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PREFACE.

HE need of some recognized sequence of propositions
in Elementary Geometrical Conics has long been very

generally admitted. This need the Association for the
Improvement of Geometrical Teaching has attempted to
supply by the publication of the Syllabus of Geometrical
Conics, which was drawn up by an influential Committee
and accepted by the Association at their annual General
Meeting in January, 1884.

In the following pages we have given proofs of the
propositions in the hope that they may be found useful to
those teachers who desire to adopt the order to which the
Association has given the weight of its approval.

We have introduced a chapter on Orthogonal Projection
immediately efter that on the Parabola, as we think it
important that the student should understand as early as
possible the close connection betwden the ellipse and circle
and should be introduced at once to a method by which so
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many properties ot tne ellipse may be deduced from well-
known properties of the circle.

At the end of the book will be found a lafge collecdon
of Cambridge problems, we have givef a 1st of important
properties of Conies, not induded in the propagitions in the
text—all of which are considered as well kndowrr and may
therefore be ‘assumed in the solution of any other problems.

A C
F. B W.
May, 1889.

A list of important propositions, which may be assumed
in the solution of problems, has been added to the book
in accordance with the suggestion of Mr Emtage, who has
recently published a Key to the riders and problems
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Noa 4 1RaR



larabeta. Pide [2.5,4,5289.5.0. /8.4 8)8€5
i fae. )‘m’%:,a,‘,;,t,qz N2y

farabeta. Prje 1,5,

PAGE

Z(d/w. )’)q.. /3, /y,15,2/,22,23,25,26,27,29,3/, 32 o6

ﬂg/k‘(u. /nqu (3,3,44,67 to,n,/3,/8, 19,20, 12, 33

74
. 120
. 121
144
. 148

23,24,45,26,27,18,30,33,3¢4.






PARABOLA.

DEF. 1 A parabola 18 the locus of a pomt (I?), whose
distance fiom a fixed point (8) 15 equal to 1ts distance (£M)
from a fixed straight line (X M),

(SP=PM)
11 The fixed pomt (S) is called the focus.
1. The fixed straight line (X M) 18 called the directria.
Der A curve is symmetrical with respect to « straight
line, if, cortesponding to any pomnt on the curve, there is
another point on the curve on the other side of the straight

line such that the chord joining them is bisccted at right
angles by the straight hne.

DEer. The straight line is called an axis of the curve.

DEr A vertexr is a point at which an axis meets the
curve

C.G.



2 PARABOLA.

Prorosrrion 1

Constric:tion, for points on the parabola.  The perpendicular
on the directriz: through the focus is an axis of symmetry.

M P

M

Let S be the focus and M XM’ the direct:ix. Through £
draw a straight line SX perpendicular to the directrix, and
produce it indefinitely in the direction X8,

Bisget SX in 4 ; then because SA =AX, 4 is a point on
the vafabola.



PARABOLA 3

In X8 or X8 produced take any point N; through N
draw a straight line PN perpendicular to XN; with centre
S aid radius equal to XV describe a circle, to cut (if possible)
PNF at P and P’ and draw PM, P'M’ perpendicular to
the directrix.

Then because SP=NX=PM,
therefore P is a pomt on the parabola
Similarly P’ is a point on the parabola
Since NP=NP, [Ene. 111, 3.

PP’ is bisected at right angles by XS, and the curve is
symmetnical with respect to X'S.

(1) ¥ N and S le on the same side of 4, SN is less
than N X, and the circle will cut the line PNF'.

(2) If NV and S lie on opposite sides of 4, the cirele will
not cut the straight line PN /1.

* Hence the parabola is unlimited in extent, but lies
entirely on one side of a hue through A4 perpendicular to

48

For nders sce p. 7.

Der. The azis (SX) of « purabole is a straight line
through the focus perpendicular to the directrix

DEer. The vertec (A) of « parabola is the poiut at which
the axis meets the curve.

DEF. The ordinate (PN) of a point on a parabola is the
prrpendicular from the point (P) upon the axis.

DEer. The abscissa (AN) is the portion of the axis be-
tween the vertex and the ordinate

Der. 'The focal distance (SP) of a point on a parabola ie
its distance from the focus.

1—4



4 PARABOLA.

PROPOSITION 11

If the chord PP intersects the directma wm &, SK bisects
the eaterior angle between SP and 8P,

M P
M »
K
S
P
Join 8P, SP'.

Draw PM, P’M perpendicular to the directrix, and pro-
duce PS to p.

Then, by similar triangles PKM, P’K M,
PK . PK =.PM  PAr
= SP ° R P ’

.*. SK bisects the exterior angle P'Sp. [Euc. VL A,



PARABOLA. 5

ProrosiTipN II1.

+If PN 1s an ordynate to the parabola at the point P, then

PN*=4A3. AN,
L @
M P M P
A N S X Al S N
N

Jomn SP, and draw PM perpendicular to the directrix.
Then NX*=XA*'+ AN*+2XA4.AN [Euc. 11. 4

=AS'+ AN*+248. AN

=248 . AN +8N*+248. AN [Euc. 1.7

=448. AN + SN
But NX*=PM*=8P*

=PN*{8N?;
" PN*+SN*=8N"+448.AN;
.. PN*=448.4N.



6 PARABOLA.

Der.  The double oramate through the *scus 1s called
the (utus 1eqtum (LI).

Prorosrrion IV

The latus 1ectum L1/ = 4AS

SLP=448 A8 [Prop. L.
s SL= 211‘(;
o BL=448



PARABOLA., 7

PROBLEMS

Pror 1
1 To trace the parsabola by points by means of Eue 1. 23,

2 PP, Q¢ ave double ordinates to the parabola. Shew that Pg, P'¢’
meet the axis i the same point.

3 If SM meets the parallel through A to the directrix in Y, shew that
S 18 bisected 1n Y

4 Shew also that PY 18 perpendicular to SM and hisects angle SPM,

5 57 18 diawn perpendicular to SP to meet directrix in Z. Shew that
PZ bisects tho angle SPAM

—~ 6 If two focal chords of a parabola are equal, the straight line joining
their middle points 18 perpendicular to the axis

7. Iind locus of centre of a circle which touches & given stiaight line,
and passes through a given pomnt

8 TFind locus of centie of a circle which touches a gaveu circle and a
given straight line

9. A stiaight line parallel to the axis meets the parabola in one pomnt
only

Pror II

1 Pp s a focal chord of a parabola, @ any other point on the curve. If
PQ, pQ meet the directrix in K and K’ respectively, KSK’ 18 a right angle

2 PQ, pq are focal chords. Shew that Pp, Qq, meet on the directrix.
As also do Pq, pQ

3. If they meet the dircctrix 1n K and &', KSK' 18 a right angle,
_~+4 Trace the:parabola by means of this proposition, by joining A to
different points 1n the directrix

5 P 1s any point on the parabola If P4 produced meet the directrix
1 K, MSK 18 a nght angle
-#'6  Given a parabola and 1ts focus, find the directrix.

7 PQ 18 a double ordingte of the parabola, PX cuts the ocurve in F’;
prove that P'Q passes through the focus

Pror. III.
1 PP 18 a double ordinate of the parabola. If the circle round PAP
{~ut the axis agan 1n Q, shew that NQ 18 constant and find 1ts length.
2 PNP 18 a double ordinate of the parabola Through @, another
point on the parabola, straight lines are drawn, one passing through the

vertex, and the other parallel to the axis, cutting PP'in L and L’. Shew
that NL . NL'=Pu? !

Pror 1V

1. Find a double ordinate PP’ of a parabola which shall be double the
latus rectum.

© 2. The radius of the circle deseribed about the triangle LAL's=§ latus
rectum.



8 PARABOLA.

Drr  Let PP’ be the chord of any curve. Then if the
pomnt P move up to P, the chord PP’ 1n the limiting position
when I comeides with P s called the tangent at P

Proposition V

If the tangent at P aucets the dwectrir in Z, PSZ s a
rght angle, and the tangent at P busects the angle betwee: the
Jocal dustance SP and the perpendicular PM on the dvrectri,
and the tangent at-the vertex 1s at 11ght angles to the ams

In the figure of Prop IL‘let the chord PI’K become
the tangent I°Z by moving the point P’ up to I’, then
ultimately SA” coincide$ with SZ, SP’ comcides with SP,
and the angle P'Sp becomes two night angles, but I SK 1s
always half the angle P'Sp (Prop IL), hence PSZ is half of
two right angles, or I’SZ is a right gugle.



PARABOLA. 9

Draw PM perperxdicular to the directrix,
PM*+ M7Z*=PZ* [Buc. 1 47.
=SP4 82",
. MZ*=8Z* smce PM =8P,
- MZ =87,
. m the triangles ZPM, ZP8S,
PM, MZ = P8, SZ cach to each,
and /’Z 1s common to both ,

the angle MPZ = SPZ [Eue. 1. 8.

_ o ——

S

~.
~

If the point P be at the vertex A, the angle SPM is two
right angles and coincides with the straight arfgle SAX.
Hence the tangent, which bisects this angle, 1s at right angles
to the axis

Prove from the defimition of a parabola that the straight line which
bi ects the angle SPM cannot meet the curve 1n a second point

For riders see p. 11



10 PARABOLA

Prorvosition VI

The tungents at the eatrenuties of « focul chord intersect «t
right angles on the directric

M b - P

//t'\ AN
[

‘ \

’\

Let PSp be a foca} chord, and let the tangent at P
interscet the directrix in Z

Jom Z8, Zp, and diaw M, pm perpendicular to tle
directrx,



PARABOLA 11

Thepy, PZ9s the tangent at P,
8Z 1s at nght angles to PSp,  [Bop 5
27 w the tangent at p

Agam, the A SPZ =0 MPZ, [Bue 1. 4
2 8ZP =+ PZM,
. NZP 1s*half of SZi

Similarly SZp s half of SZm,
* PZp s half of SZM and 8Zm together,
15 half of two 1ght angles.
PZp s a nght angle

PROBLEMS

Pror V

1 The tangents at the extrenuties of the latus 1cctum meet the directrix
at the pomt A

2 If any pont O be taken on the tangent at P, OM =08

3 If the tangents to the parabola at P and I meet m 0, and PN,
F'al’ be the peipendiculars on the directiix fiom I’ and 1, OM, 0S8, OM'
are all equal.

Deduce a construction for diawing the two tangents fiom an external
point

—4  If two tangents 0@, O’ be drawn to a parabola, and V be the middle

point of QQ’, prove that O} 15 parallel to the axis

5 Hence, given two tangents to a parabola, and their points of con-
tact, to find the focus

6 If the tangent at P meet the latus rectum produced in K, and the
directnix 1n 2, SK=5S/

Pror. VI

1 If the tangents at the extremuties of the focal chord PP, meet in /
and PM, PM, be pe-iendiculars on direetrix, shew that MM, 1s bisected n
7 Hence, prove that the circle described on I’P, as diameter touches
directrix 1n Z,

2 PSQisafocal chord QG perpendicular to the tangent at @ cutting
axigin ¢ (7 1s a perpendicular on the tangent at I’  Shew that Z hes
on the latus rectum

8. Tangents at the extremities of a focal chord cut off equal intetcepts
on the latus rectum



12 PARABOLA.

Der  The straight line which 1s diawn through any noint,
on a cAurve at right angles to the tangent at that pomt s
called the normal

Prorosirion VII

Iy the tungent and normal «t P et the s at T and G
respectively SG =8P =ST.

M- - . - -

7/
L.

B

(d
T G
AN
Draw M perpendicular to the duectiix
Then £8TP =2 MPT [Euc 1 29
=7 SPT [Prop 5.

SP=8T
And since 7'P(7 1» a right angle, a circle centre 8 and distance
SP or ST will pass through G (Euc. ur 31),

SG =8P =8T

1. Piove that SV and PI bisect each other at right angles

2. If T 1s the middle pont of AX, then N 1s the middle pont of 4S

3 If the tnangle SPG 13 equilateral, the angle TM G 1s a night angle

4 A aircle can be described rownd the quadrilate al SPMZ, and this
arcle touches PG at P

5. If the radwus of this gyrele equal M7, the triangle SPG 1 equilateral.

6 The angle between m%y two tangents to a parabola 13 half the angle
which their chord of contact subtends at the focus

7 The base 4B and the angle C of a trnangle ABC are given. Find
the locus of the focus of a parabola touching C4, CB mn 4 and B .

8 Two parabolas have the same focvs, and their axes 1n the same

straight line, but 1n opposite directions. Prove that they intersect at night
angles.



PARABOLA. 13
Der  If the tangent and ordmate at the point I’ meet

the axisin T and NV respectlvel) NT s called the subtangét
of thespuint P

Prorosirron VII1
Subtangent NT = 2AN

M

Draw PM perpendicular to the directrix

Then NT =8P [Prop. 7
=DM
=XN
AS=AX,
AT=AN
NT=2A4N.

1 If R be the radws of the eircle descrihed round the triangle PNT
prove that R?2=SP AN.

2 From S a hine SQ is drawn parallel to the tangent at P, meeting
PE, which 1s parallel to the axis, in £ Shew that the locus of ¥ is a
parabola, vertex S and latus rectum - § that of original parabola. -



14 PARAPOLA

Drr Tt the normal and mdinate at the pont P meet
the axis m the pomnts (¢ and NV 1espectively, NG 18 called the
subnormal of I

Prorosirion 1X

Subnormal NG = 2AS

M| v

aw M perpendicular to the dnectrix

Then SU =8P [Prop 7
=P
=XN,
NG=8Y
=248

1 If the tnangle SPG 1s equilateral, SP=latus rectum

2, Deduce Proposition 4 from Propositions 8 .nd 9

3. To draw the normal té the curve at any given point

4 If QM, the ordinate of Q, bisect NG, prove that QM = PG

5. TP, TQ are tangents to a givep circle. Construct a parabola which
shall teuch 72 1 P and have T'Q for axis.



FARABOLA. 15

ProrosiTioN X

81 Mhe tangent at wuy point Pantersects the tangeng at the
verte i Y, then SY bisects P'I' at reght angles, and 1 «
mean propor tiondl between SA und SP (SY- = A8 SP)

Y -

-
R
-

/

L4
mz._._—_-_j_\ —S._/.~,___.. v

T

Jom SP, and draw PN perpendicular to the axis

Then, sinee T'N 15 bisccted 1n 4, and A YV 1s parallel to PN,
s, PT s bisected in V

The angles SYT, SYP are equal , [KEue 1 8.
NY 1s at night angles to P7'

Again, because Y4 is drawn from the night angle per-
i J
pendicular to the base ST' of the tiangle SYT,
SY*=SN4 ST [Euc vi 8
= S4.8P. (Prop. 7
The eircle on SP as diameter touches the tangent at the vertex m Y.
Prove PY PZ=SI*
Piove PY YZ=A4S.SP
SY produced meets the directrix 1 M.
If a circle be described on the latus rectum as diameter, and I’Q he
a common tangent to the parabola and crele, tonehing them m P and ¢
respectively, shew t..at SP, SQ are eacn inclined to the latus rectum at ar
angle of 30° N
6. Given two tangents to a parabola and_the focus, shew how to draw
the tangent at the vertex, and hence the axis and directrix of the parabola.
7. A long rectangular slip of paper 1s folded so that one of tge corner!

always lies on the opposite side. Prove that the crease always touches ¢
paribola, of which the opposite side 18 the dircetiix

.

St 00 DO



16 PARABOLA.

15 Prorosriion X,

If from any pomnt O on the tangent ateP, Ol is drawn
perpendigar to the divectria, and OU per pendrcular to SP,
then SU = Ol.  (Adams’s property )

l -~
Moo - ________1‘/
L~
/',/
1 - Q // //
Vi ,
- N
pd
/o
=
——- - + M e i - -
r \ S
\\
\\
\\
\
—

—~

Jom 8Z, and diaw PM perpendicular to the direetiix,
Then, smce angle ZNP 15 aright angle,
Z8 s parallel to QU
SU SP=Z0  Zp
=01 PM
But NP =PM .,
SU=01



PARABOLA. 17

Prorosirion NI

Iv draw two tangents to the parabole from aneexter nal
poul O

R

_ e
N

(Analysis
Let 06, O be the two tangents  Draw QI Q' M’ per-
pendieulars on the duectux, and join OS, OM, OM’
Then, since the angle SQM 1s bisected by O€), therefore
the trangles SQO, MQO are equal (Kuce 1 4) and OM = ON,
So OM’ =08, Thus the pomts M and M’ are found,
hence construction )
With centre () at distance S deseribe a cnele, cutting
the dircctiix in M and M’
From M and M’ draw MQ, M'Q to the parabola, at right
angles to the directnix
Jom 0Q, 0@ 0, U shall be the tangents required
Jown OS, OM, OM’, SQ, S
Then, 1 the tnangles SQO, MQO,
SQ, QU= MQ, Q0), and the base OM =base (S,
. . the angle SQO = angle MQO,
. 0Q1s the tangent at @ {Prop. 5.
So 0 is the tangent at @’
Norx. The construction may be made on the principles proved in

Pr itions 10 or
'or riders s_e p."25.

ca 2



18 PARABOLA

Prorostrion XIHI
Lne vwo tungents OQ, OQ' subtend eqnal ungles u% the
Jocus, and the triungles SOQ, SQO wie sumilur

-

-

e
77

,/

T~

Draw the tangent at the vertex, mecting 0Q, 0Q" m ¥
and Y,

Jomn SQ, SQ', SY, 817
Produce QO to meet the anis in 7'

Then, since the aneles at Y and Y7 me neht angles
4 f=3 o o 3

[Prop. 19
the circle on ON as diameter will pass thiough 1" and 1
Therefore angle SOQ = angle SY'T” m same segment
=angle NT'Y [Eue. vi. 8
=angle SNQO  [Piop 7 and Eue. 1 7
Similaily angle SOQ = angle SQ0 ;
remaining angle§ 0S¢, OSQ are equal,
and the triangles S0Q, §Q'0 aic sinular’
OS and a lme through O paiallel to axis make equal angles with the

tangenty.
For riders see p 25



PARABOLA 19

,'L/l Patorosition X1V,

1 a pav of tangents OQ, OQ' are drawn to a parabola,
and QV s drawe parallel to the axis, meeting QQ' 1 'V, QQ/

will be bisected in V

" . Q
=7
//// -
/
R
v

~

Let OV cut the directrix in R,
Draw @AM, @M perpendicular to the ducetnix
Jom OM, ON, OM', SQ, SQ'.
Then, in the tnangles SQO, MQO,
SQ, Q0 = MQ, QO,

and angle SQO = angle MQU | Prop. 5.
. OM=08
Similatly oM = 0N,

.. OM = OJ[',

and OR, which 1s drawn at 11ght angles to the ba%e of the
1sosceles triangle OMM’, bisects 1t ;
* MR=MR.>

But QV :QV=MR - M'R,
QV=Q'V, or Q@ is bisected in V
For .iders see p. 25.



20 PARABOLA

Prorosition XV
Theslocus of the middle points of any system of parallel
chonds of « purabola 1s « straght line pargtlel to the axs,
puassing through the pownt of contact oPthe tangent parallel to
the chords

Let RPR be the tangent parallel to the choids, I 1its
pomnt of contact, and Q" oue of the chords

Through I’ diaw OPV parallel to the axis, meeting Q@'
at V and the tangent QRO at O Jom PQ and diaw RW
parallel to the axis, bisceting Q) at W [Prop 14

Then OR = R because R W s parallel to O, [Euc v1 2
and OP = PV because I’R is patallel to Q1

Sunilaily 1if we diaw a tangent @ R'0’ meeting 0PV at
&, 0P =PV, hence O and O are coincident.

Smce 0, 0Q are tangents and OV 1s parallel to axis,
Q@ is bisected at 1. [Prop. 14

Hence the middle points of all chords parallel to RPR’
lie on a straight line through I’ parallel to the axis.

DEF. The locus of the middle points of any system of
parallel chords drawn in a curve is called a diameter.

Nere. A diameter will not beca straight line for all curves. It has
just been proved to be so for a parabola.
For nders see p, 25



PARABOLA 21

REr. Thg half chords (QF) mtercepted between the
diameter and the curve are called ordinates to the diameter.

32 Prorvosition XVI

If QV 1s the ordinate of « diameter PV, andhe tangent
at Q neets VP produced wn O, then OP = PV,

N~

Diaw PR touching the parabola at 7 and meeting O at
R, through R draw RW parallel to the axis

Since BP, R() are a pair of tangents,

PQ 1s bisected at W, [Prop, 14.
and PR is paraliel to QV, [Prop. 15.
. UP :PV=0R- RQ
=PW : WQ

Bub PW=WQ, .. OP=PV



22 PARABOLA,

Prorosition XVIL

1 QV s an ordinate to the dicmeter PV,.then
QV?= 43P PVe

L 3
+

\

Let the diameter P17 meet the parabola in P

Draw the tangent at @, mecting the diameter m ) and
the axis in 7'

Draw the tangent at 2, meeting OQ in R
Join SP, SR, S
Then, since RP, RQ wre two tangents,
* the triangles SRP, SQR are stmilar,  [Prop 13.
.. the angle SEI’ = angle SQR )
=angle STH . &i W[Prop 7.
= angle POR} *jEuc 1 29
and the angle SPR = angle OPR,
because the tangent at P bisects the angle SPO, [Piop 5.
. the triangles SR.?, POR are siuiilar,
s PR*=8P PO
Now OV is bisected in P (Prop. 16), . QV =2PR,
S QV*i=4PR*
=48P.PO=4SP . PV.
For riders see pp. 25 and 26.



PARABOLA 23

’!mvnsl’l‘ION XVITI

If the focal chord QSQ’ s $usected by the dvwmeter PV,
winch meets the curve i P, QQ' =4SP,

~

Draw the tangents OQ), O meeting at 11ght angles on the
directrix. (Piop 6)

Draw the diameter OV Jown 8P

Then, since OV bicects the base of the right-angled tri-

angle QO(,

V=0V, [Eue nr 31.
QRE =20V

But OP =8P, [Def. of parabola.
0V =281 [Prop. 16.

. QQ =4SP
Fc. riders see p, 26.



24 PARABOLA.

Prorosirion XIX.

If two chords, QQ', q¢', of « parabolu intersect one anvther,
the 1ectangles contarned by thew seqménts we m the ratwo of
the parallel focal chords, or

Q0. QO . qO.qO =4SP 4§

Draw the diameter PV to biseet Q@ in V7
Draw OW parallel to the axis, to meet the parabola in W.
Draw the ordinate WR to the diameter P17 Join SP

Then QO QO=Q1"-01" [Eue 1.3
=QV*-WR [Eue 1. 34
=4SP PV—4SP PR [Prop. 16.
=480 RV
=48P OW

Similarly q0.4¢0=48p.OW,

QOU.QO0 : q0 qO=48P 48Sp

For riders see p. 26.



PARABOLA 25

Pror XII

1 f the pomnv ) be on the directrix, shew fiomn the constiuction that
the tangents mtersect at ngh_ angles

2 Fmd the pomnt 0 so that the figure 9 S¢' mav he a parallelogiam

Pror XI1I1
1 It a thnd tangent be dianwn Rutting 0Q, 0Q" m R and «, puose that
the ¢ 1rcle which eircumseribes the tuangle OR wall pass thiough S

2 \Vhat 18 the locus of the focus of a parabola which touches throe
gven strmght lines ?

3 'A parabola touches each of four stimight lhines xm n o position
Grve a Geometrical construction for iinding 1ts tocus

4 Prove that OS5 18 a mean proportional between 0Q and, ()Q What
Previous pioposition 1s a particular case of this?

5 Two tangents to a patabola And the point of contact of one of them
are given  Shew that the locus ot the focus 18 a circle passing tinough the
given point of contuct and the mtersection of tho tangents, and touching
one of them

6 The straight hine which biseets the angle QOO between the two
tangents meets the axis in 22 Shew that SO -SR

Pror XIV

1 The cuele on any focal chord as diumeter touches the dnectnx

2 The noymals at the extremities of a foeal choid mtersect on the
diameter which bisects the chovd

3 (hiven two tangents and then pomnts of contaet, to hind the focus and
dnectrin
Pror XV
1 Tangents at the extienuties of all parallel chouds meet on the same
straight line
2 A parabola being traced on paper, find 1ts axis and directrix

3 If chords make an angle of 45° with the axis, the hine through thewr
midadle points passes thiough an extremmty of the latus 1ectum

Pror VI,

1 If QD be drawn perpendicular to OV, QD*=445 PV

9. If TPV 1s diameter at P, QV an ordinate, and Q' tangent at @, and
if Q1'="TV, shew that T 1s on the directrnix

3 Anychord LVL' 18 drawn through V, and LM, L'’ are the ordjnates
of LL’ drawn to taie diameter PV. Prove that LM L'M'=QV2,
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4. If from the point of contact of a tangent to the parabola » chord be
drawn, «nd another line be diawn parallel to the axis, meeting the tangent,
curve, and chord, this line will be divided by them n tae same ratio as 1t
divides the chord

5  Draw a chord of a pma.b?la, through a given pomt, so as to be cut 1n
a given 1atio at the point

Pror XVIII

1 Touraw a focal chord PSQ such that SP=35Q

2 If a diameter meet the directrix m 0, OS 13 perpendicular to the
chords bisected by the diamete:.

Pror XIX
1 The sem latus rectum 19 a harmonic mean between the segments of
any focal chord

2. If QV be an ordinate to the diameter PV, and pv meeting PQ m v
be the diameter conjugate to P@), then pv=3}PV

ORTHOGONAL PROJECTIONS.

Der 1 If from any pomt a perpendicular be drawn
to a fixed plane, the foot of the perpendicular is called the
projection of the pownt, and the fixed plane is called the plane
of projection.

it The projection of a hne, strmght or curved, 1s the
aggregate of the projections of 1ts ponts, that is the locus
of the feet of perpeundiculars, drawn from points on the line,
to the plane of projection.

ut. The projection of an area is the drea contamned by
the projection of the line or ltnes containing the given area.

1v. The straight Jine, in which the plane, contamning
a given curve, intersects the plane of projection, is called the
base line.
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PROPOSITION a

The projection of v strarght line 1s a straight line.

»

Let pgrsU be the given straight line mceting the base
line in U, and let P, @, R, S be the projections of p, ¢, 7, 8.

Then the perpendiculars pP, q@, Rr, sS will lie in one
plane pPU (Eue x1 6, 7) which intersects the planc of pro-
jection in a straight line UP (Euc X1 3).

Hence the projection of Up 1s the straight lme UP, and
they intersect in a pont U on the base line.

ProrosrrioNn B

The ratio of the segments of a fimte straght line 1s
unaltered by projestion.

Let pqrsU be the given st2zaight hne, and PQRSU its
projection.

Then pP, ¢Q, 7R, sS are parallel’ because they are all
perpendicular to the plane of projection, and they are all in
the same plane PUp; hence the segments PQ, QR, RS are
in the same ratio as pq, ¢, 78 (Euc VI 2).
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Prorosirion

Purallel straight line, project into parallel stravght lines
of proportional length.

N mmmmmm e e e oo

Let pqU, rsV be two parallel stiaight lines, meeting the
base line in {7 and V, and let 2QU, RSV be their projections

pP and 7R are parallel, [Eue XI1. 6.
pq and rs arc paallel, « [hyp.
~. the plane UpP 1s parallel to plane Vi R. [Euc. X1 15,
Hence PQU 15 parallel to RSV. [Eue. x1 16,
Again, tiiangles pUP,»V R are equiangular, [Eue x1. 10,

PQ pq=PU. pU,

=RV .V,

=RS : s

*Ons,—This ratio PU . pU=cos »UP.
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ProrosiTioy 8

A tangent pojects into a tangent, cutting the base line in
the sume pownt.
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Let pp be two points on a curve near to onc another,
then their projections L2’ hie on the projection of the given
curve

Let p’ move up to and comcide with p, so that pp’
becomes a tangent to the given curve

Then P’ moves up to and comeides with I, and PI”
becomes a tangent to the projection of the given curve.

Also these st.aight Iines moet the base lime in the same
point  (Prop. a)
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Prorosition &

The ratio of wreas 15 unaltered by pipjection

Case 1 Let pgrs be a rectangle, having two sides pqg, 1
patallel to the base line, and let QRS be 1ts projection ;
produce ps, g to meet the base lme i U, V.

Area PQRN arca pgrs=1Q x PN py X ps,
=.PS tps,
=PU pU

Now this 1atio (which 1s equal to cosa, if a be the angle
between ‘the original plane aad the plane of projection) 1s
independent of the length and biead*h of the rectangle;
therefore all such 1ectangles are diminished by projection n
the same proportion, and all such rectangles drawn i the
original plane bear the same, ratio to one another as their
projettions do
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Cuse 2 But a figure of any shape may be divided int
a large number of nartow strips by lmes perpendiculan to

RO N -

- —

the base line, and cach of these strips will form one of these
1ectangles, with two small areas at cach end, now the sum
of these 1cctangles bears to the sum of their projections a
constant 1at10, also by mncicasing the number of rectangles
and decreasing then width the difference between them and
the given alea may be indefinitely diminished, hence an area
of any shape is dim'mshed by projection 1n the same, ratio
(1 - cusa) and all a~eas 1n the original plane bear the same
1at1o to one another as their projections do
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PropOSITION &

Lhe projections of two strazght lines af mght angles to one
another aire hines at 1ght angles to' one another, 1f one of the
original lines vs parallet to the base line

Let ps, sr be two straight hnes at nght angles to one
another, ot which sr 1s parallel to the base limec UV Let
PS8, SR be then projections  Since sr 18 parallel to UV, 1t
does not meet the plane of projection PSUV, hence sr does
not meet SK, also sr, SR are 1 the same plane, thercfore
they ate parallel to one another.

But SR is at right angles to Ss,
therefore sr is at right angles to Ss [Fue. 1 26
also sr1s at nght angles to ps, [byp.
. sr"1s at night angles to she plane psUSP, [Eue. X1 4.
.. SR 1s at nght angles to the plane psUSP, [Buc X 8
and PSR is a nght*angle

Nore. The projection of a %right angle 18 not a right angle, u.less one
of the arms of the original angle 1s parallel to the base line.



ELLIPSE.

wer 1 AR ellipse is the locus of a pomnt (P) whose
distance from a fixed pomt (S) bears a constant ratio (e),
less than unity, to its distance (PM) from a fixed straight

line (XM),
(SP=e.PM)
11 The fixed point (S) 1s called the focus.
11 The fixed straight line (X M) is called the directriz.

