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PREFACE

THE student of Eddington’s work will find Fundamental Theory
an exceecdingly obscure, annoying book, in which gems of
physical insight are momentarily glimpsed in a thoroughly
unworthy setting. It would be impossible in a small monograph
to attempt any definitive account of Eddington’s ideas, nor do
we believe the time to be ripe for this. The present book is only
an attempt to point out a possible approach to Fundamental
Theory, and to fill in just enough details to demonstrate in the
last chapter that such an approach can be profitable.
C. W.
B. 0. J.
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SCIENTIFIC THEORIES

1.1. Introduction. THE object of this book is the clarification of
Eddington’s later researches and, in particular, those published in his
posthumous work Fundamental Theory (1), which will be referred
to throughout as FT. (Numbers in parenthesis refer to the biblio-
graphy at the end.) It is fair to say that at the present time these later
researches have been rejected by the vast majority of physicists. The
authors would be among the first to admit that a great deal of change
is needed before Eddington’s final works have a satisfactory form.
However, they differ from the majority in their opinion that the unsatis-
factory nature of his work is probably due to the inherent difficulty of
the ideas and that the obscurity is that inevitably associated with the
revolutionary. In such circumstances, there scems room for a book
which will patiently examine his arguments one by one and try to sift
what is valuable from what is false. A recent work of N. B. Slater (2),
which will be referred to as S, has given us a systematic collation of
various early manuscripts of FT, but Slater was unable in the compass
of his work to spend much time on eludication. He has added materially
to our knowledge of how Kddington’s ideas reached their final form,
and in what follows we shall lean heavily on his work, often without
acknowledgement.

We shall confine our attention to Chapters I-V of FT, that is, to the
part described by Iiddington as the statistical theory. Our reason for
doing this is twofold. Firstly, this part of the book is, to a very large
extent, self-contained, and so affords us a convenient starting-point in
analysing the whole theory. Secondly, it will be clear from what has
been said above that the primary difficulty with Eddington’s work is
in the underlying ideas rather than in the methods of calculation, and
it is in the statistical theory that the ideas are most clearly expressed.
This is not to say that even there the ideas are precisely stated. Indeed,
they must often be unecarthed from ambiguous statements and asides;
but the situation is better in the statistical theory. Another way of
looking at this distinction is that the most surprising aspect of FT,
though not in our opinion the most important, is the calculation of
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2 SCIENTIFIC THEORIES 1.1

certain pure numbers as constants of nature. Chapters I-V purport to
show these numbers arising as ratios of numbers of dimensions of
certain phase spaces. The other chapters calculate the numbers of
dimensions which these spaces will have. Thus we cannot expect, with-
in our limited objective, actually to calculate many pure numbers, but
it may be possible to understand how these are calculated by Eddington.

Merely to give a detailed criticism of Eddington’s statements would
be only of very limited use. Criticism implies a definite, well-understood
standpoint, and the reason that Eddington has suffered so much from
adverse criticism is that his work is written from a completely different
point of view from that of his more orthodox critics. Moreover, he never
makes his position clear, and in some of his non-technical works he gives
a misleading description of his outlook on physics. This description no
doubt agrees with his earlier ways of thinking, but the authors believe
that his work can only be understood from a quite different standpoint,
and therefore they are forced to the conclusion that consciously or
unconsciously in his last years he also had this new way of looking at
scientific theories. This chapter will deal with the formulation of this
outlook in as much detail as necessary, and then in subsequent chapters
we will be able to give a detailed criticism of Eddington’s work, para-
graph by paragraph. We shall, throughout, try to avoid being merely
destructive and where his arguments are at fault we shall attempt to
replace them by valid arguments leading to more or less similar
conclusions.

In constructing the new point of view in this chapter we shall con-
sider the whole of FT, and not merely the statistical theory, so as to
be as sure as possible that we have the correct basis for understanding it.
Thus this chapter serves also to connect the consideration of the statis-
tical theory in the rest of the book with Eddington’s algebraic theory.

1.2. Structural physics. There are a number of experimental ob-
servations in physics which can be termed ‘structural’, and the purpose
of Eddington’s work is a uniform theory of such observations. One
result of such a uniform theory is a particular kind of unification between
different branches of physics, since structural observations come from
a number of subjects at present separate. There have been several
other attempts at such a theory since Eddington’s, and these may be
mentioned here. Kilmister has considered, in conjunction with E. W.
Bastin, certain algebraic structures in physics (3, 4, 5). The discussions
given by Bastin and Kilmister are not clear, and this is partly caused
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by their having very few examples of these structures available.
Newman (6, 7) has formulated a theory which he calls ‘entity structure’,
and it appears that this is an algebraic structure of the type considered
in Bastin and Kilmister (3). As a result, the connexion of Newman’s
theory with experiment is of an unusual kind. The nature of this con-
nexion is not clear in his papers, but he says (7) that the aim of his
theory is not necessarily to discover new or better laws, but to under-
stand the foundations of physics. This statement expresses the aim
of such theories in a very suggestive manner, though perhaps not
sufficiently precisely.

The existence or not of these algebraic structures, underlying physical
theories, can only be properly investigated by means of some technique
for working with scientific theories. Such theories in the past have
often been regarded simply as hypothetico-deductive systems. Of
course, to think of them in this way does help us to understand them
to some extent, but if it were the essential property of such a theory
to be a hypothetico-deductive system, it would not be clear in what it
differed from logic alone. The view which we wish to put forward
emphasizes instead the continually developing quality of a scientific
theory. New information can enter the system at any time in the form
of new experimental facts. The surprising thing which calls for explana-
tion is that it is quite practicable to discuss scientific theories, notwith-
standing this continual change. This is true in all parts of science, but it
is most clearly exhibited in quantum mechanics.

In quantum mechanics we are confronted with the most remarkable
fact of the existence of stable structures—we call them elementary
particle systems—which have the property that new experimental data
can continue to be described in terms of the same set of stable particles.
(We do not for the moment consider the unstable particles—taking the
line that the possibility of physical measurement depends on the
existence of at least some stable ones.) We speak of such particles as
having an ‘exhaustible set of attributes’ to indicate that the results
of indefinitely prolonged experimentation will continue to be referable
to the same small number of constants. These constants we then think
of as being the numerical measures of mass, charge, etc., of an elementary
particle. Probably we are forced so to think of them if we are to pre-
serve any form of quantum mechanics that is continuous with macro-
scopic mechanics as the systems it studies become larger, but this tradi-
tional mode of description certainly obscures the facts we wished to
stress by referring to the elementary particles as ‘particles with an
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exhaustible set of attributes’. An approach that, on the contrary,
illuminates these facts is as follows:

We consider that as there exist particles with a small number of
attributes that by their invariance under different circumstances pro-
vide us with our ultimate numerical standards in physics, so there
must exist some invariant parts of the theory, in some sense which needs
to be made precise. For example, Newtonian mechanics, special rela-
tivity, and general relativity are theories which all have in common
(amongst other things) a (34 1) space-time structure.

1.3. Eddington’s structural outlook. Let us now consider the rele-
vance of these arguments to the present book. We wish first to draw
attention to the way that the whole of Eddington’s work exemplifies
our theme by its unorthodox algebraic nature. It is clear from several
places in FT (and rather clearer from the earlier version (8)) that
Eddington’s use of the E-frame differs both from the ordinary use of
unit-vectors, and from the orthodox use of the Dirac matrices. For
example (FT, pp. 265-6), he speaks of ‘an essay in the representation
of conceptions by symbolic algebra. . . . We have to express in mathe-
matical symbolism what we think we are doing when we measure
things; . . . Having examined critically our conceptual interpretation
of the process of measurement, we have to define symbols with properties
that correspond precisely to the conceptions introduced.” Again, on
p- 139, ‘The symbolic coefficient describes the nature of the quantity,
“nature” being defined by reference to such concepts as relativistic
equivalence, chirality, idempotency, all of which are comprised in the
general concept of group structure. We call these structural concepts. . ..
(See also the extract from the 1943 draft (S, pp. 276-8).)

Eddington tries to avoid the detailed carrying out of such an ambi-
tious programme by using heuristic devices. For instance (8, Chapter
1), he introduces a four-dimensional space and considers the trans-
formations of vectors and tensors in this space, although (cf. 8, § 4.3)
it is certainly not physical space-time. The connexion between the
original space and physical space-time has been explored to some extent
by Kilmister (9), but without explaining the significance of the original
space. This significance can be better seen from Eddington (8), p. 109,
where he explains the need for ‘. . . locking the changes of one charac-
teristic to those of another. . .. We consider the simplest form of tensor
interlocking and construct the ideal system to which it would apply.
We cannot find any more elementary starting-point than the locking of a
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covariant wave tensor to a mixed wave tensor; ... These tensors are in
the original space, and this quotation shows the use of this space as a model
structure, from which we can construct algebraic concepts (structural
concepts). By choosing a four-dimensional space as the original struc-
ture, the hope is that the new structure will be related to measurement.
Such a heuristic procedure might not be expected to be very useful, but
in fact Eddington was able to derive considerable assistance from it.

We have now said enough to justify our description of Eddington’s
algebraic method as unorthodox and to make fairly explicit the problem
of formulating such a structural theory in detail, so that it can be more
readily understood. Such a formulation must also take account of the
considerable success of the approach (at least as a heuristic method)
in Eddington’s hands.

The importance of all this for the statistical theory, described in the
rest of this book, is simply that the idea of a simpler theory underlying
a more complex one (which arises naturally in the algebraic theory)
occurs over and over again in the statistical theory. One may say that
the statistical theory describes the physical concepts more clearly than
the algebraic theory, but it is based on structural concepts derived by
Eddington by pondering on the algebraic theory.

The importance of structural considerations has already been pointed
out by Bastin and Kilmister (3), using the phrase ‘fundamental non-
metrical physics’. Simple examples of facts in such a non-metrical
physics are the number of degrees of freedom of an event (4), of the
electromagnetic field (6 if we are dealing with field-strengths) or of the
gravitational field (10 in general relativity). In such terms it is already
possible to pose problems not yet certainly solved. For example, have
the combined electromagnetic and gravitational fields more than 10
degrees of freedom? (This is the point of difference between the
Einstein-Maxwell theory (e.g.) and Wheeler’s ‘Geometrodynamics’.)
Wheeler’s approach to this question is by means of metrical physics,
but Bastin and Kilmister showed (4) that there are some structural
problems which can be answered by a structural theory alone.

An implicit realization of the importance of algebraic structures in
physics occurred already in 1938 in Dirac’s discussion (10) about the
dimensionless physical constants. (We are not here concerned with
the truth of Dirac’s hypothesis in that paper.) Dirac observed that
the fundamental dimensionless constants fall into three classes:

(i) those like the proton-electron mass-ratio and the fine-structure
constant which are of order 1;
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(ii) those like the force constant (ratio of electrical to gravitational
force between proton and electron) and Hubble’s constant in
atomic units which are of order 1039;

(iii) those like the ratio of the total mass of the universe to that of
the hydrogen atom which are of order 107°.

In order to arrive at such a generalization, Dirac permitted himself to
prepare the experimental material by replacing any dimensional constant
which was less than 1 by its reciprocal. Otherwise, he considered just
those constants which presented themselves naturally. Now, in order
that any result of Dirac’s form could be anything but a most remark-
able coincidence we must have some very strict limitation on the
constants which can enter. For example, it might appear that by re-
writing our equations in a different form we could make the constant
e"mo an important one, instead of the original mass ratio, but this
constant naturally would not fall into any of Dirac’s groups. Thus,
the system for which Dirac’s results hold must be a sufficiently simple
one to preclude such mathematical operations.

Again, Bohr and his school in Copenhagen, as a result of a detailed
analysis of the conditions of measurement in quantum-mechanical
systems, come to the conclusion that the uncertainty principle implies
that no single model can be adequate to describe the state of an cle-
mentary particle. Such a conclusion requires a considerable modifica-
tion of our way of thinking about scientific theories, and yet is consistent
with the possibility of formulating our knowledge of the particles in
such a way that the numerical values of the atomic constants are assimi-
lated directly to some (algebraic) structures and only derivatively to
properties like mass, spin, and charge.

1.4. The structural assumptions. We now proceed to outline a
theory of the invariant algebraic structures which makes it possible for
the numerical constants arising from the structures to be identified
with atomic constants.

In the first place we suppose that to a given invariant part of physical
theory there corresponds a set of relevant experiments (those experi-
ments which, we would normally say, have meaning in that part of
the theory, are describable in it, and the results of which are predictable
to a certain degree of accuracy in it). To take an example, consider the
theory defined to be that part of Newtonian mechanics which follows
from Newton’s first law and the laws of elastic impact. Such a theory
contains most of the experiments in a game of billiards. If we consider,
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however, the experiment of simultaneously shooting three perfectly
elastic billiard balls up the medians of an equilateral triangle to con-
verge at the centre, we find that an indefinitely small error in the time
of shooting produces a large change in the result. This experiment,
then, belongs to a more complex theory (belongs in fact to some theory
which treats elastic properties explicitly).

We can then imagine sequences of theories, X,, %,,..., each sequence
arranged in order of complexity (we may write X, > X_ if every experi-
ment of 2, belongs to X, but not vice versa). In such a sequence the
more complex theories predict the results of more experiments and so
are more open to amendment as the result of an inflow of new informa-
tion. The simplest members of the sequence are least open to such
development and in this are ncarer to mathematics than to usual
physical theories. It is not easy to give a precise example of this state
of affairs because actual scientific theories are not well defined, but the
following table (where arrows denote the ordering by inclusion) will give

some idea.
Quantum field General
theory rolativity

b~

Quantum Special
mechanies relativity

\/

Newtonian
mochanies

The process of decreasing the number of variables in an experiment
which belongs to one theory so that the amended experiment belongs
to a simpler theory is called abstraction. In fundamental physics this
is often (not always) achieved by considering an experimental con-
figuration in which certain fundamental constants become negligible.
For example, in our previous table, we may mark in the conditions for
the abstractions shown:

£
T GR

V<<c s>>h

QM \sa
y\ /
N

(where S is a typical amount of action and L a typical length).

€
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We remarked above that the simpler systems are less open to amend-
ment as a result of new information, so that the simplest ones of all
will simply be formal systems of a certain type. Therefore, our assump-
tion has to be amplified to say that the process of abstraction can be
extended until the results of the abstraction are certain formal systems.

The novel part of the present approach is the hypothesis that the
experimental contact of each structure has the same degree of physical
reality (the orthodox view would be that the most complex structure
gives greatest experimental contact, the simpler structures being merely
simpler theoretical models). Naturally, it is easier to design experi-
ments in a very complex abstract structure, and in the simplest abstract
structures that we know it is difficult to devise any experiments at all.
But any experiment is only completely specified if we know what
structure it is framed in. The experiments of elementary dynamics
contain smooth planes, elastic particles and so on; and it is misleading
to say simply that these are not available in the world. It is better
to say that elementary dynamics has just as real an experimental con-
tact ag any other theory, only we must prepare experiments in such a
way that friction and so on do not affect the results (e.g. Atwood’s
machine).

It would be generally agreed that some parts of physics are more
‘fundamental’ than others, although this term is admittedly a vague
one. In so far as the term can be given a precise meaning, we can make
our hypothesis in a form which is refutable (it therefore becomes an
ordinary scientific hypothesis):

The simplest abstract structures describe the most fundamental
experiments

The more complex structures have then the property that our know-
ledge of them is less complete, but must be gradually added to by
further experiment in the structure. At any one time one could think
of a complete structure, but it is misleading to do so. We should really
think of these structures as continually changing in time. In Bastin
and Kilmister (4) this point gave rise to the use of Brouwer’s mathe-
matics, but it was not made clear which parts of the theory really
required the intuitionist uncertainty and in which parts we could retain
the more convenient classical methods. We are now able to make an
explicit assumption about the abstract structures, which was implicit
in Bastin and Kilmister (3), and to relate the necessity for this assump-
tion to the Brouwerian characteristic of the complex abstract struc-
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tures. The justification for this assumption is the agreement with
experiment of the results to which it leads (it is, therefore, an assump-
tion of the usual kind in science):

Assumption 1. Given the partially ordered set of structures ¥,, there
exists a mapping H onto a corresponding set of algebraic structures S,
H: ‘\:’r g Sr’

such that
(i) Each X, determines a unique S,.
(if) If X, > %, then S, > 8,
(iii) The S, can be regarded as invariant while the X, change with
new information.

This property of the X, is called (for reasons which will become clear)
that of being essentially algebraic and the structures S, were called
theory-languages by Bastin and Kilmister (3).

The use of a different letter for the structures S, is not meant to imply
any less degree of physical reality, but these structures are sufficiently
simple for us to have a good understanding of them, and the different
letter is used to imply that their Brouwerian characteristics are negligible.
This is why we can treat them as mathematical structures (‘formal
systems’). We can then make assumption 1 more precise as follows:

Assumption 2. If X, - %, isan abstraction (in the sense of this section),
then 8, — §; is a homomorphism.

The particular structure theory which we devise then depends on
assumptions about the nature of the formal systems used as theory-
languages.

It will be as well to make clear at this point the way in which the
idea of a theory-language assists us in understanding Dirac’s hypothesis,
although we are not here concerned with finding fundamental constants.
It would be commonly agreed that some measurements are physically
significant in themselves in a way that others are not. It is further
often maintained that dimensionless constants are those of greatest
physical significance. If the abstract structures provide the framework
in which alone consistent measurement is possible, and if we suppose
that the physically most significant measurements are logically the
most primitive, it is natural to expect the dimensionless constants to be
identified with some numerical invariants of the simplest abstract
structures.

1.5. Remarks on the assumptions. The assumptions made so far
are of a different kind from those usual in a scientific theory. The
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importance of the assumptions of the existence and physical reality of
the abstract structures is that no experiments can exist independently
of these structures. The usefulness of the assumption 1 then arises from
the fact that it is impossible to be completely precise about the more
complex structures ¥, because of their Brouwerian qualities. We can,
however, deal with some of the properties of the abstract structures
by means of the algebraic structures S,. We have to proceed in a tenta-
tive manner; we formulate such an S, directly, probably in a way which
involves heuristic arguments, and we then discuss what features of the
complex unformulated X, can appear in 8, and how they appear. The
agreement with experiment will then show whether or not our argu-
ments leading to S, were correct. For example, Bastin and Kilmister
(3) used certain symmetry conditions which they believed to define the
simplest of the canonical structures described above. They then proved
that such simple theory-languages were Abelian groups in which every
element was of order 2. The simplest such group, which possesses the
symmetry property non-trivially, is Klein’s quadratic group.

Tt is, then, clear that such an S, is in many ways like an ordinary
scientific theory, but it differs in certain respects:

(@) Once it has been formulated there is no longer any room for
additional assumptions, apart from axioms of identification. Thus the
theory must agree with experiment as it is, and there is no possibility
of slight modifications to ‘improve agreement’. Such ‘improved agree-
ment’ can only arise because the experiment in question is in a more
complex abstract structure, and the improvement results by formulat-
ing this more complex structure.

(b) The identifications which we must make to compare the theory
with experiment must often be performed using orthodox terms in a
somewhat generalized sense. This is because the structures S, are very
fundamental, so that one concept in S, may correspond in the mapping
X, -8, to several in X, and so to several related concepts in the ortho-
dox theory (which gives the names to concepts). This gives rise to a
danger of confusion in the exposition which is not present in expound-
ing an ordinary scientific theory.

The peculiarly rigid nature of the S, theories, noted above, at once
brings to mind the similar state of affairs in general relativity. This
suggests that general relativity is an abstract structure X, which is in
some sense nearer to its S, than other theories; in this sense we could
say that general relativity was a very simple theory. This description
of general relativity as a simple theory is in agreement with the usual
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view which emphasizes its four-dimensional nature and its dependence
on invariance requirements of an obviously epistemological nature. It
makes it clear that gencral relativity is a theory which has a great deal
to tell us about abstract structures. Eddington seems to have been
among the first to notice this fact (for instance in (11), first part of § 96,
concluding part of § 99, and especially § 103), but he was unable to make
much progress from this standpoint. (Some early drafts of FT, notably
that given in S, pp. 68-72, show that he retained some hopes of doing
so for a long time.) The appearance of Dirac’s wave equation for the
electron showed Eddington that the S, for general relativity was not
the only one, and that the Dirac matrices described another one. The
difficulty is now that the corresponding X, is much farther away and
it is in X, that the conventional interpretations are made.

One way which Eddington adopts in FT to try to overcome this
difficulty is by using B-factors (8 = 137). From what we have said
above it is obvious that we cannot accept the discussion of B-factors
given by Iiddington. Probably he intends them as a device to avoid
the problem of formulating the more complex abstract structure which
some experiments require. But we have no means of telling how good
an approximation such a device is.

It is instructive to compare the present approach with an earlier
attempt of Kiissner (12) to formulate certain abstract structures in
physics. This attempt of Kiissner’s is vitiated by his using, as an
experimental check on his assumptions, a system of physics which is
not only unorthodox but almost certainly wrong. Kiissner’s work,
therefore, forms an interesting example for us of how it is possible to
formulate abstract structures wrongly (a state of affairs which would
not be expected from reading lddington’s work). Kiissner’s argument
is as follows. He tries to relate the difficulties in physics with the crisis
in the foundations of mathematics by looking on this crisis as one which
arises from extending the number system. The extensions of the number
system in physics which he considers are quaternions and their direct
products, the even Clifford algebras. One of the results which he claims
to deduce (12, p. 33) is the four-dimensional nature of space and time.
The argument is that the higher algebras have homomorphisms on to
quaternion algebra which is a division algebra. He then proceeds (pp.
150-3) by an analogy with the usual dimensional analysis to set up a
means of calculating dimensionless constants from certain finite groups
associated with the Clifford algebras. He believes that the algebra
which is the direct product of n quaternion algebras enables one to
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calculate » fundamental constants. It is possible to see a certain vague
connexion between Kiissner’s methods and Eddington’s, but because
of his most unfortunate physical identifications (pp. 53-149) his theory
leads nowhere.

1.6. Conclusion. One possible way of proceeding from this point would
be to formulate precisely the simplest algebraic structures involved in
physics. We have not any straightforward means of doing this; we
must proceed by trial and error, taking account of the symmetries which
the structures must have and trying to relate the structures to the way
we make measurements. Such attempts have been made by Bastin and
Kilmister, and by Newman. There is no doubt that this would be the
most fundamental way of tackling the problem, but it would be a very
lengthy one, and within the compass of this book we could not hope
to reach the degree of complexity required to criticize Eddington’s work.
In any case this path leads directly to the algebraic theory and only
in a roundabout way to the statistical theory. Accordingly, we shall
instead try to keep in our minds the general idea of a simple abstract
structure. We may think of it as a systematic model-making of theories,
and from this point of view we shall carry out the page-by-page criti-
cism of Eddington. It will not be necessary in the course of doing this
to refer to this basic idea at each stage; it will often be taken for granted.
We believe that Eddington also took this idea for granted in his later
work. In the following chapters we shall deal, in more or less the same
order as Kddington, with Chapters I-V of FT, but omitting those parts
exclusively concerned with B-factors. Thus the theory described will
be cruder than Eddington’s, but also simpler to understand.

We conclude this chapter by describing the plan we have worked
from in preparing this book. The remainder of this chapter is only
of interest to readers who are already familiar with FT. Let us begin
by making a short summary of FT, dividing the statistical theory up
into its various logical parts. The following chart shows the very
complex interconnexions between the various sections of FT. The
arrows on the chart imply a principal logical dependence, though
naturally there would also be lesser uses of one section in the argu-
ment of another which we can probably ignore at first. One thing which
emerges from this chart is the anomalous division into chapters which
is employed by Eddington. Thus it would be much more natural
for section 23 to begin Chapter 3 instead of section 24, and we find
from Slater’s book that this was in fact the case in an earlier draft.
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14 SCIENTIFIC THEORIES 1.6

Again, section 33 follows directly on section 26, and this again corre-
sponds to an earlier draft in August 1943. One wonders whether
Eddington was led by his unfortunate circumstances to try to fit in
sections somehow or other even when the logical order was inter-
rupted. We shall already have made substantial progress towards
understanding FT when we have sorted out the logical dependence of
sections in this way. Another thing that we can observe from the chart
is that some chains of development may still be preserved, even after
we have shown others to be fallacious.

