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INTRODUCTION.

FPYHIS Essay aims at a complete calculation of the cffects produced by the
action of a planet on the motion of the moeon under the following
limitations and conditions:

(1) 'The problem of the motion of the moon under the action of the
sun (supposed to move round the eentre of mass of the earth and moon in
a fixed elliptic orbit) and the carth, is considered to have been completely
solved.

(2) All the bodies are supposed to attract in the same manner as
particles of masses equal to their actual masses and situated at the centres
of mass.

(3) All the planets are supposed to move in fixed clliptic orbits,
i.e., the cffect of the action of a planct transmitted cither throngh the carth
or through another planet is neglected.

(4) Pertarbations of the fimst order with respect to the ratio of the
mass of a planct Lo that of the sun arc alone calculated.

(5) The exception to the above limitations vccurs in the periods of
revolution of the apse and node of the moon’s orbit. These periods are not
exactly those arising from (1) but they arc the observed periods or, what
amounts to the same thing owing to the close agreement between the
observed and calculated periods, the periods after all known causes have been
included. The point is only of importance in terms of very long period.

(6) All coefficients greater than 001 in longitude, latitude and
parallax have been obtained. Many are also given which are less than
0”01 whenever they have been accurately calculated. There are, in addition,
classes of terms of short period which run in serics and which in the
aggregate will add up at certain times to much more than 0”-01: thesc have
been found to be 07002
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(7) The maximum period considered is 3500 years, but as the sieve
in Section 1v. retained a few terms of longer period, these were also included
in the general scheme.

The methods here adopted have been constructed mainly to overcome
the difficulties which have in the past prevented an accurate computation
of the long period terms. They were, however, found to be equally useful
for finding the terms which have periods of a year or less. These difficulties
include the development of the parts of the disturbing function which
depend on the coordinates of the carth and planet; the accurate calculation
of the derivatives of the moon’s coordinates with respect to m, the moon’s
mean motion; the uncertainty arising from the possible omission of terms
of long period; and the frequent appearance of small coefficients as the
difference of two large numbers.

In Section 1, the equations of variations for the lunar elements have
been recomputed with the use of a semi-canonical system of elements. The
equations for the ordinary system of elements were first given by G. W. Hill
and independently, though at a later date, by S. Newcomb; they were
recalculated in Hill's form by R. Radau. In the present system, errors
arising from the slow convergence of Delaunay’s series have been avoided;
in fact his literal expressions have only been used in small terms where
derivatives with respect to n were required but where the maximum possible
error could make no difference in the final results.

In Section 1. Hill's method of dividing the disturbing function into
a sum of products in which the first factor of each product is independent
of the lunar coordinates and the other of the planet’s coordinates, is exhibited
as part of a general theorem,

By referring these coordinates to the true place of the sun’s radius vector,
I have obtained the first factors directly from the expansion of the inverse
first power of the distance between the planet and the earth (1/A) and of its
derivatives with respect to certain of the elements of the earth and planet.
Only one expansion is therefore required for all these factors, namely, that
of 1/A, and this has been given by Leverrier in a literal form in powers of the
eccentricities and mutual inclination. The expansion also contains the
coefficients in the expansion of 1/A, (the value of a’/A when the eccentricities
and inclination are zero) and its derivatives with respect to the planet's mean
distance : the formulae for finding the coefficients and their derivatives are
here put into forms which admit of rapid and simple computation.

The factors containing the moon’s coordinates, together with their deriva-
tives with respect to all the lunar elements except n, are found from the
results of my lunar theory; a special method which I gave five years ago and
which does not require the use of literal series in powers of n’/n has been
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used to find the derivatives with respect to n. These methods for finding
the planetary and lunar factors are set forth in Section 111,

The only one of the difficulties previously mentioned which has not been
considered up to this point is the danger of omitting long-period terms with
sensible coefficients. In Section Iv. formulae are constructed which permit
one to find rapidly an upper limit to the magnitude of any coefficient. By
means of them, all terms having coefficients greater than 001 and periods
less than 3500 years have been sifted out; there are about 100 of such terms,
excluding the terms of short period for which no sieve was required.

Sections V., VI consist of numerical results. It may be noted that the
values of A,, By, ... are also required for finding the perturbations of the
earth by the planets and of the planets by the carth, while those of M; and
of their derivatives (as well as the equations of variations contained in
Section L) are available for the computation of lunar perturbations other than
those due to the direct action of the plancts.

No new inequalities sufficiently great to account for the observed dis-
crepancy between theory and observation appear from the direct action of
the plancts, as shown in the tables of Section vi. Radau’s well-known list
of terms in longitude has required considerable extension as far as the short
period terms are concerned, and a few new long period incqualities with
small coefficients have been computed. The more extensive developments
of this essay have shown that some of his coefficients require alteration, but
there is a general agreement for all those portions which he has taken into
account.

Only a few slight verbal changes and corrections of errors in copying have
been made to the first five sections, with two exceptions mentioned below,
since the award of the examiners. But I have gone over all the computations
for finding the short period terms and the larger long period terms during
the year that has elapsed and have made the following corrections to the
results in Section VI:

Argument Former coefticient Corrected coefficient
1+37-10V +33° - 0”35 + 07-3b
—1-167+ 18V -151° —-15"-22 —-14":55
1+297-26V + 112° + 0"117 + 0”108
9D -1 + 2177-20V —-87° + 0111 + 07126
20-2D+6M 57 +211° ! + 07040 - 07038

together with their accompanying short period secondaries,
The signs of those coefficients containing h on p. 86 have been changed.

The annual mean motion of the perigee has been altered from 2”66

to 269.
* 1 gave this value in a paper referred to on page 3 below.
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The values of M, and of its derivatives with respect to n, e, k under the
argument 0 on page 61 have required a factor 2. This error necessitated
slight changes in some of the coefficients whose primaries were independent
of the lunar angles ; the largest correction was one of —0"019 in the coeffi-
cient of sin (T - V).

A wrong sign in the computation of the equations of variations (see
Errata at the end of the volume) gave rise to a few almost insensible
changes in certain coefficients,

The additions are :

Argument Coefficient
4M-27 +63° -0"012
N-9D +4(M-T)-1 +07017
20-2D +8M —-6T+63° - 0"019
2l—2D+8M—6T+63°—-l —-0"031

No other change or additional coefficient has been greater than 0”010,

The Addendum containing the results obtained by adding together terms
of the same argument in Section VI is also new.

During the summer of last year Professor Newcomb’s new work* on
this subject was published. His methods differ so completely from those
given here that no comparison is made easily except in a few of the final
results where the indirect action is insensible or is separated from the direct
action. For the large inequality due to Venus he obtains a coefficient of
1483 while mine is 1455 ; a portion of the difference is probably due to
certain terms of the second order relative to the ratios of the masses of Venus
and of the earth to the sun which Professor Newcomb has included. On the
other hand, he states that the possible errors arising in his method may be of
the order of this difference, while such errors are excluded from my result.
His results and mine for the annual mean motions of the perigee and node
agree within 0”01, which is the limit of accuracy to which I have obtained
these quantities.

* ¢ Investigation of Inequalities in the Motion of the Moon produced by the Action of the
Planets,” Carnegie Institution, Puplication 72, Washington, D.C., June, 1907.

E. W. B.

New Havey, Cony., US.A.
1908 March 21.



GENERAL NOTATION.

THE axes of &, y are taken in the ecliptic of 18500 and the centre of mass
of the earth and the moon is supposed to describe a fixed ellipse around the sun
in this plane. As it is more convenient to use the motion of the centre of
the earth than of this centre of mass, a slight well-known change, noted
below, is necessary in the disturbing function.

The awis of @ 1s parallel to the line joining the earth and the sun.

In the scheme of notation which follows, two sets of constants are given
for the mean distance, cccentricity and sine of half the inclination of the
moon’s orbit. The first set is that which I have used in the expressions for
the rectangular coordinates of the moon; the second set is that of Delaunay
in the final form which he gives to the expressions for the longitude, latitude
and parallax. The longitudes of a planet, of its perigee and of its node
are as usual reckoned along the ecliptic to its node and then along the
orbit.

Moon Earth Planet
True long. v v’ v
Mean long. wy=l+g+h T r
Mean anom. wy —wy =1 UV=T-v U'=P-a"
Mean long. of node wy=h 0 L’
. , ar
Mean motion [ n -
dt
Mean distance a, @ a a”
Eccentricity e e e e’
Sine half inclin. k, y 0 v’
Coors., origin earth T, Y, % T &En 6 A
»” 9 sun ', ¥, 2y x, .'/'. 2
. dwy
n = mean motion of the moon = 2’
. . dw,
b= ,  its perigee= 7# ,
dw,
b) = ”» ”» node = "Z‘t"' )

BR. 1



2 GENERAL NOTATION

¢, €5, s are the canonical constants complementary to w;, w,, w; after the
problem of the moon’s motion as disturbed by the sun, supposed to move in
a fixed elliptic orbit, has been solved.

R = the disturbing function of this problem, arising from the direct
attraction of a planet.

The symbols for the mean longitudes of the planets are: Mercury, @;
Venus*, V; Mars, M; Jupiter, J; Saturn, S.

* No confusion will be caused by the use of the same symbol for the true longitude of the
moon and the mean longitude of Venus. The notation of Radau has been adopted with a few
changes.



SECTION L

THE EQUATIONS OF VARIATIONS.

LET w,, w,, w, represent the mean longitudes of the moon, of its perigee
and of its node, and suppose the problem of the moon as disturbed by the
sun, has been solved. Then it is well known that if a disturbing function R
be added to the force function of the moon’s motion, the change in the latter
duc to R can be obtained by solving the equations

de; 3R dwi_ R

D & T Tawm k(=LA

where by, by, b, arc the mean motions of the moon, of its perigee and of its
node, and ¢,, ¢,, ¢; are the canonical constants corresponding to wy, w,, ws;
the ¢; are functions of the arbitrary constants =, e, k of the moon's motion,
and they also contain the constants »’, ¢/, depending on the sun’s motion.
The substitution of the new values of c;, w;, thus found, in the expressions
for the coordinates will give the disturbed position of the moon at any

time.

The constant part of R only gives constant additions to the b;, ie., to
the mean motions*: this part will be neglected, since it has no effect on
the new terms to be found. Hence b, = n.

Change to the semi-canonical system m, ¢, ¢, retaining the w; un-

changed. Putting
de, )
=" B,
and remembering that
(o Ba__db do__db db_db,
de, dn’ dey  dn’ do, de,’

* I have found these changes in an earlier paper: Trans. A4mer. Math. Soc., Vol. v. pp. 279—
284, A fresh computation just made gives 2:69, — 1742, for the mean motions of the perigee
and node respectively. The former is 0”°03 more than the value given in the paper.

’ . 1—2
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we obtain equations (1) in the semi-canonical form

dn _ 1 ( 3R _db, de,_db, '&) dw,_ 1 0R_,

%_a’ﬁ( ow, dn ' dt dndt/’ dt aBon

de, R dw, 3R dw, _,\db,
@ %@ =5, Gt (G h) g

de, _9R dw, 0R dw, "\ dbs,

@ = ow, = e (G b‘)dn’

in these equations by, by, ¢, are supposed to be expressed in terms of 7, ¢,, ¢,
and R in terms of n, ¢,, ¢;, wy, w,, W,

Consider any periodic term of R:

R =n"*a?4 cos (qt +¢') = n"aA cos (i, w, + 1,0, + G w, + ¢t + ¢),
where a iy the linear constant of Hill's variational orbit and of my lunar
theory and 4 is a numerical coefficient (that is, its dimensions with respect
to time, space and mass are zero); q”t+ ¢ is a combination of the solar and
planetary arguments. Then since gt + ¢’ is independent of the ¢; and A of
the w;, the first three of equations (2) become

dn_n* o

dg . ,
i~ 8" JaA d;sm(qt+q),
dc o . .
dt2= -0 %a%4 sin (gt +¢'),

glc: =—1,na%4 sin (¢t +¢).

It will now be supposed that R contains a small factor whose square may
be neglected. The coefficients in the right-hand members of the last set will

then be constants and we can integrate, Put m = %, and let &n, 8, 8¢
denote the increments of n, c,, ¢;, due to R. Then

_ m a dgw /

80 N at n 2
(3) ;_u:’=l°m'5’§ A cos(qt+¢),
¢y

. a,’n' 4
;lh—a=t,nl.&-,—q 4 cos (qt+‘.l)'

Again, if we put
. d
4,= z;l,' dn @A),

A,=—a’ni‘i,
2

A,=—a’n~gé’-,
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the other three of equations (2) become

dw, n? a?
_tﬁl:E . @A,cos(qt+q’)+b,,
dw, n* a? A, db,
(3a) Tlt—’z—’; " (Ag-i- Bl . dn)cos(qt+q)+bg,
dw, _n® a? A, db,
——dt -—';.(;}(Ag"l"ﬁ . d')cos(qt+q)+b,

Let 8b,, 8b,, 8b,, 8w, , Sw,, dw, denote increments due to R. Then

= Wdg W
8b, =8&n = 3 atdn’ chos(qt+q’),

81)—‘28 +d182+d283

_ar o 1 db, dg (lb db, . ,
=n @ <_B “dn dn dc, +aﬁ'zla.zs)cos(qt+q),

by equations (1a).
Putting o= — na? dq o= —na? dq
: de,” ¥ de,’
and using the last of equations (1a), we find

‘o‘l)2=—n'a—2 . "iA(l- db, . dg+qz)cos(qt+q');

@ g \8 dn " dn
.. ,ar n /1 db, d ,
similarly, &by =—n 5 . % A <Z§ - g——n“ . d?x + qa) cos (gt + ¢q').

The undisturbed values of b, b,, b, are of course equal to those of
Ofiut]l’ d—dl?—’, %%’ respectively. To obtain Sw,, &w,, 8w, (the increments of
w,, Wy, Wwy), it is necessary to replace w; by w; +&w;, and b; by b;+ 8b; in
(88), to substitute for 8b; the values just obtained, and then to integrate.

These operations give

w.;z(ZA 2z ﬁm@+n
o bt e 48113 s
N R

The equations (3), (4) constitute the solution of the problem.
The form in which a periodic term of R arises (see Section 11.) is

R=1 T__ n?a24 cos (¢t + ¢').



6 THE EQUATIONS OF VARIATIONS [sEcT.
It is therefore necessary to multiply the right-hand members of (3), (4)
by m”[4m’.
Next, let

§'=no. of seconds in the daily mean motion of the sun = 3548”19,
argument ¢t + ¢,

8§ = » » » ’

Then =
Also, put for brevity

The coefficients of the right-hand members being thus expressed in seconds
of arc, equationq (3), (4~) become

i f cos (gt +9),

n

%—iﬂf’mcos(1t+(’)
nat s T+ah
8¢, , A

na; 1,8/’ —;cos(qt+q),

6) <
bo=(r 45 )am(qt+q>

Suw, = {f (BA + Zb‘ )— 4 (Bq" T Zj\} sin (¢t +¢),
e (ot Bo) L a2 )it

where, to recall certain definitions,
1 de

B=-o T g=imtibtibitg)
dgq _ dq
Q _—na’ dc, gs=—na? dey’

Numerical form of the equations of variations.

It remains to be seen how these quantities may be put into numerical

In f, f’ the factor i: is immediately obtained from Hill’s results* for

”
m
the variational orbit; m is a well known quantity; o is known as soon as

form.

* Amer. Jour. Math., Vol. 1. p. 249.
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the particular planet is chosen; thus f, f’ remain the same for a given
planet and f/f’ for all planets. The coefficients 4, 4,, 4,, 4, will be
found later on, while s is known as soon as the particular term of R has been
chosen.

There remain for calculation
o dh db By dh_db, db
dn’ dn’ dn’ dc,’ deg  de,’ deg’
which, depending only on the orbit of the moon as attracted by the sun and
earth, are the same for every perturbation of the moon’s motion, and there-
fore apply not only to the present investigation but also to all investigations
where a disturbing function R is added to the moon’s force function.

Some idea of the degrec of accuracy required is desirable. The largest
known inequality is that with the argument l+ 16T ~18V, which has a
coefficient of about 15”. Forthis4,=1,4,=—~1,4;=0. The principal part
is given by Ad 4 i@ 4

q_ 1\ _ .

~fed=-rs (1—-%)_—f§,-(1+ 01486).
There is no other coefficient which is so great as 2”. Since the degree of
accuracy aimed at is 0”01, it will be sufficient to use four place logarithms
and four significant figures for the functions (7) so that the final results
will be accurate to at least three significant figures. But certain of the
functions are only needed to one or two significant figures, as will appear
immediately.

The functions ¢,, ¢,, ¢; are the same as Delaunay’s L, G — L, H — G after
the final transformations and the changes to his final system of arbitraries,
n, ¢, v have been made. As my results will be used for the caleulation of
the moon functions, it will be more convenient to transfer A4,, 4, to my
constants e, k.

Let g—g denote the derivative of a function @ with respect to n when it is

expressed in terms of n, ¢, ¢;, and (33) when it is expressed in terms of

n, & 4. Then the following equations serve for the transformation of the
derivatives of @ from one set to the other*:

dQ (dQ) dQ (dc,) dQ (dc,)

dn = \dn/) " dc, " \dn/ " de, \dn
®) dQ _ [dQ _dQ do,| _ de,
de,” |de* degdet| ” der’
L_[4_d0 o) b,
dyt " de, " dy| T doy?’

* The functions considered here involve ¢, y only in the even powers.
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the same equations will serve for the transformation from the set n, c,, ¢; to
the set n, €2, k? if we replace €% * by e?, k? respectively.
It is first to be noticed that

2
c, = na’e’ {-— } + power series in m, €, v, €7, (g,) } ,
s = nay? {(— 2+ " b
a=na® { 1+ }
b2= ",’ne { & + ”» » }

by=nmt {1+

>
H

» » » » };
the power series in each case vanishing with m. Hence when for Q in
equations (8) is put ¢, b, or b;, the principal part of the first term in each

equation will have a portion independent of ¢, o? while the other terms will

have one of these quantities as a factor. Since e= {, y = g approximately,

two significant figures will be fully sufficient for the values of ;}l—f:—‘ ) f—l%’ It

to be noted that the second and third of equations (8) do not depend on
derivatives with respect to n, and therefore that we may change to the variables
e, y or to e, k, from c,, ¢, without reference to the first equation.

From Newcomb’s transformation* of Declaunay’s values for I, G, H,
we have

. €y 1 /dey . ey 1 /de
Terms in nit‘}e 3 s d_n) Terms in it pon (?ﬂ:)
m° - 50015 + 1667 m’ —-199704 | +-6657
m? + 01686 --0393 m? — 00322 | +-0075
m* + 00644 --0215 m’ + ‘00049 | —-0016
mi +-00170 —-0074 mt + 00005 | —-0002
rem. + 00032 -+0020 rem. | — 00022 | +-0010
Sum — 47483 + 0965 ' Sum | —199994 | +:6724

The remainders in the first and third columns are obtained from the
values of ¢;, ¢, (calculated by processes independent of the nature of con-
vergence along powers ‘of m) given by myselft; those in the second and
fourth columns are estimated from them. In any case the results for

(5—%’) , (gf—:) are correet within two per cent. and this is all the accuracy
necessary for our purpose.

In a similar manner the values of (%b;:), (‘—‘li—(:—:;) can be obtained with

* “Action of the Planets on the Moon,” Amer. Eph. Papers, Vol. v. Pt 8, pp. 201, 202.
t *“Theory of the Motion of the Moon,” Trans. R. 4. 8., Vol. LviL. pp. 64, 65.
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more than mneedful accuracy from the series in powers of m given by
Delaunay*, Hillt, and Adams{ with my numerical values§. The deri-
vatives with respect to e?, 9* are obtained immediately from the last named
reference. The derivatives with respect to e? k? can be immediately derived
by inserting the values of & o' k Y which T have also given§: the change in the

derivatives with respect to n is insensible.

