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PREFACE TO PART II

Tais part of our text-book on Trigonometry pro-
vides an introduction to analytical trigonometry
and to the theory of the logarithmic and the
exponential .functions.

Chapters X1I. and XTIV contain a discussion
of complex numbers and a proof of Demoivre’s
Theorem. Applications of that theorem arce
given in Chapter XV.

In the remaining chapters a knowledge of the
Calculus is assumed, some important*trigono-
metrical applications of the Calculus being dis-
cussed in Chapter XVI, while the thcory of
the logarithmic and the exponential functions,
developed in Chapter XVII, is based on the
definition of the logarithm as an integral.

As in Part I, numerous ecxamples, with
answers, arc provided at the ends of the
chapters.

The authors wish again to thank Mr. Albert
Anderson and Dr. George Thomson for valuable
help in the task of reading proofs and verifying
examples.

T. M. M.
W. A.
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CHAPTER XIII
COMPLEX NUMBERS: VECTORS
§ 1. The Imaginary Unit

I5 the domain of real numbers there is no number which
satisfies the equation 2% == — 1. Injorder to enlarge our
conception of number in such a way that it may be possible
to apply all the operations of algebra—addition, subtrac-
tion, multiplication, division and root extraction—to any
number whatsoever, a new kind of number, denoted by ¢
and known as the imaginary wunit, is introduced. This
number is defined as satisfying the fundamental laws of
algebra—associative, commutative and distributive—and
as being such that i2 == — 1. The two roots of the equation
22 — — 1 are then i and — 4. This generalisation of the
idea of number is a valid one, in that no deductions from
it lead to contradictions. A number of the form pi, where
p is real, is called an imaginary number.

§ 2. Complex Numbers

A number of the form p + ig, where p and g are real
numbers, is called a complex number. 1f q == 0 the number
is purely real ; if p = 0 it is purely imaginary.

Example 1.—Exproess the number («¢ + #b)/(¢c + id), whero
a, b, ¢ and d are real, in the form p + iq.

[Multiply numerator and denominator by ¢ —id; then
p = (ac + bd)/(ct + d?), ¢ = (bc — ad)/(c® + d*).]

Conjugate Complex Numbers.—The numbers p + ig and
p — iq are called conjugate numbers.

xample 2.—Show that the roots of the equation x? 42 +1=0

are conjugate numbers.
Example 3.—Show that the product of two conjugate

numbers is a positive real number.

Identities.—If
p+ig=r-+1s
where p, ¢, r and s are real, then p =7 and ¢ = s.
PART IL.—1 205



206 TRIGONOMETRY [cr. x111

For p—1r=—1i(q—28),
and therefore (p— 1= —(qg— 9%
or (p — 1)+ (g — 9 = 0.

Now (p — )% and (¢ — 8)* cannot be negative ; hence
they must both be zero ; therefore p = 7 and g = s.

In particular, the complex number p -+ ig cannot have
the value zero unless p and ¢ are both zcro.

Notation.—If p + iq is a complex number, p is called its
real part, and is denoted by R(p + ig) ; while g is called
the imaginary part, and is denoted by I(p -+ ig). If two
complex numbers arc equal, their real parts are equal and
their imaginary parts arc equal.

§ 3. The Argand Diagram *

The following geometrical representation of a complex
number is very useful. A system of rectangular co-ordinate
axes X'0X, Y'OY (Fig. 1) is

Y4 taken in a plane, and the com-
plex number z = x - 1y is repre-

P@ sented by the point P whose
y abscissa and ordinate are x and y
5 respectively. P is called the
X! o X X point z, and z is said to be the
argument of the point P. To
each complex number z there
y! corresponds one and only one

Fre. 1. point in the plane. In particular,

points on the z-axis correspond to

real numbers, and points on the y-axis to purely imagin-
ary numbers. The figure is known as the Argand Diagram.

The geometrical representation of complex numbers was
suggested by J. R. Argand in 1806, and earlier by, among
others, a Norwegian surveyor, Caspar Wessel, in 1797.

Ezample 1.—Show that the mid-point of the line joining the
points 2, and 2, in the Argand Diagram is the point 3z, + 24).

* Tn this and the following chapters a knowledge of the elementary
analytical geometry of the straight line and the circle will be assumed.
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[Let 2, = &, + Yy, 2 = &y + 7y, The mid-point of the
join of (¥, y) and (wy y,) is (al——;——L}, Zsz;ﬂg); t.e., the
point whose argument is 3(z; + 2z,).]

Example 2.—Show that the straight line joining the points
z; and z, in the Argand Diagram is divided in the ratio m:n
mz, + nz,

m+n

Example 3.—Show that the centroid of the triangle whose

vertices are the points z;, z,, 25 18 the point §(z; + 2, + 2;).

at the point

Example 4.-—Trove that, if the arguments of two points are
conjugate complox numbers, oach point is the image of the
other in the x-axis.

§ 4. The Modulus and the Ampliﬁude of a Complex Number

P, the point z (Fig. 2) in the Argand Diagram, has polar
co-ordinates r and 6, where 7 is the positive measure of the
length of OP, and 6 is the mea-
surc * of the angle XOP. The Y4
number 7 is called the modulus of r P
z, and is written mod z or |z |;
the number 6 is the amplitude of 0
z, and is written amp z. The X! 0 X
amplitude has an infinite number
of values differing from one

another by multiples of 2. Y!
That value which satisfies the i

. s Fia. 2.
inequalities

—7<ampz =
is called the principal value of amp z. As a rule, when
the amplitude is mentioned, it is to be understood that the
principal value is referred to.
The Cartesian co-ordinates are given in terms of the
polar co-ordinates by the equations

x=rcosf, y=rsinf . .

* From here onward it will be assumed, unless the contrary is
stated or implied, that angles are measured in radians.
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and the polars in terms of the Cartesians by the equaéions
r == /(% 4 »?), 0 == tan! g, . . (2)

where the quadrant in which @ lies is determined by means
of equations (1).
Since z == x - 1y, it follows from (1) that
z = r(cos 0 -} isin 6), . . . (3)
a formula which expresses the complex number z in terms
of its modulus and its amplitude.
Example 1.—Express the following complex numbers in the
form (3). Mark their positions on the Argand Diagram.
(i) 1 +<v3, (i) — 1 4¢3, (i) 1—134/3, (iv) 4 + 44,
(v) —2 —12/(12), (vi) — 2, (vii) 2, (viii) 2i.

Ans. (i) 2(cos 47 + ¢ sin i), (ii) 2(cos §m -+ 4 sin &n),
(ii1) 2{cos (— 7)< sin (—17)}, (iv) 44/2 (cos in- {-1 sin }w),
(v) 4{cos (—§=7)+7 sin (~—4§7r)}, (vi) 2 (cos 7 - ¢ sin =),

(vii) 2 (cos 0 -+ ¢sin 0), (viii) 2 (cos }= + ¢ sin }=).

Example 2.—Show that | cos 8 -+ ¢sin 6 | = 1.

Example 3.—1Ifz = x iJ, show that |z | = [z, |y]| £ |2].

HExample 4.—Prove that — iy
+ Y
Example 5.—1f | 2, | = | z, | and amp 2z, + amp 2z, = 0, show

that z, and z, are conjugate complex numbers.

Example 6.—P and Q are the points 2 — 3¢ and 3 4 2¢ re-
spectively, and PQ is produced to R, so that PR : RQ = 3: — 2.
Find the modulus and the amplitude of the argument of R.

Ans. 13, tan-1(12/5).

§ 5. Geometrical Construction for the Sum of two Complex
Numbers
Let P, and P, (Fig. 3) be the points 2z, = x, + iy, and
Zg = &y + ty, on the Argand Diagram. Complete the
parallelogram P,0P,P;. Then, if 2; = a3+ ¢y; is the
argument of Py,
Z3 =2 + 2.
For 2y = Proj. of OP; on X'0X
= Proj. of OP, on X'OX + Proj. of P,P;on X'0X
= Proj. of OP, on X'OX + Proj. of OP,0on X'0X
=& + .
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Similarly, by projecting on Y'OY it can be shown that

Ys =Y + Yy

Hence 23 = &y + 1y = (¥ + o) + 1y + Yo) = 2 + 2
Alternative Proof —The co-ordinates of the mid-point of

P,P, arc }(z; + x,) and }(y, + y»). But this point is also
the mid-point of OP;, whence it follows that Py is the point

(#; + 3, 4, + ya). The result follows as before.
Difference of Two Complex Numbers—Since
2 —2=2+(—2),
a subtraction may be regarded as an addition.

Yip R Y R
R R(ZI)
X 0 x X 0 X
; R
Y! Btz)Y!
Fia. 3. Fia. 4.

Let P, and P, (Fig. 4) be the points z, and z,.  Draw the
line P,0, and produce it its own length to P,’, the image of
P, in O. Then, if 2, = a,’ -+ iy, is the argument of Py,

2 =X Yy = = Xy — Wy = — 2

Now complete the parallelogram P,OP,’Py"; the point

P,’ has then the argument
2y =2 + 2 =7 — 2.

§ 6. Vectors

A complex number z is completely defined if its modulus
and its amplitude are given. This is clear from the formula
z = r(cos @ - i sin 6). Or, geometrically, if P (Fig. 5) Is
the point z, its position is fixed by the angle XOP, which
is amp 2, and the length OP, which is |z |. Thus we sce
that the magnitude and direction of the line OP suffice to
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determine the number z; the position of the line isimmaterial.

Any equivalent line or displace-

Y4 p B ment AB (a linc equal to,

parallel to and in the same

direction as OP) may equally

A well be used to represent the

> number 2. Such a line is

X called a wvector. The symbol

AB is employed to denote the

P/Y! vector AB. The vector symbol

may be written in place of the

complex number represented by
the vector. Thus AB = OP == z. It follows that

mod (AB) = mod (OP) = |z | = OP = AB,

where OP and AB denote the (positive) measures of these
segments, and
amp (AB) = amp (OP) = amp z = / XOP.

If P’ (Fig. 5) is the image of P in O, the argument of
1”_ is —z Hence OP' = — OP; but AB = OP and
BA = OP’. Therefore

BA = — AB. . N )

Expression for the Vector joining two given Points in the
Argand Diagram.—It was shown that, in Fig. 4,

OP, = 0P, — OP,.
But P,P, = OP,’; hence
P,P, = OP, — OP,,
or ITIE=()—P_2——()_E71=z2—z1. . . (5
Thus the vector joining two points in the Argand
Diagram represents the difference of the arguments of the
points.

Addition of Vectors.—If A, B, C, . . ., M, N arc any
points in the Argand Diagram,

AB+BC+...4+MN=AN. . . (6

X0

Fia. 5.
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Yor E:(TE—OK,
BC = OC — OB,

MN = ON — OM,
and, on adding, it is found that
AB 4+ BC 4. ..+ MN = ON — OA = AN.
It follows that
AB + BC + CA =0,
so that AB =CB —CA, . . . (M
a formula of which (5) is a particular case.

Example.—P and Q are the points 1 + 2 and 5 — 6¢ ro-
spectively, and the points M and N divide PQ, so that
PMm PN 3
MQ ~ NQ T
Dotormino the number represented by MN, and find its
modulus and its amplitude.
By Example 2, § 3,
—  3(5 — 63) + I(1 + 24)

OM = 311 4 — 43,

and ON = B 6’3)::“ +2) 7 i
Thus MN = ON — OM = 3 — 6i;
and therefore | MN | = /(9 -+ 36) = 3v/5,

and amp (MN) = tan-!(— 2) = — tan-(2),

the angle being in the fourth quadrant, since the cosine is
positive and the sine is negative.

§ 7. Inequalities for the Moduli of Sums

The inequalities established in the two following theorems
are of great importance.

TaEOREM I.—The modulus of a sum is less than or equal
to the sum of the moduli of the terms ; s.e.,if 2,25, . . ., 2,
are any numbers, real or complex,

|z1—|—z2+...+zn|§|z1|+|z2|+,..+]zn|. (8)
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Let Py, P,, .. ., P, (Fig. 6) be points in the Argﬂl
Diagram, such that the vectors OPy, PPy, . . ., P,y Py
represent the numbers z;, z,, . . ., 2, respectively; then

O].’,; represents the sum z; + 2z, + . . . + 2z, and
OP, == |z |, PPy =1z ... PoyPr=12,1,
while OP, = |z, + 2,4 . . .+ 2, |

Yr Y4 R

o0

\ﬂe
/X Xo
() ®)

Fia. 6.

XY

=<
N

Now OP,, being the shortest distance from O to P, is
less than the sum of OP,, PP, . . ., P, P, ; unless, as
in Fig. 6 (b), the points lic in order on a straight line from
the origin, in which case OP, is equal to the sum of OP,
PP, ... P,,P, Thus the thcorem has been proved.

Turgorem 1I.—The modulus of the sum of any two

Y4 Q Y

X' 0 X X' 0
Y! Y!
(a) Fia. 7. (b)

XYy

numbers is greater than or equal to the difference of their
moduli ; .., if 2, and z, are any two numbers, real or
complex,

ER Y =R R R E7Y |21+22|2|z;|"|21" (9)
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Let P and Q (Fig. 7) be points in the Argand Diagram

such that the vectors OP and PQ represent the numbers z;
and z, respectively : then OQ represents the sum 2z, + 2,
and
OP = |4 |, PQ=121,0Q =%+ 2|

Now 0Q > OP — PQ; unless, as in ¥ig. 7 (b), O, Q and
P lic in order on a straight line, in which case 0Q=0P—PQ.
Also 0Q > PQ — OP unless P, O, Q lie in order on a
straight line, in which case 0Q =PQ — OP. Thus the
theorem has been proved.

CoroLLARY.—The modulus of the difference of any two
numbers is greater than or equal to the difference of their
moduli.

For
|21—z2|:|z1‘f‘(“z2)|2Izll"‘|’zzl:lzll‘“|32|'
Thus .

|2y — 2| = |2 | — 2] l2y — 2| = |2z | — |2 |

Ieample 1.—Give an algebraic proof of Theorem I.
For two numbers the inequality
|51 ’*‘221 = !21' +Izzl

holds if
(¥, + 22) 4+ (1 + y2)? S {V(x? -+ )+ Vi(e? + Y
or if %y + Y2 = V(Ed - ?) . V(4 YRR,

This inequality holds if the L.H.S. is negative ; if tho L.H.S.

is positive it holds if
(@5 -+ 41y2)? S (0 + Y (E? + Y5

or if 0 = (%Y, — 2205
which is necessarily true.

Again, for three numbers,
|z, +2za+ 2| Slal+lztzl Slal+ ]zl + 12zl
and similar{y the inequality can be shown to hold for any set
of numbers.

Example 2.—Give an algebraic proof of Theorem II.

The inequality

[z2n+2z | 2 2] — | 2]

can be put in the form

V(@ + 22)® + (1 +y2)? 2 V(@ ') - V(@ ).
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This holds if the R.H.S. is negative ; if the R.H.S. is positive
the inequality is true if
(T + 22)* + (v + v2)? Z {V (@ + 9 — V(x? + y?)
or if 2%y + Yys = — V(X + oyt . ViEd + oyt
If the L.H.S. is positive the inequality holds; if the L.H.S. is
negative the inequality holds if

(Z1®2 + $1Y2)® = (2® + ¥ )@ + ¥2?),
or if 0 = (Y, — 22y1)%
which is necessarily true.
EXAMPLES XIII
1. If ¢ 4 s = 1, show that

i) ot 2 —cbiss (i) [T = s e,
2. Find the conjugate of the complex number
2 —1
=2

Ans. - (2 + 114)/25.

3. Express the number (5 + ¢)/(2 + 37) in the form p - g,
where p and q are real, and find its modulus and its amplitude.
Ans. +/2, — }=.

4. A and B are the points 2 + 7 and — 3¢ respectively ; C
is a point which moves on a circle with centre the origin and
radius 6. Show that the centroid of the triangle ABC moves
on a circle with centre at $(1 — ¢) and radius 2.

5. Find the modulus and the amplitude of
(1 + i3v3)/(V3 + 20).
Ans. 2, }n.

6. If w = z/(z + 3), wherew =u + wand z = x + vy, and if
z moves on the circle (x + 3) + y? = 1, find the locus of the
point w.

Ans. (u —1)2 +02 =9,
7. Calculate the modulus and the amplitude (i) of the sum,
(ii) of the product of the roots of the equation
(1 + 42)22 + (5 + 3¢)z + (8 — 2t) = 0.
Ans. (i) v2, §=; (ii) 2, — }m.
8. Find the modulus and the amplitude of
. b+ V31 . 2 { z
(1) T-2v3i (i) (1 + )3

Ans. (i) 1, = (ii) 1, gn.
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. S
2 4+ cosf+isin 6’
prove that (z — 1)(z — 3) + y* = 0.
10. Prove that the four points !

1, —1, 3+ 4,

9. If T+ Ty =

_1
3+ 4
on the Argand Diagram lie on a circle of radius 4/10, and find

the argument of the centre.
Ans.  3i.

11. If | (z — 1)/(z + 1) | = 2, prove that the point z lies on

the circle
24y 4+ Y+ 1=0.

Show that the number (— 5 + 47)/3 satisfies both conditions,
and illustrate by a diagram.

12. A, B, C have arguments — 2 — 34, 3 + 5¢, 2 4 4 respec-
tively, and G is the centroid of the triangle ABC. Find the
modulus and the amplitude of the argument of G.

Ans. +/2, }m.
13. P and Q are the points 1 4 2¢ and — 9 4 7 respectively,
and M and N divide PQ internally and externally, so that
M__PN_2
MQ  NQ ¥
Find the modulus and the amplitude of the vector MN.
Ans. 124/5, — tan-1 }.

14. A and B are the points — 4 -+ 3¢ and 5 + 12¢ respec-
tively, and AB is divided internally at C and externally at D,
so that

Find the arguments of C and D.
Ans. }(— 3 + 113), — 77 + 21i).

15. (PQ, RS) is & harmonic range, P, Q, R and S being
collinear })oints in the Argand Diagram, whose arguments are
P, ¢, r and s respectively. Show that

(p + @)(r + 8) = 2pq + 2rs.

16. A, B, C are the points z,, 2, z; and G is the centroid of
the triangle ABC. If 4z, + z, + 23 = 0, show that the origin
is the mid-point of AG.

17. I 12 + m? + n2 = 1 and m + in = (1 + 1)z, prove that

l+am 1+ 12
14+n 11—z
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18. If z = cos 8 + 7 sin 6, prove that
1 + 2z +2% = (1 + 2 cos 8)(cos 0 + isin 6).

19. Prove that
1 4-sin @ + 2 cos 6 .
[ —wind —icosg — ‘tanf +sech)

20. Given that 3 — 4 is one root of the ecuation
xt — 8x% 4 3922 — 122x -+ 170 = 0,

find the other roots.
Ans. 3 414, 1 -+ 42.

21. If ¢ is a roal variable, and if z = 4¢ 4 3i(1 — ¢t), show
that the locus of z in the Argand Diagram is a straight line.
Prove also that as ¢ varies the minimum modulus of z is 2%,
and interpret this geometrically.

29, Prove the following construction to find on the Argand
Diagram the points P and Q which represent the roots of the
equation z? — 2az + b? = 0, where « and b are real and
0 <a < b. With the origin as centro, describo a circle of
radius b ; fromn the point A on OX at distance ¢ from O draw
a perpendicular to OX cutting the circle at P and Q.

23. If z,, 2, z, are three complex numbers such that
2 1 1
+

2 2z %
show that their representative points on the Argand Diagram
lie on a circle through the origin.
24. Find the modulus and the amplitude of 12 — 57, given
that tan 22° 37" = 5/12.
Ans. 13, — 22° 37",
95. If @ = cos « + 4 sin « and b = cos B + ¢ sin B, express
@ + b in the form r(cos § -+ ¢ sin 6) and prove that
a? + b? = 2ab cos (« — B).
Ans. 7 = 2cos }(ax — B), 8 =}« + B).
26. Find the modulus and the amplitude of
(— 3 + 44)(5 + 2¢).
Ans. 54/(29), 7 — tan-1 (14/23).
27. Calculate the modulus and the amplitude of
+/(cot 35°) + 74/(tan 35°),
giving the modulus correct to four significant figures.
Ans. 1-459, 35°.
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28. Prove that if the modulus of (z + 1)/(z ~- 1) is constant,
the point z will lio on a circle, and that if the amplitude is
constant tho point z will lio on an arc of a second circle ; show
also that tho two circles intersect orthogonally.

29. A, B, C are the points — 2 —3¢, 7 + 2i, 2 + 5i respec-
tively, and a line DCE is drawn, with C as its mid-point, equal,
parallel to, and in the same direction as AB; calculate the
moduli and the amplitudes of the arguments of D and K.

Ans. 5/v/2, §7; 3+/(394), tan-! (15/13).

30. In the parallelogram OABC the side OA and the
diagonal OB represent respectively the numbers 5 + ¢ and
2 + 4.  Find the complex numbers represented by the vectors
0OC and BC. L

Ans. — 3+ 3i, —5 — 1.

31. Show that the numbers

2k

5(1—0()s-2—]§_)f—-isin >,k-:~0, 1, 2, 3, 4,

5
represent the vertices of a regular pentagon ; find its centre
and draw the diagram.

Ans. The point 5.

32. Represent on a diagram the vectors OA, OB, OC, OD
when o
OA =12 + 5i, OB =38+ 15,
OC = OA + OB, OD — OA — OB,
and calculate the modulus and the amplitude of each vector.
Ans. 13, tan-1(5/12); 17, tan-1 (15/8);
204/2, }r; 21/(29), — tan-1(5/2).

33. A and B are the points — 1 + 3¢, 2 - 5¢ respectively
on the Argand Diagram. Find the modulus and the amplitude
of the vector AB. If AB is revolved about A through the
angle - 1= into the new position AC, its length remaining
constant, find the complex number represented by the vector

AC.
/

Ans. 4/(13), tan-*(2/3); —\—/1'2-(1 + 512).

34. The complex numbers z,, 2,, 2;, 2, are the arguments of
the points A, B, C, D on the Argand Diagram. If z, — 2,
= z, — 23 show that ABCD is a parallelogram and that the
point }(z, + 23 + 25 + 2,) is the centre of the parallelogram.

35. ABCD is a quadrilateral in the Argand Diagram, and
L and M are the mid-points of AC and BD respectively. Prove
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that the sum of the vectors AB, AD, CB, (D is four times the
vector LM.

36. OPQ is a triangle in the Argand Diagram and OR == 20P,
0S = 30Q. If OT = OR + OS, and if OT cuts PQ at U,
show that

OU = }(20P + 30Q).

37. O is the origin of co-ordinates, OU is the real unit vector
and OP represents = - 4y ; find the relation between x and y
if the modulus of OP is twice that of UP and state what curve
P describes when z and y vary.

Ans. The circle with centre (4, 0) and radius 3.

38. The complex numbers 5 -+ 24, 7 -+ 5¢, 4 -+ 74, 2 + 47
are represented on the Argand Diagram by the points A, B,
C, D respectively ; show that the quadrilateral ABCD is a
parallelogram, and find the angles and the lengths of the sides
of the parallelogram.

Ans. 3w, 4/(13).

39. Express the following numbers,
4 3,. . B(t1—3) 2(¢—18)
8- W= D=, T Ty
in the form p + g, and show that they are the arguments of
the vertices of a square on the Argand Diagram.

Ans. 3 4 44,9 4 124, — 5 + 104, 1 + 18s.
40. Reduce each of the numbers

3 + 5i 5(5 + 1) 10 2+ 7

— 144" (241 —3) % —1

to the form p 4 ig. If they are the arguments of the points
A, B, C, D respectively, show that ABCD is a square.

Ans. 1 — 44,7+ 44, — 1 + 10, — 7 + 2.

41. If 2 = x + 1y, w = u + v, and if wz = 1, show that,
when the point z describes a straight line or a circle through the
origin, the point w describes a straight line, while if the point
z describes any other straight line or circle, the point w
describes a circle.
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CHAPTER X1V

PRODUCTS AND QUOTIENTS: DEMOIVRE’S
THEOREM

§ 1. Multiplication of Complex Numbers

ConsIDER the product
(cos A - ¢ sin A)(cos B + ¢ sin B)
where A and B are any angles. It is equal to
(cos A cos B — sin A sin B) - i(sin A cos B 4 cos A sin B),
or cos (A + B) + isin (A 4 B),
so that
(cos A 4 4 sin A)(cos B - 4 sin B)
= cos (A + B) +ssin (A 4 B). (1)
Now multiply both sides of this equation by
cos C +18inC;
then
(cos A + ¢ sin A)(cos B + ¢ sin B)(cos C + 1 sin C)
= {cos (A + B) + isin (A 4 B)}(cos C 4 i sin C)
= cos (A + B 4 C) + ¢sin (A + B + C), by (1).
Proceeding thus, we find that, for any number of factors,
(cos A + isin A)(cos B 4 isin B). . . (cos N + i sin N)
=cos(A+B+...+N)+isin(A+B4...+N). (2)
Now let #» complex numbers be expressed in terms of their
moduli and amplitudes as follows :
2, = 1,(cos 0, + i sin 6;),2, = 7 (cos O, + sinby), . . .
. . 2, = T,(cos 8, + isin 6,).
Then it follows from (2) that their product is given by
the formula

. cos (6, + 0, + . .+ 6,) )
zlzz--zn—nrz.-rn{+isinio,+202+. L0, (3)
‘ 219
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Thus the modulus of a product is the product of the
moduli of the factors ; while the sum of the amplitudes of
the factors is one of the values of the amplitude of the
product.

Example 1.—Find the modulus and the amplitude of the
product (1 + ¢)(1 + i4/3).

1 4+ 4 == v/2(cos }7 + ¢sin }n),
1 4+ 74/8 = 2(cos }7 + ¢ sin §n).

Hence the required modulus and amplitude are 2 /2 and 7, .

