TEXT FLY
WITHIN THE
BOOK ONLY



UNIVERSAL
LIBRARY

OU_164265

AdVvddll
1VSH3IAINN












SOLID ANALYTICAL GEOMETRY
AND DETERMINANTS



BY THE SAME AUTHOR

Plane Trigonometry

This book emphasizes the importance of the
function concept for elementary trigonometry.
Cloth; 6 by 9 inches; 110 pages; 58 figures.

PUBLISHED BY

JOHN WILEY & SONS, INcC.
NEW YORK




SOLID *ANALYTICAL GEOMETRY
AND DETERMINANTR

BY
(ARNOLD)QRESDEN, {Px.D. )

Professor of Mathematics, Swarthmore College

NEW YORK
JOHN WILEY & SONS, Inc.
Lonpon: CHAPMAN & HALL, Lmurreo
1930



CorpyrraraT, 1930,
By ARNOLD DRESDEN

Printed in U. 8. A,

Printing Composition and Plates Binding
F. H. GILSON CO. TECHNICAL COMPOSITION CO. STANHOPE BINDERY
BOSTON CAMBRIDGE BOSTON



PREFACE

A three-hour course in Solid Analytical Geometry is offered for
students in the junior year in many of the colleges and universities
in this country. Though books.on Plane Analytical Geometry
frequently devote some chapters’to the geometry of a space of
three dimensions, the material covered in these chapters is, with
few exceptions, not intended to do more than,provide a general
introduction to the subject, so as to enable students to understand
the references to it which have to be made in courses on the chl-
culus. But it rarely goes far enough to acquaint them with the.
more interesting and valuable methods of this field.

For many years, while teaching this subject at the University
of Wisconsin and at Swarthmore College, it has seemed to the
author that, in the study of Solid Analytical Geometry, the young
student of mathematics can find an excellent opportunity for an
introduction to methods and principles which have an important
part in various fields of advanced mathematics. Among these are
the methods based on the theory of determinants and on the con-
cept of the rank of a matrix. In more advanced mathematical
subjects these theories are developed and used with a great meas-
ure of generality; they find relatively simple application in the
subject to which this book is devoted. Unfortunately, there are
not readily accessible for use in undergraduate classes treatments
of these theories which are on the one hand adequate for the uses
to be made of them herc and on the other hand not too advanced
to be available for an introductory purpose.

For these reasons, the first chapter of this book presents an
exposition of some of the properties of determinants and matrices,
followed in Chapter II by a treatment of systems of linear gqua-
tions. The latter subject is not carried so far as to include the
most general case, but, it is hoped, far enough to serve in the later
chapters. The repeated applications of the results of the first
two chapters which are made in the subsequent work (as evidenced
by the numerous references to Chapters I and II) should indicate
their importance. With the basis thus provided it becomes pos-
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sible to deal with the geometrical questions of the later chapters
in a way which lends itself readily to extension to problems of a
more general character. Thus the discussion of the theory of
quadric surfaces in Chapters VII and VIII may be made to serve
as an introduction to the theory of quadratic forms in » variables.
Having studied these chapters, the reader should be able to proceed
to the well-known excellent books, by Boécher and by Dickson,
gentioned in the introductory paragraph of Chapter I. To these
books the author owes a large debt. The spirit which pervades
them has been a guide for him; and it would be a source of grati-
ficgtion if the present book were to lead its readers to more extended
study of the subjects treated by these authors.

Chapters III to X deal with the loci of equations of the first
and second degree in three variables from the point of view of real,
metric geometry. Elements at infinity and complex elements
are considered as non-existent. This point of view has been
taken because, in the author’s judgment, a satisfactory treatment
of the questions which arise through the inclusion of such elements
can only be made after the explicit adoption of adequate bases on
which projective geometry and complex geometry can be erected.
Since this would involve quite a different orientation than the
scope of the present book permits, it was deemed better to proceed
on the implicit assumptions of real metric geometry on which the
student’s earlier work in geometry may be supposed to have been
founded.

It is only from this point of view that the detailed classification
of quadric surfaces made in Chapter VIII can be justified; and
only when it is kept in mind, can statements like the one in The-
orem 12 on page 175, to the effect that there are no lines on a
non-singular quadric with negative discriminant, be explained.
It must however be recognized that there occur instances in which,
if ogly for the sake of emphasis, infinite elements and complex
clements must be mentioned.

In subject matter the last eight chapters follow largely the tra-
ditfonal content of introductory courses in Solid Analytical Geom-
etry. The treatment introduces modes of procedure and devices
which have been developed in the course of the many years during
whichthe author has taught the subject and which have probably
also been used by other teachers.
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It will usually be most satisfactory to work through the greater
part of Chapters I and II before Chapter III is started. But it
may be found desirable, as has frequently been the author’s prac-
tice, to begin by spending one hour a week on the geometric part
of the book, beginning with Chapter III, while the remainder of
the time is given to the algebraic work of the first two chapters.

The exercises form an integral part of the course which this
book presents. The author has not hesitated therefore to refer,
in a number of cases (see e.g., pages 116, 222, and 228), to results
established in an exercise. A good many of the problems serve
no other purpose than that of illustrating the material in the text.
But there are other problems, and these are doubtless the nare
valuable ones, which require a certain amount of original thinking.

Thanks are due to other authors besides those which were men-
tioned in a preceding paragraph; but the uses which I have made
of their work are too indefinite in character to make explicit
references possible. It is a pleasure to acknowledge my indebt-
edness to the mathematical library of Brown University for allow-
ing photographs to be made of the models in its possession for
the illustrations of quadric surfaces which appear in this book.
Furthermore I wish to express my thanks to Mr. George B.
Hoadley, a senior student in Swarthmore College, who has drawn
the figures, and to Miss Alice M. Rogers, research assistant at
the Sproul Observatory of Swarthmore College, who has given
valuable aid in the reading of proofs. This preface would not be
complete without a word of appreciation for the unfailing courtesy
and patience which the publishers and the printers have contrib-
uted to the production of this book.

ARNOLD DRESDEN.

SwarTHMORE COLLEGE,
February, 1930.
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SOLID ANALYTICAL GEOMETRY
AND DETERMINANTS

CHAPTER 1
DETERMINANTS AND MATRICES

1. Introduction. The Study of Solid Analytical Geometry, to
which this book is chiefly devoted, leads repeatedly to the problem
of solving systems of linear equations in several variables, in which
the number of variables may be less than, equal to, or greater than
the number of equations. The methods for dealing with this
problem which are found in books on elementary algebra and in
college algebra texts are not sufficiently gencral in character to
suit the needs of our subject. A more complete treatment of the
theory of determinants than is found in such books becomes neces-
sary. For this reason, and also on account of the manifold uses
of determinants in various fields of mathematics, finally because
of the great intrinsic interest of the subject, the first chapter of
this book will be devoted to an introduction to the theory of de-
terminants and to a few ideas concerning matrices. This will be
followed in Chapter II by a treatment of systems of linear equa-
tions. In this treatment the problem is not considered in its
complete generality, but in a form sufficiently inclusive to suit the
needs of the later chapters in this book. The reader who desires
to pursue this subject further can do so in two excellent books,
dealing with advanced topics in algebra, viz., Bécher, Introduction
to Higher Algebra, and Dickson, Modern Algebraic Theories.

2. Definitions and Notations.

DeriniTioN 1. A determinant Is a square array of numbers to which

a single number, called the value of the determinant, 1s attached by
the method stated in Definition V.

Vertical bars are placed on either side of the array. The symbol

so obtained is used also to designate the number that is to be asso-
1



2 DETERMINANTS AND MATRICES

ciated with the array. TFor example, the symb<')ls

9 . 4 -1 2
5 7 and & 3 —5
‘ - 1 4

with each of which a single number is associated in accordance
with Definition V are determinants. The same symbols are used
to designate the values of these determinants.

Derinrrion 1I.  The numbers in the square array which constitutes
the determinant are called its elements; the horizontal lines in the
array are called rows, the vertical lines columns; the diagonal which
runs from upper left to lower right is called the principal diagonal,
the other diagonal is called the secondary diagonal.

DerFintTion 1I1. The order of a determinant is the number of ele=-
ments in any one row or column.

Remark. A determinant of order n is made up of n? elements.
Notations. In the general form of a determinant every ele-
ment has affixed to it two indices; the first of these designates
the row in which the element stands and is called the row index,
the second designates the column of the element and is called the
column index. The general forms of the determinants of the third
and fourth order will therefore be as follows:
an Gz Qi3 Au

an G a0
(1) lan an ax)
az O3z Ay |

(2 ) Qg Q2 Qo3 Q2q
G311 Qzp Qg Gy |
Ag1 G422 Q43 Oy

A determinant of the nth order, where n designates a positive
integer, in the most general form will appear as follows:

an i . . . Qi
gy g2 . . . Uy
@) "l

Au1 Qu2 « . . Quy

These are rather lengthy symbols; they make it desirable to
have more compact symbols which can be used when it is not
necessary to designate the elements of the determinant explicitly.
In such cases we frequently designate a determinant by merely
writing the elements of the principal diagonal. Thus the
symbols |ananas|, |ananapay] and |anax . . . a,,| are used
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to designate the 8eterminants (1), (2), and (3) respectively. A
still shorter way of representing the general determinant consists
in writing a single clement with literal indices and indicating the
values which these indices age to take. In this notation the deter-
minants (1), (2), and (3) %ould be represented by the notations
laijI’ L,i=1,2 3; Ia‘ijl) ,j=1,2 3, 4; and laij': 1,j =12,
., nrespectively.
3. The Value of a Determinant.
DeriniTioN IV. Whenever in a set of numbers, consisting of Inte-

gers from 1 upward in arbitrary order, a larger integer precedes a
smaller one, we say that there I8 an inversion.

For example, in the row of indices
4 6 3 2 5 1

there are 11 inversions: 3 inversions because the number 4 is
followed by the smaller numbers 3, 2 and 1; 4 inversions because
6 is followed by 3, 2, 5 and 1; 2 inversions because 3 precedes 2
and 1; 1 inversion because 2 precedes 1, and 1 inversion because
5 precedes 1. ’

DeriniTiON V. The value of a determinant 18 the algebraic sum of
all possible products obtainable by taking one and only one factor
from each row and from each column, preceded by the plus or minus
signs, according as the number of inversions of the column indices
of the factors of a product are even or odd, when the row indices are
in the natural order 1, 2, 3, etc.

The indicated sum of these products is called the expansion
of the determinant.

Remark 1. We must remember that, although the same sym-
bol is used for a determinant and for the value of this determinant,
the concepts ‘‘determinant’ and “value of a determinant” are
distinct concepts; the latter is a number; the former is a square
array of numbers with which a number is associated according to
Definition V. p

Remark 2. The expansion of the general determinant of the
nth order (3) will therefore consist of terms of the form a;;a, . .
@, in which ¢; ¢;. . . ¢, is some permutation of the set of num-
bers 1, 2,. . . n; this term will be preceded by the plus or minus
sign, according as the number of inversions of the set ¢;c2. . . cy
is even or odd. Since the number of permutations of the set of
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integers 1, 2, . . . nis n!, it follows that the expansion of the gen-
eral determinant (3) consists of n! terms.
Examples.

23V
Q22
sum of two terms; each term must contain two fu(-tors, one and only one
from each row and from each column. If we take ay from the first row, we
must take az from the second; thus we get the product aa. If we take aj;
from the first row, we must take ax from the second, so that we obtain the
product ai,a5. In both these products the row indices are in the natural
order 1,2. In the first product the set of column indices is 1,2, which has no
inversions; the column indices in the second product form the set 2,1, which
has 1 inversion. Consequently the produet anas is preceded by the plus
sign, and the product ajpay is preceded by the minus sign.  Therefore

. a
1. The value of the second order determinant I 1

is the algebraic

. dp

= Ay — A2,
Ay Ay

‘”u 12y | = ’

2. The value of the third order determinant (1) is obtained as the alge-
braic sum of 6 products; if we write the factors of each product in the order
of their row indices these products arc anasum, au@xds, 120203, GAads,
13003, Qd2ay. The numbers of inversions in the column indices of these
products are 0,1,1,2,2 and 3 respectively. We conclude that "

| an@aas | = anands — audsts — Gpands + dutss + dipends — Q.
1 1 1 .1
, . : 2 3 4 .
3. To determine the value of the determinant 13 6 10|%e write
1 4 10 20

down every possible product of four factors, in each of which there is one and
only one element from each row and from each column. We order the factors
in each product according to the rows from which they are taken, and indicate
below them the columns to which they belong. The number of inversions
in the column indices then determines the sign to be prefixed to each product,
in accordance with the rule laid down in Definition V. Thus we obtain the
following expansion:

+1-2:6-20 —1-2-10-10 — 1-3-3-20 +1-3-10-4 +1-4-3-10
1 2 3 4 1 2 4 3 1 32 4 13 4 2 1 4 2 8
—-1-4.6-4—-1.-1-6-20+1-1-10-104+1-3-1:20—-1-3-10-1
1 4 3 2 2 1 3 4 2 1 4 3 2.3 1 4 2 3 4 1

-1-4-1-1041-4-6-14+1-1-3-20~-1-1-10-4—-1-2-1.20
2 4 1 3 2 4 3 1« 3 1 2 4 31 4 2 3 2 1 4

+1-2-10-1+1-4-1-4—-1-4:-3-1—-1:-1-3:-104+1-1-6-4
3 2 4 1 3 4 1 2 3 42 1 41 2 3 4 1 3 2

+1-2-1-10—-1:2-6-1—1-3-1-4+4+1-3-3-1. It follows that the
4 21 3 4 23 1 4 31 2 4 32 1

. * The symbol n!, called “n factorial” is an abbreviation for the continued
product1:2-3:. .. -(n—1mn
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value of the given® determinant is equal to 240 — 200 — 180 + 120 4 120
— 96 — 120 + 100 +60 — 30 — 40 + 24 4+ 60 — 40 — 40 + 20 4 16 — 12
-30+24 +20-12-12+4+9 =813 — 812 = + 1.

4. Exercises.

1. Determine the number of inversions in each of the following sequences of
numbers:
(@ 5 2 47 316
® 3 6 1 5 4 7 2
© 7 6 45 3 21

2. How many terms are there in the expansion of a determinant of the 4th
order? Of the 5th order? Of the 6th order?

8. Prove that the number of inversions in a row of numbers is not changed
if all the numbers are increased or decreased by the same amount.

4. Show that if a row of integers is divided into two sections, such that
all the numbers in the left section are less than any number in the right section,
then the number of inversions in the original row is equal to the sum of the
number of inversions in the left part and that in the right part.

6. Generalize the theorem of the preceding exercise so as to cover the case
in which a row of integers is divided into more than two sections.

8. Degtermine the values of each of the following determinants by the method
explained and illustrated in Section 3:

4 -1 2 5 -3 2 4 -6 3
@| 0 3 =50, ®»|-4 1 =2, ©|-6 1 2|
-2 1 4 3 5 -2 3 25

7. Determine also the values of the following determinants:

1 12 1 2 -1 3 -1 2 2 2 10
0 2 3 —4 4 -2 -1 3| 0 0o 1 2|
@i3 o1 of @214 4f @lg 43 2f
1-11 1 10 -5 —6 10 1-2 4 5
2 3 1 -1 a 1 1 1
2 0 0 3| 1 a 1 1
@ g 1 o 1f O I T
-1 2 -2 1 1 1 1 a

6. Elementary Theorems. The determination of the value of
a determinant by means of Definition V is quite laborious even
for a determinant of order 4, as will have been discovered by the
reader who has done all the parts of Exercise 7. For determinants
whose order exceeds 4, this method becomes quite useless. Never-
theless it is important for the reader to do the exercises in the pre-
ceding set so that he may become thoroughly familiar with the
content of Definition V. In the next few sections we shall derive
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from this definition a chain of theorems which will supply us with
the more useful methods for evaluating a determinant which will
be employed in our further work.

Taeorem 1. The interchange of two adjacent numbers in a row of

integers which is an arrangement of the integers from 1 to n either
increases or decreases the number of inversions of the row by one.

Proof. Let p and ¢ be adjacent. We have then to compare the
number of inversions of the sets

@ ...pq. .. and @ ...qp ..

Let us suppose p < ¢. The inversions which arise in (1) from
any number preceding p or following ¢ will also occur in (2), for
all such numbers are followed by the same numbers in (2) asin (1).
Furthermore p is followed in (2) by the same numbers which
follow it in (1), except ¢; but since ¢ > p this change does not
affect the number of inversions, so that the number of inversions
due to p is the same in (2) as it wasin (1). Finally ¢ is followed
in (2) by the same numbers as in (1) and moreover by p, which is
less than g, so that the number of inversions due to ¢ is one more in
(2) than it was in (1). We conclude that there is a gain of one
inversion in passing from (1) to (2), and consequently a loss of one
"inversion in passing from (2) to (1). Since in (2) the larger one
of the two indices that are interchanged precedes the smaller one,
whereas in (1) the condition is the opposite one, the proof of the
theorem is complete.
THEOREM 2. The interchange of any two numbers in a row of in-

tegers which is an arrangement of the integers from 1 to n changes
the number of inversions in the row by an odd number.

Proof. Let there be k£ numbers between p and ¢ and let us
compare the two arrangements
k k

@ ...p...q... and 4 ...q...p...

By interchanging p successively with each of the ¥ numbers
which lie between p and ¢ in (3), we obtain an arrangement which
may be represented by

k

N X R
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interchanging now ¢ with p and with the k¥ numbers preceding it,
we obtain the arrangement (4). Thus we obtain (4) from (3)
as the last of 2k 4 1 arrangements, each onc of which is ob-
tained from the preceding onc by the interchange of two adjacent
numbers. Hence the number of inversions in _(4) is obtained, in
virtue of Theorem 1, from that of (3) by 2% + 1 changes of one,
some of which are losses and the others gains. Since 2%k + 1
is odd, no matter what integer k is, the net result will be the loss
or the gain of an odd number of inversions. For, if there are 1
losses and g gains, and I > ¢, the net result willbel — g = [, losses;
butl + g = 2k + 1 and therefore 2! = I, + 2k + 1, from which
we conclude that /; is odd. And if the number of gains exceeds
the number of losses it is shown in exactly similar fashion that
the net result consists of an odd number of gains.

Remark. By allowing the change in the number of inversions
to take negative as well as positive values we can say that every
interchange of two numbers in a row of integers which is an ar-
rangement of the integers from 1 to n changes the number of in-
versions by an odd number.

Turorem 3. If an arrangement of the integers 1 ... n can be
obtained from the natural order, or can be restored to the natural

order, by an even (odd) number of interchanges of a pair of numbers,
it will have an even (odd) number of inversions.

Proof. The natural order presents no inversions and every inter-
change of a pair of numbers changes the number of inversions by
an odd number. The truth of the theorem follows therefore
from the fact that the sum of an even number of odd numbers is
even, while the sum of an odd number of odd numbers is odd.

TaEOREM 4. The value of a determinant is not changed if the
columns are made into rows and the rows into columns.

Proof. Let the given determinant be |a;], ¢,7=1,2,. . ., n;
and let the determinant obtained by making the rows into col-
umns and the columns into rows be designated by b, 7,7 = 1, 2,

. .,n. Then b; = a;. An arbitrary term in the development
of |a;| has the form ai as, . . . @y, in which

(B) ac. . .cq

is some arrangement of the integers 1, 2,. . .,n; and the sign
of this term depends on the number of inversions in the row of
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numbers (5) (see Remark 2 on page 3). Moreover, this term is
cqual to 6)  basbeg .+ - b

which is a term in the development of the determinant [by,
except possibly for sign. In order to determine the sign of (6)
we have to rearrange its factors so as to put the row indices in
natural order; in doing this we shall put the column indices in
irregular order and the sign of (6) will depend upon the number
of inversions in that order. Now this order is obtained from the
natural order by as many interchanges of pairs of numbers as it
takes to restore the arrangement (5) to the natural order; conse-
quently it will present an even or odd number of inversions ac-
cording as the number of inversions in (5) is even or odd. Con-
sequently the term (6) will appear in |b;;| with the same sign that
the term ai,as, . . . dy, had in la;|. But this last term was an
arbitrary term in |ay|; therefore every term of the development
of |a;| oceurs in the development of |b;;| and with the same sign.
The same argument shows that the terms of |b;| are all reproduced,
in magnitude and in sign, in the development of |a;|. We have
thercfore proved that |a;| = |by].

CoroLLARY. If a theorem has been proved concerning the rows of a
general determinant, we may conclude at once that a similar theorem
holds for the columns; and vice versa.

Taeorem 5. The interchange of two columns (rows) of a deter-
minant causes the value of the determinant to change sign.

Proof. Let the given determinant be |a;| and let the deter-
minant obtained from it by interchanging the columns whose
indices are c¢; and ¢; be designated by |b;|. Then from every term
of the former determinant, we can obtain one of the latter by
writing b’s in place of a’s and interchanging the column indices
¢; and ¢;. It follows from Theorem 2 and Definition V that these
two terms will be opposite in sign while equal in numerical value.
Since moreover every term of |b;| can be obtained in this manner,
our theorem has been proved; the alternate form, indicated in the
parentheses, follows by application of the Corollary of Theorem 4.

Treorem 6. If all the elements of a row (column) are multiplied

by the same number, the value of the determinant is multiplied by
that number.

This theorem is an immediate consequence of Definition V.
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 Tueorem 7. If'two columns (rows) of a determinant are propor-
tional, the value of the determinant is zero.

Proof. Let us suppose first that the corresponding elements of
the columns whose indices are ¢; and ¢,, are equal. Let the value
of the given determinant be 4, and that of the determinant ob-
tained from it by interchanging the columns of indices ¢; and ¢,
be B. We conclude then from Theorem 5 that B = —A; and
from the fact that the two columns which have been interchanged
are identical, that B = A. Therefore A = —A and hence 4 = 0.
If now two columns of a determinant are proportional, its value
is equal, on account of Theorem 6, to a factor of proportionality
multiplied by the value of a determinant in which two columns
are identical; its value is therefore also equal to zero.

Tueorem 8. If the elements of a column (row) of a determinant are
binomials, its value is equal to the sum of the values of the two de-
terminants which agree with the given determinant in every element
except that the particular column (row) concerned consists in one of
them of the first terms of the binomials and in the other one of the
second terms.

This theorem is also an immediate consequence of Definition V;
the proof is left to the reader (see Section 6). For a determinant
of the third order the theorem asserts among other facts that

an ae + ki oag an G a3 any ky ag
g1 G+ ks an|=|Gn an as|+|an k: ax]|
as ap + ks as a3 A Az an ks ass

TreoreM 9. To the elements of any row (column) of a determinant
may be added arbitrary multiples of the corresponding elements of any
other row (column) without affecting the value of the determinant.

Proof. 1t is a consequence of Theorem 8 that the value of the
new determinant is equal to that of the given determinant plus
the value of a determinant in which two rows (columns) are pro-
portional. From this remark the present theorem follows by use
of Theorem 7.

Remark 1. Theorems 7 and 9 are the first objectives of the
chain of theorems we are developing. The latter enables us to
derive from a given determinant another one which is equal to it
in value but in which all the elements but one of some one row
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or column are equal to zero; such a change materially reduces
the labor involved in the evaluation of a determinant.

Remark 2. To abbreviate our terminology we shall speak of the
“addition of one row or column of a determinant to another row or
column” with the meaning ‘addition of the elements of one row
(column) to the corresponding elements of another row (column).”

Examples.

4 -7 3
1. To calculate the . the determinant 1 5 —2|weuse
-3 6 2
Theorem 9 as 1 »urow 1 we add row 2 multiplied by —4; and to row
3 we add row 2 mui..plied by 3. Thus we find that A4 is equal to the value of
0 =27 11
the determinant | 1 5 —2|. This determinant can readily be evalu-
0 21 -4

ated by means of Definition V; in this way we find that A = —(—27-1. —4)
+11-1-21 = 123.
4 3 2 9
5 6 -1 10
-7 8 4 5
2 -1 3 4
to column 1; and we add column 2, multiplied by —1, to column 4; thus we
6 3 2 6
4 6 -1 4
-3 8 4 -3
5 -1 3 5
Theorem 7 the value of this determinant is zero; hence it follows from Theorem
9 that the value of the given determinant is also zero.

2. To evaluate the determinant we add column 3

obtain in which there are two equal columns. By

6. Exercises.

1. Show by an actual count of the inversions that the number of inversions
is changed by an odd number when the numbers 2 and 8 are interchanged in
therowb 2 4 7 3 8 6 1.

2. Prove Theorem 1 for the case p > g without assuming it for the case
p<g.

8. Write out a detailed proof of the Corollary to Theorem 4.

4. Write out a detailed proof of Theorem 6.

5. Also for Theorem 8.

6. Illustrate Theorems 4, 5, 7, and 9 by means of determinants of the 3rd
and 4th orders.

7. Evaluate each of the following determinants:

1 -1 2 =2 2 -2 3 1

-5 2 3
-3 2 =2 3 -3 4 17 =2
@| 2 6 4|, O _ _al © e _ 2l
11 n 1 3 1 -3 5 -6 -9 3

2 1 -1 2 7 8 25 -4
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8. Calculate the Value of each of the following determinants:

1 2 3 -1 =2

P 2 1 3 -2 1

(a) ; ®) (0 1 2 -2 1.
-1 4 3 1 0 -1 -1 2 1
2 1 4 -3

0 2 3 1 —4

7. Minors and Cofactors. The following theorems will enable
us to reduce still further the arithmetical work involved in the
evaluation of a determinant. They will moreover furnish a basis
for the application of determinants to the solution of systems of
linear equations. antle

TreEOREM 10. The determinant obtained from a given determinant
by shifting rows and columns in such a way as to bring a certain ele-
ment in the upper left-hand corner, without changing the relative
position of the rows and columns which do not contain this element,
has a value equal to that of the given determinant or to its negative
according as the sum of the row and column indices of this element
1s even or odd.

Proof. Let us consider first the determinant |ayazeasasl and
let us call its value A. The upper left-hand corner of the deter-
minant, now occupied by ay will be called the ‘‘leading position.”
To form a new determinant in which a3, is in the leading position,
while the relative order of the 1st, 2nd, and 4th rows, and also of
the 1st, 2nd, and 3rd columns, remains unchanged, we interchange
the 3rd row successively with the 2nd and 1st rows; in virtue of
Theorem 5, this operation causes the value of the determinant to
change its sign twice, so that we can write

Az Q3 A3z A3
au Gz Gy Gy |
Q21 Qg2 G2z Q24
aq Qg2 Q43 Q44

Now we interchange the 4th column successively with the 3rd,
2nd, and 1st columns; this leads to the desired result at the cost
of three changes of sign. Therefore, the new determinant

Q34 Qag Az QAss
Qs Gu G2 03
au n Gn Gn|
Ay Qg Qg G4
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in which as occupies the leading position while the rows and col-
umns which do not contain as have the same relative order as in
the original determinant, has a value equal to —A.

It should now be easy to understand the proof for the general
case. To bring the element a;; of the nth order determinant |ay|
into the leading position without affecting the relative order of
the rows and columns which do not contain this element, we inter-
change the 7th row successively with the (i—1)th, (—2)th, . . .,
1st rows; then we interchange the jth column successively with
the (j—1)th, (j—2)th,. . ., 1st columns. This is accomplished
by means of ¢ — 1 4+j — 1 = ¢ 4 j — 2 interchanges and there-
fore accompanied by ¢+ j — 2 changes of sign in the value
of the determinant. Consequently the determinant which we
obtain finally will have a value equal to that of |a;;| or to its nega-
tive according as ¢ + j is even or odd; this proves the theorem.

DeriniTioN VI. The minor of an element of a determinant of order
n i1s the determinant of order n — 1 obtained by deleting the row and
column in which this element stands.

Derinition VII. The cofactor of an element of a determinant is
equal to its minor or to the negative of its minor according as the sum
of the row and column indices of the element is even or odd.

Notation. The value of the cofactor of the element a;; is desig-
nated by 4.
Tueorem 11.  All the terms in the expansion of the determinant

|a;jll which contain a particular element as a factor are obtained, in
magnitude and in sign, by multiplying that element by its cofactor.

Proof. TFor the element ay; this theorem is an immediate con-
sequence of Definition V. Let us again denote the value of
la;j| and also the determinant itself by A. To determine the sum
of all the terms in the development of A which contain the element
a; as a factor, we consider the determinant A’, obtained from 4,
as in Theorem 10, by putting a; in the leading position without
affecting the relation of the rows and columns which do not con-
tain thiselement. Then A’ = (—1)"*%A4 and hence 4 = (—1)*4’,
Since a;; occupies the leading position in A’ the sum of the terms
in A’ which contain a;; as a factor is obtained by multiplying a;
by its cofactor in A’. But the cofactor of a;; in A’ is equal to its
minor in A’; and the minor of a;;in A’ is the same as the minor of
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this element in A’ because the relative order of the rows and col-
umns which do not contain the element a;; has not been changed in
the transition from 4 to A’. Therefore the sum of the terms in
A’ which contain the factor a;; is obtained by multiplying this
element by its minor in A. Moreover the terms in A which con-
tain the factor a;; are obtained by multiplying those in A" by
(=1)"*. Therefore the sum of the terms in A which contain the
factor a;; is equal to (—1)" X a;; X the minor of a;; in 4 = q;
X the cofactor of a;;in A = a;;4;;.

TueoreM 12. The value of a determinant is equal to the algebralc

sum of the products obtained by multiplying the elements of any
column (row) by thelr cofactors.

Proof. In every term of the expansion of a determinant, there
is one and only one factor from each column (row). If therefore
we select a column (row) arbitrarily and take the sum of all the
terms which contain any one of its elements as a factor, we shall
obtain the value of the determinant. Hence the present theorcmn
is an immediate consequence of Theorem 11.

TreoreM 13. The algebraic sum of the products of the elements of

any column (row) by the cofactors of the corresponding elements of
another column (row) is equal to zero.

Proof. We observe that the cofactors of the elements of any
column (row) are not affected by changes made in that column
(row). The cofactors of the elements ay, 0, . . ., Gy in |ay]
are therefore the same as those of the elements ay;, az;, . . ., Gp,
in the first of the columns so designated in the determinant

ayy. . .(11". . .a,,.. . . Qiy
dgy » . .az,’. . .0,25’. . . Q2y

...............

Qi+« Ong o - - Ong, - - - Qun

This determinant is obtained from |a;| by replacing its column
¢ by its column ¢, (we are taking ¢; < ¢;) and leaving everything
else unchanged. On the one hand it follows from Theorem 7 that
the value of this determinant is zero; on the other hand we con-
clude from Theorem 12 and the remark made at the opening of
this proof, that its value is equal to

alc,Alcl + %’Aul + ...+ a,“-’A,u-‘.
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We conclude therefore that
aln:,A-lcl + a?c,A%l + o e e + aM,AMl = 0

whenever ¢; & ¢;. This proves our theorem.

Theorems 12 and 13 are the final objectives of the chain of
theorems which was started in Section 5. By means of Theorems
9 and 12, the value of any numerical determinant can be deter-
mined without an amount of arithmetical labor that is out of
proportion to the order of the determinant; Theorem 7 can fre-
quently be used to reduce this labor still further. There are usu-
ally several effective ways in which Theorem 9 can be used; by
practice the reader will soon develop skill in applying it.

Examples.

2 -1 3
1. To determine the value A of the determinant 4 -3 2| wecadd
-3 2 1

row 1 multiplied by —3 to row 2; and row 1 multiplied by 2 to row 3. We
find then, by use of Theorem 9 that

2 -1 3
A=]-2 0 =71
1 0 7

1t follows from Theorem 12 that A is equal to the sum of the elements of
the 2nd column, each multiplied by its cofactor; but this sum reduces to the
product of the element —1 by its cofactor. The row index of this element is
1, its column index is 2; therefore its cofactor is equal to the negative of its
minor. Therefore 4 = (—~1) X — _f _; =—-144+7= -7

Remark. The calculation of the value of a determinant by
means of Theorem 12, as illustrated in the above example, is
frequently called ‘“developing the determinant according to a
column (row).” It reduces the evaluation of any determinant
to that of one of the next lower order.

11 1 1
. 1 2 3 4

2. To evaluate the determinant 1 3 6 10 (see Example 3, page 4),
1 4 10 20

we add the first column multiplied by —1 in turn to the 2nd, 3rd, and 4th
columns; thus we find that the value A of the given determinant is equal

1 0 0 O
to that of the determinant } ; 2 3 and hence, by use of Theorem
1 3 9 19
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1 2 3
12, to that of the third order determinant |2 5 9| Lo evaluate this last
3 9 19

determinant, we add to the 2nd and 3rd columns respectively the 1st column
multiplied by —2 and by —3. It is then found that

1 0 0 .
A=2 1 3=l; 1‘3=1.
3 3 10

8. Exercises.

1. Illustrate Theorem 10 by mcans of determinants of the 3rd order and

of the 4th order.
5 —7 0
2 3 -1
6 4 2
without previous reduction, according to the lst row; also according to the
3rd column. Verify that the two results are equal.

3. Verify, in the determinant of Exercise 2, that the sum of the products of
the elements of the 2nd column by the cofactors of the corresponding elements
of the 1st column is equal to zcro.

4. Evaluate cach of the following determinants by the cofactor method:

2 3 4 -1

2. Calculate the value of the determinant by developing it,

5 -2 3 17 8 3 1 -2 5 9

@ | 4 1 =2, w»|-5 7 2 ©]| , o .
-1 3 2 6 —11 —4 6 1 -2 3
—4 5 1 -3

6. Calculate the values of the following determinants:

18 3 5 -3 -3 2 3 7 4 -2 4 1
4 7 -4 1| ,|-1 8 -1 2| |-2 1-2-2
@1 g 2 6 2/ O35 ¢ 3/ 4-2 1 3
-10 11 1 5 2 4 -3 -10 1 -2 3§ 1
6. Also of the following:
2 8 6 14 12 2 =3 4 -2 5
7 0 1 6 —4 3 —4 3 2 13
(a) 3 -6 3 -5 01; ) |13 —4 4 1 -
1 4 3 7 7 4 -5 3 6
-1 6 11 10 23 5 —6 3 9 -2

7. Show that the cofactor of the element ays in the determinant lajj|, i, j =
1,2,. . ., n, is equal to the determinant obtained from |aij| by replacing the
element aps by 1 and all the other elements in the rth row (or in the sth
column, or in both) by zeros.

8. Prove that if the rows and columns of a determinant are shifted, as in
‘Theorem 10, so as to bring the element ays into the leading position, then the
cofactor of any element in the new determinant is equal to the product of the
cofactor of this same element in the given determinant by (—1)r*s. (Hind:
Make use of the preceding exercise.)
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9. Matrices. Rank of a Matrix. Before proceeding to the
application of the theory of determinants to the solution of sys-
tems of linear equations, we shall introduce some further concepts,
which, although perhaps not indispensable, will aid considerably
not only in the solution of such systems but in all our further work.

DeriNiTioN VIII. A matrix is a rectangular array of numbers.
The numbers composing the array are called the elements of the

matrix; the horizontal and vertical lines of the array are called re-
spectively rows and columns of the matrix.

Notation. In writing a matrix double vertical bars are placed
on either side of the array. Large parentheses are sometimes
used instead of the double vertical bars; we shall adhere to the
former notation. For example

0 5 3 4 2-3 0
"2 3 -1 4 -1 2 Ll ogvio6 -2
-4 -5 o“ -3 2 -1l ™ Ilvs -4 & -1
6 -3 4 0-6 3 5

are matrices.

Abbreviated notations, similar to those used for determinants
(see Section 2) are also used for matrices; for example, ||a;l|, ¢ = 1,
...,5;7=1,...,4representsamatrix of 5 rows and 4 columns
and [lail], 4,7 = 1, 2,. . ., nrepresents a square matrix of n rows
and n columns. We shall also designate a matrix by the single
letters a or b.

Remark. We emphasize the fact that a matrix is merely an
array of numbers and that no numerical value is attached to it.
In particular it is important to notice the difference between a
square matrix and a determinant. Although both are square ar-
rays of numbers, the latter has a number associated with it,
namely, its “value,” but the former has no number associated
with it. A determinant whose elements are identical with the
corresponding elements of a square matrix is called the ‘“determi-
nant of the matrix.” We also speak in such a case of the “matrix
of the determinant.”

DeriniTion IX. The rank of a matrix 18 a positive Integer or zero,
r, such that it is possible to form a determinant of order r whose value
is different from zero and whose rows and columns are obtained from

the rows and columns of the matrix, whereas it 1s not possible to form
a determinant of order r + 1 which satisfles the same conditions.
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Remark. 1t is an immediate consequence of this definition that
if the rank of a matrix is r, then the value of every determinant of
order r 4 1, r + 2, cte., whose rows and columns are formed from
the rows and columns of the matrix, will be zero. And if the rank
of a matrix is zero, all its elements are zero.

10. Complementary Minors. Elementary Transformation of
Matrices.

DEerFINITION X. Any determinant whose rows and columns are
formed from the rows and columns of a matrix (determinant) is
called a minor of the matrix (determinant).

The terms ‘“two-rowed minor,” ‘three-rowed minor,” etc.,
which we shall have frequent occasion to use, should be clear
without further explanation.

Remark. The definition of the rank of a matrix can now be put
in the following form: The rank of a matrix is an integer, r, posi-
tive or zero, such that the matrix has a non-vanishing r-rowed
minor but no non-vanishing minor of order higher than r.

DrriniTION XI. A principal minor of a square matrix (determinant)
is a minor formed by using rows and columns of equal indices only.

DerintTion XII. If the rows and columns used in forming the minor
M; of a square matrix (determinant) are those which were left unused
in the formation of the minor M,, then M, and M. are a pair of com=~
plementary minors of the matrix (determinant). Either 1s the com-
plement of the other.

Derinition XIII. The algebraic complement of a miner of a square
matrix (determinant) is equal to its complement multiplied by that
power of —1 whose exponent is equal to the sum of the indices of the
rows and columns used in the formation of the minor.

Remark. The one-rowed principal minors of a square matrix
(determinant) are the elements of its principal diagonal; the comple-
ment of a single element is its minor; the algebraic complement of a
single element is its cofactor. (Compare Definitions VI and VIIL.)

Examples.
a3 G Qip
Qs Q¢ Q2p
ags Qs Ass
three-rowed minors respectively of the determinant |a;l, 7,5 =1,...,5.
a; Q2 Quy
Qg1 Qs Oau
as Qsa  Qp

Qs Q25
A3 Qgp

and are two-rowed and

1. The determinants

Qo3 Qzs
Qs Q4o

2. The determinants and I are complementarv
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an s Qis

minors of the determinant |ail, 4,/ =1,...,5; and |ay au aslis a
s Aps  Ass
principal minor of the same determinant.
. . as @
3. The algebraic complement of the two-rowed minor a” a“ of the de-

43 45
an Gz G

terminant |a;|, 7,5 = 1,. . .,5 is equal to (—1)¥3% | gy ap  ay |; it is
Qs QA2 Ape

therefore equal to the complement of this two-rowed minor.

G2 s Qus
4. The algebraic complement of the three-rowed minor | az as as | of
Qg2 Ggq  Qes
an Qs Qe
the determinant |aijl, 4, = 1,. . ., 6 is equal to (—1)"3+6+2+4+5 | g g ag
l"m as3 Age

and therefore equal to the negative of its complement.

The operations upon the rows and columns of a determinant
which were discussed in Section 5 may also be performed upon the
rows and columns of a matrix. But since a matrix has no “ value,”
the theorems on determinants which were there obtained will have
no exact analogues; we shall however be interested in the effect
of these operations upon the rank of the matrix. We introduce
first the following Definition.

DeriniTioN XIV. An elementary transformation of a matrix 1s one
which consists in performing upon it one of the following operations:
the interchange of two rows (columns); the multiplication of all the
elements of a row (column) by a non-vanishing multiplier; the addi-
tion to the elements of one row (column) of multiples of the corre=
sponding elements of another row (column).

Remark. It should be clear that if the matrix b is obtained from
the matrix a by an elementary transformation, then the matrix a
is obtainable from b by an elementary transformation.

Trrorem 14. The rank of a3 matrix is not affected by an elementary
transformation.

Proof. Let us consider the matrix 8 = ||agll, 7,7 =1,. .. .,n
and let us suppose that its rank is r; it will then contain at least
one non-vanishing r-rowed minor, while every (r + 1)-rowed mi-
nor vanishes. The interchange of two rows or columns of a and
the multiplication of"the elements of a row or column of a by a



COMPLEMENTARY MINORS 19

non-zero constant either have no effect whatever upon its minors,
or else they will multiply a minor by a non-zero constant; in
neither case will these operations kill off a non-vanishing minor of
a nor bring a vanishing minor back to life. These operations will
therefore leave the rank r of the matrix unchanged. If to the ith
row of & we add k times the jth row, an (r 4+ 1)-rowed minor of 4
will not be changed in value if it does not contain the ¢th row, nor
if it contains both the 7th and the jth rows. Let us suppose there-
fore that M is an (r + 1)-rowed minor of a which contains the
7th row but not the jth row; and let us denote by M’ the corre-
sponding minor of the matrix a’ obtained from a by adding & times
the jth row to the 7th row. Then it follows from Theorem 8 that
the value of M’ is equal to the value of M plus k times the value of
another (r + 1)-rowed minor of a; but since every (r + 1)-rowed
minor of a vanishes, it follows from this that the value of M’ is also
zero. Consequently every (r 4+ 1)-rowed minor of a’ vanishes, so
that the rank of &’ < r; that is, the rank of a matrix is not increased
by any elementary transformation. But then it follows from the
remark preceding this theorem that the rank must remain un-
changed. For if it were decreased then the elementary transfor-
mation which carries the new matrix back to the original would
have to increase the rank; and we have just seen that this can not
happen. The theorem has therefore been proved.

CoroLrary. If a matrix a’ is derived from another matrix a by a
succession of elementary transformations the ranks of the two ma-
trices are equal.

Remark. This theorem and its corollary can be used in the de-
termination of the rank of a matrix in the same way as Theorems
5, 6, and 9 are used in the evaluation of a determinant.

11. Exercises.

1. Write out the minors of |laij|l,%,7 = 1,. . .,6 formed by using the
following sets of rows and columns: ¢ =1,2,5,j=23,6; ¢t =2,3,4,6,
J=2456;1=36,j=36.
2. Determine the algebraic complements of each of the minors of Exercise 1.
-1 2 3 -5
3 -4 5 2
5§ -6 13 -1
0 2 14 -13

8. Show that the rank of the matrix is 2.
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4. Determine the rank of each of the following matrices:

-2 3 5 2 3 -4
(a) 5 -1 =3|; ) || 4 6 =5 ;
4 7 9 6 9 -9
2 3 4 2 3 3 —4
(c) || 4 6 -8|; (d) 7 —6 —13 25l
6 9 -12
1 0 -3 3

5. Prove that the algebraic complement of a principal minor of a square
matrix is equal to its complement.

6. Prove that one of two complementary minors of a square matrix is a
principal minor if and only if the other one is a principal minor.

7. Prove that if the minor M, of a square matrix is the algebraic complement
of the minor M,, then M: is also the algebraic complement of M,.

12. The Laplace Development of a Determinant. In the re-
maining sections of this chapter we shall develop some further
interesting and important properties of determinants. These
properties will find application in the later chapters, but they are
not needed for the solution of systems of linear equations. The
reader can proceed therefore from this point immediately to
Chapters I1, III, IV, and V, returning to the remainder of Chapter
I after he has completed these.

Our first objective is a generalization of the cofactor develop-
ment of a determinant, discussed in Section 7.

LEmMMa 1. The determinant obtained from a given determinant by
shifting the rows and columns in such a way as to bring a specified
k-rowed minor in the upper left-hand corner without changing the
relative position of the rows and columns not involved in this minor
has a value equal to that of the given determinant or of its negative
according as the sum of the indices of the rows and columns used in
this minor 1s even or odd.

Proof. Let the indices of the rows and columns used in the
k-rowed minor under consideration be 7y, 7, . . ., 7 and ¢, ¢,

. ., ¢z respectively. To accomplish our purpose, we interchange
the rith row successively with each of the r, — 1 rows which lie
above it; next we interchange the r,th row successively with each
of the r, — 2 rows which lie above it but below the 1st row, the
rsth row with each of the r; — 3 rows which lie above it but below
the 2nd row, etc., until we have interchanged the rith row with
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each of the 7, — k tows which lie above it but below the (K — 1)th
row. Thus the rows whose indices are ry, 73, . . ., 7% have been
placed in the positions of the first k rows, while the relative posi-
tion of the remaining rows has remained unchanged; and this
has been done by means of r, — 147 —24...4+nrn—*%
interchanges of rows, so that the determinant we have obtained
has a value equal to that of the given determinant multiplied by
(=1)7trst - HRED/2 e proceed now to shift the columns
whose indices are ¢;, ¢, . . ., ¢ in such a way as to bring them in
the position of the first k£ columns without affecting the relative
order of the remaining columns; it should be easy to see that this
is accomplished by meansof ¢, — 1 +¢ —24+. ..+ ¢ — kin-
terchanges of columns and therefore at the cost of ¢, + ¢ +. . . +
cr — k(k + 1)/2 changes of sign. The final result in which the
specified k-rowed minor is in the upper left-hand corner and in
which the rows and columns not occurring in this minor have the
same relative order as in the given determinant has therefore a
value equal to that of the given determinant multiplied by a power
of —1 whose exponentisr, +nr+...+n+a+e+...+
¢ — k(k + 1). But, no matter what integer k may be, k(k 4+ 1)
is always even. Consequently the value of the final determinant
is equal to that of the given determinant if ry +r 4. ..+ 7 +
a+ce+. ..+ ¢ is even, and equal to its negative if this sum
is odd.

Remark. Fork = 1,thislemma and its proof reduce to Theorem
10 and its proof.

Lemma 2. Al the terms in the development of a determinant which
contain as a factor any term in the development of a specified k-rowed
minor are obtained in the product of this minor by its algebraic com-

plement; and this product contains nothing but such terms of the
development of the determinant.

Proof. We shall prove this proposition first for the principal
k-rowed minor in the upper left-hand corner; and we shall denote
this minor temporarily by A;. The algebraic complement of this
minor is equal to its complement (see Exercise 5, Section 11).
An arbitrary term in the development of this minor is (—1)a:,az,

. . Gpg, Where ¢, €, . . ., ¢ is a permutation of the numbers
1,2,. . ., kand cis the number of inversions in this permutation;
an arbitrary term in the development of its complement is
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(= 1) @i, % Oh42, Yy - - - Qnyyy WHETC Vs, Viwa, o + « 5 Yu TEP-
resents an arbitrary permutation of the set of numbers
k+1,k+2...,nand v is the number of inversions of this
permutation.* The product of these two terms is (—1)* ay, g,

. QhgOkt1, Y Ok+2, Tppg - - - Qny,e Since the numbers of the set
iy 3y . . ., Gt are all less than those of the set vet1, Yae2, . « 5 Yoy
it follows from Exercise 4, Section 4 that the number of inver-
sions of the total set ¢, €ay . « . 5 Chy Yht1, Ye42y - - -, Y 1S €qual to
¢+ v; hence this product is a term in the development of
the original determinant. If, on the other hand, (—1)%;4044,
. is a term in this development which contains as a factor
a term of 4;, then its first & factors must be elements of 4, and

therefore di, ds,. . ., ds and di41, di4s, . . ., dy must be permu-
tations of the sets 1, 2,. . ., kand k+ 1, k+ 2,. .., n respec-
tively. Hence aig0z; . - - Grgy, A0d Qp11,d,, k42,8545 - - - Qna, Will be

terms in the developments of A; and of its complement re-
spectively, and the numerical factors, + 1 or —1, will be such
that their product is equal to (—1)% Our lemma has been
proved therefore for the principal minor 4;.

To prove it for an arbitrary k-rowed minor By formed from the
rows and columns whose indices are 71, r5,. . ., 7% and ¢, c,

. ., Cx respectively, we form first, as in Lemma 1, the de-
terminant in which B; occupies the upper left-hand corner. Let
us call this new determinant, and also its value, A’; then 4’ =
(—1)atet...+gintnt. ..y A and the minor B, of A goes over
into the minor 4;’ of A’. Moreover the complement of By in A
is the same as the complement of 4;’ in 4’. In virtue of these
facts and of the first part of this proof, we conclude that the sum of
the terms in A which contain a term of By as a factor is equal to
(—Datat...gqintrt...n X A" X the complement of 4;' in A’
= (=1)atat.. . dgtnint. .. 47 % B, X the complement of Byin
A = ByX the algebraic complement of B;. This completes the
proof of the lemma.

* In the development of the algebraic complement the sign of this term is
determined by the number of inversions of the set of integers obtained from
Vipr Thaw* * 1 Tn by diminifshing each of 'them by k; but it follows from
Exercise 3, Section 4 that this new set of integers has the same number of
inversions as the set v, ., Y, 0 - + 1 Ve
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Remark. The special case of this lemma which arises when k=
1 isidentical with Theorem 11.

TrEROEM 15. The value of a determinant is equal to the algebraic
sum of the products obtained by multiplying each of the k-rowed
minors that can be formed from any k rows (columns) of the deter-
minant by their algebraic complements.

Proof. Let us consider the rows whose indices are 71, r2, . . . ,7%.
Every term in the development of the determinant will contain as
a factor a product of k£ elements selected from these & rows, one
from each; and every such product will be a term in the develop-
ment of some one k-rowed minor whose row indices are ry, 7,

., 7. Hence we shall obtain the value of the determinant if
we take the sum of all the terms which contain as a factor any
term in the development of any one of these k-rowed minors.
But, since it was shown in Lemma 2 that for a given k-rowed
minor all such terms are found, and without any additional terms,
in the product of this minor by its algebraic complement, we can
conclude that the sum of the products of all the k-rowed minors
formed from the k rows, which were selected, by their algebraic
complements is equal to the value of the determinant.

Remark. The evaluation of a determinant by the method ex-
plained above is called the Laplace development of the deter-
minant. Forthe casek = 1, it reduces to the development accord-
ing to a row or column discussed in Theorem 12.

Example.
0 a a ag
. - 0 bz b3 .
The determinant P be evaluated in a very con-

—a3 —=by —cz O
venient way by means of the Laplace development. If we use the first two
columns, we find that its value is

0 all 0 o _| 0 | be s b, bsl
| -a 0 XI —-c; 0 —az ’ = —as —bs 'X C3

- 0 @ a| | —a 0 l a Gsl —Qy —bzlx a as

—-a; ~b, —-cs O —a; —bs cs —as —bsl"| b by

= a2c% — @b + Mmashcs + arhaascs — aibsascs + (ashs — asb.)? = a2t
+ (agba - (labz)2 -2 alcs((l2b3 - aabg) ((1103 - (l»l)s + (l;bg)z
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13. Exercises.

1. Evaluate each of the following determinants by the Laplace develop-
ment, using the first two rows:

—2 5 3 0 0 -1 7 —4 a b oo 0
3 4 1 0] 3 5 =2 1| |d e fi 0f

@V 5 2 —4 3/®l_6 3 0o =590 a b a
1 -3 0 2 4 2 0 3 0 d] € fl

2. Prove that the sum of the products of the k-rowed minors formed from
k columns of a determinant by the algebraic complements of the correspond-
ing k-rowed minors of another set of k columns (that is, a set of k columns in
which there is at least one column that was not among the columns of the
first set) is equal to zero.

8. Evaluate each of the following determinants by Laplace’s development:

s o _s 1 -2 5 4 6 o0
S S 3 1 -2 8 5
(a) ; (b) 5 =7 10 3 0{;
-3 1 6 8 -8 4 -1 12 -9l
4 -2 5 -3

—4 6 3 =2 0
1 3 -8 4 0
4 -5 2 7 =3
() | =5 0 1 2 51
6 0 4 -5 1
-2 0 -3 3 -4

4. Prove that the value of a determinant of order n, which contains for
any integral value of k, a matrix of k rows (columns) and n — k + 1 columns
(rows) of which every element is zero, is itself zero.

6. If a determinant of order n contains a matrix of k rows (columns) and
n — k columns (rows) of which every element is zero, the value of the deter-
minant is equal to the product of the values of a single k-rowed minor and its
algebraic complement.

6. Prove that the algebraic complement of a specified k-rowed minor of a
determinant is equal to the determinant obtained from the given one by re-
placing by 1 the elements in the principal diagonal of this k-rowed minor and
by 0 all the other elements of the rows (columns) from which the minor is
formed.

7. Prove that if s is the sum of the row and column indices of a certain
k-rowed minor of a determinant and if a new determinant is formed from the
given one in which this k-rowed minor has been shifted to the upper left-
hand corner by the method of Lemma 1, Section 12, then the c¢ofactors of any
element a;; in the two determinants differ only by the factor (—1)s. (Hint:
Compare Section 8, Exercise 8.)

8. Prove that under the conditions of the preceding problem the algebraic
complements of two corresponding k-rowed minors of the two determinants
differ only by the factor (—1)s.
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14. The Product of Two Determinants. The Laplace develop-
ment enables us to express the product of two determinants of
order n as a determinant of order 2 n. We denote by

Iaul 0
I byl

the determinant of order 2 n whose first n rows consist of the rows
of |a;j|, each extended by n zeros, while the last n rows consist of
the rows of |b;;| preceded by an arbitrary square matrix of order
n; it should be easy to sce, particularly in view of Exercise 5,
Section 13, that the value of P is equal to the product of the values
of |a;|l and |byl, that is, P = A - B, where A and B designate
the values of the determinants |a;| and |b;| respectively.*

We choose now for the matrix I’ the n-rowed square matrix in
which the elements in the principal diagonal are all equal to —1
and all the other clements are zero. We shall designate by
C, Coy. . .,Ch Chyyy. . ., Coy the matrices of one column and
2n rows each formed by the successive columns of P. Moreover
we shall introduce an abbreviation, current in all mathematical
writing and probably familiar to many readers, for a sum of terms
which differ in subscript only; namely, we shall write, in general,

n
Zukforthesumul—i-ug+. . Uy
k=1
We proceed now to apply Theorem 9 to change the form of the

determinant P as follows: we replace Cyqy by Cpps + 61.C1 + b2:C, +

. + b, Cp, that is, we add to the (n + 1)th column of P each
of the first n columns after having multiplied them by by, by, . . .,
by respectively. The (n 4 1)th column will then consist of the
following elements: anby + awbu + . . . + @b, anbu + aznba +

P = =12,...,n

.+ aubuyy - - .y Guibi + apgba + . + Apnbm, 0, 0, ,0; or,
usmg the abbreviation which has JUbt been explained, of 2 abu,
E Qokbpr 5 . E Aukbr, 0,0, ,0. Next we replace the col-
k=1 k=1

umn C,H.z by Cn+2 + bl'JCl bngz + P + b,,z ny the column
Cypsa by Cpys + b1sCy + b23Cy + . . . + busCy, and so forth, until

* The reader is advised to write out in full the determinant P and to carry
out the operations described concisely and with abbreviated notation in the
following paragraphs.
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we have replaced the last column of P, namely, Cyy, by Co +
binCy + b2uCo + . . . + byuCy. Thus we obtain the following

result:
an Qg .. . Qi zamblu Ealkbkz N z a”,b,m
Ay Qg . . . Ugy 2 Qokbrs 2 ackbpe . . . E .
Podpo|t G G 3 Cwba 3 b S Guibin |,
0-1 0 0 0 0

in which all the sums designated by the symbol 2 are to be ex-
tended over the range k = 1,. . ., n. This determinant is de-
veloped by Laplace’s development using the last n columns; in
accordance with Exercise 5, Section 13, the result will be equal to
the product of the n-rowed minor in the upper right-hand corner
by its algebraic complement. Thus we find that

P = AB = (—1)1H2+ ... tntnbD+n)+ . .. +2”Izaikbkj| c(=1)m
= (—1)2”(2"+‘)/2+"Izaikbkj, = (—1)2nz+2"|2aikbkjl
= 'Za,';,bkjl, ,j=12,...,n

Thus we have shown that the product of the two nth order deter-
minants |a;;| and |by] is equal to an nth order determinant in which
the element in the 7th row and jth column is equal to the sum

n
Za&bﬁ. This result is stated in the following theorem.
k=1

TueoreM 16. The product of two determinants of order n is equal
to a determinant of order n in which the element of the ith row and
Jjth column is equal to the sum of the products of the elements in the
ith row of the first factor by the corresponding elements of the jth col-
umn of the second factor.

Remark. We know from Theorem 4 that the value of a determi-
nant is not changed if the columns are taken as rows and the rows
as columns. Hence if we rewrite A (or B, or both) in such a way
as to interchange rows and columns and then determine their
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product in accordance with Theorem 16, we obtain the following
extension of this theorem:
The product of two nth order determinants is an nth order de-
terminant whose element in the sth row and jth column is
(1) equal to the sum of the products of the elements in the
ith row of the first by the corresponding elements of the
jth column of the second; or
(2) equal to the sum of the products of the elements of the
ith column of the first by the corresponding elements of
the jth column of the second; or
(3) equal to the sum of the products of the elements in the
ith row of the first by the corresponding elements in the
~ jth row of the second; or
(4) equal to the sum of the products of the elements in the
ith column of the first by the corresponding elements in
the jth row of the second.
This statement is expressed symbolically by the following for-

n n n n
S aaby| = | Sanby] = | D anbn| = |3 abi
i1 =1 i=1 =t

A condensed form of the statement is that determinants may be
multiplied rows by columns, or columns by columns, or rows by
rows, or columns by rows. In most cases we shall use the first of
these methods for multiplying two determinants and, unless the con-~
trary is explicitly stated, it is to be understood that this is the case.

Ezxzamples.

1. If |aijl, 7,7 = 1,2, 3 is used to denote the product of the two determi-

mula:
AB = = = yhi=1,...,n

3 -5 6 -1 7 -3
nants| 2 0 —1ljand| O 6 2| then asy is equal to the sum of
-4 8 9 5 —4 1

the products of the elements in the second row of the first of these by the
corresponding elements of the third column of the second; therefore as; =
2.(=3)+0-24+(—1)-1 = ~7. Similarly we findagp = (-4)-7+8-6
+9-(—4) = —16.

2. The product, rows by columns, of the two preceding determinants is

27 =33 -13 27 -33 -13 -1 39 -41
-7 18 =7|=]-7 18 —-7|=|-7 18 -7
49 -—16 37 0 110 -12 0 110 —-12
-1 39 —41
=| 0 —255 280| = 27,740.
0 110 -—-12
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Their product, columns by columns, is

-23 49 -9 1 4 -9 1 0 0
45 —67 23|=4X]|-6 48 23|=4X|-6 72 —=31| = 27,740.
39 0 —11 18 =55 —11 18 —127 151
Their product, rows by rows, is
—-56 —18 41 —-56 —130 545 —56 —130 545
1 -2 9| = 1 0 0| = 1 0 0| = 27,740.
33 66 —43 33 132 —340 —-23 2 205
And their product, columns by rows, is equal to
23 4 3 01 0
—19 16 =17 =4 X |—111 4 —29| =4 X i(l)sl) _gz
—40 12 43 —109 3 34
2 63 .
= 14|09 _as| = 27,740,
15. Exercises.
1 1 1 1 1 0 0 0
. . 1 2 3 4 1 1 1 1
1. Multiply the determinants L 4 9 16 and 1 1 2 3
1 8 27 64 1 1 4 9
(1) rows by columns;
(2) columns by rows.
0O 1 1 1 0 2 3
. . 1 0 1 1 1 0 2 3
2. Multiply the determinants 1 1 0 1 and 1 2 o 3
1 1 1 0 1 2 3 0
(1) rows by rows;
(2) columns by columns.
2 -1 0
3. Determine the square and the cube of the determinant |1 0 2.
0 -2 1

" 4. Form the products in each of the four possible ways of two general second-
order determinants and show that the results are equal in value.

6. Prove that a two-rowed minor of the product of two determinants is
equal to a sum of products of two-rowed minors of the two determinants.

6. Prove a theorem for three-rowed minors similar to the theorem of
Exercise 5.

7. Prove the general theorem of which the theorems of Exercises 5 and 6
are special cases.

8. Prove that the rank of the matrix of a product of two determinants can
not exceed the rank of the matrix of either factor.”

16. The Adjoint of a Determinant.

DerinviTion XV. The determinant of which the element in the ith
row and jth column (i, j = 1,. . . , n) is equal to the value of the co~
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factor 4;; of the element a;; of the determinant |ajl,i,j =1,. .. ,n
1s called the adjoint of that determinant.

We shall denote by A and by A’ the values of the determinant
|aii] and its adjoint respectively. By means of Theorems 16, 12,
and 13 we should be able to see readily that the product rows by
rows of |a;;] and its adjoint forms a determinant in which the ele-
ments of the principal diagonal are all equal to 4, and the remain-
ing elements are all zero; hence that A-4’ = A® and therefore
that A’ = A*, if A & 0. This result gives us the following
theorem.

TueoreMm 17. If the value of the determinant lajjl, i,j =1,. .., n
is different from zero, then the value of the adjoint of this determinant
is equal to the (n — 1)th power of the value of |a;;|.

The theorem which we have just proved is a special case of the
following more general theorem.

THEOREM 18. The value of a k-rowed minor of the adjoint of a de-
terminant is equal to the product of the value of the algebraic com-
plement of the corresponding k-rowed minor of the given determinant
by the (k — 1)th power of the value of the given determinant, pro-
vided this latter value is different from zero.

Proof. We will prove this theorem first for the k-rowed prin-
cipal minor in the upper left-hand corner of the adjoint. We
begin by forming the product of |a;| by the determinant

Au Azl « o . Akl 0 0 O
A Az v Ap 00 0
A Ay ... Ap 00 ... 0 .
Al, k41 Ag, k+1 e e e Ak, k41 1 0 P 0
Aypee Aoyree o0 Apee 01 0
A]” A2n “« .. Ah" 0 0 PRI 1

The Laplace development of this determinant which uses the first
k rows, together with Theorem 4, shows that its value is equal to
that of the k-rowed principal minor which we wish to determine
(compare Exercise 5, Section 13); let us denote this value by V;.
The product of |a;| by this determinant is formed in accordance
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with Theorem 16; if we make use again of Theorems 12 and 13,
we obtain the following result:

A4 0 ...0 ayaer Guaz .. Gup

0 A...0 a4t Ozyher . .. G2y
AV, = 0 0 A Qiy b1 Oky k2 - . o Oy

0 0 ...0 Gh+1y bt Ghsty b2 -+« ity m

0 0 0 Gryo, b+1 Ght2y bi2 - -+ Chizy

0 0...0 Quy k41 Oyy k42 o« o Quy

If the determinant on the right-hand side of this equation is de-
veloped by Laplace’s development, using the first k columns, we
find, by thinking once more of Exercise 5, Section 13, that it re-

Okt1y k1 o o » Qhily n
ducesto A*|. .. ......... ; hence, since 4 &= 0 by hy-
Apy k+1 o « o Onn
pothesis, we conclude that
Apt1y k41« o o Ohtly n
Va=1|............. X A1
Ay, k41 (L

Now the determinant on the right of this equation is the algebraic
complement of the minor of |ay;| which corresponds to the minor
of its adjoint which we are having under consideration; the theorem
has therefore been proved for this special case.

Let us now consider an arbitrary k-rowed minor M}’ of the ad-
joint; let My be the corresponding minor of |ay| and let m; be its
algebraic complement. Let us furthermore denote by s; the sum
of the row and column indices used in M; (and therefore in M}').
We know then from Lemma 1, Section 12 that the value of the
determinant obtained from |ay| by a shifting of rows and columns
which brings the minor M} into the upper left-hand corner without
altering the relative order of the rows and columns not involved
in this minor is equal to (—1)%A4; and from Exercise 7, Section 13
we infer that the cofactors of the elements of this rearranged de-
terminant differ from the cofactors of the same elements in |ay|
by the factor (—1)%. Therefore, if M}’ denotes the k-rowed prin-
cipal minor in the upper left-hand corner of the adjoint of the
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rearranged determinant, every element of M}’ is equal to (—1)%
times the corresponding element of M;’ and hence M) =
(—1)*M,'. To the minor M, we can apply the conclusion
reached in the first part of the present proof; the algebraic com-
plement of the corresponding k-rowed minor in the rearranged
determinant |ay| is identical with the complement of M} and hence
equal to (—1)%m;. We have therefore the following result:
(=M = (—1)%my X [(—1)%A]*1, from which we conclude
that M}’ = mpA*-1; this is the relation asserted in our theorem.

Remark. For k = n, Theorem 18 reduces to Theorem 17; for
k = 1, it merely asserts that every element of the adjoint is equal
to the cofactor of the corresponding element of the given deter-
minant |a;|. If we denote by a;; the cofactor of the element A of
the adjoint, we obtain by putting k¥ = n — 1, the following
corollary.

CoroLLARY. The cofactor «;; of the element 4;; in the adjoint of the
determinant |a;| is equal to a;j 472

17. The Derivative of a Determinant. The elements of the
determinants whose properties we have been discussing have been
constants. If these elements are functions of a single variable ¢,
let us call them wy;(t), then the value of the determinant is also a
function of this variable. Denoting this function by the symbol

U(t), we have .
U@ = Iuif(t)l’ Lij=1,...,n

We inquire now for a convenient form in which to write the de-
rivative of U(t) with respect to . To obtain such a form, we
recall two facts:

(1) That U(t) is the sum of terms ztuy, (ug,(f) . . . ung,(?),
in which ¢y, &, . . ., ¢y are successively the different permutations
of the set of integers, 1,2,. . ., n and the sign of the term depends
on the character of the permutation;

(2) That the derivative of a product of two or more functions
is equal to the sum of all the products obtainable from the given
product by replacing one factor at the time by its derivative; for
example, if / denotes differentiation with respect to ¢, (uusus)’ =
wugus + wike"us + wraus’.

From these facts we conclude that U’(f) is equal to the sum
of the sums 2 £ w'o U, . - . Uney 2 2 UteUn'e, o Ungy + e o
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2 = UigUs, - - - Uni, i0 each of which ¢, ¢, . . ., ¢, are succes-
sively the different permutations of the set of integers 1, 2,...,n

and the sign of the term is plus or minus according as the number
of inversions in the permutation is even or odd. But then it
follows from (1) that the first of these sums is the expansion of a
determinant obtainable from |u;(t)| by replacing the elements in
its first row by their derivatives; also, that the second sum is the
expansion of the determinant obtainable from |u;(t)| by replacing
the elements in the second row by their derivatives; and so forth.
We can therefore state the following answer to our inquiry.
Tueorem 19. The derivative with respect to ¢ of the determinant
U(t) = luij(t), i, j =1, . . . , n 18 equal to the sum of the n deter-

minants obtained from U(t) by replacing the elements of one row
(column) at the time by thelir derivatives.

Examples.
2 -1 3 -4 -2 —1
1. Theadjoint of the determinant |0 1 —2 |isfoundtobe|-7 1 5].
1 -3 2 -1 4 2

The value, A4, of the first determinant is —9; and the value, A’, of the ad-
joint is 81 = (—9)2. The cofactor of the element in the 3rd row and 2nd

column of the adjoint is — ’:g —; l; its value is 27, which is also the prod-

uct of the corresponding element in the original determinant, —3, by the 1st
power of the value of the determinant, —9.
2. The derivative of the value of the determinant

*? -3t 2¢ 22 -7t 4+ 4
3241 41 6t—3
2t+1 282 +4+6t—3 248t-7

is equal to the value of the sum

2t—3 2¢ 212 —~T7t+4 -3t 2 208 —-T7¢t 4+ 4
6¢ 4 t? 6t—3(+(32+1 8¢ 6¢t—3
2 22 4+6t—-3 2 48t—7 204+1 4t4+6 24-8t—-7

12— 3t 2t 41 -7

+ |3t +1 4 6.

2t +1 212 4+6t—3 2¢{+4+8

18. Exercises.

1. Determine the adjoints of each of the following determinants:

| 4 5 1 0-1 3 1 2 -2 1
: 0 4 2 -1/ 2 1 3 —4

(”/) _‘} ';) 1 ) (b) -1 2 —9 4\ (C) 4 5 -1 =2/
0 - 3 -1 4 1 30 8-9
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2. Differentiate each of the following determinants:

. . R arcost bisint ¢
sint cost|, (A | -t 4+4 ] .
@ | _¢ost sin tl’ @) | 1/t—2) 1/¢+1 P (c) azimt bgc:St 66 ’
1 2

8. Determine the 1st, 2nd, and 3rd derivatives of the determinant

ay —t ap ay
Ay ap —t ay
as %8 ay — 1

4. A symmetric determinant being defined as one in which, for every pair
of indices ¢ and j, a;; = a;i, show that the adjoint of a symmetric determinant
is itself symmetric.

6. Show that the value of the adjoint of the determinant

0 A2 Qg3
—a 0 a3
—a;3 —ax 0

is zero and the rank of its matrix is 1.
6. Prove that the value of the determinant

alt+p at+p at+ps
at+q ad+q ad+q
at +7m at +r2 aid + 73

is a function of the first degree in {.
7. Verify, by direct computation, the Corollary to Theorem 18 for the case

of 3rd order determinants.
8. Work out a formula for the 2nd derivative of the determinant [|u;;(t)],

Li=1...,n

19. Miscellaneous Exercises.

1. Determine the value of each of the following determinants:

4 -1 3 2 3 2 -1 =2
-4 2 3
ol 12 5 =7 4, 2 0 1 o0
@53 2Ol 6 5 —of @1 1 3 2
’ 14 15 9 —10 -2 0 2 0
2. Determine the rank of each of the following matrices:
-3 2 1 -2 4 -2 4 1
2 -3 5 6
@t 2 a-slol g7 gl T
4 —-13 7 28 - :
1 7 0-=5 1 -2 7 1

8. Compute the adjoints of the determinants (a) and (c) in Exercise 1.
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4. Determine, by inspection, the sum of the values of the determinants

4 2 3 -3 2 3
-1 =3 2| and 1 -3 AR
6 1 -6 -6 1 -6
1 1 1 1
a b ¢ d
6. Show that @ b o ] (a=b) (b—c) (c—=d) (a—c) (b—d) (a—d).
at by ¢ B N
1 1 PP |
a as N / 7 *
8. Determine the value of the determinant | ;2 a2 .. .. as?
o

7. Show that the square of the value of the determinant in Exercise 5

4 8 8 83

S 82 83 & — ok 5
& s 85|’ where sp = ak + b

83 8¢ Ss Sg

is equal to the value of the determinant

+ck+dk fork =1,...,6.

8. Using the notatlon sk, introduced in the preceding exercise, set up an
nth order determinant which is equal in value to the square of the value of
the determinant in Exercise 6.

1 o w?
9. Showthat if w3=1,{w? 1 o | =0. What is the rank of the matrix
w w?l

of this determinant?

10. Prove that if the elements a; of a determinant |a;;| are independent
variables then the partial derivative of its value with respect to a particular
element is equal to the cofactor of this element.

11. Prove that the second partial derivative of the value of a determinant
laij| with respect to the variables a,; and ayrs is equal to the algebraic comple-

ment of the two-rowed minor | %4 Z:s .
'S
12. Prove that the kth partial derivative of the value of the determinant
laij] with respect to the elements ayy,, Gy, - . ., Gy, of which no two have

the same row-index nor the same column-index, is equal to the algebraic
complement of the k-rowed minor whose rows and columns have the indices
T, 7 ...,7¢a0nd ¢, ¢, . . ., Ck respectively.

* A determinant of this form is frequently referred to as a Vandermonde
determinant.



CHAPTER I1
LINEAR EQUATIONS

20. Definition and Notation.

DEFINITION L. An equation In one or more variables Is called homo-
geneous if, after the right-hand side has been reduced to zero, the
terms on the left-hand side are all of the same degree in all the vari-
ables jointly.

Remark. It follows from this definition that a linear equation
(that is, an equation of the first degree in all the variables jointly)
is homogeneous if and only if it contains no term independent of
the variables.

Notation. We shall be dealing with systems of equations in n
variables; the variables will be designated by z1, 3, . . ., Zs. A
linear equation will therefore have the form:

ny + 6 + . . .+ gy = k.

It will be homogeneous if and only if k = 0.
A system of linear equations will be written in the form:

anZy + % + . . .+ Gy = kl,
anTy + an¥; + . . .+ Gty = ke,
ApZy + Qpas + . . . A Gpuy = Ky

The first subseript in each coefficient designates the equation in
which it occurs; the second subscript indicates the variable which
the coefficient multiplies. It will be a system of homogeneous
equations if and only if by = ks = . . . =k, = 0.

It is convenient to designate the entire system of equations
briefly by writing

X + Qe + . . . F Ay = ks =1,2,. . .,D.

The coefficients a;, @iy . . ., Giny2 = 1, 2,. . ., p form a ma-
trix of p rows and n columns; this matrix will be called the coeffi-
cient matrix (abbreviated c.m.) of the system of equations. If
p = n, this matrix will be a square matrix; the corresponding

35
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determinant is |a;, ¢,j =1, . . ., n, which will'be called the coeffi-
cient determinant of the system, and its value will be indicated,
as in Chapter I, by A. If we write not merely the coefficients of
the variables, but also the known terms which appear on the right-
hand sides of the equations, we obtain a matrix of p rows and n 41
columns; this matrix will be called the augmented matrix (abbrevi-
ated a.m.) of the system of equations. It will be a square matrix
if and only if p = n + 1, that is, if the number of equations in the
system is one greater than the number of variables.

21. The System of n Linear Non-homogeneous Equations in n
variables.

Tuaeorem 1. If the coefficient determinant of a system of n linear
equations In n variables has a value 4, different from zero, then the
system has a single solution, consisting of one value for each of the
variables; these are equal to fractions whose denominators are all
equal to 4, and whose numerators are the values of the determinants
obtained from the coefficient determinant by replacing the coefficient
of each variable in turn by the known terms as they appear on the
right-hand side of the equations.

Proof. Let the equations be written in the form

anty + auts + . . .+ G = ki,
(1) any + Gz + . . .+ GouTy = k2,

...................

