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PREFACEK

This volume completes the plan of a course in mathematics out-~
lined in the preface to the first volume. .

The subject of integration of functions of a single variable is
treated in the first eight chapters. Emphasis is here laid upon thle
fundamental processes, and the conception of the definite integral
and its numerous applications are early introduced. Only after the
student is well grounded in.these matters are the more special
methods of evaluating integrals discussed. In this way the student’s
interest is early aroused in the use of the subject, and he is drilled
in those processes which occur in subsequent practice. A new
feature of this part of the book is a chapter on simple differential
equations in close connection with integration and long before the
formal study of differential equations.

With the ninth chapter the study of functions of two or more
variables is begun. This is introduced and accompanied by the use
of the elements of solid analytic geometry, and the treatment of
partial differentiation and of multiple integrals is careful and rea-
sonably complete. A special feature here is the chapter on line
integrals. This subject, though generally omitted from elementary
texts, is needed by most engineering students in their later work.

The latter part of the wcrk consists of chapters on series, the

.complex number, and differential equations. In the treatment of
differential equations many things properly belonging to an ex-
tended treatise on the subject are omitted in order to give the
student a concise working knowledge of the types of equations

which occur most often in practice.
iii



iv PREFACE

In conclusion the authors wish to renew their thanks to the
members of the mathematical department of the Massachusetts
Institute of Technology, and especially to Professor H. W. Tyler,
for continued helpful suggestion and criticism, and to extend
thanks to their former colleague, Professor W. H. Roever of
‘Washington University, for the construction of the more difficult
drawings particularly in space geometry.

MassACHUSETTS INSTITUTE OF TECHNOLOGY
February, 1909
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A COURSE IN MATIIEMATICS

CHAPTER 1
INFINITESIMALS AND DIFFERENTIALS

1. Order of infinitesimals. 1n @nfinitesimal is @ varinble which
approaches zero us a limit. The word “infinitesimal” in the mathe-
matical sense must not be considered as meaning “very minute.”
For example, the size of an atom of matter is not a mathematical
infinitesimal, since that size is regarded as perfectly definite. That
a quantity should be infinitesimal it is cssential that it can be
made smaller than any assigned quantity. In operating with in-
finitesimals it is not, however, necessary to think of them as
microscopic or of negligible size. They are finite guantities and
obey all the laws of multiplication, division, ete., like finite
quantities. It is generally the last step in a problem involving
infinitesimals to determine the limit of some expression, usually
a quotient or a sum, when the infinitesimals contained in it
approach zero. -

ix. 1. To find the velocity of a moving body (I, § 106)* it is necesc;ary to
find the limit of the quotient hA—E’ as As and At approach zero as a limit, where

As is the space traversed in the time AL, Ilcre As and At are infinitesimnals and
the velocity is the limit of the quotient of two infinitesimals.

Ex.2. To find the area of a circle it is customary to inscribe in the
circle a regular polygon of n sides and to divide the polygon into n tri-
angles by radii of the circle drawn to the vertices of the polygon. When
n is increased without limit, the area of each triangle is infinitesimal, and
the area of the circle is the limit of the sum of the infinitesimal areas of
an indefinitely great number of triangles,

4
* References preceded by I refer to Vol. I.
1



2 INFINITESIMALS AND DIFFERENTIALS

In a mathematical discussion involving infinitesimals there will
usually be two or more infinitesimals so related that as one ap-
proaches zero the others do also. Any two of these may be com-
pared by determining the limit of their ratio. 'We have accordingly
the following definitions:

Two infinitessmals are of the same order when the limit of their
ratio is a finite quantity not zero.

An infinitesimul B is of higher order than an infinitesimal @

if the limit of the ratio > 18 zero.

Ex.8. Let 8=sina and v =1 — cosa, where « is an infinitesimal angle.

B8 sin «v

Then Lim = = Lim —— =1,
a a
im Y = Lim 1 7098C _
Lim a= Lim s =0. I, §161)

Hence 8 is of the same order as «, and ¥ is of higher order.
Ex. 4. Let the arc AB (fig. 1) be an arc of a
B D irele of radius @ with center at 0, the chord AB
the side of an inscribed regular polygon of =
sides, and CD) the side of a regular circumscribed
polygon. Also let

0 F « = the area of the triangle A OB,
B = the area of the triangle COD,
« = the area of the trapezoid 4 BDC.

Then if n is indefinitely increased, «, 8, and v are
¢ infinitesimal. To compute their values, draw OE
Fie. 1 perpendicular to 4B and CD. Then

LAOB=27, ,EOB=", OB =acos™, EB=asin”, FD=atan ™.
n n n n n

From this it follows that
AB T 1r

a=O0F - = OF - EB = a2?8in -- co8 —

2 n n
B= OF-%I—)=OF-FD=aHanZ,
v= :‘_.1?_;5.313 . EF = (EB + FD) (OF — OF)

T
sind —

=a¢(sin1—r+¢anf) (1_0051’):,,:
n n n ™
cos



ORDER OF INFINITESIMALS 3

Hence . Lim% = Lim ....L.ﬂ =1,
cos3 —
n
sin2 r
Lim Y = Lim—72 =o0.
a
cos3 —
n

Therefore B is of the same order as a, and v is of higher order.

2. Particular importance attaches to the case in which the limit
of the ratio of two infinitesimals is unity. Suppose, for example, that

Lim§=1.
@

Then, by the definition of a limit (I, § 53),

g=1+g

where € approaches zcro as @ approaches zero. Hence
B=a+ ae
Now the term ae i3 an infinitesimal of higher order than g, for
Lim %% =Time=0, so that 8 and « differ hiy an infinitesimal of

higher order than each of them.
Conversely, let 8 and « differ by an infinitesimal of higher
order than either of them, ie. let

13=a+'79

where, by hypothesis, Lim ; =0. Then
. B . ( '7>
leE—le 1+& =1,
We have accordingly proved that the two statements, “Two
infinitesimals 8 and & differ by an infinitesimal of higher order”

and “Lim § =1" are equivalent.

Ex.1. The infinitesimals « and sin @ differ by an infinitesimal of higher
order (I, § 151). \

Ex. 2. The areas of the triangles A0B and €0D (Ex. 4, § 1) differ by an
infinitesimal of higher order, namely, the area of the trapezoid 4 BDC.



4 INFINITESIMALS AND DIFFERENTIALS

3. Fundamental theorems on infinitesimals. There are two im-
portant problems which arise in the usd of infinitesimals, namely :

1. A gquotient problem : to find the limit of the quotient of two
infinitesimals as each approaches zero.

2. A sum problem: to find the limit of the sum of a number of
infinitesimals as the number increases without limit and each in-
finitesimal approaches zero.

Each of these problems has been illustrated in §1; for each
there is a fundamental theorem as follows:

1. If the quotient of two infinitesimals has a limit, that limit s
unaltered by replacing each infinitesimal by another which differs
Srom it by an infinitesimal of higher order.

2. If the sum of n positire infinitesimals has a limat, as n increases
wndefinitely, that limit is unaltered by replacing each infinitesimal
by another which differs from it by an infinitesimal of higher order.

To prove theorem 1, let @ and 8 be two infinitesimals and let
@, and B, be two others which differ from @ and 8 respectively by
infinitesimals of higher order. Then we have (§ 2)

Lim & 1 Lim f‘— =1,

U ’ B,
whence a=a+ €, B=B8,+¢B,

where €, and ¢, approach zero as @ and 8 approach zero. Then

B /31+€B _ B 1+e

a atea, q 1+ €
Therefore
. : 1+e\ .. B l1+e_ .. B
Lim B = Lim B 1te = Lim = Lim ——? = Lim 3.

@ a, l+e @, 14, @,
Ex. 1. Since the sine of an anglo differs from the angle by an infinitesimal
of higher order, .
sin 3 3a 3

Lim 22 _Limo% = 2.
sin 2 2a 2

To show this directly, we may write

sin 8 @ _ Ssina - 4sin®a _ 3 2sin2a
sin2a  2sinacosa 2 cosx cosa
. sin8a 8
Therefore Lim —— = —.



FUNDAMENTAL THEOREMS ON INFINITESIMALS

To prove theorem 2, let «,, a,, a,, - - -, @, be n positive infini-
tesimals so rclated that, as » increases indefinitely, each of the
infinitesimals approaches zero and their sum approaches a limit;
and let B, B,, B;, -+ -, B, be n other infinitesimals such that

Lim&=l, I.iulg‘i‘:l, Lim'§3=], cee, Lim-/‘g—'!=1.
@, @, a, @,

‘We wish to show that

Lim(B8,+ B,+ B,+ - - - + B,)= Lim (e, + a,+ a;+ - - - + @,).

Now (§ 2) B=ca+ea,
B,= @, + €,

183 = @+ €y,

B)l = all + eﬂan ;

whence Limn(8,+ B,+ B,+---+ 8,
= Lim(a,+ @,+ ¢,+ -+ - + a,)
+ Lim (e,@, + €@, + €2, + - - - + €,2,).

n==00
Now let v be a positive quantity which is equal to the largest
numerical value of the quantities ¢, €,, ¢, - - -, €,.
Then —V=€ =Y,
whence — e, = e, = ya,,

since by hypothesis @, is positive and may multiply the inequality
without change of sign. Similarly,

— Y%, = €,0, = VX,
— 0 = €, = YA,

— e, = 6,0, = 9, ;

n— “n 'n=—

whence
—v(@t et et +a)sea+en,+ e+ o+ e,
= 7(a1+ @+ a+ - + an)‘



6 INFINITESIMALS AND DIFFERENTIALS

As n increases indefinitely, @, + a,+ a,+ - - - + @, approaches a
finite limit by hypothesis, and «y approaches zero.
Therefore Lim (e,@, + €,&,+ €,a;+ - - - + ¢,2,) = 0, and hence

Lim (8,+ B, + B3+ - - - + B,) = Lim (@, + &, + @, + - - - + @,).

The theorem is thus proved for positive infinitesimals.

Ex. 2. The limit of the sum of the areas of n triangles such as AO0B (fig. 1)
is the same as the limit of the sum of the areas of n triangles such as COD,
when n is indefinitely increased.

The theorem is also true if the infinitesimals are all negative,
since to change the sign of each infinitesimal is simply to change
the sign of the limit of the sum. If the infinitesimals are not all
of the same sign, however, the theorem is not necessarily true.

Ex. 3. Let
a = 1 @ 1 [¢¢ 1 . 1 ete
1=——y)y Ag=———-y) @=— =y Ag=———_1 N
va Vn v vn !
1 1 1 1
Bl:al'*‘;;" ﬂ’=“2+1‘," Bs=“3+h’ ﬂ4=“’4+£1 etc.
Then ap+agtag+co-+an=0, or =__1_,
va

Br+PB2+Ps+--+Pa=1 or =1+-1__,
Vn
according as n is even or odd ; and

Lim(ay+az+ag+---+ay) =0,

}i’g(ﬂx+ﬂz+ﬂa+---+ﬂn)=l-

4. Differentials. The process of differentiation is an illus-
tration of the quotient problem of §3. F¥or if y=f(x) is a
continuous function of = which has the derivative f'(x), and
Az and Ay are the corresponding infinitesimal increments of
z and y, then, by definition,

Lim 2 = fi(@) A

axao AL



DIFFERENTIALS 7

It appears from (1) that Az and Ay are infinitesimals of the same
order, except in the cases in which f/(%) is 0 or . Moreover, (1)
may be written

Ay _ 4
where Lim € = 0, and hence
Ar=0
Ay = fl(x)Ar + eAxz. (2)

Tt appears, then, that f'(x)Ax differs from Ay by an infinitesimal
of higher order than Az, and f’(x)Ax may therefore be used in
place of Ay in problems involving limits of quotients and sums.
The quantity f'(c)Ax is called the differential of y, and is rep-
resented by the symbol dy. Accordingly

dy = f'(x)Aw. 3)
Now in the special case in which y = 2, formula (3) reduces to

de = Axz. 4)
Hence we may write (3) as

dy = /(@) de. (5)

To sum this up: The differential of the independent variable s
equal to the increment of the wvariuble; the differential of the
JSunction s equal to the differential of the independent variable
multiplied by the derivative of the function, and differs from the
increment of the function by an infinitesimal of higher arder.

Fromn this point of view the derivative is called the differential
coefficient.

The use of differentials instead of increments is justified by the
fundamental theorems of § 3 in many problems which are eventu-
ally to involve the limit of a quotient or the limit of a sum.

It is to be emphasized that dz and dy are finite quantities, sub-
ject to all the laws governing such quantities, and are not to be
thought of as exceedingly minute. Consequently both sides of (5)
may be divided by dz, with the result

ra=2.



8 INFINITESIMALS AND DIFFERENTIALS

That is, the derivative is the quotient of two differentials. This
explains the notation already chosen for the derivative.

Ex. 1. Lety = a3,
We may increase £ by an increment Az equal to dx. Then
Ay = (& + dz)® — 23 = 3 22 + 3 x (dx)? + (dx)3.
On the other hand, by definition,
dy = 3 x2dzx.
It appears that Ay and dy differ by the expression 8« (dr)? 4 (dx)3, which is

an infinitesimal of higher order than de.
Ex. 2. If a volume v of u perfect gas at a constant temperature is under

the pressure p, then v =l;, where & is a constant. Now let the pressure be

increased by an amount Ap =dp. The actual change in the volume of the
gas is then the increment

o= F__k__  kdp _ kip/ 1

T p+dp p P(p + dp) P2 1 dp

. + 3
The differential of v is, however,

which differs from Av Ly an infinitesimal of higher order. The differential dv
may, accordingly, be used in place of Av in problems which involve the limit
of quotients or sums of this and other infinitesimals.

big 5. Graphical representation. The
r distinction between the increment
and the differential may be illus-

ol trated graphically as follows:

Tet the function be represented
P by the curve y=f(x) (fig. 2). Let
P(x, y) be any point of the curve,
and @ (z + Az, ¥ + Ay) a neighboring
x point. Draw the lines PR and RQ
parallel to the axes, the chord PQ,
Fic. 2 and the tangent PZ. Then

Az =dv=PR, Ay=RQ, f'(r)=tan RPT,
and dy = fl(¥)dx = (tan RPT) PR = RT.
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Hence the increment and the differential differ by Q7. That Q7' is
an infinitesimal of higher order than PR may be shown as follows:

. QT . RT—RO) RT . BQ
Lim X~ =Lim—— —Y =" — Lim =%
PR TP TP ™R
= tan RPT — Lim (lan R.PQ) = 0.
6. The formula
dy = f'(x)dx 1)

has been obtained on the hypothesis that « is the independent
variable and y = f(). ’

" Consider now the case y=f (%), where z=¢(t) and ¢ is the
independent variable. By substitution we have

y=J(@)=/[$ O] =V()

Then, by (1), dy =F'(¢)dt. (2)
But by I, § 96, (7), F'(t)= /") - $'(0).
Substituting in (2), we have

dy = f(z) - §/(t) dt. 3)
But since ¢ is the independent variable and z = ¢ (¢), we have,

from (1), d = ¢/ (1) dt. ’
Substituting in (3), we have
| dy = f'(x) d.

This is the same form as (1). Therefore (1) is always true
whether z is the independent variable or not.

7. Formulas for differentials. By virtue of the results of the
preceding article, the formulas for differentials can be derived
from the formulas for the corresponding derivatives.

For example, since the derivative of »" with respect to  is nu"~?,

d (w") = nu""'du,

whether « be an independent variable or the functioh of another
variable.
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Proceeding as in the above example, we derive the following

formulas:
d(u+ ¢)=du, (1)
d (cw) = ¢ du, (2)

d (w4 v) = du + d, 3)
dury=udr +vdu, (4

d <g> v duw — w dv . (©)

2

v v

d (w") = nu" " du, (6)
d sin v = cos u du, )
dcosu=—sinudu, (8)
d tan w = sec’« du, 9

detnu =— csc®u du, (10)

d sec u = secw tanw dw, (11)

d csc u =— c¢scw etnw du, (12)
lu
dsin 'y = 4 —° , 13)
Vi—u (

du
dceos'u=F —=—=>
11—
du
dtan~'u = ——
14+ u
du
detn™ g =———)
14
du
diecu=4— —:,
UV —1
du
d CSC—I'M = 4-:—_—'__—’
UvVaut—1

d e = " du,
du.
dlogu=—
U
da"=a"loga du,

du
1 log w =1 —_—
d log,n =log,e "

8. Differentials of higher orders. By definition

dy = f'(x) dz.

But dy is itself a function of z, and may, accordingly, have a
differential, which will be denoted by d*y; ie. d(dy)=d*, and,
in general, d(d"~'y)=d"y. The differentials d®y, *y, - .., d"y are
called differentials of the second, the third, ..., the nth order

respectively.

(14)
(15)
(16)
(17)

(18)
(19)
(20)
(21)
(22)

)]

When « is the independent variable, its increment dz may be
taken as independent of x. With this assumption, applying our
definition of a differential to (1), we have

dy = d[f'(x) dr] = [f"(7) dx]d.c = f"(x) d?,

where da? is written for convenience instead of (dz)?.

In like manner,

dsy — flll( 13) d.‘b'a,
and, in general, 'y = f*(x)dz"



DIFFERENTIALS OF HIGHER ORDERS 11

The reason for the notation used for derivatives of the second,
the third, - - -, the nth orders is now apparent.

If z is not the independent variable, the expressions for the
differentials become more complex, since dz cannot be assumed as
independent of 2. We have, then,

@’y =d[f'(v)dz] = f"(z)da" + f'(z)d’z, (by (4),§7)

where, if 2 = ¢ (¢), dx = ¢/(t)dt, and d’z = ¢"(¢)dt?, ¢ being the in-
dependent variable. It appears, then, that the formula for the
second differential is not the same when written in terms of the
independent variable as it is when written in terms of a function
of that variable. This is true of all differentials except the first
(see §6).

Hence the higher differentials are not as convenient as the first,
and the student is advised to avoid their use at present.



CHAPTER 11
ELEMENTARY FORMULAS OF INTEGRATION

9. Definition of integration. 7%c process of finding « function
when its differential is known s colled inteqration. This is evi-
dently the same as the process of finding a function when its
derivative is known, called integration in I, § 110.

In that place integration was performed by rewriting the deriv-
ative in such a manner that we could recognize, by the formulas of
differentiation, the function of which it is the derivative. But this
method can be applied only in the simpler cases. For the more
complex cases it is necessary to have formulas of inteyration, which
can evidently be derived from the formulas for differentials (§ 7).

Using the symbol f to denote integration, it is evident from the
definition that if Flo)de = dF(),

then f J(O)yde = F(v).

The expression f(#)d.x is said to be wnder the sign of integration,
and f(x) is called the infegrand. F(r)is called the infegral of f(2)d.r.

10. Constant of integration. Two functions which differ only
by a constant have the same derivative and hence the same differ-
ential; and conversely, if two functions have the same differential,
they differ only by a constant (I, § 110; II, § 30).

Hence if J(¥)de =dF(x), (1)
it follows that S(@)de=d[F(r)+ C], (2)
where C is any constant.

Rewriting (1) and (2) as formulas of integration, we have

[#@aiz=rw @)
and f S (@) dx = F(2)+ C. ()

12
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Tt is evident that (3) is but a special case of (4), and hence that
all integrals ought to he written in the latter form. The constant ¢
is called the constant of inteyration and is independent of the form
of the integrand. For the sake of brevity it will be omitted from
the formulas of integration, but must be added in all integrals
evaluated by means of them. As noted in I, § 110, its value is
determined by the special conditions of the problem in which the
integral occurs.

11. Fundamental formulas. The two formulas

fc du=c | du (1)
and f((m +dv+dw+.-) =f([u +fdu +f¢iw+ cee (2)

are of fundamental importance, one or both of them being used in.
the course of almost every integration. Stated in words, they are
as follows:

(1) A constant fuctor may be changed from onc side of the sign
of inteygration to the other.

(2) The integral of a sum of a finite number of functions is the
sum of the integrals of the separate functions.

To prove (1), we note that since ¢ du = d(cu), it follows that

fc du =fd (cw)y=cu = cfdn.

In like manner, to prove (2), since

du+dv+dw+ .- -=du+v+w+--.),
we have .

f(du+dv+dw+---)=fd(u+'n+w+---)
=u+v+w+--.-

faws faos faus..

" The application of these formulas is illustrated in’ the following
articles,
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12. Integral of u". Since

d (u™) = mu™~'du,
it follows that f mu™" dw = u"
But by § 11 (1), if m + 0,

m f " 'du = | mum"du = u™,

wm
or w* tdu = —-
m

Placing m = =» + 1, we have the formula

" wr+! 1
fu M—;,:_l‘ (1)

for all values of n except n =—1.
If n =—1, the differential under the integral sign in (1) becomes

%:—l', which is recognized as d (log u).
du
Therefore f - = log . 2)

In applying these formulas, the problem is to choose for % some
function of 2 which will bring the given integral, if possible, under
one of the formulas. The form of the integrand often suggests the
function of 2 which should be chosen for .

Ex. 1, Find the value of f (a,:::2 + b + ¢ + f_) dx.
z 3
Applying §11 (2) and then § 11 (1), we have

f(az’+bz+£+:—2)dz=fazﬂdz+fb.td.t+f£d:c+f5;dz
=afz’dz+bfzdx+cf%+efz—’dz.

The first, the second, and the fourth of these integrals may be evaluated
by formula (1), and the third by formula (2), where u = z, the results being

respectively §az3, %bz’, - s, and ¢ logz.
Therefore

f(az’+bw+f+5>dz=1az’+1bz=+clogz—-f+0.
x 3 8 2 z
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Ex. 2. Find the value of f (@ + 2)z da.

If the factors of the integrand are multiplied together, we have
f(z’ + 2)a:dz=f(z“ + 22)dz,

which may be evaluated by the same method as that used in Ex. 1, the result
being 1t 4+ 22 + C.
Or, we may let 22 + 2 = u, whence 2x dx = du, 5o that zde = } du. llence

f@+2z2de= [fudu=14 [udu

1@
T2 9
=1(@2+2)2+C.

+C

Instead of actually writing out the integral in terms of u, we may note that
zdx = } d(z? + 2), and proceed as follows:

f(z2+2)zdx=f(x’+2)1}d(zﬂ+2)
=}f(z’ +2)d (@2 +2)
=}@+2)32+C.
Comparing the two values of the integral found by the two methods of

integration, we see that they differ only by the constant unity, which may
be made a part of the constant of integration.

Ex. 3. Find the value of f (ax? + 2 bz)3 (ax + b)de.

Let ax?+ 2bx = u. Then (2az + 2b)dz = du, so that (ax + b)dx = } du. Hence

f(a;c’ + 2b2)% (az + b)dz:f;undu

1 1 ut
-— L] -—
_.zfu du_2 2 +C
= } (ax® 4 2bx)* + C.

Or, the last part of the work may be arranged as follows :
f(az’ +200)3 (a2 + b dz = [ (az? + 2be)  d(aa? + 200)

= }f(az’+ 2 bz)8d (az? + 2 bx)
=} (az? + 2ba)* + C.
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4(ax + b)de
as? + 20z
Asin Fx. 3, let ae3+2bz=u. Then (2 ax+2b)dr=du, so that (ax+b)dz=} du.
Hence

Ex. 4. Tind the value of f

JRICELY BT
ax? + 2 bx
=2logu +C
= 2 log (ax? 4 2bx) + C
*=log (az? + 2 bx)? + C.

4 (ax + b)dz 2d(ax? + 2bx)
0 —_— =
T f az? + 2bx f ax? 4 20r
d(ax? + 2 bx)
=9 V= "7
f ax? + 2bx
= 2log (ax? + 2bx) + C

= log (ax? 4+ 2bx)2 + C.

Ex. 5. Find the value of f (e + b)2ewrdr.

Let ¢ 4+ b = u. 'Then e®ade = du. lHence
2 ptt. — 2(_l“f
f(c"=+b) e"dx_fu i
1
= 2
._afu du
=-]<u"+0
3a

]
= — (e 4 b)3 +C.
3a(e + b)3 +

or, f (€** + b)2ensde = f }z(‘“’ + b)2d(ew + b)
= :_‘ f (€% + b)2d (e%= + b)
= 31‘—1(e"=' + 5P +C.

Ex. 6. Find the value of f -@@—tb)—di-
tan (ax + b) + ¢
Let tan (az + b) + ¢ =%. Then sec?(az + b)adz = du.” Hence
secl{az +bydz _ f.l (du
tan(ax + b) +¢ a u
1 rdu

a u
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fu—y

=-logu+C

Lt Q

= alothan(a:c+ b) 4+ ¢] +C.

Or sec?(az + b)dz f 1 d[tan(az + D) + €]
! tan(az+ b) + ¢ o tan(ar+bd) +¢

_1 [ dlmnee 1)+
a tan(az + b) + ¢

= ilog [tan (az + b) + ¢] + C.

The student is advised to use more and more the second method,
illustrated in the preceding problems, as he acquires facility in
integration.

13. Integrals of trigonometric functions. By rewriting the
formulas (§ 7) for the differentiation of the trigonometric func-
tions, we derive the formulas

f cos % dw = sin w, (1)

f sin % dwu =— cos w, (2)

f sec’w du = tan u, (3)

f esc’u du =— ctn w, 4)

f sec u tan w du = sec , (5)

f cse % ctn w du = — csc w. (6)

In addition to the above are the four following formulas:

f tan u du = log sec u, )

ctn u du = log sin w, (8)

4
fcscu du = log (csc u — ctn ) = log tan 2. (10)

f sec u du = log (sec u + tan u) = log tan (W + g) s (9)

2
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sin %
To derive (7) we note that tanw = onu and that — sin» du

=d(cosu). Then
f tan u du =— f d (cos u)
COS %

=—log cos u

= log sec .
In like manner,

oS du
etnuduy= | -— —- =log sin .
Sin »

Direct proofs of (9) and (10) are given in § 68. At present they
may be verified by differentiation. For example, (9) iy evidently

true since d log (sec v + tan u) = sec u du.

The second form of the integral may be found by making a
trigonometric transformation of secu + tan» to tan ( i + :)
Formula (10) may be treated in the same manner.

Ex. 1. Find the value of f cos (ax? + br) (2 ax + b)dx.
Let ax? + br = u. Then (2azx + b)dr = du.

Therefore f cos (az? + ba) (2 ax + b)de = f cos (aa? + bz)d (aa? + bx)
= sin(az? + bx) + C.
ix. 2. Find the value of fsec (e** 4 b) tan (e** + b) ez dz.
Let e + b = u. Then €' 2 ax dx = du.
Therefore f sec (e* + b) tan (€2=* + b) esr*z da

= -é%fsec(e"’+ B) tan (e22* + b)d (e==* + b)

1
_Esec(e“’+b)+0.

The integral may often be brought under one or more of the,
fundamental formulas by a trigonometric transformation of the
integrand.
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Ex. 8. Find the value of f cos? z dx.

Since cos?® = } (1 4 cos2x), we have
fcos%d.n: %f(l + cos2z)dz
= }fd.n+ .}fcosmc d(2z)
=}z 4 ]sin2z 4 C.
Ex. 4. Find the value of f sect 2 z dz.

1f we let sec®2x =sect22-sec222, and place sect2z = (1+ tan22z)? =
14 2tan?2x 4 tant2z, the original integral becomes

f(l + 2tan22 g 4 tant2z) sec22 xdx.
Place tan 2z = u. Then sec?2z -2dx = du. Making this substitution and
simplifying, we have
[res2zdr=14 [(1+2u + uau
=lu+3ut+}u)4+C
= ftan2z + } tan®2z + J; tans2z + C.
14. Integrals leading to the inverse trigonometric functions.
From the formulas (§ 7) for the differentiation of the inverse trig-
onometric functions we derive the following corresponding formulas
of integration :

du A -
————==38In""% or — cos™ ',

VI1—au?
du
i1 d =tan~'u or — ctn~'w,
u
f du =sec 'u or — csclw.
uVur—1 )

These formulas are much more serviceable, however, if « is
replaced by % (¢ >0). Making this substitution and evident
reductions, we have as our required formulas:

dw . _u U
fm—sm -‘; or -— cos ;’ (1)
f;i%=j‘1; tan“g or —;15 ctn~! Z; @)

f 1 sec'¥ or — Losemt % 3)

UVt —a? a a a a
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. . u
Referring to 1, § 153, we see that in (1) sin™* - must be taken
w
in the first or the fourth quadrant and that cos™* 2 ust be taken in

u
the first or the second quadrant. In like manner in (3) sec™ w and

-1

cse™l — must be taken in the first or the third quadrant.

It is to be noted that the two results in (1) differ only by a

LU

. L
constant. For let sin~ = ¢ and cos™' -- =, where ¢ is in the

first or the fourth quadrant and 4 is in tlu, first or the second
quadrant. Then

Sl!l¢——x COS‘\II‘=E’
w

2 ,“I'.’

uw
COS¢= ]'—(-L’_}) b".l'\P' a—i'

Therefore cos(¢p + y)=0, whence ¢+ =24k + 1) —» where
k is any integer or zero.

Hence ¢=(2k+1)7)——-11r, or
N T U
sin ;—(2L+1)§—(,Uh lu.

Similarly, the results in (2) or (3) may be shown to differ by
constants.

Ex. 1. Find the value of f ——»—__—;—._»-

Letting 2z = u, we have du = 2(14:, and

dx 1 d@z) 1 1 2z
== | = -sin ‘ +C or -—cos—l-~+0
\/9 12 2J Voo (2x)? 2 3 2 3
Ex. 2. Find the value of | — Td_.r, ——
zV8z2— 4
If we let V82 = u, then du = V3 dz, and we may write
V3
f——--g?—---=f—-——§.(- E.ul -—~=:1-sec z\/—'§+0 or —1csc*1z——\/-+0
zV3z2 4 \/§z\/(\/§z)a__4 2 2 2
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Ex. 3. Find the value of f — _:
4z —

Since Véz — 2? = V4 — (z — 2)?, we have

f _f d(z —2)
Vig — gt 2)3 V4 (z 2)3

= sxn—lf—é——- +C or — cos-1 %——2 + C.

Ex. 4. Find the value of f E;‘;l;——m

To avoid fractions and radicals, we place
_dz _ 8dx ey 4dz
2024+ 82+ 6 1022 + 242440 (dz+8)34+81
Therefore

‘[___ﬂ___2___gg__}ﬂ _d(@dz+3)

222 +32+06 J (4z+8)2+81 J (dz+8)+ 81
2 4243 2 4z +8
-C—tan-1- "_—4C or —— .ctn-1 —+C.
C Vil vai V31 V31

The methods used in Exs. 3 and 4 are often of value in dealing with
functions involving ax? + bx + e.

(®8 + ) dr
b+ dat
Separating the integrand into two fractions, i.e.

Ex. 5. Find the value of

z8 z
b+4zt " 544zt
and using § 11 (2) we have

(2 + z) de xide zdx )
Brdz  Jbotda b+ 4t
8
But Rz _ 1 rlizlde hg@-+4x),

5+ iz 16J 5 + iz
zdz 1 dxde

d oy SO (Pt o
an 5tz 4J5¥@ep
-1 222 1 222
=-_.tan~1-= or — ——ctn—1—.
4v6 V6 4v6 V5
Therefore @+ 2)yde 1 1 2z

= —log(b + 4x%) + ——=tan-1—- + C,

. b+ dat 16 og (6 + )+ ive n '\/B+ )
1 1 2'z2

or —log(6 + 424) — — _ctn-1—_ 4 C.
16 08¢ ) 4Vh V6
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15. Closely resembling formulas (1) and (2) of the last article
in the form of the integrand are the following two formulas:

du —
— =log (4 +V® + & 1
V2 + a? B ) @
du 1 U — 1 a—u
=-———l —— P, 2
and fn"—a’ 2a 0gu+w or 2a10ga+u )

To derive (1) we place v = a tan¢. Then du = « sec*¢p d¢, and
Vut+ o = a sec . Therefore

du
—_———— = S d
Vu + a? fbemﬁ ¢
= log(sec ¢ + tan ¢) (by (9), §13)
= lOg <E.i._.___.__.__“2 + a.‘)
«

=log (v + V? + a*) — log a.

But log @ is a constant, and may accordingly be omitted from
the formula of integration. If retained, it would affect the con-
stant of integration only.

Formula (2)is derived by means of the fact that the fraction

wr—a?

may be separated into two fractions, the denominators of which
are respectively ¥ — @ and v + «; ie.

1 1 1 1
Qt”—(t”—:sz,(q—[:Z—u_,_a)' (§53)
Then fﬂ"“,.___‘l_f( 1 _ 1 )du
w—a® 2a t—a u+a
____1_ du _ du
T 2a fu-'—a fu-i—a

1
=5z [log (v — a) — log (v + a)]

U—a
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The second form of (2) is derived by noting that

du — du
fu-—-a—fa-—u—-log(a_u)'

The two results differ only by a constant, for

el SC Sl
a+u U+ a
a—u v—a
=] o —-] y ——3
and hence log pE og(—1)+log P

and log(—1)is a constant complex quantity which can be ex-
pressed in terms of < (§ 170).

Ex. 1. Kind the value of f -
V32 + 4 r

To avoid fractions we multiply both munerator and denominator by V3.

dx Vide Vide
Then = - =

Virit iz Vositizz V@Ez - 4

Letting 3£ + 2 = u, we have du = 3dx, and

dz 3 de
f?/::"ﬁ* f\/(.u+z)2

= \[_ log(8z +2 4 V(Bz+22 —4)+C

=1 log(3z + 2 + V022 + 122) + C.
V3

Ex. 2. Find the value of f A——-df——--—.
2224+ — 16

Multiplying the numerator and the denominator by 8, we have

f_ _d —of__ ta=
2zﬂ+x—15" (4z +12 - (1)
dz£1)—11

0g(4:c+1)+11

1 2z — 1 22—-56 1
—lo, - —log2+0C,
11 E2z+6 6+c 1%z rs et
and the term — % log2, being independent of z, may be omitted, as it will

only affect the value of the constant of integration.

. This may be reduced to
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If in the formulas for the differentiation of

sinh~*u, cosh™ %, and tanh~'w {1, §161)
we replace » by %, they become
du
a . . dx ,
dz a w+ a?
du
d % dz
'd— cosh 2 = \/{LE_ a‘;
2
a % dzx
and T tanh b

The corresponding formulas of integration are evidently

f v _ sinh™?
Vut+ a? B a
du

Vi —
and f du -1_ tanh—? ?f.
[/

@t — u? w

- = cosh™!

These forms of the integrals are often of advantage in problems
where the resulting equation has to be solved for the value of % in
terms of the other quantities in the equation.

By formulas (2), § 14, and (2) of this article we can find the value
of any integral of the form f -—3-—————— - We can also find the

+bx+e¢
value of any integral of the form f —————~——(Af + B)da
2+ bz + ¢
P(z)dx
a?+ ba +c
polynomial, can always be found, since by division the integrand is
equal to a polynomial plus a fraction of the form just mnentioned.

, as shown in Ex. 3.

Finally, we note that the value of

» where P(x) is a
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(82 + 4)da

228 42— 16
If222 +z — 16 = u, du = (42 + 1) dz.

Now 8z + 4 may be written as § (4z + 1) +13.

Ex. 8. Find the value of f

8z + 4)dz @éz+1)+17]de
£ AT TR - T4l
Therefore f2z2+z-15 f 2zﬂ+z—15
(4z +1)de dz

4 222+ 2z — 16 4 228 +2—16

The first integral is 3 log (2 a:9+ z 15), by §12 (2), and the last integral is
2z — 5
of the form solved in Ex 2, andis-—l —
(v} ved in %8 P
Hence the complete integral is
8 13, 2z
=log (2 x2 —18) 4 -~ log =—-—~
3082 + 2 —16) + 7log=m P +C.

(2z + b)dzx
V3xzi+ 4z

The value of this integral may be made to depend upon that of Ex. 1 in the
same way that the solution of Ex. 8 was made to depend upon the solution of
Ex. 2. Forlet 8322 + 4z = u; then du = (6z + 4)dz.

Now2z + 6=} 6z +4) + .

Ex. 4. Find the value of

2z + 6)dz (462 +4) + 2} ]dz
Therefo
o mf V3zi + 4z f V8z? + 4z

=3 [@2+ 42y H(0z + Haa)+ %f_s:‘:”m.

The first integral is 4 V8z2 4 4z, by §12 (1), and the second integral is

é—l‘/l——,ﬁ log(8z + 2 + V923 + 12z), by Ex. 1. Ilence the complete integral is

ﬁ\’82“+4z+§%§log(3z +2+VoA T 122) + C.

16. Integrals of exponential functions. The formulas
f e‘du = ¢ 1)
and ’ fa“du=—1——a" (2)
log

are derived immediately from the corresponding formulas of differ-
entiation. The proof is left to the student.
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17. Collected formulas.

f cos w dw = sin w, 3)
f sin w du =— cos u, €))
f secw du = tan u, (5)
f esca du = — ctn u, (6)

f secw tan u du = sce wu, )
f esew ebn o du =— cse u, )
f tan » du = log sec 1, )
f etn v du = log sin «, (10)
™ u
sec e du = log (sec  + tan «) = log tan 1 +5) (11)
f esc u du = log (cse w — ctn v) = log tan % s (12)
du Y L
——m e = § — Or — COS™ " —» 13
o sin » cos p, (13)
-—d“—~ 1 tan~'Z or — 1 ctnY, (14)
A+t a a a a
f~—dfl=: == 1 sec? S or — 1 ese 1L, (15)
wVii—@? @ L a a
du —3 . %
== = log(© +Vu*+ a®) or sinh~'—, 16
Vi + a? & ( ) a ( )
e _ log (v +Vu?— «*) or cosh™? . (1'7)
Vul— a? a
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du 1 u—a 1 a—u -
fu’-— pe Rl log wTta or 5~ log o tanh » (18)
fe“du =" (19)
a*du = ——ar. (20)
f " loga

18. Integration by substitution. In order to evaluate a given
integral it is necessary to reduce it to one of the foregoing standard
forms. A very important method by which this may be done is
that of the substitution of a new variable. In faet, the work thus
far has been of this nature, in that by inspection we have taken
some function of 2 ay w.

In many cases where the substitution is not so obvious as in the
previous examples, it is still possible by the proper choice of a
new variable to reduce the integral to a known form. The choice
of the new variable depends largely upon the skill and the experi-
ence of the worker, and no rules can be given to cover all cases. A
systematic discussion of some types of desirable substitution will
be taken up in later chapters, but we shall in this chapter work a

few illustrative examples. hd
:c’dz

Ex. 1. Find the value of -

f V2gz + 8

let 2z 4 83 =22 Then z = } (22 — 3) and dz = zdz. Substituting these val-
ues in the original integral, we have

} [-0nt0a=1(3s-22+09+C.
Replacing z by its value in terms of z, we have

[ ]
f ”".L_BWH @ — 22z +6) + C.

v2x + 8
Ex. 2. Find the value of f z+ a
Let 22 + a2 = 22. Thenxdz:zdz, andid:—u:—l;-xdz ;;z_dz_.
Then, after substitution, we have z 2 o
2dz —-a
m—f(l+ )dz—-z+—-log a+C.
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Replacing z by its value in terms of z, we have

N VoL g
f—f-ta—dz \/”'2+a2+ log z? + a? LI,
Vit a+a

Ex. 3. Find the value of f Va2 — x3dx.

Let £ = asinz. Then dz = a coszdz and Va2 — 22 = a cos 2.

Therefore f Va? - r2dxr

it

aﬁfms’zdz =}a? f(l + cus22)dz
=lat(z + }sin22) 4+ C.

F
But 2z = sin—1- o and sin2z = 2sinz (mz--2— Vai — g2,
a?

Finally, by substltutlon we have

f\/a.l—:c de = ( zVa? — 22 + a?sin-1 )+(}.

Ex. 4. Find the value of f 23 Vi = a2 dz.
Let & = asecz. Then dr = asecz tanzdz, and V2 — a? = utanz.

Therefore f B Va2_aZdz == ab r tan2z sectz dz

= qb f (tan2z 4 tandz) sec?z dz
= ab(} tandz + } tanbz) 4+ C.

E7 Vit = a2
But secz = 2’ whencee tanz = —a '™ that, by substitution, we have
fzax/a_;‘l:—aéd,z = 5 V(& — a3)* (242 + 842) + C.
Ex. 5. Find the value of f “__c_l.r__ =
. @+ o

Tetz =atanz, Then dz = asec?2dz and V3 + a2 = g sec 2.

Therefore = f g8 = 1 f coszdz = —l—sin z+ C.
(zﬁ + az)i secz al a?
But tan z = E » whence sinz = r ————— 80 that, by substitution,

f dr z — 40
@+a) pvVeayra
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dx
@2z +1)Vbox2+8z+38

Let 2:c+1=-:- Then a;=-1-(1-1), dz:———l—,dz, and Voz2 48z + 8

2\z 22
1
=§;Vz’+62 +6.

Ex. 6. Find the value of f

Therefore

; e
(zx+1)x/5z2+8z+3 216246 (z+38)3 -4
=—log(z+8+V22+6z+6)+C.
But z = - —1—--—, and hence
2r+1

] oI TR TR
-lng(z+8+\/z’+0z+5)=—-log6z+4+Z 622 +82+8

22+1
3z+2+V5z’+8z+3
f _..d‘f'. o = log 2z +1 —+0,

@z +1) Vot + 8% + 8 8z+2+Voxi+8z + 3

— log 2 having been made a part of the constant of integration.

The student should refer freely to these examples as possibly
suggesting a type of substitution desirable in the solution of a new
problem. From them the following hints for substitution in similar
cases may be deduced :

In integrals involving Va + bz try a + bz = #*, as in Ex. 1.

In integrals involving Va®+ a? try either 2*+ a®= 2% as in Ex. 2,
or £ =a tanz, as in Ex. 5.

In integrals involving Va®— z* try # = a sin 2, as in Ex. 3.

In integr: «*—a’ try z = a secz, as in Ex. 4.
In integrals of the form f df__._____ try Az+ B =-1—,
as in Ex. 6. (42 + B)Var+bo+o s

It is not to be supposed that the above substitutions are desir-
able in all cases. For instance, in Ex. 2 the substitution z = a tan 2
does not simplify the integral; but the substitution 2*+ a®=2* is
of advanta.ge, though it is rare that the substitution of a single
letter for the square root of a quadratic polynomxal leads to any
simplification.
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19. Integration by parts. Another method of importance in
the reduction of a given integral to a known type is that of inte-
gration by parts, the formula for which is derived from the formula
for the differential of a product,

d(uv) = u dv + v du.

From this formula we derive directly that

uy = f wdv + f v du,

which is usually written in the form

fudv='1(.u -—-fv duc.

In the use of this formula the aim is evidently to make the orig-
inal integration depend upon the evaluation of a simpler integral.

Ex. 1. Find the value of f rexdz.

If we let z = u and e*dz = dv, we have du = dr and v = e=.
Substituting in our formula, we have

fme"dz:zet—fefdx

=xe*—e 4 C
=@ —1)er+C.
Tt is evident that in selecting the expression for dv it is desirable, if possible,
to choose an expression that is easily integrated.

Ex. 2. Find the value of f sin—1z dx.

Here we may let sin-1z = u and dz = dv, whence du = - - & and v=uz.
Substituting in our formula, we have V1-— 22
fsin—lzdx =z sin-1g —-f -’fjif,_
V1 a1

=gsin-1z + V1 —22 4 C,
the last integral being evaluated by § 12 (1).

Ex. 8. Find the value of f x cosdz dx.

Since cos?z = } (1 4 cos2z), we have

1 ?# 1
2 = ="
fzcos zdz 2f(z+zcos2x)dz i +2f:ccos2zdz.
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Letting 2 = u and cos 22 dx = dv, we have du = dz and v = } sin2z.
. B PRI B A
Therefore fmcosz:cdx_ésm&z 2fsmzzdw

z 1
= Zyin2 ~cos2z 4 C.
2sm x+4 +

2 1 /(z 1
. Jzcos?zxde =~ +- (“sin2x + - cos 2 C
Jzcosa 4+2(2sm tgonE)t
=} (22 + 2xs5in2x + cos 2x) + C.

Sometimes an integral may be evaluated by successive integra-
tion by parts.

Ex. 4. Find the value of f xr2exdr.

Ilere we will let 22 = u and erdzx = dv. Then du =2z dz and v = e=.
Therefore f z2erde = x2e* — 2 f rerdzx.

The integral f ze? dxz may bo evaluated by integration by parts (see Ex. 1),
so that finally

fa:“’etd.a',:x’e' —2@—1)ec+C=er(x? -2+ 2)+C.
Ex. 5. Find the value of f e sin bz dz.
Letting sin b = « and e** dx = dv, we have

fe'"sin bede = -l-e"sin br — é fe’“‘ cos b» dz.
a 7
In the integral f ear cos bx de we let cosbr = u and e de = dv, and have

fe«ucosbxdz = 1 et cos bz + ll feursin bx dzx.
a a
Substituting this value above, we have
fe“‘sinb:cd.z = !-eﬂfsinbs b (1 e cos bx + b— feusinbatdx) .
a a\a a

Now bringing to the left-hand member of the equation all the terms con-
taining the integral, we have

2
(1 + b—) fe“sinbzdz = le"-'sinb:t: - ~b-e'"cosbx,
a? a a?

.

ear(a sin bz — bcosbz).
a? + H?

whence f exxginbrdz =
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Ex. 6. Find the value of f e® cos br dz.

e® (a cos bz + b sin bz)
a? + b3
it is exactly like that of Ex. 5.

The result js -

» the work being left to the student, since

Ex. 7. Find the value of f V2 + a?dz.

Placing V2 + a? = v and dx = dv, whence du =

and v = z, we have

%% + a?
Vet atde =z Vi +a¥— | - e !
f ‘vz2 + a2 )
Since 22 = (¢2 + a?) — a2, the sccond integral of (1) may be written as
f(z’ +al)de
._.___.__’
Vaitat Var L a?
which oquals f Vit + adz — a? ___d_"E.__ .

z2 al

Evaluating this last integral and substituting in (1), we have
f\/.z2+ atde =z Va? + a? —-fo2+ a?dz + a2 log (¢ + Vai + @),
whence f\'.r,“ + azdz = [z Vz! + a? + a?log(z + Va2 + a?)].

20. Possibility of integration. In this chapter we have learned
how to express the integrals of certain types of functions in terms
of the elementary functions, and the discussion of methods of inte-
gration will be continued in Chaps. VI and VIL But it should
be noted now that it is not always possible to express the integral
of elementary functions in terms of elementary functions. For

dax
s=—————.. - cannot be so expressed; in fact,
V(i—2%) (1— k)
this integral defines a function of z of an entirely new kind.

Accordingly when it is said that the integration of certain func-
tions is not possible, it is meant that the integration is not possible
for one who knows only the elementary functions, which are in
fact the functions generally used in applied mathematics. In this
respect integration differs radically from differentiation, which can
always be performed upon elementary functions. This fact is not
surprising, since it is closely analogous to what takes place in

example,
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connection with other operations which are the inverse of each
other. For example, the addition of positive numbers can always
be expressed in terms of positive numbers, but the inverse opera-
tion of subtraction is made always possible only by the introduc-
tion of negative numbers; also the involution of rational numbers
is always possible, but evolutlon is always pos51ble only after
irrational numbers are introduced.

PROBLEMS

Find the values of the following integrals:

1. f(3a:’+6x+l)d:c. 15.f;+_:;‘_‘dz
1
2 f(“’”*“‘)‘“- 16. [Vaitraz
\/_a+___) @ —47)de
> J{ 1 it e
Vet 4+ 5
4. [2XYZA D, 9 _
S v 18. ['(2 - 8ayda.
3 + 22 sin z dz
5. [ 2= da. rax
f 19. fa-{-bconz
6. [(Vz+ i)sdz. _zde
f( T 20.[(”%2)a
7. [ (@~ 1pataz. 21. isz‘?:;?'
&fﬁ’i_;__l)fdm. 29. f (35‘*‘2)‘1‘5 .
9 f.zsﬁ. '\/5+4z+x’
. E+2 23 fa..',.bz
lﬂ.f T3 ererda, o + bz
e"+suc’2x
11. fﬁrih—- . fe"+tan2z
e+ a &
dx 25. — .
12. f zlogz’ ( + a)[log(z + )]
dz (tan-lz-l)i
13. f(1+z2)tan—lz' 26. f 1428
1+ cosz logz
4. f(z+smz)*dx' 27'[7‘“
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28. f(ea.z’+ b)“e'w’zdz. 32. fi._};)f:(sz;t_q?)da
a

29.f( ;,—_—5—‘\/a+z)dz. 33. fﬁ
de

30. Jirs a\/EE—b

' 34.

fl fz[\/gi \/—]3
31. [ —-

f‘/w‘+aﬂlog(z+\/m) 35. fﬁln"zcoszdx.
36. ['[sint (az + b) + cost (az + b)] sin (az + b) cos (az + b) dz.

317. f(cscbm — ctn bz) esc be dz. 46. f(sec 8z — tan 3z)2dz.
dz secd3z 4 tandz
IF= (@ £ 0) R e

sec? (x® + a?) - zde
39. f tans (x2 + a‘)
2,
40. fseczﬂtan:c zde

48. fsin mz sinnedz, (in # n).

49, f cos mx cos ne dx, (m # n).

a® + sec x?
41, f (secz tan z + sec x)2dz. 50. f sin (ax + b) cos (@'z + ') de.
42. fsmﬂ 2zdz. 51. f(tan 22 4 ctn 2x)2de.
43. f cos 2 .r,d.c 52. f(sec 12 4 tan 22)2sec x? . x dx.
sin.xe
44. fcosw sin 2 z dz, 53. fcosﬂ(l— 2z)de.
sin 2.1: COSZ
45, f (tan?z — ctn2z) de. 54. f ( wonz s 21;)(12:

55. f(sec2a:+t.a.n2:c-—-l)(sec2x— tan 2z — 1) dz.

56f csc.z-{-(tu:c 61. f .
cscz—cmz 1+ cosz

ctn x dx
1. f&%% sz'fsinz—l'
88. f secsgc-: l::no' 6. f 9—"’“’%.
dz
89. flsl_.n:x?o ' VE-"Z;Z'
0. [ e e e
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de
6. [ ==

&
222 +1
dx
68. | ———-
fa:VB:c’—B
dx
6. | ——MmMmM—.
fz’——2z+10

70. f ot dz

. fm/“—_?

dz
. f13—6a:+a:9.

dzx
73. e,
ff+2xt.:ma 23

O

f ‘Ez____-.
2 + 2:csma:+ 1

76f

4:c .z‘

7 f erdr
*J e?r 4 2ertana + sec?a

dzx

78. e —
f(z——2)\/a:2—4a:+2

dx
7. | ————.
f\/2z~3x’
80. [ ¢ dz )
: V1~ 2esctna — €2

dz
81, [ —r"—r-
f2:u2— 2z +1

82. [ de :
2z + 6)Va? + b5z + 4
dz

83. .
fz“sin*a+ z8in2a+1

84 (2=
fVS—Oz’—-z‘

de
88, [ ——uo .
f\/_z‘l_8¢+4

de
86. .
f(sz-l)\/s:z’ 2z -8

dz
87. .
f\/ —223 —-Tz+ 4

2+(1+a‘ﬂ)z
88f e

§_x+2
222 41

9. [Ty
a+z

1. f a_z

92-f(\/E:+

inx de
93. 5 —
f 1+ cos?z

1—2
142

94, fﬁ;'ﬁ@'
9. fz;ff_'o'
96. [ W:,r__z.
o7. f3:2—1

. fvaf“‘

100. Z"‘deé—n'
101. f \w = aa
o [

103. | = L

—2ztana—~1

35



Ssmtser

105. [ dz .
Vi 4 2zsina + 1
108. [ M‘Tf%m'
107. [ VE;??E;T:E'
108, [ e
dz
109. f Ve

dz
110. f3:c —1-222

dx
111, f—f-ﬁﬁ__:z-

8 x3 +2a:
112. f\/# —de

‘ 2z + 6)dz

113. f2z‘+8:c+1'
(122 + 2)de

114. fﬂx’ 6xz—3

(22 — 8)dx
115.
f\/2+x+z

Bz +T)dz
ue. [

117 fs(“:_z)_d_”_.
(62 + 4)de
118. fz=+4z+1

(1-22z)dz
usf —

lﬂo.f (8z+5)dz .
V1422 — 222

zde

131. f4:c’+ 4z seca + tanda

192, (3z + 8)dz
-2z —~ z’
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8z + b)dz
123. fzz;+ 6z +17

124. fz\/:c“+a

Vz +1dz
125.]95%_:_

126. f (o= + z9)da.

127. f (¢ + e~ =)3dz.
128. (@ + a- )z da.
129. fe“"“zdz-

130. | ;z%.

131. faeo'ﬂzsinzcoszdz.
133, [ etar?

1+22
133. feb+c=ab+e=dz.

134. f (a7 + bn=)2dz,

135. f ze ™ 1e

136. fcscz(cscz loga + ctn z)a

actnzemz
137. | o d» )
Valx 4+ 2a* 4 secda

B e
139, [ .

ea+2
Ho- f¢“+l

141. dw
e* 4




144 f Nzl - a? g,
x
15, [ Zd
‘J(a? — xﬂ)ﬂ
dz
146. | — = .
ma Vzﬂ —_ a2
ur [ =% .
f (a2 - zz)B

148. (23 Vai 1 zide.

dz
149. [ i

de
150. .
:a:\/az9+xi
z3dx
151. f\/a”_z‘
152. _—~—.._:.
eldﬂ!
153. f‘/_+1d,
vz -1

154, [20V3z 3da.

z3 dz___
@+ baps

187. [2(c + a)han.

de
158, f;“;ﬂ"fﬁ
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100, f55 0
161 [ 9242 (5"“7":;)8
162 [
_ x|
(@2 + 42
164. [ \/_f.fij:;_ﬁ
165, f e
166. f z Vi - +d:aa:—a’
dz
e
dz

168. - .
fz—l) 228 — 22— 1

169, [ - .2 . ___.
f(m+3)\/14+2z—z9

170. fz +4z8
__ddz
(L + 829)3
dz
1 e AU
f 22 (x + 4 29)
zdz
173. @2 _";a'ii
174. flogazdz.

175. fzﬂlogazdz.
176. f ta.n-lw:dz.’

. ‘_"E%’:‘.ﬂac.
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178. f log (z + V2? + a%) dz.
179, fzslnazd:c.

180. fsec—iazdz.

181. fzsec-lazda:.

182. [z tan-1az dz.

183. ['xtewda.

184. f(:r,+1)‘~’e==dz.

185. fz’ cos ax d.

186. fz‘sinazdz.

187. f (log az)? dz.

188, f (x log ax)2 dx.
189. (zsin?az da.

190. f €27 cos?z dz.
191. [e=sin 2z sinzda.
192. fe"sin 3z coszde.

193. f  sin—1az d.



CHAPTER III
DEFINITE INTEGRALS

21. Definition. We have said in § 3 that there are two impor-
tant problems in the use of infinitesimals, the one involving the
limit of a quotient, the other the limit of a sum. We have also
noted in § 4 that the derivative of a function is the limit of the
quotient of two infinitesimal increments, so that the limit of a quo-
tient is fundamental in the-differential calculus and its applications.

Similarly, there exists a limit of a sum which has fundamental
connection with the subject of integration. This limit is called a
definite integral and is defined as follows:

If f(x) is a function of = which is continuous and one-valued
Jor all values of = between 2 =a and x =0 inclusive, then the
definite integral of f(x)dx between a and b is defined as the limit,
as n increases indefinitely, of the following sum of n terms,

S@)Az + f(z)Az + f(x)Az + - - - + [ (x,_)Az, .

where Az =

and z,, T, % - - -, ,_, are values of x between

a and b such that
=a+Az, r,=z+Az, 2,=2,+ Az, ---, b=z, _ +Ax

The sum in the above definition is expressed concisely by the
notation

f=n-~1

>,/ (z)Az,
t=0
where 2 (sigma), the Greek form of the letter 8, stands for the
word “sum,” and the whole expression indicates that the sum is
to be taken of all terms obtained from f(z,)Az by giving to % in
succession the values 0, 1, 2, 3, .- -, n — 1, where z,= a.
39
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Also the definite integral is denoted by the symbol

[,

where | is a modified form of S. Hence the definition of the

definite integral may be expressed symbolically by the equation

f ’:f(x) de= Linflﬂz—‘l/‘(m‘) Az.

n= o

The numbers a and b are called the lower and the upper limit*
respectively of the definite integral.

Ex. The conception of mechanical work gives an illustration of a definite
integral. By definition, the work done in moving a body against a constant
force is equal to the force multiplied by the distance through which the body
. . o is moved. Suppose now that a body is
O~ 3, 35, 3, 3, 3 T X moved along OX (fig. 3) from A (z = a)

: Fio. 8 to B(z = b) against a force which is

not constant but a function of z and
expressed by f(x). Let the line AB be divided into n equal intervals, each
equal to Az, by the points My, My, Mg, -+, M1 (Infig.8, n=17.)

Then the work done in moving the body from A4 to M; would be f(«) Az if
the force were constantly equal to f(a) throughout the interval 4M;. Conse-
quently, if the interval is small, f(a) Az is approximately equal to the work done
between 4 and M;. Similarly, the work done between M; and M; is approxi-
mately equal to f(2;) Az, that between M; and M; approximately equal to
S () Az, and so on. Hence the work done between A and B is approximately

equal to f(a)AI +f(a',1)A-T« +f(z2)u + .. +f(x,._1) Az,

The larger the value of n, the better is this approximation. Hence we have,
if W represents the work done between 4 and B,

fi=n-1

b
W=Lim 'Y f(z)Az = f 1 () dz.
=0 e

ne= oo 4
[}

The use of the word “integral” and of the symbol f suggests a

connection with the integrals of the previous chapter. This con-
nection will be shown in § 25; for the present, it is to be empha-
sized that the definition is independent of either differentiation or
integration as previously known.

* The student should notice that the word *‘limit "’ is here used in a sense quite dif-
ferent from that in which it is used when a variable is said to approach a limit (1, § 53).
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b
In distinction to the definite integral f f(2)de, the integral
f JS (x)dz is called the indefinite integral. )

The definition assumes that the limit of 2 JS (z)Az always exists.

A rigorous proof of this will not be given lhere, but the student
will find it geometrically obvious from the graphical representation
of the next article.

22. Graphical representation. Iet LK (fig. 4) be the graph of
JS(x), and let 04 = a and OB =b.

For convenience, we assume in the first place that a <b and
that £ (x) is positive for all values of z between @ and 6. We find

Az = f’_;'l and lay off the p BSK

g Jtsdm™
equal lengths AM, =M M,= P Izéfﬂ. !
MM,=...=M_B=As | g AR

(In fig. 4, n=19.) K :

Let OM, =z, OM,=u, D
«ey OM,_ =uw=m,_,. Draw L
the ordinates 4D = f(a),
MP = f@), ME=[(), |
ooy M P =f(z,_), and O 4 MiDGM I3 MM M, B

BC. Draw also the lines Fio. 4
DR,, ER,, LR, ---, B_ R, parallel to OX. Then

J(a)Ax = the area of the rectangle ADR M,,
J(x,) Az =the area of the rectangle M,ER M,
J(x;) Az = the area of the rectangle M, KR M,

JS(x,_,) Az = the area of the rectangle M, P, _ R B.
The sum

S(@) Az + f(z) Az +[f(z) Dz + - - - + f(#,_,) Az

is then the sum of the areas of these rectangles, and equal to the
area of the polygon ADR.ER,..- R, _B_ R,B. It ig evident that
the limit of this sum as n is indefinitely increased is the area
bounded by 4D, 4B, BC, and the arc DC.
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b
Hence f J (x)dz = the area ABCD.

It is evident that the result is not vitiated if 4D or BC is of
length zero.

The area ABCD is exactly the sum of the areas ADP\M;, M P,P;Mg,
MP;P3 M, etc. But one such area, for example M;P;PyM;, differs from
that of the corresponding
rectangle M;P;R;M,; by
0 A M, My My M, Ms M, M; M, B the area of the figure

1 X PyR;P;, which is less

than that of the rectangle

L Az Ay, where Ay = RyP;.
DR The area of P;RyP; is an
infinitesimal of higher order
PR Ry than M;P;R.M,, since

(R,  _PRP_asby_ay
P,k 4 MiP\Es My~ yAz y
H$%R“ whence Lim —-102F2__

* RS MP\R,M;

A <R Therefore (§ 3) the areas
Fic. b of the triangular figures
such as PyR;P; do not
affect the limit of the sum used in finding the area of the entire figure.

Y
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If f(x) is negative for all values of z between a and b(e <b),
the graphical representation is as in fig. 5. Here

Jf(a) Az =— the area of the rectangle AM R D,
JS(x) Az =— the area of the rectangle M, M,R,E, etc.,

so that f JS(x)dx =— the area ABCD.

In case f(«) is sometimes positive and sometimes negative we
have a combination of the foregoing results, as follows:

If a <b, the integral f S (@)dz represents the algebraic sum of

the areas bounded by the curve y=f(x), the axis of z, and the
ordinates z =a and x =D, the areas above the axis of x béing
positive and those below mnegative.
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If & > b, Ax is negative, since Az = b= The only change

necessary in the above statement, however, is in the algebraic
signs, the areas above the axis of 2 being now negative and those
below positive.

Ex. The work done in moving a body against a force may be represented
by an area. For if the force is f(z) and W is the work in moving a body along
the axis of ¢ from ¢ = a to ¢ = b, then (Ex., §21)

w=/ " (@) da.

Consequently if the force is represented by the graph DEC (tig. 6), the equation
of which is ¥ = f(x), the area A BCED represents the work W.

This fact is taken advantaggof in constructing an indicator diagram attached
to a steam engine. Here A4 B represents the distance traversed by the piston, and
the ordinate represents the
pressure. Then as the piston
travels from A to B and back
to A the curve DECFD is
automatically drawn. The E
area ABCED represents the D
work done by the steam on
the piston. The area A BCFD
represents the work done by 7 ja
the piston on the steam. The

n o| 4 B
aifference of these two areas, F1c. 6
which is the area of the closed
curve DECFD, represents the net work done by the steam in one stroke of the
piston. In practice this area can be measured by an instrument, called a plani-
meter, or the figure is divided into rectangles and the area computed approxi-
mately. The latter method illustrates the definition of the definite integral.

23. Generalization. In the definition of § 21,

Ty By = By &= Ly— Ty = -+ + = X, — &, _, = Az,

Y

where 2,=a and z,=b. The sum
S@) Az + f(z) Az + f(r) A+ - -« ¥ f(2,_,) Az
may accordingly be written
J (@) (2, — z) + [ (2,) (2, — 2,) .
+f($,) (:6,— wﬂ) + e +f(xn -l? (xn— zu-—l.)’

fmn-1

or; more faompmtly ) Ef (@) (@ — @) M)

f=0
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This sum may be generalized in two ways:

In the first place, it is a mere matter of convenience to take the
increments #, ., — z, equal for all values of ;. In fact the n—1
values z,, &,, %,, --*, %,_, may be taken at pleasure between the
values z =a and z =b without altering the limit approached by
the sum (1), provided all the differences z, ,— «; are made to
approach zero as n increases without limit. This is geometrically
obvious from the graphical representation, for the bases AM,, M, M,,
M,M,, --. of the rectangles of fig. 4 may be of unequal length.

Y B C_~-K
Botf T | |
B A
B : ; ;
n ; ' ‘ '
o i R
vl HERINENE
B ol
o] |
ARNENE |
[} 1 ]
HENE
I
RN |
O] Ao Ml Mol MoEa) M) Maee) Molo) HCer) MalE) B
Fia. 7

In the second place, the factor f(«,) in each of the terms of
the sum (1) may be replaced by f(£), where £ is any value of
x between z; and z,,,. The effect on the graphical representa-
tion of fig. 4 is to alter the altitudes of the rectangles without
altering the limit of their sum, as exemplified in fig. 7. It may
be noted that the rectangles here differ from those of fig. 4
by infinitesimals of higher order. Hence the sum theorem of
§ 3 applies.

For a rigorous discussion of these points the student is referred
to advanced treatises.* .

* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IV.
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24. Properties of definite integrals. The following properties of
definite integrals are consequences of the definition :

1 f hcf(z)dx:c Ii/(w)dm,
2 [+ rolde= [ r@de+ [ @

3. j‘: ’:f(m)dm=— I :.f(a;)dw,
4. f; ':f(a:)dw = j: cf(ac)d:z: + j; ’if(m)(lw,

5.f’if(./c)d:c =(b—a)f(), where a<§E<b.

The truth of formulas 1 and 2 follows at once from the defini-
tion, and that of formula 3 follows at once from §22. We shall
show the truth of formulas 4 and 5 graphically. A fully rigorous

Y
v
® ¢
0 A C B X
Fi;. 8

proof could be based on the definition of § 21 without the use of
diagrams, but would follow the outlines of the following graphical
discussion.

To prove formula 4, consider fig. 8, where 04 =a, 0C=¢, OB=.

] b
Then f f(2)dw = the area ACFE, f f(z)dw=the area CBGF,

b
and f J(x)dz = the area ABGE. The truth of formula 4 is ap-

parent for any order of the points 4, C, B, reference being had,
if necessary, to formula 3.
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To prove formula 5, consider fig. 9, where the area ABCD repre-
b
sents the value of f JS(z)dx, and let m and M respectively be the

smallest and the largest value assumed by f(z) in the interval 4B.
Construct the rectangle A BKIT with the base AB and the altitude
AH=M. Itsareais AB.AH=(b— a)M. Construct also the rec-
tangle ABLN with the base AB and the altitude AN=m. Its
area is AB: AN=(b— a)m.

Y
Vi T

I~
)

s
D
N L
o 4 6) B X

¥16. 9

Now it is evident that the area ABCD is greater than the area
ABLN and less than the area ABKH. That is,

(b—a)ym <f'jf(w) dr<(b— a) M.*

b
Consequently f S)de =b— a)p,

where p is some quantity greater than m and less than M, and is
represented on fig. 9 by 48. But since f(z) is a continuous function,
there is at least one value § between a and b such that f(§)=u,
and therefore

[ 1@az=0-a7@.

Graphically, this says that the area 4BCD is equal to a rectangle
ABTS whose base is 4B and whose altitude 48 lies between
AN and AH.

* A slight modification is here necessary if /(x) = k, a constant. Then M=m = k
b
andf f@dz=0—a)k
a
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25. Evaluation of the definite integral by integration. When
JS(z) is a known function and @ and b are constants, the value of
the integral is fully determined. Hence if we replace the upper
limit & by a variable #, the definite integral is a function of .

Graphically (fig. 10), f JS(x)dx=area AMPC, where OA=a, a

constant, and OM =z, a variable. Let us place
¢ (x)= f S (x)dx = the area AMPC.
Now we have shown in I, § 109, 6, that

2 p@=y=r@. r s

A new proof of this can be given
by use of the properties of § 24, and g
this proof has the advantage of being
really independent of the graphical
representation, although for conven- B[4 MEON X
ience we shall refer to the figure. F1q. 10
Take MN=h. Then
r4+h
d(z+h)= J(z)dx = the area ANQC,
x+h
whence o(@+ h)—d(z)= J(z)dz
= the area MNQP, (by 3 and 4, § 24)
=hf(E), (by 5, § 24)

where # < £ <z + h. Therefore
$(+h)—(2) _
h —f(e)'

Taking now the limit as & approaches zero, and remembering that
. $E@+h)—d@) _d
Iﬂ? h dz

£ $@=r@.

¢(») and Lim £ = z, we have
R0
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Let now F(z) be any known function whose derivative is f(«).
Then F(x) differs from ¢ (z) by a constant (§ 30), that is,

f}(@) de =F(z)+C.

To determine C, place z = a, and notice that f J(z)dx=0.

Then 0=F(e)+C, whence C=—F(a).
Therefore f S (&)dx = F(2)— F(a),
b
whence f S (x)de=F(b)— F(a).

This result gives the following rule for evaluating a definite
integral :

b
To find the wvalue of f S (&) dx, evaluate f S (z)dx, substitute

z =0 and x = a succcssively, and subtract the latter result from the
Jormer.

It is to be noticed that in evaluating f J(x)dz the constant of

integration is to be omitted, since — #'(w) is that constant. How-
ever, if the constant is added, it disappears in the subtraction, since

[F @)+ Cl—[F(a)+C]=F () —F(a).

In practice it is convenient to express F(b) —F(a) by the sym-
bol [ F(«)]., so that

[ rwae=zar.

8 #P 81 1
. L Sde =| — | = — — -~ =20.
Ex j;zdz [4]1 rgab 20,

-4 4
Ex. 2. L’sinzdz:[—cosm]?,:—cos;::+coso=1.

1 4242 _ 2 1_ =
Ex. 3.]; mdz_[ﬂog(z 4+ z+2)],=2log4 —2log2 =log4.

\/; da
E - -1 \/i— -1 -— -1(—
X. 4.fl 1 2—[3&“ Z]_l tan 3 tan ( 1).
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There is here a certain ambiguity, since tan—1 V38 and tan—1(— 1) have each
an infinite number of values. If, however, we remember that the graph of
tan—1z is composed of an infinite number of distinct parts, or branches, the
ambiguity is removed by taking the values of tan—! V3 and tan—1(-— 1) from

the same branch of the function. For if we consider f bl—%;ﬂ = tan—1b — tan-1la
a
and select any value of tan—1a, then if b = a, tan—1b must be taken equal to
tan—1a, since the value of the integral is then zero. As b varies from equality
with @ to its final value, tan—lb will vary from tan—1a to the nearest value of
tan—1b.
The simplest way to choose the proper values of tan—1) and tan-1gq is to take

them both between — g and —725 Then we have

fﬁ_ﬂf.__zt_(_zr)_lz
11423 3 4/ 127

a a
g dx 2 E R :
Ex. b [ —— =[su —1—] = 8in-1} — sin—10.
x Af; Vv a2 —_— zﬂ ! a 0 }
The ambiguity in the values of sin—!} and sin-10 is removed by noticing

that sin-lz must lie in the fourth or the first quadrant, and that the two

values must be so chosen that one comes out of the other by continuous
change. The simplest way to accomplish this is to take both sin-1} and

sin—10 between T and -
2 2

a
g dx T
Th 2_._“‘T="‘_0=
en -/;\/aa_zz 6

SJE]

26. Change of limits. In case it is convenient to evaluate
f J (z) dz by substitution, the limits of f JS(x)dx may be replaced
by the corresponding values of the variable substituted. To see
this, suppose that in f JS(x)dx the variable 2 is replaced by a func-

tion of a new variable ¢, such that when  varies continuously
from @ to b, ¢t varies continuously from ¢, to ¢,. Let the work of
finding the indefinite integral be indicated as follows:

ff(m)dx=f¢(t)dt=CI)(t)=F(:c),

where F(z) is obtained by replacing ¢ in <I>(t) by its value in
terms of 2. Then

F@)—F(ay=® ()~ D ().



50 DEFINITE INTEGRALS

Bus F(b)—F(a)= f 'f (@) ds
and D (t)— D(t)= f ‘s (t)d.
Hence f 't @) do = f “$(t)d.

Ex.1. Find fa\/aﬁ—z“dz.
0

Place = asing. Then dz = a cos ¢ d¢, and when z varies from 0 to a, ¢
. w
varies from 0 to —. Ilence
2 z 2 25in2 H 1
a z a?sin2¢2
VaiZddz = [Tat coted =[E_é _..] =laa,
j;aac:cj; cos¢ do 5 T g 047m

In making the substitution care should be taken that to each
value of 2 between a and b corresponds one and only one value of ¢
between ¢, and ¢,, and conversely. Failure to do this may lead to
error.

Ex. 2. Consider f : cos ¢ dg, which by direct integration is equal to 2.
o

Fde

1—2z2
depends upon the quadrant in which ¢ is found. We cannot, therefore, make
L3

Let us place cos¢ =z, whence ¢ = cos-1z and d¢ =

» where the sign

this substitution in f % cos ¢ dg, since ¢ lies in two different quadrants; but
we may write -5

jf’cos«ﬁdqs =‘£:cos¢d¢ +j;%cos¢d¢, .
2

and in the first of the integrals on the right-hand side of this equation place

¢ = cos—lz, dp = \/id_'v_a,and in the second ¢=cos~1z,d¢p = \/:;_da;;. Then
- -—
!i 1 zdz 0 zdx 1 zde
8 = - =2 =2
j_‘.gco e j;\/l_za -/1‘\/1_32 ‘/;\/1._4-,2

+1
Ex. 8. Consider f , dz and place 23 = ¢.

Then, when 2 =—1,¢ =1, and when £ =1, ¢ = 1; and the attempt to substi-
tute without care would lead to error. But z =— ¢} and dz = — } t"¥d¢ when
z is negative; and z = t} and dz = }t"‘dt when z is positive. Hence

:‘az:ﬁdz+j;‘dz=-£°;r*az+j;';,ridt=];'z-*dz.—.2.
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27. Integration by parts. If it is desired to integrate by parts,
and a and b are values of the independent variable, then

b b b
f wdv =[uv] — f v dw.

To prove this, note that it follows at once from the equation

b b b b
[1w]:=f d () =f (w dv + v du) =f wdv +f v du.

1
Ex. 1. Find f ze*dz.
0
Take ¢ = u, e*de = dv; then

1 _ 1 1 e 1_
fo zerds = [zee]! J; ede = ¢ — [e*]i= 1.

L
Ex. 2. Discuss f 2 sinnz d.
0

Take sin*—1g¢ = u, sinzdz = dv; then

L ™ s
f *sinrg de = [— cosz sinn—1z]) + (n — 1) f % ginn —3g cos? z da
0 0
s
=(n—1) [ * (sin*—2z — sinnz) da.
(n )j; (sin nrz)
By transposing we have
b4 s
2. —_ - 2 inn—2
n j; sinmzde = (n — 1) j; sin*—2z dz,
H n—1py
2 i =277 [ 2gim—-2pda. 1
whence j; sinnz de - j; sinn— 3z dz (1)
If, in (1), we place n = 2, we have
L3 ”
3 1 pr3 1
in2ade = - de =-.—.
S emade =g f 2’3
If, in (1), we place n = 8, we have
L4 ”
K] 2 ra . 2
indzde = = zde = .
j; sindz 8]; sin 3

If, in (1), we place n = 4, we have
5 3 3 8.1 7
2 gint =2 [ 2gin2 —-—.l.
j;sinmdx 4‘[; sin?z de 132
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If, in (1), we place n = b, we have
T 7
j;’sin“:cdz = %ﬁ’sinazd.c = %__g.

Continuing in this way, we find

n
1. 1.8.5- (zk—l) 1r
2 gin2k _._______
S, simbade =~ TS O
mw
fasin“‘-f-lzdz—._.}._ft 2k
0 5.7 (zk+1)

28. Infinite limits. Tt is possible to have the upper limit o
where by definition

w b
f S(¥)de = Lim f JS(®)de.
a hb=wJa

The integral, then, is represented by the area bounded by the
curve y = f(«), the axis of z, and the ordinate » = @, the figure
being unbounded at the right hand. There is no certainty that
such an area is cither finite or determinate. The tests by which it

may be sometimes determined whether | f(z)dx has a meaning
will not be given. In case, however, it is possible to find the in-

definite integral ¥(2)= [ /() du, the definite integral can be found

Y by the formula
o [ #as=re)-F),
o 4/ 1% 0 0 e Y ﬁx a .
of ' g1 where F(0) = Lim F (D).
Y * b=w
Ex. 1. f“’E =[2vzl'=w (8g 11)
2 ' Va 1
. —— .
ol 1 X i e
Fie. 12 Ex. 2. j; = [— 5]1 =1 (g 12)
//l/m \ g X Ex. 8. j; “sinzdz =[—cosz)g
Fic. 18 = indeterminate. (fig.18)

Similarly, the lower limit, or both limits, of the definite integral
may be infinite,
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29. Infinite integrand. According to the definition of § 21 it is
b
unallowable that f(z) in f J(x)dx should become infinite between

z=aand x=>. Itis, ho‘;vever, possible to admit the case in which
J(x) becomes infinite when 2 = b by means of the definition

[re@as=tin [ s

and to compute the integral by the formula

[r@as=ro)-re,

where #'(0) means Lim (b — A).
h=0

The integral has not, however, necessarily a finite or determinate
value. Graphically, the integral is represented by the area between
the curve y = f(x), the axis of z,
the ordinate « = a, and the asymp-
tote & =D.

vax [ 1]
Ex 1 [ % [“;J-f w. (flg. 14)

1x?

Ex. 2. f"— dz_ =[sin—1‘.”]"=7'-
0 Vgt — g2 ajo 2

(fig. 15)

Similarly, f(x) may become in-
finite at the lower limit or at both
limits. If it becomes infinite for any value ¢ between the limits,
the integral should be separated into two inte-
grals having ¢ for the upper and the lower limit
respectively. Failure to do this may lead to error.

Fus. 14 Fia. 15

. +1de
Ex. 8. Consider J: . A
Since :-2 becomes infinite when z = 0 (fig. 16), we sepa~
rate the integral into two, thus:

(]
+1dz 0 dz tdy
Fie. 16 J:; P -1’z;+~l; PR
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Had we carelessly applied the incorrect formula
f +1dg }]4-1
a1 B L ozl
we should have been led to the absurd result — 2.

30. The mean value of a function. We have seen in § 24 that

rO=7= [ re@ds (1)

b—a

where £ lies between @ and b. The value

L [rws

is called the mean value of f(z) in the interval from a to . This is
in fact an extension of the ordinary meaning of the average, or mean,
valug of » measurements. For let y,, ¥,, %5, -« *, ¥._,» cOrrespond
to u values of , which divide the interval from @ to b into n equal
parts, each equal to Ax. Then the average of these n values of y is

Yot 3/1+3/2‘*:' e +?/n—1.
n

This fraction is equal to

Yottt -+, o)A yAr+ y_lA')".+ YAt .-ty Az .
nlAx - b—a

As n is indefinitely increased, this expression approaches as a

b b
1 f yde = 5——1—; f J(z)dz. Hence the mean value of a

limit

imit >——
function may be considered as the average of an « infinite number”
of values of the function, taken at equal distances between @ and b.

Ex. 1. Find the mean velocity of a body falling from rest during the time ¢;.
The velocity is g¢, where g is the acceleration due to gravity. Hence the mean
i _1_ 5 fo "guu = } gt;. This is half the final velocity.

Ex. 2. In using the indicator diagram (§ 22) engineers use the ¢ mean effect-
ive pressure,’’ which is defined as the constant pressure which will do the same
amount of work per stroke as is done by the varying pressure shown by the
indicator diagram. It is found by dividing the area of the diagram by b — a,
and is accordingly an example of the mean value of a function.

velocity is



THE MEAN VALUE OF A FUNCTION 55

Formula (1) may be written in another form, not involving the
integral sign. Let us place | f(r)dz=F(z); then f(z)=F'(),
and (1) becomes 1
F()=——[FO)—~ F(@)] @
or FO)—F(a)=(b—a)F' (B). (3)

Formula (2) has a simple graphical meaning. For let LKA
(fig. 17) be the graph of F(x) and let O =« and OB="5. Then
b—a=ADB, F(b)—F(a)=BE— AD= CE, and

r)—F(a) CE
" b—a  DC
If now £ is any value of 2, #'(E) is the slope of the tangent at
the corresponding point of LK. Hence (2) asserts that there is
some point between A4 and B for which the tangent is parallel
to the chord DE. This is
evidently true if #(x) and
F'(x) are continuous.
Formula (3) may be used to
prove the proposition, which
we have previously used with-
out proof, namely: If the
derivative of « function s
always zero, the function s
a constant. For let F'(z) be
always zero and let @ and b be any two values of z. Then, by (3),
F@b)—F(u)=0. That is, any two values of the function are
equal; in other words, the function is a constant.
From this it follows that fwo functions which have the same
derivative differ by a constant. For if F'(z) = ®'(x), then

‘% [F(2)— P (z)] =0; whence F(x)=P (z)+ C.

31. Taylor’s and Maclaurin’s series. Formula (3), § 30, is a
special case of a more general relation, which we will now proceed
to obtain. Let us take the equation

f F(@)de =f'(2)— 1),

L W A A 4

= the slope of the chord DE.

Y

!
O] 4 [€)) B
Fia. 17
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multiply both sides by dz, and integrate between o and z. We

have I I}”(w) da? = [ /'(@)do— fa (@)

=f@—F@—@= 0@,
Therefore f(@)=f(@)+ (& —a)f'(a)+ f f S (x)d2’

But if m is the smallest and 2 the largest value of /(i) between
a and z, then (§ 24), when z>a,

m(x — a) <ff"(w Yde < M(z — a),
2
whence @_@—5— f f S(@)de? < ——— Mz —ay B — ),
Hence f i[zf () da* = ’ifil'z—— » where m <u <M.

If f"(x) is a continuous function, there is at least one value of z,
say &, between « and 2, for which f"(€)=p (I, § 56). Therefore
we have, finally,

S =1 @+ @—a @+ 5L rE). (1)

Agafn, let us take

Ty de = £ ) — f"(a).

Then j“‘ ij’"(.r) de® = fa‘ Tf”(‘u)da: - f; Tf"(a)dw

=f'(x) = f'(0) — (& — a)/"(«),

and
j“\t[: a}"'(x) ds® =f}’(.z;)dw-—f}’(a) d*’—fzw—a f(a)da

= F@)=f@) =@ a)/() - £ ),

whence
' (z—a) . (x—a)®
Jf(@)=f(a)+ (x—a)f'(a)+ B S (@) + NE SE* (2)
where a < €, < .

* The symbol |2 means 1.2, |3 means 1-2-3, and, in general, |, read factorial »,
means the product of the n integers from 1 to 2 inclusive.
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Similarly, if we start with f SO+ (z)dz, we obtain

F @)=/ @)+ @—a)f'(@)+ @—'Ig——“)’f"m) + ‘—“—’é“—’af"'w) .
+ Q_Eﬁti‘ﬂ(a) +R,, 3)

where B, = (@ _‘;) 1 StV (E), where a < £ <z, the only restrictions

being that the # + 1 derivatives of f(x) exist and are continuous.

