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PREFACE

The present volume of the Contributions, fourth in the series,
covers, like its predecessors, a great variety of topics in non-linear
differential equations. The first paper by Kakutanl and Markus deals with
a differential-difference equation arising in the theory of growth
phenomena. Beyond general considerations of the functional propertles of
the solutions, the authors have obtained very detailed information con-
cerning the oscillations and asymptotic behavior of the solutions. The
second paper by Lefschetz, a complement to Barocio's Mexican thesis, con-
tains a rather detalled description of singularities of a pair of analytic
differential equations in the plane. The third by Bushaw 1s a noteworthy
contribution in the study of discontinuous forcing terms. The particular
point amply covered is the rapidity with which the origin is reached by
any solution — an important question in control problems. The paper by
de Vogelaere deals with the periodic solutions of St8rmer's problem
arising in electro-magnetic theory. Slotnick's paper is concerned with
the instebilities of Hamiltonlan systems. This work continues an in-
vestigation initlated by J. Moser. Kyner's contribution relates the theory
of periodic surfaces along the line developed by S. Diliberto which was
amply described in Contributions III. The paper by Seifert deals with
the qualitative behavior of planar differential systems by the method of
rotating vector fields. Antosiewlicz, in his contribution, gives a survey
of the second method of Lyapounov. As 1s well known, this method has been
extensively treated in the Soviet Union but 1s also acquiring great impor-
tance in other areas in view of 1its elasticity and general power.

The contributions of Mendelson and Bass are concerned with the
qualitative behavior of the solutions of non-linear differential systems,
with many degrees of freedom, near a critical point. Mendelson investi-
gates the phase portrait near an isolated critical point where one char-
acteristic root is zero and the others have real parts of the same sign.
Bass studies the instability near an equilibrium from which repulsive
forces act.

A number of these papers have been contributed by various Govern-
mental organizations. These are indicated in connection with each paper.

Solomon Lefschetz
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I. ON THE NON-LINEAR DIFFERENCE-DIFFERENTIAL
EQUATION y'(t) = [A - By(t - 7)ly(t)

S. Kakutani and L. Markus
1. INTRODUCTION

If one assumes that the net birth rate y'(t)/y(t) of a popula-
tlion y(t) is the constant coefficient A, then elementary considerations
yleld an cxponential growth (or decay) of population, y(t) = y(o)eAt. A
more feasible mathematical model, for certain discussions, could be obtain-
ed by assuming that the birth rate coefficient is diminished by a quantity
proportional to the population of the preceding generation. These assump-
tions lead to the functional equation appearing in the title,

(1) y'(t) = [A - By(t - )ly(t),

wherec 1 >0, A and B are real numbers. This delay-differential equa-
tlon also occurs in the theory of certaln servo-mechanisms [31].

If B = 0, the resulting differential equation is elementary and
we shall henceforth assume B # 0. We simplify equation (1) by writing
z(t) = Bry(+tt). Then

(2) z'(t) = la - z(t - 1)]z(t) ,

where a = At. We shall investigate the functional equation (2) and the
results can easily be reinterpreted for (1).

DEFINITION. A solutlion z(t) of (2) is a real con-
tinuous function defined on 0 < t < 1 + €, € >0,
where z(t) e C''" on 1<t <1 +e and there
satisfies the functional equation (2).

Clearly the constants 2z = 0 and 2z = a are solutions. It is
interesting to note that these are the only solutions of period one since
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z'(t) = [a - z2(t)]z(t) has no other periodic solutions.

Quite general existence theorems are available (1, 2] for differ-

ence-differential equations. However we obtain precise knowledge of the
behavior of the solutions of (2) and in our detailled investigations the
general theory 1s not directly applicable.

on

2. GENERAL PROPERTIES OF THE SOLUTIONS

THEOREM 1. Let o(t), 0 <t <1, be a continuous,
real-valued function prescribed as an initial con-
dition. Then there exists a solution z(t) of (2),
defined on 0 < t < w, for which z(t) = o(t) on
0<t < 1. Moreover z(t) 1s unique in that each
solution of (2), agreeing with o(t) on 0<t <1,
also agrees with z(t) on their common domaln of
definition.

PROOF. Let 2z(t) = 9o(t) on 0 <t < 1. Define

t-1
z(t)=¢(l)exp[a(t- 1) - qz(s)ds]

[¢]

1<tc2a, If z(t) 1s well-defined on 0 gt <n, n=2, 3, & ...,

then define

on ng<tg<n+ 1. Clearly z(t) 1is continuous on ©

over

Thus

t-1
z(t) = z(n) exp[a(t -n) - z(S)GS]

n-1

t < » and more-
n.

<
z(t) e C(1 on 1 <t < w, except possibly at t
At t =n,

z'(n + 0) = z(n)la - z(n - 1))

. n-1
z'(n - 0) = z(n - 1)la - z(n - l)]exp[a- f z(s)ds]
n-2

= z(n)la - z(n - 1)].

z(t) e C“) for 1 <t <o and there satisfies
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z'(t) = [a - z(t - 1)]z(t). -

If w(t) 1s another solution, corresponding to the initiel func-
tion o(t), then let t, > 1 be the l.u.b. (t | w(t) = z(t)). But on
toststy+ 1,

-1
z(t) = z2(ty) exp[a(t -t,) - z(s)ds]
t -1
o
and
t-1
w(t) = wity) exp[a(t -t) - f w(s)ds] .
t°—1

Since w(t,) = z(t ) and furthermore w(s) = z(s) on t, -1 <8<t
we have w(t) = z(t) on tj; <t <ty + 1 which contradicts the existence
of the finite number t,. Thus w(t) = z(t) on their common domain of
definition. Q.E.D.

Hereafter, by a solution of (2), we shall mean a solution defined
on 0< t< w

COROLLARY. The solution z(t) ¢ ¢') on o<t <w
if and only if cp(t)ec(” on 0<tg< 1 and also
@'(1) = [a -~ 9(0)]o(1).

PROOF. If 2z(t) ¢ ') on o<t <w then o(t) ect’) on
0<t< 1. Furthermore z(t) satisfies the functional equation (2) at

t=1+¢€ €>0, and thus at t =1. Butat t =1, z(1)=0o(1),
2'(1) = 9'(1) and o'(1) = [a - 9(0)]e(1).

Conversely if o(t) € C(l) on 0<t< 1, then z(t) e C(') on
0<t<wm, except possibly at t = 1. But both z'(1 - 0) = ¢'(1) and
2'(1 + 0) = [a - 9(0)lp(1) exist and are equal. Thus z(t) € C“) on
0<t <. Q.E.D.

Clearly, if we require o(t) e c("’) on 0<t g1 and also that
the derivatives of ¢(t) at t = 1 be related to those at t = 0 by the
functional equation (2) and by those e?uations obtained from (2) by differ-
entiation, then the solution z(t) e C =) on 0<t<w. Itis not apparent
whether or not there are anslytic solutions of (2). The next theorem shows
that there are no (entire) analytic solutions of (2) (other than z = a,

z = 0) which can be expressed in terms of elementary functions.
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THEOREM 2. Let z(t) be an entire function of the
complex variable t and let z(t) satisfy

z'(t) = [a - z(t - 1)]z(t). Then, unless z = 0 or
z = a, for each Integer k,

max |z(t)| = M(r) > exp exp ... exp r
Itl=r

(k repetitions) for all sufficiently large r.

PROOF. If z(t,) = 0, then z'(t ) = 0 and clearly z(n)(to) =0
so that 2z = 0. Thus assume that z(t) has no zeros. If 2z(t) is of
finite order, then by Hademard's theorem, 2z(t) = exp P(t) where P(t) is
a polynomial. But then P'(t) = [a - exp P(t - 1)] which is impossible
unless P(t) 1s a constant. But the only constant solutions are z = O
and 2z = a.

Now allow 2z(t) to be of infinite order. Let Log z(t) be an
entire function such that exp Log z(t) = z(t). For any entire function
f(t) one knows'

pax 1£1(6)] < - CR)Q (AR) + £(0))

tl=r R-r

where

A(R) = max Re(f(t))
|t|=R

provided A(R) > 0, C 1s a positive constant, and 0 < r < R. 3et
R = 2r, f(t) = Log z(t) and we obtain

C
5?1 max Log |z(t)] + C, ’
jtl=2r

where C,, 02 are positive constants and the above result applies since

max

o & Log z(t)

max Log |z(t)| = log max |z(t)] ¢#>0 .
|t]=2r Itl=2r

Set

M(u) = max |z(t)] .
|t]=u

' Dr. J. Wermer suggested this argument.
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Then -
max | Z-L& < El log M(2r)
lti=r | 2 ST

for a positive constant C3. But

z2'(t+1)

t
lz(t)] < 2t

+ la|

and so
Cy
M(r) < Ty log M(2r + 2)

for a positive constant Ch.

Now, proceeding by induction, suppose there are no non-constant
entire solutions z(t) with M(r) < exp exp ... exp r (k repetitions),
for all large r. If z(t) i1s an entire solution with

M(r) < exp exp ... exp r

(k + 1 repetitions), then
Cy
M(r) < F+T OXD OXp ... exp(2r + 2)
(k repetitions). Using the same reduction again we have
Cy
M(r) < T [103 C, - log(r + 1) + exp exp ... exp(kr + 6)]
(k - 1 repetitions). But this states that

M(r) < exp exp ... exp r

(k repetitions) for all large r. This contradicts the induction hypo-
thesis. Q.E.D.

E. M. Wright [5] has shown that there are real-valued entire so-
lutions for a > 0 and, at least for small a, these solutions can be
positive on t > O.

Returning to the consideration of real solutions, we note that a
solution z(t) 4is nowhere zero for 1 <t <« 1in case ¢(1) # o.

THEOREM 3. If ¢(1) > 0, then the corresponding
solution 2z(t) >0 for 1 <t<w. If o(1)<o,
then z(t) <o for 1 t <o, If o(1)=o0,

<
then 2z(t) = 0 for 1 <t < =,
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PROOF. Consider only the case ¢(1) > 0. Here

t-1
z(t)-o(i)exp[a(t-l)- ftp(s)ds]>o

o

on 1 <tg<2. Similarly, if 2z(t) >0 on 1< t<n, then z(n)>o0
and

t-1
z(t) = z(n) exp [ a(t - n) - f z(s)ds] >0

n-1

on ng<t<n+ 1. Therefore 2z(t) >0 on 1<t <. 3Similar proofs
hold in the other cases ¢(1) < 0 and o¢(1) = O. Q.E.D.

COROLLARY. Let two solutions z,(t) and z,(t)
agree on & unit interval 0 < t, <t <t, + 1.
Then either z,(t) = z,(t) on 0<t<w or
else z,(t) = z,(t) = 0 on 1<t <w

PROOF. By the argument for uniqueness used in Theorem 1,
z,(t) = z,(t) on t, <t <w. Now z4(t) (=1 or 2) vanishes at
some point on t, <t < e if and only if z;(1) = 0 and then z;(t) = 0
on 1 ¢ t<w Thus either z,(t) = 2,(t) = 0 on 1 <t<e« orelse
neither solution vanishes anywhere on 1 < t < ». But then the equation
z(t - 1) = a - z'(t)/2(t) determines that 2z,(t) = 2,(t) on 0 <t <.
Q.E.D.

In the following analysis we shall be primarily interested in the

case where the intersects of a solution curve 2z = z(t) with the line
z = a form a dlscrete set.

THEOREM 4. The intersections of the solution curve
z = z(t) with the line 2z = a are discrete on

0 <t<wo if and only if there are a finite number
of zeros of @(t) -a on o0gtg .

PROOF. If the zeros of z(t) - a are discrete on 0 < t < =,
then, a fortiori, the zeros'of o(t) - a are discrete on 0 <t < 1.

Conversely, suppose the zeros of o(t) - a are discrete on
0 < 1. Then, since we may take o(1) # 0, the zeros of 2z'(t) on
1 < 2 are discrete. Thus there are only a finite number of zeros of
z(t) -a on 1 <t < 2. By an induction argument one shows that there
are only a finite number of zeros of z(t) - a on each unit interval
ngtg<n+1,n=1, 2, ... . Q.E.D.

t
t

N IA
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3. THE PRINCIPAL CASE, a > 0

THEOREM 5. Let a > 0, (1) > 0 and let z(t) be
the solution of (2) corresponding to the initial
function o(t). Then O0<m< z(t) <M<« on

1 <t <o where

M= max { max z(t), ae?
1<t<3

m = min min z(t), aea'M .
1<t<3

PROOF. Since o(1) > 0, z(t) >0 and a - z(t) <a on
1 <t <= Suppose there exists a t, >3 with z(t,) >M> ae®. Then
z2'(t) = [a - z(t - 1)]lz(t) <a z(t) on t, -1 <t <t and z(t, -1)>a.
Thus 2z'(t,;) < 0 and one sees easily that z(t) 1s monotone decreasing on
3 <t<t,. But then 2z(3) >M which contradicts the definition of M.
Therefore 2z(t) <M on 1 <t < w.

Now a - z(t) >a -M on 1 <t<w BSuppose z(t,)<mg aedM

for some t, >3. Then z(t, - 1)< a, since z'(t) > (a - M) z(t) on
t, -1 <t <ty Thus z'(t,) >0 and so z(t) 1is monotonely increasing
on 3 <t <t, Therefore 2z(3) <m which is a contradiction. Q.E.D.

THEOREM 6. Let a >0 and o(1) > 0 and let z(t)
be the solution of (2) corresponding to the initial
function o¢(t). Then either
(1) z(t) 1is asymptotic to 2z = a; that is,
z(t) and 2'(t) are monotone for large

t and
1im z(t) = a, 1im z'(t) = 0 ,
t=w t=oo

or

(11) =z(t) oscillates about z = a; that is,
z(t) - a assumes both positive and negotive
values for arbitrarily large t.

PROOF. If z(t) >a for all large t, then a - z(t - 1)< 0
and z'(t) < 0. Thus z(t) decreases monotonely to a limit which is easily
seen to be a. Furthermore

2"(t) = (la - z2(t - 1)1%2 = 2'(t - 1)) z(t) > 0
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so that z'(t) increases monotonely to a limit which 1s easily seen to be
zero.

If z(t) <a for all large t, then a - z(t - 1) >0 and
z'(t) > 0. Thus z(t) increases to the limit a. Also z'(t) >
la - z(t)] z(t) > [a - z(t)]® for large t so that z"(t) < 0. Thus
z'(t) decreases monotonely to the limit zero.

If neither 2z(t) >a nor z(t) < a for all large t, then
z(t) oscillates about the line 2z = a. Q.E.D.

As we shall later see, each of these alternatives 1s possible for
certaln values of the parameter a. However, before determining which
values of the parameter a produce which behaviors, we shall investigate
the qualitative form of the oscillatory solutions.

THEOREM 7. Let a > 0, (1) > 0 and z(t), the solu-
tion of (2) corresponding to ¢(t), oscillate about

z = a. Assume the zeros of z(t) - o are a discrete
set on 0 <t < w. Then, for sufficlently large t,
each zero of z(t) - u 1is slmple and there i1s exactly
one zero of 2z'(t) between consecutive zeros of

z(t) - a.

PROOF. Let the number of zeros of z(t) -a on n<t<n+1,
n=1,2,3, ..., be k(n). Then define the number k(n) of potential
zeros to be k(n) = k(n) 1f the lust zero t, = n+ 1 or if

& 1at) - ul >0

on max(n, t,) <t <n+ 1 and define k(n) = k(n) + 1 in all other cuses.
We show that k(n) i3 a non-increusing function of n.

Suppose k(n) = k(n) and t, = n+ 1. Then therc are at most
k(n) - 1 bend points of z(t) -a 1n n+ 1 <t<n+ 2. Thus
k(n + 1) < k(n) and for cquality onc must have a situation in which
k(n + 1) = k(n + 1). Therefore iIn this case k(n + 1) < k(n).

Next suppose k(n) = k(n) and
gr |z(t) - a] >0

on max (n, t;) <t <n+1.Thenon n+1<t<n+ 2 there are at most
k(n) bend points, at least one of which must occur before the first zero
of z(t) -a. Thus k(n + 1) < k(n). If k(n + 1) = k(n), then no zero of
z'(t) occurs following the last zero of z(t) -a on n+1<tgn+ 2
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and hence k(n + 1) = k(n + 1). Therefore k(n + 1) < k(n) ~in this case.

Finally suppose k(n) = k(n) + 1. There are at most X(n) bend
points of z(t) -a on n+1<t<n+2 and thus k(n + 1) < k(n) + 1.
But if k(n + 1) = k(n) + 1 the situation 1s such that k(n + 1) = k(n + 1).
Therefore k(n + 1) < k(n) in all cases.

Now let

1lim k(n) = k
Nn=o

and say, for n >N, k(n) = k. Suppose on N+ r <t <N+or+1,

r=1, 2, 3, ..., there are at least two zeros of z'(t) on the open ln-
terval between two successive zeros of z(t) - a. Then there are at least
k(N + r) zeros of z'(t) on N+«+r<t <N+ r+ 1. But then there are
at least k(N + r) zeros of z(t) -a on N+r-1<tgN+mr, that
is, k(N + v - 1) > k(N + r). Furthermore equality holds only when
kK(N+r-1)=k(N+r-1)+1. Thus K(N+r - 1) >k(N+ r) which con-
tradicts the property that k(n) = k for n > N.

A similar argument shows that a double root of z(t) - a also
results in a decrease in k(n) and so can not occur for n > N. Q E.D.

COROLLARY. Let a > 0, (1) > 0 and let the solution
z(t) oscillate about z = a. Let o(t) - a e C(1) on

0 <t <1 have at most one potential zero (in particular
if o¢(t) - a # ¢), then the interval from each zero of
z(t) - a, t > 1, to the following extremum is of length
one. The interval from an extremum of z(t) - a, of
amplitude € > 0, to the followlng zero 1s of length

d, > % log (1 + ¢/a) .

If a>1 and if e is sufficlently small, then
1
T [1 - e/2a] <d <2 .

PROOF. If ¢(t) - a has no zeros on 0 < t <1, then z'(t) # ¢
on 1<t<2 and k(1) =1. If o(t) - a has one zaro followed by a
zero of ¢'(t) on 0<t< 1, then again 2z'(t) has one zeroon 1<t g2
and k(1) = 1.

Now consider an extremum where z'(to) =0 on n<g< to <n+ 1,
n=1,2, «.. . Thenon n-1<tg<n there 1s one, and thus only one,
zero of z(t) - a, since k(n - 1) = k(n - 1) = 1. If there were another
extremum on t, - 1 <t < t,, then k(n) > 2 which is impossible. Therefore
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z(t) - a 1s strictly monotone on t, - 1 <t < t,.
let t; be an extremum where z(t,) = a + ¢. Then

—e(t-t1)
z(t) > (a + e)e

for t, <tc< t1 + ds. But for

t -t = %-log (1 + ¢/a) ,

~e(t-t,)
(a + €)e ) Vo e+ e) (E%?) =a .

Thus d_ > % log (1 + e/a).
For a minimum where z(t,) = a - e,

e(t-t,)
z(t) < (& - €)e < a

)

wher.

1
(t - t,) < ¢ log (,_fe

€
Thus

d, > min {% log (1 + ¢/a), L 1og zf—eJ’ -Liog (14 ¢/a) .

€

If e 1is small, say e < a, then
a > % [efa-F (/e +f (e - ] > L [ca- b em?]
Thus
1 1 €
art [-3s] -

Now take a > 1. Suppose that following a maximum z(t,) =a+ ¢
z(t) >a on t, <tgt, +2. Butthenon t, +1gtgt, +2
- z'(t) > e‘z(t) and

-e, (t-t,-1)
2(8) < (a+ eppe 1T

where e, = z(t, + 1) - a. Then z(t; +2) < (a+ €)1 - ¢, + e$/2) <a
which 1s a contradiction. In this case dE < 2.

Similarly, after a minimum where z(ta) = a - ¢, suppose
z{t) gca on tyctst,+2. Thenon t,+ 1 <t <ty + 2 2'(8) > eyz(t)
and

t-t, ~1)
z(t) > (& + ea)see( 2
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where ¢, = & - z(t, + 1). Then z(t, + 2) > (a - ea)(1 + €3) > a. Thus
here also de < 2. Q.E.D.
The most interesting oscillations are those which are strictly
monotone from each zero of z(t) - a, for a unit length, untll the following
extremum. Such an oscillation 1s concave up on t1 +1<t<t, v, where

t1 and t, are successive maxima and minima respectively. Thus on

t, - % log (1 + e/a) st <ty +
or on

1
ta—‘a—&-st<t2+1,

where € < a 1s the amplitude of the maximum, the solution 2z(t) is con-
cave upwards.

THEOREM 8. lLet O0<a <1 and let z(t) - a oscillate
with discrete zeros. Then the osclllations are damped
and
lim z(t) = a .
t=o
PROOF. Let €10 €gy cee and 81, 62, ..+ be the amplitudes of
successive maxima and minime respectively, with By occurring before €y
and we consider only large t so that the oscillations have the form
described in Theorem 7.
Suppose €, is the maximum which follows by one unit the first

zero of z(t) - a after 8,. Then clearly e, 18 the maximum following
by one unit the first zero of z(t) - a after Bpr =1, 2, eee Also

8,.x+1 18 the minimum following by one unit the first zero of z(t) - a
after €
A trivial estimate ylelds
<)
&+ e < ae n

and

€,

& = B,y > 88 :

But then

-€
g, <a {exp a [1 -0 n-ak-1] - l} .

We show that e, < e, o ¢°
Consider the function
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re)mafowafr-o] -1} .

£1(e) = a2 exp a [1 -e"¢ - e/a] .

Now f(0) = 0 and

Thus, for € > O,

£'(e) <a’ exp a [1 -€ - e"] <a? <1 .

Thus e —> f(e) 1s a strict contraction of the half-line e > 0 onto
itself. Since e, < fle, o 1) < €, oy We have

1lim e = 0
new Dyt(2k+1)n

where ng = 1, 2, +.., 2k. But then

3.13.::1 €, = [}

Since
-en
B eke1 < & [1 -e ] ) 1lim 8, =0 .
n=o

Therefore

1im z(t) = a .

e Q.E.D.

Thus for 0<ac< 1, o(1)>0, every solution z(t) is either
asymptotic to z = a or is a damped oscillation and thus
1im z(t) = a .
t=w
It seems likely that for a > 1, some of the osclllations are
not damped (there are only oscillations, see Theorem 9) and do not approach
a limit value.

THEOREM 9. Iet a > 1/e and o(1) > 0. Then no

solution z(t) 1s asymptotic to z = a (except

z(t) = a). .

PROOF. If 2z'(t) = la - z(t - 1)1z(t), let y(t) = L z(t)
and then y(t) 1s a solution of y'(t) = al1 - y(t - 1)Ily(t) which is
asymptotic to y = 1 Iif and only if =z(t) 1is asymptotic to 2z = a. Let
t(t) = 1 - y(t) and then ¢(t) y 0 with ¢'(t) 2 0 1in case z(t) »a
or y(t) »1 as t —> =,

Suppose z(t) 1s asymptotic to z = a from below. Now
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=) a g(t-1) [1 - ¢(t)]
t(t) t(t)
and we take t so large that a1 - t(t)] = ay(t) >a' =a - ¢ >%, for

a small e > 0. Write

R(t) = =) 5 ¢
t(t)

and then
t
R(t) > a' exp fR(s)ds .
t-1
Sayon n-1<s8s<n, R(s) >M>0. Thenon n<s<n+1,

R(n) > ate >M and (since there is no point at which R(s) = a'eM)
R(s) > ate'. By induction on n+ k <s <n+ k + 1 we have
R(s) > a'exp R(n + k - 1).

Consider the number sequence C1 = a'eM, C2 = a' exp a'eM, veey
Cn+1 = a' exp Cn’ ++s .« By observing that the graph of a'e® 1ies above
that of x, we note that Cn+1 > Cn and

1ImC = + o .
n-oon

Thus whenever

a>1/e’ .-__;.'Jt_)-—->+on

t(t)
as t —> w.
ILet T be so large that
'_i.'_ﬂt_) >k
t(t)
whenever t > T - 1t where k 1s a large constant specified later. Since

on T<t<T+ 1, R(t)>k, then
R(T+l+1 >a.'ek/2=a
2 1 1

where 0 < T, 5%. Also

R<T+%-+ 12) > a' exp(%—+-,1—a'ek/2> = a,
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vhere 0 < 1, < + Similarly

2P ' (g_ 1 ak/2 1 .
R<T+ +-rn> >a exp2+225,e e v A o

of 2
[
where 0 < 7, < ;ﬁ- .
Consider the number sequence
k/2 a a /. .n+1
a -a'e/ a -aei/h ceiy @ = a e n/2
1 * T2 1 ’ ’ “n# n-’ el

Take k = 2 log 100 + 2 so that a, > 100. Then one easily calculates
a, > 100" 80 that

liman=+an .
n=w

But this implies that R(t) 1s not bounded on T <t < T + 1. However this
contradicts the assumption that ¢(t) # 0 and thus the asymptotic approach
from below 1is impossible.

Next we show that there are no asymptotic solutions to y = 1
from above when a > 1/e. Here let ¢&¢(t) = y(t) - 1 and suppose ¢(t)y O,
¢'(t) 20, and

- e'(t) _ t-1
—E—ré-)— a [1+ g(t)] : .

Also take t so large that a [1 + £(t)] >a > 1/e and let

P(t)-'—ﬁ%—)—>o

Again

P(t) = a exp f P(s)ds
t-1

and P(t) —> + = as t —> w. Take P(t) >k whenever t >T -1 and
as above P(t) 1s not bounded on T < t < T + 1 which contradicts the
assumption of an asymptotic solution with §(t) # o. Q.E.D.

Theorems 8 and 9 show that 1f 1/e<a <1 and o¢(1) >0, then
every solution 1s a damped oscillation tending to the limit value of a.

The next result is the complement of Theorem 9 and proves the ex-
istence of asymptotic solutions for 0 < a < 1/e.
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THEOREM 10. let O<a< l/e and o¢(1) > 0. Let”
the interval between the zeros of z(t) - a be at
least one, for large t. Then the solution z(t) 1s
asymptotic to z = a.

PROOF. Suppose z(t) has an oscillation, necessarily damped,
about z = a. Then y(t) = 3: z(t) 1s a solution of y'(t) =
a [1 - y(t - 1)]ly(t), and has a damped oscillation sbout y = 1. More-
over the interval from each zero of y(t) -1 (for large t > T) to the
following extremum is of length one.

Consider the family of curves w = 1 - Bet for B> o0. We
shall show that there exists a curve w(t) of this family which is tangent
to y(t) between the minimum at t, > T and the following zero t' of
y(t) - 1.

Along y(t), define Bft), t, < t <t', as the parameter value
of the curve of the family through (t, y(t)). Then near t_, B(t) is
monotone increasing. Also

1lim B(t) = 0 .
t=t!
Define

B= max B(t)
tost<t!

and let w(t) = 1 - Be™%. Let t, be the abscissa of the first inter-
section of y(t) and W(t) on t, <t <t'. Then W(t,) = y(t;) and
also Ww'(t;) = y'(t,). Also Ww(t) <y(t) on t, -1 <t <t;. But then

Be-t' wi(t,) y'(ty)

=all - y(t, - 1)] <alr -W(t, - 1)l

1 -8B ' W(t)  y(ty)

Thus

1 1
1 -8B !

But this contradicts the hypothggis 0 < a< 1/e and therefore there are no
oscillatory solutions with half-wave length greater than one. Q.E.D.
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In particular if o<a < 1/e, 9(1) >0, and o(t) #a on
0<t<1, then z(t) 1is necessarily asymptotic to z = a.

Finally we show that for &a > 0 only positive solutions are
bounded .

THEOREM 11- Let a >0 and ¢(1) < 0. Then

1im z(t) = - =
t=ew

In fact, %' = o|z(t)] as t —> = for each a > O.

PROOF. 3ince (1) <0, then 2z(t) <o for t > 1. Moreover
2'(t) = (a - z(t - 1)]z(t) < 0 and z(t) is monotonely decreasing for
t >1. Since [a - z(t - 1)] > 8,

1im z(t) = - .
t=

Given o« > 0, there is a T such that, for t > T, [a - z(t - 1)] >a
and thus e°% = olz(t)] as t —> «. Q.E.D.

4. THE REMAINING CASES, a < 0

The next theorem shows that the only non-trivial behavior arises
when both a and z(t) are negative.

THEOREM 12. If a < 0 and (1) >0, then

1im z(t) = 0
t=

If a=0 and (1) < 0 then

1im z(t) = - »
t=w

and, in fact, e“t = o|z(t)] as t —> «» for
each a > 0.

PROOF. If a< 0 and o(1) >0, then z(t) >0 and
{a -z(t -1)) <a< 0 for t>2. Therefore z(t) decreases monotonely
and clearly

1im z(t) = 0 .
t=o

If a=0 and (1) <0, then 2z(t) <O and
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z'(t) = - z(t - 1)z(t) so z(t) decreases monotonely for t > 2. Also

1im z(t) = - = .

t=o
Then given a > 0, choose T such that, for t > T, - z(t - 1) > a.
Therefore o' = 0|z(t)| as t —> w. Q.E.D.

THEOREM 13. Let a <0 and (1) < 0 and assume
z(t) # a. Then
1) 1f 2z(t) < a for a unit interval,

1im z(t) = -~ = ;
t=w

2) 1f z(t) >a for a unit interval,

1im z(t) = 0 ;
t=o

3) 1in all other cases z(t) - a oscillates
and 1s both positive and negative in each
unit interval.

PROOF. By the corollary to Theorem 3, 2z(t) ¢ a on any unit in-
terval. In cases 1) and 2) the conclusions follow just as in Theorem 12.
The three cases clearly exhaust the possible behaviors for z(t). Q.E.D.

It is not known whether the oscillatlons of case 3) above can
occur. However if, on 0 <t <1, o(t) # a, or has just one potential
zero, then case 3) is impossible (cf. Theorem 7).

5. ADDENDUM

After this paper was submitted, the authors noted the closely re-
lated work of E. M. Wright (4, 5, 6] on the same functional equation. There
1s some overlap in the results but in certain interesting aspects the papers
complement one another. For example, Wright solves the problem treated in
our Theorem 2 by finding analytic solutions on the whole real line, cf.

(5 and 6, thm 9]. Also, he strengthens our Theorem 8, cf. (6, thm 3, 4],
by replacing our estimate of 1 Dby 3/2 and he suggests =n/2 as best
possible. On the other hand, our principal Theorems 9 and 10 on asymptotic
solutions seem new.

Yale University
Princeton University
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II. ON THE CRITICAL POINTS OF A CLASS OF
DIFFERENTTAL EQUATIONS

Solomon Lefschetz

1. This Note 1s closely related to Baroclo's Mexican thesis,
and we shall largely use 1its terminology and notations with slight variants.
In particular

[x1., [x, y]p denote convergent power series In x or x and
¥y Dbeginning with terms of degree > p;

Elx], Elx, y] are convergent power series such that
E(0) = E(0, 0) = 1;

TO-curve denotes a path leading to or away from the origin in a
definite direction.

The systems which we study are of the general type:

- (y-cx)
(1) & - [5® - 2atx)y + BO]ER, ¥)
A= [x]1; B, C= [x]2

All systems with both characteristic roots zero but with terms of
the first degree not all zero are reducible to this form. Furthermore sys-
tems (1.1) are characterized as those whose paths are orthogonal to the
paths of a Bendixson system (one characteristic root # 0), a result due to
Barocio. This orthogonality already enables one to obtain considerable in-
formation regarding the local phase-portrait of (1.1) from the known local
phase-portralt of Bendixson systems. However while the latter case only
possesses hyperbolic sectors, (1.1) may well have a set of nested ovals.
Such a system was in fact expllicitly obtained by Courtney Coleman (1955
Princeton thesis). How many such sets may arise has as yet been an open
question. The following proposition which we shall now prove answers the

question: -

19
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(1.2) THEOREM. A system with both characteristic
roots zero but with first degree terms not all zero
possesses at most a single sector of nested ovals
(= s. n. o.). In the reduced form (1.1) this single
sector if 1t exlsts must be crossed by the y axis.

The proof will consist primarily in showing that in the form
(1.1) no s. n. o. can be on just one side of the y axis. Once this is
proved the full theorem follows wlth ease.

2. In our treatment we shall pass to the system equivalent to

(1.1)

(2.1) gF . [3°-2AGx)y+Bx)IB(x,¥)
- (y-C(x))

We shall first discuss the possible existence of an s. n. o. to the right
of the y axis. In that reglon there may exlst branches issued from the
origin where g% = 0. If there are such branches there are two of them
and we denote them by Pﬁ, Fﬁ. In our reglon there exists always a branch
Ty where I = °

The branches ry are jointly given by
(2.2) y2 - 2A(x)y + B(x) = 0 .
If a=4%-B-= [x]z, then the two branches are given by
(2.3) ¥y = A(x) +Ja .

Now upon drawing the various sketches corresponding to the rﬁ, Ty
branches to the right of the y axis, we readily find that the only dis-
position that might give rise to an s. n. o. to the right of Oy 1s the
one of Figure 1: the I branches in the first quadrant and the TH above
Ty+

This figure 1is drawn under the following conventions adopted by
Baroclo: the ry branches are in dotted lines and Iy is a continuous
line.

Now Figure 1 1s only compatible with A = agxakE(x), or else
a(x) = a®x®¥*'E(x). In order that the two Iy branches be in the first
quadrant we must have one of the following two systems of representations
for our branches:



ON CRITICAL POINTS 21

FIGURE 1
I. ré 1y = axPE, (x) ,
Pﬁ 1y = bx3E, (x)
Py 2§ = exFE, (x)
v 3 4
PgaAsgr; a, b > o0, c > 0.

Observe that ¢ = 0 means that FV is the x axis.

(x) + ax@ * 1/2E1<5(1/2>
(x) - ax q+1/2E2(x1/2>

P = axp + eee + pxq, a>b, a > 0;

II. r

g
"

o -
>
"

P% Ty = cer3(x);

r

L")

p, orelse r=p and cga .

The types I and II wlll have to be examlned separately.

In the sequel it will be simpler to omit units here and there, at
the cost of replacing = by = . Thus we will write for example for Pﬁ
under I:

rﬁ ty 2 axP
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By the order of a TO-curve or simply order we shall mean the order
of y(x) on the curve.

Our general method will consist in first finding the possible
orders of TO-curves by means of the Newton polygon. Then if u 1s such
an order we apply the transformation y = x'%1 .« It will turn out that u
i1s always an integer. The transformation replaces the given equation by a
system

ay, Ax,y,)
dx xrB(x,y, )
with x = 0 as a solution. The images of the TO-curves of order gy can

only be solutions tending to critical points P, Q, ..., other than the
origin on the y, axis. These are given by the critical equation

A(o, Y,) =0 ,

and among them those corresponding to ends of an s. n. o. must be nodes.
The strict saddle points are thus to be eliminated at the outset.

3. Consider first case I. The equation (2.1) becomes

(3.1) ay . (y-axP)(y-ba?) .
dx - (y-cx©) Psds”

The possible orders are found to be u =p + 1, q. The s. n. o. require
orders between p and q and beyond r. We consider the various possi-
bilitles.

Ja. p = q. This is only compatible with r = p, p + 1. Here
u=p, p+ 1. Testing first u = p (a necessary order) we find
(3.2) dy, , x(y,-8)(y,-b) + py, (y,-ox"P)
.2 —_— .
dax - x(yl-cxr"p)

If r=7p+ 1 the only critical value is v, =0 and so this 1s out. If
r=p we have y, = ¢ as qritical value # 0. The transformation
¥, -¢= y* replaces (3.2) by

*
(3-3) A A TP
dax -~ x(y +dx+...)

Hence P : v, =c 1s a Bendixson point. As it is the only critical point
ends of 8. n. o. must be imaged in arcs from and to P. This would make
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of P a point with an s. n. o. and this is ruled out for a Bendixson point.
Hence there 1s no s. n. o. in the present case.

When q > p we have several possibilities.

Ib. q2p + 2. This requires u=p+ 1, Q and hence r = q.
Taking first p=p+ 1, y = xp”y1 we find

(3.4) dy1 . (xy1—a)(y1-bxq'p'1) + (p”)yl(yl'qu-p-])
) dx - x(y1-qu'p'1) '
The critical equation 1s
(3.5) (p+l)y$-ay1=o .
Its only root # 0 1is v, = pi‘ T = . Setting y, -a-= y* there follows
d * AX_+ a.!* +
-
(3.6) E¥— - QX + oo

Hence this point is a saddle-point and so it is ruled out.
For w=q and y = qu] we have

(3.7) ay, . (3x3P-a)(y,-b) + ay,x3 PN (y,-c)

ax - xq'p(y1-c)

The only critical value is 7y, b. Setting y, - b = y* there follows

* *
d -8y + e
(3.8) dy _ _- 8y * ---
ax - x3P(y"+b-c)

a Bendixson critical point and as before this rules out an s. n. o.

Ic. q=p+ 1. Hence r=p+ 1 and we only have u =p + 1,
hence y = xpﬂy‘. This time

ay, . (v,x-a)(y,-d) + (p+1)y,(y,-c)
dx - x(y,-¢)

.

(3.9)

The critical point equation 1s

£(y,) = (p + 1y, (y; - ¢) -aly, -0) =0 .
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Suppose first b # c¢c. Since I‘}a{ is above ry necessarily b > c. Since
some TO-curves must be above r‘ﬁ and some below Pys b must be between
the roots of f‘(y,) if there is to be an s. n. o. This requires that
f(b) < 0. However f(b) = (p + 1)b(b - c) >0 and so there is no s. n. o.
here.

Suppose now b = c. More generally we may have representations
ryry=alx), TH:y=8(x), r;:y=x),

where B, y are of order p+ 1, B -y =8 1is of order s >p + 1, and

1f 8 = dx° + «esy, then d > 0. Thus here

ay : (y-a)(y-8) |
dx

- (y-7)
The regular transformation
X=X, Yy-=2+p(x)

replaces topologically the right of the y axis and 1ts s. n. o.'s by the
right of the 2z axis and its s. n. o.'s. Thus it will be sufficlent to
eliminate the latter. Now

s (z-(a-B))z + B' + (2+5)
- (2+8)

&8

22 - e(x)z + B'®
~ (z+8)
o (2=t (x)) (2=t ,(x))

- (z+8)

(3.10)

Notice that since
B'8 = (p + 1)baxP*d + ... ,

p's > 0 for x small. Hence if 8,, 8, are the orders of £ 8o then
8; +8,=p+3s and [ (;'2 have the same signs for x small. Since B8
1s then also positive, (3.10) 1s like our initial system but with Ny be-
low Ox. If ¢y ;2 are > 0, I‘;I and r‘f{ are above Ox and an ele-

mentary sketch excludes at once an S. n. 0.

Suppose now s ;2 both < 0. The change of variable z = - 2,
replaces (3.10) by
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_dﬁ_ (z,+8,)(z,+8,)
dx - (z,-¢)

where now - §,, - ca, 8 >0 for x small and their orders are still 8.,
85, 8 with s, + 8, = p + s. Suppose 8; 5 8, The only possibility for
an s. n. 0. 1s 8, = 8, + 1 = s. This ylelds s = p + 1 which contradicts
s >p + 1 and eliminates the s. n. o. in the present instance.

To sum up then no s. n. o. may arise under case I.

L. Passing now to case II of No. 3, a first change of variables:
x = u® will yield

ay . zugx-!gu!-auaqﬂ 2§x—!§u2+au2q” )
dau - (y-cu®T)

v=ou®+ ...+’ qg3p; a,a>0 .

From Figure 1 we know that an s. n. o. requires TO-curves between the two
r‘H branches and so of order 2p, and also that c > 0. We apply then
the transformation

u=u y=uPy
and obtain
2(r-p))

dy, , . u2(y1-a)2 + pyl(y‘-cu

au - u(y, —cu?(T-PJ)

There are now two possibilities:

(a) r > p. The only critical point is at the origin. This means
that possible TO-curves are of order > p and it excludes an s. n. o.

(b) r=p and hence c ¥ 0. There are critical points at the
origin and at y, = c. The origin has characteristic roots c¢, - 2pc 80
that it is a saddle point. The point A 1s of Bendixson type. Therefore,
as under case (a), there 18 no s. n. o.

This completes the proof that the system (1.1) possesses no
8. n. o. to the right of the y axis.

5. It is much easier to show that (1.1) possesses no s. n. o.
to the left of the y axis. To begin with the change of variables
x—> -x, y—> 7y reduces (1.1) to the type

2
(5.1) %;H%%Mﬁ
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for which we must show that it has no s. n. o. to the right of the y axis.

Upon drawing the possible sketches for (5.1) it 1s readily found
that Figure 2 1s the only one consistent with an s. n. o. The two Ty
branches are separated by the x axis but the Ty branch may run above

|
// I‘H

FIGURE 2

or below Ox or even coincide with it. We have agaln two possible cases:

I. P;{:yéa.xp, a>o0

+10x3, b<o

He

I

r ,yécxr, r>p orelse r =D,

v and hence ¢ 7 0
1 . Ptz
II. rp:y2ex B a>o0,
1
2 . Ptz
H:Y =& y P21,
r r
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The justificatlion of the representations for the two Iy is as follows.
Their general form 1is

¥ = Alx) +Va

In order that they be separated by Ox, Jao must be of lower order than
A(x) and this leads to the indicated representations.