If they are multiplied by the cofactors Ay, Aay, . . ., Ay of the
elements ay, @z, . . ., @, in the first column of the coefficient
determinant and then added, it follows from Theorems 12 and 13
of Chapter I that the coefficient of z; in the sum is equal to A4,
while the coefficients of x;, z3,. . ., z, are all zero. Therefore we
find that

Az = kxAu + k2A21 +...+ knAm-

If we use as multipliers the cofactors A, As,. . ., Ay of the
elements in the second column of the coefficient determinant and
add, we find that

Ax2=klA12+k2A22+- . -+knAm;

and by the use of the cofactors of the elements in the third, fourth,
. « ., nth columns as multipliers, we obtain n — 2 further equa-
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tions of the same general form. They may be written simultane-
ously in the form:

(2)Ax,~=k1A1,-+k2A2;+. . .+k,A";,’i=l,2,. P (N

Any set of values of the variables zi, x5, . . ., 2, which satisfy
equations (1) must satisfy these conditions. Since 4 ¥ 0, there
is one and only one value for each z;; and if we recall the observa-
tion made at the opening of the proof of Theorem 13 of Chapter
I (see page 13), we will recognize that the right-hand side of (2)
is the expansion according to its zth column of the determinant
obtained from the coefficient determinant by replacing its ith
column by the constants ki, k2, . . ., k, on the right-hand sides
of the given equations. Consequently, if 4 & 0, the system of
equations (1) can not have more than one solution, namely, the
one given by the values

n

2 kidsi
(3) T; = klAl; + k2A2l'2— o .. + kﬂA”l' = J’IA , 'i - 1,2, L ’n’

It remains to show that the values given by (3) actually do
satisfy the equations (1). Substitution of these values in the
left-hand side of the rth equation of this system gives, by repeated
use of the abbreviated notation for sums introduced in Section
14 (see page 25)

2 [¢7] 2 ijﬁ 2 AJ a,,'Aj.;
j=1 i=1 .

i =1 i=

i=1 =

A y: |

n
But it follows from Theorems 12 and 13 that E aA; is equal to
i=1
zero if 7 &= r and equal to 4 if j = r. Hence the only term in the
sum which is different from zero is the one obtained for j = r, so
that it reduces to k,A and the values given by (3) do therefore
actually satisfy the given equations. This completes the proof of
the theorem.

Remark. The rule given by this theorem for writing down at
once the solution of a system of #n linear equations in n variables
whose coefficient determinant has a value different from zero, is
known as Cramer’s rule.
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22. The System of n Linear Homogeneous Equations in n
Variables. From the result obtained in the preceding section, we
derive some important consequences.

TaeoreM 2. A system of n linear homogeneous equations in n
variables whose coefficient determinant has a value different from
zero, possesses the solution which consists of zero for each of the
variables, and no others.

Proof. 1t should be clear by inspection that, if &k, = k.
= .. .=k, = 0, the equations of the system (1) are satisfied by
the values z; =23 =+ - + =z, = 0. That the system has no
other solution if A &= 0 follows from the proof of Theorem 1.

Remark. It should be evident that every system of p linear
homogeneous equations in 7 variables x5, xz,. . ., z, possesses
the solution z; = 2, = - - - = 1, = 0; this solution of such a
system is called the trivial solution.

On account of the frequent use to be made of it in the later
parts of this book (see Sections 41 and 82) we state the following
corollary which is an immediate consequence of the preceding
theorem.

CoroLrary. In order that a system of n linear homogeneous equa-

tions in n variables shall have a non-trivial solution, it is necessary
that the value of its coefficient determinant shall be zero.

23. The System of n + 1 Linear Non-homogeneous Equations
in n Variables.

THEOREM 3. A system of n + 1 linear equations in n varlables,
whose coefficient matrix has rank n, possesses a solution if and only
if the determinant of its augmented matrix has the value zero; and
in this case the solution is unique.

Proof. Let the equations be written in the form:
;% + Gy + - - -+ apxy, =kt =1,2,. . .,n+ 1.

Since the c.m. is of rank n, we can find in it at least one deter-
minant of order n, which has a non-zero value. And, because
the order in which the equations that constitute the system are
written is clearly a matter of indifference, we can suppose without
loss of generality that this determinant is the coefficient deter-
minant of the first n equations of the system. These equations
possess therefore a single solution, which can be written down
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according to Cramer’s rule; consequently the entire system of
n 4+ 1 equations can not have more than one solution. It will
possess one solution if the values of the variables determined by
the first n equations also satisfy the (n + 1)th equation. Now it
is possible to express these values in terms of the cofactors of the
elements in the last row of the a.m. If we use the familiar capital
letter notation to designate the cofactors of the elements of the
a.m., we find from the first n equations, since K,, & 0:

My g . .. Gy K Gy o Gy e Qi
K |0 Qe ... Qg i ks Uy i41 o o o A2y gyl Ooy
a1l =
Apy Uya . . . Qy, g kn QAuy i1 « -« Ay u-1 Qpn
Ay Qe . o Ay Qyigr o o o Ay g1 Qi ky
=(_1),,_,- Ay Ao v . . A2y i) A2y 41 - o o (2y p—y U2y ks
Ap1 Auy o o . Auy i1 Auy iy « o o Ay p—1 App kn

The latter of these determinants is obtained from the former by
interchanging its 7th column successively with each of the n — ¢
columns which follow it. But the last written determinant is
clearly the minor of the element a,1,; in the a.m. and therefore
cqual to (—1)#t+ times the cofactor A,4, ; of this element. We
conclude therefore that

Kn+lxi = (—1)”—i+n+‘+i An+l;i = - An+1n'yi = 1) 2) ey

Now we substitute the values of x; obtained in this way in the last
equation of the system. We find then that the system possesses
a solution if and only if ayi1,14pt1,1 + Guiry2 Apprye + ¢ ¢ 4
+ Gyt1,nAnt1yn + kny1 Ky = 0. But this s, in virtue of Theorem
12, Chapter I, the condition that the determinant of the augmented
matrix be equal to zero. We have therefore proved the theorem.

CoroLLARY. A system of n -+ 1 linear homogeneous equations in .

variables whose coefficient matrix has rank n possesses only the trivial
solution. '

Examples.

1. The system of equations 3z — 2y =4,2z +3y =52 —y =2 ha's
no solution. For, while the c.m. is clearly of rank 2 (the value of the determi-

nant I; —gl is different from zero), the determinant of the augmented
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3 -2 4
matrix has a value different from zero; this determinant is | 2 3 5|and
1 -1 2

its value is 11.

2. Let us consider the system of equations 3z — 2y +2=7 2z + 3y
—4z2=—-9zr—y+z=42+2y + 3z =25 Therank of the c.m. is 3;
and the determinant formed of the coefficients of the first three equations,

3 -2 1
namely, |2 3 —4| has the value + 4. The determinant of the a.m. is
1 -1 1
3 -2 1 7
2 3 -4 -9 . . .
1 -1 1 4l It should not be difficult to show that its value is zero.

1 2 3 5
This being done, it follows from Theorem 3 that the system has a single solu-
tion, which may be found by solving the first three equations of the system
by Cramer’s rule. Thus we find, by use of Theorem 1, that

7-2 1 3 7 1 3-2 7
-9 3-4 2 -9 -4 2 3-9
e a a0 14 1) a0 11 4] 8,
3-2 1|4 YT I R ER=r R | I S
2 3-4 2 3-4 2 3-4
1-1 1 1-1 1 1-1 1

24. Exercises.
1. Give illustrations of systems of homogeneous and of non-homogeneous

linear equations in 2, 3, and 4 variables.
2. Determine the rank of each of the following matrices:

3 -4 5 2 5 -2 3 3
@[-1 2 5 1/; ®f-4 w06l @, 5 32
5 -6 19 5 15 —6 9 e

8. Solve each of the following systems of equations by Cramer’s rule:

(@) 3z +4y—22=542+4+3y+82=—-4,2x+8y -3z =25.
) z+2y+32=4,3z—-2y—-v=6,22—-32-3v=0, y—4v=15.
4. Proceed in the same way with the following systems of equations:
@3z4+y—-4u=9 -5y+3z2+2u=18z—-6y+72z=33,
-2z —-8y+5z2+4+2u=18.
W 3z2+y+2=20,z2+4y+3v=30,6z+2+3v=40,8y+32
+ 5v = 50.
6. Determine, for each of the following systems of equations, whether they
possess a solution; solve those systems for which a solution exists:
(@2z-y+1=0,2+2y+2=0,152+20y +24 =0.
b)) z~-~y+4=0,3z+4+2y+3=0,24+4y—-5=0.
() 652-383y—-7=0,24+2y4+4=0,32-7y+1=0,
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6. Also for each of the following systems:

(@ 6z+5y—~12z2= -1,z -2y —4z2=23x—-3y—6z=0,
z+ 18y — 8z = —24.

) 2z4+3y+32=1,3z~y—-4z2=4,-22z2+3y+72= -3,
—4z+ 11y +21z= —0.
() 3z —y+2z2=-3, —-2z2+4+2y—-32=2,5z+3y—22z= —4,

4z +6y—62z=3.

26. The System of n — 1 Linear Homogeneous Equations in
n Variables.

Treorem 4. If the rank of the coefliclent matrix of a system of
n — 1linear homogeneous equations in n variables is equal to n — 1,
the system has a single infinitude of solutions; the ratios of the
variables are equal to the ratios of the cofactors of the elements in
the nth row of the determinant obtained by writing a row of arbitrary
elements p;, ps, . . . , ps under the coeflicient matrix.

Proof. We write the equations in the form
apn T + apxe + ¢ - - F awr,=0,¢=1,2,. . .,n— 1.

Since the c.m. is of rank n — 1, it contains a non-vanishing de-
terminant of order n — 1, and there is no loss of generality if we
suppose that this is the determinant formed by the coefficients
of the variables x;, x2,. . ., Z,-1. In virtue of Theorem 1, the
equations possess therefore a single solution for x, @, . . ., Ty
for every definite value assigned to z,; hence there is a single
infinitude of solutions.

We can apply Cramer’s rule to solve the equations for

Ty, Xgy . . ., Ty iD terms of z,,; we find
) (157} vy A1y ayy 41 v Oy
(¢55) g2 oo Qg1 Ay A2y 441« « . Aoy
P,.x;= -z, ' ” ) i+ )"
Uyy1y1 Qyg1y2 . o o Uy—1yi-1 Au1yy Qu—1y541 « - « Au_1,p5-1
ayn aye e Qi ay,y it1 v Qg A1y
i | Q21 Q.. O2y4-1 Oyi41 .. . O2yp1 Q2g
= (_ 1) Tn
Ay—1y1 Up—1y2 + « - Au—1yi~1 Au—1yi41 . . . Ay—1yp—1 Au—1y9
=2,P;,1=12, ..., n, where Py, P,,. . ., P, denote the co-
factors of the arbitrary elements py, ps, . . ., py in the determinant

obtained from the c.m. by writing a row of arbitrary elements
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under it. If we write this result in the form of a continued pro-
portion, we obtain the result stated in the theorem, namely:

T :iTs:. . Xy =P :Py:. .. P,

CoroLrary. If the rank of the coefficient matrix of a system of p
linear homogeneous equations in n variables is n — 1, the system has
a single infinitude of solutions; the ratios of the variables are equal
to the ratios of the cofactors of the elements in some row of an n-rowed
minor of the coefficient matrix.

Proof. If the hypothesis is satisfied, it is clear that we must have
p = n — 1 and that there must be at least one set of n — 1 among
the p equations which satisfies the conditions of Theorem 4. The
order in which the equations of the system are written is imma-
terial and we may therefore suppose that the first n — 1 ecquations
of the system furnish one such set. We will show now that the
solutions of this set also satisfy the remaining equations of the
original system of p equations. For, if we substitute kP;, ¢ = 1,
2,. .., n for x; in the rth equation (r =n, n+1,. . ., p), the
left-hand side becomes k(a,1P1 + 2Py + + + - + a,P,); but the ex-
pression in parentheses is the expansion of the nth order determinant
obtained by writing the coefficients of the rth equation under the
c.m. of the first n — 1 equations, so that its value is equal to zero.
Moreover the set of the first » — 1 equations has, in virtue of
Theorem 4, no other solutions besides those of the single infinitude
indicated above; consequently solutions which are obtained by
using another set of » — 1 equations selected from the given
system must be contained among this single infinitude. Hence
our corollary is proved.

26. The Adjoint of a Vanishing Determinant. Symmetric De-
terminants. By means of Theorem 4 we are able to obtain a
valuable extension of Theorems 17 and 18 of Chapter I. For in
these theorems we had to make the hypothesis that the value of
the determinant under consideration was different from zero;
it is this restriction which we are now able to remove. We begin
by proving the following theorem.

Tuaeorem 5. If the value of a determinant is zero, the rank of the
matrix of the adjoint of the determinant is equal to 0 or 1.

Proof. If the cofactor of every clement of the determinant
vanishes, the rank of the matrix of the adjoint is clearly equal to
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zero; if this is not the case, let us suppose that A3 + 0. Then
for every ¢ the equations

andit + apApn Al =0
and + a‘zzA.‘z +- -+ a2nAin =0
llk—z,lAi1+ Qp—1, 2Aiz +-- -+ llk—l,nAin =0
A1 A+ Qg2 dio + 0 - -+ Gy din = 0

a,,,Aﬂ + a;,zAiz 4+ -+ a:mAin =0

hold, in virtue of Theorems 12 and 13 of Chapter I. But these
equations may be looked upon as a system of n — 1 linear homo-
geneous equations in the n variables 4;, 4A;,. . ., A;; and since
the coefficient matrix surely contains the determinant A;,, its rank
ism — 1. We can therefore apply Theorem 4 and we find that

Apn:Ap: ... A =Apn :Ap:...:dpfori=1,2,...,n,

This means that the different rows of the adjoint are proportional,
so that every two-rowed minor vanishes; the rank of the adjoint
is therefore less than 2.

CoroLrarY. The conclusions of Theorems 17 and 18 of Chapter I
still hold when the value of the determinant |a;]| Is zero.

We shall now prove a few important consequences of this theorem
which refer to symmetric square matrices (usually called symmet-
ric determinants) and which are needed in our later work (see
Chapter VIII).

DerinitTioN 11, A symmetric square matrix 18 a matrix |la;, i, j = 1,
2, . . « 5 n, In which, for every i and every j, a;; = a;;.*

DerinrioN II1. A singular square matrix is one whose determinant
vanishes.

Treorem 6. If all the (n — 1)-rowed principal minors of a singular
symmetric square matrix vanish, its rank fs less than n — 1.

Proof. We have to show that under the hypothesis every ele-
ment of the adjoint vanishes. Now it should be easy to see that
the adjoint of the given symmetric square matrix is itself sym-
metric, so that 4;; = Aj; for every ¢ and j.* Moreover it follows

* Compare Exercisc 4, Section 18.
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from Theorem 5 that every two-rowed minor of the adjoint has
A,'; A,J

A Ay

AzAy; = A2, But A;; = A= 0, by hypothesis. Consequently

A = 0; and this is what our theorem asserts.

the value zero, that is, = 0 for every 7 and j. Hence,

CororrLary. If the rank of a singular symmetric square matrix of
order n 18 n — 1, then it contains at least one non-vanishing (n — 1)=-
rowed principal minor.

TueoreM 7. All the (n — 1)-rowed principal minors of a singular
symmetric square matrix which do not vanish have the same sign.

Proof. If A; and Aj; are two non-vanishing principal minors,
then it follows from the hypothesis, as in the proof of Theorem 6,
that A;A4; = A2 > 0; hence A; and Ay have the same sign.

CoroLrLARY. If the sum of the (n — 1)-rowed principal minors of a
singular symmetric square matrix is equal to zero, the rank of the
matrix is less than n — 1.

This corollary follows immediately from Theorems 7 and 6.

27. The System of n Linear Non-homogeneous Equations in
n Variables, continued. In Section 21 we have scen that a system
of n linear non-homogeneous equations in n variables, whose c¢.m,
has rank n possesses a single solution; this solution may be de-
termined by means of Cramer’s rule. We return now to such a
system of equations but under the hypothesis that the rank of the
c.m. is n — 1, and we shall prove the following theorem.

TueoreMm 8. If the coefficient matrix of a system of n linear non-
homogeneous equations in n variables is of rank n — 1, the system will
have a single infinitude of solutions or no solution, according as the
rank of the augmented matrix is equal to or greater than n — 1.

Proof. We write the equations in the form
anty + apxs + - ¢ F G =k, 1=1,2,. . ., n.

Since the rank of the c.m. isn — 1, there is at least one set of n — 1
of the equations and at least one set of n — 1 of the variables,
such that the c.m. of these variables in this particular set of equa-
tions is of rank » — 1; these equations can therefore be solved by
Cramer’s rule for » — 1 of the variables in terms of the nth vari-
able, as soon as a value has been assigned to this variable. Con-
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sequently this set of n — 1 equations possesses a single infinitude
of solutions. It remains to determine whether these solutions will
also satisfy the single remaining equation. This question can be
answered by means of Theorem 3.

If the special set of n — 1 variables consists of 21, za,. . ., Zj-1,
Zjs1, . . . Tuy the determinant of the augmented matrix of the re-
lated system of n equations in n — 1 variables is

an g . . . Ay -1 A4 -+ - Qig k1 - AT
Gz . . . Ggyjoy Goyjg1 . . . (o Ko — Qg%
Ut Qu2 . . . Auyj1 Auyjt1 - - - (py k,, — QT
Qi « o . Ayy-1 Aiyi41 « o« Oin kl
= | G2 oo Gyt Ot . . . Oog ks
Ay o o« Ay Upyjpr » o o Upy k”
aig « . . Qiy
— —JF1 .
+.000 (=1)ndtty,
Ayt (pp

But since the rank of the c.m. of the given system is n — 1, the
last term vanishes; therefore the determinant of the augmented
matrix of the related system reduces to the first term, which is an
n-rowed minor of the augmented matrix of the given system. If
the rank of this matrix is n — 1, then every one of its n-rowed
minors vanishes; hence the augmented matrix of the related sys-
tem has rank n — 1 and we conclude, by use of Theorem 3, that
all the solutions of the special set of » — 1 equations also satisfy
the nth equation. But if the rank of this matrix is n, then, for
some one of the variables zj, the determinant of the augmented
matrix of the related system will be different from zero, no matter
what value is assigned to z;; and in this case we conclude, again
by use of Theorem 3, that the given system of equations does not
possess a solution. This completes the proof of the theorem.
Remark. The theorems proved in Sections 21, 22, 23, 25, and
27 are special cases of a more general theorem which asserts that
a system of p linear equations in n variables possesses one or more
solutions if and only if the ranks of the ¢.m. and the a.m. are equal.
A proof of this theorem may be found in the books referred to in
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Section 1. The special cases dealt with here suffice for the appli-
cations to be made in the later chapters of this book; they furnish
moreover a suitable introduction to the study of the more general
cases. For this reason and also in order to avoid too elaborate
algebraic discussions, we have restricted ourselves to these special
cases. The reader is urged to make himself thoroughly familiar
with the content and the proofs of these theorems; they will
repeatedly be referred to in our further work.

Ezxamples.

1. The system of equations

2z -3y +52=0, 3r+2y—2=0, 404+7y—-72=0

determines the ratios of the variables z, y, and 2. For the value of the coeffi-

2 -3 5
cient determinant {3 2 —1 | is readily found to be zero. Since the two-
4 7 =7

rowed minor in the upper right-hand corner is different from zero, the rank
of the c.m. is 2.  Consequently, we eonclude from Theorem 4 and its corollary
that the ratios of the variables are equal to the ratios of the cofactors of the
elements in the last row. Thus we find that

-3 5‘_{2 50,12 =3

x:y:z=’ = —=7:17:13.

2 -1 3 -11°13 2

It 18 casily verified that any three numbers which have these ratios satisfy the
given equations.
2. To determine the ratios of z, y, and z from the system of equations

z—2y+32=0, -3z24+6y+2=0

we observe first of all that the rank of the c.m. is 2. In view of Theorem 4
we can conclude that the ratios of the variables arc equal to the ratios of the

1 -2 3
cofactors of the clements in the third row of the determinant |[—3 6 1§;
Dt P2 Ps
hence we find that
-2 3. | O T S O T
ery-2=| o 1| 7|3 1'. -3 6l= 20: —10:0=2:1:0.

4 3. In virtue of Theorem 8, the system of equations
2z -3y+5z2=1 3z2+2y—2z2=4, 424+7y—-T72=5

has no solution. For it should be easy to show that the rank of the c.m. is 2;

2 -3 1
and since the value of the determinant {3 2 4| formed from the a.m. is
4 75

—26, the rank of the a.m. is 3,
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4. In the system of equations
2z —3y+5z=1 3x+2y—z2=4, 4c+7y—-72=7

the ranks of the c.m. and the a.m. are both equal to 2. It follows therefore
from Theorem 8 that the system possesses a single infinitude of solutions which
may be found by solving two of the equations for two of the variables in terms
of the third. If we solve the first two equations for x and y in terms of z,

we find that

and g =512
Y i3

z = 14 -7z
13
It is readily verified that these expressions satisfy the three given equations
for all values of z.

28. Exercises.

1. Determine the ratios of the variables from cach of the following systems
of homogeneous equations:
(@ z+3y—2=0, —2y+2=0,5z+y+22=0.
) 4z2+4+6y+32—-84v=0,2x+y+32—-48v =0, —2r+y+z
~120=0,4x+4y—2—-240v=0.

() 22 —y+22=0, —x+2y+22=0,22z+2y —2=0.
2. Proceed similarly with each of the following systems:
(@) 22 —y+22=0,z24+2y+2z=0.
b)) 5z—y+32=0, 10 —2y+42z=0.
) 22 —y+2z2+5u=0,3z4+y—2+4+2u=0,4z—-2y+3u=0.

3. Show that none of the following systems of equations possess a solution:

(@) 3z -4y =5 2z+5y=3, 6z —8y =4.
)2z +3y—4z2=3,z-2y+3z=14z+y—2z2= -2 2z

— 4y +52=3.
@) bx—y+22=12, 2243y =732—-2y—4z2= -2, 4z+y
-2z =5.

4. Determine which of the following systems possess a solution; solve
those for which a solution exists:
(@) c+6y—22=3, 4z+2y+z2=1,2z+5z= —-5.
) 4z+2y+2=1 z+y—-22=3,3z+y+3z= —4.
() 2z ~y+32=5,4r—-3y+22=~4, y+4z=10.
6. Determine the conditions under which the system of equations
azr+bytaz+d =0, ax+by+tcez+d =0,
@t + by + g +ds =0, a@+by+cz+di =0,

possess one solution.
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6. Determine the ranks of the adjoints of the following square madtrices:

-1 2 1 -2 -1 2 1 -2
2 3 -2 =3 2 3 -2 -3

@\ 7 —» —1 2 ®4 7 2 -1 2
-2 -3 2 4 -2 -3 2 3
7. Prove:
p u v
(a) If the rank of the matrix || v ¢ w || is 2, then the values of no two
v w r
of the expressions pq — u? ¢gr — w?and rp — v? are opposite in sign.
P u v
b) If |lu g w|=0and pg + gr + 7p — u? — v? — w? = 0, the rank
v w r

of the matrix in (a) is 1.

8. Prove that if the system of equations

anry + Qipxz + - - - F @inkn = ki, T =1,2,. . .,n
in which the value of the coefficient determinant |a;j| is different from zero,
i solved for z), xz, . . ., zn in terms of ki, ks, . . ., kn, then the value of the
determinant formed by the coefficients of k), k2, . . ., kn is equal to the recipro-

cal of the value of the determinant |aj|.



"CHAPTER III
POINTS AND LINES

The primary object of Solid Analytical Geometry is the study of
the geometry of three-dimensional space by algebraic methods.
This end is accomplished by means of coordinate systems or frames
of reference. Such systems enable us, as in Plane Analytical
Geometry, to determine algebraic entities corresponding to various
geometric elements. We start this study with the simplest geo-
metric element, the point in three-space.

29. The Cartesian Codrdinates of a Point in Three-space.
The simplest frame of reference is furnished by three mutually
perpendicular planes, called the codrdinate planes. It is custom-

z
P, ,/ P,
s P
P,g -
/
// P
L Oy e X X
td)
P, 7!
PXY
Y
Fig. 1

ary to take one of these planes horizontal, the other two vertical.
The point common to the three planes is called the origin of co-
ordinates and is usually designated by the letter O. The lines of
intersection of the planes with each other are called the codrdinate
axes, the X- and Y-axes being the intersections of the horizontal
plane with the two vertical planes, and the Z-axis the line in which
the two vertical planes meet (see Fig. 1).

It follows from elementary solid geometry that the three co-
ordinate axes are mutually perpendicular and that each of them
is perpendicular to the plane formed by the other two. In this

book we shall take the positive directions on the coérdinate axes
49
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as indicated in Fig. 1.* On éaé®¥A
ment is adopted; we shall use equs

If an arbitrary point#g is now -
from it perpendiculars W%e -codrdis
these perpendiculars be designated by
seripts indicating the planes in which these points lie (see Fig. 1).
Now we lay down the following definition:

DeriniTion 1. The x-coordinate of P is the measure of the line
Py.P, measured in accordance with the unit and the direction specified
for the X-axis; the y-coordinate is the measure of the line P,.P,
measured in accordance with the unit and direction specified for the

Y-axis; and the z-coordinate is the measure of the line P,,P measured
in accordance with the unit and direction specified for the Z-axis.

these axes a unit of measure-
ls on the three axes.

three-space, we drop
lanes. Let the feet of
Py Py, and P, the sub-

Notation. It will frequently be found convenient to designate
the codrdinates of the point P as zp, yp and zp, particularly when
ready identification of the points is desired. When the reference
is to an arbitrary point of a specified group of points, we shall
usually omit the subscript; the cooérdinates of a point P; will be
denoted by a1, y1, z1; those of a point P, by x,, ys, 25; ete.

Remark 1. The codrdinates of a point P are signed real numbers,
the signs depending upon the position of P with respect to the
coordinate planes. The z-coordinate of P is positive or negative
according as P lies to the right or to the left of the YZ-plane;
the y-coordinate of P is positive or negative according as P lies
in front of or behind the ZX-plane; the z-codérdinate is positive
or negative according as P lies above or below the X Y-plane.

Remark 2. 1t should be clear from Definition I not only that
every point in three-space has a definite set of three real numbers
as coordinates, but also that an arbitrary set of real numbers, taken
in a definite order, determines one and only one point in three-

* The codrdinate system which we have adopted is called a “left-handed
system ” because the thumb, first and second fingers of the left hand can be
put in such a position as to suggest the positive directions along the X-,
Y-, and Z-axes, particularly by a person whose finger joints have not grown
stiff. If the positive direction along any one of the axes is reversed, we ob-
tain a right-handed system. It should be clear that any two left-handed
systems, and also any two right-handed systems, can be made to coincide;
but that a left-handed system and a right-handed system are symmetric with
respect to each other and can not be brought to coincidence if we are limited
to a three-dimensional space.
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space. The reader shouli‘ Mﬂce himself that this point is
found as the point com o three mutually perpendicular planes.
The point P whose z-, fify&R z-codrdinates are a, b, and ¢ re-
spectively will be desiguagddiby the syinbol P(a, b, c).

30. The Codrdinate Pd‘allelopxped of a Point. The three per-
pendiculars dropped from P on the coérdinate planes determine,
two by two, three mutually perpendicular planes. These three
planes together with the codrdinate planes determine a rectangular
parallelopiped; we shall call this the codrdinate parallelopiped
of P, a name which we shall frequently indicate by c.p.

The coordinate axes each meet the faces of the c.p. in O and in
a second point; these points are designated by P, P,, P, (see
Fig. 1). The twelve edges of the c.p. are equal, four by four, to
the lines whose measures are the coordinates of P. The four
pairs of opposite vertices of the ¢.p. are O and P, P,, and P,, P,,
and P,, P, and P,; the body diagonals are the four lines which
join pairs of opposite vertices. The lines PP,, PP,, and PP, are
perpendicular to the X-, Y-, and Z-axes respectively; the points
P,, P,, and P, are therefore the projections of P on the coérdinate
axes.

If we bear in mind the properties of the rectangular parallelopiped
which are proved in elementary solid geometry, we obtain at once
the following theorems.

THEOREM 1. The x-, y=-, and z-codrdinates of P are equal respec-
tively to the projections OP;, OP,, and OP; of OP upon the X-, Y-,
and Z-axes.

TrEOREM 2. The square of the distance OP is equal to the sum of
the squares of the coordinates of P:

OF =x ptyp+3p%
Tueorem 3. The cosines of the angles which the line OP makes

with the positive directions of the X-, Y-, and__Z-axes are equal re-
spectively to the quotients of xp, yp, and zp by OP.

If we designate these angles by a,p, B,p and v, respectively,
and their cosines by N, 1, and v, respectively, we have:

A,p=COS & T = COS Brp= __ Y
= ————— = =
OP OP ,\/x 2+yP2+ZP ’ OP oP ,\/wP2+yP2+zP)
%p

Vp=COS Y pp= —mm————— .
Vaityitz,
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Remark 1. The square roots in these formulas are to be taken
with the positive sign; if the sign of the square root is changed,
we obtain the cosines of the angles which the line OP makes with
the negative directions along the codrdinate axes, or, what amounts
to the same, the cosines of the angles which the line PO makes with
the positive directions along the axes.

Remark 2. It is important that the reader should learn to draw
the codrdinate parallelopipeds of points in various parts of space.
The following exercises are intended chiefly to develop skill in
doing this. -

31. Exercises.

1. Draw the coirdinate parallelopiped for each of the following points;
determine their distances from the origin and the cosines of the angles which
the directed lines from the origin to them make with the positive directions
along the coordinate axes:

K(4) 3: _4); L(_51 '—2) —3); M('-'.’), 3: 0)~
2. Determine the loci of the points for which
(@) z=-2; b)y=4; (c)z=—5; (d)r=4and y=-=3; (e)y =2
and 2 =6; (flz=3and z=-3; (g2 +y?+22=09.

8. Determine the coordinates of the points which are symmetric with
P(a, b, ¢) with respect to

(a) the XZ-plane; (b) the Y-axis; (c) the origin; (d) the Z-axis;
(e) the YZ-plane; (f) the X-axis; (g) the XY-plane.
4. Develop one or more algebraic conditions which are satisfied by the
codrdinates of the points which lie

(a) on a sphere of radius 4 which has its center at the origin;

(b) on a plane which cuts the Y-axis perpendicularly at a point 5 units
behind the origin;

(c) on a line parallel to the Z-axis and through the point A(3, —4, 1);

(d) on a plane parallel to the YZ-plane and passing through the point
A(= 17 2: 1);

(e) on a circle in the ZX-plane whose center is at the point C(0, 0, 4)
and whose radius is 3; '

(/) on a line perpendicular to the XZ-plane and through the point
A('—2) -3, _l);

(g) on the line determined by the origin and the point 4(2, —1, 1).

6. The point P lies on a line through the origin which makes with the posi-
tive directions on the cotrdinate axes angles whose cosines are equal to 4,

—4%,and %—2, and the distance OP isequal to 3. Determine the coérdinates of P.
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6. Proye that the line from 0 to A(1, 1, 1) makes equal angles with the posi-
tive directions on the three coordinate axes.

7. Prove that the lines which join the origin to P(a, b, ¢) and to Q(ka, kb, kc)
make equal or supplementary angles with the positive directions on the
coordinate axes.

8. Prove that the sum of the squares of the cosines of the angles which the
line OP makes with the positive directions on the coérdinate axes is equal to 1.

32. Two Points. The c.p. of the point P is a rectangular
parallelopiped whose faces are parallel to, or lie in, the co6rdinate
planes and of which the origin and P are opposite vertices, while
the other vertices all lie in the coordinate planes. We construct
now a rectangular parallelopiped whose faces are parallel to, or
lie in, the coordinate planes, but of which two opposite vertices
are to be two arbitrarily assigned points P and @. The constrve-
tion, of which the result is shown in Fig. 2, is carried out most
readily as follows:

b, a;
b, z q, /
P ,/A
7/
1 //
! Z
B Pxy ,'4" Q' Ayy
PX O'/ Q
o] = ol - =] --—/7-—-—r— i X~
Bxy P / Qxy ye

Fra. 2

Through the points P,, and Q., we draw lines parallel to the
X- and Y-axes, so as to form the rectangle P,,A.,Q.,B.,; through
the four vertices of this rectangle we draw lines p,, a;, ¢,, and b,
parallel to the Z-axis which are the vertical boundaries of the side
faces of the parallelopiped. To complete the construction, we
draw through P a line parallel to the X-axis, meeting a, in 4;
through A a line parallel to the Y-axis, meeting ¢, in @’; through
Q’ a line parallel to the X-axis, meeting b, in B; and through B
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a line parallel to the Y-axis, meeting p, in £. Starting from Q,
we locate in a similar manner the vertices B’, P’, and A’ of the
parallelopiped.

Remark 1. The parallelopiped whose construction is described
above will be called the coérdinate parallelopiped (e.p.) of P and
Q. It is important that the reader develop skill in carrying out
this construction; a number of valuable results can be obtained
readily by means of it.

Remark 2. The construction of the c.p. of two points P and Q
can be carried out equally well if we start with the points P,
and Q,., or with the points P, and Q..

Since the line P’A’ is parallel to the X-axis, the segment P’A’
is equal to the segment P,Q, of the X-axis determined by the
projections of P and @ on the X-axis. Since O, P,, and @, are
points on the same directed line, namely, the X-axis, we know

moreover that
0Px+PxQx+Qx0=0

Irp + PxQ, — X = 0,
in virtue of Theorem 1, Section 30, page 51. Hence we conclude
that

that is,

ProjxPQ = P,Q. = Zo — Zp.
Leaving the proof of similar formulas for the projections of the
segment PQ on the Y- and Z-axes to the reader, we state the fol-
lowing theorem. .
Turorem 4. The projections on the coordinate axes of a directed
segment of a straight line are equal to the differences between the

corresponding codrdinates of -the end point and those of the initial
point of the segment.

We observe now that the twelve edges of the c.p. of P and Q
have lengths equal, four by four, to the numerical value of the
differences between the cooérdinates of P and . If we make use
once more of the property of the body diagonal of a rectangular
parallelopiped which was brought forward in Section 30, we
obtain the following extension of Theorem 2.

TaeoreMm 5. The square of the distance PQ is equal to the sum of
the squares of the differences of the coordinates of P and of Q, that iIs,

‘762 = (-'Q —xp)? + (;YQ -yptt (50 — zp)h
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33. Direction Cosines of a Line. We recall that the angle
between two lines [ and m which do not lie in the same plane is
defined as the angle between any two concurrent lines of which one
is parallel to ! and the other to m. This extension of the concept
“angle between two lines” enables us to speak of the angles which
an arbitrary line makes with the coordinate axes and gives sig-
nificance therefore to the following definition.

DeriniTioN II. The direction angles of a directed line are the angles
between —180° and +180° which the directed line makes with the
positive directions of the coordinate axes. The direction cosinesof a
directed line are the cosines of its direction angles.

Notation. Whenever it is desirable to specify the directed
line to which reference is made, the direction angles of the line
PQ will be designated by the symbols apy Bpy and Vpos its
direction cosines by Nps, kpg and vy, Similar notations will be
used for the direction angles and the direction cosines of an un-
directed line I. When it is not essential to specify the line, the
subscripts will be omitted.

On the basis of this definition we obtain, from a consideration
of the c.p. of P and @ and by using some of the properties of the
rectangular parallelopiped mentioned in the second paragraph of
Section 30 (page 51), the following extension of Theorem 3.

TreoreM 6. The direction cosines of the directed line PQ are equal
to the quotients of the differences between the codrdinates of Q and
those of P by the distance PQ; that is, [N

N xo - xP
= COS = ’
re PO Vg — 2" + (yg — ¥p? + (59 — 5p)°
Yo~ Yp

= cos = )
ro Pro Vixg —xp? + (yo — ¥p) + (39 — 3p)?

3y — %p
‘\/(xQ - xp)2 + (S'Q —yp?+ (5Q — zp)?

vpQ = CO8 YpQ =

Remark. 'The square root here, as in Theorem 3, is to be taken
with the positive sign; a change of sign in the square root leads
to the direction cosines of the line QP. In the case of an undirected
line 1, the sign of the square root remains ambiguous, the two
signs corresponding to the two directions which may be specified
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upon the line. The formulas of Theorem 6 lead to the following
very useful corollaries.

CoroLLARY 1. The direction cosines of an undirected line are pro-
portional to the differences between the cosrdinates of any two of its
points.

CoroLLARY 2. The direction cosines of an undirected line through
the origin are proportional to the coirdinates of any one of its points.

CoroLLARY 3. The codrdinates of any point on the line which joins
the origin to a point P are proportional to the codrdinates of P.

(Compare Exercise 7, Section 31, p. 53.)

Furthermore we obtain the following important result.

TureoreMm 7. Thesum of the squares of the direction cosines of a line
is equal to 1.

Proof. 1If we choose any two points P and @ on the line and
express the direction cosines of the line in terms of the coordinates
of P and of @, as in Theorem 6, we find that

J

., (xo—2zp)*+ (yo — yr)* + (20 — 2p)*
24?2 = -
Mtwity (rg — 2p)* + (Yo — yp)* + (20 — 2p)? !

Remark. The formula proved in Theorem 7 will be used re-
peatedly in the sequel. We shall use the phrase ‘ admissible values
of \, g, v”’ to indicate values of these variables for which A\ + 2
+ »?2 = 1. Its principal use will be to enable us to determine the
direction cosines of a line if we merely know numbers to which
they are proportional. This will in most cases relieve us of the
necessity of actually determining the direction cosines and make
it possible to operate with their ratios. A special case of Theorem
7 is contained in Exercise 8, Section 31, (page 53).

TueoreM 8. If the direction cosines of an undirected line are pro-
portional to three given numbers, then their actual values are equal

to these numbers, each divided by the square root of the sum of their
squares.

For, if A = ka, p = kb and v = ke, then it follows from Theo-

rem 7 that k2(a® 4+ b2+ ¢?) =1, so that k = —————}————-_______. .

Var + b + ¢
The ambiguity of sign in the square root corresponds to the possi-
bility of two directions on the undirected line.
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34. Three Collinear Points. If A, B and P are points on a line,
the direction cosines of the segments AP and AB are either equal
or else equal numerically but opposite in sign, thus:

Mp = ENp byp = Ebyp vip= EVyp

where the upper signs are to be used if the segments AP and AB
have the same direction and the lower signs if they have opposite
directions. And, if the points A, B and I’ are not collinear, not
all of these relations can hold. By means of Theorem 6 we derive
from these relations the following equations:

Tr — %4 _ %8B —Ta  Yp—Ya_ o YB— Y4
AP AB AP AB
2p — 24 _ B T 24,
AP AB '’
or
Tp — X4 _Yrp — Ya _ 2P — 24 _ d:@-
TB— T4 YB— Y4 2B — 24 AB

Moreover, if the segments AP and AB have the same direction

we can take AP = +AP and AB = +AB; whereas if they have

opposite directions, we can take AP = +i1__l.) and AB = —AB.

It follows therefore that we haveél—)— =+ gor - gaccording
AB AB AB

as the segments AP and AB have the same or opposite directions.

We obtain therefore the following important result.

Turorem 9. The necessary and sufficient condition that the point
P(x, y, z) shall lie on the line through 4 and B is that the coordinates
x, 5, 5 must satisfy the linear equations

x—xy Y —Yq4 33, _AP
xp—x4 Yp—¥4 3g—35, AB

Remark 1. It should be clear that by starting with the seg-
ments BP and BA we find the equations
r—xp _Yy—Ys _2—z25 _ BP,
T4 —TB Ya—YB 24—23 BA’

and if we use the segments AP and PB, the resulting equations are
T—xy _Y—Ya_2—z24_AP
zg—x yp—Yy 23—z PB
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Remark 2. The formulas established in Theorem 9, and also
those given in Remark 1, enable us to determine the codrdinates
of the point P on the line AB as soon as the coérdinates of the

points A and B are known and also the ratio %Ig of the segments

AP and PB in which P divides the segment AB. For, if AP : PB
=7 :rythen AP :AB =1 :r+ryand BP :BA =1y .11+ ra.
Hence we have
13—'274=7;1 x——xA_ ™ X — g _ To .
gp—x 1’ Tp—T4 ntT’ THA—x3 ntn

From cither of these equations we find for the z-cobrdinate of I:

-7 + nas
P n+r
and similar results are obtained for yp and zp. We have therefore

the following further result.

Cororrary. If the points 4, B, and P are in a straight line and if
AP : PB = r, : r;, then the coordinates x, y, z of P are given by the

formulas:
rx, +rxg ry, +ryg rs, +rsg

= . —L 2, =
rn+r y r+r; rn+r

Remark 3. The formulas of this corollary are very useful for
later developments. But they hide to some extent the simple
geometrical fact from which they have been derived and which
finds more direct expression in the formulas of Theorem 9 and
Remark 1. It is advisable therefore, particularly in the begin-
ning and in numerical problems, to go back to these earlier formulas
rather than merely to substitute in the formulas of the corollary.

Remark 4. The first three terms in the equations of Theorem
9 give two independent lincar equations which the coordinates of
any point on 4B must satisfy; the same statement may be made
for the equations in Remark 1. If we consider also the last term
in each of these cases— and here the last set of equations in
Remark 1 is particularly useful — they give us three equations
which express the coordinates of an arbitrary point P on the line
in terms of the coordinates of 4 and B, and of one parameter, or

auxiliary variable, namely, r = :—;’, that is, in terms of the ratio r
2
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of the segments into which P divides the segment AB. This pa-
rameter r varies as the point P moves along the line AB. When
P coincides with A, r = 0; as P moves from 4 to B r increases.
When P lies outside the segment AB, either on the side of 4 or
on the side of B, r is negative; and as P moves off indefinitely along
the line in either direction, r tends towards —1. For
_AP _AB+BP _AB _ {-
PB~ PB ~ PB ’
since AB is fixed and PB increases numerically when P moves off
along the line, the first term on the right tends toward zero and
hence r tends toward —1. The reader will find it worth while to
make clear to himself in detail the manner in which the parameter
r varies as P occupies various positions on the line AB.

If we combine Theorems 6 and 9, we are led to the following
valuable theorem.

Tueorem 10. The necessary and sufficient condition that a point
P(x, y, ) shall lie on the directed line through 4 whose direction cosines
are )\, u, and » is that the coordinates x, y, and s must satisfy the
equations

X —Xxy Y—y4 5~34

Y " " AP.

For if P lies on the specified line and if B is another arbitrary,
but fixed, point on the line, then the equations of Theorem 9 hold.
But, in accordance with Theorem 6, we have

QJB—ZE,Q:)\'AB, yB—yA=;£'AB, 2B—ZA=V'AB.

If these values are substituted in the equations of Theorem 9,
the desired result is obtained.

CoroLLarY 1. The necessary and sufficlent condition that a point
P(x, y, =) shall lie on the undirected line through the point 4 whose
direction cosines are proportional to I, m and n is that the cotrdinates
x, y and z shall satisfy the equations

x-x, y-—y4 5—34__ AP |
] =Tm T "n VI 4+ m?+ n?

This corollary follows from Theorem 10 in combination with
Theorem 8. The ambiguity in the sign of the square root corre-
sponds.to the possibility of two directions on the line of which only
the ratios of the direction cosines are given.
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The observation made in Remark 4 (page 58) leads from Theo-
rem 10 and Corollary 1 to two further results of importance.

CoroLraRrY 2. The cobdrdinates of a point P(x, y, s) on the line
through 4 whose direction cosines are equal to A, u, » are given by the
equations

x=xA+Xs, y=y4+ﬂs, 5=54+"3’

where s designates the signed measure of the directed segment AP;
conversely, any point P whose coordinates are equal to these expres-
sions lies on the specified line at a directed distance from A equal to s.
CororLLAarY 3. The codrdinates of a point P(x, y, ) on the undirected
line through 4 whose direction cosines are proportional to I, i1, n are
given by the equations
AP

x =X 112 = mty, 5 =3 nt, woere t = ————————3
atloy=ygtmt ==z, 40t wh VEFmita

conversely, any point P whose coordinates are given by these ex-
pressions Ilies on the specified line at a distance from A4 equal to
t VB F m? Fnk

Remark. The equations of Corollary 1 are frequently referred
to as the “symmetric equations of the line”’; those of Corollaries
2 and 3 as the “parametric equations of the line.”” The variable
s, or t, which changes as P moves along the line, is the parameter.
The terminology ‘equations of a line”” will be more fully justified
in Chapter IV (see Section 47, page 83).

The parametric equations of the line are used a great deal in the
sequel. The reader is urged to master thoroughly the methods
by which they have been obtained. It should be observed more-
over that the equations stated in the Corollary of Theorem 9 are
also parametric equations of the line, the parameter being the
ratio r (see Remark 4, page 58).

36. Exercises.

1. Construct the coordinate parallelopipeds of the following pairs of points,
and determine their distances and the direction cosines of the lines joining
them:

(a) A(5, 2, —1) and B(-3, —4, 2); (b) A(2, 4, 5) and B(7, 1, 1);
(c) A(2,3,4) and B(5, —2,7); (d) A3, —2, —1) and B(-3, 4, 5);
(e) A(—4,3,5) and B(—4, —2,0); (f) A(@3,4,5)and B(-3, —4, —5);
(9) A(0, 3, 6) and B(4, —1,6); (k) A(—2, 3, 5)and B(—2, 3, —1).
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B. Determine which of the following sets of points are collinear:
(a) A(3y _1’ 4): B(_zy 4: —l)y C(ly 1) 2); (b) A(O} 0) 0)7 B(2> 5) —3)9
C(4, 10, —6); (¢) A1, —2,3), B(-1,2 -3), C(C(-3,5,0);
(d) A(—'2; 2’ 3)r B(l’ _1: 0); 0(7; _77 —3); (e) A(O) -3, 1))
B(4; —27 _l)r C(2! ’_4; 3); (f) A<51 2; 7)) B(I) 5) 5)) C(—S: 8: 3)-

& Determine the coordinates of the point at which the segment from
A(-3, 2, 5) to B(5, —4, 2) is bisected; also the codrdinates of the points at
which this segment is trisccted.

. The line of the preceding problem is extended beyond B to a point C
such that (a) BC = AB; (b) BC = 3 AB; (¢) BC = } AB. Determine the
coopdinates of C in each case.

. Find the coérdinates of the center of mass of the homogeneous triangle
whose vertices are A(—2, 5, 4), B(3, —1, —2) and C(8, —7, 4). (The center
of mass of a homogeneous triangle is the point of intersection of the medians.)

8. Determine the codrdinates of the point in which the side AC of the tri-
angle of Exercise 5 is met by the bisectors of the interior and the exterior
angles at B. TFind also the direction cosines of the bisectors.

7. Show that the points A(—3, 2, 5), B(1, 0, 1) and C(11, —5, —9) are
collinear and determine the ratio of the segments AC : CB.

8. On a line through the point A (5, —4, 2) whose direction cosines are pro-
portional to 2, —1 and —2, a point B is determined such that AB = 4.
Find the coordinates of B. How many positions are possible for B?

9. Determine the center of mass of the homogeneous triangle whose vertices
are at Pi(zi, vi, zi), 1 = 1, 2, 3.

10. Show that the three lines which join the midpoints of the three pairs of
opposite edges of the tetrahedron P,P,P;P, have a common midpoint. This
common midpoint is called the center of mass of the homogencous tetrahedron
P,P,P;P,. (Opposite edges of a tetrahedron are edges which have no point
in common.)

11. Prove that any vertex of a homogeneous tetrahedron, the center of
mass of the opposite face and the center of mass of the tetrahedron are col-
linear; determine the ratio of the segments in which the center of mass of the
tetrahedron divides the segment determined by the other two points.

12. Show that if and only if P(z, y, 2) lies on the sphere of radius r, whose
center is at C(a, b, ¢), the coordinates z, y, 2 satisfy the equation

(z=a)+ @ -b+ -0 =1

13. Determine the equation satisfied by the coordinates of all points which
are at the same distance from A(—2, 1, —3) as from B(4, 2, 0).

14. Determine the equation satisfied by the codrdinates of all points on the
surface of the sphere whose center is at C(3, —2, —3) and whose radius is 5.

16. Determine the equation satisfied by the coérdinates of all points whose
distance from A (1, —3, 4) is twice as great as their distance from B(~2, 0, 2).

36. The Angle Between Two Lines. The Projection Method.
To calculate the angle between two lines whose direction cosines
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are known, we shall use a method which will find frequent applica-
tion in the sequel and which is based on the following two theorems.
Tueorem 11. The projection of a segment 4B of a directed line 1

upon a directed line m is equal to the product of 4B by the cosine of the
angle between the two directed lines.

Proof. We distinguish two cases, according as the lines ! and
m do or do not lie in one plane.

(a) For the case when the lines I and m lie in one plane, the
proof can be found in most books on Plane Analytical Geometry
and in some books on Trigonometry.* TFor this reason we shall

not repeat the proof here.

/ (b) If the lines | and m are

{ not coplanar, let the angle be-

,,—B — tween them be 8. We construct

, a line m' through the point A on

m' [, parallel to m (sce Fig. 3); the

angle between m’ and [ will then

also be equal to 6. Through A

< D >m and B we construct planes per-

/ / pendicular to m; these planes

Fic. 3 will then also be perpendicular

to m/. If the points in which

these planes meet m and m’ are C, D and A, D’ respectively, then

CD = AD’ (Why?). From these facts, in combination with part
(a) of this proof, we conclude that

ProjsAB = CD = AD’ = AB cosé.

This proves our theorem.

Tueorem 12. The sum of the projections upon a directed line m
of the segments of a closed broken line in space is equal to zero.

Proof. If the vertices of the broken line in space are 4, B, C,
. . ., P and if their projections on the directed line m are .4’, B/, C’,
...,P', we have to show that A’B’+4 B'C’' +. ..+ P'A’
= 0. That this is indeed the case follows from a fundamental
theorem, of which a proof is found in books on Plane Analytical
Geometry and on Trigonometry,} according to which the sum of

* See, for example, the author’s Plane Trigonometry, p. 36.
t See, for example, the author’s Plane Trigonometry, p. 4.
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the directed segments of a line, of which the end point of the last
segment coincides with the initial point of the first segment, is
equal to zero. We conclude therefore that

ProjuAB + ProjuBC + . . . + Proj,PA = A’B' + B'C’
+...+ P4 =0

We proceed now to the determination of the angle 6 between
two directed lines I and m. We construct first the c.p. of two
points 4 and B selected arbitrarily on one of the lines (see Fig. 4
in which A and B are taken
on I); and we apply Theorem
12 to the closed broken line
ABDCA. Thus we obtain the L____B !
equation ""r . S

ProjmAB + ProjmBD + .

Proj,DC + Proj,CA = 0.
>~m

The scgment AB lies on I, the
segments BD, DC and CA on
lines which are parallel to the
Z-, Y-, and X-axes; the angles Fio. 4

which these lines make with the

line m are respectively equal to 6, vm, Bm, and am, the last three
angles being the direction angles of m. The last equation written
above leads therefore by means of Theorem 11 to the statement
that

AB cos @ + BD v,, + DC yp + CA Ny = 0.

Moreover BD, DC and CA are equal to the projections of BA on
the Z-, Y-, and X-axes respectively, so that it follows from Theorem
11 that

BD = BAv, DC=BAw and CA = BA\,
If we substitute these values in the preceding equation and re-
member that BA = —AB =+ 0, we obtain the following result:
cos 0 = NN, + wu, + vp,.

Tueorem 13. The cosine of the angle between two directed lines is
equal to the sum of the products of their corresponding direction
cosines.
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Remark. 1f we restrict angles between directed lines to lie be-
tween —180° and +4180° the result contained in Theorem 13
determines the magnitude of angle 6 but leaves the sign of this
angle ambiguous. This ambiguity corresponds to the fact that
either of the two lines may be taken as the initial side of the angle.

CoroLLARY 1. The necessary and sufficient condition that the lines
! and m are perpendicular is that N\,  uu,, + vy, = 0.

CoroLLARY 2. If the direction cosines of two undirected lines are
proportional to l,, m,, n, and L, m,, n;, the necessary and sufficient
condition for the perpendicularity of the lines is that L, + mm. +
nn; = 0.

By means of Theorem 13 we can determine the numerical values
of all the trigonometric ratios of the angles between two directed
lines. On account of its special interest we develop a formula for
the sine of these angles. This is done most conveniently by
means of the following auxiliary theorem, which is of some interest
on its own account.

LemMma. The following identity holds between any six numbers,
real or complex, a, b, c and a,, by, c;

(a® + b + ) (a:® + b2 + ) — (aa) + bb; + ccy)?
_ l c |2 2 Ia b r
- bl C a; b] :

Cc a
G a

The proof of this formula requires merely that the indicated
operations on both sides of the equation shall be carried out; the
identity of the two sides will then at once become apparent.

If this lemma is applied to the direction cosines N, u, v, and
Mns Um, Vm Of the lines [ and m, we find that

N2 4w+ v A+ i F vmd) — N+ itm + vvm)? =
2 )‘, w Iz
+ I Mi b |

But in view of Theorems 7 and 13 this result leads to the equation

vwoN

I#z i
Vm  Mm

Hm  Vm

Hy 4] 2 + l
Mm  Vm Am Mo
TrEOREM 14. The square of the sine of the angle between two di-

rected lines 1s equal to the sum of the squares of the two-rowed minors
which can be formed from the matrix constituted by the two sets of

)

1 — cos?28 =
Vm
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direction cosines of the lines; that is,

el N l’+|)‘t H r.
Vi M An

]

sin?g = |"’
P Vm

87. Exercises.

1. Determine the cosines of the angles between the lines whose direction
cosines Ay, w1, v1 and Ay, us, v are given by the following data:

@ Mipin=-2:1:2 Nipirn=2:6:-3
b)) Miwm:in =2:3:6, Ne:me:wy =3:14:18
€ Mty =3:—2: —6, Ntmpivw=1:—-2:-2
(d))\l:[u:lll=4:0:3, X21y2272=112:3

2. Determine the cosines of the angles formed by the sides of the triangle
whose vertices are the points A(3, —1, 4), B(—2, 4, —1) and C(1, 1, —2).

8. Test for perpendicularity the pairs of lines whose direction cosines are
given by the following data:

@M:im:inm=-—2:1:2 Niu:ir=1:-2:2
G) Mimin=3:=1:2 Niw:ir=1:1:-1
@€ Mim:in=2:-3:6, Nimp:rn=1:2:0

4. Develop a formula for the tangent, the cotangent, the secant and the
cosecant of the angle between two lines.

5. Determine the direction cosines of a line which is perpendicular to the
two lines whose direction cosines are proportional to3 : —2:4and1:3: —2.

6. Determine the direction cosines of a line which makes equal angles with
the three lines whose direction cosines are proportional to 1, 4, 8; to 8, —1,
4; and to 1, 2, —2,

38. Miscellaneous Exercises.

1. Determine the conditions which the coordinates of a point must satisfy
in order to be equally distant from the points A(2, —1, 0), B(—3, 2, 1) and
cq, 3, —2).

2. Solve the same problem for the points Pi(xi, ¥, ), 1 = 1, 2, 3.

3. Determine a point which is equally distant from the four points A(2, 1, 3),
B(1, 1, 2), C(2, 0, 5), and D(2, 0, 3).

4. Establish the condition on the coérdinates of the four points Pj(zi, v, 2i),
i = 1,2, 3, 4, necessary and sufficient for the existence of a single point that
is equally distant from these four points.

8. Set up the equation which is satisfied by the coérdinates of any point
on the sphere which passes through the four points A(3, —2, 4), B(2, —3, 2),
C(4, —2,2) and D(5, -1, 3).

8. Determine the direction cosines of a line perpendicular to the two lines
whose direction cosines are )\, ui, »i, ¢ = 1, 2. Does this problem always have
a solution? Does it ever have more than one solution?

7. Remembering that a line is perpendicular to a plane if it is perpendicular
to two lines in the plane, determine the direction cosines of a line which is
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perpendicular to the plane of the triangle whose vertices are the points
A(3, —2,4), B(4,0,2) and C(0, —4, —2).

8. Determine the condition which must be satisfied by the direction cosines
N, mi, vi, © = 1,2, 3 of three lines in order that there may exist one or more
lines perpendicular to these lines.

9. Show that if the coordinates of the three points Pj(zi, v, zi),¢ = 1, 2, 3
satisfy an equation of the form az + by + ¢z = 0, in which g, b, c are not all
zero, then there exists at least one line which is perpendicular to the three
lines OP;, 7 = 1, 2, 3.

10. Determine the direction cosines of a line which is to make equal angles
with the three lines whose direction cosines are N\;, u;, »;, ¢ = 1, 2, 3. Does
this problem always have a solution? Can it have more than one solution?

11. Determine the direction cosines of a line which makes equal angles with
the three lines connecting the origin with the points A(—2, 3, 6), B(1, —8, 4),
and C(1, 2, —2).

12. The line which joins A(1, 3, 5) to B(15, —15, 8) is produced beyond B
to a point P such that BP = 5. Determine the coérdinates of P.

13. Prove that every point whose coordinates satisfy the equation

2+ +22+2axr +2by+2c2+d=0

lies on the surface of a sphere. Determine the center and the radius of this
sphere.

14. Determine the center and the radius of each of the spheres represented
by the following equations:

(@ 2?+y*+22—4z2+6y—-62—-3=0
®) 224+y2+224+6x—-—2y+42z—-2=0
() 22+ y2+22+2x—6y+82+26=0
@d224+y*+22—-82+4y+62—-33 =0

16. Two lines m, and m; meet at a point O under an angle 6, 3= 180°. A line

!, not necessarily in the same plane with m; and m,, makes angles a; and a,

with m, and m; respectively and an angle g8 with a line in the plane of m, and

my, perpendicular to m,, and on the same side of m, as m;. Prove that cos g8
1 cosé

8in 6 = cos a; — CO8 a; COS 0 = . Hint: Take O as the origin
cOSa; COS ay
of a frame of reference, the line m; as X-axis, and the p nd m, as
XY-plane.
168. If, in the configuration of the preceding exercise, v ngle which

l makes with a line perpendicular to the plane of m; and W, then cos v sin 6
4+ [1 — cos? a; — cos®a; — c0s828 4 2 cos a; €O8 a3 CO8 0]

1 cosf cosao [}
cos 6 1 COo8 ay

coS a; COS ay 1

==+

the + or — sign is to be used according as [ and the perpendicular to the plane
of m, and m, point to the same side or to opposite sides of this plane.



CHAPTER IV
PLANES AND LINES

39. Surfaces and Curves. If a point P is to be chosen at
random in space, its determination will, in the coérdinate system
which we have used thus far, depend upon three independent
choices of arbitrary real numbers, namely, of an z-, a y-, and a
z-coordinate, each of which can be sclected without consideration
of the selections made for the other two. This fact is expressed
in the statement that a point in space has three degrees of freedom.

If a point is to be chosen at random on a surface such as we are
likely to meet in ordinary experience (we may think here of sur-
faces which limit the objects in our environment, such as tables,
bottles, lamp shades, trees, etc.)
the determination will depend 4
upon two independent -choices
of arbitrary real numbers; for, C
after two coérdinates have been ;
chosen at random, the z- and y-
coordinates for example, the third C
one, the z-codrdinate, must be so o X
chosen as to furnish a point on
the surface (see Fig. 5); and this

will leave, at least in the case of /- Py

surfaces of ordinary experience,

in general a choice among a finite Fra. 5

number of valugs. For this rea-

son a poi ace is said to have two degrees of freedom.
And if is to be chosen at random on a curve (again our

reference 1 the first place to curves of commdn experience)
only one coérdinate can be selected arbitrarily; a point on a curve
is therefore said to have one degree of freedom.

It should be clear from this discussion that to restrict a point in
three-space to a surface, we have to impose one condition on its
coordinates; and to limit a point in three-space to a curve, we
shall have to subject its coordinates to two independent conditions.

67



68 PLANES AND LINES

These considerations, vague and inconclusive though they are,
suffice perhaps to indicate that there is some justification for the
following definitions.

Derinition 1. A surface is the totality of all points in three-space
whose Carteslan coordinates satisfy one equation.

Remark. The equation which is thus laid down by definition
as the algebraic counterpart of the surface, is called the equation
of the surface; and the surface is referred to as the locus of the
equation.

DEeriniTioN II. A curve Is the totality of all those points in three-
space whose Cartesian codrdinates satisfy two independent equations.

We shall speak of the ‘“equations of a curve” and of the ‘“locus
of a pair of equations.”

Remark. These definitions do not specify sharply the con-
cepts ‘““surface” and ‘“curve” because the word “equation” used
in them is left without specification. According as the class of
equations that is taken into consideration is widened or narrowed,
we shall presumably enlarge or restrict the concepts ‘“surface”
and “curve.” The remarks preceding the definitions are intended
to make clear that the surfaces and curves of ordinary experience
are included among the ‘“surfaces” and ‘“‘curves” introduced by
the definitions.

The surfaces and curves which are the loci of algebraic equa-
tions and pairs of algebraic equations, respectively, are called
‘“‘algebraic surfaces” and ‘‘algebraic curves.” In this book we
shall be concerned exclusively with surfaces (and curves) which
are loci of the simplest types of algebraic equations in three vari-
ables (pairs of such equations), namely, of algebraic equations of
the first and second degrees. We shall, however, have to deal
occasionally with loci of equations of a more general character;
and we shall begin with some considerations of a general nature.

40. Cylindrical Surfaces. Systems of Planes. What can be
said about the space locus of an equation like z? 4 y2 = 4, in
which only two of the variables are present? The plane locus of
such an equation consists of the points on the XY-plane, whose
coordinates satisfy the given equation; it is therefore a plane
curve. Since the equation does not restrict the z-coérdinate, a
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point P(a, b, ¢) will belong to its locus if and only if the point
P,,(a, b, 0) does, that is, if and only if the projection of P on the
XY-plane belongs to the plane locus of the equation. Conse-
quently the space locus of this equation will be generated by a
line which moves parallel to the Z-axis and which passes succes-
sively through the points of the plane locus of the equation.

We introduce now the following terminology:

DeriniTiON III. A cylindrical surface is a surface generated by a
line which moves in such a way as to be always parallel to a fixed
line and in such a way as to pass through the points on a fixed plane
‘purve. Any position of the moving line is called a generating line
(generatrix); the fixed plane curve is called the directrix. If the
generatrix is perpendicular to the plane of the directrix, we have a
right cylindrical surface; If not, an oblique cylindrical surface.

By the aid of this terminology we can express the result of the
foregoing discussion in the following form.

TaeoreMm 1. The locus of the equation f(x, y) = 0 is a right cylin-
‘drical surface whose generating line is parallel to the Z-axis and whose
directrix is the plane locus of the equation.

Remark 1. Similar theorems hold of course concerning the loci
of equations from which the variable x or the variable y is absent.
It will be good practice for the reader to present in full the argu-
ment for these cases. The locus of the particular equation
2% + y? = 4 is a right circular cylindrical surface, whose gener-
ating line is parallel to the Z-axis and whose directrix is a circle in
the XY-plane with center at the origin and radius equal to 2.

Remark 2. By means of this theorem the whole field of Plane
Analytical Geometry is seen to be a province in the domain of
Solid Analytical Geometry. For it shows that the determination
of the space loci of equations in two Cartesian variables depends
upon the determination of the plane loci of such equations.

In particular the space locus of a linear equation in two variables,
for example, of the equation ay + bz + ¢ = 0, is a cylindrical
surface of which the directrix is a straight line and the generatrix
parallel to the X-axis; the locus of this equation is therefore a
plane parallel to the X-axis.

If an equation contains only one Cartesian variable, its plane
locus is a set of lines, real or complex, parallel to one of the cosrdi-
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nate axes. Its space locus is therefore a sev ui planes, real or
complex, parallel to one of the coordinate planes. Tor instance,
the locus of the equation 22 — 7z + 12 = 0 consists of two planes
parallel to the YZ-plane, at distances of 3 and 4 units from the
YZ-plane.

We recall that the geometric statement ““a point P belongs to a
certain locus” has as its algebraic equivalent “the coérdinates of
P satisfy the equation of a locus.” With this fact in mind, we
turn to a particularly interesting case of an equation in two vari-
ables, namely, the equation obtained by eliminating one of the
variables from two equations in three variables. Suppose that
we eliminate z from the equations f(z, y, 2) = 0 and g(z, y,2) = 0,
and that the result of the elimination is the equation F(z, y) = 0.
What can be said about the loci of these three equations?

In the first place it follows from Theorem 1 that the locus of
the equation F(z, y) = 0 is a cylindrical surface parallel to the
Z-axis. On the other hand, since it is satisfied (provided the
elimination has been carried out correctly) by all values of z, y,
and z which satisfy the equations f(z, ¥, 2) = 0 and g(z, y, 2) = 0,
it must pass through all the
points common to the two
surfaces which these two
equations represent, that is,
through their curve of in-
tersection (see Definitions
II and I). The locus of
the equation F(z, y) =0 is
therefore the cylindrical sur-
face which projects upon the
XY-plane the curve repre-
_sented by the equations
J(z, y, 2) = 0 and ¢g(z, y, 2) = 0, see Fig. 6. Moreover the plane
locus of the equation F(z, y) = 0, consisting of the points in the
XY-plane whose coordinates satisfy the equation, is clearly the
projection of this curve on the XY-plane. A similar statement
can be made concerning the equation obtained by eliminating z or
y from the two given equations. We have obtained therefore the
following theorem. ’
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Treorem 2. The equation in two variables, obtained by eliminating
one variable from two equations in three variables, has as its space
locus the cylindrical surface which projects the curve represented by
the two equations upon the plane of the two remaining variables;
and as its plane locus the projection of the curve on the same coordi-
nate plane.

41. The Linear Equation ax + by + ¢z +d = 0.

DeriniTioN IV. A plane is a set of points of such character that if
any two points 4 and B belong to the set, then every point on the line
joining AB also belongs to it.

On the basis of this definition it is a simple matter to prove the
following theorem.

TueoreM 3. The locus of any equation of the first degree in x, y,
and = is a plane.

Proof. The most general equetion of the first degree in , y, and
zisax + by + cz +d = 0. If an arbitrary point P is taken on
the line AB, its coordinates will be, according to the corollary to
Theorem 9, Chapter 11 (see Section 34, page 58)

_ TeT4 + 1iZB up = Tya + 1YB b= To24 + T12B
P it 7 ntre rtr

when r, i, = AP : PB. We have to show therefore that the
identitiesary + bys + cz4 + d =0andaxg + byg + czg + d =0
have as a consequence the identity

a(rsrg + rixg) | blraya + rys) | c(riza + 7128)
7L+ 7o L+ 7y Ty 4 T

+d=0.

If we write this equation in the equivalent form obtained by clear-
ing it of fractions (r; + 72 & 0) and collecting the terms in r, and
those in r;, namely,

ri(axq + bys + czq4 + d) + ri(axg + bys + cz5 + d) = 0,

it should be indeed evident that it results from the two given iden-
tities. The theorem has therefore been proved.
Next we shall establish its converse.

TrEOREM 4. The equation of any plane is a linear equation in x, y,
and 2.
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Proof. We shall divide the proof into four parts.

(a) Suppose that the plane is parallel to two of the coordinate
axes, that is, to one of the codrdinate planes; let us say for the sake
of definiteness that the plane is parallel to the ZY-plane at a dis-
tance k from it. Then for every point on the plane, and for no
other points, the z-coérdinate isequal tok. Therefore the equation
of this plane isx — k = 0, which is obviously a linear equation.

(b) If the plane is parallel to one codrdinate axis, for example,
the Z-axis, let the line in which the plane meets the X Y-plane, re-
ferred to the X- and Y-axes, have the equation ax + by + ¢ = 0.
It follows then that the equation of the plane is also ax + by + ¢
= 0, see Theorem 1 and Remark 2 following it (Section 40, page
69); this is again a linear equation.

(c) Suppose that the plane cuts all three axes but does not pass
through the origin. Let it cut the X-axis in the point P(p, 0, 0),
the Y-axis in the point Q(0, ¢, 0), and the Z-axis in the point
R(0,0, r); then p, ¢, and r are all three different from zero. And

the given plane must be the locus of the equation % + g +§ = 1.

For this equation is linear; its locus is therefore a plane, by virtue
of Theorem 3. Moreover, the points P, , and R clearly belong to
this locus since their coordinates manifestly satisfy the equation.
Hence the given plane and the plane which is the locus of this
equation have three points in common; therefore they coincide.
(d) Suppose finally that the plane passes through the origin.
We select in the plane two points Pi(x1, y1, 21) and Py(xy, ¥, 22) not
collinear with O; and we seek to determine three numbers a, b, and
¢, not all zero, such that az; 4+ by, + cz1 = 0 and az: + by, + cz
= 0. Is this possible? Yes, for since the points O, P,, and P, are
not collinear, the coordinates x;, ¥, 21 are not proportional to the
codrdinates x,, ys, 22 (see Corollary 3 to Theorem 6, Chapter III,
Section 33, page 56 and Exercise 7, Section 31, page 53) and
T Y12
T2 Y2 22
can vanish, that is, the rank of this matrix is 2. But this fact
enables us to conclude, by means of Theorem 4, Chapter II
(Section 25, page 41) that we can indeed determine the numbers
a, b, and ¢ so as to satisfy the conditions mentioned above. The
locus of the equation ax + by + cz = 0 has therefore the three

therefore not all the two-rowed minors of the matrix
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points O, Py, and P; in common with the given plane; since this
locus is moreover a plane (Theorem 3) it coincides with the given
plane.

This completes the proof of the theorem.

Remark. 1 The directed distances p, ¢, and » from the origin
to the points in which a plane cuts the coérdinate axes are called

the ¢ntercepts of the plane. The equation ;+% + ; = 1 which

can be written down as soon as the intercepts of a plane are known,
is usually referred to as the intercept form of the equation of the
plane. It is a special case of the equation of the plane in terms of
the coordinates of three of its points.

CoroLrLary. The intercepts of the plane which is the locus of the
equation ax + by + ¢z + d = 0, in which neither a, nor b, nor c are

equal to zero, are equal to — Z, - z, and — g

Remark 2. It follows from this corollary that if d is a constant,
different from zero and a, b, and ¢ are variables which tend to
zero, then the intercepts of the plane represented by the equation
ax + by + ¢z + d = 0 increase beyond all bounds and hence the
planc moves farther and farther from the origin — the usual
phrase is ““ the plane moves to infinity.” This is the sense in which
we are to understand the statement that the equation 0 -z 40 -y
+ 0 -z + d = 0 represents the “plane at infinity.” A satisfac-
tory treatment of the question here hinted at belongs in the field
of Projective Geometry; we shall not undertake such treatment
in this book. Whenever it becomes desirable to recognize ex-
plicitly that the plane under discussion is not the ‘“plane at
infinity”” we shall speak of a plane at finite distance.

TuroreM 5. The plane which passes through the three non-collinear

x y s 1
2oy s 1 -
points Py, Py, and P; has the equation | '~ 4| = 0.

x y3 3z 1

Proof. The required equation is linear in z, y, and 2, by virtue
of Theorem 4. If therefore P(x, y, 2) is any fourth point of the
plane determined by the non-collinear points Py, P, and P, there
must exist four numbers a, b, ¢, and d which are not all zero, such



74 PLANES AND LINES

that
ar +by +cz +d =0,
ar; + by + ¢y +d =0,
azy + by, + ¢z +d =0,
and axs + bys + ¢z +d = 0.

This is a system of four linear homogeneous equations in the four
variables a, b, ¢, and d. In order that this system of cquations
may possess a non-trivial solution, it is necessary, in view of
Theorem 2, Chapter IT and its corollary (Section 22, page 38), that
the value of the coefficient determinant must be zero. Hence the
coordinates of an arbitrary fourth point of the plane P, ,P; must

r y z 1

. . 1 N & 1
satisfy the equation = 0.

tisfy equatio B ow a1

T3 Yys 23 1

On the other hand this equation is linear in z, y, and 2, in view of
Theorem 12, Chapter I (Section 7, page 13). It is moreover satis-
fied by the codrdinates of the points P;, Ps, and Pj, as should be
evident by use of Theorem 7, Chapter I (Section 5, page 9); there-
fore its locus is the plane determined by P;, P, and P;.

The equation established in this thcorem is usually referred to
as the three-point form of the equation of the plane.

42. Exercises.

1. How many equations are required to specify a curve in a space of four
dimensions? To specify a surface in a four-space? To specify a three-space
in a four-space?

2. Formulate a general statement of which the answers to the preceding
exercise and the statements preceding the definitions in Section 39 are special
cases.

8. Determinc the loci in three-space of the following equations:

@Z-L=1 () o 4y + 22 = 16
(c) 42z = y? d) 22 —-524+6=0
(e) 422 +6y2—-12=0 (f) 28 —6224+112—-6 =0

4. Show that if P,, P;, and P; are collinear points, the equation in Theorem
5 is satisfied identically, that is, for all values of z, y, and =.

5. Show that, if three points lie on a plane which passes through the origin,
the determinant whose rows are the coérdinates of these points, all taken
in the same order, has the value zero.



THE DISTANCE FROM A PLANE TO A POINT 75

6. Determine the point on the line through the points A(—4, 2, 5) and
B(1, —3, 2) which also lies on the plane determined by the points P,(0, 2, —1),
Py(—6, —2, 0) and Ps(—4, 0, 1).

7. Determine four points which lie on the plane 22 — 4y + 247 =0.

8. Determine four points which lie on the locus of the equation 3 22 — 4 y2
+ 522 = 22.

9. Determine three points which lie on the curve whose equations are

z+2y—3z=5 and 22 —-3y+2z=3.

10. Determine three points on the curve which is the locus of the pair of
equations
2z —y+2z2=9 and =z + y® + 22 = 26.
11. Determine the equations of the projections on each of the coirdinate
planes of the curve of the preceding exercise.
12. Determine the equations of the planes which pass through the following
sets of three points each; find the intercepts of each of these planes:
(a) Pl(l’ 21 3)y P2 (21 3; 4)1 P3(3’ 5; 7)
) Pi(=2,3,4), Pu(—=1,205), P7,0,2)
(C) P|(3, —2y 5)7 P2(_2) 1: 3)7 P3(8, —37 7)
(d) Pi(=4,5. =2), P:(—4,3,1), Ps(—4, =7,3)
(e) Pu(2,4, =5), Pu(-3,1,2), Pi=511, —4)
(f) Pl(3: _4y 2)» 1’2(—2, -_5) 1)7 Pl'(—'ly _2) 4) )
13. Set up the condition which the codrdinates of three points must sa
in order that the plane determined by them shall be parallel to (a) the Y Z-pl
(b) the ZX-plane; (c) the XY-plane; the X-axis; the Y-axis; the Z-axihe
14. Determine the conditions which the codrdinates of three points I
satisfy in order that they lie on a line.

43. The Distance from a Plane to a Point. To determine the
distance from a plane to a point we make use of the projection
method explained in Section 36; we divide the discussion into
two parts.

