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PREFACE TO THE THIRTEENTH EDITION

The present edition of this book has given me an opportunity
to make a number of minor corrections and to add Chapter XVI
containing suitable solved examples illustrating the motion of a
rigid body under finite end impulsive forces.

The large number of examples—always a popular feature of
the book—has been supplemented by some additional problems
taken from recent University Papers.

It is hoped that in its present form the book will be still more
useful and will continue to serve the cause of Mathematical teaching
in Indian Universities,

4, Daryaganj, Delhi-6 ; S. R. GUPTA
September, 1963

PREFACE TO THE FIRST EDITION

This book is meant to be an introduction to the study of Dyna-
mics of a Particle, and is primarily intended for the use of students
preparing for the B.A. degree examination of Indian Universities, but
may also be used by students preparing for the Engineering and
other competitive examinations. It includes a short account of the
Cycloidal Pendulum and the Planetary Motion for the benefit of
students preparing for the Honours course.*

This work differs from others of its kind in the method of treat-
ment of the subject. Elementary works already existing in the
market treat the subject geometrically, whereas I have tried to
popularize the analytical method, the employment of which has
hitherto been restricted to advanced works only. This preference in
treatment is in accordance with my conviction (which, in turn, is the
result both of my personal experience of teaching the subject for the
last twelve years and the various discussions which 1 have had with
students and teachers of Indian and Foreign Universities) that no
other method but the analytical can enable the beginners to grasp
the subject clearly. Thus the present volume is designed to supply
a real need of the students.

*The Treatment of Moment of Inertia, Compound Pendulum, Linear
motion in a resisting medium, Motion of a rigid body in two dimensions under
finite and impulsive forces, centre of Percussion, Torsional vibrations and
Ballistic Pendulum have been added in subsequent editions.
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To afford a fuller idea of the scope of this work, I may mention
that Newton’s laws of motion, motion of a particle attached to elastic
strings, motion of trains and cars on curved paths, the principle of
work and energy, the principle of relative velocity and the graphical
method of solving Dynamical problems—all these are treated in
detail and profusely illustrated by carefully selected solved examples.
Besides, other examples, which are scattered throughout the book
are also particularly designed to assist the student to understand
the principles of Dynamics. The ready made examples are taken
mostly from questions set at the Indian and Foreign Universities.
Certain articles and examples which may present some difficulty to
a beginner are marked with an asterisk and may conveniently be
omitted by him during the first reading.

My acknowledgment is generally due to modern writers on the
subject whose works I have freely used. But I am particularly
indebted to Professor A.T. Banerjee of the Hindu College Delhi, for
his kindness in going through the manusecript and making valuable
suggestions. I shall be thankful to others who may suggest improve-
ments for future editions, or even point out errors in this volume
which may have escaped my scrutiny.

Lahore ; S. R. GUPTA
April 1931.
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The following approximate results may be referred to for
numerical calculations :—

V2 =1414 V3 =1732
/5 =2:236 V6 =2:449
V1 =2646 V/10=3162
V/11=3317 +/13=3-606
n=3'1416 * -11-:. —0-31831
log;ee=04343 n?=9-870

Weight of one gallon of water =10 Ibs,
Weight of one cubio foot of water =625 lbs.



Elementary
Analytical Dynamics

CHAPTER I
VELOCITY, ACCELERATION

r't. Dynamics is the science which treats of bodies in motion.

When a body moves all parts of the body have not necessarily
the same motion but if the body is a very small one, the differences
between the motions of its different parts are unimportant. In fact,
we may regard the body as cuinciding with a geometrical point and
then consider its motion. Such a body, the position of which is defin-
ed by that of a geometrical point at each instant, is called a
particle. Our main object in this book is to deal with motion of &
particle.

11, If a body moves in such a way that all its points move
through equal and parallel distances in all equal intervals of time,
however small, the body is said to have a Motion of Translation. Im
such cases the body moves without rotation and between any two of
its points there is no relative motion in space. Its motion is com-
pletely determined when the motion of any one of its points is
known. The body is then taken as replaced by a material particle
coincident with this point and having its mass equal to that of the
whole body. It is usual to take the centre of gravity of the body as
the point whose motion determines the motion of the whole body.

1°2. When a point changes its position relative to any object
and occupiés different positions at different times, it is said to be in
motion rclative to that object. The curve drawn through the succes-
sive positions occupied by the point, is called its path.

1'3. The path of a moving point may be a straight line or s
curve,

In earlier chapters of this book we shall deal with the motion
of a particle along a straight line and we now discuss some concepts
necessary to the investigation of such a motion.

1°31. Displacement in a straight line. In order to
determine the position of a point P in a straight line, a fixed point O
must be marked on the line. The position of P is then defined by
the length OP. If at any instant the position of & moving particle
be P, and at any subsequent instant it be @, then PQ is the change
in position or the displacement of the particle in the intervening
time. o
Whenever a relation betweet-the distance OP==z and tinie ¢ is
known, the displacement or the distance travelled duridg & giveh!
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If, for example, in the, relation z=16, we put {=2, we get
#=04 and for =3 we get z=144; so that the displacement in the
third second is 144—64=80 ft.

1°32. Average Velocity during\ an Interval, Ifa particle
moves a distance z along a straight line ir time ¢, then -?— is said to
be the average velocity during the interval.

For example, if a train travels from Amritsar to Delhi, a
distance of 300 miles in 12 hours, then 282=25 miles per hour is
its average velocity. It means that if the train were supposed to
have been ntoving with the same velocity of 26 miles per hour during
the whole interval, the train would have covered the distanee of 300
miles in 12 hours. But as a matter of fact this is not so. We know
from expericnce that the train starts from rest, gathers speed and
stops at the next station and continues doing so between every two
stopping stations,

It is evident, therefore, that the average velocity is related to
the intervals as a whele and is simply a matter of calculation. It is
distinct from the actual velocity which a moving body may have at
any particular time.

With a vicw to understand the motion in all details, we intro-
duce the notion of velocity at a point.

1'33. Velocity at a Point. Suppose that a particle begins
to move from a point O along the straight line OX and comes in the
- position P after descnibing a dis-
0 .z P dx Q. X tance z in time ¢. Further let it muve
a little distance §z in a little time §¢ and come in the pusition Q.

Then 88{% is the average velocity of the particle during the interval §¢.

As §t and .consequently §2 becomes smaller and smaller, the point ¢
is taken ncarer and nearer to the point P sa that »aai charae-

terizes more and more accurately the nature of the motion at P.

Thus it is natural to take Lt §—a—;="€?—‘as the velocity at /.

Thus the derivative of z with respect to ¢ exprosscs the rate, ol
change of displacement or the velocity v at the time ¢, '
" dx

‘.e., v:-a—i .

\
'1'34. Speed. The velocity may be positive or negative accor
ding as the particlc is moving in one or tge other dircction alony o
straight line. The magnitude of the velocity without any considi ra
tion of dircction is usually called speed, A man walking north at t':
rate of 4 miles per hour and another walking east at 4 miles per 1
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have the same speed but different velocities because the directivns of
motion are different.

1°35. Uniform Velocity. In case the velocity of a particle
moving along a straight line is the same at every instant during an

. . d . .
interval, s. e.,—(—i-;— remains constant thronghout the interval, the

motion is said to be uniform.

For measuring velocity one second is ,usually taken as the
unit of time and either one foot or one centimetre as the unit of
length.

A train which travels uniformly 60 miles in one hour will travel
88 feet in ope second and is said to have a velocity of 88 feet per
second or 60 miles per hour.

1°36. Relative Velocity of two bodies moving in
straight line.*

Let the velocities of two bodies 4 and B at any instant be u,
and u’ and let z, 2’ be their distances from a fixed point O in the line.
The velocity of B relative to 4
=rate of change of the distance 4B
d dz’  dz
=a @ =g @

Thus the velocity of B relative to 4 is obtained by adding to
the velocity of B, the reversed velocity of 4.

::u’——u,

If, for example, two trains 4 and B are moving on parallel
tracks in the same direction with equal velocitics, their relative
velocity is'zero, so that to a person in 4, the train B appears to be
stationary. If the trains are moving with unequal velocities of 20
and 25 miles per hour respectively in the same direction, the motion
of Brelative to A is 25—20, ¢.e., 5 miles per hour. Again, if the
sraing are moving in opposite directions the velocity of B relative to
A is 25—(—20), t.e., 45 miles per hour. In this case a person in B is
separating from a person in 4 at the rate of 45 miles per hour.

1°'37. Acceleration ata Point. We have seen that the
rate of change of displacement at the particular instant is the velo-
city at that instant, similarly the rate of change of the velocity
with respect to time is called acceleration and is generally denoted
by f.

Let v be the velocity at any instant, of a particle moving
vith variable velocity and §v, the change in the velocity in a little

Time §t.

g{— is then the average rate of change of the velocity in the short

iuterval §t.

*For relative. motion in a plane, see Chapter XI.
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The rate of change of velocity, ¢.e., acceleration at any instant

. _ Lt 8v _ fi_ti
¢ is therefore =503 =gt
dv d drdx\ dz
- I~g=a"=a( )=
dv dv_dx dv
Also A T ~L
Thus general cxpressions for acceleration of a moving particle
are i
dv  d% v
—(Tt- or E{i or v —E;.

The student should clearly bear in mind these three forms for
f, and as to which one is best to employ in a given case will become
clear from the examples given in the next article.

The word acceleration is used to denote any change in the velo-
city, whether that change be anincrease, or a decrease. In other
words the acceleration may be in the direction of motion, or in the
contrary direction. i.e., the acceleration f may have the same sign as
that of the velocity » or may have the opposite sign.

In case the sign of f is opposite to that of v, the acceleration
is sometimes known as retardation. So that retardation smplies
decrease in the magnitude of velocity.

Just like velocity; acceleration may be uniform or variable.

1°38. As-accelesation ig the change of velocity per unit of time,
a point is said to be moving with » units of acceleration when a
change of 7 units of velocity takes place every unit of time.

Thus a point is moving with 5 foot-second units of acceleration
when a change of velocity of 5 ft. per second takes place every second;
it is usugl to express it by saying that the point possesses an accelera-
tion of 5 feet per second per second or 5 ft./sec.? Similarly 5 centi-
metre-second units of acceleration are written as 5 cm./sec.? and 10
miles-hour units of acceleration as 10 mi.[hr.2.

Example 1. A particle meves in a straight line in such a way
that the distancd from a fized point O in the line at the end of ¢ secs., t8
114-5t4-82 ft.  Find (i) dts distance from O, (i1) sts speed, (i43) its accele-
ration ot the end of 4 secs.

Here 8==45(411=95 ft. when t=4,
v=—g‘-;—=3t2+5=53 ft. per sec. when t=4,
3
and s

=T¢i=&=24 ft. per Sec. per sec. when t=4.

‘Example=. A4 body moves so that the distance = feet which it
travels s given by lhe relation x=124-6t+11 where t is the time in
Seconds. Find the velociy and acceleration 4 secs. afler the body
begins to move,
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Here z=1346t+411,
dz dx
v=d7=2t+§ and f=d7=2'

The acccleration is constant. The body begins to move when
v=0or t=-—3, i.e., 3 seconds before the time ¢ was begun to be
observed.

To find the velocity 4 secs. after the body begins to move, we
put ¢t=1 which gives v=38 ft. per sec.

Example 3. If a particle 18 moving according to the law
v =2(x sin z+cos 7),
where z is the distance described, find its acceleration.
Hereo v2=2(x sin z+cos 2).
Differentiating with respect to x, we get

d . .
2vd—l;= 2 [sin z+2x cos z—sin x].

o f=v % =2 cos .

Example 4. The speed of a particle moving along the axis of z
18 given by vi=4x—zx3. Find its range of motion and if f is its accelera-
tion, show that

27v4=8(2—f) (4+N".

Here =dr—23=z(4—2%)=2(2—2) (2+2) ..(1)
The L.H.S. of (1) being positive, the R.H.S. must also be positive,
which requires ;

(i) x£2, when z 1s positive, and

(it) &€ —2, when z is negative.

Hence the particle moves within the range defincd by the values
of z lying between 0 and 2 and for valuesof z less than —2.

Now differentiating (1) with respect to z, we have

dv

2v_d—a: =2f=4—328,
or 322 =4—2f ..(2)
And squaring (1), we get
vé=1234—2x?)? (3

». from (2) and (3), we have _
vi=1(4—2f)[4—3(4—20)P=2(2—f)(8+2f)
2708 =2(2—f) 4(4+[)*=82—fHl¢+f)%

Examples I
1. If a body be moving in a straight line and its distance in feot from a .
given point in the line after ¢ seconds is given by s= 5+ 2¢ +¢3, find
(¢) the speed at tho end of 2§ secs,
(%5) the acceleration at the end of 3} seconds,
($4¢) the average speed during the 4th second.
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2. A particle moves along a straight line so that after ¢ seconds its dis-
tance z from a fixed point O on the line is given by z=2(t—1). Find

(£) the velocity and acceleration on each occasion when it passes
through O ; .

(%) its distance from O when its velocity is zero ;
(#65) its distance from O when its acceleration is zero.
Describe the nature of motion.

3. A particle moves along a straight line, the law of motion being
8=A cos (nt+k),
show that the acceleration is directed to the origin and varies as the distance.
4- The velocity of a particle moving along a straight line is given by
the relation v2=2qs2 4 2bs + c.

Prove that the acceleration varies as the distance from a fixed point in
the line.

§- A point moves in a straight line so that its distance s from a fixed
point at any time ¢ is proportional to ¢n. If v be the velocity and f the accelera-
tion at any time ¢, show that v2=nsf/(n— 1).

6. A particle moves along u straight line according to the law
—vg2=a2 + 2bt +c.

Prove that the acceleration varies as -}5—
The specd of a particle along the axis of z is given by the formula
v2=8z—223. Find its rango of motion and if fis its acceleration, show that

2708 =4(4—1)(8 + f)2.

8. P and @ are two inverse points with respect to a circle of radiusa
and centre 0. Show that if P begins to move along the line PQ in one direction,
Q always moves in the opposite direction.

Show also that the magnitude of their velocities are always unequal
except at the point where they moet.

[Hint. OP.0Q=a?).

9- A man runs 100 yards in 194 seconds. What is his average speed in
miles per hour ?

10. If a velocity of 168 miles an hour be the unit of velocity "and a mile,
the unit of space, find the number which represents a velocity of 32 ft, per sec.

r1. A passenger in arailway carriage observes another train moving on
a parallel line in the opposite direction to take two seconds in passing him but
if the other train have been proceeding in the same direction as the observer, it

would have appeared to pass him in 30 seconds. Compare the rates of motion
of the two trains.

12. The law of motion of a body moving along a straight line is s=3ut ;
prove that its acceleration is co;nstant.
d2y dv
[Hlntc Show that a—“i-= 0, ot —d—2-=const.]
13. Prove that a point cannot move so that its velocity shall vary as the
distance it has travelled from rest.

[Hint. Show that the initial acceleration is zero.}

54. A shell is fired at a target 2200 yards away and explodes at the ins-
tant of hitting. At points 16850 yards from the gun and 440 yards from the
target, the sounds of firing and exploding of the shell arrive simultaneously.
Taking the velocity of sound to be 1100 ft. per sec. and assuming the path of
the shell straight find its average velocity.

15. A line of men are running along a road at 8 m.p.h. 'behind one
another at equal intervals of 20 yds. A line of cyclists are riding in the same
direction at 15 m.p.h. at equal intervals of 30 yds. At what speed must an
observer travel along tho road in the opposite direction so that whemever he
meets a runner, he also meets a cyclist. (Roorke 1952)



1’4, Distance-Time Graph. If a particle moves. along a
straight line, the distance moved is a function of time.

If a graph is drawn such that y
the time is represented on some scale
by the abscissa, i.e., by a length drawn
along 0X, and the corresponding dis- P
tance, by the ordinate on the same
scale, the graph is called the distance-
time graph, and the velocity which

. ds . . .
is d_'t’; is evidently given by the gradient 8

of the tangent to the curve at a parti- 0 T M X
cular point determined by an assigned value of ¢.

1'5. Velocity-Time Graph. In exactly the same way, we
can draw a graph representing the velocity in terms of time. The

dv . . .
acceleration—(—i—tata.partlcular instant is then represented by the

gradient of the tangent at the corresponding point on the graph.

When the acceleration is uniform the velocity-tims graph will
be evidently a straight line.

Examples
1. For the velocity of a tram car it is given that
t 0 1 3 4 5 6 7
s 0 2 9 14 20 27 35
Plot the space-tims curve and find the velocity at the end of each
second, hence find the acceleration at the end of the 4th.second.
. (Roorkee)
2. Show that the above figures are connected by the rclation
28=1343¢t and hence verify the results obtained in Example 1.

3. Show thut in the velocity space curve (in which abscissae
denote spaces covered and ordinates represent velocities) the sub-
normal represents acceleration. (B.U.)

[Hint. Subnormal=v» X % ]



CHAPTER II
MOTION IN A STRAIGHT LINE—I

2’t. In the preccding chapter we have shown how by
differentiation, we deduce the velocity from a knowledge of the
relation between the distance travelled and the time taken and how
we deduce the acceleration from the relation between the velocity and
the time.

