—3b+c from a-2b—3c.

Subtract, employing the * Column Method > only :

18. a—b from b—ec. 19. p—q+r from 2p-+q.

20. 2—2z-+41 from 222 21. x—(y-+2) from (2z—y)—=z.
22. —(a—b)+3 from —a-+2(b—1).

23. 2 —x(y+=2) from xy—x(z—x).
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In the following examples find the remainder when the
second expression is subtracted from the first :

24, 2m(n—t)+nt and mn—2t(m+n).
95. 3a—3}(b—c) and :-,‘: — }a—b)

28. —4(a—0) + %and g —3(b—c¢)

27. 3x—l(y+=) and g——— (z—=)

Multiplication by a Single Term.
Multiply 22%+4x—4 by —3?
2x%4-4x—4
"‘3:132

— 6t — 1223+ 1222
This is the same as —32?(22%+4x—4).
Division by a Single Term.
Divide 4% —62%y—12x by —2z.
—2x)4a®— 6%y —12x
—2x2+4-3xy+6
Since —2x(—2x%4-3xy-+6) =423 —6x%y—12x

Exercise IX (b)

Multiply
1. 1—z+a? by a2 2. a+b—cbyabe
8. a?+b%—c? by ab. 4, 22+2zx+1 by —3=.

b. —a?+z—1 by —1. 6. =" by x, a1 by z, "1 by z.
7. P42 by x, aP-1429-1 by 2?, z™+2a" by 2.
Divide
8. x3—a?+x—1 by —1. 9. a*b—ab%+-ab by ab.
10. 4x?y—6xy®{8xzy by —2zxy.
11. 12a?b—6ab%-+9b3 by 3b.
12, 2" by 2, a"1by z, a™1 by a2
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13. 27 by 22, 2? by 2. 14, .x’—l—aﬂ by x, a™—a" by 22.
15. 2™ 42" by 2", 2® by —=.
16. 2 —a® by —a2. 17, a™t2at1 by a®,

Multiplication by a Binomial Expression

A Binomial exgression 1s one which contans two terms, e.g
2243y. An expression consisting of one term only, e.g. 3xy,
18 called a Monomial.

In the previous set of examples on multiplication our
multipliers have always been monomials. The method used
could be extended to binomial multipliers thus, since by
definition (a-+b) X (*+y) means the sum of (¢-+b) multiplied
by « and (¢+-b) multiphed by y.

oo (a+0)(@+y)=(a+b)x+(atb)y
=ax+bxr+ay+by.

In many cases, however, it 18 convenient to adopt the
following arrangement of the work :—

Multsply 2x+3 by 3x-+2.
2x+4-3
3x+2

622+ 9x
4x 46
622413246

This corresponds exactly to the process used in arithmetic,
as 18 clear from the following example :—

Multiply 23 by 32.

23=20+3 2043 or 23
32=30+42 3042 32
60090 690

40 +6 46

600+130+4-6=736 736
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Geometrical Illustration.—The area of a rectangle whose
sidesf are a-+b and z+y is the product (a+b)(z+y).

The area of the shaded part is (a-+b)z and that of the rest
is (@a4b)y. The total area is ax-+bx+ay-+by.

Compare with the two lines of the working in

b a-b

a
. 7///// 7/& z+y
Z % Y ayerby
Y aay bz;y 4 ax+bz+ay+by

Note.—When the method has been mastered, the working of
longer examples may be shortened by writing the coefficients only :
thus instead of

3x2—x +2 we may write 3 —1 +2

z+2 1 42
3x3— a4 27 3 —1 +2
62t —2x+4 +6 —2+44
33+ bad +4 3a3 4 ba? +4

When & term 18 missing & zero must be supplied 1n 1ts place, thus
(2®+4 2 —2) X (2*+3) 18 written

1 0 41 -2
1 0 43
1 0 +1 =2

+3 0 +3 —6
x5 4428 —2234-32—6

This is known as the method of ‘‘ Detached Coefficients.”

Exercise IX (¢)
Multiply
1. a—bbyz—y. 2. a+2bby22x+y. 3. p+qbyp—q.
4, x—2by z+3. 5. a—4 by a—b. 6. 2a—b by z-1-2y.
7. a+b by a+b. 8. a—b by a—b. 9. 2241 by z—1.
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10. 3xz—2y by a+b. 11, 3z+2y by 2z+3y.
12. a+2b by a—3b. 18. a%+b2 by a-+b.
14. a?—ab+-b% by a+-b. 16. a%+ab+b% by a—b.
16. 2242zy-+y% by x+y. 17. a®+4-ab-+b% by a®—ab{-b2.
18, 32®-+z—7 by z—3. 19, 2%+32%4-32+1 by a2—z+1
20. (2z+3)(3x+2)2x—17). 2L. 422—3x+5 by 222 +3x+2
22, 322 —4x+7 by 322—2. 23. a3-}222+2x—3 by 222 —5x-1.
24, 223 —x46 by a?2+2x—3.
Find by inspection the coefficient of x in the following
products :
25. (z+2)(x+3). 28. (x—5)(z+2). 27. (z+a)(z+b).
28. (x+a)(xz—b). 29. (3x—1)(z+2). 80. (2x—3)(5x--4).
31. (2z+a)(3z—b). 32. (x—2a)(2x—b).

Find by inspection the coefficient of 2% in the following
products :

83. (222 +x—3)(z—2). 34. (x2—2z+3)(x—3).
85. (x®+ax+-b)(x+a). 36. (x2—x+1)(z+1).
37. (ax?+bx+c)(ax+b). 38. (z+1)(x+2)(x+3).
39. (v—1)(x+2)(x—3). 40. (322-+2z-+1)(a?4-3).
41, (22°+a2—3)(22—22+1).

Factors

Monomial Factors.—If all the terms of an expression
ontain a common factor, the expression may be factorised by
nspection.

Factorise 234222 —x.

Here z is a factor of each term.

o B2 —r=x(2®+2x—1).

N.B.—Always remove a numerical factor first, thus:

3x2+6x+12=3(x242x+4).

Exercise IX (d)
Factorise
1, ax—bz. 2. ¥ty 8. m®—2mn,
4, 23 —x2—22. 5. 3y2—6y-112. 6. a®—2a%+-ab.

7. xa—xb-+xc 8. 6a%—3a+9ab 9. abd —bcd+}-acd.
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10. acb—2a2c+ac?d. 11, 2*yz—axy2+xyB.
12. Tab—Tbc—14bz. 138. 1423 —Taty+-21ay?.
14, 22%—4a?{ 62, 15. 3x®—6xy+9x2.

By reversing the operation shown on p 135 we can find the
factors of any expression which has been obtained by multi-
plying two binomial expressions together. «

Factorise ax—bx—ay-+by.—Make up in stages the multipli-
cation which has resulted in this product.

To get the term ax the two factors should begin with @ and x
respectively.

Stage (i) ?

.

a
4

g

The term —bx would come by multiplying (—b) by z, so
we get

Stage (i1) a—b
z ?

The term —ay is the result of multiplying @ by —y, thus we
have

Stage (i1i) a—b
=y
ax—bx
—ay+by
ax—bxr—ay-+by

The work 1s checked by noticing that (—b)X(—y) gives
(+by), the term whose factors have not been guessed. Thus
the expression =(a—b)(z—y)

The result may also be obtained by taking together those
terms which have a common factor, thus :

ax—bx—ay-+by=x(a—b)—y(a—0>b).

This means that (a—b) is to be multiplied by = and also by
— ¥, t e altogether by z—y. ... the expression=(a—b)(z—y).
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. Exercise IX (e)
Factorise
1. ax+ay-+bx+-by. 2. xy+2z-+3y-+6.
3. xa—xb—ya+yb. 4, ab—3b+4a—12,
5. 3pg+29—12p—8. 8. ¥*+4a?tx.
7. 3x2—3x. 8. a?-}-ab-+2a--2b.
9. p(x+y)—gq(x+y). 10. 2®>+ay+=z+y.
11. 3cd+2¢—18d—12 12. a2 —azx+t+x—a
18. xy+Ty+22+14. 14. z(a—b)—y(a—Db).
15. 8xy—20y+6x—15 16. 2ab*+-2b%*+4-4a-+-4.
17. 422 —day—4x+-4y. 18. ab—2a+3b—6
19. 32%+43x2+3x+3 20. z%y2 a2+ 1492
21. a?—ab—ac+be. 22, 23—3x%4-2x—6.
23. a?+4-b(c—a)—ac. 8. ?2—x(2—y)—2y.
26. 22 —ax(y—z)—yz. 26. a3 —x(2z+3)-+6.
27. 3ax+3bx—2ay—2by. 28. bc—ab+-ac—a?.
29, z?y24-3y?—baty—15y. 30. a(b—c)+d(c—b)
L. p(g—r)—s(r—q).
Factors ot x®-}-ax+-h. z 2
Ezxample —Factorise 2 —5z+6 x ?
Each factor must begin with the term .
The other terms marked ? are such that therr  2?
product is 6, hence they are either 3 and 2, or 6
and 1. ————
x2—bx-+6

Since their product is +, they are both 4 or both —.
Since the middle term in the product is —6x =« 3
and is obtained by adding the terms aboveitin  « 2
the partial products, these terms are clearly —3x
and —2%
The missing signs can now be supplied and the
factors are (x—3)(x—2).

xz

x2—

3x
2246

5x46
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Factors of ax?{-bx--c.

« Example.—Factorise 622 —5x—6.

The required factors begin either with 6z and « or else with
32 and 2z, and end either with 3 and 2 or else with 6 and 1.
Also the last pair must have different signs as their product.
viz. —6, 18 negative. Thus we have the four possibilities
called A, B, C, D below :

A 6x 3or2 B 6x 6orl
x 2o0r3 z lor6
C 2x 3or2 D 2x 2o0r3

3x 2o0r3 3r 3or2

If one of the cases in A is chosen for trial,an 6z \ s 3
inspection of the multiplication shows that we z/ < 2
have made a wrong selection as we ought to

obtain by the cross multiplication >§[ apar 62% 3z

of terms which, taken together with opposite 122—€

signs, make —b5z. B2 _¢
A little practice enables us to rule out the unfavourable

combinations, and we note that one of the possi- 2z —3

bilities will give 9z and 4= 3z +2
Of these two the greater must be negative,
hence we must have —9x and 4w. 622 —9x
The missing signs can now be supplied and the +4x—6€
factors are 2x—3 and 3zJ-2. —_—
622 —bx—6
Exercise IX (f)
Factorise
1. 22—2z-+1. 2. x2—3x+2. 3. 22+bx+44.
4, 22—6z-8. 5. 22—zx—12, 6. y*—zy—6a2.
7. a?4-6ab—"T7b2, 8. x24-x—20. 9. 22—z—2.
10. 22 —102+425. 11, 224x—42. 12. 322—3x—6.

13. 224-2—6. 14. x2—2x—110. 15. 22—x—20.
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16. 222—6x—20. 17. 1—3x4+222, 18. 1 —7x+412z2,
19, 12—T7x+422. 20, 22—8x-17. 21. a®—2ab—8b2,
22, 24 xy—6y2. 23. p*—pg—2¢2. 24, 12} x—2a2.
25. 5x2—12z--4. 26. 422 —10z+4. 27. 622—112+3
28, 622 —x—2. 29. 3x2—Tx+4-2. 30. 2x2}-5x—3.
81. 422 —8x+3. 82. 322—Tx—6. 33. 3x2-4+11x46.
34, 1522—292+12° 85. 1522+112—12. 36. 8z2—14x+3
37. 3—11z4-622, 38. 6—192-1022. 39. 422 —16z-1-15.
40. 1222 —T7x—12.

Squares.—(a+b)?, (a—b)2.
By multiplication a-+b a—b
at+b a—b
a?+ab at—ab
ab +b2 —ab +b2
a?+2ab-b? 2ab b
‘. (a+Db)2=a2-+2ab--b2
and (a—h)2=a%—2ab-+b2?
Geometrical Ilustration —(i) The square £ .
on the line whose length is (a--b) is made
up of two squares, a® and b2, together with |c  (a2) |(ab) |a
two rectangles each of area ab.
. (a+b)2=a?+b2+2ab. - -

(n) XY is of length @ and ZY of length |6 (ab) 3 b

b. .. XZ=a— b Add a square of side
X a v b, viz. RSTQ, to the figure XP,
SRt < which is the square on a.
(a-b)* i The area of XYPQR is a2+-b2.
| |a If from this we subtract the two
R_‘_i#.____.ﬂ. (abd) rectangles RM and ZP, each of
T 5 area ab, we obtain XN, i.e.
i
T " a?*+b2—2ab=(a—b)
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The squares of all binbmial expressions may be written,
down from the results obtained by squaring (a+b) and (a—b)
as above.

Note that there are two terms, a and b, 1n the expression a-+b.
The square of (a-+Db) contains the first term squared-+twice the
product of the two termsthe square of the second term. The square
of (a—b) contains (a2)—(twice the product of a and b)-+(b?).

Thus

(2p+39)*=(2p)*+-2(2p)(39) +(39)* =4p>+12pq+9¢*.

Here the two terms are 2p and 3¢9. Similarly

(ax—by)? =(ax)®—2(ax)(by)+ (by)?
=a?%x?—2abxy - by2.

a+b+4c+d):={(a-+tb)+(c+d)}?

=(a+b)*+2(a+-b)(c+d)+(c+d)?
=a?+2ab+b2+-2ac+2ad+2bc+2bd +c2+2¢d - d?
=a?+b2+c2+4d2+2ab+2bc+2ca-+2ad -+ 2bd +2cd.

Exercise IX (g)
Write down the squares of
1. a—2b. 2. 2z—y. 3. 2z—3y. 4. px+tqy.
5. ax—by, 6. 2ax+3b. 7. 3p+2q 8. a?—y2
9. 3p—4q. 10. a%+4-02 11. a2 —-2b%. 12. 3a—a2
13. zy—pq. 14, 222 —3y%. 15, 3ab—2c.  16. ad+-b3.
Add a term to each of the following to make the expression
a perfect square, and state the square root :

17. 224-2x. 18. a®—2a. 19. 22—2zy. 20. 224 62.
21, x2—8x 22. 22 —4xy.  23. 4a?4-4x. 24, 902122y

26. 422 —16x  26. 2%+-z. 27. x*—3x. 28, 2245z,
29. y:—y. 80. a®4-3a3.

Square
81. x4-a+-c. 32. r—a-+t-c. 33. zty—=z.

4. z+a-+y+b. 86, x—a—y+b. 36. 2x—3y+-a+-b.
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State the square roots of :
37. 4o —day+2. 88, 9224641, 89. a2—4ab+4bé. .
b 2
10. at—a2b? 4- T 4], 4a2—4a-+1. 42, a®—3ab + ?Z—

2 25
B. a?+zy + %— , . p*—bp+ T 45, 2%4-3a%y? 97'1/4

The difference of two squares : az—b2.

By multiplication a+-b
a—b

a2-+ab
—ab—b2
. a2—b*=(a+b)(a—h).

a?—b?

Qeometrical Illustration.—The area of ADCB is a? and
AEFK is b2

.. a2—b2=rect. EG+rect. KC.
Place EG in the position GL.

a —k—B

— b —=]a->b
. a®—b2=rect. KC+rect GL (b2)
=rect. KL .
=(a—b)(a-+D). . .
Note the difference between
(a—b)2=(a—b)(a—b)=a%—2ab+b%2 b G

0

ind a?—b2=(a-+b)(a—b). \\
(@a—b)? is given in factors, and is re- i
jquired to be expanded. !

a?—b? 18 required to be written in
factors. .

If a=6, b=2
(a—b)2=(6—2)2=42=186.
a?—b%2=62—22=36—4=32

Or better =(64-2)(6—2)=(8)(4) =32
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Ezample 1.—Factorise 1622 —9y2

Since 1622=(4x)? and 9y2=(3y)?, the expression 1622—9y?
is the difference of two squares.

Comparing with a®—b2%, we see that 4x stands for a and 3y

‘gtands for b.
Hence 4z 3y represents a-+b and 4x—3y represents a—b.
. 1622 —9y? =(4x)% — (3y)?> =(4x+ 3y) (4x—3y).

At first it is useful to write the two terms which are squared
at the side of the page.

The two factors are obtained, one by adding these two
terms, the other by subtracting them, thus :

1622 —9y2=(4x)2—(3y)? 4x]
— (44 3y)(4z—3y). [3y

In more complicated examples it is necessary to rearrange
the terms m order to show that the expression 18 equivalent
to the difference of two squares.

Example 2.—Factorise 1 —x2-++2xy—12.

Here the term 2xy suggests that it 1s to be taken with the
22 and y2 terms, being part of either x2+2xy+y2=(xz+y)?, or of
(22 —2xy+y?) =(x—y)*

Bracketing the last three terms together, we have

1—22 422y —y2=1—(2—2xy+y?)
=(1p—(@—y).

Here a is represented by 1 and b by (x—y):

=[1)+(x—I(1)—(z—y)] 1
a+b a—b [x

=[1+z—yJ[1—a+y]. -y
Factorise ise IX ()
1, 22 —4y2 2. 2522 —9y2. 3. 1622 —y2,
4, 62*—6y°, 6. 1—2a2. 6. 25a2—1.

- 22

7. 2228y, 8. 5—1. 9. 490252 —bs,
10. x”—%z. 11. ma?—zb2. 12, at—qp

18. at—4bt. 14. 522 —20y2. 15. 1—16%.
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Evaluate

16. 152—123, 17, 452 —442, 18, 1132—1112,
19, m(16-4)2—m(13-6)2.  20. 992—1. 21. 2162—16.

Factorise
22, (x+y)2—a?., 23. 4(x—y)?—a?. 24 (2z+y)2—9:%
25. 2 —(y+2)2.° 26. 22—(y—2)2.  27. 1—-9(a+tb)

28, 4a?—(b—c)®. 29. 1—(z—y)%.  80. (a—b)*—(x+y)%
Factorise

81. a%+-2ab+b*—a2.
838. 22—a®+2ab—b2.
86. 1—a2+2xy—y?
87. 1—4a2—8ab—4b2.

22 —a?—2ab—b2,
4—a2—2xy—y°.
a®—b242bc—c2.
2522 —4y? 4 8yz — 422,

BERE

Factorise and simplify

39. (a--b):—4a?. . (a+b)2—(a—b)2.

40
41, 22— (xz—y)>. 42, 1- (1—2x)
43. (a+b—c)2—(a—b+c). 44, (a4-b+c)2—(a—b—e)d.
45, 1622 —(4x—3y)2. 46. 22 —(x—y-+-2)2.
47. (1—z)—9(1—y)2. 48. (2x+3)2—(3z+2)2.
49, 100—(x—10)2. 50. 9(2+y)—4(z—y)2.
51. 16(2z+y)*—9(2x—y)2. 52. 5xdy—5bayt.
63. a®—b2—y%+2ab 54. 1—4(z—1)%

55. 9—(2z—3)°.

Division by a Binomial Expression.—The method is exactly
similar to that used in arithmetic. Detached co-efficients
may conveniently be used.

Example.—2x—y) 228+ 22y 3xy? --2y3 (2 + 2y + 292

208 — 2%y

222y +-3xy?
222y —ay?
dxy®—24°
day?—2y°
10
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or 2—1)24143—-2(1+1+42
2—1 x2+ay+2y%
243
1

Iw
NN

—2
—2

N.B.—1It is necessary to arrange the terms of the dividend in
descending powers of x 1f the first term of the division contains z.

Remainder Theorem.—If a number N is divided by
another number D and the quotient 18 Q, then, when there
is no remainder,

N=D.Q, eg. 12=4. s 12=(3)(4).
If there is a remainder R, then
N=DQ+R, eg. ! =3+rem 2. .. 11=(3)(3)+2.

If a3422—22+41 is divided by x—3 until the remainder
does not contain z, let the quotient be called Q and the
remainder R ; then

422 —2x+1=(z—3)Q+R.
This is true whatever be the value of x Let x=3, then
334-32—2(3)+1=0+R (R remains unaltered since
it does not contain z )
». 31=R. (Check this by division )
If the divisor be x-+a, we have
422 —22x+1=(z+a)Q+R.

Putting x=—a, —a3+}a24-2a+1=R.

Application to Factors.—If R=0, it follows that the
divisor is a factor of the given expression.

Example 1. a3 —3az*+a+1=(x—1)Q+R.

Put z=1, 1-3+4+1+1=R.

0=R.
». z—1 is a factor.

Note.—The result of putting =1 1n any expression 1s to reduce
the value of each term to that of its coefficient. If, then, the
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«coefficients (with any constant term) add up to zero, x—1,s a
factor of the expression.
This method is often useful in obtaining factors.
Example 2.—Factorise 23 +a%—4x—4.
Trying =1 we have 134+12—4—4, which #0.
s  X=-%1 ' —1+41+4+4—4,12.¢.0
». z+1 is a factor.
Trying =2 we have 234-22—4(2)—4, i.e 0.
~. v—2is a factor.

When one factor has been found, the others can be found
by division A convenient arrangement of the work 18 as
follows, e g. to find the factors of 23 —7x—86.

Having by trial discovered that z+1 is a factor, we write

(@+1), (@+1), (e+1).
To make 2® we multiply the first factor by =2 .
2?(x+1), (x+1), (xz+1)
This gives also 2%, and as we require no * in the result, we
multiply the 2nd bracket by —x
2?(x+1)—2(x+1), (z41).
This gives also —x, and as we require —7z, we multiply the
last bracket by —6
2?(x+1)—2(x+1)—6(x-+1)
=(x+1)(x®—x—6)
=(@+1)(z—3)(z+2)

Exercise IX (i)

Divide
1. 23—322+32—2 by z—2. 2. 2234522 —2+6 by z+3
8. 2*—ad® by z—a. 4. 28+a® by 2+a

b. at+a2b%+b* by a*—ab--b2. 6. *—2a22+a® by 2—a

7. 4a®+4a*b—5ab®—3b3 by 2a-+b.

8. *+42xz—y2+22byr—y+2z. 9. 22+ (a+b)x+abbyx+ta.
10. 22 —ay—zz+yz by x—y. 11. a3—b® by a®+-ab--b2.
12. a%—b8 by a%+ab+-b2. 18. a®-}-b3-+-c®—3abe by a+b-c.
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Find the remainder in the following cases :

14,

16.

23 —222—x+3
x—1

3 —a2x—2
z+3 '

Factorise

divisible by z—1 and by x—2 ?

. 28 —622+112—6.

., 23 —3x—2.

. 3422 —9x—9.

e 2084+ Ta?+Tx+-2.

. 23-+3ax?—10a2x—24a3.
. 2 aty+ 2ay? —4y8.
30.

15.

172.

19.
21.
23.
25.
27.
29.

23 — 2242241
z+2 !
2 —ax-+a?
z—b

4202 —x—2.
42t —4dxr—4.
?—Tx—6
223+ 22 —13x 6.
23 —2x2y —xy? 42153
223+ 322 —11x—6.

For what value of a is 3z4+aa?—5x+43 exactly divisible
by z—1?
81. For what value of a is 2284322 —ax-}4 exactly divisible
by z-+11
82. For what value of p is 23—22%+x—p exactly divisible
by x+2 ?
83. For what value of a is 342x%y—3axy?+y® exactly
divisible by x—y ?
34. For what values of @ and b is 2*—bx3+ax2+b5x+b

What are then the remaining factors ?

Revision Exercise IX (j)

Factorise

1. a®+2a2b+4ab?.
8. a?—bc—b-aZc.
6. z(2y—3)+3—2y.

2. 10pg—6q+35p—21.

4.
6‘

2a(3b—2) —5(36—2).

2__ 1
=3

7. a*+p(p+1)a+p

9. vy+y—ax—a.
11, 254a(a3--1)4-1.
18. 4(a—3b)2—9(2b—c)2.

8. 2121
pTy Tl
10. at—1.

12. 81x18—16y16.
14. ab(x®—y?)+ay(a®—b2).
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16. at—4a®—ba?. 16. x’y+3xy——5x—15.

17, 324 —12(z—4)2 18. p*—q2—4qr—

19. p*—p(3p+4)+12. 20. (x+2)’+2(x+2)(y 1)+(y 1)%
21. 23—13xz412. 2. 2(3x—y)2+(9x—3y)>.

23. (a—b)*-+2(b—c)(b—a). 24 pr—4p*+4g>—pPeh.

25. pt—4p®+-4—piet. 26. a(x—b)2—b(x2—b3).

27. x(2z+5)—y(2y—>5). 28. a?—b2+a2—y2t 2(ax—by).
29, y8—1. 30. 4(a®—c?)—3b(4a—3b).

81. a(4x®—9y?)+xy(4a2—9). 32. 223 —ba?tx4-2.

S BHERREEE 8 KB

. (a+2)(@a—1)(a+3)*—(a—1)*(a+4)(a+3)
. 2(y?—1)—y(a*—1). 85. 22 —2xy+y2—x+y.

. 41r(2a)2-—-4ﬂ'<—g>2. 37. (a—2)*+(a—2)(b+3)—6(b+3)2.

1—(p®+q*)+2pgq. 39. 223 —322+22x—1.
9zt —322%y2 —16y4. 41, 323 —8x2—x+-6.
313, 43. 23435
20(x%—y?) —9xy. 45. (a—b)*—c?a+-c2b
a®—adbc— (ab3—b?) 47. 32°4622—189x

. (a—b)(a+b)*(a+z)—(a—b)*(a+b)(a—x).
. 2(x—a)?+(x—a)(x—b)—3(x—b)2

4
28—~

x



CHAPTER X
H.C.F., L.C.M., and Fractions

H.C.F. and L.C.M. of Binomials.—The method of obtamnng
the H C.F and L, C.M of algebraic expressions has been given in
Chapter II for cases where the factors of the expressions are
obvious In more difficult cases the expressions must first be
factorised by the processes of the last chapter.
Example.—Find the H.C.F. and L.C.M. of 2a?+-2ab, 6(a®—b2).
We have
2a%+4-2ab=2a(a+b).
6(a?—b?) =6(a-+-b)(@—b).
The H CF of t'.ese 1s clearly 2(a+b)
The multiple of lowest degree which will contain both is
6a(a+b)(a—b) and this 1s the required L C.M
Check.—2a(a+b) 18 contamned by the L C.M 3(a—b) times,
6a(a—+b)(a—b)
W =3(a—Db).
Similarly, 6(a+b)(a—b) 18 contained a times.

since

Exercise X (a)
Find the H C.F. and L.C.M. of

1. a2 —b?% ab+-b2 2. 2(x2— a?), 4(x—a).

8. 4x+4y, 6x3(x*—y?). 4. a*b—ab?, ad—abl.

5., ¥2—2x—3, 22—Tx+12, x®—x—6

6. a2—4a?, a?4-2ax 7. 24z, (x+1)2

8. 224z, a?—1. 9. 2p2—p—1, 3p2—p—2.
10. 2?2 —ax—bx+ab, x2—a?. 11, 22 +x—2, x2+4x4-4.
12. (a?+x)?, 2®—a?. 13, z(x—1)—2, x(x—6)+8.

150
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14. a*—b2, b—a. 15. [2(a—b)P, b2—at.
16. 4a2—b2, . (2ab+b2)2. 17. 1—2, 23—z, (x—1).
18. 2b—2a, 2a-12b, 4(a®—b%). 19. z+2, 3x-+6, 4—2a2.
20. 4a2(a>—b)?, 6(a—b)s.

