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PREFACE

This work has its origin in certain studies in general set theory
and, more specifically, in the arithmetic of cardinal numbers.!

Among the results which have been obtained so far in the arith-
metic of cardinals, two main types can be distinguished. On the
one hand, we have a series of very strong and general theorems
which exhaust large portions of the arithmetic of cardinals, e.g., the
theory of cardinal addition; these theorems have been established by
applying the so-called axiom of choice in its most general form and,
in particular, the well-ordering principle. As examples we may
mention the theorems stating that the cardinals are well ordered
and that the sum of any two infinite cardinals equals the larger of
them. On the other hand, results are known which arc of a more
restricted (though by no means more trivial) character, but which
have been obtained in a more constructive way, mostly without the
help of the axiom of choice; the method involved consists, roughly
speaking, in considering directly transformations which establish
one-to-one correspondences between given scts and in constructing
in terms of these sets and transformations new sets and new trans-
formations. The best-known example is the Cantor-Bernstein equiva-
lence theorem by which any two cardinals are equal if each of them is
at most equal to the other.

The results of the second type are interesting not only from the
point of view of foundations. By analyzing their proofs we usually
arrive at more general formulations which belong to the general

t The present work was conceived about twenty years ago, but circumstances
beyond the control of the author have rendered its earlicr realization im-
possible. The publications of the author related to the central ideas of this
work are listed in the bibliography; in connection with the introduction com-
pare, in particular, Tarski [2] and Tarski [8]. The understanding of this book
does not require an extensive knowledge of set theory, but a certain orientation
in fundamental notions and methods of this discipline is desirable and will
prove helpful in reading the last three sections of the work. For general in-
formation in this domain the reader may consult the first few chapters in
Hausdorff [1], Schoenflies [1], or Sierpifiski [1]. Schoenflies’ work contains
many valuable historical references, while Sierpifiski’s book will throw light
on the discussions involving the axiom of choice.

ix
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theory of one-to-one transformations, and which have found some
interesting applications outside the domain of abstract set theory—
for instance, in the theory of measure.

All the results of the second type which concern cardinal addition
prove to be derivable in a purely arithmetical way from a small
number of basic theorems. The derivations are not simple but, in
general, are not more involved than direct proofs carried through
by the method indicated above. Also some new and interesting
results can be obtained in this way. The proof of the basic theorems
themselves presents no difficulties. The basic theorems have the
character of formal laws which apply not only to the arithmetic of
cardinals but also to various other mathematical systems. All this
suggests the idea of introducing and studying a new kind of abstract
algebras for which these basic theorems would serve as defining postu-
lates. A realization of this idea is the main purpose of the present
work.

The algebras in question will be referred to as CARDINAL ALGEBRAS.
Each of them is constituted by a set of arbitrary elements and by
two operations, that of binary addition and that of addition of infinite
sequences. (Each of these operations can be defined in terms of
the other.) The algebras are assumed to satisfy a number of familiar
laws of an elementary nature—closure postulates, commutative and
associative laws, and the postulate of the zero element; and, in addi-
tion, two existential postulates which are characteristic of cardinal
algebras—the refinement postulate and the remainder, or infinite
chain, postulate.

The variety of arithmetical laws which follow from these postulates
is very large; and so is the varicty of mathematical systems in which
these postulates are satisfied. As elementary examples of cardinal
algebras we list non-negative integers and non-negative real numbers
(under ordinary addition) with « inc¢luded in both cases; non-nega-
tive real functions over an arbitrary domain; countably complete
fields of sets (under set-theoretical addition); and—more generally—
countably complete Boolean algebras. As examples of a less ele-
mentary character we mention cardinal numbers and relation numbers
(under cardinal addition); isomorphism types of countably complete
Boolean algebras and of certain more general classes of lattices (under
direct multiplication); and generalized homeomorphism types of
Borelian sets in an arbitrary metric space.
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Several general methods are available which permit the construc-
tion of new cardinal algebras from given ones; some of them are
known from modern algebra—e.g., direct multiplication and homo-
morphic transformation—while others are specific for the algebraic
systems under discussion.? A combination of these methods leads,
for instance, from fields of sets to cardinal numbers, and from Boolean
algebras to isomorphism types of these algebras; and hence difficult
theorems on sums of cardinals and on direct products of isomorphism
types appear as consequences of the fact that these and similar
theorems trivially apply to set-theoretical sums of setsand to least
upper bounds of elements in a Boolean algebra.

This work is divided into three parts. The first contains the
definition of cardinal algebras and the development of their arith-
metic. The second part is concerned with the discussion of general
methods of constructing cardinal algebras; moreover, the results
are extended to a wider class of algebraic systems (important from
the point of view of applications), the so-called generalized cardinal
algebras. In the third part we study the connections between
cardinal algebras and related algebraic systems, namely, commutative
semigroups and lattices; and we discuss various special examples of
cardinal algebras. Certain applications of the theory of cardinal
algebras to general algebra—in fact, to the theory of direct produects
of isomorphism types—are discussed in the appendix.

It will be seen from the above description that this work lies
within the domain of abstract algebra. Some features of it, however,
will probably seem strange to most algebraists—and certainly do
not conform to an orthodox algebraic point of view. We have here
in mind especially the part played by infinite addition and the
application of frankly infinite constructions in arithmetical develop-
ments; the discussion of algebras which are not assumed to satisfy
closure postulates (the generalized cardinal algebras mentioned above);
and—among minor details of a rather terminological nature—the
extensive use of the notion of a function.

Many arithmetical results of the first part of the work have been
obtained by extending certain known theorems of the arithmetic
of cardinals which originate with various authors. Some of these

? For general information in the domain of modern algebra consult Birk-
hoff [3], Birkhoff-MacLane [1], and van der Waerden [1].
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theorems, however, can be found only in preliminary reports, and
their proof appears here for the first time? In some other cases
the abstract algebraic presentation has necessitated either virtually
new proofs or radical changes in old ones. The idea of an algebraic
treatment of the subject and certain aspects and implications of
the algebraic development seem to be essentially new.

The desire to keep the work down to a reasonable size has affected
both the matter and the form of the work. Certain material which
seemed to be less interesting has been entirely omitted; problems less
closely related to the main idea have been merely touched upon; the
arguments throughout have been presented in a rather concise form;
and counter-examples have not always been supplied.

I am greatly indebted to Professors Louise H. Chin (University
of Arizona), Bjarni Jénsson (Brown University), and J. C. C.
McKinsey (Oklahoma Agricultural and Mechanical College) for
their help in preparing this work. The assistance of Miss Chin in
preparing and revising the manuscript, reading proofs, and com-
piling the index was indeed invaluable. As will be seen from refer-
ences in footnotes, Mr. Jénsson has enriched the work with a number
of original contributions, and we have obtained jointly the results
which are presented in the appendix.

It would be impossible for me to conclude this introduction with-
out mentioning one more name—that of Adolf Lindenbaum, a former
student and colleague of mine at the University of Warsaw. My
close friend and collaborator for many years, he took a very active
part in the earlier stages of the research which resulted in the present
work, and the few references to his contributions that will be found
in the book can hardly convey an adequate idea of the extent of my
indebtedness. The wave of organized totalitarian barbarism en-
gulfed this man of unusual intelligence and great talent—as it did
millions of others.*

University of California,

Berkeley, July 1948

Alfred Tarski

3 Footnotes to particular theorems will clear up the question of their origin.
The results which are not referred to in footnotes have been obtained by the
author and appear here—to his knowledge—for the first time. (This does
not apply, of course, to various theorems of an elementary nature, like most
of those which are stated in §1.)

4 Adolf Lindenbaum was killed by the Gestapo in 1941.



PART 1
ARITHMETIC OF CARDINAL ALGEBRAS






§1. POSTULATES AND ELEMENTARY
CONSEQUENCES

We concern ourselves here with an algebraic system ¥ constituted
by & SET A OF ARBITRARY ELEMENTS @, b, ¢, - - and by two funda-
mental operations: the operation of FINITE (BINARY) ADDITION
and that of INFINITE aDDITION. The first of these operations is
performed on couples of clements (a, b), and the second on infinite

sequences (@o, @1, *+* , G;, -+ ); the results are denoted by
a+b and ), a,
100

respectively. Thus, the algebra ¥ can be regarded as an ordered
triple whose first term is the set 4, and whose remaining two terms
are the operations + and D_; in symbols,

A= (4, +,2)

We shall not always adhere closely to the distinction between an
algebra and the set of elements of this algebra; sometimes (especially
in more informal remarks) we shall speak, c.g., of elements of A
meaning the elements of A.

The symbols

acdA, abed, a,0 -a €A

will express as usual the fact that clements a, or a and b, or a,, a1,
-, i, -+ belong to A.

DeriniTioN 1.1. An algebraic system % = (A, +, >.) which
satisfies the following postulates I-VII is called a CARDINAL ALGEBRA,
for abbreviation, a C.A. (and under the same conditions the set A is
said to be a C.A. uNDER + aND D):

I (FINITE CLOSURE POSTULATE). Ifa, b e A, then a + b ¢ A.

II (INFINITE CLOSURE POSTULATE). If @0, @1, ,a:, +-- € A,

then
E a; & A
1<
II1 (ASSOCIATIVE POSTULATE). If ao, 01, -+- , @i, --+ € A, then
> oai=a+ ) G,
i< 100

3
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IV (COMMUTATIVE-ASSOCIATIVE POSTULATE). If a¢, @1, -*+ , 6,
e by, by, cce ,bi, ooe € A, then

2 (@ +b) = §a¢+2bi.

1< 1<o

V (POSTULATE OF THE ZERO ELEMENT). There is an element z ¢ A
suchthata + 2z =z + a = aforeveryac A.

VI (REFINEMENT POSTULATE). Ifa,b,c0,¢1, -+ ,¢i, -+ €A and
e +b=2 ¢,
1<00
then there are clements ag, @1, +++ , @i, *++ , bo, b1,y -+-,bi,--- €A
such that
a= 2 a, b= b, and co=0a,+b, for n=0,1,2---.
1< (2]

VII (REMAINDER, OR INFINITE CHAIN, POSTULATE). If @y, a1,
cee @i,y bo,bry e biy - eAd and if an = by + Gngy forn =
0,1,2, ---, then there is an element c € A such that

Gn =0+ 2 bups for n=0,1,2 .

i1<o

The elementary postulates I-V require no comments. It may be
remarked only that these postulates are in themsclves rather weak.
To derive from our postulate system various elementary properties
of cardinal algebras—like the ordinary commutative and associative
laws for binary addition and the corresponding laws for infinite
addition—we shall have to apply, besides I-V, also the remainder
postulate VII; therefore, the first derivations in this section will
take on a slightly artificial character (cf. the proof of Theorem 1.6
below).

The refinement postulate VI will lead us in §2 to two related theo-
rems of a more symmetric nature: the general refinement theorem
2.1 and the finite refinement theorem 2.3; while in VI a binary sum
is assumed to be equal to a sum of a sequence, the hypothesis of 2.1
involves two sums of sequences, and that of 2.3 two binary sums.
Refinement theorems are known from the literature and have been
applied many times in various algebraic discussions.! Theorem 2.1

! They occur often in the literature in & more general form involving systems
of elements of an arbitrary power. Cf., for instance, Birkhoff [1], p. 286;
Birkhoff [4], pp. 615 {.; Fitting [1], p. 380; Golowin [1], p. 424; Riesz [1], p.175.
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(even when restricted to infinite sequences) implies Postulate VI,
and hence can equivalently replace the latter in our postulate system.
This is not the case, however, so far as Theorem 2.3 is concerned;
a counter-example will be found in §14. Nevertheless, Theorem 2.3
suffices for most derivations in the first part of this work. It may
be noticed that the converse of Postulate VI is equivalent to Postu-
late IV.

Postulate VII seems not to be known in the literature. Its content
is less clear than that of the remaining postulates. It expresses a
certain minimal property of the sequence of REMAINDERS,

Tn = Z bn+i;
1<®o

of an infinite sum D ic,bi. By III, this sequence satisfies the
condition

rﬂ=bn+'rn+l fOI' n=0,1,2,...;

whereas, by VII, every other sequence ao, @, -+ , a,, --- which
satisfies the same condition can be obtained from the sequence
To, T1, *** ,Ti, *++ by adding a constant term ¢. The converse of
VII also holds in C.A.’s, and it implies I1I. The problem of replacing
Postulate VII by simpler postulates deserves some atiention. How-
ever, this postulate has certain properties which fully justify its
inclusion in the postulate system. As we shall see, it has a great
deductive power. The proof that the postulate holds in various
special cardinal algebras is very simple; and this applies even to
those algebras which are not of an elementary character, e.g., to the
algebras of cardinal numbers and relation numbers which are dis-
cussed in §§17 and 18. Finally, as we shall see in §6 (c¢f. the proof
of Theorem 6.10), Postulate VII has the property that, whenever it
holds in a given algebra, it is also satisfied in a comprehensive class
of coset algebras (homomorphic images) of this algebra. This
property-—which VII shares with other postulates of our system--is
very important since the method of constructing coset algebras
leads us to the most interesting examples of C.A.’s.

It may be noticed that Postulate VIIis closely related to Theorem
2.21 (or 3.20) by which the sum of an infinite sequence is the least
upper bound of its partial sums. If the hypothesis of VII is satisfied,
then an application of 2.21 yields a conclusion which seems to be but
slightly weaker than that of VII (in fact, the conclusion that, for
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every integer n, there is an element ¢ which satisfies the last formula
of VII). At first sight, 2.21 could seem more natural and more
suitable as a postulate than VII. Actually, however, 2.21 has none
of the advantageous properties of VII which were mentioned above;
e.g., a direct proof that 2.21 holds in various special C.A.’s—for in-
stance, in the algebra of cardinal numbers—is by no means simple.
Moreover, it can be shown by an example that 2.21 alone cannot
equivalently replace VII in our postulate system. We shall return
to this question in §16.

We now introduce in the arithmetic of C.A.’s the notions of the
ZERO ELEMENT, 0; of thc SUM OF A FINITE SEQUENCE (@, a1,
+ , @n_1) OF ELEMENTS, 2 i<, @;; of the n** MULTIPLE OF AN ELE-
MENT a, n-a; and of the “LESS THAN OR EQUAL TO” RELATION, =.
All these notions are, of course, relativized to a given C.A., A =

A, +, 2.

DEerFINITION 1.2. 0 s the unique element z € A such that a + z =
24+ a =aforeveryacA.

DerNiTION 1.3. For every infeger n and for any elements aq,

Gy 0,8y - € Awithi < n we put
Z“'i: th
i<n 1<®

where b; = a; fori < n, and b; = 0 for ¢ = n.

By an integer we always understand in this work a non-negative
integer. In connection with Definition 1.3 it proves convenient
henceforth to regard « as a new, infinite number included in the
system of integers. The usual rules for calculating with o« are
assumed; thus, e.g.,

n4+ o= o +n= o,
00w = 00 =0, and n-o = o-n=0o0o for nz0.
The formula
i) n<w, or (i) n<L o,

will be used to express the fact that n is (i) a finite, or (ii) an arbitrary,
integer. The symbol
Z a;

i<n
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has now a definite meaning both forn < « and n = «; and we are
able to state definitions and theorems applying to both cases simul-
taneously.

DEeFINITION 14. For every n £ o« and for every a € A, we put
na = D icna (ie, na = > icnb, where by = a for every

1 < n).
DerFINITION 1.5. We say thata < b (or b = a) if a, b € A and of

there 18 an element c ¢ A witha + ¢ = b.

We shall sometimes write

IA
o
A
o

a

instead of
a<b and b=
and similarly for other relation symbols.

From Postulates 1.1.J-VII and Definitions 1.2-1.5 we shall derive
in this section various consequences of a rather elementary nature;
thus, various COMMUTATIVE, ASSOCIATIVE, and DISTRIBUTIVE LAWS
for sums and multiples; theorems stating fundamental properties
of 0; theorems which show that the relation =< establishes a partial
order in a C.A.; and MONOTONY L.AWS for the relation = (with respect
to sums and multiples). When applying the closure postulates, we
shall not refer to them explicitly. In formulating theorems, we
shall usually omit the assumptions by which all the elements involved
belong to a given C.A.

THEOREM 1.6. 0e A,anda + 0 = 0 4+ a = a for every a.
Proor: by 1.1.V and 1.2.

THEOREM 1.7. 7-0 = 0 for everyn < .
Proor: By 1.1.VII (with a; = b, = O for¢ = 0, 1,2, --+), 14,
and 1.6 we obtain for some ¢

¢+ »-0=0,
and hence, by 1.1.III,

> ¢ci=0 where co=c¢ and ¢ =0 for ¢ =1,2--
t1 <o
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Consequently, by 1.4, 1.6, and 1.1.IV,
0 0=0+w-0=2 c;+o-0=2 (+0)=2c=0;

1<% <™ i<®
and hence, by 1.3 and 1.4, we arrive at the conclusion.

THEOREM 1.8. Dico@®i = 0, D ic10i = G, and D ic2@;i =
ay + a;.
Proor: by 1.1.1I1, 1.3, 1.6, and 1.7.

We note that Postulate 1.1.I is not involved in the proofs of 1.6~
1.8. Hence we conclude, in view of the last formula of 1.8, that this
postulate can be formally derived from the remaining postulates
(1.1.II-V and VII).

CoroLLARY 1.9. 0-a =0,1:a =a,and 20 = a + 0.
Proor: by 1.4 and 1.8.

TarorEM 1.10. a = b + cif, and only if, there arc clements d ,
d, -, di, - with
a=2di, b=dy, and ¢ =2 du.
1<% 1<

Proor: by 1.1.II1, 1.3, and 1.8.

THEOREM L.11. Dica(a, 4+ b) = Dicn@ + Dica by for every
n s o,
Proor: by 1.1.IV, 1.3, and 1.6.

COROLLARY 1.12. n-(a 4+ b) = n-a + n-b forcvery n £ .
Proor: by 1.4 and 1.11.

TaeoreEm 1.13. a4+ b =10+ a.

Proor: by 1.6, 1.8, and 1.11 (with n = 2,a, = b, = 0, a1 = b,
ﬂond bo = a).

TuroreM 1.14. (@4 b) +c=a+ (b + ¢).

Proor: by 1.6, 1.8, and 1.11 (withn = 2,a, = a,a, = 0,by = b,
and b; = ¢).

Henceforth, we shall omit parentheses in expressions of the type

“a+b)+cor‘a+t (b+c).

THEOREM 1.15. D icat1 @i = o + D icn @iy for every n £ oo,
Proor: by 1.1.III and 1.3.
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CoroLLARY 1.16. (n 4+ 1):a = a + n-a = n-a + a for every
n £ ©;in particular, ©-a = a + «©-a.
Proor: by 1.4, 1.13, and 1.15.

THEOREM 1.17. D icap1 @i = 2.-<,. a, + a, for every n < .
Proor: by induction based on 1.6, 1.8, 1.14, and 1.15.

From 1.8 and 1.17 (or 1.15) it is seen that sums of finite sequences
can be defined in the usual recursive way in terms of binary addition.

TueoreM 1.18. [fn < « and p S o, then

a4 D s = D,

i<n i< p i<ntp

Proor: by induction with respect to m, and with the help of
1.6, 1.8, 1.14, 1.15, and 1.17.

TueorEM 1.19. a S aand0 = a.
Proor: by 1.5 and 1.6.

TrEOREM 1.20. Ifa S bandb £ ¢, thena = c.
Proov: by 1.5 and 1.14.

ToEOREM 1.21. Ifa S b, thena 4+ ¢ £ b +c.
Proor: by 1.5, 1.13, and 1.14.

TuroreMm 1.22. Ifn £ © and a; £ b, for every i < n, then

Za,-§ El)..

<<n i<n
Proor: by 1.5 and 1.11.

CoRroLLARY 1.23. Ifn £ w anda < b, then n-a S n-b.

Proor: by 1.4 and 1.22.
THrorEM 1.24. Ifn S p £ =, then

2 < D4

i<n i<p
Proor: by 1.5, 1.18, and 1.19.

COROLLARY 1.25. Ifn S p £ o, thenn-a < p-a.
Proor: by 1.4 and 1.24.
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TaeoreM 1.26. Ifm <n £ «,then

(179 é Z G5 .
i<n
Proor: by 1.5, 1.20, 1.21, and 1.24.

CoROLLARY 1.27. If0 <n £ o, thena < n-a.
Proor: by 1.4 and 1.26.

Turorem 1.28. Ifa+ b =bandb = c,thena + ¢ = c.
Proor: by 1.5 and 1.14.

Formulas of the type ‘a + b = b’ (which occur in 1.28) can be
read ‘a 1S ABSORBED BY b’ or ‘b ABsORBS a’. The relation of absorption
plays an important part in the arithmetic of C.A.’s.

TaeoreMm 1.29. In order that @ + b = b, it is necessary and suf-
fictent that « -a < b.

Proor: The necessity of the condition follows from 1.1.VIT (with
a; =band b, =afori=0,1,2, ---), 1.4, 1.5, and 1.13; the suf-
ficiency follows from 1.16 (forn = «) and 1.28.

TueoreEM 1.30. Ifa Sbandb+ ¢ = ¢, thena + ¢ = c.
Proor: By 1.23 and 1.29 we have

w.g £ b L e
Hence, by applying 1.20 and again 1.29, we obtain the conclusion.
TaroreM 1312 Ifa < band b = a, then a = b.

Proor: By 1.5 and 1.13 we have, for some ¢ and d,
1) c+a=b, d+b=a,
and further, with the help of 1.14,

d+¢ +a=0a¢ and ¢c =d + c.

Hence, by 1.3C,

* When applied to cardinal numbers, 1.31 coincides with the Cantor-Bern-
stein equivalence theorem; cf. Bernstein [1], p. 120. The proof of Theorem
1.31 (and of Theorems 1.29 and 1.30 upon which it rests) is essentially an alge-

braic reconstruction of the proof of the equivalence theorem given in Zermelo
[1]. For other proofs of the equivalence theorem see Schoenflies (1], pp. 34 ff.
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(2) ¢+ a=a.
The conclusion is implied by (1) and (2).

Theorems 1.19, 1.20, and 1.31 show that the relation < is RE-
FLEXIVE, TRANSITIVE, and ANTISYMMETRIC in the set A ; consequently,

the set A is PARTIALLY ORDERED by this relation (and, of course
also by the converse relation =).

(‘oroLLARY 1.32. [fa = 0, then a = 0.
Proor: By 1.19 and 1.31.

CorROLLARY 1.33. Ifa + b = 0,thena = b = 0.
Proor: by 1.5, 1.13, and 1.32.

COROLLARY 1.34. If m < n £ « and

Zai“—‘oi

1<n
then an = 0.
Proor: by 1.26 and 1.32.

CoroLLARY 1.35. If0 <n £ o andn-a = 0, then a = 0.
Proor: by 1.27 and 1.32.

Turorem 1.36. a = E,-@ b; if, and only if, the following conds-
tions are satisfied:

(i) there is an infinite sequence of elements @y, @1, « -+ , @i, -+ with
a =aand a, = b, + @y forn =0,1,2, ---

(i) 4f, for any other sequence co, €1, *+* , Ci, =+ we have ¢n =
b + Copuforn =0,1,2, -+ ,thena = ¢ .

Proor: by 1.1.III, 1.1.VII, 1.5, 1.13, and 1.31.

From 1.10 and 1.36 it is seen that each of the two fundamental
operations, + and >, of a C.A. can be defined by means of the other.
Hence C.A.’s can be characterized as algebraic systems with one
operation only—either with the binary operation + or with the
infinite operation . This, however, would hardly contribute to
a simplification of the postulate system. If we wish to characterize
C.A.’s as algebras with the unique operation >, we can use, c.g.,
the following system of postulates:

I (CLOSURE POSTULATE). Postulate 1.1.11.
II (COMMUTATIVE-ASSOCIATIVE POSTULATE). Theorem 1.44 below
withn = p = o.
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III (POSTULATE OF THE ZERO ELEMENT). There is an element

z & A such that, for any elements ay ,ay, -+ ,0,, - € A,

@ =2 a4 if a =z

) i<® i<o

(ii) Z:ae=ao if @ =z for ©1=0,1,2 -
1<%

IV (REFINEMENT POSTULATE). Theorem 2.1 below with n = p= .
V (REMAINDER POSTULATE). [fa, ;e A for?,j=0,1,2,---,and

> G jp1 = Z Gny1,; Jor cvery n < oo,
i< i<

then there is an element ¢ € A such that, for any given n < o,

Z Uny41 = Z Cy

1<® 1<
where ¢y = cand ciyy = Gnyiqrofort =0,1,2, --- .

TrHrOREM 1.37. -0 = b if, and only f,

® a + b = b,
and
(i1) forevery ¢, a -+ c=c¢ implies b = c.

Proor: by 1.16, 1.29, and 1.31.

By saying that two sequencesao, a1, + -+ ,a;, «+- withi <n £ «
and by, by, -+, 0;, -+ withj < p £ « differ at most in their order,
we shall of course mean that there is a function f which maps in a
one-to-one way the set of all integers ¢ < n onto the set of all integers
J < p and which satisfies the condition

a; = bf(.’) fOl‘ 1 < n;

in this case the numbers n and p must obviously be equal. In an
analogous sense we say that an element a has, apart from order,
only one representation
e =2 a,
<n
where the elements a, are subjected to certain conditions. We shall
use similar terminology also in case the elements a; and possibly b;
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are correlated, not with numbers ¢ < n and j < p, but with elements
7 and j of two arbitrary sets.

TaeorEM 1.38. Ifn £ o« and if the sequences ao, a1, *** , G,
cevand by, by, -+, bi, - with ¢ < n differ at most in thesr order,

then
Z a; = Eb.‘-

<n i<n
Proor: If n < « we apply a familiar inductive procedure (based

upon 1.8, 1.13-1.15, and 1.18). If n = =, we construct a sequence
Co, €y <, Ciy -+ such that

co=2.0; and cy = by + Cppr for m =0,1,2, -

i<w

(¢m is the sum obtained from ;< @, by omitting the terms equal to

by, by, -+ ,bi,--- withe < m). By 1.36 we have
b= 2 a.
1<w i<o

In a similar way we obtain the inequality in the opposite direction,
and, hence, by 1.31, the desired equation.

THroreMm 1.39. Ifn £ «, then

2 a =D G+ D i
i<2n i<n i<n
Proor: By 1.11, it suffices to show that
Z a; = Z (@2.s + G2.441).
1<2'n i<n
The proof of this formula is analogous to that of 1.38.

THEOREM 1.40. Letnandpbe £ «w;andlet ko, ki, -, ki, ---
witht <n 4+ p,lo, by, b, - witht <n,andmo,my, -+, m;,
-« with 1 < p be three sequences of finite non-negative integers, without
repeating terms, such that every term of the first sequence occurs in one
and only one of the remaining two sequences, and conversely. Then

Z Ar; = Eal. +Zam'~.
1<ntp i<n 1<p

Proor: In case n = p the conclusion follows easily from 1.38
und 1.39; in case n < p, or p < n, we have to apply in addition
1.13, 1.14, and 1.18.
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CoROLLARY 141. If n S o and p £ o, then (n + p)-a =
n-a + p-a; in particular, ©-a = n-g + ®:a = ©-g + ©-qa.
Proor: by 1.4 and 1.40.

TaeorEm 142. Letn,q, by, by, -+ ,l;, -+ be So. If a junc-
tion f maps tn a one-to-one way the set of all couples (3,j) withi <n
and j < l; for © < m onto the set of all numbers k < q, and if a;,; =
byip foralli < mandj < l;, then

Z Z Qi = Z bs .
<n <l k<q

Proor: In case n < « we proceed by an easy induction based
upon 1.8,1.17,and 1.40. Incasen = « we apply the same method
as in the proof of 1.38.

CoroLLARY 143. Ifn £ «© and p £ o, then n-(p-a) = (n-
p)-a = p-(n-a); in particular, if n & 0, then ©-a = n-(x-a)
= w-:(n-a) = ©-(x-a).

Proor: We put in 1.42

g=np, li=p, and a;;=b,=a for 1 <mn, j<p,
and k < gq.

A function f satisfying the hypothesis of 1.42 can easily be con-
structed. The conclusion follows by 1.4.

TaEOREM 144. Ifn < o and p £ o, then
2 2ia, =2 2 di
i<n j<p i<piln
Proor: We construct the function f which satisfies the hypothesis
of 1.42 for ¢ = n-p and l; = p; then we apply 1.42 twice—the first
time with the function f, and the second time with the converse
function g, ¢(j, ?) = f(z, ) fori < nandj < p.
COROLLARY 145. Ifn £ » and p < «, then

Z (pray = T"Z a;.
i<n i<n

Proor: by 1.5 and 1.44.
THEOREM 1.46.° If 0 < n £ o, then, in order that n-a + b = b,

it 18 necessary and sufficient thata + b = b.

3 Theorems 1.46 and 1.47 in their applications to cardinal numbers are due
to E. Zermelo; cf. Zermelo [1].
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Proor: By 1.5, 1.13, 1.21, and 1.27, we have

b=a+4+b=na+bd
hence the necessity of the condition follows from 1.31. On the other
hand, by 1.29 and 1.43 (withn = « and p = n), the formula

a+b=0>b
implies
®-(n-a) = ©-a <D,
and hence, again by 1.29,
na + b = b.
Thus, the condition of the theorem is also sufficient.

THEOREM 1.47 (ABSORPTION THEOREM). Ifn S o, then, in order
that

Zd,’+b=b,

i<n
1t 18 necessary and sufficient that a; + b = b for every 1 < n.
Proor: The proof of necessity is the same as in 1.46, with 1.27
replaced by 1.26. In case n < o, we show that the condition is
sufficient by an easy induction (1.6, 1.8, 1.14, and 1.17). If, finally,

a, +b=> for 7 < o,
we have by 1.46
w-ag; + b =0 for 7 < o,
Hence, by 1.1.VII (with a; = b and b, = «-a,), 1.5, 1.13, and 1.45,

w- (2 a) =2 (»-a)<b;

i<w i<
and finally, by 1.29,
E a; + b = b,
1<®

Thus, the condition in guestion is sufficient also in case n = .

In our further discussion we shall apply freely Postulates 1.1.I-V
and the theorems derived in this section, without referring to them
explicitly (except for the less familiar laws concerning the relation
of absorption, like 1.29 or 1.47).



§2. FUNDAMENTAL THEOREMS

We turn now to less elementary results of the arithmetic of C.A.’s.!
We shall make an essential use here of the refinement postulate,
1.1.VI, which was not applied in §1 at all.

THEOREM 2.1 (GENERAL REFINEMENT THEOREM).® If n < o,

p = «,ond
Eai_—_zbi»

i<n i<p
then there is a double sequence of elements c;,; such that

a; = Z Cij fOT 7 <n, and b,’ = ZC.’,,‘ fOT J < Pp.
t<n

i<p

Proor: Consider first the case when n = p = «. By 1.1.III,

the infinite sequences o, @1, -+, @i, -+ and by, by, -+, b, -
satisfy the formula
a0 + 2 ag = 2 b;.
1<® i<

IIence, by putting in 1.1.VI,

a=a, b= 2 a1, and ¢ =0b; for ¢=0,1,2,---,
1< 0
we obtain two new sequences doo, dio, -+ ,dio, --- and €, €10,
-, Cig, + -+ which satisfy the conclusion of 1.1.VI. We now have

oo+ 2 o = 2 Gipa ;
i< <o
and, by applying 1.1.VI again, we obtain two further sequences,
d,1,and ¢;; . Assuming that, for any given n < o, the sequences
din, Cin, ding1, and e, .1 have been defined and that
Cont1 + Z Citlatl = Z Cog1n
1< 1<
4 Several theorems of this section—2.6, 2.8, 2.10, 2.12-2.15, 2.27, 2.30, 2.33,
2.34, and 2.37—are stated for cardinal numbers without proof (and sometimes
in a weaker form) in Lindenbaum-Tarski (1], pp. 301 ff. Regarding the orgin
of 2.10, 2.33, 2.34, and 2.37, see footnotes below; the remaining theorems orig-
inate with the author.
8 In connection with 2.1 and 2.3 cf. footnote 1 in §1. A direct proof of
these theorems for cardinal numbers is obviously very elementary.

16
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we apply the same procedure to the last formula, and we arrive
at the sequences d, .42 and e,,.,2. We show by induction that

G = Ekdk—)'-l,Z-H-l + E dip.x for k < w,
i<

i<w

and

b= 2 diizi + Edi,2~l+1 for 1 < o,
1<®

i<+l
Hence, the double sequence of elements ¢;,; , defined by the formulas
Ci; =dj_i2.; for 1 £j< w '
and
Cij = di_jo12.,91 for j <t < oo,

satisfies the conclusion. The general case reduces easily to the one
just considered; we extend the sequences ao, ai, -+, a,, ++- and
bo, b1, ---, bi, --- to infinite sequences by putting

a;=bj=0 for n2i< o and p=ZLj< ™.

The METHOD OF ITERATION, which was employed for the first time
in the proof of 2.1, is very characteristic for the theory of C.A.s
(cf., for instance, the proofs of 2.6, 2.31, and 6.10 below).

CoroLLARY 2.2. Ifn £ o« and
as 2 b,
i<n
then there are elements ag, @1, - -+ , @i, - -+ such that
a=2a, and a; £ b; for 7 <nm.
i<n

Proor: by 2.1 withn = 2 and p = n.

THEOREM 2.3 (FINITE REFINEMENT THEOREM). If a1 + @y =
by + ba, then there are elements ¢, , ¢, c3, and ¢4 for whichay = ¢, -+ e2,
a=c+c,b=c+c,andb, =c+cs.

Proor: by 2.1forn =p = 2.

CoROLLARY 2.4. If a £ by + bz, then there are elements ay and a
for whicha = a1 4+ as, 0y S bi,and a; = by
Proor: by 2.3.
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CoroLLARY 2.5. If a + b = 2-c, then there are elements a’, V',
and ¢’ for whicha = 2.0’ + ¢/, b =20 4 ¢,andc =o' + b + ¢’
Proor: By applying 2.3 to the hypothesis, we obtain

a=d1+d2, b=d3+d4, and C=d1+d3=d2+d4.

By applying now 2.3 to the last of these formulas, we easily arrive
at the conclusion.

Corollary 2.5 will serve as a lemma, in the proof of 2.31.

The following theorem 2.6 is closely rclated to 2.3 and has also the
character of a refinement theorem; its proof, however, is less ele-
mentary, for it contains an infinite construction and requires a
combined application of the refinement postulate and the remainder
postulate.

TeHEOREM 26. Ifa + ¢ =
and d such thata = a’ 4+ d, b
Proor: We put

b + c, then there are elements o', b’,
=b 4+ d,andc=4a +¢c =0 +c

a=a, bh=> and ¢ =c.
Assuming that, for any given n < =, the clements a,, b,., and ¢, with

an+cn=bn+cn

have been defined, we apply 2.3 and obtain four elements @,.1,
bn41, €ni1, and d, for which

(1) an=an+l+dn; bn=bn+1+dn,
and
2) Cn = Gug1 + Cag1 = bnga + Cay1;

in view of (2), the procedure can be continued indefinitely. By
applying 1.1.VII to (1), we get elements a’ and b’ with

(3) a, = a + E dn—H and by = b + Zdnh‘
i<® <o

for n=0,1,2, ---

Hence, by putting

d=zdt’:

1<o

we obtain forn = 0
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4) a=a+d and b=V 4+ d.

Moreover, (3) implies

6)] w-a = E g1 and b =< E biv1;
1< 1<

while (2) gives by 1.1.VII

(6) > @ Sco=c and D b S0 = e

1< 0 1 <o
From (5) and (6) we obtain by 1.29
) c=a +c=10b+c

In view of (4) and (7), the proof is complete.

CorOLLARY 2.7. If a 4+ ¢ £ b + ¢, then there arc elements a,

and as for whicha = a; + a3 ,a, < b,and c = a; + c.
Proor: by 2.6, with the help of 1.30 and 2.4.

Turorem 2.8. Ifa + ¢ = b + ¢, then there is an element ¢’ such
thata + ¢ = b+ candc =c +c.
Proor: We apply 2.6 and put

¢ = w-a' + -}

The conclusion follows by 1.16 (with n = ) and 1.46.

CoroLLARY 2.9. Ifa + ¢ S b + c, then there is an element ¢’ for
whicha 4+ ¢ =b+ candec = ¢ + ¢
Proor: by 2.8.

Theorems 2.6 and 2.8 are important for the reason that the can-
CELLATION LAW FOR suMS fails in C.A.’s; i.e., a + ¢ = b + ¢ does
not always imply @ = b. (We have, eg.,a + ©a = 0 + ».q =
w-a even if @ + 0.) Theorems 2.6 and 2.8 express, however, the
fact that, if @ + ¢ = b + ¢, then a and b are equal up to certain ele-
ments which are absorbed by c; hence they can be successfully
applied on various occasions instead of the lacking cancellation law.
Similar remarks apply to 2.7 and 2.9 in connection with the cancella-
tion law for sums in inequalities.

Certain special cases of cancellation laws for sums, which hold
in the arithmetic of C.A.’s, are stated in 2.10-2.15.
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Taeorem 2.10.° Ifn < w anda +n-c £ b + (n + 1) -¢, then
asb+ec

Proor: Forn = 0 the theorem holds trivially; for n = 1 it follows
from 2.9 (with ‘b’ changed to ‘6 + ¢’); and in the general case it
can be obtained by induction.

CoroLLARY 2.11. Ifn < o and a + n-¢c £ b 4+ n-c, then
a+c=b+ec
Proor: obvious in case n = 0; by 2.10 in case n == 0.

Cororrary 2.12. If n < w and @« + n-¢c = b 4+ n-c, then
a+¢c=0b-+c
Proor: by 2.11.

Notice the difference between 2.10 and 2.12; the symbol ‘<’
in 2.10 cannot be replaced by ‘=",

CoroLLARY 2.13. [fa+c¢=b+candc £ b, thena £ b.
Proor: by 2.10 (with n = 1).

CoroLuAry 2.14. [ffa +c £ b+ candb Z ¢, thena = c.
Proor: by 2.10 (with n = 1).

CoroLLARY 2.15. [fa+c=0b+c¢,c¢c S a,andc < b, thena = b.
Proor: by 2.13.

THEOREM 2.16. [fn £ wanda, + ¢ = b; + cforallt < n, then

) EG;+C=Zb;+c;
i<n i<n
(i1) mn case n == 0, there are elements ¢y, ¢, +++ , €, -+ such that
c=2 «c,
i<n

and a; + ¢; = b; + ¢, for cvery i < n.
Proor: We can obviously assume that n 3= 0. We put

€ = C.
By 2.8 we obtain elements c, with
a,+ ¢ =bi+c¢ and ¢c=¢ +c¢ for 0 <7 < m.

8 A special case of Theorem 2.10 (from which, however, the theorem can
easily be derived) was established for cardinal numbers in Bernstein [1],
p. 127.
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Hence, by 147,

c = 2 Cs.
i<n

The conclusion follows easily.

CoroLLARY 2.17. Ifn £ w,and a; + ¢ £ bi + ¢ for alli < n,
then

Satcs2b+e

<N i<n
Proor: by 2.16.

It may be noticed that, in case n < o, Theorem 2.16(1) and
Corollary 2.17 can be proved by an elementary induction, without
the use of 2.9.

Turorem 2.18. If0 <n £ « and
Ea. +e¢c=0+e¢

i<n
then
(i) there are clements by, by, -+ , bi, -+ such that

b= 2 b,
i<n

and a; + ¢ = b; + ¢ for every v < n;

(ii) there are also elements ¢y, ¢, -+ , i, + -+ such that
c = Z Ciy
i<n

and a; + ¢, = b, + ¢, for every i < n.
Proor: By 2.6 we have

Ya=d+d b=bV+d and c=a +c=0+ec

i<n
By applying 2.1 (with p = 2) to the first of these formulas, we ob-
tain elements a; and d; with

a; =a; +d; for i <n, a’=Za$, and /I-—-Z([;.

i<n 1<n
We now put
bp =V + d, and b, = d, for 0 < 7 < n.
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An elementary argument shows that the elements b; thus defined
satisfy the first part of the conclusion (1.28 is useful here). The
second part follows by 2.16.

THEOREM 2.19. Ifn < = and
G+Zbe=zbn
i<n i<n
then there are elements ay , a1, - -+ , a;, - - - such that
a=Za.—, and a;+ b; =b; foralli < n.

i<n
Proor: The theorem obviously holds forn = 0, 1. If n = 2,
we have

(a+bl)+bo=b1+bo;

hence, by 2.8,
0 (@+c)+bi=co+b with co+b=b;
and. again by 2.8,
@ at+at+a=c+c with ¢+ b =b.
Thus,

a=c+toa;
therefore, by 2.4,
3) wta=a, aZc, and 6, Z¢;
and, by 1.30, we obtain from (1)-(3)
4) o+ by = by and a; + by = by.

By (3) and (4), the elements ao and a, satisfy the conclusion. The
result can be extended by a simple induction to an arbitrary n < .

THEOREM 2.20. If0 <n < « and
a+Zc.~=b+;c.~,

t<n
then there are elements ao, @y, -++ , a5, --- and by, by, -+-, b;, -~
such that

a=2a, b= b,

i<n i<n

and a; + ¢, = b; + ¢; for every t < m.
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Proor: By 2.6 we have
a=a+d, b=V +d, and ‘gc.- = q' +‘§r. = +i§lc.-.
From the last of these formulas we obtain by 2.19
a =‘§a$, b’ =i§b$, and ¢;=ai+c;=bi4c¢; for i<n.
We put

ao=a6+d, bo=b(;+d, and a.-=af, b.=b:
for 0 <7 <.
It is easily seen that the elements a, and b; satisfy the conclusion.

Theorems 2.19 and 2.20 cannot be extended to the case whenn = o,
Theorems 2.18 and 2.20—like 2.1, 2.3, and 2.6—have the character
of refinement theorems. It is possible to formulate a general theorem
which comprehends 2.1, 2.18, and 2.20 as particular cases, and
which establishes a decomposition of elements satisfying the formula

Zae+zck= Zbi+ch

i<n k<q i<p k<q
0 <n=0,0<ps®0<qg< )
This theorem will not be stated here.
THEOREM 2.21 (FUNDAMENTAL LAW OF INFINITE ADDITION). [ f
dSa b for every n < oo,
i<n
then
Z a; £ b.

Proor: By hypothesis, there are elements ¢, ¢, +-+ ,¢;, «--
such that
() ot a=b,
and therefore
e+ 2 0= (capr +a) + 2 a; forevery n < .
<n i<n

7 Theorem 2.21 is well known from the arithmetic of cardinals; its earlier
proofs, however, involved essentially the well-ordering principle. Compare,
e.g., Schoenflies (1}, p. 135.
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Hence, by 2.6, we obtain

@) o = Gn + du, Cag1 + Gn = by + da
and
Sa=an+ 2 a=0br+ 2 ash
i<n i<n i<n
By 1.28, the latter formula gives
b, + b = b,
and hence, by 1.47,
®3) > bi40b =0
1<o
We now put
@ ba = ea + 2 6l 4+ 2, by
i<n 1<®

By (1) and (3), this implies in particular
®) bo=co+ 2 bi=b+ 2 bi=b
i<® i<®
Furthermore, we obtain from (2) and (4) by elementary trans-
formations:

b, = Gn + by for n = 0,1, 2, ---

By now applying 1.1.VII to the last formula, and making use of (5),
we obtain the conclusion.

Theorem 2.21 provides us with a new method of showing that a
given infinite sum is at most equal to a given element, or in par-
ticular that two given infinite sums are equal. The method previ-
ously applied—e.g., in the proofs of commutative and associative
laws 1.38, 1.39, and 1.42—was based on 1.1.VII, or 1.36, and was
somewhat awkward; the new method is less elementary, but simpler.

CoROLLARY 2.22. Ifn-a S b for everyn < o, then ©-a < b.
Proor: by 2.21.

CoroLLARY 2.23. If
Z a; = E b; forevery n < oo,

i<n i<n

then
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2 6= 2 b
1< o 1< 0
Proor: by 2.21.

THEOREM 2.24. If @y £ Gny1 for every n < o, then there is an
element b (uniquely determined) such that

@ @n £ b for wery n < oo,

and

(i1) a, Sx forevery n < o alwaysimplics b < x.
Proor: We construct a sequence by, by, <-- , b,, -+ with

bo=a, and @n 4+ bpp1 = @uyn for n=0,1,2 ...

We then have by induction

a, = Zb.

1< ntl

b=2b,‘,

i<o

By putting

and by applying 2.21, we obtain the conclusion.

In the following theorems, 2.25-2.27 and 2.29, we shall establish
certain properties of the set of elements x which satisfy an equation
or inequality of the form

z+d=¢e¢ x+d=<e or ez +d

where d and e are any two given clements. These theorems and
their generalizations 2.38-2.40 will be applied in the next section
in the proofs of various distributive laws.

then there are elements b and ¢ such that b + d = ¢ + d = e, and
b = a; = cforeveryi <.

Proor: The reasoning is analogous to that in the proof of 2.6.
We can of course assume that n = «. We put

THeorEM 2.25. If0 <n = «,and a; + d = e for every i < n,

(1) To = ag.
Assuming that, for a given m < «, an element r,, with
™m + d = Omi1 + d
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has been defined, we apply 2.6, and obtain three elements rm.1,
8n , and t, for which

(2) Tm = Sm + Tmtly Omir = tm + Tm+1,
and
(3) d=sm+d=tm+d-

From (2), (3), and the hypothesis we obtain
Tmit + d = amz + d;

hence the procedure can be continued indefinitely. By 1.47, formula
(3) gives

) Ss+d=2 ti+d=d

1< 1<

By applying 1.1.VII to the first formula of (2), we obtain an elcment
b with
®) tm=b+ 2 Smys for m=01,2 -,

1<%

whence, by (1),
®) a=b+ 2 s.

i<n
Finally we put
(7) c = Qo + E t";

1<%

and we show in an elementary way, by means of (2) and (4)-(7),
that the elements b and c¢ satisfy the conclusion.

COROLLARY 2.26. If0 <n < «,anda; + d < e for every 1 < n,
then there is an element ¢ with ¢ + d = e, and a; < ¢ for every 1 < n.
Proor: by 2.25 (and 1.5).

TueoreM 2.27. Ifn £ wo,andd S ¢,and e S a; + d for every
i < m, then there is an element b with b + d = e, and b < a; for every
1 < n.

Proor: The theorem being obvious in case n = 0, we assume
that n 3= 0. We have for some ¢

c+ d =ce
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Hence, for every 7 < n,
c+d=a;+d;
and by means of 2.7 we conclude that there is an element a; with
¢; +d =c+ d and o) < a;
(a; is the element a; of the conclusion of 2.7). Since
a; + d = e for every i < n,

we apply 2.25, and we obtain the element b with the required prop-
erties.

THEOREM 2.28 (INTERPOLATION THEOREM). Ifn < o, p £ o,
and a; = b; for every i < nand j < p, then there s an element ¢ such
thata; < ¢ £ bjforeveryi <nandj < p.

Proor: We shall distinguish several cases.

(I) n = p = 2. We have then, for some d , d; , €y, and ¢,
(D 6+ do=a + di = b,
and

(2) G+ e =a +e =D.

By applying 2.3 to (1), we obtain
(3) G =1 +nrn, d=nrn+r, a=n++rn,
and d, = 1, + 14
hence, with the help of (2),
n<a = (04 + n.

By 2.27 (with n = 1), this inequality implies the existence of an
element s for which

4) ag=nr+s and s<e+ 1.

Hence, by 2.4, we obtain

() s=8+8, =6, and 8 =1,

and from (1)-(5) we infer in an elementary way that the element
c=0a + %

satisfies the conclusion.
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(II) n arbitrary, p = 2; we can obviously assume that n = o,
By (I), we obtain an element ¢, with
a; £ ¢ = b for ¢ = 0, 1;
then an element ¢; with
¢ =c¢ and 03 S e =b; for 1 =0,1;

and so on, ad infinitum. By now applying 2.24 to the increasing
sequence ¢, €1, *-- , €, *-+ , we get an element ¢ which satisfies
the conclusion.

(IIT) n = 2, p arbitrary; we can assume that p & 0. By (I) we
obtain, for any given j < p, an element ¢; with

(6) a;<c;Sa+a for 1=0,1, and ¢; < b;.
We have

c;iE2a+ a = a + cj;
and hence, by 2.27 (with n = 2), we get an element d; with
) dit+ci=a+a and d;j=<a; for 7=0,]1.

By (II), the latter inequality implies the existence of an clement
e such that

)] d, £e=a for j<p and 7 =0, 1.
By (6) and (8) we can put
9) a +r;=c¢; and e + s = a;.

We easily derive from (7)-(9)

G+ e s+ (a+e 2r;j+ (a+ e for j<op.
Hence, by applying 2.27 again, we get
(10) t+(a+e)=s+(a+e), and t=r; for j<p
We put
(11) c=a + t
We have by (8)-(11)

ag + e £ ¢+ e and e = o
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whence, by 2.13,
ay =< c.

From (6) and (9)-(11) it is also easily seen that
a < c¢c £ b; for 7 < p.

Thus, ¢ has the required properties.

(LV) n and p arbitrary. We reason as in (II), using (IT1) instead
of (I).

TrrorEM 2.29. Ifn < ©,and e < a; + d for cvery ¢ < n, then
there is an element b such that e £ b + d, and b £ a; for every i < n.

Proor: By 2.28 (with n = 2 and p = n) there is an element ¢
such that

e<c, and d<c=<a;+d for 7 <n.

Hence, if n & 0, we obtain the conclusion by 2.27; if n = 0, we
put b = e.

TrEOREM 2.30 (MEAN VALUE THEOREM). Jf0 < n S «,0 <
p< w,a Sbjanda, +d=c=b,+ d foreveryi < nandj < p,
then there is an element ¢ such that e = ¢ + d,and a; £ ¢ £ b; for
everyi < nandj < p.

Proor: By 2.26 there is an element ¢’ such that

(1) ¢ +d=e and a; ¢ for z<n.
We put
2) by = ¢/, and by = b, for j < p.

Then, by (1) and the hypothesis,
d<e=Zb;+d for j<p+1;

and hence by 2.27 we get an element ¢’ with
3) ¢"+d=c¢, and ¢’ =b; for j<p+ 1.
By putting
@ ay = ¢’, and aiy = a; for ¢ < m,
we have by (3) and the hypothesis

aﬁgb:- for 1<n+1 and j<p+1;
and hence by 2.28



30 ARITHMETIC OF CARDINAL ALGEBRAS

(5) a; <c=<b; for i<n+1 and j<p+1.
By means of (1)-(5) we easily show that ¢ satisfics the conclusion.

From 2.30 we can derive 2.25-2.29 in an elementary way. When
applied to the case n = p = 1, Theorem 2.30 shows that the function

f@)=xz4+4d

satisfies a familiar theorem on continuous functions in the real
domain; i.e., considered in the ‘interval’ with the endpoints a and
b (@ £ b), it assumes every intermediate value between the two
extremes f(a) and f(b).

The proof of the following theorem which implies as immediate
corollaries the important CANCELLATION LAWS FOR MULTIPLES i
perhaps the most involved in the whole arithmetic of C.A.’s.

TueorEM 231. Jf0 < m < o« and m-a+ ¢ £ m-b + c, then
a+c=b+ec

Proor: We begin with a lemma:

Let T be a set of triples such that, for every (a, b, ¢) ¢ T, there is
another triple {a’, v', ¢') ¢ T with

a+c=2a+c and b+c=0d+bV +¢.

We then have a + ¢ < b + c¢ for every triple {a, b, c) & T.

In fact, for any given {(a, b, ¢) ¢ T we construct by recursion three
infinite sequences:

1) a =a b =b ¢ =c
(2) an + ¢ = @Guy1 + (@ay1 + Cay) and
ba + €2 = Gny1 + bay1 + Gy for n=10,1,2, --- .

From the first formula of (2) we conclude by 1.1.VII (with ‘a,’ and
‘6.’ changed to ‘a, + ¢,’ and ‘a,4;’) that

3) a, + ¢, =d + ; Grpitl
for some d and for every n < «; in particular, by (1),
4) a+c=d+ 2 tn.

1<w

From (1) and (2) we obtain by induction
b4c=bn+ et 2 aia;

i<n
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and since (2) and (3) imply
d < b, + ¢n,

we arrive at

6)) d+ 2 am =b+c forevery n < oo.

i<n
The conclusion of our lemma follows from (4) and (5) by 2.21.
Consider now any three elements a, b, and ¢ for which

2.a 4+ ¢ =20+ ¢
We put
2a +c+d=2b+4c¢
whence
@+ +@+c+d =20+ 0.

By applying 2.5 to the latter formula, we obtain elements a’, b’,
and ¢’ such that

a+c=2a4+¢, at+c+d=2V+¢,
and b+c=d +0b 4+ ¢.
Thus the set 7' of all triples (a, b, ¢) with
2.a +¢c=2b+c¢

satisfies the hypothesis of our lemma; and hence we conclude by means
of this lemma that 2.31 holds for m = 2. We extend this result
by induction to all numbers m of the form m = 2°.

Now let
(6) m-a + ¢ < mb + ¢
where m is an arbitrary number with 1 < m < «. We again put
) m-a + ¢+ d=mb+ c

If [ is a number with
2' < m < 2,
we have by (6)
2'a + ¢ =220 + ¢
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hence, by the result previously established,
a+c¢c=2b+ec
and we put
(8 a +c¢c+e=2b+c
From (7) and (8) we easily derive
(m — 1)-(c+ e + (m — 1)-a
=[m—-2)b+ (m—1)c+d +ma;
by applying 2.10 (withn = m — 1 and ¢ = a), we obtain
m—1-c+e sm—-20b+tm—1)-c+d+aq
and consequently we put
9 m-Dc+e+f=m—=2b+@m—1)c+d+a.
A series of elementary transformations leads from (7)-(9) to
Q2m—-—2)b+m—1)-c+f=2m—2)b+ (m—1)-c;
and by applying 2.12 twice, we get
(10) b+ec+f=b+ec
Hence by (8)
@+ +Cc+e+f) =20+ 0.

We apply 2.5 to the latter formula, and we obtain elements a’,
b/, and ¢’ with

(1) a+c=2a~+¢c, c+e+f=2b+¢, and
b+ec=a +bV 4.
(9) and (10) imply
at+ctm—2-b+c)=at+c+(m—2-0b+c+/)
sm—1-cte+)),

whence by (11)
ma + ¢ + (m— 2@ + ¢)

Sm— 1Y+ m-1)-0 4+ ¢);
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and, by means of 2.10 (withn = m — 2 and ¢ = b’ 4 ¢’), we arrive
at

(12) m-a’ + ¢ £ mb + .

Thus, (6) implies the existence of elements @/, b’, and ¢’ which satisfy
(11) and (12); this shows that our lemma can he applied to the set
T of all triples (a, b, ¢) with

ma + ¢ £ mb + e
(‘onsequently, 2.31 holds for every m, 0 < m < .

C'OROLLARY 232, If0 <m < o and m-a + ¢ = m-b + ¢,
thena + ¢ = b+ c.
Proor: by 2.31.

CoroLLARY 2.33. If0 <m < © andm-a < m-b, thena < b.
Proor: by 2.31.

COROLLARY 2.34* 1f0 <m < w andm-a = m-b, then a = b.
Proor: by 2.32 or 2.33.

Tueorem 2.35. If0 <m < » andn < «, then m-a 4+ n-
m-b+n-cimpliesa +c =b+ c;andif m £ wand 0 < n =
then the converse tmplication holds.

Proor: first part by 2.11 and 2.31; second part by 2.17.

CoroLLARY2.36. If0 <m < w andn < o, thenm-a 4+ n-c
m-b+ n-cimpliesa +¢c=b 4+ c;andif m £ ©wand ) <n £ o,
then the converse implication holds.

Proor: by 2.35.

TurorEM 2.37 (wucLip’s THEOREM).! If the numbers m < o
and n < o are relatively prime and if m-a = n-b, then there is an
element ¢ such that a = n-cand b = m-c.

¢ =
w’

It

8 Corollary 2.34 for cardinal numbers is a result of I'. Bernstein; the proof
for m = 2 and an outline of the proof for the general case can be found in
Bernstein [1], pp. 122 ff. Another, simpler proof for m = 2 was given in Sier-
pinski [2]; and for an arbitrary m was found (but not published) by A. Linden-
baum. Corollary 2.33, which is a generalization of 2.34, was proved in the
case of m = 2 by the author, and in the gencral case by A. Lindenbaum. The
author has been unable to carry over the earlier proofs of 2.33 and 2.34 to the
abstract theory of cardinal algebras; the proof of 2.31 outlined above secms
to have but very little in common with those proofs.

9 For cardinal numbers this theorem was obtained by A. Lindenbaum.
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Proor: We can assume that m = 0. As is well known, the
hypothesis implies that there are numbers k¥ < « and I < « for
which

(1) k-m=1ln+1.
We easily obtain by (1) and the hypothesis
m-(l-a) £ m-(k-b);
hence, by 2.33,
l-a £ k-0,
and we can put
@) la+d = kb
From (1) and (2), by a few clementary steps, we arrive at
m-d + (I-n)-b £ (I-n + 1)-b:
and, by applying 2.10 (with b = 0 and ¢ = b), we get
m-d = b.
Consequently, we put
3) m-d + e = b.
We easily obtain, by (1)-(3) and the hypothesis,
(k-m)-b = ¢ + (k-m)-b.
An application of 2.12 (witha = 0,h = ¢, and ¢ = D) gives
b=c¢e¢+4+0,
and further, e.g. by 1.46 and (3),
4) b=b+ (m—1)-e = m-(d + e).
Hence, from the hypothesis,
m-a = m-[n-(d + ¢)|,
and therefore by 2.34
5) a =n-(d+ e).
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Thus, by (4) and (5), the element
c=d -+ e
satisfies the conclusion.

With the help of the cancellation laws for multiples we can now
generalize the results obtained in 2.25, 2.26, and 2.29; this will be
done in 2.38-2.40.

TreoreM 238" Ifm £ ®,n £ », but neitherm = n = 0 nor

m=mn= o, andife < m-a; + d for every ¢ < n, then therc is an
element b such thate < m-b + d, and b = a, for every i < n.

Proor: (I) m < . We procced by induction with respect
tom. If m = 0 (and hence n 3= 0), we take b = 0. We assume
now that the theorem holds for m = k; and that

ek + 1a;+d for 7 <n.
Given any number j < n, we obtain
k+ De=sk+ 1)(ka+a;+ d
and further, by 2.33,
e £ k-a; + (a; + d).
Hence, by our inductive premise, there is an element b; with
(1) e < kb;+ (aj +d) and b, £ a; for 1 < n
and j < n.

By applying 2.28 to the second part of (1), we get an element ¢
with

2) bj<c=a; for 1 <n and j <.
Hence by (1)

e < a;+ (ke + d);
therefore, by 2.29, we have for some b’

3) esb 4+ (kc+d), and b Za; for j<m.

10 The proof of Theorem 2.38 (which implies the distributive law 3.27 in §3)
is a joint result of B. J6énsson and the author.
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We now have by (2) and (3)
bl

IIA

a; and ¢ = a; for 1 < n;

and, by applying 2.28 (withn = 2 and p = n), we obtain an element
b with

4) V=b, ¢=b, and b=<a; for 7 <m.
From (3) and (4) it is easily seen that b satisfies the conclusion
form =k + 1.

(I1) m = «. Hence, by hypothesis, n < «, and we proceed by

induction with respect ton. If n = 0, we take b = ¢. We assume
now that the theorem holds for n = I, and that

e £ w-a; +d for 2 <1 4 1.

By the inductive premise, there is an element b’ with
(5) e L b +d, and V¥ ZLa; for 7 <l
since, moreover,
e £ »-a; + d,
we obtain by 2.29 (n = 2) an element b” such that
(6) e 2V +d with V' £ oV and V' £ »-q;.

By applying 2.2 to the last two inequalitics, we arrive at two re-
finements of b”:

V' = Y. 1= 2,8 with <V for ¢ < ®, and

1< i<w
s Sap for j < oo,
Hence, by 2.1, we have
) v = E E ti,; with ¢,; =0V and f; £ a,.

1<®0 j<o
We can transform the double sequence t;,; into a simple one and
apply 2.28 (with n = «,p = 2) to the last two inequalities of (7);
we obtain an element b with

©)] ti,;j=b for 1< o and j< oo, b=V, and b=a.

(6)-(8) easily imply
e £ b+ d,
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while (5) and (8) give
b £ a, for 7 < I+ 1.

Thus, b satisfies the conclusion for n = I 4 1, and the proof is com-
plete.

By means of a simple example from the C.A. of non-negative real
numbers (discussed below in §14), it can be shown that 2.38 may
failincasem = n = w.

THEOREM 239. Ifm £ ©,0<n £ «,and m-a; + d S e for
every © < n, then there is an element ¢ such that m-¢c + d < e, and
a; = ¢ for cvery 1 < n.

Proor: If m < o, we reason as in the proof of 2.38, with 2.29
replaced by 2.26. If m = o, we obtain by 1.29 and 1.46

ai+ec=e¢ and w-q,+e=e¢ for 7<n.
Hence, with the help of 1.47,
0.y aite= (0-a) + ¢ =e¢;
<n i<n

and since, by hypothesis,

SR
IIA
»

we conclude that
o Z a; +d = e
i<n
Thus, the clement

c= 2 a,
i<n

satisfiesthe conclusion.

COROLLARY 240. Ifm £ 0,0 <n = o, butnotm =n = o,
and if m-a; + d = e for every ¢ < n, then there are elements b and ¢
such that m-b+d=m-c+ d =e,and b £ a; £ ¢ for every i < n.
The element ¢ (but not necessarily b) exists also in case m = n = o,

Proor: by 2.38 and 2.39.
Corollary 2.40 shows that, in the set of all solutions z of an equation

mzx+d=ce
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(m an arbitrary number < «,d and e arbitrary elements), every
sequence has a lower bound and an upper bound which belong to
this set. By applying successively 2.40 and 2.28, we can show
that this still holds for the set of common solutions z of every
finite or infinite sequence of such equations:

m;-x + di = €j, j = 0) 19 2) e

The results obtained in this section permit us, among other things,
to develop the thecory of REAL MULTIPLES r-a where r is an arbitrary
non-negative real number and a an arbitrary element of our algebra.
We first define this notion in an obvious way for rational numbers,
and then extend it (e.g., by using sums of infinite sequences) to ir-
rational numbers. In the rational case the unicity of r-a follows
immediately from 2.34; in the irrational case the proof is more in-
volved. It is not true, of course, that the multiple r-a exists for
any given r and a¢ (though this may be the case in some particular
C.A.’s). Regarding this problem the following results can be
established (with the help of 2.34 and 2.37):

1. If, for a given element a, there is a largest integer n < o such
that @ = n-b for some b, then, r being a non-negative real number,
T-a exists in c-se r-n s an integer, and does not exist otherwise.

I1. If, for a given element a, there is no largest integer n < o« such
that @ = n-b for some b, then r-a exists for every non-negative real
number r.

As further important theorems on real multiples we mention the
two distributive laws:

IIL If n £ w,and rg, 11, + -+, 7, -+ - with ¢ < n are non-negative
real nmumbers, and the elemenis r,-a exist for every 1 < mn, then
(Xicari)-a also exists, and

(X r)-a =2 (ra).
1<n 1<n

IV. If n £ o, r s a non-negative real number, and the elements
r-a; exist for every i < m, then -3 i<a a; also exists, and

rea= 2 (ra)

i<n i<n
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In connection with IIT it should be pointed out that we regard o
as a real number, and we put

Z i = ®

i<n

in case n = « and the sum is divergent in the ordinary sense, or
in case at least one of the numbers r; equals «.



§3. GREATEST LOWER BOUND AND
LEAST UPPER BOUND

As we know from §1, the relation < establishes in every C.A. a
partial order. Hence we can apply to C.A.’s various notions of
the general theory of partially ordered sets; and in the first place,

11
those of the GREATEST LOWER BOUND and the LEAST UPPER BOUND.

DerFiNiTioN 3.1. Let I be an arbitrary set; and let an element
a; € A be correlated with every element 1 € I.

(1) By the GREATEST LOWER BOUND OF THE ELEMENTS a; we under-
stand the unique element a € A which satisfies the conditions: a < a; for
every ¢ € I; and, if x < a; for every © € I, then x £ a. In symbols,

a = n a; .
tel

(ii) If I consists of two numbers, 0 and 1, and if @y = b and a; = c,
we pul

a=>bMNe.

DerintTiON 3.2.  Let ‘I’ and ‘a.’ have the same meaning as in 3.1.
(i) By interchanging in 3.1(i) the sides of all inequalities (or by
changing ‘S’ to ‘2’), we arrive at the notion of the LEAST UPPER
BOUND @ OF THE ELEMENTS &; . In symbols,
a = U a;.
iel
(i) In the particular case considered in 3.1(ii), we use the notation
a=>bUe

We are going to state here the most important properties of the
notions just defined. However, we shall be interested in this work
almost exclusively in bounds of two elements and of finite and in-
finite sequences of elements, i.e., in the casc when I consists of all
integers ¢ with ¢ < » £ . We omit various elementary conse-
quences of 3.1 and 3.2 which hold in arbitrary partially ordered sets
and are not specific for C.A.’s; such consequences are assumed to
be known.” For an analogous reason, when applying Definitions 3.1

11 Consult in this connection Birkhoff [3].
12 See again Birkhoff [3].

40
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and 3.2, we shall not always refer to them explicitly. Since the
bounds of a sequence of elements, or even of two elements, may not
exist, most theorems will be provided with assumptions which
secure the existence of all or some of the bounds involved. Such
assumptions, if required, will always be explicitly stated in case
they concern the existence of a bound which is involved in the con-
clusion of a theorem, without being involved in its hypothesis.

Lemma 833. Ifa < b,a £ ¢ + d, and b N ¢ exists, then
a2 ®Ne) +d.
Proor: By 2.4 we have
a =a + a with ¢ 2 ¢ and a = d.
Hence and by 3.1
a £ a +d and a4 £ b N e

The conclusion follows at once.

TuroreM 3.4. If a N b exists, then a U b also exists, and (a N b)
+@Ub) =a+b.
Proor: We have

aNb=<a and a Nb £ b

Hence, for some c,

(1 @ Nb) + ¢ = a.
Obviously
a=b+c and bbb+ e
If now
a £z and b £ 1z,
we have

b £ a + d = 1z
and consequently, by 3.3 (with a = b and ¢ = a) and (1),
b+c=(@Nbd)+d+c=a+d=n2.
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Thus, by 3.2,
(2) b+c¢c=alUbd
The conclusion is implied by (1) and (2).

In connection with 3.4 it should be mentioned that the existence
of a U b does not necessarily imply the existence of a N b.

CoroLLARY 3.5. IfaNb =0,thenaUb = a + b.
Proor: by 3.4.

Two elements a and b which satisfy the hypothesis of 3.5 are said
to be prsgoINT (or MuTUALLY EXcLUSIVE). The converse of 3.5 does
not hold; we have, for instance, for every element a

aUw-a=a¢+ ©a=ow-a and a N w-a=a.

It may be mentioned in this connection that, by 3.1, the hypothesis
of 3.5 amounts to saying that, for every 2, z < a and 2 < b imply
z = 0; while, as regards the formula in the conclusion of 3.5, we have

TuroreM 3.6. In order that
@) aUb=a+ 0

it 1s necessary and sufficient that
(i) for every x, the formulas z < a and = = b imply

z+a-+b=a+0b
Proor: Assume (i) to hold. If
z<a and =0,
we have for some y
z+y=>b b=a+y asa+ty,
and hence by (i)
a+b<a+y and z+a+b=z+aty=a+b

Thus, (ii) is satisfied. If, conversely, (ii) holds, consider an element
z with

(1) a<z and b Z 2
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Let
a+a =b+b =z
Then 2.3 gives
a=mo+ 2, ¢ =23+ 2, b=m3 + 25, b = 2, + 24.
By (ii) we obtain
uwt+a+b=a4+0b ie, ©1+ 2+ 23+ 2 714
=z + 23 + 2:2,.
Now by 2.12
e+ 23+ 20 =2+ T3+ X1

and hence, easily,
2 a + b = =z

Thus, (1) implies (2) for every z. From this we conclude that (i)
holds, and the proof is complete.

Tueorem 3.7. IfaNc S banda < bUc, thena < b.
Proor: We have for some d

@Ne¢) + d = b.
Hence successively
b<c+d bUc=c+d and a Sc+ d

By applying 8.3 (with b = a) to the last formula, we arrive at the
conclusion.