I find the following results to four places in the logarithms, to each of
which 10 has been added:

de, de,

( ) F64637) @, G= — [907T5) e, G2t = [7:5002] na

(dc: =+[71313] a?, (l03 =+ [67577] na?, 3k_ = —[10-3039] nu?,

( ) = —[81709], (‘%"- — _[73974]n, g% = — [87004] ,

(‘f—;’;) =+ [7°5736], %i’ = [74731] n, ZTI: =+ [78692] .
Whence, accurately to four figures,

‘?"} = — [81720], at % = +[8:3175), ‘”’? = + [8:3960],
db Ldb _ db:, ‘

i = 4 [75733), « dcz = + [8:3960], @ o=~ [7-5698].
We have also

¥ =+ [999921), m=+ 587301, 8=+ [951801],
" f=[22:29358) % . f=renas) ff= [532390],

8 being found accurately in Section 1. From these quantities the terms
depending on sl’ in (4) can be found.

Further, by substituting 4,, A, successively for @ in the second and third
of equations (8), and putting e for e, and k for fy, we find

A, =—a'n dA— =[11 81‘)] - — [84242) Z‘: ,

Ay=—an ‘—M — (1074401 dk _ (87182124 d .

* Comptes Rendus, Vol. Lxxiv. pp, 19 et sqq.

+ Acta Math., Vol. vir. pp. 1—36. Annals of Math., Vol. 1x, pp. 81—41.
+ Monthly Notices, R. 4. S., Vol. xxxvnr pp. 43—49.

§ Loc. cit., Vol. Lxiv. p. 532,
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Finally, making these various substitutions in (3), (4), the equations of
variations become

%" = (~ 1, + 014861, — ‘0037 444;) f’ % cos (gt +q'),
8 _ o o4 /

o= +[951801) 4, f" - cos (gt +¢)),

& o d '

=+ (951801]4, f* — cos (gt +¢);

Sy = {(— iy 014861, — 0037484 £ 4 + 1 ‘:} sin (gt + ¢'),
9) <
Suw, = {( + 014861, — 0070661, — 0081483, f‘:;
. dA o dA\f) ,
+ (— [81720] 4, +[11:0009) 5 —[7:9422) ’21"1&) ?} sin (gt + ),
Swy= {(- 003744, ~ 0081484, + 0012104 4

~/
s

d4a d4 . .
+ (+ (75733] 4, +[102620] - [8-2962] _d—e) I } sin (¢t + ¢'),

n d y
where A, = & dn (Aa?),
A being expressed in terms of n, c,, c,; the figures enclosed in square brackets

being, as elsewhere, logarithms with 10 added.

These equations replace the equations of variations for &I, 8g, 8k, 8a, 8e, &y
first given by G. W. Hill* and calculated also by Radaut. To reduce the
above system to theirs it is necessary to find 8c,, 8¢, in terms of &n, &e, &y.
But it is simple to compare the first terms of dw;, on which the principal.part
of each long-period inequality depends. Radau finds

Sw, = {(— 805761 + 056011’ — 011244") p + ...} Psin (gt + '),
where h=14+74+1", f=0U+1", 4=1", pP= ,Bf% .
This reduction gives
Sy = {(- 93041,"+ ‘01476, 0037056y £ 4 + ...} sin (gt + ¢,

which is about (4 less than my value. But I have been unable to find the
coefficient — 30576 in 8w, which Radau gives: from his data I make this
coefficient ~ 3:0791} which, reduced to my form, becomes —9964. The

* American Eph, Papers, Vol. ur. p. 390,

1 Loc. cit., pp. 35, 86.

¥ This apparent error seems to be due to some in the
values for n before and after the final Delaunay transformation.

oo hatibnti

of the numerical
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difference, ‘0086, is about the error to be expected owing to the slow con-
vergence of the series from which Radau obtains his coefficient. It may be
added that the value of 8, on which my coefficient of ¢, alone depends in this
connection, can be determined accurately to at least seven significant figures,
and the value for it quoted above has been again verified and tested.

The Variation of the Moon's True Longitude.

The coefficients in longitude are obtained by substituting the values thus
found in

(10) 8V =duw, + (%—1 - 1) S,

av av av 14 av
+m.8wg+m.8wﬁ+—d>ﬁ.8ﬂ + d—;ﬂ-.Sc,+(E .803
the first term of which contains the primary inequalities, and the remaining
terms the accompanying secondary inequalities.
The largest coefficient in V—that of sinl—produces a maximum

coefficient in 8V through dg_’ . 8¢y, less than 17; the coefficient of sinl in

do,
V is 22640”. It has therefore been nccessary, in order to include all
coefficients greater than 07-005, to find those terms in ¥V having the factor
e? which have coefficients greater than 1007, or, if p =0, to 400"

From my results I obtain
V =w, + [9°0405] sin { + [8:3470] sin (2D —{)
+ [6-9688] sin (2D + 1) + [6-2708] sin (4D —{)
+ [8:0603] sin 2D +[7-5715] sin 20
+[70112] sin (2D ~ 21) + [61738] sin (4D — 20)
—[7:3001] sin 2F + [6:4273] sin (2D ~ 2F) ~ [6-7818] sin I
~[6:7262] sin (14 1) + [7°0000] sin (2D — ! ~ V') + [6:8555] sin (I — ')
— [6°3398] sin ({ + 2F) + [6:2826] sin ({ — 2F)
+[6-2434] sin 3 + [5:8060] sin (2D — 31)
—[75110] sin " + [69040] sin (2D — 1),
the coefficients being expressed in radians and the notation for the arguments

being that of Delaunay. From these results the derivatives with respect to
w; are immediately obtainable with

D = w, — earth’s mean longitude,
l= Wy — W,,

F=w, —w,.
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For %1", the results of Delaunay might be used, but it will be shown

immediately that :lig &n contributes nothing sensible to 8V—a result

probably of the use of the system n, ¢,, c, instead of u, ¢, 4. The derivative
has however been found for the largest terms in order to show this fact.
The derivatives with respect to ¢,, ¢; are obtained from my results with the
help of equations (8). They give

n ‘3}: =+ [8:0465] sin [ — [8:4669] sin (2D — 1) — [7:2833] sin (2D + 1)

—[8:3965] sin 2D + [6-8784] sin 21 — [7:1761] sin (2D — 21)
—[6:8271] sin 2F,
na? Z;:: —~[11-5828] sin I — [10-8895] sin (2D — 1) — [9:5959]sin (2D + 1)
—[10:0018] sin 2D —[10°4147] sin 2/ — [9-8546] sin (2D — 21),
na? Z:= [9:6959] sin 2F.

The latitude and parallax are treated in a similar manner.

Abbreviation of the Formulae for 8V.

In the actual applications to the calculation of the direct inequalities
much abbreviation of these formulae is possible. For example, in the large
class which has its arguments independent of the lunar angles, 3, =4,=14,= 0,
and therefore 8n =8c,=38c,=0. The maximum values of the remaining
coefficients are

ph g, FAA_L, paa_1,

s s de 5 s dk 10 °

mﬂ—l 1 indV— L indV 1
dw, 9’ dw,” 9’ dw,’ 250"

Hence, to the accuracy desired, we can put

dw, = f' %‘ sin(qt +q), Sw,=[110999] %‘]—;‘- sin (gt + ¢'),
d4a f' . ,
Sw, = [102620] m;‘]‘:—sm (gt + ).
When 1, ,, 73 are not all zero, it is still possible to limit the formulae

very materially after 8w, has been found, owing to the limitations on the
magnitude of the coefficients in &w, and V.

For this purpose we note that, for the greatest coefficients,

n ﬂl<—l na? d—Y‘<4-0 nat d_‘_’l<l
dn 30° dey ’ tdes| ~2°
‘}.K_ll<1 ﬂ‘<l d._.‘.f_|<_.~1.“
dw, 9’ dws| =9’ dw,| ~ 250°
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Put = — 1, + ‘014861, — "0037441,,
‘4
C= k'ljif s
‘[f [5°32390].
on ,
— =[53239] Cs cos (¢t + ¢),
Then (11) §01 =[4 84-19] = z, cos (gt + ¢'),
803 ,
=4 8419} < zacos (gt + ¢
Also, if A, = 014861, — '()0706()7ﬂ — 0081481,
A, = — 0037444, — 0081484, + 0012107,
dA . d4 .
e?iB=J’A’ kdk =4

the equations for dw; become

Sw, = 0( };s ;)sm(qu).

8w2={—- [34959)% . %) b 3842) i

~[#6150] o+ ?‘1} C'sin (gt + q),

Suy = {+ [2:8072] % 5934015
1

- [4'5805] il j, + Xi’} Csin(qt + q').
1

=i f f3 A, ", ,A =
Now C<15 s ﬁ; <071, A](l, X1<2.

Hence g‘f < 50007, Cs < 10000”.
1
Therefore if the limits of the coefficients to be considered be 07003,
%‘;, 3n and the parts contributed by the first and third terms of 3w, and

Sw, are insensible; as a matter of fact no one of these parts is so great as
07001. Hence we obtain the final form of the equations of variations given
on the next page. It is necessary to remember that, although the derivatives
with respect to c,, ¢; have been transformed into derivatives with respect to
e, k, the derivative with respect to n is to be taken on the assumption that
the coefficients are expressed in terms of n, ¢, c5.
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Final form of the abbreviated Equations of Variations.

Sw, = (X,f‘;l 4 )sm(qt+q)
=0(1+ 328912 A 2)sin @+ ),
Sw, = {[7 3840] o~ 7, + 7\"} Csin (gt + ¢').

12
( )4862

{[4- 8419] — 12 C’} cos (gt + ¢'),

Sw; = { [6-9349] X Ay s ;:-“} Csin (gt + q'),
1

82”2 {[4 84-19] - z, } cos (qt + q'),
1m”
where R= A" *a? A cos (¢t + ¢),

N = — 4 + 014863, — 0037444,
= + 014867, — ‘0070667, — ‘008148z,
A, = — 0037447, — "0081487, + ‘0012107,
1, %, & arc the cocfficients of w,, w,, w, in ¢t + ¢/,
n d dA . d4 .
4, = W dn (4a?), € o =54, k dk =4, 4.

One or two particular cases of frequent occurrence may be mentioned.
A . . . . .
In all cases C=)x,‘f;2 . For multiples of the arguments given, divide the
second term in 8w, by the multiple. The argument is the moon portion of
qt +¢. The omitted terms are either zero or negligible.

Arg. 0. Here i,=12,=1=0.

Sw, =/ :1' sin (¢t + ¢'),

= [11" 09‘)9] ! dA Sw,,

Sw3 = [10-2621] ‘1‘1 ‘fiﬁ dw,.

Arg. l = w, — w,.
Suy = {1 —[5:3175] s%'} Csin (gt +q),
Sw, = {— [7-8776] s - *02161} C'sin (gt + "),
%'3’ = [4'8355] Cs cos (gt + q'),

Sw, = —[6-9285] 5,Cssin (g¢ +¢") (for the latitude only).



1]  FINAL FORM OF THE ABBREVIATED EQUATIONS OF VARIATIONS 15
Arg. 2D — I =w, +w, — 2T.
Sw,= {1 —[5-3304] s } Csin (gt +¢'),
= —[78905] sC'sin (¢t +¢'),
—82’ = — [4-8484] 50 cos (gt + ¢').

Arg. 21— 2D = — 2w, + 2T.
Sw, = {1 —[6'8505] s f}} Csin (gt +q'),

Sw, = {— [9-2119] s - 4753} C'sin (gt + ¢'),

2o (66698 sC'cos (gt + 7).

There is quite an extensive class of terms containing this argument in
which &w, is insensible. For these we can put

dw, = [5'7642]‘£ . 45 sin (gt + ¢'),

" - [3a2e)” 4 cos (gt + )

The great majorlty of terms in R to be considered contain powers of the
lunar eccentricity as a factor and the principal terms in the moon’s true
longitude have the same property. In nearly all such cases it is permissible
to neglect higher powers of the lunar eccentricity and inclination. When

these two conditions are satisfied it is not necessary to find &c,, de. For
2

then j,=|%| and the ratio of the first term of the coefficient in Sw, to”

that of 8¢, is the same as the ratio of the coefficients in e(ZlV ZV This

arises from the fact that dw, depends mainly on e df , while 8¢, depends on

@ . If then

dw,
8w, = Qsin (L,w, + V), V=@ sin (Gw, + '),

where ¥, ¥ are independent of w,, and 1,, ¢’ have the same sign,

4V s ‘f,Z 82, = QUi sin {(Ga— i) s + ¥ — ¥,

It is to be noted that @ is here the first term in the coefficient of ¢

An exactly similar theorem holds with reference to c,, w; and the terms
which contain powers of k as a factor.



SECTION 1IL

THE TRANSFORMATION OF THE DISTURBING FUNCTION.

It is well known that the disturbing function for the direct effect is R,
where
r_o v 0wkttt
(O (R SR R (S L
In order to take into account the motion of the carth round its centre of
mass, the terms conminiug;:—, are as usual to be multiplied by the ratio of

the difference and sum of the masses of the earth and moon.
& 0 +3 va-+zva———a~‘

ot T on TP T A
then, by Taylor’s theorem,

Put

‘ : 1,0
O gm0 () o)+

“a +££+‘ZZ+ZC+[12 <a?2)2 }%

Since R will cnter only through its derivatives with respect to the lunar
elements which are not present in A, we obtain

. a9 5= e = o)+

The separation of the terms of R into sums of products, one factor
involving the lunar coordinates and the other the planet’s coordinates,
suggested by Hill* and adopted by Radaut, is implicitly used here, and the
division is the same in principle, but it will take a different form with the
use of complex coordinates, and the method of separation is made on a
general plan which can be applied to terms of any order in R.

* dmer. Eph. Papers, Vol. 11
t Ann. de U'Obs. de Paris (Mém.), Vol. xxr., 1892.
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Put z+yV—1=u, E+g9vV-1=u,,
w—yN=T=s  E-gV-1=g;
then A =8, + &3, 7? = us + 22,

i—u-a +si+ 3
0Q  "ou,  0s, ZBC'

And since 1/A is a solution of Laplace’s equation with respect to £, 9, §,
Bl (7 g1,
AT (a& o)A T Touds, A
Hence, omitting 1/A for the sake of brevity,
LY (u2) 4L (s 2Y w2
2\5g) “2\"au,) *2 (S a«;) U8 Gu,ds
1 70\, 0 0 0
+9# (5e) +# o (vo0, ** )
eal part of (1 — 329 4uz (L0 ) K
= real part of (»* — 32 )aulale’ u (am) + 2zu s¢ou,’
170\ _ § e ® 1 /0N
3 (32) = rcal part of — (1 — 52%)u suras 3" (au,>
o . b o
—au? o&ou,® -2 (r 3 22) 5;“3‘{;33, ’

and so on. The method is the same throughout : expand <68Q>" and replace

2\ 0 m )
(35) by (— 4 m) and us by 72—z

I now give a method for replacing the derivatives with respect to the
coordinates, by derivatives with respect to «, T' (the carth’s mean longitude)
,+". In this way it is possible to make use of Leverrier's expansion® o
1/A in terms of the elliptic elements of two plancts to the seventh orde
inclusive with respect to their eccentricitics and their mutual inclination.

Expressing the coordinates in polar coordinates, we have

E=—r+ 0 =y cos (V"= V') +o"r"cos (V" + V' —2h"),

(15) {n= A=y sin (V' = V') —q"" sin (V" + V' —2h"),
t= 2y NI o/ %"sin(V’=h").
Whence A= 7’"’ — ,’.’z — 9% E»

u=—1+(1=-g?)exp. (V"= V") )
+ 9" exp. (= V" = V' +2hb") V=1,
the expression for s, being obtained by changing the sign of ¥— 1.

* See below.
BR. 2
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[sECT.
From these results we obtain
9 o 0 — 0 n 0 N0
3;7—_§ﬁ1_5-31, V—IW—(HI+T)BT,_(SI+T)3;,’
0 [ — 0 0 0 , 0
16 =1 5 -1 == a8y —
(16) v r’+v 18 ' "5, s'asl 21*381
D 0?1 o, 9
ow =T or V-1 v “‘aul T3 051 - aul
the notation ?)av , 5% being introduced for a few pages for brevity.
Let F denote a function of § and of the product u;s, only. Then
) or 8F oF ,OF
(162) v T o T M ony
2\ 1 a1 ,
an (Biil) A=sl"F, (Bs,> ~=uF.
0 1 L0\ oVl o/ ., 1
Hence 5 aw a8~ [(’ ) + (aV') ] A v (‘ S A>
= 442 _j)j_ _1_
ou,ds, T A
? D 1[0 .\ a1 N a1
(e 5=l =B ¥ 5 a) =2 (G- 1) (- 2)
w &1
= 08 A
Similarly,

E-DE-2)2 AL

v

2 N3 o 1 O B
(v o o a=C¥ guza
and the general law is evident. The derivatives with respect to u,, s, are
thus expressed in terms of derivatives with respect to +, V', when for

9 0 . .
v’ Bw have been su})stltuted their values (16).

Next,

A =0347" = 277" (1 =) cos (V"' = V') =2r'r"y"* cos (V"' + V' —2h")
=747 =27 cos (V" = V') + 4r'r"y?sin (V"' = ") sin (V' = k").

0 1 9\1 _2(1—o")7r"sin (V" =h")cos (V' = L")
Hence (5—‘;, + 3y 87;’) At ’

ey 0 l _2a- ") " sin (V" — k) sin (V' = &”
-y )av” ( ¥ (A8 ) ( ,)
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Therefore

0 1 0 — iy 0 )1
[a——‘V/ +W; . W"'V—l(l—'y ’)a—_//"a] N
2(1 —_ Ilz) l’r” Sln (VU ,L/I) exp '\/ 1 (V/ II

A3
N‘ ’/?
'Y//'7 r E exp. — V— 1 (V’ h”).
This gives
2 1__&_ o expN-1(V'-R)
ot " A — T A Vi =y >

0 1 w2 011

(As ¢/A3 is real, we incidentally ha,ve the relation
’ " 1 a ’ " 11y a ] .
[sm(V -1"). ( vt o 877) —cos (V' =kl =« 1)57”3:' A =0,

aud the sign of the ¥— 1 may be changed.)

Since ¢/A® involves uy, s, in their produet only, the formulae (16a) are
available; and as

d exp. \/—I(V'—h")F exp+~/—l(V—h)< 2)1’,
] ov

ov 7 !
0 exp. \/—I(V —h") o exp.+ W +~/—1(V -h") 0

oXp- ) p= :
ow 7’ r ow

we obtain, by substitution of the various results,
m’ * 0 (0
(%) R=go | onm s an vl (50 -2)
v 2 (2 1 2
“Z"«/“”*‘ exp =1 (V=)o (5 )
+ V=T (1 =) 1
a Il, A

”

s [0 = 395055 (33 =)
#3050 (o =2) o)) &
+m,, «/i—’_' exp. V=1(V'— h”)[ (r’—gz‘) (;;—2) 8%

0 0 0 1 "
+zu’(a—\_\'—2) ][V”‘-Z /l’ahll+v 1(1 'Y’)a,/; K
2—2
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The derivatives with respect to v, w are easily expressed in terms of deriva-
tives with respect to the elements by means of the well known formulae
9 g0 02
o' T oa’ oV’ oI
where T is the mean longitude of the earth and where it is supposed that the
angles referring to the earth are expressed in terms of 7', l’. Also, Leverrier’s

T

a . . .
development depends on « =7‘, where @, is the mean distance of the inner
@y

planet, a, that of the outer. Hence if we put

a % =D
we have, since k is a homogeneous function of degree —1 with respect to
‘o
a, a’,
a,=d’, a,=a, 7 = 3;?1 —1=-D-—1 for inner planets,
a=a, a=d", 1 a?‘, = a f? = D for outer planets.

The planet portions of the disturbing function are therefore expressed in
terms of derivatives of 1/A with respect to a, T, 1", "%, —the quantities present
explicitly in Leverrier's development.

Each term in the development of R consists of two main parts together with
a constant factor. The first part is a function of the moon’s coordinates alone

(with which will be combined the factors :,2, 7_1,3, eV =1 J“); the second

part consists of the derivatives of 1/A which is a function of the earth’s
and of the planet’s elements only. Let 6 denote an angle present in
the first part, ¢ an angle present in the second part, that is, in 1/A, so that
0 + ¢ is the argument of a term in R which is under consideration. Put
j for ¥=T1, and*

a? -3z

a

=M, (e/* + e9°) = 2M, cos 0,

7 2 8‘2
a? u . .
Gem o =% (M, + M) e + § (M, M,) e = M, cos 6 + jM,sin 6,
g i(V’ = h")
i L= Mot = M, cos 0+ jM, sin 6.