As a matter of fact the change of variables x'/ 2 —_— x" re-
duceg II to the type I, so that we only need to consider the latter. Thus
(5.1) takes the form

(5.2) 9.1 . Qx—a.xp)gpbxq)
ax (y-cx¥)

If q < p, the transformation y —> -y will replace (5.2) by a similar
equation with q > p. Observe also that r > p. Thus we may assume q 2 p.
The Newton polygon method gives rise to the following speclal cases:-

() r = p. The possible orders are W =p, q + 1. The order

q + 1 1is out since an s. n. o. requires TO-curves of orders g p and
< q. Thus p 1is the only possible order. The adequate transformation is
y = xPy,. It ylelds

dy, , x(y,-a)(y,-5x¥P) + py, (y,-c)

dx x(y,-c)

The only admissible critical point is y, = c. It is found to be a Bendixson
point and hence excluded as before (see 3, Ia).

(b) r>p; q=p+ 1. The only possible order is8 u =p + 1.
Since one order must be < p this case is ruled out.

]

(¢) r>p, q=p. The only admissible order 1s u = p + -;—

and is ruled out as under (b).

(d) gq>p+ 1. Here we find u = q, p + 1 which excludes u < P
and so this case 1s ruled out also.

Thus no s. n. 0. can occur to one side of the y axis.

6. There remains to be shown that at most one s. n. o. can be
crossed by the y axis. )

From (3.1) follows that the polar coordinate equation for de/dt
is

%—%é Fyly -cx™) .
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Since r > 1 the only possible tangent of the paths at the origin is

y = 0. TUpon drawing one s. n. o. tangent to Ox, it is found to absorb
one Ty branch (Figure 3). A second set would have to cause the existence
of a second such branch. S3ince there is only one, there can exist at most
one set of nested ovals crossed by the y axis. This completes the proof
of our theorem.

—

FIGURE 3

|

—

That a set of nested ovals corresponding say to Figure 3 can exist 1s proved
by the system

-xz

& . X .
ax

)

Universidad Nacional de Mexico



ITI. OPTIMAL DISCONTINUOUS FORCING TERMS
D. Bushaw

§1. INTRODUCTION

This paper 1s devoted to a problem which arose originally in the
theory of automatic control system design (see [2] or [7]). The problem
may be stated in the following form:

If g(x, y) 1s a given function, find a function o(x, y) with

the properties:

(A) o(x, y) assumes only the values -1 and + 1.

(B) For any point (x5, ¥,) 1in some plane domain R
containing the origin, a solution x(t) of the
differential system

(1) %+ g(x, %) = o(x, %), x(0) = x50 %k(0) = Yo

exists, and there exists a (least) positive value
of t, say t,, such that for this solution
x(to) = x(to) = 0.

(C) For a&ll points in R, t, 1s a minimal with
respect to the class of functions ¢ satisfy-

ing (A) and (B).

Despite the essentially variational character of this problem, all
attempts to apply standard variational methods to it have proved fruitless,
and it has been found necessary to develop special approaches which might
be described as elaborate combinations of falrly elementary techniques.

The present peper 1s divided into three principal parts. In the
first part (Sections 2 and 3) the problem is recast in a form in which the
geometric point of view comes to the fore; in the second part (Section 4)
certain general results are obtailned which lead to a simplification of the

29
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problem; and in the last and longest part (Sections 5-7) I give the solu-
tion of the problem for the case 1n which the given function g 1s linear.

§2. TERMINOLOGY

Instead of the differential equation (1), it will be convenlent
to consider the corresponding "phase" system

(2) k=3, ¥ =o0(x,5)-glx,y) .

I shall assume throughout that the given function g(x, y) has continuous
first partial derivatives everywhere.

Suppose for the moment that the function o(x, y) 1s identically
+ 1; then the solution curves of (2) cover the entire plane exactly once.
This family of curves will be caXled the P-system, its curves P-curves,
and the arcs of its curves P-arcs. Likewlse, when ¢ = - 1, one obtalns
a family of solution curves which will be called N-curves, etc. Each P-
or N-arc 1s automatically oriented by the increase of t along 1t.

There i1s some question about what should be meant by a solution
of (2) when ¢ takes on both of the values - 1 and + 1, and 1s there-
fore discontinuous. In order to avold ambiguities, I shall adopt the
following definition which, although it involves an element of arbitrari-
ness, accords well with the classical definition and with the physical con-
text in which the problem arises. For the sake of simplicity, the defi-
nition will be expressed in geometric language.

Suppose that p, = (xo, yo) i1s the point in the plane from which
the solution 1is sought, and suppose q>(x°, yo) = + 1. Then one of the
three following mutually exclusive possibilities must be reallzed:

(1) There exists a P-arc beginning at P, of positive length
along which o(x, y) = + 1.

(11) The condition (1) is not satisfied, but there exists an
N-arc from p, along which 9(x, y) = - 1 at every point but p,.

(111) Neither (1) nor (ii) holds.

If (1), then if there exists a first point after p, on the
P-curve from p, at which o¢(x, y) changes sign, the solution 1is defined
to begin with the P-arc from Py to this point Py If there exists no
such point, the solution from P, 1s defined to be that part of the
P-curve through p, which follows D, (the P-semicurve from p,).

If (11), the preceding paragraph should be applied with N in
place of P.
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If (111), no solution from D, 1s defined.

Cases (1) and (11) define the solution from p, wholly or up to
a certain point Py In the latter case, the above process should be re-
peated with P, in place of Py» the letters P and N interchanged,
and the numbers - 1 and + 1 1interchanged. This will lead to the same
trichotomy: either the solution is not defined beyond pPy» or it is com-
pleted by a whole N- or P-semicurve originating at pys» O it is defined
up to a certain point Do Then Py (if it arises) is to be treated as
P, Wwes, and so on.

If o(x, ¥,) = - 1, the solution from p, 1s defined analogous-
1ly.

Thus a solution of (2) consists of a countable (possibly finite
or even vacuous) well-ordered sequence of alternating P- and N-arcs such
that the initial point of the first arc 1s Py» the terminal point of
each arc 1s the initial point of the next, and o¢(x, y) = + 1 on the
P-arcs, - 1 on the N-arcs.

If A 1s the solution curve of (2) starting at a point p, and
p' 1s any point on A, then the solution curve starting at p' 1s that
part of A which follows p. Moreover, a solution curve cannot intersect
itself at a point p unless it is periodic beyond p. (Here a solution
can be "periodic beyond a point" without being completely periodic because
the solutions are defined only unilaterally.)

A point on a solution curve which is the terminal point of a
P-arc and the initial point of an N-arc will be called a PN-corner.
NP-corners are defined analogously.

§3. PATHS

Instead of dealing with o¢(x, y) directly, we shall deal with
curves which might possibly occur as solution curves of (2) for various
choices of ¢, and consider the problem of finding such a curve of least
possible time length which connects a given point p with the origin. It
will be shown below that solving this problem is tantamount to solving the
original problem.

It is assumed throughout this section and the next that the func-
tion g, and therefore the P- and N-systems, are given.

A path from the point p 1s a countable, well-ordered sequence
of alternating P- and N-arcs such that:

1) The sum of the time lengths of the arcs 1s finite (= 7).
2) The initial point of the first arc is p.
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3) The terminal point of each arc is the initial point of
the next.

4) If there are finitely many arcs, the terminal point of the
last arc is the origin; if there are infinitely many, then x(t) —> 0
and y(t) —> 0 as t —> 1, the path being parasmetrized in the obvious
vay in terms of the parametrization of the constituent arcs.

5) No two of the arcs intersect.

In order to avoid a conflict between 3) and 5), each arc is to
be regarded as containing its initial point but not its terminal point;
this convention will not restrict the generality of what follows. A path
from p can therefore almost be described as a curve which could occur
as that part of a solution from p (for some ¢) which connects p with
the origin. "Almost," because 5) need not hold for every solution of (2);
but since our object is to find solution curves of shortest possible time
length, nothing will be lost if we leave self-intersecting solutions out
of consideration.

A path from p whose time length + 1s not longer than that of
any other path from p will be called a minimal path from p.

In order to solve the problem stated in Section 1 it
i1s sufficient to prove that there exists a unique mini-
mal path from each point in some d R __con-

taining the origin.

Namely, one needs only to define ¢(x, y) = + 1 on P-arcs which
occur in the minimel paths, and ¢(x, y) = - 1 on N-arcs vhich occur in
the minimal paths. Such a o¢(x, y) automatically yields the minimal paths
as solution curves, and the minimal path from a point p 1s, by definition,
the solution curve of least possible time length connecting p with the
origin.

This method defines ¢(x, y) uniquely at every point of R ex-
cept the origin, where the value of ¢ doesn't matter. To verify this,
observe first that every point p of R must lie on at least one minimal
path, the minimal path which begins at p. Thus ¢ 1s given a value at
every point of R. This value is unique, for if there were & polnt p
at which it failed to be unique, this point would necessarily lie both on
an N-arc belonging to one minimal path 4, (say from the point p‘) and
on a P-arc belonging to another minimal path 4, (from p,). Denote
those parts of 8, and A, which lile between p and the origin by Z'
and &, respectively. Their time lengths t(A,) and +(&,) stand in
some relation to each other, say "(Zl) < ©(a,); then «(a, - &, + &) < v(8,).
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The curve A, - &, + &, may not be a true path (for it may cross itself),
but & true path may be obtained from it by cutting out whatever closed
loops or retracings it may contain; and the resulting path is clearly short-
er in time length than 4,, but this contradicts the assumption that a4
was the unique minimal path from Py

2

§4. CANONICAL PATHS

A path will be called canonical if it contains no NP-corners
above the x-axis and no PN-corners below it. In saying that a corner lies
above or below the x-axis, I mean that nearby parts of the arcs meeting at
the corner are above or below it; the corner itself, regarded as a point,
may lle on the axis.

THEOREM 1. Given any path A from p which is not
canonical, one can find a canonical path from p
whose time length is less than that of A.

The idea of the proof is simple: given, say, a path with the
NP-corner p a&bove the x-axis, one denotes by p' elther the last corner
of the path preceding p or the last intersection preceding p of the
path with the x-axis (whichever is nearer to p), and denotes by p'' the
corresponding point following p on the path. One then draws the P-curve
forward from p' and the N-curve backward from p'', thereby obtaining a
four-sided figure as shown (Figure 1). If one now modifies the given path

FIGURE 1

by replacing the section p'pp'' by the section p'p'''p'', the NP-corner
18 removed, no other such corner is introduced, and the time length of the
path 1s reduced. To see this last fact, note that by (2)

“(p'pp'') = f ylax, «(p'p''ip't) = f ylax ,
p'pp'" p'p'tiph!
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where the integrals are extended over the indicated curves. However, for
any given value of x the value of y 1s greater on p'p'!'p!' than on
p'pp''; therefore the second integral must be smaller than the first, as
claimed. If one applies this process to every NP-corner above the x-axis,
aend the corresponding process to every PN-corner below the axis, the re-
sult is a canonical path shorter than the given path. To complete the
justification of this conclusion, one must verify two things: (A) that it
is always possible to construct the "quadrilateral" shown in Figure 1;

and (B) that the process described introduces no self-crossings, so that a
true path is in fact obtained. The assertion (B) may be established by a
straightforward survey of the possibilities, the fact that P- and N-curves
can cross only in certain ways being taken into account. The verification
of (A) follows.

let p, p', and p'' be as described above; if the initial
point of a path is regarded as a corner, p' always exlsts, and the exist-
ence of p'' follows from the fact that the path goes to the origin. It
will be shown first that the P-semicurve 1 beginning at p' passes over
p'pp'! and crosses the vertical line through p''. That 1 moves to the
right as long as it remains above the x-axis follows from the first equa-
tion in (2). If ©n 1s given by the functions Xx(t), ¥(t), where
p' = (x(0), §y(0)), then 1 has one of the following three properties:

(1) For some t, > 0, F(ty) = o.
(11) 1im inf §(t) = o.
t—> =
(111) X(t) —> © as t —> w.

For if both (1) and (i1) are false, there exists a number ¢
and a value T >0 of t such that for t > T, (t) > €. Since X
this gives

n
<1 v

t
) - X1 = [ FEaL > e (£ -1 —> e a3 t—> =,
T

S0 that (1i1) holds.

Thus, as t increases I must elther approach the x-axis as
closely as one wishes or move off Infinitely far to the right.

n starts off from p' above ﬁ'pp", for in the upper half-plane
the P-curve through a point always has a greater slope there than the
N-curve through that point, and even if p' 1ies on the x-axis (so that
both curves have vertical tangents at p'), the radius of curvature of the
P-curve at p' 1s greater than that of the N curve. This all follows from
(2). n cannot cross the N-arc p'p, by what was just said about slopes;
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1t cannot cross the P-arg pp'!, since P-curves do not intersect one an-
other; and it cannot tend as t —> « to either of the points p or

p'' (vwhich may be on the x-axis), for this would imply that the point con-
cerned would be a singular point of the P-system, and this in turn would be
inconsistent with the fact that the time length of pp'' 1s finite. Thus
all that was claimed for I i1s true.

The corresponding argument can be given for N, the N-semicurve
obtained by following the N-curve through p'' backwards from p'': N
also lies above p'pp'', and crosses the vertical line through p'. Thus
I and N must intersect at least once; but they can intersect only once,
for if there were two consecutive intersections one of them would nec-
essarlly lnvolve an impossible inequality between the slopes. This gives
the unique point p''' and the "quadrilateral" sought.

This completes the proof of Theorem 1.

COROLLARY. In seeking a minimal path from a point it
1s sufficient to consider only canonical paths from
that point.

For 1t follows immediately from Theorem 1 that a path which 1is
minimal with respect to the class of all canonical paths is also minimal
with respect to the class of all paths whatever. From this point on all
paths considered are therefore assumed to be canonical.

If g(x, y) happens to have the property g(- x, - y) s - g(x, ¥),
discussions can be simplified; for if on this hypothesis we make in the
equations (2) the substitutions x = - X, y = - Y, o(x, y) = - o(X, Y),
we obtain

X=Y, Y=0X7Y) -gX%Y ,

and these equations have exactly the same form as (2). This means that if
p and q are two points symmetrical with respect to the origin, then
whatever can be saild about the P- and N-curves at p can be sald about the
N- and P-curves at q: e.g., if it can be proved that any minimal path
from p must begin with a P-arc, it follows at once that & minimal path
from q must begin with an N-arc. Since g(x, 'y) always has the property
named when it is linear (homogeneous), and g(x, y) will be linear in sub-
sequent sections, this observation will be extensively used. Any result
obtained from another by an appeal to it will be saild to have been obtain-

ed by symuetry.
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§5. THE LINEAR CASE WITH COMPLEX CHARACTERISTIC ROOTS

In the rest of this paper the fundamental problem of Section 1
will be restricted by supposing that g(x, y) = Ax + By, where A and B
are (real) constants. It i1s well known that the qualitative behavior of
the P- and N-curves will then depend on the nature of the characteristic
roots of the matrix
[o] 1
A -8 )°

The first case considered here i1s that in which these characteristic roots
are complex. In this case (after a sultable redefinition of the units in
which x and t are measured, if necessary) the equations (2) become

(3) =y, ¥=o0x 3)-(x+2by) ,

where |b| < 1. 1In this section it will be assumed further that b > O.

When b > O the P-curves for (3) are clockwise-orlented spirals
for which the point (1, 0) 1s the (stable) focus. If b = 0 the
P-curves are ellipses with (1, 0) as the center. The N-system may be
obtained in either case by translating the P-system two units to the left
along the x-axis.

Let
a =1 - b2

and consider the transformation
(%) X=x+by, Y=oy .

The use of X and Y may be regarded as the use of obllique coordinates
in the (x,y)-plane. Under (4), the system of equations (3) becomes

(5) X=-bX+aY +bp, Y =-0aX-bY +ap .
The P- and N-curves are giveﬁ explicitly by

x(t) = e-bt(Aeiat + Be-iat) _: 1

6
( ) Y(t) = ie-bt(Aeiat - Be-iat)

where

(7) A =% (X(0) -1¥(0) 7 1], B=A4 .
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(Here and throughout what follows the upper sign pertains to the P-system,
the lower to the N-system. The functions (6) represent ordinary logarith-
mic spirals or, if b = 0, circles.)

LEMMA 1. The time length of any arc cut off from a
P- or N-curve by two successive intersections with
the X-axis is =n/a.

This may be easily verified by considering (6) and (7).

A useful sequence of numbers tn i1s defined as follows: First,
put ¢, = 0. The P-curve starting at (go, 0) = (0, 0) reaches, after
the lapse of - x/a time units, a point (g1, 0); the N-curve starting
at (gl, 0) reaches, after the lapse of - x/a time units, a point
(;2, 0); and so on.

LEMMA 2. The values of the numbers ¢
n-1
t, - (_,)n(enbx/a +1 +2 Z ekb‘/a) (n=1,2, «u0)
7
This formula may be derived from equations (6) and (7) by com-
plete induction.

n are glven by

The letter I will be used in this section to denote the P-arc
Joining the point (g1, 0) with the origin.

ILEMMA 3. If p e R, where R 1s the set which consists
of the interval 0 < X < &, on the X-axis and the in-
terior of the region bounded by this interval and T,

and if A 1is that path from p which is obtained by
following the N-curve through p to I and then
following T into the origin, t(a) < «/a.

PROOF. It will suffice to prove this for points on the X-axis
only. The equations of TI' are

-lat )

bt(glat | o

X(t) = 1 -3

(8)

Y(t) = -%-1e"m’(e':""‘t - ol%t)
where - n/a <t < 0. The polnt q = (xq, Yq) 1s given by these equa-
tions when t assumes some value - A(0 < A < n/a). If q 1s regarded
as the initial point of the N-arc pq, the time necessary to reach p»p
being - u(0 < p < n/a), one obtains
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eb“'(Ae°m“ + Bem") + 1

(9)
16PH (ae™1%H _ Belo®) (. o)

as the coordinates of p, where
o p ‘El A-E:-%(an-ﬂ). The fact
that the quantities (9) are real im-
X plies that Ae™1®* 15 real. Putting
A 1ts imaginary part equal to zero and
r using the explicit expressions for

q Xq and Yq one gets

eP*sin a(r + p) =2 sinau .

FIGURE 2 Because 0 < ap < x, the right side,
and therefore the left side of this
equation 1s positive. This, together with the inequality 0 < a(r + u) < 27,
implies 0 < a(r + p) < n, which was to be shown.

With the aid of these three lemmas one can start finding minimal
paths. The procedure willl be to examine one part of the lower half-plane
after another until a unique minimal path from each point in this region
has been found; the rest will follow by symmetry.

THEOREM 2. If p 1s any polnt on the interval

0 < X <1 of the X-axis, then given any path A
from p which begins with a P-arc and whose tilme
length 1s less than =x/a, one can find a path from
p which begins with an N-arc and whose time length
1s less than that of aA.

PROOF. & must behave as follows: 1t begins (by assumption)
with a certain P-arc pq. This cannot return to the X-axls, for if it did
it alone (and therefore the whole path) would have a time length exceeding
x/a, by Lemma 1. From q, A& follows some N-arc which crosses the X-axls

but, as before, cannot cross 1[: again. q
(It does cross the X-axis because 1if

it were to stop short of the X-axis, '1 m

or on the interval 0 < X < 1, the s\ Op X

path would not be canonical; and if

it were to stop on the X-axis to the

right of (1, 0), the succeeding

P-arc would necessarily return to the r
X-axis and thus be too long.) The FIGURE 3
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N-arc qr 1s followed by a P-arc which likewise must cross the axis at
some point s, which must lie to the left of p, since otherwise A
could not reach the origin from s without crossing itself. How A be-
haves beyond s 1s irrelevant.

If »=1(pg), p = t(qr), aend o = 1(rs), one can repeatedly
apply (6) and (7) so as to obtain the coordinates of q, r and s in
terms of these three variables and the abscissa of p; and from the re-
sulting expressions elimination gives

(10) Xg -1 = e""{[(xp - 1)e” " . 2]e“7“ - 2}, y = b - ai.

It will be shown that if p and s are held fixed and A 1is
reduced to 0, the result is a path which is shorter than a. First,
dA(r + u + 0)/dr > 0; for since p and s are to be held fixed, A can
be taken as the sole independent variable in (10); and differentiating
both sides of (10) with respect to A» 1leads to

d _2e7%do/dr) + 1
(11) a—:(k+u+o)-(xp_1)e_7x+2

This quantity i1s of course real; putting its lmaglnary part equal to zero
glves

g% oPH [2 sin au + (xp - 1)e'bxsin alr + p)]
(12)
= (1 - Xp)e'bxsin ar .

Using this to eliminate do/dA from the right member of (11) gives

K sin au
2 sin aup + (Ap-l)e'bk

d
(n ) =
a tere sin a(r+p)

where K 1s a quantity which can be seen to be positive on purely alge-
braic grounds. It follows from (12) that the above denominator is posi-
tive; thus the derivative has the sign of sin apu. When A has its
originel value, this 1s positive, since O < A + u + 0 < n/a. As A 1s
decreased the whole sum A + u + o decreases, u remailns less than n/a,
and the derivative remains positive. Thus we may shorten A by decreasing
»; and ) may be decreased wlthout changing the topology of the situation
until one of two things happens:

I. r comes into coincidence with s. But this is impossible,
for if it occurred the shortened path would then contain an N-arc q's
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which would intersect the X-axis twice and thus be impossibly long.

II. q comes into coincidence with p; that i1s, A goes all
the way to zero. This leads to the peth whose exlstence was asserted.

COROLLARY. If p 1is any point of the region R (see
Lemma 3), the conclusion of Theorem 2 remains true.

PROOF. It is easy to see, by arguments like those used above,
that a sufficlently short path from p beginning with a P-arc must be of
the type pp'qrs ... shown in Figure 4. From the proof of the theorem it

FIGURE &

follows that decreasing M = t(p'q) reduces the time length of the path.
This process may be continued until either I (as described above) occurs --
but this i1s impossible for the same reason as before -- or the arc qr
comes to contain the point p. In this case cutting off the closed loop
pp'q'p 1leaves the path whose existence was to be proved.

COROLLARY. If pe R, and A 1s any given path from
p such that 1(A) < n/a and which does not begin with
an N-arc intersecting T, there exists a path from p
which does and whose time length 1s less than that of A.

PROOF. let q be the initial point of the first P-arc of a.
By assumption, q € R. The preceding corollary states that we may reduce
the time length of A be replacing q ... with a path from q which
begins with a non-vacuous N-arc qq,. If q, ¢ R, there is nothing more
to do; 1f q, ¢ R, the procedure 1s to be repeated. Sooner or later the
point q the initiel point of the first P-arc of the path after n such
modifications, must 1lie on or below TI; for each point a, 1s like !
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(Figure 4) and if all the points q, were to lie in R, then all the
corresponding points 1like s on A would 1lie to the right of the origin,
and this 1s inconsistent with the fact that A reaches the origin.

THEOREM 3. If p ¢ R, the unique minimal path from

p 1s obtained by following the N-curve through p to
r and then following r into the origin. (If pe T,
the unique minimal path from p 1s obtained simply by
following T 1into the origin.)

PROOF. By Lemma 3, we know that there exists at least one path
from p the time length of which is less than =n/a; so we need consider
only such paths. Then, by the second corollary to Theorem 2, we can
further restrict our attention to those paths from p which follow the
N-curve from p at least until it reaches r. Furthermore, it is enough
to consider points p of R which lle on the X-axis; for once the theo-
rem is proved for this case, 1t automatically follows for all points on
the N-arcs connecting such points p with Tr.

Let A be a path meeting these conditions. It begins with an
N-arc which crosses oI but does not return to the X-axis. The corner q
i1s followed by a P-arc qr which must cross the X-axis once (it cannot
stop there -- unless q = 0 -- for thls would force the succeeding N-arc
to be too long) but, for the usual reason, does not return to it. The
N-arc of A beginning at r inter-
r sects the X-axis at some point s.
The rest of the proof follows that of
Theorem 2 almost to the letter. The
(0] p + time length of pqrs 1s obtained as
S X a function of that of the N-arc pg,
and by differentiation is shown to
F be an increasing function of that
varieble. Thus the time length of A
may be reduced by holding s fixed
and reducing the length of the arc
FIGURE 5 pq to 1ts least possible value, 1i.e.,
until q e I'. The reduced "path" then reaches the origin before it reaches
its next corner after q (in its new position), and 1s therefore still at
least as long timewlse as the path which the theorem asserts to be minimal.
Thus the given path A 1s of greater time length than the asserted mini-
mal path, q.e.d.

Theorem 3 constitutes the first step in an inductive argument
the whole of which will give the complete solution of the problem.
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THEOREM 4. If p 1lies on the interval Ignl <X < &gl
of the X-axis, then the unique minimal path from p

1s that which consists of n + 2 arcs, the first of
which is an N-arc of length A(0 < A < n/a), the last

of which 1s of length o¢(0 < ¢ < n/a), and the inter-
vening ones of which are all of length =/a.

The proof will be by inductionon n (n= 0, 1, ...). Theorem
3 glves the desired result for n = 0. The first step is to determine the
locus of the corners belonging to the paths described in the theorem. This
will show incidentally that paths meeting the specifications of the theo-
rem exlst and are unique. It 1s clear that the corners must be obtainable
in the following way: working backwards from the origin, one follows T
(or r~, the reflection of T through the origin, depending on the parity
of n) for some time interval - o(0 < o < x/a), then turns onto an
N-arc (resp. P-arc) and follows it for the time interval - /o, thence
follows a P-arc (resp. N-arc) for the same length of time, and contilnues
to follow alternating P- and N-arcs until n of them have been traversed.
The ends of the nth arcs, as ¢ ranges over 1ts interval, describe a cer-
tain curve En which 1s the locus of the first corners on the paths
described in the theorem. It remains to verify that En 1s in the right
place. By complete induction applied to the formulas (6) and (7), one
may obtain as parametric equations of En

X, (o) = /() | gP%05 4g) + el

(13)
Yn(d) = enbn/a(_ ebusin ao) ,

where 0 < o < n/a. E, 1s merely TI; but from (13) it appears that E,
1s the curve obtained by magnifying T by the factor e™"/% 414 then
translating the result Ignl units to the right. For each n, the curves
E, and E , weet in a cusp at the point (Ign+1 |, 0) From these con-
siderations 1t 1s easy to see that the paths asserted to be minimal in the
theorem exist and are unique; moreover, thelr corners are all on the curves

E, and those obtained from the curves E, by reflection through the origin.

We are now prepared to embark on the proof proper of Theorem 4.
As in previous cases, one begins by declding how a path from p (p = (xp, 0),
¢4l < X, < l8,,4|) which might be minimal can behave. It begins, let us
say, with an N-arc of time length \, where A > 0. We shall assume for
the present that A also satisfies the condition

(14) A< nfa
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this assumption will be justified below. Thus the first arc of the path
ends at a point q on or below the X-axis, and from q the second arc
qr, a P-arc, emerges. Because the path is canonical, the arc qr must
cross the X-axis, say at the point v; but here again we make a heavier
assumption for which justification will be supplied later:

The point v 1lies on the interval
(15)
- lepl s X <=1

n-1| ‘

We can now assume (and this requires no further justification)
that after the path passes v, 1t coincides with the minimal path from v
given by the inductive assumption and symmetry. Thus r must have the
coordinates (cf. (13))

X, = e(n")b“/afebacos ag - 1) - le 4l

Y, = g(n-1)bx/agbog,yy oo ,

where o, the time length of the last arc of the path, satisfies

0< o< n/a and depends only on p and A, the time length of pq. If
the length of qr 1s u, then using (6) and (7) for the P-arc of time
length - u with the initial point r one can calculate the coordinates
of q as functions of o and p. Then following the N-curve from q
for the time length - A, one gets the coordinates of p as functions of
A, uy, and o. With the use of Lemma 2 the result of this calculation can

be put in the form
n-1

(16) X+ 1= e”[( pP=1g79 _ 2 z pk)e”‘ + 2 ] ’

o
vhere o = ePr/a gng again 7 = b - ail. Our problem is to minimize the
quantity T = A +pu + 0 + (n - 1)x/a, the time length of the path, under
the conditions set out above. For a fixed p, T may be regarded as a
function of A. The range of variation of A 1s 0< A <Ay, where A
1s that value of A corresponding to o¢ = n/ax. The remainder of the proof
follows familiar lines. The result of differentiating both sides of (16)
and suitably rearranging the terms is

(Zg-1pk)(dc/dx) + e 7H

2(21’01-191{) - pn-1eyu

(1) $-o
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The denominator cannot vanish for the values of b and ¢ which have been
admitted. Separating resl and imaginary parts on the right side of (17),
setting the latter equal to zero, and using the resulting equation to
eliminate do/d» from (17) yields

dT/d» = K sin au/sin ao ,

vhere K 1s positive in any case. Since 0 < o < n/a, the sign of the
derivative 1s that of sin au. However, sin au = 0 if q is on En.
When A 1s smaller, so that q 1s above F‘n’ sin ap and therefore
dT/dr» are negative; when larger, positive. Thus T assumes its minimum
value when u = x/a (q € En), as was to be shown. (In the extreme case
xp = |gn”| » the only path meeting our conditions 1s given by A = 0
and u = n/a; thus it must be minimal.)

It remains to justify the assumptions (14) and (15) used above.
The assumption (14) will be justified by showing that a path from p which
satisfies (14) can be found with a time length shorter than that of any
prescribed path from p which does not satisfy (14). To say that (14)
does not hold for a path A 1s to say that the initial N-arc of A not
only returns to the X-axis (on the negative half) but crosses it. Let v
be the point at which this happens. If one by-passes the polnt v by
means of a short P-arc, a canonicel path which satisfies (14) and has a
shorter time length than A 1s obtalned. That this is possible follows
from the fact that at v the P- and
N-curves have a common (vertical)
tangent, while the curvature of the
P-curve 1s less than that of the
N-curve; this may be verified using
the underlying differential equa-
tions. If the P-arc introduced is
short enough, it cannot touch A at
X any points but.its endpoints, so the
modified path 1s again canonical.
That it satisfies (14) should be ob-
vious; that its time length is short-
er than that of A follows from the
proposition:

If p=(, n), where £t <-1,
is a point near the X-axis, and if

FIGURE 7 and A' are the time lengths of the
respective shortest P- and N-arcs joining p with the X-axis, then A < A'.

Proof: Let 7 < 0, and regard p as the initlal point of the two
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arcs. Using (6) and (7), together with the fact that the end points of the
arcs are on the X-axis, one finds that the quantities

[(e - 1) = 1901, [(¢ + 1) - 1912

must be real. Setting thelr imaginary parts equal to zero glves
tan ar = - n/(- & + 1), taneor' = - /(- & -1) .

The desired inequality now follows from the fact that tan u 1s an in-
creasing function near u = 0, since - n/(- & + 1)< -9/(- & - 1).

In the following justification of (15) it will accordingly be
assumed that all paths considered satisfy (14). It will be shown that any
such path for which (15) 1s not true must have a greater time length than
"Ap, the path from p which the theorem asserts to be minimal.

Let A Dbe such a path. It begins with an N-arc of length
A0 < A < n/fa). If the terminal point of this arc is again called q, then
q 1s the initial point of a P-arc on A which, by the argument just given
and symmetry, may be supposed to stop short of crossing the positive half
of the X-axis. If r 1s the terminal point of this arc, there comes next
an N-arc starting at r which goes at least to the positive half of the
X-axis, say at the point 8. It follows from the definition of & that
Ign_]l < Xg- On the other hand, since A does not cross 1tself, it must

be that

Xy < X < Ty,

We cannot be so specific about what A does beyond s; but sooner or
later, in order to be able to reach the origin, A must cross one or the
other of the intervals

(18) e | < X legls = It s X< = Mg 41

for these intervals together with the N-arc joining (- Ignl , 0) with
(leg_ 15 0) end the P-arc’joining (|e,l, 0) with (- [g,_,|, 0), neither
of which can be crossed by A, form a simple closed curve separating p
from the origin. Let N(A) denote the number of times A crosses the
X-axis before crossing one of the intervals (18); our problem 1s to show
that 1f N(a) > ¢, 7(a) > r(Zp). To this end we first prove:

(19) nefa < t(B) < (n+ xfa
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In terms of the notation developed in the mwain part of the proof, we know
that

‘r(Zp)=).+a+nu/a .
Putting p = x/a in (16), one obtains:
Xp + 1= e7x[2229k - 7% .

Since the imaginary part of the right member vanishes, we have

oPeP%1n a(r + o) = 2(zgpk)sin ar .

But on Kp’ 0O<A<n/a and O0< A + o < 2n/a. These inequalities and
the above equation imply 0 < A + ¢ < n/a, and this in turn implies (19).

We can say first that if N(A) > 3, then A has a greater time
length than A ; for when N(a) > 3, A begins with a curve pqrs
as described above, and s 1s followed by a curve sq'r's' of the same
sort. If v and v' are the points at which the arcs qr and q'r'
intersect the X-axls, then one can use methods already developed to show
that each of the four pleces pqv, vrs, sq'v', and v'r's!' has a time
length greater than n/2a; and since the time length of that part of A
following s' 1is, by the inductive assumption and (19), greater than
(n - 1)n/a, the time length of A 1tself must be greater than (n + 1)n/a,
which, by (19), 1s in turn greater than 1(Kp).

The remaining cases, N(A) = 2 and N(A) = 1, may be settled
individually by use of the method of path contractlion already used so ex-
tensively above; the detalls, which are novel only in minor respects, will
therefore be omitted from this account.

This completes the proof of Theorem 4.

COROLLARY. If p 1lies in the closed region bounded
by one of the curves En and the X-axis, the unique
minimal path from p 1s that obtalned by following
the path described in Theorem 4 which passes through

P

PROOF. Suppose that Ap were a path from p such that
'r(Ap) < r(Kp), where A, 1s that path from p which the corollary asserts
to be minimal. Iet p' be that point on the X-axis which is first reach-
ed by following the N-curve through p backwards; clearly, |gn| <X <

ltneq |+ The curve composed of the N-arc p'p and 4, wvill be (after the
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elimination of any loops, retracings, etc., that it may happen to contain)
a certain path from p', say Ap,. But

w(a,) < v(p'p) + t(a) < t(p'p) + 1(A) = (A ,) ,
% 2, &) - <G,

and this contradicts the fact (Theorem 4) that Zp, is the unique minimal
path from p'.

Since b > 0, Ignl —> ®» a3 n—> », and the minimal paths
discovered by Theorem 4 sweep out the entire plane; and by a simple adapta-
tion of the proof of the preceding corollary one can show that the unlque
minimal path from any point p in the third or fourth quadrant i1s the part
following p of any minimal path among those already discovered which
passes through it. By symmetry, one obtains a unique minimal path from
each point in the first two quadrants. The complete solutlon of the prob-
lem for the present case may therefore be stated as follows:

THEOREM 5. Let C denote the curve composed of the
pleces En glven by

b

%o0s ag) + z?’1pk + 1

X,(0) = M2 - e

Y (0) = - oPeP%1in ao

(0<o< nfa; p = eb"/a; and n=0, 1, 2, ...) and
of the pleces obtained from these by reflection through
the origin. The curve C is homeomorphic to a straight
1ine and divides the plane into an upper and a lower
part. If the right half of C 1s counted with the
lower, the left with the upper part, the unique mini-
mal path from a point p in the upper (resp. lower)
part is obtained by following the N- (resp. P-) curve
from p until 1t reaches C, then switching to the
P- (resp. N-) curve at the point where this occurs,
then following this curve until it returns to C,

then switching agsin, and so on, until the origin is
attained. In terms of the function ¢, this func-

tion should be defined to be - 1 at all points
above or on the right half of the curve C, + 1
elsewhere.

It should be remembered that this is stated in terms of the trans-
formed coordinates X and Y. The result is also valid for the original
coordinates x and y 1if C 1s defined as follows: Let Eo be the
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P-arc connecting the origin with the point (&,, 0), E  the arc obtained
by magnifying E, by the factor p® and translating the result l¢1
units to the right (n =1, 2, ...); then C 1s the union all the arcs
En (n=0, 1, «..) together with their reflections through the origin.

§6. THECASE -1<b<oO

The preceding section contains the solution of the fundamental
problem for the system (3) where |b| < 1, b > 0. The first of these con-
ditions was extensively used, but the second was first used at a very late
stage, namely in the first sentence following the proof of the corollary
to Theorem 4. Thus all of the results listed in Section 5 down to that
point are equally valid when - 1 < b < O.

But vwhen b < 0, p = eb'/a <1 and so |gnl approaches the

finite 1imit a = (1 + p)/(1 - p) as n —> o, and Theorem 4 supplies
us with minimal paths only from points on the finite interval 0 <X < a
of the X-axis. These minimal paths sweep out a certain convex region S,
and within this region, as in Section 5, we obtain a unique minimal path
from each point.

This 1is indeed the best that could be expected; for if p 1lies
on the boundary of S8 or beyond, there is no path whatever from p. This
assertion is easily proved. Let
p=(a, 0) and -p = (-a, 0). The
boundary of S 1s made up of the
P-arc A originating at p and ter-
minating at - p, and the N-arc B
originating at - p and terminating
at D, as shown in Figure 8. It will
suffice to prove that no N- or P-curve
can move into S from any point on
the boundary of 8. Consider B; 1t
is an N-arc, so N-arcs cannot move FIGURE 8
inward from 1t. On the other hand,
all P-curves crossing B do so moving outwards; for by the fundamental
differential equations (5), an outward normal vector to B at any point
(X, Y) 1s givenby (aX + bY + @, - bX + &Y - b), while a tangent vector
to the P-curve at the same point is given by (- bX + oY + b, - aX - bY + a).
The inner product of these two vectors is 2Y, so that at all points on
B strictly above the X-axis the angle between them is acute. At the end
points the angle is 0, but there the radii of curvature are such that
the conclusion holds good. A similar argument may be applied to A.

In the present case the solution of the problem should therefore

read:
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THEOREM 6. When b < 0, paths exlst from a point
p if and only if p 1s an interior point of S;
from any such point the unique minimal path 1s ob-
tained as in Theorem 5, C being defined as before.

§7. THE LINEAR CASE WITH REAL CHARACTERISTIC ROOTS

Sections 5 and 6 contain the complete solution of the problem of
Section 1 for those cases 1n which the characteristic roots of the system

(20) =y, ¥=o(x,y) - (Ax + By)

are complex. When the characteristic roots are real, the matter 1s much
simpler, and the general approach used above yilelds the solution much more
rapidly. Since the problem has begen solved in a more general form for
cases of this kind (see references [6] and [1]), I shall merely state the
results here and omit all proofs.

When at least one of the characteristic roots 1s 0, then A = 0
and the characteristic roots are in fact 0 and - B. The P-curves are ob-
tainable from any one of them by translation along the x-axis, and the
N-curves may be obtained from the P-curves by reflection through the origin.
Let R denote the whole plane when B > 0, the horizontal strip
Iyl < - B™' when B < o.

THEOREM 7. Paths from p exist if and only if

p eR; 1f C denotes the curve made up of the P-
and N-semlcurves terminating at the origin, the unique
minimal path from any point p 1in R above (resp.
below) C 1s obtalned by following the N- (resp. P-)
curve from p to C and then following C into the
origin. If p 1s on C the unique minimal path from
p 1s the part of C between p and the origin.

The proof of this theorem does not depend on knowing the explicit
equations for the P- and N-:c‘ur'ves, and may therefore be generalized to
cover certain nonlinear cases.

When the characteristic roots for (20) are real and of the same
sign, a change of scale brings (20) into the form

x=3, ¥=o0(xy)-(x+2by) ,

vhere |b| > 1. The point (1, 0) 1s a node for the P-system, stable or
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unstable according as b 1is positive or negative. Now let R denote the
whole plane if b > 1, the open region bounded by the P- and N-semlcurves
joining (- 1, 0) and (1, 0) when b < - 1. With R redefined in this
manner, Theorem 7 applies verbatim to this case.

Finally, when the characteristic roots for (20) are real and have

opposite signs, the system (20) can be reduced by a sultable change of scale
to the form

Xx=3, ¥-=o0(x,y)+x+2y5 ,

where b may be any real number. In this case the point (- 1, 0) 1s a
saddle point for the P-system, and the N-system 1s, as usual, obtained by
reflecting the P-system through the origin. If R 1s redefined as the
open slanting strip bounded by the straight lines

y=(b—Jb2+1thl> ’

Theorem 7 agaln applies verbatim. In this case it never happens that paths
exist from every point in the plane.

§8. CONCLUSION

The preceding three sections contain the complete solutlon of the
problem stated in Sectlon 1 when g(x, y) 1s assumed to be linear. It
should be observed that in every case there exists a unique minimal path
from each point from which there exists any path at all: the region R
for which the problem is solved is the largest region for which it could
possibly be solved. When the P- and N-systems are stable the region R 1s
the whole plane; when unstable, a restricted, though not necessarily bound-
ed, part of the plane. These observations suggest some possible general
existence theorems about which nothing appears to be known.

Although, as I have pointed out, the solution for the case of
real characteristic roots has been raised to a much higher degree of gen-
erality, the solution given in Section 5 for the case of complex roots
has not been advanced in any direction. In view of the highly speclal
nature of the methods used on this case, 1t seems that e radically differ-
ent approach will be needed to obtain any generalizations.
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IV. ON THE STRUCTURE OF SYMMETRIC PERIODIC SOLUTIONS
OF CONSERVATIVE SYSTEMS, WITH APPLICATIONS'

Rend DeVogelaere®
INTRODUCTION

If one wants to study a given algebraic curve, one will start to
investigate the properties of such a curve near an ordinary point, but
this will not furnish any information on the behavior of the curve in the
large; the knowledge of the singular points will furnish one of the tools
for such a study in the large and the classificatlon of these singular
points into double points, triple points, cusps, etc., will be of utmost
importance. A similar situation arises in the study of differential equa-
tions. Let us take those of the type
—‘2‘=—§—U(x: Y); de =—a'
dat ox dt dy

@ + (@ - .