CoroLLarY 38. IfaNe=bNcandaVUc=0bUc, thena = b.
Proor: by 3.7.

Tueorem 39. IfaNc=0bNcanda + ¢ =0b+ ¢, thena = b.
Proor: We have by 3.4 and the hypothesis

@Ue¢ +@Nc)=0Ue)+@Ne),aNc=<alUe¢ and
aNc=zbVUe

Hence, by 2.15,
aUc=0bVUc

The conclusion follows by 3.8.
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TaeEorEM 3.10. Ifn £ «, and the elements a N b; exist for every
1 < n, then

(i) c<a andc = 2 b tmply ¢ =D, (aNby);
i<n i<n
(if) if, in addition, a0 X, b; exists, then
i<n
aNX b, €2 @Nb,).
i<n i<n

Proor: analogous to that of 3.3, with 2.4 replaced by 2.2.

An inequality analogous to 3.10(ii), with ‘(Y replaced by ‘U,
also holds, but is quite trivial.

TaroreM 3.11. Ifm <n £ »,a Nb, = 0 for every ¢ with ¢ < n
and 1 %= m, and either a N b,, or a N D, . b; exists, then

aNbi=2 @Nb) =aNb,.

<n <n
Proor: Assume that @ N b, exists. We have
aNb,<a and aNb, < b < D by

<n
and by 3.10
z<a and 2 2.b; imply <2, (aNb) =aNb,.
1<n

i<n
Hence the conclusion. Similarly under the alternative assumption.

CoROLLARY 3.12. Ifn £ o, anda N b; = 0 for every © < n, then

a n:z:lk = 0.

i<n
Proor: by 3.11.

TuroreEM3.13. Ifn < o, b;Nb; = 0foralliandjwith: <j <mn,
and
a = Eb.,
i<n

then the elements a N b; for © < n exist, and they are the only elements
a; which satisfy the conditions:

=Za.-, and a; S b; forevery t <mn.

1<n
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Proor: By 2.2, there exists at least one sequence of elements
which satisfy the conditions of the theorem. If nowao,a(, ---,a.,
- is any such sequence, we have, for any given m < n,

an £ a and amw = ba.
Furthermore, if
z<a and z < b,
we clearly have

zNa; =0 for ¢+ m, + <mn, and xﬂz_;‘a; = z.
Hence, by 3.11,
zNa, =2 = an.
Consequently
an = a Nb, for every m < n.
This completes the proof.
THEOREM 3.14. Ifn < o,p £ «©,b; N by = 0 for all j and k with

J <k <op,and

2 ai < 2. b;,

in i<p
then all the elements a; N b; with 1 < n and j < p cxist, and we have
Ca)Nb; = .-g. (@;N'b) for every j < p.

i <n
Proor: By 3.13, the clements a; N b; exist, and we have
ai =2, (a:Nb) for i <mn,

i<p
whence
) Ta=2 [ @ny).
i<n i<piln

For any given j < p we have by 3.12 and the hypothesis
2 @Nb)Nby =0 for k <p, k=+j
i<n

as well as

> (@ Nb) nk; by = 2 (a; N'D).

i<n 1<n
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Hence, by applying 3.11 with appropriate substitutions,
)] ; @Nb) =[> @Nb) Nb; b; for j<p.

s<n
By 3.13, formulas (1) and (2) imply the conclusion.

THEOREM 3.15. If n = ©, a -I— Ei<" b,‘ = Z;<,. b.‘, and
b; Nb; = 0 for all i and j with i < j < n, then the elements a N b;
exist, and we have

a=2,@Nd), and (@NDb) +b; = b; for every i < m.

iI<n

Proor: The existence of a N b; and the first formula of the con-
clusion result directly from 3.13. To obtain the second formula,
we apply 3.14 with

n=2 p=mn, a6 =a, and a = 2 b;.
i<n

Further theorems on bounds of two elements can be obtained from

more general results concerning bounds of sequences, to which we
now turn.

TaeorEM 3.16. Letn be £ ». In order that

a = na.-
i<n

ot ©s necessary and sufficient that

i) a < a; forevery 1 <,
and that
(ii) ifa Sz 5 a; forevery ¢ < n,then z = a.

Proor: The necessity of conditions (i) and (ii) follows directly

from 3.1. Now assume (i) and (i1) to hold. If
z =S a; for 7 <n,

2 and p = n), and we obtain an clement ¢

we apply 2.28 (with n
for which

2 <¢ asc and ¢ =a; for 7 <n.

Hence, by (ii),
c=a and z =a.
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Consequently, by 3.1 and (i),
a = n a;.
i<n

This completes the proof.

THEOREM 3.17. Letn be £ ». In order that

a=Ug
i<n
it 18 necessary and sufficient that
@) a; < a for every i < m,
and that
(i1) ifa;Sx =< a forevery t <n, then z=a.

47

Proor: entirely analogous to that of 3.16, with 3.1 replaced by 3.2.

TueoreM 3.18. Ifn £ « and U, a; exists, then
U a; = Z Q;.
i<n i<n

Proor: by 3.2.

TaeorEM 3.19. Z.-<,., a; = Unce Ei<nai-
Proor: by 2.21.

Theorem 3.19 provides us with a new and simpler characterization
of infinite addition in terms of binary addition (cf. the remarks which

follow 1.17).

CoroLLARY 3.20. o« -a = U,c, (n-a).
Proor: by 3.19.

THEOREM 3.21. If @y £ Gnyr for every n < o, then Ui a; exists.

Proor: by 2.24.

CoroLrArY 3.22. If Ui, a;exists for everyn < oo, then Ui a;

also exists, and we have

Ua,—=U Ua.-.

(24 NP I<n

Proor: by 3.21.

A generalization of 3.5 is
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TaroreM 3.23. Ifn < o, and a, N a; = 0 for all ¢ and j with
t <j < m,then
U a; = Z a;.

i<n <n

Proor: In case n < « we proceed by induction based upon 3.5
and 3.12. To extend the result to the case n = o, we apply 3.19
and 3.22.

In connection with 3.21 and 3.22 it should be mentioned that
analogous theorems regarding decreasing sequences and lower bounds
in general fail; this will be seen from Theorem 15.12 below. We
have, however,

THEOREM 3.24. If @n = by + Gny1 and b, N 6,1 = 0 for every
n < o, then the element N; < a, exists; and, in fact, it is the only element
¢ such that

a, = ¢ + E bnys for every n < oo,

1 <o

Proor: The existence of an element ¢ with the indicated property
follows from 1.1.VII. Now let ¢ be any such element. We have

csa, for n=0,1,2,.--.
If
z = a, for n=0)1)27""

we obtain by the hypothesis and 3.12
S X bi+c=a and zNY b =0,

1< 1 <o

and hence by 3.11

T =c
Thus,
¢c= N a,
i<w
which completes the proof.
A sequence @y, 01, + -+, a;, -+ - for which there is another sequence

bo, b1, ,bi, - witha, = by + an41 and b, N a1 = 0 for every
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n < « may be called pISJOINTLY DECREASING. Thus, by 3.24, every
disjointly decreasing sequence has a greatest lower bound.
A series of important distributive laws 3.25-3.32 follows.
THEOREM 3.25. Ifn £ o and Nic, b; exists, then
a+ Nb=N @+b)

i<n i<n

Proor: We have
a+ N b=La+b for every ¢ < n.

i<n

If
for 7 < m,

x§a+b,~

we conclude from 2.29 that for some b

2 2 a + b and b = b; for ¢ < n,
and consequently
xz .-_<. a + n b.'.
i<n

Hence the conclusion.
TueorREM 3.26. If0 < n < « and Ui, b; cxists, then

a+ Ubl,= U (a+bi)°

t<n i<n
Proor: analogous to that of 3.25, with 2.29 replaced by 2.26.
< o, but neither m = n = 0 nor

THEOREM 3.27. If m £ »,n
w, and if N.c.a; exists, then

m N a;i= N (ma).
i<n i<n

Proor: analogous to that of 3.25, 2.29 being replaced by 2.38

m =n

(with d = 0).
Regarding the case of m = n = «, cf. the remark which follows

2.38.
TuEoREM 3.28. Ifn < o, m £ o, and Uic, a; exists, then

m-Uai= U (m-a).

i<n <n
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Proor: analogous to 3.25, with 2.29 replaced by 2.39 (the case
n = 0 being obvious).

Each of the last two distributive laws, 3.30 and 3.32, is preceded
by a lemma, 3.29 and 3.31.

LemMMA 3.29. Ifn < o, ¢ < aUb; for every i < n,a < d, and

n bs' é d)
i<n
then ¢ < d.
Proor: By hypothesis we can put
e + n b; = d;
i<n
hence, by 3.25,
(1) N (e +b) =d
i<n

Consequently, in view of the hypothesis,
a < e + b
and
@ c<aUb;=2(+b)Ub =e+0b, forevery ¢ <n.
The conclusion follows at once from (1) and (2).

TueoreM 3.30. If n £ «, and if all the elements a U b; with
i < n exist, as well as Nic, bi, and eithera U N, b,0r Nic, (a Ub,),
then
aU n b.‘ = n (an,').
i<n i<n
Proor: Assume, e.g., that
a U n b.'

i<n
exists. We have by 3.1 and 3.2

aUNb, <aUb; forevery ¢ <n;
<n

and from 3.29 we conclude:

if x<aUb; forevery ¢ <n, then z = aVUNy,.
t<n
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Hence, by 3.1, the conclusion. Analogously under the alternative

assumption.

LemMA 331, Ifn £ ©,a Nb; < cfor eweryi <n,d = a,and

d é U bir
i<n
then d = c.
Proor: There are clements xo, @1, <+, T, **+, Yo, Y1, °

Y., -+ such that, for every i < n,
(1) x¢+(aﬂb;=a
and
(2) yz+(anbt)=bi-
From (1), (2), and the hypothesis we obtain in an clementary way
first
3) d <z, +c¢ for ¢ <m
then

b £ Zy;-{-c for 7 < mn;

1<n

and hence
@) dx2y+e

<n

By applying 2.29 to (3) and (4), we get an element e such that

5) d<e+c esSaz for i<n and €=, u.
s <n

An application of 2.2 to the last incquality gives
(6) e=2,¢ with ¢ Sy for i <n

<N

(1), (2, (5), and (6) imply
e+ @Nb) 2 e+ (@Nb) = b
consequently,
e + (@ Nb) =aNb,
and hence, by 1.28 and the hypothesis,
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@ ei +c¢c =c¢ for 7 < m.
From (6) and (7) we obtain by 1.47
et c=c;

and this formula together with (5) gives the conclusion.

With some later applications in view (see the proof of Theorem
11.28 below), we give here another, more clementary, proof of 3.31,
which applies, however, only to the case whenn < «. We consider,
as before, the clements y; which satisfy (2), and we obtain (4).
Furthermore, we put, in view of the hypothesis,

(8) zi+ (@Nb) =c for 7 <n.
(2) and (8) imply
9) Yo+ ¢ =2+ b; for 7+ < n.

Our theorem is obvious in case n = 0. If n == 0, we obtain from
(4) and (9)

d< ) Yi + 2n + by ;

i<n—1
hence, by 3.3 and the hypothesis,
d=2 2 ¥+ zaa+ (@Nbay);

1<n—1

and finally by (8)
(10) ds X yi+e

i<n—1

Thus, we have derived (10) from (4). By continuing this procedure
we obtain

déz:y.'—i—c for every m < m;

r<m

and, by putting here m = 0, we arrive at the conclusion.

TueorEM 3.32. If n £ o, and if all the elements a N b, with
t < n emist, as well as U,., b,, and either a N Uica bior
U.<n(a n bi), then

aﬂUb.-= U(anb,)

1<n i<n

Proor: by 3.1, 3.2, and 3.31.



GREATEST LOWER BOUND AND LEAST UPPER BOUND 53

We omit here various elementary consequences and extensions
of distributive laws, which are familiar from the discussion of other
algebraic systems.

THEOREM3.33. Ifn £ ,b;Nb; =0 foralliandjwithi < j <n,
and either the element & N Y i<, b; or all the elements a N b; withs < n
exist, then all the elements involved exist, and

aﬂZb; = Z (anb;).
i<n i<n

Proor: If a N i, b; exists, then all the elements a N b; exist
by 3.13. If all elements @ N b; with 7 < n exist, we apply 3.23 to
the sequences by, by, -+ ,b;, ---and aNby,a Nby, ---,aNb;,
.-+ ; and by means of 3.32 we obtain the conclusion.

In 3.11, 3.14, and 3.33 we have come across various particular
cases of the distributive law

aND b, =2, (aNb).

1 <n i<n

In its general form, however—i.e., without restrictions regarding the
elements involved—this law fails; as is easily seen, if it were true
(even in case n = 2), it would imply that @ = 2-a for every a. A
similar remark applies to the analogous law obtained by changing
‘N’ to ‘U,

With the help of 3.32 we can partially generalize 3.4 and 3.21:

THEOREM 3.34. Ifn < w, and if Nic, i, exists for every p-termed
sequence ko y ki, -y ko, - with0 < p < w0 andk, <n fore < p,
then Uicn a; exists.

Proor: In case n < o we proceed by induction. The theorem
being obvious for n = 0, 1, we assume it to hold for a given n = £k,
1 £ k < »;and we assume its hypothesis to be satisfied by some

elements ao, a1, -+, a;, -+ with ¢ < £ + 1. We conclude that
Uaiyn and U (a0 Nai)
i<k 1<k

exist. Hence, by 3.32,
a i U Qi1
1<k

exists; and, by applying 3.4, we obtain the conclusion forn = k 4 1.
By 3.22, the result can be extended at once to the case n = .
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We conclude this section with two rather special theorems regard-
ing the existence of bounds. The notions of a WELL ORDERED set
and of an AT MOST DENUMERABLE set, which occur in these two
theorems, are assumed to be known.

Turorem 3.35. Let ay, a1, -+, a;, -- be any elements with
t <n = o,and let B be the set of all elements x such that 2 < a; for
every 1 < n. If every subset of B which is well ordered by the relation
< s at most denumerable, then N, a; exists.

Proor: By means of the well-ordering principle and in view of
the hypothesis we can construct an infinite sequence of elements
bo,b1, ---,b;, -+ in B such that

bj £ bju for j < o,
and such that there is no z in B with
bj Sz and bjFz for j=0,1,2 ---.
By 2.28 (or 3.21) we obtain an element b with
bjsbsa; for :<n and j< w;

and we easily see that b satisfies conditions (i) and (i) of 3.16. Hence

n a; = b
s<n
THEOREM 3.36. Let ap, a1, -+, a;, --- be any elements with

1t <n = »,and let B be the set of all elements x such that a; < x for
every v < n. If every subset of B which is well ordered by the relation
2 s at most denumerable, then U, ., a; exists.

Proor: analogous to that of 3.35, with 3.16 replaced by 3.17.



§4. SPECIAL KINDS OF ELEMENTS

We want to discuss now certain important kinds of elements in
a C.A.

DerFiNITION 4.1. An element a ¢ A 1is called 1DEM-MULTIPLE if
a+a=a.

CoroLLARY 4.2. 0 7s idem-multiple.
Proor: by 4.1.

THEOREM 43. Ifl <n £ w0 and0 < p < g £ «, then the fol-

lowing conditions are equivalent:

® a 18 idem-muliiple;
(i1) n-a = a;
(iid) pa = q-a.

Proor: Conditions (i) and (ii) are equivalent by 1.46 and 4.1.
Hence (i) implies (iii) ; and from (iii) we derive (ii) by means of 1.46
and 2.12.

THeOREM 4.4. If a is idem-multiple, then, for every b, the formulas
a £ banda + b = b are equivalent, and so are the formulas b < a
andb + a = a.

Proor: by 1.28, 1.30, and 4.1.

THEOREM 4.5. For every element a, «-a is idem-multiple; if b
18 idem-multiple and @ = b, then ©-a < b.
Proor: by 1.29, 1.43, 4.1, and 4.4.

THEOREM 4.6. If at least one of the elements a and b is idem-mul-
tiple, thena + b = a U b,
Proor: by 3.6 (or 3.2) and 4.4.

TueoreM 4.7. Ifn £ o, and all the elements a; with ¢ < n are

idem-multiple, then D, a; and U a; are idem-multiple, and

t<n i<n
Z a; = U ag.
<n i<n
55
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PROOF: 2 a; is clearly idem-multiple by 4.1 (and 1.45). If
i<n

a; = z for every 7 < mn,
we obtain by 4.4 (and 1.47)
PRI
i<n
Hence, and by 3.2, the formula of the conclusion follows at once.
TreorEM 4.8. Ifn < w,a;Na; = 0for i <j <n,and X icaa:
18 tdem-multiple, then all the elements a; with © < n are idem-multiple.
Proor: We apply 3.15 with
a=2,a and b; =a;
i<n
by 4.1 we obtain directly the conclusion.
TaEOREM 4.9. If0 <n £ «, n;<,. a; exists, and all the elements

a; with ¢ < n are idem-multiple, then N, <, a, is idem-multiple.
Proor: by 4.1, and either 3.1 or 3.27 (with m = 2).

DEFINITION 4.10. An element a € A is called FINITE if, for every
zed, x4+ a = aimpliesx = 0; otherwise, it vs called INFINITE.

CoroLLARY 4.11. Every idem-multiple element a + 0 is infinite.
Proor: by 4.1 and 4.10.

CoroLLARY 4.12. If a = 0, then « -a is infindte.
Proor: by 4.5 and 4.11.

CoroLLARY 4.13. 0 s finste.
Proor: by 4.10.

CoOROLLARY 4.14. If a is finite and b < a, then b is finite.
Proor: by 1.28 and 4.10.

CoORrOLLARY 4.15. If0 < n = oo, Nic,a; exists, and at least one
of the elements a; with i < n is finite, then N, a; is finite.
Proor: by 4.14.

THEOREM 4.16. If n < o, and all the elements a; with i < n are
finite, then D ic.a; is finite.

Proor: If
r+ 2= 2 a,

i<n i<n
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we apply 2.19 and, by means of 4.10, we obtain
z = 0.

(The same conclusion can be obtained by induction from Theorem
4.19 below, whose proof does not involve 4.16.) Hence, by 4.10,
Z,‘<,. a; is finite.

COROLLARY 4.17. [fn < o, U,c.a, cxists, and all the clements
a, with © < n are finite, then U, <, a, is finile.
Proor: by 3.18, 1.14, and 4.16.

TaEOREM 4.18. Ifn £ »,a,Na, =0 foralliand jwithi < j <n,
and all the elements o, with i < n are finite, then Y .<na; 18 findte.
Proor: analogous to 4.16, with 2.19 replaced by 3.15.

TueoreM 4.19.° The following three conditions arve cquivalent:

@A) ¢ is finite;

(i) @ + ¢ = b + c implies a = b for any a and b:

@iii) @ + ¢ = b + cimpliesa £ b for any a and b.

Proor: From (i) we derive (iii) by means of 2.9 and 4.10; (iii)
clearly implies (ii); and, by putting b = 0 in (ii) and applying 4.10,
we obtain (i).

Thus, the cancellation laws for sums prove to hold for arbitrary
finite elements of a C.A.

CoroLLARY 4.20. Ifa + ¢ =b + d, ¢ £ d, and ¢ is finite, then
b £ a.
Proor: by 4.19.

THEOREM 4.21. Let0 < n £ o, and letc be finite. Ifa; + b, =c¢
for every ¢ < n, and cither N, a, or U, b, exists, then both these
elements exist, and
Na + Ub =c
i<n 1 n
ProoF: Assume, c.g., that U,c, b, cxists. We then have, by 3.2
and the hypothesis,
U b,‘ =ec
i<n
Let
d + U b; = C.

<n
13 This theorem (originating with the author) is stated, in its application to
cardinal numbers, in Lindenbaum-Tarski [1], p. 302.
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We easily show, by means of 3.1, 4.14, and 4.20, that
d = n a;.
i<n
Hence the conclusion. To obtain the same result under the assump-
tion that N, a; exists, we have to apply, in addition, 3.17.

CoroLLARY 4.22. [f a and b are finite and a U b exists, then a N b
also exists and (a N b) + (@Ub) = a + b.

Proor: by 4.16 and 4.21 (withn = 2, a4y = by = a, and b, =
ay = b)

CorOLLARY 4.23. If a and b are finite, and a U b = a + b, then
alNb=0.
Proor: by 4.10, 4.16, and 4.22.

of the elements a, with n < « s finile, then N,., a, exists.

Proor: We can obviously assume without loss of generality
that a, is finite. We have, by hypothesis, for some elements by,
by, -+, ba, =+,

THEOREM 4.24. If @ny1 = an for every n < oo, and at least one

On+ bn = Guy1 + buyy = ay forevery n < .
Hence, by 4.13 and 4.20
bn £ bapy for n =0,1,2, ---.
Consequently, U<« b, exists by 3.21, and N;c., a; exists by 4.21.

Cororuary 4.25. If Nic. a; exists for every n with 0 < n < o,
and at least one of the elements a; with i < oo is finite, then Nicw a;
exists and

n a; = n n a;.

100 ngw i< n+l

Proor: by 4.15 and 4.24.

By means of 3.30 and 4.25, we could now generalize 4.22 in the
same way in which 3.4 was generalized in 3.34.

DeriNiTION 4.26. An element a ¢ A 1is called MULTIPLE-FREE
if, for every x € A, 2-x S a implies x = 0.

The meaning of this definition would perhaps be clearer if we
used a multiplicative terminology; it would then be seen that mul-
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tiple-free elements correspond to what are called in number theory
¢ y s . . . ee s
square-free’ integers, i.e., integers which are not divisible by any
square different from 1.

CoroLLARY 4.27. No multiple-free element a =+ 0 is idem-multiple;
every multiple-free element is finite.
Proor: by 4.1, 4.10, and 4.26.

CoroLLARY 4.28. 0 7s mulizple-free.
Proor: by 4.26.

CoroLLARY 4.29. If a is multiple-frec and b = a, then b ¢s multiple-
free.
Proor: by 4.26.

CoroLLARY 4.30. If 0 < n < w, N.., a; exists, and at least one
of the elements a, with i < n is multiple-free, then Nicn a; s multiple-
free.

Proor: by 4.29.

CoroLLARY 4.31. Ifn = o, a is multiple-free, and ¢ = n-b,
thena = Oorelsen = 1anda = b.
Proor: by 4.26.

TaEOREM 4.32. Letnbe £ . In order that Z,-<,. a, be multiple-
free, it is necessary and sufficient that

(i) a;Na; =0 foralliandjwith i <j<n,
and
(ii) all the elements a, with 1 < n be multiple free.

Proor: Assume ) ic. @, to be multiple-free. If
1 <j<mn x = a, and 2z £ aj,
we easily conclude from 4.26 that
z = 0.

Hence (i) holds; (ii) follows from 4.29. Assume now that (i) and
(ii) hold, and consider an element 2 with

(1) 2.z é Z a;.

i<n
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By applying successively 2.2 and 2.1, we obtain:

(2 =2 yi=2 2 where y;+2 S a; for i <n.
i<n i<n

By 3.13, (i), and (1), the formulas just given imply

yi = x N a; = 2z for i < n;
hence, by 4.26 and (ii), and with the help of (2),
¥y =0,
so that finally
6)) z = 0.

Thus, (1) implies (3). Hence, by 4.26, Y .. a; is multiple-free,
and the proof is complete.

TueEorEM 433. Ifn £ «,a < n-b, and a s multiple-free, then
a =b
Proor: By 2.2 we obtain

a=Za.-, and a; = b for 7 < .
i<n

Hence, by 3.23 and 4.32 we conclude that

a= U a where a; b for ¢ <
i<n

and this immediately implies the conclusion.
ToEorREM 4.34. If n = w0, U,., a; exists and s finite, and all

elements a; with i < n are multiple-free, then U, .., a, is multiple-free.
Proor: Consider an z for which

(1) 2'.’5 § U s,

i<n
Hence, for some z,

() 2z+y=U a;

i<n
therefore
a; £ 22+ y=<2(@x+y for i < n.
and consequently, by 4.33,
a; Sz +y for 1 < m.
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This gives

3) Ua=sz+y.
1 <n

From (2) and (3) we casily obtain

z+ U ai=U a;

i<n i<n
and hence, by 4.10 and the hypothesis,
4) z = 0.
Thus, (1) implies (4); the conclusion follows by 4.26.

CoroLrARY 4.35. If n < o, Uicna, cxists, and all elements a;
with © < n are multiple-free, then U, <. a, is multiple-free.

Proor: by 4.17, 4.27, and 4.34. To justify some later remarks
(see the proof of Theorem 11.28), we notice that an application of
4.17 can be avoided here since we can show directly that U;c, a:
is finite. In fact, in view of 3.18 and 4.14, it suffices to show that
E.<,. a, is finite; and this in turn reduces to proving that, for any
a, b, and c,

(1) a+c=0b++c
implies
2) a =25

under the assumption that ¢ is multiple-free. (Cf. here a remark
in the proof of 4.16.) Now, from (1) we obtain by 2.3

@) a=d+d, b=di+d;, and c=di+di=dr+ ds

for some elements d;, d», d;, and d;. The last of these formulas
implies, by 4.32 and 3.5,

dznd4=d3nd4=0 and ngd4=d3Ud4=C;
hence, by 3.8,
“4) dy = ds;

and from (3) and (4) we obtain (2). The argument may seem some-
what complicated; actually, however, it is quite elementary, whereas
the proof of 4.17 involves some deeper results of §2.
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The problem remains open whether the assumption of finiteness
in 4.34 is essential; i.e., whether or not 4.35 can be extended to the
case when n = «. By means of 4.32 we can show, however, that
the least upper bound of an increasing sequence of multiple-free
elements is always multiple-free.

TaEOREM 4.36. Ifn £ o, a; < b for every 1 < n, and b 18 mul-
tiple-free, then U:., a; exists and is multiple-free.

Proor: If n < oo, we prove the existence of Ui, a; by induction.
The case n = 0 is obvious. If now the conclusion holds for a given

n, we put
a, + ¢ =b.

We have, by the inductive premise and 4.32,
a.Ne¢=0 and U a; S a, + c.

i<n
Hence, by 3.13,
(U a)Na,

i<n
exists; and, by applying 3.4, we conclude that U;<.41a; also exists.
By 3.22 the result can be extended by induction to the case n = .
The last part of the conclusion follows from 4.29.

TaEOREM 4.37. If0 < n £ « and if, for every ¢ and j with ¢ =
7 < n, there is a multiple-free element b with a; = b and a; < b, then
Nicna; exists and is multiple-free.

Proor: In case n = 1 the theorem obviously holds by 4.29. In
case n = 2 the thcorem follows from 3.13, 4.29, and 4.32 (or else
from 4.22, 4.27, 4.29, and 4.36). The result can be extended by
induction to every finite n, and by 4.25, 4.27, and 4.29 to the casc of

n = o,

DEFINITION 4.38. An element a ¢ A s called INDECOMPOSABLE
if a & 0 and if, for any x and y in A, x + y = a implies that x = 0
ory = 0.

The importance of the notion of an indecomposable element (and
also of the notions of a finite and of a multiple-free element) is re-
stricted by the fact that in many C.A.’s no such elements occur at all.
There are also C.A.’s which contain only indecomposable elements
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in a weaker sense, i.e., elements @ & 0 for which z 4+ y = a implies
that £ = 0 or x = a; or in a still weaker sense—elements a & 0 for
which £ 4+ y = @ implies that £ = a or y = a. We are not going to
discuss here these weaker notions of indecomposable elements.

CoroLLARY 4.39. No indecomposable element is idem-mulliple;
every indecomposable element is finite and multiple-free.
Proor: by 4.1, 4.10, 4.26, and 4.38.

CoroLLARY 4.40. If a is indecomposable and b < a, then b = 0
orb = a.
Proor: by 4.38.

CoroLLARY 4.41. If a is indecomposable, then, for every b, a < b
oraNb = 0.
Proor: by 4.40.

COROLLARY 4.42. Ifn £ =, a is indecomposable, and
a = Z b,‘,
i<n
then there is one and only one number 7 < n such that b, = a, while
b; = 0 for cvery jwithj < nandj ¥ i.
Proor: by 4.38.

THeEOREM 4.43. Ifn £ «,a1sindecomposable, and

G§Zb;,

i<n
then a = b; for some 1 < n.

Proor: by 2.2 and 4.42.

THEOREM 4.44. If p £ o, the elements by, by, -+, b;, -+ - are
indecomposable, and
a = Z b,

i<p

then there is a number n < p and a sequence of integers mo , my , - -+ ,
mq, « -+ such that

a=2 bn, m<p for i<mn, and m; <m; for i<j<p.
i<n

Proor: By 2.2 we have

@ =2, a; where a; <b; for 7 <p.
i<p
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Hence, with the help of 4.40, the conclusion.

THEOREM 4.45. Ifn £ o, p S o, the elements ay, ay, - ,
a;, -+~ and by, by, ++- , b;j, -+ are indecomposable, and

Za.~=2bf,

i<n i<»
then n = p, and the sequences Gy, @1, *++ , @i, +--and by, by, -+,

b;, - - differ at most in their order.
Proor: By 2.1 there is a double sequence of elements c;,; with

a; = ch‘,j and b,'= ZC,‘_,‘ for 7 <n and J<p.
i<e i<n

By 4.42 we infer that for every ¢ < n, or j < p, there is one and
only one number j < p, or ¢ < n, with

a; = Ci,j = bj .
Hence easily the conclusion.

THEOREM 4.46. Ifn £ o, p £ «, the elements ag, a1, -+ , a;,

- are different from 0, the elements by, by, ---, b;, - are inde-
composable, and
Z a; = E bi)
i<n i<p

thenn = p.

Proor: By 4.44, the element ) . a: can be represented as a sum
of m indecomposable elements with m < p. By applying 4.44
again, we obtain a decomposition of each of the clements a; into
m; indecomposable elements; since a; = 0, we have also m; =+ 0.
Thus, in view of 1.42, > <. a; has been decomposed into ! indecom-
posable elements where

l=2> m (andl = w incasen = »).
s <n
Hence, with the help of 4.45,
nsl=m%p,
and this gives the conclusion at once.

TuEOREM 447. Ifn, b, L, -+ , l;, -+ are integers £ o, by,
by, , b, areindecomposable elements, b; + b, fori < j <n,and

a = X2 (b,

i<n
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then there is a uniquely determined sequence of integers ko, ky, + -+,
ki, -+ withi < n such that
a4 = ,-;. (ki by);

and we have k; £ 1, for every v < n.
Proor: The existence of such a sequence results from 2.2 and
4.44; its unicity is a consequence of 1.42 and 4.45.

can be represented in the form

at=zbi

i<p

THrorEM 4.48. [fn = «, and cach of the elements a, with1 < n

where p £ o and the elements by, by, - -+, b, , - - - are tndecomposable,
then the element Y i <n a, can also be represented in this form. More-
over, the elements Nic, a; (in case n == 0) and U; .. a; exist and have
also a stmilar representation.

Proor: The first part of the theorem is obvious (in view of 1.42).
To derive the second part, we recall that the representations of
elements a; arc unique by 4.45; and we arrange all elements occur-
ring in these representations in a single sequence ¢, ¢, --- , ¢j,
-»- with j < ¢ = o, and without repeating terms. As is easily
seen (from 1.42) we have then, for every ¢ < n,

= E (mi;-¢;)
i<a
where m,,; are numbers < o« (some of them may equal 0). Given a
number j < g, let k£, be the smallest among the numbers m,,; with
i < n;and let [; be the least upper bound of the numbers m, ;, i.c.,
the largest such number, or « in case no largest number m, ; exists.
We now show without difficulty that

> (ki) = N a; and X (-c) = U a;.

i<q <n 1<¢q

In fact, the first formula follows from 3.1 and 4.47, and the second
from 3.17 and 4.47 (or else from 2.22, 3.2, 3.12, 3.23, 4.40, and 4.41).
Hence the conclusion.

Tueorem 4.49. Every element a satzsjles one and only one of the
following two conditions:
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(i) there is an infinite sequence of elements by, by, --- , bi, +--
different from O such that
a = E bi;

(ii) there is a finite n-termed sequence of indecomposable elements
CoyCrLy**yCiy++ Such that

a=Zc,~.

i<n

Proor: Assume a not to satisfy (ii). Then ¢ must be =& 0, and
cannot be indecomposable; and hence we have by 4.38

a=z+4+y 2+0 y=+0
It is easily seen that at least one of the elements z and y, say y, does
not satisfy (i); we put

G = a, by = 2z, @& = y.

By repeating this procedure infinitely many times, we arrive at
two infinite sequences a, and b, with

@, = by + @41, @+ 0, and b, =0 for n =0,1,2, ---;
and, by applying 1.1.VII, we obtain
Qg = C + 2 b{.

i<
Hence we see that (i) holds. Thus, every element a satisfies one
of the conditions (i) and (ii); and 4.46 implies that it cannot satisfy
both these conditions.

With this we conclude the discussion of arithmetical properties
of cardinal algebras.



PART II
METHODS OF CONSTRUCTION






§5. ELEMENTARY PROPERTIES OF GENERALIZED
CARDINAL ALGEBRAS

The results established in Part I will now be extended to a wider
class of algebraic systems which will be referred to as GENERALIZED
CARDINAL ALGEBRAS. This will widen considerably the range of
applications of the results obtained. Moreover, the new algebras
have also a significance for the study of C.A.’s in themselves; for
certain interesting methods of construction are known which lead
from C.A.’s, not to new C.A.’s in the strict sense, but to generalized
C.A.’s, while other methods enable us to obtain important examples
of C.A.’s in the strict sense from algebras of the wider class.

A generalized cardinal algebra is again a system constituted by
a set A of arbitrary elements and by two operations of addition,
+ and Y. However, the defining postulates differ essentially from
those given in 1.1 by the lack of the general closure postulates, 1.1.1
and 1.1.TI. Thus, a sum of two elements of one of the new algebras
need not belong to this algebra, and may not even exist at all; which
of the two cases actually occurs is quile irrelevant for our discussion.
At any rate, generalized cardinal algebras may be very ‘imperfect’
systems from an orthodox algebraic point of view.

DerFinITION 5.1, An algebraic system A = (A, +, D) which satis-
fies the following postulates 1-V is called @ GENERALIZED CARDINAL
ALGEBRA, for abbreviation, a G.C.4. (and under the same condilions
the set A is said to be a G.C.A. UNDER + AND D_):

I Ifaie A for every i < o and D ice @i € A, then

Z (1,'“8/1 and Z a; = Qo + Z iy .
) <0 1 <0

IL If @i, bi, 6 + bi € A for every i < o and X icw (@i + bs) € A,

then

Soai, L bied and X (@ +b) =2 ai+ 2 bi.
i< 1< 1 <0 [ ] 1 <o
III. Postulate 1.1.V.
IV. Postulate 1.1.VI, with the hypothesis supplemented by the con-
dition that a + bisin A.
69
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V. Postulate 1.1.VII, with the conclusion supplemented by the condi-
tion that all sums Z.—«, by form < o arein A.

We can extend to G.C.A.’s all the notions which have been defined
in the arithmetic of C.A.’s:

DeriniTion 5.2,  Definitions 1.2-1.5, 3.1, 3.2, 4.1, 4.10, 4.26,
and 4.38 apply without change to an arbitrary G.C.A. and, more gen-
erally, to an arbitrary algebra A = (4, +, X.).

Of course, the sum i, a; of a finite sequence and the multiple
n-a, as defined in 1.3 and 1.4, are understood to exist only if the
defining infinite sums exist. Definitions 8.1 and 3.2 will be applied
in practice only to those algebras which are partially ordered by
the relation <.

Trivial examples of G.C.A.’s can be obtained in the following way.
We consider an arbitrary non-empty set 4 and single out an element
Oinit. Furthermore, we define the operations + and ), by putting:

a+0=0+a=aqa foreveryacAd, D.ico@; =a, in case
n < o, a,¢A, and a; =0 forevery: with 7 < =
and ¢ == n;

and by assuming that in no other case does the suma + b or DX _ico @
exist. The algebra A = (4, +, D_) is clearly a G.C.A. in which
every element diffcrent from 0 is indecomposable. We shall later
come across much more interesting examples of G.C.A.’s.

We can now extend to G.C.A.'s, step by step, all the theorems
established in Part I, by providing these theorems with additional
assumptions which secure the existence of all or some of the sums
involved. However, in view of the lack of the general closure
postulates, the proofs require as a rule somewhat more care; and in
more difficult cases (as, for instance, in the proof of 2.31) this defect
may cause considerable complications. It is therefore fortunate
that a result stated below in 7.8 will provide us with an automatic
method of extending to G.C.A.’s arithmetical theorems which apply
to arbitrary C.As. This result, however, cannot be obtained
without several preliminary steps. In the first place, a number of
elementary theorems of Part I must be extended to G.C.A.’s directly.
This is what we are going to do now.

In formulating the theorems just mentioned we shall, as before,
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omit the assumptions by which the elements involved belong to
the set A inagiven G.C.A. % = (4, +, >_); however, the necessary
assumptions regarding the existence of sums will always be stated
explicitly.

THEOREM 5.3. If D icw@iss € A and @y + D icw Git1 € A, then
Z a; = ap + ‘E Aiyr.
<o

<o
Proor: By an easy induction we conclude from 5.1.I that

2 Gnpinie A and 2 Gupint = Qg + O Gayise
i< i< i<w

for every n < «. Hence, by putting
bo = Qo + Z Qi1 and b,,+1 = 2 Apti+1 for n = O, 1, 2, cecy,
$ <00

i<

we see that the hypothesis of 5.1.V, with a; and b; interchanged, is
satisfied. Consequently,

D aied;
i<
and, by applying 5.1.1, we at once obtain the conclusion.

Turorem 5.4. 0 ¢ A; and we havea + 0 = 0 + a = a for every
aed,andn-0 = 0 foreveryn £ .

Proor: practically the same as that of 1.6 and 1.7; 5.3 and 5.1.11,
ITI, V are used instead of 1.1.ITI, IV, V, and VII.

CoroLLARY 5.5. a S aand0 < o foreverya € A.

Proor: by 5.2 (1.5) and 5.4.

THEOREM 5.6. D ico@:i = 0 and D ic18; = o ;if D icaa; eAor
a + aleA,thenEiaai =a+a.

Proor: The first two formulas follow directly from 5.2 (1.3, 1.4),
5.3,and 5.4. To derive the last formula, we put

a; =0 for 1=23,---.
Then, by the second formula and 5.2 (1.4), we have

E Aiyy = Q1.

i<

Now, by using either 5.1.1 or 5.3, we arrive at the conclusion.
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THEOREM 5.7. Theorem 1.10 holds in G.C.A.’s.
Proor: unchanged.

TueoreM 5.8. Ifa+ beA,thena + b = b+ a.
Proor: by 5.1.11 (with a; = b, by = @, and @y = @32 = byp = 0
fori =0,1,2, ---), 5.2 (1.3), 5.4, and 5.6.

THEOREM 5.9. If either a + b and (@ + b) + c are in A or else
b+ canda + (b + c) are in A, then all these sums are in A, and we
have

@+b+c=a+ b+ 0.

Proor: analogous to that of 5.8 (or 1.14). For instance, under
the first alternative we put in 5.1.1I: @y = a, bp = b, by = ¢, and
Giy1 = biys = Ofori = 0,1,2, --- ; and we apply 5.2, 5.4, and 5.6.
The second alternative can be reduced to the first by means of 5.8.

CoroLLARY 5.10. Ifa < bandb < c,thena = c.
Proor: by 5.2 (1.5) and 5.9.

TurorEM 5.11. Ifn < « and D<ot €A, then a, + any1 € A.
Proor: By a repeated application of 5.1.1 we easily conclude that

> Gni = tn + (@np1 + 2 Gnprys) forevery n < oo,
1< 1<

all the sums involved being in A. The conclusion follows from
the second alternative of 5.9.

TueOREM 5.12. If n < o, and ecither D .cnp1 @, is in A, or
Z;<,. Gis10nd Gy + D icn Gurarein A, then all three sums arein A, and
> oai=a + 2 G-

i<n

i<n+l
Proor: by 5.2 (1.3), and 5.1.1 or 5.3.

CoroLLARY 5.13. If w:aeA,then ©-a =a + ©-a = ©-a-a.
Proor: by 5.2 (1.4), 5.8, and 5.12.

TueorREM 5.14. Ifn < o, and either E,-<,.+1 a;isim A, or E;<,. a;
and D icn @; + @, are in A, then all threc sums are in A, and

> 4= a+an..

i<n+l i<n

Proor: by induction based upon 5.4 (1.6), 5.6, 5.9, and 5.12.
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THEOREM 5.15. If n < ®,and either D ;ce a: 1810 A, 07D icn 0,
Z;@ Gnti, GNG Z.-<,. a; + Z;w Qnti are tn A, then all these sums
are in A, and we have

Zai=zai+2an+i~

i<®w i<n 1 <o
Proor: by induction with respect ton (5.4, 5.6, 5.9, 5.12, and 5.14).
THEOREM 5.16. If n < 0, and a; = 0 for cvery ¢ withi <  and
1 == n, then

z:(h = Q,.

1<
Proor: By 5.2 (1.3, 1.4), 5.4, and 5.6 we have

Z(h’:‘-o and Za,.+,-=a,..

i<n 1 <00
Hence, by 5.4 and 5.15, the conclusion.

TreorREM 5.17. Ifa =c+ bandb =d + a, thena = b.
Proor: By 5.8 and 5.9 we obtain

a=(d++c) + a.
Hence, by 5.1.V and 5.2 (1.4), there is an element e with
a=c¢+ o-(d -+ c).

By applying 5.1.IT (with a, = d and b; = ¢), 5.8, and 5.9, we con-
clude that

(1) a = o-d+ (o-c+e).
Hence, by 5.13 and 5.9,
2 a=@+ od) +(w-ct+e)=d+[w-d4 (o-c+ el
(1) and (2) give
a =d + a;

and this, together with the hypothesis of the theorem, at once implies
the conclusion.

COROLLARY 5.18. Ifa S band b < a, then a = ).
Proor: by 5.2 (1.5), 5.8, and 5.17.
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Thus, by 5.5, 5.10, and 5.18, the relation < establishes a partial
order in every G.C.A.

CorOLLARY 5.19. Ifa + b = 0,thena = b = 0.
Proor: by 5.4 and 5.17.

CorOLLARY 5.20. If n < o« and X icwa. = 0, then a, = 0.
Proor: by 5.14 and 5.15 we obtain:

(X i +a) + 2 Gugi = 0.

i<n i<®
Hence, by 5.19, the conclusion.

TureoreMm 5.21. Theorem 1.36 holds in G.C.A.s.
Proor: by 5.1.1, 5.1.V, 5.2 (1.5), 5.8, and 5.17.

THEOREM 5.22. If D icw @i 48 in A for every ¢ < o« and
Dico D ico Gi,j 18 0 A, then also Y icw 6i,j 18 10 A for every § < o,

and we have
Z Z ai,; = Z Z @i5 .

i<w j<w i<w i<w
Proor: By 5.15 we have for any given n < o
)] 2 G = 2 Gyt 2 Giny,
i<w i<n i<w
and by 5.1.I we obtain
@) D Gt = Gim + :‘Z;o i,ntitl -

i<e
Since D icw O i<w Gi,; is in A, we infer from (1) and (2) by applying
5.1.11 twice, that
3) E E Ginti = Z Gin + Z 2 Gintit,
1<® j<o <™ <o <o
all the sums involved being in A. By putting
Ay = E E Qs n4g and b" = E Qi,n for n = 0, 1,2,"',
1< j<o 1<w

we conclude from (3) by 5.1.V that

2 2 aed

<o i<
and that, for some c,

4) 2 D ai=c+ X 2 6.

<0 j<oo i<w i<
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The existence of all sums involved being now secured, we obtain in
an entirely analogous way
(6)) 2 Das=d+ 2 2 a.
i<w i<w i<® j<o
The conelusion follows from (4) and (5) by 5.17.

THEOREM 5.23. Theorem 2.1 holds in G.C.A.’s (under the assump-
tion that D i< @i s in A).
Proor: virtually unchanged.

These are all the arithmetical theorems which we need for the
time being.

A G.C.A. which satisfies both closure postulates 1.1.I, II is ob-
viously a C.A. Notice in this connection the following:

THrEOREM 5.24. For an algebra A = (A, +, X.) to be a C.A.
it 48 necessary and sufficient that N be a G.C.A. and that t satisfy
Postulate 1.1.11.

Proor: If % is a G.C.A. which satisfies 1.1.11, it follows from 5.2
(1.3), 5.4, and 5.6 (last part), that it also satisfies 1.1.I, and hence
is a C.A. The converse is obvious.

TaroreM 5.25. For-an algebra % = (A, +, >.) to be a C.A.
it 1s necessary and sufficient that A be a G.C.A. and that, for any cle-
mentsdy ,Qy, +++ ,0;, - £ A witht < o, there exists an idem-multiple
element b £ A such thata, < bfori =10,1,2, ---.

Proor: The necessity of the conditions is almost obvious; in view

of 4.5, we can put
b= oo- Z a;.

t <00

Now assume these conditions to be satisfied. ILet a;,a:, ---,a:,
--- be any elements in A. Then there is an idem-multiple element
b £ A such that

a; éb’
and hence, for some elements ¢y, ¢1, - -~ ,¢i, -+ € 4, we have
a; + ¢ =b for 2 =0,1,2, - .

Since, by 5.2 (4.1),
b=0>b+b,
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we conclude from 5.1.V (with a; = b; = b) that
D b= w-bed.
[ R ]

Hence

Z (@i +¢) = o-bed,

1 <0
and therefore, by 5.1.11, Y .cw @, is in A. Thus, the G.C.A. % satis-
fies 1.1.1; and consequently, by 5.24, it is a C.A. This completes
the proof.

We shall sometimes be concerned with G.C.A.’s which satisfy
1.1.1. without necessarily satisfying 1.1.11.

DEFINITION 5.26. An algebra A = (A, +, D) s said to be
FINITELY CLOSED tif it satisfics Postulate 1.1.1.

CoroLLARY 5.27. If A = (A, +, D ) is a finitely closed G.C.A.,
n< o,anday, 0, - ,0,, A, thn

> aeA.

i<n
Proor: by 5.4, 5.6, 5.14, and 5.26.
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In our further discussion we shall frequently be concerned in the
same definition or theorem with two or more different algebras.
Sometimes we shall use the same symbols, ‘4’ and ‘Z’, when
referring to fundamental operations of different algebras. This will
be avoided, however, in cases in which it might easily result in con-
fusion; we shall then employ different symbols for different algebras.
For instance, we shall use the fundamental operation symbols pro-
vided with an apostrophe, a subscript, etc.; and in such a case other
symbols which have been introduced in Part I, like ‘07, ‘<’, ‘U,
ete., will also be provided with the same apostrophe or subscript.

We can apply to C.A’s and G.C.A.’s various notions which
are familiar from general algebra, like those of 1IsoMORPHISM, HOMO-
MORPHISM, and CARDINAL (or DIRECT) PRODUCT. As is well known,
certain general methods of constructing new algebras from given
ones are correlated with the notions just mentioned. By means of
these methods we shall be able to establish in the next section a funda-
mental theorem by which every G.C.A. can be imbedded in a C.A.
Since the methods in question are o be applied to rather ‘unorthodox’
algebraic systems, the definitions of all relevant notions will be
formulated here explicitly. We are not going, however, to state
those consequences of these definitions in which no specific properties
of C.A.’s and G.C..A.’s arc involved.

We begin with the notion of isomorphism. We shall speak of
functions f which map an algebra A isomorphically onto another
algebra A’ (or transform A isomorphically into A’). A function f
is called BrunIQuE if f(x) = f(y) alwaysimplicsz = y. The pomAIN
of f, i.e., the set of argument values, will be denoted by ‘D(f)’, and
the COUNTER-DOMAIN of f, i.e., the set of function values, by ‘C(f)’.

DeriniTiOoN 6.1. A function f is said to Mar an aLeGeBrRA I =
(A, +, D) 150MORPHICALLY ONTO AN ALGEBRA A’ = (A’, 4/, 3°')
if it satisfies the following conditions:

(1) f 7s biunique;

(ii) D(f) = A and C(f) = A’;

(iii) for any a, b, c ¢ A we have

a = b + cif, and only if, f(a) = f(b) + f(0);
77
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(iv) forany a, a9, 01, -+ ,a;, -+ € A we have
a = 3 a:if, and only if, f(a) = X' f(as).
1< i<
If such a function f exists, the algebras A and A’ are called 1somorrHIC,
in symbols,

A~ A,

It goes without saying that an algebra A’ which is isomorphic
with a C.A., or a G.C.A., A is itself a C.A., or a G.C.A.; and that an
isomorphic mapping preserves all ‘intrinsic’ properties of an algebra
and of elements of this algebra.

Tueorem 6.2. If A = (4, +, D) and A’ = (A’, +', X’) are
G.C.As (or, in particular, C.A.’s), and if f is a function which satisfies
conditions (ii) and (iii), or (i) and (iv), of 6.1, then f maps ¥ {somor-
phically onto W, and hence

A == A.

Proor: Assume f to satisfy (ii) and (iii) of 6.1. By (ii) and 5.4
there is an element z in A with f(z) = 0’. Hence, if f(z) = f(y),
we have

f@) = fl&) +' fly) and fly) = f(2) +' f(z);
and therefore, by (iii) and 5.17,
x=2z24y, y=z2z+2 and z = y.

Thus, f satisfies 6.1(1). Finally, in view of 5.21, the operation Y,
in G.C.A.’s can be defined in terms of +; hence, conditions (i)—(iii)
of 6.1 imply condition (iv), and the function f maps % isomorphically
onto A’. The proof under the assumptions that f satisfies 6.1(ii),
(iv) is essentially the same; in addition to 5.4 and 5.17, we apply
5.1.1, 5.6, and 5.8, while 5.21 is replaced by 5.7.

The definition of HOMOMORPHIC MAPPING can be obtained from
6.1 by omitting condition (i), and by slightly modifying (iii) and
(iv). We are not going to formulate this definition, however, since
in this work we shall make use of the well-known fact that_the dis-
cussion of homomorphic images of an algebra 9 can be replaced by
that of the so-called cOoSET (or RESIDUE cLAsS) ALGEBRAS of I gen-
erated by a binary relation R.
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DEFINITION 6.3. Let A = (A4, +, D), and let R be a binary
relation. The coser a/R oF AN ELEMENT a & A 18 the sct of all elements
z e A witha R z. By the sum a/R + b/R or Two cosers we under-
stand the coset ¢/ R which contains all elementsc’ € A such that a +b =
¢,a Ra' and b RV for some a', b & A (provided such a coset ¢c/R
exists and is unique); similarly we define the sum > icw (ai/R) oF
AN INFINITE SEQUENCE oF c0SETS. The algebra constituted by the family
C of all cosets and by the operations + and > just defined ts
called the coser (or RESIDUE CLASS) ALGEBRA oF A UNDER R, in symbols,

A/R = (C, +, X)-

This construetion will be applied exclusively in those cases when
R is an EQUIVALENCE RELATION in —i.e., a relation which is RE-
FLEXIVE in A (z R z for every z £ A), SYMMETRIC, and TRANSITIVE—
and has certain conservative properties with respect to the funda-
mental operations of 9. We shall rcfer to these properties as FINITE
and INFINITE ADDITIVITY.

DerFiniTION 6.4. Let % = (4, +, >.). A binary relation R
18 said fo be

6] FINITIVELY ADDITIVE IN U,
or
(i) INFINITELY ADDITIVE IN ¥,
if, forany a, Go , a1, a2, -+, b, by, b1, by, - -+ € A, the formulas
@ a=a+a, b=b+b, aaRb, and ®mRb,
or
(ia=2a, b=2b;, and a;Rb; for i=0,1,2---,
1< 1 <o
imply
aRb.

TueorEM G.5. Every relation R which is reflexive and infinitely
additive in a G.C.A. A 1s also finitely additive in A.

Proor: by cxtending couples to infinite sequences by means of
zeros (cf. 5.6, last part).

As is well known, the coset algebra /R generated by an equiva-
lence relation R which is finitely and infinitely additive in % =
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(A, 4+, 2°) is always a homomorphic image of 3; and, conversely,
every homomorphic image of ¥ is isomorphic with a coset algebra
A/R of this kind. It is casily seen, however, that a cosct algebra
/R of a C.A., or a G.C.A., % is not necessarily a C.A., or a G.C.A.,
itself. We have only:

Turorem 6.6. Let R be an infinitely additive equivalence relation
maCA., or G.C.A., A For A/R to be a C.A., or G.C.A., it s
sufficient (and necessary) that /R satisfy Postulates 1.1.VI, VIL, or
5.1.1V, V. The zero element of A/R is 0/R.

Proor: With the help of 6.3-6.5 we casily check that /R satisfies
the remaining postulates, i.e., 1.1.I-V, or 5.1.I-11I; Postulate 1.1.V,
or 5.1.II1, is clearly satisfied by the coset O/R (cf. 5.4).

From 6.6 we could derive a necessary and sufficient condition for
A/R to be a C.A., or a G.C.A.~—a condition which would be expressed
exclusively in terms of elements of A, the operations 4+ and > on
these elements, and the relation R. 'This criterion, however, would
be rather involved (especially as applied to G.C.A.%s) and of little
practical value. We shall succced below (in 6.10) in cstablishing
a simple, useful, and gencral criterion which provides a sufficient,
though not nceessary, condition for A/R to be a C.A., or a G.C.A.

DeriNiTION 6.7. Let % = (A, +, D).
(i) A binary relation R is said to be riNiTELY REFINING IN 3 if,
fJorall a, a1, az, b € A, the formulas

a=a+a and aRb, or a=a+a and bRa,
imply the existence of elements by and by such that
b =0+ b and a;RDb;, or
b=10+0b and b, Ra;, fori =12,

(i1) By changing in (i) sums of two elements to sums of infinite se-
quences, we arrive at the notton of an INFINITELY REFINING relalion.

ConoLLARY 6.8. Let R be a finitely, or infinitely, refining relation
inaGCA A= (A, +,>) Ifa,d,beA,a’ <a,andaRD
(or b R a), then there is an element b’ € A such that b’ < b and o’ RV’
(or b Ra’).

Proor: by 5.2 (1.3, 1.5), 5.4, 5.6, and 6.7.
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THEOREM 6.9. Every relation R which is infinitely additive and
infinitely refining in a G.C.A. % = (A, +, D) s also finitely refining
in .

Proor: If

a = a + a and aRbL (or DRa),
we have by 5.7

a=2.d;, ar=dy, and ay= 2 diy.

<o i<®
Hence, by 6.7(ii),
b=>.b where d;Rb. (orbiRd;) for ¢=0,1,2, ---.

1<
We put

by = by and by = Z by
1 <0

and we obtain with the help of 5.1.T and 6.4(ii)
b =100 4+ b, and @ Rb; (or byRa,) for 7 = 1, 2.

Hence, by 6.7(i), the conclusion.

An example of an equivalence relation R which is infinitely ad-
ditive and finitely refining in a G.C.A. 2, without being infinitely
refining, can be constructed rather casily; such relations, however,
rarely oceur in practice.

THEOREM 6.10 (FUNDAMENTAL THEOREM ON COSKET ALGEBRAS).
If A = {4, 4+, XV isa C.A., or a G.C.A., and if R is an infinitely
additive and finitely (or infinitely) refining equivalence relation in N,
then A/R is again a C.A. or a G.C.A.

Proor: In view of 6.9, we can restrict ourselves to the case when
R is finitely refining. By 6.6 it suffices to show that /R satisfies
1.1.VI, VII, or 5.1.1V, V. To obtain 1.1.VII, or 5.1.V, consider two
sequences of cosets a;/R and b;/R with

1 a,/R =b,/R + apa/R for n=20,1,2, .

Then, by 6.3, there are two sequences of elements al and b, in A
such that

a.Ran, b RO, bw+ any & A,
and a. R (br + any) for n < o,
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Thus, in particular,
(b + a) Rao ;
and, by 6.7(i), we obtain
G = by + @ where @ = a,, biRb, and aiRa.
We now have
(b1 + a2) Ray;
and hence, again by 6.7(i),
@ = b + @ with b{Rb and a:Ra.

By continuing this procedure indefinitely, we arrive at two infinite
sequences d@; and b, with

Gn=bs+ Guy1, anRanRa,, and b,Rb,Rb, for n < .

Hence, by applying 1.1.VII, or 5.1.V, to the original algebra ¥,
we obtain an element ¢ € A for which
dn = C + ; 5,,1.,‘ ;

and with the help of 6.3-6.5 we easily conclude that
(2)  a./R =¢/R + 2 (bayi/R) for n=0,1,2,---.
3 <00

Thus, (1) implies (2); in other words, 1.1.VII, or 5.1.V, holds in A/R.
The proof of 1.1.VI (or 5.1.IV) for /R is much simpler; we apply,
of course, 1.1.VI to %, in addition to 6.3-6.5 and 6.7(i).

As trivial examples of relations to which 6.10 can be applied in
every G.C.AA. % = (4, +, D), we may mention the UNIVERSAL
RELATION R; which holds between any two elements x, y ¢ A ; and the
IDENTITY RELATION R, which holds between z and y if, and only if,
z = y. Both R, and R, are infinitely additive and infinitely refining
equivalence relations in . /R is always a C.A., and is isomorphic
with every C.A. (and G.C.A.) containing one element only; while
A/R, is isomorphic with the original algebra %. On the other hand,
consider the relation R; which holds between = and y in A if, and
only if, either x = y = Oorxz = O and y = 0. R;is an infinitely
additive equivalence relation in 2, but in general is not even finitely
refining. Nevertheless, if ¥ is a C.A., then %/R is also a C.A.; in
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fact, if % contains at least two different elements, then /R is iso-
morphic with every C.A. containing exactly two elements. How-
ever, most of the equivalence relations which generate interesting
and important examples of C.A.’s prove to be finitely, and cven
infinitely, refining.

Given any algebras ¥, correlated with elements 7 of an arbitrary
set I, we can construct from them a new algebra $ —the cardinal
(or direct) product of the algebras %, . Usually two variants of this
notion are distinguished, which will be referred to here as the sTroNG
and the WEAK CARDINAL prODUCT. In the case of C.A.’s, however,
a third, in a certain sense intermediate, variant of the same notion
proves the most useful; we shall call it simply the cArRDINAL PrRODUCT.
Although we shall mostly be concerned with the latter notion, we
define here for further references all three variants just mentioned.

The notion of a cardinal product applies to arbitrary algebras
provided they have a zero element (and even this restriction is un-
necessary in the case of the strong product).

DEFINITION 6.11. Let an algebra A; = (A:, +i, D) with a
zero element 0, (in the sense of 1.2) be correlated with cvery clement 1 of
a gien set 1. Let Fy be the set of all functions [ such that D(f) = I,
and f(7) € A; for every i £ I'; and let Fy , or Fy , be the set of all functions
f € Fy for which the set of elemenis © with f() == 0; is finite, or at most
denumerable.

(i) By the sum f + g or Two Funcrions f, g € Fy we understand the
Sunction h € Fy such that

h(2) = f(1) +:9() forevery el

(provided such a function ecxists). Similarly we define the sum
Y i<wfi OF AN INFINITE SEQUENCE OF FUNCTIONS f; € Foy. The algebra
B constituted by the set Fi, k = 0, 1, 2, and the operations + and
> thus defined is called the STRONG, the wEAK, or simply the cARDINAL (or
DIRECT) PRODUCT OF THE ALGEBRAS U; ,in symbols,

‘Bo=q.91i, ‘131=I:§w?[.-, and ‘Bz=112’[‘~.

(ii) If the set I consists of two numbers, 0 and 1, and if % = A
and My = B, we put

Bo=AxB.
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(iii) In case all algebras A; with 1 ¢ I are identical with a given
algebra A, we call P, the sTrRONG, the WEAK, or simply the CARDINAL
POWER OF Y[ WITH THE EXPONENT [ , 1N symbols,

Bo = AL, Bu= AL, and B, = A"

In case the set [ is at most denumerable, the cardinal product
is obviously identical with the strong cardinal product; and if [ is
finite, all three products coincide. This explains why we use only
one symbol for the product of two algebras. If [ is the set of all
numbers ¢ < n < «, the functions of I, can be identified with
n-termed sequences (o, T1, *+* , Ti, -+ ) with x, € 4, for 7 < n.
If I is empty, the sct }, contains only one clement—the ‘empty’
function or sequence.

Turorkm 6.12. Let an algebra A; = (A;, +., D i) with a zero
clement 0, be correlated with every element © of a given sct 1.

(i) Inorderthat [];.; % be a C.A., or a G.C.A., or a finitely closed
G.C.A., it is necessary and sufficient that every algebra A; with © € 1
bea C.A., oraG.C.A., ora finitely closed G.C.A.

(1) The same applies to III, A, and—in the case of G.C.A.s, or

of fimitely closed G.C.A’s (but not of C.A’s)—also to J[. . .

1€l
However, []o N, never satisfies 1.1.11, and hence is never a C.A.,

1el

unless there are only finttely many elements 1 € I for which A; contains
two or more distinct elements.
Proor: by 1.1, 5.1, 5.26, and 6.11, without difficulty.

The last part of 6.12 makes it clear why the weak product plays
a rather restricted part in the study of C.A.’s. On the other hand,
as was mentioned before, the strong product coincides with the
plain product in the important case when the set I is at most denu-
merable. Moreover, there are some general theorems concerning the
cardinal product of C.A.s which fail when applied to the strong
product; and but very few more or less interesting facts are known
which would apply specifically to strong products. Thus, the strong
product appears to be a less appropriate instrument in dealing with
C.A.’s than the plain product.

DEFINTTION 6.13. By a SUBALGEBRA OF AN ALGEBRA A = (4, +,>.)
we understand an algebraic system B constituted by an arbitrary non-
empty subset B of A, and by the fundamental operations + and
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> of . If both A and B belong to a class K of algebras, B is called
a K-suBALGEBRA (e.g., @ CARDINAL, Or GENERALIZED CARDINAL, SUB-
ALGEBRA) of . Under these conditions we also say that the set B
ttself is @ suBALGEBRA, or o K-suBaLeeBra, or I (or o A UNDER
+ anp 3); and we call two subsels B and B’ of A 1somorrunic,

B>~ P,
if the corresponding subalgebras B and B’ are isomorphic.

To give an example: the cardinal product of C.A.’s 9;, as defined
in 6.11, is a cardinal subalgebra of the strong product of these al-
gebras, and contains their weak product as a generalized cardinal
subalgebra.

Notice that Definition 6.13 does not imply that a generalized
cardinal subalgebra B of a G.C.A. A must be (relatively) closed
under the operations + and ).;i.c., the sum of two or infinitely
many elements of B may not be in B, even if this sum exists and is
in A. Conversely, a subset B of A which is in this sense closed
under both operations of addition is not necessarily a generalized
cardinal subalgebra of A. On the other hand, a set B which is a
cardinal subalgebra of a C.A. A must obviously be closed under +
and D.. The converse, however, does not hold in this case either,
in view of the existential character of some of the postulates occurring
in the definition of C.A.’s.

Various fundamental problems concerning subalgebras remain
open; for instance, the problem of the existence and of the structure
of the smallest cardinal subalgebra which includes a given set. The
general notion of a cardinal, or generalized cardinal, subalgebra will
play no major part in our discussion; we introduce it mainly to
simplify the formulation of certain theorems. In §9 we shall discuss,
however, certain important particular cases of this notion—in fact,
the notions of a semi-ideal and of an ideal.



§7. CLOSURES OF GENERALIZED
CARDINAL ALGEBRAS

The following notion is of fundamental importance for the study
of G.C.As:
DeriniTioN 7.1, An algebra % = (4, F, 3. ) is called a cLosvrE

or 4N Azeesra N = (A, +, 2. )if the following conditions are satisfied:
@) AisaG.C.A,Aisa C.A. and A is a subset of A;

(i) for any elements a, o, G, *+- , @i, *- € A, the formulas
a=20a and a =3, a
i<w i<»

are equivalent; _

(iti) for every element a € A there are elements o , @1, - =+ , @iy ** €A
such that

a = Z a; .
<00

Tagorem 7.2. If & = (A, F, Y )isa closureof A = (4, +,2.),
then N and A have the same zero element 0 = 0.
Proor: From 1.34 and 7.1(iii) we conclude that the zero element

O0of Aisin A. By putting
=0 and a;n=0 for 1=0,1,2, -
we obtain with the help of 5.16

Zai=0.

s <00
Hence, by 7.1(ii) and 1.34, the conclusion.

Tugorem 7.3. Let % = (4, F, 3.) be a closure of A =
(A, +, 2.). Then, for every integer n < o and for any elements

a, b ¢ ay,a, 0, - in A, the formulas
@) a =2 a and a=2a,~
i<n 1 <n

are equivalent; and so are the formulas

(i1) a =b+c¢c and a = b F ¢
as well as
(i) a = nb and a = n-b.

86
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Proor: by 7.1 and 7.2, and with the help of 5.2 and 5.6.

TreorEM 7.4. Let 1 = (A, F, 3,) be a closwre of A =

4, +, Z) Then, for cvery a € A, the following two conditions are
equivalent:

@i) be A_ and b = a;
(ii) bedandb < a.

Proor: (i) obviously implies (ii) by 1.5, 5.2, 7.1(3), and 7.3(ii).
Now assume (ii) to hold. We have then for some ¢ € A

(1 b+ ¢ = a;

and hence, by 7.1(iii) and 1.1.IV,

@ b=2b, c=2c, and a =2 b F > e =3 (b Fer)
<o <o <o i<o

i<o
where b; and ¢; are in A. By putting

@.; = b; and @i = ¢,
we obtain by 1.39 and 7.1(ii)

a=Za.~=Za,-.

i< i<
Hence, by 5.11,

Qi + Qi = b; + ¢ e A;
and therefore, by (2) and 7.3,

a = ‘;v (b + c).

By applying 5.1.IT to the latter formula and then using 7.3 again,
we conclude by means of (1) and (2) that

bced and b + ¢ = a.
Hence (i) follows by 5.2 (1.5), and the proof is complete.

TueorEm 7.5. Let % = (4, F, Z) be a closure of I =
(A, +,2°). Then, for every integer n < « and for any a, aq, a; ,
vee, @5, 00 £ A, the formulas

@ a=Ua and a=U g

i<n i<n
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are equivalent; and if n = 0, so are the formulas
(i1) a=MNa; and a=ﬁa,~.
i<n i<n
Proor: by 3.16,3.17,5.2 (3.1, 3.2), 7.1(i_)_, and 7.4. It is essential
here that in case (i), when dealing with %, we apply 3.17 and not
the usual definition 3.2; it is irrelevant, however, whether we use
3.1 or 3.16 in case (ii).

TueorEM 7.6. Let % = (A4, F, 3.) be a closure of A =
(4, +,2), and let a € A. If a is idem-multiple, or finite, or mul-
tiple-free, or indecomposable in U, it has also the same property in A

and conversely.
Proor: by 4.1, 4.10, 4.26, 4.38, 5.2, and 7.1-7.4.

In view of 7.1-7.6, we can use the same symbol and terms for
arithmetical operations, relations, distinguished clements and classes
of elements in a G.C.A. ¥ and its closure %, without any danger
of confusion. In particular, we can always assume without loss of
generality that % is a subalgebra of 9—in case both algebras are
given in advance.

LemMA 7.7. Let I be the set of all integers © < o. Let A =
A, 4+, 2 ) be a G.C.A., and let R be the relation which holds belween
two infinite sequences of elements x, and y;in A if, and only if, there
18 a double sequence of elements r, ;in A such that

@) =1, and y, = dory Jorany i <o and j < .
i<w v<®

Then A'/R is a C.A., and it is a closure of one of ils subalgebras B
which is isomorphic with A.

Proor: The algebra " is a G.C.A. by 6.11 and 6.12. Its elements
can be identified with infinite sequences

T = (To,T1, * ,&, ) withz,ed fori=0,1,2,---;

let S be the set of all these sequences. The relation R is clearly
reflexive; for, given « ¢ S, we put

rii=a: and 7,;=0 for 1Fj 1<, j< oo,

and we conclude from 5.16 that the double sequence thus defined
satisfies the formulas (i) of our theorem (with y; = z,). R is ob-
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viously symmetric. To show that it is transitive, consider x, y,
ze S withzRy and y Rz. We then have two double sequences
r;.; and s;, such that

D) @=2ry, 4y=2ri=2 8% and 2z =2 s
7<% 1< k<w

1<%

foranyi < w, j < ,and k < «. By applying 5.23 to the second
of these fmmula\ we see that we can corrclate with every j < o
a double sequence () such that

@) rj= 2t and s =208 for i <o and k < .
k<o 1<©

(1) and (2) give

3) T, = E Z (2 and z = Z Z iy,

1<0 k<o 1< 1 <0

Consequently, by 5.22, we have
4) Uiy = Z f'k) A5

1<%

and from (3) and (4) we obtain, again with the help of 5.22,
= Z wipg and 2y = X wgy for 1< o and k < oo,
k<

1<
Hence, by (i), t £z, and I is transitive. In a similar (though
simpler) way we show that R is infinitely additive and finitely re-
fining in A’; the proof of the first property is based upon 5.22, 6.4,
and 6.11, w hlle that of the second rests upon 5.1.11, 5.1.1V, 6.7, and
6.11. By applying 6.10 now, we arrive at the conclusion that

(5) A'/R is a G.C.A.