Reduction of Fractions to Lowest Terms.—Factorise numer
ator and denominutor and divide both by any common factors,
thus:

a?—b* (a=<b)(a+b) a+b
(a—b)2 ~ (a=b)(a—b) a—b"

Exercise X (b)
Reduce to lowest terms :

1 a?—ab 2 (a+b)2. 3 2ax -+ 3x?
* ba—b% * a?--b? * Sax+-2x%°
4 22 —2x—3 5 x%—y? 8 40%+4ab
" 2 —5x4+6 * (xe+y)¥ * Bab-6b2
" 2y —42* 8 92t —4¢ 9 4a®—b?
 (my+22)F * 3a24-2° * 2ax—bx’
ad+a?b a*—9 622 —5x—4
10. a?+2ab4-b2° 1. 12—a—a?’ 12. 624+ —12°
a—b a®—b? 622 —6y?
13. b —a 14, —a 15. By—3z
5a2—bax 1—3a-+2a? x?2—Tx410
16. P 17. S a—a " 18. P —

Multiplication and Division of Fractions.—The proces:
is similar to that given in Chapter II.
2 —x— r?+4x—12
Example —Simphfy :; —l—;x—i - xz—:—x—12 .
22—x—6  224ax—12 _ @=3)(x+2) (z+42)@=1)
2 r3r—4 ° 22r—2  (x+4)@=1) " (x+4)(@—3)
(x+2)
= (a+a
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Exercise X (c)

‘Simplify
a’+4-2ab  ab—2b% a’4+b% a—b
1. oW X bt 2. P X atb
3 2t —4a® 2a s a*—81 a—9
* ax+2a? = * a*—4 " a—2
5 224-5x+4+6 ax2—2x—3 8 25a2—b2 ~ ba—b

F-1 % 29 94t 2(3a—2)
2¥yf4-2xy | xy4-2 a*—b* a—b

v e
s ax—a? 2*4-2ax+ta® 1
* [x(x+a))? e 23 +a2a’

622 —Tx—20 a24-2x—3  32®—22—8

10. 2 tz—15 2+6x—T7 ° 22+br—14"

Addition and Subtraction
. . xﬂ zﬂ yz
Ezample.—Simplify A + P2y e

The denominators should first be factorised whenever
possible.

a2 + a? 9
(—y)(=z+y) = 2(x—y) yle+y)
x? x y  (simphfying the

=9ty Ta—y wty fractions).
The L.C.M. of the denominators is (x—y)(xz+y).
d x(z+y) y y(z—y)

-y  (@—yzt+y) zty (@+y)E—y)
a® zzty)  y@=—y)
(—y)(z+y)  (@E—y)(zt+y) (@+y)(r—y)
_ 2tz(z+y)—ylz—y)
T (E—y)z+y)

Now

.
-
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_ 22+ a2y —xy+-y?

(@—y)z+y)
_ 2x2+y2
~ (@—y)(@+y)
Exercise X (d)
Express 1 their simplest form
1 1 2 1 1
a—b + a+b’ “a—b atb
x—y a—b
1— - 5. a — TR
1 1 8 ab
22tz -4 a+b’
y x x
. 1L -1
x—y + z+y z—y
a?+-ba
1— prymyrs

Simphfy as much as possible

a b
W - 15.
2
16. f”xz—_’j-: ~L 17,
1 1
18. 224+22—8  a2+4Tx+12° 19.
g0, 2.1 21.
pa—¢*  p—pg
22, > =y 23,

‘2x—4y  (z—2y)°

* 3x412

5 44
2x+-8

12.

153

z+y
3. 14 =
1 1
* 2a—2b  3a—3b°
1 1
9. o + m
a2

a—b — Q.

6

a—b ab
atb T A
1
14—
_r_ _ 19
q P

22482415

z—1

24+7z+10 242
a? 2a2b

a—2b
z+7 25

(a—2b)%

+

z+2 ' x?—x—6

e (573,
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Find the value of
. 1 1 4
. 2 3at1 T 2P bx13 4P —8a13
z24-y? Y z atx a—zx a2+
2. 2y x—y + z+y 2. a—z ,+ atz ' a?—a?
r—a z+a 2z
® ot T emap T e
30 1 1 1
" 6(1—a) T 6(la) T 41+a?)

x+y 2 r?y—ao?
31, — .
vty Ty
Prove the truth of the following 1dentities :
1 2z 1 2

32. t e taer3 T P15206 = #13

24 3x+2
a+b a—b 2b% 2b

8. 36=b) 2@t T @a—p = ab

In some cases it 1s desirable to rewrite the expressions con
tamed 1n some of the fractions so that the order of the letter
involved may be the same throughout the question.

N 1 1
Example 1.—Simplify 8=% ~ 3a_13"
Here 8—2r=2(4—x)=—2(x—4)
and 3r—12 =3(z—4).
1 «
.. expression = T(x—ti_) X 3(x—4)= — g
N b 2b ab
Example 2.—Simplify a2 " i o
2b 2b
Hero 2b-+a=+{(a+20). C T %ta  atob
ab ab

4b% —a?=—(a?—4b?).

Tar—ar + a?—4b%
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.°. expression

b 2b ab

=@=25) " @r25) T (a—2b)ax25)

b(a—+2b) 2b(a—2b)

ab

~ (a—2b)(agt2b)  (a—2b)(a+2b)
(ab+-2b%) — (2ab—4b?) +-(ab)

= (a—2b)(a+2b)
ab--2b2—2ab+4b2 -+ ab

T (a—2b)(a+2b)

_ e
T a?—4b%
Exercise X (e)
Simplify
a b
1 Ga—ob T b _du 2
P 3¢
3. Tp—3q + S—Tp' 4.
a 4—2a
e 6.
Express 1n their simplest form
1 1
7 6+x—a? ° a24ax—12 8
1 1
R
9 p p g
1,1
a b
11. _1—1 X (a—b). 12,
a b

b b2

(a—2b)(a+2b)

1 1
axr—a? + ax—uzx?
1 1
(@—1)2  1—a*

2

(a+x)f<1 — :—2)

3r—4 1256z

S -2 2—z °

2 z+3y
z—y = y—a*

(2z—y)?  y—=
a2y y+x
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4

Find the values of
1 1 a+b
14. 7—a " 775 when z = 5
l‘i 2a—3b
15. } l when z = b
z 2

16{ 1 1 }; 1 h __3a+b
* \y+at+db a—b—yS ' atb—y when y =—g—

Simplify as much as possible

2 z\ [z 6
(23~ (1-e+9)

1 2 1

i 3+z 3—2
3 6 4

19. x2+3x+2 - x’+x 27 1—a*

2z
20. 4—o? + z— 2 +

1 5 6

. a*—bab+6b®  a?—ab—6b®  4b2—a?

22. <a: — ~——> {2 5+ 6(3 ”)

402+a—3 2—5a+3a?

B~ (1—a)p *
1 1\2
24, <;2—-:E2>—"<1 -—;-2>.
95, b b—c c

ab—a? + (a—b)(@—c) ~ ac—a®
26 (b—c)y*—a® (c+a)*—b?
" B—(c—a)  (a—b)—c?

27. (a+b/x) x 1/(ax-+b).
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28. 1—afox x/(a+b). " 29, (1—af2) X z/(a+b).
' ptg 1—-a (1—p)(1—g)
 Ifg=>"% = .
W Ma=1Tpg PP T =0Tpate
81. Find the value of Y when 1 = 1 — 1
: a+y y = «a

Solution of Fractional Equations

x 2 4
Example 1.—Solve 713 3myo — I5

First rewrite the equation with the denominators in factors.
x 2 4

"t 243 3(x+3) 15

Multiply both sides of the equation by 15(x4-3), i.e. the
L C.M of the denominators.

s 1562—10=4(x+3).
oo 11e=22,
oo =2,
Example 2.—Solve
20—2 4x—3 . 4—x
z—3 2x—4 a2>—bx+6
o 222 4x—3 4—=x

T x—3  2@—2) (x—2)(x—3)

Multiply both sides of the equation by 2(x—2)(x—3)
2(2x—2)(x—2) —(4x—3)(r—3)=2(4—x).
s 4x2—122+4-8 — (422 —152+9) =8 —2z.
‘. 3r—1=8-—2x.
o br=9.
. =14,
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It may be noted that what is apparently an equation may
haye no solution or may have an infimte number pf solutions.
3 x+6
1~ z+1  22—1
tions gives us 4(x+1)—3(z—1)=2+6,
1.e. 4x+4—3x+3=2+6, 7
1.e x+7=x+86,
which leads to 1=0, and the equation has no solution.
On the other hand, xi 5~ x-?— 5= :j_l 2 would give
3(x+2)—2(x—2)=x+10,
1.e. 3x+6—2x+4=2+410,
t.e 2+4+10=x2410,
which is clearly satisfied by all values of

. 3 2 z4-10 , . .
The relation 28 713 P4 is actually an identity,
the right-hand side being merely the result of adding the
fractions on the left side, and 1s true whatever value 18 given

to x.

4
Thus the equation pow on clearing of frac-

Exercise X (f)

Solve the following equations :
1 3x+8 2x4-7 _

*z+2 T x4
2 3 2 _ 5

. x2+x 27 22422—3 a2+ba+6

z+2 4 5 9xr—19
e z+1 + =% P Sy (el PR
z+a a—2 4 3 5

S ot T2 8 o1 T 6ars —
", ax+c c—bx 8 z+5 —1+ 4

d—ax ~ brtd *xi4 322+10z—8
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0 7 6 1
*z+1 T z+3 z—4
102—40 2z—8 9
10. 2?2 —4x-+3 = 2x2+4+x—21 + x—3
2 1 3
11, b2 4w —13 R 52*— 162412
19, 5 8 6 10
‘z+4 22—6 3x+12 42—12°
3x 2x+4 1
B " matz2="
14 3x4-6 2242 _ r—4
tattr—2 x?—x—2 a2—3z}2
1 1 1 1
15, — — — = —

159



CHAPTER XI
Quadratic Equations

AN equation which contains the square of the unknown
quantity is called a Quadratic Equation. A simple example is
the equation 22=9.

Since 3%2=9, it is clear that =3 is a solution of the equation,
but since (—3)2=9, 1t follows that =—3 must also be a
solution. Thus the equation has two solutions which can be
written together in the form x=4-3 (read + or — 3). By
taking the square root of both sides of the equation x?=9,
we should get either +x=+43 or +2=—3, or —x=+3 or
—z=—3, but if —x=-—3, it follows that +x=+3, and if
—x=+43, it follows that 4+x=—3: hence the statement
z=--3 includes all the possible solutions.

Similarly if (x+2)2=16.

Taking the square root of both sides, we have

z+2=+44, te. z4+2=+44 or z+2=-—4

Hence =2 or —6.

All quadratic equations have two possible solutions, and
these are often called the roots of the equation. A root which

is an integer (whole number) is called an integral solution of
the equation.

Exercise XI (a)
Solve the quadratics :
1. 2?2=16. 2. a?=1. 8. (x—1)2=4.
4, (z—2)2=9. 5. (x—a)?=b2 6. a?=aq?2.

7. (x—3)2=Q2z—1) 8. (x—1p2=1. 9. 5p*=5.
10. 2a2—50=0.
160
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A useful method of solving easy quadratics can be derived
from the following considerations. When the product of two
unknown numbers 18 given, we can as a rule find an infinite
number of pairs of numbers which have the given product ;
e.g. if pg=12, then p=2,¢=6; or p=3, ¢g=4; orp="17, ¢=13,
etc., all satisfy the condition pg=12.

If, however, the product is 0, so that pg=0, then either
p or ¢ must be 0.

Example.—Solve 322—Tx4+2=0

The factors of the left-hand side are (3x—1)(x—2)

Hence (3z—1)(z—2)=0 etther 3x—1=0 or z—2=0,
te. either x=} or x=2 Both these values of x satisfy the
equation

If =2, 32 —Tx+2=12—14+2=0.
If x=}, 3t —Tx4-2=4—%+2=0.

This method of solving by factors requires that the
right-hand side of the equation must always be zero. To
golve the equation 5ax%=13—8z, 1t must first be written n
the form

5x2+4-8x—13=0,

then (52+13)(x—-1)=0.
either 5z+13=0 or z—1=0,

1e.x=—23% or 1.

N.B.—It should be noted that when z 1s a factor of each term
of the equation the value £=0 18 a solution; e g.

x?—5x=0. .. x(x—5)=0. ... x=0or b.

The reverse operation enables us to write down the gquad-
ratic whose roots are given To form the quadratic whose
roots are —23 or 1, we note that these solutions come from
the statement that t=—23 or z=l.

L x+3¢=0 or xz—1=0.
- (bx+13)(x—1)=0.
- b2 4-8x—13=0.
11
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Find the quadratic whos. ..ots are a and b,

Since x=a or x=b,
. z—a=0 or z—b=0.
s (z—a)(xz—b)=0.

*. 22 —x(a+b)+-ab=0.

Note that when the coefficient of x% is 1, thé coefficient of  is
—(a—+b), t.e. the sum of the roots with thewr sign changed, and
the constant term is ab, 1.e. the product of the roots.

This is a convenient test for the correctness of a solu-
tion.

In the previous example

5224-8x—13=0,
t.e. 224 Sx— 1 =0.
The roots are —%2 and 1.

Their sum =—§, which is the coefficient of x with the sign
changed.
Their product =—22, which is the constant term.

An equation of t* e third degree in x is called a cubic equation.
If the left-hand side can be factorised when the right-hand
side 18 zero, the roots can be seen by inspection.

Ezxample.—Solve (x—1)(z+2)(x+3)=0.
Evidently the left-hand side equals zero if either

z—1=0 or z+2=0 or 2z+3=0,
te.x=1 or —2 or —3.

Exercise XI (b)
Solve the following quadratics :
1. (x—a)(x—b)=0. 2. 22—32+2=0
8. 22+2x—3=0. 4, 22—1=0.
5. x2—4x+4+3=0, 6. 224-3x=0.
7. 32242—2=0. 8. 222=3z+20.

9. a?—2ax=0, 10. 2(x+2)2=46—"Tx.
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11. 1=1;2 — 20z, 12. (3z—1)(2z+3)=30
2
13, 3””'; 0 =;7c . 14, (z—2)(@—3)=(2z+1)(52+6)

15. 322 —2bx=0. 16. 222=5ax.

Find the roots of the following equations :

17, 3224-5x=12. 18. z+10 = %;—1

11 1 1 2 1
s i Fan
2L, 2> —pr—qr+pg=0. 22. a’x®+x(ab—ac)=be.

Form the equations whose roots are

23. 3and 2 24. 5and —1. 25. % and 7.

26, —% and —1 27. 0 and 3}. 28. 2a and 2b.

29. 1, 2, and 3. 80. 0, —1, and 2.

81. Show that =2 is one root of 9922 —97x—202=0.
What 1s the other ?

82. Show that =% is one root of 11422—11924-31=0.
Find the other root.

88. If =1 18 a solution of ax®+bx—c=0, show that
a+b=c.

34. If there is an integral solution of 2®+4a22—4x=4 between
0 and 3, find 1t, and find also the other two solutions.

85. What values of x will make the expression 42— (22—3)
have the same value as 22-+2x-410 ?

36. Find two values of x which will make 522—3x42 and
222+ T2+10 have equal values.

37. If x=—2 18 a solution of 3x?+4ax—5=0, show that
a=3%

88. If x=—2 and =% are solutions of 2x%4bx-}c=0,
prove that b=3 and c=—2.

89. Tind two values of « for which 222-+2-+41 will be twice
the value of 2x+43.
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Solution by Completing the Square.—If the left-hand side
of .the equation cannot easly be factorised when the right-
hand side 18 zero, we proceed as follows :

Solve 224x—4=0.

Bring the constant term (¢ e. the term which does not con-
tain z) to the nght-hand side, then 2®-}x=4.

By trial multiplication find a term which, added =
to x2+x, makes a perfect square (see p. 142). The =z

places marked ? must clearly be filled by + 32” 2 1
?
since the terms are equal, and when added are to )
make z. 2+
.. the term required to make x?-+x a perfect « -}
square 1s }. x +3
Adding } to both sides of the equation, we have 2} 1
v?tar+i=4}=Y. Je+}
Taking the square root of both sides, we have m

1 V1T 4123
o 2=+4206—-5=1-56,
or x=—206—-5=—2 56,

Test.

Sum of roots=—1. Product=—399. Cf x*+1.x2—4=0

If the coefficient of 2% 18 not 1, a preliminary step 1s
necessary.

Example—Solve 3x?—x=2 Y

Here we cannot conveniently complete the V3 't
square as the equation stands, since our first T— §

term would be V/3z. 32

To avoid this complication we first divide both sides of the
equation by 3.
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x 2 xr —,

Then % — § = é r —
To make the L H 8. a perfect square, we add , =
o5 to both sides. *—%
x 1 2 1 25 x

2 L4 - S - = _Z
Then 2% —3+36=3F3 ~ 36 6"
Taking the square root of both sides, x
r—t=45 .. x=—3% or +1 et —z
Test.
Sum of roots=4. Product=—% Cf x*—}r—3%=0

Note that the solution of the equation 3a? - 2 —2=0 enables
us to factorise the expression 3x2—x —2  Simce the roots are
—% and 1, the equation may be written :

(#+§)(z—1)=0,

ve. Bz+2)(x—1)=0
Hence 32—z —2=3x+2)(x—1).
Example —Solve x?-—2x+4=0.
ot —2rx=—4

Completing the square,
co2—2x4-1=—4+41=--3.
S (e—1)2=-3.
No square can be negative, so 1t 13 1mpossible to find the

square root of —3. In such cases the solution of the equation
18 said to be unreal.

Exercise XI (c)

Add a number to the following expressions to make them
perfect squares, and then give their square roots :

1. a246z. 2. 2243z 3. 22—bz. 4, 2243z

5. 22—} 6. 2t 7. 4x*+4-24x 8. 9x®—6x.
9, 4x2—4x. 10. z2-tax.
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Solve the following equations by completing the square.
Approximate answers should be given to 2decimal places. Take

V2=1414, V3=1732, V5=2 236, V7=2 646, V11 =3-317.

11. x226x="7. 12. 22 —bx=24. 13. 3224-2x=8.
14. 2224 6x+4-1=0. 15. 922 —24x+11=0. 16. 222—z=5}.
17. 322 +2x=3%. 18. z—1 =2% 19. 322—2+1=0

In the following the necessary square roots may be found
from tables :

20. 422 —T7x+2=0. 21, 322 +4x—5=0

22. x(2z-}-3)==}. 23. 1022 4-2—2==0

24, 3221224 2=0 95, (3z—1)(x—1)=3
28. 2(z-+2) =w(x-+6) 27. <i — 3><313 - x>=1.
28. ‘9x24-2.7x=52 8 29, -52242x=45.

30. 22— 78z -7==0 31. (x—1)(x+3) =140

Graphical Solution of Quadratics

Solve graphically 322 —5x—7=0
Draw a graph of the expression 3x2—5x—7 (see p 110).

x -2 | -1 0 1 2 3
t 4 1 0 1 4 9
321 12 3 0 3 12 27

—bz 10 5 0| —5 | —10| —15
-7 -1 | =7 | =1 | =1 | =-7| =1

3z —b5x—Tory 1-8 1 -1 -9 — b 5
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On tabulating the values we see the expression is positive
when z==—), and negative when x=0

Again the expression is negative when x=2, positive when
z=3.

.. the expressign is zero for a value of x between —1 and 0
and between 2 and 3.

13

LIl

1111

21
NEA
7\t

5
-

s
Y Ei0]

Graph of 323 —5x—17

From the graph 32%—5x—7=0 when x=— 9 and 2-57.
Example —From this graph find the solution of
322 —5x—1=0.

If 322 —b5x—1=0, then 322—5x=1 and 32®—5x—7=—6.
From the graph 322 —5x—7=—6 when x=—-18 and 1-85.
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Magnification.—Greater accuracy may be obtained by magni-
fying the portion of the graph in the neighbourhood of the root.
When z=1-85, 32?—5x—1=10-2676—925—1=-0175.
When 2=1-84, 322—5r—1=10-1568—9 20—1=—-0432.

Between these values the
Les /l °7% magnified graph will be ap-

- oes2 847 188 proximately a straight line
and the expression is zero
when r=1-847.

Exercise XI (d)

1. Plot the graph of (r+2)(z—3) from z=—6 to =46
Read off from your figure the values of # which make the
expression equal to 10 Of what equation have you thus
obtained the solution ?

2. Draw the graph of 8—5x—4a? between x=-—3 and
x=-2, taking 1 in. to the unit along OX and 0-1 in. to the
unit along OY. For what values of x does the expression
equal (i) 4-5; (ii)) —10? From the graph solve the equation
472 +-5x—8=0 If 42*+5x—10=0, what 1s the value of
8—5x—4x%*? Hence solve the equation 4x24-52—10=0

8. Draw the graph of 3z—212 between —2 and +4 Hence
solve the equations 222—3x—7=0 and 422> —6x=15

4. Employ the graph of #2—3x to solve the equations

22 —3z+1=0, 22 —3x—5=0, 22=3x+9.

Solve graphically the following equations :

5. 322 —4z—2=0. 6. (x—2)(2x+7)=5

7. 222 —102+7=0. 8. 222 ?’g =2b.

9. Show by means of a graph that one root of the equation
322 —x—5=0 les between 1 and 2. By ‘‘ magnifying ” the
part of the graph in this neighbourhood, find this root to two
decimal places.

4
10. If 322 —8x+4=0, show that 8 — 3z = o and hence solve

the original equation by means of drawing two graphs
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Employ the method of Ex. 10 to solve the equations

11. 522—8r+2=0 12, 2224 92+4-3=0.

13. By drawing the graph of ®—12x, show that one root of
28—122=9 lies between 3 and 4, and obtain its value to one
decimal place.

14. Between what values of 2 will the expression 2 —z—2
be negative ?

15. What is the condition that 22?—x should be greater
than 6 ?

. 3

Example.—Solve the equation oo R, 2
Multiply both sides of the equation by 7(x—1)(x—2).

s 21 (e —1)—35(x—2) =8(x—1)(x—2)

oL 212—21 —3524-70=8x%—24x116

© 822—10x—33=0.
s (224-3)(4x—11)=0.
. x=—1} or 2%.

Example —A tramn which 1s timed to run a distance of
126 miles 1 2 hours 55 minutes finds when 1t has gone half-
way that 1t 18 behind time By increasing its speed by
18 miles per hour 1t just arrives at the time specified. At
what speeds did 1t run the two portions of the journey 2

Let the original speed be  miles per hour the time taken

over the first half of the journey 1s - hours

The final speed is £+4-18 miles per hour. .. the time over

this section = ;v—_?%g hours.
6. 6 _,,
x x418 12
63 63 35
ve. ; + m = E’
9 9 5 . .
or - + 2718 — 12 (dividing both sides by 7).
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Myltiply both sides of the equation by 12x(x+-18).
.. 108(x+18)+108x=5x(x+-18).
. Br?—1262—1944=0.
. (2—36)(5x+54)=0
‘. #=36 (or —10%, which 1s inadmissible).
.". the original speed is 36 miles per hour, #nd the later speed
36--18, or 54, miles per hour.

Examples Leading to Quadratics

Exercise XI (e)

Solve the equations
L2 % 3a) o 1 _2
*l1—x 3 4 ‘x4l 4x 3

14 15 2 1 3 2
3.m—m=§. 4.—3—3—§=2x+3.

2 3 2 z—1 3x+2
S i~ me o T Rk b

7. Two numbers differ by 15 If their product is 406, find
the numbers.

8. The perimeter of a triangle is 21 c¢cm. and the longest
side 18 9 cm. If the sum of the squares on the three sides 18
155 8q. cm., what are the lengths of the two smaller sides ?

9. A piece of wire 26 cm. long is bent up so as to form
a rectangle whose area is 36 8q. cm. Find the sides of the
rectangle.

10. Find two numbers differing by unity whose product
is 15%.

18
11. The equation y=mx + m is satisfied when z=—1 and

y=3 What are the possible values of m ?

12. The cost of leveling a square plot at 1 shilling per
square yard and then enclosing it with palings at 2s 6d. per
hinear yard is £60. Find the length of each side.
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13. A circular summer-house 18 surrounded by a verandah
6 ft. wide. The floor-space of the verandah is 5} times that
of the summer-house. What is the diameter of the summer-
house ?

14. A rectangular yard is surrounded on three sides by a wall
of total length 36.yd. If the area of the yard 1s 160 sq. yd.,
what 18 the length’ of each wall ?

15. The length of a rectangular field is 22 yd. more than 1its
breadth. If the area is 2 acres, find the breadth.

16. A ship sails (x+4) miles due north, then (z+1) miles
west, and finally (x—3) miles south  If it 1s now 25 miles from
its starting-point, what 1s the value of x ? Can you interpret
both of your answers ?

17. A tran 18 due 1n at the station at « minutes past x?
o’clock By mistake a man arrives to meet 1t at x? minutes
past x o’clock. He consequently has to wait z minutes less
than = hours. When was the train due ?

18. When two chords AB, CD of a circle cut at O, it can be
proved by geometry that the area of a rectangle whose sides
are OA and OB is equal to that of another rectangle whose
sides are OC and OD A chord 10 em long passes through
the midpoint of another chord 7 cm. long. What are the
lengths of the segments of the first chord ?

19. Divide a line 10 1n long into two parts such that the
square on the longer part may be twice the square on the
smaller.

20. A line AB of length 8 cm. is bisected at D and divided

AD AC
DC T B = 6, find the lengths of AC and

unequally at C. If —
CB.

21, Given a quadrant of a circle of radius 5 cm , find the
radius of the circle which can be drawn within the quadrant
so as to touch each of the two radn and also the circum-
ference.

22. Two numbers differ by 4. When each 1s divided
into 80, the difference of the quotients is 4}. Find the
number.



172 ELEMENTARY ALGEBRA FOR SCHOOLS

23. A rectangular field 18 100 yd long by 40 yd broad. A
gate in one of the longer sides is twice as far from one of the
opposite corners as 1t is from the other. How far is 1t from the
nearer corners ?

24. A tounst could save } hour in getting to a place 36 miles
away by travelling 2 miles per hour faster At what speed
does he actually travel ?

25. A novel contains 360 pages Reading the second half
of the book at 20 pages per hour more than the first half, I
complete the whole book 1n 74 hours. How many pages do I
read 1n an hour ?

26. By purchasing an Empire tobacco which costs him
5d. per ounce less than his usual American mixture, a man can
buy } Ib more than before for each £1 that he spends Find
the price per ounce of each of the two tobaccos

27. A country farmer having spent £1 in the market in
buymng a number of baskets finds that he has not obtamed
enough, and the next day has to spend another £1 in pur-
chasing an extra supply from a travellng van For these
he has to pay 2d apiece more than the market price
Altogether the number bought was 54 At what prices did
he buy ?

28. B takes 8 minutes more than A to do a piece of work.
If they worked together the whole work could be done 1n
7% minutes How long would each take separately ?

29. A cathedral enclosure in the form of a rectangle 100 yd.
by 60 yd. has a covered cloister walk constructed all round
the mmside  The remainder 18 covered with grass and used as
a graveyard. What 1s the width of the cloister if the area of
the grass 1s exactly 1 acre ?