These functions are calculated once for all and serve for all the planets.

* The exponent always attached here to the exponential ¢ prevents any confusion with the
same symbol used to represent the lunar eccentricity as defined by Delaunay.

+ Owing to the absence of A from z, u, 7, the part ¢ isnot present here.
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For the second part put*
~=Pcosp=Pcos(eT+ 241" + ¢'),
where ¢ is independent of T, &”.  Also for inner planets
o 1 , 0\, 0
PwOS(ﬁ:m . 5=[<"' 377) +aV,,] _[(.D+1)"‘"L’]PCOS¢
. o (0 1
2P,cos ¢ — 2P jsinp= 3w (ﬁv - 2) A
= <D+ 1+ —a-)(D+3+ —@) Pcos¢
Tov Tov '

P‘cosgb+jPhsin¢=—(D+1 +]éav,>

[b_f,—, + 2-} oG (=) a,” iPeos
so that
P=[(D+1p-a]P,
P,=}[(D+1)(D+3)+#]P=4P,+(D+2) P +(i*~1) P,
P,=(D +2) P,
P+ P,=(D+ 1—1‘){ i+$,‘—,;+(1 —v”“)ga,—,,}f’

P‘—P,=(D+l+i){ 'L—-,2+(l 'y")a ,,5}

The first line of R, which consists of those terms in (18) which have the

”

factor + , becomes with these substitutions, after inserting the unit factort

4!7.@ ’
n'ig’®
R
19) Ri=1 woara [MP +M,P, T M,P,

S SIS P.,)] cos (8 £ ¢),
-9

either all the upper signs or all the lower signs being taken according as it
is convenient to use the sum or difference of the angles 6, ¢. It will be
noticed that the P, contain the divisor «' which will cancel the o’ outside
the parentheses; otherwise they contain a’, ¢” only in the form a’/a”=a.

* The letter { has also been used elsewhere in a different tion ; but no confusion need
oceur.

+ The denominator is properly the sum of the masses of the earth, moon and sun; but the
difference is insensible.
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For exterior planets the same formulae hold if (1) we substitute — D —1
for D, (2) replace the factor ¢’ by aa”, since Leverrier’s formulae are then to

be expressed in the form 5117, func. (a).

For the second part of R, which involves the factor 2'7 and which will be

denoted by R,, put for the moon portions,
a®u(r*— 52

s a? =} (My+ M;)e% + 3 (My— M,) e% = M,cos 0 + jM,sin 6,
'3 3
‘13 ?—a . ';3 =} (My+ M) & + § (My— M,) e7% = Mycos 0+ jM,sin 6,
a® jz.él e (V-1 ) .
St T T (r* — 52" = M,,e% = My, (cos @ + jsin 6),

T
a® jz.ed (V1)
S 1% w 2% = M, (cos 6 +j sin 6),
and for the planet portions, in the case of the inner planets,

Pycosp—jP;sing = (5 2) avb;) .Pcos¢
——(D+3+ja—1,—,) [(D+1) =] Pcos ¢,

P,cos p—jP,singd= (a?‘—' - 4) (8?;/ - 2) aaw— Pcosop

=—<D+5+ja~?—,—,><D+3+jmaf,>

(1)+ 145 a«%—;) P cos ¢,

0 0
Pycosp+jP,sind=j (— - 2) S

{a?f,+ 21,, 82" +j(1- 'y’")a ,-,}} P cos ¢
=(D+3—ja——y,) (D+1+ja—v,)
{-(1 — 9" 3Ty";)’“=+j (a-—al-;.-, + 'l,, Bh”>} Pcos ¢,
Pucos +jPysin ¢ = j(a?-v-2) 2
{af,,»r L iy —@,—,,} Poos
=(D+3+jW> (D+1+jW,)

yy 0 o 0 1 0
a7 5+ gymam)| P
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80 that
Pt Py=—{(D+1p—i}(D+ 340 P,
Py=—(D*+6D+5+3%)(D+3) P,
Py=—(3D*+18D + 23 +1%) <P,
PutPy=—{(D+3)(D+1)—i*F 2i) {(1 R ,,,_(w+ )} P,

Pt Pu==(D+3)D + 143 2D 42} {1 =) 0 (14 T)] P
Then

20) R=1™

16 wi * .n%a? ,a LMP FM,P,+MP,FMP,

2
- Ki—(y‘;ﬂ' {1”10 (Pm + Pn)"‘ MI‘Z(PW iplx)}] cos (0 + ¢)

The changes for outer planets are the same as in the case of R,.

The moon coordinate u is referred to the true place of the sun. As my
results will be used to calculate the functions of u, s, z, and as these results
are referred to the mean place of the sun, it is necessary to replace u by

e (V'=T) where u, is the same as the u of my Lunar Theory.

The formulae for M, and P, are collected and slightly altered in form at
the end of this Section. In appearance they are somewhat complicated, but
they arc easy and rapi(l for numerical cwlculation. For example, the effect
of the first factor in P,, Py, Py, Iy, Py, Py on the expansion of 1/A is
seen at a glance; it is shown below that where P, has not been tabulated it
is rapidly found from a general formula; and the effect of D on P or P,
requires nothing more than the replacing of K by (p +1) Ky +pK,. The
great majority of terms involve only Iy, P, P,, while the functions
P, P, ... are required only for the very few sensible terms which have

the factor —.
a

In the above development it is assumed that the elliptic values of £ 7, §
are used. If the effect of their perturbations is to be included, the new part
SR of R can be found by operating on its value (14) with

0 0 0
Sf'a‘g +8")5;" + 8;’8—{,

where 8¢, 8y, 8¢ are the disturbed values (supposed known) of £, 7, §.

Similarly, z, y, z represent the coordinates of the moon as disturbed by a
sun moving in a fixed elliptic orbit. If 8z, 8y, 8z are the perturbations
produced iu z, y, z by the value of R in (18), we can include the effect of
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these additions to z, y, z (perturbations of the second order relatively to the
masses) by a further disturbing function

§R=8F 15y ?-13+s ok,
oz oy oz
but then the w;, ¢; must be newly.defined, that is, they require slight
additions—probably insensible—in the equations of variations.

There is no difficulty in the calculation of these two new functions.
They are obtained easily by the method given above. It will be found that
SR, for the first term of R, involves the functions P;, ..., Py, instead of
Py, ..., P;, while the expansion of &R, which involves changes in the
M, only, is so simple that its value is obtained immediately.

The formulae to be used are collected below.

The Functions M,, M,,....
a* -3z

= jO 1
M, = coef. of e in .,

>

‘2

o @ . ug?
L (M, £ M) =coef. of et in mew“’""’ . —;g,

o) :

. . At WZ
M,=cocf. of ¢ in el T2, 2]
o

a?’

3 (M £ M;) = cocf. of et#® in :/: et V=1, 0 (1" - 327)

a? ’
/3 3
P b U
3 (My + M,)=coef. of et in = eFywr-T L
7.’3 3&3’
/3 2 2
I SO X (s z
M, =coef. of e in —_eiV=4), Kl £ )
73 a?
/3 2
. a ) zZju
M, = coef. of e® in - e (VHR—2D) 7 U .
7’ a’

The Functions P,, P,, ....

=3 Pcos¢p=3Pcos (i1 + 2,,h" + ¢), D=a»§%.

Dl

Inner Planets.

={(D+1y— P

P=}P +(D+2)P+(2-1) P,

3_i(D+2)P
P"'Pu—{(l 7‘),,,, (H ,,,>}(D+1+1)P
P11’7=—(D+3tz)1’,,
PstP,=—(D+3i+7)P—4(1:-_i)(2_ti)(Dii+l)P,
Put Pi==[(1-y’ ,,,_('+7~€;)][1',+20p+(2;2i)p],

PniP..=—[(1 -y”’)gy—,.—, + (i + 71:‘,,)][1’, +(272) DP+2(iF 1y P}.
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Outer Planets.
P= (D'~ P,
P,=}P,— DP + P,
P=—i(D-1)P,
P Po==(D i) {(1-y )a it (u;,,l)} r,
Py+ P,=(D-2%1) Py,
P8+P,=(D$3i—6)P +4(L£3) 2 £0)(DF) P,

Put Py= [(1 ) ay,,g + (z . 9)] [~ P, +2DP+%P),

Pt Py=— [(1 —y) 57_’ + (i ¥ 7—‘—,)] [P, + (£ 2i—2) DP+ (207 2) P}

25

The Disturbing Function is R, + R, where R, has the value given by (19)

on p. 21 and R, the value given by (20) on p. 23.

Owing to the fact that M, is nearly equal to + M; and P, to ¥ P; in most

cases, the portion M, P, F M, P; of R, was usually put into the form

%(Ma + M,) (P, ¥ Ps) +%(M2 - Mu)(P2 t Pa)

for computation ; the degree of accuracy of the tables in Section V. was then

always sufficient.



SECTION III.
DEVELOPMENT OF THE DISTURBING FUNCTION.
. s , 1
Leverrier's Expansion of i

LEVERRIER* expands in powers of the eccentricities of the two planets and
the square of the mutual inclination of their orbits. The arguments are their
mean motions, the longitudes of their perigees measured along the fixed plane
(ecliptic at a given date) to the nodes, then along the orbits, and the longi-
tudes of the nodes.  As one of the planets in the present investigation is
taken to be the carth, and the fixed plane the ccliptic, supposed immovable,
Leverrier’s arguments become in the present notation, for an inner planet,

T=17=1" V=T, w=T-1,
A=P, ==P-1.
(Leverrier denotes the mean longitude of the carth by !; I use this letter
for the mean anomaly.)

For the coefficients [ use the same notation with the exception of 7,

which I denote by 47, For an outer planet the accents (except in the case
of A", ') interchange.

Put Af=1+a*— 2acos (1 - P),

then with Leveriier, using ¥ to denote summation for integral values of %
from + o to — w0, I put

1 _ §a’3A4% cosi (T — P),

All N

i, = §a'SBY cosi(T - P),

.::3 =4a'2C® cos1(T - P),
0

o . .
— =41a’ED® cosi(T - P),

* Annales de I'Obs. de Pariz, Vol. 1. The terms of the eighth order have been computed by
Boquet, ib. Vol. xix.
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at . .
and* A =3}a’23% cosi (T~ P),

5
Aﬁf' =3}a’SA% cosi (I — P),

or, in general,
s-1

%; =}a’38,% cos i (T — P).

If K% be any one of these coefficients, put
1 d .
(1) - p (I @) = ~ P 4]
K, B a? —— K Bep a d—'ai' B,

Then, when the functions 8, ,% have been ca]ullated, we have all the
materials for obtaining the functions .

Leverrier, besides the notation just given, uses certain functions of
4, B, ..., in the development. The notation adopted here is the same as
his. It is

( Ko % (B(i—n + B(H—n)’
l G = .'; (('(1'—-':» + 400 4 (Hi+2))
] HO = 5 (D 4 QD=0 4 9Dy 4 ity
(21) Lm - g (0('-—") + U(')),
S6 = 15 (D(i-—a) + 3Du-1 4 Dotn)
i = 1 (DF 4 D)y,

Of these, it has been rarely necessary to use any but £, L®, G,

(l

As powers of the 4@, B do not oceur in any of the formulac which will
be used, the brackets round the 1 in the index will be omitted.  For brevity
we shall put

B = B4,
and when the index ¢ can be omitted in any equation without causing
confusion, it will be dropped.

The coefficients in Leverrier's expansion of 1/A are all functions of
¢, ¢, o and the 4,, B,,.... The method outlined here for deriving all the
planet functions from this one expansion does not necessarily give the shortest
algebraical expressions for the coefficients, but for numerical computation,
which is the principal end in view, these expressions have this advantage—
that they require very little use of logarithm tables. The calculations consist
mainly of additions, subtractions and multiplications by integers less than
100, and the functions are read straight from Leverrier's expansion. Moreover,

* The reversed letters 3, 7 are used to distinguish from other functions defined on this page;
Leverrier does not need the two last expansions.
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it is possible to see almost immediately when the terms in a given coefficient
become insensible. For example, in the case of the great inequality due to
Venus, argument [ + 167 — 18V, the principal term has the factor 4 and
argument ¢+ 167 — 18V — 24", and the terms of order 4™ are just sensible.
The following table of the coefficients actually calculated shows immediately
where the ealeulations can be stopped. The first column gives the order
of the particular portion of the coefficient, and the remaining columns the
parts of this order, contributed by P, (P, + Py), $(P,— Py), respectively.

Argament !+ 167 — 18V — 21",

P+ P Py- P,
Order Py 722 3 | '
—— S — -
Yy |- 157891 —1728% 4+ 17-19%
¥ + 165+ 17— 09
y* |- 11} - -0l ‘00
y* 1+ 01 :
atyn ey 00 '~ 01
ey L4 120+ 01— 01
iyt . 00
oty | — 01
O U T
Sums | — 13'96% - I'11 + 108 |

All of these were fully calculated with the exception of that of order 4,
which a brief examination showed to be between — 07005 and — 0"015;
the terms of orders ey, "2y, and a portion from the third term of R are
of about the same size, but they were not calculated. I believe the result,
— 18799, and the values for the other terms of this period, are accurate to
within 0”°05; the additional computations necessary to obtain the final
coefficient within 0”005 are not very long, but in view of the uncertainty
in the mass of Venus, which is doubtful within one per cent., and of the
length of the period of the term, the present results are fully sufficient.

Culoulation of the Functions B,,".

The known methods used for this purposet have been modified in order
to avoid the want of symmetry which makes them troublesome, and the
considerable loss of accuracy which occurs for large values of 4. The point
to be considered in this connection is not the number of places of decimals
but the number of significant figures, and the methods used here have been

* In the original essay these portions were given to be —-1"-90, +17:16, respectively,
owing to a numerical error.
+ See Tisserand, Méc. Cél., Vol. 1. Chap. 17; and Leverrier, loc. cit.
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adopted, partly to obtain the same number of significant figures for every
coefficient, partly to avoid numerous multiplications by incommensurable
numbers (involving the use of logarithms) and partly to obtain easy checks
on the results, so that there shall be no doubt about the numerical accuracy
of the tables giving the functions 8,,®. It is true that functions for values
of 7 not afterwards needed have been found, but I believe that the gain in
accuracy more than counterbalances this defect. The sieve hus shown the
maximum value of 7 which is likely to be required in the case of cach planct,
and the tables have been formed up to this maximum value of 7. The
advantage of the present methods has been obtained mainly by the use

of the operator (a 1)” in preference to a® (({)”

da da
We have the well known formula*
i_g 1.3.5...2—1 , 1 20+1 ,
@) A'=2.50e ° [”2' 2y 2®

1.3 (20+1)(2+3)
toa@irn@Eent T ] '

it being remembered that for =0, the factor outside the square brackets
is 2. In the case of Venus and Mars o is not far from 5 and the convergence
is very slow. The plan adopted consisted in finding each cocfficient to seven
significant figures with seven place tables, so that the results might be trusted
to six significant figures: this involved the calculation of the portion inside
the bracket to seven places of decimalst.

A more rapidly convergent series can be obtained, cspecially for large
values of . Expand in powers of o?,

1
7]?'_"“‘2=bo+b|+bg+...=1+%a,+ga‘+...
1

V1 —-a?

and put —by=b,—...= b, =,

Vite ™
1.3.. (-1 1 _
24..% ‘n+2
Then an easy transformation gives
(23) AV =26 [(20 + 2) i1 @0 = Gina@ — Gi4a0s — o)

A table of the values of af was formed and also one of the logarithms
of the ¢;; the latter are rapidly obtained by making a table for (2i—1)/2:
and then one for (2 + 2)g; and finally one for ¢;. In this way any coefficient
A’ can be easily and securely found.

* Tisserand, loc. cit.

+ The phrase ‘degree of accuracy’ used in this section refers to the number of significant
figures in the results and not to the number of places of decimals.
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We have the relation*
. 2@-—
- l—l
4i= %-1 ed 21, -
which is ordinarily used to find A? when A™, 4" are known. But it is
better to start from (23) with the highest value of ¢ required and use the
relation in the form

(24) Ai=

Ac—-ﬂ €=l+a,
a

B+, 243
2+l Zit+1

The loss of accuracy is much less, and it diminishes with ¢; in the case of
Venus the loss amounts to about one significant figure after six successive
applications.  For Venus, the values of A* were found from (23) for @ =43,
42, 41; 30, 29, 28; 20, 19,18; 10,9,8; 2,1, 0; each triplet was tested by
(24) and the intermediate values found from the same formula. An in-
dependent test is obtained by forming the successive first, second, ... differences
of log A* which rapidly become constant when 7 is greater than about ten.
This fact was used to correct the intermediate values where necessary. For
Mars, o is a little smaller and the loss of accuracy less; but it was found
more rapidt to calculate for ¢ = 80, 28, 26,...2, 0 from (23) and to find the
odd values from (2+4) with 7 an even number (since € > 1), testing with ¢ odd.
For the other plancts it was sufficient to find the highest values from (22)
and follow down with (24) to ¢ =0, which was computed from (22) as a test.

AH-‘I

For the B we have (Tisserand, loc. cit.)
14
(10 =

- wp (AT AT

(25)

]\ }(Bi— Bty = 2(1 ta ),(A' + AH) (20 + 1),

from which any pair of values of the Bf may be computed ; there is however
a loss of accuracy. But we have (Tisserand, loc. cit.) a formula which may
be written
(26) B1= 2[4 4 B+

and which cnables us to calculate the Bf with great rapidity, without any
loss as soon as the two highest values of B* have been found; moreover the
loss in the latter disappears after the first step and the succeeding B
have the same degree of accuracy as the corresponding A% For security
the B were caleulated from (25) after each ten steps, and several werc
tested by the tormula (Tisserand, loc. cit.)

* See Tisserand, Méc. Cél., Vol. 1. Chap. 17. Tisserand gives the formulae for
A, Bija, OVa%, ...
+ The calculations for Venus had been completed before Mars was undertaken.
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The greatest advantage of (26) however is the rapidity with which the
calculations are performed by means of it, for it does not require the use
of logarithms.

Special values of the remaining functions €%, D',... were obtained from
the formula (to be proved later on)

2 +1 1 (-8

. € . . , 1
(27 Ba+at=;‘_‘_—1-’57138-{-1‘4‘;72'9(8’_"'_’1’)30" €=_-a e=_+q

which involves no loss of accuracy, combined with

ERUD A
(28) ﬁ.w: =35 B+ /3.:::

for the intermediate values.
(It is interesting to notice that (27) gives
4 -1
B;=—~e,, By,
but no use was found for this formula.)

The B,," have now to be obtained. There are two problems to be
considered : the first is where a table is to be made for all values of ¢ up
to some definite place (30 in the case of Venus* and Mars, 8 for Mercury
and 6 for Jupiter). We require here a formula for special values of 4, and
when the coefficients for the two highest values have been found, the
remainder are obtained from the obvious generalization of (28):

i 7 .
(29) i1 —;BJ,p“fﬂ{H

s+, s+1,p°
This method does not give the values for s=14; the formula for special
values of ¢ is required throughout. The sccond problem arises when so few
values of 7 are needed that it is not worth while to make a full table. Hence
we require to develope formulae from which the 8, ,7 can be obtained for

special values of ¢, it being understood that the tables are always formed with
the assistance of (29).

In the following, the index is generally omitted, gince it is the same
in all the formulae now to be obtained.

Remembering that
A= {1~ 2acos(I'— P) + @t} = aa~6-D 38, cos i (T — P),
pogd 4_1

=ty €T % Bt =B,
we casily obtain, if for a moment we put B,a~**i =1,
Db, = s(1 ~ a?) b, ;1 — 8b,,
D?b, = 482 arb,,, + 1*b,,
(D + 28b, = 48*b,4, + 2y
* Except for 4, B, which were required to {=43.
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whence
) ( DB, =38(1 —a®) Byr1— %8s,
(30) J (D—s+3)B: = 48aB,a + By,
4s? )
l(D +8+3)8s= o Bonr + 2B,
giving
(31) .DZB, = 4'824185“ + 2 (3 - %) DBU + {i2 - (S - %)2} Bh

(32)  (D+1)8y=2s(se +3€) Bors + (= 8+ D) Bs-

By definition,
a? (d\?
ﬂc,y = E . (a&) Bc

TlﬁD(D_ (D —2)...(0D—p+1)Bs
whence, if & be any numbgr independent of a,
(33) (D + k) ,3,,1, = (P + 1) B',zrﬂ + (P + k) Ba,py

(34) (D+kyBap=(p+1)(p+2)Bupss

+(Pp+1)2p+2k+1)Bsprr+ (P + k)8 p.