The value of R, in (3) is not known exactly, since £ is unknown,
but it usually happens that, if z — a is a sufficiently small quantity,
Lim B ,= 0. Then the value of /() may be expressed approximately

b; the first # 4+ 1 terms of (3), omitting R,, and this approximation
approaches f(z) as a limit as = is indefinitely increased. In this
case we say that f(z) is expanded into the infinite series

F (@)= /(@) + (@ — a)f'(a) + %“—’”f”(a)
+ (.27 Ei(t)“flll(a) 4+, (4)

For larger values of z— «, however, it may happen that the
value of K, increases without limit as n increases. Hence the
omission of E, in (3) leaves n 41 terms, the sum of which
differs more and more from f(x) the more terms are taken.
In such a case the series (4) cannot be taken to represent the
function.

The determination of the values of # — a for which (4) is valid
is, in general, a matter involving a knowledge of mathematics which
lies outside the limits of this course. In the illustrative examples
and in the problems for the student we shall simply state the facts
in each case without proof.

Formula (4) is known as ZTaylor’s series. Here a is a known
value of z for which f(x) and its derivatives are known. The series
then enables us to compute the value of f(z) for values of z not
too remote from a.
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Another convenient form of (4) is obtained by placing z — a = &,
whence z = a + h. We have, then,

flo+ h)=f(a)+hf’(a)+%f”(a)+§f’”(a)+ )

Here the remainder is usually expressed as
hn-i-l

"=|.n‘+l

S*ti(a+ 6h), where 0<6<1.

A special form of (4) arises when @ = 0. We have, then,

&2 Z*
S @) =/(0)+af"(0) + Ef "(0)+ Bf O+ . (6)
This is known as Macluurin’s series, and the function is said to
be expanded into a power series in x.

Ex. 1. e

By Maclaurin’s series (6), we find, since f(x) = ¢*, f*(z) = €, f”(x) = e", etc.,
and f(0)= 1, f(0) =1, f(0) = 1, etc.,

x x2 b gzt
v — 1 - Ji — — coe
€ +1+|2+l§+li+

This expansion is valid for all values of x. If we place z = 1, we have
=1 +3+ Y5+ thg + 1043 = 1.3950, correct to four decimal places. If z
has a larger value, more terms of the series must be taken in the computation,

80 that the series, while valid, is inconvenient for large values of .

Ex. 2. sinz.
By Maclaurin’s series,
8 b T

BT R

sinz=2a

which i8 valid for all values of z.

To find sin15°, we first change 16° to circular measure, which is TH T
=y} ™ =.2618. Then the first two terms of the series give sin 15° = .2688, cor-
rect to four decimal places.

By Taylor’s series (6), we have

sin(a + A)=sina + hcosa — ’Esina - —acosa+
2 18
Ex. 8. cosz.
By Maclaurin’s series,

4 X3 xt b
cosx_l—E+E_E+...,
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Ex. 4. (a + )
By Maclaurin’s series,

(n — n(n — l) ) (n — 2)

(a+z)’l—au+mn—-lz+n )an—‘lzﬂ.'. anr— Sza.l.

This is the binomial theorem. If n is a positive integer, the expansion is a
polynomial of » + 1 terms, since f(»+1(x) and all higher derivatives are equal
to 0. But if » is a negative integer or a fraction, the expansion is an infinite
series which is valid when 2 is numerically less than a.

Ex. 5. logz.

The function logz cannot be expanded by Maclaurin’s series, since its
derivatives are infinite when z=0. We may use Taylor’s series (4),
placing @ =1. We have, then,

logz=(z—1)_§“£‘21)“+(_x__—_m_(z-1)4+

3 4
Or we may expand log (1 + z) by Maclaurin’s series with the result

3 4
log(l+2)=2— +?__?Z+

This expansion is valid when z is numerically less than 1.

32. Operations with power series. When a function is expressed
as a power series, it may be integrated or differentiated by integrat-
ing or differentiating the series term by term. The new series will
be valid for the same values of the variable for which the original
series is valid. If the method is applied to a definite integral, the
limits must be values for which the series is valid.

Similarly, if two functions are each expressed by a power series,
their sum, difference, product, or quotient is the sum, the differ-
ence, the product, or the quotient of the series.

Ex. 1. Required to expand sin-1z,
We have

*  dx x
-1 = 1 — -‘
sin—1z j; == j; (1—-a%)"tdz

z 1 1. 1.8.6
= ) i Ex. 4, § 81
o(1+2z +2.4z‘+2.4.6z°+ )d.z (by Ex. 4, § 81)
128 1.8 28 1.8.5 27 !
=rtisteasteae vt
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Ex. 2. To find fo * e dgz.

The indefinite integral cannot be found directly. We may expand e by
Ex. 1, §81. Then

etdr= [((1-C 4% 2 Nag=z-2 2 _ ¥
JSe d"‘j;(l Tt T )= s e st

Ex. 8. Toexpand .

(1+=)?

By division, 1—_—:——_1—3+z’ — 34t — b 4

By successive differentiation,
—(1+z2)-2=—-14+220—-822+ 423 — 52t + ...
214 2)-3=2 -6z + 1222 — 2023 4 ...,

Therefore 14+2)-3=1-8x+4+6x2—-10x+....
1+z
Ex. 4. 3 1 log ——-
ix To expanc Ogl—a:
logl—t—=log(1+z)—1()g(1—x)
2 2 ozt ab x2 28 xt o
—( “'2’+§"4’+E—"')_<"”_”2‘"§_Z—E""')

x3 xb
-2 e — veold.
<¢+8+5+ )

-1
Ex. 5. To expand Sin~3z .
A
2 28 8ab Lot
By:_k]sx. 1, sin-lzg =2+ — 6 + m +112+..,;
'3
by Ex. 4, § 31, Q-z)d=14% + “‘ 5.“?+...,

Hence, by multiplication,

sin-lz 223 8x6 1627

Vi Sty tnte oo

33. By means of Taylor's theorem we can complete the rule
given in I, § 62, for the maximum and the minimum values of a
function of one variable. Let a be a value of « for which the first »
derivatives of f(x) are zero; ie. let f'(a)=0, f''(a)= 0, f""'(a) = 0,

» J®(@)=0, but f@+Y(a)%0. Then, by Taylor’s theorem (5),

§ 31) hu+lf(n+l)(a)

fe+=flo="pl "+ R,
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I+ feD )

+1
numerically than R, +p Since the latter contains /"*? as a factor,
Hence the sign of f(a+%)—f(a) depends upon the sign of
J 1o+ (g)

[+l

If n is even, n 41 is odd, and the sign of 2"+' changes with the
sign of . Hence the sign of f(a + h)— f(a) changes with that
of k. Therefore f'(a) is neither & maximum nor a minimum value
of f(x).

If % is odd, » 4+ 1 is even and A"*! is always positive. Hence the
sign of f(@ £ /)— f(«) is the same as the sign of f*+Y(a). There-
fore if f“*9(a)>0, f() is & minimum value of f(x); and if
Se(a)< 0, f(@) is a maximum value of f(z).

If & is sufficiently small, the term will be larger

PROBLEMS

Find the values of the following definite integrals :

1 2er 41 dx
. 8 . 10. | —— —_——
L [ @ +82+8ds 0 f =t 18, o(a”z’)'
4 e
2 -2 _. e .
L= 1L J, comies & 19. (" Vo “zia.

3. [ “(a} - 2hytdz. _
j; 12. f \/l‘Teg: 20. j; Vo Zdida.

dz
5. ‘(1__5'__)“_ 13'£a6+2z+z" 21. [ "zsinz dz.
[

z3+1 .
7. )
6. o‘ze—"‘dz. 14. j;’smbodo. 22.]; 22 log z dz.
3
x
7. [ tanzdz. R bin-12 .
° 16.‘/; cosﬂ4d0. 23.]; sin- 1z dz.
3 dz . z 1
8. j; Co8SZ 16. j; Ssin2p cosbpdg. 24 j; z3gin-1z dz.

s
8. (%1 + sin6)? cos 0 do. ©  dr 1
./; 7.]; m' 25.];3’6""(12.
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, e s (g
26. lrovej; sintg do = 3./; sint 6 do.

™ ™
217. Prove f’:c" sinzde = nfzm"-l coszdz, if n > 1.
0 0
28. Show that f - has a definite value when, and only when, & > 1.
29. Show that (b @ 2 - has a definite value when, and only when, k < 1.
30. If f(— ) = — f (&), show graphically that f f(@)de =0.
—-a

31. 1f f(~ 2) = £ (), show grapbically that [ '; flz)dz =2 fo (%) d.

32. If f(a — 2) = f(x), show graphically that L“f(.z:)d.z; =2 j:)“f(z) dz.

24w 2w
33. Show graphically that /' f(sinz)dr =k f f(sinz)dur.
Jo 0

34. If a <b, and fi(x), fa(r), fa(xr) are three functions such that, for all
values of  between a and b inclusive, f; (z) </f2(r) <fs(z), prove

j:’fl (x)dx (:j:'bfa(.c)dz <tha(ﬂi)d.t.

35. Find the mean value of the lengths of the perpendiculars from a diameter
of a semicircle to the circumference.

36. FFind the mean value of the ordinates of the curve y = sinz between
z=0andz=m

37. A particle describes simple harmonic motion defined by the formula
8 = asinkt, Show that the mean kinetic energy during a complete vibration is
half the maximum kinetic energy.

Obtain the following expansions. (The values of # for which the expansion
is valid are given in each case.)

2 4 8
38. vemm:é——‘f—i+§—m—l§-+---. (—ow<z<®)
39, — L 1 la 18 138, (-1<z<1)

V14 22 2 2.4 2.-4.60
(z log a)? (_nzlog a)3

40. e =1+zloga + B E 4. (—o<z<m)
2x5 1727 T T
4l ta L (__ T
ne=z+g +15+315+ 2<“<2)
42 tan-lz=a:—);z‘+}ac5—,}z7+---. (—1l<z<])
1.3 28 1.8.5 a7

1 v 2 — T T L., —

43. log(x + Vi+ 2=z +2 ri St 7+ 1<z<1
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44. sinh:c_x+ +

LL
LL

L

45, coshz =1 + +

(—o<z<®)

(—o<z<w)

46. Compute thb value of tanh } to four decimal places.

47. Given log2 =0.693, log 8 = 1.009, what error wouid be made in assuming
log2} =log2 + 1 (1.099 — 0.G98)?

48. Assumingsin60° =} V3 = .8660, cos 60° = }, find sin 61° to four decimal
places.

Verify the following expansions:

log(l-{-:r,) 1 1 1
. [ Beg-gtEoEt

1lloga 1
0. =
5 ol—zdx <lﬂ+ +‘42+ + )

1 ga-1
ze- de = 1 1 1 1

1.  dp=r

01+z" a a+b a+2b a+3d

a xﬁ zla
52. f cosz2de = 2 —
0

9
sz o4 "1t



CHAPTER 1V
APPLICATIONS TO GEOMETRY

34, Element of a definite integral. In this and the subsequent
chapter we shall give certain practical applications of the definite
integral. Here we return in every case to the sumination idea of
§ 21. The general method of handling one of the various problems
proposed is to analyze it into the limit of the sum of an infinite
number of infinitesimals of the form f(x)de. The expression
J(r)dx, as well as the concrete object it represents, is called the
clement of the sum.

35. Area of a plane curve in Cartesian codrdinates. It: has
already been shown (§ 22) that the area bounded by the axis of =,
the straight lines x =« and =10 (¢ <), and a portion of the
curve y = f(z) which lies above the axis of # is given by the defi-

nite integral b
f ydur. 1)

It has also been noted that either of the bounding lines z =@ or
£ =0 may be replaced by a point in which the curve cuts OX.
Here the element of integration y du represents the area of a rec-
tangle with the base d.z and the altitude y.

Similarly, the area bounded by the axis of y, the straight lines
y=cand y =d (¢ <d), and a portion of the curve z =f(y) lying
to the right of the axis of y is given by the integral

d
f zdy, 2)

where the element zdy represents a rectangle with base z and
altitude dy.

Areas bounded in other ways than these are frequently found
by expressing the required area as the sum or the difference of
areas of the above type.

64
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yﬂ
= 1.
It is evident from the symmetry of the curve (fig. 18) that one fourth of the
required area is bounded by the axis of y, the axis of z, and the curve. Ilence,
if K is the total area of the ellipse,

a a}p
= =4 — 2 __ 2
K 4foydz fo - Vai - alaz
=g~b[zv a*—z“+a2sin—12]a= wab.
0

a

2
Fx. 1. Find the area of the ellipse 3:; +
«

Ex. 2. Find the area bounded by the
axis of z, the parabola y2 = 4 pz, and the
straight line y + 2z — 4 p = 0 (fig. 19).
The straight line and the parabola in-
tersect at the point C'(p, 2p), and the Fii. 18
straight line intersects O.X at B3 (2 p, 0).

The figure shows that the required area is the sum of two areas OC'D and
CBD. MHence, if K is the required area,

j Jpp— 2p
(= V —
K f; 4p:cdm+f;) @Ap —22)dz

=[Pl + [4pe — 2230 = g,

Fi:. 19 Fie. 20

Ex. 8. Find the area inclosed by the curve (y — z — 3)2 = 4 — 23,
Solving the equation for y, we have

y=2z+3+V4a—z2

showing that the curve (fig. 20) lies between the straight lines z = — 2 and z = 2.
2
It is clear from the figure that the area ACEDB = f yfdz and the area
2 ———— -3 —
ACFDB:f’y,dJ:, where y; =2 +3 +V4—23 and y; =z + 8 — V4 — 23,
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Therefore, if K is the required area CEDFC,
2 2 2 2
K=f_’mdz—f_2yzdz=f_=(y1—ya)dz =2f_2\'4—z’dz
-_—.[:c V4 =22 4 45in-1 -’5]’
2]-2
=4
b
In the above examples we have replaced ¥ in f y dx by its

value f(«) taken from the equation of the curve. More generally,
if the equation of the curve is in the parametric form, we replace
both # and y by their values in terms of the independent parameter.
This is a substitution of a new variable, as explained in § 26, and
the limits must be correspondingly changed.

Iix. 4. Let the equations of the ellipse be
T = g Ccus ¢, y = bsin ¢.

Then the area K of Ex. 1 may be computed as follows:

0 d
K= 4‘!;.31(17,:—4]; (zbsin’¢d¢=4abfgsin“¢d¢=1rab.
z 0
2

Similarly, if the equation of the curve is, in polar codrdinates,
r=f(6) and the area sought is one of the above forms, we may place

Y z=rcos 8 =f(0)cosé,

5 y =7sinf =f(0)sin 6,

and obtain thus a para-
metric representation of
the curve.

In case the axes of

A reference are oblique, the
9 4 3 X metho.d of .ﬁndmg. the
Fic. 21 area is easily modified,

as follows:

Let the axes OX and OY (fig. 21) intersect at the angle w, and
let us find the area bounded by the curve y = f (), the axis of ,
and the ordinates # = a and # = 5. The area is evidently the limit
of the sum of the areas of the parallelograms whose sides are
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parallel to OX and OY. The area of one such parallelogram is
yAxsinw. Hence the required area is

b
sin f yd. 3)

36. Area of a plane curve in polar cobrdinates. Let O (fig. 22) be
the pole, OM the initial line of a system of polar codrdinates (r, 6),
0A and OB two fixed radii vectors for which § =a and =2
respectively, and 48 any curve for which the equation is » = £ (6).
Required the area A0B. B

The required area may be divided into
n smaller arcas by dividing the angle
AOB =B —a into n equal parts, cach of

which equals B _“=A0, and drawing the

n
lines OB, O, O, - - ., OP._,, where
AOR=ROB=L0L=-..=I'_ OB
=Af. (In the ﬁgm'e n=4.) The
required area is the sum of the
areas of these elementary areas for
all values of n. The arcas of these
small figures, however, are no easier
to find exactly than the given area, but we may find them approxi-
mately by describing from O as a center the cireular arcs AR,
ER,, BR,, ---, 2_|R,. Tet

Od=r, OR=r, OLR=v, ---, OD_ =7, _,.

o k&

Then, by geometry,

the area of the sector 4O0R, =} r; A6,
the area of the sector P()h’ =} r1 AO

Lhc area of the sector I'__l()lt %r’ A0

The sum of these areas, namely

i=n-—1

) zr,”Aﬁ,

i=0
is an approximation to the required area, and the limit of this sum
as n is indefinitely increased is the required area.
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To show this we need to show that the area of each of the cir-
cular sectors (e.g. HLOR,) differs from the corresponding elementary
area (ROP) by an infinitesimnal of higher order than either. For
that purpose draw from E an arc of a circle with center O inter-
secting OF in 8. Then

area EOL,< area ,OF, < area SOR,

area ROE, _ area SOR

or area 1,0L, ~ area EOR,

But area LOR,=} /A6 and area SOF,=}r]A0 =1} (r,+ Ar)’A6.

Therefore

area SOR _ (r, +A;)J 1+A7
area ROR, ry s
Now as n increases without limit, A@ and consequently Ar

area SOF,
approach zero as a limit. Hence Lim — "4 =1, and there-
N e Aled P()I
area BLOL

fore Limn — =1.
‘ e Area ]’111.4

Hence the area J;0R, differs from the area F;OF, by an infini-
tesimal of higher order than either (§ 2), and therefore the limit
of the sum of such areas as I;OR, | equals the limit of the sum of
such areas as £OI,,, as u is increased indefinitely (§3). But the
latter limit is the area 408, since

{—=n-1

2 LOF,, =the area A0B
=0

for all values of n. Hence, finally,

i=n~1 B B
the area AOB = Lim }zr’AG f il =} f [f(6))d6.

A=® =0

The student should compare this discussion with that of I, § 189.

The above result is unchanged if the point 4 coincides with O,
but in that case 04 must be tangent to the curve. So also B may
coincide with O.
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Ex. Find the area of one loop of the curve r = asin840 (I, § 177).

The required area K is given by the equation
al ’—a'
—_—. ing .
K r j; sin23 0 dé.

To integrate, place 86 = ¢; then

'lra’l

K= —f sin?¢pde =

37. Volume of a solid of revolution. A solid of revolution 1s
a solid generated by the revolution of « plane figure about an axis
in it8 plane. The simplest case is that in which the plane figure is
bounded by the axis of revolution, two straight lines at right angles
to the axis, and a curve which does not cut the axis. Such a solid
is bounded by two parallel plane bases which are circles and by
a surface of revolution generated by the revolving curve. Each
point of this curve generates a circle whose center is in the axis
of revolution and whose plane is parallel to the bases and perpen-
dicular to the axis. Consequently, if planes are passed perpendicular
to the axis, they will divide the solid into smaller solids with par-
allel circular bases. We shall proceed to find an approximate
expression for the volume of one of these smaller solids.

Let KL (fig. 23) be the revolving curve, the equation of which
is z =/f(y), OY the axis of revolution, CK the line y =¢, and DL
the line ¥ = d(c < d). Required the volume generated by the revo-
lution of the figure CKLD. Divide the line CD into n equal
parts, each of which equals =—S= Ay, by the points N, N,
Ny -+, N,_, where ON, =y,, ON,=y,, ON;=Y,,---,ON, =¥, ;.
Pass planes through the points N,, N,, N, -, N,_,, perpen-
dicular to OY. They will intersect the surface of revolution in
circles with the radii #,, z,, #,, - - -, z,_,, where z,= N, R, z,= N,E,
2,=N,B,...,z,_,=N,_B_,. The areas of these sections, begin-
ning with the base of the solid, are therefore =z, wa?, ], .-,
mx,_,, where z,= CK.

The solid is now cut into = slices of altitude Ay. We may consider
the volume of each as approximately equal to that of a cylinder with
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its base coincident with the base of the slice and its altitude equal
to that of the slice. The sum of the volumes of the » cylinders is
wrdAy + walAy + wxjAy + - - - + wal Ay,

and the limit of this sum as » is indefinitely increased is, by defi-
nition, the volume of the solid of revolution.

This definition is seen to be reasonable and in accoydance with
the common conception of volume as follows. Whatever the defini-

Y Y

e »

0 0
Fie. 28
tion of volume, it is evident that the volume of a solid is the sum
of the volumes of its parts, and the volume of a solid inclosing
another is greater than that of the solid inclosed.
Let then vol. NN, EF, (for example) be the volume of the slice
generated by the revolution of the plane figure NN, EE and draw
the lines R and ES parallel to OY. Then evidently

vol. N,N,SE >vol. NN, RE > vol. NN, ER

vol. NN EER vol. NN.BR

vol. NN, SE = vol. NN, SR,

But vol. NN, SE=nN,B' . N,N,=muiAy

and vol N,N,BR =« N,E'. N,N,= mxlAy = m (z,+ Az)*Ay.

or 1>
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. VOLNNER _. (2,44
H Lim Y02 — i Vet 28 g
ence 1m vol. N, N, S1; un i
vol. NN.PE
. . l L- ______ﬁ__ji.{ = 1.
and consequently - NN SE

Therefore the volume of the slice differs from that of the cylinder
by an infinitesimal of higher order than that of either (§ 2), and
therefore the limit of the sum of the volumes of the slices is the
same as that of the sum of the volumes of the cylinders (§ 3).

Hence, finally,

t=n—1 d
vol. CKLD = Lim WE.L',”AJ/ = f £2dy. (1)
nE® i=0 e

It is evident that the result is not invalidated if either L or A
lies on OY.

Similarly, the volume generated by revolving about OX a figure
bounded by OX, two straight lines » =a and ="0(a <), and
any curve not crossing 0. is

g [ bg/*dm. 2)

To evaluate either of these integrals it is of course necessary to
express « in terms of y, or y in terms of x, or both z and % in
terms of a new variable, from the equation of the curve.

The volume of & solid generated by a plane figure of other shape
than that just handled may often be found by taking the sum or
the difference of two such volumes as Y

the foregoing. D K
Ex. Find the volume of the ring solid gen- ; \

erated by revolving a circle of radius a about an 0 F E
axis in its plane b units from the center (b > a).
Take the axis of revolution as OY (fig. 24) ¢ L
and a line through the center as OX. Then the Fre. 24
equation of the circle is (z — b)2 + ¥2 = a2.
The volume required is the difference between the volume generated by
CLEKD and that generated by CLFKD. But the volume generated by

CLEKD is = f ax{“dy where 2; =b 4 Va? — 2, and thg volume generated
~a

by CLFED is [ z}dy where 23 = b — Va3 — 4.
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Therefore the required volume is
wfazfdy - rfaz}dy = rfa(:cf —zd)dy

= 41rbf_‘;\/aTI'y?dy =4 rb[g prympr o g;sindg]‘:a: 2 w2a2h,

38. Volume of a solid with parallel bases. Fig. 25 represents a
solid with parallel bases. The straight line OY is drawn perpen-
dicular to the bases, cutting the lower base at 4, where ¥ = a, and
the upper base at B, where y = 5. (The axis of z may be any line
perpendicular to OY, but it is
" not shown in the figure and is
not needed in the discussion.)
Let the line 4B be divided into

n parts each equal to é—;—a = Ay,

and let planes be passed through
each point of division parallel to
the bases of the solid. Let 4,
be the area of the lower base
of the solid, 4, the area of the
first section parallel to the base,
A, the area of the second sec-
tion, and so on, 4,_, being the
area of the section next below
"the upper base. Then A4,Ay
represents the volume of a cyl-
inder with base equal to 4, and
altitude equal to Ay, 4,Ay represents the volume of a cylinder
standing on the next section as a base and extending to the section
next above, and so forth. It is clear that

AAy+ A, Ay+ A,Ay+ -+ A, _ Ay
is an approximation to the volume of the solid, and that the limit
of this sum as « indefinitely increases is the volume of the solid.

That this is rigorously true may be shown by a discussion similar
to that of the previous article. That is, the required volume is

d
f Ady.

Fiu. 26
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To find the value of this integral it is necessary to express 4 in
terms of y, or both 4 and y in terms of some other independent
variable. This is a problem of geometry which must be solved
for each solid. The solids of revolution are special cases. It is clear
that the previous discussion is valid if the upper base reduces to a
point, ie. if the solid simply touches a plane parallel to its base.
Similarly, both bases may reduce to points.

Ex. 1. Two ellipses with equal major axes are placed with their equal axes
coinciding and their planes perpendicular. A variable ellipse moves so that its
center is on the common axis of the given ellipses, the plane of the moving
ellipse being perpendicular to those of the given ellipses. Required the volume
of the solid generated.

Fic. 26

Let the given ellipses be A BA’B’ (fig. 26) with semiaxes 04 = a and OB = b,
and ACA’C’ with semiaxes 04 = a and OC = ¢, and let the common axis be
0X. Let NMN’M’ be one position of the moving ellipse with the center P
where OP = z. Then if A is the area of NMN’M’,

A=m.PM.PN. (by § 35, Ex. 1)
2 Darld
But from the ellipse ABA’B’ % +L b’;’ =1,
2 TI>Ard
and from the ellipse ACA'C" = + .’i]_;’_- =1
a [
Therefore PM-PN = %(a’ — 22,

Consequently the required volume is
o whe a4
‘lla -&;—(a’—z )dz—§1rabc.

The solid is called an ellipsoid (§ 86, Ex. 5).
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Ex. 2. The axes of two cqual right circular cylinders intersect at right
angles. Required the volume common to the cylinders.
Y Let 04 and OB (fig. 27) be the axes
of the cylinders, OY their common per-
pendicular at their point of intersection
0, and a the radius of the hase of each
cylinder. Then the figure represents
one eighth of the required volume V.
A plane passed perpendicular to QY
at a distance ON = y from O intersects
the solid in a L Square, ¢ of which one side
is NP =Vor* — oN* =V — .

Therefore
f NPay -—f (a2—y¥)dy=%a3

and 7 =18a3

T, 27

b
39. The prismoidal formula. The formula V= f Adyleads to

a sunple and important result in those cases in which 4 can he
expressed as a polynomial in y of degree not greater than 3. Let
us place

A=ao*+ a '+ oy +a,
and take O, for convenience, in the lower base of the solid. Then
if A is the altitude of the solid,
V= f h(“o?/“'f' ¥+ .y + «g)dy
= "(:loh‘-}- Ya P+ ap+ ah.

If now we place B for the arca of the lower base, b for the area
of the upper base, and M for the area of the section midway be-
tween the bases, we have

3 2 n\® r\? h
B=a, b=aJ’+a '+ ah +ay, M=a, 2 +a, 2 +a, 3)’*'“3‘

The formula for ¥ then becomes
V= %(B + 4+ b).

This is known as the prismoidal formula.
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To show its applicability to a given solid, we need only to show
that the area of a cross section of the solid may be expressed as
above. The most imporiant and frequent cases are when 4 is a
quadratic polynomial in y. In this way the student may show
that the formula applies to frustra of pyramids, prisms, wedges,
cones, cylinders, spheres, or solids of revolution in which the gen-
erating curve is a portion of a conic with one axis parallel to the
axis of revolution, and also to the complete solids just named.

The formula takes its name, however, from its applicability to
the solid called the prismoid, which we define as a solid having
for its two ends dissimilar plane polygons with the same number
of sides and the corresponding sides parallel, and for its lateral
faces trapezoids.*

Furthermore, the formula is applicable to a more general solid,
two of whose faces are plane polygons lying in parallel planes and
whose lateral faces are triangles with their vertices in the vertices
of these polygons.

Finally, if the number of sides of the polygons of the last
defined solid is allowed to increase without limit, the solid goes
over into a solid whose bases are plane curves in parallel planes
and whose curved surface is generated by a straight line which
touches each of the base curves. To such a solid the formula also
applies (see § 91, Ex. 5). -

The formula is extensively used by B B
engineers in computing earthworks. y’

40. Length of a plane curve in rec- r
tangular codrdinates. To find the length
of any curve 4B (fig. 28), assume n —1
points, B, I3, - - -, B_,, between 4 and B - X
and connect each pair of consecutive
points by a straight line. The length
of AB is then defined as the limit of the sum of the lengths of
the n chords AR, BB, ER,---, E_,B as n is increased without
limit and the length of each chord approaches zero as a limit
(1, § 104).

* The definition of the prismoid is variously given by different authors. We adopt
that which connects the solid most closely with the prism.

Fig. 28
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Let the cobrdinates of E be (x;, ,) and those of £, be (z,4+ Az,
9+ Ay). Then the length of the chord PE,, is V(Az)*+ (Ay)’, and
the length of 4B is the limit of the sum of the lengths of the n
chords as n increases indefinitely. But V' (Ax)®+ (Ay)® is an infini-
tesimal which differs from the infinitesimal Vda’+ dy* by an

A.c . Aw .

Lim Y (82)'+ (Ay)* _ Lim — 2%/ A&z
2 2 d;
Vdz*+ dy? \j1+(%> X

Now if z is the independent variable, Ax = dx (§ 4); if z is not
Ay _dy

Az dz
Therefore (§ 3), in finding the

the independent variable, Lim %2::1 (§ 4). Also Lim
Y@@+ By _

Vdi+ dy?
length of the curve, we may replace V(Az)*+ (Ay)? by Vduz*+ dy.
Therefore if s is the length of 4B, we have

Hence Lim

(B)
8§ = v d.’b’-{- d"l/“, (1)

“
where (4) and (B) denote the values of the independent variable
for the points 4 and B respectively.

If z is the independent variable, and the abscissas of 4 and B
are a and b respectively, (1) becomes '

s=£b\‘1+<%)ﬂdw. (2)

If y is the independent variable, and the values of y at 4 and B
are ¢ and d respectively, (1) becomes

g= f d\’1+<g—:>’dy. 3)

If 2 and y are expressed in terms of an independent parameter ¢,
and the values of ¢ for 4 and B respectively are ¢, and ¢,, (1) be-

comes 8= j‘: '1, ’(‘_g)’+ <‘%>2 dt. “)
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Ex. 1. Find the length of the parabola y2 = 4pz from the vertex to the
point (h, k).

. (P e+
Formula (2) gives 8= j; \/ g 4%

1 pk —
Formula (8) gi =— [ Vi +4pidy.
'ormula (8) gives 8 2p-/; y3 4+ 4pidy

Either integral leads to the result
Vi3 r
a=4_,;\/k2+4p2+plog£i_%;t_4l.

Ex. 2. Find the length of an ellipse.

If the equation of the ellipse i m = + - =1, and we measure the arc from the
end of the minor axis, we have

s_f a?—e‘*‘a:2

- mﬁ
Va2 — b2
where e = —-aT-l, the eccentricity of the ellipse. Let us place = asin ¢;

then
ls= 3 \/1_ e25inde do.
1s aj; e?sin2¢ do.

The indefinite integral cannot be found in terms of elementary functions.
We therefore expand V1— e?sin3¢ into a series by the binomial theorem
(§ 81, Ex. 4) ; thus

8

S 1 1 1..
V1 — e28in2¢ = 1 — - e28in2c — -—— e*Rintd — ———— B SIN6D — ++ ¢
1—e2sin2¢ =1 2esm¢ 2l4e‘mn¢ 2.4.6e"sln¢

This series converges for all values of ¢, since e? sin’.ﬁ <1; then
—a a{f’dcp——-e’f sin’¢d¢——e‘f sm4¢d¢— e'f sinbpdp—.. }
.8\2
=_2.{1_(%)’ea_<1__3) ¢ (1 8- "')’e‘ } (by §27, Ex. 2)

2.4/ 8 \2.4.6/ 5

The length of the ellipse may now be computed to any required degree of
accuracy.

41. Length of a plane curve in polar coordinates. The formula
(B)
Vi + dy

)
of § 40 may be transferred to polar covrdinates by placing

z =1 cos b, y=rsin6.
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Then dz = cos 6 dr — r sin 6 d6,
dy = sin 0 dr + r cos 6 d6,
and A2+ dy* = dr* + r* d6”.
By
Therefore $= Vdr* + 2 d6. 1)

(4)

If 0 is the independent variable, and the values of 6 for 4 and
B are @ and B respectively, (1) becomes

o= [N (@ o

If 7 is the independent variable, and the values of  for 4 and
B are a and b respectively, (1) becomes

8 =£b»\j] + (7‘ %)2¢lr. (3)

42. The differential of arc. From

8 =f\/d.l?+ dyz,
it follows (§ 9) that ds =Vda*+ dy’. Q)

This relation between the differentials of z, y, and s is often rep-
resented by the triangle of fig. 29. This figure is convenient as a
Y 0 device for memorizing formula (1), but it

s B should be borne in mind that £@Q is not
/ dy rigorously equal to dy (§ 5), nor is PQ
@ rigorously equal to ds. In fact, RQ = Ay
dax R and PQ = As, but since Ay and As differ
from dy and ds respectively by infinitesi-

0 Fra. 20 X nals of higher order, the use of RQ as
dy and of PQ as ds is justified by the

theorems of § 3. If now the triangle of fig. 29 is used as a plane
right triangle, we have an easy method of recalling the formulas

ds* = da® + dy?,

dr _ dy _ . dy
ds—coscﬁ, ds-—smcﬁ, Zc—tamﬁ.
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Similarly, from s= | Vdr*+ r*d6?
we find ds =Vdr*+ *d6?, (2)

which is suggested by the triangle of fig. 30, where PQ is the arc
of any curve and PR the arc of a circle with radius OP=r. This
figure, if used as a straight-line figure, also gives the formulas

rdf r
ta \Il‘=—d—r—', OS‘\P‘=~)
. rdf
Y=

43. Area of a surface of revolu-
tion. A surface of revolution is a ©
surface generated by the revolution
of a plane curve around an axis in its plane (§ 37). Let the
curve AB (fig. 31) revolve about OY as an axis. To find the area
of the surface generated, assume » —1 points, B, £, I}, ---, E_,,
between 4 and B, and connect each pair of consecutive points by
a straight line. These lines are omitted in the figure since they
are so nearly coincident with the arcs. The surface generated by
b AB is then defined as the limit of the sum
N, of the areas of the surfaces generated by
N, the n chords A5}, B}, IT;,---,_ B as
N, n increases without limit and the length

f of each chord approaches zero as a limit.

Each chord generates the lateral sur-
face of a frustum of a right circular coye,
X the area of which may bhe found by ele-
mentary geometry. Let the coirdinates
of B be (x,, »,) and those of I, be (£, + Az, ,+ Ay). Then the
frustum of the cone generated by PP, has for the radius of the
upper base N, ., for the radius of the lower base N.F, and for

its slant height EE, .. TIts lateral area is therefore equal to

2 o (N;E-*- 2M+111)+1) ]s)zt?+1’
]

But NR=z, N,EB,=x+Axr RR, =V(Az)'+(Ay)’

Fi1i. 30

3
b
N,

o Fie. 81
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Therefore the lateral area of the frustum of the cone equals
2 71'(.1:‘ Az )V(A z)*+ (Ay)*

This is an infinitesimal which differs from
2wz Nd2+ dy® = 2 wa,ds

by an infinitesimal of higher order, and therefore the area gener-
ated by 4.8 is the limit of the sum of an infinite number of these
terms. Hence, if we represent the required area by S,, we have

(B)
S,=2qrf @ ds.’ (1)
(

A)

To evaluate the integral, we must either express ds in terms of
x, or express # and ds in terms of y, or express both # and ds in
terms of some other independent variable.

Similarly, the area generated by revolving 4B about 0X is

B
S=2m ¥y ds. (2)
)
Ex. Find the area of the ring surface of the Ex., § 87.
The equation of the generating curve is

@-0r+ir=a,

_._~a<...d1/
Vaﬂ._yﬁ ’

The required area is the sum of the areas generated by the arcs LEK and
LFK (fig. 24). Hence

2
and ds = 1+(9£) dy =
dy

[
8, = 21rj:a(x1+ ) mdy 41rabf —(;,—_—1;-41#@.
PROBLEMS

1. Find the area bounded by the axis of zand the parabola 22 — 16z 4+ 4y =0.

2. Find the area included between a parabola and the tangents at the ends
of the latus rectum. (The equation of the parabola referred to these tangents
as axes iszt + yt = ad (I, § 69).) 8at

3. Find the total area bounded by the witch y = 7 ——— Y ——-— and its asymptote.
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4. Find the area bounded by the catenary y = (ea +e ¢) the axis of , and
the lines z = 4 A.

5. Find the total area of the curve aty? + b3zt = a2,
6. Find the area bounded by the curve z2y2? + ¢ 2?2 = a?y? and its asymptotes.

7. Find the area bounded by the curve y(z? + a?) = a?(a — z), the axis of
z, and the axis of y.

8. Find the area of a segment of a circle of radius a cut off by a chord &
units from the center.

9. Find the area contained in the loop of the curve 2 = z%(a — z).
10. Find the area bounded by the curve 2 (22 + a?) = a“.r.’ and its asymptotes.

11. Show that the area bounded by the hyperhola —2 - -5- =1, the axis of &,

and the diameter through P; (z;, 1) on the curve is — ab log( + !;;)

2 22 .
12. Find the area bounded by the tractrix y = — log atvVa-2 \/ET—'F,
the axis of z, and the axis of y. a—Va2—g?

13. Find the area between the axis of z and one arch of the cycloid
2 =a(p—sing), y = a(l — cose).

14. Find the arcas of each of the two portions into which the circle
2% 4 y2 = 8 is divided by the parabola 2 —2x = 0.

15. Find the area bounded by the parabola 22 — 4 y = 0 and the straight line
82 —-2y—-4=0.

16. Find the arca of the figure bounded by the parabolas y2 = 18z and
22 = J 6. Y.
8ad

17. Find the area between the parabola 22 = 4 ay and the witch y = Fiia
@

18. Find the total area of the lemniscate 2 = 2 a2 cos 24.

19. In the hyperbolic spiral r§ = a show that the area bounded by the spiral
and two radii vectors is proportional to the difference of the length of the radii.

20. Find the area traversed by the radius vector of the spiral of Archimedes
r = af in the first revolution.

21. Find the area described by the radius vector of r = asecd from

T T
f=— to 0=—.
6 38

22. Find the total area of the cardioid r = & (1 + cosd).

23. Find the area of the limagon » = a cosd + b when b > a.

24. Find the area bounded by the curves r = a cos 86 and r = a.
25. Find the area of a loop of the curve 72 = a2 cos né.

26. Find the area of a loop of the curve r = asinng. .

27. Find the area of a loop of the curve r cosd = a cos 26.
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28. Find the area of the loop of the curve 72 = a2 cos 26 cosd which is bisected
by the initial line.

29. Find the total area of the curve (z2 + y2)2 = 4 a%? + 4 b%y2. (Transform
to polar codrdinates.)

30. Find the area of the loop of the curve (22 + ¥2)3 = 4a%%?2 (Transform
to polar coordinates.)

31. Find the volume generated by revolving about OY the surface bounded
by the codrdinate axes and the curve at + ¢} = al.

32. Find the volume of the solid generated by revolving about OY the plane
surface bounded by OY and the hypocyeloid 2z} + 33 = ad.

33. Tind the volume of the solid formed by revolving about O.X the figure

£ o

bounded by the catenary y = g(e“ +e 5), the axis of , and the lines = = 4 h.

34. Find the volume of the solid formed by revolving about OY the plane

3
figure bounded by the witch y = _8a and the line y = a.
z2 4+ 4 q?

35. Find the volume of the solid formed by revolving about OX the plane

3
-y the line = a, and the axis of .

figure bounded by the cissoid y2 =

2a
36. Find the volume of the solid generated by revolving about OY a segment
of the circle 22 + y? = a2 cut off by the chord z = h.

37. Find the volume of the solid generated by revolving a semicircle of
radius @ around an axis parallel to the boundary diameter of the semicircle,
(1) when the are of the semicircle is concave toward the axis; (2) when the
arc is convex toward the axis.

38. Find the volume of the solid formed by revolving an ellipse around its
major axis,

39. Find the volume of the ring surface formed by revolving the cllipse
@—-a2 ¥ _

a tTE= 1 around OY (d > a).
40. Find the volume of the solid generated by revolving about OX the sur-

2 2
face bounded by the hyperbola z i %3 =1 and the line z = a + A.
a

41. Find the volume of the solid generated by revolving about OY the sur-
2 g2
face bounded by the hyperbola :55 - %; =1, the lines y = 4 &, and the axis of y.
a

42. Find the volume of the solid formed by revolving about the line y = — a
the figure bounded by the curve y =sinz, the lines £ =0 and « =12_r" and the
liney=— a.

43. Find the volume generated by revolving about the axis of z the figure
bounded by the parabola y2 = 4 pz and the line z = A.

44. Find the volume of the solid formed by revolving about OY the figure
bounded by the parabola y2 = 4 pz, the axis of y, and the line y = 4.
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45. Find the volume of the solid formed by revolving about the linez =—a
the figure bounded by that line, the parabola 2 = 4 pz, and the lines y = + A.

46. Find the volume of the solid formed by revolving about the line z = a
the figure bounded by the parabola y2 = 4 pz and the line £ = & (a > k).

47. A right circular cone has its vertex at the center of the sphere. Find the
volume of the portion of the sphere intercepted by the cone.

48. A steel band is placed around a cylindrical boiler, A cross section of the
band is a semiellipse, its axes being 6 and VG in. respectively, the greater being
parallel to the axis of the boiler. The diameter of the boiler is 48 in. What is
the volume of the band ?

49. Find the volume of the solid generated by revolving the cardioid
r = a(l + cos6) about the initial line.

50. Find the volume of the solid generated by revolving about OY the figure
bounded by the axes of codrdinates and the tractrix.

51. Prove by the method of § 38 that the volume of a cone with any base is
equal to the product of one third the altitude by the area of the base.

52. Prove that the volume of a right conoid is equal to one half the product
of its base and its altitude. (A conoid is a surface generated by a moving straight
line which remains parallel to a fixed plane and intersccts a fixed straight line,
If the moving line is perpendicular to the fixed line, the conoid is a right conoid.
The base is then the section made by a plane parallel to the fixed line, and the
altitude is the distance of the fixed line from the plane of the base.)

83. On the double ordinate of the ellipse :‘:—: + 11:: =1 an isosceles trianglo is

constructed with its altitude equal to the length of the ordinate. Find the volume
generated as the triangle moves along the axis of the ellipse from vertex to vertex.

54. Find the volume cut from a right circular cylinder by a plane through
the center of the base making an angle # with the plane of the base.

55. Find the volume of the wedge-shaped solid cut from a right circular
cylinder by two planes which pass through a diameter of the upper base and
are tangent to the lower base.

56. Two circular cylinders with the same altitude have the upper base in
common. Their other bases are tangent at the point where the perpendicular
from the center of the upper base meets the plane of the lower bases. Find
the volume common to the cylinders.

57. Two parabolas have a common vertex and a common axis but lie in per-
pendicular planes. An ellipse moves with its center on the common axis, its
plane perpendicular to the axis, and its vertices on the parabolas. F¥ind the
volume generated when the ellipse has moved to a distance % from the com-
mon vertex of the parabolas.

88. A cylinder passes through great circles of a sphete which are at right
angles to each other. Find the common volume,
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59. A variable circle moves so that one point is always on QY its center is
2 43
always on the ellipse % + Z‘ =1, and its plane is always perpendicular to OY.
Required the volume of the solid generated.

60. Two equal four-cusped hypocycloids are placed with their planes per-
pendicular and the straight line joining two opposite cusps of one in coinci-
dence with a similar line in the other. A variable square moves with its plane
perpendicular to this line and its vertices in the two curves. Find the volume
of the solid generated.

61. Two equal ellipses are placed with their major axes in colncidence and
their planes perpendicular. A straight line moves so as always to intersect the
ellipses and to be parallel to a plane perpendicular to their common axis. Find
the volume inclosed by the surface generated.

62. A variable rectangle moves so that one side has one end in OY and tho
other in the circle 23 4+ 32 = a2 The ratio of the other side of the rectangle to

the one mentioned is -3, and the plane of the rectangle is perpendicular to OY.

Required the volume of the solid generated.

63. The cap of a stone post is a solid of which every horizontal cross section
is a square. The corners of all the squares lie in a spherical surface of radius
8in. with its center 4 in. above the plane of the base. Find the volume of the cap.

64. Find the length of the semicubical parabola y2 = z8 from the vertex to
the point for which z = h.

65. Find the length of the curve y = log g-'hi fromz=1toz=2.

66. Find the total length of the four-cusped hypocycloid z3 + y! = al.
67. Find the length of the catenary from £ =0 to z = h.

Vas —
68. Find the length of the tractrix y = ‘:l- log etval -2 _ a2 — z3 from
z=htoz=a. 2 Ta-Var-gz
69. Find the entire length of the curve (z)!+ (%)l= 1.

70. Find the length of the curve y3 = 27% (z—2p)fromz=2ptoz=nh

71. Find the length from cusp to cusp of the cycloid z = a(¢ — sin ¢),
y=a(l— cos¢).
~ 72, Find the length of the epicycloid from cusp to cusp.

73. Find the longth of the involute of a circle z = a cos¢ + a¢ sing,
y=asing —apcosg from ¢ =0 to ¢ =¢y.
74. From a spool of thread 2 in. in diameter three turns are unwound.

If the thread is held constantly tight, what is the length of the path described
by its end ?

75. The cable of a suspension bridge hangs in the form of a parabola. The
lowest point of the cable i8 50 ft. above the water, and the points of suspension
are 100 ft. above the water and 1000 ft. apart. Find the length of the cable.
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) PPN P P
‘/76. Show that the length of the logarithmic spiral between any two points
is proportional to the difference of the radii vectors of the points,
77. Find the length of the curve r = acost ? from the point in which the
curve intersects the initial line to the pole. 0
78. ¥ind the complete length of the curve r = a sinﬂs.

v’ 79, Find the length of the cardioid r = a (1 + cosé).

80. Find the arca of a zone of a sphere bounded by the intersections of the
sphere with two parallel planes at distances %; and A3 from the center.

81. Find the area of the curved surface formed by revolving about OX the
portion of the parabola y2 = 4 px between z =0 and z = k.

82. Find tho area of the curved surface of the catenoid formed by revolving

£
about O.X the portion of the catenary y = Z (e'" +e :) betweenz=—hand z = h.

83. Find the area of the surface formed by revolving about OY the tractrix

" V;LZ ___‘n'l P
+ - —Va — g2,

a—Va2 - g2

=% 00
y—é 0g

84. Find the arca of the surface formed by revolving about OY the hypocycloid
xa + y-‘ = (l!-

85. Find the area of the surface formed by revolving an arch of the cyeloid
z=a(p—sing), y = a(l — cosg) about OX,

86. Find the surface area of the oblate spheroid formed by revolving an
ollipse about its minor axis.

87. 'Find the surface area of the prolate spheroid formed by revolving an
ellipse around its major axis,

88. Find the area of the surface formed by revolving about the initial lino
the cardioid » = a (1 + cosé).

89. Find the area of the surface formed by revolving about the initial line
the lemniscate 12 = 2 a2 cos 26.



CHAPTER V
APPLICATIONS TO MECHANICS

44. Work. The application of the definite integral to determine
the work done in moving a body in a straight line against a force
in the same direction has been shown in § 21. Problems for the
student will be found at the end of this chapter.

The case of a body moving in a curve, or acted on by forces not
in the direction of the motion, is treated in Chap. XIV.

45. Attraction. Two particles of matter of masses m, and m,
respectively, separat;e,d by a distance #, attract each other with a

force equal to R pe 2> where £ is a constant which depends upon

the units of force, distance, and mass. Weshall assume that the
units are so chosen that £ =1.

Let it now be required to find the attraction of a material body
of mass m upon a particle of unit mass situated at a point 4. Let
the body be divided into n elements, the mass of each of which may
be represented by Am, and let P be a point at which the mass of
one element may be considered as concentrated. Then the attrac-

tion of this element on the particle at 4 is f‘—‘?: where 7, = PA,
and its component in the direction of OX is —A"—:"cosﬂl, where
r

6, is the angle between the directions P4 and OX. The whole
body, therefore, exerts upon the particle at 4 an attraction whose
component in the direction 0.X is equal to

If now cosf), 7, and Am may be expressed in terms of a single
independent variable, we have, for this component,

""‘cosa fcosﬂ
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where the limits of integration are the values of the independent
variable so chosen that the summation extends over the entire
body. The manner in which this may be done in some cases is
illustrated in the following example.

Ex. TFind the attraction of a uniform wire of length ! and mass m on a par-
ticle of unit mass situated in a straight line perpendicular to one end of the wire
and at a distance a from it.

Y
Let the wire OL (fig. 82) be placed in the axis of y with L
one end at the origin, and let the particle of unit mass '/'
be at A on the axis of @ where 40 = a. Divide OL into /",," My
n parts, OMy, MMy, MoMs, .., M,_; L, each equal to < AM,
= Ay. Then, if p is the mass per unit ’ M
of length of the wire, the mass of each My
clement is pAy = Ain. We shall consider 1M,
the mass of each element as concen- VA
trated at its first point, and shall in M,
this way obtain an approximate cx- x
. - . 0
pression for the attraction dune to the Fic. 32

element, this approximation being the
better, the smaller is Ay. The attraction of the clement MM,y on A is

then approximately oAy oAy

AM2 T a4y}

y where y; = OM;.

The component of this attraction in the direction OX is

P o8 0AM, =
a?+y,

__paly
(a? + yHi’
and the component in the direction OY is

PAY i 0AM, = PVBY
@2 +y; (@ + y .y
Then, if X is the total component of the attraction parallel to 0X, and Y
the total component parallel to 0Y, we have

X= Lh:”_1 Py pafl““‘@‘—,
ne=o & (g2 4 1/42);' o (a2 + yz)i
i=n~-1
Y =Lim Py _ f‘.__”.‘!?_._ .
o T

To verify this we may show that the true attraction of M;M; . differs from
the approximate attraction, which we have used, by an infinitesimal of higher
order. Let I be the true z-component of the attraction of MyM; 4, I the approx-
imate attraction found by assuming that the whole mass of M;M; ., is at M,
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and I the approximate attraction found by assuming that the whole mass of

MM .1 is al M,,1. Then, ovidently, I3 < I < Ij; that is, -;—2< I£ <1. But
1 4L

2 2 ]

I = ‘:@fi' I = _{__Pié!i___g__, and LI [_2 R _']- Therefore
(u? + ) [a® + (s + AY)?]3 I la+ (yi+ Ay)

Lim !3 =1 and Lim ,- = 1. Hence I differs from I by an infinitesimal of higher

n=w £1 n=ow ll
order (§2), and ay therefore be used in place of I in finding the limit of a

sum (§ 3). A similar discussion may be given for the y-component.
To evaluate the integrals for X and Y, place y =a tané. Then, if

a= tan-lé = 0AL,

@
X:Rf cosod0=£sina=ﬂsina,
aJo a al

=P (% =2a- ="
Y= aj;, smodo__a(l cosa) = al(l cos a),
since lp = m. ’
If R is the magnitude of the resultant attraction and 8 the angle which its
line of action makes with 0.X,

R=VX?4 )’“:gﬂsinla,
al 2

Y 1—cosar 1
B = tan—1 x= tan-1 sina = E“'

46. Pressure. Consider a plane surface of area A4 immersed
in a liquid at a uniform depth of %4 units below the surface. The
submerged surfuce supports a column of liquid of volume 2AA,
the weight of which is whAA, where w (a constant for a given
liquid) is the weight of a unit volume of the liquid. This weight
is the total pressure on the immersed surface. The pressure per

unit of area is then whAA
- = b,

which is independent of the size of Ad. We may accordingly
think of A4 as infinitesimal and define wh as the pressure at a
point %4 units below the surface. By the laws of hydrostatics
this pressure is exerted equally in all directions. We may accord-
ingly determine the pressure on plane surfaces which do not lie
parallel to the surface of the liquid in the following manner.
Let OX (fig. 33) be in the surface of the liquid, and OA, for which
the positive direction is downward, be the axis of 4. Consider a
surface ABCD bounded by a portion of OH, two horizontal
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lines AD(h = a) and BC(h =1), and a curve with the equation
z=/f(h). Divide 4B into n segments, AM,, MM, M,M,, - ..,

M,_, B, each equal to b=a _ Ak and _ o -
draw a line A7 F through each point M, 4 D

parallel to OX. Consider now the ele- 5 R

ment of area ML, M, , where M P =x; 5 n
=j(h). Its area is equal to that of a rec-  py, B
tangle with base A7, M, and altitude somme  p, I
line between M, I} and M, P , (5, §24), m, B
and is therefore equal to (z, + €) Ak, where M, ')
€, < Aw. The pressure on the element L ¢
would be wh, (r,+ €)Ah, if all points of

Fie. 83
the element were at the depth OM,=h,, ax )

and would be w(h, + Ak)(x; + €)Ah, if all points were at the depth
OM, , ,=Il+ Ah. Consequently, the pressure on MEE M, , is
wh2 Al plus an infinitesimal of higher order. Therefore the total
pressure P on the area 4BCD is

f=n-1 b b
P =Tim Eu’h‘w,Ah = | whadh = w f If () dh.
n=aw0 {=0 a a

The modification of this result necessary to adapt it to areas
of slightly different shapes is easily made by the student and is

exemplified in the following example.
Ex. Find the total pressure on a verti-

cal circular arca, a being the radius of
X the circle and b the depth of the center.

In fig. 34 let OC =0, CA=CK =a,
\ OM =h, MN = Ah. Then 04 =b —a,
K OB=b+a, LK=2 MK=2Va3—(h—b)?,
z and the pressure on the strip LKIQ i3
2whVa? — (h — b)2Ah, except for an infin-
itesimal of higher order. Therefore the

total pressure on the circle is

)

Q?E\&Q

b+ a
P= 2wj;_a @ — (h — b)? hdh.

To integrate, place 2 — b = asin¢; then
]

-4
Fic. 84 ' P=2w f :aﬂ 083 ¢(b+ asin ¢)de = wa2bw.
~3
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If the equation of the curve CD (fig. 33) is z =f(y), referred to
an origin at a depth ¢ below the surface of the liquid, OX being
parallel and OY perpendicular to the surface of the liquid, the
pressure on ABCD may be shown to be

w [ e+ 9)70)ds,

a and b being the ¥ coirdinates of 4 and B respectively.
If this formula is used in the example, the center of the circle
being taken as the origin of codrdinates, we have

P=2w| (b+yVd —.f dy = ma*bw.

47. Center of gravity. Consider n particles of masses m,, m,,
My, + - -, m,, placed at the points B (2y, ¥,), 3 (%, ), B (£e Y), - s
P(x,, v, (fig. 35) respectively. The weights of these particles form

Y a system of parallel forces equal to

I m,g, m,g, myy, - - -, m,y, where g is

n the acceleration due to gravity. The

R, 1,: resultant of these forces is the total

weight 71" of the n particles, where

W=uwmg+m,g+myg~+---+myg

x 1=n
= m,.
Fre. 85 g 21 '

This resultant acts in a line which is determined by the condi-
tion that the moment of IV about O is cqual to the sum of the
moments of the » weights.

Suppose first that gravity acts parallel to O T, and that the line
of action of 1 cuts OX in a point the abscissa of which isz. Then
the moment of 77 about O is gizzm, and the moment of one of the
n weights is g m,.

Hence g 2 m;=g 2 M,

Similarly, if gravity acts parallel to OX; the line of action of the
resultant cuts OY in a point the ordinate of which is y, where

gﬂzmi = gzm,y{.
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These two lines of action intersect in the point G, the colrdinates
of which are
e . Zma.

)
2 m, Em‘

Furthermore, if gravity acts in the XOY plane, but not parallel
to either OX or O Y, the line of action of its resultant always passes
through G. This may be shown by resolving the weight of each
particle into two components parallel to OX and OY respectively,
finding the resultant of each set of components in the manner just
shown, and then combining these two resultants.

If gravity acts in a direction not in the XOY plane, it may still
be shown that its resultant acts through G, but the proof requires
a knowledge of space geometry not yet given in this course.

The point G s called the center of gravity of the n particles.

If it is desired to find the center of gravity of a physical body,
the problem may be formulated very roughly at first by saying that
the body is made up of an infinite number of particles of matter
each with an infinitesimal weight ; hence the formulas for the co-
ordinates of G must be extended to the case in which = is infinite.
More precisely, the solution of the problem is as follows. The body
in question is divided into = elementary portions such that the
weight of each may be considered as concentrated at a point
within it. If m is the total mass of the body, the mass of each
element may be represented by Am. Then if (z;, y,) are the coirdi-
nates of the point at which the mass of the ith element is concen-
trated, the center of gravity of the body is given by the equations

Zw Am’ _ zy, Am.
2 Am 2 Am

In case x;, y,, and Am can be expressed in forms of a single inde-
pendent variable, these values become

(1)

(2
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where the limits of integration are the values of the independent
variable so chosen that the summation extends over the entire body.

It is to be noticed that it is not necessary, nor indeed always
possible, to determine z,, ¥; exactly, since, by § 3,

=n t=n
Lim'Z(w, + €)Am = Lim 2 @, Am,
"= sl n=o =1

if e, approaches zero as Am approaches zero.

The manner in which the operation thus sketched may be car-
ried out in some cases is shown in the following articles. Discus-
sion of the most general cases, however, must be postponed until
after the subjects of double and triple integration are taken up.

48. Center of gravity of a plane curve. When we speak of the
center of gravity of a plane curve we are to think of the curve as
the axis of a rod, or wire, of uniform small cross section. T.et
LI (fig. 36) be such a curve, and let p

Y .
’ 2P p be the amount of matter per unit of
4 Cl . . -
I § p length of the wire which surrounds LK.
n That is, if s is the length of the wire
n X and m is its mass, we have for a homo-

1 geneous wire

X
0 . Am
Fiu. 36 —— = p == 4 constant;
As
and for a nonhomogeneous wire
. Am __dm .
Lin —— = — = p = a function of s.
As ds F

The curve may now be divided into elements of arc, the length of
each being As and its mass Am, and formulas (2) of § 47 may be
applied by placing dam

=t M

whence T =

The limits of integration are the values of the independent variable
for L and K.
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If p is constant, these formulas become
s =fw ds, 8y =fy ds, (2)
where s is the length of LK.

Ex. 1. Find the center of gravity of a quarter circumference of the circle
22 + y? = a?, which lies in the first quadrant.

We have ds =Vaz! + ay? = “dz = — “ay.
Y
0
Therefore fzds =—f ady = a3,
a

and

Hence 2a .

The problem may also be solved by using the parametric equations of the
circle £ = a cos ¢, ¥ = a 8in ¢.

Then fa:da = a’fﬁcos¢d¢ = a3,
0

fydn:a’j;;sinqzdcp: al,

Therefore T=y= g;# » as before.

Ex. 2. Find the center of gravity of a quarter circumference of a circle when

the amount of matter in a unit of length is proportional to the length of the arc
measured from one extremity.

We have here p = ks, where k is constant. Therefore, if we use tho para-
metric equations of the circle,

fpacda fszds f ad¢ cos ¢ dop (41‘. 8)a
fpd& f8d8 f a2¢d¢ L
fpyds fsyda f a*¢ sin ¢ do 8a

fpda f’d‘ j;a%dnﬁ T
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49. Center of gravity of a plane area. By the center of gravity
of a plane area we mean the center of gravity of a thin sheet of
Y matter having the plane area as its

S K middle section. We shall first assume

PZQ;ﬂ that the area is of the form of fig. 37,

being bounded by the axis of z, the

) curve y=f(z), and two ordinates.

L Glé Divide the area into = elements by

n —1 owdinates which divide 4B into
X = parts each equal to Az. We de-

note by p the mass per unit area.

That is, if 4 is the area and m the
mass, we have for a homogeneous sheet of matter

Am _
a1 f

and for a nonhomogeneous sheet of matter

o] 4 M N B

Fra, 87

= a constant;

m-— = — = p =a variable.

Hence in (2), § 47, we place
dm = p dA = py dur,

since for the area in question d4 =y dz ((1), § 35).

Consider now any one of the elements MNQP, where OM = z,
ON =z + Awx, MP = y, NQ = y + Ay, and draw the lines PR and
@S parallel to OX. The mass of the rectangle ZNRP may be con-

sidered as concentrated at its middle point G, (.z: + ‘é ) '1—/>, and the

mass of the rectangle MNQS at its middle point G <J: += A2:c ‘g + A2y>

Accordingly the mass of MNQP may be considered as concentrated
at a point which lies above G,, below G,, and between the ordi-
nates MP and N@. The codrdinates of any such point may be

expressed as (x+pA.z: %+q%"—’> where 0 =p=1, 0 =¢=1.

But the cobrdinates of this point differ from those of G (x ) by
an infinitesimal of the same order as Aw.
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Therefore it is sufficient to consider the mass of MNQP as con-

centrated at G (w, %’) Hence formulas (2), § 47, become
f pryde ¥ f pydw
E=""-— - y=-": . 1)

If p is a constant, these formulas become

-—fwyd.c ify
—fyd.n, dex

which can be written

Az =f.1:dA, Ay = éfydA. 3)

If it is required to find the center of gravity of a plane area of
other shape than that just discussed, the preceding method may be
modified in a manner illustrated by Ex. 2.

If the area has a line of symmetry, the center of gravity evi-
dently lies upon it, and if this line is perpendicular to OX or 0Y,
one of the coordinates of the center of gravity may be written
down at once.

2)

Ex. 1. Find the center of gravity of the area bounded by the parabola
y?=4px (fig. 38), the axis of , and the ordinate through a point (&, k) of
the curve. Here

h A

Az:fo zydz:—.zpifo eldz = § phhd = Ph%k, Y
.1 k

Ag:;foyzdz=2pfo zde = pht = } hi3,

A k o
and A=j:, ydz:?p‘f; zide = 4 pInl = § Ak Fie. 88

Therefore z=3%h T=%k
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2
Ex. 2. Find the center of gravity of the segment of the ellipse z—z + ?g =1
a

(fig. 39) cut off by the chord through the positive ends of the axes of the curve.
Divide the area into clements by lines parallel to OY. If we let y; be the ordi-
nate of a point on the ellipse, and y; the ordinate of a point on the chord, we
have as the clement of area

= (y2 — y1)dz.
The mass of this element may be considered as concentrated at (z, !{1_":_1_/3)
r f (vs ~ yi)zda
Hence ==

j; “(yn -~ z/x)dz .

. y=§f2<y,—y1)m

Fie. 39 f; (y2—w1)de

F rom the equation of the ellipse yq — 2\/ &'4_::0'3, and from that of the chord
Vi~ = (a - Z)
'I‘hu denominator f (y2 — y1) dx i equal to the area of the quadrant of the

cllipse minus that of a right triangle, i.e. is equal to Izq - @

2
(l—:j;a:c[\/aﬂ — 23 —(a —x)]dz

Hence T = i =;_2a ,
ab(}——é) 3(r — 2)

53 f [(@-2)—(a—aydz
V= ab(;: ~ :) T

50. Center of gravity of a solid or a surface of revolution of
constant density. Consider a solid of revolution generated by re-
volving about O Y the plane area bounded by OY, a curve z = f(y),
and two lines perpendicular to OY. The solid may be resolved into
elements by passing planes perpendicular to OY at a distance dy
apart (§ 37). The same planes divide the surface of revolution
into elements (§ 43). If the density of the solid is uniform, it is
evident from the symmetry of the figure that the mass either of
an element of the solid or of the surface may be considered as
lying in OY at the point where one of the planes which fixes the
element cuts 0Y.
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Consequently, the center of gravity lies in OY, so that
z=0.
Now if V is the volume of the solid and S the area of the sur-
face, we have, by § 37 and § 43,
dV=msdy and dS=2mxds.

Consequently, to find the center of gravity of the solid we have
to replace dm of § 47 (2) by pma’dy with the result

f pra’y dy f @'y dy
y= = ’ @)
f pmatdy f 2* dy

and to find the center of gravity of the surface of revolution we
have to place in § 47 (2) dm = 3

‘4

2 wpx ds with the result B
el BN P
f 2 mwpuay ds f xy ds E

== . (?)

2mpuxds f «ds
J : .

Ex. 1. Find the center of gravity
of a spherical segment of one base
generated by revolving the arca BDE
(fig. 40) about OY.

Let OB =a and OF = ¢. The equa-
tion of the circle is 22 + y2 = a2, Fiu. 40

‘fc‘az’ﬂdﬂu—‘[{“—“-(a?’l/—ﬂﬂ)d?/ =§.(a +c)a.
[#a [@-may *EetC

Ex. 2. Find the center of gravity of the surface of the spherical segment
of Ex. 1.

Using the notation and the figure of Ex. 1, we have ds = “_gﬂ » and therefore

7=;£azyds_fe¢ydy_a+c.

j;“:cds- j:ady— 2

The center of gravity lies half way between E and B.

and 7=
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51. Center of pressure. The pressures acting on the elements
of a submerged plane area form a system of parallel forces perpen-
dicular to the plane. The resultant of these forces is the total
pressure P(§ 46) and the point at which it acls is the center of
pressure. To find the center of pressure of an area of the type
considered in § 46, we may proceed in a manner analogous to that
used in finding the center of gravity of a plane area, only we have
now to consider, instead of the weight of an element, the weight
of the column of liquid which it sustains.

Let (%, &) be the cobrdinates of the center of pressure. Then
the moment of the total pressure about OX is Ph, and the moment
of the total pressurc about OIT is Pz. Also the pressure on an
element a7, M, I, P (fig. 33) is a force equal to wh;Ak plus an
infinitesimal of higher order (§ 46). By symmetry this force acts

at the middle point of the eleent, the codrdinates of which are
%" and 7, except for infinitesimals of higher order (§ 49). IHence
the moment of thig force about OX is whlr,Ah and the moment
about OH is } wh,x?Ah, except for infinitesimals of higher order.
Now the moment of the resultant must be equal to the sum of the

moments of the component forces. Hence

_ t=n—1 ]
Ph = Limek,’.:;Ah =w f hie dh,

R=® ;.0

i=n-1 b
Pi= .imzz‘z wh 2l Al = % 10 [ haAdh.
n=wm i=0 Ja

Ex. Find the center of pressure of the circular area of the Ex., § 46.

By symmetry it is evident that z = 0.
From the discussion just given,

~ b+4a J——
Pi=2uf Ve T o rean

-

T
= 2wf:a’ cos?¢ (b + a sin ¢)2d¢ (Where A — b = a sin ¢)
2

" T n
= 2a’b‘3wf icos’¢d¢ + 4a8bwf tcos% singdg + -‘;:wf :sin’2¢d¢
- 2 3

2
= wa%iw + ] watw.

- 2
But P = wa?w (Ex., § 40). Therefore 2 =0b + ;—;—.-
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PROBLEMS

1. A positive charge m of electricity is fixed at O, The repulsion on a unit
charge at a distance z from O is g + Find the work done in bringing a unit charge

from infinity to a distance a from O.
2. A rod isstretched from its natural length a to the length a+z. Assuming
that the force required in the stretching is proportional to ; » find the work done.

3. A piston is freo to slide in a cylinder of cross section 8. The force acting
on the piston is equal to pS, where p is the pressure of the gas in the cylinder.
Find the work as the volume of the cylinder changes from v, to vg, (1) assum-
ing pv = k, (2) assuming pv¥ = k, v and k being constants.

4. A spherical bag of radius a contains gas at a pressure equal to po per unit
of area. Assuming that the pressure per unit of area is inversely proportionaj,
to the volume occupied by the gas, show that the work required to compress the

bag into a sphere of radius b is 4 wa3p, log %’

5. The resistance offered by any conductor to the passago of a current of
electricity is proportional to the distance traversed by the current in the con-
ductor and inversely as the arca of the cross section of the conductor. If a
source of electricity is applied to the entire interior surface of a cylindrical shell,
and the current flows radially outward, what resistance will be encountered ?
The length of the shell is A, the right circular section of the interior surface is
of radius @ and of the exterior surface is of radius b, and a unit cube of the
substance of which the shell is made offers a resistance k.

6. A particle of unit mass is situated at a perpendicular distance ¢ from the
center of a straight homogeneous wire of mass M and length 21. Find the force
of attraction exerted in a direction at right angles to the wire,

7. Find theattraction of a uniform straight wire of mass M upon a particle of
unit mass gituated in the line of direction of the wire at a distance ¢ from one end.

8. Find the attraction of a uniform straight wire of mass M upon a particle
of unit mass situated at a perpendicular distance ¢ from the wire and so that
lines drawn from the particle to the ends of the wire inclose an angle 6.

9. Find the attraction of a uniform circular wire of radius ¢ and mass M
upon a particle of unit mass situated at a distance ¢ from the center of the ring
in a straight line perpendicular to the plane of the ring.

10. Find the attraction of a uniform circular disk of radius a and mass M
upon a particle of unit mass situated at a perpendicular distance ¢ from the
center of the disk. (Divide the disk into concentric rings and use the result
of Ex. 9.)

11. Find the attraction of a uniform right circular cylinder with mass M,
radius of its base a, and length I, upon a particle of unit mass situated in the
axis of the cylinder produced, at a distance ¢ from one end. (Divide the cylinder
into parallel disks and use the result of Ex. 10.)
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12. Find the attraction of a uniform wire of mass M bent into an arc of a
circle with radius @ and angle a, upon a particle of unit mass at the center of
the circle.

13. Prove that the total pressure on a plane surface is equal to the pressure
at the center of gravity multiplied by the area of tho surface.

14. Find the total pressure on a vertical rectangle with base b and altitude a,
submerged so that its upper edge is parallel to the surface of the liquid at a
distance ¢ from it.

15. Find the center of pressure of the rectangle in the previous example,

16. Find the total pressure on a triangle of base b and altitude a, submerged
80 that the base is horizontal, the altitude vertical, and the vertex in the surface
of the liquid.

17. Show that the center of pressure of the triangle of the previous example
Jies in the median three fourths of the distance from the vertex to the base.

18. Find the total pressure on a triangle of hase b and altitude a, submerged
%0 that the base is in the surface of the liquid and the altitude vertical.

19. Show that the center of pressure of the triangle of the previous example
lies in the median half way from the vertex to the base.

20. Find the total pressure on an isosceles triangle with base 25 and alti-
tude a, submerged so that the base is horizontal, the altitude vertical, and the
vertex, which is above the base, at a distance ¢ from the surface of the liquid.

21. A parabolic segment with base 2b and altitude « is submerged so that
its base is horizontal, its axis vertical, and its vertex in the surface of the liquid.
Find the total pressure.

22. Find the center of pressure of the parabolic segment of the previous
exawmple,

23. A parabolic segment with base 2b and altitude a is submerged so that
its base is in the surface of the liguid and its altitude is vertical. Find the
total pressure.

24. Find the center of pressure of the parabolic segment of the previous
example.

25. Find the total pressure on a semiellipse submerged with one axis in the
surface of the liquid and the other vertical.

26. Find tho center of pressure of the ellipse of the previous example.

27. An isosceles triangle with its base horizontal and vertex downward is
immersed in water®, Find the pressure on the triangle if the length of the base
is 8 ft., the altitude 38 ft., and the depth of the vertex below the surface 5 ft.

28. The centerboard of a yacht is in the form of a trapezoid in which the
two parallel sides are 1 and 2 ft. respectively in length, and the side perpen-
dicular to these two is 8 ft. in length. Assuming that the last-named side is
parallel to the surface of the water at & depth of 2 ft., and that the parallel
sides are vertical, find the pressure on the board.

* The weight of & cubic foot of water may be taken as'62} Ib.
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29. Find the moment of the force which tends to turn the centerboard of
the previous example about the line of intersection of the plane of the board
with the surface of the water.

30. Find the pressure on the centerboard of Ex. 28 if the plane of the board
is turned through an angle of 10° about its line of intersection with the surface
of the water.

31. A dam is in the form of a regular trapezoid with its two horizontal sides
800 and 100 ft. respectively, the longer side being at the top and the height 20 {t.
Assuming that the water is level with the top of the dam, find the total pressure.

32. Find the moment of the force which tends to overturn the dam of Ex. 81
by turning it on its base line.

33. A circular water main has a diameter of 6 ft. One end is closed by a
bulkhead and the other is connected with a reservoir in which the surface of
the water is 100 ft. above the center of the bulkhead. Find the total pressure
on the bulkhead.

34. A pond of 10 ft. depth is crossed by a roadway with vertical sides.
A culvert, whose cross section is in the form of a parabolic segment with
horizontal base on a level with the bottom of the pond, runs under the road.
Assuming that the base of the parabolic segment is 6 ft. and that its altitude
is 4 ft., find the total pressure on the bulkhead which temporarily closes the
culvert.

35. Find the center of gravity of the semicircumference of the circle
22 + y2? = a? which is above the axis of z.

36. Find the center of gravity of the arc of the four-cusped hypocycloid
z} + y? = a! which is in the first quadrant.

37. Find the center of gravity of the arc of the four-cusped hypocycloid
2! + y = a? which is above the axis of z.

38. Find the center of gravity of the arc of the curve 9ay?— z(z —8a)2=0
between the ordinates ¢ = 0 and z =3 a.

39. Find the center of gravity of the area bounded by a parabola and a
chord perpendicular to the axis.

40. Find the center of gravity of the area bounded by the semicubical
parabola ay? = 28 and any double ordinate.

41. Find the center of gravity of the area of a quadrant of an ellipse.

42. Find the center of gravity of the area between the axes of codrdinates
and the parabola z¥ + 3 = al.

43. Find the center of gravity of the area contained in the upper half of
the loop of the curve ay? = az? — 78,

44. Show that the center of gravity of a sector of a circle lies on the line

sin %
bisecting the angle of the sector at a distance - a— from the vertex, where

« is the angle and a the radius of the sector. 3
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45. Find the center of gravity of the area bounded by the curve y = sinz
and the axis of & between £ =0 and z = .

46. If the area to the right of the axis of ¥ between the curve y = %e—"’f
ko

and the axis of @ is }, what is the abscissa of the center of gravity of this area ?
47. Find the center of gravity of a triangle.

48. Find the center of gravity of the area between the parabola ¥2 = 4 px
and the straight line y = mz.

49. Find the center of gravity of the plane area bounded by the two parabolas
y2 =4 pz, and x2 = 4 py.

50. Find the center of gravity of the area bounded by the two parabolas
22 —~4p(y —b) =0, £2 — 4py =0, the axis of , and the line z = a.

51. Find the center of gravity of the plane area common to the parabola
23 — 4 py = 0 and the circle 22 + y2 — 32 p2 = 0.

52.‘ Find the center of gravity of the surface bounded by the ellipse

2
% + % =1, the circle #2? + y? = a?, and the axis of y.
o

53. Find the center of gravity of half a spherical solid of constant density.

54. Find the center of gravity of the portion of a spherical surface bounded
by two parallel planes at a distance ky and hg respectively from the center.

55. Find the center of gravity of the solid formed by revolving about OX
the surface bounded by the parabola y2 = 4 pz, the axis of z, and the line z = a.

56. Find the center of gravity of the solid formed by revolving about OY the
plane figure bounded by the parabola y2 = 4 pz, the axis of y, and the line y = k.

5%7. Find the center of gravity of the solid generated by revolving about the
line z = a the surface bounded by that line, the axis of z, and the parabola
Y2 = 4 px.

58. Find the center of gravity of the solid formed by revolving about 0Y
the surface bounded by the parabola 22 = 4 py and any straight line through
the vertex.

59. Find the center of gravity of the solid formed by revolving about OY
the surface bounded by the hyperbola:—c—: - !;: =1and the linesy=0and y =b.

60. Find the center of gravity of : hemispherical surface.

61. Find the center of gravity of the surface of a right circular cone.

62. Find the center of gravity of the surface of a hemisphere when the
density of each point in the surface varies as its perpendicular distance from
the circular base of the hemisphere,



CHAPTER VI
INTEGRATION OF RATIONAL FRACTIONS

52. Introduction. The sum

A, A, Age + B,
—_ +
ar+b, a4+ b,  an +ba,+c

each term of which is a rational fraction in its lowest terms with
the degree of the numerator less than that of the denominator, is

J@)
#(2)

known by elementary algebra to be a fraction of the form ==~
where

F(x)=(v,x + b,) (@ + b,) (e2* + by + ¢;)
and f(«)=4,(ax+1D,) (a4 b+ )+ Ay (a,x+b,) (as'lz+ byz+¢,)
+ (‘43‘E + Bu) (“1“’ + bl) (a,.z: + bz)‘

Again, consider the sum
A, + Al + A, + Az + B, Aye+By
(@x+0)"  ax+b  ax+b, (a2+bur+c)  agi+br+cg

Here the linear polynomial e¢,z+ b, appears both in the first and
the second powers as denominators of fractions which have the
same form of numerator, a constant ; also the quadratic polynomial
ax’+ bz + ¢, appears both in the first and the second powers as
denominators of fractions which have the same form of numerator,
a linear polynomial. If this sum is denoted by '; '(( )): then

F(2) = (a2 + b,)* (a,z + b,) (a2 + by + c;)?,

and f(z), when determined, will be of lower degree than F(z).
In both examples, f(x) and F(x) have no common factor and

J(z) is of lower degree than #(z).
108
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‘We proceed in the following articles to consider, conversely, the
possibility of separating any rational fraction JF—‘((% in which f(r)
is of lower degree than F(x) into a sum of fractions of the types
we have just added.

53. Separation into partial fractions. Consider now any rational
fraction A (( )), where f(£) and F(z) are two polynomials having

no common factor. If the degree of f(z) is not less than that of
F(x), we can separate the fraction, by actual division, into an inte-
gral expression and a fraction in which the degree of the numera-
tor is less than that of the denominator.
For example, by actual division,
288+ '+ 2+ " —182—6 2+ a2+ 3

at—9 =2e+1+ z*—9

Accordingly, we shall consider only the case in which the degree
of f(x) is less than that of #(x).

Now F(r) is always equivalent to the product of linear factors
(I, § 42), which are not necessarily real; and if the coefficients
of F(x) are real, it is equivalent to the product of real linear
and quadratic factors (I, § 45). We shall limit ourselves in this
chapter to polynomials with real coefficients and shall assume
that the real linear and quadratic factors of F(x) can be found.
We shall make two cases:

Case I, where no factor is repeated.
Case II, where some of the factors are repeated.

Case I As an example of this case let
F(z)=(ax+ b)) (2,2 + b,) (22" + bz + ;).

May we then assume, as suggested by the work of the previous
article, that
J@) A4 4, Az + B,y
F(z) az+b, az+Dd, aw’+bw+c

@)

where 4, 4,, 4,, and B, are constants ?
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It is evident that the sum of the fractions in the right-hand
member of (1) is a fraction the denominator of which is #(z), and
the numerator of which is a polynomial, which, like f(x), is of
lower degree than F(z).

It will be proved in §§ 55, 56 that 4, 4,, 4, and B, exist. As-
suming this, we may multiply both sides of (1) by F(x), with the
following result:

S(@)=4,(a,z+b,) (a2 + bz + ¢)+4,(a, 2+ b)) (a2 + bz +¢,)
+ (4% + By) (@, + by) (2,2 + by). (2)

As (2) is to hold for all values of z, the coefficients of like
powers of  on the two sides of the equation must be equal*
The right-hand member is of degree three, and by hypothesis the
left-hand member of degree no higher than three. Hence, placing
the coeflicients of «* «? z, and the constant term on the two sides
of the equation respectively equal, we have four equations from
which to find the four unknown constants 4,, 4,, 4,, B,.

Solving these equations and substituting the values of 4,, 4,,
4,, and B, in (1), we have the original fraction expressed as the
sum of three fractions, the denominators of which are the factors
of the denominator of the original fraction. The fraction is now
said to be separated into partiul fractions.

It is evident that the number of the factors of F(z) in no way
affects the reasoning or the conclusion, and there will always be
the same number of equations as the number of the unknown
constants to be determined.

* If the two members of the equation
" + a1y 2t Ay =bg® + b1 b by gz 4+b, (1)

are identical, so that (1) is true for all values of z, the coefficients of like powers of
on the two sides of (1) are equal, i.e. ag=bgy, ay =10y, -+, =",
Writing (1) in the equivalent form

(a0 — bo) @ + (a3 — b)) 2"~ 14 -+« + (@y—y — bp—_1) 2+ (a5 — by) =0, (0]
we have an algebraic equation of degree not greater than n, unless ag= by, a; = b,,

cery Gy =Db,.

Then (2) is true only for a certain number of values of z, since the number of roots
of an algebraic equation is the same as the degree of the equatipn. But this is contrary
to the hypothesis that (1), and therefore (2), is true for all values of z. Hence a= by,
ay= by, -+, a, = b,, as was stated.
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. . . 22+ 11z + 14
Ex. 1. Separate into partial fractions -~ -————— .
e P @+9) @ —4)
Since the degree of the numerator is less than the degree of the denominator,
e Assiine P?4llz+14 A B ¢

@i b z—2Tsr2Ters

M

where A, B, and C are constants.
Clearing (1) of fractions by multiplying by (z + 3) (x? — 4), we have

24+llz+4=A@x+2)@x+3)+BE-2)(+3)+Cx—2)(x+2), (2
or 24+11z4+14=(A4+B+C)a2+(hA+B)z+(6A—-6B—4C). 3)

Since (3) is to hold for all values of z, the coeflicients of like powers of z on
the two sides of the equation must be equal.
Therefore A+B+C=1,
bA +B =11,
6A—-68B—4C =14,
whence we find 4 =2, B=1,and C =-2.
Substituting these values in (1), we have

#rlle+ld 2 1 2
(t+3)@~4) -2 z+2 z+3

.

If the factors of the denominator are all linear and different, as in this ex-
ample, the following special method is of decided advantage. In (2) let £ have
in succession such a value as to make one of the factors of the denominator of

the original fraction zero, Le. 2 =2,z =— 2,z =— 3.
When z = 2, (2) becomes 40 = 20 4, whence 4 = 2; when ¢ =— 2, (2) be-
comes — 4 =— 4 B, whence B =1; and when ¢ = — 8, (2) becomes — 10 = 5C,

whence C = — 2.