80. A boy who is plotting the graph of + finds that there

are two values of x differing by 2 for which the expression has
the same value What are these values of x ?

81. Two bhilhard balls get jammed against each other 1n the
corner of the table, each touching a different side. The dis-
tances of the corner from the two points where the balls touch
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the sides are 22 in. and 26 n. respectively. Find the radius
of each ball. . T,

82. The speed of a river being 14 miles per hour, a man finds
that it takes him 48 minutes to row to a place 2} miles down
stream and then to return against the current. At what
speed would he pr.'opel the boat 1n still water ?

Example.—Solve Vz—3=2x—1.
Squaring both sides of the equation we obtain

r—3=4x*—28x+49 . . . Q)
- 4o —29x4-52=0.
(r—4)(4x—13)=0.

x=4 or 3} . . . (n)

If we test these solutions we find that when x=4 both sides
of the equation are equal to 1, and therefore x=4 satisfies the
original equation, but that when x=3}, the LHS 18 equal
to +3% and the R H.S to —4}, and that therefore 3} does not
satisfy the original equation Thus, there is really only one
solution, viz. x=4. It1s easy to see that the equation (1) would
come from squaring —Vz—3=2x—7 as well as from the
original equation (1), and that therefore the two values given
in (1) are the solutions of the two equations Va—3=2x—7
and —Vx—3=2x—7 The test shows that the first value 4
belongs to the given equation, and the extraneous value 3} to
the second equation.

The only solution to the given equation 18 x=4.

Note.—You should never square both sides of an equation
contaimng a square root until 1t has been rearranged so that the
pxpression containing the square root stands on one side of the
equation by itself; e.g. to solve

22— Vz—3=1,

first rearrange, o 22—T=Vz—3,
and now proceed as above.
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Simultaneous Quadratics

-Simultaneous equations, of which one is quadratic and the
other linear, are conveniently solved by eliminating one of the
unknowns.

Ezample 1.—Solve

2%+ 8y=>5xy-136
3z+y=8.

From the simple equation y=8—3x.

Substituting in the quadratic we have

2%+ 8(8 —3x) =b52(8 —3x) 1 36.
.. 22464 —24x—=40x—15x2+ 36
oo 1622 —642+4-28=0.
s 4(22—17)(22—1)=0.
", either x=1 or x=}.
From the simple equation

y=8'—‘2§1‘=—’g’ or 8—%:131.
Sox=%, y=—%, or x=}, y=12.
A similar method may be used i the following example :
xy=28 . . . . ()
Ezxample 2.—Solve {x2 y2—65 . ' ) . i)
28
From (i) y=_

84
Substituting in (1) we have 22 4 790_2 = 65,
.~ x4 —65x24-784=0.
o (22 —49) (22 —16)=0,
coe=4-T or :|:4}
and .©. y=-+4 or +7) from 1.
Another method is illustrated by the following :

Example 3.—Solve 90-!;::3 (g;
Square (i) and subtract 4 times (1i), then
224y —2xy=1.
o x—y=-41.
Also x+y=3.

sox=2, y=1; or z=1, y=2.
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Exercise XI (f)
Solve the simultaneous equations
1. x®—22y=>51, 2x+4y=1.
2. x+y=3, zy=—10.
3. 322—2y=19, x+43y=9.
4, 522+ 3wy —2y* =20, br—2y=10.
2 g
b. 3 + Z=25’ 2x—3y=6.
8. bz—3y=—1, xy=2.
7. 22—4yt=42 x—2y=".
8. *+y*=19, z+y=1.
9. 322 —5xy—2y* =24, 4o+3y=—1
10. 22%+3y2=56, 3y—2x=8.
Solve the following equations, in each case testing the values

you obtain and rejecting those which do not satisfy the actual
equation given :

11. V2z+6=2—1. 12. V18+4-3x=22-19.
18. 4x—V2z+11=6. 14. 3+4+2Vz=2.
15. V52x—19=2vz—3. 16. 52=8-+2V5z+17.

17. V294192 —222—2x=3 18. V3z+4—32x—4=0
19. 3V4x+9—2x="7.

Solution by Formula

Since any quadratic can be expressed in the form
ax?+br+c=0, we could write down the solution of any
numerical example by remembering the result obtained for
this equation.

We have ax®+bx+c=0.
b
a4 Z=- 2 [dividing both sides by a].

] b b )2 ¢ b\* [completing the square
s ;x+(2_r; == <§E> on the L.H.S.].
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b\? c b b:-dac
. <+2—> =it @ T T
R =
AT E T
b Vbi—dac b Vbi—dac
Thusx:—%——}--——%—-— or —gi——p—,
which are generally combined 1n the single formula
£ — —b+Vb*—4ac*
-

Example.—To solve 3x*—2x=>5.

N.B.—Rewrite 1n the form 322—2x—5=0 to correspond with
ax?+bx+4c=0.
Here a=3, b=-—2, c¢=--5. .. b’—4ac=4+1+60=64.
+24-v64
=T

248 28
6 % "6

or —1.

Il
oo

Exercise XI (g)

Without extracting the square roots, write down the roots
of the following equations

1. 522—Tx—3=0 2. 222 —8x+5=0
3. Tx244x—1=0 4, 3224-2x=9
5. 4x2+11x4+3=0 6. 3—5r—4a2=0.
7. 222—Br=1. ° 8. 6224-Tx=6.

* An eighteenth-century mnemonic for this runs :

¢ From square of b
Take 4ac,
Square Root extract
And b subtract,
Divide by 2a
You’ll get  alway.”
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By means of the formula, solve the equations
9. ax?—(3a—2b)xz+2(a—b)=0.

10. pga?—2(p®—q2)x—4pq=0.
11. az®+4(a?—b)x—ab=0.

Find approximate numerical values for @ and b when
12. 4224+ 11x+-3=4(x—a)(x—b).
13. 222—52x—1=2(x—a)(x—b).

HISTORICAL NOTE

The solution of quadratic equations presented itself to the
Sreeks as a geometrical problem, and was effected by means of
» set of constructions based on the theorem corresponding to
‘a+b)2=a?+2ab+b®

Diophantus (cerca A.D. 250) was the first to arrange the work
n an algebraic form, but found 1t necessary to limit the problem
.0 the three cases corresponding to azx?+4bxr=c, ax?=bx+ec,
12?2+c=bx, where a, b, ¢ are all positive numbers. As he always
gnores any negative root which may occur, 1t would seem as 1f
10 regarded ax®+bx+c=0 (both of whose roots are negative) as
msoluble.

The influence of geometry 1s still traceable in the time of
Al Kharismu (circa A.D. 825), whose solution of the equation
34102 =39, 1f modermsed, would be much as follows :

Represent the square of the unknown (z.e %) by the figure AB,
and add a border of width 12 all round the square.

Then the figure AB+the 4 shaded rectangles =234 10z

=39.

Adding to 22 + 10x the four corner squares 1
whose area 1s 4(12)? or 25, then the area v
of the completed square 1s 39-425=64. % ‘?‘
.. the side of this enlarged square 1s 8. 7
oo 2=8—2(12)=8—-5=3.

7 7
It will be seen that this method only / A///
gives the positive root, although the equa- //& %
tion also possesses another solution, wiz. 7
z=—13. ////

The Hindus were apparently the first to
unify the three cases given by Diophantus into one general rule
for ax?+bx+c=0, where a, b, ¢ may be either positive or negative ;
but though they were able to discover negative roots they were
unable to interpret their meanming. Thus Bhaskara (A.p. 1150),

12

/
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<
after correctly finding the roots of 22—452x=250 to be +50 and
—b, adds, ‘“‘but the second value in this 18 not to be taken, for
1t is inadequate ; people do not approve of negative roots.”

It was not until much work had been done on equations of the
3rd and higher degrees in the sixteenth century (especially by the
Itahans), and until after the work of Descartes in the first quarter
of the seventeenth century, that the understanding of negative
roots became common.

Miscellaneous Examples IV

A 61

1. From 52—3y subtract the sum of 22 —3y+ 52, 4x—2y—3z,
and y—3x+2z. ~
2v/x

3
2. Find all the possible values of { — i} when
Yy Vy

=9, y=4.
8. Express in as simple a form as possible
1) [(~—a)(y+b)] — [(z+a)y—b)],
(ii) [(@—a)(y+b)] X [(z+a)y—b)].
4. Find the factors of
10224292421, 1022+29x—21, 1022—90.
6. Solve the equations
() (4x+T7)(3x—5)=24—6(2x—1)(3—x) ;
(ii) (4x+17)(3x—5b)=24.

6. Prove that the product of the first and last of three
consecutive numbers is always one less than the square of the
middle number.

a

1+

e b .3 z41

7. Simplify (i) mE (ii) %78
a® b

A 62
1. Simplify $(a—b+2¢c)—%(b—c—2a)+3}(c—a—2b).
2. Find the values of (2a%?)2?, V1624, (—3a?)3
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8. Find the H.CT. and L.C M. of 6(x—2)2, (x~2)(x+3),
and (22%—8);

4. Pick out the coefficients of yzin (3z+2y—5z)(2x — 4y+3z),
and of 22 in (22— 3z+1)(42%*+5x—3).

5. A, B, C, D are 4 poimnts in order on a straight line. If
AB=a, BC=b, CD =¢, show that AB.CD+4+BC.AD=AC.BD.

8. Construct an equation of the form ax?+bx+-c=0 whose
roots will be —3 and +13.

7. Solve the eqhations

(i) 22%=5zx; (ii) 222=5x-8,

A 63

1. Express in words the meanings of (¢a—b)c+d and
a—b(c+d); and find the value of each when a=5, b=—2,
¢c=1,d=-3.

2. Arrange in descending powers of x the result of sub-
tracting 3(22%+5x—3)(x?—2x) from 2(3x2—4)(22%—3x+-2)

N x—2 x 3 1

3. Simplify = — 35 <x — §>—_—2y, pra

4. Find the factors of

22 —9x—35, 28—a2, 6x2-axyz—yt.

6. Prove that the product of the first and last of four con-
secutive integers is always 2 less than o M C
the product of the two middle num- —
bers. 4

6. ABCD is a rectangle * M a point
on DC such that DM=z. Prove that

AM24MB2=222—18x+4113. For what A 9 B8
value of x is AMB a right angle 2

A 64

1. Prove that (ac—bd)2+(ab+cd)®=(a®+d?)(b%>+c?), and
obtain an arithmetical relation by putting a=4, b=3, ¢c=2,
d=1.
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2. Divide (2z+3)2—3(z+6) by 42—3. Test your answer .
by putting z=—2.

3. One solution of the equation 3:v2—ax+12 =0 is z=3.
What is the value of @ and what 1s the other solution ?
3 . 6224+ Tx—5

; W) 5=

4, Simplify (i) Gx2—25

Y
xr—3 x+§

5. Express as the product of two factors:

(1) 2422y —3xz—6yz , (ii) 2342224 52+10.
Ae-=mmmm- (Y a— > 6. AB=8 cm. and 18 2 em. from
N, XY, which is parallel to AB. From P
any point in XY, PN is drawn per-
pendicular to AB, so that NC=z,
X P v where C is the midpoint of AB. Find
an equation for x when PB2=3PA?, and solve it.

A 65
1. Multiply 32?y—5y® by 2x—3y, and divide 6x®—25x2
+20x—4 by 3x—..
2. Ifa=3,b=—1%

c=1%, find the values of

lgl‘

ab 2a+b a?

& @
4x+2 3x+6

3. Slmphfy 62 213 m

4. Aroomisaft long and b ft. broad When it 1s carpeted
a border ¢ ft. wide is left all the way round. What are the
areas of the carpet and of the border ? Find the cost of
staining the border at x shillings per square yard.

5. What must be added to the expressions 2?48z, 22—Tzx,
422452 1n order that the results may be perfect squares ¢ In
each case state the expression whose square has been obtained.

6. The father of a family buying tickets for a railway
journey notices that he has bought « tickets at  shillings each
If the amount he paid for the tickets was £3, 12s. 3d., what is
the value of x ?

a
b’ ’

c c?
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A 66
2x% —px-+ 6

1 If P

is written as a mixed number in the form

ax+4-b —I— 4, where «, b, ¢ are numerical, what are their

values ? .

b _
2 Ifx= Ejz'_ and y = (13—6, find the value of

42%— 122y 4 9y?

8. The diagonal of a rectangle 18 3 in and 1ts perimeter 1s
8-41n. ¥ind the lengths of 1ts sides to the nearest tenth of an
inch.

4. Express 1n their simplest form

V3623, /845 215 i ;’/9;‘—

5. Show that values of ¢ and b can be found such that the

equations

x—a _ b—y d z+2a b+J
g =g —1 ad —gm=
have a common solution

8. Draw two graphs to illustrate the growths of two invest-
ments of £100, one increasing regularly by £12 each year, and
the other 1ncreasing each year by one-tenth of 1ts value at the
begmnning of that year. When will the second sum overtake
the first ¢

=1

A 67
1. Find the values of a®*+!—b?" when
(1) a=3, b=2, n=%}, (ii) a=—3, b=4, n=1

2. Simphfy
(i) 3—6x--6x—3; (i) (3—6x)—(6x—3); (i) 3—6x—(6x—3)

3. Solve the equations

(i) 222+4+-92—35=0; (1) 2®—a?—2x=0.
4. By what expression must the product of 2a2+x—6 and
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622 —112-+3 be multiplied so that the result may be a perfect
square ? ,

5. Two numbers differ by two. If 24 is divided by each,
the sum of the two quotients 18 7. Find the numbers.

6. Prove that the area of the ring between two concentric
circles of radii r and r+=x is 7wz(2r+x).

A 68
a? 2b\?
1, Expand I + 2/ (2a—b—3c)?, (2r+y):—(2x—y)2.
2. Solve the equation a(a-—x)=2b(x+2b).
3. Solv 8x+17 3x+3
Ve or 1 2x+1 z+2
in the form of a mixed number.
4. Find the factors of
(i) 2p*—4pg+2¢*; (i) 2p*—4pg+3pr—6qr;
(1) (2p—q)*—(g—2r)%
5. A piece of wire 36 cm. long 18 bent up to form a rectangle
of area 72 8q. cm. What are the lengths of

the sides ?
t  @. The internal diameter of a circular
washer 18 d and the width of the ring 1s n.

If the thickness 1s ¢, prove that the volume 1s 7wni(n+d).

= 1, first expressing each fraction

A 69

1. Simphfy )

(—2a%2)2, V4al®, xrraxar-e, (17-3)2—(27)2

2. Find the value of

2)2
2(x—y)— 3{-?*_-5—1—)—} when x=—2, y=3, z=—5.

3. In how many different ways can you write the result of
multiplying (2z—y)(4x+y) by 6 ? Write down 1n factor form
the result of dividing (6x—8y)(6x—9y) by —6.

15 4 1
1 —_— P - _— - — 41
4, Solve the equations = + e 11, = 43.
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b. Express as the product of twd factors
(i) (x—a)—(a+y)*; (ii) a®—4ab--4b%—c2.
6. In the figure BAC=90° and &
PQ divides the triangle into two [ 2 .
equal areas. Express y in terms « /— Q
of x and z. Find a relation be-
tween z, z, @, b, and show that
a2b?

22 | ¥
y == +4x2'

B c

A7

1. If a+2b=0, express 4(a—b)?, 4a2—4b2, (4—a)2—4b? in
terms of a only.

2. Employ the formula (@a—b)*=a®—b%—3ab(a—b) to cal-
culate the value of (9-7)3.

8. Simplify

1 1 1 1 1 1
2r—4 4420  22—4 4-22 224 4—a?

1 1
2x—4  (2—ax)*

4. At what rate per cent. of simple interest will £2 amount
to £y after n years ? Check your answer by taking 2=100,
y=150, n=>5.

y+a

6. If x = 1Tay
when x=—a ?

6. A series *of points A, B, C . . . have co-ordinates (3, 2),
(6, 6), (9, 10), (12, 14), and so on. What will be the co-ordinates
of the next point ? Show from a graph that all these points
lie on a straight line. Can you prove this geometrically ?

[Draw lines parallel to the axes so as to form triangles ABS,
BCK.]

and

, find y in terms of . What 1s its value

A7
1. Write down the square of 2a—7b, the square root of
922 —302-+25, and the quotient when 9a%—30ac+25c%—495b2
is divided by 3a-+7b—5c.
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2. Rewrite 3ap—10bg+18bp—2aq (i) in theform ( )—( )
and (li) in the form ( )X ( ).

4. Simplify

. 2 1 . 2 . 1
O 22  w—w O E 5wk o _ab

4, Show that =2 satisfies the equation 23— 62 Tx+2=0
What are the other two solutions ?

6. The product of two consecutive odd rumbers 18 1763
What are they ?

6. A man who has to travel by car to a railway statior
18 miles away from his home 18 delayed 9 minutes on starting
and consequently has to drive his car at 4 miles per hour more
than his usual speed in order to arrive at the station at the
time he had onginally intended. At what speed did he
actually drive ?

A 72

1. Show that the nroduct of 2z%—5x—3, 322—102+3, anc
62%4x—1 is a perfect square, and wrnite down its square roo
in factor form.

2. By how much does (99-7)? exceed (99-3)2? Write dow
an algebraic formula by means of which the calculation can b
quickly effected.

3. Solve the equations

i b 6 6 ... b 6 6
a z4+2 x4+l x’ z
4. Simplify where possible ,
a*—b® a*—ab (a—b)® (a—b)(c—d)
(a—b)? bec—ac’ (b—a)¥ (b+4a)(d—c)
5. The perimeter of an isosceles triangle is 20 1n. and it

altitude is 2 1n.; find the lengths of the sides. [Take th
length of the base to be 2.]

6. Draw the graphs of }(r—2)? and $(x—2). For wha
values of  is the first expression greater than the second ?
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A 73
1. If 2s=a+b-c¢, prove that s(s—a)4(s—b)(s—c)=bc.
622112y —10y2

2. Evaluate 20— 3zy—20y°

when x=06 and y=—0 1.

3. IfF = %’( 7 —|:°d), find p in terms of the other letters.

o . 3z—1 2z+1

4. Solve the equation -1 —:H_—l~x.

5. If a landowner makes a profit of « per cent. by selling an
estate for £a, what would be his profit per cent. if he sold 1t for
£h?

6. The speed of a falling body increases from u ft. per
second to » ft. per second while falling through a vertical
height % ft. It is known that the distance fallen in the first
(Bu+v)h

half of the time 1s W

Find the distance fallen 1

the second half. If this result is called b, find Z in terms of b
and h.

A7

1. Divide (p+9)*—(¢g—7)* by p+r, and multiply the
quotient by p—2g-+r.

2. Find the factors of

(i) a?—y2—x+y, () 22—4y2—12y—9.

4 3 1
5x+5 4x—4 11—z

4. Find the roots of the equation 2z2—xz—15=0, and
construct a new equation whose roots will be double those of
this equation.

§. Tarpaulin sheets are made of material costing 5d. per

square foot and the cost of binding their edges 1s 8d. per yard.
Each sheet 1s twice as long as 1t is broad If there are two

3. Simplify the expression
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such sheets whose lengths differ by 2 ft. and whose total costs
differ by 8s. 10d., what are the dimensions of each ?

6. An article is bought for £a and sold for £6. Find the
gain per cent. If buying price and selling price are both
increased by £z, find the new gain per cent. By how much
does 1t differ from the previous result ¢ Give your reasons
for stating whether 1t 18 greater or less than before.

A7

1. Multiply 3(2b—a) by —2, and (x—2y)(p—¢q) by —3. In
each case give three possible forms of the answer
2. Divide a®—8b3 by a—2b and show that
ad®—8b3
a—2b
3. If z—3 divides 228 —a?+Rx+3 without a remainder,
what must be the value of R ? When R has this value, what
are the values of z v-hich make 223 =x2—Rx—3 ?

2
4. Find two values of x which make <£ — Zc-——‘;}><cc . >
x x z+41

— (@—2b)% = 6ab.

equal to —4.

5. A manwhois out walking at 12 0’clock when 1t comes on ‘o

rain calculates that if he increases his speed by % mile per hour
he would get home by 3.30 p.m., or that if he left his speed
unaltered and cut out one of the villages he had intended to
visit (thereby reducing his journey by 3% miles) he would
return by 3 p.m. Inally he decides both to shorten the
journey and to quicken his pace. At what.time does he
arrive home ?
33t 6t
1+ Y T 1ire
y when ¢ has the 7 values 0, +1, +2, +3 Plot each corre-
sponding pair of values of x and y on squared paper What
does the position of your points suggest 2 Calculate the value
of z2--y? from the expressions given for « and y.

6. Given that « = find the values of x and
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B 76

6 7
1. Simphfy <x+3 - ;;:E><x+5 + :E———3>
2. Solve the eq.uations

. 9 1 B 9 2
(i) x_+3 =2 4 90_+1 ; (ii) o S 2 — ;—_*_—1
3. Express V4a?+4a+1—V4a:—a+% in its simplest
orm.
P q
4, If , express « 1n terms of p and gq.

gx+p pr—q

5. A square metal plate of side @ in. 18 lightened by the
wnching of 7 circular holes each of radius r m If the re-
luced weight 18 [ ths of the original weight of the plate, find
in terms of a. (Take w=32.

6. Show that the triangle whose sides are x%+4-4x4-3, 2214,
nd 2%44x-+5 contains a right angle. If the length of the
ypotenuse 1s 17, what are the lengths of the other two sides ?

B 77

1. Simphfy (3z+7y)2—4(x+y)(3x+Ty) —21(z+y)>
2. What must be added to 922412z to make the result a
rerfect square ? Hence solve the equation 922+ 12x=5.

L1
3. Simplify',l; ? X (p—q)*.
P g
4, If P=7+43a, Q =5—2a, what values of @ will make
P+Q 1 P Q
1) ——— = - _ = =1
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5. Write down an expression which will always denote an
odd number. If any three consecutive odd numbers are
chosen, prove that the sum of their squares ncreased by unity
is always divisible by 12.

8. Last year one department (A) of a general stores made a
profit of £3000, and it 1s calculated that its annual profils are
increasing at the rate of £200 per year. Of another depart-
ment (B) which last year made a profit of £5000, 1t 1s estimated
that the profits are dimimshing by £400 eich year. Draw
two graphs to show the probable profits of the two depart-
ments during the next 10 years When will the annual profits
derived from A first exceed those from B, and in what year
will 1t exceed them by £2000 ? When are A’s profits double
those of B’s ?

B 78
1. What is the coefficient of 25 in <x —

2. Sunplify
3 1 . 3 1
® 22— 3y + 3y:—ay’ (i) 2—3xy  3yP—ay’
3. Solve the equations z+y=a-b, bx—ay=2(a—+b).
2

22 % xh\?
Z4 ) e
2 T3 4>

4. Find numerical values of A and B such that ﬁc‘—ﬁi—)

b lent to 1 A B
may be equivalent to 1 + —— —f— P2
2x—1)(2 v
5. What multiples of (—x—l—i) are

3
4x —2)(4—2 ‘
o EETED ) s —ama—2a,
2(2—4x)(3z—6
and (iid) —(~—%—) ?

6. A man who has bought a number of articles for £450
sells them all so that his profit on each article is 5 shillings
If his total profit was the amount he received for 3 articles
how many did he buy *?
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B7¢

1. Reduce (3x+2)(2x—3)—(3x—1)(2x—1) to 1ts simplest
form. Is there any value of z which would leave the value
of the given expression unaltered if the sign between the
brackets were read as — instead of ‘ minus ’ ?

2. Find the equations whose roots are (1) 24 and —};
(ii) 3, 2, and —5.

8. The speed of a train ¢ seconds after the application of the
brakes is given by the formula (44—4f) ft per second, and
the distance it has run at that time 1s (44¢—%¢?) ft. How far
does the train go in 30 seconds after the brakes have been
applied, and at what speed will it then be runming ? How
much longer and how much farther will 1t go before coming
to a halt ?

1— 1 1
4, Solve the equations ——E/—f = a, e _1

y b
5. If the price of sugar rose 13d per pound one could buy
6 1b. less than before for 9 shillings. What 1s the present price
per pound *?
6. Draw the graph of }(2x—1)(22-+3) for values of 2 between
—3 and +2 inclusive. For what values of x 1s the expression
(i) negative, (1) equal to +2?

B 80

1. If z=(x—3)(y+4)—(x+3)(y—4), find an expression for
the value of y 1n terms of x and z. If the ratio of  to z1s
equal to 3 4, find the ratio y =.

2. Solve the equation _x_2 =1}

r — —

z—1
8. Simplify 2—2x—(3—2)—(2—2)—(3—=x).
4, If 2£=x(x+2r), find an expression for r in terms of ¢ and
z, and calculate 1ts value when t=3-2, x=0-8.
5. Express (a—b)(a®+3ab+-2b%)—(a+b)(a®—3ab+2b%) as
the product of three factors.
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6. From a point % ft. above the sea-level the distance of a
ship which is just visible on the hornzon is approxima.tely
d miles where d*=3h. How far away is a ship which I can
just see from the upper gallery of a hghthouse situated 200 ft.
above sea-level ? If the ship is approaching the lighthouse
directly, how fast is it traveling if I can just see it on the
horizon 15 minutes later when I have descended 80 ft. to a
lower gallery *?

B 81

1. Factorise (22®—6x+-1)2—(x—4)%, and hence find the
values of x which satisfy the equation (222 —6x-+1)2=(x—4)3,

2. Without solving, prove that the equation 322 —9xr="7 has
a root between 3 and 4. Then solve 1t and give the roots
correct to 2 decimal places.

2 1 2
3. Given that - 4+ - = in’ find m in terms of z and .
x y oty

4, If a?=2x+1, prove that 2®*=2z-+1 and 2*=3z-}2, and
obtain a similar expression for 27.

5. Construct a table of values for 4—5x—22% as x changes
from —35 to +2-5 by steps of 0-5 at a time. Hence, with-
out drawing a graph, find the solutions of 4—5x—222=0.

6. The distance between two towns 18 120 miles. Owing‘to
a snowstorm a train running between the two towns has to
reduce its usual speed by 10 miles per hour, and is consequently
36 minutes late on arrival. What is its usual speed ?

B 82

1. Reduce to as simple a form as possible

((p—a9)(g+n)]—[(p+a)g—n)]; [(P—a)(g+7)]-[(g—p)r—9)];
[(P—a)g+nNIx[(p+e—n]; [(p+D(g—n)]+[(g+p)r—p)].
2. What values of = and y will satisfy all three of the
equations z?2=4, y2=9, and 3y—2x=13 ?
8. A series of terms is written down thus- 1242.34
3.4+4+4.54 ... What is the nth of these terms ? Prove
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that the average of any two consecutive terms of the geries
is always a perfect square Two consecutive terms add up
to 1682. Which are they ?

4. Express ab(c®+d?)+cd(a®+b%) as the product of two
factors.

6. Divide 1 by 1—2x by the long-division process, stopping
at the term of the quotient which involves 22 and giving the
remainder in the form of a fraction. What are the values of
the quotient ana remainder (i) when =0-1, and (u) when
z=11

6. When the contents of a cylinder are poured into another
cylinder whose radius 18 2 in greater, the height reached in the
second cylinder is half that reached in the first. Find the
radius of each cylinder.