Again, from (30),

- 1

(35) (D=s+§'Bup= » DD -1)...(D = p + 1)(4s%aB, 1, + ")
= 4522 (Bys1,p + Botrp—1) + 2By, p.

Combining this with (34), after putting k = — s + §, we find

36) p(p+ 1) By =4a(Busr,p—1 + B, p—a) — P (2p — 28) B p
+{# = (p—5~ 1)} Bop-
The material contained in these equations is sufficient to find all
Bs,p rapidly, when the 8, are known.
We have, in fact,
A, =}€eB, -4,
B, =30, - 4B,
C,=§¢D,— 40,
24,= aB,— 4, + ¥4,
2B,= 94C, + B, +(#*-1)B,
20, = 25eD, + 3C, + (#* — 4) C,,
64;= a(B +B,)—-64,+(@-1)4,,
6B,= 9«(C, + C,) — 2B, +B,,
60, = 25a (D, + D) + 20, + (i* = 1) C,,
124,= a(B,+ B)—154,+ (" —4) 4,,
12B,=9a(C, + C)) — YB,+(*—1)B,,’

.................................................

the
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The required functions 8, ,(p > 0) are obtained from these without loss
of accuracy.

The functions {(D + 10—} B, ,, (D* —¥) B, are required to find the
P,, P, P,,...(page 24). If these were obtained from (34) with the values
of B, just found they would in general entail a loss of accuracy of the order
of ¢ units in the last calculated figure.

Equations (31), (32) enable us to calculate them without loss when
p=0. When p>0, we have from (34), (36),
(D + 1) = Bup =48 (Buss,p + Barrp) + (P + D (28 + 1) Bapna

+(s+4)2p—s+1) By
In particular, e+ )@=+ B

(D + 1y = Ay= 22,

(D +1) =) B,= (g + 3«) C,— 2B,

} 15
D 22l (=
{(D+ 1= G (a

(D+1yp=-2)4,= a(B,+ B, )+2(p+1) A4, +(2p+ 14,

(D + 1=} By= 9a(C, + Cpm) +4(p+1) Bpra + 2. 2pB,,

{(D+ 1y =} Cp=25a(Dy+ D) +6(p+ 1)Cp +3(2p-1GC,,
which are rapidly obtained, since the multiplication by « will have been
made in finding the B, ,.

¥ 10a> D, - 6C,,

In a similar way we obtain from (31), (34), (36) for outer planets,
(D2=)A,= abB,,
(D*—)B,= 9aC,+ 2B, — B,,
(D* — ) O, = 25aD, + 4C, — 40,

..........................................

(D) A,= a(B, + B,),
2= B, = 9a(C, + Cp) +2(p+ DBy + (2p-1)B,,
(D* =) Cp =25a(Dy+ Dp) + 4 (p+1)Cp+2(2p— 2) Cp.

It has been found convenient to alter certain of the formulae (21) a little.
We have 1A* = § B - 3B,
1Bi= gcc—l _ QC“'.
Applying the first of these to the definition of E, the second to that for
I, and both to that for GY, it is easy to show that
(Ei= B —iA'=E—,
(37) ‘ L‘=§C‘+§(i—l)‘B"—l,
[ Gogoi- 4B 0D 41

BB. 3
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These, equally with (21), can be operated on by any function of D and
consequently they are true when the suffix p has been attached to the
symbols.

Solution of a Difficulty.

From the series for A,, or otherwise, it is obvious that (D —14)74* is of
the same order of magnitude in general as A% Hence when ¢ is large and
this function is calculated from the tables it appears as the difference of two
nearly equal numbers, and a considerable loss of accuracy results. The same
fact is true of all the functions A, By, ..., but for a given value of 7 the loss
of accuracy iy smaller as p increases and as we go along the series 4, B, C,....
Although the number of places used in the tables has been found to be
sufficient for the purposes of this essay, I shall give a method showing how
the difficulty may be overcome.

We have (Tisserand, loc. cit.):
_2 7 sin*y

At g o dy
7 Jo (1 —efsin? \]/)# v
L snZite
Hence (D=0 Ai= 2 a”*’f - b}-ni— v 5 A,
T 0 (1 - a*sin®+r)z
(Dei—1)ai= 2w [T S0y
T 0 (1 — o sin? Y)?

Therefore
D-Ai=ad*' +a(D -1 -1) A
=adt + @A+ 4 AN 4 @I (D -7 —j) A,

The values of 4, DA'= A,' have been calculated to seven significant
figures, and the ratio of (0 —¢—1) A to (/) — 1) A approaches the limit
o as 7 increases. Hence if p is the number of units loss of accuracy in the
last significant figure of (D — ¢ —j) A™, the number of units loss in (D —1) 4%
is pa¥ approximately, which can always be reduced to unity or to a gain by
taking j large enough. For values of ¢ less than ¢’ we must take a¥ <7’ if we
are to lose no accuracy in (D —17) 4% In the case of Venus, with ¢ = 30, this
gives j =5, 1= 23,

It is obvious that this principle can be extended to any of the functions
previously used by applying the preceding formulae, but since the practical
applications did not demand it I shall not develope the formulae here.

It does not scem possible to obtain a general formula for (D —1)8,,"
in terms of B,,' without loss of accuracy otherwise than by the principle
of the method outlined here; ie., by referring forward to some higher value
of 1.

The corresponding difficulty in Radau’s work appears in the form

A'—ad, A% — 204" + A,
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Calculation of the Coefficients M; and of their Derivatives with
respect o n.

The most arduous part of the work has consisted in the computation of
the derivatives of 73, 2% — y* + 2ixy = u,* with respect to n, to the degree of
accuracy which was demanded. The only complete literal expansion in
powers of m is that given by Delaunay, and his results suffer from two serious
defects for this purpose, the one in the fact that the coefficients for the
parallax on which the desired quantities chiefly depend are not taken far
enough, and the other in the doubts as to the degree of convergence of
the series along powers of m. Both may to a certain extent be remedied
by a judicious use of the numerical results given in my Lunar Theory. So
far as I know, the only method for calculating these derivatives from
numerical results in which the value of m has been substituted, without
having recourse to algebraical series in powers of m, is one which I gave in
1903*; this method, although tedious and difficult for numerical application,
has perforce been adopted in the absence of any other plan.

The method essentially consists in finding three independent relations
between the coordinates and their derivatives with respect to the six elements,
expressed in the form of algebraic or differential equations. From these
three relations it is possible to obtain the derivatives of the coordinates with
respect to one of the elements in terms of the others. No approximation
processes arc necessary—only multiplications of series and a quadrature for
each coordinate. Further, the results naturally appear in the form in which
they are required in the disturbing function, namely, as derivatives of the
' de,
dn’
the equations of variations mainly depends, also arises naturally. The order
with respect to e, k to which the results can be calculated is one less than that
to which the coordinates have been obtained, but it was not found necessary
to proceed to high orders.

rectangular coordinates, and the value of on which the principal term in

The formulac are constructed to solve the problem: Given the lunar
coordinates and their derivatives with respect to c,, ¢;, wy, w,, w,, to find the
derivatives with respect to n, it being supposed that the coordinates are
expressed in terms of these six elements. My lunar theory enables one to
get all the data of the problem accurately. It is expressed in terms of the
constants e, k, which are left arbitrary; but the second and third of
equations (8) together with the values of ¢, ¢; in terms of these constants
enable one easily to find the derivatives with respect to ¢,, ¢, from those with
respect to e, k, or vice versd. The method given for performing the calcu-
lations was adopted almost without change. The results will be found in the

* Trans. Amer, Math. Soc. Vol. 1v. pp. 234—248.
3—2
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collection of tables. The details by which the functions chiefly needed,

namely,
d

d d
% (7" - 322)1 E;l. (uoz), (71—1 (uoz)’
were found directly instead of the functions for which the formulae were given,
namely,

d d
a‘ﬁ(“o): dn (2),
will be omitted *.

The greater part of the work consisted in multiplications of series of the
same nature as those necessary in my lunar theory. The calculation of

r?—32% u? u,z
consists entirely of such multiplications. The multiplications by

a®  a? 23T
w0 7 -

are quickly performed.  Certain coefficients of orders higher than those given
in the tables were required.  These were obtained from the complete results
already quoted for u,, z: their derivatives with respect to n were multiplied
by such small coefficients that a calculation of them was obviously un-
necessary.  Thus in all this work the eftect of the solar perturbations in the
moon’s motion on the coeflicients of the planctary terms has been fully taken
into account. It may be stated here that the derivatives with respect to n
are only required cither in the terms of comparatively short period (say, a few
years or less), or in those terms which do not contain the argument .
A glance at the final form of the equations of variations will make this state-
ment evident. '

* Some errors in the formulae of the paper referred to were found. The integrated equation
(C) p. 246, requires an added constant, contrary to the statement there made : this constant may
be determined by the equation numbered (14) in the paper; and the sign before the last term of
(K) p. 247 should be changed, as well as the first negative sign in equation (15), p. 244.



SECTION IV.

A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS.

THE periodic inequalities due to the direct action of the planets are
usually divided into two classes, which have received the names ¢ long-period’
and ‘short-period” These names ure somewhat misleading in this connection,
because there is no sharp line of division. I shall divide them into primary
and secondary inequalities: the former are those which arise from the substi-
tution of w, + &w, for the non-periodic term of V'; the secondary inequalities
will be defined as those which arise from the substitution of the variable
values of the elements in the periodic terms.

The majority of the primary inequalities are of long period—a year or
motre ; but there are classes of them having sensible coefficients with periods
of a month or less. Nearly all the sccondary inequalities are of short
period. Thus the primary inequalities in the longitude are obtained from

SV = dw,,
and the secondary inequalities from

14 av av av av av
8V =(Tp — 1) 8wt gy Bt G Bk G b+ Bk e B
The coefficients of the secondary inequalities will be smaller than the
coefficient of the corresponding primary inequality, in general ; an examination
of the final form of the cquations of variations and of the values of the co-
efficients in the derivatives of ¥ shows this immecdiately. An exception will

occasionally occur in the terms
av av

'dzsch Eli:f-l Sw,.
The largest term in 3: (see page 12) has a coeflicient 40 ; the coefficient in
8¢, is

7x10~°. -~ 1,C,

A
M



38 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS  [SECT.
that in dw, is )
C ( f s A, )
A

Hence the ratio of the largest coefficient in ZV 8¢, to that of dw, is

P_12s sy 1 144,
SR (R VR A P VD W
1+fo 1ty 2,

’
. 2
since .

70
As jl is never very small (it is in most cases a little greater than unity)

the value of p will be large only if the two terms of the denominator are
approximately equal in magnitude and opposite in sign. The sieve which
follows does not contemplate this ‘accidental’ approximate vanishing of the
denominator, so that it would not reject the inequality in &w, for this cause.
Hence the maximum value of p would appear from the sieve as the greater
of the two values
T, 4 and iy <’
4, 10°n, <100°

since A, =17, + ‘014862, — "0037444, and its least value when 7,4 0 is taken to
be ‘01486 in the siecve. The terms in which the former is the greater are all
calculated without reference to the sieve. Those in which the latter is the
greater demand that s > 100” for the secontlary inequality to be rejected by
the sieve for 8w, when it ought to be retained. The sieve shows that such
inequalities can only occur with the lunar arguments 2D —2I, D -1, and

. av. .
thesc have been separately examined. The term 5— 8w, is of the same order

dw,
approximately, and the same arguinent applies.

A similar argument applied to the terms containing 2D — 2F, D — F shows
that the sieve would not reject the secondary inequalities in longitude as
long as $<2000”, and as the upper limit for the sieve is §=3500", a secondary
inequality with a maximum coefficient of 0”02 might have been rejected by
it. But the inequalities for s > 2000” were separately examined.

The secondary inequalities in the latitude of terms containing 2D — 2F,
D—F are more important than those in the longitude. A similar
argument applicd to them shows that the primary might be neglected by
the sieve if s> 60” when the secondary should be retained. Consequently
a separate examination of these terms was also undertaken.

We have then to examine the primary inequalities. Those which have
periods of less than a year do not need a sieve. The terms in the moon’s
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coordinates which, in combination with the planet’s coordinates can give
sensible terms, are few in number and they arc taken one by one according
to the sizes of their coefficients with all possible terms arising from the
planet’s coordinates until they become insensible : the number of the moon
terms thus required is quite small, as the results show, and any omissions
would arise only from numerical errors. The sieve which follows is therefore
constructed for periods greater than a year. Some limitation had to be
placed on the maximum period to be included; it was taken at 3500 years,
corresponding to a value of s equal to 1”7.  But values of s less than 1” which
arose from the equations constituting the sieve were also included.

The results show that though there will be inequalities of periods greater
than 3500 years, their order is so high that it is extremely doubtful if their
coefficients would be sensible. In any case the period is so long that thoy
would scarcely be observable within historic times. Tt is to be noted that for
very long periods it is better to cxpand such terms in powers of ¢ when
we wish to examine their effect on the observed position of the moon.
Thus:

Csin(gt+q)=ay+ ot +ot*+....

The first two terms would then constitute an addition to the expression for
the moon’s mean longitude, which, being one of the observed quantities, would
not be affected: the values of a,, @, could hardly be large enough for this
change in the meaning of w, to affect the periodic terms.  The succeeding
terms would constitute an addition to the secular acceleration, but it is quite
improbable that there is any coefficient great enough to affect it by so much
as 0”1 per century.

It has not hitherto been found possible to construct any kind of analysis
which will give a criterion for the magnitude of the coefficients of the
planetary terms without having recourse ecarly to numerical developments.
There are many thousands of inequalities whose periods suggest that their
coefficients might be sensible but which on computation are found to be
exceedingly small. Even the roughest approximation would be a laborious
process, and it seemed advisable at the outset to construct formulae which
could be rapidly applied. Fortunately, for the two most troublesome planets
—Venus and Mars—numerical developments were available for this purpose.
Newcomb has given® the expansions of Al], Als in cosines and sines of
il —jP up to =29, with a sufficient number of values of 7—jt. The
numerical values of all quantities have been substituted at the outset, so that

* Amer. Eph. Papers, Vol. v. pt. 3.
+ The order of any term with reference to the eccentricities of the earth and planet and the
lination of the planet is | i-j|.




40 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SEC‘T

there is no possibility of using the method of Section 11. But as the argu-
ments are developed in multiples of the mean longitudes it is still possible to
differentiate or integrate with respect to these, on the understanding that we
consider the arguments as functions of the mean longitudes and of the longi-
tudes of the perigees and of the node (not of the mean longitudes and mean
anomalies as in Section 11.). For Mars the development had not been carried
beyond i=11 for g&» and not completely to that point; but a process of
extrapolation and a knowledge of the general law of decrease enabled one to
extend the table for the purposes of a sieve sufficiently far: a liberal margin
was left for errors in this extrapolation. For the other planets, the general
law of decrease, which approximately holds when ¢ is sufficiently great, namely
K3/K* = q, is 50 soon reached owing to the smallness of «, that there was no
difficulty in forming a rough table.

There are two problems to be dealt with: first to form a table from which
all possible periods can be rapidly obtained ; second, to obtain formulae for
finding easily the order of magnitude of the coefficient which will result
in the moon’s longitude. The process which follows is divided into several
parts :—

(¢) A formula for the cocfficient in longitude when we know N
(the coefticient from Newcomb's tables), s (the number of seconds in the
daily motion of its argument), & (the order of the term with respect to the

lunar cccentricity and inclination).  Modification for the planets other than
Venus.

(b) A formula for the order with respect to e, y associated with a given
multiple of w,, w,, w, in order to obtain k.

(¢) A method of constructing the period corresponding to cach multiple
of I, g, h to be considered, to obtain s.

(d) 'The terms which were not rejected. These will be found with the
numerical results,

The only part of the actual computations which required special care was
that giving the periods. It was found, however, thioughout the numerical
work that, the plan once formed and in working order, the size of the
coefficients could be almost guessed at a glance, so that the computations
were themselves of the nature of a test of accuracy, and errors tended rather
to make the coeflicient too large than too small. The test was gone through
twice. The details which resulted in the table of coefficients retained by the
sieve for accurate computation will be omitted.
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Construction of the Sieve.

We have, as in Section II.,
E=—1r"+A—n")r"cos (V' = V)+q"%" cos (V' + V' = 24"),
=1 =97 sin (V' = V) —a"2r" sin (V"' + V' = 21",
E=2y"VT=o"" sin (V" = k"),

Al=p"2— "1 - 'E

Hence, putting E= g;" N=1+ ‘f_};'
we obtain Ag%=_EE_,,N’
1d 1\ gN+EE

(38) s ar(a)="am

Multiplying the latter equation by £ — 9N, EN + 90 successively, and
making use of the equation A*=§ +7n*+ §* in the form*
& Loy, o
T AR == (Aa T A + Az’
we find, after a few simple operations,

By Akl by 20Nt 4
Av T Ny B (A" a) T s (NEX B Al A«)

2n __ NE (1 C) 2(EN + k) d 1)
AT T NTE AR (A" av) Ty (WY EY ar (A" :

(39)

Now the principal terms in the expansion of N, & in powers of ¢ are a',
@'¢, and the equation (38) shows that when the multiple of T considered in

L is small compared with

1
r A

(8 positive). Hence we shall evidently be taking the worst case if we

. 1 . . .
the expansion of A In cosines is not very small

1
Av—;!
consider

g 2 oo 41 4 (1) $E (1
A as of the orders 3 dT(A')’ 3 dT(A“)'

Further, . p Ld
Earl )= dr (f) - hoir

= ord £ d [r2—r" 1
= order of 4| “Grar T A

* The symbol s is only used in this connection on this page, and it will not be confused with
the s in the equations of variations.



42 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SECT.

23

which, for the worst case—that of Venus where «¢’*= 2a’? approximately—

gives
1

£ EI%" (Z\—") = order of — ddT ( A-") .

The order of 7 d‘%l' (Ali’) is approximately the same.

Consider next the function

1 3

5T
Here ¢ is of the order 2¢y”. Suppose that these functions be expanded in
powers of 4* and then in cosines. For Venus 4”2 < ;447 and therefore for a
given multiple p of 7"in which p < p,, the terms factored by ¥”* will be less
than those independent of ”*: the value of p, which would make them
greater, iz seen in the course of working the method to be too large to need
consideration. Hence for coefficients which do not contain 4”2 as a factor*,

.. o 1 . .
it is sufficient to take INE for those which contain 4”2 as a factor we should

take by but this being less than

As within the limits, the latter was

6
A3
used.

The first term of the disturbing function R in Section 11, when written in
terms of the real variables, is

R=m”{}(7“ ‘Bz?)(A, Ah~)+§(z- (‘51 )+3xy5”+‘sz;””5+y”}

in which the first factor is the part depending on the moon. If we take
e=-+, v=1% instead of their actual values %, 34, and in general take no
account of the fact that m = {, we shall not be making the cocfficients too
small if we consider 1" —32%, #*— 4 2ry, 222, 22y as of the order a?10-*
where & is the order of the term considered with reference to ¢, v. Remem-
bering that a combination of two sines or cosines introduces the factor §, we
find the following results, in which the factors have been increased slightly to
make them suitable whole numbers.

- 1; ny
First term of R, order A 10-% when ¢”? is not a factor,

——- 107* when "2 is a factor.

1 d w'a

. 1dwa
Second and third terms of R, order 54T & 107,
1 m'ara’ .

fourth term of R, order oA 10~

* The parts depending on 4" always diminish the coefficient.
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Next, the primary inequalities are found with
Sw, = [ f‘;l +-’: nd (Aa’)] sin (gt + q'),

s atdn
where
/

7002 4 cos (gt + ¢') = 7 — 0 *a* A cos (T, + Lw, + Wy + ¢t +q77),
M=—1+ '014-86z2 —00374471,,
m” 'y gy M
f—‘ [1230] ,;);/ ’ f "'[7 62] m
There are several cases to be considered.