. 0 1
Furthermore, given a sequence of sequences ), z, ++. | £,
. 0 1
€ 8, we define a new sequence of sequences y©, y“, --. | y®,
- ¢ 8 by putting, for any given 7 < » and j < =,

(6) ysla,m = i, and @’ = 0 for every k£ <

which is different from all numbers of the form 2°.(2-1 + 1),
l=012 ---.

From (6) it follows that, for any given k < o, there is at most one
1 < o with

yét) :t 0.
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Hence, by 5.16,
Sy ed for k=0,1,2 -,

i<w

and consequently, by 6.11,

g Zves
Moreover, it is easily seen that

® P Ry for every i < w;
for, by putting

i = for k=2"(25+41), and 7y =0 otherwise,
we conclude by 5.16 and (6) that

() _ () @ _ ()
T, = E rie and y = Z Tik
k<o i<w

for 7 < 0w, <o, and k < oo.

By 6.3 and 6.4 (and in view of the properties of R previously es-
tablished), formulas (7) and (8) imply that the sum of cosets

2 /R)

1<

exists. Hence, the G.C.A. A'/R satisfies 1.1.II; and therefore,
by 5.24 and (5),

9) A'/R is a C.A.

We now correlate with every a ¢ A the sequence @ ¢ S defined
as follows:

(10) (@¢=a and (@i;q1=0 for 2=0,1,2,---.

Let T be the set of all these sequences, and B the family of cor-
responding cosets; we put

(1) 8 = B + X)

From (i), (10), 5.16, 5.20, and 6.3 we easily conclude that

(12) for any a ¢ A and z ¢ S, the formulas

a/R = z/R and a = 2, z

1<o

are equivalent.
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Hence, by (10) and 5.16,

(13) for any a, b ¢ A, the formulas /R = b/R and a = b are
equivalent.

Furthermore, we obtain by means of (10), (12), 5.1.11, 5.4, 6.3-6.5,

and 6.11 (and by applying various properties of R previously es-

tablished):

(14) for any a, b, ¢ ¢ A, the formulas é/R = b/R + &/R and
a = b + c are equivalent.

Similarly, by using 5.22 instead of 5.1.11,

(15) for any @, @y, a1, -+ , a;, --- € A, the formulas
a/R =2 (a;/R) and a = 2 a
i< i<

are equivalent.
From (11), (13)~(15) and 6.1 it is seen that the function

fla) = @/R for every a ¢ A
maps A isomorphically onto B, and that consequently
(16) A=~ B
Hence, by the hypothesis,

17 B is a G.C.A.
Finally, given an arbitrary sequence x ¢ S, we define a sequence of
sequences z'”, ¥, ... , 2, ... ¢ § with
z? = z;, and xf-"’ =0 for z =+ j.
We then have by 5.16, 6.11, and (12)

=2 2% and 7;/R = 2"/R;

s <00
and hence, with the help of 6.3 and 6.4, we obtain
(18) z/R = ) (x:/R) wherez;/R¢B for 1 =0,1,2, --- .
1<

By (9), (11), and (17), the algebras B and %'/R satisfy condition
7.1(i); since, by (11) and 6.13, B is a subalgebra of %’/R, condition
7.1(i1) is automatically satisfied; and, in view of (18), 7.1(iii) also
holds. Hence

(19) A'/R is a closure of its subalgebra B.

By (9), (16), and (19), the proof is complete.
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THEOREM 7.8 (IMBEDDING THEOREM). For every G.C.A. A =
(4, +, 2. there exists a C.A. % which is a closure of .

Proor: 7.8 can be derived from 7.7 by means of a procedure
which is familiar from gencral algebra and does not involve any
specific properties of C.A.’s.! Using the notation of 7.7, we first
construct a C.A.

W o= A, +, 2) = AR

in which the set A" has no clements in common with 4. By 7.7,
A’ is a closure of one of its subalgebras

¥ = (B, +, ) >~

By ‘exchanging’ now in 9’ the clements of B’ with the correlated
elements of 4, we arrive at an algebra 9 that satisfies the conclusion.

The imbedding theorem has many important implications. First
of all, we have acquired in this theorem a universal method which
enables us to extend automatically to G.C.A.s all the results ob-
tained in the arithmetic of C.A.’s, after having provided these results
with appropriate existential assumptions. In fact, to establish
any such result for a given G.C.A. %, we imbed 9 in its closure 9.
Since the result in question is assumed to hold in every C.A., it
applies in particular to %, and hence it applies to 9 also, by virtue
of 7.1-7.6.

Moreover, by means of the same method we can obtain new the-
orems of the arithmetic of G.C.A.’s whose direct derivation from
the results previously established would present considerable dif-
ficulties. To illustrate the situation we have in mind here, consider

the following theorem which applies to clements of an arbitrary
G.CA.:

Ifo=ca+a=c+caandb=c 4+ c;=c + s, thena = b.

In the arithmetic of C.A.’s this theorem is an immediate corollary
of 2.34, since the hypothesis implies at once 2:a = 2:b. In the
domain of G.C.A.’s such a direct derivation is impossible, for 2-a
may not exist; however, an application of 7.8 leads quickly to the
desired result.

1Cf., e.g., van der Waerden [1], p. 42.
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With the help of 7.8 we can also establish various existential
theorems which apply to arbitrary G.C.A.’s; they compensate to some
extent for the lack of the general closure postulates, and permit us
in turn to simplify and improve other results by removing super-
fluous existential assumptions. The method involved here can
be described as follows. To prove the existence of an element (a
sum, an upper bound, cte.) in a G.C.A. ¥, we again imbed U in its
closure 9. If now we succeed in showing that the element in ques-
tion not only exists in 9 but is less than or equal to another element
whose cxistence in 9 has been assumed, we apply 7.4 and conclude
that our element belongs to %. We give here a few results obtained
by this mecthod; they apply to elements of an arbitrary G.C.A.
A= (4, +, X)

THEOREM 7.9. Ifn £ o,p £ o,

Dacd,
i<n
and if ko, ki, -+, k., -+ is @ p-termed scquence without repealing
terms and with k; < n for it < p, then
> ai, €A and > a; S > a;.
v<p <P s<n

Proor: The inequality in the conclusion for C.A.s follows from

1.40; and hence the theorem can be obtained by 7.3, 7.4, and 7.8.

THEOREM 7.10. If
Za.e/l and Zai <0b foreeryn < o,
<N <n
then
Z(z;eA and Ea;= U Za.i§b.

<o i< n<w 1<n

Proor: by 2.21, 3.19, 7.3-7.5, and 7.8.

THEOREM 7.11. Letnbe £ . [fa, = a1 = b for every © with

1+ 1 < n; or, more generally, if
Na,edA and N ay, <0
i<p i<p
for every p-termed sequence ary, @y, iy, - With 0 < p < oo,
and k; < n fori < p; then
Uaecd and U a; 20

i<n i<n
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Proor: by 3.34, 7.4, 7.5, and 7.8.
THEOREM 7.12. Letn be £ « ; and assume that cither

@) a;Na; = 0foralliandjwithi <j < n,
or else
(i1) all the elements a; with 1 < n are idem-multiple.

If there is an element b with a; < b for every © < n (thus, in particular,
if Dicn @ or Uic, asis in A), then
D a;eA and > = U a:.
i<n i<n <n
Moreover, in the case (ii), Z;<,. a; 18 idem-multiple as well.
Proor: by 3.23, 4.7, 7.3-7.6, and 7.8.

From now on we shall freely apply to G.C.A.’s all the arithmetical
theorems of Part I, provided with only those existential assumptions
which cannot be dispensed with in the way discussed above. When
using elementary theorems of §1 or §5, we shall not refer to
them explicitly.

In particular, theorems of Part I can now be applied to coset
algebras /R of G.C.A.’s U, in case these coset algebras prove to
be G.C.A’s themselves. The results thus obtained can always
be put in a form in which they involve no cosets, but only elements
of a given algebra and the relation R between these elements. We
arrive in this way at certain generalizations of our arithmetical
theorems—generalizations which, roughly speaking, consist in re-
placing the identity relation by a variable relation R subjected to
certain conditions. It may be worth while formulating explicitly
some of the results which we have in mind:

THEOREM 7.13. Let A = (A, +, 2_) be a G.C.A., and let R be
an tinfinitely additive and finitely (or infinitely) refining equivalence
relation in A. We then have for any elements a, a’, ay, a1,--- , b,
by bo,bi, - ,¢,¢,¢,c, - in A (assuming that the sums involved
are also in A):

(i fa=ba 2V,aRV,and bRa', then aRa' and bRV';

(i) fasb=candaRc,thenaRbRc;

(iii) of n £ oo, then

(§a¢+b)Rb

implies that (a; + b) R b for every ¢ < n, and conversely;



CLOSURES OF GENERALIZED CARDINAL ALGEBRAS 95

(v) feRe;fori =1,2,3,and (@ +co+ ) R (b + ¢ + cv),
then (@ + co) B (b + ¢1);
(v) if0 <m < »,a Ra;and by R b, for cery 1 < m, and

(‘iZ:” a;) R (‘gn bs),

then ay R by ;

(vi) fa =b=cd ZSc,aRd,and cRc, then there is an
element b’ ¢ A witha’ < b < ¢ and bR V';

(vii) <f, for every n < oo, there is an element d,, € A with

(2 a) Rda < b,

i<n
then there is an element d € A with

(X a)Rd = b.

1< 00

Conclusions (i)—(v) hold, more generally, for every infinitely additive
equivalence relation R in N for which A/R is a G.C.A.
Proor: (i) By passing to cosets, we have (with the help of 6.3-6.5)

b/R = d'/R = V'/R = a/R < b/R.

Hence, by applying 1.31 to %/R (which is a G.C.A. by 6.10), we
obtain

a/R = b/R;

and by 6.3 we arrive at the conclusion.
To obtain (ii) we put in (i)

a =b and bV = ¢

(iii)—(v) can be derived in the same way as (i) by means of 1.47,
2.12, and 2.34.
By the hypothesis of (vi), we have for some z

€)) ad + = c.

By passing to cosets, we obtain
a/R=a/R2b/R=Zc/R=¢/R and do/R+ x/R = c'/R.

Hence

a/R < b/R = a/R + z/R;
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and therefore by 2.27 (with n = 1), there is a coset y/R such that
(2) b/R=a/R+y/R and y/R =z/R.

From the second part of (2) we conclude, with the help of 6.3 and
6.8, that there is an element y’ ¢ A with .

(3) y/BR = y/R and y = =z
Thus, by (1)-@3),
d 2d+y sd+zr=

o

and
b/R = /R + y'/R, ie. bR(a + ¥).

This shows that the element b’ = a’ + ¥y’ satisfies the conclusion
of (vi).

Finally, (vii) can be derived from 2.21 in the same way as (vi)
from 2.27.

Theorem 7.13 can also be obtained in a more direct way, without
making any use of the properties of coset algebras. Some parts
of the proof, however, become very involved then; this applies espe-
cially to the derivation of (v). We want to outline here a direct proof
of 7.13(ii), which is relatively simple and instructive.

By hypothesis there are elements by and ¢o for which

€)) b=a+ b and ¢ =b + .
We put
(2) G = a,

and we obtain with the help of 5.8, 5.9, (1), (2), and the hypothesis
a R (bo + ¢ + ao)-

Since the relation R is assumed to be finitely refining, we can now
proceed as in the proof of 6.10. By applying 6.7 repcatedly we
construct three infinite sequences of elements a; , b; , and ¢; such that,
forevery n < o,

(3) an = bﬂ+1 + Cnt1 + Ol
(4) Gnt1 Ran ) b,,+1 R, y and Cni1 Re,.
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We now apply 5.1.V to (3), and we conclude with the help of 5.1.I1
and (2) that there is an element d for which
6) a=d+ Z bipn + Z Cu1.

1 <00 1 <0

From (1) and (5) we casily obtain (by 5.3, 5.8, and 5.9)
6) b=d+ 2 b+ 2 cy and c=d+ 2 b + 2 c..
1 <0

1 <00 1< i<
The relation R being by hypothesis reflexive and infinitely additive,
formulas (4)-(6) imply by 6.4:

aRb and bR,

i.e., the conclusion of 7.13(ii).

Notice that the symmetry and the transitivity of R are not in-
volved in this argument; thus, 7.13(ii) applies to every relation
R which is infinitely additive, finitely refining, and reflexive in a
G.C.A. 9.

We return now to the discussion of C.A.’s and G.C.A.’s in their
relation to gencral algebraic notions which were introduced in
§6. We arc going to establish here a few simple extension theorems,
7.14-7.17; which—when combined with the imbedding theorem—
reduce to some extent the algebraic study of Gi.C.A.’s to that of C.A.’s.
This is, of course, important since C.A.’s are much more ‘perfect’
algebraic systems than G.C.A.s. It should be noticed, however,
that the reduction is not complete, for the variety of G.C.A.s is
much larger than that of C.A.s. As is seen from Theorem 7.14,
the closure A of a G.C.A. U is uniquely determined by % (up to
isomorphism) ; but the converse does not hold.

Turorem 7.14. Let ¥ = (4, +, D) be a closure of its subalgebra
A= (A4, +, ), and ¥ = (A7, +', D) be a closure of its sub-
algebra N’ = (A', +', Z’) 1f the function f maps A isomorphically
onto ', then there is one and only one function f which maps A iso-
morphically onto A" in such a way that f(x) = f(x) for every xz € A.
Hence, if N = W', then A = .

Proor: For every a in A we have by 7.1(iii) (and 6.13)

¢ =2, 0a; with @, a1, -+, @, - €;
1<
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hence, by 6.1(ii) and 6.13, the element b with
b= 3 f(a)
<0
is in A’. By making an essential use of 2.1 (withn = p = «),
7.4, and 1.44, we show that this element b docs not depend on the
way in which the elements a; have been chosen; we can thus put

b = f(a).

In an analogous way we show that, for every b in A7, there exists
an element @ ¢ A with b = F(a). Thus, J satisfies 6.1(Gi). The
proof that it satisfies 6.1(iil) is quite elementary; and 6.2 gives the
conclusion.

There is a striking analogy between 7.8 and 7.14 on the one hand,
and certain familiar theorems of modern algebra on the other; we
have in mind here theorems on the imbedding of a commutative semi-
group in the group of differences, or of an integrity domain in the
field of quotients, or various thcorems on extensions of a field.
We note, however, one important difference. Every field which
contains a given integrity domain also contains the field of quotients
of this domain as a subficld. Ilowever, the fact that a G.C.A. B
is a subalgebra of a C.A. A does not always imply that % contains
a cardinal subalgebra B which is a closure of 8; a counter-example
can readily be constructed in the C.A. of integers discussed in Part
III, §14. 1t is easily seen, however, that the closure of a G.C.A. B
has a weaker ‘minimal property’: if 8 is a subalgebra of a C.A. %
and if there is a subalgebra B of %A which is a closure of B, then every
cardinal subalgebra 8’ of % which contains ¥ must also contain B
as a subalgebra. Cf. in this conncction also Theorem 9.23 below.

THEOREM 7.15. Let N = (A, 4, D) be a closure of ils subalgebra
A= (4, +, ). If Ris an infinitely additive and infinitely refining
equivalence relation in A, then there is one and only one infinitely
additive and infinitely refining equivalence relation R in N which coin-
cides with R when applied to elements of A. If, conversely, B is an
infinttely additive and infinitely refining equivalence relation in %,
then the relation R obtained by restricting R to elements of A is an
infinttely additive and infinitely refining equivalence relation in A.

*Cf., e.g., Birkoff-MacLane (1], p. 48, or van der Waerden [1], pp. 42 ff. and
99 ff.
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Proor: Given R, we define R in the following way:
(1) aRbifa,be Aand if there arc elementsao, ay, -+, @i, -+,
bo,b1, -+ ,b;, - & A with

a=Za,~, b=Eb.~, and a;Rb; for ¢=0,1,2, ;-

s+ <o IR

By (1), 7.1, and the hypothesis, B is obviously reflexive in 4 and
symmetric; it can easily be shown, with the help of 1.42, 6.4, and
7.2, to be infinitely additive, and to coincide with B when applied
to elements of A. To show that it is transitive, consider elements
a, b, ¢c ¢ A with

aRb and b Ee.
By (1) we have

2) a=2a,,b=2b,=2b;,c=2q,

T<™ i<w i<® 1<%

3) ai, b, bi,c;ieA, a;Rb,, and bjRe¢; for i <
and j < oo,

By applying 2.1 to the second formula of (2), we obtain

@) bi=2 b, and bj= 3 by, for 1< and j< .

i< 1 <o
By (3), (4), and 7.4 all elements b;, ; are in A ; and since R is infinitely
refining in ¥, we obtain, by 6.7, refinements of a, and c; :

(5) a, = E Qiyy, € = Z €y @i, R bij R Ci,i

i<w i<

where the clements a,,; and ¢;,; are again in 4. By (2) and (5),
and in view of the transitivity of R, we have

a=2 D ay; c¢=2, > c,; and

1<w j<m i<o j<w
a;jRe; for 2,j=0,1,2 ---;
and hence, by (1) and with the help of 1.42,
aRe.

Thus, R is transitive. The proof that E is infinitely refining is
similar, though somewhat simpler; 2.1, 6.7, and 7.4 are again applied,
but 1.42 is not. The uniqueness of & is a consequence of 6.4 and 7.1.
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The second part of the theorem follows obviously from 6.4, 6.7,
and 7.4.

By means of a similar argument it can be shown that every infinitely
refining equivalence relation R in a G.C.A. % can be extended to
an equivalence relation B which is both infinitely additive and
infinitely refining in .

TueoreM 7.16. If % = (A, +, 2_) is a closure of its subalgebra
A = (4, +, D), and if B and B are two relations satisfying the
conditions of 7.15, then the C.A. A/ R is a closure of an algebra B which
18 1somorphic with the G.C.A. A/R.

Proor: We put

B =, +,2)

where C is the family of all cosels a/E with a ¢ A, and where the
operations + and Y are defined as in 6.3. The proof that 9 satis-
fies the conclusion is based upon 6.1, 6.4-6.9, 7.4, and 7.15, and is
quite elementary.

TueoreMm 7.17. If a G.C.A. U; and its closure ¥; are correlated
with every element i of a given sct I, then [ [.er %; is a closure of T Tier %, .
Proor: by 6.11, 6.12, and 7.1.

It is easily seen that 7.17 holds neither for strong nor for weak
cardinal products.

We conclude this section by defining the notion of a FINITE crLo-
SURE which is related to that of closure. We shall apply this notion
to various kinds of algebra, and therefore we formulate its definition
in a general ‘way, without referring specifically to G.C.A.’s.

DEFINITION 7.18. An algebra W' = (A’, 4+, D' is called a
FINITE CLOSURE OF AN aLeEBRA N = (A, +, D) if the following
conditions are satisfied:

(1) W ¢s finitely closed, and A 1s a subset of A';

(i) ifa,b,ce A, then the formulas

a = b+ c¢c and a = b +' ¢

are equivalent;
(i) ¢fb,ceA’andb+'cec A, thenb,ce A;
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(iv)  for every element a € A’ there are elemenls @y, a1, =<+ , Gy ***

e A witht <n, 0 <n < =, such that
a= 2 a.
t<n

Let us assume that the addition of finite sequences has been de-
fined in 9 and %’ recursively in terms of binary addition. (We use
for this purpose the first two formulas of 1.8, as well as 1.17 forn == 0.
Of course, <o @ is assumed to exist only if % has the zcro element;
and X icn1 @i forn = 0is in A only if D i<x a; and Doicn @i + @n
are in A.) Under this assumption, the infinite addition ) is not
involved in conditions 7.18(i)-(iii) at all. Therefore, the notion
of a finite closure can be automatically applied to algebraic systems
A = (A, +) with onc fundamental operation; such systems will
be discussed in the third part of the work.

If, furthermore, the operations + and +’ satisfy the associative
law 5.9, we can show that conditions 7.18(ii),(iii) can be equiva-
lently replaced by the following:

for any elements a, o, @1, -+ ,G,, - ¢ A withi < n < o, the
Sformulas
a=2 0 and a= 2 aq
<n <n
are equivalent.

Definition 7.18 thus transformed assumes a form entirely analogous
to that of 7.1.

From 7.8 and 7.18 we casily conclude that for every G.C.A. A
there is a finitely closed G.C.A. %’ which is a finite closure of 2U;
in fact, we first construct a closure 9 of %, and we then define A’
as the subalgebra of ¥ constituted by those elements which are sums
of finitely many elements of 2. We can also extend 7.14 to finite
closures; i.e., we can show that every G.C.A. ¥ determines up to
isomorphism the G.C.A. 9’ which is its finite closure. Finally, it
is easily seen that Theorem 7.17 remains valid if we replace in it
closures by finite closures, and cardinal products by weak cardinal
products.



§8. IDEM-MULTIPLE AND MULTIPLE-FREE
ALGEBRAS

We are going to discuss in this section two special kinds of algebras
—IDEM-MULTIPLE and MULTIPLE-FREE G.C.A.s—as well as certain
simple methods of constructing these algebras from arbitrary G.C.A.’s.
It will be seen in our further discussion that the method of con-
structing multiple-free G.C.A.’s (described below in 8.16 and 8.17),
when combined with that of coset algebras, leads to many important
examples of G.C.A.’s.

DeriNiTION 8.1. An algebra A = (A, +, D) s called 1DEM-
MULTIPLE if every element a ¢ A is idem-multiple, i.c., salisfies the
formula a + a = a.

Compare here Definition 4.1.

TaeorEM 8.2. Let A = (A, +, D) be a G.C.A., and let n be a
number with2 < n < . For A fo be idem-multiple 1t is necessary
and sufficient that N salisfy the following condition: if the elements
o, 01, " ,8;, witht <nandbarein A, and if a; < b for every
t < n, then

Za;eA and Za,-= U a;.
i<n i<n i<n

Proor: The nccessity follows at once from 7.12 and 8.1. If,
on the other hand, the condition of the theorem is satisfied, we
apply it to the case when

G=0q = +*=@q;= +--=D=a

where @ is any element in 4, and by 4.3 and 8.1 we conclude that
% is idem-multiple.

COROLLARY 8.3. For an idem-mulliple G.C.A. A = (4, +, D)
to be a C.A. it is sufficient (and necessary) that, for any elements aq ,
@, , 8, - & A with i < o there exist an element b ¢ A with
a; Sbfori=20,1,2 ---.

Proor: by 5.24 and 8.2 (or 5.25 and 8.1).

Tueorem 84. If A = (4, +, X )isa C.A,or a G.C.A., and

if B is the set of all idem-multiple elements in A, then B = (B, +, D_)
18 an tdem-multiple cardinal, or generalized cardinal, subalgebra of .

102
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Proor: Postulates 1.1.1-V (or 5.1.I-1T]) hold in B by 4.2 and 4.7.
If any idem-multiple elements a, b, and ¢, in A satisfy the hypothesis
of Postulate 1.1.VI (or 5.1.IV), and if the elements a; and b; satisfy
its conclusion, we easily show that the idem-multiple elements
o -a; and o -b; also satisfy this conclusion; we apply here 4.3 with
n = o and 4.5. Inasimilarway we derive 1.1.VII (or 5.1.V). Thus,
B is a C.A. (or G.C.A.); the conclusion follows by 6.13 and 8.1.

TrrorEM 8.5. Let A = (A, +, D) be a C.A.; and let R be the
relation which holds between two elements a and b in A if, and only if,
w-q = o-b. Then R is an infinitely additive equivalence relation
in A; and the coset algebra A/R is an idem-multiple C.A. which s
isomorphic with the subalgebra B = (B, +, Y. ) of 8.4.

Proor: R is clearly an equivalence relation which is infinitely
additive in A (by 6.4). From 1.42,4.3, 4.5, and 6.3 we easily see
that the function f(@) = a/R maps B onto the family C of all cosets
in a one-to-one way; f also satisfies the conditions (iii) and (iv) of
6.1. Thus,

B == A/R;
and, in view of 8.4, the proof is complete.

Notice that the relation R of 8.5 is not necessarily a refining
relation.

TaeorEM 8.6. If U is an idem-multiple G.C.A. and U is a closure
of U, then N is an idem-multiple C.A.
Proor: by 4.7, 7.1, and 8.1.

It can easily be shown that all general methods of construction
discussed in §6, when applied to idem-multiple algebras, yield new
idem-multiple algebras.

DerFINITION 8.7. For every algebra % = (A, +, J.) we put
A= (4,U,U)

(where ‘U’ and ‘U’ denote the operations of forming the least upper
bound defined in 3.2).

In connection with this definition it should be pointed out that
the operation denoted by the symbol ‘U’ applies to arbitrary systems
of elements a; correlated with elements ¢ of any set I. When using
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this symbol in the denotation of an algebra, however, we shall under-
stand that the operation involved has been restricted to infinite
sequences. An analogous remark applies to some other operation
symbols which will occur in our further discussion.

CoroLLARY 88. If A is a G.C.A., then ¥ is an idem-multiple
algebra in which the zero element and the relation < coincide with
those in .

Proor: by 3.2, 8.1, and 8.7.

CoroLLARY 8.9. For a G.C.A. U to be idem-multiple it is necessary
and sufficient that A = 9.
Proor: by 8.2 and 8.8.

The fact that an algebra 9 is a G.C.A. does not imply, in general,
that 9 is also a G.C.A. We have in this connection:

TaroreM 8.10. Let % = (A, +, 2. ) be a G.C.A. with the follow-
ing property:

@) ¢fap,am,,0,,---,beAanda, b foreveryi < o, then
Nicw a; exists.

Then ¥ is an idem-multiple G.C.A.

Proor: From (i) and 7.11 we conclude that U;., a, exists for
every n-termed sequence dg , @1, - ¢ , @i, 0,1 < n = oo, which is
bounded above by a certain element b. Ience, as is easily seen,
Postulates 5.1.1, IT hold in 9 ; the same obviously applics to 5.1.IIL.
The derivation of 5.1.IV is simple: given

aUb= U ced,

1 <0
we notice that the elements
ai=ale¢ and b;=bNg¢ for 4=0,1,2 ---

exist by (i) and satisfy the conclusion of 5.1.IV by 3.32. To obtain
5.1.V assume that

¢)) 6, = b, Uayy for n =0,1,2, --- .
The sequence @y, a1, -+, @i, - -+ being decreasing, the element
(2) c=MNa=Nay for n=012--

i<oo <o
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exists by (i); and from what was said before it follows that U j<uw bnsj
also exists for every n < «. From (1) it is easily seen that

tn = s U U b,y for n < o and p < .
i<w

Hence, by 3.30,
(3) QA = n (a,..,.,-U U bn.“) = n a,.+,~U U [)n+,'.
i< i<

i< i<
By (2) and (3) we have
(ln=CUUbn+j fOI' n=071v27"';

i<w
i.e., ¢ satisfies the conclusion of 5.1.V. Hence, and in view of 8.8,
9( is an idem-multiple G.C.A.

DerFInirioN 8.11. An algebra A = (A, +, D) is called muL-
TIPLE-FREE if, & being any element in A, a + a is never tn A, unless
a 18 the zero element of .

CoroLLARY 8.12. A C.A. or, more generally, a fintlely closed algebra
A = (A, +, D) is never multiple-free, unless A contains no element
a =+ 0.

Proor: by 5.26 and 8.11.

Tarorem 8.13. Let A = (A, 4+, Y ) bea G.C.A., and let n be an
integer with2 = n = . Then the following conditions are equivalent:

1) A is multiple-free;

(ii) every clement in A is multiple-free;

(iii) if the elements ay, @1, =+ , @y, - -+ and Y ncq aiare in A, then
a;Naj;=0foralliandjwith: <j < n.

Proovr: (i) implies (ii) by 4.26 and 8.11; (ii) implies (iii) by 4.32.
By applying (iii) to the sequence ag, a1, -+, a;, + - - with

ag=a=a and ¢ =0 for 2 £7¢ <mn,
and with the help of 8.11, we obtain (i). Hence, conditions (i)-
(iii) are equivalent.

Various properties of multiple-frec algebras which, in view of 8.13,
can be derived directly from theorems on finite and multiple-free
elements in §4 will not be stated explicitly here. By applying these
properties, we obtain, e.g.,
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THEOREM 8.14. If A = (A, 4+, D_) is a multiple-free G.C.A.,
then 9 is an idem-multiple G.C.A.

Proor: By 4.37 and 8.11, ¥ satisfies the hypothesis, and hence
also the conclusion, of 8.10.

Turorem 8.15. If % = (A, +, D) is a G.C.A. and if B is the
set of all multiple-free elements in A, then B = (B, +, D) is a mul-
tiple-free generalized cardinal subalgebra of .

Proor: By 4.29, the set B satisfies the condition: if a € B, b ¢ 4,
and b = a, then b ¢ B. Hence Postulates 5.1.1, IT, IV, V hold in B,
since all clements whose existence is claimed in these postulates
are at most equal to certain elements whose existence is assumed
there. By 4.28, B contains the element 0, and hence 5.1.IT1 is
satisfied in 8. Thus, by 6.13, B is a generalized cardinal subalgebra
of 9. From 4.26 we sec that every element which is multiple-free
in U is also multiple-frec in 8. Hence, by 8.13, B is multiple-free;
and the proof is complete.

One property of multiple-free algebras deserves attention from
the axiomatic point of view. It is casily seen by 3.13, 3.24, and 8.13
(1),(iii) that the elements a, , b; , and ¢ which satisfy the conclusions
of the existential postulates 5.1.IV, V are uniquely determined in
every multiple-free algebra. In consequence, various theorems
whose proof in the gencral casc requires an application of the axiom
of choice can be established for multiple-free G.C.A.’s without the
help of this axiom. All arithmetical theorems of Part I, except
3.35 and 3.36, belong here, as well as the imbedding theorem 7.8.
It might be interesting in this connection to analyze the proofs of
such theorems as 2.1, 2.6, 2.21, and 2.31 (whers the method of itera-
tion is used). It should be mentioned that, in general, the arith-
metic of multiple-free algebras is much simpler than that of ar-
bitrary G.(C'.A.’s; this follows if only from the fact that all elements
in multiple-free algebras are finite, and that consequently the can-
cellation law for sums holds (ef. 4.19, 4.27, and 8.13).

Tt is casily seen that isomorphic images, subalgebras, and cardinal
products of multiple-free G.C.A.’s are again multiple-free G.C.A.’s.
However, this by no mecans applies to coset algebras of multiple-
free G.C.A.s, which may have the most diverse structures. In
fact, as we shall see, every C.A. is isomorphic with a coset algebra
of a multiple-free G.C.A. (see the remarks which follow Theorem
16.4 below).
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DEFINITION 8.16. Given an algebra A = (4, 4, D), we define

the operations 4 and Y, of piSsUNCTIVE ADDITION by pulting for any
elements a, b, @y, a1, -+ ,a;, -+ € A:

@) adb=a+b incase a+bed and aNb=0;
(ii) Z ai= D, a; incase 2 a;eA and a;Na;=0 for

1 <0 1 <o 1 <00
all © and j with 1 < j < «; otherwise, the operations 4+ and Z are
not defined.
Furthermore, we put:

(i) i =4, + 2)
9 is called the pIssUNCTIVE ALGEBRA CORRELATED with .

TarorEM 8.17. If A = (A, +, D) is a G.C.A., then ¥ is a
multple-free G.C.A., and the zero elements in A and I coincide.

Proor: With the help of 3.1, 3.12, and 8.16 we casily show that
Postulates 5.1.1-V remain valid if we replace everywhere in them
‘+’ and )7’ by ‘4’ and *Y’, and that consequently 9 is a G.C.A.
To show that 9( is multiple-free, we notice that

aNb=0 implies aNb=0
for any a, b € A, and we apply 8.13(i),(iii).

CoroLLARY 8.18. For a G.C.A. A to be multiple-free it is neces-
sary and sufficient that A = 9.
Proor: by 8.13(i),(iii), 8.16, and 8.17.

It should be emphasized that the disjunctive algebra 9 of a G.C.A.
9 is by no means a subalgebra of 9. Tf % is a C.A.,then 9 isa G.C.A.,
but never a C.A. (unless A has only one element—cf. 8.12 and 8.17).
By means of_ﬂ'l, however, we can construct new C.A.’s. For instance,
the closure 9 of 9 is of course a C.A., though its structure may differ
considerably from that of the original C.A. 3. In our further dis-
cussion we shall find important examples of C.A.’s among coset
algebras 9(/R generated by infinitely additive equivalence relations
R. This throws some light on the introductory remarks in §5
regarding the significance of G.C.A.’s for the study of C.A.’s.

TarorEM 8.19. For every algebra ¥ = (A, +, X)) the following
conditions are equivalent:
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(1) A s an idem-multiple G.C.A., and for any a, b ¢ A witha = b
there is an element ¢ € A such thata + ¢ = banda N¢ = 0;

(i) % isa G.C.A. and A = &;

(iii) there is a multiple-free G.C.A. B such that A = B.
Instead of requiring in (1) that A be idem-multiple, we can require
only that 2-a be in A for every a ¢ A.

Proor: If (i) holds, we have by 8.9

1) A = 9.

Morcover, (i) implies by 8.16 that the rclations < in % and £ in
9 coincide; hence we obtain by 3.2 and 8.7

) A = .

Theorem 8.17 and formulas (1) and (2) at once give (ii). From (ii)
we easily conclude that 9( is multiple-free (by applying 8.11 and
8.16, and without assuming that U is itself a G.C.A.); and hence
we obtain (iii). By 8.14, condition (iii) implies that 2 is an idem-
multiple G.C.A.; and from 8.8 and 8.13(i),(iii) we see that ¥ also
satisfies the additional condition:

() if a,be A and a = b, then there is an element ce A

suchthat a+c=b and aNc=0.

Thus, conditions (i)-(iii) are equivalent. Assume finally that 9
is a G.C.A. which satisfics (3) and in which 2-a ¢ A for every a ¢ 4.
In this case, for every element a ¢ A, there is an element ¢ ¢ A such
that
a +c¢c=2a and a N¢c = 0.
Hence, by 3.12,
¢c = (2a Nc =0 and a = 2-q,

so that, by 8.1, A is idem-multiple. If, conversely, 2 is idem-multiple
then obviously 2-a ¢ A for every a ¢ A. Thus, the last part of the
theorem has been established.

THEOREM 8.20. For every algebra A = (A, +, D_) the following
conditions are equivalent:

(1) A s a multiple-free G.C.A.;

(i) YisaG.CA. and A = Y;

(iii) thereis a G.C.A. B such that A = B.
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From the G.C.A. B in (iii) we can require that it satisfy condition
8.19(1) for % = B.

Proor. If (i) holds, then, by 8.14, % is a G.C.A.; and from {.%.23,
8.8, 8.13, and 8.16 we conclude that the operations + and U as

well as Y and U coincide; thus, we obtain (i1). Conversely, (ii)
implies (i) by 8.17. If (i) and (ii) hold, and if we put

3 = 9,

we at once obtain (iii); and we conclude from 8.19 that B satisfics
8.19(i). Finally, (iii) implies (i), and hence also (ii), by 8.17. This
completes the proof.

Theorems 8.19 and 8.20 exhibit close connections between multiple-
free G.C.A.’s and those idem-multiple G.C.A.’s which satisfy the
additional condition of 8.19(i). Given an algebra 9 of the first
class, we obtain an algebra B of the second class by putting

8 = U
conversely, every algebra A of the second class yields an algebra
B of the first class, namely,

B8 = I

We could say that we are presented in both cases with the same
algebras, which are characterized, however, in terms of different
fundamental operations. (The phrase ‘the same algebras’ should
not be taken literally.)

Idem-multiple and multiple-frec algebras exhibit, aside from
many differences, also some striking similarities. For instance,
in both kinds of algebras the sum of any sequence of clements, if
it exists at all, coincides with the least upper bound of these clements;
and the latter always exists if the scquence is bounded above. The
first of these properties plays an essential role in the proof of the
following theorem, which concludes this section:

Tarorem 821. Let A = (4, +, D) and A" = (A, +', 37
be two idem-multiple or multiple-free G.C.A’s. For a function f lo
map A isomorphically onto ' it is necessary and sufficient that D(f) =
A, C(f) = A’, and that the formulas

a < b and f(a) =’ f(b)

be equivalent for any a and bin A.
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Proor: The necessity of the conditions follows at once from 6.1.
To show that they are sufficient it suffices to derive from them 6.1
(iii), and to apply 6.2. The derivation of 6.1(iii), however, presents
no difficulty, since in both kinds of algebras the operation + can be
defined in terms of the relation <; cf. 8.2 (or 7.12 and 8.1) for idem-
multiple algebras, and 7.12 and 8.13(1),(iii) for multiple-free algebras.



§9. SEMI-IDEALS AND IDEALS

In this section we shall discuss certain special subalgebras of
3
G.C.A.’s—SEMI-IDEALS and IDEALS.

DeriniTION 9.1. Let A = (A, +, D).
(i) A non-empty subset B of A is called a semi-ipaL In N of it
satisfies the condition:

if aeA, beB, and a £ b, then ac¢B.
(i1) A semi-ideal C is called an 1DEAL IN N if it salisfies the condition:

if acd, c,c, - ,6, -cC, and a = D icuCi, then
acC.

We are not going to consider here IDEALS IN A WIDER SENSE, i.c.,
semi-ideals which are assumed to be (relatively) closed under binary
addition only. In opposition to ideals in a wider sense, those actually
defined in 9.1(ii) could be called INFINITELY ADDITIVE (OF INFINITELY
CLOSED) IDEALS.

As examples of semi-ideals we may mention the sets of all finite
and of all multiple-free elements; also the set of all indecomposable
elements with 0 included. By applying to these scmi-ideals the
construction described in Theorem 9.7 below, we obtain, as examples
of ideals, the set of all infinite sums of finite clements, the set of all
infinite sums of multiple-free elements, and the set of all finite and
infinite sums of indecomposable elements.

CoROLLARY 9.2. Every semi-ideal and cvery ideal in a G.C.A.
A = (A, +, D) contains the element 0.

Proor: by 9.1.
CoROLLARY 9.3. Let C be an ideal in a G.C.A. A = (A, +, D).
Ifn S o, icnciisin A,and ¢y, 1, -+ ,Ci, -+ are in C, then

Z"<ﬂ civsin C.
Proor: by 9.1(ii) and 9.2.

CoroLLARY 9.4. The largest semi-ideal and the largest ideal in
aGCA A= (A, +,> )isthe set A.
Proor: by 9.1.

3 The discussion in §§9 and 10 shows various analogies to the discussion of
ideals in other algebraic systems, especially in lattices.

111
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TuroreM 9.5. If K is a non-empty family of semi-ideals ina G.C.A.
A, then the union and the intersection of all sels in K are semi-ideals
in U.

Proor: by 9.1(i) and 9.2.

TureoreMm 9.6. If K is a non-empty family of ideals in a G.C.A.
9, then the intersection of all sets in K is an tdeal in .

Proor: by 9.1 and 9.2.

TuroreM 9.7. If B is a semi-ideal in a G.C.A. A = (4, +,2),
then the set C of all elements ¢ € A such that

c = Eb; forsome by, by, ,bi, - €B
1 <o
is the smallest ideal in A which includes B.
Proor: by 9.1, with the help of 1.42 and 2.2.

TaroreM 9.8. Let A = (A, +, D ) bea G.C.A., and let D be a
subset of A.

(i) The set B, consisting of all elements b ¢ A with b < d for some
d € D, and of the clement 0 in casc D is empty, ts the smallest sems-
ideal in A which includes D.

(i) The set C of all clements ¢ € A such that

c= D b; forsome by,by, --,b;,---¢B
i <o
s the smallest ideal tn N which includes D.
Proor: by 9.1, 9.2, and 9.7.

Turorem 99. If % = (4, +, 2. )isa C.A. and if D is a non-
emply subset of A, then the set C of all elements ¢ € A such that

¢ <> d; forsome dy,dy, - ,di, - €D
1 <0
18 the smallest ideal in N which includes D.
Proor: The identity of the sets C in 9.8 and 9.9 follows from 1.22
and 2.2.

In case the set D in 9.8 (or 9.9) consists of one element only, we
obtain what may be called PRINCIPAL SEMI-IDEALS and IDEALS.
We introduce in this connection a special notation:
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DerFiNiTIoN 9.10. Let % = (4, 4+, > Y bea G.C.A. The smallest
semi-ideal in I which contains an element a ¢ A is denoted by ‘S(a)’;
and the smallest ideal in N which contains a is denoted by ‘I(a)’.

TrEoREM 9.11. If A = (4, +, D> )Y is a G.C.A. and a ¢ A, then
the semi-ideal S(a) is the sct of all elements c ¢ A with ¢ £ a, and the
ideal I(a) s the sel of all elements ¢ € A with

c = E C;i
1 <o
where ¢, < a for every 1 < o, I(a) includes S(a).

Proor: by 9.8 and 9.10.

CoroLLARY 9.12. If A is a G.C.A., then S(0) = I(0) is the set
consisting only of 0, and it is the smallest semi-ideal and the smallest
sdeal in 9.

Proor: by 9.2 and 9.11.

CoroLLARY 9.13. IfA = (A, +, D> )isaG.C.A. and a, ©-a ¢ A,
then 1(a) s the sel of all elements ¢ ¢ A with ¢ £ »-a, and I(a) =
I(w-a) = S(x-a).

Proor: by 9.11, with the help of 1.22, 1.43, and 2.2.

CorOLLARY 9.14. If A = (4, 4+, D) is a G.C.A. and a, c,
o -a & A, then the formulas I(a) = I(c) and © -a = o -care equivalent.
Proor: by 9.10 and 9.13, with the help of 1.23 and 1.43.

TueorkM 9.15. If A = (A, +, D Yisa G.C.A. and a € A, then
the set A(a) of all elemenls ¢ ¢ A with ¢ + a = a 1s an 1ideal which s
included in S(a) and I(a).

Proor: by 1.30, 1.47, 9.1, and 9.11.

TreorEM 9.16. If % = (A, +, D) is a G.C.A., then each of
the formulas: A(a) = S(a) and A(a) = [(a) (where A(a) s the ideal
of 9.15) is equivalent to the condition that a is idem-multiple. If, in
addition, © -a ¢ A, the same applies to the formula: S(a) = I(a).

Proor: by 4.3, 4.4, 9.11, 9.13, and 9.15.

THeorEM 9.17. Let A = (A, +, Y)Y be a G.C.A. Ifac A,
then the set D(a) of all elements d € A with a N d = 0 s an ideal in Y.
More generally, if C is a subset of A, then the set D(C) of all elements
d e A withec Nd = 0 for every c & C is an ideal in .
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Proor: From 3.1 and 9.1(i) it is seen at once that the set D(a),
or D(C), is a semi-ideal in U ; hence, by 3.12 and 9.1(ii), it is an ideal.

Further theorems concern relations between semi-ideals, ideals,
and arbitrary subalgebras of G.C.A.’s.

TaEoREM 9.18. Let % = (A, +, D).

(i) If Aisa G.C.A. and B s a semi-ideal (or an ideal) tn N, then
B = (B, +, D) is a generalized cardinal subalgebra of .

(i) If Aisa C.A. and B is an ideal in A, then B = (B, +, 2 )
15 a cardinal subalgebra of .

In both cases A and B have the common zero element 0.

Proor: (i) by 5.1, 6.13, 9.1, and 9.2; (ii) by (i), 5.24, 6.13, and 9.1.
In connection with (i) compare the proof of Theorem 8.15, which is
a particular case of 9.18(i).

Regarded as subalgebras, semi-ideals and ideals deserve attention
from the following point of view. Although the fundamental opera-
tions in an algebra % = (4, +, D) and in its subalgebra 8 = (B,
+, D) coincide, other arithmetical notions discussed in Part I may
have different meanings in 9 and in B, even when applied to ele-
ments of 8. For instance, ¥ and B may have different zcro elements;
a and b being two clements of B, the formula ¢ £ b may hold in ¥,
but not in B; and so on. This cannot occur, however, if B is a semi-
ideal. For, as we know, 2 and 8 have in this case the same zero

element; if, for any elements a, b, @, a;, -+ in B, a formula like
a<b a=MNa (withn=+0), or a=Ua
1 <00 1<

holds in one of the algebras ¥ and 9, it also holds in the other; and
if an element a in B is, e.g., finite in 9, it is also finite in B, and
conversely. The proof presents no difficulty.

TuEOREM 9.19. Let 8 = (B, +, 2_) be a subalgebra of a G.C.A
A= (A y +, Z )

(1) If B is a semi-ideal in N and D is a semi-ideal in B, then D
18 also a semi-ideal in A; similarly for ideals.

(i1) If B is a semi-ideal in A and D is an ideal in B,then there ts
an tdeal C in N whose iniersection with B is D; e.g., the smallest ideal
in A which includes D can be taken for C.

Proor: (i) by 9.1 (and 6.13); (ii) by 9.1, 9.2, and 9.8.
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It may be noticed that both parts (i) and (ii) of 9.19 may fail in
case 9B is a generalized cardinal subalgebra of %, but B is not a semi-
ideal in . We have, however, in this connection

THEOREM 9.20. The conclusion of 9.19(i1) holds also in case B
1s an arbitrary cardinal subalgebra of a C.A. U, and D s an tdeal in B.
Proor: by 6.13, 9.1, and 9.9.

Turorem 9.21.  Let B be a semi-idealina G.C.A. A = (A, +, 2. );
or, more generally, let B = (B, +, D) be a subalgebra of A which
has the same zero element as .

(1) If C 2s a semi-ideal (or an ideal) in A, then the intersection of
C and B is a semi-ideal (or an ideal) in B.

(1) If, en addition, C is included in B, then C s itself a semi-ideal
(or an ideal) in B.

Proor: by 6.13, 9.1, 9.2, and 9.18.

Turorem 9.22. If A = (4, +,>.) isaclosureof A = (A, +,2.),
then A is a semi-ideal in A, and A is the smallest idcal in A which in-
cludes A.

Proor: by 7.1, 7.4, and 9.1.

TaeEOoREM 9.23. If B = (B, +, 2.) is a subalgebra of a C.A.
A = (A, +, D) constituted by a semi-ideal B tn N, then there is a
uniqely determined subalgebra B of I which is a closure of B; in fact,
B = (B, +, ) where B is the smallest ideal in 9 (and also the small-
est cardinal subalgebra of N) which includes B.

Proor: by 6.13, 7.1, 9.7, and 9.18.

In view of 7.8, 9.22, and 9.23, we could simply define G.C.A.’s
as subalgebras of C.A.’s constituted by semi-ideals.

Turorem 9.24. Let N be a closure of A = (A, +, D). If
C is an ideal in 9, then there is a uniquely determined ideal C in %
whose intersection with A is C; in fact, C is the smallest ideal in %A
which includes (.

Proor: By 7.1(i), 9.19(ii), and 9.22, the smallest ideal ¢ in A
which includes (' has the desired property; if B is any other ideal in
9 with the same property, it can easily be shown to be identical
with € by means of 7.1(ii),(iii) and 9.1.

Taeorkm 9.25. If (' is a semi-ideal, or an ideal, in a G.C.A. ¥,
it s also a semi-ideal, or an ideal, in the disjunctive G.C.A. I.
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Proor: by 8.16, 8.17, and 9.1.

Ideals provide us with a rather general method of contructing
infinitely additive and infinitely refining equivalence relations.
This method is based upon the following:

DrrintTioN 9.26. Let A = (A, +, 2.) be a G.C.A., and let C
be an ideal in .  Two elements a, b ¢ A are called conGrRUENT MODULO
C, in symbols, a =5 b, if there are elements o', b’ € C and ¢ € A such that
a=a +candb =0b + c.

Turorkm 9.27. Let A = (A, +, X ) be a C.A., and let C be an
idealin A.  Then for any a,b € A the following conditions are equivalent:

@B aTb;

(ii) there are elements a’, V' € C' for whicha + b = b + a';

(iii) there 1s an element c € C witha + ¢ = b + c.

Proor: (ii) follows directly from (i) by 9.26. To derive (iii)
from (ii), we put

¢ = o-a 4+ b,

and apply 9.1(i)). (i) can be derived from (ili) by means of 2.6
(or 2.3) and 9.1(1).

Turorem 9.28. Let A = (A, 4,> Ybea C.A.,and leta,b,c e A.

(i) IfC = I(c), we have a 55 bif,and only if,a + o -c = b+ = -c.

(ii) If C = A(c), where A(c) 1s the ideal of 9.15, we have a 55 b if,
and only if,a + ¢ = b + c.

Proor: first part by 9.9 and 9.27; second part by 2.6, 9.15, and
9.27.

TarorkMm 9.29. If (' 7s an ideal in a C.4., or G.C.A., A, then
= 1s an nfinitely odditive and infinitely refining equivalence rela-
tion 1n 9, and hence N/ 15 a C.A., or G.C.A.; moreover, C coincides
with the coset of the zero element, 0/,

Proor: In the proof we apply 9.1 and 9.26 several times. The
relation 55 is clearly reflexive and symmetric; by means of 2.3 we
show that it is transitive. From 6.4 we easily see that it is infinitely
additive; to show that it is infinitely refining, we make use of 1.1.VI
and 6.7. Hence, /5 is by 6.10 a C.A., or G.C.A. The last part

of the conclusion follows easily from 6.3.

From 9.28(ii) and 9.29 we can derive, e.g., with the help of 7.13,
various properties of the relation B which holds between two ele-
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ments @ and b of a C.A. ¥ if, and only if,a + ¢ = b + ¢ (where ¢

is any fixed element of ). Most of these properties, however, have

been established in Part I directly; for instance, Theorems 2.16 and

2.18 show that the relation in question is additive and refining.
The following theorem is a converse of 9.29.

TurorEM 9.30. Let R be an infinitely additive equivalence relation
ina GC.A. A = (A, +,>.). If R is finitely or infinitely refining
in N—or, more generally, if A/R is a G.C.A.—then the coset O/R is
an tdeal.

Proor: By 6.3, the set 0/R is a subset of A. If @ is in 0/R and
b < a, we obtain, by applying 6.3-6.5 and by passing to coscts,

b/R £ a/R = O/R;

and since A/R is a G.C.A. and O/R is its zero element (cf. 6.6 and
6.10), we conclude by 5.19 that

b/R = O/R;

thus, b is in 0/R, and O/R is a semi-ideal by 9.1(i). From 6.3 and
6.4 we easily see that 0/R satisfies also the condition stated in 9.1
(ii), and hence is an ideal.

It should be emphasized that the method of constructing infinitely
additive and infinitely refining equivalence relations with the help
of ideals, as provided by 9.29, is by no mecans universal. In fact,
two different relations B and S with these properties can generate
the same ideal (in the sense of 9.30); e.g., if /2 is any one of the rela-
tions @ which will be discussed in §11, then 0/ = I(0) (cf. 11.13
and 11.25).

In general, the varicty of ideals in a C.A. or a (:.C.A. can be
very small, and in fact much smaller than the varicty of clements.
We see, for instance, from 9.13 that the ideals gencrated by two
elements a and « -a are always equal, cven if the elements them-
selves are different; and this will be further emphasized by Theorem
10.13 below which shows that the variety of ideals in an arbitrary
C.A. U is the same as that in a special subalgebra of ¥ constituted
by all idem-multiple elements. We now want to consider the
extreme case when an algebra has only two different ideals.

DeFiNiTION 931. A G.C.A. % = (A, +, D) s called sirLe
if there are no ideals in A different from A and 1(0).
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Examples of simple algebras will be found in §14.

TrEOREM 9.32. For every G.C.A. A = (4, +, Z) the following
conditions are equivalent:
@) A is simple;
(11) I(a) = I(b) forany a,b e A witha == 0 and b =+ 0;
(ili) ifa,be A and b == 0, then there are elements @y, a1, -+, @i,
- & A such that
a = E Q5

i<
and a; < b for everyi < .

Proor: (i) clearly implies (ii) by 9.11, 9.12, and 9.31. If (i) does
not hold, there is an ideal C different from 4 and I(0). We consider
an element a in C different from 0, and an clement b in A which is
not in C; and we easily see from 9.10 and 9.11 that I(a) == I(b) (since
I(a) isa subset of C), so that (i) fails. Furthermore, in view of 9.11,
(iii) amounts to saying that ¢ ¢ I(b) and b ¢ I(a) for any a == 0 and
b # 0; and this is clearly equivalent to (ii) by 9.10.

TaroreM 9.33. If A = (A, +, D) is a simple G.C.A., and a
18 an infinite element of A, then a is idem-multiple and is the unique
infinite element of A ; and we have b < a for every b e A.

Proor: The ideals A(a) of 9.15 and I(a) are different from I(0),
as is seen from 4.10, 9.11, and 9.15; hence, by 9.31, they are identical.
Consequently, by 9.16, a is idem-multiple, and therefore, by 4.3
and 9.32,

b= ©.a =aforeveryde A.

If b is also infinite, we have for the same reasons
a £ o-b =0,
so that a and b must be identical.

Tueorem 9.34. Fora C.A. A = (A, +, X)) to be simple it is
necessary and suffictent that A contain no two different infinite elemends.

Proor: The condition is necessary by 9.33 for arbitrary G.C.A.’s.
If the condition is satisfied, we have, by 4.12,

©w.q = o-b forany a,bed with a0 and b =+ 0;
hence by 9.14 we obtain 9.32(ii), so that ¥ is simple.
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From examples in §14 it will be seen that the condition of 9.34
is not sufficient for U to be simple in case A is a G.C.A., and not
a C.A.

Taeorem 9.35. Let A = (A, +, D) be a G.C.A., and let a be
an indecomposable element of A. For A to be simple, it is necessary
and suflicient that, for every b ¢ A, there be an integer n S o such
thatb = n-a.

Proor: An elementary argument based upon 4.38 and 4.40 shows
that the condition of the thecorem is equivalent to 9.32(iii)—under
the assumption that a is indecomposable.

CoroLrary 9.36. If 3 = (A, +, D.) is a simple G.C.A., then
A contains no two different indecomposable elements.
Proor: by 9.35 and 4.42.

TaeoreM 9.37. If A = (4, +, X.) is a simple G.C.A.,

0<n< o, G,a, a,- - &A, and Nic,a; exists, then we
have
N a; = an for some m < n.
i<n
Proor: We can put
(1) N a +b =a; for j<n.
i<n

If b, = O for some m < n, the conclusion obviously holds. If, on
the contrary, b; &= 0 for every j < n, we show by induction with
respect to n and with the help of 9.32(iii) that there is an element
z such that

2) 2+0, and z £ b; for j < n.
From (1) and (2) we easily conclude that

n a;+zx=a; for j <n,
i<n
and hence

Na+z= N g.

i<n i<n

Consequently, by 4.10, the clement MN.c, a; is infinite. Hence, by
4.15 and 9.33, all the elements ap, a1, ---, a;, --- are infinite and
equal to each other, so that the conclusion again holds.
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Tueorem 938. If % = (4, +, DY) is a simple G.C.A,
0<n< o, G,0, a8, - A, and U.<. a; exists, then we
have

Ua =an forsome m <n.
i<n

Proor: By 9.33 the conclusion certainly holds if one of the ele-
ments a; is infinite. Otherwise, U, a; is finite by 4.17. We put

1) a; +b;= U a for j<n.

i<n
By 4.21 and 9.37 we obtain
@ Ua=Ua+ Nb=Ua+b, forsome m <mn.

i<n i<n i<n <n
(2) implies by 4.10 that b = 0. Hence, by (1), the conclusion.
CoroLLARY 9.39. If % = (4, 4+, X.) is a simple G.C.A., then

for all a, b £ A the following conditions are equivalent:

)] a=<borbd = a;
(i) a N b exists;
(i) a U b exists.

Proor: by 9.37 and 9.38.

The problem remains open whether there are simple G.C.A.s
in which 9.39(i) fails for some a and b, i.e., which are not smMpPLY
ORDERED.



§10. ALGEBRA OF IDEALS

We proceed to the construetion of the ALGEBRA OF IDEALS.

DerFinmmioN 101, Let A = (A, 4+, D). By the sux B +
oF Two IDEALS B and (' in 9 we understand the smallest adeal in A
which includes both B and C; similarly we define the sty Y ,cw A,
OF AN INFINITE SEQUENCE OF IDEALS Ao, Ay, ---, A,, -+ in A
The algebra constituted by the family | of all ideals in A and by lhe
operations + and Y, just defined is called the 1DEAL ALGEBRA oF Y,
in symbols,

Q0 = U, +, 20

TaeoreM 10.2. Let A = (A, +, D) be @ G.C.A. The sum
B 4 C of any two tdeals B and (! in A ahways cxists, and 1t consists
of all elements a ¢ A witha = b 4 ¢ for some b e Band c e . Simi-
larly, the sum Zr<w A, of any infinite scquence of 1deals Ay, Ay, <o -,
A, -+ in N always extsts, and il consists of all clements a € A with

a= 2 a
100
where a, € A, for ecvery 1 < .

Proor: B and ' being any ideals in 9, the set of all elements
b4+ ceAwithbeBandceCisanideal in A by 2.4, 5.1.11, and 9.1;
it is the smallest ideal which includes B and (" by 9.2 and 9.3; and
hence it coincides with B 4+ (' by 10.1. Similarly for any infinite
sequence of ideals, with 2.4 and 5.1.1T replaced by 2.2 and 5.22.

THEOREM 10.3 (FUNDAMENTAL THEOREM OF THE IDEAL ALGEBRA).
If A = (A, 4+, XY is a G.C.A., then the ideal algebra J(N) is an
tdem-multiple C.A ., and the wdeal 1(0) 1s the zero element of this algebra.

Proor: From 10.1 and 10.2 we casily sce that Postulates 1.1.1-1V
hold in (). By 9.12 and 10.1 we have

B+ I100) = I0) + B =18

for every ideal B in 9; thus, Postulate 1.1.V is satisfied, and 7(0)
is the zero element. of . To obtain 1.1.VI, we assume that
B+C =2 A
T <o

121
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for given ideals B, C, Ay, A1, -+, A,, ---. We define B; to be the
intersection of B and A;; and similarly we define C;. By 9.6,
B; and C; are ideals. By 10.1, B is included in Y i< 4. ; hence,
by 10.2, B consists of elements b with

b=Za,~ where a; ¢ A, for 7 =0,1,2, ---
i<

From 9.1 we see that these elements a, arc alsoin B. Ilence
@, ¢ B; for 7 = 0, 1, 2,

Therefore, by 10.2, B is included in the sum .. B., whereas,

by 10.1, it includes this sum; so that finally

B= 2 B.

1<
Similarly we obtain
C =20, and A; =B, +C, for i=0,1,2 .

1 L0

Thus, the ideals B, and C, satisfy the conclusion of 1.1.VI.
Now to derive 1.1.VII, we consider ideals A, and B; such that

(1) A, = B, + A,n for n =0,1,2, ---.
From 10.1 we conclude by induction that A,,, and B,,, are subsets
of A, forevery 7 < «. The intersection C of A¢, Ay, -+, 4., -+

is an ideal by 9.6. Let a be any element in A,. We put @, = a.
By (1) and 10.2 we have

ay = by + a; with bye B, and a; ¢ A4,,;.

By continuing this procedure indefinitely, and then by applying

5.1.V (to elements ao, a1, -+, by, b1, --- € C), we arrive at
(2 ap=c+ 2 by where apeAn, and b, e By, for
1 <00

p=0’1,2’....

Hence, by 9.1, cisin A,, Apy1, -+, Any., -+ and therefore also
in C (the sequence A,, 4,, -+, Ai, --- being decreasing). For
p = 0, (2) gives

a=a =c¢+ E b ;

1Ko
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and this shows by 10.2 that @ is in C + Y icw Bati. Thus, 4, is
included in ¢ 4+ Y icwBayi. The sets C, By, Bayr, -+ being
subsets of A, , the inclusion in the opposite direction results from
10.1, so that finally
A, =C + Z Buy for n=0,1,2 ---;
1 <0

in other words, C satisfics the conclusion of 1.1.VII. Thus, 3(20)
is a C.A.; and from 8.1 and 10.1 it is seen that (%) is an idem-mul-
tiple C.A.

TreorEM 10.4. If % = (4, 4+, D) is a G.C.A., then the relation
< in .the ideal algebra () coincides with set-theoretical inclusion;
and the set A is the largest clement in this algebra, i.c., we have B < A
for every element B of the algebra.

Proor: by 9.4 and 10.1.

Turorem 105. Let % = (4, +, D) be a G.C.A., and let A;
be clements of the ideal algebra () (i.c., ideals in A) correlated with
elements 1 of an arbitrary set 1. Then N..; Aisalways exists; and, in
case the set I is not empty, N1 A, coincides with the set-theoretical
intersection of all ideals A, .

Proor: by 3.1, 9.6, 10.1, and 10.4.

CoroLLARY 10.6. For any ideals B and C in a G.C.A. A = (4,
+, D) the following conditions are equivalent:

(i) 0 s the only common element of B and C;

(i) bNc=0foreverybeBandceC;

(iii) B N C = I(0) in the ideal algebra F(A).

Proor: The equivalence of (i) and (ii) follows from 9.1 and 9.2;
the equivalence of (i) and (iii) is a consequence of 9.12 and 10.5.

TurorEM 10.7. Under the hypothesis of 10.5, Ui A; always
exists; it s the smallest ideal which includes all the ideals A;, and it
consists of all elements a £ A which can be represented in the form

a = Z ax
k<n
where n £ o, and ax € A;, for some elements i, € I such that i = 1,
fork <1l <nm.

Proor: Let B be the set of all elements a which have the represen-

tation given in the theorem. By means of 1.44, 2.2, 9.1, and 9.3,
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we easily show that B is an ideal, and in fact the smallest ideal which
includes all ideals A;. Hence, by 3.2 and 10.4,

B= UA,

sl

It is seen from 10.7 that the ideal U, A, is the set-theoretical
union of all ideals U,,; A, where J is any at most denumerable sub-
set of I.

CoroLrARY 108. If A = (4, +, > )isa G.C.A.,n £ =, and

Ao, Ay, -+, A,, -~ witht < n are ideals in A, then
Ua =2 4,
i<n <n

and U<, A; consists of all clements a ¢ A of the form
a = Z a;
1<n
where a; € A; for every © < n.
Proor: by 8.2,9.2, 10.3, and 10.7.

Turorem 10.9. If B is an ideal in a G.C.A. A = (A, +, D),
and if C, are ideals in A correlated with clementsi ¢ I, then

BNUC, =U®mNce.

el wel

Proor: By 10.1, 10.5, and 10.7, all the bounds involved exist in
the algebra () and are ideals in A. If, moreover,

(1) zreBNUC,,

el
we have by 10.5 and 10.7

zeB, and z = Z ¢ where ¢, eC,, for k < n;
k<n

hence, by 9.1 and 10.5,

z = kz cx where ¢, e BNC; for k < n;
<n

and therefore, again by 10.7,
) ze U BNC).

el
Thus, (1) implies (2); by 10.4, this gives
BNUCcC. =U®BNC).

el sel
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From 3.1 and 3.2 we easily obtain the inequality in the opposite
direction, and hence finally the desired equation.

It should be noticed that the dual distributive law fails in general;
it holds, of course, by 3.30 and 10.3 in casc the set I is at most de-
numerable.

Theorems 10.3, 10.5, 10.7, and 10.9 provide us with an exhaustive
characterization of the ideal algebra (). In §15 (Theorem 15.25)
these results will be given a more convenient and familiar form.

TarorEM 10.10. Let A = (A, +, D) bea GC.A. If n £

and @y, @, -+ ,G;, - € A, then
a= 2 a smplies I(a) = 2, I(a).
i<n i<n
In case the elements a, ay , @y, -+ , @, , -+ - arc idem-multiple, the im-
plication in the opposite direction also holds.
Proor: If
) a= ; a.,

we see by 9.1, 9.3, and 9.10 that I(a) is the smallest ideal which
includes all the ideals I(a,); the existence of these ideals is secured
by 9.11. Hence, by 10.1, we arrive at the conclusion.

If now a, ay, a1, - -+ arc idem-multiple and
I(a) = §<: I(as),

we conclude by 7.12, 9.10, and 10.8 that D_:<. a. is in A; hence hy
the first part of the theorem

I(a) = I(; a);
and by 4.3, 7.12, and 9.14 we obtain (1).

TurorEM 10.11. Let % = (A, +, D) be an idem-multiple G.C.A.
Then the function f such that f(x) = I(x) for cvery x ¢ A maps A 1s0-
morphically onto a generalized cardinal subalgebra B of the ideal al-
gebra I(AN).

Proor: by 4.3, 6.1, 8.1, 9.10, 9.14, and 10.10.

Theorem 10.11 does not apply to arbitrary G.C.A.s or even
C.As.
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Treorem 10.12. If B is an ideal in a G.C.A. A = (4, +, 2),
then the set of all ideals in B = (B, 4, 2. ) is an idcal in the ideal
algebra () (in fact, it is the smallest ideal which contains B); and
S(B) 18 a cardinal subalgebra of J(A), with the same zero element 1(0).

Proor: by 9.18, 9.19, 9.21, and 10.1-10.4, without any difficulty.

TueoreM 10.13. Let 8 = (B, +, 2. ) be the subalgebra of a C.A.
A = (A, 4, D) constituted by the set B of all idem-multiple elements
in A; and let, for every ideal X in A, F(X) be the intersection of X and
B. Then F maps S(N) isomorphically onto J(B), so that

J(AW) = 3(®).

Proor: By 8.4, 8B is an idem-multiple cardinal subalgebra of ¥,
and by 4.2 the zero elements in 9 and 9B are identical. Hence, X
being an ideal in %, F(X) is by 9.21 an ideal in 8. Conversely, ¥
being an ideal in B, 9.20 implies that there is an ideal X in ¥ such that

F(X) =Y.

Thus, D(F) and C(F) are the families of all ideals in % and B respec-
tively. Furthermore, for any ideals C and D in ¥, the formula

6)) C =D
implies
2 F(C) = F(D);

we apply here 10.1, 10.4, and the definition of F. If now (2) holds,
then, for the same reasons, D is an ideal which includes F(C). More-
over, for every ¢ in C, «-¢is in C by 9.1(ii); it is also in B by 4.5,
and therefore, by the definition of F, « -¢ is in F(C) and in D; hence,
by 9.1(), ¢ is in D. Consequently, (1) holds. Thus, formulas
(1) and (2) are equivalent for all ideals in . By now applying
8.21 and 10.3, we immediately arrive at the conclusion.

TaeoreEM 10.14. Let 9 be a closure of ils subalgebra A =
(4, +,X); and let, for every ideal X in %, F(X) be the intersection
of X and A. Then F maps (%) isomorphically onto I(¥), so that

F(A) = ().

Proor: The reasoning is entirely analogous to that in the preceding
proof. Instead of 4.2 and 8.4 we apply 6.13, 7.1, and 7.2; and 9.24
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shows at once that (2) implies (1), since C must coincide with the
smallest ideal which includes F(C).

Thus, instead of studying ideals in arbitrary G.C.A.’s, we can
restrict ourselves to the discussion of ideals in C.A.s (by 10.14),
and even in special, idem-multiple C.A.’s (by 10.13).

CoroLrARY 10.15. If % is a closure of ils subalgebra 9, then A
is simple if, and only if, U is simple.
Proor: by 9.31, 10.1, and 10.14.

The last three theorems of this section will have a more special
character; they will be applied in §12.