B 83

1. What are the H C F. and I..C.M. of 12a%b2, 15a2b3c, and
18a3¢? ?

2. What number reduced by « per cent becomes y ¢ What
does y become when it 18 increased by x per cent. ?
a?+3a—4 6a%2—5a—6
2a2—"Ta+6 X 3a2—a—-2 "’

1 1
(n1) @___2)2 + i

4. Given (a+b)% =a®+3a?b+3ab2+4-b3, write down the cubes
of (i) 3x—2y, and (ii) 102.

5. The diameter AB of a circle of radius 2 in. is produced
to C so that BC=xz in. If CT is the tangent from C to the
circle, find z when CT =v/12 in.

6. In June and July a boy has 25 completed innings at
cricket. At the end of June his average was 3 less than the
number of innings he had played, but for the month of July
his average is 22 more than the number of his innings during
that month. If his final average is 25, how many innings
did he have in June ?

8. Simplify (1)
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B 84

1. wulve each of the equations
9r—5 6x—6
T R
... 92—85 6x+4 .
(ll) 3r—2 = 3TH. + 1 >
vees 9—5 6x+3
W) 578 =31 71
accounting for any peculiarity that may occur.
2. Find the L C.M. of (2a2—8b2)2, (2ab-+4b%)?%, 6a*—12a%b
3p—2
2p+3°
4. A shopkeeper buys a certain number of articles for
£13, 10s, keeps 3 for his own use and sells the remainder at
3 shillings each more than he paid for them. If he thus
receives back the full amount of his purchase-money, how
many articles did he buy ?
5. If a?+h?=a?, y2+h2=0% and x+y=c, prove that
B2
T—y =— b
The base BC of a tmangle ABCis 5 cm ; AB=6 cm,, gpc
AC=4 cm. If the perpendicular from A on to BCis of length /
and divides the base into two segments of lengths x and y
find the values of x and % and deduce the area of the triangle.
6. Draw the graph of V/25—2?2, taking the values -5, +4
+3, 42, 4-1, 0 for x. What 18 the shape of the graph ? Car

+1;

3. Slmphfy 17pq 2 \hen ngq =

L 3x—1
you account for the result ¢ Draw the graph of x2 on the

3z—1 —_
same axes, and hence solve the equation = V25—22

B 85

1. Write down the square of 2%+ 3x—2 by putting 2% =a anc
3x—2=b, and simplify the result
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2. Find the factors of (92— 6y)(a —2b) - (4b—2a)(3x —2y) &nd
(a®+2bc) — (b2 +-2ac).

3. Solve th tions ~ 4+ 24— =1, =44 —1
. Solve eequalonsa+c_a-— , b+c—b_
6
4. Solve the equation z=1 +:_c If the roots of x=a+£ are

6
double those of r=1+ ot find the values of a and b.

6. A semicircle is described on the hypotenuse of a right-
angled triangle so as to pass through the right angle. If
the other two sides are a and b respectively, show that
the area of the portions of the semicircle which he outside
11a*—7ab+11b%

J——M—t—. (Take m=22.)

8. A railway bus plies between two stations 5% miles apart.
If the average speed of the journey is increased by 2§ miles
per hour, the time taken between the stations would be
dimimished by 4 minutes. What is the scheduled time ?

the triangle is

B 86

1. What are the factors of a2—2ab-}-562? Use the result to
sindplify (22 —4x+3)2+ (22— 32+ 2)2—2(22 — 42+ 3) (22 — 32 1-2).
b 1
b)  ala—bdb) a
3. If z=5eand x=—2 Dboth satisfy the equation
*+ax+b=0, find the values of @ and b. There is a third
value of x which satisfies this equation. What 1s it ?
4. The rate of discharge of steam from a boiler is given by

2. Simphfy 5 ((:_

the formula Q=36 N/ i—j From this, find a formula expressing

p in terms of Q and », and find its value when Q =216, v=4.
6. The price of wine having been raised 6 shillings a dozen,
6 bottles less than before can now be bought for 8 guineas.
What is the present price per dozen ?
13
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1

( - 2a?
6. Draw the graphs of 26_4:1: and —3 on the s‘dme axes fol
values of # from —3 to +3. Read off from your graph the
T—4x 222 |
values of z (i) for which _G_x = %, and (ifi) for whicl
7 2z 22% tost : ’
g~ 3 — 3 Is greatest.
B 87
x ‘
1. Simplify (xz)a(xy2)5+(y3)<??> .
m—m' 3 )
2. If TTmm — 4» ©XPress m’in terms of m.

3. Show that there are two values of a for which 224z —2
and 23+4-ax®—5x+43 have a common factor.

4. Divide a line a in. long into two parts, such that the first
is x per cent. longer than the second.

2z—1
6. Ify = -xg—, find the value of 32?—bxy+-4y® in terms
of x.
Hence solve the equations

3y=2~--1. ~
32?2 —bry+4y2=6.

6. ABCD is a rectangle having AB=5 in. and AD=3 in.
Two equal circles are drawn to touch one another, and so that
one of them touches AB and AD while the other touches BC
and CD. Find their radii. ¢

B 88

1. Two fishermen between them caught (3z—1) fish of
average weight (r—33) Ib. Of these, the first caught (z+42)
fish, and the average weight of his catch was (2—3) Ib. The
average weight of the second man’s catch was 1 1b. less. What
is the value of x ?
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2. Find the product of (1+2)2 and 1—2z, and divide.it by
1432 as far as the term involving 22. If the remainder is
given in the form of a fraction, what is its value (i) when z=10;
(ii) when x=-01 ?

8. Find the factors of z%—(4p—3q)x—12pq and of 28 —4p3z.

4, A car will sun 20 miles for each gallon of petrol when
going uphill and *30 miles for each gallon when on the level.
Running downhill the consumption may be neglected Going
out to a distant place I use 4 gallons, and on my return by the
same road 3 gallons. If half of each journey was on the level,
how many miles of the journey out was uphill ?

6. If y2=a3, find the value of x when y==8t%, and express the

value of ¥/zy? in terms of ¢.

6. A wireless aerial is stretched from a point on a wall
40 ft. above the ground to the top of a pole erected at a point
60 ft. from the wall. The length of the wire if stretched tight
would be three times the height of the pole. Find this height

B 89

1. Use the Remainder Theorem to show that 2z43 1s a
factor of 4a8—5x+6, and find the values of @ and b if z—1
and 3x—1 are both factors of axzt+4bx2420x—4.

* 5
2. Solve the equations —we———

3
ot gy 4
7 5 9
. PEE RS
8. What are the roots of 622—72+4+2=0? Find a new
equation whose roots will be equal to their sum and difference.

2 _ 2
4, Show that {n(n+1)} — {n(n_l_)} =n3. Deduce the

2 2
(n+2)(n4-3) ® (n+2)(n+4-1)1 2
value of — b T
5z+1 5x—2
5. If A= 2:% and B = éi:+—2, solve the equation

A+B=AB.
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8. AOB is a diameter of a circle whose centre is O and radius
r.' A line NPQ parallel to AB meets the tangent at B in N

and cuts the circle again at Pand Q If BN=a, NP=b, prove
2 | p2

that r= -, and find an expression for NQ in terms of a

e+Y
2b
and b Check your results by putting a=4, b=2.

B 90

1 If a=p(1+¢?), b=q(1+p?), c¢=(p+q)(1—pg), express
atb+tec, a+b—c, a—b+c, b+c—a in their simplest forms
Hence find the area of a triangle whose sides a, b, ¢ have these
values by means of the formula

tV(a+b+c)at+b—c)a—b+c)(b+c—a).
2. Find the factors of
(1) @e—y)?+4@2—y)—5;  (u) 2*+2zy+yP—3z—3y—4.
8. The perimeter of a rectangle 13 p in. What will be the
increase in (i) its perimeter, (11) 1ts area, if the length and
breadth are each increased by a in. 2 Verify your answer by

means of a numerical example.

1 1
4, If el + find an expression for b in terms of a

and 7. From the givexn -:luiivn fiuu 7 when a=}%, b=}, and
check your answer to the first part of the question by means
of the result.

5. Ehminate y between the equations z*4%?=25 and
2x+y=>5, and hence find values of x and y which satisfy both
equations.

8. A rides from P to Q at 10 miles per hour. B sets out
from Q 10 minutes after A to ride to P at 8 miles per hour. If
they meet 5 miles from half-way, what is the distance between
Pand Q%

B 91
1. Find the factors of

(i) 3(a+b)2—5(a+b)—2, (ii) (z+2y—32)%— (x—2y+3z)2.



MISCELLANEOUS EXAMPLES IV 197

2. A and B have a common factor x. Show that the re-
mainder, after subtracting any multiple of B from any multiple
of A, also has « as a factor

3. If S=ar?, V=>b3, find a relation between S and V which
does not contain .

4. A train takes s seconds to pass a man walking at a miles
per hour, and ¢ seconds to pass a man cycling at b6 miles per
hour, both men travelling in the same direction as the train
Find the length Jf the train in feet and its speed 1n miles per
hour.

5. A cylindrical tin of radius ¢ cm contains water to a
depth of x ecm  If a solid cylinder of the same height as the
tin but of radius b cm. is placed 1nside, prove that the water

. b2z
rises —3—; cm

8. The figure represents 4 rods hinged
at A,B,C,D AB=CD=qa,CB=AD=b
If AM 18 drawn perpendicular to BD,
prove AD2—AB2=DM2—BM? Hence
show that if AC=x, BD=y, then for all ® °
positions of the framework zy 1s constant and equals b2 —q?




CHAPTER XII

Equations in Three Unknowns, Harder Factors and
Graphs, Cyclic Order

Equations in Three Unknowns.—Equations involving three
unknown variables are solved by eliminating one of the
variables, and thereby reducing the question to that of solving
two equations between fwo unknowns.

Example.—Solve
(i) v+2y—32=0; (ii) 3z+3y—2=>5;  (iii) x—2y+22=1
First eliminate z from (1) and (1i).

We have z+2y—32=0 from (i).
97+9y—32=15 . (1)X3.
.". by subtraction —8r—Ty=—16 . . . (iv)

Now eliminating z from (ii) and (iii),

Ty vy—az=10 from (ii) X 2.
z—2y+22=1 . (12i).
.. by addition Te+4y=11 . . . (v)

The question 18 thus reduced to solving the two simultaneous
equations (iv), (v) for  and y.

We have 56x+49y =105 from (iv) X —17.
56z 32y =88 »  (V)X8.
o 17y=117.
s y=L
Hence from (v) Tx+4=11. c.ooz=1.
And from (i) 142—32=0. ooz=1

S x=], y=1, z=1.
198
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Exercise XII (a)

Solve the equations

1. 3x—2y-+2=13. 2. bx—4y+22=—1.
2z+46y+4z2=—"1T. Sr+y—42=217.
r—3y—22%9. 2z+ 3y+32=0.

3. 2z+4+3y+z=-9. 4, 4x—3y+22=18.
z+2y+22=3. 5x2+2y+32=21.
2z 6y+2=0. Ty—4z=12.

6. 22+ Ty=3y-+4z=b2—3x=217.

T y—z

6. 2 3

7. The expression A+Bxz+4C2? is equal to 13 when z=1,

to 10 when =2, and to 3 when =3. Find the values of
A, B, C.

Jr—z=4y, =x—1=3(y+2).

Squares and Square Roots of Trinomial Expressions

Example 1.
(a+b-+c)*={(a+b)+c}>=(a+b)2+2(a+b)c+c?
=a2-}-2ab-+b%+42ac+2bc+-c2.
~. (a+b+c)2=a?+bh2+-c2+2bc-+2ca--2ab.
Example 2.

(z—2y-+32)2={(x—2y)+ 32} =a2-+4y* + 922 — 1 2y2-}- 6z — dy.
A study of $he form of the result in Example 1 enables us to
reverse the process, e.g. to find the square root of

o A28y 11a%y? — 10zy+ 261,

There are three terms which are perfect squares, viz. x4, zy?,
26y*, which suggests that the square root contains the terms
x?, +xy, +6y2.  Alittle trial enables us to write the expression
in the form

(@) +(—2y)?+ (5y%)2+2(2*)( —2y) +2(—2y)(5y*) +2(2?)(59°),
which from the result of Example 1 is seen to be (2? —zy-+5y2)2.
Hence the required square root is & —xy-5y2.
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Example 3.—Find the square root of
44— 125 +9p%q?+6pqri—dpirP 41t
The expression can be written
(2p*)*+(—3pq)?+ (—r?)>+2(2p*)(—3pq)
+2(=3pg)(—r)+2(2p*)(—r%),
which is of the form (a+b--c¢)?, where a=2p?, b=—3pq,c=—1r?
Hence the required square root is 2p?—3pgq—r2.

Exercise XII (b)

Write down the squares of
1. 3a+2b+4-c. 2. 2a—b—3c. 3. 222—3x4-1
4. p?—q%41r2 5. x2—2xy--3y2.
Find the square root of
8. a?+b%24-c2—2bc—2ca+2ab.
7. 9224-y2-+422+-4dyz+ 12204 6xy
8. 24 —6a3+17x2 —242-1-16.
9. xt+6x3y+5aty?—12wy® +4yt.
10. 4a2—12ab+49b%--12bc —8ac1-4c?.

Cubes of (a+b) and (a—b)

We have

(a+b)*=a3a%b--3ab*4-bd.
(a—b)*=a®—3a%b-3ab%—b3,

These results can be found by direct multiphcation, or thus :
(a+b)=(a+b)(a®+2ab+b?) =a3+3a%b+3ab? b3,
(a—b)®=(a—b)(a*—2ab+b%)=a®—3a%b+3ab®—

Example. (2x—3y)® = (22)® — 3(2x)*(3y) 4 3(2x)(3y)* — (3y)*
=8a3 — 362y -+ 54wy? —271°.

Factors of a®—b?, a®*+b? and a*+|-a?bh?+-bt
By the Remainder Theorem, since a®—b3=0 when a=b, the
expression a—b is one factor of a®—b3%. The other factor is
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found by actual division to be a®+-ab--b2, or the result gan be
obtained by reconstructing a®—b° thus . .
ad—b=a*(a—>b), (a—b), (a—b).

The first bracket provides a3 but also —a?b, therefore the
second bracket must be multiplied by ab 1n order to provide
a term +a?b to destroy the —a2b. This, however, introduces
a term —ab? therefore the third bracket must be multiplied
by +b2.

Hence a®—b®=a?*(a—b)+ab(a—>b)+b%(a—>b)

.. a3—b3=(a—h)(a2+tab-b2).

To find the factors of a®4-b%, we see that a+b 1s one factor,
since a®+b3=0 when a=—b. Proceeding as above, we obtain
a®+b3=a?(a+b)—ab(a-+b)-+b%(a+b)
~. a’+bi=(a+b)(a2—ab-b?).

Example.—Factorise 8a3—2753

8a3—27b%=(2a)3—(3b)?
=(2a—3b)[(2a)*+(2a)(3b)+(3b)?]
=(2a—3b)(4a?+6ab-9b?)

A combination of the results for a®+4-b° and a®—b° gives us

a8 — b8 =(a3+b%)(a3—b®)
=(a+b,~ -hMa2—ab+b%)(a®+ab+b%) . (i)
Factorising a®—b8 as the difference of two cubes, we have,
however,
a8 — b8 =(a2)3 — (b%)?
=(a2—b%)(a%+a?b?+-bd)
=(a-+b)(a—b)(a*+ab*+b%) (n)
A comparison of (i) and (11) shows that
at+a?h%+-b*=(a®—ab-b?)(a*+ab+b3).
This can also be obtained thus :
a*+a?b?+-bt=at+2a2b%+ bt —a?bh?
=(a?+b%)—(ab)?
=(a*—ab+-b%)(a?+ab-+-b?).
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The method last employed can be used whenever the first
and last terms of a trinomial are both perfect squares.
Example.—Find the factors of 44 1922425.
We have
424 +1922 426 =422 +4-2022 —2*+256 (N.B.—20=2X2x5.)
=(22*+5)*—(2)
=(22*+x+5)(22*—z+5).

Exercise XII (c)
Write down the expanded forms of
1. (2z—y)3. 2. (3a+20)3. 3. (2z+1)3.
2\3
4. (bx+2y)3. b. (3x*—=x)B. 6. <x’+;:> .
Find the factors of
7. 1252342743, 8. 823—1. 9. a®—100053.
10. 3zA—24xy°. 11, 2124422, 12. 27a%b®+-8¢3.
Express as the product of two quadratic factors :
13. 24221, 14. z*+22*+9. 16. 94 —Tx?+1.

16. a*—Ta%b24-b4 17. a*+3ab%{-4b%. 18. x4,

Factors of ax?--2hxy--by?+2gx-2ty+c¢

Under certain conditions expressions of this form can be
written as the product of two trinomis' factors. The method
used will be clear fruw an example.

Find the factors of 1022 —13xy—3y*+ 162+ 10y—8.

Since 10z?—13xy—3y?=(2x—3y)(5z+y), suppose the ex-
pression to be equal to (2z—3y-+p)(bx+y+g). On multi-
plying this out we find it is necessary to make 5p--29=16,
p—3g=10, pg=—8. These are all satisfied by p=4, g=—2.

Therefore the required factors are (2z—3y-+4)(6z+y—2).

Factors of a®--b3-+-c3—3abe
a*+b*+c®—3abe=(a+b--c)(a®+hb*+c2—ab—be—ca).
This should be verified by multiplication.

Notice that the given expression is symmetrical ; any two
of the letters a, b, ¢ can be interchanged without altering
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the expression. Consequently the factors must also be
symmetrical.
E.g. if we put b for a and a for b, we get
b3+a®+c®—3bac=(b+a+c)(b*+a3+c2—ba—ac—ch),
which is the same result as before.
Note.—If a+4b'+c¢=0, then a®-+b®+c®=3abc.
Hence (z—y)*+(y—2)*+(z—2)*=3(z—y)(y—2)(z—2).

Exercise XII (d)
Write down the factors of
1. B —yP+22+ 3uyz. 2. 8a2+b3+27c2—18abe.
B. 3+ 8y —1000z2—60xy=.
4. What do the factors of a®-b%+4c®—3abc become (i) when
c¢=0; (ii) when ¢=0, b=—d ?
5. Prove that
(a-+26)8+(b—3a)3+(2a —3b)3=3(a+2b)(b—3a)(2a— 3b)
6. Show that
(2—2y)°*-+(2y—2P — (& —2)+ 3(z—2y)(2y —2)(z—2) =O.
7. Show that 4734-53%—100%=—300 x 2491.
Factorise
C. 222+ 5xy— 3y’——3x+5y -2, 9. 3xt—awy—2y2—4x—y+1.
10. 4a%42xy—12y2—o. | 12, ]
Cyclic Order.—Example.—Simplify
1 1 1
-2 T G—9w—2 T F—a—)
Since y—x=—(x—y), it will be seen that of the six factors
in the denominators three can be expressed in
terms of the remaining three. In deciding which *} y
forms to alter and which to retain, it is con-
venient to adopt what is known as ‘cyclic
order,” the differences being taken in the order
in which the letters occur on a circular diagram. Thus we
keep x—y, y—=z, z—x, and change (r—z), (y—=), (2—y) into
—'(z""x)s _(x—y)n—(y‘—z)~
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The expression may now be written
1 1

T @Eye—a)  (y—2@—y)  (—a)y—2)

—(y—2)—(z—2)—(x—y)

which is equal to @—9)(y—2)o—2) =0.
Exercise XII (e)
Arrange in ““ cyclic order *’:
p, 970 b=e  cma
“a—e TiTa T oow
b+c cta atb
2. (a—b)(a—c) + (b—c)(b—a) + (c—a)(c—b)
3 T—y Yy+z r+z

(Y—2)z—2) @E—yy—2) ' G—a)(z—2)
Find the value of

4 a b c

* (a—b)(a—c) + (b—c)(b—a) + (c—a)(c—b)"
5 a+b—c bt+c—a b—a—c

" (b—c)c—a) ' (c—a)(@a—b) (a—b)(b—0)

xy yz 2x

8 o= T ema—a T ir Hy—a
o P79 ., 4°r __ r—p

C o)+ (pH9)ptr)  (g+p) g+
Discontinuous Graphs.—Example.—Draw the graph of :{1

between x=—4 and x=+3. Constructing the table of values
we have

© —4 -3 ‘ -3 | -1 0 1 2 3

22 —8 —6 —4 -2 0 2 4 (]

z+1 -3 -2 -1 g 1 2 3 4
2z




EQUATIONS IN THREE UNKNOWNS, ETC. 205

The meaning of } is explained on p. 77 ; its value is gener-
ally denoted as “infinity.”” In drawing a graph in which
infinite values occur, it is always necessary to discover the
nature of the curve just before and just after the infinite
value.

1 Y
!
1
)
Fr8
.
I O
1)
F
}
prpes | apn Gums | ague! ot que fuage et 2T T T T o |ony  pua o B v 8 3 o B
- o
= 1
N4+ L 2HH3 G
1
14 1
HHa
1 3
|- 6
T
HASEY
2x
Graph of iy
Just before x=—1 we get

4 ‘ —1-4 ‘ -1-2 —-11

y . +17 ‘ +12 +22
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and just after x=—1 we have

. l 09

—08 l -—0-6

y —18

_8|_3

Thus as = approaches —1 from the left, y steadily increases
and tends to plus infinity. When z is greeter than —1, we
see that for values of x close to —1, y is steadily increasing,
but negative; thus this part of the curve approaches minus
infinity.

The graph is therefore as drawn.

It will be noticed that there are two distinct branches.
Such branches are liable to occur whenever the denominator
of the function is capable of assuming the value zero
In our example the difficulty arose when x=-1, i.e. where
z+1=0.

The dotted line whose equation is z+1=0 is called an
asymptote. The curve approaches nearer and nearer to
it without actually meeting it. If we rewrote the equation

in the equivalent form, z = zy’ we should find that

y= +l
y—2=0 is also an asymptote.

2

Exercise XII (1)
Draw the graphs of the following functions
20
1 = between x=—5 and x=+405.
2. g — ?-’2?-: between x=—4 and x=-+}4.
3. f—-:'-?': between x=—2 and x=-1.

8
4, Given y®=5 — P plot a graph to show the changes in
y for values of = between 0 and 6.
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5. Draw the graph of the curve whose equation is

y= M%—{-_x) for values of x between —6 and +2.

6. Tal:zi-l}l-gxa scale of 1-0 in. to the unit along OX and 0-5 in.
to the unit along OY, draw the graph of x"x—l between z=—2
and z=-2,

Revision Exercise XII (g)

Simplify

1.(’5—1+g><é+$> 2.<x+2+§><1—§>.

3 a—b atb 4 Ll r,Y
"a?—abtb®  attab+b> T \y  z) \y + x4+y)

5 ad+-bs b3 —c3 3+ad

" a?—ab4b*  bitbcter cE—acta?
o3 _ 1

"Bl (x+1)¥
Find the square root of

522 =« 1

7. a®—4ab--4b2+4bc—2ca+c®. 8. xt—a3 4 < ~ 3 + T
Factorise

9. 9zt —162%2-4yt. 10. 4x*+ 112224992

11, 22—z —6y2—az+13yz—622
12. 3a2+4xy—4y?—8x+8y—3.
18. (a*—1)(b+1)—(a—1)(B3+1).
14. 64p%—27¢3—r3—36pqr.

15. 82® — %:. 16. as-+b8.

1 1
17. If 2 4 ~ =2, express in terms of z the values of 22 + s

1 1
xa_'_asx‘_*-g-
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1 Miscellaneous Examples V
N.B.—These do not require a knowledge of Chapter XII.

B 92
1—a? S 1
(far—(@tap’ W eooptia
2. Solve by the method of factors :

1. Simplify (i)

() 28+a2—20=1; (i) (30+0)(30+2)=2 + 5.

8. A and B start at the same time from two places m miles
apart and walk towards one another, A at a miles per hour
and B at b miles per hour. After how many hours will they
meet ? If B had walked 1 mile per hour faster and conse-
quently reduced the time by ¢ hours, prove m=c(a+b)(a+b+1).

4. The difference between two whole numbers is 8 and their
product 1s 713. T.nd the numbers.

6. Find to 2 places of decimals the roots of

z  x+1 2z+1
6. A billiard-cue which tapers unif~- mly has a radius a at
one end and b at tue other. To find the area of the cross-
section midway between the ends it is proposed to take the
mean of the areas of the two ends. By how much is the result
in error ?

B 93

1. Solve the equation 622—132—5=0. What is the sum of
the roots and what is their product ?

4x+5
2. Express _:-}-il in a form similar to that of a mixed
4x+5 4x+17

number in arithmetic, and hence simplify —— — —-.
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8. Show that (y—z)34(z—x)®+(x—y)® equals zero, when
y=z. Hence find its factors.

2
4, Solve the equation x*—ax = :—bz(‘i—bz).

atx a
5. Evaluate b e b
What is the condltmn that otz should be greater than =

b+x b
if all the letters are positive numbers ? Show that if the same
number is added to both numerator and denominator of a

fraction b’ then the fraction is increased if a<b and decreased
if a>b.

6. A train whose normal speed is v miles per hour is
M minutes late If its speed is increased to V miles per hour,
prove that D, the distance in which lost time 18 made up, is

MoV
60(V—v)"

Rewrite this result to give V in terms of M, D, »

given by D =

B 94

1. Factorise 322 —27x4, 6x2—15xy—2:cz+5yz
LoArem ]

2. Solve the equatlon 3 271 31— 3

3. Use the fact that a squared expression is always positive
to prove (i) a*+b?>2ab; (i1) a+b>2Vab.

4. The base of a triangle is 10 cm and its altitude is 5 cm.
If one of the remaimng sides is double the other, find their
lengths to the nearest millimetre. [Take x as one of the
segments of the base and use Pythagoras.]

5. The internal and external diameters of a tube are d and
D. Show that if the thickness of the metal is » times the
intema.l diameter, then D=(2n+41)d. Substitute this in

2__

32 Ta and simplify Evaluate when n=0 1.

14
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— 6. The two parallel sides of a trapezium
are a and b, and its height is k. Find the
length y of a line PQ parallel to the base

B b and at a distance x from it, which cuts

the non-parallel sides at P and Q.

B 95

1. The expressions 222+2—6 and 423 —402—7216 have a
common factor. What is it ?

2. Simplify (i) (p—29)*—(29—p)*; (ii) (p—29)*+-(29—p)*;
(iii) (p—29)* X (2¢—p)*.

8. A gardener increases the width of a bed 10 yd. by 25 yd.
by digging a border x yd. wide round two adjacent edges.
What value of « doubles the area of the bed ?

4, Find m if both the following equations are satisfied for
the same value of z :

(i) 8—(z—2)/3=T7; (ii) (m—1)2®—(3m—4)x—(8m+1)=0.
Show that for this value of m there is another value of  which
will satisfy (ii) but not (i). Find it.

5. ABC is a triangle. AB=13, AC=15, BC=14. AH is
drawn perpendicular to BC. If BH =z, write down two expres-
sions for AH, and hence find BH and HC. ;

8. The cross-section of a tranck TOBA is a trapezium in
which PQ is parallel to the base AB. PQ=16in.,, AB=12in.,
AP=BQ, the depth is 10 in. and the length of trough 25 in.
Find the volume of water contained when the depth is z in.,
and calculate the depth when the trough contains 1400 cu. in.