We now consider, the more important problem of dcducing the
velocity from a knowledge of the acceleration, and the distance
travelled from a knowledge of the velotity. Thisis the inverse prob-
lem and hence can be solved by integration.

2°2. Motion with constant acceleration. A4 particle moves
along a straight line from a fixed point in it with initial velocity v and
constant accelération f, in its direction of motion. 1o find the velocity
v and the distance s travelled after any time ¢.

The acceleration of the particle is given constant and equal to
f, and s is its distance at any time ¢ from the point at which it starts,
then its equation of motion is

d%s |
Pk

f[ntegrating with respect to ¢, we have

ds .
——==fl+¢, where ¢ is a constant.

dt
It is given that initially when ¢=0, %:—=u, v.e., u=0-4c¢
or c==u.
. ds .
LX) 'zt—=u+ft, @.e-, V=‘l+ft. “e (l)

which gives v, the velocity at any time.
Integrating again with respect to ¢, we got
s==ut-+}ft*4-Lk (a constant),
when ¢==0, 8=0, so that k=0
-  s=ut+}jfed . (2
Alsc v %—E— being another expression for acccleration, the equa-

tion of motion can be written as v %—-:f. '
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2
Integrating with respect to s, we have —;~=-ﬁ-

It is given that initially when $=0, v=u, so0 thai
3 2
%-.—.0—}—01. t.e., c1=-§~. S 3t =3u+ fa,
t.e., vi=u’+2fs .(3)

The last equation can also be obtained by eliminating ¢ from
(1) and (2) as follows ;—

From (1) v=ud4-2uft+fU2

=ut4 25 (ut+3 f12) =ud+2fs.

If the particle starts from rest, so that u==0, these equations

take the simpler forms
v=fl, s=3ft* and 1?=2fs.

The three equations obtained above are of fundamental import-
ance. They are the cquations of motion of a particle moving alung &
straight linc with constant acccleration.

Each of these equations involves four quantities and any one of
them can be obtained whenever the other three are known.

In solving problems we seleet the equations which contain ihe
quantities that are given and the oue which is required.

Example x. A partigle sturts with a velocity of 20 ft. per sec.
and travels 100 yards in 30 secs. along a straight line. Find (i) the
acceleration supy.0sed uniform, (ii) the times at which it is 1663 ft. from
the starting poirt, ard (iii) the time when it comes to rest.

(?) Here v==20 ft. per sec., =100 vds.==300 ft. and =30 secs.

Subistituting these in s=wui4-1fi3, we get
300==20 X 30+1fx 30x 30

f.e., f:=—=% ft. per sec. per sce.
(i) 1662 =20t 4 3(—%)i?
or 500 =-60{—1? or (t—10)(t—50)=0.
¢==10 or 50 secs.
(i1i) In the formula r=wu-ft, we have v=0, v=20 and f=—3%
y 0:=20 —§t or t=30 sccs.

Thus the particle moves with « retardation of § ft. per sce. per
sec. and it comer to rest after 30 secs., then it returns back and is
again at a distance cf 166§ ft. at t==50 sces., the second value of ¢
obtained above.

Example 2. . body woving with nniform acceleration in a
straight line has a velocity 12 ft. per sec. at a distance of 10 ft. from a.
point O and 16 ft. per sec. at 24 ft. from O. * Find the acéeleration and
velocity at O.

Let v be the velocity at O, then using the formula
: v?=u2+-2fs,
we have

144=2242f % 10 and 256=12+-2fx 24
which give f=4 ft. per sec. per scc. and v =8 ft. per sec.
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Example 3. 7o cars start off to race with velocities u and v and
travel in a straight line with uniform accelerations a and B ; if the race
ends in a dead lLeat, prove that the length of the course is :

2(v—1) (uf—ra)
@—p2 ‘
Let the length of the course be 8 units. As the race ends in

dead heat, the cars reach the destination at the stame time, t.e., each
of them describes the distance s in the same time, say &.

Then by the question, we have

s=ut+1} at®=vt+1p12,

which gives
(n—v) t=}(B—a)® or =202
— or t= 5 a
rejecting the value t=0, which corresponds to the initial position.
Substituting the value of ¢ in s==wt+% ai?, we now get
=20 e U (B —a) +a(u—)
"(u-—-v) (uB —va)[(a—pB)2.
2°21. Other results. TFor a body moving along a straight line
with wniforiw acceleration, we have

(1) the average velocity is the mean of the initial and final veloci-
ties and is equal to the velocity at the middle of the interval.

Let u be the initial velocity and v, the final velocity, then

V=" + f t. .
The average velocity —:—}- NH-% L =u+3ift.
4
The mean velocity =X 3 v=u +?;+ﬂ =u+3ft.

The velocity at the middle of the interval=u+ f—;«

Thus all the three are equal.

(2) T'Ae distance travelled in t seconds is equal to the product of ¢
and the mean velocity,

For, s==ut+} fl=(u+1ft) t==ii-vxt
=mean velocily X time.
If the particle starts from rest and acquires a velocity v in time
t, u=0 and s=}ut. .
(3) Distance travelled in the nth second
=:Distance deseribed in % secs.—that described in (2—1) secs.
=ua-tfa*—[u(n—1)+1f(n—1)"]
=u+13f(2n—1).
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Thus the distance described in the first, second, thiri........
seconds of the motion arc w43f, u+3f, u+4§f......wi  firman
A.P. with common difference f.

Examples 11

[N.B.—In the following questions, bodies arc suppnscd to be moving
along a straight line and their acceleration is taken to be uniform.]

2. The speed of atrain increascs from 30 m.p.h. to 45 m.p.h. in 11
seconds. What is the acceleration of the train and what distance does it des-
cribe during this time ?

Find also tho velocity of the train whon it has travelled a further dis-
tance of 847 ft.

4 If a body, moving with-uniform accoleration passes over 300 foet
while its velocity increasos from 50 tc 70 ft. per second, find the acceleration
and the time of motion.

3. The velocity of a particle, which is moving in a straight line with
constant rotardation, decreases 10 ft.[sec. whilo the particle travels 10 feot, and
15 ft./sec. while it travels 12§ ft. from the starting point. Find the distance
the particle travels from the starting point until it comes to rest.

4. A car is moving at 30 m.p.h. when passing one lamp-post, and at 15
m.p.h. when passing the other. If tho lamp-posts are 110 yards apart, how far
will tho car travel bofore it comces to rest if this rotardation is maintained ?
How long after passing the first iamp-post will tho car bo moving ?

5. A train is moving with a speed of 43 m.p.h. and ths brakes produce
a rotardation of 4 ft. scc.2 At what distance from a station should the brakes
be applied so that the train may stop at the station ?

If the brakes arc pu. on at half this distance, with what specd will the
train pass tho station ?

6. An engine driver whose train is travelling at the rate of 30 miles an
hour sees a danger signal at a distance of 220 yards and does his best to stop
the traun.  Supposing that he can stop the train when travelling 30 miles an
hour in 440 yards, show that his train will reach tho signal with a velocity of
213 miles per hour nearly. . _(p.U.)

7. A body starts with velocity v and moves in a straight line with
constant acceleration f. When the velocity has inereased to 5u the acccleration
1 reversed, its magnitude being unaltered.  ¥Find the veloeity with which the
body again reaches its starting point.

8. A train moving with constant acceleration takes ¢ secs. to pass a
certain point and th+ ends of tho train pass tho point with velocities «, v res-
pectively.  Find (i) the acecleration, (it) the langth of the train, (iii) tho velo-
city with which tho eentro of tho train passes the point. (L.U.)

9. A body starting with initial velocity and moving with uniform accel-
cration acquires a veloeity of 20 ft. por sec. after mnoving through 10 ft. and a
velocily of 30 ft. per sec. after moving through a further 15 ft. When and
wherce will its velocity be 40 ft. per see. .

[Hint. Write down one cquation for the first distance and the second
equation for the sum of the two distances.}

10. In a certain interval of 10 seconds, a point passes over 220 ft., in
the next interval of 5 scconds it passes ovor 330 ft. ; if the poinf is moving
with uniform acceleration, find its vclocity at the boginning of each of the two
sntervals. (P. U.)

11. A particlo moving in a straight lino with constant acccleration
passes in succession through throe points 4, B, C, tho distances AB and BO
each being cqual to 12 ft. Tho particle takes 1 soe. to travel from 4 to B,
nd 2 secs. to travel from B to €. Doterminn the point at which the particle
~wines to rest and the puint at which its velocity iy 8 fu. por sec. {(Bom. U.)

12, A particlo moving with uniform acceleration in a straight line
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P
passes points P, @, R. If PQeQR=b, and if the time from P to Q is ¢;, and Q
. ) L. 2b(ty ~tg)
to R is ty, prove that the acceleration is —-1—27.
P ton 1 ‘1‘2“1 +lg)

13. A body moving with uniform acceleration, moves thraugh 530 and
770 cms. respectively in the ninth and the thirteenth seconds of its motion. Find
its initial volocity and the acceleration with which it moves.

. 34- If the distances gone over by a particle (moving with uniform accele-
ration) in the pth, gth and rth seconds are respectively z, y and z ; show that

(@=rz+(r—p)y+(p—q)z=0. (P.U.Y

15. Two points A and B move in the samo straight line being initially
8t rest and B being 60 fect in front of 4, B star:s from rest with an accelera-
tion of 12 ft./scc.d and 4 starts with a velocity of 23 ft./sec. and an accelera-
tion of 8 ft./scc?. Prove that A will overtake and pass B after an interval of 4

seconds and that B will in turn overtalte A4 after a further interval of 3}
scconds.

16. A particle is projected in a straight line with a certain velocity and
& constant acceleration. One second later another particle is projected after it
with hulf the velocity and double the acccleration ; when it overtakes the firsg

the velocities are 22 and 31 ft. per second respectively. Prove that the distance
traversed. is 48 feet. (D.U.)

17. Abus is beginning to move with an acecleration of 1 ft./sec.2 Show
that (3) & man who can run at 9 ft./sec. will catch the bus in 8 secs. if he is
40 ft. behind when it starts ; (i{) if the man is 404 foet behind he will only just
catch tho bus ; (4ii) if he is 50 ft. behind he will never catch the bus the short-
est distance between them being 94 feet.

8. A cyclist passes a car that is just starting with an acceleration of
2 ft.[sec.2 The speed for the cyclist is 12 m.p.h., and the car maintains its
acceleration for 15 seconds and then moves uniformly. How far will the car
havo run before overtaking the cyelist t

19. A train moving with uniform acceleration, has a velocity of 2¢ m.p.h.
at A and 40 m.p.h. at B. Find the velocity at the middlo of the interval and
also the velocity midway between 4 and B.

20. Two particles P, Q move salong s straight line AB, starting from
A, P moves with velocity u and acceleration f, @ with velocity u’ and accelera-
tion f’. If they both have the seme velocity at {he middle point of AB, prove
w2 —~u
that ABa—“-———-— (Ln U‘
77 )
21. A particle moves in a straight line with uniform acceleration. Iu
motion from one point to another, show that the average velocity is equal to
the velocity at the middle of the interval of time and that it is less than the
velocity at the point midway in distance,

If the particle moves according to the law s=kNt, show that the average
velocity is now equal to the velocity at the point midway in distance.

az. A train travels a distance S starting from rest and finishing at rest
The veloeity increases uniformly till it reachcs a maximum value ¥, and then

dccreases uniformly. Show that the whole time of the motion is g—s—
23. A 100 yards eprinter starts with s rpeed of 20 ft. per second,
accelerates uniformly to 30 ft. per sec. and finishes the race at this speed.

If his total time is 10 secs., show that his uniform acceleration is 43 ft. per
‘8ec. per sec.

24. Two articles P and Q move in a straight lino 4B towards each
other. P starts rcm A with velocity v and acceleration f, while Q starts from
B with velocity u’ and acccleration f’. They pass one another at the mid-point
of AB and arrive at the other ends of AB with equal velocities. Prove that

(u+w)f =f")= 8( fu' —uf').
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25. A point moves with uniform acceleration and vy, vy, v3, denoto the
averago velocities in three successive intervals of time #;, #5, 3. Prove that
. v1—vq _ 1+
vg—vg - t3+13

2'3. Bodies falling vertically. It has been proved by
numerous simple experiments (such as Newton’s guinca and feather
experiment) that all bodies let fall in a vacuum, at a particular
place on the earth (not far away from the earth), move vertically
downwards with. constant acceleration. This acceleration is called
the acccleration due to gravity and its value is about 32'2 or 32 in
foot-second units and about 981 in centimetre-second units. It is
gencrally denoted by the letter g and in solving problems on falling
bodies we make use of the three equations obtained in Art. 2°2 by
changing f into g.

When bodies fall frecly from rest, the equations are of the
form :—

(P.U.)

v=gt, 8=1gi?, u:=2gs.

For example‘the velocity acquired by a particle in falling from

rest thrdugh a distance % is given by v= vV 2¢gh. This velocity is
usually known as a velocity due to a fall from a height h.

2°'4. Bodies projected vertically upwards. When a body
is projected vertically upwards, it is under the effect of the down-
wnr] acccleration due to gravity, i.e., it moves with a retardation,
Its velocity, therefore, gradually diminishes until it is totally ex-
hausted ; the body is then for an instant at rest and immediately
begins to fall with a velocity which increases numerically but is
negative.

The upward direction being taken positive, the acceleration is

negative and is denoted by —g, the equations of motion are, there-
fore, as follows :

v=u—gl ..(1)
s=ut—3}gt? -.(2)
and vi=u?—2gs ..(3)

where s, the distance measured from the starting point is positive
above that point and negative below it.

We now deduce the following facts from these ;

3
(a) v=0 when from (1) t=—:;l- and from (3) 8=%§

which give the time to reach the highest point and the maximem
height rcached.

2u
(b) s=0 when from (2) {=0 or t=—§—o

2u
=0 refors to the instant when the body starts and { = rcfers to

the instant when the body returns to the starting point.
This is called the time of flight, which is twice the time to the
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greatest height. Since the time ofascent is —3——, therefore the tim:-

of deseent isalso —g—

(¢) The equation (2) when written in the form

28
Bt —=
7 t+ 7 0

gives the time taken to reach a given height s (less than the
greatust).

This, in general, gives two values of ¢ one giving the time to
reach the point in the upward motion and the other the whole time
to reach the same point in the descent after the body has reached the

bighest point.

(d) The equation v*==u3—2gs gives the two equal and .opposite
values of v for a particular height 8, one representing the velocity in
the upward motion and the other in the downward motion. This
shows that the motion in the downward direction is exactly, the re-
verse of that in the upward direction.

Example 1. A body is projected vertically upwards with a velo-
city of 80 f.p.s. _Find

(¢) how high 1t will go,

(42) at what time it will be 96 ft. (a) above, (b) below the point of
projection.

(¢) To find the total height we use v*=u3—2gs, where v=0,
=80 and g=32.
0=80x 80—64s i.c., =100 ft.
(3%) (a) To find the times for a height of 96 ft., we use

s=ut—}gt?,
where §=96, =80, and g=32.
o‘- 96“‘—_-80t"_1.6tg
or 12—5t4-6=0 i.e., (t—3)(t—2)=0.
g t=2 secs. or t=3 secs.

(b) In this case we put s=—96 and we get
—96=80t—1612

or 2—B5t—6=0, i.c., (t—8)(t+1)=0,

t.e., =06 or t=—1.

*. the required time is 6 seconds, the second v...uc eing im-

L)

possible,

Note 1. t=1 is the time that would be taken by the body to reach the
poir 96 ft. below the point of projection if it were projected downwards. Also
when projected vertically upwards it takes 2u/g=160/32=5 seconds to return
to the point of projection. The whole time taken to reach the given point is

hus 6 seconds, the same as obta:ned above,
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Note 2. When a body is projected upwards and we require the time to
reach a point below the point of projection, we need not find the whole time up
and down to the point of projection and then the time taken to reach the point.
We simply give a negative sign to the distanco measured below the point of
projection as we have done in the above example.

Example 2. A4 particle is dropped from the top of a tower 200 ft.
high and another particle i3 projected at the same time vertically
upwards from the foot of the tower so as to meet the first particle at @
height of 56 ft. Find the velocity of projection of the second particle.

Let the particles meet after ¢ secs. The first particle falls from
rest a distance 200—56~144 ft.

144 —}gt2 =162 (1),
which gives t=3 secs.

If u is the required velocity of the second particle, we have

Adding (1) and (2), we get
200=ut .-(3)
o,
which gives u = 529-:—22—0:66?; ft. per sec.

Or thus :—The velocity of the second particie relative to the
first at time ¢ is u —gt—(—gt) =, the velocity in the beginning. Since
both the particles move with the samg acceleration, their relative
velocity remains constant and equal to u. In order that the
particles may meet, the second particle’ must move a distance of
200 ft. relative to the first, hence we have 200=ut which is
the same as equation (3) above. But from (1) t=3, consequently
u=29° as before.

Examples III

1. Astone is projected upwards with a velocity of 112 ft. por sec.
(i) How high will it rise ? (¢4) How long will it take to return to the point of
projection ? (£%) When will its velocity be 16 f.p.s. ? (¢v) At what time will it
be 96 ft. above (v) 128 ft. below the point of projection ?