(a) The plane does not pass through the origin.

Suppose that the direction cosines of the directed perpendicular
from the origin to the plane arc X\, u, and » and that the positive
direction on this line is taken to be the direction from the origin to
the plane.* Let the unsigned length of the distance from the origin

* This agreement as to the positive direction on the perpendicular from
the origin to the plane is entirely arbitrary; if the opposite agreement were
made, the interpretation of some of the results obtained in the following
pages would be different, but equally useful. The convention adopted here
is in accord with general practice. It would be a good exercise for the reader,
after having thoroughly mastered the next few sections, to develop this part
of the work on the basis of the opposite convention.
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to the plane be designated by p and the foot of the perpendicular
by H (see Fig. 7). Suppose furthermore that the given point is
P(a, 8, v) and its projection on the given plane is Q.

z

PapBy)

Fra. 7

We consider now the projection on the directed line { of the closed

broken line which goes from O to P along the edges of the c.p. of

and from P back to O by way of @ and H. By virtue of Theorem
Chapter ITI (Section 36, page 62), we find that

Proj,0A + Proj;AB + Proj;BP + Proj,PQ + Proj,QH
+ Proj,HO = 0.

If we evaluate these projections by means of Theorem 11, Chap-
ter 111 (Section 36, page 62), noticing that QP || l and QH L1 I,
we conclude that

o\ +Bu+vw+ PQ + 0+ HO = 0.

Here we have to bear in mind that the sign of PQ is to be taken
in accordance with the direction specified on [, also that HO = —p.
Accordingly we obtain the result given in the following theorem.

Taporem 6. The distance from a plane which does not pass through
the origin and for which the perpendicular directed from the origin
to the plane has direction cosines )\, u, and », and unsigned length p,
to the point P(a, 3, v) is equal to

QP = o\ + Bu 4 v — p.
(b) In case the plane passes through the origin, the specifica-

tion of the positive direction on the line ! becomes meaningless;
but, if we designate by A, u, » the direction cosines of either direc-
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tion on a perpendicular to the plane, the proof goes through as in
part (a). We conclude therefore, since now p = 0, that the dis-
tance QP from a plane through the origin to the point P(a, 8, v)
is equal to e\ + Bu + v, where \, x and » are the direction cosines
of either direction on a perpendicular to the plane.

CoroLLARY 1. The unsigned distance from a plane through the ori-
gin to the point P(a, 8, v) 18 equal to the numerical value of o\ +
Bu + yv, where A, u, and » are the direction cosines of either direction
on a perpendicular to the plane.

Remark. It follows from the above discussion that if the
distance QP from a plane not through the origin to P turns out to
be positive, then the direction of QP agrees with the positive di-
rection along I, that is, P lies on the side of the plane opposite to
that on which the origin lics; whereas, if the distance QP turns
out to be negative, P lies on the same sidc of the plane as the
origin. Furthermore, if for a plane through the origin, the ex-
pression o\ + Bu + v turns out to be positive (negative), the
point P lies on the side of the plane (on the side opposite to that)
indicated by the direction which the direction cosines A\, u, »
specify.

If, whether the plane passes through the origin or not, the
distance from the plane, calculated by means of Theorem 6 or
Corollary 1, turns out to be zero, the point P lies on the plane.
And conversely, it should be clear that if P lies on the plane, its
distance from the plane is zero. This simple fact enables us to
state an important further corollary of the theorem:

CoroLLARY 2. The coirdinates x, y, z of a point P on a plane satisfy
the equation

AT 4 py +vz—p =0

If the plane does not pass through the origin, then A, u, and » are the
direction cosines of the perpendicular directed from the origin to
the plane and p is the unsigned distance from the origin to the
plane; if the plane passes through the origin, then p = 0 and
A, u, v are the direction cosines of either direction on a perpendicu-
lar to the plane.

44. The Normal Form of the Equation of a Plane A compari-
son of the equation established in Corollary 2 of the preceding
section with the general linear equation in z, y, and z yields a
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valuable result. For we have seen in Theorem 4 (Section 41,
page 71) that every plane can be represented by an equation of
the form ax + by 4+ ¢z + d = 0, in which a, b, ¢, and d had no
particular significance; and in Corollary 2 of Section 43 we estab-
lished the fact that every plane can be represented by an equation
of the form Nz + uy + vz — p = 0, in which A, g, », and p have
the geometrical meanings stated in this corollary. But if these
two equations represent the same plane, they must be equivalent;
hence their coefficients must be proportional; thus there exists a
non-vanishing number % such that

a=k\b=kuc=k and d= —kp*

From the first three of these equations we conclude (see Theorem
8, Chapter IIT, Section 33, page 56) that k = +Va® + b% + ¢;
from the last it follows, since p is an unsigned number, that the
sign of k must be opposite to that of d. Thus k is completely de-
termined if the planc does not pass through the origin, whereas
its sign is left ambiguous if the plane passes through the origin.
We have therefore obtained the following geometrical interpreta-
tion of the coeflicients in the general linear equation in z, y, and 2.

TueoreMm 7. The coefficlents a, b, and c of the variables x, y, 5 in
the equation of a plane, ax 4+ by + ¢z + d = 0, are proportional to
the direction cosines of a line perpendicular to the plane; if d + 0,
the quotients of a, b, and ¢ by that square root of the sum of their
squares which is opposite in sign to d, are equal to the direction co-
sines of the perpendicular directed from the origin to the plane, and
the quotient of —d by the same square root gives the unsigned dis-
tance from the origin to the plane.

Remark 1. Corollary 2 of Section 43 gives us another form in
which the equation of a plane may be written. It is called the
normal form of the equation of a plane. This form of the equation
of the plane is characterized by the two facts that the sum of the
squares of the coefficients of the variables is equal to 1 and that
the constant term is negative or zero.

Remark 2. Division of the form ax + by + ¢z + d = 0 of the
equation of a plane by +va? + b% + ¢ or by —Vaa b F ¢

* Two equations are equivalent if any values of the variables which occur
in it that satisfy either one of them also satisfy the other. It is a nice exer-

cise in algebra to show that, if two linear equations in z, ¥, and z are equiva-
lent, their coefficients are proportional.
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according as d is negative or positive is called ‘reduction of the
equation of the plane to the normal form.”

If we combine Theorems 7 and 6, we obtain the following corol-
laries.

CoroLLARY 1. The distance from the plane ax + by + ¢z +d =0,

aa+bB+cy+d

d =+ 0, to the point P(a, 8, v) I8 equal to " \/m, the + or
sign being used according as d is negative or positive; this distance
will be positive or negative according as P and the origin lie on oppo-
site sides or on the same side of the plane.

CororrLARrY 2. The unsigned distance from a plane through the orl-
gin ax + by + ¢z = 0 to the point P(a, 8, v) is given by the numerical
aa + b3 + ¢y .

value of
Va:+ b+ c?

If a definite choicc of the sign of the square root in this last
formula is determined upon, then those points I> for which the
distance turns out to be positive (negative) lie on the side of the
plane (on the side opposite to that) indicated by the direction
whose direction cosines are equal to the quotients of a, b, and ¢
divided by that square root. Although in this case the parts of
space on opposite sides of the plane are not so readily character-
ized as when the plane does not pass through the origin, we still
have this essential fact that, once the sign of the square root has
been fixed in either way, two points P(e, 8, v) and P'(/, 8/, v')
will lie on the same or on opposite sides of the plane according as
aa + b3 + ¢y aa’ + b’ + ¢y’

———— and
Var + b + ¢ Va* + b + ¢?
that is, according as aa + b8 + ¢y and aa’ + b8’ + ¢y’ have the
same or opposite signs.

From Theorem 7, in combination with Theorem 13, Chapter 111
(Section 36, page 63) we obtain moreover the following result.

arc equal or opposite in sign,

CoroLLARY 3. The angles ¢ between a line whose direction cosines
are \, u, » and the plane ax + by + ¢z + d = 0 are determined by the

equation
Aa + ub + ve

sing = —————+ .
+ Val +b* + ¢t

The angle between a line and a plane is the angle between that
line and its projection on the plane; the sine of this angle is there-
fore equal to the cosine of the angle made by the given line and a
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line perpendicular to the plane. Corollary 3 follows from these
observations. The ambiguity of sign corresponds to the fact that
neither the direction on the given line nor that on the projection
have been specified.

Ezxamples.

1. To find the distance from the plane II: 22 +3y — 424+ 5 = 0 to the
points A(—1, 2, 4), B(3, —2, 0), 0(0, 0, 0) and C (3, 3, 5), we determine the
direction cosines of the perpendicular directed from the origin to the plane;

.. 2 3 —4
it is found that A = —, u = , v = ————. The unsigned length
V't T vy T TV g g
<

of the perpendicular from the origin to the plane is \/—)—E 1t follows that the

. _—246-164+5 7V 6-6-0+5 _
distance ITA = —V5% = 29’ that IIB = — V5% =
V4 -5 90 9 — ¢

b 29, that 0 = —2> V2 and that 11C = 6+9—-20+5_ 0. We con-

29 29 —V29
clude that 4 and O lie on opposite sides, B and O on the same side of the plane,
while C is on the plane. These are the geometrically essential facts concern-
ing the positions of these points and the plane; that the side of the plane
on which the origin lies happens to be the negative side is not of geometric
importance, but is a result of the convention made in Section 43 (see the foot-
note on page 75).

2. To find the distances from the plane 11 : 3x — 12y + 42z = 0 to the
points A(—3, 1, 4), B(3, —12, 4) C(—=3, 12, —4) and D(5, 1, 1), we determine
the direction cosines of the line perpendicular to the planc. We find that
ANipiv=3:—12:4, so that A = £, u = F}I, » = &4, in which either
all the upper signs or all the lower signs are to be used. If we choose the
upper signs, we find that 114 = 912+ 16 _1132 +16 _ -, OB = +13, IC = —13
and 1D = {;, from which we conclude that A and C lie on the side of the
plane opposite to that indicated by the direction whose direction cosines are
&, —1% 14, but B and D lie on the side indicated by that direction. If we
choose the lower signs, the signs of the four distances are reversed; this means
that A and C lic on the side of the plane indicated by the direction whose
direction cosinesare — %, 1%, — %, and B and D lie on the opposite side. These
conclusions are obviously identical in geometrical content with those stated
in the preceding sentence.

46. Exercises.

1. Determine the distances of the points A(-3, 2, 1), B(5 -3, —1),
C(2,4,2) and D(—1,2, —4) from the plane 3z +2y — 6z —2 =0, and
determine their positions relative to the plane.

2. Also the distances of the points A(1, 4, —3), B(3, -2, 2), C(-5, 1, 3)
and D(1, 0, 2) from the plane 2z — 3y +z2=0.
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3. Find the direction cosines of the lines which are perpendicular to the
following planes:

(@) 14z -3y +182+4+1=0 () 6 —2y—3z2+2=0
B 2xz+3y—2z2+4=0 d)r+4y—-8z2—-—3=0.
4. Determine the distances:

(a) from the X-axis to the plane3y — 4z +7 =0
(b) from the Y-axis to the plane 5z — 22 -3 =0
(¢) from the Z-axis to the plane 5z — 12y — 8 = 0.

6. Determine the coordinates of the point in which the plane2z —y — 22
+ 4 = 0 is met by a line through A(—3, 1, 2) perpendicular to the plane.
Find the distance from the plane to A in two ways.

6. Find the coordinates of the point in which the plane az 4+ by +cz + d
= 0 is met by the perpendicular from P(a, 8, v) to the plane.

7. Through the point A(2, —2, 6) in the plane 3z +2y — 2z +4 =0,
a line is drawn whose direction cosines are proportlonal to3, —6and 2. Find
the angles which this line makes with the plane.

8. Set up the equation of a plane through the point A(—2, 3, 1) and per-
pendicular to a line whose direction cosines are proportional to —3, 4, 2.

46. Two Planes. Two distinct planes either intersect in a line
or else they are parallel. Since two planes are perpendicular to
the same line if and only if they are parallel, it follows immedi-
ately from Theorem 7 that two planes

Maz+by+az+di=0 and (@) ax+by+cz+dy =0

are distinet and parallel if and only ifay 1 a = by : by = ¢, 1 ¢, F
dy : dp, that is, if the rank of the coefficient matrix of the two
cquations is 1, and the rank of the augmented matrix is 2 (see
Definition IX, Chapter I, Section 9, page 16 and Section 20, last
paragraph). If two equations represent the same plane, their co-
efficients are proportional (see footnote on page 78), ‘the two-
rowed minors of the augmented matrix all vanish and the rank of
the a.m. is 1. We can therefore state the following conclus1on
TueoreMm 8. The planes represented by two linear equatlons are
(1) coincident if and only if the rank of the augmented matrix'is 1;
(2) parallel if and only if the rank of the augmented matrix is 2 and the

rank of the coefficient matrix is 1; (3) intersecting if and only if the
rank of the coefficient matrix is 2.

To determine the angles between two intersecting planes, we
make use once more of Theorem 7. These angles are the same
as the angles between two lines perpendicular to these planes
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(see Fig. 8). Therefore the angles between the planes (1) and (2)
are equal to the angles between the lines whose direction cosines
are proportional to ay, by, ¢; and to as, bs, 2. Consequently, if 6 is

used to designate any one of these angles, we conclude, using also
Theorem 13, Chapter III (Section 36, page 63), that
may + biby + cicy .
(+ \/(112 + b2+ o) (= Va2 + b + %)
TueoreEM 9. The cosine of any of the angles between the planes
represented by two linear equations is equal to the sum of the prod-
ucts of the coefficients of the like variables In the two equatlons, di-

vided by the product of the square roots of the sums of the squares of
these coefficients. .

(3) cosf =

Remark 1. The ambiguity of sign in the formula corresponds to
the fact that the different angles formed by two planes are related
in such a way that their cosines differ at most in sigq. :

Remark 2. If the square roots in the denominafor of formula
(3) are given the signs opposite to those of d; and d, respectively,
we obtain the cosine of the angle between the perpendiculars to
the plane, directed in cach case from the origin to the plane (see
Theorem 7, page 78), that is, the cosine of the supplement of that
angle between the planes in which the origin lies. We are sup-
posing in this statement that neither plane passes through the
origin.

CoroLLarY. Two planes, ax + by + ¢z + di = 0 and ax + by +
c:3 + d» = 0, are perpendicular if and only if aia; + bb: + cic: = 0.

An equation of the form (awx + by + iz + dv) (ax + by
+ ez + dy) = 0 is satisfied by values of the variables which cause
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at least one of the factors of its left-hand side to vanish, and by
such values only. The locus of this equation consists therefore
of the two planes represented by the cquations ax + by + ¢z
+ dy = 0 and asx + by + 2z + d; = 0. It should be clear that
this observation may be generalized as in the following theorem.

TrEOREM 10. If F(x, ¥, 3) = fi(x, 3y z)  Jo(xy ¥y 3) * . . .- Ju(xy ¥y 2)s
the locus of the equation F(x, y, 5) = 0 consists of the loci of the
equations fi(x, ¥, 3) = 0, fo(xy, ¥, 5) =0,. « «, fi(x, 5y, 3) = 0.

DerFiniTioN V. If the function F(x, y, z) Is factorable into real
factors (that Is factors which involve only real operations on the
variables), the locus of the equation F(x, y, 5) = 0 1s called a degener-
ate locus.

47. The Line. The codrdinates of every point on the line of
intersection of the two planes represented by equations (1) and
(2) of the preceding section satisfy, in case (3) of Theorem 8, these
two equations. Conversely, every point whose coordinates sat-
isly these equations lies on the line of intersection of the planes.
We say therefore, in accordance with Definition IT (Section 39,
page 68), that ‘“‘two linear equations ax + by +cz+ dy =0
and axx + by + ¢z + dy = 0, whose coefficient matrix has rank
2, are the equations of a line.”

Remark. A line, thus defined as the intersection of two
planes, has as its equations those of two planes passing through
it. But there is a single infinitude of planes which pass through a
given straight line (sec Section 49) and the equations of any two
of these planes can be taken as the equations of the line. Thus it
is seen that one and the same straight line can be represented by
any one of an infinite number of pairs of linear equations. The
reader may at first be troubled by this lack of definiteness; he
will do well to think this question through until it has become
clear to him.

The results obtained in Chapter III, where the line was dis-
cussed as a locus of points, can now be interpreted in the light of
the point of view presented in the first paragraph of this section.
The equations found in Theorems 9 and 10, and in Corollary 1 of
Theorem 10, Chapter III (sec Section 34, pages 57 and 59) are
all linear equations; and it is readily seen that in each case a pair
of equations can be selected whose coefficient matrix has rank 2.
For example, the equations of Theorem 9 may be written in the
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following form:

(yp — ya)xr — (T8 — TA)Y + yarp — ypra = 0,
(28 — 24)y — (yB — Ya)2 + 24y — 28ya = 0,and
(28 — z4)x — (g — za)2z — x42 + xp24 = 0.

The second order determinants of the coefficient matrix of the first
two of these equations have the values

(x — ) (B — ya), —(yB — ya)?, (ys — ya) (2B — 24);

those formed from the coefficient matrix of the second and third
equations have the values

—(xzB — 4) (2B — 24), (yB — Ya) (2B — 24), — (2B — 24)%;

and those obtained from the third and first equations have the
values

—(x8 — z4)% (yB — ya) (B — x4), — (T8 — z4) (28 — 24) .

Now it should be clear that if A and B are distinct points at least
one of these second order determinants must have a value which
is different from zero; therefore a pair of equations can be selected
whose coefficient matrix has rank 2.

Similar arguments can be made for the equations of Theorem
10 and Corollary 1 of Theorem 10. A mere restatement of the
earlier results in terms of the terminology which was introduced
and justified at the beginning of the present section, leads to the
following theorems.

Taeorem 11. The equations of the straight line which passes
through the points 4 and B may be written in the form:
X%y YTy, Z =8,

xB_"A_yB_yA—’B -5,
also In the forms:

x —xp Y ~Yp _ z—zB’
*p— %4 YB T Y4 3B 34
*-xy y-y 4 _ 53—z, .
Xg—x y B™Y ’B -z

TaHEOREM 12. The equations of the directed line which passes
through 4 and whose dlrectlon cosines are )\, » and » may be written
in the form:

or

x—xA_.y Ya_ 3%~ %
A m - v
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TueoreM 13. The equations of the undirected line which passes
through the point 4 and whose direction cosines are proportional to
I, m and n may be written in the form:

XXy Y=Yy B3,
[] m n

Remark 1. It should be clear that in cach of these theorems the
line is the intersection of three planes, any two of which suffice to
determine it. The three planes are, in each case, parallel to the
X-, Y-, and Z-axes; they are indeed the planes which project
the line on the three cosrdinate planes (see Fig. 9), the diagonal
planes of the c,p. of any two points on the line,

Z
B, B
| Z
7 7
| -
// ! /’,/
/) ; P By,
|
/
Ay, //
S
[ /4__—— """"" = va
| e -1
’,/
- -/-»--O Z - = X
A AY / /
7
’
/
4 -
/.
Ayy
Y
Fia. 9

Remark 2. The equations of the line, established in_Theorems-
11, 12, and 13, lose meaning whenever one of the denominators
vanishes. In spite of this disadvantage these forms for the equa-
tions of the line are, in general, more convenient than the extended
form obtained by equating two of the fractions at a time and then
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clearing of fractions. This extended form becomes imperative if
one of the denominators vanishes. Ifrequently one finds the
condensed form used even in such cases; this is however not to be
recommended even though this apparently meaningless form is
intended to be symbolic for the extended equations. The diffi-
culty referred to here can be obviated by use of the parametric
equations, already obtained in Chapter IIT (see the Corollary of
Theorem 9, and Corollaries 2 and 3 of Theorem 10, Section 34,
pages 58, and 60), whose existence is formulated again as fol-
lows.

Tueorem 14. The equations of the line through the points 4 and B
may be written in the following form:

x,+rxg yqtryp 3, + rag

Ty s Y T T e T T

Turorem 15. The equations of the directed line through the point

A whose direction cosines are equal to )\, u, and » may be written in the
form:

x =5, 1 N8 y=yA+ps, 3 =3z, +vs.

Taeorem 16. The equations of the undirected line through the
point 4 whose direction cosines are proportional to I, m and n may be
put in the form:

x=x,1+1lt, y=y,+mt z=13,+nt

Remark. In each of the last three theorems the line is given by
means of three equations; but these equations involve four vari-
ables, namely the coordinates z, y, and z of the variable point
along the line, and the parameter r, s, orf. The locus of these sets
of equations has therefore one degree of freedom (see Section
39, page 67). The geometric significance of the parameters r, s,
and ¢ was discussed in Corollaries 2 and 3 of Theorem 10, Chapter
III, and in Remark 4 following the Corollary of Theorem 9 (see
Section 34, page 58); it is desirable that the reader recall this in-
terpretation of the parameters at this point.

If an undirected line is given by means of two linear equations
in the general form, like equations (1) and (2) of Section 46, whose
coefficient matrix has rank 2, these equations can be reduced to
any one of the forms given in Theorems 11 to 16, as soon as the
coordinates of two points on the line and the ratios of its direction
cosines have been determined.
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Since the coefficient matrix is of rank 2, the equations can be
solved for two of the variables in terms of the third. By assigning
values to this third variable arbitrarily, an infinite number of solu-
tions of the equations can be obtained; but each of these solutions
furnishes the cotrdinates of a point on the given line.

The direction cosines of the line are found by means of the fol-
lowing theorem:

THEOREM 17. The direction cosines of the line of intersection of
two Intersecting planes are proportional to the two-rowed minors of
the coefficient matrix of their equations, taken alternately with the
plus and the minus signs.

Proof. The proof of this very useful theorem can be made in
various ways. We shall make use here of Corollary 1 of Theorem
6, Chapter III (Section 33, page 56). Suppose that P; and P,
are two arbitrary points on the line of intersection of the planes.
Then

ar + bl?/x +an +d = 0, axx, + b2y1 + e +do = 0,
@Iz + biys + 22 + i = 0 and  axxe + bays + coz2 + dy = 0.

If we subtract these equations in pairs, we find that the differences
of the coordinates of P, and P, satisfy the following two linear
homogeneous equations:

(s — 2) + iy — y2) + ca(z — 22) =0 and  ax(x — x)
4 bo(yr — Yo) + c2(e1 — 22) = 0.

Since the two given planes intersect, it follows from (3) in Theorem
8 (Section 46, page 81) that the rank of the coefficient matrix
of these equations is 2. Theorem 4, Chapter II (Section 25,
page 41) gives us the means therefore to determine from these
equations the ratios of the coordinate differences of P, and P..
But we know from Corollary 1 of Theorem 6, Chapter III (Section
33, page 56) that these codrdinate differences are proportional
to the direction cosines \, g, v of the line. We find therefore that

Npiv=n— i — P a—2=

b Cll,_
b, &l

a G
Az

a; bl,
a b

This completes the proof of the theorem.
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Examples.

" 1. The planes represented by the equations 2z — y + 32z — 4 = 0 and
22 — y + 52z 4+ 3 = 0intersect in a line; for the rank of the matrix

“ 2 -1 3
2 -1 5
is clearly 2. To determine points on the line of intersection, we solve the
equations for z and z in terms of y (we could equally well solve them for y and z

in terms of x, but not for z and y in terms of z; why not?) by Cramer’s rule.

We find

_2y+29 _ 7

¢ T Ty
By selecting values for y and calculating the corresponding values of x and
z from these equations, we can find_as many points on the line as we wish;
thus we locate the points A(8, 3, —%), B(2%, —2, —]) and C(3&, 0, —I) on the
line of intersection of the given planes. Having determined these points, we
can find the direction cosines of the line most simply by use of Corollary 1
of Theorem 6, Chapter 1II directly; it is found that

Aipiv=8—28:342:-14+7=7:7:0=1:2:0.
I S
+v5 ' T x5
of 90° with the Z-axis and is therefore parallel to the XY-plane; this could
have been foretold from the fact that all of its points have the same z-co-
ordinate, —}.

The ratios of the direction cosines can also be found by applying the formula
proved in Theorem 17; this gives us

2 s'[s T

Consequently A = ,» =0, so that the line makes an angle

h:u:v=|:l

==2:-4:0=1:2:0.

In accordance with Remark 2, following Theorem 13 (page 85), the non-
parametric forms of the equations of the line as given in Theorems 11, 12, and
13 are not desirable in this case. The parametric forms of the equations are:

AP
=8+t y=3+2t 2=~} where t="—r,
: +V5
28 L8y —2+§r PB
¢=41+r,y= 1+3,z=—§, where T =4p
T = 29 \j5,./—\/<,z=—i where s = AP.

We observe that the three sets of values of z, y, and 2 given by the different
parametric equations satisfy the equations of the two given planes identically
in ¢, r, or s respectively.
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2. The planes represented by the equations 2z —y + 32z — 4 =0 and
4z — 2y + 62+ 3 =0 are parallel; for the rank of the c.m. is 1 and the
rank of the a.m. is 2. The parallelisin or coincidence of two planes can readily
be recognized upon inspection of the equations.

3. The direction cosines of the line of intersection of the planes represented
by the cquations 10z +3y —4z+8 =0 and 42 +3y—32—4=0
are proportlonal to b( : ﬂ, Q‘\ A-.bv

—‘T‘IG :]’10 gl thatis, N:iu:v =3:14:18.

Since 32 + 142 + 182 = 520 = 232, it follows that A = 4, u = 44, » = +3}.

Solution df the équatiofxs for z and y in terms of z leads to z = % =2,

Yy = '—7(3? +4; we arc now able to determine readily as many points on the line

as we wish.
The parametric cquu(,ions of the line may be written in the following forms:
T = —-2+.H) y=44+14¢t 2z =18
x___—2+7r y=4+46r .= Mr .
14+7r 7 1+r "’ 1+7r

We can verify that these values of z, y, and z satisfy the given equations of
the planes identically.
The angles between the two planes are given by the equation:
10-44+3-3+(—4)(-3) _ 61
+VI0? + 32+ (—4)2X £V4& + 32+ (—38)2 5 VIT0
The direction cosines of the directed lines from the origin perpendicular to
—2—_ - —3- A and —4—_— —57_ -3 There-
vs' 5V5 5v5 V34 V3i V3
fore the cosine of that angle between the planes in which the origin lies is
61
5VI70

cosf =

the plane are equal to —

equal to —

48. Exercises.

1. Determinc by inspection which of the following pairs of equations repre-
sent intersecting, which parallel planes, and which coincident planes:

@ 3x—y+42+1=0 and 2z+y—-22+4+3=0
) 22+y—324+4=0 and 22+y—32—4=0
) z+2y+42—3=0 and z—-2y+42+1=0
dzxz—-—y+2=0 and 2z -2y +2247=0

2. Determine the angles between the planes of the intersecting pairs of
planes in the preceding exercise.
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8. Determine the distances between the following pairs of parallel planes:

(@) 2—8y+42—3=0 and z—-8y+4z+15=0;
b)2z—3y—62z+5=0 and 2x -3y —62z+19 = 0;
(&) z+y+2+6=0 and r+y+2z—8=0.

4. Write the equations of the lines which pass through the following pairs
of points: g

(a) A(—3,5,2) and B(5,4, —2), (¢) A(5,2, —3) and B(—1, —1, —1),
(b) A4, —3,1) and B(—8,3,5), (d) A(—2,4,1) and B(3, —5,2).

6. Write the equations of the line through A(3, 4, —1) and perpendicular
to the plane 22z —y +22z — 5 = 0. Determine the coordinates of the
point in which the plane is met by this line.

6. Set up the equation of the plane through the point A(—2, —3, 4) and

(a) parallel to the plane3z +y — 524+ 7 = 0;

(b) perpendicular to the line 5 = ~—— =

7. Determinc the parametric equations of

(a) the line of intersection of the planes 3z —y 4+ 32 — 2 =0 and
r+2y—-3z+4=0;

(b) the line through the point A(1, —3, 5) and parallel to the line of
intersection of the planes 3z +y +22 -3 =0and 6z + 3y
+2z+4+5=0.

8. Determine a plane through the points A(2, 1, —4) and B(—1, 3, 2),
which intersects the plane 3z — y — 22 = 4 in a line that makes equal angles
with the coordinate axes.

9. Find the equation of a plane through the points A(1, 3, —2) and
B(2, —4, 5) which is perpendicular to the plane 3z +6y — 4z — 5 = 0.

10. Find the parametric equations of a line through the point A(2, —5, 3)
and parallel to the line of intersection of the two planes represented by the
equation2? —6zy +9y* — 422+ 122 -9 = 0.

11. Set up the equation of a plane through the point A(—1, —4, 3) and
perpendicular to the line of intersection of the two planes represented by the
equation9z? —4y2 +22 — 62z —4y —1 =0.

12. Find the equation of a plane through the point A(3, 2, —1) and per-
pendicular to the two planesz — y +2+4 =0and 2z -y — 22+ 3 = 0.

13. Determine the coérdinates of the point in which the plane 3z — 4y
+2—3=0i8 met by thelinex =2 -2t y=-1—-342=5+1t

14. Determine the coordinates of the point in which the plane4z + y — 32
+ 5 = 0is met by the line which joins the points A(—1, 3, —2) and B(4, -3, 1).

49. The Pencil of Planes. The Bundle of Planes. If the
left-hand sides of the equations

@D ax+by+az+d =0



THE PENCIL OF PLANES 91

and
2) ax4+by+cz+d=0

are denoted by E; and E, respectively* and if k, and k» are arbi-
trary constants, then the equation

(3) klEl + szz = 0

is also a linear equation. Itslocus is therefore a plane. Morcover
equation (3) will be satisfied by the coérdinates of those points
which lie on both planes E; and E,, that is, by the points on the
line of intersection of these planes; and this last statement holds
truc whether k; and k; are constants or not, because the coordi-
nates of the points on the linc of intersection of the planes cause
both K, and K, to vanish. Consequently, the equation represents
a plane through the line of intersection of the planes E, and E, for
any constant values assigned to &y and k.

On the other hand the equation of every plane through this line
can, by suitable choice of the values to be given to the constants
k1 and k,, be put in the form (3). We sce, in particular, that for
k1 = 1 and k, = 0 we obtain the plane E;; and for k; = 0 and
ks = 1, we obtain the plane E;. And if any other plane through
the line of intersection, [, of the two planesis given, and if P(«, 8, v)
is an arbitrary point in such a plane but not on {, then equation
(3) will represent the given plane, provided k; and &, are so chosen
that

kl(ala + blﬁ + ay + dl) + kz(aza + b2ﬂ + oy + d2) = 0.

Since P does not lie on ! and hence not on both planes, the two
expressions in the parentheses do not both vanish; consequently
the ratio k&, : k» can always be determined in such a manner that
the last written equation is satisfied. If numbers which have
this ratio are substituted for k; and k, in equation (3), this equation
will indeed have the given plane as its locus. If we introduce now

* When this abbreviated notation is employed for the left-hand side of the
Jinear equation in z, y, and z, it is usually convenient to use the same letter to
designate the plane which is the locus of the equation. Thus we shall speak
of “the plane E;” instead of using the longer and more explicit phrase “the
plane whose equation is E; = aiz + by + ¢z +di =0"; this usage does
not frequently lead to confusion.
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the expression ‘‘pencil of planes’ to designate the set of all the
planes which pass through a line, we obtain the following theorem.

TueoreMm 18. The pencil of planes through the line of intersection
of the planes E; and E; is represented by the equation k.E, 4+ k:E, = 0,
in which k, and k; are arbitrary constants not both zero.

Remark 1. Since the geometrical significance of equation (3)
is not altered when it is multiplied through by a non-zero constant,
the pencil of planes through the intersection of the planes E; and
E, is also represented by the equation E, + kE, = 0, where

k= ]I—z-g, except that in the latter form the plane E, which is ob-
1

tained from equation (3) when k; = 0, is excluded. For this
reason the form (3) of the equation of the pencil deserves preference.

Remark 2. The lack of definiteness in the equations of a line
pointed out in the remark at the beginning of Section 47 (page 83)
can now, at least partially, be provided for, inasmuch as we can
say that the line which is given by the pair of linear equations
E, = 0 and E; = 0 is also determined by any two equations of the
form (3), that is, by any two planes of the pencil of planes through
this line.

Remark 3. The ratio k; : k; is a parameter in the equation (3)
of the pencil of planes. It is constant for any one plane of the
pencil, it varies as we pass from one plane in the pencil to another.
The pencil of planes is a “one parameter family of planes.” It
will be instructive for the reader to compare the character of the
parameter k, : k. in equation (3) with that of the parameters 7, s,
and t in the parametric equations of the line (see Section 47,
page 86).

Remark 4. The method used for determining the equation of
the pencil of planes finds frequent application throughout Ana-
lytical Geometry (see e. g. Excrcise 3, Section 73, page 148 and
Section 82, page 168). In connection with one of the remarks
made in the opening paragraph of the present section, we observe
that equation (3) does not represent a plane, if k; and k, are not
both constants. The surface which it does represent will, how-
ever, still pass through the line of intersection of the planes E,
and E,. Furthermore if S; = 0 and S, = 0 are the equations of
two arbitrary surfaces, the equation k.S, + k,S; = 0 represents a
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surface which passes through all the points common to the two
given surfaces, no matter what k; and k; may be.
Ezxamples.

1. To determine the equation of a plane which passes through the line of
intersection of the planes 3z — 2y +2—-4 =0andz+5y —22+3 =0
and which is moreover perpendicular to the plane 2z +y — 3z + 1 =0,
we consider the pencil of planes through the given line. The equation of this
pencil is

kBz—2y+z—4)+k(x+5y—22+4+3) =0.

If a plane of this pencil is to be perpendicular to the plane2z +y — 3z + 1
= 0, k1 and k, must satisfy the condition which follows from the Corollary
of Theorem 9 (Scction 46, p. 82), namely, Bk + k)2 + (—2k 4+ 5k,)
+ (bt — 2ky) (—3) = 0. This leads to the condition k, + 13 k, = 0, that
is, ky : k; = 13 : —1. The equation of the required plane is therefore
13@Bce—-2y+2—-4)—-(+5y—22+4+3)=0, or 38z —-31y+ 152
— 55 = 0.

2. To determine a planc through the line whose parametric equations arc

z=—-44+3t y=5-1t z=3+2t

and through the point P(—4, 3, 3).

First solution. The parameter ¢ may be climinated between the first two of
the parametric equations of the line and also between the last two. This
furnishes the two linear equations ¢ +3y — 11 =0 and 2y +2 — 13 =0;
and the given line is the line of intersection of the planes which these equations
represent. The equation of the pencil of planes through the given line can
therefore be written in the form ki(x +3y — 11) + k(2y + 2 — 13) = 0.
Since the point P(—4, 3, 3) must lie on the required plane, the constants k; and
k, must be so selected that ki(—4 + 9 — 11) + k(6 + 3 — 13) = 0, or so
that —6%k — 4k, =0; hence k; :k, =2: —3. We conclude that the
equation of the required plane is 2(x +3y — 11) =32y +2z—13) =0
or2zr~3z+4+ 17 =0.

Second solution. The required plane is determined by P and any two points
on the line. Such points can be found at once when the line is given by para-
metric equations, by assigning two values arbitrarily to the parameter.
The values t = 0 and ¢ = 1 yicld the points A(—4, 5,3) and B(—1, 4, 5).
The equation of the plane can now be written in the three-point form (see
Theorem 5, Section 41, page 73). Thus we find the equation

1

e - ]
> v
Cr W W
bt ek ek

which, upon development, reduces to the form 2z — 32z + 17 = 0, found
by the first method.
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If the plane ax 4+ by + ¢z + d = 0 is to pass through a fixed
point P(a, B, v), its coefficients must satisfy the condition aa + b8
+c¢y+d=0, so that d = —aa — b8 — ¢y; and it should be
clear that if d has this value, the point P will lic on the plane.
Upon introduction of the term ‘“bundle of planes” to designate
the set of planes which pass through a fixed point, we can state the
following theorem.

Taeorem 19. The bundle of planes through the point P(«, 8, v) 18
- represented by the equation a(x — a) + b(y — 8) +¢(z — v) = 0, in
which a, b, and c are arbitrary constants, not all zero.

Remark. The ratios of the constants a, b, and ¢ are the param-
eters in the equation of the bundle of planes; the bundle of planes
is a “two parameter family of planes.”

60. Exercises.

1. Determine the equation of a plane through the line of intersection of the
planes3z —y +22+2=0and 2z +4y —3z+1 =0, and
(a) through the point A(—1, 3, —2);
(b) perpendicular to the plane4z — 5y +2z — 2 = 0;
(¢) through the origin;
(d) parallel to the Y-axis;
(e) parallel to the Z-axis.

2. Determine the equation of a plane through the line z =2 — 3¢, y ==
+6tz=—3—2¢and through the lincx =2+¢ y=1-2¢ 2= -3

+ 2t
8. Write the equation of a plane through the point A(—3, 4, —1) and per-
pendicular to the line xj’32 —y—2=" ; 4.

4. Prove analytically that every pencil of planes contains at least one
plane parallel to the X-axis, at least one parallel to the Y-axis and at least onc
parallel to the Z-axis. Under what conditions will a pencil contain more
than one plane in such position?

6. Prove that every bundle of planes contains exactly one plane parallel
to the YZ-plane, one parallel to the ZX-plane and one parallel to the XY-
plane.

6. Determine the equation of the plane through the line of intersection of the
planes 3z — 6y —2z+5 =0 and 2z —y — 22z + 3 = 0 which is per-
pendicular to the first of these planes.

7. Find the equations of the planes which bisect the angles between the
planes 2z —6y —32+1=0 and 4z +y —82+5=0. Hint: This
problem can be solved by observing that the hisecting planes belong to the
pencil of planes through the line of intersection of the given planes. Another
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method of procedure is based on regarding the bisecting planes as the locus
of points whose distances from the two given planes are equal or equal nu-
merically but opposite in sign.

8. Find the equations of the planes which bisect the angles between the
planesaix + by + ciz + d; = 0 and axx + by + ¢z +d2 = 0.

61. Three Planes. A Plane and a Line. In this scction we
shall be concerned with the question of determining from the
equations of three planes, E;, E;, and E;, how they are placed with
respect to each other, that is, with the problem of extending the
result stated for two planes in Theorem 8 (Section 46, page 81).
Let the equations of the planes be

E1§a1x+b1y+clz+d1=0, E25(12x+b2y+02z+d2=0,
Es=ax+by+ca+di=0

It should be clear that if no two of the planes are parallel or
coincident, the ranks of the e.m. and of the a.m. of the system of
cquations must be at least 2 (compare Theorem 8, Section 46,
page 81). We obtain further results by means of Theorems 1
and 8 of Chapter II (see Sections 21, page 36, and 27, page 44).
If the coefficient matrix is of rank 3, the system of equations has
a unique solution; in this case the three planes have a single point
in common. If the coefficient matrix has rank 2, the system of
cquations possesses a single infinitude of solutions or no solution,
according as the rank of the a.m. is 2 or 3; in this case therefore the
planes will have a line in common or no point in common, according
as the rank of the augmented matrix is 2 or 3. If the rank of the
c.m. is 1, the rank of the a.m. can not exceed 2 (Why?). In case
it is 2, at least one pair of planes must be parallel; if it is 1, the
three planes must be coincident. In this case therefore the planes
are coincident or else they have no point in common, according as
the rank of the a.m. is 1 or 2. We have therefore obtained the
following conclusion.

TreoreM 20. Three planes will (1) have a single point In common
if and only if the rank of the coefficient matrix of its equations is 3;
(2) have a single line in common if and only if the ranks of the coeffi-
clent matrix and the augmented matrix are both 2; (3) be coincident
if and only if the ranks of the coefficient matrix and the augmented
matrix are both equal to 1; (4) have no point in eommon if and only
if the ranks of the coefficient matrix and the augmented matrix are
unequal.
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Remark 1. If the planes have a single point in common, they
form a trihedral angle, see Fig. 10a; if they have a single line in
common, they are three planes of a pencil (see Fig. 10b), unless
two of the planes coincide; if they have no points in common, they
form a triangular prism (see Fig. 10c), unless there is a pair of
parallel or coincident planes among them. Since parallelism
and coincidence of planes are readily determined by inspection of
their equations (compare Exercise 1, Section 48, page 89), the
following corollary of Theorem 20 is of considerable use in nu-

merical cases.

|
|
I
I
|
I
I
|
|
|
|
|
1

Fic. 10a F1e. 10b F16. 10c

CoroLrLAry 1. Three planes of which no two are either parallel or
coincident will form (1) a trihedral angle if and only if the rank of the
coefficient matrix of their equations is 3; (2) a pencil of planes if and
only if the ranks of the coefficient matrix and the augmented matrix
are both equal to 2; (3) a trlangular prism if and only if the rank of the
coefficient matrix is 2, while the rank of the augmented matrix is 3.

For future reference it is convenient to state separately the fol-
lowing immediate deduction from Theorem 20.
CoroLLARY 2. Three planes have one or more points in common if

and only if the ranks of the augmented matrix and of the coeficient
matrix of their equations are equal.

If the rank of the c.m. is not less than 2, two of the three equa-
tions can be taken as the equations of a line. The corresponding
restatement of Theorem 20 leads to the following Corollary.
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CoroLLarY 3. A plane and a line will (1) meet in a point If and
only If the rank of the coefficient matrix of the three equations used
to represent them is 3; (2) be parallel if and only if the ranks of the
coefficient matrix and the augmented matrix of these equations are
2 and 3 respectively. The line will lie in the plane if and only if the
rank of each of these matrices is 2.

Remark. 1t is of interest to observe that these conditions must
continue to hold true when the equations of the line are replaced
by the equations of any two planes of the pencil of planes through
the line. Hence the rank of the matrices of the 3 linear func-
tions E), E,, E; is not changed if the functions E; and E, are
replaced by kiE: + kE; and LE, + LE; respectively. Thus we
obtain, for the special case n = 3, a geometrical interpretation of
a part at least of Theorem 14, Chapter I (Section 10, page 18).

62. The Plane and the Line, continued. The geometrical
content of Corollary 3 in the preceding section will become more
apparent if the conditions of that corollary are interpreted in
terms of the direction cosines of the line. Let the equations of
the line be given in the form stated in Theorem 12 (Section 47,
page 84):

T—a_y—B_z—7,
N m T

It will always be possible to select among the three equations here
represented two whose c.mn. has rank 2; these equations can then
be taken as the equations of the line. If we suppose that u =+ 0,
these equations may be taken to be the following two:

ur — Ny —aup+ PN =0 and vy —pz — Pr 4+ yu = 0.

The condition that the given line shall meet the plane ax + by
+ ¢z + d = 0 in a point, can therefore, in virtue of Corollary 3,
Section 51, (1), be written in the form:

[T 0
(1) |0 v —uf|=+0.
a b c

If we develop this determinant and divide out the factor u which
was supposed to be different from zero, we find the condition

(2) ax+bu+cv+0.
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On the other hand the line will lie in the plane or be parallel to
it if and only if the determinant in (1) vanishes, that is, since
u *+ 0, if and only if

@) ax+bu+cv=0

while at least one two-rowed minor of the determinant in (1)
has a value different from zero.

To distinguish the case of parallelism from the case in which the
line lies in the plane, we have to consider the augmented matrix
of the system of equations

4) wr—N—oau+pBr=0, vy—pz—Fr+yw=0
ar +by + ¢z +d = 0.

There is no loss of gencrality, by virtue of the hypothesis that
the rank of the matrix of the determinant in (1) is 2, if we suppose
that not all the cofactors of the elements in the second column
of this determinant vanish; let us denote the values of these
cofactors by C, Cs, and C; and let us suppose that C; +0. We
know then from Theorem 14, Chapter I (Section 10, page 18),
that the rank of the augmented matrix of the system of equations
(4) is not changed if the first row is replaced by C, times the first
row, plus C, times the second row plus C; times the third row.
But if this operation is carried out, the first and third elements
of this row will reduce to zero by Theorem 13, Chapter I (Section
7, page 13), the second eclement vanishes on account of (3),
and the fourth element becomes

Ci(—ap + BN) + Co(—Bv + vu) + Cid.

Consequently the augmented matrix of the system of equations
(4) will have rank 2 or 3 according as this last expression is or is
not equal to zero. Now, C, = —au, Co, = cu and C; = p2. If
these values are substituted in the expression for the fourth
element, above, we find that the rank of the augmented matrix
is 2 or 3 according as the equation

ap(ap — BN) + cu(—Brv + yu) +p2d =0
is or is not satisfied. This condition reduces to

(aa + ¢y + d)u? — (aN + cv)Bu = 0.
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But from (3) it follows that ak + ¢v = —by; if this is used in the
preceding equation and if the non-vanishing factor u? is divided
out, we are led to the condition

b)) aa+b8+cy+d=0.

We have therefore obtained the following equivalent form of
Corollary 3 of Theorem 20.

TaeoreM 21. The line I through the point P(«, 3, v) and with di-
rection cosines )\, x, » will (1) meet the plane ax + by +cz +d =01In
a single point if and only if a\ + bu + cv & 0; (2) be parallel to the
plane if and only if a\ + by +cv =0 and aa + b3 + ¢y +d +=0; or
lie in the plane if and only if a\ + bu + cv = 0and ax + b3 + ¢y +
d=0.

Remark 1. The geometrical interpretation of these conditions
should be obvious. TFor it follows from Corollary 3 of Theorem
7 (Section 44, page 79) that the condition (3) requires that the
angle between the line and the plane shall be 0° or 180° that is,
that the line shall lie in the plane or be parallel to it. And the
condition (5) clearly states that the point P(«, 3, v) must lie in
the plane ax + by + cz +d = 0.

Remark 2. We have been interested in deriving Theorem 21
from Theorem 20 in order to illustrate the power of this general
theorem. It must be observed, however, that the conditions of
Theorem 21 are obtained more directly 1f the equations of the line
are taken in the parametric form of Theorem 15 (Section 47,
page 86), r=a+ s, y =B+ us, 2=+ +»s. For if these
expressions are substituted for z, y, and z in the equation of the
plane, ax + by + cz + d = 0, we obtain the linear equation:

(ax+bu+cv)s + (aa + 08+ cy+d) =0

from which the value of s is to be ascertained, which determines
the point of intersection of the line with the plane. From this
equation it is evident that, if aX 4+ bu 4+ cv = 0, the equation
has a single root and the line meets the plane in a single point;
if a\ + bu + cv = 0 and aa + bB + ¢y + d + 0, the equation has
no solution, and the line is parallel to the plane; if aX + by + cv
=0 and aa + b3 + ¢y + d = 0, the cquation is satisfied by
every value of s and the line lies in the plane.
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Ezxamples.
1. Let it be required to determine the equation of a plane through the
point A(—4, 1, 2) and parallel to the lines

x=2 _y+1_2z-3 2+3 _y—4_z2+2
e A Wil Sl

L

If P(z, y, ) is an arbitrary point on the required plane, it must be possible
to determine four numbers a, b, ¢, and d, not all zero, such that

ax +by + ¢z + d = 0; such that

—4a+b +4+2c+d =0,since A is to lie in the plane; and such that

4a—-2b4+3c¢ =0, and

—-a+3b —2¢ = 0, since [, and [, are to be parallel to the plane
and their direction cosines are proportional to 4, —2,3 and to —1, 3, —2
respectively. These four linear homogeneous equations in a, b, ¢, and d possess
a non-trivial solution only if the value of the coefficient determinant is zero
(see Corollary of Theorem 2, Chapter II, Section 22, page 38). Hence the

z Y z 1

condition on the coirdinates of P is that _i _é 2 (1) = 0, or that
-1 3 =2 0

z—y—22+9=0. Thelocus of this linear equation is a plane; it is easy to
verify that this plane meets the required conditions.

2. If it is required to show that the line of intersection of the planesz — 2y
+2z—4=0and3x+5y — 22+ 4 = 0is parallel to the plane 7z — 3y
+22z—5 =0, we can proceed in various ways. Using Corollary 3 of

1 -2 1
Theorem 20 (Section 51, page 97), we can show that |3 5 =2(=0
7 =3 2

1 -2 1 -4
3 5 -2 4
7 -3 2 =5
is made to depend on the evaluation of determinants. We can also reduce the
equations of the line to the point-direction form, established in Theorem 12
(Section 47, page 84) and then apply Theorem 21.

and that the rank of the matrix is 3; thus the problem

63. Exercises.

1. Determine the relative positions of the planes in each of the following
sets:
(@ 3z—-2y+42=0,22+3y—-2+3=0,z2~-4y+22z+2=0;
) r—-2y—42+3=0,3z+y—~2+2=0,3z+8y+10z—5=0;
(c) 2¢+y—32+4=0,42+2y—62+5=0, 3z2—6y+z+1=0;
@dz-y+2-3=0,2r+y+32=0,3z+5y+32—-1=0;
(&) 4z+y—32+2=0,2r-3y+2—-4=0,7y~5z2+4=0;
N z+y+z+1=0,224+2y+32—-4=0,224+2y+22+41=0;
(9) 62 —2y—T72+3=0, 10z —4y—142z-2=0, 156z -6y ~212
-8 = 0.
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2. For those sets of planes in the preceding exercise which form a trihedral
angle, determine the point common to the three planes.

8. For those sets of planes in Exercise 1 which belong to a pencil of planes,
determine the direction cosines of the line common to the three planes.

4. Set up the equation of a plane through the point A(2, —1, 3) and paral-
lel to the lines x =2 —3¢t, y = —1+2t 2=3—tand z=4+3ty =
—-3+5¢tz=1-2t

6. Set up the equation of a plane through the point P(q, 8, v) and parallel
tothelinesz =a; + Ns, ¥y =8 +uis, z=vi+wvs, =12

6. Prove that the ranks of the coeflicient matrix and the augmented matrix
of the equations of three planes are 2, if these planes belong to the same pencil
of planes; in proving, use the results of Section 49 and Theorem 14, Chapter 1.

64. Four Planes. Two Lines. The number of possible relative
positions of a set of planes increases quite rapidly when the set
contains more than three planes. The methods to be used in such
cases do not differ in any essential respect, however, from those
employed in the preceding sections. We shall not study this
general problem therefore; we shall restrict ourselves to the fol-
lowing special cases.

TueoreMm 22. Four planes meet in a single point if and only if the

ranks of the coeflicient matrix and the augmented matrix of thelr
equations are both 3.

Proof. If the planes meet in a single point there must be at
least one set of three among them which form a trihedral angle;
in that case at least one of the three-rowed minors of the ¢.m. has
a value different from zero and therefore the rank of the c.m. is
3. Moreover, it follows from Theorem 3, Chapter II (Section 23,
page 38) that the determinant of the augmented matrix vanishes;
hence the rank of that matrix is less than 4. But since the rank of
the a.m. can certainly not be less than that of the c.m., the rank
of the a.m. is 3.

Conversely, if the ranks of the c.m. and the a.m. are both 3, we
conclude by means of Theorem 3, Chapter II, that the equations
have a unique solution, that is, that the planes have a single point
in common.

CoroLLARY. Two lines meet in a point if and only if the coefficlent
matrix and the augmented matrix of the four linear equations used
to represent them, both have rank 3.

Tueorem 23. Four planes have a single line in common if and only
if the ranks of the coefficient matrix and the augmented matrix of
thelr equations are both equal to 2.
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Proof. If the four planes have a single line in common then every
set of three of them have at least a line in common, and there must
be at least one sct of three which have but a single line in common.
It follows thercfore from Theorem 20 (Section 51, page 95) that
the ranks of the c.in. and the a.m. of any three of the four equations
is at most 2, and that there is one set of three equations among
them at least, whose c.m. and a.m. both have rank 2. We con-
clude from this that the ranks of the c.m. and the a.m. of the four
equations must both be 2.

Conversely, if the rank of both these matrices is 2, then for any
three of the four equations the ranks of both the c.m. and the a.m.
are at most 2, whereas there is at least one set of three equations
for which the ranks of the c.m. and the a.m. are exactly 2. It
follows therefore from Theorem 20 that there is at least one set
of three among the four planes which meet in a line, while the
fourth plane either passes through this same line, or else is parallel
to it. The latter alternative is ruled out by Corollary 3 of Theo-
rem 20, Section 51, page 97. Hence the fourth plane passes
through the line common to the other three, as is required by the
theorem.

TueoreEM 24. Four planes coineide if and only if the ranks of the
coefficient matrix and the augmented matrix of their equations are 1.

The proof is left to the reader.

From Theorems 22, 23, and 24 we obtain immediately the fol-
lowing corollaries:

CoroLLary 1. Four planes have one or more points in common if
and only if the ranks of the coefficient matrix and the augmented
matrix of their equations are equal.

CoroLLary 2. Four planes have no points in common if the aug-
mented matrix of its equations is non-singular. (Compare Definition
111, Chapter II, Section 26, p. 43.)

We return now to the Corollary of Theorem 22. The criterion
for deciding whether two lines meet in a point, which it supplies,
is not very convenient if the parametric forms of the equations of
the lines are used. We shall therefore develop this criterion in a
different form.

Let us consider the lines

hiz=a+Ns, Yy=bB+ms 2=v+ns
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and
bix=a+Ns, y=0+mw, z=rv+wn

Whether or not these lines have one or more points in common
depends upon whether or not it is possible to determine one or
more values of s and s’ such that

ar+ NMs = ay + )\23/, By + ms = B2+ ,1425", Y1+ s =y + stl;
that is, upon whether or not the system of equations

(1) )\13“)28'4‘01—&2:0, #13—#2$'+ﬂ1—3~1=0,
ns — s +y1—12=0

possesses solutions.
The c.m. of this system of equations is

NN
(2) M1 el
LS T 23

its rank is 2, unless the lines are parallel or coincident. We con-
clude therefore, on the basis of Theorem 3, Chapter II (Section
23, page 38), that if the lines are neither parallel nor coincident
they will have one point in common or none according as the
rank of the augmented matrix of the system (1), that is, of the
matrix

(3) M1 M2 31—32
Vioov2 1T e

Mo al_a2|

is 2 or 3. If two non-parallel lines have no point in common,
they are said to lie skew with respect to each other.

If the rank of the matrix (2) is 1, the lines are parallel or coin-
cident; and to distinguish between them we have to consider the
rank of the matrix (3). If thisis 1, all its rows are proportional,
so that if any one of the equations is satisfied, the other two will
also be satisfied. This means that to any value of s there corre-
sponds a value of s’ such that together they will satisfy the equa-
tions (1). Hence every point on [; coincides with some point on
l;; in other words, the lines l; and I, coincide. If the rank of the
matrix (3) is 2, there is at least one pair among the equations
which do not possess a solution, in virtue of Theorem 3, Chapter
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II; in this case therefore the lines can have no point in common.
Finally, it is clear that the rank of (3) can not be 3 if the rank of
(2) is 1; for in that case all the cofactors of the elements in the
last column of (3) vanish.

We summarize the conclusions in a theorem.

THEOREM 25. The two lines x = ai + Nisy, ¥ =0i + uisy, 3 = vi + »is
are skew If and only if the rank of the matrix (3) is 3; they meet in a
point if and only if the ranks of the matrices (2) and (3) are both 2;
they are parallel if and only if the rank of the matrix (2) is 1, while the
rank of the matrix (3) 1s 2; they are coincident if and only if the ranks
of the matrices (2) and (3) are both 1.

Remark. It should be clear that similar conclusions are ob-
tained if the equations of the lines are taken in the parametric form
of Theorem 16 (Section 47, page 86).

Examples.

1. To find the relative position of the lines /,, given by the equations
2z —y+3z2+4=0,2+2y —2z—3 =0, and L, given by the equations
3z+2y—2z2+5=0,2r—-3y+2—4 =0, we begin by finding the
direction cosines of each. We find, by use of Theorem 17 (Section 47, page 87)
that

)\|:u|:v1=|—; _ﬂ:—l‘i __3’:H —2l=—1:1:1,und
2 =21, 3 -21.|3 20 ..
x,,.m.y,_|_3 1|'"l2 1|.2 _3|_4.7.13.

It is evident from these results that the lines are neither parallel nor co-
incident. To decide whether or not they are skew, we determine a point on
each of the lines. The point P,(—2, 3, 1) lies on l;; the point Py(1, 1, 5)
ties on l;. And the determinant

-1 4 =3 -1 4 -3
1 7 2| = 0 11 —1)=0.
1 13 —4 0 17 -7

Hence the lines are skew.

2. The lines [, :z = -4+t y=3—-2t 2=24+3tand L:z= -2
+ 3¢, y=—1—6¢, z=8+9¢ arc parallel or coincident, since their
direction cosines are proportional to each other. The augmented matrix
of the equationst — 3¢ —2 =0, =2t + 6t +4 =0and3¢t—9¢ —6=0

1 -3 -2
is{|l—2 6 4]; and we see by inspection that its rank is 1. Hence the
3 -9 -6

two lines coincide; the substitution ¢ = 3 ¢’ 4+ 2 carries the equations of [,
over into those of I
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5b6. Exercises.

1. Show that thefourplanes3z +y —2—-5=0,2 -2y +32z -2 =0,
2z4+4y—52—2=0,and —42+4+3y — 72+ 3 =0 meet in a point.
Determine the codrdinates of this point.

2. Show that the four planes 3z —y+22—-3=0, 2z +2y — 3z
+4=0,24+5y—-82+11=0and 8y — 132z + 18 = 0 meet in a line.
Determine the direction cosines of this line.

3. Show that the lines xr =4 —2¢ y=-3+4+2¢t z=5—-3¢t and
z=1t y=1—41 z= —1+3¢ meet in a point. Determine the co-
ordinates of this point.

4. Determine whether the linesz = 8§ — 3¢,y =4+, 2= —8 +4{and
z2=06—6¢{Ly=—2+2t z=>5+ 8t are parallel or coincident.

6. Prove that if four planes form a tetrahedron, the ranks of the coefficient
matrix and the augmented matrix of their equations are 3 and 4 respectively.

6. Prove that if four planes form a four-sided prism, the ranks of the
coefficient matrix and the augmented matrix of their equations are 2 and 3
respectively.

7. Prove analytically that if two lines are parallel there exists one and only
one plane in which they both lie.

8. Remembering that skew lines are non-parallel lines which have no point
in common, prove that if two lines are skew, there exists no plane in which they
both lie.

56. Miscellaneous Exercises.

1. Determine the distance of the point A(—2, 3, 8) from the linel:z =3
-2t y=1+4+21 z= —6 —1 Hint: The distance from the line to A
is equal to the product of the distance from A to the point B(3, 1, —6) on the
line by the sine of the angle between AB and I; use Theorem 14, Chapter III,
(Section 36, page 64).

2. Determine the distance of the point P(ay, 81, v1) from the line z = &
+ N,y =B+ ps, 2=y + s

8. Find the distances of the point A(4, —5, —3) from the planes 2z — 6 y
—3z+4=0and3z+ 6y — 2z — 5 = 0and from their line of intersection.

4. Determine the relative positions of the planes in the following sets:

(@) 22 —y+32—4=0,3z+4+2y—2+2=0,z—4y+4+72—-10=0;
® 2c—y+32—4=0,3z+2y—2+4+2=0,z2—4y+72—-6=0.

6. Find the points which

(a) theplane3z —2y +2+2 =0and thelinez = -1 +¢t, ¢y = =2
42t z=—3+4¢
(b) the plane 3z — 2y +2+4+2 =0and thelinez = —1 +2¢, y =2
4+ 2t z2=3-2¢
(c) theplane3z —2y+2+2=0and thelinez = -1 +¢ y = -2
+t z=-3—-1¢
have in common.
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6. The intercepts of a plane are a, b, and c. On the axes of another rec-
tangular reference frame with the same origin as the original axes, the inter-

cepts of the same plane are a;, by, and ¢;. Show that t% + l%-, + -81—2 = 5172
1
1 1
tort o

7. Show that the locus of all points which are equally distant from two
given planes consists of two planes through the line of intersection of the
given planes. For the points on one of these planes the distances from the
two given planes are equal in sign as well as in magnitude; for those on the
other plane the distances from the two given planes are equal in magnitude,
but opposite in sign.

8. Prove that the two planes determined in Exercise 7 are perpendicular to
each other.

9. Prove that each of the planes determined in Exercise 7 makes equal
angles with the two given planes. The planes found in Exercise 7 are called
the bisecting planes of the dihedral angle formed by the two given planes.

10. Prove that if three planes meet in a point, the six bisecting planes of
the three dihedral angles formed by them meet three by three in a line. Hint:
Take the equations of the given planes in the normal form.

11. Write the equation of the plane through the origin determined by the
two lines through the origin whose direction cosines are A;, 1, v and Ae, 2, v,

12. Show that three concurrent lines are coplanar (lie in one plane) if
and only if the determinant formed by their direction cosines vanishes. (Com-
pare Exercise 5, Section 42, page 74.)

Note. The determinant, mentioned in this exercise, whose rows consist
of the direction cosines of three concurrent lines, will be called the ori-
entation determinant of these lines.

13. A point moves in such a manner that its distances from two fixed lines
are always equal to each other. Determine the equation of the locus which
this point describes.

14. Determine the equations of the line which passes through the point
Pi(ay, B1, 1), i8 perpendicular to the line joining Py(as, B2, v2) and P(as, Bs, vs),
and lies in the plane determined by the points Py, Py, and Ps.

16. Determine the distance of the point Pi(a, 61, v1) from the line joining
the points Pu(az, Bz, v2) and Ps(as, Bs, vs).

16. Show that four times the square of the area of the triangle whose ver-
tices are Pji(ai, Bi, vi),© = 1, 2, 3 is equal to the sum of the squares of the

B m 1 M oa 1 a B 1
determinants B 72 1 , Y2 Q2 1 y ay 11
Bz v 1 vs ey 1 a B 1

17. Find the distance of the point P(a, 8, v) from the plane determined
by the points P;i(a, Bi, vi), t = 1, 2, 3.
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18. Prove that the volume of the tetrahedron whose vertices are the points
Pi(ai, Bs, vi) © = 1, 2, 3, 4 is equal to one sixth of the value of the determinant

a By 1
a B v 1
a Bs v 1/
as B ova 1

19. Determine the equations of the three planes, each of which passes
through one of three concurrent edges of a tetrahedron and is perpendicular
to the face opposite to the vertex in which these edges mecet.

20. Show that the three planes determined in the preceding exercise meet
in a line which passes through one vertex and is perpendicular to the opposite
face.

21. Prove that the four perpendiculars from the vertices of a tetrahedron to
the opposite faces meet in a point.

22. Determine the equation of the plane through one edge of a tetrahedron
and through the midpoint of the opposite edge.

23. Prove that the six planes of the kind described in the preceding exercise
meet in a point.

24. Determine the equation of the plane through the midpoint of one edge
of a tetrahedron and perpendicular to the opposite edge.

26. Prove that the six planes of the kind described in the preceding exercise
have one point in common.



CHAPTER V
OTHER COORDINATE SYSTEMS

In the development of the subject up to this point we have used

a rectangular Cartesian coordinate system; and we have had no

occasion to change from one such system to another. Many of

the problems to be taken up in later chapters require such tran-

sitions; and for other purposes it is frequently desirable to use

reference frames different from that furnished by the rectangular

Cartesian coordinates. We shall therefore consider in the present

chapter some other reference frames in three-space, and also the
transition from one reference frame to another.

67. Spherical Codrdinates. The reference frame consists of:

(1) a fixed plane II; (2) a fixed half-line, /, in this plane, called the

initial line; (3) a fixed point O

P(r.6.4,) on the line [, called the origin;

Py and (4) a unit for linear meas-

- urement and a unit for angular

!
> : F measurement. To determine
/ the codrdinates of a point P in
n space with reference to this
Fia. 11 frame, we connect O with P and

we drop a perpendicular from P
to the plane II; let P’ be the foot of this perpendicular (see Fig. 11).
The spherical coordinates of P are then defined as follows.

DeriniTion 1. The spherical codrdinates of a point P in space are:
(1) the unsigned distance r from O to P, measured in terms of the unit
specified for linear measurement — this is called the radius vector of
P; (2) the angle ¢ between —90° and 90° which the plane IT makes with
OP, measured in terms of the unit specified for angular measurement
— this is called the latitude; and (3) the angle ¢ between 0° and 360°
which the line ! makes with the projection of OP on the plane 11,
measured in terms of the same unit— this is called the longitude.

Remark 1. Tt follows from this definition that to every point
in space, except O, there corresponds a definite set of three real
numbers, which are its spherical coérdinates. But it is not true
in this case, as it was when Cartesian coérdinates were used, that:

108
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for every set of three real numbers there exists a point of which
these numbers are the spherical coordinates. The radius vector

is an unsigned real number, the latitude must lie between —g

and 32" , and the longitude between 0 and 2 7, if the radian is the

unit of angular measurement (between —90 and 90, between
0 and 360 if the degree is the unit).

Remark 2. There are various ways in which the definition of
spherical coordinates may be modified. The radius vector may
be defined as a signed number, with a possibility of its being either
positive or negative; and the ranges of value for the latitude and
the longitude may be changed. Although there are some advan-
tages to be derived from such different agreements which the co-
ordinates, as defined above, do not possess, the present definition
has the desirable property, mentioned in Remark 1, of assigning to
every point in space, except O, a single set of spherical coordinates.

zZ
P
7 ]
/ 4 /
0 6 I
A
1+ IT-plane

V4
Y

Fia. 12

To establish a connection between spherical codrdinates and
rectangular Cartesian coordinates, we make the point O the origin
of a rectangular reference frame, the line ! the positive X-axis
and the plane II the XY-plane. Moreover we adopt the unit of
linear measurement as the unit on the three axes of this super-
imposed rectangular frame. It should now be easy to see (from
Fig. 12) that the Cartesian coérdinates of a point P are connected
with its spherical coérdinates by the following formulas:

z = OP, = OP' cos § = r cos ¢ cos 6,
y = P,P’ = OP’'sin 6 = r cos ¢ sin 6,
z = P'P = rsin ¢.
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If these equations are squared and then added together, we find,
in accordance with the conventions laid down in Definition I, that

r = |Vz? + y? + 22| and hence that ¢ = Are sin ﬁl*

Squaring and adding the first two equations leads to r cos ¢ =

—_ Y
\/ 3 5 . — ___ agnd
I Z* + ¥, and henge to the result that sin 6 = Ve + o 02l

cos = by means of these conditions the angle 0

_r .
[Var + 3’
is completely determined between 0 and 2 7. We state our results
as follows.

Tureorem 1. The transformation from spherical coordinates to rec-
tangular Cartesian coordinates, and vice versa, when —in the two
reference frames — the origins coincide, the initial line coincides with
the positive half of the X-axis, the initial plane with the X Y-plane,
and the units of linear measurement are the same, is accomplished
by means of the equations:

X = r €OS ¢ €08 0, =rcos ¢8ind, z = rsin¢;
and
r=|Vae¥ry £z ¢ =Aresin ——>
’ | Var + 57 + 22|
x

sing = PR A
| Vai + 32|

i‘*\—/—x‘;}"m, €os 0 =

By means of the first set of formulas an equation in Cartesian
coordinates may be transformed into an equation in spherical
coordinates; and the second set of formulas enables us to trans-
form an equation in spherical codrdinates into an equation in
Cartesian coordinates. In view of Definitions I and II of Chap-
ter IV (Section 39, page 68), we conclude from this that the
locus of a single equation in spherical coérdinates is a surface, and
the locus of a pair of equations a curve. The geometrically

* We are using here the notation Are sin « to indicate the * principal value ”’
of the angle whose sine is w, that is, the angle between — ;andgwhich has
its sine equal to «; this function has a single real value for every real value

of u between —1 and 1. It should be clear that is never

z
FeEaET
more than 1 and the angle ¢ as defined in the text always exists and lies between

m ™
—éandé.
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simplest surfaces, that is, the planes, are not represented by the
algebraically simplest equation when spherical codrdinates are
used. By using Theorem 1, in connection with Theorem 4,
Chapter IV (Section 41, page 71), we find that the general
equation of a plane in spherical coordinates is

r(acos ¢ cosd + bcos psinf + csin¢) +d = 0.

On the other hand, the ecquation of a sphere whose center is at
the origin and whose radius is a has, in spherical coordinates, the
very simple equation r = a.

P

68. Cylindrical Cotrdinates. ZAZ I c
The reference frame now con- /

sists of the initial plane II, the B

initial line [, the origin O, units

. P
of linear and of angular meas- y > X
urement, and besides of a di- Z 7/- I1 -plane /
rected perpendicular to the }if
plane IT at O, called the #-axis.
The cylindrical coérdinates of

an arbitrary point P in spacc are then defincd as follows (sce
Fig. 13).

DeriniTioN II. The cylindrical coordinates of a point P in space are:
(1) the perpendicular distance, ¢, from the initial plane to P, measured
in accordance with the unit of measurement and the direction speci-
fled for the #-axis; (2) the undirected distance, p, from O to the pro-
jection P’ of P on the initial plane, measured In terms of the specified
unit of linear measurement; and (3) the angle y, between 0° and 360°,
which the initial line ! makes with OP’, measured in terms of the
specified unit of angular measurement.

Fic. 13

Remark. The cylindrical coordinates of a point evidently com-
bine polar coordinates in the initial plane with a Cartesian ¢-
coordinate. For every point in space, except those which lie
on the Z-axis, there exists a unique set of 3 real numbers, which arc
its cylindrical coordinates. But again it is not true that with
every set of three real numbers there is associated a point of which
these numbers are the cylindrical coérdinates. The ¢-codrdinate
is a signed real number, the coérdinate p an unsigned real number,
and the coérdinate ¢ is restricted to the range 0 — 2 =, if the radian
is the unit of angular measurcment.
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A rectangular Cartesian reference frame can be superimposed
on the reference frame used for cylindrical coérdinates in the
manner used in the preceding section for spherical coordinates.
Thus we find the following relations between the rectangular
Cartesian coordinates x, y, 2 of a point and its cylindrical co-
ordinates p, ¥, ¢ (see Fig. 13):

x=0P,=pcosy, y=PP =psinyg, z=¢;
and

ST ey & , v
p=l\/x2+yl,’ cOb'p_l\/;ﬁ_:——_—-———}-—g/E-I’ Sll]ﬂ/ I‘\/x2

=z
vl

Moreover, the reference frame for cylindrical coérdinates con-
tains a reference frame for spherical coordinates. It is therefore
a simple matter to connect the spherical coordinates r, ¢, 8 of a
point with its cylindrical co6rdinates p, ¥, {. We find:

p=0P =rcos¢, ¢y =0, {=rsing;

. *
7'=|\/p2+§'2|, ¢=Arctanf~;, 0=y

and

A repetition or the argument made in the last paragraph of
Section 57 should make it clear that the locus of a single equation
in cylindrical coordinates is a surface, and the locus of a pair of
equations a curve. The equation p = a represents a right cir-
cular cylindrical surface whose radius is @ and whose axis is along
the Z-axis; the pair of equations p = a, { = b determines a circle
of radius a, in a plane parallel to the initial plane at a distance b
from it and having its center on the Z-axis.

b9. Exercises.

1. Determine the loci of each of the following equations:
5
@r=2 0p=3 @0="7; Wt=-1; @s=-3 D=1

2. Write the equations in spherical coordinates of the surfaces whose equa-
tions in rectangular Cartesian coérdinates are:
(@z2+y2=5 ) y*+22=3; (c)3z—-2y =0;
d3z22+2y24+422=1; (e) 422 —y2 = 1.
* The notation Arc tan « is used to designate the angle between —g and g
whose tangent is v, that is, the “ principal value” of the multiple-valued func-
tion Arc tan u; see the footnote on page 110.
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8. Determine the locus of each of the following pairs of equations:

T, B 3 a o 2a
55 W=ty =45; @e=—(0="7;

@) p=5¢=~2 ()r=46=7

(@) r=3,0 =

4. Transform the following equations into equations in rectangular Car-
tesian coordinates:
(@) r =tan6; (b) ¢ =2¢; (c) r(cosd + sin6 — tan ¢) = 4 sec ¢;
(d) p(3cosy —siny) +2¢ —4 =0; (e)p?+*=9;
(f) sin?2¢ + 28in20 — 3 cos?d = 4.

60. Oblique Cartesian Coordinates. A reference frame for
a system of oblique Cartesian coordinates is furnished by any
three planes which meet in a
point, O. These planes meet
two by two, in lines through O;
we call these lines the X-, Y-,
and Z-axes and denote them
by OX, OY, and OZ respectively
(Fig. 14). On each axis we
specify a positive direction and
a unit of measurement. Through Fia. 14
an arbitrary point P in space, we
draw lines parallel to the coérdinate axes, meeting the given
planes in the points P,, P, and P,,, We can now give the
following definition.

Derivition 1II. The (oblique) Cartesian codrdinates of the point
P are the lengths of the lines Py,P, P;.P, and P;yP measured In accord-
ance with the units and directions specified for the X-, Y-, and Z-axes
respectively.

The coérdinate planes, together with the planes determined by
the lines P, P, PP, and P.,P, taken two at the time, form an
oblique parallelopiped. This parallelopiped can be used con-
veniently to develop generalizations of some of the results obtained
in Chapter I1I, just as these results themselves were found by the
aid of the rectangular parallelopipeds, which we designated as the
c.p. of a point and the c.p. of a pair of points (see Sections 30 and
32).

Notation. The coérdinate frame which we have just described
will be designated by the symbol O-XYZ. If the angles between
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the codrdinate axes have to be specified, we shall use the symbol
O0-XYZ-apy, where a = £YO0Z, 8 = £Z0OX, and v = £XOY.

It will be supposed throughout that the units of measurement
on the three axes of any Cartesian reference frame, and also those
used on the axes of two such frames whose mutual relations are
under consideration, are equal to each other.

61. Translation of Axes. We consider now the relations exist-
ing between the two sets of codrdinates of a point P with reference
to two Cartesian reference frames, whose axes are parallel; these
may be rectangular or oblique frames. Let the two reference

Z
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| P, 1
! 1Py 4_,_1_’;[1_ AT
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I 7/ 1 7 H
b s ! 1 7 ! '
d ! s/ | (o]
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Py fu— -—-/-%(..-'.-—-_-— L ——
7 08
/ ! /
y |
Y
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frames be O-XYZ and O'-X'Y’Z’, and let the coordinates of 0’
with respect to O-XYZ be a, b, and ¢. For an arbitrary point P(z,
¥, 2) we construct now the c.p. of P and O’ with respect to O-XYZ.
Since the axes of the two frames are parallel, this parallelopiped
will also be the c.p. of P with respect to 0’-X’Y’Z’ and therefore
its edges will be equal in unsigned length to the numerical values
of the coordinates of P with respect to 0'-X'Y’Z’, that is, of
2',y',and 2. The X-, Y-, and Z-axes will meet the faces of this
parallelopiped in the points P,, 0,’; P,, 0,/; and P,, O, respec-
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tively; and the segments O,'P,, O,/P,, and O,/P, are equal to
z’, y', and 2’ respectively (sce Fig. 15). We have now, independ-
ently of the positions of P and of the reference frame 0'-X'Y'Z’,
the following relations:

0,/0+ OP, + P,0,' = 0,0,0 + OP, + P,0,/ = 0, and
0,0 + OP, + P,0; = 0

and therefore
—a+z—2 =0 -b+y—y =0, and —c+2z—-2"=0.