The method just used may seem to be invalid in that (2) apparently holds
for all values of & except 2, — 2, and — 3, since these valucs make the wulti-
plier (z + 8) (x2 — 4), by which (2) was derived from (1), zero. This objection
is met, however, by considering that the two polynomials in (2) are identical
and therefore equal for all values of ., including the values 2, — 2 and — 3.
442242

»—1

Since the degree of the numerator is not less than that of the denominator,
we divide until the degree of the remainder is less than the degree of the
divisor, and thus find

Ex. 2. Separate into partial fractions

442242 422 4+ 241
=1 . 1
3 -1 + 23 —1 @
The real factors of z8 — 1 are £ — 1 and 22 + z 4+ 1. Hence we assume
42°+z+1_ 4 Br+ C @

-1 z—1 @B+z+1
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Clearing of fractions, we have

42+ +1=A@*+2z+1)+(Bz+C)(x—1)
=(A+B)z1+ (A4 ~B+C)z+(4-0C). 3)

Equating coefficients of like powers of z in (3), we obtain the equations

A+B=4,
A—-B+4+C=1,
A4A-C=1,
whence A=2, B =2, C=1
2
Hence 4z +$+1= 2 2”'{2.1‘.,
28 —1 z—1 L2+42+1
3 2
and _z_:}:_4a:,h-f-_a_:=1 __2_ _gz_—}_-}_
z3 —1 r—1 x2424+1

The values of A, B, and C may also be found by assuming arbitrary values
of 2. Thus whenz =1, (3) becomes 6 =84 ; whenz =0, (3) becomes1=4 —C;
and when & =2, (3) becomes 19=74 + 2B+ C; whence 4 =2, C=1, B=2.

54. Cask II. We will now consider the case in which some of
the factors of the denominator F(z) are repeated. For example, let

F(z) = (ax + b)? (a2 + b,) (a2* + b + ¢,)*.
We assume
J(®) — A, A + 4, 'A:I‘I'_“__!- B, i
F() (e z+b0) ax+b  aw+d, (a2’+ b+ )’

Alx + B}
a’ + byx + ¢,

1)

as suggested by the work of § 52.

Multiplying (1) by #(z), we have an equation of the 6th degree
in , since the degree of f() is, by hypothesis, less than that of F(z).
Equating the coefficients of 2%, 2%, 2 2% 4% «, and the constant
term on the two sides of the equation, we have seven equations
from which to determine the seven unknown constants, 4, 4],
..., Bl

It is evident that, granted the existence of these constants, the
above method for determining them is perfectly general.
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zt—0z2+ 16
EraE -9

Since the degree of the numerator is not less than that of the denominator,
we find by actual division

Ex. 1. Separate into partial fractions

x4 — 022416 222
i =r—-24  ——" . 1
(+2) (22 — 4) e +2)=2—9) )
222 4 B c
We no 1me =— . 2
O oW A @ —4) @+2 z+s T z—32 @
Clearing of fractions, we have
222 =A(x—2)+ B(x? —4)+C(x + 2)?
=(B+C)e?+ (A4 +40C)z+(—24 - 4B+ 40). 3)
Equating the coefficients of like powers of z, we obtain the equations
B+C=2,
A+4C=0,
—24-4B+4C=0,
Whence A =—2, B=§, C=1}.
Therefore substituting in (2), we have
2= 2 3 4
E+rD(—4)  (+2)? z+2 z-2
so that finally
¢ 2
i__ﬁ.‘r-i}g=.z._2_ _.,2____+ 8 + - 1 .
(x+ 2)(x2—4) @+2)3 2@+2 2x-—2)
87 — Gzt — 822 —
Ex. 2. Separate into partial fractionsgm t+a 2:;3 8];; 11:c+9.
By division we first find
8274+ 28 — Bt —8x2— 112+ 9 3 1 283—422—-Tzx+4
(@~ 1) =3ttt —@oyp O
We now assume
P-4 -Te+4_ A + B Cx+D
(=® —1)2 T@=12 -1 (4z4+1)?
Ez+ F
_— 2
+:c’+z+l’ @

and clear of fractions. The result is
2$-422 -T2 4+4=(B+E)ab+(A+B—-E+ F)xt

+@A4+B+C—F)28+(34—-B-2C+D—E)zt
+@2A-B+C-2D+E-F)z+(A—-B+D+F). (8
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Equating the coefficients of like powers of z in (3), we obtain the equations

B+E=0,
A-+B"E+F=o,
2A+B+C-F=1,

84—-B-2C+D—E=-4, )
24-B+C—-2D+E~F=-1,
A—B+D+F=4,

whence 4 =— 3, B=0,C=3,D=4,E=0,F=14.
Substituting these values in (2), we have

3:3—4z‘1—7z+4___ 2 - __3.;-}-4 2
(* - 1)y T3 -1 @+z+1)p 3@+z+1)
80 that finally
82+ —0p—Br—11240_8 1 2 . 3z+4
2(z% —1)2 2772 B@-1)2 @+z+1)
2

+3(z’+x+l)'

55. Proof of the possibility of separation into partial fractions.
In the last two articles we have assumed that the given fraction
can be separated into partial fractions, and proceeding on this as-
sumption we have been able to determine the unknown constants
which were assumed in the numerators. We will now give a proof
that a fraction can always be broken up into partial fractions of
the types assumed in §§ 53, 54.

Let the given fraction be —i;(&—')), where f(x) and F(x) are poly-

nomials having no common factor.

Let z—7 be a linear factor of F(r) which occurs m times,
and F,(») be the product of the remaining factors. Then F(xz)
= (z — 7)"Fy(x) and

@ f@
F@) ~ (o—n Fy) @)

Now the equation

@ A f@—AF@)
G E@ @ - F) @

L}

is identically true, 4 being any constant.
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If we can determine A4 so that
J(r)—AF(r)= )

then f(z) —AF,(£) is divisible by z —r (I, § 40) and may be de-
noted by (x — 7)f,(.£).

But by hypothesis neither /() nor F\(x) is divisible by (£ —17),
and hence f(r) # 0 and F,(r)# 0. Therefore, from (3),

f (7')

a constant, which is not zero.

With this value of 4 we have

J() 4 S

= - = —— + —- . 1 5

@)y (—r" (2—r)"" —1 (1) F (4 ) (%)
, Applying this same method to (_’%m, we have

T LT

T AT L AR PR AT
where A, = ﬁ((';)s and (¢ — 7)/,(+)=/f(x) — 1, I (+).
1
It is to be noted, however, that .1, may be zero, since f,(r) may
be zero; but -, cannot be infinite since #,(») = 0.
Applying tlns method m times in succession, we have

f(l‘) - Al 4, . fm(":)
£(x) (.1 —rm T (— 7)™t + (=72 + R z—7 (.1)

where A, 4,, 4,, - - - -, are all finite constants, of which 4 is the
only one which cannot be zero.

By the above reasoning it is evident that corresponding to any
linear factor of the denominator which occurs m times we may
assume w fractions, the numerators of which are constant, and the
denominators of which are respectively the mth, the (m —1)st,

-, 1st powers of the factor.

After these fractions have been removed, the remaining frac-

Jal®) |
Fy(2)

tion, ie. » may be treated in the same way.
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In the above discussion r and the coefficients of f(z) and F ()
may be real or complex. Consequently, the method may be applied
successively to each factor of F(x), thus making a complete separa-
tion into partial fractions. If, however, f(x) and F(z) have real
coefficients and we wish to confine ourselves to real polynomials, we
will apply the method to real linear factors only, and proceed in
the next article to deal with the quadratic factors.

56. Proceeding now to the case of a quadratic factor of F(z), of
the form (z — a)?+ 0% which cannot be separated into real linear

fﬂ.ctors, let .I"(-'l:) —_ [(.,C _ (L)2+ bﬁ]mlfl(a})-

S S ()
Th 1
en F@)  [(¢— @)+ VT Fy(2) ()

Now the equation
[ Az + B f(@) = (Az + B)F, ()

Jr) ~P 9
(o= o'+ VFa (-4 0P © [ @+ 0T )
is identically true, 4 and B being any constants.
If we can determine 4 and B so that
S(v+ b)) —[A(a + bi)+ B Fy(a + bi) =0, 3)

and S« — b)) —[A(« — bi)+ B F(a — bi) =0,

then f(x) — (dAx + B)F () is divisible by # —a —bi and x — a + bs
(1, § 40), and hence is divisible by their product (z — a)*+ ¢*, and
we can place

S (@) — (e + B) F\(2) =[ (¢ — @)’ + V] /().
By hypothesis neither f(.) nor F,() is divisible by (x — a)’+ %,
hence f(a £ &) # 0 and F,(a £ b3)+ 0.

Denoting f (@ + bi) y P+ @, and f (@— ln) by P — @i, we

shall have Fy(a+ bz) Fy(a—bi)
A(@a+bi)+B=P+ Qi
and A(a—bi)+ B =P — @i,

where P and @ are finite quantities, both of which may not be
zero at the same time.
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Therefore ad+ B=P,
b4 =0,
two equations from which 4 and B are found to have real finite

values which cannot both be zero.
With these values for 4 and B we have

f@) A+ B /(@) ,
F@) [(z—a)'+V]" " [(x—a)+ 0] Fy ()

and repealing this process as in the case of the linear factor we
have finally

[l __ Av+3B Ag+B__ . fl®),
F@) [e— o+ 0T (e ok B F2)

@

It should be added that 4 and B may not be zero at the same
time, and that any or all of the other constants may be zero.

The same method may evidently be applied to each one of the
quadratic factors of F(ux).

To sum up, if

F(r)=(x—r)"(w—1r)" - [(—a)+ V] .-,

and we apply the above methods to the linear factors in succession
and then to the quadratic factors in succession, we have finally

S 4 4, ...+__._.A"'
F(x) - (e—r)" (e— rl)"“1 z—1
B B, B,
+(w—'r,)"+ (z—r,)"“+ o +w—r,
Ce+D Ciz+ D, 4.
[(@—e)'+ &) [(@—a)'+bT"
Cix+ D,
(z— a)*+ b +ee

where I is either zero or an integral expression in .
But if the degree of f() is less than that of F(z), and we shall

always reduce the fraction to this case by actual division, %-,((% and
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all the fractions on the right-hand side of the equation are zero
when z=o0; hence I is zero and the fraction is separated into
the partial fractions noted.

57. In the discussion of the last article the quadratic factors of
the denominator are only those which represent the product of two
conjugate imaginary factors, all the real linear factors having been
previously removed. But some of these real linear factors may be
surd, in which case the algebraic work of the determination of the
numerators ($§ 53, 54) is burdensome. If, however, the surd fac-
tor is of the form 2 — a — \/5, where @ and ) are rational, this work
may be avoided in the following manner:

(1) It may be shown by a method similar to that used in I,
§§ 44, 45, that if #(z) has only rational coefficients, and z — a — Vb
is a factor of ¥(z), then z — a + V. b is also a factor, and hence that
F(2) contains (x — @)*— b as a factor.

(2) If [(x—a)’—b]" is a factor of the denominator F(x), the
other factor being F,(z), then

F(x)=[(x — a)*— 0] F,(x).

Then the rational fraction f (2 )) may be proved equal to

Cz+D i)
[(E— =t [(e—ap— ] Fy@)

The proof, being similar to that of the last article, is left to
the student.

Accordingly, if all the coefficients of the denominator are rational,
and the surd factors, if any, are of the type just noted, the fraction
will be separated into partial fractions, the denominators of which
shall be of the forms (z — 7)", [(x — a)’+ b*]", and [(z — a)®— D]

58. Integration of rational fractions. The integration of a
rational fraction in general consists of iwo steps: (1) the sepa-
ration of the fraction into partial fractions; (2) the integration of
each partial fraction, and the subsequent addition of the integrals.

There will then bg‘ four types of integrals to consider:

Ada: Adz (Az + B)dx and (Az 4+ B)dx
fa: -7 (& —1r)" ’ (v — a)’+ 5’ f[(:c —a)’+ b’]"
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The first three, however, have already been discussed. Turning
then to the fourth, we may put that in the form

f%l[z‘”"“”“‘* ad
[(z — «)*+ ¥*]" dz,

which is equal to the sum of the two integrals

4
—2-f[(.c —a)+ 02 (¢ — a)dx

dx
B4ad) [—25 .
wnd 5+ a) [
The first of these integrals is readily seen to be
4 1

2(—n+1) ‘ [(x— a)*+ 1)"]""“

The second may be evaluated by placing z — e« =0 tanf. Then

dx 1 -
f [(6— @)+ B - f cos**~26dé.

When 7 = 2, this integral is evaluated as in Ex. 3, § 13. The
case n > 2 rarely occurs in practice, but if it does occur,

f cos®*~20d0 may be evaluated by methods of § 65, or the inte-

gral f E(—J;—-;—{;—;:—b—,? may be evaluated by successive applications
of the reduction formula

du 1
(& + a®)" P (n—1)a [(u 24 a".)m‘1 +@n— 3)f( w'+ a*)" ‘1]

which will be derived in § 73.

2 3)dz
Ex. 1. Find the value of (@ +8z + 3)dz
3+ 222 -2

Since 28 + 223 — 2z — 2 = (z — 1) (x + 1)(= + 2), we assume

#4+8z+8 _ A B c
B+2282z2-2 2z—1 z+1 z+2




INTEGRATION OF RATIONAL FRACTIONS 115

Determining 4, B, and C by the methods of the previous articles, we have

z’+8m+8 - 2__+ 2 3
z3+229—z—2 z—1 x+1 x+2
(22 4 82 + 8)de (2 + 2 3)
B2 —z-2 J \ce—-1 z+1 z+2
(la: dr
2 = — =
fa:—1+ f z+ 2
=2log(:t,-1)+210w(:c+1)—8log(z+2)+(,'
1) (x4 1)2
=10 —_— C
g (.1: 2y +
(2 — 12
log + C.
(e +2)
4 2
Ex. 2. Find the value off B+ 2_1_:_-};_0_1:_-{;_18)4_.15.
g3 4 27
x‘+2z’+09:+18 2.1:2——212',+18
By divi —es e = 4 = s 1
y Givision, 825 4 27 R T M

The real factors of 823 + 27 are 2.+ 3 and 422 — 6z + 9. Therefore, we

assume ~20z+18 A4 + __BetC @)
8z + 21  2z+3 4ri—Gzt9
Determining 4, B, aud C by the methods of the previous articles, we have
222 — 21z +18 2 3z @)
83 4- 27 A.r,+d 472 — G:r,+‘)
(824 + 222 4 0x 4 18)de __ f( +~_ 8z )
8 4 27 2x 4+ 3 i —06t+ 9

_fa:d +f1.c+3 f4.c3?-’::+9 )

‘ 1 2dx
But fzd:c: ém’, o= ERZ ),
and f 3xdr Bz —6)de 9 dz
s "6c+9 8 40— 6z+9 4J 4226z +9

3 3 4z — 38
=-log(422 —- 6z + 9) + ——tan-1. —— —.
Caed 4V3 3V3

Substituting the values of the integrals in (4), we have finally

(B2t + 222 4+ 6 + 18)dz

828 4+ 27
_1 3 4z -8
a3 4+ log(2z + 8 ——lo 423 -6z + 0) — — tan—1 — + C
=3 g ( ) g ( ) i3 33
=laprog— 223 ~ 3 an1i2=3 .0
2 (422 -6z +9)i 4V3 3v3
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(82" 428 — 62t —8x%2 — 11z + 9)dzx
2 (2% — 1) '
The fraction being the same as that of Ex. 2, § 54, we have the first step of
the work completed.

Ex. 8. Find the value of

Hence
(327 + 2% — 624 — 822 — 11z + 9)da
2 (z8 — 1)
Bz + 4)de 2dz .
= [ zde - o (1
fz +f2 3(z-—1)2+ (x’+:c+1)"+ 8@2+z+1) M

Now the first, the second, the third, and the fifth integrals are readily eval-

uated by provious methods, their values being respectively 3:4: y ‘1 2
4 2z +1 ‘8-’
and tan—1——
3V3 V3 (B + 4)de
There remains the fourth integral f —~—_ .."—, which may be reduced to
(€2 + x + 1)?
?’f(x2+m+ 1)-2@2z + 1)de + f’f___ S—
2 2J (@2 +z+1)
The first integral is — .8 » while the second integral may be
2x2+z+1)
written in the form 40 f ______iz______“_' and can be evaluated by placing
[(2z + 1)z + 8]

2% +1=V8tand. The result will be

20

40f [(2z +1)? +“3]E = 35 cos20ds

—-1—«0+_£._sm20

8vV3 8V3
= 10 tan-—12z4__1 5, 2241 .
3v3 N 6 224+z+1
Hence f(sz+4)dz =- 3 + ]0— "'12zt1
@tz+1)p 2@ +z+1) 3v3 V3
5 2a+1
6 2+z+1

Finally, substituting the values of the integrals in (1) and simplifying, we
have, as the value of the original integral,

3 2 bz—2 - |, 14 2z +1
—at 4 x+ + + ——tan-1 +C.
4 8-1) 8@ +z+1) 3v3 V8




PROBLEMS 117

PROBLEMS

Separate the following fractions into partial fractions:

2+c—4
" Gad 4 623 — 0z
9 4228 4+2 -1
Y oad4al—22

"4x8 1 8a2—z—2
3 —11z—1
a:3+2:c9-—6z—6'

322 -2 —38
— TP

-T2+ 2 .
42t — 428 4 22
23 —23 - 122 — 8
T zEe+2r
8at — 423 — 2‘z’+_?z

(2z+1)3

—z+6

S 22° + a8 + 4z + 2
10. 322 — 42 .
-2z + 4
11, 12x5+x5+2z’-—z-—2.
Sut —222—1
19, 28 —2?+562+2
ot + 322 + 4
13. zﬁ—-a:4+:r.8—2:c’—2z—1.
2+ 32242
14, z‘+5z’_+2:c+6.
26 4 623 4 Oz
15. - z*+:c_3__4m’ 6z+8
x5 — 22t — 43;3+8z’+4z—8
z’+z+8
16. &= (.r.’+x+1)’

Find the values of the following integrals:

(14z + 8)dx
40 4z — 15

18. f(_‘"_“’_'*‘_“)_i"’i_
243 —9x2
Bz —10)dx
222 4 b2 — 12
Sz + T)de

20. (!

f.c‘+4:r,+1
(hz + 4)dz
423+ 42+ 2
42l +241
22.f S d
3 4+ 822 -2 —38
23 923 +
f 922 4+ 122 + 8
284+ 222 4+ 3z
. | ———dz.
f -2z — 1 \
2 __ -
25. f2:c llz

28 4 23 —

2 82— 1H
26f14:§____‘3x 1’dz

2z — 6z + 6
St — -
2. f (1::+ :;O—z 4.21?:: ’
423 42 + x2 41
2x3 + 228 + 63 — 8z
4 3 2
30. f : ;—xalfnﬂizn ff’»+ :
T
2
2 A Tiaa
2
B [ AT arts
2
u [y




118

(_3‘ 2z — 42?)dx
423+ 1222492+ 2
bz — 2)dx
36. ( :
f:&:‘+2:z:2 42 —8
24+ 6HL — 22 — 2:58
31.
f ot + 228 + 2%

9:;“—3m+2
38f 923 — 63

2 — 228 —2—1
39. LT —dx
f z(x—1)3
40 f}_ﬁ:&“ 8t — Sz"+2z’—1
’ 16xf — 822 +1
4z’+6z—l’)
41. f o
2---13ao)d:z:
g, [ (@ —182
4 f — 32 — 2m+z

3m3—12z+8
a. f’"" —16

zdz
u [ S g

———dx.

INTEGRATION OF RATIONAL FRACTIONS

(1622 — 29z — 17)dz
46. f(:;z~2+2)(z2- 2z +8)
(222 + z + 1)dz
x2+3) (2«2 + 2+ 5)

— 828 —Ta2—- 4242
47.f o

dx.

— 428 2 —
48, f4:c4 423 + 2 -|:13:c 3
823 4 27

9z8+20:c°+21x-5

(.1:2 3)(3.!:2+3m+6)

z’+2_a_:_

(@2 + 8)3

228 4+ 1022 + 42
51‘f_(2’£c'i+1)2 d

Bxa-—llzﬂ+19x—27
52.

f a:6+6x3+%

2 +10z+2x’-0z8
53.
f x— 428+ 428

dz.




CHAPTER VII
SPECIAL METHODS OF INTEGRATION

59. Rationalization. DBy a suitable substitution of a new vari-
able an irrational function may sometimes be made a rational
function of the new variable. In this case the integrand is said
to be rationalized, and the integration is performed by the methods
of Chap. VI. We shall now discuss in §§ 60-63 some of the
cases in which this method is possible, together with the appropri-
ate substitution in each.

60. Integrand containing fractional powers of a4 bx. Expres-
sions involving fractional powers of @ + bx and integral powers of
x can be rationalized by assuming

a+by=2"

where # is the least common denominator of the fractional expo-
nents of the binomial.

For if a + bx = 2*, then « = 7 (z" —a) and du = 7 b an=1de, Also,
)

if (@+ bx)? is one of the fractional powers of a4 be, (a+ br)” =2,
where pn is an integer. Since x, dix, and the fractional powers of
a + bz can all be expressed rationally in terms of z, it follows that
the integrand will be a rational function of z when the substitution
has been completed.

Ex. 1. Find the value of f

1+ 2z)5
Iere we let 1+ 2z = 23; then z = } (28 — 1), and dz = § 22dz.
2
Therefore f B f (27— 224 + 2)dz
(1+2z)} 8

=§GP-1F ) 40
= g5 22(62° — 1628 4 20) + C.

Replacing z by its value (1 + 2z)} and simplifying, we have

f_"f_‘!‘L. =3 1422040 - 122+ 2020 + C.
a+2zi 800
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+—@+2)t
@+2)t+2

Since the least common denominator of the exponents of the binomial is 4,
we assume & + 2 = 2¢; then z = 2¢ — 2, and dzx = 4z8dz. On substitution, the
integral becomes

Ex. 2. Find the value of f @

26 — 24 4
= 822
4f 2+zdz 4f(z 2 2)dz
=4[1z4-—lz’-z’+2z+2log(z9+2)——é—ta.n—l—z—_- + C.
48 V2 V2
Replacing z by its value (z + 2), we have
1 t
f(iﬁ_ﬁi_?)_dz
(z+2) 42
=z4+2-4@+2—4@z+2) + 8@ +2)t+8log(Vz +2+2)
—-8\/§t.a.n—1(z+2) +C.
V2

61. Integrand containing fractional powers of a 4 bx". If the
integrand is the product

[
™ (a + ba’y,

where ¢ and r are integers, there are two cases in which rational-
ization is possible.

m+1. .
Cask T When ™% is an integer or zero. Let us assume
n

a+bst=z2"

and observe the result of the substitution. Then

1 1
X = -ll(z’— a)*, and dr= l{ (- “)'_'”lz'_1 dz.

2 nb*
Therefore
e m+l_,y
(@ + b2 de = — At —a) * da
nb -
But if =~ +1 is an integer or zero, this new integrand is a

rational function of 2z, and the assumed substitution is an effect-
ive one.
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Ex. 1. Find the value of f 5 (1 + 22%)Mda.

. m
Since

:1_2 we assume 142 x8=22, whence z”:- (z’ —1), and z’dx-ézdz.
The new integral is } f (2* — 2?)dz, which reduces to ,16 28(822-5) + C.
Replacing 2 by its value, we have

fa:‘(l+ 228t dz = L (1+ 2294828 — 1) + C.

Cask IL When ™1 + 1 is an integer or zero. Here we will

n
asstime . o TR
Then =z= - - and dw=———ilﬂ-_;——dz.
@ — by n@—b"
e m:l"'g +r-1
Therefore z™(a + bx") dz =— e mz_zl —dz.
v n@—b) » v

This new expression is a rational function of 2

0 2
Ex. 2. Find the value of f (—HTZ) dx
z

m+4+1 q

Ilere — + L= 1, and accordingly we let 2 4 22 = 2323, After the sub-

stitution we have, as the new integral, — 2 : dz — the value of which is
2822 8 z+1+0 (2 -1)
22-1 3% _

Replacing z by its va.lue, we have

f(2+z’)idz=\/2+z?(z’-—4_)_ 8 V2t+aiia

+ --log +C.

a? 2z \/ 2+4+a?—2
62. Integrand containing integral powers of Va + bx + x*.
If the integrand contains only integral powers of 2 and of
Va + bz + &, it may be rationalized by the substitution

Va+bz+a?=2—zx;

for from this equation

_f—a e dtbta
e e AL A P
2@+ b2+ a)
and d.u—-—Tzz—_'-_T);—d |

The result of the substitution is evidently a rational function of 2
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2
Ex. Find the value of f ——_—_?__—dz—ff
V1itz + a2
Letting V1 + & 4+ 22 = z — z, we have as the new integral 2 f
which, by the method of Chap. VI, is
1 482 + 33
122 —-8z— - ——-—
8[ 42z +1)2

(2—1)
2z+1)8

—log(2z + 1)] + C.

Replacing z by its value x4+ V1+ x+ 22, we have as the value of the
original integral

%[(z+\/1+:c+a:“)2-3(m+v1+.r,+z2)

_18_z__+33+48V1t?+i’_log(2z+1+2w/1+m+z2)]+0.
422 +1+2V1+x + £2)2

If the coefficient of 2* under the radical sign is any positive
constant other than unity, we may factor it out, thereby bringing
the expression under the case just discussed.

63. Integrand containing integral powe’gs of Va+bx— 2. In
this case the substitution of the previous article fails, as 2 could not
be expressed rationally in terms of 2. 'We may now, however, write

4 2

an expression which can be factored into two linear factors of
da+0" _ 0

2 2
a+b.7c—-w3=a—(.:?—-bx)=4“+b .._<,1;__If>,

the form (r,+ ) (r,— ), which are real except when

2
But then it is evident that 4 “:- b —<

2
x— %) is negative for all

values of #, and hence Va + bz — 42 is always imaginary.
Now place

Va + br— 22 =/(r, + ) (r,— ) = 2(r,— ).

Solving this equation for z, we have
=Tzza_"1, < L — .2____(_?_1_'*_"_7:2_)_3,
2 a1 a+ ber—x A1
2(r,+ 1,2
and dx = —((—z;:——])%— dz.

After the substitution the new integrand is evidently a rational
function of 2
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Ex. Find the value of -———_dz:
V2 —x —at

Since 2 — z — 22 = (2 4 2) (1 — ), we assume

V2le—at=VE2 +a)(l— z)_z(l—z)

The result of the substitution is the integral 2 f Ry which is equal
to — log -———\—/f +C.
'\/5 z+ V2 BT 7
Replacing z by its value » we have
f' ) dq:____ 1 log 2+x— \/2::?_
VI—iod Vi o Vatzivioia

64. Integration of trigonometric functions. There are certain
types of trigonometric functions for which definite rules of pro-
cedure may be stated. The simplest case is that in which the
integrand is any power of a trigonometric function multiplied by

its differential, e.g. f sin?z cos # d.x, which may be integrated by one

of the fundamental formulas. It is evident that this class requires
no further consideration here. To deal with the more complex cases
it is usually necessary to make a trigonometric transformation of
the integrand, the choice of the particular transformation being
guided by the formulas for the differentials of the trigonometric
functions. Some of these transformations are given in §§ 65-70.

65. Integrals of the forms ﬁin".r dx and [cos"xdx. We may
distinguish three cases.

CasE L n an odd integer. In the integral | sin"z dz we may
place

sin" 2 dz = sin" 'z sin z dz.
n—1

Now sin # dz =— d(cos #), and sin"~'z = (1 — cos’z) * , which

2
Then fsm xda:——-——f(l ~— cos w) v d(cos:c)

In like manner we may prove

f cos"z dic = f 1- sin’w).T_ld(;in z).

. ) . . n
is a rational function of cos z since

is an integer.
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Ex. 1. Find the value of f sinfz dzx.

f sinzde = — f (1 — cos?z)2d (cosz)
=-— o8z + § cos’x — } cos®z + C.

Ex. 2. Find the value of f L’:}
cos3z

de _ r d(sinz) . T
f cosiz —J 1= siﬁ;a—;)—i' Ta integrate, place sinz = 2. Then
d (sinx) dz 1 =z 1 1-2
— = [ .- == ————log - c
(—smizp J (I—mp~ 21—z 4 B17z7

_} sinz __} 1.—- sing
T Q2cos2z 4 ~1+sinz

Cask II. % a positive even integer. In this case we may evaluate
the integral by transforming the integrand by the trigonometric
formulas sin*z = 4 (1 — cos 2 z),

cos?z = } (1 + cos 2 z),

as shown in the following example.

Ex. 8. Find the value of f costz dx.
Applying the second formula above, we have
fcoﬁzdz = }fd:c + ;fcoszzdz+ }fcos’2zo?:c.
Applying this formula a second time, we have
fcos%zdw = %f(1+ cos 4 z)dz.
Completing all the integrations, we have finally

$2+1sin2z + Jysindz + C. !

CasE III. n a negative even integer. In this case we replace

sin z by &—165—” and cos z by Et_w and proceed as in § 68.

66. Integrals of the form ‘[sin"'x cos"xdx. There are two cases

in which an integral of this type may be readily evaluated.
CaSE 1. Either m or n a positive odd integer. If m, for example,
is a positive odd integer, we place
sin™z cos"z dx = sin™ 'z cos™ z (sin = dz)

m-—1

=—(1—cos’z) 7 cos"z d (cos ).
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Since by the hypothesis '”—3'—2:1 is a positive integer, it is evident

that the new integral can readily be evaluated.
Similarly, if #» is an odd integer we express the integrand as a
function of sin 2.

Ex. 1. Find the value of f Vsinz cos?z dz.
f\/sin zcosdzdr = f\/sin 2(1 — sin?z) d (sin z)
= o sinfz (7 — 8sin?z) 4 C.
Sometimes when one of the exponents is a negative integer the

same method is applicable, but it is apt to lead to functions the
integration of which is laborious.

sin2z
COS T

Ex. 2. Find the value of f

(where z ='sinz)

fsin’a: de = sin’zd(sinz)___ 2z
cosz 1 —sin?g 1-—22
142
1-2
14 sinz
1 —sinz

1
= — =~ log C
z+2 og +

=—sinx+%log + C.

Cast II. Both m and n positive even integers. In this case the
integrand is transformed into functions of 2 « by the two formulas
of the last article and the additional formula

sin z cos # = } sin 2 .

Ex. 8. Find the value of f sin2z costz dz.
Placing ) sin3z costz = (sin cosz)?cos?z,
we have sin?x costz = §sin?2x (1 + cos22).

Therefore fsin’a: costzdr = ﬁftsin’I 2zdz + }fsin’2z cos 2 z dz.
Applying the same method again, we have

faln’2a:da: = &f(l — cos 4 z) dz.
Completing all the integrations, we have finally R

fsin’z costzdr = yA z + g 8in?22 — J sindz 4+ C.
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67. Integrals of the forms j;:an"xdx and f;:tn"x dx. Since tan z
and ctn x are reciprocals of each other, we need consider only the
case in which #» is a positive quantity. Accordingly, ¢ n s @
positive integer we may proceed as follows. Placing

tan®. = tan" 2z tan’z,
and substituting for tan’z its value in terms of sec z, we have

tan"x = tan"~ 2.z (sec’z — 1).
" Therefore f tan"ode = f tan" %z sec’x dx — f tan* 2z de

tan®~lx — [ tan® 22z dx.

nw—

It is evident that the original integral may be completely evalu-
ated by successive applications of this method. The same method

is evidently applicable to the integral f ctn"z da.

Ex. 1. Find the value of f tandz dx.

Placing tansz = tandz tan2z = tandz (sec?z — 1),
we have fta.n%d.c:fta.nﬂzsec%da:——fta,naa;d.c
=] tantz — f tandz de.
Again, placing tandz = tanz (sec?z — 1),
we have fl.an“:td:c:fta.nzsec’a:dz—ft.a.n:r,da:

= } tan?z + log cosz + C.
Hence, by substitution,

ftanﬁ:cdz =} tantz — } tan%z — log cosz + C.

Ex. 2. Find the value of f ctnt 2 z de.
Placing ctnt2x = ctn?2x (csc22z — 1),
we have fctn42acdz=fctn32z csc"'2zda:—fctn22zd<c
=~} otn®2z -—fctn92a:dz.
Again, placing  ctn22x =csc?2z —1, .
we have fctnﬂzzd.z:f(cscmw—l)dx
=~}ctn2z—2z +C.
Hence [etnt2zde =~ petnd2z + § ctn2z + 2 + C.
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68. Integrals of the forms j'sec"x dx and | csc"xdx. We shall
consider these integrals only for the case in which » is an integer.

CasE 1. If o is a positive even integer, we place

fsec"wd.n =fsec""m seciz dz

n—32
= | (L + tan’x) ? d(tan z),

—

is
2

where the integrand is a rational function of tan z, since
a positive integer.
In the same manner, we may show that

n—2
f esc*x de = — f (1 + ctn®z) ? d(ctn z).

Ex. 1. Find the value of f sect 3rdz.
fﬂec43a;d.t = ._lff(l + tan?82)d (tan 3z)
=} tan8x(3 + tan28z) + C.

Cask IL. If n is any integer other than a positive even integer, it
is evident that the integral falls under the case of § 65 when secz

is replaced by 1 or when csc z is replaced by ;1111_91: » a8 the case
€

may be.

Ex. 2. Find the value of f sec z dax.

cos x dx

fsoczdz fcosa: cos?z
_ f d(sinz) _ _l_logl—sinx
- sindz —1_ 2 14 sinz
1+ sinz
1—sing
1 4 sinz)?
Jog {1+ 8inz)?
8 1 — sin?z

log(1+sinz) +C
cos®

= log (secz + tanz) + C. )

+0C

—
(=)

+C

+C

]
DO s RO| =t DO s

Il

In like manner it may be shown that ) f cscz dz = log(cscz — ctnz) + C.
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69. Integrals of the forms f tan™x sec”xdx and f ctn™xcsc"xdx.

CasE I. If n is a positive even integer, we may write
n—2
ftan"‘w sec’z du = fta.n"‘m(l + tan’z) * d(tan z),
n—2
and f ctn™z csc*z de = — f ctn™z (1 + ctn®z) * d(ctn z),

where n—2

is a positive integer.

Ex. 1. Find the value of f tan? 2 z sect 2z dz.

Placing sect 2 x = sec?2 z sec? 2z, we have
ftani2zsec42zda: = }ftanih:(l + tan32z)d(tan 2z)
= } tanf2z 4 } tanf22 4 C.

Cask IL If m s a positive odd integer, we place

f tan™z sec*z dr = f (tan™ 'z sec"~'x) (tan z sec z dz)
m-—1
=fsec"“w (sec’z —1) * d(secz),

and f ctn™ csc"z dz = f (ctn™ 'z csc* ' z) (ctn z csc z dz)
m-1

=— f csc**z(cse’z—1) * d(csea),

where m—1

is a positive integer.

Ex. 2. Find the value of f tan 8z sect 8z dz.
fta.n’&zseciaxdz =f(ta.n’3msec‘!82) (tan 8z sec 8z dz)
= &fsec"’Sz(secmz— 1)d (sec 8z)
=} seci8z — sect8z + C.

CasE IIL If m s an even integer and n is an odd integer,
the integral may be thrown under the cases of § 66 by placing
seca:=—-1—and tan z = .

Ccos % cos
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70. The substitution tan; =2z The substitution tang

z=2tan"'z, is of considerable value in the integration of trigo-
nometric functions, since if the integrand involves only integral
powers of the trigonometric functions, the result of this substitu-
tion is a rational function of 2. For, if

=2, Or

tan%:z,
then sin 2 = 2 sing cos-§= 11;:
cosw=Zcos’g—1=1:—z:,
x
e 2 taniw _ lizz."
12—dtan“—2-
and dw=1+zzﬂ-

When these values for sin 2, cos z, tan z, and dz are substituted,
it is evident, as stated above, that the result is a rational function.

Ex. Find the value of f H—Zz—.s_z
col

Placing tan§=z, orz =2 tan-1z, wehavecosz:-:;———z—z, and =-1-24.‘__l.‘.;2
dx dz
Th f .
erelore f1+2cosz 2fz’—3
-2 z—\/§+c,
2v8 z2+V3
ta.n?-+\/§
...__l_log +C.
Vs tang V3

This method is applicable to an integral of any one of the three

¢ dz ’ dz  and "dz .
ypesfa+bcosw fa+bsinw an facos:c+bsina>
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71. Algebraic reduction formulas. It was shown in § 61 that

an integral of the form f 2™ (a + ba*)?dx, where p is a rational
m+1 m 41
or

n n
integer. In general, however, an integral of this type is evaluated
by use of the so-called reduction formulas, by means of which the
original integral is made to depend upon another integral in which
the power either of  or of the binomial @ + d«" is increased or
decreased.

The four reduction formulas are:

number, can be rationalized if + p is zero or an

f (@ + by d
_@™ " a4 )P (m—n+1)a
(np +m +1)b (np +m +1)b

f (@ + bar)eda, (1)

@@ + ba*) s
Pt by | e [ i
= ‘ bx™)? ~d 9
ap +m+1 +'N‘p+m+1f'l' (@ + bx")? ~dz, @)
x™(a + ba")?d.e
@ a + ba?)P  (pta+m+1)b .
= [— .,l’.m+u b. n "d.‘ 3
(m+1)a (m+1)a f (@ + ber)rde, (3)
f " (@ + ba*)Pdx
2™ (a + b))t mp+n+m+1
=" a™(a + dx*)P idx. (4
w(p+1)a n(p+1)a f (@ + ba) (4)

These formulas may be verified by differentiation ; their deriva-
tion will be given in the next article.

Formulas (1) and (2) fail if #p +m +1=10; but in that case
we proved in § 61 that the integrand can be rationalized.

Formula (3) fails if m +1=0; and in that case also the inte-
grand can be rationalized.

Formula (4) fails if p + 1= 0; and in that case it is evident that
the integration may be performed by the method of § 60.
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72. Proof of reduction formulas. To derive formula (1), § 71,
we note that d(a + b.") = nbx"~'dix, and accordingly place

am— n+1

Y/

a™ (@ + ba")Pde = (« + by nbar~ da

and integrate by parts, letting

gm—nt 1
= and (@ + ba*)Pnba" ~'dz = dv.
n

— y +1
m—n+1 rde, and v = (@ + ba™)? )
nb p+1

Then du =
As a result,
2" (v + bx")?dr

_ 0U’m-—n-!l(u'__l_buuﬂ)l"-i'l _ ”l,__n.l;:]:

M —n b,np-Hd. 1
nwb(p + 1) nh(p + 1) w et by e (1)

To bring this result into the required form, we place
2" (0 + b)) = a™ " (0 + ba”) (@ + ba”)?

whence = (4™~ "+ ba™) (¢ + Da™)?,

fw’"*”(u + ba)?+tde
= f " (@ + bu*)Pde 4+ b f " (@ + ba*)* du.

Substituting this value in (1), we have

f £ (e + bx")Pde
T et by m—nt 1 dfw”-"(a + ba)rda
wb(p+ 1) nb(p + 1)
+ bfaf"(a + ba:")”dw}- 2)

Solving (2) for | «™(a + ba")?dx, we have formula (1), § 71.
If we solve the equation defining formula (1), § 71, for

f =" (a + bz*)? da,
and then replace m — n by m, the result is formula (3), § 71.

'
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To derive (2), § 71, we integrate by parts, letting (2 + b2")* =,
and z"dx = dv. Then

m+1
du = pnbz*~* (a + ba*)?~'dz, and v= z
m+ 1
Then
f ™ (a + ba*)*dx
_ @t (a+ba")?  mpd +n -1
=i i 2"+ (a + ba")?dz. (3)

To bring this result into the required form we place

mm+n<a _+_ bal)l)ﬂ—l

—_ ‘L»'n(ibbw‘—_> (a + b‘tu)p—l

—;;— {x™(a + ba")? — az™(a + ba")? 7},
whence

fa:"‘""(a + bu")? dx
ll)fa:"‘(a, + ba*)Pdx —Z " (a + bx")?~1dx.
Substituting this value in (3), we have

2" (a + bz*)Pde
—wm+1(“+bxl)1’ »
=Tt m+1{fa:"‘(a+bm") du
—~ f :c"‘(a+ba:")""‘da:}- @)

Solving (4) for | «™(a + bx")?dx, we have formula (2), § 71.

If we solve the equation defining (2), § 71, for | z™(a + ba")* ~'du,

and replace p — 1 by p, the result is formula (4), § 71.

73. We will now apply these reduction formulas to the
evaluation of a few integrals. Many of these can also be
evaluated by substitution, without the use of the reduction
formulas, ‘



ALGEBRAIC REDUCTION FORMULAS 133

Ex. 1. Find the value of f 8 Va? + 23 da.

Applying formula (1), § 71, we make the given integral depend upon
f Vi + ;ida:, an integral which can be evaluated by the elementary for-
mulas, The work is:

fmamdz =} a3(at +a)f — gaafz(an +at)bdz
= } o (a? +a2)i - 5 a%(a® + 24 ¢
= /5 (822 — 2a?) (a? + 291 4 C.

dz
Ex. 2. Find the value of f —_— .
mﬂ ‘\/ a2 — zﬁ

Applying (8), § 71, we have

dz oz V(a2 a2l @ Vai-a22
fz“\/aﬁ—m’— —al Of\/a“—x’— P

2 __ 2\
Ex. 8. Find the value of f gﬁ?:l dz

Applying (8), § 71, we have

Applying (2), § 71, to the integral in the right-hand member of (1), we have

f(a’—z’)idzz-}z(a’—z’)‘+2a’f(a’—a:’)idz. @)
Applying (2), § 71, again, we have

1 1 dz
2 __ o\ = = 2 _ o\ T &
f(a x2)?dx 2:0(0, z)+2afm, ®)
dx x

d ——— =sgin-1= A
an f = sin a+0
Substituting back, we have finally

(a2 — 22 __(aa_zn)i_z(an_zr)i_g_; o i

f z? = a%z a? 2zl(a #)

- §a’sin—IE + C.
2 a

Ex. 4. Find the value of f (za_;_—ix&_aj; » where n is a positive integer.
Applying (4), § 71, we have

e z(@+4a) "t —2n+8 f dz
f(_zi"+aﬂ)~' 2(—n+1)ad  2(—n+1)a?/ (22 + a?)*!

1 z dx
“2m-1)a [(z’+ ap-it @n - s)f(z’+ aa)"‘l]'

This formula is the one which is sometimes used in integrating ra:.lonal‘
fractions,
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Ex. 6. Find the value of f _—

V2 —_ wﬂ
If we divide both numerator and denominator of the integrand by =}, it
4
z .
becomes - » & form to which we can apply a reduction formula. Apply-
vVia—-z
ing (1), § 71, we have

= fz5(2a —z) bz

f zdz
V2az — a?
) =—:c5(2a-—z)*+af:c’l(2a~—z)"*d:c.

But f,—;(ga _z)‘ida:=f\/‘—d-z—_??;

s _,T—a
—f\/aﬂ (m;-a_)_n:sm 1 P + C.

—V2az — 22 + asin-lf—;—a+ C.

Therefore f 7 zdz

2ax — 22

Ex. 6. Find the value of f adx—'z)i
ax —

Writing 2 az — 22 as a? — (z — )2, and noting that dz = d(z — a), we can
apply (4), § 71, to advantage. The result is

f&_a;di—za)—izf[aa_(z —a)’]‘idz
_(—a)[a? —(z—ap?| "}
— a?

+0f[a2 (= — )9 tae
z—a

= 4 0C.
PP

74. Trigonometric reduction formulas. It was proved in § 67
that

ftan"wdx=n 1 1 tan"~'z — { tan*~*z da. (1)

Similarly, f ctn*z dz = ———1—]—. ctn*~'z — | ctn"*zdz.  (2)

Formulas (1) and (2) are evidently reduction formulas for the
integration of this particular type of integrand. There are four
others which we shall derive, i.e.
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[ sin™z cos™ x dx
_sin"tlecos® e n—1
m+n m+n

f sin™x cos®x d.&

<

f sin™z cos™ %z dz, 3)

sin®tlzcos**lz m4+n+2 .
=— sin™z cos™ 2z di, (4)
n+1 n+1
f sin™x cos® & dic
sin”'wecos"tle m—1 .
=— + sin®~%x cos*z dz, (D)
m-+n m —+ N

sin™x cos*x d.c
sin®tlecos”tle m4n+2
m+ 1 m+1

sin®*+?x cos"z dz. (6)

These formulas are useful when s and = are integers, either posi-
tive or negative, or zero.

Formulas (3) and (5) fail if m + n=0; but in that case the
integral can be placed under (1) or (2). by expressing the integrand
in terms of tan 2 or ctn 2. Formula (4) fails when » + 1 =0 and
formula (6) fails when m + 1 =0; but in these cases the integra-
tion can be performed by the methods of § 66.

To derive (3) we place sin™x cos"z dx = cos™ 'z (sin™x cos z dz)
and let cos® 'z =  and sin™z cos z dx = dv for integration by parts.

As a result

sin™x cos"x dx
_sin"*'zcos" 'z  n—1
m+1 m+1

sin®*?z cos*~?zdz. (1)

To bring this into the required form we place
sin™+2x cos™ %

= sin™z(1— cos’z) cos*~?x=sin™z cos*~*x—sin™z cos"z.
Then

fsin"‘“w cos" Az dz
=fsin"‘w cos""xdx—fsm"‘x cos*z dz.
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Substituting this value in (1), we have

sin™z cos"z di
_sin"*t'wcos" 'z n—1

nm n—2 dm
o +m+1 sin™z cos"~*z
- Z: 11 sin™z cos*z d.x. @)

Solving (2) for f sin™z cos"« dz, we obtain formula (3).
If we solve formula (3) for f sin”z cos™ %x dx and then replace

n by n + 2, the result is formula (4).
The derivations of formulas (5) and (6) are left to the student.

Ex. 1. Find the value of f sin3z cos?x dzx.
By formula (5),

fsin"a: cos?z dx = — } sin?« cos®z + gfsina: cos?z dz,

and f sinz cos?x dr = — } costz,
by the elementary integrals.
Therefore f sindz cos?x dz = — ¢ cosdz (8 sin?z + 2) + C.

Ex. 2. Find the value of f cost z dz.
Applying formula (8), and noting that m = 0, we have
fcos‘zdz = } sinz cos®z + gfcos% dz.
Applying formula (8) again, we have
fcos*zdz = }sinzcosz + }fdz = }sinz cosz + } .
Therefore, by substitution,

fcos*zdz = } sinz cos®z + § sinz cosz + 2 + C.

75. Use of tables of integrals. In Chap. II we have evaluated
many simple integrals by bringing them under the fundamental
formulas collected in § 17, and in Chaps. VI and VII methods of
dealing with more complex integrals have been discussed. But
in the solution of problems involving integration it is found that
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some integrals occur frequently. If these integrals are tabulated
with the fundamental integrals, it is evident that the work of inte-
gration may be considerably lightened by reference to such a table.
Accordingly the reader is advised to acquire facility in the use of
a table of integrals.

No table of integrals will be inserted here, but the reader is
referred to Professor B. O. Peirce’s « Short Table of Integrals.”

PROBLEMS

Find the values of the following integrals:

L[

\/z2+1

Vzdz

z—1
f\/z'+1
\/x3+\/;:
-2 — (= (z—z)i
(®—2) - (x—2)&

S zdz .
@+1)}—(@+ 1l
V1i—1z
6.
f1+:c
7‘f \/1+8.z—2
1+8z+2V(1+3a)p

af.v+

f1+\fx
1]
mf&%&u

\/1+z

11.

de
f(1+2z,),'

dzx
12, | ——.
fzs(g + %)t

28 dz
13. .
fw+w

14. f 2 (325 + 1)dz.

15. f 212 + 3a4)Ydz.

16, [ ————.
fz (82 + 2)}
17. fz(4 + 2)bda.

dz
18- —_——
fz 2+ 3x—2
19 | — .
fzvz.z:“+3z+6
dz
2. | ——M—M.
f:c:\/3+2:¢:---:c2

21 [ ———.
f(a:2 +z+ 1}

22, | —— .
f\/.t’+2z+8

23, [—— %
22 Ve — 32
dx
24 | —.
f(l—z— 222)}
25. z3dz .
f\/(2—3:c—2a:“

26. f sintz cos3z dzx.

1. fcos' 8z sin®8 z dx.
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28. fsin"a:dm.
29. fcosﬁzdz.

30. f sind 2z + 1) dz.

31 f(sin 2z + cos 2z)%dx.

32. f (sing — co8 g)adz.
33. f sindaz cos?ax dz.
34. fsin*:c cos?z dz.
35. f sintz dx.

36. [cos2ads.

37. fsin*‘E cos‘? dz.

sin32x
38.
f Veos? 2 a:
sint z
39. ——dz.
z
cos -
2

40. f %dx
4. | s_i%%_z..
@ [
43. f tans8 z dz.
44. f ctné 8z dz.
45. f mm;dz.

46. f ctnﬂgdz.

47. f (ctnz + tanz)ddz.

48. fsec*‘gdm.

49, fcscizdx.

50. f csc8 3z de.
51. fsecWa:dn.
52. fcsc5:d:c.

53. f ctns? csc*§dz.

54. fctn‘ia:c

C8C aXx

55. fta.nﬁsec“:fd:c.
2 2

56. f tanﬁ%’

57. ftan’a: sectz dz.

58. fsec%a: tan3b  dz.

59. f5+4cos:c‘
6. [y s

61. f3 +sinz

dx
3s8inz — 2 cose

do
63. fe “4sin2z’
64. [(@2 + aniaz.
85. [ (a2 — a2)ida.

x3dx
6. [ ==

8%. fza\/m

SPECIAL METHODS OF INTEGRATION

& f zs{/a_z?'z"

69. fzﬂmdz.
70. fach/dﬂ'::c"‘ldz.
71, f:ca Vai - zidz.

_ e
(a‘l + mﬁ)ﬂ
73, (9% _.
1+ zﬂ)’
74.
f 1+ Jca)i

79. f:c\/2 ar — x2de.

2dx
80. [T .
fvzax—- x2

81. f sin2z costx d.

8. [ &=
sin?x cosdz

de
83. .
3 fsin”z

_de
cost8z
3
85. sin?
fcosﬁz
cos42x
86. fsm’?.z
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87. Find the area bounded by the hyperbola Z’-; - g =1and the chord z = A.

88. Find the area of the loop of the curve cy? = (z — a) (z — )3, (a < b).
89. Find the total area of the curve a?y? = z3(2a — ).

90. Find the area of the loop of the curve 16 aty? = b%x?(a? — 2 ax).

91. Find the area of a loop of the curve y2(a? + 2%) = 22 (a? — x?).

92. Find the area of the loop of the curve (z + )2 = y2(y + 1).

93. Find the area inclosed by the four-cusped hypocycloid z¥ + y¥ = al.

i L
94. Find the area inclosed by the curve (S) + (%) =1.

95. Find the area included between the cissoid 2 = - and its
asymptote. 2a -
2
96. Find the area of the loop of the strophoid y2 = GT_'*::—) .
2
97. Find the area bounded by the strophoid 32 = “’_a(f_'%fl and its asymptote,

excluding the area of the loop.
98. Find the area of a loop of the curve r = a cos nd + b sin né.

2 %
99. Find the entire area bounded by the curve (3) + (g) =1

100. Find the area of the loop of the Folium of Descartes, 28 + 3 — 8 azy =0,
by the use of polar codrdinates.

101. Find the length of the spiral of Archimedes, r = a6, from the pole to the
end of the first revolution.

102. Find the length of the curve 8 ady = z* + 6 a2z from the origin to the
point £ = 2 a.

103. Find the volume of the solid formed by revolving about OX the figure
bounded by OX and an arch of the cycloid £ = a(¢ — sin¢), ¥ = a (1 — cos¢).

104. Find the volume of the solid bounded by the surface formed by revolv-

ing the witch y = about its asymptote.

L
22+ 4a?
105. Find the volume of the solid generated by revolving about the asymptote

3
: - the plane area bounded by the curve and the asymptote.

106. A right circular cylinder of radius a is intersected by two planes, the
first of which is perpendicular to the axis of the cylinder, and the second of
which makes an angle § with the first. Find the volume of the portion of the
cylinder included between these two planes, if their line of intersection is tan-
gent to the circle cut from the cylinder by the first plane.

107. An ellipse and a parabola lie in two parallel horizontal planes, the
distance between which is A, and are situated so that a vertex of the ellipse is
vertically over the vertex of the parabola, the major axis of the ellipse heing
parallel to and in the same direction as the axis of the parabola. A trapezoid,

of the cissoid 32 = 3
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having for its upper base a double ordinato of the ellipse and for its lower base
a double ordinate of the parabola, generates a solid, whose upper base is the
ellipse, by moving with its plane always perpendicular to the two parallel
planes. Find the volume of the solid, the semiaxes of the ellipse being a and b,

and the distance from the vertex to the focus of the parabola being g

108. Find the center of gravity of the arc of the cycloid z = a(¢ — sing),
¥ = a(1l — cos¢), between the first two cusps.

109. Find the center of gravity of the plane surface bounded by the first
arch of the cycloid and the axis of z.

110. Find the center of gravity of the plane surface bounded by the two
circles, 22 + y2 = a2 and 22 + %2 — 2az = 0, and the axis of z.

111, Find the center of gravity of that part of the plane surface hounded
by the four-cusped hypocycloid 2! + 3# = a¥, which is in the first quadrant.

112. Find the center of gravity of the surface generated by the revolution
about the initial line of one of the loops of the lemniscate 72 = 2 a2cos 24,



CHAPTER VIII
INTEGRATION OF SIMPLE DIFFERENTIAL EQUATIONS

76. Definitions. A differential equation is an equation which con-
tains derivatives. Such an equation can be changed into one which
contains differentials, and hence its name, but this change is usually
not desirable unless the equation contains the first derivative only.

A differential equation containing z, ¥, and derivatives of y
with respect to z, is said to be solved or integrated when a relation
between z and y, but not containing the derivatives, has been
found, which, if substituted in the differential equation, reduces
it to an identity.

The manner in which differential equations can occur in prac-
tice and methods for their integration are illustrated in the two
following examples:

Ex. 1. Required a curve such that the length of the tangent from any point
to its intersection with OY is constant.

Let P (x, ) (fig. 41) be any point on the required 4
curve. Then the equation of the tangent at P is R

d
Y-]/=Ey(x"m)i

where (X, Y') are the variable codrdinates of a moving
point of the tangent, (z, ¥) the constant cotrdinates
of a fixed point on the tangent (the point of tangency), —5 X
Fia. 41

and % is derived from the, as yet unknown, equa-
tion of the curve. The codrdinates of R, where the tangent intersects OY,

dy . dy\ 2
are then X = 0, Y=V_E”’ and the length of PR is 4 /2% + 22 =)

Representing by a the constant length of the tangent, we have
2
zﬁ + zﬂ (%) - aﬂ’

or gy:i __'i’_:.f, ' (l)
dz z

141
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which is the differential equation of the required curve. Its solution is clearly

y::l:f___.___wdz+0

x

iV — it et TV -2 9
+Va z+2ogai ”—aﬁ—zﬂ-}- 2)

The arbitrary constant C shows that there are an infinite number of curves
which satisfy the conditions of the problem. Assuming a fixed value for C, we

Y

Fic. 42

see from (1) and (2) that the curve
is symmetrical with respect to 0Y,
that @2 cannot be greater than a2,

tha.t%:Oa,ndy:thenx:a,
and that g% becomes infinite as

approaches zero.

From these facts and the defining
property the curve is easily sketched,
as shown in fig. 42. The curve is
called the tractriz (I, p. 299).

Ex. 2. A uniform cable is sus-
pended from two fixed points. Re-
quired the curve in which it hangs.

Let A (fig. 43) be the lowest
point, and P any point on the re-
quired curve, and let PT be the
tangent at P. Since the cable is in
equilibrium, we may consider the
portion AP as a rigid body acted
on by three forces,—the tension
t at P acting along PT, the ten-
sion h at 4 acting horizontally,
and the weight of AP acting ver-

tically. Since the cable is uniform, the weight of AP is ps, where 8 is the
length of AP and p the weight of the cable per unit of length. Equating the
horizontal components of these forces, we have

tcosgp = h,

Y

T
and equating the vertical components, we have \ %
: ¥/

tsin ¢ = ps.
From these two equations we have

ta.r;¢= %8,
or aé’:a,

where A_ a, a constant.
']

4

Fic. 43
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This equation contains three variables, z, ¥, and 8, but by differentiating
with respect to ¢ we have (I, § 105, (4))

EAN

the differential equation of the required path.
dy

To solve (1), place =P Then (1) becomes
a2 Vit
or e
whenco log(p +V1+ p2) = 2 +C. @)

Since A is the lowest point of the curve, we know that when £ =0, »p = 0.
Hence, in (2), ¢ = 0, and we have

x
p+Vit+pi=e
z _Zx
or p=}\e—e 9/,
. dy a(Z I
whence, since p = — =-—-\et+¢ C’,
[} 10 p d.t’ 2 + +

The value of C’ depends upon the position of 0X), since y = a 4+ C” when
z=0. We can, if we wish, so take OX that 04 = a. Then ¢'=0, and we
have, finally,

x
Y= ;(e" + c—g),
the equation of the cutenary (I, p. 281).

The order of a differential equation is equal to that of the
derivative of the highest order in it. Hence (1), Ex. 1, is of the
first order, and (1), Ex. 2, is of the second order.

The simplest differential equation is that of the first order and
of the first degree in the derivative, the general form of which is

M+N£ii/=0,
dz
or Mdr+Ndy=0, 1

where M and N are functions of z and y,or constants.
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We shall consider three cases in which this equation is readily
solved. They are: .

1. When the variables can be easily separated.

2. When M and N are homogeneous functions of 2 and y of the
same degree.

3. When the equation is linear.

77. The equation Mdx + Ndy =0 when the variables can be
separated. If the equation (1), § 76, is in the form

Ji(@)dz+ 1, (y)dy = 0,
it is said that the variables are separated. The solution is then

evidently f £, (@) dz + f L) dy =e,

where ¢ is an arbitrary constant.

The variables can be separated if #and N can each be factored
into two factors, one of which is a function of z alone, and the
other a function of y alone. The equation may then be divided
by the factor of M which contains y multiplied by the factor of &'
which contains z.

Ex. 1. dy =f(x)dz.
From this follows y = f f@)dz +c.

Any indefinite integral may be regarded as the solution of a differential
equation with separated variables.

Ex. 2. V1—ytdz +V1—a23dy=0.
This equation may be written

.._dm + .__dy_ =0
Vieat Vi—gp
whence, by integration, sin—1z 4 sin—1y =e¢. (1)

This solution can be put into another form, thus: Let sin-1z = ¢ and
sin-1y = ¢y. Hquation (1) is then ¢ 4 ¢ = ¢, whence sin (¢ + ¢) = sinc; that
is,sing cosy + cos ¢ siny = k, where k is a constant. But sing =z, siny =y,
cos¢ =V1— a3 cosy =V1—y?; hence we have

eVI—p24+yVi—a22 =k (2)

In (1) and (2) we have not two solutions, but two forms of the same solution,
of the differential equation. It is, in fact, an important theorem that the differ-
ential equation Mdz + Ndy = 0 has only one solution involving an arbitrary
constant, The student must be prepared, however, to meet different forms of
the same solution.
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Ex 3. (1—ﬁ)%+:cy=az.

This is readily written as _
(1—-a¥)dy+2(@y —a)dz=0,
or _g;y... + _z_d_ai_ =0,
. . y—a 1—22
whence, by integration,
log(y —a) —}log(1 —aY) =c,

which is the sane as log - ——=c¢,
and this may be written y—a=kvV1—ai

78. The homogeneous equation Mdx + Ndy = 0. A polynomial
in 2 and y is said to be homogeneous when the sum of the expo-
nents of those letters in each term is the same. Thus az®+ by + cy*
is homogeneous of the second degree, aa®+ Vily + cxy®+ ey’ is
homogeneous of the third degree. If, in such a polynomial, we
place ¥ = v, it becomes «*f(v) where n is the degree of the poly-

nomial. Thus as? + by + ey’ = z‘ﬁ(a + v + ¢,
a®+ baly + cxy* + ey = 2* (u + bv + ¢v® + e).
This property enables us to extend the idea of homogeneity to
functions which are not polynomials. Representing by f(z, %)
a function of z and y, we shall say that f(x, ) is a homogeneous

function of z and y of the nth degree, if, when we place y = v,
f(z, y)=2"F(v). Thus Va*+ 3" is homogeneous of the first degree,

since Vo' + 3= aV1 + 4, and log% is homogeneous of degree

0, since log % = log v = 2° log ».
When M and N are homogeneous functions of the same degree,
the equation Mde + Ndy = 0

is said to be homogeneous and can be solved as follows:
Place y = ver. Then dy = vdx + xzdv and the differential equa-

tion becomes £ (4) di + 277, (v) (ede + adv) = 0,
or [£,0) + of, ()] do + af, (v)do = 0. )
If /, (v) + ufy (v) # O, this can be written
@ __f (dv |
AR AC N
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where the variables are now separated and the equation may be
solved as in § 77.
It £, (v) + vf; (v) =0, (1) becomes dv =0, whence v=c¢ and y =cz.

Ex. (22 — y¥)dz + 22zydy = 0.
Place y = vx. There results
(1—v?)de + 2v(xdv +vdx) =0,

dr 2vdv
or - =0.
T 1+ v?
Integrating, we have  logz + log (1 + v?) = ¢/,
whence z(1+v)=c,
or 22 + y2=cux.
79. The equation
(0x + by + c1)dx + (agx 4 boy + cs)dy =0 (1)
is not homogeneous, but it can usually be made so, as follows:
Place e=2'+h y=y+Ek. (2)

Equation (1) becomes
(a1 + by’ + a1h + bik + c1)de’

+ (ag%” + bay’ + azh + bok + c2)dy’= 0. (6]
If, now, we can determine & and k& so that
ah+b0k+c=0
a,h+b2k+c2=o}’ @
(8) becomes (age’ + bry')dx’ + (agz’ + byy’)dy’ =0,

which is homogeneous and can be solved as in § 78. a5 by
Now (4) cannot be solved if aibs — agd; = 0. In this case, 232 k, whero

k is some constant. Equation (1) is then of the form @ b
(a1 + by + c1)de + [k(a1z + biy) + c2]dy = 0, (6)

so that, if we place a1z + biy = o/, (5) becomes

' —
@ + er)de + (ka’ + ca) ——33‘—”’—”

k' + C2 '
(b1 — a1k)’ + byey — axce
and the variables are separated.
Hence (1) can always be solved.

=0,

which is de + dz’ =0,

80. The linear equation of the first order. The equation
d
R ACYESAC) (1)

where £, (%) and f, () may reduce to constants but cannot contain
¥, is called a linear equation of the first order. It is a special case
of Mdz + Ndy =0, where M =f, (x)y — f,(z), N= 1.
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To solve the equation we will try the experiment of placing
Y =uv,

where » and v are unknown functions of z to be determined later,
in any way which may be advantageous. Then (1) becomes

d
w2+ 0% 4 f (@ u =),
or o[Gts, (x)u] R A @
Let us now determine u so that the coefficient of » in (2) shall
be zero. We have du
7 +/1@)wu=0,
or d—:’- + fi(z)dz =0,

of which the general solution is
log » +ffl(z)da; =c.

Since, however, all we need is a particular function which will
make the coefficient of » in (2) equal to zero, we may take ¢ = 0.

Then logu =— f Ji(z)dz,

- f fl(z)d::.

or w= 3)
With this value of u, (2) becomes
s i
or =P,
and v= f o hO%e (@)d +e. @)

Whence, finally, since y = uw,
y—o Jriads f s 4 (@) da + oo - [rcoie C 6
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Ex. (l—z‘)-— + xy = ax.
Rewriting this equation as
+ 1-— a:‘ i—a?~ 1— 22

we recognize a linear equation in which

’

fl((t) = fﬂ(z) x’.
Then ffl(z)dz =— log \/1 — ml and ffl(.‘t)dr e—1o8 _\/—— 1__ .
T VI-z
Hence y= \/1_,,1‘/' B g trevVi—d
(1-— z-)i
=a+cV1-a

This example is the same as Ex. 8, § 77, showing that the methods of solving
an equation are not always mutually exclusive,

81. Bernouilli’s equation.
The equation % + i@y = f2 ()™,

while not linear, can be made so, as follows :
Dividing by y*, we have

d
=2+ At = L),
and placing y!—* =z, and multiplying by 1 — n, we have

%+ 1-mh@z=(1-nh@),
a linear equation.

dy 1
"That i —ZY s
at is, Y i zl/ %
or d—z--}--s;:—sz’, where 2z =y-3,
3dzx
We have now f Ni(z)de = f T:logz',
whence ef Az _ 8,
1 c
H == - -
ence z z‘f( 8z‘)da:+x.,
1 1 c
and “§=-§za+;‘a‘
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82. Certain equations of the second order. There are certain
equations of the second order, occurring frequently in practice,
which are readily integrated. These are of the four types:

- LYy, ¥
7Y — . 3 Zg—f(.% dx)
@y _ of o Y ‘ @y _
=1(= ) 1+ %10
We proceed to discuss these four types in order:
d.v” =J(2)-

By direct integration
&y -—ff(uc)d.c+ Cy

y=fff(.v)d.v“+ ez + ¢,

This method is equally applicable to the equation ‘% = f(x).

Ex. 1. Differential equations of this type appear in the theory of the bend-
ing of beams. Each of the forces which act on the beam, such as the loads and
the reactions at the supports, has a moment about any cross section of the beam
equal to the product of the force and the distance of its point of application from
thesection. The sum of these moments for all forces on one side of a given section
is called the bending moment at the section. On the other hand, it is shown in

the theory of beams that the bending moment is equal to % » where E, the

modulus of elasticity of the material of the beam, and I, the moment of inertia
of the cross section about a horizontal line through its center, are constants,
and R is the radius of curvature of the curve into which the beam is bent. Now

by I, § 191, .
da?

@7

where the axis of z is horlzont.al But in most cases arising in pra.ctlce dy is

very small, and if we expa.nd B by the binomial theorem, thus:

5=~ aa) ] |
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we may neglect all terms except the first without sensible error. Ilence the
bending moment is taken to be EI :;y. This expression equated to the bending

moment as defined above gives the differential equation of the shape of the beam.
We will apply this to find the shape of a beam uniformly loaded and sup-
ported at its ends.
Let I be the distance hetween the supports, and w the load per foot-run.
Take the origin of codrdinates at the lowest point of the beam, which, by sym-

metry, is at its middle point. Take a plane section C (fig. 44) at a distance z
from O and consider the forces at the

right of C. These are the load on CB
A c B and the reaction of the support at B.

’4 [7) — JN‘X The load on CB is w(% - ), acting at
Fic. 44

Y

——
from C. Hence

the center of gravity of CB, which is at the distance of 2
2
w(3-2)
the moment of the load is — — which is taken negative, since the load
acts downward. The support B supports half the load equal to 7‘ The moment

of this reaction about C is therefore t’l (2— — x)- Hence we have

a2y wl/l w/(l 2 2 \
EI--Z =" - — —_——-—2Z) ===~ 2).
a2 (2 z) 2(2 z) 2(4 ‘)

The general solution of this equation is

1223 4
Ely= —(—--~—"- .
Y= 2(8 12>+c1x+cz
But in the case of the beam, since, when = 0, both y and dy are 0, we have
c1=0,¢ce=0 dz
1 y L2 — VU,
Hence the required equation is

w22 gt
Ty =--{— — ).
£y 2(8 12)

The essential thing here is that the equation contains Zy and d.I}:Z

but does not contain y except implicitly in these derivatives. Hence
2

. d; P’y d
if we place E% = p, we have ;—;g = EZ:’ and the equation becomes

d
_p = f(, p), which is of the first order in p and z. If we can find

p from this equation, we can then find y from g?_ p. This
‘method has been exemplified in Ex. 2, § 76. N
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d’y dy
3 —a=rf <.7/, 3;> oy @
The essential thing here is that the equation contains — p ¥ and dwg
d
but does*not contain 2. As before, we place e P, but now write
Ly _dp_ply _ P ihat the equati all)e Pp_
it @E—v—p@,so at the equation comesp——f(J,p)
which is of the first order in p and y. If we can find p from this
dy

equation, we can find y from =P

Ex. 2. Find the curve for which the radius of curvature at any point is equal
to the length of the portion of the normal between the point and the axis of z.

i
[+(@)]
The length of the radins of curvature is ;t—d2—-—
equation of the normal is (I, § 101) vy

dz
Y-y =—(-ly(X—m).

(I, §192). The

This intersects OX at the point <a: + yz‘z, ()) The length of the normal is

ly
therefor Jl‘ (‘——)
herefore y +d.t

The conditions of the problem are satisfied by either of the differential

equations i
dy\2
[1 + (d:) -I dy\?

1
dz?
(@7
dx dy)2
— E—————— 1 —— . 2
or Ty Y + ( i @)
da?
Placing :z =pand &% = pd in (1), we have
dp
1493 =py ¥
+pi=py i’
whence 9}1 = _p_dz_;__ .
v 1+p
The solution of the last equation is
y=caV1l4pl,
Vii—c} '
whence p=—

a
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Replacing p by %, we have Vy_c—;_fl—_l__-;l; = dz.
This is most neatly solved by the use of hyperbolic functions. We have (§ 16)

¢; cosh—-1 y_ z — cg,
(51

¥ = ¢ cosh z

or
R )

This is the equation of a catenary with its vertex at the point (cg, ¢1)

d d d
If we place d_: =p, a dZ; p a’: in (2), we have
d
14+ p2=-~ py—p )
whence pﬁ‘ﬁ
1/ 14
. . . C1
The solution of this equation is Y= —
Vv1+ pﬂ’
3
whence p= a9 -y
v _ g

. dy
Repl by —= h
eplacing p by iz’ we have \/t‘l o

—-\/c1 —y‘-‘:z—c,,
2

Integrating, we have
@ —c)?+ 92 =ck

or
This is the equation of a circle with its center on OX.
=/ ()
If we multiply both sides of this equation by 2 g%da:, we have
d’y dy dy
2dz"d dz 2f(y)adx,
a:
or d[< dy) ] 2/ () dy.

Integrating, we have <Zl%> = f 2f(y)dy + ¢,

whence, by separating the variables, we have
=z +c,

y
f‘/2ff(3/)dy+c,
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Ex. 8. Consider the motion of a simple pendulum consisting of a particle P
(fig. 46) of mass m suspended from a point C by a weightless string of length 1.
Let the angle ACP = 0, where AC is the vertical, c
and let AP =3 By]I, § 108, the force acting in the

direction AP is equal to m %:;; but the only force

acting in this direction is the component of gravity.
The weight of the pendulum being mg, its compo-
nent in the direction AP is equal to — mgsiné.
Hence the differential equation of the motion is

S—_|

mgs=—mgsin0. A [)

ag %

Fie. 46
We shall treat this equation first on the hypothe- ¢

sis that the angle through which the pendulum swings is so small that we may
place sin @ = 6, without sensible error. Then since § = El’ the equation becomes
d?s g

-d? -l- 8.
Multiplying by 2%#, and integrating, we have
ds\2
(ﬁ) =c¢— %s’ = %(a’ — 83),

where a2 is a new arbitrary constant. Separating the variables, we have
_ g _ Jé at,
'\/aﬂ — aﬂ l

whence sin—li = J%(t — t),

where f, is an arbitrary constant. From this, finally,

8= asinJ%(t - to).

The physical meaning of the arbitrary constants can be given. For a is the
maximum value of 8; it is therefore the amplitude of the swing. When ¢ =¢,,
8= 0; hence?, is the time at which the pendulum passes through the vertical.

We will next integrate the equation

dis
mat—n=-mgsin0

without assuming that the arc of swing is small. Placing 8 = ¥, multiplying
by 2 %’dt, and integrating, we have

2
l{--) =2gcosé + ¢;.
(dt g + €3,
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1f, now, the pendulum does not make a complete revolution around the point of

support C,gg = 0 for some value of § which we will call @«. Hence C =—2gcosq,

dt

0 de \/‘
h Y - t),
whenee j‘.’ V2 (cos 8 — cos @) ¢ =t

and our equation becomes d6\2
l(_> = 2g(cos 6 — cos a),

where %, is the value of ¢ for which § = 0. To bring the integral into a famil-

iar form, place cosf =1 — 2sm10, cosa=1-— 2sm‘3§, and letk._smg. We

have, then,
J (t — to).
0 "\ , - sm2

Place, now, sin 9= ksing. There results

¢ \[
—_— t —to
\/l—kﬂsmﬂ.p ( )

If we measure time from the instant in which # = 0, we have

t= sz‘b-—-__d-—_df—.—::-
970 V1 k2sin?g

The integral can be evalvated by expanding (1— k2sin%¢)~# by the binomial
theorem, the expansion being valid since k2sin?¢< 1, and a table for the value
of this series is found in B. O. Peirce’s Tables, p. 118,

The pendulum makes one fourth of a complete swing when @ varies from 0 to

a, and ¢ from 0 to g . If 4 T is the time of a complete swing, then

Lo Qe (e (e

as may be verified by the use of Ex. 2, § 27.

PROBLEMS
Solve the following equations:
Cmde  ydy o 4. sec3zdz + tanz tany dy = 0.
14y 1+2 5. (@%— y¥)dz + (@ + %) dy =0.
2. Sasinyda + cosydy = 0. 6. (@+y)dz—zdy =0.

3.2Vt yide +yVitatdy=0. 7. (y+ Va2 +yi)de—2zdy=0.
8. (\/:c2 —yd— ysin-lg)dz + asin-lgdy =0,

9. sinzsinydz — cosy cosxdy = 0.
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z

10. (zsing - ycosy)dz+ zcos%dy =0.

¥ v
11, (e5’+ e_z)(a:dy —ydz) + (65- e_-'%)md:n =0.
12. (29 — 8zy)dz + (822 — zy + y?)dy = 0.

13. @+ 2y — 8)dz + (22 —y — 1)dy = 0.

14. (y+8)dz + (x+ 2y + 4)dy=0.

15. @ +y)dz + (z+ ¥ +1)dy=0.
16. %-{-y:sinx.

17 @+ )L —2y=e@+ 10,

18. (z+1)%_y=(x+1)s.

19, (a: - ycosg)dz + zcosgdy =0.

dy
20. -2 = e~
z—4+y==2

21. (y + z?y)dx + (z — xy?)dy = 0.
22. zdy — ydx + Va2 + y2dx = 0.

23, W __2 . _a
de 14 22

dy Yy 1
24.———-{-— = .
dz 1422 Vi4ad

dy .
25. = tanx = sin 2 z.
iz +v

26. (22 — 2y?)dz + (322 +42y)dy =0.

dy 2y
27. = = 1.
T @wta—i-2t
dy x2 +1
28 =~ —y= .
dx y 2y

29. 23(1+ z’)% — 28y = 98,

30. (1+zﬂ)%—y+y==0.

31. zy(1+ 2?)dy — (1 — y?)dz = 0.

32, (22 Vzi+y8 — y¥)da + zy2dy =0.

dy -
. —F+——y=1
33. dz+er+1y

dy
. 8— —ysecx = yttanz,
34 3V vt

dy
5. = —2y =23
35. o~ V=2

36. ¢
37.

dz
38.
39.
40.
41. =z
42.

43.

%
dx
d?%y
da3

o _

— ay = e,

= sin ax.

ary | (dy\:
a+ y)@+(—) =0.

dx

d%y (dy)’ dy
4, y— + (== =2 =0.
U vt a
45. z%-:v;— :—g=z+1.

dy | dy_
46.E+ydz—0.

d2y dy\2 _
47. ”a?z”*(az 1=0.

dy dy\:_

@i_@)d_’/_
49'(%2: W)Y
50.%=_kwy.
51.%:1&:’1{.

155
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52. Solve Y - gyﬂ under the hypothesis that whenz =1,y = 1and :j: ;
d y 1 . . T
53. Solve — =3 sin 2y, under the hypothesis that when =1, y= 3
dy _ dx
and —
dz

54, Solve d_.;_ =sin 2y, under the hypothesis that wheny = 0, Z‘c 0.

dly

2
55. Solve 2 — =— I—C—-, under the hypothesis that &y _ =0 when y = .
dx? y? dz

56. Solve %-‘:—: = y+1, under the hypothesis that when £ = 2, y = 0 and % =1

57. Find the curve in which the slope of the tangent at any point is n times
the slope of the straight line joining the point to the origin.

58. Find the curve in which the chain of a suspension bridge hangs, assuming
that the load on the chain is proportional to its projection on a horizontal line.

59. Find the curve in which the angle between the radius vector and the
tangent is n times the vectorial angle.

60. Find the curve such that the area included between the curve, the axis
of z, a fixed ordinate, and a variable ordinate is proportional to the difference
between the fixed ordinate and the variable ordinate.

61. Show that, if the normal to a curve a.lways passes through a fixed point,
the curve is a circle.

62. Find the curve in which the length of the portion of the normal between
the curve and the axis of z is proportional to the square of the ordinate.

63. Find the curve in which the perpendicular from the origin upon the
tangent is equal to the abscissa of the point of contact.

64. Find the curve in which the perpendicular upon the tangent from the
foot of the ordinate of the point of contact is constant.

65. Find the curve in which the length of the arc from a fixed point to any
point P is proportional to the square root of the abscissa of P.

66. Find the curve in which the area bounded by the curve, the axis of z,
a fixed ordinate, and a variable ordinate is proportional to the length of the
arc which is part of the boundary.

67. Find the deflection of a beam fixed at one end and weighted at the
other.

68. Find the deflegtion of a beam fixed at one end and uniformly loaded.

69. Find the deflection of a beam loaded at its center and supported at its
ends.

70. Find the curve whose radius of curvature is constant.

71. Find the curve in which the radius of curvatuyre at any point varies as
the cube of the length of the normal between that point and the axis of z.
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72. A particle moves in a straight line under the influence of an attracting
force directed toward a fixed point on that line and varying as the distance from
the point. Determine the motion,

73. A particle moves in a straight line under the influence of an attracting
force directed toward a point on the line and varying inversely as the square of
the distance from that point. Determine the motion.

74. Find the velocity acquired by a body sliding down a curve without
friction, under the influence of gravity.

75. Assuming that gravity varies inversely as the square of the distance from
the center of the earth, find the velocity acquired by a body falling from infinity
to the surface of the earth.



CHAPTER IX
FUNCTIONS OF SEVERAL VARIABLES

83. Functions of more than one variable. A4 quantity z is said
to be a function of two variables, x and y, if the values of z are
determined when the values of x and y are given. This relation is
expressed by the symbols z = f(z, ¥), 2 = F(x, y), etc.

Similarly, % is a function of three variables, 2, y, and 2, if the
values of u are determined when the values of x, %, and 2 are
given. This relation is expressed by the symbols u = f(z, ¥, 2),
u = F(z, y, 2), etc.

Ex. 1. If r is the radius of the base of a circular cone, & its altitude, and v

its volume, v = } w2k, and v is a function of the two variables, r and .
Ex. 2. If fdenotes the centrifugal force of a mass i revolving with a velocity

2
v in a circle of radius r, f = 1—";”—, and fis a function of the three variables, m,
v, and .
Ex. 8. Let v denote a volume of a perfect gas, ¢ its absolute temperature,

and p its pressure. Then 1—:-”- =k, where k is a constant. This equation may be
written in the three equivalent forms: p =k t yv=k t yi= _I:E pv, by which each
v

of the quantities, p, v, and ¢, is explicitly expressed as a function of the other two.

A function of a single variable is defined explicitly by the equa-
tion y = f(x), and smplicitly by the equation F(x, y) = 0. In either
case the relation between z and y is represented graphically by
a plane curve. Similarly, a function of two variables may be
defined explicitly by the equation z = f(z, ), or implicitly by the
equation F(z, y, 2)=0. In either case the graphical representa-
tion of the function of two variables is the same, and may be
made by introducing the conception of space codrdinates.

84. Rectangular coordinates in space. To locate a point in
space of three dimensions, we may assume three number scales,
XX, YY', ZZ' (fig. 46), mutually perpendicular, and having their
zero points coincident at 0. They will determine three planes,

168
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XO0Y, YOZ, ZOX, each of which is perpendicular to the other
two. The planes are called the cosrdinate planes, and the three
lines, XX', YY', and ZZ', are called the axes of z, y, and z
respectively, or the codrdinate axes, and the point O is called the
origin of coordinates.

Let P be any point in space, and through P pass planes perpen-
dicular respectively to X', YY', and ZZ', intersecting them at
the points L, M, and N respectively. Then

z
if we place #=0L, y =0M, and z=ON, ) ot
as in I, § 16, it is evident that to any Y {‘,/ Y
point there corresponds one, and only one, Nf r /"'

set of values of z, ¥, and z; and that to A

any set of values of z, y, and 2z there cor- X - '9 & L _x
responds one, and only one, point. These J!I 7
values of =, y, and 2 are called the coordi- y 1.

nates of the point, which is expressed as Efm. 6

P(x, y, 2).

From the definition of x it follows that  is equal, in magnitude
and direction, to the distance of the point from the codrdinate
plane Y'OZ. Similar meanings are evident for y and 2. It follows
that a point may be plotted in several different ways by construct-
ing in succession any three nonparallel edges of the parallelopiped
(fig- 46) beginning at the origin and ending at the point.

In case the axes are not mutually perpendicular, we have a system of oblique
coirdinates. In this case the planes are passed through the point parallel to the
coirdinate planes. Then z gives the distance and the direction from the plane
YOZ to the point, measured parallel to OX, and similar meanings are assigned
to yand 2. It follows that rectangular codrdinates are a special case of oblique
coirdinates.