TaroreM 10.16. Let A = (A, +, Y. ) be a G.C.A. such that every
element a in A can be represented in the form
a=Za.~ with n £ «
i<n
where the elements a; are indecomposable in the disjunctive algebra 9
—i.e.,a; F 0and, foranyz,ye Ad,a =z +yandz Ny = 0imply
that = 0 ory = 0. Then every ideal B in A can be represented
in the form
B = UB; where B;,NB; =1(0) for i,jel and i+ j
sel
and where the ideals B, are indecomposable in the disjunctive ideal
algebra §(A)—i.e., B; == I1(0) and, for any ideals X and Y in A, B =
X+Yand XNY = I(0) imply that X = I(0) or Y = 1(0). This
representation s unique apart from order.
Proor: We shall consider first the particular case when B = A.
Let K and L be families of ideals defined by the conditions:
(1) X e Kif, and only if, for some ideal Y in %, 4 = X + Y
and X NY = 1(0);
(2) X eLif, and only if, X ¢ K and X is indecomposable in ().
We notice the following:
(3) ifzisindecomposablein %, X and Y areidealsin 9, z¢ X + Y,
and X NY = I(0), thenze X orze Y.
This is seen from 4.38, 8.16, 10.2, and 10.6. Hence and from (1)
we conclude by 10.6:
(4) if 2 is indecomposable in 9 and X ¢ K, then either z ¢ X or
zNz = 0foreveryre X.
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Given an element a indecomposable in [, there are ideals X ¢ K
which contain a; e.g., as is seen from (1), 10.3, and 10.4, A is such
anideal. Let X, be the intersection of all ideals X with this property;
and let Y, be the set of all elements y such that

zNy =0 forevery zeX,.
By 9.17, Y, is an ideal; hence by 10.6
(5) X, N Y, = I1(0).

Let y be any element which is indecomposable in 9. If y is not
in X, , there is an ideal X ¢ K which includes X, , but does not con-
tain y. Hence, by (4), 2 Ny = 0 for every z ¢ X and a fortior
for every = ¢ X, ; and therefore y is in Yy. Thus, every element
which is indecomposable in 9 is either in X, or in Y, ; by 9.3, 10.2,
and the hypothesis of the theorem, we conclude hence that

(6) Xo + Yo = A.

Furthermore, X, contains the indecomposable element a, and hence
by 4.38, 8.17, and 9.12

(M Xo =+ 1(0).
Assume now that, for some ideals X; and Y,, we have
(8) X0=X1+ Yl and XlﬂY1=I(0).

By (3) and (8), & must belong to one of these ideals X; and Y,,
say, to X;. From (5), (6), and (8) we easily obtain with the help
of 3.12, 10.3, and 104

Xi+ Y1+ Y)=A4 and XN (Y1 + Yo) = I(0);

thus, by (1), X, isin K. Therefore, by (8), 10.1, and the definition
of Xy, the ideals X, and X; must be identical, and ¥; must be equal
to 1(0). Thus, (8) implies that

X, =10 or Y,=I(0);

and hence, by (7) and with the help of 4.38, 8.16, 8.17, 10.1, and 10.3,
we conclude that

(9) X, isindecomposablein ().
From (1), (2), (5), (6), and (9), we see that X, ¢ L.
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We have thus shown that every element a indecomposable in %
belongs to an ideal X, in L. Hence, by the hypothesis, every ele-
ment ¢ in 4 can be represented in the form

a = Za.- with n £ «
i<n

where each a, belongs to a certain ideal X, ¢ L; by 9.3, we can replace

in this representation all terms belonging to the same ideal X, by
their sum. By applying 10.7, we infer that

(10) A=UX.

XeL

Consider finally any two ideals X, X; ¢ L. By (1), (2), 10.3, and
10.4, there is an ideal Y with

XZ é X1 + Yl and X1 ﬂ y1 = 1(0),
hence, by 3.13,
X=X NXy) +(YiNXy) and (X, NXy) N(YNXy)
= 1(0);

and since X, is indecomposable in I(2(), we conclude by 4.38 and
8.16 that

X] ﬂ X2 Xz or X1 ﬂ X2 I(O).

Similarly,

X1 n Xz = Xl or X1 n X2 1(0),

i

and consequently
(11) if Xl, X, e L and X + Xz,z then X1 n X, = I(O).

From (2), (10), and (11) we see that the ideal B = A has the repre-
sentation required in the conclusion.

The result thus obtained can easily be extended to an arbitrary
ideal B'in . For B = (B, +, >_) is a G.C.A. by 6.13 and 9.18;
and it obviously satisfies the hypothesis of the theorem (in view of
9.1). Hence, B has the desired representation in the idcal algebra
(B); and with the help of 9.1 and 10.12 we conclude that this will
also be a representation in J(2().



130 METHODS OF CONSTRUCTION

Finally, assume B to have two such representations:
B=UB;=Uc;.

iel jes
We then obtain by 10.9
Bi=U@®BNC,) foriel, and C;=U®B;NCy) for jel.
jeJ sel

Hence we easily conclude, with the help of 4.42 and 10.8, that the
two representations of B differ at most in order (cf. the proof of
4.45 and the remarks preceding 1.38). This completes the proof.

Theorem 10.16 applies, in particular, to all those C.A.’s A in which
every element can be represented as a sum of elements which are
indecomposable in ¥ itself (and not only in 91). The class of such
C.As, however, is much less comprehensive than that actually
considered in 10.16. The latter contains, e.g., all C.A’s A =
(A, +, ) in which the set A is simply ordered by the relation < or,
more generally, in which no two elements different from 0 are dis-
joint. It is, however, by no means true that in such an algebra A
every element is a sum of elements which are indecomposable in .

Tueorkm 10.17. Let A = (A, +, D) be a G.C.A. in which there
1s no infinite sequence of elements by , by, -+ , by, -~ e A withb; &= 0
and b; N b; = 0 fori < j < . Then every ideal B in A can be
represented in the form
B= > B; where n <o, and B;NB;=10) for i<j<n,

i<n
and where the ideals B; are indecomposable in the disjunctive ideal
algebra Y(N); this representation is unique apart from order.

Proor: The algebra ¥ satisfies the hypothesis of 10.16, even in
a stronger form, with ‘n < «’ changed to ‘n < «’. This is seen
by applying 4.49 to the algebra 9( (in view of 8.16 and 8.17). Hence
the conclusion of 10.16 holds. By 4.38, 8.17, and 10.3, all ideals B;
involved in this conclusion are different from I(0). Hence the set
of all these ideals must be finite, for otherwise, by 9.12 and 10.6,
we should arrive at a contradiction of the hypothesis. By now
applying 10.8, we obtain the conclusion of our theorem at once.

When speaking in our further discussion of FINITE, DENUMERABLE,
etc., ALGEBRAS ¥ = (4, 4+, D), we shall have in mind that the sets
A are finite, denumerable, etc.
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TaeoREM 10.18.  Every at most denumerable C.A. A = (A, +, )
satisfies the hypothests, and hence also the conclusion, of 10.17.

Proor: If the hypothesis of 10.17 were not satisfied, we should
have an infinite sequence of elements b; with

b;+0 and b, Nb;=0 for ¢ <j< ;

and we could form the set B of all elements b of the form
b= by
1<

where ko, k1, +-- , k., -+ - is an increasing sequence of non-negative
integers without repetitions. We could then easily show by means
of 3.12 that two elements b corresponding to two different sequences
k, are different; and that consequently the set B has the same power
as the set of all sequences k,, and cannot be denumerable. This
completes the proof.

Theorem 10.18 cannot be extended to arbitrary G.C.A.’s; this
can easily be shown by means of trivial examples of G.C.A.’s de-
scribed in §5 (ef. the remarks which follow 5.2).



§11. PARTIAL AUTOMORPHISMS

There is a class of equivalence relations which, as we shall see in
our further discussion, yields many interesting instances of C.A.’s
and G.C.A.s, especially when applied to multiple-free algebras.
We arrive at these relations by considering PARTIAL AUTOMORPHISMS
of G.C.A’s. Asis well known, an AuTomMorPHISM of a given algebra
is a function which maps this algebra isomorphically onto itself.
We define:

DeFINITION 11.1. Let % = (A, +, 2. ) be a G.C.A. A function
f s called a parriaL avromorruism 1N U if D(f) and C(f) are semi-
tdeals in A and if f maps (D(f), +, D) isomorphically onto (C(f),

+, 2.

Tt would actually be sufficient for our purposes to consider only
those partial automorphisms whose domain and counter-domain
are principal semi-ideals, S(a).

THEOREM 11.2. Let A = (A, +, D) be a G.C.A. The following
condilions are necessery and suflicient for a function f to be a partial
automorphism in UA:

@A) D(f) and C(f) are semi-ideals in ¥;

(i) for any clements a, b, ¢ ¢ D(f) the formulas

a =b4+c and fla) = f(b) + f(c)

are equivalent.
Condition (ii) can be replaced by the following:

(ii") for any elements a, @y, a1, --- , @, , --- &€ D(f) the formulas
a= ; a, and f(a) = &f(ai)

are equivalent.
Proor: by 6.2,6.13,9.18, and 11.1.

CoroLLarY 11.3. If f is a partial automorphism in a G.C.A.
A=, +, Z), then
@) fO) = 0;
(if) forany a e A and b £ D(f), the formulas
a £ b and fla) = f(b)
are equivalent;
132
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(iii) foranyaeD(f) anday, a1, -+ ,ai, - eAwithi <n = »,
the formulas
a= ; a; and f(a) = ;f(al)
are equivalent.
Proor: by 9.1 and 11.2.

CoroLLARY 11.4. Let f be a partial automorphism in a G.C.A.
A= (4, +,3).

() IfaeD({),be A, and b £ f(a), then there exists an element
o' e A witha' < aandf(a’) = b.

G) Ifn < o,aeD),bo,b1, - ,b,, - €A, and

f@ = X b,
i<n
then there exist elements ap, @1, -+ , @i, +++ € A such that
e =2 a, and f(a;) =b; forevery i <.

i<n
Proor: by 9.1,11.1,and 11.3.

COROLLARY 11.5. Ifn = « and if fis a partial aulomorphism in
a@Q.C.A. A= (A, +, D), then, foranya,a0,a1, - ,ai, --- € D(f),
(i) the formulas
a=Ua and f@) = U fla)
i<n i<n
are equivalent;
(i1) ncasen == 0, the formulas
a= Na and f@@) = N f(a)
i<n i<n

are also equivalent.
Proor: by 3.1, (or 3.16), 3.17, 11.3, and 11.4.

We shall use the following notations applying to functions. The
IDENTITY FUNCTION f, with f(z) = z for every x, will be denoted
by ‘’; we shall assume that the domain of ¢ is restricted to elements
of a given algebra 9. 'The INVERSE OF A BIUNIQUE FUNCTION f will be
denoted by ¢™". Given a function f and a set B, we shall denote
by /"’ the function g obtained by restricting the domain of f to
elements of B;i.e. g(x) = f(z) if z is both in D(f) and in B, and
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D(g) is the intersection of D(f) and B. The COMPOSITION OF TWO
FUNCTIONS f AND ¢, i.e., the function h such that a(z) = f(g(z)), will
be denoted by ‘f¢’; the domain of fg is the set of all elements x such
that g(x) is in D(f), while the counter-domain of fg is the set of all
elements f(x) with z in C(g).

THEOREM 11.6. Let A be a G.C.A.

(1) The identity funclion 1 1is a partial automorphism in ¥.

(i) If fis a partial automorphism in N, the same applies to f~".

(i) Iff1is a partial automorphism in ¥, and B is a semi-ideal in ¥,
then f'® is a partial automorphism in .

(iv) Iffand g are partial automorphisms in U, the same applies to fg.

Proor: by 6.1, 9.1, 9.4, 9.5, and 11.1-11.4. :

The next few theorems concern extensions of partial automorphisms.

TueoreM 11.7. If f is a partial awtomorphism in a G.C.A. A =
(A, 4+, D), then there is a uniquely determined partial automorphism
g in A with the following properties:

(1) gx) = f(z) for every x £ D(f);

(ii) D(g) consists of all elements D icna; wheren < ©, ag, ay,
cee @i, -+ € D(f), and both sums D ica @ and D <af(a.) are in A;

(iii) C(g) consists of all elements D i<n f(a,) subjected to the same
conditions.

Proor: Let B be the set of all elements D ;<. a; subjected to the
conditions in (ii). Thus, for every b € B, we have

b=Za,~ with n < o and ay, a1, " ,a, - € D(f);
i<n

and the element

c= 2 f(a)

i<n

isin A. By means of 1.44, 2.1, and 11.3(iii) we easily show that
this element ¢ depends solely on b (and not on the way in which a,,
a;, -+ ,a;, -+ have been chosen), so that we can put

¢ = g(b).

The remaining part of the proof is obvious; we apply 2.2, 9.1, and
11.2-11.4 several times.
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CoroLLARY 11.8. If f is a partial automorphism in a C.A. U,
then there is a uniquely determined partial automorphism g in A with
the following properties:

() g(x) = f(z) for every x £ D(f);

(i) D(g) 1s the smallest ideal in A which includes D(f);

(i) C(g) ts the smallest ideal in A which includes C(f).

Proor: by 9.7,11.1, and 11.7.

In our further discussion we shall often use operation and relation
symbols provided with dots, like ‘+,” ‘<, and ‘).’ According to
the agreement at the beginning of §6, these symbols will denote
operations and relations in the disjunctive algebra [ correlated
with a given G.C.A. % (cf. 8.16).

THEOREM 11.9. Let A = (A, +, X.) be a G.C.A., and let n

be = . Iffo,fi,---,f, - withi < n are partial automorphisms

in A, and a, b, ap, a1, -+ , a;, - are elements in A such that

@ o=@, b=2 file) and aeD(f) for i<nm,
<n <n

then there is a uniquely determined partial automorphism f in A with

(i) D) = S(a), C(f) = S®), and f(x) = fix) for z < a;
and ¢ < n.
Proor: We shall apply Theorem 3.13 many times. By this theo-

rem, 8.16, and the hypothesis, every element z < a can be uniquely
represented in the form

T =2, z with z Sa for i< n;
1 <n

in fact,

zi=zNa; and z= 2 (zNa).

i<n

Similarly, by 3.13, 8.16, 11.3, and 11.4, every element y < b has a
representation

y=2 fzNa) where z S a.
<n

In view of this, we define the function f by putting
) f) = 2 fizNa;) forevery zeS();
i<n
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we conclude, with the help of 9.11 and the hypothesis, that

(2) D(f) = S(@) and C(f) = S(b),
and consequently
(3) D(f) and C(f) are semi-ideals.

Furthermore, we show that for any x, y, z ¢ D(f)

(4) the formulas =z = y + z and f(z) = f(y) + f(z) are
equivalent.

In fact, from the first formula we get by 3.14, 8.16, 9.11, and (2)
zNa,= (yNa) + (zNa;) forevery i<n,

and hence, by 9.1, 11.3(iii), and (1), we obtain the second formula;
to derive the implication in the opposite direction, we apply 3.13
(several times), 11.3, and 11.4. By now applying 11.2 again, we
conclude from (3) and (4) that

5 f is a partial automorphism in (.
Moreover, we easily see by (1), 8.16, 9.11, and 11.3(i) that
(6) f@) = flx) for 2 £a, and 7 < n.

By (2), (5), and (6), f satisfies the conditions of the conclusion.
Finally we show, by means of 3.13, 8.16, 9.11, and 11.2, that con-
ditions (2), (5), and (6) imply (1). Thus, the function f which
satisfies these conditions is uniquely determined; and the proof is
complete.

THEOREM 11.10. Let A = (A, +, D) be a finitely closed G.C.A.
and letn be < .

Q) Iffo,fry- -, fi, - withe < nare partial automorphisms in 9|
such that D(f;) and C(f)) are ideals with

D) N D(f) = I(0) = C) N CYE) for ¢ <j<m,

then there ts a uniquely determined partial automorphism f in A with
the following properties:

D(f) = L DU, C() = X CU), and

fx) = fi(x) for zeD(;) and i < n.
(The symbols ‘(Y and 2’ refer to the ideal algebra I(%).)
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(1) In case A is a C.A., (i) also holds for n = .

Proor: The method is analogous to that used in the proof of 11.9.
By means of 3.11, 10.6, and 10.8, we show that every element
& in Y ;<. D(£.) can be uniquely represented in the form

z= ),z where z, ¢D(f) forevery ¢ < n;
i<n

and we define the function f by putting
f(@) = ;fs(x.-)-
The notion of a finitely closed algebra has been defined in 5.26.

TuarorEM 11.11. If f 1is a partial automorphism in a G.C.A. ¥,
it s also a partial automorphism in the correlated disjunctive G.C.A. 9.
Proor: by 8.16, 9.25, 11.2, 11.3(1), and 11.50i).

Our next theorem is of a more special and less elementary char-
acter than the theorems stated so far in this section; it will find some
important applications in our further discussion.

TaEOREM 11.12. Let f and g be partial avtomorphisms in a G.C.A.
A = (A, 4+, Do), let n be any inleger with 0 < n £ o, and let ay ,
My, ++ , G, -, b, and ¢ be elements in A such that

2a, atced and f( ad ) =bF glo)

<N w<n <n
Then there are elements by, by, «~+ b,y =o+ €, €,y o, €, N
A with

b= 2.b, ¢= 2 ¢, and f(a; + c) = b; + g(e2)
i<n i<n
Jor ecery ¢ < n.

Proor: Our reasoning will be carried through within the algebra
9 = (4, 4+, > ) dcfined in 8.16; we must remember that 9 is a
multiple-free G.C.A., and that f and g, as well as f'and g7, are
partial automorphisms in this algebra; cf. 8.17, 11.6(ii), and 11.11.
To simplify the argument slightly, we restriet ourselves to the case
when n* = o it is casily seen by 11.3 that this does not involve
any loss of generality.

For every 7 with 0 < ¢ < « we define recursively a sequence of
elements ¢, 0, €1, **° ,Cik, * - by putting
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(1) eo =0, and cipn = g9 N fla: + )] for &k =
0,12 ---.

Assume that, for a given & < o, all the elements ¢; , exist and

(2 cir <

Hence, by the hypothesis and 11.3(ii),

Gterz X ade and flaid e &b+ glo).

i<n

9 being multiple-free, we conclude by 4.37 and 8.13(i), (ii) (or else
by 3.13 and 8.16) that the element

de = g(0) N flas + cir)

exists. By 11.4(), d is in C(g) = D(g™"); and therefore, by (1)
and 11.3, ¢; 41 exists and

3) cir £ g (o) = c.

Thus, (2) implies (3); and since, by (1), (2) obviously holds for
k = 0, it holds for every k < «. We also show by an easy induction
with respect to k that

4) Cik £ Capn for 0<i< o and k< w
and
G)  cixNeciz=0 for 0<i<j< o and k < .

The proof rests upon (1), (2), 8.13 (or 8.16), 11.3, and 11.5. By
applying 7.11, we conclude from (2) and (4) that the elements

(6) Cit1 = U Cit1,k for 7 < =
k<

exist, and in fact that

(7) Ciy1 _é_ C.

(The same conclusion can be reached by means of (2), 436, and
8.13.) Formulas (4) and (5) imply

cixflc;i=0 for 0<i<j<® and k<l< .
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Hence and from (6) we easily obtain by 3.32
ciNci=0 for 0 <i<j< oo
and, by applying 7.12, we get in view of (7)

Z Ciy1 = U Cit1 S [

s <00

Consequently, there is an element ¢, such that

®) ot D e =2 a=c

1 L0 1 <00

Furthermore, we show, by arguing as in the derivation of (3), that
the element

g lgle) N fla. + ¢l

exists for any given ¢ with 0 < ¢ < o« ; and we derive from (1) and
(6), by applying successively 3.26, 11.5(i), 3.32, and again 11.5(i),

g lg(e) O flas + ) = U g9 N flas + en)l;
hence
g"'lg(e) N flai + )] = u Cokir = .,

and finally

9 gle) = g(©) N flai + ¢) for 0 < i < oo.
This implies the existence of elements b, , by, - -+ with
(10) fla; + ¢) = bi + gle.) for 1 24 < oo,

From (8), (10), and the hypothesis we obtain by 11.3
Z bin + Z glein) = Z flain + cinn) 2 b+ g(o).

$ <o

Hence, by 3.3, 4.37, and 8.13,

> b 4 Z gless) £ b 4 [gi0) N gwf(am F el

s <00

On the other hand, we have by (9) and 3.10

9©) N 3 fa + o) & 2 glewn).
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The last two inequalities give

(11) Z<: b + ; gles) 2 04+ 20 glew);
1 <0 R 1 <o

the existence of the sum on the right side of this formula follows

from (8), 11.3, and the hypothesis. Since all elements in 9 are

finite by 4.27 and 8.13, we apply 4.19 to (11), and we obtain

Z bz—H é b.

100

Consequently, there is an element by with

(12) bo 4+ 3 buyr = 2 b, =b.

1< 1L 0

By (8), (10), (12), 11.2, and the hypothesis we have
f(ao + co) + ;wf(am + cia) = [by + g(eo)) + ;ﬁf (@1 + co1);

and by applying 4.19, 4.27, and 8.13 again (or else by 8.16 and 3.9),
we get

(13) fla, + co) = bo + g(CO)~
By (8), (10), (12), and (13), the proof is complete.

We obtain a simple particular case of 11.12 by putting b = 0;
we can take, in addition, the identity function ¢ for g. Some further
consequences of 11.12 arc stated in the following

Turonrkm 11131 Let [ and g be partial automorphisms ina G.C.A.
A = (4, +,>). We then have:

(@) fabed,a 20 andfb) £ gla), then there arc elements
c,d,eeAsuchthata = ¢ +e,b = d + ¢, gla) = f(d) + g(e), and
f®) = gle) 4 f(o);

(i) ifa,byced,a £b ¢, andgla) £ f(c), then there are elements
d, e e A such thatb = d + c and g(a) £ f(d) + g(e) £ f(0).

Proor: (i) By 8.17, 11.4, and 11.11 there is an element ¢’ such that

(L ¢ £a b and g¢) = fO) £ g(a).

4 Particular cases of this theorem and of the related theorem 11.29 can be
found in the literature; cf. footnote 17 in §16.
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Hence we have for some @y and ¢;
2) a=a+¢ and b=a + a.
(1) and (2) imply

flao + & + &) = g(¢).

By applying 11.12 (with b = 0) to this formula, we conclude that
there exist elements ¢y and ¢; for which

B) ¢ =ctea, flatc) =g, and fla + ¢) = glc).
By putting now
(4) c=¢, d =a + e, and ¢ = a; + ¢,

we see from (1)-(4) and 11.2 that the elements ¢, d, and ¢ satisfy
the conclusion of (i).

(i) We have for some ay, a; , and b’
%) b=a-ta, c=a+0b and flc) =V + g(a).

Hence

flae + a1 +a) = b F gla).

By applying 11.12, we conclude that there are elements by, b
¢, and ¢ such that

6) a=c+e, V=0b+0b, and fla + c) = b; 4 g(c)
for 2 =0, 1.

We now put
) d=a +c¢ and e = ¢;

and from (5)—(7) we easily see that the conclusion of (ii) is satisfied.

In view of 8.18, we can drop the dots over the operation and
relation signs in 11.12 and 11.13 if we assume ¥ to be multiple-free.
Morcover, an analysis of the proof shows that 11.12 and 11.13 thus
transformed can be extended to a wider class of algebras; i.e., to
all those G.C.A.’s in which every element is finite and in which
a U b exists for arbitrary elements a and b with a common upper
bound. (Only the argument leading to formula (8) in the proof of
11.12 has to be modified in this case.)
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DxriniTioN 11.14. Let G be a set of partial automorphisms in
aGCA. A= {A,+,>). Twoelementsa,b s A are called con-
GRUENT UNDER @, tn symbols,

a g b
if there 1s a function f ¢ G with f(a) = b.

CoroLLARY 11.15. If G is a set of partial automorphisms in a
G.CA. A = (A, +,D]), we have 0 5 0 unless G is empty; and, for
every a € A, each of the formulas a G 0 and 0 7 a tmplies a = 0.

Proor: by 11.3(i), 11.6(ii), and 11.14.

THEOREM 11.16. Let G be a set of partial automorphisms in a
GCA. A=A, +,X) If0<n < »,and a, b, n-a,n-beA,
then n-a g n-b. implies a 7 b.

Proor: If fisin G and

fn-a) = n-b,
we obtain by 11.2 and 2.34
n-f(a) = n-b and f(a) = b.
Hence, by 11.14, the conclusion.

TrEOREM 11.17. If G is a set of partial automorphisms in a G.C.A.
U, then 3 is a finitcly and infinitely refining relation both in A and 9.
Proor: by 6.7, 11.2, 114, 11.11, and 11.14.

Some deeper propertics of the relation 5 can be derived from
11.12 and 11.13. We obtain, however, a simpler and more inter-
esting formulation of these properties by subjecting the set of trans-
formations G to certain additional assumptions; compare Theorem
11.29 below.

DEeFINITION 11.18. A set G of partial automorphisms in a G.C.A.
N 43 called a Quasi-arouP, or simply a GROUP, if 4t satisfies the following
conditions:

@) i1¢G;

(i) ffeG,thenf @y

(i) +ff,geQ, thenfge@.

We shall mostly employ the term ‘group,’ although this is not quite

consistent with the usual terminology (since functions in G are not
supposed to have a common domain and counter-domain).
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CoroLLARY 11.19. If G 73 a group of partial automorphisms in
a G.C.A. U, then 5 is an equivalence relation both in A and 9.
Proor: by 8.16, 11.14, and 11.18.

The congruence relations 5 discussed so far are not, in general,
additive. Therefore, we cannot use them in constructing homo-
morphic images of G.C.A.’s and apply to them the results obtained
in Part I—in the way indicated in 7.13. Hence the idea occurs of
extending these relations to additive ones. This can be done in
the following way:

Let G be a set of partial automorphisms ina G.C.A. A = (A, +, D).
We call two elements a and b in A EQuivaLENT BY (i) FINITE, or (ii)
INFINITE, DECOMPOSITION UNDER (, in symbols,

aGh or aFh,

if there is a number (i) n < o, or (ii) n = ©, and clemenls ay, a,
cvoybo, b, --- € A such that

a= 2, ai, b= 2 by, and a; T b; forevery i < n.
i<n i<n
It is clear that the relation 7 thus defined is finitely additive, and
that the relation % is infinitely additive. Moreover, it can easily
be shown that both these relations are finitely and infinitely refining,
and that they are equivalence relations in case G is a group; the proof
is analogous to that of 7.14.

Assuming now that G is a group, we conclude by 6.10 that /%
is a G.C.A., and hence we get a great deal of information concerning
%. This does not apply, however, to the relation % (which, on the
other hand, plays a more important role than % in certain applica-
tions). We can still formally apply 6.3 to this relation and construct
the coset algebra A/F. However, the sum of an infinite sequence
of cosets does not, in general, exist in this algebra, even if the sum of
corresponding elements exists in the original algebra A. Conse-
quently, %/% is not a homomorphic image of 2, and is not, in gen-
eral, a G.C.A. The situation does not change essentially if we decide
to regard G.C.A’s as algebras with binary addition as the only
fundamental operation and to modify Definition 6.3 correspondingly
(cf. the remarks which follow 1.36, and the beginning of §13 below).

Since the relation 7 is finitely additive, /% proves in this case
to be a homomorphic image of the G.C.A. ¥; it is, however, by no
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means a G.C.A. itself. In consequence, the study of the relation 7
is more difficult than that of 5, and the results are of a more restricted
nature.

From the point of view of applications the only important case
is the onc when the relations 5 and % are applied to multiple-free
G.C.A’s.  Tf we are interested only in this particular case, we may,
from the beginning, replace ordinary sums which occur in the def-
initions of these relations by disjunctive sums in the sense of 8.16,
and refer subsequent remarks to the algebra 9 instead of to .
However, another procedure turns out to be more suitable here.
Instead of introducing new relations into the discussion, we shall
single out certain special kinds of automorphism sets, to which we
shall refer as FINITELY and INFINITELY ADDITIVE sets of partial
automorphisms. It will be seen from Theorem 11.23 that the dis-
cussion of the equivalence relations 5 and F in multiple-free algebras
under arbitrary groups @ reduces to the discussion of congruence
relations % under finitely or infinitely additive groups H. This
will permit us to establish in a roundabout way some rather inter-
esting properties of equivalence by finite decomposition in multiple-
free algebras.

DerintTiON 11.20. A sel G of partial automorphisms in a G.C.A.
% = (A, +, D) is called FINITELY ADDITIVE, or INFINITELY ADDITIVE,
if 9t satisfies the following condition:

Let n = 2 (in the case of finite additivity), or n = oo (in the case of

infinite additivity); let fo, f, ---, fi, - -+ be functions in G; and let
a,b,a,a, -+, a,, - be elements in A such thal
a= 2 a;, b= 2 fia), and a;eD(f;) for i < n;
<n i<n

then there is a function f in G with

D(f) = S(a), C{) = SOM), and f(x) = filx) for z < a;
and 1 < n.

CororLrarY 11.21. Every infinitely additive set of partial auto-
morphisms in a G.C.A. A is also finitely additive.
Proor: by 11.3(i) and 11.20.

TaEOREM 11.22. The set of all partial automorphisms in a G.C.A.
A is an infinttely additive group.
Proor: by 11.6, 11.9, 11.18, and 11.20.
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TrEOREM 11.23. For every group G of partial automorphisms in
a GC.A. A = (A, +, D) there is a smallest finitely additive group
H of partial automorphisms which includes G. Given any elements a
and bin A, we have
a 7 b
if, and only if, the following condition is satisfied:
(i) there is @ number n < o and there are elements ag , @y, -+

@i, vy bo, by, oo, Uiy, o & A such that
a = Z a;, b= Z b,, and a, g b, forcrery t <n.
i<n <n

The theorem remains lrue if we replace ‘finitely additive’ by ‘infinitely
additive, and ‘n < «’ by ‘n = o’

Proor: By 11.21 and 11.22 there are finitely additive groups of
partial automorphisms in ¥ which include . From 11.18 it is casily
seen that the intersection II of all such groups is again a group;
moreover, II is finitely additive since the function f whose existence
is required in 11.20 is uniquely determined by 11.9. Thus, I is
the smallest finitely additive group which includes . Now let. K
be the set of all partial automorphisms f in 9 such that, for any
a, b ¢ A, the formula f(a) = b implies condition (i) stated in our
theorem. By 1[1.14, K obviously includes ¢. With the help of
11.18-11.20, we easily show that K is a finitely additive group; to
prove that K satisfies 11.18(iii) we apply 2.1, and to show that K
is finitely additive we make use of 2.4, 8.16, 11.2, and 11.9. Ilence,
K includes H; and therefore, by 11.14, the formula

a7z b
implies condition (i) for any a, b € A. The implication in the op-
posite direction follows easily from the fact that H is a finitely
additive group which includes G; we make use of 11.14 and 11.20.
(We can also apply here Theorem 11.24 below, whose proof does
not involve 11.23.)—The proof for infinitely additive groups is prac-
tically the same.

Theorem 11.23 remains true if we replace ‘group’ by ‘set’; the proof
is then much simpler.

TaeoreM 11.24. If G is a finitely, or infinilely, additive set of
partial automorphisms in a G.C.A. U, then g s a finutely, or infinitely,
additive relation in the G.C.A. .
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Proor: by 6.4, 8.16, 8.17, 9.11, 11.2, 11.14, and 11.20.

TrEOREM 11.25. If G 78 an infinitely additive group of partial
automorphisms in a G.C.A. ¥, then G is an infinitely additive and
infinitely refining equivalence relation in the G.C.A. ¥, and /7 is
a G.CA.

Proor: by 6.10, 8.17, 11.17, 11.19, and 11.24.

By this theorem, all the arithmetical results of Part I hold in
every coset algebra 9{/% where @ is any infinitely additive group
of partial automorphisms in 9.

As regards the case when the group @ is finitely additive, we can
repeat the remarks previously made in connection with the relation
%. By applying 6.3, we can construct the algebra 9/ 7 in this case
as well. This algebra, however, will not be a G.C.A., and it will
be a homomorphic image of the G.C.A. 9 only under binary addi-
tion. Nevertheless, we can extend to such algebras 9(/7 a number
of arithmetical theorems stated in Part I; and among them some
results which are not of an elementary nature. All these results can
be derived from a few simple postulates. We introduce a special
term to denote algebras satisfying these postulates, since we shall
have to refer to them several times in our further discussion.

DEFINITION 11.26. An algebraic system A = (A, +, D) is
called a REFINEMENT ALGEBRA, for abbreviation, an R.A., if it satisfies
the following five postulates:

I. Ifa,b,a +beA,thena + b =0b + a.

II. Ifa,b,¢,a +b,(a+b) +ccA,thenb+ceAand (a + b) +
c=a+ b+ c).

II1. There is an element z ¢ A such that a + z = a for every a € A,
and a + b = z implies b = 2 for every a, b ¢ A.

IV. Ifay, a2, b1, b2, 01 + a2 € A and ay + as = by + by, then there
are elements ¢, , ¢z, c3, ¢4 € A such that

w=ca+tc, a=c+c, bh=a+tc, and b=c+ .

V. Ifai,a:,b,¢c,a1 + az, (@1 + a2) +cec A and (a1 + @) + ¢ =
b + c, then there are elements by, ba, ¢1, ¢c; € A such that

b=b1+b2, c=61+62, a;+61=b1+01, and
Gt c=by+ca.
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The term ‘refinement algebra’ has been chosen in view of the
fact that two of the postulates listed above, namely, IV and V, have
the character of refinement theorems; in fact, they differ from 2.3
and 2.18 (with n = 2) only by the presence of existential assump-
tions. It is easy to formulate one postulate which can equivalently
replace both IV and V.

As is seen from Definition 11.26, infinite addition ) is not in-
volved in the postulate system at all; hence, the term ‘refinement.
algebra’ can be more properly applied to algebras with one (binary)
operation, discussed in Part 1II of this work.

TueoreMm 11.27. Let % = (A, 4+, D) be a G.C.A. Then

(i) Aisan RA.;

(i) f G is a finitely additive group of partial automorphisms in U,
then 9/% is also an R.A.

Proor: The first part of the theorem is obvious; compare 11.26
with 5.8, 5.9, 5.4 and 5.19, 5.23 forn = p = 2 (in view of 5.6), and
2.18 for n = 2. As regards the second part, Postulates 11.26.1-1V
can be derived directly for the algebra 9/% from the corresponding
theorems of the arithmetic of G.C.A.’s just listed; for, whenever any
one of these postulates holds in a given algebra 2, it also holds in
every coset algebra /R generated by a finitely additive and finitely
refining equivalence relation R. (Here we apply 6.3, 6.4, 6.7, 11.17,
11.19, and 11.24.) Postulate 11.26.V does not have this property,
and hence it cannot be obtained directly from the corresponding
arithmetical theorem (2.18); it follows immediately, however, from
11.12 (with » = 2) and 11.14.

In our further discussion we shall come across certain interesting
examples of R.A.’s obtained with the help of 11.27(ii).

TuroreM 11.28. Let A = (A, 4, Y. ) be an R.A. We extend
to U all definitions stated in Part 1; instead of 1.3, however, we assume
a recursive definition of the sum of a finite sequence:

> a; =0, and > a=2 a4+ a, forevery n < o

i<0 i<ntl <n
(in case > a, > ai + an £ A).
i <n i <n
Then the following theorems, when restricted to finite sequences, sums,
and multiples, and when provided with existential assumptions required
in G.C.A.s, hold in the algebra U:
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() all theorems of §1 (except 1.10, 1.29, 1.36, and 1.37);

(ii) Theorems 2.1-2.5, 2.16-2.18, 2.27 with n = 1, 2.28, and 2.30
withn = p = 1 of §2;

(iii) Theorems 3.3-3.5, 3.7, 3.8, 3.10-3.18, 3.23, and 3.31-3.34
of §3;

(iv) Theorems 4.2, 4.3 without (iii), 4.4, 4.6-4.9, 4.11, 4.13-4.15,
4.18, 4.27-4.37, and 4.39-4.48 of §4.

Proor: The proofs of most theorems of §1 either remain unchanged
or (as in the case of 1.7 and 1.11) can be replaced by simple inductive
proofs based upon 11.26.I-11I. By taking for b in 11.26.V the zcro
element 2z of 11.26.I11, we easily obtain 1.30 and 1.31, and also,
by induction, 1.46 and 1.47. In §2, Theorem 2.3 coincides with
11.26.1V; 2.1 follows from 2.3 by induction, and 2.2, 2.4, and 2.5
are simple consequences of 2.1 and 2.3. Furthermore, 2.16 and 2.17
can be obtained by induction from 11.26.I-III. 2.18 obviously
holds for n = 1, it follows directly from 11.26.V for n = 2, and the
result can be extended by induction to an arbitrary n < . 2.27
with n = 1 is an immediate corollary of 2.18 (for » = 2), and it
implies in turn 2.30 with n» = p = 1. The original proof of 2.28
shows that this thcorem for n = p = 2 can be derived from 2.3
and 2.27 (withn = 1); an extension by induction to arbitrary n < o«
and p < o presents no difficulty. The proofs of theorems in §§3
and 4 remain practically unchanged; in 3.31 and 4.35, the second
variants of the proofs are used. (In view of the elementary nature
of the arguments, the lack of the closure postulate 1.1.I does not
cause any essential difficulties.)

As regards arithmetical theorems which have not been listed
in 11.28, in several cases cxamples are known which show that these
theorems may fail in R.A.’s, and in particular, in coset algebras
9/ of Theorem 11.27; this applies, e.g., to Theorems 2.6-2.9 and
2.19. In other cases the problem remains open. It is not known,
for instance, whether 3.29 holds in refinement algebras. On the
other hand, the distributive law 3.30 for n < o can be derived
from the dual distributive law, 3.32, which has been listed in 11.28.
It seems, however, that in this case the hypothesis of 3.30 must be
provided with stronger existential assumptions; even the assump-
tion of the existence of all bounds which are directly involved in the
conclusion of 3.30 does not seem to suffice.
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Notice that the fundamental theorems on finite elements, 4.16
and 4.19, have not been listed in 11.28. It would probably be more
convenient to define a finite element (of an R.A.) as an element ¢
which satisfies 4.19(ii); under this definition almost all theorems
on finite elements of §4 would prove to hold in R.A.’s.

A detailed study of R.A.’s will not be undertaken here. The fol-
lowing rather interesting property of these algebras can easily be
established:

Let A = (A, +, D) be a finitely closed R.A., and let ¢ be an element
of A. We agree to call two elements a and b EQUIVALENT UNDER ¢
acbifa+c=0b+4c Then T isa finitely additive and finitely
refining equivalence relation in A, and A/% is again an R.A.

By modifying the definition of 3, we can extend this result to
arbitrary R.A.’s.

Some further arithmetical results applying to coset algebras
91/ of 11.27 can be obtained by specializing the assumptions which
concern ¥ or G; these results will be discussed briefly in §16.

From 11.25 and 11.27(ii) we can derive various deeper properties
of the congruence relation 3 under a finitely or infinitely additive
group G of partial automorphisms. Thus, for instance, if @ is
infinitely additive, we can apply 7.13 by taking the algebra 9 for %
and the relation 7 for R. The following theorem shows that some
of the conclusions thus obtained—in fact, (i), (ii), (iii) withn < o,
and (vi) of 7.13—still hold in the case when @ is finitely additive.

THrorREM 11.29. Let A = (A, +, Y. ) be a G.C.A., and let G be
a finitely additive group of partial automorphisms in A. We then
have for any elements a, @', @y, a1, -+, 0,0, ¢, ¢’ € A:

(i) fazbad £V,aGb,andb 3 o' thena 3 o’ andb 5 V',

(i) fagbdbs canda g e C thena g b3 ¢

(i) if n < o and Z,<,, a;, Z,<,. a; +beA, then
Yadbsb
i<n
tmplies that a; 4+ b G b for every © < n, and conversely;
(iv) fagbZc,a 2,07 d,andcc, then there is an ele-
mentb e A such thata’ £V L ¢ and b 3 V.
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Proor: entirely analogous to that of 7.13; we take into account
8.17, and apply the properties of 5 and 9/7 stated in 11.17, 11.19,
11.24, 11.27, and 11.28.

We can also derive the conclusions of 11.29 directly from 11.13,
without the help of 11.27 and 11.28. For instance, by applying
11.14 to the hypothesis of 11.29(i), we obtain two partial auto-
morphisms f and ¢ in G such that

f®) = o’ and g(a) = V.

Thus, the hypothesis of 11.13(i) is satisfied; and we have for some
¢, d, and e

a=cte, @ =g@+f@), b=dte and ¥ =75 +glo).

Hence, by means of 6.4, 11.14, and 11.24, we obtain the conclusion
of 11.29(i). In an analogous way 11.29(iv) can be derived from
11.13(i1); while 11.29(ii) and 11.29(iii) are simple consequences of
11.19 and 11.29(1)). Such a direct proof of 11.29 is even more ad-
vantageous, for it shows that most conclusions of the theorem can
be obtained under a weaker hypothesis. In fact, 11.29(i),(iv),
can be derived under the assumption that G is an arbitrary finitely
additive set (and not necessarily a group) of automorphisms; 11.29(ii)
and the first half of 11.29(iii) require the additional assumption
that G contains the identity automorphism; and the fact that G is
a group is used only in deriving the second part of 11.29(iii).

We now want to discuss briefly a special congruence relation
—that of HOMOGENEITY.

DeriniTiON 11.30. Let A = (4, +, 2.) be a G.C.A. Two
elements a, b € A are called HOMOGENEOUS, in symbols,

a ~b,
of they are congruent under the set of all partial automorphisms in A.

TueoreM 11.31. Let A = (4, +, >.) be a G.C.A. For any
a, b e A the formulas
a~b and S(a) == S()

are equivalent.
Proor: by 6.1, 6.13, 9.11, 11.3, 11.4, 11.6(iii), 11.14, and 11.30,
without any difficulty.
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THEOREM 11.32. The relation ~ in an arbitrary G.C.A. ¥ ¢s an
infinitely refining equivalence relation in A; moreover, it is an infinitely
additive and infinitely refining equivalence relation in the G.C.A. ¥,
and hence 9/~ is a G.C.A.

Proor: by 11.17, 11.19, 11.22, 11.24, 11.25, and 11.31.

It should be noticed that the relations of homogeneity ~ in 9
and ~ in 9 do not necessarily coincide. However, Theorem 11.32
in its part referring to 9 remains true if we replace in it ‘~’ by ‘~’;
this is clearly seen from 8.17 and 8.18.

TaeorEM 11.33. Let A = (4, +, 2. ) bea GCA. Ifn £ o
anda,b,n-a,n-be A, then a ~ bimplies n-a ~ n-b;if0 <n < »,
then the converse implication also holds.

Proor: If f is a partial automorphism and f(a) = b, then by
11.7 there is a partial automorphism g with g(n-a) = n-b. Hence,
by 11.14 and 11.30, we obtain the first implication at once; the
converse follows from 11.16 and 11.30.

CoroLLARY 11.34. Let A = (4, +, X ) be a G.C.A. If a, b,
w-a, ©-be A, then a ~ bimplies I(a) =2 I(b); if the elements a and
b are idem-multiple, then the converse also holds.

Proor: by 9.13, 11.31, and 11.33.

The last two theorems in this section refer to the algebra of ideals
which was discussed in §10.

Lemma 11.35. Let A = (A, +, X_) be a G.C.A.; for every partial
automorphism [ in A and for every ideal X in N which is included
in D(f), let f*(X) be the set of all elements f(x) with x ¢ X; and let G be
the class of all functions f* thus defined. Then

(1) @ isa group of partial automorphisms in the ideal algebra S(30);

(i) @ 4s finitely additive in case A is a finitely closed G.C.A., and
18 infinitely additive in case A isa C.A.;

(iii) the formulas

B3 C and B==2C

are equivalent for all ideals B and C in U.

Proor: (i) The reasoning is obvious and requires no special idea.
We use 6.1, 9.1, 9.2, 9.12, 10.1-10.4, 11.1-11.3, and 11.6. With the
help of these definitions and theorems we easily establish the fol-
lowing facts:
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(1) if 7 is the identity function in %, then ¢* is the identity function
in §(20);

furthermore, f and g being any partial automorphisms in 9, we have
(2) f* is biunique and (f9' = (F)*;

@ fg* = (9

(4) D(f*) and C(f*) are semi-ideals in F();

(5) the formulas B = C + D and f*(B) = f*(C) + f*(D) are equiva-
lent for any ideals B, C, and D in .

Hence the conclusion follows by 11.1, 11.6, 11.18, and the definition

of G.
(ii) Consider partial automorphisms f, in % and ideals B,C,

and A; such that
© B= > A;, C= Y f*4), and A;eD(fH) for i<n,

i<n i<n

where n = 2 in case ¥ is a finitely closed G.C.A., and » = <« in
case 9 is a C.A.
The functions

g = fi*d

are again partial automorphisms by 11.6(iii); and we have by (6),
8.16, and 103

D(g.) nD(gJ) = A, nAJ = 1(0)
and
C(g) N Clg,) = f*(A) N A = 1(0)

forallzand j,¢ < j < n. Hence, by 11.10, there is a partial auto-
morphism f in A with

D) = 2 A, C() = 2 %A, and f(z) = gi(a) = fila)

i<n i<n
for xzeA;.
We easily conclude by 9.11 and 10.4 that
) D(f*) = 8(B) and C(f*) = 8(C);
®) MXX) = f(X) fgr X £A; (X anidealin ).

(The symbols ‘<’, ‘S(B)’, and ‘S(C)’ in (7) and (8) apply to the
algebra J(A).) Thus, (6) implies the existence of a function f which
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satisfies (7) and (8); hence, according to 11.20, G is finitely, or in-
finitely, additive in &(90).

Finally, (iii) follows easily from 6.1, 6.13, 9.1, 11.1, and 11.6(iii).
This completes the proof.

THEOREM 11.36. Let A bea G.C.A.

(i) The relation of isomorphism =2 between ideals in Y is an in-
Jinitely refining equivalence relation both in the ideal algebra ()
and in the correlated disjunctive algebra S(3().

(i) If A 4s finitely closed, then the relalion = is finilely additive in
(), and the algebra Y(N) /= isan R.A.

(iii) If A'is a C.A., then the relation = is infinitely additive in 3(30),
and §(N)/=isa G.C.A.

Proor: by 10.3,11.17, 11.19, 11.24, 11.27, and 11.35.

Notice that, by 11.14, 11.30, and 11.35, the isomorphism of two
ideals implics their homogeneity in the ideal algebra. The converse
in general fails (it probably holds in idem-multiple algebras). Thus,
in case A is a C.A., J(A)/~ and F(A)/= arc both G.C.A.’s (by 11.32
and 11.36), but they by no mecans coincide.



§12. ISOMORPHISM TYPES OF CARDINAL
ALGEBRAS

Algebras of 1SOMORPHISM TYPES under CARDINAL MULTIPLICATION,
which will be studied in this section, are related to the ideal algebras
constructed in §10, and especially to their coset algebras under
the relation of isomorphism discussed at the end of §11.

When speaking here of an algebra ¥, we shall always understand
an algebra with a zero element.

DEeFINITION 12.1. By the 1somorprisu Tvre (or simply the rvrE)
() or an azezBra A = (A, +, D) we understand the class of
all algebras isomorphic with A; a is called an 1soMORPHISM TYPE if
there is an algebra A for which a = ().

The notion of an isomorphism type thus defined may appear anti-
nomial; and this applies even more to various classes of isomorphism
types which will be involved in our further discussion, e.g., to the
class of all isomorphism types of C.A.’s. The doubts which may
arise in this connection cannot be entirely dispelled without a de-
tailed discussion of the set-theoretical foundations of our work.
This is, however, a task which we have no intention of undertaking
here.* One who is acquainted with modern investigations into the
foundations of set theory will certainly agree that a satisfactory
solution of the problem is not only possible but can be obtained in
many different ways; the difficulties can be removed, e.g., by a
restriction to algebras and sets of not too high a power, or by a strict
differentiation between sets and classes, and possibly some ‘super-
classes.’” (This differentiation, by the way, is not carried through
consistently in the present work.) '

On the other hand, we could avoid any appearance of antinomial
constructions by dispensing with notions like that of isomorphism
type (or, e.g., cardinal number) altogether, or at least by refraining
from any discussion of sets of such types and numbers. This would
not impoverish the mathematical content of our results, but would
prevent us from putting some of them in a simple and suggestive
form.

% The reader interested in the foundations of set theory may be referred to

the most recent work in this domain—Bernays [1]: he will find there a bibliog-
raphy of the subject.

154
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We shall be interested here mainly in types of C.A.’s and G.C.A.’s;
however, we shall formulate explicitly certain elementary theorems
applying to arbitrary isomorphism types. It will be seen in the
appendix to this work that some results obtained for types of C.A.’s
and G.C.A.’s in the present section can be considerably generalized.

DeriNtrioNn 12.2. (i) By the carpivar (or DIRECT) PRODUCT
H,-,z «, OF ISOMORPHISM TYPES a; correlated with elements © of an
arbitrary set I we undersiand the unique type o« which satisfies the
following condition: +f N, are any algebras such that

a, = 7(A,) forevery iel,
then
a=r (II9%).

(ii) If I consists of two numbers, 0 and 1, and if ap = B and oy = ¥,
we put
a = f X «.
(iii) Stmilarly we define the sTroNG and the WEAK CARDINAL PRODUCT
OF ISOMORPHISM TYPES,
H. a; and Hw a; .
iel il

Compare here Definition 6.11.

We shall pay but little attention to strong and weak cardinal
products of types—for the reasons which have been explained in
connection with 6.12.

THEOREM 12.3. Let o; be isomorphism types correlated with ele-
ments 1 € I. Then:

() Tlier s always exists and s again an isomorphism type; and
if I consists of one element j, we have

Ha.- = .

sel
(i) The same applies to J]. a; and []. a: ; moreover, if I s finite,
tel sel

or at most denumerable, we have

Hai = I-.I[waiy or Hat' = Haai,
ic .

iel seI sel
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respectively (so that, in particular, « X B is also the strong and the
weak product of a and B).

Proor: by 6.1, 6.11, 12.1, and 12.2; we notice that two products
of pairwise isomorphic algebras are always isomorphic.

In addition to the general closure postulate 12.3, cardinal products
satisfy the most general commutative and associative laws:

THrorEM 124, Let I and J be any two sets, and let f be a function
which maps I onto J in a one-to-one way. If, for every ¢ ¢ I, o; s
an isomorphism type and o; = B , then

ITe =118

tel jeJ

Similarly for strong and weak cardinal products.

Proor: We notice that 6.11 implies a formula for products of
algebras, which is analogous to that given in the conclusion, but
in which ‘=" is replaced by ‘=’; hence, by 12.1-12.3, the conclusion.

TuroreM 12.5. Let a set J; be correlated with cvery element 1 ¢ I;
let K be the sct of all ordered couples (¢, j) withi e I andje J;. If,
for every (i, 7) in K, a;,; is an isomorphism type, then

I oi; =TI Il e,
<i, > ek iel jedg
Simvlarly for strong and weak cardinal products.
Proor: analogous to that of 12.4.

We shall concern ourselves with algebras (T, x, []) where T
is a class of isomorphism types; the symbol ‘[T’ occurring in the
denotation of such an algebra is understood to refer to products of
infinite sequences only (cf. the remarks which follow 8.7), but
otherwise it will be used in the unrestricted sense. According to 5.2,
all the arithmetical notions introduced in Part I are automatically
extended to algebras (T, x, []); we use here, however, a multiplica-
tive terminology, and, in case T is the class of all isomorphism types,
we omit the reference to the algebra concerned. Thus, we say
that a type « is a FacTOR of 2 type 8 (and not that o < B) if there
is a type vy for which « X ¥y = 8. Similarly, as is seen from Theorem
12.7 below, the zero element of the algebra of all isomorphism types
is denoted by ‘1’.
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DerinttioN 12.6. By the unir ryek, 1, we understand the common
isomorphism type of all algebras A = (A, +, D) where A consists
of one clement z and where

2tz = E 2 =z
1< 0

TaeoreMm 12.7. (i) The tsomorphism type 1 exists, and we have
aX1l=1Xxa= aforevery type .

(i) @; being isomorphism types correlated with elements © € I, we have

Ha;=1

el

if, and only of, a; = 1 for cvery ¢ ¢ I.  Stmilarly for strong and weak
cardinal products.
Proor: by 6.1, 6.11, 12.1, 12.2, and 12.8.

By extending Definition 4.38 to the algebra of isomorphism types,
we obtain

DerintrioN 12.8. An isomorphism type a s called INDECOM-
POSABLE if o &+ 1 and f, for any types ¢ and 9, & = ¢ X n implies
that { = 1orq = 1.

Turning now to types of C.A.’s and G.C.A.’s, we have first

TurOREM 12.9. Let o; be tsomorphism types correlated with ele-
ments © € 1.

() In order that [Jicr a. be the type of a C.A., or of a G.C.A., or
of a finitely closed G.C.A., it is necessary and sufficient that, for every
iel,a,bethetypeof a C.A. orof a G.C.A., or of a finitely closed G.C.A.

(i) The same applics to [[, o, and—in the case of G.C.A.s and

1€l
of finitely closed G.C.A.s—also to H,,, a,. However, H.,, o; 18

1el 1wl

never the type of a C.A., unless there arc only finitely many clements
1 & I for which a, # 1.
Proor: by 6.11, 6.12, 12.1-12.3, and 12.6.

TrrorEM 12.10. 1 4s the type of a C.A.
Proor: by 1.1, 12.6, and 12.7(i).

TurorkM 12,11, Let A = (A, 4+, D) be a G.C.A., and let a;
be isomorphism types correlated with elements © of a set I. In order
that

@) = I
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it 18 necessary and suffictent that it be possible to correlate an ideal A;
in N with every element 1 € I, so as to satisfy the following conditions:
i) A =U,,4;,and A; N A; = I(0) for all 4, j ¢ I with 1 = j;
(i) if n £ o, a € Ay and 1i € I for every k < n, and @y =& ¢, for
allkandlwithk <1 < n,then D rcnare A;
(iii) T(<A€ ’ +) Z)) = ;.

Proor: Assume that ideals A; which satisfy (i)-(iii) are given,
and let

(1) ﬁi = <At ) +; Z)*
We form the cardinal product

(2) 'I;l A = <Fr +, Z)

By 6.12, 6.13, and 9.18,
3) II% isaG.CA.

sel
By 6.11, the set F in (2) consists of functions f with
D) = I, and f(z) ¢ A; for ¢ ¢ I.

Moreover, there are at most denumerably many elements ¢ ¢ I for
which f() & 0. We arrange all such elements 7 in a sequence 7o,
T, ++ , 4, ++- with k <n £ » (and without repetitions). By
(i), the sum of corresponding function values f(i) exists, and we put

e =G() = k;” f(ip).

The domain of the function @ thus defined is F; from (i), 6.11, and
10.7 we see that its counter-domain is A. Thus,

4) D@ =F and C(G) =A.
Consider now any three functious f, g, and k in F; and let
(5) a =G({f), b=G(g, and ¢ = G(h)

be the correlated elements of A. From 6.11 and the definition of
@G we easily conclude that the formula

(6) f=g+h
implies
() e =b+c
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Now, conversely, assume (7) to hold. We arrange all those elements
1 ¢ I for which f(z), ¢(3), or h(3) is different from 0 in one sequence
T, 21, *** , %, -+ with ¥ < n £ o (and without repetitions).
We then obtain by (5)

a= 2 f), b= 3 g, = 2 hlir)

and hence
(8) a =2 f@) = 22 [g@) + hGl.
k<n k<n
We have
9) fGo), gGw), h(x) € Ay
the sets A ;, being ideals by hypothesis, we get further by 9.3
(10) g(@x) + h(@w) e A,, for k <n.

Moreover, the ideals A,, are by (i) pairwise disjoint. Hence and
from (8)—(10) we easily conclude by means of 3.11 and 10.6 that

f@x) = g(x) + h(zx) for k < n.
Consequently,
fG@) = gG) + h() for every 7 ¢ I,
and, in view of 6.11, we arrive at (6). Thus, the formulas
f=g+h and G(f) = G(g) + G(h)

are equivalent for any functions f, g, h ¢ F. By applying 6.2 we
infer hence from (2)-(4) that G maps H;,, 9; isomorphically onto
9, and that in consequence

Tel
Hence, by (iii), (1), and 12.1-12.3,
(11) @) = T o

iel

This completes the proof of our theorem in one direction.
Now assume (11) to hold. By 12.1, 12.2, and 12.10, there exist
G.CAs

9[1’ = <A:) +3‘; Zi)
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such that
A = g A, and () = a forevery tel.
Let H be the function which maps 2 isomorphically onto IL.: %..
Thus, @ being any element in 4, H(a) is a function f with
D) = I, and f() ¢ A; for 4 ¢1;
and the set of all elements ¢ ¢ I for which
@ =+ 0
is at most d(;,numerable. For any given element ¢ ¢ I, let A; be
the set of all elements a ¢ 4 such that
fG) = 0; for f = H(z) and forevery jel with j 1.

The proof that the sets A; thus defined are ideals in % and that they
satisfy conditions (i)—(iii) of our theorem is based upon 6.1, 6.11,
9.1, 10.6, and 10.7, and presents no difficulty. Thus, Theorem 12.11
holds in both directions.

COROLLARY 12.12. Let % = (A, 4, D) be a G.C.A., and let oy,

o, ror, @, - withe < n = o be isomorphism types. In order
that
(®) = Il e
i<n

it is mecessary and sufficient that it be possible to corrclate an ideal A;
in A with every i < n, so as to satisfy the following conditions:
Q) A=Dicad,and A;NA; = 1(0) for all 4, j withs < j <m;
Gi) if a; & A; for every 5 < m, then D cnt € A;
Gi)) 7({4;, +, D)) = a. for every i < n.
Proor: by 9.2, 10.8, and 12.11.

TrreorEM 12.13. Theorem 12.11 applies to weak cardinal products
if we replace in it condition (i) by the following one:

() ifn £ »,a,e A, and ik € I for every k < n, and 3% = 1, for
all k and 1 with k < 1 < n, then Y x<n ax 38 in A if, and only if,
n < o,

Proor: entirely analogous to that of 12.11.

We could also transform 12.11 so as to make it apply to strong
cardinal products; this would require, however, a more radical change
in the formulation of the theorem.
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The value of Theorems 12.11~-12.13 lies in the fact that they reduce
the study of cardinal products of algebras and isomorphism types
to the discussion of relations between certain subalgebras (ideals)
of one algebra; this topic will be discussed further in the appendix.
Theorems 12.11-12.13 will find important applications in the present
section. In the first place, we obtain with their help the following
result, which constitutes an cssential addition to the arithmetic
of types:

THrorREM 12.14 (GENERAL REFINEMENT THEOREM FOR ISOMORPHISM
ryrES). If, forall i € I and je J, a. and B; are isomorphism types

of G.C.A’s, and if
H a, = H Bi)

el 18J

then there are tsomorphism lypes v,,; of (.C.A’s such that

a = IIv., and B8, =11~ foraliieIandjedJ.
el

1eJ

Stmalarly for weak cardinal products.
Proor: By 12.9

1) a=H“i=HﬂJ

il 1ed

is a type of a G.C.A. According to 12.1, let

A = (4, +, Z)
be a G.C.A. with

2) 7(A) = a

By (1), (2), and 12.11, there are ideals 4; in % which satisfy condi-
tions 12.11(i)-(iii); and also ideals B; which satisfy the same con-
ditions (with I = J and 4, = B,). By 9.6, 10.1, and 10.5, the sets
A;N Bjarealsoidealsin A. We put

(1) vii=1((A.NB,, +,2);
by 6.13 and 9.18, the types v.,; thus defined are types of G.C.A.’s.
By 12.11(i) we have

A=UA,'=UB,';

el jeJ

AN Ay =1I0) for 4, kel with ¢k
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Hence we obtain by 10.9 for any given j e J
2) B;=B;N U 4; = U (4;N By,
il icl
and also, in view of 10.3,
3) A4;NB)N A, NB,) = I0) for s, k ¢ I withz & k.

Since, by 9.21(ii) and 10.5, the A; N B, are ideals in (B,, +, >_),
we see from (1)-(3) that conditions (i) and (iii) of 12.11 are satisfied
if we replace in them ‘A’ by ‘B;’, and ‘4, by ‘4; N B;; the same
applies to condition (ii) since A, N B; are subsets of A;. Hence,
by 12.11,

B, = T«BM +, Z)) = gyi.l'

In a similar way we obtain

a, = H Y5

1&J

and the proof is complete. The proof for weak products is prac-
tically the same; instead of 12.11, we apply 12.13.

Theorem 12.14 can be extended to strong cardinal products also.

12.14 implies various corollaries concerning indecomposable types
of C.A.’s and G.C.A.’s; they arc analogous to certain theorems of §4
(e.g., 4.43-4.406), but apply to products of arbitrarily many factors.
Thus, for instance, we can easily show that every type of a G.C.A.
has, apart from order, at most one representation as a product of
indecomposable types.

From theorems stated so far in this section it is seen that Postu-
lates 1.1.1-VT are satisfied in the algebra of types of arbitrary G.C.A.’s.
Our next task is to show that Postulate 1.1.VII also holds if we re-
strict ourselves to types of C.A.’s, and that consequently the algebra
of these types is itself a C.A.

TrEOREM 12.15. If A = (A, +, DY isa C.A., and if T s the
set of all types of subalgebras B = (B, +, D) constituted by ideals
B in ¥, then the algebra (T, x, []) s a G.C.A. and is isomorphic
with Y(AN)/=.

Proor: X being an ideal in 9, and X = (X /=) the corresponding
coset in (A)/== (cf. 6.3, 8.16, and 10.1), we correlate with X the
isomorphism type

1) eX) = (X, +, 2N.
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By 6.3 and 12.1, ¢ is obviously a biunique function which maps the
family of all cosets X onto the set T. We show without difficulty

that for any integer n < « and for any cosets o, ag, a1, -+, o,
- in §(A) /=2 the formulas
2) a = ‘;‘ a; and () = I<In plas)

are equivalent. The proof is based essentially upon 11.36 and 12.12;
we also use 6.3, 6.4, 6.13, and 10.12. By applying 6.1 (and 12.2)
now, we conclude that the algebra (T, x, []) is isomorphic with
A(N)/=2; hence, by 11.36, this algebra is a G.C.A.

CoROLLARY 12.16. [f ag, a1, *+- ,a, = ,B0,B1, -+ ,Bi, ***
are types of C.A.s and a, = Ba X ans1 for every n < oo, then there is
a type v of a C.A. such that

a, = Y X H Buyi forevery n < oo,

1<
Proor: By 12.1, 12.2, and 12.9 there is a C.A. % with
@) = II o x II 8:;
1< 00 1< 0
and, by 12.5 and 12.11, «; and B, are types of certain subalgebras
of ¥ constituted by ideals. Hence, by 12.15, we can apply 5.1.V
(with ‘4’ replaced by ‘x’) to «, and B;; and, in view of 12.9, we
obtain the conclusion.

THEOREM 12.17 (FUNDAMENTAL THEOREM OF THE ALGEBRA OF
ISOMORPHISM TYPES). T being the class of all types of C.A.s, the
algebra T = (T, x, []) 4s itself a C.A.

Proor: by 1.1, 12.2, 124, 12.5, 12.7(i), 12.9(i), 12.10, 12.14,
and 12.16.

It will be seen from 12.18 that Theorems 12.15-12.17 cannot be
extended to types of G.C.A.’s or even of finitely closed G.C.A.’s.
It may be noticed that the only reason why the proof of 12.15 does
not apply to G.C.A.’s is that condition (ii) in 12.12 is automatically
satisfied and hence can be omitted in case ¥ is a C.A.—while the
same condition is essential if 9 is an arbitrary G.C.A.

TurorEM 12.18.° Let Ty, or T, be the class of all types of finitely
closed G.C.A.’s, or of arbitrary G.C.A.’s. Then

¢ The first part of Theorem 12.18 is due to B. Jénsson; the proof outlined here
uses essentially Jonsson’s idea.
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(i) the algebras T, = (T1, x, I1) and T, = (T2, x, II) are
not G.C.A.’s;

(ii) more generally, no operation II' on infintte sequences of lypes
can be defined for which the algebra (Ty, x, [I'), or (Ts, x, I1),
15 6 G.C.A. (the symbol ‘x’ being used in its original meaning).

Proor: Assume, to the contrary, that therc is an operation 1T
for which the algebra

T = (Tl s X, HI> (or T = <T2 » Xy H,»

isa G.C.A.
We construct a C.A. 9 = {4, +, 2_) in which the set A contains
just two distinct elements, say, z and u; for this purpose, we put:

a+b=zifa=>b=rzanda + b = uotherwise;

> a;=zifa, = zforeveryi < o, and ), a, = u otherwise;
1<% 1 <0

where a, b, ay, a1, -+, a,, --- are arbitrary elements of A. ILet e«

be the type of A. As is easily seen from 6.11, 12.1, 12.2, 12.6, and
12.8,

(1) « is indecomposable.
We now put:

@2 B=1IleaGe,8=1]e where as=a fori=01,2 ---)
i< 1<o

and

®3) g = Iloe

10
By 12.9, 8 is the type of a C.A., and 8’ is the type of a finitely closed
G.C.A,, but not of a C.A.; hence

(4) B+ B.

At any rate, however, «, 8, and 8’ are in T, (and in Ty). From (2)
and (3) we obtain by 12.5

(5) B=axB and B =axpg.

Hence, by applying 5.1.V (with @, = 8, or = 8/, and b, = «a) to
the algebra T/, we conclude that the type

(6) y=]l'a
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exists and belongs to T, , and that
(7 B=vx6 and B =yxd& forsome 6,8 ¢T:.
Moreover, by applying 5.1.1 to T’, we obtain from (6)
(8 T = ax7
By (2) and (7) we have
¥ X6 = H a = f.

1<
Hence, by 12.2, 12.5, 12.7, 12.8, 12.14, and (1), we easily conclude
that
9) v=]] @ forsome n < o, orelse y = 8.
i<n
Similarly, (1), (3), and (7) imply

(10) v = ]Joa forsome n < », oreclse y =48".
<n

(4), (9), and (10) give in view of 12.3(ii)
v =]l @ forsome n < .
i<n
Hence and from (8) we infer by 4.3 that a is idem-multiple, i.e.,
that

a = a X a.

This, however, clearly contradicts (1) (cf. 4.39 or 12.8). Thus, we
must reject our original assumption; and the proof is complete.

Although the algebra T, from 12.18 is not a G.C.A., it has never-
theless some interesting arithmetical properties; for, as we shall
show in 12.21, it proves to be an R.A.

TrrorEM 12.19. If % = (A, 4+, D) is a finitely closed G.C.A.,
and if T is the sct of all types of subalgebras B = (B, +, D) con-
stituted by ideals B in ¥, then the algebra (T, x, ][] is an R.A.

Proor: We proceed as in the proof of 12.15; i.e., we define the
function ¢ by means of formula (1) of that proof, and we show that
¢ maps in a onc-to-one way the family of all cosets of the algebra
&(?A) /= onto the set T. However, formulas (2) now prove to be
equivalent only in case # < . (This depends on the fact that
condition 12.12(ii) is now automatically satisfied only in the case
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of a finite sequence of ideals.) In other words, ¢ maps (T, x, 1D
isomorphically onto $(2)/== only in the domain of binary operations;
i.e., it satisfies conditions 6.1(i)—(iii) without necessarily satisfying
6.1(iv). This is, however, sufficient for our purposes. For $()/=
is an R.A. by 11.36; and since in the postulates characterizing R.A.’s
only the binary operation is involved (cf. 11.26), we conclude that
(T, x, I] ) is also an R.A.

CoroLLARrY 12.20. If a1, oy, B, and v are types of finitely closed
GC.A’s, and if oy X aa x v = B x v, then there are types B, Ba,
7, and v: such that

B=BxPB:, ¥y =m1%X7, aaxXxm =P X1, and

a Xy =PfX7.
Proor: analogous to that of 12.16, with 12.15 and 5.1.V replaced
by 12.19 and 11.26.V.

TuEOREM 12.21. T, being the class of all types of finitely closed
G.C.As, the algebra T = (T1, x, []) s a finitcly closed R.A.
Proor: by 12.2, 12.4, 12.5, 12.7(i), 12.9(i), 12.10, 12.14, and 12.20.

Thus, all the arithmetical theorems listed in 11.28 hold in the
algebra T ; they do not have to be provided with existential assump-
tions (required in arbitrary R.A.’s) since the algebra T, is finitely
closed. Among these theorems, 1.31 and 2.28 are perhaps the
most interesting. By 1.31, the factor relation—which is obviously
reflexive and transitive in the class of all isomorphism types—proves
to be antisymmetric when applied to types of the class T; , and hence
to establish in T, a partial order; by 2.28, this relation has in addition
the interpolation property. Notice that an alternative formulation
of 1.31 (1.47 with n = 2) gives:

If a, B, and v are types of finitely closed G.C.A’sand a x Bx v =
Y, thenaxy =Bxy=1.