The result of the discussion can be summarized in the following
theorem:

Tueorem 2. The coordinates x, y, s of an arbitrary point P with
reference to a Cartesian frame of reference 0-XYZ, and the coordi-
nates x’, y’, z’ of the same point with reference to a parallel Cartesian
frame of reference O’-X'Y’'Z’, whose origin has the coordinates a, b, ¢
with respect to O-XYZ satisfy the relations

x =x—a, ¥=y-b, 55 =3—c.

Remark 1. The coordinates z’, 4’, and 2’ of the point O’ are all
0; hence we find from the theorem just stated, that the coérdinates
of 0’ with reference to O-XYZ are q, b, ¢, as stated in the hypothe-
sis of the theorem; this simple fact serves as a check on the
formulas. Similarly, we find that the point O whose coordinates
in the system O-XYZ are (0, 0, 0) has the coordinates (—a, —b,
—c) in the system O'-X'Y'Z’.

Remark 2. Tt should be noted that the formulas established in
Theorem 2 are the same, independently of whether the two refer-
ence frames are oblique or rectangular.

62. Transformation from Oblique to Rectangular Axes. Before
taking up the transformation of coordinates which results when we
pass from one arbitrary frame of reference to another, we shall
consider what happens when we change from an oblique frame of
reference to a special associated rectangular frame. A system of
rectangular axes can be superimposed upon a given oblique refer-
ence frame O-XYZ-aBy by using in both systems the same XY-
plane, the same X-axis, the same origin, and the same units of
measurement. This is illustrated in Fig. 16, in which the axes of
the rectangular frame are designated by OX’, 0Y’, and 0Z’. To
obtain the relations between the coérdinates of an arbitrary point
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P with respect to these two frames of reference, we make use of
the projection method (see Section 36). The coordinate parallelo-
pipeds of P with respect to thesc two sets of axes furnish a closed
broken line, leading from O to P along the edges OP,, P.P,,, P,,P,

and back from P to O along the edges PP/, P,,’P,/, P,/O. We
infer now from Theorem 12, Chapter 111 (see Section 36, page 62)
that
Projx-OP, + ProjxP,P,, + ProjxP,,P 4+ Projx PP,
+ ProjxP.,/P, + Projx-P,/O = 0.

To evaluate these projections, we make use of Theorem 11, Chap-
ter IIT (see Section 36, page 62), remembering that the angles
YOZ, ZOX, and XOY formed by the original axes are equal to
a, 3, and v respectively, and that the X’, Y/, and Z’ axes are mu-
tually orthogonal. In this way we find that

x4+ ycosy 4+ zecosB — 2’ =0.

By projecting the same path OP,P,,PP,,/P,’0O upon the Y’- and
Z'- axes, we find ,
yecos ,YOY' 4+ zcos £ZO0Y' — ¢y =0 and
z2ecos L7207 — 2 = 0.
Clearly £YOY' = g — 2X0Y, sothat cos £YOY' = sin v.
To determine cos £ ZOY' and cos £Z0Z’, we make use of the
result of Exercises 15 and 16, Section 38 (page 66), from which
we find that
cos £ Z0Y" = cos —‘cosB cos vy and
sin y

cos £, Z0Z' = é—-i—%,\/l—cos2a—-cos2ﬁ-—cosz'y+2 cos a cosf cosy,
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in which the 4 or — sign is to be used according as the Z-axis
and the Z’-axis point toward the same side or toward opposite
sides of the XY-plane. Substitution of these values in the pre-
ceding equations leads to the following theorem.

Tareorem 3. If x, y, and z are the codrdinates of an arbitrary point
P in the Cartesian frame 0-XYZ-a83v, and if x', y', and z’ are the cobr-
dinates of the same point with reference to the orthogonal Cartesian
frame O’-X'Y’Z’ in which the units of measurement, the origin, the
X-axis, and the XY-plane are the same as the corresponding elements
of the frame 0-XYZ-a8y, then
z (CO8 o — €08 (3 CO8 v)

sin v ’
, _ +3(1 — cos’a — €OS* 3 — cos?y + 2 08 a cos 8 cos v)}
- sin ’

2’ =x+4+ycosy +3zco88, y =ysiny +

z

in which the plus or minus sign is to be used according as the two
reference frames are of the same or of opposite type (see footnote on
p. 50).

By means of the formulas of this theorem we can express the
distance of a point from the origin of a system of oblique axes in
terms of the oblique coordinates of this point. For

OP?% = g2 + y'? + 2"
=(r+ycosy + zcosB)? +

. 2(cos o — cos B cos 2
[ysm~/+ (cosa — cos B 7)]
sin v
2%(1 — cos? @ — cos?B — cos?vy + 2 cos a cos B cos v)

_|_

= 22 + y? (cos? v -+ sin? )
2¥cos?B sin? v + (cos a — cos Bcos ¥)2+ 1 — cos? a —
cos? B — cos?y + 2 cos a cos B cos v]
sin? y

sin? y

+

+ 2 zycosy + 2 2z cos B
+ 2 yz [cos v cos B + cos o — cos B cos v]
=22+ y?+ 224+ 2yzcosa+ 2zrcos B + 2xycosy.
CoroLLARY 1. The square of the distance from the origin of a ref-

erence frame 0-XYZ-a3y to a point P(x, y, z) Is equal to a2 + y? + 22 +
2y3 €08 a + 2 zx cos 3+ 2 xy CO8 v.

The expression for cos ZOZ’ which was used in the proof of
Theorem 3 enables us moreover to obtain a convenient formula
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for the volume of the c.p. of the point P(a, b, ¢) in an oblique
reference frame. For the area of the base of this parallelopiped
is equal to absin vy and its altitude is ¢ cos Z0OZ’. This leads
readily to the following result.

CoroLLARY 2. The volume of the covrdinate parallelopiped of the
point P(a, b, c¢) in the reference frame 0-XYZ-a3vy Is equal to abe [1 —
1 CO8y C€O8f3
CcoSy 1 coS a
COSj3 COSa 1

1
2

CO8%a — €083 — €082y + 2 COS & €08 3 €08 7]} = abe

63. Rotation of Axes. The projection method also enables us
to determine in a direct manner the relations which connect the
coordinates of one point in two Cartesian reference frames which
have the same origin. We shall first develop these equations for
the general case in which both systems are oblique and then ob-
tain as a special case the formulas for two rectangular systems.

Let the systems be O-XYZ-aB8y and O-X1YiZi~aiB1vi, the
units being the same in the two. Let the cosines of the angles
formed by the axes of these systems be indicated in the following
table:

X Y A
Xl l1 mny m
Yl lg ‘Mo Ny
Z) ls ms Ny
so that we have cos X0X,; = [, cos XOY, = l,, cos ZOY, = ny,
etc.

We consider now the closed broken
line which leads from O to P along
the edges OP,, P,P., and P,,P of the
c.p. of P in the system O-XYZ, and
which returns from P to O along the
edges PP, P.,P., P;0 of the c.p.
of P in the system O-X,Y.7; (see
Fig. 17). We project this closed
broken line in turn on the axes OX,

Fia. 17 0Y, and OZ, and then on the axes

0X,, 0Y,, 0Z, If we make use in

each of these projections of Theorems 11 and 12 of Chapter III
(see Section 36, page 62) and if we employ also the notation in-
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troduced above for the angles between the two sets of axes, we
find:

z+ycosy +zcosB — xily — yils — zd; = 0,
1) {xcosy +y + zcosa — xymy — yimy — zymy = 0,
rcosfB+ycosa+z— xm — yine — zimy = 0;
and
xh + ymy + zny — 2, — Y1 €08 v1 — 21 cos By = 0,
2) [xl2+yn7,2+zm — Z1CO0SYy — Y1 — 21 cos ay = 0,
zly + yms + 2n; — 210088, — y1cosay — 2z = 0.

The system of equations (1) has a unique solution for x, y, z in
terms of x,, ¥, 2z1; and the system (2) has a unique solution for
21, Y, 21 in terms of z, y, 2. These solutions may be written down
by means of Cramer’s rule (see Section 21, p. 37). For the coeffi-
cient determinants of these systems are equal respectively to

1 cosy cosf 1 cos y1  €os By
cos v 1 cosa| and |coswy; 1 cos ay |;
cos 3 cos a 1 cos By cos ay 1

and, by virtue of Corollary 2 of Theorem 3 (Section 62, page 118),
the values of these determinants are equal to the squares of the
volumes of the c.p.’s of the points (1, 1, 1) in the two systems.
If these volumes are denoted by » and »; respectively, we find from
the first system, that

1 L+l +lz cosy cos f3

T = — X{mx,+mey1 +ms2 1 cosa
v

mri+nyntnz cosa 1

= ant1+apy+asz,

I, cosvy cospB
Mo 1 cosa
ng cosa 1

i cosy cosB
1

an = p X |{my 1 cosa
n cosa 1

Iz cosy cosf
X |ms 1 cos a
N3y COS a 1

y e = - X '

R | -

’

(see Theorem 8, Chapter I, Section 5, page 9). Similar results
are obtained for y and z, the trinomial elements now appearing in
the second and third columns. And from the system (2) we obtain
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the solution

1 1 Lhx+nuy+niz cosp;

Y ==X |cosyr bx+muy+nz cosay| = bux+bay+baz,
m

cos By Lrx+may+ngz 1

where now
1 L cosp, 1 my cos B
1
by = o Xlcosy, Iy cosay|, bu= o X |{cosy, my c€OSal,
t 1
cos By Iy 1 cospfB; mg 1
1 1 ny  €os B
Doy = , X [ cosy, ny cos a; |, with similar results for
1
cos By ng 1

21 and z1.  The reader should have little difficulty in writing out
these further results. We state the following conclusion of our
discussion.

Treorem 4. If x, v, z are the coordinates of an arbitrary point P
with respect to a reference frame 0-XYZ-o3y, and x,, yi, z: are the
coordinates of the same point in the reference frame 0-X,Y.Z,-a,8:v:,
of which the X,-, Y-, and Z,~axes make with the axes of 0-XYZ angles
whose cosines are l,, m,, n,3 l;, ms n; and l;, m;, n; respectively, then

x = aux; + apy: + apz, and x; = bux + by 4 bz,
Yy = anx; + azy + a3z, Y = bax + b22y + bzaZ,
3 = aux + any: + asz; 5 = bux + buy + buz.

Here a;;(7, j = 1, 2, 3) is the value of the determinant obtained

1 cosy cosf
from the determinant » = | cos vy 1  cos a|by replacing the
cosf  cosa 1

ith column by I;, mj, n;, divided by the value of v; and the co-
efficient b;;(7, j = 1, 2, 3) is the quotient by the value of the deter-

1 cosy; Cos P
minant », = | cos v, 1 cos a; | of the determinant obtained
cos 31 cosay 1
from v, by replacing the 7th column by the jth column of the de-
ll my Mm
terminant [ I, my, ny|.
l3 mz Ny

Remark. The reader should write out in full the values of the
coefficients a;; and b;; in the form of the determinants, which in
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order to save spacc have merely been described in the statement
of the theorem.

The formulas established in this theorem take a particularly
simple form in case both reference frames are rectangular. For

. ™
inthatcase, a ==y =a =8 =7 =§,hcnceCOSa = cos B

= €08y = COS a1 = €08 3; = cos v; = 0; moreover the numbers
Ly, my, ny; Loy, ma, ny and Iy, m;, nz become the direction cosines of
the axes 0Xy, OY,, and OZ, with respect to O-XYZ respectively.
The reader should have no difficulty in obtaining the formulas
for this special case which are stated in the following theorem; thesc
formulas, more than those of Theorem 4, are the ones which we
shall have frequent occasion to use in our further work.

Tuaeorem 5. If x, y, 5 are the coordinates of a point P with respect
to a rectangular Cartesian frame of reference 0-XYZ, and x,, y1, z1 the
coordinates of the same point with respect to another rectangular
frame 0-X,Y,Z,, of which the X,-, Y-, and Z,-axes have in 0-XYZ
direction cosines \j, uiy v15 N2y poy 23 and Ay, sy v; respectively, then

x = Mxy + Ny + Nz, and x

Y = mx + M2Y1 + uazi, Y
5 = vx; + wy + vz =

I

X+ py + ns,
x4 wy + wz,
Ax + way + w3

i

i

64. Exercises.

1. Set up the equations for the transformation of coirdinates resulting from
translating the axes to a new origin whose coordinates in a system O-XYZ
are —3, 5, 2.

2. Determine the equation of the sphere 22 + y? + 22 = 9 with respect
to a new frame of reference obtained by translating the original axes to the new
origin 0’(—2, —1, 3).

3. Show that the planes determined by the equations 3z — 6y + 2z = 0,
2z +y =0and 2z — 4y — 152z = 0 are mutually perpendicular, and that
they pass through the origin. Establish the formulas for the transformation of
coordinates which results when these planes are taken respectively as the
Y\Z,-, the Z,X,-, and the X, Y -plane of a new frame of reference.

4. Solve the same problem for the planes 2x — y +22 =0, z — 2y —
2z2=0,224+2y—2=0.

6. Apply the formulas obtained in Exercise 4 to determine the equations
in the new reference frame of the loci of the following equations:

(@ y?+22=3;, ) z2+y*+22=4; (c)2z2—=5y>—42 =10
@) ax +by +cz2+d=0

6. Express the distance between two points in terms of their coordinates in
a system of oblique axes.
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7. Determine the volume of the codrdinate parallelopiped of two points in
an oblique frame of reference.

8. Prove that, if 6;, 6,, and 6; are the angles which a line ! makes with the
axes of a reference frame O-XYZ-aBy, then

1 cosy cosf cosb,
co8 y 1 cosa cos 0
cosf  cos « 1 cos 0
cos 6, cosf, cosf, 1

Hint: 1f 1 coincides with one of the coordinate axes, the formula can
readily be verified. If I does not coincide with any of the axes, take a point P
on I, so that OP = 1 and project the closed broken line OP;P.yP0 on the axes
and on /; from the resulting equations the desired formula should follow.

9. Show that, incasea = 8 = y = 72r, the formula of the preceding exercise
reduces to that given in Theorem 7, Chapter IIT (Section 33, page 56).

10. Show that if the formula of Ixercisc 8 reduces, for cvery line I, to the
formula of Theorem 7, Chapter III, then @ = 8 = v = ;

66. Rotation of Axes, continued. The formulas obtained in
Theorems 4 and 5 appear to contain a large number of parameters;
but these are not all independent parameters. For the a;; and by
of Theorem 4, and the N;, u; and »; of Theorem 5 can not be chosen
arbitrarily if the formulas are to represent a rotation of axes.
This can be scen most readily if we observe that the expressions
for the distance from O to an arbitrary point P should be the same
in any two frames of reference which have the same origin. Hence
it follows that if the parameters in the formulas of Theorem 4 are
properly sclected, then we must have, in view of Corollary 1 of
Theorem 3 (Section 62, page 117):

P+ y? 4+ 22+ 2yzcosa + 22xcos B + 2 xy cos y
=’ + y* + 2 + 2 y1z1 cos v1 + 2 211 €08 By + 2 21y cos vy

for all values of z, y, and 2, if for a3, 3, and 2z, we substitute the
expressions given in Theorem 4. If, in particular, both reference
frames are rectangular, we find by using Theorem 5 that

NE + iy +112)2 + (T + pay + 12)? + Mz + pay + n2)?
=2+ 4?4 22
for all values of «, ¥, and 2.

If we carry out the squaring of the trinomials on the left-hand
side, and equate the coefficients of like tcrms on the two sides, we
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are led to the conclusion that, if the formulas of Theorem 5 do
indeed represent a rotation of a rectangular reference frame, then
the parameters N\;, w;, v;, © = 1, 2, 3, must satisfy the following
relations:

MANMNFN=1, ptuptuw =1 v+rtu=1

and pwr t pave + pavs = 0, vihi + vly + vy = 0,
Npts + Nopa + gy = 0.

Conversely, in case these conditions hold, the equations of
Theorem 5 will carry a given rectangular frame over into another
rectangular frame with the same origin. For, by virtue of the first
three of the above relations, we can then take Nj, N, Ns; w1, e, M3,
and v, v, v; as the direction cosines of three lines through the
origin; and it follows from the last three relations that these
lines are mutually perpendicular. The equations of Theorem 5
represent then the transformation to the new rectangular refer-
ence frame of which these three lines are the axes. Hence we have
established the following theorem.

TueorEM 6. If x, ¥, z represent the coordinates of a point with

respect to a rectangular reference frame, the necessary and sufficlent
conditions that the equations

X1 = NX Yy + vz, yi= X+ ey + s, 5= N+ py + s
shall represent a transformation to another rectangular reference
frame, are that

MEMEN=1 witwitul=1 vttt ul=
and that
v+ wove + pavs = 0, v 4 weha 4 waks = 0. Ns + Aoz + Agpa = 0.

Remark 1. A transformation which satisfies the conditions of
Theorem 6 is called, with obvious justification, an orthogonal
transformation.

Remark 2. With the aid of Theorem 6, it becomes easy to verify
that the two sets of equations in Theorem 5 are equivalent. For
if we multiply those of the second set by A, Ao, s respectively and
then substitute the results in the first equation of the first set, we
find:

xr = M(Xlx-l—my+ v12) + (N + u2y+v22) +)\3()\31‘+Ma?/+1’33)
= (A2+N2H N2+ (Nrp Moz +Nsa)y + A+ Nove +Navs) 2
=z;
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and the other equations of the first set are verified in similar
manner.
Remark 3. It should be clear that the conditions of Theorem
6 can also be put in the equivalent form:
MA i+t =Atw =N tutu=1
and
Nohs + pgps + vavs = Ny A+ paun + vy = Mhe + s
+ Wy = 0
The equivalence of the two sets of equations in Theorem 5,
observed in Remark 2 above, leads to another interesting result.
Since neither set of axes consists of coplanar lines, their orientation
determinant (the determinant formed from their ninc direction
cosines, sce Exercise 12, Section 56, page 106) docs not vanish.
Hence the equations of the first set can be solved for x,, 3, and 2,
by Cramer’s rule. If we denote the value of the orientation de-
terminant by D, we find, for example,

T == X ;’3)\2 A3 =l M2 M3 T+ Ve vy A Ns zl-
' D Yk B1= 50 v IYRVA s M3 f
2 v

But this value of z; must be identical with the value furnished by
the first equation of the second set, for every value of x, y, and z.
Consequently, the coefficients of z, y, and zin the two expressions
for x; must be equal, each to each. Hence we have

X Ns
MDD = ﬂzml Dol Lp=|MN
! 3 | H e Ns ! Mg M3
If these equations are squared and added, we find:
pr o |He b v vy |? A N |?
Ve v3 A N Ko Ma

But the right-hand side of this equation represents the square of
the sine of the angle between the lines whose direction cogines are
e, 1z, v2 and s, s, vs, that is, between OY, and 0Z,; it is therefore
equal to 1 (see Theorem 14, Chapter III, Section 36, page 64).

We have therefore obtained the following result.

M omon
Noopr o
N ous vs

of three mutually perpendicular directed lines is equal to +1 or to —1.

TreoreMm 7. The value of the orientation determinant
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Remark. It follows from Theorem 7 that if two of the three
directed lines are interchanged, the value of the orientation de-
terminant changes sign; this will also happen if the direction on
one of the lines, or on all three, is changed. This suggests that
whether D is +1 or —1 depends upon whether or not the three
lines whose direction cosines are given by the elements in its rows,
taken in the order of these rows, form a reference frame of the
same type as the frame with respect to which their direction
cosines are taken (see footnote on page 50). This is indeed the
case, but a satisfactory proof of this fact can not be given without
a more extended discussion than can find a place in this book;
for it involves considerations of continuity. We shall therefore
not pursue this question.

We shall likewise omit a discussion of the conditions which the
parameters a; and by; in the equations of Theorem 4 must satisfy
in order that these equations may represent a transformation from
one reference frame to another with the same origin.

66. Linear Transformation. Plane Sections of a Surface. If
we combine the results of Theorems 2 and 5 (see Sections 61,
page 115, and 63, page 121), we obtain formulas for the trans-
formation of coordinates which occurs when we pass from one
rectangular Cartesian refer-
ence frame to another, keep-
ing the units unchanged. Tor
such a change can always be o X
accomplished by a translation
and a rotation. Suppose that,
with reference to the frame Y
0-XYZ, the cooérdinates of
the new origin O, are a, b, ¢;
and that the direction cosines Y
of the axes 0,X;, 0,Y,, and Fic. 18

01Z1 are )\1, M1y Y1y Ao,y M2y V2, and
s, s, vs Tespectively. Starting with O-XYZ, we translate the axes

to the new origin Oy; this leads to the reference frame O1-X:YZ;
(see Fig. 18). From this we make the transition to the frame
0-X:Y:1Z, by a rotation of axes. It follows, from Theorem 2,
that t =2, +@a, y = y2 + b, 2 = z; + ¢; and from Theorem 5,

z
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that oz = N1 + Myr + M2y, Yo = i + welt + M2y, 22 = iy +
wy1 + vszi. We obtain therefore the following theorem.

Turorem 8. If x, y, z and x,, y1, 7 are the coordinates of an arbitrary
point P with reference to the rectangular Cartesian frames 0-XYZ
and 0,-X,Y.Z, respectively, and when, with respect to O-XYZ, the
covrdinates of O, are a, b, ¢, and the direction cosines of 0X,, OY,
and OZ, are \;, pi, v15 A2y 25 vz, a0 A, us vs respectively, then

x =M% + Nyt + Nzt a
y = wx + pwy1 + ws + by
5 = nx1 + wyr + vz + Ce

Remark 1. 1f we solve these equations for zi, y;, and 2, and
make use of the relations established in the proof of Theorem 6
(see Section 65, page 123), we find that

=M@ — a) + m(y — b) + vz — o),
Y1 = N(x — a) + m(y — b) + n(z — o),
21 = Mz — a) + w(y — b) + vz — o).

It will be worth while for the reader to deduce this result by
direct application of Theorems 2 and 5.

Remark 2. A transformation of the frame of reference such as
we have discussed in the preceding paragraphs will be called a
rigid transformation. The algebraic transformation of codrdi-
nates which corresponds to it is called a transformation of the
first degree, or a linear transformation.

CoroLLARY 1. The degree of a polynomial in x, y, z, such as f(x, y, z),
s the same as that of the polynomial fi(x;, yi, 51) obtained from
f(x, ¥, 5) by a linear transformation.

Proof. Since the expressions to be substituted for z, y, and z
are of the first degree in x,, ¥, and 2z, it should be clear that the
degree of f, can not exceed that of f.  But since f can be obtained
from f, by substituting for 2, ¥, and 2 the linear functions of
2, y, and z stated in Remark 1, the degree of f can not exceed that
of fi. Therefore the degrees of the two polynomials are equal.

Remark. The transformation of codrdinates which corresponds
to a rotation of axes carries a homogeneous polynomial in z, y, 2
over into a homogeneous polynomial of the same degree in 2y, ¥y, 21.

We are now prepared to take up a question of interest and im-
portance, namely, to determine the character of the curve of
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intersection of a surface with an arbitrary plane. If one of the
variables, let us say by way of example ¥, is eliminated between the
equation of the surface f(z, y, z2) = 0 and that of the plane az 4 by
+ ¢z + d = 0, we obtain an equation, say F(z,z) = 0, whose
space locus is the cylindrical surface parallel to the Y-axis, which
projects the curve of intersection of surface and plane upon the
ZX-plane; and whose plane locus is the projection of this curve
upon the ZX-plane (compare Theorems 1 and 2, Chapter IV,
Section 40, pages 69, 71).

When the intersecting plane is parallel to one of the coérdinate
planes the curve of intersection is congruent to its projection
upon that coérdinate plane; in that case our question can be
answered immediately by the methods of Plane Analytical Geom-
etry. But when the intersecting plane is in a general position,
these two curves will not be congruent. The question can then
be answered, as is suggested clearly by the answer in the special
case, by first making a transformation of codrdinates to a new
reference frame, of which one of the coordinate planes is parallel
to the given plane. How is such a transformation determined?

Let us propose so to transform a given frame of reference O-XYZ
to a new frame O,—X,Y;Z; that a plane whose equation in normal
form (see Section 44) is A\x + uy + vz — p = 0 shall be parallel
to the X,;Y;-plane. The necessary and sufficient condition for
this is that the direction cosines of the Z;-axis shall be \, u, » (see
Theorem 7, Chapter IV, Section 44, page 78). It follows there-
fore from Theorem 8 that the desired transformation will be ac-
complished if we put

=M1+ N+ N+, Y= B+ pey + p2 + b,
z = v+ vy +rva + o

where N, u1, », N, mo, v2, and a, b, ¢ are arbitrary, save for the re-
strictions imposed by Theorem 6. This arbitrariness in the choice
of some of the coefficients in the equations of transformation
corresponds to the fact that the position of the origin and that of
the axes 0,.X;, 0,Y; have not yet been specified. When these
specifications have been made the equations of transformation can
be completely determined (see the Examples below).

In view of Corollary 1 (see page 126) the equation of the given
surface in the new reference frame will have the same degree as



128 OTHER COORDINATE SYSTEMS

the original equation of the surface. Since the equation of the
plane section of the surface is obtained from the new cquation of
the surface by replacing one of the variables by a constant, the
degree of the equation of the curve of intersection will not exceed
the degree of the equation of the surface. TFor convenience of
reference, we record this fact as follows.

CoroLLARY 2. The degree of the plane equation of the section of a
surface made by an arbitrary plane does not exceed the degree of the
equation of the surface.

Examples.

1. To determine the curve of intersection of the sphere z* + y2 + 22 = 9
with the plane 3z — 4 y + 122z — 2 = 0, we reduce the equation of the plane
3x 4y 122 2

3
to the normal form 13 + ™3 0. Hence we have A = 3’
_4 12

i T TR T From the conditions of Theorem 6 (see Scction 65, page

123), it follows that A\i, ), »1, and Ay, ugz, »» must be so chosen that
(1) 3N — 4y +12y = 0 and MAwttnt=1
and that

(2) 3xa—4pa+ 120 = 0, MA2 + pups + v = 0,
and A2 + M22 + ‘,22 = 1.

If one of the coefficients A, w, or » is chosen arbitrarily and the others are
determined s0 as to satisfy the equations (1), then the remaining coefficients
Nz, w2, vy are completely fixed by equations (2), provided that A, w, and »
are so selected that the rank of the coefficient matrix of the first two of equa-
tions (2) is 2. If we take », = 0, we find A, : sy = 4 : 3 and hence A, = §,
w = %, = 0. Forthe determination of Xy, us, »» we have then the conditions
3N —4p 4+ 129 =0 and 4N\ + 3 p; =0; we find therefore, by using
Theorem 4, Chapter II (see Section 25, page 41), that X : uy - v, = —36:48:25

and hence that N\, = —3§, wo = §§, v = §§. If, finally, we take a = b =¢
= 0, we obtain the following equations of transformation:
4.171 36 " 321 -'?_E‘ 48?/1 _é_il _-.)Jl !2—21
*=F & Tm V"5 Te 13 +

1t follows now from the discussion at the beginning of Section 65 (see page
122) that these equations of transformation must carry the equation of the
sphere over into the equation 2,2 4+ 42 + 2> = 9. The equation of the
given plane 3z — 4y + 122z — 2 = 0 becomes:
3 4:; 3gy1 3z1 (3:::1 481/1 421)+12 5y, 12z,) 2-0
0

and this reduces to the sxmple equation 132, = 2.
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Hence the curve of intersection of sphere and plane is congruent to the
curve in the X,Y,-plane whose equation is obtained by eliminating 2, from the
equations 7> + »* + 2 = 9 and 13 z; = 2, that is, congruent to the plane
locus of the equation 169 z;2 4+ 169 y,2 = 1517. The curve is therefore a
circle. That the result would be a circle was evident from the fact that every
plane cuts a sphere in a circle; the derivation which we have given serves to
illustrate the method which can be used also in cases in which the result
could not be so easily predicted.

2. The curve of intersection of the plane 3x — 4y + 12z — 2 = 0, used
in Example 1, with the surface x2 + y2 + 222 = 9 is obtained by using the
same equations of transformation that were used above. The equation of the
surface now becomes

n? 4+ nt+ a%+ (L) Ul 12 =2 )

=9.

If this equation is solved simultaneously with the equation of the plane,
13 21 = 2, we find that the curve of intersection of the surface and the plane
is congruent with the plane locus of the equation

24

2
169 2.2 + 169 4,2 + 4 + 169 (" LIS ) = 1521

This equation reduces to 169 z,% 4 194 3,2 4 =% 240 y.

curve is therefore an ellipse.

— 1513120 = 0; the

67. Exercises.

. Set up the equations for a transformation of coirdinates which carries
the pla.ne 2x — y 4+ 2z — 5 = 0 over into the Z,X;-plane.

2. Determine the oquzmons of transformation when the plane = + 2y
— 2z + 4 = 01is to become the Y\ Z;-plane; the linecx +2y — 2244 =0,
3z —y+2—3 =0 becomes the Z,-axis; and the point (3, —4, 2) is the
new origin.

3. Set up the equations for a transformation of coirdinates which will
carry the line 3z +4y — 22z =0, z = 0 into the X,-axis.

4. Determine the volume of the codrdinate parallelopiped of the point P
whose coordinates are x = —4, y = 2, z = —1 in the reference frame in
which the planes 2z — 2y +2 =0,y +2z =0and z — z = 0 are the Y ,Z,-,
Z,X,-, and X,Y,-planes respectively.

6. Determine a plane equation of the curve of intersection of the plane
6z —2y + 32 — 4 = 0 with each of the following surfaces:

(@) 32 +2y2~322+18=0; (b) 422 — 92 =0z
(¢) 3zy +4yz —22z = 10.

6. Determine, for each of the axes of the new frame of reference introduced
in Exercise 3, Section 64 (page 121), such a direction that the new frame is of
the same type as the original frame; also such directions that the new frame
is of the opposite type.
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T. Solve the corresponding problem for the reference frame introduced in
Exercise 4, Section 64.

8. Set up the equations of transformation for the transition from a refer-
ence frame O-XYZ to a new frame whose origin has in 0-XYZ the coordinates
5,3, —2 and whose X-, Y-, and Z-axes have in O-XYZ direction cosines
which are proportional to 4, —8, 1; 3, 2, 4, and to 34, 13 and —32 respectively.
Decide how to select the directions on the new axes to make the new frame
of the same type as O-XYZ.

9. Interpret geometrically the transformation of coordinates which is
determined by the equations 3z =2z, —y1 — 22, 3y =01 — 2y + 22
—6,3z2=2x1+2y +2 + 3.

10. Prove that the curve in which an arbitrary plane meets the locus of an
equation of the second degree in x, ¥, and z is a conic section or a straight line.



CHAPTER VI
GENERAL PROPERTIES OF SURFACES AND CURVES

Before undertaking a somewhat detailed study of the loci of
equations of the second degree in z, y, and 2z, we shall consider in
the present chapter a few general properties of surfaces and curves.
Our attention will be restricted almost entirely to the loci of equa-
tions of the form f(z, y, 2) = 0, whose left-hand side is a poly-
nomial in the three variables. The case in which not all three of
the variables are actually present in the equation has been con-
sidered in an earlier chapter (Section 40). We recall also Defi-
nitions I and 1I of Chapter IV (Section 39).

68. Surfaces of Revolution.

DEFINITION I. A surface of revolution is a surface that can be gen-
erated by revolving a plane curve about a line in its plane. The line a
around which the revolution takes place Is called the axis of revolution
of the surface; the plane curve, in any
of its positions, is called a meridian
curve.

a

It should be clear that all meridian
curves are congruent plane curves and
that the planes in which they lie con-
stitute a pencil of planes through the
axis of revolution.* 2

Every point P on the given curve,
see Fig. 19, describes a circle, whose \
center is the projection P, of P on Anis Meridian
the axis of revolution and whose Fia. 19
radius is P,P; these circles, which
lie in planes perpendicular to the axis of revolution, are called
parallel circles.

* The reader will notice that the simplest curved surfaces studied in ele-
mentary Solid Geometry, spheres, cones, cylinders, as well as the surfaces of
a large number of manufactured articles in daily use, such as teacups, lamp-
shades, hats, are, exactly or approximately, surfaces of revolution. Is there
a possible simple reason for this?

131
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Our principal problem is to determine the equation of a sur-
face of revolution when we are given the equations of a meridian
curve and those of the axis of revolution. In case the axis of
revolution does not coincide with one of the codrdinate axes, we
can always transform the frame of reference in such a manner as
to make onc of the new coérdinate axes coincide with the axis of
revolution; and there is cvidently no loss in generality if we
assume that the meridian curve from which we start lies in one
of the coordinate planes through
the axis of revolution. We shall
therefore suppose that the given
curve lics in the XZ-plane and
we shall seek the equation of the
surface obtained by revolving
this curve about the X-axis (Fig.
20). Let the equations of the
meridian curve be f(z, z) = 0,
y =0; and let P(z, y, 2) be an

Fia. 20 arbitrary point on the surface.
The parallel circle through P
will cut the initial meridian in a point Q(2’, 0, 2’). It should now
be easy to see that 2’ =z, and 2/ = P,P = V22 4 y% Since
Q is a point on the meridian, its codrdinates satisfy the equation
f(z, 2) = 0. Consequently, the coordinates of P satisfy the
equation f(z, Vy® + 2%) = 0. Conversely, if the codrdinates of
a point P’ satisfy this equation, then the coérdinates of the point
@’ in which the circle through P’ with center at P,’ and radius
P,'P' cuts the XZ-plane, will satisfy the equations f(z, 2) = 0
and y = 0; the point Q" will thercfore lie on the given curve and
the point P’ on the surface of revolution which this curve generates
when revolving about the X-axis. We have therefore reached the
following conclusion:

TreEorEM 1. The equation of the surface of revolution generated
when a plane curve in the ZX-plane revolves about the X-axis, is ob-
tained by replacing z In the plane equation of this curve by Vy? + z2
and then rationalizing the equation.

It should be a simple matter to state similar conclusions for
the surface of revolution that is obtained when a curve in any co-
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ordinate plane revolves about either axis in that plane (see Section
69).
Ezxamples.

1. The equation of the surface generated when a parabola in the X Y-plane,
whose equations are y? = 4 ax and z = 0, is revolved about the X-axis, is
obtained by replacing y in the plane equation of the curve by V% + 22 and
then rationalizing. The surface is
called a paraboloid of revolution; its
equation is y? + 22 = 4 axr (see Fig.
21).

2. Of especial interest to us are the
surfaces of revolution generated when
the conic sections are revolved about
one of the axes of the curve. The
shapes of these surfaces can easily be
pictured. By taking the equations of Fia. 21
the curves in the standard forms, fa-
miliar from Plane Analytical Geometry, we obtain readily the following
results:

Meridian curve Axis Qf Equation of sur- Name
revolution  face of revolution
(1) z?+ y? = a?, Circle X-, or Y-uxis 22+ y? 4 22 = a? Sphere.
N . . 22yt 2t Ellipsoid of revo-
& gtp=1 Ellipse X-uxis at bttt lution; prolate
a>b spheroid.
2 Yt . . z? oy 2 Ellipsoid of revo-
& at + pre =1 Ellipse V-axis a? + b2 + a® 1 lution; oblate
a>h spheroid.
2 y? . S Hyperboloid of
@ at " v 1, Hyperbola X-axis @75 75" revolution of two
sheets.

The surface that is obtained in this case consists of two parts entirely
separate from cach other; they are called the two sheets (nappes) of the sur-
face — compare also the Remark on page 136.

z? 2 2 g 2 Hyperboloid of

®) zz— Z—, =1, Hyperbola ~ Y-axis ot ~pi T g =1 revolutionofone
sheet.

(6) y? = 4 az, Parabola . 2 1 o Paraboloid of
(see Example 1) X-axis v tet=daz revolution.
2 _ 2.2 — :

My s 0, .Pan' of X-axis m2xt—y?—2z2=0 Circular cone.
intersecting lines.
2 2 :

®) ¢* —m? =0, Pair of X-axis %2422 —m2=0  Circular cylinder.

parallel lines,

3. Suppose that we wish to determine the equation of the surface obtained
when theline2z+6y —32z+1=0,3z —y + 22 — 3 = Orevolves about the
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line2z+6y—3z+1=0,2+y+2=0. Evidently the two lines lie in the
plane2z +6y —3z+1 =0. Therefore we determine a transformation of co-
ordinates to a new frame of reference 0,—X, Y12, in which this plane becomes the
X,Yy-plane and the line in which it meets the plane x+y-+2z =0, that is, the axis
of revolution, becomes the X,-axis. As origin O, of the new frame, we shall take
the point in which the two given lines meet. In the notation of Section 66, we
have thereforea = 1, b = —3, ¢ = —}. Since the X,-axis is the intersection of
the planes 2z +6y —3z+1 =0and z + y + 2 = 0, we find, by use of
Theorem 17, Chapter IV (see Section 47, page 87), Ny 1 p tm = 9: —5: —4;

and therefore \; = The Z,-axis is per-

. S S
viz" T Tv" T T Vi
pendicular to the plane 2z + 6y — 3z + 1 = 0; its direction cosines are there-
fore proportional to 2, 6, —3 (see Theorem 7, Chapter IV, Section 44, page
78). Therefore N\s = §, us = 4, »s = —§. The direction cosines Xy, us, »
of the Y;-axis must therefore satisfy the conditions 9Ny — 5 ps — 4w =0
and 2N\, + 6 u; — 3 v, = 0 (see Corollary 2 of Theorem 13, Chapter III,
Section 36, page 64). From this we find, by use of Theorem 4, Chapter

. 39
II (Section 25, page 41) that Ny : pe : »» = 39 : 19 : 64, and that N, = 7—\7—@,
19 64

= — = —_ . Hence the equations of transformation are, i
iz " T TV 4 »

view of Theorem 8, Chapter V (Section 66, page 126)

2]

_ 9z 3y 22 _9E=—-1)—-5(+3 —4@z+d
:c—\/l_2_2 7\/T§‘2+—7—+1' or I, = Vi )
y=— 52 9y , 6z " _39—-1) +19(y+%) +64(2+§),
YT ViR v 7 7vVi22

42 64 1, _3_3

_ 4z _ 1 2 _2z -1 +6(y+1%) —-3z+1)
vizg Vi 7V ' 7
The first of ‘these two sets of formulas will carry the equations
2z +6y—32+1=0 overinto 7z =0
T+y+z=0 Vi2Zy, +52 =0
3z-~y+2z2-3=0 84x + 113y, —3V1222 = 0.
Hence the equations of the given line may be written in the form 2, = 0,
84 1, + 113y = 0; and the equations of the axis of revolution can be put
in the form z; = 0, , = 0 (compare Remark 2, following Theorem 18, Chap-
ter IV, Section 49, page 92). The equation in 0,~X,Y1Z, of the required
surface of revolution is therefore obtained by rationalizing the equation
847 + 113Vy? + 22 = 0. This gives the equation —842x,2 4 1132(y,*+-2,?)
= 0. To obtain the equation of the surface in O-XYZ (from elementary
Solid Geometry we know that it is a circular cone), we now substitute for
x1, Y1, and z, the expressions in terms of z, ¥, z to which they are equal by the
second set of transformation equations. This gives us for the equation of
the required cone
~49.-842 9z — 5y — 4z — 4)2 + 1132 (392 + 19y 4 64 2z — 5)?
+122-1132 2z +6y -3z +1)2=0.
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69. Exercises.

1. Prove that, if z = 0, g(z, y) = O are the equations of a curve in the X Y-
plane, then: (a) g(x, Vy* ¥ 2%) = 0 is the equation of the surface of revolu-
tion obtained by revolving this curve about the X-axis; (b) g(Vz? + 22, y) =0
is the equation of the surface of revolution obtained by revolving the curve
about the Y-axis.

2. Determine the equation of the surface which is generated when the circle
z =09+ (z—5)2 =9 in the YZ-plane, is revolved, (a) about the Z-axis;
(b) about the Y-axis.

Note. The surface generated when a circle revolves about a line in its
plane not through its center, is called an anchor ring, or a torus. Which of
the surfaces described in this problem is a torus?

8. Determine the equation of the surface obtained by revolving the lem-
niscate (22 + y?)? = 8 (22 — ¥?), (@) about the X-axis; (b) about the Y-axis.

4. Determine the equation of the circular cylinder which is formed when
the line 2 =0, 3z — 4y + 2 = 0 revolves about the line 2 =0, 3z — 4y
-8 =0.

6. Develop the general equation of a torus. (Take the axis of revolution
as one of the coordinate axes.)

8 Determine the equation of the surface generated when the equilateral
hyperbola zy = a? is revolved about one of its asymptotes.

7. Determine the equation of the surface of revolution obtained by re-
volving (a) the parabola 22 = 4 ay about the Z-axis; (b) the semi-cubical
parabola x? = 2z? about the Z-axis; (c) the same curve about the X-axis;
(d) the curve y = sin x about the X-axis.

8. Determine the equation of the oblate spheroid obtained by revolving
(x —3)?  (y —2)°
4 + 9

9. Determine the equation of the circular cone which is generated when the
line 8x —4y+2—-—2=0, 22z -y —22+4+3 =0 is revolved about the
line8zx —4y+2—-2=0,z+2y+2z2—-4=0.

z — 2)2
4

the ellipse =1,z = 0 about the liney =2,z = 0.

10. The hyperbola (z — 4)% — (

asymptote with positive slope. Determine the equation of the surface of rev-
olution which is generated.

70. The Shape of a Surface Determined from its Equation.
Contour Lines. One of the fundamental problems of Solid
Analytical Geometry is that of forming a clear picture of the shape
of the surface which is the locus of a given equation. We have
already obtained a number of partial solutions of this problem;
we will begin by summarizing these:

(a) the locus of an equation of the first degree is a plane.

(b) the locus of an equation from which one variable is absent
is a cylindrical surface.

=1, z =0 is revolved about its
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(c) the locus of an equation which can be written in one of the
forms f(z, Vy* + 2%) = 0, f(y, V2 + %) = 0 or [z, Vz* + ¢’
= 0 is a surface of revolution; the meridian curve of such a sur-
face can then be found by the methods of Plane Analytical Geom-
etry.

To these we now add the following further results.

Tueorem 2. The locus of an equation which can be reduced to the
form (x — a)? + (y — b)? + (5 — ¢)? = r? I8 & sphere whose center Is at
(a, b, ¢) and whose radius is r.

The proof of this theorem is left to the reader.

DEFINITION 1I. A conical surface 1s a surface generated by a line,
extending indefinitely, which moves in such a way as to pass always
through a fixed point, called the vertex, and successively through the
points of a fixed curve, called the directrix.

Remark. 1t is a consequence of this definition that a conical
surface consists of two parts, one on each side of the vertex and
connected at the vertex; these parts are called the * sheets” or
“nappes’’ of the surface (compare Section 68, Example 2, part 4,
page 133). If the directrix is a plane curve and the vertex lies
in the plane of this curve, the conical surface is a sector of this
plane; if the directrix is a straight line, we obtain the entire planc.
In case the directrix consists of a pair of lines which do not both
lic in a plane with the vertex, the surface consists of a pair of
intersecting planes; if both lines lie in a plane with the vertex,
the surface reduces to a single plane counted twice. According
as the directrix is a curve of the first, second, third order, etc.,
the conical surface is said to be of the first, second, third order,
etc.; compare also Remark 1, Section 82, page 166.

TrEOREM 3. The locus of an equation in x, y, and z is a conical sur-
face with vertex at the origin if and only if the equation is homogeneous.

Proof. Recalling the definition of a homogeneous equation
(Section 20, page 35) we observe that if the equation f(z, ¥, 2) = 0
is a homogeneous equation of degree n, then and only then will
all the terms in the polynomial f(z, ¥, z) be of the nth degree in the
three variables jointly, and hence we know that f(kzx, ky, k2) =
k*f(x, y,2). Suppose now that P(a, 8, v) is a point on the locus of
the equation f(z, y, 2) = 0, supposed to be homogeneous of degree n.
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The coordinates of an arbitrary point on the line OP are given by
the equations z = ta, y = 18, 2 = ty, in which ¢ is a parameter that
varies from point to point along the line (see Corollary 3 of Theo-
rem 6, Chapter III, Section 33, page 56). And it follows from the
homogeneity of the equation that f(ta, 8, ty) = t"f(e, B, v) = 0.
Consequently the entire line OP lies on the surface represented by
the equation f(z, y, 2) = 0, if P does. The line OP will therefore
generate the surface if P passes successively through the points of
a curve in which the surface is cut by a plane not through the
origin. The proof of the converse of this theorem is left to the
reader.

Remark 1. Thelocusof the linear homogeneous equation ax + by
+ ¢z = 0 is a plane through the origin. In view of the remark
preceding Theorem 3 this is a special case of a conical surfacc

Remark 2. If an equation is homogeneous in z — a, y — b,
z — ¢, translation of the axes to the point A(q, b, ¢) as a new origin
will reduce it to an equation which is homogeneous in ' = z — a,
y =y —0b, 2 =2 — c (scec Theorem 2, Chapter V, Section 61,
page 115). Its locus is thereforc a conical surface whose vertex
is at A(a, b, ¢). Conversely, translation of axes to A as origin
puts the vertex of a conical surface with vertex at A at the origin
of the new reference frame. We can therefore state the following
corollary:

CoroLLARY. The locus of an equation in x, y, z Is a conlcal surface
with vertex at the point (a, b, ¢) If and only if it is homogeneous in
x—a,y—b,and sz — c.

TueoreM 4. The locus of the equation f(x, y, z) = 0 s symmetric
with respect to the YZ-plane* if and only if the equations f(—x, y, )

= 0 and f(x, y, 3) = 0 are equivalent;} the locus of this equation is
symmetric with respect to the Z-axis* If and only if the equations

* Two points A and B are said to be symmetric with respect to a plane (or
line) if the segment AB is bisected perpendicularly by the plane (or line);
they are called symmetric with respect to a point if the segment AB is bi-
sected by that point. A surface is said to be symmetric with respect to plane
(line, point) if with every surface point A there is associated a surface point B
such that A and B are symmetric with respect to the plane (line, point).

t Two equations are called equivalent if any set of values of the variables
which satisfies either of the equations, also satisfies the other equation;
e.g., the equations 22 — 2y +422+y =0 and (—z)2 —2ys + 4 (—2)?
-+ y = 0 are equivalent, also the equationsz —3y + 223 =0 and -2z 46y
—422=0.
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f(—x, ~y, 3) = 0 and f(x, y, 3) = 0 are equivalent; this locus is sym=
metric with respect to the origin if and only if the equations f(—x,
-y, —3) = 0 and f(x, y, z) = 0 are equivalent.

This theorem and its obvious counterparts which assert sym-
metry with respect to the other coordinate planes and coérdinate
axes are immediate extensions of well-known theorems of Plane
Analytical Geometry. The reader is entrusted with proving them.
We see, for example, that the locus of the equation z? — 2 ¢*
+ 4 22 + y = 0 is symmetric with respect to the Y-axis, and that
the locus of the equation x — 3y 4+ 22% = 0 is symmetric with
respect to the origin. Compare Exercise 3, Section 31, page 52.

Of great value in determining the shape of a surface represented
by an equation are the contour lines of the surfaces; these are the
projections upon a fixed plane of the intersections of the surface
with a series of planes parallel to this fixed plane. We shall make
use only of scts of planes which are parallel to the coordinate
planes; accordingly we lay down the following definition:

DerintTioN 1II. The X-=contour lines of a surface are the projections
on the YZ-plane of the curves in which the surface is met by planes
parallel to the YZ-plane, that Is, by the planes whose equations are
x = a; the Y=contour lines (Z-contour lines) are the projections on
the ZX-plane (the X Y-plane) of the curves in which the surface is met
by the planes parallel to the ZX-plane (the XY=-plane), that is, by the
planes y = constant (the planes z = constant).

It follows immediately from this definition, in conjunction with
Theorem 2, Chapter IV (Section 40, page 71), that the X-con-
tour lines of the surface f(z, y, 2) = 0 are the curves in the YZ-
plane whose plane equations are f(k, y, 2) = 0, in which k is a
parameter taking all real values. Similarly the Y-contour lines
and the Z-contour lines are given by the equations f(z, k, z2) = 0
and f(z, y, k) = 0, respectively.

If we plot a set of contour lines, affixing to each of them the
value of the parameter k to which it corresponds, we obtain a
diagram which we shall call a contour map of the surface; such
contour maps should be of considerable aid in forming a mental
picture of the locus of an equation. The contour maps published
by the U. S. Geological Survey are approximately Z-contour
maps of portions of the earth’s surface, if the level plane at some
point in the region is taken as the XY-plane.
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Remark. In engineering practice various other methods are
used for representing space configurations in a plane drawing.
Of these we mention Descriptive Geometry and Perspective Draw-
ing. These subjects are treated in books especially devoted to
them. We shall not attempt to discuss them here; the interested
reader will have little difficulty in getting access to such books.

Ezample. To determine the X-contour lines of the locus of the equation

z? yr 2? . .
= 1, we consider the set of curves in the YZ-plane whose plane

179716
. k2 oy 22 e
equations are iy + 6= 1. There are three cases to be distinguished:
2
(a) |kl<2, thatis, —2 <k <2. In this case k* < 4, so that 1 — = > 0.

4
The equations of the X-contour lines for these values of the parameter k can
therefore be put in the form

16(1__.) R1C '_le.)

From this we conclude that these contour lines are hyperbolas whose center
is at the origin; that the transverse axis is along the Z-axis and the conjugate
axis along the Y-axis. The semi-axcs of the hyperbola are a = 2V4 — k2

andb=3_\/4i; hence»a~=4
2 b

and all the hyperbolas of the set have the

3
same asymptotes, namely, the lines z = + %, and the same eccentnuty, 4
Vi — j2
The foci are on the Z-axis at the points (0 0, & “Tk )

(b) |k] = 2, that is, k = +£2. The equation of the contour lines now
2 2
reduces to — %— + %= 0; the locus of this equation consists of a pair of inter-

secting lines, namely the asymptotes common to the hyperbolas discussed

under (a).
(c) |k] > 2, that is, ¥ > 2, or ¥ < —2. In this case k? > 4, so that
2

y? _ z =1
k2 k2
9(;—1) 16(;——1)
The contour lines are now hyperbolas with center at O, the transverse axis
along the Y-axis and conjugate axis along the Z-axis. The semi-axes are
kz — 4 k2 — 4
a= gﬁ;——‘land b=2Vk*—4; the foci are at the points (O, :hé\—/’%t, 0)
on the Y-axis; the asymptotes are the same as those of the hyperbolas in (a),

2
1- ,—;- < 0 and the equation takes the form

namely, the lines z = & %3-/, and the eccentricity is again equal to g
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The X-contour map of this surface is sketched in Fig. 22, the plane of the
drawing being the ZY-plane. It follows from Theorem 4 that the surface is
symmetric with respect to the three coordinate planes, the three codrdinate
axes and the origin. The part of the surface suggested by this contour map,

which lies to the right of the

Z f?}"\a ZY-plane is therefore duplicated
\ NS by a symmetric part to the left

‘%’v‘;’ of this plane.
It should be casy for the
B reader to show that the Z-con-

tour lines of this surface are
also hyperbolas and that the
o Z-contour map has the same
general character as in Fig. 22.
The Y-contour lines are ellipses;

= the reader should construct the
Y-contour map. The surface

represented by this equation

is called a hyperboloid of one

Fis. 22 sheet. Of the axes of sym-

metry, the X- and Z-axes meet

the surface in real points; they are called the transverse axes of the sur-

face. The Y-axis does not meet the surface in real points; it is called the
conjugate axis of the surface.

A4

71. Some Facts from Plane Analytical Geometry. In prepara-
tion for the construction of the contour maps of other surfaces,
we sumiarize in this section some facts from Planc Analytical
Geometry with which the reader should be familiar.

2 3

(1) the locus of the equation Z——z + %2- =1, a > b, is an ellipse,
whose major and minor axes are along the X- and Y-axis respec-
tively. The center is at the origin; the vertices at the points
(%a, 0) and the foci at the points (&¢, 0), where ¢? = a% — b2

The cceentricity ¢ is equal tog, which is <1; the directrices are

the lines z = + %. The ratio of the distances of any point on the

cllipse from a focus and from the corresponding directrix is equal
to e; the sum of the distances of any point on the ellipse from the
two foci equals 2 a.

x2

2
The locus of the equation b +- y—, = 1, a > b, is obtained from
a



SOME SPECIAL SURFACES 141

the ellipse just discussed by interchanging the rdles of the X-

and Y-axes.
2

(2) The locus of the equation a— — 5—2 = 1 is an hyperbola with

center at the origin, transverse axis along the X-axis and conju-
gate axis along the Y-axis. The vertices are the points (+a, 0),
the foci at (¢, 0), where ¢ = a? 4+ b2 The eccentricity e is

equal to 9, which is >1; the directrices are the lines z = :i:g .

The asymptotes are the lines = j: -5 = 0. The ratio of the dis-

tances of any point on the hypcrbola from a focus and from the
corresponding directrix is equal to e; the difference between the
distances of any point on the hyperbola from the two foci is equal

to + 2 a.
2

2
The propertics of the locus of the equation g—._; i —1 are

analagous to those of the curve just discussed. The vertices and
foci lie on the Y-axis, which is thercfore the transverse axis;
the X-axis is the conjugate axis. The asymptotes, the number ¢
and the eccentricity are the same as the corresponding elements of
the first hyperbola. The two curves are called conjugate hyper-
bolas.

(3) The locus of the equation y?> = 4 p(x — a) is a parabola
whose axis is on the X-axis. The vertex is at the point (a, 0);
the focus at the point (@ 4 p,0). The curve will therefore open
in the direction of the positive or the negative X-axis, according
as p is positive or negative. The directrix is the line z = ¢ — p.
The ratio of the distances of any point on the parabola from the
focus and the directrix is equal to 1.

72. Some Special Surfaces. We should now be able to con-
struct readily the contour maps of the loci of a number of special
equations. The work will only be sketched; the reader should
work out carefully the details of the constructions.

(a) the equation z + + =1, a>b>c*

* The case in which two or more of the numbers a, b, ¢ are equal has been
discussed in Example 2, Section 68 (page 133).
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x2
.—.._kT +
(22(1 - —‘E)
C

= 1. They are ellipses whose semi-axes are equal

The Z-contour lines are given by the equation

b2(1 .

o a\/cz—lc‘  WETR
L

The cccentricity is equal to

c
2 — h2 2 — )2 2 — h2
Va . \/l:.;z_\:%é.z L Ya - b and therefore independent of k.
2 _ h2 2 _ ]2
The foci are at the points (:l: Va l:: Ve k , 0, 0). For

k = 0, the semi-axes have their largest values, a and b; as |k| in-
creases from 0 to ¢, the semi-axes decrease; fork = + ¢, theyare0
and the ellipses shrink down to the points (0, 0, £c¢) as k tends
towards =c; when |k| > ¢, the ellipses are imaginary. We con-
clude that the contour map consists of a series of similar ellipses.
In Fig. 23 the contour lines for the part of the surface above
the XY-plane are sketched.
The surface is symmetric
with respect to the XV-
plane; the contour map for
the part of the surface be-
low the XY-plane is there-
fore identical with the one
here drawn. This surface
Fro. 23 is called an ellipsoid; its
shape is suggested in per-
spective by Fig. 24. The segments a, b, and ¢ are called the semi-
axes of the surface; they are equal to one half of the segments
which the surface cuts off on the axes of symmetry.

2 z‘l 2 2 2
(b) theequaa‘tloms—-l--g2 c_2=l; %—%+‘%=l; and
22
—a§+5—2+c—2=1.

An equation of the second of these types has already been dis-
cussed in the Example of Section 70. We shall therefore leave the
discussion of these equations to the reader. Surfaces represented
by an equation of this form are called hyperboloids of one sheet;
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Fia. 24

Fia. 25
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the segments q, b, and ¢ are its semi-axes. Figure 25 suggests the
appearance of an hyperboloid of one sheet.

. xz 1 2 2 x2 2 2

(¢) the equatlons(? -y _ 1; — o I% — z—z =1; and
at oyt 22
at” bt

The loci of thesc three equations are of the same general charac-
ter. Interchanges among the coérdinate axes will carry one of
them over into the others; we shall therefore make a discussion
of the first of these equations only, and we shall suppose that
b > c* The X-contour lines are determined by the equation

y? 22
D + T2

w(m-1) (G-
a a

bVk? — a2 and cVkr = a2

1.

= 1. They are ellipses, whose semi-

axes are equal to ; the eccentricity is

Vbt = ¢?
b
therefore independent of k.
For |k| < a, the semi-axes
are not real; therefore no
points of the locus are
found between the planes

=a and £ = —a. For
k = za, the ellipses re-
duce to the points (Za,
0, 0). For |k| > a, we
obtain a series of similar
ellipses, which increase in-
definitely in size as |k|
increases. The surface
consists therefore of two
sheets, each of which
Fio. 26 extends indefinitely, one
in the direction of the
positive X-axis, the other in the direction of the negative X-axis.
The surface is called an hyperboloid of two sheets (see Fig. 26).
* In case b = ¢, the locus is a hyperboloid of revolution of two sheets, see
Example 2, Section 68, page 133.

equal to and is
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Of the three axes of symmetry, the X-axis meets the surface in
real points; it is called the transverse axis. The other axes of
symmetry which do not meet the surface in real points are called
the conjugate axes.

(d) the equatlon + + .

bZ
It should be clear that there are no real points whose coérdinates
satisfy this equation; its locus is called an imaginary ellipsoid.

h . xz y2 z2
(e) t eequatlons(—ﬁ+ﬁ—c—z—0 and i i

It follows from Theorem 3 (Section 70, page 136) that the locus
of these equations consists of conical surfaces of the second order.
One contour map consists of similar ellipses, the other two of

Fic. 27

similar hyperbolas. In case the denominators in the two terms
with like signs are equal, the locus is a circular cone (see Example 2,
Section 68, page 133); otherwise it is an elliptic cone (sce Fig. 27).

2 2 2
(f) the cquation :ai'*’ + %’—2 12-2 =0.

The only real point on the locus of this equation is the origin;
the surface is called an imaginary cone.

.z oy
(g9) the equation pe + i 2pz, a>b.
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2
The Z-contour lines are the similar ellipses 3 ka2 + 5 gkb’ 1,

whose semi-axes are cqual to aV2 pk and bV2 pk, and whose
2 . h2
eccentricity is equal to \—/E-E———b-. For k = 0, the ellipse reduces

to the origin. If p > 0, the
ellipses are real for £ > 0 and
imaginary for k < 0; if p <0,
the situation is reversed. Con-
sequently the surface lies en-
tirely on one side of the XY-
plane and extends indefinitely
on that side, on the side of
the positive Z-axis if p > 0,
on the side of the negative
Z-axis if p < 0. The X-con-
tour lines and the Y-contour
lines are parabolas. The sur-
face is called an elliptic para-
Fia. 28 boloid (see Fig. 28). It should
be clear that the equations

bz + < =2pr and + — = 2 py also represent elliptic parabo-

londs.
2

(h) the equation i i)_? = 2 pz.

The X-contour lines are the parabolas in the YZ-plane which are

— 2 pz, which can be written

2
represented by the equatxon o ';2

in the formy? = —2 pb”( -~ ——2) The axes of these parabolas

2
are along the Z-axis and the vertices are at the points (0 0, 5 a2)

Therefore, if p > 0, the parabolas will all extend in the direction of
the negative Z-axis, whereas their vertices will move upward along
the Z-axis as & increases. But, if p < 0, the parabolas extend in
the direction of the positive Z-axis, and their vertices move down-
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ward along the Z-axis as k increases. In Fig. 29, the X-contour

V4

map has been drawn, for the case
p > 0, of the part of the surface
which lies on the right side of
the YZ-plane; since the surface is
obviously symmetric with respect
,to the YZ-plane, the X-contour
map of the other part of the sur-
face is identical with the one
drawn in this figure.

The Y-contour map consists of
the parabolas

2 2 k2

2 =2 pa (Z + m)

It should be clear that, if p > 0, the
contour lines are upward extending
parabolas which move downward
as k increases; and if p < 0, down-
ward extending parabolas which Fra. 29

move upward as k increases.
The Z-contour lines are hyperbolas. The surface is called an

Fic. 30

hyperbolic paraboloid (see Fig. 30). It should be clear that the

2 L2 22 a?
%E—-E—z=2px and ——23=2py also represent

hvnerhalic naraholoids.

equations
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73. Exercises.

1. Show that the locus of each of the following equations is a sphere; de-
termine for each of them the radius and the coérdinates of the center:

(@) 22+ y2+22+4+42z—6y+42z—8=0;
) 22+y2+22—-—32+4y—224+3=0;
() 22+ y*+22+6zx+4y+42+4+17 =0;
d z22+y*+22—8x -6y —42z+30 =0;
() 24+ 2 +22+2ax+2by +2cz+d =0.

2. Prove that the locus of the pair of equations 22 — 6y +3z -5 =0
and x?+y?+22—4xr—6y +82—7 =0 is a circle. Determine the
radius of this circle and the coirdinates of its center.

Hint: The center of the circle is the foot of the perpendicular dropped on
the plane from the center of the sphere; the length of this perpendicular, the
radius of the circle and the radius of the sphere form a right triangle.

8. Show that the points common to the two spheres 2 + y2 + 22 — 6z +
6y—82+3=0and 22+ 2 +22—32x+2y—5z+4=0 lie in a
plane.

Hint: Write the equation of the pencil of spheres through the points com-
mon to the two given spheres and show that the pencil contains a plane.
(Compare Remark 4, after Theorem 18, Chapter IV, Section 49, page 92.)

4. Show that the pencil of spheres

@+ +22+2ax +2by +2az + d) + k(2 + % + 22
+2az+2by +2cz+d) =0

contains a plane and prove that this plane is perpendicular to the line which
joins the centers of the two spheres, given by k;=0, ke=1 and k;= 1, k;= 0.

6. Prove that the curve determined by the equations £ — y + z = 0 and
73 4 y® = 2% is symmetric with respect to the origin but not symmetric with
respect to any of the codrdinate axes or coodrdinate planes.

6. Set up the conditions under which the plane ar + by +cz +d =0
meets the sphere 22+ y*+22+2ax+2by +2c2+4d =0 in real
points.

7. Determine, supposing that the conditions of Exercise 6 are satisfied,
the radius and the coirdinates of the center of the circle in which the plane and
the sphere meet.

8. Determine the equation of the conical surface of the second order whose
vertex is at the origin and whose directrix is the circle 22 — y — 32z 4+ 7 = 0,
224+ y+22—-2z—-4y+22—-5=0.

Hint: Two methods for solving this problem should be considered: First
method — The required equation must be homogeneous of the second degree;
moreover it must be of the general form k,S; + k,S, = 0, where S, = 0 and
S: = 0 represent respectively the plane and the sphere, where k; is a linear
function of z, y, and z, and where k. is a constant. Second method — If
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P(z, y, 2) is an arbitrary point on the conical surface with vertex at the origin,
then there must exist a factor of proportionality r, such that rz, ry, rz satisfy
the equations of the plane and the sphere. Elimination of r leads to the re-
quired equation.

9. Find the equation of the circular conical surface whose vertex is at
V(-3,2, —1) and whose directrix is the circle 3z 4+y —22+4 =0,
22+ttt +4r -6y —4z—-7=0.

10. Determine the equation of the conical surface with vertex at the origin
whose directrix is the curve of intersection of the planex + 2y — 22z — 4=0

Lot y? 2
and the ellipsoid T + 6 + 3= 1.

11. Write the equation of the circular conical surface whose vertex is at
V(a, B, v) and whose directrix is the curve of intersection of the plane ar + by
+cz+d =0and the sphere 22 + 2 + 22 +2ax +2hy + 202 +d = 0.

12. Construct

(a) the Y-contour map of the locus of the equation xy = 2 2.
(b) the Z-contour map of the same surface.
(c) the X-contour map of the surface zy + yz + 2z = 0.

74. The Intersections of a Surface and a Line. To find the
points in which a line meets a surface, we have to solve simul-
taneously three equations; two of these equations are linear,
namely, the equations of the line, the third may be of any degree.
The natural way to attack this algebraic problem would probably
seem to be to solve the linear equations for two of the variables in
terms of the third, to substitute these values in the third equation
and to solve the resulting equation for the third variable. For
example, if we wished to determine the points in which the line
2z —y+2—4=0,24+2y — 32+ 2 =0 meets the surface
22 — 21z + 7y = 0, we would derive from the first two equations
that z =52 — 6 and y = 72z — 10; substitution in the third
equation would then lead to the equation —9 z2 4 61z — 70 = 0.
If this equation were solved for z, the coordinates of the desired
points could readily be found.

This method, although frequently useful in special cases, lacks
symmetry in the treatment of the variables, because it involves
the selection of one variable (in the example above this was z),
in terms of which the others are expressed; it casts the three vari-
ables in non-interchangeable rdles. It has been found that if
symmetry is maintained, greater elegance and clarity is intro-
duced in the treatment of algebraic problems. Without going
any further into a discussion of mathematical esthetics, to which
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we are led quite naturally at this point, we shall proceed with the
problem of finding the intersections of a surface and a line in a
more symmetric form.

For this purpose, we take the equations of the line in the para-
metric form of Theorems 15 or 16, Chapter IV (Section 47, page
86). Let the equations of the line be

=a-+N, y=p+us, z2=v+vs

and let the surface be represented by the equation f(z, y, 2) = 0,
where f(z, y, ) represents a polynomial of degree n in z, y, and 2.
To determine the points common to the line and the surface we
have now four equations in the four variables z, y, z and s. To
solve them, we substitute the expressions for z, y, and z given by
the equations of the line in the equation of the surface. This leads
to the equation

1) f(a+k8, B+ us, v+w)=0,

which has to be solved for s. When this solution has been ac-
complished, the codrdinates of the required point can be deter-
mined at once. If we treat the example of the preceding para-
graph by this method, we derive first the parametric equations
of the line (see the Examples in Section 47, pages 88 and 89);
using the form of Theorem 16, Chapter IV, we find for them

z=2+4+¢ y=4+4+7t z=4+5L%

Substitution of these values of z, ¥, and z in the equation of the sur-
face gives the quadratic equation 92 — 25¢ — 16 = 0. From this

25 4 V1201 61 + V1201

equation we obtain ¢ = and hence z; = )

18 18
_ 247 +7Vv1201 . = 197 + 5V/1201 . _ 61 — V1201
= 18 y A1 = 18 y T2 = ———18 ’
Yo = 27 —178\/1201’ 2 = 197 ~158\/1201 . The points of inter-

* If we put ¢t = %75, we obtain the parametric equations in the s-form

of Theorem 15 (see Corollaries 2 and 3 of Theorem 10, Chapter III, Section
34, page 60). In numerical problems, the {-form of the parametric equations
is usually the more convenient; for theoretical discussions the s-form is
usually to be preferred.
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section of the line and the surface are approximately at P,(5.3, 27.2,
20.6) and P(1.5, .2, 1.3).

76. Digression on Taylor’s Theorem. The discussion of the
solution of equation (1) of the preceding section in the case of a
general polynomial, can be made in a very direct way by means
of Taylor’s theorem,* which takes on a particularly simple form
for polynomials. This theorem tells us that if F(z, y, 2) is a
polynomial, then

Fla+hb+k e+l =F(ab,c)+ [hFi(a, b,c) + kFaa, b, ¢)
+ 1Fy(a, b, 0)] + 21,  [h*Fu(a, b, ¢) + K*Fa(a, b, ) + 12Fag
(@, b, ¢) + 2 kFy(a, b, ©) + 2 hFa(a, b, ¢) + 2 hkFyy
(a,b,0)]+ - - -+ ;11—' [hFy(a, b, ¢) +kF2(a, b, c)+1F3(a,b, c)]™.

In this formula Fi(a, b, ¢), Fa(a, b, ¢) and Fs(a, b, ¢) are abbrevi-
oF

ations for the partial derivatives oF , — ,
x=a, y=b, 3=c ay x=a, y=b, g=¢

az
oF . .
respectively; Fu(a, b, ¢), Fa, Fs3, Fy, Fy, F1; repre-

02 |g=g, y=b, g=¢"
sent the second partial derivatives, for example, Fi.(a, b, c) =
F
dxdy

dF
9203y x=a, y=b, v=c

We observe that the expression in the second pair of brackets in
the formula closely resembles the square of that in the first pair
of brackets, which involves only the first derivatives of F. For
we see that [hFi(a, b, ¢) + kFi(a, b, ¢) + F3(a, b, ¢)]* = h?F,?
(a, b, ¢) + k*F2%(a, b, ¢) + 12F3%(a, b, ¢) 4+ 2 klFs(a, b, ¢) Fs(a, b, ¢)
+ 2 IhFs(a, b, ¢)F1(a, b, ¢) + 2 hkF(a, b, ¢)F(a, b, ¢). The second
order terms are obtained from this square if we replace F,2 by Fy,,
F\F, by Fy, etc., where these symbols designate second partial
derivatives in accordance with the notation explained above.

; similarly Fas(a, b, ¢) will be used to designate

x=a, y=b, z=c

* For a fuller discussion of this important theorem the reader is referred to
books on the Calculus.

1 Throughout our further work we shall use for partial derivatives the sub-
script notation which has here been introduced for the arbitrary function
F(z, y, 2).
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We shall therefore denote the sct of second order terms by the
abbreviated notation [hF\(a, b, ¢) + kFy(a, b, ¢) + IFs(a, b, ¢)]®;
and we shall call this a * symbolic square.”” Now the further terms
on the right side of the formula which states Taylor’s theorem for
polynomials are the “symbolic cube,”’ the *‘symbolic fourth power,”’
etc., to the ““ symbolic n-th power” of hFi(a,b, c) + kFs(a, b, c) + IFs
(a, b, ¢), divided by 3!, 4! ete., n! respectively. They are obtained
from the ordinary cube, fourth power, to nth power of this ex-
pression, if products of first partial derivativesare replaced by corre-
sponding higher partial derivatives; for example, F,2F;F; should
I*F

be replaced by 57929y ° ete.

Remark. We notice that each of these symbolic powers are
homogeneous functions of A, k, and 1.

Let us consider as an example the function

Fx,y,2) =2*— 32 +2y2+22 -5+ 3y — 4.
Here

Fi=322—06xy—5, Fo=—-3224+222+43, F; =4y242¢2;
F11=6x—6y, F22=0, F33=4y+2, F23=4Z, F3l
=0, Fio = —6x; Fiu = 6, Fopn = F333 = 0, Fijp = —6,
Fis = Foy = Fog3 = Fygy = Fos1 = 0, F33 = 4. Hence

hF, +kF; +1F; = 322 — 6zy — 5)h + (=322 4222+ 3)k
+ 4yz+22),

(hF, + kFy + IF)® = (6z — 6y)h? + 4y + 2)12 + 8 zkl
—12 xhk,

(hF), 4+ kFs 4+ IF3)® = 6 b3 — 18 h2k + 12 2%k,

We conclude therefore that

(@+hP=3@+h0+k)+20+k)(c+D*+(c+1)?
—5(a+h)+3b+k)—4=0a*—-3ab+2bc2+ 2+
3b—5a—4+[Bat—6ab—5h+ (—3a2+2¢2+3)
E+ @bc+20)]+[(Ba—3bh2+ 2b+ 1)12+4+ 4 ckl
—6 ahk] + h® — 3 k% + 2 1%k,

76. The Intersections of a Surface and a Line, continued.
We are now prepared for a further discussion of equation (1) of
Section 74 (see page 150). If we apply Taylor’s theorem to the
left-hand member of this equation, it takes the following form:
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1@ B,) + Defilas B, ) + sfa(a, B,7) + wefu(e, B, M) + 5 X
[Nsfi + psfs +vsfs] @+ - - - +7%! - [Nsfi + usfz + vsfs] ™ =0,

But since each of the symbolic powers is a homogeneous function
(see Remark in Section 75), this equation reduces to an algebraic
equation in s of degree n:

2
Sy B,7) + sMy + e + vhia, 5,7 + 57 - My + fa + 2],
o S e ] = 0,

where the notation «, 8, v in the subscript position after a bracket
serves to indicate that «, 8, and vy arc to be substituted for the
variables z, y, and z respectively within this bracket. We shall
state our result in the following form:

Tueorem 5. The parameter values of the points in which the locus
of the equation f(x, y, z) = 0, whose left-hand side is a polynomial, Is
met by the line x = « + \s, y = 8 + us, 5 = v + vs, are the roots of the
algebraic equation

1) ass* +ais* 1+ - - f+ars? k4. - -4 ans +an =0,

where
() an = flay By 7)s an = ML+ ufe + "i‘]a.ﬂ.‘r’ cec e Onk = i:-—

X My wfat sl o -+ @0 = 5N s ol

fisf2, and f; are the partial derivatives of f(x, y, z) with respect to x, y, and
z respectively, and the symbolic powers of the trinomial are obtained
from the ordinary, non-symbolic powers by replacing products of the

form futffs by the partial derivatives 2" .
orm f,2f,9f by the partial derivatives 5P Oyt 03"

CoroLLARY 1. A straight line has at most n points in commeon with
a surface which is the locus of an equation of degree n in x, y, and z,
unless the entire line lie in the surface.

For the equation (1), being of degree = in s, has at most n real
roots unless it be satisfied by every value of s; and to every real
root of (1) there corresponds one point that is common to the line
and the surface.
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DeriNiTION 1V. A surface of order n 18 the locus of an equation of
degree n In x, y, and z.

Remark. It follows from Corollary 1, in combination with this
definition, that if a surface is met by no line in more than » points,
its order is at most equal to n. The number of different points
which a line actually has in common with a surface depends on
the number of distinct, finite, real roots of equation (1); in every
numerical case this number can be determined by the methods
developed in the theory of algebraic equations. If two or more
roots of the equation are equal (let their common value be s*)
we say that this number of points of intersection of the line and
the surface coincide at the point (a + As*, 8 + us*, v +»s*). Con-
versely, the algebraic meaning to be attached to the statement that
“a line  =a+Ns, y =84 pus, 2=v -+ vs meets a surface
Jf(z,y,2) = 0in two or more coincident points”’ is that the equation
(1) has a double, or a multiple root. To complex roots of the
equation (1) correspond complex points of intersection of the linc
and the surface, that is, points whose coordinates are complex
numbers. To values of \, g, and » for which ¢, = 0, corresponds
an infinite root of the equation.