Here the properties of existence and uniqueness of a solution or of the be-
havior near a solution, do not give any information on the set of all solu-
tions in the large; moreover it is difficult to arrive at the complete
knowledge of one solution for an infinite time except for periodic solu-
tions, and for asymptotic solutions to periodic solutions. Periodic solu-
tions may be taken as analogous to the singular points of an algebraic
curve and their knowledge and classification may furnish a good tool to
advance in the study of differential equations.

u(x, y)

' This paper 1s extracted from a Report bearing the same title prepared
under the sponsorship of the United States Air Force through the Office of
Sclentific Research of the Air Research and Development Command (Report
No. 2 (1954), ix + T4 pp., 3 Tables, 18 Fig.).

2 University of Notre Dame, Notre Deme, Indiana.
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A classification of periodic solutions is considered here and 1s
made dependent on a correspondence of solutions of the differential equa-
tion with points in the two dimensional space R?. Such a correspondence
can easily be established in general, if there exlsts a surface which is
crossed by every trajectory. This surface is called surface of section by
Poincaré; to successive intersections of the surface of sectlon by the
trajectories correspond successive points A and B in R?. The corre-
spondence of B to A defines a transformation T of R° into 1tself,
and the problem of finding periodic solutions of the differential equa-
tlons 1s equivalent to the determination of fixed points of the transforma-
tion T.

Unfortunately it is not, in general, easy to obtaln a simple
surface of section. Hence, it makes sense to consider the similar trans-
formation that can be deduced from the successive intersections of part of
a surface satlisfying less stringent conditions. This transformation fur-
nishes those periodic solutions which cross this surface and this gives at
least a partial answer to the problem.

In a certain number of applicatlons, such as the billiard ball
problem and the restricted three bodies problem, the transformation T is
the product of two involutions M, Mo. We shall restrict ourselves in this
paper to such a transformation and shall study first the properties of T.
Many of these properties are explicit or implicit in Birkhoff's work. It
will appear that some periodic points under powers of T are contalned in
the intersections ““n,p of the sets Mo, 94{1, ey "“n‘ ceey ,/ﬂp,
of the points invariant under Mo’ M] and sets generallzing Mo and M,.

This permits a classification of the so-called symmetric periodic
points "'”n,p'

One typical application is given in the second part of the paper
and concerns symmetric periodic solutions of conservative systems of two
degrees of freedom having a line of symmetry and reversible, i.e., for
which any trajectory may be followed in either sense. It is shown that
under some conditions the transformation T in this application is topo-
logical and the sets "”n are continuous curves. This imposes, when the
invariant curves "’”n are known for n < p, restrictive conditions on
.dlp, hence the fact that some knowledge of the more complicated periodic
solutions can be obtained from the less complicated ones. The conservative
property of T 1s not explicitly mentioned here but is impliclt because
of the conservative system which is at the origin of T.

When a family of differentisl equations 1is considered, the peri-
odic points corresponding to the periodic solutions vary continuously and
give rise to the structure of periodic solutions. This then 1s investi-
gated to a great extent for a typlcal conservative problem, the problem of
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St8rmer, bringing together all the known results, throwing light on the
role of the essential singularity of the problem and presenting new re-
sults which had escaped former analysis.

As a help to the reader, we mention a more elementary application
on conservative transformations in the plane which are products of invo-
lutions, which we discovered recently and of which the following mapping
1s an example.

2
X=-7+k(kx -3)% + [x-—ky+(k2—1)(kx-}')2

Y-x-(k::-y)"'-k[x-lq+(1{2-1)(kx—y)2:|2 .

CHAPTER I. PERIODIC POINTS OF SYMMETRIC TRANSFORMATIONS

1. Definitions. Iet us consider a one to one mapping T of a
set E onto itself and an involution R of E. The study of both trans-
formations 1s of interest only if some relation exists between them. We
shall here consider that TR 18 also an involution and call T a symmetric
transformation with respect to R. Such mappings, products of two invo-
Jutions were already considered by Birkhoff [1, I p. 727, II p. k12, 489,
668, 118] [2, p. 186].

For the sake of simplicity we let (n being any integer)

P,=T, M =TR .

By hypothesis, Mi =1, Mf = 1 and it is easy to prove that
(1) TR = RP7%

(2) Pan = qu

(2") Pan = Mn+q

(er1) MiPq = Mocq

(2'11) Man = Pn_q ;

the last relation glves, when n = qQ, the generalization of the hypothesis

M2=1 .

It follows also, that every product of a finite number of mappings T and
R 1s & mapping Pn or M‘n
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2. Invariant Sets. We define the subsets ‘Pn and o#,, of E
as the sets of points left invariant under the mappings Pn and %; ¢n
for n > 0 1s evidently the set of all the points of period n or divisor
of n and ¢_n = ¢>n.

We shall also consider the sets

(3) Pha= PnN Py

() My, q =My 0 M

where n # q; we will in general assume n > q.

We shall now deduce some relations; first

) Hn,q ¢ Pnq -
For, if A eyﬂn,q,

MA = A, MqA = A
and

M.anA = Pn_qA =A .
From a similar argument we obtain
6) (Myn Ppy) oMy -

Also, as a corollary of (6),

(Mqn Ppg) CoMng
and because of (4) and (5),

d“n'q C.yﬂq and ‘Pn_q
and so, T
(7) J{q n pn—q ""“n,q .
We remind ourselves also that

(8) pn ¢ pkn
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(9) ¢n:q- p(n:Q) ¢
Also, if k -k'+ 140

(10) v’”n,q C "’“k(n-q)m, k' (n-q)+q

for, because of (5) and (8), if A E'“n,q’
Poogh = & Py(poq)h = A
and because of (2') and MA = A,

My (n-q)enh = A 5

simlilarly we have

Mgt (n-q)+qh = A

the two indices in the second set of (10) must be different, hence the re-
striction on k and k'.

In the speclal case q = 0, k= -1 and k' = -1,

My o CM

O,y,-n

and because of the symmetry of thils relation

(1) "“n,o=°’”o,—n .

Finally corresponding to (8) and (9) we have

(12) °’“n,o C"'”kn,o

(121) 0'”1—1,1 C"”k(nﬂ )41,

(13) Mo Mg,0 = *n,q),0

(13%) -"(n,1 n "“q,1 = °’“(n—1,q-1) + 1, 1

For the applications we have in mind, we introduce the following
terminology: d{n will be called a set of symmetric points and "“n Q a
set of doubly symmetric points, so that the relations (5) and (7) are a
more precise form of the following theorems:
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THEOREM 1. Every doubly symmetric point is period-
ic under T.

THEOREM 2. Every symmetric periodic point is doubly
symmetric.

3. Transformations of the Invariant Sets. All the sets of sym-
metric points may be deduced from .,4{0 and .>4{1 by means of powers of the
transformation T because

(14) "“an = Pn""{o
(141) Moner = Pn"'”1

for, in general

1 =
(15) qu M .

n n+2q

As corollary,

(16) Pr""{n,q =

M

n+2r,q+2r

Also because of

we have

(17) oM_,, = R .

Up to a transformation Pn all doubly symmetric sets yﬂn aQ may
14
be reduced to the sets

M

2k,0 when n and q are even ,
"”21(-1,6 when n 1s odd and q 1s even ,
AMoye1,7 ¥hen n and q are odd ,

AMoyp,-y When n 1is evenand q 1s odd ;

for instance, because of (16),

P-j'«ak*zj,ej =Moo * -
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The last set may be reduced to the second one because of (16) and (11);

(18) P-kn””zk-a,-v "'“o,-akn ""“21:-1,0 5

but no further reduction 1s possible.

L. Classification of Symmetric Periodic Points. Because of the
Theorems 1 and 2, symmetric periodic points are doubly symmetric and con-
versely, so that we have to classify in a unique manner the points of the
sets "”n, qQ But one of the iterates of these points 1s contained in

(A4) M M

2k,0’ 2k-1,0’ 0’”21«1,1 .

and conversely, lterates of points of these sets are points in o#f n,q° It
is thus sufficient to classify points of (4).

Points are in different sets (o) for different values of the
indices, but because of (12) to (13') each point is contained in only one
of the sets

(®) L2 22 ¢  (x>o0)
defined by
o
gy ="'“ek,o - U"/‘{n,o
o<n<2k

o)
P y- '4{21(-1,0 - U"’{'x,o
o<n<2k-1

o
ck“’“aknn 'U"‘{'ln .

1<n<2k+1

The properties of the points of the set (@) are as follows:
1) the period is exactly and respectively

2k, 2k-1, 2k

11) -a point in a set £ 1s in M as well as its
k"D 1terate because if A ¢ tg end P A = B, then
A e"“o,-ak' hence M,A = A, M_,, A = A, M;B = B;
similarly



60 DEVOGELAERE
-a point in the set cf; is in .4(1 as well as
its km’1 iterate and

-a point in the set @ 1s in oM  and its
(k-1)'P iterate 1s in M_y-

As for the sets (®), we have

111) The period of the sets C'f: and 8; is k and
that of @p 1s 2k - 1.

The iterates of the sets (@) will be denoted
6'11{, 6'12{, ceey clé_] H

=1
y 00e, D 5

1 2
Qk’ b k

LI Qk-d’ @;{kﬂ

£, 23 ..., gx .

And we have

(19) ci = rek3-
(19') @1-1 = R@;j
(1911) g) - reXd .

5. Other Properties. From a similar theorem on the indices

follows:

THEOREM 3. The sets o# n,o are partitioned by the

sets £y, @j where 21 and 2j - 1 are all the

divisors of n. The sets °'“2n+1,1 are partitioned

by the sets Cy, Qj where 21 and 2j - 1 are all

the divisors of 2n.

From this theorem, one may deduce the partition of any set yﬂn’ @
Table I gives the partition of o# n,q - M an corresponding to some values
of n and q Inl ¥ lal s4 07 a.

If the sets Mn’ are obtained in the order of increasing n
and for a fixed n in the order of decreasing p, parenthesls indicate
the first time the sets C 1‘1; 91‘1, 31‘1 are obtained for a fixed k, what-
ever be Jj; brackets indicate the first time the sets are obtained for
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TABLE I

The Partitions of the Sets o# q &ve Given Below n, q.
4

(For the conventions see Section 5.)

'l‘:‘3 "’*:"2 -ll-,-‘l
[¢] [o] [o] 1
¢1 Q‘l 81 ¢‘1) QE
-3,~-2 -3,-1 -3,0
o 0 O o
2 c°®2° 2929
-2,-1 -2,0 -3,1
o O goO o
?° 29 £] cS e @9
-1, o -2, 1 -3,2
(o] o] -1 o 1
2¢ 2° @;" 2° (?))
1,-1 2,-2 3,-3
(o] o] (o] 1
(e)2Y | 29 29 () | ¢ (cy) 2923
—
1,0 2,-1 3,=2
[o] (o] 1 o -1
—> (2% 2° (2)) 29 (27"
2, 1 2,0 3,=-1
1 o
— 29 29 (£9) co (€2) 2,
3,2 3,1 3,0
o 0 O o o
— D c9 26 22 (29
4,3 4,2 k,1
[e] (o] (o] o -1
—> 2 2°¢£° 2°92;

-4,0

O O O
2 1 z 1 £ 2
=,

o =2
29 (275
-4,2

0l o 1
29 2] £9 (g
—‘t,3

o -2
29 2%
4,-k

o o 2
27 927 (g))
4, -3

o 2
27 (2})

4,-2

o -1 o 2
2727 £9 (£3)
b, -1

2
29 (23]
k,0

29 £9 123

fixed k with the exception that sets related by (19) to (19'') are con-
sidered as equivalent; braces are used when this equivalence is not con-

sidered.

THEOREM 4.

If all the .4(1 are known for

11] < n,

from the knowledge of o#  and oM _, = Ro#, we de-
duce the new sets
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L 2R tn, 2@, vhen n is even and

(4 C’n, 2, vhen n i1s odd.

n-1’

For instance, when n = 2p the only new doubly symmetric sets are

°'“2p,-2p+2' "“2p,-2p+1 and "“ap,-ap because the others

M (3 <k < bp)

2p, -2p+k
are equivalent up to a transformation P, to
M 2p-2,-2p+k-2 °
The new sets are equivalent to

H

Mhp-a,o’ "'”hp-1,o and "’”hp,o

when these sets are partitioned with the aild of Theorem 3, only the 1im-
proper divisors give new sets (&), hence the theorem.

6. Non Existence of Symmetric Periodic Points. Let us consider
two sets E, and E, which form with M o & partition of E, we have

1

THEOREM 5. If the mappings of E, and M o are
contained in E,, the sets Qn and zn are
empty .

For, T(E, Ue# ) CE, 1s equivalent to
™C Ea) C E,
from which we deduce

E, D C(T7'E,) = 7' (CE,)

.

and so
-1 .
M_, =T My CE,;

hence M 0,-2 ° #; on the other hand by iteration of the hypothesis,
T.4(° CE, and T(E,) C E,,
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Moy = TPM, CE,
and so

Myp,2=# for p>0
but the sets ?g and t: are contained in some T"“zp,-e =2 (p > 0)
and so these sets and their iterates are empty.
If Ey E, and oM_, form a partition of E, 1t 1s easy to
prove

THEOREM 6. If the mapping of E3 and the mapping
of oM _, are contained in E;, the sets C and
@n are empty.

Also 1f E3 and Eh form a partition of E we have

THEOREM 6 bis. If o, and the mapping of E,
are contained in E; and if #_, 1s contained in

E,, the sets C'n and @, are empty.

CHAPTER II. APPLICATION TO A CLASS OF CONSERVATIVE PROBLEMS
OF TWO DBGREES OF FREEDOM

The properties of Chapter 1 were suggested by the following appli-

cation.
Let us consider the canonical form of a conservative dynamical

problem of two degrees of freedom
n
(20) x = JU/dx
"
(21) y = dU/dy
for which the following first integral is easily found
(22) P y2 = 2U(x, y, a) +h .
Let us think of U as an analytic function in x and y; weaker con-
ditions are studied in Section 13. In the problems which are naturally of
two degrees of freedom, the constant a does not appear and h 1s the in-

tegration constant; when the equations are deduced from a problem of three
degrees of freedom with an ignorable coordinate, the constant a 1s the
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conjugate coordinate and often h 1s fixed if a suitable system of units
1s chosen. Hence there 1s no restriction if we write h = 0 or

(221) %2 + 3% = 2U(x, y, &) .

Different spaces may be used:

1) The four dimensional phase space,

2) The three dimensional surface (22!') if a
1s fixed,

3) A two dimensionsl surface of section [20],
[I, II p. 70], if a 1is fixed; but such a
surface does not exist in general.

4) The two dimensional subspace & of the
plane x, y : 2U > O.

7.  Introduction of Symmetry. We shall now meke the further hy-
pothesis U(x, -y, a) = U(x, y, a), which means that the problem is
symmetrical with respect to y = O.

¥y = 0 1s a solution of (21) and the solution on the axis of
symmetry is reduced to a problem of one degree of freedom (20).

When a 1s fixed, a solution of the problem which crosses y = 0,
1s determined up to a symmetry by the values of x and * at the time of
crossing because ¥ 1s determined up to the sign by (22'). The two di-
mensional subspace J of the plane x, %

2U(x, o, &) - %2 >0 ,

1s a generalization of a surface of section: thils surface 1s made up of
analytic pleces, but some discussion will have to be made when there are
double points on the boundary and for regular boundedness [I, II, p. 70];
we do not ask that all the trajectories cross y = 0.

If we are looking for periodic solutions of (20) and (21), sym-
metry 1s very Important, because then symmetric periodic solutions may
exist and these are much mpre easy to find than non-symmetric periodic
orbits as will be indicated in Section 10. We shall consider here the sym~
metry defined above, but what follows may be generalized to other cases.

The two subspaces & and & will mostly be used. Each point
A of 7 not on the boundary gives the initial conditions of two sym-
metric curves 1, in & crossing the line of symmetry y = 0 at X
and followed in a definite sense and conversely. The points on the boundary
of & correspond to the solution y = 0, %2 - 2U.‘
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8. Transformations of the Set J . Let us consider a trajectory
corresponding to a point A of J; if this trajectory again crosses
¥ = 0, then to this point A there corresponds a point B of J and
the differential equations define a transformation T of & into itself,
T =! 1s obtained by following the same trajectory in the other sense
glving, if the trajectory crosses y =0 at D: T ™' A =D. Let us now
define the involution R of J as the reflexion sbout % = 0; this
corresponds in € to the trajectory starting at the same point on y=0
in the opposite direction. If RA = C, we have TRC = B and TRB = C
and so TR i1s also an involution.

If T 1s a one to one mapping of & onto 1itself, l.e., if to
each A corresponds a B and a D, then the application of Part I is
immediate and E = J; if not, E will be the largest subset of J for
which the transformation T deduced from T 1s one to one onto E. An
a priori knowledge of E 1s then, in general, difficult to obtain, but is
not necessary.

9. Periodic Orbits and Symmetric Periodic Orbits. Solutions of
(20) and (21) will be called here indifferently, trajectories or orbits.
It 1s immedlate that the sets ‘i’n of E correspond to the periodic
orbits = crossing y = 0 at least once and conversely. We have now to
find the meaning of the sets o# n " M o 18 the set of polnts invarient
under R, 1l.e., the set of points on X =0 in E. These points corre-
spond to trajectorles perpendicular to y =0 in €, 1i.e., to tra-
jectories symmetric with respect to the x axis or trajectories symmetric
with respect to the plane y = 0, ¥ = 0 1in the phase space. "’“2:1 is the
transform of oM ° under T® (14); these points corresponds to the n
crossing of trajectories symmetric with respect to y = 0. If A is a
point of yﬂ,, TRA = A; to A corresponds in the phase space a trajectory
Ty with initial conditions X(xo, Yo = O %, io), to RA corresponds
the trajectory g, with initial conditions Y(xo, 0, -%,, - ¥,) end

*(' t, x) = - J.((t) Y) .

After a time 2t,, TR ©Crosses y = 0 at X, and we have, because of
TRA = A

%(2t,, Y) = x(0, X) ;

but because of the uniqueness in the phase space, this was true at any pre-
ceding time, for ilnstence - t,, and so

*(t1, Y)‘*(- t1’ x)' -*(t1l Y)- 0 .
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For the same reason y(t,, Y) = 0. The orbit will have one point of zero
velocity or in € a point on the boundary 2U = 0, and A 1s the next
point of intersection with y = 0. Because of (14') "“2n+1 1s the set
in E of the orbits starting from the zero velocity line and crossing

y = 0 for the nth time. These orbits are symmetric in the phase space
about % = 0, ¥ = 0. Symmetric points correspond to symmetric orbits in
the preceding sense.

The sets o# n &re defined in E, but we extend their definition
in 7 1n the obvious manner; they will be, in general, lines which inter-
sect in doubly symmetric points o#f n,q’ which correspond (Theorem 1) to
symmetric periodic orbits; the converse 1s also true because of Theorem 2.

10. On the Advantage of Symmetry. Actually the sets o#f n In b4
will be obtained by integrating the differential equations (20) and (21)
with initial conditions (x, y = 0) € 8, X = 0, ¥ glven by (22') or with
the initisl conditions (x, y) satisfying U(x, y) = 0, X =y = 0. The
sets oM n,q do not give all the periodic solutions, namely those which do
not cross y = 0, and those which cross y = 0 and are not symmetric. The
last ones may in general only be obtained with much more work, because we
have then to integrate all the solutlons starting with any value of x, X
in Z up to the second crossing with y = 0 in & ; by using the
symmetry argument, the integration with the indicated initial conditions up
to the first crossing with y = 0 1is sufficient.

Periodic orbits which do not cross y = 0 may be obtained in the
case where there exists another plane of symmetry in the phase space, which
could be for instance the x = 0, § = 0 plane.

But to deduce from this, that all non-symmetric periodic solu-
tions are obtained, we must have more knowledge on the surfaces of section
and prove that every trajectory crosses in the phase space either x = O,
y=0 or y=0, X=0.

11, Classification of Perlodic Orbits. Because of the corre-
spondence of the symmetric periodic points and the symmetric periodic
orbits, Section 4 gives us a classification of symmetric periodic orbits.

With the notation.introduced at the end of Section 7, if

o)
A e tk c"'“Ek,o
we have with B = 'I'kA,

MA =4, MB-=B (Section 4, 11)

.
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gisn == R =Rl - ROIB) 11, 2, oen ke

all the points A; being different because of the definition of z_ﬁ. The
corresponding trajectory Ty, crosses y =0 perpendicularly at A and
B and has exactly %k - 1 other points of intersection A; with y = 0,
such a trajectory will be noted €.

Similarly to A e Cp, corresponds a trajectory 7, with ex-
actly. k points of intersection with y = 0 and with two points of zero
velocity. Also to A e 912, corresponds a trajectory 8, with exactly
k points of intersection with y = 0 at one of which (A) the crossing
is perpendicular and with two points of zero velocity symmetric with respect
to y= 0.

Using Table 1, one sees that from the computatlon of
.,4{1, 8, and 7y, may be obtained, i.e., the periodic orbits symmetric
or not with respect to y = 0 and having two points of zero velocity. The
additional computation of °’“2 glves every orbit €5 €, and 52, i.e.,
the symmetric periodic orbits with respect to y = 0 with two points where
the crossing 1s perpendicular and without or with an additional crossing
point and the symmetric periodic orbits with respect to y = 0 with two
symmetric points of zero velocity and two points on y = 0, one at which
the crossing is perpendicular. And so on.

12. Non Existence of Symmetric Periodic Solutions. If in the
Theorem 5, E; = (F n*x>0) and E, = (7 n %< 0) one has

THEOREM 7. If all trajectories starting from y = 0
with § >0 and % > 0 and which cross y = 0 are
such that at the first crossing point % > 0, there
1s no symmetric periodic orbit of type & or e.

Moreover, if E3 =E and E, = E, we derive from Theorem 6 bis:
THEOREM 8. If the hypothesis of Theorem 7 are verified
and if all trajectories starting with zero velocity and
y > 0 and which cross y = 0 are such that at the

first crossing point % > 0, there is no symmetric
periodic orbit.

The additional hypothesis means that o y C E3 hence

ﬂ_,'Ro"chE3=Eh .



68 DEVOGELAERE
REMARK. As such the two preceding theorems are not
very useful, but will become so when T 1s a topo-

logical transformation.

13. Properties of the Transformation T.

THEOREM 9. Let &' C € ©be a closed bounded domain in
which U(x, y, a) has continuous bounded first partial
derivatives in x and y and in which these derivatives
satisfy Lipschitz's condition. Let I(xo) be a closed
set of intervals in X, such that

(I(xo), ¥ = 0) e ¢!
and J' such that

7= 70 (1), 1,)

then to every point Py e g' corresponds a unique so-
lution of the differential cquations (20) and (21); 1if
this solution crosses again y = 0 after a finite time
t,,» and before leaving &', the corresponding point
P, 1is in a set 15 and the original point is in the
set I ('); the correspondence between 75 and .7 H

1s one to one.

PROOF. The system of first order differential equation (20) and
(21) satisfies the condition for existence and uniqueness of a solution
with initial conditions at t = t., (xo, yo) e @' and :‘:o, yo satisfy-
ing (22); moreover those solutions are continuous functions of Xor Yor
J'(o, Yo end (t - to) in ¢' [28, II, 141]); hence the correspondence be-
tween some subsets of J 1s one to one and it is easy to see that g 5
and 7; are such subsets. It 1s not so that those solutions are neces-
sarlly continuous functions of the initial conditions alone, for, t may
increase indefinitely along & solution without these solutions leaving
¢', for instance when the solution 1s asymptotic to a periodic solution.

THEOREM 10. If besldes the hypothesis of Theorem 9,
U admits in &' continuous bounded second partial
derivatives which satisfy a Lipschitz condition, the
correspondence between 75 and T " is continuous
and thus topological.
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We shall restrict ourselves at first to the open domeins of 75
and 7 {» & solution corresponding to a point in ' has then continu-
ous first partlal derivatives in x,, ¥, *o’ io and t - to‘ In par-
ticular, 1f y, = 0 and ¥, 1s determined by (22), y 1s a continuous
function of X, *o’ and t - t,, since io is by (3) a continuous func-
tion of X, and ;'to. Now y becomes zero for t, = t - to' is differ-
entiable and its derivative with respect to t does not become zero at
P, (otherwise the trajectory would be on y = 0 and P, on the boundary
of '), nor in the vicinity of P, (since ¥, 1s bounded by (21)).
Hence there exists a unique differentiable function t, = cp(xo, xo) which
satisfies identically y(x,, %,, t,) = o [28, I, 1h1-1k2]. If we replace
t, by ¢ 1in the continuous and differentiable functions x and %, we
obtain a result even stronger than the one stated.

We have now to discuss points on the boundary of J'. If such
a point 1s not on the boundary of 7, 1t is immediate that x and *#%
are continuous and differentiable for any variatlon of X, io which
points to the interior of J'. If the point 1s on the boundary of 7,
we need to consider more closely the solutions of the differentlal equa-
tions near y = 0. If x(t), y = 0 1s a solution, any solution in the
vicinity x + &, n, satisfies the differential equations.

. (%
(23) £ = (-———axe )g
3%y
N .
(24) . (._?ay
(25) tx = %¢

with errors of the type e(|¢] + |q]|), € tending to zero with ¢ and 19
if the time 1is bounded.

2
a—U_ = Q

Axdy

because of the symmetry of U. The first equatlon 1s equivalent to the
third, and (25) shows that the variation ¢ 1is of the form Ax. For any
initial condition 4 = 0, n # 0, the solution of the second equation at
any finite time cannot be zero at the same time as %, and so at P.s

n = 0 can be solved explicitly in t and continuity and differentiabllity
follow easily for points on the boundary of &, for directions interior
to J'. The proof of the theorem 1s completed if the points on the
boundary are considered as 1limit points of corresponding sequences in the
interior of . This asks for the condition of finite time entering in
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the definition of J'. The following interpretation must then be given
to points L on the boundary of J: if L 1s the limit of a sequence
of points Li interior to 7, the time t'.1 after which the correspond-
ing trajectories cross y = 0 tends to a finite time t as L, tends to
L. Theorems 9 and 10 may serve to prove under certain conditions, con-
tinuity of the curves 4, as iterates of o# . It is also possible to
write similar conditions which will serve to prove continuity for #
as obtalned from a set of initial conditions on U = 0.

2n+1
To investigate other properties of the curves oM ne Wany hy-
potheses may be studled. We shall give as i1llustration the following theo-

rems and conslderations.

14. The Case of a Connected Bounded Domain & .

THEOREM 11. If the domein & 1s bounded, connected,
and containing a segment PQ on y = 0; 1if in this
closed domain U(x, y, &) has continuous bounded second
partial derivatives In x and y and these derivatives
satisfy Lipschitz conditions; if PQ 1s a line of
section, 1l.e., if every trajectory through any point
crosses PQ after a finite positive time, the corre-
spondence T 1s topological and the invariant curves
oM, are continuous.

This follows quite directly from the two preceding theorems. In
this case the set I(xo) 1s the closed segment PQ and gl = F{ = 7.
The invariant curves "’“an are the iterates of the contlnuous segment PQ,
and the curves o# onst  are iterates of oM, which is continuous by a
reasoning analogous to the one in Theorems 9 and 10 because of the continulty
with respect to the initial conditions corresponding to the curve
U=o0,y20.

The end points of the curves are on the boundary of 7, and
correspond to trajectories infinitely close to the line of symmetry. Prop-
erties of the immediate vicinity of y = 0 may hence furnish some proper-
ties on symetric periodic orbits; for instance.

THEOREM 12. ILet us consider two trajectories p and

q infinitely near the line of symmetry, such that
y=0 (hence x=0) at P and Q respectively and
limited to a sectlon corresponding to the segment PQ;
if their total number of intersections with the open
segment PQ 1s m, under the condltions of Theorem 11,
there exists an odd number of periodic solutions of type
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8 1f m is different from one and an even number if
m equals one. The case where p or q crosses PQ
at P or Q requires a speclal investigation. It 1is
also necessary for the hypothesis of Theorem 11 to be
fulfilled that the periodic orbit on y = 0 has a non-
real characteristic exponent (k < 1).

The solutions near the axis of symmetry are given by Hill's equa-
tion (see, for instance, [5]1)

2.«
(26) - (S

where the partial derivative is computed on the perlodic solution. The
Sturm-Liouville Theorem applies and the roots of two solutions of (26)
separate each other, so that if one of the sections of the trajectories
conslidered has at least two points of intersection with PQ, the other
will have at least one. However, the first polnt of intersection of both
sections gives one end point of o#f 17 hence if m > 2 both end points are
in regions of J separated by y = 0; 1f m = 2 both sections must have
one intersection with PQ and ,M] has also an odd number of intersections
with PQ; if m = 1 both end points are not separated by PQ and the
number of intersections with PQ 1s even; if m = 0, we must use
Korteweg's Theorem [29, p. 404] which states that if "pr e’ Mps2

are the values of n for t =pT, (p + 1)T, (p + 2)T where T 1is the
period of the orbit on y = 0, we have

(27) Tpsp * Mp = 2k Mpe1? k = constant = cosh aT,

Q being called the characteristic exponent. Hence the trajectories p, q,
when extended, will be such that at P and Q or Q and P their ordinate
n 1s proportional to

(28) 1, 1y d,: Cqs q1d2, eeey Cp» fl1dn+1l e
(29) LIPS PY) dl.v Cys 'leda) seey Cp» "Edn-o-l’ vee

with e, = cosh naT

d,=2coshal -d, , -dy » »

4a =d,=-cotsh%2 or d, = cosh (n + 1/2)aT .

-1

If the orbit on y = 0 has an odd instability, (191, [5], 1.e.,
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k=c, s -1, then the second and third members of both serles (28) and
(29) alternate in sign, for n,d, and n,d, ere positive (m = 0) and
so the end points of 1, are separated by X = O.

If k>-1, we can always choose 2 80 that d, 1s positive,
hence n, and n, are positive. If now two consecutive terms of the
series (28) are of opposite sign, it will be so for the corresponding
terms of (29). The first alternation in sign must occur for corresponding
couples 1n the two series and once again the end points of .,4{1 are
sepa.r?ted by Xx = 0.

The exceptlonal case corresponds to a series for which Cn and
d, are all positive, implying k = cosh aT > 1. In the caese k = 1,
there exists at least one periodic solution for n. That p 1s such a
solution is impossible, for if we take the famlly of orbits with their in-
1tial points on U = 0 tending to P, the time of the first crossing
would become infinite, as indicated by the behavior of p; in all other

cases the solution for n 1s of the form
ta(t) + ¥(t)

where ¢ and Y are periodic in t with the same period as the orbit on
¥ = 0. This indicates that this orbit is unstable, and the same 1s true
if k > 1. In these cases the time of crossing of p or q may be made
as large as we want as the initial = becomes small. This however is ex-
cluded by hypothesis. (See end of proof of Theorem 10.) In the case
k=-1, at least one of the orblts, p or q, crosses PQ at Q or
P and the variational equations of first order (26) is not sufficlent to
derive the behavior of o#, near 1ts end point.

As & corollary we mention that the number of intersections of the
curves oM, and M, 1s of the same parity because every intersection
with PQ of M 2 and not M 4 corresponds to a curve €, whlch has two
points on PQ. Other topological properties of the invariant curves may be
deduced from Section 1; for instance, dlp and M a (p, @ > 0) 1intersect
only at known polnts or at symmetric points of known points. It 1is then
possible, if all "'”n's are known for n < p, to determine a domain, some-
times much smaller than €& which contains # _, since most of 1ts inter-
sections with # o and all of 1ts intersections with °/ﬁn(n < p) are known.

This in turn will furnish an approximation of the new periodic
solutions to which the knowledge of ,A{p leads.

15.__Continuous Variation of the Parameter a. A continuous vari-
ation of the parameter a will now be considered. In this case, if U
1s a continuous function of a, the invariant curves will vary continuously,
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this indicates that the periodic points appear and disappear in pairs [20]
except 1f the point of disappearance 1s on the boundary of J (and on
.4{0); in this case, an orbit disappears by flattening on y = 0, this
may be given the interpretation that two symmetric orbits disappear on

¥y = 0, they coincide if they are of the type 8 or e. If two points in
b/ x &ppear, they glve only one orbit €x and an interpretation must be
given to the theorem of Poincaré referred to.

At first sight one would think that in general the contact of
'“k and M ° will be of first order but just as often the contact may be
of second order. To make this clear let us consider for instance a family
of periodic solutions of type 8, the invariant k = cosh QT 1) is a
continuous function of the parameter and maey take velues + 1, or -1,
in this case orbits near 8, appear or disappear. This has been studied
in [9]. The results are as follows: When Xk = - 1, elther

a) oM, 1s orthogonal to o# , and near &, exist

orbits of type 74» Or

b) o#, has an inflection point and near &, exist
orbits of type e,. Inflection point in this con-
text means that the order of contact 1s at least

two.
When k = 1, elther

c) there exist near &, non symmetric periodic orbits
which cross 8, near the points of zero velocity and
have a double point on y = 0, or

4) a/“.‘ and Mg have .an inflectlon point and near &,
exist orbits of type &, distinct from the original

family.
Conversely, if at a point where o#, crosses o

1) oM, 1is orthogonal to o#,, we have k = - 1, case
a) and orbits 74

11) oM, has an inflection point with M, it will be
so for oM, and k = + 1, case d) and orbits B,

111) oM, has an inflectlon point with o#,, but not
M, we have k = - 1, case b) and orbits e,

iv) M, 1s orthogonal to M, k § + 1, there exists
an orbit in the vicinity of §&, which starts
orthogonally to y = 0, crosses b5, after t =T

) T 1s here the half period T/2 i.e., the time between two consecutive
cross%n?‘: of y=0 by B8, this is the natural definition as follows
from (9].
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on y =0 and will be again orthogonal to y = 0
after t = 2T, this means that cosh @7 = - 1 or
cosh aT = 0 and that the orbit is of type e,.

v) oM, 1s tangent to M _, but no other preceding
property 1is satisfled; k = + 1, there exlsts
orbits in the vicinity of 8, which starts with
zero veloclity crosses y = 0 the second time
orthogonally; in this case after t = 3T again
the velocity is zero and cosh 3T = 1, hence
cosh 0T = - -,l,— and the orbits are of type 8,.
The points of zero velocity belng on one side of
%,, we may expect for values of 74 nearby two
orbits of type 8,5 one with the polnts of zero
velocity on one side of &,, and one with points
of zero veloclty on the other side. Case c) can
not be discovered from the behavior of ,4{] and

My

The similar results for perlodic solutions of type €, crossing
y=0 at X and Y as follows: When k = - 1,

a'), b') yﬂz 1s orthogonal to yﬂo elther at X or
at Y = TX and near €, exist orbits of
type e,
When k = + 1, elther

c') there exists near €, a non symmetric orbit cross-
ing e, at X and T, or

d') oM, has an inflection point with #_ and near
€, exist orbits of the same type e, distinct
from the original family. Conversely, if at a

point where ”“2 crosses ,/ﬂo but not M,

vi) oM, 1s orthogonal to #,, we have k = - 1,
case a) or b) and orbits €y

vii) o#, has an Inflection point with #,, we have
k=+1, cased) and orbits e,; case c') can
not be discovered from the behavior of oM 2*

Another interesting property is that if for a certain value of
& = a, one orbit of type e, appears, corresponding to I on X =0,
.4(2 must have a contact or order at least two with x = 0 at I. Let us
note the order of the contact at I by k, for oM 1 and k2 for ,4{2,
with the convention k = O when the curve o# crosses x = 0 at I but
is not tangent at x=0 and k= -1 when o does not pass through I.
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We know that k, 2 1, we must disprove l«:2 =1, If k2 would be one,
M, would cross X = 0 for a let us say smaller than a, at two points
I, and I,, these points are of period two under the transformation T.
If I, =T(I,), and a increases to a, I, and I, tend to I and the
orbit at I 1s of type 8, and not e, wunless k, >1. If J, = T(I,)
and J, = T(I,) when a increases to a,, I; and I, tend to a point

o]

J 1terate of I, distinct from I, this means that for a = a, two

orbits of type €, appeared and not one, this is not an ordinary situation.

CHAPTER III. APPLICATION TO STORMER'S PROBLEM

15. Generalities. As application of the preceding results, we
will choose a typlcal conservative problem of two degrees of freedom which
1s of interest in physics, namely the study of the motion of an electrical
particle in the magnetic field of* an elementary dipole; the Lagrangian of
the problem is

- =
L=T+ev-A

where T 1s t_lr_])e kinetic energy, e the charge of the particle, -\;) its
velocity and A the potential vector of a magnetic dipole of moment M
situated at the origin in the direction of the 2z axis; this vector in
polar coordinates may be taken as tangent to a parallel, positive in the
West direction and of length M cos )./r2 ; this gives the Hamiltonian

2
H = ‘éL;ﬁ [pi + r'2pi + ((r’acos'zk)pcp - Mer™'cos ).) ]
hence the Hamlltonlan and the momentum p‘p are constant [27). When p(p
18 not positive, StBrmer has proven [21, p. 23] that no periodic solution
exists; when Py is positive, with as unities m, v and Me and with the
change of variable

- X - o—2%.3
pq)r e”, de = e pq)dt

the equations deduced from the new Hamiltonlans are:

(30) % = 86X - o™X 4 e7%%0s%) & X = 3U/3x
(31) 3= (e'excoszx +1 4 tanak)ten » s A= U/
(32) %2 + 32 = 86 - 1 - tan®s + 207 - e"Xcos®r = 2U
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here a = p;h is used, 7, = -7 = pq)/a are equivalent parameters. To

every solution in the meridian plane r, A correspond an infinity of tra-
Jectory in the space obtalned by integrating the equation for the longitude:

2 X

(33) ¢ =cos™en - X

This integration is a trivial problem and the properties of the
trajectories in the three dimensional space are deduced easily from those
in the meridian plane, for instance to a periodic solution of period =
in this plane correspond trajectories on the surface of revolution around
the 2z axis having the periodic solution as directrix. If

£
o = f (cos'ax - e'x> do
(o]

1s commensurable with =, all corresponding trajectories are periodic in
space, 1f ¢ 1s incommensurable each trajectory recurs infinitely often
to the neighborhood of an initial state on the surface of revolution and
may be classified as almost periodic; hence the general problem is easily
solved if the problem in the x, A» plane, 1s; for an example see [11].

Let us now consider some general properties of the equations
(30, 31).

16. _Properties. The equations are of the type discussed in Part
II, ) playing the role of the varlable y, the x axis is the axis of
symmetry; the portion ¢ of the x, A plane, U > 0, has been described
as follows (see for instance [27]), the boundary U = 0 1is made up of a

branch asymptotic for x = - o to A = x/2 cutting the x axis orthogo-
nally at P with x =g and when 0 < a < 1/16 of two simllar branches
one asymptotic for x = - to A = x/2 cutting A = 0 .at Q with

g, > g the other asymptotlc for x = +o to A = x/2 cutting A = 0 at
8, >8 ¢ 1s then formed of two disconnected reglons; when a > 1/16

the two last branches become connected and do not cross A = 0, & 1s then
formed of one connected region. When a = 1/16 the boundary has a double
point at x = log 2, » = O and a speclal discussion 1s needed. When
a=0, ¢ reduces to a lihe

(34) e = cos®x

called the thalweg, all points of this line are equilibrium points and this
case will be excluded in the following.

For every finite point X and A are analytic; by a change of
variable one finds that the points at infinity are regular with one
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exception. The point X = - », A = x/2 1s an essential singularity and
has been studied by St8rmer (22, p. 145, 2351, [23], [26, 1947, 1949], the
proof that there exists a solution through that point has been furnished
by Malmquist [18], but no proof of uniqueness is available although this
seems highly probable.

The general results on periodic solutions are as follows: every
periodic solution is in the domain x < f = log (271:/3) < g, [25, p. 61];
this shows that no periodic solution extends to + = and exists in the
regiqn which extends to + » 1in the case a < 1/16. Every periodic solu-
tion crosses the x axis (9], [T7].

There 1s only one equilibrium point, which is the double point
on the boundary of ¢ when a = 1/16. Also any trajectory asymptotic to
the equilibrium point or a periodic solution which does not extend to in-
finity crosses the x axis after a finite time.

It has also been proven that no periodic solutions exist for a
greater than 4 [6] because then f < g. A lot of specific results on
periodic solutions have been obtained for the value 7y, = 0.97 by Stdrmer
[24], [26, 1950] and on a certain number of families of periodic solutions,
the principal one [24], [13], [14], the oval family [3], [4], and the
horseshoe family [9] and the famlly on the equator [5]. It will be seen
now how the method of Part II leads very naturally to those results.

17. Surface of Section. The concept of surface of section, be-
ing especlally useful to find periodic solutions, we will not consider the
case 7, g0 where no such solutions exist; when 7, >0 wve have to dis-
tinguish three cases, we will treat first the most straightforward one.