Example 2.—If P and Q are the points in the Argand
Diagram whose arguments are z and 4z, show that (i) OP = 0Q;
(ii) £ POQ = 4=

[Since ¢ = cos }m + 4 sin §m,

|42 | = |z |, amp (iz) = amp z + }=.]

Example 3.—If 2z, == a?, whoro « is real, show that tho
points z,, z,, @, — a are concyclic.
§ 2. Geometrical Construction for the Product of two
Complex Numbers

Let P,, P, and A (Fig. 1) be the points z,, z, and 1 respec-
tively. Join AP;, OP, and OP,, and on OP, describc a

Y4 Fg e YA

R
R

Y! Y!
Fia. 1. Fie. 2.
triangle OP,P, directly * similar to the triangle OAP,.
Then, if z; is the argument of the point Py,
25 = 2,2,.

* Two similar triangles ABC and PQR are directly similar if they
are both positive or both negative. A triangle is positive if its
vertices are named in the counter-clockwise order, negative if they
are named in the clockwise order.
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Tor OP; : OP, = OP, : OA, and therefore

23| _ ||

[ 22 | 1’
so that ENEAETRENE
Also _
amp z; = /XOP; = /XO0OP, + /P,0P,

= /XO0P, + /XOP,
= amp 2, - amp 2.

Hence, from (3),

23 = 2)2,.

Example.—Give a geometrical construction for the product
(1 +4)(1 + 24/3).

Lot A and B (Fig. 2) be the points 1 and 2. On OB describe
the equilateral triangle OBP,. Join AP,, and from AP, cut .
off AP, equal to OA. Then P, and P, are the points 1 + ¢
and 1 + iy3. Draw P,P; perpendicular to and equal to
OP,, so that /OP,P; = — }n. Then the triangle OP,P; is
directly similar to the triangle OAP,; and, in consequence,
P, is the required point. [See Example 1, § 1.)

§ 3. Quotient of two Complex Numbers

From the identity
(cos 6 - i sin B)(cos § — isin f) = cos? § 4 sin2 0 =1,
it follows that

1 .
Em = cos 0 — zsmﬁ,
1 ..
or m:cos (—0) 4+ isin(—0). . 4
Hence if
2 = r{(cos 0, + isin 6)), 2, = ry(cos 8, -+ 1 sin B,),
%

- :-l(cos 6, + i sin 6;){cos (— 6,) + i sin (— 6,)},
2

)
and therefore, from (1),
2

=

PART II,—2

:—;{cos (6, — 0,) + isin (6, — 6,)}. (5)
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Thus the modulus of a quotient is the quotient of the
moduli of the dividend and the divisor ; while the difference
of the amplitudes of the dividend and the divisor iy one of
the values of the amplitude of the quoticnt.

In particular, for the reciprocal of z,

1 1 1
1<-—>=——————, <—>:—ﬂ . . 6
moc " ol 2 amp ” mpz (6)
Example.—Show that the modulus and the amplitude of the
quotient (1 + 74/3)/(1 + ©) are /2 and ', m.

§ 4. Geometrical Construction for the Quotient of two
Complex Numbers

Let P,, P, and A (Fig. 3) be the points 2y, z, and 1 respec-
tively. To find the point whose

Y F|> P argument is z,/z,, describe on OA
2 a triangle OADP, directly similar to
the triangle OP,P,. Then, as in
P3 § 2, if 2z, is the argument of P,
2 = 2923, S0 that P, is the required
X' 0 A X point.
YI Example 1.— Give a geometrical

construction for the quotient
(1 +ev3)/(1 + 9).

In Fig. 2 draw a triangle OAP, directly similar to tho
triangle OP,P,: then P, is the required point. [See Example,
§3.]

Example 2.—1If P,, P,, P;, P, are the points z,, 2,, 25, 2,
respectively, and if 2z, = 2,23, show that the triangles OP,P,
and OP,P, are directly similar. Deduce a construction for
the point 2z,24/2, when the points z,, z; and z, are given.

Fie. 3.

§ 5. Amplitude of the Quotient of two Vectors

If AB and AC (Fig. 4) are any two vectors drawn from

a point A, o
amp (AC/AB) = /BAC. . . (7
Here the expression AC/AB denotes the quotient of the
complex numbers represented by the vectors AC and AB.
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Let OP and OQ be vectors equal to AB and AC respec-
tively ; then

AC _
amp (ﬁ) = amp AC — amp AB

—amp 0Q — amp OP I~
= /X0Q — /XOP
= /POQ = /BAC.

CororLLARY.—If P;, P,, P, are the points z;, z,, z; respec-
tively,
2, — 2,
amp <-L——3> = /P,P,P,.
23 — 2
Example 1.—If
2y — zs> (zz — 2z,
amp (2—=2) =amp (—),
p(zl-—z3 P zl-—z,,)
show that the points z; and z,
are on the same side of the line YA
joining z, and z,. Prove also C

that the points z,, 2,, 23, 24 are
concyclic. Q
If p,, P, P,, P, are the B

points whose arguments are z,, A

29 23 24 then /PP;P, = P
/P, P,P,; consequently, since >
these angles have the same x' 0] X
sign, P; and P, lie on the same |

side of the line P,P,. Also, Y
since the angles are equal, the Fia. 4.
four points are concyeclic.

Example 2.—I1f

(22 — 23)(21 — 2 .
amp {(zl — 23)(2y — ZA)J’ -

prove that the points z,, 2,, 23, 2, are concyclic.

’

Example 3.—If ABC is a triangle described positively, show
that amp (AC/CB) = = — C.

Example 4.—Show that, if the triangles ABC and DEF in
the Argand Diagram are directly similar,

AC _DF
AB DE
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Since (Fig. 5) £ BAC = £EDF,

AC DF
amp =—- = amp ——.
AB DE
Also, since the triangles are similar,
AC _DF AC

AC or |AC| _ |DE
AB T DE AB| IT‘

Therefore, as the ratios AC/AB and DF/DE have the same
modulus and the same amplitude, they are equal.

A F

D
C
B

G 5.
Jxample 5.—Show that if, in Fig. 5, the ratios AC/AB and

DF/DE aro equal, the triangles are directly similar.
[£BAC = £EDF and AC/AB == DF/DE.]

Example 6.-1f Py, P,, P;, . . ., Py are the points whose
arguments are 2, 2, 23, . . ., 2g respectively, and if the triangles
P,P,P; and P,P P, are directly similar, show that

Zy — 2y %4 — %

Ry — %y g — %5

Conversely, if this equation holds, show that the triangles
are directly similar. '

§ 6. Demoivre’s Theorem

If in formula (2) each of the n angles A, B, . . ., N is
replaced by 6, the formula
(cos @ + vsin 6)* = cos nf + v sinnf . . (8)
is obtained. This is Demoivre’s Theorem for positive
integral values of the exponent n.
Again, if n is a negative integer, and m = — n, it follows
from (4) that
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(cos 0 + i sin 0)" = {cos (— ) + i sin (— O)}™
= cos (— m#b) + zsin (— mf), by (8),
== cos nf + ¢ sin nd.
Thus (8) also holds when # is a negative integer.
When n = 0 both sides of (8) have the value 1.

Example 1.—If n is an integer, prove that
(cos 8 — isin 8)" = cos nd — ¢ sin né.

grample 2.-—Establish the formula (8) for positive integral
values of n by the method of induction.

Assume that (8) holds for the index n. Then

(cos 8 4 i sin §)7' = (cos nf - ¢ sin nd)(cos § + % sin 6)
= (cos nf cos § — sin nf sin 0) -+ i(sin nf cos § + cos nfsin 6)
= cos (n + 1)0 + ¢sin (n + 1)6.

Hence if (8) holds for the index n, it holds also for the index
n 4+ 1. But it obviously holds when n = 1. Hence it holds
for all positive integral values of n.

In the next place, if p and ¢ are integers,

(cos ;—)0 + ¢ sin gﬁ)q = cos pf - i sin pd, by (8),

= (cos 0 -} ¢ sin 6)?, by (8),
and therefore

cos 50 + ¢ sin g() is onc valuc of (cos 8 -}- ¢ sin 8)P/4,

But, if n is a rational fraction, it may be put in the form
plq. Hence cos nd + i sin nf is one value of

(cos 8 + ¢ sin 6)™.
Demoivre’s Theorem may therefore be stated as follows.
If n is an integer, positive or negative,
(cos 8 + ¢ sin 8)" = cos nf 4 ¢ sin né,
while, if n is a rational fraction, cos nf 4 ¢ sin nf is one
of the values of (cos § + i sin ).

Demoivre’s Theorem for a positive integral index was given
by Demoivre about 1730.

Example 3.—If n is a rational fraction, show that
cos nd — 7 sin nd is one value of (cos § — ¢ sin 6)".
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§ 7. Roots of Complex Numbers

If n is a positive integer, the nth roots of z are the solu-
tions of the equation w® = z, regarded as an equation in w,

Let 2 = r(cos 6 + ¢ sin 8),
and w = p(cos ¢ + 1 8in ¢).
Then p™(cos np -+ 1 sin ng) = r(cos 6 |- i sin ) ;
hence pr =1,

and n¢ =0 + 2k1T, k= 0: -t 1, - 2; e
It follows that, since p and » are positive, p is equal to
the ordinary arithmetical nth root of r, represented by rt/» ;

0 + 2k

while ¢ = yk=0,4:-1,4-2, . ..

Now, in the Argand Diagram describe the circle with the
origin as centre and 7/ as radius (Fig. 6), and on it mark

the points wy, wy, w,, . . ., Wp-y, Where
0 + 2k .. 0+ 2k
wy = 7‘”"(008 ___l—_f -}_ 7 sin .__f—____j_r)’ . (9)
n no
k=0,1,2,..., n-—-L

Since the amplitudes of the successive points differ by

y 27 [n, the n points are dis-

w, Y, tinct, and consequently cor-

3 , onsequently cor

Wi respond to n distinct roots

of the equation w" = z.

W,  Other values of & simply

. give repetitions of these

X! 0 X points, so that » and only

Wn-1 5 distinct roots of the equa-

tion can be obtained in this

way. And, indeed, it is

Y known from algebraic con-

siderations that an equation

of the mth degree cannot

have more than n distinct roots. Thus the values of w
given by (9) comprise all the nth roots of z.

Note.—Any other set of integral values of k£ can be taken

in place of the set 0, 1,2, . . ., » — 1, provided that they

F1a. 6.
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are such as to give distinct roots. For instance, it is often
useful to take the set beginning 0, +1, +2, . . . .
If — 7 < 0 < m, the root

) 0 .. 0
Wy =T /"<cos— -+ 7 sin ->
n n

is called the principal value of 2™

Values of 2" when n is a Rational Fraction.—Let n = p/q,
where p and ¢ arc integers with no common factor, and gq is
positive. Then

2Pl = {r? (cos pd -+ @ sin pb)}7,
and therefore
2Plq = rple (COS M - 7 sin B%ﬁz) s (10)
where k. =0,1,2, . . ., ¢ — 1.
This gives the ¢ distinet values of 22/
Note.—The formula

ol — rP/'I{cos g(o + 2km) + i sin g(e + 2kn-)}, (10a)

where k=0, 1, 2, ..., g — 1 also gives the ¢ distinc?t
values. For, if k, and k, are any two of these values of k»
the corresponding values of 22/7 cannot be equal unless

7-;(9 4 2kym) — g (0 -+ 2kym) = 2mm

for some integral value of m. If that were so, we would
have
p(ky — kg) = mg,
and therefore, as |k, — k| < ¢, ¢ would have a factor in
common with p, which is not the case.
Ezxample 1.—Solve the equation 2" = 1, where n is a positive

integer.
Here 2n = cos 2kn + 4 sin 2k,
and therefore
'z=cos2——" +isingl—cf,k=0, ,2 ....n—1L
n n
* Thus the nth roots of unity are 1, wg, Wyl e . ey W™

2 .. 27
where w, = €08 — + ¢ Sin —.
n n
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Note.—It is sometimes advantageous in a case of this kind to
write
2" = cos 2kn 4 ¢ sin 2k,

. . 2k
80 that z = cos 2—:;—” + % sin 2——"
The complex roots are then given in conjugate pairs. Simi-
larly, the equation z” = — 1 can he written
2" = cos (2k + 1)m = isin(2k -+ 1)m,
- .. 2k +
giving Z =: COS 2—]—“—72—A111 - ¢ sin _’Lni_i,,

Kxample 2.——Find all the values of (— 1 + ¢4/3). Since

—14iy3 = 2{00:‘4(%71 + 2k1r> + 4 sin (?g + 2%)},

tho required roots are

c/z{cus (1; + 5;) + 4 sin (%+ %’)}, k=0,1,2 3;
RS S
{/2(— -‘;—3~1§) \‘/2(%—-e:l;§>.

EXAMPLES XIV

1. The numbers 2 4 37, 8 4 114, 17¢ are the arguments of
the points A, B, C respectively on the Argand Diagram. Show
that A, BB, C are three vertices of a square, and find the argu-
ment of the fourth vertex D.

Ans. — 6 + 9:.

2. In the Argand Diagram OPQ is an equilateral triangle,
named in the counter-clockwise order. If P is the point
r(cos 8 + 4 sin ), state the argument of the point Q, and show

that
. . 1 3.
Tp + Yy = (vg + ??/Q)(§ - —é—z)
Deduce that, if P moves along the line = + /3. y+2=0,
Qmoves alongthelinex — /3.y — 2 = 0.

3. P and Q are the points — 2 — 37 and 2 4 ¢ respectively,
and PQR is an equilateral triangle described positively.
Determine the modulus and the amplitude of the vector PQ,
and the complex number represented by the vector PR.

Ans. 442, im, 2 —2y3 +4(2 4 2v/3).
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4. Show that the vector tkz, where k is a real number, is at
right angles to the vector z, and that the length of the former
is k& times that of the latter.

Deduce that if (x,, ¥,) and (x,, y,) are the rectangular co-
ordinates of opposite corners of a square, the other corners are

{3(®, + @y — Y1 + o)y vy ~ 2y + Yy + y,))
and  {3(v; + 2 +y1 — ya) H— 2y + 1 + oy w2

5. Show that the sum of the two numbers 4/3 + ¢ and
— 1 +44/3 is 2y/2(cos 0 + isin 0), where tan 6§ = 2 4+ 4/3;
and that the two numbers can be represented on the Argand
Diagram by two adjacent sides of a square. What are the
length and the inclination to the real axis of the diagonal
through their point of intersection ?

Ans. 24/2, 75°.

6. ABCD is a square described positively in the Argand
Diagram ; show that BA = ¢BC.

If z,, 2,, 23, 2 are the arguments of A, B, C, D respectively,
deduce that

2, = (1 +4)zy + (1 — i)zg, 224 = (1 — d)zy + (1 + 4)z,.

7. Show that the vectors which represent the complex
numbers a(l + 2v/3) and &(— 4/3 + ), where a and b are
real, form two adjacent sides of a rectangle, and find the ratio
of b to a if the diagonal through their point of intersection
makes an angle = with the real axis.

Ans. tan P,m =2 4 /3.

8. A is a point on the Argand Diagram; on the circle
on OA as diameter are taken two points B and C so that
LAOB = /BOC = ¢: if A, B, C represent the complex
numbers 3,, z,, 23 respectively, show that

2,2 cos 2¢ = 2,2, cos?.

9. If z,, z, are conjugate and z,, z, are also conjugate, show
that amp (2,/2,) = amp (2,/z,).

10. A and B are the points 7 + ¢, 3 + 4¢, and M is the mid-
point of AB.. Find the point C which is such that the triangles
AOB and MOC are directly similar.

Ans. (1 4 3¢).
11. If 2, and 2, are the roots of the equation
22 —az 4+ a? =0,
where a is a complex number, show that the points z, and z,

are the vertices of the equilateral triangles described on opposite
sides of the line joining O to the point a.
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12. A and B are the points 4 + 7¢ and 2 + 6¢, and AB is
produced twice its own length to C. Find the argument of C,
and the modulus and amplitude of OC/OB.

Ans. — 2 + 43, 3v/2, }n.

13. Give a geometrical construction for the point 1 4 /3,
and then apply the geometrical rule for obtaining the product
of two complex numbers to find the point (1 4 44/3)%; honce
find the modulus and the amplitude of (1 4 i4/3)32.

Ans. 4, .

14. If Q is the point z,, show that the point z; whero
23 = (1 + ki)z,, k being real, lies on the perpendicular at Q to
0Q. Find the value of k if amp 2; — amp 2z, = .

Ans. +/3.

15. A is the fixed point a + ib, and P a variable point
x + iy. The point Q is given by the relation

00 = OP

Show that, as P moves on a circle with centre O and radius
r, Q moves on the circle with centre O and radius r/+/(a? 4- b?).

16. If 2,2 == 2;2;, where z;, z,, 2; are the arguments of the
points A, B, C respectively, show that the triangles OAB and
OBC are directly similar. If P and Q are the mid-points of
AB and BC respectively, prove that the triangle OPQ is also
directly similar to the triangle OAB.

17. Calculate the modulus and the amplitude of cach of the
numbers 30, 36 + 272, 16 — 127, and show that, if these are
the arguments of the points A, B, C respectively, the triangles
AOB and COA are directly similar.

Ans. 30,0; 45, tan-1§; 20, — tan! 2.

18. The triangles AOB and BOC in the Argand Diagram are
directly similar. If BO is produced its own length to D, show
that the triangle ADC is directly similar to each of these two
triangles.

19. Given the point P, whose argument is z, on the Argand
diagram, give a geometrical construction to obtain the points
x/ 2.

[Let A be the point 1; produce PO to B so that OB is of
length 1. Through (0] dmw a line parallel to AB to meet the
circle PAB in Q and R, the required points.]

20. Given the points which represent the complex numbers
2, and 2, find by construction those representing the two
values of 1/(z,2,).
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21. If P is the point a + ib, and if ¢ and d are positive,
show that the following construction will give the point
(@ + #b)(c + ). Produce OP to Q, making OQ =c.OP;
draw QR, making a positive right angle with 0Q, and such
that QR =d .OP. Then R is the required point.

22. ABC is an equilateral triangle whose side is of unit
length and whose centroid is the origin. Express the vectors
OA, OB, OC by complex numbers, and show that their sum is
zero for all orientations of the triangle.

2m .. 27 4n .. 4

Ans. z, z(cos 5 - ¢ sin —3—), z(cos? + ¢ sin —3~>

23. In the Argand Diagram P and Q are the points 3 — 2i
and 2¢ — 1 respectively. The vector PQ is turned through
— 30° to the position PR. Find the numbers represented by
the vectors PR and OR.

Ans. —2(v/3 —1) +2(v/3 + 1), 5 —2v3+2v3.4

24. In the Argand Diagram ABCD is a square whose area
is positive, A is the point 1 — 24, and the diagonals of tho
squaro intersect at the point 6 — 4. Find the numbers repre-
sented by the vectors AB and AD.

Ans. 6 — 4i, 4 + 6.
25. Tf PQR is an equilateral triangle, prove that
(Vector PQ)?® + (Vector QR)? + (Vector RP)* = 0.

Show that, if the points z;, z, z; are the vertices of an

equilateral triangle
2,2 + 2,7 4 252 = 2425 + 225 + 2%

26. If & = cos « + ¢sin «, y = cos B -+ ¢ sin B, prove that
o — B8

2 ’

(i) ( + y)owy — 1) _sin « + sin B
(xt —y)@wy + 1) sino —sinf

27. If z = a(cos 8 -+ 4 sin ), where a and 0 are real, show
that z/(z? + a?) is purely real, and that (a — z)/(a + i2) is
purely imaginary. :

28. Find the complex number with modulus twice that of
4 + 3¢, and amplitude less than that of 4 + 3i by %=

Ans. (7 —1)v/2.

29. PQRS is a rhombus, the arguments of the vertices being
21, %3 23 %, respectively, and the angle RQP is equal to .
Show that

L — Y .
i) —— =1 tan
()x+y

(i) 22, = z;(1 + t4/3) + z4(1 —24/3);
(ii) 224 = 2(1 — v/3) + 25(1 + 1v/3).
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30. The points A, B, C in the Argand Diagram have argu-
ments — 6 -+ ¢, — 2 -+ 57, 4 — ¢ respectively : D is the mid-
point of AB and E divides BC in the ratio 2:1. Find the
arguments of D and E.

Evaluate BC/BA, and deduce the argument of F if the
triangles ABC and DEF are directly similar.

Ans. D(— 4 + 3i), (2 4 4), BC/BA = 34, F(— 1 — 8).

31. ABCD is a cyclic quadrilateral in the Argand Diagram.
Prove that

AD.CB n [AD|.|CB]|
AB.OD  [AB|.[CD|
32. If A, B, C are the points 1 — 3i, 3 + 34, 5 — ¢ respec-
tively, mark th;em___on a (&gm), and find the moduli and
amplitudes of BC/AC and AB/AC.
Ans. 1, — 37 v2, ln.

33. If A, B, C, D are the points in the Argand Diagram
whose arguments are z,, 2,, 23, 2, respectively, and if
e B2 W kzx ,
2y — %4 2y — 23
where k is a positive real number, show that the four points
are concyeclic.

34. Draw the vectors OA, OB, OC, OD which correspond
respectively to the numbers 3 + 3¢, 5 4- 44, 4 4 5i, 2 4 41,
and show that ABCD is a parallelogram. What angle of the
parallelogram represents the amplitude of BA/BC, and what
are the size and the sign of this angle ?

Ans. /CBA, tan—3, positive.

35. The vectors OA, OB, OC are such that
OA: OB = OC: OA.
Draw the vectors, assuming that | OA/OB | = 2 and
amp (OA/OB) = 30°.
If AO is produced to D so that OD = AO, prove that A, B,
C and D are concyclic.
36. A, B, C, D, E are the points on the Argand Diagram
whose arguments are z;, z,, 23, 2,4, 25 respectively. If
(23 — 2224 = (2, — 22)2,
prove that the triangles ABC, DOE are directly similar, where
O is the origin.

If further z; — 2, = kiz,, where k is real and positive, and
amp (2;/2,) = $m; prove that amp (2, — z;) = amp z;.

— 23
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37. A, B, C are points in the Argand Diagram such that BC
is parallel to AO, and LOBA = / OCB; prove that AO/AB
and OB/OC represent conjugate complex numbers. 1f
OA=—3—1, OB = — 1 — 24, find the value of AO/AB
and deduce that of OC.

Ans. 1 +7¢, 3 — 3.
38. Find the modulus and the amplitude of
(sinax — ¢ cos x)®
(cosx — i sina)®
Ans. 1, 6 -} 3n.
39. Express in its simplest form
(1 + cos 6 - ¢ sin 0)*
(cos 8 — i sin 8)° °
Ans. (2 cos }8)%(cos 760 4 4 sin 70).
40. Find tho modulus and the amplitude of
i cos 0 -+ 1 — sin 0\2
(T?Tcos 0 — 4 sin 8)
Ans. 1, 3(0 + lm).

41. Prove that
[(cos a 4 i sin &) — (cos B 4 ¢ sin B)]*
+ [(cos & — i sin a) — (cos B — 4 sin B)]*
: 2% sint (i;—-ﬁ> cos 2(a + B).
42. If x = cos 8 + 4 sin 6, show that
. xn — 1
7 tan nd = ’v_‘r—i—_—l’
n being any integer.
43. Show that
1 +sin0 -+ 4cosd
1+sin@ —icosb
and deduce the value of
(1 + sin 7 4 ¢ cos %w)“
1 +sindm —ccos n/ ’
Ans. — L.

44, Prove that (_—_l%a_@)" + (LL_Z; z\/—:;-)"' has the

value — 1 if n = 8k -+ 1, and tho value 2 if n = 3k, where k
is any integer.

= cos (37 — 0) + isin (3= — 0),
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45. Find the modulus and the amplitude of
I —cosf — 7 sin @
1 +cosd — ¢sin @

where 0 < 0 < 7.
Ans. tan 6, 0 — }.
46. Reduce to its simplest form
[cos A — cos 2A -+ i(sin A — sin 2A)°
+ [cos A — cos 2A — i (sin A — sin 2A)]8.
Ans. (2sin JA) . 2 cos 12A.
47. Show that
[cos 2A -} cos 2B -+ ¢ (sin 2A 4 sin 2B)]"
-+ [cos 2A - cos 2B — ¢ (sin 2A -+ sin 2B)]»
= 2n+1{cos (A — B)}" cos n(A + B).
48. Find the modulus and the principal value of the ampli-
tudo of (— 1 + i4/3)%.
Ans. 32, — 3=
49, Find the modulus and the amplitude of
1 + cos A 4- ¢sin A\"
(1 4 cos A — isinA) ’
where 7 is an integer. :

Ans. 1, nA.

50. By expanding (1 + z)" by the Binomial Theorem, and
then putting z = cos 6 + 4 sin 6, show that
n

2n(cos }0)"(cos 4nf + i sin nb) == z nC, (cos 78 + ¢sin 70).
r=0
Deduce that 7
rw 7\"
n L - 9n-} § — .
z C, cos n 2 (cos 4n>
r=0
51. Tf # = cos @ + isin 8, 5 = cos ¢ + isin ¢, and m and
n are integers, show that

xm ,yn _ _
v -+ - 2 cos (mf — ng).

52. If o = cos gg + 4 sin 2—5", show that the sum

1+an+a2n+aan+a4n
is 5 when # is 5 or a multiple of 5, but is 0 when # is any other
integer. Then show that, if
20
f(x) = Ao + z Anxﬂs
n=1

f@) -+ f(oax) + floetx) + flo*@) + fla'z)
= B(A, + A’ + Ay2?® + A2t + Aggx?).
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53. Show that the real and imaginary parts of (1 + xi)",
where z is real and »n is a positive integer, will be equal if

4r 4+ 1
€ :tan( 1r>,
4n

r being zero or any integer.
2m .. 27 . e s
b64. If o = cos Y + ¢ sin w0 where n is a positive intoeger,

show that the sum

1+ ak 4 a®% 4 a3 . . . aln-DE
is equal to n if k is & multiple of n, but is zero for all other
integral valuos of k.