1v. The constant ratio () is called the eccentricity
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ProposiTION L

Construction for points on the ellipse

The perpendicular on the directra through the focus is an
axis of symmetry. °

To find the vertices A and A’.

. / \\

S~
M - - L

P
From the focus S draw SX perpendicular to the directrix.
Divide XS 1n 4, so that

S4A=e¢ AX,
also in XS produced take A’ o that
SA'=e. A'X

Then A and A’ are points on the curve
Take any point NV on the straight ine 44’ with centre
S and radius e. XN describe a circle ; through N draw PNP’
perpendicular to A4’ and cutting the circle in P and P,
then P and P’ are points on the ellipse Draw PM, P’M ’
perpendicular to the directrix,
SP =¢e.XN=e.PNM,
SP=e¢e.XN=e¢.PM.

Corresponding to any point N on the I'ne 44’, we thus

get-two points P and P’ at equal distances on opposite sides

of 44 mnce the ellipse is symmetrical with respect to 4.4/,
A”is an axis, amf the points 4 and A’ are vertices.

oTE. It may be proved that the circle intersects the perpendicular NP,
wl)en N is any part of the axis 44 between 4 and 4’, but not when N hei
outside the part A44’, hence the ellipse lies entirely between Lines drawi
through 4 and 4’ at nght angles to the axis, See Appendix.
For riders'see n. 87.
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"ProrosiTioN II.

If the chord PP’ intersects the directriz in K, SK biseots
the exterior angle netween SP and SP'.

M ——y L

M

.
K

~
~—

—

Jown 8P, SP, SK; produce I’S to p, and draw PM,
I’M’ perpendicular to the directrix.

Then SP =e¢.PM,
and SP=e¢.PM;
8P - 8SP'=PM : PN
=PK + PK,

by similar triangles PK M, P'KM’.
Therefore SK bisects P'Sp (Kue vI A)

Pror. II.

1. PSP, 18 a focal chord. Prove that XP and XP, are equally%inclined
to the axis

9. PSP, isa focal chord. PA, P4 are produced to meet the direetrix
in K and K, respectavely. Prove that KSK, 18 a fight angle.

8. Two ohords PQ, P'Q meet the directnx in p, p’ respectively. Prove
that the angle pSp’ 18 half the angle PS1”,

4. It the focus of an ellipse and two points on the curve be given, ¥he
directrix will pass through o fixed point.

3—2
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DEr. If the axis through the fczus (S) meets the ellipse
at A and 4A’, A4’ is called the major ams.

Der Bisect 44’ in C, then (' is called the centre of
the ellipse.

Der The double viuiwnate BCB, drawn through O, is

called the minor axis

it Y ProrositioN IIL. ¥ I"ff%
If PN ts the ordinate of a point P on the ellipse,
PN? - AN A'N=CB*: CAY
and CP s less than CA. ‘

K

Join P4, A'P, and produce them to meet the directrix
at K and K.
Join 8P, SK, SK', and produce PS8 te p.
By similar triangles PAYV, KAX,
PN : AN=KX : AX.

By similar trxang?es PA'N, K'A’X,

PN : AN=K'X : AX,

W~ PN': AN.AN=KX.K'X : AX.A'X.
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But §K bisects the angle ASp, [Prop 2

and SK' bisects the angle ASP, [Prfop 2
KSX’ is a nght angle;

.. KX.K'X =8X*; [Euc. vi. 8

PN* - AN.A'N=8X* AX 4'X.
Similarly, since P may coiacide with B,
BC* . AC*=8X*: AX.A'X,
. PN*: AN.A'N=B(C* - AC*

Agamm, BC® : AC*=8X": AX.A'X.
Now SX=AX+84 =4X(1+e),

also SX =A'X — S84’ = A'X (1—¢),
“8X'=(1-6)AX. A X<AX A'X;
.. BC< AC.
Prop. 1

1. If a parabola and an ellipse have the same focus and directrix, the
parabola lies entirely outside the ellipse.

2. A pomnt P lies within, on, or without the ellipse, according as the
ratto SP ., PM 18 less than, equal to, or greater than the eccentricaity, PM
being the perpendicular on the directrix,

8. Any chord PQ of an ellipse meets the directrix 1n B Prove that

SP - PR=8Q. QR.

4, A straight line meets the ellipse in P, and the directrix in R. From
K, any point in PR, KU is drawn parallel to SR, to meet SP in U, and KI
perpendicular to the directrix. Prove that SU=e. KI.

Pror LIII.
1. If PM be drawn per; endicular to BCB’, prove that
PM?:; BM.B'M=C4%: UB2

2. P, Q are two points on an ellipse, A4Q, 4'Q cut PN or PN produced
in Leand M. Prove that PN?=LN. MN.,
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¢ ProposiTion IV

4 }' the ordinates of the curcle described ontAA’ as diameter
¢ 1educed wn the ratwo of CA : CB,ethe locus of their extre-
nisties 18 the ellipse.

(PN . pN=CB : CA).

P //—F\\

L —]

N\
JL
]

\_

Let ApA’ be the circle described on AA” as diameter,
and NPp the ordnate of p, meeting the ellipsé at P,

PN': AN A'N=CB': CA.  [Prop. 3.

But pN'=AN A'N; [Euc 11 3 and 35.
© PN*: pN*=CB' . C4°,
PN :pN=0(CB : 04 Q E.D.

Der 1. The circle described on A A’ as diameter is called
the auagliary circle. )

1. The points {) and P lying on a common ordinate of
the ellipse and auxiliary circle are called corresponding potnts

1L A chord of the ellipse and a chord of the auxiliary

circle are called corresponding chords, if their extremnties
are orresponding points.
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ProrosiTioNn V

The projection of « circleis an ellipse

b

Lot apa’ be a circle, having its diameter aa’ parallel ¢o
! Jving 155 ¢ )
the base line, ¢b the radiug perpendicular to ad’, pr a per-
pendicular fiom any point p to aa’.

Let APBA’ be the projection of the circle apba’, and let
the Points A, 4, B, C, P, N be the projections of the points
a,a, b, c p, n

Then pt=an.ne’; [Euc 1L 3 and 35.
copit e =an.nd’ o,
But pn’ - cb'=PN* - OB, [Prop. v.
and an.na’ . ca®= AN NA' : CA*,

. PN* - CB'=AN NA’ : CA”

Also PN and OB arc perpendicular to 44";  [Prop. {
therefore the locrs of I 18 an ellipse whose axes arc @4, CB.
[Prop. 3.

Nore. The circle aba' is equal to the aixiliary circle. The ratio
CB CA=cosa, where a 18 the angle of projection.

The area of the ellipse=»4C . BC.
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T) /PFOPOSITION Vi

The ellipse is symmetrical with respect to the minor axis,
and has a second focus (S') and directria.

P m \P’

Let pmp” be a chord of the auxiliary circle, cutting the
minor axis at right angles mm m  Take P and P’ points on
the ellipse corresponding to p and p’, and draw the common
ordinates pPN, p’P'N’, and join PP, cutting the minor axis
mn M.

Then pN =p'N’; [Eue. 1. 34,
. PN=PN ; [Prop. 4.

therefore PP’ is paralkl to NN’ and perpendicular to CB.
Also, pmEp'm; [Eue. 21 3.

s PN =PNM [Eue. 1. 34.
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Hengg, corresponding to any point P on the ellipse, there
18 ancther point P’ on the ellipse such that the chord PP’
is bisected at right, angles by the minor axis, or the ellipse
18 symmetrical with respect to the minor axis.

If we take OS’ equal to ('S, and CX’ equal to CX, and
through X’ draw a line perpendicular to AA’, the cllipse
can be described with this line as directrix, S’ as focus, and
eccentricity the same as before,

Pror IV
1. A straight line cannot meet the ellipse in more than two points,

2  Of all lines drawn from the centre to the curve C4 18 tho greatest
and CB the least.

8. P and Q are corresponding pownts on the ellipse and the auxihary
circle; through P KPL 1s drawn making the same angle with the axes
;vhwh CQ does, and cutting them 1n K and L. Shew that KL 18 a constant
ength,

4 PM drawn perpendicular to BB’ meets the circle on the minor axis
a8 diameter in p’, .Prove

PM-p'M=C4: CB.

5. If the two extremities of a rod shde along two fixed straight lines at
right angles to one another, any fixed pomnt mn the rod will describe an
ellipse,

Pror. V.
An ellipse may also be itself projected into a circle.
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ProrosiTioN VI (Alster)

Let aba’ be a circle, and ABA" its projection.

All chords of the cucle parallel to aa” are bisected by cb
[Eue. 111, 3.
Therefore all chords of the ellipse parallel to 44" arc
bisected by CB. | Prop. .
And CB is perpendicular to chords it bisects.  [Prop. &

Hence the ellipse is symmetrical with respect to the
minor axis,

And it may be described with reference to a second focus
and directrix on the opposite side of the cen!re.
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YPrqposiTiON VII

CA=¢.€X; CS=c.CA; CS.CX = CAY,

X’
SA =¢. AX, [ Det.
SA'=e¢ A'X [ Def.

By addition
AA =e(AX+AX)=e(AX + AX')=eX X',
“C0d=e CX .. ()
By subtraction
S8'=e¢ AA’,
s C8=e.C4.. ... B);
L 08.0X=04°% ... . . o ()

Pror, VI,

Given an ellipse and one fucus, find the centre and the eccentricity,
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Prorosition YIIIL.
SP+SP=AA

Mechanwcal construction Yor the ellipse.

Draw MPM’ perpendicular to the directrices.

*Then SP =e¢ PM,
and / S'’P=e.PM,
R AP+ 8 P=e. MM
Spghif s STHST e M
=AA'

If an endless stiing be placed 10und two diawing-pins
at S and S, and kept tight by a pencil point at P, the
pencil can be made to trace out an ellipse of which S, §'
are the foci.

Pror VIII.

1. If P be any point, SP+ S’P 1s greater than, equal to, or less than
A4A4’, according as P 1s without, upon, or within the elhpse

2. A circle is drawn entirely within another c..cle. Prove that the
locus of a pomt eqmdistant from the circumferences of these two circles 1s
an ellipse.

8. Two ellipses have a common focus, and their major axes equal,
Prove that they cannot intersect 1n more than two ponts.

4. Prove that the straight line, which bisects the exterior angle batween
PS nd PY’, cannot meet the ellinge acain.
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Prorosition IX.

CB*=CA" - (CS*=SA.SA"

SB+S8'B=AA" [Prop. 8.
But SB=_8'B; [Eue. 1. 4.
- SB=CA4,
CB =SB - (08! [Euc. 1. 47.
=(CA*~ 0S?

=84.84". [Eue. 1. 5.
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DEer. The double erdinate through the focus is called
the latus rectum (L1)).

I, PRoPOSITION X.

The sgmi latus rectum SL is « third proportional tv CA
and CB.

SL. (A = OB,

A S C /A'
/
L /
\__—/
SI*: AS.A'S=CB - CA4* [Prop. 3.
But AS. A'S=CH, [Prop. 9.

8L CB*=CRB : 04,
S~ SL:CB=CB - (C4;
~ SL.CA=CB.
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ProvrosiTioNn X1

If the tangent at P meets the dvrectriz in Z, PSZ%s a
right angle.
Also tangents at the éhds of a focal chord intersect on the

directri.r.
/ -
I~ >

| N

Take a pomt I’ on the cllipse near to P, and let the
chord PP’ meet the directrix in K, and produce PS to p
Then KN usects the angle 1'Sp. [Prop. 2.

r
7o~
When P’ coincides with I’, so that PP'K becones the
tangent PZ, P'Sp becomes two right angles; therefore I’SZ
15 a right angle.
Hence ZSp is a right angle, and Zp is the tangent at p,
or the tangents at P and p intersect on the directrix.

1. Tangents at the extremitics of the latus rectum intersect in X,

2. If through any pont P of an ellipse QPN be drawn perpendicular to
the axis, meeting the tangent at L in Q a3d axis in N, QN=8F

8. To draw thc tangent at a given point P of the ellipse.
4. By drawing the tangent af B, prove CS, CX=C4%

4 -

N =

r

N
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91 ProrositioNn XIL

9f the normal at P intersects the major azis in G,

SG =e.8R
M]/\ P
V4
X

Draw the tangent PZ, join SZ, draw PM perpendicular
to the directrix, and join SM.

ZMP and ZSP are right angles; [Prop. 11
therefore the circle, on ZP as diameter, passes through M
and 8. [Euec. 111 31.

Since ZP@ is a right angle, PG touches the circle.
[Euc. 1n1. 16.
Therefore the angle SPG = angle SMP 1 the alternate
segment. [Eue. 111. 32.

Also angle PSG = angle SPM. [Euc. 1. 29,

Therefore the triangles SPG, PMS are similar;
.. 8G : SP=8SP : PM;
. 8G=e.SP

Pror. XII

1. Pls any point on the ellipse; M a fixed point on the major axis. A
perpendicular 18 drawn from M on the tangent at P. Find the locus of the
intersection of thua perpendicular with the radius vector SP.

2. If GL be drawn perpendioular to SP, the ratio PN : GL is constant;
and PL=sem latus rectum.

8. If PG be produced to meet the minor axis in g, gS produced meets
the freotrix in M, the foot of the perpendicular from P.
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ProposiTION X111

The tangent agl normal to an ellipse at uny pownt 1 . ¢
1espectively the exte¥nal gnd internal bisectors of the angle
between the focal distances.
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Let TPY7 be the tangent and PG the noimal,

St=e SP, [Prop 12
and Nt=e S'P,
S S =8P - S’I’,
theretore I°G bisects the angle SPS’ [Euc. vi1. 3.
Therefore the complements SPT, S’I’Y’" me equal, but
S'PY' = WPT, [Eue. 1. 15.

therefore P71 bisects the exterior angle SIPW

Prop XIII.

1 If SY, the perpendicular on the tangent at ’, meet $'2° produced 1n 4,
prove (1) s¥=SY, (2) SP=Ps, (3) S's=AA".

If P move round the ellipse what 18 the locus of s?

[Nore On account of (1) 818 called the 1mage of the focusin the tangent.]

2 If the tangent and normal meet the minor axis 1n t and g rcspectively,
the circle on gt as dinmeter passes through P and the two foci

8. If the normal at I’ meet the major and minor axes in G and g, prove
that the triangles SPG, ~PS’ are similar. .

4. SP,S'P=PG’Py. .
5. No normal can pass through the centre, eXespt the normals at the
ends of the axes. LIRS

6. If a circle be described through the foci of an ellipse, ‘a straight line
drawn from one of its interseciions with the minor axis to ite intersection
;i:h the ellipse will touch the ellipse.
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v rOPOSITION XIV.
The feet of the perpendiculars (SY, S'Y’) from the foc
on the tangent at P are on the aualiarip circle.
Also +f CE, parallel to the l(myent at P, intersects S'P
n E, PE=CA
Also SY SY =CbB*

Produce 8P, SY to meet in W, Join ('Y
In the tnangles VP8, VP W, VP is common, nght angles
PYS, PYW are equal, angle YPS=angle YPW; [Piop. 13.
s SP=PW, SY=YW, [Eue. 1. 26.

and SC= (%', . 8’Ws paallel to CY,° [Euc vi. 2.
. OF=3S'W (Euc. VI, 4,
=3 (8" P+PS)=444’ [Prop. 8.

=4,

therefore Y is on the auxilimy circle
Similarly, Y’ is on the auxiliary circle.
Also VCEP is o parallelogram , therefore
PE=CY=CA.
Produce }"S8’ to meet the ciicle in y and join Yy
Then, Y'Y’y bemng a right angle, Y’y passes through the

centre C, . [Euec. #ir. 31.
SY =28, [Euc. 1. 4,

SY.8Y' =8y.8'Y =48".8'4" [Euc. 111 35.

= (B, [Pron. 9.

For niders see page 52.
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PraposiTioy XV.
Cotresponding chords of the ellipse and auwihary cirele
wntersect on the mjer axis
Also tangents at coi%esponding Jpoints intersect on the
najor axs.

~—_ <
T - /

N e
- .

Let PQ be a chord of an ellipse, meeting the major
axis in 7'

Let p be the pont of the auxiliary circle corresponding
to . Jomn Ip, and produce 1t to mect the ordinate R()
produced m ¢

Then g pN=RT NT [Eue. vi. 4,
=QR PN [Euc. vi. 4.

g QR=pN : PN
=AC: BC, [Prop. 4.

' ¢ 18 the cotresponding point to @, and the correspond-
ing chords PQ, pq meet the axis in the same point 7'

If @ moves up to and comcides with P, then ¢ moves
up to and comcides with p, and LT, pT become tangents to
the elhpse and circle, or the tangents at corresponding points
intersect on the maior axis

Pror. AV.
1 I'p are corresponding pomnts. Thoe tangent at p meﬁs C'B produced
m K., Prove CK.PN=AC BC. 4

2. 0Q, 0Q’ are tangents to an ellipse. (N 18 drawn perpendicular £
theaxis Prove that the tangents to the auraliary circle at the corresponding
points q and ¢’ meet in ON. ) B

Prove also that if QQ’ produced -neet the major axis in T, CN . CT = CA?,

422
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ProrostrionN *X VI

If the tangent at P meets the major uxis produced at 'Y,
CN.cT = A

Produce NP to meet the auxihary cucle m p, and join
pT, pC.
T touches the circle, [Prop xv.
therefore (p7 1s a nght angle,  |[Kue 1r 18
s ON (T =p? [Kuc. vI. 8
= (.1

Pror, XIV,

1. 'To drow a tangent to the elhpse parallel to a given straight line.

2. If ‘& strmaght line through € parallel to the tangent intersect the SP,
&P distances i E, E', prove PE =PFL’.

8. Provealso SE=S'F’,
4. The circle described on SP as diameter touches the auuliary circle,

6. SK s parallel to §'P, and YK perpendicular to SK. Shew that the
parabola having S for focus and X for vertex touches the ellipse,

6., Given 1n position a focus and tangent, and in magnitude the mnor
axis, find the locus of the other focus.

7. A chord of a aircle which subtenda a right angle at a fixed pont
envelopes a come whose foor are the fixed pomt and the centre of the arcle.
8. If a second sangent intersect Y'PY’ at right angles in 0, prove that
0Y.O0Y'=BC2

. Hence prove CO*= C43+ CB%. [The locus of the intersection of tangents
at nght angles is called the Director Crrgle.]
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ProrosiTioN XVI  CAliter)

Draw the circle from which the ellipse is projected, and
et ¢, P, T, N, A be the projections of

¢, pot,on,a

Then pt touches the circle [Prop. &
therefore cpt 18 a right angle,  |[Kue. 111, 18,
and cnp is a right angle, [Prop. &
en ct=cp', [Eue v, 8,
.en et =ca’,
UN T =047 [ Prop. B.
Pror, XVI

1. p is the point 0.1 the auxiliary eircle corresponding to P, Sy ise
Irawn perpendicular tc the tangent at p. . Prove Sy=SP.

2. Any circle throngh N, T, onts the auxiliary circle at right angles,

8. If CY, AZ be the pe iculars from the centre and an extremity of
he major axis on the tangent #o the ellipse at any point P, shew that

CA.AZ=CY . AN.
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ProrositioNn XVII.

If the tangent at P meets the munor axis produced in t,
and Pa 18 the perpendicular from P on the manor auus

Cn.Ct=CB

Draw the circle of which the ellipse 18 the projection

Aud let ¢, p. ¢, b, 2" be the points of which (", I, ¢, B, »
are the projections

Join ep Then pt’ touches the cucle, | Prop. d.
therefore ept’ is a right angle  [Kue uL 18,

Also en’p s aright angle [Prop. &
on’ . et = cp [Eue. vi. 8.
=cl*;

S On Ct=CB [Prop. B.
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ProrosirioNn XVIII

If the normal at P meetd a line tluouqh C parallel to the
tangent at P an F, and the minor azts it g, then

PF P =CB® und PF.Pg=CA®

;\\
T
|
\'l

1 \

b

Draw PN R, Pnr perpendicular to the axes meeting CF
m R oand o, and let the tangent at P’ meet the axes at

T and t.
Since the angles at N and J7 are nght angles, a circle can

be deseribed through GNR and /', [Kue 1t 31
PF I’ti=PN PR [Kue. 1. 36
=Cn Ct [Euc 1 34,
= OB, [Prop. xvir
Similarly PF.Pg=Pn.DPr
=CN.CT [Euc. 1. 34,
=04
Pror, XVIIL
1. If from g a perpendicular gk be dropped on SP or §'P, prove that
PK=CA.

2, If the tangent at P meets the major axis in 7, then CF. PT is equal,
to the product of perpendiculars fror. the foci on the normal at P.
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1@ ProrosiTiON XIX
GN : CN=CB*: CA®

Also CG =¢* CN.
P n—\‘\
~
A/ N G T
F
/
/

g
Produce PG to meet the minor axis at g, and diaw CF
paallel to the tangent at P, meeting Pg at F.

Then (N : CN=PG : Pg [Eue v1 2.
=PF,PG : PF.Pyg
=CB : 04° [Prop xvinx
Also CN—-GN CN=CA*-CB . (4%,
UG : CN=08": 04*, " [Prop. 1x.
CG=¢'.CN. [Prop. vir
Pror. XIX._

1, If the tangent and normal at P meet the major and minor axes
respectively m T, ¢, G, g, prove

(@) CG.CEC=C8?,
) Cg Ct=CS3,
(¢) ( T9, tG are at right angles.

2.. Prove NG.CT=0CB2
8. From this proposition deduce the corresponding proposition for the
parabola, viz. NG =248

4. Find a pomnt P on the ellipse suchsthat PG bisects the angle between
CP and PN,
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b ProrosiTioN XX,

If from any point O on the tangent «t P, OI <s drawn
perpendicular to the direstriz, and OU perpendicular to SP,
then SU=c¢ OI (Adams’s property.)

i
M !
[8)
! U
‘ ~—
S

YN

%N

Join SZ, and draw PM perpendicular to the directrix.
ZSP 15 a right ngle; [Prop. x1.
78 is parallel to OU ;
SU :8P=Z0 : ZP [Euc. vI. 2.
=0I: PM, [Eue. vI. 4.
but SP=e.PM,
SU=".0L
. If the tangent at P meet the direotrices in 7, Z', the perpendiculars from
Z and Z’ on SP intercept a part equal to 44",
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ProposiTion XXI

To draw a pair of tangents 0Q, OQ’ to an ellypse fiom
an eaternal povnt O,

Diaw OI perpendicular to the directrix

With centie 8, and radius ¢ O deseribe a cucle, and
draw the tangents OU, OU”. [Eue ni. 17

Draw 8Z perpendicular to SU, meeting the directrix in
Z. Jom Z0, meeting SU m ./ Draw (N perpendicular

to the directrix. [Eue v 2.
Then SQ SU=QZ. 0Z
=QN O0I,

L 8Q:QN=8U-0l=e¢ 1;
therefore @ 1s on the ellipse.

And since QSZ 1s a nghs angle, 0Q touches the ellipse.
[Prop. 11.

Similarly a second tangent 0@’ may be drawn.
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~

\___’/

\v/_ )

(Second Method.) On OS as diameter deseribe a circle
meeting the anxihary cirele m ¥ and ¥, Then SY0 is a
right angle [Eue 11 317, and OV touches the clhpse | Prop.
X1v]  Smlarly 017 touches the clhipse

(Third Method.) With centre O and radius OS describe

a circle, and with cen.re 8’ and radips 4.4’ describe a second

circle tersecting the first in U and U’. Jowm S'U, 8'U’
meeting the ellipse in Q and @, then

angle OQU = angle 0Q8, [Euec. 1. 8.

and 0Q touches the ellipse. [Prop. X1
Similarly 0@’ touches the ellipse.
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ProrosiTioN XXII

Tangents OQ, OQ', subtend equal angles 0SQ, OSQ’ at
the jfocus S.

! }

N

Draw OU, OU’, OI perpendicular to SQ, SQ’, and the
directrix. Join OS.

Then SU=e.0I [Prop. XX
=8U", [Prop. xx.
VU =0U", [Euc. 1. 47.
08U = 08U, [Eue 1. 8.
or 08Q = 08Q).
Prop. XXII

1. QQ’produced meets the directrix in K, prove that OSK 18 a right angle.
2. Tangents at the extremuties of a focal chord meet the tangent at the
vertex in T, Ty, prove AT, . AT,=AS?%

8. 0Q, 0Q are two fixed tungents to an ellipse. A variable tangent
interseots them in ¢, q¢'. Prove that the angle ¢Sq’ is constant,

4. Normals at the Extremities of a focal chord meet in W, and the cor-
responding tangents n Prove that ZW passes through the other focus.

5. 0Q, 0Q' are tangents from O, and OS meets QQ'in R RZ, parallel
to the axis, meets the directrix 1n Z. Shew that QZ and Q'Z are equally
‘nclined to the axis,
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ProprosirioNn XXII1

Tungents OQ, IQ' are inclined at equal angles to OS,
oS,

o \i4

Jom SQ, S, S’Q. S’Q and produce S'Q to W, and let
S¢ meet S’Q in K.

Then angle 8'0Q' = OQ' W — 08¢/ [Eue. 1. 32.
=38Q'W — $QS8’Q) [Props. XIIL, XXIL
=3S'KQ. [Euc. 1. 32.

Similarly  S0Q =3SKQ,
. 80Q =S80Q [Bue. 1. 15.

Prop, XXIII,

1. Given two tangents to an ellipse and one fdcus, find the locus of the
centre.

2. On 0Q, O, lengths OR, OR’ are tafko'% equal to O, OS’ respectively,
Prove that RR’ is equal to the major axis of the ellipse,
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Proposimion XXIVe

The locus of the madle pownts of any system of parallel
chords of an elhpse 15 a strasght line passing through the
centie, and the tangent «t ewther end of the strawght line s
parallel to the chords

Draw the cucle whose projection 15 the ellipse.  The
middle points of the system of parallel chords of the cllipse
arc the projections of the middle points of a system of
parallel choids of the circle. [Props B and .

In the circle these middle points lie on a straight line cv
passing through the centre c. [Eue. 11 3.

And the projection of ¢v is a straight line OV passuig
through the centré C of the ellipse [Prop. a

In‘the circle the tangents at either end of c¢v are parallel
to the chords, because they are all perpendicular to cv

[Euc. 111. 3 and 16.

Hence in the ellipse the same 1s true.  [Props. 4 and 8.

Der. The locus of the middle pvint of a system of
parallel chords 1s called a diameter.

Nore The words diameter and axis ard frequently used to denote the
length of the portion of the diameter or axis intercepted by the curve,

DEF. The half (QV) of a chord (QQ') which is bisected
by a diameter (CP) is called an ordinate to the diameter.
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Prorosition XXYV.

Tangents at the ends of any chord meet on the duwmeter
whach bisects the chord

Let 0Q, OQ' be the tangents, join €0, meeting Q@ m V.
Draw the circle whose projection is the ellipse, and lct

2, Q, @, C, V be the projections of o, ¢, ¢, ¢, v Join cq, cq.

Then og, 0’ touch the cirele, [Prop. 8.
" og=oy, [Kue. 111, 36.

angle ocq = angle ooy, [Euc. 1. 8.

qv = q'v; [Buec. 1. 4.

. RQYV=QV. [Prop. B

Pror. aav

1. The tangent at a point P of an ellipse meets the tangent at 4 mn Y.

Shew that CY 1s parallel to 4'P.
2. If CP meets the directrix in Z, ZS ig perpendicular to QQ’.
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Prorosrrion XXVI

QV s an ordinate of the diameter CP ; tf the tangent at
Q meets the diameter CP produced wn O, then

CV CO=Cp®

Draw the circle whose projection is the ellipse,  Let
¢, ¢ 0, p, v be the projections of €, ¢, 0, P, V. Join ¢q and
produce gv to meet the circle at ¢

Then og is a tangent, [Prop. 8.
q¢ 18 bisected at v, [Prop. B.

cvg is a right angle, [Eue, 111 3.

and cqo is a right angle, [Eue. 111 18,

cv.co =cq’, [Euc. v1. 8

. cv.co=cp’
s V.00 =017 [Prop. B.
Pror. XXVI

1. VR parallel to PQ meets CQ in R. rove that PR 18 parallel to the

tangent at Q. ¢
2. The tangent at any point P of an ellipse meets the equiconjugate

diameters [see page 66]1n I' and I". Shew that the triangles TCP, 1'CP
are in the ratio €77 : C1",
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PRrO?OSi.ON XXVI  (Aliter)

the tangent at I meeting QO in R
PW paiallel to OQ meecting @V m WV
Q, RW

en PRQW 1s a parallelogram,
© RW bisects P@,
RW passes through the centre, [Prop. 25.
by similar triangles
¢V CP=CW:CR
=CP . (0,
CV.Cco=0F

v 1o the corresponding proposition mn the parabola? Apply this
ot proof to 1t.

proof 15 due to the Master of St John's Uollege, Cambridge
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Prorosrrion XXVII,

1f CP lusects chords parallel to CD, then.
purallel to CP

")
— T
. /7<\ N

-
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/I&\ // \\\ 7\\\\
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Diaw AQ paiallel to CD mecting P in V',
then 4Q 1s bisected at V.
Join A’Q cutting CD in W
Since AQ 1s bisccted in V'
and AA 1 O,
. A'¢ s parallel to (P
And  CD is parallel *» AQ,
and A4 1s sected n C,
A'Q 18 bisected 1 W,
.. CD bisects the chord A’Q which 1s parallel to C?
.. CD bisects all chords parallel to CP.  [Proy

DErF. ‘ Two diameters which are so 1elated that ¢
bisects chords parallel to the other are called conjuy

diameter.

N B.* The tangent at P 1s parallel to CD and the tangent at I
parallel to CP [Prop &

Prop, XXVII.

1. To draw the equiconjugate diameters of the ellipse

2. The focus is the centre of perpendiculars of the triangle formed by
two conjugatildiameters and the d veqigix
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Drorosition XXVIIT

Congugate dwameters wn the, ellipse are the projections of
diameters wn the circle at mght angles to one unother

Let CP, CD be conjugate dismeters Draw a chord
QVQ parallel to CD and bisecte... at V. Draw the eircle
whose projection 18 the ellipse and let D, Q, P, ¥, V, ( be

the projections of d, g, p, ¢, v, ¢

cd 15 parallel to qq’, [Prop 4.
and ¢q’ 13 bisected at v, [Prop. B.
cv is perpendicular to g/, [Euc. 111. 3.