1) 7, >1 or ac< 0.0625. It was proven by Graef that for these
values of the parameter every trajectory crosses the line A = 0 or is
asymptotic to this line [12, p. 30, Th. VII and convention p. 28 Th. V].
Furthermore if a trajectory is asymptotic to A = 0, the time between
successive crossings is finite [7, Section 7], hence the segment PQ de-
fined in the preceding section is a line of section (see also [7, Section
8]) for every trajectory of the region 9’1 of ¢ not extending to + «.
To €, corresponds a connected bounded domain J 1inside the strip
g < ¥ £ g, with boundary

(35) %2 = 2U(x, 0, &) .

Unfortunately the Theorem 11 can not be used, because C’, is not bounded
and because the point at infinity is an essential singularity of U. We
have to restrict 5’1, let us therefore use the coordinates of Lemaltre-
Bossy [16], obtained as follows: we draw from the point (x, A) a
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perpendicular to the thalweg (34), the distance to the thalweg is u, the
latitude of the point on the perpendicular and the thalweg 1s y; the
Jacoblan of the transformation is positive and when A = 0 we have y = O,
x=u and x = 0. Let us follow the trajectories in the space u, U, y;
the trajectories which are extremum (y = 0) for a given value of y = Yo
are represented in the plane y = Y, by points on a closed curve o
approximated by [16]:

%2 + (cos y cos v)2u? = a cos'y
with tan v = 2 tan y. A point in the interior of ¢, corresponds to a
trajectory having an extremum in Y, 8reater than ¥y, or passing through
the origin. These trajectories will be represented on another plane
¥y =7, <y, by curve °1' interior to c¢, because every trajectory has
only one extremum in y between each crossing of y = 0 (7). For
instance when y = 0, there exists a set of closed curves ci each one
corresponds to trajectories having their extremum at y = yy >0 and

cl i1s interior to 03 if yq > yj' Let us now consider
el =¢, nlyl syq) -

§’: 1s a closed bounded domein in which U '13 analytic, if w? exclude f'rom
7 the domain 1nside ci and call this :'7], and define 7 = R71, to
every polnt p, € 7 corresponds a unique solution of the differential
equations (30) to (32) and this solution crosses again A = 0 after a
finite time at a corresponding point P € 7 hence by Theorem 10 the
correspondance is topological. Moreover, the part of the invariant curves
oM, and M, contained in 7 is continuous. If it 1s true, as con-
jectured by St8rmer [22, p. 1h5], that there 1s only one trajectory through
the origin ') and if for this trajectory the return is by conventlon the
same path backwards, this will mean that the curves cj'_ converge to the
point 0 corresponding to the trajectory through the origin, wh?n ¥y tends
to -3- The transformation T should then be topological in J  and the
"”n continuous. We will suppose this to be true in the followlng; if the
conjecture is disproved, the results here stated will need an interpretation.

As no trajectory through the origin crosses the first time A = 0
orthogonally, ,4{2 does not pass through 0 and is analytic, ,4(1 1s mede
up of two branches corresponding to the two branches of the boundary of §’
which converge towards O.

11) 7, =1 or a = 0.0625. This case 1s similar to the pre-
ceding one except for the fact that the boundary of & and J has a

U 1n the following trajecto. thro the origin is by convention a tra-
Jectory through the oriEIrll In %E % iﬁﬁ’c’es, i.e., a trajectory
passing through the essential s:l_ngula.rity a.t infinity in the negative
direction of the x axis.
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double point, this does not alter any conclusion of i.

111) 0<y, <1 or a > 0.0625. Here the situatlon 1s not as
nice as in the preceding cases; in this case a trajectory starting from
A = 0 either crosses again A = 0 or i1s unbounded, hence there does not
exlist a nice closed section of the x, x for which the transformation T
transforms this section into itself. But the ideas of the second part of
this paper may still be used because every periodic trajectory is bounded
by the 1ine x = f. Let us bound the domain inside of (35) by the line
x=f and call this J; if A e J, TA 1s not necessarily in J or
mey even not exist if the trajectory goes to infinity before crossing
»= 0, but if A 1s periodic all the iterates of A are in J; the
invariant lines oM n @&re not entirely in J but their intersections
,/un,p are necessarily in J, hence to find the periodic solutions it
1s not necessary to know which part of & is transformed into itself but
only to find the part of the iterates of M ° and M 1 which 1is inside
7. This can be done in succession and we know that the iterate of a part
of .Alp not in g will not be in & .

We will from here on summarize the content of the Report bearing
the same title as this paper.

18. Data on the Computations. A sufficient number of points on
the curves oM ; end ,4{2 have been determined for a sufficient number of
values of the parameter a or y,. The choice has been made with great
care and was dependent on preceding computation and on extensive compu-
tations done with a desk computer. The computations were done on a high-
speed computer (the SEAC of the Natlonal Bureau of Standards). In the
Report we have indicated clearly how the initlal conditlions were deter-
mined, which method of integration was used and which method of checking
was involved. A total of 1288 trajectories were integrated for some
21 values of the parameter. The trajectories near y = O have also been
integrated with another method to give the boundary points of M 1 and
,4{2. It may be interesting to note that the time for the integration of
one step was 0.35 sec. for the high-speed computer versus 25 min. for
the desk computer. For a precision of five to six decimal places, from
40 to 70 steps were necessary, in the mean.

19, Presentation of the Results. The results have been pre-
sented in the form of tables which are available on microfilm and in the
form of diagrams, one for each value of the parameter y,; for y, = C.97, &
detailed study has been made which leads to two diagrams, one of which is
enclosed (Figure 1). Some date about Figure 1 will now be glven.

The subspace & 1s bounded by the curve KJP and its symmetric.
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The curves o# 3 end M 2 have been determined by computation; each point
corresponds to a trajectory with special initial conditions (Section 9).
oM_, end M_, have been deduced by symetry. The two branches of o#,
spiral towards & point 0y which corresponds to a trajectory ¢ tending
to the singularity x = - =, . = 7 . The curves oM, have been deformed
in the neighborhood of 0, to simplify the drawing (of .4{3). The inter-
sectlons of oM _,, M_ys oM, and oM, glve periodic points labeled accord-
ing to their symmetry (Section 4); the letter subscript distinguishes
different periodic solutions having the same symmetry. A to H corre-
spond to periodic solutions which are particularly important.

The curve o# 3 has been obtained using only topologicael proper-
ties and its known intersections with the curves o#, and oM, deduced
from Table I. Its drawing i1s inexact, the curve may be more complicated
but not less complicated than what appears in Figure 1. Its intersections
with the other curves and its symmetric (not drawn) give new symmetric
periodic solutions. o# i has been constructed on another diagram. M 3
has two branches which spiral towards a point 03 which correspond to the
second Intersection of the trajectory o with A = O.

20. Interpretation of the Results. From the diagrams it is
possible to obtaln results on the appearance of and disappearance of the
symmetric periodic solutions. In particular, the orbits of type 8,
and €, have been studled (points A to H ...) and the results on their
existence and stability, which had been obtained by special methods (31,
[4], [14], [17]) are deduced easily. New results include the study of the
disappearance of orbits by passage to a limit position on A = 0 related
to [5], the proof of existence of many new periodic solutions which could
hardly be obtained by the classical methods.

Analytic computations of the curves o ; and ,4{2 which corre-
spond to orbits close to the singular trajectory o have been made using
results of Lemaltre and Bossy [16] and the analytic computations of the
same curves when 7, i1s large have also been done.

In one word the above method permits the unification of all the
known results on St8rmer's problem; at the same time it provides new re-
sults and new insight on the difficulties which one should expect for
similar problems.

21.  Remarks on the Classification. Before I conclude, I should
like to make some remarks on the classification here given as applled to
conservative problems. The reader will have no difficulty extending these
remarks to any system of differential equations for which this classifica-
tion can be used.
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When a continuous variation of the parameter "a" was investi-

gated, we saw that an orbit kept its classification except when the orbit
disappeared; hence for a continuous variation of "a", the number of
double points of the orbit on y = 0 remains the same. This is a specilal

case of a more general theorem of Birkhoff [1, II, p. 60].

From this theorem we see that we can refine the classification
by considering the double points of the orbit outside y = 0. It would be
of interest to consider in more detall this subclassification which has,
no doubt, a certain importance.

22. Conclusion. In the Introduction we have indicated the aims
of this paper. We should like as conclusion, to bring out the relation of
these investigations with connected research.

First of all, nothing has been gained here on problems such as
transitivity or stability of systems of differential equations, but re-
sults are obtained which are much more detailed than those given by the
general fixed point theorems, because not only is the existence of more
than one or two periodic solutions proven, but the relations of the differ-
ent periodic solutions with each other 1s obtained, 1l.e., the structure of
the periodic solution 1s established.

There 1s a possibility that these investigations could leed to
the proof, under certain hypotheses, of the density of the periodic solu-
tions; in that case, every solution can be approximated during a
finite time by a periodic solution.

The method here used has no essential limitations and enables
dealing with problems with large non linearities as opposed to the per-
turbation methods which deal with small non linearities, but which gen-
erally fails otherwise (see, for instance, the application of perturbations
method to St8rmer's problem by G. Lemaltre [15]).

It i1s proper to mention that some methods (Van der Pol method
and others) may succeed in special cases even with large non linearities.

Finally, we should like to mention that the results here obtain-
ed are not only of interest in themselves but because of their application
to the region problems. '«

In these problems one considers two domains R1 ’ R2 in the phase
space and asks, for instance, the proportion of trajectories with initial
conditions in R, that enter R,. Solution to these problems depends on
the knowledge of unstable periodic trajectories and trajectories asymptotic
to these. Examples of this application are given for the cosmic rays'
problem by Lemaitre, Vallarta, Bouckaert, Albagli Hunter, Yong-Li, and
DeVogelaere (see references of [27]) and for a problem of chemical physics

.
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(on transitions rates) by Boudart and DeVogelaers [10].
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V. ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF CANONICAL
SYSTEMS NEAR A CLOSED, UNSTABLE ORBIT'

D. L. Slotnick”
§1. INTRODUCTION

We investigate in this paper the behavior of the solutions of a
certain class of Hamlltonlan systems with one degree of freedom, 1.e.,
systems of the form

J'c=H.y, ¥ =-H

where the Hamiltonlan H(x, y, t) 1s a real analytic function of x and
y, periodic in t, and vanishing at the origin x =7y = 0. In the neigh-
borhood of a closed orbit, autonomous Hamiltonian systems with two degrees
of freedom can be reduced to this form, where the periodic orblt now corre-
sponds to the zero solution. The historical interest in these systems
rests largely on this ground.

We will deal with a class of these equations which have the
feature of being unstable despite the stability of the linearized systems.
For systems of this class we will establish the existence of an interesting
family of unstable solutions and examine the analytic behavior of the sur-
face on which these solutions escape from the origin. This behavior is
marked by a rather unexpected phenomenon; nemely while it would appear that
this family should be analytic in some neighborhood of the origin it turns
out to have an essential singularity at the origin. This has the immediate
consequence of making power series methods inapplicable for obtaining these
solutions.

In order to discuss the results in greater detail we give the

T This paper was submitted in partlal fulfillment of the requirements for
the degree of Doctor of Philosophy at New York University.

* This work vas supported by the Office of Naval Research under contract
No. N onr-285(06).
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explicit form of the Hamiltonians under consideration:

H(x, y, t) = -'?“1 (x"’ + ya) + Ha(x, ¥, t) + Hu(x, ¥, t) + oo

1s a convergent power series in some neighborhood of the origin. The terms
H,(x, y, t), 0 = 3, 4, 5, ..., are homogeneous polynomials of degree o
in x and y whose coefficients are continuous functions of t with
period 2x. o 1s a positive constant.

The question of stabllity for these systems is still unsolved.
Certainly the linear terms are stable but the answer for the full system 1is
locked in the higher order terms. We denote by s the index for which
Hy(x, y, t) £0 but H((x, y, t) 50 for o< s. Then we can write

Hix, 7, t) = -2 (x® + 32) « Hy(x, 3, £) + Hy, (%, 3, £) + o0 &

S+1

An example of the dependency of the stability questlon on the higher order
terms i1s furnished in [3]* where it is proved that under certain conditions
on o and on Hy ~-- related to 1ts definiteness -- a strong growth con-
dition holds for the solutions near the origin. Solutions satisfying this
growth condition are called, by the author, almost-stable. Since we want
to deal with unstable systems we have made a corresponding assumption of
indefiniteness from which instability easily follows. Thils assumption is
formulated in Section 3 after the Hamiltonlan is brought into a simple
normal form. In Sections 2 and 3 this normal form is obtalned by exploit-
ing the elegant algebraic properties of Hamiltonian systems. In particu-
lar the invariance of their form under canonical transformatlons. This
allows one to concentrate completely on simplifying the Hamiltonlan which,
of course, then characterizes the corresponding system of differential
equatlons.

In Section 4 we introduce, following Poincaré, the analytic
mapping corresponding to the differential equations. Thls mapping assigns
to a point (x,, ¥,) the new point x, = x(2x), y, = y(a2x) where x(t),
y(t) 1s the solution of the system with initial values x,, ¥,- Under
the indefiniteness assumptions mentioned above we prove that this mapping
has the form Te

x, = s(xo)xo + x(xo, yo)

(1.1)
¥y = tlxg)yg + Y(x, ¥,)

*

ndNv.lmber:s in the square brackets [ ] refer to the blbliography at the
end.
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where s(xo) >1 > t(xo) for x, positive and 8(0) = t(0) = 1. X and
Y denote terms which in a sultable region are small compared with the
leading terms.

This mapping 1s analogous in appearance with

u, = su + ...
(1.2)
¢ v, = tV + se0
wvhere s and t are constants which obey s > 1 >t and the dots denote
convergent power series In wu, v which start with quadratic terms.

For the mapping (1.2) Poincare proved, by power series methods,
the exlstence of an analytic curve which is invariant under the mapping
[4]. Such a curve corresponds to a one-parameter family of solutions of
the differential equations which move asymptotically away from the origin.
Hadamard, assuming just the estimate o(u® + v?) and continuity for the
higher order terms in (1.2) proved in [2], with a geometric argument, the
existence of a continuous invariant curve. Recently, Sternberg [6] proved
that the invariant curve for (1.2) is just as regular as the higher terms.
Birkhoff [1] treated the mapping (1.1) for the case s = 3 and for this
case, which is included in our result, proved the same result obtained
here, by methods which are, however, completely different from those we
employ and which are perhaps more complicated.

We prove in Section 5 that the mapping (1.1) possesses an in-
variant curve which 1s analytic for X, > 0 and is Infinitely differ-
entiable at Xy = O. We conclude by giving, in Section 6, an example
adapted from [1] of such a cruve which has an essential singularity at

xo=0.

The author would like to thank his thesls adviser, Professor
Jlirgen Moser, for proposing the problem and for hils generous help and en-
couragement throughout the time thls paper was in preparation. Our thanks
are due also to Professor K. 0. Friedrichs for his kind cooperation.

§2. NORMALIZATION OF A HAMILTONIAN WITH A
DEFINITE QUADRATIC TERM

This section and the next are devoted to showing that the perilod-
ic, analytic Hamiltonians we consider can be canonically transformed to an
advantageous normal form. In this section we deal with those simplifica-
tions of the Hamiltonlan that are a consequence of the assumed form of the
quadratic term. In the next section we restrict our consideration to those
Hamiltonlans which are the subject of this paper by imposing conditions on
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the next highest term and performing the further simplifications made
possible by these additional assumptions. The reduction made in this sec-
tion 1s specialized from one employed in [3].

We assume the Hamiltonian to be a real power-series, convergent
in some neighborhood of x =y = 0, viz.:

(2.1) H(x, ¥y, t) = %‘3 (x2 + y2) + Hs(x, ¥y, t) + Hs”(x, ¥ t) + ees

where the subscript ¢ in H; (x, ¥, t), here and throughout, denotes the
degree of a homogeneous polynomial in x and y whose coefficients are
continuous functions of t for all t and have period 2x. o 1s a posi-
tive constant.

By introducing appropriate new variables ¢, n, we will show
that as many terms of H(x, y, t) as we desire, say Hg, Hg ., ««o, Hy )
can be transformed into a simple normel form. We want the system that re-
sults from this transformation to be agein canonical and periodic in ¢,
moreover since the quadratic term of H(x, y, t) 1is already in a con-
venlent form we will want the transformation to leave 1t unaltered. These
ends can be accomplished by defining the transformation with a generating
function of the form

(2.2) ulx, n, t) = xn + ug(x, 0, t) +ug,, (%, n, ) + ooe +ug (x, 0, t)

S+n

vhereby the equations of the transformation are

[ uq(x, M, t) = x + Ugy * Ugyqq * o0 + Ygin n

Y o= uplx, my £) =om b ug UG b oeee F UG

and the Hamiltonian of the new system is readily seen to have the form

(6, n, t) + eos

(2.3)  a(e, n, t) = 2 (4% + n®) w o (e, n, t) + ag,,

The coefficlents of each ua(x, n, t), 0 =8, S+1, .., 8+n, will be de-
termined so as to have period 2x, thus insuring that a(&, n, t) also
has thils property, and so as to make Qg Qg qr eoes 8g, 83 simple as
possible.

We carry this out first for n = 0, 1l.e., for the term Hs(x, Y, t)e
The Hamiltonian 0(¢, 3, t) 1s, as is well known, related to H(x, y, t)
by

n(qu 1, t) = ug + H(x, Uy, t)
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vhich glves
:59 (uﬁ +102) + ns(un, Ny B) + eee
) 2 2
=up -3 (X7 + )+ Holx, wy, t) + ee
Comparing the terms of degree s in this last equation glves

(2.4) Ugy + as(Jms"I - nugy) - ag(x, m, £) = - Hy(x, n, t) ;

8

a partial differential equation for us(x, n, t). It is convenient in dis-
cussing this equation to introduce the complex conjugate ¥ariables

g-g-{»iq, Esg—in.
The system in the variables ¢, t 1s canonical and its Hamiltonlan
ot, T, t) = - 210 (L-;—l 54 t;)
= lotl + o (¢, T, t) + °s+1(§’ B, t) + e
If we denote
(5 52 v
by vg(t, T, t) and replace x by ¢ 1in (2.4) then (2.4) becomes
Vot *+ iw(QVS; - EVSE) - % °s(§r T, t) = Js(Ci T, t)
where J (¢, T, t) 1s the known function
+ -
- By (’LTL Ll t) :
Further, denoting the term in ng', k+t=18, In vy, o Jg by
vk‘(t); ; , ok‘(t) ; g R Jkl;kfl respectively then we see upon comparing
the coefficients of ;kg in the last equation that
1
Neg * in(k ")"kt =5 Oy = Iy, or

(2.5)

d (eim(k-l )t, 1w (k-4 )t eim(k-l )th‘

)"-2-6
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We would like to determine the th(t) so as to have period 2x
and so as to make as many of the o, 88 possible zero. We claim this
can be done for each k, ¢ for which (k - £)o 1s not an integer. Thus
if o were irrational, for example, this could be done for all indices
k 4 4. This can be proved as follows: set @&, = 0, then (2.5) becomes

iw(k-2)t 1w(k-2)t
(e ( z)ka Y )sz

and integrating from 0 to 2x gives

2n
o2rdw (k-4 )vkt(2") - v, (0) = f ejm(k_‘)th‘(t)dt .
[e]

Thus since vkl(t) has period 2x if and only 1if th(o) = th(a“) we
must choose

-1 2
vy (0) = (eania.\(k—l) ) 1> fﬂ elo(k=£)ty  (t)at

(o}

which can be done since the quantity in parentheses is not zero if w(k - £)
i1s not an integer. This proves that we can take °kt =0 1if o(k - 2) 1is
not an integer. Observe that °k1(t) has period 2.

We now treat the remaining case: w(k - #) an integer, which
can occur only wvhen k = £ or when o 1s rational. We assert that in
this case we can take

-1w(k-2)t
(2.6) 0y, (8) = o 010 ’

where Pys 1s a constant.

Substituting (2.6) into (2.5) and integrating from 0 to 2x
glves

2n
Ve (2n) - v (0F - 1ney, = [ oM E)Er (eyar .
o

Thus vy, (0) will equel vy,(2x) independently of the value of Vi, (0)
i1f we choose

2n
-1 f lolk-)ty (t)at .
o]
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The function vs(; » L, t) has thus been determined to have
period 2x in t and so that the terms ok‘(t)ckfl of ¢, are differ-
ent from zero only for those k, ¢ for which (k - £)o 1s an integer
and in this case we have ¢,,(t) glven by (2.6). Now, if we choose
v!k(O) = w'rk‘(o) in the case (k - £)» an integer it easlly follows that
‘-’kt(t) = vm(t) for all t and for all k, £, so that vs(g, T, t) =
ug(e, n, t) is real and since Py = - $k3, o(¢, €, t) = - 212 1is purely
imaginary.

In the same way as u, was chosen so that H, was brought into
the normal form given above we can now determine a function ug H(x, n, t)

such that the generating function

u(x, n, t) = xn + ug + ug,,

serves to carry Hy; and Hg , simultaneously into the normal form. This
1s so since the equation for u, , will just be (2.4) with s replaced
by s + 1 on the left side and with the right side now depending on the
known quantities Hs’ Hs +1? ns, and ug. We can continue this process
inductively arriving at a generating function

+ e + U

U= Xn o+ Ug + Ug,, s+n

which simultaneously transforms Hs » H ceey Hs +n into the normal form.

sS+1’
To summarize so far, the Hamiltonian (2.1) can without loss of
generality be taken in the form

s+n o
o(t, T, t) = 1wl + }: OU(;, E, t) + }: OT(;' T, t)
g=8 T=84n+1
with
0t B 1) = ) (ofetolktlbket | go olalket)tprk)

IU

for o =8, 8+1, .., S+n,

where the index set Ic is composed of those k, ¢ for which k + £ = ¢
and (k - 2)» 1s an integer.

We can now proceed to the final purpose of thls sectlon, namely
to show that with a further canonical transformation, which 1s analytic
and origin-preserving but not of period 2x, o(¢, T, t) can be transform-
ed into & Hamiltonlan which is time-independent through order s + n. We
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define new variables 2z, Z by

z = ;e-imt' 3 = Eeimt

This canonical transformation is given by the generating function Eze'i‘”t‘.
The Hamiltonian of the transformed system 1s

Mz, 2, t) = 0(2e1%F, 3e710%, t) - 10T

S+ L)
= Zp Ag(zy Z) + Z Az, 2, £)

o=8 T=8+n+1

(2-72

where the terms

A (2, Z) = Z (tpl‘;‘zkz‘ - 5 42 zk> G = 8, 8+1, «es, SN ,
I

do not depend on t explicitly. This i1s the desired normal form.

We would of course like to go to the limit n —> « and thus
obtain a time-independent Hamiltonian, which would be an integral of the
system of equations, but the power serles xn + Ug + Uy q + ... thus ob-
tained 1s in general divergent as will be seen. It will suffice however
for our purposes to know that this normalization can be carried out to any

finite order.

In concluding this section we remark that this normalization
shows that for the new Hamiltonian A the lowest order term is not i1w{f
any more but Ag and the nature of the motion therefore will be deter-
mined by Ag: iwg¢? being eliminated.

§3. FURTHER NORMALIZATION FOR THE CASE H; INDEFINITE

We take the Hamiltonlan in the form (2.7) and examine the special
case A = As(z, z). In this case As(z, z) being a time-independent
Hamiltonian 1s an integral of the system. If furthermore Ag is a defi-
nite form then by a well known theorem of Dirichlet the stability of the
zero solution follows. Now since we will concern ourselves in this paper
with a class of unstable systems we may assume that As(z, Z) 1is indefinite.

In order to formulate this more precisely we introduce polar co-
ordinates p, ¢ into Ag by z = pei". Since we will, for the moment,
work only with the term Ag of A we omit the superscript s on the co-
efficients “’kt of Age Now, letting
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iz
Py = oy, le ke,

an easy calculation shows that

Ag = 21p° ZE loy,| sin [(k - 1)+ Tk‘] = 21p%(3) ,
S

where we have denoted the sum multiplying 21o° by ag(9). Now if o (9)
has a real zero it will ensure the indefiniteness of A (z, Z).

The requirement that Ay be indefinite 1s easily seen to be ful-
filled by the following conditions on s and : o equals a rational
number g- » 1n lowest terms, and both s and q are odd with s > q.
For in this case (k - £)o can be an integer if and only if k - ¢ 18 an
odd multiple of q. Thus as(o) contains no constant term and hence has
average value zero on 0 to 2x, which implies the existence of a real
zero. Notice that for s even there is a term

3
Py g(22)
27
in Ag glving rise to a constant term ¢5 4 in as(o) which thus need
not have a real zero. 22

We henceforth assume that the Hamiltonian H(x, y, t)

has the property that us(ﬁ) has a real zero v, and

moreover that 3, is a simple zero.

In this section we will show what further simplifications of A
can be made on the basis of this last assumption. Note that we can assume
without loss of generality that the coordinates have been rotated so that

'\70-0.

It is convenient to reintroduce real variables to (2.7) by
z=u+iv, Z=u-1iv .

The Hamiltonian of the transformed system

8+ 00
Qu, v, t) = iqu(u, v) + Z Q.‘.(u’ v, t)

g=8 T=S+n+1

with

Qc(u, V) = a.auo + bqu"' Vo4 e + edv"; o =8, 8+1, 0., S+n ,
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where, in particular,

- o - _ ¢
a, = Z Imo,, and by Z (k - 2)Re Py -
IU IG

Now since we have assumed that O 1s a simple zero of os(o) it 1is clear
that Qg(u, v) must contein v as a simple factor, i.e., that ag = 0
while by # 0. The role of by 1s particularly lmportant and for

simplicity we will henceforth denote it by b.

We have thus shown that as a consequence of our last assumption
Qs(u, v) must have v as a factor, i.e., that ag = 0. In fact, we now
prove that in appropriate new varlables U, V, we can make V a factor
of as many terms of the Hamiltonian as 1s desired. To this end we will
determine a polynomial
n+1

(u)=p2u2+p3u3+ eee + P, .U

Pn+ 1 n+1

with constant coefficients such that the canonical transformation

U=, V=v+P (u)

n+1

of Q(u, v t) yields a new Hamiltonlan whose terms of degree s + k + 1
(k = 0, 1, oesy, n-1) contain V as a factor, i.e., the value correspond-
ing to &g, (k =0, 1, «..;, n-1) in the new Hamiltonian is zero.

PROOF. The transformed Hamlltonlan 1is
Q [ y, V = Pn+1(U)] = Qs[ u, v - Pn+1(U)] + eee

* Qgike [ » V- Pn+1(U)] toeee o

One euslly sees that the coefficient of US™K*! 1s

= PPy * 8guper * Bguk

where 8g4k depends only oﬂ Pps» P3s vees Pyyy and the coefficients of
Qgs Qgeq7 *++» Qgue Thus if we consider p,, Py «++s Py, &3 known by
induction, we can choose

8g4k+1 * Bgik
e ey

Pria =

since b # 0, which concludes the proof.
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To summarize, we have shown that in appropriate coordinates a
Hamiltonian whose quadratic term is definite and whose next highest term 1s
indefinite in the fashion described above can be written in the form

s+n L
(3.2) Qu, v, 8= ) Qulm, v+ ) Qe v t)
g=8 T=8+n+1

where Q,(u, v) = bau""1

ticular, bg = b # 0.

V4 oeen + eav"; 0 =8, S+1, «ss, 841, and in par-

Here again as in the previous sectlon we would 1like to go to the
limit n—> «» as then we would have v as a factor of Q. This would
mean that if u(t) were a solution of u = Qv(u, 0, t) then u = u(t),

v = 0 would be a family of unstable solutions of the system derived from
Q. This famlly would be of the type whose exlstence we seek to establish,
with the curve v = 0 being the .curve in question. However, we cannot
let n—> = as the series p2u2 + p3u3 + ese thus obtained will in gen-
eral dlverge as will be seen from the counter-example of Section 6.

§4. EXISTENCE OF A CURVE INVARIANT UNDER
THE ASSOCIATED MAPPING

In this section and the next we will utilize the normal form (3.2)
to establish the behavior of the solutions of the differential equations
arising from (3.2) in the vicinity of the solution u = v = 0. In this
section we will actually need only the fact that Qs and Qs 4+ can be
normelized as in (3.2). For the next section however we will need the
full normalization to arbitrary order n.

k 2

We define the welght of the term uw'v” as k + 2¢. The result
of the last section then ylelds that

(5.1) Qu, v, t) = bu v + terms of welght exceeding s + 1, b¥ 0 .

This is so because ag = a,,, = 0. It is precisely this consequence of the
form (3.2) of Q that 1s important for this section in that if we confine
u and v to the region R gilven by

(4.2) 0<ucx<op, vl 5\12

where Q(u, v, t) converges for |u|, |v| < p, then the fact that bu'y
1s the term of lowest weight in Q actually makes 1t the principal term of
Q in R. This in turn will yleld a desirable form for the principal terms
of the mapping we will associate with the system. We now proceed to formulate
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this explicitly.
The system arising from the Hamiltonian (4.1) has the form

U=Q, = bu®"! + terms of welght exceeding s - 1

$=-Q =-bls- 102y + terms of welght exceeding s .

If we next denote the initial values of a solution u(t), v(t) of the
above system by Uy Voo it is a well known theorem, due to Cauchy, that
the analyticity of the system implies that for some sufficiently small

py >0, u and v are analytic functions of u,, v, for Iuol, Ivgl < o,
and 0 <t < 2x. Thus if we represent u and v as power series in

Uy Vg with time-dependent coefficients, then substitution into the equa-
tion and comparison of coefficients, denoting u(uo, \ 2x), v(uo, A\ 2x)
by u, = f'(uo, vo), v, = g(uo, vo), and setting t = 2x gives

u, = £(u, v) = u(t + bu®") + F(u, v)

1
(4.3)

v, = glu, v) = v(1 - b(s - 1)u5“2) + G(u, v)

where we have for simplicity denoted Uy Vg 2xb by u, v, b and where
the power series F(u, v), G(u, v) begin with terms of weight exceeding
8 - 1: 8 respectively.

If we denote 1 + bu®~', 1 - b(s - 132 by s(u), t(u)

respectively and meke the assumption that b > 0, which we will later re-
move, then (4.3) has a form analogous to the mapping (studied by Poincaré):

(4.4) Uy = SU 4 eee, Vo= BV 4 el

1
where s and t are constants obeylng s > 1 > t and the dots denote
quadratic and higher terms in u and v. The essentlal difference between
(4.3) and (4.4) 1s that in (4.3) s(u) and t(u) while obeying

s(u) > 1 > t(u) for u > 0 however become equal to one for u = 0. This
produces & striking difference in the properties of the two mappings name-
1y that while 1t is proved in [4] that if (4.4) is analytic then 1t possesses
an invariant curve passing through u = v = 0 which 1s 1tself analytic for
u > 0, the invariant curve we shall prove exists for the analytic mapping
given by (4.3) will in general have a singularity at the origin.

The analogy between (4.3) and (4.4) does hold insofar as in the
region R the terms s(u)u, t(u)v are the dominating terms in wu,, v,
despite the fact that F and G will in general contain terms of the
same degree as s(u)u and t(u)v respectively. This is precisely ex-
pressed in the following estimates: obtained in the usual way.
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If (u, v) is in R with

P11
u<g <z

tﬁen for a suitable constant M

(4.5) IF(u, v)| < M®, |G(u, v)| < MuS*!

In add‘ition, we 1list here for later use the following estimates:
(1.6) IRyl sm®", R s, jg,l sm®, oyl < m®T

where M 1s taken large enough.

We now assert that

THEOREM 1. There exists a unique function v = ¢(u)
lying in R with ¢(0) = 0, invariant under the

mapping (4.3).

Note that the image ¢,(u) of a function cpo(u) under the
mapping (4.3) 1s determined by the functional equation

(4.7) Blu, 9,(w) = o, [£(u, ogu)) ]

LEMMA 1. If |o (u)] 5112, and ¢,(u) 1s the image of q>o(u)
under (4.3) then for

‘b_('s—l-'T)'] ’ |<P1 (Wi} < u? ’

i.e., the image of a function in R 1s also in R.

ogu<M1n[§,

PROOF. From (4.7),

oy apl = 1(1 - bls = 132 @) + Glu, )l
< <‘I - b(s - l)us'a).\2 + mS-!
thus since
ogucx< '5!51_-1'7 and u< ﬁ < b—(ﬁ-'-l-)-
we have

2
|Q1(u1)l <u *
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Now,
thus s
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u, = u+ ! . F(u, wo) >u + bus~! - M,

ince u < p, <1, we obtain

|%Mﬂgfsﬁ.

LEMMA 2. Let ¢o(u) be as in Lemma 1. In addition
assume ¢ (u) 1s differentlable with |of(u)| < a,

where a 1s a positive constant with o« < b(s - 1)/2M.
Then ¢,(u), which 1s also differentiable, also obeys

lmg(u)l <a for u < Minla/s-1, 1/b(s - 1)1, where

x
'S—_T<(1-

PROOF. Differentlating (4.7) glves
gy + @5(ulgy = of(u;) [fu * Q>c'>(u)fv]

hence
By * *5(Wg,

o (u,)| =
£+ ¢6(u)fv

imate the denominator of this expression:

_ s-2
£+ ¢é(u)fv =1 + b(s - 1)u + F, o+ Qé(u)Fv

1

> 1+ b(s - 1052 - M - amu®2

"

1+ w32 [(b(s - 1) - aM) - Mul

v

The numerator in the expression for |o!(u,)l,

hence we have

u

1

2,

vows? (e ) x v RED ) 5

lgy + @5 (ulg,l
|- b(s - 1)(s - 2)usj§¢0(u) + Gy + b - b(s - =2 4 G, ]|
b(s - 1)(s - 2)us"1 + Mu® + al1 - b(s - 1)us'2 + M)

a - uS-E(ab(s - 1) [b(s - 1)(s = 2) + M(a¢ + u)lu)

a - u3%ab(s - 1) - [b(s - 1)(s - 2) + 2aM]u)

a - v (s - 1)a - [(s - 2) + 1]u)

a-u3%(s -1)a-(s-1u)<a .
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Combining the estimates for numerator and denominator we have Iw{(u1)| < a.

LEMMA 3. Let (u‘, v,) be a point in R whose pre-
image under (4.3) is (u, v). Here, (u, v) 1is to

be thought of as a point on a curve in R and (u,, v,)
as a polnt on the image curve. Then for sufficiently
small positive u

L o 1o +ub(s-2) .

=2 u?-a
PROOF.
u, < u(r + pu?) + muS?
- s-2 b
= ul1 + u""°(b + Mu)], which for u < m is
< u(r + 2bu®?)
Thus u$™® < u®(1 + 2b(s - 2)u®® + ...) which for
-2 1
0< U < <5
is
s-2 1
<u S ——eee——
- 1 - kb(s-2)u?
Whence
1 1 ( s-2 1
—_— > ——= (1 - Ub(s - 2)u ) = - 4b(s - 2) .
BS2 = 52 -2

1

We can now proceed to the proof of Theorem 1. The idea of this
proof is adapted from [2] but is essentially modified.

PROOF OF THEOREM 1. Let ¢O(u), $,(u) be curves which have the
properties being in R and obeying |o}l, |$6| < a, then their iterates
under (4.3) L 61; Py 62; ceesi O By will, by Lemmas 1 and 2 also
have these properties. We will prove that for sufficlently small u

lim | (u) - ¢ (u)| = ©
nse B n

from which Theorem 1 will easily follow.
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We begin by proving that
(4.8) lone (uy) = 3B, (W)l < olu) log(u) - 3, ()l
where
o(u) = 1 -M—s,;"—)us'2 and o(u) >0 for u< '/b(s-1) .
PROOF OF 4.8.
194 () = B, () < log, () =3 @) + 1§, - §,,0@)

vhere u, = f(u, ¢ (u)) and T = f(u, §,(u)); this last quantity is

A

lglu, o () = glu, S| + 13,1 I£(w, &, () - £(u, o (u))]

{igut + algyl} 1o, - 3,01

b(s - 1)u%"2 + |G| + aIFvI} lo,(u) - ¢, (u)]

IA

A [}
— A
1 1

bls - 1)u®2 &+ ! + aMus'z] |cpn(u) - En(u)l
= f‘l -uS?%(b(s - 1) - aM) + Mus'l] lo, (1) - &, (u)|

w2 () )] Joytu) - )]

1A
~
1

which for

u < bis-1)

is

s (1 -2 2 g () - B, = olw) log @) - Bl

where

6(1'1‘) =7 - b(s-1) s-2

Now, if we denote by (u_1, P (u_1 )) the pre-image of the point
(u, 9,(u)) and in general denote the pre-image of (u_, Pk (uy)) by
(U ys ®qyq(uy_y)) we can continue (4.8) as follows:

* In the brackets ( } v must be replaced by & mean value between wn(u)

and 76n(u) before applying (4.6).
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10501 (W) = B,y (U] < aldalu ) oy (uy) = &, (u )]
< o(u)a(u_,)o(u_y) «.. olu_p) log(u_ ) - 3, (u )l .

Now, since ¢, was obtained as the nth lterate of a curve g(u) in R wve

know that  (u_p, cpo(u_n)) 1lies in R; thus we know that

~ 2

|¢°(u_n) - tPo(u_n)l < 291 = .

Substituting this into the last inequality above gives
(¥.9) 1Pney (@) = B (u)] < owolu_j)o(u_y) «oe alu_du

To .conclude (4.8) from (4.9) we prove that the product on the
right in (4.9) approaches zero as n approaches infinity.

If the
s-2 _ 1
u, "~ <c, where c = )

we See upon repeated application of Lemma 3 that

1 1 1 1 k
;E_—QSUS_Q +—c-5us_2+3, for k=1, 2, see, n
-k ~k+1
Thus
s-2
- c
ul® 2 s rowe el [ = = k] 2
1 + U ke u’ c k + K

where « 1s, for instance, the first positive integer greater than

g-2

Using this last obtained inequality gives
s (-3 i) < (-Fvte) -
Thus from (4.9) we have
194y (1) = Ty (0]

s (-7 (1 - 7o) ( - o) - (- veckemn)
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Recalling the formula

m

1-2 zZ -1

-F(_ZT- 1lim m H <1 +-—n—>
n=1

m-—>
we see that the last quantlty above approaches zero like

constant
n‘ 1

which proves (4.8).

If now in the above we consider [N to be the image of % and,
generally, denote the image of ¢, , by o, then (4.8) implies that for
each sufficiently small u > 0, [¢n(u)] i1s a Cauchy sequence, say
wn(u)-——é> o(u). Then o¢(u) 1is unique. It is to show this uniqueness
that we considered the iterates of two curves; to show simply exlstence,
the iterates of a single curve were in fact used. ¢(u) 1s the single-
valued invariant function we seek. That the values of ¢(u) form a curve
will be proved in the next section where, of course, we shall prove more
than this.

In concluding this section we remark that 1f in Lemma 3 we choose
(u, v) to be on the invariant curve then so will (u,, v,) and the in-
equality demonstrates that the solutions of the differentlal equations
which have initial values on the invariant curve are not semi-stable 1n the

sense of [3] since the u_, approach the origin as rapidly as

§5. PROPERTIES OF THE INVARIANT CURVE

In this section we establish the following theorem concerning the
invariant function ¢(u) whose existence and uniqueness were proved 1ln the
last section.

THEOREM 2. The function o(u) 1is
(a) analytic for sufficiently small u > 0, and
(b) infinitely differentiable at u = O.

In Section 6 we will show by a counter-example, which is a modi-
fication of one used by Birkhoff in [1], that o¢(u) need not be anelytic
at u =0 so that Theorem 2 1s a best possible result.
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PROOF OF (a). We assume Q(u, v, t) to be in the form (4.1),
i.e., normalized through order s + 1 and in (4.3) we consider the vari-
ables W v, Uy, vy to be complex. We will show that we can determine a
region in the u-plane and a sequence of analytic functions {cpn(u)) con-
vergent in this region, and whose limit function is o(u) when u 1is
real, which satisfy the hypotheses of Vitali's Theorem.

To this end let S be a circular sector in the u-plane, symmetric
with respect to the positive real u-axis, whose angle Yy and radius
py <1 we will appropriately determine. Let v = q>°(u) be an analytic
function which obeys Icpo(u)l < {ul?2 for u 1in S and 1is real for real
values of u. The lmage of S under L will then lie within the circle
C: |v| < py+ Now, consider f(u, 9,(u)), g(u, 9 (u)). As u ranges over
S these will sweep out regions in the u, and v, planes; denote these
regions by 51’ C1 respectively. We assert that by properly choosing Ty
and P, We can achileve

(5.1) 8,08 and c,CC ,

(a) will follow directly from (5.1) as we shall see.

We prove now the first part of (5.1). We assert firstly that for
all g such that

there exists a positive real number X(¢,) such that argu, > 9, for all
u of argument equal to 9, and modulus less than K(ao).

This last assertion can be proved as follows: We have from (4.3)
that

F(u,9,)
u, = u(1 + bu®?) + F(u, cpo(u)) =u {1 + pusS? 4 —-——:1—0-—} .

1

Thus teking the arg u = 9, we obtain

g-2 F(u)q)o)
logp1+101=logp+iﬁo+1og {1+bu +-—-—u—} .