2. A ball is thrown vertically upwards with a speed of 128 ft. /sec. Find
where it is after 5 secs. and the tota!distance it has actually travelled in this
time. If it falls past the point of projc-tion into a well of depth 120 ft. find
when it strikes the bottom.

A stone is projected vertically upwards with a certain velocity and
it is founH that when it is 384 ft. from the ground it takes 10 seconds to return
to the same point again. Find the velocity of projection and the whole time of
flight. |

. A stone drops from the rcof of a house and falls past a window 6 ft.
high in } of a second, find the height of tne houso above the window.

5. A lift moves upwards from the bottom of a mine with acceleration
of 4 ft./scc.2 After 12 secs. a ball is dropped from the lift. When will the ball
strike the ground and where will the lift be at the instant ?

6. A body is dropped from a balloon at a height of 300 ft. from the
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ground. Find its velocity on reaching the ground if the balloon is (a) falling
() rising with a velocity of 80 ft. per sec.

‘What time does the body take in reaching the ground in the two cases ?

7. A balloon has been ascending vertically at & uniform rate for 4:5
seconds and a stone let fall from it reaches the ground in 7 secoads. Find the
velocity of the balloon and its height when the stone is let fall. (P.U. 1950)

8. A stone is let fall from a height of 240 ft. and at the same time
another stone is thrown upwards to meet it. With what velocity must the
second be projected in order that the stones may mect at a height of 96 ft. ?

9. A particle is dropped from the top, of a tower k ft. high and at the
same moment another particle is projected upwards from the bottom. They
meet when the upper one has described 1/n of the distance. Show that the
velocities when they nreet are in the ratio 2 : (n—2) and that the initial velocity
of the lower is AJin.g.h.

x0. A stone is thrown vertically upwards with such a velocity as will just
take it to the level of the top of a tower 100 ft. high. ' Two seconds later an-
other stone is thrown up frcm the same place with the same velocity. Find when
and where the stones will meet.

ax. A particle is projected vertically upwards with a velocity of u
ft./sec. and after ¢ seconds another particle is projected upwhards from the same
point and with the samo velocitx. Prove that the particles will meet at a hoight
4ud—~qg213 . t u )

_—Q-g—— feet, after a time (—2—-+-Z’— secs,

12. A particlo falls freely from A and a second particle is allowed to
fall from B, at a distanco s ft. vcrtically below A4, at the instant when the first
particle is half way betwcen 4 and B. Find when and where they will be
togother and show that their velocities at that time will be as 3 : 1.

13. The space described by a body in the fifth second of its fall from rest
was to the space described in the last second but three as 9 : 11. For how many
seconds did the body fall ?

x4. A stone is let fall from the top of the Qutab Minar and during the
last second of its flight it is observed to fall -}% g of the whole of distance. Find
the hoight of the Minar.

15. A stone dropped into a mino is heard to strike the hottom in 7y% secs,
Find tho depth of the mine, the velocity of the sound being 1100 ft. per sec.

26. Two balls aro projected simultaneously with the samo velocity from
the top of a tower, one vertically upwards and the othor vertically downwards,
If they reach the ground in times ¢, ¢ respectively, show that \J;7;, i8 the

time which each will take to reach the ground if simply let drop from tho top of
the tower.

:;; A particle, projected vertically upwards, takes ¢ seconds to reach a
height A ft. If ¢ secs. is the time from this point to the ground again prove

h=}git’ and that tho maximum height is g(_t;_t:)ﬁ

Show also that the velocity of the particle at a height 44 is JgNJiZ+¢2.

18. A, B, C, D are poiiits in a vertical line, the lengths 4B=BC=CL

If a body falls from rest at 4, prove that the times of describing AB, BC, CL
are as

1:42—=1:43—q2.

19. A particle takes ¢ seconds less and acquires a velocity of s ft. pe
sec. more at ono placo than at another in fulling from rest through the same
distance. Show that gravities g; and gy at the two places are related by

019y =22,
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2'5 Space average and time-average of velocity.
Since dz[d¢==v, therefore the distance 2 described by a body during the

2
interval of time ¢; to t,-j *ode

21

And the time-averagh of velocity during the interval
totaldistance 1 ffa

total time tg—1t1 4 v

Similarly the space-average of velocity in an interval of space from ®; to oy
1 ot

- v dz,
z,-a:l 31 ~

where v is now exprossed in terms of z.

In this case tho space is divided into an infinito number of equal portions

assuming the velocity to remain constant in each portion and to vary from
portion to portion. .

Example 1. A4 particle moves along a straight line with uniform aocels-
ration. Show that the space-average of velocity when its initial and final velocittes
§ u22 +ujUg +'l:12

Ug +Uy

Lot s bo the total distance described and lot v be the velocity and o the
distanco deseribed in time ¢ measured from the initial position as origin, then,

v=uy2+42fx « (1)
and u2=uy? +2fs .. (2)

are uy and uqy 18

and the space average of velocity

1 [ 1 [° -
) =_._J udx::.--—:;j\/u'lz-i-'.’fxdz
8
1] 0

- 1[_2% 3 (u12+2fx)‘3]:=§]1; [( g+ 2fs )Lu,s]

2 2 _,, .. (2) = g MiFuatul

Note 1. Tho time-averago of velocity

t
,.I.J“ v(u:_,_]‘.j (ug +ft) dt=u; +}ft==4(uy +uz)=mean velocity,
0 0

[}
(comparo Axt. 2-31)

Note 2. The results of Art. 2:5 above ure applicable even to the case
whoro the acceleration is not uniform.

Ex. a. A particle moves from rest with a uniform acce}eration. _Prove
that the averags veloeity is half or two-thirds of tho final velocity, according as
the time or the space is divided into an infinite numbor of equal portions and
the averages taken with rogard to these.

Show also that in any interval the space-average of the velocity is % of
the timo-average.

2'6. Graphical Methods. The number of units of the distance
described by a particle in a given lime 15 represented by the number of
units of area under the velocity-teme graph for the same time.,

. Stippo‘ée a particle is moving with a continually cbanging
velocity, the rate of change of velocity, s.c., acceleration being uni-
form or variable.
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Let APyP,Ps......B be the velocity-time graph drawn so as'to '
have the same scale for both the axes and let

. 0141"—=t1
Y B . OM=t,
Let us divide the whole interval

ty—1; represented by L; ¥ inton small
i A intervals each equal to §t. TIf uy vy,
¢ vg. .. be the velocities in the beginning
of these intervals, and if these velo-
cities be supposed to have remained
constant during the short intervals,
0 L, LyL,L, vt ‘then the total distance described is

TIME V180408t 41480 . . . v 8¢
or  (vy+vgtvgt....4v,)8¢ ..(1)

which is equal to the sum of the areas of rectangles L, K, LgK,, LyKy
eto.

Y

a

VELOCITY

Tf now we take the constant velocity during each interval to be
the velocity at the e¢nd of that interval, the total distance moved is

2012 oL 2% 125 SIS S AP 14 ‘
or (vatvst. ... +v541)8¢ .-(2)
which is equal to the sum cf the areas of rectangles

LyPy, I:gPy, L4P,,. .. .etc.

Evidently the actual distance moved lies between expressions
(1) and (2).

Now when the short intervals of time into which ¢;—t¢; is divided
become indefinitely small, the expressions (1) and (2) get nearer to
eaeh other, the differcnce between the two sets of rectangles becom-
ing smaller and smaller, and in the limit each approaches the area
AL MB, i.e., thearca included hetween the graph AP, Py....B, the
axis of z, and the two ordinates L;4, M B corresponding to times t;,t,.
Thus the number of the units of the distance travelled between the
times ¢, and ¢; is graphically represented by the number of the units
of area AL,MB under the velocity-time graph and is given by

ta
S8t or the integralj vdtf.
b
It can be shown in exactly the same way that the number of

units of velocity generated is represented by the number of units of the
areq under the acceleration-time graph.

_ a6, As a particular case let us consider the motion of a
particle moving with constant acceleration f and initial velocity u.

The acceleration being constant, the gradient of the velocity-

time graph is the same everywhere and its graph must, therefore, be a
straight line, '
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Let AP be the graph in which OM =t, OA=u, the initial velo-

city and MP=uy, the final velocity. ¥ P
g—; =tan [ NAP=f P
o NP=f AN ,
=f.OM=ft. A —W
Also NP=MP—MN « u
=MP—0A4A=v—u.
S v—u=fi
ie., vemutft (1 0 t M X

The number of units of the distance described
=area OAPM=area O.ANM+4+ANP
NP

==0A.0M+}AN.NP==OA.01!+}~A-N~AN’
==ut+<}ft’.
s=ut+4fi* (2)
Also area
OAPM=}(0A4+MP\GM =3(0O4+MP)AN
AN
=3(0A +MP)NP.N~P
AN
-=§(0A+MP)(MP——OA)-—W-
o s=3(u+v)(v—u) .;‘..,,*(,,a__ua)_}_
ie., v —ul=2fs. .. (3)

These results are the same as obtained already in Art. 2°2-

Since the problem of finding the displacement of a point in any
interval of time is the same as that of finding the area of the
velocity-time graph, some problems in Mechanics can easily be solved
by graphical methods.

2'7. Motion of a train between two stations. 4 train
staris from one station and reaches another station at a distance d from
the first, being uniformly accelerated for some time t;, and uniformly
retarded during the last time t,, the velocity remaining constant for the
rest of the journey for a given time t. To find the motion.

Let A4 and B be the two stations and let v be the maximum’
s s s speed of the train.
1 s

Let AC=23, be the distance and ¢,,
A—f, C DheB the time for wh;ch the acceleration is f;,
then vnflll and Sl"‘*fl’)""ifx‘r‘l"ivtl'

Tet DB=S, be the distance and ¢, the time for which the
retardation is fy, then
O=v—fyt, or v=fitg
and Sy=vty—} faly =vlg—{0ly=:{vhy.
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Let CU=38, be the distance and ¢, the time for which the train
moves with constant velocity v, then

. S=ut.
Hence dm 8+ 8 +8g=Jolt, +21-+15) .. (1)
‘nd v=f‘tl=f"‘ ’ o (2)

2'71. These two equations are important in all such cases and
can be very easily obtained from velocity-time graph as follows :—

APQB is the velocitv-time graph for the motion of the train.
The distance d=arca APQBA

’ =AAPM+rect. MPQN
"o +ANQB
==}ty + vl -+ Jvty '
o '=%v(tl+2t+tg) . (1)
E The acceleration f;
P--.
§ . ' =the slope of AP:%{I—?:'{ZL
"U [} M - 1
> v u : The retardation f,
. . N ”
Aty M ¢ N tp BTimeX =the slope of QB::\V’B:E'
s v=Fify =[5l o (2)

In the- particular case when ¢=0, i.c., when the train does not
move any distance with constant speed, the points P and @ coincide
and the first equation becomes d=1v(t,+t,).

Example 1. A4 train travels in 3 minutes a distance of one mile
Jrom rest -at onc station to rest at another station. It is uniformly
accelerated jfor the first 30 secs. and wniformly retarded for the last 15
secd., the speed being constant for the remaining time. Find the accelc-
ration, the rctardation and the mazimum velocity.

OPQA is the velocity-time graph. The maximum velocity v is
represented by LP or MQ.

One mile==5280 ft. =
=Area OPQAO
=- 130,04+ 1350+ §.15.0.
te., 528U0==1574y, ik 9
or v- 3341 fp.s
| -The aceclération f is given v v y
»w
. LP e,

f=b-1.':;%:,‘] A ft./b'(‘(‘z. O 30 Secs. L 135 Sees. M 15 Sces.

The retardation f,= rv,-,‘ =2 % ft./sec®.

_ Example 2. The Calcuita mail leaves the Goraya station, 16
miles from Ludhiana with a velocity of 30 m.p.h. and maintaining this
speed for 15} miles stops at Ludhiana with uniform retardation. Another
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train starts from Goraya at the instant the first passes, and being
uniformly accelerated for part of the journey and wniformly retarded for
the rest, stops at Lvdhiana at the same time as the first. Find the
greatest speed.

Let the first station Goraya be 4, and the next Ludhiana be L.

PQL is the velocity-time graph for the motion of the mail
train.

AP=the constant speed in the first part of the journey=30
m.p.h.

Area APQM-=-the distance moved with constant spced

= 5‘.}:3‘..7'- milcs. Y
s, time AM
_area APQM 3l S\
- AP T 2%X30 / \ 0
=31 hr.==31 min, F
Area J/QL-=the di~tance \»1
moved under retardation N
=<} mile.
S, time taken to describe g N M L X
$ mile
2MUQL 2%
—JIL- N *::-—-'za :2 .
. 1@ =30 =30 I¥-= 2 min
Total time AL=§} =11 hr.

Let ASL be the graph of the motion of the second train NS,
representing the max. velocity, say V.

Area ASL=the whole distance=16 miles.

3V.AL=16 or }V.}}=16.
S V="232=58;F m.p.h.

Examples IV

. x. A train travels betwoen two stopping stutions 7 ‘miles apart in I4
minutes.  Assuming that its motion 1» one of uniform aceeleration for part of
the journey and of uniform returdation for the rest, prove that tha greatest
speed on the journey is 60 m.p.h. - (P.U. 1954)

2. A traun starting from rest, is uniformly accelerated during tho fivst }
mile of its run. then runs § mile at the uniform speed acquired, and s aofter
wards brought to rest in } mile under uniforn retardation. 1f the time for the
wholo journcy 18 5 munutes, find the umiform ucceleration and the uniform
retardation and show that the latter is double of the former.

3- An clectrio train covers a distance of 2:76 kin. between two stops in
2} wins. The train is first constantly uecelerated for 4y sces. to g maximum
gpocd at which it continues to run. Finally it is brought to rest in 30 secs. by a
coml-(x‘mt retardation. Find the acceleration, the retardation and the constant
speed.

4. A lLft uscending from a point 640 ft. deep rises during the first part
of it3 aseent with uniforin acceleration.  On nearing the top the upward force is
aut off and the velocity of tho lift is just sufficient to carry it to the top. If .
the whole process occupigs; one minute, find thu acceleration during the first
part of the ascent and the maximwn velocity attained.
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5. A lift performs the first part of its ascent with uniform acceleration
f and the remainder with uniform retardation 2f. Prove that if h is the depth
of the shaft, ¢ the time of ascent, h=3}ft2.

6. Two stopping points of an electric tramcar are 440 yards apart. The
maximum speed of the car is 20 miles per hour, and it covers the distance
between stops in 75 seconds. If both acceleration and retardation are uniform
and the latter is twice as great as the former, find the value of each of them,
and also calculate how far the car runs at its maximum speed. (D.U., P.U.)

Z. The ‘greatest ible acceleration of a train is 3 f.s.s. and the
reatest permissible retardation is 4 f.s.s. Find the least time taken to run
tween two stations 8 miles apart if the maximum speed is 45 miles per hour.

8. A train stopping at two stations two miles apart takes 4 minutes on
the journey. If the motion is first that of uniform acceleration f, and then of
uniform retardation r, prove that

1,1
_—t—=d
J r

taking one mile as the unit of distance and one minute as the unit of time.

9- A body travels a distance ¢ in ¢ seconds. It starts from rest and ends
at rest. In the first part of the journoy it moves with constant acceleration f
and in the second part with constant retardation r. Show that

o/ G)

g0. A lift ascends with constant acceleration f, then with constant velo-
dity and finally stops under constant retardation f. If the total distance
ascended ‘is ¢ and the total time occupied is ¢, show that the time during which
the lift is ascending with constant velocity is

12— j_a_ *.
1. A train goes from one station to another, being uniformly accelera-
ted from rest in the first quarter of the distance, and being brought to rest by
uniform retardation during the last quarter. The middle half of the journey is

performed at a uniform speed. Show that the average speed of the train is two-
thirds of the full speed.

x2. Distance between Barara and Ambala is 15 miles. A train passes
Barara without ampYing at 256 miles an hour and maintaining this spved for 14
miles stops at Ambala with uniform retardation. Another train starts from
Barara at ths instant the first train passes and being uniformly accelerated for
part of the journey and uniformly retarded for the rest stops at Ambala at the
same time as the first. Show that its maximum speed is 46§ m.p.h.

REVISION QUESTIONS—I

1. A particle moves along a straight line starting with velocity « and
having a constant acceleration’f. Prove that the distance from the starting
point after time ¢ is ut+ § fi2.

A point moving in a straight line with uniform accelcration describes dis-
tances a, b feet in successive intervals ¢;, {3 seconds. Prove that the accelera-
tion is

( 2(bty—atg)
ttg(ty +1o)
9180 that if the point describes successive equal distances in times ¢;, ¢y, t3 then
1 1 1 3
“

2% ty t3 tyFia+13
a. A bullet travelling horizontally picrees successively three ascreens
placed at equal distances a apart. If the timo from the first screen to the
second be ¢; and from the second to the third be gy, prove that tho retardation
(assumed to be constant) is 2u(ty—/1)/t;ls(ty +13) and that the velocity at the
middle screcn is
u(t;246,2)

tyta(ty +1g)
[Hint. Ihickness of the screens is to be neglocted.]

(P.U. 1953)
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3. A particle is moving in a straight line with constant acceleration.
Show that its acceleration is

(i) (S—8’)/(m—n), where S and S’ are the spaces described during the
mth and nth seconds respectively.