¢p is perpendicular to cd

Nore Numerous metrical properties of conjugate diameters smay be
deduced from this prop -sition by the method used m Prop. xxx, e g.*

1. P'CP, CD are two cowjugate diameters, R any other point on the
tihpse. PR, PR meet CD or CD produced in T, t' Prove CT.Ct=CD?. ,

2. If CP, CD, CQ, CR be two pairs of conjugate diameters, and if the
igent at P meet CQ, CR produced in T t: then PT.Pt=CD->.
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Der. Chords (QP, QP'), which jom any point (() on an
ellipse to the extremities of a diameter (LUP) are called
supplemental chords

Prorosition XXIX.

Supplemental chords are parallel to conyugate diameters.

Draw the diameters CL, CM parallel to the supplemental
chords P'Q, QP cutting them m V and W

Theh PV:VQ=PrC.Cr, |Euc vr 2.
PV =70,
*. CL bisects all chords parallel to (), [Prop. 24.
that is parallel to CM.
Similarly CM bisects alk chords paralld to CL
. OL, CM are conjugaté diameters

The diagonals of any parallelogram ciicumsoribed to an ellipse are con-
jugate diameters.
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23 Prorosirion XXX

QV s an ordinute of the diameter PCPY’', CD the diameter
parallel to JV, then

QV*:PV PV=CD* CP:

q

Draw the circle whose projection 1s the ellipse, and let

P, V, 0 P,Q, D be the projections of p, v, ¢, p', ¢, d

Since CP, C'D are conjugate diamcters

ped 18 a right angle [Prop. 28.
But qv 13 parallel to cd [Prop. v.
Hence ¢v is perpendicular to cp,

Lqt=po. P, [Euc. 111 3 and 35.
q . pv . pv=cd®. cp’,
but qvt i ed’=QV* : OD7, [Prop. v.
pe.pvicp=PV. PV CP, [Prop. 1.
.QV* PV.PV=CD* CP.

On QV or QV produced 18 taken a pont I, such that VR: VQ=CP* CD.
Shew that the locus of R 1s an ellipse, and find th% position of 1ts &xes.
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ProrosiTion XXX1

In the triungles CPN, CDR, CR : PN = CA . CB
und CN : DR=CA - CB

\__/’
Draw the auxihary circle.
Produce NP, RD to meet 1t 1n p and d.
Join Cp, Cd and draw the tangents pZ, I’ to the circle
and ellipse respectively, mtersecting on the axis  [Prop. 15.
Then P 1'is parallel to CD, [Prop. 24.
the triangles NP, CRD aie similar,
TN CR=NP: -RD=Np Id, [Prop. 4.
and the angle TNp = the angle CRd,
*. tiiangles TNp, CRd are similar, [Euc vi 6.
.. pT 1s parallel to Cd,
.. the angle pCd = angle Cp1'=a nght angle,
therefore the angles NpC, dCR are equal, each being the

complement of angle pCN,
", the triangles pNC, CRd aresequal in all respects, [Euc. 1. 26,

" pN=CR. ¢
But MV : PN=CA : CB,
.CR:PN=CA:CB
Similarly CN :DR=CA4 : (B.
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ProrosiTioN XXXI1
CP*4+CD*=CA*+CB®

Draw the auxihary circle.

Produce NP, RD to meet it 1 p and d

Jom Cp, Cd
Then DR*: ON*=(B CA* [Prop 31.
wnd PN*- CR'=CB: CA°, [Prop 81
.. DR*+ PN*: ON* + CR'=CB* : 04"
But ON*+CR*=CN*+pN*= (4" [Prop 31.

DR+ PN?=(CB?
Now CP*+ CD*=CR*+ ON*+ DR + PN*
=0d*+ OB
Pror XXXI.

If the tangent at P meet the major axis in T, and if @ be the foot of
he perpendicular from C on the tangent, prove that
CQ QT CT*=CN PN-CD:
Prove (a) PG.CD=CB"C4d,
(b) Pg:CD=C4 CB,
¢) PG Pg=cDe
" Prop. XXXII
1. Fina we greaest and least values of the fum of a pair of conjugate
liameters.

2. _CP, CD are conjugate diameters.> If PG, DH be the normals at P
nd D, prove that RG?+ DH? 18 constant..
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1+ ProposiTion XXXIII

The area of the parallelogram formed by tangents at the
ertrenities of « pair of conjugate duumeters s constant

PF CD=CA.CB

Let QRST be the ciicumscribing parallelogiam,
then 1ts sides are parallel to CP or CD [Prop. 24.

Draw the circle, whose projection is the ellipse, and let
p, ¢, d, g, 7, &. be the pomnts whose projections are P, C, D,

Q, R, &ec.
Then ped 18 a right angle, because CP, CD are conjugate

to one another, [Prop. 28.
grst circumscribes the circle, [Prop 8.
and its sides are parallel to cp or cd, [Prop «.

hence grst is a square, equal to the square on the diameter
and constant in area.

Hence QRST is also constant [Prop. e.

Again this paiaflelogram is equal to 4PF . CD, but if
CP, 0D are the axes, the area is 4CA . CB,

..PF.C0D=CA .CB.
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Prorosition XXXIV,

If two chords of an ellipse intersect, the 1ectungles con-
tawined by thewr seyments are as the squares of the purallel
sen-dhameters.

Let QOQ, UOU’ be the chords and CP, (Lt the parallel
semi-diameters,

Draw the circle whose projection 1s the cllipse, and let
g, 0, ¢, & be the points whose projections are @, O, @', &e.

In the arcle o 0¢’ =wo. o', [Kue 1. 35.
and cp® = cr’
go o wuo ouw =cp* ¢’
but qo o *cp=Q0.0Q CI” [Prop. .
and w o ¢*=U0 0U" CR, 3 Prop v

Q0 0Q .U0 OU =CP*.CR

Pror XXXIII

1 PG.Pyg=CD% (See Prop 18)

2. SP.S’P=CD2

3 CD.SY=BC SP

4 (D is conjugate to CP If DQ be drawvn parallel to SP, and CQ

perpendicular to DQ, prove that CQ 15 equal to the semi-axis minor.

5. From D tangents are drawn o the circle on the minor axis as
diameter. Prove ‘hat these tangents are parallel to the focal distances of. P,
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Pror. XXXIV

1 The tangents to an ellipse from an external point are proportional
to the parallel semi-diameters

2. If a aircle intersect an ellipse 1n four points, the chords of inter-
section are equally inchined to the axis

3 If a circle touch an ellipse at the ponts P and @, shew that PQ 18
parallel to one of the axes.

4. Deduce Prop. 3 and Prop. 30 trom Prop 34.

5 If PQ, PQ aie chords equally mehned to the axis, prove that the
circle circumseribing PQQ’ touches the conic at P

HYPERBOLA.

Der A lyperbola is the locus of a point (P) whose
distance from a fixed point (S) bears a constant ratio (e),
cater than unity, to 1ts distance (P M) from a fixed straight

line (X M),
(SP=e PM)
The fixed point (S) 1s called the focus
The fixed straight line (X M) 1s called the directriz

The constant ratio (e) is called the eccentricity.
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Prorosrrton 1

Construction fov pownts on the hyperbola
The perpendicular on the directriw thr ough the focus is an

axis of symaetry.
To nind the vertices A und A’

N e

~ m=—A"
™ /

)
1 7y X[AUST [N
¥
|

e R
{

From the focus S draw SX perpendicular to the directrix.
Divide X S in 4, so that

SA=e AX,
also in S.X produced take A’ so that
Sd'=e A'X

Then 4 and A" are pomnts on the cunve
Take any pomt N on the stiaght Iine AA’, with centre
S and rachus ¢ NX describe a circle, thiough N draw PNP’
perpendicular to 44’ and cutting the circle in P and P,
then P and I are points on the hyperbola Draw PM, P'M
perpendiicular to the dinectrix,
SP =e¢.NX=¢.PM,
SP'=¢ NX =e.PM
Coryresponding to any pomnt N on the lme 44, we thus
get two) points P apd P’ at equal distances on opposite sides
of AA'l; hence the hyperbola 1s 3ymmetrical with respect to
AA4’, dr AA’1san axis, and the points 4 and A’ are vertices.

Nome It may be proved that the circle intersects the perpendicular
NP, whien N 18 1n any part of the axis 44’, except the part between 4 and
A’, hemice the hyperbola les entirely outsitle the lines through 4 and 4’ per-
pendigular to the axis but it 18 infinitelv extended in both directions (ses

Appen dix).
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>ROPOSITION TT

If the chord PP’ wntersects the directrui +w 2% 8 bisects
the ungle between SP und SP'.

/'...‘.y

/1

Join 8P, SP’, SK: produce PS'to p, and dr%{ L

perpendicular to the directrix.

Then SP=¢.PM,
and SP =e.PM,
SP:8SP'=PM PM
=PK : PK,

by similar triangles PKM, P KM
Therefore SK bisects P’Sp (Euc. VL. A.)
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Sumilarly if P and P arc on opposite branches of the
hyperbola SK bisects the angle PSF".

Prove that a st Iine cuts the hyperbola 1n two points only

Pror 1T
1 In any conic, if PR be drawn to the duectrix parallel to a fixed
straight line, the ratio SP PR 1s constant

2, If an ecllipse, a parabola, and a hyperbola have the same>ocus and
directrix, the ellipse will be entirely on one side of the parabols, and the
hyperbola on the other

3 In any comc a chord through the focus 1s divided harmonically by
the focus and directrix

Pror 1II.
\J

1. Prove that a straight Jjne can cut a conic 1n two points only.

2 In any come if two fixed points PP’ on the curve be joined to a
variable pomt Q, and PQ, P'Q meet the directrix 1n p, p', the angle pSp’ 18
constant,
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Prorosirion 111

1f PN s the ordinate of a point P on the hyperbola,
PN? AN AN

18 & constant ratio

Join P4, PA’, and let them, produced if necessary, meet
the directrix at K and K.

Jom SP, 8K, SK’, and proauce PS8 to p
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By sumilar tnangles PAN, KA X,
PN : AN=KX . AX.
By similar tiiangles PA'N, \"A’.\’;
PN . A'N=K'X . 4'X,
PN? AN AN=KX.K'X: AX A'X
But SK bisects the angle ASp, [Prop. 2.
and SK’ bisects the angle ASP, [Prop 2
KSK' 15 a nght angle,
KX KYX=8X* [Eue v 8.
PN*: AN A'N=SX* AX A'X,

which is a constant ratio

Dir Take CB* (d* i this constant ratio, drawing
CB perpendicular to 4.4’

1. Then AA'1s called the transverse axus
11 C1s called the centre of the curve

1nr. OB s called the semi-conjugate aas

So that PN* - AN A'N=CB* - C4A*

Pror II1

1 PNJI” 18 a double ordinate of an cllipse Find the locus of the
mtersection of AP and A4'F",

2. In the rectangular hyperbola (page 81) PN*—=AN . A'N.

3 PNJ” 18 a double ordinate of a rectangular hyperbola. Prove the
angles PAFP', PA’I" are supplementary )

4 The tangent at any po.nt P of a cncle meets a fixed diameter 4B
produced m T. Shew that the straight line thropgh T perpendicular to
this diameter will cut 42, BP produced in poimnts“which lie upon a certain
rectangular hyperbola.
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ProresiTioNn 1V

If the duagonals of the rectangle, formed by perpendiculars
through the extremities of the axes ACA', BCW, be produced
wdepmtely, and the ordinate NP be produced both ways to
meet them w p, 1, the rectungle Pp Pp'=CB"

Also the curve continually approaches to euch diagonal
without actually meetiny 1, und ts distance from ot becomes
ultimately less than any finte length

o
~ //v/

B R_~

!

Let parallels to the axes thiough 4 and B meet in R, and
let Pp’ mect the curve at P,

Then PP, pp’ are both bisected m N [Prop 1.
. pP'=pP
But pP pR = Np*— PN-, [Eue 11 5.

pP pP=pN*— PN
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Now rN* L CN*=AR (4°
=0R : C4%

Again PN* AN A'N=CB* (CA? [Prop 3

or PN? - CN*-(CA*=CB* (4° [Bue. 11 6

Subtracting pN*—PN* . CA*=CB* - C4?,
. pN* — PN*=(CB?,
P p'P =08

Since the product pP p'I> is constant, of which one
factor p’P constantly incrcases thereforc pl> constantly
diminishes and finally becomes less than any finite quantaty.
And if Pn be drawn perpendicular to CR the ratio Pr : Pp
is constant, therefore Pn continually diminishes and finally
becomes less than any finite length

DeEr  When a curve continually approaches to a fixed
straight line without ever actually meeting 1t, but so that
1ts distance from it becomes ultimately less than any finite
length, the linc is said to be a rectilinear asymptote to the
curve

DEr. When the asymptotes of a hyperbola are at right
angles the curve 1s called the Rectangular Hyperbola. In
the Rectangular Hyperbola the axes are evidently equal.

iience the curve 1s sometunes called the Equilateral Hyper-
ola.

(Nore * We shall use the abbreviation & u. for Rectangular hyperbola )
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ProrosirioNn 'V

The curve is symmetrical with respect to the conjugate
auss, and has a second focus and directriz

Also all chords passing through C wie busected at C.

Draw the ordinate PN and take CN' = (/N

Since P is on the hyperbola, CN1s > 04,
s ON"is>CA',
theretore a perpendicular through N’ will cut the hyperbola.
Let it cut 1t in I,

Then P'N" . AN'.A'N'=PN* : AN.A'N. [Prop. 3.

But AN =AX and AN = A'N,
AN AN’ =AN.A'N:
P/Nm____PNz,

.. PN'=PN,
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Join PP, cutting OB or ('B produced 1 n.

Therefore I”nP *s parallel to the axis, and therefore per-
pendicular to B, uud Prn= P'n

Henee corresponding to any P on the hyperbola, there is
another pomt I’ on the hyperbola on the opposite side of
OB, such that PP’ 1s bisected at right angles by CB, or the

hyperbola 1s symmetrical with respect to the conjugate axis.

If we take C'§” equal to CS, and (X' equal to CX, and
through X' draw a line perpendicular to A4, the hyperbola
can be described with this line as ducctix, 8’ as focus, and
cccentricity the same as before,

Pror. VI (Sce page 84)

1 If an asymptote meets the directrix imn K, CE=Cd4, and CES 18 a
right angle

2 If Pp be drawn parallel to an asymptote to meet the directrix in p,
Pp=5SP

3. Having given the transverse and conjugate avs, find the focus and
directiix

4 The circle on 44’ as diameter cuts the directrices in the same points
as the asymptotes
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'ROPOSITION VI.
Sd=¢.AX,CA=¢,0X, OS=¢.C4, CA*=0CS.CX.

+

Because A and A’ are pomnts on the hyperbola

. SAd=¢.AX, [Def.
SA'=e. A'X [Def.
=e. AX’
By subtraction, AA ' =e. XX,
L CA=e.CX .. . . ... ()
By addition, S8 =e. AA’,
.08=e.C4A.. ¢« ... ...(B).
2 CAT=08.0X ().

Norx. In this figure the eccentricity 1s about 2-2, in the figure of prop. 5
the eccentrieity 18 only 1'1, the stugent should observe the effeot of this on
the relative positions of S, 4, X, aid on the general shape of the curve. In
this figure CB=2, C4, 1n the figure of the last proposition C4=2. CB.
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Proposition VII.

S'P~8P=AA". Mechanical construction for hyperbola.

" y . /

Draw PMM' perpendicular on the directrices

Then SP=e.PM,
and SP=c¢. PM;
S P~SP=¢. MM’
=e XX’

=44
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PropositioN VI (continued).

Hence the mechanical construction,

SK is a bar of wood hinged at &, and SPK a string
stretched tight at P and fastened at S and K.

NP + PK = coustant,
also SP + PK = constant,
. 8'P — SP = constant.

Pror VII

1. The locus of the Sentre of a circle which touches two fixed cireles 1s
an ellipse or hypeibola,

2 (hven one focus of an ellipse and two points on the curve, the locus
of the other focus 15 an hyperbola

Nore. The figures of this chap{er have been drdwn by using & wooden
cone cut by a plane perpendicular to the base See prop. 3 of the next
chapter.
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ProrosiTion VIII.

O =08*-(CA*=8..84

N CA=84 AX,

[Prop. 6.
LOS+ 04 CA=84+4X : AX
=8X 1 A4X . ... (L)
CS . 0d=84" A'X, [Prop. 6.
LOS—CA : CA=84"-AX A'X
=8X A'X < (2).
Therefore, multiplying (1) and (2) together,
0S*—(C4A® - CA*=SX* A4X.AX
=(0B (47, [Prop. 3.
CS - CA*=CB*=AS.4'S.

[Eue. 11, 5.

Pror. VIII,

Inthe R H. e=4/2, CS?=24C* and CS=20CX.

2 If the asymptote meet the dir%(lztux in E, and the tangent at the
vertex 1n H, SE=BC, and SH 18 parallél to 4E.

1
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The latus rectum (LI is the double ordinaté through
the focus.

5 Prorosrrion IX

SL.CA =CB

B
/'A' C
///
SI} A8.A4'S=CB (4® [Prop. 3
But A8.4'8=CB, [Prop. 8.

- SI2OB=0B (A4*;
.SL . CB=0CB: (4,
.SL.CA=CHh

P};o.v. IX
1. Prove this Prop. by means of props 6 and 8.
2 Inther m SL=CA.
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ProrosiTioN X.
If the tangent at P meets the dwectriz in Z, PSZ w3 a
right angle.

Also tangents ab the ends of a focal chord wntersect on
the durectrue

Take a point P’ on the hyperbola near to R, antl let the
chord PP’ meet the directrix mm K, and produce I’S to p.
Then K8 bisects the angle P'Sp. [Prop 2.

When P coincides with P (as in figure 2), so that PP'K
becomes the tangent PZ, and SK coincides with SZ, P'Sp
becomes two right angles; and PSZ 1s a right angle.

Hence Z8Sp is a right angle, and Zp is the tangent at p,
or the tangents at P and p intersect on the directrix

Pror.
If ZP, Zp meet latus rectum produced 1n D and d, prove SD=S8d
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Propostrion XI

If the normal at P wntersects the trahsverse was i G,

SC=¢ SP

e ™~

Draw the tangent PZ, join SZ, draw PM perpendicular
to the directrix, and join SM.

ZMP and ZSP arc nght angles . [Prop. 10.
therefore the circle, on ZP as diameter, passes through M
and $ [Euc. 11 31.

Since ZPG 15 a ught angle, PG touches the cncle.
[Eue. 111. 16.

Therefore the angle SPG =angle SMP in the alternate
segment. (Eue. 111. 32.

Also angle GSP =angle SPM. [Euc. 1. 29.
Therefore the triangles SPG, PMS are similar;
8@ : 8P=SP : PM;
. SG=e.8SP
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ProposriTioN 1 XI1.

The tangent and normal to « hyperbola at any point P
are respectwely the wternal and external bisectors of the
angle between the focal distances.

- N

Let TP be the tangent and P(7 the normal, meeting
the transverse axis in 7' and G.

SG=e.SP, [Prop. 11
and SG=e.SP,
s 8G : SG=8SP 8P,
therefore PG bisects the angle SPS” externally. [Eucsvr. A

Therefore the complements SPT, 8'PT are equal, and
PT bisects the angle SPS' internally.

Nore. Compare this with prop 13 of the ellipse

’PROP. XI1I,

1., Given one focus of an hyperbola, one point and the tangent at the
point, find the locus of the other focus.

2 If an ellipse and hyperbola have the same foci, they intersect at
right angles.



92 HYPERBOLA.

ProrosiTioNn XIII.

The feet of the perpendiculars (SY, S'Y’) from the foce
on the tangent at P are on the curcle described on AA s

diameter
Also +f CE, parallel to the tungent at P, intersects S'P

wm E, PE=CA.
Also SY.SY' =CB*

WE

A\S
—//\

Produce SY to meet SPin W Join OY
In the trangles YPS, YPW, YP is common, right angles
PYS, PYW are equal, angle Y’S=angle YW, [Prop 12.

L 8Y=YW, SP=PW, [Kuc. 1 26
therefore S’ W 1s parallel to C'Y, [Euc vi 2
. CY=38W [Eue. v1. 4
=}(8'P-8P)
=3AA’ [Prop 7.
=C4;

therefere ¥ 1s on the circle on A4’ as diameter
Similarly, Y’ is on the auxiliary cnicle
Also YCEP is a parallelogram ; therefore
PE=CY=CA
Let 1”8 meet the circle in y and join Yy

Then, YY"y being a eright angle, Yy passes through the
centre C, [Euc 111 31.

SY=2_8%, [Eue. 1. 4.
SY.8Y' =8y.8Y"
=A8 .84 [Eue. 111. 35,

=CB [Prop. 8.
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Proposirion ;(I\'.

If the tangent at L meets the transverse uxis tn 'l

CN CT=CA?

118

//
e

)Xr ¢ T X

Draw PMM’ perpendicular to the dnectrices
J oin Sl), S/P

Then, PT biscets the angle SPS. [Prop 12,
8T ST=8P 8P [Ene vr A

=PM . PN

=NX - NX’;

ST+8T ST~ST=NX+NX .NX'~NX,
208 - 207 = 20N - 20X,
. ON OT=08.0X

=04 [Prop. 6.
Pror. XIII
The nders on page 52 except No, 8 are a®%o true for the hyperbola
Pror. XIV.

1. Prove prop. 16 of the ellipse by this method.

. 2. If Tp be drawn perpendicular to tht axis to meet the auxiliary circle
in p, prove that Np 18 a tangent to the circle

8. Prove CN.NT=AN.N4'
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Prcrosition XV.

If the tangent at P meets the conyugate axs produced wn t,
and Pn s the perpendacular from P on the conjugate axs,

Cn.Ct=CB?

Draw the ordinate PN.
Then, by similar triangles,
TN - CT=PN Ct
TN.CN CN.CT'=PN* Ct.PN,
. I'N.CN : CA*=PN* : Ct.(Un. [Prop. 14.

But TN.CN=CN*-CT.CN
=(CN*-04* [Prop. 14.
=AN.A'N; [Bue. 11 5.

. AN.A'Ne CA*=PN*: Ct.Cn.
Thercfore, alternately, '
AN . A'N : PN*=CA4* - Ct.On.
But AN.A'N :*PN*=CA* : OB, [Prop. 3.
.. Ct.Cn=CB
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ProrosiTioN*X V1

If PF is the perpendicular from P on « line thiough C
parallel to the tangent at P, und if the normal at P meets the
conjugate axts in g, then

PF PG =CB* and P¥.Pg=CA’

g

[}

y ‘ T/Q
/ ‘

Draw RPN, Pra, perpendiculars on the axes meeting
)

CF m I and 7, and let the tangent at P meet the axes in
T and t

Then simce the angles at NV and /7 are night angles, there-

fore a circle passes round GNFR (Euc fir 22.
Therefore PG@ PF=PN PR [Eue 1r 3s.
=Cn Ct=CH. [Prop. 15.

Again, because the angles at F and n are nght angles,
therefore a circle pasdes round ghriy;

.. PF,. Pg=Pn.Pr [Euc. 111 36.
~CN CT=CA [Prop 14,

Nore. It will be seen afterwards that the line CFR, referred to in the
enuncation, 1s the diameter CD conjugate to CP.



94 HYPERBOLA.

PrcrositTion XV.

If the tangent at P meets the conjugate axis produced wn t,
and Pn vs the perpendrcular from P on the conjugate axes,

Cn.Ct=CB’

Draw the ordinate PN.
Then, by similar triangles,
TN - CI'=PN Ct
TN.CN .CN.CI'=PN* Ct.PN,
* I'N.CN : CA*=PN* - Ct.Cn. [Prop. 14.

But TN.CN=CN*-CT.CN
=CN*-CA4* [Prop. 14.
=AN.A'N ; [Eue. 11 5.

- AN . A'Ne« CA*=PN*- Ct.Cn.
Therefore, alternately,
AN A'N : PN*=CA® - Ct.Cn.
But AN.A'N :*PN*=CA® : OB, [Prop. 3.
> Ct.Cn=CB*,
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25 ¢PROPOSITION *X V1

If PF ds the perpendicular from P on a line through C
parallel to the tangent at P, und of the normal at P meets the
conjugate axis m g, then

PF PG =CB’ «nd P¥.Pg=CA"

1

e

-

— ' .

Draw RPN, Pra, perpendicularts on the axes meeting
CF m R and 7, and let the tangent at I meet the axes in
T and ¢

Then since the angles at NV and 7" are night angles, there-

fore a circle passes round GNFR. [Euc hir 22.
Therefore PG PF=PN PR [Euc 11 35"
=Cn Ct=0CB [Prop. 15.

Again, because the angles at ¥ and n arc right angles,
therefore a circle passes round gFry,

s PE,. Pg=Pn.Pr [Euc. 111. 36.
=(CN .CT=04¢ [Prop. 14.

Note. It will be seen afterwards thatothe lime CFR, referred to in the
enunciation, 13 the diaeter CD conjugate to CP.
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1[; Prorosirion XVII
¢
NG CN=CB® CA? und CU =¢*.CN.

£

~_ . //

Produce GP to meet the conjugate axis m g

Then NG CN=PG@ Py [Euc v1 2
=PG.PF . Ig.PF
=0B 04° [Prop. 16.

Agam, smece NG . CN=C(CB (CA*,
* ON+ NG : CN=CA*+CB CA*

CG : CN=CS* . 04° [Prop. 8.
=é : 1 [Prop. 6.
. 0G=¢.CN.
Pror. XVII
1. Prove that CG.Cn:Cg.CN=BC*. AC?

2 In the r.R. prove (af CN=NG,
(b)) PG=Pq=CP
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ProrosirioNn XVII11

If from any powmnt O on the tangent at P, O s draun
perpendicular to the durectria, and OU perpendicular to SP,
then SU =c¢ OI (Adams’s property)

N
\
\‘\\

Jom SZ, and draw PM perpendicular to the directrix
Then since the angle ZSP 15 a night angle, ZS 15 parallel

to OU
- SU SP=70 - 7P

=0 MP
SU: 0.[=S1) J[]’
=e¢ |1
]
;. SU=¢.01

If O be a pomnt on the tangent, such that 0QQ’, drawn perpendicular
to the transverse nxis, meets the curvé mn Q and @', then SU=SQ and
o=0Q. 0Q'. Seejelhpse prop 20, figure 2
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/Propestrion XIX .

To draw a pair of tangents OQ, OQ" to a hyperbola from
an external pownt O

/

N

Draw OI perpendicular to the directiix — With centie S
and radius e. OI describe a circle, and draw OU, OU’ tan-
gents to 1t from O.

Draw SZ perpendicular to SU mecting the directrnix m 7
Join ZO and produce 1t to meet SU 1 @  Draw QN per-
pendicular to the directnix

Teh SQ : SU=QZ 0Z

=QN - 0I,
. 8Q : QN=8U . Ol=e: 1;
therefore ) 1s on the hyperbola. ‘
And since QSZ is a nght angle, tlierefdre OQ 1s the

tangent to the hyperbola at Q. [Prop. 10.
So by drawing SZ’ perpendiculat to SU”, and jothing {33
and producing it to meet SU’ in @, 0@’ is the other tangent.

«
Norr. This problem is solved by the principles of Proposition 18, but
a construction could also be founded on Propomitions 12 or 13.
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ProposiTion XX,
Tangents 0Q, OQ’ subtend equgl or supplementary angles
08Q, OSQ' «t the focus S according as Q, Q' are on the same
or opposite branches ¢f the hyperbola.

Draw OF perpendicular to the directrix
Jomn 08, SQ, 8¢, and draw OU, OU’ perpendiculars on

SQ, SQ'.
Then SU=e OI=SU". [Prop 18.
Therefore the trnz;xmg}cs OSU, OSU’ are equal mn all
respects [Eue 1 26.

Therefore the angle OSU = angle OSU".

Therefore, in fig 1, angle OSQ = angle 0SQ’;

And, in fig. 2, angles 08Q, OS¢ are supplementary angles,
Nore If O lies between the directrices, use the left-hand part of fig 1.
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Pror. XX
1 The portion of any tungeht mtercepted bet veen the tangents at the
vertices subtends a right angle at either focus
2. The locus of the centre of the mscribed circle of the triangle SIS’ 18
a straight line
3 In any conic the chord of contact QQ' 18 divided harmonically by SO
and the directiix .

1% Prorosrrion XXI
-

0Q, OQ" are wnclined at equal or supplementary angles
to OS, OS" according as Q, Q" are on opposite or the same
brunches of the hype:r bola.

Case 1 Join 8Q, SO, §'Q, S'Q, and produce @S to W,
aud let SQ meet S'Q m K

e
b \\\ Q
\\
/
Q K /
, S
S
W
/
N \
//
Then, angle SOQ = OSW — 0QS [Euc. 1. 82
1QSW —35'Qs  [Props. 20, 12.
=31SKQ’ [Euc. 1. 82,
Similarly, S0Q 5 3SKQ .

. S0Q=S0§



Cuse 2.

Agan,
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SOQ = 180" — OSQ — OGN [Bue 1 32,
= 180" — 1QSQ — 8O [Props 20, 12
=180" — }SK¥' [Euc. 1. 32

SOQ =180" — 0@ — OS'Y [Eue. 1 32,
=38Q' 8 —3Q8(Q [ Props. 12, 20
=3SKY, [Eue. 1. 32,

SOQ = 180° — S0’

In' Case 2 the pomnt O lies withi one
of the two angles between the asymptotes,
wlich contamn the two branches of the
hypeibola, m Cace 1 O lies within on
the other two angles betwcen the asymp-
totes.

Also the nature of the proof depends
shightly upon whether O hes between the
directrices or not. For Case 1 1n the text
the poin® O 18 between the directrices ;
this figure 1t 13 not so, and K consequently
lies in §’Q produced.

Again, the two positions of O, given 1n
prop 20, figure 1, will supply opposite
examples of Case 2,
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Drr. A hyperbola which has CB and CA for trans-
verse and conjugate axcs respectively 1s called the conjugate
lyperbola.