Equating imaginary parts glves

_ F(u,9,)
9, s-2 ___0_}

oo+1mlog {‘l+bu + m

L
2
3
+-;—<bus'2+E + ...}

¥, + bluls'2 sin(s - 2)9, + terms containing luls"



104 SLOTNICK

We can thus determine K(9,) such that if |u| < K(oo) this last quantity
is
>0, + l—e’-luls'2 sin(s - 2)0° 29, +<% Iuls'2 >0,

Note that K(v,) goes to zero with Ve

To conclude the proof of the first part of (5.1) we easily see
that 1f & <9, and

lal < Sy
then |u,| > |u| since

> Jul |1+ bu®?| - M|u|®

[l (1 +-lbu_:'2_L> - M|ul®

lul [1 + [u78 (g - Mlul)] > |ul

la, |

v

Thus choosing

n
Y% < (5-2)

P, < min [1, : , K(ao)]

insures that the first part of (5.1) holds. We claim that this also serves
to insure the second part of (5.1) for

1
lul < §rz=77 -
PROOF. Denote by <p1(u) the image under (4.3) of qao(u). Then
by (4.7) we have

9, (u,) = o (ultr - b(s - 1)u%?) + Glu, o (u)) .

Dividing by u® and teking moduli we get

9, (u;) 9 (u)

u2 u2

A

|1 - b(s - 1)us'2| + £%
u

< |1 -bls - 18] + Mul®?
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<1- bss—l) luIH—Q + Mlu|5-1

-1 - |ul®2 (L(ie-_Q - Mlul) <

since
b b(s-1
lul <2y <=3
Thus since |u| < lu,| < o, we have |o,(u,)| g p? < p, since
py < 1. This concludes the proof of (5.1).

We now complete the proof of (a). From the analyticity of (4.3)
we knmow that ¢,(u) inherits the analyticity of q)o(u). @,(u) 1s de-
fined in the reglon S, which by (5.1) contains S. Thus ¢,(u) is de-
fined in 8, and its values lie within C, C C. In addition ¢,(u) will

U-PLANE V-PLANE
2
—
0/ ¢o \
Ui U, -PLANE P Vi -PLANE
S / ¢
, A
NS
S, °S C,CC

FIGURE 1
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be real for reasl values of u. Thus w,(u) will have all of the properties
of 9,(u). See Figure 1.

Continuing in this manner ylelds a sequence ¢°(u), ¢1(u),
9,(u), «.. which by (5.1) are bounded in S and by Theorem 1 converge to
9(u) for real values of u. Vitali's Theorem then tells us that the se-
quence converges to a function analytic in the interior of 8, thus no in-
formation is provided at u = 0 which 1s on the boundary of S. Special-
izing this result to real values of u gilves preclsely (a).

PROOF OF (b). The proof of (b) 1s carried out by showing that
¢(u) has a unique asymptotic expansion at u = O.

Recall that the Hamlltonian can be taken in the normal form (3.2).
This can be rephrased in terms of the mapping as follows: By a transforma-
tion

U=nu, V=v+ Pn(u)

17 V,=v, + Pn(ul)

(4.3) becomes a mapping with V, of the form
(5.2) V= V(1 = b(s = 1)078) + VW (U, V) + 2y (U, V)

where WN 1s a polynomial whose lowest and highest terms have degree s - 1
and N + 8 - 2 respectively and ZN has degree exceeding N + s - 2.

We assert that the

above satisfy

o(u) + Py_,(u)
Un |

u—> 0 u

.
.

= = PyNoq 2

1.e., that
m"

k=2

is the asymptotic expansion of the invariant function ¢(u) at u = o.
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PROOF. Denote the invariant function written in the U, V co-
ordinates by ¥(U); then clearly

o(u) = - Py(u) + ¥(u) ,

hence

1

e(u) + Py_,(u) = - pN__1uI‘I~ - pNuN + ¥(u) = Ry_,(u)

and our assertion reduces to proving that

Ry.p ()
=27

u

1lim
u—> 0

This we do as follows: Let WO(U) be a function obeying IYO(U)I < ial
and Y1(U) be 1ts image under the mapping in the form (5.2). From the
functional equation (4.7) and from (5.2) we have

¥ (U) = ¥ (U)(1 - bls - 1)U%2) + ¥ (U) Wy(U, ¥ (U)) + 2y .

Thus

v (U)) ¥ (U) 12yl

| < | (1 - b(s - 1)U%2 + |wN|> *
which for suitable constants M, and M, 1s

<1 -bls - U2 + MU+ MUST!
which for

s-1)’ + s

0<Ucx Mn [ ) Mbié:ﬁl] 1s <1 .
1+ M

Thus since we can clearly choose U sufficiently small to insure that
U, > U we have

N
¥, (U <0y -

Continuing in this way we obteln that all the iterates Y¥,, ¥,, Y5, <.
have this property, hence |¥(U)| < .

Now this last result together with the fact that

Ry _,(u)
N-2 _ ¥Y(u
'—;N:T_ = = Py~ Pyut -
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clearly shows that

1im Ry_p(u)
u—> o uN'1 Py

which concludes the proof of (b).

We can now remark that the entire argument of Sections 4 and 5
can be carried out for any simple real zero v, of as(o). Notice also
that with 3,, 9, + = 1is a root of °s(°)’ thus the invariant curves
come in pairs which are tangent to the same line at the origin but these
palrs are not the analytic continuation of each other because of the singu-
larity at the origin.

Also, notice that the transformation ylelding (2.7) has the
period %‘ in t, vhere o = g + Thus in the original coordinates the
invariant curve has the following significance. A solution x(t), y(t)
with initial values on the curve returns to the curve after the time 2qx
at a point closer to the origin. Thus after a time t = 2qr the entire
curve ¢(u) will return to its position at t = 0. For values of t be-
tween O and 2qr the curve will sweep out some surface whose plane
sections perpendicular to the t-axis are indicated in Figure 2.

y y y y y
'} A
X X X X X
t
t=0 /lt=m t=2r =37 t =2qm
- FIGURE 2

Finally we can remove the restriction that the constant » > 0
by remarking that if we consider the inverse mapping of (L4.3) then the
role of b 1s played by - b, so that we can reduce the case b < 0 to
the one we have treated by working in this case with the ilnverse mapping.
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§6. COUNTEREXAMPLE TO ANALYTICITY AT u = O

We now give the counterexample to analyticity of ¢(u) at u=0
mentioned at the beginning of Section 5. We will first have to recall some
properties of the function

¥(z) = Eg'z‘ log I'(2) ,

where T(z) is the gamma function.

r(z) obeys Tr(z + 1) = zr'(z); taking logarithms and differ-
entiating 4 times gives

(6.1) ¥rrr(z + 1) = - ér + ¥11(z) .
z

Tt is this functional equation for ¥''!'(z) that we will have need for.

We take as our mapping

Y. S T

(1+us-2)5—2

(6.2) s-1
v, = (1 + uS™2)32 (y - 6u3®T) = glu, v)

which an easy calculation shows to be area preserving and of the form (4.3)
when considered expanded into its power series. First, we make the useful
observation that

1 1
(6.3) JL I I
u?-e us—2

Now we claim that the curve glven by

6.4 - m(.u_‘._
(6.4) e(u) - ¥ s-2)

is left invariant under (6.2).

PROOF. We must show that

(6.5) g(u, o(u)) = o(f(u)) .

This will be done by reducing (6.5) to the functional equation (6.1). We
write (6.5) in extenso:
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S-1
(1 + us-2 )8'2 {_..l_ yrie (1—:1_) - 61138-7}
u8-1 S=2
S-1
S0+ us-2)s~ yree 1 )
u3-1 S=2
1

Using (6.3) in the right-hand side and performing some elementary manipu-
lation reduces this to

wrnt (:51‘-—2'* 1) = yrit (l_lsi__e) - Gut(s-2)

Finally, setting

glves exactly (6.1).

To conclude that this i1s the desired counterexample requires only
to remark that o(u), as defined, is analytic within a circular sector
about the positive real u-axis of angle

1s real for real u, and has an essential singularity at u = 0: 1t has
there a divergent asymptotic representation, see, for example, [1] and [5].
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VI. SMALL PERIODIC PERTURBATIONS OF AN AUTONOMOUS
SYSTEM OF VECTOR EQUATIONS

* %
Walter T. Kyner
INTRODUCTION

In a study on non-linear analytic ordinary differential equations
printed in 1934, N. M. Kryloff and N. N. Bogoliuboff [1] published the first
results in perturbation theory where a set of solutions was the primary ob-
ject of study. They established the existence of a two dimensional torus
generated by solutlons whose initlal values formed a cross section. This
bounded set of solutions 1s a natural generalization of the one dimension-
al torus, i.e., the periodic solution.

The cross sectlon of initlal values can be interpreted as a curve
that 1s invariant under a transformation induced by the differential equa-
tion. The existence of a torus of solutions follows immedlately from the
existence of an invariant curve.

N. Levinson published a similar result in 1950 [2]. He removed
the restriction of analyticity and required that the unperturbed equation
have a strongly stable periodic solutlon. Using a geometric interpreta-
tion of Levinson's proof as a starting point, S. P. Diliberto [31, (7],
proposed a perturbation theory where the objects studiled are periodic
k-surfaces. (A surface generated by solutions to a system of differential
equations 1s called a perlodic k-surface 1f it 1s the homeomorphic image
of the product of k circles.) I made a study of a class of transforma-
tions that are used in this theory and obtained sufficient conditions for
the existence of an invarlant surface. My result was published in Volume
Three of this series [4].

The purpose of this paper is to apply this theorem to a perturba-
tion problem closely related to that of Kryloff and Bogoliuboff. Thelr

This report represents results obtained at the Institute of Mathematical
Sciences, New York University, under the auspices of the U. S. Army Office
of Ordnance Research, Contract No. DA-30-069-ORD-1258.

** Now with Shell Development Company, Emeryville, California.
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torus of solutions 1s a periodic 2-surface. In the problem studled here,
a set of periodic (k + 1)-surfaces is shown to exist. The members of
this set are generated by solutions starting on periodic k-surfaces.

SECTION 1

Using vector notation, a system of n differentlal equations
can be written

(ay ' & xx) .

We assume that the vector valued function X has continuous third partial
derivatives. We also assume that the system of differential equations has
a periodic solution x = u(t) of period w.

In the (x, t) space, the range of this perlodic solution is a
closed curve in the t = 0 plane. Let us call it B,. The solutlons to
(1) whose initiel values lie on B, are periodic solutions, x = u(t + to).
These solutions generate a cylinder parallel to the t-axls. By the unique-
ness theorem, a solution once touching thils surface must remain on it for
all t.

Now consider a perturbed system

(2) g%;x(x) t, 7) .

We assume that the third partisl derivatives of X with respect to x and
t are continuous In x, t, and 7, and are perlodic in t with perlod
T. 7 1s a real parameter. At 7y = 0, the system (2) becomes the autono-
mous system (1).

Inthe t = 0 plane, let B be a smooth simple closed curve
near the curve defined by the perlodic solutlon to (1 )o If y 1s small,
we can use the points of the curve B as sets of initlal values for solu-
tions to the perturbed system. A surface will be generated whose inter-
section with the plane t = T will be a simple closed curve. In this way
a transformation 1s defined on a class of curves. If 1t 1s possible to
find a curve that 1s fixed “Under this transformation, then the solutions
starting on its image 1n the t = T plane will trace out the same curve
in the t = wT plane, for any integer m. This follows from the period-
icity of the perturbed system. Therefore if, for some 7, an invariant
curve exists, the solutions to (2) that start on it will generate a period-
ic surface in the (x, t) space. By identifying cross-sections at t = 0
and t = T, this surface becomes a two dimensional torus in n space.
The generating curves are solutions to a differential equation on this
torus.



PERIODIC PERTURBATION OF AN AUTONOMOUS SYSTEM 113

It 1s easy to see that such invariant curves usually will not
exist. It 1s therefore necessary to place further restrictions on the un-
perturbed equations (1). Levinson [2] assumed that the periodic solution
x = u(t) was strongly stable. This means that the linear equation of
first variation

n
(3) $. ) Aule)) ;jt) vy
J=1

has n - 1 characteristic exponents with negative real parts. He then
proved that for each y sufficlently small, there is a unique invariant
curve B y? depending continuously on 7y, and having the property that
as y tends to zero, B_ approaches ﬂo, the curve determined by the
periodic solution to (1). In the (x, t) space, as 7y tends to zero,
the periodic surfaces defined by these invariant curves collapse onto the
cylinder defined by the periodic solution.

The hypothesis about the characteristic exponents 1is similar to
the non-vanishing Jacoblan hypothesis of the implicit function theorem.
Diliberto conjectured that it would be sufficient i1f the n - 1 charac-
teristic exponents have non-zero real parts. This insures the inverti-
bility of an operator corresponding, in a sense, to the Jacobian. In 1933,
G. Hufford [5] proved Diliberto's conjecture.

Let us consider the following generalization of this problem.
Take a system of vector equations

dxy
(4) T = Xi(xi) 1 =1, ¢e0, k¥ ,

where for each 1, we have an n dimensional vector equation. Each vector
equation 1s assumed to have a perlodic solution with period oy (the oy
may be unequal). In the kn dimensional space formed by taking Cartesian
products, these solutions define a k dimensional torus. The solutions

to (&) starting on this k-torus generate a cylinder parallel to the t-axis.

The perturbed system
axy
(5) T Xi(x’, Xps eves Xy t, 7)

introduces coupling (and periodic time dependence, with period T) that
disappears as 7 tends to zero. We take as a set of initial points a k
dimensional surface near the k-torus. For small 7y, & transformation is
then defined by following solutions until they intersect the t =T plane.
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The generalized problem 1s to find sufflcient conditlons so that
for each 7y sufficlently small, there is a unique invariant surface. This
invariant surface will define a perlodic surface in the (x, t) space that
can be considered as a (k + 1) dimensional torus in a (kn + 1) dimension-
al space. As 1y tends to zero, this must collapse onto the original surface.

The first results that apply to the generalized problem were ob-
tained by M. Marcus [6] 1n 1953. His theorem, when speclalized to k = 1,
includes Levinson's but not Hufford's. By using a fixed point theorem that
1s stated in Section 3 (and proved in [4]), I have shown that an invarient
k-torus exists, if, for each 1, the unperturbed vector equation (5)
satisfles Hufford's hypothesis.

SECTION 2

In order to prove the exlstence of an Invariant surface, we make
use of a coordinate transformation introduced by Levinson for the k = 1
problem. For each 1, we can transform the corresponding n dimensional
space to coordinates (yl, yi, vee, y?_‘, ;) by

(6) *y = ui(ei) + Si(ei)yi .

Si(ei) is an n X (n-1) matrix whose entries are Ch periodic functions
of the single variable 8y with perilod Wye Uy 1s the periodic solution
of the unperturbed i-th vector equation. This transformation is valid
near the curve defined by the range of uy. It induces a transformation
of the product space.

In this coordinate system, the periodic solution uy is given
by y4 = 0, 64 = t. The system of vector equations (4) can be written

dy
1.
I Yi(yi, 91)

(1)
de

'a'ti = Gi(yi, 91)
where Y, and ©; have period w; in o,. Yy(0, 8) = 0, ©,(0, 84) = 1.
The perturbed system becomes

dyi B
a’E‘-Yi(Yp coes Tpr 89y evey By, t, 7)

(8)
de

a’-ri"‘ 91(Y1: ceey Yk’ ela cee, ekl t, 7).
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Yi and ei have period @y in ei and perilod T in t. As 7 becomes
zero, (8) becomes (7).

Consider a solution to the perturbed system that starts from a
point in the t = 0 plane with coordinates (y, ) = (¥, ¢+es Y 945
vesy °k)' (Recall that (yi, ei) is a point in the n dimensional space
of Xy.) This solution can be written

¥ = F(t, 35 8, 7)

(9)

@l
n

G(t, y, 8, 7)

Since y =0, 8 =t + 6 1s the solutionof 7y =0, y =0, 6 =8,
we can write (9) as

N(e)y + R(y, 8, 7)

L]
"

(10)

@t
n

e + T+ H(y, 8, 7) ,

where the solution 1s evaluated at t = t. N(e) 1is the k(n-1) x k(n-1)
matrix formed by the partial derivatives of the vector functlon F with
respect to y evaluated at y =0, y =10, 6 =86, R 1s a k(n-1)
vector, H a k vector. Both are c?® functions of y and e, with
period g in ey.

At y =0, y =0, we have
R(o, 8, 0)

a1 3R(0,8,0) _ o
oy

n
o
-

H(o, 8, 0) = O

Equation (1¢) defines a mapping of the point (y, @) in the t =0
plane onto the point (¥, §) inthe t =T plane. This induces & map of
surfaces onto surfaces by taking ¥ = B(e1, veey ek), where £ has perlod
@y in 8y and is of class c2. 'The image of B 1s a surface = 1I1n the
t =T plane. = 1s glven by

x(8) = N(e)p(e) + R(B(s), 8, 7)

(12)
§=0+T+H(B(), 8, 7) =
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To compute the value of » at 8, it is necessary to solve the second
equation of (12) for o as a function of B, &, and 7y. Geometrically,
we are finding the © coordinate of the point (x(8), 8§) inthe t =T
rlane by going back along a solution curve to the point (B(e), 8) in the
t = 0 plane. This can be done if the norms of B (see below) and of
are small enough.

Let Q, be the transformation such that « = Qy(B)- This trans-
formation of surfaces into surfaces can be considered as a non-linear
transformation defined on a subset of a space of multiply periodic func-
tions. Our problem is to show that thls transformation has a fixed point.

SECTION 3

If we let m = k(n - 1), our function space 1s the space of real
multiply perlodic continuously differentiable m-dimensional vector valued
functions of k real variables. If B = (B, «.., Bm) 1s such a func-

tion, then B must be periodic with period oy in 6y-

]

(o}

We use

J:)

Il = mex [isl,,
%y

where

lell = max max |ss(e)| .
j e

For fixed 7, a transformation = = Qy(s) 1s glven by equations
(12). To insure that & can be solved for e, we restrict 8] and |y|
so that the matrix

/N
[-%
ol o1
ot .
~—~

is non-singular.

If |Nl < 1, 4t 1is possible to work with Q7 directly and pick
a bounded equi-continuous set that is mapped into itself. This set can be
selected so that Q., 1s continuous on-it. By Schauder's theorem, there
is a fixed point in the set. This method was used by Marcus.

However 1f we do not know that |[IN|| <1, (e.g., k = 1, Hufford's
theorem) this method cannot be used. It is convenient to do the following:

If B 1s a fixed point, i.e., B = Q,,(B), then the first equation of
(12) can be written
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(13) p(8) - N(e)p(e) = R(B(s), 0, 7)

For fixed B and 7, a linear transformation Lﬂ7 i1s defined
on the function space by

[Ls,0](0) = o) - NCo)e(e)
(14)
§ =0+ T+ H(B() 8, 7) =

If L 1s invertible, then equation (13) becomes

By

(15) B =Ly R(B, 7)

where [R(B, 7)1(e) = R(B(e), 8, 7). Because of the big 0 properties of
R (see eq. (11)), 1t 1s possible to apply Schauder's theorem to the trans-

formation L™ 'R.

In (4], I studied transformations of the type Q7 and showed
that 1if L;1 is uniformly bounded in norm, there exlsts 7 > 0, such
that if |7]| < 70! Q7 has a unique fixed point by. ﬂ7 1s continuous
in 7, and as y —> 0, B7 ——> 0. Furthermore

{=2)
Ot
satisfy a uniform Lipschitz condition. (Recall that the 0 of the func-

tion space corresponds to the k-torus defined by the periodic solutions to
the unperturbed differential equations (4)).

SECTION 4

PROPOSITION. If for each 1, 1 =1, 2, «ssy, k, the
vector equation (4) has a linear equation of first
variation

av z X, (uy (£))
(16) ® L T
J=1

with n - 1 characteristic exponents with non-zero
real parts, then for sultebly restricted B8 and 7,

L;; exists and is uniformly bounded in the norm.
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PROOF. The matrix N(e) is found by taking the partlal deriva-
tives of F(t, y, @, 7) with respect to Vye Since the derivatives are
evaluated at y = 0, the effect of coupling disappears. Therefore

N, (e,)
N2(°2)

(17) N(e) = .
0 .
Nk(ek) .

Ir ii = Fi(t, by 84) 1s the solution to the unperturbed (and therefore
uncoupled) i-th equation, we have

bFi(T,O,ei)
(18) Ny (oy) = —

Because of the speclal form of N(e), 1t is sufficient to study
the transformation defined on a subspace of (n-1)-vector valued functions
given by

[L%yn] (61,92,63,...,ek) = n(é,,...,ﬁk) - Ni(ei)n(e1,...,ek)

(19)
§ = Gay(e) =0 + T+ H(B(8), 68, 7) .

x 1s an (n-1)-vector, B a k(n-1)-vector, and © 1s a k-vector.

We will take LB7 as a transformation on the space of complex
valued functions. If LE; exists, it induces a transformatlon on the
space of real valued functions.

In an appendix, 1t 1s shown that
= -1
(20) Ni'(ei) = P(oy + T)JP (04) .

P 1s a non-singular periodic matrix, J 1s a constant matrix in canonical
form, 1.e.,

).v_ 00 +.. O
7, 1 A, 0 wee O
(21) J = °,0 J, = 0 1 Ay ees O s V= 1,400e,t.
o . - :
7 - :
t o] [o]
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Since the characteristic exponents of (16) are the logarithms of
the characteristic roots of J, we have that |A,| 1.

We now define linear transformations on a subspace of (n-1)-vec-

tors by
[Bxl(e) = P(8)xn(s)
IT"'x1(e) = x(e = T)
(22)
[Gﬂ7n](9) = n(GB7(e))
[Txl(e) = Jn(8)
Then .
-1.1 -15 s=n-15=1 -1m=1 5 mo=lym-1
(23) T Lg, = T Gg, - PJTT'P = B(F~'T GMP—J’I‘ )B
Let
5-1m=1g 5 _ Fp=!
(24) Ky, = P7'T7 Gy, P - JT .
(25) (%5, ] (@) = #7" (0 28(ag, (0 = DG, (6 = 1)) - Ixte = D)
(26) Gﬂr(e -T) =90 +H(B(e -T), e =T, 7) =
Because of this, if
(27) Py, () = B(Cy, (0)) - (o)

then (using the big O properties of H) ||P97|| can be mede small by re-
stricting |8l and |y|. We can write equatlon (25) as

(28) [Kwn](e) - vl(Gﬂ7(9 - rr)) - Jx(e = T) + PN (o )PB7(9)n<GM(e - rr))

The first two terms define a transformation ng that acts independently
on the subspaces determined by the distinct characteristic values of J.
The last term can be made small in norm.

Let

(29) [M‘é,ﬂ](e) - ﬂ(GB.,(e -1 - a8 - T)) .

g 1is a complex r-dimensional vector valued function, where r 1s the
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multiplicity of Ay If M§7 has & uniformly bounded inverse, then, Mg
will. By using the standard seriles technique, this implies that pr ,
and therefore Liy, and finally L57 have uniformly bounded inverses.

For fixed B and 7, 6 = pr(e) differs only slightly from the
identity map. We can solve for e to get o = V (e) Define the linear
transformation VB'/' Then

(30) =T Gm(I Jv>

(31) [1- 9,3, s ) = 50) - 3,8(v, (o))

To show that this transformation has a uniformly bounded inverse,
we make a very slight modification of the proof used by Hufford in Lemma
3.1 of hls thesis.

Ir |>.V|<1, take B® so that val +8<1. Let 3 be de-
fined by the matrix

B 0 0 uvu O
0 820 ... ©
(32) S = ... .
0 0 0 e.. 87
Then
M 0 0. 00
8 A, O .. 0 O
. e e eee e
(33) 85,87 - SRR
0 0 0. B A
This metrix defines a linear transformation 3 3‘v§". I8 3V§'1 = Iagl + 8.
= 2Y.5Y7_.7 §3§1 8-
(34) <I - VB7JV> 8 (I Vg8 3,87 8 .

[,v 7|| <1 +q, where q can be made arbitrarily small (see
appendix). Therefore lIV S J S"u (1 + q)(|xv| +8)<1, 1f q 1is
properly chosen.
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[}
N s 2o e Tu
(35) (1 - 7,8 73,8 ) - Z [vws 38 ] < (/1) .
u=o0

q 1s independent of B and 7y (if |[Bll s vy 7] < 75)s» hence we have
a uniform bound.

If |xv| > 1, then J;1 has the characteristic root (1/xv) <1,
and

-1 -1
- = _ & == - =o1
(36) (I - beJv) = (I GﬂyJ prJ .

"Gﬂyu <1 +q', q' small. We again have a uniform bound.

Retracing our steps, we see that L;‘ as a transformation on a
space of complex valued functions is uniformly bounded. The transformation
induced by 1t on the space of real valued function has the same bound.

This completes the proof of the proposition.

CONCLUDING REMARKS

My fixed point theorem was applied to a special situation where
the existence of a pcriodic coordinate transformation and the existence of
L™’ depended on thelr existence in the single variable case. If the un-
perturbed periodic surface of initial values is not the product of periodic
solutions, it is not yet possible to show that the differential equations
(5) can be transformed into the system (8) so that the originel periodic

surface 1s given by y = 0, 8 = 6.

In the general k variable problem the concept of characteristic
exponents i1s not applicable. A method of characterizing the unperturbed
system of differential equations 13 nesded so that one could easily tell
1f L7' exists and 1is uniformly bounded. Diliberto has recently obtained
such a result for the special case of m = 1 [page 5.3 of [7]].

APPENDIX
_ -1
PROPOSITION. Ni(ei) = P(ei + T) P (91).

PROOF. Dropping subscripts, we have that ¥ = F(t, y, o),
8 = G(t, y, 8) 1s the solution of

%%" Y(Y; )

2 - ey, o)

(1)
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that starts at (y, 6) inthe t = 0 plane. Since y =0, § =T + 0, is
a solution, Y(o0, e) = 0, ©(0, 6) = 1. The equation of first varlation is

Y (0,t+6) 0

3y
(2) %%- 7o
30(0,t+6 ) 0
6
% is an (n-1) x (n-1) matrix.
(3) d_|JF(t,0,0)] _ 9Y(o,t+6) OF(t,0,8)
| 3y ] 3y 3y

If W(t) 1s a matrix of solutions to

such that W(0) = I, then

b—F(ﬁ‘—g;-‘b—e—’ =wtwW () .

Set t =90 + T, then

(5) N(e)=a—F(%‘a;—°-'ll=W(o+T)W'1(e) )

Equation (4) is a linear differential equation with periodic co-
efficients. Its characteristic exponents are the (n - 1) characteristic
exponents with non-zero real parts assoclated with the original variation-
al equation.

Therefore there exists a periodic matrix Q(t) = Q(t + o),
Qo) = I, and a constant matrix A such that

(6) W(t) = Q(t) expltA]l .
Let exp[tA] = RJIR™', P(e) = Q(8)R, then equation (5) becomes

(1) N(e) = P(e + T)JP ' (o) .
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This proves the proposition.

PROPOSITION. Given q' > 0, there exist r

> o? 7o S0 that if
el s ro and |7| <75 then |Gg,lls 1 +a'.

PROOF.
(8) [éﬂrx](e) - (0, ()
Since & = Gﬂr(e) =0 + T+ H((e), 8, ) 1s one to one,

(9) ‘|§ﬂr“||o = me e |'1<Gﬂ7(° ))I = mix mex

m
a"(G:(e)) Z bn((}‘B (e)) oy + z dH, (B(9),0,7) 61
J 3y 2,
1=1 =1 J
(10)
bHi(B(e),en):I
b —————— .

Bet

oH is uniformly bounded, and H(o0, 8, 0) s 0. Hence we can take [B| and
|7| small enough to insure that

(G, (o)) x
(1) —Br || —|]| 1 +q .
aet aet
Therefore
(12) IGg, =l < Ixl 11+ @) .

Having this, we can show that the inverse map, \7‘57 satisfiles

(13) Vg, <l < =l 1 +al .
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VII. ROTATED VECTOR FIELDS AND AN EQUATION FOR
RELAXATION OSCILLATIONS

George Seifert’
1. INTRODUCTION

We are concerned with systems of differential equations of the
form:

(1.1) X=P(x, ¥, a), y=Qx, ¥, a);

here the dots stand for differentiation with respect to the independent
varlable t, and o 1s & real parameter. We shall refer to the curves 1n
an (x, y) cartesian plane, the so-called phase plane, as the phase tra-
jectories, or simply, the trajectories, of the system (1.1). The critical
points of (1.1), the points of the phase plane for which P and Q are
both zero, while corresponding to solutions of this system, will not be re-
ferred to as trajectories, are assumed independent of «, and constitute
a set of points having no finite limit point in the phase plane. Ordinary
points are points which are not critical.

At each ordinary point (x, y) a vector having components
(P(x, y, @), Q(x, y, a)) 1is defined, and for fixed a the totality of all
such vectors will be called the vector field of (1.1) corresponding to that
value of «a. If all the vectors of field experience a rotation in the same
sense as a 1s varied monotonically in some interval, we say that (1.1)
defines rotated vector fields for a on this interval. G. F. D. Duff [1]
has studied a type of rotated vector fields largely for the purpose of de-
termining the behavior of limit cycles, i.e., trajectories which consist of
simple closed curves and correspond to periodic solutions of (1.1), in
terms of variations in a.

It is the purpose of this paper to discuss a more general type of

' This research was supported in part by the United States Air Force through
the Office of Scientific Research of the Air Research and Development Command.
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rotated vector field, primarily for the purpose of determining the behavior
of 1limit cycles in terms of variations in a. It is found that if two half-
trajectories, corresponding to distinct values of o and originating at the
same point, intersect at a point beyond the initial point, the region en-
closed must contain a critical point. A non-intersection theorem for cycles
corresponding to dilstinct values of a 1s obtained. A theorem concerning
the monotonic and continuous variation of asymptotically stable (vhich we
will henceforth refer to as simply stable) limit cycles follows. Instead
of a theorem such as Duff obtalns concerning the nature of the bounds of
the annular regions covered by varying cycles, we prove a theorem of some-
what similar content, largely, however, for the purpose of proving an ex-
i1stence theorem for periodic solutions of a general equation for relaxation
oscillations. In particular, the equation X% + f(x, %)k + g(x) = 0 1is
considered, and a set of conditions on f and g are given under which a
periodic solution exists. The speclal case for which

f(lx, y) = -1, g(x)=x/e,

X
vyl + 1
to which the existence criterion given by Levinson and Smith [2] cannot

be applied, satisfies these conditions. In fact, it seems that the require-
ment given in [2] that there exist an x, > 0 such that for |[x| > x, and
all y, £(x, y) > 0 can be relaxed to the extent that for each fixed y

we need f(x, y) > 0 for x sufficiently large, provided the dependence

of f on x 1s large enough in comparison with that of g.
2. GENERAL RESULTS

We assume that P and Q of (1.1) are contlnuous in (x, y, a),
satisfy Lipschitz condition with respect to x and y 1n any bounded
domain of the (x, y) plane, and that for a domain 2 of this plane and
a real interval J, the following conditions are satisfied:

(A) the partial derivatives Pa and Qu exist at each ordinary
point R in 2 and a 1in J, and

[+
2
Q
o< j éél&la%‘ida<x, where a(x, y, a) = ’
a‘ P + Q Pa Qu

end @, <a, arein J, and (x,y) isin 2. If (x, ¥y, @;) 1s such
that the above integral is zero for some a, >a,, e will refer to the
point (x, y) as an a,-stationary point, while all other ordinary points
of @ will be referred to as a,-rotation points. In terms of these defi-

nitions, we also require thet:
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(B) for each & in J there are at most a finite number of
a-stationary points on any finite arc of any trajectory of (1.1) correspond-
ing to that o; here, a finite arc of the trajectory of (x(t, a),

y(t, @)) 1s the set of points of the (x, y) plane defined for tost sty
t, and t, being finite but arbitrary.

Condition (A) implies that the vector at each ordinary point of
@ either rotates in a clockwise sense as a increases from a point a,
in J or is stationary there, depending on whether or not the point is an
a,-rotation point. It is obvious that if the integral in (A) 1s zero, then
the conditions of (A) require that it also vanish if a, 1s replaced by
any velue between a, and aye We next observe that if e 1s the angle
of inclination of the vector at (x, y) for a in J, then tan e = Q/P,
and since the partial derivative e, = A(x, y a)/(P? + Q%), the integral
in condition (A) 1s just eo(x, y, aa) -0(x, v, a1).

o

If we had assumed that P and Q have continuous first deriva-
tives with respect to x and y, then the restrictions in (B) on the set
of a-stationary points are unnecessary, since in that case, a somewhat
generalized Poincaré-Bendixson theorem due to Urabe and Katsuma [3] may be
used in much of what follows. We point out, however, that in the special
case considered in Part 3 of this paper, this condition is not satisfied
in that the f(x, y) considered there has no partial derivative with respect
to y on the line y = 0.

For the remeinder of the section we assume, for the sake of con-
venience, that 2 1is the entire (x, y) plane and that J 1s the set of
all real numbers. We shall use the following notation:

(a) r(R,, a) 1is the trajectory containing the ordinary point
R, ;

(b) 1if the point R, on T(R;, a) 1s reached at t = t,, then
the set of points of this trajectory defined for all t > t,, the so-called
positive half-trajectory of T(R,, a) will be denoted by r‘+(R1, a); the
set of points of this trajectory defined for all t < t,, the negative

half-trajectory, will be denoted by T_(R,, @);

(¢) if R, 1s a point on 1"+(R1, @) corresponding to t = t,,
t, > t;, then r(R,, Ry, @) 1s the finite arc of this half-trajectory de-
fined by a1l t in t, <t < t,. We will refer to R, and R, as the
initial point and final points respectively of I‘(Rl, Rz’ a), and observe
that if these coincide, TI(R,, R,, a) defines a cycle.

THEOREM 1. Let RO be an ordinary point of system
(1.1), a, >a,, and suppose that the half-trajectories

r,(Ry, ao) and r’*(Ro, @,) have the point R, in
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common such that Tr(R,, R,, o,) and r(Ry, Ry, @)
are finite arcs. Then the region bounded by these
finite arcs contains a critical point.

PROOF. We denote by @, the region bounded by r(Ry Ry ag)
and T(Ry, Ry, o ), and consider an a,-rotation point P, on P(Ro, R,, ao)
such that P, 1s distinct from R, and R,. Then r‘(P,, a,) enters D,
provided t varies in the appropriate sense; we first assume that r(P,, a,)
enters Qo as t 1increases, and point out that this assumption implies
that for any a,-rotation point P on T(R,, Ry, a,) and distinct from
R, and R, I'(P, @) also enters @, as t Iincreases.

¥ r (P, o) is contained in @ , 1its positive limiting set
must either be a cycle, or contain a critical point; in either case ‘20
must contain a critical point, and there is nothing to prove.

Hence, assume r‘+(P1, a,) intersects the boundary of 2, at Q,,
the first such point after P,. The point Q, cannot lie on I‘(Ro, R, a1)
by the uniqueness of solutions of (1.1) for a = @ and must therefore be
an a,-stationary point on I‘(Ro, R, @), distinct from R, and R,. Now
consider an a,-rotatlion point P, on P(Pw Q» ao) and distinct from P,.
Since I‘(Pa, a,) enters D, as t Iincreases, then, as before, if @, 1s
to contain no critical points, F+(P2, a1) must intersect T(Pl, Q. ao)
at QQ, an ao-stationary point distinct from R1 and Q1. We next repeat
the same argument in connection with the arc F(Pz, QQ, ao) and conclude
that there exists a point Q3 on 1t which is an ao—stationary point dis-
tinct from Q,-.

Continuing in the above manner, we conclude the existence of a
sequence Q,n of distinct a,-rotation points on I‘(Ro, R1, ao), which
violates condition (C). Thus the region @, must contain a criticel point.

In case F(PI' a‘) enters Qo as t decreases, an argument
similar to the one given above applies if we consider the negative half-
trajectories r_(Pi, a, ). This concludes the proof.

In what follows, we assume that all cycles are described 1n a
clockwise sense as t Increases.

THEOREM 2. If o, >a,, then the cycles L(a,) and

L(ao) have no points in common.

PROOF. Let P be a point common to L(z,) and L(a,). Suppose
first that L(a,) has points exterior to the reglon bounded by L(x,). If
r, (P, a,) 1s contalned in this region, its positive limiting set is also;
but this is impossible, since this set must coincide with L(ao) which has
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points outside this region. Hence, in case L(a,) has points exterior to
the region bounded by L(a,), T (P, a;) contains a point Q on L(a,) and
this point must be an ao-stationary point, and could possibly coincide with
P. Let the point Q on L(a,) correspond to t = t,. Then there exists
an e > 0 and sufficlently smell so that the point R on L(a,) corre-
sponding to t = t, + € has the following properties:

(1) R 1is an o, -rotation point, and all other points on L(al)
between Q and R are ao—rotation points.

(11) There exists a point R' on T _(Q, ao) such that the
line segment RR' 1s a transversal for the trajectories

of (1.1) when a=a, and a = a,.

(111i) The reglon bounded by Tr(Q, R', ao), r(Q, R, a, ), and
RR' 1s free of critical points.

The realization of (1) is an immediate consequence of condition
(C). Next, we observe that the tangent vectors to L(ao) and L(a1) at
Q have the same direction; if not, cormdition (A) would be violated. From
the continulty of P(x, y, @) and Q(x, y, @), 1t follows that there ex-
ists a circle with center at Q inside of which the inclinations of the
vectors of each of the fields ay and o, differ from the inclination of
the tangent vector at Q by less than /8 radians. Hence, the existence

of the transversal described in (ii) and (i1ii) follows.

Consider now the half-tra-
jectory T_(R, a,). It cannot have
points in common with RR' since this

line is part of a transversal for Rl E-(Qo aO) L(a|)
a = ag; it cannot have a point in
common with ™Q, R, ay) by the R F(Ro ao)

uniqueness of solutions of (1.1) for

a=ag; finally, it cannot intersect

rQ, R, o ), since such a point of Q

intersection would necessarily be an

ao-stationary point and would contra-

dict condition (1) above. We conclude

that T©_(R, @) 1s contained in the L (a )

bounded region described in (1i1) 0

above which 1s free of critical points.

This leads to a contradiction; and we

conclude that each point of L(a,) 1s FIGURE 1

either on L(al) or inside the region

bounded by L(a,). Let Q' be a point common to L(ao) and L(a,) and
corresponding to t = t) on L(a,). Clearly Q' 1s an a,-statlonary
point, and for e > 0 sufficiently small, the ao-rotation point S on
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L(a,) corresponding to t = t} - € 1s so close to Q' so that r (8, a )
is contained in a bounded region free of critical points; the details of
the proof of this follow as in the case above and are omitted. Since we
again arrive at a contradiction, we conclude that L(c,) and L(a,) have
no points in common. This proves the theorem.

THEOREM 3. Let L(ao) be a cycle of (1.1) stable from
outside. Then given any outer neighborhood 4 of
L(ao), there exists a o, such that for each a 1in
a, <@g a, A contains a cycle L,(a) stable from
inside and a cycle L,(x) stable from outside. L, (a)
and L,(a) wmay coincide.

PROOF. Let ./, be an outer neighborhood of L(a,) contained in
A and free of critical points, and let R be an ao-rotation point in

N o» Dot on L(ao) , and such that there exists a transversal RR, for
the ao-trajectories which connects R to R,, a polnt on L(ao). We
assume further that r‘+(R, ao) intersects RRO at R1’ a point between

R and Ro, such that Tr(R, Rl, ao) is contained in .A’o and has no points
in common with RRO except R, Ro’ and R].

Then from the continuity of the solutions of (1.1) in a, there

exists an a; > a, such that for a;, <a<a;:

(1) RRO is a transversal for the a-trajectories in the same
sense as it 1s for the ao-tra.jectories.

(11) r. (R, o) intersects RR, at R, = R,(a), a point be-
tween R and R;; and

(111) r(R, R,, a) 1s contained in A,.

Now let 8 be an e -rotation point on L(ao). Clearly T, (S, a)
for a, <@ < a, must be contained in the region bounded by TI(R, R2, a),
L(e,), and RR,, for it cannot intersect L(a,) after S by Theorem 1.
It must therefore approach a cycle L1 (a¢) contained in this region, and
L, (@) must be stable from inside. However, I‘+(R2, a) also is contained
in this region, and must therefore approach a cycle L, (@) from outside.

This completes the proof.

Although system {1.1) may for each a in a, < a<a have a
unique cycle stable from outside, it does not necessarily follow that the
system will have a cycle for o = a,. It suffices to consider the simple
example where P =y, Q = [az(x2 +y2) + 1] y - x. It is easily seen that
for this example a unique cycle defined by x4 y2 = - 1/a exists for
each o < 0, and that this cycle is stable on both sides.

If, however, the region covered by all the cycles for a in

@, <@ <a can be shown bounded independently of «, then, under some
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additional conditions on the location of critical points, the existence of

a cycle for a = a, can be shown. This is done in the next theorem.
THEOREM 4. Suppose that for each a in a, @ <a
there exists a cycle L(a) of system (1.1) stable from
outside and enclosing any other cycle for that a.
Suppose also that every such L(a) is contained in the
region bounded by a closed curve C which is independ-
ent of «, and that all critical points of (1.1) are
either exterior to C or interior to each L(a). Then
there exists a cycle of (1.1) for a = a, stable from
inside.

PROOF. Let R, be an a,-rotation point on L(ao) and consider
the half-trajectory I‘+(Ro, a, ); by Theorem 1, it has no points, after the
initial point Ro’ in common with L(ao) provided it does not cross the
curve C. However, in this case 1ts positive limiting set is contained in
the annular region bounded by C and L(a,), and since this annular re-
glon is free of critical points, we conclude that T +(Ro' a,) must approach
a cycle L(a,) and there is nothing more to prove.