As regards the algebra T, of 12.18, i.e., the algebra of types of
arbitrary G.C.A.’s, no general arithmetical results are known which
hold in this algebra and are not more or less trivial consequences
of elementary theorems stated in the earlier part of this section
(with 12.14 included). We are lacking, however, in counter-ex-
amples which would definitely show that various theorems applying
to the algebra T, by virtue of 12.21 actually fail in the algebra T, ;
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it would be interesting to know, for instance, whether or not the
factor relation establishes a partial order in T:. Nor do we know
whether various special theorems of Part I which are not listed in
11.28 hold in the algebras ¥, and T;—although, by 12.17, they cer-
tainly hold in the algebra . This applies, e.g., to Theorem 2.34;
we do not know whether for all types « and 8 of G.C.A.’s, or of
finitely closed G.C.A.s, a x @ = B x 8 implies « = 8. Finally,
there are problems of the same nature which remain open even with
regard to the algebra ¥. It is not known, for instance, whether
any two types a« and 8 of C.A.’s have a LEAST COMMON MULTIPLE,
i.e., a least upper bound in the algebra T; we shall see later that two
such types do not always have a GREATEST COMMON FACTOR, i.e.,
a greatest lower bound in the algebra <.

It can be shown that the algebra T of 12.17 is not only a sub-
algebra but also a homomorphic image of the algebras ¥; and T,
of 12.18; and this remains true even in case we regard the operation
I1 in these algebras as applying to sets of elements with an arbitrary
power. In fact, « being the type of a G.C.A. ¥, let & be the type of
all C.A.’s 9 which are closures of 9; and let R be the relation which
holds between two types « and 8 of G.C.A.’s if, and only if, @ = B.
By 7.13, @ is uniquely determined by a. By 17.17 we have, for any
types a; of G.C.A.’s,

Ilai =] .

sel el
Hence we conclude that R is an infinitely additive (or rather muL-
TIPLICATIVE) equivalence relation both in &; and T, and that

T = T1/R = T,/R.

R can also be shown to be finitely refining in ; (but not in T,).
These results, however, do not provide us with any interesting
information about the algebras T, and T, .

In view of 12.3(ii), Theorems 12.15-12.21 apply automatically
to strong cardinal products. It is also obvious that Theorems
12.18-12.21 apply to weak products as well; although 12.15-12.17
fail in this case (as is seen from the last part of 12.9). It may be
noticed that if we replace in the algebras T, and T, plain products
by weak ones, then ¥, proves to be a homomorphic image of T, ;
to show this, we proceed as above in the case of T—using, however,
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the notion of a finite closure instead of that of a closure (cf. 7.18
and the subsequent remarks).

The last three theorcms of this section are of a more special nature
since they apply to isomorphism types of rather restricted classes
of C.As.

THEOREM 12.22. Let A = (A, +, D) be a C.A. in which every

element a € A can be represented in the form
a= 2. a; with n< » -
i<n
where all elements a; with © < n are indecomposable in the disjunctive
algebra 9. Then r(N) can be represented in the form
7@ =
iel

where all types o, with ¢ € I are indecomposable; and this representation
18 unique apart from order.

Proor: By 10.16 and 12.11 we obtain a representation of 7(3):

Q) =T with o =7(4;, +, ) forevery iel,
el

where the A, are ideals in 9 which are indecomposable in the dis-
junctive ideal algebra (). Hence we easily conclude that all
the types «, are indecomposable in the sense of 12.8; we apply here
in the first place 12.12, and also 8.16, 9.12, 10.1, 10.3, and 12.6.
The unicity of representation follows easily from 10.16 and 12.11,
or else it can be derived from 12.5, 12.7, 12.8, and 11.14 (cf. the
proof of 4.45).

As was pointed out in connection with 10.16, the class of C.A.’s
involved in 12.22 contains as a subclass the class of those C.A.’s A
in which every element can be represented as a sum of elements
that are indecomposable in ¥ itself (and not only in 9[). We shall
see in 14.10 that, with regard to algebras of the latter class, the
conclusion of 12.22 can be strengthened considerably; the type of
every such algebra is a cardinal power (i.e., a product with identical
factors) of a well-determined indecomposable type «, in fact, of the
type of the algebra of non-negative integers.

TueorEM 12.23. Let A = (A, +, D) be a C.A. in which there
18 no infinite sequence of elements by, by, +++, b;, +-- with b; = 0
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and b; Nb; = 0fori <j < . Then 7(N) can be represented in the
form
() = H o with n < «©
i<n

where all types o, with © < n are tndecomposable; and this representation
18 unique, apart from order.

Proor: entirely analogous to that of 12.22, with 10.16 replaced
by 10.17.

CoROLLARY 12.24. The conclusion of 12.23 applies to all at most
denumerable C.A.s.
Proor: by 10.18 and 12.23.

We shall see in the appendix that 12.23 is but a particular case
of a theorem of general algebra, and that the validity of its con-
clusion does not depend on any specific properties of C.A.’s. In
particular, 12.23 (but not 12.24) can be extended to arbitrary G.C.A.’s,
although this is not directly scen from the proof of the theorem;
cf. the remark which follows 12.17. Some other theorems of gen-
eral algebra which concern the decomposition of types into indecom-
posable factors and can be applied to C.A.’s and G.C.A.’s will also
be found in the appendix.

In connection with 12.22-12.24 the problem arises whether every
type of a C.A. can be represented as a product of indecomposable
factors. It can casily be shown that this is not the case. We can
even obtain a much stronger result: there are types o of C.A.’s which
are different from 1 and have no indecomposable factors at all. In
fact, we can construct a C.A. % = (4, +, D_) with the following
properties: there are elements @ &= 0 and b == 0 in A such that
aNb=0and ¢ £ a+ b for every c £ A; and any two elements
a & 0and b & O in A are homogeneous in the sensc of 11.30. (It
is well known that there are complete Boolean algebras with these
properties, e.g., the Boolcan algebra of all regular open sets of a Eu-
clidean space under set-theoretical addition’; and, as we shall sce
in §15, every complete Boolean algebra is a C.A.) The type « of
such a C.A. U clearly satisfies the following conditions:

a=axa=+l; and a = ¢ x g implies that ¢ = 1
or { = a.
7 This follows from Theorem 7.23 and 7.26 in Tarski [7], p. 178 f.
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Hence it follows at once that « has no indecomposable factor. It
should be pointed out, however, that « is itself indecomposable in
a weaker sense mentioned in connection with 4.38; and the problem
remains open whether every type a &= 1 of a C.A. has a factor which
is indecomposable in this weaker sense.

In conclusion, we want to discuss briefly certain variants of the
notion of a cardinal product, which are different from those defined
in 6.11 and 12.2. We have to use here the familiar notion of a
cardinal number (which will be discussed systematically in §17—
in its relation to the general theory of C.A.’s). Let » be any cardinal
different from 0; and let 2A; be algebras with zero elements 0; cor-
related with elements 7 of a set /. By the cARDINAL PrRODUCT of the
algebras A; witH THE RANK » we understand the subalgebra of the
strong cardinal product of ¥, constituted by those functions f for
which the set of all elements ¢ ¢ I with f(2) &= 0; has a power smaller
than v (cf. 6.11). We extend this notion to isomorphism types by
changing Definition 12.2 correspondingly.

The cardinal product with the rank » = ¥, is simply the weak
cardinal product, and that with the rank » = W coincides with the
plain cardinal product; here ¥, is, as always, the smallest infinite
cardinal, and §; is the smallest cardinal > §,. Cardinal products
with a rank v > N have practically the same properties with regard
to G.C.A.’s as the strong product; we do not want to go into certain
details here connected with the extension of 6.12 and 12.9 to such
products. They are useful, however, as a source of various examples.
Consider, for instance, the cardinal v = ¥g , i.e., the smallest cardinal
v such that the set of cardinals < » is non-denumerable. Let «
be the type of a C.A. with just two different elements (ef. the proof
of 12.18); let B be the strong cardinal product of » factors each of
which equals «, and let 8’ be the cardinal product of the same factors
with the rank ». By arguing as in the proof of 12.18, we can show
that 8 and B’ constitute an example of two types of C.A.’s which
have no greatest common factor.® It may be noticed that the types
B8 and B’ constructed in the proof of 12.18 have also the same prop-
erty; in this case, however, 8’ is not the type of a C.A.

As regards cardinal products with a finite rank », the case v = 1
is trivial; the case when 2 < v < ¥ scems to be unnatural and can
hardly lead to any interesting results. The remaining case v = 2

8 This example was found by B. Jénsson.
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deserves some attention only if we happen to be interested in algebras
which, like G.C.A.’s, are not assumed to satisfy the closure postu-
lates; for, as is easily seen, the cardinal product of algebras %(; with
the rank 2 is never finitely closed unless there is at most one 7 such
that U; has two or more distinct elements. However, the cardinal
product with the rank 2 of arbitrary G.C.A.s is always a G.C.A.
This notion is very closely related to that of cardinal addition which
will be discussed in §18, and has the same fundamental properties;
the class of all isomorphism types—not only of types of G.C.A.’s—
proves to be a C.A. under this sort of cardinal multiplication, and
every type can be uniquely represented as a product with the rank 2 of
indecomposable factors. (Of course, ‘indecomposable’ means some-
thing else in this context than in 12.8, for the product with the
rank 2 does not coincide with the ordinary product even in the
case of two factors.) The proof of these results will not be outlined
here; the proofs of Theorems 18.6 and 18.7 below give a very ade-
quate idea of the method to be applied.






PART III
CONNECTIONS WITH OTHER
ALGEBRAIC SYSTEMS






§13. SEMIGROUPS

In this part of our work we want to discuss relations between
C.As and G.C.A.’s on the one hand, and certain algebraic systems
well known from the literature on the other. In most cases it proves
convenient here to regard C.A.’s and G.C.A.’s as algebras with a
single operation, in fact, with binary addition.

DrrFiNitioN 13.1. An algebra A = (A, +) s called a C.A,,
or a G.C.A., if there is an operalion > on infinite sequences of ele-
ments of A such that (A, +, D) is a C.A. in the sense of 1.1, or @
G.C.A. in the sense of 5.1. (Under the same conditions we say that A
is a C.A., or a G.C.A., UNDER THE OPERATION +.)

In addition to C.A.’s and G.C.A.’s, we shall be interested in various

other algebras ¥ constituted by a set A and a binary operation +.
The following definition applies to arbitrary algebras of this kind:

DeFINITION 13.2. We extend to algebras A = (A, +) the
definitions of the element 0, the relation <, the greatest lower bound,
and the least upper bound (1.2, 1.5, 3.1, and 3.2). We define the sum
of a sequence of clements ay, @1, -+, a;, -+ € A by putting

> a; = 0 (in case the element 0 is in A),

i<0
a; = Z a; + a, for n < o (in case Z a; and
i<n+l i<n i<n
> a; + a,arein A),
i<n
E a= U Zai (tn case all sums > a, withn < o are in
1o n<w I<n i<n

A and their least upper bound exists).
Furthermore, we extend to arbitrary algebras A = (A, +) the
definitions of the remaining notions introduced in §§1-12, by omitiing
in these definitions—-except 1.4, 6.4, 6.7, 7.1, and 9.1—all references
to infinite operations.

Thus, for instance, by applying 8.7 and 8.16, we can construct
from an algebra % = (4, +) two new algebras, % = (4, U)
and 9 = (4, +). On the other hand, when speaking of ideals in
an algebra % = (4, + ), we shall use the term ‘ideal’ in exactly the
same sense in which it was originally defined in 9.1.

175
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It may be noticed that we shall be concerned merely with algebras
% = (4, +) in which the operation + is commutative; this explains
why we have not introduced in 13.2 two different relations <.
Definitions 3.1 and 3.2, as well as the definition of an infinite sum
(stated in 13.2), will be applied almost exclusively to those algebras
9 in which the set A is partially ordered by the relation <.

CoroLLARY 133. If A = (A, +)isa C.A. or a G.C.A., then

(i) the operation Y, on finite sequences defined in 13.2 coincides
with that defined in 1.3;

(ii) the operation D, on infinile sequences dcfined in 13.2 4s the only
operation which satisfies the conditions of 13.1.

Proor: (i) by 1.8 and 1.17; (ii) by (i) and 3.19.

The simplest examples of G.C.A.’s can be found among SEMI-
groups and LATTICEs. In this section we shall concern ourselves
with semigroups; the discussion of lattices will be found in §15.

DeriniTiON 134. Let A = (4, +).

(1) A is called a crovrorp (or, strictly speaking, a COMMUTATIVE
GroUPOID) tf it satisfies the closurc postulate 1.1.1, the postulale of
the zero element 1.1.V, and the commutative and assoctative laws 1.13
and 1.14.

(ii) A s called a semigrouvr (or, stricily speaking, a COMMUTATIVE
SEMIGROUP) if 1t 15 a groupoid and satisfies the cancellation law for sums:

Ifa,b,ce Aanda + ¢c = b+ ¢, thena = b.

CoROLLARY 13.5. [In a semigroup A = (A, +) all clements of
A are fintle.
Proor: by 13.2 (4.10) and 13.4.

In our further discussion we shall often apply 13.1-13.4 without
referring to them explicitly; 13.1 and 13.2 will, of course, be implicitly
involved in all those cases in which we shall use definitions and
theorems of §§1-12. Various elementary consequences of 13.4
are assumed to be known. It is easily seen, for instance, that most
of the theorems stated in §1, when restricted to finite sums and
multiples, apply to arbitrary groupoids and semigroups.

Every finitely closed G.C.A. is obviously a groupoid. Moreover,
we have
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TuEOREM 13.6. Letd = (A, +)bea G.C.A. For U to be a sems-
group it 1s necessary and sufficient that I be finitely closed and that
every element in A be finile.

Proor: by 4.19, 5.26, and 13.5.

CoroLLARY 13.7. No C.A. A = (A, +) is a semigroup unless
A contains only one element.
Proor: by 4.12 and 13.6.

Tarorem 13.8. If A = (A, +) is a C.A. or a finitely closed
G.C.A, and if B is the set of all finite elements of A, then B = (B, +)
isa (.C.A. and a semigroup.

Proor: By 4.10, 4.13, 4.14, 4.16, 6.13, 9.1, and 9.18, B is a finitely
closed G.C.A., and cvery element of B is finite; hence, by 13.6, A
is also a semigroup.

CoroLLARY 13.9. For a C.A. A = (A, +) to be a closure of a
semigroup, it is necessary and sufficient that every clement a € A can
be represented in the form

a = Z a;

i<

where all clements a, with t < o are finite.
Proor: by 7.1, 7.6, 13.6, and 13.8.

We know from 13.6 under what conditions a given G.C.A. is a
semigroup. More interesting is the question under what conditions
a given semigroup is a G.C.A. To answer this question, we shall
first distinguish certain special kinds of semigroups.

DeFinITION 13.10. An algebra A = (A, +) is called paRTIALLY
ORDERED, 0T SIMPLY ORDERED, 0T WELL ORDERED, if the set A is partially
ordered, or stimply ordered, or well ordered, by the relation <.

This definition, like 13.1 or 13.4, will often be used without ex-
plicit rcference.

CoroLLARY 13.11. Let i = (4, +).

(i) In case A is a groupoid, it is partially ordered if, and only f,
a+b+4c=cimpliesa+c=Db+c=cforala,b,ceA.

(i) In case U is a semigroup, it is partially ordered if, and only <f,
a+b=01impliesa = b=0foralla,beA.

Proor: by 13.10, without any difficulty.
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In the next few theorems we state some elementary, though less
familiar, properties of partially ordered semigroups.

THEOREM 13.12. Let ¥ = (A, + ) be a partially ordered groupoid.
For any elements a; , b; ¢ A correlated with elements © of a non-empty
set I, and for any elements a, b, ¢ € A, we have:

(i) #f a; + b, = c for every i € I, and Ui, b; exists, then N..; a;
also exists and

ﬂ a; + U bi=c¢ ;
iel iel

(ii) +f a U b exists, then a N b also exists, and (@ Nb) + (@ U b) =
a + b

Proor: (i) can be derived in the same way as the corresponding
part of 4.21 (since 4.20 obviously holds for arbitrary elements of
a semigroup). (ii) is a particular casc of (i); cf. the proof of 4.22.

CoroLLARY 13.13.  If A = (A, + )isa partially ordered semigroup,
a,byced,aNc=bNc,andalUc = bUcg, then a = b.
Proor: by 13.12(ii).

As is known, the distributive laws 3.30 and 3.32 with n < o can
be derived from 13.13 if provided with suitable existential assump-
tions; it seems that these assumptions must be stronger than those
actually stated in 3.30 and 3.32." Two other distributive laws,
3.25 and 3.26, also hold for semigroups, and can even be generalized
to sets of an arbitrary power. This will be shown in the following

TurorEM 13.14. Let A = (A, + ) be a partially ordered semigroup;
let a be in A, and let b; be elements of A correlated with elements ¢ of
an arbitrary non-empty set I. We then have:

(i) of esther Uirb; or Uir (@ + b)) exists, then both these bounds
exist, and

a+Ub =U(@a+ b);
iel sel

(1) 4f N..r (@ + b,) exists, then Ny b; also exists, and

a+ﬂb.~=n(a+b.-).
sel icr

! By a theorem in Bergmann [1], p. 273, the distributive laws 3.30 and 3.32
withn < « can be derived from 13.13 in case the semigroup ¥ is lattice-ordered
in the sense of 13.22. An analysis of Bergmann’s proof shows that his result
can be extended to arbitrary partially ordered systems by providing the dis-
tributive laws with sufficiently strong existential assumptions.
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Proor: (i) Assume, e.g., Ui (a + b;) to exist. By 3.2, we have,
for every 7 ¢ I and for some c € 4,

1) a+b=U@+b) =a+e,
el

and hence

(2) b.' é C.

If, for every ¢ ¢ I,

b, £z,
we also have

e+ b =a+ z;
therefore, by (1),
a+c=<a-+2 and ¢ S =x.

Hence, and in view of (2),
3) c= ichI b; .
(1) and (3) imply the conclusion. The proof of (i) under the alter-

native assumption is essentially the same; and the derivation of
(ii) is quite analogous.

It is easily seen that the converses of 13.12(ii) and 13.14(ii) may
fail in partially ordered semigroups. In fact, let I be the set of all
negative and positive integers, with —1 (and 0) excluded. I is
clearly a partially ordered semigroup under ordinary multiplication.
We have in this semigroup 2 N 3 = 1; however, neither 2 U 3 nor
(a-2) N (a-3) forany a e I, a = 1, exists. Notice in this connection:

TuroreM 13.15. Let A = (A, + ) be a partially ordered semigroup,
and let a and b be any clements of A.  For a U b to exist it is necessary
and sufficient that (a + x) N (b + x) exist for every x € A.

Proor: The existence of a U b implies that of (@ + 2) N (b + =)
by 13.12(ii) and 13.14(i). Assume now (@ + z) N (b + z) to exist
for every z ¢ A. Thus, in particular, a N b exists, and we can put
(by 3.1)

@Nb) +¢c=a+ b
hence we obtain

a <c and b = c
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Now if
¢ Sz and b = 2,
then, by our assumption and 13.14(ii),
@Nb) +c=a+b=@+2)NO+2)=(@NDd) + =z,

and consequently

o
lIA
&

Thus, by 3.2,
c=all;
and the proof is complete.

TaroreM 13.16.  Let A = (A, +) be a partially ordered semigroup,
andletag, @, - , @, -+ by, b, - ,b,, - beanyclementsin A.

() If D icw @0 OF D i @uyr G5 in A, then both these sums are in A,
and we have

Zat—a0+ Eaz-f-l

1<o i<
(ii) If Zl'<oo a,, Zs<w b £ A then
Z(a&'i'b) = Za"l—l- Zb

i< i<o 1< o0

Proor: In view of 13.2, (i) is but a particular case of 13.14(i);
we take for I the set of all finite integers, and put

a=ay, and b, =2 ay for n=0,1,2 ---
i<n
As regards (ii), it is easily scen that

E(a.~+b,~) Ea,-}-Zb for n=0,1,2 ---.

i<n 1<o0
Now if
> (a;i + b;)) Sz forevery n < o,

i<n
then we clearly have

dai+ 2 b=z for np=2012---;

i<n i<p

and, by applying 13.14(i) twice, we obtain

2a+ b s

(2L i<



SEMIGROUPS 181

The conclusion of (ii) follows by 3.2.
TaeoreM 13.17. Let A = (A, + ) be a partially ordered semigroup;

letnbe £ o, and letag, a1, -+, a;, --- be elements in A such that
a;Ua; =a; + ajforall tand jwitht < j < n. We then have

U a; = Z a;

i<n i<n

in case n < o« ; and the same holds in case n = o, provided D 5
or Uicw ai is in A.

Proor: The conclusion obviously holds for n = 0. Assume it
to hold for a given n = p < «. We then obtain with the help of
3.2, 13.14(i), and the hypothesis

Ya=Ua+a=U@+a)=U@VUa) = U .

i< ptl i<p 1<p i<p 1< p+l
Thus, the conclusion proves to hold forn = p 4+ 1. By 13.2, the
result can be extended at once to the case n = .

Notice that the condition
a,Ua, = a, + a;,

which ocecurs in the hypothesis of 13.17, implies by 13.12 in every
partially ordered semigroup

a;Na; = 0.
The implication in the opposite direction fails in general; it holds

in those special semigroups and groupoids which we are going to
discuss now.

DerFINITION 13.18. An algebra A = (A, +) is said to have the
REFINEMENT PROPERTY 1if it salisfies Postulate 11.26.1V.

Groupoids with the refinement property are closely related to
what we have called refinement algebras (ef. 11.26). Infact, we have

CoROLLARY 13.19. Finitely closed R.A.’s A = (A, +) coincide
with partially ordered groupoids which have the refinement property and
satisfy 11.26.V.

Proor: by 5.26, 11.26, 13.10, and 13.18; it follows from 11.28 that
every R.A. is partially ordered.

CoroLLARY 13.20. Every partially ordered semigroup A with the
refinement property is a finitely closed R.A.
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Proor: by 13.19. Postulate 11.26.V is obviously satisfied in
every semigroup ¥; to obtain elements which satisfy the conclusion
of 11.26.V, we put

by=ay, bo=a;, aa=c¢ and ¢ =0.

By 13.20, all theorems listed in 11.28 hold in every partially
ordered semigroup with the refinement property.” It is easily seen
that most of these theorems apply to a wider class of algebras—in
fact, to arbitrary partially ordered groupoids with the refinement
property, even to those which do not satisfy 11.26.V. There are,
however, a few important exceptions: 2.18, 2.27, 2.28, 2.30, 3.16,
and 3.17.

TrEOREM 13.21. For a semigroup A = (A, +) to have the refine-
ment property, it 18 necessary and sufficient that the tnterpolation
theorem 2.28 with n = p = 2 hold for arbitrary elements of A.

Proor: By applying 13.18 and by analyzing the proof of 2.28
forn = p = 2 we easily see that the condition of our theorem is
necessary. Now assume this condition to be satisfied; and let a,,
as , by , and b, be any elements in A for which

(1) o+ a=b + b.
We have thus
eSata, hSatae, aasb+a, and b b+ a.
Hence, by 2.28, there is an element ¢; such that
2 h==atmsa+ta and a+ @ <b +a.
Consequently,
a =a and ¢ = b,
so that we can put

3) a6+ e =a and ¢ + ¢ = b.

2 Partially ordered semigroups with the refinement property have been
discussed in Riesz [1}, p. 175. Cf. also Birkhoff [2], pp. 327 ff.; Theorem 13.21
is closely related to Birkhoff’s Theorem 49.
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We now have by (2) and (3)
o+ ¢ S 6 + a and ¢ £ 0

hence, for some ¢, ,

(4) &+ 6 = a,
and from (1), (3), and (4) we obtain
(5) &+ ¢ = by

Thus (1) implies the existence of elements ¢; which satisy (3)-(5);
and therefore, by 13.18, 9 has the refinement property. This com-
pletes the proof.

DerinirioN 13.22. A partially ordered algebra A = (A, +) is
called

(i) FintTELY coMPLETE (OR LATTICE-ORDERED),

(ii) COUNTABLY COMPLETE,

(iii) compLETE,
according as the greatest lower bound and the least upper bound exist

(i) for any elements a, b ¢ A,

(ii) for every infinite sequence of clements a; ¢ A,

(iii) for any elements a, € A correlated with elements 1 of an arbitrary
non-empty set I.

DerinirioN 13.23. A partially ordcred algebra A = (A, +) is
called FINITELY COMPLETE IN THE WIDER SENSE if a [ b exists for
any a,b e A such that ¢ £ aand c < b for somece A, and ifa U b

exists for any a,b € A such thata < cand b < cfor somece A. Simi-
larly we define the notion of a COUNTABLY COMPLETE, or COMPLETE,
algebra IN THE WIDER SENSE—in analogy to 13.22(ii),(iii).

TrHEOREM 13.24. Every finitely complele semigroup A has the
refinement property.3

3 A discussion of finitely and countably complete semigroups is implicitly
contained in Birkhoff [2]. Actually, Birkhoff discusses the so-called lattice-
ordered groups; however, in view of a result of J. von Neumann quoted lo¢. cit.,
p. 306, all his theorems can be automatically applied to finitely complete semi-
groups. In particular, our Theorem 13.24 and a half of Theorem 13.26 (the
fact that conditions (i) and (iii) imply (ii) and (iv)) follow from Birkhoff’s
results, loe. cit., pp. 321 . and 328. On the other hand, Theorems 13.12-13.17,
which apply to arbitrary partially ordered semigroups, contain extensions of
some results of Birkhoff.
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Proor: By 13.22, Theorem 2.28 with n = p = 2 obviously holds
in ¥; hence, by 13.21, the conclusion.

THEOREM 13.25. Let A = (A, + ) be a finilely complete semigroup;
and let a; and b; be elements in A correlated with elements ¢ of a non-
empty set I. If a; + b; = c for every i € I and if N..; a, exists, then
U..: b; also exists, and we have

ﬂ a; + U b,' = C.
iel tel

Proor: We show first that 3.17 holds for every finitely complete
algebra, and that it can be extended even to arbitrary collections
of elements a; ; instead of 2.28, we make use of the fact that any two
elements of the algebra have a greatest lower bound (cf. 13.22).
Hence we derive 13.25 by arguing as in the proof of 4.21.

THEOREM 13.26. Let I = (A, + ) be a partially ordered semigroup.
Each of the following conditions is necessary and sufficient for A to be
Jinitely complete or—what amounts to the same thing—to be finitely
complete in the wider sense:

(i) a Nbexists foranya,be A;

(i) a U b exists forany a, b e A.

Similarly, each of the following conditions is necessary and sufficient for
A to be countably complete in the wider sense:

(ii]) Nicewo @, exists for any ao, @y, -+, a,, - € A;

(iv) U.cw b, exists for any by, by, --+, b,, -+ ¢ A provided there
is an element ¢ € A such thatb, < cfori=10,1,2, --- .

Proor: The first part of the theorem follows casily from 13.15,
13.22, and 13.23. As for the second part, we sec that the necessity
of (iii) follows directly from 13.23 (since 9 has a zero element). Now
assume (iii) to hold. By the first part of our theorem, this implies
that 9 is finitely complete; and hence 13.25 applies to 3. Consider
any elements b;, ¢ ¢ 4 with b, £ ¢cfor7z=10,1,2,---. We have
thus ‘

a; + b; = C
for some elementsa; e A,7 =0, 1,2, - - - ; and since ;. a, is assumed
to exist, U, <« b; also exists by 13.25. Thus, (iii) implies (iv). Simi-
larly, assume (iv) to hold, and consider any elementsa;, a1, --- ,
a,, - ¢ A. By our assumption and 13.12(ii), a; N a; exists for
every ¢ < o, and we can put

(@Na) +b;=a for ¢ =0,1,2 ---.
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Hence, again by our assumption and by 13.12(i), Nicw (@ N a,)
exists, and we obviously have

Na =N (aNa,).

1< o 1 <00
Thus, (iii) holds; and (iii) and (iv) together imply by 13.23 that 9
is countably complete in the wider sense. The necessity and suf-
ficiency of conditions (iii) and (iv) have thus been established.

In connection with this theorem, it is interesting to note that a
semigroup A is never countably complete, unless it has only one
clement (for otherwise A would have an infinite element o - a, in
contradiction to 13.5).

By modifying in an obvious way conditions (iii) and (iv) in 13.26,
we obtain necessary and sufficient conditions for A to be complete
in the wider sense.

We now turn to the problem of establishing conditions under
which a given semigroup is a G.C.A.

TuroreM 13.27. For a semigroup A = (A, +) to be a G.C. A,
it 15 necessary and suflicient that A be partially ordered, have the refine-
ment properly, and satisfy the following condition:

@) fay, a1, ,a.,---,bedanda, £ a,;1 £bforeveryn < «,
then U, <o a, exists.

Proor: The necessity of the conditions follows from 7.11 and
13.18. Now assume these conditions to be satisfied. We consider
the operation E on infinite sequences defined in 13.2; our purpose
is to show that %' = (A, +, 2. is a (.C.A. in the sense of 5.1.
Postulates 5.1.1 and II hold in %’ by 13.16 and by condition (i);
5.1.11T is obviously satisfied. To derive 5.1.V, consider elements
a, and b, such that ’
€)) a,=b,+ a1 for n=0,1,2, ---.

We obtain by induction

a = Zbi+a,. for n=20,1,2, ---.

1<n

Hence, by (i), Z,O, b, exists and is less than or equal to ay. We
therefore have
@) a = ¢ + g,o b; ;
and we conclude from (1) and (2), by means of 5.1.1 and the can-
cellation law for sums, that

a, = ¢ + Z b,+s for n=20,1,2 --

<o
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Thus, ¢ satisfies the conclusion of 5.1.V. Finally, to obtain 5.1.1IV,

we consider elements a, b, ¢, ¢1, - - - with

®3) at+b=2¢.
1<

We put

(4) do"—"‘a and eo=b.

We then have by 5.1.1
(!o+(’o=('o+z:0i+l;

1 <00

and by applying the refinement theorem 2.3, we obtain elements
ao , by, d; , and e, for which

dy=a+di, e@=b+e, ¢ =a+ b,
and
i+ e = ;Cz+1=01+_20i+2-

1 <00

In view of the last formula, we can continue this procedure indefi-
nitely; and we arrive at four sequences a, , b, , d, , and e, such that

(5) dn = 0y + dn-i-ly €, = bn + Cnil,
(6) €=y + b, (and d, + e, = D Cnti)
1<

for every n < «. By applying 5.1.V to (5), we obtain two elements
¢’ and ¢” such that, in view of (4),

) a=¢+ > a and b=c" 4+ 2 bi.
t< oo t<<o0

Hence, by (3), (6), and 5.1.11,
a+b=Ye=d+c"+ 2 (@+b)=¢+c" + 2 .

1<00 1< 1<
Consequently, by 13.11(ii),
d+e" =0, ¢/=¢" =0,
and therefore, by (7),
@® a= 2 a and b= ) b.

1<o 1<
By (6) and (8) the elements a; and b, satisfy the conclusion of 5.1.IV.
In view of 5.1 and 13.1, the proof is complete.
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THEOREM 13.28. Every semigroup N which ts countably complete
in the wider sense 1s a G.C.A.

Proor: By 13.23 and 13.26, A is partially ordered, finitely complete,
and satisfies 13.27(1). Hence, by 13.24, % has also the refinement
property; and therefore, by 13.27, it is a G.C.A.

Among semigroups which have thus proved to be G.C.A.s we
find various familiar algebraic systems; some of them will be dis-
cussed in §14.

The question arises whether the results obtained in the preceding
parts of this work have any interesting implications for the semi-
groups considered in 13.27 and 13.28. In the first place we have in
mind here the arithmetical results of Part I. The arithmetic of
semigroups is, in general, much simpler than that of C.A.’s. Owing
primarily to the cancellation law for sums, many theorems of Part I
(like 2.10-2.15) become trivial when applied to semigroups, whereas
the proofs of some others (e.g., 2.28) undergo a far-reaching
simplification.

The situation is different with regard to the cancellation laws
for multiples (2.33 and 2.34) and their consequences (e.g., Euclid’s
theorem 2.37). A direct proof of these theorems for arbitrary
finitely complete semigroups—and henece, in particular, for the semi-
groups considered in 13.28—is rather simple.* We see, however,
no possibility of essentially simplifying the involved proof of these
results outlined in §2, if we want to apply them to all the semigroups
considered in 13.27. It may be interesting to notice that the can-
cellation laws for multiples do not hold in arbitrary partially ordered
semigroups with the refinement property. For instance, the set of
all real numbers z with |z | = 1 and z # —1 forms a semigroup
under ordinary multiplication; as is easily seen, this semigroup is
partially ordered and has the refinement property, but does not
satisfy the cancellation laws 2.33 and 2.34 for m = 2, since, e.g.,
3:3 = (—3)-(—3), although 3 &= —3. This shows that condition
13.27(1) must play an essential part in the derivation of these laws,
and seems to indicate the necessity of an infinite construction.

The fact that the cancellation laws for multiples hold in the semi-
groups which satisfy the conditions of 13.27 has some further con-

42.33 and 2.34 for finitely complete semigroups have been established in
Birkhoff [2], p. 308 (cf. the preceding note). By simplifying the original proof
of 2.37, we can show that this theorem holds in every (commutative) semigroup
which satisfies 2.33. ’
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sequences. Thus, the smallest group in which every such semi-
group can be imbedded is a torsion-free Abelian group, i.e., an Abelian
group without elements of a positive finite order. Or, to give another
example: If A = (4, +) is a partially ordered semigroup in which
the cancellation law 2.34 holds, then the order established in A by
the relation £ can always be extended to a simple order; i.e., we can
construct a relation < with the following properties:

(i) A is simply ordered by X;

(i) foranya,b,ceA,a < bimplicsa + ¢ X b+ ¢;

(iii) forany a,be A, a < bimplies @ < b (and hence 0 X a for every
acA)’
In view of 14.6, this result automatically applies to all finitely closed
G.C.A’s without infinitc clements. By using the properties of
finite closures (cf. the end of §7), we can casily extend the result to
arbitrary .C.A.’s without infinite elements, thus, e.g., to all mul-
tiple-free G.C.A.’s; of course, we have to assume that the sums
involved in (ii) are in A.

From the results obtained in §12 we can derive directly certain
conclusions regarding isomorphism types of semigroups. We notice
first

TaEOREM 13.29. All the theorems of §12 which apply to arbitrary
algebras A = (A, +, 2. ) apply also to arbitrary algebras A = (A, + )
(with a zero clement); and those which apply to C'.A’s and G.C.As
in the sense of 1.1 and 5.1 apply also to C.A.’s and G.C.A.’s in the sense
of 13.1.

Proor: The first part of the theorem is obvious. To obtain the
second part, we show that the algebra of types of C.A.’s in the sense
of 1.1 (or G.C.A.’s in the sense of 5.1) is isomorphic under cardinal
multiplication with the algebra of types of C.A.’s (or G.C.A.’s) in
the sense of 13.1; the proof is based upon 6.1, 6.11, 6.12, 12.1, 12.2,
and 13.1-13.3, and is quite elementary.

In view of 13.7, the fundamental result of §12—Theorem 12.17—
finds no direct application in the theory of semigroups. On the other

$ An analogous result for torsion-free Abelian groups has been obtained by
the author and stated (without proof) in Tarski [6]; a proof is outlined in
Birkhoff [2], pp. 312 f. The extension of the result to partially ordered semi-
groups which satisfy 2.34 presents no difficulty.
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hand, we can apply Theorem 12.21 to those semigroups which have
proved to be G.C.A.’s. We obtain thus:

THEOREM 13.30. T being the class of types of all semigroups which
are countably complete in the wider sense (or which satisfy the hypothesis
of 13.27), (T, x) s a finitely closed R.A.

Proor: By 13.4 and 13.28 (or 13.27), T is a subset of the types
of all finitely closed G.C.A.’s. Tt is also easily scen that, for any
types @ and 8, @ x 8 is in T if, and only if, both « and 8 are in T.
Hence the conclusion follows by 5.26, 11.26, and 12.21 (13.29).

Further results concerning types of semigroups will be found
in the appendix. We shall see, for instance, that the refinement
theorem 12.14 applies to types of arbitrary partially ordered semi-
groups; and that 13.30 can be extended to a wider class of these
algebras. We shall also come across a rather comprchensive class
of semigroups whose types constitute a C.A.

In conclusion we want to call attention to certain algebras which
are in the same relation to groupoids and semigroups as G.C.A.’s
to C.A.’s; they may be called GENERALIZED GROUPOIDS and SEMI-
GROUPS. An algebra % = (A, +) is a generalized groupoid if it
satisfies Postulates 11.26.I, 11.26.IT, and 1.1.V; it is a generalized
semigroup if, in addition, it satisfies the cancellation law for sums
stated in 13.4(ii))—under the assumption that the sums involved
are in A. Thus, in particular, all R.A.’s are generalized groupoids.
By following the lines of the proof of 7.7 and 7.8, we can show that
every generalized groupoid A which has the refinement property and
in which 1.34 holds (i.e., every algebra satisfying 11.26.I-1V) can be
imbedded in a groupoid A’ with the same properties, which is a finite
closure of A in the sense of 7.18; if, moreover, A is a generalized
semigroup, A’ proves to be a semigroup. We can also show, by
arguing as in the proof of 7.14, that the groupoid (or semigroup) A’
which satisfies these conditions—i.e., which is a finite closure of
the generalized groupoid A,which has the refinement property, and
in which 1.34 holds—is uniquely determined by % up to isomorphism.
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Theorems 13.27 and 13.28 of the preceding section provide us with
various simple examples of G.C.A.’s. We have, for example,

TueorEM 14.1. [ being the set of all finite non-negative integers,
and N the set of all finite non-negative real numbers, the algebras § =
(I, +)and M = (N, + ) (where + s ordinary arithmetical addition)
are finitely closed G.C.A.’s.

Proor: by 13.23 and 13.28.

Hence we obtain further examples by applying general methods
of construction which have been discussed in §6. Thus, the algebra
N of 14.1 has a great variety of generalized cardinal subalgebras;
one of them is, of course, the algebra . The strong cardinal powers
of 9 are algebras constituted by all functions f, with a given domain
D, which assume non-negative real numbers as values; in particular,
the ‘cardinal square’ of %t is the G.C.A. of all complex numbers
r 4+ s-¢withr =2 0and s = 0. As an isomorphic image of i we
obtain the algebra of all real numbers » = 1 under ordinary multipli-
cation; and among generalized cardinal subalgebras of the latter
we find the multiplicative algebra of positive finite integers, which is
isomorphic with a weak cardinal power of &.

The construction of C.A.’s which are closures of & and 9 is very
simple; we include the infinite number o in the sets I and N by
stipulating, as usual, that

T+ 0 =00+4+r=00-4 0 =
for every non-negative number r. In fact, we have the following:

TueoreM 14.2. T being the set of all non-negative integers, and N
the set of all non-negative real numbers, both with « included, the
algebras § = (I, +) and R = (N, + ) (where + s ordinary arith-
metical addition) are C.A.’s, and are closures of the algebras & and
N of 14.1, respectively.

Proor: It is easy to verify directly that the algebras (I, + ) and
(N, +) when supplemented with the operation Y, of 13.2 satisfy
all postulates of 1.1 and all conditions of 7.1. The following argu-
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ment, however, is perhaps somewhat shorter and more interesting,.
Consider, e.g., the G.C.A. (N, +) of 14.1. By 7.8 and 13.1 there
is a C.A. (N’, +’) which is a closure of (N, +). From 9.32 we
conclude that (N, + ) is simple; hence, by 10.15, (N’, +') is also
simple. Therefore, by 4.12 and 9.34, N’ has just one infinite element
»’; by 4.4 and 9.33, we have

r 4’ o = o' +'r = o’ 4+’ o’ = o’ forevery re N'.
From 7.1(iii) and 13.3 we see that every element r ¢ N’ is the least
upper bound of a sequence of elements s; £ N; and we easily conclude
(e.g., with the help of 2.22) 4.12, and 4.14) that if 7 is not itself
in N, it must be infinite, and hence equal to «’. We can now con-
struct a function f which (according to 6.1) maps (N’, +') isomor-
phically onto (N, +); we simply put

fr) =r forevery reN, and f(o') = .

Consequently, (N, + ) is a C.A. and a closure of (N, + ).

The C.A.’s § and 9 of 14.2 have certain simple, but rather interest-
ing, algebraic properties, which will be discussed in the next few
theorems. We want to show first that every C.A. which is not idem-
multiple contains a subalgebra isomorphic with .

TueoREM 14.3. Let A = (A, + ) be a C.A.; let a be an element in
A, and let B be the set of elements n-a withn < . Then B = (B, +)
18 a cardinal subalgebra of U; and, if a s not idem-mulliple, B s
isomorphic with the algebra S of 14.2. (If a = 0, B consists only of 0;
and if a is idem-multiple but + 0, then B conststs of two elements, 0
and a, and in this case B’ = (B’, + ) where B’ consists only of a s
also a cardinal subalgebra of 9.)

Proor: If a is not idem-multiple, we have by 4.3

n-a =p-a+gqa if,andonlyif, n=p+4¢

for any integers 7, p, and ¢. Hence, by 6.2, 6.13, and 14.2, 8B is
isomorphic with & and is a cardinal subalgebra of . (If a is idem-
multiple, the proof is obvious; we apply 4.3 again.)

The question arises under what conditions a C.A. 9 contains
a subalgebra B which is isomorphic with the algebra 0 of real num-
bers. In this connection the following result may be mentioned:

Let A = (A, +) be a C.A.; let a be an clement in A such that all
multiples r-a with a real r = 0 exist. If a s not idem-multiple, and
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if B is the set of all these multiples r-a, then B = (§, + ) is a cardinal
subalgebra of N and is tsomorphic with the algebra N of 14.2.

The proof will not be given here; regarding the notion of a real
multiple and conditions for the existence of such multiples, compare
the closing remarks of §2.

TreoREM 14.4. Each of the following two conditions is mecessary
and sufficient for a C.A. A = (A, +) to be isomorphic with the C.A.
F of 14.2:

(i) A has no two different infinite clements (i.e., A is stmple) and
has an indecomposable element;

(ii) there is an element a € A such that a is not idem-multiple, and
A consists only of elements n-a withn £ .

Proor: The necessity of (i) is obvious (cf. 4.38 and 9.34); by
4.39 and 9.35, (i) implies (ii); and the sufficiency of (ii) follows from
14.3.

THEOREM 14.5. The following conditions are severally mecessary
and jointly sufficient for a C.A. A = (A, +) to be tsomorphic with
the C.A. N of 14.2:

(i) A has no two different infinite clements (z.e., A is simple);

(ii) A has no indecomposable elements;

(iii) A has at least one finite element besides 0;

(iv) A s simply ordered by the relation < (i.e., N is stmply ordered).

Proor: The necessity of conditions (i)—(iv) is obvious (cf. 4.10,
4.38,9.34, and 13.10). Now assume thesc conditions to be satisfied.
L.et B be the set of all finite elements of A. From (ii)—-(@iv), 4.14,
4.38, 7.11, and 13.8 it is easily seen that the algebra 8 = (B, +)
has the following properties: it is a commutative semigroup which
is simply ordered, has at least two different clements, has no smallest
element = 0, and in which every increasing scquence of elements
in B which is bounded above has a least upper bound. It is known,
however, that these properties characterize up to isomorphism the
G.C.A. 0 of 14.1; ® hence, B and 9 are isomorphic, and B is a G.C.A.
If a & 0 is an clement of B, then by (i) and 4.12, « -a is the only
element in A which is not in B. Hence, by 7.1, we easily conclude
that ¥ is a closure of B, while, by 14.2, N is a closure of N. By
applying 7.14 now, we obtain

¢ Cf., e.g., Huntington [1], p. 277.
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This completes the proof.

TaHEOREM 14.6. The following algebras P are the only cardinal
subalgebras of the algebra N of 14.2 (i.e., the only C.A.’s constituted
by a set of non-negative real numbers under ordinary addition):

(i) the algebra N itself;

(ii) the algebras (P, + ) where P is the set of all multiples n-r of
a given real number v, 0 < r < o (n being an integer < »);

(iii) the algebras {I’, + ) where P consists only of 0 or only of «
or of both these numbers.

Proor: By 6.13, 14.2, and 14.3, all algebras P listed above are
cardinal subalgebras of . Now let B = (P, + ) be any cardinal
subalgebra of N; thus, P is a set of non-negative real numbers. If
P contains no finite number r & 0, P obviously coincides with one
of the algebras listed in (iii). If P has a smallest finite number
r =& 0, then, by 4.38, r is indecomposable in P, and hence, by 14.4,
P must be one of the algebras listed in (ii). If, finally, P contains
a finite number r &= 0, but has no smallest such number, there must
be an infinite sequence of numbers 7, 7, ---, 7., --- ¢ P which
are different from 0, but which approach 0. As is easily seen, every
real number x = 0 can then be represented in the form

T = Z n;:r;
1Ko
where ng, ny, -+, m,, --- are integers < o ; and a simple argument
shows that the operations Y in 9 and 9 coincide. Hence, P is
the set of all real numbers (with « included), and P = RN. The
proof is thus complete.

Turorem 14.7. For a C.A. A = (A, +) lo be isomorphic with
one of the algebras P of 14.6 it is necessary and sufficient that A satisfy
conditions (i) and (iv) of 14.5 (3.c., that A be stmple and simply ordered).

Proor: The nccessity is obvious. Now let % = (4, +) bea
C.A. which satisfies 14.5(1),(iv). If A has no finite element = 0,
then A has at most two different elements, and the proof that ¥ is
isomorphic with one of the algebras (P, +) of 14.6(iii) is obvious.
Otherwise we apply either 14.4(i) or 14.5-—depending on whether
or not A has an indecomposable element.

TuroreM 14.8. Theorems 14.5 and 14.7 remain valid if condition
14.5(iv) s replaced by any one of the following conditions:

(i) a Nbexists foranya,be A;

(i) @ U b exists forany a,b ¢ A;
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(iii) every subset B of A which is well ordered by the relation = 1is
at most denumerable;

(iv) every subset B of A which is inversely well ordered by the relation
< (d.e., which is well ordered by the relation 2) is at most denumerable.

Proor: By 9.39, conditions 14.5(iv), 14.8(i), and 14.8(ii) are
equivalent for every C.A. ¥ which satisfies 14.5(i). Moreover,
we see from 14.7 that every C.A. ¥ which satisfies 14.5(i),(iv) satis-
fies 14.8(iii),(iv) as well. Finally, by 3.35 and 3.36, condition
14.8(iii) implies 14.8(i), and condition 14.8(iv) implies 14.8(ii).

The question arises whether condition (iv) in 14.5 and 14.7 (or
the equivalent conditions in 14.8) can be entirely omitted. This
is a problem which was mentioned already at the end of §0—that
of the existence of a simple C.A. which is not simply ordered; now,
however, it assumes the form of a problem concerning an axiomatic
characterization of the algebra of real numbers.

We are now going to show that the C.A.’s of 14.6 and 14.7 are
simple not only in the sense of 9.31 but also in another, probably
stronger, sense: they have no coset algebras which are C.A.’s, cxcept
the ‘trivial’ coset algebras mentioned in §6 in connection with 6.10.
It is easily seen from 9.30 that every C.A. which is simple in the
new sense is also simple in the old sense; the problem, however,
remains open whether the converse also holds.

THEOREM 14.9. Let P = (P, +) be a C.A. constituted by a set
P of non-negative real numbers under ordinary addition. The only
infinitely additive equivalence relations R which generate new C.A.’s
B/R are: the universal relation (x Ry for any x, y & P), the identity
relation (z Ry if, and only f, * = y), and the relation which holds
between two elements x, y € P if, and only if, either x = y = 0 or else
2+ 0and y &= 0.

Proor: Assume R to be different from the identity relation.
We then have, in view of 14.6,

(r + s)Rs for some r, s¢& P withr & 0.
Hence, by 7.13(iii),
(¢)) (0:r + 8§)Rs, ie., oRs.
Now if 2 and y are any numbers in P different from 0, we have

(2 s=nxr<o and s<ny=< o forsomen, 0<n < o.
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(1) and (2) imply by 7.13(ii)
(n-z) R (n-y),
and consequently, by 7.13(v),
zRy.

Hence we see that R is either the universal relation, or else the
relation which holds between z, y ¢ P if, and only if, x = y = 0 or
z = 0and y &= 0. This completes the proof.

Theorems 14.3-14.5 can be slightly modified so as to apply to
algebras & and N of 14.1; for this purpose it suffices to consider
finitely closed G.C.A.s instead of C.As, to exclude all infinite
elements, and to stipulate in 14.4(i) that A has just one indecom-
posab'e clement. On the other hand, Theorems 14.6-14.9, with
the changes just indicated, do not apply to arbitrary subalgebras
(P, +) of N, but only to a rather special class of such subalgebras,
in fact, to those in which P, together with any numbers r and s,
contains not only 7 4 s but also | r — s |. The algebra % has also,
however, many other generalized cardinal subalgebras which cannot
be characterized in the way indicated in 14.6 or 14.7 and which, in
particular, arc not simple. As an example we can give the sub-
algebra constituted by all numbers n + p-A/2 where n and p are
finite non-negative integers. It is interesting to notice that if we
include o in this subalgebra, we obtain, not a C.A., but ‘almost’
a C.A.; in fact, an algebra which satisfies Postulates 1.1.I-V and
1.1.VII as well as the refinement theorem 2.3, but not the refinement
postulate 1.1.VI. An analogous remark applies, e.g., to the mul-
tiplicative algebra of positive integers previously mentioned.

We have considered so far subalgebras, isomorphic images, and
coset algebras of the algebras of integers and real numbers. As
regards cardinal products, we state the following rather obvious
theorem applying to the algebra of integers:

THEoREM 14.10. For cvery algebra A = (A, +) the following
two conditions are equivalent: B B

(i) there is a set B such that 9 =2 §° where 3 1s the algebra of integers
of 14.2;

(i) % isa C.A., and every clement a € A can be represented in the

form
a = Z a;

i<n
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If these conditions are satisfied, we can take for B in (i) the set of all
indecomposable elements in A.

Proor: The algebra § of 14.2 obviously satisfies (ii), the number 1
being by 4.38 the (only) indecomposable element of J; hence, by 6.1
and 6.11 we conclude that (i) implies (ii). Now assume (ii) to hold,
and let B be the set of all indecomposable elements of A. By 1.42
and 4.45, every clement @ ¢ A can be uniquely represented in the
form

where n £ o, and the elements a; with ¢ < n are indecomposable.

1) a= 2 mb
1<n
where n £ o, my, my, - -+ are integers == 0, and by, by, - - - are dis-

tinct elements of B. Hence, we can correlate with every a in A
a function f, by putting

fa() = m if b oceurs in (1) with the coefficient m,
and
fa(b) = 0 if b e B and b does not occur in (1).

From 6.1 and 6.11 we casily see that f maps 3 isomorphically onto
&”, which completes the proof.

A similar theorem applies to the algebra & of 14.1:

TuroreM 14.11. For every algebra A = (A, +) the following
three conditions are equivalent:

(i) there is a set B such that % = o where S is the algebra of finite
integers of 14.1;

(1) X is a finitely closed G.C.A., and every element a € A can be
represented in the form

a = Za.—
<n

where n < o« and the elements a; with ¢ < n are tndecomposable;
(iii) ¥ 7s a groupoid, and every element a € A has, apart from order,
a unique representation described in (ii); the term ‘groupoid’ can be
replaced here by ‘semigroup.’
If these conditions are satisfied, we can take for Bin (i) the set of all
tndecomposable elements in A.
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Proor: By arguing as in the preceding proof, we show that (i)
implies (ii), and (iii) implies (i); (ii) implies (iii) by 4.45. Finally,
it is easily seen that the unicity of representation in (ii) implies
the cancellation law for sums; hence, we can replace in (iii) ‘groupoid’
by ‘semigroup.” This completes the proof.

Conditions (ii) and (iii) of this theorem can be modified in several
ways. Thus, the condition that every element a in a G.C.A. or
a groupoid has a representation described in (ii) can be replaced
by the FINITE CHAIN CONDITION:

IfaO:a‘l""yai, "'7b0;bl, "',biy"' SAandan=bn+an+l
forn =0,1,2, ---, then there ts an integer m < o such that by = 0
fori=01,2 ...,

When applied to G.C.A.’s, this condition can also be expressed in
the following way:

Ifag, o, -+ ,a:, - and D icw @i are in A, then therc is an integer
m such that @my; = 0 fort =0,1,2, ---.

On the other hand, the condition that every element a in a groupoid
has at most one representation of the kind considered can be replaced
by the condition that the groupoid has the refinement property (in
the sense of 13.18).

An important notion applying to arbitrary algebras but essentially
involving real numbers is that of MEASURE.”

DErFINITION 14.12.  Let A = (A, + ), and let u be any element of A.
By a (PINITELY ADDITIVE) MEASURE IN A NORMED BY u (or WITH
THE UNIT u) we understand a function f satisfying the following conditions:

(i) D(f) = A and C(f) is a set of real numbers x with 0 £ x £ o;

(i) ifa,b,a+ beA,then fla + b) = f(a) + f(b);

(iil) f(u) = 1.

Thus, in case ¥ is [initely closed, we can say that a measure is a
function f which maps 9 homomorphically onto a subalgebra P of
the algebra 9N of 14.2, and correlates the number 1 with a given
element u of 9.

7 In connection with the following discussion, and in particular for the proof
of 14.13, see Tarski [1].
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The problem arises of establishing simple and ‘workable’ criteria
(i.e., necessary and sufficient conditions, or even only sufficient
conditions) for the existence of a measure in any given algebra 2.
The solution of this problem assumes a simple form if we restrict
ourselves to the case when ¥ is a groupoid:

THeOREM 14.13. Let A = (A4, + ) be a groupoid, and let u be any
element in A. In order that there exist a finitely additive measure in 9
normed by w it is necessary and suffictent that u satisfy the following
condition:

i) (» + 1)-u £ n-u does not hold for any n < .

In case ¥ s a partially ordered groupoid, this condition can be replaced by

(i) n-uz (n+4 1)-uforeveryn < .

The proof of this theorem can be found in the literature and will

not be given here® The necessity of the conditions is obvious, and
the second part of the theorem follows obviously from the first.

CoroLLARY 14.14. If A = (A, + ) is a partially ordered groupoid
in which 2.12 or 2.34 holds, then the condition (i) of 14.13 can be
replaced by

(i) u =+ 2-u.

This also applies to the case when 9 is an arbitrary G.C.A.

Proor: 14.13(ii)) obviously implies (iii). The implication in the
opposite direction under the assumption that 2.12 holds is also
obvious. From 2.34 we can easily derive 2.12; if, in fact, for any
givena,b,ce 4,

a+ nc=>b+ n-c
we obtain by induction
m-a+n-c=m-b+n-c forevery m < o (m =+ 0ifn 3 0),
and hence, by taking m = n and by applying 2.34,
a + ¢ = b + e

The result obviously applies to arbitrary C.A.’s; and it can be ex-
tended to G.C.A.’s by 7.8.

CoroLLARY 14.15. If A = (A, +) is a partially ordered semi-
group, then the condition (ii) of 14.13 can be replaced by
iv) w = 0.

8 See the preceding footnote.
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The result also applies to the case when A is an arbitrary G.C.A. in
which every element s finite.

Proor: The result is obvious in case % is a partially ordered
semigroup; hence, by 13.6, it applies to the case when ¥ is a finitely
closed G.C.A. in which every element is finite; and, with the help
of 7.6, 7.8, and 13.8, we easily show that the restriction to finitely
closed G.C.A.’s is not essential.

A measure f in an algebra % = (4, +) normed by an element
u € A is called INFINITELY ADDITIVE if, in addition to 14.12(i)-(iii),
it satisfies the condition:

(v) if @, @1, -+, @i, -+, and 2 icw @, are in A, then
f(Z &) = Ef(a')
i< i<oo
It is called sTrRICTLY POSITIVE if

(v) fla) = 0 implies a = O for every a ¢ A.

The problem of establishing general criteria for the existence of an
infinitely additive measure, or of a measure which is strictly positive
and infinitely—or even only finitely—additive, remains open.
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A 1ATTICE can be regarded as a system formed by a non-empty
set A and a binary relation <;the relation < is assumed to establish
in A a partial order, and the bounds @ N b and a U b are assumed
to exist for any elements @ and b in A.° For our purposes, however,
it is more convenient to treat lattices as algebras constituted by a set
and a binary operation; moreover, we restrict ourselves to the con-
sideration of lattices with a zero element.

DeriNiTION 15.1. An algebra % = (A, +) s called a LaTTICE
if it is an idem-multiple and finitely complete groupoid.

It will be seen from Theorem 15.3 that the condition of finite
completeness in 15.1 can be replaced by a weaker condition.

TaEOREM 15.2. Let A = (A, +) be an idem-mulliple groupoid
or, in particular, a lattice. We then have for any clements a, b, ao,
Ay o, 05y * e gA:

(G) e =bif,andonlyif,a + b = b;

(i) aUb = a + b;

(i) Uicnti = X icntitncasen < .

The last formula also holds in case n = o, under the assumption
that Uicna; or E.<,,a,- exists.

Proor: We easily obtain (i) by 8.1; (ii) follows from (i) by 3.2.
In case n < o, we derive (iii) from (ii) by induction; and by 14.2
the result can be extended to the case when n = o,

TarorkMm 15.3. Let A = (A, +) be an idem-multiple groupoid.
Then

(i) A 4s partially ordered;

(ii) for ¥ to be a lattice it is sufficient and necessary that a N'b exist
for any a,b ¢ A.

Proor: by 13.10, 13.22, 15.1, and 15.2(1),(ii).

We distinguish various kinds of lattices. In view of 13.22 and
13.23 we can speak of countably complete and of complete lattices
(in the strict sense and in the wider sense). Furthermore, we define:

9 In connection with this section consult Birkhoff [3].
200
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DErFINITION 15.4. Let A = (A, + ) be a partially ordered algebra.

(i) A ¢s called rinirELY DISTRIBUTIVE if Theorems 3.30 and 3.32
withn < « hold for any elementsin A.

(ii) A 4s called counraBLY DISTRIBUTIVE if these theorems wilh
n = © hold for any elements in A.

(iii) A ¢s called compLETELY DISTRIBUTIVE if analogous laws apply
lo every element a € A, and to any elements b; € A correlated with ele-
ments ¢ of an arbitrary set I.

If we apply this definition to algebras which are finitely, count-
ably, or simply complete, the existential assumptions in the dis-
tributive laws 3.30 and 3.32 can, of course, be partially or entirely
removed. Thus, for instance, a lattice % = (A, 4 ) is completely
distributive according to 15.4 if, for every element a ¢ A and for
any elements b, ¢ A corrclated with clements ¢ of an arbitrary set /,
the existence of MN,;b,, or U, b,, implies that N, (a U b,), or
U..: (@ Nb,), also exists and that

aUﬂtbi =N @Ud), or aNU b =U @Nb,).
ic icl tel icl

TrEOREM 15.5. For every lattice % = (A, +) the following con-
ditions are equivalent:

(1) A zs findtely distributive;

(ii) Theorems 3.30 with n = 2 holds for any clements of A;

(iii) Theorem 3.32 with n = 2 holds for any elements of A;

(iv) A has the refinement property.

Proor: The equivalence of (i)-(iii) is a well known fact; it applies
to arbitrary finitely complete algebras. Now assume conditions
(i)—(iii) to hold, and consider any elements a,, as, by, b, ¢ A which
satisfy the hypothesis of 2.3, i.e.,

a+ as = by + by .
We can then easily show that the elements
cl=alﬂb1, 02=011nb2, 63=Gzznb1, and c4=a2ﬂbg,

whose existence follows from 13.22 and 15.1, satisfy the conclusion
of 2.3, and that consequently (iv) holds (cf. 13.18). In fact, by (ii),
15.2(ii), and 15.3, we have, c.g.,

a1=alﬂ(b1Ub2)=(alnbl)U(a1ﬂbe_-) =01U02=01+02.
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Now assume (iv) to be satisfied. Thus, by 13.18, 2.3 holds in ¥;
and hence we can derive 2.4 and 3.3. For any elements a, b, and ¢
in A we obviously have

aN@OB+c)2a and aN (b+¢) 2b+ ¢
hence by 3.3 and 15.2(ii)
aN®Uec¢ 2 @Nb UlNec.

The inequality in the opposite direction follows from 3.1 and 3.2;
so that finally we obtain 3.32 with n = 2, i.e., our condition (iii).
This completes the proof.

In the next few theorems we are going to establish certain connec-
tions between C.A.s (or G.C.A.’s) and lattices. The theorems
have a very clementary character.

TaEOREM 15.6. Let A = (A, +)bea G.C.A.

(i) For U to be a lattice it is necessary and suflicient that A be idem-
multiple and finitely closed, and that a N b exist for any a, b ¢ A.

(i) For % to be a countably complete laitice it is necessary and suf-
ficient that A be an idem-multiple C.A., and that N < a. exist for any
o, G, *+ ¢y Qiy * " CA.

(iii) For N to be a countably complete lattice in the wider sense it
is necessary and sufficient that ¥ be idem-multiple and finitely closed,
and that N ;¢ a; exist for any ao , a1, =+, @i, -+ € A.

Proor: (i) by 13.6(i), 15.1, 15.3; (i) and (iii) by (i), 4.7, 7.12,
8.1, 13.22, 13.23, and 15.2(iii).

THeOREM 15.7. Let A = (A, +) be an idem-multiple, at most
denumerable G.C.A.; or, more generally, an idem-multiple G.C.A.
in which every subset B of A that vs well ordered by the relation < 1s
at most denumerable. If N s finitely closed, then it is a countably
complete lattice in the wider sense; and if A is a C.A., it is a countably
complete lattice.

Proor: by 3.35 and 15.6.

TurorEM 15.8. Hvery finite and finitely closed G.C.A. % = (4, +)
1s a C.A. and a complete lattice.
Proor: The finiteness of A has the following consequences: First,
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for every infinite sequence of elements @, , a1, - -+, a,, --- £ 4, there
must be a number m such that
Sa=2 0 for mSn< o,
i<m i<n
and that consequently, by 7.10,
Z a; = Z as.
i<m 1<0
Thus, % is a C.A. Secondly, by 4.3 (or 14.3) and 8.1, % must be
idem-multiple. Hence, by 15.7, the conclusion.

Turorem 15.9. For a lattice A = (A, +) to be a G.C.A. it is
necessary and sufficient that A be countably distributive and satisfy
the infinite chain postulate 5.1.V; instead of requiring that A be count-
ably distributive 1t suffices to require that I satisfy the distributive
law 3.32.

Proor: The neccessity of the conditions follows obviously from
3.30, 3.32, and 15.4(ii)). Now assume ¥ to satisfy 3.32 and 5.1.V.
Given any infinite sequence of elements @y, a1, -+, @i, -+ € 4,
with a common upper bound b, we have by 15.2(i)

g, +b=0>b for n=0,1,2, -

and we conclude by 5.1.V that D i< a,isin A. Hence, by applying
15.2(i1),(iit) and elementary properties of the least upper bound,
we easily derive 5.1.1, TI; 5.1.IIT obviously holds in ¥; and 5.1.IV
is a consequence of the distributive law 3.32 (cf. the proof of 15.5).
Thus, (A4, +, 2), and therefore also A = (4, +), is a G.C.A.

TaeoreM 15.10. Every counlably complete and counlably distre-
butive lattice A = (A, + ) is a C.A.; every lattice N which is countably
complete in the wider sense and countably distributive is a G.C.A.

Proor: By 15.2(ii),(iii), the operations + and 2, coincide in
9 with U and U. By remembering this and by reasoning exactly
as in the proof of 8.10, we show that ¥ satisfies 5.1.V; we apply
here 13.23 (or 13.22) and 15.4. Hence, by 15.9, % is a G.C.A.;
and, in case ¥ is countably complete (in the strict sensc), it is a C.A.
by 13.22 and 15.2(iii).

CoroLLARY 15.11. Every finite and finitely distributive lattice
Aisa CA.
Proor: By 13.22, 15.1, 15.4, and 15.10.
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TueoreM 15.12. Let A = (A, +) be a laitice. For A to be a
C.A., it is necessary that:

(i) U.cwa, cxist forany ao, a1, -+, a,, - - € A.
For ¥ to be a G.C.A., it is necessary that

(i) U,cw a. exist for any ay, a1, -+, @, -~ & A provided there
is an clement b ¢ A such thata, = b fort =10,1,2, ---.
In case ¥ is simply ordered, these conditions arc also sufficient.

Proor: The necessity of conditions (i) and (ii) follows at once
from 8.2, 8.3, and 15.1. Now assume ¥ to satisfy (ii) and to be
simply ordered. As is casily seen from 15.4, the latter condition
implies that 9 is countably (and even completely) distributive.

To show that 5.1.V holds in %, consider elements ao, a1, ---, @,
ooy by, by, -oey biy -+ ¢ A such that
(1) Qp = by + @py1 for n=0,1,2,---.

Hence, by 15.2(ii) and in view of the fact that ¥ is simply ordered,
we have

(2) Ap=b, or a,=a, for n=0,1,2,---.
Now it may happen that the element ¢ = 0 satisfies the conclusion
of 5.1.V, i.c., by 15.2(iii),

o= U by for n=0,1,2,---.

1<%

If this is not the case, then we have by (1), for some m < oo,

p F bpys for 2=20,1,2,---;
hence, by (2) and induction,
3) Qp = Api, for z.=0,1,2, ---.
From (1) and (3) we easily conclude with the help of 15.2(ii),(iii)
that

Ay = Qm + Z bpyi for n=0,1,2 ---.

10
Thus, the element ¢ = a,, satisfies the conclusion of 5.1.V. There-
fore, by 15.9, Aisa G.C.A.
This conclusion holds a fortiori if 9 is simply ordered and satisfies
(). In this case, however, we infer by 15.2(iii) that % is not only
a G.C.A. but also a C.A.; and the proof is complete.
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From 15.12 we see that the bound M;<« a; does not always exist
in a C.A. ¥, even if all the bounds n,.<,. a; with n < o« exist. We
see also that a lattice A which is a C.A. or a G.C.A. is not nccessarily
countably complete, even in the wider sense.

An especially important class of lattices is constituted by BooLEAN
ALGEBRAS:

DerFiniTION 15.13. A = (A, +) 45 called @ BOOLEAN ALGEBRA
if it is a finitely distributive lattice satisfying the following condition:

(7) for any a, b € A with a < b there is an element ¢ € A such that
a+c=bandaNec =0.

Here we do not require a Boolean algebra to have a largest element,
i.e., the unit element 1; thus, Boolean algebras in the sense of 15.14
arc what are sometimes called GENERALIZED BOOLEAN ALGEBRAS."

A = (A4, + ) being a Boolean algebra, it is easily seen from 15.13(i)
that the < relations in % and in the correlated disjunctive algebra
9 = (4, +) (cf. 8.16) coincide. Hence, the relation < can be
defined in terms of the disjunctive addition 4. This implies further
that the fundamental operation + of 9 can itself be defined in terms
of 4. Consequently, we can treat Boolcan algebras as systems in
which 4 plays the role of the (unique) fundamental operation."
This conception of Boolcan algebras proves useful in certain situations;
this will be seen, e.g., in the appendix to our work. We want to
characterize here Boolean algebras thus conceived by means of a
separate postulate system. We definec (by using ‘4’ instead of

‘_;_’):

DerFINITION 15.14.  An algebra 3 = (A, +) is called a pissunc-
TIVE BOOLEAN ALGEBRA if it salisfies the commutative and associative
laws 11.26.1, 11, has a zero element, is multiple-free, has the refinement
property, and satisfies the following condition:

(1) if a, b € A, then there are elements a’, V', ¢ ¢ A such that ¢ =
a+ a = b4 U (ie., there is an element ¢ ¢ A such that a < ¢ and
b =e¢.

10 This notion was introduced in Stone [1].

1 It may be interesting to mention that G. Boole, in his study of new
algebras which were later called after his name, used exclusively the disjunc-
tive addition; cf. Boole [1], pp. 35 f. and 61 ff.
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We could also characterize disjunctive Boolean algebras as mul-
tiple-free R.A.’s which satisfy 15.14(i).

Trueorem 15.15. If %A = (A, + ) is a Boolean algebra (in the sense
of 15.13), then % = (4, +) is a disjunctive Boolean algebra (in the
sense of 15.14) ; the zero elements and the < relations in % and 9 coincide.

The proof is based upon familiar elementary properties of Boolean
algebras (in the usual sense of this term), and need not be given
here.

TaroreM 15.16. If A = (A4, +) is a disjunctive Boolean algebra,
then A = (A4, U) is a Boolean algebra; the zero elements and the =
relations in U and ¥ coincide.