The rather complex chart can be simplified in the following way.
Firstly, we notice a unifying principle in all the arguments employed
in the statistical theory; that is the principle that we must take account
of the environment. In the terms which we have already defined, we
can say that the whole of Eddington’s investigations consist of deter-
mining the relationship between a simpler and a more complex abstract
structure corresponding respectively to the system concerned and the
system together with its environment. Now, these investigations fall
into the following parts. There are two basic arguments which we shall
call ‘A’ and ‘B’. ‘A’ consists of sections 1 to 5 of FT and is fully dealt
with in our Chapter 2. ‘B’ is the longest complete argument to be
found in the statistical theory and comprises roughly sections 7 to 15
of FT together with section 22. This is described at length in our
Chapters 3 and 4. There are then three secondary investigations which
are based on these fundamental ones. Of these, the discussion of the non-
Coulombian potential is based mainly on‘A’ and isfound in our Chapter 5.
This depends, however, in one respect on the investigations of the proton-
electron mass ratio and the Coulomb potential which are based only on
‘B’ and are found in our Chapter 6. Lastly, the discussion of exclusion
and of the nature of proper mass (Mach’s principle) with the deter-
mination of the constant of gravitation. These are based mainly on
‘A’ and are found in our Chapter 7. The remaining sections of FT are
disconnected fragments which we discuss in an appendix. The following
charts summarize this description.
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2
EDDINGTON’S STATISTICAL THEORY

2.1. WE will now describe argument ‘A’ of Eddington’s theory which
consists of sections 1 to 5 of FT.

The ‘qualitative physics’ assumed by Eddington is the relativity
principle and Heisenberg’s uncertainty principle, both of which are used
in very primitive forms. The relativity principle is used to justify the
statement that the observed coordinates are relative coordinates of two
physical entities. The uncertainty principle requires that a particle can
only be assigned a probability distribution of position and velocity.
The combined principle used by Eddington is that observed coordinates
are relative coordinates of two physical entities, both of which have
uncertainty of position and momentum in the geometrical frame; the
same considerations applying to other observables.

1t is not possible to develop the theory of the Lorentz transformation
from Eddington’s use of the relativity principle since the probability
theory involved is not Lorentz invariant. Eddington was strongly
opposed to the view that the equations of quantum theory should be
Lorentz invariant and he put forward arguments (13, 14) to support
his view.

It follows from the combined principle that an observable coordinate
is not measured from the geometrical origin of the auxiliary mathe-
matical frame, but from a physical origin which has an uncertainty
of position in the geometrical frame. The geometrical origin may be
used but is eliminated in the final calculation of observationally veri-
fiable results.

Suppose we have a system of particles with coordinates (x,,y,,%,)
(r == 1,2,...) in the geometrical frame and suppose the geometrical co-
ordinates of the physical orgin are (x, ¥y, 2,). Both sets of coordinates
are unobservable, but the relative coordinates

(f,-, N Cr) = (x,——xo, Yr—Y%o> Z,—Zo)
are observable. The equations of wave mechanics use a ‘physical origin’,
since they treat coordinates and conjugate momenta as observables.
However, the frequency function f(x,, ¥,, 2,) of the physical origin is not
specified and knowledge of f(x,, y,, 2,) i8 necessary in order to make the
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transformation of coordinates from (x,.¥,.2,) to (§,.m,,¢,). Some of the
equations of quantum theory can only be valid for some particular
origin, since they are not of a form which would be invariant for
arbitrary changes of f, so we require to know what is the origin em-
ployed and what is the frequency function.

2.2. Eddington argues that the physical origin must be defined as the
centroid of a large number, N, of particles with a spherically symmetric
probability distribution since the form of the probability distribution
of this centroid (a Gaussian distribution) does not depend on the prob-
ability distribution of the individual particles, subject to certain condi-
tions which are ordinarily fulfilled. Amongst these conditions is that the
individual particles are non-interacting, so that we may suppose that
either they are particles in a simple theory which describes neither
forces of gravitation nor electricity, or that the particles are hydrogen
atoms and the gravitational fields are neglected. The neglect of the
gravitational fields will be valid if we consider the particles in an
Einstein universe, as Kddington does, or in some other curved space.
The fields are then represented by the curvature, which does not affect
the distribution except through the geometry. This scems to be the
intended interpretation, though the possibility of describing unstable
particles, such as mesons, is ruled out.

Throughout FT the physical origin employed is related to the geo-
metrical origin by a Gaussian frequency function of the form:

S0, Yoo 29) = (2m0?) do- iz’ (1
where the standard deviation, o, is known as the ‘uncertainty constant’.
This uncertainty constant plays an important part in Kddington’s
theory, since it puts the scale into the physical frame, and one of the
main problems in FT is to investigate the way in which o is related to
various structures in the physical frame.

The laws and constants which Eddington derives are valid only for
measurcments referred to the physical frame defined by (1). There is
no guarantee that this frame will be the one in which the current
quantum equations are valid. Eddington states that f must have a
Gaussian form for these frames to be the same, but his argument is
difficult to follow.

2.3. We will now present a slightly amended form of some of the
arguments used in the two previous sections.

The basis of relativity theory is the recognition of the necessity for
a coordinate system in describing physical phenomena. From this basis

85350 c
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the theory then goes on to find how to ensure that we are not merely
investigating properties of the coordinate system employed. It does
this by considering a set X of coordinate systems, and defining the
group, ((¥), of all transformations S — S’, where S, 8’ belong to 2.
A first necessary requirement that we are investigating physically
significant properties is then that they should be true in all the coordi-
nate systems of £. Since these properties are to be expressed by numbers
and relations between numbers, these numbers must transform under
a representation of the group G/(2). This condition is a general formula-
tion of the ‘principle of relativity’; the usual tensor theory then follows.
However, here we are concerned with only the initial step in this
derivation, that is, with the recognition of the necessity for a coordinate
system.

The principle of relativity is a necessary condition of physical signi-
ficance of properties, but it is not a sufficient one. This fact has been
shown by quantum theory. A possible basis for quantum theory, the
uncertainty principle, can be expressed in the following form, which
has the advantage for us that it is intimately connected with the last
section:

The numbers describing a physical system, in the sense of the last
section, can be divided into classes of conjugate pairs. 1t is false to
suppose that both members of a class can be known exactly. If one
member is known to a certain uncertainty, the minimum uncertainty
of the other is specified by the uncertainty relation.

These uncertainties must, of course, be defined accurately in terms
of probability distributions. When this has been done, the usual
formulation of quantum theory can be built up. As with the relativity
principle, we are concerned only with the first step in this derivation.
We shall consider, in particular, the position of particles. The conjugate
variate is then related to the momentum; however, the form of the
restriction which is sufticient for our purposes is simply that the position
can only be known with some uncertainty, that is, that a probability
distribution is given for the position.

If we are to consider the positions of a number of particles relative
to a given coordinate system, each position must then be specified by
a probability distribution. It is convenient to avoid the consideration
of so many independent distributions by recalling that the uncertainty
was introduced merely to conform to the uncertainty relation. We
therefore introduce an uncertain origin specifying a coordinate system
K; we are then considering a different kind of coordinate system from
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those understood in the earlier paragraphs. and the transformation
§ - K does not belong to G(X). We may suppose the coordinates of
a particle relative to K to be known exactly, since the uncertainty has
been provided, once and for all, by the origin. It should be noted here,
however, that although (zf), (y) may be exactly known coordinates of
particles X, Y relative to the coordinate system K (here supposed
rectangular cartesian) the distance XY will not be known to be exactly

[Z (xf~yi)2]*, for if we consider both X and Y allowance must be made

for them to have independent probability distributions.

It is necessary to be able to specify the transformation § - K, and,
in order to do this, we must know the probability distribution of the
origin. We are here faced with a difficulty, since we require to know
the frequency function f(x}), say, of the position (x}) of the origin of K
relative to S. Now f cannot be found by observation, since the (xi) are
not observables. On the other hand, the coordinates postulated in the
dynamical equations of quantum theory are assumed to be observable,
and must therefore be measured relative to K. The equations are
certainly not invariant under arbitrary changes of the function f, so
that they must imply a special choice of probability distribution. The
special choice which must, in fact, have been made by quantum theory
is suggested by the Central Limit Theorem (15, p. 180). A consequence
of this is that the centroid of a large assembly of non-interacting
particles has a Gaussian distribution, no matter what distribution (with-
in certain limits) the particles may have. If there are N particles, cach
with standard deviation «, then the standard deviation of the centroid
is k[ VN. Thus, if we postulate the centroid of N particles as (x}), the
function is determined. There seems no other equally simple choice of
definition. This fact and also the numerical agreement of the results
found by Kilmister (16) with quantum-mechanical experiment suggests
that this is the choice made by quantum theory.

There remains only the determination of the standard deviation, «,
of each particle; but we will leave this for the next section, when we
will consider Eddington’s derivation of ¢ as given in FT, § 3.

Before proceeding to this, let us consider the requirement imposed
by the Central Limit Theorem that the particles are non-interacting.
It will clearly be illegitimate to allow charged particles to enter, and
so we take the particles as hydrogen atoms. This means that we are
restricting our attention to a particularly simple abstract structure in
which all the particles are taken as equal. However, there is still gravi-
tational force between the particles, but this may be disregarded if we
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assume the particles to be in a space-time manifold of general relativity;
the gravitational field will then be represented in the geometry of the
space. (Eddington seems to have been unaware of the necessity for
non-interacting particles in FT.) The use of a curved space raises a
difficulty in the definition of the centroid in a non-invariant manner.
However, we require the idea of a centroid to define the origin of a
certain coordinate system, and we accordingly use a coordinate system
of the same kind to calculate the centroid.

2.4. Returning to FT, we find that in § 3 Eddington wishes to consider
a system of particles which is in self-equilibrium so that the probability
distribution is steady. This is a uniform distribution filling a hyper-
spherical space, i.e. an Kinstein universe. In order to use the finiteness
of the Einstein universe, Kddington considers the problem of a set of
N particles of which n are measured to be in a volume V. If n, is the
expectation value of n and n = n,-{-y, then y has the frequency function
Fule) = {2mng(1 =g N} texpl o 2] (2)
! 2n(1—ny/N)
The limiting form when N/n, -> oo is called the ordinary fluctuation and
corresponds to the infinite Kuclidean space of classical theory. The
frequency function in this limiting case has the form

Jo(y) = (2mn,)~texp[—y?[2n,]. (3)
The standard deviations of (2) and (3) are g, = (ny—n3/N)} and oy = n}
respectively, and we can introduce another GGaussian distribution, which
Eddington calls the extraordinary fluctuation, with standard deviation
o = (n3[N)E

and frequency function
fey) = (2mn§|N)-texp[ — Ny?/2nf], (4)
so that the ordinary fluctuation can be regarded as the resultant of
the extraordinary and the actual ones. The standard deviations are

connected by 03 = of ol
2,

The ordinary fluctuation arises from the finiteness of &, which also
gives us an Einstein universe instead of a flat space, so the passing
from classical to relativity theory leads to the curvature of space and
the introduction of the extraordinary fluctuation. Eddington sets out
to show that the two are really the same thing.

Bddington has already shown that we are dealing with an Einstein
universe, since we are considering a system of IV particles which is in
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self-equilibrium. Now an Einstein universe differs from a flat space
only in the radial direction, i.e. a flat space has a metric

ds? = dr2-r2d62 4 r2sin?0 dp>—c2 di?,
while an Einstein universe has the metric

ds® = __i‘,/Rz—}—) d62-}-r28in%0 dp>—c2 dt?,
where R, is the radius of the Einstein universe. Hence in these coordi-
nates the finiteness of an Kinstein universe, whether described in terms
of R, or N, is shown only by its effect in the radial direction.

1If we consider a point whose coordinate is r, the difference between
its physical and geometrical coordinates consists of:

(a) a fluctuation with standard deviation o in all directions, due to
the uncertainty of position of the physical origin, and

() a fluctuation with standard deviation ¢ 7 in the radial direction
only, due to the uncertainty of the scale of measurement of r. o is
the standard deviation of some linear scale factor e. Hence, we have
that the resultant standard deviation is o in the transverse direction
and (024-0272)! in the radial direction. For this latter quantity, Kdding-
ton subtracts the two standard deviations, since he considers o to be
an ordinary fluctuation while o.r is an extraordinary fluctuation. We
will show that this interpretation is correct, but we will beg no questions
and retain the dual sign for the moment.

Eddington calls these standard deviations in the radial and trans-
verse directions the ‘local uncertainty’ of the physical reference frame,
and assumes that the local uncertainty in a given direction serves as
a suitable standard of length measurement. (This is discussed more
fully in FT,§ 4.) Assuming that this is possible, we have that the radial
and transverse elements of a line-element reckoned in the o-metric, i.e.
the metric in which lengths are measured by local uncertainty, are pro-
portional to dr?/(o24-02r?), rdfjs, rsinfdp/o so that the space-like part
of the metric has the form

dr?
1:i: 72/ 2

Now we know that when we deal with a system of N particles we
have an Einstein universe, and if we assume that the local uncertainty
serves as a standard of length measurement, then when we apply this
to N particles, we must have that (5) is the space-like part of an Einstein
universe. Hence for the o-metric to represent an Einstein universe we

ds? = J-72d6? 2 sin20 dp. (5)
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must have that the time-element is proportional to icdt/o, and that we
must take the negative sign in (5), so that

o = Ryo,, (6)

where R, is the radius of the Kinstein universe. The condition on the
time-clement is ignored by Eddington, but if we consider only the space-
like coordinates as he does, then we will not have an Einstein universe.
"The time coordinate is as important as the space coordinates and should
not be left out of consideration.

If R, -> oo, which is the same as N -> o, then o, -> 0 and the Einstein
universe becomes a tlat space. Hence, since o7 is a fluctuation which
arises only through the finiteness of N, it is, in fact, the extraordinary
fluctuation, so that o is the ordinary fluctuation since it is combined
negatively with a,r.

To tind the value of o, Kddington considers the extraordinary fluc-
tuation of the particle density (4) as existing alone. The validity of
this is doubtful, and we propose to find the value of o, without the
intermediate step of finding o,, by following the arguments we put
forward in section 2.3.

It is first necessary to remark on the exact status of the standard
deviation « as a physical constant. It is the standard deviation of the
distribution of a single particle. This is not, of course, meant to imply
that there is one uniquely determined distribution. Rather we must
define, by some precise process, a distribution which it is natural (in
some sense) to consider for a particular space-time. This is clearly the
most difficult part of the theory. We will here put forward one defini-
tion of a distribution and the resulting standard deviation will be
calculated. This definition has the merits of simplicity and obviousness.

Consider the space-like components of a Riemannian space which are
given by ds? = g;;dx’ da,
where ¢, j = 1, 2, 3. In this metric there is defined at every point the
invariant element of proper volume

dV = g d*z.

Note that despite having previously stressed the importance of the

time-element, we are considering only the space-elements. But the

space-elements are all we need to define our distribution. Once we have

found o, our previous work shows how the time-element depends on it.
The distribution we will consider first is defined by:
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DEFINITION. The particles are distributed randomly per unit proper volume.
We can, of course, carry out the formal calculation of the standard
deviation for this distribution in an Einstein universe. The space-like
components of the metric are

ds? — dr?

. 2 2 1.2 2
I—(rz/l{f,)—H (462 +sin%0 d$?),

so that the element of proper volume is

2 o

SN g a6dg.
V(=i
Thus the chance of finding a particle in the range (r,r--dr) would be
proportional to 72dr[J(1—r2/R2). No interest attaches, however, to
finding the standard deviation of such a distribution, since r is not a
measured coordinate. If we write r = R,sin y, we have

ds? = R dx?|-sin2y(d6? |-sin%0 dp?)],

dV =

which shows Ry x to be the measured radial distance. In terms of x
we have AV = R, sinysin 0 dydodg,
so that the chance of finding a particle in the range {Ry x. Ry(x-+dx)}
is proportional to
AsinZydy - JAd(x —sin x cos x),

where 4 is a constant. For this to define a probability distribution
we have X

14 f d(x-—sin x cos y) = 1

X0

(the limits being fixed as the values of y for which dV vanishes), which
gives 4 = 2/7. The second moment about the mean (=) is thus

X=m
_ 1 .
=~ f (x—3m)2d(x—sin x cos x),
=0
e _ n? 1
1.e. My == TQ 9’
ie. fip = 0-3225.

The standard deviation of x is 4/(;) = 0-568, so that «, which is the
standard deviation of the measured length R, x is 0-568R, = R/1-761.
Hence, it follows from section 2.3, that the value of o is Ry/1-761VN.
This is of the same order as Eddington’s Ry/2VN or as Slater’s correc-
tion Ry/3VN.
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Since o and the linear scale-uncertainty, o, are connected by (6) we

have that the value of o, is
1

% = T761VN
However, this calculation has only a formal significance because the
mean value }m of y is simply ‘half-way round the universe’, and the
particles there are spread round the equator, not at one point. The
centroid of the particles is equally likely to be anywhere, as is obvious
geometrically. Eddington was early aware of this difficulty and in an
early draft (S, C, 33, i, § 6) he deliberately goes over from an Einstein
universe to another abstract structure (it is not easy to see whether
a simpler or more complex one), viz. a sphere of N particles in a flat

space. If the sphere is of radius R,, so that

a2y? 42 < R,

we have 302 = o2, ie. o,= 0,/V3,
and for one particle R,
2 = 4gi dod
a? 4WR%fr sin 6 drdfdé,

0
so that the standard deviation for the centroid is now
R’I R‘l
J(BN) ~ 2:236VN°
This calculation is now unexceptionable, but the difficulty is trans-
ferred to the jump between abstract structures. (It will be found
generally throughout this book that the difficulties can always be referred
to this one difficult concept.) In the present instance, apart from the
difficulty of knowing how it is ever possible to work in two abstract
structures at once, we do not know the relation between R, and R;.
If we assume R, = R, we have a factor 2-236 which lies between Edding-
ton’s and Slater’s results: but it is at least equally plausible to choose
the volumes of the Einstein space and the sphere equal, so that
¢rR? = 27?R3,

— RO
T 1:333WN°

Whichever method is adopted, Eddington argues that this scale-
uncertainty is the result of measuring with a standard whose actual
extension (in the geometrical coordinate frame) is uncertain to this
extent. The observational measures are first represented, without cor-
rection, in a flat space. (This accounts for Eddington’s use of the term

and then c
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‘measured distance r’, although, as we remarked above, in an Einstein
universe, 7 is not a measured coordinate.) The probability distribution
in the flat space is partly affected by the fluctuation of the standard
employed, and in order to obtain the true distribution corresponding
to an exact standard, we must eliminate the effect of the fluctuation
of the standard. This elimination changes the flat space into an Ein-
stein universe, since by taking account of o, the radial part of the line-
element changes from being proportional to dr/o to being proportional
to dr/(0®—o2r2)}. This means that the curvature of the universe replaces
the fluctuation of the standard, so that when we consider the particles
to be in an Einstein universe, we may treat the scale of measurement
of r to be exact.

Eddington remarks that the curvature representation of o, is suitable
for molar physics, but not for quantum theory, since the latter is not
concerned with statistical averages of large numbers of particles. For
quantum theory, he decides to revert to flat space and to take account
of the scale fluctuation in another way which he describes in FT, § 24.

2.5. Eddington’s § 4 of FT serves merely to discuss the validity of
defining the unit of length in terms of o. He asserts that the definition
of length and the definition of time interval are required at the begin-
ning of physics, since definitions of other physical quantities presume
the existence of a system of space and time measurement. Hence, in
specifying the standard referred to in the definition of length, the
quantitative part of the specification must consist entirely of pure
numbers. In quantum theory the physical structure is specified by
pure numbers, i.e. numbers of elementary particles in configurations or
states defined by quantum numbers. Because of this Eddington aserts
that the standard of length must be a quantum-specified structure.

The equations of quantum theory determine the various extensions
of space in quantum-specified systems as fixed multiples of a unit %/m,c,
and the ratio of two quantum-specified extensions at the same time
and the same place is a fixed constant. It follows that all quantum-
specified structures give equivalent metrics which differ from oneanother
only by a constant factor.

Later in FT, Eddington asserts that the Rydberg constant for

hydrogen, R, is given by
R =

16’;‘/5. 1362,137.0. (7)

This means that at least one quantum-specified extension has a fixed
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ratio to o, so that the unique quantum-specified metric is the same as
the o-metric. In other words, from (7), the use of the H, line as a
standard of length available at all times and places is equivalent to
using the o-metric.

The argument of Eddington’s reproduced above seems fairly straight-
forward, although the statement that the ratio of two quantum-speci-
fied extensions at the same time and the same place is a fixed constant
is not at all clear. He uses this statement later in § 4 when he points
out that the ratio of the wavelength to the period of H, light (i.e. the
velocity of H, light) is a fixed constant, so that the velocity of light
is constant at all times and at all places.

In order to define length measurement in terms of more primitive
ideas (as it seems Eddington wishes to do) it would be necessary to
show that the working of section 2.4 could be presented in a form not
involving length measurement. This would probably present some
language difficulties, since it would be difficult to explain something
more fundamental than length, when length is one of the fundamental
ideas in physics. However, we will assume that this is possible, and
that it is possible to define the unit of length in terms of o, so that we
may keep in step with the ideas that follow in FT.

2.6. The value of Ry/vN is suggested, by rough estimates from astro-
nomy, to be of the order of 10-!3 em, so that by considering o we are
brought into the field of nuclear theory. Eddington draws attention
to the important distinction between calculated and directly measured
coordinates and distances. Consider two particles very close together,
such as in a nucleus, or two protons in a scattering experiment. If
¢,, &, are the physical coordinates of the two particles, then the calculated
relative coordinate is the coordinate difference ¢,, = ¢,—¢,. However,
we may measure the relative coordinate directly without considering
the origin; this directly measured relative coordinate is called ¢, by
Eddington.

Since they are the relative coordinates of two entities both of which
have uncertainty of position and momentum in the geometrical frame,
¢,; and £, are both observables. They have the same mean value, but
their probability distributions are different. ¢,, includes the coordinate
differences of two random points in the distribution of the origin; a
quantity with standard deviation o+2. This quantity can be eliminated
by measuring directly from one particle to the other, so that we have

the relation £, = EngLav2.
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Because of these two different means of defining the relative coordi-
nates of two particles, it is necessary, when dealing with distances, to
state explicitly which of the two quantities

e = (Ehtnl+{h)t and  rjy = (G343 0E)0
is meant. These distinctions are unprovided for in classical terminology
and they arise only through the uncertainty of the origin. Even so,
the difference between r,, and r}, is quite insignificant unless we are
dealing with distances of the order of the dimensions of a nucleus. In
such a case it is essential to distinguish 7, and 7},.

Eddington then seeks to relate this to nuclear forces but this section
is extremely obscure. The following slightly amended form of Edding-
ton’s argument was suggested by Bastin and Kilmister (17).

The Coulomb energy arises as a solution of Maxwell’s equations; these
are field equations and refer to measurements from an origin, so that
they have a solution e?/r. A pair of protons cannot be superposed on
a neutral environment since they induce a charge in it. Some correc-
tion to the energy is necessary, but if the protons are a measured
distance apart (i.e. 7’ 5= 0), the potential energy is all Coulomb energy
(by a simple argument involving the effect of a reversal in sign of a
charge). Hence, it follows that any correction to the energy must be
a singular energy associated with actual coincidence, ie. ' = 0. In
order to have any effect this energy must be infinite, so if we make the
assumption that the total non-Coulombian energy for a distribution of
two protons anywhere in a flat space or Einstein universe is finite, then
the correction will be of the form B3(r’), where § is Dirac’s §-function,
and B is a constant.

We have to express the non-Coulombian energy as a function of r.
Now the origin has standard deviation o, so that the frequency function
for r is K exp[ —(r—r')?/40?%], where K is a constant. Hence, the expecta-
tion value of the non-Coulombian energy is

f BK exp[—(r—r")2/40?]5(r") dr’ = Ae-"'1",
where A is a constant. This is one of the potentials assumed in nuclear
theory, with range-constant ry = 20. (Eddington denotes the range-

constant by k.)

This is a somewhat improved form of the very muddled explanation
of this work given by Eddington in FT. However, the following four
difficulties still remain:

(@) In scattering experiments we may do the calculations by taking
the origin on the scattering proton. The use of barycentric coordinates,
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with its subsequent conversion (18, pp. 101-2), is equivalent to this,
since the coordinate transformation does not involve changes of fre-
quency functions. In this case the radial distance is measured, so that
the Coulomb potential should be e%/r’. Hence, the question of whether
the Coulomb potential is e2/r or e?/r’ cannot be settled uniquely for all
cases.