Nort:  The conjugate liyperbbla has the same asymptotes as the oryginal
hyperbola, because they are diagonals of the same rectangle [Prop 4

Prorosirion XXII.

If through any powmt P on the curve a line be druwn
parallel to CA or CB, meeting the asymptotes in p, p', the
rectangle Pp Pp’ is = to the square on CA or CB respectively.
The same s true of P be on the conjugate hyper bola

n P 7
\ \]} B —-—r——-n‘)/ !
- o ¢ \A 4 N
.

Case 1. Draw Ppp’ pdrallel to Ud, meeting CB 1 .
Then PN* CN*—-CA*=CR . 042 [Prop. 3.
Cn* . Pn*—CA*=ChH* : C4*
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Also O - =08 B =CR* . (4%
C P =04 =
o Pt =it = 04,

o Ip. Pp' =04

~_| 7
NN
//

Case 2 Diaw Ppp’ parallel to UB
Then Pp. Py =0H.
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Cuses 3 and 4
Since 1t has been proved for both axes of the hyperbola

that
Pp Pp' = CA oo OB respectively,

therefore it 1s also tiue 1if P be on the conjugate hyperbola,

as 1n the figures below.
/5

\
N
/

PROI;. XXTIIL

Q' is a chord of a hyperbola parallel to the tangent at P, Pp, Qq, Q'q’
ate drawn parallel to one asvmvtote and termimated by $he other.
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Prorosirion XXIII

If through any lwo pownts P, Q on the curve or its conjugate
two par allel strawght lines be drawn to meet the asymptotes wn
PP ; q q respectively, the rectanyle

Pp Pp'=Qq Qq

A\

/

First let £ and ) be on the same branch of the hyperbola.

Through P and @ draw lines paralld to thc conjugate
axis, OB mceting the asymptotes in u, v'; w, v’

By similar triangles,
Pp . l’u— Qq  Qu,

and Py Pu=Q¢ Qu.

Thercfore, by multiplying,

Pp.Pp' : Pu.Pu =Qq Q - Qu Qu'.
But Pu Pu’—- CB = Quw.Qu'; [Prop. 22.
p.Pp'=0Qq.Q7.

The same argument applles wiether @ be on the hyper-

bola or its conjugate; bo.h cases are shewn on the figure

Nore. Through the centre draw CD parallel to Qg or Pp, meeting the
curve or 1ts conjugate at D, then a.pplymg this proposition to the points @

and D,
Qg .Q¢'=DC.DC=CD2
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Prorogirion XXIV
If any strawght le gt the cuwrve in Q, Q, and the
asymptotes in qq', Qq=Q'y’,

And if the tangent 1P’ incet the asgmptotes w1 and v,
then Pr="11"

-
1)
b
q \\
\\
Qg QY =Q¢ Qy, [Prop 23.

CQu QU Qg Qy =4 QU+ Q¢ . Oy,
Vg Q= Q,(I/ QY
Qg =
Let, Q@' move parallel to atself until 1t becomes the tan-
Lent at
Swmce Qg = (¢ always,
L Lr= Py

Norr Q@' may be on opposite branches ot tpe heperbola, in this case
there 19 not a tangent to this hypgtbola parallel to” Q¢

Pror XXIV

1 The same s true 1f ¢¢’ be on the conjugate hyperbola

9. If the normal at P meet tlie axes in G, ¢, G, ¢, 1, v’ lie on a circle
passing through the centre
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Prorosirion XXV,

The locus of the middle powmts of « system of parallel
chords 1 « strawght line passing t¥ough the centre,

And the tungent at exther end of the straight line vs parallel
to the chords.

Let Q@ E', &e be a system of paallel chords meeting
the asymptotes m g, ¢, e, ¢, &e

Draw C'V bisceting Q@ m V

Then (/1 also biseets g/, because (g == (g, WPlop. 24
Therefore, by simnilar triangles, CV biscets e’ -
Thercfore 1t bisccts K5 ; because Ke= K'¢. [Prop. 24.
Therefore C'V] bisects all chords parallel to Q'

Let OV mect the curve m Peand let QQ move parallel
Lo 1tself towards P.

Then, since Q@ is always bisected by CPV,  and @
ultimately comcide with P, therefore the tangent at P 1s
parallel to the system of parallel thords bisected by CP V.
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Der. A straight Iine (CP) passing through the middle
points of a system of parallel chords 15 cajled a diameter.

DEr. A straight line sQV) drawn from any point on the
curve parallel to the tangenit at the extrennty of the diameter
(POT) is called the ordwnate to the diameter.

NB If the diamcler 18 the transverse axis, the ordimate has the usual
meaning

Norr  The length of that port®n of a diameter, which is intercepted by
the hyperbola or its conjugate, 1s sometimes called the deamete

Prorosition XXVI.

If one diameter bisects chords parallel tv « second, then
the sgcond diameter bisects chords parallel to the first.

Let CF biseet QQ' m V and draw CD pam]lel to (.

Produyge QQ to meet the asymptotes 1n ¢, ¢

'Throuuh q draw Rql'R parallel to ('I’ meeting the
curve 1n & and R’, and the asymptotes in ¢,7’, and CDm U

Then, because Qq = @'¢/, thereforc qq is blsccted m 1,
and CV 1s parallel to ¢,

¢ =0y, [Eue. v 2
PU=Uqs [Euc. v1. 2,

and Ry 1s equal to 'Y
.. RU=RU, [Prop. 24

therefore C'D bisccts all chords parallel to O, [Prop. 25.
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PROPOSITION AA VI (Anter)

If one duameter bisects chords porallel to a second, then
the second dvameter bisects chord: parallel to the furst

~

Draw AQ parallel to CD, meeting CI” m 17
Jom A’Q cutting CD i W

Since A0 1s bisected m Vand AA” m /, theretore A’Q
18 parallel to CP.

And because CD 1s parallel to AQ, thersfore AQ is
bisceted m W,

Therefore CD bisects the chord A’Q parallel to C'F
Therefore C1) biseets all chords parallel to CP

Der. If two diametsrs are so related that cach bisccts
chords parallel to the other, they are called conyuyate diameters.

Nore. Of two conjugate diameters one will meet the hyperbola, and the
other the conjugate hyperbola
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DEv.  Chords (QP, QP") which jom any pomt (Q) on a
hyperbola to the extremitis of a diameter (PCP) are callod

supplemental chords

ProrosiTion XXVIL

Supplemental chords are parallel to conjugate diameter s

Draw the diameters CL, CM parallel to the supplemental
chovds 177Q, PQ cutting them m Wand V

Then PV - VQ=0r00 (1, [Fue vi 2
ry=1rq,

CL biseets P and gll other ehords parallel to CLIF
[Prop 25

Sunilarly CM biseets all chords parallel to 1, therefore
CL, CM are conjugate diamcters,
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Prorosirion XXVITI
Tungents to the /one; boliw and wts conjuyate at thewr inter-
sections with conjugate diemeters' PCP, DCD’ form « paral-
telogram. whose angular points are on the asymptotes

Also PD 1s busected by one asymptote and ts parallel to
the other

W\

~
~
’

Draw the tangent 2 21" meeting the asymptotes m2 and
Jom (/D
Then smee (') 15 conjugate to ('),
(D s paradlel to 14
Therefore, by Prop 23, observing that. D¢ meets both
the asymptotes in ()

])(') Py Dy =D, [Prop 24
D' =Py and 1s paallel toat,

+ D s paallel to €'P [Eae 1 33

+ D 1s the tangent at 1) [Prop 25

Sty the tangents at D and 17 meet on the e asy -
totes, and the four tangents foum a parallelogram with 1ts
ungullw points on the asymptotes

Jom 22D, and let D meet the.other asymptote m &

Then grP="r
and rl) = DL,

PDis paralld to kr,
and CPrD 1 a ]umll(-logmm
. 1) 1s bisected by the asymptote

For 1nders see page 113
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Proprosrrion XXIX

Straight lines through P and D parallel to the axes form
« rectanyle unth two angqular pownts on one of the asymptotes

X
\ \\
\ B
/C
A
/ —
e
< -
e

Draw P’p parallel to OB, mecting the asymptote in p,
and jom pD.

Let AB PD iterscet the asymptote at K and o,
then AB and PD are both bisected by the asymptote, and
they are parallel to one another (Prop. 28),

Henee poP, a KA are similar tnangles
Pro de=Po AN
=PD . AB [Prop 28
And angle pP’D =angle a4 B

Therefore the triangles pPD, aA 3 are smilar
[Euc vr 6.

Therefore pD 15 parallel to a8, re. to CA.

Similarly, if Dd be drawn parailel to OB,
Then Pd s parallel to CA
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Prorosirion XX\

PeChi= oo

e -
I8 e
e
-7
o7
— €
/(
" . S
- ~
- — \
~. =
~
~

Draw the ordiates PN, DR to the axes and produce
them to meet i p, then p hies on the asymptote (Prop 29)

Then (B=pN* = DPN? [Prop 24
= () —("[” [Ene 1 47
Also (W=pRP= DR [Prop 24
=(pt— (), [Eue 1 47

(L (B =P~ L

Pror XANVIII

In the v prove

1 ¢P—CD and the asymptotes biscct the angle between any pan of
conjugate diameters

2 (P and CD make complementary angles with the axes

3 Diameters ab 1a7ht aneles are equal

L The angle between any two diametas 1s cqual to the angle between
then conjugates

5 The angles subtended by any chord at the extremities of a diameter
II" are equal or supplementary

6 If a x . encumseribe a tizangle, the locus of the centie 15 the nme-
pomt cuele
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Proro, rrioN XXXI

Lf any tangent 1PV to die hyperbola mect the asymptotes
v and 1, the parallelograne CPrD as constant,

(or PI (D = AC BC)

Atso the trwangle 1O s constant

~
e
T
\\ P
\\ . ;//
~ ~ 2
\\“ % ad
N -~ P
~_ 0~ - B /’“/\(</
~ g AL

P . ——
- - \
T \P"\x

~

-
/ ~
N

Draw da, Ba parallel to the axes, meeting the asymptote
ma.
Dricw the double ordinate through P meeting the asymp-
totes i p, j)'.
Jomplete the parallelogram DplPd  Jom DP cutting
the asymptote in o Jom AB
Then A DCP A DpP=Co- on
=pl Pp [Buc vi 2
Agamn, A BCA . A 1)1)]’=]);.(}'2 C Pyt [Euc v1 19
=Pp Pp' : Pp°  [Prop 22.
=Pp' Pp,
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tiiangle DOP = tuangle BC'A

patallclograa ¢ D =pargllclogram CdalB3, winch s
constant

O LPF CD=.( BC [Scetfig of Prop 16

Also the triangle »Cr = parallelogram CPrD, for they are,
each of them, a quatter of the parallelogram formed by the
tangents at 12, D, I, D',

Therefore the tnangle #0115 constant,

Pror XXXI
1 If Po, Po’ be drawn 1espectively parallel to one asymptote and
termnated by the other, o Po’=}('S?

2 Tf the two asymntotes and a pont on the curve be given m position,
find the axes and foe1

3 Two tangents to an hypeiboie mee vhe asymptotes mm R, 1, I, t
respectively. Piove Rt pamlltgl to »T

4 Inthe r m 1f CZ be drawn perpendicular to the tangent at P, prove
that CZ CP=C4?

8—2
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‘51 Provosirion XXXIT

QV 15 an ordenate of thd dwmeter PCY', CD the ducmeter
parallel to QV. Then (

QV: PV P'V=CD* (P

\\\ )
NN
T v

™~

/

Let QV meet the asymptotes mg, ¢° - Diaw the tangents
at L2, D, meeting the asymptoteg im » (Prop 28)

Then (P =Qq Mrop 23.
=q V= QV?,
V=gl (]
Also rPv rv=cy:-ur:
But, by stular tizangles, ('Pr, ('Vy,
cVvE-01* (PP=qV:i=D I0¢
=qV*=-01* Clr,
PV PV (=Y Gl
Altctnando  QVE PW.P’'V=CD* . (I
Inthera QV: P17 17}
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ProrostrioN XXXTIIT.

Tungents at the ends of un]/‘:/rmd ameet on the diameter
whach besects the chord

AN

Let QQF, RR" Le two paiallel chords, jom RQ, R'Q" and
produce them to meet m 0

3iseet QO e Vo and let OV produced meet B m W
By sl trangles,
YR =01V 0w
=1 R,
puy QV=QV,
RIW=RW

Smee VW biseets the parallel chords Q@, RR' 1t 18 a

diameter passing thgough the centre ¢/ [Prop 25.

Let R, B' move up tp and ultimately coincide with @, @',
then OQR, OQ'R’ become a pan of tangents at @, ¢, and
they still interseet on the diameter OV,

In any conie 1f a diameter meets the duectrix m 2, S7 1s perpendicular
to the chords bisected by the diameter.
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ProrosiTion XXXIV

QV s an ordinate of t/’e dwa meter (5?, 1f the tangent ut
Q meets CP o O, then

CV.CO=CPp*

N

Draw PU paallel 1o 0Q, amd PR parallel to Q1 and
Jom Q)

Then PR touches the hyperbola |Prop 25
RPUQ 15 a parallelogram, therefore RU biseets Q)
therefore LU passes through the centie ¢f [Prop 33
Now, co Cr=CrR cUu [Bue i, 2
=(P (V, [Bue vi 2

therefme (rP=00.0r

Pror XXXV,

1 TIf a1 nm eneumsenbe a tnangle, 1t also passes thiough the o1tho-
centre
2 If OR be diawn parallel to an asymptote to meet the curve in R
and the other asymptote 1n 7, and OPP’ be drawn parallel to a fixed straight
line to meet the curve 1n I’ and #, then the 1ectangle OP. O’ vailes as
OR Cr for all positions of O
[Sce also riders on Prop. 34 of Ellipst. )
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1o Prorosrrion XXXV

If two chords L. ota Mtersect, the 1 cctangles con-
tuined by thew seyments are as tye squares of the parallel
sema-drameter s

\

Let the chords PO, QOQ' meet the asymptotes at
P gy Biseet PP at Voo Draw LQA parallel to pp’
Then pO Op' =pV*—0172 [Eue 11 5
LPo.oPr=rv:—-0ol1—=  [Eu 1 5
PO Op =10 0P =pl™*—-rI1"
=pl’ Py, [Kue 11 5
LpO.Op' —pP Pp'=P0O.0I
Similaily,.q0.0¢ —qQ Q¢ = (00.0Q
]’3y sunilar triangles,
p0 - q0=1Q - 4@,
and Op' 0¢=QF @,
pOOY . q0 O =LQ OF - qQ.Q¢
=pP. Pp'. qQ Qg ,[Prop 25.
. p0 Op'=pP.Pp :30.0¢ —qQ. Q¢
=pl Py qQ Q7
ol PO.OP - Q0.0Q 2pP. P q¢Q.Q¢

=ratio of sqaues of parallel semi-diameters | Prop 23.
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PROPOSITIONS PECULIAR TO THE RECTANGULAR HYPERBOLA

¢
1 8 =20CA% (‘.\‘:{ 20X, e=w2

o

PN*=AN NA’

3 Latus Rectum = AN’
]
4 CN =NG

5 A cuele, whose centre ws any potnt P on the curve and
radws PC, antersects the normal on the wres, and the tangent
on the asymptotes

PC=PG=Pg=Pr="P

6 Conjugate deameters ave equal, and the asymptotes
bisect the angles between them

7 Conjugate dwumeters mre wnclined to either aais al
angles which w e complementar y

8 Duameters at 11ight angles to one another are equal

9 The angle between any two diwmeters s equal to the
angle between thewr conjugates

10 The angles subtended by any chord at the eatremities
of @ diameter PP w e equal o1 supplementar y

11 I CZ be drawn perpendicular to the tangent at P,
CZ.CP =CA*

12 If a rectangular hyperbola cvrvimscrde triangle
1t passes through the orthocent: e

13 If a rectangular hyperbola circumserde a triangle,
the locus of s centie s the nne -point curele
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If a 1ectangle 10volved 10ound one of ats sides, the opposite side traces out
a surtace, called a t1ght cucular cylinder

The length ot the rectangle may be considered to be mdefinitely extended

The fixed «ade, about which the 1cetangle 1evolves, 15 ealled the aaws of
the eylinder

Dur A 2night cocnlar cylinder s a swiface tiaced ont
by a straght Iine, which moves round the encumterence of
a encle, and remans always parallel to a fixed stiaight
line, drawn thiough the centie of the cncle, perpendicular
to 1ts plane

Der  The fixed strarght Iine is called the «ais of the
cylinder ‘
v Nore The section ot a eylinder by a plane parallel to the axis 18 two
generating Iimes gt the eylinder

The section ot a eylinder by a plane perpendicular to the anicas™ enele

¥ Der  When a cylinder is cut by a plane, the plane
passing through the axis of the e¢ylimder and perpendicular
to the cutting plane 15 called the aaial plune

»
Nore  The intersectiygm of the awal plane with the cutting plane 1s an
axis of the emve of scction, and 1ts 1ntessection with the eyhinder 13 two
generating Iines

Drr A sphere msenibed m a eylinder, so as to touch
the eylinder i a eircle and the cutting plane at a pomt, 15
called a focal sphere
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PROPOSITION |

The section of a 11yht orenlar cylinder, by « plane in-
clined to the aais, 1s an ellipse

Let APA’ be the curve of section  Take the axial plane
for the planc of the paper, and let 1t meet the entting plane
in the straight line 4’AX and the cylindgr 1n the gencrating
lmes KAF, K'F'A',

Draw a focal sphere, touching the cylinder m the cucle
KRK’ and the cutting planc at S

Let the planes KRK, A’P. meet m the straight line
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Through any point P in the curve APA’ draw a planc
F'PEFN perpendicular to the axis of the cylinder, meeting
the cuttmg plane m’ the straight{line PN, the axial plane
1 the straight lme FNF’, and tie cylhinder m the crcle
Frr, '

Through P draw the generating lme PR, touching the
focal sphere at I8, also diaw LM paralicl to N.Y

Suppose SP to be joned

Because the planes APA’, FPF' aic both perpendicular
to the axial plane, PN 1s perpendicnlar to axial plane (Kue
XI 19), hence PN 1s perpendicular to both A 4" and K1,

Tangents to a sphere fiom the same point are cqual
(Eue 111 36),

NP =P PR =FK,
and NA =AK and PH=NX
But FK NX=AKN AN, [Kue v 2
NP PM =S4  A4X.
Now AK 1s less than AX (Eue 1 19), therctore S4 AX

is a constant 1atio less than umty, and AL2A" s an ellipse
whose focus 15 N and dneetiix XA/
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Prorosirron (Secoud Method )

!

L~

!
K R_)K

e~

-
f
NS

Let APA” be the ewuve of seetion  Take the axial plane
for the plane of the paper, and let 1t meet the eutting plane
w the straight e A A" and the cylinder m the geneiating

lines KAk, K A'l,

Draw the two focal spheies touching the eylinder m the
cweeles KRN, hik/, and the cutting plane at N and ¥’

Through any pomt > on the carve APA” diaw a gene-
rating dime Rr, touching the focal spheres at R, »  Jom
PN PN whach will also touch the tocal spheres

Then SP = PR, because they are tangents to'a sphere;
and NP =Pr
NP+NP=DPR+DPr=Rr=KI

Henee the cmve 18 an elhpse whose foei are S, 8 and
major axis equal to K& (Ellipse, §)
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Prorostrion I (Thad Method )
(o)

Let £ P27 be the eurve of section

Take the axial plane for the plane of the paper, let 1t
meet the cutting plane i the striught lme 447, and the
cylinder i the gencrating tmes AFL, A'F'L/

Through any pomt P> m the cmve of scetion diaw a
plane F'PIN perpendicular to the axis of the eyhnder,
mecting the cutting plane 1n the straight lime PN, the axial
plane m the straight line FNF’, and the cylinder m the
circle FPF”

Draw AL, AL parallel to KA.

Because the plances KNK', APA” ame both perpenghicular
to the axial plane, PN 1s perpendicular to the axfal plane
(Bue 1x 19), hence PN 1s perpendicular to both FF and A4,

By similar tiiangles,

AN NF=44" AL,
and AN O NF =4'4 . AL,
AN AN NF NF'=A4" AL AL,
AN NA' - PN*=A4d" AL” [Euc i 35.

Hence the section 1s an ellipsesof which 4 A’ 1s the major

axis, and the minor axis s cqual to AL,  (Elhpse, 3.)
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If a vight-angled trangle 1of olves 1ound one side containmg the 1ight
angle, the hypothenuse traces out a surtace called a nght cucular cone

The length of the hypothenuse may be supposed to be mdefimtely
extended 1 both directions

The fixed s1de, about which the tnangle revolves, 15 called the a ues of the
cone

The angle of the tuangle at whieh the hypothenuse and the fised side
mtersect 15 the verter of the cone

The complete cone when the hypothenuse 19 imdefinitely extendcd m both
dnections consists ot two equal and sumilar sheets on opposite sides ot the
vertex

Der A nght corcular cone 15 o swiface traced out by
astraght Ime, which moves 1ound the eneumfercnce of a
encle, and passes always through a fixed pomt m a fixed
stiarght Tue drawn through the centie of the crele, perpen-
dicular to 1ts plane

Der The fixed straight line 1s called the aais of the
cone

DEr - The fived pomt m the avis 15 called the verfer of
the cone

Norr  The scetion of a cone by a plane passmg through the voitex 1s
cither a pomt, o1 two generating lines of the cone

The scction of a cone by a plane, perpendicular to the axis, not through
the vertex, 18 a encle

Drr - When a cone 15 cut by a plane, the plane passing
thiough the axis of the cone and perpendicular to the cutting
plane 1s called the aal plane

No rF_ The ntersection of the axial plane with the cutting plane 15 an
axis of tue curve of section and 1its mtersection with the cone 15 two gene-
1atyg liney

Der A sphere mseribed in a cone, so as to touch 1t
m a cncle, and the cutting plane at a point, 15 called a
Jucal sphere

Prorosition 11

The sectwon of @ cone by « plane not passing through the
vertex and not perpendicular to the warns satisfies the definition
of @ cone section (SP=e PM)
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Let LI P be the curve of section Take the axtal plane
for the plane of the paper, and let 1t meet the cutting planc
m the straight hme NAX and the cone in the generating
lines ONAF, OK'F’

Draw a focal sphere touching the cone m the cnele KRA
and the cutting plane at &

Let the planes A'RK, P.l mtasect m the straght
line XM

Through any pomt P m the cuive AL draw a plane
F'PFN perpendicular to the aais of the cone, meeting the
cutting plane m the straight line IV, the axial plane m the
strarght line FNVE”, and the cone m the cucle FPE”, |

Suppose the generating line PRO to be drawn, touchng
the focal sphere at R, also draw P/ parallel to N.X

Because the planes AP, FPF’ are both perpendicular to
the axial plave, PNV 1s perpendicular to the axial plane (Kue.
X1 19), hence LNV 1s perpendicular to both AN and FF.

Tangents to a sphere from the same powt are equal (Kue.

1ur 36)
Therefore SP = PR=FK,and S4 = AK,and PV =NX.
But FK NX=A4X A4AX, [Euc. v 2.

S SP PM=84 : AX
Hence ALA" 1s a conie scetion, having S for focus and
XA for directrix.
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Proprosirion 111

meets both generating lind, o the aawd plane on the same
sheet of the cone ; 4t 1s a parabola f its focal aris s parallel
to one of these two generating lues, & s a hyperbola af ats
Jocal aaws mects both these generatuny lines but on different
sheets of the cone

A oplane sectwn of « (ZUW woan ellepse f s focal wus

o

\

Let the axial plane meet eutting plane m <L\, the focal
sphere 1 the cncle AK7S, and the cone in the generating
lmes ONA, OK Produce K'K and SA to meet m X the
toot of the dicetrix

Juse 1 Produce AN to mect OX oA’

angle OK'.X >angle K’X A’ [’Euc. 116
But angle OK'.N = angle OKK’ [Fuc. 1 5

=angle ANX, [Kue. 1 15,
angle AN >angle XA  or KX A,

AN < AX, [Euc 1 19
SA<AX, [Bue. 11 36.

and the curve 15 an clhipse
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Cuse 2 TIf .18 15 puallel to G’

angle AKX =angle ONN’

—=angle ON'KN

—angle AL [Eue 1 29

AN =21, [Eue 1 5
3

Sd =4X, [Ede. 11 36

-1
and the cwrve 15 a parabola
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Cuse 3 Produce SA 10 meet A0 provuced m A’

angle OR'N <augle K.X4 [Bue 1 16.
But angle OK'X = angle XK’ [Euc 1 5.
=angle AKX, [Euc 1 15

angle AKX < angle "X A or K&,

AK > AX, [Euc 1 19,
SA>AX, [Eu. 111 36.

and the curve 1s a hyperbola.
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Provosition 1V,

A
In an elhiptic section of « cone the mujor asws s equal
to the dustance between the focdd spheres mewswed along «
generatung Line of the cone

Let ALPA” be the curve ot section  Take the axial plane
tor the plane of the paper and let it meet the cutting plane

i the straight lme 44’ and the cone 1n the generating
lines WAL, KAV

Draw thé two focal spheres touching thg ccad m the
cucles KRK', krl/, and the cutting planc at S and S".

Throuth any pomt P on the curve 424" draw a gene-
rating lime RPr, touching the focal spheies at R, 1.

Jom PS, PS* which will also touch the focal spheres
Then 8P = PR, becaus®.aey are tangents to a sphere,
and S"P = Pr '
o 8P+ 8'P=PR+Pr=Rr=Kk.
Hence the curve is an ellipse lvhose foci are S, §’, and

its majo1 ax1s 1s &qual to Kk. (Ellipse, 8.)
92
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Prorosition 'V
[\

In a hyperbolic section ~f « cone, the transverse aas s
equul 1o the dustance between the focal spheres, measured wlong
w generating Le of the cone
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Let AP A’ be the cuive of section.

Take the axial plane for the planc of the paper and let
1t meet the cutting plane m the sttaight line 4.1, and the
cone 1n the oreneratm(r lines K AR, l(’A'k’

Draw the two focal spheres touching the cone in the
arcles KRR, k', and the cutting plane at S and 57

Through any pomt P on the cutve APA” diaw a gene-
rating line RP1, tonchig the focal spheres at 12, 2

Jomn PS, PS’, which will also touch the focal spheres

Then SP = PR, because they arc tangents to a sphere,
and S'P=I

S P~SP="r~PR= IR =KL,
Hence the carve 1s a hyperbola, whose foct are S and 87,
and 1ts transverse axis 18 cqual to K7 (Hyperbola, 7))

4

Props IV, anp V

The auxiliary encle ies on the smface of the spheie, whose diameter 13
the hine joming the eentres of the focal spheres, X
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o

Prorosrrion VI

In « parabolic section of « cone, the latus rectim 18 @
thard proportonal to the distance of the verter of the cone
Jrom the vertex of the parabola, and the drameter of the cur-
cular section of the cone thiough the vertex of the pai abola

(¢]

Let A P be the curve of section.

Take the axial plane for the plane of the paper, let 1t
meet the cutting planc in the straight line AN, and the cone
i the generating lines OAF, OLF".
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Through any pomnt I on the cuive of section diaw a
plane FJ"PFN peipendicular to the axis of the cone, meeting
the cutting planc m the stra.ght hme PN and the axial
plane m the straight lme FNF and the cone m the circle

ﬁVPﬁYI
Draw AL parallel to K47

Because the planes #PF', APN are both perpendicular
to the axial plane, PN 15 perpendicular to the axial plane
(Eue x1 19), hence PN 13 perpendicular to both FF and
AN

Take 44 a third proportional to OL, 1A
By sumilar tiangles
AN NI=0I LA
=l 448,
$AN AN =NF L.
= NI NIK’
~= PN’

ITence the curve AP 1s a parabola, of which the latus
rectum 18 448 (Parabola, 3)

And 448 15 a thnd proportional to 01, 1A
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ProrositioN Vil

In an elhptic section of « cone, the mwnor aais is a meun
proportwnal between the duniieters of the corculan sections of
the cone passing through the ends of the nwjor awis

Let AP A" be the curve of section

Take the anal plane for the plane of the paper, let 1t
meet the cutting plane m the straight hne 4477 and the
cone mn the generating hmes OAFL, OA'F1).

Through any pomt P on the curvg of section draw a
plane F'PFN perpendicular to the axis of the cone, mecting
the cutting plane m the straight line PN and the axial
plane m the straight Iine FNF” and the cone m the circle
F]) Ald

Draw AL, AL parallel to FF’
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Beeause the planes FPF', APA” are both peirpendicular
to the axial plane, ¥’V 15 perpendienlar to the axial plane
(Eue xr 19), hence PN 18 perpendicular to both FF7
and 44’

By sl triangles
AN NF=A44" AL,
and AN NF-=Ad4" AL,
AN AN NF.NF=AA" AL, AL/,

AN NA PN® =447 AL AL
[Euc 111. 35

Henee the section 1s an ellipse of which 44’ 1s the major
axis, and the mmor axis 1s a mean proportional between Al

and A'L. (Ellipse, 3)
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ProrosrrioNn VIII

In « hyperbolic sectiole of @ cone, the conjuyate wris is @
mean proportional  between the dwimeters of the cucutar
sections of the cone, passiny through the wvertices of the
hyperbolu

Let« AP be one branch of the curve of séetion, awl A’
the, vertex of the other branch.

Take the axial plane for the plane of the paper, let 1t
meet the cutting planc m the straight ine AA" and the cone

m the generating lines LOAF, A'OL'F'.