(¢4) 2 (—‘-f,— —_ —f—)/ (¢+¢'), whore 8 is tho space described during any-¢ -
seconds ar? S’ during next ¢’ seconds. (P.U. 1955)

A particle moves’in a straight line with constant acceleration, and
its distances from an origin O on the line (not nocessarily the position at time
t=0) at times ¢{-. {3, 3 are x,, g, T3 respectively. Show that if ¢;, ¢3, t3 form an
A.P. whose common tgiﬂ'erence is d and z,, %4, ¥3 are in G.P. then the accelera-

. — NZa)3
tion is iﬂﬂﬁ&L assuming ;, ,, #3 to be positive.

5. An express train is run in two parts, the first part is given 5 mins.
start and attains its maximum speed of 48 m.p.h. in one mile. Prove that the
two parts will run 4 miles apart but the first part would have gone 3 miles
before the start of the second.

-6. An engine driver suddenly puts on his brake and shuts off steam
when he is running at full speed.; in the first second afterwards the train travels
87 feot, and in the next 85 feet. Find the original speed of the train, the time
that olapses bsforo it comes to rest and the distance it will travel in this
interval, assuming the brakesto cause a constant retardation.

Find also the time the train will take, if it be 96 yards long, to pass_s
spectator standing at a point 484 yards ahead of the train at the instant when
the brake was applied. .

*5. If the velocity of a bullet is supposed to be a uniform horizontal
velocity equal to n timos that of sound, show that the points at which sounds of
the firing and of the bullet striking the target are heard simultaneously lie on a
hyperbola of eccentricity n. . (Pub. Ser. E=.)

*8. A stono is dropped from an aeroplane which is rising with accelera-
tion f, and ¢ seconds after this another stone is dropped. Prove that the dis-
tance betwesn the stonas at a time 7' after the second store is dropped is

Hg+f)e+2T).

*g. A juggler keeps three balls going with one hand, so that at any
instant two are in the air and one in his hand. TFind the time during which a
ball stays in the hand if each ball rises to a height (¢) 16 ft., (¢) S ft.

*x0. It is estimated that g is increased by the resistance of the air to
g (1 +f) in upward motion and reduced to g (1 —f) in downward motion ; find the
time a stone is in the air when projected upwards with velocity u.

Find the value of f which will make the time the same as in unresisted
motion.

*y1. A train travelling at 60 m.p.h. has to slow down on account of work
being done on the line. Instoad of continuing at a constant speed, it, therefore,
moves with a constant retardation of 1 mile por hour per second until its speed
is roduced to 15 m.p.h. It thon travels at a constant speed for } milo, and
thon accolorates at 4 mile per hour per second until its speed is onto more 6Q
m.p.h. Find the dolay caused. (Bom., Univ.)

x2. Tho spnod of a train incroases at a constant rata x from 0 to v, thon
romains constant for an intorval und finally decreases to 0 at a constant rate B.
If I be the total distance doscribed, prove that tha total time ocoupied is

i 1 1
R ad | :
Also find the least value of tims when a=§. (E.4.0.)

. T
13. A train takes tiwo T to perform a journey, it travels for time -y

with uniform acceleration, then for time (n—3) €~ with uniform speed v, and
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finally for time —2—:—' with constant retardation. Prove that its average speed
is
(2n—3) v/2n.
z4. For —J—.— of tho distance betwocn two stations a train is uniformly

accelerated and for -'l:- of tho distance it is uniformly retarded ; it starts from

rest at ono station and comes to rest at tho other.
Prove that the ratio of its greatest volocity to its averago velocity is

1,1
L4+l (4.U., D.U.)

*x13. A steamer is timed to run from Bombay to Aden at an average rate
of 8 knots per hour, but owning to heavy sea loses 12 hours in the first part of
the voyage, it then accelerates at the rate of half a knot per hour per hour
uniformly till the speed reaches 10 knots which speed is maintained till the
end of the voyage. If the steamer now reaches Aden in time, prove that it
started accelerating when at a distance of 496 sen miles from Aden.

(P.U.)

16. A stone is dropped from the top of & tower into a well at 1ts foot,
and it reaches the water with a velocuty of 128 ft./sec. The sound of the
splash is heard 43% seconds after the stone was dropped.  Find the speed of
sound.



CHAPTER 111
MOTION IN A STRAIGHT LINE—II

Nature and Nature’s Laws hid in night
God said ““Let Newton be’ and all was light.

3.1. Newton’s Laws of Motion. In the preceding chapters
motion of a material body has been studied without reference to its
mass, the quantity of matter in the bodv, and force, the cause of
motion, In the present chapter we shall consider motion under the
application of forces to a particle.

The treatment of the subject is based on experimental laws,
known as Newton’s laws of motion, which we now discuss.

. 311. Law x. Every body continues in its state of rest or of
uniform motion in a straight line, except in so far as it i3 compelled
by ympressed forces to change that state.

According to this law, force is necessary in the following
casges :—

(1) To change the.state of rest of a body or to bring the body
into motion.

(2) To increase or decrease the speed of a body moving in a
straight line.

(3) To change the direction of motion ot a body without éven
changing its speed.

So that a force may be defined as follows :—

Force i3 something which changes or tends to change the state of
rest or uniform motion in a straight line, of a body.

3'12. Impressed Force. An external force is usually called
an tmpressed force. The mutual action and reaction between the
molecules or parts of the same body are internal forces.

The law states that the internal forces of a body do not alter
uniform motion in a straight linc and that the cause of the change
in motion must be external.

3'13. The first law of motion implies what is sometimes called
the Principle of Inertia, that is, a body bas no tendency of itself to
change its state of rest or motion and if it is kept free from the action
of external forces, it will remain in its state of rest or of uniform
motion in a straight line. Thus the state of rest or of uniform
mo*ion in a straight line is the natural state of a body. (The Greek
#*biloscphers wrongly believed motion in a circle to be inherently
natural and perfect). It is only the presence of an cxternal force
which can alter this natural state and the law asserts that a body
upon which no force acts must be either at rest or else it must be
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moving in a straight line with a uniform velocity and that i¢f a body is
at rest or it moves with uniform velocity sn a straight line, the external
Jorces, if any, whicK act on it, balance and are in equilibrium.

Suppose, for example, a railway carriage is at rest. Obviously
some force is necessary to set it in motion. If it is pushed by an
engine, a force has acted, and the carriage begins to move and
acquires a certain velocity. Now, on separation from the engine,
unless some forces act on the carriage it must go on moving indefi-
nitely with the same constant velocity in the same straight line in
which it is now moving. But we know from experience that its
speed goes on decreasing till it stops. Hence some forces must have
acted against the motion. These forces are the resistance of air
and the force of friction. The law states that in the absence of
friction and of any other interfering agent such as the resistance of
the air, the carriage would go on for ever.

Again, if the track is curved instead of being straight, the
carriage no longer moves in a straight line, there is a change in
direction which must be due to the action of some force. The force
in this case is' the pressuve of the rails on the flanges of the wheels
which tends to turn the carriage in the direction of the rails. Had
the flanges been absent, this force could not be exerted and motion
would have taken place along a straight line causing the carriage
to go off the rails.

Thus if a carriage in a railway train moves with constant
velocity in a straight line, the external forces which act on it—
such as the friction of the rails, the resistance of the air acting
backwards, the weight of the carriage acting downwards, the
pressure of the rails acting upwards, the traction of the carriage in
front of it and the drag of that bebind it—must all exactly balance
each other.

3'2. Having studied the necessity of a force to change the
natural state of a body, we now consider the law governing the
measurement of force.

g3'21. Law II. The rate of change of momentum is proportional
o the impressed force, and takes place in the direction of the straight
line in which the force acts.

Momentum is the product of the mass of a body and the
velocity with which it is moving.

If m denotes the mass and v the velocity, mv is the momentum.
If P denotes the force acting on the mass m, then by the first part of
this law, we have P=k —gt—(mv)o

In most of the problems with which we are concerned at pre-
sent, m is constant and so the equation becomes

' dv
P=km—a?=kmf,

~ where % is the constant of proportionality and its value depends upon
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the units chosen. If the unit of force be so chosen that unit force
acting on unit mass produces unit acceleration, i.e,, P=1, when
m=1 and f=1, then k=1, and thus
P=—‘mfo
This is the fundamental equation of Dynamics and is sometimes
written in the form

. P Force causing motion
Acceleration f= — = g .
m Mass moved

Thus if a body is accelerating some force must be acting on it
and in case it is not accelerating the resultant of the external
forces acting on it must be nil, so that the effect of a force on a
body does not in the least depend on the velocity that the body
already has.

When the impressed force P=0 then gt—(mv)=0.

my=a constant.

Hence a body continues to move with constant momentum
when not acted upon by an impressed force. This shows that Law I
is a particular case of Law IL

3'22. Units of Force. The unit of force as implied in-the
fundamental equation P=mf can be defined as follows :—

The unit of force is that force which acting on unit mass generates
in it unit acceleration.

In the English (Foot Poudnd-Second or F.P.S.) system the unit
of mass is one pound, the unit of acceleration is one foot per second
per second and the unit of force is the Poundal.

Hence one poundal is that force which will create in a mass of
one pound an acceleralion of one foot per second per second.

In the French (Centimetre-Gramme-Second or C.G.S.) system
tho unit of mass is one gramme, the unit of acceleration is one
centimetre per second per second and the unit of force is the Dyne.

Hence one dyne is that force which will give to a mass of one
gramme an acceleration of o:e centimetre per second per second.

These units of force are called Absolute Units because their
values are the same everywhere and do not depend on the earth’s
attraction.

3'23. Weight. Anyv body let fall in vacuum at a particular
place (near the surface of the earth) drops downwards with constant
acceleration g, showing that it is acted on by some constant force.
This force is the one with’ which the carth attracts the body and is
called the weight of the body. Weight is thus a force and is, there-
fore, measured by the formula P=mf.

_ Writing W for P and g for f, we get W=myg,
which gives in absolute units the weight of a body of mass m.
When m is one pound, the weight is g poundals.

Hence the weight of one pound is equal to a force of g (32)
poundals.
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Similarly when m is one gramme, the weight is g dynes.

Hence the weight of one gramme ts equal to a force of g (981)
dynes.
It is often convenient to compare force with the weight of a

body, and to speak of the force of so many pound-weight or gramme-
weight.

One pound-weight or simply one pound and similarly one
gramme are taken as units of force in engineering practice. They
are called gravitational nnits as they depend on acceleration due to
gravity which is slightly different at different places of the esrth’s
surface and this is the reason why a given mass extends the spring
of a spring balance to slightly different extents at different places
on the earth. Here the mass, t.e., the quantity of matter in the
body, remains the same, but the weight changes.

The student must distinguish carefully between the two mean-
ings of the words ponnd, namely (a) mass, and (b) a force, two totally
differcnt physical concepts. Thus a pound of lead is a certain quan-
tity of matter. Tf it is hung by a string, the tension in the string is
a pound of force.

In working problems in Mechanics it is best to express force in
absolute units, i.e., units independent of gravity, viz., the poundal
and the dyne and to change them afterwards, if required in
pound-weight and gramme-weight by dividing them by 32 and 981
respectively.

Example. A4 body of mass 16 lbs. is pulled along a smooth
horizontal table by a constant force. It describes 18 feet from rest sn
3 secs. Find the magnitude of the froce.

Since s=ut}4ft* (u=0, s=18, t==3),
18= 3 19, i.e., f=4 ft.[scc.?
Force is given by the formula

P=mf=16 x 4=61 poundals
=44 or 2 lbs. wt.

3°'24. Physical Independence of Forces. We have learnt
-from the first part of the sccond law ¢f motion that a force is the
cause of acceleration and is proportional to the acceleration produced
by it. The latter part states that the cbange of momentum produced
by a force is in the direction in which the foree acts, that is, if two
or more forces act on a body at the same time cach produces an
acceleration proportional to it in its own line of action independent
of the motion of the body. Hence we artive at the following princi-

ple, usually called the principle of the Physical Independence of
Forces :

When any number of forces act on a body, the acceleration due to
each force is the same in direction and magnitude as if the other has not
been in action.

Illustration. A cricket ball thrown horizontally in air is under
the effect of two forces * (1) resistance of the air, and (it) its weight.
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The resistance of the air opposes motion and produces an acceleration
in a direction opposite to that of the motion of ball, while the
weight of the bull moves it towards the earth and produces an
acceleration vertically downwards. The two forces act independently
of each other, each producing its own acceleration in the direction of
its own line of action.

The effect of a number of forces acting on a particle along one
line in either direction is the same as the effect of one force equal
to the algebraic sum of all-the forces.

So that the effect of the two forces P and @ acting on a particle
along a line in one direction will be the same as that of a force P4-Q
in the same direction and the effect of P and @ acting alonga line in
opposite directions will be that of a force P—@ in the direction of
the greater force P.

Example 1. 4 stone weighing 200 lbs. i3 being dragged from
rest by a man who can exert @ uniform force of 100 lbs. wt. What dis-

tance will the stone move in two secs. when the resistance to motion 138
20 lbs. ut.?

2014s YV — > /00)ds
P, the effective force on the stone=100—20=80 lbs. wt.
=80 x 32 poundals.
, P 80x32 .
, = T84 %
The acceleration produced =500 ft./secX.

The distance moved from rest in 2 secs.
=3}ft?=1X 84 X 4=256 ft.

Example 2. An engine and train weigh 210 tons, and the
engine exerts a pull of 3} tons. The resistance io the motion of the train
is 14 1bs. wt. per ton. Find the time the train will take to acquire a
velocity of 30 m.p.h. startiny from rest.

F, the tractive force of the engine, is 3} tons=]x2240g

=7840g poundals,
and R, the resistance, is 210 x 149=2940g poundals.

». P, the resultant accelerating force=F—R

=(78410—2940)9=4900¢ poundals.
) . P 4900 x 32
o the acceleratxon———- m—{; ft.[sec.®

To find the time to acquire a v docnty of 20 m.p.h.=44 ft./sec.,
we use t—u+ft (2==0)

S 44=1}1, i.e.,1=132 sces.=2} min,
Example 3. In the above crample, it is given that the resistance
duc to the In alees s 126 lbs. wt. per ton ; 5 Jfind the distance which the frain

« o U irruns when (i) the steam is shut off, (ii) the steam 18 shut
ff and brakes are pubon.
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(?) The retarding force R=14Xx210g poundals,
i . R 210x14x32 _ .
.e the retardgtxon—-;—;:m —-* ft./sec .

To find the‘ distance travelled in losing the velocity of 44 ft.
per sec., after the steam is shut off, we use v*=u3-2fs.

0=44 x44—2%3}8.
e, §=22x44 x5 ft.=1} mile.
(#¢) The retarding force due to the brakes
==126 x 210g poundals.
». the additional retardation due to brakes
210 x 126 x 32—-—:} ft./sect.

=7210%x2240
o tue votal retardation==z+4=2 ft./sec?.
The distance travelled by the tiain in this case is given by
0=44 X 44—2 %28, i.e., S=484 ft.

Examples V

1. A body of 25 lbe. mass is acted upon by a constant force which in 10
gecs. gives it a velocity of 75 ft. per sec. What is the magnitude of the force ?

2. A train weighing 110 tons is running at 15 miles per hour when
steam is shut off and a resistance of 10 lbs. per ton acts continuously until it is
brought to rest. Find the distance it travels after steam is shut off, and the
time taken to come to rest. .

A body whose mass is 5 pounds moving with a gpeed of 110 ft. per
sec. suddenly cncounters a constant resistance equal to the weight of } pound
which lasts until the speed is reduced to 80 ft. per sec. For what time and
through what distance has the resistance acted ?

. A railway truck weighing half a ton is pulled by & constant force
and travels 50 ft. from rest in 10 secs. Find the magnitude of the force.
. (P.U.)

5. A particle of mass  1b. moves in a straight line so that its distance
& from the origin at the end of time ¢ is given by the equation

s§=5+4 sin 3¢.

Find the maximum force upon it during the motion.

6. A bullet weighing 81 grammes and moving at the rate of 200 cms-
per scc. is fired into a log of wood into which it penetrates 10 cms. If the bullet
moving with the same velocity wero fired into & similar piece of wood 6 cms.
thick, with what velocity would it emerge ' Find also the force of resistance,
supposing it to be uniform.

7. A train weighing W tons is moving with an acceleration f, when a
carringe of weight w tons is suddenly detached from it. Find the change in the
acccloration of the train (resistance neglected).

8. A mass m is acted on by a constant force of P lbs. wt. under which in
t secs, it moves a distance z feet, and acquires a velocity v ft. per sec. Show
that

- 9P _ vim
T 2m 2P °
A bucket of water weighing 160 lbs. is being raised from a well

100 ft. d;\cp with a uniform force of 200 lbs. wt. With what acceleration will it
move and what time does it take to reach the top of the well ?

10. A small balloon of total mass 10 lbs., at a height of 100 ft. above
the ground, is moving upwards with a velocity of 60 ft./sec. and acceleration

(M.T.)
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4 ft.[sec?., when a mass of 1 1b. becomes detached. Find the new acceleration
of the balloon assuming that the upward force acting upon it remains unaltered.

Also find how many seconds it takes the 1 lb. mass to reach the ground,
neglecting air resistance. (Lucknow U.)