ConoLrLary 2. The line whose equations are x = a + A8, y = 8 + us,
z = v + vs lies entirely on the surface whose equation is f(x, y, 3) = 0
if and only if
f(a: B, 7) = 07 )‘fl(a; ﬂ; 7) + I-‘fz(a) B, 7) + ”f3(a; B, 7) = 0)
Myt afs +ofilPs , =00 o o ML+ ufa + 0 = 0.

This corollary is an immediate consequence of Theorem 5.

T77. Tangent Lines and Tangent Planes. Normals.

Derintrion V. A line I8 tangent to a surface at a point A(a, 8, v) if
at least two of the points of Intersection of the line with the surface
coincide at the point 4.

This definition leads, by way of Theorem 5 (Section 76, page
153), to the following theorem:

Treorem 6. If the point 4(a, 8, 7) Hes on the surface f(x, y, z) = 0,
the line s =a + Xs, y =8 + us, 5 = v + vs will be tangent to this
surface at 4 if and only if the direction cosines ), u, » satisfy the con-
dition:

(l) Xfl(a» ﬁ’ ’Y) + sz?(a) ﬁy 7) + ”fS(ay 6) 7) =0.
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Proof. Since the point A lies on the surface, the coefficient
a, in equation (1) of Section 76 vanishes; hence s = 0 is one root
of this equation and to this value of s corresponds the point 4 on
the line. The line is tangent to the surface at A if and only if at
least one other of its intersections with the surface falls at A,
that is, if the equation has 0 as a root of multiplicity 2 at least
(see Remark in Section 76). But this is equivalent to the re-
quirement that a,—; = [Mi + ufs + ¥fsla,5,, = 0; the theorem is
therefore proved.

We ask next for the locus of all points P such that the lines PA
which join P to a fixed point 4 on the surface shall be tangent to
the surface at A. If the coordinates of P are z, y, 2, the direction
cosines of AP are proportional to ¢ — «, y — 8, and z — v (sec
Corollary 1 of Theorem 6, Chapter II1, Section 33, page 56). The
equation of the required locus is therefore obtained if x —
y — B,z — v are substituted for \, g, v in condition (1) of Theorem
6. But the resulting equation is linear in z, y, and z; its locus is
therefore a plane. The discussion shows that the plane defined
in the next definition actually exists, if the function f(z, y, 2)
possesses partial derivatives at the point A(a, 8, v),* not all of
which are zero,

DEeriniTioN VI. A plane I8 tangent to a surface at a point A If every
line in the plane which passes through A is tangent to the surface at
A, and If every line which is tangent to the surface at A lies in this
plane. A line through a point 4 on a surface I8 normal to the surface
at 4 if it is perpendicular to a plane tangent to the surface at 4.

We can now state the following results:

TueoreM 7. The plane tangent to the surface f(x, y, z) = 0 at the
point 4(a, 8, v) on the surface Is the locus of the equation

(z — a)fila, B, v) + (y — B) fole, B, ¥) + (2 — v) fa(a, B, v) = 0.

* The possibility of non-existence of the partial derivatives of a function,
which is suggested here, need not disturb the reader at the present stage.
For every function considered in this book, we shall assume that partial deriva-
tives exist at every point. It must however be recognized that this involves
an assumption and that the reader is accepting its justifiability on faith.
For further treatment of this question the reader is referred to books on the
Theory of Functions of a Real Variable.
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CoroLLARY. The equations of the normal to the surface f(x, y, 2)
= 0 at the point on the surface A(e, 8, v) are

x—a _ y-—8 __ 3=
Jilay By v) ~ falas Bs v)  falas Bs 7)

and the parametric equations of the normal are
r=a +fl(a; B, 7) 't y=8 +f2(a; B, 7) ol z=9 +f3(a’ B, 'Y) (N2

78. Exercises.

1. Determine the points in which the surface 2 22 — y* + 422 + 3 yz + 62z
+4zy — 2z +y — 42+ 1 — 0is met by the lines:

(@) =9 — 4¢, y=1-—14 z=—7+3¢
b)) z=-3+2t y=-13+6¢ z=-3+¢;
() x=—-3—-2t y=94+5¢ z="7+4+4t

2. Determine the points which arec common to the surface y* — 10 zz — 8 y2
— 12z — 17y + 16 z + 30 = 0 and the lines:

(@) t =3 — 2¢, y=—-142t2=2-1

) z=—-143¢ y=3—1t z2 =21
) z=1+43¢ y= —6t, z=-3-2t
@ z=1-24 y=14+2¢t 2=2-—1

8. Proceed similarly with the surface 322 — 422 +3yz + 22y +4x — 2y
+ 4z + 2 = 0 and the lines:

@ z=1+3t y=5+4t z2=6346¢
b)) z=-2+¢ y=1—-t 2=2¢
(c) z = 10¢, y =21, z =17¢.

4. Expand by use of Taylor’s theorem:

(@2@+h)2 -4 +hG+hk+6E+D*—-3@+h)+5;
® 3@—h2+5@—h(z—0)—4@y—k?+2@—h) +3@E-0—T.

6. Determine the condition which the direction cosines of a line through
the point A(1, —1, —1) on thesurface3 2> —4yz + 222 — 4z + 2y +5=0
must satisfy in order that the line may be tangent to the surface at A. Write
the equations for each of two mutually perpendicular tangent lines to the sur-
face at A.

6. Set up the conditions which the direction cosines of a line through the
point A(—1,4,3) on the surface 322 —2y? +322 — 24z —4y — 122
+ 30 = 0 must satisfy in order that the entire line may lie on the surface;
determine two lines through A which lie on the surface.

7. Determine the tangent plane and the normal to the surface 2 22 — y?
+22—3zz+42y +3z—2y — 4 =0 at each of the following points on
the surface:

A(l; 1: 1)7 B(Oy 0, -2)) C(OI _27 2)-
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8. Write the equation of the tangent plane and the equations of the normal
to the surface:
z3 + y3 4+ 23 = 1, at the point A(—1, 1, 1).

9. Determine the condition which the direction cosines of a line through
the origin must satisfy in order to lie entirely upon the conical surface 22 — 4 y?
+ 422 — 2yz + 22z + 42y = 0 (that is, to be a generator of this surface);
determine the generators of this surface which lie in the coérdinate planes.

10. Prove that the origin lies on every plane that is tangent to a conical
surface whose vertex is at the origin. Extend this proposition so as to show
that the vertex of a conical surface lies on every plane that is tangent to the
surface.

79. The Shape of a Curve in Space. To determine the locus
of a plane curve in space, the methods developed in Chapter V
are sufficient. TFor, by means of them we can transform the frame
of reference in such a manncr as to make the plane in which the
curve lies one of the coordinate planes in the new frame. When
this has been accomplished the curve can be studied by the methods
of Plane Analytical Geometry.

For curves, whose points do not all lic in one plane (such curves
are usually called twisted curves, in French courbes gauches) a
representation by means of a plane drawing can be obtained by
the use of Descriptive Geometry or of Perspective Drawing. Some
idea of the shape of the curve can also be obtained from drawings
which show the projections of the curve on the three coérdinate
planes.

Certain general properties of the curve can be detected by the
principles stated in Theorem 4 (Section 70, page 137). There
should be no difficulty in seeing, for example, that the curve de-
termined by the equations %2 + %2 + 593 =1 and x2 4+ 92 =1,
which is the intersection of an ellipsoid and a circular cylinder, is
symmetric with respect to the three codrdinate planes, the three
coordinate axes and the origin. The Z-projection of this curve is
given by the equations 2 + y? = 1,2z = 0; the Y-projection by

. x? 222

the equations 10 + 15
.o 422y

equatxonsﬁ -9 = 1.

For a more detailed study of the properties of curves and sur-

=1, y =0; the X-projection by the
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faces of general character, the reader is referred to treatises on
Differential Geometry. In the next Chapters we shall take up
the study of the loci of equations of the second degree in z, y,
and z.



CHAPTER VII
QUADRIC SURFACES, GENERAL PROPERTIES

Surfaces which are loci of equations of the second degree in
z, i, and z are surfaces of the second order, see Definition IV,
Chapter VI, Section 76, page 154; they are usually called quadric
surfaces or conicoids. A number of such surfaces have already
been discussed, as to their shape, in Chapter VI (see Sections 68
and 72). In proceeding to a more detailed study of these surfaces,
we shall apply to them the results obtained in Sections 76 and 77.

80. The Quadric Surface and the Line. We shall write the
general equation of the second degree in the form

Q(z, ¥, 2) = aux® + any? + a2® + 2 anyz + 2 anzr + 2 apzy
+2a1x +2auy +2a42 + ay = 0.

We shall find it convenient to use the symbol Q(z, y, 2), or simply
Q, throughout as an abbreviation for this general form of the
function of the second degree in z, y, and z; we shall also use Q
to designate the quadric surface which is the locus of the equation
Q(z, y, z2) = 0. The notations ay; and as, as and ai;, ai; and ay,
ai and ag, @y and agp, az and ag will be used interchangeably.
The partial derivatives of @ will be denoted by the subscript no-
tation, as already agreed upon in Section 75 (see footnote on page
151). Moreover we shall use ¢(z, y, 2), or ¢, to designate the part
of @ which is homogeneous of the second degree; and ¢ with sub-
scripts will be used for the partial derivatives of q. Thus we
have

q(x,y,2) = anx® + any? + a2? + 2 anyz + 2 asizx + 2 apzy;

Q: = 2(anx + Y + a2 + aw);

Q@ = 2(aa1 + any + anz + au);

@ = 2(an + any + auz + au);

@ = 2(auz + apy + a12), @ = 2(anx + any + ax2). @
= 2(aaix + axny + asnz);

qu =Qu =2ay, g = Q=2 an, gn=Qn=2ay, g3
=Qu =203 ¢a=Qun =20 g¢uw=Qu=2as

169
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Furthermore we shall find it useful to use Q; as an abbreviation
for the linear expression 2(auzr + agy + awz + ay), and corre-
spondingly ¢. as an abbreviation for the linear homogeneous part
of Q4 that is, for 2(anx + axy + agz); and the derivatives of
these expressions will be denoted by the use of a double subseript
on @ or on q. We observe that the partial derivatives of Q and
of ¢ of order higher than the second are identically zero.

From Theorem 5, Chapter VI (Section 76, page 153), we derive
therefore the following results.

Treorem 1. The parameter values of the points In which the line
x = a4 A8,y = 8 + usy 3 = v + vs meets the quadric surface Q(x, y, 3)
= 0 are the roots of the equation Lz + 2 L;s + L, = 0, where

Lo = Qa, 8,7), Ln= @by + qu(aé B, v) + vQs(a, B, 7)

= Maua + a8 + @iy + aw) + plane + anf + auy + a2)
+ v(ana + anB + awy + asd),

and Lo = g(A, u, v) = aul? + anp?® + asav® + 2 dosur + 2 aawh + 2 aahu.

CoroLrary 1. The llne x =a + sy, y =8+ usy, 3 = v + vs will (@)
meet the quadric surface Q in two distinet real points, if and only if
L — LiL; > 0; (b) be tangent to Q if and only if L;? = L,L;; (c¢) not
have any real points in common with the surface if and only if
L?®— LL: < 0.

CoRroLLARY 2. The line x = a + As, y =8 + us, 3 = v + »vs Will lle
entirely on the quadric surface Qifandonly if L, = L, = L, = 0.

Remark. Values of A, p, v for which Ly = g(\, u, ») = 0 give
rise to at least one infinite root of the equation. Such values cor-
respond to lines which meet the surface in one or more infinitely
distant points. A line for which L; = Lo = 0, but L; &= 0 meets
the curve in two infinitely distant points. We lay down now the
following definition.

DreriniTioN 1. A direction determined by values of A\, u, » which sat=
isfy the equation q()\, », v) = 0 is called an asymptotic direction of the

quadric surface Q. A line which meets a quadric surface in two in-
finitely distant points is called an asymptote of the surface.

We can now state a further corollary.

CoroLLARY 3. The necessary and sufiicient conditions that the line
x=a-+ s, y =08+ us, 3 =+ + vs be an asymptote of the quadric
surface Q are that gq(\, s, v) = 0 and that \Qi(ay 8y v) + rQz(ay B 7)
+ vQslay By v) = 0.
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81. Tangent Line; Tangent Plane; Normal; Polar Plane. If
the discussion of Section 77 be applied to the quadric surface @,
the following results will appear without difficulty.

Tueorem 2. If the point A(«, 8, v) lies on the quadric Q, the line
x=a+\s,y =8 + us, 5 = v + vs Will be tangent to the surface at 4
if and only if its direction cosines ), 4, » satisfy the equation AQ,(a, 8, v)
+ MQz(a, By ‘Y) + "Qa(a’ By 'Y) =0.

Remark. This result can also be obtained from Corollary 1 of
Theorem 1.

TueoreM 3. The equation of the plane tangent to the quadrie sur-
face Q at the point A(a, 3, v) on the surface 18 (x — «) Qi(a, 8, 7)
+ (y — B) Quas By v) + (5 — v) Qs(es B5 v) = 0.

CororLLARY. The equations of the normal to the quadric surface Q
at the pOlllt Alay B, v) arex = a + Ql(a’ By y) -ty y=8++ Qﬁ(ay By ’Y) <ty
5=7+ QslayByv) - to

The equation of the tangent plane to the quadric surface, given
in Theorem 3, can be put in a form which is very convenient for
application in numerical cases. We observe first that Q(a, 8, v)

= q(a, By, v) + 2 aue + 2 azf + 2 azy + aus  and that therefore
Q= q + 2 ay, Q= ¢I2+2az4, Q3 = Q3+2(134.

And it follows from the notation introduced in the first paragraph
of Section 80 that @4 = ¢4 + 2 ay. Furthermore, since ¢ isa hom-
ogeneous function of the second degree, it follows* that agi(e, 8, ¥)
+ Bga, B, v) + vgs(a, B, v) =2-¢(a, B, 7). If we add
2(2 aua +2 ayB + 2 asey + au) =2 u(e, B, ¥) +2 s = 2Qu(a, B, 7)
—~ 2 ay to both sides of the last equation, we find that

an(a’ B, v) + BQ:(e, B, ) +7Q3(a; B, ) +Ql(ay B, 1)
=2Q(a B, 7).

The left-hand side of the equation of the tangent plane, as given
in Theorem 3, may now be transformed as follows, remembering

* We are here making use of the following theorem, known as Euler’s
theorem on homogeneous functions: If F(z, y, 2) is a homogeneous function
of degree n in z, y, and z, then zF, + yF, + zFy; = nF. The proof of this theo-
rem may be made as follows: The homogeneity of F(z, y, z) tells us that
F(kz, ky, kz) = kn - F(z, y, 2) for every k. Differentiation with respect to k
gives zF,(kzx, ky, k2) + yFa(kz, ky, kz) + 2Fs(kz, ky, kz) = nkn1 . F(z, y, 2),
from which the formula of the theorem is obtained if we substitute 1 for k.



162 QUADRIC SURFACES, GENERAL PROPERTIES

that Q(a, 8, v) = 0:

(x — a)@i(e, B, 7) + (¥ — B, B, 7v) + (2 — ¥)Qs(, B, )
= z2Q: + yQ: + 2Qs + Qs = 2[x(ana + @128 + a3y + aw)
+ y(ana + a8 + auy + aw) + z(ana + axb + amy
+ az) + ana + anB + agy + aul.

If we remember the convention concerning the coefficients ajj,
which was made in the first paragraph of Section 80, we have the
following result:

THEOREM 4. The tangent plane to the quadric surface Q at the point
A(a, B, v) on the surface, has the equation

anax + anfy + anyzs + ax(Bs + vy) + an(yx + az) + anlay + Bx)
+aulx +a) +auly +8) +aulz +v) +au=0.

Remark. The reader will observe that this form of the equation
of the tangent plane is obtainable from the equation of the quadric
surface by a process which consists in distributing the coeflicients
of the equation among the variables z, y, z and the constants
a, B, v in equal shares; the technical name of this process is
“‘polarization.”

CoroLLarY 1. If o, 8, v are selected entirely arbitrarily, we have the
relation

aQilay B, v) + BQa(ay By v) + vQs(as By v) + Qulas By v) = 2 Qay By 7).

The equation in Theorem 4 represents a plane whether A (a, 8, v)
is on the quadric surface @ or not. For a general position of the
point A, this plane is called the polar plane of A with respect to
the surface.

DeriniTiON II. The plane which is represented by the equation
anox + axBy + anys + an(Bz + vy) + an(vx + az) + anlay + Bx) +
au(x + @) + au(y + B) + au(s +v) + aw =0 18 the polar plane of the
point A(a, 8, v) with respect to the quadric surface Q; the point is
called the pole of the plane with respect to the surface.

This definition enables us to state a further corollary of Theorem
4, namely,
CoroLrary 2. The tangent plane to the quadric surface Q at the

point A(a, 8, v) on the surface coincides with the polar plane of 4
with respect to the quadric surface.

Thus we have obtained a geometrical interpretation of the polar
plane of a point on the surface @ with respect to this surface. We
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proceed next to inquire as to the geometrical significance of the
polar plane with respect to the surface Q of a point which is not
on this surface.

We observe first that, in view of the proof of Theorem 4, of
Corollary 1 of this theorem, and of Definition II, the equation of
the polar plane can be written in the form

2Qu(a, B, v) + yQu(e, B v) + 2Qs(a, B, ) + Qule, B, 7) =q
or in the equivalent form

1) @—a)Qle 8, 7) + (¥ — Qe B, V) + (2 — )
Qs(e, B, 7) + 2 Q(, B, 7) = 0.

Let us now consider an arbitrary line ! through the point

A(e, B, 7):
T=a+ N, y=p+us, z=+v4vrs;

let the points where the line [ meets the quadric surface be 4, and
A,; and let its point of intersection with the polar plane (1) of 4
with respect to the surface be

A’ (see Fig. 31). It follows A

then from the geometrical

meaning of the parameter s in

the equations of the line I (see

Corollary 2 of Theorem 10,

Chapter III, Section 34, page

60) that the directed segments

AA, and AA; are equal to the

roots of the equation Les? 4+

2L;s + L, = 0, established in Fia. 31

Theorem 1; and that the di-

rected segment AA’ is equal to the root of the equation

AsQi(a, B, v) + usQa(e, B, v) + vsQs(e, B, v) +2Q(a, 8,7) = 0,

obtained by eliminating z, y, and z between the equations of the
line ! and the equation of the polar plane (1). Now we have to
recall the meaning of the coefficients Lo, L; and L, stated in
Theorem 1, and also the relations between the coefficients and the

roots of an algebraic equation (the sum of the roots of the

equation az? + bz + ¢ = 0 isequal to — 3—:, their product is equal
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to 5) With the aid of these tools, we find the following result:

AA' = — 29 = 2L _ 2 La/Lo
)‘Ql + MQZ + VQS a, B, v 2 Ll -2 Ll/Lo
244, - A4,

T A4, + A4,

From this relation we derive two consequences:
(a) If we divide both sides by two and take the reciprocals of

2 1 1
ﬂ_i = A—A1 + Hz' or that
1 1 1 1

AA, AA" AAT AAy

both sides of the equation, we find that

This informs us that, independently of the direction of the line I,
the reciprocals of the segments AA;, AA’, and AA. form an arith-
metical progression, that is, the segments AA4,, AA’, and AA; form
a harmonic progression, so that AA’ is the harmonic mean between
AA1 a.nd AAz

(b) If we transform the relation by writing AA’ = A4, + 4,4/,
clearing of fractions and carrying out the indicated operations, we
find that

(AA)? + AA, - AA' + AA, - ALA' = AA, - AAy;
that is,

AA(AA + AA, + AA7) + A4y - 4,47 = 0,
or AA, - A,A' + AA, - A, A" =0,
AA AL

or finally i4,- A4,
This equation expresses the fact that the points A and A’ divide
the segment 4,4, in ratios which are equal numerically, but oppo-
site in sign. This is what is meant by the statement that A’ and
A are harmonic conjugates with respect to the points A, and A,,
according to the following definition:

DerintTion III. If 4, B, C, and D are collinear points and so situ-
ated that the ratio of the segments C4 and 4D, in which 4 divides the
segment CD, 1s equal numerically but opposite in sign to the ratio
of the segments CB and BD in which B divides the segment CD, then
A and B are called harmonic conjugates with respect to C and D.
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It should be clear from the preceding discussion that if A and
B are harmonic conjugates with respect to C and D, then the
segment AB is a harmonic mean between the segments AC and
AD, and conversely. Furthermore, if B is the harmonic conjugate
of A with respect to the intersections of the line AB with the

2Q
AN+ u@e + vQs a8,y
in which A, g, v are the direction cosines of the line AB. It follows
from this that the coordinates of B are

quadrie surface Q(z, ¥,2) =0, then AB= —

T = a — 229
B )\Ql + I‘Q2 + "Q:i a,B,'y’
ys =B — 2 19
xQl + /‘Q2 + VQK a,ﬂ,‘y’
Z2p =7 — 29 :
A + 1Qe + Qs la, 8,
Consequently
(:BB - a)Ql(ai B) 7) + (yB - B)Qﬁ(ay ﬂy 7)+ (zB - Y)QS(a) Br 7)
2001 + 4Q: +Q0)

= -2 Q(ar 8, 7))

a, B,y

AQr + pQ: + Qs

from which we conclude that the coordinates of B satisfy the equa-
tion (1) of the polar plane. We can summarize our discussions
by the following theorem.

Taeorem 5. The polar plane of a point 4 with respect to a quadric

surface Is the locus of the harmonic conjugates of 4 with respect to
the intersections of the surface with the lines through 4.

82. Polar Plane and Pole. Tangent Cone. Preliminary to a
discussion of some further properties of the polar plane we raise
the question whether it is possible for a plane to have more than
one pole with respect to a quadric surface, that is, whether it is
possible for two different points A(a, 8, ¥) and 4'(/, §/, ¥’) to
have the same polar plane with respect to the surface. In view of
Definition II this amounts to the question whether the equations

(ana + apB + ay + au)r 4+ (ae + anb + any + au) y +
(@ + 3B + assy + am)z + (aua + @B + awy + au)
=0,

(and’ + auf’ + aisy’ + @)z + (ane’ + anf’ + awy’ + ax)
Y + (asa’ + azsB’ + assy’ + as)z + (aua’ + auf’ + asey’
+ay) =0
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can represent the same plane. This will be the case if and only if
the coefficients of z, y, and z and the constant terms in the two
equations differ by a factor of proportionality, k (see the footnote
on page 78), that is, if and only if the numbers ka — &, k8 — #,
ky — v and k — 1 satisfy the following system of linear homoge-
neous equations:
an(ka — o) + an(kB — B') + anlky — v') + au(k — 1) =0,
an(ka — ) + an(kB — B') + anlky — v") + au(k — 1) =0,
ap(ka — o) + an(kB — ') + anky —v') + au(k — 1) =0,
aulkoe — o) + au(kB — B') + aulky — v') + auk — 1) = 0.

This system of equations will or will not possess a nontrivial
solution, according as its coefficient determinant has a value that
is equal to or different from zero (sce Theorem 2, Chapter 11, page
38). In the latter case, the only solution is the trivial one, so that
wefindka — o = kB — B’ =ky — v =k — 1 = 0; from this we
findk =1,a = o', 8 = ', v = ¥/, so that no plane can have more
than one pole. The discussion leads to the following definitions
and conclusions:

DerFiniTion 1V. The determinant of the symmetric square matrix
laijlls iy j =1, 2, 3, 4, ai;j = aji, 13 called th\ discriminant of the
quadric surface (; we shall use A to designate the value of this
determinant.

Derinition V. A quadric surface whose discriminant vanishes 1is
called a singular quadric surface. (Compare Definitions II and IIT on
page 43.)

TaeEOREM 6. No plane has more than one pole with respect to a
non-singular quadric surface.

Remark 1. The homogeneous equation of the second degree in
z, y, and 2 represents a conical surface of the second order; it is
called a quadric cone. The quadric cone is a singular quadric
surface, for in its equation an = ax = as = ay = 0; consequently
the value of the discriminant is zero.

Remark 2. While Theorem 6 asserts that no plane has more
than one pole with respect to a non-singular quadric surface, it
does not say that there exists a pole for every plane in space. The
question depends on whether the system of equations

ana + apf + awy + au = ka,
ana + apf + axy + au = kb,
auo + aB + asy + as = ke,
aua + auf + auy + au = kd,
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does or does not have a solution for «, 3, v, and k for every set of
values of a, b, ¢, and d. Since for a non-singular quadric the aug-
mented matrix of this system is always of rank 4, it follows from
Theorems 1 and 8 of Chapter II (see Sections 21 and 27, pages 36
and 44) that a plane will have a single pole or none with respect to
a non-singular quadric surface, according as the value of the
an Qi a3 a
Az Q22 Qg3
Q13 Qo3 Qg3
au ax au d
We derive now a number of further consequences from the defi-
nition of the polar plane.

Taeorem 7. If A(a, 8, v) lles on the polar plane of 4'(«’, 3, v') With
respect to a quadric surface, then 4’ lies on the polar plane of 4 with
respect to the same surface.

determinant is different from or equal to zero.

The proof of this theorem is left to the reader.

Turorem 8. If A(a, 8, v) lies on its own polar plane with respect to
a quadric surface, then A lies on the surface; and conversely.

The first part of this statement becomes evident when we sub-
stitute the codrdinat .4 of A in the equation of the polar plane of A;
the second part follows from Corollary 2 of Theorem 4 (Section
81, page 162).

Suppose now that from a point 4 not on the quadric @ tangents
be drawn to the surface; let the points of contact of these tangents
be A’, B’, etc. Then, since A lies in the planes tangent to the
surface at A’, B’, etc., A lies in the polar planes of 4’, B’, ete., with
respect to the surface. It follows therefore from Theorem 7, that
the polar plane A passes through 4’, B’, etc. Conversely, if 4’
is a point in which the polar plane of A meets the surface, then the
tangent plane to the surface at A’ passes through A4, that is, the
line AA’ is tangent to the surface. We have therefore the follow-
ing theorem:

THEOREM 9. The points of contact of a quadric surface Q with the

tangents drawn from a point 4 not on the surface, are the points in
which the surface is met by the polar plane of 4 with respect to Q.

On the basis of this result we introduce the following definition:

DeriniTioN VI. The tangent cone from a point 4 to a non-singular
quadric surface which does not contain A is the cone whose vertex is at
A and whose directrix is the curve common to the surface and to the
polar plane of 4.
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Remark. This tangent cone is a quadric cone; for the curve in
which a plane meets a quadric surface can not be of higher order
than the second; and since A does not lie on the surface, it'can not
lie on its own polar plane.

To obtain the equation of the tangent cone, we shall use two
methods.

(a) In the first method, we translate the frame of reference to
A as a new origin, set up the equation of the cone in the new system
and then return to the original frame. Since the transformation of
coordinates has been discussed in Chapter V, we shall suppose that
the translation has already been carried out and we shall ask
therefore for the tangent cone from the origin O to a quadric surface
@ which does not pass through the origin.

It follows from Theorem 9 that the cone passes through the points
common to the surface and the polar plane of the origin; conse-
quently its equation can be written in the form

1) kQ(z, ¥, 2) + ke(aux 4 any + a3z + a4) = 0

(see Remark 4, Section 49, page 92). The multipliers k; and k,
have not been restricted in any manner as yet; since we are look-
ing however for a quadric cone, they have to be selected in such a
way that equation (1) shall be a homogeneous equation of the sec-
ond degree in z, y, and 2. Therefore we put ki =k and k.
= lz + my + nz + p and we write down that the constant term
and the coefficients of the first degree terms in equation (1) must
vanish; this leads to the following conditions:

@k + play +lay =0, (2k + p)as + may = 0,
(2k + p)ax + nau =0, kaw + pau = 0.

Since the origin does not lie on the surface @, as & 0; hence the
last equation gives p = —k. Substituting this value for p in the
other equations, we find layu = —kay, may = —kay and nay
= —kau. We are therefore free to choose an arbitrary non-zero
value for k, as could be expected from the fact that equation (1)
could have been divided through by &, without essentially chang-
ing anything. Taking k = au, we obtain I = —au, m = —ay,
n = —ay, p = —au Consequently the tangent cone from the
origin to the non-singular quadric @ is represented by the homo-
geneous equation auQ(z, ¥, 2) — (a1 + a2y + a2z + aw)? = 0.
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() In the second method w* suppose that P(x, y, 2) is an arbi-
trary point on the tangent ccae. Then the line AP is tangent to
the surface and its direction cosines must therefore satisfy the
condition of Corollary 1 of Theorem 1 (Section 80, page 160),
namely:

?lf[)‘Ql(ay B, 'Y) + IJ'QZ(ay B, 'Y) + ”Qii(a; B, 7)]2 = Q(a’ B, 7) X
(0'11>\2 + (122#2 + az? + 2 Qa3pv + 2 a3 + 2 (112>\ﬂ)-

But for the line AP, we have A:u:v =2 —a:y—B:2 —v; and
since the condition which we have just written down is homoge-
neous of the second degree in \, 4, and v, we may omit the factor of
proportionality. We obtain therefore for the required tangent
cone the following equation homogeneous of the second degree in
z—a,y—B,and z — v:
71[(17 - a)Ql(ay B, ’Y)+(y - 6)Q2(a! B, ‘Y)+(Z - 'Y)Q!i(ay B8, ‘/)]2
= Q(a, B, 7) * lau(@ — @) + an(y — B)* + anlz — 7)*
+2anly — B -7+ 2a — 7@ - a +
2an(x — o) (y — B

Remark. Tor a« = 8 =y = 0, this last equation should be
equivalent to the equation obtained by the first method.

83. Exercises.

1. Determine the equation of the tangent planc and the equations of the
normal for the surface 4 0> — 6y + 5y +4yz —3224+222 —4zx+ 3y
+ 22+ 4 = 0 at the point A(1, —1, 2).

2. Set up the condition which the direction cosines of a line through
P(2, —1, 1) must satisfy in order to be tangent to the surface 3 z2 — 2 32 +
S52r —4y+62—-3=0.

3. Set up the condition on A\, g, » under which the line z = —1 + \s,
¥y =2+ us, 2 = —2 + vs will lie entirely on the surface 4 22 — 6 y2 + 8 22
= 12.

4. Determine the polar plane with respect to the ellipsoid 3 z? + 2 2
+ 422 = 20 of the points A(—2, 2, 1), B(5, 5, 0), C(0, 4, —3), D(0, 0, 0).

5. Find the pole with respect to the surface 32 — 22y + y2 +4yz — 6
+2y+7 =0 of the plane (¢) z4+y+2-3=0; () 2z—-y+2z+
3 =0.

8. Derive the equation of the tangent cone to the surface4 22 + 3 32 = 12z
from the points A(0, 0, —6), B(—4, 5, 3), C(0,0, 4).

7. Determine the equation of the tangent cone from an arbitrary point

P(a, 6, 'y) to (a) the elhpsoxd + + =1; (b) the hyperboloid of one
sheet + b* ‘-;—2 =1; (c) the elhptlc paraboloxd = + = 2 pa.
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8. Show that the equation for the tangent cone obtained by the second
method of the last part of Section 82 reduces to the result found by the first
method if we puta =8 = = 0.

9. Determine the asymptotic directions of the hyperboloid of one sheet

2 2 a2
%—%—+-zg= 1, which lie in the plane 3z — 2y = 0.

10. Show that the asymptotes of an hyperbola are also asymptotes of the
hyperboloid of revolution of one sheet which is obtained when the hyperbola
i8 revolved about the conjugate axis.

11. Show that the ellipsoid of Exercise 7 does not have any real asymptotic
directions.

2 2 2
12. Determine whether the hyperboloid of two sheets (—’;— - 1,

2 2
the elliptic paraboloid of Exercise 7 or the hyperbolic paraboloid % - Z—z =2 pz

have real asymptotic directions.

84. Ruled Quadric Surfaces. We have already met a few
examples of surfaces which contain every point of a line (see, for
example, Exercise 3 in Section 83). We proceed now to a sys-
tematic study of the question which quadric surfaces have straight
lines on them. We saw in Corollary 2 of Theorem 1 (Section 80,
page 160) that the line z = a4+ Xs, y = B+ us, 2 = v + vs will
lie entirely on the quadric surface @ if and only if Lo = g(A, g, »)
= aul? + anp® 4 asp? + 2 agpy + 2 gz + 2 apdp = 0,

Ly = 3 -\Qi(a, B, v) + uQ:(a, B, v) + v@Qs(a, B, 7)] =0
and L2 = Q(a, B; 7) = 0.

Suppose now that we have a point A(e, 8, v) on the surface, so
that the condition L, = 0 is satisfied. To determine lines through
A which lie entirely on the surface, N\, u, and » have to be so se-
lected that L, = Ly = 0. These equations are homogeneous in
A\, u, and v and of degree 1 and 2 respectively; if we solve them
for two of the variables, say N and g, in terms of the third variable
v, we shall in general be led to a quadratic equation, giving rise
to two values for the ratios \ : u : v, that is, to two lines on the
surface through A. These two values may be real and distinct,
coincident or imaginary. We want to learn under which condi-
tions these different situations will arise.
We begin by proving the following auxiliary theorem.

Tueorem 10. A non-singular quadric Q contains no point at which
Q=Q:=0Q;=0.
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Proof. 1t follows from Corollary 1 of Theorem 4 (Section 81,
page 162) that at a point at which Q@ = @, = Q; = @; = 0, we
must also have Q, = 0. Hence there would be at least one set of
three numbers e, 8, ¥ which satisfy the four linear non-homogeneous
equations ;o + ;8 + ;v +a, =0, 7 =1, 2, 3, 4. If the
rank of the coefficient matrix of this system of equations is 3, a
solution exists if and only if the rank of the augmented matrix is
also 3 (see Theorem 8, Chapter II, Section 27, page 44). But the
determinant of this augmented matrix is the discriminant of the
quadric surface (see Definition IV, Section 82, page 166); hence
if the rank of the augmented matrix is 3, the surface is singular.
On the other hand, if the rank of the coefficient matrix of the
system of linear equations is less than three, then the cofactors of
the elements in the last column of the discriminant are all equal
to zero and the value of the discriminant is therefore zero. Thus
we have seen that if a quadric surface contains a point at which
@1, Q. and @ all vanish, then it is singular.

We shall have frequent occasion to refer to a point on a quadric at
which these conditions hold and we introduce therefore a name forit.

DeriniTiON VII. A vertex of a quadric surface Q is a point at which
0=0=0Q:=Q:=0.

In the terminology of this definition, we can then state the
following corollary:

CoroLLARY. A non-singular quadric surface has no vertex; a singu-
lar quadric surface may have orie or more vertices.

We proceed now with the problem of determining lines through a
point A (o, 3, v) on a quadric which shall lie entirely on the surface;
and we shall divide our discussion of this question in two parts:

Case I. The point A (e, 8, v) is not a vertex.

In this case at least one of the partial derivatives of @ is different
from zero at A; let us suppose that Q.(«, 8, v) = 0. We can then
solve the equation L; = 0 for \ in terms of x and » and substitute
the result in the equation Ly = 0. This will lead us to the follow-
ing quadratic equation in g and »v:*

an a2 G an G @ an as @
M ae ax Qr+2|as @y Qsjw +las a; Q;(»2=0,
& Q 0 & @ 0 & @ 0

* In order not to interrupt our main argument too much at this point, we
relegate the proof of this statement to the Appendix, I (see page 296).
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in which the partial derivatives @i, @z, and @; have the arguments
a, B, and «v; it will be understood that this is the case throughout
our further argument, unless the contrary is definitely specified.
We observe now that the coefficients of u?, 2 uv, and »? in this

equation are equal respectively to the minors of the clements
ag, 0z, and ay in the determinant
iy Gy
iz G Gn @ i
a3 G Gz Qs
Q Q@ @ 0
If the value of this determinant is denoted by 43(Q) and the co-
factors of its elements a;; by A;;(Q), it follows from Theorem 18,
Chapter I (see Section 16, page 29), that the discriminant of equa-
tion (1) is equal to Ax*(Q) — A2(Q) X Ax(Q)

_ _|A42@Q) Ax@] _ _ .o Q| _ .

- - |42 dxel = ~4@-[g |- e 4@

Consequently the roots of the quadratic equation (1) will be real
and unequal, real and equal or complex according as the value of
the determinant (2) is positive, zero or negative. We will show
now that this determinant can be reduced to a simpler form. If
we add to the last column the products of the 1st, 2nd, and 3rd
columns by —2 a, —2 8, and —2 ¥ respectively, its elements will
become 2 a4, 2 ag4, 2 azsand — 2 aQy — 2 8Q: — 2vQ;. Next, we add
to the last row the products of the 1st, 2nd and 3rd rows by
—2a, —28, and —2 v respectively; this transforms the elements
of the last row into 2au, 2ax, 243 and —2a@; — 28Q: — 2vQs
— 4 aay — 4 fass — 4 yvay. This last element, in the lower right-
hand corner, is equal to —2(aQ:+ BQ: + vQ: + Qs) + 4 ay
= 4(au — Q), by use of Corollary 1 of Theorem 4 (Section 81,

a3 @y
(2)

page 162). Therefore the determinant (2) has been reduced to
an Q2 13 2 ayu an Q12 a3 2ayn
Gz G G 20y _| @2 G2 Gx 2axn +
a3 G Gi 2 ay Q3 Qi3 G 20y
2au 2au 20u 4(au — Q) 2a14 200 20y 4au
an Qi A 0
Q2 Qe G2 0
a3 Gp O 0
2au 20u 2au —4Q
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Therefore, if, in agreement with our general notation, we designate
by A the cofactor of the element a4 in the discriminant A of the
quadric surface, we obtain the interesting formula

(3) 43(Q) =4A —4Au-Q(e, B, 7).

In the particular case which we arc having under consideration,
Q(a, B, v) = 0, since the point A (e, B, ¥) lies on the surface and
therefore A;(Q) =4 A. We state this preliminary result of our
discussion in the following theorem and corollary.

Tueorem 11. If the point A(«, 8, v) lies on the quadric surface Q,

then the value of the determinant 4;(Q) is independent of the position
of 4 on the surface and equal to four times the value of the discrimi-

nant A of the surface.

CoroLLarY. The matrices of the determinant 4;(Q) and of the dis-
criminant A have equal rank, if the point 4(c, 3, v) lies on the quadric
Q.

Proof. This Corollary follows from Theorem 14, Chapter I, in
view of the fact that if Q(e, 8, v) = 0, the matrix of the determi-
nant A3(Q) is transformed into that of the discriminant A by
means of elementary transformations (see Definition XIV, Chap-
ter I, Section 10, page 18).

The further discussion of our problem depends on the rank of
the matrix of the discriminant A; henceforth we shall denote this
matrix by the symbol a, and its rank by r,, We consider now the
following possibilities:

(a) 4 = 4, that is, A 0.

It follows from our discussion that in this case the quadratic
equation (1) will have two distinct roots, which are real if A > 0
and complex if A < 0; to each root of the equation (1) there
corresponds a set of direction cosines of a line through A which will
lie entirely on the surface. We can conclude therefore that
through every point on a quadric surface for which A > 0, there
pass two different real lines which lie entirely on the surface; and
that through no point on a surface for which A < 0 there are lines
which lie on the surface.

(b) rs = 3.

As a result of the Corollary of Theorem 11, the rank of the
matrix of the determinant (2) will also be equal to 3 in that case.
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We can show now that the coeflicients of equation (1) can not all
vanish, by showing that if they did, then every three-rowed minor
of the determinant (2) would vanish.* Consequently in this case
the equation (1) has two coincident roots and through every point
of the surface, which is not a vertex, there will pass two coincident
lines which lie entirely on the surface.

(¢) r4 = 20r 1.

It follows now from the Corollary of Theorem 11, that all the
coefficients of the equation (1) vanish. Consequently every line
through the point A whose dircction cosines satisfy the condition
L; = 0 lies entirely on the surface. But this carries with it that
every line through A which lies in the plane (x — a)Qi(a, B8, v)
+ (y — B)Q:(a, B, v) + (2 — v)Qi(e, B, v) = 0 must lie on the
surface. We conclude that the surface contains every point of this
plane; in virtue of Corollary 1 of Theorem 4 (Section 81, page
162) and because Q(a, 8, v) = 0, the equation of this plane may
also be written in the form 2Q,(a, 8, v) + yQ: + 2Q; + Q4 = 0.

Cast II. The point A(e, B, v) is a vertex of the surface.

In this case, which can arise only on a singular quadric (sce
Corollary of Theorem 10, page 171), the equation L; = 0 is satis-
fied by every set of direction cosines. And we shall show that the
condition Ly = q(\, g, ») = 0 is satisfied by the direction cosines of
any line which joins A (a, B, v) to another point A’(e, 8, ¥') on
the surface and by no others. For, in virtue of Taylor’s theorem
(see Section 75, page 151) we have

Q(a,; B,: 7,) = Q(a + [a, - a]7 B+ [.B’ - ﬂ]; v+ ['Y, - 'Y])
= Q(a’ 8, 'Y) + [(a’ - a)Ql(ar B, 7) + (ﬁ' - B)Q?(a) B, ‘Y)
+(" =)Qs(a, B, VI + gl — &, 8 = 8,7 — ).

Therefore, if A(a, B, 7v) is a vertex of the surface and if 4’(’, 8, v")
is an arbitrary sccond point on the surface, then ¢’ — «, 8’ — 8,
4’ — v) = 0. But since the direction cosines of the line AA’ are
proportional to &' — a, 8’ — B, and ¥’ — 1, and since g is a homo-
geneous function, it follows that ¢(A, 4, ») = 0. And it should be
an easy matter to show that this will not be the case for the di-
rection cosines of a line which connects the vertex A with any other
point in space.
* The proof is given in the Appendix, II (see page 296).
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The results of the discussion of our problem may now be sum-
marized as follows.

Taeorem 12. Through every real point 4(a, 3, v) on a non-singular
quadric surface with positive discriminant, there pass two and only
two lines which lie entirely on the surface; through no real point on a
non-singular quadric surface with negative discriminant is there any
line which lies entirely on the surface. Through every point on a
singular quadric for which the rank of the matrix of the discriminant
is 3, and which is not a vertex of this surface, there pass two coincident
lines which lie entirely on the surface, and no others. Through every
point on a singular quadric for which the rank of the discriminant
matrix is less than 3, and which is not a vertex of this surface, there
passes a plane which belongs entirely to the surface. The lines joining
a vertex of a singular quadric to any other point on the surface lie en-
tirely on the surface.

CoroLrLary 1. A singular quadric surface which possesses a vertex
is a conical surface; it is a quadric cone.

For, from the last part of Theorem 12, it follows that the surface
may be generated by a line through a vertex which moves so as to
pass through the points of the surface cut out by any plane which
does not pass through the vertex.

Remark. A vertex of a singular quadric is also a vertex of the
quadric cone which it represents.

CoroLrLARY 2. If the rank of the discriminant matrix of a quadric
surface is less than 3, the locus of the equation consists of two planes;

it 1s a degenerate quadric. (See Definition V, Chapter 1V, Section 46,
page 83.)

Proof. Tor it follows from Theorem 12 that in this case there
is at least one plane all of whose points lie on the surface. Let
the left-hand side of the equation of this plane be E; and let
Q = E -E, + R, where R is a function of y and 2 alone. Ob-
viously if R does not vanish identically we can determine particular
values of y and z for which R & 0; and it will also be possible in
general to associate with these values of y and z a value of z such
that these values of z, y, and 2z cause E to vanish. But for these
values, we will have @ ¥ 0; and therefore, we would have a point
on the plane E = 0 which does not lie on the surface. This con-
tradicts our hypothesis. Consequently, R must vanish identically,
and @ = E E,. It is now easy to see that E, is also a lincar func-
tion and therefore we conclude by usc of Theorem 10, Chapter IV
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(Section 46, page 83) that the locus of @ = 0 consists of two
planes.

86. The Centers and Vertices of Quadric Surfaces. ' Among
the particular quadric surfaces with which we have already be-
come familiar are the sphere, the elliptic cylinder and the circular
cone. The center of a sphere is usually defined as the point from
which all the points on the sphere are equally distant; for an
elliptic cylinder, and even for a circular cylinder such a point does
not exist. If we take for the center of the sphere however the
property that it bisects every chord which passes through it, we
observe that every elliptic cylinder has points which possess the
same property, namely, the points on its axis. The axis of such a
cylinder could then be called a line of centers. But even on this
definition of a center, the cone, the clliptic paraboloid and
other quadrics do not possess any centers.  We undertake there-
fore in the present scction the inquiry as to the conditions under
which a quadric has a center; and we shall seck to develop con-
venient methods for the location of centers in the cases in which
they exist. Our work will be based on the following definition:

DeriniTION VIII. A center of a quadric surface is a point which bi-
sects every chord drawn through it;* a proper center is a center which

does not lie on the surface, an improper center of a surface lies on the
surface.

It follows from this definition that, if A(e, 8, ¥) is a center of the
quadric surface @, then the two roots of the equation

Lys? 4+ 2Lis + Ly, =0

which was established in Section 80, must be equal numerically
but opposite in sign for all admissible values of A, u, and » (see
the Remark, following Theorem 7, Chapter III, Section 33, page
56); hence the sum of these roots must equal 0.

If L, == 0, that is, if the line through A (e, B8, v) does not have an
asymptotic direction (see Definition I, Section 80, page 160), the

sum of the roots is equal to —2TI;‘ ; it will be equal to zero therefore

* A chord of a surface is a line which joins two of its points; it follows from
Corollary 1 of Theorem 1, Section 80, page 160, that a chord of a quadric surface
does not have any other points in common with the surface besides the two
points which it joins, unless it lie entirely on the surface.
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if and only if L, = 0. And if Ly = 0, so that one of the roots is
infinite, the condition requires that the other root be also infinite,
which leads again to the condition L, = 0. Conversely, if L, = 0,
the two roots of equation (1) are equal numerically but opposite
in sign. Therefore the necessary and sufficient condition that
A(a, B8, v) be a center is that L, = 0 for all admissible values of
A\ u,v. In particular we must have L; = NQi(e, 8, v) +r@Q2(a, 8, v)
+ vQs(e, B, v) = O for the sets of values 1,0, 0; 0,1,0and 0,0, 1
of A\, u, v; these special sets lead to the conditions @Qi(«, 8, v) = 0,
Qx(a, B, v) = 0, Qs(a, B, v) = 0. Moreover it is easily seen that
if these conditions are fulfilled, then L, will vanish for every ad-
missible set of values of A, u, . We have therefore obtained the
following theorem:

TueorEm 13. The necessary and sufficient conditions that a point
shall be a center of the quadric surface Q Is that its coordinates satisfy
the three linear equations Q:(x, y, ) = 0, Q:(x, y, 3) = 0, Qs(x, ¥, 3) = 0.
If and only if the codrdinates satisfy moreover the condition Q(x, y, z)
=+ 0, the point is a proper center.

CoroLLARY. An improper center of a quadric surface is a vertex of
the surface, and conversely.

For the further discussion of our problem we observe in the first
place that, in view of Corollary 1 of Theorem 4, the condition
Q == 0 of Theorem 13 may be replaced by the condition Q, == 0.
Consequently a proper center is a point common to the three
planes

92-‘ = auZ + any + a2 + ay = 0, % = apt + axy + ax2

+ ayu =0, %—3=aux+azay+aasz+au=0,

but not on the plane

%= aux + auy + asz + au = 0;
and a vertex is a point common to the four planes.

We shall denote the coefficient matrix of the first three equations
by a; and its rank by r;; the value of the determinant of a; has
already been designated by A4 (see equation (3), Section 84, page
173). The augmented matrix of the first three equations is



178 QUADRIC SURFACES, GENERAL PROPERTIES

llajll, e =1, 2,3; j =1, 2, 3, 4; we shall denote it by b. The
coefficient matrix of the equations of the set of four planes is
llasll, 7 = 1,2, 3,4; 7 =1, 2, 3; we shall denote it by b’; and the
augmented matrix of this set of four equations is the discriminant
matrix of the quadric, which we have already designated by a,
(see page 173, proof of Corollary of Theorem 11) and whose de-
terminant is denoted by A.

We fall back now on Theorems 20, 22, 23, 24 of Chapter IV and
their Corollaries (Sections 51 and 54, pages 95, 101, and 102); ap-
plication of these theorems shows that if there is to be any center
the matrices a; and b must have the same rank, and if there are
to be any vertices, the matrices b’ and &, must have the same rank.

Now it should be clear: (1) that the ranks of the matrices b
and b’ are equal, since either of these matrices is obtained from
the other if we write the columns as rows and vice versa; (2) that
the rank of a; can not exceed that of b, which in turn can not ex-
ceed the rank of a,; (3) that the rank of a, can not exceed the
rank of b by more than 1; and (4) that the rank of b can not ex-
ceed the rank of a; by more than 1. Moreover, (5) if the ranks of
b and a, are equal, then the ranks of b and a; are equal.

An algebraic proof of this last statement may be somewhat
lengthy. It can bededuced very readily however from the theorems
of Chapter IV referred to above. For if the ranks of b and a,
are equal, the four planes have at least one point in common;
consequently the first three planes have at least one point in
common and therefore the c.m. and the a.m. of the first three
equations have the same rank, i.c., the ranks of a; and b are equal.

We conclude from (3) and (4) that ry and 75 can differ by 2 at
most. If r, — r; = 2, then the rank of b is different from either.
If r, — 13 = 1, it follows from (5) that the rank of b is equal to
73, And, if 74 = 13, the rank of b is of course equal to the same
number. It should be clear that the existence of proper centers
and vertices depends on the difference 7, — r;. If we draw on the
further content of the Theorems of Chapter IV, which were cited
above, we obtain the following result:

TreoreM 14. If the ranks of the matrices a, and a; are equal the
quadric surface has a unique vertex, a line of vertices or a plane of
vertices, according as this common rank is 3, 2 or 1. If the ranks of
these matrices differ by 1, the quadric surface will have a single
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proper center, a line of proper centers or a plane of proper centers, ac-
cording as the lower of these ranks is 3, 2 or 1. If the ranks of these
matrices differ by 2, the quadric surface has no center at all.

Remark 1. The content of this theorem may conveniently be
put in the following tabular form:

3 T The quadric surface has
3 4 a single proper center
3 3 a single vertex
2 3 a line of proper centers
2 2 a line of vertices
1 2 a plane of proper centers
1 1 a plane of vertices

T4 — 13 > 1 no center

Remark 2. The reader should convince himself that the cases
indicated in this table include all possible cases for the ranks of
the matrices a; and a, and that therefore the conditions of Theorem
14 are sufficient as well as necessary.

Remark 3. A quadric surface with a single proper center is
called a central quadric. A quadric surface with a single vertex
is called a proper quadric cone.

Remark 4. A non-singular quadric surface is either a central
quadric or else a surface without any center.

We record moreover the following corollaries.

CoroLLAarY 1. The rank of the matrix a, can not exceed the rank of
the matrix a; by more than 2.

CororLLaRY 2. The necessary and sufficient condition that a quadric
surface be a conical surface is that the ranks of the matrices a. and a;
be equal.

We are able furthermore to complete in an essential way the
result contained in Corollary 2 of Theorem 12 (Section 84, page
175), as follows: If a quadric surface has a plane of vertices, it
consists of this plane, counted doubly. For, if it contained a point
A outside this plane it would have to contain every line which
connects a point of the plane with A (compare the last sentence
in Theorem 12, Section 84, page 175). This is obviously impos-
sible; therefore the surface can not contain any point outside the
plane of vertices. And it should be a simple matter to show that
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this plane must be counted doubly. And if a quadric surface has
a line of vertices, it must consist of two planes through this line.
For, if A is any point of the surface outside the line ! on which the
vertices lie, then the plane determined by ! and 4 must be entirely
contained in the surface; and the argument used in the proof of
Corollary 2 of Theorem 12 (page 175) shows that then the surface
consists of two planes. If these two planes were coincident planes
the equation of the surface would be @ = (axz + by + cz + d)?
= 0, from which we could conclude that r; = 7, = 1, and there-
fore the surface would have a plane of vertices. We can therefore
state the following result:

CoroLrLArY 3. A singular quadric surface 1s a proper quadric cone
if and only If r; = r, = 3, a palr of intersecting planes if and only if
rs = ry = 2, a pair of coincident planes ifandonly if r; = r, = 1.

After the existence of centers or vertices has been established,
their position can be determined by solving the equations @; = 0,
Q: = 0,Q; = 0. In the case of a central quadric, these equations
have an unique solution which is given by Cramer’s rule (see
Theorem 1, Chapter II, Section 21, page 37). The solution may
be written in the following form:

Qs G2 Q3
Ugq Qo2 Qo3
34 Q3 (33

1y Gy Q3
Q12 Qg4 Q23
13 Qa3 Qg3

z:y:z:1=—

an Q2 ap n Gz Qi3
DGz G2 Qg3

M3 Qg3 Qg3

(12 Qo Ay
3 (o3 (34

It should be easy to see that the terms on the right are equal to

the cofactors of the elements in the last row of the discriminant A.

If these cofactors are designated in the usual manner, we have
x:y:z:l = A : Ay Ay Ay

CoroLLARY 4. The cotrdinates of the center of a central quadric

AN AN AM.

surface are equal to A AL Au

Ezamples.

1. The codrdinates of the possible centers of the surface 5 z- + 5 2 + 8 22
+8yz +82x — 2zy + 12x — 12y + 6 = 0 must satisfy the equations
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%=5x—y+4z+6=0, 92.3=—:c+5y+4z-6=0,

%o tztay+8z=0
Moreover,g—‘=6:c—6y + 6.

2
5 -1 4
-1 5 4
4 4 8
3rd row is equal to the sum of the first two rows, whereas the two-rowed minor
in the upper left-hand corner does not vanish. And the rank of the matrix

The rank of the matrix a; = is readily found to be 2; for the

5 -1 4 6
-1 5 4 -6}. .
a= 4 48 ol found to be 3; for the 3rd row is equal to the
6 -6 0 6

sum of the 1st and 2nd rows, whereas the matrix contains several non-vanishing
three-rowed minors. We conclude therefore that the surface has a line of

centers in the line of intersection of the two planes % =85z—~y+4z4+6=0

and %3 = —z+4+5y+4z—6=0. The parametric equations of this line

are foundtobez =3 +¢t, y=5+1t 2= -4 — ¢

2. To determine the possible centers of the surface 222 — 342 4+ 4 y2
—52zc+4zx—3y+ 5 =0, weset up theequations@Q; =4z —5z+4=0,
Q=-0y+4z2—-3=0,Q=—-5x+4y=0,and Qy =42x-3y+10
= 0. The determinant of the matrix as has the value:

4 0 =5
éx 0 -6 4= 4?3;
=5 4 0

and the discriminant
4 0 -5 4
1.l 0 -6 4 -3/ 8o
67| -5 4 0 0| 16
4 -3 0 10

A=

—

Therefore rs = 3 and r, = 4; consequently the surface has a single proper

center; its coérdinates are 3, %, 3.
3. For the surface 222 +20y2 4 1822 — 12yz + 122y + 222+ 6y —
2z — 2 = 0, the matrices &; and a, are

2 6 0 11

2 6 0
6 20 —6| and g _22 —lg _?
0 -6 18

11 3 -1 -2

respectively. We find that r; = 2 and r, = 4; we conclude that the surface
has neither a proper center nor a vertex.
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86. Exercises.

1. Show that through every point of the surface 4 22 — 6 y* = 12 z there
pass two real distinct lines which lie entirely on the surface :

2. Prove that there are no real lines on the elllpsmd == + bE + o= 1.

3. Show that the clhp‘soxd + b + = 1, the hyperholoid of one sheet

y: 2 2 yr  2?
b T = 1, and the hyperboloid of two sheets —2 T Es 1 are
central quadric surfaces.

4. Show that through every point of the hyperboloid of one sheet of Exer-
cise 3 there pass two real lines which lic on the surface; and that no such lines
exist through any point of the hyperholoid of two sheets of Exercise 3.
¥
b2
ric cone; and prove that every tangent plane of this surface passes through
the vertex.

6. Determine the conditions which the direction cosines of a line through
the point A(—1, —1, 1) on the surface z3 — y% + 2z® = 1 must satisfy in
order that the line may lie entirely on the surface.

7. Determine the centers, proper centers or vertices, of cach of the follow-
ing surfaces:

(@) 2+5y?2—2224+6yz +8xy—4x+6y—62+6=0

b) 922 +49y2 + 422 —28yz + 1220 — 420y — 242 4+ 56y — 162
+16 =0

(¢) 322 4+59y2+9224+2yz+82zr —4ay—6zxz+4y—424+3=0

(d) 522 —y2 — 1622 —20yz +42x —8ay —6x+2y —8z2+2=0

(e) 42+ y?+922 —6yz+ 1220 — 42y +62x—3y+92—4=0

(f) 6a2—2y2—222+5yz—2x2 —42y—10x -6y +92—-4=0

@ 3x2+3y2+322—2yz—22x —2xy+8x—42+6=0

h) 2224+ 5y2+222 —6yz+4zc — 62y +22x—-4y+2242=0

2 2
6. Show that the locus of the equation % — +% = 0 is a proper quad-

8. Show that the tangent lines from a point A (e, 8, v) to the elliptic cylinder
2
P + Z—2 = 1 lie on a pair of planes through a line parallel to the Z-axis.

9. Prove that if a quadric surface has a plane of centers the surface consists
of a pair of parallel planes.

10. Prove that the elliptic pamboloxd jath + = 2 pz and the hyperbolic

paraboloxd == — = 2 pz do not possess a center

87. The Asymptotic Cone. If C(e, 8, v) is the center of the

central quadric @, then Qi(a, B, v) = 0, Qx(a, B,7) = 0, @s(e, B, 7)
=0 and Q(a, B, v) = 0. It follows that the equation of the
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tangent cone from C to the surface reduces from the form given at
the end of Section 82 (page 169) to the simpler form:

(1) aulr — a)? + an(y — B)2 + an(z — 7)* + 2 anly — B)
(z—7) +2au(z—7v) (x—a) +2an@—a) (y —B) =0.

Since the direction cosines of a generating line on this cone are
proportional to z — «, y — 8, and z — v, where z, y, z arc the
codrdinates of some point on the cone, it follows that the direction
cosines \, u, » of such a line satisfy the equation ai\* + axu’
+ azp? + 2 aguy + 2 asph + 2 aphe = 0, that is, the equation
g\, #, v) = 0. Since moreover they evidently satisfy the equation
L, = NQi(a, B, ¥) + uQ: + vQ; = 0, the generators of this cone are
asymptotes of the surface (compare Corollary 3 of Theorem 1,
Section 80, page 160).

DeriniTioN 1X. A cone of which every generator is an asymptote of
a surface 1s called an asymptotic cone of the surface.

We can therefore say that the center of a central quadric sur-
face is the vertex of an asymptotic cone of the surface. The sanie
argument shows that a proper center of any non-degenerate quad-
ric surface is the vertex of an asymptotic cone. And we raise the
question whether any other points, besides proper centers, can be
vertices of such cones of non-degenerate quadrics. If A(a, 8, v)
is such a point, we know from Corollary 3 of Theorem 1 (Section
80, page 160) that the equations g(\, 4, ») = 0 and ML, &, »)
+ uQ. + »Qs = 0 must have an infinite number of solutions which
are admissible values of A, u, and ». Let us suppose now:

(a) that A(a, 8, 7) is not a center of the surface. We can then
suppose that Qi(a, 8, v) = 0 and proceed as in Section 84. The
quadratic equation (1) which was discussed in that section will
have more than two roots if and only if the rank r, of the dis-
criminant matrix is less than 3 (compare (b) on page 173), that is,
if the quadric surface is degenerate (see Corollary 2 of Theorem
12, Section 84, page 175). Hence for a non-degenerate non-
singular quadric a center is the only point which can be the vertex
of an asymptotic cone. And we suppose:

(b) that A(a, B, v) is a vertex of the surface. In this case
Q, @i, @, and @; all vanish forz = a,y = 8,2 =1v. If we make
use once more of Taylor’s theorem as in Case II on page 174, we
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find that

Q(x; Y, Z) =Q(a+[x_a]) ﬁ+[1/“5], ‘Y+[Z—’Y])
= Q(a) 8, 7) + (2? - a)Ql(ar B, 7) + (?/ - B)Q2(ay 8, 7)
+ (=M, B7) ez —a,y—B,2—17),

so that the equation of the surface reduces to the equation ¢(z — a,
y — B,z — v) = 0, which is the equation of the asymptotic cone.

If we observe furthermore that it follows from the Taylor’s ex-
pansion written above that the equation of the asymptotic cone of
a central quadric can also be written in the form Q(zx, y, 2)
—Q(a, B, v) = 0, we can put our results in the form of the follow-
ing theorem.

Tuareorem 15. A non-degenerate quadric surface Q has an asymp-
totic cone if and only iIf it has a center. If it has a proper center at
A(a, 8y v) the equation of the asymptotic cone is Q(x, y, ) — Q(a, 8, v)

= 03 If it has a vertex the asymptotic cone is identical with the surface
itself.

Obviously there is no further interest in considering the asymp-
tutic cone of a surface which has vertices; therefore there remain
for consideration the non-degenerate quadrics which have proper
centers, that is, the cases in which r, and r; are 4 and 3, or 3 and 2
respectively.

Case 1. .= 4,r; =3. In this case there is a single center
and therefore a single asymptotic cone, which is a proper quadric
cone,

CaseE 2. 7, =3, r; = 2. In this case there is a line of cen-
ters determined by the equations Qi (z, y, 2) = 0, Qu(z, y, 2) = 0
and Q(z, ¥, 2) = 0. The c.m. of these equations is as. We
shall henceforth denote the cofactors of the elements a;;, 7,7 = 1, 2,
3 of this matrix by ay;, 7,7 = 1, 2,3. Since r3 = 2, not all of these
cofactors vanish. Let us suppose as &+ 0; then the direction
cosines of the line of centers are proportional to ais, aes, and ass
(see Theorem 17, Chapter IV, Section 47, page 87). Therefore,
if a, B, v is an arbitrary point on the line of centers, the parametric
equations of this line may be put in the form z = a + iy,
y = B + aul, 2 = v + agxt; and the equation of the asymptotic
cone which corresponds to an arbitrary center can be put in the
form:

Qz,y,2) — Qla + ast, B+ aot, v + axt) = 0.
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If the second term on the left-hand side is expanded by Taylor's
theorem, the equation reduces to

Qx, ¥, 2) — Qe B, v) — tosQier, B, v) + anQe(e, B, V)
+ onQs(e, B, v)] — t* qaw, azn, azn) = 0.

The coefficient of ¢ is obviously zero; and it is shown in the Ap-
pendix* that the coeflicient of ¢ also vanishes. Consequently the
equation of the asymptotic cone, which corresponds to an arbi-
trary center, is independent of ¢; that is, there is only one asymp-
totic cone. If its equation is written in the form ¢(x — a, y — B,
z —v) = 0, and we translate the axes to the point (a, 8, v) as
origin (see Theorem 2, Chapter V, Section 61, page 115), the
equation takes the form ¢(z', ¢, 2) = 0. The discriminant
ay ay a3 0
Az Qg Q23

a3 23 as3 0
0 0 0 0
r; = 2, the rank of this discriminant matrix is also 2, and there-
fore, the asymptotic cone consists of a pair of intersecting planes
(compare Corollary 3 of Theorem 14, Section 85, page 180); that
is, the asymptotic cone degenerates into a pair of asymptotic
planes. We have now obtained the following amplification of the
last theorem.

Taeorem 16. If the ranks r, and r; are equal to 4 and 3 respectively,
the quadrie surface Q has a single proper quadric cone as asymptotic
cone; this cone may be real or imaginary. If these ranks are equal to
3 and 2 respectively, the surface has a pair of asymptotic planes, which
may be real or imaginary. In either case the equation of the asymp=-

totic cone may be written in the form Q(x, y, 3) — Q(a, 8y v) = 0, where
a, B, v are the coordinates of a center of the surface.

88. The Diametral Planes and the Principal Planes of a Quadric
Surface. We return once more to the equation in Theorem 1
(Section 80, page 160) and inquire for the locus of points which
are midpoints of chords drawn through them in a fixed direction
given by the ratios X\ :p:». The argument which led us to
Theorem 13 in Section 85 shows that if A(a, 8, v) is a point of this
locus, then \@i(e, B8, v) + u@Q: + vQ; must vanish for the specified
values of \, u, and v. Since @y, Q-, and Q; are linear functions of

* See 111, page 297.

matrix of this equation is ; since in this case
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«a, B3, v, we conclude that the locusis a plane. We obtain therefore
immediately the following theorem.

TueoreM 17. The locus of all points which bisect chords of the
quadric surface Q whose direction cosines are )\, n, », is the plane
AQi(xs s 3) + uQ:(xy ¥y 3) + vQulx, ¥, 3) = O

DeriniTiON X. The plane which is the locus of the midpoints of a
set of parallel chords is called the diametral plane of the direction of
these chords.

If we write out in full the expressions for @y, @z, and Q; in the
cquation of the diametral plane and collect the terms in x, y, and
2, the equation of this plane takes the form:

(auN + app + aw)r + (apN + app + a)y +(aph + agu
+ agv)z + duh + aup + @y = 0,

or, using the notation introduced in Section 80,
N )z 4 (N, 1y )y + GO By v)2 + (N gy v) = 0.

For all values of A\, u, and », this equation represents a plane
(for those values for which ¢i(\, u, ») = @2(\, 1, ») = ¢\, w,v) = 0,
and ¢i(\, g, ») £ 0, this plane is the “plane at infinity,” see
Remark 2, Section 41, page 73), except for such values as cause
@1, G2, @3, and ¢4 to vanish simultaneously; but this can not happen
for admissible values of \, u, and » unless the rank of the matrix
b is less than 3 (sec Theorem 2, Chapter II, Section 22, page 38;
compare also Section 85, page 178). We can therefore state the
following corollary.

CoroLLARY. In a quadric surface for which the rank of the matrix
b is equal to 3, there exists a diametral plane corresponding to every
direction; In a quadric surface for which the rank of this matrix is
less than 3, this correspondence fails for those directions for which
Ql()\s My ") =q: = q3 = Q4 = 0.

The correspondence between systems of parallel chords and di-
ametral planes which has been established for quadric surfaces, is
an extension to three-space of the correspondence between con-
jugate diameters in the theory of conic sections; for either of two
conjugate diameters is the locus of the midpoints of chords parallel
to the other. We recall that in the ellipse and the hyperbola
there is one pair of mutually perpendicular conjugate diameters,
namely, the axes of these curves. On account of the importance
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of these lines in the theory of these curves, we are led to inquire
whether there are directions in a quadric surface which are per-
pendicular to the corresponding diametral planes. To facilitate
the discussion, we introduce the following definition.

DerinitioNn XI. A principal direction of a quadric surface is a di-
rection which is perpendicular to the corresponding diametral plane;

a diametral plane which corresponds to a principal direction is called
a principal plane. -

According to Corollary 3 of Theorem 7, Chapter IV (Section
44, page 79), the angle between any direction A, g, v and the cor-
responding diametral plane, when this is a “planc at finite dis-
tance,” is given by the formula:

4 D,y v) + pge + vga]

\/{lx2 + 922 + (132
Therefore the necessary and sufficient condition that the diametral
plane which corresponds to the dircction \, u, v shall be a plane at

sinf =

finite distance and perpendicular to this direction, is that the
equation
Aql()‘) M,y V) M%O\; K,y v) Vqﬂ(xr ) V) _
5k T ok T 2k  *

shall be satisfied by admissible values of X\, g, and », such that

22 1 a2 1 a2
k= iw =+ 0 (see Fig. 32).* If we multiply this

* If k = 0, we must have ¢ = ¢ = ¢ = 0, s0 that we would be dealing
with the plane at infinity if there were a plane at all; and if the diametral
plane were the plane at infinity, we would have ¢; = ¢. = g5 = 0 and therefore
k = 0. Consequently the non-vanishing of & is a nccessary and sufficient
condition that the diametral plane shall be a plane at finite distance.
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equation by 2 and subtract the result from the sum of the equations
M4 u?24 =1 and + we obtain the

4 Ic2 + 452 k2 4 Ic2
condition

(=844

which in turn is equivalent to the three equations
QI()\, My V) =2 k)‘y (12()\, Ky ") =2 kl‘s an\, by v) = 2ky;
that is, to the equations

1) (@u—kN+ app + aw =0, aph + (e — E)p + aww
= 0, al;;)\ + [12%71% + (033 b ’C)V = 0*.

The condition for the existence of a principal plane, stated
above, is therefore equivalent with the condition that there exist
admissible values of A, u, » which satisfy the equations (1) and for
which k 4= 0. But, since these equations may be looked upon as
linear homogeneous equations in N\, u, and », it follows from
Theorem 2, Chapter II (Section 22, page 38) that their coefficient
determinant must vanish (since the trivial solution of these equa-
tions does not lead to admissible values of A\, u, and »); that is,
we must have:

u—k (Y] a3
@ ap ap — k a3 = 0.
a3 (233 as — k

This equation is a cubic in k; therefore it has 3 roots. To every
root k*, for which the rank of the corresponding matrix

u — k* axs a3
3) (450 g — k* (¢57]
a3 Qa3 a; — k*

is 2, there corresponds (compare Corollary of Theorem 4, Chapter
11, Section 25, page 42) a single infinitude of values of A, u, » deter-
mining uniquely the ratios X : u : », and hence a single principal di-
rection. If the rank of the matrix (3) is 1, the three equations (1)

* It should be clear that these equations can be derived, independently of
the formula for sin 6, from the equation of the diametral plane by means of

Theorem 7, Chapter IV, Section 44, page 78. The derivation followed in the
text has the advantage of giving significance to the variable k.
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are equivalent; there is therefore only one linear condition on }, g,
and », 50 that an arbitrary admissible value may be assigned to one
of thesé variables. Hence, to a value &* of &, for which the rank of
the matrix (3) is 1, there corresponds a single infinitude of principal
directions. If there is a k* which causes the rank of the matrix
(3) to become 0, then the direction cosines X\, u, v are entirely un-
restricted,t and hence every direction is a principal direction. In
order to facilitate the statement of our results we introduce the
following definition,

Derinition XII. The equation (2) is called the discriminating equa~

tion of the quadric surface Q; the discriminating numbers of the
surface Q are the roots of the discriminating equation.

THeoreM 18. Every quadric surface has three discriminating num-
bers; to each of these corresponds a single principal direction, a
single infinitude of principal directions, or all directions, according
as it gives the matrix (3) the rank 2, 1 or 0; with every discriminating
number which is different from zero, there is associated a principal
plane at finite distance.

Remark. The direction cosines of a principal direction, associ-
ated with the discriminating number k; will be denoted by \;, u;,
and », 7 =1, 2, 3; they are found by solving any two of the
equations (1) for the ratios X\; : y; : v;.

Since g(z, ¥, 2) is a homogeneous function of the second degree
in z, y, 2, we find by application of Euler’s theorem (see footnote
on page 161) that

2q(Niy piy 7)) = NNy iy v) F @iy iy v3) + vigs(N;y py vi)
= 2k + w4+ ) = 2k

This leads us to the following useful corollary.

Cororrary. If \j, ui, vi are the direction cosines of a principal direc-
tion} corresponding to the discriminating number k; of the quadric

t That such a situation may arise should be clear geometrically from the fact
ihat in a sphere every plane through the center bisects the chords which are
perpendicular to it, so that every direction is a principal direction. In an
ellipsoid of revolution, every plane through the axis of revolution bisects the
chords perpendicular to it, so that every direction perpendicular to this axis
is a principal direction; this furnishes an example of a surface in which the
direction cosines of a principal direction are subject to only one linear condi-
tion.

t It is to be understood herc that morc than one principal direction may be
associated with a single discriminating number.
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surface Q, then
Q1M pis vi) = 2 kiNis @My iy vi) = R Kinis  qa(Nis pis v) = 2 kivis
gy pis vi) = kiy i =1,2,3. .

89. The Discriminating Equation. We proceed now to a fur-
ther discussion of the diseriminating equation

an — k A a3
(1 P an —k Qag = 0 of a quadric surfacef
a3 (2353 ag — k

THeoreM 19. A root k* of the discriminating equation is a single,
double, or triple root according as the rank of the matrix

a; — k* a: @
(2) a: ax — k* az
ag a; ap — k*

is 2, 1 or 0; and conversely.

Proof. 1t follows from Theorem 19, Chapter I (Section 17,
page 32) that, if the left-hand side of equation (1) is designated by
A(k) and its derivatives with respect to k by means of accents,
then

-1 0 0 ay — Kk ap ag
A’ (k) = | U2 Uga — k (425 ‘}' 0 -1 0
a3 (g ag — k a3 (CX] ay — k
ay — k A az
. (s — k Uy
+ ai e —k ay|= — tng a ke
2 38 — N
0 0 -1 s
ay — k ag ' ay — k Ay
(13 33 — IS (37} (o — k1)

4‘1”(1\') = 2[((111 - ]\) + ((lg-), - ’\) + ((133 - ]\')], A7 (k) = —0.

t It should be clear how equations analagous to the onc written above can
be formed for every symmetric square matrix |lasll, 4,/ = 1,2,. . ., nof any
order. Such an equation is usually called the characteristic equation of the
matrix. The equation treated in the text is therefore the characteristic
equation of the matrix a;. The characteristic equation of a matrix plays a
very important role in the theory of matrices. Many of the properties devel-
oped in the text for the characteristic equation of the matrix a; hold, with
appropriate changes, for the characteristic equation of the general symmetric
square matrix; and the methods of proof here used are readily adaptable to
the general case.
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Suppose now

(a) the rank of the matrix (2) is 0. Then clearly, A(k*) = 0,
A’ (k*) = 0, and A" (k*) = 0; therefore k* is a triple root of the
equation A (k) = 0.