Thiough any point £ on the curve of secuon diaw a plane
F'PFN perpendicular to the axis of the cone, mecting the
cutting plane 1 the straight line PN, and the axial plane
mn the line FNF” and the cone 1 the circle FPF,

Draw AL, A’L parallel to FE’.
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Because the planes F'NF’', APA’ are both peipendicular
to the axial plane, PN 1s perpengicular to the axial plane
(Eue x1 19), hence PN 1s perpendicular to both FF and 4 A’

By simlar triangles

AN NEL£A44 AL,
and A'N NE'=A4" Al
AN AN NF NF =44" A'L Al

AN A'N PN* =A44" A'L AL
[Kue. it 33,

Hence the section 15 a hyperbola, of wlich 44" is the
transverse axis, and the conjugate axis 1s & mean proportional

between AL and A'L (lyperbola, 3)
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Prorosirion IX

The asymptotes of « hyperbolic section of « cone are
narallel to the tuo generating lues, whech he wm o parallel
plane through the vertex: of the cone

Take the axial planc for the plane of the paper

Let P be any pomnt on the hyperbola, PN an ordinate,
S, 8 1ts foci, 4, A’ 1ts vertices, (' the centre, and X the foot
of the directirx coresponding to the focus S.
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Let OF, OF be genetating hnes i the axial plane, and
IPEF’N a planc perpendicular to the axis

Let the focal sphere touch OF at A then AX 18 parallel
to FF' (Prop 2),

and Sd 15 equal to AKX [Euc 11 36

Let Opn be a plane parallel to the entting plane, meeting
the cone m a generating Iine Op,, the axial plane m On, the
plane FPF m pn

The tuangles Onk, AXK are smular because On 15
parallel to AN, and n# to XK

O OF=AX K
=AX AN,
OF=¢ On,
but the generating limes OF, Op are equal,
Op=e¢ On
In the figure of Hypeibola, proposition 4,
O = A - AR
= (A" + 01
= (N,
(IR=0CS=e (4,

henee pOn as'half angle between asymptotes (Hypubola 4),
but On 1s patallel to the tiansverse aais, therctole Op 1s
parallel ta an asymptote.
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Prorosrrion X

1y thiough ey pont tuyp strarght haes be di awn, parallel
to two flaed strarght lenes, to wntesgect a guven cone, the +atio
of the rectungles contained by the segments of the lLines as
constant for all posstions of the pownt,

/

—

Let 0QQ', ORR’ be the two hnes drawn through O
parallel to the two fixed straight lines *~ raeet the conc at
QQ, RE.

Through the vertex V draw VG, VH, parallel to the
fixed stiaight Iines, meceting a fixed plane, perpendicular
to the axis of the cone at G‘and H

ORR' and VH are not sigogn on the figure,
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First consider only the rectangle OQ 0

Let the fixed plane thiough G and 7 meet the plane
VOO 1 the straight hme /1L, and the cone 1 the encle L.

Agam let a plane tlhough @, parallel to the fixed
plane GH, meet the plane VQQ' in OKNK', and the cone
1 the cucle AKX’

The tnangles OKQ, GLV he 1a one plane and their sides
are parallel;
0Q OK =GV - (L

Simulaily 0Q OK'=GV QI
0Q 0@ 0K OK'=GV* (L GI/

Now for all positions of 0, GV 1s constant and the 1ect-

angle GL (/1 15 constant [Bue 11 36
0Q 0@ =xxOK OK
Siumnilarly OR.OR=ux0OM OM,

where X and g are constant, and A, M’ are the mtersections
of VR, VR with the cucle KK’

OK OK'=0M.0MN [Euc. 111. 36
UQ 0Q OR OR =\ pu
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Tmportant proposttigns to be proved by the veade:

PARABOLA

I 1f POp be a chord of a parabole meeting the aats wi
O, and PN, pn ordwates, ppove that AN An=A0% (See
Prop 3)

2 The circle cvcumscrbing the traangle formed by three
tangents to « purabola passes through the focus. (Sec Prop 13)

3 1f 0Q, 0Q are tungents, and OV « dwmeter, prove
that the angle QOV s equal to the angle (YOS (Sec Props
7, 13)

4 It P s the end of the diumeter which bisects a chord
QQ', and R the end of unother diwmeter meeting QQ v M, prove
that QM MQ =48P. RM
(See Prop 16)

5 If the dwawmeter through any pownt R on the curve
meets « chord QQ)', und « tangent QT at M and 1, prove that

TR . RM=QM MY

(Sce Props 16, 17 and Proof of 19)

O If OP tonches u parabole at P, and OQIR nects ot
al QR, and the dvwmeter through P meets the chord QR i U,
prove'ast
0U*=0Q OR
(Sce Prop 19)

7 If « cucle meets a parabola w jour points A, B, (", D,
the common chords AB, CP are equally vlchned to the aass of
the purabole  (See Prop. 19)

8. If a cuwrcle cuts « paralgle w four powts the sum of
the ordinates of these fuewr points is zero  (See Props 19,
19.)
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9 Ifthe normals at three pownts I’, (), B meet wn « point,
the sum of the ordinates of P; Q, R s zero, and the circle
cercumscrbing the trivngle PQR pusses through the vertea
(By analytical geometry )

10. If 0Q, O be two tangonts tv a parabola the chord
Q@ cuts off from the purabola a seqgment whose arew s two-
thuds of the trimgle OQQ"  (Sce Prop 16)

CONIC SECTLONS.

1 No strawght Line can meet « conic wn more than two
pownts.  (Prop 2)

2 If « curcle meets @ conic w fowr powts, the chord
Jotnung any two of those points makes the same anyle with the
aans as the chord jounng the other two pouots (Ellipse 34)

3 o find where « straght line parallel to the axis meets

@ conic whose focus, diectrue, and eccentricity are guven

[Cons Lt the line meet duectrixin M With ecntre X and 1adws ¢ SX
desctibe a encle  Jomn SM mecting this eucle m p, p/ Diaw SP, SI”
patallel to Xp, \p’ PP are the requred ponts ]

4 The semi-lutus rectum s « Harmonw Mean between
the seqgments of any focal chord
1 1 2
NP sp T s
SP SP'=SN SN
=N)l- SY SY-N\
=8P ~SL SL -SP.
5 The product of the segments of a focal chord varies us
the length of the chord

6 Rectangles contained by the segments of any two inter-
secting chords wre proportional to the lengths of the parallel
Jocal chords  (Elhipse 34)

7. Tuangents to an ellipse or hyperbola at right angles to
one another wntersect on*d fived curcle, called the Durector
Curcle  (Ellipse 14)

C.G. 10
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8. Prove
P Ch=CB CA and Py CD=0A B
(ellipse 18 and 83)
9 Pirove
NP NP =CD*= PG, Py
(Elbpse 13 and 18)

10, LFQQ be « focal chord, parallel to a seme-dutmeter
an, QY A =20D¢

11 If « dhmeter of « come meets the duectrie i Z,
ZS s per pendicular to the chords bisected by the duemeter

(Ellipse 11 and 25)

12 I 0Q O be tangents to a comc and QO meets the
divectria i K, ONK s @ 1ight angle  (Klhpse 22

18 If the tungent at I meet any punr of conjugate dua-
meters e T and ¢,
PT Pt=0C1F (Ellipse 28 )

14 The projection of the normal P(i on the focal distance
NP s equal to the sena-latus yectum — (Klhpse 12))

15. 1f 0Q, 0Q are a pair of tangents to an ellipse, and
a stravght lne be diawn from O to meet the curve i K, M,
and Q@ wn L, OK LM s dwided harmoneally o1

2 1 1
0L 0K + i (Projeetjons )
16. 7 OP, CI" be semi-dhameters of a come at r ght
' 1 1 .
angles to one andther, prove thut 0P + opn ¥ constant

(Ducctor Cucle and Ellipse 33)

17 If one stmiéht line pusses through the pole of «
second  strught line, prove that the second straight lLne
pusses through the pole of the first  (Projections )
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SECTIONS OF A CYLINDER AND CONE.

1 At any pownt of @ plune section the tungent makes equal
angles wnth foc ol dastances and the generating line

2 The senmu-nunor aaws of the sectwon s « mean propor-
twnal between the 1 adw of the focal spheres

3 For all sections of « cone the latus rectum vaiies as
the perpendicular from the vertea of the cone on the plune of
secton

4 An ellipse of any eccentiicity muay be cut from a 1ght
cuenlar cylunder, and may be projected orthogonally wnto «
curele

|See AppENDIA |

10—2



PROBLEMS.

PARABOLA.

1 Q8q 15 o focal chord of a paabola diawn parallel to
the tangent at P, PG is a normal.  Prove QY Sq=PG*

2 Two parabolas have a common focus, and then axes
m the same direction o straight line 1s drawn through the
focus cutting them i four pomnts  Shew that the tangents
at these pomnts form a 1ectangle of which one diagonal passes
through the focus

3 Gaven the directiix of a parabola and two pomnts on
the curve, find the foecus  Also draw a tangent parallel to
the straight line joimng the given points

4. PN 1s a double ordinate of a parabola and A PQ an
equilateral triangle , prove that AN =3 tunes the Lat Rect

5 Ina parabola the external angle between two tangents
18 half the angle subtended at the focus by their chord of
contact

6 0@, OQ are tangents to a parabola, the chord QQ’
meets the axis m £, and 0M 1s diawn perpendicular to the
axis, prove that AM = AR

7. 1f the notmal P at any pont of a parabola be divided
so that PQ QG 1s a constant ratio, prove that the locus of ¢
18 a parabola

8 Tvyq parabolas have a common directrix, prove that
their (two comimon tangents are at nght angles to one
another

9. The directrix of a parabola 13 given and aiso two
tangents find the focus of the parabola and the points of
contact of the tangents

10 A chord of a parabola is equal to four times the
distance of 1ts muddle point from the extiemity of the
diameter bisecting 1t, prove, that the chord passes through
the focus.



PROBLEMS 149

11 If OP, O1” arc tangents to a parabola meeting the
tangent at 4 m ¥ and Y7, and I’ cuts the axis in K, prove
that KY, K'Y are paallel to the tangents 0P, OF. (This
15 true for any diameter, and the tangent at its extremuty,
not only for the axis)

12 If PX1s a tangent av £ to a pambola meeting the
tangent at the vertex m Y, and a circle on 1 ag diamcter
meots the axis m K aud K’ move that PK, PK' produced
are normals to the curve

13 Two chords A B, CD of a parabola are produced to
meet 1m O, and pomnts /2, F are taken m A B, (D so that
OF*=04 OB and OF*=0C 0D, prove that JF 15 parallel

to the axis

14 If a parabola touches the thice sules of a triangle its
directrix passes thiough the orthocentre

15. It two parabolas are drawn thiough four given points
on a circle, their axes intciscet m the centroid of the four
pomts

16 QOQ', ROR arc two chords of a parabola, and ROR’
1s produced both ways to meet the tangents at (), @ m » and
", 1f Br=1"1', prove that OR = OR’

ELLIPSE

17 PO 1s an acute angle whose sides arc tangents to
an ellipse at the ends of a focal chord PQ, find the two
foc

8. If,the diagonals of a quadilateral circumseribing a
cohic mntersect 1 a focus, they are at right angks to each
other

19 Shew how to draw a pair of conjugate diameters in
an ellipse inchined at a given angle to onc another

20 P and @ are corresponding pomts on an ellipse and
its auxihary circlé, § 1s a focus, prove that SP = the perpen-
dicular from S on the tangent to the circle at

21 The normal at P on an ellipse cuts the minor axis
in g, I’n1s the ordinate to that axis  Prove that

Cq.Cn=CN%.CB
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22 S 1s a focus of a given conic, and from a fixed point
on the axis a perpendicular 1s drawn to the tangent at any
point P on the curve Piove that the intersection of this
perpendicular with SP lies on a fixed cucle

23. Diaw a notmal fiom a given pomnt (1) on the ans of
a parabola, (2) on the major axis of an clhpse.

24 From any pomnt P on a common tangent to two
clhipses, which have a common’focus S, tangents are diawn to
the ellipses mtersecting another common tangent mn @, B
Prove that the angle QSR 1s constant

25 Given an aic of a conic, shew how to determine
whether 1t 1s part of a parabola, ellipse o1 hy perbola

26 Given two tangents to an cllipse and onc focus, find
the locus of the centre.

27 A tangent 1s diawn to a come meeting the directrices
m L, M It S, H be the foet, and LS, MII mterseet m N,
shew that LN = MN

28 PQ 1s a <ouble ordimate of a conie, and the straight
e joming £ to the foot of the directiix cuts the curve m R
Shew that QR passes through the focus

29. Two chords AP, BQ in an cllipse awe produced to
meet cach other m O, QC, D are chords parallel to them
crossing cach other mn R, shew that the triangles A0B, CRD
are stmilar, and 4B 1s parallel to (D

30 If two conics have a commor “focus'and are so
placed that they tersect 1 igvo pomts only,. then ther
common chod passes through thypomt of mterdection of the
corresponding directrices

31 A system of pamllelogl ams 18 inb\,uuu; 11 a1t L1pse,
I’
with their sides parallel to the equi-conjugate diameters
prove that the sum of the squares on 1ts sifes¢s constant

32. Prove the follonmg constiuction for drawing a normal
to a conic Diaw the ordinate L°N, on the axis maik off
NK, NL cach equal to NP, produce PK, Ph to meet the
curlv)e agam m Q, ¢, bisect Q@ m V, then PV is the noimal
at P,
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33 An cllipse 15 mscribed in a quadrilateral 4 BCD, and
S as a focus of the cllipse, shew that the angles ASB and
IND are together cqual to BSC and DSA.

34 The papendiculars from the foer on the normal at
any pomt of ap cllipse are to one another as the perpen-
diculars from the foer on the tangent at that pomt

35 Given two tangents to a conic and 1ts centic  prove
that the locus of 1ts focr 1s a rectangular hyperbola

36 TIf PN, the ordmate at the pomt I of an ellipse, be
produced to meet the tangent at the extremty of the latus
rectum i ¢, prove that QN = SI°

37 An elliptic section of & right cone 15 projected upon
a plane perpendicular to the axis, prove that the foeus of the
atrve of projection 1s at the pomt where the axis of the cone
neets the plane ot projection

38 If O, 0Q are tangents to an ellipse from a point O
on the auxthay circle, and PCP” a diameter of the ellipse,
prove that QI passes through a focus

39  In any conic if PQ, L@ arc chords equally melined
to the axis, prove that the cirele encumsenibing Q@ touches
the conic at L.

40 If two quadulaterals, mseribed i an cllipse, have
thice sides of one patallel to thice sides of the other, their
fourth sides will be parallel  Hence shew how to diaw a
tanvent at any pomt of an cllipse with a parallel 1uler.

(Projections)

¢l If RP 1s any tangent to a given clhipse®at P and
SRP a constant angle, prove that the locus of R 1s a crele

42 At pomts , " on an ellipse 0@, 0@ are tangents,
and QG, (¥ are noimals meeting the axis major at &, (',
prove that OQ®, (QQ'G" arc similar triangles

43 Tangents 0Q, 0Q’ subtend equal angles at the foot
of the ordinate thiough -0

44 An cllipse touches a tniangle at the middle poiuts of
its sides, prove the centic of the cllipse 1s the centre of
gravity of the tniangle. (Projections.)
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PARABOLA.

45 If AR, SY ac thd perpendiculars from the vertex
and focus of the parabola on the tangent, prq’vc that

SY*=SY.AR+ S4% [I. C.S 1884

46 P 15 anv pomt on'a parabola, SR 15 drawn per-
pendicular to AP mecting the tangent at the vertex in R,
prove that AR 15 onc-fomrth of I°¥, the perpendicular from
L’ on the axis, [CLARE, 1888

47 A parabola touches m A, B, (" the sides of an
cquilateral triangle A BC, respectively opposite to A, B, C
Prove that AA4’, B, CC" meet m the focus of the parabola

[TrIN. 1887.

48 A parabola rolls on an equal parabola, the veitices’
origimally comeidimg, shew that the tangent at the vertex of
the rolling parabola always touches a fixed cnele [TrRIN 1887

49 P, Q are two pomts on a parabola such that
circles deserthed abont ) @ as centres and passing through
the focus S cut orthogonally 1u S and & If the line
Joming @ to the points of itersection of the ciicles meet
the directiix m 7" and 17, shew that the angle TP7"” 1s equal
to half of RPS [Pemnp 1887,

50 In the parabola if the angle ASP be equal to four-
thirds of a nght angle, prove that the ordinate at £ and the
normal at the extiennty of the latus 1ectumn mtegrsect on the
axis. [Macp. 1888

5T Given in position two tangents to a parabola and
their points ot contact, find the focns and directinx  [QU 1888,

52. OP, 0Q are two tangents to a parabola at I> and
Q, S1s the focus, 1f ON meet the circle throtigh OPQ again
m 7, then S bisects OT [Qu 1888,

53. If PG be the normal at P, prove that the tangent
from any pomt on the pargbola to a cucle, centre (f and
radius GP, 1s equal to the perpendicular fiom that point
on the ordnate of P. [JEs 1888.
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54 H is a fixed pomnt oh the hisector of the eaterior
angle 4 of the trengle ABC, a circle 1s deseribed upon HA
as chord cutting the limes AB, AC m P and @, prove that
L@ envelopes a parabola which has H for focus, and for
tangent at the vertex the strajght hine jommg the feet of
the pmpendmt\q}ars from H on AB and AC  [Jes &c. 1888

55 Pomts ¥, }” are taken on the tangent at the vertex
of a parabola so that ST S 1s constant, and the other
tangents through ¥ and Y meet 1 @, prove that the locus
of ¢ 1s a cucle [Jor 1888

56 A carcle 1s descitbed touching a patabola at a
pomt P and passing thiough the focus  If K be the poat
at which 1t cuts the axis again, and A the vertex of the
parabola, shew that 4/ 1s equal to three times the abscissa
of P [SEL 1888

57 Two pomts P, @ are taken on a tangent to a
parabola equidistant from the focus  Prove that the other
tangents drawn from P, @ will meet on the axis [Prr 1886

58 P, @, R are points on a parabola, the chord PR
intersects the diameter through @ 1 S The chord 1’
mterscets the diameter through 2 1in 7" Prove that ST 1s
parallel to the taggent at r [CLARE, 1887.

59 S 1s the focus and SL the semi-latus rectum of a
parabola whose vertex is 4 I and () are any two points
m any hme through O, the pomnt of mtersection of the
tandent at,4 and the diameter through L. Prove that the
cltord of contact of the tangents from I° intersegts the chord
of contact of the tangents from @ m tHe straglst line
which btsects the angle 048 [Trix 1886.

60  Prove that, 1if I’ be an external poiut on the axis of
a parabola wlose focus 1s ¥ and vertex A, and the tangent
at 4 cut the crcle desciibed on PS as diameter m @, R,
then 1°Q. PR will touch the parabola

Prove that, 1f any tangent cut the encle m @, I, the
1emaining tangents from @, £ to the parabola will mtersect
on the encle. [Trix. 1887.



154 PROBLEMS

61 A pomt moves so that the sum of 1ts distances
fiom a given pomt and a given strarghtedine 15 constant,
prove that 1t describes a parabola and find the length ot 1ts
latus 1ectum. [Qu. 1887

62  Give a geometircal’ construetion forythe axis of a
parabola which passes through the foumr given pomts 4, B,
¢, D which are such that (A B 15 parallel to (D) [Jus 1887

63 A and Paie two fixed pomts  Parabolas are drawn
all having thewr vertices at «l, and all passing through P
Prove that the pomts of mtersection of the tangent at I
with the tangent and notmal at A Tie on two fined cireles,
one of which 1s double ot the other [Jou 1887

64. If PN, PL be papendicnlars fiom P on the axis
and the tangent at the vertex, prove that LA alwavs touches
a parabola | PET. 1886

65 A vanable tangent to a parabola ntersects two
fixed tangents m the pomts 2"and 77 shew that the ratio
ST . ST’ 1s constant [TrIN 1886

66 if QD be drawn perpendicular to the diameter PV
of a parabola, then

QD QVi=8SA NP [TrIN 1886

67  Thiough ¥V the foot of the perpendienlar from the
focus & on the tangent to a parabola at L, VK 15 diawn
patallel to the axis of the parabola, meeting the noimal
PG m K, SK s jomed  Shew that the trniangles SAG and
SKP arc each of them cqual to the tiangle SPY

[€. H 1886

68, If!() be a fixed pont, MM a fixed straight linc not
passing through O, () any point in MM, and 1t on OQ as
base an 1sosccles triangle be desciibed on the side of 0Q
1cmote from M’ such that the vertical angle OPQ 15 always
double of the acute angle which OQ makeg whth MAl', shew
that the locus of I 1s a certain parabola [T H.-1886.

69 It ABC be a trangle msecubed 1 a parabola, shew
that the sides of ABC arc toqur times as long as those of a
triangle formed by the intersection of tangents parallel to
them, T C. S, 1887.
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70. The tangents at P, P, to the parabola whose
vertex is 4 and axis ANV, mteisect m P, and N, N,
and & are the feet of the ordinates of L, D,and P Prove
that PN, PN, AN AN, AN AN

[T (S 1887

1 0Q, 0(\' arc tangents to a parabola, OV a diameter
If OV meet the dlroctnx m A and Q@ meet the axis in N,
shew that O = SN, S being the focus [T CS 1886

72 If the tangents at the eunds of a focal chord PSQ
mtersect m D, SD will be a mean proportional between

AS and I’Q [I C S 1883.
73  Find the locus of the centies of circles desciibed,
within a given segment of a given cirele [PET 1887.

74. PSP, QSQ, RSR waec thice chods through the
focus S of a given parabola  Prove that the 1atio of the
areas of the trangles PQR and L”Q'R’ 1s the same as that
of the products of the ordmmates of P, @, B aud 1”7, (), It/

[PEr. 1887

75 A series of parabolas are drawn to touch two given
straight Lines, one of them at a given pomt, shew that the
foct lie on a fixed cncle and that the direetrices pass through
a fixed pomt. [TrIN 1887.

76 Two equal parabolas, which have a common axis,
have then concavities turned 1 opposite directions  Prove
that the locus of the middle pomnt of a choid ot either
parabola, which 1s a tangent to the other, 15 a parabola
of on&third the linear dimensions of the given ones

[TriN 1887

77 The normal at £ meets the tangent at the Vertex
in F and the cuive again i f If the axis of the paabola
meets at 7" and (F the tangent and normal at P, shew that

PF. Pr=TG" [T H 1888.

78. The normal to a parabola at any pomt P meets
the curve agan 1n @, 7 1s the pole of the chomd P@, and
the lme joimng T to the focus, S, mcets the Line drawn
through P perpendicular to SPin the pomnt O : prove that
TS = 80, and that TOQ is a nght angle. [Jon. 1887.
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79. V 1s the middle point of a focal chord Q@ of a
parabola, tangents at () and Q" meet ate'; prove that the
locus of the inteisection of the circle deseribed round the
triangle 7'Q@’ and the line T'V is a parabola [PET. 1887.

80 Fiom any pomt on a parabola norpals are diawn
to the curve at P, P,, shew that the chord P P, passes
thiough a fixed pont [CLARE, 1887

81. Two equal sumlarly situated parabolas have a
common axis a tangent 1s drawn to onc of them meeting
the other 1n /2 and ¢, prove that the perpeudicular distance
of @) from the diamcter through P 1s constant and that the

mea of the segment cut off by the chiord @ 15 constant
[PrMB. 1886.

82. Determme the pomt in a parabola at wlich the
notmal 15 equal to a given straight line [T. H. 1887

83 If the triangle formed by three tangents to a para-
bola be 1sosceles the lme joiming the intersection of the
equal sides to the focus passes thiough the point of contact
of the opposite side with the parabola. [Carn. 1887.

84 Two pwuabolas having the same focus cut at right
angles Shew that the line joining their vertices passes
through the focus and 1s equal to the focal radws of their
point of intersection [Jon. 1886.

85 If PN be an ordinate and a chord QNQ’ be ¢rawn
through IV cutting the parabola in @ and @, then the rget-
angle cottaned by the ordinates of @ and @’ 1s equal to the
squart on PN. [SEL 1887,

86. Two fixed straight lincs mtersect 1n 4, and B1s a
fixed point, if a circle be described through 4 and B cutting
these Imes mn C and D, then CD alway$ touches a certain
parabola. [SEL. 1887

87  The normal chord to a paiabola at the pomnt whose
ordinate is equal to 1ts abscidsa subtends a nght angle at the
focus, [PET. 1885.
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88 If a ciicle pdssing through the focus of a parabola
couches the curve at P and cuts 1t at L. and M, and the axis
b NV, prove that L 1s equal to N [CLARE, 1886

89. Give a geometiical construction for the position
of the directrix of a parabola whose axis 15 parallel to a
siven line, theyparabola passing” through two given points
wnd touching a given lime through one of them.

[CLARE, 18586

90. If 1P, TQ tangents t> a parabola subtcnd angles
at the focus which are constant for all positions of 7T, prove
that the distance between the centres of the circles deseribed
wout the triangles SPT, STQ will vary as 1%,

[CLARE, 1886

91. If PQ be a focal chord of a parabola, and R mll)'f
pomnt on the diameter through ¢ shew that the focal chord

D[22

parallel to PR = 11)122 [TrIN 18853

92 Pomnts D, E, F are taken on the sides of a triangle
A BC and thiee confocal parabolas are drawn, one touching
BF, FE and ££C and the other two the corresponding trads
f lines, S 1s the common focus and the directrices nter-
sect in (f, H, ' Prove that the tiiangles DSG, ESH, FSK
are proportional to the squares on 8D, Sk, SF  [TRIN. 1885

93 Two parabolas have a common focus. and fiom
2 pomt 7" external to both tangents TP, I'Q aie drawn to
me and tangents TR, T'S to the other.  If the angles P70Q,
RTS are supplomentary, prove that PR, @S ae pmrallel or
meet at the focus If they are parallel, prove that they are
1lso Yarallel to the common tangent to the parabolas
[PrMB 1885
94  From two fixed points 4, B perpend.calars 47, BQ
are let fa¥l on a variable line, prove that the envclope of the
line 15 a parabola when the arca af the quadnlateral 4 BQP
1S constant [Carus, 1885.

95. The normil at onc extremuty L of the latus rectum
of a parabola meets the curve again 1n P, the tangent at P
cuts the latus rectum produced m M and the axis m 7T':
prove that LM is 4 and NT J fimes the latus rectum, PN
being the perpendicular from P on the axis. [K. 1885,
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96 A 1s the vertex, S the focus &nd P any plint on a
parabola; PN 1s the ordmate at I’, and the perpendicylar to
SP diawn through S meets the normal ated” i L) af LA be
the ordinate of L, shew that S =2AN. [QU 1886

97 P,Q aie any two pomnts on a parabola, B the middle
pomt of the chord joming them, RM 1s thg ordinate of I
drawn perpendicular to the axis and £(/ drawyn perpendicular
to PQ meets the axis in (7, shew that MG 15 cqual to the
semi-latus rectumn of the parabola. [Qu 1886

98  Prove that the latus rectum 1s the least foeal choid
which can be diawn 1n a parabola [CaTiT 1886

99 Deseribe a parabola touching thice given straight
lines and having 1ts focus m another given hme  [Prr. 1861.

100 From S the focus of a parabola a Ime 15 drawn
patallel to the tangent at a pomnt P> mecting the curve m
@, the diameter at P meets SQ m /2 Shew that the locus
of K 1s a parabola whose latis rectum 15 halt that of the
gven one [JEs 1861.

101 GR1s drawn from the foot of the notmal at a point
P 1 a parabola perpendicular to S cutting the circle de-
seribed on SP as diameter m L, LS produced meets the
tangent at P 1n O, shew that the ratio of ON O 15 -
variable [Sip 1861

102 Parabolas are diawn passig through two fixed
ponts 4 and B, and having their axes mn a given direction,
find. the locus ot the foct [Jon 1861

103 A series of parabolas 1s described having the same
tangent at the vertex as a given parabola, and theie foct
lymg on the given parabola  Shew that they *mteisecte in
the focus of*the given parabola. [PET 1861.

104. The tangent at any pomt P of a parabola mcets a
fixed circle whose centre 1s the focus in @), £ It the other
tangents to the parabola which pass through (), K meet 1 7,
and 1f the tangents to the circle at QR maet in U, shew that
T'U 1s parallel to the directrix [PET. 1882.

105. At the middle pomnt of a focal chord of a parabola a

line is drawn perpendicular to the directrix and equal to half
the chord; find the locus of 1ts extremuty. [CLARE, 1882.
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106. * From P, PIIis drawn perpendicular to the tangent
at the vertex of a parabola and M@ perpendicular to AP,
shew that the locus of @ 1s a cudle [T H 1882

107  Through a fixed point on the axis of a parabola a
chord PQ 1s drawn, and a cucle of gwen radius 15 deseribed
through the feqt of the ordmates of > and @  Shew that the
locus of 1ts cen‘m“e 18 o cuele [JES 1882

108. A circle cuts a given cncle orthogonally and inter-
cepts a given length on o given strught line; shew that the
locus ot 1ts centie 15 a parabola, and that the envelope of 1ts
chord of mtersection with the given cnele 1s a come

[Jrs 1886,

109 PSP 1s afocal chord of a parabola The diameters
thiough £, P mect the normals at 17, I’ m V, V' re-
spectinely  Prove that PV V'L 15 a parallelogram

[Jrs 1886

> 110  ACP s a sector of a cucle, centie €, of which the
radius (2 1s fixed, and a cncle 1s deseribed touching the are
<P externally, and also touchmg A and (F both produced,,
prove that ¢he locus ot the centic of this encle 15 a parabola

[Jou 1853

111 If the dircetion of the axis of a parabola mseribed
m a tuangle 15 given prove the ﬂ)llowing construction for the
focus Through 4 one of the angular pomts of the trangle
draw A D, perpendicular to the gnven diection, cutting the
cirele i D, through D draw DN perpendicular to the opposite
side cutting the enele m N, then 815 the focus [PEr 1884,

132 P, Q and R are thice powmnts on a parabola whose
focms 15 8 "Thiongh R are drawn RU and RV, 1espectively
parallel to the tangents at I and @, so a¥ to meet the

diameterethiough @ m U and V' Prove geometrically that
RUP =4SP . QV

Utilize this, result to obtamn a geometrical proof of the
following —

7Q and TR, tangents to a parabola, meet the tangent at
Pm X and Y The tangent at the extiemity of the diameter
through 7' mects the tangent at, Pin O Then if S be the
focus, SP QR=3250 XY [JoH 1886.
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118. Two contocal and coaxial purabolas with the con-
cavities in opposite directions are met by any straight line
parallel to the axis in P and P’ and then zommon chord Q@'
meets PP 1in R, shew that RQ R : PP 1s a constant ratio.

[PEr 1884.

114. The crcle circun.seribing the triaagle formed by
three tangents to a parabola passes through the focus: prove
that the tangent to this circle at the focus makes with the
axis of the parabola an angle equal to the algebraical sum of
the angles made with the axis by the three tangents to the
parabola. [PET. 1884.