85. Graphical representation of a function of two variables.
Let f(x, y) be any function of two variables, and place

z=f(2 y)- 1)

Then the locus of all points the codrdinates of which satisfy (1) is
the graphical representation of the function f(z, ). To construct
this locus we may assign values to z and y, as z ==z, and y+=1y,,
and compute from (1) the corresponding values of z There will
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be, in general, distinct values of 2, and if (1) defines an algebraic
function, their number will be finite. The corresponding points all
lie on a line parallel to OZ and intersecting XOY at the point
P (z,,y,), and these points alone of this line are points of the locus,
and the portions of the line between them do not belong to the
locus. As different values are assigned to z and y, new lines
parallel to OZ are drawn on which there are, in genersl, isolated
points of the locus. It follows that the locus has extension in
only two dimensions, ie. has no thickness, and is, accordingly, a
surface. Therefore the graphical representation of a function of
two variables is & surface.*

If f(z, y) is indeterminate for particular values of z and y, the
corresponding line parallel to OZ lies entirely on the locus.

Since the equations z = f(z, y) and ¥(z, y, 2) = 0 are equivalent,
and their graphical representations are the same, it follows that
the locus of uny single equation in x, y, and z is a surface.

There are apparent exceptions to the above theorem, if we demand that the

snrface shall have real existence. Thus, for example,
B+yit+2t=-1

is satisfied by no real values of the coordinates. It is convenient in such cases,
however, to speak of ‘¢ imaginary surfaces.”’

Moreover, it may happen that the real codrdinates which satisfy the equa-*
tion may give points which lie upon a certain line, or are even isolated points,
For example, the equation 2+ y2=0

is satisfied in real cobrdinates only by the points (0, 0, z) which lie upon the
axis of z; while the equation 2P+ B=0

is satisfied, as far as real points go, only by (0,0, 0). In such cases it is still con-
venient to speak of a surface as represented by the equation, and to consider
the part which may be actually constructed as the real part of that surface. The
imaginary part is considered as made up of the points corresponding to sets of
complex values of z, y, and 2z which satisfy the equation.

86. The appearance of any surface can be thus determined from
its equation by assigning values to any two of the coordinates and
computing the corresponding values of the third. This method,
however, has practical difficulties. In place of it we may study

* 1t is to be noted that this method of graphically representing a function cannot

be extended to functions of more than two variables, since we have but three dimen-
stons in space.
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any surface by means of the sections of the surface made by planes
parallel to the codrdinate planes. If, for example, we place z =0 in
the equation of any surface, the resulting equation in # and y is
evidently the equation of the plane curve cut from the surface by
the plane XOY. Again, if we place z =z, where z, is some fixed
finite value, the resulting equation in z and y is the equation of
the plane curve cut from the surface by a plane parallel to the
plane XOY and 2, units distant from it, and referred to new
axes 0'X’ and O0'Y’, which are the intersections of the plane z=z,
with the planes XOZ and YOZ respectively ; for by placing z =z,
instead of 2=0, we have virtually transferred the plane X0Y,
parallel to itself, through the distance z,.

In applying this method it is advisable to find first the three
plane sections made by the codrdinate planes =0, y =0, 2= 0.
These alone will sometimes give a general idea of the appearance
of the surface, but it is usually desirable to study other plane sec-
tions on account of the additional information that may be derived.

The following surfaces have been chosen for illustration because
it is important that the student should be familiar with them.

Ex. 1. A+ By +Cz+D=0.
Placing z = 0, we have (fig. 47)

Az + By + D =0. 1
Hence the plane X OY cuts this surface in a straight line. Placing y =10

and then z = 0, we find the sections of this surface made by the planes ZOX
and YOZ to be respectively the straight lines

Az +Cz+ D=0, )

and By+Cz+4+D=0. ®3)
Placing # = 2, we have

Az + By + C2 + D=0, 4)

which is the equation of a straight line in the
plane z = z;. The line (4) is parallel to the

line (1), since they make the angle tan—l<- %)

with the parallel lines 0’X” and OX and lie in

parallel planes. To find the point where (4) intersects the plane X0Z, vie place
¥ =0, and the result Az + C2z; + D = 0 shows that this point is & point of the
line (2). This result is true for all values of z;. Hence this surface is the locus

Fic. 47
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of a straight line which moves along a fixed straight line always remaining
parallel to a given initial position; hence it is a plane.

Since the equation Ax + By + Cz + D =0 is the most general linear equation in
three codrdinates, we have proved that the locus of every linear equation is a plane.

Ex. 2. z = az?+ by?, wherea >0, 5 >0.

Placing z = 0, we have ax? + by? =0, (1)
and hence the XOY plane cuts the surface in a point (fig. 48). Placing y = 0,
we have z = az?, ()

which is the equation of a pa-
rabola with its vertex at O
and its axis along OZ. Plac-
ing ¢ = 0, we have

z = by?, 3
which is also the equation of a
parabola with its vertex at O
and its axis along OZ.

Placing z = 243, where 2, >0,
we may write the resultingequa-
tion in the form

a

b
a2, 2. 9
le +z1?/ ) 4)

which is the equation of anellipse

. . z 2
with semiaxes \/z and -\/%
a

As the plane recedes from the
origin, i.e. as 2y increases, it is
evident that the ellipse increases
in magnitude.

Fii. 48

If we place z = — 2;, the result may be written in the form zg:c’ + ;;12: -1,
1

and hence there is no part of this surface on the negative side of the plane X0Y.

The surface is called an elliptic paraboloid, and evidently may be generated by
moving an ellipse of variable wmagnitude always parallel to the plane X QY the
ends of its axes always lying respectively on the parabolas z = ax? and z = by2,

While the appearance of the surface is now completely determined, we shall,
nevertheless, find it of interest to make two more sections. In the first place, we
note that both the coirdinate planes through OZ cut the surface in parabolas
with their vertices at O and their axes along 0Z, and hence arises the question,
Do all planes through OZ cut the surface in parabolas ?

To answer this question we shall make a transformation of codrdinates by
revolving the plane X0Z through an angle ¢ about OZ as an axis. The formulas
of transformation willbe  , _ v og ¢ — ¥ sing,

Yy =2’'sing + ¥’ cos g,
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for z will not be changed at all, and 2 and y will be changed in the same man-
ner as in I, § 115. The transformed equation is

z=a(x cosgp — y’sing)? + b(z’sin¢ + ¥’ cos ¢)3.
Placing 5’ = 0, we have 2 = (a cos?¢ + bsin?¢)z"2, (6)

which is a parabola with its vertex at O and its axis along OZ. But by chang-
ing ¢ we can make the plane X”0OZ any plane through OZ, and hence every
plane through OZ cuts this surface in a parabola with its vertex at O and its
axis along OZ.

Finally, we will place [0)
¥ = y; and write the result- VA
ing equation in the form ®)

22 = }i(z - by), 1 \ !

which is the equation of a \ AN
parabola with its axis par- \JPPEEES o e B A
allel to OZ and its vertex L2011
at a distance by from the Y \
plane XOY. ) \ @

2 2 2 S -
-z—-}-:'—/——-zf:] —————

Ex. 3. Pl v i ®)

Placing z = 0, we have
2 y2 _
- + 5= 1, (1) Fic. 49
which is the equation of an ellipse with semiaxes a and b (fig. 40). Placing
y = 0, we have 2 22
=1, @)

which is the equation of an hyperbola with its transverse axis along OX and
its conjugate axis along OZ. Placing z = 0, we have

a? o

y2 22
B @-b @)
which is the equation of an hyperbola with its transverse axis along OY and

its conjugate axis along OZ.
If we place z = + z;, and write the resulting equation in the form

=1, C)

2 2
- T L 2
24 2{
a’(l+—-—> b3(1+- )
c? c?

z} zd
we see that the section is an ellipse with semiaxes @ \J1 + -(—:; and b \J1 4+ c_lz’

which accordingly increases in magnitude as the cutting plane recedes from
the origin, and that the surface is symmetrical with respect to the plane XY,
the result being independent of the sign of z;.
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Accordingly this surface, called the unparted hyperboloid or the hyperboloid
of one sheet, may be generated by an ellipse of variable magnitude moving
always parallel to the plane X0Y and with the ends of its axes always lying

onthehyperbola.siz—-izzl and-——a=

If now we revol"zve thz plane X0Z a.lfout OZ as an axis by making the trans-
formation =2 cos¢ —y'sing, y==z'sing + y cosy,
the transformed equation is

(2’ cosp — y’sing)?  (z'sing + y’cosg)? 22
+ ——
a? b c3

, cos? sinZ¢\ ,, 22
Placing 3’ = 0, we have (—a—a-2 + 72)4: 2 — == 1, (5)

=1

and have thus proved that the section made by any plane through OZ is an
hyperbola with its conjugate axis along OZ.
Finally, we place ¥ = & 71, and write the resulting equation in the form
2 22 v
@ @ B
whence we see that the surface is symmetrical with respect to the plane X0Z.
To discuss the equation further we shall have to make three cases according to
the value of ;.
If 1< b, we put the equation in the form

which is the equation of an hyperbola with its transverse axis equal to

2
2a\J1-— %;— and parallel to OX. Hence the vertices will approach coincidence

as the cutting plane recedes from the origin.
If y; = b, the equation may be put in the form

G-

which is the equation of two straight lines which intersect on OY.
If 1> b, we write the equation in the form

which is the equation of an hyperbola with its transverse axis equal to

2
2¢ %:— —1 and parallel to OZ. Hence the vertices separate as the cutting
plane recedes from the origin.
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zﬁ yﬂ zﬁ
Ex. 4. =4+ -—-"=0.
x a? + 2 2
This surface (fig. 60) is a
cone, with OZ as its axis and
its vertex at O.

This surface (fig. 61) is the
ellipsoid.

This surface (fig. 62) is the
biparted hyperboloid or the ly-
perboloid of two sheets. Fia. 50

The discussions of the last
three surfaces arc very similar to that of the unparted hyperboloid, and for
that reason they have been left to the student.

.

Ex.7. z=ax?— by?, wherea >0,b>0.

Placing z = 0, we obtain the equation

az? — by? =0, (1)
i.o. two straight lines intersecting at the origin (fig. 53). Placing y = 0, we have
z = az?, (2)

the equation of a parabola with its vertex at O and its axis along the positive
direction of OZ.

Placing ¢ =0, we
ha.vez —— b3, @)
the equation of a pa-
rabola with its ver-
tex at O and its axis
along the negative
direction of OZ.

Placing 2 = 4 @y,
we have

z=axl - bys,
or

Fia. 61 =— i(z — azd), (4)

a parabola with its axis parallel to OZ and its vertex at a distance az? from
the plane XOY. It is evident, moreover, that the surface is symmetrical with
respect to the plane YO0Z, and that the vertices of these parabolas, as different
values are assigned to z;, all lie on the parabola z = ax3.
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Hence this surface may be generated by the parabola z = — by2 moving
always parallel to the plane YOZ, its vertex lying on the parabola z = ax3.
The surface is called the z
hyperbolic paraboloid.

Finally, placing z=2;,
where 21 > 0, we have

21 = ax? — by?,

a b
or z—lz’ - z;y’ =1, ()
an hyperbola with its
transverse axis parallel 0
to OX and increasing in /
length as the cutting ¥
plane recedes from the
origin,

If 2=—2;, we may

write the equation in the

form

b a
—_Y3 - 22 =
Zly zlz - 1’ (6) Fic. 62

an hyperbola with its transverse axis parallel to 0¥ and increasing in length
as the cutting plane recedes from the origin.
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Ex. 8. z = kxy.

As the algebraic sign of the constant k merely shows which side of the plane
XOY we take as-the positive side, we will assume %> 0, and discuss the surface
(fig. 64) on that hypothesis.

Placing z = 0, we have zy = 0, which is the equation of the axes OX and OY.
Placing y =0, or £ =0, we have z =0, and gain no new information about
the surface.

Placing z = 21, where 2y > 0, we have

:cy:%, 1)

an hyperbola referred to its asymptotes as axes (I, § 117, Ex.). Placingz =—z,,
we have the hyperbola @)

(0]

Fie. b4

Ience all scctions made by planes parallel to XOY are hyperbolas with OX
and OY as their asymptotes, and lying in the first and the third quadrants or in
the second and the fourth quadrants according as the cutting plane is on the
positive or the negative side of the X OY plane.

Placing & = z;, where ¢, > 0, we have

z2= kmly’ (3)
which is the equation of a straight line intersecting OX and parallel to the
plane YOZ. 1f x = - z;, we have the straight line

z =— kayy. O]

Similarly, placing y = y,, where y; > 0, we have v

Zz= kil lz; (6)
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which is the equation of a straight line intersecting OY and parallel to the plane
ZOX. If y = — y1, we have the straight line

z = — ky. (6)

As the cutting plane recedes from the origin it is evident that these straight
lines revolve about OX and OY respectively as they move along them, but
always remain parallel to the planes Y0Z and ZOX respectively. ’

Finally, we will revolve the plane X0Z
] about OZ as an axis, the transformed equa-

tion being
! z = k(z’cos¢ — y’sing)(z’sing + ¥ cos ).

Placing ¢’ = 0, we have )
e z=kxe'2cosgpsing, (7)
& | the equation of a parabola
with its vertex at O and its
' axis along OZ. Hence all
Ry planes through OZ cut this
surface in parabolas with
their axes along OZ,

The surface is a special
s case of the Ayperbolic pa-
4 W raboloid of Ex. 7; for if
e 7" we keep OZ in its original position and
. 7 swing OX and OY into new positions by
e L Sy the formulas of I, § 117, and choose the
Fie. 65 angle ¢ as in the illustrative example of
that article, the equation z = ax? — by?

assumes the form z = 4ibb zy. Here the coiirdinates are oblique unless b=a;
a

but if b= a, the cobrdinates are rectangular and we have the case just con-
sidered, where k = 2a.

The portion of this surface on which the codrdinates are all positive shows
graphically the relations between the pressure, the volume, and the tempera-
ture of a perfect gas (§ 83, Ex. 8). This part of the surface is shown in fig. 66.

87. Surfaces of revolution. If the sections of a surface made
by planes parallel to one of the coirdinate planes are circles with
their centers on the axis of coordinates which is perpendicular to the
cutting planes, the surface is a suzface of revolution (§ 37) with that
codrdinate axis as the axis of revolution. This will always occur
when the equation of the surface is in the form F(Va®+ 3, 2) = 0,
which means that the two codrdinates # and y enter only in the
combination Va4 y*; for if we place 2=z, in this equation to
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find the corresponding section,and solve the resulting equation for
'+ 3%, we have, as a result, the equation of one or more circles,
according to the number of roots of the equation in z*+ 3

Again, if we place =0, we have the equation F(y, z)=0,
which is the equation of the generating curve in the plane YOZ.
Similarly, if we place y =0, we have F(z, 2)= 0, which is the
equation of the generating curve in the plane X0Z. It should be
noted that the coirdinate which appears uniquely in the equation
shows which axis of coordinates is the axis of revolution.

Conversely, if we have any plane curve F(z,2)=0 in the plane
X0Z,the equation of the surface formed by revolving it about 0Z as
an axis is #(Va*+ #* z) = 0, which is formed by simply replacing
z in the equation of the curve by Va*+ 3%

2 .2 .2
Ex. 1. Show that the unparted hyperboloid z_v + % =1 is a surface of

- -
revolution, at b
‘Writing this equation in the form

22+ 23 2 _
a? ~b1_'_1—0’

we see that it is a surface of revolution with OY as the axis.
2 92
Placing z = 0, we have z_ﬂ - %; =1, an hyperbola, as the generating curve.
a
The hyperbola was revolved about its conjugate axis.

Ex. 2. Find the paraboloid of revolution generated by revolving the parabola
y? = 4 px about its axis.

Replacing ¥ by Vy3 + 22, we have as the equation of the required surface
Y3+ 23 = 4 px.

88. Cylinders. If a given equation is of the form F(z, y)=0,
involving only two of the coordinates, it might appear to represent
a curve lying in the plane of those codrdinates. But if we are
dealing with space of three dimensions, such an interpretation would
be incorrect, in that it amounts to restricting 2 to the value z =0,
whereas, in fact, the value of z corresponding to any simultane-
ous values of z and y satisfying the equation F(z, y)= 0 may be
anything whatever. Hence, corresponding to every point of the
curve F(z, ) = 0 in the plane XOY, there is an entire straight line,
parallel to OZ, on the surface F(z, y)=0. Such a surface is a
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eylinder, its directrix being the plane curve F(z, y)=0 in the
plane z = 0, and its elements being parallel to OZ, the axis of the
covrdinate not present.

For example, 2*+ y*=a* is the equation of a circular cylinder,
its elements being parallel to 0Z, and its directrix being the circle
2+ y* = a® in the plane X0Y.

In like manner, 2°= £y is a parabolic cylinder with its elements
parallel to. OX.

If only one coordinate is present in the equation, the locus is a
number of planes. For example, the equation 2*>— (@ +b)z+ab=0
may be written in the form (r— @) (z—b)= 0, which represents
the two planes z —a =0 and z —b = 0. Similarly, any equation
involving only one codrdinate determines values of that coordinate
only and the locus is a number of planes.

Regarding a plane as a cylinder of which the directrix is a
straight line, we may say that eny equation not containing all the
coirdinates represents a cylinder.

If the axes are oblique, the elements of the cylinders are not
perpendicular to the plane of the directrix.

89. Space curves. The two surfaces represented respectively by
the equations f, (z, ¥, z) = 0 and f, (¢, ¥, ) = 0 intersect, in general,
in a curve, the coordinates of every point of which satisfy each of
the equations. Conversely, any point the coordinates of which
satisfy these equations simultaneously is in their curve of inter-
section. THence, in general, the locus of two simultaneous equations
wm x, y, and 2 18 @ curve.

In particular, the locus of the two simultancous linear equations,

Ax+By+Cr+D,=0,
Azx+Dy+ Cz+D,=0,

18 a straight line, since it is the line of intersection of the two
planes respectively represented by the two equations.

If, in the equations f,(z, y, 2)=0, f,(2, y, 2) = 0, we assign a
value to one of the coordinates, as # for example, there are two
equations from which to determine the corresponding values of
y and 2, in general a determinate problem. But if values are
assigned to two of the coordinates, as # and y, there are two
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equations from which to determine a single unknown z, a prob-
lem generally impossible. Hence there is only one independent
variable in the equations of a curve.

In general, we may make z the independent variable and place
the equations of the curve in the form y = ¢, (z), 2= ¢,(2), by
solving the original equations of the curve for ¥ and 2 in terms
of . The new surfaces, y = ¢, (), 2= ¢, (), determining the curve,
are cylinders (§ 88), with elements parallel to 0Z and OY respec-
tively. The equation y = ¢,(x) interpreted in the plane XOY is
the equation of the projection (§ 92) of the curve on that plane.
Similarly, the equation 2= ¢, (), interpreted in the plane Z0X, is
the equation of the projection of the curve on that plane.

In particular, if we solve the equations

Ax+By+Cz+D,=0,
Az +By+ Cz+D,=0,
for ¥ and 2 in terms of z, we have two equations of the form
y=px+gq, 2=1rr+s,
as the equations of the same straight line that was represented by
the original equations.

90. If ¢ is any variable parameter, and we make z a function
of £, as x =f,(f), and substitute this value of 2 in the equations

y=¢),z=¢,(2) (§ 89), we have
z=f¢t), y=50, 2=£4(01),

as the parametric equations of the curve.
More generally, the three equations

z=f), y=£50, z=50

represent a curve, the equations of which may be generally put in
the form y = ¢, (r),2= ¢, (z), by eliminating ¢ from the first and
the second equations, and from the first and the third equations.

Ex. The space curve, called the heliz, is the path of a point which moves
around the surface of a right circular cylinder with a constant angular velocity
and at the same time moves parallel to the axis of the cylinder with a cohstant
linear velocity.
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Let the radius of the cylinder (fig. 56) be a, and let its axis coincide with
OZ. Let the constant angular velocity be w and the constant linear velocity
bev. Then if 6 denotes the angle through
which the plane ZOP has swung from its
initial position ZOX, the cotrdinates of
z any point P (z, ¥, z) of the helix are given
by the equations

- z=acosd, y=asng 2z=7l

-~ But 6 = wt, and accordingly we may have
-~ as the parametric equations of the helix

g z=acoswt, y=asinwt, z=,

g | t being the variable parameter.

’ Or, since t = 9 » We may regard 6 as
/ the variable par:mewr, and the equa-
/ tions are

{ z=acosd, y=asing, z==IKs,

where k is the constant v,
w

91. Ruled surfaces. A surface
which may be generated by a mov-
ing straight line is called a ruled
surface. The plane, the cone, and
the cylinder are simple examples
of ruled surfaces, and in § 86, Ex. 8, it was shown that the hyper-
bolic paraboloid is a ruled surface.

Ex. 1. Prove that the ruled surface generated by a straight line which
moves 80 as to intersect two fixed straight lines not in the same plane and at
the same time remain parallel to a fixed plane is an hyperbolic paraboloid.

Let the fixed straight lines have the equationsy = 0,2 = 0,and ¥ = ¢, 2 = k=2,
and let YOZ be the fixed plane, the axes of coiirdinates being oblique. Then the
straight line @ = a, y = mz is a straight line which is parallel to the plane YOZ
and intersects the line y =0, z = 0, for all values of @ and m. If this line

intersects the line y = ¢, z = kx, evidently m = I:a Therefore the equations of
the required line are x = a, ¥ =£& z. Any values of z, y, z which satisfy these
equations satisfy their product zy = iz, or z= ’—‘zy. Hence the line always

lies on the surface z = E:w, an hyperbolic para.bo]md (§ 86, Ex. 8).

Ex. 2. Prove that the unparted hyperboloxd - + —b" - Z—: =11is a ruled sur-

face having two sets of rectilinear generators, i.e. tha.t through every point of it
two straight lines may be drawn, each of which shall lie entirely on the surface.
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If we write the equation of the hyperboloid in the form
z3 22 Y3

@ a= T @
it is evident that (1) is the product of the two equations

z 2 Yy
ey %y &
a ¢ l( b)’

L Y Py
a+0-k1(1+ b)’
for any value of k;. But (2) are the equations of a straight line (§ 89). More-
over, this straight line lies entirely on the surface, since the cosrdinates of every
point of it satisfy (2) and hence (1). As different values are assigned to k;, we
obtain a series of straight lines lying entirely on the surface.
Conversely, if P; (21, y1, 21) is any point of (1),

@

ﬂ_ﬂ 1+?/_1

a c _ b
10 aa
b a ¢

Therefore Py determines the same value of k; from both equations (2). Hence
every point of (1) lies in one and only one line (2).
We may also regard (1) as the product of the two equations

z— =ka(1+%),

2
¢
z 2z 1 y)
i f_—-(1-Z
a + ¢ lc,( b/’
whence it is evident that there is a second set of straight lines lying entirely on
the surface, one and only one of which may be drawn through any point of
the surface.

Equations (2) and (3) are the equations of the rectilinear generators, and
every point of the surface may be regarded as the point of intersection of one
line from each set.

Ex. 8. The conoid (Ex. 52, p. 83) is evidently a ruled surface, since it is gen-

erated by a straight line moving always parallel to a given plane and at the
same time intersecting a given curve and a given straight line.

@

Ex. 4. Another example of a ruled surface is the cylindroid, i.e. the surface
generated by a straight line moving parallel to a given plane and touching two
given curves.

Ex. 6. Show that the prismoidal formula (§ 89) applies to the volume
bounded by a ruled surface and two parallel planes.
The equations = pz + q, ¥ = rz + 8 represent a straight line. If p, g, r, and

8 are functions of a single independent parameter ¢, the line generates a ruled
surface.
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If we place z = 0, we have z = g, ¥ = 8, the parametric equations of the sec-
tion of the ruled surface by the plane .XOY. Similarly, if we place z = z;, we
have 2 = pz; + ¢, ¥ = rz1 + 8, the parametric equations of a section parallel to
XO0Y. Suppose now when ¢ varies trom fo to ¢;, the straight-line generator of
the surface traverses the perimeter of the section z = z;. Then the area of this

gection is , q P
Ul (" dp _g) i
W U “f,., (""H)(dt at G
4 dp 4/ dp dq> f dq
=22 —dt — =)dt at.
z‘.[,:,rdt +zlj:o(sdt+rdt tJo fat

This is a quadratic polynomial in z;. Ilence the prismoidal formula holds for
a portion of a ruled surface bounded by parallel planes.
The prismoid itself is a special case of such a surface.

PROBLEMS

1. Show that the surface If; (z, v, 2) + kfz (2, ¥, 2) = 0, where [ and k are
constants, is a surface passing through all the points common to the two sur-
faces f1 (2, ¥, 2) = 0 and fz (z, ¥, 2) = 0, and meeting them at no other points,

2. Discuss the surface zyz = «? by means of plane scctions,

3. Show that the surface z=a — V&? + y? is a cone of revolution, and find
its vertex and axis.

4. Prove that the surface azx + by = cz? is a cylinder, and discuss its
plane sections.

5. Discuss the surface z} + y} + 2} = a! by means of plane sections.

6. Prove that the surface (ar 4 by)?=cz is a cylinder, and discuss its
plane sections.

7. Discuss the surface z! + y% + 21 = al hy means of plane sections.

8. Find the equation of a right circular cylinder which is tangeut to the
plane .X0Z and has its axis in the plane YOZ.

9. Find the equation of a right circular cylinder which is tangent to the
planes XOZ and XOY.

10. Describe the locus of the equation z + (y + 1)2= 0.
11. Describe the locus of the equation 292 — 5y — 3= 0.
12. Describe the locus of the equation (az + by)? — ¢%22 = 0.

13. Find the equation of the oblate spheroid, i.e. the surface generated by
an ellipse revolving ahout its minor axis.

14. Find the equation of a biparted hyperboloid of revolution with O¥
as its axis.

15. Find the equation of the prolate spheroid, i.e. the surface generated by
revolving an ellipse about its major axis,
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16. Find the equation of the surface generated by revolving the parabola
y? = 4px about OY as an axis.

17. Find the equation of the ring surface generated by revolving about 0X
the circle 22 + (y — b)2 = a2, where a < b.

18. Write the equation of the surface generated by revolving the hyperbola
zy = ¢ about either of its asymptotes as an axis,

19. Find the equation of the surface formed by revolving the four-cusped
hypocycloid 2! + yt =a? about OY as an axis.

20. What surface is represented by the equation z¥ 4 (y2 + 22)t = a¥ ?

21. What surface is represented by the equation z2 4 22 — 38 =0?

22. What is the line represented by the equations y2 4+ 22 — 6z =0,
z—-8=0°?

23. Show that the line of intersection of the surfaces 22 + y2=a?and y = 2
is an ellipse. (Rotate the axes about OX through 45°.)

24. Show that the projections of the skew cubic ¢ = ¢, ¥ = 2, 2 = t3 on the
coiirdinate planes are a parabola, a semicubical parabola, and a cubical
parabola.

25. Prove that the projections of the helix € = a cosd, y = asiné, z = ko
on the planes XOZ and YOZ are sine curves, the width of each arch of
which is k.

26. Prove that the projection of the curve z=e!, y = e—t, 2=1tV2, on
the plane X' OY is an equilateral hyperbola.

27. Turn the plane X0Z about OZ as an axis through an angle of 45°, and
show that the projection of the curve z =e!, y =e~!, z=1¢V2 on the new
X O0Z plane is a catenary.

28. Show that the curve x =, y = 2¢, z =t is a plane section of a para-
bolic cylinder.

29. Prove that the skew quartic ¢ = ¢, y =8, z = t* is the intersection of
an hyperbolic paraboloid and a cylinder the directrix of which is a cubical
parabola.

30. The vertical angle of a cone of revolution is 90°, its vertex is at O, and
its axis coincides with OZ. A point, starting from the vertex, moves in a spiral
path along the surface of the cone so that the measure of the distance it has
traveled parallel to the axis of the cone is equal to the circular measure of the
angle through which it has revolved about the axis of the cone. Prove that the
equations of its path, called the conical heliz, are z = ¢ cost, y = tsint, z = t.



CHAPTER X
PLANE AND STRAIGHT LINE

92. Projection. The projection of a point on a straight line
is defined as the point of intersection of the line and a plane
through the point perpendicular to the line. Hence in fig. 46
L, M, and N are the projections of the point P on the axes of z, y,
and 2z respectively.

The projection of one straight line of finite length upon a
second straight line is the part of the second line included
between the projections of the ends of the first line, its direction
being from the projection of the
initial point of the first line to the
projection of the terminal point of
the first line. In fig. 57, for ex-
ample, the projections of 4 and B
on MN being A' and B’ respec-
tively, the projection of 4B on
MN is A'B', and the projection of
BA on MN is B'A". If MN and
AB denote the positive directions
respectively of these lines, it fol-
lows that A'B' is positive when it has the same direction as MN
and is negative when it has the opposite direction to MN.

In particular, the projection on OX of the straight line B E drawn
from R(z, y,, 2,) to F,(, ¥,, #,) is L,L,, where OL,=z, and
OL,=z, But L,L,=x,—x, by I, §13. Hence the projection
of RR on OX is x,—=z,; and similarly, its projections on OY
and OZ are respectively y,— v, and 2,— 2,.

If we define the angle between any two lines in space as the
angle between lines parallel to them and drawn from a common
point, then the projection of ome straight line on a second is the

176

Fia. 67
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product of the length of the first line and the cosine of the angle
between the positive directions of the two lines. Then if ¢ is the
angle between 4B and MN (fig. 57),

A'B'=AB cos ¢.

To prove this proposition, draw 4'C parallel to 4B and meet-
ing the plane ST at C. Then A'C=AB, and A'B'=4'C cos ¢,
by I, § 14, whence the truth of the proposition is evident.

Defining the projection of a broken line upon a
straight line as the sum of the projections
of its segments, we may prove, as in I,
§ 15, that the projections on any straight
line of a broken line and the
straight line joining its ends
are the same.

We will now
show that the
projection
of any

Fic. 68

plane area upon another plane is the product of that area and
the cosine of the angle between the planes.

Let X'0Y (fig. 58) be any plane through OY making an angle
¢ with the plane X0Y. Let 4'B' be any area in X'0Y such that
any straight line parallel to OX' intersects its boundary in not
more than two points, and let 4B be its projection on XOY.

Then (§ 35)  area A'B' = f (@ al) dy, )
the limits of integration being taken so as to include the whole area.

In like manner, area AB = f (w,— z,) dy, (2

J
the limits of integration being taken so as to cover the whole area.
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But the values of y are the same in both planes, since they
are measured parallel to the line of intersection of the two planes;
and hence the limits in (1) and (2) are the same. Since the z
coordinate is measured perpendicular to the line of intersection,
x,= 2} cos ¢, x, = 2] cus ¢, and (2) becomes

area AB = f (w3— 2) cos p dy
="cos f (21— af) dy
= (cos ¢) (area 4'B').

93. Distance between two points. Let K(«,, 7,, 2,) and E(x,,
Yy %) (fig-59) be any two points. Pass planes through B and E
parallel to the codrdinate planes, thereby forming a rectangular

parallelopiped having the edges parallel
8 to OX, 0Y, and OZ, and having BEE as
_Z a diagonal. Then the edges are equal
Bl @ respectively to z,—«,, y,—y,, and 2,—2,
R (§ 92), being equal to the projections of

o x RE on OX, 0Y, and OZ.
Hence

Y Fia. 59 EE=Y(5,— )+ (= 9"+ @&—2)"

If the two points have two codrdinates the same, as, for example,
Yo =1, % =%, the formula reduces to BB = x,— x,.

Z

Ex. 1. Find a point V14 units distant from each of the three points
(19 0’ 3)s (21 - ls 1)’ (31 1’ 2)'

Let P(z, y, 2) be the required point.

Then @—124(y—0)2+(z—8)2=14,
@—20+ @+ 1)1+~ 1) =14,
(x—8)2+(y—124+(z—-2)2=14.

Solving these three equations, we determine the two points (0, 2, 0) and (4, —2, 4).

" Ex. 2. Find the equation of a sphere of radius r with its center at
P, (zls ¥, 21)-
If P(z, y, 2) is any point of the sphere,
@-n)2+@-—n)+E—2)=1 (1)
Conversely, if P(z, y, ) is any point the codrdinates of which satisfy (1),
P is at the distance » from Py, and hence is a point of the sphere. Therefore
(1) is the required equation of the sphere,
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94. Length of a space curve in rectangular cobrdinates. The
method of finding the length of a space curve is similar to that of
finding the length of a plane curve, so that the proof of § 40 may
be repeated. i

If AB (fig. 60) is the given curve, we assume n—1 points
B,E, L, ---, B_, between 4 and B, and connect each pair of
consecutive points by a straight line. The length AB is then
defined as the limit of the sum
of the lengths of the n chords 473,
BE,..., B_,B, as n is increased
without limit and the length of
each chord approaches zero as a
limit (I, § 104).

Let the coOrdinates of P be (r;, ¥ 2) and those of B, ; be
@+ A, Yo+ Ay, 5+ A7), Then PP, =VAr'+ Ay'+ A’ (§ 93).
Now if 2, y, 2 are functions of a variable p'n'ameter ¢t ($90), and

have the derivatives %, jli—‘;, (;“, then Var +Ay "+ Az is an
i

infinitesimal which differs from the infinitesimal Vda?+ dy*+ d2*
by an infinitesimal of higher order. For we have

Az\? [(Ay Az\*
VAY +8y' +57 \j<K£> + <At> + <At> At

Vit dy* + de* \f{ﬁ (), (&) dt
at) "\at) " \at

Since ¢ is the independent variable, At = d¢ (§4); also

Tim (A% _ﬂ’, ete
At=0 At *

5

Fie. 60 B

VAZ+ Ay + A7

Hence Lim ————4 = =
Vit + dy* + &2

Therefore (§ 3), in finding the length of the curve, we may

replace VAz'+ Ay’ + A2’ by Vda*+ dy*+ dz*. Hence, if s denotes
the length of 4B, we have
®
8= dz*+ dy*+ d2?, '
)
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where (4) and (B) denote the values of the independent variable
for the points 4 and B respectively. From this formula for s it

follows (§ 9) that ds =Vda* + dy* + d2.

Ex. Find the length of an arc of the helix £ = a cos6, y = asiné, z = kf,
corresponding to an increase of 2« in 6.

Here de = — asind do, dy = a cus6 do, and dz = k db.
01+2m

Therefore 8 =~/;: Vat + i2do

=21’r\/¢l2 + kﬂ.

95. Direction of a straight line. The direction of any straight
line in space is determined by means of the angles which it makes
with the positive directions of the coordinate axes 0., 0Y, 0Z,

We denote these angles by , 8, and

v respectively (fig. 61). Then their

cosines, ie. cosea, cosB, cosvy, are

called the direction cosines of the
line.

It is to be noted that the same

X straight line makes the angles a,, 8,,

v, or T — @&, m—fB, m—r, with the

codrdinate axes, according to the di-

rection in which the line is drawn.
Hence its direction cosines are either cosa,, cosB,, cosy, or
—cosa,, —cos B, —cosy,. A straight line in which the direc-
tion is fixed has only one set of direction cosines.

The three direction cosines are not independent, for they satisfy
the equation

Y Fie. 01

cos’a + cos’B + cos’y =1;

that is, the sum of the squares of the direction cosines of any
strasght line is always equal to unity.

To prove this theorem, let the line PR (fig. 59) be any straight
line and let it make the angles @, B, and ¢ with OX, 0Y, and
OZ respectively. Then

RO RE RS
cosa ="-%", cos B=-"1—, cogry="1—.
RE R 15
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Squaring and adding these equations, we have
EQ+ TR+ ES",

cos’a + cos’B + cos*y = m——
PR,

But RQ+ER'+ES'=EE.

Therefore cos’a + cos’B + cos’y = 1.

96. If B (=, y,, 2, is any fixed point (fig. 59), the co6rdinates of
any second point B may be denoted by (z,+ Az, y, + Ay, z,+ Az),
where Az, Ay, and Az are arbitrary.

If cosa, cos B, cosy are the direction cosines of the straight
line BE, we have, by the work of the last article,

Ar Ay
CO8 @ = — = cos B = s
\/Aa:+Ay +Az VAL +Ay +Az
Az
COS Y = — >
_ Az'+ Ay‘+ A7
for RQ=Az, LRKE=Ay, ES=Az
and RI= \/A-—w"+ Ky2+ AZ'.

Hence, if Az, Ay, and Az are given, the direction of a straight
line is determined, but the particular straight line having that di-
rection is not determined, for the values of Az, Ay, and Az in no
way determine z,, 7,, and z,, the codrdinates of the initial point of
the line. Moreover, the ratios of Ax, Ay, and Az are alone essen-
tial in determining the direction of the line. Accordingly we may
speak of the direction Ax:Ay: Az meaning thereby the direction
of a straight line, the direction cosines of which are respectively

Az Ay Az .
\/—ATB2+A—?/2+—A—ZE \/K{EE-I--A-—:O/R'FKZz \/A—xz+zzl}ﬂ+&2

Furthermore, if 4, B, and C are anf three given numbers, we
may speak of the direction 4:B:C. For we may place Ax = 4,
Ay = B, Az=C, and thus determine a direction, the direction
cosines of which are

4 B ¢ ,

— ?

VE+ R+ (2 JALBLC VEA+B+O
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97. Direction of a space curve. If we regard the position of a.
point P(«, y,2) of a curve as determined by s, —its distance along
the curve from some fixed point of the curve,—as in I, § 105, ,
¥, and 2 are functions of s, i.e.

z=f,(s) Yy =7, z2=fy(s)-

Then if s is increased by an increment As, a second point
Q(x +Ax, y+Ay, 2+ Az) of the curve is located, and the direc-
tion cosines of the chord P are

Ax Ay Az
VAZ+BAy +B878 VAZ+Dy+DS VAT+A AR
The limits of these ratios, as As = 0, are the direction cosines of
the tangent to the curve at P.

- (§96)

Ax AI As
NOW I ==y —2 Ty — < g
Vactaptar O VArtagtas
whence Lim ___.A"” _de,
Au_o\/Av+A‘/+Az ds
for A - (1, § 104)
v Ay AR
Proceeding in the same way with the other two ratios, we have
de dy dz

' 2 35 2 the direction cosines of the curve at any point,

since the directions of the tangent and the curve at any point are
the same.

. Instead of giving the direction cosines, we may speak of the
direction of the curve as the direction d.c:dy: dz, since

ds =Vda? + dy* + d2. (§ 94)
»

Ex. Find the direction of the helix
Tz =acosd, y=asind, 2z=1kf,
at the point for which 6 = 0.

Here dz =— as8inddd, dy = acosddd, dz = kde. Therefore, at the point
for which 6=0, the direction is the direction 0:adf:kds, and the direction
k

cosines are 0, .
Va’ g Va2 + k3
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98. Angle between two straight lines. Let the directions of any
two straight lines be respectively A z:Ay:Azz and Az:Ay: Az,
where the subscripts are used merely to distinguish the two direc-

tions. If two straight lines having these direc- R
tions are drawn from any point P(z, y, 2) they

will pass through the two points Bz + Az, P,
y+Ay, z+Ap) and Bz + Az, y+ 4y, 2+A2) p

(fig.62) respectively. Fro. 62

Then if 0 is the angle between these two lines, we have, by
trigonometry,

:[T}‘l,2+‘1)_j_;2_ﬁﬂ. . (1)
2PP. PE
But PE'= zAT.JI—:2+ Z@ﬂ-f- Kl_z’,
PR =R+ Ay +AL,
RE'=@p =80+ By =) +B2 =82, (§99)
whence, by substitution in (1) and simplification,
Axw-Ax+Ay-Ay+Az-Agz
VAE+AY+8g VA + By A
or if cos @,, cos B,, cosry, are the direction cosines of any straight
line with the first direction, and cos «,, cos B,, cos vy, are the direc-

tion cosines of any straight line with the second direction, the
above formula hecomes

cos @ =

cos 0 =

2

cos 6 = cos @, cos a, + cos B, cos B, + cos vy, cos vy, (3)

If the two directions are given as 4,:B,: C,, and 4,:B,:C,,
(2) evidently becomes
A d,+ B,B,+ C,C,

cos 0 = . 4
VA + B} 4 G} VAI+ B} + (] @
If the lines are perpendicular to each other,
4,4,+ BB, + C,C;=0, (5
since cos@ = 0; and if they are parallel to each other,
% = g—l = -gl ’ . (6)
2 2 2

since cosa,=cosa@, cosfB,=cosf, Co8ry,=COS,.
1 2 1 2 1 2
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If 0 represents the angle between any two curves, we have,
from § 97

oo=(@@r @@ G@E o

99. Direction of the normal to a plane. ILet E(z, v, #,) and
B (z,+ Az, y,+ Ay, 2,+ A?) be any two points of the plane

Az +By+C:+D=0. 1)
Substituting their coordinates in (1), we have
Az, + By, + Cz,+ D =0, 2)
A(z,+Ax)+ B(y,+ Ay) + C(2,+A2)+ D= 0. 3)
Subtracting (2) from (3), we have
4-Az+B-Ay+C-Ax=0, “4)

whence, by (5), § 98, the direction 4 : B: C is normal to the direc-
tion Az:Ay:Az.  But the latter direction is the direction of
any straight line of the plane. Hence the direction A: B: C s the
direction of the normal to the plane Az + By + Cz+ D = 0.

We may now show that the equation of any plane is a linear
equation of the form (1). For let the given plane pass through
a fixed point £ (z,, ¥,, 2,) and be perpendicular to a straight line
having the direction 4: B: C.

Now the equation 4, By+Ce+D=0
represents a plane perpendicular to the direction 4:B:C. This
plane will pass through B if
Az, + By, + C2,+ D =0,
whence =—(4z,+ By, + Cz).
Therefore A(x—z)+ 8y —y)+C—2)=0 (5)

represents a plane perpendicular to the direction 4:B:C and
passing through the fixed point B (z,, ,,2,). But only one plane
can satisfy these conditions; hence the given plane has the equa-
tion just determined. Any plane may be determined in this way,
however, and hence every plane may be represented by a linear
equation.
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Ex. Find the equation of a plane passing through the point (1, 2, 1) and
normal to the straight line having the direction 2:8: — 1.

The equationis o0, ) L gy —2)—1(z—1)=0,
or 22+8y—2-7=0.

100. Normal equation of a plane. Let a plane be passed through
the point R (x,, ¥,, 2,) perpendicular to the straight line OR, (fig. 63).
By § 96, the direction z
of OF is the direction
Z,:y,:7, and hence the
equation of the required
plane is, by (5), § 99,

£y (@—2) +9, (Y —9)

+2(z—2)=0, ()
which may be put in the
form

2,x + Yy + 22
—(@'+y'+4)=0. (2)

1f the direction cosines of ¥ Fie. 63

OF, are denoted respectively by /, m, and =, i.e. I=cosa, m=cos 8,

n = cos vy, and the length of OF is denoted by p, then

x z
and p=Val+yl+al
Accordingly, if we divide equation (2) by Va3 + y2+23,it becomes
lz+my+nz—p=0, (3)

which is known as the normal equation of the plane.

Equation (3) may also be derivgfyr geometrically as follows:
Let P (=, y, 2) (fig. 63) be any point of the plane, and let OL=xz,
LM=y, MP=z Draw OP. Then the projection of OP on OR
is OB, and the projection of the broken line OLMP on OR is
l.OL+m -LM+n-MP (§92). Hence

l.OL+m-LM+n.-MP—ORE=0, '
or lz+my+nz—p=0.
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The general equation of the plane
Arx+By+Cz+D=0

may evidently be made to assume the normal form by dividing the
equation by VA*+ B+ (% since the direction of the normal to
the plane is the direction A: B:C. The sign of the radical must
be taken opposite to the sign of D in order that the constant term
may be the negative of the distance of the plane from the origin,
as in (3).

Ex. Find the direction cosines of the normal to the plane 2z —8y+62z+ 14=0,
also its distance from the origin.

Dividing by — V22 + 8 + 63, i.e. — 7,
we have —3z4+3y—$2—-2=0.

Hence the direction cosines of the normal to this plancare —%, , — §, and
the plane is 2 units distant from the origin.

101. Angle between two planes. Let the two planes be

Ax+By+Cz+ D=0, (1)
Ax+By+Cz+D,=0. (2)

The angle between these planes is the same as the angle between
their respective normals, the directions of which are respectively
the directions 4,: B,:C, and 4,: B,:C,. Hence if 6 is the angle
between the two planes,

4,A,+ B,B,+ C,C,
VAR + B} + C? VA Bi 4 CF

cos 0 = - (by (4), § 98)

The conditions for perpendicularity and parallelism of the planes

are respectively A A,+BB,+CC,=0
and __/_!_EL = _(’; .
Aﬂ 'Bﬁ 62

- 102. Determination of the direction cosines of any straight line.
Let the equations of the straight line be in the form

Az+By+Cz+D,=0,s (1)
Az‘” + By +Cz+ D,=0, (2)
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and let its direction cosines be /, m, and n. Since the line lies in
both planes (1) and (2), it is perpendicular to the normal to each.
Therefore (by (5), § 98),
. Al+Bm+ Cn=0,
A4l +Bm+Cn=0;
also P+m*+nt=1. (§ 95)

Here are three equations from which the values of 7, m, and » may
be found.
From the first two equations we have (I, § 8)

Bl Cl . 01 Al Al 'Bl‘,

lim:n= B, C,|'|C, 4,|'|4, B,

Ex. Find the direction cosines of the straight line 2 4+ 8y +2—-4=0,
4z +y—2+7=0.
The three equations for I, m, and n are

214+3m +n=0,

4l+m—-n=0,
24m24+n2=1,
the solutions of which are
2 b
l= ——— nm = — = —)
f V88 V88
or l= 2 m = ———3 n= 5
=—-—— = ’ = e
V38 V388 V38

Since cos (180° — ¢) = — co8 ¢, it is evident that if the angles corresponding
to the first solution are ay, By, 1, the angles corresponding to the second solu-
tion are 180° — «;, 180° — B,, 180° — ;. Since these two directions are each the
negative of the other, it is sufficient to take either solution and ignore the other.

103. Equations of a straight line determined by two points.
Tet P(x, y, ) be a point on the sfraight line determined by
R (2, ¥y, 2,) and B (2, ¥,, 2,), 80 situatBfthat BP =k(RE). Then,
as in I, § 18, there are three cases to consider according to the
position of the point P. If P is between R and B, EP and RE
have the same direction, and P < RE; accordingly X is a posi-
tive number less: than unity. If P is beyond £ from R, RP
and RE still have the same direction, but EP> EE; there-
fore & is a positive number greater than unity. Finally, if P
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is beyond B from B, BP and EE have opposite directions, and
k is a negative number, its numerical value ranging all the way
from 0 to co.

In fig. 64, which represents the first case, pass planes through
R, P, and E, perpendicular to OX; and let them intersect OX at
the points M,, M, and M, respectively. Then OM =OM,+ M, M;
and since FP = k(BE), by geometry M M = k(M,M,).

. OM = OM,+ k (ML),

whence, by substitution,
x=2x,+ k(r,—x,). 1)

By passing the planes through the points perpendicular to OY
and perpendicular to 0Z, it may be proved in the same way that

z y=y+k@—y) (2
z=z,+k(@—2) (3)
’/I @@/ The construction and the
0 __1_}!, o | X proof for the other two cases
I)l 2

/ I/I I) are the same, and the re-
sults are the same in all the

cases.

By assigning different values to # we can make equations (1),
(2), and (3) represent any point on the straight line determined
by the points K and B. Conversely, if z, y, and 2 satisfy these
three equations, the point must be a point of the straight line
RE. Hence (1), (2), and (3) are the parametric equations of the
straight line determined by two points, % being the variable
parameter.

104. By eliminating % from the three equations (1), (2), and (3)
of the last article, we havey*

T—T _Y—Y _2—% )
=&, Y~ Y H—F
Here are but two independent equations in z, ¥, and 2. This

result proves the converse of § 89, that two linear equations
always represent a straight line; for we have any straight line
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represented- by two linear equations. The direction of the line
is the direction z,— z,: y,— ¥,: 2,— 2, (§ 96).

It is to be noted that, if in the formation of these fractions any
denominator is zero, the corresponding direction cosine is zero, and
the line is perpendicular to the corresponding axis.

Ex. Find the equations of the straight line determined by the points
(1, 5, — 1) and (2, — 3, —1).
z—1_ y-56 _ z+1
2—1" —-3-56 —1+1

Hence the two equations of the line are z 4+ 1= 0, since the line is parallel to
the X 0Y plane and passes through a point for whichz=—1,and8z +y —13 =0,
formed by equating the first two fractions.

105. Equations of a tangent line to a space curve. If B (z,,¥,,2,)
is any given point of a space curve, and B (z,+ Az, y, + Ay, 2, + Az)
is any second point of the curve, the equations of the secant FE are
=4 _Y=Y%h _2—%4, 104

Az Ay Az (§104)
r— ___y_?/1=z—zl
Be ~ Ay A
As As As

where As is the length of the arc IF,

Defining the tangent at K as in I, § 59, we have as its equa-
tions

or

’

T—x, Y—Y _R2—2

@ () @

=% _Y=%h_%*"*%,
du dy dz )

where dz, dy, dz are to be computed at the point B.

or

Ex. Find the equations of the tangent to the helix

z=acosd, y=asing, z=ko
at the point § = 0.

Since dz = — a sin § df, dy = a cos §df, dz = kdf, the required equations are
z—a-—z-—f 3 = z:g.
o _a_k,or(§104)z a,a i
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106. Equations of a straight line in terms of its direction
cosines and a known point upon it. Let E(r, y,, 2,) (fig. 65) be
a known point of the line, and let , m, and » be its direction
cosines. Let P(r, y, 2) be any point of the line. On RP as a
diagonal construct a parallelopiped as in § 93. Then if we
denote RP by r, we have

RQ=1r, ER =mr, RS =nr.
But  BQ=s—u, .

whence o =u,+ I, Y =y, + mr, T=2z+ (1)

RER=y—y, RN=2—2

These are the parametric equations of the line, the variable param-

z eter being 7, 7 being positive if the
point is in one direction from E, and
— negative if it is in the other direction
ﬁi=1::-— L-—7Q from B.

/R" By climinating » we have
o X r—a Y=Y _2—% 9
TN ST h T,
/ l m n @)
¥ Fie. 65 which are but two independent linear
equations.

107. Problems on the plane and the straight line. In this
article we shall solve some problems illustrating the use of the
equations of the plane and the straight line.

1. Plane determined by three Enown points. Let the three given
points be B (x, ¥, 2,), B (s Yy 2,), and R (ry, ¥y, 2,), and let the
equation of the plane determined by them be

Az + By + Cz+ D =0. 1)

Since B, I, and I} are points of the plane, their codrdinates
satisfy (1). Thercfore

Az, + By, + C2,+ D =0, (2)
Az, + By,+ C2,+D =0, (3)
Ax,+ By, + Cz+ D= 0. 4)

‘We may now solve (2), (3), and (4) for the ratios of the unknown
constants 4, B, C,and D, and substitute in (1), or we may eliminate
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4, B, C, and D from the four equations (1), (2), (3), and (4). By
either method the equation of the required plane is found to be

z y =z 1
r

rooy o7 1 =0
sy Yy 2 1 )
ryoYy % 1

Ex. 1. Find the equation of the plane determined by the three points
(1,1, 1), (-1,1, 2), and (2, — 8, —1).
The required equation is

z i z 1
1 1 11
-1 1 2 1"0’
2 -3 -1 1
or 4:c—3y-}-8z-—9'=0.

If the three given points are on the same straight line, no plane
is determined, and the above equation reduces to 0 = 0.

2. Distance of a point from a plane. Let the given point be
B (x, ¥, 2,), and at first let the equation of the plane be in the

normal form Iz + my + nz— p = 0. (1)

Then the equation of a plane through F, parallel to (1) is, by (5), § 99,
lz—z)+m@y—y)+n(z—2)=0, (2)
which may be put in the form
le + my + nz — (le,+ my, + nz) = 0. (3)

Since equation (3) is in normal form, it is evident that the dis-
tance of this plane from the origin is Iz, + my, + nz. Hence the
distance between the two parallel planes is in magnitude

b, + my,+ nz,— p, (4)

this result being positive if the plane through E is beyond plane
(1) from the origin, and negative if the plane through R is on
the same side of plane (1) as the origin. But the distance
between the two planes is the same as the distance of B from
the given plane. Hence lz,+ my,+ nz,— p is the required 'dis-
tance in magnitude.
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If the equation of the plane is in the form

Az +By+Cz+D=0,
finding the values of /, m, n, and p, and substituting in (4), we have

Az, + By, + C2,+ D
VAL B+

as the magnitude of the required distance, being positive for all
points on one side of the plane and negative for all points on the
other side. If we choose, we may take the sign of the radical
always positive, in which case we can determine for which side of

the plane the above result is positive by testing for some one point,
preferably the origin.

Ex. 2. Find the distance of the point (1,2, 1) from the plane 2z — 8y

+ 62+ 14 = 0. The required distance is
2(1)—-8(2) +6(1)+14 _
7 =

23.

Furthermore the point is on the same side of the plane as the origin, for if (0, 0, 0)
had been substituted, the result would have been 2, i.e. of same sign as 2.

3. Plane through a given line and subject to one other condi-
tion. Let the given line be

Ax+By+Cz+ D=0, (1)
Az + By + Cz+ D,= 0. (2)

Multiplying the left-hand members of (1) and (2) by %, and %,
respectively, where %, and %, are any two quantities independent
of z, y, and 2, and placing the sum of these products equal to zero,
we have the equation

k(dx+ By + Cz+ D)+ k,(4,2 + By + Czg+ D)= 0. (3)

Equation (3) is the equation of a plane, since it is a linear equa-
tion, and furthermore it passes through the given straight line,
since the codrdinates of every point of that line satisfy (3) by
virtue of (1) and (2). Hence (3) is the required plane, and it may
be made to satisfy another condition by determining the values of
k, and %, appropriately.
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Ex. 8. Find the equation of the plane determined by the point (0, 1, 0) and
theline 4z +8y+22—-4=0,20—-11y —42-12=0.
The equation of the required plane may be written
kLiy(dz+38y+22—4)+ k(22 —11y —42—12)=0. (1)
Since (0, 1, 0) is a point of this plane, its codrdinates satisfy (1), and henc_e
ki +28ky =0, or ky =— 28k,.

Substituting this value of k; in (1) and reducing, we have as the required

equation
9r+8y+62—-8=0.

Ex. 4. Find the equation of the plane passing through the line 4z 4 8y + 22
—4=0,2z — 11y — 4z — 12 = 0, and perpendicular to the plane 2z +y — 22
+1=0.

The equation of the required plane may be written
ki(4z+8y+2z2—4)+k(@x—11y—42-12)=0, (1)
or (4ky+2k)x+ Bky —11kg)y + (2ky — 4kg)z + (— 4k — 12k3) = 0.
Since this plane is to be perpendicular to the plane 2z +y —22+1=0,
204k +2ke)+1(Bky —11kg) —2(2Fy — 4k3) =0,

whence kg = — Tk;.
Substituting this value of k3 in (1) and reducing, we have as the required

equati
quation z—8y—8z—8=0.

108. Change of codrdinates. 1. Change of origin without change
of direction of axes. Let O'(zy, y,, 2,) be taken as a new origin of
codrdinates, the new axes being parallel respectively to the original
axes, Le. 0'X' parallel to OX, O'Y' parallel to OY, and 0'Z' parallel
to 0Z. Let z, y, and 2z be the codrdinates of any point P with
respect to the original axes, and let 2, 3/, and 2/ be the codrdinates
of the same point with respect to the new axes. Then

x =z, + y=9%+Y, z=12,+7, (1)
the proof being similar to that of I, § 112.

2. Change of direction of axes without change of origin. Let
0X, 0Y, 0Z, and 0X', 0Y', OZ' be two sets of rectangular gxes
meeting at O and making angles with each other, whose cosines
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are given in the following table, where /, is the cosine of the angle
between OX and 0X', [, is the cosine of the angle between OX
and OY', ete. Let 2, y, and 2 be the codrdinates of any point P
with respect to the axes OX, 0Y, 0Z, and let 2/, ¥/, and 2’ be the

x’ v’ 14
x N lg ls
Y m, Mma m;
2 n, N N3

coordinates of the same point with respect to the axes OX', O0Y/,
0Z'. Then if OP is drawn, the projection of OP on 0X is z, and
the projection on O.Y of the broken line joining O and P, formed
by constructing the cobrdinates @/, ¥/, ¢/, is L'+ Ly'+ 12/ (§ 92).
But these two projections are equal. Hence
w=l2+ Ly +1z2;
in like manner, y=mu'+ my + my, 2
z=nx + ny' + ng.
In like manner we may derive the formulas
d=lxz+my+ngz,
yY=Lr+my+ng, 3)
2 =lg + my + ng.
Formulas (2) and (3) may be expressed concisely by the above table.
Since both systems of codrdinates are rectangular, we have, by
(), § 98, L+ mmy+ nyn, = 0,
Ll,+mam,+ nn =0,
I+ mgm, +nm =0;
and Iom + lm,+ lymy= 0,
myn, + myn,+ myn, =0,
nyd,+ nl,+ nl,= 0.



PROBLEMS 1956

Also, by § 95, B4+ mli4al=1,
R+ml+nl=1,

B+ ml+nal=1;

and 4+ 124 12=1,
mi+ ml+mi=1,

nl+ nl+4+ ng=1.

All these formulas are easily remembered by aid of the above table.

PROBLEMS

1. Find a point of the plane 2z + 3y + 2z = 0 equally distant from the
three points (0, 0, — 1), (3, 1, 1), (— 2, — 1, 0).

2. Find a pointon theline 8z —y—2—56=0,2 —y + z — b = 0 equally
distant from the origin and the point (— 2, 1, — 2).

3. Find the equation of the spheve passing through the points (— 1, 4, 4),
(-5,1,3), 40,7, (-1, 1, —5).

4. A point moves so that its distances from two fixed points are in the
constant ratio k. Prove that its locus is a sphere or a plane according as
Ezlork=1,

5. Prove that the locus of points from which tangents of equal length can
be drawn to two given spheres is a plane perpendicular to their line of centers.

6. Find the length of the curve x = 12, y = 2¢, z = ¢ from the origin to the
point for which ¢ = 1.

7. Tind the length of thecurve x = ¢!, y = e, z = V2 between the points
for whicht =0 and ¢t = 1.

8. Find the length of the conical helix z = t cost, y = tsint, 2 = ¢ between
the points for whicht =0 and ¢t = 2.

9. Prove that a straight line can make the angles 60°, 45°, 60° respectively
with the codrdinate axes.

10. Show that the helix makes a constant angle with the elements of the
cylinder on which it is drawn,

11. Find the angle between the conical helix ¢ = tcost, y = ¢tsiné, z = ¢ and
the axis of the cone,

12. Show that the angle between the conical helix & = tcost, ¥ = tsint,

z =t and the element of the cone is tan—1 —t—

V2

13. Find the equation of a plane three units distant from the origin and per-
pendicular to the straight line through the origin and (2, — 3, 6).
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14. The equations of three planes are z + 2y —82=1,22 -8y + 5z=3,
and Yz —y — z=2. Find the equation of the plane through their point of
intersection and equally inclined to the cotrdinate axes.

15. If the normal distance from the origin to the plane which makes inter-
cepts a, b, and ¢ respectively on the axes of z, y, and 2z is p, prove that
1_1.1.1
PP a? B ¢

16. Find the equation of the plane normal to the helix & = a cos 8, ¥y = asin 6,
z = ko at the point 6 = 0.

17. Find the equation of the plane normal to the conical helix = ¢ cost,

¥ = tsint, 2 = t at the point for which ¢t = g

18. Find the equation of the normal plane to the curve z =e¢f, y = e~¢,
z=tV2.
19. Find the equation of the normal plane to the skew cubic x = ¢, y = #3,
z = 8 at the point for which ¢ =1,
20. Find the direction cosines of the line 2z + 3y —2=6,2+82—-7=0.
21. Prove that the three planes 8z — 2y —1=0,4y —82+2=0,z - 22
+ 4 = 0 are the lateral faces of a triangular prism.
22. Prove that the two lines
8z+y—-T2+11=0 } z+17y+26z—48 0
22 +4y+2-3=0 —-16z24+26=0
are coincident.
23. Prove that the lines
¥Y+1=0 a.nd{ 2y—-82+4+56=0
2¢+4+8y+22—-1=0 Te—4y—2—-10=0
intersect at right angles.
24. 1f I, my, ny and ly, mg, ng are the direction cosines of two given straight
lines, and !, m, n are the direction cosines of a normal to each of them, prove

m n
that —- ——
ming — meny nlln - nsll Lmg — lamy

25. Find the equation of the plane passing through (1, 4, 1) perpendicular to
thelinez + 8y +62+4+6=0,y+22—-1=0.

26. Find the angle between the line ¢ — 2y —8=0, 8y + 2 + 8 = 0 and the
plane8z +y—~22+17=0,

27. Find the codrdinates of a point on the straight line determined by
(0, 1, 0) and (2, 8, 2) and 1 unit distant from (1, 1, 1).

28. Find the equation of a plane perpendicular to the straight line joining
(1, 8, 6) and (4, 8, 2) at a point one third of the distance from the first to the
second point.

29. Find the equations of a straight line passing through (1, 2, — 1) parallel
tothelinez +2y-824+1=0,224+y+62-1=0.
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30. Find the foot of the perpendicular drawn from (1, 2, 1) to the plane
z—3y+2z2-T7=0.

31. Find the equations of the tangent to the skew quartic z=¢, y =13,
z = t* at the point for which ¢ = 1.

32. Find the equations of the tangent to the curve z =12, y =2¢, 2 =1 at
the point for which ¢ = 1.

33. Find the equations of the tangent to the curve z = e, y = e~t, z = t V3.

34. Find the direction of the conical helix z = ¢ cost, ¥ = tsint, 2 = ¢ at the
origin, and the equations of the tangent.

35. Tind the equation of the plane determined by the three points (1, 2, — 4),
(31 - 1, 2), (21 ]1 - 2)'
36. Find the angles made with the cobrdinate planes by the plane deter-
mined by the three points (1, 2, 0), (4, 1, — 2), (- 2, 2, 2).
3%. Find the point of intersection of the lines
2z —y—-8=0 nd 3z -2y —-6=0
8y-2246=0 2z —2—-1=0J"
38. Find whether or not a plane can be determined by the lines
z=4y— 2—-2y4+2+9=0
z—7—2 8z4+2y+4+2—-16=0
39. Find the equation of the plane determined by the two lines
z+2y+1=0} nd Te4+2—24=0
2y +2+4+1=0 Ty+32+6=0

40. Find the equation of the plane determined by the point (2, 4, 2) and the
straight line passing through the point (1, 2, 8) equally inclined to the cooérdi-
nate axes.

41. Find the equation of a plane passing through the line z —y + 2 =0,
2% 4 ¥y + 32z = 0 and perpendicular to the planez —y 4+ 224+ 1=0.

42. Find the equations of the projection of the line £ +y + 2 — 2 = 0,
2+2y+2—-2=0upon theplane3x +y+3z2—-1=0.

43. Find the equation of the plane passing through (2, — 1, 2) a.nd (-12,
— 1) perpendicular to the plane 2z — 3y +22—-06=0.

44. Find the equation of a plane passing through thelinez — 2y + 2z —8=0,
22+ 8y —22z—1=0 and parallel to the line3x +y+22—-4=0, 22 -8y
—-2z4+6=0.

45. Prove that the plane 4z + 8y + b2 = 47 is tangent to the sphere

(2 =20+ — 8 + @+ 492 =00

46. Find a point on the line z — 2 + 8 =0, 4z — y — 6 = 0 equally distant
from the planes 8z + 82 —6=0andz + 4y +2=1.

47. Find the center of a sphere of radius 7, passing through the fpoints
(2, 4, — 4) and (8, — 1, — 4) and tangent to the plane 3z — 8y + 22 + 61 =0.



CHAPTER XI
PARTIAL DIFFERENTIATION

109. Partial derivatives. Consider f(z, y), where z and y are
independent variables. We may, if we choose, allow  alone to
vary, holding y temporarily constant. We thus reduce f(z, y) to
a function of z alone, which may have a derivative, defined and
computed as for any function of one variable. This derivative is
called the partial derivative of f(x, y) with respect to x, and is

denoted by the symbol a—'-f-(—;%l) Thus, by definition,

. of (2, ) = Lim JS(z+ Az, y) —f(m: ) . (1)
oz A= 0 Az

Similarly, if # is held constant, f(xz, y) becomes temporarily a
function of y, whose derivative is called the partial derivative of

S (x, y) with respect to y, denoted by the symbol _af_(%@ Then

U@y _ 1. S(@&y+Ay)—f(=y).
oy —Bi% Ay @)

Graphically, if 2 = f(x, %) is represented by a surface, the rela-
tion between 2z and « when ¥ is held constant is represented by the
curve of intersection of the surface and the plane y = const., and

Z—Z is the slope of this curve. Also, the relation between z and y
when z is constant is represented by the curve of intersection of
the surface and a plane # = const., and % is the slope of this curve.

Thus, in fig. 6 §, if PQSR represents a portion of the surface
z=f(z,y), PQis the curve y = const,, and PR is the curve z = const.
Let P be the point (2, ¥,2), and LK = PK'=Az, LM =PM'=Ay.

198
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Then LP=f(z, y), KQ=/f(x+ Az, y), ME =f(z, y+ Ay),
K'Q=f(x+Az y)—f(z, y), M'E=[(z, y+Ay)—f(=z, y), and

-
Z—z-: = Lim ;‘)—]g = slope of PQ,
1
gﬁ = Lim -11—[{—15% = slope of PR.
Yy
Z

R /'/
T4 N’
0 Pa—
L
Y /
M N
Fic. 66

Ex. 1. Consider a perfect gas obeying the law v = c_t We may change the

P
temperature while keeping the pressure unchanged. The relation between the
volume and the temperature is then represented by a straight line on fig. 66.
If At and Av are corresponding increments of ¢ and v, then

- Au=c(t+At)_c_t=c_At

b » p
and ?Bzg.
o p

Or, we may change the pressure while keeping the temperature unchanged.
The relation between the volume and the pressure is then represented by an
hyperbola on the surface of fig. 56. If Ap and Av are corresponding increments
of p and v, then o

Au—__._.._.c_t.'—.___.(iA_p___

p+A4ap p p? + pAp
and @=-—ﬁ.
op »

So, in general, if we have a function of any number of varidbles
S, y, -+, 2), we may have a partial derivative with respect to
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each of the variables. These derivatives are expressed by the sym-

bolsg‘é» %, s %:-, or sometimes by f.(z, %, -+, 2), /, (% ¥, -+, 2),
eoey fu(@ ¥y, -+, 2). To compute these derivatives, we have to

apply the formulas for the derivative of a function of one variable,
regarding as constant all the variables except the one with respect
to which we differentiate.

Ex. 2. f=a3 — 322y + 38, Ex. 8. f=sin(2? + 39,
—g=3zﬂ—6zy, g£=2zcos(x“+yﬂ),
a—f=—-3m’+8y’. Q‘:zycos(z’+yﬁ).
oy e/

Ex. 4, f=log Vi3 + 2 + 28,
¥___ =
o Tty
y___ ¥
W P+ttt
of _ z

az-w’+y9+zﬂ'

110. Increment and total differential of a function of several
variables. Consider f(x, ¥), and let z and y be given any incre-
ments Az and Ay. Then f takes an increment Af, where

Af=f(c+ Az, y +8y)—f (=, y).

In fig. 66, NS=/f(r+ Az, y+Ay) and N'S=Af. If z and ¥
are independent variables, Ax and Ay are also independent. Thus
the position of S in fig. 66 depends upon the choice of LK and
LM, which can be taken at pleasure.

The function f(x, y) is called a continuous function of  and y
yf Af approaches zro as a limit when Ax and Ay approach zero
as a limit in any manner whatever.

Thus in fig. 66, if z is a continuous function of z and g, the point
S will approach the point P as LK and LM approach zero, no
matter what curve the point N traces on the plane XOY or the
point S on the surface.
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The expression for Af may be modified as follows:

Af=f(z+ Az, y+Ay)—f(2, y)
=f(®+Az, y+Ay)—f(® y+Dy)+ (@ y+8y)—f(% y)-

But Lim[@+AZy+AN—Ffmy+A4y) _of(zy+Ay),

Ar=0 Az ox
Therefore LE+A%Y+AN—F(ny+Ay) o (xy+A4y) , o4
Aux ox
or  f(e+Ax y+Ay)—f(r, y+Ay)= <%%ﬂ + e’)Ax,
where I;n:: ¢ =0. Also, since Z—'Z is a continuous function,
Uy +8y) _U(ry) + €', where Lim €’ = 0. Therefore

ox ow Ay=0
J(e+Ax, y + Ay)— f(z, y+Ay)=<al%z/—) + £1>Aa:,
where e, = ¢+ ¢'.
Similarly, S@y+Ay)—f(z y)= <?__['_(a_g,_?/_) + e,) Ay,
where Lime,= 0. Hence we have finally Y

Ay=0

o .2
Af = 51—; Az + 51-;-Ay + e Az + Ay 1)

In like manner, if f is a function of any number of variables
x,9, -, 2 then

Af=Z~£A:v+%Ay+ cee +%—£Az+elAac+eﬂAy+ R A VAN )

In a manner analogous to the procedure in the case of a func-
tion of one variable (§ 4), we separate from the increment the
terms €Az + €Ay + - -.- + €,Az, call the remaining terms the dif-
Jerential of the function, and denote them by df. The differen-
tials of the independent variables are taken equal to the increments,
asin § 4 Thus, we have by definition, when f is a function of
two independent variables z and y,

AP A 3
df =5, do+ 2.y, 3)
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and if £ is a function of the independent variables z, ¥, - - -, 2,

_f ’:f f
=l i+ P gyt ...+ Y, 4
df =-dx 1d3/ + 2 d 4)

In (3) and (4) dz, dy, etc, may be given any values whatever.
If, in particular, we place all but one equal to zero, we have the
partial differentials, indicated by d_f, d,/, etc. Thus,

ar=La, df_l

A partial differential expresses approximately the change in the
function caused by a change in one of the independent variables;
the total differential expresses approximately the change in the
function caused by changes in all the independent variables. It
appears from (4) that the total differential is the sum of the
partial differentials.

Ex. The period of a simple pendulum with small oscillations is (Ex. 3, § 82)

T= 27&.
9

Small errors dl and dg, in determining ! and g, will make an error in T of
dT = i)1-'(1I+C—T(lg—- ~-—dl—-—Jdg
el g
The ratio of error is dT 1dl 1dyg
T 20 27

111. Derivative of f(x, y) when x and y are functions of ¢
We have been considering f(z, ) as a function of two independent
variables. We shall now suppose that z and # are functions of a
single independent variable ¢, so that the variations of z and y are
caused by the variations of £. Graphically, if 2= f (=, y) represents
a surface and x and y are independent, the point P(x, y, 2) may
move over the entire surface. If, however, z = ¢,(t), ¥ = ¢,(¢), the
point P is restricted to a curve on the surface, whose projection on
the plane XOY has the parametric equations z = ¢, (¢), ¥ = ¢, (?).
The equations of the curve on the surface are, therefore, z = ¢, (f),

y= ¢z(t): 2 =f[¢1(t)’ $.(8)]
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In this way, f(z, ) is now a function of £ and may have a
derivative with respect to ¢, which may be found as follows :

Give ¢ an increment Af. Then z and y take increments Az and
Ay, and f in turn receives an increment A f, where

Af=aIAx+%Ay+e1Aw+e,Ay.

Af _of Az of Ay Az Ay
Then Al oa Al oy AT ‘At+ 1AL

By allowing A¢ to approach zero as a limit, and taking the

limits, we have 4 or s g dy 1)
dt oz dt ' oy dt

If we multiply each term of (1) by the differential d¢, we have

daf of dx of dy
=L Zd d
# ww g a™

But since f, z, and y are functions of a single variable ¢, we have,

by § 4,
f—dfdt, dx=fl—””dt dy_fl-’/dt

Hence we have df= aja-; dx + Z—‘;dy, (2)

showing that formula (3) of § 110, made on the hypothesis that

z and y were independent, holds also when z and y are functions
of t.

In a similar manner, if we have f(2,y,---,2), where z, %, - - -, 2
are all functions of ¢, then

df _of dz _ of dy of dz
dt  oxdt +oy oy dt ot oz dt’ @

df = fdx+%dy+--~+%dz- (4)

Ex. Let V(z, y, 2) be the electrical potential at a point in an electrified
fleld, that is, 1et%’=_x Vv, iz:-z where X, ¥, Z are the com-
ponents of force in the directions of the coﬁrdmate axes. Required the'rate of
change of V in a direction which makes the angles a, 8, ¥ with the axes.
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A straight line making the given angles with the axes has the equations,

by (1), § 106, =2y +rcosa
- ]

Yy =191+ rcosp,
Z2=21+ rcosvy.
If these values are substituted for z, ¥, and z in V, it becomes a function of
r, and its rate of change with respect to r is %Z - By (3),
r
AV __ oV dx aV dy oV (}z

ar  x dr T oy dr ' oz dr
=—Xcosa— YcosB — Z cosv.

By the principle of the composition of forces this is minus the component, of
force in the given direction.

112. Tangent plane to a surface. Let z = ¢,(¢), ¥ = ¢,(?),
z=f(z, y) be a curve on the surface z = f(x, ), and let E (x,, y,,2,)
be a point on the curve. Then the tangent line to the curve at
the point K has the equations (§ 105)

T— Y=Y 2=,
dx dy dz

w—xl Y¥—y _ =2

= e

The line (1) is perpendicular to the straight line
T—m _Yy—y 2T @

o o ’
o e,
by (5), § 98, and therefore lies in the plane

@==)(L)+0- yo(f)l (—2)=0. 3)

Equations (2) and (3) are independent of the functions which
define the curve, and therefore the tangents to all curves through
E lie in the plane (3). This plane is called the tangent plane to
the surface, and the line (2), which is normal to it, is called the
normal line to the surface at the point ;. The tangent plane

@)

or
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may simply touch the surface, as in the case of the sphere or the
ellipsoid, or it may intersect the surface at the point of tangency,
as in the case of the hyperboloid of one sheet.

In order that the function f(«, ) shall have a maximum or a
minimum value for =, ¥ =y,, it is necessary, but not suffi-
cient, that the tangent plane to the surface z = f (2, y) at the point
(%}, ¥, 2,) should be parallel to the plane XOY. This occurs when
(g{) =0, <%> = 0. These are therefore necessary conditions for
a maximum of & minimum, and in case the existence of a maxi-
mum or a minimum is known from the nature of the problem, it
may be located by solving these cquations.

Ex. 1. Find the tangent plane and the normal line to the paraboloid
z = ax? 4 by2.

Here o = 2ax and il = 2by. Hence the tangent plane is
or oy

(@ —z)2ax1+ (¥ — ¥1)2by1 — (2 — 21) = 0,
or 2axyx + 2byy —2axk — 2byt — 2+ 2, =0.
But since 2 ax + 2by? = 22,, this may be written

20238 4+ 2byyy —2—21=0.

16—-461:!!—1/1:_2__—_‘23_
2M1 2by1 -1

The normal is

Ex. 2. It is required to construct out of a given amount of material a cistern
in the form of a rectangular parallelopiped open at the top. Required the
dimensions in order that the capacity may be a maximum, if no allowance is
made for thickness of the material or waste in construction.

Let z, y, z be the length, the breadth, and the height respectively. Then the
superficial arca is zy + 22z + 2yz, which may be placed equal to the given
amount of material, a. If v is the capacity of the cistern,

azy — x2y?
V= Z = -~
=2+ )
Then Qg___(a—2zy—z’)y’, @=(4—2W—!/’)5’.
ox 2+ y)? oy 2z +y)?

For the maximum these must be zero, and since it is not admissible to have
z =0, ¥y = 0, wo have to solve the equations

a—2zy—23=0, .
a—2zy —y3=0,
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. a 1l Ja
which have for the only positive solutions z=y = \/-g, whence 2z =§J;.

Consequently, if there is a maximum capacity, it must be for these dimensions,
It is very evident that a maximum does exist; hence the problem is solved.

The graphical interpretation of the differential can now be given
in a manner analogous to that in the case of one variable (§ 5).
In fig. 67 let PQ'S'R' be the tangent planc at P(z,,¥,,7,). Then,

Z
Q
’
g,
R’
R
i
M
X
]
/ L )
Y
M N
Fic. 67

if LK = dz and LM = dy, the coordinates of S are (z,+ dz, y, + dy,
z,+ Az), and the value of z corresponding to §’ is found by
replacing z by 2,4+ dz and y by y,+ dy in (3). There results

2=z +< )d +<ay>dy_z + dz. Therefore

N'8!= dz, whereas N'S = Az

113. Derivatives of f(x, y) when x and y are functions of s
and ¢. 1f z and y are functions of two independent variables s
and ¢, then f(z, y) is also a function of s and ¢ and may have the

derivatives éf and af To find + f we will give s an increment As.

Then z and y take mcrements A:c and Ay, and f takes an incre-
ment Af. Asin § 111, we find

A _ods oAy, Ba, Ay

As oz As ayAs+‘As+e"’As.
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Now let As approach zero and take the limit, remembering that

Ao L A
Lim As = o3 Lim A = 28 etc. We have

0s 0x 0s 0y 08 0
Similarly, of _ofor ooy,

ot dx ot oy ot

So, generally, the partial derivatives of f(z, ¥, - - -, ), where z,
y, - - -, 2 are functions of s, ¢, - - -, u, are

a_f_=al@+§[__ay+_“+afaz

-_—

0s o« ds 0oy 0s oz 08

o _of ox  of oy of o 9
ot ow ot ay8t+ t % ot @

of of ox | of oy of oz
—=——-—-+-———+.-o —
ouw oxow oy ou 02 0u

A special case worth noting is that in which f is a function of
x, where « is a function of s, ¢, - - -, w. Then

o _dfow O _dfow o _dfdm g

os dxes ot dzot ' ou  dzou

If we multiply the equations (2) by the differentials ds, dt, - - -,
du, add the results, and apply the definition of § 110, we have
of of of
df =% de + =~ d; ce = az. 4
/f a.z:‘lw+3yd'y+ +Bzdz 4)
This shows that the expression for the differential df is the same

whether x, 1, - - -, 2 are independent variables or not.
oz 02
Ex. 1. Ifz=f(z — — ), prove — + — =0,
x f@—-y,y—a)p bz+ay
Place ¢t —y = u, ¥y — 2 =v. Then 2z = f(u, v), and
o _ofm oo _of o

o ouox éwox ou ov

o _do Fow_ o

By addition the required result is obtained.
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Ex. 2. Let it be required to change from rectangular cotrdinates (2, y) to
polar codrdinates (r, 6), where z = r cosd, y = rsiné.

Then & _ cos 6, & _ s8in 6,
er or
0]

_afz—-rsiuo, éjq:rcoso,
e6 06

and consequently, if f is a function of  and y,

ﬁf_ fcoso + lsmo
or oz oy @
A
‘f =— ra‘—fsino + ra":cosa.
o0 or ey
Also, since r = Va2 + y3and 6 = tan—1 Z ,
-ar: z -——:(3()80, E\—’—'z———ﬂ——zsino,
0L g2 42 o V4 2 g
@ _ oy __sino 0 = coso_ @)
T Sy R e A
whence ¥ _ 0f 0860 — o ﬂ“—? )
or ?r a0 r @)
¢ A
if_. = f'fsino+ i E)f_o.
ey or o0 r
. . . . of of
Equations (4) may also be obtained from (2) by solving for = and =
oy

It is to be emphasized tln,t in (1) is not the reciprocal of a- in(3). In(1)

oL
-~ means the limit of the ratio of the increment of @ to an mcrement of r when
er

Y Y
Q
P R JP Q
R
0 0
7 i X 7 YT e
Fic. 68 F1a. 69

6 is constant. Graphically (fig. 68), OP =r is increased by PQ = Ar, and
PR = Az is thus determined. Then %—f =Iim ? = cos d,

Also g—; in (8) means the limit of the ratio of the increment of r to that of 2
when y is constant. Graphically (fig. 69), OM =2 is increased by MN=DIQ=Az,
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and RQ Ar is t.huﬂ determmed Then 6_1' = Lun RQ = cosd. Ithappens here

that 5- =, But 55 in (1) and ——z- in (3) ale nelther equal nor reciprocal.

o
In cascs where ambiguity is likely to arise as to which variable is constant
in a partial derivative, the symbol for the derivative is sometimes inclosed in a

Py
parenthesis and the constant variable is written as a subscript, thus (g)
or/e

Ex. 3. Consider f(z, y, 2) when z = ¢ (x, ). We may find Q from the first

of formulas (2) in that we place s =z and ¢t = 3. Thcn -a—s =1, —t— = 1. Direct
substitution in (2) would yield the symbol .,i in two different senses. On the
o

left of the equation it means the partial derivative of f with respect to  when
¥ is constant, and attention is given to the fact that z is a function of z. On the
right of the equation it means the partial derivative of f with respect to £ on
the assumption that both y and z are constant. Ambiguity is avoided by the
use of subscripts as suggested at the close of Ex. 2. Thus we have

of\ _ (of 8f az
(E)v— (E)ya-l- bz oz
114. Property of the total differential. An important property
of the total differential is expressed in the following theorem :

If f(u ¥ -« -, 2)=c for all values of the independent variables,
then df = 0.

1. Let us suppose first that =, y, -.., 2 are the independent
variables. Then f(z, y, -+, 2)=c¢ for all values of , g, ..-, 2

Hence f@+da, gy, ) —f(@y, -, 9)=0
and f(w'*'Am’yv""z)""f<'7”?/""’z)=0
Ar
for all values of . Taking the limit as Az =0, we have %—2 =0.
Similarly, Q‘Z =0,.. of = 0, and hence
oy oz

T ger ¥ 4 ¥ g0
df = dak ooy ook L dz=0,

2. Suppose, secondly, that «, , - - -, z are functions of the inde-
pendent variables s, ¢, ---, . Then if , g, .., z are replaced in
S(®,y, -, 2) by their values in terms of s, ¢, - . ., u, we have the

first case again, and hence as before %= 0, ¥ _ =0, 8f
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Hence df = 3f L 4o+ 2 3f Lay+. ?a/—:dz

=zds+a;/.dt+...+—azdu=0.
0s ot ou

It is to be emphasized that the coefficients of dx, dy, .- -, dz are
not equal to zero.