(®) the rank of the matrix (2) is 1. In this case A(k*) =
A'(k*) = 0, but A”(k*) £= 0. TFor, the rank of the matrix being
1, every two rowed-principal minor vanishes; that is, (a; — k*)
(aj — k*) = a;220,4,5 =1,2,3; v+j It follows from this
that if two of the elements in the principal diagonal of (2) vanish,
then all the elements outside the principal diagonal vanish also;
hence, the remaining element in the principal diagonal must be
different from zero and therefore A”’(k*) &= 0. And it follows also
from this relation that any two principal diagonal clements of (2)
which do not vanish must be of the same sign, so that A" (k*)
can vanish only, if cach of its terms vanishes, which has been shown
to contradict the hypothesis that the rank of the matrix (2) is 1.
Consequently k£* is a double root of the equation (1).

(c) the rank of the matrix (2) is 2. In this case we can apply
the Corollary of Theorem 7, Chapter II (Section 26, page 44);
and we conclude that A’(k*) = 0. It follows therefore that k* is
a simple root of equation (1).

The converse follows from the fact that the three cases in the
hypothesis and in the conclusion both represent all possibilitics.
For example, if k* is a double root of equation (1), the rank of the
matrix (2) is 1; for if the rank were not 1, it would be 2 or 0, and
k* would therefore be a simple root or else a triple root of the
equation.

If we expand the polynomial 4 (k) according to Taylor’s theorem,
we find that

A(k) = A(0) + & A'(0) + - A" (0) + - A" (0).

From the formule developed in the proof of the theorem, we
find that

A0) =lag, 4,j=1,2,3; that is, 4 (0) = A4 (comparec

page 173),
4’ (0) = [I an O3 ' (TR T ],
Qg3 033 a3 Q33 Q12 Q22
= — [an + ax + aaa], (compare page 184)
A" (0) = 2(an + az + asz), A’ (0) = —6.
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We shall now use the following abbreviations:
Ty = au + ax + az, Ty = au + an + axn.
Our discussion yields then the following corollary.

CoroLLary 1. The expanded form of the discriminating equation

of the quadric surface Q is
3) K — Tik* + Tok — 4w = 0.

For convenience of future reference we record here also the
following results obtained by applying Theorem 18, Chapter I
(see Section 16, page 29; see also the Corollary of Theorem 5,
Chapter II, Section 26, page 43) and Theorem 7, Chapter II (see
Section 26, page 44) to the determinant A,

CoroLLary 2. Between the value of the determinant 4, the ele=

ments in its principal diagonal and the elements «;; of its adjoint, the

following relations hold:
anay — ap? = agpsdy, anap — axp® = auA«, agoy — ons® = andue

CoroLLary 3. If the determinant A4, vanishes, then those of its
principal two-rowed minors which do not vanish are of like signs.

Tureorem 20. The discriminating numbers of a real quadric surface
are real.

Proof. We will show first that, if the coefficients a;; in the equa-
tion of the surface are real, then the discriminating equation can
not have a root which is a pure imaginary. Suppose that iq is a
root of equation (1). Then, according to a well-known theorem
of algebra, —g must also be a root of this equation; that is, we
will have

an—1iq  ap a3 antig  dp as
(43T Qag — i(] Aoy = 0, and (137 (427 +2'q 42X = 0.
a3 a3 A3z — iq a3 Qa3 das+i{l

But the product of the two determinants on the left-hand sides of
these equations must then also vanish; application of Theorem 16,
Chapter I (Section 14, page 26) gives us therefore the further

result
3 3 3
da+ ¢ Dauan zalkash
k=1 1 1
3 3 3
>tz Jawt+ ¢ Dauay  |=0.
1 1 1
3

3

3 :
;auﬂsk Zaekaﬁk 2031.-2 +q°
1 1
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This last equation is of the same general form as equation (1) and

3
is obtained from it if we substitute —¢? for k& and Za,y,aj,, for ay.
k=1
Corollary 1 of Theorem 19, enables us to state therefore that the
expanded form of this equation is

@) ¢+ 8¢+ 8¢+ 8 =0,
where

3 3 3
S, = z(lxk2 + Z(l-zk‘“’ + Eaak2,
k=1 i k=1
3 3 3 3
2“2/:2 Zdekask 2%&2 Eﬂuask
1 1 1 1

AQ2 = ; + 3 3
zalk(lak 2%&2
1 1

3 3
Eazkaak 2a3k2 l
T I

}' 3 ’
p Ea‘zkz
1 1
3 3 3
daw Dautn 3 auds
1 1
3 3 3
9
and Sy = | Dauan e D andu)
1 1 1
3 3 3
Zalka(ik 2021:031: za:uzz
1 1 1

It should be clear that S; = 442 and therefore that S; and S; are
both non-negative. To show that the same thing is true of S., we
observe that to each determinant in S, we can apply the Lemma
preceding Theorem 14, Chapter III (Section 36, page 64); thus S,
is transformed in to the sum of the squares of 9 two-rowed de-
terminants. Consequently equation (4) has no negative coeffi-
cients and therefore, considered as a cubic in ¢2, no solutions for
which g2 is positive. Therefore equation (2), the discriminating
equation of the quadric surface, can have no root of the form g,
where gisreal, unlessq = 0.

Suppose next that equation (1) has a root of the form p 4+ 7g;
then the new equation obtained from (1) by replacing ai, @, ass
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by an — P, ass — p, a3 — p has the root 7¢. But the new equation
is of the same form as equation (1) and therefore it can not have a
root 7q. Our theorem has therefore been proved.

Treorem 21. Not all the diseriminating numbers of a quadrie sur-
face can be equal to zero.

Proof. If all the roots of equation (3) were zero, then we would
have Ay = 0, Ty = 0,and T, = 0. DBut from the last two of these
equations we could then conclude that

Te?—=2T, = (an? 4 aw? + ap? 4+ 2 anan + 2 anan + 2 anaw)
— 2ty — ay?) — 2(aptn — a3?) — 2(aude — a?)
=an?+ a?+ aix’® + 200’ + 2a> + 2a’ =0

and from this it would follow that A = Qg = U33 = (o3 = U13 = Ay2
= 0, which would mean that the equation of the surface contains
no terms of the second degree.

CoroLrary. The functions T, and T: can not both vanish; if T, = 0,
then 7, < 0.

The first part of this corollary follows also from Theorem 20
(page 192), for, if T, = T, = 0, the discriminating equation re-
duces to k* = Ay, which has only one real root.

90. Principal Planes and Principal Directions. The results of
the two preceding sections enable us to establish some further
properties of principal planes and principal directions.

Turorem 22. Every quadrie surface has at least one real principal
plane at finite distance.

This theorem is an immediate consequence of Theorems 18 (last
part) and 21.

TuroreM 23. The principal directions which correspond to two
distinet diseriminating numbers are mutually perpendicular.

Proof. Let k and k. be two discriminating numbers of the
quadric surface and let k, 3= k.. Then, in the notation of the
Remark following Theorem 18 (see page 189) and in virtue of the
Corollary of this theorem, we have

@\, m, 1) = kB, ey pn, v) = b, @y, ) = kg
@Ay B2y v2) = koko,  qo(Noy mo, ¥2) = Koma,  Gs(Ney may v2) = kv,
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Now the reader should have no difficulty in showing, by writing
out the expressions in full, that

Neqr(Nyy i, 1) + pega(N1, 1y v1) + vags(N1y wy v1) = Mqi(Ne, pe, v2)
+ mge(Ns, ua, v2) + 1igs(Ns, s, v2).

Therefore, if we multiply the equations of the first set written
above by A\, us, and », respectively and those of the second set by
A1, w1, ¥ respectively, we find that

(ky = k2) (MAg + pape + wivs) = 0.

Since we supposed that k; &= ks, we conclude that MM + wiue
+ v, = 0, from which the theorem follows in virtue of Corol-
lary 1 of Theorem 13, Chapter III, Section 36, page 64.

TueorEMm 24. If a quadric surface has three distinct discriminating
numbers, then there exist three mutually perpendicular principal
directions for the surface; if there are two distinct discriminating
numbers, one principal direction is defined, and the second and third
principal directions are any directions perpendicular to the first; if
there is only one discriminating number, the principal directions are
entirely arbitrary.

This theorem follows from Theorems 18, 19, and 23 and the ob-
vious facts that if the three discriminating numbers are distinct,
each of them is a simple root of the discriminating equation; if
there are two distinct discriminating numbers, one of them is a
simple root and the other a double root; and if there is only one
discriminating number it must be a triple root of the equation.

91. Exercises.

1. Determine for cach of the following surfaces, whether or not an asymp-
totic cone exists; set up the equation of this cone in the cases in which one is
present, and indicate whether the cone is proper or degenerate, real or imagi-
nary:

2 2 2 2 2
@ S+%+5 =1 O F—5=2g;
2y 2 . 22 22
(b)@—gg—(’,z:—ly (f)a‘g-i-@:l;
@ g 2 LR
©z-—p—a=b @ Z-5F=1
2 2
(d)22+%—2=2z; (h) z® = 4 pa.

2. Discuss the asymptotic cone for the surfaces in parts (a), (b), (¢), and (d)
of Exercise 7, Section 86.
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3. Determine the diametral planes of the surface
422 -6y +322+2yz—2zx —4zy — 62+ 10y +42—-8 =0
which correspond to the following directions:

@X:ip:v=1:1:1, ) N:p:r=4:-1:8, ()AN:ipu:r=6:—
2: =3.

4. Are there any directions with which no diametral plane of the surface in
the preceding exercise is associated? Are there directions for which the asso-
ciated diametral plane is not at finite distance?

6. Determine for each of the following surfaces the directions for which
there is no diametral plane or no diametral plane at finite distance:

(@) 222 +20y2 + 1822 — 12yz2 + 122y + 222+ 6y — 22 — 5 = 0;
() 222 +20y? + 1822 — 12yz + 122y + 62 + 16y + 62z — 3 = 0;
(c) 3622 +4y2+22—4yz— 122 +24zy +42+ 16y — 262z + 1 = 0;
d 222 —-7Ty*+222—10yz —82x — 10zy + 62+ 12y — 6z + 5 =0.

8. Prove that a quadric surface which has a single center (proper center or
vertex) has a diametral plane at finite distance associated with every direction.

7. Prove that a quadric surface with a line of centers has a diametral plane
at finite distance for every direction except one.

8. Prove that for a quadric surface with a plane of centers there exists
an infinite number of directions with which no diametral plane at finite
distance is associated.

9. Set up the discriminating equation for each of the following surfaces:

(@) 222 -7y +222—10yz —~ 82z — 10zy + 4z -2y +32—7 =0;
®) 2224+2y2+222+42z2+4y +5=0;

() 222 +2y2+222+2yz+ 222 +22y +4x+4y+4z2+3 =0;
@d 22+4y2+922 —42y —12yz+ 62z —z2+2y +52z=0.

10. Determine three principal directions for each of the following surfaces:

(a) 222+ 212 +222+2yz+ 222+ 22y +4x -4y +42+3 =0;
) 2 +y2+222—4z2z+22y+1=0;

() 2+y2—222+4yz+42x+82y — 6z +5y—42+4+6 =0;

d) 22+ 22+4+2z2y +222 -2yz— 2z +4y —4 = 0;

(e) 1322+ 134241022 +4yz+42x +8zxy -3z —~4y+2z—-6 =0;
(f) 2+y*+22—4x+6y+22—-5=0.



CHAPTER VIII
CLASSIFICATION OF QUADRIC SURFACES

92. Invariants. The properties of quadric surfaces which were
discussed in the preceding chapter, such as the existence of an
asymptotic cone, of straight lines on the surface, of centers and of
diametral planes, do not depend in any way on the frame of
reference which is used; they are intrinsic properties of the surface.
The algebraic magnitudes and relations involving the coefficients
of the equations of the surfaces, by means of which these proper-
ties were characterized, must therefore be preserved when a new
reference frame is introduced. This fact is expressed by the
statement that these expressions and relations are invariant with
respect to the transformation of coérdinates which carry us over
from one reference frame to another. Conversely, it is to be ex-
pected that an expression or a relation involving the coefficients
of the equation of a surface which remains unchanged under such
a transformation of cooérdinates, has an important bearing on the
intrinsic geometrical properties of the surface. Indeed the search
for such expressions and relations furnishes a method for the
systematic study of these properties; it is therefore of fundamental
importance in the entire field of Analytical Geometry. We shall
undertake now to prove the existence of a number of such expres-
sions and relations. But before doing so, we shall give an exact
definition of the concept of invariance and we shall illustrate it by
a few familiar examples.

DeriniTION 1. An expression involving the coefficients in the equa-
tion of a surface in Cartesian coordinates, and numbers which depend
on these coeflicients, are called invariants of the surface with respect
to a transformation of codrdinates which leads to another Cartesian
reference frame, iIf they remain unchanged when the coeficients of
the equation are replaced by the corresponding coefficients of the
equation obtained from the given one by such a transformation of
cobrdinates; relations between the coefficlents which are preserved
under such a transformation are called invariant relations with respect
to the transformation.

197
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Examples.
1. The unsigned distance from the origin to the planeaz + by +cz2 4+ d =0
is given by \—/—z:_;_g_b—z—i__——z (compare Corollary 1 of Theorem 7, Chapter IV,
a c

Section 44, page 79). This distance remains the same no matter what
Cartesian reference frame is used, so long as the origin is not changed. Con-
sequently, if we put

=N+ N+ Nz, Y= wmT e ez, 2 = nx o o
in the equation az + by + ¢z + d = 0 and if we suppose that the equation of

the plane is thereby transformed into a’x, + by, + ¢’z + d’ = 0, then it must
d’ d |

be true that = If this is so, the expression

Va't T + ' Va? + b2 + c2| ! p
-————~——~—.~_____d l will be called an invariant of the plane with respect to the
vVa® ¥ b2 + ¢?

linear homogeneous transformation indicated above. To verify this fact, we
observe that

a = a\; + bﬂl + Cyy, ! = a)\z + byz + Cvy, C'= a>\a + bus + Cvs, d =d.
Therefore
@Y = (M ADE (e  a? )b+ (? )
e+ 2 (un + pave + pas)be + 2 (A + vode + vids)ea + 2 v +
Aoptz + Asus)ab.

But it follows from Theorem 6, Chapter V (see Section 65, page 123) that the
coefficients of a?, b?, and ¢ are each equal to unity and that the coefficients of
be, ca, and ab vanish; hence a’2 + b2 + ¢'2 = a? + b? 4+ ¢2.  Thus we have
proved that ———('i;
VaE + b® + ¢
tation of axes. Properly speaking this expression is an invariant with respect
to rotation of axes of the configuration consisting of the plane and the origin.
2. The angle between the planes a;z + byy 4 ¢z + di = 0 and a.x + by
+ ¢z + d2 = 0 is independent of the reference frame that has been used to
represent these planes. Therefore the expression for the cosine of this angle,
given in Theorem 9, Chapter IV (Section 46, page 82), should be an invariant
with respect to a transformation from one rectangular Cartesian system to

another. Such a transformation is given by the equations

z=NMTiHMyi A2 +p, Y =mTitptn s tq,  2=vzi ey triz
(See Theorem 8, Chapter V, Section 66, page 126.)

If these expressions transform the equations of the given planes to
o't +b'yt+a’znn+d’ =0 and @’z + by +c’a+d =0

we have
a' =a\ + b o, b’ = adg bz +cve, ¢ = ards + buus+ews,
d’ = ap + bg +ar,
@’ = @\ + bor + ey, by’ = @ada F bope + vy, € = @sAs + bous+ o,
&' = a:p + bzq + cr.

is an invariant of the plane with respect to ro-
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It follows from example 1 therefore that
a?+b?ta?=a?+b"2 4+’ and @+ b2+ =a'2 + W2+
Moreover

a'ay’ + W'’ + a'c’ = @M 4 N2 4 Ns?) 4 biba(® 4 pa? + us?) +
aca(m? + ve? + v3?) 4 (@bs + ashy) (i + Nepz + Maps) + (bica + becy)
(kv + pave + pava) 4 (€102 o) (M Fvede+rads) = aa: +biba+-aice.

Consequently
a1y + 1)11)2 + 10y
Var + b + o X Va2 + b +

is indeed an invariant with respect to the linear transformation of coordinates.
In particular we notice that the relation a;a; + bib. 4+ cicc = 0 is invariant;
the reader should sce the geometric significance of this fact.

93. Invariants of a Quadric Surface with respect to Rotation
and Translation of Axes. We proceed now to the following im-
portant theorems.

Tueorem 1. The functions T,, T:, A, and A of the coefficients of a
quadric surface are invariant under translation of axes.

Proof. Translation of axes is accomplished by means of the
transformation x = '’ + p, y =y’ + ¢, 2 = 2’ 4+ r (sce Theorem
2, Chapter V, Section 61, page 115). The equation of the quadric
surface Q(z, ¥, 2) = 0 with respect to the new reference frame is
therefore Q(z’ + p, ¥y’ + ¢, 2" + 7) = 0. But, in virtue of Section
75 and the notation introduced in Section 80, this equation may
be written in the form:

(]) Q(pt 9, 7‘) + lel(pr 9, 7‘) + y,Q2(p) a9 7‘) + Z’Qg(]), a9 7‘)

+ 9@, v, 2) =0.
It follows from this that the coefficients of the second degree terms
in the new equation of the surface are the same as those of the
corresponding terms in the original equation; that is, if we differ-
entiate between the new and the original equation by the use of 2./,

r _ ' _ r ’ -
ay = au, Qg2 = dp, G3 = A3, A2 = dg, dg3 = Qg
o
A3z = Q33.

Moreover, we see at once that

ay' = % ° Ql(pr q r); @ = % * Qﬁ(p) 9 ) as’ = i : Qa(l); q, ),
ay' = Q(P» '8 7‘).
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Therefore (sec Section 89, page 192)

T =au + ax' + ax' = au + an + ay = Ty
ax' a'

T, = ; } I(lu: 013: au: am: _ Q22 Q2 an Gz
Qo3 Ag3 a3 A3z [SU ) (o3 Q33 3 Q33
ayn Gy .
(1 Qg2 =T
an’ a Uy Arg (g
Ad = [an ap' ay' | = | an oy | = Au.
ars’ ags’ 3 Qgy (33

It remains to show that A’ = A, Irom what we have already
proved, it follows that

Gy 2 Qi3 w?zq’_r),
My A2  (QAog 9_2_(!%1)_
A = .
i3 Aoz A3z ;Qﬁéq_’r_)_
Q & O
2 2 2 (2(7)7 q, ’I‘)
Since Q,(ﬂ2q,_7‘_) = app + apq + agr + ay, 7 = 1, 2, 3, 4, and also

since 2 Q(p, ¢, ) = ph(p, ¢, 7) + qQ:(p, g, 7) + rQa(p, g, 7)
+ Qu(p, g, r) (see Corollary 1 of Theorem 4, Chapter VII, Section
81, page 162), it follows as in Section 84, page 172, that if to the
last row of this determinant are added the products of the first
three rows by —p, —¢, and —r respectively, and then to the last
column, are added the products of the first three columns by
—p, —q, —r respectively, then this determinant reduces to the
discriminant A of the surface. This completes the proof of our
theoremn.

CoroLLARY 1. The discriminating numbers of a quadric surface are
fnvariant under translation of axes.

This theorem follows from the fact that the coefficients of the
discriminating equation, namely, 1, —74, T,, and — Ay, are in-
variant under translation of axes.

CoroLLARY 2. The rank of the matrix a; is invariant under transla-
tion of axes.
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CoroLLARY 3. The rank of the matrix a, is invariant under trans-
lation of axes.

Prodf. The proof of the invariance of A shows that the matrix
a, is obtained from the matrix a, by means of elementary trans-
formations (sce Definition XIV, Chapter I, Section 10, page 18);
it follows therefore from Theorem 14, Chapter I, that these two
matrices have the same rank.

Turorem 2. The functions T, T,, and 4, are invariant under rota-
tion of axes.

Proof. The proof of this theorem and of the next could be
made by the direct method followed in the proof of Theorem 1,
which consists in first expressing the coeflicients of the new equa-
tion in terms of those of the given equation and then substituting
these expressions in the function whose invariance we wish to
prove. But this method, besides being laborious, does not give
us any further insight into the geometric meaning of the theorem.
We shall therefore follow a method of proof which is apparently
less direct and which may impress the reader as being rather so-
phisticated, but which has the merit, apart from greater elegance
and brevity, of penetrating more deeply into the problem under
consideration.

We consider the function ¢(z, y, 2, k) defined as follows:

q(x, y, 2, k) = Q(x: Y, 2) — k(@@® + y* + 22).
Let an arbitrary rotation of axes carry the function ¢(z, y, 2) over
into the function ¢'(z’, 3/, 2’). Since the expression z? + y? + 22
represents the square of the distance from the origin to the point
(z, v, 2), it is invariant under rotation of axes; that is, 22 + y? + 22
= z'* 4 y'* + 2’2 Hence, if the same rotation of axes changes
the function ¢(z, y, 2, k) to ¢'(«', ¥, 2, k), we have
q,(x,; y,’ z,) k) = q,(x’r y,y Z') — k(:c,2 + y’z + 3’2)'

The equation g(r, y, 2, k) = 0, being homogeneous in z, y, and
2, for every value of k, represents a quadric cone; this will be a
degenerate quadric cone (that is, a pair of planes) if and only if
k has such a value k* that the determinant

a;y — k* aye a3
ar an — k*  an
a3 Qg3 azp — k*
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vanishes. If this determinant vanishes, the equation ¢(z, vy, 2,
k*) = 0 represents a pair of planes; therefore the equation
7@, y, 2, k¥) = 0 represents a pair of planes and consequently

an’ — k* ey a’
the value of the determinant ay © ap — k* ag’
aml a23/ a33/ — k*

is also equal to zero. And it should be clear that the same argu-
ment holds in the opposite direction. Irom this we conclude, in
view of Corollary 1 of Theorem 19, Chapter VII (see Section 89,
page 192), that the two equations

k3 — T1k2 + Tzk — A44 =0 and k3 — T1’k2 + Tzlk - A44’ =0

have the same roots, that is, Ty = T/, Te = TY, Ay = A4; thus
our theorem is proved.

If 75, the rank of the matrix a;, is equal to 3, Ay == 0; therefore
Ad’ F0andry = 3. Ifrs = 2,50 that Ay = 0, then Ay’ = 0 and
ry’ < 3. If r; =1, all the two-rowed minors of a; vanish and
therefore T = 0; hence, it follows from Theorem 2, that Ay’ = 0
and Ty = 0, and thence by use of the Corollary of Theorem 7,
Chapter II (Section 26, page 44) that r’ < 2. If r; = 0, the
function Q(z, y, 2) is of the first degree; therefore the function
QW®, o/, 2') is also of the first degree (compare Corollary 1 of
Theorem 8, Chapter V, Section 66, page 126) and 7’ = 0. But
this entire argument can be applied equally well to the transfor-
mation which carries Q" back into Q. It follows therefore that if
ry’ =2, then r; < 3; if s’ = 1, then 3 < 2; and if ry/ = 0, then
r3 < 1. We have therefore obtained the following important
corollary.

CororLnary. The rank of the matrix a; is invariant with respect to
rotation of axes.

94. Invariance of the Discriminant of a Quadric Surface with
respect to Rotation. We shall begin by proving the following
theorem.

Treorem 3. The singularity of a quadric surface is not affected by
rotation of axes.

Proof. In view of Definition V of Chapter VII (Section 82,
page 166) the statement of this theorem is equivalent to the
statcment that if A = 0, then A’ = 0, where &’ is formed from
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the equation obtained from Q(z, y, 2) = 0 by rotation of axes; or
again, to the statement that if r, <4, then r/ < 4, where r/
designates the rank of the matrix a,’ formed from this same equa-
tion. All the cases in which r, < 4 have been specified geometri-
cally in Remark 1, following Theorem 14, Chapter VII (Section
85, page 179), excepting the case in whichry = 3andr; = 1. In
this case, we know on the basis of the Corollary to Theorem 2
(Section 93) that ' = 1 and hence, in view of the discussion
preceding Theorem 14 of Chapter VII, that r, can not exceed 3.
We conclude therefore that in every case in which r, < 4, we must
also have ry/ < 4. Our theorem is therefore proved.

TuroreM 4. The discriminant of a quadric surface is invariant with
respect to rotation of axes.

Proof. The method of proof is similar to that used in the proof
of Theorem 2. We consider now the auxiliary function

6(“77 Y % k) = Q(x’ Y, 2) —k@*+y*+ 22+ 1)~
Rotation of axes will carry this function over into
QT(x,’ y’: z" k) = Q’(x’) y,r z,) - k($’2 + y,2 + 22+ 1)'
A value k* of k for which the locus of the equation Q(x, ¥, 2, k) = 0
is singular will, in virtue of the precedmg theorem, also be a vaiue

of k for which the surface Q'(z’, 3/, 2/, k) = 0 is singular. Hence
the roots of the equation

an — k (3Y] a3 g
Ay =| ae —k (4 -0
a3 g3 as — k Q34
Q14 Qa4 azq ay — k

will also be roots of the equation

an’ — k aw’ ay’ ary’
’ ’ 7 ’
12 ap’ — k (g3 [¢27] 0
’ ’ ’r__ k ’ - Yy
a3 [12%] Q33 34
’ ’ ’ ’
Ayq (127) Q34 ay' — k

and vice versa. These equations are therefore equivalent. Now
it should be obvious that they have the form

k* 4+ .+ A=0and ¥ 4. ..+ A’ =0; and therefore
that A = A’. This proves our theorem.
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It will be worth while to consider in further detail the equation
A (k) = 0, which is quite similar in form to the discriminating
equation considered in Section 89. If we use again Theorem 19
of Chapter I (see Section 17, page 32), we find

an—k ax Q24 an—k a4
A’ k) = — s an—k au - as  ap—k ay
Q24 ay  au—k A4 ay  au—k
an—k ap 14 an—k ap a
- e an—k ax - ap  an—k au |,
a4 A au—k a3 ap  ap—k
A" (k) = 2[ as—k au + an—k ax an—k au
ax  au—k au  au—k ay  au—k
+ ap—k s an—k ap an—k ap ]
ap  ak—k az  an—k ap  an—ki)

A" (k) = — 6 [(au — k) + (aze — k) + (a3 — k) + (au — k)],
A" (k) = 24. y

Since, morcover, A(Ic) = A(0) + A'(O) Xk+ A" (0) X 5

+ A"’ (0) X + A (0) >< the equation A (k) = 0

4"
can be written in the form

hand D1k3 + D2k2 - Dsk + A = 0,
AH ’ 0
where D; = — 6( ) - ai + az + as + ay,
D, = A" () _ @i Oy |
2 i'ij<=jl a,-,- aj;
3 Qi Qi Qi
and Dy = —A'(0) = E @; @ W |
:'1<]k<k Qi Uik gk

It will be observed that Dy, D,, and Dj; are respectively the sums
of the one-rowed, the two-rowed, and the three-rowed principal
minors of the discriminant A.

We have now the following Corollary of Theorem 4.

CoroLrarY. The sums of the one-rowed, of the two-rowed, and of

the three-rowed principal minors of the discriminant of a quadric
surface are invariant with respect to rotation of axes.
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It follows moreover from Theorem 4 that, if r, = 4, thenry/ = 4;
and that if r4 = 3, then r/ < 4. If r, = 2, all the three-rowed
minors -of 8, vanish and therefore D; = 0; the corollary enables
us then to conclude that Dy’ = 0 and the Corollary of Theorem 7,
Chapter II (Section 26, page 44) establishes then the fact that
r/ < 3. Similarly it can be shown* that if r, = 1, then r/ < 2;
and it should be clear that if r, = 0, then 7,/ = 0. Morcover the
argument can be made equally well from the rank of A’ to that of
A. We have therefore obtained the further result, stated in the
following theorem.

TueoreM 5. The rank of the matrix a, Is invariant with respect to
rotation of axes.

The results obtained in Sections 93 and 94 may be summarized
in the following statement:

The values of the expressions A, Ay, T, T. and the ranks of
the matrices a; and a, are invariant with respect to translation
and rotation of axes; the expressions D,, D,, and D; are invari-
ant under rotation of axes.

95. Exercises.

1. Prove that the condition under which three planes have a single point in
common is invariant with respect to translation of axes, and also with respect
to rotation of axes.

2. Prove that the distance from the plane ar + by + ¢z +d = 0 to the
point P(zy, 1, 1) is invariant with respect to translation and rotation of axes.

2 2 2
8. Show that for the surface 2—2 +% +z—2 — 1 =0, the sum Dy of the

three-rowed principal minors of the diseriminant is not invariant with respect
to translation of axes. . ,

4. Show that for the surface 2—2 - % — 1 = 0, the sum Dj; is invariant with
respect to translation of axes; also that the sum D, of the two-rowed prin-
cipal minors of the discriminant and the sum D; of its one-rowed principal
minors are not invariant with respect to this transformation of coérdinates.

5. Show that for the surface =2 = a? the sums D; and D, are invariant with
respect to translation of axes; also that the sum D, is not invariant.

6. Prove that if the axes are translated to the new origin P(e, 8, v), the
sum Dy’ for the new equation is equal to D; plus multiples of three-rowed
minors of the matrix b (compare Section 85, page 178).

7. Prove that under the conditions of Exercise 6, the sum D,’ for the new
equation is equal to D. plus multiples of two-rowed minors of the matrix b.

* See Appendix, 1V, p. 297.



206 CLASSIFICATION OF QUADRIC SURFACES

96. Two Planes. We have already met a number of instances
in which the equation Q(z, y, z) = O rcpresents two planes. In
the present section we undertake a more detailed study of these
cases; and we begin with the following theorem.

TueoreM 6. The necessary and sufficient condition that a quadrie
surface consist of two planes is that the rank of r, of the discriminant
matrix a, be less than 3.

Proof. The sufficiency of this condition has already been
proved in Corollary 2 of Theorem 12, Chapter VII (Section 84,
page 175). To prove the necessity of the condition, we observe
that if the locus of the cquation Q(z, i, z2) = 0 consists of two planes
then, by the argument made in the proof of this corollary, the
function Q(z, ¥, z) must be factorable in two linear factors; that
is, there must exist numbers a, b, ¢, d and a,, by, ¢;, d; such that

Qx, y,2) = (ax + by + cz + d) (mx + by + az + dy).

If this is the case, the coefficients of the function @ can be ex-
pressed as follows:

ay = aa,, Qg = I)b], a3z = CCyy 44 = ddl, 2(112 = (lbl + (le,
2 a3 = ac + ac, 2 )y = (ld1 + ald, 2 Aoz = bC] + b;C,
2 gy = bd1 + bld, 2 azqy = Cd[ + Cld.

Consequently the discriminant A is given by the equation

2 aq, aby + ;b acy + ¢ ady + ayd
ab, + alb 2 bb] bCl + b;c bdl + bld
ac, + aic bey + bie 2 ¢o cdi +ad |
adl + ald bdl + b)d Cd1 + 61d 2 dd1

16 A =

It is not difficult to show that this determinant and its threc-
rowed principal minors vanish (the details of this proof will be
found in Appendix, V, page 298). But since the matrix of this
determinant is symmetric, we can then conclude by use of Theorem
6, Chapter II (see Section 26, page 43) that the rank of the matrix
a, is less than 3.

It was proved in Corollary 3 of Theorem 14, Chapter VII (Sec-
tion 85, page 180), that if r, = r; = 2, the locus of the equation
Q(z, y, 2) = 0 consists of two intersecting planes. We shall now
determine the equations of these planes.
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Since r; = 2, it follows that at least one of the two-rowed prin-
cipal minors of the matrix a; is different from zero; let us sup-
pose that as = auas — a? = 0. From Theorems 12 and 13 of
Chapter I (see Section 7, page 13), we derive then the following
equalities:

aptn + anap + agtiy = 0, o13Qya + asaxn + agpas = 0,
iz T antss + ants = 0, oa + ot + assaz, = 0.

an a1z Qi3
Q2 Gy g3
(g G2q Q34
the equalities

Bisay + Btz + Puay = 0, Bisaiz + Busaze + Ba = 0,
Brzaiz + Basass + Bz = 0, Pisau + Baaz + Buau = 0.

If we multiply the equalities of the first of these sets by z, y, 2, and
1 respectively and add, wec obtain ai@: + an@: + an@s = 0; sim-
ilarly, we find from the sccond set the result 813Q1 + Bas@Q2 + B3Q4
= 0. And from these equations we conclude (remembering that
Bss = az3 =+ 0), that

2 auQ(x, Y, 2) = an(rQ1+yQ:+2Qs+ Q) = (33 — 13z — B13) Q1

+ (o3l — 01232 — B23) Q.

But, asy — a3z — Bas = (an1ee — 0122) Y+ (11023 — G1o013) 2+ (11004
- 012014) = aqu —ap) ;

and a3 — o2 —Bi= (auazz - amz)x + ((122013 - amazs)z + (1122014
— Q12001) = G29Q1 — 0120

Therefore, 2 auQ(z, y, 2)=(auQ:—a12Q1) Q2+ (a2t — 0.12Q2) Q1
=a1Qs?—2 a1:Q1Q2+ a2

Since the discriminant of this quadratic function of @, and Q; is
equal to —4 as; and is therefore different from zero, we conclude that
the equation Q(z, y, 2) = 0 is equivalent to the two linear equations
Q — N\Q; = 0 and Q; — u@; = 0, where X and u are the distinct
roots of the quadratic equation aut? — 2 apf + ap = 0. The
two planes represented by the equation @ = 0 in this case are there-
fore distinct planes through the line of intersection of the planes
Q. =0 and @ =0 (comparc page 180). It follows moreover
that if az; > 0, the two roots of the quadratic equation a;t2—2 ajt

terminant , we have also (notice that 83y = ag; 3= 0)
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4+ az, = 0 are complex, whereas they are real if ay; < 0. Finally,
we observe that the sign of ag; is the same as that of the invariant
T,, which is equal to the sum of the two-rowed principal minors of
the matrix a;, in virtue of Theorem 7 of Chapter II (see Section
26, page 44). We summarize the result in a theorem.

Tureorem 7. If the ranks of the matrices a, and a; are both 2, the
locus of the equation Q(x, y, z) = 0 consists of two planes; these

planes are real if the invariant 7', is negative, and imaginary if T is
positive.

We consider next the case in which 7y = 2 and r; = 1; it was
shown on page 178 that in this casc the rank of the matrix b
is also equal to 1. Consequently the three rows of this matrix
arc proportional; and if we suppose that a;; 3= 0,* we can write

[T a 1 a
Q. = n and Q; = iQ— Morcover Qs = qs + 2 ay = duh
ayy ayy an
(L4 aul) 2(a142 — anau)
+2ayu=—X(Q—2 au) +2 ay = - .
ay ay ay
Therefore

20z, y,2) = 2@y + y@s + 2Qs + Q1 =Ql(x ICE/UT 5‘—)

a a ayy
_ 2(“142 — (ln(lu)
’

an

and the cquation Q(z, y, 2) = 0 is equivalent to the equation
Q1 = 2(a1s® — auay).

It is shown in Appendix, VI (page 299) that if r, = 2, the two-
rowed principal minors of the matrix a, can not all vanish and that
those which do not vanish all have the same sign and therefore the
sign of their sum D,. Since r; = 1, all two-rowed principal minors
of a; vanish; the rank of b being 1, the other two-rowed principal
minors of a, differ by a factor and are therefore different from zero
and of the same sign of D,. We conclude that the locus of the
equation Q(z, y, z) = 0 consists of two distinct parallel planes,
whose equations are @, = +V2(a14® — anaa); these planes will be
real or imaginary according as D, is negative or positive.

* If all the elements in the principal diagonal of a; were zero, it would
follow since in this case a;; = ax = am = 0, that the elements a5, as, and

a3 also vanish, so that the rank r; of a; would be zero; all the non-vanishing
elements of the principal diagonal have the sign of the invariant 7.
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Finally, the same discussion shows that if 7, = r; = 1, then the
equation Q(z, 7, 2) = 0 reduces to the form Q,* = 0, so that its
locus consists of two coincident planes (compare Corollary 3 of
Theorem 14, Section 85, page 180).

TaeoreM 8. If the rank of the matrix a, is 2 and the rank of the ma-
trix a; is 1, the locus of the equation Q(x, y, 3) = 0 consists of a pair of
parallel planes; these planes are real or imaginary according as the
sum D; of the two-rowed principal minors of the matrix a, is negative
or positive. If the ranks of the matrices a, and a: are both 1, the loeus
of the equation Qx, y, 5) = 0 consls_guhe_nlnnp_a,_m._z)_ 0,
counted doubly.

Remark. Since the hypotheses of Theorems 7 and 8 exhaust all
the possibilities as to the ranks of the matrices a; and a,;, subject
to the condition of Theorem 6 that r; must be less than 3; and
since the conclusions of these two theorems include all the possible
relative positions of two planes, it follows that the converse of
each of these theorems also holds; that is, if a quadric surface con-
sists of two real intersecting planes, two imaginary intersecting
planes, two real parallel planes, two imaginary parallel planes, or
two coincident planes, the ranks of the matrices a; and a; are 2
and 2(T; < 0), 2 and 2(T,>0), 2 and 1(D»<0), 2 and 1
(D > 0), 1 and 1 respectively.

We state some further consequences of our discussion.

CoroLrary 1. If the rank of the matrix a; is 2, the locus of the equa-~
tion q(x, y, z) = 0 consists of a pair of intersecting planes, whose line
of intersection passes through the origin; if the rank of this matrix
is 1, the locus is a pair of coincident planes through the origin.

CoroLLARY 2. A function Q(x, y, ) of the sccond degree is factorable
into two linear functions of x, y, and z with real or complex coefficients
if and only If the rank of its discriminant matrix is less than 3; it
is the square of a linear function of x, y, and z with real or complex
coeflicients if and only if the rank of its discriminant matrix is 1.

CororLARY 3. A homogeneous function g(x, y, z) of the second de-
gree in x, y, and z Is factorable into two linear homogeneous functions
of x, y, z with real or complex coefficients if and only if the rank of the
matrix a; is less than 3; it is the square of a linear homogeneous
function of x, y, and = with real or complex coefficients if and only if
the rank of this matrix is 1.

Corollaries 2 and 3 are obviously restatements in algebraic form
of the results formulated in Theorems 6, 7, and 8.
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97. Translation of Axes to the Center of a Quadric Surface. If
a quadric surface has a center, its equation is materially simplified
when the axes are translated to the center as origin.  For it should
be obvious from the definition of a center that the surface is sym-
metric with respect to such a point (compare Definition VIII of
Chapter VII, Section 85, page 176 and the first footnote on page
137); therefore, if @, b, ¢ are the coordinates of a point in the new
reference frame, then Q(—a, —b, —c) must vanish whenever
Q(a, b, ¢) vanishes. Consequently Q(a, b, ¢) — Q(—a, —b, —c¢)
= 0 for all sets of numbers a, b, ¢ for which Q(a, b, ¢) = 0. But
Q(a, b, ¢c) — Q(—a, —b, —c) = 2(ana + aub + asc); if this linear
function is to vanish for all sets of values for which the quadratic
function Q(a, b, ¢) vanishes, then ayy = ax = a3 = 0. Conse-
quently the equation of a quadric surface referred to a reference
frame whose origin is a center of the surface does not have any first
degree terms.

We shall now reach this result in another way, which will disclose
some further properties. The translation of axes to the point
(a, b, c¢) as origin is accomplished by means of the equations of
transformation

z=2'+a,y=y +b,z2=2+c.
The equation of the surface Q(z, y, z) = 0 with reference to the
new system of codrdinates is therefore

Q,(xly y’; 2)=Q(z'+a, ?/,+by Z’+C) =Q(x” y’y Z') +$’Q1(a, by c)
+y'Qu(a, b, ¢)+2'Qs(a, b, c)+Q(a, b, 0 = 0,

(compare Section 93, formula (1), page 199).

But, if a, b, ¢ are the coordinates of a center of the surface,
Qi(a, b, c) = Qu(a, b, c) = Qs(a, b, c) = 0 (see Theorem 13, Chapter
VII, Section 85, page 177); in this case the equation of the surface
reduces therefore to the form

q(x,) :I/', z,) + Q(a’ b; c) =0

and this equation is free from terms of the first degree in 2/, ¥/,
and 2’.

We observe, moreover, (1) that the second degree terms in the
new equation have the same coefficients as the corresponding
terms of the original equation; and (2) that the constant term
Q(a’ b: c) is equa’l to %[an(a’ b; c)+bQ2(a) b; c)+cQ3(a, b; c)
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+Q4(a, b, C)] = %Q4(a, b, ¢) = aua + aud + auc + ay. Further-
more the discriminant of the simplified equation is, in virtue of
Theorem 1 (Section 93, page 199) cqual to the discriminant A of
the original equation; on the other hand it is equal to

an az az 0

@ ap agy 0 Q,
az a ag 0 =A44'-2—'
0 0 O %‘
Therefore A = Ay - %5; if the surface has a unique center, and
in no other case, A4 == 0, so that the constant term in the reduced
equation can then also be put in the formn A—A4; We summarize these

results as follows.

TrEorEM 9. If the quadric surface Q has a center at the point
(a, b, c), its equation in a reference frame whose axes are parallel to
the original axes and whose origin is at the center, has the form

Q@'sy's5’) =qlx'sy’sz’) +au’ =0, wherea.' = Q(a, b, c) = Q"—_‘(a’zb’ ) H

if (a, b, c) is the only center of the surface, we have, moreover, a./’

A
=

98. Rotation of Axes to the Principal Directions of a Quadric
Surface. It was proved in Theorem 24 of Chapter VII (Section
90, page 195) that for every quadric surface there exist three
mutually perpendicular principal directions; under some condi-
tions these directions can be determined in one and only one way;
under other conditions they can be determined in more than one
way. We will suppose now that for the quadric surface Q(z, v, 2)
= 0 three mutually perpendicular principal directions are given by
the three sets of direction cosines \i, w1, v1; Ng, t2, ¥2, and N3, s, v3;
and it is our purpose to determine the equation Q'(z’, ', 2) = 0 of
the surface when it is referred to a reference frame whose origin
coincides with the origin of the original frame, but whose axes are
in these principal directions.

According to Theorem 5 of Chapter V (see Section 63, page 121),
the transformation is carried out by means of the substitution:

=N MY N2, y=md ey e, z=va vy e
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We have therefore

Q' y,2") = Q2 + Ny’ + N2’y max’ + oy’ + pa’, i’ + vay’
+ Vaz’) = q()\lx' + >\2y’ -+ 7\32’, ,ulx' + Mz?/' + Msz', vz’ + sz'
+ Vsz') +2 (114()\11/ + )\2?/' + MZ') +2 024(14150’ + Fz?/' + ,usz')
+2 034(1'123' + V2y' + Vaz/) + Q.

Since ¢(z, y, 2) is a homogeneous function of the second degree
in z, y, and 2, and since the expressions which have been substituted
for these variables are linear and homogeneous in z’, ¥/, and 2/, it
should be clear that the function ¢\ iz’ + « « «, i’ + - - -,
vir’ + - - - ) which constitutes the first term in the new equation
is homogeneous and of the second degree in 2/, ¥/, and 2’. The
terms of degree less than 2 in the new equation can be determined
readily; if we write that part of the new equation in the form
2 ay't’ + 2 ay'y’ + 2 as'? + as’, we find

A 1
a’ = auM + aagpy + Gz = 941(1,__2/1__1,_2 ,
Ay v
g’ = auds + Gaape + @ = ﬁ%&‘i) ,
b¥ v;
3 = Qs 4 Gagps + Qv = M’*—?) , Oy’ = Qu.

It remains now to determine the coefficients of the second degree
terms in the new cquation. For this purpose we expand
gz’ 4+ -, m’ 4+ - - -,z 4+ - - ) by Taylor’s theorem (com-
pare Sections 75 and 80).  First we look upon Mz’ + Ny, iz’ + poy’
and vz’ + vy’ as the (temporarily) fixed values of the variables in
the function ¢(x, y, 2) and upon M2’, usz’, and vs2’ as their incre-
ments. We find then

gz’ + Ny + N2y x4 ey’ + w2, nx’ vy + oe2) =
gz’ + Ny, mx’ + pay, v’ + vy’ + 2" (v’ + Ny,
' + pey, vz’ + vey’) + ps’ Nz’ + Ny, iz’ + pgyf,
nr' + vy) + vz’ G’ Ny, L oL, oL L)+ (N2,
I‘-’izly V3z,)~

To the first four terms on the right we apply again Taylor’s
theorem, remembering that g; = 2 a; (see Section 80); we find
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then that

@,y 2") = g\, ma’, mx') + Ny’ (N2, maa!, ') + oy’
@z, w2, na’) + vy’ gz, ma’, nx’) + gy, pay’, vay’)
+ M2’ [Ny !, mia’) + 2 auley’ + 2 apsy’ + 2 arvay’]
+ us?’ [Q2()\1x/, ,le,, na') + 2 azhey’ + 2 apusy’ + 2 astzy']
+ v32’ [gs(M2, ma!, vix’) + 2 ashoy’ + 2 aspy’ + 2 azsvay’]
+ q(\2', pa2’, vi2’).

We recall once more that ¢ is a homogeneous function of the
second degree and that g, g2, and g¢; are homogeneous functions of
the first degree; also the property of homogeneous functions of
which we spoke in the proof of Theorem 3, Chapter VI (see Section
70, page 136). If we make use of these facts, we should be able
to see that the second degree terms in Q’(z’, ¢/, 2’) reduce, under a
magdrad rotabio: of axes, to
Yy ‘%%j{‘ia; wr ) Y 2q(Nay g, v2) + 2"29(Ns, 3, v3) +2"y" Neqa (M, a1, 1)

+ s Oy py 1) T+ vags(Ny )]+ Y2 (Mg, e, v2) +
uage(Ngy pizy v2) + wsqa(Ng, w2y v2)] + 22" Nau(Ny, i, 1) +
usg2(Ny 1y »1) + vaqs(hy, p, )]

If in this expression we make use of the formulas established in
the Corollary of Theorem 18, Chapter VII (see Section 88, page
190) for the direction cosines of the principal directions, this ex-
pression reduces to

w2’ eyt ka2’ 4 2 kix'y' (MNe F pe + vwn) + 2 kay'?
Aehs A pops + vovs) + 2 k2’2’ (N + papy + vavy).

Finally we put into operation the hypothesis that the new coér-
dinate axes are mutually perpendicular and that therefore their
direction cosines satisfy, two by two, the condition of Corollary 1
of Theorem 13, Chapter III (see Section 36, page 64); our second
degree terms then become kiz'? + koy'? + k2’2 We have there-
fore obtained the result stated in the following theorem.

Tueorgm 10. If the discriminating numbers of a quadric surface
Q are k,, k., and k;, and if the frame of reference is rotated so that the
new X-, Y-, and Z-axes have the directions of the principal directions

determined by ki, k:, and k; respectively, then the equation of the
surface with respect to the new frame is

Qs s ') = kix? + kay™ + k3™ + qu(\iy m1s )% + @i(hay pas 1)y’
+ q@u(Asy sy 13)3" + au = 0.
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Remark. The phrase ‘“the principal directions determined by
ky, k», and k3" used in the statement of this theorem is to be under-
stood in the same sense as in Theorem 24, Chapter VII (see
Section 90, page 195).

99. Classification of Quadric Surfaces — the Non-singular
Cases. We are now in a position to analyze the general equation
of the second degree in z, y, and 2, that is, to determine the types
of surfaces that can be represented by the equation Q(z, y, 2) = 0.
The problem of making this determination is usually referred to
as the “ classification of quadric surfaces.”*

The analysis of the equation Q(z, y, z) = 0 will be based on the
ranks 74 and 73 of the matrices &, and a; respectively; and we treat
first those surfaces for which r4 = 4, that is, the non-singular
quadrics. In virtue of Corollary 1 of Theorem 14, Chapter VII
(see Section 85, page 179), this condition carries with it that
r3 = 2; we have therefore to consider two cases, namely, r, = 4,
r3=23; andrq =4, r; = 2.

Case L. ry=4,r;, =3.

We know from Theorem 14, Chapter VII (Section 85, page 178)
that the surface has a single proper center. If the axes are trans-
lated to this center as an origin, the equation becomes (see Theorem
9, Section 97, page 211)

(1) (I(x,) y” zl) + ZA~ = 0.
44

The three roots of the discriminating equation
(2) B —Tk2+ Tk — Auu =0

are all real and different from zero. Since the first degree terms are
absent from equation (1), rotation of axes to principal directions
will carry the equation over into

k' + by + ket + = 0,
Ay

* This problem concerns itself therefore primarily with the question of
determining what kind of surface is represented by given numerical equations
and not with that of locating the position of the surface with respect to a
frame of reference, nor with finding the particular numerical data which
serve to specify the surface as an individual of its type. The method of
treatment of our principal question is of such nature however as to develop
means for answering these further questions.
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ki, ks, k3 being the roots of equation (2), (see Theorem 10, Section
98, page 213). Sincc A = 0, this equation may be written in the
form

112 zl/z

xllz y _
T atT =zt
klA 44 k?A 44 k.’lA 44

This equation belongs to the types of equations whose loci were
discussed in Section 72. If we make use of the discussion of this
section, we reach the following conclusion:

A

k A44’ kZAM k3A44

ellipsoid.

~(b) If two of these numbers are negative, the surface is an
hyperboloid of one sheet.

(¢) If one of these numbers is negative, the surface is an hyper-

boloid of two sheets.

*(d) If none of these numbers is negative, the surface is an
imaginary ellipsoid.

(a) If

are all negative, the surface is an

Remark. By reference to Example 2, Section 68, page 133, we
see furthermore that, if the discriminating equation has a pair of
equal roots, the quadric surface will be a surface of revolution,
namely, an ellipsoid of revolution (real or imaginary), or a hyperbo-
loid of revolution (of one sheet or of two sheets), according as the
sign of the double root does or does not agree with that of the re-
maining root; if and only if the discriminating equation has a
triple root, the quadric will be a sphere (real or imaginary).

We observe that the complete determination of the character of
the surface depends in this case on the signs of A and A4, and on
the signs of the roots of the cubic equation (2), whose coefficients
are all invariant with respect to translation and rotation of axes.
Since the roots of this cubic are all real (compare Theorem 20,
Chapter VII, Section 89, page 192), Descartes’ Rule of Signs
enables us to tell exactly how many positive and how many nega-
tive roots it has. If the signs of T and of A4 are both changed,
all the roots of the cubic change sign, and therefore the numbers

k% preserve their signs for ¢ = 1, 2, 3; hence we need consider
§41 44
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only the sign of the product 7144.* We distinguish now the fol-
lowing cases:

1) A>0, T:>0. In accordance with the remark made
above, the sequences of sign in the cubic which have to be con-
sidered are the following:

When 44 > 0, T, > 0, the signs are + — + —;
and, when Ay >0, T; <0, the signs are + + + —.

If the first of these occurs, the equation has three positive roots

and the three “ coefficients” , % =1,2,3 are positive; the sur-

A
kiAs
face is therefore an imaginary ellipsoid; if the second sequence
occurs, there are two negative roots and one positive root and
hence two negative and one positive coefficients, so that the sur-
face is an hyperboloid of one sheet.

2 A<0, T: > 0. The sequences of sign arc the same as
before, but since now A < 0, all the coefficients will have changed
their signs. Therefore we shall have an ellipsoid if A4T) > 0,
and an hyperboloid of two sheets if 4,47 < 0.

@ Aa>0 T <0. If Ay > 0, the sequence of signs will
be + + — — or + — — —, so that we have one positive and two
negative roots and also one positive and two negative coefficients.
If Ay < 0, the sequences of signs are + + — +or + — — +, s0
that there are one negative and two positive roots but, since A4
has changed sign, again one positive and two negative coeflicients.
In this case therefore the surface is always an hyperboloid of one
sheet.

4 A<0, T, <. We have the same distribution of roots
as in (3), but, since A has the opposite sign, the coefficients will be
opposite in sign; the surface is therefore an hyperboloid of two
sheets.

It remains to consider the cases in which either 7', or T, vanishes;
that they can not vanish simultaneously was shown in the Corollary
of Theorem 21, Chapter VII (see Section 89, page 194). If either

* It should be clear that the signs of T and of A4 can not be significant in
determining the character of the locus of the equation @ = 0. For, if this
equation is multiplied through by —1, 7} and A clearly change their signs,
but the locus of the equation is obviously not affected. This remark does not
apply to T3, A or T1Ay.
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T, or T. vanishes, the roots can not all have the same sign; for
since T1 = ’Cl + kz + ks and Tz = k1k2 + ,C2k3 + kakl, the former of
these expressions would then have the sign common to the roots
and the latter would be positive. Moreover Ay = kiksks; hence, if
A> 0and Ay > 0, there must be one positive and two negative roots
and also one positive and two negative coefficients, and if A > 0
and Ay < 0, there are one negative and two positive roots, but
again one positive and two negative coefficients. In either case
the surface is an hyperboloid of one sheet.

But if A < 0, there will be onec negative and two positive coeffi-
cients, so that the surface is an hyperboloid of two sheets.

We summarize the results in the following theorem.

Tueorem 11. If the ranks of the matrices a, and a; are 4 and 3 re-

spectively, the locus of the equation Q = 0 will be determined by the
following table:

A>0 A<LO

T:>0, AT, >0 Imaginary ellipsoid | Ellipsoid

T.>0, of“T‘ =0 Hyperboloid of one | Hyperboloid of two
T,<0 sheet sheets

Remark. We observe that the character of the surface can be
completely determined in this case as soon as the signs of the in-
variants A, A4, T; and T; are known and that it is not necessary
for this purpose to solve the discriminating equation. Compare
also the Remark on page 215.

Case II. ry =4, r; = 2.

According to Theorem 14, Chapter VII, the surface does not have
a center in this case. Since Ay is equal to zero, T, must be differ-
ent from zero, for otherwise we could conclude by means of the
Corollary of Theorem 7, Chapter II (see Section 26, page 44) that
r3 < 2. Consequently, one and only one root of the equation (2)
vanishes; let it be k. Rotation of axes to principal directions
will then reduce the equation @ = 0 to the form

(B) Koy’ + ks2'? + qa(hy, pay v1)2" + qu(Ne, w2, 2)Y’ + qu(Ns, p3y v3)2’
+ au = 0.
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The discriminant of this equation is

0 0 0 a
0 kg 0 0/24’
0 0 ki as
ad an as ay

= — @' %*koks,

where 2 a4/, 2 ay and 2 a3/ are used, as before, to designate the
coefficients gs(A1, p1y v1), qs(Ne, po, v2) and qu(Ns, us, v3) of &, 3/, and 2’
respectively. But the discriminant of a quadric surface is in-
variant with respect to rotation of axes (see Theorem 4, Section
94, page 203); hence A = — a'%k2k; and, since ky, &= 0 and
A
 koks
equation is now made as follows; completing the square on the

terms in ¢’ and 2/, it becomes

’ ’
By + ) + k(e + )
’Cz k3

Ay apy? _ azy'? )
2ai  2aw’ke 2 au'ks)’

ka0, a = % #+ 0. The further reduction of the

= —2a (I' -+

We translate the axes now to the point

’ ’ ’ r
( aq Ag4'? az'? A O3 )

T 2wy T 2auk, + 2au'ks’ ks’ ks

as origin by putting

19 ’ ’
' " (134 24 ~ 34’2 Qa4

' =a - + 5=
2 (114' 2 (l|4’k2 2 (114’103 !

’
(I34
o=
ks

This transformation carrics the equation of the surface over into
the form
]\321]“2 + k:;z”z = —2 (114,.12".

We reach therefore the conclusion, by means of the results of
Section 72, that in this case the locus of the equation @ = 0 is an
elliptic paraboloid if %, and %; have the same sign, and an hyper-
bolic paraboloid if they are opposite in sign. But &, and k. are
the roots of the quadratic equation k2 — Tk 4+ T, = 0, and there-
fore the first or the second of these cases will arise according as
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T, is positive or negative. We shall replace this criterion by
another one; but before doing so we observe that the surface will
be a paraboloid of revolution if and only if k» = k.

We will prove now the following thcorem.

TueoREM 12. If Ay = 0, then A is the square of a linear homoge~
neous function of ay, ax, and as.

Proof. Since Ay = 0, the development of A according to the
elements of its last column leads to the equation

an Qi A

a3 Qp3 Q33
A1y Qyq Q34

an Q2 Og
Q2 Q22 U2
Q14 Q2¢ Q3

G2 Gop Qg
a3 Qg3 Qs
Gyg Q24 Q34

= —ay

+az — Q34

If we develop each of these three-rowed determinants according to
the elements of their last row and use the notation «;; for the co-
factors of the elements a;; of the matrix a;, as introduced on page
184 in the proof of Theorem 16, Chapter VII, we find that

A = —ay(ouon + Gaons + asicins) + 024('—' 14013 — Qzq0t3 = Q340t33)
— ags(@ass + Agsons + aza33)
= — (ad’on + 2 audason + 2 anassans + dad’ons + 2 auazom
+ 0342033)-

It follows from Corollary 2 of Theorem 19, Chapter VII (Section
89, page 192), since wé afe “supposing that A. = 0, that a;oy;
= a;, for i, 7 = 1, 2, 3; therefore «;; = +V. Z‘Z‘f’ so that we
may write

A= "'(014\/0_1-1—1-:i: (124\/1_1_2; =+ 034\/&3_3-)2

which proves our theorem, since the negative sign outside the
parentheses may be introduced under each of the radicals.

From this theorem we derive an important corollary. For the
discussion recalls, as might also be derived from Corollary 3 of
Theorem 19, Chapter VII (Section 89, page 192), that those of the
principal minors a1, az, as; which do not vanish have the same
sign as T, (and not all of them can vanish if r; = 2). Hence, if

'y > 0, Vg, Vo, and Vag are real and A < 0; while if 7, < 0,
these square roots are pure imaginaries or zero (not all zero) and
A>0.

CoroLuarY 1. If 44 =0, T, = 0 and A =+ 0, then T, and A are oppo-
site in sign.
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The method used to prove Theorem 12 enables us also to prove
the following important formula:
a; a;gz ag
a;z apx ay
a;; Qaz; ag
a b ¢

equal to -(aua’ + anb? + azc? + 2 aybe + 2 aizca + 2 auab).

ConoLrary 2. The value of the determinant is

@6 o a

Returning now to the discussion which precedes Theorem 12, we
can state the following theorem.
Taeorem 13. If the rank of the matrices a, and a; are 4 and 2 re-

spectively, the locus of the equation Q = 0 is an elliptic paraboloid if
A < 0, and an hyperbolic paraboloid if A > 0.

100. Classification of Quadric Surfaces — the Non-degenerate

Singular Cases. If r, = 3, we can have r; = 3, 2 or 1.
Case III. r, =3, r; = 3.

From Theorem 14, Chapter VII, we know that in this case the
surface has a single vertex and from Corollary 3 of this theorem we
know that it is a proper quadric cone. The reduction of the equa-
tion in this case is made in exactly the same way as in Case I,
except that we have now IA— = 0, so that the final form of the

"
equation is
klx"2 + kzy”2 + kaz"2 = 0.

The cone is real if and only if the discriminating numbers do not
all have the same sign; this will always be the case unless the coeffi-
cients in the discriminating equation present either no variations
or three variations of sign, that is, unless 7> > 0 and 44T > 0.
In this case we have therefore the following result:

TueoreMm 14. If the ranks of the matrices a, and a; are both equal

to 3, the locus of the equation Q = 0 is an Imaginary cone, if > > 0
and 44T, > 0; in all other cases the locus will be a real quadric cone.

Remark. The surface will be a real circular cone if and only if
the discriminating equation has a simple root of one sign and a
double root of the opposite sign.

From Theorem 14 we shall derive an important algebraic
theorem. It is an immediate consequence of Theorem 14 that the
equation

q(z,y,2) = aux? + asny® + a2’ + 2 anyz + 2 anzr + 2 anry = 0
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represents a cone if the determinant Ay = layl, 4,7 =1, 2, 3 is
different from zero; this cone will be imaginary if T» = oy + aw
+ az > 0 and AuTh = Au(ay + azx + ai) > 0, but in all other
cases it is real.

In the first case, the function ¢(z, ¥, 2) is reducible to the form
kwx? + koy? + ks2?, in which &y, ks, and k; are different from zero and
are of like sign; the function ¢(z, y, 2) will be zeroifx =y =2 =10
and it will be of one sign for all other sets of rcal values of the
variables, namely, of the sign of its coefficients, which will be the
sign of A4 since Ay is equal to kikoks.  In the second case the func-
tion g(z, ¥, 2) is also reducible to the form kix? + kxy? 4 ks2?, but
now the coefficients in this form are not all of the same sign, and
the function can therefore take negative, positive and zero values
for different sets of real values of the variables. We introduce now
the following definitions.

DeriniTioNn II. A homogeneous function of degree 2 in 3 variables
is called a quadratic ternary form.*

DeriniTioN I1I. A positive (negative) definite form is one which
takes the value zero only when all the variables vanish and is positive
(negative) for all other sets of real values of the variables; an indefi-
nite form is one which can take positive, negative and zero values for
real values of the variables.

We can now state the following important algebraic thecorem.

Treorem 15. The quadratic ternary form q(x, y, z) for which the
determinant A4, does not vanish is definite if and only if a; + ax
+ ass > 0 and Au(an + ax + a) > 05 it is positive or negative definite
according as A, is positive or negative.

Case IV. 7y = 3,15 = 2.

It follows from Theorem 14, Chapter VII, that the surface has a
line of centers. We could therefore begin by translating axes to
one of the centers as origin; but the reduction of the equation is
accomplished more rapidly if we follow the method used in Case
II. Rotation of axes to principal directions leads again to equa-
tion (3) of Section 99 (see page 217); but since now A = 0 and
since the discriminant is invariant under rotation, we conclude
from the discussion made in Case II (page 218) that ay/ = 0.
The equation of the surface reduces therefore to the form

(1) oy’ + ks2"2 + 2 a2y’ + 2 a3z’ + ayy = 0.

* A homogeneous polynomial of degree 3,4, . . ., nis called a cubic, quartic,

., n-ic form; a form in 2 variables is called a binary form, one in 4, 5,

., n variables is called quaternary, quinary, . . ., n-ary.
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Completing the squarc on the terms in 3’ and on the terms in 2’
and translating the origin to an arbitrary point on the line
’ ’ .
y = - y 2= - % Jeads to the equation
ke ks
k2yllz + kazll2 — a“”,

The discriminant of this last equation is

0 0 O 0
0 k O 0
0 0 ks 0

0 0 0 —_ (144”

It will clearly be of rank 2, unless a” + 0. But, since 7, = 3 and
the rank of the diseriminant matrix is invariant under rotation and
translation of axes (compare Corollary 3 of Theorem 1, Section 93,
page 201 and Theorem 5, Section 94, page 205), we conclude that
ay’’ + 0. The locus of the equation is therefore a cylindrical sur-
face; it will be an hyperbolic cylinder if %, and k; are opposite in
sign, a real elliptic cylinder if ks, ks, and a4’ are of like sign, an
imaginary cylinder if k, and k; are of like sign, opposite to that of
a“".

As in Case 1I, we see that kok; = Ty, so that &, and k; will have
the same sign or opposite signs according as T, > 0 or T, < 0;
in the former case, they will have the sign of T, = k, + k3. To
determine whether or not, in case k. and k; arc of like sign, their
sign is the same as that of ay’/, we consider the sum D; of the
three-rowed minors of the discriminant. Since equation (1) was
obtained from the original equation @ = 0 by rotation of axes, we
know from the Corollary of Theorem 4 (sec Section 94, page 204)
that Dy’ = D;. The discriminant of equation (1) is

0 0 0 0
0 kz 0 1124,
0 0 ks as

0 ax ay au

and we see that every three-rowed minor of the matrix b, associ-
ated with this discriminant, vanishes. We conclude therefore, by
making use of the theorem stated in Exercise 6, Section 95 (page
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205), that D3 = Dy’ = D;. Now D;”’ = —au'ksk;; therefore
au ok = —D;. This relation cnables us to say that if T,
= koks > 0, ay’’ will be opposite in sign to D;. Since moreover
the signs of k; and k; are the same as that of T, we conclude that
ks, ks, and a4”" will have one sign if T.D; is negative, but the sign
of as’’ will be opposite to that of k, and ks if T,D; is positive. We
have therefore reached the following conclusion.

Tueorem 16. If the ranks of the matrices a, and a; are equal to 3
and 2 respectively, the locus of the equation Q = 0 will be a real elliptic
cylinder if and only if T, > 0 and T.D; < 0, an imaginary cylinder if
and only if T: > 0 and T,D; > 0, an hyperbolic cylinder if and only if
T, <0.

Remark 1. We observe that, as in Case 11, T, must be different
from zero in this case.

Remark 2. The surface will be a circular cylinder if and only

Case V. ry=3, r;=1.

The surface has no center in this casc. Both T, and 44 are
equal to zero, but T is different from zero; for otherwise it would
follow that r; = 0 by means of an argument which is entirely sim-
ilar to the argument in earlier discussions and which is therefore
left to the reader. The discriminating equation is now

k3 - T1k2 = O

Its roots are ky = ks = 0 and k3 = T7 = 0. In accordance with
Theorem 24, Chapter VII (Section 90, page 195), only one prin-
cipal direction is completely determined, namely, N;, s, v3; the
other two principal directions are subject only to the condition of
perpendicularity to this first direction, and to mutual perpendicu-
larity. We are therefore free to impose one additional condition
on Nj, p1, ¥1 OF ON Ng, g, Vo.

It is easy to show that in this case N :ps:vs = @y : ap : ap,
1=1,2,3. For, since kb3 = Ty, = ay + as + a3, we can deter-
mine A3, u3, and »; from any two of the three linear equations

— (@22 + az)hs + s + s = 0, @y — (au + ass)us + Gavs
= 0, aAs + azus — (an + an)vs = 0.

From the first two of these equations we find

s iMs vy = Qs + oaplan + as) et + an(an 4+ as)
t(ay + as) (a2 + as) — a?
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But r3 = 1; hence aiz = 20y — a3ty = 0, s0 that apas = ai30s.
Also Q93 = (13Q12 — Q11093 = 0, so that Q13q12 = A11A93.
And @33 = A1y — a122 = 0.

(}ODSun(,‘Iltly we find th&t k;{ c M3 Yy = (113T1 : 023T1 : aaaTl. And
since T) &= 0 and ;3 = 1, so that the rows of the matrix a; are pro-
portional, we reach the conclusion that A\; : us :v3 = a; : ai @ a3,
i=12 3.

If we rotate axes to the principal directions determined in
accordance with these methods, the equation @ = 0 will be carried
over to the form

k32" + 2 an's’ + 2 ax'y’ + 2 as’? + au = 0,

where, as before, 2 a;’ = qu(N;, b, vi), ¢ = 1, 2, 3. The matrix
a4’ of this reduced cquation is

0 0 0 (114’
0 0 0 (124’
0 0 k3 (134’
’ ’ ’
Q14 Qgq (34 Oy

In virtue of the hypothesis 7, = 3 and of Theorem 5 (Section 94,
page 205), the rank of this matrix must be 3; since the matrix is
obviously singular, it must contain, on the basis of the Corollary
of Theorem 6, Chapter II (Section 26, page 44), at least one non-
vanishing three-rowed principal minor. It should be easy to see
that the only three-rowed principal minors of this matrix which do
not vanish identically are those formed from 1st, 3rd, and 4th rows
and columns, and from the 2nd, 3rd, and 4th rows and columns;
also that the values of these are —ksais'? and —kiae,'2. It follows
that at least one of the numbers a1 and azs’ must be different from
zero. And now we make use of the freedom of choice left in the
determination of either A\, ui, v; O Ny, po, v2 to effect a further simpli-
fication of the equation.

If we adjoin the condition gs(\;, m, ») = 0 to the condition
MAs 4+ s + vvs = 0, which is imposed by the condition of per-
pendicularity of the principal directions, the direction N\, ui, »; is
determined; and then Ny, s, v; will also be determined as the di-
rection perpendicular to the other two. In this manner we secure
the result that a,’ = 0 and therefore also the fact that a,’ ¥ 0.
Since Ng:imz:ivz=a;:ap:a3 t=1, 2, 3, we can determine
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M1, u1, v1 from any one of the 3 systems of two cquations cach given
by @M.+ asupur + azr = 0 together with one of the equations
a1+ apu + a;n = 0. Hence Ny, i, and v, are proportional to
the two-rowed determinants formed from one of the three matrices
it A 4
Qg Qo4 A34
rection cosines, unless every two-rowed minor of the matrix b
vanished; but in this case the rank of the matrix b would be 1 and
this is incompatible with the condition ry = 3, in view of the ob-
servation (3) made in the proof of Theorem 14, Chapter VII (see
page 178). We conclude therefore that the principal directions
can in this case be so determined that a;,/ = 0 and ag’ &= 0. The
equation of the surface thus takes the form

ks2'? + 2 ay'y’ + 2 asi’?’ + as = 0.
If we complete the square on the terms in 2, this equation finally
reduces to

, ¢ =1,2,3. This will always determine these di-

k;;z"“ = —9 (124’?/”

19 ’
wherez” =2/, ¥y’ =y + Mg A~ 2 =2 + A3
’ 2 ay’ 2 asy'ky’ ks °

The locus of this equation is a parabolic cylinder. We may there-
fore state the following conclusion.

Turorem 17. If the ranks of the matrices a, and a; are 3 and 1 re-
spectively, the locus of the equation Q = 0 is a parabolic eylinder.

Remark 1. It should be obvious that we might equally well
have determined the direction cosines g, us, »» in such a way that
a’ = 0 and ai’ £ 0. In this case the final equation would be-
come kgz''? = — 2 au'z'’, whose locus is also a parabolic cylinder.
Indeed this change merely amounts to an interchange of the X'~
and Y"'-axes.

Remark 2. It follows from Corollary 3 of Theorem 8 (Section
96, page 209) that in the case just treated the function q(z, y, z)
is the square of a linear homogeneous function of x, y, z with real
or complex coefficients. This observation is frequently useful for
recognizing whether or not the equation @ = 0 represents a
parabolic cylinder.

Example.

To analyze the equation

42+ 2 +4z22 -4y —4yz2+8x2x+22x-4y+3z2+1=0,
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4 -2 4 1 4 -2 4
we set up the matrices a, = ~z é _i —3 and a; = \ _i :12 _i ’
- 2 -

1 -2 3 1
1t is obvious that ry = 1; hence r, < 4; and since the three-rowed minor in

1 -2 -2
the lower right-hand corner of a,, namely, the determinant |—2 4 3
-2 3 1

has the value —2¢ r; = 3.

In accordance with Theorem 17, we conclude therefore that the locus of the
equation is a parabolic cylinder. This settles the question as to the type of
surface represented by the equation. We proceed now to determine its po-
sition with reference to the given system of coordinates, partly in order to
exemplify and to verify the method used in the discussion of Case V, and
partly in illustration of the remark made in the footnote on page 214.

From the matrix a; we conclude furthermore that 7', = 9 and we verify that
T, = 0. The discriminating equation is therefore k* — 9 k? = 0, so that we
may take k; =k, = 0 and ks = 9. To determine \;, us, and »; we have the
cquations

—Bh =2 FA4r =0, —2N—8u—2s3=0, 4\ — 24 — 5y = 0.

From any two of these three equations we obtain As: s :vs =2: —1:2, a
result which was predictable from the discussion in the first part of Case V.
Since k; = k; = 0, the conditions for \;, w, » (and also those for Ay, u, »)
reduce to the single equation 2 A\, — w + 2 » = 0, which expresses the con-
dition of perpendicularity to the direction Xs, us, »s. To this condition we
adjoin the condition qs(\i, 1, ») = 2M — 4 + 3» = 0. From these two
conditions we find then that \; : w1 1w =5: — 2: — 6. For Ay ws, », we have
now the conditions
2)\2—ﬂ2+2l/z=0 and 5)\2—2/12—61'2:—'0

which express the condition of perpendicularity to the two directions already
determined; from them we find that Ayt s 1w = 10:22: 1.

The rotation of axes to principal directions is therefore based on the fol-
lowing table (compare Section 63):

X Y Z
v| -2 =2 —6
‘ V65 V65 V65
v 10 22 1
3V65 3Vv65 3V65
z 3 -4 3
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The equations of transformation are therefore

='5x 10y +2z 22y 6z
ves taves " 3 \/65 3ves 3’ *T7 Vs
_Yy 2z
+3\/65+
Hence*
Qz,y,2) =Rz —y+22+22~4y+32+1=32)2~ \/635?/’
+ 27

The equation of the given surface with respect to the rotated axes may there-
fore be successively transformed as follows:

(3z +7) ‘/635” —3—2,

%
< + 27) 1\/65)'

_V 55 1!
27 ¢

This is the equation of the parabolic cylinder with respect to a frame of refer-
ence obtained from the original frame by first rotating the axes in accordance
with the table indicated above and then translating the rotated axes to a new
origin whose coordinates with respect to the rotated axes are 2’ =0, y' =

32 sivas! = — §7,7 . The point determined by these coérdinates is the

vertex of a directrix parabola on the cylinder.

101. Classification of Quadric Surfaces —the Degenerate
Cases. There remain to be considered the cases ry = 2, r; = 2;
ra=2,13=1and r, = 73 = 1. These cases have already been
discussed in Section 96 (see Theorem 7, page 208 and Theorem 8,
page 209) and the results stated there completely settle the prob-
lem of classification for this casc. It will however be instructive
to derive these results also by means of the methods of reduction
which were used in Sections 99 and 100.

CASE VI. Ty =T3 = 2.

The discriminating equation has the form k3 — TWk? 4+ Tk = 0
where T, &= 0. Asin Case IV, rotation of axes to principal direc-
tions leads the equation @ = 0 over into the equation

ko' + ks2'? + 2 ap'y’ + 2 as’2’ + au = 0
* Compare Remark 2 following Theorem 17, page 225.



228 CLASSIFICATION OF QUADRIC SURFACES

Completing the square on the terms in ' and 2’ and translating
axes, we obtain the equation

2 n
kz?jw + ks2"’? = a4 y

12 12
a; a; L .
where as”' = —;:— + ;\—4 — au, and the new origin is any point on
2 3
’ ’
. Aoy ’ A3q
the liney = ——, 2/ = — —.
ke’ ks

It should now be easy to show that, since r, = 2 and since the
rank of the discriminant is invariant under rotation and transla-
tion of axes, ay’”’ = 0. The final equation is therefore

kay'"? + kg2’ = 0;

and this equation represents a pair of intersecting planes, real if
Ty = koky is negative, imaginary if T, is positive; this is the result
stated in Theorem 7, page 208.

Case VIL Ty = 2, ry = 1.