55. If a == cos 2—73 4- 2 sin 27”,

and =a+a’+a4, c=a3+aﬁ+a6’
prove that
6
(i) b +c = — 1; (i) be = 2; (i) > am* =14 20 =iyT.
n=20

56. Find the three cube roots of 2¢ — 2.

11n
Ans. \/2<cos + % sin 4>, \/2<cos -15 -+ % sin —12—),

V4 2<cos + s 119 3 )
. v3+1 .\/3——1 v3—1 A3+ 1
or (1 +412), — 5 + 2 5 , D) —1 5 .
57. Calculate tho modulus and the amplitude of
(2 — )4 + 30) 5
then find the values of (2 — 4)7%(4 + 3i)'s in the form
r(cos 8 + 7 sin 0),
expressing r correct to three significant figures and @ correct
to the nearest minute.
Ans. 25, — 16°16’; r = 1-90, § = — 3° 15’, 68° 45’, 140° 45",
212° 45%, 284° 45,
58. Find all the values of {| o'l 1 (1 + i)}a/‘
Ans.

2{005 (16 + 3’;”) + i sin ( + 3’;”) } k=012 3.

59. Find the cube roots of ¢ — /3.

Ans. 21/’{005 (]——+2{W) + ¢ sin (1_8 2k">} k=012
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60. Find all the values of (— /3 — i)72.

Ans. \”/4{cos <6k;— l‘rr) -+ % sin <bk;- lw)}, k=0,1,2.

61. Show that one value of

(1 + i/3)e + (1 — 4/3)"¢

is ¥/(32).
62. Find all the values of (1 — )"
Ans. 27(y/3 — i), 27h(— v3 —1), Y2
63. Find all the values of (/3 — ).
Ans. 2’/’{cos (g -+ 2—:’?) — ¢ sin (g + 2—’;—") }, k=0,1,2.
h64. If » is one of the complex cube roots of unity, show
that
(i) (x + ¥)® + (o + yo?)® 4 (vw® + yo)? = 3@ + ),
(ii) (x + ) + (o + yo?)t + (vw? + yo)t = 1822y
65. Find all the values of
(cos 37 + isin }w)-4
(cos 37 — 4 sin La)s’
Ans. — 1, §(1 4 24/3).
66. A, B, C, D, E are the vertices of a regular pentagon
inscribed in a circle whose centre is O and radius r; if OA
makes the angle o with the axis OX, state the complex

numbers which are represented by the vectors OA, OB, . . .,
OE, and prove that these numbers are the roots of the equation

% = 7% (cos bx + ¢ sin 5a).

67. If w is one of the complex cube roots of unity, show that
3 1 1 1

2 —1 x—1 + +
Deduce the identity

3 cot 30 = cot 6 + cot (8 + 4n) 4 cot (6 + %)
by putting x = cos 26 + ¢ sin 24.

wr — 1 wix — 1

68. If cos 0 + cos ¢ + cos ¢y = 0
and sin 0 + sin ¢ + sin ¢y = 0,
show that

cos 30 + cos 3¢ + cos 3y — 3cos (8 + ¢ + ¢) =0
and sin 30 + sin 3¢ + sin 3y — 3sin (6 + ¢ + ¢) = 0.
[Put @ = cos 6 + ¢sin 6, b = cos ¢ + 7sin ¢,
¢ =-cosy + isin ¢:
then, ifa +b +c =0, a® + b3 + ¢® — 3abe = 0.]
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CHAPTER XV
APPLICATIONS OF DEMOIVRE’S THEOREM

§ 1. Solution of Equations

DemorviRe’s Theorem can be employed to obtain the
solutions of certain types of equations. The most im-
portant of these are the
following :
TypEI.— az2" +b=0.
b

Here 2% = — —,
a

and the roots of the equation

arc the n values of (/(— (3)’

obtained by the method de-
scribed in Chapter X1V, § 7.

Example 1.—Solve the equa- e 1.
tion 25 + 1 = 0, and mark the
positions of the roots on the Argand Diagram.

Here
28 = — 1 = cos (2k + 1)7 4 ¢sin (2k + 1)m,
where k is an integer. Thus
z =cos2k;— 11r + isinzk;— ln-.

On giving k the values 0, 1, 2 the roots are found to be

i coa§z 4= 4 sin 3 -1
51 5 p g 3 .

The corresponding points P;, P,, Py, P,, P, on the Argand
Diagram are marked in Fig. 1 ; they all lie on the unit circle.
Type II.— azn 4 bz" -}- ¢ = 0.
If this equation is treated as a quadratic in 27, it gives
rise tos two equations, say,
2" =p, 2"=4q,
PART IL.—3 2317

m o .
cos—g:l;zsm
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each of which is of Type I. The roots of these equations
are the 2n solutions of the given equation.
Example 2.—Find the roots of the equation
28 423 41=0.
On solving this equation as a quadratic in 22 it is found that
_ =14 v(=3)
5 .
Hence 23 = cos (47 + 2kn) + isin (37 4 2km),
and therefore
2 = cos (}m + $kn) 4 isin (37 + §kn).

23

On giving k the values 0, — 1, 1, the following values for
the roots are obtained :
27 .. 27 4n . . 47 87 . . 8m
cos m + 2 sin 9’ cos 9 + zism 9’ cos o + 7 8In 9

The last two of these can be put in the form
m . LT
— COS g - 7 sin 'g.

Tyepe III.— p(az 4 b)" + q(cz + d)* = 0.

The substitution w = @+ b
cz+d

reduces this equation to the form
pw" + q =0,

which is of Type I. If w, is onc of the n roots of the latter
equation, the corresponding root z, of the given equation is
the solution of

az, + b
w, = —~ + .
2, +d
Example 3.—Solve the equation
(z+ 1) +(z—1)p =0.

Let w = %Ll H
z—1
then wh + 1 =0,
so that w® = cos (2k + 1)7 + ¢sin (2k + 1)m,
and w = CoS k+l1r+isin2k+l1r,
5 5

where k is an integer.
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Now 2(w — 1) =w + 1,
and therefore
b DIY
cos“ ;ﬁ 17r+’bblll ‘L;_ ]1r +1
2 =
cos2k:—‘1n+z’ 2—:{:——1# —1
2 cos? 2k + 1 + 2¢ sin ?—L»%T»Jn cos Ki_——‘rr
. 10 10
. 2k+l .. 2k + 1 2% + 1
— 3 2 3
2 sin 7 -+ 27 sin 10 T COS 0"
2A+1 2k+ L2+ 1
2 cos 10 ( 10 ————m -} ¢sin m ‘rr)
.. 2Ic + 1 .2k +1
20 sm ( T -+ 2 sin -—l—U—rr)
_ . 2k +1
= — g cot o .

On giving to k tho values 0, 4 1, - 2 tho following roots
aroe obtained :

J;zcot; 5 j:zcot:l;) 0.

Ezxample 4.—Solve the equatlon
2 -t — ., ., —x+1=0

On multiplying this equation by x 4-1 the equation
213 1 = 0 is obtained. All the roots of the latter equation,

with the exception of — 1, are roots of the given equation,
They are

2k +1 .. 2k 41

cos 13 7 + 781N 13 m

where &k = 0, 1, 2, 3, 4, /

§ 2. Real Quadratic Factors of Polynomials

If a polynomial in  with real coefficients is equated to
zero, and the resulting equation solved, the factors of the
polynomial can be written down. For, if « is a root of the
equation, x — « is a factor of the polynomial. In text-
books on Algebra it is shown that complex roots must occur
in conjugate pairs; and that, consequently, if the corre-
sponding factors are multiplied together, they give real
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quadratic factors of the polynomial ; that is, quadratic
factors in which the coefficients are real.

Exzample 1.—Find the real factors of +* + 1.
From Example 1, § 1,

m « . m m . .. T

at + 1 = (v -+ l)(x—cos—gﬁzﬂmﬁ)@—cosﬁ+1,51n?))
ccgﬂ—'q'l:;")('rwcoq:;" +1’¢in3—1—7~)
X <.’E ~= COf -Tri‘ 1 S 5 X § 5 2 I3 .

The product of the second and third factors is

2
m\*~ . m o m . ky
& —cos =) + sin? - = x? — 2x cos —= + cos? — + sin® —
( 5> 5 5 5 5

us
=z g% — 2x cos — 4 L.
D)

Similarly, the product of the fourth and fifth factors is

x? — 2xcos§5z+ 1 =22+ 2xcos—2—; + 1.

Hence
41 =(x+ 1)(9:’— 2xcosg— + 1) (m’ + 2xcosgg + l).

This equation is an identity in x ; therefore the coefficients
of the powers of 2 on both sides are equal.
aample 2.—Find the real factors of
o + bzt a4 244 1.

On multiplying by 2 — 1 and equating the product to zero,
the equation

a7 —1=0
is obtained. The roots of this equation are
2km 2k

o8 —~ + 7 sin =

where k = 0, 1, 2, 3. The first of these values gives the extra
factor *+ — 1; while the other factors are
27 . . 27 4n .. 47
x -—cos—7—1F ¢ sin 7 x — cos T F ¢8in 7
(i1

6n ..
m—cos——,iiF 'Lsm—7-.

Hence, on combining the conjugate factors, the required
expression
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o b as ot b2t ot a1

= (a;’—-2xcosg7z+l>(w’——2;vcos‘—1—,;:+l)

X (:z:” — 2.1:0036—,;'+ l)

1

\

is obtained.

Identities.—By equating the coefficients in identical
equations such as those obtained in Examples 1 and 2, or
by giving particular values to x in these equations, various
other identities can be derived.

Example 3.-—Prove that

. 2m 4 O 1
(i) cos T + cos - + cos7 ==
(i1) cos 2— cos A coS — br 1
7 FEEY
.om . 27 . 3w _ \/7
(iii) sin 7 sin - sin =g

(iv) cos 3 T cos 27 cos — 3 = !
7 7 7 8
For (i) equate the coeflicients of ® in the identity at the end
of Example 2. For (ii) equate the coefficients of x3, and make
use of (i). For (iii) put z = 1, and get
7 = zltsini’—;.fis;in227ﬂ‘.4sin2 3—"

Now take the square root; the positive sign is taken since
all the angles are in the first quadrant. For (iv) put v = — 1.

Notation for Products.—The symbol n is used to indicate

a product, just as the symbol Z is employed to indicate a
sum Thus the product fifo - - . fn can be represented by

nf,, or simply by nf,

Emamplc 4.—Prove that, if n is a positive integer,
n-1

x’"—x"+1=n{x2—2mcos (6 3:1 ) {-11

r=0
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Example 5.—Rosolve x* — 1, where n is a positive integer,
into real factors, and show that
n—1

-5 . 7 . 2x . (- 2)7m
2 2 sin -sin — . . . sin (7 - ) = \/n, M even,
n n 2n
n-—1
5— .. om . 27 . (n—1)7
2 2 sin -sin =— . . . sin (-7——)— = yn, n odd.
n n 2n
On solving the equation x” — 1 = 0 it is found that the

factors of ®» — 1 are of the forms
; 2k

2km ., .
X - COS —— - 2SI -—,
n n

where k is an integer.

Casg I.—n ovon. Let n =: 2m; then
m—1

o km
wimo— ] o= (- 1) (e - I)H (lz — 92 Ccos o + 1>’

the first two factors being given by k = 0 and k == m.
Now divide by @ — 1; then *

m—1
ke
gim-loogpEme2 b ] = (2 I)H(ﬂ - 2x cos o -+ l).

In this identity put x = 1, and get
m—1 k
2m = 2 4sin? .
2m
k-1
Hence, on taking the square root, it is found that

m—
2m -1 1

=, kn
(9m) = 9 2 Sin ——
V(2m) = 2 n sin oo’
k=1
which is the required formula when # is even.
CASg IL.—n odd. Let n == 2m + 1; then

m
2kn
2m i1 __ — (r — ;,2—-.,>-————-— .
2m 1 = (v I)H (r 2x cos ST + l)

* The equation is an identity ; that is, the expressions on both
sidos are the same polynomial in different forms. Hence if both
sides are divided by the same factor the quotients must bo identically
equal. For an alternativoe method sec § 6, Example 5.
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Now as before divide by x — 1, and put & = 1. Then

m
. kw
- 3 2 _
2m + 1 = k|_|14 sin?® 5y mwt

and therefore
m

kw
/ — 9m 1
V(2m + 1) =2 ||sm2m T

which is the required formula when n is odd. In both cases
the positive sign is taken becauso all the angles aro in the first
quadrant.

Example 6.—If « =: cos %r + 7 8in -2;;, show that

anl 424, ..+ 1= (@—a)e—a?)...(@@—a"?),

and deduce that

.om . 27 . 3n . (n - 1)11 n
Sin — SIn — SN — . . . SN —————— = o,
n n n 2n-

[Put 2 = 1 and equate the moduli.]

§ 3. Powers and Products of Sines and Cosines in Terms of
Multiple Angles

Demoivre’s Theorem may be employed to express a
product of the form cos™ 8 sin® 8, where m and n are positive
integers, in terms of sines and cosines of multiples of 6.

Let z=-cosf +isinf, . . . (la)

80 that ; =cosf —esinf; . . . (1b)
1 .. 1

then 20030=z+;, 2zsm0:z—;. . (2

Again, from (1, a, b), by Demoivre’s Theorem, if p is an
integer,

1 . .
2P = cos p8 + 4 sin pb, o = c08 pd — isinpd, (3)
and thercfore

20081}0:#’—{—;’,, 2isinp0=z1’~—l. . 4)

zﬁ
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Now
1

TIA™ n

(2 cos 0)™(2i sin )" = (z + _z> (z — _z> .

If the R.H.S. of this equation is expanded in powers of z,
and those terms whose indices are equal but opposite in
sign taken together, the resulting sum is made up, if » is
even, of terms of the form (z# -+ 27?), and, if = is odd, of
terms of the form (2# — z7?). From (4) it follows that
these terms ave equal respectively to 2 cos pf and 2i sin pf.

Example 1.—Express sint 8 cos?§ in terms of cosines of
multiples of 6.
1

(2i8in 0)4(2 cos 0)* = (z - i) (z + ;)2
()
e Bl

(z"+zl“> —2(z‘ +z_l.> — <z2+z—lz) 4

= 2cos 60 — 4 cos 40 — 2cos 20 + 4.
Thereforo
sint 0 cos? 0 = ), (cos 660 — 2 cos 40 — cos 260 + 2).
[See Chapter X VI, § 1, Example 1.]

Example 2.-—Show that

21 gind 0 cos? 0 == sin 120 - 2 sin 100 — 4 sin 84
— 10 sin 60 + 5 sin 40 + 20 sin 26.

§ 4. Expansions of Circular Functions of Multiple Angles

The formule (24), (25) and (26) of Chapter VI can be
established very casily by means of Demoivre’s Theorem.
Denote cos 8, sin # and tan 6 by ¢, s and ¢ respectively.
Then, if n is a positive integer,
cos n + ¢ sin nf = (¢ 4 )"

= ¢ 4 nCyen1(is) + "Coe™ (i) 4 . . . 4 "C,(is)"
= {c" — "Cyc" 2% 4 "Cyem st — . . .}
4 t{1Cyen s — "Cyem 383 4. . L L
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On equating the real and the imaginary parts in this
equation it is found that

cos mf = ¢ — "Cyen2s% | "Cyentst — . . ., . (ba)
or cosnf = cn{l — "Cy2 4 "Cytt — . . .}, . (5
and sin nf = "Cyenls — "Cye 33 . ., . . (6a)
or  sinnf = cM{rCyt — "Cyt3 +"Cyt* — . . .}. . (6)

Hence, on division,
n0t — "Cytd 4 "Cytd — . . .
1 —— "Gyt - nCtt — . . .
Formule (5), (6) and (7) are formule (24), (25) and (26)
of Chapter VI, respectively.

Example 1.—Find expressions for cos 56, sin 56 and tan 50
in terms of cos 6, sin 6 and tan 0 respectively.
If ¢, s and ¢ denote cos 8, sin 6 and tan @ respectively,

cos 50 + ¢ sin 58 = (¢ - @s)°
= ¢* + Bicts — 10c3s? — 10ic2s® - Hest - 48,

(7)

tan nf =

Thus
cos 50 = ¢5 — 10c%? + Best = ¢b 4 10¢3(c? — 1) + Be(e? — 1)?
= 16¢* — 20¢3® 4 bc¢ ;
and
sin 50 = bets — 10c2s® 4 88 = 5(s? — 1)% + 10(s? — 1)s° - s°
= 16s> — 20s% + bs.
5cts — 10c2s® -} 8¢ 5t — 1082 + &°
Also tan 8= 5050 1 Bost — 1 — 108 + bov
Example 2.—From the last formula in Example 1 deduce
that the roots of the equation x* — 1022 -{- 5 = 0 are
4 tan (r=/5),
where 7 = 1, 2. Hence show that
27

tan? % -+ tan? - = 10.

Example 3.—Solve the equation
2% — bzt — 1023 4 1022 4 6x — 1 = 0.

Ans. x = tan (47. ;;) l‘)lr, r = 0’ 1, 2’ 3) 4.

Formule (20), (21) and (22) of Chapter VI may be deduced
in a similar manner from formula (2) of Chapter XIV.
For, if
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¢, =cosf,s =sinf, t, =tanf,r=1,2,3, .. .,n,

cos (O +60,+...+6,)+isin(@b, +0,+...480,)
= (cl _}' ’1:6'1)(02 + isz) cor e (cn + iS,,)
=€y . « - Cp(l 4 )1 + aty) . . . (1 4 1t,)
=C¢Cg. . Cp(l + 9Ty — Ty — T34+ Ty4...),

where T, denotes the sum of the products of ¢, ¢, . . ., ¢,
taken r at a time. On equating the real and the imaginary
parts, it is found that

cos (0, 4- 6,4 . . .- 8,)
=y . C(1—To+ Ty —...) (8)
and

sin (0, + 6,4+ .. .48,)
=00, . Cu(Ty — T3 +Ty —. . L) (9)

Hence, on division of (9) by (8),
T, —Ty+ Ty —. ..
tan (0 Ce e =t 3 2 . (10

Formulxe (8), (9) and (10) are formulae (20), (21) and (22)
of Chapter VI, respectively.

§ 5. Factorisation
Formula (5e¢) may be written
cos nl = ¢ | "Coc2(c? — 1) - "Cper (e — 12+ . .
so that

cos n = Ay - Apc™ 2 - Ayt 4. L,
where A,, A,, A,, . . . are constants and

Ayg=14+"Co+"Cy+. . ..
Now, by the binomial theorem,

(14 1)% =14 1C, + "Cy + "Cy + . . .,
and I—=1)r=1—-"C,+"C, —"Cy+ .. .;
therefore, on addition,

2" = 21 + "Cy + "Cy + . . ),
and consequently Ay =21,
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Thus, if » is even,
cos nf = 271 — k2)(c® — k%) . . .
to 4n factors, while, if » is odd,
cos nf/cos 0 = 2nY(c% — ky?)(c? — ky?) . . .
to 3(n — 1) factors, ky, k,, . . . being constants.

If now 8 = rn/(2n), where 7 is an odd integer, cos 18 has
the value zero, and consequently one of the factors on the
right must vanish ; thus one of the quantities 4- k;, 4- k,,

rm rm
... must have the value cos 5o SO that (0082 0 — cos? 2—>
2n n

is a factor of cos nf.
Hence, if n is even,

s L3
cos nf == 2n-1 (cog2 6 — cos? ;—> <00s2 6 — cos® ‘—~> C
2n 2n

(n — 1)1r>
20 _ cos?
.@%9 cos? ), (1)
while, if » is odd,
cos mf = 271 cos 0(cos2 0 — cos? 1) <cos2 0 — cos? é”) ..
2n 2n
. <00s2 0 — cos? %ﬁ) , (12)

since, in both cases, all the factors on the right arc different.
Formulae (11) and (12) may also be put in the forms

L. T . . o 37 .
cos nb = 2"—1(51112 — — 8in? 0) <sm2 — — sin? 0) e
2n 2n

. (sin2 (n —2—7;&7 — sin? 0>, (13)
where n is even ; and

LT . . .9 .
cos nf = 21 cos 0<S1n2 — — gin? 0> (sm2 — — sin? 0) ..
2n 2n

.@mﬁggﬁ—ﬁmﬂ,un

where n is odd.
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In (13) and (14) put 6 = 0, and take the square roots ;
then

n-l 7 . 3 . (n— D=
2 _ on gin = T 8 5
22 gin on sin o sin om 1, (» even), (15)
=1 7 3 . (m—2)7w .
2 gIn— ¢ — .. . f —_— ==
2 sin > sin o sin o 1, (n odd), (16)

the positive sign being taken since all the angles are in the
first quadrant.

On dividing the expressions on the right of (13) and (14)
by the squares of the expressions on the left of (15) and (16),
it is seen that

an2 2
cos nf — l___sml) 1 — sin? 4

sin? sin2 3—"

) 2n 2n.

where » is even ; and

in? in2
COSn():coﬂgl_fno 1 — sin? @
sinz = sin? 3m
2n o

where n is odd.
In the same way it can be deduced from (6a) that, if n
is even,

sin nf = 27-1sin 0 cos 0(00s2 0 — cos? £> (0052 0 — cos? 2;”)

(n — 2)71)
2 2 (
. (cos 0 — cos om , (19)

while, if n is odd,

sin nf = 27-1gin 0(0092 § — cos? 7—7) <cos2 6 — cos? 21) .
n n

. (0082 0 — cos? @—2‘:;1—)2> (20)
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Hence, if » is even,

. . . T . ., 2m .
sin 20 = 2*-1 sin 6 cos l)(aun2 ~ — sin? 0> <sm~’ — — sin? 0)
n n

. (sin2(—n—%hg!f _ sin? 0), @1)

while, if n is odd,

. . . o T . . o 2m .
sin nf = 271 sin 0<sm2 — — gin? 0> <sm2 — — sin? 0) ..
n n

. <sin2 gkz——r—;}f — sin? 6). (22)

But * (§ 2, Example 5),
n—1 2n . (mn— 2)7

S T L
=2 2 sIn-s8mn— ., . .8 ———— 3
vVn =2 sin ~ sin — sin —————, n even, (23)
=l ox 2 — Dn
= 2 2 S - T e e W ¥ i — .
\Vn sin ~ sin - sin 5 " odd. (24)

Hence, on dividing (21) by (23) squared and (22) by (24)
squared, it is seen that

- -
sin nf = n sin 0 cos 6 l—Sln 4 1——-8-12——(i
. 27T . 27[ . . .
s — sin2 —
n n

sin? @

— e I

. <1 sin? (n — 2)”>’ 5
' 2n

where n is even ; and

. . sin? 6 sin2 0
sinnf =nsinff 1 — 1 —

L, T . o 2m

sin2— sin2—

n n

sin? 0
L <1 _;m_z(”—_””> (26)
2n

where n is odd.

* For another method of obtaining formule (23) and (24), see
§ 7, note.
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Note.—Formulx (11) and (12), and also (19) and (20), can
be derived as follows :

Following the method of § 2, Example 5, it can be shown
that

n—1
2r - 1 \
2n — 2 __ 9. g L
a2 1 n{x 2xcoq< o -rr>+lj,
r=0
n—1
and xz"——lz(xz—l)n<x2~2xcosr—7~r+l>.
i n
r=1 -

In these equations divide by 2" andy put x=cos 84-7 sin 0 ;
thus

n—1

2r 41
—on-1 .9 _ T
cos nf = 27 ”{cos() cos( o 7r>},
r=0
n-1
. . 7T
and sin nf = 271 smBl I (cos()— cos—).
n
r=1

From the first of these (11) and (12), and from the second
(19) and (20), are easily deduced.

Example 1.—Show that, if n is a positive integer,

n--1
2rm
— —_ 9n-1 —_ R
cos nf — cosng = 2 n {cos() cos (¢ + " )}
r=0
Kxample 2.—Show that
3w
1 —_ 3 2 _— 2 _ﬂ 2 _ 2
(i) cos 56 = 16 cos 8 (cos 6 — cos lO) (cos 6 — cos 10,)’

2 in2
(ii) cos 50 = cos 6 1 — sin 0 30 ,

in? ~ int 27

sin? o sin? 75

(iii) sin 56 = 16 sin 0 (sin’ 8 — sin? ’3’) (sin2 8 — sin® ?51’)

- -
(1v) sin 50 = 6 sin 6f 1 — sin? § 1 — sin ‘0 .
. m .
sin? B sin? _g"
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Example 3.—Prove that
cos 70/cos 8 = 64 cos® 8 — 112 cos* 0 + 56 cos? 0 —17

- 6 vog2 __.‘2_71>( (2 __.‘23_'{)
—-04<L0b0 cos Ti cos? § — cos 14

[ 5
29— 2__" | .
X (cos 0 — cos 1 4) ;
and deduce that

i 27 2 37 b _ 7
(1) cos ii I cos 14+cos I g
i) cost T J37 WSO _ 2

(11) cos 14—{—(305 M-}—cos 1= 16

- 37 bm /7
(ii1) cos T4 11 CO8 T4 = g

Example 4—From (26) deduce that

m
z cosec? (5”:—:_—]) = Zm(m + 1).
r=1

Example 5.—Prove that, when n is odd,

n—1
n{l + cos (a + 2—;—")} =§”l_l(l + cos na),
r=0

and find an oxpression for the product when n is even.
Ans. (1 — cos na)/2" -1,

Example 6.—Thero aro seven values of 8 between « and
® -+ 27 which satisfy the equation

cos 70 = cos Ta.

Prove that

(i) the sum of the cosines of these angles is zero ;
(ii) the arithmetic mean of their secants is — sec To.

§ 6. Limit of a Function

A single-valued function f(2) is said to tend to the limit
I as z tends to a if the difference between f(z) and I can be
made as small as we please by taking z sufficiently close
to @ (but = must not be put equal to a). This can be
stated more precisely as follows.