11. A ball of mass 8 oz. falls freely under gravity through a distance of
25 ft. In the process of catching a man allows his hands to drop a distance of
1f{t. Find the average pressuro on his hands during the catch.

12. An engine of mass 30 tons pulls after it a train of 130 tons ; suppos-
ing the friction to be £oth of the weight of tho whole train, calculate the fogce
exerted by the engine, if at the end of the first mile from the start the speed be
raised to 45 m.p.h. (P.U.)

x3. An engine exerts a uniform force of 2 tons weight on a train of 100
tons when there is a resistance of 14 Ibs.wé¢.per, ton. Find the time required to
get up a velocity of 30 miles per hour from rest.

x4. A train of mass 160 tons starts from a station, tho engine exerting a
tractive forco of 2§ tons in excess of the resistances until a speed of 374 m.p.h.
is attained. This spced continues constant until the brakes causing retardation
of 2§ ft./ scc.2 bring tho train to rest 5 miles away. Find the time taken
(?) during acceleration ; (i) during retardation ; (ii7) altogether.

15. A train of mass 120 tons is travelling with a uniform speed, the
resistance due to- friction etc. boing 14 lbs. wt. per ton. If a portion of mass
20 tons is slipped, how much will the other portion have gained on it in 12

seconds assuming the pull of the engino and the resistance per ton to be the
sarno as beforo ?

3'3. Law III. 70 every aclion there corresponds an equal and
opposite reaction.

Whenever two bedies are moving or are at rest, the one cannot
exert a force on the second, without the second exerting a force on
first at the same time.

It is impossible for any force to exist in the universe without
the existence at the same time of another force equal and opposite
to it in the same straight line. If two masses act on each other in
any way either by actual contact, or by connection with a string or
a rod, or by mutual attraction or repulsion, the force exerted by one
mass on the other has the same magnitirde as, but is opposite in
direction to, that which the other mass exerts on the first.

The whole phenomena of the mutual action between two bodies
or hetween portions of a body Is called a Stress.

It we consider one portion of a material body and the effect on
it of the other portion we call Action, the opposite aspect of the
strexs on the other portion is called Reaction.

. The stress is measured numerically by the force exerted on
cither of the two portions of the body by the other.

Illustrations. (1) A hody supported on hand, presses the
hand with a force equal to the weight of the body. The hand reacts
and exerts pressure on the body equal to its weight.

(2) In the case of water contained in a cistern, the water exerts

some pressure atevery point on the waitef the cistern and an equal

pressure is exerted at the point by the wall of the cistern on the
water.

(3) The earth attracts a body of mass m with a force equal to
mg. The body of mass m also attracts the earth with an equa
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amount of force, although it is not so obvious because the acceleration
created by the body in the earth (ohtained by dividing mg by the
mass of the earth) is so small that it is negligible.

(4) In a tug-of-war between two pariivs the force exerted at

any point of the rope in one direction is exactly equal to that exerted
in the other direction.

Then Bow does one party win over the other ? This must be
due to some external cause. When members of one party pull at the
rope they push the ground backwards with their feet, and an equal
amount of the forcc of friction between the feet and the ground acts
forwards. If the total amount of friction in one direetion is, say F,
and if it is F’ in the other direction, it is only when F and F’ are
unequal that one party wins over the otier.

(5) Horse and Carriage. In the case of a carriage driven by
a horse the force of tension with which the horse pulls the carriage

forward is exactly the same as that with which the carriage pulls the
horse backwards.

The force of tension, in this case, is not an external force, but a
mere internal action (mutual action and reaction) between the two
parts of the system (carriage and horsc together) and so it can no
more effect motion of the system as a whole than any of the other
forces which hold the parts together.

The system bcgins to move on account of the external force,
viz., the friction between the horse’s feet and the ground. The horsc
in trying to go forward, pushes the ground backward with the feet ;
the ground being rough, an equal amount of the force of friction, say
F, acts forwards. Friction also acts on the carriage. Due to the
presence of the wheels the total amount of the friction, say F’, checking
the motion of the carriage is much smaller than F. It is the presence

of the external force F—F’, the difference between the two frictions,
that makes the system move.

(6) Engine and Carriage. In the case of a carriage pulled by
an engine, the tensions in the two directions at any point of the
coupling chain are equal and opposite and hence the force with which
the engine pulls the carriage is the same as the force with which
the carriage pulls the enginc. How the system begine to move may
be explained thus :—

The driving wheels of the engine are made to rotate by means
of a crank attached to the axle, the crank being moved by the

mechanism. If there were no friction between
A the wheels and the rails, the wheels would slip
- round and rotate while the engine would remain
—> stationary. The slipping of the wheels is
opposed by the force of friction, say F, between
— rf

the rails and the wheels. 7his frictional force
acts in the forwnrd direction and canses the for-

ward motion of the engine. It is usually spoken
of as the force exerted by the cngine or the propulsive force.

It is important to note that F cannot exceed the limiting amount
of friction which is p (the co-efficient of friction) times the pressire
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between the driving wheels and rails. This pressure being equal to the

weight, to avoid slipping, as much weight as possible is brought on
the driving wheels.

Again, if there were no friction between the wheels and.the
rails, the other wheels of the engine and the wheels of the carriage
would move forward and slide without rotation.

The friction in this case acts in the opposite

direction to the motion of the engine and —_
makes the wheels rotate. The resultant

magnitude of this force, say F’, is small as

compared to £, the frictional force on the F

driving wheels. F—F’ is the resultant cffective

force which makes the system move.

The motion of a bicycle or a motor car is also similar—the hind
whecls correspond to the driving wheels of the engine.

Note. The cxcess of the tractive force over all resistances is
the accclerating force. If there is no excess i.e., if the tractive force

Just balances the resistances, the train or the vehicle moves at a consiant
speed,

Example 1. An engine weighing 120 tons ts coupled to a
carriage of mass 80 tons. The system ctarts from rest with oonstant
acceleration and acquires a velocity of 45 m.p.h. on the level in two

minutes. Find (i) the force exerted by the engine and (ii) the lension
in the coupling chain, neglecting resistances.

The velocity acquired=45 m.p.h.=66 ft.[sec.
The time to acquire this velocity =2 min,=120 sec.
.~ the aceeleration fis given by
66=120f, or f=1}3 ft./sec.?

2, the total mass=120480=200 tons=-200 % 2240 lbs.

Neglecting resistances, the force exerted by the engine is given
by

P == Mf=200x 2240 X }} poundals.
—.:230—2(—)—5;‘5?695501 or %5; or 373 tons wt.

Now if 7 poundals be the tension in the coupling chain, the

cquation of motion for the engine is
mf=P—T,ie.,120x2240x }} =P—T.

120X 224011 _
32x 224020  "TF

Note. The same result is obtained by writing the equation of
motion fur the carriage, vez. 80 X 2240]'#'1',
_B0x 2240 11
T 32X 2240 X 20

Example 2. In the above example, show that W, the part of the

T=P— —21"; or ]g, tons Wt.

or =1% tons wt.
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weight carried by the driving wheels of the engine cannot be less than
15§ tons, if u, the co-efficient of friction 13 0-22.

The maximum amount of friction available=pW.

In order that the wheels may roll and not slide, this frictional
force should not be less than the effective force

i.e., uW>P or W>P/u.

».  the Jeast value of W= P/p,=§§.:._2_2 _B5x 100

16 ° 1007 16x22
=15% tons.

Examples VA

2. A train of 300 tons drawn by an engine weighing 100 tons starts
from rest with constant acceloration and acquires a velocity of 30 m.p.h. on the
level in one minute. Find the acceleration and the force exerted by the
engine.

Find also the force of tension in the coupling between the engine and the
rest of the train._ [4ns. 11 ft.[sec.? ; 9} tons ; 8F tons}

2. An engine of mass 105 tons is coupled to and pulls a carriage cf mass

30 tons; tho resistance to the motion of the engine is (1. of its weight and

that of the carriage 133 of its weight. Find the tension in the couplings if the
whole tractive force exerted by the engine is equal to 6,000 1b. wt.

[Ans. 11594 Ibs.]

3. A train of 200 tons, uniformly accelerated acquires in two minutes

from rest a velocity of 30 m.p.h. Show that, if the co-cfficient of friction be

0-18, the part of the load carried by the driving wheels of the engine cannot be
less than 12:7 tons.

Show also that if tho part of weight of the en'gine supported by the
driving wheels is 25 tons, the velocity at the end of a minute after starting will
be less than 29% miles per hour.

[Hint. The limiting amount of friction between the driving wheels and
the rails should at least be equal to the force exerted by the engine.]

MOTION OF CONNECTED PARTICLES

3°4. Field of Force. A region in which force exists is known
as a field of force. A ficld of force is said to be determined when the
acceleration imparted to a material particle at any point in the field
is known. When the acceleration is the same at every point, the
ficld is said to be constant or uniform. We know that all bodies are
attracted towards the earth’s centre and it we consider only a small
region on the earth’s surface, the acceleration due to the attraction of
the earth may be regarded as parallel and constant at every point.
This region is then a uniform field and we call it the field of gravity.

In the second chapter we considered the motion of a particle
moving freely in such a ficld, we now consider the motion of particles
which are not free to move but are connected with other particles or
arc in contact with other bodies.

3'5. Weight carried by a lift. A body of mass m lbs., 18
carried by a lift moring with upward acceleration f, to find the pressure
on the plune of the lift.
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The mass carried, being in contact with the lift, also moves
with acceleration f upwards. The forces acting on.the mass are—

(1) the reaction R of the plane of the R
lift upwards (which is equal and opposite) to mf
the pressure which the mass exerts on the
plane, and

(2) its weight mg acting downwards.

77

, The total force upwards acting on the
mass is R—myg.

S, by Newton’s gecond law, the
equation of motion for the mass-is

mf=R—mg mg
s.e., R=mg+mf .. (1)

which shows that the pressure is greater than the weight of the mass
by amount mf.

If the lift is moving with a downward acceleration f and if R’
is the reaction of the lift on the mass, mg— R’ is then the total force
acting downwards on it and its equation of motion is

mf=mg—R’ or R'=mg—mf . (2)
In this case the pressure R’ is less than the weight of the body.

When f=g, R'=0, i.c., the body moves freely ; and when f>g,
R’ is to be negative in order that there might be contact of the mass
with the lift, i.e., the lift should pull the mass instead of pushing it,

which is impossible. In this case the body is left behind and moves
down freely.

It is important to notice that here we are concerned with only
the acceleration of the lift and not with its direction of motion. The
pressure will be the same when either the lifl is ascending with
increasing speed and acceleration f or when it is descending, its speed
decreasing at the same rate, the acceleration in both cases being f in

the upward direction. Thus it is only the acceleration that affects
pressure and not the velocity.

When f=0, R=mg, i1.e., when the lift is moving upwards or
downwards with constant velocity or is at rest, the pressure is equal
to the weight of the body.

Example 1. A4 weight of 10 lbs. is placed on a horizontal shelf
which is made to ascend with (I) a uniform acceleration 2 ft.[sec? (2) a

uniform velocity of 2 ft. per sec. Find the pressure on the shelf in each
case.

(1) The pressure R=m(g+f)
=:10(32+42) poundals
=H%"1bs. wt.=10§ lbs. wt.
(2) f=0, . R’ =mg=the weight=10 lbs. wt.
Example 2. 4 load W is to be raised by a rope, from rest to
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rest through a height h ; the greatest tensson which the rope can bear is
nW. Show that the least time in which the ascent can be madeis

F_E'z?t_]%
Ln—1)g ] *

In all such cases the load W, in the first stage, is raised by a
certain constant tension 7' (>W), so that it moves with a constant
acceleration and acquires speed. In the next stage, in order to bring

it again to rest, {he string is made slack and the load moves up freely
under retardation g due to gravity till it stops.

Let f be the acceleration in the first stage in this case, then
Wf=Tg—1Wg, or f=1—W)/W ..(D)
Let 8, s, be the distances described in times ¢; and #, in the two

stages and let V be the maximum velocity at the end of the first
stage, then

V=ft,=gt,, so that Lt= V(T}— +—;—> - ..(2)
Also h=3s,+sg=34V(t;+tg) or t,+t,=2h/V «.(3)
.. from (2) and (3)

1 1 2h w
2__opl - = |20
(k=2 5+ =2 41 | by )
Qh‘ T glz 1
=g T=WT g 1=W|T

Now this is least when T is greatest i.e., when T=nW as given
in the question.

.. the required leasy time
_[2h, ___,.1____]%__ _2nh "1
“Lg 1—WmaW_ ] TL(n—=1)g]

Examples VI

1. A man weighing 110 lbs. stands on an elevator moving downwards.
The clovator moves at firest with an acceleration of 6 ft. sec.2, then with cons-
tant velocity, and finally with retardation of 6 ft./sec.2. Find the pressure on
the elevator oxerted by the man in the three cases.

What happens when tho acceleration of the elevator is more than the
acceleration due to gravity ?

2. A diver jumps into a well with a life-belt of weight 10 lbs. on his

head. What prossure does the belt exert on him before he reaches the surface
ot water.

A mass of 12 1bs. is woighed by an ordinary spring balance in a
lift moving unwards with an acceleration of 2 ft./sec.2.  What is its apparent
weight ?

A 4 1b. weight carried on a spring balance in a balloon has an
apparent weight of 4-8 Iba. when the balloon is ascending. What is the accelera-
tion of that balloon?  What should the body weigh if the balloon is descending
(#) with an acceleration of 10 ft./sec.2, (4) with uniform velocity of 20 miles per
hour, (ii) freely 7

5. A body whose truo weight is 13 oz. appeared to weigh 12 oz. when.
weighed by means of a spring balance in a moving lift. What was the accelera-
tion of the lift at the timo of woighing ? (D.U.)
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6. A string can support a weight of 41 grammes. What is the greatest
acceleration with which it can raise a weight of 40 gms. ?

A load of 300 1bs. is being raised from rest with uniform accoleration
by a cable. The cable is allowed to become slack, and the load comes to rest
160 ft. above its original position. The total time from rest to rest is 5 secs.
Find the tension at the lower end of the cable when it is tight.

8. A lift whose weight is 19 cwt. is raised from rest by a force of one
ton, the force being removed at a time such that the lift comes to rest again

after moving through a total height of 20 feet. Prove that the total time from
rest to rest is 5 seconds. (P.U.)

g. Prove that the shortest time from rest to rest in which a load of P
tons can lift a weight W tons through a vertical distance h feet is

“2h P
7 P=W secs. .(D.U.)
3'6. Motion of two particles connected by a string.
Suppose a piece of string AB is acted on by forces F and F’ at its
ends 4 and B. F

F
Considering the string as a body I C B
of mass m, its equation of motion is

mf=F'—F,
When f is finite and the weight of the string or its mass is
ncgligible, i.e., m=0, thén __
F—F=0
or ~F=F
t.e., the forces at the two ends of the string are equal.

Again by considering the portions AC and ('B of the string, it
can be shown that the pull at C on the portion A(" along CB (=F")
is equal to the pull on the portion BC at (! along CA (=F). Thus
at any point of a string the two portions of the string on the two
sides may be regarded as pulling each other with a force which is the

same throughout the string.  This force is called the tension of the
string.

Hence when the weight of a string is neglected, the tension of the
string 1s the same thro:ghout its length and it acts in onc sense or in the

opposite depending on the portion of the string whose equilibrium or
motion we are considering.

3'7. Two masses my and my, (my>my) are suspendcd by o light
inextensible and flexible string over a smooth, fixed, small, light pulley
(or a peg), to find the motion of the system and the tension of the string.

Let I be the length of the whole string and at any instant let
z, y be the depth of the masses m,; and m, respectively below the top
of the pulley, which is small.

Since the string is inextensible,

rty=Ll.
. ode dy . dx dy
gt =0 e =
2 2
and dix @y

TdET T dE
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Thus the velocity v and the acceleration f of the mass m,
upwards must throughout the motion be the same as those of m,

downwards.
C Also since the pulley is smooth, 7', the tension
’ of the string, is the same throughout the string.
Equation of motion for m, is
my f=mg—T --(1)
it and that for my is
mg f=T—mgg ..(2)
fI Adding (1) and (2) we get
‘ fl r (my+my) f=(m—my)g,
] =T
;’:/ or f—ml+’n2 "(3)
Med Substituting this value of f in (1), we get
, = 2mims ..(4)
mq my+my

371, If I'= My, then ;}—zi=?7,:f£3=—;nl—; +;%—;, i.e., the tension
in the string is equal to a weight whick is the harmonic mean between the
given weights.

3'72. Pressure on the Pulley. The pulley is being pressed
downwards by the tension along the string on both its sides.

R, the presssure on the pulley R
4mymy
7.’7‘;-7;‘_2 '

PRY
Since (m,+mz)g— dmymy g=(m1 Ms) g, the pressure ﬂw

m
=2 =

on the pulley is always less than the sum of the weights of
the masses. /

Example 1. Masses 260, 230 gms. are connected by
a string passing over a smooth peg. Find the distance they
will desciibe in 3 secs. and the velocity acquired in that time.

260—230 30
/=260 2307490
v=ft==60 X 3=180 cms. per sec.
8=4fI'=1x 60 x 9=270 cms.