(b) Eddington is here considering a particularly simple abstract struc-
ture since subsequent arguments presuppose energy, which is equivalent
to assuming that a true potential is adequate for the description of
nuclear forces. Rosenfeld (18, p. 314) points out that it may be neces-
sary to consider velocity-dependent, many-body, or non-central forces.
However, for the purpose of laying the foundations of the theory we
may confine ourselves to very simple ideas in which only central, static,
two-body forces occur.

(c) Rosenfeld (18) shows that the nuclear forces are known to be
charge-independent to a high degree of approximation, but here the
result for the nuclear potential is apparently charge-dependent, since
the argument begins with the Coulomb potential. But Eddington pre-
ferred to analyse matter into protons and electrons. Thisis, presumably,
theoretically possible, and it would not then be difficult to give argu-
ments for the charge-independence of the result.

(d) Eddington assumes a 3-function for the non-Coulombian poten-
tial which implies the assumption that the total non-Coulombian energy
is finite. This assumption is equivalent to assuming the Gaussian
potential directly and is difficult to justify physically. If, for example,
the function B[8(r’)]* had been assumed for the potential, an infinite
value would have resulted for the non-Coulombian term.

Eddington now attempts to provide an observational test for his

theory. The mass, M,, of an Einstein universe is given by
M,
y—-—cz—q = }7R,,

where y is the gravitational constant. (Eddington denotes this by «.)
If N is the total number of particles and m the mass of the hydrogen
atom, then M, = $Nm and we have

]‘i’ =Y _ 3:95x 10-58 cm.

N
The experimental determination of the range-constant gives
ry= 2 = —20 _ __ 1.9% 10~ cm.

1-761WN
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Eddington uses these two equations (note that we have corrected the
latter) to find the limiting speed of the recession of the galaxies, given
as V) = ¢/(Ry¥3) by Lemaitre’s formula. However, in dealing with an
Einstein universe, Eddington is putting forward a very simple abstract
structure; certainly one in which recession of the galaxies cannot be
described, since the universe is static. If, however, we consider a uni-
verse expanding from an initial Einstein state, we find, by using the
density-particle correlation (see Appendix II), that ¥} is given by

¢ 4053«
R, B
where 1-19 < 8 < 2:56 and « = R/R,, where R is the radius of the
universe at present. It is believed that R is such that 2 <a <5
approximately. The minimum value of ¥ corresponds to the maximum
value of B and the minimum value of o and is given by

V= :1-%235%2 km/sec/megaparsec,

so that ¥, = 1,297 km/sec/megaparsec. This is at least six times greater
than the greatest observed value of the speed of recession and probably
nearer to fifteen times (19, p. 39) and seems to be quite beyond the
bounds of possibility. Thus Eddington’s observational test for his
determination of the nuclear range-constant is totally unsatisfactory.
The only possibility, which is not a likely one, is that the clearing up
of the difficulties about the jump between abstract structures might
produce substantial numerical alterations. Until these difficulties are
cleared up we can only conclude that it is very unlikely that Eddington’s
type of calculation can give results in good agreement with experiment,
needing as it does a standard deviation of about R,/(7-4VN).

V, = km/sec/megaparsec




3

THE STANDARD URANOID AND
SCALE-FREE PHYSICS

3.1. Having described the basic argument ‘A’ of Eddington’s theory,
we now turn our attention, in the next two Chapters, to argument ‘B’,
which is to be found in paragraphs 7 to 16, 18, 19, and 22 of FT.

One of the outstanding features of FT is the importance Eddington
attaches to the background in every problem. He considers that the
universe may be divided into two parts, namely, an object-system, which
is the part that is being intensively studied, and its environment, or
background, which comprises the rest of the universe. This is simply
his way of expressing the importance of hierarchies of abstract struc-
tures, as explained in Chapter 1. Eddington insists that in every
problem the environment must be considered together with the object-
system. In his own words, we can no more contemplate an atom without
a physical universe to put it in than we can contemplate a mountain without
a planet to stand it on. The point is that the environment is needed in
order to carry out the experiments which Eddington is contemplating;
and so the abstract structure must be complex enough to describe it.
This does not mean that local phenomena are supposed to be more
affected by the remote parts of the environment than is normally
admitted by relativity theory. Many physicists regard the considera-
tion of small-scale problems in anything but a flat-space as being a
waste of time as the effect of the remote gravitational field is negligible.
But Eddington’s view was that though it may seem pointless to con-
sider the remote parts of the environment, in fact it is much less
troublesome to consider the whole environment, since, if we divide it,
we introduce a boundary, and so give ourselves the trouble of discover-
ing the boundary conditions. These boundary conditions would have
the same effect as the continuation of the environment beyond the
boundary, so it would be much simpler to consider the environment in
its undivided state in each problem.

The laws of physics are initially formulated for very simple object-
systems, such as electrons, two-particle systems, etc., and are later
amended so that they may apply to more complex systems. In the
same way as we begin by considering these simple systems, so we must
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first construct abstract structures by considering very simple environ-
ments, e.g. uniform, electrically neutral, etc. Eddington calls these
ideally simplified environments uranoids.

If two problems are worked out in different uranoids we will have,
as we have seen, difficulties in comparing the results, so it is advisable
to take one particular uranoid as the standard uranoid which we
associate with each problem. Eddington defines the standard uranoid
by imposing the following conditions.

(i) It is a steady uniform probability distribution of particles, i.e.
an Einstein universe.
(ii) It is at zero temperature, so that it consists of material particles
only and no radiation.
(iii) It is electrically neutral.

The last condition does not imply that we cannot consider large-scale
electromagnetic fields, but that we must consider such fields as being
included in the object-system. The standard uranoid corresponds, not
to one abstract structure, but to a certain restricted class of such
structures. We have shown earlier (section 2.2) that Eddington con-
siders a large system of particles from which he determines the un-
certainty of the physical origin and hence the scale of the various
physical structures. Here, the environment of the object-system is also
a large assemblage of particles and we have to consider the physical
interaction of the object-system with the particles of the environment.
We found in section 2.2 that the particles of the universe had to be
non-interacting so that we could use the Central Limit Theorem, but
we assume that the particles of the object-system can interact with
those of the environment.

Two different considerations have thus led us to a large assemblage
of particles. These two effects are really the same, since the first is the
principal geometrical effect and the second is the principal mechanical
effect, and these two are both described as a ‘field of g,,’ in relativity
theory. The fact that particles of the standard uranoid do not interact
with themselves is not a disadvantage. These particles are not like
particles of an object-system, i.e. they are not particles in an environ-
ment, they are the environment. They do not provide a gravitational
field amongst themselves. The gravitational field arises only when there
is an object-system for the particles of the environment to interact
with. This is precisely the same as in the geometrical effect, since these
measurements cannot be made unless we have an object to measure.
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As Eddington puts it: ‘It makes no difference whether we regard the
field of g, as influencing the measured characteristics of the object-
system by physical interaction or by determining the measure system
to which they are referred.’

Eddington describes the field of g,, as the ‘gravitational-inertial
field’, so that the standard uranoid provides the inertial part and the
deviation of the actual environment from the standard uranoid pro-
vides the gravitational part. This explains Eddington’s use of ‘gravita-
tional’ fields in his development of relativistic quantum theory. No
more importance is attached to the gravitational part than is usual in
microscopic physics, but what is important is the inertial part, since
without inertia the masses of the particles are unaccounted for. So
whenever Eddington considers an object-system in a standard uranoid
and uses the term ‘gravitational field’ he is referring to the inertial
field which accounts for the masses of the particles. This differentiation
may be made clearer as follows: the g,, field in general relativity
describes that particular sort of gravitational field (considered by
Newton and others) which can in virtue of Galileo’s results be trans-
formed away at any selected point. At first sight this suggests that
this field cannot be given such an important physical significance as
Eddington implies; rather the curvature tensor RY,,, through the equa-
tion of geodesic variation, determines the field separating two nearby
particles. But this argument ignores something; the transformation to
a coordinate-system in which the Newtonian field vanishes at a point
has still to be carried out; a set of preferred coordinate-frames is deter-
mined, and this is at least part of the inertial properties of particles at
the point. (Whether other inertial properties, e.g. the proper mass, are
determined according to Mach’s principle depends on the particular
gravitational equations chosen.)

3.2, For a complete description of any system we require to know two
things, namely, the internal structure of the system, which can be
described wholly by numerical ratios, and the relationship between the
size of the system and the rest of the universe. This relationship would
be unnecessary if the universe were investigated as one system, but in
analytical physics we consider only individual simple systems into
which the universe is divided. The observer relates each of the systems
he surveys to the others by means of an extraneous standard scale, so
that the separate fragments may be combined in a definite scale-ratio
to give a complete description of the universe.
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It would seem that three extraneous standards, namely, length, time,
and mass, would be required to complete the description of a system,
But Eddington has shown earlier that if o, is the linear scale-uncertainty,
it is related to the uncertainty constant o by

o = R,o..

Hence, if we know the fluctuation of the standard of length, we can
easily fix the scale of the whole system. Since one standard is sufficient
to fix the scale, we must somehow eliminate the other two standards,
or, at least, relate to o, the standard deviations o,, and ¢, which corre-
spond to mass and time in the same way that o, corresponds to length.
Eddington does this by adopting a system of so-called ‘natural units’
which are such that c=1, 8myh? = 1. (8)

These relations are chosen because the former renders synonymous the
terms mass and energy, i.e. the rest-energy m,c? of a particle is now
my, the rest-mass of the particle, and the latter simplifies the relation-
ship between the energy tensor and the momentum vector which
Eddington introduces in FT, § 8.

Using these natural units, mass and time can be expressed in terms
of length, since (8) gives:

L=T and M= L3,

so that time has a scale-uncertainty o, and mass has a scale-uncertainty
—30,, i.e. a particle would be attributed with a mass of 1530 units
instead of 1 unit.

Eddington asserts that if any two other relations are chosen instead
of (8), the same results will eventually be arrived at, but it is not at all
obvious that this will beso. It would be better to eliminate the standards
of mass and time by adopting two undefined relations:

fl(L’M’ T) =0 and f2(L’ M: T) =0, (9)

between fundamental constants instead of (8). Then by developing the
theory using the relations, it will be found, if Eddington is correct, that
they will not appear in the final results. On the other hand, it may well
be found that Eddington’s results only hold good for certain definite
relations, in which case there may be considerable difficulty in explain-
ing the physical reason for this preference.

The momentum vector p, in quantum mechanics, defined by

P, = —ifi(2foar), (10)
85350 D
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has the dimensions L~3 in natural units, and the energy tensor 7,
of relativity theory, which is defined by

—SﬂyTyv = Gyv—%g;w G: (ll)
has dimensions L-%. Because of this Eddington states that, ‘An energy

tensor is, both dimensionally and tensorially, the product of two

momentum vectors’, i.e. T,, = DD, (12)

This is the relation which prompted us to develop the density-particle
correlation of Appendix II. If natural units were not employed, (12)
could be written in the dimensionally correct form

7 —=Dp.-°

4
pv W‘QI’“Z’W (13)

where D is some arbitrary dimensionless constant.

There are three major disadvantages to (12). Firstly, 7, is defined
everywhere in space, whereas p, is defined only on the world-line of
the particle, and secondly, the restriction placed on 7}, that it should
be the product of two vectors means that it is by no means as general
as the energy tensor that is usually employed in relativity theory. But
the most obvious difficulty is that p, as defined by (10) is an operator,
while 7, is not. This difficulty is overcome in Appendix II by setting
up the density-particle correlation, in which both sides of (13) operate
on a scalar function ¢, operation by 7, being ordinary multiplication.
(Alternatively, we could overcome the difficulty by assuming that p,
is defined, as in relativity theory, by

pf" = mo (_i—-,

where ds is the proper time. This is not an operator, so there is no
need to treat (13) as an operator equation.) But a much more exten-
sive discussion of (13) is really needed; see sections 4.6, 4.7.

By similar reasoning, Eddington also asserts that a particle-density,
i.e. the number of particles, or probability of a particle in unit volume
is a momentum vector. Both these statements are based on the assump-
tion that if two quantities have the same physical dimensions and are
represented by tensors of the same rank, then they are equivalent.
In general, of course, this assumption is quite false, but it may possibly
be true in these cases. It seems that the difficulties are relieved to a
certain extent if we assume that the 7),, in (13) is not the general energy
tensor defined by (11), but is a particularly simple tensor, having the
dimensions of an energy-tensor, suitable for the description of a system
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in particularly simple conditions. This seems a reasonable assumption
since, at this stage, Eddington is primarily concerned with simple
object-systems and simple environments.

Despite these attempts to retain Eddington’s relation (12), we shall
show in section 3.4 that it suffers from another serious difficulty.

3.3. The standard uranoid, or Einstein universe, which Eddington uses
is characterized by two linear constants, namely, the microscopic un-
certainty constant, o, and the macroscopic radius of the universe, R,,.
These are not independent, since o = Ry/1:7614N, or some similar
relation, but we will regard them as being independent for the moment.
Eddington then divides standard abstract structures into three, as
follows:

(i) one describing scale-free physics, involving neither ¢ nor R,,
(ii) one for cosmical physics, involving R, but not o,
(iii) one for quantal or scale-fixed physics, involving o but not R,,.

Scale-free physics deals with systems which are large compared with o,
but small compared with R,. These systems can be adjusted to any
scale, so long as they are not increased to the size of R, or reduced to
the size of ¢. The criterion of a scale-free system is formally stated
by Eddington as follows: If we specify the characteristics of a system
in terms of an extraneous standard, and consider the series of systems
formed by varying the standard but keeping the specification the same,
then (for a scale-free system), if one system of the series is physically
possible, all are possible.

Of course, the exact equations of all the branches of physics involve
both o and Ry, but for scale-free systems a sufficiently high approxima-
tion may be obtained by putting ¢ = 0 and R, = co. Similarly, for
cosmical systems, we leave R,, but put ¢ = 0, and for scale-fixed
systems we leave g, but put R, = oo.

Classical molar theory involves neither ¢ nor R, and so is contained
in scale-free physics, while molar relativity theory is contained in (i)
and (ii), since, although the theory introduces the concept of a finite
universe, there is a considerable part of it which is not based on this
idea. Similarly, quantum theory is contained in (i) and (iii). The term
‘quantal theory’ refers to the part in which quantization and discrete
eigenstates are introduced, but there are many investigations in which
the actual size of the system is not involved, e.g. in investigations to
determine the mass-ratios of different kinds of particles. Hence, if some
sort of unification between relativity theory and quantum theory is to
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be achieved, the abstract structure for scale-free physics will provide
the basis for such a unification, since it is less complex than both.

3.4. In § 10 of FT, Eddington introduces two types of wave functions
which correspond to the scale-fixed and scale-free parts of quantum
theory. The wave functions used in the scale-fixed part are discrete
and self-normalizing, since they refer to the part in which quantization
and discrete eigenstates are introduced. They represent a particle
density which rapidly decreases outwards so that the integral over space
converges. We can adjust these wave functions so that they give a
normalized density s,(x,y,2), whose integral over the whole domain
of (x,y,2) is 1, so that s, is said to correspond to unit occupation. If
we associate an occupation factor j with the state defined by the wave
function, then the corresponding density is js, and its integral over the
whole domain of (z,y,2) is j. This occupation factor gives the number
of particles, or the probability that there is a particle in the state.

The scale-free or ‘pseudo-discrete’ wave functions are similar to the
‘infinite plane waves’ of elementary wave mechanics, though here we
have not an infinite distribution, but one which extends uniformly to
an undefined distance large compared with ¢ but small compared with
R,, i.e. the domain of scale-free physics. Since we cannot specify the
total number of particles in a distribution of undefined extent, we choose
an arbitrary normalization density s, which is to be defined as the
‘density of unit occupation’. This is equivalent to choosing an arbitrary
normalization volume ¥V, and defining unit occupation to be one particle
per volume V,. This definition must not be taken to mean that each
particle is distributed over a cell of volume ¥, since every one of the
particles has a uniform probability distribution over the whole extent
of the wave. In fact, a particle occupying a pseudo-discrete wave
function is an unidentified member of a large assemblage.

These ‘infinite plane waves’ which represent uniform probability
distributions are also used in more complicated systems. Eddington
states that atoms, for example, are represented, not by non-uniform
distribution wave functions, but by correlating the uniform distribu-
tion wave functions of the electrons and the nuclei. He gives the
following example to illustrate this point. Consider a vessel known
to contain a proton and an electron, each of which is equally likely
to be anywhere in the vessel. In due time they will combine into a
hydrogen atom emitting a photon. The electron is still equally likely
to be anywhere in the vessel; and so also is the proton. Their prob-
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ability distributions, while remaining uniform, have become correlated.
Eddington calls such atomic wave functions, ‘correlation wave func-
tions’. So we can see that uniform distribution wave functions are used
not only to represent simple systems, but also to provide a starting-
point for considering more complicated systems. Only in a few special
problems, such as the deflexion of particles in a molar electromagnetic
field, are we required to use non-uniform distribution wave functions.

Eddington uses the term ‘pseudo-discrete’ instead of ‘continuous’ to
describe scale-free wave functions, because, he asserts, they cannot be
obtained by replacing a set of discrete distribution functions f,(z,y,2)
by a continuous distribution function f(z,y,2,«) when « becomes con-
tinuous. The reason Eddington gives for the breakdown of this method
in this case is that wave functions contain a phase which gives rise to
interference when two or more waves exist at the same point, and it is
evident that a representation in which waves at the ‘point’ (z,y,2,«)
interfere is not the limiting form, for continuous «, of the representa-
tion in which waves with different values of « at the same point (z,y, z)
interfere. Eddington’s solution to the problem is to divide the domain
of « into arbitrary small ranges 3«, and associate a wave function ¢,
with each range. These i, are the pseudo-discrete wave functions.

The term ‘almost exact’ is associated with pseudo-discrete states and
is used extensively in later work where a system in a state of almost
exact rest is often considered. It is defined as follows:

When the whole occupation is concentrated in a range represented
by one pseudo-discrete wave function, the state of the system is said
to be almost exact.

Eddington then considers the two different types of particles which
are described by scale-free and scale-fixed wave functions. He first
deduces that mass is a scale-fixed characteristic, whereas density is
a scale-free characteristic. The argument involved is somewhat obscure,
but the conclusion can be explained in the following way: The fluctua-
tion of the standard of mass is connected, by the relations (9), to the
linear scale-uncertainty o, which, in turn, is connected to the scale.
If the scale is doubled, say, then the mass is changed correspondingly.
Hence, the mass depends on o, and so is a scale-fixed characteristic.
The same does not apply to the density since the proper density may
be varied at will by varying the volume over which its probability
distribution extends, so that whatever changes take place in the scale,
the proper density can always be kept at the same value. Hence, the
density is independent of o, and so is a scale-free characteristic. Since
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proper density is represented as the component 7, of the energy tensor

T,, and the proper mass as the fourth component of the momentum

vector of the particle, we can express the above result in the form: the

particles of scale-free physics are carriers of energy tensors, and the

particles of scale-fixed physics are carriers of momentum vectors.
These results make Eddington’s relation

T,uv = PuDy

seem even more curious, since here he is relating a scale-free charac-
teristic, 7),,, to a scale-fixed characteristic, p,. This relation appears
meaningless, since the two sides of the equation refer to completely
different situations. (See, however, section 4.7.)

Although the masses of particles are scale-fixed, the ratios of masses
can often be expressed in terms of density. For example, the mass-
ratio m,/m, of a proton and electron can be expressed as the density-
ratio of the positive and negative constituents of a molar distribution
of hydrogen, and so it comes within scale-free theory.

We have started with a standard uranoid which consists of a large
assemblage of particles, and is characterized by ¢ and R,. Scale-free
physics is that branch of physics which is concerned with distributions
of undefined extent which are large compared with o, but small com-
pared with R,. We still have a large assemblage of particles in such
a distribution, but the individual particles (scale-free particles) are
unidentified. A molar object, i.e. one which is large compared with o
and small compared with R, can be represented by means of pseudo-
discrete wave functions, as a large assemblage of scale-free particles in
one or more pseudo-discrete states. Each particle is a carrier of an
energy tensor A7, and so the molar energy-tensor is the sum of the
contributions A7), from each particle.

Since the individual particles are unidentified members of the whole
assemblage, we know only the probability of any one particle being in
the various states, so that the occupation factors j, of the pseudo-
discrete states can be interpreted as the probabilities of the particles as
well as the frequencies in the assemblage. Now the probability of an
individual is defined as the frequency in an ensemble, but the ensemble
is usually taken to be an imagined infinite class of individuals
or events, such as the imagined infinite repetition of measurements.
But, in this case, the ensemble is a finite, though undefined, assemblage
which is actually present in the (idealized) physical universe. The finite-
ness of the assemblage ought to be represented by an extraordinary
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fluctuation, but the scale-free approximation treats this as being
negligible.

Later in FT (§ 33), Eddington shows that Planck’s constant and the
electric charge are connected by the relation # = 137¢%/c, and asserts
that, since % arises in quantization (which belongs to the scale-fixed
part of physics), then the latter is a distinctively electrical phenomenon.
The term ‘distinctively electrical’ is used, since we, up to a point,
represent electrical characteristics by an energy tensor which can be
absorbed into the mechanical energy tensor. Distinctively electrical
theory starts when this procedure breaks down and the energy tensor,
which is the scale-free characteristic, is replaced by the momentum
vector, which is the scale-fixed characteristic, related to e?/c or % (since
P, = —ihi(9/éx+)). So scale-free theory may be described as mechanical
theory, since it is associated with the energy tensor and scale-fixed
theory may be described as electrical theory, though some parts of
electrical theory may be transferred to scale-free theory.

3.5. A pure observer must measure all the physical characteristics of
the object-system that he is considering. Any observational measure-
ments that he makes cause a reciprocal uncertainty in the conjugate
variates. But an actual observer steals ‘free information’ about the
system he is studying, e.g. if he says he is studying an electron, he will
use the tabulated values of m and e instead of his own rougher measure-
ments. This free information is not paid for by reciprocal uncertainty
in the conjugate variates. Eddington calls a quantity of an abstract
structure whose value is given as free information a stabilized charac-
teristic. A stabilized characteristic is thus a quantity whose value is
prescribed as one of the postulated conditions of a theoretical problem,
and so is not an observable. The whole standard uranoid is a stabilized
characteristic, since when we consider some object-system in a standard
uranoid, we are postulating that the environment of the system is
uniform, static, of zero temperature and electrically neutral.
Eddington considers the problem of a particle of proper mass m with
momentum 4-vector (p;, Pa, P3, P4). The first three components p,, p,, pg
are directly measured, i.e. they are observables, but he asserts that p,,
which he calls the hamiltonian, is usually considered to be computed
by the formula p} = pi+pi+pj+m? (c = 1). Two very important cases
now arise, depending on whether we consider m to be an observable
like p,, Py, D3, OF a stabilized characteristic of the particle. If m is an
observable, then the probability distribution of the mechanical charac-
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teristics of the particle is a four-dimensional one, either over p,, p,, p3, m
or, equivalently, over p,, p,, s, p,. However, if m is a stabilized charac-
teristic then it does not enter into the probability distribution, so the
latter is reduced to a three-dimensional distribution. The domain of
the probability distribution is called the phase space by Eddington and
if it has k dimensions the particle is called a V,. Hence, a simple particle,
i.e. one without spin, is a V; or a ¥} according as its proper mass is or is
not stabilized. Stabilization corresponds to introducing constraints
which reduce the number, k, of degrees of freedom of the system, or
equivalently, of the abstract structure. If k is changed we are altering
the complexity of the abstract structure, and so altering the values of
some properties of the system. It is found that the number & is of
considerable importance in later developments of FT.

Stabilization of the individual components of a vector or tensor
destroys its tensor transformation properties. However, we may stabi-
lize a tensor by imposing on the tensor as a whole certain invariant condi-
tions which it must satisfy, such as the condition that a second-rank
tensor is antisymmetric, or the outer product of two vectors, or the
outer square of a vector. A tensor subjected to these conditions still
satisfies the tensor transformation properties, but the number of inde-
pendent variates required to specify it is reduced, so that the number
of dimensions of its probability distribution is also reduced.