The function f(x) tends to the limit [ as z tends to a if,
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corresponding to any assigned positive number €, however
small, a positive number § can be found such that

[ fe)—l]l<e if|lx—a]| Z6, z+a.
It is customary to express this by the symbolism

L@ =1,

T—>a
or by writing “ f(z) = when x — a.” The symbol —> is an
abbreviation for “ tends to.”

Note.—The inequality | f(x) — I | < eis equivalent to the
inequalities

Il —e<flx) <l+ e

If x tends to infinity instead of to a, the statement can
be put in the form :—

The function f(x) tends to the limit ! when « tends to
infinity if, corresponding to any assigned positive number
€, however small, a positive number N can be found such
that | f(x) — 1] < eifx = N.

This is written

z—>
or “ f(x) - I when x — 00.”

The reader should write out the corresponding definition
when z - — 0.

The function f(z) is said to tend to infinity when x tends
to a if, corresponding to any assigned positive number M,
however large, a positive number § can be found such that
f@)y>Mif |[r—a] <8,z + a.

The corresponding definitions for the cases when
f(x) > — oo and when  — 4 oo are left as exercises for
the reader.

Example 1.—If £ f(@) =1, show that
z—>a
W Li—sen=-1t; ) [ ey =a
T—>a r—>a
where ¢ is a constant.



§ 6]- LIMIT OF A FUNCTION 253

Example 2.—If £ f(x) =1 and £ é(x) = m, show that

x—>a r—>a

W L@ + sy =t+m; @) [y =,
i) [ /ga)y = 1m; i) [ @)y =m,

provided that, in (iii) and (iv), m +0.

[For (ii), f(z)$(x) — Im = {f(z) — 1}{$(x) — m} 4 m{f(x) — 1}

+ l{¢(x) — m}, and each term on the R.H.S. >0 when # —» a.]

Example 3.—Prove that the limit of the sum of a finite
number of functions is the sum of their limits.

Example 4.—Prove that the limit of the product of a finite
number of functions is the product of their limits.

Example 5.—If n is a positive integer, show that

prno__ n
t 'v__.__a_.:nan—l'
xr —a

T—>a
If  + a,
ar —ar ,
T a = x4 an-2e +xn3a? 4. . L f el

Now, each term on the R.H.S. of this equation tends to a”-1
when z -> a, and there are n terms. Hence, when «z — «,
(x» — am™)[(x — a) > na™-1.
For instance, in § 2, Example 5, Case I, the result can be
obtained as follows. In the equation

m--1
x‘zm —

1 " kw
-;:——l——(x”{"l)n(.l/ 2xcos;n—+l)
k=1
let z - 1; then the L.H.S. » 2m, and consequently
m—1
. L km
— 2 ___
2m = 2 n 4 sin Py
k=1
from which the result may be deduced as before. Tho result
of Case II may be obtained in the same way.

Example 6.—Show that

(a+x)°—(a—a:)°_§a
(@t ey —(@—ep 5"

PART I11.—4
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§ 7. An important Limit

sin 6
£7-:1 .. L@

>0

The formula

is of fundamental importance in conncction with the ap-
plications of the Calculus to

T Circular Functions. Here, as
B elsewhere in higher mathematics,
the angles arc measured in

radians.
In the first place let it be

assumed that 6 is positive. Let

A the arc AB (Fig. 2) of a circle

whose radius is r subtend the

angle § (< 47) at the centre O.

Draw the chord AB and let the

Tig. 2. tangent at A meet OB produced
at T. Then

AN OAB < sector OAB < A OAT,

or 372 sin 0 < 120 < 3r? tan 6,
since AT = r tan 6.
Thus sinf < 0 < tan;
and, consequently, since sin 6 is positive,
0 1
l o
< sinf "cos @
sin 6
or 1> 5 > cos 6.
But, when 8 — 0, cos 8 — 1; hence sin §/6 must also — 1.
Next, if 0 is negative, let 6 = — ¢ ; then
sinf  sin¢
8 ¢

But, when 6 — 0, ¢ — 0 ; therefore '

g5 £t

00 ¢$—>0
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CoroLLARY 1.—If k is a constant,

[ L

6—>0

For, if k6 = ¢,

£ sin k9 £ 2 Q‘B}(f’ = k.

9—>0 >0

CorOLLARY 2.—If k and I are constants,

sinko b
L sinlg 1’

9—>0
For
sin k6 sm kO/sin l0]_ . _k
Lsinl() L[ ] 6 | I
>0 9-—>0

Note.—Formule (23) and (24) may be derived from (21)
and (22) by, in each case, dividing by sin 6§ and letting
8 —0.

Example 1.——Show that

£ 1 -- cos 0 1
)

0-—>0

_ . . .
l:l 008 9 2(2—11‘;%?) and S—l-l}”—liﬂ ->» 3 when 0 — ().:|

02

FExample 2.—Show that
sin 86
4sin 20

- in? _"22)(».'2 _'2_")('2 _'23_7>
l6(sm 6 —sin g/ sin 0 — sin 1) \sin 0 — sin g/

=1 —10s8in%20 4 24sin*d — 16sin® @

Example 3.—Show that

3
sin 70 = 7 sin on fl sin? @
r=1.l sin? J

== 64 sin 0 sin (0 —}—g) sin (0 + 2777—’> . . .sin <0+67").
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Deduce that

sin - sin 27 in - 8n in 87 — -7
75 751 e il =,
27 3n
2 2 " 2
and that tan 7 7 tan 7 tan 7= 7.

Example 4.—Show that
i) £cos 20 —cos 30 (if) £"°t_29_t_'i‘§“ 30 _ 3;
@ 1 —cosz2s " T LM

sec 0
0—>0 90— nm
)£cot20—cot 30 . £cos20+cos40 _19:
cot 6 — cot 20 b (iv) 1 —sing 7’
00 0—>4m
sin 4/0 . . £ . f) .
()£\/(sln0) =13 (vi) <nsmn =0;
0—>0 n—> oo
(vii) Lsm’l)—}-sm’ 36 5
1 —cos2s
N—>0

Example 5.—Sum the series

.0 9 0\?3
(sm 3) + 3(sm 32> + 32(9111 3—3> 4+ .0
to n terms and to infinity. [See p. 259, footnote.]
Ans. }{3"sin (3-» ) — sin 6}, }(§ — sin §).

§ 8. Summation of Series

Demoivre’s Theorem can be employed to obtain the sums
of certain series : for instance, the series of sines and cosines
of angles in arithmetical progression considered in Chapter
VII, § 6.

Let x=cosA -+ i¢sinA, y=cosB -+ i¢sinB.

x — xy"
1—y '’

Now z4ay+tay*+ ... +aoy*l=
therefore, since
xy" = (cos A + i sin A)(cos B + ¢ sin B)"
= cos (A 4 rB) + i sin (A 4 7B),
C+ 1S
cosA + ¢8in A — cos (A 4 nB) — i sin (A 4 nB)
1 —cosB—isinB

,» (28)
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where C = cos A + cos (A+B)+cos (A+2B)+ R
. +cos{A + (n — 1)B},
and S = sin A 4 sin (A - {- B) + sin (A + 2B) + .
. +sin{A 4 (n — l)B}
But the expression on the rlght of (28) is equal to
2 sin (A +- {nB) sin {nB — 2i cos (A - 4nB) sin {nB
2sin% {B — 2i sin 4B cos 1B
— 2usin nB{cos (A + 4nB) + isin (A 4 inB)}
- — 2isin %B{cos 1B & isin 3B}

_sin%nB( n—1.\)
_Wl <A+ >+Mm<A+——-B>I
Hence, on equating real and imaginary parts,
. n — 1.\ sin inB
C.—cos<A+ >sin%B’
. n — 1_\ sin inB
dlld S = Sin (A —+‘ TB>W .

These are formule (9) and (10) of Chapter VII.

Example 1.—If

C=1+4+7cosf +ricos20 + ...+ rr1cos(n — 1)0,
and

S =rsind + r2sin20 + ...+ r*1sin (n — 1)4,
show that
) € = 1 —rcosf —rrcosnd + r*+cos(n — 1)8

1 — 2rcos 8 + 72 ’
(i) § = rs8in 6 — r*sin w6 + r*+ sin (n — 1)0.
1 —2rcosf + r?

Let 2 = r(cos 8 + ¢sin 0) ; then

CH+iS=1+z4+22+... 421 =
1 — rmcos n@ — irn sin nb
1 —rcosf — ersin 8
_ (I —7rrcosnd — ir"sin n)(1 — r cos 6 + 4r sin @)
- (L — 7 cos 0)% 4 (r sin 6)?
1 — 7(cos 8 — ¢ sin 8) — r"(cos n6 + % sin nd)
+ ro+l{cos (n — 1)8 + ¢sin (n — 1)6)} .
- 1 —2rcos@ + r?

1 —2n
1 —2z2
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On equating real and imaginary parts, the required results
are obtained.
Kxample 2.- —Show that
(i) 1 4+ "C, cos § + "C,cos 20 + . . . + "C,cosnd
=: (2 cos 30)" cos Jnb;
(ii) »(y sin 0 4 "C,sin 20 4+ . . . - "C, sinnd
== (2 cos 18)" sin In0.

§ 9. Convergent Sequences

The convergence of a sequence to a limit was explained
in Chapter I, § 2. The condition for convergence will now
be stated in a more precise form.

The sequence (u,) converges to a limit [ if, corresponding
to any assigned positive number e, however small, an
integer m can be found such that, for n = m,

|u, — 1] <e or l—e<u, <l e

Then », — I when n — o0, or

£ u, = L.

n—> oo

When the limit is + oo the statement can be put in the
form :

The sequence (u,) diverges to -- oo if, corresponding to
any assigned positive number K, however large, a positive
integer m can be found such that, for n = m, u,> K.

The symbolism is then

o

n-—> oo
or 4, — 00 when n — 0.
The necessary modifications when the limit is — oo are
left as an cxercise to the reader.

Example 1.—Show that, if |r| < 1, the sequence (r") con-
verges to zero.

In the first place assume that 0 <7 <1. Letr =1 —k, so
that 0 < k& < 1: then,since 1 — k2 < 1,

1
1+ K

r=1-—-%k <
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1 _ 1 < 1

(I4+kr 14+n4... nk
gince each of the terms in the expansion of (1 4 k)" is positive.

But, when n — o, 1/(nk)—>0; therefore r™->0.

Again, if —1 <7 <0, let r == —¢t; then

0<t<1, and r*=(— 1)"t"

Thus, when n — o, t" ->0; therefore 7* also tends to zero.

When r == 0 the result is obvious.

Hence 0<r <

Example 2.—Show that, if || < 1, the sequence (nir")
converges to zero.

Example 3.—Show that, if |7 | < 1, the sequence (nkr"),
where k is a fixed number, converges to zero.

Example 4.—Show that the sequence <T—

" '>, where 7 is any

number, converges to zero.

Let | r | = ¢, and take a positive integer m greater than ¢;
then, if n > m,
tn tm tﬂ—m tm t n—-m
W mim F Dm T 2) . m) " mi <7ﬁ) :

But, by Example 1, since t/m <1, (t/m)*-m™—> 0 when
n - . Hence t"/n! and consequently r*/n! tend to zero
when n -> .
Example 5.-—1f — 1 <r < 1, prove that
(i) 1 4+7cos 0 4 r2cos 20 + r3cos 30 + . . .
.. l—reosd
. T 1 =< 2rcos 0 4 12’
(ii) 7sin 0 - r?sin 20 + 73sin 30 + . . .
- rsin 0
T 1 —2rcos @ + r*
[In equations (i) and (ii) of Example 1, § 8, let n -» « ; then
* > 0, and the sums to infinity * of the two series are obtained.]

Example 6.—Prove that, if —1 <r <1,
1 —r?
2 3 _—_—
1 + 2rcos § 4 2r2cos 20 + 2r3cos 36 +. . . I —2rcosd T 7%
[Multiply (i) of Example 5 by 2, and subtract 1 from both
sides.]
* If, when n — 0, the sum of the first n terms of a series tends #0

a definite limit, that limit is the sum to infinity of the series he
sum of the infinite series (¢f. Chap. XVI., § 3).
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Example 1.—If — 1 <z < 1, and if
=(1—z+a?)(l —2x2F+z)(1 —2*+2%) ...
(1 czﬂ -1 + xzn)’
show that the sequence (u,) converges to tho limit
1
1+ + ¥
Example 8.-—1f
_m(m — 1)(m — 2). (m—n+ l)
e (n — l
whero | # | < 1, show that the sequence (u,) converges to zero.

| %yirf2e, | > | ¢ | whenn > . Let p be a number betwoen
|« | and 1. Then a positive integer p can be found such that,
ifn = p,

| twssfun| = 2| | <p— =],
or . lun+l/un | < p.
Thus, if n = p,
Uyn Un-1 Up+1
Uy = et SN
" Un-1 un—! Uy »
so that Jua| <|uplpn-?.

Therefore, by Example 1, | %, | tends to zero when n — .
Hence (u,) converges to zero.

§ 10. Demoivre’s and Cotes’ Properties of the Circle

Let A, A,, . . ., A, (Fig. 3) be the n vertices of a regular
polygon inscribed in a circle
A4 A whose centre is O and radius
3 r, and let P be a point such
A, that OP =a, /POA, = 6.
Then
A PAZ. PA2.. . PA2Z=
a®" — 2amr™ cos nf 4 r2n. (29)
This is Demoivre’s Propert ]
of the Circle.
In order to establish it,
consider the equation
Fra. 3. 2% — 2x" cosnb + 1 = 0.
Regarded as a quadratic in 2", it has solutions
™ = cos nf 4 i sin nf = cos (n + 2kw) 4 ¢ sin (v + 2kn),
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where k is any integer. Thus the solutions of the given
equation are

x=cos(6+%f—;-7>j:isin(9+2-ﬁ—">,

where £ =0,1,2, . .., n—1. Hence
x2r — 2z cosmb + 1.
n—1
=n{x—cos(0+z—fbl> — ¢sin (0{—?)}
k=0
n—1
X n{x——cos <0+ ?) 4 4 sin (0.}.%%17)}’
or k=0
n—1 .
x2”—-2a:”cosn0+l———n{x2~2xcos <0+%%7—T>+1}. (30)
E=0

In this cquation put z = a/r, and multiply by r2» : then
an — 2a™r" cos nf 4 rn

n—1
= n {a,2 — 2ar cos (9 + %f{’) + r"}. . (31)
E=0

Now /POA, — 0 + ?_ﬁl’ ,

so that PA? , = a® — 2ar cos (0 + 2—5?) + 72

From this, with (31), formula (29) is obtained.
Cotes’ Properties of the Circle—If P lies on OA,, so that
6=0,
PA,.PA, .. . PA, =|a"—1]; . (32)
while if OP bisects the angle A,0A,, so that 6§ = «n/n,
PA, . PA, . . . PA, =0a"+ 1. . . (33)
Formulae (32) and (33) are Cootes’ Properties of the Circle.
Example 1.—Show that, if P is a point on the circumference

of the circle,
PA,.PA,. . .PA, =2r"|sin {nb |
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Example 2.—Show that

n—1
2k
< —_— = 2n-1 s — S —_— .
cos n¢$ — cos N 2 n {cos ¢ — cos (0 + " )}
k=0
If n is odd, deduce that
n-—-1
ocosné o (o o 2_A1r> .
(i) cosp n (co» ¢ + sin w )i
k=1
2n . 4 2n — 1) =
.. . o, ™ n — T 2 n
(i) sin o s Sin ————" = (—1) Gur

[In (30) divide by x" and put @ = cos ¢ + 7 sin ¢, so that
& - a-n = 2 cos ne.]

Example 3.—Show that

n—1
kn
3 — n-1 1 - —
sin ng = 2 nsul <¢ } n)
k=0
In (30) put @ == 1, § = 2¢; then
n—1 X
N2 — in2 |- J_T
4 sin? n¢ -~~n4s1n <rﬁ f 1z.>’
k=0
n—1 &
s0 that i = - 2n | ] si - "’)
30 tha sin n¢ 1= 2 nsm <q$ 4 "
k=0

Now, if 0 < ¢ < =/n, all the angles in tho oquation lie in the
first or second quadrant, and consequently the + sign should be
taken. If now ¢ varies continuously, sin n¢ changes sign when-
ever ¢ passes through a value rm/n, where r is any integor. But,
at the same time, one and only one of the factors on the right
changes sign. Hence the + sign must always bo taken.

Example 4—From Example 3 deduce that

.o7m . 27 . 3w . (n— )m 7
sin - sin — sin — . . . Sin ————— = 5.
n n n n 2n-1
Example 5.—From Example 3 deduce that
n—1
kw
1 1 — ; 1 08" -1 - g —_— .
(i) sin n¢é n sin ¢ cos qsr[ (1 + tan ¢/tan n) H
k=1

p
kn
Y Qi — n si gn -1 — tan? an? —
(ii) sin n¢ = n sin ¢ cos 4’” (1 tan? ¢/tan " ),
k=1
where p = n — 1 or }(n — 1) according as n is even or odd.
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Example 6.—Deduce from (30) that
37 . @2n—Dr 1
SN ——————— = .

. m .
sin —s8in — . .
2n 2n 2n 2n-1

[Put 8 = =/n, x = 1 and take square roots.]

Example T—From Example 3 deduco that

. m\ . 3m\ . b 2n -1
sin (m-l-ﬁ) sin (a -4 —;) sin (oc -} 7)...hm( - - " )
1 no n(x -+ m)
= 2",4008 "2-‘0 -'—*—-2———-.

EXAMPLES XV

1. Find the real quadratic factors of a® - 1
3

Ans. n <x2 — 2xcos2r8+ lﬂ + l).
r=0

2. Find tho moduli and the amplitudes of the values of
¥(2 + 2i); and then givo all the values of x which satisfy the

equation

o — 4w 4 8 = 0.
o 8 1im
122 47 12°
( (" 2k ) < ,%,’fz_')W .
\/2[(,0‘; 2 -+ 3 - ¢ sin 1z+ J,whowlc -0, 1, 2.
3. Find the real quadratic factors of (i) x1® — 2x% cos 50 + 1;

(ii) x® — 2zxtcos 46 + 1.
4

Ans. (i) n {w’ — 2x cos (04—?@1’) + 1};
k=0

(ii) (x* — 2w cos @ + 1)(x? + 2x cos § + 1)(x? — 2¢ sin @ 4 1)
X (2% + 2¢sin 0 + 1).

4. Solve the equation z'° + 2x° + 2 = 0.
Ans. ‘{’/2{003 (%ﬁ’%‘j") 4- ¢ sin (%2—;*;—-:—311>},
wherek = 0, 1, 2, 3, 4.

5. Solve the equation x* — 4x* + 18 = 0.
Ans. + /3 4.

Ans. v2;
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6. Find, in the form r(cos 8 4 ¢sin 8), the values of (/3 + i)‘/ s,
Show that the sum of these values is zero, and that their

product is 8(i4/3 — 1).
4 ( 2]017) ( 2k‘n>}
Ans. 2% cos (15+5 +isin (;r+— ) b
where k = 0, 1, 2, 3, 4.
These are the roots of 2% = (/3 4 ¢)* = 8(zv/3 — 1).
7. Find all the roots of 3 + 1/x3 = /2.
Ans. cos (8¢ + 1) j: 1 8in (8k + 1)1—2, k=0,1,2.
8. Find all the values of & which satisfy the equation
-+ 1/x™ = 2 cos 6.
0 + 2k .. 0+n2k1r,k=0,1’2’..:’n—1.

Ans. cos — + 2 sin

9. Find all the values of (/3 + i)sls, and show that their
continued product is equal to 8:.
2k 2k

Ans. 2%(@005? ~ sin =" ) E=0,1,2 3, 4

10. Solve the equation z® + 42* 4 16 = 0, and mark the
positions of the roots on an Argand Diagram. Also express
x® 4 4x* + 16 as a product of four real quadratic factors.

Ans. \/2{cos (372— 1‘”) 4 7 8in <3r(—;— 11r> }, r=20,1, 2, 3.

@t + 4t + 16 = (2 — V6.2 + 2)(@* — V2.2 + 2)
X (* + /6.2 + 2)(x* + 2.2 + 2).
11. Prove that the roots of the equation
(5+a)P — (5 — ) =
are given by x = b¢ tan (k=/6), k = 0, 1, 2, 3, 4.
12. Solve the equation (1 + x)® = #(1 — x)3, expressing the
roots in their simplest forms.
(4 + 1)=
12

Ans. x =i tan ,k=0,1, 2.

13. Solve the equation
3228 = (1 + 2)°.

2cos—2—{’;— -1 ——2zsun2—k17

Ans., z = 5,1«::0,1,2,34.
2kn ’
5 — 4 cos 5
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14. Show that the roots of the equation
(z+ 10 +(—1¢=0
o . 2%+
can be written in the form ¢ cot )
Deduce that
(z+ 1) 4 (z—1)°
— 2 2 T\ (A2 ' 9.31"> <,,z )
2<z -+ cot; 12)(., -+ cot, 2 +co t’u
15. Write out the real quadratic factors of

a8+ at ettt 2w+ 1,
and show that

1 . .
m, where k is an integer.

0055-2,—;-"—i-cos‘i:;—{—cos(élr

7
2w 4w 4 6 6m 2m
= €08 T COS = +eog—7 cos = —{—coq—,z—c()et—» -3,
and cos2——co'~z4 cos 6"—%
71 T

Ans.
(:c’ — 2z cos2717 + 1> (x’ —~2xcos‘£7‘f + 1) (x’ — 2;300367" + 1).
16. Verify by substitution that

rmw R A rm . . rm
T = — (COSF -+ 3¢ sin —6—> /(cos 5 32 sin 7)'_)’
where 7 is an integer, is a solution of
2z — 1) — (x — 2)* =
and deduce that the 1oots of this equation are
3 13 3v3
AT v

2 WETa
17. Solve the equation
2 =1z — 1)
and show that the points corresponding to the three roots are
collinear.

+ %

+ 1
12

Ans. z =3} — i tan 4k
the line z = }.

m, k = 0,1, 2; the points lie on

18. Show that the roots of the equation

(@ + 1P +a° =
are given by

m:-—%( +’Lcotl 10),’!7)/'::1,3,5,7;9‘
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19. Show that
wb — w3 1 == (.v"’ — 2.:;0055-]— l)(wﬂ — 2);(:05%2-{— 1>
X (aﬁ — 2.vcos7s—;r + l),

and deduce that

-
(1) cosg + cos '%—;r +4- cos%I =0;
ii s qs—qcosy—~1'
(i1) cos i 3 =&’
TR . 27 . 4 3
(1i1) sin T sin 27 sin — = ~\/——.
9 9 9 8
[Equatoe coefficients of 2% and x?.  For (iii) put £ = — 1.]
20. Solve the equation
(1 +12)% = —1,

and show that the three roots are the arguments of the verticos
of an equilateral triangle.
Ans. 2¢, 3(¢ £ V3).
21. Show that the equation (z 4 1)7 == (z — 1)? is satisfied
by

. kw
z =+ ¢ cot 7

where & is an integer, and find all the distinct roots of the

equation.
Ans, k=1,2,3.

22. Verify by substituting that
2 cos }rx — i sin ra
x = —
2 cos {row + isin jro

is a solution of the equation (3z — 1)* = (3 — x)4, where 7 is
integral. Hence, show that the roots of the equation are

+ 1, (3 + 4)/5.
23. Verify by substitution that

' x=%{l+itan (27‘;}-1")}’
where 7 is an integer, is a solution of the equation
(@ — 1)* + ¢ = 0.

Hence obtain the real quadratic factors of (x — 1) 4 a4,
Ans, 2(x® — x + }sec? }n)(x? — a2 + § sec? §m).
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24. Write down, and represent in separate diagrams, the
6th roots of — 1 and of 4. Indicate the conjugate pairs in the
first diagram, and explain their absence from the second.

Ans. cos <2r + 11r> + 4 sin (2r + 117>,

6 6
ar +1 L. (dr 41 .
cos( 13 7r>+a,:>m( 3 »w), r—=20,1,23,4,5.
25. Show that tho roots of the equation at —x® + 1 =0
can be written in the form «a, ¢!, — a?, — a™?, —at, —a*,

where a = cos }= 4 i sin }=, and hence find real quadratic
factors for a® — w3 + 1. e
Ans. % — % + 1 == (2% — 2w cos }m + 1)(a? + 2wcos inm + 1)
X (2% + 2x cos }w -+ 1).
26. From the formula 2 cos nd = z* 4 z-* (n integral), deduce
that
2 cos 0 cos n = cos (n + 1)8 + cos (n — 1)8.
27. Express sin? § cos* § as a sum of sines of multiples of 4.
Ans. (3 sin 6 4 3sin 3§ — sin 56 — sin 76).
28. If cos § + ¢sin 6 is a root of z* + 2% 4+ 1 = 0, prove
that cos § — 4 sin 6 is also a root : solve the equation.
[cos 28 = (x* + x2)/2 = — }:
thus 20 == 27/3 or 47/3. Hence the roots are cos = -\ 1 sin §n,
cos §7 + 1 sin §m, that is, 4 $(1 4 ¢4/3).]
29. Express cos® § in the form of a series of cosines of
multiples of .
Ans.  ;lg(cos 86 - 8 cos 66 - 28 cos 40 + 56 cos 20 | 35).

30. Show that
(1) 32 cos® § = cos 60 + 6 cos 46 + 15 cos 260 4 10;
(i1) 64 cos™ 8§ = cos 78 + T cos 56 + 21 cos 38 + 35 cos 6.
31. Show that
(i) 128sin3 0 cos® 0 = 6 sin 20 + 2 sin 4 — 2 sin 60 — sin 80;
(11) 128sin?8cos® 8 =5 + 4 cos 20 — 4 cos 40

— 4 cos 66 — cos 86.
32. From Example 31, (i) deduce that
128 cos® 6 sin® § = 6 sin 260 — 2 sin 40 — 2sin 66 4 sin 86.