Case 1. 4,=1%,=1t=0. The second term of &w, with the first term
of R since the other terms of R will have the factor m? at least;

(Au‘) =414, k=

a* dn

Cocfficient in dw, is of order
1072 m” .oa'®
s m (coef. n A“)’ 7’? not a factor,

107w/

/4
.oal?
, (coef. in ) , o”% a factor.
s m

A-‘S
Case 2. ¢, =0, i, even. The first term of 8w, combined with the second
or third terms of B

Coeflicient in &w, is of order
lO“’f:" m” ocf. in »d_ q,’_”
— ,(CL.I dTA-‘)'

s om
Case 3. 1,=—1,, 5,23, %, even. The first term of dw, combined with
the first term of R;

Coefficient in 8w, is of order
102 ,H‘ 7'—1-— ( coef. 1n 'LI.)
s o/ A
The other cases, depending on the way in which w,, w,, w, enter into the
argument, are treated in like manner.
I glve next the final form of the eq\mtlona uscd in the case of Venus,

m” 1 a'®
Here o = §08,000° Newcomb tabulates 24 % A 24 A If N,, N, are

the coefficients derived from Newcomb's tables for these functions, p the
multiple of T' present, C the coefficient in 8w, expressed in seconds of are,
we find the following expressions for log,C; the arguments are put into
Delaunay’s notation (il +1'g+i”k). Additions have been made to the
numbers for simplicity in the results and for parts arising from the terms
in the moon coordinates containing ¢
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Argument LogC
/, g, h absent 1'5—}&0;;.;-;-10;;1\’13, o V.
n greater {45 —k— 2logs +logp +log Ny,
! absent, ¢’ + 7", even of 135 _k_2 ]0gs+lo§ v,
w T 4+17, 0dd 3:5—k—2log s +log N,
J present, 7' =4’ = 0, 1 6:0 -k —2logs+log IV,
» ¢ even 50-k—2logs+logp+log Ny,
' 7 odd 50—k —2logs+log Ny.

From the second term of R, which produces terms containing the factor

g,, by a similar procedure I find

Argument LogC

i|=1, ¢ +1" even 2:3 —k— 2log s + log NN,

1] =3, ” 20—k —2logs+2logp+log Ny,
w1+ odd 1'6 -k —2logs+logp+log N,.

For the other planets, similar expressions can be obtained. Except in the

case of Mars as far as 7=11, no tables giving N,, N, are available. It is
. . a® at
thereforc necessary to construct a method for the coefficients in A A As
stated above, the parts of these functions independent of the eccentricities of
the earth and planct can be expanded rapidly for a rough approximation.
The terms which contain the eccentricities as factors are in general of the
orders (pe’)? or (pe”)? (where p is the multiple of 7' present, q the order with
respect to €', €”) compared with the order of the term with argument

p (T = P), as a reference to Leverrier's development shows. A margin was,
"
. . . a

however, left for the occurrence of numerical factors independent of P »

but depending to a small extent on ¢, Jupiter was the only planet in which
the approximations to the coefficients came close to their correct values; and
this occurred where the approximation was comparatively simple, namely, for
small values of p: a smaller margin has been necessary.

The coeflicients which the sieve gave as greater than 07-01 will be found
in the collection of numerical results.

With a knowledge of the greatest values of N,, N, (which arise with the
lowest values of p) it is a simple matter to find the maximum value of s to
be considered in any given case. In fact, the maxima of s are found by
equating the above expressions to —2, since the least value of € to be
considered has been taken at 07:01. Many limitations which it is not
necessary to specify in detail appeared during the progress of the work ; eg.,

a

if the multiple of ¢ present in the part of R independent of e is 2, it is only

necessary to consider values of p lying between 25 and 50, and then only
those in which the sum of the multiples of P, — T is less than 5*.

* These statements are always made with coordinates referred to axes following the mean or
true place of the sun.
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Lowest orders with reference to e, k associated with the Lunar
Arguments.

If any argument contains w,, w,, w, in the form*
Qw +hwy +lwy =1l +4'g +1"A,
so that
=i, V=i, =hbi i,

then it is easily seen from the known properties of the solution of the problem
of the moon’s motion, that the lowest orders arc as follows :—

(40) [t—2"| 4|2 —=2"]| fore’, 2" even,

(41) 24 |¢—t'|+ | =" fore’, i” odd,

(42) 24 |i—1'|+ smaller of |2’ —1” + 1] for ¢’ even, +” odd and positivet,

(43) 4+ |d—1"|+smaller of [7"—~4"” 4 1{for ¢’ odd, ¢” cven and positivet.

The first expression (40) represents the orders for all terms in longitude

and parallax or in z, y which are independent of ;L,; (41) for terms con-

taining odd powers of i(, as a factor; (42) for terms in latitude or in z
. . a . - @
independent of o and (43) for those containing an odd power of R
factor. Unity has been added in the expressions (42), (43) since an odd
power of & in R is always associated with an odd power of 4", and
conversely.

Method for finding the Periods to be Kxumined.

The lunar arguments [, g, & are first considered. These are divided into
classes according to the multiple of [ present; when the multiple is greater
than 3, the value of p is so large that the coefficients are quickly scen
to be insensible; in fact, there are none retained by the sieve with the
multiple 3.

Consider any multiple 7’g + ¢”% of g, k. All the facts needed concerning
a given multiple of g, & can be inserted on a sheet of squared paper by taking
', 1" as the coordinates and inserting in the squares: (1) the number of
seconds in the argument ; (2) the order with respect to e, iy of the coefficient
as derived from the expressions (40), (41), (42), (43) associated with the
argument; (3) the multiple of 7' associated with it in the greatest term
of this order in the moon portions of R; that is, the term whose coefficient
in these functions does not contain ¢ as a factor. The specimen given

* The results were worked out with I, g, 4 instead of with w,, w,, w,.
+ The positive sign is attached for convenience: the sign of the coefficient can always be
arranged so that i is positive.
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on page 47 includes all terms of the seventh order. It is evident that only
two quadrants are required.

Similar charts were constructed for I +%'g+1"h, 2l+14'g+¢"h, ... but
that it was not necessary to insert the values of s will presently appear.

For the planet arguments the table which follows was formed to give the
periods of pT — p,V up to the first very long one, excluding periods greater
than that of 7. The last three* given are the arguments of very long
periods: it is not necessary to go further, since all the periods greater than a
year are either multiples of those given or are combinations of the last three
with the others; higher multiples of 7, V' make the difference |p —p, |
(which gives the order of the coefficient with respect to ¢, ¢”, 4”) so great
that the terms would obviously become insensible if s>1". We thus have
all the periods of arguments independent of I, g, h. This particular table
also illustrates the plan on which the sieve was worked.

Arg. 8 |N| log|C| For Cal.
T + 3548 11-0 -9 -5 x
127 -8V | —3563 ‘03 | =35
47 -3V | —-3110 14- - 9 -5 x
97' -5V | + 3096 ‘04 no
97 -6V | —2672 3 —-24
47 -2V | + 2657 24 -15 x
-V —-2220 | 230 + 6 -5 x
127-7V | +2204 -002 no
6T -4V | —1782 2:3 -1-3 x
TT—-4V | +1766 -3 —-22
117-7V | —1344 03 no
2T -V + 1328 14 - 5 -5 x
37-2V | — 891 13- -3 -5
107-6V | + 876 ‘03 | -29
87 -5V | — 454 25 | -15 x
57 -3V | + 438 23 - 7 x
137-8V | - 15 ‘004 | —2:0 x
267 -16V | — 30 no
39724V | — 45 no

Formula: log C=1'5 —log s + log N;.

Ny Max. of s
200 80000
20 8000
2 800
-2 80
‘02 8
‘002 1

— 5 to be added to log|C'| when the multiples of 7', — V differ by less than 2,

* These three are multiples of the first of them, but it is convenient to have them written
down.
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1v]

(=1}

w

TABLE FOR

THE PERIODS AND ORDERS

Maultiples of g

47

0 1 2 3 4 5 6
6 —6T 6 -7 6 — 67 6 —67
~1145 38 1292 2405

—4n " "41 _4 1
6 Z¢l' | T -5 6 ZgT | T 51| 6 5T |7 ~51
—954 | 362 | 220 | w21 | 1413 | 2004

—3, "3v l/
44T | 7200 |4 —ar |7 DT | 4 ar
~763 | —171 | 420 | 1012 | 1604

~9, . -9 R
£ 730|537 | 4 7501 | 5 =31 | 6 LT
572 | 20 611 | 1203 | 1795
9 —or |5~ Lpla_ar|7lp|e-ar

-3 -3
—382 | 210 | 801 | 1393 | 1985

0 0
2 Jris 1|4 Sr|7 -1
~191 01 | 992 | 1584

5 3T|4 0T
592 | 1183
21
5 +T1|6 07
783 | 1374
7 316 er
974 | 1565
7 37
1164
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For arguments containing g, kb but not I, we proceed according to the
order given on the preceding page (for g, k), beginning with the lowest, which
i8 2. There are three terms of this order with arguments:

2g + 2h, 2h, h,
and motions
8017, — 382", -191".

Taking the first, which arises principally from the terms a®-y? 2zy in R
in the form 2D —2l, we examine by means of the second formula on
page 44 all the terms which have values of s less than 3500, obtained by
adding + 801" to the values of s in the table given on page 46. For
example, the argument

29 + 2k — 107+ 6V gives s=-T74.

To obtain N, we write it
2D-21-8T+6V,

where D is Delaunay’s notation for the difference of the mean longitudes of
the sun and moon. The value of N,, obtained from the term in Newcomb’s
table corresponding to — 81"+ 6V, is extracted, and log €' is then obtained.
Before finding the terms of a given order, the maximum value of s needed for
that order was found and the process was followed until the maximum value
of s became less than 1”.

For terms containing the first multiple of !, the most convenient one of
very long period is taken, say {+ 167 — 18V in the case of Venus, for which
§=—13". This, after the maximum of s has been found, is combined with
the motions in the table of arguments pT — p,V, giving a list of terms to be
examined. The next first order term is 2I) — I, which is treated in the same
manner; the starting term is 2D —1 487 — 12V, for which s = —87”. The
same process is followed with every moon argument: it proceeds according to
the orders of the coefficients with respect to e, v, and is continued until an
order is reached for which the maximum of s is less than 1”.

The charts and tables which were constructed, together with the expres-
sions constituting the sieve, permit one to review rapidly all the possible
terms without any fear that some may be omitted. All the major planets
from Mercury to Nepturle were examined. For the minor planets a different
method of treatment would be necessary: the principal effect is probably
that of a circular ring of matter at the average mean distance: but the mass
would be an exceedingly doubtful quantity.

It should be added that the numbers given in this section are only rough
and ready approximations. Accurate values were afterwards used in the
actual computations of those terms retained by the sieve.



SECTION V.

AUXILIARY NUMERICAL TABLES.

Epoch 18500

BR.

Longitudes at Kpoch
Daily motions
Arg. of sl)',guments
Perigee Node
w, 47434-891 Mercury ...... 75° 07" 19" 46° 33" 12"
w, 400923 || Venus ......... 129° 27" 34" 75° 19" 47"
w, —-190:772 || Earth............ 100° 21" 40"
Q 14732420 || Mars ............ 333° 17" 55" 48" 24’ 01"
vV 5767-670 || Jupiter ......... 11° 54" 27" 98° 55’ 58"
T 3548193 | Saturn ......... 90° 06" 40" 112° 20’ 51”7
M 1886-518
J 299-129
S 120-455
Eccentricity Inclination | Sine halfinclin. log ::, :”:,,
Moon e = ...| ‘10955 k -044780
L »n €= .. 054906 v ‘044887
Earth......... ‘016772
Mercury .| 205604 7° 00 07" 061066 15878216 6000000
Venus ...... ‘0068446 3° 28" 35”3 0296063 | 1:8593374 408000
Mars ......... 093261 1° 51’ 02” ‘016149 11828960 3093500
Jupiter ...... ‘048254 1° 18 42" ‘011466 7162374 1047-35
Saturn ...... ‘056061 2° 29" 39" 022 9794957 35016
“ = L3 diff. of masses of Earth and Moon — 0025053,
a sum ” ”» ”
4
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AUXILIARY NUMERICAL TABLES [sECT.
oAt Venus.
i p=0 p=1 p=2 p=3 p=4
0 | 2386373 1-18898 2:01958 356717 7-14018
1 042412 1:64375 197018 361813 715763
2 HATHTR 149718 2-23897 367099 724792
3 +323341 1-25777 238378 3-90485 7-38420
4 206787 1-01817 2:37596 118715 766163
H ‘136585 806423 2-25093 440529 8:06778
6 0903733 629509 2:05234 450184 852231
7 0609449 486319 1-81709 446256 893131
8 0414507 372759 1:57213 4:3002¢ 921822
9 ‘0283961 283965 133525 4-04108 933621
10 ‘0195545 215254 1-11704 3715619 926837
11 ‘0135258 162505 922804 3:35128 902179
12 00939037 122264 754294 297337 8:62021
13 00653977 ‘0917207 610989 2-60025 809624
14 (00456677 0686356 491048 2-24529 748568
15 ‘00319644 0512491 391967 1-91729 6-82294
16 00224186 0381937 311003 1-62103 6-13881
17 ‘00157519 0284159 245453 1-35848 545869
18 ‘00110854 0211093 192801 1-12945 4-80230
19 0007381251 0156602 ‘150799 932354 418393
20 000551305 ‘0116035 117495 T64686 361295
21 000389493 ‘00858810 0912272 623494 3-09465
22 000275467 00634988 0706073 505651 2:63101
23 000195012 R ‘00469065 ‘054 1896 408070 222155
24 000138178 00346202 0419391 327837 1-86399
25 0000979878 00255320 ‘0322001 262283 1:65486
26 ‘0000695400 00188159 0246666 +209030 1-28999
27 0000493857 00138571 ‘0188559 165996 1-06486
28 0000350954 ‘00101988 ‘0143859 ‘131384 87493
29 0000249553 000750191 ‘0109555 103668 71570
30 0000177550 000551514 ‘00832894 0808952 58391




TABLES FOR PLANET FACTORS

a'By.  Venus.
i p=0 p=1 p=2 p=3 r=4
0 | 722787 407577 162-839 574438 1889-97
1 | 641712 39 9376 162-009 572:558 1886-46
2 | 534305 374703 158-899 567-202 187565
3 4:30681 339489 153053 HAHT-8T3 185747
4 ] 340299 299236 144596 543-770 1831-35
H 2:65251 258036 134-045 H24-376 1796-17
6 | 204714 21-8593 122-086 499716 175067
7 1-56803 182494 109417 470-353 1693-91
8 1-19391 150509 06:6472 437240 162563
9 904676 12:2853 842627 401-549 1546-42
10 682782 9+93951 726128 364502 145758
11 513587 798023 61-9221 327246 1361:056
12 385215 636440 52-3111 290774 1259-10
13 288217 504589 £3-8189 255885 1154:16
14 215180 3:97965 36-4253 223-167 104860
15 160347 312109 300696 193016 944563
16 119287 2-44218 24:6664 165649 843:909
17 0886081 1-90189 201175 141:143 748121
18 0657309 147604 16:3210 119-461 608314
19 0487009 114196 13-1767 100-483 H75:238
20 0360433 880955 10-5906 840315 499-324
21 0266486 677817 847687 698952 430-720
22 0196845 H20254 675904 H7:8446 369-349
23 ‘0145280 398422 537015 17-6466 314956
24 ‘0107140 304484 425252 390734 267-1568
25 00789548 +232245 335707 319104 225485
26 ‘00591455 176824 264251 259593 189-41H
27 -00427940 134402 207441 21-0408 158-405
28 00314773 101996 162429 169955 131913
29 00231406 0772887 1:26880 13-6833 109-411
30 00170032 0584848 988870 10-9828 90-4019

51

4—2



AUXILIARY NUMERICAL TABLES

a'Cy.  Venus.

i »=0 p=1 p=2

0 448769 534588 376839

1 13-6375 527-704 374120

2 10-5989 507-963 3660-39

3 365135 477744 3529-34

4 319852 440°064 3354-28

H 27-4388 397-947 314375

6 23-1435 354-052 290747

7 19-2502 310-509 265540

8 15-8260 268-888 2396-86

9 12-8827 230239 213995
10 10-3980 195-177 189128
11 8-33082 163 976 1655-86
12 6-63168 136:655 143718
13 524910 113-060 1237-38
14 413379 92:9238 1057-42
15 3:24075 759167 897-406
16 2:53032 616831 766-725
17 1-96836 49-8668 634:298
18 1:H2609 40-1283 528726
19 1-17959 32:1543 438-447
20 909213 256635 361-821
21 699011 20-4082 297-239
22 536133 16-1740 243145
23 410305 127778 198-107
24 , 313370 10-0649 160-803
25 238882 7-90608 130-066
26 ‘181778 619418 104853
27 138097 4-84113 842627
28 ‘104749 377495 675142
29 ‘0793390 293721 539426
30 10600106 2:28070 42-9841

[sECT.



v]

a'dy

TABLES FOR PLANET FACTORS 53
Venus.
i a'D, a'D, j'd,
0 | 338022 614005 478568
1 333468 608623 474314
] 320-567 592897 461895
3 | 300989 567986 4422-57
4 276750 535568 416746
5 | 249-813 497576 386907
6 | 221-872 4559-78 3542-93
7 194-267 4126-04 320345
8 167-972 369036 286299
9 143:625 326559 2531:56
10 121-595 286150 2216-68
11 102:033 248489 192359
12 849390 2140-01 165550
13 70-2012 1828-94 1413-96
14 576434 1552:09 1199-19
15 47+0520 130857 1010-4H
16 381990 109659 846298
17 30-8580 913-798 704-860
18 248142 757498 584-005
19 19-8702 624-874 481532
20 158493 513:126 395238
21 125965 419566 323-039
22 9:97758 341-697 262-975
23 787850 277235 213-283
24 620282 224-141 172-372
25 4-87014 180-612 138-849
26 381398 145-080 111-495
27 2:97966 116-193 89-267
28 232255 92-796 71:270
29 1-80647 73913 56-751
30 1-40221 58724 45076

31 | +-0000126389
32 900151
33 641390
34 457215
35 326061
36 239619
37 166018
38 118527
39 846489
40 604735
41 432154
42 308914
43 990879
44 157975
45 113014
i a'Bytfa

31 |+-00172640

32 126734

33 929960

34 682120

35 500139

36 366576

37 268590

38 196732

39 144055

40 105451

41 771713

42 564604

43 412972
44 301987

45




54

AUXILIARY NUMERICAL TABLES

@ {(D+1) =17 A% Venus.
i p=0 p=1 p=2 p=3
0 | 999247 463548 | 178-7689 | 615388
1| 887162 163419 | 1776337 | 613923
2 | 738673 444156 | 1752606 | GOS-R92
3 | 595414 4049800 | 1706122 | 600643
4| 470461 366645 | 1632380 | 588520
5 | 366708 320061 | 1533097 | 571636
6 | 283015 273902 | 1413932 | 549-461
7 | 216779 230619 | 1282057 | 522054
8 | 165057 19-1572 | 1144568 | 190-025
9 | 1-25071 157336 | 1007589 | 454-380
10 943940 12-79714 87-HR90 416-333
1| 710030 | 103226 752842 | 377131
12 | 532556 826618 | 640535 | 337:940
13| 398458 657744 | 540018 | 299757
14 | 297484 520435 | 451531 | 263374
15 | 221679 409735 | 374736 | 229369
16 | 164913 321139 | 308897 | 198119
17 | 122500 250685 | 253054 | 169824
1R 0908724 1-9497H 206139 144540
19 | 0673285 | 151142 | 167052 | 122211
20 | 0498205 | 1-16808 | 134733 | 102:699
21 | 0368414 900236 | 108190 | 858106
22 | 02712136 692034 | 865228 | 713175
23 | 0200849 530730 | 689346 | 589776
24 | 048120 406135 | 547294 | 485458
25 | 0109154 310161 |  4-33096 | 397849
26 | 00803856 | 236420 | 341683 | 324717
97 | 00591623 | 179894 | 268796 | 26-4008
28 | 00435171 | 136657 | 2-10891 | 21-3874
29 | 00319917 | 103652 | 165045 | 17-2666
30 | -00235068 | 078504 | 128460 | 13-8970

[sEcT.