Example 2. If the string of an Atwood’s machine can bear a
strain of only } of the sum of the two weights, show that the least possible

r v 7
X 980=60 cm./secs.?, 2T

acceleration 1s \—;jg

Let my, mg (my;>>ms) be the masses of the two weights and let
m,+mg=m, then
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th ion =13 ion 7= 271
e acceleration f s +m’g, and the tension T mtm g.
. f2=(_m_lf'f!)f z=(m1+”’:)2—4"’1’”z z=ga_z’_T
. (ymy—4-1ng)? (my+my)® m”’

so that f is least when 7' has its greatest value }(m,+mg)ge=3} mg.
Hence the least acceleration is given by

29 3

Example 3. 7'wo scale-pans, each of mass m, are suspended by
a light string over a light pulley and in them are placed masses my and
mg (my>>mg). Find the reactions of the pans during the motion.

f, the common acceleration of the system

my—my
= Zmtmytmy

If R is the reaction on m; of the scale pan on which it rests,
then my f=mg—R
2m,y(m -+ my)
Ym+ my -y

For the mass m, which is moving upwards, let the reaction be
R, then mef=R,—m,g

2mq(m—4m,)

ie., Ry=my(g+f)= 2m~+my+mig

3'8. Atwood’s Machine. In Atwood’s machine two equal
weights each of mass, say M, are attached to the ends of a string and
suspended over a light pulley running-with as little friction as possible.
Over one of the weights resting on the platform A, an additional
weight, called the rider, of mass m, is put. The platform A is dropped
instantaneously and the system begins to move with acceleration

f.__(m-{— My—M m
=+ )+ M7 mt2mu?

After it has moved a distance say 8 (=A4B), it acquires a
certain velocity, say v, given by v3=2fs.

The weight with the rider is then made to W
pass through a ring B by which m is caught off.
Weights on the two sides become equal and the
system moves with constant velocity v. Further, ~
the distance » moved with this velocity and ¢ the
time taken, are measured. Then we have

he=vt, A
1 3pd i, 2f 5 2018 "
or R={3?=112fs== — YA . 8
in which all quantities except g are known. This
relation gives a rough value of g. This is one of tho
chief uses of Atwood’s machine. i
Example. The two masses in an Atwood’s { /

machine are each 240 grammes and an additional
mass of 10 gms. is placed on one of them. It is found that they move
a distance of 250 cms. in 5 secs. Show that g=980 c¢M./sec?

ie., R=m\(g—f)= ¢ poundals.

g poundals

Olg
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3'9. Two particles of masses m, and mq are connected by a light
snextenssble string ; my is placed on @ smooth horizontal table, the string
passes over a light pulley at the edge of the table and m, is hanging
Sreely. To find the motion, and the tension of the string.

Let I be the length of the string and at any instant and let z and

y be the distances of masses my and m, respectively from the edge of
the table, then

z+y=l,
dxz dy . dy dx dy d*z
ata=% & g=—g wd y=—ga

Thus the velocity and acceleration of m, vertically downwards
are at all times equal to those of m, along the table towards the edge.

Let f be the common accelera-

tion. Equation of motion for m, is

my f=mg—T ..

Equation of motion for my in the
horizontal direction is

mef=1" ..(2)

The mass my does not move in
the vertieal direction, so that myg=R,

29 T the pressure on the table, i.e, the
weight is balanced by the reaction of
the table.

Solving (1) and (2) we have
\ S W g 1
"9 f_-ml+m,g and 1 mytmy”

In this case the pulley is being pressed by the two cqual forees
T at right angles.

.. the pressure on the pulley
NN 2 ] Myn
—_ k] 2 __ Q= 2___1___2_ X
= VT Ti= /2. =/ P
3'9r. If {he tahle is rough instead of smooth, the force of
friction of amount uR acts on the mass m, in the direction of the
string opposite to that of the tension, so that equation (2) hecomes
myf=T—uR,
or mof="T—panyg.
Solving this equation with (1) <.e., m, f=m,9—7", we have

mym(1+p)

| p ey )

= t-—2g, and /"=
Niy—+tig 7 My-j- g

The body moves only wh en m;>pn,.

Examples VII
[N.B. The rotational inertia and friction of a pulley are to bo neg-
1
r  Tho two ms<os of an Atwood’s machine are 10 and 12 Ihs, Find the
arceleigtion, the tension of the string und the pressure on the pulley,

lected
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2. Two masses of 48 and 50 grammes are attached to the string of an
Atwood’s machine and start from rest, the greater mass falls 10 cms, in one
vecond. Find the acceleration due to gravity.

3. Tho woight of 10 lbs. is attached to an end of a string, find the
weight which must be attached to the other end in order that when the system
is suspendcd from a fixed pulley, the accoleration may be half that of gravity.

4. Tho sum of the two wecights of an Atwood’s machine is 16 lbs. The
heavier weight descends through 64 ft. in 4 seca. What 1s the value of each
weight ? (P.U.)

5. Two scale pans of mass 2 lbs. each aro connected by a string passing
over a smooth pulley. Show how to divide a mass of 18 Ibs. between the two
Tale Pans 8o that the heavier mass may descend through a distance of 40 ft. in

secs. .
Find in this casc, the pressure on the pans.

6. Two weights are connected by a string passing over a. light friction-
less pulley. Ono is 12 lbs. and the other is 11 lbs. They are released from rest
and after 2 seconds 2 Ihs. are removed from the heavier weight. How soon will
they be at rest again, and how far will they have moved between tho instant of
release and that of coming to rest again ?

7. Two particles of masses m, and m, are connected by a light inexten-
sible string which passcs over a smooth fixed pulley. If my >mg, and my doscends
with an acceloration f, show that the mass which must be taken from 1t so that
it can n~cend with the same acceleration is 4 my fg/(f+9)2.

- Two heavy particles are attached together by a string passing over a
pulley. - If the string can only support & tension equal to one quarter of the
sum of the weights at its two ends, show that the least acccleration possible is

#7942, and that the greater weight cannot be much less than six times the
smaller.

9- A mass of 12 Ibs. rests on a smooth horizontal platform at a distance
28 ft. from its cdge. A second mass of 2 Ibs. is attached to the first by meuns of
a cord passing over the edge.  Find

(1) the acceleration ; (i) the space described in 3 secs. 3 (#4) tho time
in which the 12 1bs. weight reaches the edgo ; (iv) the tension of the string ;
(¢) the pressure on the pulley.

10. Obtain tho results in example 9 when the platform is rough, the
cocficient of friction p being 0°15.

1x.  Inexample 9, if =5/16, and the mass on the table is 4 be., find
the acceleration of the masses.

12. Two particles P and @ are attached to the ends of alight string, the
particle P is placed on a smooth horizontal table, whilo Q hangs over the edge;
and the sysiein moves frecly under gravity. The mass at Q is I Ib, If P starts
from rest and moves 8 ft. in the first sceond, determine the mass of P. (Bom. U.)

33. A mass of 20 lbs. on a rough horizontal table is connected by a light
string passing over a smooth pulley at tho edge of the table and supporting a
mass of 4 Ibs. which hangs freely. ~The frictional forec on the 20 lbs. mass is 3
Ibs. wt. and the 4 lbs, mass is originally 16 ins. above the floor. The system is
released and after one second the string breaks.

With what velocity will the 4 Ibs. mass reach the floor ? How far will
the 20 Ibs. mass movo after the string breaks, assuming 1t does not reach the edgo
of the table ?

14. If in Art. 3:9, m; be replaced by my and mg be replaced by mg, show
that tho acceleration of thoe system remains unaltered provided miy, mg, mg are
in G.P.

15. A st.ring passing across a smooth table at right angles to two opposite
edges has attached to it at the cnds two masses my, mg, which hang vertieslly.
A particlo of mass Al is also attached to the portion of the string which is on the
table. Show that the acceleration of the system when released is

My—mMy
ml-}-mz-h\lg'
Find the tensions of the string on cither side of M.
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16. An Atwood’s machine with masses mq and m4 and string clamped, is
placed on a weighing machine. Show that when the string is unclamped and the
masses are allowed to move, tho apparent weight of the Atwood machine is
diminished by (mj —my)? g/(my+m,).

Also prove that the tension of the string is equal to the weight of a mass
which is the harmonic mean between the two musses.

17. Masses P and Q in an Atwood’s machine are allowed to move from
rest any distance . If P is greatcr than Q, show that the mass which must
suddenly be removed from P at tho end of distance z, so that motion in the same
sense may continue a further distance nzx, is

(nt]) (P2-0Q%)
nFPF(n-1)Q .
18. An Atwood’s machine is et up in a lift accelerating upwards with

2 ft./sec.3. If the masses are 3 and 5 ozs., calculate thu tension and the length
of time that elapses before 9 ft. of thread passes over the pulley.

[Hiat. Reduce the lift to rest and rcplace g by g+4-2 in results (3) and
(4), Art. 3:7.]
19. A light string passes over a light smooth pulley, fixed to the ceiling of
a lift, and carries masses P of 6 lbs. and Q of 7 lbs. at its cnds. The mass @ 19
held in contact with the pulley and the mass P is hanging with the string verti-
cal. If Q is now relcased, find the tension in the string while motion occurs,
and the time that elapses before @ is 3 ft. below the pulley, (¢) when the Lift
remains at rest, (43) when tho lift is rising vertically with constant acceleration 4g.

20. A string passes over a smuoth fixed pulley and to one end thero is
attached a mass 11y, and to the other a smooth light pulley over which passes
anothor string with masses mg and mg at tho cnds.” If the system is releused
from rest, show that my will not movu if

A1
my my
REVISION QUESTIONS—II
x. State and explain Newton’s second law of motion and show that if a

particle is moving in one plane, the rate of chango of its moment of momentum

about any fixed point in the plane is equal to the moment about that point of the
forces acting on the particle.

(P.U.)

If hy, hy are tho moments of momentum of a moving particle () about
two fixed points A, B in the plane of motion, prove that its velocity perpendi-
cular to AB is equal to

hi—hy .
mAB (Pub. Ser. Ex.)

2. Twenty men whose total weight is 30 cwt. are being drawn up a mine
shaft in a cage by a rope whose tension is constant throughout the operation. If
the weight of the cage is 10 cwt. and its speed after rising 30 ft. is 12 ft. per
#ec., calculate the tension in the rope.

Find also in tons weight, the pressure on,the floor of the cage due to the

men. (L.U.)
The engine of a train weighing 400 tons is capable of exerting a trac-

tive effort of 15 tons wt. The road resistance and tho brake resistance are respec-
tively 30 lbs. wt. per ton. and 150 lbs. wt. per ton. Find the time taken to truvel
between two stations 1} mile apart if the train starts from rest, accelerates till its
speed is 45 m.p.h., runs at this speed for a certain distance and then the stcam is

shut off and the brakes applied simultanecusly, so that the train comes to stand
still at the second station. (Bom.U.)

4- A chain which can safely bear a tension of 10 tons is to lift 8 tons as

q}\‘liokly a8 possible through_a height of 200 ft. so that tho load comes to rest at
the top. :

Find the time required to the nearest second (weight of the chain to bo
neglected).
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8. A train of 100 tons is to bo taken from rest to rest in 2} min. over a
distance of 3610 ft. by a uniform pull against a constant resistance of 20 lbs. per
ton; the brakes press the wheels with a total force of § of the weight of the train
and the coefficient of friction bstween them and the wheels is 0-18; find the
magnitude of the pull and the time during which it must be applied.

6. A train of weight W lb. moving with v ft. per sec. on the level is
pulled with a force F' lbs. against a train resistance of R lbs. Show that in accele-
rating from vy to vy ft. par sec. the distance in feet described by the train is

w a1 vdv
g voF—R

7. Two particles, P and Q, of unknown waights ars attached to the ends
of a light string; the particle P is placed on a smooth horizontal table, while @
hangs over the edge, and the system moves freely under gravity. The particle P
passes in succession through the points 4, B, C, on the table, it passes through
B and C at instants 3 secs. and 5 secs. respectively after passing through 4, the
distance AB and BC being each 3 ft. From thess data dstermine th3 accelera-
tion of the svstom and deduce that the weights P and Q ars in the ratio of
159 : 1. (Take g=32 it.[sec.?).

8. Two weights W, W’ are connoected by a light string passing over a
light pulloy. If the pulley moves with an upward acceleration equal to that of
gravity, show that the tension of the string is

SWW (W W) .

A Than weighing 10 stone and a woight of 8 stone are suspended by

means of a light rope over a smooth pulley, Find the pressure on the pulley and
tho acceleration of the man.

If the man pulls himself up th= rope so that his downward acceleration

is g/18, find the upward acceleration of tha weight and the upward acceleration

of the mun relative to the rope. . (P.U.)

10. A mass iy is attached to one end of a light nexlensible string which

passes over a smooth fired pulley and to the other end is attachud a smooth pulley

of mass gy over which passes arnother string with masses mg and my ab its ends.
ind the motion.

Let T, T'; bo the tensions in ths strings passing over the fixed pulley and
the movable pully (mg).

Let the accoleration of the mass m; be f, measured downwards, then mg
must have an acceloration f upwards.

If f; bo the downward acceleration of mg relative to
my ite actual acceleration will be f;~f downwards, and
that of mg will be f; +f upwards.

Equations of motion for m,, mg, mgrand mg are :—
myf=myg—T T
myf=T —meg—2T,

my(f1—f)=my9 T
my(f1+f)=T)—myg.
Any of the unknown quantities f, f;, T', Ty can be § 1
obtained from these equations. 4

(a) Taking my=4lbs., mg=l lb., my=2 lbs., mg=1 .
Ib., show that f= 5 9 «

12, A string which carries at one end 4 a partiocle
of mass mg, passes over a fixed pulley at C and carries at
the other end B a similar pulley. A second string carries at one end D, a
particlo of mass my, passes over tho pulluy at B and carries at the other end E, a
partiels of mass mng.  Show that whon the muasses of the strings and pulleys are
negligiblo the tension in the firat string is twice that in the second string.

Find also tha accaleration of ths particle at 4 whan my=1lb., my3=2 Ibs.,
my=3 lbs,
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12. A light string, one end of which is fixed, has slung on it a mass 3m
and then passes over a fixed pulley having & mass m attached to it at the other
end. The portions of tho string not in contact with the pulley are vertical.

Find the acceleration of the two masses and the tension of the string when the
system is released.

13. A mass m lying on a smooth horizontal teble is attached to a string
which after passing over the edge of the table hangs in a loop on which a heavy
smooth ring of mass M is threaded and then passcs over & smooth fixed pulley

ind supports a mass m’. If the free portionsof thestringare vertical and the whole
system lies in a vertical planc, determine the tension of the string and show
that the mass M will remain at rest provided that

2 1,1
M m m
14. Two masses m;, my lie on a smooth horizontal table. Thoy are
joined to a string on which slides a smooth ring of mass mg. If the two portions
of the string lie close together in parallel straight lincs and tho ring hangs down
over the edge, prove that when releascd the tension in the thread is

S —
L

mg mq my

and that the acceleration of the ring downwards is 5(;—:— +—h:f—) times the
1 2
tension.
’ 15. Two pulleys each of mass m, are connected by a string hapging over
a smooth fixed pulley ; a string with masses 2m and 3m at its ends is hung ovor
one pulley and another with masses m and 4m over the other. If tho system is

free to move, show that the acceleration of cither pulley is ;g . (D.U.)

16. A mass attachcd to one end of a light inextensiblo string which passes
over a smooth pulley is descending with uniform velocity ; to the other ond of
the string is attached a ring without mass, through which passes a second string
supporting at the extremities masses m and m’. If one of these masses on arriv-
ing at the ring becomes entangled in it, show that it will afterwards move with

—m’)2

acceleration - Z?rh’ﬁ-)ﬁrgnﬁ" and the tension in the string above the ring is
8mm’g(m+m’)
2 Em AT G (P.U)

17. A train starts from rest and eovers a journcy of 29:9 miles in 40 min.
as follows ; it first accelerates uniformly for 3 min., reaches a speed which 18 un-
changed for the next 10 min., it is then accelorated uniformly for a further 2
min., reaching a speed of 12 m.p.h. higher than previously ; it proceeds at this
new fixed speed until the last 3 min. of journcy durmg which it is uniformly
retardrd to rest. Find the two fixed specds.

18. A motor car is driven from the hind wheels. The centre of gravity
@ of the car is at a height 3 ft. above the road, and the distances of the vertical
through ¢ from the front and rear axles arc 8 ft. and 4 ft. respectively.
Neglecting the rotatory inortia of the wheels, show that, if tho co-cfficient of
friction between the wheels and the road is , the maximum acceleration of the
car 1s 5:7 ft. [sec.? (I.R.S.E.)

19. If P bethe tractive forcc in tons on a train weighing W tons, and
R be the resistance, prove that the least time of travelling & distunce & from

rest to rest is
»\/ [_2.’; _ﬁgfﬁﬂ (D. U. 1961)
g —



CHAPTER 1V
MOTION IN-A STRAIGHT LINE—III

4'1. Motion with variable acceleration. Expressions tor

. . . . . d®s dv
acceleration of a particle moving along a straight line are B ar
and v 71191 where ¢ is the distance measured along the line from a

fixed point in it. If m denotes the mass of the moving particle and
F, the force acting on it at any instant along the line of its motion
and measured in absolute units, the equation of motion of the particle
as deduced from the second law of motion is,

ds

md—&—,—=F . -(1)

mﬂ—-F 2

or = -.(2)
dv

or my -‘—1—;=-F .. (3)

When the force F orthe acceleration fT is constant, any of these

equations may be used as has been done in Chapter II. When
F is a function of ¢ (1) or (2) is used, when F' is a function of

velocity v either (2) or (3) is used and when F is a function of the
distance 8, only (3) is used.