115. Implicit functions. Case I. f(r, )= 0. The equation
S, y)=0 defines y as an implicit function of 2, or « as an
implicit function of y, since if one of the variables is given, the
values of the other are determined. Then, by § 114,

df = afd.L+ dy=0,

oy
of
dy o
whence =T 1)
oy

Ex. 1. Find the tangent and the normal to the curve f(z, ¥) =0
By I, §§ 100, 101, the equations of the tangent and the normal are respectively

y—-n= (gi—’)l(t — 1)

dx
and 2/—!/1=-—( ) (x — ;).
ay/r
By use of (1) these equations become

(- m( f) +(y - yx)<(f)1 0
@—2)_ W—y)

ERNE)

CasE IL f(z, y,2)=0. The equation f(z, y, z) = 0 defines any
one of the variables z, y, z as a function of the other two. We
will take z and y as the independent variables. Then, by § 114,

and

df=%(lx+?‘£dy+%€dz=0.

0z 0z
But dz=—dz+—d
. o “t oy oy 4

f L of oz 8f of oz
Therefore ( + 4 2, +(ay y dy)dy =0.
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This is true for all values of the independent differentials dz
and dy. Therefore

f of oz _ and f of o0z _

25 | s o oy " oy
¥ o
0z ox 0z oy
whence 5.1_:=—5‘7’ 55——57' 2
oz o2

Ex. 2. Find the equations of the tangent plane and the normal line to the
surface F(z, y, 2) = 0

By § 112 the required equations are
(m—zl)( ) + (- 1/1)( ) (z—2z)=0
T—Tm_Y—n_z-un
Gh G
ox/1 cy/1
Using (2) and reducing, we have )
oF ¢F oF

(& — 1) ('a'i)l'f' (VA yl)(?y_)l-*. (z— 21)(5)1— 0

and I~$1=!I~1/1 z—z
&), @) G
cx /1 oy 0z
Cast IIL fi(z, y, 2)=0, f,(x, ¥, ?)=0. The two equations

Si(x, y, 2)=0, f(2, ¥, 2) =0 taken simultaneously define any two
of the variables as functions of the other one.

and

of, of
By § 114, Bsgor Yigy+ g, =
y§ 22" T 3y y+a =9,

Ys g+ Y2y 4+ Y gy =
awda:+a dy+azdz-—0.
% % % % |%h %

Therefore dx:dy:dz= 0y o2\ |02 dw)\ bz by| 3
U U % % (W U
oy 0z| |0z ox| |ox Oy
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Ex. 8. Find the equations of the tangent line to the space curve fi(z, ¥, 2) =0,

fg(@, Y, z) =0.

By § 105 the required equations are
T—Zy_Y—%N_2—2%n
e AN £ S N

dz dy dz
where the values of dx, dy, dz given in (3) may be substituted.

116. Higher partial derivatives. The partial derivatives of
J(x, y) are themselves functions of & and y which may have
partial derimti\ es called the second partial derivatives of f(x, y).

of\ o [ef\ o [ef\ O [¢f vy s .
They are — <ax> 5}}(3—;), 5:—<d/;>’ 7 (55> But it may be shown

that the 01de1 of differentiation with respect to x and y is imma-
terial (§ 117), so that the second partial derivatives are three in
number, expressed by the symbols

of\ &
o <a{:> aﬁ =S
-4
oc\oy)  ty\ow) owdy '
AR
oy\ey) ¢yt ™

Similarly, the third particl derivatives of f(x, y) are four in
number, namely :

()2
ox\oa?) ~ 9a®
f> <@i§y> T o (aﬁ) - z:{;y

)
5 o) = ) =7 0) =i
sler) 3

2.
Fyn a;: signifies the result of differentiating f(x, y)

p times with respect to 2 and ¢ times with respect to y, the order
of differentiating being immaterial.
The extension to any number of variables is obvious.

So, in general,



HIGHER DERIVATIVES 213
0%f o2f

117. To prove the relation —— = P for any particular values z=a, y=b,
consider the expression oxoy eycx

1= fethb+b)—F@ab+k)—Sfla+hb+f(a b),
hk

where for convenience i and k are taken as positive. We shall prove I equal to

~a 2
(-f f;) on the one hand, and to (6_f_> on the other hand, where (£, 71)
CL0Y/ r= ¢, oyox/z ¢,
y=" y="g
and (£z, n2) are two undetermined points within the rectangle of fig. 70.

In the first place, let f(z + &, ¥) — f(z, ¥) = F(c, y). Then

I_lF(a,b+Ak)—F(a,h)_ Y
" h k ’
whence, by § 30, (2), b+k|"
1.,
I= A ¥, (a, m) 7, &
= Su(athom)—fy(@,m) K S
- L
oF U ab)
where Fy(a, n1) = (-_——> . Apply-
cYy/xr=a

v=m [7) a El 2 a+h X

ing § 30, (2), a second time, we have

I =foy(&1, m).

Toer

Fig. 70

In the second place, if we let f(z, ¥ + k) — f(£, ¥) = $ (&, ¥), we have
_1®@+nb)— *(a, b) 1

1 i A Eq’z(&a b)
_ Jelba, b+ ,;: — fe(f3, b) = fye (£2, 73)-

Therefore fry (£1, m1) = fyr (2, 12), since each is equal to I.
Now let  and k approach zero as a limit. The points (&, m) and (&2, 72)
both approach the point (a, b) as a limit; and since the functions are continuous

Lim fy (§1, m1) = Lim fiz (£2, 12),
or Joy (@, B) = fra (@, D). :

This result being proved, it is easily extended to any number of variables or
differentiations. Thus, for example,

22 o2 28 J
2 ( of ) = 2 (-(—I-) » whence &f = ——‘—f— .
ez \excy, cx \cyer, dxicy  oxdyex
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118. Higher derivatives of f(x, y) when x and y are functions
of t, or of sand £. By § 111, if 2 and y are functions of ¢,

af _of d»  of dy
dt o dt +ay dt 1)

To differentiate again with respect to f, we must notice that
each term on the right-hand side of (1) is a product and must
be handled by the law of products (I, § 96, (4)). We have,
then, in the first place

&f _ dw Ei(@)+%@+@§_<%\.
dt*  oxc dt*  dt dt\ox) oy dt*  dt dt\oy

Now a (3[) an

a(of ' .
Tilos) d 7 <———> may be found from (1) by replacing f by

%y

of of .
pye and P» respectively. Hence
Iy _§ L de(0f de B ) Oy
df ~ or dt* T dt\ex*dt ' dxdy dt] oy dF
dy(Of d O dy
dt\ozoy dt ~ oy* dt
d 2 2 d 2 2 2 2
=?_’J_°<_x> 2_3_f.._i“_i.3l+é~_f<‘i-’l)+afd‘” of d’y. @)

o2*\ dt oxdy dt dit ' of\dt) " ox df* ' oy df

In a similar manuer, if  and y are functions of s and ¢,
of _Of (00\', o Of 0zdy  F (oy\' o Pz of Oy
o8 oa*\ds oxoy 0s 0s ' dy*\0s) oz 05 ' oy 081
2. 2 2 2 2
yf—af@f).l.2_?j_§f92+a;f<a;y)+y@+?-£?!, (3)

B oz*\ot oxoy ot 6t oy*\ot) oz o oy OB

2 2.
o e, B (e md), Sy

280t 02" 0s ot ' ozdy\os ot = ot ds) = oy 9s ot

Yoz o Py
0x 080t ~ Dy 0sot

The extension of these formulas to any number of variables is
obvious.
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Ex. 1. Required to express 8_}7 - where V is a function of z and y, in
polar codrdinates. ay
Since r = Va2 + y2and 6 = tan—l(%),
er _ ) ?_51 _ y? 0 _ -y ﬂ . 2y
@ Votp B @ty & Bt @ (@t
or _ Yy or 2 0 _ =z 0% —2xy

ay——-\/zi+y2, -37’— (zﬂ+y2)i, ay—zﬂ+yﬂ’ a—y; (32+]/2)’.

Ilence, from (3),

PV _GV 2 G2V w V¥ W &
R R TP R M (x? + ya)i 03 (22 + 9?2 or (22 4y}
oV 2y
w @t
2V _ a2V a’V zy eV 2 oV 3
wrm At p tab gy o® @y o @y
cvo2 zy

20 (22 + yz)z

BV BV _av 1 av 1 v
R e @Ry o ggqa or
_av  1av 1 aV

TR

Hence

Ex. 2. If z = fi(z + af) + fa(x — at), where f and f; are any two functions,

2.
show that a—— 35}- .
ot ox?
Letx +at=u,z—at=v; then—:l — = ,—62=1,a—°=—a,and
ox ot or ot

_diou dhto_df  df
ox duox dvoéx du dv

o _dpon Wi dn_

o dudt Tdvat Cdu 'dv
Differentiating these equations a second time, we have

% _ d% (ou) d%fs (_a_g) @h d’fs

o3 dud dv? \ox aud " dvs’
% _ d% (au) %y (Q)" % | 2%
ot~ dul dv? du av '

By inspection the required result is obtained.
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119. Differentiation of a definite integral. Consider

u=fbf(z, @) dz,

where @ is a parameter independent of z. In the integration
@ is considered as constant, but the value of the integral is a
function of . Let a be given an increment Aa. Then u takes
an increment Aw, where

Ay =fbf(:c, a+Aa)dx—fbf(m, @)dz
=fb[f(;t, a + Aa)—f(x, a)] dx.

Now by § 31, (1),

S, @ + Aa)=f(r, @)+ Aa af(;t @) + ﬁégf ____yféz; b.
Hence Ay = j; ’ [A“M + (é;l)2 o'f a('c: ‘;’)] "

_ Aq foﬂr D gy, B’ f 8 g,

Dividing by Aa, and taking the limit as Aa approaches zero as a

limit, we have o (o (z,0) " "
da . o«

The proof assumes that a and b are finite. Tt is not always
possible to differentiate in this way an integral with an infinite
limit. The discussion of this lies outside the scope of this book.

The integral « is also a function of the upper limit b, and we

have, by § 25,
R=10,a) @

Similarly, since f S (x, @)dz =— f f(z, a)dz,
2 ——f(a, a) )
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Suppose now that a, b, @ are all functions of a single variable ¢.
Then, by § 111, (3),

du_oudb  ouda  ouda
dt ~ obdt oadt dadt
_ db da  da (?of(z, @)
—f(b’ a) dt f(a7 a) —(l-t— + -(_i?,[; aa dw' (4)
Ex. If u =j; log(1 - 2acosz + a?)dz,

du_ (r —3eosat2a
da Jol-2acosz+ a2

1 pm 1- a?
== 11— —————" ~ .. |de
a../;[ 1—2a.cos:c+a’]
L.
see? -

_T_l-a 2 —do
o (1= )2+ (1+a)? tan??

=I_g[tan—l<.1.j-qt,an§)]”
a a l1—a 2/ lo

=0.

£

Therefore u = const. But whena =0, u= f "(log 1)dz = 0. Therefore v =0.
0

In this way the value of a definite integral can sometimes be found when
direct integration is inconvenient or impossible.

PROBLEMS

1. Given z = log (22 + y%), prove . 2% =0
ox oy

2. Given z = 24 + %2 + y*, prove :c?-z- + y.af =4z
or oy

3. Given 22 + »? — 22y + 222 = ¢, prove oz +a—z=0.
oz oy

. . oy oy
4. Given y = e==sin bz roveza—y=a—- b—.
veny P = %%t
. 0z oz
5. Given z = (22 + y?)tan-1¥, prove z = — =22z
(@? + %) 2 P az+”ay
6. Given z’=zy+tan-11—’, prove ug§+zya—z-=zy.
z ox oy

. 0z 0oz
%. Given z = evgin—1(z — rOVe — + — = 2.
(@ —v), prove — + =

1 0z 0z
8. Given z = y? + 2 ye*, prove 22 — + y — = 23
oz oy
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9. If 2 = xy, illustrate the difference between Az and dz by constructing a
rectangle with sides z and y.

10. A triangle has two of its sides 6 and 8 in. respectively, and the included
angle is 30°. Find the change in the area caused by increasing the length of
each of the given sides by .01 in. and the included angle by 1°, and compare
with the differential of area corresponding to the same increments.

11. A triangle has two of its sides 8 and 12 in. respectively, and the included
angle is 60°. Find the change in the opposite side caused by making the given
sides 7.9 and 12.1 in., the angle being unchanged, and compare with the differ-
ential corresponding to the same increments.

12. A right circular cylinder has an altitude 12 ft. and the radius of its base
is 8 ft. Find the change in its volume caused by increasing the altitude by .1 ft.
and the radius by .01 ft., and compare with the differential of volume corre-
sponding to the same increments.

13. The distance of an inaccessible object 4 from a point B is found by
measuring a base line BC = & and the angles CB.1 = @ and BCA = 8. Find
the expression for the error in the length of A B caused by crrors of dk, da, dg
in measuring A, a, 8, assuming that higher powers of the errors of measurement
may be neglected.

Verify the formula & = 22 4 &2 %
dt cxdt oy dt

4. z=024 2 a=t, y=1.
15. z =sinzy, z = e2!, y = €8¢,

, in each of the following cases:

16. z=2, z =sint, y = cost,
Yy

17. 2= e=+1¥3, ¢ =sin{, y = cost.

18. Find the tangent plane to the cone z = a — Va3 + 3.

19. Show that the tetrahedron formed by the codrdinate planes and any
tangent plane to the surface zyz = a® is of constant volume.

20. Show that any tangent plane to the surface z = kzy cuts the surface in
two straight lines.

21. Find the point in the plane ax + by +cz+d =0 which is nearest the origin,

22. Find the points on the surface zyz = a2 which are nearest the origin.

23. Find a point in a triangle such that the sum of the squares of its distances
from the three vertices is a minimum.

24. Of all rectangular parallelopipeds inscribed in an ellipsoid find that
which has the greatest volume.

25. Find the point inside a plane triangle from which the sum of the squares
of the perpendiculars to the three sides is a minimum. (Express the answer in
terms of K, the area of the triangle, a, b, ¢, the lengths of the three sides, and
, ¥, %, the three perpendiculars on the sides.)
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26. Ifz=f() provea:a +y§£-—0
Y

27. If f(ix + my + nz, 22 + y? + 22) = 0, prove
0z 0z
ly — — — +(lz — —=0.
(ly — mz) + (ny mz)az+(z n) 0.

2
28. Ifz—y’+2f< +logy) prove’ 2y_.z_§f.
oy Yy 0%
29. If f (z, y) is a homogeneous function of degree n, prove I + yZ'; nf.
— —e9
30. Givenz = r - '-*'23—, y= reo—é—e;—, prove

GG, GG
(=G, GG,

31. Given u = log Va3 4 2, v = tan—-1Y 5’ Prove
(29,294 (2,2, =
ox/, \ou 7}
@).G)r GG,
ox x  \OY/x \OV

32. Find the tangent plane to the elhpsoul — + + — =1 at the point
(%1, ¥1, 21)-

33. Show that the sum of the squares of the intercepts on the codrdinate
axes of any tangent plane to z¥ + y? + 2! = al is constant.

34. Show that the sum of the intercepts on the coirdinate axes of any tan-
gent plane to z} + y* + 2} = a? is constant.

35. Prove that the plane Iz + my + nz = p is tangent to the ellipsoid

2 2 2
:—2+%+%=1 if p=+vVal2 + ¥m? + c2n2
36. Prove that the plane Iz 4 my + nz = p is tangent to the paraboloid
azﬂ_‘.byﬂ—z if p—_w.
- T 4abn

37. Find the cosine of the angle between the normal to the ellipsoid and the
straight line drawn from the center to the point of contact, and prove that it

is equal to —f;’, where p is the distance of the tangent plane from the center and
r the distance of the point of contact from the center.

38. Find the angle between the line drawn from the origin to the point
(@, a, @) of the surface zyz = a® and the normal to the surface at that point.

39. Find the angle of intersection of the spheres 2+ y3 + 22 =’a® and
@03+ Y2422 =cs
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40. Prove that the families of surfaces #2y2 + 2222 =c¢; and 22 — Y2 — 22=¢y
intersect everywhere at right angles.

41. Derive the condition that two surfaces f(z, ¥, 2) =0 and ¢ (z, ¥, 2) =
intersect at right angles.

42. If f(z, ¥, 2) = 0, show that (m) (az) (:Z) -1

43. If f(z, y) = 0and ¢(x, 2) =0, and z is taken for the independent variable,
show that -— 2¢ of dy & o,
ox oy dz oz oz

44. Flnd the cqu’mtmnq of the tangent line to the curve of intersection of the

elhpsold + + = =1 and the planc Lz + my + nz =

45. Fmd the equatlons of the tangent line to the curve of intersection of the
cylinders z2 + y2 = a?, y2 + 22 = b2

46. Find the highest point of the curve of intersection of — -{
and Iz + my + nz = 0.

47, Find the highest point of the curve of intersection of the hyperboloid
224+ y2—22=1and theplanexz 4+ y + 22 =0.

48. Find the angle at which the helix 2 + y2 = a2, z =k tan-1Z y intersects
the sphere x2 + ¥2 + 22 = r2(r> a).

49. Find the angle at which the curve y? — 22 = a, ¢ = b (y + 2) intersects
the surface z2 + 2zy = c.

?/ -z.-:l
2

Verify % = 2% in each of the following cases:

oyox

50, z=2"Y,
£ z+y 53.z=sin—1¥-

51. z =log Va? + 32
52. z=log(z + V3 + 2.

54. z = e*siny.

2 3

55. Ifz=log(z’+y’)+tan—ly, prove gx-;+§y-§=0-
_ 0% 0% _

56, If z = (e* — e~ ) cosy, prove mﬂ+517"_0'

§7. If z = sec (x — at) + tan(z + at), prove %E; = aﬂg’f

23
2
58. Itz = z—y’,prove?f.a.ﬁi:_if.a_f.
ox oxey Oy ox?
o 0% oz
59. If z = -y - % _o.
z=siny + e~vcos(z — ), proveaz +azay+az
2

60. If z = -;K- + logz — e, prove 52—:; = zy.

2
61. Given z = e*cosv, y = e*sinv, find -a—-;: in terms of the derivatives of
V with respect to  and y. dudv
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. 2V v ) A
62. Given z = e*cosv, y = e*sinv, prove — + —— = e~ ( )
v » prove a oy? u? ' ol
U — awv a’V o
— - 2V v =
63. Givenz=u+v,y= 2 °, prove a ol a?— Faees

— e — e—0
+e Y=y e

64. Given z = 1< » prove

VW _FV_ 13V 1V

o0x2 agF ot o *s roer

65. If z = f(u, v) and ¥ = ¢(u, v) are two functions which satisfy the equa-
of a¢ ef op

tions — = _", — =— =, and V is any function of z and y, prove
ou Y ou
a2V oV (W | oW \[[/of ) (i‘f )’]
ou? t ot ov? (a:cl + ay’)[(au + o0
0% o% 0%z
66. If z = (?!) <?£> 27 % L 9py &% 2 9% .
2=z & +y z)’ prove @ a.c2+ ya.z:ay+‘l oy?
. , , Pz 02
67. If z = ¢(= + iy) + ¥ (x — iy), where i = V-1 1, prove ;’_a:z + E;;: 0.
68. If u = f(z, y) and y = F(2), find %’f

(Yo ATy
d? dly _ a:c? oy oxcy cx oy oy \ox .
daz of \3
()
70. Differentiate u = j; "log (1+ a cosz)dx with respect to a, and thence find
the value of the integral.

69. If f(z, y) =0, prove —

lga -1

71. Differentiate . - de with respect to @, and thence find the value

of the integral,




CHAPTER XII
MULTIPLE INTEGRALS

120. Double integral with constant limits. Let f(z, ¥) be any
function of z and y which is single valued and continuous and posi-
tive for all pairs of values of « and y for which e=z=b and c=y=d.
Divide the interval 5 — @ into n equal parts, denoting each part by

Az, thus forming the series of values of z, z,, ,, @,, - - -, ,_, Where

z,=a+Az, w,=x,+Ax, ..., b=uw,_,+Azx
Similarly, divide the interval d — ¢ into m equal parts, denoting
each part by Ay, thus forming the series of values of ¥, ¥,, ¥,,
Y * * *» Ym_1» Where
h=c+ly, g=9+A8y, -, A=y, ,+48y.
The above values of z determine a series of straight lines par-
allel to 0Y, and the valucs of y determine a series of straight lines

Y parallel to OX (fig. 71).

d Every line of either set intersects
A every line of the other set, and any
¥ % one of these points of intersection
Y, may be represented by FE(z, ¥,),
4 where ¢ has all integral values from
¢ 0 to n—1 and j has all integral
oo o w m e w5 values from 0 to m —1, z, being a

and ¥, being e¢.
Taking the value of f(z, y) at
each point of intersection, we form the series
S(a, ) Axdy + [ (a, y,) Axdy + - - - +f(a, Yn_,) A2AY
+f(xl’ 0) AwAy +f<wl’ :’/1) AmAy + +f(1'1, ym 1) A'TAy
+f (%» °) AwA?/ +f (3 %)MA?/+ -+ f () Jm 1) AwA?/
+

+f(z, -vc)AxAJ‘*'f(" _x,yl)MAH +f<w-,y..- )AwAJ (1)
222

Fie. 71
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This series can be expressed more concisely by the notation

i=n—1 j=

2 2 f (=, y;) Azly, (2

i=0

b

where two zs are used, since there are two elements ¢ and j
which vary.

The limit of (2) as m and = are both increased indefinitely is
called the double integral of f(x, y) over the area bounded by the
linesz=a,z2=05,y=c, and y =d.

The summation of the terms in (2) may ev1dently be made in
many ways, but there are two which we shall consider in par-
ticular: (1) when the sum of the terms of each row is found, and
these sums added together; (2) when the sum of the terms in each
column is found, and these sums added together. It will appear
from the graphical representation (§ 121) that these two methods
lead to the same result; and it may be shown that the result is
always independent of the order of summation.

If the first method is followed, it is to be noted that the value
of z is the same in all the terms of any one row, and hence each
row is exactly the series used in defining a definite integral (§ 21)
with ¥ as the independent variable. Accordingly, when we let m
increase indefinitely, (2) becomes

( Idf("» ?/)(l?/)Aa- + < [ df(,;-v ?/)d2/> Az
+< f df(d’z» ?/)d!/>Ax+ e +< Idf(m"_p y)dy>Am. o

But (3) is the series used in defining a definite integral with 2
d
as the independent variable and | f(, ¥)dy as the function of z.

Letting » increase indefinitely, we have

[ ([ 7@ na)as @

which represents the double integral-on the hypothesis that first m
and then n is made to increase indefinitely.
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Another way of writing (4) is

[ [ 7wzt @)

where the summation is made in the order of the differentials from
right to left, i.e. first with respect to  and then with respect to z,
and the limits are in the same order as the differentials, ie. the
limits of y are ¢ and d, and the limits of z are @ and b.*

If the second method of summation is followed, we have

[ < [ 16 y)dw)dy. (®)
or f dfub/(ﬂ, y) dyd. (M

Ex. The moment of inertia of a particle about an axis is the product of its
mass by the square of its distance from the axis. From this definition let us
determine the moment of inertia of a lamina of uniform thickness k about an
axis perpendicular to its plane. Let the
density of the lamina be uniform and de-

o noted by p, and let the plane XO0Y coin-
k;%

Y

cide with the plane of the lamina, the axis

being perpendicular to the plane at 0. Let

the lamina be in the form of a rectangle

(fig. 72) bounded by the lines £ =a, z =,

y =¢, ¥ =d. Divide the lamina into rec-
x tangles by the lines

5 /

z:zl’ $=xg, z:za, ey
Y=Y Y=Yz, Y=Ysy -

Fic. 72

Then the mass of any element, as PQ, is pkAzAy. If this mass is regarded as
concentrated at P (z,, ¥;), its moment of inertia would be (z? + ¥}) pkAzAy. If
the mass is regarded as concentrated at Q(x; + Az, ¥, + Ay), its moment of

\

b d
* Still another form of writing (4) is f dz f f(z, y)dy, in which the order of
a c
summation is first with respect to y and then with respect to z.

b pd
Some writers also prefor to write (5) in the form f f f (z, y) dydz, which is
a L4

merely (4) with the parenthesis removed. In this form it is to be noted that the limits
and the differentials are in inverse orders, and that the order of summation is the
order of the differentials from left to right, i.e. first with respect to ¥ and then with
respect to z. In this text this last form of writing the double integral will not be used.
In other books the context will indicate the form of notation which the writer has
chosen.
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inertia would be [(z; + Ax)? + (y; + Ay)2] pkAzdy. Letting M represent the
moment of inertia of the rectangle, we have

t=n—1j=m-1 i=n—-1/j=m—1
2 (@? + yP)ok AzAy <M< 2 2 [(@: +Az)3+ (; + Ay)?]pkAzAy.
i=0 j=0 i=0 j=0

The limits of these sums as n=ow, m=w, and Az= 0, Ay =0 are the same (§ 3), for
Lim (& + A2 + (4, + Ay)*] pk AzAy _
L i e e =1
(= + y;) eAzAy

llence we define M by the equation
b nd
M= x2 + y?) pkdxdy.
./': f..- (=? + y?) pkedzxdy

If p and k are each placed equal to unity, the result is often referred to as the
moment of inertia of the plane area bounded by the lines =a, =0, y=¢, y=d.

121. Graphical representation. Placing z=f(z, ¥), we have
the equation of a surface which is the graphical representation
of f(x, y) (fig. 73). Through the lines z=¢, x =0, y=¢, y=d
pass planes parallel to OZ. Then the volume bounded by the

1
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plane XOY, the planes 2 =a, z=10, y =¢, y =d, and the surface
z=f(», y) is a graphical representation of the double integral of
§ 120. For if the planes 2 =2, 2 =2z, 2 =2, -+ -, Yy=¥,, Y=1,,
Yy =1, - -+ are constructed, they divide the above volume, which
we will denote by ¥, into columns such as MNQP, each of which
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stands on a rectangular base AzAy in the plane XOY. If the
codrdinates of M are (z;, ¥;), the corresponding term of (2), § 120,
is f(x, y;) AxAy, and since f(x,, y,) = MP, the term f(x,, y;) AzAy
is the volume of a prism standing on the same base as the column
MNQP, and the volume of this prism is approximately the volume
of the column. Hence (2), § 120, is the sum of the volumes of
such prisms, and is approximately equal to 7; and as m and n
both increase indefinitely, the limit of the sum of the volumes
of these prisms is evidently V.

The significance of the two ways of summation is now clear.
For if the integral is written as (5), § 120, the prisms are first
added together, keeping 2 constant, the result being a series of
slices, each of thickness Az, which are finally added together to
include the total volume; and if the integral is written in the form
(7), § 120, the prisms are first added together, keeping y constant,
the result being a series of slices, each of thickness Ay, which are
finally added together to include the total volume. It follows that
(5) and (7) are equivalent, as was noted before.

122. Double integral with variable limits. We may now extend
the idea of a double integral as follows: Instead of taking the
Y integral over a rectangle,
as in § 120, we may take
\ it over an arca bounded by

any closed curve (fig. 74)

. \ such that a straight line
V4 F//’ : parallel to either OX or OY
3 intersects it in not more

; than two points. Drawing
\ ~ straight lines parallel toO Y
\ L4 and straight lines parallel
to 0X, we form rectangles
of area AzAy, some of
0 M % which are entirely within
Fia. 74 the area bounded by the

curve and others of which are only partly within that area. Then

3.3, 7 (= y) Azdy, )

=N
Q
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where the summation includes all the rectangles which are wholly
or partly within the curve, represents approximately the volume
bounded by the plane X0Y, the surface z=f(«, %), and the cylinder
standing on the curve as a base, since it is the sum of the volumes
of prisms, as in § 121. Now, letting the number of these prisms
increase indefinitely, while Az=0 and Ay =0, it is evident that
(1) approaches a definite limit, the volume described above.

If we sum up first with respect to y, we add together terms of
(1) corresponding to a fixed value of z, such as 2, Then if MB is
the line z = «,, the result is a sum corresponding to the strip
ABCD, and the limits of y for this strip are the values of y corre-
sponding to « = ; in the equation of the curve; ie. if M4 = f|(x)
and MB = f,(2)), the limits of y are f,(x) and f,(z). As different
integral values are given to <, we have a series of terms correspond-
ing to strips of the type ABCD, which, when the final summation
is made with respect to , must cover the area bounded by the
curve. Hence, if the least and the greatest values of x for the
curve are the constants a and b respectively, the limit of (1) appears
in the form b i)

[ [ 7w gy duy, @)
a JAw
where the subscript 4 is no longer needed.

On the other hand, if the first summation is made with respect
to z, the result is a series of terms each of which corresponds to a
strip of the type 4'B'C'D/, and the limits of 2 are of the form
¢,(y) and ¢,(y), found by solving the equation of the curve for z
in terms of y. Finally, if the least and the greatest values of y for
the curve are the constants ¢ and & respectively, the limit of (1)
appears in the form

d o da(y)
f (@, 9) dyda. )

d1(0)

While the limits of integration in (2) and (3) are different, it is
evident from the graphical representation that the integrals are
equivalent.

123. In §§ 120-122, f(x, y) has been assumed positive for all
the values of = and y considered, ie. the surface z =f(z, y). was
entirely on the positive side of the plane XOY. If, however,
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S(x, y) is negative for all the values of z and y considered, the
reasoning is exactly as in the first case, but the value of the
integral is negative. Finally, if f(z, y) is sometimes positive and
sometimes negative, the result is an algebraic sum, as in § 22,
Furthermore, it is not necessary that all the values of Az should
be equal and all the values of Ay equal; also in place of f(x,, ¥,
we may use f(, n,), where 2, < £, <z, , and ¥, <9, <¥;,,.

The work of making these extensions being similar to that of
§§ 22-23, it is not repeated here, but the student is advised to
review those articles.

124. Computation of a double integral. The method of comput-
ing a double integral is evident from the meaning of the notation.

3 3
Ex. 1. Find the value of f f zydady.

As this integral is written, it is equivalent to f ( f zydy)d:c the integral
in parenthesm being computed first, on the hypothesis that y alone varies.

-[o‘ zydy = [a_;y_’] =2z
fx2:uh:= [22)3=9.

Ex. 2. Find the value of the integral f f zydxdy over the first quadrant of
the circle x2 + y2 = a2,

If we sum up first with respect to y, we find a series of terms corresponding
to strips of the type A BCD (fig. 75), and the limits of y are the ordinates of the
points like A and B. 'The ordinate of 4 is evidently 0, and from the equation

Y of the circle the ordinate of B is \/ a? — z‘ where 04 = 2.
Finally, to cover the quadrant of the circle the limits of
— z are 0 and a. Hence the required integral is
B c a pVal—r2 al"py? Vai— a2
Y
zydzdy = —
fo j; i -/; [ 2 ]o a
T — ) dx
=| -(a? -2
\ [ i@
l[aﬁz’ m‘]“
7] 4D X 2L 2 4 ]o
Fio. 76 = }at.

Since the above computation of a double integral is simply the
repeated computation of a single definite integral, the theorems of
§ 24 may be used in simplifying the work.
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125. Double integral in polar coordinates. If we have to find
the double integral of f'(r, 6) over any area, we divide that area
up into elements, such as ABCD (fig. 76), by drawing radii vectors
at distances A@ apart, and concentric circles the radii of which
increase by Ar. The area of ABCD
is the difference of the areas of the
sectors OBC and 0A4AD. Hence, if
04 =r,

area ABCD = }(r + Ar)’A0 — } °A6
=rArA6 + L Ar* . A6.

Therefore any term of the sum cor-
responding to (1), § 120, is,
at first sight, of the form

S(r, 6) - (rArA8+ 5 A" AG). © Fic. 76

But in taking the limit, »ArA8 + L Ar” - Af may be replaced by
rArA6 (§ 3), for
. f(r, 0)~(1'A7’A0+%Z\72-A9)__ . 1 Ar\ _
Lim S(r, 0)- (rArA6) Lim {1+ 2 ) 1'

Hence the required integral is

Lim 33 /(r, 6)rAraf = f f £ (r, 8)rdrd®. 1

Ar=0
A0 0

If the summation in (1) is made first with respect to 7, the result
is a series of terms corresponding o strips such as 4,B,C,D,, and
the limits of » are functions of 6 found from the equation of the
bounding curve. The summation with respect to 8 will then add
all these terms, and the limits of @ taken so as to cover the entire
area will be constants, i.e. the least and the greatest values of 6 on
the bounding curve.

If, on the other hand, the summation is made first with respect
to 6, the result is a series of terms corresponding to strips such as
4,B,C,D,, and the limits of @ are functions of » found from the
equation of the bounding curve. The summation with respect to
r will then add all these terms, and the limits of » will be the
least and the greatest values of » on the bounding curve.
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Ex. Find the integral of 2 over the circle r = 2 a cos 4.

If we sum up first with respect to r, the limits are 0 and 2 acosé, found
from the equation of the bounding curve,
and the result is a series of terms cor-
responding to sectors of the type AOB
(fig. 77). To sum up these terms so as
to cover the circle, the limits of @ are

—TandT. Tho result is
2 2

m m
2 2acosf B 2 [r4]3acosd
f_ ; [ rasar = _z[Z]o 8
2

m
= f:‘l at costade
T3

Fie. 17 = § mat.

The graphical representation may be made by the use of cylin-
drical co6rdinates defined in § 127.

126. Triple integrals. Let any volume (fig. 78) be divided into
rectangular parallelopipeds of volume ArAyAz by planes paral-
lel respectively to the cobrdinate 2
planes, some of the parallelopipeds
extending outside the volume in a
manner similar to that in which
the rectangles in § 122 extend out-
side the area. Let (%, v, %) be a
point of intersection of any three of
these planes and form the sum

i=n yg=m k=p

2 2 Ef (x, Y,y 2) AzAYA2, ¢

=0 j=0 k=0

 —

N
2y
T -

LA .

P s ———-g
[}

as in § 122. Then the B
. . . T

limit of this sum as =, % I

m, and p increase in- y && 7

definitely, while Az =0,
Ay =0, Az=0, so as to
include all points of the volume, is called the triple integral of
S (z, y, 2) throughout the volume. It is denoted by the symbol

[[f 7@ .9 dsaya,

Fie. T8
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the limits remaining to be substituted. If the summation is made
first with respect to 2, # and y remaining constant, the result is to
extend the integration throughout a column of cross section AzAy;
if next « remains constant and y varies, the integration is extended
so0 as to combine the columns into slices; and finally, as 2 varies,
the slices are combined so as to complete the integration throughout
the volue.

127. Cylindrical and polar coordinates. In addition to the
rectangular codrdinates defined in § 84, we shall consider two other
systems of coordinates for space of three dimensions,— (1) cylin-

drical covrdinates, (2) polar coordinates. z

1. Cylindrical covrdinates. If the « and
the y of the rectangular codrdinates are =
replaced by polar coordinates » and € in
the plane X0Y, and the z coordinate is re-
tained with its original significance, the new
codrdinates 7, 6, and z are called cylindrical ol
coordinates. The formulas connecting the /

Y

two systems of coordinates are evidently

z=7rcosl, y=rsinf, z==z

Turning to fig. 79, we see that 2 =2, determines a plane parallel
to the plane XOY, that @ = 6, determines a plane MONP, passing
through 0Z and making an angle 6, with
the plane X0Z, and that r =7, determines
a right circular cylinder with radius r, and
OZ as its axis. These three surfaces inter-
sect at the point P.

2. Polar coirdinates. In fig. 80 the cylin-
drical coordinates of I are OM=1r, MP=z,
and £LOM = 0. If instead of placing
OM=r we place OP =7, and denote the
angle NOP by ¢, we shall have », ¢, and @
as the polar coordinates of P. Then, since ON=OP cos ¢ and
OM = OP sin ¢, the following equations evidently express the con-
nection between the rectangular and the polar codrdinates ofi P:

z=rcos¢, z=rsingcosf, y=rsingsiné.

N

2

N

Y Fia. 80
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The polar coirdinates of a point also determine three surfaces
which intersect at the point. For 6 =6, determines a plane (fig. 81)

Z

through 0Z, making the angle
0, with the plane XOZ; ¢ = ¢,
determines a cone of revolution,
the axis and the vertical angle of
which are respectively OZ and
2¢,; and r =7, determines
a sphere with its center
at O and radius r,.

In both sys-
tems of coordi-
nates 6 varies
from 0 to 2,
and in polar coor-
dinates ¢ varies
from 0 to 7. The
coordinate » is
usually positive

in both systems, but may be negative, in which case it will be laid

off on the backward-extension of
the line determined by the other
two coordinates, as in I, § 177.
128. Elements of volume in
cylindrical and in polar codrdi-
nates. If it is desired to express
the triple integral of § 126 in
either cylindrical or polar coir-
dinates, it is necessary to know
the expression for the element
of volume in those coordinates.
1. The element of volume in
cylindrical coordinates (fig. 82)
is the volume bounded by
two cylinders of radii » and
r + Ar, two planes corresponding

corresponding to € and 6+ A6.

——
TARN)
7/ \\\\
4 NOY
S/ M Y
/7 4 *;)./ >
s ta NN
/’ \\ l'\ e
/7 N
v | _— h
]
7) N W I
/’ ~
~
,/ T~
7/
L/
Fia. 82

to z and 2+ Az, and two planes
It is accordingly, except for
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infinitesimals of higher order, a cylinder with altitude Az and
base rArA@(§ 125). Hence the element of volume is

av = rdrd6dz. 1)

2. The element of volume in polar coordinates (fig. 83) is the
volume bounded by two spheres of radii » and 7 + A7, two conical
surfaces correspond-
ing to ¢ and ¢+Ad,
and two planes cor-
responding to € and
0+ A6. The volume
of the spherical pyr-
amid O-4BCD is
equal to the area of
its base 4BCD mul-
tiplied by one third
of its altitude 7.*
To find the area of
ABCD we note first
that the area of the
zone formed by com-
pleting the arcs 4D
and BC is equal to
its altitude,  cos ¢ — 7 cos (¢ + A¢), multiplied by 2 7r. Also the
area of ABCD is to the area of the zone as the angle A@ is to 2.

Hence area ABCD = rA@[r cos ¢ — r cos (¢ + Ad)],
and vol O-ABCD = } r*Af[cos ¢ — cos (¢ +Ad)].
Similarly,
vol O-EFGH = } (r + Ar)’Af[cos ¢ — cos (¢ + Ad)].
Therefore
Vol ABCDEFGH = §[(r + Ar)*— "] AB[cos ¢ —cos (¢ +Ad)].
But this expression differs from 7* sin ¢ArA¢pA@ by an infinitesi-
mal of higher order. Accordingly, the element of volume is
dV = 7* sin pdrdedo. (2)

* The volume of a spherical pyramid is to the volume of the sphere as the area of
its base is to the area of the surface of the sphere.
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It is to be noted that d¥7 is equal to the product of the
three dimensions AB, AD, and AE, which are respectively rd¢,
rsingdf, and dr.

129. Change of coordinates. When a double integral is given
in the form f f S (x, y)dedy, where the limits are to be substituted

s0 as to cover a given area, it may be easier to determine the value
of the integral if the rectangular coordinates are replaced by polar
coordinates. Then f(z, ¥) becomes f(r cos 8, 7 sin 6), i.e. a function
of  and 6. As the other factor, dady, indicates the element of area,
in view of the graphical representation of § 121 and the work of
§ 125, we may replace dedy by rdrdf. These two elements of area
are not equivalent, but the two integrals are nevertheless equiva-
lent, provided the limits of integration in each system of coordi-
nates are taken so as to cover the same area.
In like manner, the three triple integrals

f f S (=, y, ) dadydz,
f f S (rcos @, rsin 8, z) rdrdOde,
f f f JS(rsin ¢ cos 0, 7 sin ¢ sin 6, 7 cos ¢) 7* sin pdrdepdd

are equivalent when the limits are so taken in each as to cover the
total volume to be considered.

PROBLEMS
Find the values of the following integrals:
2 rat g w paVang
1. = . . 2
L[S sy 5. [ [ raoar
e 0+3
2 j;-[; e ddy. 6. _[; iy j; " rasin odsdr.
x
® P 3 a peos—1 L
. = dydz. 1. “ rdrdo.
3 fz ‘/; sinydyd.z j; j;eo._l%r
3

-4, f:jl“/;z log%cdydx. X ‘f;lﬁl“;ﬁ’—a'w-ﬂv+zdwyh.
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o [T
10. f NN :fiﬂ:,: 12. j; fo /. Ot e drdsdz.
11. j; ﬁawa‘[:ﬂnordodrdz. 13. j;ﬂj;hf;aﬁsin‘cﬁdtpdodr.

14. (5,3 o .
j; J; j; e 7 8in ¢ cos ¢ cos 6dddedr.

15. Prove that j; ’ j; bf (z)-f(y)dzdy = [ j; bf(z) dz]’.




CHAPTER XIII
APPLICATIONS OF MULTIPLE INTEGRALS

130. Moment of inertia of a plane area. 7he moment of inertia
of a particle about un awis is the product of its mass and the square
of its distance from the axis. The moment of inertia of a number
of particles about the same axis is the sum of the moments of
inertia of the particles about that axis. From this definition
we derive (§ 120) a definition of the moment of inertia of a
homogeneous rectangular lamina of thickness L and density p
about an axis perpendicular to the plane of the lamina. The
result may be written in the form

b d
M= pl f f («*+ ) dzdy, 1)

where M represents the moment of inertia.
If p and % are both replaced by unity, (1) becomes

h d
= [ [ty auy @

which, as was noted in § 120, is called the moment of inertia of
the rectangle about an axis perpendicular to its plane at O.
Reasoning in the same way, we may form the general expression

[[ @+ yyaaty, ®)

where the integration is to extend over a given area in the plane
X0Y. Then (3) is the moment of incrtia of that area about the
axis perpendicular to the plane at O.

Ex, Find the moment of inertia, about an axis perpendicular to the plane at
the origin, of the plane area (fig. 84) bounded by the parabola y2 = 4 azx, the line
¥ = 2a, and the axis OY,

236
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If the integration is made first with respect to 2, the limits of that integra-
2
tion are 0 and f’;, since the operation is the summing of elements of moment

of inertia due to the elementary rectangles in any Y
strip corresponding to a fixed valuo of y; the limit

0 is found from the axis of y, and the limit U /'
is found from the equation of the parabola. a

Finally, the limits of ¥ must be taken so as to 7
include all the strips parallel to OX, and bence /
must be 0 and 2 a. -

»
2« a
Therefore M = f ' f %@ + y?) dydz ¥
0 0

2a(1 e 1:,,4)
=f —_— - dZI
o \192 a3 4 a
0 X

=}1§at Fic. 84

131. If the plane area is more conveniently defined by means
of polar coirdinates, (3) of § 130 becomes

M=ffr’(rdrd0); (1)

for, by § 129, in place of dxdy as the element of area we take
the element of area rdrdf, and the factor «*+ y* evidently
~ becomes 77

Formula (1) may also be de-
rived directly from the fundamen-
tal definition at the beginning of
§ 130, and the student is advised
to make that derivation.

Ex. Find the momentof inertia, about
an axis perpendicular to the plane at O,
of the plane area (fig. 85) bounded by one
loop of the curve r = a 8in2 6.

M We shall take the loop in
Fic. 85 the first quadrant, since the
moments of inertia of all the

loops about the chosen axis are the same by the symmetry of the curve.
If the first integration is made with respect to r, the result is the moment of
inertia of a strip bounded by two successive radii vectors and a circular grc ; and
hence the limits for r are 0 and @ sin246. Since the values of 4 for the loop of
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the curve vary from 0 to T, it is evident that those values are the limits for 6
in the final integration.

™
a in29
Therefore M= jffoam r3dodr

™
=}at f 2si11420d()
(1]

= g4 mat.

132. In the two preceding articles we have found the moment
of inertia of a plane area about an axis perpendicular to the plane,
Whlbh with the exception of a constant factor, is the moment
¥ of inerlia of a corresponding
homogeneous lamina about the
same axis. We shall now find
the moment of inertia of a
d \ homogeneous lamina about an

o
A Q axis in its plane.
Let the lamina be bounded
r J by the closed curve (fig. 86),
L L1 and let its density at any point
o ol be p and its thickness be %
LetOX be the axis about which
the moment is to be taken.
0 X X Divide the area into rec-
Fia. 86
tangles of areaA2zAy. Then
the mass of any corresponding element of the lamina, as I’Q), is
pkArAy. Tf this mass is regarded as concentrated at P, its moment
about OX is pky’AxzAy; and if the mass is regarded as concen-
trated at @, its moment about OX is pk(y + Ay)*AxAy.
Therefore, if M, represents the required moment,

>3 phy'Aady < M, <D, pk(y + Ay)*Axdy, 1)
the summations to cover the entire area.
2
Since Lim 2 k(y +QA?/ YAzAy _ 1, the double sums of (1) have
pky’ArAy

the same limit (§ 3), and accordingly

o= [ [ ployasdy, @)

where the integration is to cover the entire area.
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If p and % are each replaced by unity, (2) defines the moment
of inertia of the plane area about OX.
If M, denotes the moment of inertia about 0Y,in similar manner

M,= f f pka’dzdy. 3)

Ex. Find the moment of inertia about OY of the plane area bounded by the
parabola y2 = 4 ax, the line y = 2a, and the axis OY.

Since the above area is the same as that of the Ex. in § 130, the limits of
integration will be the same as there determined, but the integrand will be
changed in that 22 4 2 is replaced by 2.

»
Henoe M= e [Faryda
= s, v
= £ at
If it is desirable to use polar cobrdinates, (2) becomes
M,= f f pkr® sin® @drd6, “4)

and (3) becomes
M= f pkr® cos® 0drdf, (5)

the substitution being made according to § 129.

133. Area bounded by a plane curve. The area bounded by an
arc of a plane curve, the axis of z, and the ordinates of the ends of
the arc has been determined in § 35 by a single integration. By tak-
ing the algebraic sum of such areas any plane area may he computed.

The area bounded by any plane curve may also be found by a
double integration as follows: Draw straight lines parallel to OX
and to OY respectively, forming rectangles of area AxAy, some of
which, as in fig. 74, will be entirely within the curve, and others
of which will be only partly within the curve. Form the double
sum EZAxAg/ of these rectangles, and then let their number
increase indefinitely while Az=0 and Ay=0. Then the double

integral
[ oy e

is the required area.
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Ex. Find the area inclosed by the curve (y — z — 3)2 = 4 — 22 (fig. 87).
The element of area is the rectangle AzAy. If the first integration is made
with respect to y, the result is the area of a strip like the one shaded in fig. 87,

and the limits for  will be found by solving the equation of the curve for y in
termsof z. Sincey =z + 8

Y +V4 — £3, the lower limit
|1 is y1=2+8—V4—2* and
L the upper limit isys =2 438
' / / + V4 —2% For the integra-
// A tion with respect to z the
// % 4 limits are — 2 and 2, since
¥3 the curve is bounded by the
/ 7 linesz=—2and z =2.
ot Therefore
‘/, 2 3
/ /’/ / area = /; . j:‘: ) dxdy
- 2
T yANE /1 s =[ (a-waa
8 ATTE TV (s
7 2 _2£2\/4—z’¢1¢
g ;;; =4m,
y. /@ This example is Ex. 8,
// /’ § 85. Cowparing the two
( solutions, we sec that the
result of the first integra-
L~
11 tion here is exactly the inte-
0 X grand in §86. It is evident

that this will be the case

in all similar problems, and
hence many areas may be found by single integration. The advantage of the
double integral consists in the representation of the area of a figure for which
the limits of integration cannot easily be found.

Fic. 87

134. In like manner, the area bounded by any curve in polar
coordinates may be expressed by the double integral

f f rdrd0, (1)

the element of area heing that bounded by two radii vectors the
angles of which differ by A6, and by the arcs of two circles the
radii of which differ by Ar.

If the first integration of (1) is with respect to », the result
before the substitution of the limits is } 7’df. But this is exactly
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the integrand used in computation by a single integration. Hence
many areas may be computed by single integration in polar
codrdinates.

135. Area of any surface. Let C (fig. 88) be any closed curve
on the surface f(z, ¥, 2) = 0. Let its projection on the plane X0Y
be C'. We shall assume that the given surface is such that the
perpendicular to the plane XOY at any point within the curve ¢’
meets the surface in but a single point.

In the plane XOY draw straight lines parallel to O and 0Y,
forming rectangles of area AzAy, which lie wholly or partly
in the arca bounded by C’. Through these lines pass planes
parallel to OZ. These planes z
will intersect the surface in

curves which intersect in points / c

the projections of which on the )

plane XOY are the vertices of 77

the rectangles; for example, M
|

is the projection of P. At every ‘ |

such point as P draw the tan- || i H { ! ;

gent plane to the surface. From |f | | o L ;

each tangent plane there I _[TI:' T -;/ 'd X
will be cut a parallelo- | |:= | J‘,,’,k’:

gram * by the :/__.LH’T(';/' )

planes drawn V| .;l[’ :k__.._ 7

-

parallel to OZ. A7 T
We shall now A7
define the area
of the surface f(z, ¥, 2) = 0, bounded by the curve C, as the limit
of the sum of the areas of these parallelograms cut from the tan-
gent planes, as their number is made to increase indefinitely, at
the same time that Az=0 and Ay ==0. This definition involves
the assumption that the limit is independent of the manner in
which the tangent planes are drawn, or of the way in which the
small areas are made to approach zero. This assumption may be
proved by careful but somewhat intricate reasoning.

*This parallelogram is not drawn in the figure, since it coincides so nearly with the
surface eloment.
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If A4 denotes the area of one of these parallelograms in a tan-
gent plane, and y denotes the angle which the normal to the tangent
plane makes with OZ, then (§ 92)

AzAy =AA4 cosyy, (1)
since the projection of A4 on the plane YOY is AcAy. The direc-

. 03
tion cosines of the normal are, by § 112, (2), proportional to —»

Py ox
—> —1; hence 1
f 08 Y =
Ve )
or oy
2
and hence Ad=4]1 +<az> <g§> ArAy, (2)

and S ad= Ez\j1+<az) < )AIAJ 3)

According to the definition, to find A4 we must take the limit
of (3) as Az=0 and Ay =0; that is

£ —ff\j1+<"“> ( )dnly, (4

where the integration must
be extended over the arca in
the plane X0Y bounded
by the curve C'.

Ex. 1. Find the area of
an octant of a sphere of

radius a.
If the center of

T S x the sphere is taken
as the origin of co-
ordinates (fig. 89),
the equation of the
sphere is

+y2+22=a?, (1)
and the projection

Y ot the required
area on the plane X 0Y is the area in the first quadrant bounded by the circle

3 2 — g2
and the axes O.X and OY. vryi=a @
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From (1), Z=-% ZEao

2 2 2 2 2
-'-\/”(?)*(sz\/x YT e by ()
L (&) z aﬁ_z?_yﬂ
_ a az—a2 ad:cdy
an 1

a‘l_z‘l._yﬁ

a
=,}-1m,f dr

0
= 1 22
=} ma?

7x. 2. The center of a sphere of radius 2a is on the surface of a rght cir-
cular eylinder of radius a. Find the area of the part of the cylinder intercepted
by the sphere.
z

X
Y/ Fic. 90
Let the equation of the sphere be
2+ Y2 + 28 = 4ad, d)
the center being at the origin (fig. 90), and let the equation of the cylinder be
Y +22—2ay =0, (2)

the elements of the cylinder being parallel to OX.

To find the projection of the required area on the plane X0Y it is necessary
to find the equation of a cylinder passing through the line of intersection of (1)
and (2), and having it elements parallel to OZ, Now .

ky(@® - y2 + 23— 4a?) + kg (¥? + 22 — 2ay) =0 ®
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represents any surface through the line of intersection of (1) and (2), and hence
it only remains to choose &y and kg so that (3) shall be independent of z. Accord-
ingly let k; = 1 and kp = — 1, and (3) becomes

224 2ay —4u2=0. 4)
- 0z 2 a-—
From (2), =0 = s ¥,

oz\?  [oz\2 22 4 (@ — y)? a
B 1+(‘ ‘) +("‘) =J —_— oy = ——m o= by (2
‘J ox, 6y 22 -\/2 ay — yz y ( )

A =f2uf\/m:m; __(_ii_ydx
0 Y_Via—zaV2ay — 43

2edy

0 \/!;

=2aV2a
=8a2
The limits of integration were determined from (4), which is the projection
of the bounding line of the required area on the plane XOY.

As an equal area is intercepted on the negative side of the plane X0Y, the
above result must be multiplied by 2. Hence the required area is 16 a2,

The evaluation of (4) may sometimes be simplified by trans-
forming to polar codrdinates in the plane XOY.

Ex. 8. Find the area of the sphere 22 4 2 4+ 22 = a2 included in a cylinder
having its elements parallel to OZ and one loop of the curve r = a cos 2 0 (fig. 91)
in the planc XOY as its directrix.

Proceeding as in Ex. 1, we find the integrand - ¢

-—. Transform-

a? — a2 — 32
ing this integrand to polar codrdinates, we have (§ 129)

A=2 f’; f“‘»“ ardédr
= —_—
-§Jo Vaz—n2

for the first integration
with respect to r covers a
sector extending from the
origin to a point on the curve
r = a cos 20, since the curve
passes through the origin;
and the final integration

with respect to 6 is from

-7t 15, since the loop

Fie. 91 4
chosen is bounded by the

radii vectors 6 = — E and = ; The factor 2 before th3 integral is necessary

because there is an equal amount of area on the negative side of the plane XOY,
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20
Therefore A=2a f f oo rd&dr
-7 — ,.2

= 2a2f,,(1 +sin26)dd + 2a=f:(1— 5in2 6) df
3
= (v —2)al.

If the required area is projected on the plane Y0Z, we have

4 f f \]1_:(”) )d i, %)

where the integration extends over the projection of the area on
the plane ¥Y0Z; and if the required area is projected on the plane

XO0Z, we have FRCEZIEY
4 =ff\j1+<3—’£> +<5¥> dudz, (6)

where the integration extends over the projection of the area on
the plane .XYOZ.

136. Center of gravity. In § 47 we defined the center of gravity
of a system of particles all of which lie in the same plane, the result-

ing formulas being 2 ma zm Y

If the particles do not all lie in the same plane, we are obliged to
add a third equation, 2’”".

to define the third cotrdinate of the center of gravity, the deriva-
tion of which is not essentially different from that given in § 47.

To determine the center of gravity of a physical body, we divide
the body into elementary portions, the mass of any one of which
may be represented by Am. Then if (2;, y;, ) is any point such
that the mass of one of the elementary portions may be considered
as concentrated at that point, we define the center of gravity
(%, 9, %) of the body by the formulas

mzx‘Am _ Zy,Am . zz Am
zAm zAm , zAm
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The denominator of each of the preceding fractions is evidently M,
the mass of the body.

Formulas (1) can be expressed in terms of definite integrals, the
evaluation of which gives the values of #, 7, and 2. We shall here
take up only those cases in which the definite integrals introduced
are double or triple integrals.

137. Center of gravity of a plane area. The center of gravity
of a plane area in the plane XOY has been defined in § 49. From
that definition we have immediately that z = 0.

To determine # and ¥ we divide the area into rectangles of area
AzAy (fig. 86), and if we denote the density by p, Am = pAzAy.

If we consider the mass of an element, as PQ, concentrated at P,
we have, by substituting in (1), § 136,

2 Z 2, pAzAy
2 2 pAzAy

an expression which is evidently less than z; and if we consider
the mass of P as concentrated at @, we have

Ez(x, + Az) pAxAy .

22 pAzAy

an expression which is evidently greater than Z.
But the limits of (1) and (2) are the same (§ 3), for

+ Ax) pAzAy
z,pAxAy

f ﬁmda:dy
The limit of (1) is 0w

entire area. f ﬁdxdy

f ﬁxdwdy f Pydwdy &
[[paciy ’ f pdady

¥ being derived in the same manner as z.

@

2)

Lim @, =1.

» both integrals being taken over the

Therefore z=
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1

If p is constant, it can be canceled; and in any problem in
which p is not defined, it will be understood that it is coustant.
In that case the denominator of each coordinate is the area of the
plane figure.

2 g2
Ex. Find the center of gravity of the segment of the ellipse :c_‘ %‘ =1 cut
a

off by the chord through the positive ends of the axes of the curve.

This is Ex. 2, § 49, and the studont should compare the two solutions,

The equation of the chord is be + ay = ab.

To determine & and 7 we have to compute the two integrals f f zdxdy and
f ydzdy over the shaded area of fig. 89, and also find that shaded area.

The area is the area of a quadrant of the ellipse less the area of the triangle
formed by the codrdinate axes and the chord, and is accordingly
1 (wab) — L ab =1 ab(7w — 2).
ab — bz

For the integrals the limits of integration with respect to y are y; =
b = . . a
and ys = a Vaz - &2, ¥, being found from the equation of the chord, and y. being
found from the equation of the ellipse. The limits for z are evidently 0 and a.
a piViT o a — 2
f f“ ‘ wdedy —_—f (gjw\/aﬂ—m“—ba:+bi)da:
0 Ya o \a aQ

h -:!n'
a

= ] baz.
a ll\/ns..__,a 1 a
a _ _ 2 b
f;j:.b-m ydzdy azfo( b2 + ablr)da
a
= } b2.
7= 2a —_ _2b
“3@-2’ YTiw-9

138. If the equation of the bounding curve of the area is in
polar codrdinates, we have, by transforming equations (3), § 137,

by § 129,
f ﬁr” cos Odrdo

z
f prdrd@

f pr® sin Odrd@

f prdrdé

@)

Il

y
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Ex. Find the center of gravity of the area bounded by the two circles

r=acosf, r=>bcosé. ®>a)

It is evident from the symmetry of the area (fig. 92) that 7 = 0.
As the denominator of the fractions, after canceling p, is the area, it is
wh? wa? 1
1t0 — — —=-7w (43— a?).
equal to —- — —— =2 ( )

The numerator for ¥ becomes

0 Mf j;m r’cosododr-ﬁ(b’—a’)f cos*6do
—iw(b”—a“)

p=Btabta
TTT 200+

Fic. 92

139. Center of gravity of a solid. To find the center of gravity
of any solid we have merely to express the Am of formulas (1),
§ 136, in terms of space coordinates and proceed as in § 137. For
example, if rectangular codrdinates are used, Am = pAxAyAz, and

f f pzdxdydz
ff pda,dydz
f f pydwdydz
f f pd:z:dydz

f f ﬁzd.Ldydz
f I ﬁdwdydz

the work of derivation being like that of § 137.
If desired, formulas (1) may be expressed in cylindrical or polar
cobbdinates.

’

1)

Ex. Find the center of gravity of a body of uniform density, bounded by one
nappe of a right circular cone of vertical angle 2 a and a sphere of radius a, the
center of the sphere being at the vertex of the cone.
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If the center of the sphere is taken as the origin of codrdinates and the axis
of the cone as the axis of z, it is evident from the symmetry of the solid that
%=1y =0. Tofind zZ, we shall use polar codrdinates, the equations of the sphere
and the cone being respectively »r = a and ¢ = a.

_f: " j; * f; ar cos ¢ . r2 gin pdfdpdr

j; " j; * j; ar’ sin ¢pdédgdr

The denominator is the volume of a spherical cone the base of which is a zone
of altitude a (1 — cos @); thereforo its volume equals § wa3(1 — cosa) (§ 128).

ﬁh‘l;‘f:racos¢sin¢d0d¢dr= .}mﬁ"’j:cowsingodod‘p
=lat(l- cosﬂa)j;"do

= } wat(1 — cos?a).

Then zZ=

~Z2=§(1+ cosa)a.

140. Volume. In §§ 126, 128 we found expressions for the
element of volume in rectangular, in cylindrical, and in polar
coordinates. The volume of a solid bounded by any surfaces
will be the limit of the sum of these elements as their number
increases indefinitely while their magnitudes approach the limit
zero. 1t will accordingly be expressed as a triple integral.

yﬂ

']
Ex. 1. Find the volume bounded by the ellipsoid E; + W
a

From symmetry (fig. 98) it z
is evident that the required
volume is eight times the vol-
ume in the first octant
bounded by the surface
and the codrdinate
planes.

In summing up the
rectangular parallel-
opipeds AzAyAz to
form a prism with
edges parallel to 0Z, /| = = Of-—disdjiH-Jomcecaaa- X
the limits for z are 0

23
+-c—é=1.

and ¢ —_——y

the latter being
found from the
equation of the
ellipsoid. Y Fic. 98
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Summing up next with respect to y, to obtain the volume of a slice, we have

2
0 as the lower limit of y, and b4 /1 — a_-,; as the upper limit. This latter limit is
a

2 g2
determined by solving the equation m_z + 2—;& =1, found by letting z = 0 in the
a

equation of the ellipsoid ; for it is in the plane z = 0 that the ellipsoid has the
greatest extension in the direction OY, corresponding to any value of .
Finally, the limits for x are evidently 0 and a.

@B grdyds

bV 1-2 2 12
=8cj:'j; ““ll—zj—%dzdy

a m?
= 2o [ (1—$)dz

= % wabc.

Therefore

UM

It is to be noted that the first integration, when rectangular
coordinates are used, leads to an integral of the form

f (2= =) dxdy,

where 2, and 2, are found from the equations of the bounding sur-
faces. It follows that many volumes may be found as easily by
double as by triple integration.

In particular, if z,= 0, the volume is the one graphically repre-
senting the double integral (§ 121).

Ex. 2. Find the volume bounded by the surface z = ae~(*+#) and the plane
z=0.

To determine this volume it will be advantageous to use cylindrical codrdi-
nates. Then the equation of the surface becomes z = ae—?, and the element of
volume is (§ 128) rdrdodz.

Integrating first with respect to z, we have as the limits of integration 0 and
ae—7’. If we integrate next with respect to r, the limits are 0 and oo, for in the
plane z = 0, r = o, and as z increases the value of » decreases toward zero as a
limit. For the final integration with respect to  the limits are 0 and 2.

Therefore V= j; o j; ® j; u_"rdadrdz

= aj;“ﬁwre—"dodr
=&a oﬂwdo

= 7a.
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In the same way that the computation of the volume in Ex. 2
has been simplified by the use of cylindrical codrdinates, the com-
putation of a volume may be simplified by a change to polar cotr-
dinates ; and the student should always keep in mind the possible
advantage of such a change.

141. Moment of inertia of a solid. The moment of inertia of a
solid about an axis may be found as follows: Divide the solid into
elements of volume, and let Am represent the mass of such an
clement. et 2 and & + Ah represent the least and the greatest
distances of any particle of Am from the axis. Then if Am is
regarded as concentrated at the least distance, its moment of inertia
would be 2°Am; and if Am is regarded as concentrated at the
greatest distance, its moment of inertia would be (& + Ah)*Am.
If the moment of inertia of the entire solid is denoted by M,

S kAm < M <Y (b +AR)Am,

where the two sums include all the elements of volume into which
the solid was diﬂvided.

.. (b +AR)’Am
Lim h*Am
volume increases indefinitely while their magnitude approaches

the limit zero.
Hence we define M by the equation

M=TLimY h*Am. )

It is to be noted that the cases of §§ 130-132 are but special
cases of (1).

The computation of M requires us to express (1) as a definite

integral in terms of some system of codrdinates, the choice of a
particular system of codrdinates depending upon the solid.

=1, when the number of the elements of

Ex. Find the moment of inertia of a homogeneous sphere of density p and
radius a about a diameter.

We shall take the center of the sphere as the origin of cotrdinates, and the
diameter about which the moment is to be taken as the axis of z. The problem
will then be most easily solved by using cylindrical codrdinates.

The equation of the sphere will be 73 4 23 = a3, and dm = prdrdédz, where p
is the density ; also h = r, so that we have to find the value of the triple integral

of [ [ redsdrda.
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Integrating first with respect to z, we find the limits, from the equation of
the sphere, to be —Va? — 72 and Va? — r2. Integrating next with respect to r,
we have the limits 0 and a, thereby finding the moment of a sector of the sphere,
To include all the sectors, we have to take 0 and 27 as the limits of 6 in the last
integration.

Therefore M=p f o f [ ‘:‘;; _" rdédrdz.

As a result of the first integration,
27 na —_—
M=2 Vat — 72 .
p ./; j; 3 Vaz — 2 dodr

Making the next integration by a reduction formula or a trigonometric sub-

stitution, we have
i = 1—“’ f dé = 1 5 1rpa5.

142. Attraction. In § 45 the attraction between two particles
was defined, and the component in the direction 0.X of the atirac-

tion of any body on a particle was derived as lez—-—e— m,

where Am represents an element of mass of
’—w the body, 7, may be considered the shortest
distance from any point of the element to
S; the particle, and 6, is the angle between O.X
and the line 7,. This expression is entirely
general, and similar expressions may be de-
rived for the components of the attraction
in the directions 0Y and OZ.
Now that we can use double and triple

D integrals the application of these formulas
[>7 is simplified.

el
\YAY

\

II ——r——
/

Ex. Find the attraction due to a homogeneous
circular cylinder of density p, of height %, and radius
of cross section @, on a particle in the line of the axis
of the cylinder at a distance b units from
one end of the cylinder.

Take the particle at the origin of cotr-
dinates (fig. 94), and the axis of the cylin-
Y Fie. 04 der as OZ. Using cylindrical cosrdinates,

we have dm = prdrdfdz and r; = V22 + 13,
From the symmetry of the figure the resultant components of attraction in

the directions OX and OY are zero, and cosé; = —~%___ for the resultant
component in the direction 0Z. V2t 4+ 1

[
T4
\IV"I

S
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Therefore, letting 4, represent the component in the direction OZ, we have

27 pa pb+h rz
A= [ A,
z Plf; L ﬁ (22 ¥ rg)gdﬂdeZ)

where the limits of integration are evident from fig. 0.

27 pa r r
A, =p <—; == T‘.")dOdT
: j; j; V2Lt V(b+ )+ 2

2w —— . e,
=pj; (h +VE ¥ ai —V(b + h)2 + a?) do
=2mp(h + Vb2 + a2 —V (b + h)® + a?).

PROBLEMS

1. Find the moment of inertia of the area between the straight lines z + y=1,
z =1, and y = 1 about an axis perpendicular to its plane at O.

2. Find the moment of inertia of the area bounded by the parabolas y2 = 4 «.
+ 4 a?, y* =— 4bx + 4% about an axis perpendicular to its plane at O.

3. Find the mowment of inertia of the area of the loop of the curve b2 =
z2(a — x) about an axis perpendicular to its plane at O.

4. Determine the moment of inertia about an axis perpendicular to the plane
at the pole of the area included between the straight line r = a secd and two
straight lines at right angles to cach other passing through the pole, one of these
lines making an angle of 60° with the initial line.

5. Find the moment of inertia of the area of one loop of the curve » = a cos 36
about an axis perpendicular to its plane at the pole.

6. Find the moment of inertia of the area of the cardioid » = a(cos @ + 1)
about an axis perpendicular to its plane at the pole.

7. Find the moment of incrtia of the area of one loop of the lemniscate
72 = 2 a2 cos 2 @ about an axis perpendicular to its plane at the pole.

8. Find the moment of inertin of the total area bounded by the curve
72 = a?sin § about an axis perpendicular to its plane at the pole.

9. Find the moment of inertia of the entire area bounded by the curve
72 = a2 sin 3 6 about an axis perpendicular to its plane at the pole.

10. Find the moment of inertia of the area of a circle of radius a@ about an
axis perpendicular to its plane at any point on its circumference.

11. Find the moment of inertia of the area of the circle r = a which is not in-
cluded in the curve r =a sin 2 # about an axis perpendicular to its plane at the pole.

12. Find the moment of inertia about the axis of y of the area bounded by
the hyperbola zy == a2 and the line 22 + 2y — 6a = 0.

13. Find the moment of inertia about the axis of = of the area of the loop
of the curve 02y? = 22 (a — z).

14. Find the moment of inertia of the area of one loop of the lemniscate
r3 = 2a2cos 26 about an axis in its plane perpendicular to the initial line at
the pole.
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15. Find the moment of inertia of the area of the cardioid » = a(cosé@ + 1)
above the initial line, about the initial line as an axis.

16. Find the moment of inertia of the area bounded by a semicircle of radius
2 a and the corresponding diameter, about the tangent parallel to the diameter.

17. Find the area bounded by the hyperbola zy = a2 and the line 2z + 2y
—ba=0.
18. Find the area bounded by the parabola z2=4ay and the witch
3

19. Find the area bounded by the limagon r = 2cosé + 3 and the circle
r=2cosé.

20. Find the area bounded by the confocal parabolas y2 = 4 ax + 4 a2,
y“ =—4bx 4 402

21. Find the area bounded by the circles r = a cos 8, r = a sin 4.

22. Find the areas of the threc parts of the circle x2 + y2 — 2ax = 0 into
which it is divided by the parabola 2 = ax.

23. Find the area cut off from the lemniscate 2 = 2 a2 cos 2 8 by the straight
. V3

line r cos 6 = _é a

24. Find the area of the surface cut from the cylinder 2 4 2 = a2 by the
cylinder 2 + 22 = a2

25. Find the area of the surface of a sphere of radius a intercepted by a right
circular cylinder of radius } a, if an element of the cylinder passes through the
center of the sphere.

26. Find the area of the surface of the cone 22 + y2 — 22 = 0 cut out by the
cylinder 22 4+ 92 —- 2ax = 0.

27. Find tho area of the surface of the cylinder 22 + y2 — 2 ax = 0 bounded
by the plane XOY and a right circular cone having its vertex at O, its axis
along OZ, and its vertical angle equal to 90°.

28. Find the area of the surface of the right circular cylinder 22 4 (z cos a
+ v sin a)? = a2 included in the first octant.

29. On the double ordinates of the circle 22 + y2 = a? as bases, and in planes
perpendicular to the plane of the circle, isosceles triangles, each with vertical
angle 2 a, are described. Find the equation of the convex surface thus formed,
and its total area.

30. Find the area of the surface z = zy included in the cylinder (22 + y%)2 =
22 — y3.

31. Find the area of the sphere z2 + y2 + 22 = a2 included in the cylinder
with elements parallel to OZ, and having for its directrix in the plane X0Y a
single loop of the curve r = a cos 3 4.

32. Find the area of that part of the surface z =

22 — 2/2 . .
the projection of
%a proj

which on the plane XOY is bounded by the curve r? =a? cos 6.

rd
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33. Find the area of the sphere 22 + y2 + 22 = 4 a2 bounded by the intersec-
tion of the sphere and the right cylinder, the elements of which are parallel to
OZ and the directrix of which is the cardioid » = a (cos 8 + 1) in the plane X OY.

34. Find the center of gravity of the plane area bounded by the parabola
et + i =aland thelinez + y = a.

35. Find the center of gravity of the plane area bounded by the parabola
8a3

2+ 4a?
36. ¥ind the center of gravity of the plane area bounded by the cissvid
8
Y=

22 = 4 ay and the witch y =

and its asymptote.

2a -2

37. Find the center of gravity of the area of the part of the loop of the
curve aty? = a%rt — 28 which lics in the first quadrant.

38. TFind the center of gravity of the area in the first quadrant bounded by
the curves z? + y% = od and 22 4 32 = a2,

39. Find the center of gravity of the plane area bounded by 0X, OY, and
the curve z8 4 'y3 =al.

40. A plate is in the form of a sector of a circle of radius a, the angle of the
sector being 2 a. If the thickness varies directly as the distance from the center,
find its center of gravity.

41. How far from the origin is the center of gravity of the area included in
a loop of the curve r = @ cos26 ?

42. Find the center of gravity of the area bounded by the cardioid r =
a(cosd + 1),

43. Find the center of gravity of a thin plate of uniform thickness and den-
gity in the form of a loop of the lemniscate r2 = 2 a2 cos 2 6.

44. Find the center of gravity of a homogencous body in the form of an
octant of the elhpsond — + ‘;: + _z_l

45. Find the center of gravity of the homogeneous solid bounded by the
surfaces z = k1, z = ke (k2 > k1), 22 + ¥2 = 2 ax.

46. The density of a solid bounded by the elllpsmd + + = =1 varies

directly as the distance from the plane YOZ. Find the cent.er of gra.wty of the
portion of this solid lying in the first octant.

47. Find the center of gravity of the homogeneous solid bounded by the
surfaces 2 = 0, y = 0, ¥ = b, b%22 = Y2 (a? — 22).

48. A homogeneous solid is bounded by a sphere of radius a and a right
circular cone, the vertical angle of which is % » the vertex of which is on the
surface of the sphere, and the axis of which coincides with a diameter of the
sphere. Find its center of gravity.

49. Find the center of gravity of a right circular cone of altitude a, the den-
sity of each circular slice of which varies as the square of its distance from the
vertex,
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50. Find the center of gravity of an octant of a sphere of radius a, if the
density varics as the distance from the center of the sphere.

51. ¥ind the center of gravity of a homogencous solid bounded by the sur-
faces of a right circular cone and a hemisphere of radius @, which have tho
same base and the same vertex.

52. Find the volume bounded by the surface z} + y* + 2 = a? and the coor-
dinate planes.

53. Find the volume of the part of the cylinder 2 + y2 — 2ax = 0 included
between the planes z = kyz, 2 = kg2 (ky < k).

- 2 oy
54. Find the total volume bounded by the surface e + e +

;; = 1.
55. Find the volume included in the first octant of space between the coor-
2
dinate planes and the surface y2 — 16 (1 - g) + 82 (1 - g) =0.

56. Find the volume in the first octant bounded by the surfaces z = (z + y)?,
z2 4 y? = a?

57. Find the volume bounded by the surface %22 = y2 (a2 — 22) and the planes
y=0and y =0

58. Find the volume bounded by the surfaces az =zxy, 2 +y +2=a, 2=0.

§9. Find the volume bounded by the cylindroid 22 = z + y and the planes
z=0,y=0,2=2.

60. Find the volume of the paraboloid y2 + 22 =8z cut off by the plane
Y= 2z — 2.

61. Find the volume bounded by the surfaces z=ax2+by2, y2=2 cx —=z2, 2=0.

62. ¥ind the volume bounded by the surfaces 2 + y2 == ax, 22+ y2 = bz, z = 0.

63. Find the total volume bounded by the surface z} + 32 + 23 = a3,

64. Find the volume cut from a sphere of radius a by a right circular cyl-
inder of radius g , one element of the cylinder passing through the center of the
sphere,

65. Find the volume bounded by the surfaces z = a (¢ + ¥), z = a (x2 + ¥?).

66. Find the volume bounded by the surfaces z = 0, z = ar?, r = b cosé.

67. Find the total volume bounded by the surface (22 + y2 + 22)3= 27 a’zyz.
(Change to polar coirdinates.)

68. Find the volume bounded by a sphere of radius @ and a right circular
cone, the axis of the cone coinciding with a diameter of the sphere, the vertex
being at one end of the diameter and the vertical angle of the cone being 60°.

69. Find the total volume bounded by the surface (2% + ¥? + 2%)2 = axyz.

70. Find the volume of the sphere 22 + 2 + 22 = a2 included in a cylinder
with elements parallel to OZ, and having for its directrix in the plane XO0Y one
loop of the curve r = a cos 30.
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71. Find the volume bounded by the plane X QY the cylinder z2 + 2 — 2ax
=0, and the right circular cone having its vertex at O, its axis coincident with
0Z, and its vertical angle equal to 90°.

72. Find the total volume bounded by the surface 72 + 22 = ar (cos 8 + 1).
yﬂ 22

2
73. Find the moment of inertia of a homogeneous ellipsoid a_:_ﬁ +o+5=1,
of density p, about OX. e B <

74. Find the moment of inertia about its axis of a homogeneous right cir-
cular cylinder of density p, height &, and radius a.

75. A solid is in the form of a right circular cone of altitude & and vertical
angle 2 «. Find its moment of inertia about its axis, if the density of any par-
ticle is proportional to its distance from the base of the cono.

76. The density of a solid sphere of radius « varies as the distance from a
diametral plane. Find its moment of inertia about the diameter perpendicular
to the above diametral plane.

77. A homogeneous solid of density p is in the form of a hemispherical
shell, the inner and the outer radii of which are respectively r; and ;. Find
its moment of inertia about any diameter of the base of the shell.

78. A solid is bounded by the plane z = 0, the cone z = r (cylindrical coor-
dinates), and the cylinder having its clements parallel to 0Z and its directrix
one loop of the lemniscate 2 = 2 a2 cos2 @ in the plane XO0Y. Find its moment
of inertia about OZ, if the density varies as the distance from OZ.

79. Find the attraction of a homogeneous right circular cone of mass M,
altitude 4, and vertical angle 2 @ on a particle at its vertex.

80. A portion of a right circular cylinder of radius @ and uniform density p
is bounded by a spherical surface of radius b (b > a), the center of which coin-
cides with the center of the base of the cylinder. Find the attraction of this
portion of the cylinder on a particle at the middle point of its base.

81. Find the attraction due to a hemisphere of radius a on a particle at the
center of its base, if the density varies directly as the distance from the base.

82. The density of a hemisphere of radius a varies directly as the distanco
from the base. I'ind its attraction on a particle in the straight line perpendic-
ular to the base at its center, and at the distance a from the base in the direc-
tion away from the hemisphere.

83. A homogeneous ring is bounded by the plane X OY, a sphere of radius
2 a with ceuter at O, and a right circular cylinder of radius a, the axis of which
coincides with OZ. Find the attraction of the ring on a particle at O.



CHAPTER XIV
LINE INTEGRALS AND EXACT DIFFERENTIALS

143. Definition. Let C (fig. 95) be any curve in the plane XOY
connecting the two points Z and K, and let M and N be two func-
tions of z and y which are one-valued and continuous for all points
on C. Let C be divided into n seg-
ments by the points 2, I, 1;,-- -, B _,,
and let Aw be the projection of one of
these segments on OX™ and Ay its pro-
jection on O Y. That is, Aw =, , — =,
Ay =y, . ,— Y, where the values of Az
7] X and Ay are not nccessarily the same
Fic. 95 for all values of 7. Let the value of
M for each of the n points L, R, B, ---, I’_, be multiplied by the
.corresponding value of Az, and the value of N for the same point
by the corresponding value of Ay, and let the sum be formed

i=n-—1
E[M (v ) Az + N (x;, y) Ay].
i=0
The limit of this sum as % increases without limit and Az and
Ay approach zero as a limit is denoted by

f (Mdx + Ndy),
©)

and is called a line integral along the curve C. The point K may
coincide with the point Z, thus making C a closed curve.

If z and y are expressed in terms of a single independent vari-
able from the equation of the curve, the line integral reduces to a
definite integral of the ordinary type; but this reduction is not
always convenient or possible, and it is important to study the
properties of the line integral directly.

We shall give first a few examples, showing the importance of
the line integral in some practical problems.

2568
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Ex. 1. Work. Let us assume that at every point of the plane a force acts,
which varies from point to point in magnitude and direction. We wish to find
the work done on a particle moving from L to K along the curve C. Let C be
divided into segments, each of which is denoted by As and one of which is rep-
resented in fig. 96 by PQ. Let F be the force
acting at P, PR the direction in which it acts,
PT the tangent to C at P, and 6 the angle
RPT. 'Then the component of F in the direc-
tion PT is F cos 6, and the work done on a par-
ticle moving from P to Q is Fcos 8As, except for
infinitesimals of higher order. The work done
in moving the particle along C is, therefore,

W= LimZF cos6A3 = | F cos6ds. 0 ) X X
«©) Fic. 96

Now let @ be the angle between PR and O.Y, and ¢ the angle between PT
and OX. Then 0 = ¢ — « and cos @ = cos ¢ cos @ + sin ¢ sin . Therefore

W= f (F cos ¢ cos « + F'sin ¢ sin ) ds.
)

But Fcos « is the component of force parallel to OX and is usually denoted by
X. Also Fsin « is the component of force parallel to OY and is usually denoted
by Y. Moreover cos ¢ds = dr and sin ¢ds = dy (§ 42). Ilence we have finally

W= f (Xdz + Ydy).
()

Ex. 2. Flow of a liguid. Suppose a liquid flowing over a plane surface, the
lines in which the particles flow being indicated by the curved arrows of fig. 97.
We imagine the flow to take place in planes parallel to X 0Y, and shall assume
the depth of the liquid to be unity. We wish to
tind the amount of liquid per unit of time which
flows across a curve C.

Let g be the velocity of the liguid, « the angle
which the direction of its motion at each point
makes with OX, u = ¢ cosa the component of
velocity parallel to OX, and v = gsin« the com-
ponent of velocity parallel to OY. Take an ele-
ment of the curve PQ = As. In the time df the
Fic. 97 particltes of liquid which are originally on PQ will

flow to P’Q’, where PP’ = Q@ = qdt (except for
infinitesimals of higher order). The amount of liquid crossing PQ is therefore
the amount in a cylinder with base PQQ' I and altitude unity. The volume
of this cylinder is PP’. PQsin@ = ¢dt sin 6As, where 6 = P’PQ. Hence the
amount of liquid crossing the whole curve C in the time d¢ is

Li dt sin 0As = dt Li in 6As = dt i
unz qdt sin 6As = d nnz qs j(' c)q sin 6ds
and the amount per unit of time is

f ¢ sin éds.
)

ol
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To put this in the standard form, let ¢ be the angle made by PQ with OX.
Then 6 = ¢ — « and sin @ = sin ¢ cos @ — cos ¢ sin @. Hence

qsin 6ds = ¢ sin ¢ cos ads — ¢ cos ¢ sin ads = — vdz + udy.

Therefore the amount of liquid flowing across € per unit of time is
f (— vdz + udy).
©)

Ex. 8. Heat. Consider a substance in a given state of pressure p, volume v,
and temperature ¢, Then p, v, £ are connected by a relation f(p, v, t) =0, so
that any two of them may be taken as independent variables. For a perfeet gas
pv = kt, if ¢ is the absolute temperature, and the state of the substance is indi-
cated by a point on the surface of fig. 65, or equally well by a point on any one
of the threo coiirdinate planes, since a point on the surface is uniquely deter-
mined by a point on one of these planes. We shall take ¢ and v as the inde-
pendent variables and shall therefore work on the (¢, v) plane.