Proor: By invariably applying 15.14, we establish, step by step,
the following properties of arbitrary elements in A.

m aga; if aZ<bandb =c, then a L.

This follows from the fact that 9 has a zero element and satisfies
the associative law 5.9(i).

(2) Ifa+b=aora+b=0thendb = 0.

This can easily be derived from 5.8, 5.9(i), and from the fact that
9 is multiple-free.

3) Ifa £bandb £ a, thena = b.
For the formulas .

a+c=>b and b+ d =
imply by 5.8, 5.9(i), and (2)

c=d =0,

and hence @ = b. By (1) and (3), % is partially ordered.
(4) Ifa+4+beA,thenaNb =
This holds for the same reasons as (2).

(5) IfaNb =0, thena+becAanda+b=0aUb.
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In fact, if

¢ £ x and b =
ie.,

a+d =b+V =z forsomea and?d’,
then by 2.3 (which holds in ¥ in view of 13.18) we have
a=c+c¢, dd =cg+cu, b=ca+ce, and bV =c+c¢s.
Since a N b = 0, we obtain
a=0 a=c¢, b=c, 2=a+ b+ c);
and therefore, by 5.9(i), @ + b is in 4 and
a4+ b =z

On the other hand, by 15.14(i), there is an element « ¢ A such that

a £ z and b = =z

Hence, by the argument just carried through, @ + b is in 4; and
we obviously have

a<a+b and b =a+ 0.
Consequently, by 3.2 and (3),
a + b =aUhb

6) Ifb+ceAanda = b+ ¢, thena =a1+ az,a1 =D,
and a; < cforsomeq; ,a¢4.

(1) Ifb+ced,a <b+candaNcexists,then a < b+ (a No).
(6) and (7) can be derived from 2.3 in the same way as 2.4 and 3.3.
(8) a N b always exists.
In fact, we have by 5.14(i), for some b’, c ¢ A,

a b+ VYV = c
Hence, by (6) and (4),

a=a+a, aa<a a<b b, bNY =0



208 CONNECTIONS WITH OTHER ALGEBRAIC SYSTEMS

Now if
x £ a and =z £ b,
then
z<a+a and zNa =0,
and therefore, by (7),

T = ar.
Consequently,
a = a Nb.
9) a U b always exists.

This we derive from (8) with the help of (7), by arguing in prac-
tically the same way as in the proof of 3.4; we make, however, an
essential use of 15.14(i).

(10) If a+b=alUceA, then b <ec.
For the hypothesis of (10) implies by (7) and (8)
c<a+ 0WNe¢ and a=a+ (bNc);
hence
a+b=aUc=2a+ bN¢ and b £ a+ 0N,
and therefore, by (4) and (7),
b=@@Nbd + ®Ne) =bNc and b = c.
(11) aN®Ue = (@Nb)U@No.
In fact, we have by (9) and (10), for some ¢’ ¢ A4,
bUec=b+4+¢ and ¢ = .

Hence, by applying (7) twice, with ‘a’ replaced by ‘a N (b U ¢)’,
we obtain in view of (8):

aN®Ue) £ @Nb) + (aNe);
therefore, by (4) and (5),
aNOGUe) =@NU@NCc);
and further, with the help of (8) and (9),
aN®Ue =@Nbd)U@Nec).
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The inequality in the opposite direction being obvious, we arrive
at (11).

We turn now to the algebra A = (4, U). From (1), (3), (8),
and (9) we easily see that the < relations and the zero elements in
and ¥ coincide, and that 9 is a lattice in the sense of 15.1 (we apply
8.1 and 13.22 here). Hence, by 15.5 and (11), % is a distributive
lattice; and, by (4), % satisfies 15.13(). Thus, % is a Boolean al-
gebra; and this is what we wanted to prove.

TaeoREM 15.17. For every algebra A = (A, +) the following
three conditions are equivalent:

(i) A 4s a Boolean algebra;

(ii) 9 s a disjunctive Boolean algebra and 9 = 9;

(ili) there is a disjunctive Boolean algebra B such that ¥ = 8.

Proor: From 15.2(i1), 15.13, and 15.15 we casily see that (i)
implies (ii); (ii) obviously implies (iii); and (iii) implies (i) by 15.16.

THEOREM 15.18. For cvery algebra N = (A, +) the following
three conditions are cquivalent:

(i) A 7s a disjunctive Boolean algebra;

(ii) 9% ¢s a Boolean algebra and I = 9;

(iii) there ¢s a Boolean algebra B such that I = B.

Proor: To derive (ii) from (i), we apply 15.16, and we also use
lemmas (4) and (5) stated in the proof of 15.16 (which show that
the operations + and U in a disjunctive Boolean algebra coincide
whenever the involved eclements are disjoint). Ifurthermore, (ii)
obviously implies (iii); and (iii) implies (i) by 15.15.

We can repeat here the remarks made in §8 in conncction with
8.19 and 8.20. Thecorems 15.17 and 15.18 show that ordinary
Boolean algebras and disjunctive Boolean algebras are cssentially
the same algebras, although characterized in terms of different funda-
mental operations.

It is easily seen that the cancellation law for sums holds in dis-
junctive Boolean algcbras (under the assumption that the sums
involved exist). Thus, every disjunctive Boolean algebra 9 is
what we have called a generalized semigroup. Since, in addition,
A is partially ordered and has the refinement property, it can be
imbedded in a partially ordered semigroup 9’ with the refinement
property, which is a finite closure of ; and such a semigroup
is determined by ¥ up to isomorphism (cf. the remarks at the end
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of §13). Moreover, A proves to be the only disjunctive Boolean
algebra of which 9’ is a finite closure; ¥ can be characterized as the
subalgebra of A’ constituted by the set of all multiple-frec elements.
Consequently, two disjunctive Boolean algebras A and 8B are iso-
morphic if, and only if, the correlated semigroups %’ and 8’ are iso-
morphic.

We thus have a perfect correspondence (up to isomorphism) be-
tween disjunctive Boolean algebras and a certain class of semigroups
which are finite closures of these algebras. The semigroups involved
can be referred to as BooLEAN sEmiGroups. They can be ‘intrin-
sically’ characterized as (commutative) semigroups with the refine-
ment property in which every element is a sum of finitely many
multiple-free elements and in which any two multiple-free elements
a and b have a multiple-free upper bound (i.c., a multiple-free element
cwitha = cand b = ¢). Hence some further propertics of Boolean
semigroups can be derived; e.g., they are finitely complete, and
consequently they satisfy the cancellation laws for multiples 2.33
and 2.34, as well as Euclid’s theorem 2.37 (cf. the remarks which
follow 13.28).

The following examples will serve to illustrate the foregoing con-
siderations. The additive semigroup & of finite non-negative integers
(cf. 14.1) is clearly a Boolean semigroup; its only multiple-free el-
ements are 0 and 1; and & is a finite closure of the disjunctive Boolean
algebra constituted by these two numbers under ordinary addition.
On the other hand, the multiplicative semigroup I of finite positive
integers is also a Boolean semigroup; its multiple-free elements are
all square-free integers; and I is a finite closure of the disjunctive
Boolean algebra formed by all square-free integers under ordinary
multiplication.

We are presented here with a new method of including the theory of
Boolean algebras in the main current of modern algebraic investiga-
tions—a method which is essentially different from the one which can
be found in the literature.” This method permits us to obtain some
new results for Boolean algebras. We see, for instance, that the theo-
rem on the extension of partial order to simple order applies to all dis-
unctive Boolean algebras (cf. again the remarks which follow 13.28).

12 We, of course, have in mind the well-known result of M. H. Stone which

subsumes the theory of Boolean algebras under the general theory of com-
mutative rings; cf. Stone [2], pp. 43 ff.
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Returning to our main topic after this digression, we first state
without proof the following two familiar theorems:

TaroreM 15.19. Let A = (A, + ) be a Boolean algebra (or a dis-
Junctive Boolean algebra).

(i) For A to be countably complete it is necessary and sufficient that
it salisfy 15.12(i).

(ii) For N io be countably complete in the wider sense it is necessary
and sufficient that it satisfy 15.12(ii).

Theorem 15.20. Every Boolean algebra (and every disjunclive
Boolean algebra) 1s completely distributive, and hence also countably
distributive.

For a correct interpretation of this theorem compare the remarks
which follow 15.4."

Connections between C.As (or G.C.A.’s) and Boolean algebras
will be established in Theorems 15.21-15.24,

TuroreM 15.21. Let A = (A, +)bea G.C.A.

(1) For A to be a Boolean algebra it is necessary and sufficient that
it be finitely closed and satisfy 15.13(i).

(ii) For A to be a countably complele Boolean algebra it is necessary
and sufficient that it be a C.A. and again satisfy 15.13().

Proor: The necessity of the conditions follows from 15.6 and
15.13. If the conditions in the first part of the theorem are satis-
fied, then, by 8.19, %A is idem-multiple. Furthermore, for any
a, b € A there is a ¢ € A such that

b+a=b+4+¢ and bN¢c =0

Consequently, a N (b 4 ¢) exists, and therefore a N b exists by
3.13. Thus, by 15.6(i), % is lattice; and finally, by 3.30, 3.32, 15.4
(ii), and 15.13, % is a Boolean algebra. The sufficiency of the con-
ditions in the second part of the theorem follows easily by 15.2(iii),
15.13, and 15.19.

18 Theorem 15.20 for complete Boolean algebras was stated in Tarski [3],
p. 510 (footnote); in a more general form, but which still is weaker than that
given in the text, it was established in von Neumann [1], Part III, p. 7. Von
Neumann’s argument can be used, with small changes, to obtain the proof
of Theorem 15.20 in its form actually given.
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THEOREM 15.22. Let A = (A, + ) bea G.C.A.

(1) For N to be a disjunctive Boolean algebra it 1is necessary and suf-
ficient that A be multiple-free and satisfy 15.14(i).

(ii) For A to be a countably complete disjunctive Boolean algebra it
1s necessary and suffictent that A be multiple-free and that, for any a, ,
Ay, * 0, -+ & A, there exist an clement b ¢ A such that a; £ b for
i=0,1,2 .

Proor: The first part of the theorem follows obviously from 15.14
(with the help of 2.3 and 13.18). The nccessity of the conditions
in the sccond part of the theorem results from 13.22 and 15.14;
if these conditions are satisfied, then 9 is a Boolean algebra by the
first part of the theorem, and is countably complete by 4.36, 8.13(i),
(ii), and 15.19.

Tarorem 15.23. For a Boolean algebra 3 = (A, + ) to be a C.A.
(or @ G.C.A.) it is necessary and sufficient that A be countably complete
(or countably complete in the wider sense).

Proor: by 15.10, 15.12, 15.13, 15.19, and 15.20.

TuEOREM 15.24. Let % = (A, 4 ) be a disjunctive Boolean algebra.
Then 9 is never a C.A. or a finitely closed G.C.A., unless A consisls
of one element only; and for Ato be a G.C.A. it is necessary and sufficient
that A be countably complete in the wider scnse.

Proor: The first part of the theorem follows from 8.12 and 15.14.
To obtain the second part, we notice that, by 13.23 and 15.16, A is
countably complete in the wider sense if, and only if, the same holds
for %; and then we apply 8.14, 8.17, 15.14, 15.18, and 15.23.

From 15.22 and 15.24 we see that the class of multiple-free G.C.A.’s
is not much wider than that of disjunctive Boolean algebras which
are countably complete (in the wider sense). We should not lose
very much if we stated all our results concerning multiple-free
G.C.A.’s, or disjunctive G.C.A.s A, (e.g., various results of §11)
as theorems on countably complete Boolean algebras.

Given a G.C.A. %, we can ask the question under what con.ditions,
not ¥ itself, but ¥ is a lattice or a Boolean algebra, or U a dis-
junctive Boolean algebra. The answer is not difficult, but will
not be stated here.

Turning to more special results, we notice that the fundamental
theorem on ideal algebra, 10.3, and the related theorems 10.4-10.7
and 10.9 can now be given the following form:
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TreEOoREM 15.25. A = (A, +) being an arbitrary G.C.A., the
algebra S(A) = (1, + ) (where | is the family of all ideals in A, and +
18 the ideal addition defined in 10.1) is a complete lattice; this laltice is
countably distributive, and satisfies the unrestricled distributive law
10.9. In the lattice I(N) the zero element s the ideal 1(0), the relation
=< coincides with set-theoretical inclusion, and greatest lower bounds
cotncide with set-theoretical intersections.

Proor: by 10.3-10.7 and 10.9, and with the help of 13.22, 15.4(ii),
and 15.6.

CororLrarYy 15.26. The conclusions of Theorem 15.25 apply to
every lattice A = (A, + ) which is countably complete (if only in the
wider sense) and countably distributive, and in particular to every
countably complete Boolean algebra (as well as to every countably com-
plete disjunctive Boolean algebra).

Proor: by 15.10 and 15.23-15.25.

In connection with this corollary it should be remembered that
ideals in the sense of 9.1 are called in lattice theory counNTaBLY
cLoseED IDEALS. Corollary 15.26 can easily be established directly,
without the help of 15.25; the only detail in this corollary which
presents some interest is the fact that the lattice of (countably closed)
ideals is countably distributive."*

Among other results which can be obtained as applications of
the general theory of C.A’s and G.C.A.%s, the following corollaries
from 12.17 and 12.21 are perhaps the most important from the
point of view of lattice theory:

TueorkMm 15.27. If T is the class of isomorphism types of all count-
ably complete and countably distributive lattices, or of all countably
complete Boolean algebras, then the algebra (T, x) (as well as
(1, %, [I) isa C.A.

Proor: We easily see that Theorem 12.9 applics to types of
lattices and Boolean algebras involved in 15.27, and that the type 1
defined in 12.6 is in T. Hence, and by 9.1, 15.10, and 15.23, the
set T is an ideal in the algebra ¥ of 12.17. The conclusion follows
by 6.13, 9.18(ii), and 13.1.

" A result analogous to 15.26, but which applies to all ideals of an arbitrary
distributive lattice (and therefore does not involve the countable distributivity
of the ideal algebra), can be found in Stone (3], pp. 3 ff.
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THEOREM 15.28. If T is the class of isomorphism types of count-
ably distributive laltices, or Boolean algebras, which are countably
complete in the wider scnse, then (T, X) is a finitely closed R.A.

Proor: analogous to that of 13.30, with 13.27 and 13.28 replaced
by 15.10 and 15.23.

Theorems 15.27 and 15.28 apply also to types of disjunctive Boolean
algebras. In fact, it is easily seen that the algebras of isomorphism
types of Boolean algebras and of disjunctive Boolean algebras are
isomorphic (under cardinal multiplication).

The arithmetic of lattices is much simpler than that of C.A.%s.
All the arithmetical results of Part I become trivial when applied to
C.A.’s and G.C.A.’s which are lattices. The situation changes, how-
ever, when we apply these results to algebras which are constructed
from lattices by means of methods discussed in Part II, but which
are not lattices themselves. For instance, the fact that all theorems
of Part T hold for cardinal products of isomorphism types of count-
ably complete Boolean algebras—or, more generally, countably
complete and countably distributive lattices—seems to be of real
interest.



§ 16. ALGEBRAS OF SETS

Our discussion in the remaining part of this work will be somewhat
less systematic than it has been so far. In particular, we shall use
various notions taken in the main from the general theory of sets,
without stating their definitions in a formal way.

We shall be concerned in the present section with algebras con-
stituted by FAMILIES OF sETs under the operation of SET-THEORETICAL
ApDITION—the formation of untons.”” In discussing these algebras
and certain derived algebraic systems we find it more advantageous
to return to our original conception of C.A.s and G.C.As, ie.,
to regard C.As and G.C.A.s as systems with two fundamental
operations, + and ..

The union of two sets A and B will be denoted by ‘A + B’; more
generally, the union of all sets A; correlated with elements 7 of a
given set I will be denoted by ‘Y ier 4:”.

We shall not hesitate here to speak of the class of all sets (cf. the
remarks which follow Definition 12.1). Hence we state the following:

Turorem 16.1.  Let S be the class of all sets.

(i) The algebra (S, +) s a Boolecan algebra which is countably
complete (in the strict sense, and simply complete in the wider sense),
and the algebra © = (S, +, > ) is a C.A.

(1) In these algebras, the zero element is the empty sct, the relation <
coincides with that of inclusion, least upper bounds coincide with unions,
and greatest lower bounds coincide with intersections.

Proor: The theorem is partly well known, and partly follows
from 15.23 (with the help of 13.1-13.3).

The answer to the question whether the algebra (S, + ) is com-
plete in the strict sense (i.e., whether & contains a largest set) de-
pends on the set-theoretical foundations which are accepted as a
base of the discussion.

In view of 16.1, we can use the symbols ‘07, ‘<’, and ‘MY’ (or ‘M)
to denote the empty set, the relation of 1INcLUSION, and the operation
of SET-THEORETICAL MULTIPLICATION-—the formation of INTER-

s For various notions involved in this section consult Hausdorff [1] (set-
fields, set-rings, the geometric problem of measure, Lebesgue measure) and
Kuratowski [2] (metric spaces, open and Borelian sets).
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sections; and the symbols ‘+’ and ‘WU’, or ‘Y.’ and ‘U’, can be
used interchangeably to denote the operation of set-theoretical
addition. The operation of SET-THEORETICAL SUBTRACTION will
be denoted by ‘—’; thus, A and B being two arbitrary sets, A — B
is the set of all elements which are in A but not in B.

Among cardinal subalgebras of the C.A. & of 16.1 those formed
by set-fields deserve special attention. A non-empty family F of
sets is called a sET-FIELD if, together with any two sets X and Y, F
contains also their sum X + Y and difference X — Y; if in addition
F contains the sums of all infinite sequences, or of arbitrary collec-
tions, of its sets, it is referred to as a COUNTABLY COMPLETE SET-
FIELD (a ¢-FIELD), or 4 COMPLETE SET-FIELD. The family of all sub-
sets of a given set 4 is clearly a complete sct-field.

TuroreM 16.2. The family F being a countably complete set-field,
the algebra (F, +) is a countably complete Boolean algebra; and the
algebra (F, +, D_) is a C.A., and hence a cardinal subalgebra of the
algebra & of 16.1.  Part (i) of 16.1 applies to these algebras.

Proor: The theorem is partly well known, and partly follows
from 15.23 and 16.1 (with the help of 6.13 and 13.1-13.3).

The C.A. & contains also many other cardinal subalgebras. We
want to mention here subalgebras constituted by set-rings. A non-
empty family F of sets is called a sur-rING if, together with any two
sets, it contains also their sum and product; if the same applies to
sums and products of infinite sequences of sets, F is called a count-
ABLY COMPLETE SET-RING. Kvery set-field is a set-ring, and every
countably complete set-field is a countably complete set-ring. F
being a countably complete set-ring which has a smallest set Z,
the algebra (F, 4 ) is clearly a countably complete lattice, and the
algebra (F, +, Z) is a C.A. To support some remarks made in
§1 in connection with Definition 1.1, let us consider still algebras
(F, +, >_) formed by those sct-rings F which are closed under count-
able addition, but not under countable multiplication. These alge-
bras are not always C.A.’s, though they show much similarity to C.A.’s.
They satisfy Postulates 1.1.I-VI and also various consequences
of 1.1.VII, e.g., Theorem 2.21; almost all theorems of Part I ob-
viously hold in these algebras; nevertheless, Postulate 1.1.VII may
fail. To obtain an example, take for F the family of all open sets of
a Euclidean space. We can easily construct two infinite sequences
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of open sets A, and B, which satisfy the hypothesis of 1.1.VII as
well as the following condition: the intersection of all sets A, is
not an open set and is disjoint with each of the sets B, . A simple
argument shows that in this casc no open set (' can satisfy the con-
clusion of 1.1.VII.

The problem of characterizing algebraically those C.A.’s % which
are isomorphic with the algebras discussed in 16.1 and 16.2 secms
to be difficult—especially if we wish this characterization to be given
in terms of arithmetical properties of elements of 3. It might seem
plausible, for instance, that the following conditions are necessary
and sufficient for an algebra % = (A, +) to be isomorphic with an
algebra (F, +) of 16.2: % is a countably complete Boolean algebra
and it satisfies, for every double sequence of elements a, ; ¢ A, the
general law of countable distributivity, i.c.,

n U a;, = U n a,k,,

i< j<oo keSS 1<
where S is the set of all infinite sequences of finite integers. It can
be shown, however, that these conditions are not sufficient. On the
other hand, such algebras ¥ can be characterized as countably com-
plete Boolean algebras in which every element ¢ 4= 0 belongs to a
(COUNTABLY CLOSED) PRIME IDEAL, i.e., 1o an ideal B = A which is
not included in any ideal different from 4 and B.

However, we meet with no difficulty if we try to characterize
algebraically all those C.A.’s and G.C.A.’s A which are isomorphic
with arbitrary subalgebras of ©. In fact, we have

TarEOREM 16.3. For every G.C.A. A = (A, +, D) the following
three conditions are cquivalent:

@A) A s tdem-multiple;

(ii) A s isomorphic with a subalgebra of the C.A. & of 16.1; i.e.,
with an algebra (F, +, Y. ) constituted by a family of scts under the
operalions of sci-theoretical addition;

(iii) o s ssomorphic with a subalgebra of a C.A. B = (B, +, )
where {B, + ) s a lattice.

Proor: To show that (i) implies (ii), we assume % to be idem-
multiple, and we correlate, with every a in A, the set G(a) of all
elements x ¢ A for which ¢ < z does not hold. F being the family
of all sets thus obtained, it is easily seen from 6.1, 8.1, and 8.2 that
G maps ¥ isomorphically onto (F, +, D_), i.e.,, by.6.13, onto a
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subalgebra of &. The implications between (ii) and (iii), and be-
tween (iii) and (i), are obvious; we apply 8.1, 15.1, 15.13, and 16.1.
The proof is thus complete.

From C.A.’s (F, +, 2_) of 16.2 we can obtain other C.A.’s by
applying, e.g., the method of 6.10, i.e., by constructing coset algebras
generated by additive and refining equivalence relations. The coset
algebras thus constructed present no special interest; as is easily
seen, they are all idem-multiple, and their arithmetic is trivial.
We obtain, on the other hand, really interesting examples of G.C.A.’s
if we replace (F, +, >.) in this construction by the corrclated dis-
junctive algebras (F, 4, >_). The following two theorems, 16.4
and 16.5, which apply to these disjunctive algebras, are immediate
or almost immediate corollaries of 6.10 and 7.13; nevertheless, they
seem worth while formulating explicitly here, for they summarize
probably the most interesting implications of the theory of C.A.’s
in the general theory of sets. For typographical reasons we use in
these theorems the symbol ‘=’, instead of the letter ‘R’, to denotc
a variable equivalence relation between sets.

TreorEM 16.4. Lel F be a countably complete set-field. Let =
be an equivalence relation in F which satisfies, for all sets A, Ay, Ay,
-+, B, Bo, By, --- of F, the following conditions:

() f A = Dicwdi, B =2 iceBi,and A; = B; fori =0, 1,
2, ,then A = B;

Gi) f A = Ay 4 Az and A = B, then there are sets B, and
Bz m F such that B = B], -i— Bz, Al = Bl, and Ag = Bz,’
in other words, let = be an infinitely additive and finitely refining
equivalence relation in the algebra § = (F, 4, D). Under these
assumptions, the algebra §/= is a G.C.A.

Proor: by 6.4, 6.7, 6.10, 8.17, and 16.2.

It will be seen from our further discussion that the variety of
G.C.A.’s which can be represented as coset algebras (F, +, >.)/=
of 16.4 is very large, and that their algebraic structure may differ
very considgrably from that of the original algebra (F, +, >.)
or (F, 4, Z) A rather general REPRESENTATION THEOREM may
be expected in this domain. As a matter of fact, it can easily be
shown tl}at every C.A. ¥ is isomorphic with a coset algebra

(F, 4, D_)/= where F is a countably complete set-field, and where
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= is an equivalence relation in F which satisfies 16.4(i), but not neces-
sarily 16.4(ii), i.e., which is infinitely additive, but not refining. The
result is rather trivial, and can be extended to arbitrary algebras
A = (A, 4+, D), which satisfy the closure postulates and the gen-
eral commutative and associative laws, and which have a zero element
0 with the properties stated in 1.6 and 1.7. (Thus, Postulates 1.1.VI
and 1.1.VII, which are the most characteristic for C.A.’s, may fail
in these algebras) In fact, ¥ = (A, 4, Y. ) being an algebra of
this kind, let K be the set of all ordered couples (a, k) with @ in 4
and k < o, and let F be the family of all at most denumerable sub-
sets of K. F is obviously a countably complete sct-field. B and ¢
being any two sets in F, we arrange their elements in finite or inlinite
sequences without repetitions: (by, ko), (b1, ki), +-+, {bo, ki), +--
withi < m £ o, and {co, b)), {1, L), --+, {e,, L), -+~ withj <
n £ «; and we define = as the relation which holds between B

and C if, and only if,
2 b= 2 ¢

<m 1<n

The proof that 9 is isomorphic with (F, 4, >_)/= is obvious. An
analogous result applies to arbitrary groupoids % = (A, +); in this
case, however, the set-field F is not countably additive, and the
equivalence relation = is finitely, but not infinitely, additive.

THEOREM 16.5. Under the hypothesis of 16.4, we have for any
sets A, A", Ay, Ar,---,B,---,C, ---inF:
(i) f A S B, A’ = B,A=B,and B = A, thon A = A’ and
B = B;
) fASB=2CandAd =C,thend =B =C(;
(iii) if n = o, then
> A;+B=B
i<n
implies that A; + B = B for every © < n, and conversely,
(IV) ion-i— Co-i— 02 = A,Bo -i- Cl‘i“ 03 = B,A = B,and(’&) =
C.'fOT'I: = 1, 2, 3, then Ao + Co = Bo + C1 N
v) if 0 < m < o, Ay = A; and By = B, for every 1 < m, and
A = B where
A=Y A and B= Y B,
i<m i <m

thenAoEBo,'



220 CONNECTIONS WITH OTHER ALGEBRAIC SYSTEMS

Vi) ifA £ B<C, A" SC,A = A" and C = (', then there is
aset B inF suchthat A’ < B’ = C'and B = B’;
(vil) 4f there is a set A’ in F such that A = A’ £ B, then there s
also a set B’ in F such that A < B’ = B, and conversely;
(viii) f, for every n < o, there is a set D, in F such that
D A; =D, £B,

i<n

then there is a set D in F such that
2 A:i=D=<B
1 <00
Proor: In view of 8.17 and 16.2, conclusions (iv) and (v) follow
directly from the corresponding conclusions in 7.13; and since, by
8.16, 15.6, and 16.2, the relations < in (F, +, >) and £ in
(F, +, D) coincide, the same applies to conclusions (i), (i), and (vi).
To obtain (iii), we reason as follows. Let

) 2 Ai+B=B8B.
i<n
We obviously have
(2) B=<A;+B=< ), A;+ B forevery i <n.
<n

By applying conclusion (ii), we obtain from (1) and (2)

3) A; + B = B for every 1 < n.

If, conversely, (3) holds, we put

4) Ay = Ay — (Z;, A; + B) forevery k < mn.
Since

B <A 4 B < A+ B,
we obtain by (ii) and (3)
Ai + B=DB forevery i<n;
and hence, by 7.13(iii), 8.17, and 16.2,
(5) > 4{ 4B =B.

<n
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(4) and (5) at once imply (1); thus, (iii) holds. In a similar way we
derive (viii) from 7.13(vii). Finally, to derive (vii), assume that

A = A" £ B.
Thus,
A'"£B<£A+ B, AS£A4A+B, and A' = 4;
and, by applying (vi), we conclude that there is a set B’ in F with
A £ B =B

The implication in the opposite direction follows immediately from
6.8. This completes the proof.

Notice that a conclusion analogous to 16.5(vii) is lacking in 7.13.
The reason is that such a conclusion fails in arbitrary G.C.As.
It is casily scen that this conclusion holds in C.A’s and finitely
closed G.C.A.’s; our argument in the proof of 16.5 shows, however,
that it also holds in a wider class of G.C.A.s—in fact, in those
G.C.A.’s in which any two elements have a common upper bound.

We arrive at an important class of equivalence relations to which
Theorems 16.4 and 16.5 apply, by specializing the notions dis-
cussed in §11. This can be done in the following way."®

F being a family of sets, a biunique funetion f is ealled a oNg-TO-
ONE TRANSFORMATION IN F if f maps every set in F which is included
in D(f) onto another set in F, and if the same applies to the inverse
function f '. (@ being a set of one-to-onc transformations in F,
two sets A and B in F are said to be CONGRUENT UNDER G—in symbols,

AT B

—if there is a function f in ¢ which maps 4 onto B. Analogously,
we can define under what conditions the sets A and B are said to
be EQUIVALENT BY FINITE, Or INFINITE, DECOMPOSITION UNDER (;
we use here decompositions of A and B into disjoint and pairwise
congruent subsets (cf. the remarks in §11 which precede 11.20).
The set @ is called a quasi-Group, or simply a croupr, if it satisfies
conditions (i)—(iii) of 11.18; we assume that the domain of the identity
function in condition (i) is the union of all sets in F. @ is called
a COMMUTATIVE GROUP if, in addition, fg = g¢f for any f, g € G. The

16 In connection with the following discussion compare Tarski [8].
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set G is said to be FINrTELY ADDITIVE if it satisfies the following
condition: if fo and f, are two functions in G which map two disjoint
sets Ao and A, in F onto two other disjoint sets By and B, , then the
function f defined by the formulas

D({f) = A¢ + A:, and f(x) = f(x) for every x ¢ A,
1=0,1,

belongs to  also. In an analogous way we define what is meant by
an INFINITELY ADDITIVE set of one-to-one transformations in F.
As is easily seen, for every set (or group) G of one-to-one transforma-
tions in a countably complete set-field F there is a smallest finitely
additive set (or group) H, and also a smallest infinitely additive set
(or group) K, of one-to-one transformations in F which includes G;
and, as in 11.23, we can show that the congruence under H (or K)
soincides with the equivalence by finite (or infinite) decomposition
under G.

The fundamental relations between these notions and those dis-
cussed in §11 are exhibited in the following:

LemMA 16.6. Let F be a countably complete set-field, and let G be
a set of onc-to-one lransformations in F. For every function f ¢ G
and for erery set X ¢ F which is included in D(f), let f*(X) be the set
onto which f maps X, i.e., the set of all elements f(x) with x ¢ X; and let
G* be the sct of all functions f* thus defined. Then

(i) G* is a set of partial automorphisms in the algebra (F, 4+, 2. );

(1) if G s a group, or a finitely (or infinitely) additive set, of one-
lo-one transformations in F, then G* is a group, or a finitely (or in-
finitely) additive set, of partial automorphisms in (F, +, > );

(iii) for any sets A, B, ¢ F, we have A G B 1f, and only if, A g B.

Proor: obvious, by the definitions of the notions involved (cf.
the proof of 11.34).

We now have:

TuroreM 16.7. If F is a countably complete set-field, and G is an
infinitely additive group of one-lo-one transformations in F, then the
relation G satisfies the hypothesis of 16.4, and hence also the conclu-
stons of 16.4 and 16.5.

Proor: by 11.25, 16.2, and 16.4-16.6.
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TueoreM 16.8. If F s a countobly complete sct-field, § = (F, +)
(or § = (F, +, o)), and G is a finitely additive group of one-to-one
transformations in F, then

(1) @ s a finitely additive and finitely (as well as infinitely) refining
equivalence relation in the algebra §;

(ii)) §/7 isan R.A.;

(iii) conclusions 16.5(i),(ii),(iii) with n < o, (vi), and (vii) hold
for the relation 5.7

Proor: by 11.19, 11.24, 11.26, 11.28, 16.2, and 16.6; conclusion
16.5(vii) can be derived from 16.5(vi) in the way indicated in the
proof of 16.5.

It may be mentioned that some of the results which apply to
one-to-one transformations by 16.7 and 16.8 can be extended to
many-to-one and even to many-to-many transformations; we are
not, however, going to elaborate on this point

Further results applying to the algebra F/% of 16.8 can be ob-
tained by specializing assumptions which concern F or ¢. We are
going to state some of these results, omitting partly their proofs.
The methods of argument used in establishing the results in question
are not very closely related to those applied in the present work, and
the results themselves seem too special to be discussed in detail here.

Tueorem 16.9. If F s the family of all subscts of a given set A,
& = (F, +), and G is a finitely additive group of one-to-one transforma-
tions in F, then Theorems 2.11, 2.12, 2.15, 2.31-2.34, as well as 2.35
and 2.36 with n < o hold for all clements of the algebra F/T (assuming
that all the sums and multiples involved in these theorems are (Jtlso1 oz'n

the algebra); and conclusions 16.5(1v),(v) apply to the relation 7.
The proof that 16.5(v) applies to the relation G and that, con-

17 Theorem 16.5(i) in its application to the family F of all subsets of a set A
and to the relation G can be found—in a somewhat different form—in Banach
[2]; conclusions (vi) and (vii) of 16.5, again in application to F and 7, are
stated (without proof) in Lindenbaum-Tarski [1], pp. 318 .

18 Cf. here Lindenbaum-Tarski [1], p. 316 ff., as well as Knaster [1] and
Tarski [5].

19 Theorem 16.5(v) for the relation G, and hence also Theorem 2.34 for the
algebra §/@, has been established in Konig [1], pp. 129 ff. (where references to
earlier papers on this subject by D. Konig and 8. Valko can also be found);
a simpler proof in the case m = 2 is given in Kuratowski [3]. Some of the
remaining conclusions of 16.9 are mentioned in Lindenbaum-Tarski [1], p. 319.
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sequently, 2.34 holds in the algebra §/% of 16.9 is known from
the literature; it is rather complicated, and it involves the axiom of
choice in an essential way. By means of a similar method it can
be shown that all other theorems of §2 listed in 16.9 hold in §/%F.
(It may be noticed that all these theorems can be derived arith-
metically from the first part of 2.35 and from various elementary
theorems which hold in /% by 11.28 and 16.8; they can also be
derived from 2.33 in case {/7 is finitely closed.) F¥rom the fact
that 2.12 holds in §/F we conclude at once that 16.5(iv) applies to
the relation 7.

TaeorEM 16.10. Let F be an arbitrary set-field; let § = (F, +);
let G be a commulative group of one-to-one transformations in F, and
H the smallest finitely additive group of such transformations which
includes G. We then have for all elements a, b, and c of the coset algebra
§/ % (assuming that oll the sums and multiplcs involved exist and are
also in this algebra):

() fa+c=b+4 2-¢c,thena =b+ ¢c;

@) ifn< oanda+nec=>b+ (n+ 1)-c,thena = b + ¢;

(i) fn < oandb+ (n + )¢ Sa+ nc,thend+ ¢ £ a;

(iv) #f @ &= 0, then a =+ 2-a (i.e., a is not idem-multiple), and—more
generally—for non < « dowe haven-a = (n + 1)-aor (n + 1)-a =
n-a;

(v) Theorems 2.10-2.15 (again provided with suitable existential
assumptions) hold for all elements of §/%; and 16.5(iv) applics to
the relation 5 >

Proor: We shall give here a rough outline of the proof of (i).
The proof is not quite simple, but it has a constructive character
(in the sense which will be discussed in the next section).

Given a set X and a function f, we shall denote by f(X) the set
of all function values f(x) with x ¢ X. X is not supposed to be in-
cluded in D(f); if it is, f(X) has the same meaning as f*(X) in 16.6.

By the hypothesis of (i), there is a set D ¢ F such that

D/%)=a+c=b+ 2-c.

2 Some of the conclusions of 16.10 are stated (without proof, and in a weaker
form) in Tarski [9]. pp. 222 {., and Tarski (1], p. 63. Conclusion (iv) of this
theorem was originally obtained in collaboration with A. Lindenbaum (before
other parts of the theorem were known).
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Hence D can be represented in the form

()D=A4A+C=B4C,§C, where 4,B,C,C,, and
C, are in F,

2 (A/%) =a, B/F) =0, (/)

and consequently

3) C%C, and O 5 C,.

As was mentioned before, congruence under I7 coincides with finite
equivalence under 7. Hence formulas (3) imply the existence of two
numbers r < o« and s < o, two sequences of sets D; and E;, and
a sequence of functions f; which satisfy the conditions:

@ C=3XD=XDw, Ch=XE, C= .,

<7 1<s <r <8
(5) Di, BEs e F, [, e G, Di £ D(f), and f(D) = E;
forevery ¢ <r+s.

CY/&) = (/%) = ¢,

We can clearly assume that » = 0 and s = 0. By () and (5) there
exist functions g; and g, defined by the formulas:

6) D(g) = D(g) = C, gqulzx) = [(x) forax e D;, 7<r, and
92(r) = fr1(@) for xeDyyi, i < s.

Since H is a finitely additive group which includes G, and in view
of (4)-(6), we have

) g, H, Digi") = (y, and D(g?) = (.

We define recursively an infinite sequence of functions h, by putting

(8) ho = 1 (the identity function whose domain is the union of all
sets X ¢ F);

9 honit = hogy and Rope = hoge for n=0,1,2 ---.

Hence, by (6) and (7),

(10) he ¢ H for n < o;

(11) Dh,) £ C and DE) 2 Gy + (5 for 0 < 1 < 0.
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X being an arbitrary set, we obtain by induction from (1), (6)—(9),
and (11), without any special difficulty:
(12) ft < wand2 — 1 <n <p <2 — 1, then

ha(X) N hy(X) = 0;
(13) ifn < p < o, then h(B) N h(X) = 0 = I7'(4) NAZH(X).
Furthermore, we put for every n < o

(14) Ay = ANh(B) — 2 hhn'(A);

m<n

(15) A% =ANY hh}NA) — 2 Z_‘, h hT'(A);

m<n m<n

(16) B, =k A)NB— X hi'(4);

mgn

(17) B, =ghi'(4) N Z<) ghi () — X 2 gkt ha hTNA).

m<n I<m

From (1), (10), and (14)-(17) we see that
(18) An, AW, B., By e F.
With the help of (6), (11), and (14)—(17), we obtain

By S D(h), B7 S D(hagiV), ha(Bn) = An, and  hagi'(Ba)

= A7,

therefore, in view of (7), (11), and (18),
(19) AW % By and AL 5 BY for n=0,1,2,--.
We also have by (1), (7), and (13)-(17)
(200 AL N A, =A7NAL =B,NB,=BrNB, =0 for

n<p< o,
(21) 2 A4.NX AY=3 B.N2X B,=0.
n <o n <o n<® pPL®

Now consider an integer ¢ > 0 such that

(C+ 1)+ trts—1)
1.2.....r +s—1)

The fact that such integers ¢ exist is obvious. To fix the idea, we

can assume that ¢ is the smallest integer which satisfies (22). We put

(23) 2'—1=u and 2" — 1 = o,

(22) < 24
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We are going to show that
(24) C = 2 ha'(A).

mlu
In fact, suppose that x is an element in ¢ which does not belong
to any one of the sets h;'(A) for m < u. We conclude by an easy
induction based upon (1), (6), (8), (9), and (23) that x belongs to
all the domains D(h,) for m < ». By (12), the elements h,(z) for
m = u,u + 1, -+, v — 1 are distinet from each other; their total
number is, of course, 2. The group G being by hypothesis com-
mutative, we see from (5), (6), (8), and (9) that each of these ele-
ments h.,(x) is of the form

Rala) = 1182 -+ fii(x)

where ki, ko, ---, krys are non-negative integers satisfying the
condition
(25) Z kt'—l»l = t

1<r+8

Hence the number of distinct elements h,(r), © £ m < v, is at
most equal to the number of different representations of the integer
¢t in the form (25). As is easily seen, the latter number is

(l+1)(t+2) (t+rt+s—1)

M 4R A S y

1.2. (r+s-—1)

so that consequently
(t+1)(t+2) (t+r+s—l)

= 1.2. (r +s—=1)
Since this clearly contradicts (22), our supposition proves to be wrong,
and formula (24) is established.

(The fact that there is an integer u for which (24) holds is the
only consequence of the commutativity of the group G that is in-
volved in our proof. This remark paves the way for some possible
extensions of 16.10.)

From (1) and (6)-(9) we see that

S h(B) 4+ M(C) 4+ h(C) £ h(B) + m(B) + hi(B)
+ hs(C) + - - + he(C);
by continuing this way we obtain in view of (23)

A S X h(B)+ Z Pt (O).

n<u
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Hence, by (23) and (24),
45T B+ X X2 hhn'(4)

nlvmLn
and
(26) A=AN Y hB)+AN Y X hhn'(4).
n<u n<vm<n
Formulas (14), (15), and (26) casily imply
(27) A= AL+ X AT,
nlu nlv
(1), (6), (8), (23), and (24) give
(28) A+C=B+C+C= 2 kA).
nlu
Consequently,
B= > RKA)NB,
n<u
and hence, by (16),
(29) B = ) B..
nlu

Furthermore, we establish the formula

B0) ¢ = E i) N Z‘, Bl (A) — ; ; ot ha 7' (A)].

In fact, 2 being an clement of C, the element gi(x) and g:(x) are in
A + C by (1), (6), and (7). Hence, by (24), there are integers
p < uand ¢ < u such that h,g:(x) and h.ge(x) are in A. We assume
that p and ¢ are the smallest integers of this sort. By (9),

hpgr(x) = hapia(x) and  hege(x) = ho.g42().

Let n be the larger of the numbers 2:p + 1 and 2-¢ + 2; in view of
(23), we have n < v. Clearly, z belongs to the set
E2HA) N Y rRNA).
mn

Morecover, we can show without major difficulties that h,(x) does not
belong to any of the sets hnh7'(A) with I < m < n; we make essential
use here of (8) and (9) and of the way in which the number n has
been determined. Consequently, z is in the set

KA N X RN A) — 2 Z B b hT(A)

m<n m<n I<m
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where n < v; and since @ is an arbitrary element of (', formula (30)
proves to hold.

(6), (7), and (30) give

¢ 2 [pha(a) N 2, giha'(4) — 2 2 ah b (A)].
The inclusion in the opposite direction being obvious by (7), we have
in view of (6)
(31) C, = Z B,.

n<v

By (1), (20), (21), (27), (29), and (31), we can write:
(32 A=A+ 47 and B4 y= X B, 1 Y B..

nlu n<v nlu n<Y
Since, by 16.8, 7 is a finitely additive relation in the algebra (F, +),
formulas (19) and (32) carry with them

AT B F O
and, by (2), this implies at once the conclusion of (i):
a =150+ c.

The proof of 16.10(i) has thus been completed. Conclusions
(ii)-(@iv) of 16.10 and Theorems 2.10-2.15 listed in (v) can easily be
derived from (i), partly by induction; and 2.12 implies 16.5(iv) for
the relation 7.

Notice that the set-field F in 16.10 is not required to be countably
complete, and also that conclusions 16.10(1)—@Gv) do not apply to
arbitrary C.A.’s.

The problem of measure discussed in §14 assumes a new aspect
when applied to the algebras which we are now considering. Let
F be a set-field, U an arbitrary set in F, and ¢ a set of one-to-one
transformations in F. A function f is called a (FINITELY ADDITIVE)
MEASURE IN F NORMED BY U (or WITH THE UNIT U) AND INVARIANT
UNDER @ if it satisfies the following conditions:

(i) D(f) = F, and C(f) is a set of real numbers z, 0 < z £ «;

(ii) if A and B are two disjoint sets in F, then f(4 + B) =
fl4) + f(B);
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(i) f(U) = L;

(iv) if A ¢ Fand A 5 B, then f(4) = f(B).»
Similarly we define the notions of an INFINITELY ADDITIVE and of a
STRICTLY POSITIVE measure in F (normed by U and invariant under
@); cf. the remarks at the end of §14.

The new notion of measure is closely related to the one defined
in 14.12. In fact, we have

LemmA 16.11. Let F be a set-field, U a set in F, and G a group of
one-to-one transformations in F; morcover, let § = (F, 4 ), let Il be
the smallest finitely additive group of one-to-one transformations in F
which includes G, and let u be the cosct of U under 5. If f is a measure
in F normed by U and invariant under G, then the formula

@) MX/%) = f(X) for every X ¢ F

defines a function h which is a measure in the algebra §/5 normed by
u (in the sense of 14.12). If, conversely, h is such a measure, then the
function f defined by formula (i) is a measure in F normed by U and
invariant under (.

Proor: As was mentioned before, the relation between 7 and 7
is analogous to that between 7 and % described in 11.23; i.e., for
any A, B ¢ F, we have

A% B

if, and only if, there are sets Ay, 41, -+ ,As, -+, By, By, ---,
B;, -+ ¢ F such that

A= ‘Z A;, B= D B:, and A; T B; for i <n < o,

<n i<n

Hence we easily see that, f being a measure in F normed by U and

invariant under @, formula 16.11(1) defines indeed a function h

which satisfies conditions 14.12(i)-(ili) with regard to the algebra

&/% and the element u; we apply here, of course, 6.3. The proof

that the theorem also holds in the opposite direction is analogous,

and even somewhat simpler.

A similar lemma applies to countably complete fields and infinitely
additive measures.

21 This notion of a measure was introduced (in application to the family of
all subsets of a given set) in von Neumann 2], p. 78.
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By means of 16.11 we can obtain a criterion for the existence of
a measure in a given set-field F invariant under a given group of
transformations G. To simplify the argument a little, assume F
to be a countably complete set-field; we put

§ = (F, 4.

We construct the smallest finitely additive group H which includes
G; U being the set of F chosen as the unit of measure, we put

w = (U/%).

By 16.8, §/% is an R.A. It is not always finitely closed; however,
we can imbed /7% in a finitely closed R.A. %’ which is a finite closure
of §/7% in the sense of 7.18. The procedure consists, roughly speak-
ing, in extending F and @ to a new countably complete set-field F’
and a group of transformations G’ in F’ such that, for any A, B ¢ F/,
there are two disjoint sets A’, B’ ¢ F’ which are congruent with
A and B under G’. (Thus, the procedure does not have a purely
algebraic character; we have not considered the problem whether
every R.A. % can be imbedded in a finitely closed R.A. A’ which is a
finite closure of A.) By 13.9, A’ is a partially ordered groupoid with
the refinement property. Hence, 14.13(ii) is a nccessary and sufficient
condition for the existence of a measure in A’ normed by u; and
therefore it is also a sufficient condition for the existence of a measure
in §/%. This condition involves multiples n-u and (n + 1)-u
which are in %’ but not necessarily in §/%. However, by applying
2.1 with p = n 4+ 1 < =, we can transform 14.13(ii) into an equiva-
lent condition which involves only elements of /% (cf. 7.18):

(ii") there exists no integer n < « and no double sequence of clements

W,,; such that
w= 2 w,=2 uy; fori <m and j <mn+ 1.
i<n+l i<n

Clearly, this condition is not only sufficient but also necessary for
the existence of a measure in §/% normed by w, and hence, by 16.11,
for the existence of a measure in F normed by (/ and invariant
under G. We can, of course, transform (ii’) into a condition in-
volving only sets of F and congruence under (f; but the final result
of these transformations is rather complicated.

By applying, however, the same method of reasoning, we obtain
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simple and interesting results if we subject F or el to additional
assumptions in the way indicated in 16.9 and 16.10. In fact, we
then have:

TrEOREM 16.12.%  Let F be the family of all subscts of a given set A;
let U be a subset of A, and G a group of one-to-one transformations
in F. In order that there exist a finitely additive measure in F normed
by U and tnvariant under G, it s necessary and sufficient that U satisfy
the following condition:

(i) there arec no disjoint sets U’ and U" such that

U=U+4+U" and U % U % U”

where H 1is the smallest finitely additive group of one-to-one transforma-
tions in F which includes G;
or, in an equivalent formulation:

(ii) there exist no two sequences of pairwise disjoint sets Vo, Vi,
o, Vi, ccand Wo, Wy, oo, Wy, oo witht <n+p, n < »,
p < o, such that
U= 2 Vi=2 Wo= 2 W

i<n+p i< i<p

and Vg W, forevery 1 <n + p.

We can describe briefly the content of 16.12(i) or 16.12(ii) by say-
ing that the set U has no PARADOXICAL DECOMPOSITION UNDER THE
Groupr @.

Tueorem 16.13. If F is an arbitrary sel-field, U a non-empty set
i F, and G a commutalive group of one-to-one transformations in F,
then there s always a measure in F normed by U and invariant under G,

A detailed proof of 16.12 and 16.13 is superfluous; we apply here
13.19, 14.13, 14.14, and 16.8-16.10.

Theorem 16.13 can be extended to more comprehensive classes
of groups of transformations; however, most generalizations in this
direction cannot be obtained without imposing various restrictions
on the set U, and—in opposition to 16.13—they are not implied
by purely arithmetical properties of the algebra /% of 6.11.%

22 This result was first stated in Tarski [4] and established in Tarski [1].

23 Theorem 16.13, though in a less general form, can be found in von Neu-
mann [2], pp. 79 and 94 f.; it was obtained as a gencralization of an carlier
result in Banach [1] concerning the existence of a measure on the Euclidean
line. Compare these works of Banach and von Neumann for other results of
a related nature.
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The results stated in 16.9-16.13 can be given a more abstract
form, in the style of §11;1i.e.,instead of a group G of one-to-one trans-
formations in a set-field F, we can consider a group G of partial
automorphisms in a G.C.A., or a Boolecan algebra, A. We shall,
of course, have to subject A or G to some additional assumptions.
In the case of 6.9 or 6.12 these assumptions must be strong enough
to imply an isomorphism between %A and the algebra of all subsets
of a given set; hence, we shall not achieve in this way any actual
improvement of the results concerned. Theorems 16.10 and 16.13
in an abstract formulation apply to a commutative group of partial
automophisms in an arbitrary Boolean algebra.

We now want to indicate briefly some applications of the results
of this section to special set-ficlds.

Consider an arbitrary MuTrI¢c SPACE constituted by a set S and a
DISTANCE FUNCTION d. Let F be the family of all subsets of S or,
more generally, a countably complete set-field of such subsets which,
together with any set A, contains also all sets which are coNGRUENT
with A in the usual geometrical meaning. Furthermore, let ¢ be
the set of all ISOMETRIC (DISTANCE PRESKRVING) TRANSFORMATIONS
whose domain and counter-domain are included in 8, although not
necessarily identical with S. @ is clearly a group of one-to-one trans-
formations in F; and we can construct the smallest finitely additive
group H and the smallest infinitely additive group K of one-to-one
transformations in F, which include G.

We can now apply Theorem 16.7, or 16.8, taking K, or H, for G.
Thus, F being the algebra of 16.4, §/% is an R.A,, and §/% is a
G.C.A. These algebras play an important role in connection with
the geometric problem of measure in metric spaces. In fact, the
ordinary GEOMETRIC MEASURE is a measure which is invariant under
the group of all isometric transformations. Hence, by 6.11, the
geometric problem of existence of a finitely additive measure in F
is equivalent to the algebraic problem of existence of a measure in
%/% (in the sense of 14.12); and the same relation holds between the
problems of an infinitely additive measure in F and in §/%. If, in
particular, F is the family of all subsets of S, and U is a subset of S
chosen as the unit of measure, then, by 16.12, the solution of the
problem of a finitely additive measure is positive whenever U has
no paradoxical decompositions (under (), and is negative otherwise.

We can take for G not the group of all isometric transformations,
but a subgroup of it. Now, if G is commutative, e.g., if it is the group
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of all TRANSLATIONS in a EUCLIDEAN SPACE, then, by 16.13, the
solution of the problem of a finitely additive measure is always
positive, whatever non-empty set U is chosen as the unit of measure.
This result applies also to certain groups which are not commuta-
tive; it holds, for instance, if we take for S the EUCLIDEAN LINE,
and for G the group of all isometric transformations in S (the sym-
METRIC REFLECTIONS included).

As another particular case, take for S the EUCLIDEAN n-DIMEN-
SIONAL SPACE, for F the family of all subsets of S which are MEAs-
URABLE IN THE SENSE OF LEBESGUE, and for G the sct of all isometric
transformations; K is again the smallest infinitely additive group
which includes G. The algebra ® = (F/%) in this case is not only
a G.C.A. but a C.A. as well (as can easily be shown by 5.25). The
set Z of all elements of & which are cosets of sets of measure 0 is clearly
an ideal in @ in the sense of 9.1; hence, by 9.29, the coset algebra
®/7 is again a C.A. This coset algebra proves to be isomorphic
with the algebra of non-negative real numbers of 14.2. The con-
struction thus outlined can also be carried through in one step. In
fact, consider the relation = which holds between two sets A and B
in F if they are ALMOsT CONGRUENT UNDER K; i.e. if there are sets
A’ and B’ in F such that A’ £ A, B’ £ B, A’ ¥ B’, and the differ-
ences A — A’ and B — B’ are of measure 0. It can easily be shown
that = satisfies the hypothesis of 16.4, so that §/= is a G.C.A. (and
even a C.A.). Moreover, it turns out that = holds between two
sets A and B if, and only if, they have the same measure.” Hence
we conclude that /= is isomorphic with the algebra of non-negative
real numbers. This can serve as an illustration of the remarks
previously made about the great variety of algebras which are iso-
morphic with the coset algebras of 16.4.

Now let S again be an arbitrary metric space; let B be the family
of all BORELIAN SETSs in S, and let G be the set of all biunique func-
tions f which, together with their inverses, are MEASURABLE (B).
B is by definition a countably complete set-field; and G can easily
be shown to be an infinitely additive group of transformations in B.
The relation 3 is sometimes referred to as that of GENERALIZED
HOMEOMORPHIsSM. By 16.7, the conclusions of 16.4 and 16.5 apply
to the family B and to the relation G. Hence we obtain a great
number of results concerning generalized homeomorphism. These

2¢ Cf. Banach-Tarski [1], p. 277.
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results, however, lose much of their significance when applied to
Euclidean spaces or, more generally, to COMPLETE SEPARABLE SPACES;
for the relation of generalized homeomorphism between Borelian
sets then coincides with that of equality of power.?® Nevertheless,
certain consequences of these results may be of some interest even
for Euclidean spaces. Consider, for instance, 16.5(vi). When
applied to B and 7, this result can be formulated as follows:

If A, A’ B, ¢, and C’ are sets in B such that A £ B < C and
A’ 2 O, and if f and h are functions tn G which map A onto A’ and C
onto C’, respectively, then there is a set B’ in B with A’ < B’ £ (',
and a function g in G which maps B onto B’.

Now assume that the BorELIAN crasses of all sets and functions
which are involved in the hypothesis of this result are known; then,
by analyzing the proof of 16.5(vi), we can evaluate the Borelian
classes of the set B’ and the function ¢ involved in the conclusion.

2 Cf. Kuratowski [1], in particular p. 208.
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As is well known, two sets A and B are said to be SET-THEORETI-
CALLY HKQUIVALENT (EQUINUMEROUS), or to have THE SAME POWER,
if there is a biunique function f which maps A onto B.*®* Thus, the
relation of set-theoretical equivalence is the congruence relation &
under the group @ of all one-to-one transformations in the class S
of all sets. Ience we: obtain further

TuroreM 17.1. The relalion of sct-theorctical equivalence cotncides
with the homogeneity relation ~ in the algebra & of 16.1 (and in every
algebra (F, 4, D_ ) where F 4s the family of all subsets of a given set A).

Proor: By taking in 16.6 the class S of all scts for F and the set
of all one-to-one transformations in S for (, we conclude at once
that two sets which are sct-theoretically equivalent are homogene-
ous in the algebra & in the sense of 11.29. The proof that the
converse also holds is based upon 11.2-11.4, 11.30, 16.1, and 16.6,
and is quite elementary.

In view of 17.1, we shall use the symbol ‘~’ to denote the relation
of set-theoretical equivalence.

TucoreMm 17.2. The hypothesis of 16.4, and hence also the con-
clusions of 16.4 and 16.5, are satisficd if we take for F the class S of
all sets (or the family of all subsets of a given set A), and for = the
relation ~ of set-theorelical equivalence.

Proor: by 16.7 (with the substitutions indicated in the preceding
proof for 16.6), or else by 11.32, 16.1, 16.4, 16.5, and 17.1.

Among the conclusions of 16.5 as applied to the relation ~ we
recognize certain familiar theorems of the theory of equality of
power; thus, 16.5(1) and (ii) present two formulations of the cANTOR-
BERNSTEIN EQUIVALENCE THEOREM, while 16.5(vi) has been called
the SET-THEORETICAL MEAN VALUE THEOREM.?

28 In connection with the following discussion consult Sierpifski [1].

27 The problem of the origin of conclusions 16.5(i)-(viii) in their applica-
tion to set-theoretical equivalence has been cleared up in §2—in footnotes to
corresponding theorems on cardinal numbers. It should be added here that
the mean value theorem is a translation of Theorem 2.27 (with n = 1) which
was found by the author and stated in Lindenbaum-Tarski [1], p. 302; however,
a particular case of this theorem—in fact, 16.5(vii)—was previously estab-
lished in Korselt [1].

236
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By the cARDINAL NUMBER (or the POWER) k(A) OF A SET A we under-
stand the class of all sets X with A ~ X. We define the operation
of ADDITION OF CARDINAL NUMBERS in such a way that

A= Z A; implies «(A) = D k(4)),

el el
and in particular
A =B 4 C implies «(4) = «(B) + «(C).

This operation of cardinal addition satisfies the unrestricted closure
postulate and the general commutative and associative laws (cf.
12.3-12.5 where these laws have been formulated for the cardinal
multiplication of isomorphism types). To show, e.g., that the clos-
ure postulate holds, consider any cardinals », correlated with ele-
ments ¢ of an arbitrary set I. Let A, be any sets such that

k(A:) = »; for every <7 ¢ I.

Given any clement ¢ in I, let B, be the set of all couples (z, z) with
x ¢ A;; clearly

k(B;) = k(A,) = v; for 7¢l.

The union B of all these sets B; is sometimes called the carpiNAL
suM oF THE sETs A;.” Since any two sets B; and B, with ¢ == j
are disjoint, we have

B = Z; B;, andhence «x(B) = D ;.
e el
Thus, the sum of arbitrarily many cardinals always exists.

The cardinal number of the empty set is denoted by ‘0’. Ob-
viously, O is the class which consists of the empty set only. The
fundamental properties of this number with regard to cardinal
addition are entirely analogous to those of the isomorphism type 1
with regard to cardinal multiplication (cf. 12.7).

TaEOREM 17.3. K being the class of all cardinal numbers, the al-
gebra = (K, 4, 2_) (where + and > are the operations of cardinal
addition) is a C.A.; the cardinal number O is the zero element of K.

ProorF: As is casily seen (by 6.3), the algebra & coincides with
the coset algebra &/~ where & is the algebra of 16.1. Hence, by

28 Cf. Whitehead-Russell [1], vol. 2, pp. 93 ff.
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17.2 (16.4), R is a G.C.A.; and since, as was pointed out, the opera-
tions 4+ and Y in R satisfy the closure postulates, £ is also a C.A.

We can also prove 17.3 in another way. Let » be any cardinal.
We consider an arbitrary set A with x(A) = », and we denote by
‘o(»)’ the type of the Boolean algebra of all subsets of A under
set-theoretical addition; ¢(») does not depend on the choice of A.
T being the class of all types ¢(»), we easily show that ¢ maps the
algebra ® isomorphically onto the algebra (T, x, ]1); and since the
latter algebra is a C.A. (this follows from 15.27), the same applies
to the former.

As is well known from set theory, the algebra & has certain very
strong and general properties which by no means apply to arbitrary
C.A.s. They are stated in the following:

TuroreEM 17.4. The algebra & of 17.3 is well ordered, and every
infinite element in this algebra is idem-multiple.
Compare here Definitions 4.1, 4.10, and 13.10.

TaEOREM 17.5. Let A be any non-emptly class of cardinal numbers:
For 8 = (A, 4+, D) to be a C.A., i.e, a cardinal subalgebra of the
algebra R of 17.3, it is necessary and sufficient that R satisfy Postulate
1.1.11 as well as the following condition:

(i) the class ® of all finite cardinal numbers in A either is empty or
consists of all finite mulliples of a certain finite cardinal number v.

Proor: Assume € to be a C.A. Then 1.L.II certainly holds.
Condition (i) is obviously satisfied if the class ® cither is empty or
consists only of 0. Otherwise, let » be the smallest cardinal in &
which is different from 0. It is easily seen that ® coincides with the
class of all finite elements of A in the sense of 4.10, and that » is
indecomposable in the sense of 4.38. By 4.16, all multiples m-»
with m < « arein®. Now if g is any element in ®, we have p E m-»
for some m < o (we can take, e.g., m = u by identifying finite car-
dinals with finite integers); hence, by 4.44 (or 4.47), u is a finite
multiple of ». Thus, € satisfies condition (i).

Assume now that, conversely, ® satisfies Postulate 1.1.IT and
condition (i). The proof that the remaining postulates of 1.1 also
hold in £ presents no difficulty to one familiar with the fundamental
properties of cardinal numbers, and will not be carried through here
in detail. We make an essential use of 17.4; it may also be useful
to notice that, by (i), either ® contains no number different from 0.
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or else (&, +, D) is a G.C.A. which is isomorphic with the algebra
of finite integers (of 14.1).

TueorEM 17.6. For a C.A. A = (A, +, X.) to be isomorphic
with a cardinal subalgebra of the algebra & of 17.3, it is necessary and
sufficient that A be well ordered and that every infinite element in A be
idem-multiple.

Proor: The necessity of the conditions follows directly from
Theorem 17.4 and Definitions 4.1, 6.1, and 13.10. (4.4 and 17.5
are also useful here.) To show that they are suflicient, we arrange
all elements of A in a transfinite sequence ao, @1, -+, ag, ++- in
such a way that ¢ < n implies a; = a, and a; + a,, the indices £,
n, -++ being ORDINAL NUMBERS. We shall identify here finite or-
dinals and cardinals with finite integers; @, @ +- 1, -+, £, --- and
Wo, N1, -+, Ne, -+ will be, as usual, the transfinite sequences of
infinite ordinals and infinite cardinals in their natural order. We
obviously have a, = 0; we can assume that g, is not the last term of
the sequence. If a, is finite, we easily show that it is indecomposable,
and that a, = v-q; for every » < w; we reason here by induction,
and apply 4.38 and 4.44. We then correlate with every element
a,, v < w, the finite cardinal », and with every clement a,,; the
infinite cardinal ¥:. In case a; is infinite, we correlate with every
element a; the cardinal W;. A being the class of all correlated car-
dinals, we show in cither case without difficulty (by means of 6.1)
that

A=A, +, 2
Thus, our theorem holds in both directions.

As is seen from 17.6, the properties of the algebra £ expressed
in Theorem 17.4 characterize the algebra ® and its cardinal sub-
algebras up to isomorphism. Theorem 17.4 obviously carries with it
far-reaching simplifications in the arithmetic of cardinals. In con-
sequence of this theorem, the theory of cardinal addition becomes
trivial; and, in particular, the value of the result obtained in 17.3—-
i.e., of the fact that all the special theorems established in Part I
apply to cardinal numbers—undergoes an essential depreciation.

It should be emphasized, however, that the properties of cardinals
stated in 17.4 have been obtained in set theory with the essential
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help of the axiom of choice in its most general form, and specifically
with the help of the so-called well-ordering principle. On the
other hand, the special theorems of Part I can be established for
cardinal numbers either without any help of the axiom of choice,
or by means of a very restricted form of this axiom; to derive these
theorems, we do not have to use the general result stated in 17.3, but
we can follow directly the lines of argument applied in Part I. Re-
garding this point, a close analysis of proofs leads to the following
conclusions:

(1) All the theorems of Part I which involve only finitely many
elements can be obtained for cardinal numbers without the help
of the axiom of choice.

(2) The proof of the remaining theorems of Part I, which involve
infinite sequences of elements (including those which involve
infinite sequences of multiples of one element), requires the axiom
of choice, but only in its application to denumerable families of sets.
The axiom of choice in its general form occurs merely in the proof of
Theorems 3.35 and 3.36 which involve arbitrary sets of elements.

Thus, for instance, theorems like 2.6, 2.10-2.15, 2.28 for n <
and p < «, and 2.31-2.34 can be obtained for cardinal numbers
without the help of the axiom of choice; although the proof of these
theorems in their abstract algebraic form actually requires an ap-
plication of this axiom (cf. the proofs of 2.6 and 2.31). Theorems
involving infinite multiples of one element or of finitely many ele-
ments, like 1.29, 1.43, and 1.46, also belong here; to avoid the axiom
of choice, they must be based, however, on an appropriate definition
of an infinite multiple of a cardinal. (Given a cardinal » and a set A
with the power », we define « -v = y-» as the power of the set B
of all couples (n, z) withn < « andz ¢ 4.)

On the other hand, the proofs of theorems like 2.21 and 2.28
forn = o or p = = require a restricted application of the axiom of
choice; 2.22 also belongs here since it involves an infinite sequence of
multiples of one element. Even Postulate 1.1.II cannot be estab-
lished for cardinal numbers without the help of the axiom of choice
(restricted to denumerable families of sets).?®

Analogous remarks apply to those theorems which do not belong
to the arithmetic of cardinals proper, but refer directly to sets and
to the relation of equality of power. Consider, for example, Theorem

29 Cf. Sierpinski [1], pp. 118 ff.
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16.5 which, as we know from 17.2, applies to the latter relation. Con-
clusions (i), (i), Gii) for n < o, and (iv)-(vii) of this thcorem
can be obtained without the help of the axiom of choice; whereas
conclusions (iii) for n = « and (viil) require a restricted applica-
tion of this axiom. Moreover, we can avoid the application of this
axiom completely by means of a slight transformation of the theorems
involved. We want to explain what we have in mind here by means
of an example. Consider the following three thcorems:

LIf w, m, -+, pi, - and v are arbitrary cardinal numbers,
and if

S uwSv forewery n < o,
<n

then

2w S

1 <0

1. If Ay, Ay, -++, Ay, +++, Bo, By, -+, By, -+, and C are ar-
bitrary sets such that

D Ai~B, S forevery n < o,

i<n
then there 1s a set B such that
Z A,; ~ B é (/'.
1 <0

111 If Ay, Ay, -+, A, -+, and C are arbitrary sets, and fo, f1,
voo fi, -+ are biunique functions such that, for every n < oo, f, maps
Zi<n A; onto a subset B, of C, then there is a biunique function f which
maps Y i<a A, onto a subset B of C.

In 1 we recognize Theorem 2.21 applied to cardinals; IT is the
correlated theorem on equality of power, and is a particular case of
16.5(viii); III has been obtained from II by explicitly introducing
functions which establish the equality of power.

A detailed analysis of the proof of 2.21—and of the theorems
upon which 2.21 rests—shows that the axiom of choice can be avoided
in the proof of III, and that the function f (and the set B) can be
effectively constructed in terms of Ao, Ay, -++, Ay, --+, C,and fo,
fi, -++,fi, -+-. 1I can be derived from III, and I from II. When
deriving II from III, however, we must apply the axiom of choice
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in order to correlate, with each couple of sets (3 ica Ai, Ba), &
biunique function f, which maps one of these sets onto the other.
Similarly, to derive T from II, we use this axiom when correlating,
with each cardinal u, , a set A, whose power is u, . Apart from these
two steps, we can say that the proof of I and IT has a constructive
character. We see, moreover, that the application of the axiom of
choice in the proof of T and II would be entirely superfluous if the
theorems in question involved only a finite number of cardinals
and sets. This explains the fact that theorems like 2.31-2.34 can
be established for cardinal numbers without any help of the axiom of
choice, although their proof in the general theory of C.A.’s seems to
depend on this axiom in an essential way.

All the remarks made above can be extended to the congruence
relations G and the correlated coset algebras /7% discussed in 16.7
(although this requires some further analysis of proofs involved);
they do not, however, apply to arbitrary equivalence relations =
and coset algebras /= considered in 16.4 and 16.5. The question
arises as to what the properties of the relations ~ and 7 are which
make it possible to avoid the axiom of choice in proofs of various
theorems involving these relations. An answer can be readily ob-
tained by analyzing the proofs concerned; but we are not going to
elaborate on this point.