33. If z Zln = u, prove that

5

1
x4 il 5u® + bu;
then show that
1 4 cos 100 == 2(16 cos® 8 — 20 cos?® 0 4 5 cos )2
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34. Solve the equation
(x + 1) = 2’(cos Ta -+ 7 s8in Ta).
Ans, z = —3% — }icot (§o + kn/7),k=0,1,23,4,5,6
35. Solve the equation
2t —xd —a2+w+1=0.
Ans. x = cos § 4 ¢sin 6, where 0 = — 18°, 54°, 126°, 198°.
36. Solvo the cquation 27 + 1 = 0, and deduce that

(i) x’+1=(£+l)n{x2——2xcos (2’;Hn) +1};

37 bm 37 sin 50 1
(i) coa— +cos-—+c()b T = 4 8in Hsm g =3

Ans. z =cos <2 :]i—l”> -+ 4 sin (2L,;-*——11r), r=20,1, 2, 3.

[For (ii) equate the coefficients of a%in (i); then put x =1
in (i).]
37. Show that

210 4 1 :ﬁ{(x — 1)? + 4z sin? (27‘2‘3 1#)},

r=0

and deduce that

(1) sin—‘"r—sin3 131115” in 7 sin 9” V2
20 20 " 90" K
(ii) sin — ‘«; 5"5111 Tm si g’—’ = i
0 ST ke 0% 107 16
[For (i) put x =1 and extract the square root : for (ii) put
x = — 1, extract the square root, and multiply by (i).]

38. Find the real quadratic factors of 21 4 1, and deduce
the value of

i ™ gin 3T .o 167
Sln3—2. ln32...bln 32.

7
2r + 1
ans. [T (ot = 20 cos 152 1), vepee
r=0
39. Expand (cos 6 + ¢ sin §)® by the Binomial Theorem, and
hence express (i) cos 66 in terms of cos 6, (ii) tan 66 in terms of
tan 0.
Ans. (i) 32¢® — 48c* 4 18¢* — 1, where ¢ = cos 8;
(i) (6t — 20¢3 + 66%)/(1 — 16¢* 4 15¢¢ — ¢°), where ¢ = tan 6.
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40. Solve the equation
32x® | 48x% - 18 + 1=0.

. T ™ . .
Ans.  — cos?® 1 cos? P (,os2 1z [Cf. Example 39 (i).]
41. If cos 70 = 24 cos3 § — 23 cos 0,

show that § must be a multiple of {=. [Cf. § 5, Example 3.]
42. Show that
cos Tf/cos § = 1 — 2(2 cos 28) — (2 cos 20)% + (2 cos 20)?,
and hence solve the equation
xS — 22— 2 41 =0,
Ans. x = 2cos <2k + lrr), where &k = 0, 1, 2.

43. Show that

sin 78/sin 0
=T — 56s? 4 11284 — 6438, where s = sin 0,
= 64c® — 80c* + 24¢® — 1, where ¢ = cos 6,

= 64 (cos2 0 — cos? ;) (cos’ 0 — cos? 2%) (cos’ 0 — cos? -:?7—"> .
Deduce that '
3

2 b
a7 2 220 2
cos —{— cos + cos =7

44, Express cos 7 0/003 0 in terms of sin 4, and prove that

5= 5

2 -

(i) sin + sin? + sin3 14 =3
(i1) cot? — + cot? + otz = 21.

Ans. 1 — 24s2 + 8054 — 648‘, where 8 = gin 6.
45. If (1 + «)/(1 — x) = cos 26 + ¢ sin 260, show that
xr =1itan 0 ;
then prove that

m

(1 4 z)2mil — (1 — x)2mil = 2:1;” (w’ -+ tan? 2mr:_ l)'

r=1
Deduce that
m
(i) cos (2m + 1)8 = (cos o)zmun (1 — tan? 0 tan? 2,,::_ ]);
r=1
m
i1 rm
(i) v(2m + 1) =[] tan e

r=1
PART I1.—0
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(iii) m(2m — 1) = 32 cot? -

r=1
[For (i) put « = % cot 8 ; for (ii) divide by x and let x — 0.]

46. Show that

2m + I

n—1
rw
(1 4 z)2» — (1 —a)?" = 4nxn (l + a2 cot? %)
r=1
n—1
rm
= 4mcn (m’ -+ tanzéf—l) :
r=1
and deduce that
n—1
(i) zcw in — 1)2n — 1);

(ii) quc = —1);

(iii) nsm—f =2n L5 (iv) nsm— =

47. If 2 = cos - + isin*, show that
n n

l1+24+22+...tonterms =1 +icoté%.
48. Show that
n—1
. . . cos na — cos nf
2 - 0 = R T R
sin na 4 z sin (n — r)o cos 7 SN & — s
r=1

and deduce an expression for (1 — cos n6)/(1 — cos §) in
cosines of multiples of 6.
n—1

Ans. n +2Z(n——r)cosr0.

r=1
49, If n is odd, show that
2w 3w (n — 1w
tan t&n tan w tan——2—n— = 4/n.

[In formula, (26) put 8 = 3=.]
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50. Solve the equation
(2 + )t — " =0,
and show that the roots can he expressed in thoe form

=i+tan(1'+ﬁ>,1c=0, L,2...,n—L
4 n

Hence show that
4

(2 + dw)0 — ! = — 2 ](;r — 7)? — tan® (2
k=<0 l

1)m

Deduce that
9r /2

COS”COSa—"I(’O il COf Ia cos =
20 €% 90 %% 20 “® 20 “® 20 T B2

51. Prove that the sum of the flrsb n terms of the series

sinx + = sm 2x + sm 3x + .

. 1
sin@ — o sin (n -+ 1)x + — sin nx
18 WV — %cosw ;
and deduce that the sum to infinity is
9 sin &
10 — 6 cos o’
52. If x == cos 8 + 4 sin 6, show that
1 1 1 —7r
l—~m+ 1 _7_'“1“'1 2 cos 0 + r?’
@

and hence derive the expansion
1 —r? . . s
T Sreosf ¥ 78 1 + 2rcos 0 + 2r2cos 20 4 2r® cos 30 + . . .,
when |7 | < 1.
53. Establish the following, stating the restrictions on 6 and

x necessary for the convergence of the series :
©

(i) 142 (— 1)»tan" f cos ng =
n=1
(ii) cos & + 2x cos (« + B) + 3x? cos (x + 2B)
+ 4x3 cos (« + 38) + .
_ cosa — 22 cos (o — B) + 22 cos (& — 2B)
(1 — 2x cos B + %)
() | 8 —ra| < }m rintegral; (ii) [z | < 1.]

cos 26 .
1 + sin20cos ¢’
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54. Prove that
1 — *Cyt? + "Cytt — . . . —cot nf{"Cit — "Cyt®* +. . .}
== (1 ——tcot()){l — t cot (0—}-’1:)} e
RN {l — t cot (0 _i_'n_:__l”)l.
n J
Deduce that
cosec? § + cosec? (0 +;—;) + . . .+ cosec? (0 + 7 ; l'rr)

= n? cosec? nd.

55. If p is a positive integer, expand sin®?¢ in terms of
cosines of multiples of 0, and deduce that, if » is a positive
integer which is not 2p or a submultiple of 2p,

n—1

. 2rm n (2p)!
§ 2p — ) = 53 .
zoqm (0 + o ) 30 (p It
y=
56. Show that, if n is even,
2 2
(i)cosnt):cos"ﬁl—tana 1——tim0
tan? — tan? 8
2n 2n
tan? 0
DR )
tan? w7
an 2n
(ii) sinnd = ncos" O tan 6 1 — tan? 6\ /., ten?d
tan? - tan? 27
n n
o fy - tan’8 N\,
tan? (7‘__:2”_2)1'
while, if » is odd,
20 2
(iii) cos md = cos" 6 1 — tan - 1 - tan 30
tan? — tan® =
2n 2n

1— tan? 0 .
tans " 2)7 '
2n
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tan? 0

(iv) sinnf = ncos* ftan 0f 1 — tﬂ——— 1 - _‘1“_2_ RN
m
tanz tan? n

[Apply the identity

m2 2
. s!n 9 _ 00520(1 . tan 0)
sin? a tan?a

to the formule (17), (25), (18), (26).]

57. Prove that
(i) cos « + x cos (« + B) + x* cos (oc {— 28) + .
. + a" cos (oc + ng)

cos o — x cos (¢ — B) — x"* cos {a —I— (n + 1)B}
-+ x"+2 cos (o + np)

= 1 — 2z cos B + 2?

(ii) sin a + @ sin (¢ + B) -+ 2?*sin (« {~ 28) + .
.+ x" sin (oc + npg)

sin o — @ sin (¢ — B) — x"*1sin {a + (n + 1)B}
+ xni2sin (o -+ np)

= 1 —2xcos B+ a?

58. Show that
’,21;-(»1 _ 2n+lczt2ﬂ—l _}_ « . .

+ (_ l)n ZnHCt

wtn( — tan? T:_ l)'

r=1

Deduce that

= 2n(n + 1).

n
zgec’ rm
2n + 1
r=1
[Cf. formula (7).]

59. Prove that
cos 90 = 256¢® — 576¢” + 432¢® — 120c¢?® 4 Yc,

where ¢ = cos 0.
Without actual division, show that the equation
2562 — 57627 + 432x° — 12023 4+ 92z — 1 =0
possesses the roots 1, — 4, — }; and that its six remaining

roots are equal in pairs.
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Prove that

Scos&'cosﬁr coss—z_—_ — 1.

9 9 9
60. Prove that
sin 90 = 9s — 120s3 43255 — 57687 |- 256s°

2 2 2 .2
8 8 8 S
1

— T 1 —

= 0s¢f{ 1 —

T T . .3
mn2 _ and Q 2 2
sin? g sin® = sin® - sin 9
where s = sin . Deduce that
2 2 4
cosec —{— cosec? - cosee? — v = 12.

61. From anmplo 2,817, deduco the three roots of the

equation
1623 — 2422 4+ 100 — 1 == 0,

and hence obtain, in surd form, the values of sin 224° and
sin 673°.
Ans, sin? g, sin? g, sin? — 3 5 3V(2 — V2), V(2 H+ V2)

62. Prove that
cos 860 == 128 sin® 0 — 256 sin® 8 + 160 sin4 § — 32sin2 0 4 1,
and then show that

; - f-z_xz(m‘_'_’:_l>1.
(i) cos 80 128'|'[1 sin? § — sin )}

sin? Ja

(ii) (osr—njl m
16

63. Find the real factors of a® — 1, and deduce that

b . 4
(i) sin T sin 2m sin 3 sin — = 3;
9 9 9 9 16
4

(ii) tan 5 9 T tan 29 tan % tan —) =3;

2rm
(iii) 1 + 2Zcosr8 = 16” (cos 0 — cos ~9—>

n—l

Ans. (v — l)n (x” — 2‘”0052%1 -+ ]>.

[(1) Divide by x—1and let 2 1; (i) put ® = —1;
(iii) divide by @ — 1, then by x4, and put x = cos § + ¢sin 0. ]
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64. From Example 2, § 1, deduce that

z’+1+z—13=ﬁ{l+—: — 2 cos (6";211)};
r=0"

and hence show that

47 . = V3
(1) sm-gsm g Sing = 5
.. 27 8w 4=
(ii) cos—)— cos o cos—g— = —};
(iif) cos —I— cos + cos lg” =0;
2
(iv) 4cos?30 — 1 = 64n{cos2 0 — cos? (3r 3‘ 171') }
r=20

[For (i) put z = 1 and take square roots ; for (ii) put z ==1;
for (iii) equate the coeflicients of 2%; and for (iv) put
z = cos 20 + 7 sin 260.]
65. Show that
sin 56

::l(isin@sin(()———))sm(@—}-%)sin(l) 2~,_)sm(0+ )

and deduco that
sin? "—rfsin”&r =5
5 5 16
[Cf. § 5, Example 2 (iii).]
66. If n is a positive integer, show that

rew -+ rf
5

n
. O\"
cosnld =1 + z "C,<2 sin ,‘2) cos
r=1
67. Prove that, if n is a positive integer,

cos 0 + "C, cos (60 + ¢) + "C,cos (0 4 2¢) 4 .

= (2 cos }¢)" cos (0 + ind),
gin 0 + "C, sin (8 + ¢) + "Cysin (60 4+ 2¢) + . . .

+ sin (0 + n¢)
= (2 cos }¢)" sin (0 + 3nd).
68. Show that
5tan 50  (tan® 0 — tan? }n)(tan® § — tan® ;=)
tan @~ (tan® 0 — tan® {7)(tan® 8 — tan® %w)’

+ cos (0 + né)
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69. Show that, if n is an odd positive integer,
22n-2{cos?" § + (— 1)» sin?" 6}
= cos 2n6 + 2"C,cos 2n — 4)0 + . . . + 2"C,-, cos 20,
and give the expansion when » is an even positive integer.
Ans. The last two terms are then 2°C,_, cos 48 + 42°C,.
70. Solve the equation (x — 1)?* — 1 = 0, and hencoe show
that
n-—1
rmw
@ — 1) — 1 = a(z — 2)”{902 — 4(x — 1) cos? %}
r=1
Deduce that

n—1
2n __ Q2n 2:r_,,-)
4 — 3o = 7T (1 + 48 cost 7).

r=1

71. Sumn to infinity
1 47 cos A cos B 4+ r2cos 2A cos 2B+ 73 cos 3A cos 3B + . . .,
where | 7| < 1.
Ans. } 1 —rcos (A -+ B) 1 —rcos(A — B) )
1 — 2rcos (A -+ B) 4 2 1 — 2r cos (A — B) + r?
72. From the formula for tan 560 in § 4, Example 1, deduce
the roots of the equation x* — 10x? -+ 5 = 0, and hence show

that
4
2 T
2 sec 5 24,
r=1
Ans. 4 tan }w, 4 tan gm.
78. Show that, in any triangle in which b < ¢,

cosec A cos Bsin C

b b\ 2 b\ 3
=l+EcosA+<;> cos2A+(6) cos3A +. ..
74. Show that
()£sm9—sma=_cota;

cos § — cos a
0—>a

()£cot0+cot20__,‘ (i )£sm30+cos40 .
cot 36 T sn0+cos20

4—>0 0 —>}m

75. Show that
x® + ax?® — 2a® 5. i £ x? — 3x? 4+ 4 _
()£ et g % (i) x“—2x’——4ﬂc+8~%'

z—>q T—>2

+1
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76. If A, B, C, D are the points in the Argand Diagram
whose arguments are 1, z, 2% 2% where z = r(cos 6 + ¢ sin 6),
show that BC = rAB, and that

AB+BC +CD =(r2 41 + 1)y/(r? — 2r cos 6 + 1).

77. Show that the points which correspond, in the Argand
Diagram, to the roots of the equation

(z +4) = 32(z + 1)°

aro all at the same distance from the origin.

78. From the formula (§2, Example 5)

n—1
z2n — 1 rmT
= 2 b
P n(z 2zcosn+l>
r=1
deduce that
i 9 n—1
Losinnd oo ( . ﬂ'_").
(i) e 2 n cos § — cos )}
r=1
. . . 27 . 3w (n — )=
n-1 g L —_— —_ ——— == ",
(ii) 271 sin gy, Sin g singn . . sin —— Vn;
2m 37 2mm (— 1)m

e o
(ii)) cos 5 g e0s g S o+ 1 e 1T 2
79. Show that

2n—1
. @ + D
zin 1 =n{$2 — 2xcosT+ l},
r==0

and deduce that
2n —1

”tangr—‘i—*;}ﬂ = (= 1)

Prove that the last result may also be obtained from tho
roots of the equation

(1 — i) + (1 + zi)p» = 0.
80. Sum the series
- - 27 z 2 x
sec? x+ sec +msec +64sec 8+' ..
to n terms and to mﬁmty.

1 x 1
29 — ——— 2 (2 29 — —
Ans. 4 cosec? 2 o cosec ( 2'._!), 4 cosec® 2» pe
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81. Solve the equation 28 — 1 = 0, and show that its roots
are represented by the vertices of a regular hexagon. If the
vertices are Py, P,, . . ., Pg, and if A is the point

a = cos 37 + ¢sin =,

prove, by applying the substitution z == z’ + a to the equation
28 — 1 = 0, that
AP, . AP,. . . AP, = 2.

82. If wx is real, n a positive integer, and

n(n2—'—_l)m"4 cos 20 4+ . . . -4 cos na,

show that » is tho real part of (x -+ «)”, where

u = a" + ne*-lcos a -+

@ = cos o -+ 7 sin a,

and find all the values of x for which w is zero.
Ans. x = — cos a« + sin « cot <2—C-2;;—} 7r), where

r=0,1,2,.. ., n—1
83. Show that the sum of the series
e sin a - "Cya? sin 20 + "Cye®sin 3o 4 . . . 4 a"sinno

n—1
- i naTT (o — sin £ coser (5 — 7))
is x sin nan l.L sin == cosec (o IL
k=1
and deduce that
n—1 % I .
. . _kn km e SinRA
(1) nsm ([x n) cosec -~ = (— 1) s
k=1
n—1 P &
.. . Cm m
(i) ZMn (a — 7) cosec — = — (n — 1) cos a.
k=1

84. Show that

n
cos x + z nC, (2 sin 30)" cos (x + 3r0 + Jra) = cos (x + nd).
r=1
85. Show that the roots of the equation
2" sin na 4 "Cien -1 sin (na + B) + "Cpan?sin (ha 4-28)+ .. . =0
aro given by
x = sin (¢ + B — r=/n)[sin (rafn — «),
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where r =0, 1, 2,. . ., n — 1. Deduce that

-1
) T sin (¢ + B — r=/n) _ sin n(a + B)

sin (o — ro/n) sinno
r=0
" sin (2 + B — v (
.. sin (o —rafn) __sin (na + B)
(i) z sin (6 — rafn) " sinna
r=0

86. If
U, = g(qin(f + sin 2a + sin 3a + + si n(z)
n=sin s " - e Fsin o,
show that the sequence (u,) converges to the limit 2 sin? (}a).
87. If

m . g m
u, = —|{sin? —
n

2n
show that the sequence (u,) converges to the limit 4.

88. If

1 . .37 . nT
B 2 ___ 2 ] Q 2
+- sin on -+ sin on ...+ sin ~2n>’

n—1
a L, 1a
U, = = ZCOS —_
n 7
r==0
show that the sequence (u,) converges to the limit
1a + 1 sin 2a.

14 r3n
discuss the convergence or divergence of the sequence (u,) for
() —1<r<l; (i)r>1; (iii)r<—1; (iv) r=13
v) r=—1L

Ans. (i) 7" - 0 and sequence converges to 1; (ii) sequence
converges to zero, as u, ==r-"(1 4 r-3")/(1 + r-4n), and
r-n > (; (iii) sequence again converges to zero, as 77" — 0;
(iv) u, = 1, and sequence converges to 1; (v) #, == 0 or 1
according as n is odd or even. The sequence oscillates between
0 and 1.

89, If w, =

90. If the sequence (u,) converges to the limit [, prove that
the sequence (v,), where

__u1+u2+. ot u,
- ’

n

n

also converges to the limit I.
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[Choose m so large that, for n = m, |l — u, | < $e. Then

lvn "ll '
gt U — | Uy — 1 Ui — 1 <'L£_l
- n L
< U+ Uyt A Uy —ml _*_’u,,.ﬂwl‘_{_.“_*_ zi,,uli
n n n
Ut uy+ .. Fup—ml €
< " +§.

Now choose an integer m/(= m) so large that, if n = m/,
Uy Uy + .. Fu, —ml
< =
n 2
Then, if n 2 m’, |v, — 1| < ¢ so that v, > when n - w.]
1
91. I un:;lb<1 +,3-+,}+...+—),

n

€

show that the sequence (u,) converges to zero.

92, If

1/. . 8 .0 .0
u,,=ﬁ<sm0—l-2sm§+3sm§+...—i—nbm;;),

show that tho sequence (w,) converges to tho limit 4.

93. Show that
1 . n—1 . n—2 . 1 .
£ ﬁ<nsmﬂ+—2——sm2o+w— sind0+4. .. —}4—27:151nn0)

n~—»
4 sin @
5 —4cos 8
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CHAPTER XVI

APPLICATIONS OF THE CALCULUS:
EXPANSIONS IN SERIES

§ 1. Introductory

In this chapter a knowledge of the Calculus will be as-
sumed.

Example 1.-—Show that
jsin‘ 8cos? 8db = J,(}sin 60 — § sin 40 — } sin 20 4 20 4 C).
[See Chapter XV, § 3, Example 1.}

Derivative of a Product.—From the formula for the de-
rivative of a product it follows that, if », and u, are functions
of the same variable,

! !
D) _ o' | g
UyUy Uy Ug

It can be proved by induction that, for n such functions,

D(uyuy . . . w,)  u | uy Uy’
Uy o . . Uy _741+u+"'+;;' (1)

For, if (1) holds for » functions,

D(ulua vt unun+1)
Uy « v Upyy

ntl1
I N 2 I . I 2 M T zu“/
= - b
Uplhy « « o Uplhpyy “ur

so that (1) holds also for n 4 1 functiéns.
But the formula holds when n = 2: hence it holds for

all greater values of n.
An alternative proof will be found in Chapter XVII,

§2.

281
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Example 2.—Show that
n—1

() n.z,;"‘“‘ sin' né a z sin (0 + 2kn/n)
xir — 2xrcosnb 4 1 = OL‘ — 2x cos (0 + 2km/n) + i’
n—1
(i) 0&—7%%??;3 no zocos ¢ — czixn(g) + 2Ir1r/n)
n—1
(iii) m cot ng = D cot (¢ + kn/n).
k=0

[For (i) differentiate formula (30), Chapter XV, with regard
to 0 ; for (ii) and (iii) differentiate the formulx of Examples 2
and 3, § 10, Chapter XV, with regard to ¢.]

§ 2. Partial Fractions

In finding partial fractions for a quotient of two poly-
nomials, the methods of Chapter XV, §§ 1, 2 can sometimes
be employed to obtain the factors of the denominator.

It is useful to note that if, in the quotient f(x)/é(x), the
denominator ¢(x) has a simple factor # — «, the correspon-
ding partial fraction is A/(x — «), where

)
¢’ (o)
For, let
S
q?(_x_) il + ()

where (x) is the sum of the other partial fractions, and
multiply this equation by x — «. Then, since ¢(a) = 0,
the resulting equation may be written

¢@mua—A+w—amn
xr — o

But, from the definition of a derivative, when z — «,

$@) =40

r— &
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fla)

Hence Fo) = A,
which is the formula required.

Complex Functions of a Real Variable—1f $(x) and y(x)
are real functions of the real variable z, the function
fl@) = ¢(x) 4 W(x) is called a complex function of the real
variable x.

The derivative and the indefinite integral of f(x) are

defined by the equations

and I flxydx = Jqﬂ(x)dx + ijx,b(x)dx,

and the definite integral with real limits a and b by the
equation

[ sz = [ seie + [ piarte

If & is a real increment of
S + k) = $(x -+ k) + (@ + k),
so that
f@+h) —f@@) ¢+ k) —$@) +i¢'(x + h) — P(x)
h o h h ’
Thus, if the derivatives ¢’(x) and ’(x) exist,
by = [+ = fe)

h~>0

The rules for differentiating sums, products and quotients
are just the same as for real functions.

Example 1.—Establish the formula
D(ax + b)" = na(axz + b)"-!
where a and b may be complex, (i) for n a positive integer,
(ii) for n a negative integer.
Ezxample 2.—Find partial fractions for
(1 + dx)En+t 4 (1 — qx)2nit
(1 F ax)mtl — (1 — 1z

where n is a positive integer.




284 TRIGONOMETRY [om.

It should be noted that the numerator is of lower degree

Xvi
than

the denominator, so that it is unnecessary to divide out before

proceeding to find the partial fractions.

The factors of the denominator are obtainod by solving the

equation
). 2 1
(i fg) " — 1 — cos (k) + 4 sin (2kn), k=0, £ 1, £2, . . .
.. 1+ @ 2k .. ™
This gives T = 0% ST -+ i sin T
cos —?-’-C—ﬂ -+ ¢ sin
whence x = 2'”2:' ! 22 + 1
2n+1+1 m2 +T+1
LY { kﬂ' }
2¢ sin 2—__!_ llcos2 + 1 -+ ¢ sin on 1
- kw 1
20°S‘2 T 1{ zn + T Hoising )
—it kn
=i tan 5o——y i
Hence
km
T = tanm,wherek =0,+1 +2 ... +n
Thus
I N e % A,
TP — (1 —@ira & T
k=—n o + 1
where
) _ . (1 + ix)"'“ + (1 — ,b'x)2il+1
Ay = [’ DA F @)™ — (1 — i2)en A} Jo=tan gir o

_ (1 + ,m:)zn{-l + (1 —_ “; 2n+l
[(211,

D{(L + 2x)** 4 (1 — 'l,x)“}]z tan - zn+1

(2n+l)cos2 + i

km \2nH1 kn .. k=
(0052 _H-Msn2 +1) +(cos2n+l~—zsm2n+l

=

kx in ke )“—i—(cos ke —18in k=
("“2 -1-1"’”“s n+1 n+1 1

T
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_ 1 2 cos kn
- _km 2nkw
2n+ 1 (2n 4- 1)200s2 )
1 (— 1)* 1

kw kw g km
cosm (2n+1)cos (kn—-m) (2n+1)cos i1

Hence
1/(1 + ix)znn + (1 —_ ix)2”+1
(l + ix)2n+1 — (1 —_— 1:{1})2"*'1
n

1

kw kw )
2 o ——n
k=—n(2n 4+ 1) cos (2n T l) (x tan In T l)
Example 3.—Show that, if n is a positive integer,
0

€O 5y

kw s 0 — kn
1o, + 1

n

cot 0 =
k=-n(2n 4 1) cos

0
2n - l']
The following theorem is often found useful.
TueorEM.—If f(a) = ¢(a) = 0, while ¢'(a) + 0,

1@ _ [
Lo =gw -~ 0®
Since f(a) and ¢(a) are both zero,
f@) _f@) —fl@) . $@) — $(@)

I:In Example 2 put = tan

P(x) r—a ’ zT—a
Hence, from the definition of a derivative, when x — a,
fe)  [la)
3@~ 4la)

Example 4.—Show that

. xmEn — amgr  m

) L G = o
z—>a

cos 30
(i) ,C cos 0
0—>im
PART I1.—6
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Ezample 5.—Show that '

n—1

(i) —sinnd sin 0 _
cos nf — cos né g —coq<¢+,2%’_7)
n—1
ii) n? 2ng = he? 7'_”)
(ii) m? cosec?ng z cosec (¢ + -~ )
r=0
From Chapter XV, § 10, Example 2, we have
n—1 0
cos nf — cos ng == 2"~ ln [cos 8 — cos (¢ 42 r1r>}’

r=0
and from formule (19) and (20) of Chapter XV it is evident
that sin nf/sin § is a polynomial in cos 8 of degrce n — 1.
Hence

n-1
n sin nb _ z A, sin 0
cos nd — cosng : €08 0 — cos (¢ + 2rw/n)
r=

It follows that
A — (nsinnd cosf — cos (¢ + 2ra/n)|
T L Using ° cosnd —cosné  J
0—>p--2rm/n
___nsinng {coq 0 — cos (¢ + 2rx/n))
" sin (¢ + 2rn/n) ,C cos nd — cos né J
0—>¢d+2rmin
Now differentiate the numerator and the denominator of
the fraction in the bracket ; then from the theorem (K) above

it follows that A, = 1.
For (ii) divide both sides of (i) by sin 6, let § — 0, and

replace ¢ by 24.