3.6. When we consider an object-system, we must also consider its
environment, which we usually take as a standard uranoid. But the
object-system will disturb the standard uranoid by gravitational and
electromagnetic interaction, so, in any problem, the environment is not
as simple as the standard uranoid, but can be taken as the ‘sum’ of
a uniform environment and a ‘disturbance’. In terms of the algebraic
picture of Chapter 1, if the object system and environment have abstract
structures with k,, k, degrees of freedom, the combined system will
have the direct product structure of order k,k,. In section 2.2 we
required the particles of the large assemblage of particles to be non-
interacting. Here we will assume that while there is no interaction
between the particles of the environment, these particles do interact
with those particles which are selected to form the object-system.

The universe then consists of the object-system (0.S.) and disturbed
environment (D.E.) which can be subdivided into the undisturbed
environment (U.E.) and the disturbance (D.). This can be written in

the symbolic form:
0S.4+D.E. = 0.8.4U.E.4+D.
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In general relativity, the disturbance is grouped with the environ-
ment, so that we have to consider a particle in a complex environment.
For example, the introduction of a particle into an empty flat universe
changes the latter to a Schwarzschild universe. But Eddington asserts
that the method of wave-mechanics requires us to include the disturb-
ance in the object-system. This is because the environment in wave-
mechanical problems remains uniform, since the tensor g,,, which appears
in the equations remains constant no matter what changes take place
in the system. When the disturbance is included in the object-system
it is called the object-field.

We have said in section 3.1 that the environment comprises every-
thing that is not specifically in the object-system, but in practice we
specify the environment as a standard uranoid, and include everything
else in the object-system. With the exception of the inertial field, which
corresponds to the undisturbed uranoid, all fields are included as object-
fields. These object-fields are divided into two categories, namely,
extraneous and complementary object-fields. Extraneous fields are those
which are deliberately introduced so that we may be able to study the
behaviour of the object-particles in more complex conditions than those
provided by the standard uranoid. They are, in fact, special devices
for constructing new abstract structures with just the desired kind of
increased complexity. The complementary object-field is the substitute
that we put into the equations of the system to compensate for neglect-
ing the effects of the disturbance on the environment. Instead of
considering a problem to be that of an object-system in a complex
environment, we transfer the disturbance to the object-system, call it
the complementary object-field (provided that there are no extraneous
fields), and treat the problem as one of an object-system and its object
field in a standard uranoid, i.e.

universe = S.U.+0.8.+C.F.

The complementary object-field is then a measure of an inevitable in-
crease of complexity in the abstract structure. In the symbolic equa-
tions we have used above, it is not clear what we mean by the addition
signs. Eddington asserts that these signs refer to certain quantitative
characteristics, so, for example, the difference between the energy
tensors of the disturbed and the undisturbed environments is trans-
ferred to the object-system as the complementary field energy tensor.
It follows that an object-field is specified by the same set of variates,
such as energy, momentum, etc., as a distribution of particles, so that
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each object-particle has a particle energy tensor and a complementary
field energy tensor.

Eddington associates the term ‘field’ with averaged characteristics,
which is to be expected since he is concerned throughout with a large
assemblage of particles. The ‘field’ energy of a particle is the inter-
action energy of an object-particle with the environment, i.e. it is the
complementary field energy of an object-particle. Since both the dis-
turbed and the undisturbed environments are composed of a very large
number of particles, it follows that the energy of the disturbance, i.e. the
field energy of the particle, is associated with averaged characteristics.

The importance of both the complementary gravitational field and
the complementary electromagnetic field are stressed by Eddington who
remarks that quantum theory ignores them altogether. He asserts that
it makes up for the omission by empirical factors and terms in its
formulae, since it is primarily an empirical theory, but gives no example
to illustrate this.

3.7. Eddington points out the error of taking the background field in
quantum theory to be the same as that in general relativity. In the
former theory, the g,, which occur in the wave equation remain un-
changed whatever alterations take place in the system under considera-
tion. But in general relativity, alterations in the system are reflected
by changes in the g,,. He considers that in wave mechanics we con-
template a rigid frame of eigenstates unaffected by changes of the
system, whereas in relativity theory any change of the occupying matter
involves a readjustment of the field. This readjustment of the field
makes relativity calculations so difficult that the relativistic method is
quite useless in solving the problems with which quantum theory is
concerned. For this reason Eddington elects to follow the rigid-field
method of wave mechanics. This is only an approximate method, and
to ensure that it will be a valid first approximation, Eddington formu-
lates his ‘rigid-field convention’ in the form:

The field must be stationary for small changes in the occupation
factors of the eigenstates.

It is far from clear what is meant by ‘must be’ in this statement.
We shall see later that if the field is to be stationary for arbitrary
occupations (as Eddington seems to imply) the convention leads only
to triviality. If we try to avoid this by supposing that the convention
determines the occupations, as a minimal principle, it is hard to see
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how to fit this determination in with the other determinations of what-
ever particular problem is being considered.

Distinction is drawn between ‘quantum particles’, which are entities
supposed to occupy, or to have a probability of occupying, states in
a rigid field, and ‘relativity particles’ which are defined as singularities
in an essentially non-rigid field. Eddington draws attention to the error
of applying to quantum particles formulae that have been developed
for relativity particles. For example, he states: ‘The fact that relativity
particles have Lorentz-invariant properties gives no prima facie reason
for supposing that quantum particles have Lorentz-invariant properties.’
Eddington’s arguments against the insistence on making the equations
of wave mechanics Lorentz-invariant are given in two papers he wrote
(13, 14).

It may seem strange that the particles of the two theories are not
the same, but we recognize particles only by their behaviour in certain
conditions. A particle’s behaviour in a rigid field will be different from
its behaviour in a non-rigid field, so we regard the two cases as being
of different particles. Eddington says more about this idea of ‘theo-
retical particles’ in FT, § 17.



4

PARTITION OF THE ENERGY

4.1. EppINGTON continues his argument ‘B’ by considering the parti-
tion of the total energy between the field and the particle. Such an
investigation is extremely interesting as being a first serious attempt
to come to grips with the problem of the quantitative changes involved
in a change of abstract structure. We shall therefore deal with it at
some length, although as an argument it has serious defects. It is not
clear what Eddington means by the total, field, and particle energies,
but presumably particle energy refers to the particles of the object-
system, field energy to the complementary object-field, while the total
energy is the sum of these two, i.e. it is the energy of the object-system
and its object-field but it does not refer to the particles of the standard
uranoid.

In FT, § 14, this energy partition is considered in the case when the
eigenstates are discrete. In this we have a set of states ¢, (r = 1,2,...)
to each of which there is assigned an occupation factor j,. These j, can
be regarded as generalized coordinates (or generalized momenta), since
changes of the system are specified by changes of the j,. The total
energy of the system, including the complementary field, will be a func-
tion H%(j,,Js,...) of the j,, and this will not in general be a linear function
since the complementary field has to be recomputed and the eigenstates
redetermined after any change of occupation.

Let 0
g = (14)
9,
so that dH® = E_dj,. (15)

Since the field is rigid, the whole change of energy must be accounted
for by the change of particle energy alone. Hence Z, is the energy of
a particle in the state ¢, since (15) expresses the fact that E, dj, (say)
is the change due to the addition of the fraction dj, of a particle of
energy F,.

The total particle energy of the system is given by

. . 0H°
E° =7'E'=3'?j_’ (16)
r
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and the field energy is the difference
0
Wo — HO—Eo — H“—y,aaH (17)

Eddington states that if H° is a homogeneous function of the nth degree
in the j,, then we have
E° = nH", WO = (1—n)HO.
However, we will show that H° is a homogeneous function of degree one
if we assume, as Eddington appears to do, that the rigid-field conven-
tion is to apply for arbitrary occupations. Since the field is rigid we have
dwe =0,
for small changes in the occupation factors. By (17) this gives:

0
(=i %) i =o.

% Yr

This is true for small changes in all or any of the occupation factors,
so that for all s, o

i(Ho'— 'raf-l ) =0,

%s %Y
. . 0H° 0
L. = H'—K, 18
1.e .7 r a j,. H ( )
where K is a constant. From (16) this becomes

E° = H'—K, (19)

so that W = K.

Hence, the field energy is a constant for all changes in the j,. It follows
that for discrete eigenstates the field is rigid for changes of any magni-
tude in the occupation factors.

By using (19), we may write (18) in the form

oE°
.1'__‘ == EO. (20)
"%,
The general integral of this equation is
Him o) =0 o)

and if E° is a homogeneous function of the j,, (20) shows that it must
be of degree one. In this case H® (= E°+K) will be a homogeneous
function only if K = 0 (i.e. the field energy is zero), and then it will
be a homogeneous function of degree one. However, there is no reason
why E° or H° should be homogeneous functions; the integral (21) gives
an infinite number of functions satisfying the required conditions.
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Hence, on applying the rigid-field convention to a scale-fixed system,
i.e. one with discrete eigenstates and discrete occupation factors, j,, we
find, contrary to Eddington, that the field is unconditionally rigid for
all changes of the occupation factors. That is, in scale-fixed physics
the partition of the energy is trivial and the scale-fixed part of current
quantum theory is quite justified in ignoring the effect of the field.

4.2. The foregoing treatment is now applied by Eddington to scale-free
systems. Since the eigenstates are no longer discrete, we cannot specify
them by sets of quantum numbers in the usual way. Instead we let
X* (a = 1,2,...,n) be the characteristics used for classifying the states
of a scale-free system, where the X* all have the same physical dimen-
sions. For convenience, we adopt an extraneous standard (see section
3.2) of the same dimensions as X%; so that X* has dimension-index 1.
This means that since the system is scale-free, we can obtain another
physically possible system by the transformation X* > AX* where A
is some parameter. The corresponding transformation for a charac-
teristic ¥ of dimension-index ! is ¥ — AY.

We may picture the X* as the coordinates of a point in an n-dimen-
sional ‘representation space’, and since the nature of the system con-
templated will usually be defined by a set of relations between the X,
it follows that the possible states will form a k-dimensional locus in
the representation space, where usually k¥ << n. This locus is called the
phase space by Eddington and the number k is called the multiplicity
factor.

The metric adopted for the phase must be scale-true, i.e. one in which
the scale-transformation X* — AX* transforms the volume element dV
into A*dV. (We may as well adopt a Cartesian metric for the phase
space, since a representation by any other type of coordinate system
leads to difficulties with the scale-transformation X* - AX*. Eddington
seems to have been unaware of this fact.) The discrete occupation
factors of the previous section are replaced by a continuous occupation
function j(X*) such that j(X*)dV is the collective occupation of the
states compressed in the range dV. Eddington is here really considering
the continuous case and not the pseudo-discrete case, but he later
asserts that by dividing the phase space into numbered cells dr, we
replace the continuum of states by pseudo-discrete states with occupa-
tion factors j, = j(X*)dr,. This process is probably allowable; in any
case, we shall ensure that the systems we study are scale-free by using
the scale-free conditions in our derivation of the partition equations.
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The coordinates Y*, say, of the phase space may be regarded as the
effective classifying characteristics of the states, since the Y represent
the possible states. Thus the occupation function j may be taken to be
effectively a function of the Y*. For example, suppose that the X* can
be represented as the Cartesian coordinates (z,y,z) of a three-dimen-
sional space. Suppose also that the possible states are defined as lying
on the sphere r = a, so that the coordinates Y * are (0, ¢), where (r, 8, $)
are the polar coordinates correspondlng to (z,¥,2). The j is a function
of the (z,y,z2), but any change in j must leave the system in a possible
state, i.e. a state described by the coordinates (8, $). Hence, we may
consider j to be a function of (6, ¢) only, since if we consider j to be a
function of the (x,y,z), changes in these coordinates may lead us to
impossible states.

The classifying characteristics may be many things. For example,
the hydrogen atom may be described by its energy, and one of the
coordinates of the phase space could represent this energy. Eddington’s
explanation of these ideas in FT is not clear, but it is hoped that the
explanation given here with the introduction of the Y* clarifies this
point. Now Eddington’s discussion must be viewed as inviting us to
consider systems in which properties like the energy depend not only
on the occupations j(Y'*) of the states, but on the derivatives j, = 9)/0.X*
as well. The general idea is easy to grasp—the energy depends not only
on how many particles are in each state, but how violently neighbouring
states differ in occupation—an entropy-like consideration. But a pre-
cise physical example is still wanting.

Defining E as the energy of the particle in the states in dV and K°
as the total energy of that part of the system in these states, then we
have the following equations corresponding to those for the discrete
case, i.e. (14)—(17), SKO

= 22

E 5 (22)

HO — f Kodv, (23)

SHO — SfKOdV - P;;—Oaj av, (24)
0

E°=ij dV=f§—§~j av, (25)

WO — HO_Fo — f{]{o_j_a_gf: av, (26)

where 6K°/5j is the Hamilton derivative of K° with respect to j.
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Eddington does not introduce K°; instead he writes H° in place of K°
in (23)-(26). This is probably an error of writing, since the reference
he gives (11, § 60) necessitates the introduction of K°.

Note that dV is the element of proper volume and may be written
in the form \jg dr, where g is the determinant of the fundamental tensor
of the phase space and dr is the element of coordinate volume.

Eddington now considers that H® has dimension-index [, so that from
the above equations E° E, W° have all dimension-index [, and K° has
dimension-index I—k. Since the system is scale-free, we can take for
the variation 8 an infinitesimal scale-variation X* > X*(1+¢). Then

WO > Wo(1+ef and EdV — EdV(1-+e)+,
sothat  SWO=1lcW® and S8(EdV)= (I4+k)eEdV.

From (25) and (26) this leads to
Wo — _(lil_’“)Eo, Ho— —;—CEO. (27)
For a scale-free assemblage characterized solely by an energy tensor

we have that T,, (or H°) = X, so that I = 1, and (27) becomes

WO = —(1+k)E°, H® = —FkE°. (28)
However, Eddington’s derivation of these results is wrong. The varia-
tion expressed in (24) which leads to the Hamiltonian derivative, does
not involve a variation of dV and so cannot be taken as a scale varia-
tion, since the volume element is transformed by a scale variation, i.e.
dV — (14+€)*dV.

One of the authors (20) has obtained relations similar to (27) from
considerations of observable quantities. The argument employed is
rather long and complex, so we will describe here only the last few
steps which are relevant to the present discussion. The equations (22)-
(26) are established and consideration is then given to the scale-
transformation

T

uy

(29)

g —>

g
1+€
This changes the volume element of the space as well as the charac-
teristics X¢, so that

SHO — f §§_§—08j v+ f KO3(dV).
Since dV - (14-€)*dV, this gives
SKO .
SHO = [ 28] d ket (30)
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The condition is imposed that the observable is scale-free in a special
way called reducible, which leads to

8 = —kej,
so that (30) becomes SH® = ke(H°— E9). (31)
On the other hand, we have that, for some o = o,
(%II%)OWO = l(a,) (for some I),
ie. 3K°® = leK".
Hence (30) becomes
SHO = ¢ [ IK® dV +keH". (32)

Now H° is called a ‘Hamiltonian property’ when [ is a constant, so that
(32) becomes for such properties

SHO = e(I-+k)HO. (33)
From (31) and (33) we have
Ho — _;fE’O,
as in (27).

In fact, the choice of ! as a constant is a rather special case and one
that is inconsistent with the rigid field, as we will show later. In

general, from (29) e 5o
=——
SK°
l= —0 S,
so that K 59

Thus, in general, [ is a function of o and K° and so cannot be taken out
of the integral sign in (32). However, we may define a function L,
such that

LHO — f 1Ko QV,
i, o[ (34)
[Koav

so that L is a sort of ‘mean value’ of I. L is a functional of K9; it
depends on the range of integration, the functional form of K°, and
the scale o. In fact, we neglect the dependence on o, since scale-free
physics results from the approximation o = 0. Equation (32) now
becomes SHO — e(L+Kk)H",

agarn
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and this leads to Ho — _%E’O, (35)
k
and Wo— — (Z_*_ I)EO. (36)

Now if we take I to be a constant, we have, from (34), L = [, so that

(35) and (36) lead to k
SWo — “(ZJF I)SEO,

and SHO — —fam

The condition imposed by the rigid-field convention is §W° = 0, which,
from the last two equations, leads to 8E® = SH® = 0. Hence, if the
total and particle energies are constantly related, the imposition of
the rigid-field convention leads to these energies being rigid as well as
the field energy. This is the reason why we have considered the more

general case in which [ is not a constant.
From (26) and the rigid-field convention, we have

0
WO = 5 f {Ko—j§§—}\/g dr = 0,

where the integral is taken over all space (or some fixed region). We

then have
) .8K9)...
r KO— _—_ y = O
[ s\Ke—s; g dr =0

and since this has to be true for all arbitrary variations §; it follows

that
) K"
K047V = Q. 37
(K~ | = O 4D
.OK0© ..
Hence we have K°——.7-~8J-.- = a(J,Jqr)> (38)

where 8a/8j = 0, and the j, are the partial derivatives of the j with
respect to the X*. From (26) and (38) we have

W°=fandr=fadV. (39)
From (35) and (36) we have
wo —= (%—{— I)Ho,

so that, applying the rigid-field convention, we have

oo
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ie. a{(_i.‘+ 1) f Ko\g df} — 0,
i.e. s{ f (]%+1)K°¢g df} —0
it o

and since this is true for all arbitrary variations 84, it follows that

Sl .
s+ =o

ie.

@

Hence, we have (i-{— I)KO = b(J,J0>---) (40)
where 8b/8j = 0. From (26) and (40) we have
Wo = [bygdr=[bav. (41)

It does not follow from (39) and (41) that a and b are necessarily equal.
We have the two relations

and - = 0,

the relation 86/8j = 0 being contained in these two.

Since the simplest kind of scale-free particle is characterized by an
energy tensor and nothing else, it follows that in this case (35) and (36)
give the partition of the total energy tensor 7, into the particle energy
tensor E,, and the field energy tensor W,,. When we reduce & by apply-
ing stabilizing conditions the total energy remains unchanged, but the
partition between the particles and the field is altered.

Note that from (40) it appears that ! may depend on k, so that L
may depend on k. If this is the case, then the variation of the partition
equations (35) and (36) with stabilization is not obvious.

If we put § = k/L, then, in the case of energy tensors, the partition
equations become

1,, = —0E,,,
and when the field is rigid, we have
sul;w = _8{(0+1)Ep.v} =0,

ie. 80.E,,+(0-+1)8E,, = 0.

%v = _(9+1)Ep,w (42)
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This can be rewritten in the form
8E,, = —%0.E,,—03E,,,

ie. 8E,, = —3(6E,,),
ie. 3E,, = 81,,,

which is the expected result, since the field is rigid.
If K° is a function of j only, and not its derivatives, then the Hamil-
tonian derivatives in (37) are replaced by ordinary derivatives and we

have KO

where a is a function of X* only. In fact, since we may regard j as
a function of the Y* only, the a may also be regarded as a function of

Y only. This leads to
wo= [aav,

so that W° is independent of j. Hence, if K° is a function of j only,
then the separation of the total energy into particle and field energy
is merely the orthodox one, since the total energy is the particle energy
plus a term independent of j, i.e. a term which remains unchanged for
changes of the occupation factors, as in the discrete case.

We now choose an intial state and partition the initial energy (7),,),
into (E,,), and (W,,), by (42). Eddington calls the energy

(T/,l.v)o = —O(E )0,

uv
the initial energy. Since the field is rigid, we have

8T, = 8E,, (43)
for a small change of occupation and this Eddington calls the transition

energy.
If we have an initial state and make a small change in the occupation
factors, then we would expect the particle energy to be given by

Epv = (Epv)o"f‘SE;w- (44)

From (43) we have E,, = (EB,,)y+3T,,,
which, from (42), gives

Ey.v = (Eyv)O—S(BEyv)’

ie. E,, = (E,)o—038E,,—(E,,), 0. (45)
Since Eddington takes § = k, he finds the relation
E,, = (B,,)y—kdE,,, (46)

and concludes that the rigid-field convention leads to the transition
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energy being —k3E,, instead of the expected dE,,, i.e. the transition
energy is —k times the expected amount. However, this is an illusion
since we have shown that when § is a constant 8E,, = 0 = 87, so
that both (44) and (45) become

Eyv = (Eyv)O‘
Since we are not considering 6 to be a constant, we have
Ep.v = (Epv)0+8Epv’

i.e. the transition energy has, in fact, its expected value.

The case of classical quantum theory is given by § = —1 (k = —1
in Eddington’s notation), since this leads to W° = 0, i.e. the total
energy is the particle energy only. If we put £ = —1 in Eddington’s
erroneous equation (46) we obtain (44). Eddington asserts that the
E,, in (44) is the energy tensor of a relativity particle and the transition
energy expressed in (46) arises through the imposition of the quantum
condition, namely, the rigid-field convention. In fact (44) is the energy
tensor of any particle in a rigid field and, in particular, the energy tensor
of the classical quantum particle is of this form. From this result (46)
Eddington states that a relativity particle is formally a quantum
particle of multiplicity —1, but this is clearly wrong; in Eddington’s
results it is the classical quantum particle that is given by &k = —1.

The classical case cannot be obtained as a special case of Eddington’s
work since & must be a positive integer. However, with our results (42),
the classical case is given by § = —1, which means that

k= —L.
Thus, in general, it is possible to arrive at the classical case from his

theory, since L may be a negative integer.
We may write (44) as

T
B, = —{ gov)o 45T, (47)
where 0, is the value of 6 before a change of occupation takes place.
For the classical case § = —1, so that
Ep.v = (T/,w)0+8Tp,v = Tpv'

Now an alteration in % induces an alteration in L and 6 (not to be con-
fused with an alteration due to a change in occupation), but the total
energy 7, remains unaltered. Also the total initial energy (7)), re-
mains unaltered, so that the total transition energy remains unaltered.
What does alter is the partition of 7, into E,, and W,,. Hence the
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(T,.,)o and 87, in (47) are those of the classical case and it is the &,
that is different. Hence, the effect of any change in 6 is to multiply
the expected (i.e. classical) initial particle energy by —1/6,, but this
has no effect on the transition energy. For example, corresponding to
the case k = 136 say, the particle energy is

T
E’“‘ — _( #5)0 _*__ST}“”
13670
e B, = —Luep ) sy
e v 136 wnv/0 wy

where 3400, L3¢ are the values of ,, L corresponding to k£ = 136.

The results of this section (FT, § 15) are very important to Edding-
ton’s theory, but are incorrect. Eddington’s partition equations (28)
should be replaced by equations (42), since otherwise the rigid-field
conventionistrivial. Recently,theauthors(21)have found that Edding-
ton’s form of the equations can be obtained if the rigid-field convention

is replaced by the condition
p+kK® = 0,

w: OK°
where p= fX a—Sj—dV.

It can be shown that this condition is a restriction on the physical
systems considered, but the physical interpretation of this restriction
is not clear.

4.3. Eddington uses the results of the previous section to introduce the
‘principle of the top particle’. In the discrete case, we have that if H°
is a homogeneous function of degree » in the occupation factors, then
H® = (1/n)E°. Now, from (28), we have, in the scale-free case,
H® = —kE°, from which Eddington concludes that H°is a homogeneous
function of degree —1/k in the pseudo-discrete occupation factors
Jr = j(X*)dr,. With this quite unjustified assumption, Eddington goes
on to consider an assemblage of particles in one pseudo-discrete state,
so that H® varies as j-U¥ and j is proportional to the particle density s.

Hence, J— dHo _ 1 io,
’ ds ks

Consider a unit volume, choosing the unit large enough for s to be very
large. If one particle (per unit volume) is removed from the assemblage,

the amount of H removed is dH°/ds, and so Eddington calls dH°/ds
‘the H of the top particle’ and denotes it by $. The average H® per

(48)
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particle (in unit volume) is H®/s, which he calls ‘the H of the mean
particle’ and denotes it by H. Then, from (48),

$ = —HJk.
Since this is similar to (28), Eddington applies this result to the energy

tensor and states that for an assemblage of particles in an initial pseudo-
discrete state: :

The particle and total energy tensors are respectively the energy tensors
of a top particle and mean particle.

Apparently Eddington’s meaning is that the energy of a top particle
is the energy of each particle of the object system while the energy of
a mean particle is the total energy of the system averaged over each
particle of the system; i.e. if £° HO° are the particle and total energies
respectively of an object system consisting of »n particles, then E°n
and H/n are respectively the top particle and mean particle energies.
Although there are a number of errors in Eddington’s argument, the
idea of the top particle seems interesting and can be explained in the
following way:

The particle which is selected as our object-particle is initially an
unidentified member of a large assemblage, i.e. it is an average, or mean,
particle. In this state it has associated with it a certain energy. On
selection as the object-particle, it is still associated with the same
energy, but this energy is now partitioned between the particle and its
complementary object-field. If HO is the energy of the mean particle
(or the total energy of the object-particle) and E° is the particle energy
of the object-particle, then the energy partition is given by (35), i.e.