The discriminating equation has the same form as in Case V
and rotation of axes to principal directions leads again to the
equation

k2?4 2 ay'a’ + 2 024'2/' + 2 au'2’ + ayy = 0.
The argument used in the discussion of Case V (see page 224)
shows that, since now ry = 2, ¢y’ = a’ = 0. Completing the
square and translating the axes reduces this equation to the form
]C”{?.’"2 + (144" = 0

where ay'’ = ay — —];— .uul where the new origin is any point on the
3
a; - I .
plane 2’ = — —’:—4— T'he sum Dy’ of the two-rowed principal minors
3

of the discriminant of this last equation is clearly equal to ksas'’

and this is the only two-rowed minor of the discriminant which
does not vanish identically. Since r, = 2, this can not vanish and
therefore ay’” = 0. Moreover, an argument similar to the one
used in the discussion of Case IV (see page 222) shows that the
sum D, for the final reduced equation is the same as the sum D,
for the original equation Q@ = 0. (The details of this argument
are left to the reader.) Therefore ka4’ = D,, so that ks and au”’
will be of like or of unlike signs according as D is positive or nega-
tive. We conclude therefore that the locus of the equation @ = 0
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is, in this case, a pair of parallel planes which are real or imaginary,
according as D; is negative or positive; this result is stated in the
first part of Theorem 8 (sce page 209).

Case VIII. r4=1, r;=1.

In this case rotation of axes to principal directions and transla-

tion of axes, as in Case VII, leads to the final equation

k32”2 = 0,
which represents a pair of coincident planes, in accord with the
last part of Theorem 8.

From this discussion we derive some further algebraic theorems,
which complement Theorem 15 (see page 221).

If the rank of the matrix a; is 2, the equation ¢(z, y, 2) = 0
represents a pair of intersecting planes, which are real or imaginary
according as T is negative or positive. In the latter case the
function ¢(z, y, 2) is reducible to the form kz? + koy?, in which
ki and k. have like sign, namely, the sign of T, which is equal to
ki + k.; the function is therefore a definite quadratic ternary
form, positive definite or negative definite according as T, > 0 or
< 0. If T, is negative, the function ¢(z, y, z) is reducible to
kx? 4+ koy?, and k, and k. will be opposite in sign; in this case the
function is an indefinite form.

If the rank of the matrix a; is 1, the equation ¢(z, y, z) = 0
represents a pair of coincident planes; the function ¢(z, y, 2) is
therefore reducible to the form 722, which is a definite form, posi-
tive or negative, according as 71 > 0 or < 0.

We have therefore the following extension of Theorem 15.

Turorem 18. The quadratic ternary form q(x, y, z) for which the
rank of the matrix a; is 2 is definite if and only if T, > 0, positive defl-
nite or negative definite, according as T, is positive or negative; if the
rank of the matrix a; is 1, q(x, y, z) 13 a definite form, positive definite
or negative definite according as T is positive or negative.

102. The Classification of Quadric Surfaces — Summary and
Geometric Characterization. The results which have been ob-
tained in Sections 99, 100, 101, in as far as they relate to the
classification of quadric surfaces, are summarized in the following
table, which specifies the type of surface represented by the equa-
tion Q(z, ¥, 2) = 0in terms of the invariants of this equation. We
indicate once more the meaning of each of the symbols used in the
table.



230 CLASSIFICATION OF QUADRIC SURFACES

A= Iaijl: 5,j=1,2,3, 4;
Ay = [a,-,[, 5,j=1,2,3;
4

4 a a 4 Qi Qi Qg
D, = E;ai;; D, =_21 a a.:i i Dy= 2;] G5 Qi G
i= i, j= 4 i1, k=
i<j d i<j<kl Qg Qjp gk
3
3
a-. a-.
T=Yas To= 2 |% %],
i=1 =110
i<j
r4 = rank of matrix of A; r; = rank of matrix of Au.
T4 4 angular 2 1
T3 Non-singular quadrics non-degenerate Degenerate quadrics
quadrics
A>0 A<O
Imagi- Imaginary Cone
I20; nary Ellip- ginary
wT1>0 | ellip- soid . Impos-
3 soid Impossible sible

T.>0; |Hyper-| Hyper-
AuT, 20 | boloid | boloid

or of one | of two Real Cone
T.<0 sheet | sheets
Imagi-
] i . | nary ]
Hyperbolic E:lilp TT;)>£’0 ellintic Imagi-
¢ v cylin- nary
der |T.>0| inter-
selcting
; T,>0; | Ellip- planes | Impos-
2 para.bolond‘ pt}g?(li)o— les <0 | tic cyl- sible
inder !
Hyper- Intet-
7T:<0 :";i;f_ T:<0 | secting
}(’ier planes
Imagi-
na
] D:>0 parallell ..
Impossible Parabolic planes | -4
1 cylinder cident
y planes
Paral-
D:<0| lel
planes
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In Theorem 16, Chapter VII (see Section 87, page 185) we proved
that the quadric surfaces for which r, = 4 and r; = 3 have a single
proper asymptotic cone; and that the surfaces for which r, = 3
and 73 = 2 have a pair of asymptotic planes. In either case the
asymptotic quadric of the surface Q(x, y, 2) = 0 is given by the
equation Q(z, y, 2) — Q(a, B, v) = 0, where «, B, v are the codr-
dinates of a center of the surface. Since the equations of a quadric
and of its asymptotic cone differ therefore only in the constant term,
the invariants Ay, T., and T, which depend on the coefficients of
the second degree terms only, are the same for the two surfaces.
It is clear then from the above table that the asymptotic cone of
the ellipsoid is imaginary, whereas that of the hyperboloids is real;
also that the asymptotic planes are real for the hyperbolic cylinder
and imaginary for the elliptic cylinder.

If these observations are combined with the results of Sections
84 and 85 we obtain the complete geometric characterization of
the real quadric surfaces indicated in the table on page 232.

Examples.

1. To determine the character of the surface represented by the equation

522 +5y2+822+8yz+82x —2zy+ 122 —-12y+6 =0
we set up the matrices a, and az. We find

5 -1 4 6 5 —1 4
-1 5 4 —6 -1 5 4
a=| 4 4 g of M wm=| , 4, g

6 -6 0 6

The determinants of these matrices are both found to vanish because in each
of them the third row is equal to the sum of the first and second rows. The
third order principal minor of as which is formed from its last three rows and
columns, and the two-rowed principal minor of a; in its upper left-hand
corner are both found to be different from zero. We conclude therefore that
r = 3 and r; = 2, and that the surface is a cylinder. Its axis, that is, its line
of centers, is determined by any two of the system of three linear equations
whose augmented matrix furnishes the first three rows of a,; we can take for it
the equations 5z —y +4z+6 =0andz +y +22=0.
Moreover,

|5 =L |5 4y |5 4] _ .
[Tosrses-ms R I S M S A
an

5 -1 4 5 -1 6 5 46 5 4 -6
D; = |—1 5 4|+|—-1 5 —-6(+/4 8 0|+ 4 8 0 |=—432;
4 4 8 6 —6 6 6 0 6 -6 0 6

Hence, T: > 0 and 71D; < 0, so that the surface is an elliptic cylinder.
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Lines on Asymptotic
Centers surface cone

TP Single proper - Imaginary,
Ellipsoid center No lines proper
Hyperboloid of Single proper Two lines through

one sheet center every point Real, proper
Hyperboloid of Single proper N .

two sheets center No lines Real, proper
Hyperbolic Two lines through

paraboloid No center every point
Elliptic .

paraboloid No center No lines
Cone Single vertex
Elliptic cvlind Line of proper 'li};((), Sct%ilr‘l(():lildf}}]nt Imaginary,

1puic cylnder centers eve(ry pointg degenerate
Hyperbolic Line of proper ’Iim(()‘s? (t)i:}glt(xlgﬂt Real, degenerate

cylinder centers every point

. Two coincident

Parallgo }ic No center lines through

cylinder every point
Inttirsecting Line of vertices

planes
Parallel planes ngﬁfe;g proper
Conl)cldent Plane of vertices|

planes

The discriminating equation is k3 — 18 k2 4+ 72k = 0; the discriminating
numbers are therefore 0, 6, 12. We put k&, = 0, k2, = 6, ks = 12, We know
from the general discussion that rotation to principal directions will reduce the
equation to the form 6 y'2 + 1222 + 2 au'y’ 4+ 2a'?’ 46 = 0. To verify
this fact, we proceed to determine the principal directions.

From k =0, we find 5N — s +4»m =0 and =N 4+ 54 + 45 =0,
sothat \y tuptmp =1:1: — 1; fromk; =6, we find =Ny — s + 40, =0
and 2XQ+2[.¢2+V2 =0, 8o that N fpe vy = 1: -1 '0; from k3 = 12, we
find '—7)\3 — M3 +4V3 = 0 and -3 —7[43 +41'3 = 0, so that Rs?ua tyy =
1:1:2. The equations for the rotation of axes to principal directions are
y 2 z 22

GTwtE T nt A

therefore z = V3 +

\/2 \/e“’
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If these expressions are substituted for z, y, and z in the original equation
of the surface, it becomes

6y + 1222 +12yv2 +6 = 0;

completing the square on the terms in y’, we obtain as the final form of the
equation y''2 4+ 22" = 1, where ¥y’ =y’ + /2 and 2"’ = 2’. The locus of
this equation is indeed an elliptic cylinder; its axis is parallel to the X"-axis,
i.e., to the line '’ = 0, 2/ = 0. But the equations of this line may also be
written in the form y’ + +/2 = 0, 2 = 0, or, with respect to the original frame
of refercnce, in the formz — y +2 =0,z + y + 22 = 0, which is equivalent
to the form of the equations of the axis of the cylinder given at the end of the
first paragraph. The directrix of the cylinder is the ellipse y'’2 + 222 = 1,
z'” = 0; the equations of this ellipse with respect to the original axes are
522 +5y2+822+8yz2+82r —2xy+ 122 — 12y + 6 = 0,z+y—=z=0.
2. We proceed in a similar manner with the equation
222 +20y + 1822 — 129z + 120y + 222+ 6y — 22+ 2 = 0.

2 6 0 11 2 6 0
. {1 6 20 -6 3 _ 16 20 =6/
We find a4 = 0 —6 18 -1 and a3 = 0o —6 18lP

11 3 -1 2
rn=2r=4; A= —33 124 <0. Thercfore the surface represented by
the given equation is an elliptic paraboloid.

Furthermore, T, = 40 and 7> = 364 and the discriminating equation is
k3 — 40 k2 + 364 k = 0; its roots are 0, 14, and 26. From the discussion_of

A
T,
= +/01. The equation of the surface is therefore reducible to the form 14 y'’z
+ 2622 = +2+/91 2".

This completes the determination of the type of surface represented by
the equation and also of the numerical data necessary to fix its individuality.
If we wish to determine its position with respect to the original frame of
reference, we have to find the principal directions and also the new origin to
which the axes have been translated.

From k =0, we find M :py 9 =9: —=3: —1; from k; = 14, follows
Niupive =1:2:3, and from k; = 26, we derive Ny :uz:v;3 = 1:4: —3.
If we base the rotation of axes to principal directions on the table

Case II (see Section 99, page 218), we know moreover that a,/ = +

X Y Z
x | > =3 =1
V91 Vo1 Vo1
v | L | 2 3
V14 Vi V14
7 1 4 =3
V26 V26 V26
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the equation is transformed into 14 y'2 + 262’2 + 201 2’ + 214y’ + 226 2’

. . —1 -1
+2 = 0; translation of axes to the point 2’ =0, ' =
H po ) y m! P \/2-—6

leads to the final equation 14 y'/3 + 26 2’2 = —24/91 2. If the direction
cosines of the X’-axis are changed in sign, that is, if its direction is reversed,
the right-hand side of the final equation of the surface would be 24/91 z'’.
The surface extends indefinitely on the negative side of the plane z/ = 0,
that is, in terms of the original system of coordinates, on that side of the plane

9z — 3y — z = 0 which is determined by the direction cosines A = ;—3—9_1,
3 1 . . -1
= ——, v =——; it has th t =09y =——, 2 =——, that
I \/91, 14 /—917 1 a8 ¢ point x y Y \/14: \/ ’
is, the point z = — 10 y=— 27 z2= - -—g—in common with this plane.
’ 91’ 91’ 91 :

103. Exercises.

Determine the type of quadric surface which is represented by each of the
following equations and set up the reduced form of these equations; dis-
cuss their position in space in those cases in which the numerical work in-
volved does not become too laborious:

1. 224+4y24+9224+4zy+6zz+12yz—24+2y+52=0.
2. 224224+ 2xy+222—-2yz—2x+4y—4=0.
. 22+ t22+yztezxtay+2c+2y+22+3=0.
4. 4224+ y*+22—~4z2y+62z2+8=0.
6. 2+ +22+yztzzct+aytzc+y+2z2+4+1=0.
6. 2+ y2+222—-4zz2+22y+1=0.
7. 22 —~zy+2x=0.
8 Sxt—-y+ 22+ 6z t+42y+22+2y+2z2=0
9. 224+ y*+22—ay—yz—y =0.

10. 522+ 1332+ 23224+ 36yz +2222 + 162y + 10z + 16 y+2224+5=0.

11, 22 +5y2+922+42y+6yz—2—3z =0.

12. 42+ 4224+ 4yz — 22— 14y — 222+ 33 = 0.

18. 2y*+422+22—-4y+62+5=

4 224y 42 —6ay+2c—6yz—6x—2y—~6z+1=0.

15. 322 +3y?2+322+2yz+22x+ 22y +1 =

16. 2+ 2y +yz+22 -3z —-2y—-2-3=0.

17. 22 4+3yz —22 4+ 2z = 0.

18. (z -2y +2?2+42—-8y+4z+3=0.

19. 3622 +4y*+22—4yz— 1220 + 240y +42+16y — 262 —3 = 0.

20. 2244y +22—4yz+ 222 ~4y—-22+4y—-2z2-—-3 =0.

2. 222-2yz+222 - 22y —2z—-2y+32—2=0.

22. Determine the condition which must be satisfied by the discriminating
numbers of a quadric surface in order that it may be a surface of revolution;
also the conditions which will insure that the surface is a sphere.

23. Set up the conditions which the invariants of the surface Q(z, y, 2) = 0
must satisfy in order that the surface may be a sphere.



CHAPTER IX

QUADRIC SURFACES, SPECIAL PROPERTIES
AND METHODS

In this chapter we shall discuss some properties and methods
which are concerned with one or another of the classes of quadric
surfaces, with which we have become acquainted.

104. The Reguli on the Hyperboloid of One Sheet. We have
seen in Sections 84 and 102 that the hyperboloid of one sheet and
the hyperbolic paraboloid are the only real quadric surfaces
through every point of which there pass two real lines which lie
entirely on the surface. The general method developed in Section
84, by means of which the existence of these lines was demonstrated,
is not very convenient for actually determining the rulings through
a particular point on a given surface; we shall therefore in this
section take up a special method, for the hyperboloid of one sheet,
for the solution of this problem. And, having shown in the pre-
ceding chapter that every quadric surface can be represented,
with suitable choice of the frame of reference, by an equation char-
acteristic of the type to which the surface belongs, we shall hence-
forth make use of these standard forms of the equations of the
quadric surfaces.

The standard form of the equation of the hyperboloid of one
sheet is

2 2 2
A EtE=t

It may be written in the form

T_UN(E4WY= (1 -7 2\.

(a b) (a+b) (l c) (1 +6)

It should be easy to see from this that the line which is determined
by the pair of equations

§)) Zh(g—% =P2(1—E) and p,(§+%)=p1 1+Z),
235
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in which p, and p, are arbitrary real numbers which do not both
vanish, lies entirely on the surface. Since the value of the ratio
1 : p. may therefore be chosen arbitrarily, we have here a single
infinitude of lines, or a one-parameter family of lines on the surface.
This family of lines is of the type known in Projective Geometry as
a regulus.* We shall use this term for convenience of reference
without entering further into its definition; and we shall refer to
the regulus whose lines are determined by equations (1) as the
p-regulus of the surface.

It is moreover clear that we can obtain a second regulus of the
surface in the form

@ a(G-1)= o1+3) i) -a(1-):

we shall call this the g-regulus, it being again understood that ¢
and g are arbitrary real numbers which do not both vanish.

A particular line I of the p-regulus is known as soon as the ratio
1 : P2 is given, and we shall designate this line by the symbol
U(py, p2); similarly the symbol m(q;, ¢;) will be used to designate
a line of the g-regulus. To determine the particular line of each
regulus which passes through a given point 4(a, 8, ¥) on the sur-
face, we substitute the coordinates of this point in one of the
equations (1) to determine p, : ps, and also in one of the equations
(2) to determine ¢; : .

Ezample.
2
To determine the lines through the point 4(4, —2, 3) on the surface f——-ﬁ
2 2
+ ?—/4— - %— = 1, we write the equations of the reguli; for the particular sur-

face under consideration, these are:

(i) =n( =) (i) =0 (i)
a(i-2)-a(1+3) a(3+2)-a(1-Y)

Substituting the coérdinates of 4 for x, y, z in these equations gives p;, X 0

=2 X2 paX2=m X0 ¢ X0=¢X0,¢X2=gq X2 Therefore
pe = 0 and p, is arbitrary and ¢, = ¢a.

and

* For a definition and treatment of the regulus, see, for example, Veblen
and Young, Projective Geometry, Vol. 1, pages 298-304.
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Hence the required lines are given by the following pairs of equations:

z_2_ Y_o: z_z y T,z _4_Y,
a—3=0 1H5=0 and §—5=1+43, Z45=1-

106. Reguli on the Hyperboloid of One Sheet, continued. A
number of questions concerning the reguli on the hyperboloid of
onc sheet, which suggest themselves naturally, will now be
considered:

(1) Will the determination of p, : p; and of g, : ¢, always be
possible in one and only one way?

(2) Do we get two distinct lines through every point on the
surface?

(3) Do two lines of one regulus ever lic in the same plane?

(4) Will every line of the p-regulus be coplanar with every
line of the ¢-regulus?

(5) What is the relative position of the plane determined by
the two rulings which pass through a point A on the
surface, and the tangent planc to the surface at P?

These questions, except the first, fall within the scope of Chapter
IV and can be answered by the methods developed there. We
shall take up these questions in some detail, because they furnish
an opportunity to illustrate the application of these methods.

(1) Wil the determination of py : p2 and of ¢ : ¢ always be pos-
stble uniquely? TFrom an equation of the form ap, = bp, the ratio
p1 : P2 is always uniquely determinable, unlessa = b = 0. Hence
if the point A(e, B, v) lies on the hyperboloid of one sheet repre-

Lowt oyt 2P B, _ 7
sented by the equation = pe b2+ =1 and if —d 5,1 rt
B

g + b 14+ % are not all zero, then at least one and at most two de-

terminations of each of the ratios p; : p; and ¢ : ¢; are possible.
But if these four expressions all vanished, it would follow that
a = 8 = vy = 0, which is not a point on the surface. And if the
two equations (1) of Section 104 gave rise to two different values

of p1:ps it would follow that 1 -—%:a 2:&: +g 1+

2
and hence that B s+ 1-— 2, so that the point A(e, 8, v)
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could not be on the surface. The same conclusion holds for the
equations (2). The question is therefore to be answered affirma-
tively; consequently the method of the preceding section is
always effective to determine the lines whose existence was
proved in Section 84.

(2) Will the two lines through A (e, B, v) determined by the method
of Section 104 always be distinct?

If these lines are not distinct, then the four planes represented
by the equations (1) and (2) of Section 104 for the particular
values of p, : p; and ¢ : ¢2 determined as in (1), must have a line
in common. According to Theorem 23, Chapter IV (Section 54,
page 101) this will happen if and only if the ranks of the coefficient
matrix and the augmented matrix of their equations are both
equal to 2.

b P P2
a b c
pomo_p
The coefficient matrix of these equations is a b € ;
o _o _e@
a b ¢
@ & w
a b c

its rank is not affected by elementary transformations (compare
Definition XIV and the Corollary of Theorem 14, Chapter I,
Section 10, pages 18, 19), so that we may multiply its 1st, 2nd,
and 3rd columns by a, b, and ¢ respectively, and add the 1st

nmn 0 D2

column to the 2nd. This leads to the matrix 52 282 _z L
1 —q2
e 2¢ Q1

It is found that the values of the third order determinants ob-
tained from this matrix by omitting the 4th, 3rd, 2nd, and 1st
rows respectively are equal to —2 ps(p1gz + P2q1), 2 D1(P1g2 + P2q1),
2 g2(p1ge + P2qn) and —2¢qi(prg2 + peqi). Therefore, since, in
accordance with (1), pi, pz, g1, and ¢ never vanish simultaneously,
the rank of the coefficient matrix can be 2 only if p1g2 + p:qy = O.

Let us now consider the matrix formed from the 1st, 3rd, and
4th columns of the augmented matrix; after applying to it similar
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transformations as to the coefficient matrix we have to consider

P 2p: P2

the matrix Zz g g '1l; the values of its third order determi-
1 2
e 2

nants are found to be —2 py(p:ge — P1g1), 2 Pr(pege — Prqr), 22
(p2g2 — mq1) and —2 qi(p:ge — ;iqr). Hence if the rank of the
augmented matrix is also 2, we must have p.qz — pin = 0 as well
as ;mq: + pon = 0. If we look upon these equations as linear
homogeneous equations in ¢, and ¢, we find, by using Theorem 2,
Chapter II (Section 22, page 38), that either ¢ = ¢ =0 or
m? + p? = 0, that is p, = p. = 0. Neither of these cases can
arise, in virtue of the discussion in (1). The answer to our second
question is therefore also affirmative.

(3) Do two lines of one regulus ever lie in one plane?

Let us consider the lines I(p1, p:) and I'(p/, p;’) of the p-regulus.
They are given by the two pairs of equations

171(3 - % = Pz(l - z), Pz(ﬁ + %) = Pl(l + z) ;

and

(T _ YN (1 -2 Y ) Y 2y,
b (a b) pe (l c)’ pe (a+b) & (1 +0)
where p; : p. + p/ ¢ p2'.

The value of the determinant of the augmented matrix of these
equations is

/2 Ut VR R m 0 D2 0
1 jpp P —p —pf_ 1 P 2P0 —p1 2P
abe plr - pll pzl - pzl abe pl' 0 pzr 0
pzr I)z’ __pl/ —'Pl’ pzl 2 pz' “'Pl’ "‘2271'
The evaluation of this determinant is accomplished most con-
veniently by means of the Laplace development of the 1st and 3rd
columns (compare Theorem 15, Chapter I, Section 12, page 23);
Py |22 —2p |=
l’ pzl 2p21 ,—2Pl’
4(p1ps’ — pepi’)?, which is different from zero, in virtue of the
hypothesis p; : p2 & p’ : po’. It follows from this, on account of
Theorem 22, Chapter IV, (Section 54, page 101), that the two lines

we find then that its value is




240 QUADRIC SURFACES

of the p-regulus can not have a point in common. Can they be
parallel?

There should be no difficulty in showing that the direction cosines
of the lines I(pi, p;) and U'(p/, p.’) are given by the proportions

Nipciv = a(P® — p?) b(p? 4 pe?) 1 2 epapy,
and
Ny =alp? = p'?) cb(p? + ') 2 epip.
Since pi, ps, p/’ and py’ are all real, both pi? + p,? and p/? + p."?

must be positive. Therefore, if the lines are to be parallel, there
must exist a positive factor of proportionality p?, such that

P12 =P =p¥ (P2 —p2'%), P2+t =p2(p?+p2'?) and pipa=p*pip.’.

From the first two of these equations we conclude, by addition
and subtraction, that p;> = p?p)’? and p.? = p%p.’%, and hence
that p1 = &= pp)’ and p, = pp,’. If opposite signs were used in
these two equations, it would follow that pip: = —p*pi/p.’, which
is in conflict with the third of the above equations. Therefore
the lines can have the same direction cosines only if p; : ps =
pd’ : pd, that is, if they coincide.

Our discussion has therefore brought us to the conclusion that
no two lines of the p-regulus can lie in the same plane.

The reader is urged to carry through the same argument for
the g-regulus. When he has done this, he will have completed
the proof that the answer to the third question is in the negative.

(4) Will every line of the p-regulus be coplanar with every line
of the g-regulus?

The discussion of this question will be based on Theorem 25,
Chapter IV (Section 54, page 104). If I(p), p.) is an arbitrary
line of the p-regulus and m(q, ¢») an arbitrary line of the ¢g-regulus,
these lines will be coplanar unless the determinant

)\ )q a — ap

b m B—5
vV . nmn o Y—n

is different from zero; here A, u, » and A, w1, »1 are the direction
cosines of the lines ! and m respectively, and («, 8, v) and (a;,
Bi, v1) are arbitrary points on these lines. We have already
seen that N : p: v = a(p® — p?) : b(p? + p2?) : 2 cpup2 (see (3)
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above); in similar manner we find that A\ :u :v = a(q?® —
@) 1 b(g® + @) : —2cqige. It remains therefore to investigate
whether or not the determinant

a(p® — p?) a(QL2 - qf) a—a
b(p? + p2?) ble* + ) B— B
2 cpipe -2 cqig, Y -7

has a value which is different from zero, when for , 8, v and a4, 81, 7
are substituted sets of numbers which satisfy the pairs of equat ions

oG 1) =)D =+t
qz(l -+ -c—), q;(-d -+ 5) = q,(l - E) respectively. It turns out that

this determinant vanishes for every such choice of «, 8, ¥ and
ay, B1, 71; the details of the proof of this statement are given in
Appendix, VII (page 299). Hence we conclude that every line of
the p-regulus is coplanar with every line of the g-regulus.

(5) What ts the relative position of the plane determined by the two
rulings which pass through a point on the surface and the tangent
plane to the surface at this point?

The equation of the tangent plane to the surface at a point
A(a, B, v) on the surface is

ax Bv/

a?

(compare Theorem 4, Chapter VII, Section 81, page 162). This
plane and the line of the p-regulus through 4 have at least the
point A in common; the line will therefore lie in the plane or meet
it in a single point, according as

a(p?® — p?) X aﬁz = b(p* + p) X l%“' 2 cpipe X%

is equal to or different from zero (compare Theorem 21, Chapter

IV, Section 52, page 99). This expression is equal to zhz(g - Q)
- P ( ﬁ ) +2 plpz ; and this reduces, by virtue of the equa-

tions of the lines of the p-regulus, to p,p,(l - E) - pzpl(l + —c-)
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+ 2p1pz% = 0. Consequently, the line of the p-regulus lies in

the tangent plane; the reader should have no difficulty in proving
that the line of the g-regulus which passes through a given point
on the surface also lies in the tangent plane to the surface at that
point. These conclusions could also have been reached by a
geometric discussion, namely, by observing that any line which
connects A with a point on the plane determined by the lines
U(py, p2) and m(q, gz) meets the surface in two points which co-
incide at 4, and is therefore tangent to the surface at A (compare
Definitions V and VI, Chapter VI, Section 77, pages 154, 155).

We summarize the results obtained in this section in a theorem.

TaeoreMm 1. A hyperboloid of one sheet contains two one-parameter
families of lines. Through every point of the surface passes one and
only one line of each family. No two lines of the same family are
coplanar; every line of one family is coplanar with every line of
the other family. The plane determined by the two lines which pass
through an arbitrary point on the surface is coincident with the
tangent plane to the surface at this point.

106. The Reguli on the Hyperbolic Paraboloid. The standard
form to which the equation of an hyperbolic paraboloid can be

reduced is
xZ 2

at b

If we write this equation in the form

G-DG+Y-an

it becomes clear that the surface contains the two one-parameter
families of lines represented by the following pairs of equations

= 2 na.

p‘(z _% = oz, pg(z +%) = 2 np;, p and p,; real num-
bers, not both zero;

%(3' —‘% = 2 ngs, @(g +%) = @iz, ¢ and ¢, real num-

bers, not both zero.

With reference to these reguli on the hyperbolic paraboloid, the
same questions arise as were discussed for the hyperboloid of one
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sheet. The discussion of these questions is left to the reader
(see Section 108).

107. The Straight Lines on the Singular, Non-degenerate
Quadrics. It was proved in Theorem 12, Chapter VII (Section
84, page 175), that through every point on a non-degenerate singu-
lar quadric which is not a vertex of the surface, there pass two
coincident lines which lie entirely on the surface. This class of
surfaces includes the proper cone and the cylinders.

If the equation of the proper cone

adtp—a=0

is written in the form

-G -t

we recognize that the one-parameter families of lines, represented
by the pairs of linear equations

z_2\__.Y Zi®3Y_o - . Y.
”’(&"E)"” b’ p2(a+c) Prgys

z_2\___ .Y Ti:N_q .Y,
and q‘(& - ::) = TRk q2(a +c) EOR N

in which p, ps, g1, and ¢ are real numbers and neither p, and ps,
nor ¢, nor ¢; vanishes simultaneously, lie entirely on the surface.
It should be clear however that the lines I(p,, p2) and m(q, ¢.)
are identical when ¢ = p: and ¢; = —p.. Consequently, these
two families of lines are identical; the proper cone contains there-
fore two coincident reguli.

A similar argument shows that the elliptic cylinder, the hyper-
bolic cylinder, and the parabolic cylinder, also each contain two
coincident reguli.

108. Exercises.
2 2
1. Determine the equations of the straight lines on the surface % —%

= 22, which pass (a) through the point A(10, 9, 8); (b) through the point
B(-10, 9, 8); (c) through the point C(10, —9, 8); (d) through the point
D(—lO, "‘9, 8).

2 2
2. Determine the equations of the rulings of the surface ?4— + %— —-22=1
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which pass (a) through the point A(4, —3, 2); (b) throrgh the point
B(—4, 3, 2); (c) through the point C(4, =3, —2); (d) through the point
D(~4, =3, =2).

3. Determine the equations of the straight lines on the cone z? — y2 4 22
= 0, which pass (¢) through the point A(3, —5,4); (b) through the point
B(—3,5,4); (c) through the point C(3, 5, 4); (d) through the point
D(-3, 5, —4).

4. Show that the elliptie cylinder, the hyperbolic cylinder and the parabolic
cylinder each contain two coincident one-parameter families of lines.

6. Prove that any two lines which belong to one regulus of the hyperbolic
paraboloid are skew.

6. Prove that every line of one regulus of the hyperbolic paraboloid is
coplanar with every line of the other regulus of that surface.

7. Prove that the plane tangent to the hyperbolic paraboloid at an arbitrary
point contains the two rulings of the surface which pass through that point.

8. Determine the cosine of the angles made by the two lines which pass
through an arbitrary point of the hyperboloid of one sheet and determine
the condition under which these two lines are perpendicular.

9. Discuss the corresponding question for the hyperbolic paraboloid.

10. Prove that to every point A(a, 8, v) on the hyperboloid of one sheet
there corresponds a point A’ on the surface such that the line of the p-regulus
through A is parallel to the line of the g-regulus through A’, and vice versa.

11. Determine the locus of all points on the hyperboloid of one sheet for
which the angle between the rulings of the surface which pass through them
is constant.

12. Show that it is possible to set up a correspondence between each of the
reguli of the hyperboloid of one sheet on the one hand, and the regulus of its
asymptotic cone on the other, such that corresponding lines are parallel.

109. Circles on Quadric Surfaces, the General Method. In
Section 66 we discussed the problem of determining the curve of
intersection of a plane and a surface. In accordance with Corol-
lary 2 of Theorem 8, Chapter V (Section 66, page 128), a plane
section of a quadric surface is a curve of degree not higher than the
second. It is of interest to inquire whether plane sections of
quadric surfaces can be circles. In answer to this question we
shall prove in the first place the following theorem.

THEOREM 2. The sections of a quadric surface made by two parallel
planes are either both circles or else nelther is a circle.

Proof. - The method developed in Section 66 for determining
the character of a plane section of a surface consisted in rotating
the axes in such a way as to make one of the new codrdinate planes
parallel to the plane of the section. The rotation required by this
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method is the same for the sections of a surface by each of two
parallel planes Az + py + vz — p1 = Oand Az 4 py + vz — p2=0.
Let us suppose that the rotation of axes is made in such manner
as to make N, u, » the direction cosines of the new Z-axis; then
the equations of the two given planes will be, with reference to the
new axes, z' = p; and 2/ = p,. Consequently the plane equations
of the two sections will be obtained when, in the new equation of
the quadric surface, 2’ is replaced by p; and p,.  If the transformed
equation of the quadric surface is Q(z, ¥, 2z) = 0, then the plane
equations of the sections will be

aux? + 2 apry + any? + 2 (aspr + aw)z + 2 (aupr + a)y
+ azpi® + 2 aupr + au = 0,

anz® + 2 awzy + any® + 2 (asp: + aw)z + 2 (asp: + a0y
+asps? + 2 aup. + as = 0.

Since the condition that the plane locus of either of these equa-
tions shall represent a circle is that ay = as and a = 0, the
theorem has been established.

Remark. To determine the circular sections of a quadric sur-
face, it suffices to consider the planes through some fixed point.

We could now proceed for the further discussion of our problem,
to determine the plane equation of the section of the quadric by
an arbitrary plane through the origin and then impose the con-
ditions which insure that the locus of this equation is a circle.
But we have had opportunity to observe before that the most direct
thethod is not always the most convenient and that the end we are
seeking to accomplish is frequently reached in a more elegant and
more instructive way by a more sophisticated procedure. This
will be our program in the present case.

We begin by recalling from Elementary Plane Geometry that,
if lines Ui, L, . . . are drawn through a point P in the plane of a
circle, meeting the circle in pairs of points A, By, 4,, B, . . .,
then the products PA, - PB,, PA, - PB,, . . . are all equal to each
other. It is true conversely, that if 4,8, A:B,,. . . are chords
of a conic section which pass through a fixed point P and the
products PA, - PB,, PA; - PB,, . . . are all equal for .any fixed
position of P in the plane of the conic section, then this conic is
a circle.*

* A proof of this converse theorem will be found in Appendix, VIII, page 300.
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Suppose now that the plane through the origin, whose equation is
1) ax +by+cz=0

cuts the quadric surface @ in a circle and that the lines Iy, b, ls . .

through the origin which lie in this plane cut the surface in the
pairs of points A,, By; Ag Bs;. ... If the direction cosines of
an arbitrary one of these lines is designated by \, u, », these di-
rection cosines satisfy the condition e\ + bu 4 ¢» = 0 (compare
Theorem 21, Chapter IV, Section 52, page 99). And the dis-
tances from O to the points in which the line meets the quadrie
are given, in magnitude and direction, by the roots of the equation

g\ 1, v)s? + 2 (auN + aup + asw)s + ay = 0,

(compare Theorem 1, Chapter VII, Section 80, page 160 and re-
member that in this case « = 8 = v = 0); and the product of

these roots is equal to ———— - It follows that if the section is a

(,,)

circle, then must have the same value for all those ad-

()‘) Ky ¥)
missible values of N\, u,» for which o\ + by + cv = 0. This
means that there must exist a number %, which is independent of
M\, 4, and », such that g(\, g, ») = k, whenever a\ 4+ bu 4+ v = 0,
or again that the quadratic equation g(A, g, ») — k = 0 is satisfied
whenever the linear equation aX\ + bu 4 cv = 0 is satisfied.
From this we conclude, first that the quadratic function g(\, u, ») —k
must be factorable in two linear functions of A, u, » with real or
complex coefficients (compare the argument made in the proof
of Corollary 2 of Theorem 12, Chapter VII, Section 84, page 175);
and secondly, that a\ 4+ bu + c» must be one of the factors.
Furthermore, the function gg(\, p, ») = g\, v) — &k = g\, p, »)
— k(A2 4 u? + »?) is factorable, according to Corollary 3 of
Theorem 8, Chapter VIII (Section 96, page 209) if and only if
the rank of its discriminant matrix is less than 3, that is, if and
only if

ay — k ap Q13
@ amw—k ag |[=0,
a3 Qg3 ags — k
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But this equation is the discriminating equation A (k) = 0 of the
surface () (compare Sections 88 and 89). If, as before, we desig-
nate its roots by ki, k;, and k;, we conclude that if the plane
ax + by + cz = 0 cuts the quadric @ in a circle, then ax + by + c2
must be a factor of one of the quadratic functions ¢(z,y, z) —
ki(x? +y*+2%),¢=1,20r3.

Conversely, if ax 4 by +cz is a factor of g¢(z,y,2) —
ki(@? + y* + 2%), for ¢ = 1, 2, or 3, then aX + by + cv is a factor
of g\, u,») — ki(A\? + p? + %), that is, of g(\, u,») — ki; conse-
quently g(\, g, ») = k; for all admissible values of A, u, v for which
ax + bu + v = 0. If we take now an arbitrary point P(e, 8, v)
in the plane ax 4 by + cz = 0, the lines in the plane through P
will cut the quadric @ in pairs of points A, B whose distances
from P are the roots of the equation Los? + 2 Lis + Ly = 0,
where Ly = g(\, u, ») and L, = @(e, 8, v) (see Theorem 1, Chap-
ter VII, Section 80, page 160); hence the product PA - PB =
Q(ay B, 7) — Q(ax B
(I()\, My ¥ ) k;
which a\ 4+ bu + c» = 0. But this expresses the fact that the
product of these distances is constant for all lines through
P, no matter what point P is chosen, and therefore (see footnote
on page 245) that the plane cuts the quadric in a circle. We have
therefore established the following theorem.

TrEorREM 3. The necessary and sufficient condition that the plane
through the origin represented by the equation ax + by +cz =0
shall be a plane of circular section of the quadric surface Q(x,y,3) = 0
is that ax + by + cz must be a factor of the homogeneous quadratic
function q(x, y, z) — ki(x? + y? + z?) for i = 1, 2 or 3, where k,, k., and
k; are the discriminating numbers of the surface.

7) for all admissible values of A, u,» for

The discriminating numbers are all real (see Theorem 20,
Chapter VII, Section 89, page 192), but they need not all be
distinct. Moreover, even though %, k,, and ks are real, it is not
certain whether the linear factors of ¢(z, y, 2) — ki(x? + y2? + 2?)
are real for 7 = 1,2, 3, that is, whether the planes of circular
section are real. In view of Theorems 2 and 3 we can state there-
fore that through every point in space there pass six planes which
cut an arbitrary quadric surface in circles; of these planes some
may be coincident and some may be imaginary. We proceed
now to a further study of the different possibilities.
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We suppose first that the equation A(k) = (' has no multiple
roots; then the rank of the matrix

u— k; (231) a3
ag(k;) = UV an — k; Qg3
03 (753 ass — k;

is equal to 2, for ¢ = 1, 2, 3 (see Theorcm 19, Chapter VII, Section
89, page 190) and hence the invariant T»(k;) of the quadric surface
represented by the equation ¢(x,y,z) — ki(z? + y*> 4+ 2%) = 0 is
different from zero. It follows therefore from the table in Section
102 (page 230) that this surface consists of two distinct real planes
or two imaginary planes according as Ta(k:) < 0 or Ta(k;) > 0.

But
_ an—k; an—k; ap au—k; an
Talks) = a3 aaa"kil ayy  ap—k; iy Qye—ki
= (an — k) (ass — ki) — an® + (an — ki) (asz — ki) — au5?
+ (au — k) (@ — ki) — ar?
=Ty —2Tk; +3k2= —A'(k;).*

Now A’(k;) represents the slope of the curve y = A(k) at the
points where it crosses the K-axis; since we are supposing that
the equation A(k) =0 has no

Y multiple roots, and since the co-
efficient of k% in A(k) is —1, the
curve y = A(k) has the general
character indicated in Fig. 33.

& From this it should be evident

W~ that of the three numbers A’(k;),

hoo "’[\k.‘ K =1, 2 3, two are negative,
\/ / " namely, those which correspond
to the least and to the greatest

of the numbers k;, ks, ks, whereas
one is positive, namely, the one
which corresponds to the middle
discriminating number; conse-

* Notice that in A (k) the coefficient of k3 is —1. This interesting formula
can be obtained directly from the proof of Theorem 19, Chapter VII (see
Section 89, page 190); the alternate proof given in the text does not make use

of the formula for the derivative of a determinant, but is not well suited for
extension to derivatives of higher order.

- Fia. 33
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quently, of the numbers 7Ti(k;), two are positive and one is
negative, and if the notation be so chosen that ki < k; < ks,
To(ky) > 0, To(ks) < 0 and Ta(ks) < 0. Therefore the equation
q(x, y,2) — ko(x? + y2 + 22) = 0 represents a pair of real planes
of circular section through the origin, but the equations ¢(z, y, z)
— ki(z? 4+ y? + 2%) = 0and q(z, y, 2) — ks(x?® + y? + 2%) = O rep-
resent pairs of imaginary planes.

If the equation 4(k) = O has a pair of double roots, let us say
ky = ks, then the rank of the matrix a,(k,) is 1 (see Theorem 19,
Chapter VII) and therefore the equation ¢(x, y, 2) — ki(x2+1y2+22)
= 0 represents a pair of coincident plancs (sec Corollary 3 of

Y
Y
\

/ k K ks o] Ak X
o] 1

kl' k:’

Fi. 34a F1c. 34b

Theorem 8, Section 96, page 209). From the discussion in the
preceding paragraph we conclude that in this case the graph of the
function A (k) has the character indicated in Figs. 34a and 34b,
from which it should be clear that A’(ks) < 0, therefore that
Ty'(ks) > 0 and hence that the planes represented by the equation
q(x,y,2) — ks(x2 4+ y2 + 2%) = 0 arc imaginary. In this case
there are therefore four coincident planes through the origin which
cut the surface in a circle; each of these planes is represented
by the equation [¢(z, ¥, 2) — ki(z? + ¥* + 2 = 0.

Finally, if &, is a triple root of the equation A (k) = 0, the rank
of the matrix az(k,) is O (see Theorem 19, Chapter VII) and there-
fore the function g¢(z, ¥, 2) — ki(x? 4 y® + 2?) vanishes identically,
so that every function of the form ax + by 4 cz is a factor of it.
In this case every plane through the origin is a plane of circular
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section. In view of the remark on page 215 this constitutes a
proof of the well-known fact that the section of a sphere by an
arbitrary plane is a circle.

We should recall moreover that if the discriminating equation
has a pair of equal roots which are not zero, the quadric is a surface
of revolution, while if it has a pair of zero roots, the quadric is a
parabolic cylinder or a pair of parallel or coincident planes.
In view of these facts we can state the following conclusion:

THEOREM 4. The quadrics which are surfaces of revolution but not
spheres, the parabolic cylinder, and the pair of parallel or coincident
planes possess through every point of space 4(«a, 8, v) four coincident
planes of circular section; in these cases there exists a double root, k;, of
the discriminating equation, the function g(x, y, ) — ki(x*> + y* + %)
is a perfect square and the planes of circular section through A4 are
given by the equation [g(x — a, ¥y — 8, z — 7)]* =0, where [g(x, y, 3)]> =
q(x, ¥, 3) — k(x> + y2 + 2?). All other quadric surfaces possess
through every point of space A(a, 8, v) two distinct planes of circu-
lar section; no two of the discriminating numbers k,, k;, k; are
equal to each other and, if k; < k: < k;, the function q(x, y, z) —
ky(x2 + y? + »?) is factorable into two linear factors with real coeffi-
clents; if we write q(x, y, 3) — k(22 + y + 2%) = gilx, y, 3) - g:(x, ¥, ),
the planes of circular section through A4 are given by the equations
filx —ayy —Byz —v) =0and g2(x —ayy — 8,3 —v) = 0.

Remark 1. The circles of these circular sections may be ordi-
nary circles with a finite center and finite radius, or they may
be ““degenerate circles” (compare Appendix, VIII, page 301). It
should be clear that the circular sections of degenerate quadrics
are always degenerate circles. And it should be clear that this
will also be the case when the middle root or the double root of
the discriminating equation is equal to zero (compare also Sec-
tions 110 and 111).

Remark 2. If the notation for the discriminating numbers is
80 chosen that in all cases k; = k; = ks, the planes of circular
section through the origin are always given by the equation
q(x, y, 2) — k(2 + y*> +2%) = 0.

Ezxample.

The locus of the equation
"3t —yt— 22+ 6yz—6zrx+4y—2z2-2=90

3 0 0 -3
. . . 0 -1 3 2
is an hyperboloid of one sheet; for A = 0 3 -1 —11= 99,

-3 2 -1 =2
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3 0 o
Ay =0 -1 3|=-24,T;, = —14,s0that A> 0and T, < 0. More-
0 3 -1

over we find that 7; = 1. The discriminating equation is k — k? — 14 k + 24
= 0; its roots are 2, 3, and —4. Therefore in the notation of Remark 2
above, k; = 2, and the planes through the origin which cut the surface in
circles are given by the equation 3 22 — y? — 22 + 6 yz — 2 (22 + y? + 2%) =0,
thatis,byz? — 3 (y — 2)2 = Oorbyz — v3y + v3z =0andz + v3y —
V32 =0. Theplanesof circular section through an arbitrary point 4 (e, 8, v)
are given by the equations (r — &) — v3(@y — 8) + v3(z — v) =0 and
(—a)+V3y—8 —V3z—1v) =0

110. Circles on Quadric Surfaces, continued. To determine
the planes of circular section for a particular quadric surface, whose
equation is given in numerical form, we can proceed by the general
method developed in the preceding section. The work becomes
very simple if the equation of the surface has first been reduced
to the standard forms of Sections 100-102.

Ezamples.

T

2y 2
+L+5 =1, a<b < the

1. If in the equation of the ellipsoid et

middle discriminating number of the surface is bl* Therefore the planes

of circular section through the origin are given by the equation

2 2 .2 1
et LtL-p@ ) =0,
. 1 1 1 1
that 18, by z? a; - B-i bt Z2(E§ - F = 0.

In virtue of the relative magnitude of a, b, and ¢, which has been presupposed,
the coefficients of z? and 22 in this equation are both positive. Hence the
planes of circular section through the origin are represented by the equations

cxVb? —a? — azVer — b2 =0 and cxVb? — a4 azVer — b2 = 0;

and the planes of circular section through the arbitrary point A(a, g, v) are
given by the equations

Vbt —a¥(z —a) =aVE — b0z —7) and cVH — @}z —a) =
—aVer = bi(z — 7).

2. For the parabolic cylinder y? = 4 pz, the discriminating numbers are
0,0, 1; therefore k; = 0 and the planes of circular section are given by the
equation y* = 0. This equation represents the ZX-plane counted fourfold.
The planes of circular section through the point A(«, 8, v) are represented by
the equation (y — B)* = 0; therefore they are the planes y = 8 counted
fourfold. The intersection of a plane of this family consists of the generating
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liney =8,z = f%and of the infinitely distant line of the plane y = 8; the

circular section is therefore a degenerate circle (compare Appendix, page 301).

111. Exercises.

1. Determine the planes of circular section through the point A(—2, 3, 1)
for each of the following surfaces:

2V B
(a) 4 9 22_1) (b) 4+2+Z~1
Y 2y
(c) Z+—9"—ZZ, (d) 4 9—122'

2. Prove that the circular sections of a hyperbolic paraboloid are always
degenerate.

8. Prove that the two families of planes of circular section of a central
quadric are not affected when the surface is translated.

4. Determine the planes of circular section through the point A(3, 4, —1)
for each of the following surfaces:

(@ 22 +3y>—22=0, G 4x22+9y> =1, (c)4r? -9y =

6. Prove that the circular sections of the hyperbolic cylinder are always
degenerate.
6. Determine the angle between the two planes through the origin which

2 2
cut the ellipsoid -21— + y—- + z« = 1 in circles; and set up the condition under

which these planes w111 be perpendlcular
7. Solve the similar problem for the hyperboloid of one sheet and also for
the hyperboloid of two sheets.
8. Determine the planes of circular section through the point A(2, —1, 1)
for each of the following surfaces:
(@) 422 +6y2+ 422 =1, ) 22—=2y2+22=1,
(¢) 222 —y2 — 22 =1, @ 4x2+4y =52
(e) 6x2 — y2+ 622 =0.

9. Prove that for an ellipsoid of revolution the planes of circular section
are perpendicular to the axis of revolution of the surface; prove the same prop-
erty for the hyperboloids of revolution of one and of two sheets.

10. Derive the equations of the planes of circular section through an arbi-
trary point for the hyperboloid of one sheet, and also for the hyperboloid of
two sheets with respect to a system of axes which are parallel to the principal
directions of the surfaces.

11. Solve the corresponding problem for the proper cone and for the elliptic
cylinder.

12. Determine the condition under which the two planes of circular section
of the elliptic cylinder which pass through a fixed point are perpendicular to
each other.
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112. Tangent Planes Parallel to a Given Plane. The Umbilics
of a Quadric Surface. It may happen that, even though the
planes of circular section of a quadric are real, yet the sections
themselves fail to be real because the plane does not meet the
surface in real points; a limiting case arises when a plane of cir-
cular section is tangent to the surface. In that case, if we are
dealing with a family of real planes of circular sections, which are
non-degenerate, the circle of section reduces to a point; such a
point on a surface is called an umbilical point, or an umbilic.

DerinitioNn 1. An umbilic of a quadric surface is a point on the
surface at which the tangent plane is parallel to a plane through the
origin which cuts the surface in a non-degenerate circle.

Remark. Tt follows from this definition and from Sections 110
and 111 that umbilical points can exist at most on the central
quadries, the cone, the elliptic paraboloid and the elliptic eylinder.

Since these quadrics have at most two sets of parallel planes of
circular section, the existence of umbilical points depends upon
the existence of points on the surface at which the tangent plane is
parallel to the planes of these sets. On account of the intrinsic
interest of the question we shall preface the further discussion of
umbilics by a treatment of the general question of determining
points on a quadric surface at which the tangent plane is parallel
to a given plane; and we shall discuss this problem for all real
non-degenerate quadric surfaces.

Let axz + by + cz = 0 be an arbitrary plane through the origin
(a, b, and ¢ not all zero). Does there exist a point P(e, 8, v) on the
surface Q such that the plane tangent to the surface at P is parallel
to the given plane? Since the tangent plane to the surface at P
is represented by the equation

(:B - a)Ql(O‘) B, 'Y) + (?/ - 6)Q2(a) B, 'Y) + (Z - 7)Q3(a} B, 'Y) = 0;

the conditions of the problem require that there shall exist a non-
zero factor of proportionality 2 p, such that the coérdinates of P
satisfy the equations

Qi(e, B, v) = 2 pa, Qe B, v) =2 Pby Qa(“: B, 7).= 2 pc;

and moreover these coordinates must satisfy the condition Q (e, 8, v)
= 0. The latter equation may be written in the form

aQi(a, B, v) + BQ:(e, By v) + ¥Qs(e, B, v) + Qila, B, v) = 0,
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which, by use of the first three equations, may be replaced by the
equation

Qi(ey 8, 7) + 2 p(aa + b8 + cv) = 0;

and this equation has the advantage of being linear in «, 8, and v.
We find therefore that «, 8, and ¥ must satisfy the following four
linear equations:

ana + a1f + azy + ayy — pa = 0,
(1) apa + anB + axy + au — pb = 0,
apa + anB + awsy + a — pc = 0,

(a4 + pa)a + (azs + pb)B + (@ss + pc)y + as = 0.

If these equations are looked upon as forming a system of linear
equations in a, B, v, it follows from Corollary 2 of Theorem 24,
Chapter IV (Section 54, page 102) that they possess no solution,
unless the rank of the augmented matrix is less than 4. We are
led therefore to the following equation for p:

an Q12 Q13 ay — pa
R(p) = Q2 2273 Qa3 Az — pb =0
a3 Aa3 Q33 az — pC

i+ pa G+ pb au + pc Ay

We write this determinant as the sum of two determinants,
using @, da, as, A 88 the elements of the 4th column in one and
—pa, —pb, —pc, 0 as the elements of the 4th column in the other;
each of these determinants is again written as the sum of two de-
terminants by making a similar distribution of the elements of the
4th row. The equation will then take the following form:

Ay Q2 iz Quy ay G2 a3 @

A2 Gy Qg3 0 Qir Gy ap b
A+p —p

Qi3 (g3 Q33 A3g Qi3 O3 QA3 C

a b ¢ O Gy G ay O

an G a3 a

Qi G 0G5 b =0

13 Qg3 Gz C ’
a b ¢ 0

_p2

Now it should be an easy matter to see that the two middle terms
are equal numerically and opposite in sign; moreover the coeffi-
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cient oi p?is of the same form as the determinant which we denoted
by the symbol 43(Q) in Section 84 (see page 172), and will by
analogous notation be designated by Ai(a, b, ¢). The equation
for p can then be written in the simple form

(2) A =p*X 4s(a, b, 0).

To each root of this equation there corresponds a single value for
each of the variables a, 8, v, to be determined from the equations
(1), provided the rank of the coefficient matrix of these equations
is 3. The discussion of the different possibilities, and also of the
cases in which the roots of the equation (2) are real and distinct,
real and equal, or complex is made most conveniently after the
equation of the quadric surface has been reduced to the standard
forms, discussed in Chapter VIII. The translation and rotation
of axes which are involved in this reduction will of course affect
the equation ax + by 4+ cz = 0 of the plane. It is therefore of
importance to establish first the following theorem.

TueoreM 5. The value of the determinant A;(a, b, c) and the rank
of its matrix are invariants of the configuration consisting of the sur-
face Q and the plane ax + by + cz = 0 with respect to translation and
rotation of axes.

Proof. The most general transformation of coérdinates which
can be made by rotation of axes is carried out by means of the
equations

T = Mo+ N1+ N2y, Y = ity + s + a2y, 2 = nTy + vl
+ vs2y
(comparc Theorem 5, Chapter V, Section 63, page 121). If these
expressions are substituted for z, y, and z in the equation ax + by
+ ¢z = 0, it is carried over into the equation a’z; 4 by, + ¢’z = 0,
where

d' = a)\l + b[l.l + Cryy b' = akz + by.z + Cvy, C’ = a)‘a + by;
+ Cv3.

We observe now that this transformation of the coefficients of
, Y, 2 in the equation of the plane is exactly the same as the trans-
formation of the coefficients ai, as, ass of the linear terms in Q
under rotation of axes (compare page 212); consequently the de-
terminant A;(a, b, ¢) is transformed by rotation of axes exactly
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like the discriminant of the quadric surface ¢(z, y, 2) + 2 az + 2 by
+ 2cz = 0. It follows therefore from Theorems 4 and 5, Chapter
VIII (Section 94, pages 203 and 205) that the value of the de-
terminant A;(a, b, ¢) and the rank of its matrix are invariant with
respect to rotation of axes. That this invariance also holds with
respect to translation of axes becomes evident if we recall that the
coefficients of the second degree terms in @ are not changed by
translation of axes (compare proof of Theorem 1, Chapter VIII,
Section 93, page 199) and if we observe that the transformation

e=2+p y=y+q z2=2+r

carries the equation ax + by + ¢z = 0 over into the function
az’ + by’ + ¢z’ + ap + bg + cr = 0, so that the coeflicients a, b,
and c are also invariant under translation of axes.

In the further discussion of our problem we shall now be able to
use the standard forms of the quadric surfaces.

Case I. ry=4, r;=3.
(a) Ellipsoid. The standard form of the equation is

22yt 2t
;)‘2"*'&54-7-3: 1

1
]7& 0 0 a
0 L 0 b
We find that A = — —— o) and As(a, b, ¢) = q? =
77 qr 1
0 0 ;—2 c
a b ¢ 0
2
21‘2 + = pcqz). The equation (2) becomes therefore

pz(a’p'*’ + b2 ’ + ¢?) = 1. It has two real roots for every set of
values of a, b, and ¢ and, since r; = 3, a single set of values of
a, 3, v is given by equations (1) for each root of (2). Therefore, to
every plane there correspond two points on the ellipsoid at which
the tangent planes are parallel to the given plane. :
(b) Hyperboloid of One Sheet. From the standard form of the
equation, namely,
2t oyt 22
¢
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1 b? c?
P and As(a, b, ¢) = 27‘2 +r W T i
case A'> 0, although Aj(a, b, c) is posttlve, zero or negative ac-
cording as a’p? + b2 — c¥r? is positive, zero or negative. Since
we have again r; = 3, we conclude that if a, b, and ¢ are so chosen
that a?p? + b%? > c%?, there arc two points on the surface at
which the tangent plane is parallel to the plane ax + by + ¢z = 0;
if a%p? + b%* < ¢*?, there are no such points on the surface, and
if a?p? 4 b%*® = c¥%?, there is no finite point on the surface which
has this property.

we find A = In this

2 2

(¢) IHyperboloid of Two Sheets. Using t;he standard form %‘2 — Zj
22 1 2 b2

-3 =1, we find A = pzqz = and As(a, b, ¢) = 2r2+77p_2

2
072. Now A < 0, so that equation (2) furnishes real values of
p4q

p only in case b%?® + ¢r? < a?p?. In this case there will be two
real points on the surface of the desired kind; in no other case will
points of this kind exist at finite distance.

The conclusions for this case are therefore as follows:

TuroreMm 6. On the ellipsoid there are, for every plane in space,
two finite points at which the tangent plane is parallel to the given
plane; on the hyperboloid of one or two sheets two such points exist
for certain planes but none for others.

Case II. rq=4, r; = 2.
(a) Elliptic Paraboloid. 'The standard form of the equation is

2 2
We find A = — 177:(_1_3 and As(a, b, ¢) = — 52? Equation (2) be-

comes therefore n? = p%? If ¢ = 0, there is no finite value of p
which satisfies this equation and hence no finite point on the sur-
face which satisfies the conditions of our problem. If ¢ 30, we

have p = + %"; let p, = gand pr = — % If we substitute p; or ps

in the equations (1) for this case, we obtain a system of linear equa-
tions whose augmented matrix is
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1 1

;2 0 0 —pa ;2 0 0 — P20
0 % 0 —mb| or || O &1'2 0 —pbd
0 0 0 —2n 0 0 0 0
ma pb 0 0 pa pb —2n 0

The rank of each of these matrices is clearly less than 4. The
three-rowed principal minors formed from the 1st, 2nd, and 4th

2 2 2 2
rows and columns have the values plz(;l—z + g—,_,) and pgz(% + %2)

respectively; and since p, and p, are both different from zero, we
conclude that these two matrices are both of rank 3.

The rank of the coefficient matrix for the first of these systems
of equations is manifestly less than 3; for the second system the
coefficient matrix contains the non-vanishing three-rowed minor

1
P 0
0 0

ST

pd pb —2n

whose value is — 22—7% In accordance with Corollary 1 of Theorem
pq

24, Chapter IV (Section 54, page 102) we conclude that for p = py,
the system (1) has no solutions, while for p = p, it possesses one
solution. For p = p,, the equations (1) are Z% — pea = 0, g—z—- pb
=0, pslax + b8) — 2ny = 0. From these we obtain, since

pr = — %, the following solution of our problem:
ST N 0§
c ' " ¢ 1T 2 c?

Thus, while the equation (2) has two real solutions in this case,
only one of them gives rise to a point («, 8, ¥) on the surface at
which the tangent plane is parallel to an arbitrarily given plane
through the origin, except when this plane has the equation
ar 4+ by = 0.
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(b) Hyperbolic Paraboloid. From the standard form of the
equatiop
z? g2
;2 - ? = 2nz
2
we obtain A = p q and As(a, b, ¢) = 279_2 The equation (2) re-
duces, as in (a) to the form n? = p%?2 For ¢ = 0, there is no finite

solution of the problem; for ¢ 3= 0, we find as before, p; = :: and

pp= — Z For these two values of p the augmented matrices of the

systems of equations (1) become

1
;—2 0 0 — p,ma 172' 0 0 — p2a
0 —qlz 0 —pb| and [0 —515 0 —pb
0 0 0 —2n 0 0 0 0
pa pb 0 0 P20 pgb —-2n 0

It is seen that, as in (a), both these matrices are of rank 3; also
that the rank of the coefficient matrix for the first system of equa-
tions is 2 and the rank of the coefficient matrix for the second sys-
tem of equations is 3. The conclusion is therefore the same as

2
for the elliptic paraboloid; we obtain the point a« = — @EE ,

_bng* _ _ n(a’p® — b'¢%)
== ="

TaeoreM 7. On the elliptic paraboloid and on the hyperbolic parab-
oloid, there is for every plane in space, except for planes parallel to

the axis of the surface, one point at which the tangent plane is parallel
to the given plane.

Case IIl. ry=1r; = 3.

The only real quadric in this case is the proper cone, whose
standard equation may be put in the form .

2 2
+———=o
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We find A = 0 and

%2 0 0 a
.1_ 2.2 2,2 __ 2,2
Aa((l,b,c)‘—“- 0 q2 0 b =pa +2?22 cr'
1 pig*r
0 0 - C
72
a b c 0

If As(a, b, ¢) = == 0, the only solution of equation (2) is p = 0,
and equations (1) reduce to the equations for the vertex (compare
Theorem 13, Chapter VII, Section 85, page 177). Since at the
vertex Q1 = Q; = @; = 0, the tangent plane at this point does not
exist and our problem has therefore no solution in this case. On
the other hand, if As(a, b, ¢) = 0, i.e., if p2a® + b%?® — c¥r2 = 0,
every value of p satisfies equation (2). The augmented matrix of

1
Z? 0 0 —pa
o L o -
the system of equations (1) is ¢’ PPL its deter-

0 0 —;12 —pC

pa pb pc 0

minant is equal to —p?43(a, b, ¢) and vanishes. It should be clear
that the rank of this matrix is 3 and that the rank of the coefficient
matrix of the system of equations (1) is also 3. Hence, for every
value of p there is one point on the surface which satisfies the con-
ditions of our problem. By solving the system (1), we find

a = pap?, B = pbg®, vy = — pcr?.

As p varies, these equations are the parametric equations of a line
and it is readily seen that this line lies entirely on the cone. For,
2 2 2
since a?p? + b%? — ¢¥? =0, it follows that %—2 +% -~ %5 =
p2(a?p? + b%?® — c¥?) = 0, independently of the value of p. And
the tangent plane to the cone at any point on this line is repre-

sented by the equation 971_92 %% — ’-:—: = 0, i.e. by the equation
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ar + by + ¢z = 0. We have therefore reached the following
conclusion:

TuroreMm 8. If and only if a, b, and c are so chosen that a’p? 4 bq?
— cr? = 0, the plane ax + by + ¢z = 0 will be tangent to the cone

2 2 2
:—); +z-'—2 - f—z = 0; this plane touches the surface along the line on the
cone whose parametric equations are x = pap?, y = pbq? z = —pcr?,

p being the parameter. For any other choice of a, b, and ¢ there will
be no point on the cone at which the tangent plane is parallel to the
plane ax + by + ¢35 = 0.

Casg IV. rn, =3, =2
2 2
(a) Elliptic Cylinder. The standard equation is —;72 + % =1,

2
A =0 and Ay, b, ¢) = — p—‘j?. If ¢ = 0, the only solution of
equation (2) is p = 0; the system (1) is inconsistent for this value
of p and we have therefore no solution of the problem. If ¢ =0,
the system of equations (1) reduces to

a B8

‘?72 = pa, ("1'} = pb, plaa + b)) = 1.

Values of p can always be determined for which this system is
consistent; with these values of p, we find for « and 8 the follow-

ing results:
_ ap2 bq2

= 4+ — = 4= ——F .
T EVamrog Pt Vap t g

These equations determine a line parallel to the Z-axis, which lies
entirely on the cylinder; and the plane tangent to the cylinder at
any point on this line is represented by the cquation ax + by
= i\/a2p2 + b2

x2 g

(b) Hyperbolic Cylinder. From the standard equation 2T g

2
= 1, we find A = 0 and As(a, b, c) = pg_qz' Conditions are similar

to those in (a). If ¢ 5 0, there is no tangent plane parallel to the
plane ax + by + ¢z = 0. If ¢ = 0, the values of p and of «, 8, v
are to be determined from the equations (1) which reduce in this

case to
a = pap?, B = —pbe?, plaa + bB) = 1.
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Elimination of « and g leads to the equation p*(a’p? — b%?) = 1;
hence if and only if a?p? — b%? > 0, does there exist a real point

which satisfies the conditions of the problem. In this case, we find
- ap* - be® |
@==+ Varpt — bigt’ p=7+F Varpt — big

The line determined by these equations lies entirely on the surface,
and the equation of the plane tangent to the cylinder at any point
of this line is az + by = £Vap? — b2
Case V. =3, r3=1.
In this case the locus of the equation @ = 0 is a parabolic eylin-
der; the equation of this surface may be reduced to the standard
form y2 — 4 pxr = 0. We have

A = 0 and As(a, b, ¢) =

! O OO
SO = O
o oo
O o8

Hence equation (2) imposes no restriction on the choice of p. The
system of equations (1) takes the form

—2p—pa=0, B—pb=0, —pc=0, (=2p + pa)a
+ pbB 4 pey = 0.
If ¢ == 0, the third equation requires that p = 0, which leads to a

contradiction with the first equation, since p == 0; in this case
there is therefore no solution. For a similar reason, we must have

a +0; and in this case we find p = —277), and hence 8 = pb =
2

- gl)—b, a = Zﬁ These equations represent a line which lies en-
a a?

tirely on the cylinder; and the tangent plane to the surface at any
point on this line is given by the equation y8 — 2 p(x + a) = 0,
2
% = 0. There is no finite
point on the cylinder at which the tangent plane is parallel to the
plane az + by = 0, if a = 0; that is, there is no tangent plane
parallel to the plane y = 0.
We summarize now the conclusions reached in Cases IV and V
in the following theorem.

that is, by the equation az + by +
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TueoreMm 9. The tangent planes to the elliptic cylinder, the hyper-
bolic cylinder and the parabolic cylinder are all parallel to the gener-
ating lirie of the cylinder; they have contact with the surface along an

2 2
entire generator. The elliptic cylinder ;—2 +3145 =1 has two tangent

planes parallel to an arbitrary plane ax 4 by = 0 through its axis,

namely, the planes ax + by = +Va’p? + b%q%. The hyperbolic cylin-
23 2

der ;%é - 3(—;—2 = 1 has two tangent planes parallel to an arbitrary plane

ax + by =0 through its axis, namely, the planes ax + by
= +Va’p? — blq? unless a’p? — b’q? < 0, in which case no such plane
exists. The parabolic cylinder y2 = 4 px has one tangent plane parallel
to the arbitrary plane a¢x + by = 0 through the Z-axis, namely, the

b?
p_a_

113. The Umbilics of a Quadric Surface, continued. The
determination of the umbilics on the central quadrics, the cone,
the elliptic paraboloid and the elliptic cylinder can now be effected,
on the basis of Definition I (Section 112, page 253), by combining
the results of Theorems 6, 7, 8, and 9 with those of Theorem4. We
shall take the equations of these surfaces in the standard forms
used in the preceding section.

(a) Elipsodd.

If p < ¢ < r, the equations of the planes of circular section,

plane ax -+ by 4 = 0, if a + 0; if a = 0 no such plane exists.

- L oy 22
through the origin, of the ellipsoid o + pE -+ i 1 = 0 are (see
Section 110):
Vg —prr£pVr— ¢z =0.
Hence, in the notation of Section 112, we have a = rV¢® — p?,
1
+ =
Vapt + bt + i

, the double sign of p being independent of that of c.

b=0, ¢=+pVrt—¢’, and p=
1
prvrt — pt
The first three equations of the system (1) of Section 112 are for
= pc. We find therefore

this case 5—; = pa, Ez = pb, X

q r?
Vol — 2 VrE g2
=pap? = £ LY P = —pert= Y@
o = pap + Vi , B=0, v =pcr + \/ri’_—}?’

the double signs of @ and v being independent of each other. The
conclusion is given by the following theorem.
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2 2 2
Trzorem 10. The ellipsold x +y~ +2 2 =1,inwhichp < q < r, has

— 2 2
four umbilics. Thelr coordinates are (:{:P il S W A .-q);
vV = pt Vi = P

they lie on the elllpse in which the surface Is cut by the XZ-plane.

(b) Hyperboloid of One Sheet. 1f the equation be taken in the
z?
r?
cular section are (compare Exercise 10, Section 111, page 252):

V¢ = pr ZFp\/(f + r2z = 0.

2 2
standard formg—é + g—l — — =0, p < gq, the central planes of cir-

Hence a = r\/q2 —p4 b=0, ¢c= FpVe % and a’p?
+ b2q‘l — 62,.2 = 1)2r2(q2 —_ pZ) —_ r2p2(q2 _|_ 7“2) —_ — p?r2(1)2 + T2)
< 0. Therefore, the hyperboloid of one sheet has no umbilies.

(c) Hyperboloid of Two Shects. We proceed as in the preceding

casc, for the equation % — > — = = 1,9 <. The central planes
of circular section are represented by the equations

q\/r*’ + prr £ p\/r2 —¢*y = 0.

We have a = q\/ﬁ—m, b=xpVrt— ¢ ¢c=0; ap? — b%q?
—cn® = P + p?) — ¢ — @) = p0*(p° + ) > 0. There-
fore there are umbilical points on this surface. Their actual de-
termination proceeds as in the case of the ellipsoid; the reader
should have no difficulty in completing the proof of the following
theorem:

TuroreM 11.  On the hyperboloid of one sheet there are no umbiliecs.

On the hyperboloid of two sheets, which is not a surface of revolution,
2 2

there are four umbilics; if the equation of the surface is ;« - 2

¢
Vi X ot «/———_
=1, q < r, their cosrdinates are (:i:p rtp , +49 r ~———"— , the
Vpit+q' = Vpttgq
two double signs being independent of each other.

22
T
= 0, p < g, the planes of circular section through the orlgm are:

r\/q2 —plxEpVeg+r2z=0.

2
(d) Cone. 1f the equation be written in the form ; + y



THE UMBILICS OF A QUADRIC SURFACE 265

Herca = rV¢& — pL b =0,¢c = £pV ¢ + r2; and a?p® + big?
—_— 627'2 = p2r2(q2 —_— p'.?) —_ p2r2(q2 + 7-2) —_ - p2r2(p2 + 7'2) :': 0-
Therefore the cone has no umbilics.

2 2
(e) Elliptic Paraboloid. TFrom the standard equation % + 1—/—5
p q

= 2nz, p < ¢, we obtain for the planes of circular section through
the origin, the equations Vi¢2 — p?x £ pz = 0. Hence

(L=\/(IT-:7:Z’ b=0, ¢ = =£p.

There are therefore two umbilies on this surface; from the formulas,
given in Section 112, Case 11, (a), page 258, we find that their co-
ordinates are
—_— R, 2
a = :i:y)n\/q2—[)2, =0, v =’n___(q 5 p)_

2 2
(f) Elliptic Cylinder. We take the equation in the form %2 + %2

= 1, p < ¢, and we find that the circular sections through the ori-
gin lic in the planes represented by the equations Vit — ptx & pz
= 0. Since these planes are not parallel to the generators of the
cylinder, it follows from Theorem 9 that there are no umbilics on
this surface.

The results found in cases (d), (¢), and (f) lead to the following
theorem.

TueoreMm 12. There are no umbilics on the cone, nor on the elliptic
cylinder. There are two umbilies on the elliptic paraboloid which is
not a surface of revolution; if the equation of this surface be reduced

2 2
to the form :72 + -};—2 =2 nz, p < q, the covrdinates of the umbilics are
— 2 _ p?
(:i:Pn\/(12 - p* 0, n"(q 3 P ‘))

(9) Surfaces of Revolution. We have seen in Theorem 4 that for
a surface of revolution there is one plane of circular section through
every point of space; these surfaces can therefore have at most
two umbilics. The single central plane of circular section may in
these cases be obtained from the results already found, by setting
two of the discriminating numbers equal to each other. So, for
example, if in the ellipsoid, treated under (a), we put p = ¢, the
four umbilics reduce to two, namely to the points (0, 0, %7), that
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is, to the points in which the axis of revolution meets the surface.
The reader should have no difficulty in obtaining the corresponding
result for the hyperboloid of revolution of two sheets and for the
paraboloid of revolution. On a sphere every point is an umbilic.

Tueorem 13. On the ellipsoid of revolution, the hyperboloid of
revolution of two sheets and on the paraboloid of revolution, the um-=-
bilics are the points in which the surface is met by the axis of revolu-
tion; on the other quadrics of revolution there are no umbilics.

We summarize the results of this section as follows:

Umbilics exist on the ellipsoid, the hyperboloid of two sheets and
the elliptic paraboloid. If these surfaces are not surfaces of rev-
olution, the number of umbilics on them are 4, 4, and 2 respectively;
if they are surfaces of revolution, the umbilics fall two by two into
the points where the surface is met by the axis of revolution.

114. Exercises.

1. Determinc the planes parallel to the plane © — 2y 4+ z = 0 which are
tangent to the following surfaces:

(a) 2 — 6y —322 =1, ) 22 4+4y24+522 =1,
(c) 22 +4y? =2¢ (d) 42—yt =22
2. Determine the umbilics on each of the following surfaces:
v . Y2
LAl 2y g PRy
(c) 4+9—22, (d) 22+ y2 4+ 422 = 12,

3. Prove that the planes through the point P(«, 3, ¥) which are parallel to

2 2 2

the planes tangent to the cone %2 - ;% :—2 = 0 are tangent to a cone whose
vertex is at P.

4. If u, v, ware called the ““ coordinates’’ of the plane uz + vy + wz + 1=0,

set up the equation which the coérdinates of a plane must satisfy in order that

(x—a_)f_*_(y—ﬁ)”__(z—v)’___o.

the plane be tangent to the cone

7)2 q2 r?
ine the umbilics on the surface — 2 + % — 2 —
6. Determine the umbilics on the surface -—;z-}—?—;;— L p<r

6. Prove that the planes of circular section of the quadric surface Q(z, y, z)
= 0 are also planes of circular section of all the quadric surfaces whose equa-
tions have the form Q(z, y, z2) + k(z? + y2 4 22) = 0.

7. Prove that the four umbilies of an ellipsoid are the vertices of a rectangle;
and determine the condition under which they will be the vertices of a square.

8. Prove that the umbilics of the ellipsoids with the same center and the
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same principal directions, whose semi-axes are kp, kg, and kr, in which p, ¢, and
r are fixed while k is variable, lie on four lines through the common center;
and detérmine the direction cosines of these lines.
9. Determine the condition under which the tangent planes to an elliptic

paraboloid at the umbilical points are perpendicular to each other.

10. Prove that the planes of circular section of an hyperboloid of one sheet
are also planes of circular section of its asymptotic cone.

11. Prove that the tangent planes to an hyperboloid of two sheets at its
umbilical points are planes of circular section of its asymptotic cone.

12. Prove that the planes of circular section of a proper cone cut a tangent
plane of the cone in lines which make equal angles with the generator of the
cone along which the tangent plane touches it.