Now if @ is the amount of heat in the substance and an amount d@ is added,
there result changes dp, dv, d¢ in p, v, and ¢ respectively, and, except for infin-

itesimals of higher order, dQ = Adp + Bdv + Cdt

From the fundawmental relation f(p, v, t) = 0, it follows that
af
op

whence we have dQ = Mdt + Ndv.

2 2
(lp+gdu+£fdt=0,
o ot

Hence the total amount of heat introduced into the substance by a variation
of its state indicated by the curve C is

Q= _/(' (Mt + Nav).

Fx. 4. Area. Consider a closed curve ¢ (fig. 08) tangent to the straight lines
z=a,z=0>0,y=d, and y = e, and of such shape that a straight line parallel to
Y either of the coiirdinate axes intersects it in
not more than two points. Let the ordinate
through any point M intersect C in P and

E
% \ P;, where MP; = yy and MPy = y;. Then,

/I} if A is the area inclosed by the curve,
b b
A=fyzdx—fy1dz
Q Q a a
N ;L‘ ] b
D = —f Vzdx —f 2/1(12
X ’ “
Ol A M B
Fra. 98 == J Y%

the last integral being taken around C in a direction opposite to tho motion of
the hands of a clock.
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Similarly, if the line N@, intersects C in Q; and Q,, where NQ; = z; and

NQ; = x3, we have . .
A=Lz,dy—j‘;z1dy

= fd e:a:-zdy + f; dﬁ'ldy

= med%

the last integral being taken also in the direction opposite to the motion of the
hands of a clock. By adding the two values of A we have

24 =fw)(_ vdz + zdy).

If we apply this to find the area of an ellipse, we may take = a cos ¢,
2
y=bsing (I, §166). Then A=} [ "abdg = wab.
(]

144. Fundamental theorem. In using integrals around closed
curves, we need some means of distinguishing between the two
directions in which the curve
may be traversed. Accordingly,
when the curve is a portion of
the boundary of a specified area,
we shall define the positive direc-
tion around the curve as that in
which a person should walk in
order to keep the area on his left
hand. Thus in fig. 99, where the
shaded area is bounded by two
curves, the positive direction of each curve is indicated by the arrows.

‘With this convention, the fundamental theorem in the use of
line integrals is as follows:

If M, N, %—[ » and %%r are continuous and one-valued in a closed
area A and on its boundary curve C, then

oM oN
— — — |dzdy = — | (Mdz + Ndy),
f j;o( %y 8a:> y (c() L

where the double integral 1s taken over A and the line integral is
taken in the positive direction around C.
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To prove this, we shall first assume that the closed area is of
the form described in Ex. 4, § 143, and shall use the notation of
that example and fig. 98. Then

Y
0N ey = f (z.uf My
‘/:/(:4) 27 a n 3]/

= f b[.ﬁ[ (.1}, ?/z) —-M (m, yl)] dx

b
=f M(x, y,)dx ——fM(.n, y,)dz

a b
=—f M(z, y,)dr —f M(x, y,)dz
b a

—— f Mz, 1)
(%)

the last integral being taken in the positive direction around C,

Similarly,
f -—clxdy Ndy. )

)

By subtracting (2) from (1) we have the theorem proved for a
closed curve of the simple type considered.
The theorem is now readily extended to any area which can be
cut up into areas of this simple type. For example, consider the
X area bounded by the curve C (fig. 100).
By drawing the straight line LK the
] am ] area is divided into three areas 4', 4",
A", and the theorem applied to each
of these areas. By adding the three
equations obtained we have on the
left-hand side of the new equation the
double integral over the area bounded
by C, and on the right-hand side the
line integral along C and the straight
line LK traversed twice in opposite directions. The integrals
along the line LK therefore cancel, leaving only the integral
around C.

[

0 X
Fie. 100
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The theorem is also true for areas bounded by more than one
curve. Consider, for example, the area bounded by two curves C
and ¢’ (fig. 101). By drawing
the line LK the area is turned
into one bounded by a single
curve, and the theorem may be
applied to it. It appears that
the line integral is taken twice
along LK in opposite directions,
and these two integrals cancel
each other. The result is that
the double integral over the area
is equal to the line integral around cach of the boundary curves
in the positive direction of cach. In the same way the theorem is
shown to hold for areas bounded by any number of curves.

Ex. If M=y and N = — z, we have

ffz dedy = —f(ydx — zdy),

agreeing with the result of Ex. 4, § 143.

145. Line integrals of the first kmd, aM % If M and N
are two functions of x and y, such that %ﬂ—[- = aa———N, and the discus-
Y 37

ston 1s resiricted to a portion of the (x, y) plane in which M, N,
) ,
el > and N are continuous and one-valued, then
y ox
(1) The line integral f (Mdx + Ndy) around any closed curve
s zero.

(2) The line integral f (Mdz + Ndy) between any two points 1s

a function of the codrdinates of the points, and is independent
of the curve connecting the points. o _ 6 ¢
(3) There exists a function ¢ (x, y) such that Py I, -~ =N.

Conversely, if any one of the conclusions (1), (2), or (3) is fu{/’ lled,
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To prove (1), consider the fundamental theorem of § 144. It

is at once evident that if aai[ N f (Mdz +Ndy) =0 around any

closed curve.

To prove (2), let L and K be any two points, and C and C'
(fig. 102) any two curves connecting them. Let I be the value
of the line integral from L to K along C, and I’ the value of the
line integral from L to K along C'. Then — I’ is the value of the
line mtegral from K to L along C' Now by (1)

I+ (—1I')=
Therefore I=1T.

To prove (3), consider the line in-

tegral (EX)
0 Fio. 102 o Loy Vo)(de ),
where (z,, ¥,) is a fixed point and («, y) a variable point. By (2)
this integral is independent of the path and is therefore fully
determined when (z, y) is given. Hence, by the definition of a
function of two variables, we may write

f - ”)(de + Ndy) = ¢ (2, y).

(o0, Yo)
(e + A, ¥)
Then b+, y)= (Mdz + Ndy),

@0 ¥0)
and since this integral is independent of the curve connecting the
upper and the lower limits, we may take that curve as drawn first
to (2, y) and then along a straight line to (z + A, y). Then
(z+h, ¥)

(CX))
d@E+h y)= (Mdz + Ndy) + (Mdz + Ndy)

(20, ¥0) z+h (@, )

=$@ 9+ [ M@ y)ds,
since in the last integral y is constant and dy = 0.
Then, by § 30,
b(@+h, y)—¢ (@, y) = hM(E, y), @<E<z+h)

whence $@+h, ?2)—4’ ®9)_ M(E, y).
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Letting A approach zero and taking the limit, we have
26 _
Pl M(z, y).
In like manner we may show that
o
T = N¢(:
a:l/ (‘n’ y) ’

and the third conclusion of the theorem is proved. It is to be
noted that ¢ is determined except for an arbitrary constant which
may be added. This constant depends upon the choice of the fixed
point L. If another point L' is chosen, the value of ¢ differs from
that obtained in using L by the value of the line integral between
L and L'

‘We must now show that, conversely, if any one of the conclusions

of the theorem is fulfilled, then %J:/{ = Q-JY

ox
Let us first assume that the integral around any closed path
whatever is zero; we wish to show that oM _oN_ =0, If oM _oN
oy or oy ox

is not zero at all points, let us suppose it is not zero at a particular

point K. Then, since o and %%f are continuous functions by hy-
pothesis, %%[ -~ % is also a continuous function, and hence has, at
points sufficiently near to K, the same sign which it has at K.
It is therefore possible to draw a closed curve around K, so that

?-J—I — a— has the same sign for all points in the area bounded by the

curve Then f f <?£—[ _ ) dxdy taken over this area is not zero,

and therefore f (Mdz + Ndy) taken around the bounding curve is
not zero. But this is contrary to the hypothesis that f (Mdz + Ndy)
taken around any curve whatever is zero. Hence OM_ON ot all
. oy ox
points,
Let us now assume that f (Mdx + Ndy)between any two points is

independent of the curve connecting the points. This is equivalent
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to assuming that the integral around a closed curve is zero, and

oM 3N
hence, as already shown, — = —
oy ox
Finally, let us assume that a function ¢ exists such that
oM oN .
¢ _ =M, %% _ =N. Then it follows that — =-—, since each is
ox oy oy ox
2 ¢
equal to .
1 2ty
The theorem of this article is now completely proved.
2 2
Ex. L Let M=—Y, N=—-"; then " = - V=2 . 11once
P S 22 - g2 Gy or (@R
f - Jﬂ ++ :.( Y 0, if taken around a closed curve within which A, N, and
x4y

their derivatives arc finite and continuous. These conditions are met if the
curve does not inclose the origin, In fact, if we introduce polar codrdinates,
ydr 4 rdy
o + y?

which does not inclose the origin, 6 varies from its initial value « back to the

placing @ = rcos 0, y = rsiné, thenf:- =fd0. Now, for any path

same value, and therefore f df = 0. If the path winds once around the origin, 8
varies from « to « 4 2w, and therefore f dg = 2.

The function ¢ of the gencral theorem is, in this example, equal to 8 = tan—1 Z
ix. 2. Work. 1f .X and Y are components of force in a field of foree, and
a:I = ?}-. then the work done on a particle moving around a closed curve is
ey oz
zero, and the work done in moving a particle between two points is independent
of the path along which it is moved. Also there exists a function ¢, called a
forece function, the derivatives of which with respeet to 2 and y give the com-
ponents of force parallel to the axes of ¢ and y. It follows that the derivative
of ¢ in any direction gives the force in that direction (Ex., § 111). Such a force
as this is called a conservative force. Examples are the force of gravity and
forces which are a function of the distance from a fixed point and directed along
straight lines passing through that point.

Ex. 8. Flow of a liquid. 1f we consider a liquid flowing as in Ex. 2, § 143, it is
clear that the net amount which flows over a closed curve is zero, since as much
must leave the closed area as enters, there being no points within the arca at

which liquid is given out or drawn off. Hence f (— vdz + udy), taken over any

ou

closed curve, is zero; and consequently %E +. = 0. There exists also a function,
y o

usually denoted by ¢, such that Z—: =—v, % =1u
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146. Line integrals of the second kind, -# —- In case M
oM _oN OV O%

+ Y the value of the line inte-

and N are such functions that

gral f (Mdxz+ Ndy) depends wpon the path, and there exists no func-

tion of which M and N are partial derivatives.
(x1, )
Ex. 1. f " Myde — ady).
©,0
Let us first integrate along a straight line connecting O and P; (fig. 103).
The equation of the line is y= %la:, and thereforo along this line ydz — xdy =0,
1

and hence the value of the integral is zero. |4
Next, let us integrate along a pa,ra,bola. connecting O P
A 1
and Py, the equation of which is 32 = =L z, Along this
parabola o
(r1, 1)
f (ydz — zdy) = L2
©,0) 2V, X
0 M,
Next, let us integrate along a path consisting of the 1. 108

two straight lines OM; and M;P;. Along OM;, y =0
and dy =0; and along M1P;, ¢ =2, and dz=0. Hence the line integral
reduces to — f mmldy = — Z1Y1.
0

Finally, let us integrate along a path consisting of the straight lines ONy
and NyPy. Along ONy, £ =0 and dz = 0; and along N1 P, y =y, and dy = 0.
Therefore the line integral reduces to f Jr’yld:‘t: = T1¥1.

0

Ex. 2. Work. If the components of force X and Y in a ficld of force are

such that %A_' # %:; then the work done on a particle moving between two

points depends upon the path of the particle, the work done on a particle
moving around a closed path is not zero, and there exists no force function.
Such a force is called a nonconservative force,

Ex. 8. Ieat. If a substance is brought, by a series of changes of temperature,
pressure, and volume, from an initial condition back to the same condition,
the amount of heat acquired or lost by the substance is the mechanical equiva~
lent of the work done, and is not in general zero. Hence the line integral

Q= f (Mdt + Ndv) around a closed curve is not zero, and there exists no function

whose partial derivatives are M and N. In fact, the heat Q is not a function of
t and v, not being determined when ¢ and v are given.

Ex. 4. Adiabatic lines. The line intogral f(Mdt + Ndv)of Ex. 8 is zero if taken
along a curve whose differential equation is

Mdt + Ndv = 0.
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We will change this equation by replacing the variable ¢ by p, which can be
done by means of the fundamental relation f(p, v, £) = 0.
It is shown in the theory of heat that for a perfect gas the equation then
becomes
vdp + ypdv = 0,
where v is a constant. The solution of this equation is
pY =c.

If, then, a gas expands or contracts so as to obey this law, no heat is added
to or subtracted from it. Such an expansion is called adiabatic expansion, and
the corresponding curve is called an adiabatic curve.

The mathematical interest here is in the concrete illustration of a line integral
being zero along any portion of a certain curve or family of curves.

In the line integrals of the kind before us, <% * %’) there is

still & meaning to be attached to M and N. For, suppose the inte-
gral to be taken along the straight line y =¢ from z to z + Az,
and let Au be the value of the integral; that is,

(z+ Az, y)

Au = (Mdz + Ndy)
(v
z + Ax
= f M (2, ) dz
=AzM(E, y), (§ 30)
where z < £ <z + Ax.
Consequently Lim 2% — » (2, ¥)-
Az 0 Az
. . Au
Similarly, Lim— =N(z, y).
Ay=0 A?/

We shall write these two equations as

du du
@)= (&)=~

It is to be noticed that these derivatives are of different
character from the partial derivatives of Chap. XI, since u is
not a function of # and y. The property proved in § 117 does
not hold here.
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Ex. b. Heat. Returning to the notation of Ex. 8, we have

(@ ()

M is the limit of the ratio of the increment of heat to the increment of tem-
perature when the volume is constant. Therefore, if we consider M as sensibly
constant while the temperature changes by unity, M may be described as the
amount of heat necessary to raise the temperature by one unit when the volume
is constant.

Similarly, N may be described as the amount of heat necessary to change the
volume by one unit when the temperature is constant.

147. Exact differentials. We have seen that if M and N are

two functions of 2 and y satisfying the condition oM _ N » there

exists a function ¢ such that %‘g =M, %3 =N. Then

2 0+ 2 gy =
Mdz + Ndy = p dx + P dy =d¢,
and Mdxz + Ndy is called an exact differential.* Then also

f " W+ Ndy) = 5, 1) — @0 90,

(o, ¥0)
the integral being independent of the curve connecting (z, y,) and
(%, ). The function ¢ may be found by computing the line inte-
gral along a conveniently chosen path, but it is usually more con-
0
venient to proceed as follows: Since ?5 = M(z, y), it follows that
M(z, y)dx, where y is considered constant, will give that part

of ¢ which contains 2, but not necessarily all the part which
contains y. We may write, therefore,

#(a 9)= [Haz+7 (),
where f(y) is a function of y to be determined. This determination
is made by using the relation Zi’ =N. Then 53—/ f Mdz + f'(y)=N,
which is an equation from which f(y) may be found.

*In § 110, where the emphasis is on the fact that both z and y are varjed, d¢ is
called a total differential. Here the emphasis is shifted to the fact that d¢ is exactly
obtained by the process of differentiation, and hence it is called an exact differential.
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This method is valuable in solving the equation

Mdx + Ndy =0,

when the condition %: g—l}:—r is satisfied. Such an equation is
/) 0
called an exact differential equation. TIts solution is
¢=c

where ¢ is an arbitrary constant and ¢ is the function obtained in
the manner just described.

Because of the importance of the method of obtaining ¢, we give
it in a rule as follows:

Integrate f Mdzx, regarding y as constant and adding an unknown

Sunction of y; differentinte the result with respect to y and equate
the new result to N; from the resulting equation determine the
unknown function of y.

If more convenient, the above rule may be replaced by the
following :

Integrate | Ny, reyarding x as constant and adding an unknown

Junction of x ; differentiate the result with respect to x and equate
the mew result to M; from the resulting equation determine the
unknown function of .

Ex. 1. (42% + 10zy3 — 3y4)dx + (16222 — 122y + 6 y*)dy = 0.

Here %%’: 30xy? — 1298 = i_’l{. and the equation is therefore exact. P'ro-

C
ceeding according to the rule, we have
o= [ (422 +10m® — 349 dz + £(3)
=zt 4 b2yt — Bayt + f ().
o¢

Then from P = N, we have

1628 — 12298 + 1 (y) = 16232 — 1223 4 G4,
whence 7’ (y) = 54, and f(y) = y5. The solution of the differential equation is
therefore
T+ 62 — Byt 4 S =c.
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Ex. 2. (1—--——” )dm+ L gy=o
Vyt — z2

Here ?M z = iu-va and the equation is therefore exact. Following
oy (,jz - zz)i

the second rule, we have

¢= f —=L— = log(y + VT =29 +/ (2).
vyt —at
From % =M, we have
ox
+f @ )——-—-J’——y
\y2—z‘(J+Vy‘*‘~z‘) 2 Vyr —at

whence f” (z) = 0, and f(z) = c. Ilence the solution of the differential equation is

log(y + Va2 — 2t) =¢,
which reduces to 22 —2cy +c2=0.

148. The integrating factor. We have seen that Mdz+ Ndy is
not an exact differential when %j—]{ +# %LV But in all cases there
Y
exist an infinite number of functions such that, if Mdx + Ndy is
multiplied by any one of them, it becomes an exact differential.
Such functions are called integrating factors. That is, if p is one
of the integrating factors of Mdx + Ndy, then, by definition,

p(Mdx + Ndy) is an exact differential.

Ex. 1. The expression ydx — xdy is not an exact differential. But
ydz —zdy _ ( y)
- ——— T L]

x2 Tz
yde —zdy _ 4 (mn—x ’f),
z? + y? /)
xy
are exact differentials, and the functions 1 ’ —-—1—, 1 are integrating factors.
x xt 4yt zy

To show that integrating factors always exist, we shall need to

assume (§ 173) that the differential equation

Mdzx + Ndy =0 1)
has always a solution of the form
S y,0)=0, )

where ¢ is an arbitrary constant, and that (2) can be written,

¢ (2, y)=c. G)
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0

. dy__—az

Now (3) gives us P % ’
oy

. dy __ M,

and (1) gives us TN

and since (3) is the solution of (1), these two values of % must be
the same. That is,

o 9
or oy _
m-N P

where u is some function of z and y. Consequently
ob . | o
x + Ndy)=—dx + — dy = d¢,
w(Mdx + Ndy) P dx + 2y y =do

and therefore  is an integrating factor.
To prove that there is an infinite number of integrating factors,
multiply the last equation by f(¢), any function of ¢. Then

1S (P) Mdx + uf ($) Ndy = (¢) d.

But f(¢)d¢ is the exact differential of the function f Sf(P)do.
Hence uf(¢) is an integrating factor of Mdz + Ndy.

Ex. 2. Heat. It has been noticed (§ 146, Ex. 8) that f dQ@ around a closed
path is not zero, and consequently d@ is not an exact differential. It is found

dQ

in the theory of heat that f %Q around a closed path is zero. Hence T isan

exact differential, and we may write ‘—ltg =d¢. The function ¢, thus defined, is
called the entropy.

149. No general method is known for finding integrating factors,
but the factors are known for certain cases. We give a list of the
simpler cases, leaving it as an exercise for the student to verify by
differentiation that each of the equations mentioned satisfies the
condition for an exact differential equation after it is multiplied
by the proper factor.
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oM oON

1 If ?y—N-@- =Jf (), then 7" i an integrating factor of
Mdz + Ndy = 0.

2. If iy‘i[— —/(9), then e ™" ig an integrating factor of

3. If M and N are homogeneous and of the same degree, then

g i Mdz + Ndy = 0.
M+ yN is an integrating factor of Mdz + Ndy

4. If M= yf (zy), N =af,(zy); then TI—N
factor of Mdx 4 Ndy = 0. M =Y.

5. cf A9 is an integrating factor of the linear equation dy +
, d
41(e) =1, (®).
As a practical point, the student should look for an integrating
factor only after he has tried to integrate by other methods.

is an integrating

Ex. 1. (42% — 8y?)dz + (23 — 3zy)dy = 0.
oM _oN
dy oz _1

. Here
N T

dx
Consequently e/ = = ¢ is an integrating factor. After multiplication by the

factor, the equation becomes
(428 — 82y?)de + (zt — Bx?y)dy =0,

the integral of which is 2y — eyt =c.

Ex. 2. (2® — y°)dz + 2zydy = 0.

Since this equation is homogeneous, it has the integrating factor

1 _ 1
M +yN 28+ a)t

After multiplication by the factor, the equation becomes

23 — g3 2zy
dr dy =0
3 + zyt +a:3+zy’ ¥="
2z 1 2y
or == - ——dy =0,
2 4y z)dx+z“+?l’ v="5
the solution of which is log (z2 + %) — logz = ¢/,

¥ )

or r4+—=¢.
z
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For this equation we have also

2 _oN
ey ox 2
N o«

Hence it has also the integrating factor

After multiplication by this, the equation becomes
(l —_— z)d.c + ﬂ’(Iy =0,
x2 £
the solution of which is e+ =e

The equation may also be solved by the substitution y = ve (§ 78).

150. Stokes’s theorem. The theorems of §§ 144-145, which are
limited to a plane, may be extended to space as follows: If £, Q, B
are three functions of , ¥, and z, the
line integral

f (Pdx + Qdy + Rdz

|y along a space curve is defined in
) a manner precisely similar to the
definition of § 143. Tet the integral
be taken around a closed curve C
(fig. 104) and let a surface S be
bounded by C. Let dS be the element of area of the surface and
cos &, cos B, cosy be the direction cosines of its normal. Then

f.[;,[<bz ay)co.w+<ax az>cos,8+<ay a.c)cos'y]db

=— | (Pdz + Qdy + Rdz),
©

Fia. 104

where the double integral is taken over the surface S and the
single integral is taken around C, and the direction of the line
integration and that of the normal to S have the relation of
fig. 104.
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To prove this, let z=f(x, y) be the equation of §, and consider
— | P(x, y, 2)du.
©)

Then, since P(z, y, 2) =Pz, y, f(«, y)]= R (z, y), the values of
P which correspond to points on C are the same as the values of R
which correspond to points on €', the projection of C on the plane
XO0Y. Hence

Pdx=— | Rdx. (1)
© )
on
But by § 144 — | Bdx= dxzdy, (2)
©) w8y
where &' is the projection of § on the plane XOY.
Now OB _oP 3P

3/ 8y oz 8/

where the right hand of this equation is computed for points on S.
Hence from (1) and (2) we have

f Pdu = f f (aP or "z)d dy. 3)
© (8) oz oy

But (§ 112) _6: é?- :—1=cosa:cosB:cosy, and (§92) dady =
6

cosy dS. Substltutmg in (3), we have

— Pd.z,— f (— cosy—— cos,B)dS
$)
Similarly,
- Qd/—ff< cosa——COSry)dS
©

Rdz = f (3R 08 B — — cos a:)dS
«©) ()

Strictly speaking, the differential ¢ is not the same in these
three results, since the same element will not project into dudy,
dydz, and dzdr on the three codrdinate planes. But since in a
double integral the element of area may be taken at pleasure with-
out changing the vaiue of the integral (§ 129), we may take dS as
equal in the three integrals. Adding the equations, we haye the
required result.



276 LINE INTEGRALS

In the above proof we have tacitly assumed that only one point
of the surface S is over each point of the codrdinate planes, and
that a, B, vy are acute angles. The student may show that these
restrictions are unessential.

151. From the preceding discussion we derive the following
theorem :

If P, Q, and R are three functions of x, y, and z, such that
oP_2q 09 _OE  9R_IP

ay—ax’ 0z 33/’ ox oz

and the discussion 18 restricted to a portion of space in which the
Junctions and their derivatives are continuous and one-valued, then

1. The line integral f (Pdz+ Qdy+ Rdz) around any closed curve

18 zero.
2. The line tntegral f (Pdz+ Qdy+ Rdz) between any two points

18 independent of the path.
3. There exists a function ¢ (z, y, 2), such that
%_p oo X_pg
ox oy 0z
and Pdz + Qdy + Rdz is an exact differential d¢.
Conversely, if any one of the above conclusions is fulfilled, then

oP_0Q  9Q_0R  9E_oP

oy oz ’ 0z oy ’ ox 0z
The proof is as in § 145, and is left to the student.

PROBLEMS

1. Find, by the method of Ex. 4, § 143, the area of the four-cusped hypo-
cycloid z = a cos3¢, y = asind¢.

2. Find, by the method of Ex. 4, § 148, the area between one arch of a hypo-
cycloid and the fixed circle.

3. Find, by the method of Ex. 4, § 148, the area bhetween one arch of an
epicycloid and the fixed circle.

4. Show that the formula for the area in Ex. 4, § 143, includes, as a special
case, the formula for area in polar cotrdinates.
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1,2
_ 5. Show that the integral f [22(z + 29)dz + (222 — y?)dy] is independ-
(0, 0)
ent of the path, and find its value.
»~ 6. Show that the integral f (:cdz + ydy) is independent of the path, and
ﬁnd its value. 0

7. Find the force function for a force in a plane directed toward the origin,
and inversely proportional to the square of the distance from the origin.

8. Find the force function for a force in a plane directed toward the origin
and inversely proportional to the distance from the origin.

9. Prove that any force directed toward a center and equal to a function of
the distance from the center is conservative.

11)
10. Find the value of f [(¥ — z)dy + ydz] along the following curves:
0,0)

(1) the straight linez =1¢, y = ¢;

(2) the parabola ¢ =12, ¥y =t¢;

(8) the parabola z =t, y = 12;

(4) the cubical parabola z =1¢, y = ¢3.

1,1)
11, Find the value of f [(z — ¥?) dx + 2 xydy] along the following paths:
0,0)

(1) a straight line between the limits;
(2) the axisof s and z =1;
(3) the axisof yand y = 1.

Q,2)
12. Find the value of f [¥2dx + (zy + «?) dy] along the following paths :
0,0)

1) y=2z; .
@) y =22
13. Find the value of f (1+ y?)dz + (1+ z8) dy] a.long the following
paths:
) y= 5z+2,
@) y_—B:z:?+2;
—
@ yv= 1+ o

Show that the following differential equations are exact, and integrate them:
14. @z —y +1)de+ 2y —2z—1)dy=0.

2
15. 1:” dx—1+z ydy = 0.

16. (z+y)*dz+(z“+2zy+3y’)dy=0.
dx y
17. -2 -——-—-+<—1+———-—-—>dy=0.
Vai + 2 Vi + y

2r -y 2y + 2
18. de
zﬂ+y2 +zﬂ+yﬁ

dy =0,
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Solve the following differential equations by means of integrating factors:
3
19. (2* + ) de — 2 ody = 0.
8y
20. (1+y + 2%)dz + (x + 23)dy = 0.

21. ye—gdz - (:ce—f”r‘7+ y)dy =0.

22, (x8 — y%)dz + zy%dy = 0.

23. (212 — y)dx + (2% + x)dy = 0.

24. (bx® — 3zy + 2y%)dx + (2zy — 2?)dy = 0.

25. dy — (y tanx — cosz)dx = 0.

26. sin(z + y) (dx + dy) — y cos ( + y)dy = 0.

27. (v + 2zy? + 2%%) dx + (22% + x)dy =0,
dy

28 ¥, Y _p
dx+1+z z



CHAPTER XV
INFINITE SERIES

152. Convergence. The expression
@+ a,+ e+ a+ apt- -y @
where the number of the termns is unlimited, is called an infinite
series.
An infinite series 18 said to converge, or to be convergent, when the
sum of the first n terms approaches a limit asnincreases without limst.

Thus, referring to (1), we may place
§,=ay
s,=a,+ a,,
=01 a,+ @,

s,=a,+a,+a;,+---+a,.
Then, if Lim s, =4,

the series is said to converge to the limit 4. The quantity 4 is
frequently called the sum of the series, although, strictly speaking,
it is the limit of the sum of the first #n terms. The convergence of
(1) may be seen graphically by plotting s,, s,, 8, - - -, s, on the
number scale as in I, § 53.

A series which vs mot convergent 1s called divergent. This may
happen in two ways: either the sum of the first » terms increases
without limit as » increases without limit; or s, may fail to approach
a limit, but without becoming indefinitely great.

Ex. 1. Consider the geometric series
at+ar+ar?+ard4....

IIerec..=a+ar+ar’+-~-+arﬂ-1=all_’“

. Now if r is numerically
] 1
less than 1,  approaches zero as a limit as n increases without limit; and

279
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therefore Lim 8, = l_a—r . If, however, » is numerically greater than 1, »® in-
n=ao -
creases without limit as n increases without limit; and therefore s, increases

without limit. If r =1, the series is
at+a+a+a+---,
and therefore 8, increases without limit with n. If r = — 1, the series is
a—a+a—a+---,
and s, is alternately a and 0, and hence does not approach a limit.
Therefore, the geometric series converges to the limit TL when r i3 numerically

less than unity, und diverges when r i8 numerically equal to or greater than unity.

Ex. 2. Consider the harmonic series
1 1
3 1)
consisting of the sum of the reciprocals of the positive integers. Now
F+3i>1+i=% F+3+i+E>b+i+b+i=h

and in this way the sum of the first n terms of the series may be seen to be
greater than any multiple of } for a sufficiently large n. Hence the harmonic
series diverges.

1

1 1 1,1,1
14 = - g R e T B P
totgtatetatytgt oot

153. Comparison test for convergence. If each term of a given
series of positive numbers s less than, or equal to, the correspond-
ing term of @ known convergent series, the given series converges.

If each term of a given series is greater than, or equal to, the
corresponding term of a known divergent series of positive numbers,
the given series diverges.

Let a,+a,+a,+a+--- 1)
be a given series in which each term is a positive number, and let
b1+bn+bs+b4+"' (2)

be a known convergent series such that a, =b,.
Then if s, is the sum of the first n terms of (1), s, the sum of
the first n terms of (2), and B the limit of s, it follows that

=s <B,

sﬂ _-—n
since all terms of (1), and therefore of (2), are positive. Now as n
increases, s, increases but always remains less than B. Hence s,
approaches a limit, which is either less than, or equal to, B.
The first part of the theorem is now proved ; the second part is
too obvious to need formal proof.
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In applying this test it is not necessary to begin with the first
term of either series, but with any convenient term. The terms
before those with which comparison begins, form a polynomial the
value of which is of course finite, and the remaining terms form
the infinite series the convergence of which is to be determined.

Ex. 1. Consider
1+1+_1_.+_.1_+l+...+___.l__._+..
1 922 88 44 (n—1n-1 '

Each term after the third is less than the corresponding term of the convergent
geometric series

1.1 1 1 1
1+§+§§+§—a+§2+'”+2u_—i+'“'
Therefore the first series converges.
Ex. 2. Consider
1+ L +— 1 1 L +--- 4+ = +
V2 \f \/' VG v
Each term after the first is greater than the corresponding term of the divergent
harmonic series 1 1 1 1 1
) 1T N Wi Bt Mot HU ML S
+ 3 + 3 + i + 5 +--+ - +

Therefore the first series diverges.

154. The ratio test for convergence. If in a series of positive
numbers the ratio of the (n +1)st term to the nth term approaches
a limit L as n increases without limit: then, if L <1, the series
converges ; if L>1, the series diverges; if L=1, the series may
either diverye or converge.

Let a+a,+a+---+a,+a,,+- (1)

a
be a series of positive numbers, and let Lim ;“:L. We have
three cases to consider. rEe o

1. L<1. Take r any number such that L <r<1. Then, since

the ratio L approaches L as a limit, this ratio must become and
remain less ‘than # for sufficiently large values of n. Let the ratio
be less than r for the mth and all subsequent terms. Then

<a,r,

< < a, 7%

,“_M,<(JL,,,+,'r-<al,1'a .

m+1

m+2
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Now compare the series

At Qo1 Uy gt O g+ - - (2)
with the series
a,+ar+art+ar*+. ... (3)

Each term of (2) except the first is less than the corresponding
term of (3), and (3) is a convergent series since it is a geometric
series with its ratio less than unity. Hence (2) converges by the
comparison test, and therefore (1) converges.

2. L>1. Since —13 approaches L as a limit as n increases

without limit, this latlo eventually becomes and remains greater
than unity. Suppose this happens for the mth and all subsequent
terms. Then >a
m+1
m+ 2 a, +1 > a
Q3> Q>0

Each term of the series (2) is greater than the corresponding
term of the divergent series

am+a’m+a’m+ a’m+"" (4)
Hence (2) and therefore (1) diverges.

3. L=1. Neither of the preceding arguments is valid, and ex-
amples show that in this case the series may either converge or
diverge.

Ex. 1. Consider

n
142 =+ & +sa+s4+ tomt

n

The nth term is e

; and the (n + 1)st term i IST The ratio of the (n + 1)st
n+1

term to the nth term is »and
8n 1
n+1 1+ n 1
Lim = Li ==,
A= n nxn: 38 3

¢
Therefore the given series converges.
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33 n»
Ex. 2. Consider 1+ + + + e
FRNERRT: [»
The nth term is L—’.‘ " and the (r + 1)st term is ° (n : 1+t . The ratio of the
n+1 n
(n + 1)st term to the nth term is (a1t (n_-_}-__l_) » and
(n +1)n'l n
n+1 . 1\»
f‘.’f( + ) = Lim (HH =e a, § 166)

Therefore the given series diverges.

155. Absolute convergence. The absolute value of a real num-
ber is its arithmetical value independent of its algebraic sign.
Thus the absolute value of both + 2 and — 2 is 2. The absolute
value of a quantity a is often indicated by |a|. It is evident that
the absolute value of the sum of # quantities is less than, or equal
to, the sum of the absolute values of the quantities.

A series converges when the absolute values of its terms form a
convergent series, and 1 said to converge absolutely.

Let e+ a,+a;+a,+ - (1)
be a given series, and
||+ || + [ @]+ @]+ - - - 2)

the series formed by replacing each term of (1) by its absolute
value. We assume that (2) converges, and wish to show the con-
vergence of (1).

Form the auxiliary series

@+ [)) + @+ ) + (4 + [¢)) + (@, + e ) +-- - (3)
The terms of (3) are either zero or twice the corresponding terms
of (2). For a, =—|a,|when a, is negative, and @, =|a,| when a, is
positive.
Now, by hypothesis, (2) converges, and hence the series
2|a1I+2|”’al+2|“s|+2l“4l+"’ (4)

converges. But each term of (3) is either equal to or less than the
corresponding term of (4), and hence (3) converges by the com-
parison test.
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Now let s, be the sum of the first » terms of (1), s/ the sum of
the first n terms of (2), and s the sum of the first » terms of (3).
Then N
8‘ = sn — S
and, since s/ and s approach limits, s, also approaches a limit.
Hence the series (1) converges.

We shall consider in this chapter only absolute convergence.
Hence the tests of §§ 153, 154 may be applied, since in testing for
absolute convergence all terms are considered positive.

156. The power series. A power series is defined by
a+ ez + o+ a2+t a2+,

where a,, a,, a,, a,, - - - are numbers not involving .

We shall prove the following theorem: If a power series con-
verges for &=z, it converges absolutely for any value of z such
that |z| < |z,].

For convenience, let |z|= X, |a,|= 4, |#,|= X,. By hypothesis
th i

OIS ot et agltagi ot (1)
converges, and we wish to show that

A+ AX+A4X*+4.X°+.. . +4,X ... 2

converges if X < X,.

Since (1) converges, all its terms are finite. Consequently there
must be numbers which are greater than the absolute value of
any term of (1). Let M be one such number. Then we have
AXP < M for all values of x.

Then n n
AX =4 X7 <£> < M<—‘§> .
A’l Xl

Each term of the series (2) is therefore less than the corre-
sponding term of the serics

M+ M<:"L)+M<:"-)’+ M<‘—Y)’+ s +M<:-‘1)”+ e @)

X, X, X, X,

But (3) is a geometric series, which converges when X < X,
Hence, by the comparison test, (2) converges when X < X,.
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From the preceding discussion it follows that a power series
may behave as to convergence in one of three ways only :

1. Tt may converge for all finite values of z (Ex. 1).

2. It may converge for no value of x except =0 (Ex. 2).

3. It may converge for values of z lying between two finite
numbers —R and + R, and diverge for all other values of z
(Ex. 3).

In any case the values of 2 for which the series converges are
together called the region of convergence. If represented on a
number scale, the region of convergence in the three cases just
enumerated is (1) the entire number scale, (2) the zero point only,
(3) a portion of the scale having the zero point as its middle point.

" . z 22 28 gn—1

Ex. 1. Consider 1+-1-+-@+B+---+L——_—1+---

. an—1 .o . s

The nth term is [’E, the (n + 1)st term is E. and their ratio is .
Lim £ = 0 for any finite value of-z. Hence the series converges for any value

of z and its region of convergence covers the entire number scale.

Ex. 2. Consider .
1+z+ 222+ (828 + -+ +[n—1an—14...,

The nth term is|n — 1@n~1, the (n + 1)st term is |[nz”, and their ratio is nz.
This ratio increases without limit for all values of  except € = 0. Therefore
the series converges for no value of z except z = 0.

Ex. 8. Consider
1+22x+ 822 +4x84.-- 4+ nan—-14...,

The nth term is nz*—1, the (n + 1)st term is (n + 1)z, and their ratio is

ntl z. Lim 1—‘-+—1 @ = 2 Lim (1 + l) =x. Hence the series converges when
n n=w N n=ow n

|| <1 and diverges when |[z|>1. The region of convergence lies on the num-
ber scale between — 1 and + 1.

A power series defines a function of z for values of z within the
region of convergence, and we may write

f(@)=a,+ ax+ a2+ ag’+ .. - +az"+. .., ()

it being understood that the value of f(x) is the limit wof the
sum of the series on the right of the equation. We shall denote
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by s,(2) the polynomial obtained by taking the first n terms of
the series in (4). Thus

8,(2) = ay,
5,(%) = ay+ az,
8;(7) = a,+ e + a2,

s,()y=a,+aw+-.. -+ a"__ﬂw"'l.

Graphically, if we plot the curves y = s8,(x), ¥ = 5,(%), ¥ = 84(),
etc., we shall have a succession of curves which approximate to
the curve of the function y =f(2). These curves we shall call
the approrimation curves, calling y = s,(#) the first approximation
curve, y = s,(r) the second approximation curve, and so on. The
1 graph of y = f(x) we shall call the

" limit curve.

Ex. 4. Let
f@y=1+z+22 423+ .-- fan4--..

The limit curve is the portion of the
hyperbola (fig. 105)

V=

l—-2

Y (8),

(a),

between £ = —1 and £ = 1. The first ap-
proximation curve is the straight line
y =1, the second approximation curve
is the straight line ¥y =1+ z, the third
approximation curve is the parabolay =1
+ x 4 a2, etc. In fig. 1056 the limit curve
is drawn heavy and the first four approxi-

1) Q)

@
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|
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I
I
I
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I
I
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'}
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wy mation curves are marked (1), (2), (8), (4).

It is to be noticed that the curves, ex-

cept (1), cannot be distinguished from

Ty 17) Py X each other for values of z near zero.

Fre. 105 The power series has the im-

portant property, not possessed by all kinds of series, of behaving
very similarly to a polynomial. In particular:

1. The function defined by a power series is continuous.

2. The sum, the difference, the product, and the quotient of two
functions defined by power series are found by taking the sum, the
difference, the product, and the quotient of the series.



MACLAURIN’S AND TAYLOR’S SERIES 287

3. If S@=a+azx+ae’+... +a2"+---,
then

b b b b ) b
ff(w)dw:faodw+falmdw+fa2a:’dx+---+fa,,a:"dw+-'-,

provided a and b lie in the region of convergence.
4 If f(r)y=a,+azx+ a0+ ag’+..-+ax"+---,
then fl®=a,+2ax+3ax*+..-+naz"'+...,

and the series for the derivative has the same region of convergence
as that for the function.

For proofs of these theorems the student is referred to advanced
treatises.*

157. Maclaurin’s and Taylor’s series. When a function is
expressed as a power series, it is possible to express the coeffi-
cients of the series in terms of the function and its deriva-
tives. For let

f(@)=ay+ax+ap’+ o+ agt+- . +azt+---.
By differentiating we have
fl@)=a+2az+ 32+ 42+ .. + 022" +...,
S@)y=2a,+3 -2a@+4-3a2+---+n(n—1)ax""*+...,
S"(@)=38-2¢,+4-3-2a2+ .- +a@n—1)(n—2)az""+...,
SO@)=[n(n—1)(n—2)---3-2]a,+---.
Placing # = 0 in each of these equations, we find
1 1 R
a,=f(0), a,=f"(0), a,= @f”(O), Qg = Bf"'(()), T an=Ef( ’(0).

Consequently we have

1" 0 " 0 (n) 0
S @)=f(0)+s'(0)z+ J—té—)zf% %—)w“+- --+%wﬂ+---. 1)
This is Maclaurin’s series (§ 31, (6)).

* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX.
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Again, if in the right-hand side of
f@=a+aez+ae+a2+...+az"+--.,
we place z = a + 2/, and arrange according to powers of #/, we have
Sf(®)=0b,+ b2 + bz + bx*+ . . . + b2+ ..,
or, by replacing #’ by its value z — a,
S (@) =b,+b(x—a)+b,(r—a)’+by(x—a)’+...+ b (x—a) +---.

By differentiating this equation successively, and placing z = «
in the results, we readily find

b= 1 (), b,=1'(a), by= éf”(a), b= éf”’(a), ey b= éf‘"’(a)-

Hence

f<m>=f<a>+f'<a><w—a>+£r§a—)<w—a>’+f§) (—ay'+ -

+ _E—')l (,1; — a)"+ oo, (2)

This is Taylor’s series (§ 31, (4)).

We have here shown that if a function can be expressed as a
power series, the series may be put in the form (1) or (2). In § 31
we showed that any function which is continuous and has con-
tinuous derivatives can be so expressed. Usually when a known
function is expressed by either (1) or (2), the region in which the
expression is valid as a representation of the function is coincident
with the region of convergence of the series. Examples can be
given in which this is not true, but the student is not likely to
meet them in practice.

158. Taylor’s series for functions of several variables. Con-
sider f(«, y) a function of two variables z and y. If we place

z=a -+, y =b+ mi,
where a, b, !, and m are constants and ¢ is a variable, we have

f(@ 9)=f(@+ i, b+ mt) = (D)
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Now, by expansion into Maclaurin’s series,

7 ; H( ) III(O)
(t)= F(0)+ F'(0)¢ + [ £+ HE ey 1)
and, by §§ 111 and 118,
ad --,a_-Z %
FO=5a"F 5™
F'(t)y= 9fl’+ O:Z;J +%ij :

8 3 8
gy &F O py 30 &
F'ty= l+3aza ln,+.aazlm +6

When ¢t=0, we have z=a and y=>. Hence F(0)=f(a, b), and,
if we denote by a subscript zero the values of the derivatives of
Sz, y) when 2 =a, y =),

o=
ro-{p (e e

rro-{p e oo A

By substitution in (1), noting that It =2 —a and mé¢ =y —9,
we have

F@9=F@, b)+(af )e—a) +(af)<y—b>
e S
e A ero-

+ 3(;;’;,) St R A P
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Another form of this series may be obtained by placing z—a =~
and y —b=~%. Then

Flath, b+ k)=, b) +<g§>h +<g§2k
G 2+ )
e - (L

In a similar manner, we may show that

f@+hb+Ee+l)=1(ab, ”>+(af)"+<f,§)’"+(?;)

A G
+ 2(8?; )Al + z(a";f >u.] )

The terms of the nth degree in this expansion may be indicated
symbolically as 1 < P P 3)"

159. Fourier’s series. A series of the form

%"+alcosw+a,cos2x+~--+ancosm:+--
+ b sinz+b,sin2x+...4+ b, sinnz+ .-, (1)

where the coefficients o, a,, - - -, b,, b,, - - - do not involve = and are
determined by the formulas derived in § 160, is called a Fourier’s
series. Every term of (1) has the period* 27, and hence (1) has
that period. Accordingly any function defined for all values of
z by a Fourier’s series must have the period 2. But even if
a function does not have the period 2, it is possible to find a
Fourier’s series which will represent the function for all values
of z between — 7 and , provided that in the interval — = to =

* f (x) is called a periodic function, with period %, if /' (z + &) =1 ().
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the function is single-valued, finite, and continuous except for
finite discontinuities,* and provided there is not an infinite number
of maxima or minima in the neighborhood of any point.

160. We will now try to determine the formulas for the coeffi-
cients of a Fourier’s series, which, for all values of 2 between — 7
and r, shall represent a given function, f(r), which satisfies the
above conditions.

Let;f(w)=%9+alcosm+azcos2m+--~+a,,cosnw+---
+b sinz+b,sin2z+ .-+ b, sinne+ ... (1)

To determine a,, multiply (1) by dz and integrate from — = to
w, term by term. The result is

i S(x)dz = a,m,

-1

whence a, = % " S () dz, (2)

since all the terms on the right-hand side of the equation, except
the one involving «,, vanish.

To determine the coefficient of the general cosine term, as a,,
multiply (1) by cos nz dz, and integrate from — 7 to r, term by
term. Since for all integral values of m and »

w
f sin max cos nx dx = 0,

™

T
f cos mx cos nx dx = 0 (m #n)
— .
and f cos’nr dr=m,

all the terms on the right-hand side of the equation, except the
one involving a,, vanish and the result is

f " S(x)cos nx dx = a,m,

whence a,= L JS(x)cos nx d. 3)
T

n
-1

* If z, is any value of 2, such that f(x, —¢) and f(x,+ ¢€) have different limits as ¢
approaches the limit zero, then f(x) is said to have a finite discontinuity for the value
2z =2. Graphically, the curve y = (x) approaches two distinct points on the ordi-
nate x = x,, one point being approached as x increases toward z,, and the other being
approached as = decreases toward x,.
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It is to be noted that (3) reduces to (2) when n = 0.
In like manner, to determine 3,, multiply (1) by sin nz dz, and
integrate from — 7 to r, term by term. The result is

b= % f " #(2)sin n dz. @

For a proof of the validity of the above method of deriving the
formulas (2),(3), and (4), the reader is referred to advanced treatises.*

Ex. 1. Expand z in a Fourier’s series, the development to hold for all values
of 2 between — 7 and .

1 pr
By (2), = L 2de =0,
by (3), a,.=11rf"zcosm:dz =0,
-
1pr 2
and by (4), b= f_ zsinnede =— ~cosnr.
Y

€6m,0) /(‘3":0) /—‘l‘,O) (l‘,O) Af:o) Aﬂo)
'/ / 0 / / X

Fic. 106

Hence only the sine terms appear in the series for z, the values of the
coefficients being determined by giving » in the expression for b, the values

1,2, 8,...in succession. Therefore by =2, by=— 4%, bg=$%,---, and
sinz 8in2z sin32
2=2{— =)
( 1 2 + 8 )

The graph of the function 2 is the infinite straight line passing through the
origin and bisecting the angles of the first and the third quadrants.

The limit curve of the series coincides with this line for all values of 2 be-
tween — 7 and ar, but not for £ = — 7 and # = #; for every term of the series
vanishes when & = — 7 or £ = m, and therefore the graph of the series has the
points (& , 0) as isolated points (fig. 106).

By taking 2, as any value of z between — 7 and o, and giving k the values
1,2, 8, ... in succession, we can represent all values of z by 2; + 2kw. But the

4+ Bee, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX.
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series has the period 2, and accordingly has the same value for z; + 2kw as
for z;. Hence the limit curve is a series of repetitions of the part between
z =— and & =, and the isolated points (+ 2 kw, 0).

It should be noted that the function defined by the series has finite discon-
tinuities, while the function from which the series is derived is continuous.

Tt is not necessary that f(x) should be defined by the same law
throughout the interval from — 7 to 7. In this case the integrals
defining the coefficients break up into two or more integrals, as
shown in the following examples:

Ex. 2. Find the Fourier’s series for f(z) for all values of ¢ between — =
and m, where f(x) =z + 7 if —wr<2<0, and f@@)=r—2zif 0<z<m

- A0
Here ao=11r f (m+7r)d1=+.£ﬂ(""'z)dz]=”;
1 o "
a,,_’—rLf_}z+1r)cosnmdz+£(ﬂ'—z)008nﬁdc]
2
_m(l——cosmr),
= 0 T
b"_;ll_Lﬁ’r(z+1r)sinnzdz +ﬁ(1r—z)sinnzdz]
=0. Y
/\/BV\
4 0 C X
Fic. 107

Therefore the required series is
w 4 (cosx cos8z cosbz
T4 s

13 3’+6’

The graph of f(z) for values of z between — # and # is the broken line A BC

(fig. 107). When z = 0, the seﬁeareducestog+;(—ll—n+§l—2+é+---):-n-,for
1 2 »
l—’+%+612+'“=%' When & =4 o, the series reduces to 0. Hence the

limit curve of the series coincides with the broken line ABC at all points.
From the periodicity of the series it is seen, as in Ex. 1, that the limit curve
is the broken line of fig. 107.

* Byerly, Fourier’s Series, p. 40.
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Ex. 8. Find the Fourier’s series for f(z), for all values of z between — =
and o, where f(z) =0 if —7 <2 <0, and f@)=7w if0<z <.

1 0 w
Here ao_;'r<£w()dz+j;1rdp)_1r,

1 T
@, = fvrcosnzdx:();
wJo
1pm 1
by = fwsmnzd.u: (1 — cosnr).
wJo n

Therefore the required series is
T sing sin8x sinbzx )
(227722 2022000,
2 + < I + 3 t +

The graph of the function for the values of x between — o and 7 is the axis
of @ from z = — 7 to &£ =0, and the straight line .1 B (fig. 108), there being a
finite discontinuity when z = 0.

Y
4 B
(1
2

@\\®

1- .

- WO T

Fie. 108

The curves (1), (2), (3), and (4) are the approximation curves corresponding
respectively to the equations

T

v =y M

v-- g + 2sine, 2)
r sine  sin8z

=-—-4+2( = —

y=T+2 (42 ): ®
T sinz sin3x sinbz

m— 2 —— e )
5+ (1 +--3 5 ) 4)

They may be readily constructed by the method used in I, § 149, Ex. 5. It is
to be noted that all the curves pass through the point <0, g), which is midway

between the points 4 and O, which correspond to the finite discontinuity, and
that the successive curves approach perpendicularity to the axis of z at that point.
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161. The indeterminate form % Consider the fraction

f@
@) @

and let @ be a number such that f(a)=0 and ¢(a)=0. If we

place z=a in (1), we obtain the expression %’ which is literally
meaningless.
It is customary, however, to define the value of the fraction (1)
when w=a, as the limit approached by the fraction as 2 approaches a.
In some cases this limit can be found by elementary methods.

a? — g2

a—z o
When z = a, this becomes- . When z % a, we may divide both terms of the

fraction by @ — z, and have

Ex. 1.

a2 — x2
a—

—a+a )

for all values of x except = = a. Equation (1) is true as = approaches a,
and hence

a? — z?
L)m le(a+m)
x:a @ — T =a
— —_ 2
Ex. 9, L=Y1-#
v 0
When « = 0, this becomes o When z # 0, we have
1—\/1—x- 1-Vi-22 14 1—2? z
z 2 1+Vl—zl 1+\/1—:¢:2
Hence Lim] —vi-# —-le =0.
x50 X x = 0]__*.-\/]_.__9;2
e — 1
Ex. 8, ——

sinx

When x = 0, this becomes 0, When z # 0, we may expand each term by
Maclaurin’s series, and have

++...
-1 _ |£L§

sinz a8
|_3_+

Lﬁ_

23
Lgtgte

ST a &
-G+

Hence Lim &= 1
z=0 Sinz

=1




296 INFINITE SERIES

The method by expansion into series, used in Ex. 3, suggests a
general method. Since we wish to determine the limit approached

‘12 ; as @ approaches a, we will place # = a + & and expand by

Taylor’s series. We have (§ 31, (5)) " "
L Moy e
s _ fasn SO OO
b(z) ¢(a+h)

' R, R .
$@)+14/(0)+ 5 ¢ @)+ 5 8" (@) -
But by hypothesis /() =0 and ¢(a) =0. Therefore, since &+ 0,

! _}i " E "
fa O/ O @

- 2
$(2) ®

I 5 '
#la) 5 80) +g $"(a 4
Now as z=a, h =0, and hence, unless f/(z)= 0 and ¢'(a)=0,
we have from (2) f(w) fl(a)
Lim £\ -/ \%) | 3
e $@  $(a) ©)
If, however, f'(2)=0 and ¢'(a) = 0, the right-hand side of (3)

becomes 0 In this case (2) becomes
" Z"_ " o
s O3/ @+

169 h ¢"(a) + é¢"’(a)+ .. ’

m/® _ @)
e~V
unless f"'(a) = 0 and ¢'(a) = 0. In the latter case we may go back
again to (2) and repeat the reasoning,
Accordingly we have the rule:

To find the value of a fraction which takes the form g- when

x = a, replace the numerator and the denominator each by its deriv-

whence

ative and substitute x=a. If the new fraction is also %, repeat
the process.
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Ex. 4. To find the limit approached by e :z when % = 0.

By the rule, Limeﬂf.—e—==[e¢+e—=l =2_,
z=0 S8ing COSZ =0 1

e —2co8% + e~

Ex. 6. To find the limit approached by g
zsinz

when z = 0.

If we apply the rule once, we have

Lime=—2cosx+e—=_[e=+2sinz—e-==] _9
z20 zsinz "L sinz+zcosz Jz=o0 O
We therefore apply the rule again, thus:

Lim

- = n =-=2,
x=0 zsinz 2cosz —z8inz

2

e —2co8% + €% e=+2cosz+e-!] 4
z=0

162. The derivation of the rule in § 161 assumes the possibility
of the expansion of f(z) and ¢(z) into power series. It is, how-
ever, sometimes necessary to consider functions for which this
assumption is not valid. We shall accordingly give the following
new proof of the rule.

Consider formula (3), § 30, namely,

F(b)—F(a)=(b— a)F'(§).
From this it follows that if #'(b) =0 and F(z) =0, then F'(§) =0,

where § is some number between a and b. Let us apply this to
the arbitrarily formed function

2= LO=S@ 1y n gy —[ £ (@)=
F(x) $0)— (@) [¢(=)— ¢@)]—[f(@)—S(@)]

where F(b)=0 and F(a)= 0, as may be seen by direct substitu-

tion. Then
' — _f(b) =f(@) ., '
0= = LE=E 95— r1@),
whence SO —S(a) _ ba(3) . (1)

O —da) ¢
Now, in (1), let f(a) =0, ¢(a)= 0, and place b =a + h. We have

f<a+h)=f'(5). ' 2
$a+h) FE
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Ash=0,E=a,since a<E<a+h Ience

k) P
i et k) e )

S@ _ 1y L@
which may be written E.IE o) I:l 1@ )

If f/(@) and ¢'(@) are not both zero, (3) gives
I _ [
Li .
se $(5)  #(0)
If, however, f/(a)=0 and ¢'(¢)= 0, (3) gives
G By 4] C) B ol )
Lim = Lim = Lim=———~2.
Tta ¢(.’L) zta ¢,(m) x ‘I}zl 4)”((!7)

The rule of § 161 thus results.
163. The indeterminate form £. If f(a)=co and ¢(a)= oo,
the fraction AC) takes the meaningless form 32. The value of the
r

fraction is then defined as the limit approached by the fraction as
z approaches « as a limit. We shall now prove that the rule for

Jinding the value of a fraction which becomes g— holds also for a
Sraction which becomes -
To prove this, we shall take first the case in which the fraction

g((a:)) becomes 5 when z=co. By placing b=z, a=c in (1), §162,
we have f@)—f@) _ f'é

4@ =) (O Ot
which is equivalent to - $()
o) FO [_J0
f(@)

Now we assume that '(7;,2 ; approaches a limit £ as # = co. Hence

we may take ¢ so great that ;’;,é ; » and therefore ‘;, (g) » differs from
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k by as little as we please. This fixes ¢; we may then take z so

s

by as little as we please. By proper choice of ¢ and u, then, we
have, from (1), F)
m =(k+e)(1+ey),

where ¢, and e, may be as small as we please. Hence

Fim e ==

To extend this result to the case in which f(z J(2) %) becomes & = when

$(2)

much greater than ¢ that may each differ from zero

@)

= a, we place z=a + ;1- - Then

J) _ 'f<a * %) _F@).

@) o(«+ ) ~ ()

Then —== F(y) becomes 2 when y = co. Therefore, from (2),

&(y)
“ Lim 20 _ 1 210
2 D)) sme DI(y)
du 1
Now Py =f'ng == 5 /@)
and D' (y)=¢/( )zgj_“‘_‘l"( r).
Hence F,(‘/ ) _ S ’(L) »and Lim F’( Y = Lim S )- Hence we have

) ~g@ T T )
£y fla)
Lim s~ @

From (2) and (3) follows the proposition that we wished to prove.

Ex. To find the limit approached by 1_‘_’3‘9 as ¢ becomes infinite.

By the rule, le
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164. Other indeterminate forms. There are other indeterminate
forms indicated by the symbols

0.0, 0 — o, 0°, ’, 1°.

The form 0-co arises when, in a product f(z)-¢(z), we have
S(@)=0 and ¢(a)= 0. The form co — o arises when, in f(z)—
¢ (z), we have f(a) = w0, ¢ (a)=co.

These forms are handled by expressing f () - ¢ () or f(z) — ¢ (),

as the case may be, in the form of a fraction which becomes s
% when 2 =a. The rule of § 161 may then be applied.

Ex. 1. z%e— 2.
3
When z = o, this becomes :0. We have, however, z%¢—* = 7:;, which
becomes g when £ = w. Then

3 2 [
Lim® = Lim -2 — Lim 3% — Lim 8

- =0.
r=wm €0 2=02L6F 1=w02e® z=wdze?
In the same manner Lim gre—2 = 0
x=
for any value of n. ®
Ex. 2. secz — tanz.
When z = g. this is © — o. We have, however,
1—sinz
secx — tanx = —
COSZT
. 0 g
which becomes ° when z = 3 Then
Lim (secz — tanz) = Lim 15028 _ 1im Z %% _
z=X 22X COST 2= —8INT
3 3 Py

The forms 0° «°, 1 may arise for the function

I/ (@1*®
when z = a.
" If we place u=[f(2)]*?,
we have log u = ¢(z) log f ().

It Lim ¢ () log f(x) can be obtained by the previous methods,
the limit approached by » can be found.



PROBLEMS

1
Ex. 8. (1 —2)=
When z = 0, this becomes 1°. Place
1
u=(1-2)%;
then logu = B)E-%:i) .
log(l — z) [ -—l]
Now, by § 161 Li = =-1
ow, by § 161, Lim z ey i

Hence logu approaches the limit — 1 and u approaches the limit %.

PROBLEMS
1. Prove that the series

1++++F++++

where there are two terms of the form l, four terms of the form

301

21;, eight

terms of the form él—, and 2¢ terms of the form (—2-1——, (k=1,2,38,...), converges

whena > 1.

2. By comparison with the series in Ex. 1 or with the harmonic series

(Ex. 2, § 152), prove that the series

8
converges when a > 1, and diverges when ¢ =1.

1450 + += + P
a nu

Test the following series for convergence or divergence :

28 928 92n—-1
242 42 4.,
3 +3+5+ +2n-—1+
4.1—}-1-}— +...+*___._1_—+
HEREIE @n—-1)[n—1
1 1 1 1
R T W T T ST S
atatet tamt
1 1 1 1
S 13tsatret tancpaat
1 1 1 1
Yiatrstesat tamen T
82 8
8,i+___+i_+. + 8 R

tetestsat " tamin ™
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1 2 38 n I 1 1
242 LT D TP At N NP A B
9 itatEt o tet 10 tatat o ta+t
1 1 1 1
11, e e e
1-2-3+2-3-4+3-4-6+ +'n(n+])(n+2)+
1.1 1 1 923 33 n8
S B SR Rt SO £ S [ Mt R AU R RPN
12. S+ L+ 55+ tant +lg+l§+ +|n+

Find the region of convergence of cach of the following serics:

3 4 wn+1
14. -2 4 — x84 ... S S R
RN S TR i L
15. 1+ 22 4+ 322 + ... +n2en—-14 ...,
.3 ab .8.5... — 2n—1
16. sm—l.l':——a:-}-l i 3 NG S A @n—8) =
2 3 2.4 6 2-4.6...2n—2) 2n-1
2
17. 10g(1+a:)=x__ff_+‘%_...+(_..1)n+1‘.::_'+,,,.
2Qn —1
18. sinz =z — 2 i (=11 BT
" N HEDT T
-1
19. cr=1+m+z +_z_"_-_+....
2 [n—1
1 1 1.3 1.3.5...(2n —3)
20, — . ... =1 -y —— 2 - R n ~ 1 eee
-2 AR SRR WY (2n-~2)ac +
1 23 1.3 x5
21. 1 1+a22)=2—=-. - R
og(z +V1+a2)=1zx s s ta i
; 1.3. (211.— :) 22n—1
1y+1z
+(=1 24(5 (20 —2) “on—1
2 n -1
292. _M._l__.:}_}_l)_a;.*.?__;ﬁ +l‘~-_mn -1.4.
a—-be a a a’

Expand each of the following functions into a Maclaurin’s series, obtaining
four terms:

23. secz. 25. log(1 + sinz). 27. eon-tr,
24. esecx. 26. esinz, 28. log cosz.

Expand each of the following functions into a Fourier’s seues for values of
2 between — 7 and = :

29, 22 30. ew=.

31, f(z), where f(@)=—7wif —~7<2<0,and fR)=7wif0<z <
32. f(z), where f(z) =—zif —wr<2<0,and f(z)=0if 0 <z <.
33. f(x), where f(z)=—wif —r<z<0,andf(@)=2if0<z <
34. f(x), where f(z) = 0if — 7w <2 <0, and f(z) =22if 0 <z <.
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Find the limit s'mpproached by each of the following functions, as the variable
approaches the given value:

35 (_:(_)sz—cona, 49 Azt + et =14 ...+ a,

—y T=a. . s L= a0,
z-—a boz® + by =1+ .- + by
e —e=*
36 —— —, z=0. 50. (w—m)tallf, z=m.
sin2x 2
Ar —e-2r -2z | 51. sec bz cos7 @, z = —.
37. z—smzz o7 ’ 2
52. e-zlogz, z = .
a* — b* .
38. z y 2 =0, 53. l ——.—1-—,zi1r.
z—m sinz
— a3
39. @ a)_’ T =a. 1 z .
er — et 54 T — =
logz logz
logcos 2z
40. =, z=m, z 1
— )2 55, ——— —,z=1.
(m—2) z—1 log.z:’
— sin—1z
41, Z-TNTE a e, 3 1
: in3 56. — ... — =1.
sindz a1 z—l’z
42, P =% 4 ey, 57. 27, z = 0.
x —sine
m 58. (tanz)sinz, & =0,
43 0% LT, 1\tanz
secbz © T 2 59, <5) , =0,
1—-logz . 1
" 1’ z=0. 60. z, = oo.
e b
log(z—;r) 6l. (14 ax)", = .
.7 1
45. tanz ’ x=_2_. 62 xl—-’, z=1.
logz 63. (cosz)cots, =0,
46. —ZT’ = Q0. 1

64. (x + cosz)r, x=0.

n
47. %, 2= b
e’ 65. (1+ ax), =0.

48. 82 ., 66. (sinz)“",z—'_-.g- '



CHAPTER XVI
COMPLEX NUMBERS

165. Graphical representation. A complex number is a number
of the form 2+ <y, where z and y are real numbers and ¢ is defined
by the equation ©* =—1 (I, § 12). In this chapter we shall denote
a complex number by the letter z, thus

z2=ux+y.

The number « is the re«l part and the number 4y is the imagi-
nary part of z. When y = 0, z becomes a real number; and when
x = 0, z becomes a pure imaginary number. When both =0 and
y=0, then 2=0; and 2=0 when, and only when, =0 and y=0.
Y To obtain a graphical representation of

P(2) a complex number, construct two axes of
r coordinates OX and OY (fig. 109), take any
7 v point P, and draw OP. Then the complex
0 Z X number z+ 1y is said to be represented
either by the point P or by the vector * OP.
For if a complex number, z=2z+ 7y, is
known, z and y are known, and there corresponds one and only
one point P and one and only one vector OP. Conversely, to a
point P or a vector OP corresponds one and only one pair of values
of z and 7, and therefore one and only one complex number. In
this connection the axis of z is called the axis of reals, since
real numbers are represented by points upon it; and the axis of
y is called the azis of imaginaries, since pure imaginary numbers
are represented by points upon it.

If we take O as the origin and OX as the initial line of a system

of polar coordinates, we have # =17 cos §, y =rsin 6,

Fia. 109

and therefore z=x+ 1y =r(cos 0 + ¢ sin 6).

* A vector is a straight line fixed in length and direction but not necessarily in
position.
804
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The number r =Va®+ 3’ which is always taken positive, is
called the modulus of the complex number and is equal to the
length of the vector OP. The angle 6 = tan"‘.z_ is called the argu-

ment, or amplitude, of the complex number, and is the angle made
with OX by the vector OP. Any multiple of 2 7 may be added to
the argument without altering the complex number, since

r[cos (0 + 2 km)+ i sin (0 + 2 k)] = r(cos 6 + 4 sin 6).

The modulus is also called the absolute value of the complex
number and is denoted by |z|, thus: Y

[2|=|z+ wy|=Va'+ ' =

B(2425)

166. Addition and subtraction. If 2, =2z,
+ 1y, and 2, =2, + 7y,, then, by definition,

2+ 2= (2, + z,) + 1 (¥, + ¥)-

In fig. 110 let B and R represent the two complex numbers,
and let OF and OI} be the corresponding vectors. Construct the
parallelogram ORRE. Then it is easy to see that B has the
coordinates (z,+x,, ,+y,) and therefore represents the complex
number z,+2,. The addition of complex numbers is thus seen to

be analogous to the composition of forces or
Bi(z4) velocities.
Since OB =|z,|, OB =|z,|, and OB =|z,+ 2,|,

e |2+ 2| = lzll + lz2l’

the equality sign holding only when OF and
OF, have the same direction.

B(2r21) To subtract 2z, from 2, we first change the
sign of 2, and add the result to z,. Graphically,
the change of sign of z, corresponds to replacing
E (fig. 111) by E, symmetrical to B, with respect
to O, or to turning the vector OF, through an angle of 180°. The
parallelogram OEREE, is then completed, giving the point & corre-
sponding to z, — 2,

-H(-za)
Fia. 111
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167. Multiplication and division. If 2=z + 1y, and 2,=z,+1y,,
then, by definition,

2,2y = (&4, — YY) + 1 (2,9, + 2Y,).

If we use polar codrdinates, we have z =r (cos 6,4 isinf),
2, = 1,(cos 0,+ i 8in 6,), and

2,2, = r,r,[(cos 8, cos 8,— sin 6, sin 6,)
+ ¢(sin 8, cos 0,4+ cos 8, sin 6,)]
= 7, [cos (0, + 6,) + 7 sin (6, + 6,)].

Hence, in the multiplication of two complex numbers, the mod-
uli are multiplied together and the arguments are added. Graphic-
ally, the vector corresponding to a product is found by rotating
the vector of the multiplicand in the positive direction through an
angle equal to the argument of the multiplier, and multiplying
the length of the vector of the multiplicand by the modulus of the
multiplier. Tn particular, the multiplication by ¢ is represented by
rotating a vector through an angle of 90°; and the multiplication
by —1 is represented by rotating a vector through an angle of
180° as noted in § 166.

The quotient il is a number which multiplied by 2, gives z,.

~,

2
Hence, if 2, = r,(cos 8, + i sin 0,) and z,= r,(cos 6,+ ¢ sin 6,),

z, T L
z—: = 7; [cos(8,— 6,) + i sin (6,— 6,)].

Graphically, the vector corresponding to a quotient is found by
rotating the vector of the dividend in the negative direction through
an angle equal to the argument of the divisor, and dividing the
length of the vector of the dividend by the modulus of the divisor.

168. Involution and evolution. The value of 2", where # is a
positive integer, is obtained by successive multiplication of z by
itself. Therefore, if 2 = r(cos 6 + < sin 6),

2" = r"(cos nf + 1 sin n0). 1)

1
The root z#, where n is a positive integer, is a number which
raised to the nth power gives 2. Accordingly we have, at first
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1

sight, 2» = 1<cos%+z’sin %) But if we remember (§ 165) that

z=r[cos (0 + 2 km) + ¢ sin (§ + 2 kwr)], where % is zero or an inte-
ger, we have also

11 0 2kxw 6 2w
n = rn GOS(;;-I""I;L‘)'}"LSHI +_‘_"‘ (2)

There are here 7 distinet values of zi, obtained by giving to
the n values 0,1, 2,- -+, (n —1). Since the equation 2" = ¢ has only

n roots (I, § 42), (2) gives all the values of z. In this result r%
means the positive numerical root of the number 7, such as may
be found by use of a table of logarithms.

By a combination of (1) and (2), we have

) 2k g 2%k
o =i [cos(ﬁe p7r>+ % sin <7 + —-l‘lr)] 3)
q q q q

where £=0,1, 2, .-+, (¢ —1).

Finall ~m_1_co80+3sin0
(y’ i 2 r™(cos mb + 1 sin m0)

= 7~ "[cos (— mb) + 1 sin (— mb)].

The nth roots of unity can be found by placing » =1land § =0
N
in (2). Then 3 ok . 2k
1 =cos—— + 1% 8in ——-

The points which represent these roots graphically are the ver-
tices of a regular polygon of » sides, inscribed in a circle with
center at O and radius unity, the first vertex lying on the axis of

reals.
2k
Similarly, V1= cos @—]L_L)—W % sin (__L_;ib;l_)'r: .

169. Exponential and trigonometric functions. The exponential
and the trigonometric functions are detined in elementary work in
a manner which assumes that the variable is real. For example,
the definition of sin # requires the construction of a real triangle
with an angle equal to z, and the definition of ¢* involves actual
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involution and evolution. In order to be able to regard the inde-
pendent variable as a complex number, we adopt the following
definitions :

z 2 2
¢=1+I+E+B+---, 1)
. 2 2 7
sz:z—E+E_'7+..., (2)

2 2 2
COSZ=1—@+E—-E+"'. (3)

When z is real, each of these functions is the corresponding real
function, since these series are those found in § 31.

When z is complex, each of the series converges. To show this,
place z = r(cos @ + ¢sin 6) in (1), for example. We have

(1+frco«0+[jws20+£cos30+---)
2
+z<rsm0+ sm20+ sm30+ )
[2 3

Each term of the two series in parentheses is less in absolute

value than a corresponding term of the known convergent series
2 3

147+ E + B + ---. Therefore each of these series converges

(§ 153) and hence (1) converges. In the same manner it may be
shown that (2) and (3) converge. 1t follows that each of the
series (1), (2), and (3) may properly be used to define a function.
It is necessary, however, to give new proofs of the properties of
the functions, based upon the new definitions.

From (1) we have

P=1, en.1=e1tn,

which are the fundamental properties of the exponential function.

From (1), also, if we replace 2 by 4z, we have

()" (w)' (W)‘ (12)°
«m14 +
‘ I_ TBTETE Y

R M
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From this, with reference to (2) and (3), we obtain the formula
¢*=cosz+1singz, 4)

which establishes a relation between the exponential and .the
trigonometric functions.

By changing the sign of z in (4) we have

e ¥ =cosz—1sinz,

h . eiz_e—is 5

whence sin 2 = —5=— (5)
iz — iz

cosz=""2". (6)

-

From (4), (5), and (6) it is easily shown that the trigonometric
formulas obtained in elementary work for real variables are true
for complex variables also (see Exs. 1 and 2).

We shall use these relations to separate the functions (1), (2),
and (3) into real and imaginary parts, as follows:

Y = g%V = ¢" cos Y + te* sin .

sin (.E + 'I:y) = El—,“ (ear—v_ e—-i.n +y)

= % [e¥(cos z + 4 sin x) — e¥(cos  — 1 sin z)]

e+e V. ,eV—e Y
=t sinz + ¢ cos z
2 2
= cosh y sin 2 4 < sinh y cos 2.
Similarly,
, e+ eV o=V .
cos (z + ty) = -*:2 cos&—1—p—sinz

= cosh y cos 2 — 7 sinh ¥ sin 2.

If 2 =0, we have
o . -
sin 4y = i-—— =1 sinh y,

e+

cos iy = 5

= cosh y.
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Ex. 1. Prove sin%z 4 cos%z = 1.
From (5) and (6),

8in%z + cos?z = (e" — ¢ ")2-{- (e" T e “>2= 1
21 2

!

Ex, 2. Prove sin(2; + 23) = sin 21 cos 23 + €08 2; 8in 23.

F )
rom ( ), eln+izg — g—-in—iz

21
= é-l; [eiz1€l2s — e—1z1e—in]

sin(z; + 2zg) =

= ‘Zl-i[(con 21 + isinz;) (cos z3 + isinzy)
— (cos 21 — 4 8in 2) (co8 23 — i 5in 23)]

= 8in 2; co8 Z2 + €08 2; 8in 2,.

170. The logarithmic function. If z = ¢“, then, by definition,

w = log 2.
r
The properties of the logarithmic function, namely

2
log (2,2,) = log 2, + log 2,, log z_l = logz,— log 2,,
2
log "= nlog 2, log1=0, log 0 = — oo,

are deduced from the definition, as in the case of real variables.
The logarithm of a complex number is itself a complex num-
ber. For, let us place

z=2+ 1y = r(cos 8 + 4 sin 6) = ré®, )
Then

logz=logr + loge®=1logr + 0 = %log(w’+ y%) + i tan™?

8 IR

Here log r is the logarithm of the positive number 7, and may
be found as in I, § 154.

We may now find the logarithm of a real negative number. For,
if — a is such a number, we may write —a =a (cos 7 +1 sin )= ae'",
whence log (— a) =log a + .

In particular, log (—1) = ¢m.
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Tt is to be noticed that, in the domain of the complex numbers,
a logarithm is not a unique quantity. For

ew —_ ew+2kur= z’

where % is zero or an integer. Therefore
logz=w+ 2 kim.

We may express this as follows: The exponential function is a
periodic function with the period 2w, and the logarithm has an
wnfintte number of values, differing by multiples of 2 1.

171. Functions of a complex variable in general. We have
seen that functions of a complex variable obtained by operating
on z + ¢y with the fundamental operations of algebra, or involving
‘the elementary transcendental functions, are themselves complex
numbers of the form w» + 7», where % and v are real functions of
zand y. Let us now assume the expression w = « + 1, and inquire
what conditions it must satisfy in order that it may be a function
of z=u+y.

In the first place, it is to be noticed that in the broadest sense
of the word « function” (I, § 20), w is always a function of 2, since
when z is given, « and y are determined and therefore % and v are
determined. But this definition is too broad for our present purpose,
and we shall restrict it by demanding that the function shall have
a definite derivative for a definite value of z. The force of this
restriction is seen as follows: In order to obtain an increment of
%z, we may assign at pleasure increments Az and Ay to z and y
respectively and obtain Az= Az + ¢{Ay. The direction in which
the point @ (fig. 112), which corresponds to 2z + Az in the graph-
ical representation, lies from P, which corresponds to 2, depends

then on the ratio %, which may have any value whatever. Cor-

responding to a given increment Az, w takes an increment Aw,
where (§ 110)

ou ou | [ov ov |
Aw =<3_w + e1>Aa: +<53; + e,)Ay+ z[(—a; + ea)Aw+(a—y- + ei)Ay].
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Dividing by Az = Az + 1Ay and taking the limit as Az =0 and

Ay =0, we have du_ 0w [ .9v\dy
—ti =t (-t
Aw _ox ox \oy oy ala:
AT 2 M
A0 1 + et A y
dx
Unless special conditions are imposed upon » and v, the expres-
sion on the right-hand side of the above equation involves dy » and

dx
the value of Lim Z—w depends upon the direction in which the
Ag =0

point @ (fig. 112) approaches the point P. Now the value of

the right-hand side of (1), when % =0,is ?ﬁ +1 %—, and its value
Y
ou o0
> when 4y _ o is % %, Equating these
) two values, we have
o ov ou , ov
-X ———+i(—+ 0. 2
Fic. 112 ox oy <3?/ 39”) @
This, then, is the necessary condition that Lim Aw should
Az=0
be the same for the two values g; 0 and Z‘Z =o0. It is also
the sufficient condition that Iim i_z should be the same for all
Az=0

values of Zy for if (1) is simplified by aid of (2), dy dlsappears
from it.
Now (2) is equivalent to the two conditions

u_
ox 0y ’

3
ou__ov. &
oy ox

Hence the equations (3) are the necessary and sufficient condi-
tions that the function u + w should have a derivative with respect
to x + ty which depends upon the value of x + iy only.

A function u + % which satisfies conditions (3) is called an
analytic function of x 4 1y.
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172. Conjugate functions. Two real functions % and v, which
satisfy conditions (3), § 171, are called conjugate functions. By
differentiating the first equation of (3), § 171, with respect to z,
the second with respect to 7, and adding the results, we have

. o'

_3;2 5}/—2=0.

Also, by differentiating the first equation of (3), § 171, with
respect to y, the second with respect to z, and taking the
difference of the results, we have

That is, each of a pair of conjugate functions 18 a solu-
tion of the differential equation

32 ¢ aﬂ ¢
Ba:‘ R

Let us construct now the two families (§ 173) of curves u =¢,
and v=c, If (z,y,) is a point of intersection of two of these
curves, one from each family, the equations of the tangent lines
at (z,, y,) are (§ 115, Ex. 1)

(o— w1>< )+<y y1>< ) 0,
(@—)(22 )‘+@, m() 0

But from (3), § 171,

EAE G-

Hence the two curves intersect at right angles; that is, every
curve of one family intersects every curve of the other family
at right angles. We express this by saying that the families
of curves corresponding to two conjugate functions form an
orthogonal system.
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Examples of conjugate functions and of orthogonal systems of
curves may be found by taking the real and the imaginary parts of

Y

F1e. 113

Ex. 2. log(x + i)
=logVat + 2 4 i tan—1 "%

Hence log V2 + y? and
tn.n"lg are conjugate func-

tions, and the curves z% 4 y2
=¢ and y = ¢z form an
orthogonal system (fig. 114).
In fact, one family of curves
consists of circles with their
centers at the origin, and the
other consists of straight lines
through the origin,

any function of a com-
plex variable.

Ex. 1. (& + iy)?
=22 -y 4 2ixy.
From this it follows that
22 — y2? and 22y are conjugate
functions, and that the curves
22 — y? = ¢; and xy = cg form
an orthogonal system (fig. 113).
In fact, the system consists of
two families of rectangular hy-
perbolas, the one having the
coordinate axes for axes of the
curves and the other having the
coirdinate axes for asymptotes.

Fia. 114

Find the sums of the following pairs of complex numbers and the difference
obtained by subtracting the second from the first, and express the results

graphically :
1. 8+24, 4 +56i.

2. —8-174 4+8i.

3. 6104, 8+ 2.
4.

— 8 +12i, 6 + 04,
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Find the products of the following pairs of complex numbers and the quotient
of the first by the second, and express the results graphically :

7. 1+4iV8, V3 +i
5. cos7«r+isiu1—r cos—ﬂ-'+isiuI- ’_
6 6’ 4 4 8.2+2iV3,8-8iVa.
2 9. 1414 —1+41.
6. cosg+isin§, cos g+ising§f- 10, 1:: l—:.-
Find the following powers and express the results graphically:

11. 2 + 842 12. 1—-iV3)L 13. (1+ )3 14. (1 49

Find the following roots and locate them graphically :

15. ¥1. 16. ¥Y—1. 17. V1. 18. V-1 19, VT8, 20. Vs
21. Prove, for complex numbers, cos(z; + 2) = C0S 2y €08 23 — sin 2, sin 2.
22. Prove, for complex numbers, sin2; + sinz; = 2 sin } (21 + 22) cos } (21 — 22).

23. Prove sinh iy = isiny. 24. Prove cosh iy = cosy.

Find the values of the following logarithms:
25. log(— 2). 26. log (1 + i). 27. log(—1+ 9). 28. logi.

Find the orthogonal systems of curves defined by the real and the imaginary
parts of the following functions:
1

z2—a
29. ra 30. log TTa 31. log (2% — a3).

Find the orthogonal systems of curves defined by the real and the imaginary
parts of the following functions, using polar codrdinates:

32. 28, 33. V.



CHAPTER XVII
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

173. Introduction. Consider the equation

S(@ 9, 0)=0, @
in which ¢ is an arbitrary constant. If ¢ is given a fixed value, (1)
is the equation of a certain curve; and if ¢ is supposed to take all
values, the totality of the curves thus represented by (1) is called
a family of curves.

To determine the curves of the family which pass through any
fixed point P (x,, %,), we may substitute z, and y, for # and y in
(1), thereby forming the equation

S (@, 9y, €)=0. 2
The number of roots of (2), regarded as an equation in ¢, is the
number of curves of family (1) which pass through £, and their

equations are found by substituting these values of ¢ in (1).
The direction of any curve of family (1) is given by the equa-

tion (§ 115, (1)) of
dy ox

=" (3)
%

which, in general, involves ¢. In general, however, we may elimi-
nate ¢ from (1) and (3), the result being an equation of the form

dy
/ F<m, Y, d—z->= 0. 4)
If we substitute the codrdinates of £ in (4), the values of %

which satisfy the resulting equation are the slopes of the respec-
tive curves of (1) which pass through B. Hence (4) defines the
same family of curves that is defined by (1), but by means of

the directions of the curves instead of the explicit equations of
316
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the curves themselves. Hence (4) is called the differential equa-
tion of the family of curves represented by (1).