115. PQ 1s normal at P to a parabola and 7 1s its pole.
shew that PS passes through the vertex of the diamecter
through 7. [Prr. 1885.

116. A straight hne moves so that two fixed cucles
always cut off equal chords from 1t, shew that 1t always
touches a fixed parabola whose focus bisects the line joinme
the centres of the two cncles. [Per 1885

117  If the ordmate at each point of a parabola be pro-
duced below the axis until 1t is equal to the distance of the
point from the focus, prove that the locus of 1ts extiemity 1s
another parabola, and that the axes of the cuives make with
each other an angle equal to half a nght angle

[CLARE, 1885.

118 Two fixed tangents to a parabola 7'Q, TR aie met
by a variable tangent 1n X and Y. 1f a choid of the para-
bola is diawn parallel to XY and equal to XY, 1t envelops an
equal parabola [TrIN. 1884

119 A line 1s diawn through any pownt P of a parahola
perpendicuiar o the Iine jorming P to the vertex This line
meets the axis in K, and the normal at P meets the axis 1n
G: prove that GK 1s equal to half the latus rectum

[TRIN. 1884.

120. Through any pomnt on a parabola two chords are
drawn equally inclined to the tangent thcee. Shew that
their lengths are proportional to the portions of their dia-
meters intercepted between them and the curve

[TrIN 1884.
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121 PSp is a focal chord of a parabola, and upon PS
and pS as diameters circles are described; prove that the
length of either of their common tangents 1s a mean pro-
portional between AS and Pp. [TRrIN. 1885.

122. A straight line PQ cits two fixed straight lines
Oz, Oy which are at 11ght angles, in the pomts P, ), and
the middle pon.t of P lies on a fixed straight line AB
Prove that the stiaight line PQ 1s always a tangent to a
fixed parabola [TriN. 1883,

123 If P( the noimal at P meet the axis in ¢, and 1f
GQ be an ordinate erccted from (7 ; prove that the difference
between the square on L’GF and QG 18 a constant quantity |

[PEMB. 1885,

124. In a central come 1if a diameter (/T cuts one of
its chords Q@ m V, the curve m P and the tangent at Q
m T, then CV (T'=(P?, deduce the conesponding pro-
position for the parabola

125 If PSQ be a focal choud ot a parabola, PG the
normal at I, PN the semi-ordmate, and 1if PN produced
mect the diameter passing through @ in H  then HG will be
perpendicular to PG [T H. 1885

126. From a pomnt O on the directiix of a parabola are
drawn two tangents, and through the focus S two stiaight
lines parallel to these tangents the part of the directrix
mtercepted between these parallels will be bisected at O.

[CHR 1885.

127. An endless string OPQ 1s fastened at O and two
small beads I,  shde on 1t; the string 1s kepu stietched ;
the beads moving so that OP 1s always equal to OQ and I’Q
always fixed in direction: shew that the loci of P and @ are
aics of two parabolas with a common focus at 0. [QU. 1885.

128. O is a fixed point on a fixed cucle, with any pont

S on the circle as focus, and the tangent at O as directrix, a

parabola 18 described ; shew that the locus of the points of
contact of tangents from O to the parabola 1s a cirele

[Qu. 1885.
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129. From any point on a parabola, chords are drawn
making equal angles with the tangent at that point; shew
that they are to one another as the parallel focal chords.

[CaTH. 1885.

130 (' is the centre, and D a fixed point on the cicum-
ference of a given circle, M 1s the middle pomt of any chord
RS which 1s parallel to DC.  Prove that ('R, CS intersect
DM on a certam parabola. [JEs. 1885

131 The polar of a pomt O with respect to a parabola
meets the axis in U, and a straight lime through U at right
angles to the polar meets OS 1n R prove that OS=SR

[JEs 1885.

132. Three parabolas have a common tangent Prove
that the ponts of intersection of their other pairs of common
tangents are collinear [Jom 1884.

138. If two tangents be drawn to a parabola, the per-
pendicular from the focus on.their choid of contact passcs
through the muddle point of their mtercept on the tan-
gent at the vertex, . [Jon. 1884.

134 Pairs of cqual parabolas are diawn, having a given
pownt S for focus, one touching a given line 4B, the other a
gwven line AC  Prove that the envelope of their common
tangents 1s a parabola whose dircetrix passes through S, and
which touches 4B and AC at ponts 1 one straight line
with S. [Jon 1884.

185 OXP,0YQ, XRY are three tangents to a parabola
(focus S) at the points P, @), R respectively - find the locus
of the remaining intersection of the circles SXP, 877, as
the tangent XY varies its position [PET. 1083,

126. It two parabolas have a common focus, the line
joming 1t to the intersection of the directrices 15 perpen-
dicular to the common tangent of the parabolas.

[CLARE, 1884.

187. Three parabolas are drawn having a common vertex
and axis, and their latera recta in geometrical progression -
shew that if PQ be the chord of contact of a pair of tangents
drawn from a point of the cuter to the middle parabola, PQ
will touch the mner parabola [CLARE, 1884.
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138. If any parabola be described touching the sides of a
fixed triangle, the chords of contact will pass cach through
a fixed pomt [TrIN. 1884.

139. A cncle round the focus of a parabola as centre
cuts the tangent at a pownt P 1 the dnectrix, and also at the
pomnt 1" 1M 1s drawn perpendicular to SP, produced if
necessary Prove that SM 1s equal to half the latus rectum

[PEMB 1884

140  Two tangents 0@, 0 arc drawn from an external
pomt O to a parabola and a perpendicular on the axis
tom O cuts 1t 1 N; prove that NQ, NQ' arc equally m-
clined to the axis [Carus, 1884

141 Two parabolas have the same focus and axis, and
the tangent at a point P of one parabola mects the tangent
ata pomt ) of the other perpendicularly at 7', shew that s
cquidistant from the diameters through £ and () [Cur 1884

142 The portion of the tangent at any pomt P of a
parabola mntercepted between the tangents at the extremities
of a focal chord subtends a night argle at the pomnt where
the diameter through 12 mects the chord. [Cartus, 1883,

143 A line 1s drawn through a fixed point, and through
the pomt where a e perpendicular to it through the fixed
pomt meets a fixed hine a perpendicular to the fixed hine 18
diawn . prove that the locus ot the mtersection of this and
the first hine 1s a parabola [CLARE, 1883

144. Any one of a system of parallel Iines cuts two fixed
parabolas mn P, P’ and @), @ respectively, through P, P and
throu h @, (¥ hines are drawn parallel to the axis of the paras
bola on which they lie, shew that the angular points of the
parallelogram so formed are on a fixed conie. |CHR. 1884

145. A is the vertex of a parabola, I” any point on the
curve, AP is produced to @ so that PQ = AP ; and through
Q a straight lins MQL 1s diawn perpendicular to 4 Q meeting
the axis in M, 1f @L be equal to QM shew that the locus of
Lisa para}\ola. and find the normal at L [Qu. 1884.

146. If the normal at > meet the axis in G the locus of
the centre of the circle diawn round 4 P@ 1s a parabola.
[QU 1884,
11—2
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147  Having given three tangents to a parabola and the
point of contact of one of them, find the focus and draw the
parabola. [CArH. 1884,

148. An 1sosceles triangle is circumseribed to a parabola ,
prove that the thiee sides and the three cbords of contact
Intersect the dircetrix in five points, such that the distance
between any two successive points subtends the same angle
at the focus. [TrIN. 1886.

149 If PP’ be any chord of a parabola perpendicular to
the axis and 1f the diameter through P’ meet the tangent and
normal at P m @ and R, then will the middle point of QR le
on a fixed parabola [Jus 1884.

150 The tangents at two points P, @ on a parabola
mtersect 1 7' and the normals at the same pomts intersect
mO0 1t T'L, ON be drawn at night angles to the axis meeting
1t m L oand N, prove that

1L AL=0N AS. [JEs 1884.

151 The tangents to a parabola at  and P tersect in
T, and diameters arc drawn tusceting P If one of the
tangents at their cxtremities 1s perpendicular to 7'P, then
will the triangle I’7'Q) be 1sosceles [Jon 1883.

152 If the choid PQ of a parabola be normal at PT its
pole, and 1f QP produced meet the directrix m IR, prove that
the angle R7'Q 1s a 11ght angle [Jon 1883

153  From R, the,middle point of P@, the normal to a
parabola at P, two other normals R@Q, BQ ate diawn “o the

curve. Prove that @S, Q'S arc equally inclined o the ax-s,
[Jon. 1884.

ELLIPSE.

154 The lmes AB and AC, at right angles to each
other, touch an ellipse whose centre 1s O, and cut the circle,
with centre O and radius 04, a second time 1n the ponts B
and C respectively Prove that BC and O4 coincide with a
pair of conjugate diameters of the cllipse. [I C.S 1887.
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155 lf the normal to an ellipse at a point £ meet the
axis m (f, and PSK be drawn through the focus S to meet
the diameter conjugate to (P in 1\, prove that the 1atio of
C@ to SK will be equal to the eccentiieity [T ¢S 1885

156 Construct an cllipse, having given two pomnts as
foct, and a given line as tangent. [I. C 5. 1884

157, Prove that the stiaight line jornng the centre € of
an ellipse with the pomnt of intersection of the normals at the
ends I, D of a par of conjugate semi-diameters CP, (/1) 15
perpendicular to the straight line PD [I. C S. 1885

158, If X, X’ arc the feet of the ducctrices of an cllipse
corresponding to the foct S, &, and SV, §'Y" are the perpens
diculars on any tangent, the hnes XV, X"Y’, will intersect
on the axis> minol [T C 8. 1883

159. OL 1s the projection upon the munor axis of the
central perpendicular on the tangent to an ellipse at I’; prove
that 1f ’Q be the diameter of the circle circumseribing the
tuangle SPY P OL=A4C [Per 1887

160 Two normals 04, OB diawn to an ellipse from an
internal pomt O are at nght angles  They meet the cllipse
agam m (' and D 1espectively.  Shew that

04 0B: 0C.0D [Prr. 1887

161. In an ellipse the perpendicular bisector of a chord

P P, meets the axis major m K, shew that (K = ¢’CN, where

CN 1s the abscissa of the middle point of L2, P, measured fiom
the centic C, and e 15 the cceentricity

[Prr. PEMB &c. 1838,

162. Lengths CA, OB are taken on two fi.ed straight
lines the sum of whose squares 18 constant, the pamllelogmm
ABPC 15 completed: prove that the locus of £ 1s an ellipse
making equal intercepts on the lines. [CLARE &c. 1888

163. Any powt P on an ellipse is jomed to the extre-
mities of two conjugate semi-diameters €4, CB, PA, B
meet OB, Cd 1cspectively mn I3, A”; prove that

AA" . BB =204 . UB
[CrARE &c 1888.
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164. An ellipse entirely surrounas a concentric circle ;
shew tnat the area cut off from the ellipse by tangents to the
circle is a maximum or minimum only when the tangent is
parallel to an axis of the ellipse, and distinguish the cases.

[CLARE &c. 1888.

165 If P, Q, R, S be four points on an ellipse such
that the centre bisects the parts of an axis intercepted
between the chords PQ, RS, then the part of thas axis inter-
cepted between the chords 2R, @S, and the part between
P8, QR will be bisected by the centre [TriNn 1887.

166 Fiom two points at opposite ends of a diameter of
the auxihary circle, tangents are drawn to the clhpse . shew

that the points of mtersection lie on the directrices.
[TrIN 1888

167 A vanable night-angled tnangle PQR, of which Q
1s the right angle, 13 1scrtbed 1 a given cirele of which the
centre 1s C. If the side QR continually pass through a fixed
point S nside the circle, prove that Q) touches an ellipse ;
and that if QC and PS intersect 1n O, the interscction ot RO
and P 1s the pownt of contact of ¢} with the cllipse.

[Loxp 1st B.A. Hon. 1870.

168. Shew that an ellipsc has one pair of cqui-conjugate
diameters.  If cither extremty of the axis major of an ellipse
18 jommed to an extremity of one of the equal conjugate cﬁa,-
meters, the lines diawn from the extiemities of the minor
axis, parallel to the jommng line, will meet the ellipse at the
cxtremitics of the other cqual conjugate diameter

[Lonp 1st B.A. Hon 1870.

169 In a given triangle an ellipse 1s inscribed. If the
position of one of the foci 1s known, shew how tu find the

ellipse and its points of contact with the sides of the triangle.
[T. H. 1888.

170 If in an ellipse there be inscribed a quadrilateral
PQRS such that PQ and SK are parallel, and if tangents to
the ellipse be drawn parallel to QR and PSS, prove that the
straight line joining tEe points of contact.is parallel to PQ
and SR. [Maa. 1888,
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171. PQ 18 a chord of a parabola, and 7'1s its pole; an
ellipse is drawn with centre on PQ to circumsecribe I’7'Q, K
is the pole with rcgard to the parabola of the tangent at 7' to
the ellipse, prove that TK 1s parallel to the diameter of the
ellipse conjugate to Q) [K. 1887.

172 P, Q are pomts 1 tw) confocal ellipses, at which
the line joining the common foct subtends equal angles; prove
that the tangents at P, @ are inclined at an angle which is
equal to the angle subtended bv PQ at either focus.

[K. 1887

173. From any pomt P of a circle PM is drawn per-
pendicular to the tangent to the circle at a fixed pomnt 4 on
1t: shew that the locus of the middle point of M 15 an ellipsc,
and find the centie and axes [Qu 1883

174 An elhipse 1s desciibed having 1ts centre at the focus
of a parabola, and having the two diameters of the parabola
which pass through the ends of its latus rectumn as direc-
aiees.  Shew that this ellipse will touch the parabola at two
points. [Qu 1888.

175 If NP, the ordinate at a pomnt I’ of an elhipse,
produced meet the perpendicular from ¢ on the tangent at
P R, shew that the locus of I 1s an ellipse, and that the
tangents at I, @, and R to the given ellipse, the auxihary
circle, and the locus of R all meet 1n a point.  [CATH. 1888,

176 Two circles are drawn touching the cllipse at conju-
gate pomnts P and D respectively and cach passing through
(. shew that theiwr radu are to one another as CP 1s to CD

[CarH. 1888

177 A paabola 1s described passing through the foci
of a given cllipse and having for focus some pont on the
ellipse  Prove that 1ts directrix always touches the anxihary
circle of che cllipse.  Shew also that the point of intersection
of the tangents at the foct of the ellipse lies on a circle.

[JEs. &c. 1888.

178  Througl: a fixed point O, any chord PQ of a given
cllipse 18 dhawn, an ellipse ot given maguitude similar and
similarly situated to the given ellipse 18 drawn through P
and ), prove that the locus of 1ts centre 1s an ellipse.

[JES. &c. 1888,
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179. Of the tangents at the extremities of the minor
axis of an ellipse, one meets a latus rectum in %, and the
other the corresponding directrix in F, prove that JXF 1s a
tangent to the ellipsc. [JES. &c 1888,

180 From P any pomnt on an ellipse a tangent 18 diawn
to the mmor auxibary cincle meeting the director circle
m @, R, shew that PQ, PR arc equal to the focal distances
of P, [J¥s. &ec. 1888,

181. Having given the axes of an ellipse, prove that
points on the curve are determined by the following construc-
tion Describe circles on the axes as diameters, and draw a
straight line from the centre O mecting the circles in P and
Q; the straight Iine through P parallel to the transverse axis,
and the straight line through @ parallel to the conjugate axus,
mtersect each other 1 a pomnt B of the ellipsc.

Prove also, if a concentric circle be described with radius
equal to the sum of the semi-axes, and 1f the line OLQ meet
this circle mn V, that VR 1s the normal to the ellipse at R.

[Jom. 1887.

182  PSQ and PSR arc focal chords of an cllipse, prove
that the tangent at P and the chord QR cut the major axis
at equal distances from the centre [Jon 1888

183 A parallelogram circumscribes an ellipse; shew
that the arcles, each of which passes through the extremities
of a side of the parallelogram and through a focus, are all
equal [Cur 1884.

184  The centre of an clhpse, a tangent, the length of
the major axis and a pownt on a directuix are given Shew
how to find the directrices In what cases will the construc-
tion fail ? [PET 1886.

185. PP'1s a diameter of an ellipse, prove that the
Lines joining the foci to the ponts wheie the tangent at P
meets the corresponding directrices 1mtersect on the ordinate
of P. [CLARE, 1887.

186. Two tangents 7'P and 7'Q are drawn to an ellipse
and any chord 7'RS 1s drawn, V being the middle poimnt
of the intercepted part; @V meets the ellinse mn I’; prove
that PP 1s parallel to ST [TrIN. 1886.
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187 Two points () and R are taken on an elhpse having
DD’ for a diameter and @D and RD' meet mn P. Piove
that an ellipse, similar and similatly situated to the given
one, having D for 1ts centre and passing through P, cuts from
D'P a chord of which DR 1s the diameter, and from D'Q a
chord of which D@ 15 the diameta [TrIN 1886.

188. A tangent at anv pomnt £ of an ellipse interseets
the mmor avis m 7, and M 1s drawn perpendicular to SI°
produced  shew that the locus of M 1s a cncle

[T 1. 1887

189. O 1s any external pont to an ellipse and 08, 08’
are drawn to the foct S and §’ eutting the curve at the ponts
I and Q, also SQ and S'F are joned mtersecting at the point
R, a arcle is mscribable n the quadnlateral OPRQ.

[T H 1883

190. If tangents to an cllipse at pomts P and P' meet
on the auxihary cirele, prove that S and 8P are parallel.

[T H 1887,

191 It ¥ and Y be the feet of the perpendiculars from
the fou upon the tangent to an ellipse at £, and PN the
ordinate of I’, shew that I’V biscets the angle YNV,

[MaG 1887.

192 It CP, CD be conjugate semi-diameters of an cllipse,
PG the normal at I, CZ the perpendicular fiom € upon
the tangent at P, GM the linc through G parallel to CD
and meeting the straight Ime drawn from P to either focus
m M, shew that PM 15 a fourth proportional to 07, CB, CD.

[MAc. 1887

195, If P and @ be pomts on an cllipse whose foer are
S and H, the four straight hines SP, SQ, HP, H’), produced
1t necessary, are tangents to the same circle [Qu. 1887

194. The pownts of contact of tangents to a series of
confocal ellipses from a fixed point on either axis lie on a
cirele [Qu. 1887

195. If ¥ and Z be the feet of the perpendiculars from
the foct on tue tangent to an ellipse at P, prove that the tan-
gents at ¥ and Z to the auxihary circle meet on the ordinate
of P, and that tholocus of their intersection 1s an ellipse.

[Caru 1887.
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196. The tangents at the points P, Pof an ellipse
meet 1n T, and the normals meet the axis in @, G’ respect-
ively ; shew that PG, P'G’ subtend equal angles at 7.

[JEs. 1887.

197. Prove that the locus of the focus of a parabola
which passes through two fixed points, situated on a diameter
of a given circle and equidistant from the centre, and which
has a tangent to the circle for directrix, 13 an -llipsc whose
foc1 are the two fixed points [JEs. 1887.

198  Prove that the tangents drawn from the extremity
of a diameter of an ellipse to the circle described on the
axis minor as diameter form with the focal distances of
either extremity of the conjugate diameter a parallclogram
the difference of whose sides 1s equal to the semi-axis major.

[JESs. 1887.
199.  Inscube 1w an cllipse a triangle similar to a given
triangle. [CLARE, 1863.

200. Two conjugate diameters of an cllipse meet the
auxthary crtle m P and @ If £ and ¢ be the points on
the ellipse corresponding to P and ¢, prove that the tangents
at P’ and @ are at right angles. [JEs. 1887.

201. CA4, CD are fixed conjugate diameters and CP, CQ
variable conjugate diameters of an ellipse; AP, B() meet
in L ; shew that the locus of L 1s a similar and sunilarly
situated ellipse [JEs. 1887.

202 If TP, T1” be two tangents to an ellipse and P@,
I’@ the normals at P and I”, and 1if on 7'P and I'F pownts
@, @ be taken so that 7Q = T'G and 7'Q' = TG, shew that
Q@'+ 2PU when U 1s the middle pownt of GG'. [JoH 1886.

203 If a rectangle circumscribes an ellipse, prove that
its diagonals are the directions of conjugate diameters
[Jon. 1887

204 TP and TQ are two tangents to an cllipse, one of
whose foc1is §  P@ and ST intersect m X and from V, the
middle point of P(), a pe.pendicular VY is drawn to ST;
prove that PV PX XQ- SY-S8X. [Jon. 1887.
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205. T, T" he on CA, OB the semi-axes of an ellipse
respectively, and 77" 18 parallel to AB. Prove that two
tangents diawn, one from 7', the other fram I”, to two
adjacent quadrants of the cllipse will be parallel to conju-
gate diameters. [PeT. 1885.

206  If SY 1s the perpendicular from the focus S on the
tangent to an clupse at I°, prove that SY, CP meet on the
directrix. [PET 1886

207. PP 1s a diameter of an ellipse, the tangents at
P and @ arc at nght angles prove that the normal to
the ellipse at @ bisects the angle Q. [CLARE, 1886.

208. Pp a chord of an ellipse perpendicular to AC is
produced to mect the auxihary encle i P and p’, and
the normal at I’ mtersects O and Cp’ m Q and ¢ prove

that PQ=Pg=CD and PQ=51C [CLARE, 188"

209. A tangent to an ellipse at I cuts the major axis m
T, and CD 15 the diameter parallel to P71, prove that

TP+ 0D*= 8T TI'. [CLARE, 1886

210 If P be a powt on an cllipse, and the focal distance
SP mect the conjugate diameter in %, then the difference of
the squares on P and S/ will be constant.  [TRIN 1885

211. Two fixed ponts, @ and R, and a vanable pomnt P
are taken on an ellipse, prove that the locus of the ortho-
centre of the triangle PQR 1s a similar cllipse  [TRIN. 1886.

212 Two ellipses bave a common focus and 2qual major
axes ; 1f one ellipse 1evolves about 1ts focus in 1ts own plane,
prove that 1ts chord of intersection with the other ellipse
envelopes a conic confocal with this ellipse [TrIN. 1886.

213. From a point R on an ellipse two chords RQ,
R@Q arc drawn paiallel to conjugate diameters CP and CD,
the tangent at R meets Q@ produced in 7. Prove that

RQ*  RQ™_ ,
XX =0P CD? TrIN. 1886.
ori Qg [
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214. Two concentric cllipses have the same major axis,
and their semi-minor axes are CB and Cb; the ordmate of
any poiut P on the fiist cllipse meets the second ellipse in p-
shew that

CPr—-CB Cp O =CA* -0 CA*-Cb°
[TriN 1886

215 A senes of ellipses 1s described with equal majo
|

axes. The ellipses have ore fixed common focus and one
fixed common pomnt Prove that two consecutive ellipses
intersect along the moving focal chord through the fixed
pownt. Also prove that the locus of the point of intersection

1s an ellipse having the fixed focus and fixed point as foci
[PemB 1885

216 TP, T'Q are tangents to an ellipse at the extremities
of conjugate diameters, S 1s the focus, TR 15 the perpen-
dicular on 8P DProve that TR 1s cqual to the semi-minor
axis. [CAtus, 1885,

217  DBeing given of an ellipse, a focus, a tangent in

(=20 -] > 4 o
position, and the length of 1ts nunor axis  prove that the
locus of 1ts centre 15 a straight line. [Carus, 1883

218. A given straight line moves with one extremity
on the circumference of a cucle the radius of which 1s equal
to the given line, and with the other extrermty on a fixed
diameter of the circle. Shew that every pomt of the
straight line describes an ellipse  Also shew that the sum
of the semi-axes of each ellipse is equal to the diameter
of the circle. ['T. H. 1886.

219. Let PQ be a chord of an ellipse, 2 *he ex.remity
of the diueter CR bisecting @, P, ', R’ the corresponding
pomnts to P, @, R on the auxilhiary cucle; shew that R’
1s the middle pomt of the arc Q. If CR' cut the ellipse
in T, and 1" be the corresponding pownt on the auxihary
circle, shew that C71” is perpendicular to PQ [K 1885

220. From a pont T on the auxihary circle of an ellipse
an ordimate T'PP'N is drawn to the major axs meeting
the ellipse m P, the chord of contact of tangents from 7'
F’, and the major axis m N prove that

NP*=NP .NT. [Qu. 1886.
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221. A, Bare two given points. Ellipses of given eccen-
tricity are drawn so as to pass through 4 and have 4B for
normal at 4 ; and so that their axes pass through B: find
the loci of the foci. [CaTH 1886.

222. On PV, any ordinate to a fixed diamcter of an
ellipse, produced if necessary, is taken a pomnt ), such that
NQ 1s to NP as the diameter conjugate to PN 1s to the
diameter pa.:llel to PN, prove that the locus of @ 1s an
ellipse and determine the positions of the axes. [Prr. 1861

223. If P, @ be two points on an ellipse such that the sum
of their abscissae 1s constant, the locus of the intersection of the
tangents at P and @ 1s a sinular and stmilarly situated ellipse,
passing through the centre of the former. [Carus, 1861

224, TYLZ1s a tangent at L, the extremuty of the latus
rectum, meeting the axis major mm 7, and the auxihary
avcle m YZ Shew, that the ratio YL Y Z 15 equal to that
of the latus rectum to twice the axis major. [JEs. 1861

225 1I'P,TQ are tangents to an ellipse at I, Q, TV, the
tangent at 1’ to a confocal ellipse, mcets P@ produced m
V' prove that

ve vQ . TP 1Q. [TriN. 1861.

226. If the intercept on the normal to an ellipse made
by one of 1ts axes 1s equal to one of the focal radu vectores
to the pomnt whence the normal 1s drawn, the ntercept
made by the other axis will be equal to the other focal
1adius vector. [PET. 1861.

227 From a pont I” on a parabola a line is {rawn per-
pendicular to the directrix and meeting 1t in M prove that the
locus of the mtersection of AL and S 1s an cllipse; A bemg
the vertex of the curve, and § the focus. [CLARE, 1882,

228. Two ellipses have equal minor axes and one focus
common. Prove geometrically that the diameters conjugate
to the straight lmes jomning the pomts of contact of the
common tangents in each ellipse are proportional to the
major axes. [CLARE, 1882,
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229 If S, §' be the foci, P, @ any potuts ‘on the ellipse;
P, @ the pomnts m which SP, SQ produced are met by
the perpendicnlars from S’ upon the tangent at P and
respectively ; R the intersection of the straight lines PgQ,
P'Q)'; then will S'R Lisect the exterior angle of the triangle
PYQ.

230 From the foct S, H of an ellipse, whose centre is
0, SY, HZ aie diawn perpendicular to the *-ngent at P;
SP, HZ produced meet m .7, T'C, Y'S produced meet in Q.
and 7' produced meets the crcle described about 7QY
m R Shew that the locus of R 1s a circle. [JEs. 1882,

231 If from any pomnt I’ on an cllipse chords PQ, PQ
be drawn parallel to the axes, the normal at P cuts Q@' m a
constant ratio [JEs. 1882

232, From a pomt 1" tangents TP, TQ arc drawn to an
cllipse. If the bisector of the angle PT') passes thiough a
fixed pomt O on the major axis of the come, the locus of 7'
18 a cirele, [JEs. 1882

233. If TP, T'Q be a pair of tangents to an ellipse from
a pomt 1" on the auxilary cuele, prove that the quadrlateral
formed by jomimg SS'L() has two of 1ts sides parallel  Prove
also that 1f O be the intersection of the diagonals the angles
CTP, OT(Q) are cqual. [Jes 1886

234 The tangents at two pomts P, @ of an ellipse
intersect on a concentrie cncle  Shew that the straight
hne P@ touches a concentiie and coaxial ellipse whose axes
are 1n the duplicate ratio of the axes of the fiist ellipse,
and shew also that the pomt ot contact of I’Q with its
envelope naver bisects PQ cxcept when PQ is perpendicular
to an axis of the two ellipses [JEs 1886

235. P 1s any point on a fixed cwrcle, PL is drawn in
a given direction and 1s of constant length, and the,circle on
PL as diameter cuts the given circle again 1 @7 shew that
PQ always touches a fixed ellipse. [JEs. 1886.

236. Prove that any focal chord of an ellipse is a third
proportional to the axis major and the d'uneter parallel to
it. [-TEs. 1886.
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237.  PSQ1is a focal chord of an ellipse, and the tangents
at P and @ meet in Z Prove that

SZ*+ BC* . 28Z* . C4 PQ [JES 1886.

238 If the noimals at conjugate pomnts P and D of an
ellipse meet in %, prove that O 1s perpendicular to LD.
[Jou 1885

239 If the =rcle passing through the foci and one end
of the minor axis of an ellipse mcet the curve m P and @,
prove that the distances of the tangents at P and @ from
the centre are each equal to the distance of a focus from the
centre [Jom. 1885

240  If a cicle roll on the mside of the circumference of
a cucele of double 1ts radius, prove that any point 1n the area
of the rolling cucle tiaces out an ellipse. Prove that the
ellipse traced by the middle pomnt of a radius, and the ellipse
traced by the pomt on the radius produced, whose distance
from the centre of the 10lling curele 1s equal to its diameter,
are similar curves, [Jon 1885

241 'T'wo paralle]l tangents to an ellipse touch 1t at I
and Another tangent at R cuts these m 7"and 77, and
LT and Q7 mterseet m V. Prove that RV 1s parallel to
PT and QT7, and 18 cqual to half their harmome mean

[Jon. 1885

242. Prove the existence of the director circle of an
ellipse, and prove that the dnectrix of the ellipse 18 the
radical axis of the director circle and of a pont circle at the
corresponding focus. [Jon. 1886.

243 If C'K be diawn from the centre C' perpendicular to
the tangent at a pomnt P of an cllipse, and the circle round
PKB meet the major axis m M, and with M as centi’ and
OB as 1adius a circle be deseribed cutting the minor axis in ¥
and &V, shew that MNGN' 1s circumscribable by a circle.