H° = —0E°.

If we select any particle from the assemblage, it is equally likely to
belong to any energy level, but Eddington pictures the particles of the
assemblage arranged in energy levels which are built up successively
as j increases from 0 to its actual value. Each energy level must be
completely filled before we proceed to the next one, so that we eventually
have a series of energy levels which are fully packed except for the top
level. The particles in the top level (top particles) can take part in
quantum transitions, but the particles in the fully packed energy levels
do not take part in these transitions and so form the rigid background
field that is required. If we select a particle it must come fro op
level, since we must pack each energy level before we Whe

next. (This idea is somewhat similar to the exclusighf gélé in



56 PARTITION OF THE ENERGY 4.3

classical quantum theory.) Hence, our selected particle (object-particle)
is always a top particle.

As before, we take the particles to be simple scale-free particles
characterized by an energy-tensor and nothing else. If the initial state
is the state of almost exact rest, the energy tensor reduces to a single
component, the density, and we have the relation

Pmean — — Bptop’

where p. .., and py, are the proper densities of the mean and top
particles respectively. Since the selection of a particle as an object-
particle does not alter the proper volume associated with it when it
was a mean particle, it follows that the proper masses are in the same
ratio as the proper densities and we have

Mmean = _"gmtop' (49)

An alteration in the multiplicity factor £ produces an alteration in
the partition of the total energy tensor 7),,, but leaves 7, unaltered.
Hence, in (49), an alteration in ¥ would leave the mean particle un-
affected, but the energy tensor and mass of the particle are changed in
inverse ratio to §. A quantum particle of multiplicity % is a ¥}, and since
quantum particles are top particles we have that the relation between
the masses m;, m, of a ¥}, and 1, is

m_ b, (50)
my 0y
Note that since we are dealing with the ratio of masses we are within
the bounds of scale-free theory.

The large assemblage of particles in a state of almost exact rest which
has been considered here is the standard uranoid of scale-free physics.
A small number of unidentified particles are selected as the object-
system, and these automatically become the top particles. The rest of
the assemblage forms the environment, and is postulated to remain in
its initial state of almost exact rest whilst the object-particles have
freedom of transition to other states. Since the particles of the environ-
ment only need to be treated collectively, they can be taken to be mean
particles. Hence, an alteration in k does not alter the environment since
such an alteration does not affect the mean particle. Accordingly,
Eddington claims that (50) applies to V;, and ¥, particles in the same
environment and m,/m, is a genuine mass-ratio as would be determined
by practical measurement.
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4.4. In FT, § 18, Eddington considers the mass-ratio of the proton and
electron. We have shown in section 4.2 that there are two types of
energy to consider, namely, initial and transition energies. Eddington
attempts to simplify the analysis by assuming that initial and transi-
tion energies are carried by different particles. He introduces the follow-
ing types of particles:

Initial particles, for which no change of state is contemplated. They
are generally taken to be in a state of almost exact rest.

Transition particles, which have many possible states. Their initial
state is a state of zero energy tensor. The names and properties of these
particles are obvious from the relation

‘Ep.v = (Ep,v)o'l"sEyw

where (E,,), is the energy of the initial particle and 3E,, is the energy
of the transition particle.

This procedure is the same as that used in classical mechanics where
the system is replaced by an external particle moving with the centre
of mass and having the total mass of the system, together with internal
particles describing orbits relatively to the centre of mass and having
suitable reduced masses. The rest energies of the internal particles are
zero, since the total mass is carried by the external particle. Hence, by
choosing a coordinate frame in which the centre of mass is at rest, the
external particle is an initial particle and the internal particles are
transition particles. Eddington considers the special case of a two-
particle system, the masses of the components being m and m’. This
system may be transformed into an external mass M moving with the
centre of gravity and an internal mass u specifying the relative orbit,

ere
wher mm’

m+m'
Note that the rest energy of the internal particle is zero, not u, so that
it is a carrier of transition energy only, while the external particle carries
initial energy only, provided changes in the motion of the centre of
gravity of the system are not contemplated. Eddington applies this
to a hydrogen atom, remarking that it may be split into an external
particle and an internal particle, and it may also be split into a proton
and an electron. But the latter method is confusing if we want to
study the properties of the atoms as a whole, although it is necessary
when the results for hydrogen are made the basis for the theory of more
complete systems.

By applying the division into internal and external particles to a

M = m+m/, wo=
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hydrogen atom, Eddington calculates the ratio of the masses of the
proton and the electron. However, his method is based on his partition
equations (28) and also involves a confusion of scale-fixed and scale-
free characteristics, so his result is questionable. We will now present
an improved form of his argument, and show that it leads to loss of
the numerical result.

Since the probability distribution of the proton and electron in a
hydrogen atom extends over the same volume, we may assume that
the internal and external particles also occupy the same volume. Then
instead of expressing the division into internal and external particles
by masses, we may express it in terms of densities. If p;/, p, are the
densities of the internal and external particle, and p, p’ the densities
of the components of the system (i.e. proton and electron), then we
have op’
Py =p+tp, Py ptp

In FT, § 17 (see Appendix 1), Eddington shows that a particle (or
carrier) that is described by an energy tensor and nothing more has
136 degrees of freedom, i.e. it is a Vj;4. Such a particle is known as a
standard carrier and is composite, since it contains an internal stress
system. When this internal stress is zero, the particle reduces to asimple
particle which is a V.

The hydrogen atom is a composite particle, so we take it as a V4.
By dividing it into an external and internal particle, we replace the
Vise by two simple V;, particles, one of which carries internal energy
only, while the other carries transition energy only. In terms of wave
analysis, the double wave function ¥ of the composite particle is fac-
torized into wave functions ¢,, ¢, of two simple particles. Not every
state of the 173 is a combined state of two ¥;,’s, but we are here con-
sidering a transition to a separable state. Stabilization is introduced
when the 136-dimensional element dr is replaced by the product dr,dr;
of two 10-dimensional elements defining pseudo-discrete states of the
Vo particles.

Consider a distribution of s standard particles per unit volume at
almost exact rest. If p, is the total proper density, then the density
apportioned to the particles is

T, P
P == E = — _& _ — .__0_.
138 “ 0138 0136

Consider now a distribution of s external particles and s internal particles

per unit volume at almost exact rest. The internal particles make no
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contribution to the energy, since they are at rest. The totalenergy
remains unchanged when k changes, so it is still p,. The density appor-
tioned to the external particles is thus:

— _Po
P1o 010'

If we introduce a small transition, the transition energy is attributed
entirely to the internal particles. This transition energy does not
change as f changes; it remains as 87,,, so that it is always associated
with p,. Hence, we have that the hydrogen atoms can be considered
as two systems of V}, particles, external and internal particles. The
external particles are carriers of initial energy and are accordingly
attributed a density of —p,/0,,, while the internal particles are carriers
of transition energy only and are accordingly attributed a density p,.

In our notation we have

Py = '—gﬁ)’ Pu = Po>
and also by writing p, p" as p,,, p,, i.¢. densities of proton and electron,

we have
Par = PptPes  PaPu = PpPes

so that p,, p, are the roots of the equation

p*—pprrtpap, = 0.
This compares with Eddington’s equation

m2—mM-+Mup = 0.
Substituting for py, p, this becomes

P PPo_ P8 _ ¢

010 010
and the roots p,, p, of this equation are in the ratio
Pp _ __ Ly, 1 Ly 1 ;4_0_
Pe { 20 T 20 + Lyl |

Since the probability distribution of the proton and the electron extend
over the same volume, it follows that their masses are in the same ratio
as their densities,

l

My _ [Ty g4 Lo 40
m, {20+1+ 20 1+L10 ’

It is found that this ratio will have the same value as Eddington
finds:

ie. Mp _ 1847-60,

m,



60 PARTITION OF THE ENERGY 44

if L, = —(136)2. But, of course, there is no guarantee that this will
be so. The value of L depends on k and on the functional form of K°,
and since we do not know the form of K9, this value of L cannot be
calculated. We suggest that the value of L (or 8) may be found by an
experimental procedure at some stage, which means that Eddington’s
theory is, in fact, empirical and not epistemological as he claimed; and,
of course, none the worse for that.

4.5. Eddington’s partition equations (28) suggest that a V54 is asso-
ciated with a field energy which is —137 times its own energy, so that
the particle is supposed to be in a gravitational field far outside our
ordinary experience. However, gravitational fields may be created by
a transformation of coordinates and Eddington asserts that the appa-
rently intense fields postulated in scale-free physics must be furnished
in this way. The rigid-field convention is restated in the form: the
coordinates must be so chosen that the field is stationary for small
changes of the occupation factors. Such coordinates are called ‘rigid
coordinates’. Eddington then determines the rigid coordinates for a
uniform distribution of particles in an initial state of almost exact rest,
and, by means of a somewhat doubtful argument, finds that the rigid
coordinates (z,¥, 2,t) are related to the Galilean coordinates (z',y’,2’,t’)

by = y=y 2=z t=—kt.

He concludes from this that in wave mechanics we must employ a time
¢t which is 1/k times the Galilean time #’, but this result has only been
proved for particles which are at rest and a more general result is not
necessarily true.

Our version of the partition equations (42) makes the idea of rigid
coordinates both unnecessary and unlikely. For a V};; we have

u/;w = _(0136+1)Ep.v’
and the value of 6,34 may be such that (6,3-}+1) is of reasonable
proportions.
By following Eddington’s argument, we find that the rigid coordi-
nates (2,¥,2,1) for a distribution of particles at rest are given by

=2, y=y, z2=2, t=—1)0.

Since the particles are at rest, there are no transitions and 6 is effectively
constant. If, like Eddington, we generalize this result, we would con-
clude that in wave mechanics a time ¢ which is 1/8 times the Galilean
time ¢’ must be employed.
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This result means that the time coordinate changes with every change
in the occupation factors of the eigenstates, i.e. in order that the field
should be rigid we must employ a different set of coordinates after
each transition. This idea seems absurd and since the idea of rigid
coordinates is unnecessary with our partition equations, we will not
consider using these coordinates.

4.6. When we require the measurement of some characteristic of an
object-body, we do not make independent observations of the object-
body and a reference body. Instead the object-body and the reference
body are observed as a joint body, and any measurement made deter-
mines characteristics which belong to both jointly. However, these
characteristics are usually allotted entirely to the object-body, or parti-
tioned between the two bodies in some self-consistent manner. In FT,
§ 22, Eddington remarks that the language of physics is bound up with
the convention of substituting self properties for mutual properties and
that we must accept it in principle. This reference to ‘bodies’ is
picturesque, but somewhat confusing. The fact is that a complex
abstract structure is needed to describe both a system and its environ-
ment interacting in an experiment. Eddington contends that it is usual
(probably because it is easier to dodge the complexity) to describe this
complex structure in terms of the simple ones, by allotting the numerical
characteristics to them.

Eddington considers the object-particle and reference particle (‘com-
parison particle’) to be simple so that their mechanical characteristics
are fully specified by complete momentum vectors p,, p,,. Here again,
Eddington appears to be making the error of describing scale-free
particles in terms of scale-fixed characteristics (cf. section 3.2); instead
of using p,, he should use the root vector yjp, v, (FT,§ 17, see Appendix
I). He now asserts that the mutual energy tensor is necessarily of the

form ’y
or M,, = 3C(p,p,+p,p,),

where C is a pure number, for there is no other tensor of the second
rank, having the dimensions of an energy tensor, depending sym-
metrically and inseparably on the mechanical characteristics of the
two particles. This is an error since, for example, an energy tensor of
the form ‘o

PoP

M, =1C . v 1D,
(234 % V{(pﬁpﬁ)(p;pry)}(py.pv_*'pp.pv)

also satisfies this requirement. The required energy tensor necessarily
has the factor (p, p,+p), p,), but it may be multiplied by any dimension-
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less symmetrical combination of the p, and p,. However, Eddington

is concerned only with rest energies in his argument, and in this case

the dimensionless factor becomes 1 (or a numerical constant).
Similarly, Eddington asserts that the self-energy tensors must be of

the form , '
T;Lv = App,pw T,u.v =4 py.pv’
and from this deduces that, for particles at almost exact rest,
Am2+4A'm'? = Cmm'. (51)

Now in FT, § 18, Eddington finds that the masses of the proton and
electron, m,,, m,, are the roots of the equation

10m2—136mmy+m = 0, (52)
where m, is the mass of a standard carrier. By comparing these last
two equations, he deduces that

m' = my, A:A":C =10:1:136.

This leads him to the conclusion that the object, comparison and mutual
bodies are of multiplicities 10, 1, and 136 respectively. This is, of course,
the expected result since the mutual body is a composite particle, i.e.
a V}4q; the object body is a simple particle, i.e. a V;,; and the comparison
body is a carrier of the standard of reference, so that it has only one
degree of freedom and so is a V;. However, Eddington’s argument is
wrong, not only for the reasons already given, but also because the
comparison between (51) and (52) cannot be made, since the latter was
deduced by considering a composite particle to be divided into two
simple particles, one of which is a carrier of initial (i.e. rest) energy
only, while the other carries transition energy only. In the present case,
the composite particle is divided into two particles both of which carry
rest energy, so there is no comparison between the two cases.

On attempting to correct this argument, we find, as usual, that the
numerical result disappears. If py, py, py,, are the total proper-densities
associated with the object-particle, comparison particle and mutual
body, respectively, and 6, ', 6,, the 6’s associated with these three
bodies, then by taking the mutual energy tensor to be of the form

Mp.v = —%om(\/p Uy VP' ”H"/P' ’U;,, N/p v,)
we find that for a state of almost exact rest
Pon = —Omy/(pp").
Similarly, the self energies of the particles give rise to
po = —bp,
po = —0'".
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Note that the expression }(vp v, vp’v,+Vp'v, Vpv,) isthe particle energy
of the mutual body.
These expressions lead to the ratio of the densities of the object-
particle and comparison particle in the form
P L8 [t
pl 202 262 )
but no numerical result follows since the values of the §’s are unknown.
Eddington also introduces the idea of a comparison hole, which is
a source of negative energy such that when a system consisting of an
object-particle and its comparison hole is superimposed on the uranoid
the density is unchanged. In this case there is no mutual body.

4.7. This argument ‘B’ of FT has many interesting aspects. It suffers
from using Eddington’s equation 7},, = p, p, which results in the con-
fusion of scale-free and scale-fixed quantities, and also from his form
of energy partition equations, which are made trivial by the rigid-field
convention. On correcting these equations in the obvious way, Edding-
ton’s numerical results are lost, which indicates that his theory does,
in fact, require empirical data. But the backbone of argument ‘B’ is an
attempt to discuss quantitatively the relation between physical quanti-
ties in two abstract structures, and this is what gives the argument its
interest. For this reason, and because we shall have further use for
the relation later, it seems worth while to consider the equation for 7,
again.

The crucial step in Eddington’s opinion is the recognition of scale.
If we are to have a theory about protons and electrons it must recognize
their difference from dust-particles and cricket balls. This difference
is expressed in orthodox quantum mechanics in terms of the quantiza-
tion of their energies and angular momenta. Eddington takes seriously
the fact that the atomic particles are small. Just as % enters for the
energies, so here a scale constant o must be introduced. (Alternatively
one could introduce a mass m, and define ¢ = #/m; this would be more
usual (with m as the electron mass). But Eddington leaves himself some
freedom by introducing ¢ and not relating it immediately to#.) Ordinary
macroscopic descriptions are scale-free, and the simplest experimental
conditions there are described in terms of an energy tensor 7,,. Such
an energy tensor has normally 10 degrees of freedom; but for a cloud
of dust it can be analysed into a root vector, since

T,uv = pY, v, = (Vp U;L)(‘/P v,).
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This analysis does not affect the scale-free nature in the least. But the
degrees of freedom become 4.

Can such a scale-free system be analysed into elementary particles,
i.e. into scale-fixed systems? Such an analysis will be of a different
kind. Eddington’s contention is that this energy tensor will correspond
to an assembly of elementary particles of momenta p,; and the equation

Tp.v = App.pw
where A = D(c*/8nyh?), is a rule for finding these particles. Do the
difficulties of section 3.2 still apply to this interpretation of the equa-
tion? The first difficulty of the domain of definition is avoided if we
have an assembly of particles, but then we should strictly write

T,=4 f n(P,)Pu P, 4*p,

where n(p,) d*p is the number of particles per unit volume with a given
momentum p,. Such an energy tensor is not then a direct product;
and the difficulty noted in section 4.6 that p, is scale-fixed and 7,
scale-free is also no longer a difficulty.

The constant 4 must be inserted to allow the freedom of analysis
into particles which Eddington uses; for we could split an assembly of
rather complex particles into one of double the number each carrying
half the variables, so that

A'n' = An, A= }A.

In other words, apart from any dimensional constants and so on, 4
must include as a factor the number of degrees of freedom. It is by no
means the case that the energy tensor will be that calculated on the
assumption that the elementary particles formed a cloud of dust with
the same number of particles; this would require, in the case when the
particles were almost at rest, that Am, = 1, where m2 = p*p,. This
result (since A is proportional to the number of degrees of freedom k)
is consistent with Eddington’s fundamental formula

my ky

my &y’
which we were unable to deduce by his methods in section 4.3. The
real significance of this equation is now seen to be that, if the complexity
of the particles is halved, so that » is doubled, 4 must be halved and
if we are to preserve the ‘dust-particle analysis’ then m, must be doubled.
Naturally, it is not always convenient to preserve the ‘dust-particle
analysis’, so that the formula Amy, = 1 is not always true.
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It remains to consider the status of Eddington’s equation

Ty = Apup,.

It can be considered an arbitrary convention which serves merely
to define our scale-fixed physical entities. But this is to ignore the uses
which Eddington makes of it, by assuming that these scale-fixed entities
areindeed the particular ones (protons and electrons) which he considers.
The rule really has the status of a scientific hypothesis which is open to
falsification by experiment; for from the joint assumptions of the rule
and the fact that the scale-fixed entities are protons and electrons, we
can deduce various results which can be tested. Considered as such a
hypothesis it does not suffer from the criticisms which we have made
in the preceding sections.

85850 F
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THE NON-COULOMBIAN POTENTIAL

5.1. WE have now described the two basic arguments ‘A’ and ‘B’ of
Eddington’s theory. We proceed to explain the secondary arguments
which apply the basic conclusions to physical problems. The simplest
secondary argument in FT, which in fact rests only on the basic argu-
ment ‘A’, is the calculation of the energy of a pair of protons. We have
already said something about this argument in section 2.6, but it is
convenient to repeat it here with the fuller discussion. Eddington sees
a two-particle system in which the particles have opposite charges as
an elementary one, because it can be put into a neutral environment.
If the charges have the same sign the environment will be polarized by
them, and so there will be opposite charges somewhere in it. Here we
see how the investigation of the effect of the environment divides two-
particle systems into two classes in a very precise manner. Now, the
Coulomb energy of the proton-electron system, according to Eddington,
has its origin in some kind of interchange, and even if we do not accept
his arguments as a whole the value e?/# of the fine-structure constant
certainly seems to connect the Coulomb energy with some quantum-
mechanical phenomenon. However, the proton-proton system would
apparently give rise to quite a different Coulomb energy because there
are no steady states. Accordingly, Eddington calculates the Coulomb
energy for this system by an independent argument based on the assump-
tion that a charged particle has no Coulomb energy if it is in a neutral
environment. ‘Neutral’ here implies equal distributions of protons and
electrons. By an elementary argument it follows that the proton-proton
energy must be equal and opposite to the proton-electron energy. He
then goes on to question this argument in the case when the two protons
are very close together so that the measured distance between them is
zero. His basis for this is that the two like charges certainly cannot be
superposed for the reasons which we have stated, and so some adjust-
ment of the energy must be made if we do not put in the induced
charges. On the other hand, when the separation vanishes no such
change can be made. It is not easy to see why we are allowed to make
such a change, even when the separation does not vanish, but this is



5.1 THE NON-COULOMBIAN POTENTIAL 87

the assumption made by Eddington, and he makes the further assump-
tion that the form of the contribution to the energy for the vanishing
of the separation is that of a delta function of the measured separation.
Of course, it would be possible to assume other improper functions as
contributions. The delta function is a rather arbitrary choice. Once
the delta function has been chosen we can convert the delta function
of the measured distance into a certain Gaussian distribution of the
calculated distance as in the argument ‘A’, and this gives rise to a non-
Coulombian energy.

5.2. We find this argument of Eddington’s very unconvincing, and we
suggest replacing it by the following argument, based on some of his
ideas, which relates the non-Coulombian energy directly to the ordinary
Coulomb energy. More precisely, we shall consider the effect of the
uncertainty of the origin on the problems of the connexion between
action-at-a-distance theories and field theories. We shall take the view
that Eddington has drawn an important distinction (FT, § 5) between
measured and calculated distances, but that he has failed to apply this
distinction correctly. If we correct his application of this distinction,
for the particular case of a scattering problem between particles under
a Coulomb field, the result of this calculation is that to a certain degree
of approximation the Coulomb field is amended by a potential of Yukawa
type, Ae-"m[r. The range-constant 7, is determined in terms of o, but
the strength A4 has to be determined by other arguments.

It should be emphasized that the Yukawa potential arises entirely
from the Coulomb field when we take account of the uncertainty of the
origin. None the less it is natural to seek to employ it to account for
nuclear scattering. Two difficulties are met with, however; a mathe-
matical difficulty is that the Yukawa potential is derived by using an
approximation which is only valid for certain particles. We overcome
thisdifficulty by using requirements of relativisticinvariance to generalize
the result we have already obtained to the case of nucleons. The range
constant is then of the right order to account for low-energy proton-
proton scattering, and can be adjusted to the correct strength by choos-
ing an arbitrary constant, of the dimensions of mass, to be of the order
of 70 electron masses.

5.3. The other difficulty is much more interesting. Eddington’s calcu-
lations (which we believe to be erroneous) lead him to conclude, from
the distinction between measured and calculated distance, that the
nuclear potential should have the Gaussian form Ae-""'", He therefore
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concludes (FT, p. 10) that ‘we need not hesitate to reject the meson-
field hypothesis altogether’. In the light of our calculation, and the
present position in meson-field theory, we cannot be so dogmatic.

We may remark that, since our Yukawa potential is derived from the
electrostatic Coulomb potential, it predicts no force between neutrons
and protons. But experiment shows the nucleon interaction to be
charge-independent. Moreover, at higher energies it appears to be
important to consider tensor coupling, and to take account of spin
terms in the potential. One is at first tempted to suppose that what
has been shown in the present working is that the objective of meson
theory is not to explain the discrepancy between Coulomb and actual
scattering, but only that between (Coulomb+ Yukawa) and actual
scattering. This in itself would be an advance, since meson theory
raiges very difficult mathematical problems, and these would then have
to be solved only to a degree of approximation needed to account for
a smaller discrepancy. But it would be very surprising if one had to
use the present theory for proton-proton scattering, and meson theory
as it stands for neutron-proton scattering.

On the other hand, it is clear that the theory as it stands cannot
account for high energy scattering. From the point of view of Chapter 1,
we would say that it is too restricted an abstract structure for this
purpose. A more complex abstract structure must be created, but the
evidence under discussion suggests that this will have little in common
with meson field theory. Thus we appear to have here a state of affairs
in which both meson-field theory (if it proves satisfactory) and the
elaboration of the present theory (if it can be constructed) would give
substantial numerical agreement about nuclear properties, although
they make quite different assumptions. We have described in Chapter 1
how we can have chains of abstract structures, simply ordered with
respect to complexity. The instance of the present theory and a meson-
field-theory explanation of nuclear properties is one of two theories in
different chains and so not ordered with respect to complexity. It may
be that the disjoint nature of Eddington’s work and meson-field theory
is at the root of his attitude, which gives meson theory very short shrift.

5.4. In classical electrodynamics, the following process is familiar:
The Maxwell equations in free space have for the static field of a
charge e at rest at the point r = r,, the solution

[

E(r)=-V¢, ¢= T—r’



5.4 THE NON-COULOMBIAN POTENTIAL 69

This equation is then the corresponding ‘action-at-a-distance’ formula-
tion of the field equations.

Now Eddington suggests in ‘A’ that even the most primitive form of
quantum theory requires a ‘physical origin’ from which to measure
observable coordinates. This physical origin is distributed about the
‘geometrical origin’ with standard deviation ¢. If the Maxwell equa-
tions are to contain observable quantities E, H, J, the coordinate-
system used must be the physical one. The coordinates are measured
coordinates, and the analytical theorem, which is still true, that 1/r
provides the static solution, refers to the calculated value of r = |r—r,]|.