Functions of a Complex Variable—If z denotes the
combination ¢ 4 in, where ¢ and 5 are real variables, x is
called a complex variable. A polynomial f(z) in x is a simple
type of function of a complex variable. The ratio of two
such polynomials is another, for values of x for which the
denominator does not vanish. The definition of a limit
given in Chapter XV, § 6 holds for such functions, it being
understood that 8 and ! are independent of the amplitude
of z — a. The formula of Chapter XV, § 6, Example 5,
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also holds ; and, consequently, if the derivative be defined,
as when z is real, by the formula

_ [ fe+ k) — flx)
e

h—>0
where b may be complex, the resulting formula for the
derivative of a polynomial is of the same form as when x
is real. The rules for differentiating sums, products and
quotients of polynomials hold as before, as does also the
theorem (K) on limits.

Example 6.—Find partial fractions for
2% — 1
10 — g5 4 1
The solutions of the equation 2 — 2% 4- 1 = 0 are
T = cos o, - ©sin o,,

wheroe o, = (6r 4+ 1)»/15,r =0, 1, 2, 3, 4.

22° — 1
10 __ x.’) + l

Therefore

4
— z ( Ar + B, >
|\ cos o, —4sina, X —COSo, + 2sin a,/"

r

225 — 1
Hero A, = L G = l(az: - z)},

r—>z

where z = cos «, + 4 sin «,, & complex number.

xz —2
Thus A, = (25 — 1),[:9610 1
r—>z
5 1
1
= AT Ycos 4o, — 7 sin 4a,).
Similarly, B, = l(cos 4o, + 7 sin 4a,).
It follows, on adding the fractions in the bracket, that

228 x cos 4a, — cos Ha,
0 — b +l N 5291:2 — 2¢ cos a, + 1°
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§ 3. Infinite Series

Let S,, denote the sum of the first # terms of the infinite
series
uy Uy ug + .. Fu,
Then if the sequonco (S,) converges to a definite limit S as
n —> 00, the series is said to be convergent. The limit is
called the sum to infinity or simply the sum of the series.

Example 1.—Prove that the socries z is convergent.

+1)
1

1
Here u, = e I— — 7 and consequently S, =1 — P £

Hence S = 1.
If S, - 4+ o or — oo, the series is said to be divergent.
Example 2.—Show that the series 1 +2 +3 4 ... is

divergent.
S, = {n(n + 1), which tends to « when n - .

If S, is always finite, but does not tend to a definite limit,
the series is said to oscillate.

Example 3.—Show that the series 1 — 1 +1 —14. ..
is an oscillating series.
S, has the value 1 or 0 according as n is odd or even.

00
Example 4.—Show that the series z cos nb oscillates if
n=1
6 + 2rm, where r is an integer, and diverges if 0 = 2rm.
Here

S, = cos (

n + ln) sin nd _ sin (n +*})0_%
2 "/sindd —  2siniéb )

If 0 + 2rm, S, has definite values for all values of n, while
sin (n + %)0 does not tend to a definite limit as n — o, but is
never greater than 1 or less than — 1. If § = 2rm, the series

becomes 1 4+ 1 4 1 + . . ., which is divergent.
o o]

Example 5.—Show that the series ZSin n8 oscillates unless
n=1
6 = 2r=, when it has the value zero.
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Example 6.—For the series 1 —2 +3 —4 + . . ., S, has
the value 4(n -+ 1) if n is odd, and the value — }n if n is even.
Thus the sequence (S;.+;) diverges to + «, and the sequence
(Szn) to — . Such a series is said to oscillate infinitely.

§ 4. Expansions of Functions in Series

If, for all positive integral values of =, a function f(x)
can be expressed in the form

where Sa(®) = uy(@) + uy(x) + . . . + u,(x),
then, when n — oo, S,(x) will tend to f(z), provided that
R, (®) tends to zero. (R, () is called the remainder after n

terms.) In that case the function can be expanded in the
form of a convergent infinite series

o]
f@) = uy(®@) + up(@) + uslx) 4. . . = z Uy ().
n=1
Example 1.—Show that, if |z | < 1,
l — — 2 __ 3
1+x“1 x4+ w A P
Since 11"_3;' P Iy
it follows that, if y = — «,
1 = —_ 2 —_— n-lpn-1
l+x_~l x4+ e oo (= Dl 4 R (),
where R,(z) = (— l)"l"—

1 4z

But, if —1 <2 <1, 1/(1 + z) has a definite value, and
z* -0 when n - . Hence R,(z) also tends to zero, and
consequently the expansion has been established.

Example 2.—Show that, if |z | < 1, the series
a+axr + ax® 4 ax® + . . .

converges to

a
1 —
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§ 5. Expansions of sin x and cos x in Powers of x

Several methods of deriving these important expansions

will be given.
First Method —If it be assumed that, for a function f(z),
there is an expansion of the form

flx) = Ag 4+ A + Ap?® + Aga® 4 At . .,
and that the series can be differentiated repeatedly term by
term, the values of the coefficients can be determined as
follows. Differentiate the equation repeatedly, and so ob-
tain the equations
flo)=A,. 1+ Ay, . 22+ A; .32 - Ay . 4 4 . ..
fl'@)y=Ay.1.24+A;.2.3. 04 A;.3.4.22+ ...

Now in the given equation and in these equations put
x = 0; then
f0) = A, [f(O)=A .11, f7(0) = A, .21,
0y =A4A4.3 ..
so that

2 3
f@) = JO) + $70/0) 4+ 5 £ + 5770 + -

n
the (n -4 1)th term being 7’:—' f(0). This is Maclaurin’s

Series.
In particular, if f(x) = cos z, it can be shown by induction
that f(™ (x) = cos (¥ + 4nw), and consequently that

S™(0) = cos jnm = {(*“ )i, n even,

0, » odd.
x? xt 28
Hence cosx=l—2—!+;—!-—6—!—{—... . (2

Similarly, if f(x) = sinz, f("(x) = sin (r 4 nx), and
therefore
0, n even,

n)(0) = si T = n—1
J0) = sin g {(— 1) 2, n odd.
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Thus
sin X = & — g—i -+ gs—’ -

Note.—As cos z and sin z are even and odd respectively,
it is natural that the powers of z on the right of (2) should
be even, and that those on the right of (3) should be odd.

Two important assumptions have been made in the dis-
cussion of Maclaurin’s Series, and consequently this method
of obtaining formule (2) and (3) cannot be regarded as
satisfactory. It was the method employed by Maclaurin
in his T'reatise on Fluxions, and it is clearly valid when f(x)
is a polynomial. It can, for instance, be used to obtain the
Binomial Expansion for (a 4 x)" when n is a positive
integer.

The following proof of Maclaurin’s Expansion is com-
pletely valid, and suffices to establish the cxpansions (2)
and (3) for all real values of z.

Maclaurin’s Theorem.—If f(x) and its first n derivatives
are continuous for values of the argument between 0

and x,

F1@) = J0) + 5 10) + 5070) +

(3)

L (——T)—.ﬂ"-n R, @)
x" (L
where R,(x) = ;;!j n(l — ¢)»-1f (xt)dt. . (D)
1 —f(©
For L [ (xt)dt :f%&.
Hence

1
fl@) = 1(0) + zjof'm)dz
x

1
10 + 5[~ a-opa ] + 5[ 0 = v
2 1
=10 + 550 + 5, | 20— 0f e
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If this procedure of integrating by parts is repeated
(n — 2) times, formula (4) is obtained.
From (4) it follows that, if R,(z) — 0 when n — oo,

z ’ xz ’?
f@ =10+ SO + 5O+ ... ©)

This is Maclaurin’s Series for f(x).
Now let f(z) = cos x; then
nrl
R, (x) = %J. n(l — &)1 cos (xt + inw)dt,
‘Jo
and therefore, since | cos (xt + dnw) | < 1,

[Ro(2) | =

xn xn
n! n!

1
j n(l — t)*-1dt =
0

But, for all values of z, 2% /n! — 0 when n — oo (Chap. XV,
§ 9, Example 4). Hence the expansion (2) holds for all
real values of 2. Similarly it can be shown that the ex-
pansion (3) holds for all real values of .

Alternative Forms for the Remainder.—Since f(")(z) is con-
tinuous, it follows, by writing

xh 1
p) — _ -1(] — -p f(n)
Ry(o) = ¥ !Lu 1)P-1(1 — )2 f( (ta)de,
where p is any rational number such that 0 < p < 7, and

then applying the First (Integral) Theorem of Mcan Value,
that

xn 1
R,(2) = (1 — 0)”“1’f(")(0x)"‘ (1 —8)rdt,0<6 <1,
: 0

(n—1)

or R, (x) = 9%1("1—_——1)93"—;’

If p = n, this becomes Lagrange’s form of the remainder

f™x), 0 <0 <1. . (7)

xﬂ
R,(x) = n—!f('”(ox), 0<b<l, . . (8)
and, if p = 1, it becomes Cauchy’s form of the remainder

(1 — O ™), 0 <8 <1. (9)

R, (2) = w11 (
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Thus, if (8) is used when f(x) = sin 2,

R,(x) = ;a:_'_: sin (fx + }nw),

so that | Ru(x) | = llt

which tends to zero when n — co.

Example 1.—Show that, for all real values of @ and =,
(i) cos (@ + =)
2

=cosa—ﬂ51na—;2—! cosa-{-:ﬂsma—}—. .

(ii) sin (@ + @)
x?
!

. x . 3
=sma+l~7cosa —TSlntt~ :—;-—'cosa+. ..l

and deduce that

Tz —a . x — a)?
(iii) cos z = cos @ — sma—( ) cosa- ...

1! 2!

x—a (x — a)?
i cos @ — 5

sinae — . ..

(iv) sin @ = sin @ +

Example 2.—Prove that
2% 2%x4 28

(i)coszx=1—§? ~4~!——6—!—+...;
ey s 222 2%t | 25t
(11)81n“x:—§—!———4—!— BT
[Apply the identities -
2cos?z = 1 + cos 2z, 2sin*x = 1 — cos 2z.]

Example 3.—Calculate the percentage error in taking 1 — }6°
as an approximation to the value of cos 0 when § = }=. (Given

that =* = 9-8696.)
Ans. — 0-36.

Alternative Method.—For all real values of
' 1 —cosz = 0.

Now assume that  is positive, and integrate from 0 to z.
Since the integrand is positive or zero and x increases
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throughout the range of integration the integral

x
j (1 — cos z)dx
0
is itself positive. Hence

z—sinz>0, x>0 . . (10)

By repeated integration over the same range it can be
shown that
a2

-2—'—1+-cosx>0, x>0, . . (11)
3 g

%_fﬁﬁmx>ux>a T
zt a? .

4——!——2—!—{-—1—COS:E>0, x>0, N (1'3)

and so on,
In this way a scries of inequalitics for cos  and sin x
can be obtained. The general forms of these inequalities are

wm>l—;+§—“.-ﬁ%%?x>Qﬂ®
005x<1_;+£__.“+£%, x>0, . (15)
mm>x—§+$—”.—@§%vx>mam
mm<x~%+;—.u+wggwx>ﬁﬂﬂ

They can be established by induction. For instance, if it
is assumed that (14) is true, then
xin—2 rin—14 x2

(4n_2)!—(4n__4)!—i—...+2—!——l+cosx>0,x>0.

On integrating this polynomial four times in succession over
the range from 0 to « it is found that
pén-1 xin-3 x3 x
— LR T
4n—1)! (4n—3)! 3! 1!
+sinz >0, x> 0, (18)
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xlln x4n—2 x4 x?
@) @m—gt T TIi T g
+1—cosz>0, x>0, (19)
zin+l rin-1 23 x
(4n+1)!—(4n—1)!+"‘—§7+ﬂ

—sinz> 0, x> 0, (20)

and
pAn+2 z4n x4 22
(4n+2)1“(4n)1+"‘_ﬂ+ﬁ
—1+4cosxc>0, x>0,
so that
2 4 4n42
cosx>l——2£!+4£!——...~(4—:—_-l_7)—!,x>(). 21)

Thus if (14) holds for one value of n it is true also for the
value (n + 1). But, from (11) it holds for » = 1 ; hence it
holds for all values of n.

The other inequalities can be established in a similar
manner, or deduced from (14) by means of (18), (19) and

(20).

From (14) and (15) it is clear that, if > 0,

xZ .’174 x4n——2
Cosle—é'—i+;—!~...—m+l{u2n(x),

h 05" o
where R,,(x) = m—)—!, 0<o<l,
and from (15) and (21) that, if > 0,

xt ot xin
Cosx=1~§“!+z—!—...—*—@)—!—Rz,ﬁ.l(iﬂ),

x4n+2
where Ropti(x) = Bm—! , 0<< .

In each case the remainder tends to zero when n — oo
Hence
x2  xt

COS$=1—2—-!+Z—!—. . ey
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the remainder on stopping at any term being numcrically
less than, and of the same sign as, the succeeding term.
In the same way it can be shown that
2 oAb

smx:x—g-rl—s—! e

the same rule holding for the remainder after n terms.

If x is negative, let x = — y; then
cosx-_—cosyzl—gf!*{—%—. ..
=1—~;——2!+Z—4!—. C o
and
:x—§~!+—§—5!——. R

so that (2) and (3) hold also for x negative. If z is zcro
the expansions are obviously true.

The rules stated above for the remainders hold also
when x is negative.

Example 4.—If © >0, show that cosx >1 — .

Example 5—Show that

£z-4) =

z—>0
1 1 _z-—sinz
sine xsinz ’
x — (@ — 0x3/3!
Rl C el LAV I
o sin @
x T
=0~ .—— = 0when x - 0.
3! sinx

Theorem on Limits.—Let f(x), ¢(x) and their first (n + 1)
derivatives be continuous near = 0. Then, if f(x), ¢(z)
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and their first (n — 1) derivatives all vanish when z is
zero, and if ¢(W(0) =+ 0,

z—>0

This follows from formulee (4) and (5).
Thus, in Example 5, if f(z) = @ — sinz, ¢(r) =@ sin z, f(0),
£7(0), £7(0), $(0), ¢(0) all vanish, while ¢’(0) = 2. 'Therefore
f@) _ SO
$(x)  4°(0)
z—=>0

Example 6.—Show that

Lz =) =+

z—>0
d 1 1\ sin*x —afcosw
@(sin z —'z,) - x? sin? @
1= cos 2x — 2zx%cos ¥
- 2x? sin? x -

T2 e e /|
x? Lt
"2ﬂ<1“§i+efJJ

1 __( 4x? 16zt 64;);“)]

oo

(222 sin? x),

e
—

~——~—

z? 4
sin? x sin? @

=} — % when 2 — 0,

A being bounded.*

Example 7.—Show that
.. (®©sin 6
1) 5

ks
o 6 =3
w .
(ii) i‘%’?ﬁ’:z%f, 0 <0< 2m

n=1
We have
cos 0 + cos 20 + . . . + cosnd = sin (n + $)0/(2 sin 0) — }.

* The variable A is said to be bounded if A < X = B, where Aand B
are constants.
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On integrating from 0 to 0, we get, if 0 < § < 27,

n
Sainnd_ (Osinnt D0y
n o Jo []
1
1

0 1
+ '(“ sin (n + W(ﬁ‘n_go” b)d() — 30.

Hence, substituting ¢ for (n 4 })0 in the first integral, and
integrating by parts in the second, we have
n
z sinnd j(”H)” sin ¢d¢ cos (n + %)9< 1 1
n  Jo é n 4+ 1 2 sin 36 0)

1 1
+ a3 %j cos(n+;)o(w<2smw )do—}o. (A)

Here put § = =, and let n — «; thus

£ j(n +1)7 sin qﬁl¢ —

n—» o0
from which (i) follows. To obtain (ii), lot n —> « in equation
(A).

Example 8.—If m is a positive integer, prove that
”
i) j“z sin (2m + l)v - S2 sin (2m — l)a:( Lo,
0 sin « 0 sin @

. z sin (2m + l)"c 7
(ii) jo sin « 2

vy (®SinT m
(iii) So = dx = 5

’

Example 9.—The Binomial Theorem.—In (4) lot
fl@) = (1 +2)™,
where > — 1, m is any rational number, and that value of
(1 -} )™ is b&ken which is equal to 1 when # = 0. Then

(1+a)m = 1+ﬂ +7_’£(_"L2,_1_) L.
m(m——l) . (m_n+2) i
* w11 1R,
where R,=u 51(1 — (1 + ta)mnde,

mm —1). . .(m —n + l)
and U, = (n ~ )
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1+ tx
and assume that — 1 <x < 1. ThenO = (1 —2)/(1 + ) < 1,

so that
1 —¢
<
0= (—Hr) =1

Also l—Jae| =1+t <2,
and therefore
(1 —Jax|) =l ft2)mt =2m, m —120,
(1 —Ja|)m™1 = (1 4 te)ym1> 2m1, g — 1 < 0.

Let M be the greater of 2™ and (1 — |« | )™ Then

IR, | = ] | Mdt = [u,|. M
[
But (Chap. XV, § 9, Example 8), when n - o, u, — 0, and
therefore R, - 0. Hence, if |z | < 1,

m(m — 1)(m — 2)
24 3 x

1 _— n-1
Write R, = u,,S (l——t) (1 + ta)m1de,
1]

(1 +a)m =1 +ﬂx+7n(mz'— 1) .

1! BUSEES

§ 6. Gregory’s Series for the Inverse Tangent

By means of the formula
¢ du
tan-1g — j M tr<tanlz < (23)
ol + u
it is possible to obtain a series for tan™ z in powers of z.
For
1

—_— =1 — u? 4 - (— 1)n--1y2n-—-2
T 1 —uw+4u vt (= Dy
u2n
+(=1) T
and conscquontly, on integrating from 0 to x, we have
to L 25 - r2n—1
an"ly = x———}—-g—...+(—l) o — jrR,,(r),
u2n
where R,(x) = (— 1)"-{ 1T 11,2d

Now, assume that z is positlve then
a2n+l

| Bal@) | :jol + u du<jou2"du—2_n+
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Hence, if 0 < 2 < 1, R,(x) >0 when n — 0. It follows
that

x3 xﬁ x7
tan g =% — =+~ — = F . .3 .
an"ly =2z 3 -+ 5 7 + ; (24)
and the formula holds for the range
—1g2=<1, —lrstane £ 4
Tor, if —1<a2<0, let x=—1y, so that 0 <y < L.
Then '
3 5
tan— & — — tan™! =—< ¥ y~—...)
an~!x tan™! g Y 3 + 5
x8  ab
—r-gty T

Formula (24) is Gregory’s Series for tan™ z.
In particular, when = 1, tan™1& = }, and (24) becomes

Z=1—§+%—;+.” .. (25)

§ 7. Expansions of Circular Functions of Multiple
Angles

In Chapter XV, § 5, it was shown that, if » is a positive
integer,

cosnd = Aych -+ A2+ At L, . (26)

and sin nf = s(B,c®! + By 3 4 By 4. L), (27)

where ¢ = cos 0, s = sin 8, A, = B, = 2771,

The other coefficients may be determined by differentiat-
ing each series twice and comparing the series so obtained
with the original series. Thus, on differentiating (26), it is
found that

—nsinnf = — s{nAyc" ! + (n — 2)Axc"3

4+ (n — A5 4. .} (28)
If, now, the sign is changed and the resulting series differen-
tiated, it is found that
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72 cos N = c{nA, "t + (n — 2)Aycn8
4+ —4)Aer 5.}
4- (¢ — D{n(n — 1)AgL" 2 4 (n — 2)(n — 3)Aycn?
4+ (n—4)n —5)AL 4. . ) (29)
Now the expressions for n2 cos 78 given by (26) and (29)
arc equal for all values of 4, and therefore for all values of
¢ between — 1 and 1. Hence, by a well-known thcorem
in algebra, the equation
n2{Agc + Ay 2 + At 4.
= {n2A " + (0 — 2)2A,0"72 4 (n — 4)2Acn "t L L L}
— {n(n — 1)Agc" 2 4 (n — 2)(n — 3)Ayc"4
4+ (m—4)(n— B)AL . .}
obtained by equating these expressions is an identity, and
consequently the coefficients of the various powers of ¢ on
each side of the equation must be equal. The identity may
be written
nin — 1)Aycn2 + (n — 2)(n — 3)Ayc"™4
4+ (n—4)(n — B)ALV 8+ . ..
+ 2(2n — 2)A,c" % -+ 4(2n — 4)A et
+ 6(2n — 6)Age" 8+ . . L =0,
and in this form the coefficients of the different powers of ¢
must all vanish. Thus, since Ay = 2772,
n, _ nmn —3),, s
Av=— 270 Ag= Tt
n(n —4)(n—5),
AB=——~—-—T!_—‘—2"7, P
If it is assumed that

nn—r—1)n—=r—2)...(n—2r+1),, o, (30)
7! ’
(n — 2r)(n — 2r — 1)

A2r= (=1

then A,y = — 2%(r + )(n —r —1) o
—r—2)(n—r—3) . . . (n—2r—1
= (— l)mn(n r—2)(n (: - )1)! (n—2r )2"‘2"3;

so that, if the formula (30) holds for A,,, it holds also for
PART IL.—7
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A,, ., But it holds when r = 2 or 3; hence it holds for
all values of r.
Accordingly, if n is a positive integer,

n(n — 3) 9

2 cos nb = (2¢)" — {f' (2c)72 + - (2¢)
—4)(n—5
—_— 71"'___3_)52__)(20)11—8 + .
Tt (_l)rn(n——r~l)(n—r:!2) . (n——2r+l)(2c)n_2r
“+ ... . (31)

By comparison of (27) and (28) it follows that, if » is a
positive integer, )
sin nd
sin 6
(n—3)(n—4)
T

= (2c)" 1 — n_l:!___z(gc)n—a

(n —4)(n — 5)(n — 6)
3!
(n—r—1)(n—r—2)...(n—2r)

r!

(2c) 5 — (2¢c)"7

(2c)n—2r—l
+... . (32)

Example.—Show that, if n is even,

(i) (— 1)i" 2 cos nd = (28)" — ~(2s)" -2y ( )(23)n .

+ o (D)

_ n(n — 4)(n —
3!

2(2.9)"'3

(2.3)"*G +.. .3

sin n

(ii) (— Din-r 222

= (2s)"-1—

3
+ (n___l;zz'_._ (2 )n [ J— . .3
while, if n is odd,
n—1
(iii) (— 1) 2 2sinnd = (25)" — %(23)M

+ 'n(n - 3)(28)”"‘ _n(n — ;)'(n — 5)(28)""6 + .. 03
. 9 —2
(v) (- 1T °::s"0 = (@)t =2 F(2e)"-

(n — 3)(n — 4
21

+ )(28)"-6 —
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EXAMPLES XVI

1. Express sin® § in terms of cosines of multiples of 6, and
deduce the value of

™

&
S sin® 0 do.
0

Ans. él;(cos 80 — 8 cos 60 + 28 cos 40 — 56 cos 20 + 35),
r ,
1 (3.) 169 \/3).

P

3 8

2. Express cost sin® 0 in terms of cosines of multiples of 6,
and hence evaluate
. ™

i
j.o cost 0 sin® 0 dé.

Ans. —21—9(6 —2c0820 — 8cos 40 -+ 3cos 60 - 2 cos 80— cos 100),

3 4\ /.
(;" - 5)/ 256.