[PeT. 1884

244 An ellipse is drawn through two fixed pomnts 4 and
B and 1s sir-lar and similarly situated to a fixed ellipse which
it cuts m C and D AC, AD cut the fixed ellipse again in &£
and F. Shew th-t the lines CI', EF each pass through a
fixed point [Prr. 1884
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245. If S and I be the foci and 2P, TQ two tangents tc
an ellipse at right angles to each other and I'M perpendicular
to SP; shew that

ST. HI'=2TM . AC. [PET. 1884

246 Two ellipses have the same foci, frcm points on the
outer tangents are drawn to the mner; find the envelope of
the chord of contact [CLARE, 1885,

247  On any chord of an ellipse passing through a fixed
point on the major axis, a circle 1s deseribed having the chord
as diameter , prove that the line joining the other two points
of intersection of the ellipse and circle passes through a second
fixed point on the major axis [CLARE, 1885

248. A A’1s the major axis of an ellipse of which S and

S’ are the foci, AR, A'R" are drawn parallel to SP, and S'P
to meet the tangent at P in R and R’ prove that

AP+ A'R'=44" [CLARE, 18G5

249  If the tangent and normal at a point P of an ellipse
meet the major axis in I and G 1espectively, prove that the
cireles deseribed on such intercepts as G7' have a common
radical axis. [CLARE, 1885,

250 Two given ellipses on the same plane have a com-
mon focus, and one revolves about the common focus, while
the other remains fixed, prove that the locus of the point of
mterscction of their common tangents 1s a circle

[Trin 1885.

251 If AQ be drawn fiom onc of the vertices of an
cllipse perpeadicular to the tangent at any pomt P, prove
that the locus of the pomt of intersection of PS and QA
produced will be a circle, S being one of the foc

[TrIN. 1885.

252. Through the centre of an ellipse whose foc1 are
S, 8 two constant equal lines are drawn paralle! to SP, PS
wheie P 1s a point on the ellipse: prove that tue locus of
the fourth angular point of the parallelngram having the
equal lines as adjacent sides 18 a circle [TrIN. 1885.
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253 N and H are toc of an ellipse and 7' a pomnt on the
major axis produced. A circle 1s described on SH as diameter
Another crcle is deseribed to cut the first at nght angles and

also to cut the major axis at nght angles in I Shew that
the latter circle mects the ellipse upon 1”s polar with respect
to the cllipse. [PEMB 1883

254 The normal at a pomt I’ of an ellipse mects the
axes m (7, ¢  Shew that 1if CK 15 the perpendicular fiom
the centie on the tangent at P, O the middle pomnt of C¢7
and O the middle pomt of CG, then will OB=0K =02P,
and O'Ad =0K=0P [TrIN. 1885

255 SY and HY’ are perpendiculars from the foei S
and H of an cllipse upon a tangent and X and X’ are the
feet of the cortesponding directiices, prove that XY and
XY’ mtersect on the minor axis. [TriN 1885

256  An ellipse 15 traced on paper, shew how to find 1ts
prinapal axes [TrIN. 1885.

257 1f P be any pomnt on the tangent at 4, the ex-
tremity of the major asis of an ellipse, and if 7" be the
other tangent from P to the ellipse, prove that P71 1s longer
than PA [PeMB 1885

258, Two similar and sunilaily sitnated ellipses, centres
O, ¢’ touch one another at a vertex A through . 1s drawn
a chord, meeting the ellipses 1 P, Q respectively L°C, QC’
mtersect 1n £ Find the locus of B [PEMB 1884.

259  From any pomnt 7 on the auxihary circle of an
ellipse tangents ate diawn, touching the curve at I’ and Q.
If Pp, Og be the diametcers through these points, shew that
Pyq, ¢p will be focal chords [PEMB 1884.

260. The angular pownts of a triangle are a poiut on
a given ellipse, the centre of the ellipse, and a focus of the
ellipse : prove that the locus of the centre of gravity of the
tnangle 1s a suwlar ellipse [T. H. 1885.

261. If the tangent at any pont of an ellipse intersect
the tangent. at the extremities of the major axis in R and
R, then the circle described on RR’ as diameter will pass
through the foci [T. H. 1885.

C. G 12
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262. Any two fixed points are taken on.the "najor axis
of an ellipse; through one a lme 1s drawn pacallel to S"2,
through the other are diawn lines parallel to ¥'S, Y'N’+ prove
that the lattcr meet the former in pomts which are the
extremities of a diameter of a fixed cucle [T H 1885,

263. PGg¢ normal to the clhpse at I weets the axes in
( and ¢ A circle 15 desenibed on (fy as diameter and another
circle deseribed with I as centre, and cutting the former at
nght angles, mtersects PGy m @, ', prove thet the triangles
SPQ, S PQ axe sumlar [Cur 1885.

264  From any pomt @ of a given crcle QR is drawn
perpendicularly to a fixed tangent and 1s divided n I so
that QP PR 15 1n a given 1atio, shew that the locus of P
18 au ellipse [Qu 1885.

265 If the diameters thiough the ends of the latera
1ecta of an ellipse are conjugate diatneters, then the line
jommg the focr subtends a right angle at the ends of the
mInol axis. [Qu. 1885.

266. If the normal at 2 of an clhpse pass through the
extremity of the mmor axis then the eircle, described on the
Ime joming the focr as diameter, will touch the tangent at
P to the ellipse [Qu. 1885

267 A circle 15 drawn touching an cllipse m two points
L and @ symmetrically situated with regard to the axis and
passing through the focus 8, shew that SP = 8@ = latus
rectum [CArH. 1885

268  Project the following theorem —If 04 and OB be
radn of the arcle at right angles to each other, and P and @ be
pomts lying respectively on the productions of 04 and OB;
then PB and QA will meet on the circle if the rectangle
AP B@ be equal to twice the square on the radius of the
cirele. [Jou. 1884

269 (4, CB are the semi-axes of an ellipse. If the
rectangle ACBV be completed, and the curve bisect SV,
shew that AC*+ BC*=24C.CS [Prr. 1883.

270. Tangents are drawn to an ellipsc from any point
on the line through the focus perpendicular .~ the axis:
prove that the length intercepted by them on the corre-
sponding directiix is bisected by the axis [PET 1883.
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271 PSQ, PIFR ae focal chords of an ellipse, QT', BT
the tangents at @ and B Shew that PT" is the normal at P
[PET. 1884

272 TP, TQ me tangents to an ellipse at P and Q,
Op, Cyq are the respective parallel semi-diameters, Tp, PC
(produced 1if necessary) meet 1n L and 7', QU m M5 P, QL
are produced to meet 1 V. Prove that TCV 1s a straight
line. [PET 1884

273 A cucle and an ellipse have a common diameter,
from any pomt on this diameter tangents are drawn to the
cllipse and carcle, prove that the lines joinmg the points of
contact are parallel to a fixed line [CLARE, 1884,

274 A scries of cllipses have a common centie and have
two conjugate diameters given 1n dnection and also the sum
of the squares of thewr axes, prove that they all touch tour
straight hnes [CLARE, 1884,

275. Through a given pomnt 0, a chord OP@ 1s drawn
to a given ellipse  find the stationary values ot the rect-
angle 0. 0Q, and distinguish between the maximum and
minnum values, [TriN 1883

276 P, @, R airc thice pomts on an cllipse, eentic C,
RP, RQ meet the diameter 404" which biscets 2@ i N
and 7" Shew that ON OT = CuA* [TrIN. 1884,

277  The diameter parallel to any focal chord of an
cllipse 18 equal to the chord joming the pomts on the auxihary
cucle which correspond to the eatremnties of the focal chord

[TrRIN 1884

278 Shew how to diaw a focal chord of given length in

a @iven cllipse and prove that if the two chords so hrawn be
P and P'Q, then a crcle ean be desciibed rouna PP)QY

[TrIN. 1884.

279 If a tnangle can be inscribed 1n an cllipse with 1ts

centre of gravity at the centre of the ellipse the triangle must

be the greatest triangle which can be mseribed. [TRIN. 1884.

280. J¢ the normal PG to an ellipse pass through 1,

prove that BG 1s equal to half the distance between the foci.

[PEMB 1884,

12-2
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281 If a tangent, 1ts pont of contact and ore focus of
an clhipse be given, find the locus of 1ts centre. [Calus, 1884.

282  On 7Q, TQ a pair of tangents to an cllipse, whosc
foct are 8 and H, T'R, TR’ are taken equal to 7'S and 7'H
respectively ; prove that BR’ is equal to the major axis, and
that if 7S cut RR i W, T'W 1s equal to T'¢ [Carus, 1884.

283. A gwen straight line moves with one extremity on
the circumference of a circle the radius of whrch 1s equal to
the given line, and with the other extremity on a fixed dia-
meter of the circle. Shew that every point of the straight
line describes an ellipse. Also shew that the sum of the
semi-axes of cach ellipsc 1s equal to the diameter of the circle.

[Mac 1884

284 If the tangent at a powut P of an cllipse meet the
tangent at the vertex A in 7" and 8’ be the tocus further
from A, then 7'4 1s equal to the perpendicular from 1 on 8"

[QU 1884.

285. If (Y, OZ be drawn perpendicular to the tangents
to an ellipse at I and D conjugate pomts, and 1) be the
opposite end of the diameter CD, shew that PD’ is the
diameter of the cucle deseribed round the tnangle YCZ

[Qu. 1884.

286 Having given the auxihary circle of an ellipse and
a tangent to the ellipse touching the ellipse at a given point,
find the foc1 of the ellipse . [CaTH 1884.

287. If AA’ is tHe transverse axis of an ellipse, and 1f

Y, Y’ are the feet of the perpendiculars let fall from the foei

on the tangent at any pont of the curve, prove that tie locus
of the puint of intersection of 4Y and A’Y” 1s an ellipse

[TRIN 1885.

288. The perpendicular from C on Q@ meets the auxi-
liary circle m R, through C a line is drawn parallel to PR
meeting a perpendicular to Q@ through V i 0, QVQ’ being
a double ordinate to the diameter CP. Prove that, if an
ellipse be described through @ and Q" with O as centre and
major axis equal to that of the given ellipse, 1t will have its
minor axis equal to DCD’ * [TrIN 1886.
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289. Thiough the foct S, H of an ellipse two lines PSP'
QHQ are drawn meeting two tangents PQ, P’Q’ and such
vhat PP, Q@ are bisected 1 S and H respectively  Shew
that_a circle can be described about the quadrilateral PQQ'P’".

[JES 1884

290 In the ellipse 1f the perpendiculars from ¢ and ¢
on CP and the tangent at P mect mn H, and the circle on CH
as diameter meet the tangent at P i I, prove that CL is
equal to the tangent drawn fion. P to the circle described on

the axis minor as diameter [JEs. 1884,
201. The locus of the mtersection of tangents to an
ellipse at right angles 1s a circle [JES 1884

If the tangent at P cut this circle in 7', prove that 10
subtends at the foci angles which arc complementary

292 A crcle passing through the foci of an ellipse inter-
sects the curve at £ and  on opposite sides of the axs.
Prove that the sum of the squares of the perpendiculars from
the centre on the tangents at £ and @) 15 equal to the square
on AC. [Jon 1883

293  From the foci S, I, SO, IIO" are drawn perpen-
dicular to SP, I’ to meet the normal at I in 0, ) Shew
that 00’ 1s bisceted by the minor axis [Prr 1883,

IITYPERBOLA.

294 Ghve i magnitude and position the two axes A4,
BCB cf a hyperbola, construct gecometrically a pair ot con-
Jugawe diameters PCP’, DCIY, which shall contair a given
angle. LL C S 1886.

295. A straight line cuts a pair of conjugate diameters
of a hyperbola in I and D, and a second par in I and D'
if O be the middle pomt of the line intercepted between the
asymptotes, prove that

OP.0D=0P .0 [I. C. S. 1886

‘296. Given one focus, a tangent, and the length of the
minor axis a hypcrbola, shew that the locus of the centre is
a straight line. [I. C. 8. 1885,
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297. If two tangants cf a hyperbola intevsect on one
branch of the conjugate hyperbola, prove that their chord of
contact touches the other bianch. [I.C S 1885

298. Through N the foot of the ordinate of a point P on
a hyperbola draw N@) parallel to AP to meet CP 1 @ Prove
that A4¢) 1s parallel to the tangent at P [T CS 1884

299. Two angular points of an equilateral tiiangle are
respectively the centre and one focus of a hyperbola, and one
side of the trangle 15 an asymptote  ¥ind where the other
two sides are cut by the curve [T C S 1883

300 If two sides of a triangle are fixed in duection and
the third passes through a fixed point, the locus of the centres
of the circles aarcumsceribing the triangle will be a hyperbola

[T ¢S 1883,

301 A circle is deseribed having for diameter a chord
of a rectangular hyperbola with 1ts ends on different branches
Prove that the perpendiculars drawn to this chord fiom the
other pomts of tersection of the encle and hyperbola are
tangents to the hyperbola [PET 1887

302  Given m position the asymptotes and one tangent
to a hyperbola, shew how to construct the enrve
[PET. 1887,

303 A crcle and a rectangular hiyperbola interseet in
four pornts which lic on a given parabola, prove that an axis
of the hypeibola 1s paiallel to the axis of the parabola; and
shew that whatever curve the centic of the hyperbola (or
circle) describes, the centie of the encle (o1 hyperbola) will
desermbe an cqual curve, the two centres moving over then
1espective curves 1n opposite directions [PEr 1887

304. A parabola and rectangular hypetbola, one of whose
asymptotes 1s the axis of the parabola, cach zrcumseciibe the
trangle PQR whose sides cut the axis of the parabola m p,
q. r, respectively. If A be the vertex of the perabola, and
PN the ordmate of P, prove that

Ag+Ar=A4AN
[PeT. Pemb, &c, 1888,
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305. Wath cach pair of three given pownts as foci, a
hyperbola 1s drawn passing through the third point. shew

hat the threc hyperbolas thus drawn interseet in a point
[TriN 1888.

306. Shew that all the conics which pass through the
three vertices of a triangle and che mterscction of 1ts three
perpendiculars are equilateral hyperbolas. and determine the

locus of the erntre of these hyperbolas.
[Loxp 1st BA Hon. 1872.

307. Two pomnts P, @ are taken on a hyperbola so that
the tangent at P> and a parallel through @) to one asymptote
mtersect on the other asymptote ; shew that the tangent at
@ and a parallel thiough P to the second asymptote intersect?
on the first asymptote [TrIN. 1888,

308  Guven a hypetbola traced on paper, how would you

find 1ts transve:se and conjugate axes and 1ts asymptotes ?
[T H 1888

309. Having given the asymptotes of a hyperbola and a
pownt on the curve, find the foey, duectrices, and vertices
[C C C 1888
310. € 1s the centre of a rectangular hyperbola, a
straight Iine LQ 18 diawn parallel to one asymptote (M
meeting the other m 7, and the angle QUM 15 bisected by a
straight line which mects the hyperbola i I?; shew that CQ
18 proportional to CF%, @) bemg any point on the line L@
[Caru. 1888
311. The perpendiculars diawn from the foci of a 1ect-
angular hyperbola on the tangent at any powmt I meet the
curve 1 pomnts K, L, M and N Prove that KLMN is a
parallelogram two of whose sides are at righ. aigles to the
diameter through I’ [JEs &c 1888.

312  One asymptote and three pomts of a hyperbola

being given, construct the other asymptote.
[JEs &c 1888

313. Jf P be any pomnt of a hyperbola and 44’ its
transverse axis, and 1f A’P and 4P meet a dircetrix in % and
F, prove that KF subtends a right angle at the corresponding
focus. [JoH 1888,
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814. With two sides of a square s asymptotes, and the
opposi‘e point as focus, a rectangular hyperbola 1s described ;
shew that 1t bisects the other sides [Jor 1888.

315. An ellipse is drawn having its axes, major and
minor, coincident 1n direction and magnitude with those of a
hyperbola: from any pomnt 7' on either asymptote, tangents
TQ, TQ are drawn to the ellipse: prove that the circle
described round 7'Q@ passes thiough the centre of the
hyperbola [CLARE, 1887.

316. ABCD 1s a rectangle Two equilateral hyper-
bolas having their asymptotes parallel to the sides of the
rectangle pass through A and C, and B and D, 1espectively.
Prove that the polar of the centre of one hypeibola with
respect to the other coincides with the polar of the centie of
the latter with respect to the former. [Trin 1886

317. P 1s a powt 1 the plane of a triangle A BC, such
that the perpendiculars fiom A, B, C upon PB, PC, PA
respectively meet 1m a pomnt Shew that the locus of P 1s
a hyperbola circumseribing the triangle ABC and passing
through the points of imntersection of the perpendiculars let
fall from A4, 55, (' upon the opposite sides ot the triangle with
the straight Ines drawn fiom B, , A4 1espectively perpen-
dicular to BA, OB, AC [TrIN 1886.

318. Prove that the parallel focal chords of conjugate
hypeibolas ate to oune another as the eccentricities of the
hyperbolas. o [TriN. 1887

319  Find the locus of the intersection of the tangent
with a straight linc drawn from the focus making a fixed
angle with the tangent [TRIN 1887.

320. P 1s a pomt on a hyperbolic branch whose vertex
is A, J.PL' is the tangent at £ termmated by the asymp-
totes, and MPAM’ 1s a straight line termimnated by lines
drawn through the further vertex parallel to the asymptotes :
shew that LM and L'M’ are parallel [Mag. 1887.

321. If P and @ be any two points on a 1ectangular
hyperbola, (' the ntersection of the axes, P7 the tangent at
P, QM and QN the perpendiculars from @ upon C2" and PT
respectively, shew that CM and CN are equal.

[MAa. 1887.
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322, If a tangent at P meets the asymptotes iy L and
M the locus of the centre ot the circle circumseribirg the
.riangle LOM is a nyperbola having its asymptotes at right
angles to the original ones. [Qu. 1887

323. Oz, Oy are any two fixed straight lines; . lics
on Oz and B on Oy and 0OA =CB Through 4, B, any two
parallel lines AM, BN are drawn meeting Oy and Ox respec-
tively in M and NV ; shew that the locus of the middle point
of MN 1s a hyperbola. [Carn 1887,

324 A carcle which passes through two fixed points
S, 8, cuts two fixed straight lines, which are perpendicular
to 88" and equidistant fiom its middle pomt, in the pomts
P, Q and P, Q. Shew that if PP be not parallel to SS7,.
1t will touch a fixed conic whose foci are S, S’
[Jes &c 1887

325. A rectangular hyperbola 1s drawn passing thiough
two fixed pomts P,  on a fixed conic, and having an
asymptote parallel to a given straight line  shew that 1if
1t cuts the given conic agamm i B and S, the straight lies
PR and QS mtersect on a fixed conic [Jrs. 1887,

326. 0X, OY are fixed straght lines, A4 is a fixed
point on OX and P a vanable pomt on OY, PP 1s drawn
perpendicular to AX and @ taken on PM so that AQ=PM;
find the locus of Q. [Jus. 1887.

327. P 1s any pomt on a circle of which 4B 1s a fixed
diameter. Through B a line is diawn to mect Pl produced
m ) so that BP, B(Q) make equal angles with 4B, Find the
locus of @ [JEs. 1887,

328 If a triangle ABC be msenbed in a rectangular
hype1bola, prove that 1ts orthocentre P lies on the hyperbola.
If through P chords PA’, PB', PC’' be drawn parallel to
the sides of the trangle, prove that AA’, BB, CC’ are
parallel. [Jom. 1886.

329. A and C are points on opposite branches of a rect-
angular hyperbola, and the circle deseribed on AC as diameter
meets the curve again 1n B and D. Prove that the distances
of any point on the hyperbola from the sides of the quadri-
lateral are proportionals, [JoH. 1886.
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330. The base AA’ of a triangle is fixed 1n magnitude
and position + prove that 1f the difference of the base angles
15 a nght angle, the locus of the vertex 1s a rectangular
hyperbola

If PN 1s the perpendicular on 44" and NQ, NQ' the
tangents from N to the circle on 4 A’ as diameter, prove
that PQ) passes through 4’ and PQ’ through A, and also, 1f
Q@ mtersect AA’ m M, that PM 1s the tangent at P.

[Jon. 1887.

331 If a famly of rectangular hyperbolas be described
about a tiangle, their centres will all lie on the nine-point
circle

If the triangle be nght-angled, all the hyperbolas will
have a common tangent at the right angle. [PET 1886.

332  Prove geometrically that the locus of ponts on a
system of confocal ellipses where the tangents are parallel to
a given line 18 an equilateral hyperbola. [CLARE, 188C.

333. If the conjugate diameters PCp, DO of an cllipse be
the asymptotes of a hyperbola, Q@' one of the common chords,
Q'R, QR chords of the cllipse parallel respectively to /D and
UP, prove that Or QR CD:CP. [CrARE, 1886.

334  Prove that the common chords of a hyperbola
and cucle may be grouped 1n pairs which meet the asymp-
totes 1 concyclic ponts; and that these cuncles are all
concentric with the origial circle [TrIN. 1886.

335  Having given, m a triangle, 1ts base and the differ-
ence of 1ts base angles, prove that the locus of the vertrx 1s a
rectangular hyperbola ~ When 1s the base of the triangle the
transveisc axis’ [Ca1us, 1885

336 If two concentric rectangular hyperbolas have a
common tangent the angle between their transverse axes
will be half the angle between the straight lnes from the
centre to the points of contact. [T. H. 1886.

337. In a hyperbola, supposing the two asympuotes and
one point of the curve to he given in position, find the posi-
sition ot the vertices. [T. H. 1886.
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338  Four tangents to a hyperbola form a rectangle If
one side AR of the 1ectangle cut a duectrix of the hyperbola
.n X and 8§ be the corresponding focus, shew that the tri-
angles XS4, XSB are similar [Cir & E. 1885,

339 In the rectangular hyperbola, the angle between a
chord PQ and a tangent at I” 1s vqual to the angle subtended
by the chord I’Q at the other extremity of the diameter
through P.

340  Two rectangular hyperbolas touch one another
P and intersect m R and § Prove that the cucle on RS
as diameter passes through P and the extremities of the
two diameters through I [Cur & E. 1885.

341 If an equlateral triangle be mseribed m a rect-
angular hyperbola, find the locus of the centie of 1ts eneum-
scribing cucle [QUu 1886

342 In the rectangular hyperbola, prove that the portion
of the normal at any pomt intercepted between the pomt and
the axis, 15 equal to that semi-diameter of the conjugate
hyperbola which 1s perpendicular to the normal  [Joi. T861.

343 Parabolas are drawn passing thiough two fixed
pomts 4 and B, and with thenr axes paallel to a given
straight line, 1f a tangent be drawn at nght angles to AB,
prove that the locus of 1ts pomnt of contact 15 a hyperbola

[Jon 1861.

344 A straight line"moves between two stiaight hnes
at 1ght angles to cach other so as to subtend a right angle
and a half at a fixed point on the bisector of the 11ight angle;
prove that 1t always touches a rectangular hyperb-la

[Jo™. 1861.

345  Prove that a rectangular hypeibola, confocal to a
gwen ellipse, mtersects 1t at the extremitics of 1ts equi-
conjugate diameters [PET 1861.

346. The tangent to a parabola at I’ meets the tangent
at the vertex n ¥ The ordinate I’V is produced to & so
that RN = PY. Shew that the locus of If 1s a rectangular
hyperbola, [JES 1882.
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347 A and B are fixed points on a given circle, and CD
is any chord of given length If UK be a chord parallel to
AB, and if AL, BD meet 1 O, the locus or O 1s a rectangular
hyperbola. [JEs 1882.

348. Given the zuxihary circle of a hyperbola and a
pomnt on the curve, shew .hat the locus of the foci 13 an
hyperbola. [JEs. 1886

349 Shew that the locus of the intersection of two
equal circles which touch two given parallel straight lines at
given pomnts A and B and whose centres are on the same
side of 47 1s a hyperbola [JEs. 18806.

350. Shew that the angle between two tangents to a
rectangular hyperbola 18 equal or supplementary to the angle
which thewr chord of contact subtends at the centie, and that
the bisectors of these angles meet on the chord of contact.

[JEs. 1886.

351. The tangent at a pownt I of a rectangular hyper-
bola meets the asymptotes m K and L, and the normal at
P meets the axis in (/; find the centre of the circle circum-
scribmg the quadnlateral CKG L. [Jon 1885.

352  Two hypeibolas have the same transverse axis and
a line perpendicular to it meets them 1n pomnts P and P,
Prove that the tangents at P and P’ mect on the transverse
axis [PEr 1884,

353. A tangent to a hyperbola at a point P meets an
asymptote mn 7" A lime R'PR is diawn patallel to this
asymptote, to meet a dircctrix 1 £’ and the line S71n R,
where S 1s the focus corresponding to the duectrix, prove
that R'P = RP = SP. [CLARE, 1885.

354 Shew that if the tangent at a point I’ of a hyper-
bola meet an asymptote in 7', the angle between C7" and HP
will be double the angle S7'P; where C 1s the centre, and
S and H the foct of the curve. [TRIN. 1884,

355 Shew that if CP, CD be conjugate semi-diameters
of a hypeibola whose foci are S and H, then the distance of
D from a Line drawn through C parallel to FP will be equal
to the semi-minor axis, [TrIN. 1885,
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356  The tangent to a hyperbola at a pont £ mects the
asymptotes .n @, ¢; QM, qgm are the ordinates of @, ¢, and
CT the perpendicu’ar from the centre on the tangent at I

If TM, Tm meet the normal at P> m KA, L respectively,
shew that QK ¢l 1s a rhombus [PEMB 1885,

337  Definng the hyperbola to ve the envelope of the
hine which cuts off from two fixed lines a triangle of constant
arca, prove that the hyperbola has two asymptotes and that
the line toucnes the curve at 1ts middle point

[G. & C. 1885.

358 Prove that the angle between the tangents at a
point of mtersection of two concentric 1ectangular hyperbolas
1s double of the angle between their transverse axes

[T H. 1885

359 Let PQ be any diameter of a rectangular hyperbola
and let a cicle be described with centre 2 and radius £2Q),
then 1f 4, B, C be the other pomts in which the circle cuts
the hyperbola, the triangle A BC 18 equilateral (K. 1884.

360 A crcle meets a given rectangular hyperbola n
A, A, P, P, prove that the tangents to the hyperbola at
P, P’ intersect 1 a point lymg on the diameter of the
hyperbola at right angles to 4.4’ [CHr. 1885.

361. 8 1s the focus of a parabola whose vertex 1s A, and
SA meets the directrix i X ; SXI is an angle of 60° and
SH is perpendicular to SX, shew that a hyperbola may be
deseribed with S and H as foer touching the parabola in a
pomt P whose focal distance 1s equal to the latus rectum

[Qu. 1885.

3¢2. Through a given point P any straight line 1s drawn
meeting two fixed straight lines i P’ and (), 2 pomnt Q is
taken on P’PQ’ so that QQ’ = PP’; shew that the lc~us of @
18 a hyperbola [CATH. 1885,

363. The tangent and normal at any point of a hyper-
bola intersec. the asymptotes and axes respectively n four
points which lie on a circle passing through the centre of the
hyperbola, and the radius of this circle varies inversely as the

perpendicular from the centre upon the tangent.
[JoH. 1884
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36t If the asymptotes of a hyperbola be irclined to
cach oher at an angle equal to half a night angle, find (and
trace) the locus of the orthocentre of *he tuangle CHI,
where If and K are the points in which lmes through I

parallel to one asymptote meet the other respectively
[Prr. 1883.

365 If the tangent at a point I meets an asymptote mn

T, and the chords joming L to two other nonts M and N,

mcet the asymptote m A and (), prove that T4 = 4°0,
where 4’ 1+ the point 1n whien M AN meets the asymptote

[CLARE, 1884,

366 ABC'D 1s a parallelogram , from any pont 72 in BC
a perpendicular £F 15 drawn on AD, and G 13 drawn at
right angles to AL, the pomts F and G being on 4D, on
AB a pomt K 1s taken so that AN = FG, prove that FIC
always touches a fixed hyperbola [TrIN. 1884

367. From any point I’ m a hyperbola, perpendiculars
PM, PN aic diawn to the asymptotes, and PN meets the
cutve agamn at P, prove that the ratio of PM to ’N 1s the
same for all positions of L. [Prms. 1884,

368. Parallel tangents are diawn to a system of ciicles
which pass through two fixed pownts; shew that the locus of

the ponts of contact 1s a rectangular hyperbola.
[Cur 1884

369. The pomnts 4, B, C, D, he on a hyperbola, and the
hines A3, CD mtersect on an asymptote; find the other
asymptote [PEr. 1884.

370. Tangents arc drawn to g rectangular hyp~rbola
from a pomt 7" on the transverse a,x%ﬁ, mecting the tangents
at the vertices m @ and @' Prove that @@ touches the
auxiliary circle 1n a pownt I such that RZ' bisccts the augle
QTQ'. [TrIN. 1885.

371. A line is drawn parallel to the side A€ of a triangle
ABC meeting, 1n P and @ respectively, A3 and the tangent
at C to the circle circumseribing the triangle ABC. Shew
that the locus of the intersection of CP, B@) 1s a rectangular
hyperbola. [Jrs 1884.
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372  CGiven an asymptote and two ponts on a yper-
bola, shew that the envelope of the axis 15 a parabola

[JES '1884

373 Chords of a hyperbola are drawn through a fixed

nomt  Shew that the locus of thewr middle pomts is a

hyperbola, similar to the original hyperbola or to its con-

Jugate [Jou 1883.

374 On a plane field the erack of the 1fle and the thud

Jf the ball sti.king the target are heard at the same instant

find the locus of the hearer [Jou 1884

375 In a rectangular hypeibola 1f 1°Q be o chord and
CV the diameter conjugate to PQ, the ancle between 1Q
and the tangent at I’ 1s equal to the angle VO

[Skn 1884

376 From a pomt A on the comjugate hyperbola KQ Ppy
is diawn to meet the hyperbola m 2%, p and the asymptotes
in Q,q shew that KPP Kp=2K(Q).Kq [Prr 1883.

377 P, Q arc two points on a hyperbola, through P 1s
drawn a patallel to one asymptote and through @ a parallel
to the other meeting the former parallel m 7} the tangents
at L and @ mect 7'Q, 11 1espectively 1 p, ¢, shew that py
1s parallel to Q) [Prr 1883

378 Let S, 8 be the foer of a hyperbola, .Y, A the points
wheie the corresponding directrices meet S, SV, 8’V the
perpendiculars on a tangeut, then 1f X'V, X'} meet the
auxiliaty circle agan m y, 4’ shew that yy'1s also a tangent
to the hyperbola, [Prr 1883.