On the other hand, the usual method of calculating Coulomb scatter-
ing problems is as follows (18):

In the Schrédinger equation the potential ¢ is given the value e?/r.
Usually the origin is chosen at the centre of gravity, but by an ordinary
transformation (18, pp. 101-2) it can be moved to the scattering particle.
A solution is now sought in terms of » and angular coordinates.

The origin having been chosen on the scattering particle, the coordi-
nate which enters here is the measured radius vector »’ (say), but the
potential is still e?/r. The problem can only be solved, therefore, when
V is found in terms of #’. We observe that we have here a very in-
tractable double probability problem, since the relation between » and
r’ is a statistical one, and the Schrédinger equation is in any case a
statistical equation. An obvious approximation to seek is to replace
V by its expectation value in terms of »’, and then to solve the resultant
ordinary Schrodinger equation. We can see physically that there will
exist a value of the mass, m, say, of the scattering particle for which this is
a good approximation. For as the mass varies from a sufficiently large to
a sufficiently small value, the uncertainty with which the position of the
scattering particle can be measured varies in the opposite way, and so
passes through the value 0. We shall call particles of mass m, ‘standard
particles’, without meaning to imply that they are to be found in nature.

5.5. For standard particles, then, if we consider any given measured
radius ', r has standard deviation ov2, and so has frequency function

fr) = Ae-tr-riad*,
Hence the expectation value of the Coulomb potential per unit charge is

[}
f (1/r) . 4mr2e—tr-r7iaa* gy
0

-]
[ 4mrte-e-rric* gy
0
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Putting ' = 20y, we easily have for the value of 20¢:

TABLE 1

y 20 y 20¢
0 1128 09 0-724
01 1075 1-0 0-690
0-2 1023 11 0-658
03 0-974 1-2 0-627
04 0-927 13 0-599
05 0-882 1-4 0-572
06 0-839 15 0-547
07 0-799 .. ..
08 0-760 2:0 6445
.. .. 25 0-370

5.6. In calculation of scattering of standard particles, then, the ex-
pectation value & is to be used instead of the Coulomb potential, 1/20y.
If we do use the Coulomb potential, the results will be in error unless
we subtract from it the potential ¢,, where
1 1—2
b= § = 52,
oy 20y
The potential ¢, is then analogous to the non-Coulombian potential.
From Table 1, however, it is easy to verify the following very striking

approximation to ¢,: =117y
204, =
Y
We have in fact
TABLE 2

Y 204, (1fy)er1v y 204, (1/y)e~+2
0-01 98:88 98-84 0-9 0-387 0-388
01 8-92 8-90 10 0-310 0-310
0-2 398 3-96 1-1 0-251 0-251
0-3 2-36 2-35 1.2 0-206 0-205
0-4 1-57 1-57 13 0-170 0-168
0-5 112 111 14 0-142 0-139
0-6 0-827 0-826 15 0-119 0-115
0-7 0-630 0-630 .. .. .o
0-8 0-490 0-490 2-0 0-054 0-048
.. . .. 25 0-030 0-021

We may notice the very good agreement in the range from y = 0-01 to
y = 1-5. The analytical basis of this approximation, if there is one, is
unknown. The range of agreement is the important one in scattering,
so long as the energy is not so high as to cause much penetration to
y < 0-01, since for y > 1-5 the potential ¢, is small compared with the
Coulomb potential.
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We now wish to compare the potential ¢,, with that which accounts
fairly well for the scattering of protons by protons. This section is
concerned only with orders of magnitude. The potential ¢, is of the
form (1/r’)e-"ro, where r, = 1-700. If we adopt, for the moment, the
value of o obtained from the ‘planoid’, i.e. the standard abstract struc-
ture in which the environment is a sphere of radius R,

R

g = ‘Wj,
we have V;r, = 0-1/VN, giving a relation between r,, and the limit-
ing Hubble constant. In more convenient units, if ¥, is expressed in
km/sec/megaparsec, and r, in 10~ c¢m, then with Eddington’s value
of N we have 5V 7y = 108,

Since 7, is somewhat less than 100, r, will be about 2; the experimental
results on protons give about 2-1. It is, however, most surprising that
even the order of magnitude should be correct. For the strength, how-
ever, we get A = e2[r,, where e is the electron charge, and this gives
about 0-6 MeV, a result in error by about 40:1. Actually 4, r, are not
known so well separately, but 472 is known closely. Our calculated
value is 2:6x 1026 against the observed value of 62x 1028, These
calculations are not very accurate, and a more complete comparison
of the theory with experiment is needed. But even at this stage it
appears fairly clear that the standard particles involved cannot be
protons.

5.7. We shall now attempt to complete the theory by finding the non-
Coulombian potential for non-standard particles. We do not wish to
try to solve the problem of the double probability distribution, so we
suggest as an alternative course that we investigate in what ways the
theory can be generalized so as to be Lorentz invariant. We first con-
sider the matter classically.

Various forms of relativistic particle dynamics are possible. A choice
between them can be made, however, by using the algebraic theory of
the second part of FT. As we have not developed this we shall simply
refer in the following discussion to the results that the algebraic theory
provides.

Let us assume firstly that the equation of motion of a particle has the

form do®

—d;"—_-'-Gc



72 THE NON-COULOMBIAN POTENTIAL 5.7

Since v*v, = 1, we have G*v, = 0, so that G* must depend on v*. The
two forms G = Hoy,,  G= = (83—ve,)HP
(where Hor+ Hr* = 0) are completely equivalent (e.g. one may write
H,=H,v, H,, = H,v,—H,v,),
and quite general if H#*, H* are allowed to depend on v*. The simplest
cases to consider are
(i) fields of type I, where G* = H%w,, and H*/ is independent of v*;
(ii) fields of type II, where G* = (85 —v*v,)HP and HP is independent
of v>.
A field which falls into neither of these classes may be called of type
ITI, but we shall not consider these further.

The quantities H*°, Hr are not field strengths, since they depend on
the particle (even if not on its velocity). We can however determine
how they depend on the field quantities by supposing that field is
determined, by using an appropriate algebra, in terms of flux from its

sources. It then turns out that for fields of type I, acting on spherically
symmetric particles, we must have

H,, = aF,,+bF}
where a, b might depend on the invariants of ,,, but do not do so in
the case when the effect of the field is additive. The field 7, then
satisfies equations like Maxwell’s.

For fields of type II, on the other hand, a corresponding argument

ives the result
g H, = aF, = —ad,,

where o may depend on the magnitude of F,, but in the simplest case
does not.

Let us begin by considering how such equations can describe the
gravitational field. In such a case the principle of equivalence makes
a, b constants, and it is simplest to take @ = 1 (and b = 0 for type I).
The type I equation of motion is then

dor
e FFPvp,

v

and if we write this as

gg (mv#) = mFrey,,

m is just a constant parameter (the rest-mass). But for type II we
have duk

a5 = Fre—oky, FY = —3f‘¢+vl‘%',
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so that it is natural to rewrite this in the form
%(mvl‘) = mF*,

where m = mye—¥. In this case the rest-mass depends on the field.
For slow motions and ‘weak fields’ (i.e. small i), we have for the current
mass an expression

\/Tl%ﬁ) = My+3myv2—my+-...,

showing the effect of  as the classical potential energy.

For the electromagnetic and corresponding fields we expect the
simplest case to arise when a is a charge-mass ratio. One therefore re-
writes the equations as

dvr

m—s = eFrvy, (type I),
m% = e(Fr—vtv, F?) (type II),

where e is now treated as constant. The first equation is consistent
with a constant value of m but the second is not, when we use the forms

d
= (mot) = eFwv
ds(mv ) = eFwy,

% (muk) = —edtp.

In the second equation we have m = my,—eis. It is the electromagnetic
field in which we are interested here, but we included the gravitational
discussion for later use (Chapter 7).

5.8. It is clear that the only convenient ways in which G* can repre-
sent the non-Coulombian field (derived by differentiating the non-
Coulombian potential ¢,) are therefore:

(i) ¢, is taken as the fourth component of a 4-vector, in the same
way as the Coulomb potential, and the rest-mass is constant;
(ii) ¢, is chosen as ey in type II above, and the rest-mass is of the
form my—e.
Let us now consider particles of spin 4. The Dirac equation for the
free particle is

m
Y’Lap.‘)b = -ﬁ,— ‘/’

The connexion of this equation with the Schrédinger equation is then
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well known: the Klein-Gordon equation which results on iteration gives
the Schrédinger equation when a certain approximate solution is found.
It is also well established that the method of taking account of a field
like that of case (i) is to add the 4-potential (apart from a constant)
to the differential operators. The case of a field of type II is not well
known; it is natural to guess that it should be taken account of by
modifying the remaining term, so as to derive

Yoo = 5 (ma— g

From the form of the equations it is then clear that if the first type of
nuclear field is assumed, the non-Coulombian potential will be inde-
pendent of the mass m,. On the other hand, the second kind of field
requires a non-Coulombian potential proportional to the mass m,,.

Now protons and electrons both have spin 4, but experiment shows
that the non-Coulombian forces between electrons are negligible com-
pared with the Coulombian; it follows that the first formulation cannot
be correct, and accordingly we adopt the second one.

We conclude that the non-Coulombian potential is a scalar field, and
that for proton-proton scattering we should use

The approximate figures then give an estimate of m, of the order of
1838 — 45 electron masses. We may repeat here that this determination
is very rough.

Let us consider again for a moment the problem that the potential
we have found is for charged particles only, although experiment shows
a high degree of charge independence. The usual treatment in terms
of isotopic spin is quite different from any that could be incorporated
in the present theory. 1t would be necessary, in the present theory,
to analyse the neutron, treated as a complex of proton and electron in
a novel way (cf. FT, §§ 99, 100), and show that the proton constituents
provide the non-Coulombian potential. This portion of the theory
would be much more complicated, and consideration of it must be
deferred.

5.9. The formulae determining the nuclear range-constant are now

as follows:

_ R 1 _ 7R, _ M,
o = %-—"— .Mo—-—2-‘;, N—-—EI;.

J(6N)’
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The first two of these are derived in Chapter 2, the third one determines
the mass M, of the initial Einstein universe, and the last one is based
on the assumption that the assembly defining the uncertainty of the
origin is in fact that of all the matter in the universe, analysed into
hydrogen atoms. We write « = R/R, and so we deduce by making ¢
explicit, which was formerly taken as unity,

202ym

Voo = — K,

d bme

Taking ¥y = 5:3 X 10-'7 sec~! (corresponding to a limiting Hubble con-
stant of 180 km/sec/megaparsec), we get

s 2 _26 2
o =Ex4-4><10 cm?,

Since r, = 1-70, this gives

5

— 17y = 3-6X10"13 em.
o

If we suppose as in Chapter 2 that « = 1 we get
ro = 1:3x 10718,

The surprising fact is that the result is of the right order of magnitude,
and provides a specific relation between large-scale and small-scale
constants. The comparison with scattering experiments is a little
difficult, since the Yukawa potential is the least sensitive to variation
of parameters. If we take the Yukawa potential corresponding to the
mass of the m-meson, which is known to be the best value, we have
(18, p. 153) figures of 1-5x 10-13 cm for r,, with a strength of 26 MeV.

The strength of our potential is (m,,/m,)(e?/r,), where e is the electronic
charge, and using the measured value of r, (to avoid reproducing once
more the error arising from our approximations) we get 0-9(m ,/m,) MeV,
giving m,,/m, = 29, that is, m, is of the order of 65 electron masses.
This last result is very interesting, since the existence of a natural unit
of mass equal to 685 electron masses has been suggested on empirical
grounds (22, 23) to account for the meson masses. Our result suggests
strongly that the standard particle is the unit involved here. We can
look on our approximation as showing that this standard mass has a
certain property of ‘transferability’ in the equation, which is not shared
by any other particles. This property is, in general terms, the property
that a standard unit of mass should have.
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5.10. The principal objection to the foregoing argument is that it
applies only to charged particles. Thus the non-Coulombian energy
between proton and neutron, which isknown to a high degree of approxi-
mation to be the same as between two protons, is not predicted. Inci-
dentally, the same may be said of Eddington’s argument, for it is
entirely based on the polarization of the uranoid by the proton charges.
It is very possible, however, that these objections are not so serious
as they seem, because in his algebraic theory Eddington builds up a
neutron from two particles in a somewhat similar way to that in which
a hydrogen atom is built up out of an internal and external particle
(FT, § 94), so that from the point of view of his theory the basic
particles are protons and electrons, and if we can explain the non-
Coulombian energy for these this is as much as can be expected from
such a simple abstract system.



6

THE COULOMB POTENTIAL

6.1. THE investigation of the Coulomb potential really begins in § 23
of FT. This paragraph was the beginning of Chapter 3 of the draft of
August 1943, and it clearly belongs there. Having exhausted the possi-
bilities of dividing the energy between field and particle, Eddington is
now going on to other ways of taking account of the environment; that
is, of studying the relation between a complex abstract structure and
a simpler one contained in it. The first of these ways is described
picturesquely by reference to an experimental determination of the
mass of an atom which will involve somewhere the use of the standard
kilogramme. The theorist who forgets to put the standard kilogramme
into the equations is castigated for his absent-mindedness in the same
way as if he had forgotten to put in the atom. Naturally, the whole
complexity of the standard kilogramme is not needed; we have merely
to insert something which will perform its duty of providing a standard
of mass. In § 23 this is done by inserting a comparison particle which
can interact with the object particles. When we come to investigate
the theory of the measurement of the mass, however, it is more con-
venient to define a new particle which includes both the object and the
comparison particle. Eddington calls this new system a perfect object
system. Itisself-contained in the sense that the measured characteristics
attributed to it involve nothing outside. The comparison particle is
simplified so much that in the perfect object-system it is described by
one variable which is now called the scale (cf. section 3.2). In § 24 this
representation of the comparison particle by a scale is developed further,
ignoring the existence of the comparison particle altogether. The use
of a perfect object system, and the use of a scale are really the same
thing from slightly different standpoints. What Eddington appears to
have been unaware of is the fact that the construction of a perfect
object-system leads very directly to the algebraic structures employed
in the second half of FT. We propose to explain how this is so at some
length, because it provides an important bridge between the two parts
of FT which Eddington was himself unable to provide. The following
argument is due mainly to Bastin (24).
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6.2. We first define an ‘observable’ to be the result of a physical
observation. Further we make, in accordance with the ideas of
Chapter 1,

Axiom 1. An observable can be represented by an ordered set of n
real numbers, or ‘vector’, in the sense of modern algebra, over the field,
A, of real numbers.

If observables exist which do not satisfy Axiom 1, our theory does
not cover them. The number n is the order of the observable. The
‘value’ of an observable, ¢, is the set of values of the n ¢, (x = 1,...,7n).
An observable is thus completely specified when one is given:

(i) the experimental method of determination,
(ii) the method of calculation from experimental results,
(iii) the value.

We may note that, in order that the object system may be perfect,
the ¢, must include the scale, describing the comparison particle. This
point is further discussed in section 6.3.

The set of all observables of order » will be written O,,.

We now consider the formulation of the mathematical scheme corre-
sponding to comparison of observables. From such statements as ‘4B
is twice BC’, or ‘the momentum of P is at right angles to that of @’,
we are led to define a comparison as follows:

If §, x are two n-vectors and ¢, = %Paﬂ xp» and if J is in O, if and

only if x is in O,, P is a comparison of ¢ and y.

It follows that P is an observable of order n2. O,, is clearly a subspace
of ¥, the vector space of » dimensions (where the term subspace is
not meant to exclude identity) and the comparisons of order n? are the
linear mappings of O,, on to itself.

Thus from a set of observables of order » (> 1), we can form in turn
comparisons of order n2, nt,..., n* (k = 2m, m integral).

Now comparisons of order n? belong to the total matric algebra of
order n? over #. Further, the matric algebra of order n? is the direct
product of two matric subalgebras, of orders »%, so that the matric
algebra of order n* suffices to represent both comparisons of order n?
and comparisons between them.

We may regard the matrix product of two matrices, which represent
comparisons, as representing the two comparisons in succession. Hence
transformations of the algebra of comparisons which do not leave un-
changed equations of the form
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where P, @), R are comparisons, will be regarded as changes in the
physical system examined. Accordingly, we define ‘allowable trans-
formations’ of comparisons to be linear transformations leaving in-
variant equations of this form. It follows that transformations which
are only changes in the reference system, or say, ‘rotations’, and not
changes in the physical objects, will be allowable transformations. It
does not follow that all allowable transformations are merely rotations.

6.3. The allowable transformations are, by definition, automorphisms
of the algebra. Since a total matric algebra is normal simple, its auto-
morphisms are inner automorphisms

P > P' = qPq1,
where ¢ is a non-singular n X » matrix. It is convenient, here and later,
to use the same symbol for an observable and its matrix representation.
We shall also have to consider, however, subalgebras of observables,
which may not be normal simple. In this case, the transformation will
still have the same form provided that we allow ¢ to belong to an appro-
priate algebra, which will have the P-algebra as a subalgebra. The
measurement conditions for the simple case of a total matric algebra
will be called the ‘simple measurement conditions’. In this case, such
transformations form an (n%®—1)-parameter group, ¥ say, where

N =n*—1.

This restriction of allowable transformations to automorphisms forms
the first measurement condition.

Now we return to the need to include the scale, which we put in the
form of the assumption that to every vector there corresponds a certain
real number, derived linearly from the vector, which provides the
magnitude of the scale. Further, this magnitude, by definition, will
remain unchanged under those automorphisms which are only changes
in the reference system. To change the scale is to change the method
of measurement, and hence, from our point of view, the system measured.
Algebraically, these considerations lead to the following axiom, which
is really a restriction on the group of permitted automorphisms:

Aziom 2. There exists a linear mapping, o, of the algebra of observ-
ables, %, on to the field #Z, which is invariant under those automorphisms
which are only changes in the reference system. This mapping satisfies
two conditions to be specified shortly.

Thus we have, for all P in €,

o(P) = p, say (pin %),
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where o(P+@Q) = o(P)+0(Q)
and o(AP) = Xo(P) _ (Ain Z).
o(P) is the scale of P.

The first condition arises in the following manner: if P - P¥ is any
automorphism of , then we say that o is invariant under & if

o(P¥) = o(P) (all P in %).

Thus o defines a subgroup % of ¥, under which it isinvariant. Axiom 2
asserts that the members of %@ are the transformations which are only
changes in the reference system. Hence we require that %@ should not
be a group with no members. Further, since we postulated Axiom 2 as
a restriction on ¥y, we require that ¥@ should not be the whole group.
A theory in which all automorphisms are scale-preserving is of an
algebraically simple kind, not corresponding to a physical theory since
the system has then lost all contact with the uranoid (the scale is merely
formal). Hence

First scale condition. A scale o determines a scale-group %, which
is a proper, non-zero subgroup of ¥,.

The second scale condition arises in the following manner: there will
exist a set of linear mappings «; (+ = 1,..., p say) of € on to %, which
are invariant under the whole group %,. For a total matric algebra
there is essentially only one such, the trace. However, to cover the case
of subalgebras, as above, we include the whole set of «;. Now if o is
any mapping satisfying Axiom 2 and the first scale condition, so also is

0', == Ao g +1§1A1’ (Ii.

This is an equivalence relation between ¢ and ¢’, and we refer to o, o’
as equivalent scales, and write 0 = o’. Clearly ¥ = %; we cannot
thus expect ¥© to determine the scale of which it is the scale-group.
But we can postulate

Second scale condition. A scale-group %@ determines the scale of
which it is a group, up to equivalence.

Thus sets of equivalent scales, and scale-groups, determine each other.
A theory in which two non-equivalent linear mappings o, ¢’ are invariant
under a scale-group %@ is logically possible, but corresponds to a needless
complication of the algebra. The object of a discussion like the present
is to present the simplest theory which expresses the physical operations
of measurement.
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6.4. Consider now the case when ¥ is a total matric algebra. Clearly
there exists a fixed matrix B in € such that

o(P) = tr(BP),

and we speak of the scale-operator B. Even if % is not a total matrio
algebra, it is a subalgebra of a total matric algebra. In this case the
equation is still true, provided that we take B in the total algebra. For
a rotation we have, for all P,

tr(BqPq-1) = tr(BP),
whence Bgq = ¢B.
Hence the group %(B) of ‘rotations’, or scale-preserving automorphisms,
corresponds to the commutator algebra of the scale-operator B. Now if

g commutes with B, it commutes also with B2. Thus B? is another
possible scale-operator, so that, by the scale conditions,

B? = AB+p.
If 4utX #£0, and B — B3N _
H (£ [u+ ]
the sign being chosen for reality, then
B2 = 1.
Tf 4u+A% = 0, then B2 =0,

Hence it is sufficiently general to assume the scale-operator to be nil-
potent, or to have unit square (apart from sign).
Returning to the commutation equation, we note that if

B2 = 41,
we can write any matrix ¢ in the form
q = ¢;+95
where @B =By, ¢,B— —By,
For we have 9¢, — q+ By B,
29, = qF By B.
If B*=0

this decomposition is no longer true. Now the scale-operator was
originally arbitrary; Axiom 2 restricted us to a choice between B? = 41
or 0. The most convenient choice is clearly B2 = 4 1. A theory with
nilpotent scales is a logical possibility, but we shall confine ourselves

here to the non-singular case. Accordingly:
85850 G
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Azxiom 3. B® = +1.

We can now determine the order of ¢(B) in terms of tr B = s, say.
(We use the term order applied to a finite continuous group to denote
the number of essential parameters.) If B2 = 1 then }(1— B) is idem-
potent, and hence, under automorphisms,

3(1—B) ~ [1 :]

(25, p. 88). Here s = n—2r, r = }(n—s).

But if ¢ commutes with B, it commutes with (1— B), so that

I A
which at once shows the order of the commutator algebra to be
ri4-(n—r)2
Taking account of the unit element, which belongs to the commutator
algebra, ¥(B) is seen to be a «-parameter group, where

Kk = 14 (n—r)2—1
= }(n?+s?)—1.
Similarly, if B? = —1,
we have Kk = §(n?—s?)—1.
The group ¥(B) has a one-parameter subgroup ¢,, given by, say,
q = cos 6+ Bsin 6 (B? = —1),
or by q = cosh ju+ Bsinhiu (B2 =1).
Leaving this aside, a group %,_; remains. The second measurement

condition restricts us to this subgroup of the group of automorphisms.

6.5. Since the scale is to define the magnitudes of the elements of a
measurable vector, there must exist some algebraic relations between
the elements, to provide a means of comparison. Such a relation is
provided by the minimum equation of the matric algebra

g(P) = iaiP" = 0.
i=0

Since P can satisfy no equation of lower degree, any other such relation
contains g(P) as a factor. Hence it is sufficiently general to adopt this
equation as scale-measuring relation. The mathematical formulation
thus satisfies the third measurement condition automatically.
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6.6. We have now specified the simple measurement conditions. They
have led to the postulation of a scale-operator B, with square 4+-1. We
can define a linear set .%, whose elements are 3 A;q; Bg;"1. This linear
set is contained in € and is therefore finite. It generates an algebra &
say, which we call the scale-algebra of B. Clearly & < %. In the
particular case when ¥ = €, we call B an enveloping scale-operator.

In such a case € has a basis e, e,,..., ey, where ¢, is the unit element,
generated by all finite products of q elements e,, e,,..., ¢, such that

(i) e?is scalar (z = 1,..., q),

(i) e;, e; are equivalent under automorphisms, for any ¢, j = 1,..., q.

Thus any of the elements e; (¢ = 1,..., ¢) could be taken as scale-
operator. Suppose, in particular, that we can choose e,,..., e, in such a
way that there is a complete symmetry in the basis, i.e. so that any of
the elements e,, e,,..., ey could be taken as a scale-operator. We cannot
impose conditions (i) and (ii) as they stand, for ife,, = ¢;¢; is an element
of the basis, and the square of every element is * = +1, we have

}Giej = X,

€2, = e;e
so that xeje; = ee,
and every pair of elements either commute or anticommute. The second
case restricts us to quaternions alone, and in the first case the algebra
is abelian, which is impossible for a total matric algebra. Instead, then,
we define two quantities e;, ¢; to be pseudo-equivalent under auto-

morphisms if either e, = +qe;q7,

or e; = Fiqe;qt.
We then define a scale-basis as a basis e,,..., ey generated by all finite
products of a set e,,..., e, such that

(i) e =+£1 (@=1,.,N)

(ii) any two e;, e; are pseudo-equivalent under automorphisms,

(iii) the set ey, e,,..., ey is linearly independent.