Hence, assume that T (R,, a,) contains a point R exterior to
C. Then for e > 0 sufficiently smell, T (R, a, - €) also contains a
point exterior to C. If L(a, - €) were exterior to L(ao), it would
have to enclose L(ao) , since otherwlse there would have to be a critical
point in the annular region bounded by C and L(ao). But if L(a, - €)
encloses L(ao), it must intersect I‘+(Ro, a, - €), which 1s impossible.
Hence, assume that L(oz1 - €) 1s interior to L(ao), and consider
r‘_(Ro, a, - e); since we may assume a, - €>a,, this half-trajectory
enters the region bounded by L(ao) , and by Theorem 1 1t must remain there,
since T_(R,, @,, - €) cannot Intersect L(z, - €). T_(R,, @, ~ €) must
therefore approach a cycle, which cannot be L(a, - €) since L(at1 - €)
is stable from outside. Hence, there exists another cycle L1 (a] - €) en-
closing L(a] - €), which is also contrary to the assumption that L(a, - €)
encloses all other cycles for the value of « = a, - €. We have a contra-
diction, and the theorem 1s proved.

The following example shows that system (1.1) will under the con-
ditions of the last theorem not necessarilylhave a cycle stable from out-
side for « = a,. We define r = (x2 + y2)2 and take P =y,

Q=-x - f(r)y + ary, @y = -1, @ = 0, where f(r) =r -1 for r<i,
while f(r) = 0 for r > 1. It is easily seen that for each o 1in
-1¢<a<0, system (1.1) will in this case have the unique cycle defined
by r=1/(1 - a) which is stable from outside. However, for a = O,
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every circle r =c, where c > 1, 1s a cycle, and conversely; clearly
none of these are asymptotically stable from outside. If we introduce a
more general concept of stability, we have, in terms of it, an extension
of the last theorem. We say that the cycle L has positive orbital
stability, or simply, orbital stability from outside if for every e > O
there exists a 8_> 0 such that every positive half-trajectory origi-
nating at a point outside of L and at a dlstance less than & from L
remains at a distance less than e from L.

THEOREM La. Under the conditions of the previous theo-
rem there exists a cycle of system (1.1) for a = a,
which is orbitally stable from outside.

PROOF. As before, we denote by L(a) the cycle of (1.1) stable
from outside and enclosing all other cycles for that a. We denote by £
the set of points covered by these cycles for a 1in Ay S @ < ayj i.e.,
L = UL(a), @ in a, <@ < a,. By Theorem 3, ¥ 1s an annular region
whose inner boundary 1s L(ao). From the proof of Theorem 4, we observe
that there must, for a = a,, be a cycle L(a,) exterior to L(a,). By
Theorem 2, this cycle L(a,) can have no points in . let € >0 be
glven, and suppose R 1s a point exterlor to L(ar]) on a al—tra.nsversal
intersecting L(a,) at S and such that I (R, @,) intersects this
transversal for the first time after R at R1 . We also suppose that the
region bounded by L(a.' ), r(R, Ry, a1) and RR, 1s free of critical
points, and is within a distance of € of L(or1 ). Suppose first that R,
1s either identical with R or between R and 8; 1t clearly follows
that in this case L(a,) 1s orbitally stable from outside, and there 1s
nothing more to prove.

Hence suppose R 1s between R1 and S on the transversal.
Then for € > 0 and sufficiently small, l"+(R, @, - eo) intersects the
transversal at R, such that R 1s again between R, and 3. Consider
the negative half-trajectory r_(R, a, - eo); since R 1s exterior to
L(a, - €,), the limiting set of thls half-trajectory must elther be
L(a, - eo), or a cycle L, (cx‘ - eo) exterior to L(ct1 - eo)- But each
possibility contradicts the definition of L(a, - ¢,), since the first
suggests that this cycle 1s unstable from outside, and the second, that

L(al - eo) does not enclose all other cycles for o = a, - €,.

This completes the proof of the theorem.
2, AN BQUATION FOR RELAXATION OSCILLATIONS

We now consider the system

(2.1) Xx=y, §=-8x)-Ff(x y)y
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where f(x, y) and g(x) satisfy Lipschitz conditions in every bounded
domain of the phase plane. We also assume that:

(1) xg(x) >0 for x40, and G(x) —> = as

|x| —> = where G(x) = !g g(s) ds;

(11) f£(o, 0) < o0, £f(x, §) > - M for some constant
M;

(111) there exists a constant u > 0 and function
h(y) continuous on - ® <y < + » such that
£f(x, y) > u G(x) - n(y) for all x and y;

(iv) there exist numbers a < 0 and b > 0, and
continuous solutions y,(x) and y,(x) of
the equation f(x, y)y + g(x) = 0 such that
for x<a, yo(x) > 0 and strictly increasing,
while for x >b, y,(x) < 0 and strictly in-
creasing, and such that for these values of x,
there 1s no solution y of this equation such
that |y| < [yy(x)], 1 =0, 1;

(v) there exists a point (x,, y]) on the line

¥ = ¥,(a) + M;(x - a) such that for x > x,
all points (if any) on the graph of
f(x, y)y + g(x) = 0 which are above the
x-axis lie above this line; there exists a
point (x5, ¥,) on ¥y =y,(b) + My(x - b)
such that for x < x, all points (if any)
on the graph of this equation and below the
x-axls lie below this line; here

M, = M+ max [-g(x)/y,(a)] ,
a<x<0

M, =M+ max [- g(x)/y,(d)] .

2 0<x<b & 4

REMARK. The following set of conditions imply the conditions (iv)
and (v) above:

(1v') there exist positive numbers a and b such that

for (x, y) in R, UR,, vhere R, is defined

by x< -8, 0<y<b, and R, by x>a, -b<y<o

1) Tys fy, g'(x) exist;
2) b min (yf, + £) } > |g]
{msb Y }

3) -E?i+g’<o;
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(v') 1f we assume, without loss of generality, that
h(y) > 0 for all y, then there exists a positive
number c¢ such that for |y| > e,
yx(y) < vl max M, M) + e]™'; here x(y) 1is the
unique solution of uG@(x) = h(y) for which
yx(y) >0 forall y# o, M, and M, are as de-
fined in (v) above, and € > 0 1s an arbitrary
constant.

We first show that (iv') implies (iv). Suppose (x, y) is in
R,, then clearly F(x, 0) = g(x) < 0, where yf(x, y) + g(x) = F(x, y).
Also for fixed x, F(x, b) - F(x, a) = bF_(x, ¢), 0 < ¢ < b. Hence
F(x, b) = g(x) + b(gf‘y(x, t) + £(x, £)) > g(x) + |g(x)] = 0 and we con-
clude that there exists y, = yo(x), 0 <y, <b, such that
v f(x, ¥,) + 8(x) = 0. By 2), Ii‘y > 0; hence y,(x) is unique in R,,
has a derivative given by

, ¥ty + 8'
volx) = - b 3

and, by 3), yi(x) > o.

By applying a similar argument to R,, a solution y'(x) of
F(x, y) = 0 1is obtained in this region for which yl'(x) > 0. Hence we
have condition (iv).

To show that (v') implies (v), we supposed that y > 0, and have,
by virtue of (1iii), that F(x, y) > y(uG(x) - h(y)) + g(x), where F(x, y)
is defined as above. Then i1f x > x(y) and y > 0, we have F(x, y) >
g(x) > 0. However, since y > Mx(y) whenever y > c, where
M= max(M,, M,) + €, we see that for y > ¢ the curve x = x(y) must
lie above the line y = Mx, and must therefore intersect the line
Yy -b=M(x+a) at some x = ¢, >c and remain above it for x > c,.

A similar argument shows that the region y < 0, x < x(y) can
contain no solutions of F(x, y) = 0, and that its right boundary, the
curve x = x(y) for y < 0, intersects the line y + b = M2(x - a) at
some X = - C, < - C, and remains below it for x < - Cye Thus we see
that (v') implies (v).

We now show that the special case

N
£(x, Y) - yx+ T - 1,
glx) = -’25 satisfies conditions (1) - (1ii), (iv') and (v'). Conditions (1)
and (11) are obviously satisfied. For condition (111i), we take u = 1,
and h(y) = 2]y| + 2; we must then have <t - (I3l + 1) > (g + 1)x2 -
2(|yl + 1)2. Regarded as a quadratic inequality in x2 for each fixed vy,
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this will be satisfied provided (|y| + 1)2 < kl2(]y] + 1)2 - (|3] + 1)}
for all y, which is certainly the case. We find that

N
yf. + £ = X -1 3
v (yl+1)? ’

if a =2, b =1, we have clearly that

4 L
___x___é__1>_2_t__,>,]_x_L for x| >2 ;
(lyl+1) 4 2

moreover,
N
—x-—2-1>1 for |x| >2 .
(yl+1)
We also see that for |x| >2, |y| <1,

3
yfx+g'=-—“-’£—L+l<—2+l<o for y=-g/f .
lyl +1 2 2

Hence all parts of (iv') are satisfied.

Next, the equation uG(x) = h(y), or in this case, x° = 2|y| + 2,

has the solution x(y) = + (2|y] + e)é where we take the + sign for

¥y >0, and the - sign for y < 0. Clearly, in this case, corresponding
to any positive constant k there exists a number c = c(k) such that
¥x(y) < k'y2 for each y such that |y| > c. We thus see that condition
(v') is satisfied.

We now state and prove the following theorem.

THEOREM 5. Under conditions (1) - (v) listed above,
there exists a cycle of system (2.1) stable from in-
side, and a cycle orbitally stable from outside (in
the sense of the definition immediately preceding the
statement of Theorem L4a). These cycles need not nec-
essarily be distinct.

PROOF. Consider the system
(2.2) k=y, y=-gx)-Fx, 5 a0y ,

vhere F(x, y, a) = - a(x? + yz) + P(x, y)y. It is easily seen that for
this system, condition (A) of Part 2 1s satisfied. In fact, the set of
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a-stationary points is the x-axis with the origin, the only critical point
of (2.2) as well as (2.1), removed. Suppose that the finite arc defined

in ¢ ¢t <d of some trajectory intersects the x-axis for t = ty,

1 =1, 2, ... such that the points x(ti) have a 1imit point x, {0
corresponding to t = t;. We may clearly assume that ty — to- By
definition, y(ti) =0, 1=1, 2, ...; hence there exists a sequence

¢y —> t, such that ;{r(gi) =0, 1=1,2, ... . Suppose for some 1,
i(;i) = 0; then the arc clearly contains a critical point, the origin,
vhich is impossible. Hence for each 1, J't(gi) # 0. But this, together
with i(gi) = 0, 1mplies that the slope of the arc at the point correspond-
ing to t = 17 must be zero. Since this slope 1s continuous in t, it
follows that the slope of the arc at (xo, 0) 1s zero. This 1s impossible,
and we conclude that any finite arc of an arbitrary trajectory of (2.2) can
intersect the x-axis at no more than a finite number of points. Condition
(B), then, is also satisfied, and we may use the results of the previous
section.

We first observe that for each « < 0, system (2.2) has a cycle
stable from outside. For in this case, we may find a constant c, large
enough so that F(x, y, @) > 0 on the closed curve y2 - 2G(x) = c, and
this implies that this closed curve is an outer Bendixson curve, in the
sense that trajectories which meet it, pass inside it as t 1increases;
cf. Levinson and Smith, [2]. Similarly for c, >0 sufficlently small,
F(x, y, @) < 0 on the closed curve y2 + 2G(x) = c,; 1.e., this curve is
an inner Bendixson curve. Hence for each a < 0 the existence of a cycle
stable from outside follows.

Our theorem will clearly follow from Theorems 4 and 4a 1f we show
that there exists a closed curve bounding the region covered by the cycles
L(a) of (2.2) for @, < a <0, forany fixed a, < 0. To this end, we
first show that if

Yy = max Iyl

" (x,y) on L(a)
then Im 1s bounded independently of «. We will show this only for
y > 0; the proof for y < 0 1s entirely similar.

Consider any half-trajectory T (R) of system (2.1) where R 1is
a point (x,, 0) such that x, < a. Define r(R, 8) tobe r,(R) in
case I +(R) has no points other than R in common with the x-axis; 1if
r.(R) has the point 8 in common with the x-axis, we define T(R, S)
to be the finite arc of r (R) from R to S. We may clearly assume that
R and 8 are the only points common to E(R, 8) and the x-axis in this
last case. We show now that all positive ordinates of (R, 8) are less
than y, where (x,, ¥,) 1s the point defined in condition (v). We
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observe first that for x, < x < &, the arc TI'(R, 3) must have positive
slope wherever it intersects the curve y = y,(x); but this is impossible
since on y = y,(x) any trajectory of (2.1) has zero slope. We thus con-
clude that I(R, 8) must be bounded above by y = Yolx) on x, < x < a.

Now consider the equation y = y(x) of Tr(R, 8) for x > a.
Clearly ¥'(x) = - g(x)/F(x) - £(x, §(x)). If y = §(x) intersects the
line y =y,(a) + M;(x -a) at x = X,» then we must have §F'(X,) > M;;
but we also have

§'(3,) < oax - s/ @] v uem,

which leads to a contradiction. Hence TI'(R, S) cannot pass above this
line for x > a.

We now show that the slope of I(R, 8) at (x1, ¥,) 1s nega-
tive. If not, 1t must be positive, since the point (xl, yl) cannot lie
on the curve f(x, y)y + g(x) = 0; c¢f. condition (v). Now from conditions
(1) and (iv) there exists a positive X, > x, such that £(%,, y,) > 0.
Hence f(X,, ¥, )y1 + g(ia) > 0, and we conclude that the slope of the tra-
Jectory at (X5, ¥,) 1s negative. But this implies that the slope of the
trajectory at any point (X,, y) below the line y = yo(a) + M (x -a) and
above the x-axis must be negative; for if not, there exists a point (ia, ie)
below the line and such that ie >7Y¥,, at which the slope of trajectory is
zero, which in turn implies that f(ia, ¥, )§2 + g(X,) = 0. This is im-
possible by condition (v) and we conclude that the slope of TI(R, 8) at
X = J-(2, i1f defined there, must be negative. Since we had assumed the slope
of r(R, 8) to be positive at x = x,, there must be a value of x in
X, <X <X, atwhich (R, 8) has zero slope, egein & contradiction with
condition (v). It follows that the maximum ordinate on TI(R, S) 1s bound-
ed by y,-

We now turn to system (2.2) and show that if o < 0, then
y(a) < y,, where y(a) 1is the greatest ordinate on the cycle L(a) en-
closing all others for that value of a. Suppose the cycle L(a) crosses
the negative x-axis at xo(a) and consider the trajectory of system (2.1)
containing the point (x (a) + a, 0). For y > 0, L(a) must clearly re-
main under this trajectory, since all points for which y > 0 are
a-rotation points for any a, and if L(a) were to have a point in common
with this trajectory, its slope at that point must be less than that of the
trajectory there. However, the ordinates of the trajectory are bounded by
y,» @&nd we therefore conclude that the ordinates of L(az) are also bound-
ed by ¥,-

As was previously asserted, the detalls of the proof that Y of
condition (v) is a lower bound of the ordinate of L(a) will be omitted,
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as they follow along the same lines as above.

We now show that & bound on |y| for (x, y) on L(a) implies
that L(a¢) must be contained in & region bounded independently of « for
@, < a< 0. If x=1x(t a), y=y(t, a) define L(a) parametrically,
then these functlons satisfy

-g-f (y2/2 + G(x)> = (ar2 - f(x, y))y2
- (f(x, ¥) - G(x) + uy?/2 + uG(x)

<
_ uy2/2>y2
< - w¥(52/2 + 00x)) + (nly) + wy?/e ?
Hence,
% (y"’/a " G(x)) . uy2<Y2/2 + G(x))s ¥2H
vhere

¥y= max (|lyyl) and H= (h(y) + uy2/2>

max_
1=1,2 lyl<sy

Multiplying this last inequality by

t
Eo(t, @) = exp u f ya(s, a)ds ,
t

o

where to 1s arbitrary, and integrating from to to to + T where T 1s
the period of the functions x(t, o) and y(t, a), we obtain

[Yi’(to, a)/z2 + G(x(to, a))](Eo(to + T, a) - 1)
< H(Eo(to + T, a) - 1>/u 5

and since Eo(to + T, a) > 1, we obtain ya(to, a)/e + G(x(to, a)) < H/u.
Since H 1s 1lndependent of a, and t‘o 1s arbitrary, it follows that
every point on L(a) 1s within the region bounded by the curve

y2 + 26(x) = 3H/u. This completes the proof of the theorem.
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VIII. A SURVEY OF LYAPUNOV'S SECOND METHOD
H. A. Antosiewicz

Lyapunov's second method, as it was called by Lyapunov himself
in his dissertation [13], has in recent years become an important tool in
the stability theory of solutions of ordinary differential equations.

This paper is a survey of its development to date. More specifically, the
present paper brings together in one place, and relates to one another,
criteria for various types of stabllity that are based upon considerations
of certain geuge functions, which have come to be known in the literature
as Lyapunov functions. All results are formulated in n-dimensional
Euclidean space although most hold, with minor modifications, in general
Banach spaces. For the sake of completeness, the majority of theorems 1is
stated with complete proofs.

No attempt has been made to include in this paper the large number
of available results concerning stability in the first approximation as
well as criteria for instability. A treatment of these and related questions
is contained in [21]. A discussion of open problems in the area of sta-
bility theory may be found in [5], [28].

The paper is dilvided into four parts: I. Definitions; II.
Stability; III. Asymptotic Stability; IV. Boundedness and Asymptotic Sta-
bility in the Large.

I. DEFINITIONS

1. Throughout the sequel the basic differential equation will be
x = £(t, x)

where f(t, x) 1ir a function with values in Euclidean n-space R® which
1s defined and continuous on some set I x 8 = {(t, x) e RxR* | t 2T >0,
x|l < r}. It is assumed that f(t, x) 1s sufficiently smooth on I x 8
such that, given any (to, xo) e I x 8, there exists for all t >t , a
unique solution in 8, x = F(t, tg, xo), which depends continuously upon
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(tys X,) and equals x, at t,. Moreover, x = 0 will always be
supposed to be a (trivial) solution so that f(t, 0) = 0 on I.

DEFINITION 1. The solution x = 0 1s saild to be

(1.1) stable [13]: if given any € > 0 and any t, eI
there exists a B&(e, to) > 0 such that nxoﬂ <8
implies | F(t, tys xo)H <e for t>t,.

(1.2) uniformly stable [35]: 4if glven any e > 0 there
exists a 8(e) > 0 such that t, € L, uxon <8
imply [IF(t, ty, X ) < e for t > t,.

(1.3) quasi-asymptotically stable: if given any t, € I
there exists a b(to) > 0 such that x|l < 8
implies F(t, to xo) —> 0 as t —> o,

(1.%) asymptotically stable [13]: 1f it 1s both stable
and quasi-asymptotically stable.

(1.5) quasi-equlasymptotically steble: 1f given any to eI
there exists a a(to) > 0 such that onﬂ <8
implies F(t, t,, x,) —> 0 as t —> = uniformly
on |x,li < 8.

o

(1.6) equiasymptotically stable [2k]: if it is both stable
and quasi-equlasymptotically stable.

(1.7) quasi-uniform-asymptotically stable [25]: if there
exists a 8, > 0 such that t, e I, hxoﬂ < 8, 1mply
F(t, tg, x,) —> 0 as t —> » uniformly on

t eI, lixoll < B8,

o
(1.8) uniform-asymptotically stable [35]: 1if it 1s both
uniformly stable and quasi-uniform-asymptotically
stable.
(1.9) exponential-asymptotically stable [15]: if there

exists a A > 0 and, given any € > 0, a 8(e) > 0
such that tg, ¢ I, onu < & 1mply
IF(t, ty, xg)ii < € expl- A(t - ty)] for t > t,.

-

It 1s clear that exponentlal-asymptotic stabllity implies uni-
form-asymptotic stabillity which, in turn, implies all other types of sta-
bility. Furthermore, the following implications, among others, hold:

(1.7) ===>(1.5) ===>(1.3),
(1.6) mmm>(1.4) =mm>(1.1),
(1.2) ==m>(1.1) .
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If f£(t, x) 1is lipschitzian on some set I x H, H( S, for a
function k(t) > 0, which is defined and pilecewise continuous on I, (1.5)
implies (1.6).

If £(t, x) 1s lipschitzien on some set I x H, HC S, for a
constant k > 0, (1.7) implies (1.8), [25].

If f(t, x) 1s independent of t or periodic in t on I x S,
(1.1) implies (1.2) and (1.4) implies (1.8), (cf., e.g., [25]).

If f(t, x) 1s linear in x on I xS, (1.4) implies (1.6) and
(1.8%) implies (1.9), [24], [25].

Finally, if f(t, x) 1s scalar, (1.4) implies (1.6), [24%].

For examples illustrating some of these relations among the
various types of stability, we refer to [25].

2. Let V(t, x) be a real scalar function, defined and locally
lipschitzian on some set I  x 8 = {(t, x) e RxR® | ¢t >T, 20,
Ixll < r,), and such that, given any x e Sy V(t, x) 1s continuous on

Iy and v(t, 0) = 0 on Io.

In what follows, it will be assumed throughout that So n 3 con-
tains a neighborhood N of x =0, say N= (x e S, N3 | |x| <o),
where p > 0 1s some fixed constant, and that I, nI=1I= [T, =), T > 0.

V(t, x) 1s said to be positive definite on I x N if given any
€, 0 < e < p, there exists a u(e) > 0 such that V(t, x) >u for t e I,
x| < p. Similarly, V(t, x) 1s said to be negative definite on

<
x N if - V(t, x) 1s positive definite on I x N.

€
I

Corresponding to V(t, x) we define on I x N the function
vi(t, x),

V' (t, x) = h'fﬁﬁ (1/h) (V(t + h, x + hf(t, x)) - V(t, x)),

—> 0+

which is said to be the generalized (upper right-hand) total derivative of
V(t, x) by virtue of the equation % = f£(t, x), [39].

LEMMA 1. If (to, xo) e I x N, the upper right-hand
derivate of V(t, F(t, tyr X,)) at t =ty equals
V' (tys Xo)

The proof is trivial and therefore is omitted.

DEFINITION 2. A real scalar function V(t, x) 1s
sald to be a Lyapunov function on I x N for the
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equation % = £(t, x) 1if it 1s defined, locally
lipschitzian and positive definite on I x N; if,
given any x e N, V(t, x) 41s continuous on I and
V(t, ©) e 0 on I; and if V'(t, x) <0 on I x N.

This terminology differs from that commonly used in the Russian
literature. There a real scalar function V(t, x) 1s said to be a Lyapunov
function on I x N if it is defined, of class c! , and positive definite
on IxN, and 1f V'(t, x) 1s negative definite on I x N. Malkin and
Moissejev [26] appear to have been the first to consider Lyapunov func-
tions under less stringent regularity assumptions.

The vector function f(t, x) 1is said tobe on I x N of class
¢! with respect to x 1if, on I x N, f(t, x) 1s continuous and has con-
tinuous first partial derivatives with respect to the components of x.

LEMMA 2. If, on I x N, £(t, x) is of class C' with
respect to x, there exists a topological mepping

s =0(t) of I to I* = [T* w), T* >0, which trans-
forms dx/dt = £(t, x) 1into dx/ds = f*(s, x) such
that Iaf*i(s, x)/x;| <1 on I*xN, 1<1i, j<n.
Moreover, if V(s, x; 1s a Lyeapunov function on I* x N
for the latter equation such that V'(s, x) is nega-
tive definite on I* x N, W(t, x) = V(#(t), x) 1s a
Lyapunov function on I x N for the former such that
W'(t, x) 1s negative definite on I x N.

PROOF. Let o(t) be a real scalar function, defined and con-
tinuous on t > 0 such that, for any x e N, |3f;(t, x)/3x;] < o(t) on
I, 1<1, J<n; wemayassume o(t) >1 on I and ¢(t) —> = with
t. Define #(t) = Igtv(u)du and let ¥(s) be its inverse function. The
substitution s = #(t) transforms the equation dx/dt = f(t, x) into

ax | £(¥(s),X) . pu(g, x)

ds o(¥(s))

where f*(s, x) 1s defined ‘é.nd of class C' with respect to x on the
set I* x N, I* = [#(T), »). Clearly, Ibr*i(s, x)/ble <1 on I*xN,
1<1, J<n

If V(s, x) 1is a Lyapunov function on I* x N for dx/ds =
f#(s, x) such that V'(s, x) 1s negative definite on I* x N,
W(t, x) = V(#(t), x) has obviously the same regularity properties on I x N
as V(s, x) has on I* x N; moreover, on I x N, W(t, x) 1is positive
definite and W'(t, x) = o(t)V'(8(t), x). Thus, W(t, x) 1s a Lyapunov
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function on I x N for dx/dt = £(t, x) such that W'(t, x) 1is negative
definite on I x N.

For the seke of completeness, we state without proof the follow-
ing lemma due in its original formulation to Massera [24], which will be
needed later.

LEMMA 3. Given any real scalar function g(t), de-
fined and positive on every compact interval

JCL = [0, »), g{t)—> 0 a8 t —> =, and any
real scalar function h(t), defined, of class C,
positive, and non-decreasing on L, there exists for
any integer k > 0 a real scelar function G(t), de-
fined, of class ck, and increasing together with 1its
first k derivatives on L, G(i)(o) =0, 0<1c<k,
such that for any real scalar function g*(t), defined
and satisfying, on L, 0 < g*(t) < cg(t) for some
constant c¢ > 0, the integrals

o

j a1)(gx(t))n(t)at, o<ic<k ,
(o]

converge uniformly in g*.
II. STABILITY
1. In 1892 Lyapunov [13] proved the following theorem.

THEOREM 1. If there exists, on I x N, a Lyapunov
function V(t, x), x = 0 1s stable.

PROOF. Given any €, O0< € < p, there is a u(e) > 0 such
that V(t, x) >p for t eI, e < x|l <p and, given any t, e I, there
i1s a 8(ty, €) >0 such that V(ty, x) <u on fx| <38. If [x, <3,
then [IF(t, tg, xo)ll <e for t >t ; for, otherwise, IP(t, tgs x ) = ¢
at some time t = t' > t, so that u g V(t', t,, X)) < Vity, x5) <,
which 1is absurd.

Lyapunov's original formulation requires V(t, x) to be of class
¢' on I xN. At the expense of restricting f(t, x) to be, on I x 8,
of class C' with respect to x, Persidskii [33], [34] obtained the
following converse theorem.

THEOREM 2. If f(t, x) 1s, for some integer k > 1,
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of class Ck with respect to x on I x 3 and, for
every x € S, of class Ck'1 on I and such that,
given any (to, xo) eIx3Ss, F(t, tys xo) is con-
tinuable to the whole of I, and if x = 0 4is stable,
there exists on some set J x N = ((t, x) | t >T' > 7T,
Ixll < p), IxNCIxS, alLyapunov function V(t, x)
of class Ck such that, for any compact interval

K CJ, vi(t, x) 1is negative definite on K x N.

FROOF. By hypothesis, given eny (t,, x,) € I x 8, F(t, tyr Xg)
exists for all t € I and is in S; hence for any fixed T' ¢ I,
F(T', t, x) 1s of class Ck on I x S. Moreover, the 1-th component,
Fy, of F(T', t, x) satisfies bFi/bt +gred F;. f£(t, x) =0 onIxS8.

Let p > 0 be so chosen that given any €, 0 < € < p, and any
t, € I, there exlsts a e(to, €)*> 0 such that Ix,ll <& implies
iF(t, ty, x )|l < e for t > ty, and let Jx N = ((t, x) | £t >7T', |x| < o).
Then gilven any €, 0 < € < p, there is a 8*(e) = 8(T', €) > 0 such that
IF(T', t, x)| >8* for t>T', € < [x|| < p.

Let P be a constant positive definite matrix and let Q(t) be
a matrix, defined, of class Ck on J, positive definite on every compact
interval K C J, and such that [ JQ(t)] dt < ». Put M(t) = P + J§ Q(u)du
and define

V(t) x) = (F(Tll t, x): M(t)F(T', t, x)) .

Clearly, V(t, x) 1is of class Ck on J x N; moreover, on J x N, V(t, x)
1s positive definite, and

V' (t, x) = - (F(T', t, x), Q(t)R(T', t, X)) .

COROLLARY. If f(t, x) 1s linear in x on I x 8
and 1f x = 0 1s stable, there exists a real quadratic
form in x, V(t, x), with coefficients that are func-
tions of t of class C' on I such that v(t, x)
is a Lyapunov t‘u.nc_:tion on I xS and such that, for
every compact interval J C I, V'(t, x) 1s negative
definite on J x S.

Note that if f(t, x) 1s linear in x on I x S, then, given
any (tg, %,) € Ix8, F(t, t,, x,) = X(t)X™'(t )x, for all t e I where
X(t) 1s a non-singular (matrix) solution of the assoclated matrix equation.

2. Persidskii [35], (cf., also, [27]), was the first to give
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sufficlent conditions for uniform stability.

THEOREM 3. If there exists, on I x N, a Lyapunov
function V(t, x) such that V(t, x) —> 0 with
x uniformly on I, x = 0 1s uniformly stable.

The proof differs very little from that of Theorem 1 and there-
fore 1s omitted.

The following converse theorem is due to Kurzweil [12].

THEOREM 4. If, on I x 8, f(t, x) 1is of class c!
with respect to x and such that, given any

(to, xo) e I xS, F(t, tys xo) is continuable to

the whole of I, and if x = 0 1s uniformly stable,
there exists on some set J x N = ((t, x) | t>T'>T,
Ixll < 0}, I x NCI xS, a Lyapunov function V(t, x)
of class C' such that V(t, x) —> 0 with x
uniformly-on J.

For the proof we refer to [12].

A result similar to Theorem 4 was proved by Krasovskii [11] under
stronger regularity assumptions on f(t, x); his proof is based upon
Barbasin's method of sections [(2].

The next theorem due to Massera [25] generalizes an analogous re-
sult of Lyapunov [13] concerning the uniform asymptotic stability of x = 0
when f(t, x) 1is linear in x and independent of t on I x S.

THEOREM 5. If, on I x 8, £(t, x) 1s linear in

x and independent of t and if x = 0 1s stable,
hence uniformly stable, then glven any even integer
m > 0 there exists a real algebraic form V(x) of
degree m which 1s a Lyapunov function on Ix3S3.

For the proof we refer to [25].
III. ASYMPTOTIC STABILITY
1. We begin with the following theorem.
THEOREM 6. If there exists, on I x N, a Lyapunov

function V(t, x) such that V'(t, x) 1s negative
definite on I x N, x = 0 1is stable; moreover, given
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any t, €I and any o', 0 <p' < p, there exists

a 8(t,, p') >0 and, given any x, in Ixll < 8

and any €, 0 < € < p', there exists a 'ro(to, p'y €) >0
and a tl(to' xo) € [to, to + ro) such that

||F(t1; ton xo)“ < €.

PROOF. By Theorem 1, x = 0 1s stable. Thus, glven any o',
0< p' <p, and any t, € I, there is a b(to, p') > 0 such that
(EN < 8 implies IIF(t, or Xl <! for t >t,. Given any e,
0<e'<p', there are consta.nts u(e) > 0, v(e) > 0 such that V(t, x) > u,
V'(t, x) g-v for t eI, e<|x|<p's Lot Mty p') =
sup(V(to, x) | |xll < 8} and put To(to, pt, €) = Afv.

Given any x, 1in Ixl < 8, either leoll > e or not. In the
first case, [[F(t, ty, x )l > € for some t>t,. If e < |F(t, t,, x)l<e’

throughout [t,, t, + 7 ] then V'(t, x) < -v on [ty t, + 1,] whence
W< V<to + To? F(to + Ty tO’ x0)> < V(toy xo) - V14 <0 ,

which is absurd. Hence there is a tl(to’ xo) € (to, ty * ro) such that
IF(ty, tos X < €. If lx,l <€, put t, = t,. Note that in elther

case V(t,, F(t,, t,, x;)) < V(t,, x,).

COROLLARY 1. If the hypotheses of Theorem 6 hold,
given any t, ¢ I and any p', 0 <p!' < p, there
exists a a(to, p') > 0 and, given any X, in

x| <& and any null sequence (e ), 0 < €, <»p',
there exist a divergent non-decreasing sequence (tn] )
t, > t,, and a divergent sequence (t' 1,

t'n(to, ply €y veey en) > 0, such that t < t, + t',
and |F(t,, to» x ) <€y m=1, 2, 0t

PROOF. Given any p', 0 <p' <p, and any t, e I, let
a(to, p') > 0 and ).(to, p') > 0 be as in the proof of Theorem 6. Given
any null sequence (e ), 0 < €, < p'!, there are sequences (un] ,
wpley) >0, and (vn], vn(en) > 0, such that V(t, x) > up, V'(t, x) < - v,
for t eI, e, < Ixll <pt. "Put Tn-l(to’ ot, en) = x/vn. It follows from
the proof of Theorem 6 that there 1s a sequence [tnl » By 2t g such that
IF(t,, tyr X, )|| <e,n=1,2 S Clearly, t, < t, <ty + ’32-111(5
let t! (to, Ply €ys eeey € ) = }: T+ Since {t)) 1s non-decreasing 1t
either diverges or converges to some t, T < t, < @ In the latter case,
the hypothesis that F(t, 1) 0) = 0 be unique would be violated; hence

(t,) diverges, and so does obviously (t'y)
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COROLLARY 2. If the hypotheses of Theorem 6 hold and

if V(t, x) 1s bounded on I x N, given any toeI

and any p', 0 < p' < p, there exists a b(to, p') >0

and, given any x, 1in Ixll <& and any €, 0 < e < p',
there exists a 1(p', €) > 0, independent of tys and

a t,(ty,, x,) elt,, t, + «) such that [F(t,, t,, x )l < e.

For the proof replace, in the proof of Theorem 6, x(to, p') by
an upper bound of V(t, x) on I x N.

The assumptions of Theorem 6 are not sufficient for the asymptotic
stability of x = 0, even when f£(t, x) 1s restricted to be linear in x
on I x N, ([24], nor are they necessary. Indeed, asymptotic stability of
X = 0 does not even imply the weaker requirement that there exist, on
I x N, a Lyapunov function V(t, x) and a real scalar positive definite
function U(t, x) such that V'(t, x) + U(t, x) —> 0 as t —> «» uni-
formly on o, < [IXll < e,» for every positive op,, p, < p. This can be seen
from a slight modification of an example in [24].

2. THEOREM 7. If f(t, x) i1s bounded on I x N and
if there exists, on I x N, a Lyapunov function V(t, x)
such that V'(t, x) 1s negative definite on I x N,

X = 0 1s asymptotically stable.

PROOF. By Theorem 1, x = O 1s stable. Thus, given any o',
0<p'<p, andeny t, eI, there exists a s(to, o') > 0 such that
Ix Il < 8 dimplies IF(t, ty, x )l < o' for t >t,.

If x = 0 were not asymptotically stable, there would exist a
,€I anda ¢t 1in IIxll < b('to) such that for some €, 0 < € < p', and
some divergent sequence [1n},(1n)e I, we would have ||F(1n, Too e = e.
Let M > 0 be an upper bound of f(t, x) on I x N. Then [[F(t, v , &) -
Pty 1o E) sM |t -1, for t>1,n=1,2, ..., whence
IF(t, T g)| >e/2 on In = [rn- €/2M, Tt €/2M]; clearly, we may assume
Jper NIy =0, n =1, 2, c0uy and T, > T+ €/2M. There exist constants
u(e) > 0, v(e) > 0 such that V(t, x) >u, V'(t, x) < =-v, for t2>T

e/2 < lIxll < o'. Hence
B < v(-rn + €/2M, F(rn + e/2M, o g)) < V(xo, t) - vne/M ,
which is absurd for sufficiently large n.
COROLLARY. If f£(t, x) 1s independent of t or

periodic in t on I x N, and if there exists, on
I x N, a Lyapunov function V(t, x) such that
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V'(t, x) 1s negative definite on I x N, x = 0 1is
uniform-asymptotically stable.

The assumptions of Theorem 7, in general, do not even imply the
equiasymptotic stability of x = 0, [23], [24].

Theorem 7, which is due to Marachkov [23], generalizes Lyapunov's

classical theorem [13] on asymptotic stabllity. Aside from more stringent
regularity assumptions on the function V(t, x), Lyapunov assumes the hy-
potheses of Theorem 6 and the further condition that V(t, x) —> 0 with
X uniformly on I. These assumptions where shown by Persidskii [35] to
be sufficient (cf. Theorem 13) and by Malkin [22] to be necessary (cf. Theo-
rem 15) for the uniform asymptotic stability of x = 0. Zubov, [42],
[43], [4k], proved, among others, criteria weaker than Lyapunov's theorem
which are sufficient as well as necessary for the asymptotic stability for
x = 0. These criteria are based on considerations of functions which are
closely related to Lyapunov functions.

The requirement that V(t, x) —> 0 with x uniformly on I
is too restrictive to be implied by the equiasymptotic stability, even
when the hypotheses on V'(t, x) are weakened similarly as mentioned
above, [24]. Yet, as Theorem 8, [24], shows, whenever f(t, x) 1s linear
In x on I x N, the exlstence of a Lyapunov function satisfying a weak-
er additional requirement does follow from the asymptotic stability of
X = 0, which in this case 1s equivalent with equiasymptotic stability.

THEOREM 8. If f(t, x) 1s linear in x on I x N
and, for every x e N, of class c¥' on I for
some integer k > 1, and if x = 0 1s asymptotically,
hence equiasymptotically, stable, there exists a
Lyapunov function V(t, x), defined and of class

on I x N, such that V'(t, x) 1s negative definite
on I x N. Moreover, V(t, x) has the property that,
glven any &, 0< ¢t <p, and any o > T, there are
constants 1n(¢), 0 < g < ¢, and (o, ¢) > 0 such
that, for any s € [T, o] and any y 1in |yl < 1,
the inequalities 22 Vv(t, x) < V(s, y) dimply

IIxll < &.

PROOF. Since f(t, x) 1s linear In x on I x N, gilven any
(tgr %X,) € I x N, we have F(t, t,, X,) = X(t)X™'(t )x, where X(t) 1is
a non-singular (matrix) solution of the assoclated matrix equation. Thus,
for t eI,

Ixll = IX(E)X™(TIF(T, t, x)I < IX(EX (D IF(T, ¢, x)| -
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Let g(t) = |X(£)X"'(T)|; by hypothesis, g(t) 1is defined on I and

g(t) —> 0 as t —> ». It follows that, given any e > 0, there exists
a u(e) > 0 such that |F(T, t, x)| >u for t > T, x| > ¢; moreover,
IF(T, t, x)| —> ~ with t uniformly in x on [x|| > ¢ for every & > o.

Let G(t) be the function associated with g(t) and h(t) = 1
by Lemma 3, let #(t, x) = ||[F(T, t, x)||, and define

V(t, x) = fﬁ(g(s)ﬂ(t, x))ds + fG(g(s)a(t, x))ds .
t

T

According to Lemma 3, V(t, x) 1is defined and of class c¥ on IxN. If
t 2T, [x|| >e, then #(t, x) > and hence

V(t, x) > fa(g(s)é(t, x))ds > fG(g(s)u)ds
T T

so that V(t, x) 1s positive definite on I x N. Given any (to, xo) e I XN,

V(t, F(t, tyr xo)> = f G<g(s)ﬂ(to, xo))ds + f G(g(s)ﬂ(to, xo)) .
T t
whence

0<t, F(t, t,, x°)> = - G(g(t)o(to. xo)) .

Thus, on I x N, V'(t, x) = - G(g(t)8(t, x)) < - G(|x]]) so that V'(t, x)
is negative definite on I x N.

Given any &, 0< &t <p, andany o >T, let n = ¢ and choose
t(o, &) > 0 so large that if ue [T, o] and y 1in lyll < &, then
t >t and

2 [G(g(s)ﬂ(u, ) [e(g(s)o(t, x) Js

imply |lx|l < ¢. Clearly, this is always possible. Hence, if u e [T, ol
and y in |lyl < ¢; then the inequalities t >, V(t, x) g V(u, y) dimply
x| < ¢, for

f G(g(s)ﬂ(t, x)):ls < V(t, x) < V(u, y) g2 f G(g(s)a(u, Y))ds .
T T
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The next theorem due to Massera [25] shows that the hypothesis
on f(t, x) 1in Theorem 7 can be omitted at the expense of restricting
Vi(t, x) further.

THEOREM 9. If there exists, on I x N, a real scalar
function V(t, x), locally lipschitzian and positive
definite, and if there exists a real scalar function
W(t), defined, continuous and increasing for t > O,
W(0) = 0, such that V'(t, x) < - W(V(t, x)) on
IxN, x=0 1is asymptotically stable.

PROOF. By Theorem 1, x = 0 1s stable. Hence, given any o!,
0<p'<p, and any t, € I, there exists a a(to, p') > 0 such that
Izl <& dimplies [F(t, t,, x )l < o' for t >t,.