TABLES FOR PLANET FACTORS

o' {(D+ 1)*— (i + 1)} B}, ¢ positive. Venus.

i p=0 p=1 p=2

0 447951 H197-28 360454

1 424582 505543 354712

2 | 387-464 4804-84 344190

3| 343:350 4470-38 329335

4 | 297-290 4080-18 31081-8

5 | 2562:663 366099 28946-7

6 | 211-488 323550 266186

7 174796 282132 241864

8 142-934 2431-00 217310

9 115-818 207254 193216
10 931103 175022 17012-9
11 74-3419 1465-46 148452
12 589993 1217-63 12845-7
13 46-5732 1004-69 11029-4
14 36-5893 823-755 9401-82
15 28-6228 671-520 7960-90
16 22:3046 544536 669896
17 17:3203 439428 5604-44
18 13-4070 353028 4663-47
19 10-3476 282448 3860-91
20 7:96501 225 117 318142
21 6-11593 178-788 260992
22 468543 141:525 213223
23 3:58195 111-684 173517
24 273298 878809 1406-89
25 208143 689647 113677
26 1-58250 53-9832 915-517
27 1-20125 42-1554 735058
28 ‘910479 328454 588447
29 689121 255372 469778
30 *520888 19-8153 374056

65
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AUXILIARY NUMERICAL TABLES

a {(D+1) —(Z+1)} B, i negative. Venus.

- p=0 p=1 p=2

0 447-951 5197-28 360454

1 450251 521518 36119-2

2 430-208 5104-60 356902

3 | 395032 487777 34770°1

4 351738 4558-96 33395-3

5 | 305713 417706 316276

6 | 260619 376012 29548-7

7 218701 333230 272501

8 181°139 291263 248237

9 148:386 2514-81 22355°1
10 120-4216 2147-80 199174
11 969397 1816-59 175698
12 774986 1523-12 15356-6
13 615605 1267-08 13308:0
14 48:639H 1046-62 114416
15 382436 858 965 976507
16 299390 700-836 8277-61
17 23-3457 H68-756 697243
18 18:1396 459-303 H838-58
19 14:0489 369-237 186234
20 10-8485 295593 4028-67
21 835441 235725 332198
22 641766 187-307 2727-03
23 491853 148-:339 2229-22
24 [r 376152 117-111 181513
25 287098 92-1892 1472-47
26 2:18721 72:3729 1190-34
27 1'66343 56-6708 959094
28 1:26303 44-2685 770-368
29 957552 345027 616958
30 724926 26-8335 492-720

[sEcT.



TABLES FOR PLANET FACTORS

@ {(D+1)2 -2} Cl.  Venus.

i p=0 p=1

0 | 918544 163970-

1 | 906552 162567

2 | 8722-88 158461-

3 | 8199-80 151939-

4 | 754899 143425-

5 | 682281 133414~

6 | 606708 122420-

7 531832 110922-

8 | 460333 993404
9 | 3940-00 88020-2
10 333869 772250
11 280395 671424
12| 2336-00 578906
13 1932-08 495305
14 1587:52 42077-2
15 129663 35510°7
16 105326 297865
17 851310 248437
18 684-906 20611-9
19 548705 170169
20 437-852 139845
21 348138 11443-0
22 275855 932572
23 217905 757141
24 171:617 6125-22
25 134788 4938:65
26 1055689 3969-32
27 82:5145 318071
28 64-3347 254156
29 500521 2025-38
30 38-8608 1609-93
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[~ S

St

- W - O

A =

(=]

AUXILIARY NUMERICAL TABLES

a’A¢

2-018865
194930
‘0281439
‘00451137
000759075
000131349
0000231 472

a"By
118302
‘118939
(0284421
00636279
‘00137387
000290196
‘0000603839

@Oy
‘0930465
‘0418422
0137542
‘00391946
‘00102857
‘000255794
‘0000612487

"Dy .
0219945
0128071
00525764
‘00180378
‘000554293
‘000158071
‘0000427049

Jupiter.

u i
a’4)

0385392
'200512
0571840
0136850
00306243
000661353
000139706

a'Bji

490177
255013
‘0R91HIR
0262769
‘00704369
00177743
‘000430147

o Cll

+228991
‘139507
‘0589828
0206353
‘00642907
‘00185218
000504318

a4yt

*0209301
‘0086394
‘0304292
0140702
00467341
‘00133908

a’'Byp

16415
‘163696
(0991362
‘0419796
‘0147155
0059230
00132477

[sECT.

1
a’Ag

00174900
00333975
00192985
00522212
00325231
00137257

a’' Byt

0540104
0402207
0473610
0325014
‘0160281
00648290
00230235



v]

TABLES FOR PLANET FACTORS

i a'dg By

0 | 2:29114 4:49988

1| 804571 375928

9 | 405593 2-89074

3 | -224607 213691

4| 129983 154309

5 | 07TTIR36 109704

6 | 0466132 TT1268

T 0284901 H3TEN1

& | 0175701 372392

9 | 0109110 256560

10| -00681334 175994

11| 00427387 120293

12 | 00269104 0819691

3 00169982 0557079
14 | 00107664 0377737
15 | 000683546 0255619
16 | 000434874 0172673
17 | 000277173 0116459
18 | 000176948 00TR4346
19 | 000113128 100527580
20 | 0000724205 00354460
21 | 0000464159 00237R98
92 | 0000297811 00159513
93 | 0000191267 00106861
B4 | 0000122950 000715304
25 | 00000791006 000478450
26 | 00000509286 1000319801
27 | 00000328134 000213621
28 | -00000211557 -000142609
29 | 00000136480 0000951489
30 | -000000880963 | -0000634503

Mars.

o -~ O

L
S

" "
a'A)t a”.lyf

"B

805995 1:07364 190483
1-228084 1-02186 18-4080
1050895 1-23434 165922

‘814457 1-30473  14:2044

604237 1-24412  11-70564

437186 1-10620  9-37056

311182 936535 7-33356

a A
00150106
000453886
000136149

a’ By
-0R27974
0281560
00938295

a’'cy
16-3697
155930
13-8635
117387
9-58972
762374
593292
0649997
0220512
00733458

H"Ag‘

0148967
00518273
00175826

a'By
940514
361317
134286

o’ By
556199
552557
53:5762
50-3183
45-7478
403654
346859

a'd Bi

‘0943680
0379559
0146198



60

a’A
2-081981
411140
120179
0389015
0132039
00460655
00163624
‘000588587
0002137322

W =T ST A WD - O

@By
‘111682
610090
289401
129374
0759929
0237426
00992677
00410781
00168656

—

W =T ST W W = O

a'Cyl
‘768937
586193
362211
200324
103463
05610119
‘0243209
‘0113048
8 00515116

- W = O

(2]

-3

AUXILIARY NUMERICAL TABLES

a’Ap

179759
464376
257705
122616
‘0548838
0237688
0100826
00421654
V0174517

a’'Bp
977295
626068
‘048542
595249
*312846
‘156179
07H15H78
0351878
0161264

—

a'Cy
301626
2-64675
1-93221
1:24869
741711
414433
221116
113801
‘0569059

Mercury.

a' Ay
1252855
0914646
167519
138789
‘0890266
0502928
0263323
0131072
00629294

a'Bp
1:772252
1834149
1-589323
1-164074
756591
451861
253663
135874
0701629

«’Cyf
5-98351
568166
476074
3-5625H6
243259
1:54498

926391

530331

292314

a'dy
0440444
0528043
0476530
0714497
0719791
0563902
0379722
0231604
0131806

a' By
1607113
1536827
1-501504
1-346214
1-072807

770384
508904
314718
184660

a'Dy
619377
535436
-384900
245667
‘144511
+0801264
‘0424868
0217562
‘0108334

[sECT.

a’Af
0241364
0227489
0255266
02652692
‘0335508
‘0371389
0333614
0257195
0177725

a'Be
1-259825
1-265314
1-214326
1-163209
1:062710
894799
691321
494563
331247



Argument

M,
M,

d
dk

M,

Argument
M,
M,

M,

el—~ o= ol

VALUES OF MOON FACTORS 61
Values of M; and of their derivatives. Arguments in the
Moon portions of R.
Terms containing /' in the argument are to be multiplied by e"l.
For brevity, - a4 (M;a?) has been printed n < ..
‘atdn "t dn "t
0 £ +2U +30
+ 99276 +1-0005 + 1259 + 165
— 0140 x 2 - -0835 - 201
0 F 0107 F 040
—1:3240 —1-3478 -1:701 -221
+ 0040 x 2 + 3245 + 852 +2:0
0- + +0509 + 302 0
+ 0842 + +1009 + 141
+ 0558 x 2+ 2474 + 377
0- F 0368 + 029
- 5390
+ 0163 x 2
w1 £(14+D) £(1-1) £ (1420) a(l-2r)
- 49080 — 3452 ~ 6736 - 370 - 978
— 2862 — 421 ~ 799 - 13 -1-10
F -3108 F 477 F 889 F 83 F1:34
+ 0926 + 1813 +1-1544 + 065 +1:90¢
+ 7523 + 11117 + 25564 +2:161 + 3:595
+ 8423 +1-3085 +2:9124 + 2:509 + 4643

d

d . . .
€ M, = M,; with a sufficient approximation



62

Argument
1
@M
1
a s
1
&

n d
et dn
n d
o dn M
nd

eddn

M,

M,

Argument

M,

Argument

T u,

A"I 2

Tl =

M,

@3
2

F R
=
~

nd

©
§~.1

R
@

HS
R
=

edn?

AUXILIARY NUMERICAL TABLES

+21
-~ 0618

— 2069

¥ 2065

+ 0986

+ D453

5441
d

I+

+(2U+1) +(@-1)
— 0247 - 1078
- 24 - 73

F -2t F 13

- 001 + 230
+ HR6 +2:614
+ HR2 +2:604

e - M,=2M, with a sutlicient approximation

de

2D
-- 00701
9870
9868

+

+ 0254

‘1445

!

F 1445

+(1-2D)

— 08582

— 14397

*

+ 14944

+ 2220

+ 1-8274

F 18518

+ (2D +1) ES

~ 00291

- 11735 +
F 11739 +
+ 0103 +
+ 16697 -
+1:6709 e
- 0013 -
+ 625 -
+ 625 F

=(1-2D+0) (1

- 2948 — 0520 - 7197
- 4321 +1-188 -9-11
+ 4349 FLI78 + 921

+ 7383 + 2751 + 1785
+ 4797 -~ 501 + 901
F4941 + 140 F 967

ol M=

@D -1y
03693  — 0042
31571 + ‘0826
31561 + ‘0818
139+ + 017
+3211 — 239
£3169 F 239
0214 + 009
4104 + 004
4100+ 004

+ (2D + 21')

[sEcT.

+(2D - 27)

— 1265
+ 7 1584
+ 71534
+ D00
—-9928
F 9892
- 061
— 838

+ 836

—2D-U) &£(-2D+2) (2D -20)

— 0716

I+
=]
&

+l
3



VALUES OF MOON FACTORS 63

£ (21-2D- 1)

Argument £(2L-2D) % (2-2D+1)

;_QM, + 0758 + 2552 + 0785
eleg + 6487 +173 - 18
:—21113 T 5969 153 + 032

ZLZL ' — 2228 — 663 - -400

5 (‘(fb 8 — 8064 — 181 ~ 93

;; (Z‘ M, + 6010 + 93 + 27

e }e M= 21,

Awument azm copsn s@ren
.kl_, M, +2:9901 + 2-8805 + 30882
kl"‘”" ~ 2001 -y v
1:i ar, F 1717 T 19 E

v ;}’i., M, —2:9549 ~2:937 — 2:939

]’{_‘gn M, + "3T85 + 509 + 645

i, + 2873 + 275 + 349

k gi& My=2M,

anument  s@E-mD)  s@E-aDen s@rom-n
k‘__, a, — +2062 ~ 8051 ~ 1653
ki i, + 19756 +622 — 231
kl,_, M, 7 1:9690 F618 +231

& (‘[ln M, + 4637 +1:967 ~ 319

1% (%L M, - 19243 ~ 6282 + 2583

17:2 jn M, +19019 + 6164 F 2605

M,=2M,



64 AUXILIARY NUMERICAL TABLES [sEcT.
Argument 2+2y+h-NK" 2A+29+h-K'+V 2A+29+h-h" -V
1
=M, +1:0000 + 8917 +1:1175
k d
nd k dk M= 2,
& an M, —-1'1646 - 10207 —1:3401
Argument h-R" h-h' 41 h-h"-V
11; i, ~ 10004 ~1-0838 — 9285
n d . . ?
X dn M, +1:16399 +1:33856 + 10256
Argument 21 ~h-h' 2T ~h ="+ 27 - b~ W'V
11; M, — 0457 — 1887 — 0041
v dom, . 1213 + 7669 ~ 0592
Argument 2D +h - b 2D+ - B+ U 2D +h--W' -1
:—{ M, + +0355 + 1421 — 0078
n d M
= — 085 — . 2 022
T dn Ve 0857 3682 + 0227
Argument b 4D - 31 4D - 4F 1 - 2F 31-2D
M, +1132 —-"002‘2581 00 —~ 3497 + —02080)
My+ M, + 71821 @, —-04854 re! - -0334F k' — 3876 ek® + 04856 &'
M,— M, --0180 - -00066 } - -0004 + 9779 - '07420J
Argument 4D -1-2F D-2l 3D - 2F 1-D
M, +-01108 1387 + '0951I + 00396
M,+ M, +°'02282} ek? + 048 } ey +1:960 + ka, — 04627} ea,
My~ M, —'00056 +310 — 006 J — 58098
Argument 1+2+h-R" Lyh-—-n' ~-201-29+h-k' 3g+4h-N'-2T
M, — 1-49¢ek + *49ek - *989k?® —0154e’k
Argument D , D-I D4V 1-D 1+ -D
Mg+ M, +1972 +5°143 + 815 — 4620 -1-38
M- M, — -0280 - 134 ¢ — 056 o ~ 2:465 —568 o
Mg+ M, — 0139 — 058 - 389 + 0051 + 023
M- M, - -000 + -0009 + 0005 + 0227 + 089
Argument 3D -2F 3D -2F -l
M+ M, - 326 + 62
Mg—-M, + 012 0 ] o
My+ M, +1959 - 3'48J ke
M- M, +000 .



v] EXAMPLE OF THE COMPUTATION OF A TERM 65

Eatract from the computations for illustration of the method.

¢=() + (297 - 26 - 3a) o,
Leverrier (270 ~(112), i=26; k1= 4i  0re (E) :
Lev. coef. = [} (27 + 5%+ 4222+ 8¢") A+ § (17 + 174 + 4%) 4, + (B + 20) 4, + 4] (92)
P=284534, + 158154, + 574, + 4, for i=26
DP = 3003454, + 32774, + 1744, + 44, (DK, = (p+1) Ky, + pKy)
From the tables for Venus P=+ 6568, DP=+178:387, {(D+ 1) -} P=8298=1,
Factor (P)): Py=26(D+2) P +4992, L= 40+ (D+2) P+ (26:=1) P=+5041

s=— 2785
1 log 1 log Sw, = i‘!{i +/ 4, , S insensible
S 31104 — 25552 ¢ s
v \ 8 Py +2:9190 L (Py+Py) +37003 J(Py-Py) +1:3892
Ay - 0063 e | My = 16909 M~ M, +23909 M+ My —17760
o682 1 20068 | b0 46099  fac.  — 46099 fac.  —4:6099
e 10396 e — 10396 oY b — 4609
e + 12198 Z37011 + 37751
pt:oil. -2-8392 — 16016 +07166 07050 07006
(g) 77707 insen.
fac. —46099

L . iy
Portion in this term depending on Replace 4, by -y Evt“yg (B, + B,*)

e, ’ 113
o(3) 7 =y A+ B
All found from the tables except The three parts are
(D +1)'-267]) B, PM,y, § (Pt P (M=), §(Po-Po) (Ut M)
whieh is only needed within 50°/, of its true
value. It can be computed from the general P -53502 —Qg;gg - %g?gg
lowing esti ves it | M —16909  +% -1
fowu]a,:g !)uhtthe foll ow'mg estimate gives i fao. 46099 16099 #6099
with suflicient accuracy : ¥ £9429 194929 »%9@?
Py ~25939  +36903 33343
[(D+1)-26]E} 1-8724 |- 53270 -07039  +0"005  —0"002
” K 62:82 |- 99360
» E, 10479 - 59730
" E; (est.) 12000 - 12000
— 224000
ete.

BR. 5



66 ‘ AUXIL}ARY NUMERICAL TABLES [sECT.
\ 5
é=()+(297-26V-3a),  factore (-‘L) )

\ O
Portion in this term with factor (f,—) . S

Levr. coef. = (272)" = (114), 1=26, K'=4
(114) = ;- (243 ~ 8587 — 1317¢— 9267 — 98844 — 3%4°) 4,
+ 5 (93— 4160 — T416% — 3440° — 485) A} + 1 (309 + 1630~ 6i* - 8%) 4,
+3(123% 510+ 44%) 4g' + (29 + 6) A+ DAy

1=26 P,

: .
[(D+1p—e]4)+ 008038 177200 Resulting coefficients.
w A+ (2364 —280300 From P, ~0"006 (g of prin. pt.)
A+ 3417 - 79800 Poely
o Ade 3247 4 67500 b 407002
At+ 270° (est.)  + 50000 P,-P, ;
N AP+2000-(est)  + 10000 b T —0m00

e'\5
— 410000 (2) )

Portion with factor e (%)‘l . (%)

'\ 5 )
Levr. coef. is approx. 4 times that for (3) , and %-. § approx.; therefore take ¥ of

N
coef, for (g) . We obtain
from 2, - 0"004

Y f*;;—l“ +07:001

N 2
d=(l+0)+ (28T — 26V - 2a'), factor ee . (e)) ) (tcrm ee’%— y™ est. -} of principal pa.rt.)

Same method gives from 2 _ + 07008
Pyt P .

» ~2—-»3 -0"-007
E,- P, \

» T 9 000

Other terms insensible,

Summary for argument (6)+ (297 - 26V - 3=")

J D P
Factor *From P,, Ij"’—;l-“, I—ATI?
¢'\3 y
0 <§) + 0166 ~0"050 +0"006
o\ .y -
e (2—) ¥y - 39 + 5 - 2
8 (%)ﬂ - 6 + 2
[} (65), (%)2 - 4 + 1
N
e (g) Lyy o+ 1 - 1

+0"124 -0"049 +0"004 = + 0”079



v]

TERMS RETAINED BY THE SIEVE

The terms and coefficients retained and calculated by the sieve.

Argument |8} log | C]
T 3548 -12
47 -3V 3110 ~14
472V 2656 ~15
r-v 2220 + 1
67— 4V 1782 -13
27 -V 1328 -10
37T-2V 891 ~18
87 -5V 453 -15
57-3V 438 -7
137 -8V 15 —20
A 8T +5V 71 — 3
, —BT+3V $20 —-17
29 + 2k - 10T + 6V 74 -11
, — bT+3V 364 -10
g+h—bT+3V 37 - 3
h—GT+4V 1592 -1
h—3T+2V 700 -18"7
h—8T+5V 263 -10
I+ 5T -3V 247 -16
h-5T+3V 629 -9
I+ 37-10V 1-85 00
1+ 16718V 13 +17
1+21(7-V) 425 -3
1+247-23V 467 -9
1+297-26V 28 + 1
1+22(T-7) 1795 -1
(2D -1+ 8T-12V 87 —12
,  +21T7-20V 102 +10
.  +137-15V 351 _—
,  +267-23V 336 -13
, +167-17V 541 -12
, +187 187 789 -1
. +24T-23V 993 -17
,  +237-21V 1236 -17
,  +197-19V 1431 -10

.67



66 AUXILIARY NUMERICAL TABLES |SECT.

$=(l) + (297~ 26V - 3a), factor ¢ (%)5

’

5
Portion in this term with factor (%) .

Levr. coef. = (272) - (114), =26, K'=4'
(114) = 1 (243 — 8584 — 131742 — 9264° — 288i* — 320°) 4,
o (93— 4166~ TALP — 344 — 480%) A7 + 1 (309 + 1633 — 64— 84%) A,
+3(123% 514 + 44%) A} + (29 + 64) 4/ + 54,

1= 26 P,
[(D+1)y-i) 4+ 008038 - 177200 Resulting coeflicients.
R T T
DR - PR .00 )
D Ary 3247 + 67500 oo 407002
A+ 270 (est)  + 50000 P._P .,
2 A:'+2000' (est.)  + 10000 » “2 d o —0"000

—
~ 410000 (2) .
Portion with factor e (;)1 . <cz~l)

. =% approx.; therefore take 3 of

Levr. coef. is approx. 4 times that for <i—), and °
2 ¢

coef, for (%)h. We obtain
from 2’ - 07004

 + D,
» !,’%__; +0001

’

2 1o
d=(+0)+ (287 - 26V —2a"), factor ee’. <i) , (term ee’% v est. =} of principal pm-t.)