Certain theorems of the arithmetic of cardinals are known whose
proofs have a constructive character (in the sense roughly explained
above), but which cannot be found among the results stated in Part
I of this work. In the first place we have in mind here the following
THEOREM ON THE DECOMPOSITION OF LINEAR FORMS:

Let2 sn S o;lethy, by, -, 0L, - andmg,my, --+,mi, -
be arbitrary integers (£ =), and w, v, -+, v, ++- be arbitrary
cardinals. If

Z l."ll.' = Z mi;v;,
i<n <n
then there are cardinals my, m, -+, wi, ++- and po, p1, ***, pi, *°

with the following properties:
(1) Dicnlirmi = D icomirmiand Jica lispi = Dicn Mivp,;
(i) vi = m + p; for every i < n;
Gii) w0 £ mand p1 < po .
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The proof of this theorem is not simple, but it requires an applica-
tion of the axiom of choice only in case n = « (and only to denum-
erable families of sets). The theorem is useful since it permits us
to reduce certain problems regarding the relations between two
given cardinals », and » to the case when these cardinals are com-
parable, i.e., when vy < vy or »; < w. (Asis well known, the proof
that the set of all cardinals is simply ordered, i.e., that any two
cardinals are comparable, does not have a constructive character.)
From the theorem on the decomposition of linear forms (with n=3)
we can, for instance, derive in a simple way the cancellation laws for
multiples, 2.31-2.34. The theorem can be extended to arbitrary
coset algebras §/% involved in 16.7. The problem remains open,
however, whether the theorem can be derived from Postulates 1.1.1-
VII alone, i.e., whether it holds in arbitrary C.A.’s; and the same
applics to various particular cases and simple consequences of this
theorem.

A general problem of a metamathematical nature arises in this
connection. It is the problem of determining mutual relations be-
tween three sets of theorems on the addition of cardinals: the set of
all theorems whose proof does not involve the axiom of choice (or
requires only a restricted application of this axiom); the set of those
theorems which apply to arbitrary coset algebras §/F of 16.7 (and
thus belong to the general theory of one-to-one transformations);
and the set of those theorems which hold in arbitrary C.A.s. It
is obvious that certain theorems of the first set do not belong to
the second; e.g., the thcorem by which there is a smallest finite
cardinal different from 0. These are, however, theorems of a very
special nature; and it seems intuitively plausible that—apart from
certain exceptional theorems—the first set is included in the second;
it would be interesting to find a precise formulation and justification
of this intuition. On the other hand, every thcorem of the second
set obviously belongs to the third set; and it seems very likely that
the converse also holds. This conjecture would prove to be correct
if we succeeded in establishing a general representation theorem
by which every C.A. is isomorphic with one of the algebras §/% in-
volved in 16.7. It would also be interesting to solve the prcision
PROBLEM for the three sets of theorems under discussion;i.e., to find
formal criteria which would enable us to decide in each particular
case whether a given statement belongs to one of these three sets—
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or else to show that no such eriteria can be found. In any attempt
to obtain a positive solution of this problem we should have to restrict
ourselves to theorems which involve only binary addition.

The concluding remarks of this section concern the mMurTIPLI-
CATION OF CARDINALS. By the (STRONG) CARDINAL PRODUCT H,-, r A
or suErs A, we understand the set Fy of 6.11 (where we replace ‘C;
by ‘A.’), i.e., the set of all functions f with D(f) = I, and f(s) ¢ A,
for every ¢ ¢ I;in case I consists of two numbers, 0 and 1, the product
is denoted by ‘4y X A;’. We define the (STRONG) PRODUCT OF
CARDINAL NUMBERS in such a way that

(H 4)) = Il «(49),

and in particular
k(A X B) = «k(A) x «k(B).

’ardinal numbers, however, do not constitute a C.A. under mul-
tiplication. In fact, Postulates 1.1.VI and VII fail here; this is
easily seen by puttingin 1.1.VI:a = 3,b = 2% and ¢, = 2fori < «;
and in 1.1.VIl: a, = Wyand b, = 2forz < «. On the other hand,
we can consider WEAK PRODUCTS OF SKTS AND CARDINALS by taking,
instead of Iy, the set Fy of 6.11. In this case, products of infinite
cardinals coincide with their sums; and cardinal numbers form
‘almost’ a C.A. under weak multiplication, since Postulates 1.1.I-V
and VII as well as the refinement theorem 2.3 are satisfied; the
refinement postulate 1.1.VI still fails, however, as is seen by putting
a=3,b=Ni,and e, = 2fori < o (ef. an analogous remark in
§14, after 14.9). Most theorems of Part I hold in the algebra of
cardinals with weak multiplication; and this applies also to the
algebra with strong multiplication, since f{inite products are the same
in both algebras. In particular, both these algebras are finitely
closed refinement algebras in the sense of 11.26.

The algebras of isomorphism types (of §12) and of cardinal num-
bers suggest the idea of studying abstract algebraic systems in
which the fundamental operations are defined not only for couples
or infinite sequences but also for sets of elements with higher powers.
In particular, systems which satisfy the closure postulate, the gen-
eral commutative and associative laws, and possibly also the general
refinement thcorem (12.14) seem to deserve some attention. It
remains to be seen, of course, whether the study of such systems
would bring fruitful results.



§18. ALGEBRA OF RELATION NUMBERS

By a (BINARY) RELATION R we understand an arbitrary ser or
ORDERED COUPLES. Instead of saying that the couple {(a, b) is in R,
we often say that R holds between a and b, in symbols,

aRb.

Since relations are sets, we can apply to them all theorems stated
in §16. In particular, we have:

TaroreM 18.1. The class R of all relations is a sei-ficld which is
countably complete (in the strict sense, and simply complete in the wider
sense). All conclusions of 16.1 remain valid if we replace in them ‘S’
by ‘R’.

Proor: obvious (with the help of 16.2).

We are now going to outline a construction which is specific for
relations.

The set of all first terms occurring in ordered couples of a relation
R is the poMAIN oF B, D(R); the set of all second terms is the COUNTER-
DOMAIN (or CONVERsE DOMAIN) oF R, C(R); and the union of D(R)
and C(R) is the FieLp or B, F(R).® 'Two relations R and S are called
STRICTLY DISJOINT if their fields are disjoint. By the sTRICTLY
DISJOINT SUM )i Ri OF RELATIONS R; we understand the union
of these relations in case any two relations R; and R; with_.i, jel
and 7 =% j are strictly disjoint; otherwise, the operation » is not
defined. In particular, B 3 S is the strictly disjoint sum of two
relations £ and S. By a PORTION OF A RELATION R we understand
a relation S included in R (a sUBRELATION oF R) which is strictly
disjoint with B — 8; in other words, a relation S such that, for
a certain T, § J T = R.

Tarorem 18.2. If F is a counltably complele sct-ficld of relations
—or, more generally, a family of relations such that (F, +, Z) 18
a G.C.A. (4 and Y being the operations of sct-theoretical addition)—
then (F, ¥, Z) s a multiple-free G.C.A ; the zero element of this algebra

% Various notions applying to relations and involved in this section (domain,

counter-domain, field, similarity, and relation number) have been introduced
and studied in Whitehead-Russell 1], vol. 1, pp. 247 fi., and vol. 2, pp. 310 fi.
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is the emply relation 0. The conclusion applies, in particular, to the
class F = R of all relations.

Proor: We show without difficulty that Postulates 5.1.1-V, with
‘4’ and ‘Y’ replaced by ‘J’ and ‘E’.,_ apply to relations of F, and
that consequently the algebra (F, -, ) is a G.C.A.; from 8.11 we
see that this algebra is multiple-free. The last part of the theorem
follows by 18.1.

TuroreM 18.3. If F is the famly of all portions of a relation R, then

(i) F 1s a complete set-ﬁc.ld;

(ii) the G.C.A’s (F, 4+, D) and (F, i, D) coincide.

Proor: (i) If the relations S, with ¢ ¢ I arc portions of E, then
R — X . S:is completely disjoint with each of the relations Si,
and therefore also with their sum; thus, > i S: and B — D ur Ss
are again portions of R. Hence, as is easily seen, F is a complete
set-field.

(i) If S and 7 are two disjoint portions of R, they are strictly
disjoint (since S is a subrelation of R — T'); obviously, the converse
also holds. Hence, and in view of 8.16 (and 18.2), the algebras in
question coincide.

TaroreM 18.4. If F is a countably complete sci-ficld of relations,
and if = 1is an equivalence relation which is infinitely additive and

finitely refining in the algebra § = (F, 1,30 Ge., of = sati§[ws
conditions 16.4(),(i1) with ‘+’ and ‘Y.’ changed to ‘F’ and )",
then the algebra F/= is a G.C.A.

Proor: by 6.10 and 18.2 (cf. also 6.4 and 6.7).

From 18.4 we can derive conclusions analogous to those stated
in 16.5; the symbols ‘<’, ‘+’, and ‘Z’ in these conclusions must
be provided, however, with double dots. It is easily seen that the
relations £ and £ in general do not coincide; the formula ‘S = R’
means that S is an arbitrary subrelation of R, while the formula
‘S £ R’ means that S is a portion of R. On the other hand, in
view of 18.3, the conclusions of 16.5 apply without any changes if
we take for F the family of all portions of a given relation R.

Given a family F of relations, a biunique function f is called a
SIMILARITY TRANSFORMATION IN F if, R being any relation in F whose
field F(R) is included in D(f), the set of all ordered couples
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(f(@), f(y)) with (z, y) ¢ R is again a relation in F; and if the same
applies to theinverse function f~'.  We could now repeat the discussion
of §16 which follows 16.5, by using similarity transformations instead
of arbitrary one-to-one transformations, and strictly disjoint relations
instead of simply disjoint sets. Thus, we could introduce the notions
of CONGRUENCE of two relations UNDER A SET G OF SIMILARITY
TRANSFORMATIONS, of a (QUAsI-) GROUP and a FINITELY or IN-
FINITELY ADDITIVE SET of such transformations; and we could obtain
theorems entirely analogous to 16.6-16.8.

We confine ourselves here to the case when G is the class of all
similarity transformations in the set-field R of all relations. Two
relations R and S are called stMiLAR —in symbols,

R~ S8

—if they are congruent under this class G, i.e., if there is a biunique
function f which maps F(R) onto F(S) in such a way that (r, y)
isin R if, and only if, {f(x), f(y) )isin S.

TueoreM 18.5. The hypothesis and the conclusion of 18.4 are satis-
fied if we take for F the class R of all relations (or the family of all sub-
relations or of all portions of a given relation R), and for = the similarity
relation ~.

Proor: We can derive this theorem by means of 11.25 from a
lemma analogous to 16.6; a direct proof also presents no difficulty.

By the RELATION NUMBER p(R) OF A RELATION R we understand
the class of"all relations"which are similar to 8. Two strictly dis-
joint sums D :.; R; and )" i.; S are clearly similar if the correspond-
ing relations R; and S, are similar for every 7 ¢ I. Hence we can
define the operation of CARDINAL ADDITION OF RELATION NUMBERS
in such a way that

R = 2_R; implies p(R) = Z, p(R3),

el
and in particular
R =823 T implies p(R) = p(8) + o(T)

This operation of cardinal addition satisfies the general closure
postulate and the commutative and associative laws. To show that

31 This operation has been defined in Birkhoff [1], p. 285, but only for numbers
of partially ordering relations,
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the closure postulate holds we proceed as in the case of cardinal
numbers: Given any relation numbers ¢; with 7 ¢ I, we consider
first arbitrary relations R; such that

p(R)) = o; for 7 ¢ 1.

We then replace every relation R; by the relation S; consisting
of all couples ({7, =), (i, y)) where {(x, y) £ R;; we then have clearly

p(S.‘) = p(Rg) = o; for every 1 ¢ 1.

Let S be the union of all these relations S; ; S is sometimes called
the CARDINAL sUM OF THE (original) RELATIONS R;. Since any two
relations S; and S; with ¢ &= j are strictly disjoint, we obtain
S =>.8:, andhence p(S) = 2 p(S) = X o
el el el
Thus, the cardinal sum of relation numbers ¢; exists.

The relation number 0 of the empty relation R clearly consists
of R alone; thus, it coincides with the cardinal number 0, and has
the same formal properties with regard to cardinal addition.

In case all relation numbers o, with ¢ ¢ I are equal to a given
relation number o, their sum depends merely on ¢ and on the power
v of the set I, and is called the »™ MULTIPLE OF 0—in symbols,

Z g; = V0.

el
These multiples satisfy the general distributive laws—with respect
to sums of both cardinal numbers and relation numbers.

THareoREM 18.6. P being the class of all relation numbers, the algebra
R = (P, +, D) (where + and Y are the operations of cardinal adds-
tion) 18 a C.A.; the relation number 0 is the zero clement of 9.

Proor: analogous to that of 17.3, with 17.2 replaced by 18.5.

Thus, all theorems of Part I hold for cardinal sums of relation
numbers. It is interesting to notice that many of these theorems
also apply to ORDINAL SUMS OF RELATION NUMBERs—although the
operation of ordinal addition in some respects differs fundamentally
from that of cardinal addition (e.g., it is not commutative).”

# Compare theorems on ordinal types (i.e., on numbers of simply ordering
relations) in Lindenbaum-Tarski (1], pp. 319 ff. Most of these theorems can
be extended to arbitrary relation numbers. The author intends to outline
an algebraic theory of ordinal addition in a special publication.
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33 . .
TrHEOREM 18.7. Hvery relation number o can be represented in
the form
=20

el

where all relation numbers o, with © ¢ [ arc indecomposable in the
algebra R of 18.6. Thes representation s unique apart from order.
Proor- Let S be a relation with

(]) g = p(S).

By 18.3(i) the family F of all portions of S is a complecte set-field.
Tt is known that every set in a complete set-field F can be rep-
resented as a sum of disjoint sets which are indecomposable in the
algebra (F, 4, D_)*; and, as is casily seen, two such representations
can differ only in order (cf. the proof of 4.45). Hence, and in view
of 18.3(ii), we have a unique representation of S:

@) s=34

el

where the relations S, with ¢ ¢ I are indecomposable in the algebra

F, i+, E) By passing to relation numbers, we obtain from
(1) and (2)

3) o =2.0; where o, = p(S;) forevery iel.

el
Since the relations S; are indecomposable, they are not empty (cf.
4.38 and 18.2); hence the rclation numbers ¢, are different from 0.
Assume that, for some ¢ ¢ [,

) or = 7+ v
The relation of similarity ~ being finitely refining by 18.5, we obtain
from (3) and (4), with the help of 6.7, a decomposition of S; :
S; =T 3% U where 7= p(T) and v = p(U).
Hence,
S, =T and o, =7, or 8; =U.,and o; = v.

33 Theorems 18.7 and 18.8 were obtained by B. Jénsson. Analogous results
for ordinal addition had previously been established by Jénsson in collaboration
with the author. The sccond part of 18.7 for numbers of partially ordering
relations (and the general refinement theorem for sums of such numbers) can

be found in Birkhoff [1], p. 286.
% This follows directly from Theorems 4 and 6 in Tarski [10], pp. 193 and 197.
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Thus, ¢; is indecomposable; and (3) is a representation of ¢ as a
sum of indecomposable relation numbers. In a similar way we
derive the unicity of this representation from that of the representa-
tion of S in (2); we make use of the fact that the similarity relation
is infinitely refining, not only in the sense of 6.7(ii) but also in a
stronger sense applying to arbitrary sums. This completes the proof,

THEOREM 18.8. R being the algebra of cardinal numbers of 17.3,

and R the algebra of relation numbers of 18.6, we have

RNl
where 1 1s the class of all relation numbers which are indecomposable
n R.

Proor: From 18.7, with the help of the general commutative and
associative laws, we easily conclude that every relation number &
can be uniquely represented in the form

o =2 [eo(r) 7]
el

where ¢,(7) are cardinals (not necessarily different from 0). Hence,
¢. 1s a function whose domain is the class I of indecomposable relation
numbers and whose counter-domain consists of cardinals. Thus, ¢
itself is a function which maps the class of all relation numbers o
onto the class of those functions which constitute the strong cardinal
power £ (cf. 6.11); and, with the help of the commutative and
associative laws for sums and the distributive law for multiples of
relation numbers, we easily show that ¢ establishes an isomorphism
between % and R! (in the sense of 6.1).

Theorem 18.8 clearly remains truc if £ and R are regarded as
algebras with unrestricted addition.

Theorems 18.7 and 18.8 improve considerably the result obtained
in 18.6. In fact, by means of these theorems we can show directly
that all the results of Part I hold in the arithmetic of relation num-
bers; the derivation is based upon elementary laws of the arithmetic
of relation numbers (applied in the proof of 18.8) and fundamental
properties of cardinals (e.g., those stated in 17.4), and is independent
of the general theory of C.A.’s. Moreover, we can derive from 18.7
or 18.8 various properties of relation numbers which do not apply
to arbitrary C.A.’s; for instance, we can show that every non-empty
set of relation numbers has a greatest lower bound and, in case it is
bounded above, also a least upper bound—in other words, that the
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algebra of relation numbers is complete in the wider sense. As a
consequence of 18.7 we obtain also the general refinement theorem
for cardinal sums with an arbitrary number of terms. It should
be noticed, however, that in the derivations based upon 18.7 and
18.8 we make an essential use of the axiom of choice in its most general
form; whereas Theorem 18.6 permits us to extend the results of Part
I to the arithmetic of relation numbers by means of arguments
which have an essentially constructive character. It may also be
mentioned that Theorem 18.6 can be extended to arbitrary coset
algebras (F, I, 2)/ % where F is a set-field of relations and 7 is
the congruence relation under an infinitely additive group of similarity
transformations in F; while 18.7 and 18.8 apply specifically to the
algebra of relation numbers. Compare here the discussion of anal-
ogous problems in §17.

The results established in this section can be generalized con-
siderably. They apply, practically without changes, to MANY-
TERMED RELATIONS, i.e., to sets of n-termed sequences (xo, ---, i,
---)with 2 < n £ ®. They can easily be extended to FAMILIES
oF sETS. For this purpose, we agree to call two families F and G
of sets STRICTLY DISJOINT if the sums

2(F) =2 X and 2(G) = L X

XeF XeG

are disjoint. We define the relation of DOUBLE EQUIVALENCE (or
DOUBLE SIMILARITY) as the relation which holds between two families
F and G if there is a biunique function f such that f maps Z(F) .onto
2(G), and at the same time the function f* defined as in 16.6 maps
F onto G.¥ In terms of strict disjointness and double equivalence
we define STRICTLY DISJOINT SUMS OF FAMILIES OF SETS, TYPES OF
DOUBLE EQUIVALENCE OF FAMILIES, and CARDINAL SUMS OF TYPES;
and we extend to these notions the results stated in 18.1-18.8.

In an entirely analogous way we can extend these results to AL-
GEBRAIC SYSTEMS wih one or more operations and to their 1so-
MoRrpHISM TYPES. It should be pointed out, however, that the
notion of CARDINAL ADDITION has but a very small value for algebraic
research. In fact, we are mostly interested in algebraic systems
which are closed under their fundamental operations; it is easily
seen, however, that the isomorphism type of a closed system is always
indecomposable under cardinal addition, and hence is never a cardinal

3 Cf. Whitehead-Russell {1], vol. 1, pp. 84 ff.
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sum of two or more isomorphism types (unless all these types, with
at most one exception, equal 0). For the same reason the operation
of cardinal addition finds no applications in a discussion of such
algebras which, like G.C.A.’s, are not necessarily closed, but are
supposed to have a zero clement; in connection with such algebras
the related operation of CARDINAL MULTIPLICATION WITH THE RANK
2, which was briefly discussed at the end of §12, proves more useful.

The notions of set-theorctical equivalence of sets, similarity of
relations, double equivalence of families of sets, and isomorphism
of algebras can be regarded as particular cases of the GENERAL NOTION
OF ISOMORPHISM, which is applicable to all possible kinds of mathe-
matical systems. Consequently, cardinal numbers, relation num-
bers, types of double equivalence, and isomorphism types of algebras
appear as particular cases of the GENKRAL NOTION OF AN ISOMOR-
pHISM TYPE. If we wished to give the results of this section the
most general form, we should have to begin with a precise and
adequate definition of the general notions just mentioned. The prob-
lem of formulating such a definition is, however, by no means simple;
in trying to solve it we meet with various difficulties of a set-theoretical
nature. We are not going to elaborate on this point.

Besides cardinal addition, we have come across another operation
on isomorphism types—that of carpiNAL MuLrTIPLICATION. We
have discussed in §12, and partly also in §§13 and 15, cardinal prod-
ucts of types of C.A.s, G.C.A.’s, and related algebras; and in §17
we have made some remarks regarding products of cardinal numbers.
The extension of the notion of a cardinal product to other isomor-
phism types, e.g., to relation numbers, presents no difficulty. From
an algebraic point of view, the operation of cardinal multiplication
is much more important than that of cardinal addition, and it has
a much wider range of applications. We cannot expect, however,
in the theory of this operation any general results analogous to
18.6-18.8. As was pointed out in §17, even the simplest isomorphism
types, i.e., the cardinal numbers, do not constitute a C.A. under mul-
tiplication; compare here also Theorem 12.18 and the remarks which
follow 12.21. On the other hand, we have obtained a number of
rather interesting results applying to types of C.A.’s and of related
algebraic systems (cf. 12.17, 12.21, 13.31, 15.27, and 15.28). We
shall see in the appendix that these results can be extended to wider
classes of algebras and that they have some implications for other
kinds of isomorphism types, in fact, for relation numbers.
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A. DIRECT PRODUCTS AND FACTOR ALGEBRAS

By an aLceBrA we shall understand in this appendix an arbitrary
system % = (A4, + ) constituted by a set A and a binary operation
=+, and subjected to one restriction only: A is supposed to contain
the (uniquely determined) zero element 0 defined in 1.2.

An algebra B formed by a subset B of A containing the element
0 and by the fundamental operation 4 of % will be called a sus-
ALGEBRA OF ¥, and also the set B itself will be referred to as a sub-
algebra of ¥ (or else a subalgebra of A under -+); this somewhat
restricts the usage of the term ‘subalgebra’ as determined in 6.13.
In discussing subalgebras B, C, --- of a given algebra 2 we shall
use the set-theoretical notation employed in §16; thus, for example,
the formula ‘B =< C” will express the fact that the subalgebra B is
included in the subalgebra C, and the symbolic expression ‘B N C’
will denote the intersection of B and C. The subalgebra consisting
only of 0 will be denoted by ‘{0}’.

Moreover, we shall apply to algebras 9 various notions previously
introduced in this work; the definitions stated in Parts I and II are
understood to have been modified in the way indicated in 13.2.

We assume, in particular, that an isomorphism type () has
been correlated with every algebra ¥ in the way indicated in 12.1, and
that the opecration of cardinal multiplication has been defined both
for algebras themselves and for their isomorphism types. As we know
from 6.11 and 12.2 (compare also the remarks at the end of §12),
several variants of this operation can be distinguished, which, how-
ever, have many properties in common. Thus, e.g., the cardinal
multiplication of types satisfies the unrestricted closure postulate
and the most general commutative and associative laws; cf. 12.3-12.5
and 13.29. In agreement with 12.6, the common type of all algebras
9 which contain no element different from 0 will be called the unIT
TYPE 1; it has the properties indicated in 12.7. When applying
definitions and elementary theorems on cardinal products, we shall
not refer to them explicitly.

The factor relation between isomorphism types—which was men-
tioned a few times in §12—will now be defined in a formal way:
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DeriniTioN A.l. 4 type a 18 called a FacTOR OF 4 TYPE 8 if
a < Bin the algebra (T, X ) constituted by the class T of all isomorphism
types and by the binary operation X of cardinal multiplication; i.e.,
if there 1s a type v such that « Xy = B. The set of all factors of a type
B s denoted by ‘®(8)’.

Various elementary properties of the factor relation, e.g., its re-
flexivity and transitivity, follow immediately from this definition
and from fundamental properties of cardinal products. It may
be mentioned that Definition 12.8 can now be reformulated in the
following way:

CoroLLARY A.2. A type o is indecomposable if, and only if, ®(a)
contains just two different types (in fact, the unit type 1 and a tself).

We shall be concerned with various subalgebras of the algebra
(T, x) of A.1; and we shall be especially interested in subalgebras
(®(a), x).! Not much can be said in general about the algebras
in question. The algebra (T, X) is a groupoid; the unit type 1
is its zero element; and 1.33 holds in this algebra, ie., @ X8 = 1
implies « = B = 1. The same applies to algebras (®(a), X)—
with the difference that they are not necessarily groupoids, but
what we have called generalized groupoids (cf. the end of §13). The
factor relation clearly coincides with the =< relation, not only in
the algebra (T, X) but also in its subalgebras (®(a), x); and the
sets ®(a) are scmi-ideals in this algebra—in fact, they: coincide
with the principal semi-ideals defined in 9.10.

The study of cardinal multiplication of algebras and isomorphism
types reduces to a large extent to that of a certain operation on
subalgebras of an a]gebra—an operation which will be referred to
as DIRECT MULTIPLICATION.’

DeriniTioN A3. Let A = (A, +) be an algebra, and let B; be
subalgebras of A correlated with elements © of an arbitrary set I. By

1 The authors have included in this appendix only those results of their
joint study of cardinal products which are more closely related to the main
ideas and methods of the whole book. Some other results in this domain can
be found in Jénsson-Tarski [1].

2 The notions of a cardinal product of algebras and of a direct produet of
subalgebras are very often confused in the literature.
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a DIRECT PRODUCT OF THE SUBALGEBRAS B; we understand a subalgebra
B of A satisfying the following condition:

(i) there is a function f which maps (B, + ) isomorphically onto
the cardinal product []..r (Bi, + ) in such a way that, for every i ¢ I,
B; consists of those elements x € B for which f.(3) = x, while f,(j) = 0
ifjel and ? = j.

In case the subalgebra B is uniquely determined by this condition, we put
B = H B; )
el
and if, in particular, I consists of two numbers, 0 and 1, By = C, and
B, = D, we wrile

B = C x D.

Similarly we define a sTRONG and a WEAK DIRECT PRODUCT OF SUBAL-
ceBras, [1, B, and [T B. .

tel iel
It should be remembered that the cardinal product H;c (B, +)
is constituted by functions g with

D(g) = I, and ¢(i) ¢ B; forevery i¢/

(cf. 6.11). Ilence the function f considered in A.3(i) correlates,
with every element x ¢ 4, one of these functions ¢ = f,, so that

D({f.) =1 and f.(i)eB, forevery zeA and i¢l.

The problem arises whether the subalgebra B in A.3 is indeed
uniquely determined by condition (i) (provided such an algebra
exists at all). We shall see in A.12 and A.15 that this is true in
the case of a product of finitely many subalgebras and, more gen-
erally, in the case of a weak product of arbitrarily many subalgebras.
It can be shown by means of an example that, in the case of plain
and strong products, B is not, in general, uniquely determined by
A.33). (To construct such an example, we can take for A a group
which is the cardinal product of an infinite sequence of groups of
order 2.) Compare here, however, Theorem B.3 below.

The fundamental relation between cardinal products of types
and direct products of subalgebras is exhibited in the following:

THEOREM A.4. Let A = (A, +) be an algebra, and let B; be iso-
morphism types correlated with elements ¢ of a set I. In order that
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7(d) = Il B
it 1s necessary and sufficient that it be possible to correlate, with cvery
1 € I, a subalgebra B; of U in such a way that A is a direct product of
all these subalgebras and that

t((B.,, +)) = B. for every 1 ¢ I.

Similarly for strong and weak products.
Proor: obvious.

In the following theorems we state various elementary properties
of direct products, and in particular we formulate the general com-
mutative and associative laws. The proofs, which are quite ele-
mentary, will be omitted.

THEOREM A.5. Let, for every i € I, B, be a subalgebra of an algebra .
() If the set I is at most denumerable, then every direct product of
subalgebras B, s also their strong direct product, and conversely.
(i) If I s finite, the same applics to weak direct products.
(iii) If I consists of one element j, then
H B.‘ = B,'.
iel
THEOREM A.6. Let B; for every © € I and C; for every j € J be sub-
algebras of an algebra A. If there is a function f which maps I onto J
in a one-to-onc way so that B; = Cyu for every © € I, then every direct
product of subalgebras B; is also a direct product of subalgebras C, ,
and conversely. Similarly for strong and weak products.

TueoreM A.7. Let a set J; be correlated with every clement 1 ¢ I;
let K be the set of all ordered couples (i, j) where i e I and j € J; ; and
let B,,; for every (, j) € K be a subalgebra of an algebra A. For B to
be a direct product of all subalgebras B;,; it is necessary and sufficient
that there exist subalgebras B; of U satisfying the following conditions:
B is a direct product of all subalgebras B; with © ¢ I; and, for every
1 ¢ I, B; is a direct product of all subalgebras B; ; withj e J;. Similarly
for strong and weak products.

TaEOREM A.8. Let, for every i € I, B; be a subalgebra of an algebra
A, and let B be a direct product of all subalgebras B; withi e I. If I’
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18 a subset of I, then there is a subalgebra B’ < B which is a direct product
of all subalgebras B; withi e I'.  Simalarly for strong and weak products.

THEOREM A.9. Let, for every © € I, B; be a subalgebra of an algebra .

(i) If a direct product of all subalgebras B; exists, then B, N B; = {0}
forall i, e I witht = j.

(i) If {0} is a direct product of all subalgebras B, , then B; = {0}
for every © ¢ I. The converse tmplication also holds, and we have then

{O} = gBi-

(iii) If, for a given j € I, B; is a direct product of all algebras B,
then B; = {0} for every 1 € I such that © &= j. The converse tmplica-
tion also holds, and we have then

B; = ]I B:.
sel
Stmilarly for strong and weak products.

TarorEM A.10. Let, for every ¢ € I, B, and C; be subalgebras of an
algebra N such that B; < C; . [If C s adirect product of all subalgebras
(i, then there is a subalgebra B = C which is a direct product of all
subalgebras B;. Simzilarly for strong and weak products.

We shall now concern ourselves with direct products of finite
sequences of subalgebras. In this case the notion of a direct product
can be characterized in terms of arithmetical properties of elements
which constitute the subalgebras involved. In fact, we have:

- Taeorem A.11. Let A = (4, +) be an algebra, and let B, By,
By, -+, Bi, - withi < n < « be subalgebras of A. For B to be
a direct product of By, By, --+, B;, -+ with © < n, it ts necessary
and sufficient that the following condilions be satisfied:

(i) every element b € B can be represented in the form

b= D, b; where b;eB; forevery i < n;
i<n
(i) 4f b € B; for every © < n, then D ica b; exists and is in B;
(iii) of b, %, bi & Bi for every © < n, we have
2 b= 2 b+ X b
i<n i<n <n

if, and only if, b; = bi + b for every ¢ < n.
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Proor: Assume conditions (i)—(iii) to be satisfied. By putting
in (iii)
bi = 0 for i < m,
we see that every element b has only one representation (i). Thus,

we can correlate with every b ¢ B the unique sequence by, b1, - - -,
b;, - -- such that )
b= 2 b.

i<n
From (i)-(iii) and 6.1 it is easily seen that this correlation establishes
an isomorphism between (B, +) and [Ji<. (B., +). If, further-
more, j < n,and b; = 0 for ¢ < n, ¢ F j, then we have by 13.2

2 b =b;;

1<n

hence B; consists of those elements b ¢ B for which in the corrclated
sequence all terms equal 0 except, perhaps, the term b; which equals
b. Thus, according to A.3, B is a direct product of By, By, -+,
Bi, .

Assume now, conversely, that B is a direct product of By, Bi,
-++, B;, ---. Let f be the function which maps (B, + ) isomor-
phically onto J[.<. (B:, 4+ ) in the way described in A.3(1). For
every ¢ < nand b ¢ B we put

bi = fi(e).
Thus, b; is in B; ; and therefore
fo®) = bi, and fo,(j) = 0 for j < n, j * 4
Hence, by 13.2, we conclude that
h = .-;. fois

and consequently, by 6.1,

b= 2 b.'.
i<n
Condition A.11(i) has thus been established. In a similar way we
show that conditions A.11(ii),(iii) are also satisfied; and our theorern
proves to hold in both directions.
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CoroLLARY A.12. If a subalgebra B of an algebra A is a direct
product of subalgebras By, By, -+« , B,, -+ witht < n < , then it
18 the only direct product of these subalgebras, 1.c.,

B = ]I B.
<n

Proor: by A.11(1),(3ii) (and in view of A.3).
TrEOREM A.13. Let, under the assumptions of A.11,

B = ]I B..
i<n
We then have:
(i) every element b € B has exactly one representation

b= Z b; with b; e B; forevery © < m;
i<n
(ii) 4 bi, b € B, for every © < n and
> bi+ 2 b eA4,
i<n i<n
then b + b € B; for every t < m;
(i) f bi, by, bi + bY & B; for cvery i < n, then
2 (bi+bY) = 20 bi+ 2005
i<n i<n i<n
v)ifi<j<mn,cedi,anddeAj,thenc +d=d + ¢
W) ift <mj<mn k <mn, at least two of the three numbers 1, j,
and k are different,c ¢ B; ,d ¢ Bj,e e By,c+ de B, c + e ¢ B, and
d+eeB,thnc+ (d+e) =c+ (d+ e).
Proor: (i) follows from A.11(i),(ii). To derive (ii), we first
apply A.11(i) to the element
b= 2 bi+ X b,
i<n i<n
and then we make use of A.11(iii)). Conclusion (iii) results directly
from A.11(iii). By replacing in A.13(iii) most term by zeros, we
arrive at (iv) (cf. the proof of 5.8). To obtain (v), we put
1) c=2 ¢, d=2di, e= 2 @
l<n I<n

I<n

where ¢; = ¢, d; = d, e, = e, and all other terms are zeros. We
observe that, for every | < n, at least one of the elements ¢;, d;,
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and e, is zero and all the elements ¢;, d;, e:, ¢; + di, ¢i + €, and
d; + e; are in B; hence

(2) ci+(di+e)=(ci+d)+eeB for I<m.

The conclusion of (v) easily follows from (1) and (2) by A.11(iii)
and A.13(ii). The proof of A.13 is thus complete.

Various parts of A.13 can be generalized by an easy induction.

Conditions (i)—-(iii) of Theorem A.11 can be modified in case
we apply this theorem to a subalgebra B which is assumed to be
closed under the operation + (i.e., in which the sum b; 4 b, of any
elements b, , b, ¢ B always exists and belongs to B). In fact, it is
easily seen that in this case B is a direct product of subalgebras
Bo,By, - ,B;, - (i <n < ) if, and only if, these subalgebras
are included in B, are closed under +, and satisfy A.13(i),(iii).
If, moreover, the associative law holds in the algebra ¥, condition
A.13(iii) can be replaced by A.13(iv). Hence we see that Definition
A.3 when applied to a finite sequence of subgroups of a group is
equivilent to the usual definition of a direct product (or a direct
sum).

TeEOREM A.14. Let B as well as B; for every © € I be subalgebras
of an algebra A = (4, +).

(i) For B to be a weak direct product of all subalgebras B; it is neces-
sary and sufficient that, for every fintle sequence %o, t1, *** , Tk, **
with k < n < o of distinct elements of I, the product I1:<n B, exist,
and that B be the union of all these finite products.

(i) In case I is the set of all finite integers, this necessary and suf-
ficient condition can be expressed as follows: all products II.-<" B;
with n < oo exist, and

B= U ]I B.

n<wo i< n
Proor: (i) If B is a weak product of subalgebras B;, then, by
A.8, all finite products < Bi, exist and are subsets of B. Now
consider a function f which maps (B, +) onto ], (B:, +) in
iel

the way described in A.3(i). Thus, for every b ¢ B, f; is a function
with
D) = I, and fi(7) = B; for 7 < oo.

3 Cf., for instance, van der Waerden [1], pp. 141 ff.
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Moreover, there are only finitely many elements 4, %, --- , %,
««+inl, k < n < o, for which fy(%x) 3= 0. Asis easily seen, we have

fb = Z fb‘k;
k<w»

hence, by isomorphism,

) b= 2 by;

k<n
and therefore, by A.11(ii), b belongs to [[4<n Bi, . Consequently,
B is the union of all such finite products; and the condition of our
theorem proves to be necessary.

Assume now, conversely, that all finite products [Ji< B, exist
and that B is their union. Consider any elements b ¢ B and ¢ ¢ I.
As is easily seen, b belongs to a certain product ]Ji<n Bi, where
i = ¢ for some k < n; thus, by A.11(i), b has a representation (1).
If now b belongs to another product [[:<, Bj, where 5, = ¢ for some
l < p, and the corresponding representation is

b= 2 bj,

i<p

then we can arrange all elements 7 and j; in one sequence, construct
the corresponding product, and show by means of A.13(i),(@iv),(v)
that

bi = by, = bj,.

Thus, the element b; is uniquely determined by b and ¢; and we can
correlate with b the function f, defined by the formula

@) = bi.

The proof that f satisfies condition A.3(i), with ‘TI’ changed to
‘TI.’, is quite elementary; we apply various parts of A.11 and A.13.
Thus, according to A.3, B is a weak direct product of subalgebras B; .

(ii) follows from (i) by A.8; and the proof of A.14 is complete.

From A.11 and A.14 we can easily obtain a characterization of
a weak direct product of subalgebras B; in terms of arithmetical
properties of elements belonging to these subalgebras. (For G.C.A.’s
this has been implicitly done in 12.13.)
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CoroLLARY A.15. If a subalgcbra B of an algcbra A is a weak
direct product of subalgebras B; of A with © ¢ I, then B s the only weak
direct product of these subalgebras, i.e.,

B =1I. B:.

iel
Proor: by A.14 (cf. A.3).

DEeFINITION A.16. Let A = (A, + ) be an algebra.

(i) A subalgebra B of U 1is called a (DIRECT) FACTOR OF U if there
1s a subalgebra C of A such that A = B x C.

(i) The family of all factors of A will be denoted by ‘F(N)’. The
algebras FA) = (F), x) as well as (FQ), x, []) and
(F), x, ] [) will be referred to as Factor arcrBrAS OF A.  The symbols
‘<7, Ny, Ny, Uy, and Uy, will be used to denote the < relation
(or FacTOR RELATION) and the operations of forming the least upper
bound (or LEAST commoN MULTIPLE) and the greatest lower bound (or
GREATEST COMMON FACTOR) 1in these factor algebras.

It should be noticed that the operations ] ] and ] [ in factor algebras
are understood to be restricted to infinite sequences of factors; cf.
the remark which follows 8.7. Hence, in view of A.5, the factor
algebras with the operation ], need not be discussed separately.
A fundamental relation between factor algebras and the algebras
of isomorphism types (@(a), x) and (®(a), %, J]w») will be es-
tablished in A.18.

TueoreM A.17. Let A = (A, +) be an algebra, and B an iso-
morphism type. For B to be a factor of v(U) it is necessary and suf-
ficient that there be a (direct) factor B of A such that

B = ((B, +).
Proor: by A.1, A3, A4, A.12, and A.16.

TaeorEM A.18. For every algebra A we have:

(i) the isomorphism relation = between factors of A is a finitely
refining and finitely additive equivalence relation in the algebra §(),
which in addition is infinitely additive in the algebras (F(N), x, I])
and (F), x, [1.);

Gi) if r() = a, then the algebras (®(a), x) and (@(a), x, []w)
are isomorphic with the coset algebras F(A)/= and (F(N), x, [[»)/=2,

respectively.
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ProorF: (i) follows easily from A.4 with the help of 6.1, 6.4, 6.7,
6.13, A.3, A.12, and A.16. The proof of (ii) is analogous to that of
12.15 or 12.19; we apply A.4 and A.12 again, as well as 6.3, A.15,
and A.17.

Since we use a multiplica?tive notation for factor algebras, it would
be more proper to speak of (finitely and infinitely) multiplicative
relations in these algebras. We prefer, however, to usc the term
‘additive relation,” so as not to deviate from the terminology em-
ployed in the main body of the work.

It may be noticed that the relation = discussed in A.18(3) is
not only finitely but also infinitely refining in the algebra (F(2),
%, [[w)- It is doubtful, however, whether this applies also to the
algebra (F(), x, []), for a direct product of infinitely many factors
is not always uniquely detcrmined. For the same reason A.18(ii)
cannot be extended to algebras (F(20), x, JI).

TrEOREM A.19. If a faclor B of an algebra A is a direct product
of subalgebras B, of A with i € I, then all these subalgebras are factors
of A. Similarly for strong and weak products.

Proor: by A.7, A.12, and A.16.

TrEorREM A.20. Let B be a factor of an algebra A = (4, +).
If any two of the three elements by, ba, by + by € A are in B, then the
third element 1s also in B.

Proor: By A.16 we have for some subalgebra C' of %

A =BxC.
If by, by £ B, we apply A.13(ii) with » = 2 by putting
by = by, by = by, by = b =0,
and we obtain by + by ¢ B. If by, by + b, € B, we get by A.11(i)
by=b+4+c where beB and ceC;
hence
(b +b) +0= (40 + 0+ o);
therefore, by A.11(iii),
0=04+c=c¢c and b,=b+0=0;
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so that finally b, ¢ A. In a similar way we show that by, by + b
& B implies b, ¢ B.

TueoreM A.21. Let B, C, B x C be factors of an algebra A =
(A4, +),and let b, b’ e Band ¢, ¢’ ¢ C. We then have:

DV +c¢ 2b+cif,andonlyif,t) Lbandc = c;

(i) fzed,z Sbandz < c, thenz < 0;

(iii) ifz e A, b S x,and c < z,thenb + ¢ £ 2.
Hence, in case the algebra A is partially ordered, we have

(iv) bNe¢=0andbVUc =b + c.

Proor: By A.16 there is a subalgebra D such that

(1) A= (BxC0C) xD.
Suppose
2 V +¢ b+ c

We then have by 11.5 for some element a ¢ A
b+e=@0 +¢) + a

By A.11(ii) and A.20, a is in B x C, and hence by A.11(i) there are
elements b’ ¢ B and ¢’ ¢ C such that

a =0+ ¢
Therefore
® btc=@0 +c)+ 0+ ),
and by A.11(iii)
@ b=V 4+ b and ¢ = ¢ + ¢
Hence
() ¥ <b and ¢ = c.

If, conversely, (5) is true, then (4) holds for some b”, ¢’ ¢ A, and
by A.20 we conclude that b"’ ¢ B and ¢’’ € C. Therefore (3) holds by
A.11(ii), and (2) follows directly from (3). Thus (i) has been es-
tablished in both directions.

Suppose now = £ A. Let, by A.11(i) and (1),

(6) 2= Mi+c)+d where bjeB, ¢,eC, deD.
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Under the hypothesis of (ii), we have
(bi+ec)+d=(b4+04+0 and (hi+ca)+d=(0+c)+0.
By now applying (i) several times, we obtain first, with the help
of A.11(ii),
bh+ea=b+4+0 b+e=0+4+¢ and d=0;
hence
aq 20, by £ 0, and d = 0;

and finally

bi +¢) +d =04+ 0 + 0, ie, z < 0.
Similarly, under the hypothesis of (iii), we obtain from (6) by (i)

b £ b, ¢ £ a, 0 2 4,

and consequently

b+cs=Ubi+a)+d e, b+c =<2
We have, moreover, by 1.2, 1.5, and A.13(iv),

0=b=b+c¢c and 0 ZLc=£b+ec

Hence, if A is partially ordered and thercfore the relation < is
antisymmetric (cf. 13.10), we can apply Definitions 3.1 and 3.2,
and thus replace conditions A.21(ii),(iii) by formulas (iv). This

completes the proof.

It may be noticed that the =< relation between elements of an
algebra 9, as defined in 1.5, does not play any distinguished role
in the discussion of algebraic systems of an arbitrary nature. There
are several other relations which deserve equal attention and to
which Theorem A.21 can be extended; for instance, the relations

=<,;and =;defined in the following way:
a=1b of at+c=c+ a=20>b forsomec
a S:b of (c+a) +d=0>b for somecandd.

In this work, however, we are interested almost exclusively in algebras
which satisfy the commutative and associative laws; and in these
algebras the relations in question coincide.
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Various elementary properties of factor algebras can easily be
derived from general theorems on direct products, A.6-A.10. Notice
in particular

THEOREM A.22. For cvery algebra A = (A, + ) we have:

(i) f B,C,B xCeFN),then BxC = (C x B;

(ii) if B, C, D ¢ F(A) and either B x C, (B x C) x D ¢ F(N) or
C x D, B x (C x D) e FN), then all these products arc in F()
and (BxC)xD = B x (C xD);

(iii) {0} e F(A), and B x {0} = {0} x B = B for cvery B € F();
i.e., {0} s the zero element of F(N);

(iv) #of B, B x B ¢ F(), then B = {0}; 1.c., the algcbra F(A) 1s
multiple-free;

v) A € F(N); and for every B ¢ F(A) we have B <, A, 1.¢., there s
a C e F(A) such that A = B x (.

Proor: (i) and (ii) follow easily from A.6, A.7, and A.16. (iii)
is an immediate consequence of A.9(iii) and A.16, while (iv) results
at once from A.9(i) and 8.11. Finally, (v) follows from A.6, A.9(iii),
and A.16.

The following theorem is of a somewhat less obvious nature and
has many important consequences:

THrOREM A.23 (MODULAR LAW). Let B, C, B x C, and D be factors
of an algebra A = (A, +). If B < D, then

BxC)ND=Bx(ND).
Proor: By A.10, A.12, and A.16, the product B x (¢ N D)

exists and
1) Bx(CND) £BxC.
Since
B £ D and ¢ N D = D,

we easily see by A.11(i) and A.20 that every element of B x (C' N D)
is in D, i.c,,

B x (¢ N D)y £ D.
Hence and by (1)
2) Bx(CND) £ (BxC)ND.
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Consider now any clement @ in (B x C) N D. By A.11(i) we have

a =b+c¢ with beB and c ¢ C.
Since
B = D,

bis in D. But a is also in D. Consequently, by A.20, ¢ is in D
and therefore in ¢ N D. Hence, by A.11(ii), ¢ is in B x (C N D).
Thus

3) BxC)ND =< B x (CN D).
(2) and (8) at once give the conclusion.

Theorem A.23 can be generalized. In fact, B and C can be as-
sumed to be arbitrary subsets of A; B x (' can be interpreted as
what is sometimes called the compLEX suMm oF B AND C, i.e., as the
set of all elements b + ¢ € A with b ¢ B and ¢ ¢ (' (so that the exis-
tence of B x €' does not have Lo be postulated), and the same applies
to B x (C' N D); finally, we can assume that D is an arbitrary subset
of A which has the properties stated in A.20 for B.*

TreoreEM A.24. Let B and C be factors of an algebra A = (A, +).
We then have B = C if, and only if, B =, C in the algebra F(N), t.e.,
if Bx D = C for some D ¢ F().

Proor: By A.22(v) we have

(1) A = B x D' for some D' ¢ F(2).
Now if
(2) B = C,

we obtain, by applying A.23 (with ¢ = D’and D = (),
BxD)NC=Bx D N,
and hence, by (1),
C =Bx (D NCO.
Thus, by A.19, the set D’ N C is a factor of ¥, and we have

4 In connection with the modular law cf. Birkhoff [3], pp. 34 ff., where bib-
liographical references to earlier publications can be found. For normal sub-
groups of a group this law was discovered by R. Dedekind. In Baer [1],
p. 455, the modular law is stated for a class of algebras with one operation
which is more comprehensive than that of groups.
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3 B =, C.

Conversely, (3) implies (2) by A.3. The theorem thus holds in both
directions.

CoROLLARY A.25. For every algebra ¥, the algebra F(N) is partially
ordered.
Proor: by A.24.

This corollary can also be easily derived from A.9(iii), A.16, and
A.22(i1),(1ii).
CoroLLARY A.26. Let U be an arbitrary algebra.

() If B; for every © & I as well as Ni.; B:, or Ui, Bi, are factors
of U, then

nB¢=n,B,~, or UB.'= UfB.'.

sel sel iel sel

(i) If BxCeF(N),thenBNC = BN, C = {0}.

(iii) If BxC e F(N), then Bx C = BU,C.

Proor: (i) follows directly from A.24 (and 3.1, or 3.2). (ii)
results from (i), A.9(i), and A.22(iii). Furthermore, we have by A.3

B<Bx(C and C £ BxC,
and we easily see from A.11(i) and A.20 that
B=X and C =X imply BxC =X
for every factor X. Hence, by A.24, we obtain (iii).

Taeorem A.27. If B,C, D, B x C, and (B x C) x D are factors
of an algebra U, then

(BxC)N(BxD)=(BxC)N;(BxD) =B8B.

Proor: By A.22(i),(ii), the product B x D exists and is a factor
of A. By A.3 we have

B £ B x C.

We now apply A.23 with ‘C’ and ‘D’ replaced by ‘D’ and ‘B x (7,
respectively; and we obtain

(1) (BxD)N(BxC) =Bx[DN(BxCO)
Since (B x C) x D is a factor of %, we have by A.26(ii)
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) DNBxC) = {0}.
The conclusion follows from (1) and (2) by A.22(iii) and A.26(i).
Corollary A.26(iii) can be generalized:
TueoreM A.28. If B; for every © ¢ I and II.,, B; are factors of
an algebra A, then M
Il. B: = g, B;.

iel
Proor: From A.7, A.14, and A.19 we see that the products
HK,. B;, are factors of U for every finite sequence %, %1, - -, %,
- eI. By A.14 and A.26(i),(iii), we easily conclude that I1. B:
sel
is the least upper bound of all such finite products in the algebra
F(A), and that each of these finite products is the least upper bound

of its factors. Hence the conclusion follows at once.

As a further application of the modular law, we may mention
that Theorem 2.18(i) holds in every factor algebra (F(2), x, Hw)
and applies to an arbitrary (even non-denumerable) system of factors.



B. ALGEBRAS WHOSE FACTOR ALGEBRAS ARE
BOOLEAN

The theorems established in the preceding section provide us
with much information about factor algebras. In particular, we
see from A.22 that the algebra () is a multiple-free generalized
groupoid in which all elements have a common upper bound; thus,
this algebra has many properties in common with disjunctive Boolean
algebras defined in 15.14. All these results, however, do not scem
to have any interesting consequences for the algebras of types
(®(a), x), in which we are primarily interested. To obtain such
consequences, we restrict ourselves in our further discussion to those
algebras A for which the factor algebra is a disjunctive Boolean
algebra.

THEOREM B.1. For cvery algebra A = (A, +) the following con-
ditions are equivalent:

1) F0 s a disjunctive Boolean algebra;

(i) F(A) has the refinement property.

Proor: From A.22 we sce that the factor algebra F(A) has all
the properties of disjunctive Boolean algebras listed in 15.14, except
perhaps the refinement property. Ilence the conclusion.

Several other conditions are known which are equivalent to those
of B.1. We list here the following:

(i) (F(A), Us) i3 a Boolean algebra;

(iv) if A = By x By = €1 x Cy, then there are factors Dy, Ds, Dy,
and 1)4 Of ?[ such that Bl = I)l X l)g, Bz = D3 X D4 , C] = D1 X D3 B
and C'y = Dy x Dy ;

v) if Be F(N) and A = Cy x Cy, then there are factors By and B,
Of ?[ such that B = Bl X Bz . Bl é C] y and Bz é Cz >

(Vi) ¢f B, €y x Cy e F(A), then B N (C; x C3) = (BN C) x
(BNC,y.

In view of A.24, condition (iii) can also be put in the following
form:

F(%A) #s a Boolean algebra under set-theoretical inclusion
272
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(cf. the beginning of §15). The proof that conditions (iii)~(vi)
follow from B.1(i) is based upon elementary properties of disjunctive
Boolean algebras, which we assume here to be known. In deriving
(iii) we use 15.16; (iv) is but a particular case of B.1(ii) (cf. 13.18);
in deriving (v) and (vi), we apply A.24 and A.26(i). The proof
that each of the conditions (iii)—(v) implies B.1(i) is more involved
and will not be given here; it is essentially based upon the modular
law A.23. Condition (vi), which will be generalized in Theorem
B.4 below, clearly implies B.1(ii).

In our further discussion we shall become acquainted with com-
prehensive classes of algebras A which satisfy conditions B.1(i),
i.e., for which the factor algebra F() is a disjunctive Boolean algebra.
As a simple example of an algebra which does not satisfy this con-
dition we may mention the four group, i.e., a group which is the
direct product of two subgroups of order 2.

TaroreM B.2. Lel A = (A, +) be an algebra which satisfies B.1(i).
If B,CeFQ), then BNCeF®)and BNC = BN;C.
Proor: By A.22(v), we have for some factors B’ and C’ of ¥

1) A=BxB =CxC(.

Hence, by B.1 (and 13.18), there are factors D, Dy, D;, and D, such
that

(2) B=D1XD2,C=D1XD3, BI=D3XD4, and
C" = Dy x Dy.

From (1) and (2) we easily see by A.22(ii) that (D, x D) x D; is a
factor. Consequently, by A.27,

3) (D1 x Dg) N (Dy x Dy) = (Dy x Dy) Ny (Dyx Dy) = Dy
(2) and (3) imply the conclusion at once.

For algebras % which satisfy condition B.1(i) the results obtained
in A.15 and A.28 for weak direct products can be extended to direct
products and strong direct products; it must be assumed, however,
that the products involved not only exist but are factors of . In
fact, we have
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TureoreM B.3. Let A = (4, +) be an algebra which satisfies
B.1(i). If a factor B of A is a direct product of factors B; of U with
1 & I, then

(i) B = 'LJI, B;;

(ii) B s the only direct product of factors B , i.e.,
B = H B; .

iel
Simalarly for strong products.
Proor: By A.3 and A.24 we have

(1) B; ;B forevery i¢l.
Consider any factor X satisfying the condition
2 B; £;X forevery tel.

Since §(A) is a disjunctive Boolean algebra, the factor B N; X
exists, and we have for some factor C

(3) B = (B N, X) x C.
Since (1) and (2) give
B: £, B N; X,
there are factors D, such that
B N; X = B; x Di,
and hence, by (3) and A.22(ii),
4) B =B;x (D;xC) forevery 7¢l.

B being by hypothesis a direct product of factors B;, let f be the
function with the properties described in A.3(i). Thus, f maps
(B, + ) isomorphically onto J]..; (B:, +); and, for any given s ¢ I,
B, consists of all elements z £ B such that

L:(?) =2z, and f.(j) =0 for jel, ji.
Let C be the set of all elements x ¢ B for which
J:) = 0.
We easily verify, e.g., by means of A.11 and A.12 that
(5) B = B;xC; forevery iel.
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Consequently, by A.19, the sets C; are factors of U. Since the
cancellation law holds in disjunctive Boolean algebras, (4) and (5)

imply
C,=D;xC forevery icl.
Hence, by A.3, every element 2 ¢ C belongs to all the sets (', and
therefore
Jo(?)) =0 forevery tel.

This shows that f, is the zero clement of the algebra [[..: (B., +);
and therefore, by isomorphism, = 0. Thus,

(6) ¢ = {0}.
From (3) and (6) we obtain by A.22(iii)

Since (1) holds, and since (2) implies (7) for every factor X, we have
by 3.2 and A.25
B=U;B;.
sel
The second part of the conclusion follows at once by A.3.
One of the consequences of A.28 and B.3 is that ][, B: and

sel

IT:.: Bi (or J]. B.) cannot both be factors of an algebra 9 satis-
il

fying B.1(i), unless there arc only finitely many elements ¢ ¢ I for
which B, &= {0}. As further consequences of these results we obtain
the general distributive law for direct multiplication with respect
to the operation N (or N/), as well as the general refinement theorem
for products of arbitrarily many factors:

TaeoreM B.4. Let U be an algebra which satisfies B.1(i), and let
B as well as C; for every i & I be factors of A. If [Jier Cs s also a
factor of A, then

BN]IIc: =TI BNCY.
iel sel
Simalarly for strong and weak products.
Proor: By B.3 we have
(1) I[¢ =Uc.

iel sel
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Thus, U, C; exists in F(A). Hence, in view of the fact that every
iel

disjunctive Boolean algebra is completely distributive (cf. 15.4 and
15.20), we obtain

2) BOA%Q=UABWQ)
L7 iel

There are certainly factors D; such that
C. = (BN, C) x D; for every % ¢ I.
Hence, by A.7, A.19, and B.3(ii),

e =TI BN CyxI] D

il tel
Here [[.: (B N, C.) is a factor, and therefore, by B.3, we have
3) gwmm=%wmm

The conclusion follows immediately from (1)-(3) by B.2.

CoroLLARY B.5. Let U be an algebra which satisfies B.1(1); and
let B; for every ¢ ¢ I and C, for every j € J be factors of A. If [L.cx B:
is also a factor of A and if

1B =]Ic¢,

sel jed
then
Bi =1 (B:NCy) and C, = ] (B: N C;) for every i e I and j ¢ J,
tel

1eJ
where all the sets B, N C; are factors of A. Similarly for strong and

weak products.
Proor: By B.4, with the help of A.3 and A.19.

Notice that in B.5 we have not only cxtended the refinement
property to arbitrary products, but also determined the nature of
factors occurring in ‘refining’ decompositions.

B.5 can easily be carried over to algebras of isomorphism types:

TureorEM B.6. Let N be an algebra which satisfies B.1(i), and let
™(N) = a. If B; for every © € I and v; for cvery j € J are types such
that
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Ilﬂ.-e@(a) and HIB.- = Hv
LY i€ Pl

then there is a double sequence of types 8;,; € $(a) such that
B = H 8, forevery i1¢el, and v; = H 8i; forevery jeld.
ieJ iel

Similarly for strong and weak products. Hence, in particular, the
algebra (®(e), x) has the refinement property.
Proor: by A4, A.15, A.16, B.3(ii), and B.5 (cf. also 13.18).

As was pointed out in §12 (cf. the remarks which follow 12.14),
the general refinement property formulated in B.6 has various
consequences concerning the representation of a type as a product
of indecomposable factors. These consequences will be stated
explicitly in B.10(v),(vi)—in application to an especially important
class of algebras which satisfy B.1(i).

TaeoreM B.7. If A is an algebra satisfying B.1(G) and if +(A) =
a, then the algebra (®(a), x, 1) is isomorphic with the coset algebra
(FO), x, TI)/= (where = is the isomorphism relation between
factors of ).

Proor: analogous to that of 12.15; we apply 6.3, 6.4, A.4, A.12,
A.17, and B.3.

For weak products an analogous result—without any restrictions
regarding —-has been stated in A.18(ii). Both results remain valid
if ‘JT.” and ‘]’ are understood to denote operations on arbitrary
systems (and not only on infinite sequences); and in B.7 we can in
this case replace ‘]’ by ‘[].".

In Theorems 13.8-B.10 we discuss a rather comprehensive class
of algebras to which the results stated in B.1-B.7 can be applied.
This class is constituted by those algebras 9 in which Theorem 1.33
holds; such algebras will occasionally be referred to as ALGEBRAs
WITH A STRONG ZERO KLEMENT. In particular, all partially ordered
groupoids and generalized groupoids—thus, all C.A.’s, G.C.A.s,
partially ordered semigroups, and lattices—are algebras with a
strong zero.

TaeorEM B.8. Let A = (A, +) be an algebra in which, for all
a,bed,a+ b= 0implicsa =0b=0. We then have for every factor
B of W:
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() ifar,a2e 4 and ay + a2 € B, then a1, a2 € B;
(i) ifac A, b; e Bforeveryicel,and

a=Ub
sel
(or, more generally, if a is an element such that b; = a for every ¢ € I,
and such that b; < x for every 1 ¢ I implies a < ), then a ¢ B;
(i) ifacA,b;eBfori <n £ ,and

a=zb5)

i<n
then a ¢ B.
Proor: By A.16 we have for some subalgebra C' of %
A =B xC.

Hence, in the case (i), we obtain by A.11(i)
(1) ap=0b+¢c and ay = by + ¢ where b, by ¢ B and

¢,6¢C.
Consequently,
(2 (@ + @) + 0 = (b + c) + (b2 + co).
Since a; 4+ a2 € B and 0 ¢ C, an application of A.11(iii) to (2) gives

0 = C1 + Ca .
Hence, by hypothesis,
€L = C = 0,

and therefore, by (1), a1, a2 £ B.
In the case (ii) we conclude from Definition 1.5, 3.2, and 13.2
that there are elements a; ¢ A such that

3 a = b; + a; for 7 ¢ I.
By A.11(i) we obtain

(4) a=Db+c¢ with beB and ce(C
as well as

(5) ai = bi+ ¢, with bjeB and c;eC forevery ¢l
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(3)-(5) give

b+ c= (b + 0 + (b + ¢);
hence, by A.11(iii),

b = b + b;
and therefore
b, < b forevery z2¢l.
By the hypothesis of (ii), this implies
a 2D,

ie.,

b = a + a for some o ¢ A4;

and since b is in B by (4), we conclude by applying part (i) of our
theorem that a is also in B. Part (ii) has thus been established;
part (iii) follows by 13.2 and A.20.

By B.8(1),(iii), a factor B of an algebra A with a strong zero is
an ideal in 9 in the sense of 9.1. It is easily seen that, whenever
the direct product of two (disjoint) ideals B and €' in such an algebra
A exists, it coincides with the ideal sum of B and C in the sense of
10.1. In C.A.s and finitely closed G.C.A.’s the converse also holds:
the ideal sum of two disjoint ideals B and € is always the direct
product of these ideals; and hence the factor algebra F(2) is a sub-
algebra of the disjunctive ideal algebra () of §10. This explains
why we could make such an extensive usc of the properties of ideals in
studying isomorphism types of G.C.A.’s in §12.

In algebras with a strong zero a direct product and a strong direct
product of subalgebras can be characterized in terms of arithmetical
properties of elements. (Regarding weak products cf. the remark
which follows A.14.) Such a characterization is, however, rather
involved. It becomes simpler if we restrict ourselves to a more
special class of algebras—in fact, to those which are partially ordered
in the sense of 13.10. We can then apply essentially the same
method as in A.11—with sums replaced by least upper bounds. This
fact will be used implicitly in the proofs of C.6 and C.7 in the next
section. An implicit characterization of direct products in G.C.A.’s
was given in 12.11.
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TrEOREM B.9. Under the assumption of B.8, F(N) is a disjunctive

Boolean algebra.
Proor: Let By, B;, C1, and C; be any factors of ¥ such that
B, x B, is also a factor and

(1) B x B, = C, x C,.
Then, by A.10 and A.12, the product (B, N Cy) x (By N C,) exists,
and, by A.3, we have
2 B:iNC) x(BNCy) £ B
Given any element b € B;, we obtain by (1), A.3, and A.11(i),
b=c1+c forsome c¢;eCy and ¢ eC,.

Hence, by B.8(i), ¢; and ¢; are in B; . Therefore

aeB NC, cae B NC,,
and consequently, by A.11(i1),

b=oca+ce (B NCY x (B, N Cy.

This shows that

B, £ (Bi N Cy x (B, N Cy);
so that finally, in view of (2),

B, = (B:NCy) x (BiNCY).

In a similar way we derive from (1) analogous formulas for By, C,
and Cy. The sets B, N Cy, By, N (2, ete. are factors of ¥ by A.19.
Thus, according to 13.18, the factor algebra F(A) has the refinement
property. The conclusion follows by B.1.

By B.9, Theorem B.6 applies to factors of a type a = (%) where
o is an arbitrary algebra with a strong zero. This result can be
slightly improved:

THrOREM B.10. Let T be the class of all types of algebras A which
satisfy the hypothesis of B.8.

Q) If e e T and B8 € ¥(a), then B ¢ T.

(i) If s e T for every i € I, then [],crei € T.

(iii) The algebra (T, x) is a groupoid with thc refinement property
(and in which 1.33 holds).
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(iv) If e, e T foreveryie I, B; € T forevery j e J, and

Il e =115,

iel jeJ
then there are types ., ; ¢ T such that

o = H vi; Jorevery tel, and B, = H Y.,; Jorevery jed.
el

1eJ

(v) Every type o € T has, apart from order, al most one representation

a = H 211
il
where all types a, with 1 ¢ I are indccomposable.
(vi) If a type a € T has a representation described in (v), and 8 €
®(a), then B has also a similar representation
B=1Ilu
ieJ
where J is a subset of I.
Conditions (ii) and (iv)-(vi) apply also lo strong and weak products.
Proor: (i) and (ii) can be verified directly. Hence we obtain
(iii) and (iv) by 13.18, A.1, B.6, and B.9; in applying B.6 we take
for « the product of all types involved. To derive (v) and (vi)

from (iv), we use A.2 and we arguc analogously as in the proofs of
4.44 and 4.45.

Conclusions B.10(1),(ii) imply that the class T is an ideal, in
the sense of 9.1, in the algebra of all isomorphism types under the
operations x and J]. B.10(iv) is a far-reaching generalization
of 12.14.

Theorems B.9 and B.10 can be extended to a much wider class
of algebras characterized in a rather simple way in terms of arith-
metical properties of their clements. Let us agree to call an algebra
A = (A, +) cunTERLESS if O is the only element z ¢ A such that

(i) z + 2’ = 0 for some 2’ € 4;

(i) whencver r, y, and ¢ + y are in 4, (x + y) + zis alsoin 4,
and we have

z+y)+e=2+@Y+2=0@+2+y.
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The class of centerless algebras clearly contains all algebras with
a strong zero; but it contains also many other algebras, e.g., all mul-
tiple-free algebras and all so-called centerless groups. It now turns
out that every centerless algebra satisfies the conditions of B.1.°
The proof will not be given here; the extension of B.9 thus obtained
has but little significance for the study of algebras in which the com-
mutative and associative laws hold.

8 Only special cases of this result can be found in the literature. Cf. Fitting
[1], p. 392, and Golowin [1], p. 424, for centerless groups, and Birkhoff [4],
p. 611, for lattices; in these papers not condition B.1(i) but the equivalent
condition B.1(ii) and the general refinement property formulated in B.3
are discussed.



C. ALGEBRAS WHOSE FACTOR ALGEBRAS ARE
BOOLEAN AND COUNTABLY COMPLETE

We now turn to those algebras U which have countably complete
factor algebras.

TaeoreM C.1. Let A be an algebra for which F(N) is a countably
complete disjunctive Boolean algebra, and let (%) = «. Then (@(a), X)
s an R.A.

Proor: By 15.24, §(A) is a G.C.A. Hence, by arguing as in
the proof of 11.35 and 11.36(ii), we show that F(%)/= is an R.A.
By now applying A.18(ii), we arrive at the conclusion.

TueoREM C.2. Let A = (A, +)beaG.C.A. such that

() a4+ bisin A whenever a and b arein A anda Nb = 0.
Then F(A) 1s a countably complete disjunctive Boolean algebra.

Proor: F(2) is a disjunctive Boolean algebra by B.9. Hence,
to prove that it is countably complete, it suffices to establish the
existence of the least upper bound of an arbitrary infinite sequence
of pairwise disjoint factors By, Bi, -+, Bi, ---. Since, by A.22(v),
A is the largest factor of ¥, i.e., the largest element of F(A), and the
operation x plays the role of disjoint addition in F(¥), we can
construct, by using elementary properties of Boolean algebras, an
infinite sequence of factors 4o, A1, ---, A;, --- such that

(1) Ap=A4, and A, =B, xA4,.1 for n=0,1,2, ---.
Let B be the set of elements b of the form
(2) b= Z b; where b;eB; for 1 < «;

i
and let C be the intersection of all factors Ao, 41, -++, As, ++
We are going to show that
(3) A = B x C.
By applying A.11(i) to (1) infinitely many times, we construct, for
any given a ¢ 4, two infinite sequences of elements a; ¢ A; and b; £ B;
with
(4) a =a, and a, = by + @y for n =10,1,2, ---

283
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By 5.1.V we conclude that there is an element ¢ such that

(5) n=C¢+ O bu for i < .

i<
Let b be the element defined by (2); it clearly belongs to B. On
the other hand, by (5) and B.8(i), ¢ belongs to each of the factors
Ao, Ay, -+, Ai, --- and hence also to their intersection C. By
(2), (4), and (5) we have

a=>b+c

Thus, condition B.11(i) is satisfied for B = A, B, = B, B, = C,
and » = 2. Given now any elements b ¢ B and c ¢ C, we put b in
the form (2). We have

baeB, and ceAd,.y for n=0,12 -
Therefore, by (1) and A.21(iv),

b, Nc = 0;
and consequently, by 3.12 and (2),
bNc=0.

Hence, by hypothesis, b + ¢ is in 4, and condition A.11(ii) holds.
Finally, consider any elements b, ', b’ ¢ B and ¢, ¢/, ¢” ¢ (. If

(6) b= 4V and ¢ = ¢ + ¢,
we obviously have

(7 b+ec=@®+c¢)+ @ + ).
If, conversely, (7) holds, we obtain

® b+c=0+b)+ (+ .