B 96
. ... a—ctab®—b%
1. Slmphfy m
2. Factorise (i) 40 —T7ab—4c®+Tbc; (ii) 2ab+1—a%—b2

3. Find the value of x for which e g.

x q9 P



MISCELLANEOUS EXAMPLES V 211

4. Solve the equations
. z—3 4x—3 .. x—3 42—3
W=t =2 Wgmteg=-2%
5. A basket containing x strawberries is divided between
5 boys as follows: The first takes 1 strawberry and one-
sixth of the rerrainder. The second takes 2 berries and one-
sixth of the remainder. The third takes 3 and one-sixth of
the remainder, and so on. Express in terms of x the number
of strawberries taken by the first and second boys. Show
that for a certain value of x all the boys get the same number,
and find it.
* 6. The volume of a tumbler of circular cross-section is given
by V=0-262h(D?*4-Dd-d?), where & is the height, D and d the
top and bottom diameters Find V when 2=10, D=8, d=6.
If such a vessel had to be made with the same height, 10 cm.,
but with a volume of 500 c.c., it could be done by increasing
the above diameters 8 and 6 by z cm., where z is given by
224 14x=14-3. Prove this and find z.

B 97

1. If F(x)=a®—(x—1)3, find the value of F(z) —F(z—1). If
tLis is denoted by f(x), show that f(x)—f(z—1)=6.

2. If a man gains a per vent Lty selline for £2, what must he
sell for to gain b per cent. ?

8. Two tangents PQ, PQ’ are drawn from P to a circle of
radius a. I P is distant = from the centre, prove that

2aV 22 —a?
Q' = ___\/z' .

Show algebraically that as =z increases this expression
approaches the value 2a.

4. A spherical ball of radius r is dropped into a cone, the
diameter of whose base is « and height 2. The centre of the
ball rests a distance d above the vertex of the cone. Prove

22 (d—r)(d+7)
h? = —
4 72
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6. When three numbers are added together two at a time,
the results are a, b, and ¢ respectively. Find the numbers.

6. A point P is situated in the plane of a triangie ABC at a
distance p from A, the line AP being parallel to BC and in the
same sense. A line 18 drawn through P cutting AC in Q, and
CB produced in R, so as to make the triangle QRC equal 1n

area to ABC. If the perpendiculars from A d4nd Q to BC are
p, and p, respectively, prove il —:p where CR=z, and if
2

CB=a, prove 2*—ax—ap=0.

B 98
1. The following formulee occur in works on hydrauhcs —
b — b
(i) z=a<1 + —>; (1) p=Val+b, (111) - =~ +
v aV'm

Rewrite all three with a as the subject of the formula. m each
case.

2. Show that if zis greater than 2 and less than 10, the value
of (x—2)(x—10) is negative. For what range of values of z
is 2224652 —3 negative ?

8. A square and an equilateral triangle have equal peri-
meters. Show that their areas are approximately in the rato
100 : 77.

4, If a, b are two different numbers such that (a—2)(a—3)
=(b—2)(b—3), show that their sum is equal to 5

1 1 1 1 1
5. If-=£+—and—=———— ﬁndthevalueofﬂ
a x Yy b = y b

6. The area of an estate is found to be A sq. in. on a map
drawn to a scale of x miles to the inch What is its actual
area ? What would be the area on a map drawn to a scale of
y miles to the inch ?

B 99

1. Show that a root of #2—3-9x+3-4=0 lies between 1-3
and 1-4. Find its value correct to 2 decimal places.
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mplity @ PEILE ) (0=
2. Slmphfy (1) q—pz ’ (ll) (q_p)a.

8. A cylindrical tin, radius a, contains water to a depth z
A solid cylinder of the same length and of radius b 1s placed

upright inside it If the water is th;an up to the top, prove

that the length of the cylinders i Is

4. On the same side of a line ABC, where AB=BC, 3 semi-
circles are described with diameters AB, BC, AC. A circle of
radius 7 is drawn to touch all three If AB=2R, prove
‘R+r)2—(2R—r)2=R2, and hence find 7 1n terms of R.

b. ABC are 3 consecutive raillway stations, B being a miles
from A and C being b miles farther along the line A non-stop
express travelling at uniform speed passes through A at za.m
and through Cat y pm At what time did it pass through B ?
If this time 1s 12 midday, prove bx-ay=12b.

8. When spheres are piled up to make a pyramud with 1 1n
the top layer, 3 inthe second, 6 in the third, and so on, the
total number of spheres at any time 1s given by the expression
an3+bn2-+cn, where n is the number in the side of the triangular
base. Find a, b, and c.

B 100

1. Given V=mr2h and S=mr2+277h, nad S in terms of V
and %, and also S 1n terms of V and 7.

2. A sphere of radius R is placed so that 1t rests on the top
of a vertical hollow cylinder whose radius is  and height A
Show that if a 1s the height of the centre of the sphere above
the bottom of the cylinder, then ?=(R+a—h)(R—a-+h)

2

b
8. The expression equals 4 when z=1, and equals 7

when =2. Find ¢ and b. Find also the value of the
expression when x=—1.

4, The speed of an aeroplane in still air is 4 miles per hour
If the speed of the wind is v miles per hour and the average
speed for a journey of d miles with the wind and a return
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of d wmiles against the wind is @ miles per hour, prove

1 yi 1
a 2\utov + u—v/
b. If e is a small positive number and A=I+e¢, B=m—e,

show that either of the fractions é , —l- is nearer to i than —A is,
m’ B m B
where A, B, I, m are all positive.

6. A man cycles from A to B and back at the same rate,
but the clock at B is 15 minutes slower than that at A, so he
appears to go out at 9 miles per hour and to return at 6 miles
per hour. What was his actual rate and the distance ?

B 101

1. What is the remainder when b hours ¢ minutes is sub-
tracted from a Lours b minutes (a>b) ¢ If you now add to
your answer the result of interchanging in it the number of
hours and the number of minutes, show that the sum is inde-
pendent of a and b.

z—y y—z z2—x

2 If a = ey b= y—_—*;, [ =z+—x’ prove that

l—a 1-b 1—c
8. Find the vali..o of (x+2)(y—1) and z from the equations
3(x+2)(y—1)—Tx=26
2(z+2)(y—1)+3x=48,
and hence solve for z and y
4, A point P is taken on a line AB, produced 1if necessary,
AP 1
such that AP*—PB'=nAB?. Show that sy = -1 Taking
AB=¢ in., find the position of P corresponding to (i) n=2;
(i) n=—%.

b. A crown of weight W is made partly of gold and partly
of silver, and is found to displace a volume V of a liquid in
which it is immersed. A weight W of gold would displace
& volume V, of this liquid, and a weight W of silver would
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displace V,. If W, and W, are the weights of the gold and
silver in the crown, prove that W /W,=(V,—V)/(V—-V ).
6. Draw che graph of zy+2x—y—5=0. What 1s the value
of  when y=—2?
B 102

1. How many times is (a) contained 1n (b) in each of the
following cases ?

(i) (a) y shillings, (b) £z ;
. | R 1
(1i) (a) &shlllmgs, (%) £;,
(1i1) (a) z pence, (b) £x+y shillings.
(@+b)P+7(a+b)+12 1

2. If (@FbiTa(atb)+3 — 2 and a—b=>5, find the values
of a and b.
8. If a, b, ¢ are three unequal quantities such that
be ac
a — E =b — ’I—)-,

1 1 1
find ¢ in terms of @ and b, and prove that p + 3 + o= 0.

4. By writing 2?—5x=y, find the four solutions of the
36
s - .

equation 2> —bx = 2 bz

5. What digit must d represent if the result of multiplying
the number d5 by the number 3d 1s 2dd5 ?

6. Draw the graph of 22%—2?—2x+41 from z=-2 to
x=+42. What are the solutions of the equation

223 —x2=22x—1 1%

B 103

1 1 2 1 1 2

1. Ifa 4+ 27 and 4—p=r=v—gq, prove - + - = — >
2. A block of ice, originally a cube of 40 cm. edge, melts so
that after ¢ hours (for all values of ?) it is still a cube whose
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volume is 10¢2+at+b cu. cm. Find b, and if the block melts
completely in 80 hours, find a. Show that after 40 hours the
edge of the cube is still more than 25 cm
b
8. 10 =20 1°
Given a?=b%+4c?—2bcp, find and factorise the values of

45(s—a)(s—b)(s—
14pand 1—p. Show that 1—p? = 8(s a)f;cﬂ )(s 0).

, prove that a+b—c=2(s—c).

1 1 1
4, If- +- =-and =g, find z—
T3 pan r4y=q z—y

6. A cubical block of edge a 1n. 18 cut into n equal cubical
blocks. Find the length of edge of each block, and find for
what value of » the total surface of the » blocks is twice the
area of the surface of the original block

6. A bucket has a circular mouth of diameter 14 in. and
a circular bottom of diameter 10 in. The vertical depth 1s
16 in., and when water 1s poured in to a depth of z 1n , the area

of the water surface is A sq. in. Find the formula connecting
A and .
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1 Mean Differences

01 |2 (3)4|b6|6]|%7|8)|9]|128/456|789
10 |{x000}1005|1°010 | I 0I5]1 020 1025 | 1-030f1 034 |1°039 |1°044J0 I I|2 2 3|3 4 4
11 |{ 1049} 1054 | 14058 | 1 063 | 1 068 | 1072 | 1°077 | 1 082 [ 1°086 | 10910 I 1|2 2 3|3 4 4
18 ||1°095]1°100 | 1°105 | 1°109 | I 114 | X°T28 | 1-122 1127 [1°I131 (11360 X I (2 2 3|3 4 4
18 |[rx40f 1145|1149 | 1253 1 158 | 1262 | 1-166 1170 | 1175|1790 T 1{2 2 3(3 3 4
14 ||x 183} 1187|1192 |1 196 | 1 200 | I 204 | 1208 | 1212|1217 |12 1JOo T 1|2 2 2|3 3 4
105 || 12251229 | 1233 | T 237 | 1°241 | 1°245 | 1249 1253 |1 257{ 12610 I 1|2 2 2|3 3 4
106 ||x265]x26911273|1 27712811285 1288 1292 | 1°296| 1°300J0 I 1|2 2 2|3 3 3
17 |1 304} x 308 | 1-311 | 1°315f 1°319 | 1°323 | 1°327 ] 1°330 [ 1°334 | x°338J0 1 1|2 2 2{3 3 3
18 [[1-342]1 345 | 1°349 [ 1-353| 1 356 [ 1360 | 1°364 § 1367 (1372 | 1:375J0 T 1|1 22{3 3 3
19 ||x378) 138213861389 1°393 | 1 396 | 1400 1°404 | 1407 | 1412f0 T 1|1 2 2|3 3 3
20 ||x 4141418 |1 421 |1 4251 428 | 1432 [ 1435]1°439 |1 442 |1°446f0 T 1|1 2 2|2 3 3
21 ([ 1°449) x°453 | 1 456 | 1459 | 1:463 | X 466 14701473 | 1476 |1-480J0 I I|x 2 2|2 § 3
88 ||1483] 1:487 | 10490 | 1°493 ] 1°497 | 1°500 | 1°503 | 1 507 | 1510 | 1°513J0 T 1|1 2 2|2 § 3
28 ||1s17]x520{1°523 |1 5261 530 1°533 | 1°536 | 1°530 [ 1°543 | 1546]0 1 1|1 2 2{2 3 3
24 |{x 5491552 1°556 | 1°550 ) 1 562 | 1565 | 1568 J 1°572 |1 57515780 T 1|1 2 2{2 3 3
28 ||x581 1584|1587 |1 501} 1-504 | 1597 | 1:600 1603 | 1606 | 1:609jo0 T 1|I 2 2|2 3 3
86 ||1612]x1616{1619|1622)1625(x628|1631f1634|1637|1640j0 1 1|x 22|22 3
87 |{x 64316461649 |1 v52]x 655165816611 664|1:667|16720J0 I 1]|X 22|22 3
28 ||1673)1676| 1679 |1 682] 1685|1688 16911604 |1697|1700j0 1 X|X1 I 2{22 3
29 |1 70381706 | 1909 |1 712} 1715 | 1 718 [ 1720 X 723 {1 726|1729f0 T 1 |X X 2|2 2 3
80 |[x732]x 7351738 17411744 | 1746|1749 1 752 (1755 | 1*758}o 1 1|1 T 2|22 3
81 ||r761)x 764 |1 766 | 1760 1°772 | 1775 | 1778 1780 [ 1983 | 1786§0 1 1|1 T 2|2 2 3
82 ||x789)x 792 |1 794 | 1797] 1 800 | 1 803 | 1-806] 1 808 | 1-811|1:814f0 1 1|1 T 2({2 2 2
88 ||1817] 1 819|1822|1°825]1828[1:830|1-833]1836|1838|184xjo 1 1|1 T2|222
84 |11-844] 1-847 | 1 849| 1-852| x-855 | 1857 | 1-860 ) 1 863 | 186518680 1 1|1 I 2|2 2 2
85 ||187x|x873{1876|1879f1-881| 1884 1-887]1:889|1892|18950 1 1|1 1 2{2 2 2
36 |{1°897] 1-goo| 1:903 | 1°905 | 1°908 | 1910 | 1°913 f 1°916 | 1918 | 19210 X I |1 I 2|2 2 2
87 li1°924 ] x 926 | 1-929 | 1°931 | 1°934 | 1936 | 1°939 | 1°042 | 1-044 | 1°947}0 1 X |1 1 2|2 2 2
38 |{1949)1952|1°954 | 1°957 | 1 960 | 1-962 | 1°065} 1 967 |1 970 19720 T 1|1 1 2|2 2 2
89 ||r975 1977|1980 |1¢". 1985|1987 |1 990f 1992|1995 1-997J0 T T |1 T 2|22 2
40 || 2:000] 2:002 | 2:005 | 2007 | 2 010| 2'012 | 2015 § 2017 | 2 020 {20220 0 T |1 T X|2 2 2
41 |[2025]2027| 2030|2032 2035|2037 | 2°040 | 2042 | 2045 |2047J0 0 1|1 I 1|2 2 2
42 [|2049] 2052 | 2:054 | 2 057 | 2 059 | 2°062 | 2°064 | 2066 | 2 069 |2:071]J0 0 T|X X 1|2 3 2

{

48 |l2074§2076| 2-078 | 2081 2083 | 2 086 | 2 088 § 2090 | 2093 | 20950 © 1|1 1 1|2 2 2
44 |[2098§2 100|2°102| 21052 107 | 2 110 | 2112 f 2124 | 2117 | 21190 0 T |1 T 1|2 2 2
45 ||2121) 2124 | 2°126 | 2 128 2 131 | 2133 | 2 135 | 2-138 | 214021420 0 X |1 I X |2 2 2
46 ||2145)2 147 | 2°149 |2 152 2 154 | 2156 | 2 159} 2 161 | 2163 [2166J0 0 T |1 I 1|2 2 2
47 |[2:168) 2 170 | 2:173 | 2175 | 2 177 | 2°179 | 2382 2 184 | 2186 | 2°189f0 0 I |1 T X} 2 2 2
48 |[2:191§ 2193 | 2:195 | 2198 | 2 200 | 2'202 | 2°205 | 2207 | 2209 22110 O I |XI T I |2 2 2
49 || 2214 | 2:216 | 2:218 | 2:220| 2:223 | 2:225 | 2:227 | 2:229 | 2232 | 2234 jo 0 T |1 1 I |2 2 2
80 (|2:236] 2 238 | 2 241 | 2:243§ 2:245 | 2:247 | 2:249 | 2°252 | 2:254 |2'256]j0 0 1|1 1 X |2 2 2
51 || 2258 | 2:261 | 2:263 | 2265 § 2:267 | 2:269 | 2 272 | 2°274 | 2276 | 2278Jo 0 1|1 1 1|2 2 2
58 || 2280 2:283 | 2:285 | 2:287 | 2 289 | 2:291 | 2:293 | 2:296 | 2298 | 2:300}0 0 1|1 1 1|2 2 2
88 ||2:302] 2 304 | 2:307 | 2:300 | 2°311 | 2:313 | 2 315§ 2:317 | 2 319 | 23220 0 T |1 T 1 (2 2 2
54 ||2:324 )2 326 2328 | 2330} 2332 | 2335 | 2 337} 2 339 [ 2342 [2343]o 0 X[z 1 1T 2 2
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Mean Diferences.

0j1|2(8]4 |5 6|7 |8]|9]123/466(789
10 || 31623 178 [ 3 194 | 3209} 3 225 | 3 240 | 3-256 | 3 271 [ 3286 | 3:302]2 3 5|6 8 9|11 12 14
11 113-31703 332 | 33473 362 3376|3391 | 3406} 3 421 | 3435 [3450|1 3 4|6 7 9|10 12 13
18 || 3464134793493 | 3 507] 3521|3536 | 3550 3564 3578 (3592} 1 3 4|6 7 8|10 11 13
18 {13606 | 3-619 | 3633 | 3 647 ] 3-661 | 3674 | 36883 701 | 3715 (37281 3 4|5 7 8|10 11 12
14 13 742§3-755| 3 768 | 3 7823 795 | 3808 | 3821 3834|3847 (3-860]1 3 4|5 7 8| 9 11 12
15 ||3-873 388613899 | 391213924 (3 937(3950]3 9623975 |3987}1 3 4|56 8| 9101z
16 || 4 000 4:012 | 4°025 | 4037 4050 | 4 062 | 4 074 ] 4 087 | 4099 {41111 2 4[5 6 7 glo Iz
17 (14123)4 135 (4 147 | 4-.50| 4 171 | 4 183 | 4 195 4 207 [ 4 219 | 4231 |1 2 4|5 6 7 10 11
18 ||4243]4 254 |4 266 | 4278|4200 | 4 301 | 43734 324 4336 {4 347}1 23|56 7| 8 910
18 |14:359 ] 4:370| 4:382 | 4393 ] 4405 | 4 416 [ 4 427 ] 4438 | 4450 {4 461]1 2 3|56 7| 8 9 10
20 1144721448314 494 |4 506) 4517 4528 | 4539) 4 550 | 4561 |4 572}1 2 3|4 67| 8 g 10
21 |14 583]4:593|4 604 | 4 615]4°626 | 4 637 | 4648 | 4 658 |4 669 |4 680j1 2 3/4 56| 8 9 10
28 [14:690] 4 701 | 4 712 |4 72204733 | 4 743 | 47544 764 |4 775 |4/85)1 2 3|4 56| 7 8 9
83 ||4:7964 806 |4 81714 827148374848 |4858)4868(4879(4889J123(456] 7 8 9
84 |(489914 90949194 930]4 940} 4 9504 960) 4970|4980 |49g0}223(456| 7 8 9
25 ||5-000]5 010|5020|5030]5040|5050[5060f5070[5079|5089)123|456( 7 8 9
28 |[5099]5 1095119 |5128)5138|5148|5158)5167|5177{5187|123|456| 7 8 9
27 || 501965 206 | § 215 | 5 225§ 5235 | 5 244 | 525452635273 {5282)123(4 56| 7 8 9
28 52925 301 [ 5:310 |5 32005 329 | 5:339 | 5348 | 5 357 |5 367 |5376|1 2 3|4 56( 7 7 8
29 11538515394 |5 404 | 5413] 5422 | 5437 [5441]5450 5450 (5468)1 2 3/4 55| 6 7 8
80 (154775486 | 5 4955 505} 5 514 | 5 523 | 5532 5541|5550 |5550}1 23|14 45| 6 7 8
81 11556815 577|5:586 | 5505 | 5 604 | 5612 | 5621 5 630 5639 (5648|212 3[3 45| 6 7 8
82 |15 6575666 |5 6755 683)5 692 |5 701 |5 710)5-718 | 5727|5736 |1 2 33 45| 6 7 8
83 (157455 753| 5762 |5 771 | 5779 | 5788 [ 5797 ]| 5 805 | 5814 | 58221 2 3/3 45| 6 7 8
84 ||5:831 584058485 857]5865|5874|5882]580r(5899{5908)123|345|6 7 8
85 11591615 02559335 941]5950| 5958 |5967}5975(5983/5992fx 22(345| 6 7 8
88 ||6000]6008|6017|6025§6033|6042 6050|6058 |6066(60754x22(345|6 7 7
87 {|6-083}6 091 | 6°099 | 6107 § 6116 | 6124 | 6:132} 6140|6148 [6156§1 2 2{3 45| 6 7 7
88 ||6:164 ]6 173 6181 | 6 189 6°1y7 | 6 205 | 6 213 ] 6221 |6 229|6237|1 2 2|3 4 5| 6 6 7
89 ||6-245]6 253 |6 261 | 62696 277 | 6-285 | 6293|6301 | 6309, “g17§1 2 2|3 45| 6 6 7
40 ||6-325]6°332 | 6340 | 6348 6:356 | 6:364 | 6372 6:380 | 6:387|6-395§1 2 2|3 4 5| 6 6 7
41 116°403 64111643916 427]6 434 | 6 442| 6 45016 458 | 6465 |6473]T 2 2|13 4 5| 5 6 7
4R 116 4816 488 6°496| 65046 512 |6 519| 6 527]6535/6542[6550j122|345) 5 6 7
43 (6557 6-565 6573 65801658816 50566036 611 66:8 6626§r22(345|5 6 7
44 116 63366416648 66566663 |6 6716678 ] 6686 623 671lr32(345|5 6 7
45 ||6:708 1 6:72616:723 | 6731} 6738 | 6745 | 6 753 | 6 760 |6 768 |6 7751 1 213 4 4| 5 6 7
48 [|6-782]6 790 | 6797 | 6-804 | 6 8126 819 | 6826]6834 6841|6848 1 1 2|34 4){ 5 6 7
47 |16-856] 6863|6870 |6877] 68856 892|6899)6907[60914|6021J1 1 2|3 44| 5 6 7
48 |16:928 | 6°035 | 6 943 | 6:950] 6 957 | 6:964 | 6971 | 6°979 [ 6:986 | Gr993| 1 1 3|3 4 4| 5 6 6
49 | 7000 7°007 | 7014 | 7021} 7 029 | 7-036 | 7043 7°050 7057 | 7064 1 1 213 4 4| 5 6 6
50 || 7707117 0787 085 | 7092} 7099 7106 | 7113 7120 7127|7134 |1 X 213 4 4| 5§ 6 6
51 || 7241 ] 7148 7 285 | 7262 7 269 | 7176 | 7183 7 190 | 7197 [ 7204 JT T 2|3 4 4| 5 6 6
B8 || 7212} 7218 | 7225 | 7232 7239 | 7°246 | 7°253| 7259 | 7266 | 7273|211 3|33 4| 5 6 6
83 ||7280] 7287 | 7-294 | 7:301| 7308 | 7-314 | 7 321} 7328 | 7335 | 7342j1 1 2|33 4} 5 5 6
84 || 7348|7355 | 7-362 | 7:369] 7376 | 7382 | 7-389] 7396 | 7403 | 74091 1 3|33 4| 5 § 6




220 SQUARE ROQTS. FroM 55 10 10

. Mean Differences.

0j1 |2 /8]|]4|5|6]7|8)|9]128456|789

B8 ||3:345 |2 347]2°349|2°352 2354 | 2356 | 2358 | 2360 |2 362 [2:364J0 0 1 |r 1 1|1 2 2
58 (12306 }2:369 | 2:371 | 2:373)2:375 | 2 377 | 2379 |2 381 |2°383{2-385Jo 0 z |1 1 1|1 2 2
57 |{2387 ]2 390{2°392{2°394 |2 396]2 398 | 2400 2402 | 2404 | 2°406J0 0 1|1 1 1|1 2 2
68 |12:408 Ja-410|2:412 | 2:438 | 2417 | 2479 | 2421 | 2-423 | 2425 | 24270 0 1|1 I 1|1 2 2
89 |[2429 [2'4312°433 2 4352437 | 2439|2447 | 2443|2445 (2747|001 (1 T 1|1 2 2
60 ||2°449 J2°452 (2454 |2456]2:458| 2460 2:462 ]2 464 | 2466 |2:468J0 0 1|1 I 1|1 2 2
61 |[2:470 J2:472|2°474 |2 476]2°478 (2480|2482 2484 |2 48624880 0 1|1 1 1|1 2 2
68 112:'4900§2:492 | 2494 | 2 4962 498 | 2 500 | 2 502§ 2 504 |2 506 | 5080 0 1|1 1 1|1 2 2
68 ||2510 J2-512|2514|2516]2518)|2520|2522)2524(2526(2:528J0 0 1|1 1 1|1 2 2
64 }[2530 |2:532|2534(2536]2538|2540|2542)2544[2546(2548J0 0 1|1 1 1|{1x 22
68 (|2550 J2:551|2:553({2555)2557|2559|2561]2563]2565/256700 0 1{1 1 1|1 2 2
686 ||2560 §2571|2573[2575)2°577|2579|2 5812 583|2585(2:587J0 0 1{x 1 1|x 2 2
67 |[2588 J2-3590|2592|2594]2 5096|2598 |2 600)2:602|2:604|2606j0 0 x|1 1 1|1 22
68 [[2:608 §2610]2612(2:613f2615|2:617({2619)2621|{2623|2625J0 0 1|1 1 1{1 2 2
69 ||2:627 }2:629|2:631|2°632)2°634|2636|2638]2640/2642(2644)J0 0 1|1 1 1|x 2 2
70 2:646 J2:648 |2 6502 6532 6532 655|2:657]2:659|2661(2663J0 0 1|1 1 1|1 2 2
21 ||2 665 §2:666]2668|~670)2672|2674|2676}2678|2680|2681}0 0 1|1 1 1|1 1 2
78 ||2683 |2:685 2687 |2 6892 691|2693(26942696({2698|2700§0 0 1|1 1 X1 1 2
78 ||2 702 §2:704 |2 706 | 2707} 2:709 | 2:7x1 | 2723} 2°715 (2 717 |2°738Jo 0 1T 1 {1 1 2
74 ||2720 J2:722|2:724 | 2726 | 2728 | 2729 | 22731 |2 733 |2 735 |2 737Jo 0 1|1 1 x|1 1 2
76 {2739 |2 740]2:742 | 22744 | 2746 | 2:748 | 22750] 2 751 |2 753 | 2+755f0 0 T |1 1 x|1 1 2
26 ||2757 2759|2760 (29622 764 | 2:766 | 2:768)2 769 |2 77x|2773}o 0o x |1 1 1|1 1 2
2775 V277712778 {2 7802 782 | 2784 | 27862 787 |2 7892 791}0 o 1|x 1 1|1 1 2
78 {2 793 |2 7952796 | 2:798 | 2800 | 2802 [ 2-804 | 2 805 |2 807 |2:809J0 0 1|1 I 1|1 1 2
79 ||281x §2812)28142:816]2:818|2:820|2:821)2823|2825({2827Jo 0o 1|1 1 1|1 1 2
80 ||2:828 |2:830|2:832]2834]2835(2:837|2839]2841/2843|2844J0 0 1|1 1 1|1 12
81 ||2846 §2-848|2850|2851§2853|2855|2857]2858(|2860{2862Jo 0 1|1 1 x|z 12
8- ||2:864 J2865|2867|{2869)2871(2872|2874§2876{2877|{2879jo 0 1|1 1 1|1 1 2
88 |(288x |2883|2884|2886)2888|2890|2891)2893( 895/2897fo 0 x|r 1 1|1 1 2
84 {2898 2900|2902 2~3]2 905 |2 907 | 2909 §2:910 |2 912 | 2914f0 O I I I I|1I I 2
85 |[2015 J2'917|2:019| 2921|2922 |2 924 |2°926§2 927 {2929 |2931jo 0o T |1 I 1|1 I 2
86 {12933 §12934]2936|2938)2939|2'041]2:043§2944|2946|2948J0 0 11 1 1|{xr 1 2
87 [|2:950 |2°051 2953|2955 2956|2958 2 9602 961|2963|2965j0 0 1|1 I X I I 2
88 {|2°966 ]2:968|2'970|2'972)2973|2975]|2:977§2978 |2980|2982J0 0 1 (X I 1|1 I 2
89 |{2083 J2985)2:987|2988)2990|2992|2993)2995|2°997(2998f0 0 1|1 X X|x X 2
80 ||3000 f3002|3003|3005]3007|3008|3010j3012|3013|30150 0 0f1 1 1|2 1 X
91 || 3017 |3-018] 3020|3022 3 023 | 3025 | 3027 | 3028 | 3:030|3032j0o 0 O|x I 1|1 X 1
9 [13033 |3035[3036]/3038]3040[3041{3043]3045/3046(3048j0 0 0fr 1 1|x 1 X
83 {|3-050 ]3-05x|3°053]3 055]3056|3058(3059f3061|3063/3064j0 0 0/x I X1 XX
84 || 3066 §3:068|3°069|3°071]3°072(3074(3076]3077|3079|3081jo 0 0|1 I 1|1 X X
96 15082 }3-084 308530873089 3090|3092 3:094 | 3005|3-097j0 0 0|1 X I|X X X
96 ||3°098 |3:100]3°102 (31033105 | 3106 | 3108 3-110{ 3111 {3 113J0o O OfX I Tf1 T X
87 | 3114 |3116| 3118 3119 3121 | 3122 | 3124 | 3226|3127 {3129J0 0 O|T T T{x X X
98 3130 |3-132)|3134 | 313513137 | 3138 [ 3140)3-142 | 3143 | 3145Jo 0 01 T 1|1 X 3
99 113146 31483150 3151} 3153 | 3'154 | 3156} 3 138 |3-159|3161jo o O|X T 1|1 X %




SQUARE ROOTS. FroM 55 TO 100 221

! Mean Differences.