3. Show that

™

3
j sint 0 cost 0 df = (m + $3+/3)/256.
0

4. Express sin® § cos? 6 as a sum of cosines of multiples of 6,
and find the value of
™
8
j sin® 0 cos? 6 dé.
0

Ans. 2-7(5 — 4cos 20 — 4 cos 40 - 4 cos 66 — cos 89),
2-"(§mr —3v2 —1).
5. Express x2"/(x"+! + 1) as a sum of partial fractions,
2r + 1”)
1 J 1 + 2n 41
2n—}—llx+l . 2r+l)
r=0 % 2x cos <2n T kd +1
6. If m and n» are positive integers, m being less than or
equal to 2n, prove that

n—1 x — cos (

Ans.

n—
zm-1 1 cos (m — 1)a, — @ cos mo
a2 : !

x* — 2rcos o, + 1

x4+ 1 n
r=0

where a, = (2r + 1)=/(2n).
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7. Obtain the real quadratic factors of
" — 2amx™ cos 0 + a®",
and deduce that
n—1 x — @ CoS ﬂ_ﬂrjf

7n

ne (xz® —a"cos ) z

xtn — 2qrmat cos 0 - a?n + 2rnm N
a

0 -
r==0 T? — 202 CO8 ———-
n

8. If n is a positive integer, show that

ro
n-l g — cos—
n

na?n-! @ 4
x? — 1 a2 —1

rmw
r=1 &% — 2.1;0057’; +1

9. Express 1/(x**+! — 1) in partial fractions with linear
denominators, and deduce that

(1 _2fn+1)_
£ z—1 aomn_1) "™

x—>1
Ans. (2n + 1)/(a?r+r — 1) = i_jt_.i
2"‘71' . b d
N n cos2n+l+ sm2 T
T — co 2r 2rw
r=1 S o + 1 1n o 1
n o8 2rm isi 2rm
2n + 1 on + 1
t z rm .
r=1 ’If—C()S2 +l+1,51n2n+1
10. Show that
n—1(_ 1)r-1 2'I'_‘il'( Tﬂ)?u—d
2nx _ z (—1)sin 2a\%% 2
(1 + w)zn — (l - x)ﬂn “ ot + tant T_’E
B 2n

11. Show that

acosx cosa
T ol
a x 3+ tan 1

= a .
a . X . a — 14 tan 1
F>6 - gin - — ~ 8INn — +

x a a z
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12. Prove that

n 1 — tan? @ cot? T

tan 2né — 2"’” 2n
tan 60 2r — 1
r=1l~—tan’8cot2( o "

2r — 1 )
n 2
cosec ( yrad

1

n

r=11— tan? @ cot? (27‘ — lﬂ')
4n

[From Chapter XV, (7), it is clear that

n

tan 2n6 = z STV
r=1l——tan’ecob’< 'n')
4an

Hence by formula (K), p. 285,
{l — tan? 6§ cot? <2r —

A, tan @

: )
A — in "/ sin 21»0'
T 1 cos 2n0 tan 0 f
0-> 2r-1 .

2r — 1

T

= 1 soc? 0 cot? 2_r — 1"’ whore 0 =
n n

4
1 . (2r —1 ) ]
= - cosoe? | ——m ).
n 4in

13. Show that

n—1
sin 0
n tan nd = z cos § — cos a,
r=0
where &, = (2r + l)=/(2n), r=0,1,2, .. .,n — L
14. Show that
n—1 in 8
sin
9 = — S uin A
neotn cot 6 z cos 0 — cos (rm/n)
r=1

15. Show that

41 Z(— 1)2sin ¢, cos 0 , (— 1)*
cos (2n + s (2n + 1)8 cos? § — cos? «, cos §

n—1
= 2(—— 1)r-{cosec (§ — a,) — cosec (8 + «,)} + (— 1)" sec 0,

r=0
where o, = ( + ¥)7/2n +1), r=0,1,2,...,n—1
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16. Show that

N ‘
z sin 20 n even
sin? o, — sin? ¢’ ’

ntannf = {71

sin 26

tan 6 z s, n odd
+ sin? o, — sin? 0’ ’
r=1

where «, = (2r — 1)7/2n and N = {n or }(n — 1) according
as n is even or odd.

17. Prove that

N
sin 26
cot § — tan 0 4 z ST — sint (rmjn)’ n even,
ncot nf = N r=1
sin 20
cot 0 + Z sin%d — sin? (ro/n)’ n odd,
r=1

whero N == }(n — 2) or §(n — 1) according as n is oven or odd.
18. Show that
n
(i) sin (2n -+ 1)0. cosec 0=(— 1)"n <l — cos? fsec? ——
r=1

2n—i )’

2rm
(2n - 1) sin 0 v (= 1)rsin "“Tl M F 1

(ii) =
sin (2n + 1)0 ez T
re=1 cos? 5 | cos® 0
19. Show that
n-—1
(i) 7 sin né . z sin (¢ + 2rm[n)
cos nf — cos ng COb 6 — cos (¢ + err/n)
n—l
(ii) n(sin nd — sin nd) z sin § — sin (¢ + 2r=/n)
cosnd —cosng 4 cos 8 — cos (¢ + 2ra/n)
r=0
. _ [ xsin ot___)
20. If y = tan (—-———l SR
show that
dny j— n-1 ! n ¢
don =(—1r1(n —1)! immﬁ( na)

where tan ¢ = sin o/(x + cos «).
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21. If y = a?/(x® — 1), prove that
3 1
(— 1) ——D" )n+1+ 2cos (n + 1)¢

(x —1 (x* +x + l)}(n+1)’
_ V3
where tan ¢ = % T 1
n
22. If P = nsin (x — a,),

r=1

and P, = n sin(a, —a,), r=1, 2,. . ,n,
g§=1

the dash denoting that the factor corresponding to s = r is
omitted, prove that
n
.. sin®lg sin®'a, 1
(@ P z P, sin(x —a,)’

r=1
. n .
(ii) sin"?w z sin®-? a, cos (x — a,)
P P, sin(r —a,)

r=1

[For (i) divide the numerator by cos *-' # and the denomina-
tor by cos®x cosa,cosa, . . . cosa,, and then find partial
fractions for the resulting expression regarded as & function of
tan . For (ii) apply the same procedure to sin"-?x cos x/P,
then multiply the result by cos  and add it to (i) multiplied
by sin «.]

23. If f(x, y) is a homogeneous polynomial in x and y of
degree n — 1 show that, with the notation of Example 22,

[ (sin ;v, cos &) Zf (sin a,, cos a,)

P,sin (x —a,)’
r=1

24, Sum to n terms, and to infinity, the series
1 1 1
R e e M L R

where a is not a negative integer.

NS S 1
Ans, b,, = %(a—a—?ﬁ), S —2-—a.




308 TRIGONOMETRY [cH.

25. Sum to n terms, and to infinity, the series

@ j ;.5+3.;.7+5.;.9+' ;
W) 573 4+3.i.5+4.§.6+'

A ) 8= g~ g )Y
(i) Sa =} — gt 3 s

2(n + 2)(n + 3) .
y 1 1 i1
I:For(n) Uy = —%(n -}-1~n+2> + ~(n+ 2_11.—{-3)']

26. Sum to n terms, and to infinity, the series
. 3 5 7
Wizstssatss

3 4

4.5.6+5 6

5+...;

_ + +....

.

. 2
i) 373 7
3
on +2 2n 44
. B 1 3 (b
() S = T o6 o> ~ o4
27. Show that the sum of » terms of the series

:'_%‘*‘1'“:04'

or 14 according as n is even or
3 e 8

odd, and state wh t kind of series it is.
Ans. Convergent.

[t = (= 1pms 22 = (— e (3 2.

Ans. (i) S, =14% — S =%

is oqual to 1 —

nn + 1) n 41
28. Show that
o)
z (sinf — sin d ) = sin 2.
n n +1
n=1

29. Prove that
"1 4 6
(i) 4cosxsin=x=%(3f—1)—%(34—1)+%(3«-1)—...

(i) (?)':2{%—(2‘1—’?#2&” — ok
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30. Show that, for all values of =z,
x® 225 | 327 4a® _xfsinzx '
°3—"———5-!— 7‘,“—?! +...——-§<'———COS(L).
31. Prove that, if powers of x higher than a¢® be noglected,
and if [z | < 2v/5,
x(60 — Tx?)

sSin ¥ = m.

32. Establish the following limits :
(i) [;gos ax ;z cos bx — 10 — a¥);

z—>0 .

x ——smx 2 sin ax — sin 2ax
(i) =§; (i) =q%;
sin @ — & cos T sintw
x>0 z—>0
) £tanx -—sinx () Ll — €OS Mmx m3.
x3 ’ 1 —cosnx n?’
-0 z—>0
. 1 — x tan 2z — cos 2u
(vi) - = — 10,
a? sin? x '
z=>0
33. Show that, if |z | < 1,
1 —=2 7r FUA
tmr‘( )=~ — e e e
1+ 4 + -5 + 7

34. Prove that, if = < 0 < im,
0 =13%r —cot 8 4 Jcot>d — Leot® 0 .. ..

35. Show that

. < L3 4 3m g
(i) cos? @ = > (— Ir = @’
n=0
hd 3 32n+1 2n+1
i g T ki z?n
(ii) sin x--Z( 1) 3 T
n=0

36. Expand 2sin (37 + x)cos (3= + 3x) in ascending
powers of z.

Ans. 3+ (= D)man)(2n).

n=1
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37. B is the mid-point of an arc ABC of a circle whose centre
is O, and the radius OB meets the chord AC at D. If

BD/DC =z < 1,

show that
arcABC (1  a? at (— 1)n+1yzn
chord AC 2{§+§"ﬁ+ ot e nEern T }

38. Show that, if n is odd,

(i) sin nd = ns + n(12 — n2)§~
5 n—1
(1t — n)(3 — )2 L (= 1) 2ng;

(ii) cos nf/cos § =1 + (12 — nﬁ);
4 n—1
+ (12 — n2)(3* — n=)§—, Foe (= 1) 2 gnorgnmy

while, if n is even,

(iii) sin nd/cos 8 = ns -+ n(2? — n’)g—
n—2

+ n(2? — n2)(d2 — nz)ffi o (= 1) 2 (291
(iv) cosnf =1 — n’ + nin? — 22)~

n
— n¥(n? — 2)(n? — 42%4— v A (= 1)2 gngn,
39. Prove that, if n is even
02

n
(i) (— 1)2cosnf =1 — i

. n
+nint = 25 — . .+ (= 1)220on;

_2 3
(i) (— 1) "% sin nf/sin 6 = nc + n(22 — n’); '
+ 02! — n)(4? — n’)gs' i (=1) e (2¢)7-1;

while, if » is odd,
n=1 c?
(iii) (— 1) 2 cosnd = nc — n(n? — 12)3'
n—1

+ n(n? — 1%)(n? — 32)5"—5, — (= 1) 2 2neny
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n—1

2
(iv) (— 1) 2 sinnf/sin § = 1 — (n? — 12)%_’

r4

4 n—1
+uﬁ—vwﬁ—y&7—“.+(~n'(mym

40. Show that

cos?x + cos® 2r 4 cos? 3x 4-. . . 4+ cos?nx
2n — 1  sin (2n + 1)z

= 4 + 4sinx
and deduce that
sin 2¢ 4 2sin 4x 4+ 3sin 6x + . . . 4 nsin 2ne
sin (2n 4+ 1)z (2n + 1) cos (2n + 1)z
= ————cot x — - .
4 sin @ 4 sin ¥
41. Prove that
cos & + cos 3x + cos 5w 4. . . tonterms == ﬂ___n.2nw’
2sinz
and deduce that
sinx 4 3sin 3x 4+ 5sin bz + . . . to n terms
__sin 2nx cos @ — 2n cos 2nx sin x
- 2sinzx :

42. Show that the sum of the first 2n - 1 terms of the sories
1 —2cos2x + 2cosd4x — 2cos b6x + 2cos 8 — . . .
is sec x cos (4n + 1)x, and deduce that
fﬂlg—cﬂ———n + 1) Y = im
0 cos x
43. Show that the fraction sin ma sin ne/sin , where n is a

positive integer, can be expressed as a series of sines of n
angles in arithmetical progression, and find the value of

w/4 sin 42 sin 3x
f s dex.
0 sin x
n—1
Ans. > sin(m —n 41+ 20, 1}
re=0
44. If

o o 20 3o no
S —ﬁ(cosﬁ+cos—n— +cos% +... +cos%),

find the limit to which S tends when » tends to infinity, and
interpret your result as a theorem in integration.

Ans. sin «.
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45. Tho sumn of tho first n terms of the series
sin (a@+h) cos h+sin (a+2h) cos 2h+sin (a+3h)cos 3h+ . . .

is denoted by S,, and the angles are measured in radians. If
the product nh is a constant ¢, prove that, when n tends to
infinity, & tends to zero, and that

'C c____i,, = 3{sin (@ + ¢)sinc + csina}.
n— 0
Show that the expression ¢S,/n gives an approximation to
the area under a certain curve, and test the result by integra-
tion.
46. ABC is a variable triangle inscribed in a fixed circlo ;
show that
da db de
= ()
cosA+cosB +cos()
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CHAPTER XVII

THE LOGARITHMIC AND THE EXPONENTIAL
FUNCTIONS : HYPERBOLIC FUNCTIONS

§ 1. The Logarithmic Function

In this chapter the logarithmic function will be intro-
duced in the form of a definite integral, the exponential
function being then defined as the function inverse to the
logarithmic function. This definition of the logarithm is
practically the same as that given by Napier of Merchiston.
The connection between the logarithmic function thus de-
fined and the function as defined in books on elementary
algebra will be made clear later on. As the definition of a
definite integral may be based on geometrical conceptions,
this procedure makes it possible to avoid some of the diffi-
culties of defining the
logarithmic and exponen- U
tial functions for irra-
tional values of their
arguments. This same
difficulty was avoided in
connection with the circu- 0 ! X T
lar functions, which were
defined as geometrical
ratios. Thus it was
found possible to develop
the theory of trigo- Fia. 1.
nometry without the
necessity of basing the discussion on strictly arithmetical
considerations.

Definition.—If x is positive, the function log x is defined
by the equation

logz=1] —. . . . . (D)
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The value of log x is represented by the shaded area
(Fig. 1) between the curve u = 1/t, the t-axis and the ordi-
nates £t = 1 and ¢ = .

At a later stage it will be shown that this function is
identical with the logarithmic function as defined in text-
books on algebra, the base being a certain number which
is denoted by e and is defined below.

The restriction x > 0 is nccessary, as the integral has no
meaning when the range of integration includes the point
¢t = 0. The lower limit 1 is chosen in order that the func-
tion may vanish when z = 1, thus agrecing with the loga-
rithm to any base as usually defined. Hence

logl =0. . . . . (9

If 0 <z < 1, log « is negative.

§ 2. Properties of log x

A number of important properties of the function will
now be established. From the definition it is clear that
log x is continuous, and increases with . Its derivative is

1
D, logx = -. . . . (3)
x .
Example 1.—Show that, if ax 4+ b > 0,
a
D, log (ax 4+ b) =: P

Example 2.—If f(x) is positive, show that
D, log {f(@)} = f"(@)/f(x).
Example 3.-—If f(x) is negativo, show that
D, log {— f(x)} = f'(2)/f().
If 2, and «, arc any positive numbers
log (z,2,) = log x, 4- log ,. . . (4)
12 gt %1 dt #%2

For log (2,,) =L : _[1 t +Ll ¢

Ty
= log 2, + j %, where ¢ = 2,
1

= log z, + log @,.
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Again, if x is any positive number and » any rational

number,
log " =nlogx, . . . (5)

it being understood that, if » is fractional, the principal
value of & is to be taken.
= dt

For log an = j
1 ¢

z dv

= nj —, where t = o7,
1

= nlog x.

In particular, when n = — 1,
1
log 2 logz. . . . (6)
From (4) and (6) it follows that, if 2, and z, are positive,
log it log z, — log x,. . . (7
Ty

When z tends to infinity the function log « also tends to
infinity ; that is

[;logx: 0. . . . (8)

Take 2 greater than 27, where n is a positive integer.
Then, when n — o0, x also — 0. Thus
log > log 2" = nlog 2.
But log 2 is positive. Hence, when n — o0, nlog 2 — o0,

and thercfore x and log « tend to infinity together.
When z — 0, log x - — oo ; that is

£logx=——oo. . . . (9)

z—>0

For, if x = 1/u, v - o0 when z~>0. Hence, from (6),

Llogw::—£logu=—oo‘

z—>0 u—>
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Graph of log x.—The form of the graph is shown in Fig. 2.
As z increases from 0 to 1, log « increases from — oo to 0,
while the gradient 1/x de-

Y creases from -+ oo to 1;
as « increases further from
1 to -+ oo, log # increascs
from 0 to 4 oo, while the

] y gradient decreases from
X0 l X 1 to 0.

If y=1log =z, to each

Y! value of y between — oo

Fle. 2. and +- oo there corresponds

onc and only onc value of
x (between 0 and - o0). Let the value of 2 which corre-
sponds to ¥ == 1 be denoted by e. Then

loge =1, . . . (10)
°dt
or — =L
.{1 ¢

From (5) it follows that, if y is any rational number,
loge! =yloge=y.
Thus, if log x = y, = €Y, provided that y is a rational
number, and that ¢¥ takes its positive real value.

Logarithmic Differentiation.—Let

W= Uy . . . Uy,

where the %’s are functions of . Then
lwl=1lwyl. lul...lu,l
or (w) = (). (Lu) . .. (F£u,),

where in each bracket that sign is taken which makes the
expression positive. Hence, on taking logarithms, we have

log (£ w) = log (4= uy) + log (£ ug) + . . .
oot log (£ u,), . (A)
the arguments of the logarithms being all positive.
Now, if u, is positive,
u,’
Dlogu, = o

T
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while, if %, is negative,

D lOg (_ ur) =

— U, ur‘

Therefore, on differentiating both sides of (A), we have

n
w’ u,’

w u,’
r=1

a formula which was established otherwise in Chapter XVI,
§1.
Example 4.—1f
U = (L +a)(l +a?)(l +2%) .. . (1 + 23",
where — 1 < 2 < 1, prove that the sequence («,) converges

to the limit 1/(1 — x).
Find the sum of the series

1 2x 4x3 8x7
TFa T TFa +

1 4 x* 1+ at +
[un = (1 — 22")/(1 — z). If this equation is differentiated
logarithmically it is found that

, Q2™ -1 1
R g

where S, is the sum of the first n terms of the sories. The
result, 1/(1 — z), is then obtainod by making n toend to «.]

Ezxample 5.—Show that

. x x r .
(i) sinz = 2" co8 ;€08 5 . . . COS - Sin -

2% 9 gn oM g’
. x 1 ]
(ii) cot x = — %tanﬁ—?tanz—z —_
1 T 1 z
b b} tan 5 + é; cot 3
(iii) z 5; tan; —= - — cot x.
r=1
Example 6.—Show that
(i) sin 3z = sin 2(1 + 2 cos 2x);
n—1
(ii) sin (3%) = sinz [ {1 4+ 2 cos (2. 3’x)} ;
r =0

PART I1.—8
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n—1
4.3 s8in (2.3
(lll) z msL(g.—B';?j = cot x — 3" cot (3".17).

T

=0

§ 3. The Exponential Function

This function is the inverse of the logarithmic function ;
that is, if ¥ = log , * = exp (y) is the exponential function
of y, x being that value of the argument of log x which
corresponds to the value y of log . From Fig. 2 it is clear
that, as y increases from — oo to - 0o, exp (y) increases
from 0 to + c0. When y is rational

exp (y) = ev.

In elementary text-books on algebra a® is defined only
for rational values of . Wider definitions will be given
later, but at this point e* may be defined for all real values
of z by the equation

e* = exp (). . . . (11)

Thus if © = e¥, y = log x. It follows that the logarithmic
function as defined in this chapter is identical with the
logarithmic function to the basc e, as defined in text-books
on algebra. Hence

= dt
logexzj —
1 b

In higher mathematical work it is always assumed that
log x means log, #, unless the
Y4 contrary is explicitly stated.
Note—The function e* as de-
fined by (11) is a single-valued
| function, and is real and positive
/ if x is real. For instance, if
x = 1/n, where n is a positive
X_' 0 integer, e® is the real positive nth
Y! root of e. In particular, e® = 1.
The graph of the equation
y = e® (Fig. 3) is obtained from
that of y = log x (Fig. 2) by interchanging x and y.

Xy

Fia. 3.
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When y == log 2, « = ¢?, and therefore
x = elo8r . . . (12

while loge’ =v. . . . (13)

§ 4. Properties of the Exponential Function

If y =e®, x=Ilogy, and therefore

dy /dxé / |

Thus D,e® = e’ . . . (14)

As e* is always positive, the gradient of the graph of e”
is always positive, and increases from 0 to 1 as & increases
from — oo to 0, and from 1 to + oo as « increases from 0

to + oo.
Since e* has a definite value for any value of z, it follows
from the definition of a derivative that e® is continuous.

Example 1.-—Show that De?* = pe??.

Again, let y, = €%, y, = €™, where &, and x, are any real
numbers. Then x, = logy,, 2, = logy, and therefore,
from (4),

log (y,9) = 2 + %
Hence WYy = €T
or € et = gnt T . . (15)

Thus the first index law holds for all real values of z,

rational or irrational. It will be shown in § 5 that the law
(¢) = e
also holds for all real values of x and y.

Expansion in Series.—If f(x) = e® it follows from (14)
that f(x) = €2, so that f((0) = 1. Hence, by Maclaurin’s
Theorem,

z 22 xn—l
e =1+1-‘!+§!+ . +(7—_—1')—!+Rn(x),
npel
where R,(z) = 7%] n(l — §)m1 e*t dt.
+Jo
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Now et < ekl so that

rn 1
R, | = il ezl | n(l — t)n-1dt
n!
: 0

n
< E—‘ elzl,

n!
But, when n — 0, 2*/n! - 0: hence R, (x) -0, and
therefore, for all real values of «,

x 2 ad
R VRIETIE Y
This is the Llxponential Series.

In particular, when z = 1,

1 1
c=ltqptat

T . (16)

1
git o

Example 2.—Show that e = 2:71828 . . . .
§ 5. The General Power

The function a® as defined in works on elementary algebra
has only one value if x is an integer, positive or negative.
If z is rational but not integral, a® has a number of values,
which can be found by the method explained in Chapter
X1V, §7. If x is irrational the function has not, so far,
been defined, except for the value e of . In the following
definition it is assumed that @ is positive, and that the value
of a® given by the definition is itself positive.

When z is a rational fraction it may be put in the form
p/q, where p and q are integers with no common factor and
¢ is positive : then a® has ¢ different values, and, when a is
positive, one and only one of these is positive. Denote
this value by y; then

y = q1
and therefore

logy=§loga=xloga.

Hence y = e¥ log a
or a® = ev 108 g, . . . a7
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Now e® 108 ¢ has been defined as a single-valued continuous
function for all real values of , a being positive. Equation
(17) is therefore employed to define the real value of a®
when z is irrational (¢ positive). This value of a® is its
principal value.

A number of properties of this function will now be given.

If a is positive ‘

loga® =zloga . . . (18)

for all real values of x. This follows from (17); it is a
generalisation of formule (5) and (13).
The Index Laws.—The index laws hold for all real values
of the indices. For, if a is positive,
a® X a¥ = e* o8 a x ev1oga — ¢ (x+1) log ¢

by (15), and therefore

a® X a¥ = a*tv, . . . (19
Also (a“)” — eV log a® — cav log a,
by (17) and (18), and therefore
(a®)¥ = a®v. . . . (20)
In particular
(e®)V = e*Y. . . . (21
Derivatives.—If a is positive
Da* =a*loga. . . . (22)

For D a® = De*loge = ¢vloga Jog g = a* log .
Again, if @ is positive, the formula
D" = nan? . . . (23)

holds for irrational as well as for rational values of n.
n nlog @ Lo log « "o n--1
For Dga" = D = e = & ="l

Example 1.—Show that Dz* = x*(1 + log x).
Ezxample 2.—Show that

£m" —a® 1 —loga
2 —a* 1+ loga’

T->a
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Expansion in Series.—Since a® = e*108¢, it follows from
(16) that

xloga  (xloga)®  (rloga)? .
e N R ¥ (24)
Example 3.—Show that
@ —zlog (a4 x) —1 2
£ 1 —cosw = (loga)® — 2.

z—>0

Example 4.——Show that the Binomial Expansion (Chap. XVI,
§ 5, Example 9) holds for all real values of the index m.

Example 5.—Prove that

[ are==o.

x—> 0

From (16)

rn
pre-t = — =
(4

T

ah

x ax? *
l»i—i—!+—2~!+. ..

Now let » be a positive integer greoater than = ; then, if
z > 0,
xn 1
e < — =vl—,
xﬂ xﬂ—ﬂ
!
and this tends to zero when & — .
Example 6.—Prove that, if n > 0,
£ (xnlog &) = 0.
z—>0
Let x = eV, so that, when  — 0, y — . Then
znlogx = e "loge v = — ye .

But this tends to zero when y — © ; hence 2" log x — 0 when
z — 0.

§ 6. Some important Limits
From formula (K), p. 285, it follows that
1
£}~Llog(1 + k) =1 .. (25)

h—0
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Now let p be a fixed number, and let h and n be variable
quantities such that, when b —0, nh —p and n - - oo or
— o00. Then

£nlog(1+h)=p.. .. (26)

h—>0

Tor nlog (1 + h) =nh. %log (1 + A), and this tends to

w.lorp.
Again if, when b — 0, nh —> p and n — £+ ©,
£(1 LR —ew . .. (20)
h—>0

Tor, since e® is a continuous function of x, when x — #,,
@ —» ¢n. Thus, when nlog (1 + k) —p, €108 (1+8) > en,

But by (18),
on log (1+h) — ¢ log (L+M™ = (] +- k)™,

Hence the result follows.
COROLLARY.—

[ (1+i>n:ew.. .. (29

n-—> 4 00

In (27) put b = x/n, so that nh = x.

In particular
L[ <1+;L>”=e. L. (29)

n—> 4 0

Example 1.—Show that (cos g)" — 1 when n — 4 «.
0 AN
[(cos —) = (1 — 2sin? ——) ,and, whenn - 4 ®,
n 2n
n X — 2sin’—9— —»O.]
2n

Example 2.—Show that, when n - + o,

o\ *
(cos -) - e-10,
n
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Example 3.—Show that

i [ feos\(2)}) = et 0= 00

n—> O
1 1

(i1) ,C{Iog (e + :z/:)};c =ef;
z—>0

1
(iii) 1; (‘” '2* bz)’ — /(ab), (@ and b positive).

z—>0

§ 7. The Logarithmic Series

From the definition of the logarithmic function it is clear
that, if « > — 1,
1+ dl z du
log (1 + 2) = L T—IOm,
where ¢ =1+ u. Now, if » + 1 and »n is a positive
integer,
1—on

T =14v4+024+ ... 4 o1

In this identity put ¥ = — u; then, if v + — 1,
1 un
— — ] — 2 .. — ])n—-1yn-1 — 1\ .
et EUE (=) (-
Hence, on integrating, it is found that, if 2> — 1,

x? & x"
log(l+x)=x——§+‘—3~...+(—l)"-1-—+R,,(x),

n
wi R = ? !
= (— 1)?»] ——
here ) = (— 1) jo i du.
If z > 0,

antl

@z
| Ro(@) | <jou~du=n+ .