‘We have seen how an equation of type (1) leads to a differential
equation of type (4). Conversely, to an equation of form (4) there
always corresponds a family of curves which may be represented
by an equation of form (1). For if the cobrdinates of a point R
(fig. 115) are assigned to « and y in (4), (4) determines one or more
directions through E. Following one of these directions, we may
move to a second point I}. If the coordinates of B are substituted
in (4), a direction is determined in which we may move to a third
point A, Proceeding in this way, we trace a broken line such that
the cotrdinates of every vertex and the direction of the following
segment at that point sat- v
isfy (4). The limit of this
broken line, as the length of

each segment approaches 5
the limit zero, is a curve B

such that the codrdinates P = ]

of each point and the direc- — ! : X

tion of the curve at that Fre. 115

point satisfy (4). Since in
this construction £ may be any point of the plane, there is evi-
dently a family of curves represented by (4), as we set out to
prove. The constant ¢ in the equation of the family may be
taken, for example, as the ordinate of the point in which a curve
of the family cuts the axis of  or any other line x =z,, Hence
every differential equation of form (4) has a solution of form (1),
The problem of proceeding from a differential equation (4) to its
solution (1) is, however, a difficult one, which can be solved only in
the simpler cases. Some of these cases have been discussed in this

volume for equations in which dy appears to the first power only.
These are the following :

I Variables separable. 87
Ta. Homogeneous equation. (§ 78)
Ib. Equation of the form

{
(@ + by + ¢,) dx + (a,x + by + ¢;)dy = 0. (§ 79)
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II.  The linear equation (§ 80)
ITa. Bernouilli’s equation. (§ 81)
I11. The exact equation. (§147)
IIla. Solution by integrating factors. (§ 149)

While the above methods often prove serviceable, the student
should appreciate that they may all fail with a given differential
equation, since the above list does not contain all possible differen-

tial equations which are of the first degree in %ﬂ Moreover, the

solution will in general involve integrations of which the results
can be expressed as elementary functions only in the simpler cases,

174. Solution by series. The solution of a differential equation
may usually be expressed in the form of a power series.

Ex. dy =x? 4 92
dr

Assume y = @p + A1 Z + agx? + asxd 4 .. .. Substituting in the given equation,

h
VOO 1+ 2002+ Basa? + - - = 2%+ (G0 + 1 + agr? + agzd + - - P,

in which the coefficients of like powers of z on the two sides of the equation
must be equal, since the equation is true for all values of z.
Equating coeflicients, we have
ay = aO’,
2a; =2 Aoy,
8as=1+ a? + 2 aoas,
whence a = ad,
ag = (l: )
=} (1+3a),
Hence the required solution is
y=do+ajz+afe?+}(1+8af)zs+....

175. Equations not of the first degree in the derivative. If the

differential equation of the first order is of higher degree than the

first in g—z’ new methods of solution are necessary. Denoting g:—z

by p, we shall make three cases:

1. Equations solvable for p.
2. Equations solvable for y.
3. Equations solvable for .
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176. Equations solvable for p. Let the given equation be an
equation of the nth degree in p, and let the roots of the equation,
regarded as an algebraic equation in p, be p,, p,, - - -, p,, where p,,
Pgs + * *» P, are functions of z and y, or constants. Then the equa-
tion may be written in the form (I, § 42)

@—p)(@—1) - (p—p)=0. (1)

But (1) is satisfied when and only when one of the n factors is
zero, and hence the solution of (1) is made to depend upon the
solutions of the n equations

p—p=0, p—p,=0, .-+, p—p,=0. )
Let the solution of p — p,= 0 be f,(z, ¥, ¢,) = 0, the solution of
p—p,=0 be fy(2, y, ¢,)=0, ete., where ¢, ¢c,, - -- are arbitrary

constants. Since cach of these constants is arbitrary, however, and
there is no necessity of distinguishing among them, we will denote
them all by the same letter c.

Now form the equation

L@y, 0) - [o@ 9, 0)- - Su(@, Y, ©)=0. (3)

The values of 2 and ¥ which make any factor of (3) zero satisfy
(1) by making the corresponding factor of its left-hand member
zero. Hence (3) is a solution of (1), since the values of z and
y which satisfy (3) are all the values of # and y necessary to
satisfy (1); and since (3) contains an arbitrary constant, it is the
general solution.

Ex. 1 p3—2p’+(2y—x’—g-’)p—2(2y—z¢—£)=0.
z? x2

Solving this equation for p, we have

Y
p=2, =5_zy and P=_¥+z-
The solution of the first equation is evidently ¥ — 22 + ¢ = 0. The second
equation, when written in the form % - iy = — &, is seen to be a linear equa-

tion, and its solution is y + 23 — cz = 0.

The third equation may also be written in the form of a linear equation, and
its solution is 28 — 82y + ¢ = 0.

Hence the solution of the original equation is
Y—2z+c)(y+ 22 —cx)(@®— 82y + ¢)=0.
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Ex. 2. y(d”) + 2za—y =0.

Vi
Solving for p, we have p=— ; + ——-7/'1—7-?

Vz2 + 13
The equation p=- : + z ;' y

is a homogeneous equation, and its solution is Va2 + 92 -2 4+ ¢=0.
The equation _ =z m
Yy Yy

is also a homogeneous equation, and its solution is Va2 + 32+ — ¢ =0.
Hence the required solution is 2 + 2¢x — ¢ = 0.

177. Equations solvable for y. Let the given equation be

Sz, y, p)=0. (1)
Solving this equation for y, we have the equation
y="F(z, p). )
Differentiating (2) with respect to z, and replacing (;'/ by p, we
have the equation dp
p—¢( > 3)

in which p and « are the variables. Let the solution of (3) be
¥ (2, p,0)=0. (4)

Eliminating p between (1) and (4), we have a function of z, g,
and an arbitrary constant which is, in general, a solution of (1).
But the process of solution may bring in extraneous factors or
otherwise lead to error, and the solution should be tested by
substitution in (1).

If the elimination cannot be performed, equations (1) and (4)
may be taken simultaneously as the parametric representation
(I, § 163) of the solution, p being the variable parameter.

Ex. 1 a2p?—-2yp+ax=0.
Solving for y, we have y=-= + — 1)

By differentiating (1) with respect to z, we obtain
_1 dp\  a (1 z dp)
p‘z(p‘*'zdz) 2\» Pas

. (E-9)(-32)-0
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The first factor placed equal to zero gives p = +Va. If thisvalue is substituted
for p in the given equation, we have 2az 4- 2y Va= 0, which is found on trial
to be a solution of the equation. This solution, however, involves no arbitrary
constant, and hence is of a different type from that already considered. It will be
discussed in § 182,

Placing the second factor equal to zero, and solving the resulting equation,
we find p = cx. Substituting this value of p in (1), we have, as the general
solution, @ a

1/—'—2'+§;-

Ex. 2. Clairaut’s equation, y = pz + f(p).

As this equation already expresses y in terms of z and p, we proceed imme-
diately to differentiate with respect to z, with the result

+r L =o.

As in Ex. 1, placing the first factor equal to zero cannot give us the general
solution. Neglecting that factor, we have ‘;—I; = 0, whence p = ¢. Substituting
this value for p in the original equation, we have, as the general solution,

y = cx + f(¢).

Hence the general solution of Clairaut’s equation may be written down
immediately by merely replacing p by ¢ in the given equation. The ease of this
solution makes it desirable to solve any equation for y, in the hope that the new
equation may be Clairaut’s equation.

Ex. 8. y=px+aVv1+p2
Since the equation is in the form of Clairaut’s equation, with f(p) = a V1+ p3,

its solution is
y=cx+avl+4c

178. Equations solvable for x. If the given equation can be
solved for z, with the result

z = f(y, p), 1

we may form a new equation,

1 dp)

~=¢(y, p, =) 2

7 4><3/ 2 o @)

by differentiating (1) with respect to y, and replacing Zlf by =-
Let the solution of (2) be y 100

v, po)= 0. 3
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Then (1) and (3) may be taken simultaneously as the parametric
representation of the solution of (1). Or p may be eliminated from
(1) and (8), the result being a function of z, , and an arbitrary
constant, which is, in general, a solution of (1), but which should
be tested by substitution in (1).

Ex. 2 —-2p—1logp=0.

Solving for z, we have z=2p + logp. 1)
Differentiating with respect to y, we obtain the equation

dy =(2p + 1)dp, @)

the solution of which is y=p2+p+ec 3)

Since the result of eliminating p from (1) and (3) is complicated, we take (1)
and (8) as the parametric representation of the solution of (1).

179. Envelopes. Let [f(z,7,¢)=0 1)

be the equation of a family of curves formed by giving different
values to the arbitrary parameter ¢. If any particular value of ¢ is
increased by Ac, the equation of the corresponding curve is

Sy, ¢+ Ac)=0. @)

The limiting positions of the points of intersection of (1) and (2),
as Ac=0, will be called limit points on (1). We wish to discuss
the locus of the limit points.

One method is evidently to solve (1) and (2) simultaneously for
z and y in terms of ¢ and Ac. The limiting values of z and y, as
Ac =0, will be the coitrdinates of a limit point expressed in terms
of ¢. If ¢ is eliminated from these values of 2 and 7, the result is
the Cartesian equation of the locus of the limit points.

A second method is as follows: Any point of intersection of
(1) and (2) is a point of

f(ﬁ, Yy c+ AC) _f(m’ Y c) — 0, (3)
Ac
so that we may use (3) in place of (2). As it is only the limiting
positions of the points of intersection of (1) and (3) that are to be
considered, we may take the limit of (3) as Ac =0, ie.

Y=o 4)
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Then (4) is a curve passing through the limit points. Eliminating
¢ between (1) and (4), we obtain the equation of the required locus.

Ex. Find the locus of the limit points on the straight lines represented by
Yy — m& —aV1+ m?=0, m being the variable parameter.

First method. We first solve the equations

y—mr—aVvVli+m?=0, 1)
¥ —(m+ Am)z — aV1+ (m + Am)3 =9, @)
2 __
with the results = =a Vitmi—Vit(m+ am)?, @)
Am

2 2

y=am‘/1+”‘ \£l+(m+Am)+a yrry @
m
Taking the limits of (3) and (4), as Am = 0, H

we have

——at Vitma=—. m — @)
Tr= ad"" 1+m = 1+mﬁ, (5) /
— a ; (1)
Y=——— (
.\/i+m2 ()) !

\ X
the codrdinates of any limit point expressed in
terms of m.

Eliminating m, we have

22 4+ 2 = al. () Fia. 116

()

It is thus evident (fig. 116) that the locus is a circle tangent to each of the
straight lines represented by the given equation.
Second method. From (1),
oo . am
om™ T Vi ma
Eliminating m from (1) and (8), we have
224 y2 —a?=0,
the locus of which is the circle found by the first method.

=0. ®)

180. In the illustrative example of the last article, the locus of
the limit points of the family, as those curves approach coincidence,
is a curve tangent to every curve of the family. Hence the question
is suggested, Is the locus of limit points always tangent to every
curve of the family ? To answer this question, we proceed as follows:

Let (z,, y,) be a limit point on one of the curves represented by

S (@, 3, 0)=0. @)
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Then its codrdinates satisfy (1) and

i :
2= 0 (2)

The tangent to the curve of the family at (z,, ,) is
f of
e=a)(ZL)+o-n(Z)=o )

Q‘Z- is as in Ex. 3, § 113.
ox

The equation of the locus of the limit points may be found theo-
retically by substituting the value of ¢ in terms of z and y from (2)
in (1). Then the equation of the tangent to the locus of the limit
points at (z,, ,) is

where the meaning of

or (§ 113, Ex. 3) o <%£>"+ v <%)”= > @

B R R T
But since P 0, (5) reduces to

e-a)(Z)+o-n@)=0 ~  ©

which is the same as (3). Hence, in general, the locus of the limit
points is tangent to every curve of the family.

There may be limit points, however, which lie on a locus that
is not tangent to every curve of the family. For let each curve
of the family have one or more singular points, ie. points for
which (3{: ) 0, %): 0. Then such points will be a part of the

locus of the limit points ; for, from (1), we have

<af>dw+<af>dy+%§dc=0.

ox oy
But at a singular point the first terms vanish, and hence the coor-
dinates of any singular point satisfy f(z, ¥, ¢)= 0 and %‘2= 0, and

are limit points. But at a singular point the equation of the tan-
gent becomes indeterminate, and hence the locus of the limit points
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may or may not be tangent to each curve of the family. Accord-
ingly, we shall separate that part of the locus of limit points which
is tangent to each curve of the family, and give it the special name
envelope. Thab is, the envelope* is that part of the locus of the limit
points of a family of curves which is tangent to every curve of the
Samily. Hence, in finding the equation of the envelope, it is neces-
sary to find the locus of the limit points, throwing out any extra-
neous factor brought in by the elimination, and also discarding any
part of the locus which is not tangent to each curve of the family.

181. The second method of finding the locus of limit points is
exactly the method of determining the condition that f(z,y,¢)=0,
if it is an algebraic equation in ¢, shall have equal roots (I, § 64).
Hence, if we form the discriminant of f(z,y, ¢) = 0, regarded as an
equation in ¢, and place it equal to zero, the locus of the resulting
equation will contain the envelope. If there are any additional
loci, they are the loci of singular points, or correspond to extrane-
ous factors brought in by the elimination.

Ex. The equation of the example in § 179 may be written in the form
(2 — a?)m3 — 2zym + (2 — a?) = 0.
The discriminant of this quadratic equation in m is (I, § 87)
(—2zy)? — 4 (22 — a?)(y2 — a?) =4 a?(2? 4 3 — ad).
Hence the condition for equal roots is
2?4y —a?=0,
and this is the equation of the envelope, since there are no extraneous factors.

182. Singular solutions. Let

f(@ 4 0)=0 @)
be the general solution of a differential equation of the first order,
¢ (=, 9, p)=0. @)

Then every curve of the family represented by (1) is such that
the coordinates of every point of it and the slope of the curve at
that point satisfy (2). If the family of curves has an envelope, the
slope of the envelope at each point is that of a curve of the family.
It follows that the envelope is a curve, such that the codrdinates

* Some writers call the whole locus of the limit points the envelope, whle other
writers define the envelope as a curve tangent to every curve of the family.
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of every point of it and the slope of the curve at that point sat-
isfy (2). Hence the equation of the envelope is a solution of (2).
It is not a particular case of the general solution, since it cannot
be obtained from the general solution by giving the constant a
particular value, and is called the singular solution.

Accordingly, we may find the singular solution, if one exists, by
finding the envelope of the family of curves represented by the
general solution. This method requires us to find the general solu-
tion first; but we may find the singular solution, without knowing
the general solution, as follows:

Let (1) and (2) (fig. 117) be two curves of the family represented
by (1), intersecting at R (z,, y,), and having the respective slopes p,
and p,. Then z, y,, p, and z, ¥,, p, satisfy (2). As curves (1)

and (2) approach coincidence, in general, I}

B approaches a point of the envelope as a limit,

(1) and p, and p, become equal. Hence the locus
(C) . of points for which (2), regarded as an equation
Fie. 117 in p, has equal roots must include the envelope,

if one exists. The equation of this locus may
be found by placing the discriminant of the equation, regarded as
an equation in p, equal to zero.

As in the determination of envelopes, so here, extraneous factors
may appear in the course of the work, and they can be eliminated
most easily by testing them in the differential equation, to see if
they satisfy it.

Ex. 1. Find the singular solution, if one exists, of the differential equation
v=pz+aVi+tph

First method. The general solution has been found to be (§ 177, Ex. 8)
v=c+aVita;

and the envelope of this family of straight lines is (§ 179, Ex.) the circle
22+ 93 — a2 =0. Hence there is a singular solution, i.e.

22492 —a?=0.
Second method. Writing the differential equation as a rational algebraic equa-
tion in p, we have (zg - ag)pg _ 24:2[1) + (yg - ag) = 0’
the discriminant of which is 4 a? (a2 + y2 — a2).

Since #2 + y3 — a?® = 0 satisfies the differential equation, it is the singular
solution,
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Ex. 2. In solving Clairaut’s equation (§ 177, Ex. 2), we neglected the factor
2+ f’(p). The equation z + f*(p) = 0, however, is the equation which would be
derived if Clairaut’s equation were differentiated with respect to p. Hence the
elimination of p between this and Clairaut’s equation would give us an equa-
tion which would include the singular solution, if one exists. In Ex. 1 of § 177
we found the solution 2az + 2y Va =0. This is now seen to be a singular
solution of the given equation.

183. Orthogonal trajectories. A curve which intersects each

curve of the family represented by the equation

S y,¢)=0 1)
at a given angle is called a ¢rajectory. In particular, if the given
angle is a right angle, the curve is called an orthogonal trajectory.
1t is only this special class that we shall consider.

To determine the equation of the family of orthogonal trajectories,
we first find the differential equation of the family represented by

(1) in the form (§ 173) F<x, . ‘_lﬂ>= 0. (2)

S
Since the trajectory and the curve of the family intersect at right
angles, the slope of the curve of the family is minus the reciprocal

of the slope of the trajectory. Hence, if we replace % in (2) by

- %’ » the resulting equation

is the differential equation of the family of orthogonal trajectories.

The solution of (3) is the equation of the orthogonal trajectories.

Ex. Find the orthogonal trajectories of the family of hyperbolas zy = a2,
The differential equation of this family of hyperbolas is

dy
T— =0.
iz +v
Hence the differential equation of the orthogonal trajectories is
dz
|\ —— =0
(-F)+v=0

the solution of which is 2 —-y2=c

Hence the orthogonal trajectories are hyperbolas, concentric with the given
hyperbolas and having their common axis making an angle of 46° With the
common axis of the given hyperbolas (fig. 113).
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184. Differential equation of the first order in three variables.
The integrable case. Any family of surfaces

J@ Y 20=0 (1)
satisfies a differential equation of the form
Pdz + Qdy + Rdz = 0. (2

of of of

and the elimination of ¢ from this equation by means, of (1)
gives (2).

Conversely, we ask if an equation of the form (2) always has a
solution of the form (1). To answer this question, we notice that

1) may be written
(1) may ¢y 2)=c,

whence ?;—:t dx + g—;dy + % dz=0, 3)
which is an exact differential equation (§ 151).

As (3) does not contain ¢, it must either be the equation (2) or
differ from it by some factor. Hence equation (2) has an integral
(1) only when it is exact or can be made exact by means of a
factor, called an infegrating factor. A special case of an exact
differential equation is one in which the variables are separated.
‘We shall accordingly consider three cases of equation (2), namely:

Case I, equations in which the variables can be separated.
Case II, exact equations.
Case III, equations having integrating factors.

Casg L If the variables can be separated so that the equation
may be written in the form

fl(w) de +f2(?/) dy +fa(z) dz =0, (4)

where any coefficient may reduce to a constant, the solution is
evidently of the form

[ri@ia+ [rwav+ [r@d=e ®)
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Ex. 1. (z+ a)yzdz + (x — a)(y + b)2dy + (x — a) (z + c)ydz = 0.
Dividing the equation by (z — @) ¥z, we have

z+adz+y+bdy+z+cdz=0.
z—a v P
Hence the solution is

f:f‘;dm+f’%-bdy+f":°dz=k,

or z+2alog(x—a)+y+blogy+2+clogz=k,
or z+y+z+log[(x — a)2eybzc] = k.

CasE IL. The necessary and sufficient conditions that (2) shall
be an exact differential equation are (§ 151)

oP_0Q oQ_0R R _oP

W oy o m ©
These conditions being fulfilled, equation (2) is of the form
o o o¢p
—‘Lde+-Ldy+-Ldz=0,
ox ”"+ag/ y+az =0 ™

and the problem is to find ¢.
If we omit from (2) one term, say Rdz, we have the equation

Pdz + Qdy =0, (8)

which, because of (6), is an exact differential equation (§ 147)
obtained from (7) by considering z as constant. Therefore, if we
integrate (8), holding z constant, we shall have all that part of ¢
which contains either z or y. The arbitrary constant in the solu-
tion of (8) must be replaced by an arbitrary function of 2, since
“constant” in this connection means “independent of = and ».”
If, then, the solution of (8) is

¢1(w: Y, 2)= 4’2(")’
where ¢, is a known and ¢, an unknown function, we have
¢ =(®, ¥, 2)— $y(2)-

Substituting in (7) we should have equation (2), and comparison
with (2) will give an equation from which to determine ¢,(2).
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Ex. 2. (y2 + 2% xdz + (22 + 2?)ydy + (22 + y?) 2dz = 0.

This equation is exact.
Omitting the last term, we have the exact equation

(W + P)zdz + (2 + 2 ydy = 0,
the solution of which is x%2 + 2%2 + y222 + F(2) =
Forming an exact equation from this solution, we have
2(y? + 2 xdx + 2(22 + 2?) ydy + [2(¥? + 2?) 2 + F'(2)]dz = 0.

Comparing this equation with the given equation, we have F’(z) = 0, whence
F(z) = c. Therefore the general solution is

zﬁyﬂ + 2222 y?zﬂ =k.
Cask 111 If equation (2) has an integrating factor u, then
pPdx + pQdy + pRdz =0 9)

is an exact differential equation, and therefore
2 =20, Lon=Lum, Lam=Lun
oy PO =50, 5 Q) =5 (uE), (;4) S(wb). (10)

Equations (10) may be placed in the form
(%)= gl p2,

oy ox or oy
0Q _oR\_ pou_,on
Mo )" Foy Y
u 3R oP pap. Ra .
o oz oz or

Multiplying the first equation by R, the second equation by P,
and the third equation by @, and adding the three resulting
equations, we have
%9 R\ o (0R_3P\ (P 2

<6z 23/>+Q<az 6z>+ R(ay m) 0. (11)
This is then a necessary condition that must he fulfilled in order
that (9) may be an exact differential equation or that (2) may
have an integrating factor. It may be shown that the condition
(11) is also sufficient; that is, if (11) is fulfilled, equation (2) has
an integrating factor.
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Iet us now suppose that (11) is satisfied for a given equation of
form (2). Then if it were possible to find the integrating factor
@, we should form the equation (9), and, omitting the last term,
should solve the exact differential equation

uPdz+ pQdy = 0,
as in Case II. But since u is not known, we may solve the equiv-
alent equation Pdz + Qdy =0,
writing the solution in the form f(x, y, F(2)) = 0, where F(2) takes

the place of the arbitrary constant. From this point on, the work
is similar to that in Case IL

Ex. 3. y2%dz + (y*%2 — z2%)dy — y%dz = 0.
This equation has an integrating factor.
Regarding y as constant, we have the equation

y22dz — yidz = 0,
the solution of which is z+ %—R + F(y) =
From this solution we form the differential equation
dz+[ F’(y)] y ———dz =0.

If we divide the given equation by y2z2, we have

Yy x ¥,
dz+[2——]dy-——z;dz_0,

whence, by comparison, Z + : +F'(y)=
e,y F@_
But y =+ = p + v 0,
80 that Fy) — f;l) =0,
whence F(y)=cy.
Therefore the general solution of the given equation is
2
s+ +ay=0,
z. v, . _
or ;+;+c_m

The student should notice the difference between the equations
Mdz+ Ndy =0
and Pdz + Qdy + Rdz = 0.
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The former has always an integrating factor and a solution
S(x, y,¢)=0 (§173). The latter has an integrating factor and a
solution f(z, ¥, 2, ¢) = 0 only when condition (11) is satisfied.

' 185. Two differential equations of the first order in three vari-
ables. Let the two equations be
Rdxz + Q,dy + R,dz= 0, o
Bdz + Q,dy + R, dz = 0,

where B, Q,, R,, R, @,, R, are functions of z, y, and 2, or constants.
By I, § 8, we have

. o — Ql Rll. 'Rl. II R I; Ql
de:dy:dz= 9. E|'|E B|'|B @
de _dy _dz
or P——-Q'—R’ (2)

where P = QR,— Q,R,, Q=R,;—R,P, and R=EQ,—EQ,
Accordingly, we shall consider equations in form (2) only.

Since dz:dy:dz gives a direction in space (§ 97), (2) assigns a
specific direction at each point in space. Moving from point to
point in the direction determined by (2), we trace a curve in space.
Hence the solution of (2) consists of a family of space curves, and
since it requires two simultaneous equations to represent such
a curve (§ 89), it follows that the solution of (2) is a pair of

simultaneous equations. de  d
If the first of the equations (2), i.e. Fx = —Q:Z, is independent of 2,
it is an equation in two variables, the solution of which may be
written in the form
Ji(@, 9, ¢)=0. 3)

Similarly, if the remaining equations of (2) are independent of z
or of y, their solutions are respectively

Ja¥ 2, ¢)=0, 4
and : fi(@, 2, ¢)=0. (5)

Any two of the three equations (3), (4), (5) taken simultaneously
constitute the solution of (2).
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From %—’ = ‘_lzf we have ¥ = ¢;2.

The equation g = %y may be written d—:—’ = dy, whence

T = CaqeV.
Therefore the complete solution consists of the equations
Y =12, T = CcoeV
taken simultaneously.

If only one of the equations (2) can be solved by the above
method, we may proceed as follows: Suppose, for example, that
we have solved the first of equations (2) with the result (3); we
may then solve (3) for either z or y and substitute in one of the
two remaining equations, thus forming an equation in ¥, 2, and ¢,
or z, z, and ¢,, which can be solved. This solution taken simul-
taneously with (3) constitutes the solution of (2).

Ex. 2. — dz dy = —di .
Ty a:yze’
. dy .
The solution of =7 isy—cxz=0.

Equating the first and the third fractions, we have de = gz Substituting
©ans . dz yze®
¢y for y in this equation, we have cyzerde = 2’ whence

c1(x — 1) e* = log cp2.
Therefore the complete solution consists of the equations
Yy —c@ =0, c1(x —1)ex — logegz =0
taken simultaneously.

If both of the previous methods fail, we may proceed as follows :
By the theory of proportion we may write

dz dy dz Ld:c+kd'c/+kdz

P Q R kP+kQ+kR

where %,, k,, k, are arbitrary functions of z, y, and 2, or constants.
There are three cases to consider:

1. %, k, k, may be so chosen as to give between the fourth
fraction and one of the original fractions an equation which can be
solved (see Ex. 3).
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2. k,, k,, k; may be so chosen as to make %, P + k,Q + £k, R = 0.
Then kdx+ kdy + kdz =0, and if this equation falls under one
of the cases of § 184, its solution is one of the equations of the
solution of the given differential equations (see Ex. 4).

3. We may form a new equation

kde+ kdy + kdz _ kidr + kidy + l’dz
kP +5Q+ kR l’P+lQ+l’R
so choosing the multipliers %,, &,, &, &}, £, &} as to make the new
equation solvable by previous methods (see Ex. 5).

dz dy dz
Ex. 3. Z 24y z+z
Let k1=0,k2=1,k3=—1.

dr__dy _ dz _dy—dz_ d(y—2)

Then T zH+y zTH+2 Y-z  y-—2

From — de d(y — ?) ywefind z=c(y —2).

Substlt.ut,mg this value of z in the equa.tlon Gy _ gz » we have

Tty ¥y z+2
dy _ dz
= ’
A+te)y—az (1-c)z+cay
the solution of whichis  log(z — ¥) = ¢g — — Y——.
e1(z —y)
Therefore the general solution consists of the two equations
Y
r=c1(y — 2 log(z — ) =¢3 —
-2, - aE=7)

taken simultaneously.

Ex.4 B W __ d&

v+z -z z+y+z

Let k=1 kg=—1kzy=—1.

Then ki(y + 2) + ko(— %) + ks(z + ¥ +2) =0,
and hence kydz + kady + ksdz = 0.

But this equation is de - dy —dz=0,
the solution of which is evidently z—y—2z=¢;.

Substituting the value of y 4 2 from this equation in v‘?:z = f” we have

= 'gyi s the solution of which is
z+clog(z—c))=c3—y.

Hence the general solution consists of the equations

T—y—z=0c, z + crlog(z — ¢;)=c3 — ¥.

-0
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de  dy _ adz
e A T TR P
Let ky=ks=k;=1.
Then dz — dy _ dz _d@+y+2)

v+z z+z z+y 2@+y+2)
Again, let &y = 1, kg = — 1, ks = 0, and we obtain the equal fmctlon—f_————-;”-)-

)
also, letting &y = 0, k3 = 1, ks = — 1, we obtain the equal fraction d____(zy_ yz) .
d@z+y+2)_d@z—y) _dy—2)
. = ’
‘2@+y+z) y-= Z2—y

whence \/z+y+z=zc_1

—
Vety+z= =7

186. Differential equation of the first order in three variables.
The nonintegrable case. Consider again the equation

Pdx + Qdy + Rdz = 0. 1)
Geometrically, the equation asserts that the direction d:dy:dz
is perpendicular to the direction ’:Q: R. Consequently, the geo-

metrical solution of (1) consists of loci perpendicular to the curves
defined by the equations dr_dy _de.

2
We may therefore seek the solution of (1) first in a family of
surfaces F, v, 2 ¢)=0, 3)

which will be orthogonal to the curves (2). This is the form of
the solution discussed in § 184, and does not always exist. This
leads to the geometric theorem that it is not always possible to
find a family of surfaces orthogonal to a given family of curves.

When the solution of (1) in the form (3) does not exist, it is
still possible to find curves which satisfy (1) and hence cut the
curves (2) at right angles. In fact, we may find a family of such
curves on any surface assumed at pleasure. For let

¢ 9, 9)=0 4)

be the equation of any arbitrarily assumed surface. Then, from (4),

% g+ 2y + 2 4y = '
o dz + % dy + ™ dz=0. (5)
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Equations (1) and (5) may then be taken simultaneously. Their
solution will be a family of curves which lie on (4) and satisfy’
condition (1).

Ex. zydz + ydy + 2dz = 0. (1)

This equation cannot be satisfied by a family of surfaces. It may, however,
be satisfied by curves which lie on any assumed surface and cut at right angles

the curves
d:r, dy dz dz @
Yy 2
or (Ex. 1, § 185), Y = €12, T = cgeV.
Let us assume the sphere 242+ 22=ad 3)
Then zde + ydy + zdz = 0, 4
and from (4) and (1), dx = 0, whence z = c.
Hence the circles cut from the sphere 22 4 y2 4 22 = a2 by the planes z =¢
‘satisfy (1).
Again, let us assume the hyperbolic paraboloid
z2=2xy. (6)
Then ydx + xzdy — dz =0, (6)
dx dy dz
and, from (6) and (1 e 7
Jrom @and (1), T == LS ™
One solution of (8) is known to be 2z = zy. Using this, we have
L
1422 1+y + y
whence 1+nVitar=c ®)

Then the curves defined by (5) and (8) also satisfy (1)

PROBLEMS

Express the solution of each of the following equations in the form of a series:

--—y‘l x. 2. y%:z’+y, 3.%::&-}-3{’.
Solve the following equations:
4. p*—-8p—-10=0. 10. py? — 2p%y + po2 =1,
5. zy(p?+1)— @+ y)p=0. 11. y(1+ p9 - 2pz =0.
6. z3p? 4+ 2yp — 292 =0. 12. y = yp? + 2p2.
7. p®+2yp? — 2?2 — 2z’yp=0. 13. 1+ 9y2)p?—2xyp® + a2t =1..
8. (22 —a%)? —4a2= 14. 2y —2p=7p2

9. p’+2pyctnw—y’..0. 15. p® —dayp + 82 =0,
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16. z3p? —p2+1=0. 18. p? + 2pad = 42%y.
17 y(p+ ¥) —p=x =0. 19. pz+ 932 =1
20. 2 =4p2+4p. 22. y=p% + p.

2L 2yp' - 2@ +Y)p+ (- 9)(z+v)?=0. 23. y=p*-2p.
4 p - @ty + ) +ay @+ 2y +y)p —2¥P=0.

25. v + 2py — 2p% = 0. 26. 2 —2xp +2344y3=0.
27. yr—4xyPp + 4222~ 1) +1=0. (Lety?2==z)

28. e35(p —1) + pP2v =0, (Leter =7, & =u.)

29. py2(pz —y)+2=0. (Lety?=v, 22 =u.)

Find the general and the singular solutions of the following equations:

30. p2(1+2x?) —2zyp + 2 — 1=0. 34. 2+ (1-22)p + 292 =0.
31. 822 —4ap +p2=0. 35. a2z — y? = pYa.

32. (22 — a?)p? — 22yp — 22 =0, 36. %2 + x%yp + a2 =0,

33. y = —ap + 24t

3%7. Find the singular solution of the equation p3 — 4zyp + 892 =

38. Find the singular and the general solutions of the equation y = pz +
V2 + a2p?, and interpret them geometrically.

Solve the following equations :

39. (zy% — zz)dx + (222 + y2)dy + (x*2 — 22 + ¥2 —1)dz = 0.

40. (y+2)(2z+y+2)de+ (z+2)2y+2+2)dy+(2+)(22+2+y)dz=0.
41. 8a?yzda + (2y%% + 2)dy + 2(y + y2?)dz = 0.

2 +z-b—c)dz+(z+x—c—a)ydy+(@+y —a—Dbdz=0.

43. (2 + y2)dz + (22 + 22)dy + (42 — zy)dz = 0.

5\ e (- Vay (P~ Pas o, -
44, (y m,>dz+(z yz)dy+(z z’)dz_o.

45. l+z+9)de+(L+2z+y)dy + (x +y)dz=0.
46. yz%dz + (y%z — z2%)dy — 2 (y + 2)dz = 0.
47. yzdx — 2zdy + (23 + ¥%)dz = 0,

Solve the following systems of simultaneous equations:

48, % _ W _ d 50, %_ W __dez
T y@+a?d  z@i+b) a(i+cd) vV z+z y
49, & _W_dz 51, 22 _22ddy e
yz 2T :W B e' el e;
52. & dy dz

o +1 zv+(z’+l)‘—v+zz-z B+1



838 DIFFERENTIAL EQUATIONS OF FIRST ORDER

e wly _ _dz 57 e _ 9 __dz
53'7—x¢+z9_ z @ty 22y (E—-y)z
5e. 02 a4y _ dz 8. B2 _ W _ d&

z 2r-—-y z—xY y—-2 z—-% z-Y

de _dy _ 59 4w gl_y‘_“:l“lg‘
BTy temy—z Y-z %

dc _ dy_ dr _ dy _ dz
R P i PR

61. Find the envelope of the family of lines y = 2mz + m4, m being the
variable parameter.

-82. Prove that each line of the family ¢2z 4+ a%y — ar? = 0, a being the vari-
able parameter, forms with the codrdinate axes a triangle of constant area, and
find the envelope of the family.

63. Find the envelope of the parabolas ¥2 = a(x -- a).

+84. A straight line moves so that the sumn of its intercepts on the coitrdinate
axes is always equal to the constant e¢. Express the equation of the family of
lines in terms of ¢ and the intercept on OX, and find their envelope.

2 g2
65. The semiaxes of the ellipse ‘52 + %7 = 1 vary so that ab = ¢2, where ¢ is
a

a constant. Express the equation of the cllipse in terms of « as a variable
parawmeter, and find the envelope of the family of ellipses thus defined.

*+ 66. ¥ind the envelope of the family of straight lines formed by varying the
slope m in the equition ¥y = mx — 2pm — pm3.
67. Find the envelope of a family of circles having their centers on the line
¥ = 2z and tangent to the axis of y.

68. Find the envelope of a family of circles which have the double ordinates
of the parabola »2 = 4 px as diameters.

69. Find the envelope of a family of straight lines which move so that the
portion of each of them included between the axes is always equal to the
constant c.

70. Find the envelope of a family of circles which have their centers on the
parabola y? = 4 px and pass through the vertex of the parabola.

71. Find the equation of a curve such that the tangent cuts off from the co-
ordinate axes intercepts the sum of which is always equal to the constant k.

72. Find a curve in which the projection upon OY of the perpendicular from
the origin upon any tangent is always equal to the constant a.

73. Find the equation of the curve in which the part of the tangent included
between the codrdinate axes is always equal to the constant a.

74. Determine the equation of a curve such that the portion of the axis of z
intercepted by the tangent and the normal at any point of the curve is always
equal to the coustant k.



PROBLEMS 339
75. Find the polar equation of the curve in which the perpendicular from the
pole upon any tangent is always equal to the constant k.

76. Find the polar equation of a curve such that the perpendicular from the
pole upon any tangent is k times the radius vector of the point of contact.

77. Find the orthogonal trajectories of the family of parabolas 2 = 4 pz.

22 2
78. Find the orthogonal trajectories of the family of elllpses —+ b‘_y— =1,

A being the variable parameter. A+
79. Find the orthogonal trajectories of the family of ellipses _z_‘ + ﬂ:—‘ =1
at a

80. Find the orthogonal trajectories of the family of parabolas y2=4az+4a2.

81. Find the orthogonal trajectories of a family of circles cach of which is
tangent to the axis of y at the origin.

82. Find the orthogonal trajectories of the family of circles each of which
passes through the points (+ 1, 0).

83. If f (r, o, Z—Z): 0 is the equation of a family of curves, prove that

S (r, 0, —1r? %0) = 0 is the equation of the orthogonal trajectories.
,
84. Find the orthogonal trajectories of the family of lemniscates 72 =
2a2cos 2 6.
85. Find the orthogonal trajectories of the family of cardioids r=a(cos 6 +1).

86. Find the orthogonal trajectories of the family of logarithmic spirals
r=e%,



CHAPTER XVIII
THE LINEAR DIFFERENTIAL EQUATION

187. Definitions. The equation

d";l/ a1y
dz die* 1!

d
+p = 4Py =), (1)
where p,, p,, -+, D._1 P 80d f(r) are independent of y, is a
linear differential equation. If the coefficients p,, p,, -+ -, Po_1 Pa
are constants, the equation becomes the lineur differential equation
with constant coefficients,

dy a1y

dy _
dxu+ 1d‘c"— + + n— lza_;-l-any_f(x)’ (2)

where a, a,, - - -, a,_,, a, are constants.
In both (1) and (2) f(x) is a function of 2, which may reduce
to a constant or even be zero.
We shall begin with the study of (2). To do this, it is con-
. dy 2 ay
venient to express T by Dy, T by Dy, - . ' T by Dry, and to

rewrite (2) in the form
Dy+aD7ly+ .- +a, Dy +ay=f(2),
or, more compactly,
(D +a D+t a, D+ a)y=F(2) &)

The expression in parenthesis in (3) is called an operator, and we
are said to operate upon a quantity with it when we carry out the
indicated operations of differentiation, multiplication, and addition.
Thus, if we operate on sin z with D*— 2 D*+4 3 D — 5, we have

(D*~2D+3D—b)sinz=—cosz+ 2sinz+ 3cosz— Hsinx
= 2cos2— 3sinz.
540
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Also, the solution of (2) or (3) is expressed by the equation

1
= , 4
Y=D¥ all)""+--«+a._1D+a,f(x) @

where the expression on the right hand of this equation is not to
be considered as a fraction but simply as a symbol to express the
solution of (3). Thus if (3) is the very simple equation Dy = f(=z),

then (4) becomes 1 .
= 57@=[Fie

In this case % means integration with respect to 2. What the

more complicated symbol (4) may mean, we are now to study.

188. The equation of the first order with constant coefficients.
The linear equation of the first order with constant coefficients is

W_ ay=
L ay=f@),
or, symbolically, (D—a)y =f(z). (1)

This is a special case of the linear equation discussed in § 80, and
we have only to place f,(2) =— a, f,(x) =f(2) in formula (5) of
§ 80 to obtain the solution. We have in this way

y= i s =t o [p e @

The solution (2) consists of two parts. The first part, ce*®, contains
an arbitrary constant, does not contain f(r), and, if taken alone,
is not a solution of (1) unless f(x) is zero. The second part,

e~ f ¢~ “*f (z) d.c, contains f(z), and, taken alone, is a solution of
(1), since (1) is satisfied by (2) when ¢ has any value including 0.
Hence ¢ f e~ “f(x)dz is called a particular integral of (1), and,

in distinction to this, ce** is called the complementary function.
The sum of the complementary function and the particular inte-
gral is the general solution (2). The complementary function can
be written down from the left-hand member of equation (1), but
the determination of the particular integral requires integration.
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dy
Ex. 1. Solve — + 8y = bzt
X olve iz + 3y
The complementary function is ce~22, The particular integral is
5e-wfearzadx =§3—~bur+ 102 — 9.
Hence the general solution is y = ce=8« + 28 — §a3 4 10 — 19,
dy .
Ex. 2. Solve — = .
X olve + y =sinz
The complementary function is ce—*. The particular integral is
e-= [ersingde = sinz — § cosa. (§ 19, Ex. 6)

Therefore the general solution is ¥ = ce~+ 4 }sinx — } cosz.

189. The operator D-l-.-a + The solution of linear equations of

higher order with constant coefficients depends upon the solution
of the equation of the first order. Hence a knowledge of the oper-

ator —D-l— is of prime importance. We give a few of the results

obtained by operating with ~D—1——a upon certain elementary func-

tions which occur frequently in practice. In writing these formulas
the complementary function, which is ce** in all cases, is omitted.

D}_(jcu:cb-—_l—_—c—tu. (1)
Dl_a(u+'v+w+--f =1)]—au+1)1—(1,”-*-1)]—(&10-*”“. ()
D_l_aa,"'=—<%+m":::—‘+m (m;,})m”-n+---),unless a=0. (3)

R 41
]-l)wm=7:”+1ﬁ *)
.D-l— ae‘"‘= kefa’ unless k& = a. (5)
D_l_ae““:su“". (6)
-1 m-—2
Diawmekz':.eh(kima—gfa)’ m(?k——lc)z)w‘ —.“>’ ™
unless k= a.

1 xm+1

a}m ca:r = caz

D—a m+1' 8)




EQUATION OF SECOND ORDER 343

1 . _ —asinkz—k cos kx T
D_asmk.c— T >unlessa=+ki. (9)
1 . x> o=
e TV (19)
__ —acoskx+ksinkz T
D_acoskm_ T sunlessa=+ki. (11)
ki ~ kix
cos kw5 e — 2 ... (12)

— ki 2 411

These formulas may all be proved by substituting the special
functions concerned in the gencral formula (§ 188, (2)). For (3),
(M), (9), and (11) the student may refer to Exs. 4, 5, and 6, § 19.
The derivation of (10) is as follows: By § 188, (2),

— phix —Rix o3 y .,
D_Msml.z e fe sin kx dz.
If we attempt to use the method of Ex. 5, § 19, it fails to work,
but by replacing sin Az by its value in terms of the exponential
functions (§ 169, (5)) we have
,Ech'.z: e—h'.t

1 elu:c
- in dp = gk 3., T €
Dt M 2¢f(1 A= T

Formula (12) is derived in a similar manner.

190. The equation of the second order with constant coeffi-
cients. The symbol (D—a)(D—0)y means that y is to be operated
on with D —b and the result operated on with D —a. Now

D=by= d——?l — by, and hence

D—=a)(D— b)J—LZ(%—by)—a(%-by)

d_z —(a + b) T Y+ aby
=[D*—(a+ b)D + ably
=(D'+pD+9)y, @)
where p =—(a + b), ¢ = ab.
This result, obtained by considering the real meaning pf the
operators, is the same as if the operators D—a and D—b had
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been multiplied together, regarding D as an algebraic quantity.
Similarly, we find

(D—b)(D—a)y=[D"—(a+ b)D+ ably=(D—a)(D—1)y.
That is, the order in which the two operators D — a and D — b are
used does not affect the result.

Moreover, if (D*+ pD + q)y is given, it is possible to find @ and
b so that (1) is satisfied. In fact, we have simply to factor D+
pD + g, considering D as an algebraic quansity.

This gives a method of solving the linear equation of the second
order with constant coefficients. For such an equation has the form

dy ,  dy __'

or, what is the same thing,

(D*+pD+ 9y =f(@), (2)
where p and ¢ are constants and f(«) is a function of 2 which may
reduce to a constant or be zero.

Equation (2) may be written

D —a)(D—b)y =f(«)
whence, by § 188, (2),

N\ — ol p0% a.z — ax
D=ty =jg /@ =det e [ =f @) da
Again applying § 188, (2), we have

y=D_1_b<c'e'“+ e‘“fe‘“f(w)dx)

= ¢+ & f e (c’e‘”’ +e” f e f(x) dw) dz. 3)

There are now two cases to be distinguished :
L If a#b, (3) becomes
Y=+ c e+ & f <e"'"’”‘ f e f (2) dz)dx. 4)
IL If a =5, (3) becomes
Yy =(c,+ ¢,x) e+ &= f f e~ *f (z) da’. (6)

In each case the solution consists of two parts. The one is the
complementary function c,e™+ ¢, or (c,+ ¢,z)e™, involving two
arbitrary constants but not involving f(z). It can be written down
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from the left-hand member of the equation, and is, in fact, the solu-
tion of the equation (D — a)(D —b)y =0. The other part of the
general solution is the particular integral, and involves f(z). Its
computation by (4) or (5) necessitates two integrations.

Formula (4) holds whether @ and b are real or complex. But
when @ and b are conjugate complex, it is convenient to modify
the complementary function as follows: Let us place

a=m+ in, b=m—n.
Then the complementary function is
cle(m+|'n)x + 626(m—|'n)z

= €™ (c,6™ + c,e~ ™)

= ¢"[¢,(cos nx + ¢ sin nz) + ¢,(cos nx — 4 sin nz)]

= ¢™(C, cos nx + C, sin nx), (6)
where C,=¢,+ ¢,, C;=1(¢c,—¢,). Since ¢, and ¢, are arbitrary con-
stants, so also are C, and C,, and we obtain all real forms of the
complementary function by giving real values to C, and C,.

The form (6) may also be modified as follows: Whatever be the
values of C; and C, we may always find an angle @ such that

C, ) c,
—1 __,sine=—22_—_. Then (6) becomes
vCi+ CF VCi+ C} ©)
ke™ cos (nx — a), )

where @ and £k ="V C?+ C? are new arbitrary constants. Or, we may

COS @ =

. —-C C
find an angle B, such that sin 8 =—=2—> cos B = —2—-
Then (6) becomes VOi+ Gy Vei+ Gy
ke™ sin (nz — B). 8)

dy  .dy
Ex. 1. TV 5% L 6y=e.
L gt TOV=2

This equation may be written
D+2)(D+)y=e=
The complementary function is therefore ¢;e—3< 4- cee~3+. To find the par-
ticular integral, we proceed as follows :

1 . 1
= = e-2r *dg = - e~,
D +oy=g-—se=c fea 5
1 S S |
=—(-e)=e8= = =—e2
v D+8(86¢) ¢ fse‘d” 2
Therefore the general solution is'

Y = €16~ 3% 4 cee 8% Py €%,
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dy
Z——
-t i tY="

This equation may be written (D + 1)%y = 2.
Therefore the complementary function is (¢; + csz)e~+. To find the partic-
ular integral, we proceed as follows :

Ex. 2

1
1 —_— - —_— p— —_— __1.
D+1)y= lx_e fzezd:c..a:

1

y=D_+...1(z_1)=e—-rf(z—1)erdx=z—-2.

Therefore the general solution is
y=(1+c)e-"+x— 2.

»

Ex. 3. Consider the motion of a particle of unit mass acted on by an attract-
ing force directed toward a center and proportional to the distance of the par-
ticle from the center, the motion being resisted by a force proportional to the
velocity of the particle.

If we take 8 as the distance of the particle from the center of force, the

attracting force is — ks and the resisting force is — h-({'?, where k and 7 are
positive constants. Hence the equation of motion is

dz2s ds
g =Tk
or (D% + kD + k)8 = 0. %)

2 -
The factors of the operator in (1) a.re(D + g ~ YK 2& ( D+ g + h22_4_f).

We have therefore to consider three cases:
I h? —4k<0. The solution of (1) is then

ht /_"_'_‘ (—_——2
s=e ’(("lcoq 4" ht-}-Ogll 4k h)

2V _ﬂ)_

]

2

or s=ae ’sm(

The graph of s has the general shape of that shown in I, § 1565, fig. 161. The
particle makes an infinite number of oscillations with decreasing amplitudes,
which approach zero as a limit as ¢ becomes infinite.

II. A2 — 4k >0. The solution of (1) is then

(V) (b, VA,
8=ce \2 + ce \2

The particle makes no oscillations, but approaches rest as ¢ becomes infinite,
OI. k3 — 4k =0. The solution of (1) is

8= (c1 + cof) e_;t.
The particle approaches rest as ¢ becomes infinite.
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191. Solution by partial fractions. Another method of solving
the equation
1 (D*+ pD+ )y =f (@), (1)

when the factors of the operator are unequal, is as follows:
‘We may express the solution in the form

1 1 _
?/=mf(w)=w_“)(l)_b)f(9«)-

Now we have seen that in many ways the operator D may be
handled as if it were an algebraic quantity. This raises the ques-

tion whether it is proper to separate D=0(D=0) into partial

fractions. Algebraically we have, of course,

1 1 ( 11 )
(D—ay(D—b) a—b\D—a D—b/

and the question is, Is
1 1 1
y—a—b<D—a—1)—b>f(x) @)

a solution of equation (1)?
The way to answer this question is to substitute this value of ¥
in (1) and observe the result. We have then, on the left-hand side

of (1),
@-ow-n|1 L @]
=L |o- b)(D W5 f<:>—<1> OD-Y 5/ @)

1

1
o —

= m (D= S (@) — (D —a)f(@)]
bf (@) + af (%)]

=/ (@)

Consequently (2) is a solution of (1).
Writing (2) out in full, we have

y=cle““+c,e°’+%_be‘”‘fe'"f(w)dw-—;%—b&fc'“f(z)dx. (3)
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It is to be noted that the complementary function is the same
as in § 190, (4), but the particular integral appears in another form.
This method fails if @ = b.

Ex. 5‘2+§z_6,,=eu,

Since this equation may be written
(D —2)(D + )y = 2%,
the complementary function is ¢;e2 + cze—37. To find the particular integral,
we proceed as follows: 1

=1[_._1_____1_~]eu
5lD=2 D+3

=ge=rfdz-ge—ufe6=da:
—-E :t___}_ 2x
_.Be2 25(3 X

Therefore the general solution is
x 1
= 62" Ccoe— 87 —e2xr . ___elx,
y=cetr + ca + 66 %

192. The general equation with constant coefficients. The
methods of solving a linear equation of the second order with
constant coefficients are readily extended to an equation of the
nth order with constant coefficients. Such an equation is

™y d~y ds
ettt a, T oy =7, (1)
or, symbolically written,
D+ a D'+ +a, D+a)y=f(z) (2

The first step is to separate the operator in (2) into its linear
factors and to write (2) as

D=r)( D=1y (D—1)y=f(), 3)
where 7, 7,, - - -, 7, are the roots of the algebraic equation
"+ar*+...4a,_r+a,=0.
It may be shown, as in § 190, that the left-hand members of

(2) and (3) are equivalent, and that the order of the factors in
(8) is immaterial.
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The general solution of (1) consists now of two parts, the com-
plementary function and the particular integral.

The complementary function is written down from the factored
form of the left-hand side of (3), and is the solution of (1) in the
special case in which f(z) is zero. If », 7, - - -, 7, are all distinct,
the complementary function consists of the n terms

(XA X ALE R N g 4)

where ¢, ¢,, - - -, ¢, are arbitrary constants.

If, however, D — r; appears as a k-fold factor in (3), & of the
terms of (4) must be replaced by the terms

(¢, + e+ e+ - -+ e

Also, if two factors of (3) are conjugate complex numbers, the
corresponding terms of (4) may be replaced by terms involving
sines and cosines, as in (6), § 190.

The particular integral is found by evaluating

1
D—ry@=r) - D=ry & ®)

This may be done in two ways:
1. The expression (5) may be evaluated by applying the opera-
1

tors D—r D= - in succession from right to left. This
leads to a multlple mtegra.l of the form
P f gr—rz er—rx f e~ f(w) dz". (6)

2. The operator in (5) may be separated into partial frac-
tions. When the factors of (5) are all distinct, this leads to an
integral of the type

4. f e f(x)dx + 4,6 f e f(r)dz+ - - -
+A4.e~ f e~ ™ f (z) de. )

If some of the factors of (3) are repeated, the previous method
must be combined with this.
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In evaluating (6) and (7) the constants of integration may be
omitted, since they are taken care of in the complementary
function.

The general solution is the sum of the complementary function
and the particular integral.

193. Solution by undetermined coefficients. The work of find-
ing the particular integral may be mwuch simplified when the form
of the integral can be anticipated. The particular integral may
then be written with unknown, or wndetermined, coeflicients, and
the coefficients determined by direct substitution in the differential
equation. Since both (6) and (7), § 192, consist-of successive appli-

cations of the operator 5 L » we may apply the formulas of § 189

—a

in many cases. From (2), § 189, it follows that if f(z) consists of
an aggregate of terms, the particular integral is the sum of the
parts obtained by taking each term by itself. From (1), § 189, it
follows that the coefficient of a term of f(x) affects only the coeffi-
cient of the corresponding part of the particular integral. From
the other formulas of § 189 we can deduce the following :

1. When f(+)= au"+ a @™ '+ - - + @, _,2+a, (m a positive
integer), the particular integral is of the form 4™+ 42"+ ... +
A4, _,z+ A, unless the left-hand member of the differential equa-
tion contains the factor D". In the latter case the particular
solution is of the form z" (4™ +A4 2™+ ...+ A4, _x+4,), while
terms of the form 4, ,2"'+...+4,,,_x+A4,, . occur in the
complementary function, and hence need not be assumed as part
of the particular integral.

2. When f(£) = ae*, the particular integral is of the form A¢*=,
unless the left-hand member of the differential equation contains
a factor (D — £)". In the latter case the particular integral is of the
form A«"¢™*, while terms of the form (4,27 '+ ... +4,_»+4,)e*
occur in the complementary function, and hence need not be
assumed in the particular integral.

3. When f(z) = a sin ¥z or a cos kz, the particular integral is of
the form A4 sin kz + B cos kz, unless the left-hand member of the
differential equation contains the factor (D*+ #°). In the latter
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case the particular integral is of the form 2" (4 sin Az + B cos ki),
while terms of the form x"~'(4, sinkz+ B, coskx) +- - - + (4, sinkz
+ B, cos k) occur in the complementary function, and hence nced
not be assumed in the particular integral.

4. When f ()= az™e* (m a positive integer), the particular inte-
gral is of the form (d@"+ A@™"'+ ...+ 4,_ &+ 4,)e*, unless
the left-hand member of the differential equation contains a fac-
tor (7 —£%)". In the latter case the particular integral is of the
form &7 (g™ + A2+ ... + A, _x+A4,)¢", while terms of the
form (4, '+ ---+4,,,_,x+4,,,)¢" occur in the comple-
mentary function, and hence need not be assumed in the partic-
ular integral.

The above statements may all be summed up in the following
rule, which may also be sometimes used when f(z) is not one of
the forms mentioned above:

If w s a term of f(r), and if w,, w,, + -, 4, are all the distinct
Junctions (disregarding constant coeficients) which can be obtained
Jrom w by successive differentiation, then the corresponding part
of the particular integral is of the form Aw+ Au,+ -- -+ A,
unless w is « term of the complementary function, or such a
term multiplied by an integral power of x. In the latter cuse the
corresponding part of the particular integral is of the form
x(Auw + A, + - - - + Auw), where v is the number of times the
Jactor, which gives in the complementary function the term w, or
u divided by an integral power of x, appears in the left-hand
member of the differential equation.

The above rule is of course valueless unless the functions u,, 1,,
+ + -, u, are finite in number. In applying it to functions other than
those already discussed, the student should consider that he is mak-
ing an experiment. If a function assumed in accordance with the
rule is found to satisfy the differential equation, the use of the rule
is justified. When it fails, recourse may always be had to the gen-
eral formulas (6) and (7), § 192.

When f(z) = ¢*"¢(z), the work of finding the particular integral
may be lightened by substituting ¥ = ¢**z in the differentia] equa-
tion. Then, since all derivatives of ¢¥z contain the factor ¢**, the
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new differential equation may be divided by ¢, and there is left
an equation for z in which the left-hand member is ¢(z). When
this equation is solved for 2, y is readily found (see Ex. 2).

dsy d¥y  dy
Ex. 1 == —2— 4 —
dx? dz? + dz
This may be written  D(D — 1)y = ze?* + ¢7,
whence the complementary function is ¢; + (cz + ¢sz) e2. The term ze3, if suc-
cessively differentiated, gives only the new form ¢2=, Hence the corresponding
part of the particular integral has the form Aze2- + Be2x. The term e* gives no
new form if differentiated ; but since it appears in the complementary function
corresponding to the double factor (D — 1)32, the corresponding part of the par-
ticular integral is Cx%=. Substituting
y = Aze?™ + Be?= 4 Cxle>
in the differential equation, we have
2 Axer~ + (b A + 2 B) €37 + 2 Ce= = xe3% - ¢*.

Then 24 =1, 64+2B=0, 2C=1,
whence 4=}, B=-3, C=}

= ze3= + e,

The general solution of the differential equation is, accordingly,
y=c1 + (cz + csx) €® + Jxed= — § e3= 4 Later,
d¥y

Ex. 2. it + y = zedzginz.
‘We place ¥ = 3=z, There results
a2z dz

d?+6&5+10z=zsinz.

The complementary function is e—32(cysinz + cycosz). For the particular
integral we assume
2= Agsinz + Bz cosz + Csinz + E cos z,

and, on substitution, have
(94—~ 6B)xsinz + (64 + 9B)xcosz + (64 —-2B+9C — 6E)sinz
+(24+6B+0C +9E)cosz = zsinz.

Therefore +94-6B=1,
64+9B=0,
6A—2B+9C—6E=0,
24+6B+6C+9E=0,
whence A=J5, B=—o, C=—185, E= 831
Therefore the general solution of the original equation is
y=c18inz + ¢ac08% + €87 (Jysinz — fy 2w co8% — y§ysinz + 1§y cosz).
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194. Systems of linear differential equations with constant
coefficients. The operators of the previous articles may be employed
in solving a system of two or more linear differential equations
with constant coefficients, when the equations involve only one
independent variable and a number of dependent variables equal
to the number of the equations. The method by which this may
be done can best be explained by an example.

a2 dy e
Ex. -(Ea- —_ 8a-t-+4z— ﬂln2t,
d¥y dz _
i + 335 + 4y = cos2t.
These equations may be written
(D2 + 4)z — 3 Dy = sin2¢, (1)
3Dz + (D2 + 4)y = cos 2. 2)

We may now eliminate ¥ from the equations in a manner analogous to that
used in solving two algebraic equations. We first operate on (1) with D3 + 4,
the coeflicient of ¥ in (2), and have

(Dt+812+16)z —8(D2+4D)y =0, (6))

since (D2 + 4)sin2¢ =— 4sin2¢ + 4s8in2¢ =0. We then operate on (2) with
3D, the coefficient of y in (1), and have

9D% + 8(D? + 4 D)y =— 6sin2¢, 4)
since 8 Dcos2¢ = — 0sin2¢. By adding (3) and (4) we have
(Ut +17D2 4+ 18)z = — 68in 21, (6)

the solution of which is
z=c18in4t+ cgcosdt + cgsint + ¢4 cost + }sin2¢. ©)
Similarly, by operating on (1) with 8 D and on (2) with D2 4 4, and sub-
tracting the result of the former operation from that of the latter, we have

(D* + 17 D% 4 16)y = — 6 cos 2¢, )
the solution of which is

y=cs8indt + cgcos4? + cy8int + cg cost + } cos2¢. (8)
The constants in (6) and (8) are, however, not all independent, for the values

of z and y given in (8) and (8), if substituted in (1) and (2), must reduce the
latter equations to identities. Making these substitutions, we have

12(ce — c1)8in4¢ —12(cs + cg) cos 4t + 8(cs + cg)sint
~ 8(c7 — cs)cost + sin2¢ = sin2¢.
— 12(ce — ¢1)cos4t — 12 (c5 + cg)sin4¢ + 8(cs + cg) cosi *
+ 8(c7 — ¢4)8int + cos2¢ = cos 2,
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In order that these equations may be identically satisfied, we must have
Cg=¢C,y Cg=—1Cgy Cg=—C3y, C7=C4
Hence the solutions of (1) and (2) are
& =oc¢;8indt 4 cgcosdt + c3sint 4 ¢4 cost + } sin2¢, 9)
Y =—casindt + cycos4t + cg8int — cgcost + } cos2t. (10)
The method of solving may be modified as follows : Ilaving found as before
the value of z in (6), we may substitute this value in (1). We have then
Dy=—4c sindt — 4cgcos4t+ cysiné + c4cont — § sin2¢,
whence y=cyco84l — cg8indt — cgcost + ¢qsint + }cos2¢ + C.

The constant C is found to be zero by substitution in (2), and we have again
the solution (10).

195. The linear differential equation with variable coefficients.
The equation
n—~1
W orn S Lhtp Lipy=fe, O
where the coefficients p,, p,, - - -, p,_;, p, are functions of x, can
rarely be solved in terms of elementary functions. In fact, such
an equation usually defines a new transcendental function. We
may, however, easily deduce certain simple properties of the solu-
tion of (1). Consider first the equation

d*y d* 1y

dy
T TPttty = 0, (2)

which differs from (1) in that the right-hand side is zero.

If 4y Yoy =+ % Ynrs Yu @7 1 linearly independent * solutions of
(2), then the general solution of (2) is

y=cytey,t+ -t 1Yu it G ®3)
where ¢, ¢,y - - -, €, _, €, (tre arbitrary constants.

The fact that (3) is a solution of (2) may easily be verified by direct
substitution in (2). That (3) is the gencral solution of (2) depends
upon the fact that it contains » arbitrary constants, and the number
of constants in the general solution of a differential equation is equal
to the order of the equation. This statement we shall not prove.

* The n functions y,, ¥, :++, ¥n—1, ¥» are said to be linearly independent if there
exists no relation of‘the form

QY+ Qs+ - + On—1Yn—1 + anyn =0,
where a,, da,, - -+, @n -1, an are constants, and = means * identically equal.”
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Returning now to (1), we may say:

If Yy Yas * * *5 Yu1s Y are n linearly independent solutions of (2),
and w 18 any particular solution of (1), then the general solution

of (1) s y=cyt eyt H oYt U 4
where ¢, ¢,, - - -, ¢, are arbitrary constants.

The fact that (4) is a solution of (1) may be verified by substi-
tution. The fact that it is the general solution we shall accept
without proof.

It appears now that the complementary function and the partic-
ular integral of § 192 are only special cases of (4). There exists,
however, no general method of finding the solution (4) when the
coeflicients of (1) arc not constant.

Methods of solution may, however, exist in special cases, and
we shall notice especially the equation

(l" i a a
d "/ + 1 l n— ’l{+ + a‘n 1$ {y + an./ f(’l‘) (5)
where a,, @,, ---, @,_,, @, are constants. This equation has the

peculiarity that each derivative is multiplied by a power of .«
equal to the order of the derivative. It can be reduced to a linear
equation with constant coetlicients, by placing

Xx=2¢e.
‘ dy _dyds _ _.dy_
For d-B—dz d.l:—e dz Dy’
2
Q:e—zi e-z‘l_?/ =8_22£?{—g‘92,d_y_
dx dz dz dz dz
=8—2z(1)2_1))y,
dy _.d _,,d’y 8 e,y
da./ -s.d./ —Bzdy
ds —3e dzz+2c dz

=¢**(D"— 3D+ 2 D)y,

. . . . . °

where D

&=
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ay _
Hence w%_Dy,
d’
L=~y
dsy =(D*— 3D*+ 2D)y.
Ex. z“%+5z’d:’;+8:cdz x2,

Placing z = €%, and making the substitution as above, we have
(D® + 2 D%y = e?s,

1 Cg 1
he — —22 22 1 —2
whence ¥ = ¢y + caz + cge +~16e =c1 + ca ng)+z’+16z

196. Solution by series. The solution of a linear differential
equation can usually be expanded into a Taylor’s or a Maclaurin’s
series. This is, in fact, an important and powerful method of
investigating the function defined by the equation. We shall limit
ourselves, however, to showing by examples how the series may be
obtained. The method consists in assuming a series of the form

Y= a2+ e "+ a2 ..
where m and the coefficients a,, a,, a,, - - - are undetermined. This
0 1 2

series is then substituted in the differential equation, and m and the
coefficients are so determined that the equation is identically satisfied.

Ex. L zdz"+(z 3) -2y =0.

We assume a series of the form given above, and write the expression for each
term of the differential equation, placing like powers of z under each other,
We have then

aty

z— = m(m—1)agzm-14 (m+)mayem+ - -« +(Mm+r+1)(M+1)app12m4r 4 -0 0,
dz?
z:—: = MagT™+ - - + (m+r)a o™i+
—s%_ = —8maxm-1-38(m+1)azm—... - §(m+r+1)a,qxmtr—...,
-2y = —2aZMm— <« —2q,gmtr— ...,

Adding these results, we have an expression which must be identically equal to
zero, since the assumed series satisfies the differential equation. Equating to
zero the coefficient of 2 -1, we have

m(m — 4)ap = 0. (1)



SOLUTION BY SERIES 357

Equating to zero the coefficient of ™, we have

(m+1)(m —8)a;+ (m —2)ap=0. 2)
Finally, equating to zero the coefficient of zm+7, we have the more general
relation m+r+1)(m+r—38)a 41+ (m+r—2)a.=0. 3)

We shall gain nothing by placing ay = 0 in equation (1), since aoz™ is assumed
as the first term of the series. Hence to satisfy (1) we must have either

m=0 or m=4.

Taking the first of these possibilities, namely m = 0, we have, from (2),

a1 =— § ao,
r—2

and from (8), Gre1=— F;—l_)—('——s—) o

O]
This last formula (4) enables us to compute any coefficient, a, 1, when we know
the previous one, a,. Thus we find a; =— } @, = } ay, as =0, and therefore all
coefficients after ag equal to zero.

Hence we have as one solution of the differential equation the polynomial

n=a(l-3§z+}29) ©)

Returning now to the second of the two possibilities for the value of m, we

take m = 4. Then (2) becomes
bay +2a0 = 0,
r+2

-,

(r+6)(r+1)

Computing from this the coefficients of the first four terms of the series, we
have the solution 3

2 4
- _4 _ T4, 7
Ya ao(z* 5“5+5-6$6 5'6_7x+ ) V)

and (8) becomes Q1=

©

We have now in (5) and (7).two independent solutions of the differential equa-
tion. Hence, by § 195, the general solution is

Y = 11 + Ca2Ya2.
dy

, asy

Ex. 2. i . (1—-2%) — - 22— )y =0.

x. 2. Legendre's equation. ( z)dz’ zdz+n(n+ Y}

Assuming the general form of the series, we have
ﬂ:m(m—l)mm-’+(m+l)malz"'-1+(m+2)(m+1)agzﬂ'+~--,
d

— .&5_’1;= _m(m_l)aoz"l—...,
dy

_2 —_— _2m 1|
xdz Ao ’

!
nn+l)y= n(n+1)aE™ + ..
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Equating to zero the coefficients of z»-2, z»-1, and 2™, we have

m(m — 1)ap =0, 1)
(m + 1)ma, =0, (2)
(m+2)(m 4+ 1) ag— (m —n)(mn +n+1)a;=0. ®3)

To find a general law for the coefficients, we will find the term containing
gm+r-2 in ecach of the above expansions, this term being chosen because it con-
tains a, in the first expansion. We have

(.1.22— .-.+(1"+r)(,n+r_.1)a'xm+r—2+...
dz? ~ !
_megfy—..._(m-pr—m(m+r-—3)a,_ LMt r—2 ...
a2 -9 ’

dy . 2
_2xd_z= e =2(m 41 —2)a _gEhtr—3 ...,
nin+1)y= et nm A 1)@ _gEm =24 ...,

The sum of these coefficients equated to zero gives
m+rYym+r—-Na,—(m—n+r—-2)y(m+n+r—1a._o=0. (4

We may satisfy (1) either by placing m = 0 or by placing m =1. We shall
take m = 0. Then, from (2), a, is arbitrary; from (3)

=-= (n;-D @; (6)
and from (4) a4 =— (n~ %(?—_(‘%;— r=1) ar_32. 6)

By means of (6) we determine the solution

y= ao(l - ?t‘n_tzi})ﬁ L =2)(n Etlj.fniﬂz. _.. )
taufe= TNEEN L, EZDONO4DELD, ). g

Since ao and @; are arbitrary, we have in (7) the general solution of the dif-
ferential equation. In fact, the student will find that if he takes the value
m =1 from (1), he will obtain again the second series in (7).

Particular interest attaches to the cases in which one of the series in (7)
reduces to a polynomial. This evidently happens to the first series when n
is an even integer, and to the second series when n is an odd integer. By
giving to ap or a; such numerical values in each case that the polynomial
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is equal to unity when z equals unity, we obtain from the series in (7) the
polynomials Py =

z,
Pg:%t’——,
P,=gz8——z,
7.6 5-83 , 81
=t —2 <
Pi=p® ¥ty
9.7 7-6 . 5.8
= - Q8
Po= 5 2P ™

each of which satisfies a Legendre’s differential equation in which n has the
value indicated by the suffix of P. These polynomials are called Legendre’s
coefficients.

Ex. 8. Bessel's equation. zﬂ;l—x— + a: Y+ (z2—nY)y=0.
Assuming the series for ¥ in the usua.l form, we have

xﬁgg = m(m — 1) age™ + (m + ymagm+1 4 (m + 2) (m + D) agem+3 + .-,

z%: mage™ 4+ (m + 1)azm+1 + (m + 2) agxm+2 4 ...
-y = — n2ueem — nqem+1 — nlagem+2 — ...,
zﬁy: agem+2 4 ...,
Equating to zero the sum of the coefficients of the first three powers of z, we
have (m? —n?ae=0, (1
[(m +1)? — n?]a; =0, @
[(m + 2)2 — n?]as + ap= 0. 3)
To obtain the general expression for the coefficients, we have
2% _
dzﬂ it (mEryon+r—1aamtr4...,
dy
za_ ...+(1n+r)a,a;m+r+...’
_nﬂy_: ..-_nﬂa'xm-}-r_...,
2y = cort@rogEmtr ...,
Equating to zero the sum of these coefficients, we have

[(m + )2 — n%]a, + ar—2=0. 4)

Equation (1) may be satisfied by m =4 n. We will take first m =n. Then
from (2), (8), and (4) we have
al = 0' aﬁ - — ao ar—’

2@n+2) T T r@n+n
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By use of these results we obtain the series

3 ot
= 1- - ¢
n W( 3@n+) T 34.@nto)@ntd) ) ©
Similarly, by placing m = — n, we obtain the series
o o
Vs = o '(H2(21.-2)+2-4-(2n—2)(2n—4)+"')' ©)

If, now, n is any number except an integer or zero, each of the series (5) and
(6) converges and the two series are distinct from each other. Hence in this
case the general solution of the differential equation is

Y = 11 + CoYs.

If n = 0, the two series () and (6) are identical. If n is a positive integer,
series (6) 1s meaningless, since some of the coefficients become infinite. If n is a
negative integer, series (5) is meaningless, since some of the coefficients become
infinite. Hence, if n is zero or an integer, we have in (5) and (6) only one par-
ticular solution of the differential equation, and another particular solution must
be found before the general solution is known. The manner in which this may
be done cannot, however, be taken up here.

The series*(6) and (6) define new transcendental functions of z called Bessel's
Junctions. They are important in many applications to mathematical physics.

PROBLEMS
Solve the following equations:
1 8% +2y=0. 10. 244 8% 116y =0,
2.::+8y 23 + }sinz. 11.:;2:+9y 0.
3.:: 2y = €37 4 ez cos . 12. Zz’; 63:+18y 0.
4, Z:+y 8= 4 zeo, 13. dx’+2 —8y=z4t—-2284b2.
5.::+4y 6 sin%z. 14.::"’ y = 4sin.
6. :_:""=ez+2e-=' 15. Z:’:+s —~10y =2 cos8z.
7. :: 2y =sin22 cos 82. T 186 d’”+3 —4y=86.
a.d;’l’+2§-:—sy=o. 17.—+s—”=zs+4z=+1.
9. %W _ % _o 18. 211 2 _6y=eas(sar—sz—4).

da? dz da?



19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

81.

32.

33.

34.

35.

817.

PROBLEMS
%y o,y
— — - =e' 46’3. 39-
o d:c+y +
%22{.}.2%4-11::3—1 40.
ay dy esz
—— — — 9 _ ——— 41.
ar etV T goap
2
%+4%+4y=6eﬂzsm32. 42.
2
%+4y=e”sin2z. 43.
:_;23;+y=2sin5zsin8z.
2
g;:%’+4y=4cos2:c. 44.
dzy s
a;_’..*.sy_zsm’z.
%:_1:_ g.:+13y=eﬁ=sin8x. 45.
2
fl_L/+2d_y+5y.—_-m=e—=+§e". 46.

da? dx
dzy dy

E—E+y=3$¢+4z—l'

i’y__aﬂ=0_
dx8 dz?
asy  dy
— 4+ —==0.
d:c3+d:c

&Y e les
gm TV=ie—fen

ddy

— + y = (¢ + e-%)cos 2.

dz?
dty 3% = —
o + 2&—; + 49y =828 — } e~

47

48.

49,

50.

361
ddy _dy _
d_z'i_?l—ﬁ—(z"*'l)et'
‘_z:'!+sﬂ+ 16y = }sin2z.

dzt | dx?

% _ 49 W _gae
e R LT L b

de dy

— 4+ =—y=0
dt+dt Yy y

dz  dy

4+ T4+ 22—-8y=0.
dt+dt+ z /)

dx  dy
wta
dxz dy
— 4 — =22 — 8y = elt,
@ T 2t tv=e

—x—4y =ebt,

de  d;
E"’%"'sa:e‘!
%+%’—-2y=sin2t.

dz
—=2x—-y—-b5
i v )

—~— =8y —-2x+ 4.
@ Y +

dx
—=bx—y—18
a& -y Y
dy

=2z 2 -—10.
at + 2y

dix dy
—_— = =12
an ’

dsz dy _
Et;+2a-i+2z—y._2t.

%—2%+%=8e—“
%+%’—2z+2y=t’.
%:;—a’y=0,
%‘;’+a’z=0.
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51. Z:?’ 2% +2y=ab 54 20V 43 Tl oW e

52. = +7a: +13y-—:clogz 55. z'dz +2zﬂzz";+xg‘:—y=i-
53. 22 dz” ‘Z + 4y = (logz)3. 56. z +3z’d Y 3.:25 =logz?,
Solve the following equations by means of series:

57. da: Yz zzﬂ)f;:-sy:o. 60. zzd"’ +x= Y 4y @—6)y=0.
58z +(z )-—3y 0. 61. dz2+m:y 0.

59. (z — )day+5a+6y 0. 62. (1+z2)—+zi—?z-ny=0.

63. A particle of unit mass moving in a straight line is acted on by an
attracting force in its line of motion directed toward a center and proportional
to the distance of the particle from the center, and also by a periodic force equal
to a coskt. Determine its motion.

64. A particle of unit mass moving in a straight line is acted on by three
forces, — an attracting force in its line of motion directed toward a center and
proportional to the distance of the particle from the center, a resisting force
proportional to the velocity of the particle, and a periodic force equal to a cos kt.
Determine the motion of the particle.

65. Under what conditions will the motion of the particle in Ex. 64 cousist
of oscillations the amplitudes of which become very large as the time increases
without limit ?



CHAPTER XIX
PARTIAL DIFFERENTIAL EQUATIONS

197. Introduction. A’ partial differential equation is an equa-
tion which involves partial derivatives. The general solution of
such an equation involves one or more arbitrary functions. Thus
z=f(x—y, y—x) is a solution of the equation 82.—:, + ? =0
(§ 113, Ex. 1), no matter what is the form of the function f. Also

2, 2
z=f,(z+ at)+ f,(z—at) is a solution of the equation %; = a’%ﬁ
(§ 118, Kx. 2), no matter what are the forms of the functions /, and /.

Only in comparatively few cases can the solution of a partial
differential equation be written down explicitly. In general, the
nature and the propertics of functions defined by such equations
must be studied by the methods of advanced mathematics. In a
practical application, the problem is usually to determine a func-
tion which will satisfy the differential equation and at the same
time meet the other conditions of the practical problem.

198. Special forms of partial differential equations. Partial
differential equations sometimes occur which can be readily solved
by successive integration with respect to each of the variables, or
which can be otherwise solved by elementary methods. No general
discussion can very well be given for such equations, but the fol-
lowing examples will illustrate them.

%2
Ex. 1. prve 0.‘ /
By integration with respect to ¥, we have
0z
'a; = ¢1(2),
where ¢, is an arbitrary function. Integrating with respect to z, we have

z = ¢a(2) + #3(v),
where both ¢3 and ¢g are arbitrary functions.
363
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Ex. 2. aﬁ = — a%z.
ox?

If z were the only independent variable, the solution of this equation would be

2z = ¢; 8in az + cg co8 ax.

This solution will also hold for the partial differential equation if we simply
impose upon ¢, and ¢g the condition to be independent of  but not necessarily
independent of the other variables. That is, if 2 is a function of « and y, we
have for the solution of the differential equation

2 = ¢1(¥)sin az + ¢3(y) cos az,
where ¢,(y) and ¢a(y) are arbitrary functions.

az

Ex. 8 — —a?—=0.
* a 2 é):r:2
Placing z + ay = u, and £ — ay = v, we have (§ 118)
o2 0% 0% a’z
=a?— —2a2— + a? —
ay’ ul ougv te o’

P Oz 0% Pz
o2t oul oudv | ovd
and the differential equation becomes
%z _
ouov

g |
the solution of which (Ex. 1) is
z = ¢1(1) + $3(v).
Hence the solution of the given equation is
z2 = ¢1 (2 + ay) + d2(z — ay).
When a2 =— 1, we have z= ¢1(:c + i) + d2(x — 1y)

a8 the solutinn of the equation — + -g-ef’ =0.
: Y

199. The linear partial differentxal equation of the first order.
Consider the equation az
—+Q——R ‘ 1)

where P, @, and R are constants or functions of one or more of
the variables z, y, and 2. The solution of (1) is a function

z=f(z, y), (2
which, substituted in (1), reduces it to an identity.
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Now equation (2) represents a surface, the normal at any point
of which has the direction :-i: % :—1(§112). Equation (1) there-
fore asserts that the normal to (2) at any point is perpendicular to
the direction P:Q:R (§ 98, (5)). Consequently we may start
from any point on (2) and, moving in the direction P:Q: R, remain
always on the surface. That is, the surface (2) is covered by a
family of curves each of which is a solution of the simultaneous

equations
dv_dy _ds. ®
P @ R
Now (2) is any solution of (1), and hence we reach the conclu-
sion that the solution of (1) consists of all surfaces which are cov-
ered by a family of curves each of which is a solution of (3).

‘We may proceed to find these surfaces as follows: Let us solve
(3), obtaining, as in § 185, the solution

(2, ¥, 2) = ¢, v (%, 9, 2) = 0y ()]
Then, if we form the equation
¢ (u, v)=0, (8)

where ¢ is any function whatever, we have a surface which is
covered by curves represented by (4). For if in (4) we give ¢, and
¢, such values that ¢ (c,, ¢,) = 0, the corresponding curve lies on (5).
That is, by means of (5) we have assembled the curves (4) into
surfaces, and have therefore the solution of (1). We may formu-
late our result into the following rule:

To solve the equation P-a—z +Q id =R,
ox oy

solve first the equations % = ‘2—"/ = %

Jor the solution u=c, V=¢,

Then the equation é(u, v)=0,

where ¢ 18 an arbitrary function, is the solution of the partigl dif-
Jerential equation.
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oz oz
Ex. —_ — lz — _—= - ly. 1
X (ny — m2) o + ( nr) o mz — ly (1)
We form tho equations =W ___ -gzm—-, ()
ny—mz lz—nx mz-ly
the solutions of which are

24+y2+22=0c, lx + my + nz = ca. )

Hence the solution of (1) is)
o (x4 ¥2 + 22, le + my + n2) = 0. 4)

Geometrically, the first equation of (3) represents all spheres with their cen-
ters at the origin, and the second equation of (8) represents all planes which

are normal to the line
z_y_z

I m n

®)

Hence the two equations (8) taken simultaneously represent all circles whose
centers are in the line (5) and whose planes are perpendicular to (6). Equation
(4), then, represents all surfaces which can be formed out of these circles ; that
is, all surfaces of revolution which have the line (6) for an axis. These surfaces
of revolution form the solution of (1).

200. Laplace’s equation in the plane. Solutions of Laplace’s

equation in the plane,
! PR ey ar by
or oyt (

have already bheen found in §§ 172, 198. Another method of
dealing with this equation is as follows: Let us place V=XV,
where X is a function of # alone and Y is a function of y alone,
and ask if it is possible to determine X and ¥ so that Laplace’s
equation may be satisfied. Substituting in the given equation
and dividing by XY, we have

1dX + 1d% _
Xdad ' Ydy
which may be put in the form

0,

Xdd ¥ ap @

According to the hypothesis, the left-hand member of (2) cannot
contain y and the right-hand member cannot contain x. Hence
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they are each equal to some constant, which we will denote by a®.
Then (2) breaks up into two ordinary differential equations,

)
‘fz;‘: —atX =0, 3)
d*y
—d;; + a’¥Y = 0. 4)

By § 190, the solution of (3) is
= A%+ 4,6~ 7,
and the solution of (4) is
Y = B, cos ay + B, sin ay.
Hence V=e¢cosay, V =e¢sinay,
V=e¢*cosay, V=e “sinay,
are particular solutions of the given equation.

If the value of the constant had been denoted by — a? we should
have obtained the particular solutions

V = e™ cos az, V = ¢" sin az,
V=e¢*cosaxr, V =-e “sinax.
The particular solutions thus obtained are, in fact, the real and
the imaginary parts of the functions ¢*, ¢~*%, ¢~*, and €' (§ 172).
The sum of two or more particular solutlons of (1), each multi-
plied by an arbitrary constant, is also a solution of (1), as is easily
verified. Hence we may form the particular solutions

V=4 +2:,A e~ ™ sin mx +EB e~™ cos mz, (5)
V=4 +2A e™ sin mz +EB e™ cos mae. (6)
m=1

Solution (5) has the property of reducing to 4, when y = oo, while
solution (6) becomes infinite with .