»

11238 6178 9 |128/456(789
55 7°423 | 7°430 | 7°436 745717463 | 74701 7477|1 1 2(3 3 4|55 6
[ 7490|7497 | 7°303 752317530 17°5371 7543} 1 1 2/3 3 4[5 5 6
57 7556|7563 | 7°570 7589|7596 | 7°603{ 7609 x 1 2|3 3 4[5 5 6
58 7622 | 7 629 | 7635 7655766217668 76751 1 2(3 3 4[5 56
59 7688 | 7:694 | 7701 772007727 |7733 | 77740|x 1 2|3 3 4|4 5 6
60 7753|7759 | 7765 778517791 7797 | 7804} 1 1 2[{3 3 4|4 S 6
6l 7817|4823 7829 7849 7855|7861 7868)1 1 2|33 4|45 6
62 7+880| 7 8877 893 791217°91817925 | 7931 § 1 1 213 3 4|4 5 6
63 7°944 | 7950 | 7°956 7975|7981 | 7°987 | 77994 |1 1 2|3 3 4|4 5 6
64 8:006 | 8-012 | 8-019 80378044 (8-050[ 8056 x £ 212 3 4|4 856
[ 8068 | 8-075 | 8-081 809918106 | 8-x112| 81181 1 2{2 § 414586
() 8:130| 8136 | 8142 816118167(8173)8179)1 1 2{2 3 4|45 5
(& 8191 | 8:198 | 8204 8222182288234 )8240)1 1 2|2 3 4|45 5
68 8252 | 8258 | 8+264 828318289 |8295|8-30xfx 1 2|23 4|4 5 8
6 8:313 | 8 319 | 8:325 8343183498355 8361|1122 3 4|4 55
0 8:373|8:379 | 8:385 84028408 |8 414842001 1 2{2 3 4(4 5 5
n 84328438 |8 444 846218468 1847318479001 1 223 4455
” 8:491|8:497 | 8:503 85218526853218:538]1 x 2|23 3|455
kel 8:550 18 556 | 8:562 857985858501 |839701 1 2|23 3|45 5
"4 8:608 | 8 614 | 8 620 8637]8643(8649(8654)1 1 2/233|4535
b/ 8666 | 8:672 | 8:678 869518701 (87068712 x 1 2|23 3|45 5
7 8724 | 8:729 8735 875218758 18764 187691 r 1 2/23 3 3|45 5
n 8781 | 8:786 | 8:792 8809)8815(8820{8826)x x 2|23 3|4 45
b} 8'837 8:843 | 8849 8:866]8-871|887718883]x 1 3/23 3[4 4 5
e ] 8:894 (8899 | 8 go5 892218927 180933(893011 1 3/233/4 45
80 8:950 | 8:955 | 8961 8978]8983189891899411 1 3|23 3|44 5
81 9006 | 901X | 9017 903319039 9-0« 9o50fr x3|233|443
82 9 061 { 9066 | 9072 908819:094 |9099(gT05 1 1 2(2 3 314 4 5
83 9116 | 9-121 | 9 127 9:;3 9149|9154 19:360f 1 X 2/2 3 3|4 4 3
84 9171 9°176 | 9182 9798]9-203|9209 |14 | 1 T 212 3 314 4 5
] 9225 | 9:230 | 9236 9252925719263/ 9268 x 1 2|2 3 3|4 4 5
88 9279 | 9-284 19 290 930609:31119317(9:322 )1 T 2|2 3 3|4 4§
87 9'3339'3389'343 9'35919'36519370(9:375| T T 2|2 3 3|4 4 S
88 9386 | 9391 | 9397 941319'41819423/9429f 1 1 3|2 3 3|4 4 5
89 9'439 | 9'445 | 9450 9'46619'4711947619482§ 1 1 2|2 3 3|4 4 5
00 9°492 | 9°497 | 9503 9'518J9'524 (9529 9'534J 1 £ 3|2 3 3|4 4 5
91 9545 [ 9°350 | 9555 9'57119-5761958119'586fx xr 3|2 8§ 3|4 4 8
82 9597 | 9602 | 9-607 96239628 |9633/9638]11 x 2|2 3 3/4 4 3
83 {19°644 ] 9649 9-654 9659 9°675§968019635 | 96901 1 212 3 314 4 5
o 9+701 | 9706 | 9711 9726 9-731 9‘736 o3|t 12|33 3|445
95 9752|9757 | 9762 9778197839788/ 9793fx 1 3|2 3 3|4 4 5
08 9'803|9+808 | 9-Bx3 9829]9834]|9839| 9844 x 1 2|23 3[4 4 5
0 9'854 1 9859 | 9864 9'879]9-88419:889]98041x 1 1|2 3 3|4 45
88 9'905 | 9'910 | 9915 g-ggo 9'935{9'940/9°945J0 I x|2 2 313 4 4
) 9°955 | 9°960 | 9'965 9°9801998519:990{9995]0 T 1/2 2 3|3 4 4
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ELEMENTARY ALGEBRA
FOR SCHOOLS

PART I
ANSWERS
Exercise I (a) (p- 3)

1. 6, 1, 6, 12. 2.7, 13, 12, 0. 3. 15, 2, 10, 40.
4, % %, 3, 2% 5. 4, 12, 18, 13. 6. 24, 17, 20, 18.
7. 8, 32, 64, 24, 54, 216 8.2 3, 5 4 9. 16, 12, 18
10. 54. 11. 8. 12. 18 18. 13 14. 4. 15. 24.
16. 12. 17. 4 18. 15. 19. 216. 20. 720. 21. 50.
22. 6 23. 12. 24. 43 25. 20. 26. 162, 7. 82.
28. 9 29. 6 30. 12. s1. 13 32. 15 33. %.
84. 60. 85. 60 86. 44. 87. 20. 38. 8. 89. 2.
40. 5. 4]1. 12. 42, 4. 43. 50. 44, 5. 45. 26.
46. zy=y=x. 47. z(y+z)=zy+=zz. 48. X =x2.
48, x+r=2x 50. 22 —y?=(z+y)(z—y)
Exercise I (b) (p- 4)
1. 60. 2. 88, 3. 650. 4, 8. 6. 1134.
8. £14, 8s. 7. 72, 8. 7y ft. 9. 1150 cu. yd. 10. 24 6 H.P
Exercise II (a) (p. 6)
1. 6. 2. 9y. 3. ba. 4. Tab. 5. 2z+3y
6. 3a-4b. 7. bad. 8. 224 2x. 9. 3a3+ad 10. 8a2y.
11. 2a+3b. 12. 2a®+a. 138. 3z. 14, 2=z. 185, =*.
16. 3ab. 17, y—u=. 18. 3y—2« 19. a—ad. 20. a?—a
21, 23 —22 22, 2z°. 28. 2xy. 24. 3b—2a. 25. Ty.
26. 10z. 27, 6x. 28, 3p3. 29. 5¢2. 80. 4xy.
81. 3z+y. 82. dx+y. 83. 7p+10g. 84. 4z%+=x. 8B, 6a2*—3y



86. 3y° 87. 44. 88. 21. 89. 6. 40. 8
4,44 42,23 43 7. u 2 4. }.
b bat ab 2a a?
46. rs 47, 5 48, 50 49, 3 50. 3
3
51. %— 52. 4x. 53. 0 8. 54, 22 55. z—y.
568. x+y; y—x. 57, 2*4+2x. b68. z, z+1, x+2: sum s 3(z41).
59. 3n+1; n+2. 60, n+-1.
Exercise II (b) (p. 9)

1. 3zy. 2. 3zy. 3. a%. 4. a%. 5. z%y.

6. z%y. 7. 6x3y. 8. 62%. 9. a%be 10. abe.

11. a%be. 12. p?, 18. 3ab. 14. «%yz.  15. 3a-+3b.
16. 10a-65b. 17. 10abd. 18. 2a%+ab. 19. 2a%.

20. zty-+2zy° 21, 2®—2%. 22. z%y. 23. axy.

24, axz+t-ay. 25. 3xty. 28. 322+ 3y. 27. 3x3—3y.
28. abc. 29. ab+ac. 80. abc—ab. 81, =4

82. y*. 83. y. 84. 6z°. 35. 12y°5.
86. x1°. 37. 2x5y°. 88. zo%d, 39. zat3,

40. a*+a? 41. x®+aly. 42, zy. 43, z5+a%y.
44, x5y5. 45, x5y24x2%ys. 46. xy—axy3. 47, 6z%46zy.
48. a‘z®—aizt. 49, 8z%y+12zy2.  50. 6z4y3. 51. 4x3y3, 2zy.
B82. a%b4, adbd. 53. 16z%4, 52%y% 54, 120, 14400, 252°%32, bz%
55. z%°, 2xy2. 56. xy?, xyd, x%y4, 3xy. 57. %’ ;421
58. 9. 59. (2a+b)?, (a—b)%, (a-+b)%, (3a2-—b)2

680. a+b, 2a—b, (a®—b2)3, (3a®—b)3.

681. (2a+b)2, (3a—b)3, 16(2a-+b)?; 2(2a+b), 3(2x—33), 4(x—2y?)%.
62. 3(x+y)?, 2(x—2y).

1 1
6.
o.
13.
16.
m.

ANSWERS (pages 7-10)

Exercise II (e) (p. 10)

b(a+1). 2. 5(x+2). 8. z(14+2y). 4, a(a+1).
ba(a+1). 6. 2b(3b+1). 7. 3x(2z—1). 8. ¥(2—y).
4z(y —zx). 10. z(2x—3). 11. xy(3z+2y). 12, 6y(x*—2).
z¥(3z+2). 14. 5b(a*+2b). 15. 2a(2a+b+3).
«(2z+y+1). 17. 3z%z+2y+3). 18. z¥x2+42x2—1).
wy(z—y). 20. 2ax(1+2ax-+x%).



1.
7.

13.

ANSWERS (pages 11-16) X

Exercise II (d) (p. 11)

2a, 24a. 2. 4z, 1222 3. ab, 2a%b2. 4, 3ab, 6abc.
b, abc. 6. qr, pgrt. 7. ab, 12a%2, 8. 2ab, 12a%3c?.
zy, 122%2. 10, ab, 6a%3. 1l. pq, 12p%2. 12. zyz, x%y%?

2b2, 24a%4c?. 14. 222, 48z%2 15. zy?, 122%°. 16. z?y, 12z%y’z.

Exercise II (e) (p 13)

2xy. 2. 3. 3. 3xy. 4. 3al. 5. 4x2.
2p 1 1
55. 7. bx8, 8. 68, 9. '2—1:. 10. W
ac 1 a+1
—5-. 12. %- 13. 3a+3b. 14. -—2—. 15. x—1.
a—1  17.2-b 18 a+2 19, 2% 20. p—q.
241
atz. 22, 3b—2z. 23. gx—;— 24, 3zy—2y. 25. 2z—y.
2z+1, z—2y, 2x+3y+tay 27. 2a—3b.
3. 29. 2z, 30. 3x? 31. 3. 82. ab2.
ba. 34. zy-. 35. 4y. 36. 5ab. 37. 422,
525, 89. 3a® 40. ab 4], z6-1 42, zn-3,
a‘+2a%+3a2 44, ab+2b% 45, 22°+3y® 46. 4p°+5pgd+3phr.
dxt+522+2. 48, 12(z+3). 49. z+y.
c(b+-c). 51. b+bec. 52. 2xy+1.
Exercise II (f) (p 15)
P 2% ga  sae 51 8. 0.
Y c ) . Yy
z P
1 8. = 9. - 10. = 11. 2axy. 12. xye.
2

Sabmy. .= 16.%. 162 175 18. &
x 23 Ty bbxy 1
P 20. ey 21. 2 22, 2" 23. ety

z+y b oa 1 % 2a 1
3 %. = .5 b @b %7 8ot Gab’ Bab
y? 3 1 29, by 4 3 30. y z 2

ay? ay? oy 122y’ 120y 122y oYV ay? oy



31.

6.
11.
16.
21.
28.
31.

36.

1.

2.
3.

ANSWERS (pages 16-19)

PP 1 g I 2 % 2 g ok
'.t’y“' waya’ m"ya' 82. 6, 6 33- 129 1_'2- 340 ﬁ’ ﬁ’ 2_‘4:.
2 1 9 5 3 1 . 3 2
ﬂ, %- 36- .—3;! 3';- 37. (%g 65- 68- 6;2) éx—’.
y = e 1 y L 35 2a
o = 40. = oy 41. 2y oy 42. pralin o
z 1 22 1 a5 a®

& 7 ‘@ T

Yy 3z 2a¢ 3a% b be ac ab
2wy Ve apv s B Gpe g e
xy =z 2y 50 abc ¢ 1

y? aiy? oy abe’ abc’ abc

Exercise IT (g) (p. 17)

5. °F

2
10‘ E_m_
15. °T¥

g0, !

5. ——.

(1v) 20 ;
(vin) 123.

() 45
(vmm) 14.

bx T Ta? ab
e 2. T 3. T0° 4, 5"
bx 2a? x 5%
o 7. 5" 8. 15 9. s
3 5 8 2241
2‘;0 12- 6—;. 13- 1—52'1’- 140 —éx—z.
x4+ 2y 3a+2b z+y 3b—2a
by 17. ab 18. e 19. ~8ab
2z+3 2z+41 6a2+41 3z+1
2t 22. a7y 23. Gat " 24, TR
ac+b? ay —bx b2z —ay z—y
e 27. ~ 28. prTe 20. v
a?—x? a b 1 1 b
e 32. x + e 33. PR 34. 1 — po
x? =z 1 1
vy v Bt
1 1 g_l 9_2 _
dabt — a7 41. l+:v' 42, gy 1
Exercise III (a) (p 19)
(1)16; (n)6; (1) 18 ;
v) #; (v1) 2% (vi) 69 ;
(1) 10; (u)14; (u)20; @v)17; (v)9; (v1)9, (vm)25.
(1) 6% ; (n) 3% (m) 3%,
) 7; (v1) 4%, (vn) 43,



ANSWERS (pages 19-26) v

1 £
L% wE i @ L0, wd e
8. (1) 11; (u)3; s (m)3; (wv) 1. . 7. (1) 5—:; (n) (-i'
8. () g—;; (1) ——— 9x 4y 9. (1) w , ()1, (m)a.
10. (1) 26z, (u) a—;; () 2. 11. (1) (‘1‘””’, () L.
12. 1) 0, (u) 1.
Exercise III (b) (p. 23)
L p—a—b (2) 2. c—a+tb (4) 8. c+d—b+a (2)
4, 192—20y (55sh). 5. z—y—p—q (2). 6. 2a—2b—3x—3y (7).
7. 42—-3z—2y (12) 8. (1) a+(b—c) (7), (n) a—(b+c) (1);
(m)a—(b—c) (5), (v) a+(b+c) (11).
9. (1) 2a+(3b—c) (19), (u) a—(2b—c) (2), (m) 2a—(2b+3c) (0).
10. (1) (a—b)+(c—d) (8); (1) (a+b)—(c—d) (12),
(m) (a—b)—(c+d) (4), (1v) (2a—b)—(3c—d) (12);
(v) (a+42b)—(2¢c+3d) (9 ; (v1) (3a—2b)+(2c—d) (27);
(vi) (a—2b) —(2¢—3d) (3).
11. 1) a—b+c+d (10); (1) a—b—c—d (0);
() a—b—c+d (4); (v) a—b+c—d (6).

12. (1) 3a+3b+2c+2d; (u) 3a+3b+2c—2d, (1) 3a+3b—2c—2d;
(1v) 3a+3b—2c+2d; (v)2a—2b—c—d; (v1) 2a—4b—3c+-6d.

13. (1) 3a+2(b+c), (1) 3a+2(b—c); (m) 3a—2(b—c);
(1v) 3(a+c)+2b, (v) 3(a+c)—2b, (v1) 3(@—c)—2b.
14. (1) 2(p+7)—6g, (1) 3(p+2r)+5g, (m) 3p—5(g+7);
(v) 2(3p+2r)—5g ; (v) 5p—3(g+7); (v1) 5p—2(g+2r)

Exercise ITI (c) (p. 26)

WL ) A L PN LR N’}
8 ZL LR R = N =
e A PR 13. 2 1. 2220 g 2D,
16. . 17. 3270 18 W g9, AN g Procz

91. 32 +¥ 22, =% 93 3. 24, 1028y

3 y 3



) ANSWERS (pages 26-29)

25, T2 gp 21 gy, 5yy3. 28, 7—-”56;2y.
10z — 5y +22 y+z—=x 2xz —27z z24ys
29 12 3 v 31 o 2y

Exercise IIT (d) (p. 27)

3. () z+(2y + Z), (23 sh.); (1) 20z+(2y—=z), (208 sh.);
() 20x—(3y + g) (181} sh.); () 20x—(y - g) (196 sh ).
4 () a— 7b ) 2—g+b; (m) 2a;5b; av) a-;5b.
5. 2’””—2“’ 4. 6. 1)8; (n)4, (m)§, (@v)10§, (v)9.
(1) a+5b, (1) ba—4b—5c+-4d, (m) a+b—2c+2d;
) o—bitod;  (Mato+S
8. (1) 2(=+2)—y; () 2z4-3(y—2), (1) 3z—2(y+2);

(1v) 3(a+d)—4(b+c); (v)a—c+2(b+d), (v1)2(a+c)—3(b+d).
9. (1) (bx—3y)—(p+2¢); (n)br—3y—p—2g.

2a —8b 11 10 b
10 0222 @B wd w

Miscellaneous Examples I (p. 28)

1
1. 18, 36. 2. (1) 625; (u) 32%, () 3z4; (1v) 428,
3. 124. 4, (1) 2243y ; (n) 62%%; /) 2xy.
5.2 W% wZ; 8. 4 7. 102
. (1) 5 (1) F (1) L (v) §. . 4. R +y.
2 .
1. 13, 12, 2. 3, 6x2+4daxy. 3. 64.
4. 240, 2abo. 5%l s wnd
8. (i))a—(2b+3¢c); (ii))a+(20—3c); (m)a—(2b—3¢c). 7. (2x+6;y)ft.
3

1. (1) 622 +32y; (m)z—y; () 6xly.
2. (1) 2x(3x—2y); (u) abla—b); (i1) a(a?+2a—1).



ANSWERS (pages 29-33) vii

8 Wo—y; @3—1; @S2 4 2tytyn
Lol-2 wi_Z 6. ) 22U, () B2ABy
7. a+b—a;+y.
4
1.1, 3 2. ml—g3, 3. ) z—(y+2); (n)z—y—=z
4. 132. 6. (= +‘”y; (u) *; m) 5 7. 1002+ 10y +2.
b
1. 529, 11449, 2. (1) 15a34-5ab; (n) 15a%. s 2az 422,
4. (1) zxyﬂ; () %; (in) —Z 5. (1) %: +%; (u) -——5
6. 0)r—(p—q); () r—p+g. 7. n(z+d)*—nzt.
6
1. 6x3y+9zys. 2. (1) 222+3z; (n) 2a3—3a+1.
8. (1) a(2a*—a—2); (i) z(z+1); (m) zy(zy—1).
4. 2abc, 24a3b3c3. 5. 174.
6.0 W 7. 00b; W) @—y); (w) g+
ki
1. z—y. 2. 16zy4, 4a%b2,
2ab—1
3. 180—z—y. 4. 1)1; (n) “Zaipi (i) 0.
6. Factors (n), (1v), (vi), (vu) ; multiples (1), (vui‘,
8. (1) 212; (u) 32. 7. 20z+y.
8
1. (i) 6ab?4-9a% ; (u) 6a%2; (ni) 2z+4.

2. () at—b%; (in) 4”"'3’ 3. 16z. 4. 336,
5. (n)x%: () ‘i_:yy— 8. Less, p—q. 7.+l
2 2,2 9 3b3 3,3 ba 3
.\ 22 z a asc ¢

1. (i) —gg‘; (n) @ 2. a?bic? aibic?® gihict
3. z—-31, 2x-—23. 4, (1) 17; (i) 9; (iii) 12.

5. 5% 8. ()3 (n)‘—;f; )2 7. 72



nii ANSWERS (pages 33-38)

10
y _!‘__ . 2 3 _“_7
1. (1) 3y’ (11) 3zy. 2. (1) 4224223, (n) 3 +1, (m)ay
8. 2n—1, 2n, 2n41. Second even.
4, 8lzty*, %y' 5. 1)xy; (u)2x; (m)3z+6
6. 60—2x. 7. 41,
11
1. 2z—2y. 2. l—a—2b. 3. 12. 4. 7sh, (; —3) sh.
5. ab. 8. 6(2a+b). 7. ©=5, y=>53. Yes.
12
1. 0)17; (u)3. 2. (1)0; (u) %x 3. (3z+2) halfpence.
z+3 x—3 8 a+tc
4, < T3 8. 6a?+ 5ab+6b2. 7. (1)7 , (u) -5

Exercise IV (a) (p. 36)
1. 20y—22. 2. A=xy+3pg. 3. 240y —12z 4. zy+pg.

5. ?yd. 6. x—y, z+2+b. 7. 12z—ny. 8. (1) g, (1) g
9. (z*—ay) sq. ft. 10. 10—. 1. 2 1, 2245

18. () z+1; (u)z—1.
14. )z, z+1, z+2, ) z—1, =, z+1; (m)z—2, z—1,

15. (i) 2x; (u) 241 or 2z—1. 16. (1) 3z; (n) é;

1?7, ) n; (i) na. 18. 4?:1: 19. 1;1 20. 6—=2.
21. f_;. . 2Roa6-2). 28 ()25 (w)dn

24. (1) 3z; (i1p 3xLtany non-multiple of 3 25. z%y .
268, z+2y+8 27, (z—1)y+2. 28, (y—z+1)z.
g9, (129 g, 30. (z-+20)(y+22) —ay.



ANSWERS (pages 38—46) i
Exercise IV (b) (p. 38)
1. b=ns. 2. b=zy+pq. 8. m=zy. 4. .. —75.
5. p=12z 6. p_12x+6y 7. f=3z. 8. 2=36x+12y.
Y —y =12z —
9. 8—1-§ 10. » +240 11. c—y+12. 12. p=122—4y
- - é 2 ny_
13. A=lb. 14. l—-9b. 15. 205" 16. 30 — %
_ z _ zy _ _(P—z)y
17. A=2hr(l+b) 18. 20 = 220° 19. v=u+tat 20.T = %0
Exercise IV (c) (p 40)
Y 12bc xy
1. zy pence 2. 5: hrs. 3. - 4, ~
5. % pence 6. bz ft 7. Z min. 8. 60—= hrs
z 5 y Y
9. 2(y—5) mles 10. 2%%’ cu ft 11.zy mles; xx_:‘_/ 1 hrs
<_w__+_5>_y _z 2
12. hrs 13. 'Hl days 14. Ty 15. =y min
xy 1760mz cx 144y
16. 13 ft 17. m ft. 18. 5 19. prat
(x—1)y
20. —tl
Fxercise V (a) (p. 44)

1.3 2.3 3. 4. 4. 14 5.6 6. 3.
7.7,8 9 8.6 9.13, 15 10. 6 11. 8,9, 10 12. 5
13. 2. 14. 4 15. 2 16. 4. 17. 3% 18. 4
19. 3 20. 4. 21. 5 22, 1. 23. 4 24. 2.
25, 12. 28. 5. 7. 0 28. 2 29. 3 80. 0.
31. %. 3. 2% 33. 1 34. 2} 35. 1 36. 3

37. 23. 38.31. 389. 21. 40. 3 2.

Exercise V (b) (p. 46)
1. 1. 2. 1 3. 12. 4, 1. 5. 20. 8. 15.
7. 13 8. 33. 9.16 10. 8. 11. 28. 12. 10.
13. 5. 14. 3. 1. "FL 166 1. 22 ms



z ANSWERS (pages 46-56)

19. 24. 20. 18. 21, 24. 22, 36. 23. 4. 24. vro

25. 6. 28. 1. 27. 34  ©8.21. 29 2} 30. 73.

z 2z —1 . *—9

31. —6‘. 32. 12. 33. —12—- 34. 4. 30. “Z'. 36. 41.
Exercise V (0) (. 49)

1. 7, 14. 2. 22. 8. 48, 12.

4. 120 yd., 60 yd. 5. 190 boys, 160 gurls. 6. 30°, 60°, 90°.

7. 631 upper, 133 lower. 8. 40. 9. £20, £10.

10. 14. 11. 101n., 151, 12. 50 muiles.

18. 6 miles. 14. 36 years, 30 years 15. 40 miles.

16. 15 mules. 17. 25 years.

18. 1} hr. at 3m.p.h., 1 hr.at 4 m.p h. 19, 73} ft.

20. 24 m.p.h.,, 30 m.p.h. 21. 4. 22. 60 c.c.

23. 12 years. 24. 30 25. 3 sh.
Exercise V (d) (p- 52)

7. 4—3(6x—2). 8.7. 9.6 10,1} 11,3  12.18.