Since V'(t, F(t, ty, x,)) < - W(V(t, F(t, tys X5))) for t >t

v d
v
< - (t-ty)

V(t,,xy)

and hence V(t, F(t, ty, X,)) —> 0 as t —> ». Thus, F(t, t,, x,) —> 0
as t —> =,

3. The next two theorems concern sufficient conditions for the
equiasymptotic stability of x = 0. Theorem 10 is due to Massera [2k].
Theorem 11 was originally stated by Malkin [18] who merely proved sta-
bility; in this formulation, Theorem 11 follows as a corollary from theo-
rems on stabllity glven earlier by Halikoff [8], [9]. Massera [24] ex-
tended Malkin's proof to yield equiasymptotic stability.

THEOREM 10. If there exists, on I x N, a Lyapunov
function V(t, x) such that V'(t, x) 1s negative
definite on I x N, and if V(t, x) has the further
property that, given any ¢, 0 < & < p, and any

o > T, there are constants n(¢), 0 <n < &, and
t(g, &) > ¢ such that, for any s e [T, o]l and

any ¥y in |yl <4, the inequalities t > T,

V(t, x) < V(s, y) 1mply |x|| <&, then x =0 1is
equiasymptotically stable.

PROOF. By Theorem 6, x = O 1s stable and, glven any o',
0<op'<p, andany t, eI, there exists a b(to, p') > 0 and, given
any x, in x| <8 eand any 4, 0 < g < p', there exist constants
oty 7) >0 and t' e[t t,+ o) such that [F(t', t,, xo)ll < n. Let
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€ be glven, 0 < e <p', and let 7 = g(e) < e, ‘r(to, €) > t, + ¢ be the
constants corresponding to e and t, + ¢ according to the hypothesis.
Then V(t, F(t, t,, x,)) < V(t', F(t', t, x ) for t>t' and, a
fortlori, for t >t whence |F(t, t,, x,)| < e for t > .

Theorem 8 states that, if f£(t, x) 1s linear in x on I x N,
the assumptions of Theorem 10 are also necessary for the equiasymptotic
stabllity of x = oO.

Theorem 11 below shows that the hypothesis on V'(t, x) in
Theofem 10 can be weakened at the expense of requiring that V(t, x) —> 0
with x wuniformly on 1I.

THEOREM 11. If there exist, on I x N, real scalar
positive definite functions U(t, x), V(t, x) such
that V(t, x) 1s continuous on I x N, V(t, x) —> 0
with x uniformly on I and V'(t, x) + U(t, x) —> 0
as t —> » uniformly on p, < Ixll < pp, Ffor every
positive P12 Py <Py X=0 i1s equiasymptotically
stable.

PROOF. Given any non-increasing null sequence (7n) , 0 < Th < P
let w (y,) = Inf (V(t, x) | £ > T, |x|| = 7,) and An(yn) = sup (V(t, x) |
t>7T, Ixll < 7y)s clearly, u, >0, 0 g A <=, and V(t, x) = by dm-
plies t > T, B, < Il < 7y for some ﬂn(yn) > 0. There exist constants
an(y,) >0, vy(y,) >0 such that V(t, x) <u, for t>7T, ||| <a, and
U(t, x) > 2v, for t>T, o, < x| < p; clearly, oj < B < "n* More-
over, there exists a divergent sequence (Tn) ) 'rn(7n) > T, such that
Vi(t, x) + Ut, x) < v, for t >, o < lIxll < 740 Ll.e., vV'(t, x) <

-v, for t >, a, < Ixll < 745 without loss of generality we may assume

Tnep > Tnep * X.n/vn+1, n=1,2, ¢eo =«

By the hypothesis concerning the continuous dependence of
F(t, tg» X,) upon (to X,), glven any t, > T, there exists a
8(ry, ty) = 8*(xy, ty) > 0 such that ||x°|l < & 1implies |F(t, t,, x,)l < a,
on [ty, ty, + 7,]. Then [IF(t, ty X ) <7, for t >ty + 5 for,
otherwise, [F(t, tg, x)l = 7, at some time t = t' >ty + 7, which im-
plies V(t', F(t', t,, xo)) > u,. Since by construction V(to + 1y,
F(ty + 1y» bty X,)) < uy, there exists a t" € (t, + 7, t'] such that
v(t", F(t", ty X5)) = u, whence B, < IPC", tos %) < 7, and
v (t", F(t", tos xo)) < - v,, which is absurd. This proves the stability
of x = 0.

Now, elther [IF(t, + 15, tg, xo)ll <a, or not. In the first
case, we can conclude by an argument similar to the one above that
IF(t, tys xo)ll <7, for t >ty + 1, If, on the other hand,
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||11‘(t:0 + 1 B xo)ll > a,, there exists & t, € J, = [to T, by kT, 4
a,/v,] such that IF(t,, ty %)l < a,; for, otherwise, a, < IF(t, to,
x,)l < 7, throughout J, whence V'(t, F(t, ty, X)) < - v, throughout
J, and V(to+r2+).1/v2, F(to+12+h1/v2,to,xo)) < V(t°+12,F(to+12,to,xo)) -
A €0 which 1s absurd. Again, by an argument similar to the one above,
IF(t, tg» xo)ll <7, for t21%, and hence, a fortiori, for t > t, +

T, + ).1/v2. Thus, in any case, [IF(t, tg, xo)ll <7, for t2t,+ 3.

Continuing this way, we conclude that [[F(t, 1) xo)ll <y, for t 2t +

Ther B = 15 25 een o

REMARK. Note that (rn] is independent of to; it depends
solely upon (r,] and the functions u(t, x), v(t, x).

COROLLARY. If f(t, x) 1is lipschitzian for some
constant k >0 on I x N, and if the hypotheses
of Theorem 11 are satisfied, x = 0 1s uniform-
asymptotically stable.

The proof parallels that of Theorem 11. Observe that by the hy-
pothesis on f£(t, x), given any (t,, x,) € I x N, |[F(t, t,, X )l <
Ixollexp k(t - t,) for t3 t,e

In view of the corollary, the assumptions of Theorem 11 are not
necessary for the equiasymptotic stabllity of x = 0, even when £(t, x)
i1s linear in x on I x N.

The next theorem may, in certain cases, be easler to apply than
the foregoing Theorems 10 and 11.

THEOREM 12. If x = 0 1s uniformly stable and if
there exists, on I x N, a Lyapunov function V(t, x)
such that V'(t, x) 1s negative definite on I x N,
x = 0 1s equiasymptotically stable.

PROOF. Clearly, the quasi-equiasymptotic stabllity of x=0
needs only to be proved.

Let a positive constant p!' < p be so chosen that given any e,
0 < egp', there exists a 8(e) > 0 such that tg eI, IIxoli < 8 imply
IF(t, tos X, ) <€ for t >ty endlet B8, = 8(p'). By Theorem 6,
glven any t, € I and any X, in x| < 8,, there exists a -r(to, €) >0
and & t' e [t,, t, + t] such that [F(t', t,, x )M < 8(e). Hence
IF(t, tg, xo)|| <e for t>t' and, a fortiori, for t > t, + 7.

4. The theorems that follow concern the uniform-asymptotic sta-
bility of x = 0. Theorem 13 1is Lyapunov's classical theorem on asymptotic
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stability, [13], as formulated by Persidskii [271, [31], [32], [35].

THEOREM 13. If there exists, on I x N, a Lyapunov
function V(t, x) such that V(t, x) —> 0 with x
uniformly on I and V'(t, x) 1s negative definite
on IxN, x=0 1s uniform-asymptotically stable.

PROOF. ‘By Theorem 3, x = 0 1is uniformly steble. Thus, given
any p'y 0 < p' <p, there exists a B8(p') = 8, > 0 such that to eI,
Ixgh < 8, 1mply [F(t, t,, x,)l <p' for t >t,. Givenany ¢, O< e <op',
there exists a 8(e) > 0 and, by Corollary 2 to Theorem 6, given any x
in x| < 8, there exist constants t(p?, 8(e)) = t*(e) > 0 and
t' e [t,, t, + t*) such thet [F(t', t,, x,)ll < 8(e). Tnerefore,
IF(t, tg» xo)ll <e for t>t' and, a fortlori, for t > t, + t*.

o

The severity of the assumptions in Theorem 13 1s 1llustrated by
the following theorem.

THEOREM 14. If V(t, x) 1is a Lyapunov function on

I x N such that V(t, x) —> 0 with x uniformly

on I and V'(t, x) 1s negative definite on I x N,
then given any constants p', p", 0 < p" < p' < p,

there exist constants A(p', o") > 0, v(p") > 0 such
that W(t, x) = exp(rt)V(t, x) satisfles W'(t, x) < - v
for t>T, o" < Ixll < o'

The proof is trivial and therefore is omitted.

The next theorem due to Malkin [22] is a partial converse to Theo-
rem 13. In Malkin's original formulation the first order partial deriva-
tives of f(t, x) with respect to x are required to be bounded on I x N.

THEOREM 15. If f(t, x) 1s, for some integer k > 1,
of class Ck with respect to x on I x N and, for
every x € N, of class X' on I, and if x =0
is uniform-asymptotically stable, there exists on some
set I x M, MCN, a Lyapunov function V(t, x) of
class CX such that V(t, x) —> 0 with x uni-
formly on I and V'(t, x) 1s negative definite on
Ix M.

PROOF. By Lemma 2, we may assume without loss of generality that
13y (t, x)/ale <1 on IxN, 1<4i, jgn.

Let a positive constant p* < p be s0 chosen that, given any e,
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0< e < p* there exists a 8(e) >0 such that t ¢ I, |x|| <& dimply

IF(t + s, t, x)| < e for s > 0. By hypothesis, there exists a 8, > 0
and, given any 1 > 0, however small, & t(n) > T such that t ¢ I,

Ixl < 8, imply [F(t + s, t, x)| <n for s >t. let o' =min (8., 3(o*))
and let M be the open sphere |x| < p'. Clearly, for any s > O,

F(t + 8, t, x) 1s of class c¥ on IxM.

The boundedness, on I x M, of the first partial derivatives of
f(t, x) with respect to x implies that, for any s > 0, the first
partial derivatives of |[F(t + s, t, x)|| with respect to t and x are
bounded, on I x M, by h(s) = kexp(rs) where k = k(p*) >0 and A >0
are certain constants independent of (t, x). More specifically, k is an
upper bound of ||f(t, x)| for t e I, |x]| < p*.

Given any non-increasing null sequence (7n), 0<7y,<p's there
exists an increasing divergent sequence (t), t,(r,) >0, such that
(t, x) e IxM implies [F(t + s, t, x)| <y, for s>t . Let g(s)
be a real scalar function, defined and continuous, positive, non-increasing
for 8 >0, g(s) —> 0 as s —> =, such that given any (t, x) eI xM,
IF(t + s, t, x)| <g(s)on [0, t,] and g(t  ,) =7, n=1,2, «c. .
Then g(t,,,) < &(s) < g(t,) on [t,, t, ] and hence [F(t +s, t, x)| <
7p S g(s) on [t ¢ tppls n=1,2, ...; therefore |IF(t + 8, t, x)| <
g(s) for s > 0.

Let G(s) be the function associated by Lemma 3 with the func-
tions g(s), h(s) and define

e, 0 = [ QR + s, b x)Das
(o]

Clearly, V(t, x) 1s defined on I x M and, by Lemma 3, is of class ck.
Moreover, the first partial derivatives of V(t, x) with respect to x
are bounded on I x M so that V(t, x) —> 0 with x uniformly on I.

Given any (t, x) e I x M, we have for s > 0

t+s
IF(t + 8, t, x) = x| < f £, F(u, t, x))|l du < ks
t

vhence, for s elo, [x|l/2k], |F(t + s, t, x)| > (1/2)|x]|]. Therefore,

| x|l /2k
v(t, x) > G(IF(t + s, t, x)|)as > [Ixll/(2k)a([Ix]|/2)
o



A SURVEY OF LYAPUNOV'S SECOND METHOD 157

so that V(t, x) 1is positive definite on I x M.
Clearly, given any (to, xo) eIxXM,

v(t, F(t, tg» x°)> = f” G(IIF(t +8, ty, x°)||)ds
o
whence

it Bt tg 5)) = - 6(IFEs b, %))

so that V'(t, x) 1is negative definite on I x M.

If f(t, x) 1s linear in x on I x N, we have the following
important result of Malkin [20] (cf., also, [1]), which he obtained prior
to Theorem 15.

THEOREM 16. If f(t, x) 1is linear in x and bounded
on IxN, and if x = 0 1is uniform-asymptotically
stable, hence exponential-asymptotically stable, given
any real scalar function W(t, x), defined and con-
tinuous on I x N, which is a positive definite form
in x of degree m > 0, there exists, on Ix N, a
real scalar function V(t, x) of class ¢' which is a
positive definite form in x of degree m such that
V(t, x) —> 0 with x uniformly on I and

v'(t, x) = - W(t, x) on I xN.

For the proof we refer to [20], and to [1] 1f W(t, x) is a
quadratic form in x independent of t.

Theorem 16 generalizes an analogous result of Lyapunov [13] for
linear systems with constant coefficients. It also extends an earlier
theorem of Malkin [16] on the necessity of the existence of a Lyapunov
function of class ¢ on Ix N, satisfying the hypotheses of Theorem 13,
in order that, glven any (to, xo) e I x N, every solution F(t, tys xo)
satisfy Persidskii's condition [31]: [[F(t, tg, xo)ll < Milx,|| for
t>t,+ (M, xo) where >0 and M 1s any glven constant, 0 <M< 1.
For the relation of these results to work by Perron [29], [30] on the
boundedness of every solution of linear non-homogeneous systems with bound-
ed forcing term, we refer to [1], [16], [19].

The following theorem of Massera [25] proves a stronger con-
tention than Theorem 15 under considerably weaker hypotheses.
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THEOREM 17. If f(t, x) 4is locally lipschitzian on
IxN and if x = 0 is uniform-asymptotically stable,
there exists on some set I x M, M C N, a Lyapunov
function V(t, x), possessing partial derivatives with
respect to t and x of any order, such that V(t, x) —> o
with x uniformly on I and V'(t, x) 1s negative
definite on I x M. If f(t, x) 1s lipschitzian on

I x N, the partial derivatives of V(t, x) are bound-
edon IxM; if, on I x N, f(t, x) 1is independent
of t or periodic in t, V(t, x) is independent of

t or periodic in t on I x M.

For the proof we refer to [25].

Theorem 17 contains earlier results of Massera [25] and Barbasin
[2] on the existence of a Lyapunov function V(t, x) on I x M, M CN,
such that V'(t, x) 1s negative definite on I x M for the case of
asymptotic (and hence uniform-asymptotic) stabllity of x = 0 when
f(t, x) 1is independent of t or periodic in t on I x N. These re-
sults are converse theorems to the corollary to Theorem T.

The next theorems, though essentlally elementary, may be useful
in some applications. Theorem 18 1s related to Theorem 12 on the equi-
asymptotic stability of x = 0; 1t generallzes an analogous theorem of
Massera [25] based on the assumptions of Theorem 9. If f(t, x) 1is
locally lipschitzian on I x N, the converse to Theorem 18 1s obviously
true as a consequence of Theorem 17. Theorems 19 and 20 due to Massera
[25] show that the hypotheses of Theorem 9 can be implemented so as to
yileld the uniform-asymptotic stability of x = O.

THEOREM 18. If x = 0 1s uniformly stable and if
there exists, on I x N, a bounded Lyapunov function
V(t, x) such that V'(t, x) 1s negative definite
on I x N, x =0 1s uniform-asymptotically stable.

The proof 1s very similar to that of Theorem 12 and therefore 1is
omitted. 3
THEOREM 19. If f£(t, x), 1s lipschitzian on I x N
and if there exists a real scalar function V(t, x)
defined, locally lipschitzian and positive definite
on I x N, and a real scalar function W(t), de-
fined, continuous and increasing for t > 0, W(0) = o,
such that V'(t, x) < - W(V(t, x)) on I x N, then
x = 0 is uniform-asymptotically stable.
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PROOF. By Theorem 18, the uniform stability of x = 0 needs
only to be proved. ’

Let f(t, x) be lipschitzian for the constant k >0 on I x N,
and let K > 0 be an upper bound of V(t, x) on I x N. Glven any e,
0<e€<p, there is a u(e) > 0 such that V(t, x) >u for t eI,
€< lxll < p- Lot (€)= Il:(e)dV/W(V) and 8(e) = € exp(- kt). Then
ty eI, ||x°|| < & imply |F(t, tos x°)|| <e for t e [to, ty + t); for
t > to + 1, 1t follows that

v
fdv<f'dv
Wy KWWT

V(ty,x,)
and thus V(t, F(t, ty, X)) <, which implies [F(t, ty %)l < e.

THEOREM 20. If there exist a real scalar function
v(t, x), defined, locally lipschitzian and positive
definite on I x N, and real scalar functions W(t),
g(t), defined and continuous on I, W(t) increasing
for t >0, W(o) = 0, g(t) positive on I and
fodt/g(t) = =, such that V'(t, x) < - W(V(t, x))
and (x, £(t, x)) < [xlgClx]) on I x N, then

x = 0 1s uniform-asymptotically stable.

PROOF. By Theorem 18, the uniform stability of x = O needs
only to be proved.

Given any €, 0 < € < p, let u(e) >0, t(e) >0 be as in the
proof of Theorem 19, and choose 8(e) > 0 such that f:dt/g(t) > 1(e).
Since

2
A < a(x, £(8, %)) < 2lxlgllxI)

on IxN, given any t, ¢ I and any X, in Ixll < 8, it follows that
for t e [ty ty+ )

x
I allxl ) dlx|
I, I glixl) = < sl

whence ||F(t, tys xo)ll < €¢; and, by the same argument as in the proof of
Theorem 19, [[F(t, ty, X, ) < e for t >t + 1
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IV. BOUNDEDNESS AND ASYMPTOTIC STABILITY IN THE LARGE
1. We shall now suppose that the basic differential equation
x = £(t, x)

13 defined on I x R® and that f(t, x) has the same regularity prop-
erties on I x R® as it was assumed in (I.) to have on I x 8, except
that for boundedness results we shall not require f(t, 0) = 0 on I.

N° will denote the set |x| > p >0 in R and I, as before, some

interval [T, =), T > 0.

DEFINITION 3. Every solution 1s said to be

(3.1) bounded: if, given any to e I and any Ty > 0, there
exists an r(t, ro) > 0 such that ||x°|| <r, implies
IF(t, tg x ) <r for t >t

(3.2) uniformly bounded: if, given any r, > 0, there exists
an r(ro) > 0 such that t, € I, IIxoll < r, 1imply
IF(t, ty XMl <> for t >t

(3.3) ultimately bounded: if, given any rg, Ty, Iy > T, >0,
there exist an r(rl) >0 and a -r(ro, r1) > 0 such
that t, e I, lIx Il <z, imply [F(t, t, x)| <r for
t> to + T,

DEFINITION 4. The solution x = 0 1s said to be

(4.1) asymptotically stable in the large [3]: if 1t is stable
and 1f (t,, x,) ¢ I x R" dimplies F(t, ty, X,) —> ©
as t —> o

(4.2) uniform-asymptotically steble in the large [4]: if
every solution 1s uniformly bounded and if, given any
positive Ty Ty there exists a -r(ro, r1) > 0 such
that tj e I, x|l < v, imply [F(t, to, X))l < r,
for t >t  + .

It can be shown similarly as in the case of asymptotic stability
that 1f f(t, x) 1s independent of t or periodic in t on I X R%,
then asymptotic stability in the large of x = 0 Iimplies uniform-asymptotic
stability in the large of x = 0, (cf., e.g., [25]).

2. We begin with theorems on boundedness which are related to
some results of Yoshizawa [39], [40l, [41].
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THEOREM 21. If there exists, on I x N°, a real
scalar function W(t, x), defined, locally lipschitzian
and positive definite, such that W(t, x) —> « with
X uniformly on I and W'(t, x) <0 on I xN°,
every solution is bounded.

PROOF. Given any t, ¢ I and any rj, >p, 1let m(to, ro) =
sup(W(t,, x) | o < llxl <r)) and let r(t,, r,) >p Dbe such that
W(t, x) > for t>T, x| >r. Then ||x°|| <71, implies
1P (t, tgr XM < » for t >t,; for, otherwise, [F(t, tos xJl = r at
some time t = t' > t, so that o < W(t', F(t', t,, xo)) < W(to, xo) <o,
which is absurd.

THEOREM 22. If there exists, on I x Nc, a real scalar
function W(t, x), defimned, locally lipschitzian and
positive definite, such that, for any open sphere S DN,
W(t, x) 1is bounded on I x N° n 8%, W(t, x) —> =

with x uniformly on I, and W'(t, x) <0 on I x Nc,
then every solution is uniformly bounded.

The proof 1s very similar to that of Theorem 21 and therefore 1is
omitted.

THEOREM 23. If there exists, on I x N°, a real

scalar function W(t, x), defined, locally lipschitzian
and positive definite, such that for any open sphere

S8 DN, W(t, x) 1s bounded on I x N®n 8%, W(t, x) —> =
with x uniformly on I, and W'(t, x) 1s negative
definite on I x Nc, then every solution 1is ultimate-

1y bounded.

PROOF. Given any rgy, Ty, T'g > Iy >p, let m(ro) =
sup (W(t, x) | t € I, p g IIxll <r,), 1let v(r') > 0 be such that
W'(t, x) g-v for tel, x| >r,, andput =(r, r,) = o/v.

Given any t, ¢ I and any X, 1in Ixll < ry, elther |x | <r,
or ry < ||x°|| < r,e In the first case, there exists an r(r,) > p such
that ||F(t, tos xo)II <r for t>t,. Inthe second case, there exists a
t' e [t,, ty + 7] such that IF(t', ty %)l < ry; for, otherwise,

IF(t, to» xo)ll > r, throughout [ty ty + 1] and hence
Wity + 1, F'(to + 1, by X)) < W(to, xo) - vt < 0, which i1s absurd. Thus,
in either case, |[F(t, to xo)ll <r for t>t' and hence, a fortiori,

for t >t, + 1.
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In a series of papers [36], [37], [38] concerning second order
non-linear differential equations of the Cartwright-Littlewood type, Reuter
used gauge functions closely related to those of Theorem 23 to prove the
ultimate boundedness of every solution and the exlstence of forced almost
periodic solutions. He appears to have introduced the term ultimate bound-
edness.

3. The theorems that follow concern the uniform-asymptotic sta-
bility in the large of x = 0. Theorem 24 due to Massera [25] generalizes
a similar theorem of Barbasin and Krasovskii [3] for the case when f(t, x)
is independent of t on I x R™.

THEOREM 24. If there exists, on I X Rn, a Lyapunov
function V(t, x) such that V(t, Xx) —> 0 and =
as x| —> 0 and » uniformly on I and V'(t, x)
1s negative definite on I x Rn, Xx = 0 1s uniform-
asymptotically stable in the large.

The proof resembles that of Theorem 12 and therefore is omitted.

The next theorem, also due to Massera [25], 1s a generalization
of an analogous result of Barbasin and Krasovskii [4]. Their proof hinges
on Lemma 3 and requires f(t, x) to be of class ¢' on I xR® and to have
bounded first partial derivatives with respect to t and x on I X R™.
This result is itself an extension of an earlier theorem of theirs [3] for
the case when f£(t, x) 1s independent of t on I x R® and all solutions
exist in the past; the proof of this latter theorem uses Barbasin's method
of sections [2].

THEOREM 25. If f(t, x) 1is locally lipschitzian on
IxR® and if x = 0 1s uniform-asymptotically stable
in the large, there exists, on I X Rn, a Lyapunov
function V(t, x), possessing partial derivatives with
respect to t and x of any order, such that

V(t, x) —> 0 and » as x| —> 0 and » uni-
formly on I and V'(t, x) 1is negative definite on
I xR If f(t, x) 1is lipschitzlan on I x R,

the partial derivatives of V(t, x) are bounded on

I x H for every bounded set H C RY; 1f f£(t, x)

is independent of t or periodic in t on I x Rn,
so 1s V(t, x).

For the proof we refer to [25].
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ADDED IN PROOF (September, 1957). Since this survey was pre-
pared for publication, a number of papers have appeared dealing with the
theory of Lyapunov's second method and, in particular, with the inversion
of the basic theorems on asymptotic stability and instability. While it
has been impossible to incorporate these new results, it is nevertheless
felt that a few remarks about some of them are in order here.

Krasovskii [46], [48] examines several types of asymptotic sta-
bility and obtains necessary and sufficient conditions for them in terms
of Lyapunov functions satisfying various additional requirements; for
example, [46], he states without proof necessary and sufficient conditions
for the asymptotic stability of x = 0 as well as for the uniform (simple)
and equlasymptotic stabllity of x = 0. In [45] he gives new proofs for
the converse of Theorem 13 in the case of autonomous equations and for the
converse of Cetaev's theorem on instability, which was proved by Vrkoc
[52]. In [47] he introduces the concept of "non-critical and uniform" be-
havior of a solution in an e-neighborhood of x = 0 in terms of which he
formulates necessary and sufficlent criteria for the existence of Lyapunov
functions in the case of asymptotic stability and instability.

Kurzwell [49] proves a converse to Theorem 15 under considerably
wesker hypotheses, similar to Theorem 17 of Massera who himself extends
his original method of proof, [24], to infinite dimensional spaces in [50].

Persidskii [51] and Zubov [53] consider various types of asymptotic
stability, their interrelationships [53], and criteria for them involving
Lyapunov functions, [51], and functions closely related to them, [53].
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IX. ON PHASE PORTRAITS OF CRITICAL POINTS IN n-SPACE"
Pinchas Mendelson

1. INTRODUCTION

In this paper we study the geometric behavior of the solution
curves of the (vector) differential system

%% = Ax + Q(x), X = (xo, Xys ovey xn)

near the 1solated critical polnt x = 0. Here A 1s a real, constant,
(n+1) x (n+1) matrix (n =1, 2, 3, «..), with one zero characteristic
root. All the n remaining characteristic roots have real parts of equal
sign. The analytic vector function Q(x) consists of higher order (non-
1inear) terms, subject to a certain mild restriction.

Such differential systems occur in many important stability theo-
ries (cf. Liapounov). In the two-dimensional case, n = 1, a rather com-
plete analysis of the local phase portrait in the neighborhood of the
origin has been carried out by several authors. Poincaré investigated the
case when the matrix A 1s non-singular. Bendixson, Forster and Lefschetz
have completed the analysis for a general matrix A in the particular case
n=1.

In higher dimensions Siegel has obtained significant results,
but only under the restriction that A be non-singular, a restriction
which excludes many of the most important applications. This paper seems
to contaln the first investigation of the geometrical aspect of the criti-
cal point at the origin when A 1s permitted to have a zero characteristic
root.

The notions of "fan-cone" and "saddle-cone" are defined and the
criticzl points of the given system are analyzed in terms of them. It is
shown that in the particular case of E3(n = 2), some major aspects of

This work was carried out under Office of Naval Research Contract
N 60 RI-105, Mathematics Dept., Princeton University, Princeton, N. J.
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168 MENDELSON

these new types of singularities are natural generalizations of the classi-
cal Bendixson singularities in the plane.

2. NOTATION AND TERMINOLOGY

In the following discussion x will denote a real (n+1)-vector
with the components (xo, Xys eeey xn).

We shall use the following notations:

[x1y, (h =1, 2, «..), to denote an (n+1)-vector, the components
of which, [[xo, Xys eoey xn]g;, (L =0, 1, +¢s, n)), are real power series
in (xo, X,s +++5 X;), convergent in some region containing the origin,
and beginning with terms of degree at least h.

*[xo, Xyy ooy xn] , (h=1,2, ...), will denote a real power
h

series in (xo, Xys +++y X;) Dbeginning with terms of degree at least h

and having no terms in Xy alone.

E(xo, Xyy eoey xn) will denote a power series in (xo, Xyy eeey
xn), convergent in some region containing the origin and satisfying
E(o, 0, «ve, 0) = 1. We shall refer to E(xo, Xy» eeey X,) a8 a unit.

An analytic transformation F : En+1 —_—> Ex'1+1 of the form
x| = fi(xo, Xys eeey xn); f1(°' 0, ¢eey 0) =0, (1 =0, 1, +s., n), 1is

sald to be regular at the origin if the Jacoblan

ar,
FJ- * 0 .

(0,0,004,0)

Two systems of differential equations, which can be transformed
into one another by an analytic transformation regular at the origin, are
sald to have "the same behavior" in the neighborhood of the origin (cf.
Lefschetz [1] p. 118).

The following notations and definitions will be used extensively
in Section 6:

(1) The double cone (x | =f_ x} = mzxf)) will be
denoted by C(m).

(11) The solid cone (x | zi‘_lxi < m2x§) will be
denoted by S(m).

(111) The sets C(m) n (x | 0< X, < €} and
C(m) n (x| - €< X,< 0}, ¢>0, will be
denoted by C*(m, €) and C"(m, ¢),
respectively. These sets will sometimes be
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referred to as "the lateral surfaces."

(iv) The sets S(m) N (x | 0< x, < ¢} and
S(m) n (x | -€<x,<0), e>0, will be
denoted by S*(m, €) and S"(m, €),
respectively. These sets will sometimes be
referred to as "the solid cones."

(v) The sets S(m) n {x | X, = €} and
S(m) n (x | x; = - €}, €> 0, will be
denoted by D'(m, €) and D (m, €),
respectively. We shall sometimes refer to
them as "the upper and lower discs" of the
cones S*(m, ¢) and S (m, e).

We shall also find it useful to employ the following definitions:

DEFINITION 1. Let ¢ be an autonomous system of differential
equations defined in a region a( En and satisfying the uniqueness of
solutions there. Let Ty, X € 0, be the (unique) trajectory of ¢ pass-
ing through x, and let A be any point set contained in €. Then

TA-(I‘xlxeA] .

DEFINITION 2. Let T, be as defined above, and suppose that
t, 1s a time such that I, (t,) = x. Then Ty = (r,(t) | t> t,) and
ry = {re(t) | t <t ).

NOTE. We shall occasionally denote & point x € & by Roman
capitals. The symbols T, t., Iy and Ty will then be written as
Tps tp) Tp and Ty, respectively.

DEFINITION 3. Let o be an open set contained in & and let
B(w) be the boundary of w. Then, we say that a point P e 8 N B(w)
is a point of egress from o (with respect to the given system @ and the
set q), if there exists a positive number e such that TIp(t) € o for
tP - t« tP. If, moreover, there exists a positive number n such
that I‘P(t) €eqQ-o for tp< t < tp +n, the point P 1is called g
point of strict egress from «. (A. P1i§, p. %15).

DEFINITION 4. Let ¢! be the system which is obtained from ¢
by the transformation t —> - t. Then P € @ N B(w) 1s & point of strict
access into o (with respect to the gilven system ¢ and the set ) if
P 1s a point of strict egress from o with respect to the system &
and the set Q.

DEFINITION 5. Let @ be as defined above, and suppose that ¢
has an isolated singularity at O € @. The cone S'(m, €) 1s sald to be
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a stable (unstable] fan-cone of ¢ if:
(1) P e C'(m, €) UD*(m, e) ==> rpC 8" (m, e)IryC 8"(m, «)I.
That is, the vector field of ¢ on the lateral

surface and upper disc of the solid cone never
points out of [into] the cone.

(11) o 1s asymptotically stable with respect to

T as t —> + o [t —> - »] .
s*(m,e)

DEFINITION 6. If in Definition 5 every T € TS+( y has a
m, €
definite tangent at the origin, and if furthermore these ta.néents are the

seme for all T e T . s then 8%(m, €) will be called a simple
fan-cone. 8" (m,¢)

DEFINITION 7. S'(m, €) 1s said to be a saddle-cone of ¢ (of
the first kind) if:

(1) If x e C'(m, €), then x 1s a point of
strict access into the interior of St(m, e).

(11) x e CT(m, €) ===> I‘; ¢ s*(m, €).

(111) If x is a polnt of the interlor of D'(m, ¢),
then x 1s a point of strict egress from the
interior of S'(m, €). That is, all trajec-
torlies passing through the upper disc leave
the solid cone (upon continuation in the
positive direction).

(iv) Let A denote the set of all points
X ¢ D'(m, ¢) such that Ty C 8*(m, €).
Then O 1s negatlvely asymptotically stable
with respect to TA'

DEFINITION 8. 8%(m, ¢) 1s sald to be a saddle-cone of ¢ (of
the second kind) if the transformation t —> - t reduces it to a saddle-
cone of the first kind.

DEFINITION 9. 8"(m, ¢) 1s said to be a simple saddle-cone of
¢ (of the first or second kind) if the set A of Definition 7, con-
dition (iv), consists of exactly one point.

NOTE. The above definitions were given in terms of s*(m, €)
and C*(m, €), but apply, in the obvious way, also to S™(m, €¢) and
C (m, ¢).
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3. A CANONICAL FORM

3.1« We begin with the system

(1) & . ax 4 (x],

where
(1) A= (g ) 1s a real, constant, (n+1) X (n+1),
singular matrix of rank n.

(11) The non-zero characteristic roots of A all
have negative (positive) real parts.

(111) =2 % >0 in S -0, vhere S 1s a sult-
able spherical neighborhood of the origin.
A real, non-singular, constant matrix B can be found such that
the transformation x = By will transform the given system (1) into a
system in y of the form:

(1) ¥ =Py + 3],

vhere P 1is in real Jordan canonical form. Furthermore, system (1)' still
satisfies conditions (1), (1i), (i11i). We may assume, therefore, that in
the given system (1), A 1is already in canonical form, namely

0 [o] 0 «se 0
0o

A= . A

0

where A, 1s an (nxn) real, non-singular matrix in Jordan canonical form.

3.2 We observe that the components [xo, Xys ooy xn]g',
(=0, 1, vesy n), of I[x], are uniformly and absolutely convergent in
some spherical neighborhood of the origin. Hence in that neighborhood
these series may be rearranged. We can write, therefore:

. [Xgr Xqs soey xn]% = P%(xo) + *[xo, ooy xn]%,
2

(L =10, 1, see, n) >

vhere P%(xo) are power series in X, (with constant coefficients) start-
ing with terms of degree at least 2.
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. 1
3.3 Let Xy = z?_oaijx + [Xgs weey X ) = £y (X, ooy X)),
(L =1, ..., n), and consider the system of equations:

(3) fi(xo, ceey xn) = 0, (i = 1, eoey n) .
We have
fi(o’ 0, eesy, 0) =0, (L =1, ees, n)
(%)
bfi
. = a0 4o .
J (0)eee,0)

Hence, by the implicit functlon theorem, it follows that system
(3) has a solution in the neighborhood of the origin, of the form:

(5) x, = u1(xo), X, = ua(xo), ceey X = u.n(xo)
where “1(xo)’ (=1, «s+, n), are analytic functions of X, satisfying:
ui(o) = 0, (=1, eesy n) .

We now return to the given system (1) and apply to it the trans-
formation U defined by (cf. Liapounov, pp. 302-3):

(6) Xo = Xy Xy

uy + 24, (L =1, «ee, n) .

The transformation U reduces system (1) to the form:

T = Zl(:(xo) + *[xo, Zyy weey zn]g ,

at 2y lec(xo) + *[xo' 299 eees zn];
(1) N W .

aE€ 2y ercl(xo) + *[xo’ Zys enes zn]ra1
where le;(xo), (L =0, 1, «0sy, n), are power series in X, beginning with

terms of degree at least k, and Zo(x,) = Po(x,) + '[xo, Uy, eees wly,
where the right side 1s as defined in 3.2. PFurthermore
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d
® Zhx,) = - g Zx,), (1 ey m) |

3.4. Suppose first that Zﬁ(xo) = 0. Then, by virtue of (7)

and (8) - if we write (x,, +.., X,) for (z,, e, 2z;) - U trensforms
the given system (1) into:

* ]
io [xo, eesy xnla
. * 1
* * [’fo’ Xy cees Xplp
(9) . = A1 . + .
1y * n
%, X, [xo, Xys soey xn]2

The transformation U is analytic and regular at the origin.
Hence, in the neighborhood of the origin the behavior of the trajectories
of system (9) is the same as that of system (1). We note, however, that
X, = Xy = oo =X, =0, X, = ¢ 1s a solution of (9) for any real constant
¢. Thus in (9), and hence in (1), the origin is not an isolated singu-
larity, contradicting condition (iii).

It follows therefore that 2g f O.

3.5. The above considerations have transformed the given system
(1) into one of the form:

»*
%, = x1(:(’(0) + (X Xy ooy xn]g
3:1 X, xll{(xo) + *[xo, Xys sees xn];
(10) . = A . + .
¥ X, x;:(xo) + '[xo, ST xn];1
where,

(1) A 1is an (n x n), real, non-singular matrix
in real Jordan cenonical form.
(1) X20x,) = Sjpe®ds o F 0 K22
(111) xi(xo), (L =1, «.., n), are real power
series in x, beginning with terms of
degree at least k.

REMARK. The matrix A appearing in (10) is the matrix A
of 3.1
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3.6. Writing Xp(x,) = c]erléE(xo), where E(x)) 1s a unit, we
apply the transformation t —> 1:1 defined by:

dt, = ¢ B(x )t
thereby transforming (10) into

dx

a‘t% - xl; + *[xo, Xyy sees xn]g cI;IE‘ (x5)

dx
1 -1 1 » 1

i X 0 E(x5) Xe(xg) + Txg, ooy Xplp
. . . .

(11) = A : + oy E1(xo)
ax, -1 n * n
I X0 B, (x,) Xp(xy) + “Ixg, oo, x 15

where E1(xo) = E(xo)'1 is also a unit.

NOTE. Since E(xo) is a unit, there exists a small enough
neighborhood 8 of the origin such that E(x,) > % throughout S. Let
now F, be the vector field defined by system (10) and let F, be the
vector field defined by system (11). Then F, and F, differ through-
out S only by a continuous scalar factor (namely, ckE(xo)) which 1s
positive in case cx > © and negative in case ey < 0. The flelds de-
fine two systems of trajectories throughout 8 which are identical, ex-
cept for the fact that in the case C <O the sense of the trajectories
1s reversed.

Rearranging terms, system (11) becomes:

* o
E = xg + [xo, eees Xl
. 1 * 1
x, x, Pk(xo) + [xo, cees X1,
(12) : = A : + .
» n
%, X, P{{l(xo) + [xo, eeey Xply

where A 1s as in (10) and Plj{'(xo), (=1, ..., n), are power series
in x_, beginning with terms of degree at least k.

3.7. It follows from the above discussion that system (12) is a
canonicel form for real analytic systems of differential equations having
an isolated singularity with one zero characteristic root at the origin.
We shall assume henceforth that the given system has already been reduced
to that form.

o
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3.8. The study of the most general systems of the type (1) 1s
rather complicated. We shall therefore restrict our attention to systems
(1) whose canonical form (12) satisfies:

. k  * o]
(1) %, = x5 + [Xgs eees Xlpyy
i.e., xlo‘ 1s the term of least degree in

the expression for :'co.
Geometrica.lly this added condition implies that the surfaces
E xk *Ix o? "0 X ]k+1 = 0, when they exist, are tangent to the

X, = o plane at the origin.
4, THE TRANSFORMATION T

L.1. Let x' denote points in a second (n + 1) dimensional
space El .. Let T : B }!11'1+1 be defined by:

(13) Xy = xc'), Xy = xj'_xo, (L=1,2, esu, n) .

Then T can be thought to map the origin 0 of ls".m_1 onto the
:x(') = 0 plane, and all other points of the X, =0 plane into the point
at infinity of the plane x(') = 0. Outside X, =0 the map 1s one-to-one
and analytic at every point.

b.2. For x, # 0 we have:

-1

x\=x, x| =xx5, (L =1, eoe, n)

and hence

:'tc" = X ii_ = J'cix;1 - X4Xg 2x (L =1, 2, ees, n)

The transform of (12) by T yilelds:

%y = (e + Tk ®ixG s XRIR,, K2
(1) n
% = z e’ijx + 04X} + X3 SIxLs Xis eey xn]1, (L =1, ¢eey, n)e

j
=1

The term cix' can only appear in the case k = 2, but in that
case we apply & suitable linear transformation which reduces system (14)
further to:
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'6 - (xé)k + *[xc',, X1xly eee, xl'lxc')]ﬁﬂ, k> 2
*! x, xAxL, ooy x,!ll:
(15) N N .
;:r;l ;:n xé[xg,, ooy 1T
k.3. Since

* [o] Je+ 1% o
] Ixt tx! = 1 1 ! 1
[xo, x,xo, esoy anolk 1 (xo) [x°, X,, seey Xn]1

it follows that
(16) &b = (x3¥ & (kO Oxy, xly eeey IS = VEGRS, ees xL)

The transformation t —> t, defined by dt, = E(x!, ..., x})at
reduces system (15) further to the form:

3 k
X, o= (x3)°, k>2
% x| L
(17) . = A . + x! .
n
4 xp (x5 eer xp)y

4,4, Let R be a ray emanating from the origin 0 and contain-
ed in x,> 0 [x, < 0]l. Then R can be represented by the set of (n+ 1)
relations:

X, > 0 [x, < ol, X, = WXy, Xy = WX, eee, Xp WX, .
Let R' = T(R). Then clearly R' is the half-line:
xé)o[xé’( ol, xl'-m1, xé-ma, evey xr'l'mn .

i.e., the half line perpendicular to the x(') = 0 plane and intersecting
that plane at the point (o, my, Wy, eee, mn).