The last restriction is equivalent to the requirement that there is a
minimal set of e,, e,,..., e, which just generates the algebra. Any two
elements of a scale-basis will then commute or anticommute. Further,
since at least one element of the basis is the product of two anticommuting
elements, ¢, ¢; say, and since

tr(e;e;) = tr(e;e;) = —tr(e;ey),
this element, and hence by (ii), all elements, will have zero trace. Thus
their commutator algebras are of order }n2.
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A necessary and sufficient condition for a total matric algebra to admit
a scale-basis is that it should be an even Clifford algebra, %,, say, that
is, the algebra generated by 2r anticommuting elements (26). For the
number of products of the set e, e,,..., ¢, is

1+q+q(q2-71)+m — o

But since it is a total matric algebra, 2¢is square, so that ¢ is even, = 2r

say. We have thus the 2"-rowed matric algebra, which is known to be
the even Clifford algebra, %,,.

It is easy to verify that for %,, the basis elements do indeed define
scales satisfying Axiom 2 and the scale conditions. If we take the real
basis, Newman (27, 28) shows the set e,,..., €,.,;, Where e,, ., = e, e,...¢5,,
to have P, M elements with positive, negative squares, where

P—M =1 (mod 8).
But P M = 2941,
so that P=r41, M = r (mod 4).
We may write P = 4zxtri1, M = —dxtr,
where « is an integer satisfying

—ir41) <z < §r.

We may thus expect the even Clifford algebras to be of fundamental
importance in this theory. Since the E-number algebra is €,, and the

E F-algebra is €, the concept of scale invariance provides the explana-
tion of the use of these algebras in fundamental theory.

6.7. Returning to Eddington’s own use of his ideas, the importance of
perfecting the object system is now connected with the fluctuation of the
scale. When the comparison particle is outside the object it is a mean
particle, and so has a very small scale fluctuation based on the distribu-
tion of all the particles of the uranoid, but when the comparison particle
isintroduced into the object system it becomes an individual particle and
so has a scale fluctuation YN times as great. This is a very large scale
uncertainty, but it is held by Eddington not to affect external particles
whose masses are found indirectly. It does affect internal particles, and
it is stated that the analysis usually employed gets over this difficulty
by replacing this large uncertainty by a distribution over discrete eigen-
scales; no reason is given for this belief.

Eddington concludes § 23 with a rather brief discussion (helpfully
amplified in the 1943 draft, S, p. 135) of the peculiar ‘energy tensor’
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Ap,p, which he employs. We have already noticed his inconsistency
in mixing scale-free and scale-fixed characteristics, and his remarks do
nothing to rectify this. But he does show that he realizes the strangeness
of a resolution into densities in the ratio m?/m'? of particles whose masses
are m, m'. He concludes that he is considering a special distribution in
which there is not a one:one correspondence between object-particles
and comparison particles per unit volume. The occupation factor is
proportional to the mass of the particles; no physical reason is given
why this should be so. This seems to show that even if our special
interpretation (section 4.7) is a useful one, Eddington himself was un-
aware of this way of looking at the relation.

6.8. As we have remarked § 23 of FT begins the third Chapter of an
earlier draft; in FT, however, § 24 begins Chapter 3. The reason for
this is clear; the perfect object-system elaborated in § 23 is only to be
considered by using the extra variable (‘scale’) to describe the environ-
ment, but in the next few sections this is going to be done in the more
complex abstract structure appropriate to quantum mechanics, in which
the scale, amongst other variables, has a conjugate variable. Eddington
first remarks that wave mechanics usually postulates flat space. The
reference to the diagram of Chapter 1 will explain his contention that
it would be confusing to try to extend wave mechanics to a curved
space. The situation is that general relativity and quantum mechanics
are in different sequences.

Eddington now proposes to take account of the phenomena described
by curvature by introducing an explicit scale uncertainty. This is in
keeping with the fundamental relation which he derived in his first
Chapter. The assumption is, in detail, that a system requires an addi-
tional variable, a scale, with its probability distribution, and in keeping
with quantum mechanics there will be a conjugate variable which he
calls phase. He finds it most convenient to take the phase, as in our
case, to be a coordinate since the scale may reduce to an eigenvalue.
We then have a geometrical representation in five dimensions. The way
in which the scale actually measures some characteristic (the ‘scale
indicator’) is that we have a constant quantity whose measure exhibits
the fluctuations of the standard. (In the case of ordinary quantities
these fluctuations are concealed by the fluctuations of the quantity
being measured.) The scale momentum then has a probability distribu-
tion with standard deviation o,. We must be clear about the kind of
scale considered here. In an earlier draft (S, p. 13) Eddington discusses
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the ‘molar scale’ which makes the spherical curvature of a section of
space-time the standard of length, and so reduces the law of gravitation
to an identity. This molar scale is the result of averaging the scale now
being considered over a large number of particles. If we are considering
a very small number of particles the fluctuations in this scale may be
important.

6.9. The alternative formulation uses an angular miomentum instead of
a momentum as the scale, and this has the advantage that the conjugate
phase has a distribution between 0 and 2. This consideration of angular
variables which can be restricted to their proper values is held by
Eddington to be the basis of quantization (see S, p. 84). This fact is
glanced at in FT where it takes the form of a phase which has a linear
coordinate which is limited to a range of length 2xl. A Fourier expansion
then provides scale momenta of magnitude nfi/l. § 24 concludes with a
curious argument about comparing spherical space and flat space. The
basis of this argument is merely good fortune as is noted by Eddington
on the top of the next page, since it depends on identifying two different
radii.

6.10. The next paragraph makes a fresh beginning, and points out that
observable coordinates involve, in virtue of the principle of relativity,
two physical entities. With the other two entities which furnish the
standard a complete measurement has a quadruple probability distribu-
tion. Eddington then assumes that the particular simplicity involved
in a scientific investigation is that defined by measurements in which
this distribution degenerates into a double or a single distribution. This
appears to us to be a very small assumption which may be correct, but
which requires justification.

Eddington’s next step, however, is based on one of the most difficult
ideas in FT, not least because it bears considerable resemblance to an
orthodox idea, that of exchange energy—while it is essentially different.
The difference does not seem to have been fully realized by Eddington,
though it will be quite clear to anyone reading his work. Taking the
four entities which constitute a measurable, he remarks that frequently
one uses a mean scale or a physical origin, or both, to reduce the prob-
ability distribution to a double one; but, in general, one has a quadruple
probability distribution. He considers then a proton, an electron, and
their two comparison particles, and discusses the transformation in
which the two comparison particles are interchanged. There is no dis-
tinction between comparison particles, so observable results must be
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invariant for this interchange. In this respect, interchange is completely
different from exchange phenomena in quantum mechanics, which
depend explicitly on the similarity of the particles.which are exchanged.
Of course, there is some connexion between the two. If the particles are
similar and we identify them mathematically by chalking numbers on
them, the observable results will be invariant for interchange of these
numbers, and we can make this interchange into the sort of interchange
which we have discussed already. But even for protons and electrons,
interchange in Eddington’s sense is still possible. If we do put suffixes
on the particles, we can envisage a perfect object particle as having its
scale and phase and its suffix carried by the comparison particle.

6.11. Eddington then considers the analysis of a system between proton
and one electron in terms of the two-particle transformation. The
analysis is actually carried out in the next paragraph, § 26. He quotes

the usual classical formulae
, mm’
M = m-+m/, = m,

and remarks that we cannot take this into quantum mechanics or
relativity theory without another investigation. As far as relativity
theory is concerned, it is very hard to see how we can have any two-
particle transformation at all. The difficulty arises from the different
proper times to be attached to the two particles, as is well known.
However, Eddington observes that in quantum mechanics a formal
relativistic two-particle transformation can be set up and this is a
remarkable result. If

_ ma*4-m'x¥

X« -
m-+m

, [y
we have easily
1 2 1 1 1 o
m 5P T m oaveaP = M 5X0xP T w oE~o¢P
which we may write symbolically as
popB  p¥ph _ P"‘Pﬂ_*_m""wﬁ.

!

m m M W

However, these results are only true with the symbolic interpretation
of the momenta, so that we have here left the domain of ordinary
relativity theory. This fact is recognized again by Eddington at the
end of the paragraph when he wishes to use numerical values for the
momenta and employs the non-relativistic formulae for the energies.
He says, what is of course well known for the classical two-particle
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transformation, that the energy of the internal and external particles
together form the total energy. In the earlier draft of 1943, he discusses
at some length the difference between the approximate value of the
energy and the accurate one, but both there and later he considers that
each of these values is the correct one for some part of the theory and
that it is not the case that one is an approximation to the other. He
also discusses why it should be the case that one form of the energy is
additive while the other is not, but his arguments are not easy to follow.

6.12. Now, when the proton and electron are discussed in this way,
Eddington claims that one comparison particle is eliminated. But this
comparison particle, as well as carrying scale, carries the suffix, and so
we must take account of the possible exchange of suffixes explicitly if
we drop the comparison particle. This he proposes to do by introducing
a permutation variable, and he further decides to use for this purpose
a continuous variable 6 such that interchange corresponds to the addition
of 7 to 6. Then the addition of 27 to 0 restores the situation, so that the
permutation coordinate is like a phase. The coordinate is unobservable,
but the constant angular momentum conjugate to it gives a term in the
energy which is the interchange energy. This is the energy which
Eddington claims to be the Coulomb energy. The idea of a continuous
permutation coordinate has been formed by Eddington from that of a
discrete interchange by analogy with the way in which wave mechanics
makes continuous what had earlier been described as quantum jumps.
The importance of such an idea is to be seen, for instance, in the fact
that for an ordinary plane of rotation one has symmetrical degeneracy.
This state of affairs will also arise with the interchange rotation.

6.13. Theapplication of these ideas to the Coulomb energy occursin§ 33.
This paragraph is an exceedingly difficult one, a fact which was noted
by E. A. Milne (29). Eddington begins by observing that an interchange
of the particles reverses the sign of £*. He concludes that the Coulomb
energy will appear in the equations of the intracule, but not of the
extracule. He concedes that an adequate treatment of the Coulomb
energy needs the algebraic theory, but he attempts to explain in general
terms the way it arises. By an explanation in general terms he means
one which shows how some such term might arise without providing
an adequate theory of the factor 1/r. In his wave-mechanical theory
this factor arises in a detailed argument which involves the Jacobian
of certain transformations. Here there is only an approximate argument,
the 1/r being a factor which converts angular into linear momentum.
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The first part of the paragraph is a rather lengthy piece of special pleading
for the introduction of an angular momentum of magnitude of # instead
of }# as one would expect. This factor 2 gave Eddington some trouble,
as can be seen by the totally different explanations of it in the earlier
drafts. In any case, it seems hardly worth spending much effort on at
the moment when the rest of the Coulomb expression is so difficult to
derive.

The next part of his argument involves the multiplicity of 137, and
this is based on § 19, with which, as we have said, we cannot agree at all.
Thus, most of the argument for the magnitude for the coupling between
the electron and the electromagnetic field falls to the ground; but there
is still the possibility that the factor 1/r might be derivable in our
theory. As we have said, this factor arises when one converts angular
into linear momentum, but the argument for this given by Eddington
is so puzzling that we are forced to leave the matter open here.

In conclusion, then, we are, as regards the Coulomb energy, able to
substantiate or agree with most of Eddington’s argument up to the last
part, but are completely puzzled over the final steps. This is particularly
unfortunate as Eddington regarded the identity of the Coulomb energy
with the interchange energy as the distinctive feature of his theory,
at least in an early manuscript. He says there: ‘It seemed clear at the
time that those who chose to disregard it were following the wrong track
in their attempts to relate quantum to relativity theory; so that from that
date the author’s researches have been uninfluenced by what is often
called the “accepted’’ relativistic quantum theory—accepted in the sense
that it is considered important to discover why it breaks down.’
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PROPER MASS

7.1. EppiNaTON begins his Chapter 4 with three sections not closely
connected with the succeeding ones (see Appendix I). Then in § 37 he
begins a development which might well have been placed in his § 1.
This development involves considerable difficulty and repays an investi-
gation of its earlier history. At some time before July 1942 (S, C, 33,
i, §§ 4, 5) he gave the following argument:

The wave functions , x for the geometrical coordinates of the physical
origin and the object have Fourier integral forms, which produce for the
product function

Hate) = 5o | [ comossro¥ ()X (p) dpydp,
T
to describe the combined system. We can choose new coordinates

¢ =a—x, 1= }tz)

My Xy+ma

(or, equivalently, n = since this gives identical results) and

0
define p,xy+px = p, é+p, . Then the wave function for the combined

system is

) = et = o [ [ @motr ¥ (i, —p) X (dputpy) dpdps

Eddington now assumes that for the £-distribution alone (i.e. the relative
coordinate) we have a wave function

1 .
— — ! imélh .
hE) = f WE ) dn = 75 f eréinH (p,) dp, (say)
This gives, by using the formula
fe(i/h)az do = 27k 8(x) = 2n 8(%;),

H(p,) = §@2nf)¥ (—py)X(py),
so that |H(p,)|*dp = |X(p)[*w(p)dp,
where w(p) = 27% |V (—p)|2. That is, he concludes that the ‘geometrical
momentum distribution’ is converted to a ‘physical momentum distri-
bution’ by a weight function w(p). Since, moreover, the frequency
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function of the origin has the form (by section 2.1) (27a?)-t e-t#lo' dx , he
assumes a wave function for the origin of the form
P(xy) = (2mo?)-te-tadl,
so that w(p) has also a Gaussian form with a standard deviation o = }fi/o.
This choice of wave function for the origin is a very special one, since
it neglects the phase; but if we choose an arbitrary phase the result will
be very different. However, we can probably concede to Eddington that,
at least for an order-of-magnitude argument, the phase will not make
much difference. What then appears from the argument is the con-
vergence factor to cut off large momenta, which is known in field theory.
Unfortunately the crucial assumption, that

K@) = [ k(& m) dn
is quite clearly false; for since A(¢, n) is a wave function this formula
permits the interference of waves differing suitably in phase. But this
is not the way in which we can ignore one coordinate. (Our attention
was drawn to this fact by Dr. P. W. Higgs.) All that we can say is that

(@) = [ 1A, )2 do.

The fact that interference occurred was already known to Eddington
in the early draft, but he seems to have convinced himself at that time
that it was correct. By August 1943, however (S, H, 8, iv, §§ 31, 32), he
was aware of the phase difficulty; but he explained incoherent phases as
caused by the inclusion of several independent particles, so that for
some origin the phase of ¥ (p) is constant for all p when we have a
‘symmetrical wave’ for one ‘fully observed particle’.

Finally in FT Eddington devotes § 37 to the corresponding theory
when ¢, x are replaced by frequency functions f, g, and defers the con-
sideration of wave functions till § 38. The working is, of course, formally
correct for frequency functions but its interpretation is not at all clear
since these functions are not used in the orthodox theory. We can try
to carry out the working suggested by Eddington in a correct fashion;
we then have

h(E)[2 = (EFIW f f f f f MDD+ D= P (9, — ) X (3py D) X
X W* (35, — Py) X*(3Pa+ ;) dp, dpydpy dpydy
— 57 | [ [ «mom ¥ pi—pi X a0 %

X W*(3py—P1)X*(3py+P,) dp,dp,dp,.
This differs from the previous answer in having the variable p, present.



92 PROPER MASS 7.2

7.2. Accordingly in FT, § 38, Eddington goes on to consider wave
functions, and imposes the convention that |A(£)|? has the form which
gives the weight function. This means that if

K(py, D1 P2) = V(30— p)V*(30:— D) X (302 +0) X* (302 +51),
then jK(pz) dp, = K(0).

Since ¥ describes the object, which is arbitrary, Eddington decides to
put the blame on to X, and require that all states which make an
important contribution have p, = 0. (He expresses this in terms of a
3-function of p,, having used a two-particle transformation.) The inte-
gration over p, then disappears and the result is that

O = 5o [ [ PP (—p )b~ 5)X ()X ¥ dpy i,

\/(217773_) f My (—p)X(p) dp| -

Even now we have not proved the earlier formula because of further
phase difficulties; but at least the previous result is consistent with
this one.

For this reason Eddington claims that p, = 0 for all important states
is ‘an implicit convention’ of wave mechanics. To substantiate this he
argues that the convention arises when the auxiliary apparatus of wave
functions is used to analyse data consisting wholly of observables;
‘possibly by a confusion of ideas’ p, has been left out of the equations as
physically meaningless. This is harmless if in fact p, = 0. Eddington
interprets the convention physically by observing that then py,+p = 0,
i.e. that every momentum p communicated to an object produces a recoil
momentum —p.

It is instructive to see how the difficulties of these two sections are
again those of a jump between abstract structures. The result which
Eddington seeks to prove is provable without additional assumptions
in the very simple structure in which the uncertainties of observation
can be represented completely by frequency functions (i.e. classical
physics). The ‘convention’ about p, is a device to simplify the more
complex abstract structure, which allows of wave mechanics, so as to
have the same result.

7.3. The analysis of the previous sections is now put on one side by
Eddington, though the result about weight functions is quoted. It will
be useful to introduce the discussion of FT, § 39, by considering the
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beginning of FT, § 27. The first paragraph of § 27 deals with mass
constants: the remainder is outside our scope as it is simply an investiga-
tion of B-factors. He considers a particle energy (‘hamiltonian’) of the

form
»

2pt
calling p, the rest-mass and p, the mass constant. These are clearly
equal for a free particle. Inasuitablefield, however, they can be different.

For example, as in Chapter 5, for the type IT Lorentz invariant gravita-
tional field we have

E=p+

p?
E = mo(l—sl')—l—m,

- P’

or E—mo(1*¢)+mv

according as p is defined as m, v or mv. From Eddington’s nomenclature
it seems as if the first possibility is the one he had in mind, since y, is
then indeed constant. In each case |u;—pu,| = myy approximately.
Similar considerations apply to the other type II field, which is inter-
preted as nuclear. Eddington asserts in FT that the same result is true
for an electromagnetic field, but this is a mistake on his part. For in
the electromagnetic field the rest-mass is not affected by the potential
(because the force is automatically orthogonal to the four-velocity).
This affects Eddington’s definitions of free and bound particles by the
equations u, = u, (so that ¢ = 0), pu, = 0 (so that ¢ = +o0 in the
gravitational case, since 1—y is only an approximation for e-¥, but = 1
in the nuclear case). These definitions do not consider the effect of the
electromagnetic field. § 39 now deals with a very interesting and curious
speculation about the rest-mass. We shall show that this speculation is
also bedevilled by the difficulty of moving between abstract structures.
The contention of the section is that in a uranoid a lowering of tem-
perature produces a ‘concealed’ energy in the form of proper mass.
Here again a historical approach will be helpful. In an earlier draft
(S, G, 33, i, § 8) Eddington gives a rough calculation involving ‘New-
tonian’ theory. He first says that the gravitational potential ¢ produces
a rest-mass or rest-energy of a particle of ‘mass-constant’ m of amount

m' = m(l—¢)
(in suitable units). The equality of rest-mass and rest-energy and the

emphasis on rest implies that this Newtonian theory must really be in
special relativity. We have just seen that two simple Lorentz invariant



94 PROPER MASS 7.3

theories gave a change of rest-mass with potential energy, either of the
form m = mye¥, or m = my—ey. The function ¢ is not of the same
kind in the two cases; the first one is Eddington’s ¢, and the second is
mydle. In each case, then, for weak fields we have an approximation

m = my(1—¢).
In each of these theories we have field equations of the form

Fp‘ = aﬂxﬁ, 3F Fr = 4mp,
with a static solution Y= f ; dr.

If, then, lowering the temperature is to increase the object-mass m, and
so decrease y, it is clear that this lowering must decrease the background
density p. This is plausible so long as p denotes the ‘rest energy and
kinetic energy’ density. Now, from the equations, p is an invariant, i.e.
it is the rest-energy density alone; so that these Lorentz invariant
theories cannot be the ones intended. On the other hand, if p is taken
as the kinetic energy density, so that

pdr = B(pydr,) and dr = (—i—};l’,
we have P = By = potpo¥® = pyt+3P,
by the usual kinetic theory, where P is the pressure, and so

p = po(1+A4T),

where A is a constant. Thus p increases with temperature and in fact

3P _P=po_ 4,
Po Po
Although this argument is superseded in FT it is very instructive

because it is, on the one hand, a difficulty of the sort we have been
describing involving a jump between abstract structures; but, on the
other hand, it is a situation which is familiar in (e.g.) Einstein’s early
investigations in general relativity (see 30) when a tentative argument
mixing Lorentz-invariant and inconsistent Newtonian results gives a
result which is then found to be consistently incorporated in a larger
theory (for Einstein’s arguments, in general relativity).

7.4. The actual argument of FT, § 39, is based on the quantity

@=£::BQ___§I_J

Po Po
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which our tentative investigation leads us to identify with absolute
temperature. In the Einstein universe we have

87yP = A_Ez’ 8myp = ﬁ_/\
3 A—I/Rz
80 that 0= 33 RI—2\"

Eddington notices the interesting fact that as A, the cosmical constant,
varies, 8o also does . In fact the usual choice of A = 1/RE, P = 0 is
the zero-temperature uranoid, and as A increases to 3/2RZ, © increases
indefinitely, until we get the infinite temperature uranoid.

That this is a reasonable definition now follows because it involves
po = 0. But the usual definition of an infinite temperature assembly
involves a distribution of momenta with a constant frequency function,
i.e. in one variable AN = adp

is the number of particles with momenta between p and p--dp, where
a is constant. This is of the form

amydv

(A=)t

dN =

1
and since f diverges this means that almost all the particles

dv
(1—o)i

must have unit velocity, and therefore zero rest-mass. The two uranoids
have

A P Po P
Zero temperature 0 1/R? 1/R3 1/R2 0
Infinite temperature 0 3/2R2 | 3/4R} 0 1/4R3

the last three columns being in units in which the factor 47y has been
removed.

The momenta involved in the definition of infinite temperature must
be geometrical momenta (since they lead to infinite integrals). The
corresponding physical momenta, if we accept the weight function
argument for a moment, will be distributed according to wdp. The
weight function w has standard deviation w = %/20, i.e.

1
Hence p? = w?. Since the rest-masses are zero the energy ¥ is given
by E2—p? = 0. But p? = pi+pi+p: and so E? = 3w

ep'2w’,
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7.5. The last part of FT, § 39, contains a derivation of some constants
in which it is again necessary to use the formula
1., = A4p,p,
for the energy tensor. The remarks we have made in Chapter 4 all apply
here. For the infinite temperature uranoid, if 4 is treated as a constant,
we have, for mean values
Tll = Tzz = Taa = Aw?, 7—24 = 3Aw?,
so that for N particles
P = NAw?, p = 3NAw?2.
On the other hand, in the zero-temperature case p = NAm?, where m is
the rest-mass. Hence

3w 3
et
ie. m = 2w = _;_i
g
2
Moreover, 4myN Ai'—z = %,
2 1
that 4= (2 )}—.
5o Tha (R2)4nyii2N

The results of Chapter 2 give us some value of o/R; e.g. for flat-space
o = R/,/(6N), so that 4 = 1/(20my%%N?%). If we try to salvage this
argument of Eddington’s by defining a conventional energy tensor,
we find that in the zero-temperature case this is not difficult, since
T = PV, = 1P, (Do ™)

where n is a number-density. But this gives p = Nm, as one would
expect, and not p = ANm?. It is much harder to carry this amendment
out for the infinite temperature case, since p, is nul, and so must be
normalized with some arbitrary time-like vector.

It is clear, then, that if this working of Eddington’s is to be preserved
it requires some interpretation like the one we have given in § 4.7 in
which the relation 7,, = 4p,p, is a rule connecting scale-free and
scale-fixed analyses. Eddington’s argument then gives a relation
between ¢ and the scale-fixed mass.

The next section (FT, § 40) continues the discussion of the value of m,
refining it by considering B-factors.