Miscellaneous Examples II (p. 54)

A 13
1. 6z+3y. 2. 36004 60m. 3. 3. 4, 3z3+622; 2.
5. ba+b—16¢c; 13. 6. 4; 2b. 7. 17 sh., 12 sh.
A 14
1. 20, 30, 14. 2. Gablc?; 2c3, 3ab. 3. o+
4, 4. 5. 132%y3+2z%y. 8. (1) 6; ()2
7.7 9, 12
A1l5
1. a?+412a+2ab. 2. 10, 2: when 2=0. 3. ‘1) 3%; (i) 3.
5. zy+z; 68, 6 % 7. £48, £12,
A 16
. y 47a+24b
1. 2a+45b+4+3c; 28. 2. (ap + ;) sh. 3. 1z
4.1, 5 9; 1. 5@z w2l
6. 5(a—2c)—3(b—3d); B5(a+2c)—3(b+3d). 7. 6.



ANSWERS (pages 56-60) @i

A1?
1. 32, 10. 2. %’ + %I-, 3. 3. 4. (1) ba; (u)11.
5. (-"'i”l"}@—“. 8. 14. 7. 30.
A 18
1. 32, 12. 2. 2a%a+2b), B5ba+2b), a+2b 3. 2zy’; 9—2=.
4. 25. 5. (1)7; ()4 6.10, 4, 10. 7. 1933.
A19
1. 117, 27, 433 2. 2a%; 24a'b%cd 3.7
4. da%b+36%+6ab. 5. } pmnt. 6. 1} 7. £1200.
A 20
x x
1. 5and8 2 ()% () —. 3. ()12, (9. 4. <?—l+;)hrs
5. 2ar(r+h), 132. 8. () 50s G )”"+33. 7. 3.
A2l
1. zy+2y% y(z+2y). 2. 17. 8. s=2l + 2—? 4. 3pq?; 18p3gs.
5. 02. 6. (1) 10, (n)4. 7. 9.
A 22
2 125 55 1200. 2. 142%; 10. 3. 66°, 60°, 54°.
43 8. a®b5+a%b5; a%hs; ale‘ a%%; a+b. 7. 12.
A 23
1. 4b. ‘2. 13. 8. (1) w— b; (1) w 4, 5} sq. 1n.
. b+c (a+b)x
5. (1) %; (u) Y 8. (a+bd)z, atbip—q 7. 18 m.p.h.
A 24
p+q—2r 4a?, 9b, 10
1. ——2—- 2' W.
4

. a(2b+5c) —d(3c—1Tb); ;t(2b+5c)+d(7b——3c); b(2a+7d) —c(3d —b5a);

b(2a-+7d)+c(5 —
2 __
Always. 8. 1) 5;-'; () 5—“i—2—7 7. 8sh.



1) ANSWERS (pages 60-65)

B 25
1. 11, 20. 2. (6z-+y) pence 3. 34, 22, 6 4. a +7b+21c.
5. 623 +8x2+Tx+12; 2422 +4Tx+4. 6.1 7. 15, 18, 20.
B 26
1. n24-2n+4. 2. 20, 4, 20 3. 16 4 (1) 24, (u)3.
5. 3n2, 8. 6. (1) 2%; (1) 6 —x. 7. 13d. per yd.
B 27
1. 6a%b411a2b2+44ab® 2. 262. 3. 40, 384, 1}, 100
4, 240a+12b+c, 210a—12b+T7c. 5. (1)5, (u)9
8. px/z. 7. 131b., 51b.
B 28
L % 2.1, 17. 3. 26; 4.
4. 5 ways. =6, y=8orxz=4, y=12. 5. (3z+3)/4.
8. 1)2; (n)6 7. 8.
B 29
2. (30a-+40b)/24. 3. 3(a—2c)—4(b—2d); 8.
I3
4. 13 5. 95, 97, 99. 6. 236—, 9. 6.7 miles.
B 30
1. 22 +ay+y?; 64. 2. 32, 16, 5; 135. 3. 1313:“”.
5. 45%. 6. 784 ft., 208 ft. 7. 48.
B 31
73gxy ac—b? s a4 b
1. £-—4‘1:"- 2. _bc . 3. 3xy y X%, :;:—"
a 2c 2x—4
4. 5. 5. '2—6 —%; —?;" 8. 2b—a.
B 32
1. Zero. N 2—0021‘) 3. 65°, 61°, b54°.
4. b; b=1}, ¢=24, a=16. 5. 3 pg

6. 2(6—2b)+bc; 3(a+2c)—4b; 5a—3(b+2c); 2(2a—3c)—5b.
7. 16mph.; 19mph.



ANSWERS (pages 66-75) witi

B 33 .
144s 144s 144s 1 a$3
_2%8 1448 2., - . ., 8ro
© P’ p2 7 2. 2a2; L 18a(a+3); Sab*
2
g X, Py 5. 1. 8. 9. 7. 218,
c q q
B 34
L i 2, 423 —5ry?; 32 —2xy?; 23—3xyl.
3.07. 4. 441, 33075 5. 16“;303.
8. 9(p—q)*; a4(z+2y)?; 4datht; 16(p—2q)° 7. 52, 26, 13.
3p+8 3 8 B 35 3 —q3 2,
P 159 3p-t8¢ =T <9
2. T4z S 12(p+q) pence. 3. 2a. 4. (1) i (n) e
5. 2at 6. 1)28, (n)18 7. 28 3d
B 36
1. 1) 3; (n)3a+2b 2. 61n 3. 1521, 39,601, 249001
4 V4nt; V—nx; n(t+x) 5. 4(3p—2q); 4, g—;
8. 241b., 281b 7. £480
Exercise VI (a) (p. 71)
2 7° 3. 3°. 4, 400 ft 5. (—300) ft.
8. 50 ft. 7. (1) 2nd, (n) 17th. 8. 57B.c, 1928 A.D
9. (1) 79, (u) 39. 10. 11, (-3), &
11. a+b+c, a—b+ec, a—2b—2¢c, a—b+c. * 12. 8.
13. (—2). 14. —7; 6,4, —6, 2
15. drop 6°; drop (a—b)°; +6°. 16. (1) 4°, (u) (b—a)°; 4°.

17. (1) +300 ft., (un) +(z—y) ft.; +100.
18. (1) +2, (m)z—y; —2; Ais 2spaces to the leff of B; —5.

19. (1) 2; (u) 3.

Exercise VI (b) (p. 74)

2 —6°, —4. 8. +4, —8 4. £2; (1) £3; (u) £a; (m) b2
5. (1)2; (n)(—2), (m)a, (v)(—a) 8. £a. 7.6, 6 6
8. (—2) y=—=y 9. (1) (=1); (m) (—86).

10. —10 ft. per sec. Descending.

11. 20, 40, —10, 4 seconds previously 1t was 40 ft. per sec.

12. 0, —32, 4sec.; passed its highest point and 18 dropping.



xi ANSWERS (pages 75-85)

b
18. +1; ~1, +1; () —1; (u) +1 14 -3, —-.
15. —g. 168. —ab. 17. +4; 20, 100.
18. 18, 36, —27, —135, —3375, —21. 19. 5, 25, 1, —7, 49.
20. —11; 20, 20. 21, —68, —86, 4, 12
22. 24, 0, 12, 24. 23. ~24.

Exercise VI (c) (p. 77)

1. () —1; m)5; (m) 8; (v) —2; (v)6: (v1)6;

(vn) 60 ; (vin) 34, (1x) 16; (x) 38.
(1) 6; m)3; (m) —3; (v) —2; v) 3, (v1) 6;

(vii) 2; (vin) 3 ; (1x) —2; (x) —14.

8. () —%; W3 (m) 5; (v) 35 ) —¢; (1) —¢;
(vm) 3;  (vm)d; (x)1;  (x) o,

. () (=b); (m)(=b); (m) (=b); () (—=2); (v)(y—=);
(vi) (@—b); (vn) (b—a); (vm)(—c); (ix)(—d); (x)(—d);
(x1) (a—b); (xu) (b—a); (xm) (a—b); (xiv)(b—a).

ad

-3

6. 5, '“1§$ _2i’ —1%: 4&"

8 (1) —§; (m) +3; (m) —§; (v) 43

9. (1) 1; () 1}; (m)1}; (v) —L

10. 1) 6; (i) —6; () —6; () —6. 11. z+1, z—1.

12. 0, 2a3, 13. Yes. land1; No. 1 and —1.
14. (1) No; (u) No. 15. 2a.

Exercise VII (a) (p. 82)

1@, 1) 2 (7, 4). 3. (2, 2). 4. (6, 5).

5. (18, 12). 6. (6, —86). 7. (4, 1) 8. (7, —3)

9. (3, 1). 10. (3, 2). 11. (0, 2). 12. (3, 3

18. (11, 5). 14. 3, 3. 15. (3, —2). 16, (—3, —25),
17. (=2, 3).  18. (4. 5). 19. (4, 6). 20. (—§, $).
2l. (4, 3). 22. (19, 3). 23. (3, 2). 24, (4, 5).

25. (1, 1). 26. (4, 12). 27. (7, 10). 28. (75, —r%)

29. (%2, %) 80. (6, 0).

Exercise VII (b) (p. 84)

1. 3 large, 4} small. 2. Tram 1d., rail 1}d.
3. 36 mles. 4, 11 years 6 months.
5. 32} min. 6. 209 boys. 7. 12); 37. 8. 173

9, 14 at 28, 28 at 2s. 8d. 10. —18. 11. 73d,, 2s. 9d.



12. 929, 260.

ANSWERS (pages 85-93)

13. 155, 46.

14. 4800.

15. £480 at 5 per cent., £720 at 4 per cent.

17. Copper 84 c.c., tin 16 c.c.
19. 1d. for each lb. over 7 1b.

20. 57.

16, 43.

18. 2 goals 1 try, and 1 goal 2 tres.

21, A 5., B 7s. 6d.

22. Price of cigarettes falls 6d. for 50; price of tobacco rses 2d. per oz.

23. Rail fares up }d. per mile ;
24, Rubber £1 down ;
26. Tin 84 1b. ; lead 96 Ib.

b a
1. 3a. 2. ab. 3. > 4, > 5. a.
6. 6—a.  7.°=2 g 2tc g % 4o T=°
a a a+b P—q
ac 6 pb—a ad(b—c)
1. 3. 12 bc—a). 185 w18 S
c b a+b
16. b + > 17. m 18. a(b+c). 19. a. 20. <
21, 12232 99 8 93 9T g4 4viIa 95 9%
b z b z
P-b -yl A A7) uy
86. —a—- 27. T 28. ﬁ‘ -7 29- E' 30 f = m-
a. —ys y_. o—2by ay
81. () 7’ m)b—y; () 7—1° W) == (M2 —F;
N Y (i pramy
(i) y=g5 () gy =5 (Vi) £Va—y. .
2
8. y=——2 83 t=1— %’ 34. a=(v—v,)/vt.
—1al-B A CC ok u=v. .
35, r=+ e 36. P vVinA. 87, 7’ 6; 2%
88. F=324+18C.; —40. 89.t = i:%‘ ; 2§ years
d*—a adW? 2abc
40. P 41. P =W 42, boToa—ab
Exercise VII (d) (p- 93) -
a*+b* a—-b
1L (3, 2). 2. (2, 6). s (% e 61'5)
41, 1) 5. (7, 4). 6. (i 2)-

o1l £2, 10s. up.

Exercise VII (¢) (p. 89)

27. 371, 283.
100 miles, 10 miles per hour. 29, 24.

sea fare down }d. per mule.

25. 132 mules.

30. 133 :92.




xvi ANSWERS (pages 93-109)

br—cg = cp—ar

7. (¢, 9. 8 o it gy 9 (i )
10. (3, b 11. (s, —b) 12. (a2 —Db2).
P ) by—a
- (1 .z = .
18. @+b b—a) 14 (2 15. 5 = 2=
b — a
16. R = — 17. +Vbi—ar 18
_ b+tater® _ u_f
19.y—m- 20.0—-u+f
Exercise VIII (a) (p. 95)
1. (68, 0), (0, 113). 2. (+6, +8).
3. (3, —4). 4, (—12, —2), 126 square units.
5. 383, 4563, 15, 12; 159, 6. 10, 24, 24; 10.
Exercise VIII (b) (p. 98)
2. Apnl to June, Sept to Oct.
3. 1920-1921, 1922-1923, 1924-1925 4, 1916-1918.
Exercise VIII (c) (p. 102)
1. About 70 cm 2. z+ 27A; 20 ft.
3. £241, 23 years. 4, 41 4 sec.
5. 12 years, @t 48 8. 64 cu.ft.,; 80sec.; after 23 4 sec.
7. 4x(b—=z)(10—z, cu. cm. ; 193 cu. em,; 2:11 em.

Exercise VIII (d) (p. 106)

1. 10-9. 3. 8.

5. 507°F.; —178°C. 8.15; 3; —1.

7. +47; +33; +13; -—2. 8. y=2-2x; 36kg.; 75I1b.
9. 16y=22z; 51-3 feet per sec. ; 41 miles per hour.

10. 40. 11. 12 5.

Exercise VIII (e) (p. 109)

1. (23, 07). 2. (202, 078). 8. (25, 0-8). 4. (075, 1-87).
5.(16, —12). 8. (172, 096). 7.(22, 17). 8.(—03, —17).
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Exercise VIII (f) (p. 111)

1.
x —3 —2 —1 0 1 2 3
y 13 2| —3| -2 5 18 ' 37
2.
x | —4| —3| —2 ’ -1, 0 1 2 3 4
Yy 96 61 35 17 7 b 11 25 47
4, 1; —04and +24 5. +0 38 and 2:62.
8. v>6and x<0; 565and 035; 524 and 076
7. 241 and —O0 41. 8. 30ft ; 120 ft
2__
9, —4}, +379and —079. 10. @‘_:%___E) 11. 37 4.
Exercise VIII (g) (p 112)
1. (309, 263) 2.66ft, 241b
3. 241, 382, 1 4. 15, 238, 462, 55
5. (6:12, 054); (122, 544). 6. 3and —%; 3 19and —0 52.
Y. 20+3y=17. 8. 232 9. 171 and 0 29. 10. «, 0.
11. f(8 3)=—-0124. 12. 133
f(8-4)=+ 0126 >
18. —063, —325, +388 14. —146; +3, +27, —-37

Miscellaneous Examples III (p 114)

A 37
1. 2a®—4ab+8b%. 2, (1) —112, (u) —15360; (m) —24, (1v) 49.

3. (2 — 1 g -2 g,

8. p+(g—r+t); p+g—(r—t). 6. 40 miles, 80 miles.
A 38

1. 164, 2. 4a%%, B0atbct 3. (1) ”;.:y i 2e

4, 3, 2. 5. a=4, b=8, ¢=10, d=22, =9 8. 90, 234.
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A 39
16y
1. 113, -1, 454, 1144, 2. 6—= 1b. 3. (46, —3)
4, (1) 2x(a—2b)—3y(b—3a), (n) a(2x+9y)—b(4z+3y)
5. Chicken 6s. 4d., duck 7s. 6d 6. 42; (1)6, 12, 7; (n) 17
A4 '

1. —6a‘-+11a% —3bs, 3. 113’2“”. a, (1, —2).
5.2 No, 2%, Nos (g 4, 14 4 6. 491gm; T4em
A4

z(y —=z) 2ac a
1. =21, 9, —343. 2, ——. 3. —4. 4, —, -.
Yy b’ ¢
5, —1 8. 1) 2b—a, (n) 4 years, —9 years ago.
A 42
1 2341 2 2
1. —=z?, & =z 2z. 2. p 8. 3(x—3t)—2(y —22).
4. 3, —8. 5. 24, 10. 6. 3.
A 43
s 5A
1. )3, (m —14 2. (09, () +t -4 8. £
3p+2 p» g 9a2V3 a*V3 3a3V3
4, op'q 3—9—21) 5. oty 3 6. 600.
<
A4
1. 30a%bx2y32® 2. 13, 3. 1)4; ()5, 3 4. —16.
5. 75 miles, 24 miles.
8. (2, —3); (1) (8, 5)or (8, —11), (m) (8, 5)or (—4, 5).

1
4

5.

A 45
—43. 2.0, z+z2, —a?, —xlﬁ’ 28422, 8. 6ax - 6bz+ 422,
—10, +10, —10. 5. 2 63 acres (12,750 sq. yd.). 6. 18.
A48
7-6. 2. 15. 8. b. 4, 15.
+3, —3, 1, 38, —2. 6. After (i) 10 years, () 14 years.



A 47 .
1. 3 2. (1) —3; (u) 13, 42. 3. 5z+13.
4, {(n—1)y+2}1n. 5. 43d., 63d. 6. ‘Z—:—: hours,
A 48
1 2(qy—bp)—>5iap+qr) 2. (z+y)/2. 3. 2%, —13.
4. 3a-+4b, 12a+12b 5. Any value between 2 and 4. 6, 38 sh.
B 49
1. 6%2'—' 2. b%. 3. 1528, 2x4, x“+b, - ze",
A
4- l = ﬁ - b.
5. 20miles, (1)1236pm ; (n)1llam.; (m)124pm,
B 50
2.1, +1, —17. 4, 9;—‘ 5. Between Oand 1; between 2 and 3.
6. 28. 6d., 24sh
B 51
2. 8(p-+q)z—dat. g o, e
4. 1st and 3rd, -3, —5, 1}, —1%.
5. East 120 miles; West 132 miles. 6. (1) 147 2°F.; (u)26-7°C.
B 52
3a? 9a® 27a° »
1' T’ 0: 2: "’E“: T 2. —6, 9, --8, —}.
3u
3. a=3, b=—4; —L 4, i3’ 4,
5. (a) £40,000, £10,000; (b) £36,000, £12,000.
B 53
1. -5, —L 2. £12y/(12+2x). 3. 1)4; (u)8.
2(xz—1) 3(z—5)
4, =2 " stz 5. D to E.
B 54
aly 20a . _20ap
1. 8 6. 2. - —4—. 3. ? 8sn. ; 2———00+bp.
4. }(4x—52)—4(6y —Tw). 5. 5. 8.1, L

ANSWERS (pages 121-126) xix
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. B 66
lL.y=— gx + 173 2. 15y5, pgyr+e, —82° +a8n, 4o
R 1 4
3. —b68, —24%. 4, TIR’ 7T
5. 150 miles ; 80 miles per hour. 8. (i) 12s. 9d.; (n) 28s. 9d.
B 56
ac be rz—1 x+2
1. 4 2. 60, —12. S. 3 — 3 4, 3 Bz_o
5. (1)42ft ; (i) 72ft.; (ui)30ft. 6. A(—2, —3); D(6, —9).
3 ) B &7 »
—a
lo b' BTb- 2. m.
3. A, 2.10 pm. 318t July; C, 3 p.m. lst August.
4. (1) A—210, (u) A—3456; (1) A—30n, (1) A—15n—150.
5. v3+42v=40. 6. 80, —16; 100ft , b&sec
B 58
1. z—2y=13. 2. Height 3 1n., side 4} 1n. 3. 2=, %—”
a a? a%b ab? 13
4, a 18 equal to 0. 5. 5w &’ dn and o 1-25
8. 5 7 revolutions.
B 59
1. (i) 36; (u) 25. 2. y=326 + 3”. 3. 138—3n; —12.
4, 1)5; (i)e. 5. z=3%y. 6. ;1:5 hours.
B 60
L z=+44, y=—1s 2.5 9, 24; x=24.

0, 3, 8, 15, 24. No.
z2, }(6—=x)%, ?-2?(8—:1:); ¥ is maximum when z=4.

P 18 2 units to the left of O.
S p— — 2 2r—2
2 g+r’ r 1;+q; (i) 2= q+r r— 31a+<1
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e

Exercise IX (a) (p. 133)

1. 5a—b. 2. Tx—5y. 3. 5b.
4, 6z—3y—1. 5. 322+42x—4y+5. 6. 423 —2—1.
7. —2a+43b—1. 8. 3a+3b—3c. 9. 222 —2zz.
10. pr+3gr—ops. 11. 2y. 12. —z+3y.
18. 2b—2c. 14. —3z+7. 15. 22—3. 16. —z2+3x—3.
17. —a+6b—4c. 18. —a+2b—c. 19. p+2¢—r. 20. x22+4+2zx—1.
21, z. 22. b—5. 23. 2zy. 24. mn+3nt
Ta c ba c z by
25.76——b+é. 26'_?+b—(—5' 27.2—5.
Exercise IX (b) (p. 134)
1. 22 —a3 44, 9. a®bc+abic—abc: 3. ab+abd—abc?
4, —323—623—3x. 5. 22—z +1. 6. antl gn+2 gn,
B, xPHlp Q] Pl U+l pmer | ogndr, 8. —aS+tai—ax+1.
9. a—b+1 10. —2x+3y—4 11. 4a?—2ab--3b2.
12, zn-1, gn-?, gn-3, 18, 2P-2, 2P0, 14, aP~l420-1, gm-2—gn-2,
15, am-r4-gn-r, —g0-1, 16, —a8-34-20-2, 17, 242,
Exercise IX (c) (p. 136)
1. ax—bx—ay+by. 2. 2ax+4bx+ay+2by.
3. p*—qt. 4, z24x—6. 6. a®—9a+20.
6. 2ax —bx +4ay —2by 7. a®+2ab+b2. 8. a®—2ab+-b2
9. »4—1. 10. 3ax— 2ay+ 3bx —2by.
11. 6x2+ 13y +6y2. 12. a®—ab—6b2.
18. a®+-ab?+-ab+-b3. 14. a3+0%.  *» 15, a3—b3.
168. z®+3z% + 3xy3+y°. 17. at+a%b2+b4.
18. 323 —822—10x+21. 19. 254224+ 2342242241,
20. 122% —16%2—792 —42 21. 8x44 623+ 922492 +10.
22. 9z4—122°+ 1522+ 8z —14. 28. 225 —24—T2*— 922+ 162 —3.
24, 2254424 o T3 44224 160 —18. 25. 5. 26. —3.
27. (a+b) 28. (a—b). 29, 5. 380. —7.
31. (3a—2b). 32. —(4a+b). 33. 3. 34. —5.
85. 2a. 86. 0. 87. 2ab. 38. 6.
39. —2. 40. 10. 41, -2.
Exercise IX (d) (p. 137)
1. z(a—b). 2. z(z+y) 8. m(m—2n).
4, z(x—x—2). 5. 3(y*—2y+4) 8. a(at—2a+b).



Xt ANSWERS (pages 137-142)

7. z(a—&+c). 8. 3a(2a®—a243b) 9. d(ab—bc+ac).
10. ac(b—2a+cd). 11. zy(xz—22+4y2). 12. 7b(a—c—2x).
18. 7z(2x2—zy+3y?) 14. 2x(x2—2x+3). 15 3z(x—2y+3y2).

Ezxercise IX (e) (p. 139)

. (3z—4)(5x—3)

. (3z+4)(52—3).

36.

. (a+b)z+y). 2. (z+3)w+2). 3. (x—y)a—b)
. (a—3)(b+4). 5. (3p+2)(g—4). 6. z(z*+=x41).
. 3z(z—1) 8. (a+2)(a+b). 9 (p—9)(+y)
. (z+1)(z+y) 11. (c—6)(3d+2). 12. (z—a)(z+1).
. (@+T)(y+2). 14. (z—y)(a—b) 15. (20 —5)(4y+3)
. 2(a+1)(02+2) 17. 4z —y)z—1). 18. (a+3)(b—2)
. 3@+ 1)(x+1, 20. (z241)(y*+1) 21. (a—b)(a—c)
. (@—3)(@?+2) 28. (a—c)(a—b). 24. (z—2)(z+y).
. (z—y)(w+2) 28. (z—2)(x2—3). 27. (a+b)(3z—2y)
. (b+a)(c—a). 29. y(x2+3)(y—5). 80. (a—d)(b—c).
. (p+s)(g—r)

Exercise IX (f) (p. 140)
. (z—1)2 2. (z—1)x—2). 3. (z+1)(z+4).
. (x—4)(x—2). 5. (x—4)(z+3). 8. (y—3z)(y+2x)
. (a+17b)(a—b). 8. (z+5)(x—4) 9. (z—2)(z+1).
. (z—5)2. 11. (z+7)(x—6). 12. 3(z—2)(z+1).
. (z+3)(z—2) 14. (z—11)(z+10) 15. (z —5)(x+4).
. 2(z—5)(x+2) 17, (1 —2z)(1 —z) 18. (1 —4z)(132).
. (4—2)(3—x) 20, (z—T)(x—1). 21. (a—4b)(a+2b)
. (z+3y)(x—2y) 23. (p—29)(p+9q) 24. (9—z)(8+=).
. (6z—2)(x—2). 26. 2(2z—1)(x—2). 27. (3z—1)(2x—3).
. (3z—2)(2z+1). 29, (3z—1)(z—2) 80. (z+3)(22—1)
. (22—3)(2z—1). 82. (3z+2)(z—3). 33. (3c+2)(z+3).

(25 —3)(4z—1).

37, (3—2z)(1—3z). 38. (2—5z)(3—2x). 39. (°x—5)(2x—3).
40, (4z+3)(3z—4).

Exercise IX (g) (p. 142)

. a®—4ab-+4b2, 2. 4x?—4xy+y2.

. pXe24-2pgry +q*y?: 5. a’z®—2abxry byt
. 9p*+12pg+4q® 8. z*—22%2 4yt

. at+2a%b%4-b4. 11. a*—4a%%4-4b".

. %yl —2pgry +piet. 14, 4ot —12x%2+ 9yl

3. 422 —12zy+9y?

8. 4a%x?+ 12abx 4 9b2.
9. 9p%—24pq+ 1642
12. 9a2—6ax2+zd.
15. 9a2b?—12abc+4c2.

-
OO I
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16. a®-42a3b34-bs, 17, +1, z+1. 18. +1, a—l.
19. +y2, z—y. 20. +9, =+3 21. +16, z—4"
22. +4y?, x—2u. 23. +1, 2z+1 24. +4y3 3z—2y
25. +16, 2x—4. 26. +%, z+3. 27. +2%, x—i.
28. +6}, z+3. 29. +1, y—1%. 30. +3, a*+3.
81. x?+2ax+2cx+a?+2ac+c? 82. x?—2ax+2cx+a%—2ac+c2.
33. x2+y2+22-- 2oy — 22— 2y2.
34. x?+y%+2xy + 2ax + 2bx + 2ay + 2by + a2+ 2ab+b2.
85. 22+ y%—2zy — 2ax + 2bx + 2ay — 2by + a*—2ab + b?
86. 4x<—12xy+ 9y*+4ax+ 4bx —6ay — 6by +a*+ 2ab+b2.
37. 22—y 38. 3z+1. 39. a—2b.
40, aa—-b—2 41. 2a—1 42a—§9
10. 3 . . . 3
4. v+ % 44. p— 45. x*+3y°.

Exercise IX (h) (p 144)

1. (x—2y)(xz+2y) 2. (Bx—3y)(5x+3y) 3. (4z—y)(dz+y)
4. 6(x—y)(xz+y). 5. (1—z)(14=x). 8. (5a—1)(5a+1)
7. 20@—2y)@+2y) 8. (~ - 1)( 1) 9. b*(Ta—b)(Ta+b)

10.