Same method gives from I, ~ + 07008
P+ P .
” lé__” - 0 007
P,-P
” 2 ) =2 000

4

Other terms insensible.

Summary for argument )+ (297 - 26V - 3a)
Factor From P, P”; P”, P"';P“
N . 2 2
e(3) +07166  —0"050  +0"006
e\s
e (5) ¥ U T
'\
[ (%) - 6 + 2
N8 /e"\a
e(i) —2~) - 4 + 1
¢\
e §) Y - 7

+0"124 ~0"-049 +0"004=+0"079



v]

TERMS RETAINED BY THE SIEVE

The terms and coefficients retained and calculated by the sieve.

Argument |8] log | C|

7 3548 -12
17-3V 3110 —-14
47 -2V 2656 -1H
7-V 2220 + 1
67 -4V 1782 -13
27-V 1328 -10
37 -2V 891 -18
87 -5V 453 -15
57 -3V 438 -7
137 -8V 15 -20
2 - 87T +5HV 71 - 3
,y —DT+3V 820 -17
29 + 2k -107 + 6V 74 -11
. — BI'+3V 364 -10
g+h—5T+3V 37 -3
h—67T+4V 1592 -18
h—-3T+2V 700 —-18"
h—-8T+5V 263 -10
h+57-3V 247 -16
h-5T+3V 629 -9
I+ 37T-10V 1:85 00
L+ 167 -18V 13 + 17
1+ 21(T-V) 425 -3
L+247-23V 467 -9
14297 =26V 28 + 1
1+22(7-7) 1795 - 15
@eD-0)+ 8T-12V 87 -12
,  +217-20V 102 + 10
s +137-15V 351 - 7
,  +2607-23V 336 -13
» +187-17V 541 -12
, +187T-18V 789 -1
»  +247-23V 993 -17
.  +237-21V 1236 —17
,  +197-19V 1431 -10

.67



AUXILIARY NUMERICAL TABLES [SEC T,

Argument 8] log | C|

(2D -1) +207-19V 2117 -15
»  +220-21V 2321 - 17

ny 17717V 3009 -13

5  +207-20V 3651 -17
D+127-15V 50 -16
D+ 257--23V 65 - 4

D +207--20V 505 —-11

3D -2F + 197" - 18V 6-4 + -1
¥+ 24723V 125 -16
2D - F + 187 - 18V 197 ~-1-8
4D ~1-2F + 15715V 32 + 9
SD=F—~{+147T-13V 162 - 2
2D - 2F + 1+ 237 =21V 43 -9
” +187'—- 18V 395 -16
D+l--F+227-21V 234 -13
' +177 =18V 204 -
D-{+F +207-20V 88 )
31—-2D + 247" - 24V 62 — 7
4D =31+ 18717V 232 -13
A—D+207-21V 24 - 17
3D-2F + 197 - 18V 6-4 + -1
3D--2A+TT-1TV 138 -1
4D -2F -3 =177 + 21V 46 -1+4
D+1-3F-267T+25V 18 -1H
3D+ F-30+257 22V 0-07 + 23
2D + 34736V 775 -17

» +3T7 38V 116 - b

, +427-41V 322 -1-1

L, + 297 =33V 338 -15
204327 - 36V 26 17
D-3F 437+ 43V 4-45 ~1-2
3D + F— 20+ 28732V 1-70 -1l
ID-1+H7T—4Q 449 -1-3

w o+ T=3Q 90 - 2

L+ 37 - 4Q 1251 -146

2D + 87" - 8Q 1700 -13

y +47T-7Q 1161 ~1-2




TERMS RETAINED BY THE SIEVE

Argument 18! log| C|

3D-F+1+27-3Q 100 -9

2F -1+ 37— 4@ 68 -1

7r-J 3200 -7

2(T-1J) 6400 -16

J 299 *H

7--27 2900 - 18

aJ 598 -18

h+dJ 108 -13

h—2J 789 -18

2% - 2J 980 - 14

2h—J 681 13

(2h + 2¢9)—2J 204 - 1

w —3J 93 -7

y = 503 -9

B 395 - 17

g+h—J 102 -7

g—2J 657 -16

7T-M 1662 -16

2T -2M 3323 -19

27T -3M 1437 - 18

7-2M 225 -11

27 —4M 450 - 18

h=T+2M 34 -10

29 + 20+ 37 -6M 127 - 17

40+ 57 -9M ‘80 - 6

29 +h+ 77— 4M 546 14

1—-267 +24M 57 1-3

2D -1-207+16M 10 - 2

D-237+20M 865 )

4D - 1-2F-20(7'- M) 28 -17

3D-F-1-207+18M 604 —-

4D -31-237+26M 58 + 14
N 120 computed

69



SECTION VI

INEQUALITIES IN LONGITUDE, LATITUDE AND PARALLAX DUE TO
THE DIRECT ACTION OF THE PLANETS.

Ix all cases ¢ denotes the argument of the primary term.

When a primary term consists of two or more terms of the same period
but with different arguments, the latter are denoted by ¢,+ C where C
depends on 1", =’, =", and on the coefficients. Each term is set down. The
single term, argument ¢, which is obtained by combining them, is then
given. The secondary terms, arguments ¢+¢’, where ¢’ consists of the lunar
arguments ounly, follow. Secondary terms having the same arguments as
certain primary terms have not been added to the latter but are given
separately in their proper places. (See Addendum.)

COEFFICIENTS OF SINES IN LONGITUDE.

Venus. Short Period Primuaries.

p=u(I'-V)
i ¢ ¢l ¢ =(2D-1) 2D é+2
1 + 07478 + 07076 - 0”005 + 07006 + 07005
2 + 195 + 33 + 2 1 4+ 9
3 + 102 + 19
4 + 59 + 19
5 + 35 + 8
6 + 23 + 5
7 + 14 +* 4
+ 9 + 2
+ 6
10 + 5
11 + 3
12 + 2




SECT. vi] VENUS TERMS IN LONGITUDE

¢=U+:(T-V) o=U'"+1(T-V)
i ¢ gl i ¢ g+l
-3 -0"-002 -1 + 07001
-2 - 5 0 + 3
-1 - 10 1 + 7
0 - 20 | —0"-003 2 + 20 +07001
1 - 6hH - 11 3 - 32 - 7
2 + 102 + 19 4 - 9
3 + 28 + 6 5 - b
4 + 15 | + 2 6 - 3
5 |+ 10 | + 2 7T - 2
6 + 7
7 + 5
8 + 3
9 + 2
10 + 2
$p=20+i(T-V) $=iT—(i—2) V-2
i ¢ o2l i ¢ Pl
1 —07-002 0 - 0"-002
2 - 3 1 — 3
3 — 15 - 0"-002 2 -- 4
4 3 3 - 5
5 1 4 - 7 - 1
H - 35 - 0006
$=U+U"+i(T=V) 6 T 1
‘ 7 3
i ¢ Ll 8 9
2 +0"-002
3 + 3
4 + 12 | + -002
5 | — 3 A ¢=20"+5(T-V)
- 07-002




72 INEQUALITIES DUE TO DIRECT ACTION [sECT.

6=2D+:(T-V) ¢=2D-1l+i(T'-7V)
i ¢ i ¢ P+l ¢+1-2D ¢+2l
—-17 | -0"002 —-17 + 07002
—16 | - 3 -16 3
—15 1 - 3 —-15 + 4
-14 | - 4 - 14 + 6
—13 | - 5 ~13 + 8 - 07002
-12 ) - 7 -12 + 10 - 2
11| - -11 + 07002 + 13 - 3
-10 | - 10 - 10 + 3 4 17 — 3
—- 9| - 12 -9 + 3 + 22 - 4
- 8 15 - 8| + 4 + 27 - 5 + 07002
- 71 - 17 T+ 5 + 32 | - 6 | + 2
- 6 20 - 6| + 6 + 39 - 8 + 2
- b - 25 5 | + 7 + 46 - 9 + 3
- 4| - 28 - 4 + 8 + H3 — 11 + 3
- 3| - 32 - 3 + 10 + Hy - 12 + 4
- 2| - 32 - 2 + 11 + 60 - 12 + 4
- 1] - 30 -1 + 11 + HT - 11 + 4
ol - 23 0 + 9 + 46 * + 3
1 12 1 + 5 + 26 - b + 2
2| - 7 3 [ 4 + 17 — 3
3| - H 3 3 + 12 - 2
4| - 3 4 + 2 + 9 - 2
5| — 2 5 + 7 - 1
| 6 + 5 - 1
$=2D— U +i(T-V) 7 oo
e 8 + 3
i ¢ 9 + 2
b " 10 v
-6 - 07001 A H
- z i * The argument vanishes identically and the term disappears.
-3 2
-2 2
-1 2
0 1




vi]

VENUS TERMS IN LONGITUDE

p=l+i(I'-V)

i 3 -1 ¢--1+2D
-14 + 07001
-13 + 2
- 12 + 3
-11 + 3
- 10 + 4
-9 + 5 | —07001
- 8 + 6 - 1
-7 + 8 - 2
- 6 + 10 | — 2
- 5 | +07002 + 12 - 2
— 4 + 3 4 15 - 3
-3 + 3 + 18 - 4
- 2 + 4 + 20 - 4
-1 + H + 21 - 4
0| + Ht * - 4
1| + 3 + 17 | - 3
2| + 3 + 13 | - 3
3| + 2 + 11 - 2
4 + 9 - 2
5 i+ 7
6 1 + 6
7 I+ 5
8 | + 4
° 9 + 3
10 + 2
I

* Argument is zero.

+ Argument is ! and this coefficient therefore pro-

duces a slight change in the value of ¢, which is

however too small to affect any term sensibly.

73

d=l+U+i(T-V)

i ¢-1
0 + 07001
1 + 2
b D
2 = + 2
3 2 + 1
%
4 8 + 1
5 + 1
6 + 1
¢=1l-U'—-i(T-V)
i ¢ ¢-1
-1 + 07001
0 + 1
1 + 2
2 + 3
3 + 3
L
4 =2 + 3
w
5 3 + 3
6 é + 2
7 + 2
8 + 2
9 + 2
10 + 1
11 + 1




[sECT.

2D +1+i(T'=V)

m [ AR R R =R -
; ?
=]
[ | B N A A
a[qIsuasul

-13
-11

¢

- 10
9
- 8
-7
6
5
4
3
2
1
0
1
2

INEQUALITIES DUE TO DIRECT ACTION

2D~ 1V —i(T-V)

¢=

74

|
Q - o1 &1 &1 ™M QY e V
2 )
| @ ;
+ =] - -
s R w < |
i ! I B B - - R S B )
i i - 2
| ' T <
] ~ L & O o e &= S S A ST [
- = — . ~ | < >
s N i T ﬁ [ S A
+ > i . -
_ + + + + + + + + 4+ o+ o+ o+ o+ A+ ~ | .
| [ )
[ —— P —— ,, - | ® ﬁ 3|qIsuasul
— O] ot e e W _ i '
; QO i
m [} - SR I T C R R
[ -
+ + + + + + + !
X ©
i

[ IE--TEE S I =R S

10

11
1




vi} VENUS TERMS IN LONGITUDE 73
¢=2-2D+(T-7)
i ¢ p-1 o+l ¢-1+2D ¢-2l ¢-2l+2D
-5 - 07002
-4 - 3
-3 - 4
-2 - 7
-1 - 13 +0"003
0 -0"002 || - 30 t -0"-002
1 - 4 - H8 12 | - 4
2 B [ £ + 9% | - 10 | +0"003
3 - TO¥I + 7220 07007 | — 147 | + 49 | - 13
4 + B) + 95 19 | + 6| — 2
] + 46 - 9] + 3
6 + 28 - 6 | + 2
T + 18 - 4
+ 12 - 2
+ 9
10 + 6
11 + 4
12 + 3
13 + 2
14 + 2

* y=-3639, period =94 vears.
+ See second note on p. 73.

i| ¢+2D | ¢-2D

3,-0"0101+ 0”008
| |

¢-1-2D

@i+

¢-1-U |¢=-1-1+2D

¢-2+4D] ¢-8l

+0"-007

+ 0”005

- 0"-004| - 0007

~0"002 | + 07003




76

INEQUALITIES DUE TO DIRECT ACTION

¢=21—-2D+U+i(T-V)

i ¢ | -1 ¢-1+2D ¢-21
1 - 07003
2 - 6
3 - 12 + 0”002
4 - 0”005 - 42 + 9 - 0”003
b + 34 - 7 + 2
6 + 12 | - 2
7 + 7
8 + H
9 + 4
10 + 2
b=20-2D+U"+3(T-V)
i ¢ ¢-1 ¢~ 1+2D
3 + 07002
4 2 + 4
5 *é + 13 | —0"003
6 § - 10 + 2
T | 7 - 4
8 - 2

¢=21—2D—U+i(T—V)

-1

ins.

¢=2-2D4{(+2)T—iV}

See long period terms.

[SECT.

¢=2l—2D—1'+i(T—V)

K

p-1

’ 0 ins.

|

+ 07004

¢=ht (i+2) -V}

See long period terms.



vi] VENUS TERMS IN LONGITUDE m
Venus. Long Period Primaries.
Gy =8T—-5V, s=—452"9 0=137"-8V, s=—14"85
period 7-8 years period 239 years
Co—w =2 +07007 ¢, — @ — 44" +070028
do—a" =32 — 2 ¢ —w" — 44" - 9
by — 3’ + 1 o — 3w’ — 2h" + 31
$o—2a—a’ - 1 ¢o— 20 — " — " — 30
%0 +119° = ¢ + 07007 b — @ =2w" =20+ 10
- $o=Ba’ -2 - 1
=39 =¢ +0"-003
¢o=0+3T—-10V, s=+1"85
period 1920 years
b, — @ - 6h” +07:34 ¢+l 107019
G0’ — 6h - 5 ¢+ (1-2D) + 4
by — 3w’ — 4h" + 7 ¢+2D + 4
¢~ 2w — "' - 41" - 5
¢ —a - 2w 4"+ 1
b0 — B’ — 20" s 1
$o=da' —w’ =T - 1
$#3¥=¢  +0780
do=—1— 16T+ 18V, s=+13"01
period 273 years
$o— 21" ~13799 ¢+ 07766 p+ (2D —=1—1) —0"-008
¢ — 20’ - 66 -1 ~ 815 ¢4l=V - 5
¢o—w — @ + 7 $+2D-1 — 159 -1+ - 6
&, - 2" - 20 ¢-2D+l — 168 Gx2F + 29
$o— + " =2 - 8 ¢+(2D+l) — 20 S+3 - 4
Gotrw —a =2 — 21 $+2D - 166 ¢+(4D-2) - 2
Go+ 2@ — 41— 6 ¢—2D - 168 +(dD -0 - 4
Gt + " =4+ 5 ¢+2 - 52 ¢+ (2F+l) + 5
bt 20 —4K  — 1 p-2 - B $+(2F-) o+ 2
6 —151°00=¢ —14"55 Sx(2D-0) — 11
T T ¢+ D + 5
ex(l+0) + 4



78 INEQUALITIES DUE TO DIRECT ACTION [sECT.

do=1+29T—26V, s=—27"85

period 127 years

¢o— @' — 2" + 0096
bo— " — 2" - %
by — 3o’ + 79
¢~ 2%’ — @ - 71
& — @' — 2" + 29
¢ — 3w” - 2
¢ — 2w + & = 20" + 3
¢+ @' — 22" — 2" — 1
¢ — 4w’ + =" - 1
gt 112°=¢ + 07108
bl +07:006

¢=2D—-1+18(T—V), s="T788"8
period 35 years
¢ + 07011
¢+ +0"003

Go=0—2D—-8T+12V, s=+87"07

period 41 years

by — 44" -0"032
b0 — 2w’ — 21" - 2
b~ —=’ =2 + 1
$—128=¢  +07033

Go=1—-2D-16T+ 17V, s=539"9
period 66 years
4

do—w + 0004
$—a’ - 2

fom 15 =4 +07003

¢=1+21(T - V), s=425"0
period 84 years
¢+ 07030
é-1 + 07005
é+1 + 07002

p=14+22(T'-V), s=—1795"
period 20 years
¢ + 07002

b=l +24T— 23V, s =— 465”8
period 7:6 years
b, — @ +07-009
b=’ - 3

$,—88"= ¢ +0"006

¢=2D—1+19(L'= V), s=—1430"7

period 25 years

¢ +07002

¢=1—2D—13T+15V—2L", s=—351"

period 10 years
¢ 00

é—1 — 07004

¢o=2D—1+21T—20V, s=—101"9

period 35 years

do—a +0"171
b —a" - 52
bota =2 - 3

ot~ 4 1
$o—8T°00'=¢ +0"126
d+! +07-010
-1 +07:007




vi)

$=2[—2D+81~6V, s="74"06

VENUS TERMS IN LONGITUDE

period 48 years

by — 20" - 0036
¢o— 20’ - 56
¢—w' —w" + 35
¢ — 20" 5
Py +17°30'=¢ + 07065
¢—2D +0"-002
-1 + 86
d+1 + 5
b+2D-1 - 16
-2l + 6
¢—20+2D - 2

p=2F—2D+3(I-V),

period 4'3 years

¢

- 0002

é—217 +07002

s=819""5

79

d=20-2D+TT~-5V +15° s=2296"

period 15 years

¢ insensible
$-l  +07004

¢=20—-2D+9T—-TV +20°, s=—2145"
period 17 years

¢

o)

insensible

-0"003

b= 20 —2D+6T~5V, s=—T71"27

period 50 years

bo— +0°071
$o-m’ -l
$—90°=¢ +0"054
b+l + 07003
6—2F  —0"003

b=31—2D+24(T=V),s=61"0T ¢p=4D—1=2F+15(T'=V), s=—30"7

period 58 years

¢

¢

h—4T + 2V + b
h=517+3V+h"
h- 6T+ 4V +h”
“h=TT+5V+ 0

by =1+29+h+19T—-20V, s=88"85

+07-010

8

—2848”
- 628”7
+ 15908
+ 3810-

period 40 years

bo+a — k"
b+ @ = A"

—07-003
+ 2

¢ +166°=¢ +07002

period

1} years
H'2 years
2-2 years

09 years

period 116 years
¢ —0"002

coef. primary

+07:005
+0016

~ 07003

secondary

¢ 32F +0"003

¢=l+h+16T-18V+1", s=—203"8

period 17 years
¢ + 07008



80 INEQUALITIES DUE TO DIRECT ACTION [sEcrT.

b=U4g+24T—23V—]", s=125"9 p=I+4g+3h+24T~22V -3h", s=—0"0T*

period 28 years
¢ +07003

¢o=—D -127+ 15V, s=50"0
period 71 years

bo—w =2 07008
$-@'=20" - 5
$—-82-¢  +0"013

¢o=D+ 257 - 23V, s =— 64"9
period 54 years

by — 20" + 07006
¢, — 2@’ + 12
b~ ~a’ - 6
b, — 2a” + 1

$+190"=¢  +0"013

by =3D— 2K+ 19T — 18V, 5=("33

period 560 years
¢ +07-003
b -a" - 0"-001
$—BR =g  +0"002

b=h-h"
Venus —-0"0152
Mercury - 1
Jupiter + 24
Mars + 3
¢ -0"013

period 50000 years
b +0703

¢=D+20(T-V), s=-502"8
period 71 years
$ +07002

y=1l—D+ 47T -3V, s=387"03
period 94 years

¢y—a —0"059) from term
¢, —a" + 18| of R fac-
pota -2 - 1 [ tored by 2,
¢+ 93 10704 ‘
PR +07005

b —a" _ 0"-002) from first
hoss oo Pt

G+ 93 = +07040

é—1 +0"029
¢+l +07:002
¢+2D—1  —0"005
¢ -2 +07:002

* This period is approximate only. But the coefficient is insensible to observation whatever

be the period.



vI)

JUPITER TERMS IN LONGITUDE 81
Jupiter. Short Period Primaries.
¢=1(T-J) ¢p=J-1(T-J)+ 174
i ¢ XY i ¢ ol
1 | -0"069 | —0"008 0 |See long period primaries
3 | -0"001 | —0"005 1 -0"011 -0"002
2 -0"002
¢=20+1(T-J) p=l+i(T-J)
i ¢ i ¢ ¢-1
1 - 0002 -1 +07003
3 |- » 0 .
3 - 10 1 +0"003
¢ |- 3 2 +0™002 | + lf
3|+ 1]+ 3
* The argument i zero,
¢=l-2D+i(I'-J) ¢=2-2D+1(T-J)
i 4 é-1 | #-1+2D i ¢ $-1 ¢-142D | ¢ 2
0 -0"002 0 -0"003
-1 B 4 -1 insensible | _ 71 40m001
-2 | -0"007 | - 39 | +0"008 -3 See long period primaries
-3 | - 30 - 1T+ 3 -3 + 23| -0"005 | +07002
e _ 5 | 4 insensible + 4
¢=2-2D+1"+¢(T-J) ¢=2D+1+i(J-T)
i ¢ p-1 i ¢ ¢-1

-2

insensible | + 0006

Seelong period primaries

-2 | -0"001 | -0"008
-3 -0"002

6




INEQUALITIES DUE TO DIRECT ACTION

Jupiter. Long Pertod Primaries.

do=J, 8=299"13
period 118 years

¢—" - 0208
do— +0"021
¢+ 173 50'=¢  +0"209
oy + 07021
é+2D +0"-002

¢=2l—2D—2(T.— J)’ 8=—203”'58

period 155 years

¢ -0"187
b1 + 07811
o+ - 7
¢—1+2D - 170
¢—-1-2D + 7
-2 + 56
¢-20+2D - 15
o—-1-17 - 4
¢—-1-0I'+2D ~ 8
=i+ + 5
¢ -3l + 4
¢+2D - 13
¢—-2D + 9
o-2+4D - 3

period 7 years

$ i{x_sensible
-1 -0"007

.