4°xx. The following examples illustrate the last three cases :

Example 1. 4 particle of mass m moves along a straight line
starting from rest from a given point in the line. If the force acting at
any instant is mk cos t, find the motion of the particle.

Let x be the distance of the particle from the fixed point after
time ¢, then

m g—i—c:smk cos ¢,

Integraving we have, é—?:—-k gin t4-c,

when ¢=0, %——-0, 8o that ¢=0 .., v=Fk sin ¢ or —%—f—::lc sin ¢.

Integrating again, we get,

xz=—%k cos t-}¢;
when t=0, z=0. .. ¢;=*k.

Hence x=k(1—cos t)
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Example 2. A steam boat is moving with velocity V when steam
t8 shut ¢ff. QGtiven that the retardation at’any subsequent time 18 equal
to the magnitude of the velocity at thut time. Find the velocity and
distance travelled in time t after the steain 18 shut off.

dv 1 dv

Here G=—v or -5-71?-—-1

Integrating we have, log v=—¢+-c.

When (=0, v==V,  so that c-—log V.

log - V ~=—t or —%—:e“.
o v="Ve~* or %=Ve".

Integrating again, we have, s=—Ve *+c,.
~When  ¢=0, =0, so that ¢,— -V
Y s=V—Ve t=V(1—e" ).

Example 3. 4 jarticle of unit mass begins to move from a
distance a towards a fized cenlre which repels according to the law uz.
If its initial velocity is Nt a, show that it will continually approach the

Sized centre, but wrll never reach it.
Since the particle is repelled from the centre the acceleration is
in the direction in which z increases and is, therefore, positive.

v
Hence T
dz =B

where the distance 2 is measured from the fixd centre.

Integrating, we have, vi=ip . 2% .
Initially when r=a, 2*=a?, v=—4/ pa, v®*=pa?, so that c=0.
o vi=p.2? or (dz/dt)®=pr2

Since the particle is moving towards the centre, z decreases as ¢
x .
increases and hence — a1 negative,

dz

=—nfuz.
Integrating we have — 4-=—-I~] w.dt
1.e.. log x=—\jfp.t4+¢,

When t=0, z=a, so thatlog a=0--c,.
log x=—AJp.t+log a or log —:— =—af.t.
—ut

T=qe

Now as ¢ increases, = _decreases, t.e., the particle gradually
approaches the centre, but since =0 only when {—eco, the particle
does not reach the centre for any finite value of ¢.
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Examples VIII

x. The distance moved by a body along a straight line is proportional
to the square root of tho time (s=c+yt). Find the accoleration in terms of the
velocity.

2. A particle moves according to the law v=u cos nt, show that tho
space described by the time it first comes to rest is u/n.

3. A particle starts from rest and moves along a straight line with an
acceleration f varying as t*. If v be its velocity at a distance s from the stakt-

ing point show that
(n+1)v2=(n+2)fs.
4- A particle initially at rest, moves from a fixed point in & straight

lino so that at the cnd of ¢ secs., its acceleration is sin '+Tﬁ%ﬁ-' Show that
its distanco from the fixed point at tho end of % secs., is 2;x—log (w+1).

A particle starts with a velocity w and moves under a retardation
equal to k times tho space described. Show that the distance traversed before
it comes to rost is — -.

Wk
6. A particle moving in a straight line is subject to a resistance which
produccs rotardation ko3, show that v and ¢ are given in terms of s by tho
equations

Y Tkeu
where u is8 tho initial velocity.
If tho relation botween z and ¢ for the motion of a particle is of the

form t=ax?4-bx, find tho velocity v as a function of z and prove that tho
retardation of the particle is 2q¢3.

8. A particlo starts from rest and ita acceleration at any time ¢ is
S—kt?, where f and k are constants ; prove that the maximum velocity u of tho
particle is §4 f3/k and that the space described by it before it acquires this

velocity s
15u2/16f.

9. A truin starts from rest with an acccleration of 3 ft./sec.3, which
decreascs uniformly to zero in 3% sccs.  Show that its speed is then 33} m.p.h.

[Hint. Proceed with df/dt=—F.]

10. A train starts from rcst with an acceleration of 8 ft./sec.3, and the
acccleration decreases of uniformly with the distance travelled, so that the
velocity is maximum after 80 ft., show that tho max. velocity of thovtrain is
nearly 233 ft. [sce.

(Hint. Procecd with dffds=—k.]

1x. The velocity of a particle moving in a straight line is 20 ft.[sce.
initinlly and decroases uniformly with tho distance travelled, so that it stops
after going 40 ft. ¢ ind the timo taken to travel the first 20 ft.

12. Tho resistanco to tho motion of a train amounts to § V Ib. wt. per
ton weight of the train, when V is its speed in feet per scc. If the train is
moving on a level track and stcam is shut off, find tho time taken for the speed
to full from 60 m.p.h. to 30 m.p.h. and tho distanco covercd in this time

13. A particlo moves in a straight line from a fixed point O with
velocit V under a fores which produces an acceleration gz where z is its dis.
tance from O. Find thoe time taken in moving a distance x and distance moved
in time ¢. Find also tho timo takon for tho velocity to be increased to 2. (r.v.)

SIMPLE HARMONIC MOTION

4-2. Definition. A particle is said to execute Simple Harmonic
Motion if it moves in a siraight line such that its acceleration is always
divected towards a fixed point in the line and is proportinal to the
distance of the particle from the fized point.

t-}ka’-}-—#:-‘—.
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The expressions for velocity and position of the particle at any
instant are obtained as follows :—

4B 0 x P 4

TLet O be the fixed point in the line 4,04 and let P denote the
particle after time ¢ from O moving with a velocity v in the positive
direction'from O to A. Let OP=x, then the acceleration is pz,
where p is a constant.

Since the acceleration is in the direction opposite to that in
which z increases, the equation of motion of the particle is

d¥x dv
-F-—[.LZ. or ‘IJ—-‘-l—z-:—‘Lx ..(l)

where p is a constant of proportionality.

Integrating with respect to z, we have
v? 28
5=k 3 + ¢ (a constant).
As P is suppgsed to be moving in the direction 04 and as the
acceleration is given to be taking place in the opposite direction, the
particle P must come to rest at some point in 04, say at 4,

i.e., supposev=0 where x=a, so that
at o3 z? a?
=—-p.-2—-+c and —2--—‘1.?-*"1. —2-—.
v=Ftnnfa?—z? .-(2)

This equation gives the value of the velocity v for any displace-
ment z.
As P is moving in the positive direction

v=-4n u. Ja?—2? i, -‘-;-;5 =/ p.Na?—23,

dx . in=1 z
or m=jv P.d‘ S 81N z —d ﬂ.t+e,
or z=a sin (\Ji.t+¢) ..(3)
where e is a constant to be determined from the initial conditions.
If ¢t is measured from the instant when P is at O, t.e., if 2=0
when t=0, then e=0.
o z=a sin afpt.t voee(4)

Note 5. Ift is measured from the instant when P is at 4 4.e., if z=a

when ¢=0, then e=sin-1 -{—- megin=1 =T~

2
and z=a sin (.Ty..t-;-—g» )aa 08 y{L.t.
Hence the solution of equation (1) is
T=q 8in Y.t or z=a co8 Ji&.b

according as we measure ¢ from the instant when P is in its contral position O or
in it8 extrems position 4.
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Note 2. Velocity in terms of time ¢ can be obtained by differentiating
any of these equations involving z and z.

Note 3. When the particle is on the left hand side of 0, the equation of
motion is %‘-2—:; macceleration in the direction of Pyd =p0P; = k(=)= —|»

Hence the same equation that holds on the right hand side of O, holds also on
the left hand side.

4'21. The nature of Motion. The equation
v=-4n/ pt NJa?—2?
gives the velocity of P in terms of its distance from O. Initially,
when =0 at the point O, the velocity is maximum and equal to
~J it a. As the particle proceeds towards 4, the acceleration being
towards O, the velocity goes on decredsing as z increases. At A
where r=a, it vanishes and the particle is, for an instant, at rest.
Then owing to the acceleration towards O, the particle moves in the
negative direction with a velocity which increases numerically as
decreases and is the greatest at O where it is —a/ & @. Due to this
velocity, the particle proceeds further to the negative side of O, the
velocity remaining negative and decreasing gradually in magnitude
till the particle comes to rest at A, where x=—a. The accelera-
tion being towards O, the particle then starts and moves towards O
with & positive velocity which increases gradually till it is again
maximum at O. The same motion is repeated again and again and

the particle goes on oscillating indefinitely between 4 and4,, the two
positions of momentary rest.

The motion of the particle is oscillatory. All oscillatory
motions are, however, not nccessarily simple harmonic. In fadt
simple harmonic motion is the simplest and most important case of

oscillatory motion which occurs in nature and it is always dominated
by the differential equation

d*z
- dt‘ = —p.x.

The distance 04 or 04,, i.e., the distance of the centre from
one of the positions of rest is called the Amplitude.

4'22. The Period of Motion. The equation z=a sin  ué

gives the time from O in terms of z, the distance of the particle
measured from O.

Since z=a sin \Jp.t=a sin (\J p.t4-27)
2r
=a sin t+——)
N u( + Ju

and jﬁ-—-aq i= 0s nJ ( t+—-2“-
= it cos nf pl=an] s ¢ wl NI
the particle has the same position, velocity and direction after

time t+—f—1%-. t-}--s%, etc., as it had at the time#, i.e., the particle

i3

has a periodic motion, its period of motion being NS
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4'23. Periodic Motion. A point i3 said to ‘have a periodic
motion when it moves in such a manner that after a certain fized interval
of time, it occupies the same position and moves, sn the same direction
with the same velocity.

In the case of a particle moving with simple harmonic motion, the

periodic time, as shown above, 18 2r[N) @, which i3 independent of the
amplitude. ‘

4'24. The Frequency is the number of complete oscillations
in one second, so that if » denotes the frequency and 7' the periodic
time,

nT =1, Oor n=——=_N-",

Example 1. 7The acceleration of a posnt, moving with S.H.M.
ts 2 f.8.8. whe. -its displacement from the mid-position is 6 inches.
Find the amplitude and the time of an oscillation if the marimum
velocity is 4 f.s. Find also the velocity of the point when it is at a
distance of half the amplitude.

The acceleration=2 f.s.8.=pr=p X }.

p=4.
The time of an oscillation= —~21»c—==- 2r =n=3'14 secs.
N ETRNE

The maximum velooity =4 f.s.=xJ p.a=2a.
a==amplitude=2 ft.
To find the velocity at half amplitude where z=1, we have
=p NP —2=2Jt—1=2./3=3'46 f.5.
Example 2. A particle moving with S.H.M. of period 12 secs.,
travels 8 inches from the position of rest in 2 secs. Find the amplstude
the mazximum velocity and the velocity at the end of 2 secs.

2r
Si —— =12, ==
ince N N

If a ft. be the amplitude then, z, the displacement from the
centre=a—’;=a—4% ft.
t, the time from an extreme position=2 secs.
Since the time is given from the extreme position, we use
r=a cos nJ pl.

.

a—3§=a cos 23/ p=a cos —§—=

e

R a=4% ft.=16 inches,
and z at the end of 2 sees.=4—§=4% ft.

sov=a] Ja’-—-x’**ev\/ l: -;==—§— . -‘l-"—,}—- =0'604 ft. per sec.

4
and max. vel. -=-n,jy.,a=_"t

2n
o -§~—-~§-.-=0 69 ft. per sec.
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Example 3. 4 particle moves with S.H.M. in a straight line.
In the first second after starting from rest, it travels a distance a and in
the next second it travels a distance b in the same direction. Prove that
the amplitude of the motion s

2a®
3a—b"

Measuring time ¢ from the starting point and the distance = of
the particle from the centre of motion and denoting the amplitude by
A, we have

z=A cos \J p.t.

Now by the question when t=1, x=4—a
and when =2, x=A—a—>b.

A—a=A cos / p ..(1),
and A—a—b=A cos 2af . =A (2 cos* N 1t —1) .. (2).

.. from (1) and (2), we get

Ry |
A—a—b=4 [2 (AA,-‘-’)—l:]——--/IT [A*—4aA4 424,

or A2 —aA4—bA=A*—4aA+}24?,
or (3a—b)A=2a? i.e., 4=2a%/(3a—Dh).

Example 4. A horizontal shelf moves vertically with S.H.M.
If the complete period is one second ; find the greatest amylitude in
centimetres that it can have so that a book, weighing 100 gms., resting on
the shelf may always be in contact with it. Find also the greatest and
least pressures exerted on the shelf.

2r
Her — = = i.e. p=4n?,
e N 1 Np=2r, e .p

When the shelf is moving above the centre of motion, its
acceleration f is downwards which should not exceed g in order that
the book may rest on the shelf, ' [Sce (2) Art. 3'5].

if a is the greatest amplitude, then f=pa=yg,
. g _980 245 245
1.e. a="= = =
’ p  4n?  n? 987

When the shelf is in its highest position, the acccleration g is
downwards.

the least pressure R'=m(g—f)=m(g—g)=0.

The greatest pressure R occurs when the shelf is in its lowest
position where the acceleration, being directed towards the centre O,
is upwards and equal to g.

R=m(g+f)=m(g+9g)=2mg=200 grammes.

Example 5. A particle is projected with a velocity V from a
point A along the straight line OA. Find the mation when the
acceleration is proportioral to the distance of the pariicle fzom O and is
directed towards O. Find also the amplitude of motion if VA =a.

=25 cms. nearly.

‘The equation of motion is v g% =—ur,

; §‘v’== —juattec.
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Initislly v=V when 2=a, ... ¢=4(V34pa?).
Heace 3= V34 pu(ad—2?).
The value of x when v=0 gives the amplitude, o that when

——
v=0, x=/\/ —%—+a’=amplitude.

*4'3. Composition of two simple harmonic motions of
the same period, in the same straight line. By equation (3)
Art 42, the general displacement of a particle moving in S H.M. is
z=a sin (o/pt+c¢), where a is the amplitude of the motion. The
quantity «/ ut+e is called the phase of the motion and e the initial

phase in angle, (given in radians), and t—f——e— is defined to be the

N
phase in time.
Now let x=a sin (/@ {-+e¢) and z=>0 sin (\Ji. t+¢’) be the dis-
placements in the two motions having the same period —gi .

N

Compounding these, we get
== sin (\J pt-¢)+0b sin (\f pnt+e’)
= (a2 cos e+b cos €’) sin NJ pt+(a sin e+b sin e’) cos \Jut

=4 sin (N p.t+ &) ..(1)
where A cos E=a cos e-}-b cos ¢’ } @
and A sin E=a sin e+4b sin e’ -+ (2)

Equation (1) shows that composition of two S.H. motions of
the same period, in the same st. line, gives a similar motion of the
same period, whose amplitude and pbase are known from equa-
tions (2).

*Example. Prove that if two S.H. vibrations of the same
period in the same line whose amplitudes are a and b and whose
phases differ by « be compounded, the amplitude of the resultant

vibration is nfa?+4-2ab cos a+b2.

If a=2b, and the phascs of the two motions differ by one-
quarter of the period show that the amplitude of the resultant

=a/5.D, and its phase is in advance of the second by —511-:- tan™! 2 of

the period.

Examples IX

x. A point moving with S.H.M. has a period of oscillation of 7 sec.
and its greatest accoleration is 5 ft./sec.2 Find the amplitude, and the velocity
when the particle is at a distance 1 ft. from tho centre of oscillation.

2. A particle doscribing simple harmonic motion executes 100 complote
vibrations per minute and its spoed at its mean position is 15 ft. per sec. What
is the length of its path ? What is its velocity when it js half way between its
mean position and an cxrermity of its path ?

. A particle moving in 8.H.M. of period 8 sccs. oscillates through a dis-
tanoe o? 4 ft. on each sidoe of its central position. Find the maximum speed and
tho specd when the particle is 2 ft. from the centre.

What timo does it take in moving from this position to the nearest
oxtrome position ?
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4. If the displacement, velocity and acceleration at a particular instant
of a particle describing S.H.M. are respetively 3 in., 3 in./sec. and 3 in.[sec3.
Find the greatest velocity of the particle and the period of motion.

. 5. A point executing S.H.M. passes through two points A and B, 24
inches apart, with the same velocity having occupied 4 secs. in passing from A to
B. After another 4 secs. it returns to B. Find the period and amplitude.

6. A point executing 8.H.M. has velocities « and v and accelerations a

and b in two of its positions. Show that the distance between the two positions

ia (v2—u?)/(a+b),
. . u2—o2
and that the period of motion is 2r -

7- A particle moving in a straight line OAB with 8.H.M. has its velocily
zero when it is at the points A and B and it has a velocity v when it is half way
between them. If the distances of A and B with O as origin are a and b respec-
tively, show that the periodic time is n(b—a)/v.

8. A particle is executing S.H.M. ; A and B are the two points at which
its velcity is zero. It passes throagh a certain point P at intervals of 0-5 and
1-5 seconds with a speed of 3 ft/sec. Determine the max. speed and also the
ratio AP/PB. (P. U. 1956 S.)