12.
14.
16.
22.
24,
26.
28.
30.
32.
34.
36.
38.
40.
43.
46.
48.

51.

(2o

11.

ni(a—b)(a+b).

(x—y)(x+y)(z*+y?) 13. (a®—2b%)(a?+-2b?)
B(x—2y)(x+2y). 15. (1 —2z)(142z)(1+422)
81. 17. 89. 18. 448. 19. 264. 20. 9800 21. 46640
(z+y+a)z+y—a) 23. (2z-22y-+a)(2x—2y —a).
(22 +y +32) (22 +y —32) 25. (x+y+2z)(x—y—e).
(x+y— z)(x y+2). 27. (14+3a+3b)(1 —3a—3b).
(2a4-b-2c)(2a—b--c) 29. (1 —z+y)(1+z—y).
(a—b+x+y)a—b—x—y) 31. (a+b4zx)(a+b—x)
(e+a+b)(x—a—Db) 33. (x+a—b)(x—a+b)
2+z+y)(2—z—y) 35. (1+z—y)(1—z+y).
(a+b—c)a—b+c) 37. (1+2a+2b)(1 —2a—2b)
(524 2y — 22)(6x — 2y + 22). 39. (3a+b)(b—a).

4ab 41, y(2z—y). 42, z(2—=x).
4a(b—c). 44. 4a(b+c). 45. 3y(8xz—3y)
(y—2z)(2x—y+2z) 47. (4—z—3y)(3y—x—2).

5(14x)(1 —z) 49. (20 —z). 50. (5z+4y)(x+5y)
(14z+y)(2z+7y).  52. bxy(z+y)(x—y) 63. (a—b+y)a—b—y)
54. (20 —1)(3—2x). 56. 4z(3 —=z).



2w ANSWERS (pages 147-149)
. Exercise IX (i) (p. 147)

1, 22—z+41. 2. 22—z 42, 8. “24-ar4-a?
4, z2—ax+al. 5. a*+ab4-b2. 6. z2—ax—a?d.
7. 2a2+4ab—3b%. 8. xt+y+t=z 9. z+b.
10. z—-=2. 11. a—b. 12. a*—a®b+ab®—bt.
13. a?-+b2+4c2—ab—bc—ca. 14. —+ w—i—I

23 95 a®—ab+b?
150 - ;*-_2. 16- - m 17- T
18. (z—1)(zx—2)(x—3). 19. (z+2)(z—1)(z+1)
20. (z+1)%(z—2). 21, (z+1)(z—2)(x+2).
22. (x+1)(x—3)(=+3). 23. (z+1)(xz+2)(x—3).
24, (x+1)(x+2)(Lz+1) 25. (z—2)(x+3)(2x—1).
268. (x+2a)(x+4a)(x—3a) 27. (x—y)(z+y)(xz—2y).
28. (z—y)(=?+2zy+4y?). 20. (z—2)(z+3)(2z+1).
30. —1. 31. —5. 82. —18.
33. 11. 34. a=5, b=—6, (x—3)(x+1).

Exercise IX (j) (p. 148)
1. a(a+b)2 2. (5p—3)(2g+7). 3. (a?—b)(c+1).
4. (2a—5)(3b—2). 5. z—1)2y—3). 6. (x—})(z+})
2

7. (a+p)(a+p?). 8. (% + 1). 9. (z+1)(y—a).

10. (a—1)(a+1)(a®+1) 11, (z+1)(z*+1).
18. (2a—3c¢)(2a—12b+ 3c). 14
15. a*(a—5)(a+1) 16
17. 3(x3—2x+8)(x+4)(z—2). 18
19. (p—2)(p+2)(p—3). 20
21, (x—1)(x—3)(z+4). 22
23. (a—b)(a—3b+2c). 24
25. (p*+pq—2)(p*—pg—2). 26
27. (x+y)(2x—2y+5). 28
29. (y—1)(y+1)(y*+1)(y*+1) 30
81. (4ax—9y)(z+ay). 32
83. 2(a—1)(a+3)(a+5) 34
35. (z—y)(z—y—1). 36
87. (a+3b+7)(@a—2b—8). 38
39. (z—1)(2x+1)(xz—1). 40
41. (z—1)(3z2—5x—86). 42,

12, (92° —4y®)(92° +4y°,.

. (ax —by)(bx +ay).

. (xy —5)(z+3).

. (p+g+2r)(p—g—2r).

. (+y+1)2°

. 11(3z—y)2.

. (p—0)(p+9)(p—2)(p+2).
. (x—b)(ax —bg —ab—b?).

. (a+bd4+2+y)(a—b+z—y).
. (2a—3b+2¢)(2a—3b—2c¢)
. (z—1)(x—2)(2z+1).

. (y—2z)(2y+1).
. 4n(2a + §)<2a
. 1+p—9)(1—-p+9).

. (2 —2y)(x+2y) (922 +-4y?).
. (@—y) @ty +yt)

)
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438. (z+y)(a*—zy+y?). 44. (4z—by)(5z+4y),
46. (a—b)(a—b+c)(a—b—c). 48. (a®+4b2%)(1 —abc).

47, 3z(z—T)(x+9). 48. 2a(a—b)(a+b)(b+=).
49, (b—a)(bx—2a—3b). 50. -:-;(a:’—2)(m’+2).

Exercise X (a) (p 150)

1. a+b; b(a*—b?). 2. 2(z—a); 4(z2—al).
. 8. 2(x Ly) s 1223 (xt—y?). 4, a?—ab; ab(a®—b?)
5. (zx—3), (x—4)(z—3)(z+1)(x+2). 6. a+22; a(a®—4x?).
7. 2+1; xz(x+1)% 8. z+1; xz(x3—-1).
9. (p—1); (@—-1)2p+1)(3p+2). 10. (x—a); (z—a)(z+a)(z—b).
1. 242, (z42)%z—1). 12, 22, z¥(x—1)(x+1)%
13. (z—2), (z+1)(z—2)(z—4) 14. (a—b); (a?—b?).
15. a—b, 4(a—b)¥a+b). 16. 2a+b; b¥2a—b)(2a+b)2.
17. z—1; x(z—1)%z+1). 18. 2; 4(a®-—b2).
19. z4+2; 3(4—=?). 20. 2(a—b)?; 12a%(a—b)*(a+b)2.
Exercise X (b) (p 151)
a a+b 2643z z+41
1. 3 2. aso 3. 3at 0% 4, Py
z—y 2a xy—22
5. x—_’_—y. 6. 3b‘ 7. xy+2z- 8. 32}’—2.
2a+4b a? a+3 241
9. - 10. ath 11. vy 12. PPt
18. —1. 14. —(a+b). 16. —2(z+y).
5a .—2a z—5
16. — Py 17. 2ta’ 18. ZiT
Exercise X (¢) (p. 152)
ab al+4-b? a+9 | z+2
1. m . G—_—*_-b—)’. 3. 2. 4, a—_—’_—z. 5. S:Tl
Sa+b xy
8. #Bato) 1. 31" 8. L 9. 1. 10. 1.
Exercise X (d) (p. 153)
2a 2b 2z+y Yy
1. a'_.__b’. 2' a’—-b" 8. z . 4- ;-
a+b _ 1 1 at
5. -—2—- 6. G(G——_b). 7. z——s+w'. 8. ;—P-b.
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2zty +yt Y ab
9. 2@ty 10. oy 11. v 12. Py
b a?+-b? a?—ab4b? y
13. -_— b-—-a' 14. O;T:b—’ 15. W. 16. - m.
P—q 5 _4
17. pg 18. (x—2)(xz+3)(x+4) 19. z+2
r+q a?® r—4y z+2
20. TR 21. (.—_a-2b)" 22. S@—2y)" 23. z—3
2a 2z
24, 3. 25, —. . 0. . —
:( ) q 2 2 (z+y)
a’+zx 8a’x 7+4a? Yy
28. prpmpeat 29. (@—an)® 30. m 31. ty
Exercise X (e) (p. 155)
1 2z
1. i. 2. a—z. 3. 1. 4, m)—z. 5. —1
x? x+4 1
6. z—a 7. - m’—_+_—2:; s 8- 8 9- —;(p+q). 10. m.
_ x2 —2ay —3bx 4
11. (a+b). 12. _——x’—gﬂ 13. —"——(31:_(’)2- 14, btt—l.
2a—4b 3a+4b z+2 12
15. P 16. at4b 17. Ft 18. ey
1
19. m) 20. 0 21. a’_—iﬁ)—“ 22. 2z%—1lx+14
(1 +a?) 2b
23. 1. 24. g 25. 0. i 26. tTo—a
1 ¢ b z—a
27. -z. 28. m 29. m- 31.‘:0.
’ Exercise X (f) (p. 158)
1. —34. 2. 23. 3. 4. 4, 0 5. —2.
8. —b. 7. 0. 8. 2. 9. 9. 10. —5.
11. 4. 12. 10. 13. 10. 14. Identity. 15, —23.

Exercise XI (a) (p. 160)

1. +4. 2. +1. 8. 30r —1. 4. —lorb. b5.a—bora+b.
6. o« 7.130or —2. 8. 2o0r0. 9. 1. 10. +5.



ANSWERS (pages 162-170) xTTVit

Exercise XI (b) (p. 162)

1a b 2.1, 2. 3.1, —3 4. +1.
5.1, 3 8.0, —3 7. 21, +3 8. 4or —24.

9. 0, 2a 10. 2 or —9% 11. 3 or —¢. 12. 13 or —3.

18. 25 or —9. 14. Oor —2;. 15. Oor 33’3 16. 0 or %"

17. 1} or —3. 18. 2or —12. 19, +2. 20. Jor —1}

2l. po.q. 22 — z or + % 98, 21524 6=0 2. 2'—sz—5=0.

25, 3x2—23x+14=0 26. 20224+192+4-3=0 27. 222 —"Tx=0.
28, 22 —2(a+b)x+4ab=0. 29. z*—6x2+1lx—6=0 30. z®—x2—2x=0.

3L, — %, 32. i3. 34. 2, -1, —2.

35. —1, +24. 36. 4, —%. 39. —1, 2.
Exercise XI (c) (p. 165)

1. 9; =+43. 2. 2}; z+3. 3. 6}; x—2} 4. 3, z+3.

5. +4&; z—1% 8. +%, z+3. 7. 36, 22+6 8.1, 3z—1.

2

9. 1; 2z—1. 10. 5, 2+5 1L lor —T. 12. 8or —3

13. /2 0r 1. 14. —2820r —018  15. 208 or 0 59

16. 1 98 or —1 48 17. 077 or —1 44 18. 182 0or —0 82

19. Roots unreal 20. 1 39 or 0 36 21. —2120r 079

22. +0150r —165 23. 04o0r —05 24, 383 0r017

26. 172 or —0 39 26. 0-83 or —4 83 27. 0870r013

28. 6 30 or —9 30. 29. 161 or —5 61. 30. 140r25

31. 11 or —13.

Exercise XI (d) (p 168) »
1. —3:63, $463; a?—x—16=0
2. () —169 or 044, (n) —284, +159; (m) —217, +092,
(v) =2; (v) —233, +108.
3. (1) —126, 4276, (u) —133, +283.
4, (1)262, 3038, (u) —119, +419; (i) 4850r —1 85.

5. —039, +172 6. —392, +242 7.084, 416
8. 080, —1 55. 9. 147. 10. 2 or 0 67.
11. 031, 129. 12. —036, —414. 13. 379.

14, Between —1 and +-2. 15, «>2 or z<—15.

Exercise XI (e) (p. 170)

1. 3or —11. 2, 3or —4. 8. 24 or —7
4. 1-39 or —2 89. 5. & or 3-6. 6. —1-5 (twice).



Vit ANSWERS (pages 170-178)

7. 14, 29. 8. 5cm., 7em. 9. 4 cm., 9 cm.

10. 3§, 43 11. 3 or —6. 12. 30 yd.

13. 8 ft. 14. 16 yd, 10 yd., 10 yd. 15. ¢8 yd.

16. 3or —5 17, 4.2 p.m. 18. 8 57cm., 1 43 em,
190. 586 mm,414m.  20. 451 cm., 349 cm. or —1-18cm, 918 cm.
21. 207 cm. 22. 63, 10%. 23. 20 yd., 80 yd

24. 16 mules per hour. 25. 40. 60

28. 10 pence, 15 pence. 27. 84, 10d

28. 12 min, 20 mm. 29. 190 yd

30. —}and or —} and —3} 3l. I'n

32. 6 mules per hour.

Exercise XI (f) (p 175)

1. (=3, T)or (34, —5:8). 2. (6, —2)or (-2, 5).

3. (=3, 4)or (235 S—S) 4. (2, 0).

5. (12, 6) or (—9, —8). 8. (—14, —1%)or (1, 2).
7. (88, —1%) 8. (3, —2)or (-2, 3).

9. (2, —3)or(—198, +231). 10. (2, 4) or (=52, —0-8).
11. 5. 12. —3. 13. 24 14. 9. 15. 7.
16. 3 6. 17. —1} or +2% 18. —$or —1. 19. —2or4

Exercise XI (g) (p. 176)

1 7:;:1\(/)109. . 4j:2\/6' 3. —2:[:}/1_1. . —1+V28
P 7 3
—11+V73 —5+V73 5+V33 —7+V103
5. —3 8. 3 .7 i 8. ——12-—-
9. 1 and 2(0_6). 10. 2r and =2 11. —a and -b.
a q P a
12. 4(z—0-31)(x+2 44). 18. 2(z—2-69)(z+0-19)

Miscellaneous Exercises IV (p. 178)

A6l
1. 2z4y—4z. 2. £27, +216. 3. (1) 2(bz—ay); (ii) (x*—a?)(y*—b?).
4. (6z+7)(22+3), (62—3)(22+7), 10(z—3)(z+3).

5. (1) 1445 (in) 2:17 or —2-26. 7. () :—-’-bE‘ z+2

(@) 2z(x—1)



ANSWERS (pages 178-182) XX
A 62

. {102 —29b+32¢}. 2. 4a%e, Lda®, —27x%.

H.CF 2(x—2), L.C.M. 12(x—2)¥x+2)(z+3). 4. 26, —17.
222432 —9 =0. 7. ()0, 23; (u)3-61or —111.

A 63

L4, 1 2. 6ut—2129+3600+60—16 8, 2Z+Y) = 2Azty)

3 3y z(x—2y)

4. (x—")2x+5), z¥(z—1)(z+1), (2x+yz)(3z—yz). 6. 6 56, 244,

A 64

1. 524-142=13 x 17 2. z43. 3. a=13, 14.

8(x +2y) 2x

—1
4. (1) P (n) 325 5. (1) (z+2y)(x—32), () (x+2)(x*+5).
8. 137 or 14 63.

A 65
1. (1) 623y —9x2%y?—10xy®*+15y¢, (u) 222—Tx+2.
2' _%’ "‘3’ 1: '_4* 30 _%'
4. h—20)b—20)8q ft, 2e(a+b—20)sq ft, m———-—;b——-@sh.
5. 16, 12}, 1% ; z+4, -}, 2x+3. 6. 8%.
A 66
1. a=2, b=3, c=18. 2. 4b2. 3. 181mn and 2 4 .
N 3
4, 16x'%, 222, —32x'y'°, —z;, b. a=2, b3, =5 y=—1.
8. In the 5th year.
:
A 67
1.7, (u)—43 2.0 -1, () —1; ()32 dz— ::
8. 1) 24 or —7; (u)o0, —1, +2.
4, 3224502 5. (6, 8)or (5, —1%).
A 68

1

3.

16b’+ 1+ ’, 4a2+b4-9c® —4ab+-6bc —12ac, 8xy. 2. a—2b.
-1l 4 (1) 2(p—q)?; () (2p+3r)(p—2¢); () 4p—r)(p—g+r).

5. 6 cm., 12 cm.



xrX ANSWERS (pages 182-186)

A 69
1. —8a%®, 4228, a%p, 292 2. —10 3. (3z—4y)(3y —2z)
4.3, § 5. (1) (z+y)lx—y—2a), (n)(a—2h-_>)(a—2b+c)
6. 2zz=ab.
A 70
1. 9a?, 3a?% 16—8a 2. 912 673
g 2 L att =t 5, 100—2)
* 224 x—2 2(xP—4) 2(x—2)° T xn
r—a —2a
5. 1 —az’ l_:}-_a—’ 8. (15, 18)
A7l
1. 4a®—28ab-4-49b2, 3x—5, 3a—7b—5¢
2. 3p(a+5b)—2q(a+5b), (3p—2q)(a+5b)
a+2b 2b
3. (l) ‘;'Ha—_Z-b—) ’ (ll) - ;' 4, 424 and —0 24 5. 41, 43.
6. 24 miles per hour.
A 72
1. (z—3)(2z+1)(3z—1) 2.796 8. (1) —3or —4, (n)8or —1}
4.:—t—2, --g, a—b, ZTEZ. 5. 96, 52mn, 521,

6. When not between 2 and 4}.

2. 2 3. 5 —d 4. 0, —156, 2,56

100(b —a)+bx (_u+31.:)h 4b—h
a ' * 4(utw)’ 3h—4b

A
. p+2q—r, p*—4gi+4qr—rt
0 E=aty=1; () @++e-2y-3). 8 gt

. 3, —2%; a%2—2=30. 5. 10 ft. by 5 ft. ; 8 ft. by 4 ft.
100(b—a) . 100(b—a)x
Ta per cent. ; W

S » B -

per cent. less.



ANSWERS (pages 186-191) )

A7
2. a?+42ab+4b2. 3. —16; 3,019, —269 4. 1 and*—2.
5. 2.373 pm. 6. 9.
B 76
1. (z+4)% 2. 1)0, (u)3or —1} 3. 1}
4. (2pg)/(p*—q™. 5. r=a/6. 6. 8, 15.
B 77
1. —8x(3x+5y) 2.4, Yor —3§ 3. ¢?—p?
4, (1) 46, (n) —12or —2 6. 4th ycar, 7th year, 7th year
B 78
1. —§ 2. ) -1, w-% 3. a+2, b—2
. . . =’ - . s 2
4, A=1}, B=-23, 5. (1) 4, (n) —36, (m) +4.
6. 75 things at £6 each
B79

1. +~7, 08l and 0026 2. (1) 6z2—11xz—7, (1) 2*—192+30=0
3. "20 ft, 4 ft. per sec 3 sec., 6 ft.
1—ab 2b

4, = = m, Y = 'l—_*_—az 5. 45(1. per 1b.
8. (1) between —1% and +3%; (n) 123 and —2 23,

B 80

_ 8x—2z . _ 42z

l.y= g ° 6, 2. 3or —2 3..3_1. 4. 6
5. 4b(a—b)(a4b) 8. 17 3 miles, 156 miles per hour.

B 81
1. 2z+1)(22—6)(z—1)(z—3), —3, 1, 24, 3 2. —064, 4364,
3. iy” +1+ 2 4. 132+8. 5. 064, —314.
6. 50 miles per hour.

B 82

r
1. 2(pr—q*); Z—E; (P*—q*)(¢*—r%); ¢*—p
2. z=—-2, y=+3 8. n(n+1); 28thand 29th 4. (ac+bd)(ad+bc).
3

5. 3 ()12tand O1; (n)7and —8 6. 483 n. and 6 83 in.

‘12z



XTI ANSWERS (pages 191-196)

1.
2.

4

.

1.

4.

1
4.

. B 83
H.C.F. 3a%: L.C.M. 180 a®b%c2.

100y = (100+=z)y at+4 4
100—z° 100 ° 8. W% M e aETay
(1) 27x% —b4x%y + 36xy?—8y®; (u) 1061208. 5. 2. 6. 10.

B 84
(i) §; (u)§; (m)no solution (other than z - ®).
12a%3(a® —4b2)2. 3. & 4, 18.
x=45, h=3968, area=9 92 8q cm. 8. A semicircle : 3.
B 85
2446234 52" — 122 4-4. 2. (3z—2y)(a—2b); (a—b)(a+b—2c).
“—f, (c———“)c(—"i). 4.3, —2; +2 +2. 6. 24 min.
B 86
(1—=)2 2. l!7 8. a=—19, b=-—-30; —3.
Q%
1296’ 14,400. 5. 48 sh.
(1) 091 or —191; (n) whenz=-—025.
B 87
4m—3

74715 -
z7y18, 2. 3mid 8. 1or —14.

100a  (100+2)a 1322 —2+4
20042 2004z O 9 2| -te
1-26 1n. 1] —tet

B 88
5. 2. (i) 1—8x+622 — E ; (n) —645 2 00002,

) * 143z’ * .
(x+3g)(xz—4p); =z(z+2p)(x—2p)

Qutwards 40 miles ; return 20 mules. 6. 414, L 4¢6,
Nearly}21 ft.
B 89

a=9, b=—25. 2 —3, —3. 8. $and}; 3622—48z47=0.
(n+2)°. 5. - 6. a/b.



ANSWERS (pages 196-202) LT
B 90
1. pg(p+9)(1—pq).
2. (1) Cz—y+5)(2xz—y—1); (n) (z+y—4)(z+y+1).
8. ()da; (Wa*+ T 4 + va‘:’_rz, r=+}
6. 2] 2 |o 8. 76% miles.
M=
B 91
1. (1) (3a+3b+1)a+b—2); (n) 4x(2y—3z). 3. b8 =g°V?
22(a—b)s ¢ —bt
4, l(g(s_):) ft ; a:_t miles per hour.
Exercise XII (a) (p- 199)
1. =2, y=-3, z=1. 2. =3, y=+2, z2=—4
8. x=—11, y=3, z=4. 4, z=6, y=0, z=-3
§. 2=—4, y=5, z=3. 6. =10, y=9, z=—6.
7. \=12, B=3, C=-2

Exercise XII (b) (p. 200)

1. 9a2-+4b34-c2+12ab+4bc+6ca. 2. 4a2+b2+9c2—4ab+ 6bc—12ca.
J. 4zt —122°+ 1322 —62+1. 4. pi4-qt+ré—2p2q2 —2¢%r2 4 2r2p?
5. z¢—4a’y+1022y2—122y%+9y%. 6 a+b —c.
7. 3xty+22. 8. —3z+4.
9. x4 3wy —2y2. 10. 2a—3b— 2"

Exercise XII (c) (p. 202)
1. 82%—122%y 4 6ay®—y®. . 27a8+ 54a2b+36ab? - 8b3

3. 82+ 12224 6x+41.
5. 272 —27x5+49z4—28,
7. (bx+3y)(2622 —

11. (z*+y*)(=®—2y*+y°).
18. (z*+z+1)(x2—x+1).

15. (3x*—x—1)(3z2+2—1).
17. (a+ab-+2b%)(a—ab -+ 2b?)

15xy +9y?).
9. (a—10b)(a*+ 10ab+100b3).

. 1252° 4+ 15022y 4 602y + 8y°.
R z’+6:c3+12+%.
z

. (22 —1)(422+2x41).

. 3x(x —2y)(x3+ 22y +4y*).
. (3ab+2¢)(9a%b?—
. (x®
. (a3—
. (234224 2) (22—

Babc +4c?)
—2z+ 3)(x2+ 22+ 3).
3ab+b3%)(a?+ 3ab+b2).
2z+2).
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S wmewm

15.
17.

4.

1L

4,

a a
§ + z- 5. b>a 6

Exercise XII (d) (p. 203)

. (@—y+2)(@*+y +2i oy t+yz—22).

. (26+b+3c)(4a%+ b2+ 9c®—2ab —3bc —6ca).

. (7 +2y —102) (2 + 4y2 + 10022 — 22y + 20y2 + 102z

. (1) (a®+-b3%)=(a+b)(a?—ab+b2); (1) (a®—d3)=(a—d)(a?+ad+d?).
. (x+3y—2)(2z—y+1). 9. (Bz+2y—1)(xz—y—1).
. (4 —6y+3)(z+2y—2). i

Exercise XII (e) (p. 204)

2(p—r)
Oo . . Y - 1. . T T .
5. 0 6. -1 ? (p+a)g+7)

Exercise XII (g) (p- 207)

2% 4y 2 —8 3 —9p3 4 22 —y?
zy? * ot *at+ai4bt T
2224 Tx+2 z 1
. 0. 6. m)—g 7. a—2b—c. 8. x? — '2- + §.

. (322 —2zy —2y%) (322 + 2zy —2y%) 10. (222+wy+3y?)(2x—zy + 3y?).
11.
. (@—1)(b+1)(a+b)a—b+1).
14.

(x— 3y +22)(x+ 2y — 32) 12. (3z—2y+1)(x+2y—3)

(4p —3q—7)(16p*+9¢°+r2+ 12pq —3qr+4rp).

(2z - 31) (w y By yf) 16. (a2zb?)(at—a%i+b4)
z z z? :

22—2, 283z, 24—42242.

Miscellaneous Examples V (p. 208)

B 92 |
1 4 .
. (1) T—at (n) @@= 12y 2. (1) —1, —3%, +1; /u) -}, —14.
23 a—b\?
, 3L 5.162or —062. 6. n(T)
B 93

2x+3

_*9 2&‘; 2%’; —$. 2. m.

3. 3(z—y)(y—2)(z—2).

60Dv
* 60D —Myv'




IWERS (pages 209-215) ZTTV

B 94
1. (1) 323(1 —3x)(1+3x); (ii) (3z—2)(22—5y). 2. .
4, 51 cm.and 10-2 cm. ; or 92 cm. and 18 4 cm.
2n(n+-1) . hb+ax—bx
5- m, 0 lSla 8- ——_’L——-'
B 95
1. 2z-3. 2. 10, @)1, (mu)(29—p)s. 3. 6-08
4, 1)) m=3; (m)z=-2} 5.5, 9. 8. 522+300z; 4 351n.
B 96
a—c
1. iTac 2. (1) (a—c)(4a—Tb+4c); (n) (1+a—>b)(1—a-+bd).
P . z+5 b5z+455
3. pryns 4, 1)0; (u)1}. 5. & 36 25.
6. 3878, 096 cm.
B 97
1004-b a+b—c b+c—a c+a—b
1. 6(:!3—1) 2. (m) 5. 3 » 2 ] P) .
B 98
= —pi=b. ey be
1' (l)a_v""'b, (ll)a— 1 H (111) a—c+\/—;l.

o Yy Azx?
~. Between +0-5 and —& 5. — P 8. Az?sq. miles; 7 8q. 1n.

B 99
1. 132 2. (1) —zm(pz+q); (u) —(g—p)®. 4. §R.
5. 2 +:y-‘-'l2a a.m 6. a=}, b=§, c=4

B 100
1. (i)s=Yh-+2\/m; () 8= r=+2—:7. 8. 44, —4; -}
6. 9 miles ; 7% miles per hour.

B 101
1. 59 hours 59 minutes. 8. z=4, y=4.

4. (i) P18 2in. beyond B; (ii) P1s 1 in. from A and between A and B.
6. r=—2—¢, y>—w; T=—2+4¢, y—>+o,



22208 ANSWERS (pages 216-216)

B 102

202 20y 2402412y
1. (1) ;‘, (u) =’ () -

—ab
2 -1, —6 8. aTE
4.6 3, 2, —L 5.7 6, —1, +% +
B 103
2. b=64,000, a=—1600. 8. 22(6=%) 2As—b)s—0)
be be
4. +vq'—4pg 5.8 6. A=n<5+‘g)

’
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