Ex. Find the permanent temperature at any point of a thin rectangular plate
of breadth o and of infinite length, the end being kept at the temperature unity
and the long edges being kept at the temperature zero.

If u is the temperature, it is known that u satisfles the differential equation

o%u

+ 5’ 0. W
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If we take the end of the plate as the axis of z, and one of the long edges as
the axis of y, we have to solve (1) subject to the conditions :

if =0, u=0, (2)
if z=m, u=0, ®)
if y=o, u=0, 4
if y=0, u=1 (6)
Condition (4) is satisfied by the solution
m= a0 m=
u= Yy Ane-™sinmz + Bpe— ™ cos m.
mg 1 m§1
m==
By condition (2), 0= 2 Bpe—mv
m=1
for all values of y, and hence B,, = 0 for all values of m. Our solution is now
reduced to m=oo
u= Y, Adye-™sinmz,

which satisfies (2), (8), and (4). In order that it may satisfy (5), we must so
determine the coefficients 4,, that

m == 00
1= A,sinmez. 6)
m=1
But (8) is a special form of a Fourier’s series (§§ 169, 160). Accordingly, we

multiply (6) by sinmzdz, and integrate from 0 to o. As a result, we have

2 (1 — cos 4 4 1
A,:;(——,%—'ﬁ"—r),whence A1=1—r, Az =0, Aa:;-g, +++, Therefore

U= ;<e-v sinz 4 %e—av sin8x 4 -:-‘e—ﬁv sinbz 4 .- )
is the solution of our problem, since it satisfies all the conditions.

201. Laplace’s equation in three dimensions. The general form
of Laplace’s equation in rectungular codrdinates is

v oV oV
p + -37 + = 0. 1)

If cylindrical codrdinates are used, (1) becomes
vV lov 13V &V
it i T =0 @

oz
and in polar codrdinates (1) becomes

D/ 07\ 1 a[. v\ 1 &%
2% w095 = O



LAPLACE’S EQUATION IN THREE DIMENSIONS 369

The general discussion of these equations is beyond the limits
of this text. We shall, however, consider particular solutions of
(3) in the special case in which ¥ is independent of the diedral

angle 6. In that case 220, =0, and (3) reduces to

Letting 7V = R®, where R is a function of » alone and &® is a
function of ¢ alone, we may replace (4) by the two ordinary dif-

ferential equations d dR
= (,-ﬂ dr) @R =0, (5)

1 d/. ,d®
g (1 G) + 700 @

where a? is an arbitrary constant.
Expanding (5), we have

PR, dB ..
7'2-‘2? + 2 T—d7 —a’R= 0,
the solution of which is, by § 195,
R=Ag+Vert g go-i-Vitt= gomy rfﬂ

where m =—34++/a*+}. From this value of m we have
a®=m (m + 1), and (6) becomes
1 d dd
ma( ¢d¢>+7n(m+1)<b 0. )
Changing the independent variable from ¢ to f, where ¢= cos ¢,
we have Legendre’s equation (§ 196, Ex. 2),

2
1= _ 2492 L m 1)@ =0. ®)
dt dt
In the particular case in which m is an integer, we may choose for
® Legendre’s coefficient P, () = .F,(cos ¢).

Therefore the particular solutions of (4) are
V=P (cos ),

o B(cosd)

rm+l
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Ex. Find the potential due to a circular ring of small cross section and radius a.

If the center of the ring is taken as the origin of codrdinates, and the axis
OZ is perpendicular to the plane of the ring, Laplace’s equation assumes the

form o 1 9 v
ar(' ar)+sm¢ 6¢< n¢—4;) 0 @

since, from the symmetry of the problem, V is independent of 6.
This equation is satisfled by
m=a B
v=3 (A a4 TT;"I) Pu(cos ), @
m=0
where A4,, and B, are arbitrary constants.
At any point on the axis OZ distant r from the origin

M
=3 (3)
va2+ri
where M is the mass of the ring, as shown by the method of Ex. 9, p. 99.
Then, when ¢ =0, cos¢ =1, and by § 196, Ex. 2, P,(cos¢) =1. At the
same time the right-hand members of (2) and (38) must be equal, i.e.

T ;,;“2 (a2,

and the coefficients 4,, and B, must be chosen so as to satisfy this equation.
Ifr<a(§31,Ex.4), M M(l 1¢2 1.3 94 )
- e,

V=

_'\ / a2 + rd a

2a% " 2-4at

and if r>a ___M_;-_J‘_[.(‘?_lf 1.80% )
’ Va2 rra a\r 298 2.4y

Hence if r<a, we place all the B’s equal to zero, Aop= _a]l!’ Ay =0, Ag=

M-l- -, ete., and obtain the solution

T a 2 a ¥
V=——(1-———P,(co ¢)+2 4-‘P.(cos¢) )
and if »r>a, we place all the A’s equal to zero, Bo=%{-a, By =0, By=
- %l--%-a”, .++, and obtain the solution
M (a 1 ad 1.8 af
==(=P —_— —. -
a(r o (cos ¢) 3 ran,(comﬁ)+2.4 ,5P4(°°s¢) )
PROBLEMS
Solve the following equations :
%2 b oz oz
1. — =a% 3. ——a—==0, =
S = 0% o aaa= 5. ayﬂ+4 +b6z=
% 0z 0%z oz 0%
2z—=a—. 4. - -56-"4+62z=0. . —— = XY,
“azﬂ ox ox? az+ #=0 6 ozey i
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0% 0z oz
. —— =8 X 13. (7 —+8z+6y)—=1.
ik s (Tz+v) 5 + @z +59)
0z 02 oz 02
8. — 4+ —=1. 14. z = — =2z
8:c+ay az“'ay
9. zéf—ygf; . 15. xﬂz—zy§§+yﬂ=0.
oy ox ox oy
o0z 0z 0z 0z
10. 222 = + 22y — = 23, 16. zz—= —_ =Y.
zzaz + 22y o P2 zzaz+yz o zy
0z 0z cz 0z
11. = —(z =y -2 17 yz= 4 2z = =ay.
(Z+Z)ay ( +y)az v va o+ Pkl
0z oz 0z %
1 et = 18. y =+ (+2)—==
yé‘z za Ve ter )8 4

%

-5;’-=

19. Find particular solutions of the equation

%y . .
a’E—’ in terms of trigo-
nometric functions of z and ¢. -

20. Find particular solutions of Laplace’s equation in the plane in polar

o3 YV 1oV 1%V
cobrdinates —— 4+ -~ — -4+ = — = 0.

or2 r or r? 062

21. Find the permanent temperature at any point in a semicircular plate of
radius unity, the circamference of which is kept at the temperature unity and
the bounding diameter of which is kept at the temperature 0, given that the
temperature u satisfies the differential equation of Ex. 20.

22. The cquation for the linear flow of heat is aa—;‘ = a? %}:, where u is the
temperature at any time ¢, and z is measured parallel to the direction in which
the heat flows. If a slab of thickness = is originally at the temperature unity
throughout, and both faces are then kept at a temperature 0, find the tempera-
ture at any point of the slab, the slab being so large that only the flow of heat
normal to its bounding faces need be cousidered.






ANSWERS

(The answers to some problems are intentionally omitted.)
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48, l[sm(m —-nz
2 m—n

m+n

sin(m-*—n)z]‘
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a+a
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1
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3z+\/§
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169. sin—l———ﬁ. m+1 (m+41)3
16
(z:‘- ) 176, zta.n-la:r,—}llog\/l + a’23.
170.
70. 31 ogl +4z8 171. logz [log (log x) — 1].
Page 38
178, zlog(:r. +Vat+ @) —Val+a g9 —}—’[(a’z’ +1)tan—1az — az].
179. ——(sma.z azx cos ar). :: ,
88, — (a%2? — .
180. zsec-lax-——log(az+\/a’ —-1)- 183 ad (@' 2“"_'2)
181, —-(a.ﬂz2 sec-laz —Vaid —1).  184. (@ +1).
185. m’sma:c 2zcosax 2sinar
a? ad
186. -1—‘ [(8 a?z? — 6)sin ax — (a®z® — 6 ax) cos ax].
a
187. z[(log az)? — 2log ax + 2].
188. .\ 23[9 (log ax)? — 6log ax + 2].
180, E%,[zauﬂ— 9 az sin 2 az — cos 2 az].
190, }e?=(2 + cos2z + sin 22).
181, ), e=[6(cosz + 8inz) — (cos 3z + 3s&in 82)].
192. ) 8+ [y (3sindz —dcos42) + T5(8sin 2z — 2 cos22)].
198. Z}Es[@ ot — 1)sin-1az + az V1 — @],
CHAPTER III
Page 61
1. 43. 8. log (2 +V3). 14. 283.
8. }log§. 9. 31 185. §.
8. fyat 10. 2log(e +1) - 1. 16. -
4. 8a%(log2 - §). 11. tan Ve —tan1l. 7. =,
5. 2-V2. r 4a
1 1 12, 3 1
6. _( - .). 18, L.
2 e 13. ¥ a* V2
7. }log$. Y 19, Jwad.
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Y o= z+\/a:‘—a’> 23, Lr+}Vi-L
20. 5(«: z? — a? — a?log 24, 2, @ — 4).

21. = b
23, §log2 —§. 2. 2-5
Page 62
85. 1 ma. 86. .6366.
Page 63
46, .4621. 47, .016. 48, .8746.
CIIAPTER IV
Page 80
1. 170%. 2. }a 3. 4mal.
Page 81
(- _k 13. 8ma2. 22, mwad
4. a\e — ¢ 4). _
5. 4 ab. 4. 27+ 4,07 —%- 93 Jar(a2+20
8. 2mab. . 15. §. 24. 3 ma2
i (g 3 }1og2). 16. 32. -
‘02 17. ?@7 - $). . 2. - -
8. a’ccs—la — hVa?— Rk 18. 242 .
28. ™.
9. fal. 20. §wda?, in
10. 4a2. a? -
2. —. 2(g —Z).
12. } a2, V3 2. a (z 2)
Page 82
28. Ja2Ve2.
29. 27 (a? + b%). 33. };ma(ea -€ a)+ wadh.
30. } ma? 84. 47a®(2log2 —1).
81, Jxmwad. 85. § ma*(3log2 — 2).
323. % wa’. 36. §m(a2 —m3)L

87. #%? + §wa®; w2a% — §mwad(b is the distanco from the diameter of
semi-circle to the axis).

38. § wabd. 42. 1722a2+1)+2ma.
39. 2 n2abd. 43, 2 mphs.
40, "" i o T

. ——SOp"

41,

2;’“ h(h’ + 80,
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Page 83
45. 120 - (374 + 40 pah? + 240 p%a?). 46. 1§ wpiid (6a — 34).
47. % ma®(1 — cosa) (a is the radius of the sphere and 2 « is the vertical angle
of the cone).
48. 67 (14 6V6m). 49. § mas. 50. } a3, 53. 4 abe.
54. 3a® tand (a is the radius of the cylinder).

65.

(w — %) ha?(a is the radius of the cylinder and % is the altitude).

56. % ha?(a is the radius of the cylinder and 4 is the altitude).
57. 27wh2Vp1p2(p1 and p; are the respective parameters of the parabolas).
58. %aﬁ (l + ‘g) (a is the radius of the sphere).
Page 84
59. § wu?.
60. 6% a3 (u is the parameter of the hypocycloids).
61. § ab? al? =% 71. 8a.
67. \et—e 9.
16 pad 2( ¢ ) g, 8a(@+b)
62, ——36—- a b
68. alog . 2
63. 1162 cu. in. @ a1y 78. yaer.
64. [(4+9r)—8]. 69. — 74. 177.5 in.
65. log(c + o-1) o 2t 75. 1007 ft.
o8 ' 10. — =[(h+p)!-(3p)}].
66. Ga. 3V3p
Page 85
7. §a. 78. } ma. 79. 8a.
80. 27a (he — hy) (a is the radius of the sphere).
81. §xVp[(k+p)¥ - pl]. 84. 12 ma?
( 2h 2_14) 856. 6.1 a2,
82. L mat\es —e ¢) 4 2mah. 86. 2Ta’+—:ab—ﬂ—-log +m .
83. 2maz Vaz—p2 b
2 1rab
87. 2#b? + —— sin—1e (e is the eccentricity of the ellipse).
88. 32 mas, 89. 47a2(2 —V2).
CHAPTER V
Page 99
m k b
1. —. 5. ——log-.
a 2wh og
kax? M
2. -— (kistheproportionality factor). 6. ———.
2 a( cVe? + 12

(2]
. klog =
0gv19

] 77 — o)

7. M
c(c+?)

(lis the length of‘the wire).
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2M . 0

8. = nsin§ (1 is the length of the wire) in a direction bisecting the angle 6.
9 Mec 10 2Mc(_1__ 1. )
' (3 + a3)f @ \¢c Veiiad
11, %‘(z +Ved + a —=V(c + )3 + a?).
Page 100
2M . «a 21. % baw.

1 Eeny 23. § o below the surface.

14, }bw(a? + 2 ac). 23. A batw.

15, 2@ +8ac+38¢ch) |\ o the 24. $ a below the surface.
3(a+2¢) 25. 3 ab®w(the axis 2a being in the
surface. surface).

16. § ba*w. 26. (% b below the surface.

18. } ba2w. 27. 22560 Ib.

20. Y baw(2a + 3c). 28. 781.265 1b.

Page 101

29. 22843 ft.-Ib. 838. 88.4 tons. 36. (3a, §a).

80. 769.4 lb. 84. 4} tons 37. (0,  a).

81. 10413- tons. 2a Ta a \/ﬁ)

89, 8338} foot-tons. 36. (0’ 1r) ' 38. (?' -/

89. On the axis, three fifths of the distance from the vertex to the chord.
40. (§k, 0) (x = k is the equation of the ordinate).

4a 40b e a 43. (}$a, f5a).
e {— 49 —})- 48. (-, -)- " J3Y
4 (31r’ 31r) 2 (5’ 5)
Page 102

1.1 8. (.8_3’_, 32). 51. (o _1_761.';).
45. (§1r,—8-7r). 4 o 5@+ 8m

1 9 9 53 (4__@ 4(a+b))
46, mo 49. <6p, 5p)- . 8”’ 3" .
4. Intersection of the 50 (g’ b, a )

medians, "\2 2 129/

§8. On the radius perpendicular to the base of the hemisphere and three
eighths of the distance from the base,

84. On the diameter of the sphere perpendicular to the planes, at a distance
4 (k1 + hg) from the center. .

.88, 2= %a. 86, 7= §k. 87. ¥ = 1 b(0? = 4pa).

88. 7 = § ¥1 (v1 is the ordinate of the point of intersection of the line and the
parabola).

08. =g

60. At the middle point of the radius of the hemisphere perpendicular to
the base.
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61. On the axis of the cone, two thirds of the distance from the vertex to the
base.

62. On the radius of the hemisphere perpendicular to the base, two thirds
of the distance from the base to the vertex.

CHAPTER VI
Page 117
, 2 v 1 4 1- 8 _ 1 1
"8z 3(2z+3) 8z —2 T 2@+1) z—-2 2(+3)
1 1. 2 38 1
"HH +z 1 2@+2) 2 28 @8 z+1
? 1 1 2 1 b 2
s. — . 6. 4+ -— — .
6(2x+1)+2(2z-—1) 8(z+2) A%z 2z—-1)2 2z-1
v 2 8 _ 2 _1.
‘z+2 (z+2)? (@42 =z
8 1 4
8. - .
e (2z+1)3+(2a:+1)’+2z+1
3 z 2 2 z
9 > ___ ¥ . 14, = .
2z +1 2342 3z+(z’+3)’+3(x’+8)
1 2z 1
2 z—2 15. + + .
1°-z+2 D _2z+2 z-—22 i;z"—2)2 z3 -2
z + z—2
3 8 2 1e. .
11. 42+ + + . @+z+1)P® B4z +l
- 2 1)  8a?
2@-1)  2@+)) 8241 4y oglez —8) @z + 5.
2z 1 3[3z+1
12, . —_—
z’+z+2+z’—z+2 18. log 8z —2)
2z 1 (z+4)
8. 2—-1———-re fp —— 19. log ——L-.
Boe-l-mitare Vaz 38
8 1 . z+2-V8
20. -log(z?+ 4z +1)+ log .
5 %8¢ ) 2vV3 z+2+V8
21, §log(42% + 424 2)+ § tan—1(2z +1).
22, :r.-}a:’—log [( — 1) (= + 8)%].
Bx+2
28. Ez’ z 4= log(Oz’+l2x+8)+ tn.n—l
1 V2
8¢, 1094 4z 4 6log(at — 22 —1) + 4VZIg T V2.
2 B8 ) ga:—-1+\/§
z(z+3) -1 (+2)3
20, log——r-. = .
E(z_z), 27. log @— 9
@+1) (= +1) (@ +2)t
26, log———— . I .
8 1) 28, log e
9. 22 + log (22— 1) '

Az + 8%
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30.

31. —(:c3+:c)+ —1og @+ o)1
2
32. log[z3 (22 —1 —
og [*( N+
22z + 2
83. 1 2
g (@ + )+(ac+2)2
84. log[(z —1)V2z ¥ 8]+ — —>
2(21:+3)
Page 118
35 -1 - —log (z + 2). 38. z + 1—-}--2-10 Bz —2)
"ozl B R T :
-2 3 3
36. 1 ‘/‘ - ) 39. _ %
o8 z+2 x+2 e+ (@ —1)2 +log e
x 2 4a:+1
87. log — — - (x2 — C— .
o°(.1:+1)3 z(&+1) (x z)+8(4a:2 1)
41, log[(a:—l)\/(.c1+2x+2)3]+4ta.n—1(.c+1).
2 —_92
42. log- 24D -'?__-logm 2 -\2.
Vi _dz42 V2 z—2+V2
3 sje—2 1 x
43, Zlog(z? + 4) +1 ¢ Y " tan-1Z.
glo8@ + 4+ °g\/¢:+2 2 "3
2
44. L log V'r' -l.
a+b £ 4 q
45. 5log _#Bj ‘;.*____ n—li_t__—:___l___:%___tan-lﬁt,
2 " 84+3 \/E vz V6 V6
46. 1 LQ;*‘_(; s o _._ta _1_3:_ ___é‘:tau—léﬁz :*:.1_
*Vawi¥o+5 V3 V39 V39
47. =z — glog(z2—2:c+2)—3tan-1(a:—])—tan—1(a:+l)

48.

49,

50.

51.

ANSWERS

gw’ -2z + glog(x + 1)+ }}log(2z — 1) + LX log(x + 8).
2z —3)3(2x + 3)

1 1 2z 4 3)* 13 4:c—-3

(22 —22 —-l — S ta

s )+ °g4w’ 0240 " 24v3 . 83
-V3 _,6z+3

8 10
—log (x% — 3) + —— log + ——=tan
2 x/é e +v8 VBl V51

1 tan—1 z 24

Vi VBT E@ e
1 b 34102
~log(223 + 1) + ——tan-1gV2 — > T |
3 g(222+1) + pay n-1g R
V2 43 17 z 2z+3

. 8log ——— 4+ ——.tan-1-— 4

z 8V3 V3 3@ +3)
@# 13 :cx/'-l 3+72
2aA—1 43 a:x/‘+1 T 2222 —1)
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CHAPTER VII

Page 137
a2 vz -1
1. 322 — 31og (Va2 +1). 2. 2Vz +log— .
8. §(2 V2 —3Vz +12Vz) — 8log (Vz + 1). “+
4 — @28
. — @+ —@+1)-F@=+DL
6. 2V1—z+ V2log~Y 1———3;—7\/%.
Viez+ V2
1. IT+32-4V1+32+4log(V1+3z+2).
— , 6 2Vitz—1-V5
8. 1+z+4Vi+tz+2log(e —V1ite)+—log=———"-= .
e ( Vb6 2Vi+z—1+Vb
9. z—2Ve +log(Vz +1)>% 18 _VB4+ah
10, (1_,_1,0)3 3z
T T8z 13. :c‘i_—i—i)
11 r 2Ves + 8
"Y1t om 18. ;1588 —1)(828 4+ 1)L
16. 13, (hat —2)(2 + 3z,
6. 1[ 1 lg\/?z +2-v2 1 ]
8l2v2 VB +2+V2 VBri+2
17. 12 Vi + 2t + log (22 + V4 + a2).
18, Vitan1ZHYS +82 -2
V2
9. L logz\/§+\/2a:“+3a;+6—\/5.
V6 eV2+V2aer+3x+6+Vh
20 _Ll "_-_‘;“f:_' -z, 91, _2@z+1)
V3 V38+3z+V3— 8Vzitaz +1
22. \/a:9+2z+8—-log(1+z+\/a:’+2m+3)
2(1+6z) [1-3z 2(28%8 + 2122 + 122 — 8)
23. — . 24,
P x 248(1 - z — 222)}
25. 17z—6 R SO (——4+n
26V2 -8z — 222 V2 1-22
26. } sindz — } sin’a. 27. cos¥3z ()} cos88z — } cos8z).
Page 138

28. } cos’@ — 3 cosb® + cosbT — COST. gg (cos:f + sin f) (sine-f _ 5) .
29. sinz — 3 sindz + § sindz. 8 8 8

80. } cos(2z +1) [cos?(22 +1) — 3].
81.  — ] cos4uz.

1/1 1
88. — |- sintqx — - sind .
a(4snaa: 0sna:n:)
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84. gz — g sindz — Jysind2a, 85. §z —}sin22z + JAysinda.
86. fyz+ }sindz — Jysin®4z + 1§ sin8z.
37. 1§52 —g§8in2z + zysindz. 1 14+ cosd4z cosdz
\’/ 222 — 7 40. — 0og —_ ~ .
38. 7 Vcos2z(cos?2z — 7). 16 "1—cosd4z 8sin34z
1+sin§ z z 1 1 2 2
89. 1o — Zgin3Z — 2sinz. 1 —Co82% COSZZT |
gl sinZ 2 2 4. 81081+cos2z 45in322
i
sin8z sin 3z 1 1—sin8z
42. — —log——==.
12 cost82 8cos?8z 16 1+4s8in8z
43. } tan38z + } logcos3z.
44. }logsin8z + } ctn38x — {5 ctnt3 .
2 T z
5. — tan8—- — 2 tan— A 0
4 3 s n2+z 48. 2tan- (1+ ta.n’2+5tan 2)
3 z z T
46. — —ctn= 4 ctn3= —8ctn= — 2.
b 8 3 3 0. — 2cm?® (3+ct.n’)
47. } (tan?z — ctn3z) + 2 log tan z. 8
80. — }ctn82(1+ ctn?82z + § ctn*3z + } ctn® 8z).
51 sin2z _1 o L:sin2:§
" fcopzz 8 Cilismoz
5cosf 16cos§ l—cosE
b 5 16 b
“2. -— —_— +161 g_-
4nsin‘E 8 sin ’ 1+com-ﬂE
b 6
1
563. —-ctnt= (38 + 2ctn2-
1" s( +ace 3)
54. 1(taina:c+2ct;ca:l:—}csc"c.ta:)- 565. gsec“f-
a 8 b 2
58. 254 [sec- (1_35“2”_,_ sec*)
) V b 11 6 21
57. tanfz (3 + A tandz 4 A taniz).
sin 62 sinbz 1 1—~sinbz
58. - + —log ———.
20costbxr 40cos?bz 80 14s8inbz
59. gtan-l(ltanf)- 2tan” + 8 V18
8 3 2 . 1 2
1 1 2z . 6%, —log
60. Etan‘l(itané). Vls 2mn§+3+\/13
z
8tan-+1 1 Stanz — 4 —V7
61. -1 tan-1 2 __. 3. log .
* V2 22 2V7 8tanz—-4+\/‘7

64.

32228 + 5a%) (22 + a%)t 4 ia‘log(z +Va3 + ad).

65. %z(ba’ — 2% (a — %)} + a*sin-lz
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66. }[2Va2 + a3 — atlog(z + V22 + ad)].

67 .-_M___l_log_.__z___,
: Qa’z’ 2“8 \/zﬂ + ad +a
-z 1 z

68, — + —log

2 a3 2at \/aﬂ—z’+a.
69. %3(2# +a?)Val + a? — %log(z +Va? + @),

4
70. %z(2z“—a’)\/a’ —-z’+%-sin—1§.
1
71, — J (328 + 2a¥) (a2 — 29)1. 75. _Q_’fzﬁ.
% 1 anZ, V14 28
. 2(«13+:c’)+2amn a 78. — :‘” .
| £ J——a— pp, V2w —a
1+ T e
74, §(=* - 2)(1+ 29 78. \/2az—x2+asin—1“;".
8 -
79. ;(2::9_ax—saﬂ)\/2az—x=+%sin—1“ —2.
P, 2 -
80. — }(z+80)VEaz — 2 + S sin-1 2=,
81. — }sinz cos®z + oy sinx cosdz + (A sinz cosz + Yy .
1 8sinz 8
83. — sinz cos?z + 2 cos?z + élog(secz + tanz).
83, — —-co—,sﬁ- + 1log (cscz — ctnz).
2sin%z 2 2 gindz — 1
85, ——.
84, itan:;z +§}t;n233. . ootz
2cos%22 — 8cos2z
86. 45192 ——;log(csc 2z — ctn2z).
Page 139
VI — ad
87. g(h Vii—d+a logli—%—-—a-).
8 (b—a)l 93. A 07. } (4 + m)ad
88, —. o s
16 o 93. § wa2. g8, T@+V)
88. wa3, 94. § wad. in
9. 2. 86. 8mas, 99. § wab.
80 96. } (4 — m)an. 100. §a?.
o1, }(r —2)al
101. ‘-;-[21\/4#'4-1+log(2r+\/41r’+l)].
108. 4V2a. 105. 2 wfas,
103. b57%as. 108. wad tano. *

104, 478g?, 107. } ha(3wb +8V2a).
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Page 140
108. (ra, § a).
109. (wa, § a).

10 (“ ba ) 113
. DY T
2 2(47-3V3)

ANSWERS

11. (256a 256a)

3167 816w/

. (g(w/iﬂ), o).

CHAPTER VIII

Page 154
1, 322 4+223—-8y2 -2y =c. ¥
2. e*siny =c. 6. = =cen
8. ViT@+ViT = T B=2ey +
- 2
4. tanz = ccosy. 8. 2logz+(sin—1g) =c.
5 : 1—c “
.z+y+£—?7- ) 9. coszsiny =ec.
Page 155
10. zsin? — 25. y =ccoszx — 2 cos?z.
P Esg=¢ 26. 22+ 3oy + 2=
v 1 T 1
11, a:(ef—c 1) = ¢, 217. 2/-——(32—1)+C—~:t—1'
19. (@ + ) = e 28. y7=— } (20 4+ 22+ 8) + et
13. 24 dzy—y:—Ger—2y=c. 29 g _2(1+29)
14 y+N@E+y+)=c 2+ cz
15. (z + y)* + 2y =c. 80, y = etm7e |
16. 2y == sinx — cosx -+ ce— 7. etsn”ls 4 ¢
17. y = (x + 1)3(e* + ¢). 81. z2(1- y?) =c(1+ z2).
18. y=3 @+ 13 +c@+1). 82. z2loga? + (&* + y¥)! = cat.
— 8. y(e+l)=ex+x +0C.
19. z =ce * 84. (secz +tanzx) (1 +y-3) =x+c.
20. yze,(l__l)+3_ 86. 4y = ce?r — (222 + 2z + 1).
€/ © 86. ¥y = (z + c)e~.
21. logay + L (22 ~ yH) =c. sin az
22. 22=¢2+ 2¢y. 3. y=- F+c1:c+cz.
23. y=1+224cVv1+4 a2 88, y=e*(x —2)+ 1z + ca.
24 y=1+4c(z—V1+a3). 39. y=7}atlogz — Py ad + ez + ca
40. y =4 - (a'.V —x’+c sin—1 )+Cg.
(21
— 2 -—
41. y = ;22 + cq. (o—ap 4. 2I=c1(e2:r ca)
42 y= llog(z a)— e + c3. et +'~‘=
43. (y+1)’—-clz+c, 47. _z+c110g +c Lt
44. y +cilog(y —e1) + 2 =cq. dcferit+ap
«? 48, Y= — .
45. y=—2——§+c1z4+c, (1 — ea=+ew)2
49, y = ;t-—[clz\/ 223 _ 1 —log(ez +Veiz2 — 1)1+ cs.

50. y=o¢, sin [k — c)].

51.

y = cycosh[k(x + c3)].
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52.
53.
54.

64.
65.

6e.
67.

69.
70.
71.

Page
72.

78.
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156
Y@ —4)2=09, 6. y=—1+4¢x—2
ta.n% = ex—1, 567. y = cxn.
58, y=ax2+c.
y_
tan 927 cex="A, 59. r = csinn.
48 = 9(kx + c)2 60. z =nlogy + c.

= % cosh[k(z — ¢)]. (k is the constant ratio.) - 63. 22 + y? =cx.

¥ = a cosh @%E . (a is the constant length.)

2 — k2 —
Y=+ %sin— 182 — 12 + 1\/Ic=!:¢: — 422 4 c. (k is the constant ratio.)

k2
Y= kcosh® ’;— (k is the constant ratio.)
L2 o8 w222 lxd ozt
Ely =— w(>---- 68. Ely=— - —— = +=)-
Y w(: 0) v 2(2 3+12)
2
Ely = w (L—b —_— a—:-’) .
2\4 O
(£ — )2+ (¥ — ca)? =% (c is the given constant.)

.2
cy? — % (x + c2)2=1. (k is the constant ratio.)

157
ITarmonic motion.

t= c+-‘f a'—(\/a.z:—a:‘-‘—gsin—l-zm

i a) » where k is the constant ratio,
2k a

and x = a when v = 0.

74.

Same velocity as if the body fell freely. 75. About 7 miles per second.

CHAPTER X

Page 195
1. (1, —2,2). 2. (—12, — 82, —19).
8. 2?2+ +4+ 2 -2 +4y—22—-43=0. 5
6. 3+ flogb. 7. e~
8. V2 +dmi+log(w V2 +V2nt+1).
1
11, cos—1—c—-. - =
cos Vai 18. 22 -8y + 624+ 21=0.
Page 196
14, 24+y+2—-6=0. 18. ay + kz=0.
M. 72 -2y —-224+27=0.
18. ez — ef) — e~ t(y — e~*) + V2 (z — tVZ) = 0.
19, 2+ 2y +382-6=0. 2. z-2y+2+6=0.
20 ____3_3__ "7__’ __i_ 26. sin—1}3.
Vi3e' Vi) Vi 2. (1L,2,1),& %D ’
28. z—-2+2=0. 29, 112+ 18y —-87=0,82+ 182+ 10=0.
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Page
80.
81,

84.
85.

Page
10.
12.

18.
18,
21.

24.
Page
88.

Page
41,

4.

47.
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2 —-1,2). 87. (1, -1, 1)
c—1=Y—-1_2-1 39. z+16y +72+8=0.
2-1 yoa 4 40. 3z — 2y —z+4=0.
T =3 =z~-1 41. 2+ 11y +62=0.
z—e‘__y-—e-‘__z—t'\/i 42. 2 -6y +2—-2=0,
o —et V2 ' 3z+y+82—-1=0.
2—2=0,y=0. 43. 2 —-2=0.
2y+2z=0. 44, 98 — 46y +132—-179 =0,
008“1—2—, I, 003—1_3_., 16. (l’ ‘—21 4)v (8’9 l:]*’ 137‘)'
\/Té 2 '\/1—3- 47. (0’ 11 2)1 (33’19‘9 130,'1.,._231,’{)
CHAPTER XI
218

AA = .896 8q. in., d4 =.83988q. in. 11. AL =.057 in., dL =.057 in,
AV = b.11 cu. ft., dV = 5.09 cu. ft.

sing h sin 8 cos(a + B) hsina
sin (a + 8) T eint(a + B) sin?(a + B)
o+ 1y — (21— a)(z — a) = 0.

dg.

(_ ad _ bd _ cd )
A+Btd Bttt B+t
(a, a, a)’ ('_ a, —a, a)’ (" a, a, — a)v (av —-a, — a)'
Point of intersection of the medians.

__8abe 25. = 2aK . 20K g= . 2¢K
3V3 T e+ @d+B4+e T A+t

219

QT Ny, z2x _ a2 —b2 4 c?

i F.{..E{_l. 38. 0°. 89. cos 1——————-2ac .

220

of o ) of o

oroe o 0 o 0 _,

oxox oyoy oz oz

=T _ Y- __ z2—% . 45 z-z1=u—yl_z—zl.

o mzy lzy nxy omEy b ym —am s

b2 2 2 a® a? b

»

a6 [ - aZeln
) ( V(a9 + b2m3) (a2 + b3m? + c3nd)
_ blemn cVa3l? + hIm? )
V/(a2l8 + B¥m3) (aBl3 + b3m3 + cn?) Va3 + b*m3 + cIn?
(-1, —1,1). 48, sin-1Y7 - 49. 90°.
rvad+ k3
BV _AV\, o AV oV o
e .a,,.)+<= Wow Vo "o

61,
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Page 221
oY o o3f of
68. - +2—F’ — [F'(©)]2 + —F” ().
a2 PO+ @R+ P @)
— a2
70. = log-l—il/%—-—q—' 71. log(a + 1).
CHAPTER XII
Page 23¢
1. 4log2 —1}. 4. 8(log2 —1). 7. } wad
2. 2 5. }mat. 11
8. §mi+ pwr+lL 8. 6. e 2
Page 235
9. } w2al 11, [ ad 18, A wab
10. log V2. 12. /5. 14. la*
CHAPTER XIII
Page 253
L 3. 3. HaVE 0 g
2. Bn,x/—(az+b)(5a=+2ab+ 509). 8465 b3
4. }$at V3. 8. } mat. 12. $5at.
5.y wat. 9. } mat. 13 6405 Va,
6. {§mat. 10. a}mz‘. " 346508
7. } mat, 11, f; mat. 14. J; (8 +37)at.
Page 254
15, §lmat. 21, }(r—2)at. 24. 8as.
16. (107 — 8)at, 22. Jya?(8w —8); 25. 2a%(w — 2).
17. (4P —log4)a?. Ty a? (87 — 8); 26. 2V27a2
18. 27— §)a* } a2 +8). 27. 8a2
19, 107 V3 . 28. 2a%csc2 .
20. § (a + b)Vab. 23. -a
29. 22 + (v + z tan a)? = a2; 2 a2(ctn @ + @ csc?a).
80. } (20 —8m). 81. 2a(mw —2). 82. §a%(20 — 8).
Page 255
83. 16a2[7 — V2 — log(1+V2)].
34. (Ja, 3a). - (_‘32_a lgg.) s (256a 256 a)
a5 (0 3a(51r+8)) "\167’ 8= " \816%" 816w,
"\ 567 —4) a8 (288a’ 288a).
368. (§a,0). "\1767 1767
40. On the axis of the sector, Sasina distant from the center of the circle.
41, 128‘\/5(2. 42. (f @, 0). 44. (3 a, 3b, o)
106w 43. (} ma, 0).
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a 6a(k1+kq)) (Sa 16 mc) ( 2b Sa)
45. 0, —————=). 46, (—)— —)- 4 — —-
(4 ) 16 167 16w "3 o
48. On the axis of the cone, %’SE distant from its vertex.

49. On the axis of the cone, § of distance from vertex to base.

Page 256

80. (4 a, % a, 3 a), the center of the sphere being at the origin, and the octant
being in the first octant bounded by the cotrdinate planes.
81. On the axis of the cone, midway between the vertex and the base.

83. G} ad. 59, 3}. 85. }wa.
83. wad (kg — k). 60. 9. 66. 5 wabt.
64. § wabe. 81. }wct(6a+ b). 87. §as.
§8. 5}. 82, 8mat 68. %y mal.
86. }(7+2)at 82% 69. »}5ad
87. }wa%. 83. A wad. 70. fra® (8w — 4).
68. (}% — log4)ad. 64. 3a3(8w —4).
Page 257
71. 33a8, 72. §nlad. 78. & wpabe (b2 + c3). 74. } mpath.

75. g% kwhStanta. (k is the constant ratio.)
76. } kwaS. (k is the coefficient of variation.)

7. S mp(rd —rd).
78. § kad. (k is the coefficient of variation.)

9. 6M(1—cosa) 80. 1rpa(2b—a)‘
h3tan3a b
81. ;—ﬁ . (M is the mass of the hemisphere.)
83. 9;[_(%; ‘:\/2-) . (M is the mass of the hemisphere.)
a
83. M (M is the mass of the ring.)
12 a3
CHAPTER XIV
Page 276
2 2
1. rar. 2. ™ 85— 24). 8. ™ 94+ 3).
8 b b
Page 277
5. 2. 8. 0. :'_c (k is the constant ratlo, » is the distance.)
8. — klogr (k and r as in Ex. 7). 4. 22+ -2y +2z—-y=c
10. }; §; 3; 0. 15, 1+ 2 + 23 = cad.
1. §: 3 - & 16. @+ y)°+ 218 =c.
18. 18; 37, 17. 23 =2¢cy + c%

z
’ s - —
18. —10; — &%; 0. 18. log (2% + y9) — tan y



Page 278
19. 23 + 8238 = cp2.
20. tan-lz +zy=c

&£

81. ¢ ¥+ logy=c.
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24, 2 -2y +2y=c
25. 2 +8in22 4 4ycosz =c.
26. log cos?(z + ¥) + 3 =c.

¥
28. logz +-—=c. 2 1
27. 1 —_— =
3:’ o8® zy 23
23. zy +log  =c. 28. 12y(z+1)—42° — 8zt =c.
CHAPTER XV
Page 302
14, —1<2 <1, 18. All values of z. 21, —1<z<l.
15, —1<z<l. 19, All values of z. a a
18. —1<z<1. 20. —1<z<1 23. “p<T<y
17. —1<a:<1.
22 4
g3, 142,52 02t 2. 1+z+2 -2 ..
*EE o 28
x2 28
24.1+z+z’+T+... 21.1+z+-§+§+----
3 2 gzt 28 1728
B, £ — e T 4., 98, — =~ _ 2 _Z _ 2% _ ...
Wz-g+tgnt 2 12 45 2620
w2 cosx cos2x cos8z
9. — -4 - —s).
o 8 ( 12 23 33 )
30 sinhar_2asinha'n'( cos T _cos2z + )
O aw T 124+ a2 224 a?
2sinha1r( sinz _2sin2z Sslnsz__ )
P 1B4+a? 204a3 8+ a )
sinz sin8z sinbz
81, 4(—— o).
(1 + 3 b + )
39, I_E(cosx+w33z+cosﬁz+_“)_(smz_sin&t smsz__.“)-
4 w\ 12 82 52 1 2 8
87 9 /cosx  cos8xz cosbhz
83, — -2
T (F )
+(8sinm sin2z  8sin8z sin4dz )
1 2 8 4 )
o3 cosxz cos2x cos8z
84, — -2 — —_—
+ 3 [ B @ TTa ]
1 4 w2 73
+;[(T—p)sinz—?sin2z+(-§-—§;)sin3:c—z-sm4a:+ ]
Page 303
85. —sina. a 40. — 2, 43, &. 46. 0.
88. log-.
36. 1. €3 a. - 44. 0, , 47. 0,
87. -2 39. 0. 43. 2, 45. 0. 48. 0.
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49 52. 0. 86. —1. 60. 1. 63s. 1.
" b 88. . 87. 1. 61. 1. 64. e.
50. 2. 54. -1 58. 1. 63 1 85. e,
51. — . 55. }. 59. 1. ‘e 66. 1.
CHAPTER XVII
Page 336
1. y:ao+a0’.z+(a§—-1})z¢+<ao‘—-%)z3+(ao‘—Iﬂ,ao’)z*-}----.
1 1
3. __s___# o gb— ...,
y=ap+z+ —=< et +6ao‘z
. y= ao+a§:r,+aoz’+aox“+(ao“+})z4+-- .
4. y—-b6z+c)(y+22+¢)=0. 6. (Y —c)(y — c2) =
5. (y—cx)(@2—a2—ch)=0. 7. (y—c)(y—ce-38)(By—28—c)=0.
8. [z—a—c@x+a)ev][z—a—c(z+a)ev]=0.
9. ¥28in%z + 2c¢y + c3=0.
10. ¢ —2c%y + 32 =1. 18, 2(1+92)—2c%zy + 22 =1.
11. 2 =2cx — ¢ 14. z=logp+p+c,y=p+ }p%
12. y2=2cx + 2. 15. y=c(c—x)3.
Page 337
16. z? = sin2(y + o).
17. y =plog Vep, z = (1 + log Vep) log Vep.
18, y=cx? + 2 20. 9(z +2y +c)2=4(z+1)%
19. z + y =ctn(c — p). 21. (y —zlogcx)(222y2—2xt—c)=0.
99, = S—PF18D  _ ple— 27+ pPlogp
(p—1) (p—1)

(A xVy +1) = ce-z+2Vu+1,
a®
(cy - ei)(:tcs —8y+c)(@y+cy +1)=0.

24.
25. y = cplers, z=§(1+2p)e21'.
26. (1—-4y)2+422—2c[(1—4y)cos2z + 22sin2z] +c2=0.

27.
28.
80.
31.
82.

33.

84.
38.
39,
41.
43,

W —cx)—c2+1=0.

eV = ce* + 3,

y=cx+V1i—¢c? 92 —zt=1.
@Qy—8z2+c)2y—22+¢c)=0.
22 =2cy+ 2+ a?, 22 + 2 = al

y=g+c’ 14422 =0.

29. y2 = cx? + %

35. (z—c)2+y2=al, y2=at
86. 24 cxy+adz=0, zy2—4 a2 =0.

(y+cx)y=c, 42y —1=0. 37. 27Ty — 428 =0.

b%2 + a%? — a2? = 0, y = cx + V12 + aicl.
(#+1)@2-1)22=c 40. z+y)(y+2)(z+2)=c
284 Y2+ 22 4 logyzt =c.

zy+yz+2ze—(b+c)z—(c+a)y—(a+d)z="k.



48
4. °

45. log(ze+v)+e+y+2z=c.
48. 22 4 a? = &y (y2? + B?), 1't.a.n-ll—’--lt;a.n--l-z-=lc,..
b b ¢ [
49, 22 — Y2 =¢y, Y2 ~ 22 = Cq. 1 -1 1
50. 2=Z+C1, y’=2mz+cg. 1. e z+e—lﬁ=c1, e T—e 2=Cq
2. y=(@+c;)) Vai + 1, z=(crtan—1z + ¢g) Vo3 + 1.
Page 338
¢
68. 22+ 22 =cl, y+ca= 110gz+ci
54, 22—y =20, 2+ 23 —cox + ¢, =0.
55. z+ y = €%, 2y = 2% + Ca. 64. ot 4yl =cl.
2 - 86. 2zy =+ c2
58. £ —y =c1e?, y = cee 2. 66. 27py? =4(z — 2p)°.
§7. ¢ —y = 1z, 22 — Y2 = cgy. 67. 8x2 — 4y =0.
88. x4+y+z=c, B+t +22=cl 88. y2=4px + 4p2
59. x+y+22=1¢y, T —y = g2 89. zf + yt =l
60. y = c12, 2% + Y2 + 2% = cgz. 70. 23+ (z +2p)y2=0.
61.,16y3 + 2724 = 0. 1. @ —y)2 -2k +y)+k2=0.
62. 4y =2 72. 22 -4da(a—y)=0.
63. 22 —492=0, 78. 2t + yi =al.
74. 2(z —c) =klog(k £ Vi3 — 433) F Vi — 433
Page 339
5. r==k. 7. 222 4 y2=c2. 79. y = cxt.
Mi-1 2 4 2 — 9 g2 = 2
6. p=ce™ F°. 78, 224 y2=2a2logz + c. 80. y2=4ax + 4al
81. A family of circles tangent to OX at O.

84,
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vE+2)+e@+2)=0. 6. 2+ ¥ 1ogz=c.

“+i+i=c y
v 47. logz = tan=17 +c.

B+ yt—cz+1=0.
A family of lemniscates having the line 6 = ry T for a common axis.

r=c(l - cosé). 86, r=eVa-6,

CHAPTER XVIII

Page 360

1.
2.
3.

y=ce 8.

y=ce 3r + 2t — 32 + fy + g (38inz — cosz).
Y = ce3* + €87 4 L e*(sinz — cosx).
=(c+8z)e~=+i(2z—1)e

cy=ce 44+ § — B (2co82z + sin22),

0.y e [c + 2z — log(e2~ + 1)].

1.

Y =ce8% — A (28in 62 + 50055z)+,1,(2mnz+ 608 2).
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8,

9.
12.
18.
14,
10.
16.

ANSWERS
Y = c163* + cee— 4=, 10. ¥y = (c1 + co) e— 47,
Y = c3€5% 4 cg. 11. y =c¢;8in8z + cgcos 3 .

Y =€e37(c1co82 + c38in22).

y=cet+ coe~87 — Lzt — 28— 1822 13lg — 328,
Y =C16* + cge~% — 2 + § cos 2.

Y = C1€3% + coe~ 5% 4+ 51+ (98in82 — 10 cos 8 ).

Y= C1% + coe— 4% — F.

7. y=ci+cee=32 + Yot + a8 — L 22 + §a.

18, y=(c1 + J o8 — 22 — 3 x)e3= + cge—3=,
Page 361

19. y = (c1+ o + } 2% €= + 4 €37,

20. y = (c1 + cax)e—= + 3 — 622 + 18 — 25.

21. ¥ = [¢1 + ¢z — log (x — 3)] 8=

24.
26.

27.
28. y
29.
80.

81.

2
¥ = (c1 + cox) e~ 27 + 112%(7 sin3z — 24 cos3z).
y=c1§in2z +cgcos2z+%t(sin2z — 2cos2z).

y=c18inx + cgcos® — L cos2x + Flq cosBz.

Yy =c1c0822 + (cg + z)sin 2.

y=1¢1c082 V3 + cgsinz V3 + } 2 + jzcos2z — 2sin2z.
Y= e"[clsins:r, + (c3 — } x) cos 3 z].

=14 e==+e 5(c1cosx——2-\/: + cgsinm——~)

y= e—z(clcos2:c + c28in2x) + (322 — J)e—= + Y5 €87
zV3

x
y=e§(clcos +c,sinz\/§)+8zﬂ+10x+3.

Y = €1 + Cox + cged=.
Y = €1 + C3 COSZ 4 cg Sin .

x
83. y=c1a+e_§(cgcosz 3+casinz;/§).
84. y = (c1 + cax) cosz + (€3 + c4x) sin .
85. y =23 4 c1x + cg + c3co8 X + ¢4 8in .

87.

x
1 va T z
v=-(er—e"%)+e 9(01 CcO8 — + €3 sln——)
4 V2

V2
a
+e _\7;<c cos—z—+c431ni).
Y V2
y=clo-'+ei(cgcosz;/§+c sin‘f——)

+ } e*(25inz — cosx) + Yy e~*(2sinz + 8 cosz).
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40.
41,
42,

43.

44.
45.

46.
47.
48.

49,

60.
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y.—_eﬂ/i(c; cos 2% + ca8in 2 ) + e-“"/;(ca co8 2z + ¢4 8in2x)
+ 352 — 53812 — ghgetn

y=c1+cx+ (Jad—222+ Tz + cs)e”.

¥ = (€1 + Cat) €08 2T + (€3 + C4% — ¢ 23) 5in 2.

Y=C1+ &+ (Ca+ cs% + § x?) e .

Yy=c1e=%+ cg + cg% — 823 + 28 — } 2t 5 28,

¢ ¢
T = ced, y = ced
ot 5t

z=ce? + §ebt — 23, y =ce? — Febt — €2,

T =c1e8 + cye~2t + 1 et + ly (6cos2t +sin21),
y=—38c1e8t — Fcoe~3¢ 4 L ef — gy (17 cos 2¢ + 198in 2¢).
T =cie' + coet? 4 L1, y = cret — 2 coett + .

= c1e8t + coett + 3, ¥y = 2168 + coett + 2.

% =c1 + Coe! 4 cge=t 4 2A L — B2 4 } 18,

y=2c1+ 5 — 2coe®  cge=t+ § — L2+ L3

T=1c1+ coet +cge~t+ Jt— Jt2 4 L83,

y=c — 3¢ 4 Scge? --%e-“+6t—3t“+t’I

T = e7;<c1 cos _a_: + egsin ﬁt_) + e_ Vz(ca cos 3—-: + ¢4 8in ‘at ) ,
2

V2 V2 V2
at at
— oV at i “‘) '75( in % _ ‘!‘)
y=e C3C08 — — ¢18in—. )+ ¢ Cg 8in — — ¢4 cos —— ).
( V2 V2 V2 V2
Page 362

51.
62.

63.
54.

56.
56.

87.

89.

Y = C1% + cg2? + J 2t
1 .
V= [y cos (log 22) + cq sin (log 22)] + % (blogz — 2).

¥ = ¢y cos (2logx) + cgsin(2logz) + ] (logz)? — }.
y =} 23 + c1(logz)? + calogz + cs.
¥ = 1 + ¢ cos (log z) + cs sin (logz) — 4%

Y = 61 + cpx? + 9 _3 (log:c)’.

2. 3 L2884 2.3 S (r+2) )
- 3{1 —— 2 s - »
Y= clx(+ L_78 2?4 - +l!_' (r+6)x+
+ 216 + 182 + 922 + 229,
za
y=cl(24——18.'c+6z’—z3)+c,z5<l—-gz+}—-z“——-4 X}
6 6.7 6.7-8

r+1
6.7.8...(r+56)

y;c1(35—42<c+21c=-4z8)+3(3—14z+2132).

Foeed (=1 mr+...)_
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=% _ af1_% 4-5

60. y..za(4 :):—:::z( 6a:+l— " 7 y \

R . r =2 r+ r )
|_.6.7-sz+ + (= l)Le 7 §..rt8° T

6l. y= c;[ (nz'!) + |§ nx3)2 — L[iﬁl (na)B

- r_._.,7_'_*(._._ﬂ r4...
Feed (=) & (naty + -]
b 2-5-8
[
2.56-8-..3r—1) B
|3r+ ()" + ]
82. y=¢ 1.+éﬂ+£(_nlé_ 4) 4+"('%‘:——19~) s
+ﬁ(n__—4)(n—16) ‘[n (2r—2)’]22r+ ]
2r
(n—1)(n— 9)# (n — 1) (n — 9) (n — 25) "
18 C 7
(=D —Nn—28)--[n—@r—17 , ]
[2r+1

? (na) + naf)s

+02$[ H’

oo

+caa=[l+ 2 +

oot

68. 8= c;cosht + cosinht + E_z—a-k;‘; coskt. (h?is the constant ratio.)

a=c,coskt+c,sinkt+%sinkt, if h=~F.

_l_t( AT TR /P VT

64. s=¢ 2\cie 2 + cge 2 )
a (h? — k?) coskt + akl sin kt

(6 — ) + (k2

! tViR—B . tVamw -1
8=e 01009-—2————-}-63811]————2————

a(h? — k?) cos kt + aklsin kt

3 ifl<2h;
+ T — T 1 (3 »if 1< 2h;
a (h? — k?)cos kt + 2 akhsinkt
= 1) e— At s

8= (c1+ eat) e M + TS @
(h? and I are the constant ratios.)

66. h =k, 1 very small.

[] ifl=2ha

CHAPTER XIX

Page 370
1. 2= ¢1(}23‘“ + ¢a(y)e=2. 3. z2=g1(¥)e® + ¢a(v).
2 z= 1 &1(y) + d2(v). 4. z = ¢1(y)e®* + ¢a(y)e3”.
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Page 371
5. 2 = e—2v[¢; (x) cOsy + 3 (%) siny].
8. 2=} a2 + 1) + a(@). 13. ¢[e-3:(2z—y), e~*(42 +9)]=0.
7. 2=} (@ + 2N+ a1(0) +42@). 14, ¢(}’3. Z) =0.
8. 9(z—v, ¥ —2)=0. »
9. ¢ (224 9% 2) =0. 15. ¢(zy, 3~ a:yz) =0.
2
10. ¢(%’ i—)=0- 16. 4’(19/;’ zy—zﬁ) =0.
11. p(z+y+2 22+ 92 -2 =0. 17. ¢ (2 — 32 32 —2%)=0.
2
12, ¢(fz2+y2, z+tan—lg>=0. 18, ¢<z—z, xz—%) =0.

21, u=j—r<rsiu€+‘1—&rﬂsin30+ ér"s'mF;G—}- )

22. u=§r-(c—a’¢sinz +%e-9ﬂ*'sin3m + %e—%a"sinﬁz + . )
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Abscissa, I, 86
Absolute convergence, II, 283
Absolute value of complex number,
II, 805
Absolute value of real number, II, 283
Acceleration, I, 202
Adiabatic line, 1I, 267
Algebraic equations (see Equations)
Algebraic functions, classification, 1,48
graphs, I, 121
differentiation, I, 178
implicit, I, 188
integration, II, 26, 118, 119
Amplitude of complex number, II, 8306
Analytic function, II, 811
Angle between normal and focal radii
of ellipse, I, 191
between plane curves, I, 211
between planes, II, 186
between space curves, II, 184
between straight lines in plane, I,
b7
between straight lines in space, II,
183
between tangent and radius vector,
I, 846
eccentric, of ellipse, I, 804
vectorial, I, 329
Arc, derivatives in plane polar codrdi-
nates, 1, 847
derivatives in plane rectangular
codrdinates, I, 196
differential in plane polar codrdi-
nates, II, 79
differential in plane rectangular
cotrdinates, II, 78

Arc, differential in space rectangular
coirdinates, II, 180
length defined, I, 1956
length in plane polar codrdinates,
II, 77
length in plane rectangular codrdi-
nates, I, 76
length in space rectangular cobrdi-
nates, II, 179
limit of ratio to chord, I, 1956
Archimedes, spiral of, I, 832
Arez, center of gravity by single in-
tegration, II, 94, 96
center of gravity by double inte-
gration, II, 246
derivative in polar codrdinates, I,
848
derivative in rectangular coordi-
nates, I, 204 ; II, 47
determination by double integra-
tion, II, 239, 240
determination by line integral, II,
260
determination in oblique codrdi-
nates, II, 66
determination in polar codrdi-
nates, II, 67
determination in rectangular co-
ordinates, II, 64
moment of inertia, II, 236
of any surface, II, 241
of ellipse, I, 304; II, 66, 66,
261
of lemniscate, I, 848
of parabolic segment, I, 216; 1I,
95

399



400

Area of rose of three leaves, II, 69
of sphere, II, 242
of surface of revolution, II, 70
projection of, II, 177
representing definite integral, II,
41
Argument of complex number, II, 8305
Asymptote, defined and illustrated, I,
128
of hyperbola, I, 145
of hyperbolic spiral, I, 333
Attraction, by multiple integration, II,
262
by single integration, II, 86
of cylinder, II, 252
of wire, II, 87
Auxiliary circle of ellipse, I, 304
Axes of codrdinates (see Cobrdinates)
of ellipse, I, 141
of hyperbola, I, 1456
Axis of parabola, I, 147
of revolution, II, 69
of symmetry, I, 121
radical, I, 176

Beams, bending moment of, II, 149
Bernouilli’s equation, II, 148
Bessel’s equation, II, 359

Bessel’s functions, II, 360
Binomial theorem, II, 59

Bisection of straight line, I, 30
Boyle-Mariotte’s law, I, 43

Cardioid, I, 337
radius of curvature, I, 362
Cassini, ovals of, I, 338
Catenary, equation and graph, I, 281
equation derived, II, 148
property of, II, 162
Center of circle, I, 184
of conie, I, 238
of curvature, I, 856
Center of gravity, defined in plane, II,
90
defined in space, II, 245
of elliptic segment, II, 96, 247

INDEX

Center of gravity, of parabolic seg-
ment, II, 95
of plane area by single integra-
tion II, 94
of plane area by double integra-
tion, II, 246
of plane curve, II, 92
of quarter circumference, II, 98
of solid, 11, 248
of solid or surface of revolution,
11, 96
of spherical segment, II, 97
Center of pressure, II, 98
of pressure of circle, II, 98
Change of cotirdinates (see Codrdinates)
of limits in definite integral, 11, 49
Chord of contact, I, 248
supplemental, I, 264
Circle, auxiliary of ellipse, I, 304
center of gravity of quarter cir-
cumference, II, 93
definition and general equation, I,
134
involute of, I, 811
of curvature, I, 354
parametric equations, I, 303
polar equation, I, 342
pressure on, II, 89, 98
special case of conic, I, 149
special case of ellipse, I, 142
tangent to known line, I, 136
through known point, I, 186
through three known points, I, 138
with center on known line, I, 137
Cissoid, I, 151
polar equation, I, 341
Clairaut’s equation, II, 821
Coefficient, differential, II, 7
of element of a determinant, I, 8
undetermined, in differential equa~
tions, II, 350
undetermined, in partial fractions,
11, 104
Collinear points in a plane, I, 88
in space, II, 188
Comparison test for convergence, I1,280
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Complex numbers, argument, IT, 805
conjugate, I, 82
defined, I, 81 ; II, 804
functions of, II, 807
graphical representation, II, 304
modulus of, 1I, 806
operations with, I, 82 ; II, 805
Complementary function, II, 349
Components of force, I, 34
of velocity, I, 200
Concavity of plane curve, I, 112
Conchoid, I, 834
Cone, II, 166
Conics, classification, I, 287
definition, I, 148
diameter, I, 252
general equation, I, 220
in oblique codrdinates, I, 244
limiting cases, I, 284
polar, I, 247
polar equation, I, 343
tangent, 1, 246
through five points, I, 241
treatment of numerical equations,
I, 240
See also Ellipse, Hyperbola, Pa-
rabola
Conjugate axis of hyperbola, I, 145
Conjugate complex numbers, I, 32
Conjugate diameters of conie, I, 2568
Conjugate functions, II, 818
Conjugate hyperbolas, I, 262
Conoid, II, 173
Constant, defined, I, 40
of integration, I, 206 ; II, 12
Contact, chord of, I, 248
point of, I, 106
Continuity of function of one variable,
I 101
of function of two variables, II,
200
Convergence, absolute, IT, 283
.comparison test, II, 280
definition, II, 279
ratio test, II, 281
region of, II, 285
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Cotrdinates, Cartesian, I, 224
change from plane rectangular to
oblique, 1, 224
change from plane rectangular to
polar, I, 841
change from space rectangular to
cylindrical, II, 231
change from space rectangular to
polar, II, 231
change in multiple integrals, II,
234
change in partial derivatives, II,
208
change of direction of plane axes,
1, 221
change of direction of space axes,
11, 193
change of plane origin, I, 217
change of space origin, II, 193
cylindrieal, 1I, 231
oblique in plane, I, 228
oblique in space, II, 150
polar in plane, I, 829
polar in apace, II, 231
rectangular in plane, I, 86
rectangular in space, II, 168
Curvature, center of, I, 350
circle of, I, 854
definition, I, 363
radius of, in parametric form, I,
360
radius of, in polar cotrdinates, I,
361
radius of, in rectangular codrdi-
nates, I, 864
Curve, Cartcsian equation of plane
curve, I, 44
center of gravity, II, 92
degree, I, 160
direction of space curve, II, 182
equations of space curve, II, 170
* parametric equations of plane

curve, I, 802
polar equation of plane curve, I,
330 W

second-degree curves, I, 220
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Curve, slope of plane curve, I, 99
tangent to plane curve, I, 104
tangent to space curve, 11, 189
with given slope, I, 207
See also Arc, Area, Curvature

Curves, family of, II, 316
intersection of, I, 161
with common points of intersec-

tion, I, 171

Cycloid, I, 306
radius of curvature, I, 361
tangent to, I, 3156

Cylinders, II, 169

Cylindroid, II, 173

Definite integrals, applications to
geometry, II, 64, 236
applications to mechanics, 1I, 86,
236
change of coérdinates, IT, 234
change of limits, II, 40
defined, II, 39
differentiation, I1I, 216
double, II, 222
element, 11, 64
evaluation, II, 47
graphical representation, II, 41
limits of, II, 40
properties, 11, 46
triple, II, 230
with infinite integrand, II, 63
with infinite limits, II, 52
Degree of plane curve, I, 166
Derivative, applications, I, 202, 203
application to velocity, I, 198
defined, I, 102
higher, I, 111, 187
higher partial, II, 212, 214
illustrations of, I, 203
illustration of partial, 11, 199
of f(z, y) when z and y are func-
tions of s and ¢, II, 206, 214
of f(z, y) when z and y are func-
tions of ¢, II, 202, 214
of polar cotrdinates with respect
to plane are, I, 847

INDEX

Derivative of rectangular codrdinates
with respect to plane are, I, 196
of rectangular codrdinates with
respect to space arc, II, 182
partial, II, 198
second, I, 110
sign of first, I, 106
sign of second, I, 111
theorems on, I, 179
See also Differentiation
Descartes’ folium, I, 132
Descartes’ rule of signs, I, 87
Determinants, defined, I, 4
elements, I, 4
expansion, I, 8
minors, I, 4
properties, I, 6
solution of equations, I, 1, 12-28
Diameters, conjugate, I, 268-262
of conic, I, 262
of ellipse, I, 266
of hyperbola, I, 257
of parabola, I, 264
Differential, defined for one independ-
ent variable, IT, 6
defined for several independent
variables, II, 201
exact, II, 269
formulas, II, 10
graphical representation for one
independent variable, II, 8
graphical representation for two
independent variables, 1I, 206
higher order, II, 10
of plane arc, II, 78
of space arc, II, 180
partial, II, 202
total, II, 200
when equal to zero, II, 209
Differential equations, (a1z + by + ¢1)
dz + (agx + bey + cg)dy =0, 1I,
146
Bernoulli’s, II, 148
Bessel's, II, 869
Clairaut’s, II, 821
defined, II, 141
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Differential equations, first order, ex-

istence of solution, II, 318

first order not of first degree, II,
318

Laplace’s, in plane, II, 366

Laplace’s, in three dimensions, IT,
308

Legendre’s, II, 357

linear, 1I, 340

linear, constant coefficients, any
order, II, 348

linear, constant coefficients, first
order, I1, 841

linear, constant coefficients, second
order, II, 343

linear, constant coefficients, solu-
tion by partial fractions, II, 347

linear, constant coefficients, solu-
tion by undetermined coeffi-
cients, II, 850

linear, variable coefficients, I, 354

Mdx 4+ Ndy = 0, exact, I, 270

Mdz+ Ndy = 0, homogeneous, II,
1456

Mdzx 4+ Ndy = 0, linear, II, 146

Mdz + Ndy = 0, résumé, II, 317

Mdzx + Ndy =0, variables sepa-
rable, II, 144

order of, II, 143

partial, II, 363

partial, linear of first order, I1, 364

Pdz + Qdy + Rdz = 0, integrable
case, II, 328

Pdz 4+ Qdy + Rdz =0, noninte-
grable case, II, 3856

problems in geometry, II, 141,
161, 827

problems in mechanics, II, 142,
149, 168, 846, 307, 870

second order, special cases, II, 149

singular solutions, II, 326

simultaneous of first order, II,
832

simultaneous, linear, constant
coefficients, II, 863

solution by series, II, 818, 356
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Differentiation, collected formulas, II,

10

defined, I, 102

general formulas, I, 184

of algebraic functions, I, 178

of definite integrals, 1I, 216

of exponential functions, I, 284

of hyperbolic functions, I, 290

of implicit functions, I, 188; II,
210

of inverse hyperbolic functions, I,
202

of inverse trigonometric func-
tions, I, 276

of logarithmic functions, I, 284

of polynomials, I, 103

of trigonometric functions, I, 272

of un, I, 185

partial, II, 108

partial, independent of order, II,
213

successive, I, 187

use of logarithm, I, 288

See also Derivative, Differential

Direction, cosines defined, II, 180

cosines found from two equations
of line, II, 186

of normal to plane, II, 184

of plane curve in polar cobrdi-
nates, I, 346

of plane curve in rectangular co-
ordinates, I, 197

of space curve, II, 182

of straight line in space, II, 180

Directrix of circle, I, 149

of conic, I, 148

of ellipse, I, 149

of hyperbola, I, 149
of parabola, I, 146

Discontinuity defined, I, 101

examples of, I, 41, 128, 268, 283,
283 ; II, 202, 204
finite defined, II, 201

Discriminant defined, I, 117

of cubic equation, I, 114,117
of quadratic equation, I, 78, 117
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Discriminant of quadratic equation in
two variables, 1, 236 '
Distance between two points in plane,

1, 86
between twopointsinspace, IT, 178
of point from plane, II, 191
of point from straight line, I, 03
Divergence, II, 279

e, the number, I, 280
Eccentric angle of ellipse, I, 804
Eccentricity of conic, I, 148
Elasticity, I, 204
Element of definite integral, II, 64
of determinant, I, 4
Eliminant, 1, 28
Elimination, I, 1
Ellipse, angle between normal and
focal radii, I, 191
area, 1, 804 ; II, 65, 66, 261
center of curvature, I, 357
center of gravity of segment, II,
06, 247
definition and simplest equation,
1, 139
evolute, I, 358
expressed by general equation of
second degree, I, 231, 235
length, II, 77
parametric equations, T, 303
special case of conic, I, 148
radius of curvature, I, 865
referred to conjugate diameters,
1, 269
Ellipsoid, equation, II, 1656
volume, II, 78, 249
Energy, kinetic, I, 208
Entropy, 1I, 272
Envelopes, II, 822
Epicyecloid, I, 807
Epitrochoid, I, 809
Equations, complex roots, I, 82
depression of, I, 79
differential (see Differential equa-
tions)
discriminant, 1, 117

INDEX

Equations, fractional roots, I, 90
first degree in two variables, I, 62
first degreo in three variables, II,
161
irrational roots, I, 92
multiple roots, I, 116
Newton’s method of solution,1,114
number of roots, I, 80
rational roots, I, 89
second degree in two variables, I,
229
simultaneous, I, 161
simultaneous linear, I, 12
simultaneous linear homogencous,
1,21
solution by factoring, I, 77
sum and product of roots, I, 82
transcendental, I, 203
with given roots, I, 79
Evolute, I, 367
of ellipse, I, 368
Exact differential in three variables,
11, 276
in two variables, II, 269
Expansion, coefficient, 1, 204
Exponential equations, I, 295
Exponential function, differentiation,
I, 284
expansion, 1I, 58, 308
integrals, IT, 256
of complex number, II, 307
of real number, I, 279

Factoring of quadratic polynomial, 1,70
solution of equations by, I, 77
Factors, integrating, 11, 271, 828

list of integrating, II, 273

of polynomial, I, 81, 83
Families of curves, II, 816

orthogonal, 11, 814, 827
Flow of liquid, II, 269, 266
Focus of conic, I, 148

of ellipse, I, 189

of hyperbola, I, 142

of parabola, I, 146
Folium of Descartes, I, 182
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Foree, I, 202
function, 11, 266
Forms, indeterminate, II, 206
Fourier's series, II, 200
Fractions, differentiation, I, 182
integration, 11, 113
partial, 11, 104
Functions, analytie, II, 811
Bessel’s, II, 860
classes, I, 43
complementary, II, 849
conjugate, 1I, 813
continuous, one variable, I, 101
continuous, several variables, II,
200
decreasing, I, 106
defined, one variable, I, 40
defined, several variables, II, 158
defined by equation of second de-
gree, I, 127
graphical representation, one vari-
able, I, 44
graphical representation, two vari-
ables, II, 169
implicit, I, 188; II, 210
increasing, I, 106
increment, one variable, I, 100
increment, several variables, 11,200
involving fractions, I, 128
mean value, IT, 54
notation, I, 44
periodic, II, 260
total differential, II, 200
See also Algebraic, Exponential,
Hyporbolic, Logarithmic, Trans-
cendental, Trigonometric func-
tions

Gas, graph of Boyle-Mariotte's law,

1,43

illustrating differential, II, 8

{llustrating function, I1, 168

fllustrating partial derivative, II,
199

temperature-pressure-volume sur-
face, II, 168
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General solution, linear differential
equation, II, 360

Generators, rectilinear, II, 172 -

Graph, I, 40

Gravity (see Center of gravity)

Harmonic division of line, I, 260
Harmonic motion, I, 276
Harmonic property of polars, I, 249
Ileat, as line integral, II, 260
dependent on path, II, 267
derivatives, II, 260
entropy, 1I, 272
Helix, direction, 1I, 182
equation, II, 172
length, II, 180
Homogeneous differential equation, II,
146
Homogeneous equations, I, 21
Homogeneous functions, I, 146
Horner’s method referred to, I, 92
Hyperbola, conjugate, I, 262
definition and simplest equation,
I, 142
equilateral, I, 146
expressed by general equation of
second degree, I, 281, 2356
referred to asymptotes, I, 224
referred to conjugate diameters,
I, 269
special case of conic, I, 149
Hyperbolic functions, defined, I, 288
differentiation, I, 2900
differentiation of inverse, I, 292
expansion, II, 63
integrals leading to inverse, 11, 24
inverse, I, 201
Hyperbolic spiral, I, 332
Hyperboloid of one sheet, II, 163
of two sheets, II, 166
Hypocycloid, I, 809
four-cusped, I, 132

Imaginary numbers (see Complex num
Imaginary surfaces, 1I, 160 [bers'

¥
Imaginary unit, I, 81
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Implicit functions, general discussion,
1I, 210
special case, I, 188
Increment of function of one variable,
1, 100
of functions of several variables,
1I, 200
Indefinite int.egra.l defined, 1I, 41
containing Va + bz, 1I, 29, 119
containing Va + b + x3, 1I, 121
containing Va + be — 22, 11, 122
containing Va2 — 22, 1I, 290
containing Va2 + a2, 11, 29
containing Va2 — a‘ II, 29
fundamental formulas, LI, 26
of — R S 11,29
(Az + B)Vaz: + be +c
dz =~ de
a+bcosz’ a+ bsing’
2 ., 11, 129
acosz + bsinx
of exrsin brde, e cos bx dx, 11,
31
of rational fractions, II, 113
of secrz de, cserx dx, 11, 127
of sin*z dz, cosrz dx, 11, 123
of sinmz cosrxde, 11, 124, 135
of tanz dz, ctn*z dx, 11, 126
of tanmgz sec*zdx, ctnmx cserzde,
II, 128
of Vai = “a?dz, 11, 28
of Va2 4 z?dz, II 32
of un, II, 14
of a (a + ban)rde, 11, 120, 130
reduction formulas, 1I, 180, 1356
See also Integration
Indeterminate forms, II, 295-301
Indicator diagram, 11, 43, 54
Inertia (see Moment of inertia)
Infinitesimal, defined, II, 1
Infinitesimals, fundamental theorems
on, II, 4
order of, II, 1
Infinity, I, 29
Inflection, point of, II, 112, 194
Integral, particular, II, 849

INDEX

See also Definite, Indefinite, and
Line integrals
Integrand, defined, II, 12
infinite, II, 53
Integrating factors, 1I, 273
Integration, by parts, II, 30, 51
by substitution (see Substitution)
constant of, II, 12
definition, II, 12
elementary formulas, II, 26
fundamental formulas, II, 13
of rational fractions, IT, 113
of simple differential equations,
11, 141
possibility of, II, 32
preliminary discussion, I, 2056
special methods of, II, 119
Sce also Definite and Indefinite
integrals
Intercepts, I, 63
Intersection, curves with common
points, I, 171
number of points, I, 169
of plane curves, I, 161
Involute, I, 357
of circle, I, 311
Isolated points, examples, I, 126 ; 11,292

Kinetic energy, I, 203

Laplace’s equation, in plane, II, 366
in three dimensions, II, 308
Latus rectum, I, 211

1 Legendre’s coefficients, II, 359

i Legendre’s equation, IT, 857
' Lemniscate, I, 840
area, I, 348
Cartesian equation, I, 841
Length (see Arc and Distance)
Limagon, I, 836
Limit, approached by variable,defined,

1,97
of ratio of arc to chord, I, 196
Limits of 1‘;“—" nd ! ":°-“-'f, 1, 270

eh —

1
of (14 A)A and 1 I, 283
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Limits, theorems relating to, I, 178
Limits of definite integral, change of,
II, 49
defined, II, 40
infinite, II, 62
Line, adiabatic, II, 267
Line integral, defined, II, 258
dependent on path, II, 267
independent of path, 11, 263
related to double integral, II, 261
Line, straight, determined by two
points in plane, I, 60
determined by two points in space,
1I, 187
determined by point and direction
in plane, I, 58
determined by point and direction
in space, I1, 100
direction cosines, II, 186
direction in plane, I, 66
direction in space, 11, 180
equation in plane, I, 50
equations in space, II, 170
intersection in plane, I, 61
normal equation in plane, I, 64
parallel lines in plane, I, 56
parallel lines in space, 1I, 183
parametric equations in plane, I, 302
perpendicular lines in plane, I, 57
perpendicular lines in space, II,
183
polar equation in plane, I, 342
satisfying two conditions in plane,
I, 58
tangent to plane curve, I, 104
tangent to space curve, II, 189
Linear algebraic equations, I, 1
Lineardifferentialequations,II, 146,840
Linear partial differential equations,
II, 364
See also Equations and Differential
equations
Liquid, flow of, II, 269, 266
Locus, I, 46
problems, I, 816
Logarithm, Naperian, I, 280
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Logarithmic function, differentiation
of, I, 284
expansion, 11, 59
of complex number, 1I, 310
of real number, I, 279

Maclaurin’s series, II, 55, 287
Maxima and minima defined, I, 108
discussed by Taylor’s theorem, II,
60
for functions of two variables, II,
206
problems, I, 192, 275
test by first derivative, I, 108
test by second derivative, I, 112
Mean value of function, II, 54
Mechanics and physics problems, ac-
celeration, I, 202
adiabatic lines, II, 267
attraction of wire, II, 87
attraction of cylinder, II, 262
beams, bending moment, 11, 149
Boyle-Mariotte's law, I, 43
catenary, 11, 142
center of gravity, II, 90, 2456
center of pressure, II, 98
coeflicient of expansion, I, 204
components of force, I, 34, 36
components of velocity, I, 200
damped vibrations, II, 346
deflection of girder, I, 110
elasticity, I, 204
flow of liquid, II, 269, 266
force, I, 202
gas (see Gas)
harmonic motion, I, 276
heat (see Heat)
height of atmosphere, I, 287
indicator diagram, II, 43
kinetic energy, I, 203
lever, I, 102
mean velocity, II, 54
moment of inertia, II, 236, 251
momentum, I, 203
motion of particle (see Motign)
pendulum, II, 153
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Mechanics and physics problems, po-
tential, 1T, 203
potential due to ring, II, 870
pressure, 1I, 88
pressure-temperature-volume sur-
face, II, 168
projectile, I, 8314
refraction of light, I, 192
saturated steam, I, 42
temperature in long plate, II, 367
uniform motion, I, 199
velocity, I, 108
work (see Work)
Minima (see Maxima)
Minors of determinant, I, 4
Modulus of complex number, II, 306
Moment, bending, II, 149
Moment of inertia, defined, IT, 236
any plane area, 1I, 236
rectangle, 1I, 224
solid, 1I, 251
sphere, II, 261
Momentum, I, 203
Motion of particle, falling in resisting
medium, I, 202
harmonie, I, 2756
in circle, I, 314
in ellipse, I, 314
path of, I, 313
projected upwards, I, 203
uniform, I, 199
vibrating in resisting medium, II,
346
with given velocity and accelera-
tion, I, 207

Newton's solution of equations, I, 114
Normal equation, of plane, II, 1856
of straight line, I, 64
Normal, to plane, II, 184
to plane curve, I, 191
to straight line, I, 69
to surface, II, 204, 211
Numbers, classification, I, 28
complex, I, 81; II, 804
irrational, I, 28

INDEX

Numbers, rational, I, 28
real, I, 29
See also Complex numbers

Operator, differential, II, 340
formulas for 1 , I, 842
D—-a

Order of differential equation, II, 148
of infinitesimal, II, 1

Ordinate, I, 36

Orthogonal trajectories, II, 827

Ovals of Cassini, I, 838

Parabola, area of segment, I, 216; II, 96
center of gravity of segment, II, 96
cubical, I, 74
definition and simplestequation, I,
140

expressed by general equation of
second degree, I, 231, 2856

length, II, 77

path of projectile, I, 814

referred to diameter and tangent,
I, 266

referred to tangents at end of
latus rectum, I, 182

semicubical, I, 181

special case of conic, I, 148

Paraboloid, elliptic, 1I, 162
hyperbolic, IT, 166
tangent plane, II, 205

Parametric equations, I, 302
differentiation, I, 316

Partial derivative, II, 108

Partial differential, II, 202

Partial differential equations, II, 303

Partial fractions, II, 104

Particular integral, II, 849

Parts, integration by, II, 30, 51

Pedal curves, I, 319

Pendulum, II, 1563

Periodic function, II, 260

Physics (see Mechanics)

Plane determined by normal and point,

11, 184
determined by three points, II, 190
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Plane, direction of normal, II, 184
distance of puint from, II, 191
equation, 11, 161
normal equation, II, 185
parallel planes, II, 183
perpendicular planes, II, 183
tangent, I1, 204, 211
through given straight line, II, 192

Polars, 1, 247
reciprocal, I, 251

Pole of straight line, I, 247
of system of cotrdinates, I, 829

Polynomial, defined, I, 43
derivative of, I, 97
factors, I, 81, 83
first degree, I, 50
nth degree, I, 74
second degree, I, 70
square root of, I, 121

Potential due to ring, II, 870
rate of change, II, 208

Pressure, II, 88
center of, II, 98
on circle, II, 89, 98

Prismoid, II, 76

Prismoidal formula, II, 74, 173

Products, graphs of, I, 83

Projectile, path of, I, 314

Projection in plane, I, 34
in space, II, 176

Radius of curvature in parametric
form, I, 360
of curvature in polar coirdinates,
I, 861
of curvature in rectangular co-
ordinates, I, 364
vector, I, 320
Rate of change, I, 203
Ratio test for convergence, II, 281
Rationalization of integrals, II, 119
Reduction formulas, algebraic, I, 180
trigonometric, IT, 134
* Region of convergence, II, 285
Resultant, I, 23
Revolution, area of surface, II, 79
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Revolution, center of gravity of sur-
face or solid, 1I, 96
equation of surface, II, 168
volume of solid, 1I, 69
Ring-surface, area, II, 80
volume, 1T, 71
Roots, complex, I, 82
fractional, I, 90
irrational, I, 92, 114
location, I, 86
multiple, I, 116
number of, I, 80
of unity, II, 807
rational, I, 89
relation to factors, I, 78
sum and product, I, 82
Rose of three leaves, I, 331
area, II, 69
Ruled surfaces, II, 172

Segments of line, addition of, I, 32
Series, convergent, II, 279
divergent, 11, 279
Fourier’s, I1, 290
geometric, II, 279
harmonic, II, 280
Maclaurin’s, I1, 65, 287
operations with, II, 69, 286
power, II, 284
solution of differential equations
by, 11, 318, 856
Taylor’s, II, 65, 287
Sine, graphical construction, I, 267
Singular points of curve, II, 324
Singular solution of differential equa-
tion, II, 825
Slope of plane curve, I, 99
of straight line, I, 54
Solid (see Center of gravity, Moment
of inertia, and Volume)
Space codrdinates (see Codrdinates)
Sphere, arca, II, 242
center of gravity of segment, II, 07
equation, II, 178
moment of inertia, II, 261
Spiral of Archimedes, I, 832
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Spiral, hyperbolic, I, 832
logarithmie, I, 888
Statistics, graphs, I, 41
Stokes's theorem, II, 274
Straight line (see Line)
Strophoid, I, 162
Subnormal, I, 210
polar, I, 851
Substitution, integration by, II, 27
general discussion, II, 119
in definite integrals, 11, 49
suggestions for, II, 29
Subtangent, I, 210
polar, I, 861
Successive differentiation, I, 187
Supplemental chords, I, 264
Surface, normal line, II, 204, 211
of second order, II, 162-168
of revolution, 1I, 168
ruled, II, 172
tangent plane to, II, 204, 211
See also Area, Center of gravity,
Moment of inertia, Volume
Sylvester’s method of elimination, I,24
Symmetry, axis of, I, 121

Tangent to circle, I, 100
to conics, simplest equations, I, 190
to conics, general equation, I, 246
to plane curve, I, 104; II, 210
to space curves, II, 189, 212
to surface, II, 204, 211
with given slope, I, 168
Taylor's series for one variable, II,
56, 287
for several variables, II, 288
Temperature of long plate, II, 367
Time as parameter, I, 313
Total differential, II, 200
Tractrix, II, 142
Trajectories, orthogonal, IT, 827
Transcendental equations, I, 203
Transcendental functions of complex
number, II, 807-311
Transcendental functions of real num-
ber, 1, 266

INDEX

Transformation of codrdinates (see Co-
ordinates)
Trigonometric equations, I, 293
Trigonometric functions, differentia-
tion, I, 272
differentiation of inverse, I, 276
expansion, II, 68, 62, 308
integrals leading to inverse, II, 19
integration, II, 123
inverse, I, 269
inverse, expansion, II, 59, 62
of complex number, II, 807
of real number, I, 266
Trochoid, I, 306

Undetermined coefficients (see Co-
efficients)

Value (see Absolute and Mean value)
Variable, defined, I, 40
Variation of sign in polynomial, I, 87
Vector, II, 804
radius, I, 329
Vectorial angle, I, 329
Velocity, I, 198
components, I, 200
Vertex of ellipse, I, 141
of hyperbola, I, 144
of parabola, I, 147
Volume, any solid, IT, 249
common to two cylinders, II, 74
cylindrical codrdinates, IT, 232
ellipsoid, II, 78, 249
polar codrdinates, II, 238
prismoidal formula, II, 74
solid of revolution, 11, 69
solid with parallel bases, II, 72

Witch, I, 149
points of inflection, I, 194

Work, defined, II, 40
dependent on path, II, 267
expressed by indicator diagram,

11, 48

expressed as line integral, II, 269
independent of path, II, 266

Zero, 1, 29
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