Hence, if 0 <2 =<1, R,(x) - 0 when n — c0.
Again,if -1 <2 <0,putz= — y,sothat 0 <y < 1;
then

I Y YA v o7
R = (=1)» = —
o) = (=1 | " = — [ e,

where v = — u.
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Now, in this range of integration,

l1—v=1-—49,
and therefore
| I 1 ynt1 1 x|
Y ”d = =
I Ra(@) | < yLv v l—yn+1 l14+antl’
Thus R,,(x)—>0when"n—>oofor-—1<x<0‘ Hence
2 x3 x‘i

log(l+x)=x~—x§—}-§——z+ Cw . (30)

where — 1 <z < 1. (For z = 0 both sides of the equation
have the value zero.)
When 2 = 1 the formula becomes -

log2=1—%+%—%1+4+ ... . (3L
Example 1.—Show that, if — 1= =60 = {m,
logsec 0 = } tan? 0 — } tan® 0 + } tan®f — .

Example 2.—Show that, if 0 S x 51 and m >0, n >0,

zxm-ldx xmtn pm+in
(1)51+x"=ﬁ m+n+m+2n— -3
2m —n 1 i 1
n
(i) ﬁfo(tunﬂ) do_r—r—b—7n+n+m+2n—

Ezxample 3.—Show that

gin 0 + sin 20 4. . . 4 sinnd = § cot 49
— cos (n + %)8/(2 sin }90),

and, by integrating from 6 to =, deduce that, if 0 < 6 < 2m,

Lo g dmen b (— ity 00l 020, cosnd
— log sin 30 — (— 1)"/(2n + 1)
+ sin (n + 3)0/{(2n + 1) sin $6}

1 mgin (n + 1)0
T 159 gm0 oob 1040

Hence, show that

[ ]
2‘5’%’39 — log (25in $0), 0< 0< 2m.

n=1
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§ 8. The Function log, x

If
x = a¥ = evlogs, q> 0,
then ylog a = log @,
log x
so that Yy = @

This function is defined for all positive values of x and a,
and, when y is rational, it is identical with the function
log, x—the logarithm of x to the base a—as defined in text-
books on algebra. The function log, x can therefore be
defined for all positive values of # and a by the cquation

log x
= ) - . Y
log, fog @ x> 0,a>0 (32)
Thus, if y = log, r, z = a'.
From (32) it follows that

log @
log, a = l_(_)i—x .
Hence log, * = lBg . (33)
Again
_loga logh loga
log, @ log, b = logb loge log¢
and therefore
log, a = log, a log, b. . . (34)
Since
log
log, v = foga log « log, e, . . (35)
it follows that
1
D, log, z = TToga @ log, e. . . (36)

Example.—If z > 0, y > 0, a > 0, show that
log, (x™y") = m log, * + nlog, ¥y,
where m and n are any real numbers.
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Common Logarithms.—The logarithms to the base 10,
which are employed for numerical work, are connected
with the logarithms to the base e by the equations

log,
log,e = log:lo = log, x logg e, . . (37)
where log, 10 = 2:30258 . . . and logee = 0-43429. . . .

§ 9. The Hyperbolic Functions

It is now possible to define the functions known as the
hyperbolic functions in terms of the exponential function.
The definitions are as follows :

sinh x = }(e* — e7%) . . . (38)
cosh z = }(e® 4 ¢™®) . . . (39)
fanh g — Snhe _f et g

coshx ~ e® 4 e
coshx e* 4 e

coth = = sinhx =~ e®—e™® (41)
1 2

sech x = o e T er - . (42)
1 2

cosech & = = . . (43)

sinhx e — e
Example 1.—Derive the following formule from the defini-
tions :

(i) cosh0 == 1; (i1) sinh 0 = 03
(iii) cosh (— x) = cosh x; (iv) sinh (— x) = — sinh x ;
(v) tanh (— ) = — tanhx; (vi) cosh*z — sinh2x = 13

(vii) sech?z = 1 — tanh®z; (viii) cosech?x = coth?x — 1;
(ix) cosh (x + y) = cosh x cosh y + sinh z sinh y;
(x) sinh (z + y) = sinh z cosh y + coshx sinh y;

r2 4
(xi) coshm:l—{-;—!—]-%!-i-. R

3 5
(xii)sinhx:x—l—%—}-g—!{—...;

(xiii) D, coshz = sinh x; (xiv) D, sinh & = cosh x;
(xv) D, tanh x = sech®x.

[See also Examples XVII, 78 to 81.]
The graphs of sinh z, cosh x and tanh z are given in Fig. 4.
Example 2.—Draw the graphs of sech z, cosech x and coth z.
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The hyperbolic functions are connected with the hyper-
bola and the rectangular hyperbola in much the same way
as the circular functions arc connccted with the ellipse
and the circle. For the ellipse

x|y
at " b2

freedom equations are
x=acosf, y=>bsind;

=1,

Y4

<
¢
O“\/S N
=1
et Y ah X
Y3~ 5

YI
F1G. 4.
and, in particular, for the circle
a? 4 92 = a?
the co-ordinates of any point can be put in the forms
x=acosl, y=asinb.

Similarly, for the hyperbola
»_ ¥
a® b2

freedom equations are
= -d-acoshu, y=~bsinhu;

=1,
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and, in particular, for the rectangular hyperbola
xt — P = g?
the co-ordinates of any point can be put in the forms
% = + acoshu, y = asinhu.

Example 3.—If O is the origin, A and P the points (a, 0) and
(a cosh u, @ sinh u) respectively on the right-hand branch of
the rectangular hyperbola x? — %* = a?, show that the area of
the sector OAP, bounded by the radii OA and OP and tho arc
AP, is jatu.

EXAMPLES XVII

1. Find the derivatives of
(i) (2* + a?) log v/(a* + a?) — Ja?;
(ii) 2-1y/(22 — a?) — log (v + v/(#* — a?)
V(L4 2% + @)
(iii) log {\/(1 e - )

(iv) l()g\/ 1 + %_l_n_a_t;

==

1 — sin x

(v) sm'l<a) {a +M)} ;

(vi) log {& 4+ +/(2® — a?)} — sin*‘(?) 5
(vil) log 4/ (sin ) + log 4/(cos x).
Ans. (i) 2zlog v (2% + a?); (ii) — a2/ (2* — a?);
(iii) 2/4/(1 + 2?); (iv) sec z;
(V) 27 V{(a + @)f(a—a)}; (vi) @t Viz + a)f(@ — a)};
(vii) cot 2.
2. If y =x{A + Blogx + } (log )2}, where A and B are
constants, prove that
2*D% 4 y = 2(1 + Dy).
3. If y = A cos (log ) + B sin (log x), prove that
2*D%* + 2Dy +y = 0.
4. If x = y log (xy), prove that

dy 2y —y
dx  xy + ¥
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5. Integrate with regard to x the following :
(i) a?logw; (ii) «® (logx)?; (iii) log (1 — a?);
(iv) /v + k)5 (v) V(@ + k).

Ans. (i) 3x? (logx — 4); (i) }x*{(logz)? — Llogx + }};
(iii) (1 + a)log (1 4-x) — (1 — @) log(l — ) — 2x;
(iv) log {& + v/(x* + k)};

(v) dev(x® + k) + 3k log {x + (2® 4 k)}.
6. Determine the constants A, B in the identity

16cos 0 -+ 11sind = A(3cos 0 — 2sin §) — B(3sin 8 4 2 cos 0)

and hence ovaluate the integral

16 cos 6 4 11 sin 0
3cosf — 2sin 0

’

Ans. A =2,B = — 5,20 — 5log(3cos 0 — 2sin 6).
7. If f(m, n) == j"r B (log x)"dx, show that
fon, n) = o + i (log @)™ — - + 1f m, n — 1).
8. Evaluate the following integrals :

=2 de

W [ da .. o p2 Ny
O f, g s 0 [ a5 60 [

1
Ans. (1) log (v2 + 1);  (ii) — log 2
(i) $v3 + #log (2 + v3).
9. Show that
(i) jzlog sing de = — }rlog 2;
”
(ii) fox log sin @ de = — =2 log 2.
[For (i) apply the theorem
rF(x)da: j Fla — z)de ;
0 0

then taking the mean of the two integrals we find that the
ziven integral is equal to

}I log (3 sin 2x)de = }j log sin @ dx — }nlog 2,

vhich gives the required result. For (ii) apply the same
nethod.]
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10. Prove that

T

(i) jilog (! + Siﬁ;—”>d.x; = 03

0 1 + cosx
-

(i1) f:log (1 + tan @)dx = }nlog 2.

11. Find the length of that part of the curve
y = log (sinx 4+ cos x)
which lies between the points where x == 0 and x =}
Indicate the shape of the curve between these points.
Ans. log (3 + 24/2).
12. For the curvo
@ =csoe ¢, y = clog (sec ¢ 4 tan ¢)

prove that
ds

dé
and show that the length of the curve between the points for
which ¢ = 0 and ¢ == }# is ¢. Sketch this portion of the
curve and show that when it rotates about the z-axis it
generates surface area of amount
2nct{log (V2 + 1) — v2 + 1}
13. Prove that

= ¢ sec? ¢,

npi_-:‘_.l_)f_—_—:n2l‘ﬂ,

.7 . 27 . 37w
sin - sin —sin — . .
n n n
and deduco that
S:log sinxde — — = log 2.
14. P is the point («, B), where « and B are positive, on the

hyperbola x?/a® — y2/b% = 1, A is the vertex of the hyperbola
nearest to P, and }u is the area of the sector OAP ; show that

u = ab log (s—}-g)

15. If y = x®log (1/x), show that the maximum value of y
is 1/(2e).
16. If f@) = log (1 + ) — —22_
x + 2
2z x?
x+ 2 6 + 1)z -+ 2)

and (x) =log (1 + ) —
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show that, when 2 is positive, f'(x) is positive and ¢'(x) is
negative. Deduce that, if n is positive

. 2 1 2 1
W) g1 <log <1 +ﬁ> <onFil nm +F0En T
1
(ii) e < (1 + ;,)H} <¢ T,
17. If |2 | < 1, show that
1 — 22 _2x—4:c3 4x3 — 8x7 + 14+ 2
l—w+a? 1 —afat ' 1—xt+at ' " I4aofa
18. Show that
(i) Dn(e® cos x) = 247¢* cos (v + nn);
(ii) Dn(ezsin ) = 2¥"e*sin (x + nw);
and deduce that, for all values of x,

)
(iii) e*cosx = @v2)r cos (inm);
n!
n;O
(iv) e*sinx = z(x::?) sin (}nm).
n=20

19. Prove that

(i) Dn{e?®8% cos (x sin a)} == €% cos (x sin a« - na);
(ii) Dn{e®®S% sin (@ sin «)} == *3%gin (x sin o + na) ;

and deduco that
o0
. xn
(iii) €% cos (x sin o) == o1 COS
o

=
]

. 008X b . N A

(iv) €*°%%gin (2 sin o) = z o} sin na.
n=0

20. Prove that

n
dn [ we-* . _ n!cos (r + 1)0 (sin 9)r+1
(K"‘(w’ + a”) = (= 1)re-s z (n—r)tat

r=0

where sin 0 = a/+/(2® 4 a?).

21. Show that points in the Argand Diagram representing
the numbers z, 2%/a, 23/a?, . . ., z"/a™-1, whero

2 =c(cos y + ¢sin y),
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and «a is a positive constant, all lie on the spiral curve
r = aed o,
whore y cot a = log (c/a).
22. If y == x?%, {ind the value of D"y.
Ans.  a"-%%{a%? + 2nax + n(n — 1)L

23. Tf y = ¢o® and Dy = e%*"u,(2), prove that
. du
(1) Uiy == —(I—vl' -+ 2axu, ;
(1) u,,u = 2axu, -+ 2naw, -, ;

(lll) l = + 2aa

du
=2 paw,.

24, If e-v/< == @ -} ba-1, express y as a function of ¥ ; and
prove that
2Dy = (y — xDy)
25. Find the maximum and the minimum values of
(v — a -+ 1)e*
Ans. 3e 1, 1.
26. Solve the equation
d2y d Yy 2z
P A
(11/
dx
Ans. y — — }e -+ 3)e*® - e3* 4 Ha -+ 1).
27. Solve the equation
dy
dz?

given that y = = — } whenax = 0.

~4J—l2+62’

subject to the condition that y = Z—%

Ans. y = je-2 4 jwe — }(2a? + 1).

28. If & = etcost, y = etsin¢, find the co-ordinates of the
centre of curvature at the point whose parameter is ¢, and show
that the evolute can be obtained by revolving the curve about
the origin through a right angle.

Ans. (— etsint, e cost.)

== 0 whon @ = 0.

29. Prove that, if n is a positive integer,
1 1
D“(ib”"’ ex) o~ (_. 1)".23’""1 er,

PART IT.—9
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30. Show that

z a

(: aet — xe? ,
e & — Jae?.
a x —=

z>a g 4 "¢ %
x a

31. Integrate
(i) w2e-2=; (il) e~*cos?x; (iii) e* T gin 2u;
(iv) (@ + 1)(e* 4 e~7).
Ans, (i) — }a® + @ 4 §e-27;
(ii) e *(2sin 2x — cos 2x — 5);
(iii) 2807 (sinax — 1); (iv) we® — (v + 2)e-%.
32. Provo that

K . 27 o e _
j e sin ('L — —r>(lzv =} (e~ 273 + e—57/3),
2n 3
3
1
33. If T, = _{ e anda, n >0,
0
prove that I, = -}l(e“ — nl,4),
1
and ovaluate j edep3d,

o

Ans. 96 — 58el.
34. Show that

®  dx

§, oo = log2.

35. If «x = et (cost —sint), y =e-* (cost + sint), show

that the length of the arc measured from the point whore
t=0is 2(1 —et).

36. If r = aed c°t«, calculate (i) the area bounded by the
curve and the radii for which § = 0 and 6 = B ; (ii) the length
of the corresponding arc of the curve.

Ans. (i) la®tan « (e °ta — 1); (ii) asec a (efeota — 1),

37. Prove that, for all values of x, '

o0
4in
- — T — 21+l
(1 +@)e=* — (1 — 2)e ZWH_I)!Q; ",
=1
38. Prove that "
i 3.
?ﬁn o 2 ®
pour x (x® 4 3z + 1)e=.

n=1
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39. Show that

. 2x | Jxt | 42
@1+ zi' +~§f|- b= e 4 1)
(ii) 1 —l + + + = 2e.
40. Show that
flog (e* — ) _ L
loge ) =
2—>0
41. Differentiate
ax @zt (1) M
e{l—ax{— e

Ans. (— 1)mes*q® v lxn/n !
42. If f(x) == e 7', show that
(i) (1 —a?) f"(@) —af (@) — a*f(x) = 0;
(i) (1 — a?) f (@) — (2n + D)af (*11(x)
— (0 -} a?) f (V) = O.
43. If y = Ae~** cos ((m' + b), show that
du|2y+ 1/+(2+k2)d7/__-0.

dan+? (1 ym L
44. If f(x) = ex(x? — ba -+ 12) — (2 + 6x - 12), calculate
the first three derivatives of f(x), and show that these deriva-

tives are all positive when x is positive. Deduce that, when 2
is positive,

1 1 1 =
1—e® w 2 12
To what does the expression on the left of this inoquality
tend when x tends to zero ?

Ans. Zero.
. Show that

er — 1 esr — 1 u
(M) L——— =1 ) [ =

z—>0 x—>0

(iii) LTS o
,Clog —loge 7’

@) [ {1og (2 %) cot (%)} ==

(v) £ {cos x log (x cos x)} = 0.

T—> i
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46. If x > 1, show that

and deduce that

® ,(: <_l +ﬁ_Jlr“1 + ,,,—_lp‘g REKI ;n) = log 3

n->w

(ii) L <1 R T ol T PR o 711> IT):?n } -

n--> 0

47. If @ and b aro real, show that
(1) Des* (cos br - ¢ sin br) == (a -+ ib)e* (cos bx + © sin ba) ;
(il) fe® (cos bx + 7 sin be)dx =: e+ (cos br -+ i sin bx)/(a |- ib).

48. Show that

o [ ()

n—>»
n-ﬂ
@ f e b
n-—> w0
(i) L {nz log cos ?L} = — a2
n—> 00

49. Show that

1 2"“33 4"_ L n \"
,C n l+<1> 1 (Q) +(§> Feee (n-—l) J = e
n —> 0

[Cf. Examples XV, 90.]
50. Prove that
(sec x)e0t*z = e},
xz—>0

51. If y = (sinz) s, (x> 0), show that, when a — 0,
y — 1, and that, when & - }=, y — 1.

52. Prove that

(i) 2logx — log (x + 1) — log (x — 1)

1 1 1
Snton g

x? z3 x4
ettt

—l=sx<l.

+..,x>1;

M) z4+ (1 —a)log(l —a) =
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53. Prove that, if — 1 <uw <1,
log (1 4 x)t+® + log (1 — x)'~*

BT R W
54. Provo that, if n > 1,
1 1 1
log (n + 1) — log (n — 1) = 2(72 -} 3 + B 4. .),
and hence show that
log 2 == % -+ (%) LEP A+
—2. (é)+ 5)“+,=.(
55. Show that, if @ > 0,
w1 —1 28 — 1

) +m..*—ﬁ§(*,’_—“)a+~-'

e f (D) G ) )

56. Caleulate log, 10 to 4 decimal places by moans of tho
formula

2

95
log 10 = 23 log — AL 6 lugé’—) 4+ 10 log :!

9
Ans.  2:3026. [The value to 5 decimal places is 2:30258. ]

57. If |« | < 1, show that
2u f jxed A4 gt 4t AL L e l—jf;;, + log \/(i—~{~'>

58. If mn and n are positive, show that

m_ /m—n IL/m—mn 1/m — n\*
log- = ?[(m—m) + 3(m m) ‘(ﬁ) LEEt
59. Find an oxpansion in powers of & for
log (1 — @ + a?),

where — 1 <ax = L.
@

3n . pn
Ans. D (— T

n
n=1

60. If x > 0, show that
log (1 + x) = logx

of L lr 1 “_!(,,_1__5- 1
2U+2x+3<1+2m> 5 l+2.n> e
61. Show that, if |2 | <1

[*0]
log (1 — & + 2 — a9) = 3 (=2
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62. Prove that, if v > 2,
( (1_:,‘)’(' + 2)) f 2 i(_,____’f’_,,,)’
log L -+ D2z — 2),[ 2 x3 — 3w 1 3\as — 3a

1 2 ¢ \
+ 5 (;1:3 - ‘TL> + J
1 1 1
63. If u,,»—n+l+f—-—+ 4. ..+%,
prove by induction that
1 1
Uy =1—%+3—F+... . Fg-q-g

and deduce that the sequence (u,) converges to log 2.
64. Show that

. 4 7 10 13

Oys-s3tga gt =2l

.. 15 7 9 .

W) yo3tgastgert--—3le2-L

65. If 0 < x < 1, show that
log (i 4- )<< — log (1 — ),
and deduce that, if m > 1,

m 41 m
(i) Jog - <;ﬁ<|ﬂ7—n 53
B m~+n+1 < .__,.4_1.-./ s
(i) log == < + m T Tt + PR e
66. Provo that
1
log(2n 1) >1-F 3443+, .. "‘;,,'

[Note that
2n+3 | '__1M>__ ’< ____LA>\>1
10“274+1*"°“<1F2n+2 log (1 -5 53)> w ¥
and apply the induction method.]
67. Show that

(i) £x1/::1; (ii) La,:

z-> 0 z—>+0
[Note.—The symbol a — -4- 0 denotes that x tends to zero
through positive values of a.]
68. Prove that

(i) log, (ab) + log, (ab) = log, (ab) log, (ab) ;
(ii) log, x . log, y = log, x . log, ¥.
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69. Ifw = log, (be), y == log, (ca), z = log. (ab), prove that
1 1 1
srityFitariT
70. Show that )
log, « . log, ©

loga » = log, x + log, o’
71. Show that
log, # — log, log (b/w)
,C e — P ~ (a—Dd)log alogd’
z—>1

72. Show that
D4n (cosh @ cos @) = (— 4)" cosh @ cos w.
1 :

73. If :I—Zjl, = tanh » and w = log {x -+ v/(2* — 1)}, find g'll
in terms of 2, and deduce an expression for y in terms of x.

Ans. 1l/x; logx + C.

74. P is the point (v, ) on the curve y == a cosh (x/a), M is
the projection of P on the a-axis, and Q is the projection of M
on tho tangent at P. Prove that the length of MQ is constant
and equal to a.

If s is the length of the arc AP of the curve, whero A is tho
point where the curve crosses the y-axis, show that

s = a sinh (x/a).
If, further, V is the volume generated by the revolution about
tho x-axis of tho arca bounded by this are, the ovdinates at its
oxtremitios and the x-axis, show that
V == Yra(ax - sy).

75. If y == cosha, show that x =log{y . v(y* — 1)},
according as x is positive or negativo.

76. If y = sinh @, show that x = log {v/(y* + 1) + y}.

77. If y = tanh a, show that w = } log {(1 4- »)/(L— ¥)}.

78. Show that

tanh (u + v) =

79. Prove that

(i) sinh (w + v) + sinh (w — v) = 2 sinh % cosh v ;
(i) sinh (¢ 4 v) — sinh (@ — ») == 2 cosh u sinh » ;
(iii) cosh (w0 -+ ») + cosh (1 — v) — 2 coshu cosh »;
(iv) cosh (@ + v) — cosh (w — v) == 2sinh u sinh ».
80. Prove that

(i) sinh « + sinh » = 2 sinh }(u -+ v) cosh }(u — v);
(ii) sinh % — sinh » =: 2 cosh }(u + v) sinh $(u — v);
(iii) cosh u - cosh v == 2 cosh }(u + v) cosh }(u — v);
(iv) cosh u — cosh v = 2 sinh }(u + v) sinh }(u — v),

tanh » + tanh v
1 + tanh w tanh v’
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81. Prove that
(i) sinh 2w == 2 sinh u cosh « ;
(ii) cosh 2u = cosh?u + sinh? u = 2 cosh? u — 1
=1 4 2sinh?u;
_2tanhu
1 + tanh?a’
82. Show that, if » is a positive integer,
(i) cosh ne = (cosh x)"{l -+ "C, tanh*x - "C, tanh*x
+ ..
(ii) sinh na = (cosh x)"{"C, tanh @ + "C, tanh® ¢ 4. . .};
(iii) tanh ne -- 7}, tanh @ -} *C; tanh3 2 4 . . .
! 71 4 C, tanh? x 4 "C, tanh? & L
[For (i) and (ii) use the identitios :
2 cosh na == (cosh @ - sinh x)* 4 (cosh @ — sinh w)®,
2 sinh na = (coshx -+ sinha)® — (cosh x — sinh )]
83. Prove that

0

(iii) tanh 2w =

z _ sinhw ] ([)’ f > :)”
coshnreosh (n - Do | 5 2
ne=0 l——- 1, x < 0.

sinh a )
[coél‘fﬁﬂfé(iﬁﬁﬂ—ﬂi = tanh (n - 1)x — tanh nx, so that

S, = tanh (n l).u.:l
84. Prove that

(i) cosh u + cosh (u - v) 4+ cosh (w 4+ 20) . . .
-|- cosh {u + (n — 1)v}

sint nv
sinn ~§

= cosh (u + i 2«~lv)

)
sinh—
2

(ii) sinh « + sinh (u - v) 4 sinh (v 4 2v) +. . .
-+ sinh {u -+ (n — 1)v}

7
n — 1 \Sinh 5
= gsinh (u -} ~;—v> .
2 —
Sin I'E'
85. If n is an even positive integer, show that

in-1

(i) cosh nu = 2n-1 n {sin2<2—r 2:} lvr) + sinh? u} ;
r=0
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in
. a2 1] n¥nt + 2)
(i) 200:30(,‘ ( o w) = 6 .

r=1

86. Show that

(i) tanh u sech 2w - tanh 2u sech 4w -+ . . .
-+ tanh (27 1u) soch (27¢) == tanh (2"¢) - tanh u ;

(ii) sech w sech 2u - sech 2w sech 3u |- . . .
-+sech nu sech (n 4 1)u==cosech u{tanh (n-{-1)u —tanh u} ;

(iii) cosech u 4 cosech 2u - . . . + cosech (27 1u)
=z coth (Ju) -- coth (2n-1u).

87. Given that y, = 0, y; = 1,

and 20 = Yu-1 + Yu-p» N = 2 3,4, ..,
show that Yo == 3{1 — (— )"}.
Deduce that, if @y == 1, &, = 10,
and Lp = V(Xp-y Zp-a)y ® = 2,3, 4, . . .,
Lx,. = ¥/ (100).
n->o

88. If all the elements of the sequence («,) aro positive, and

if a,/a,-; — 1 when n -> w0, show that y/«, ->{ when n - w.
[log ¥V a,

log a, + log (ayfay) - log (ayfa,) + . . . + log («,[a, )

n ’

Hence (Kxamples XV, 90) log +/«a, —logl when n — «w.

log Ve ”
Therefore a, == ¢ %% Vi .5 ¢102l — [ when n -> ©.]

89. Show that £ vn =1,

n ~—> 00
and deduce that
1 ,
Loat+vat vy =
n—» 00

If 0 < 0 < =, show that

£ &/{(Sin 0)(2 sin g) <'3 sin 6;) . <n sin %) } - 0.

90. Show that
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