Furthermore, 1if C*(m, €) 1s the half cone defined above, then
?(C*(m, €)) 1s the half cylinder (x' | 0< xi <€ z;_’_‘xf = m?).
Similarly, T(C™(m, €)) = {x' | - €< x$ < 0, z‘;nxlz = m2},

4.5. Let now r(t) be a trajectory of (12) which is contained
in C*(m, €) [C”(m, €)] and let Tr'(t) be the image of r(t) under T.
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Then r'(t) 1s contained in the cylinder T(C*(m, ¢)) [T(C (m, €))]; and
if r(t) tends to 0 in B,y for t—> + o(t —> - »), then T'(t)
tends to x} = 0 in El ., (i.e., T'(t) tends to the base of the
cylinder). Moreover, if TI'(t) tends to 0 with a definite tangent
R:xy =mX,, ¢osy X =mx,, then TI'(t) tends to the point

(0, my, my, «+¢, m). In particular, if T(t) tends to the origin tangent
to the x,-axis, then T'(t) tends to the origin o!.

Conversely, if TI'(t) 1s contained in a half cylinder, as above,
then Tr(t) 1s contained in the corresponding cone. If TI'(t) tends to
the x(') = 0 plane (inside the cylinder), then x4 = xixé < mxé —> 0
as x{ —> 0, and hence TI(t) tends to the origin. Finally, if
r'(¢) —> (o, my, .., m) @ t —> +«, then T(t) has a definite
tangent at the origin, this tangent being the line: x
xn = mnxo.

We shall find 1t convenient to study system (17) in detail and
obtain thereby, in view of the above considerations, information about the
system (12).

1= mlxo, essy

5. PHASE PORTRAIT OF SYSTEM (17)

5.1. Replacing (x('), ceey xr'x) by (xo, ceny xn) and
[xa, ooy xr'x]%’ (=1, ..., n), by Xy = xj_(xo' ooy xn) we may rewrite
(17) as:

¥ = xlé’ k>e
% X X

(18) =4 * %X :
*n xn xn

The matrix A appearing in (18) is in real Jordan canonical form.
We may assume, without loss of generality, that

A1 0 « o 0
o A, 0
(19) A= 6 v v A oo
0O o o o (o] 510'00
o ... ‘B
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the A4, BJ, (L=1, «ee, ), (J=1, «c., 8), being real square matrices
of ey and Bj rows, respectively. Each A1 is of the form

Ay O )
¢ Moo+ 0
(20) A - . .. .
0 o o o .Xi [o]
0. o o & :E Y

1

where ¢ 18 any arbitrarily chosen real positive number, and each B‘1 is
of the form

MJ ¢} . 0
o Mj P
(21) Bj= : :
0 o o MJ 0

where MJ is the real matrix
- 0
(:; :j) mEa'(:) 1) .
5.2. The following cases wlll be dealt with separately:
CASE 1. k = 2p, P>
A. M <O, (L =1, e, 1) ny <o, (J =1, «evy, 8).
B. >0, (L=1, ..o, r); ny > 0, (3 =1, «ovy 8).
CASE 2. k =2p + 1, p1
A. 2 <0, L =1, «co, 1) My < 0, (3 =1, «ea, 8)
B. A > 0, (L =1, oo, 7); My > 0, (3 =1, vesy 8)e
5.3. CASE 1A.

5.3.1. We -note first that in system (18), X, = 0 satisfies
the first equation, and consequently the (x,, csey xn) hyperplane is an
integral surface.

5.3.2. Let
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Then
n
pp = Z xi:’ci
1=1
2 2
.;.] x1 + ...+xai>
2 2 )
+ A X + eoe + X +
2 a1+1 a1+a2
2 2
+ A <x 4+ se0 + X
r al+...+ar_,+1 Qyteeotd,
2 2
(22) +p (x + eee + X )+
1 a1+---+ar+1 <1‘+...+ar+p1
2 2
+ (x + eee + X )
s a1+...+ar+p1+...+ﬂs_l+l n
+ !inxj
n

We note that there are at most (n - 1) pairs (i, j) such that
the corresponding products xyX i appear in the expression &IX X:. Since
for all (i, j) |xile < 02, and since &> 0, we can write immediately:

(23) |ginle < nge

5.3.3. Let

ax = Min. {|>.| [u l} .
I1=1,.00,2 i j
j",cv-,s

Then A > 0, and it follows from (22), (23) that
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n

(24) b < - 21p% + nEo® + x z X, .
1=1

Since ¢ can be chosen at will, we select 0 < & < -:14 « Then

o< ¢ n;:'2 < sz and hence,
n

(25) ob < - a2 + X, Z XXy .
1=1

Let xy = 64(x)p, (1 =1, ..., n). Then |e,(x)] ¢ 1 for all

X, and we have:

n n n
YRy = ) o)Xy = e ) Ry(x) ,
i=1 1=1 1=1

where Ri(x) = ei(x)xi.

Therefore,
n
(26) 08 < = 22 o Ixgl ) IRy
1=1
or,
n
(27) B et Ixgl ) IRyl -
1=1

Let S be the common domain of convergence of )

and

let C' be a closed cylinder of height 2h' and radius g which is con-

tained in S (Figure 1).
Furthermore, let

.

n
M = Max. Z R .
xeC' ( ! 1l )
1=1

Let C be another cylinder of radius 1 and height =2h, where

h<3, hgh' (Flgure 1) .
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Xo

-

- T e TP

B e S n ne e M ——
x
N

n
c ={Z x2 < 1% -h'gxogh'}

1=1

n
C={ingq2; -hgxogh}
1=1

FIGURE |
Obviously
n n
Max. R Max. R =M .
xeC ( Z l il) Sxec' (iz l 1‘ )
i1=1 =1

Therefore, for points on the lateral surface of C, we have from (27):
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(28) B(-Xq+mg—hq+£ﬂ'ﬂ-_}§'l<o .

Hence, on the lateral surface of C, the vector fileld defined by
(18) points into the cylinder C. Note that in the case being discussed
k = 2p and therefore xlé > 0 for x, # 0. Hence, on the bottom disc the
vector field points into C, whereas on the top disc the vector field
points out of C.

5.3.4. Consider the set

(29) c,=¢cn {(xo, ey Xp) | x5 < o}
and let
n n
(30)0;-{x|-h<xo< 0, insng}u{xlxo--h, Z xing}.
1=1 1=1

(C; is the open lateral surface Of the lower half of C together with
the closed lower disc of C.) Recalling that the (x,, ..., X,;) hyper-
plane 1s a solution surface, the above results imply that if Tp is any
trajectory passing through P e C] at time tp, then I‘PC C, for all
t > tp. Since %, = xgp > 0 throughout C,, I'p must rise monotonically
towards the (x1, veey xn) plane and cannot have any point Q € C, in
1ts positive limit set A+(I‘P). Thus, the positive 1limit set of Tp is
contained in the disc

n
D: xg = 0, ingqe .
1=1

However, if A+(I‘P) » P, ¢D, where P, = (0, &4 +vvs t,) with

n
Zci-wo ,
1=1

an argument identical with the one used previously will show that there
exists an h(t) such that for |x,| < h({), (i.e., for t large enough)
$ < 0 in the neighborhood of P,. Thus P, ¢ A*(rp). Hence A*(rp) con-
sists of the origin only.

Thus all trajectories entering C, tend to the origin in the
direction of increasing time. It will be shown later that they do so
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tangent to the x,-axis. The phase-portrait is that of a "fan" tangent to
the xo-a.xis as indicated in Figure 3.

5.3.5. Consider next the set C, = C N (x | X, > 0} . Let
P(;o, [ STREEEN ;n) be a point on its open lateral surface and let I‘P be
the trajectory passing through P at time tp. We have seen before that
rp must enter C, at P. BSince %, = xﬁp > 0 1is monotonic, 2%, > ;gp >0
for all points of Tp at time t > tP' Hence Tp leaves 02 after a
finite time Tps and must dogso through the upper disc. We denote the
first, point of departure by P.

Let f be the mapping of the lateral surface of 02 into the
upper disc defined by:

=~
f:P—>P .

Since Tp traverses its path from P to P 1in a time *p which 1s
finite, it follows that f 1s a homeomorphism.

Let Pp(ty ns 05 +¢vy 0), (m=0, 1, ...), Dbe a sequence of
points on the lateral surface of C2 such that:

Co‘%’ tg—>0 & wm—>w ,

and let Jm, (m=0,1, «..,), Dbe the (n-1) sphere defined by

n
Z x?_ = na, Xy = Lo (Figure 2)
i=1

Then f(Jm) = J! 1s contained in the upper disc of C,. Let A,
(m=o0, 1, 2, «..)» denote Jl end its interior. Then A 1s a closed
bounded set lying in the upper disc and Ay )Am+1 for m= 0, 1, 2, ..
Hence

A=N a #0 .

m=0

Let Q € A and consider the trajectory I‘Q passing through Q
at time tQ. We shall prove that ]"Q stays in C2 for all time t < tQ.
For suppose PQ’ when continued in the negative direction, leaves 02 at
some point P. Then P(ng, nqs «oes qn) must be on the open lateral
surface of 02, and thus 194> 0. Hence N > tn for some m implying
that Q ¢ A, It follows that Q ¢ A, contradicting our original
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FIGURE 2

assumption. Therefore we must conclude that PQ remains in 02 for all
t < tQ.

Using an argument similar to the one used with respect to tra-
Jectories approaching the origin from below the (x1, [ xn) hyper-
plane, we can show that the negative limit set of PQ consists solely of
the singular point at the origin.

We have thus proved:

LEMMA 1. System (18), case 1A, has at least one
trajectory tending to the origin from above the
(X)5 voey x,) Dplane in the negative direction.
We now proceed to' prove:

LFMMA 2. System (18), case 1A, has only one tra-
Jectory tending to the origin from above the

(x1, vy xn) plane 1n the negative direction.

PROOF. Assume there are two such trajectories and let them be
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d:noted by (xo, x,, vee, x ) and (xo, x,, vees x ), respectively. Let
xy - xj_, 1=1,2, ..., n), be denoted by uy a.nd define,

w .

°
™
¥
s

(31)
1

L]
—

Then replacing X X,(X,, ..., X)) 1n (18) by Xi(xg ooy X))
(=1, ..., n), and following a calculation similar to one carried out
above (5.3.3), we get:

n
=
pp < - ).‘,2 + Z ui[xj'.(xo’ x?, veny xﬁ) - xi<xo, x:, veey xA)]
1=1
n n 5
- 2 1
AT+ Z‘ ui[Z, ﬁguj+ ei]
1=1 j=1
(32) n 5
- X!
g-xp2+p2 L 3—3'0:0,2( ey x:l) +
1,3=1
n
+ Z o Iyl .
i=1

Since Xj'_, (=1, ..., n), are power series beginning with
terms of degree at least 2, it follows immediately that by choosing a
small enough neighborhood of the origin we can make

(33) pég—%pe
or,
(34) b<-%0 -

< 0, we get:

&

s . 2D
Since X5 = Xg > 0 and
a dp . dt
Gl e L

which is absurd. The uniqueness of the trajectory of Lemma 1 1s therefore
established.
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The phase portralt of a system such as (18) in E3 with

s ()

and k = 2p 1s given in Figure 3.

FIGURE 3

The singularity shown in Figure 3 1s a generalization to three
dimensions of a Bendixson singularity (of the second type) with one nodal
and two hyperbollc sectors (Figure 4). In fact, if we rotate the singu-
larity of Figure 4 around the X,-axls, we get a special case in E3 of
the singularity treated above.

5.4. Case 1B

In this case k = 2p, p» 1 and all roots of A have positive
real parts. The double transformation t —> - t, Xo —> - X, reduces
this system to one of the form 1A.
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Xo

Y
\
x

FIGURE 4

Xo

FIGURE 5
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A system (18) in E3 with k = 2p and
A= (%)
will have the phase portrait indicated in Figure 5.

5.5. Case 2A

In this case k = 2p + 1 and all the roots of A have negative
real parts. We note that the transformation Xo —> - X, transforms the
system to a new system of the same general type. Hence, system (18) in
case 2A exhibits the same phase portrait above and below the (x1, seey xn)
plane. Furthermore, our treatment of systems of the types 1A above and on
the (x1, ceey, xn) plane applies completely to systems of the type 2A in
the same region. The even power of X5 appearing in the expression for
J‘ko in 1A was only used to determine the sense of the xq derivative, and
this sense 1s the same for x, > 0 for both even and odd powers. The

phase portralt of a system of this type in E3 wilth
-2 0
A= ( 0 —u>

Xo

/

is given in Figure 6.

FIGURE 6
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This singularity (Figure 6) is a generalization to three dimen-
sions of a Bendixson singularity (of the second type) with four hyperbolic

sectors. The rotation of Figure 7 around the xo-a.xis produces a specilal

case of Figure 6.

5.6. Case 2B

Agelin, this system
exhibits the same phase por-
trait above and below the
(x5 «+e, x;) plane. Its be-
havior above and on the
(x4, -+, x,) plane is the
same as that of 1B in the same
region. The phase portrait in

E, with
+A 0
A= < 0 +u>

3
1s given in Figure 8.

Xo

A

FIGURE 7

FIGURE 8
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6. CONCLUSION

6.1. Let Pi(xo) + *[xo, ceey xn]é in system (12) be denoted
by Xi(xo, ooy xn), (=1, ..., n), and let D( E,,, be contalned in
the domain of convergence of xi(xo, sy xn), (L=1, «.., n). Choose
¢ > 0 small enough so that

n
S-{xI0<xo< 'y Z, 22 < 52}
i=

1

1s contained in D. The transformation T defined in 4.1 maps S into
the set T(8)C E! ,, where

T(8) = {("é""'xﬁ) | 0< x) <& 0L xlp'< ;} ’

where
1/2

12 12 12
1
p==[x1 +x2+...+xn]

Since system (17) i1s the transform of system (12) by T, it
follows that T(S) 4is contained in the common domain of convergence of
the [xc'), seey xﬁ]%, (L =1, «.o, n), appearing in (17).

Given any n > 0 there exists an e(n) > 0 small enough so
that the cylinder

n
{x' | 0< x! < eln), Z xj'_2 = n2}

i=1

is contained in T(S). Thus, for any 1, there exists a cylinder low
enough that the discussion of Sectlon 5 applies to it. The situation is
the same for the lower half space, X5 < 0.

The above remarks together with the discussion contained in
Sections 4 and 5 now complete the proof of the following theorems:

THEOREM 1. Let there be given a system (1) in
canonical form (12) and satisfying conditions
(1) - (iv), of Sections 3.1 and 3.8. Then for
any m > O there exists an e(m) > 0 such that
S*(m, e(m)) and 87(m, e(m)) have the following
properties:
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k=2p, p>1 k=2p+1, p31
Real Parts

of RoRts of Negative Positive Negative Positive
. simple saddle- | unstable, simple || simple saddle- | unstable,

87(m, e(m)) | cone (of the fan-cone cone (of the simple
first kind first kind) fan-cone
_ stable, simple | simple saddle- simple saddle- | unstable,|

87 (m, e(m)) | fan-cone cone (of the cone (of the simple
second kind) first kind) fan-cone

THEOREM 2. In Theorem 1, all trajectories which tend

to the origin in the positive or negative direction,
either from the fan-cones or from the saddle-cones,
are tangent to the xo-a.xis at the origin.

The local phase portraits of these systems will exhibit the

characteristics shown in Figures 9, 10, 11 and 12.

REMARK.
follows that Theorems 1 and 2 apply to it as well.
of these particular systems are, therefore, completely described.

)

Since system (17) is a special case of system (12) it

The phase portraits

FIGURE 9
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FIGURE 11
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/Il \\\ €(m

FIGURE 12

6.2. Theorems 1 and 2 complete the description of the local
phase portralt of system (12) within the cones 8¥(m, e(m)). We now pro-
ceed to investigate the behavior of the trajectories outside these cones.
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c"'(m,e(m))

¢~ (m,em)

FIGURE 13

Let m> 1. If ¢(m) 1is the "opening" (Figure 13, above) of
the come C (m, e(m)), then clearly o¢(m) —> x &s m —> + ». Further-
more, if m, > m,, 1t follows from the above discussion that
e(m,) < e(me). Thus e(m) 1s a decreasing function.

Two distinct cases may arise:
(1) 3 o"> 0 such that p* < m e(m) for all m.
(1) me(m) —> 0 as m —> + w.

6.3. Suppose case (1) applies. Let B* be the cylinder defined
by
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n
B* s{x | Z xi < 0"%; - p¥el1) < x5 < o e(1) } .
1=1

Then, if Q(x,, +++, X,), X, # 0, 18 any point contained in B*, there
exists an > 1 such that elther Q € S*(mQ, e(mq)) or

Qe S-(mQ, € mQ)) (Figure 14). Thus, the phase portrait above and below
the x, = 0 hyperplane is completely determined. It follows from con-
tinuity that in this case the X, =0 hyperplane 1s a solution surface.
The phase portrait 1s therefore the same as that of a system (17).

€(l)

o
C+(I'I\° ,G(mo) )

C(mg,etmg))

/ P2 |

FIGURE 14
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-

Conversely, let the x, = 0 hyperplane be a solution surface.
Then it can be shown readily that there exists a cylinder B* with radius
o* and height h* such that Q(X,, ..., X_) € B*, X  § 0 ==> 3 mg 2 !
such that either Q e S*(m,, e(mQ)) or Q € s-'(mQ, e (m,)). It follows
therefore that p* < m €(m) for all m. We have thus proved:

THEOREM 3. The X5 =0 hyperplane is a solution
surface if, and only if, there exists a p* > ©
such that p* < m €(m) for all m. The phase por-
trait is, in this case, completely determined, and
is, in fact, glven by one of Figures 3, 5, 6 and 8.

6.4. In general, however, the X, = 0 plane 1s not an integral
surface, and therefore m €(m) —> 0 as m —> + ». Let @ be such a
system and assume first that k ,6 1s elther even or odd and all the charac-
teristic roots of A have negative real parts.

Let B(m) be the cylinder defined by (x | p ¢ m €(m),
- e(m) < x, < e(m)} where

n
2 2
p = z xi
1=1

and e(m) 1s as defined in Theorem 1. Let R(m) Dbe the lateral surface
of B(m), i.e., R(m) = (x | p = m e(m), - e(m) < x, < €(m)). Finally,
let w(m) = (x € B(m) I. p<me(m), p>mx,) or equivalently:

w(m) = Int. (B(@) - [S*(m, e(m)) U 8 (m, e(m))]} (Figure 15).

Xo
s*(m, e(m) 1
alm)
wim - wim 1 ry
$~(m, a(m)
-——MIM—J‘

FIGURE 15
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¢

Clearly, m; > m, ===> B(m,)( B(m,) and o(m,)C o(m,).
Furthermore, by using arguments similar to ones employed in Section 5 (to-
gether with the fact that x, < & throughout w(m) it can be shown that
a large enough m, > O may be picked so that ¢ < - i‘- p throughout

o(my). We shall assume henceforth that m > m, and therefore 4 < - % P
throughout w(m) C w(my).

For the case under consideration we have shown (Theorem 1) that
every x ¢ C*(m, e(m)) 1s a point of strict access into the interior of
S*(m, e(m)), and every y e C”(m, €(m)) dis a point of strict access into
the interior of S™(m, e(m)). Let now P e C'(m, e(m)). Then P 1s a
point of strict egress from w(m). Since p < - -% o throughout o(m),
it follows that if we continue rp from P in the negatlve direction,
Tp must intersect R(m) at some point B. Let the mapping P —> I3
of C*'(m, e(m)) into R(m) be denoted by f. Then f 1s a homeo-
morphism. Since C'(m, e(m)) 1s an open n-dimensional manifold, it
follows from Brouwer's theorem on the invariance of domain that
O‘Zm) = £(C*(m, e(m))) 1s open in the n-dimensional manifold R(m).

Similarly, if Q € C"(m, e(m)) then Q is a point of strict
egress from w(m) and if we follow I, from Q 1in the negative direc-
tion, ra Eust intersect R(m) at some point 3, The mapping
g : Q —> Q 1s a homeomorphism as above, and 0 (m) = g(C™(m, e(m))) 1s
open in R(m).

Evidently 0'(m) N 07(m) = 4. For if x e 0'(m) then 1,
leaves o(m) through c*(m, e(m)), whereas x € 0 (m) implies that Ty
leaves w(m) through C~(m, e(m)). Since C*(m, e(m)) n C (m, e(m)) = 8
it 1s clear that 0*(m) and 07 (m) must be disjoint.

Let F(m) = R(m) - {0"(m) U0 (m)}). Then F(m) disconnects
R(m) into two parts. Furthermore F(m) 1s closed in R(m) and clearly

also in En+1 .

Let x € F(m), then I‘; cannot leave w(m) either through
c*(m, e(m)) or through C™(m, e(m)). Hence r‘; C o(m) and since
p < - 1)2'- p throughout o(m), I, must tend to the origin as t —> + .

Conversely, 1f x € R(m) 4is such thct Ty tends to the origin
as t —> + o then x ¢ 0O'(m) U O™ (m) and hence x e F(m).

Suppose x € F(m*) for some m*. Then r‘; intersects F(m)
for ell m » m*. For suppose & m > m* such that Iy N F(m) = 9. Then
ry can stay in o(m) only for a finite time and therefore ry must tend
to the origin outside w(m). But then r‘; must finally enter either
s*(m, e(m)) or S™(m, e(m)). In that case, however, it follows from
Theorem 2 that r‘; has a definite tangent at the origin, and, in fact,
this tangent is the x_-axis. This contradicts the fact that ry C o(m*).
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Hence T, must intersect F(m) for all m» m (Figure 16). This, in

turn, implies that ry N (S'(m, e(m)) U S™(m, e(m))) = ¢ for all m 3 m*.
Since, moreover, I‘x(t) tends to the origin as t —> + =, we conclude
that r‘x(t) 1s tangent to the x, = 0 hyperplane at the origin.

win) Xe€ F (m%)
w(m)

_

FIGURE 16

A similar situation obtains when all the characteristic roots of
A have positlve real parts.

We have thus completed the proof of the following:

THEOREM 4. Let all the roots of A have negative
{positive) real parts, and let R(m) = (x | p = m €(m),
- €(m) < x, < €(m)) where p? = z:;’_l-‘1 xi and €(m)

1s as defined in Theorem 1. Then for all m large
enough there exists a set F(m) C R(m) such that:

(1) F(m) 1s closed in E,,,
(11) F(m) disconmnects R(m) into two disjoint
parts 0"(m), 0™ (m).
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+ +
(111), % ¢ 0"(m) ==> r} (r;) enters S (m, ¢(m))
through C (m, e(m)).
(1v) x € F(m) ¢==> x ¢ R(m) and I‘x(t) —> 0
as t —> + = (t —> - =}, Moreover, x e F(m) ==> r,(t)
1s tangent to the X, =0 hyperplane at the origin.

ADDED IN PRINT. Condition (iv) of Section 3.8 can be relaxed to
J'(o = xg + *[xo, ceey xnlg. A1l proofs remain unchanged.
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X. ON NON-LINEAR REPULSIVE FORCES'®
Robert W. Bass

1. Introduction and Summary. In this note we shall establish
that a mechanical system of n degrees of freedom which is subject to
arbitrary (non-linear, non-conservative, non-autonomous, velocity de-
pendent ) forces of non-attractive type has a "en-parameter family" of
solutions, of which an "n-parameter subfamily" of solutlons is "asymptotic"
(in particular, exists and 1s bounded for 0 < t < ), and of which an-
other "n-parameter subfamily" of solutions is unbounded and of monotone
increasing magnitude. The sole restriction is that the forces be every-
where continuous, and, 1f veloclty dependent, satisfy a certain growth
restriction which 1s linear in the magnitude of the velocities.

In the gutonomous case, there is a simple geometrical interpre-
tation. Let Ek denote real Euclidean k-space. Then in its phase space
E®™ such a system consists of (1) a single rest point, (1i) positively
asymptotic orbits, and (1ii) positively divergent orbits. The rest point
is a 2n-dimensional saddle point, in the sense that there is an n-dimension-
al "stable" manifold, passing through the rest point, and such that all
orbits originating on it are positively asymptotic to the origin, while for
no other orbilt does its positive limit set exist.

Let I, :0< t <o denote the real half-line and let
£:E® x E® x I, —> E® beamap f = f(x, ¥y, t). Consider the vector sys-
tem of ordinary differentisl equations

(8) x" = £(x, x', t), (' = d/dat)
where the scalar product
(R) x+f(x, y, t) >0, unless x =0 .

The condition (R) implies that £(0, y, t) = 0 and that x = 0 is the
only equilibrium solution (x' = x" = 0) of the system (S) - (R).

' Numbered footnotes appear at end of paper.

201
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In the autonomous case f = £(x, x'), £ € 02, suppose also that
the Jacoblan matrix fx(o, 0) 1s symmetric. Then in B2 replace (8)
by (385) : x' =y, y' = £(x, y), and at the origin (x, y) = (0, 0) the
system (35) has, by (R), exactly n negative characteristic roots and
exactly n positive characteristic roots.2 (In fact, (R) implies that
f'y(O, 0) = 0 and that f' (0o, 0) 1s positive definite. 3) Hence well-known
theorems (cf. e.g., the recent books of Coddington-Levinson or Lefschetz)
imply that the geometrical description glven above holds, at least in some
sufficiently small neighborhood of the origin. The extension of this
description to all of E2n (and in particular, the assertion that the
"stable" manifold intersects every hyperplane x = const.) can be effected
if and only if the growth of f(x, y) as a function of y 1s further
restricted.

For a simple example, consider a particle sliding under the in-
fluence of gravity on a vertical ctircle (and free to leave the circle at
i1ts horizontal extremities). Measuring arc length x from the unstable
rest point, and letting g = 1, we have

(E) x" = £(x), xf(x) >0 for x#0 ,

where here f(x) = sin x for |x| < n/2 and f(x) = sgn x for
|x| > =/2. By explicit solution of (E), it can be seen that to_each
initial position X, there corresponds

(I) an initlal velocity xi(xo) for which the corre-
sponding solution x(t) exists on I and
satisfies |x(t)| < Ixol; and

(II) an initlal velocity x:_(xo) for which the
corresponding solution x(t) satisfies
|x(t)] —> +©» as t —> t_ (for some
t, < o),

For the example (E), the planar phase-portrait can be readily
sketched. The origin is a saddle point. 1In case (I), (x(t), x'(t)) —>
(0, 0) a8 t —> w. The assertions (I), (II) are simply that at least
one "exceptional integral curve" (i.e., "one through the origin") and also
at least one "divergent" integral curve cuts each line x = Xge

For general scalar systems of the type of (E), and more generally,
" = f£(x, t), the assertions (I) - (II) are implied by a theorem of A.
Kneser [8]. Hartman and Wintner (4] extended Kneser's theorem to include
velocity dependent forces, i.e., they dealt with (8) in the case n = 1.
(Subsequently [5] they generalized this result to first order systems in
such a way as to include (8] and [4].) However, Hartman and Wintner
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require that f satisfy not only (R) but also for all y and each R > 0

I£(x, ¥, t)I < Q’R('Y' )s
@)

0<t<R,0<|x] <R ,

where ¢ = ?R 1s such that

Q) f ﬁ—r—)-dr=+m .

The- ("quadratic") Nagumo condition (G) - (Q) permits e.g.,

x" = (1 + (x*)%)sin x, but not x" = (1 + (x')®*¢)sin x for any € > o.
An example of Nagumo shows that (G) - (Q) is the best possible general
restriction (for n = 1).

In the scalar autonomous case, there is a simple geometrical ex-
planation of the meaning of condition (G) - (Q). In fact, (S) can be re-
placed by the first order equation dy/dx = F(x, y), where F(X, y) =
f(x, y)/y.- Then (Q) 1s just Wintner's general criterion

<|FI 7 f v(r) ' ar = + w)

for the unrestricted existence of solutions y = y(x); cf. [14] or Ex. 5,
p. 61 of Coddington-Levinson's Ordinary Differential Equations (1955). In
other words, the exceptional integral curve y = y(x) has less than ex-
ponential growth; hence 1t cuts every vertlcal line x = const.

Because of the distinctions between ordinary and scalar products,
the arguments used for n = 1 cannot be generalized to the case n > 1.
However, for linear systems Wintner [15] generalized Kneser's theorem as
follows. Let x" = F(t)x, where the matrix F(t) 1s continuous on I,
and non-negative definite; then (I) - (II) holds and there are n 1linearly
independent solutions of each type. Moreover, the same is true ([3]; cf.
also [6]) for systems x" = G(t)x' + F(t)x, where F, G are continuous
matrices and the symmetric part FC of F satisfies F° >GG* ( > 0).

The object of this note 1is to generalize Kneser's theorem to the
system (S) - (R), for all n > 1, in such a way as to include the linear
result of Harman and Wintner ([3]) just quoted.

However, we shall replace (G) - (Q) by the less general condition

(L) IeCx, ¥, )l < Cg + Kglyll
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for all vectors y and a1l R> 0, and forall 0<t <R and
Ixl <R, where the "constants" Cp and Ky depend only on R.

For the system (3) - (R) - (L) the conclusions (I) and (II) hold.

The proof is similar to that of Kneser except that a certaln
boundary value problem arising in a lemma is more difficult. This problem
is reduced to a non-linear integral equation, for whose solutions (L) pro-
vides an a priorl bound. Then in the ma.rmeruof Birkhoff-Kellogg, Schauder,
and Leray, the Lefschetz fixed-point theorem <for compact HLC spaces can
be used to solve this integre.:} equation.

Despite considerable effort, I have been unable to relax (L) to
(G) - (Q) in the case n > 1, or to provide a counter-example; this inter-
esting problem remains open.

The remainder of this note 1s similar to Part ‘Two of my 1955
dissertation, which was written at The Johns Hopkins University under the
direction of Professor Wintner. I wish to thank Professor Wintner for
suggesting this topic, and to thank both him and Professor Hartman for
thelr assistance and advice. I also wish to thank Professors Lefschetz,
Markus, and Barocio for the illuminating geometrical dilscussion of this
result which was reproduced above; this discussion was developed following
my presentation of the result to Professor Lefschetz's Princeton seminar.

2. To glve a more precise formulation of the results to be ob-
tained, let x be the coordinate vector (xl, ceny xn) and let f(x, x', t)
be a real vector function (f1, ey fn) which is continuous on the half-
space

(1) 0gt<w, -w<Xx<+®, =-w<x;<+m, (1=1,..0,n) .

As a generallzation of the non-negative definiteness of the coefficlent
matrix F° in the simple linear case G = 0, suppose that

(2) xf(x, x', t) 20
for all x, x', t on (1). We may then say that the differential equations
(3) " = £(x, x', t)

represent a mechanical system in which, by virtue of (2), the forces have
no "centrally attractive" component.

Now put r = ||x||2 = XX . In addition to (2), we shall assume
that for every Ty > 0 and T > 0 there exist positive numbers
C= c(ro, T) and K = K(r,, T) such that
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) lf(x, x', )l < C + Klx'|
for t, x satisfying
(5a) ogtgT, (5b) osrsr, ,

and for all x'. Since c(ro, T) and K(ro, T) can always be taken to
be monotone increasing and continuous in T, we shall assume for later
convenience that this has been done.

Next, note that r'(t) = 2x«x', r"(t) = 2x.x" + 2x'.x', and by
(2) and (3) we have

(6) r" >0, where == |x|® .

This fundamental inequality implies that the squared length r(t) of any
solution vector of (3) - (2) 1s convex toward the t-axis. The results
which follow actually depend on (6) rather thar (2). In the linear case,
F° > Go* 1s sufficient for (6); cf. [3]. Also it 1s clear that in the
linear case conditions (4) - (5) are satisfied.

By means of (4) and (6) we shall show (cf. Section 3) that all
local solutions of (3) at t = 0 can be continued onto a ("meximal")
interval

(1a) ogt<t® ,
but not onto 0 g t g t° where t° <= if and only if
(o) r(t) —> @ as t—> t° .

Consequently, all solutions of (3) are unrestricted except those for which
(7o) holds for some t° < »; in particular, solutions for which r(t) is
monotone non-increasing exist on (7a) with t° = .,

Let us define a dlvergent solution of (3) as one which exists on
(72) and satisfies (7b) for some t° < w. On the other hand, we shall say
that a solution is asymptotic if r(t) satisfies
(8) r(t) >0, 7»r'(t)go, 1r'(t)20 for Ogt<w ,
so that, in particular,

1im r(t) exists (< =) and 1im r*(t) =0 .
t —Dw t —dw
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Finally, let x(t; Xy x")) denote any continuation onto its maximal in-
terval (7a) of any solution of (3) which is defined at t = 0 and
satisfles there

(9) x(05 x,, x8) = x5,  x'(0; X, x8) = x .

(This solution 1s not in general uniquely determined by the initial con-
ditions (9).)

Using the above terminology, we now state our result as follows.

THEOREM. Let f be continuous on (1) and satisfy
(4) - (5). Then corresponding to every initial
position x,, there exist two vectors xl(xo) and
x!(x,) and corresponding solutions of (3) which
are such that

(10) every x(t; x,, x!(x,)) 1is divergent
(0gst<tdgw),
(11) some x(t; x., x'(x.)) 1s asymptotic
o? X%
(0gt<w).

In the linear case (10) - (11) imply that there are
n linearly independent divergent solutions and n
linearly independent asymptotic solutions.

REMARK. It 1s clear from the alternative described in (7a), (7b)
that an xl(xo) can be selected readily. (In fact, we need only let x:_
be any vector such that x!ex, > 0; then r'(0o) >0, and (by the con-
vexity of r(t)) (7b) must hold for some t° < w.) We now establish
this alternative.

3. According to & result of Wintner [14], all continuations of
a local solution x(t; Xy xc')) are unrestricted unless there exists a
t° < » such that

1n{r(t) + ||5r-(t)||2} -, as t—>t° .
Thus, 1f r(t) 4s bounded on 0 g t < t® (so that (5b) holds there for
some r,), then Um|x!'(t)] = » as t —> t°. From this we derive a

contradiction with (4), by means of the following lemma.

LEMMA 1. Let x(t) be a solution of (3), defined
on (5a), where f(x, x', t) 1s continuous on (1) and
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has the property (4) - (5) (but not necessarily
(2) - (6)). Then if x(t) satisfles (5b), there
exists a constant D = D(r,, T) such that x'(t)
satisfies

(12) 0g IIx'(t)] s D(x,, T) .

This a priori bound for x'(t) follows from modification of a
device of Hartman and Wintner [3]. Since x'(t) 1s continuous on (5a)
there exists some t, in (5a) such that |[x'(t,)|| = mex|x'(t)|| on (5a).
Now let

(13) It| = 1/(aK(ry, T)) ,

where m = m(rg, T) >n 1s so large that |t| g T/2, and choose sgn 7
such that t = t, + v 1ies in (5a). Then by the mean value theorem
there exist numbers 64 (=1, ««., n) lying in (5a) and such that if
we put x"(e) = (x?(e,), cee, xr';(en)), we have

(1) x(ty + 1) = x(t,) + x'(t,) + % °x"(e)

But by (3) and (4), |[Ix"(e)ll < nC + nK|lx*(t,)|l s nC + wK|x'(t,)||, so that
by (5) and (14),

Il It (£ s 2(p ) /2 + L mke?xt (8,)] + & 00

il.e., |=|C1 - %—nﬂ(l—rl)llx'(t*)" < 2(:-0)'/2 + -;- nCt2, which from (13) gives
(12) with D(r,, T) = bm(ry)'/2K(r_, T) + nG(r,, T)/mK(ry, T). This proves
the lemme and so the alternative (7a) - (7b).

4, It remains only to select xi(xo) and a corresponding solu-
tion (which 1s not unique) in such a manner as to satisfy (11). In our
construction of an asymptotic solution of (3), the following property (J)
proves to be fundamental:

(J). To every vector Xq and every positive number
T there corresponds a solution Xxp(t) of (3), de-
fined on (5a), and satisfying

(15) xp(0) = x,, xp(T) =0 .

Hereafter we shall refer to (J) as the Jjoinability property for
(5a). Because the successive approximations by means of which Picard [9]
established local joinability (under certain smoothness assumptions for a
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system similar to (3) do not converge for large T, 1t will be necessary
to prove in some other manner that (6) implies joinability in the large.

To this end we shall employ the following lemma (which is independent of

(2), (8)).

LEMMA 2. Suppose that f(x, x', t) 1s continuous
and bounded, say |f| M, on

(16) 0gtgT -o<X <+w, -w<Xf<+w, (L =1, eee, n)
Then (3) has the joinability property on (5a).

As 1s well known (.10]), the lemma 1s true if and only if the
integral equation

T
(17) x(t) = x,(1 - ¢/T) - f o(u, t)f(x(u), x'(u), u)du
o

(vhere ¢ = u(T - t)/T on osusgtsT 9 =+t(T-u)/T on
0gt<ugT, and 0g o(u, t) g T/4) hes a solution x = xp(t) on
(5a).

For n =1, Lemma 2 was stated by Birkhoff and Kellogg [1] as a
corollary of their fixed-point theorem (cf. the elementary proof of Lemma
2 by Scorza-Dragoni [12]). It seems possible to extend their methods to
include n > 2, but such an extension 1s not immediate. A (slightly weak-
er) form of theilr fixed-point theorem was later discovered independently
by Caccloppoll [2], and his proof for scalars clearly can be extended to
apply to vector functions as well. On this basis, Scorza-Dragoni [13]
stated the lemme for n = 2. As a matter of fact, the lemma for n > 2
is an obvious immediate consequence of Schauder's fixed-point theorem [11].
For (1) the integral transformation on the right-hand side of (17) is a
continuous mapping & of the Banach space B of class ¢! vector fune-
tions on (5a), into itself, where (by definition), (11) B 1s complete in
the topology of uniform convergence of the functions and their first de-
rivatives, and (111) & 1s "completely continuous", in the sense that the

closure of F(B) 1s compact. (F: K —> K = 9/'(3, an absolute retract.’)

Now let x, and T > 0 be arbitrary and consider any vector
function f#*(x, x', t) which 1s identical with the f(x, x', t) of (1),
(3), and (4) - (5) on the product cylinder

(18) 0gtsT oOgrgr, O0g|x'|gbry, T ,
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and which on the half-space (1) i1s continuous and has the same bound, M,
as does f(x, x', t) on (18). By Lemma 2 the system x" = f*(x, x', t)
has the joinability property on (5a). But by (6), any solution x.r(t)
satisfying (15) also satisfies (8), and so by Lemma 1 lies entirely within
the cylinder (18). This shows (cf. the similar argument in Kamke [7], p.
129) that the introduction of f* was unnecessary, i.e., that f£(x, x', t)
satisfles joinability on (5a). But because T > 0 was arbitrary, this
proves the unrestrictedness of the joinability property of (3).

5. The remainder of the proof now proceeds as in [15]. Let X,
be fixed arbitrarily and consider the sequence of solutions x,r(t) of
(3) satisfying (15) for T =1, 2, 3, «.. . From (15), we have

(19) rp(0) =r =x x5, 7T (m)=0, (m=1,2, .c.) ,
where
(20) Iy = T(t) = Ix,(6)% .

But (6) and (19) imply that rm(t) 1s monotone for 0 g t g m. Conse-
quently we have also

(21) r(t) >0, =»i(t) g0, wrp(t)2o0, 1f Ogt<m .

Now the first of the conditions (19) and the second of the in-
equalities (21) imply that the functions rm(t) are uniformly bounded by
r, on every fixed, bounded t-interval. In view of (20) the same holds
for the vectors xm(t), and by Lemma 1 and (3), for the vectors x‘ﬁ(t),
xp(t) as well (the function f(x, x', t) being continuous on the compact

cylinder (18) for fixed, bounded T).

Consequently, the sequences (xm(t)] » (xg(t)) are uniformly
bounded and are equicontinuous on every fixed, bounded t-interval. By
the Ascoli-Arzela selectlon principle, we can choose an increasing se-
quence of integers m = m(k) (k = 1, 2, «..), such that as k —> =,
Xp(x)(t) and xr;)(k)(t) converge (uniformly on every fixed, bounded
interval of the half-line 0 g t < w) to limit functions x(t) and x'(t);
furthermore, x'(t) is the derivative of x(t).

Since every X (k )(t) is a solution of (3), it is clear that
x(t) 1is an unrestricted solution of (3), and that, by (20) and (21),
r(t) satisfies (8). The desired vector x!(x,) 1is then given by x'(0),
and the proof of (11) is complete.

In the linear case, let mxo, (m=1, «ee, n), be n 1linearly
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independent initial position vectors and let mx_'_ be corresponding in-
1tial velocities which determine (unique) asymptotic solutions; for
simplicity, fix mxo, (m=1, «eo, n), as the n unit vectors

(1, 0 veey 0), (0, 1, Oy wes, 0), oes + Next lot "x! = "x  (so that
Mpi(o) = "x!-Bx > 0). Now since "r!(0) = "x!-x < 0, the n asymptotic
solutions are lineerly independent of the n divergent solutions.

RIAS, Inc. (Baltimore)
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FOOTNOTES

1 Results obtained while the author held a National Science Foundation
Fellowship at The Johns Hopkins University. Extended and revised at
Princeton University (under Naval Research Contract Néori-105, Task Order
v, Project NRO43-942) and at RIAS, Inc. (Baltimore).

2 Similarly for real parts of roots when fx(o, 0) # fg(o, 0).
3 By A% denote symmetric part of a matrix A.

b If K is an AR (absolute retract) compactum and & : K —> K 1is
any self-map of K, then F has at least one fixed point ¢ =F(t) 1in
K. Cf. e.g., S. Lefschetz, Topics in Topology, Princeton University Press
(19%2), p. 116 and p. 119.

> Here D denotes the convex closure of a set D C B. If the closure of
D 1s compact, then s an .
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