CHAPTER X
PROPERTIES OF CENTRAL QUADRIC SURFACES

116. Conjugate Diameters and Conjugate Diametral Planes
of Central Quadrics. Enveloping Cylinder.

DEeriniTiON 1. A diameter of a central quadric surface 18 a chord
which passes through the center of the surface.

The common form of the standard equations of the central
quadrics is
(1) mx? + mey?® 4+ my2? = 1.
Here m,, my, and m; are the quotients of the diseriminating nuin-

bers of the surface by — AA ; the center of the surface is at the
"

origin and the principal directions are the directions of the co-
ordinate axes.
Let us now consider an arbitrary diameter d; of the surface;
we shall designate its direction cosines by Ay, ui, vi.  The diametral
plane corresponding to this di-
: rection (sec Definition X, Chap-
ter VII and Theorem 17, Section
88, page 186) in the surface (1)
is given by the equation

(2) mihix 4+ mopry + mgyz = 0.

If a sccond diameter d, with di-
rection cosines g, uz, vy, lics in
this plane,

(3) muNiNs + moppe + mavve = 0,

(compare Theorem 21, Chapter
Fia. 35 IV, Section 52, page 99); and
. the equation of the diametral

plane corresponding to the direction of d; has the equation

(4) mihgx + mausy + mavez = 0.
268
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Equation (3) can now be interpreted as stating that the line
d, lies in the plane (4). We have therefore proved the following
theorem (see Fig. 35).

TueoreM 1. If one diameter of a eentral quadric surface lies in the
diametral plane determined by the direction of another diameter,
then the second diameter lies in the diametral plane determined by
the direction of the first.

CororLraRYy. The plane determined by two diameters is the diametral
plane which corresponds to the direction of the line of intersection of
the diametral planes of the first two diameters.

Proof. The diameter d3 in which the planes (2) and (4) inter-
secet has direction cosines s, us, v; determined by the proportion

Ao
A we

M1
M2 V2

(5) Na:us vy = mamy DMy LM

.

Va2 2

The diametral plane of this line* is represented by the equation

1 N 14 A A
Y UPTILE K £ + Nigngii g ! ! i + Mg s Lo z2=0.
S ) ZIY) Ao
x Yy 2
But this equation is equivalent to the equation | N w » | =0,
Ny opnowp

which is indeed the equation of the plane determined by the lines
dl and dz.

The corollary is also proved by the fact, that since d; lies in the
diametral planecs of d; and d,, the diametral plane of d3 contains
the diameters d; and d,.

Of the three diameters di, dy, and d; any two determine the
diametral plane of the third; and of the three planes (d,, dy),
(dgy d3), and (d3, di) any one is the diamctral plane of the line of
intersection of the other two.

The correspondence between diameters and diametral planes is
a reciprocal one-to-one correspondence: not only is there one and
only one diametral plane of any line through the center, but there
is also one and only one diameter of which any given plane through

* Whenever it can be done without danger of confusion, we shall use the
phrase ‘diametral plane of a line [” in place of the more exact but less con-

venient expression ‘‘diametral plane corresponding to the direction of the
line 1.”
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the center is the diametral plane. For if ax 4 by + cz = 0 is
an arbitrary plane through the origin, there is one and only one
set of values A, u, v such that m\ : meu : mav = a : b : ¢, hence one
diameter d whose diametral plane m\z 4 mopy + mgrz = 0 co-
incides with the given plane.

We introduce now the following definition.

DeriniTion II. A set of three diameters of a central quadrie, such
that the diametral plane of any one of them is the plane determined
by the other two, is called a set of conjugate diameters; and a set of
three diametral planes, such that any one of them is the diametral
plane of the line of intersection of the other two, Is called a set of con-
Jjugate diametral planes.

We shall find it convenient to refer to such sets as a conjugate
set of diameters and a conjugate set of diametral planes.
In terms of this definition we have the following theorem.

TaeoreM 2. For every diameter (diametral plane) of a central quad-
ric there exist an infinite number of conjugate sets; for every pair of
diameters (diametral planes), of which one lies in the diametral plane
of the other (passes through the diameter of the other) there exists one
conjugate set. For every diameter together with a diametral plane
passing through it, there exists one set of conjugate diameters and
one set of diametral planes, such that the diameters of the first set are
the lines of intersection of the planes of the second set.

Remark 1. The axes of symmetry of the ellipsoid furnish an
example of a conjugate sct of diameters.

Remark 2. Any two of a conjugate sct of diameters are “con-
jugate diamecters’ of the conic section in which their plane cuts
the quadric, where the words in quotation marks are to be under-
stood in the sensc in which they are used in Plane Analytical
Geometry.

The coordinates (e, 8, v) of the point P in which the diameter d
of direction cosines N, u, » meets the surface, arc proportional to
M\ u, v; thatis, a = s, 8 = us, ¥ = »s. The tangent plane to the
surface at this point may therefore be represented by the equation
mAx + mepy + mgrz = 1. Comparison with equation (2) shows
that this plane is parallel to the diametral plane of d.

And if P(e, 8, v) is a point of the conic in which the diametral
plane D of the diameter d cuts the surface, then mia\ + mqBu +
mgyv = 0; and the tangent plane to the surface at this point is
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represented by the equation miax + meBy + myyz = 1. Con-
scquently this tangent plane is parallel to the line d (compare
Theorem 21, Chapter IV, Section 52, page 99); hence there exists
also a tangent line through P parallel to d.  If P moves along the
curve of intersection of the surface with the plane D, these tangent
lines which are parallel to d generate a cylinder.

DerinitioN III. The enveloping cylinder of a quadric surface cor-
responding to a line d is the cylinder generated by the tangent lines to
the surface which are parallel to d.

We have therefore obtained morcover the following result.

Turorem 3. The tangent planes to a quadric surface at the points
where 1t is met by a diameter d are parallel to the diametral plane of
d. The tangent planes at the points where it is met by the diametral
plane of d are parallel to d; the tangent lines drawn through these
points and parallel to d form an enveloping cylinder of the surface.

116. Exercises.

1. Show that the enveloping cylinder of an ellipsoid is an elliptic cylinder
for every direction of the gencrator. Obtain its equation.

2. Show that the enveloping eylinder of an hyperboloid of two sheets is an
hyperbolic eylinder for every direction of the generator; obtain its equation.

3. Show that the enveloping cylinder of an hyperboloid of one sheet is an
clliptic cylinder for some directions of the gencrator and an hyperbolie cylinder
for other directions of the generator; obtain the equation of the enveloping
cylinder.

4. Determine the directions of the generator for which the enveloping cylin-
der of an hyperboloid of one sheet will be an elliptic cylinder, and also the
directions for which it will be an hyperholic cylinder.

6. Determine the diameter of the surface %2 +% - %
jugate to the diameters whose dircction cosines are proportional to —2: —1:2
and 1: —9 :4 respectively; determine also the diametral planes of these
diameters.

= 1 which is con-

6. Solve the corresponding problem for the surface x? + ‘1-{4—?4—%2 =1 and
the directions 1:2: =3 and —2:3: —1.

7. Determine the enveloping cylinders of the ellipsoid in the preceding
problem for the directions of each of the three conjugate diameters.

8. Determine for the surface of Exercise 6 the diametral plane which is
conjugate to the planes x + 2y + 2z =0and4z+y — 2z = 0.

117. Conjugate Diameters of the Ellipsoid. We shall denote
the length of the chord determined by the diameter d of a quadric
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surface by 2 6, the points where d meets the surface by E(a, 8, v)
and E'(a/, 8',v'), and the direction cosines of d by \, u,». If
several diameters are under consideration at the same time, we
shall distinguish between the numbers related to them by the use
of subseripts.

The parametric cquations of d may be taken in the form

(Dx=2xs, y=ups, z=us.
The number § is the numerical value of the roots of the equation
(2) (M2 + mop? + ma?)s? = 1,

provided these roots arc real; and the coordinates of K and £’
are obtained by substituting these roots for s in equations (1).
It should be clear that the roots of equation (2) never coincide,
that for the ellipsoid they are always real and finite, while for
the hyperboloids of 1 or 2 shects, they will be real and finite,
infinite, or imaginary according as miA\? 4 mou? + mg? is positive,
zero, or negative.

We will show now that the ellipsoid is the only quadric for which
there exist sets of conjugate diameters, for each of which the roots
of the equation (2) are real and finite. That such sets do exist for
the ellipsoid follows from Theorem 2 (Section 115, page 270) in
conjunction with the observation in the preceding paragraph.
Suppose now that we have three diameters di, d;, and d; such that

(3) miM? + mom® + mar2 > 0, muN? + Mapa® + mare? > 0,
’In1>\32 + WI2[..L32 + 77131)32 > 0, and

(4) MiNeAs + Mopgus + Mmavavs =0, MmAsA; + mausus + mgvar, =0,
MmiNNe + Mmoppp + mgyve = 0.

¥rom the first two of equations (4) we derive equations (5) of
Section 115; and from these we conclude that there exists a non-
zero constant k, such that

_ er;; Vi )\1

k V3
, —
mamsz | vy XQ

mimsq

A My
Ne 2

_ Tous
nzmy

[ 4
M2 Vo

’

If we multiply the inequalities (3:) and (3:) and subtract the
square of equation (4;) from the result, we obtain, by an easy re-
arrangement of terms:

mama(Mpg — Nopr)? + mama(uwe — pevr)? + mami(vida — v2A;)?2 > 0.
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The equations just preceding enable us to replace this inequality by

k2,2 kN2 F2us?
Mg Moy mgmy

and from this we conclude that

7714)\32 + 77l2[.l.32 + ’IIL:{V:;?‘
MUy oy

>0;

and finally on account of (33), that mymemsz > 0. Hence, cither
my; > 0, me > 0 and ms > 0, in which case our objective has been
reached, or else one of these numbers is positive, the other two
negative. Let us suppose m; > 0 and m, <0, m3 < 0. We
derive then from (3;) and (3.), the inequalities

MNE > — Mo — man® > 0 and  myde? > — mpus? — mgre? > 0;
multiplication of these inequalities leads to
M1ZA2Ne? > maurue? + 71127753(!4121’22 + #221’12) + mat
If from the two sides of this inequality we subtract the equation
M 2N? = ma?ui2ue® - 2 mempuiuevive + mixtv 2vs®
obtained from (43) we reach the inequality
0 > mama(uivs — par)?,

from which would follow that mems < 0 and therefore that m. and
ms are opposite in sign; but this contradicts the supposition which
we started from. We conclude therefore that m; > 0, my > 0
and my > 0; and we have the following theorem.

Tureorem 4. The ellipsoid is the only central quadric for which

there exist sets of conjugate diameters each of which meets the surface
in real finite points.

In developing further properties of the conjugate sets of diam-
eters of the ellipsoid, we shall use equation (1), Section 115, with

the understanding that m; = %2, My = qlz and m; = 1.12
If dy, dz, and ds are conjugate diameters of the ellipsoid, we derive
from the equations
(MmN 4 mops® + may;?)8;2 = 1 and  muNj + mapiy + mavy;
=0, 7,j=12,3,7+
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the interpretation that

)\161\/7712 [.1161\/’;;;@—, V161 V m;;,
)\282 V my, M282 Vg, v382 Vv M3,
3]’1(1 )\;{63\/"11, M353\/I112, V363 V ms

are the direction cosines of three mutually perpendicular lines.
If we apply to them the results obtained in Theorem 6, Chapter V,
the Remark 3 following this theorem, and Theorem 7, Chapter V
(see Section 65, pages 123 and 124), we find the following further
relations:

(5) 512)\1#1 + 522)\2M2 + 532)\3113 = 0, 512#11/1 + 522#21’2 + 532M3V3
=0, &N F Gl + &\ = 0;

(G) 7771(512)\12‘}' 622)\22+ 532)\32) = .l, 7)12(512[112"" 52?'[122+ 532[.132) = 1,
ma(8i2® + Sa¥w® 4 8%5%) = 1;

A M1 Vi
™) Ne g2 wa | 018205 Vinumams = 1.
Nsopsows

From these formulas we derive the following interesting results.

Tueorem 5. The sum of the squares of the semi-diameters of a set
of conjugate diameters of an ellipsoid is the same for all conjugate
sets of diameters.

Proof. The semi-diameters of the conjugate set arc 8y, 8, and
8. If we divide the three equations in (6) by mi, ms, and m;
respectively and add the results, we find:

8122 F e F n?) 4 620 e 1) F 852N F s - vs?)
1 1 1

o mg | omy

that is
1 1 1
5,2 8,2 82 = — i e = ;2 2 2,
Tl i m1+m2+’m3 P+ +r
THeoreEMm 6. The volume of the parallelopiped of which the three

semi-diameters of a conjugate set are coterminous edges iIs the same
for all conjugate sets.

Proof. To determine the required volume we have at our dis-
posal the formula in Corollary 2 of Theorem 3, Chapter V (Section
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62, page 118). In the present case, the symbols used in this
formula have the following values:

a = 61, b= 52, c = 33, COS vy = )\1)\2 + J377% + Vivg, COS,B =
Nahi + pauy + vavy, COS o = Ny pops + vovs.

If we make use now of formula (7) above and observe that

1 Mot ppetvvs NN+ pips+vvs
MAs+pipe+vive 1 NaNg+paps +vavs
MAstpustrivs NN+ uous+vavy 1

M ML N 2

=N M2
Ns uz w3

(compare part (3) of the Remark following Theorem 16, Chap-
ter I, Section 14, page 27), we obtain for the volume of the par-

allelopiped the expression
—616—26—3—,: = ==pqr.
010403 v Mmimems

2 2 2
Turorem 7. If the ellipsoid :—)5 + '31—'—2 + :_12 = 11isreferred to a reference

frame O-X'Y’'Z’, whose axes are the lines of a conjugate set of diam-
2 ’2 pord 3

eters, its equation is g—.z + ';—2 + :g'-‘z = 1, where §,, 5;, and §; are the semi-
1 2 3

diameters of the conjugate set.

Proof. Let P(a, 8,7v) be an arbitrary point on the ellipsoid,
as referred to the frame O-XYZ, so that mia® + moB2 + mgy? = 1;
the codrdinates o/, B/, v/ of P with respect to O-X'Y’Z’ are the
lengths of the scgments P,yP, PyyP, and Py,yP of the lines
through P parallel to OX’, OY’, and OZ' respectively (compare
I'ig. 14, page 113). The equations of the line through P parallel
to OX’ are

r=a+Ns, Y=0+wms, z2=+v+wms.

The equation of the plane Y’OZ’ is m\x + momy + maiz = 0;
and the distance PP, is the value of s determined by the equation
which results when the expressions for r, ¥, and z just preceding
are substituted in this equation, that is, by the equation

miha + Mo + mavry + (M2 + map® + man®)s = 0,
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Therefore
. _ L, = miha -+ Moy B + msvry
®= Py’z'P PPyz’ nmih? + Mo + Mgy ®

= §2(nuNhix + MmomB + Mmanry).
In similar manner we find
B’ = o2 (miNeat+mopeB+mavey), ' = 82 (madsa+mousB-+msvay).
(‘onsequently we find

8

a'? 'z 42 Si12(muN 2
—— — —_— = m
5 -+ 5 + 52 1 (ml 1+ Mo + 3V1’Y)

+ 822 (koo +mgpsB+ migvay) 2 832 (Mihsa+mepaB +mavsy) 2.

If the squares of the trinomials on the right side of this equation
are expanded, we obtain a homogeneous polynomial of the second
degree in «, 8, and . The coefficient of a? is found to be
mi2(M28:2 + Ng28:2 4 N32032) = my, by virtue of formula (6,); in
similar manner we find that the coefficients of 82 and 2 are m,
and m; respectively. For the coeflicient of By we find 2 mgm;
(1812 + uaeds® + wawsds?) = 0, on account of formula (5,); and
it should be a simple matter to verify that the coefficients of ya
and af are likewise zero. Hence we find

52 + o + 5 ne® + mef? + may? = 1.

Since o/, B/, and v’ are the coordinates with respect to 0-X'Y’Z’
of an arbitrary point on the ellipsoid, our theorem is proved.

118. Exercises.

1. Prove that a sct of conjigate diameters of the hyperboloid of one sheet
mz?t + my? + me? =1 (m > 0, me > 0, my < 0) is also a conjugate set
for the hyperboloid of two sheets mux? 4 mgy? + msz? = —1.

2. Prove that of a set of conjugate diameters of the two hyperboloids of the
preceding exercise, two and only two meet one of these surfaces in real, finite
points, whereas the third diameter of the set meets the other surface in real,
finite points; and that this set of conjugate diameters for the two surfaces
determines three finite chords, two chords of one of the surfaces, and one of the
other. }

3. Prove that if 2 6, 2 8, and 2 §; denote the lengths of the diameters of a
conjugate set for the two hyperboloids of Exercise 1, then 6,2 4+ 82 + 82 =
1,11

m o omp mg’
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4. Determine the diameter of the surfaces z2 — yzz +%z = +1, which is

conjugate to the two diameters whose direction cosines are proportional to
—1:6:9and to1:2:4 respectively.

6. Prove that three tangent planes of an ellipsoid which are parallel to
the three diametral planes of a conjugate set mect in a point. Determine the
locus generated by this point when all conjugate sets of diametral plancs are
considered.

6. Determine the length of the diameter conjugate to two diameters which
lie in a plane of circular section through the center of an ellipsoid.

119. Linear Families of Quadrics. When two quadric surfaces
are given, as for instance by the equations Q(z, y,2) = 0 and
Q'(z, y,2) = 0, the points common to these surfaces determine
a space locus with one degree of freedom, that is, a space curve.
The study of space curves constitutes an important part of the
field of Differential Geometry. Without knowing anything fur-
ther about the character of the curve of intersection of two quadrics,
we can affirm that, no matter what polynomials are represented
by the symbols A(z, y, 2) and B(z, y, 2), the locus of the equation

A(xy Y, z) ‘ Q(x, Y, Z) + B(IL', Y, Z) ¢ Q,(x; Y, 2) =0

will be a surface which passes through this curve; for this equation
is surely satisfied by the codrdinates of any point which belongs
to the locus of @ = 0 and to that of Q' = 0. And if A(z, y, 2)
and B(z, y, z) reduce to constants which are not both zero, the
equation represents a quadric through this curve.

Thus the equation

(1) kQ(x,y,2) + k:Q'(z,9,2) =0

represents, when the ratio k; : k, varies, a family of quadric sur-
faces, all of which pass through the points common to the surfaces
Q =0and Q =0. Itis called a linear one-parameter family of
quadries, also a pencil of quadrics (compare Section 49). For
k, =0, k; = 1, we obtain the surface Q’; for k; =1, k. = 0,

the surface Q. Upon division by %, and putting II%= —\, the
1
equation (1) takes the form
2) Q@,9,2) — N (z,y,2) =0;

and this equation is equivalent to (1), except that it does not in-
clude the surface @’ for any finite value of \.
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The value of the parameter A may be so selected as to make the
surface represented by (2) satisfy a single condition, for example,
that of passing through one prescribed point, which does not
lie on the surface @’. This particular problem has a unique solu-
tion. For if (e, B, v) is the prescribed point, A must satisfy the
condition

Q(a, B, 'Y) - )‘Q’(ay B, Y) = 0,
so that
\ = Q(a, B, 7)
Q' (a, B,7)°

The condition that a surface of the pencil be a surface of revolu-
tion leads to an equation of higher degree in A; for it requires that
M be determined so that the equation

an — My’ —k ap — Ny i3 — Mg’
g — )\(112’ Qo — )\(122, —k Qo3 — )\az;;' =90
a3 — Nays’ (o3 — Ndag’ ai — Mg’ — k

shall have a double root (compare the Remark on page 215).
We shall not pursue this problem further.

Of special interest is the question as to the singular quadrics
contained in the pencil of quadrics (2). A surface of this pencil
will be singular if and only if the rank of the matrix

an — Ny’ @i — N’ G — Ay’ au — A
a0 = | @2~ )\(112: az — )\042: s — Mrzs: 2 — My’
M3 — Nis”  Gp3 — Nazs” gz — Nz’ dza — Nasd
Qi — Ny’ G — Nazy' Gy — Nasd' G — Nagd

is less than 4 (compare Definition V, Chapter VII, Section 82,
page 166); it will be a non-degenerate singular quadric, that is, a
proper cone or a cylinder, if and only if the rank of this matrix is 3.
In either case a necessary condition is that the determinant
A(M\) of this matrix shall vanish. But the equation AQN) =0
is of the fourth degree in \; there will therefore be at most four
singular quadrics in the pencil. A further discussion of the charac-
teristics of these surfaces, of the questions whether they are de-
generate surfaces, whether they are cylinders or cones leads into
a more extensive treatment than we can undertake here. The
interested reader is referred to Snyder and Sisam, Analytic Geom-
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etry of Space, Chapter XI, or to Bdcher, Introduction to Higher
Algebra, Chapter XIII, for a consideration of these problems.

To determine the ratios of the ten coefficients which appear in
the general equation Q(z,y,2) = 0 of a quadric surface, nine
points must be prescribed. Substitution of the coordinates of
these ninc points in the general equation furnishes nine linear
homogeneous equations for ai, @, du, Qus, Uiz, Qo3 Uss, Uisy Aisy Oos
from which the ratios of these coefficients can in general be de-
termined. In order that this be possible, the 9 points (i, 8i, vi),
i=1,2,...,9 must have such codrdinates that the rank of the
matrix, formed by the 9 rows

3) a? B2 v 2B, 2vic, 2By 2 28 27, 1

Z=1,2,...,9) of 10 elements each, is 9. Whenever a set of
points (a;, B;, vi) is so constituted that the matrix, in which for
cach of the points there is a row of 10 elements as indicated in (3),
has a rank equal to the number of points in the set, we shall say
that these points are in ‘“general position.” We can therefore
say that there passes a single quadric surface through a set of
nine points in “general position.”

If only eight points are given, we have eight equations; if the
eight points are in general position, these equations will enable us
to determine 8 of the coefficients a;; as lincar homogeneous func-
tions of the other two, by Cramer’s rule; if these two be called k;
and ks, the solution will be of the form a; = a;'ky + a;"'ks, where
ai’ and a;;"" are known. The equation of the quadric through the
given 8 points will then be Q(z,y,2) = 0, where Q(z,y,z2) =
kQ'(x,y,2) + kQ"(x,y,2). The surface @ = 0 will therefore
belong to a pencil of quadrics determined by the quadrics @’ = 0
and Q" = 0, provided the latter two surfaces are distinct. It
will be worth our while to inquire further whether this will indeed
be the case. If we suppose that the value of the determinant of
8th order, which is formed by the first 8 elements in (3) for
t=1,2,...,8, is different from zero (let us denote this deter-
minant by Ds), then we may take ki = au, k2 = a4; and it follows
from Cramer’s rule that a,; is equal to a fraction whose denominator
isequal to Ds; and the numerator is obtained from the denominator
by writing the column 2 asy; + au(t = 1,2,. . . , 8) in place of
the column o ¢7=1,2,...,8 Hence if we denote by Ds’
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and Dy the determinants obtained from Ds by replacing its first
column by 2v;,7=1,2,...,8 and by a column of ones re-

’ ) "
spectively, we find that a), = % X az+ !Dis X ay = kian' + kaan”,
s

Dy’ Dy’ -
where a,,/ = T)i and ay,’ = 5. Similarly we find a = kiay’
8

Dy
+ kqas'', where az' and ag'’ are obtained from Ds by replacing
the second column by the columns which were used in the first
column for the formation of Dy’ and Dy’ respectively, and dividing
by Ds; and so on for all the coeflicients a;; except as and a.
Finally, if we write a3’ = 1, a3’’ = 0, and au’ = 0, as’’ = 1, we
have also ass = kias’ + keass’’, and ay = kiay’ + keas’’. Hence
we can write Q(x, ¥, 2) = kiQ'(z, ¥, 2) + kQ"(, y, 2), where the
coefficients of @’ are not proportional to those of Q. It should
be clear that the same conclusion will be reached if we start from
the supposition that another 8th order determinant of the matrix
is different from zero. Therefore any quadric @ which passes
through the 8 given points belongs to the pencil of quadries de-
termined by the quadries Q' and "’ and passes through the curve
of intersection of these surfaces.

TaeoreEM 8. All quadrics which have in common eight points in
general position have a curve in common which passes through these
eight points.

A system of three quadrics Q(x, y,2) = 0, Q'(x,y,2) = 0 and
Q" (z,y,2) = 0 which do not belong to one pencil, that is, such
that the only values of ki, k,, and k, for which the relation
kQ(z,y,2) = kiQ'(z, y, 2) + k2Q"'(x, y, 2) holds identically are k, =
k» = k = 0, determines a linear two-parameter family of quadrics
kQ + kiQ" + kQ" =0, or @ +AQ' 4+ pQ” = 0. Such a family
is called a bundle of quadrics. All surfaces of the bundle pass
through the points common to the three initial surfaces. These
equations will in general have 8 points in common, since their
equations are of the second degree in z, y, z. But these 8 points
are not in general position, since otherwise the three surfaces Q,
Q' and Q" would, in accordance with Theorem 8, belong to one
pencil.

Suppose now that there be given 7 points in general position;
then seven of the coefficients a;; can be determined in terms of the
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remaining three; if these be called ki, ks, and ks, we shall find
ai = ki’ + keay” + ksaii’”’, and therefore Q(z, y, 2) = kiQ’
(z, y, 2) + kQ"(z, y, 2) + ksQ"'(x, y,2). The determination of
the functions @', @, and Q"' proceeds by a method analogous
to the one used in the proof of Theorem 8. On the supposition
that the determinant of 7th order whose rows are forined by the
first seven elements of (3) for ¢ = 1,2,. . .,7 does not vanish,
we may take ki = ag, ks = au, ks = an.  Therefore if a;; = ki +
ko’ + ksai’”, we have ay’ =1, ai’’ = 0, a’”’ = 0; a’ =0,
as’ =1, az'” = 0; a/ =0, a’ =0, as’”’ = 1. This shows
that the three surfaces @ =0, @’ =0, and Q""" =0 do not
belong to the same pencil. Therefore any surface through the 7
given points belongs to the bundle of quadrics determined by these
three surfaces and will therefore pass through the eight points
common to them.

Tueorem 9. All quadrics which have in common 7 points in general
position also have an eighth point in common.

120. Focal Curves and Directrix Cylinders of Central Quadrics.
In Plane Analytical Geometry, the focus and directrix of a conic
section are defined as a point and a line such that the ratio of the
distances of any point on the curve from the focus and from the
directrix is the same as for any other point on the curve. A
corresponding definition of focus and directrix for the quadric
surfaces scems to have been given first by Chasles (in 1835) or
perhaps by Salmon (in 1862).

Derintrion IV. A focus and a directrix of a quadrie surface are a
point and a line such that the ratio of the square of the distance of

any point P on the surface from the focus to the product of its dis-
tances from any two planes through the directrix is constant.*

Although the concepts defined in this manner are entirely defi-
nite, it is still an open question whether quadric surfaces possess
foci and dircctrices. We shall not deal with this question for the
general quadric but only for the central quadrics, which are not
surfaces of revolution.

* The planes through the directrix need not be real. The line of inter-
section of two planes may be real even though the planes themselves are not
real; for example, the planes ¢ + ¢y — 2z = 0 and z — ¢y — z = 0 both contain
thelinez =t, y=0,z=1t
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If F(«, B, v) is a focus of the central quadric

(1) mux?® 4+ may? + mg2? = 1

(my, me, and ms being distinct and all different from zero), there
must cxist two linear functions I(z, y,2) and l'(x,y,2), and a
constant ¢ such that

@—a)?+@y—=82t+G—7)?=cXllz,y,2) XU(z,y,2)

for every set of values of z, y, 2 which satisfy equation (1).

Consequently the functions mz? 4 mey? + ms2? — 1 and (z — a)?
+ (y — B2+ (2 — v)? — cll’ must differ by a constant factor A;
that is, there must exist a factor X such that

mz?+my? +mee — 1 — N — )24+ (y — 8?2+ (2 — 7)Y
= )‘d(x’ Y, z)l’(x, Y, 2).

Therefore the function on the left-hand side of this identity must
be equal to the product of two factors which are linear in 2, y, and
z and the directrix which corresponds to the focus F(e, 8, v) will
then be the line of intersection of the planes represented by the
equations which result when these linear factors are equated to
zero. According to Theorem 6, Chapter VIIT (Section 96, page
206) the necessary and sufficient condition for the possibility of
thus factoring the function is that the rank of the discriminant
matrix of the quadric surface

mr? +my? +mpe?—1— Nz —a)?+ -8+ (—7)=0

is less than 3. The necessary and sufficient conditions which
will make certain that the point F(e, 8, v) is a focus of the quadric
Q are therefore that the coérdinates «, 8, v cause the determinant

m1~)\ 0 0 A
0 -\ 0 N
AN, @, B,7) = 0 m20 ma—A )\5

e A8 N —=[1N(e24B24v2)]

and all its three-rowed minors to vanish. But because the matrix
of this determinant is symmetric, the second condition may be
replaced, in view of Theorem 6, Chapter IT (Section 26, page 43),
by the requirement that the principal three-rowed minors vanish.

If the principal three-rowed minor in the upper left-hand corner
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is to vanish, we must have (m; — \) (mg — \) (mzg — \) = 0,
that is, N = my, or N = my, or A = ms.

Let ‘us consider the case A = m;. The principal minor formed
from the 1st, 2nd, and 4th columns and rows then becomes

0 0 ma
0 Me— Ny B = —mla(me—my).
ma mB —-[] +ml(a2+62+72)]

Since my &+ 0 and my 3 m,, the vanishing of this determinant
requires that & = 0; and when N = m; and a = 0, the fourth-
order determinant and the three-rowed principal minor formed
from the 1st, 3rd, and 4th columns and rows obviously vanish
as well. There remains therefore the condition that the three-
rowed principal minor in the lower right-hand corner shall vanish,
that is, that

me — my 0 mp
0 mg — My myy = 0.
miB myy ~[1 + m(B® + )]

If we develop this determinant, we are led to the equation mym.

(m3 — ml)ﬂz + ml’m.s(mg —_ m1)72 + ('m2 —_ ml) (7713 ad 7n1) = 0; we
write this equation in the form

pg? Y

2) 1 1 + 1 1

my Mg My Mg

2

+1=0.

This equation, in conjunction with the equation a = 0, determines
for varying 8 and v a real or imaginary conic section in the YZ-
plane; it is called a focal conic of the quadric surface.

If, conversely, (a, 8, v) is a point on this conic section,

mx? 4 may? + mgz? — 1 — my[x? + (y — B)2 + (2 — v)¥
= (my — m)y? + (ms — m)2% + 2 miBy + 2 myyz — myB?

_m172 — 1
= ,72—_1—,"-1 “[(me — mi)y + mB)*
+ W}n—zi < [(ms — my)z + my]?;

and this function is factorable into two factors linear in y and 2
(the variable z is absent), with coefficients which are real or imagi-
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nary according as mq — m; and ms — m, are of opposite signs or
of like signs. In either case, the equations which arc obtained by
equating these factors to zero represent planes which pass through
the line determined by the equations

@3) (mg —m)y +mB =0 and (my — mi)z + myy = 0.

This line and the point (e, 8, v) on the conic section determined
above arc therefore a directrix and a focus of the quadric surface
(1). As the point (e, B, v) describes the conic (2), the line (3),
which is parallel to the X-axis describes a cylindrical surface,
whose equation is obtained when 8 and v are eliminated from
equations (2) and (3). This cylindrical surface is called a direc-
trix cylinder of the quadric. We conclude therefore that from
the value X = m;, we obtain the focal conic

2 2
@ s+ +1=0, z=0,

my mg  Mmy M3

and the directrix cylinder

o
2
— = 1.

y‘.!
5)  mg(my — my) — + mz(m; — m
() 2( 1 2)7n1+ 3( 1 3)7n1

The reader should have no difficulty in showing that from A = m,
and X = mg, we obtain the focal conics represented respectively
by the pairs of equations

22 x?
(6) i 1+1 l+1=0, y =0,

and

O Tt 1 1

mzg My mz My

and the corresponding directrix cylinders given respectively by
the equations

22 22
(8) ma(my — 1713);;-1/2 + my(my — my) o =1,
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and

x? y?
©) mi(ms — my) ﬁs+ mo(ms — my) 7_'.1; = 1.

The results of this discussion are summarized in the {heorem
which follows.

TaeoreMm 10. For every central quadrie surface which is not a sur-
face of revolution there exist three real or imaginary focal conics and
three corresponding directrix cylinders; with every point on a focal
conic there Is associated a generating lne of a directrix cylinder, so

that point and line are focus and directrix of the quadric, as defined in
Definition IV.

121. Focal Conics and Directrix Cylinders, continued. We turn
now to a further consideration of the focal conies and directrix cyl-
inders for each typc of central quadric, particularly with a view to
determining the conditions under which they are real.

Case 1.  Ellipsoid.

If we take the equation in the standard form

z? | y?, 22
1?+?II—'“’+7‘= 1, p<q<rm
—1 -—1 —1- ._l_._.1<— 2 2
we have m, = 2 Mg = el and m; = 72 and o q
0, L _1_ p? — 12 < 0. Hence equations (4) and (5) of
my ma
the preceding section give the real focal ellipse
y? 2
=0, qz_pz'l‘rz_pz_l’

and the corresponding real elliptic directrix cylinder
@-mh+ 0t — 5=
¢ —p pr i .

Equations (6) and (8) lead to the real focal hyperbola
22 z?
Tz_q'z_qz_p2=

y =0,

1,
and the associated real hyperbolic directrix cylinder

22 x?
—)G- @ - n=1
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Finally, equations (7) and (9) lead to an imaginary focal ellipse
and an imaginary elliptic directrix cylinder. We reach therefore
the following conclusion:

Turorem 11. An ellipsoid possesses a real focal ellipse in the prin-
cipal plane determined by the two longer semi-axes, and a real focal
hyperbola in the principal plane determined by the two extreme semi-
axes. The assoclated directrix cylinders are real, elliptic and hyper-
bolic respectively, their generators being perpendicular to the planes
of the corresponding focal curves.

Case II.  Hyperboloid of One Sheet.
With the standard equation in the form

x2 yz 22
fnd 1')-2+a§—,,.—2=17 P<gq
we nnd
1 1
m1=—§, m2=——2-, m3=——2-
14 q T

From cquations (4) and (5) of Section 120, we obtain the real
focal hyperbola
y2 z2
2 2 3 3= 1,
¢ —-p pP+r
and the real hyperbolic directrix ¢ylinder

2 2
@ - G— @ +m5=1

z =0,

Equations (7) and (9) give the real focal ellipse

2 " y? _1
p2 + 7'2 q2 + 7'2 ’
and the real elliptic directrix cylinder

2
»* +r’)g+ (¢* +T2)'1‘/q‘4 =1

z=0,

The loci determined by equations (6) and (8) are imaginary in this
case. The following theorem states the results.

Taeorem 12. An hyperboloid of one sheet possesses a real focal
ellipse in the principal plane which cuts the surface in an ellipse, and
a real focal hyperbola in the principal plane determined by the con-
Jugate axis and the longer of the two transverse semi-axes. The as-
soclated directrix cylinders are real, elliptic and hyperbolic respectively,
with generators perpendicular to the planes of the corresponding focal
curves.
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Cask III.  Hyperboloid of Two Sheets.
The standard form of the equation

]—)“2 - ? - ;} = 1, g<r
gives
m = — My = — — m ——..._1_
1 p2 ’ V2 q:: ’ "3 72
Equations (6) and (8) yield the real focal hyperbola
x? 2t
y =0, I

pz_‘_qz*,.z _qz=
and the real hyperbolic directrix cylinder

” z? . 22
(»*+ (12)})‘4— (—g)5=1

From equations (7) and (9) we obtain the real focal ellipse

x2 2 B
p? + r"+r2— q* -
and the real elliptic directrix cylinder

z? y?
(p* +r2);;,+ (@ — qz)q—4= .

2 =0, 1,

The loci determined by equations (4) and (5) are imaginary in
this case. The conclusions are therefore as stated in the next
theorem.

Traeorem 13. An hyperboloid of two sheets possesses a real focal
ellipse in the principal plane determined by the transverse axis and
the shorter of the two conjugate semi-axes, and a real focal hyperbola
in the principal plane determined by the transverse axis and the
longer conjugate semi-axis; the associated directrix cylinders are real,
elliptic and hyperbolic respectively, with generators perpendicular
to the planes of the corresponding focal curves.

122. Exercises.

1. Determine the focal curves and the directrix cylinders of each of the
following surfaces:
x2 yﬂ z_ﬂ- _ flf f _ 22
@ F+E+5=1 ® G+%

-0
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2. Prove that an ellipsoid of revolution has a real focal circle in the prin-
cipal plane which cuts the surface in a circle and a real circular directrix
cylinder.

3. Prove that an hyperboloid of revolution of one sheet has a real focal
circle and a real circular directrix cylinder.

4. Prove that the focal ellipse of an ellipsoid is similar to the ellipse in which
the surface is cut by the plane of the focal ellipse if and only if the surface is
an ellipsoid of revolution.

6. Prove that the focal cllipse of an hyperboloid of onc sheet is similar to
the cllipse in which the surface is cut by the plane of the focal ellipse if and
only if the hyperboloid is a surface of revolution.

6. Prove that the principal plane determined by the two shorter semi-axes
of an ellipsoid cuts the focal ellipse and the associated directrix cylinder in a
point and a line respectively which are the focus and the directrix of the ellipse
in which the surface is cut by this plane.

7. Prove that the semi-axes of the ellipse in which an ellipsoid is cut by the
plane of the focal ellipse are mean proportionals between the corresponding
semi-axes of the focal ellipse and of the directrix curve of the associated elliptic
directrix eylinder; also that the scmi-axes of the ellipse in which an cllipsoid
is cut by the planc of the focal hyperbola are mean proportionals hetween the
corresponding semi-axes of the focal hyperbola and of the associated hyperbolic
directrix cylinder.

8. Prove theorems analogous to those of the preceding excrcise for the
hyperboloid of one sheet and for the hyperboloid of two sheets.

9. Determine the distance from the origin of the points in which the focal
hyperbola of an ellipsoid is met by the planes of central circular section.

10. Determine the conditions under which the focal hyperbola of a central
quadric is a rectangular hyperbola.

11. Prove that the foci of the focal curves of an ellipsoid coincide with
the foci of the conic sections in which the surface is cut by the planes of these
focal curves.

12. Prove the corresponding theorem for the hyperboloids of one and two
sheets.

123. Confocal Quadric Surfaces. Elliptic Coordinates. It fol-
lows from formulas (4), (6), and (7) of Section 120 (sce page 284)
that two central quadrics

mix? + mey? + mypz? = 1 and m/a® + m'y? + my'z2 =1

will have their focal curves in common if and only if L1

m; mj
1

1. ..
;ﬁ?—"{?’?’for”]: 1,2, 3.

This will certainly be the case therefore for all surfaces repre-
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sented by the equation

, 1:2 y? 22
P S W

=1, p<qg<m,

in which X is a real parameter. Tor all these surfaces the focal
ellipse is given by the equations
y2 22
R e e
and the focal hyperbola by the equations

22 z?
Tz_qz—'qz_pz“

y =0,

The family of surfaces represented by equation (1) is called a
confocal family of quadric surfaces.

If N < p? all the denominators in equation (1) are positive;
the surface is therefore an ecllipsoid. If p* < N < ¢?% the first
denominator is negative, the other two are positive, so that the
surface is an hyperboloid of one sheet, of which the X-axis is the
conjugate axis. If ¢2 <\ < r?% the first two denominators are
negative and the third one is positive; hence the surface is an
hyperboloid of two sheets, of which the Z-axis is the transverse
axis. Finally if A > 7%, the surface is an imaginary ellipsoid.

For the critical values N = p%, N = ¢%, and N = r?, the equation
(1) has no meaning. If we multiply both sides of equation (1)
by p? — A, we obtain the equation

y? 2 -

Fox ey 1=

which is equivalent to (1) except when A = p%  For this value of
)\, equation (2) reduces to z? = 0, whose locus is the YZ-plane
counted doubly. If equation (1) is multiplied through by ¢ — \
and by r2 — \, we obtain equations, which for X = g2 and X\ = r?
reduce respectively to the equations y2 =0 and 22 =0. We
complete now the definition of the confocal family of quadrics
given by equation (1) by the statement that to the values A = p?,
A = ¢ and N = r? shall correspond the YZ-plane, the ZX-plane,
and the XVY-plane respectively, each counted doubly. The
character of the surfaces in the confocal family is indicated dia-
grammatically in Figure 30.

(mﬂ+w—w[
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We shall now try to determine in what manner the surfaces of
the family change as A tends towards the critical values, passing
through values which remain steadily on one side of a critical
value. To indicate that \ tends toward p? through values which
are greater than p?, we shall write A — p? 4+ 0; to indicate that
\ tends toward p? through values which are less than p?, we shall
write A — p? — 0. Similar meanings are to be attributed to the
notations \ = ¢? 4+ 0, A—> ¢ — 0, A—r? 4+ 0and N—7r2 — 0.

3 ? A-axis

]

0 b
Ellipsoid

Hyperboloid Imaginary Ellipsoid

of 2 sheets

Hyperboloid
of 1 sheet

YZ-plane —<—
ZX-plane <=
XY-plane <—

Fia. 36

As N — p? — 0, the surface is steadily an ellipsoid; its semi-
axis along the X-axis tends to zero. Since N < p? the factor
p? — M in the second term of equation (2) is positive; it should

2 2
therefore be clear from this equation that q7y:— t+ 5 z_ T~ 1<o.

A
But points in the YZ-plane for which this inequality holds lie

ANt —
A — p? — 0, the surface tends toward those points of the YZ-
plane which lie on the inside of the focal ellipse

2 2
on the inside of the ellipse qzy__ 4+ % — = 1.* Hence as

22
p— =

1.

y2
=0, q2—p2+

* To be convinced of this fact, it is only necessary to observe that at the
2

origin, the function (-ITy—_——;\ + ;2__2;2__);
function is a continuous function of A, y, and z for all values of N\ which differ
from g2 and 2, it cannot change from negative values to positive values without
becoming zero. Since this can take place only on the ellipse, points for which
the function is negative lie on the same side of the curve as the origin, that is,
on the inside of the ellipse; and points for which it is positive lie on the out-
side of the ellipse.

— 1 reduces to —1 and that since the
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As A — p? + 0, the surface is steadily an hyperboloid of one sheet,
whose semi-axis along the X-axis tends toward zero. But now
Z2
T 1>0.
Therefore as A — p? + 0, the surface tends toward those points
of the YZ-plane which lie outside the focal ellipse.
As\ — g% — 0, the surface is always an hyperboloid of one sheet,
whose semi-axis along the Y-axis tends to zero. For those values
of \, ¢> — A is positive; it follows then from an equation analogous

z2
to (2) that + 5

x?
pE—N_ 12—\
similar to the one made in the footnote on the preceding page
shows that points for which this inequality holds lie on the same

2 2

side of the hyperbola p_Q_x:_)\ + r—;:—;\ = 1 as the origin. If we
call this the inside of the hyperbola, we conclude that as A — ¢2—0,
the surface tends toward the points of the ZX-plane which lie
on the inside of the focal hyperbola

22 x?
rz_qz_'qz_p‘z:’

2
p? — N is negative, and therefore t}%\_'_

— 1 is negative. An argument

1.

y=0r

And the same reasoning shows that as N — ¢ 4+ 0, the surface
tends toward the points of the ZX-plane which lie outside the
focal hyperbola.

Finally, as X — 72 — 0, the surface is an hyperboloid of two
sheets, whose semi-axis along the Z-axis (that is, the transverse axis)

2

tends to zero. Since r2 — N\ > 0, it follows that p,_,x_ 3t qzyj 3
—1 < 0; but now A > p?and N > ¢? and therefore this inequality
is satisfied by all points in the XY-plane. Consequently as
A — 7?2 — 0, the surface tends toward the entire XY-plane.

We summarize the discussion by a theorem.

x? y? 22
Y + Py +
in which ) is a real parameter, represents a confocal family of quadric
surfaces. As \ increases from negative infinity to p? the locus of
the equation is an ellipsoid which tends toward the inside of the
focal ellipse of the family; as A Increases from p? to q?, the locus is
an hyperboloid of one sheet tending from the outside of the focal
ellipse to the inside of the focal hyperbola of the system; as A increases

TrEOREM 14. The eqm\tlonp2 A =bp<a<n
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from q? to r2, the locus is an hyperboloid of two sheets, which tends
from the outside of the focal hyperbola to the entire X Y-plane. For
A = p% N\ = q% and N = r?, the locus is respectively the YZ-plane, the
ZX-plane, and the X Y-plane, each counted doubly.

We shall now prove two properties of confocal families of
quadrics. .
THeEoreEM 15. Through every point In space that does not lie on one
of the coordinate planes, there pass three surfaces of every confocal

family of quadrics, namely, an ellipsoid, an hyperboloid of one sheet
and an hyperboloid of two sheets.

Proof. Let P(a, 8, ) be an arbitrary point of space that does
not lie on any coérdinate plane; then «, 8, and v are all different
from zero. If P is to lie on a surface of the confocal family repre-
sented by equation (1), the parameter N must be so determined that

a2 62 .y2
p2 —_ A+q2 - x+7-2 —_

)\—1=0;

that is, N must be a root of the equation

FO=QA=p)A—=)A =)+ A=A —r)a?+ (A—1?)
AN=p982+N—p) (A= ¢y =0.

This is a cubic equation in which the coefficient of A® is 41;
consequently for large positive values of A, F(\) > 0 and for large
negative values of A, F(A\) < 0. Moreover

F(pY)=(p*=¢») (p*—r)a?>0; F(g®)=(¢*—7? (¢*—p?B2<0;
F(rt)=(r*—p? (r*—g*)¥y*>0.

The graph of the function F(A) will therefore have the general
character indicated in Fig. 37.* And from it we conclude that
the equation F(A\) = 0 has three real roots, \;, A2, and A\;. Hence
there are three surfaces of the confocal family which pass through
the given point P(e, 8,v). But we observe also from Fig. 37
that \; < p% p? < N\ < ¢? and @2 < N\; < r?; therefore, in virtue
of Theorem 14, one of these surfaces is an ellipsoid, one an hy-
perboloid of one sheet, and one an hyperboloid of two sheets.

* We are here assuming that the polynomial F(2) is a continuous function
of \, as in the argument in the footnote on page 200 we assumed that a rational
function is continuous except for a finite number of values of the independent
variable. A satisfactory proof of these facts is found in treatises on the
Theory of Functions of a Real Variable.
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If & = 0, the root \; becomes equal to p?, so that in place of the
cllipsoid we have the YZ-plane counted doubly; similarly, if
B = 0, the hyperboloid of one sheet is replaced by the double
ZX-plane, and if v = 0, the hyperboloid of two shects is replaced
by the double XY-plane.

F)
l} ! :
' L K] 2—axis
/7»1 ’52 7,W ;’2
/ !

Frg. 37

Cororrary. If P(a, B3, v) lies on one or more of the coordinate planes,
it is still true that three surfaces of every confocal family pass through
P; but one or more of the central quadrics of the family are then re-
placed by the coordinate planes in which P lies.

TurorEM 16. The three quadrics of a confocal family which pass
through an arbitrary point P(a, 8, v) in space are mutually orthogonal
at P.

Proof. Suppose first that P(«, 8, v) does not lie on any co-
ordinate plane. Then the three quadrics of the confocal family
(1) which pass through P have the equations

o

x? y? 22
pz_)\‘.+q2_)\i+7.2 —>\i—.

where M, A, and N\; are the roots of the equation F(A) = 0, dis-
cussed above. The ecquations of the tangent planes to these
surfaces at the point P are

1, i=1,23,

o By vz _ . )
®3) o T EonTEo R = b =123

Since P lies on each of the three surfaces, we have moreover

a2 BZ 72 _ -
et m Ty~ b =123
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If we subtract any two of the last three equations from each other,
we find

o _1 [ 1
a[p?—)\ p—%]+3 N q“’—&']
1 1 . . .
2 —— = = M
+ v [7.2_}\1_ ,,.2_)\],] 0, %, 1,2,3; v
A simple reduction iransforms these three equations to the fol-
lowing form:

x_.[‘, A ]0
et e T T R
But since N; &= A;, we conclude from this last equation that

o? B2 v

9 P ) b + B o = O
VN e e I W e W R e WE
And this equation expresses the fact that any two of the tangent
planes represented by equations (3) are perpendicular to each
other (compare the Corollary of Theorem 9, Chapter IV, Section
46, page 82).

If P lies in a codrdinate plane, one of the quadrics of the family
which pass through it is that plane itself. Let us suppose that
a = 0; then the surface in question is the YZ-plane counted
doubly. And let the equation

22 y? 2
])2 _ )\2+q2—)\2+7'2— )\2_‘ 1

be one of the non-degenerate quadrics passing through P; the
tangent plane to this surface at the point (0, 8, v) is represented
by the equation

By 2 _
¢ — e vt

This plane is parallel to the X-axis and therefore perpendicular to
the double YZ-plane. If P lies on a codrdinate axis, two of the
quadrics degenerate into double coordinate planes; and these are
surely perpendicular. Our theorem has therefore been proved.

* ok k

From Theorems 15 and 16, it follows that the quadric surfaces
of a confocal family cover the whole of space with a network of
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mutually perpendicular surfaces. To each of these surfaces a
number is attached, namely, the value of the parameter X to which
it corresponds; and for every point P in space there are three such
numbers. These numbers are called the elliptic space codrdinates
of the point P. Our discussion has therefore shown that every

L L 2 yr 22 .
ellipsoid o + po + A= 1 may be made the basis of a system of
elliptic space co6rdinates. We have obtained a frame of reference
which generalizes in a remarkable way the Cartesian {rames of
reference with which we began our study of Solid Analytical
Geometry in Chapter ITI.

And this return to our starting point provides a suitable stop-
ping point, ending in the key in which we began.

In our journey through this book we have examined a few ques-
tions in some detail and we have had a glimpse of many things
which lay outside our path. It is the author’s hope that the reader
may have learned to appreciate the beauty and the power of the
theory of determinants and matrices, and that he may experience
the desire not only to continue the study of the subject to which this
book is primarily devoted, but also to enter some of the fields,
such as Projective Geometry and the Theory of Functions of a
Real Variable, to which we have had occasion to allude now and
then in the course of our work.
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1
(Compare Section 84, page 171)

To prove: If \ Is eliminated from the equations

Ll = % * D‘Ql(as 6) 'Y) + “Q2(a) ﬁ’ 'Y) + VQS(“} By 7)] = u
and Lo = ayM + anp? + ass? + 2 ansuv + 2 asph + 2 aidp = 0y

the resulting quadratic equation in » and » Is

an a) Ql a,g ap Qx an Qg Ql
az ax Q:|u+2 ai an Qiw+|as anw Q|2 =0.
a Q0 Q Q: 0 Q: QO O

Proof. To simplify the writing we shall treat this problem in a slightly
modified form. The given equations are clearly equivalent to the non-homo-
geneous equations ax + by + ¢ = 0 and puz?® + puy? + P + 2 puy + 2 pisz
+ 2 pazy = 0 obtained by writing z and y in place of 3 and i-‘ respectively,
and using general coefficients. We assume now that e 3= 0 and solve the
linear equation for x in terms of y; substitution of the result in the second
degree equation leads to the following quadratic in y:

Pu(by+¢)2—2 pray(by+c) +a2pay? —2 pua(by +c) +2 puay+psa=0;
upon reduction this equation becomes
(pub? — 2 przab + pua?y? + 2 (pubc — prac — puab + pxa®y + puc?—
2 pisac + pma® = 0.
Direct expansion of the third order determinants shows that the coefficients
differ in sign only from the respective determinants:

Pu Pz a Pu P2 Q Pu Pz a
Dz P22 b y 2 DPis D C and Dis Dz C|.
a b 0 a b 0 a ¢ O

If we now return to the homogeneous form of the given equations and to the
coefficients as given, we have completed the proof.

II
(Compare Section 84, page 174)
To prove: If 4:(Q) = 0 and 4»(Q) = 4x(Q) = 4x(Q) = 0, then every
a; a;: ag Ql
az ax as Q:
Qs asy Qs
Q. Q: O O
A5(Q) designates the value of this determinant and 4;;(Q) the value

of the cofactor of the element a;;.
296

third order minor of the determinant vanishes;
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Proof. We shall use the notation Q; to designate the cofactors of the cle-
ments Q; in the determinant. Since A3(Q) = 0, it follows from the Corollary
of Theorem 5, Chapter 11 (Section 26, page 43) that A,;1(Q)A2(Q) — A12%(Q)
= 0 and A1(Q)Ax(Q) — Ai2(Q) = 0, so that the hypothesis leads at once to
the result that A,2(Q) = A(@) = 0. In the same way we find that Andu
— Q2 =0 and AguAy — Q2 =0, so that also @, = @; = 0. Morcover
Q@ + Q:Q; + QsQs = A3(Q) = 0; and thercfore, since we arc working on
the hypothesis that @ 3= 0 (compare page 171, opening paragraph of Case I),
it follows that @, = 0. I'inally we observe that, in virtue of Theorem 13,
Chapter I (Scction 7, page 13), Qidn + QA + QA =0 und au@, +
ey + asQs + QA = 0; and from these equations we conclude that
Ay = Ay = 0. This completes the proof of our statement.

111
(Compare Section 87, page 185)
TO prove: q(aw, a3, aaa) = 0, if A« =0.

Proof. Here aj; are the cofactors of the elements a; in the third order
determinant A4 and q(z, y, 2) is the homogeneous function of the second
degree introduced on page 159. By the use of Euler’s theorem on homogencous
functions (see footnote on page 161), we find

2 q(Olw, Qs, asa) = alex(aw, Q3 au) + azalh(axs, Qalg3, a) + 0133(13(0113, 211 Olas);
and

@1 (auz, ans, ass) = 2 (anaiz + Gass + aizons) = 0,

02(6!13, a3, 0!33) =2 (amals + anar + anaz) = 0,

fIa(an:k, s, ass) =2 (awan + anoes + apag) = Ay = 0,

by Theorems 13 and 12, Chapter I (Section 7, page 13).

v
(Compare Section 94, page 205)
To prove: If r, = 1, then r,/ <2.

Proof. Here ry is the rank of the discriminant matrix of the quadric surface
() and r{ is the rank of the discriminant matrix of the equation Q’(z’, 3/, =)
= 0 obtained by rotation of axes from the equation Q(z, y, z) = 0.

If ry = 1, A, D, and D, vanish and therefore, by Theorem 4, Chapter VIII and
its Corollary (Section 94, pages 203 and 204), A’ =Dy’ =D, = 0. It follows that
every three-rowed minor of A’ vanishes and that the sum of the principal two-
rowed minors also vanishes. Since the three-rowed principal minors are them-
selves symmetric, we can apply to each of them Theorem 7, Chapter IT (Section
26, page 44); hence the two-rowed principal minors of any one of the four three-
rowed principal minors are of like signs, and since any two of these three-rowed
principal minors have a two-rowed principal minor in common, all the prin-
cipal two-rowed minors have the same sign. It follows then from the fact
that D)’ = 0 that every two-rowed principal minor of A’ vanishes. Now we
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apply Theorem 6, Chapter II (Section 26, page 43) to each of the three-rowed
principal minors; and we conclude that every two-rowed minor of A’ which is
also a minor of a three-rowed principal minor must vanish. It remains to
consider the two-rowed minors of A’ which do not oceur in any three-rowed
principal minor; the only ones of this kind are the minors

a’
! ’
sz’ Q34

a5’ au'
’ 1|
Ay (g

ap’ ay’
’ ’
Qg (g3

and

which do not have any element of the principal diagonal of A’.  To show that
these minors vanish also, we consider the three-rowed minors:

’

ar @3 Qi G2y M3 G
[ ! ’ ’ r ! ’ ’
Ad' = | an' an' au and Aa’ = |axn' ax' a |
’ !
az’  aw’  as) ' aw’ au

These determinants vanish and all their two-rowed minors vanish, except
possibly the minors with which we are concerned; and of these, two ocecur as
minors in cach of the two three-rowed minors. If we write down the de-
velopments of these determinants according to their last rows, we can conclude
that the first of these two-rowed minors also vanishes. In a similar way,
consideration of the pairs of three-rowed minors Aax’, A4/, and Ay’, Aa’
shows that the remaining two-rowed minors vanish. This completes the
proof of the proposition.

\%
(Compare Section 96, page 206)
To prove: The determinant

2 aa; abl + alb ac, + a,C adl + ald
ab, + a,b 2 bbl b01 + b]C bdl + bld
ac, + ai¢c  be, + bie 2 cc cdy 4+ ed
ad, + ad bd, + bid cd, + ed 2 dd,

and its three-rowed principal minors vanish.

Proof. Theorem 8, Chapter I (Section 5, page 9) enables us to write this
determinant as the sum of 2¢ fourth order determinants whose elements are
the product of one of the numbers a, b, ¢, or d by one of the numbers ay, by, ¢,
or di. A somewhat careful inspection shows that in every one of these 24
determinants at least two columns are proportional; for, after common factors
have been removed from the elements of the columns, these columns must
consist either of the numbers a, b, ¢, d, or else of the numbers ai, by, ¢, di.
Consequently, the value of the given determinant is zero. And every one of
the three-rowed principal minors can be written as the sum of 23 three-rowed
determinants, in each of which there are at least two proportional columns.

The reader should have no difficulty in carrying out the details of this
proof; he is urged to write down explicitly a number of the simpler deter-
minants into which those under consideration are broken up.
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VI
(Compare Section 96, page 208)
To prove: If ry = 2, not all the principal two-rowed minors of the
matrix a, can vanish and those which do not vanish are of one sign.

Proof. The reader should have no difficulty in proving this statement on
the basis of Appendix IV.

VIl
(Compare Section 105, page 241)
a(p12 - ng) 0(012 - lhz) a — oy
bp:+p?) bl@:+q?) B—p
2 cpip2 —2cqq: v —m
if for «, 3, v there are substituted the codrdinates of an arbitrary point
on the line

(i-2)=n(o-2) #(i+)n(1v)

and for ay, 81, 71 the coordinates of an arbitrary point on the-line

o(i-1) -0+ a(i+1) - 2(1-D)

Proof. If we substitute o, 8, v for z, y, z in the equations of the first line,

To prove: The determinant =0,

we obtain a pair of linear equations, which may be solved for Z and Z by
Cramer’s rule; for the coefficient determinant of these equations with respect

to g and Z is equal to .2 + P2 +0. We find
Z = [(p‘z - pa?) g + 2 PlP'z] + (4 ),
and 2; = [2 Pli’zg + p? — Ptz] + (P2 + ;).

In a similar manner we obtain from the equations of the second line:

L—;—' = [(ql" - (122)% + 2(11(]2] + (g + ¢,
and %‘l = [—2(11(12% + q® - (122] = (@ + @b

If we subtract the corresponding equations of these two sets, we can deter-
mine @ — oy and v — v;.  We substitute these values of @ — oy and v — v,
in the determinant D and make the obvious simplifications; thus we obtain
the following result:
2 ac

b= T P (@ F gD < :

P:—p? @ =@t (@ + @) (02— P8 — (;? + pd) (@ — q2?)

B +2bpipe(qi® + ¢2*) — 2bquga(p® + p2?)
»n+pt g+ gl (m®+ p?) (@ + @) (B — B1)
D1D2 —q1q2 P1P2(@1%+42%) B+ q1q2(p1 2+ p2?) B1 +b(p22q:2 — Pi2qr?)
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To the third column of this determinant we add the product of the first
column by — (.2 + ¢.?)8 and the product of the second column by (p,2 + p.?)8s;
then we add the second row to the first. Thus we find: ’

4 abc

D=rrm @ van X
m? 0 pnpz(qﬁ + 1122) - (11Qu:(1712 + P'z?)
pt+p? g+ gt 0
P2 — Qg2 Palgt — piiq®
4 abe ’

RIS X
[(pPqe® — prPqi®) (pa%q2® — @) — pilp( + @) + @’ (p® 4 )Y

VIl
(Compare Section 109, page 245)

To prove: If A,B,, A:B,,. . . are chords of a conic section which pass
through a fixed point P and if the products P4, - PB,, PA,:- PB,, . . . are
all equal, no matter what point P is taken in the plane of the conic
section, then this conie section is a circle.

Proof. We take a plane Cartesian frame of reference in the plane of the
conic scction. Let the equation of the conic with respect to this refcrence
frame be

C(x, y) = aux? + 2 anry + any® + 2 ar + 2 any + ap = 0,

and let P(a, 8) be an arbitrary point of the plane. We write the equations
of an arbitrary line through P in the parametric form as follows:
z=a+ls, y=p8+ms;
here s is the parameter which designates the length of the segment of the line
from P to the variable point (z, %); ! = cos 8, m = sin 6, where 8 is the in-
clination of the line. We find then that the distances from P to the points
A and B in which the line meets the conic are the roots of the cquation
s2(l, m) + s[Cy(a, B) + Cila, B)ym] + C(a, B) = 0,

where c(z, ¥) = anx? + 2 anry + any? and Cy, C, are the partial derivatives
of C(z, i) with respect to x and y respectively (compare Sections 76 and 80).

Therefore PA - PB = Cla, B) ;
c(l, m)

pendent of ! and m, then the locus of C(z, y) = 0 must be a circle.
For 8 = 0° wehavel =1, m = 0and ¢(l, m) = ay;
for 6 = 90°, we havel =0, m =1 an_d c(l,m) = azx ;

and we have to show that if ¢(l, m) is inde-

o

‘ 2
5 m= \—2- and c(l, m) =%‘- al2+"2£.

Therefore, if ¢(l, m) is independent of the direction of the line, we must have
ay = ap, and a;z; = 0. The equation of the conic reduces then to the form

for 8 = 45°, we havel =
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an(z?® + y%) + 2 axr + 2any + aw = 0. And if ay 3 0, the locus of this
equation is indeed a circle. If an = 0, but ai; and ax; do not both vanish, the
locus is a straight line; and if @3 = ai3 = ax; = 0, the equation has no finite
locus. From the point of view of Projective Geometry, the locus consists,
in these two cases of a finite line together with a line at infinite distance, and
of a line at infinite distance counted doubly. And these pairs are also
recognized as circles; we shall refer to them as degenerate circles.
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— direction, 160
Augmented matrix, 36
Axes, coordinate, 49
— of ellipse, 140
— of hyperbola, 141
—, rotation of, 118, 211, 213
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Conjugate diameters of ellipsoids, 271,
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Conjugate hyperbolas, 141
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Cylindrical surface, equation of, 69
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— of a quadric surface, 281
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— from a plane to a point, 77, 198

B

Kcecentricity, 140, 141
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—, cofactor of an, 12
—, minor of an, 12
Element of a matrix, 16
Elementary transformation of a ma-
trix, 18
Ellipse, 140
—, axes of an, 140
—, directrices of an, 140
—, eccentricity of an, 140
—, foci of an, 140
—, vertices of an, 140
Ellipsoid, 142, 215, 217, 251, 256, 264,
272, 275, 286
—, imaginary, 145, 215, 217
— of revolution, 133, 215
—, semi-axes of an, 142
Elliptic cone, 145
Elliptic coordinates, 295
Elliptic cylinder, 223, 261, 263, 265
Llliptic paraboloid, 146, 218, 220, 257,
265
Enveloping cylinder, 271
Equation, discriminating, 189, 190,
192
—, linear, 71
—, locus of an, 68
—of an asymptotic cone, 184, 185
— of a plane, 71
— of a plane, intercept form of the,
73
— of a plane, normal form of the,
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Equation of a plane, three-point form
of the, 74
Equations, equivalent, 78, 137
—, homogeneous, 35
— of a curve, 68
—- of cylindrical surfaces, 69
— of a line, 83, 84, 85, 86
— of a line, symmetric, 60
— of surfaces of revolution, 132
—, parametric, 86
—, systems of homogeneous, 38,
39, 41
—, systems of non-homogeneous,
36, 38, 44
Equivalent equations, 78, 137
Euler’'s theorem on homogeneous
funetions, 161
Ixpansion of a determinant, 3

F

Factorability, 209
Focal conic, 283, 285, 286, 287
Focal curves, 281
Focus of the ellipse, 140
— of the hyperbola, 141
— of the parabola, 141
— of the quadric surface, 281
Form, binary, etc., 221
—, cubic, etc., 221
—, negative definite, 221, 229
—, positive definite, 221, 229
—, quadratic ternary, 221, 229
Four planes, 101
Frames of reference, 49, 108
Freedom, degrees of, 67

G

General position of a set of points,
279, 280, 281

Generating line of a cylindrical sur-
face, 69

Generatrix of a cylindrical surface, 69

Geometric characterization of quadric
surface, 232
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H

Harmonic conjugates, 164, 165
Homogenecous equation, 35, 136, 137
Homogeneous equations, system of,
38, 39, 41
Homogeneous function, 209
Homogeneous functions, Euler’s the-
orem on, 161
Hyperbola, 141
—, asymptotes of the, 141
—, axes of the, 141
—, directrices of the, 141
—, eccentricity of the, 141
—, foci of the, 141
—, vertices of the, 141
Hyperbolas, conjugate, 141
Hyperbolic cylinder, 223, 261, 263
Hyperbolic paraboloid, 147, 218, 220,
242, 259
Hyperboloid of one sheet, 140, 142,
215, 217, 235, 242, 252, 256, 204,
286
— of revolution, 133, 215
— of two sheets, 144, 215, 217, 252,
257, 264, 287

I

Imaginary cone, 145, 220
— cylinder, 223
— ellipsoid, 145, 215
Index, column, 2
—, row, 2
Infinity, plane at, 73
Intercept form of the equation of a
plane, 73
Intereepts of a plane, 73
Interchange of numbers in a row of
integers, 6
Interchange of two columns (rows), 8
Intersecting planes, 81, 208, 209
Intersection of two planes, 87
— of a surface and a line, 150, 153
Invariant relations, 197
Invariants, 197

INDEX

Invariants of a quadric surface, 199,
205, 255
Inversion, 3

L

Laplace development, 20
Latitude, 108
Left-handed system, 50
Line and plane, 97, 99
— and quadric surface, 160
—, angle between a plane and a, 79
—, equations of a, 83, 84, 85, 86
—, intersection of a surfuce and a,
150, 153
— normal to a surface, 155, 156
— of intersection of two planes, 87
— of proper centers, 179
— of vertices, 179
— on a quadric¢ surface, 160
—, parametric equations of a, 86
—, symmetric equations of a, 60
— tangent to a surface, 154, 161
Linear equation, 71
— families of quadrics, 277
— transformation, 126
Lines, angle between two, 63, 64
—, perpendicular, 64
—, two, 104
Locus, degenerate, 83
— of an equation, 68
—, symmetric, 137
Longitude, 108

M

Matrix, 16

—a,, 177, 178

~— a3, rank of the, 177, 178, 200,
208, 200, 217, 220, 223, 225

— a4, 173, 178

— a4, rank of the, 173, 178, 201,
208, 209, 217, 220, 223, 225

—, augmented, 36

— b, 178, 186, 225

—, coefficient, 35

—, column of a, 16
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Matrix, discriminant, 175
—, elementary transformation of a,
18
—, elements of a, 16
—, minor of a, 17
—, notations for a, 16
— of a determinant, 16
—, rank of a, 16
—, rows of a, 16
—, singular square, 43
—, square, 16, 43
—, symmetric square, 43
Meridian curve, 131
Minor, algebraic complement of a,
17
Minor of a determinant, 17
— of a matrix, 17
— of an element of a determinant,
12
— of the adjoint of a determinant,
29
—-, principal, 17
Minors, complementary, 17

N

Nappes of a surface, 133, 136

Non-homogeneous equations, system
of, 36, 38, 44

Normal form of the equation of a
plane, 78

Normal to a surface, 155, 156

Notations for determinants, 2

— for matrices, 16
Numbers, discriminating, 189, 192

0}

Oblate spheroid, 133
Oblique cartesian coordinates, 113
Order of a determinant, 2

— of a surface, 154
Orientation determinant, 106, 124
Origin of coérdinates, 49
Orthogonal transformation, 123
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])
Parabola, 141
—, directrix of the, 141
—, focus of the, 141
—, vertex of the, 141
Parabolic eylinder, 225, 262, 263
Paraboloid, elliptic, 146, 218, 220,
257, 265
—, hyperbolic, 147, 218, 220, 212,
259
— of revolution, 133
Parallel circles, 131
Parallel planes, 81, 209
Parallelopiped, coirdinate, 51, 54, 118
—, volume of the, 118, 274
Parametric equations of the line, 86
Pencil of planes, 92, 96
Perpendicular lines, 64
Perpendicular planes, 82
Plane and line, 97, 99
—, angle between a line and a, 79
— at finite distance, 73
— at infinity, 73
—, diametral, 186
—, distance from a, 76, 77
—, equation of a, 71
—, intereepts of a, 73
—, normal form of the equation of
a, 78
— of proper centers, 179
— of vertices, 179
—, polar, 162, 165, 167
—, principal, 187, 189, 194
— section of a surface, 127, 128
— tangent to a surface, 155, 161,
162
—, three point form of the equation
of a, 74
Planes, angle between two, 82, 198
—, bundle of, 94
—, coincident, 81, 102, 209
—, coordinate, 49
—, four, 101
—, intersecting, 81, 208, 209
—, line of intersection of two, 87
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Planes, parallel, 81, 209
—, pencil of, 92, 96
—, perpendicular, 82
—, three, 96
—, two, 82, 206
Point, distance from a plane to a,
77
Polar plane, 162, 165, 167
Pole, 162
p-regulus, 236
Principal diagonal of a determinant, 2
Principal directions, 187, 189, 194,
213
Principal minor, 17
Principal planes, 187, 189, 194, 211
Prism, triangular, 96
Product of two determinants, 25
—, columns by columns, 27
—, columns by rows, 27
—, rows by columns, 27
—, rows by rows, 27
Projection method, 61, 76, 116, 119
Prolate spheroid, 133
Proper quadric cone, 179

Q

q-regulus, 236
Quadratic form, ternary, 221, 229
Quadric, central, 179
Quadric cone, 166, 175, 179
Quadric surface, 159
—, asymptote of a, 160
—, asymptotic direction of a, 160
—, center of a, 176, 177, 178
—, circles on a, 244, 247, 250
—, diameter of a, 268
—, directrix cylinder of a, 284, 285,
286, 287
—, directrix of a, 281
—, discriminant of a, 166, 203, 204
—, enveloping cylinder of a, 271
—, focal conics of a, 283, 285, 286,
287
—, focus of a, 281
~—, invariants of a, 199, 205, 2556

INDEX

Quadric surface, line tangent to a, 161
—, normal to a, 161
—, plane tangent to a, 161, 253
—, polar plane of a point with re-
spect to a, 162
—, pole of a plane with respect to
a, 162
—, singular, 166, 175
—, umbilies of a, 253
—, vertex of a, 171, 177, 178
—, a line and a, 160
Quadric surfaces, classification of, 214,
220, 227, 229, 230
—, confocal family of, 289, 291,
292
—, geometric characterization of,
232
—, linear families of, 277
—, ruled, 170

R

Radius vector, 108
Rank of a matrix, 16
Reference, frames of, 49, 108
Reguli on the hyperbolic paraboloid,
242
—on the hyperboloid of one sheet,
235, 242
Regulus, 236
Relations, invariant, 197
Revolution, axis of, 131
—, ellipsoid of, 133, 215
—, hyperboloids of, 133, 215
—, paraboloid of, 133
—, surface of, 131, 266
Right-handed system, 50
Rigid transformation, 126
Rotation of axes, 118, 201, 202, 211,
213
Row index, 2
Row of a determinant, 2
Rows of a matrix, 16
Rule, Cramer’s, 37
Rule of signs, Descartes’, 215
Ruled quadric surfaces, 170, 235, 242



INDEX

S

Section, circular, 244
Section of a surface, plane, 127,
128
Semi-axes of the ellipsoid, 142
Sheets of a surface, 133, 136
Singular quadric surface, 166, 175,
180, 202
Singular square matrix, 43
Solution, trivial, 38
Sphere, 133, 136
Spherical codrdinates, 108
Spheroid, oblate, 133
—, prolate, 133
Square matrix, 16, 43
—, singular, 43
—, symmetric, 43
Surface, 68
—, conical, 136, 175
—, cylindrical, 69
—, invariants of a, 197
—, line tangent to a, 154, 161
—, nappes of a, 133, 136
—, normal to a, 155, 156
— of order n, 154
— of revolution, 131, 266
— of revolution, equation of, 132
—, plane section of a, 127, 128
—, plane tangent to a, 155, 161,
162
—, quadric, 159
—, shape of, 137, 138
—, sheets of a, 133, 136
Surface and line, intersection of, 150,
153
Symmetric determinant, 33, 42
Symmetric equations of a line, 60
Symmetrie locus, 137
Symmetric square matrix, 43
Symmetry, 137
System, left-handed, 50
—, right-handed, 50
Systems of cosrdinates, 49, 108
— of homogeneous equations, 38,
39, 41
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Systems of non-homogeneous equa-
tions, 36, 38, 44
— of planes, 68, 70

T

Tangent cone, 167
Tangent line to a surface, 154, 161
Tangent plane to a surface, 155, 161,
162, 241, 253
Taylor’s theorem, 151
Tetrahedron, 107
Theorem on homogeneous functions,
Kuler’s 161
—, Taylor’s, 151
Three-point form of the equation of a
plane, 74
Torus, 135
Transformation, linear, 126
—of coordinates, 110, 112, 115,
120, 121, 123
— of a matrix, elementary, 18
—, orthogonal, 123
—, rigid, 126
Translation of axes, 114, 200, 201, 210
Transverse axis, 140, 141, 145
Triangular prism, 96
Trihedral angle, 96
Trivial solution, 38
Twisted curves, 157
Two lines, 104

U

Unmbilics, 253, 263, 266
— on the cone, 265
—on the ellipsoid, 264
—on the elliptic cylinder, 265
—on the elliptic paraboloid, 265
— on the hyperboloid of one sheet,
264
— on the hyperboloid of two sheets,
264
—on the surfaces of - revolution,
266
Units, 50, 108, 109, 110, 111, 113, 117,
118
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X-contour lines, 138
v z-coordinate, 50
Value of a determinant, 3, 13
Vertex of a conical surface, 136, 137 v

— of the ellipse, 140 Y-axis. 49
of the hyperbola, 141 Y-contour lines, 138

— of the parabola, 141 oy
— of a quadric surface, 171, 175, y-codrdinate, 50

177, 178, 179
V/

x Z-axis, 49
Z-contour lines, 138
X-axis, 49 z-codrdinate, 50
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