¢=2D—2F+2(T=J),s=—0979"8

period 36 years
¢ + 07002

o =2J, s=1598"3
period 59 years

¢ — 23" - —0"-008
¢~ —w" +07-001
bo— 20 _0"001

¢, +162°=¢  +07009

¢ =2~ 2D+ 3J - 2T, s=95"55

period 37 years

¢y —w" -0"190
b—a + 07017
b+ 173° 16" == +0"190
-1 +0":306
P+l + 5
¢—1+2D - b8
¢—1-2D + 3
¢—20 + 20
¢—2D + 6
¢ +2D - 2
¢—20+2D - 6
¢—l-U+2D - 3
¢—1+7 + 2
¢—1-1U'+2D - 3
b-1+7 + 2

¢=20-2D+J-2T+=", s=—502"6 ¢=2l-2D+4J-2T-2w", s=394"7

period 9 years
b —-0"002
-1 -0"-009
¢ -1

+2D  +0"002

o=h+J -1’ s=108"36
period 33 years
¢  -0"004

[sECT.



vi] MARS TERMS IN LONGITUDE - 83

Mars. Short Period Primaries.

b=i(T— M) Go=M+:(M-T)
i ¢ P+l i @o- w” $o-w
1 -0"019 | -0"-002 -1 —-0"-002
2 ~ 8 0o | - 5
3 - 3 1 - 55 | +0"008 See long period
4 - 2 2 9 | - 1 ‘primaries
3 4
¢.=2M+(M—-T) ¢=3M+3(M-T)-38="
i $0-2w" | $y- @ ~w" | p=py+63° i ¢
1 -0"-002 —-0"-002 3 —-07-002
2 - 10 | +0"003 | — 12 4 + 1
3 4| - 1 5
4 2 2
5 1 1
¢=20-2D+i(M-T)
i ¢ ¢-1 $-142D
2 —0"002
3 |- - 5
4 -0"002 | + 17 | -0"-003
5 + 3
6 + 1
=2-2D+i(T-M)+ M
i ¢y-w" po-w P+ 211° -1
-4 —0"-003
-5 | =0"014 | +0"002 | See long period primaries
-6 +0"-003

6—2
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do=4D -3l +25M — 23T, s=—0"58

INEQUALITIES DUE TO DIRECT ACTION

Mars. Long Period Primaries.

$o=2M-T,s=224"8
period 16 years

¢ - 0"055
S o+ 8
$+213°=¢  +0"060
$xl 407007

period 28 years

b —a" -0"014
b — + 2
¢ +211°=¢  +0"015
¢—1 -0"038
¢—1+2D + 8
b—21 - 3

$o=20~ 2D +8M — 6T, s=+97"56
period 38 years

4)0 — 2"
b—w' —a"
by~ 2w’
$+63° =9

¢l

¢—1+2D

¢—21
o+

period 6000 years

by — 2a"” +07:03
$-w-=" - 1
¢o—113°=¢ —0"04
$+l —0"002

-0"-015

5
1

~0"019
-0"-030

do=h+2h - T, s=34"07

period 104 years

do—w"—h" -0"015
Tk AN S
¢y +165°=¢ +0"017

Mercury. No Short Period Primaries.

Long Period Primaries.

period 39 years

¢ — 2w" —0"-047
¢y — " + 3
$=20"  — 40
G+ T0°=¢ +0"075

b-1 +07:006

period 79 years

$o— " ~ 07004
$-o o+ 1
G+ 113 ¢  +07003

[sEcT.

¢ =20—2D+6M 5T, s=—127"81

$o=1-2D—T+3Q,5=-90"36 $,=2D~1+5T—4Q, s=-449"3



vi]

VENUS TERMS IN LATITUDE

85

¢o=—2F+1-8T+4Q, s=67"T5 ¢=1+2g+3h—T—3Q+1", s=—100"41

period 52 years

¢o-a" - 07004
¢ — @ + 1
$+113°=¢  +0"003

Short Pervod Premartes.
¢=2D-1-2(8-T)

¢
¢+

insensible
+0"-003
¢6=2D-2(8-T)
@ -0"-001
¢=21-2D-2(T-8), s=—560""9

period 63 years

Saturn.

period 35 years

¢ + 07002

Long Period Primaries.

¢(| = S, 8= 120”4‘5
period 30 years

¢y — =" —-0"-026
¢y — @' + 2
by + 90°=¢ + 07024
b+l +07:003

¢=21—2D+38-2T— =", s=—440"5

period 8 years

insensible
+0"-004

é
-1

COEFFICIENTS OF SINES IN LATITUDE.

¢ insensible
é-1 +07-014
¢—1+2D - 3
Venus.
¢=i(T-V)
@ ¢+ F p+Fl
1 +0"005  +0"-002
2 + 3

¢=2F-2D+i(T-V)

D b F

0 —0"-003

1 - 6

2 - 1

3 See long period primaries
4 + 25

5 + 9

6 + 5

7 + 3

8 + 2

Short Period Primartes.

¢=2D-1+(T-V)

7 o+ F+l
~4 + 0002
-3 + 3
-2 + 3
-1 + 3

0 + 2

$=20-2D+i(T—V)

¢+ F-1
- 07002
- 6
See long period primaries
+ 4
+ 2

S WD S
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INEQUALITIES DUE TO DIRECT ACTION [SEQT.

d=h+h —iT+GE—=2)V

p—

O = S

O © LT W

¢+ F
+07-003
T4
6
8
10
18

o+ o+

See long period primaries

- 26
- 9

5
- 3
2

¢p=2F—2D+T+i(T~V)-90°

i o—F

4 +0"002

b See long period primaries
6 —-0"-002

b=h-I'+i(T-T)

i o+ F
-7 +0"-002
-6 + 3
-5 + 5
-4 + 6
-3 + 9
-2 + 14
-1 + 27

0 See long period primaries

1 - 15

2 ~ 6
3 - 3

Long Period Primairies.

$=20—-2D+3(T—7V), s=—363"9 $=21—2D+8T—6V+17°30', s=T4"06

$=2F-2D+6T—5V—90°, s=—T1"27

period 93 years

o+ I -0"-003
b+ F-1 + 32
¢+ F—-1+2D - 6
¢—-F-1+2D - 5
¢—F-2l + 4

period 50 years

¢—F +07-068
¢~ F+2D - 2
¢—F-1 + 4
¢—-F+1 -+ 4

p=h—h, s==190"8
period 18:6 years

o+ F —0"241
¢+ F-2D + 8
o+ F+l - 13

perioa 18 years

o+ F +07:003
b+ F—1 + 4

¢=2F-2D+3(T-V), s=819"5
period 4} years

¢—-F —0"044
b—F—1 - 2
¢—F+1 + 2

¢=h+h" —5T+3V,s=—628"72
period 56 years

¢+ F +0"072
¢+F-2D - 2
¢+ F+1 + 4

¢+ F-1 - 4



vi] JUPITER TERMS IN LATITUDE - 87

¢=1+3T-10V+383%°8=+1"85 ¢=—1-16T+18V~150°59, s=13"-01

period 1920 years period 273 years
o+ F + 07016 o+ F —0"650
¢+ (F-2D) + 22
$=1+29T—-26V +112°, 3=~27"85 ¢+(F+3D) - 12
N : iod 127 o+ F+1 - 19
perio years b~ F—1 — 58
o+ F +07005 o+ F-1 - 7
p~F+l + 14
¢=2D—-1+21T-20V—-87°0,s=—101"92  ¢+¥#-1+2D - 13
¢—-F+1-2D - 17
period 35 years ¢+ F+20 - 8
¢+ F +0":006 b+ F-2 - 6
¢+ (F-1-2D) - 3

Jupiter. No Short Period Primaries.
Long Period Primaries.
¢=J-a", s=299"1 ¢=21-2D-2(T—-J), s=—203"58

period 12 years period 155 years
¢+ F +0"002 o+ F —0"008
- F-1 + 35
¢=21-2D+3J-2T+173°16', s=95"55 i+F—l + 36
period 37 years ¢—F-1+2D - 6
¢iF + 0009 ¢+F—-l+2D - 7
¢-1+F + 14 b-r-2 o4
6—I-F+2D - 2 b+ F-2 2

¢—-l+F+2D - 3
=h—-bk"+J—=", s=108"36 =h-h",s=-190"8
¢

period 33 years period 19 years

¢+ F —-0":005 ¢+ F +0"038

¢=2F-2D-2(T~-J),s=979"8 d=hb-1"+T-J,s=23058"
period 3-6 years period 12 years
¢—F - 0026 ¢+ F ~ 0002

¢=2F-2D-3(T-J), s=—2269"
period 16 years
¢—-F +0"-005
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INEQUALITIES DUE TO DIRECT ACTION [sECT. V1
Mars.
b=h+2M—T+165° s=34"07 ¢=h-h", s=-190"8

period 104 years period 19 years

¢+ F -0"010 b+ F +0"-004

Mercury and Saturn. None.

COoEFFICIENTS OF COSINES IN PARALLAX.

$=2-2D+3(T-7V) é—1  +07006
¢=1+16T 18V + 151° d+l  +07007
¢=20-2D—-2(T-J) é-1  +0"007
¢=20—~2D+3J-27+173° 6—1  +0"003

ADDITIONS TO ANNUAL MeAN MOTIONS.

Perigee +27:69
Node —1"42



ADDENDUM. FINAL VALUES.

The primary coefficients in longitude having short periods can be combined
with the secondary coefficients having the same arguments in many cases. These
combinations have been made in the following tables which therefore represent
the final coefficients due to the direct action of the planets, with the following
exceptions :—

Venus. All long period primaries together with their secondaries except those
arising from the arguments

202D+ 2T +i(T'~V)+a, 2F-2D+3(T-V), 2F~2D + 675V~ 90",
which have been included.

Mars. The long period primaries with arguments

4D ~ 30+ 256M — 237 —113°, b+ 2M — T + 165°.
Suturn and Mercury. All terms.
These terms, omitted here, can be taken immediately from the tables in Sect. vI.

Final coefficients of sines of (T — V) + arguments at top of each column.

27 +26°6 2D 2D - 7'+ 78°
t 0 -4 +07001 -15 +07-001 —-15 +07001
1 +07480 -3 + 2 -14 + 2 -14 + 1
2 + 200 -2 + 2 -13 + 2 -13 + 2
3 -+ 92 -1 + 3 -12 + 2 -12 + 2
4 4+ 60 0 + 4 -11 + 3 -11 + 3
5 4+ 38 1 + 6 -10 + 5 -10 + 4
6 + 25 2 + 8 -9 + 6 -9 + 4
7T o+ 17 3 + 37 - 8 + 8 - 8 + 4
8 + 12 4 - 8 -7+ 8 S - 5
9 + 8 5 - 3 - 6 + 11 - 6 + 5
10 + 6 6 - 4 - 5 + 11 -5 + 7
11 + 4 7 - 1 - 4 + 10 - 4 + 7
12 + 1 -3 - 36 - 3 + 4
- 2 + 26 - 2 4+ 4
7-87-8 -1 + 15 -1 + 3
-3 -0"001 0 + 16 0 + 2
-2 - 4 1 + 15 1 + 1
-1 - 8 2 4+ 8
0 - 15 3 + 4 2D - 27 - 18°
1 47 4 + 4 -6 —0"006
2 + 76 5 + 4
3 + 21 6 + 3
4 4+ 12 7 + 3
5 + 7 8 + 3
6 + 6 9 + 2
T + 4 10 + 1
8 + 1



90 ADDENDUM. FINAL VALUES

! +14+ 27427 2D -1-7+89° 2l
-8 -0"002 2 + 07001 -10 -0"001 -3 -07001
-7 - 4 3 + 6 -9 - 2 -2 - 2
-6 - 5 4 - 1 - 8 - 3 -1 - 5
-5 - 6 -7 - 5 0
-4 - 9 1+ 2T +17°5 -6 - 8 1 + 5
-3 - 16 6 —0"016 - 5 - 25 2 + 2
-2 - 29 - 4 + 33 3 - 9
-1 - 68 2D -1 - 3 + 10
0 [+ 11] -13 -0"001 - 2 + 5 21 -2D
1 + 91 -12 - 2 -1 + 3 0 —0"002
2 + 64 -11 - 2 0 + 1 1 - 4
3 - 127 -10 - 3 2 - 11
4 - 7 -9 - 6 2D -1 27"--18°2 3 - 76
5 - 1 - 8 - 8 -5 -0"004 4 + 3
-7 - 13 -6 - 83
1+ 7-88° - 6 - 22 -7 + 3 212D + 7 —88°
0 -0"002 -5 - 39 4 —0"004
1 - 8 - 4 - 87 2D +1
2+ 13 -3 - 716 -9 +07001 2 —2D + 27 +17°5
3+ 6 - 2 + 152 -8 + 2 6 +0"065
4 + 8 - 1 + T4 -7 + 2
5 - 4 0 + 39 -6 + 2 31-2D
6 - 2 1 + 13 -5 + 3 3 -0"003
2 + 10 -4 + 1
1-T+88° 3 + 7 -3 + 4 2/ —-4D
-5 —-07"001 4 + b} -2 &+ 4 3 +0"008
-4 - 2 b+ 3 -1 + 3
-3 - 5 6 + 2 0 + 2 —-4D
-2 - 13 1 + 1 3 +07007
-1 + 8 2D 1+ 7 -50°
0 + 2 -1 +0"-002 2F - 2D
3 —-0"002
- T +100°
-0"-007 2F -2D + 7-90°
5 +07054

2F - 2D +1+ 7 -90°
5 +07003
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Final coefficients of sines of i (M — T)+ arguments at top of each column.

1 0 2D - M + 149° 2D -1
1 +07019 -5 +0"-003 -6 ~0"001
2 + 8 -5 - 3
3 + 3 2D -2M + 117° -4 ~ 17
4 + 2 -6 —0"002 -3 + b
5 + 1 -2 + 2
+1
M+ 212°7 -1 -=0"002 2D -1 — M + 149°
-1 +0"002 -7 +0"001
0 + 5 I+ M+ 212° -6 + 3
1 + 60 1 +0"007 -5 + 38
2 - 10 2 - 1 -4 - 3
3 - 4 5 + 8 -3 - 1
4 — 2
5 - 1 I — M+ 147° 2D —-1-2M + 117°
-2 +0"001 -6 —-0"030
2M + 63° -1 - 7
1 -07002 21-2D
2 - 12 U+ 2M +63° 4 -07002
3 + H 2 —07-001
4 + 2 6 + 6 20 -2D + M +211°
5 + 1 5 +07"015
1—-2M—-63°
3M +96° -2 +07-001 2 -2D+2M + 63°
3 —0"002 6 —-07019
4 + 1

31—-2D +2M + 63
6 -0"001



92 ADDENDUM. FINAL VALUES

Final coefficients of sines of 1(J — T)+ arguments at top of each column.

i 0 1 9D -1 2
1 +0"-069 -3 +07001 —4 —0"004 2 -0"013
2 - 13 -2 4 4 -3 - 20
-1 + 8 -2 — 804 A+ J=T°
J-6°2 0 ~1 + 7 2 +07002
0 -0"209 1 - 8 0 + 3
1 + 1 9 — 171 21— 2D
2 + 8 9D -1 4+.J—100° 2 —0"187
I+15° -3 +0"004
oJ - 18° 3 +0"002 0 -9D +J—6°7
0 —0"009 D -1 +J-T° 9 ~0"190
1+J—67 -2 +0"007
2D 0 —07091 91—-2D +2J-18°
-5 +0"001 1 + P) D7 —J+ 673 2 —~0"-002
—4 o+ P) 2 + B8 —4 —0"001
-3 & 3 3 - 1 -3 _ 6 9 -4D
-2 - 4 -2 + 306 2 +07009
-1 + p) 1~J+6°
0 + 9 -1 —0"002 9D —~1~J -80° N—4D+J -T°
1 0 + 21 -1 +0"005 2 —0"006
2 - 2
-7 +106° 9D —1-2J +18° 31-2D
2D +J-6° 3 —0"008 -2 +0"009 2 —0"007
0 —0"002
1+2J-18° 9D —1 - 2J +107° 31—2D + J-T°
2D -J+7° 2 40002 -1 +0"002 2 —0"005
-2 +0"020
0 + P) had—k" 2D + 1/ 9F — 2D
0 —-0"004 -2 —0"003 2 —0"002
2 - 1
2F+1-9D
D +I-J+7° 2 —-0"002
-2 407001
~92F+1-92D
4D -1 2 +0"-001
-2 —0"007
AD-1-J+T°

-2 +07003



ERRATA.

Page 10, line 7
18, 7} For —-007066i, - ‘008148i; read + ‘006624 i,+ '0082601,.
" 14, ” 10

Page 10, line 8]
» 13, ,, 8} For —'008148i,+ 001210, read +-008260i,—-001238i;.
. 14, llj

Page 14, line 3 from foot, For —-02161 read —-00812.
Page 15, line 7, For — 4753 read + '4458.

Page 16, lines 4, 5, For round its centre of mass read round the contre of mass of the
earth and moon.

Page 19, equation (18), For R= read R=real part of.
Page 69, line 2, For 3D - ¥ +1+21--3Q read 3D-F - 1+2T -3Q.

Page 75, line 11, For +722 read +726.
» ”» ,w =07007 ,, -~ 07:003.
” » »  —147 5 148,

Page 77, column headed ¢y =1+ 3T ~10V, change the minus signs before w', w”, I’ to
plus signs.
Page 79, line 9, 1st column, For +86 read +83.
» » 10, " w o +5 4, + 2
' ' 8 from foot, For ¢ —2F read ¢+ 2F.

Page 80, linc 1, For 3h+24T read 3h+22T.

' . 4 from foot, 2nd column, For 407029 read +07-027.
. , 3 ' ’ Delete p+1 +07:002.

1 w O " For -0"-0152 read - 0"-0086.

’ last line, For ¢ ~07-013 read ¢+110° +0007.

CAMBRIDGE: PRINTED BY JOHN CLAY, M.A. AT THE UNIVERSITY PRESS.
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