7.6. It will probably be sufficient to consider the remaining sections of
FT Chapter 4 more briefly. In § 41 the value of = (or equivalently m)
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found above is applied in a zero-temperature uranoid where an exclusion
principle operates. In § 42 this argument is continued and compared
with the Dirac hole theory. (It must be remembered that in 1945 and
earlier the hole theory was much more a living idea than now.) Finally
in § 43 it is claimed that by means of the exclusion principle the same
standard mass m is calculated as in the gravitational theory. This forms
the basis of Eddington’s contention that ‘exclusion is a wave-mechanical
substitute for gravitation’. This contention is amplified in an earlier
draft, as Slater points out (S, H, 8, iv, § 35) the gravitational field con-
cerned is the one usually concerned in wave-mechanics, i.e. the inertial
field of the uranoid which produces the rest-masses. Then in §§ 44, 45
the theory of super-dense hydrogen is deduced in much the same way as
that of the uranoid in § 41. We do not feel it worth while to treat these
sections at length because on the one hand they depend extensively on
what has been done before, much of which is in doubt, and on the other
they form rather a technical investigation in a special sphere. If the
underlying theory could be clarified, as it may be in due course, these
detailed investigations can then be carried out.

R6350 H
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CONCLUSIONS

8.1. WE have now completed our description of Eddington’s statistical
theory. In this chapter we shall begin by trying to summarize our
description briefly and then try to assess the value of this theory and
of others like it. There are two unifying themes which run through the
whole of the rather disjointed cavalcade of results of FT. One of these,
a very obvious one, is the insistence on the consideration of the environ-
ment of the physical system considered. By far the most important
aspect of this is the study of the scale, a property of the system which
it possesses only by virtue of its relation to its environment. Since
quantum mechanics is concerned with very small systems it is clear
that the environment—at least to the extent that it determines scale—
will be particularly important there. The projected summary (FT, p. 264)
of the concluding chapters of FT shows that Eddington was well aware
of the importance of scale in his theory.

The second theme does not appear to have been consciously formulated
by Eddington. It is provided by the existence of the abstract structures
of Chapter 1. Such ideas had clearly been in Eddington’s mind for a long
time, certainly since 1924 (see, for instance, pp. 237-8 of 11). By 1936
he was using arguments which could only be based on some such struc-
tures, and on their independent existence in the sense that the simpler
ones do not rely on more complex ones to which they may be considered
approximations (though these may be a help in discussing the simpler
ones). For example, § 6.3 of (8) is a discussion of a formalism said to
describe one particle, using as a guide ‘actual’ space-time involving a
large number. We are naturally not concerned here with the correctness
or otherwise of that theory; but we are interested in Eddington’s outlook.
He argues in the section cited that as there is only one particle, which
is charged, we have 4 universe containing . . . only one sign of charge, . . .
lopsided compared with a universe containing equal numbers of positive
and negative charges . . . the enormous negative-potential would so alter the
world that we should require a different type of space-time to frame the
phenomena. Itis just such a world in miniature, that our theory of a single
charged particle imitates.
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It is natural to ask whether this second theme is of great importance
in Eddington’s work if he himself only formulated it unconsciously.
The answer is that its importance lies in its enabling the requirements
of the first theme to be carried out. The idea of a system with and
without its environment is only logically possible in terms of abstract
structures of the sort described. Similarly it is only in such terms that
we can understand how the environment can be described satisfactorily
in terms of one number, say the scale.

8.2. With these two themes in mind it is possible to summarize what has
gone before, and we shall do so in what appears to be a more logical order
than Eddington’s (which was mainly followed in the rest of the book).
There must be many other ways of putting together these sections which
are equally satisfactory; it will suffice to give one.

We begin with section 6.1 describing in the most direct, physical
manner the need for considering scale, and then sections 6.2-6.6 which
show how this consideration of scale leads to Eddington’s algebraic
theories. Having introduced scale in this way, we take a somewhat more
general view; clearly scale was just one example of considering environ-
ment. Now, at least in relativity, there is an intimate connexion between
environment and the existence of a coordinate-system (for example
curvature prevents the assumption of a universal cartesian coordinate-
system). The next step is therefore to see how to use the coordinate-
system to describe the environment, and especially to relate this to the
scale-variable description already employed. For this purpose we make
the hypothesis of the physical origin (section 2.3), leading to a parameter
o which accordingly will serve as a scale constant. Then the argument
of section 2.4 will serve to connect this small length ¢ with a large one R.
It is safest to choose the case of a sphere of N similar particles of radius
R, and so have R

T TGNy
To relate this more closely to measured quantities we then use the
physical coordinate-system to discuss scattering of charged particles.
Until now we have not specified the nature of the particles considered
at all. We wish to formulate the simplest possible abstract structure
capable of containing Eddington’s ideas, and so we postulate that all

the particles are of the same mass m. Then in the discussion of sections
5.1-5.8 we find the result ro = 1700, (54)

where 7, is the scattering range constant. We must notice here that these
85350 H2

(53)
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particles are charged, but equation (53) applies to neutral particles, so
we must postulate that pairs of particles of opposite charge can be bound,
the resulting mass being, of course, 2m. Thus the total mass will be

M, = 2mN. (65)

8.3. The relation (53) specifies a particular value for R/(c¥N). For
most purposes, however, N is considered infinite, and then there is no
definite ratio of R and o. In these circumstances we can make the
division into scale-free and scale-fixed of section 3.3, and follow this with
something equivalent to section 3.4. It is not very satisfactory to use
section 3.4 as it stands because it is written (following Eddington) in
terms of wave functions. A wave function description is quite certainly
of a higher complexity than anything which has occurred up to now.
But a glance at section 3.4 will show that this is only a way of expressing
things; this section (and correspondingly FT, § 10) could be rewritten
without mentioning wave functions at all. From this modified section 3.4
we then have the result (in very much the same way asin FT, § 10) that
scale-free matter should, just as usual, be described by an energy tensor,
and that scale-fixed particles are to be described by a momentum vector.

The question arises, how to establish a relation between scale-fixed
and scale-free descriptions of the same situation. If the scale is to
describe the whole environment, that is, if one number is to be sufficient
to specify the ‘size’ of the system, it is clear that some special system
of units must have been chosen with two relations between the units of
mass, length, and time. One obvious candidate for such a relation is
¢ = 1, since this has long been used to emphasize the essential identity
of mass and energy in general relativity. If we are to have a theory
involving quantum mechanics it seems certain that we should choose
another relation involving #. An obvious choice would be % = 1 which
is often adopted in practice; and this would be very simple because length,
mass, and time would then all have the same dimension. However, this
choice would give an energy tensor, in cartesian-like coordinates, the
dimension M/L? = L%, and a momentum vector the dimension M = L.
The fact that these indices are of opposite sign indicates that any con-
nexion between 7, and p, will involve dimensional constants. We are
at this stage free to choose our special units, and formulate our theory
accordingly. We may note (cf. section 3.2) that Eddington’s contention
that the choice is free because it makes no difference is probably wrong;
but it is free because we are constructing an arbitrary theory. (Some
choices will give better systems than others, in the sense of experimental
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agreement.) If we choose M/L® = M2, i.e. ML? = 1, a choice which
can conveniently be specified by Eddington’s equation

8ayh? = 1,
then 7, and p, p, have the same dimensions. With this choice we can
make Eddington’s fundamental postulate

1, = Ap,p,
or more accurately

T,=4 f n(p,)P, 2, A*P,

with 4 a dimensionless constant, for the connexion between scale-fixed
and scale-free analyses, as in section 4.7. Then, as in section 4.7, we can
prove that the particles involved in the scale-fixed analysis have masses
inversely proportional to their degrees of freedom.

We may remark that the fundamental postulate here has more of the
status of a definition, since we are not claiming any particular physical
significance for our scale-fixed particles, but only for the abstract
structure as a whole. It is not clear, however, to what extent the same
justification can be made for the extended postulate for the mutual

energy tensor: M, = 10( P, P+ p;‘ ),
or M,, = 30 [ [ n(p,. 5,)(p, P, +P,p,) d*pdip’,

where n(p,, p,,) d*pd*p’ is the number of pairs of particles of momenta
Py P}, respectively. If this extended postulate is made, it is quite easy
to investigate what masses a scale-fixed particle must have to allow it
to be inserted in a given environment, described by a particle of given
mass m, (as in section 4.6). We find that only two masses are permitted,

roots of Am2++A'm2 = Cmmy,,

where A, 4’, C depend on the number of degrees of freedom of the par-
ticles. There seems little difficulty in Eddington’s own argument that
A:A’:C = 10:1:136, giving two masses in the ratio 1848:1, m, being
about 136 times the smaller root. We must notice, however, that we
have established no connexion between m, and the m of equation (55).
Without this connexion the quadratic equation is only useful in deter-
mining the ratio of its roots. We can, if we like, keep matters at a
somewhat simpler level than Eddington’s by avoiding his ‘reality argu-
ments’ and inquiring merely for the masses of particles described by a
whole algebra. If the particles have & degrees of freedom, but the
environment particle is constrained so that it has only one, we have

A:A":C=k:1:k?
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and the ratio is 3k(k24+-A)—1,
where A2 = k*—4k. Assoon askisnot toosmall thisis approximately £3;
for k = 4 it is about 62.

8.4. The scale-fixed masses introduced by momentum vectors are in-
tended to be quantum mechanical particles, so that one would expect
some connexion with Planck’s constant. Even without detailed working
it seems certain that the mass introduced must be something whose
Compton wavelength %/m, is of the order of the small scale-constant o.
The same argument applied in the scattering case to indicate a connexion
between %/m and o means that m and m, are of the same order. We
now have to go to the more complex description in terms of wave
functions, as in sections 7.1-7.5. Since we are here dealing with neutral
particles the formula in terms of the mass m of this chapter will be

o = f#i[2m. (56)
It is therefore tempting to take m = m, = #/20, and we shall make
this assumption. This completes our description of the theory; those
sections of FT, and of the present book, not included here are difficult
to fit into the extremely simplified scheme we have given. It is quite
likely that other schemes, little more complex, would include them but
not all of our present results. We are concerned merely to exhibit
one such.

8.5. We have now to try to assess the value of the structure we have
outlined in terms of observations. The four equations (53)—(56) involve
eight quantities only two of which (r,, ) can possibly be considered to
be directly measured, even if we assume that the structure can be made
to fit in such a way that they are the measured range-constant and
Planck’s constant. We therefore need some means of estimating the
other quantities. These estimates will come from cosmological con-
siderations, and it cannot make very much difference to the results
which of a number of estimates we choose. (Indeed it is probably
irrelevant, as explained by McCrea (31).) We shall therefore adopt
much the same view as Eddington, and make the following assumptions:
1. The appropriate value of R to choose for our model is that of an
expanding Eddington-Lemaitre model:
2. Mass is conserved, so that the appropriate choice of 3£ is the
initial Einstein mass

M =5 (87)
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where R, is the initial radius. We put R = aR,, and suppose «
to be in the range from 1 to 10.

We can now estimate R and R, from the measured Hubble constant V

since v a—l)z(a+2
= x/3R J { }

Even if « is ag small as 2, V will be 0-71/«/3 R,, i.e. 70 per cent of its
limiting value. We may therefore take the measured ¥V as limiting,
and so have 1

=R

The equations (53)—(58) now involve nine quantities of which four are
directly measured; the remaining five may be eliminated, leaving one
equation which provides an immediate estimate of the value of the
theory. (In this statement we have ignored the parameter «, since it is
of the order of unity.) Performing the elimination, writing ¥, = 1/T
and going over to c.g.s. units, the result is

o2(170)%2V3 %y T

157r3 c?

(58)

1=2

If we use a value of 7' = 4-1 X107 sec (corresponding to a Hubble
constant of 75 km/sec/megaparsec), the right-hand side is 1-24a2. When
we consider the very simple nature of our abstract structure, this result
can only be interpreted as indicating a very close agreement. (It should
be remembered that the result might well have been wrong by a factor
of 1010))

It is therefore instructive to use the equations to calculate the other
quantities in the structure. We have, choosing as before

fi = 1:05 X 10-27,
ro = 2:1X 1013,

¢ = 3x101,

T = 41x10Y,

y = 6:67x 108,
that, in turn, R, = 7-1Xx10%,

M, = 1-50 X 10%,
o= 124X 1018,
N = 519X 10%,

m = 144X 10-2% (= lﬁS-le{ggtrtn,mieﬁ)



104 CONCLUSIONS 8.5

The argument in section 8.3 now gives, as the scale-fixed masses which
can be inserted in the environment, approximately 2,155 and 1-166
electron masses. The surprising nearness of these to the proton and
electron masses provides a confirmation of the value of our abstract
structure, and also an indication that the argument of section 8.3 is
probably sound.

8.6. We consider it fair to claim that the arguments we have used to
establish the results of section 8.5 have very much less difficulty and
obscurity than Eddington’s original version. And, indeed, we believe
that a more detailed investigation would remove what difficulties remain.
Let us suppose this to be the case, and discuss the nature of the theory
with which we are left.

It may be as well to make quite clear at once that it is not an a priori
theory of the sort that Eddington claimed to be constructing. It is not
unique; there have been numerous arbitrary choices in its construction,
all of which have been made to the best of our ability with one eye on
the experimental results. Other theories are perfectly possible, in which
different experiments are given importance. And certainly more complex
theories are possible, which will deal with more experimental results, and
to greater accuracy.

In what respects does our abstract structure differ from one which
might have been constructed from an orthodox point of view, seeking
‘a rough approximation to the actual universe’ ? In the present state
of our knowledge of abstract structures the answer must be: not very
much. Perhaps the chief contribution of the ideas of Chapter 1 to the
working of Chapter 8 is a certain confidence in approximating, knowing
that some sort of abstract structure will result, which can then be
compared with conventional experiments. But without such ideas
Eddington cannot be understood at all.

The argument of the present chapter has, in common with Eddington,
the difficulty of taking place in two abstract structures of differing
complexities. We have glossed over the difficulty of comparing results
in the structure involving wave functions with those in the simpler
structure by making the identification m = m,. By keeping the struc-
tures as simple as possible we were able to reduce this difficulty to that
of making only one ad hoc assumption. Naturally the difficulty will
usually be greater. This focuses attention on what appears to us to be
the one problem whose solution will really contribute to progress in this
field, instead of re-discussion and improvement of theories already put
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forward by Eddington. This problem is to determine the exact relation-
ship between two abstract structures, one of greater complexity than
the other. Slightly less ambitiously we could ask at least for the exact
relations between numerical quantities associated with the structures.
For example, both general relativity and Newtonian gravitation employ
the same y not merely approximately, but exactly the same. But the
number of degrees of freedom of (e.g.) the gravitational potentials in
the two theories are 10 and 1 respectively. Thus some numbers are
invariant, and others are not. An even less ambitious problem would be:
Given two abstract structures, one more complex than the other, to
determine the numerical invariants of the homomorphism which carries
one into the other.

To answer these problems in any general way it seems necessary to
start with the simplest abstract structures, rather than the very complex
ones which are ordinary scientific theories. The only attempts which
have been made on this problem are due to Bastin (32) in Cambridge.
Bastin considers an analogue machine of an unusual kind (a self-
organizing mechanism) as a means of simulating simple abstract struc-
tures of differing complexities. There are reasons for thinking that
experiments with machines of this kind will provide the necessary step
forward but the work is still in progress, and is in any case outside the
scope of this book.
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FT,§6

THE first part of § 8 of FT is devoted to a rather naive geometrical picture of the
results of FT, § 3. Eddington projects the points of spherical space orthogonally
on to the tangent flat space at the origin and finds that the standard deviation of
a coordinate of a particle with uniform probability distribution over the hyper-
sphere is $R,, so that the standard deviation of a coordinate of the centroid of
N particles is Ry/2VN. Eddington remarks that orthogonal projection is preferred
only in the light of the results of § 3; central or stereographic projection would
give different results for the standard deviation. In section 2.4 we obtained the
value of ¢ as Ry/1:761vN, so Eddington’s preference for orthogonal projection is
unjustified.

Eddington then continues by warning us against confusing the g, of general
relativity with the g, that arises through writing the wave equation in tensor
form, since these are two entirely different quantities. The ideas expressed are
similar to those of FT, § 13.

FT, §17

Eddington introduces the complete momentum vector with 10 independent
components and the complete energy tensor with 136 independent components.
These are fully investigated later in FT, but here he uses these ideas in dealing
with the multiplicity factors of certain particles.

He defines a particle as a ‘conceptual carrier of a set of variates’, and uses the
term ‘carrier’ as an alternative to particle. This definition applies to composite
as well as elementary particles, but the more complex carriers are generally
referred to as systems. Eddington asserts that discovering a particle means
observing certain effects which are accepted as proof of its existence, so that if
we invent particles to carry a set of variates which arise in the analysis, then
there are no difficulties as to whether or not the particle really exists. Experimental
test is not concerned with the particle, but with the variates that it carries. Hence,
when we consider a set of variates, we consider that they are carried by some
particle.

The simplest kind of carrier in scale-free physics is a carrier of a complete energy
tensor and nothing more. If the energy tensor is not subject to stabilizing condi-
tions, the carrier is called a standard carrier. In this case the number of independent
components of the energy tensor is 136 so that the standard carrier is a Vjg,.

An ordinary energy tensor may be put in the form

Tw = pyvru’+ SH,

where p, is the proper density, v# the velocity vector of the external motion, and
S#¥ is the internal stress system. When 84 = 0, T'#* reduces to the outer square
of a vector,

ie. T = vhapy. v*Vpy.
Eddington calls v4+jp, the root vector. This is, of course, the correct form of Edding-

ton’s equation 7'#* = p#p®, since the quantities on both sides of the equation are
scale-free. However, Eddington makes the very dubious assertion that when the
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transition is made from scale-free to quantum physics, the present scale-free
particles are given a fixed scale, and the root vector will become the recognized
momentum vector of the scale-fixed particle.

In order to keep with scale-free physics, we prefer to use the complete root
vector with ten independent components. This may be considered to consist of
a 4-vector representing linear velocity and a 6-vector representing angular velocity.
Thus, in scale-free physics we have a choice between V;g4 particles, or standard
carriers, characterized by an unrestricted energy tensor and V), particles, or
vector carriers, characterized by a complete root vector.

Vector carriers are obtained from standard carriers by imposing the stabilizing
condition that the energy tensor is the outer square of a vector. Further stabiliza-
tion leads to the V; and V, particles mentioned in FT, § 11.

FT, §21

The rigid-field theory discussed in section 4.2 does not lead, as Eddington’s does
in FT, § 15, to a necessary change of sign between particle and total energy. This
change of sign is taken up by Eddington in FT, § 21, and he relates it to the
occurrence of the complex number field in quantum mechanics. This relation
depends on the argument that an imaginary velocity v is needed to produce
negative kinetic energy; if mv is then redefined as momentum, a factor ¢ will be
needed in the formulae. The curiously intimate way in which the complex number
field is involved in quantum mechanics certainly raises problems of interest. But,
especially because of our amendments to the arguments of FT, it does not seem
that Eddington’s explanation goes very far towards a solution.

FT, §34

This section begins with a discussion of the effective mass, in general relativity,
of a system of particles in motion. The working appears, according to the Editorial
note in FT, to be wrong, but as Slater remarks (S, p. 36) the result is not used,
and all that is needed is the standard result from wave mechanics that a Gaussian
wave packet with standard deviation o has at time ¢ a standard deviation of(t)
given by \ ,, B
o)) = o*+ 55+

FT, §§ 35, 36

These two sections deal with some very interesting ideas of Eddington, which
we have brought to the Appendix only because they are not connected with the
rest of our book. All information about a system must be of particular states
of the system in interaction with its environment. By an ‘undisturbed’ state—
Eddington would prefer the term normal—we must mean one in which the system
has only undergone an agreed amount of disturbance by probing. Sometimes we
may want to incorporate fresh information; to do this we must redefine the normal
state to allow more probing.

To give a general theory, Eddington suggests that (analogously to the replacing
of a complex environment by & simple one, scale) we should consider a simple
specification of keenness of probing. First we list how many pairs of conjugate
variables, (z,,p,), we seek to measure. One such pair is fully observed if the
combined uncertainty is just the Heisenberg limit. Suppose that at time ¢ = 0
we cease to probe; at time ¢ > 0 the pair is less than fully observed (see note
above on FT, § 34) and so ¢ acts as a coefficient of under-observation.
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Eddington argues that such a coefficient is an observable for the system, and
so subject to uncertainty. And he contends that the symmetry between this
coefficient and the space coordinates accounts for the success of ‘relativistic wave
mechanics’; because it makes it sensible to consider probability distributions over
four variables. But this fourth variable is confused with the time, which increases
with it, in orthodox quantum mechanics.

FT, §§ 46-48

In these three sections Eddington discusses the planoid and the special planoid.
The planoid is simply the sphere of particles which we have employed, particularly
in Chapter 8, for formulating an abstract structure. Eddington prefers to define
the planoid to have the same uncertainty as his uranoid so that he has the equation

Ri_5RS
N, 4 N’
which with Slater’s correction would read
Ri_5R
N, 9N

He introduces, however, the special planoid with the same Ry and N as the uranoid;
this is the one we have employed. He is able to say fairly comprehensively how
various numerical quantities transform between the uranoid and the two planoids,
but this is because of the formulae relating these quantities to each other and to
R, and N, that he has already found. It would be very difficult to do this otherwise;
indeed it is the same problem of differing abstract structures which we have met
in many other places.
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THE DENSITY-PARTICLE CORRELATION

THE difficulties surrounding Eddington’s equation

THr = pHp®
have been discussed. However, this equation has been used as the basis of an
idea known as the density—particle correlation. This has been fully described by

the authors in two papers (33, 34); we will here outline the idea and its results.
The equation can be rewritten in the form

4
g ;Yﬁzp“p“, (59)
where C is a dimensionless constant. However, it suffers from the disadvantage
that p* is defined on the world-line of a particle, and 7% is defined everywhere.
To overcome this the following definition is made.

Consider an assembly of equal particles in a Riemannian space-time §; we may
approximately consider the particles to define a momentum-vector p# at every
point of §. Then T defined by (59) has the dimensions of an energy tensor.
Subject to certain conditions (which are investigated), T'** will be the energy-
tensor of a distribution of continuous matter in another space-time S (say). This
correlation between S, § is called the density—particle correlation.

Certain restrictions are placed on the correlation and this leads to the spaces
8, § being conformal. § is taken to be an expanding universe of general relativity,
but the application of an overall consistency condition prohibits the expansion and
leads to S, § being identical Einstein universes, which is exactly the case con-
sidered by Eddington.

Eddington intended the momenta in his equation to be defined quantum

Tw = C

. . . . 0 .
mechanically; i.e. p, = —fll, = —-zﬁa?‘. However, to preserve the covariant

nature of the theory, we define
— (th)"prp = TInp = gunf,,.
Thus if we put _.SL"y T = Quw,
c

where @ is the Einstein tensor of the space S, and introduce an operand i,
equation (59) becomes Gurf = CTIHII

It is found that iy must be a scalar. The covariant differentiation on the right-
hand side is carried out in §.
This equation can be written in the form

G,y =04, (60)

When 8 and § are both Einstein universes, the solution for ¢ is found to be time-
dependent only.

In an attempt to generalize this solution, the equation (60) was adopted as the

basis of the density~particle correlation with no restrictions. This was considered
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in an expanding universe and led to several solutions for ¢, the most interesting

being —ri4
Y= H1+ ith.,c hR—o—M hﬁ;
corresponding to a standard metric of the form
ds? = c? dt”——gﬂi)———(dx’+dy2+dzz)
(1+7%/4)8
with R =R, coshé——i,

where Ry is the radius of the Einstein universe and H and M are arbitrary constants.
This corresponds to a model expanding from an initial Einstein state, and so may
be considered the most immediate generalization of Eddington’s model. It
requires C = —2.

Suppose that this function is in some respects analogous to a y-function in the
quantum-mechanical sense. Accordingly it is natural to consider a distribution
of particles with density )2 per unit volume and we use this as a means for defining
the uncertainty of the origin.

It is found that the standard deviation of the distribution lies between R/2-482
and R/1-197, so that at all times and for all values of the arbitrary constants,
Eddington’s uncertainty constant lies between R/2-482VN and R/1-197VN.
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t| About this book ||
Eddington’s ‘Fundamental Theory’ has
remained an obscure and difficult book

" and still defies efforts to understand it,
even far enough to make refutation pos-
sible. It falls into two parts; in the first
(the statistical theory) certain numerical pro-
perties of scientific methods of description

_-are related to fundamental constants of
nature, and in the second (the algebraic
-theary) the values of these numerical pro-
perties are calculated. The present book
presents a new criterion against which
Eddington’s theory can be judged, by
explaining how it is possible for a correct -
theory of Eddington-type to exist. In the
light of thig criterion the arguments of
the statistical theory are examined section

by section
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