Since b’ and b are of the form (2), the same applies to b’ + b
by 5.1.1I, and therefore b’ + b is in B. Furthermore, since ¢’
and ¢” are in A4, , their sum ¢/ 4+ ¢ is also in A4, for every n < «
(cf. A.20), and hence it is in C. We show now, as before, that

9) bN(E +¢)=0=(@ + V) Ne;

and from (8) and (9) we easily obtain (6) by applying 3.3. Thus,
condition A.11(iii) is also satisfied; and formula (3) has been es-
tablished. According to A.16, this shows that B is a factor of 9.
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Every element b in B, has clearly a representation (2) in which
b; = O for 7 &= n. IHence

B, =B for n=0,1,2,---.
Now let X be any factor in ¥ such that
B,<X for n=0,1,2 ---;

and let a be any element in B, i.e., an element of the form (2). Since
all the elements by, by, - -+, b;, - - - are in X, we conclude by B.8(iii)
thatbisalsoin X. Thus,

B = X.

Hence, according to 3.2 and in view of A.24, B is the least upper
bound of the factors By, By, ---, B,, --- in the algebra F(¥).
This completes the proof.

TaeoreM C.3. Let A = (A, + ) be a partially ordered semigroup
which salisfies the following condition:

@) ifa, tm, --+,a, -,carein 4, a; < ¢ for every i < o, and
a;Ua; = a;i + a;fori <j < o, then D icwa; cxists and s in A.
Under these assumptions F(N) is a counlably complete disjuncitive
Boolean algebra.

Proor: As in the proof of C.2 we have to show that every infinite
sequence of pairwise disjoint factors By, By, -+, By, -+ has a
least upper bound in the algebra §(%). By A.22(v) there are fac-
torsCy,C1, -+, C,, -+ such that

(1) 4 = B; x C; for 7 < o

moreover, F(A) being a disjunctive Boolean algebra by 13.11 and
B.9, we conclude that

(2) B;x B; isafactorfor 7<j < .
Let B be the set of all elements b of the form
3) b= > b where bjeB; for 1 =0,1,2 --;

10
and let C' be the intersection of the factors Co, C1, -+, (s, -
For any given element ¢ ¢ A we obtain, by (1) and A. 11(1), two
sequences of elements b; and ¢; such that

4 a=b~+c¢, beB;, and ¢;eC; for 1=0,1,2, ---
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We have, by (2), (4), and A.21(iv),
(5) biUbj=bi+bj fOl"I:<j<°°.

By hypothesis, (4) and (5) imply the existence of the element b ¢ B
defined by formula (3) ; and we have by 13.17

(6) b= U b,'.

i<
Hence, by (4),
b £ a,
and therefore, for some ¢ € 4,
7 a = b + e

By 13.2, 13.16(i), and an easy induction, we obtain from (2), (4),
and (6)

b, + ca

bn+zbt+;bn+1+c,

i<n
and consequently

Cpn = th+ Zb"+i+c'
i<n 1<o0

Therefore, by (4) and B.8(i), ¢is in C, forn = 0, 1, 2, ---, and
hence also in C'; while the element b defined by (2) is clearly in B.
Thus, in view of (7), every element a £ A has a representation re-
quired in A.11(i) for B = A, By = B, B; = C,and n = 2).

Condition A.11(ii) is obviously satisfied. To obtain A.11(iii),
consider arbitrary elements b, b’, b’ e Band ¢, ¢, ¢’ ¢ C. 1f

8 b=V 4+ b and ¢ = ¢ + ¢,
we at once obtain

9) b+c= (@0 +¢)+ O + ).
If, conversely, (9) holds, we have

(10) b4+c¢c= @O +V)+ ( + .

We show, as in the preceding proof, that o’ + 4" is in B and ¢’ 4 ¢”
is in C; we apply here 13.16(ii) instead of 5.1.II. The element
b has a representation (2) ; we show, as before, that it also satisfies (6).
Since b; is in B, and ¢’ + ¢’ is in C, we have, by (1) and A.21(iv),

b U@ +¢") =bi+ (¢ + ).
Consequently, by (6) and 13.14(i),
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a1 dUE +c¢)=Ub)UE +c)= U bBUC(E+c)l
1< 1<
=Ubi++cNN=UDb)+E+c)=b+(c+c".
i<o 1<
Similarly we obtain
(12) W+v)YUe=@®+0b") +ec
In view of (10) we have
b=b+c¢c and ¢ + ¢ = b + ¢
hence, by (11) and 3.2,
b+(c+c¢)Sbte= (0 +b0") 4+ (c+c");
and furthermore, by the cancellation law,
b=<b +b" and ¢ + ¢’ £ e

The inequalities in the opposite direction can be derived in an anal-
ogous way from (12), so that finally we arrive at equations (8).
Thus, condition A.11(iii) is satisfied. Ience, 4 is the direct product
of B and C, and B is a factor of A. To complete the proof we have
to show that B is the least upper bound of By, By, -+, By, «++;
this can be done by arguing exactly as in the proof of C.2.

The class of semigroups involved in C.3 contains, in particular,
all semigroups discussed in 13.27 and 13.28—thus, all semigroups
which are G.C.A’s.

We could replace in C.3(i) the formula

a.-Ua,-=a,-+a,-
by
a; Na; = 0;

this, however, would weaken our result (cf. the remarks which
follow 13.17). The same applies to Theorem C.7 below. On the
other hand, we could improve the result obtained in C.3 by intro-
ducing, in the hypothesis of C.3(i), a second sequence of elements b;
subjected to the condition

c=a;+ b = a Ub; (orc = a, + b; and a, N b; = 0) for

every 1 < co.
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TaroreM C.4. Let T be the class of types of all G.C.A.’s A which
satisfy C.2(i), or of all semigroups A which satisfy C.3(1). Then

(1) conclusions B.10(i),(ii) hold;

(ii) the algebra (T, x) is a finitely closed R.A.

Proor: by A.1 and C.1-C.3 (cf. the proof of B.10).

C.1 and C.4 have some rather interesting consequences for the
isomorphism types involved (cf. the remarks after 12.21); these con-
sequences are not, however, very numerous. We obtain new results
in the arithmetic of types by subjecting the algebras % to further
restrictions. In the algebras discussed in C.1-C.4 every sequence
of disjoint factors has a least upper bound, but nothing more precise
is known about the relation between the terms of a sequence of
factors and their bound; it may happen, for instance, that two se-
quences of pairwise isomorphic factors have least upper bounds which
are not isomorphic. If in an algebra d—for which F(%) is a count-
ably complete disjunctive Boolean algebra—such a possibility
is excluded, then the correlated algebra of types (®(a), x) proves
to be a G.C.A., and not only an R.A. This will be the case in all
the algebras % we are going to discuss in the remaining part of this
section.

TreoreMm C.5. Let U be an algebra which satisfies B.1(1) as well
as the following condition:

@) i By, By, -+, Bi, -+ are factors of U, and if B; N B; = {0}
for i < j < , then Jicw B. exists and is a factor of .
Let, moreover, 7(A) = a. Then @(), x, [])—as well as @(a), x)
—is a G.C.A. :

Proor: From the hypothesis we easily obtain by means of A.22(iii),
B.2, and B.3:

(1) II B.= U,B:. = U, I] B
[2<) i1<o nlo i<n
for every sequence of factors By, By, ---, Bi, -+- which are pair-

wise disjoint in the factor algebra F(N). IHence we conclude that
$@) is a countably complete disjunctive Boolean algebra, and
consequently, by 15.24, it is a G.C.A. Moreover, we see from (1),
13.1, and 13.3 that (F(%), x, [I) is a G.C.A. Hence, by 6.10 and
A.18(i), the coset algebra (F(¥), x, [])/= is also a G.C.A. The
conclusion now follows at once by B.7.
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TaeorEM C.6. Let A = (A, +) be a G.C.A. with the following
property:

) E;<.°a, is in A whenever ay, a1, -+, a,, --- are n A and
aiNaj=0fori <j< .
Then A satisfies B.1(1) and C.5(i).

Proor: By B.9, U satisfies B.1(i). Given a sequence of factors
Bo, Bl, ey, B,', e \’Vith

1) B:NB;= {0} for 1<j< o,

let B be the set of all elements b of the form

(2) b= Y b; where b;eB; forevery i < w.
1<

By (1), A.22(iii), and A.26(i), the factors B, arc pairwise disjoint
in the algebra §(A), and we have
3) A; x A, e F) for 7 < j < .

We now repeat the proof of C.2 and show that the set B is itself a
factor. TFurthermore, it is easily seen that cvery element b in B
has only one representation (2). For, given another representation
of this kind:

4) b= D b; where bieB; forevery i < o,

iw
we obtain, by (3) and A.21(v),
b,Nb;=0 for <, j< o, and =7
hence and from (2) and (4) we easily conclude by 3.11 that
bi =bi for i =0,1,2 ---.

Thus, we can correlate with cvery element b ¢ B a uniquely deter-
mined sequence of elements b, satisfying (2). Converscly, given a
sequence of elements b, € B; for 2 =0, 1, 2, -- -, we have, again by
(3) and A.21(iv), N

b;Nb; =0 for i <j < o;

and hence we conclude by hypothesis that an element b defined by
(2) exists, and therefore belongs to B. Consider, finally, any three
elements b, b’, b” ¢ B and three correlated sequences b,, bi, bi. If
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6)) b, = bi + b7 for ¢ < o,
we have by 5.1.11
(6) b =0+ 0"

If, conversely, (6) holds, we easily obtain—e.g., with the help of
5.22—
b= 2 b= 2 (bi+b)
1< 0 1<

where, by A.20, the elements b; + bi are in B, for every ¢ < w; and
hence, in view of the unicity of representation (2), condition (5)
must hold. Thus we see that our correlation establishes an iso-
morphism between the algebras (B, + ) and [[.<w (B:, +). More-
over, for every j < o, the set B, consists of those and only those
elements b ¢ B for which in the correlated sequence we have

b, =0, and b, = 0 for 7 = j;

for
b= 2 b ¢ B
10

implies

b; b and b; Nb =0 for ¢ < o, ¢ F J.
Hence, by A.3 and B.3(ii),

B = ]I B..
1Ko

Condition C.5(i) is thus satisfied, and the proof is complete.

Tarorem C.7. Let A = (A, +) be a partially ordered semigroup
with the following property:

(i) Dicw @i 98 in A whenever ay, ar, -+, @, -+ are in A and
a:Ua;=a;+ajfori <j< o.

Then A satisfies B.131) and C.5(i).

Proor: The rcasoning is analogous to that in the preceding proof;
certain changes are required, however. To show that B is a factor,
we repeat the proof of C.3 (and not of C.2). To show that cvery
element b ¢ B has only one representation (2), we consider another
such representation (4), and we put, for a given m < o,

am =0bn, and a;=0b, for 1< o, iFEm.
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We have, by (3) and A.21(iv),
a:Ua; = ai + a, for i1 < j < o;

hence, by 13.17,
E a; = U a;.

1< 1<
Moreover, as is easily seen from (2), (4), and 13.2,
a,§b=Zb. for 7=0,1,2,---.

1<©
Therefore

Za;= Ua.éZb..

1< 1< i<
Hence, by means of 13.16(i) and an easy induction,

Zai+am+ Zam-;-l-h'_s. Zbi+bm+ ;bﬂz+l-i-‘i;

i<m <o . i<m

consequently
.Z b,' + b:n + Z bm+1+i = Z b; + bm + Z bm—l—l-l-;;
i<m 1< i<m 1<o

and finally, by applying the cancellation law,
b S b
Similarly, we obtain the inequality in the opposite direction, so that
b, = by for every m < o,

The only difference in the remaining part of the proof consists in
the fact that 13.16(ii) is applied instead of 5.1.11 and 5.22.

TueoreM C.8. Let T be the class of types of all G.C.A.’s A which
satisfy C.6(1), or of all partially ordered semigroups A which satisfy
C.7(G). Then

(i) conclusion B.10(i) holds, and also conclusion B.10(ii) for plain
and strong products;

(ii) the algebra (T, x, ] )—as well as (T, x)—is a C.A.

Proor: By A.1 and C.5-C.7 (cf. the proof of B.10).

It would be interesting to find a class of algebras characterized
in a simple and ‘natural’ way, which would comprehend all algebras
of Theorem C.6 and C.7 (or C.2 and C.3), and to which the common
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conclusion of these theorems, as well as the conclusion of C.8 (or C.4),
would apply. This is not, however, quite easy since the algebras
of C.6 differ considerably from those of C.7. An essential part in
the proof of C.6 is played by the remainder postulate and by some
consequences of the refinement postulate, like 13.11 or 13.12; whereas
analogous conclusions in the proof of C.7 have been obtained by
means of the cancellation law.

Theorems C.4 and C.8 contain generalizations of Theorems 12.17,
12.21, and 13.30 which concern types of C.A.’s, finitely closed G.C.A.’s,
and certain special semigroups. Morcover, C.8 gives an essentially
new result which applies to types of a rather comprehensive class of
semigroups. By means of similar methods we could obtain gen-
eralizations of Theorems 15.27 and 15.28 applying to types of certain
lattices and Boolean algebras.

Under the assumption that the factor algebra () is a disjunc-
tive Boolean algebra, condition C.5(i) clearly implies that this factor
algebra is countably complete (cf. the proof of C.5). It will be
seen from Theorem C.10 that an analogous condition for weak prod-
ucts carries with it much stronger consequences. In fact, the factor
algebra proves then to be complete and what is called AToMisTIC
(i.e., every factor is a least upper bound of indecomposable factors).
Hence, as is well known, it follows that F() is isomorphic with the
family of all subsets of a set S under (disjunctive) set-theoretical
addition; in fact, the set of all indecomposable factors of 2 can be
taken for S.° The condition in question has also some further
interesting consequences both for the algebra U and for the cor-
related algebra of types (®(a), x).

To formulate Theorem C.10 conveniently, we introduce the notion
of & SIMPLE ELEMENT:

Derinrrion C.9. A = (4, + ) being an algebra, an element a ¢ A
is called stupLe if a == 0 and of, for all X and Y such thatA = X x Y,
wehaveac X orac?.

TaeoreM C.10. For every algebra A = (A, + ) which satisfies
B.1(i) the following conditions are equivalent:

() ¢ Bo, By, -++, Bi, - -+ are factors of ¥ and if B; N B; = {0}
fori <j < o, then 1<I,,, B, exists and 1s a factor of U;

8 Cf. Tarski [10], p. 197.
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(ii) if all sets B; with i € I are factors of A and if B; N B; = {0} for
all 4, j € I with ¢ = j, then [ B: exists and is a factor of %;

sel

(iii) every factor B of U can be represented in the form
B = ]I. B:

il
where all the factors B; with 1 € I are indecomposable in the algebra F(A);
(iv) every element a in A can be represented in the form

a=Ea,~

i<n
where n < « and all the clements a, with © < n are simple;

V) ifag, i, ~ @, oy by, by, +--, bs, -+ are elements of A,
and Ay, Ay, ---, A, ---, By, By, -+, B,, -+ are factors of ¥,
and if a, e A, , b, e By, a, = b, + @nyy, and A, = B, x Apy1 for
every n < oo, then there 1s an integer m < o such that b,,; = 0 for
t1=01,2---.

Proor: (I) We want first to show that (i) implics (v). Consider,
in fact, elements a, , b, , and factors A, , B; such that

(1) anedn,boeB,, a,="b,+ any1, and A, = B, x Anp1
for n < o,

Hence, by an easy induction, with the help of A.13(v) and A.22(ii),

2) a, = sz busr + Gnyp and A, = [] Buyix Apyp for

i<p
n <o and p < o,
The second of these formulas implies, e.g., by A.7 and A.5, that
B, £, Ay for © =0,1,2, ---.
Since, by (i), the product Hw B; is a factor of ¥, we obtain hence,
by A.28, *
Hw B: =/ Ao )

iel
consequently there is a factor C such that

(3) Ao = Hw B,' x C.

il

We have of course (by A.7 or A.28)



294 CARDINAL PRODUCTS OF ISOMORPHISM TYPES

II B: =,II.B: for p < ;

i<p sel
hence, () being by hypothesis a disjunctive Boolean algebra, we
conclude from (2) and (3) that

4) ¢ <,4, for p=0,1,2,---.

By (1), the element ao is in 4o. Together with (3), this implies by
A.11(i) that, for some b and ¢,

5) g =0b+c where be [[oB: and ceC.

1<
By A.14(ii), there is an integer m such that b is in H,—<,,. B; ; while,
by (4) and A.24, ¢ belongs to all factors 4o, Ay, ---, As, -+, and
in particular to 4,,. Thus, by (1), (2), and (5), and in view of A.11(),
we have two decompositions of ay :

ao=b+c=Zb,-+am

i<m
where b and Y icm b; are in [Ji<m B, while ¢ and a, are in A,..
Since, by (2),
W € H B; x A,

i<m
we conclude by A.13(i) that

an = C.
Hence, by (1),

c=04¢="bn+ Gni1; €& Bnx App1; 0, bn &€ Bn;
€, Umi1 € Amin;
and, by applying A.13(i) again, we obtain
bm =0 and any = c.

By repeating this argument infinitely many times, we arrive at the
conclusion of (v):

busi =0 for 2=0,1,2,---.

(II) Next we want to derive (iv) from (v). Actually, we shall
obtain a stronger conclusion:

(iv') if an element d belongs lo a factor D, then there are simple
elements dy, dy, -+, di, - -+ and factors Dy, Dy, -+, Dy, -+ with
1 < n < o such that
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6) d=2 di dieD; for i <n, and D= ]I D,.
i<n i<n

In fact, let C be the set of all elements ¢ £ A which satisfy (iv’) for
every factor . Assume that a certain element a, is not in ('; thus,
for some factor 4, , ao belongs to A, , but there are no simple elements
d; and factors D; which satisfy (6) ford = a, and D = 4,. A for-
liort ay is not simple itself. Hence, by C.9, there are sets X and Y
such that

C=XxY,
and such that gy is neither in X nor in ¥. Consequently, by B.4,

Ao N X and A, N Y are factors by A.6, A.16, and B.2; and a, belongs
to neither of them. By A.11(i) we conclude from (7) that, for some
z and y,

8 a=z+y, 20, y+0, z4,NX, and yed,NY.

Assume that « and y are both in C. This implies that therc are
simple elements d d',~' and factors D}, D',-' with 7 < » < o« and
J < p < « such that

9 =2 di, dieDifori <mn, and A4,NX = [] D,

i<n i<n
10) y= > d;, dieD/forj <p, and A,NY =[] D

i<p i<p
By putting

d; = dj and D; = D] for j < p,
dpsi = di and Dy = D',H, for 7 < n,
we easily derive from (7)-(10), by means of A.7, A.11(iii), and A.12,
o= 2, di, dieD; for i <n+p, and A,= [[ D..

i<ntp i<ntp
Thus the elements d, (which are all simple) and the factors D, satisfy
formulas (6) for d = a and D = A, ; however, this contradicts our
previous assumption. Consequently, the elements # and y cannot
both be in C; in view of (8) and A.13(iv), we can assume that y is
not in C. We put

b0=:v, a =Y, Bo=AonX, and A1=AoﬂY.
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By continuing this process indefinitely, we arrive at infinite sequences
of elements a, , b, and factors 4, B; such that

anSAn, bnan, b,,:*:O, an=bn+an+l) and
Aﬂ=BnXAn-+1

forn =0,1,2, ---. This, however, is inconsistent with (v). Thus
if (v) holds, every element in 4 must belong to C; and therefore
conditions (iv’) and (iv) are satisfied.

(II1) In turn, we shall derive (iii) from (iv). Given a simple
element a, let G(a) be the intersection of all factors of ¥ which

contain a. Consider any finite sequence of sets G(ap), G(ay), - - -,
G(as), - -+ with
(11) Gla) = G(a;) for 1 <j<nm.

We first show by induction with respect to n that there are factors
Dy, Dy, -+, D;, --- which satisfy the formulas
(12) a;eD;fori <n and J] DieF).

i<n
This is obvious by A.5, A.9(ii), and A.22(iii),(v) in case n = 0, 1.
Assume now that n = &k + 1 == 1 and that factors Dg, D1, - - -, D1,
-« - with the desired properties have been constructed for & elements

a, ai, -+, @, -+ with ¢ < k. Suppose further that, for some

1 < k,

(13) a; € Gax).

Given a factor X which contains a; , we have by A.22(v)
C=XxY

for a certain factor Y. Hence, by C.9, ai is either in X or in V.
If a; is in Y, then, by (13), a; is in Y too; and hence, by A.9(1), a; = 0,
in contradiction to C.9. Thus, ax is in X. Since X is an arbitrary
factor containing b;, we conclude that

(14) @ & G(a).
Formulas (13) and (14) clearly imply
G(a:) = G(aw);

this conclusion, however, contradicts (11). Consequently, none of
the elements ay, a1, -+, @i, -+ with ¢ < k is in G(ax). Hence,
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by the definition of G(ax), there are factors By, By, ---, Bi, --
such that az is in B; but b; is not in B, for ¢ < k. By A.22(v),
we have for some factors C, with 7 < k

(15) A= B,‘ X C,;.
By C.9,a;isinC,fort=0,1,---,k — 1. Wenow put
D,~=C',~ﬂD§ for 'i<k, and D;,,= n B.‘.

1<k
It is easily seen that the sets D, thus defined are factors which satisfy
(12) for n = k -+ 1; we make use here of the fact that F( is a dis-
junctive Boolean algebra, and we apply 3.2 and (15). Thus, factors
D; with the required properties can be constructed for every number
n < o,
(12) clearly implics
(16) Gla) = D; for 7 < n.

Ilence, by A.10 and A.12, the product H;<,,(r'(a,) exists. Further-
more, we show that, for any elements b, b’, and b",
(17 b= +b and ¥, 0" el Ga) imply be I] Gan).
<n i<n
In fact, by A.11(i), we have
b = 2. b; and b’ = D b; where b}, b} ¢ Qa;) fori < n.
i<n <n
Hence, by (16) and A.20, the elements b; + b exist and are in D, ;
and, in view of A.11(iii), we have

b= 2, (b;+ b7

i<n
From the definition of G(a;) we obtain further, with the help of A.20,
by + b € Ga) for 7 < m;

and, by applying A.11(iii) again, we arrive at the conclusion of (17).

We have thus shown that all the finite products of H,-<,. G(as)
of n distinct sets G(ao), G(ay), - -+, G(as), - -+ exist and that each
of them satisfies (17). Given now any element a, we have by con-
dition (iv) of our theorem

a=Zd.-

i<m
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where m < o« and the elements dy, di, ---, di, --- are simple.
We show by induction with respect to m that a belongs to one of
the finite products under discussion. By A.9(ii) and 13.2, this is
obvious for m = 0. Assume that it holds for m = k. If nowm =
k + 1, we have

a= 2 di+ds

i<k

where Y i< d: belongs to a certain product [Ji<. G(a;). In case
G(d;) coincides with one of the sets G(a,) with ¢ < n, d; also belongs
to this product by A.3, and the same applies to a by (17). Otherwise,
we put

a, = dk,

and we casily prove by A.8 and (17) that a belongs to [ [i<ni1 G(as).
Hence, A is the union of all products [[i<. G(a;). Therefore, by
A.14 and A.15,

(18) A=]Lx

XeG

where G is the family of sets G(a) correlated with simple elements
a ¢ A. Consequently, by A.19 and A.22(v), all these sets G(a) are
factors of . Consider now any such factor G(a). Thus

A = G(a) x C for some factor (.
If
(19) G = X xY,
we have by A.22(i),(ii),(v)
A=XxY)xC=(XxC)xY.

Therefore, by C.9, aisin X x C orin Y. In the first case we apply
A.27 and we conclude that a is in

XxY)NXxC = X.
Hence, obviously G(a) is included in X; consequently, by A.24,
X = G(a) x Z for some factor Z;
and therefore, by (19), A.7, and A.9(iii),
= {0}.
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Similarly, if @ is in ¥, we obtain
X = {0}.

Thus, (19) implies that either X or Y coincides with {0}. However,
the factor G(a) itself is different from {0} by C.9. Ience, according
to 4.38, G(a) is indecomposable in the algebra F(A). We have thus
arrived in (18) at a representation of A as a product of indecompos-
able factors. Given now an arbitrary factor B, we obtain from
(18) by B.2 and B.4
(20) B = JL. (BN, X).
XeG

By A.7 and A.9, we can omit in (20) those factors B N; X which are
equal to {0}; hy 4.38, the remaining factors are indecomposable.
Thus, B can also be represented as a product of indecomposable
factors; and the derivation of (iii) is complete.

(IV) Now assume (iii) to hold and consider a representation of
A as a product of indecomposable factors

jed
Given any factors B, with ¢ ¢ I we easily conclude that each of them
has a representation
(22) B: = I1. 4;
jels

where J;is a subset of J; the proof is based essentially upon B.5 and
is analogous to that of 4.44. If, morcover,

B:NB;= {0} for ¢, jel with ¢=j,

we casily see that the sets J, must be mutually exclusive. Now let
K be the union of all sets J; with ¢ £ I, and let L be the difference
J — K. We obtain then from (21) and (22) by A.6, A.7, A.12, and
A.15

A=]l.4,xIl.4; and Il.4;=1II.B..

16K jeL jeK sel

Hence, by A.16, the product []. B. is a factor of ¥%. Thus, (iii)
i€l

implies (ii).
(V) Finally, (i) is but a particular case of (ii).
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By (I)—(V), all the conditions (i)-(v) of our theorem are equivalent,
and the proof is complete.

Several other conditions are known which are equivalent to those
of Theorem C.10. For instance, in view of A.14(ii), condition
C.10(i) can clearly be replaced by the following:

(') if By, By, -+, B, -+ are factors of A and if B; < Bj; for all
iandjwithi < j < o, then the union U,<w B: is a factor of A.

Similarly, C.10(ii) can be shown to be equivalent with the con-
dition:

(i) if all the sets B; with i e I are factors of A and if the family of
these sets is simply ordered by the relation <, then the union Ui B,
is a factor of .

C.10(iii) can be replaced by a weaker condition by which only the
set A, and not every factor B, has a representation as a product of
indecomposable factors. On the other hand, we can strengthen
(iii) by stating that every factor B has, apart from order, just onc
such representation; and the condition thus obtained alone suffices
to characterize the algebras discussed, since it can casily be shown
to imply B.1(i). Finally, in C.10(v) we can replace bni: = 0’
by ‘@mii = Gm'.

Tueorem C.11. If % is an algebra which satisfies B.1(i) and
C.10(), and if 7(N) = «, then "

A (@), %, [To)—as well as (®(a), x)—is a G.C.A.;

(ii) every type B € ®(a) can be represented in the form

8 =15
where all the types B; with 1 € I are indecomposable, and this representa-
tion 1s unique, apart from order.

Proor: (i) can be obtained in an analogous way as the conclusion
of C.5; instead of B.7, we apply A.18(ii). Conclusion (ii) can easily
be derived from A.4, A.17, and C.10(iii), with the help of 4.38, A.1,
A.2, and A.22(iii); to show that the representation is unique, we
use A.2 and B.6.

TureoreM C.12. Let A = (A, +) be an algebra which satisfies
the following conditions (i) and (ii), or (i) and (iii):
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() ifa,beAanda+ b = 0,thena =b = 0;
(ii) every element a € A can be represented in the form
a = Z a;
i<n
where n < o and all the elements a; with ¢ < n are indecomposable
in the disjunctive algebra 9 (i.e., a; = 0, and for all x,y € A the formulas
ai=z+yandz Ny =0imply thatx = 0ory = 0);

(111) 1f o, A1y *°, Gi, "',b(), bl; ""bi’ et SA) and 'ifa,. =
by + Gn1 and b, N a1 = 0 for every n < oo, then there is an tnteger
m < o such that am = @myifort =0,1,2, ---.

Under these assumptions U satisfies all the conditions of B.1 and C.10.

Proor: Assume, e.g., that A satisfies C.12(31),(ii). Then, by
B.9, ¥ satisfies the conditions of 13.1. Furthermore, we notice that
every element a ¢ A which is indecomposable in 9 is simple in the
sense of C.9. (We apply here A.11(i) and the first formula of A.21(iv).
Though this formula was obtained under the assumption that ¥ is
partially ordered, it is easily seen from 3.1 and A.21(ii) that the
formula holds in every algebra 2 to which condition (i) of our theorem
applies.) Hence we conclude that ¥ satisfies C.10(iv), and therefore
also the remaining conditions of C.10. The proof under the assump-
tion that ¥ satisfies C.12(i),(iii) is analogous; we use C.10(v) instead
of C.10(iv).

Conditions (ii) and (iii) of C.12 are closely related to each other,
and in various special classes of algebras they are actually equivalent.

It may be noticed that—in deriving C.12 and thcorems upon
which it rests—we apply conditions C.12(i)—(iii) only in cases where
some of the elements involved belong to disjoint factors. Hence
C.12 remains valid if we provide conditions (i)-(iii) with certain
further premises of an arithmetical character. For instance, we
could include the formula

a+b=b+a, or an-&l+bn=bn+an+1’

in the hypothesis of (i), or (iii), respectively; this would somewhat
improve Theorem C.12 by increasing its applicability to non-com-
mutative algebras.

On the other hand, Theorem C.12 remains valid if (ii) is replaced
by a stronger condition (ii’) in which the elements a; are required
to be indecomposable in the algebra 2 itself, and not in 9; or if (iii)
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is replaced by the ordinary finite chain condition formulated, e.g.,
in the following way:

(i) faw,a,  -,ai, - cd and if a1 < a, for every n < o,
then there is an integer m < o such that @m = Amysfort=0,1,2, -+ -.

The modifications just mentioned would simplify, but at the same
time considerably weaken, Theorem C.12; for instance, condition
(ii") fails in every lattice and, more generally, in every idem-multiple
algebra with at least two distinct elements. As is easily seen, (iii’)
implies C.12(i) ; hence, the conclusions of C.12 apply to every algebra
9 which satisfies the ordinary finite chain condition.”

THEOREM C.13. Let T be the class of types of all algebras A which
satisfy C.12(1),(ii), or of all algebras N which satisfy C.12(1),(iii).
Then

(1) conclusion B.10(i) holds, and also conclusion B.10(ii) for weak
products;

(ii) the algebra (T, x, [].)—as well as (T, x)—is a C.A.;

(iii) every type a € T can be represented in the form

a = Hw 243
sel
where all the types a; with © € I are indecomposable, and this represenia-
tion s unique, apart from order;

(iv) R being the algebra of cardinal numbers of 17.3, and B the class

of all indecomposable types B ¢ T, we have

(T, X,Hw)gﬁg.

Proor: (i) can be verified directly. (ii) and (iii) follow from (i),
C.11, and C.12. (iv) can be derived from (i) and (iii) by reasoning
exactly as in the proof of 18.8; we use weak cardinal powers of types
(i.e. weak products of equal types) instead of multiples of relation
numbers.

Conclusion C.13(ii) is a rather simple consequence of C.13(iii)
or C.13(iv), and similarly C.11(i) follows from C.11(ii). We can
repeat here all the remarks made in connection with 18.6-18.8.

7 Theorem C.12 implies as a particular case a result in Birkhoff (4], p. 616,
by which every lattice which satisfies the ordinary finite chain condition has
a unique representation described in C.10(iii).
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Classes of algebras involved in C.12 and C.13 include various classes
of at most denumecrable algebras, e.g., those of all at most denumer-
able G.C.As, of all at most denumerable semigroups which satisfy
C.3(i), and of all at most denumerable lattices which are countably
complete in the wider sense and in which Theorem 3.12 or the dis-
tributive law 3.32 holds. If T is the class of types correlated with
any one of these classes of at most denumerable algebras, then, as is
easily seen, (T, x) is one of the algebras (C.A.’s) discussed in 14.10.

In applying C.13(iii) to types of at most denumerable algebras
we can, of course, require that the set I be at most denumerable.
We shall now give two rather elementary theorems regarding algebras
for which this set I proves to be finite.

TuroreMm C.14. Let A = (A, +) be an algebra which satisfies
C.12(1) and in which there is no infinite sequence of elements ay, a1,
s @iy - eAwitha, =0and a; Na; = 0fori <j < . Then
FA) is a finite disjunctive Boolean algebra.

Proor: F(A) is a disjunctive Boolean algebra by B.9. If it were
infinite, we could construct, by means of a familiar procedure and
in view of A.22(iii), an infinite sequence of factors Ao, Ay, -+, 44,

- such that

A; + {0} and A;N;A;= {0} for i<j < .

Hence all the products A; x A; would exist and be factors of U;
and with the help of A.21 we could obtain an infinite sequence of
clements @y, a1, -+, a,, --- ¢ A with

a.+0 and a,Na;j=0 for ©1<j < .

(Regarding the applicability of A.21, c¢f. the proof of C.12.) This
conclusion, however, contradicts the hypothesis, and therefore the
algebra, F() must be finite.

THrOrREM C.15. Let T be the class of types of all algebras N which
satisfy the hypothesis of C.14. Then

(1) conclusion B.10(i) holds, and also conclusion B.10(ii) for finite
products;

(ii) the algebra (T, x) s a finitely closed G.C.A. and a semigroup;

(iii) every type o € T can be represented in the form

a= ] awithn < ©
i<n
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where all the types a; with © < n are indecomposable, and this represenia-
tion s unique, apart from order;

(iv) & being the algebra of integers of 14.1, and B the class of all
tndecomposable types B ¢ T, we have

(T, x) = 3a.

Proor: (i) is obvious. To obtain (iii) now, consider an algebra
A = (4, +) satisfying the hypothesis of C.14, and let « = ().
By C.14, () is a finite disjunctive Boolean algebra. Consequently,
as is well known, A can be uniquely represented as a finite product of
indecomposable factors. Hence we easily derive the existence and
the unicity of the representation of « described in (iii); we apply
4.38, A.1, A2, A4, and A.22(iii). Furthermore, by B.10(iii), the
algebra (T, x) is a groupoid. This together with (iii) implies that
(T, x) belongs to the algebras discussed in 14.11. Therefore (ii)
and (iv) hold; and the proof is complete.

The conclusions of C.14 and C.15 apply, in particular, to finite
algebras A with a strong zero element and to the correlated iso-
morphism types. It has been shown that the conclusions of C.15
apply to isomorphism types of arbitrary finite algebras with a zero
element (although the conclusion of C.14 may fail for these algebras);
the proof, however, is much more involved than that of C.15.2

All the results stated so far in this appendix—except those con-
cerning special G.C.A.’s and semigroups—can be extended to ar-
bitrary algebraic systems ¥ formed by a set 4, a binary operation
+, and a (finite or transfinite) sequence of other operations Oy,
Oy, -++,0¢, ---. All kinds of operations are admitted here: unary,
binary, etc., as well as operations on infinite, or even transfinite,
sequences. The set A is assumed to contain an element 0 which is
both the zero element for the operation + and an IDEM-POTENT
ELEMENT for all the operations O ; i.e., if

a0=a1=a2=_-...=0’
then
05(“0’ a, Gz, "') = 0.

8 The result is well known in its application to finite groups; cf., for instance,
Speiser [1], pp. 135 f., where bibliographic references are given. In its general
form the result is established in Jénsson-Tarski [1].
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The formulations of definitions and theorems, as well as the proofs
of the latter, remain practically unchanged. Theorem A.11 must,
however, be provided with an additional condition (iv) which can
be formulated as follows:

@(iv) for every operation O, if by, b, b, --+ e B; fori = 0, 1,
«++,n — 1, then the formula

2 b= 02 00, 2500, )

i<n i<n

implies that b; = 0,0, b$", ---) fori = 0,1, ---, n — 1), and
conversely.



D. CARDINAL PRODUCTS OF RELATION NUMBERS

In this last section we want to show how the results obtained for
isomorphism types of algebras can be applied to another kind of iso-
morphism types, in fact, to the relation numbers discussed in §18.

Given any relations R, correlated with elements ¢ of an arbitrary
set I, we understand by the STRONG CARDINAL PRODUCT OF [
the set B of all ordered couples {f, g) where f and ¢ are functions
subjected to the following conditions:

D) = D(g) = I, and (f(2), g®)) ¢ R; for every ¢ ¢ I
We put in symbols
R = Ha Ri;

il
and in particular,
R=8xT,
in case I consists of two numbers 0 and 1, R, = S, and B, = T.°
Two products [, R: and II. S: are clearly similar if the cor-
tel tel
responding relations R; and S; are similar. Hence we can define
the operation of STRONG CARDINAL MULTIPLICATION OF RELATION
NUMBERS in such a way that
IL o(B:) = o(IL. B
el el
and in particular
p(8) x p(T) = p(S x T).

By the ZERO ELEMENT OF A RELATION R we understand an element
z which is the only element in F(R) satisfying the condition: z B x
for every z £ F(R); we denote this element z by ‘0’. If we restrict
ourselves to relations with zero elements, we can define for them
and for their relation numbers the notions of a (plain) CARDINAL
prropucTt and of & WEAK CARDINAL PRopuUCT by modifying in an

9 The notion of the cardinal product of two partially ordering relations was
introduced in Birkhoff [1], p. 287.

306
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obvious way the definition of a strong cardinal product; we use
the symbols
II R.' and Hw R,‘ .
sel iel
The common relation number of all relations R consisting of one
couple (x, ) (with two identical terms) is called the UNIT NUMBER, 1;
this relation number has the properties formulated in 12.7. A rela-
tion number p is called (MULTIPLICATIVELY) INDECOMPOSABLE if
p =+ 1 and if, for arbitrary relation numbers ¢ and 7, p = ¢ x 7
implies that ¢ = 1 or + = 1. The definition of the FACTOR RELA-
TI0N, A.1, can be carried over automatically to relation numbers.
As is well known, a relation R is called reFLex1VE if 2 R © for every
z £ F(R); it is called ANTISYMMETRIC if 2 R 9y and y R x always imply
z = y. If we confine ourselves to relations /2 which have a zero
clement and are reflexive and antisymmetric, then the discussion
of cardinal products of correlated relation numbers reduces entirely
to that of cardinal products of isomorphism types correlated with a
certain class of algebras. This reduction is based upon the fol-
lowing:

DeriniTION D.1. R betng an arbitrary relation, an element a ¢
F(R) is called the R-suM oF THE ELEMENTS b, ¢ ¢ F(R) (or the LEAST
UPPER BOUND OF b AND ¢ UNDER R), in symbols,

a=b+gc,

if a is the only element such that b R a, ¢ R a, and such that, for every x,
the formulasb R x and ¢ R « imply a R x. The algebra

U = (F(R), +=)
1s referred to as the ALGEBRA GENERATED BY R.

Turorem D.2. Let P be the class of all relation numbers correlated
with relations R which have a zero element and are reflexive and anti-
symmeltric; and let P’ be the class of all types correlated with algebras
N which arc generaled by such relations R. For any given relation
number o, let o(o) be the common type of all algebras Az such that
o(R) = o. Then

(i) ¢ maps P onfo P’ in a one-to-one way;

(ii) ¢f os € P for every i € I, then

<P(£]I: o) = g«’(ﬂ);
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(iii) if o £ P and if a; with ¢ € I are types of algebras for which
g = II @,
[

then there are relation numbers a; € P such that

¢ = H oi, and o(o,) = a; forcvery 1¢l.
icl

Simalarly for strong and weak products.

The proof is elementary and almost mcchanical. We make use
of the obvious facts that the zero element of a relation R with p(R) € T
is at the same time the zero element of the correlated algebra Ay ;
and that the relation R can be characterized in terms of the operation
+ r (in fact, R coincides both with the < relation and the absorption
relation of the algebra Az). The restriction to relations having a
zero element is superfluous in the case of strong products.

Theorem .2 has several consequences.

CororLary D.3. Under the assumptions of D.2) the algebras
p, x), (P, x, II), and (P, x, [1.) are isomorphic with the algebras
P, x), (¢, x, [ 1), and {P’, x, 1), respectively.

Proor: by 6.1 and D.2.

TurorREM D.4. Let P be the class of all relation numbers correlated
with relations R which have a zero element and are reflexive and anti-
symmetric. Then all conclusions of B.10 apply to T = pr

Proor: Conclusions B.10(i),(ii) for T = P can be verified directly;
hence, by D.2, we conclude that they also apply to the class T'.
Furthermore, we notice that for every relation R with p(R) ¢ P,
the correlated algebra Ar satisfies the hypothesis of B.8; thus, the
class P’ of D.2is a subclass of the class T of B.10. Hence, by applying
B.10 and D.2 (or D.3), we arrive at the remaining conclusions.

Among relations R discussed in D.2 and D.4, those which generate
lattices deserve special attention. They can be characterized as
PARTIALLY ORDERING (i.e., reflexive, antisymmetric, and transitive)
relations, with a zero element, and in which any two elements b and ¢
in F(R) have both a least upper bound under R in the sense of D.1

10 Jor a more special class of relations—in fact, for partially ordering rela-

tions with a zero element and a unit element—the essential part of this result
was established in Birkhoff [3], p. 23.
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and an analogously defined GREATEST LOWER BOUND UNDER R.
We now have

TrEOREM D.5. Let P be the class of relation numbers of all relations
generating countably distributive laitices, or Boolean algebras, which
are countably complete in the wider sense. Then the conclusions of
Chapplyto T = P.

THEOREM D.6. Let P be the class of relation numbers of all relations
generating countably complete and countably distributive latiices, or
countably complete Boolean algebras. Then the conclusions of C.8
applyto T = P.

The proofs of D.5 and D.6 are analogous to that of D.2; we apply
15.27, 15.28, and D.2.

TaeoreM D.7. Let P be the class of all relation numbers correlated
with those relations R which have a zero element, are reflexive, and
satisfy the following condition;

(@) if @ni1 R a, for every n < oo, then there is an integer

m < o such that @n = @uy, for 1 = 0,1,2, ---.
Then. the conclusions of C.13 apply to T = P.

Proor: analogous to D.4 with B.10 replaced by C.13. We notice
that the finite chain condition D.7(i) implics the antisymmetry of R,
and that therefore D.2 can be applied.

TarorEM D.8. Let P be the class of all relation numbers correlated
with those relations R which have a zero element, are reflexive and anti-
symmetric, and satisfy the following condition:

(1) there is mo infintte sequence of elements ao, a1, ++, @i, -
such that a, &= 0 for every ¢ < o, and such that x R a; and = R a;
tmply x = 0 for every element x and fori < j < .

Then the conclusions of C.15 apply to T = P.
Proor: analogous to D.4, with B.10 replaced by C.15.

Tt would be interesting to extend the preceding theorems D.4-D.8
to wider classes of relation numbers. In the case of D.4 and D.8
certain extensions are known which are not, however, far-reaching.
They have been obtained by weakening the condition of antisym-
metry. In fact, we have:

TueorEM D.9. Let P be the class of all relation numbers correlated
with relations R which are reflexive and satisfy the following condition:
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(i) there is an clement z € F(R) such thal z R x for cvery x & F(R),
and such that x R z always tmplics x = 2.

Then all conclusions of B.10 apply to T = P.

Proor: The problem reduces to showing that B.10(iv) holds for
P, since the remaining conclusions either are obvious or easily follow
from B.10(iv). We cannot apply D.2 here, but we can use a method
of reasoning which is analogous to that applied in the proofs of B.8—
B.10. Roughly speaking, we proceed in the following way. Given
any relation numbers p; , ¢; ¢ P such that

ITp =1l

iel 18d

we consider a relation B with

p(R) =TT pi = Il o;.
el 1ed
Using now the idea of A.3, we represent R as a kind of a direct product
of subrelations R, with p(R,) = p., and also of subrelations S; with
p(8;) = o;. We put

mi; = p(R: N 8)),
and we show that
pi=1In; and o; = Il #,; foriel andjed.

187 terl

TuarorEM D.10. Let P be the class of all relation numbers correlated
with relations R which are reflexive and satisfy 1.8(1)) and D.9().
Then the conclusions of C.15 apply to T = P.

Proor: Every relation number p £ P can be represented as a prod-
uct of finitely many multiplicatively indecomposable numbers.
For otherwise we could construct two infinite sequences of relation
numbers p; and o, such that

p=p 0.1 and p, = 6 Xpan for n=20,1,2 ---;

and this, as is easily seen, contradicts D.8(i). On the other hand,
p cannot have two different representations of this kind in view of
D.9. Thus, C.15(iii) applies to P. Other conclusions either are ob-
vious or easily follow from C.15(iii); cf. the proof of C.15.

By D.10, the conclusion of C.15 apply, in particular, to all relation
numbers correlated with finite relations I which are reflexive and
satisfy D.9(i). This result cannot be extended, however, to relation
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numbers of arbitrary finite relations. In fact, let R be the set of two
couples {0, 0) and (1, 1), and let S be the set of two couples (0, 1)
and (1, 0). We then have

p(R) %= p(8) and p(R) x p(S) = p(S) x p(8);
hence the relation number
a = p(R) x p(S)

does not satisfy C.15(iii)."" Instead of relations R and S, we can
consider here algebras A’ = (4, +’) and A’ = (4, +") where
A is the set of two numbers, 0 and 1, and where

0+'n=0, 14+'n=1 0+4+"n=1, and 1 4+"n =20
for n = 0, 1.

These are, however algebras without zeros, in which we are not
interested here.

In conclusion we want to notice that all the more profound results
of the arithmetic of isomorphism types and relation numbers which
are implicitly contained in various theorems of this appendix have
a rather narrow range of application. Consider, for instance, the
following two properties of cardinal products:

G) IfaxBxy=17v, then axy=8xy=-1.
(i) Ifaxa=8xp, then o=8.

(i) implies that the factor relation is an antisymmetric, and hence
a partially ordering, relation; disregarding the multiplicative notation,
we recognize in (i) a particular case of the absorption theorem 1.47
from Part I. Similarly, (ii) is a particular case of the cancellation law
2.34. Both (i) and (ii) clearly hold for isomorphism types and rela-
tion numbers which have a unique representation as finite or infinite
products of indecomposable factors (cf. C.13, C.15, C.6, D.8, and
D.10). Moreover, they apply to types and numbers belonging to
any class T which constitutes a C.A. or a G.C.A. under cardinal
multiplication x (cf. C.8 and D.5); and (i) holds, in addition, in
case the class T is only an R.A. under the same operation (cf. C.4
and D.4). Some other cases are also known in which (i) holds;
for instance, using certain properties of cardinal addition + discussed

1t A similar example was found independently by J. C. C. McKinsey.
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in §18, and certain clementary theorems which connect + with x,
we can easily show that (i) applies whenever v is a relation number of
the formy = 1 + 8.1

At any rate, the isomorphism types and relation numbers for
which (i) and (ii) have been proved to hold are of a rather special
nature. Hence the problem arises of constructing examples which
would show that (i) or (ii) do not apply to arbitrary types and num-
bers, or that they may fail in various familiar classes of such types
and numbers. This problem turns out to be more involved than
might be expected. In fact, no such examples seem to be known
in the domain of algebras and relations with zero elements. On
the other hand, an example of two relations R and S without zeros
whose relation numbers do not satisfy (ii) can easily be obtained:
we take for I2 the set consisting of all couples (n, n + 1) where n
is a finite integer, and for S the relation B x R. A simple trans-
formation of this example leads to two algebras A and B without
zeros whose types do not satisfy (ii). In fact, we put

A = (4, ®) and ¥ = A x «A

where A is the set of all finite integers, and @ the operation defined
by the formula

n@®@p=n+1 for n < o and p < .

The problem of finding examples of this kind among certain familiar
classes of algebraic systems, such as groups or Boolean algebras,
seems to be especially interesting. The fact that this problem is
open shows that our knowledge of the arithmetic of isomorphism
types is still rather limited.

12 This result as well as the examples given below were found and com-
municated to the authors by J. C. C. McKinsey.
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The following remarks may prove helpful in the use of this index:

1. Dashes replace words. Consider, e.g., the paragraph below beginning
with the term ‘Addition.” It is divided into segments by semicolons. The
initial dash in the sceond segment replaces the first word of the preceding
segment, i.c., the word ‘Addition’; the later dash in the same segment replaces
the first word of this scgment, i.c., again the word ‘Addition’; the initial two
dashes in the third segment replace the first two words in its preceding segment,
i.c., ‘Addition of’; and so on.

2. In brackets following a term we give synonyms, symbols, and abbrevia-
tions of this term actually used in the book. In parenthescs we put the part
of a term which is sometimes omitted in the text.

3. The word ‘algebra’ is used as a generic term comprehending cardinal
algebras, semigroups, lattices, ete. Thus, c.g., to find information on count-

ably distributive lattices, look under ¢ ‘ountably distributive algebra.’

Abelian group, 188
15Absorption, 10, 15, 19; — theorem,

Addition [sum, 4+, ¥ ]in algebras,
x, 3 ff., 69 f., f.; — of cardinals
[eardinal -], ix ff., 237 ff., 243 f.;
— — cosets, 19; — — finite sequences,
sce: Finite —; — — functions, 83;
— — ideals [uiea.l —], 121; — — in-
finite sequences, see: Inﬁmto -y
— — sets, see: Set-theoretical —;
— — two elements, sce: Binary —;
see also: Cardinal —

Additive relation, sce: Finitely
— —, Infinitely — —; — semigroup
of m{.egers see: Alg,ebla of integers

Al;,ebra. [algebral(' systom, <A

3>, +>, cote.],
ff., 176 ff., 197 ff., 219, 244 251 255,
267, 304; — generated by a relation
[?Ife]’ 307f — of cardinals, x, 5 f.,

f., — — complex numbers, 190,
— — cosets, sce: Coset —; — — fac-
tors, sce: Factor —— — idca,ls, sec:
Ideal —; — — integers, x, 190 ff.,
210 — — (isomorphism) types [KT,

II> {P(a), X, etc.], x, 164 ff.,
18‘) 213f 256 272 276 f., 280, 28.3
288 291, 300 302 ff.; — — real func.
tlons X, 190; -—-——numbers X, 190
ff., 234 — — relation numberﬂ X, 8,
245 ff., — — sets, 216 ff.; — w1th a
stroug zero (element) 277 ft.

Almost congruent scts, 234

Antisymmetric relation, 11, 307 ff.

Arithmetic of cardinal algebrus and

gencralized cardinal algebras, x f.,
611, 16 ff., 70, 92, 106; — — cardinals,
ix ff , 23, 439 ff H — (lsomorphlsm)
typcs 155 ff. 288, 311 f.; — — semi-
groups, 187

Associative law, x, 4, 7 ff., 14, 156,
214, 258, 267; — postulate, 3

(At most) donumcrable algebra, 130
f., 169, 202, 303

"Atomistic algebra, 202

Automorphism, 132

Axiom of choice, ix, 106, 239 ff., 251

Baur, R., 269, 313
BANAu( b 223 232
BERGMANN 178
BERNAYS, P., 154, 313
BernsTEIN, I, 20, 33, 313
Binary addition [addition of two
elements, — operation 4, — sum, sum
of two clcments] X, 2ff.,9 11, 47 69,
176 £., 244, 255; — relatlon, see: Rela.
tion
Birknorr, G., xi, 4, 40, 98, 182 f.,
}3% f., 247, 249, 269, 282, 302, 306, 308,
Biunique funection, 77, 133, 221, 236,
241 f

Boorr, G., 205, 313

Boolean a.lgebra, xi, 169, 206 ff.,
215 ff., 233, 272, 312; factor alge-
bra, 272 fi., 283 ﬂ' — semigroup, 210

Borelian class, 235 — set, x, 215,
234 f.

Bound, see:
Least upper —

234, 313

Greatest lower —,

317



318

Cancellation law for multiples, 30
ff., 187 f., 210, 243, 311; — — — sums,
19 ff., 51, 106, 176, 187, 189, 209

(Cantor - Bernstein) equivalence
theorem, ix, 10, 236 .

Cardinal, sce: — number; — addi-
tion [sum, +, 3], x, 237, 247 ff., 251
f., 311 f., see also: Addition of car-
dinals; — algebra [C. A.], x f., 8 ff.,
11, 16 ff., 40 ff., 55 ff., 69, 77, 176

Cardinal multiplication [— prod-
uct, direct multiplication, direct
product, X, [T} of algebras, 77, 83 ff.,
161, 255 fi.; — — of (isomorphism)
types, x f., 164 ff., 214, 252, 255 ff.,
311 f.; — — — relation numbers and
relations, 306 ff.; — — — sets [strong

], 244; — — with the rank
v, 170 £., 252; see also: Multiplication
of cardinals

Cardinal (number) [power, x(4)],
ix ff., 154, 170, 236 ff.; — (—) zero
[0], 287, 248; -— power [A7], 84; —
product, see: — multiplication; —
subalgebra, 86, 98, 114 f.; — sum, sce:
— addition

Centerless algebra, 281 f.

Cuin, L. H., xii

Class, 154, 2156
. C2lé)2sed under an operation, 85, 251

.y —

Closure of an algebra [I], 86 ff.,
107; — postulate, x f., 3, 11, 69 f.,
93, '156, 244

_Commutative group of transforma-
tions, 221, 224, 232 f.; — groupoid,
see: Groupoid; — law, x, 4, 7 ff., 156,
244, 258, 267; — semigroup, scc:
Semigroup

Commutative-associative
late, 4, 11

Comparable cardinals, 243

Complete algebra, 69, 183, 200 f.,
292; — in the wider sense, 183, 200,
215; — set-field, 216; — space, 235
100311;10‘301)7 distributive algebra,

postu-

C'omplex sum, 269
Composition of functions [fg], 134
Congruence, 233; — modulo anideal

[c¢ ], 116 ff.; — under a set of partial

automorphisms [e¢], 142 ff., 149 f.,
222, — — — — — transformations
(], 221 ff., 230 ff., 236, 242, 247, 251
Constructive proofs, ix, 224, 241
ff., 251
Converse domain, sec: Counter-
domain

INDEX

Coset [a/R], 79 ff., 116 {.; — alge-
bra [algebra of cosets, residue class
algebra, %/R], 5, 78 ff., 106 f., 116 f.,
143, 146 ff., 218 1., 234, 242 f.

Countable addition, — multiplica-
tion (of sets), 216

Countably closed ideal, 213, 217

Countably complete algebra, x,
183 ff., 200 ff., 211 ff., 215 fi., 283 ff.;
— — in the wider sensc, 183 ff., 200
ff., 211 ff.; — — set-field [— — field
of sets, o-field], x, 216, 218 f., 222 f.,
229, 245 f.; — — set-ring, 216; — dis-
tributive algebra, 201, 203, 211,
213 f.

Counter-domain of a function
[C(N], 77; — [converse domain] of a
relation [C(R)], 245

Couple, see: Ordered

Decision problem, 243

DepeEkIND, R., 269

Denumerable, see: At most —

Difference, see: Set-theoretical sub-
traction

Direct factor, see: Factor; — mul-
tiplication [— product, X, IT] of sub-
algebras, 266 ff., see also: Cardinal
multiplication; — sum, 262

Disjoint [mutually exclusive] cle-
ments, 42

Disjointly decreasing sequence, 49
. Disjunctive addition [— sum, +,
>1, 107, 205; —'algebra. corrclated
with an algebra [%], 107 ff., 168, 175,
209, 212, 218 f.; — Boolean algebra,
206 ff., 272 ff., 283 ff.; — ideal algebra
@), 127 ff., 279

Distance function, 233; — preserv-
ing, see: Isometric

Distributive law, 7 ff., 38, 49 fi,,
125, 148, 178, 201, 203, 217, 248, 275

Domain of a function [b(f)], 77;
— — — relation [D(R)], 245

5]{)(f)uble equivalence [— similarity],

Element (of an algebra or a set)

fe], 3

Kmpty relation, 248; — set, 215,
237

Equality of power, see: Set-theoret-
ical equivalence

Equinumerous sets, 236 .

Eguivalenee relation, 79 ff., 94 ff.,
116 f., 132, 143, 218 ff.; — by finite de-

composition (%] ,— — infinite decom-
position [@],148£.,221f.;— theorem,



INDEX

see: Cantor-Bernstein — —; — under

an element [c], 149; see also: Set-
theoretical —

Kuclidean line, 232, 234; — space,
216, 234 f.

Fuelid’s theorem, 33, 187, 210

Existential postulate x, 106; —
theorem, 93 £.

B ‘(ponent of a cardinal power, 84

Factor algebra [algebra of factors,
L\'(?l)l, 264 f., 268 ff., 272 ff., 283 ff.;
— of an al ebra [dlrect —_———
element of %:(SI)], 264 ff., 272 fi., 203

_—— (lsomorphlsm) type [ele
ment of ®(a)], 156, 266, 264; — rela-
tion [<,], 166 f., 255f 264 307, 311

Field, 98; — of a relatlon [F (R)],
245 ff.; — — sets, see: Set-field

Finite addition [addition of —
sequences, — operation 2, — sum,
sum of — sequences], 6, 9 70, 147
176; — algebra, 130, . 303 f.;
— cardinal, 238; — cham condltlon
197, 302; — closure of an algebra, 100
f., 189 209 f.; — — postulate, 3; —
element 66 ff., 149, 176 f; —mult1p1e

147, 176 — Tefinement’ theorem, 4,
17; — relatron, 310 f.; — sequence
[<ao ay,y 0, Gn-1),

Flmtely additive measure, sce:
Measure; — — relation, 79, 143 ff.;
— — set of partial a,utomorphrsms
144 ., 222; — — — — transforma-

tions, 222ﬁ 247

Flmtely closed algebra, 76, 84, 100
f., 157,163 ff., 176 f., 202, 231 — com-
plete [luttlce ordered] algebra, 178,
183 £., 200 f.; — — in the wider sense,
183 f.; — distributive algebra, 201,
203, 205; — refining relation, 80 ff.,
04 ff., 142 ., 218 ff.

FITTING H 4,282, 314

Foundatlons, see: Set-theoretical

Four group, 273

Function, ‘{l 77 f., 83, 132 ff., 221 f.

Fundamental law’ of infinite addi-
tion, 28; — operation, 3, 11, 77, 176,
205, 215 244; — theorem of the al-
gebra, of lsomorphlsm types, 163;
— — — — ideal algebra, 121, 212;
— — on coset algebras, 81

General law of countable distribu-
tivity, 217; — notion of isomorphism,
— — — an isomorphism type, 252;
— refinement property, 276, 282; —
-—7- t;lfeorem 4, 16, 161, 244, 249 251

9
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Generalized Boolean algebra., 205
— cardinal algebra [G. A,
69 ff., 77, 86, 92 f., 97, 102 107 175‘
———subalgebra 85, 114 ——groupmd
189; — homeomorplusm, x, 234 f.;
— semigroup, 189, 209

Geometric measure, 215, 233

GorowiIn, O. N, 4, 282, 31¢

Greatest common factor ns, Ny,
167, 170, 264; — lower bound [N, N,
40 ., 123 175, 183, 205, 215, 264, 309

Group, 98 188 257 262 269 273
304, 312; — [qua.sx group] of partlal
automorphxsms,142ff 222; — [—] -
tr%nsformatlons 221 ﬁ 230 ff., 236,
24

Groupoid [commutative —], 176

, 198, 200, 219

Hausporrr, F., ix, 215, 314

Homogenelty [~], 160 ff., 236

Homomorphic image [— mapping,
— transformation, homomorphism],
xi, 5, 77 fI.

HUNTINGTON, K. V., 192, 314

Ideal, 85, 111 ff., 161, 175, 213, 279;
— addltlon see: Add\tlon of 1(lea,ls,
— algebra [algebra. of ideals, J()],
121 ff., 151 ff., 212 f.; — in a wider
sense, 111; — sum, see: Addition of
ideals

Idem-multiple algebra, 102 ff.,
127, 200, 202, 217; — element, 66 ff.,
102 f., 117, 191 £., 239

Idem- potent element 304
2Identlty function, 133 — relation,

Imbedding theorem, 92 f., 98

Inclusion [=], 123, 215, 255

Indecomposable element 62 ff.,
119, 192; — in a weaker sense, 62 f.,
170 — (1somorphrsm) type, 157 162
168’ ff., 256, 277, 300 ff.; — relation
number, 240 f., 307

Infinite addition [addition of — se-
quences, — operatlonz , — sum sum
of — sequences], x f., 2 ff., 11 f., 23
f., 47, 69 f., 176; — cardmal ix, 238
— chain postulate sce: Remainder
postulate; — closure postulate, 3;
— element, 66, 118, 239; — multlple
240; — number [co], 6 f., 39, 190;
— sequence [Kao, a1, **+ , G, -~ D], 3

Infinitely additive [— closed] ideal,
111; — — measure, 199, 230; — — re-
lation, 79 ff., 94 ff., 116 f., 143 ff., 194,
218 ff.; — — set of partial automor-
phrsms, 144 1., 222; — — — — trans-
formations, 222 ﬁ,, 247; — refining
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relation, 80 ff., 94 f., 98 ff., 116 f.,
142 f.

Integer [non-negative integer], x,
6, 190 fi.

Integrity domain, 98

Interpolation property,
theorem, 27, 182

Intersection,
multiplication

Invariant, see: Measure

Inverse of a function [f™1], 133 f.

Isometric [distance preserving]
transformation, 233 f.

Isomorphic algebras [— image, —
mapping, — transformation, isomor-
phism, =], 77 £., 85, 132, 153, 217 ff.,
252, 264 f.

(Isomorphism) type [r(A)], x, 154
ff., 188 f., 213 {., 252, 255 ff., 304, 306
f., 311 f.

J6nsson, B., xii, 35, 163, 249, 256,
304, 314

KnasTER, B., 223, 314

Koniag, D., 223, 314

Korserr, A., 236, 314
K-subalgebra, 85

Kurarowski, C., 215, 223, 235, 314

Lattice, x f., 176, 200 ff., 213 f.

Lattice-ordered, see: Finitely com-
plete

Least common multiple [U;, U],
167, 264; -— upper bound [U, U], xi,
40 ff., 103 f., 175, 183, 215 f., 264, 307

Lebesque measure, 215, 234

‘Less than or equal to’ relation
[=],6ff., 123,175,205 f., 215, 264, 267

LinpeENBAUM, A., xii, 16, 33, 57,
223 f., 236, 248, 314

MacLaNEg, 8., xi, 98, 313

Many-termed relation, 251

Many-to-many transformation,
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McKinsey, J. C. C., xii, 311 f.

Mecan value theorem, 29, 236

Measurable (B), — in the sense of
Lebesque, 234

Measure [finitely additive meas-
ure], ix, 197 ff., 215, 229 ff.; — normed
by u [— with the unit u], 197 ff., 230;
— — — U [— with the unit U] and
invariant under G, 229 ff.

Method of iteration, 17, 106

Metric space, x, 215, 233

Modular law, 268 ff.

Monotony law, 7

166; —

see: Sct-theoretical

INDEX

Multiple [n-a], 6 ff., 70, 248; see
also: Real —

Multiple-free algebra, 102, 106 ff.,
144, 205 f., 212; — clement, 68 ff., 105
f., 210

Multiplication [product] of car-
dinals [strong — of cardinals, X, I]],
244, 252; — of sets, see: Set-theoret-
ical —; sce also: Cardinal —

Multiplicative algebra of integers,
190, 195, 210; — relation, 167, 265
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Mutually ecxclusive, see: Disjoint
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Postulate of the zero element, x,

4, 12
Postulates for cardinal algebras,
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ADDENDA

In the following remarks we should like to point out some minor
errors and inexactitudes which were found in the text, after the manu-
seript had been set up in page proof, and kindly communicated to the
author by Mrs. Anne C. Davis (University of California, Berkeley).
We also take this opportunity to mention some recent results and
publications which are closely related to topics discussed in this
book.

To page 3. According to our conception of an algebraic system,
the fundamental operations of an algebra may be of an entirely ar-
bitrary nature. In particular, the binary operation + in an algebra
(A, 4+, X ) may be defined for some couples of elements which
are not in A, and when performed on a couple for which it is defined
it may yield an element outside of A ; the same applies mutatis mutan-
dis to the infinite operation ). This possibility is not excluded by
definitions of special kinds of algebras, e.g., C. A.’s, G. C. A.’s, or
Boolean algebras.

In consequence, certain theorems given in the book prove to be
formulated inexactly and, when literally taken, are simply wrong.
Consider, e.g., Corollary 8.9 on p. 104. In the idem-multiple G. C.
A. A = (A, +, D ) the operation + may be defined for some
couples of elements outside of A; on the other hand, by Definition
3.2 on p. 40, the operation U in the correlated algebra 9 = ( 4,
U, U ) is defined only for couples in A4 ; hence, the algebras % and %
may not be logically identical. Analogous remarks apply, e.g., to
Theorems 8.19 and 8.20 on pp. 107 {., or 15.17 and 15.18 on p. 209.

To eliminate these inexactitudes, we can agree to consider as al-
gebras only those systems { 4, 4, >_ ) in which the operations +
and E are defined exclusively for couples or sequences of elements in
A and yield always new elements in A. This agreement, however,
necessitates some slight modifications in other formulations of the
text, in particular, in those involving the notion of a subalgebra; for,
as a consequence of the agreement, the operations + and Y, in an al-
gebra ( A, +, > ) and in its subalgebra ( B, +, >_ ) can no
longer be regarded as identical. The following supplementary agree-
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ment helps us avoid unnecessary complications in this connection.
We continue to use the notion of an ALGEBRA CONSTITUTED BY A SET
A AND BY FUNDAMENTAL OPERATIONS + AND 2 without imposing any
restrictions on the operations involved. We identify this notion,
however, not simply with the ordered triple { 4, 4, > ), but with
the ordered triple { A, +/, Y." ) where +’ is the operation defined
as follows:

a +' b = a + b whenever a, b, and @ + b are in A, and otherwise
a +’ b does not exist;

and where D is the operation analogously defined in terms of >. In
view of this agreement, we can say that an algebra 2 and its subal-
gebra B are constituted by the same fundamental operations though
by different sets of elements; at the same time we can state in certain
cases that two algebras { and B (e.g., an idem-multiple G. C. A. A
and the correlated algebra %) are identical although their fundamen-
tal operations do not coincide.

To page 46. The formulation of condition (ii) in Theorem 3.16
is not quite exact. An exact formulation is

(i) ifa = zand if x £ a; for every i < n, then x = a.

Clearly, the two formulations are equivalent unless n = 0. An
analogous remark applies to Theorem 3.17 on p. 47.

To page 64. Tt is tacitly assumed in Theorem 4.45 that the ele-
ments a, form an n-termed sequence, and the elements b; a p-termed
sequence.

To page 80. Theorem 6.6 as formulated in the text is probably
false; it applies to C. A.’s, but not to G. C. A.’s. It is easily seen,
however, that 6.6 holds also for G. C. A.’s under the additional
assumption that the relation R is finitely refining; and this is just the
assumption under which the theorem in question is applied in the
text (e.g., in the proof of 6.10 on p. 81).

The formulation of Definition 6.7, also on p. 80, is not quite clear.
The relation R is finitely refining if, for all a, a1, as, b € A, the formulas
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a=a+aand aRD
imply the existence of elements b; and b, such that
b=0b 4+ by and a, R b; for 7 =1, 2,
while the formulas
a=0a+aand bRa
imply the existence of elements b; and b, such that
b=0b + by and b; R a; for 7 = 1, 2.

To page 100. The remark following Theorem 7.17 is wrong; the
theorem does apply to strong (though not to weak) cardinal prod-
ucts. This somewhat weakens the validity of the remarks on p. 84
explaining why ‘the strong product appears to be a less appropriate
element in dealing with C. A.’s than the plain product.’

To page 114. In the remarks following Theorem 9.18 the algebras
A and B are assumed to be G. C. A.’s.

To page 199. A set of necessary and sufficient conditions for the
existence of an infinitely additive and strictly positive measure in
countably complete and atomless (disjunctive) Boolean algebras
is given in the paper of D. Maharam, An algebraic characterization of
measure algebras, Annals of mathematics, vol. 48, 1947, pp. 154-67.

To pages 239 ff. The problems discussed on these pages are ana-
lyzed in greater detail in the author’s paper, Axiomatic and algebraic
aspects of two theorems on sums of cardinals, to appear in Fundamenta
mathematicae, vol. 35, pp. 79-104. In particular, a direct proof of
Theorems I-IIT on p. 241 can be found there.

To page 272. Two new conditions each of which is necessary and
sufficient for the factor algebra F(A) of an algebra A = (A4, + )
to be a disjunctive Boolean algebra have recently been found by
J. M. G. Fell (University of California, Berkeley). We agree to
understand by the center of the algebra the set of all elements z¢ A
satisfying conditions () and (47) given at the bottom of p. 281 (see
Jénsson-Tarski [1], pp. 17 f. and 24). The conditions read as fol-
lows:



326 ADDENDA

I.IfA=BXC=BXD,thenC = D.

II. If A = B X C, then the subalgebra consisting only of 0 is the
unique subalgebra of B which is a homomorphic tmage of C and which
18 included in the center of .

The advantage of these conditions lies in the fact that they can
easily be applied in practicc to comprehensive classes of algebraic
systems. For instance, by restricting ourselves to groups, we readily
see that condition I is satisfied by all ¢yclic groups while condition I1
is satisfied by all centerless groups and by all groups which coincide
with their commutator groups. Hence every group belonging to
any of these three classes has a Boolean factor algebra.
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