379 If through cach of the nuddle pomnts of two chords
of a 1cctangular hyperbola a parallel 15 diawn to the other,
therr 1atersection, the centre and the two middle pomts arc
on a circle. [CLARE, 1883

380  If through two vertices of a triangle msciived m a
hyperbola two lmes be drawn parallel to the asymptotes to
meet the opposite sides, the line which joins the ponts ot
intersection Wl be parallel to the tangent at the third
vertex [CrARE, 1883.

381 If QV be an ordinate to the diameter PCp of a rect-
angular hyperbola, prove that @V 1s the tangent at  to the
circle round the vriangle PQp. [T.H. 1883.



192 PROBLEMS.

GENERAL CONICS.

3£2, N and I are the foer of a conie respectively corre-
sponding to its two directrices, which latter are respectively
intersected by a tangent to the conic in the points L and M.
If N be the intersection of LS and MII (produced 1f neces-
sary), prove that LN = MN [T C. 8. 1885.

383  Gaven the focus and two points of a conic section,
prove that the Jocus of the foot of the directriy 1s a circle

[I.C'S 1884.

384 In a cential conmie let PK, PL be the tangent

and normal to the curve at 2, and let ANL be drawn parallel
to 8P, where S and 8 are the focx  Prove that XS=SL

[Prr 1887.

385  The tangent at I meets the major axis in 7, per-

pendiculars to the axis fiom the feet of the verpendiculars

through the foci to the tangent meet the curve m L, I/

respectively  prove that T'LL" arc 1n a straight line
[CLARE &c 1888.

386G A straight line moves so that the intercept made
on 1t by two fixed straight lines subtends a constant angle
at a fixed pont, shew that it touches a conic having this
point as a focus |TrIN 1888

387 If AB arc two pomts of any diamcter of a central
conic section, and €, D two points on the conjugate diameter,
prove that 1if the pole of AC les on BD then also the pole
of AD lies on BC [Loxp 1st B A, Hon. 1870.

388  Prove that if two triangles are circumscribed about

one conic they are inseribed 1n another
[Lonp 1st B.A, Hor 1876.

389. If any number of circles touch a conic at the same
point, prove that the chords joining the pomts of inter-
section are all parallel [Loxp 2nd B A. 1873,

390. A series of conics have a common focus and
directrix. Any straight lime drawn at righ’ angles to the
directrix meets the comes i points P, , R.... Prove
that the feet of the perpendiculars drawn from the common
focus on the tangents at P, , R ... all lie on a straight line
passing through the foot of the directrix. [JEs. &c. 1888,
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391 Shew that the locus of cither extier. 1ty of the ,}xlajor
axis of an ellipse mscribed m an 1sosceles triangle wi'n that
major axis parallel to the base, 1s a parabola with 1ts vertex
at the middle pomnt of the perpendicular on the base from
the vertex of the triangle [JEs. &c. 1888.

392. Two conies have a focus and directrix in common,
and P, @ are two pomts, one o. each conie, such that the
angle PSQ 1s constant and equal to a. Piove that tho
tangents at P and @ intersect on a come with the same focus
and directrix, [JoH. 1887,

393. Prove that, 1if the lines joming to the foci any
point P on a conic mect the conic agan in @ and R, the
line QR 1s always a tangent to a concentiiec and coaxial
conic. [Jor 1887.

394 The tangent al a moveable point P of a conic
mtersects a fixed tangent 1 @, and from 8 the focus a
straight line 1s drawn perpendicular to S and meeting in
R the tangent at I’, shew that the locus of R is a straight
line. [Jon 1888.

395 The tangent at any pomt I’ of a conic cuts the
transverse axis in 7' and S 15 the focus, prove that the conic
1s an ellipse, a parabola, o1 a hyperbola, according as 81" 1s

greater than, equal to, o1 less than SP. [TrIN. 1886

396. C is the centic of a given conic, O is a given
point, and CO meets the conic 1n a pont between ¢ and O,
a straight lme OPRQ meets the conic in P and ¢, and
the diameter conjugate to CO in a pomnt R between P and

I
OPRQ. [TrIN. 1886.

397 A conic has a given focus S, and a givea focal
chord PSQ If the normal at P cuts the axis in @, find the
locus of G. [PEMB. 1886.

398 A couic 1s described passing through a given pomt
P and having at that pont a fixed tangent PZT. The
major axis is perpendicular to a fixed hne PU and is equal
to a given line. Shew that the centre lies on a hyperbola
whose asymptotec are PU, PT

C. G, 13

@, prove that 1§5+ gg 15 independent of the direction of
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319. If P be any pomt on a conic, PK the perpen-
dicula® on the directrix and K P be produced until PQ 1s
equal to the focal distance of P, then the locus of @ 1s
another conic. [Catn 1887.

400 Give a limear plane geometrical construction foP
diawing the common tangents of two conics which have
at least two real pomnts of intersection. [Jon. 1886

401. Spheres are drawn passing through a fixed point
and touching two given planes. Prove that the pomts of
contact lie on two circles, and that the locus of the centre
of the sphere 1s an ellipse

If the angle between the planes 1s the angle of an equi-
lateral triangle, prove that the distance between the foci
of the ellipse 1s half the major axis. [JoH 1887.

402 TP, TQ are two tangents to a conic, focus S, cutting
the corresponding directiix mm L, M respectively prove
that I'S bisects the angle LSM [PEr 1885.

403 Given one of the foct of a comic mseribed 1n a
tuangle, shew how to find the other focus I more than one
solution possible ? [PET 1885

404. Prove that the locus of the imddle pomts of focal
chords of a conic section 1s a stmilar conie section
| PETr. 1886

405 Two similar and similarly situated conics intersect
m A, B A common tangent meets them i P, ), and
PQ 1s produced to a pomt R, so that QR=PQ It RA,
RB meet the conic through P in If, K, and if HK wmcet
QP produced 1 S, prove that PS = PQ [PET 1886

406. A conic circumscribes a triangle ABC, and one
focus lies un BC, find the envelope of the coriesponding
directrix. If A be a 1ght angle shew that the envelope 1s a
parabola. [TrIN. 1885.

407. Prove that 1f 4, B and C are three given points,
two parabolas can be drawn through 4 and B with C as
focus, and that the axes of these parabolas are parallel
to the asymptotes of the hyperbola which can be drawn
through C with its foci at 4 and B. [TrIN. 1886.
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408 If two conics have a common duectrix the.r four
pomts of intersection lie on a circle. [CArrs, 1885,

409. Piove that the locus of the interscction of tangents
to an ellipse which make equal angles with the major and
minor axes respectively, and are not at nght angles 1s a
rectangular hyperbola whose vertices are the foci of the
ellipse. [Car. &c. 1885.

410 Thc asymptote CP of an hyperbola itersects an
ellipse whose major and miror axes are respectively its
conjugate and transverse axes In the pomnt P: shew that
if CP be produced to I so that PP’ = CP, and PM, P'QM
be drawn perpendicular to CA meeting 1t 1n M, M’ re-
spectively, @ bemng the inteisection of P'QM' and the
hyperbola, QM 1¢ the tangent at @ [Stp. 1861

411 The two pairs of common tangents to two similar
and similarly situated ellipses mtersect in S, S’, and are cut
by a tangent to one ellipse 1n V1, V’I" and by a tangent to
the other 1 v¢, v't.  Shew that if V't’ pass thiough S, 7"’
will also pass through S [TrIN 1861.

412. A parabola and a cential comic intersect in four
pomnts, A, B, C, D, prove that the axis of the parabola is
parallel to one of the lines joinmng the extremities of the
diameters of the conic which are parallel to 4B and CD.

[Jomu. 1861.

413. The tangents at two pownts P, @ of a conic meet
in 0, and friom O are drawn two straight lines cutting the
conic and making equal angles with the transverse axis,
If they meet P m 3, N, and the middle pomnts of the
chords be R, S, shew that RMNS lie on a circle

[PET. 1882

414. Two similar conics have their directrices parallel,
and the same focus §: if any straight line through S meet
the two comics n P and @, find the locus of the middle
pownt of PQ. [CHRr. 1882.

415. A, B, C are any three fixed points; through 4 any
straight line 1s drawn which cuts a given conic in the
points P, (). Shew that the locus of the intersection of
PB and QC is a conic. [JEs. 1886.

13—2
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413, 0 is & fixed pomnt, and P any point or a given
straight line. PQ is taken along the lne ulways in a
constant ratio to OP Prove that the hue joimng P to the,
middle point of O always touches a conic whose focus is O.

[JES. 1886 :

417 Prove that 1f an ellipse and a hyperbola are con-
focal they intersect each other at right angles, and that the
asymptotes of the hyperbola pass through the points on the
auxihary circle of the ellipse which correspond to the pomts
of intersection. [JoH. 1886.

418 A line AB is diawn from a fixed pomnt 4 to meet
a fixed circle mm B: thiough B a line B(C 1s drawn perpen-
.dicular to AB, to meet a concentric circle n C. Shew that
a line through C parallel to A B touches a comic. [Prr. 1884.

419. Two tangents are drawn from a poinv on the direc-
trix to a central conic, and the points of contact joined
Shew that the locus of the orthocentre of the tnangle thus
formed 15 a conic similar to the given one. [PET. 1884.

420. A fixed straight line meets one of a system of
confocal conics in two pomts Prove that the locus of the
pomnt where the normals at these points intersect is a straight
line [PrT. 1884.

421.  With any point on the directiix of a given parabola
as focus and the focus of the parabola as the other focus,
an ellipse or hyperbola 1s described, shew that the tangents
and normals at 1ts pomnts of intersection with the directnx
are also tangents to the parabola. [PET 1884.

422 A fixed chord PQ) of a conic meets any diameter
m N, #nd tae ordinate to this diameter through N meets
the tangents at P and @ n H, K Prove that HK is bi-
sected at NN. [Carvus, 1883.

423 If any two chords PQ, PQ be drawn through a
point P of a conic and perpendiculars to the chord through
Q and () meet the normal at P in N, N’ respectively, shew
that PN, PN’ are to one another as the squares of the
diameters of the conic parallel to PQ, PQ. [PET. 1885.
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424 1If A, B,C, D are four potnts on a sonic the normals
at which meet in a point, prove, that the sum of the squares
of the diameters paallel to AB and CD is equal to tl.e sum
of the squares of the diameters parallel to AC and BD.

[CLARE, 1885.

425 A pa.abola passes through *wo fixed points 4, B at
a distance 2a apart, and has a straight line distant ¢ from
the middle pomnt of 4B as directrix Shew that the locus
of the focus of the parabola 1s a conic section, which 1s an
ellipse or a hyperbola, according as ¢ 1s gieater or less
than a [TriN 1884

426 A circle is drawn on a sheet of paper and the
paper 1s folded so that one coiner of the sheet lies on the
circumference of the circle  Prove that as this corner
moves about on the circle the crease on the paper will en-
velope a conir [TrIN. 1884.

427. A semcircular piece of paper 1s folded over so that
particular pomt P on the bounding diameter hes on the
circular boundary; prove that the ciease-line touches a
fixed conte. [TrIN. 1885.

428 If a curcle and a conic intersect 1n the ponts B, C,
D, E then the lines bisecting the angles between BC and
DE, BD and CE, BE and CD are each parallel to one of two
given straight lines [Carus, 1885.

429. TP, TP are tangents to a come, PG, P'Q are
normals at P, P* prove that I'P : TP PG - P’ Prove
also that 1f GL, G'L’ are drawn perpendicular to PP, then

PL=PL. [CHE. 1885,

420 Two tangents to a conic are drawn from any point
T touching the conic mn P aud @, any straight hme drawn
parallel to T'P meets 7Q m L, PQ m O and tle comic n R,
S: shew that LO*= LR LS [Qu. 1885.

431. P, Q are any two points on an ellipse whose foci
are S, H, SP, HQ intersect in M, SQ, HP mm N, and the
bisectors of the angles QSP, QHP m R Shew that RP,
R() are tangents to the ellipse, and M, N arc points on a
confocat hyperbola to which RM, RN are tangents

[JEs. 1885.
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432, Gaven = line, a circle with centre 0, and a point S-
a vanable point R on the line is joined to S by a line which
meets the circle 1n U, V, and lines are drawn from S parallel
to OU, OV to meet RO 1n pomts P and @ ; shew that the
locus of these points is a conic with § as focus and the given
Iine as directrix

Deduce from this mode of genciation that tangents from

any point to a conic subtend equal angles at a focus.
[Jor 1884

433. Piove that the diagonals of a curvilinear quadri-
lateral formed by the intersection of two confocal ellipses
with two confocal hyperbolas are equal.

Shew that these results are also true for a system of
confocal and coaxial parabolas [Jon 1884

434 A hyperbola is descuibed having a focus of an
ellipse for focus, and the tangent at the vcorresponding
vertex for directiix Prove that tangents to the ellipse
from points 1 which the hyperbola cuts the mmor axis o
the ellipse are parallel to the asymptotes of the hyperbola

[Jor 1884

435 An elhipse and a hyperbola have the same foci and
meet 1 P PYZ is a tangent to the hyperbola at P;
NY . HZ the focal perpendiculats  Prove that

PY PZ=BC",
where BOB' 1s the mmor axis of the clhipse. [PEr. 1884

436. An ellipse 1s met m P and @ by a 1ectangular
hyperbola having for asymptotes the axes of the ellipse
PM, QN are ordinates diawn to the axis CA, PR, QT
to CB. Prove that

CM*+ CN* = CA%,
and that CN.CR: - CA CB. [PeT 1884,

437 From a fixed point O on the circumference of a
circle a chord OA 1s drawn, and produced to 3 so that the
Iifference of the squares on OB and OA 1s constant, prove
that the line through B perpendicular to OB will touch a
sonic of which O 18 centre and the other extremity of the
diameter of the circle through O 1s a focus.  [CLARE, 1884,
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438 Given a focus S and twostangents fo a conic, prove
that the enveiope of the minor, axis 1s a parabola of which
the focus 1s S [Tris. 1884

439 A focal chord PSQ of a conic is given 1n position
and the positior of the axis 1s also given.  Thrace the conie,
[PEMB. 1884

440 Prove by projection wnat, if ACA’ be the major
axis of an ellipse, and NP’ a double ordinate bisecting
CA’ at NV, the tangent at I 1s parallel to AP.

[PEMB 1884

441 An ellipse and a hyperbola are concentric and co-
axial, and a pomnt I’1s such that 1ts polars with respect to
the two are at right angles and intersect in ¢, prove that
the locus ot P 1s two stiaight lines through the centre C,
and the locus of ) 1s two other straight lines through the
centre, but that if the conics be confocal, €, @ and P are n
one straight line and CP (@ is constant. [CHR. 1884

442 Gaven the focus, directrix and eccentricity, give a
geometrical construction for the pomnts where a given
straight line drawn through the focus cuts the cuive.

[Qu 1884

443. If a parabola, having 1ts focus comcident with one
of the foci of an ellipse, touches the conjugate axis of the
ellipse, a common tangeut to the ellipse and parabola will
subtend a right angle at the focus [TriN 1885.

444  ACA and BOB are the tiansverse and conjugate
axes of an clhipse, of which § and 8 are the foci, P 1s one of
the pomnts of intersection of tlus ellipse and a confocal
hyperbola, and ate’ 1s the transverse axis of the hyperbola.
Prove that

SP=Aa, SP=A'a, and aB=CP [ARIN 1885,

445 Two fixed pomts P, @ are taken in the plane of
a gwven circle, and a chord RS of the circle 1s drawn parallel
to P, prove that for different positions of RS the locus of the
pomnt of intersection of RP and SQ 15 a come  [TRIN 1886

446. A crcle passes though a fixed pomt and cuts
a given straight line at a constant angle Prove that the
locus of the centi2 1s a conic [JEs. 1884.
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447. A cho~d of . conic subtends a given ancle at the
focus Prove that the tangents at 1ts extremities will inter;
sect un a conic having the same focus and directrix as the
original conic,, [Jon. 1883.

448. An ellipse and hyperbola have the same tians
verse axis, and their cccentricities are the reciprocals of one
another ; prove that the tangents to cach through the focus
of the other intersect at right angles 1n two points and also
meet the conjugate axes on the auxihary circle. [JOH. 1884.

449. From any pomt @ on a central conic, @S, QH are
drawn to the foct S, H, meeting the conic again m P, P’
shew that if the tangents at P, P meet 1in 7, QT 1s bisected
by the minor axis and the locus of I'is a conic  [PET 1883.

450. Through two powts on a central conic shew that
two circles can be described to touch the conic; and that
the points of contact are at the extremities of a diameter

[Carus, 1883

CONE.

451. If S be a pomnt within the cone, 4 1ts vertex, AB
its axis, shew that the difference of the acute angles made
with AB by the planes of the scctions having S for a tocus
18 twice the angle SAB [I CS 1887.

452 Shew how to obtamn from a given cone a section
which shall have the greatest possible eccentricity
[1 C.S. 1386.

453  Uder what circumstances may the section of a
cone by a plane be a rectangular hyperbola ? In such a case
shew how to determine the necessary inclination of the
cutting plane. [L. C. S. 1885.

454. Shew how to find the centrc and the asymptotes of
a hyperbolic section of a cone  Also shew how to cut from
a given cone a hyperbola, whose asymptotes shall contain
the greatest possible angle. [T C.S. 1884,
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455 Prove that the minor axis of an ~lliptic section of
2 right cone 1s a mean proportional between the diameters
of the circular sections of the cone, made by planes drawn
through the extremities of the major axis of the ellipse.

It the ellipse ve projected upon a plane perpendicular
to the axis of the cone, shew that the distance between the
foci of the curve of projection 1s equal to the difference
between the radu of the same two circular sections

456 Fro.n a given right circular cone is cut a series of
parabolas the axes of which i1~tersect a given straight line
OM which passes through the vertex O. If any section
interscet OM at N, shew that the ratio ON* AN CL 1s
constant for all the parabolas, whete 4 1s the vertex of the
section and C the centre of 1ts focal sphere, and L 1s the
pownt where the section cuts the axis OL of the cone

[PEMB 1887.

457. If two sections of a cone have a common directrx,
the lateia recta of the sections are in the ratio of their
eccentricities [JES &c. 1888,

458. Prove that the locus of the centres of all plane
sections, for which the distance between the foci 1s the sane,
18 a night circular cylinder. [Jom 1888

459  Prove that the centres of all sections having their
munor axis of the same length lie on the surface formed by
a hyperbola revolving about 1ts transverse axis. [PET. 1887

460. What conditions are necessary in order that it may
be possible to construct an elliptical cone passing through
two given circles i different planes? [TrIN 1887.

461 Shew that the locus of the vertices of all 1ight
cones out ¢f which an ellipse given both in magmtude and
position can be cut, 1s a hyperbola passimg through the foct
of the ellipse. [[TEs. 1887.

462. Shew how to draw a plane cutting a given 1ght
cone in an elltpse of given eccentricity and having a major
axis of given 'ength. [CATH. 1887.

463. If the vertical angle of a cone be a nght angle,
shew that the square of the sum of the radi1 of the two
contact spheres of a section by a plane 1s equal to the sum
of the squares o1 the axes of the section. [PET. 1886.
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464 Two r'ght circular cones whose vertical ngles are
nght angles, have their vertices and one generzting line co
meiden,, prove that when a section of each is made by the
same plane, the minor axis of the one section 1s equal to
the conjugate axis of the other. [CLARE, 1886

465. Piove that the latera recta of parabolic sections of
a night circular cone are proportional to the distances of
their vertices from the vertex of the cone [TrIN. 1886

466 Through a fixed rectangular hyperbola a series of
right circular cones 13 descrived ~ Prove that the locus of

. . . 1
thel1 vertices is an ellipse with eccentiicity 73

[PeMB 1885

467 If P be a common pomt of two intersecting spheres
which are inscribed 1n a right cone, shew that the tangent
planes at P will make cqual angles with the straight line
drawn from P to the vertex of the cone [T H 1886

468  Any section of a right circular cylinder by a plane
not parallel or perpendicular to its axis is an ellipse
[Qu 1886

469  Dafferent elhiptic sections of a 11ght cone are taken
such that then axes are equal (the major axes all bemng
in one plane) Shew that the locus of their centres 1s a
hyperbola. [CaTH. 1886.

470. Determme the parabolic section of a given cone,
which shall have 1ts latus-rectum of a given magnitude.
(T H 1881
471. Prove that the semi-minor axis of an elliptic
section of a right cone 1s a mean proportional betweca the
perpendiculars drawn from the vertices of the ellipse upon
the axis of th2 cone. If V be the vertex of the core, R the
point where the axis of the cone cuts 4A4’, the major axis of
the section, prove that-

R C4 (S .AV+CS  [TriN. 1861,

472 A series of elliptic sections of a right circular cone
are made by parallel planes, shew that the auxiliary circles
lie on a night cone having for its base an ellipse sumilar to
the given ellipses. [T. H. 1882.
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473 Two cones have their veitical ang'es supplement-
ary; prove that the sum of the squares of the reciprocals of
the greatest eceentricities of conics, obtained from theia by
plane sections, 1s unity [TrIN. 1885

474. Shew how to draw a section which shall have a
given straight line for directrix, the given straight line being
perpendicular to the axis of the cone [Qu 1885,

475.  Given en elhipse and a right circular cone, place the
ellipse so as to be a plane section of the cone  [TRIN 1884,

476. Piove that the latus-rectum of a plane section of
a cone varies as the perpendicular from the vertex of the
cone upon the plane of section. [TriN. 1884

477. If two different plane sections of a cone have a
common directrix the line joming their foc1 goes through
the vertex of the cone [Qu 1884

478 If the angle of a cone be a 11ght angle, prove that
the semi-latus-rectum of a section is a mean proportional
between the secgments of the major axis made by a perpen-
dicular on it from the vertex of the cone. [CATH. 1884.

479. Two cones which have a common vertex, their axes
at right angles, and their vertical angles supplementary are
intersected by a plane at right angles to the plane of their
axes Prove that the distances of either focus of the elliptic
section from the foci of the hyperbolic section are equal re-
spectively to the distance from the vertex of the ends of the
transverse axis of each, and that the sum of the squares on
the semi-conjugate axes 1s equal to the rectangle contained
by these distance.s. [TrRIN 1885.

480 If the minor axis of the section of a cone be con-
stant, prove that the centre of 1t lies on a hyperboloid of
revolutiow. [Jes. 1884



APPENDIX.
ELLIPSE.

ProrositionN 1. (continued,

To prove that the curie lies between lines drawn through A and A’ at 11ght
angles to the axis.
On SN or SN produced mark off SK=e¢ . XN

We must consider 1n what positions of N, NP meets the circle whose
centre 18 S and radius ¢. XN, 1.e. vhether SK 18 greater or less than SN,

Case 1, If N 1s between S and 4

K N
X A S A
SK=e.NX>e¢.XA or 4,
SK>SN
Cuase 2, If N 1s between S and A’
N N
X A S A’
SK=e.XN,
and Sd'=e XA4',
by subtraction KA’=e NA'<NA’
SK=>SN
Case 3 If N1sin S4' produced.
KN
X A S 4’
SK=e XN,
and SA’'=e Xd4',
by subtraction A’K=e.A'N<A'N,
SK<SN
Case 4, If N 18 between 4 and X
N K
A A by A’
SK=¢ NX<e¢ AX or S4,
SK < SN
Case b If N 1s1n SX produced.
N K
X A S A’

SK=e¢.XN<XN<SN

‘We have now proved that the circle intersects the perpendicular NP,
when N 18 1 any part of the axis 44’ between 4 and 4’, but n t when N
lies outside the part 44’, hence the ellinse hes entirely between lines drawn
through 4 and 4’ at rnight angles to the axis,



HYPERBOLA.

Propos1TiON 1. (continued)

To prove that the curve lies outside lunes drawn through A and A’ av 1aght
angles to the azis. ,

On SN or SN produceu mark off SK=¢ XN

We must conside 1n what positions of N, NP meets the circle whose
centre 18 S and radius e . NX, 1 e whether SK 1s greater or less than SN.

Case 1 If N s between A and X.

i I S S
g X, { S
SK=e¢ NX<e d4XorSi,
SK«<SN
Case 2 1If N 1s between X and A’
N I
A ” X A s
SK=e XN,
and S.'=e XA,
by subtiaction KA'=e NA'-N U,
SK<SN
Case 3 If N1sin S4’ produced
K N
A’ AN 1 S
SK=e XN,
and SA'=e X4’;
by subtraction A’'K=e .I’N>A’'N,
SK=>SN.
Case 4 1f N1s between A and S
K N
A’ X 4 s
SK=e.NX>e¢ AXor S4d,
SK=>SN
Case 5. If N isn AS produced
- N
A’ X A s

SK=e¢.XN>XN=>SN.

‘We have now proved the circle does not intersect the perpendicular NP,
when N 18 1n any part of the axis 44’ between 4 and 4’, but they do intersect
when N i3 outside the part 44’, hence the hyperbola lies entirely outside

the lines drawn through 4 and 4’ at right angles to the axs.
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The following important propositions may be assummetl in the solutiog
of problems.

PARABOLA.

L If POp be a choid meeting any diameter ANn wn O, and PN, pn
ordinates of that diameter, AN Ar=A40% (See proof of Prop 1, p 144)

2. In the fig. of Prop XVIL. if QD be drawn pependicular to PV,
QD?=44S.PV  (See Prop XVII,Ex 1)

3 Any two tangents are divided y a third tangent into segments which
have the same ratio  (See Prob. 11, p. 149 )

4. If two fized lines OP, OP' we divided in Y, Y’ such that OY, OY’ are
connected by a fized Linear 1elation such as N OY+u OY’'=1, where \, p
are constants , then YY' envelops a parabola winch touches OP, OF',

By the last Prop ,
PY oY’ L6 or-oy_ ov’
oy " Yp’ T T oY T 0P -oy”

oy oy’
hence ?)—p + O—I‘; =1,
or X OY+u.0Y'=1, where A\=1/0OP, u=1/0F, * ete.

5 8 13 a fixred pownt, Y any pownt on a fixed straight line AY, YP 1s
drawn perpendicular to SY, YP envelops a parabola whose focus 18 S and
tangent at the vertex 1 AY (Converse of Prop X

6. S s a fired pownt, O any point on a fized straight line 0Q, 0Q s
drawn making a constant angle (a) with 0S, 0Q’ envelops a parabola whose
Jocus 18 S and which touches 0Q at a fixzed point Q such that SQO=a.
(This 18 the general Prop of which the last 18 a paiticular case. It 18 the
converse of Prop. XIII)

7. 0Q, 0Q' are two fixed straight lines, S 18 a fized point between them,
QQ’ 18 drawn s0 that £ QSQ'=w - QO0Q', the envelope of QQ 18 a paiabolu
whose focus 18 S and which touches 0Q, 0Q'. (Convers. ot Prop 2, p 144)

8 The ortho-centie of a tangent truungle lies on the directniz  \See
Prob 14,p 149)

CONIC SECTIONS.

1. If the tangent at P meet the directriz wn Z and the ’atus rectum in K,
SK:SZ=e (See Prop. X, Ex., of the Hyperbola )

2. 44’ u a fized diameter of a gwen circle, S, S’ are pownts equidistant
Jfrom the centre, SY, S'Y’ are parallel strarght lines meeting the cucle wn
Y,Y', then



APPENDIX. 204

(1) +f S, S8’ are wnside the curcle the enyelope of YY' 1 an ellipse,
(@) tf S, 8" ave outside he circle the envelope of Y™ is a hyperbola,
of'which the gwen circle 18 the auzihary circle

or,if S, & are }‘ired pownts ayd SY, S'Y’ parallel strarght Lines such that
SY, 8'Y’'=constant the ervelope of YY' 18 an ellipse or hypewbola according as
£Y, S'Y’ are drawn on the same or on oppostte sides of SS’.

(See Prop XIV.c* the Ellipse, and Prop. XIII of the Hyperbola )

3 Cr, Cr' are two fized strarght lines and rr' 18 drawn so that A Crr’ 18
of constant area, the envelope of rr' 18 a hypeibola whose asymptotes are Cr,
Cr'  (See Prop. ¥ XL, of the Hyperbola )

4 Guwen i a triangle 1ts base and e duifference of 1ts base angles, prove
that the locus of 1ts veitex 18 a hyperbola

When the gwen difference 1s a 11qht angle, the locws 18 a rectungular hyper-
bola.

(See Prob 335 )

5 A fized straight line meets one of a system of confocal conics wn two
ponts, prove that the locus of the intersection of the normals at these ponts
18 @ strawght ime  (See Prob 420 )

6 The locus of the poles of a gwen stratqght line for a system of confocal
conics 18 a strarght line

Let AB be the given straight line, draw the confocal touching 4B at P;
diaw PG Lto 4B The pole ot AB with respect to this confocal 18 P, 1 e lies
on PG Draw tangents P1, P1” to any other confocal AB, PG bisect
LSPS,and  they bisect £ TPI",1e AB, PG are harmonic with PT, P1",
and are  conjugate with respect to conie of which PT', P1” are tangents,

the pole of 4B with respect to this conic hes on PG

7  The anharmonic ratio of the pencil formed by jormng any pownt on a
conic to four fized pownts on the conac 1s constant  (Projections)

Or, consider the directiix as a transversal, change the vertex of the
pencil to S, the angles of this pencil are constant by Prop II, being halves
of the angles of the pencil ot 1ays from S to the fixed points.

8. Also 1f tangents to the conc are drawn at the four fized ponts und
any oth.r tand.ek meet them wn four points the anharmonic ratio of the
range 18 constammna-wrsaRE vhat of the pencils  (Reciprocate.)

9. If a. howmesnnenme——g"1, g conic the thee pomz? of itersection
of the three FEVEGf oppOTiNWNeellan)! 1) 0w o strarght lne. (Pascal's
theorem.)

Project conierlly, making .two pairs™df opposite sides parallel, then
project orthogonasly nto a circle.

10. If a hexzagon be described about a comic the thiee diagonals will meet
m « pown.t  (Buanchon’s theorem.) (Reciprocate )
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11.  The polar reciprocal of a curcle (centre O) with respect to any point (S)
i a comic, of which'une focus 18 at S, the corre: ronding di ectrix 1s the polar
reciprocal of O, and the eccentricity s the 1atw of SO to vhe radius of th”
circle

12. The polar recrprocals of a system of curcles, which have the same
radical axis, with respect to a Limiting pownt of the system, are a system o,
confocal conics,
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