A particle moves in a straight line with 8.H.M. of periodic time 2
secs. If it starts from rest at a distance of 13 cms. from the centre of its path,
show that (he greatest velocity and velocity acquired by it when it has just
described 8 cms. are respectively 13w and 121 cms. per sec. (P.U.)

. T0. At tho ends of three successive seconds, the distances of a point
moving with S.H.M., from its mean position, measured in the same direction
are 1, 5, 5. Show that the period of complete oscillation is 21t/0 seconds where

cos §=¢ (P.U.)
11. A part of a machine weighing 60 lbs. describes S.H.M. making 180
comploto vibrations per minute and the length of the stroke is 2 feet. Find the
greatest velocity and the force acting on the moving part at one end of its stroke
and at } of its stroke.
12. A body moving with S.H.M. hag an amplitude a and period T'. Show
that the velocity v at a distance « from the mean position is given by

12T2=472(a3—2x2).

If the velocity is trebled when the distance from the mean position is {a,
the period being unaltered, find the new amplitude.

Show that the amplitude remains unaltered if the velocity of the body
when at th) centre 18 suddenly reduced to half its value and the body continues
to executo S.H. vibrations of double the period.

13. A point P moves in a straight line with §.H.M. the centre of motion
being 0, and the extreme position being 4. A point @ is taken in OA such
that 20Q8=0.42. Show that the time from 4 to Q is the same as that from
Q to 0.

14- A particle is performing a S.H.M., of period T about a centre O, and
it passes through the position P (OP=b) with velocity v in the direction OP.

Prove that the time which elapses before its return to P is

I_t -1 vT.
® 2" onb

15. A point moving in a straight line with S.H.M. has velocities vy and
va when its distances from the centre are «; and z3. Show that the period of

motion is
2,8 - z,2
2r PR
Vgf—1y

16. Show that in a 8.H.M. the average speed and the average accelera-

tion (in magnitude) are obtained by multiplying their maximum values by
0-637.
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xy. If for a particle moving in S.H.M. there is a sudden increase of one
per cent in the restoring force just as the particle is passing through the centre,
what percentage increase will be given to the period, amplitude, and the maxi.
mum velocity ?

18. A horizontal board is made to perform simple harmonic oscillations
horizontally, moving to and fro through a distance of 30 inches and making 15
complete oscillations per minute. Find the loast value of the coefficient of
friction in order that a heavy body placed on the board may not slip.

x?. A horizontal board is made to perform simple harmonic oscillations
vertically, moving to and fro through a distance of 30 inches and making 15
complete oscillations per minute. Show that a book placed on the board will
not leave it. Find the greatest and least pressures exerted by the book, its
weight being one pound.

20. A horizontal plate with a particle resting on it is made to oscillate
vertically with S.H.M. through a distance of 2 feet. What is the smallest
number of vibrations per minute that will throw the particle off the plate ?

ax. A body is attached to one end of an extensible string and the other
end moves in a vertical line with n complete oscillations per second. Show that

the string will not remain tight during the motion unless n2 <=2 where a is

4n2a
the amplitude of motion.
2a2. The speed v of a particle moving along the axis of « is given by the
relation v2=n2 (8bz—2a3 — 12b2).
Show that the motion is simple harmonic with its centre at 2=4b and
amplitude 2b. Find the time from 2=>5b to x=6b.

a3. If the displacement of a moving point at any time is given by an
equation of the form z=a cos kt+b sin k¢, show that the point executes simple
harmonic motion.

Ifa=3, b=4, k=2, find the period, amplitude, max. velocity and max.
acoeleration of the motion.

A particle of mass m moves with 8.H.M. under a force mitz towards
the origin. When ¢=4 secs., the particle is at the origin and when ¢=8 secs., its
velocity is 842 ft./sec. If the period of motion be 32 seconds, show that the

length of the path is 91;2- ft.

Motion of a particle attached to an Elastic String.

4'4. Elastic Strings. If an elastic string or wire or a spiral
spring i3 fixed at one point and pulled within limits at the other, it
is found to increase in length, the extension being proportional to the
tension of the string.

If different wires of the same material are considered, the exten-
sion is directly proportional to the product of the tension and the
natural length and inversely as the area 4 of the cross-section. Thus
if z denotes the extension, ! the natural length and 7' the tension (in
absolute units), then,

Tl Ax
@=s7- or T =7\—l—~,
where A is a constant depending on the material of the wire.

If we take A =unit area, we have 7' =7\il;-

If I is the natural length of an elastic string and I’ the stretched
Ao
length, then = T(l --l),
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v.e., lension of an elastic string or a spring is proportional to the exten-
sion of the spring beyond its natural length. This is Hooke’s law of
elastic string and A is called the Modulus of Elasticity.

When z=I, T'=A, so that A for a string of unit cross-section is

equal to the amount of force which would stretch it to twice its
natural length,

Example, If an elastic string is stretched 3 ine. by a force of

2 1bs. show that the tension in the string when it is stretched 8 ins. is
63 1bs. wt.

HORIZONTAL ELASTIC STRING

4°'5. Lct one end of an elastic string be fixed to a point Oon a
smooth horizontal table and let 04 =! be its natural length.

-

B A 0O ( AxpP B

If a particle of mass m is attached to the other end and if the
particle is displaced along the line Od4, a distance AB==b and P be
position of the particle at any subsequent time so that AP=x, then

the tension in the string is JIL x which acts in the direction P4 and is
directed towards A.

The tension of the string being the only force which tends to
move the particle, its equation of motion is

d3x , A d%x A
mt—i—‘;=-—7=——l—z, or Eﬁ“"m" -+(1)

which shows that the motion about 4 is simple harmonic, the cons-

tant u being replaced by 5"7 The period of oscillation is

The particle will further move through O to a point B’ at an
equal distance on the other side of O and then back again and so on.

The distance from A to 4’ (0A=04") and back to 4 is moved
with the velocity which the particle acquires at A. The string being
slack this velocity remains the same throughout this part.

The periodic time obtained above refers to the time which the
particle takes in moving from B to 4, from A’ to B’ and then from

B’ to A’ and from A to B. This is the only part where motion is
simple harmonic.

4'51. To find the velocity we write equation (1) as
dv A

Ydz =™ ng?’%D

which on integration gives «}v’a-—m 234-C
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AtB, x=AB=>b and v=o0, . C’=—§~b’
2lm

A . A
o 2Nl o2 ARV /Y S
S --lm(b z ), or v=—r Vii—z ..(2)

the sign is taken negative because the particle is moving towards O.

Example. An elastic string, to the middle point of which a
particle of mass m 18 attached, is stretched to twice tts natural length
and placed on a smooth horizontal table and its ends are then fized.

(@) Find the period of oscillation when the particle is displaced
in the direction of the string.
(b) Find also the period of a small transverse oscillation.

7 T

4 0 xp B
Let 2! be the natural length of the string, then the extended

length is 4l. Let 4, B be the fixed ends and O the middle point,
then AO=0B=2I.

(a) Let P be any position of the particle when displaced such
that OP=2z (z being small).
The extended length of the portion 4P of the string=2l+z.
o extension of AP=(2l4x)—Il=1+=.
The extension of the portion BP=(2]—z)—l=Il—z.
T, the tension in PA =>\{jt:x, T', the tension in BP=7\l:lf'
Equation of motion for £ is
T e 2x
2z
af =" Im"
which shows that the particle moves with S H.M., the centre of
motion being 0.

The period= g’i_~=1r 2tm
VaA/im A

(b) Suppose the particle P is displaced a small distance y,
perpendicular to the string.

1 0
Yy ;
7 7
P
Let 7 be the tension along PA or PB, then the resultant tension
in the direction PO=271 cos [ OPB.

-’ the equation of motion of the particle is

d’y ,
md?=—27 cos [ OPB.

or

/]
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Now PB= v OB+ O0P%= «/4z'+y'=2z[1+;l”1, *=2z,

neglecting powers of —3{—— higher than the first,

_OP gy
cos LOPB——.——I;-B- =9 (approx.).

Also T along BP or P4 -—-?\f-%——-l =7\gl—l—-l=7\.

s 2T cos [_OPB=27\.—g—l =lly.
.. the equation of motion of the particle is
dy Ay dy A

——

mw=—l O J{,—a—l—m—y,
4 the period of motion="—snm =2 \/7'-"_
and the period of motion= \/X/-l'—'*: 1 Y

VERTICAL ELASTIC STRING

4°6. Suppose that a particle of mass m is suspended from a
fixed point O by a string (or spring) OA of a natural length I
(04 =l).

Let OB be the length of the string when 0 0 0
the mass hangs in equilibrium, then 4B(=¢), the
extension of the string is given by

AB _ e
mg=7\-—l~=7\T, ..(1)
Now if the particle is displaced vertically
from B, it will oscillate in a vertical line about B
and it will execute S.H.M. which can be proved

as follows :—
Let P be the displaced position of the
particle during its motion and let PB=z, then 'A A A
the tension, 7', of the string in this position is
given by
A A B B
T -—--l—-(BA +x)=mg+Tx. .+(2)
(by (1)].
~ the resultant force acting on the parti- A
cle in the direction BP % P
—mg—T— A A l
._mg—T-mg—(mg+-l—x)=—- e
Hence the equation of motion of the particle g
is mq-'f-— -75-2: or @z A z (3)
3= dr = "im "

which shows that the garticle moves with simple harmonic motion
kaving B, the position of equilibrium, as the centre of oscillation.
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. C ml &
The period of motion is 27 /\/ —X—=2n /\/ r .. (4)
e being the extension of the string in the equilibrium position of the
particle. By cquation (1), e being proportional to ;\ﬁ, the period

depends on the weight which is hung on, and on the stiffness of the
string or spring to which the particle is attached. The stiffer the
spring the shorter the pcriod and the more masdsive the weight the
longer the period.

Note x. At B, the ultimate position of cquilibrium of the particle, the
forces acting on it, viz., its weight and the tonsion of the string, balance. In all
problems of this type the position of this point must be obtained first.

Note 2. The particle moves with Simple Harmonic motion only so long
as the particle is below 4, ¢.e., so long as the string remains stretched.

If the particle rises above A (it will do so, for example when it is pulled
down below, B, a distance greater than AB) tho string will become slack and the
part of the motion above 4 will bo simply free vertical motion under gravity.

. Example 1. A mass of 4 lbs. suspended from a light elastic
string of natural length 3 ft. extends it a distance 2 ft. One end of the
siring is fixed and a mass of 2 lbs. is attached to the other. The mass 13
held so that the string is just unstreiched and is then let go.

Find the amplitude, the period and the maximum velocily.

0A, the natural length of the string=3 ft.

Since the extension is 2 ft. when the force is 4 1bs. wt., we have
by Hooke’s law
49=»N%.
te., A=6y. o (1)
Let OB be the length of the string when the mass of 2 lbs. is
hanging in cquilibrium, (Fig. Art. 4'6) then

IB AB
, 2g=2 2 =65 ). [by (1)),
ie., AB=1 ft. )

Now let P be any position of the mass during the motion and
let it be at a distance x from the equilibrium position B after time ¢
secs. from B, the equation of motion is

2(‘%2’;29- 7.
But T=A é:sf=(iy ]-%;-z =2y42q..
2 ff-; =2g— (29 +2g2)=—2gx,
or —:—g:—'- /] ..(3)

which shows that the motion is simple harmonic having B, the equi-
librium position, as its centre of oscillation and period

9 9

2% 2r

Neo Ny

As given in the question the particle was initially at rest at 4
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amplitude=AB=1 ft.
and max. velocity=a/ p a=nJ g X 1=4nJ2 ft. per sec.

Example 2. In the last example, the particle, instead of being
held at A and then let go, is pulled down below its equilibrium position
B, a distance of 6 inches and then let go. What is the period of motion?

Initially the particle is at rest at a point § ft. below B ; } ft.,
being less than AB which is 1 ft., the string is never slack and the

motion is entirely simple harmonic of amplitude § ft.

The equation of motion of the particle is the same as equation
{3) in Ex. 1.

.*. the period of motion is 2xn/y] g.

Example 3. In Ezx. 1, the particle i3

(a) pulled down below B, a distance of 18 inches and then let go,

(b) it is dropped from the point O.

Discuss the motion of the particle in each case, and find the periods
of motion.

0A=1=3 ft., 4B=1 ft., BP=x.
Equation of motion of the particle when the string is

stretched is, as obtained before 0 .
d*x dv
E = or v o—=—gz ..(1),
where z is measured from B, the equilibrium position.
Integrating, we have
g TC @)
9 = g ~-2—— .o .

(@) The particle is initially at rest at D, § ft. below B.

In this case § ft. >AB, the extension in the equilibrium
position, the motion from D to 4 is simple harmonic of ampli-
tude § ft. At A, the string becomes slack and the particle c
moves frecly under gravity with a certain initial velocity at A.

At D where z=§, v=0, so that from equation (2), C=4gg.
' vi=—gaz®+{g.
v;, the velocity at A where 2= —1 is given by

T e =

v?=—g+3g, i.e.,v;=}3~ Bg.
The particle comes to the rest again at E at a height above 4

\ ._vlz. 5q.._5
8fb.

29 8
t1, the time from: D to B=}th period of s.H.M.=-2:l"-§.

{5, the time from B to 4 is given by [z=a sin \J @ ¢],
. . 1
l=}sinnfg.ly te, ty==—+ sin~1 §,
b V 2 2 'Jg §

ty, the time from 4 to E="1=N _5..-=_i_ 2.
Y ) “~ 9



60 ELEMENTARY ANALYTICAL DYNAMICS

.*. the whole period of oscillation from D to E and back

=2(ts-+t111y),
2 [ N6 =™ . _
=7yt ]

(b) The particle falls freely from O acquiring a velocity
=nJ 2gl=nf 6g at A. The string is then taut and the particle moves
with S.H.M. given by equations (1) and (2).

At A where x=—1, v=a] 6g, 80 that from (2), C=1}g.

= —gx3+4-Tg,

v=0 when x=nJ 7=2'646 ft.—amplitude. So that the particle
comes to rest at C, a point oJ 7 ft. below B and then moves back with
S.H.M. to the point A where the string again becomes slack. The

particle then moves up freely with initial velocity=nJ 6g at 4 and is
brought to rest again at O.

t;, the time from C to B=} period of S.H.M.=2%6,
ty, the time from B to 4 is given by
1=n/Ts8inn]g. ¢ [ x=a sin \J. ]

R |
e, tg=——sin"1—

1
N9 NT
t3, the time from A to O or from O to 4= /\/ —g— [ a=1gtt].

.. the whole period of oscillation from O to C and back.
=2(t3+t1+-1,)

6 ] 1 ., 1
*2[\/ F e

—J= ot e 1]

Note. If we use z=a cos V[ t==+7 cos 4g¢, in which time ¢ is measured
from the extreme position C, then by putting z=—1 for 4, we get

Ngt =1:—cos‘1'}.
This gives time ¢ from O to 4 ¢.e., ¢ +t3.

Examples X

x. An elastic string of natural length 21 can just support a certain
weight when it is stretched till its whole length is 3. One end of the string is
now attached to a point on a smooth horizontal table and the same weight is
attached to the other end. Prove that if the weight is pulled to any distance

and then let go, the string will become slack again after a time § 7« i/g.

a. A body of mass 5 lbs. is hung on a light spring and is found to stretch
it 6 inches. The mass is then pulled down a further distance of two inches and
released. Find the period of oscillation and the maximum velocity.

A light elastic string whose natural length is 4 ft. is such that a force
of 12 lbs. wt. will stretch it to twice its natural length. One end of the string is
fixed and a mass of 4 lbs. is attached to the other. Initially the string is vertical
and the mass is held so that the string is just unstretched. The mass is then let
g0, prove that its subsequent oscillation is simple harmonic and find the
periodic time. (P.U.)
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4. A vertical spring extends a distance ! whon a given weight is attach-
ed to its lowest point. Tho weight is pullad dowa a furthor distance a(<!) and
let go. Find the period of th) 8.H.M. that ensues and show that the maximum
velocity of the weight is a<g/l. (P.U.)

g. If¢; and ¢4 be the periods corresponding to two difforent attached
weights and ¢; and ¢y the statical extensions duo to these weights, prove that

g=‘ﬂg(cl "'02)/(‘1’ - ta’). (Pn U.)
6. A weight is attached to the lower end of a light spiral spring whose

upper end is fixed and is released. If it oscillates in a vertical line through a
space of 6 inches ; what is the period of oscillation ? (P.U.)

%. In Art. 4:5, m=3 lbs. and it is projected from 4 in the direction of
OA with a velooity of 8 ft./sec. How far will it go and what time will it take
before it begins to return ; given that the string stretches 8 ins. by & force of
12 lbs. ? What is the time from rest to rest if the length of the string is one foot ?

8. A light elastic string of modulus ) is stretched to double its length
and is tied to two fixed points distant 2a apart. A particle of mass m, tied to
its middle point, is displaced in the line of the string through a distance equal
to half its distance from the fix>d point and released. Find the time of a com-
plete oscillation and the maximum velocity acquired in the subsequent motion.

9. Find the extension produced in a given spring when the weight it
supporta is increased by one gramme. If e be the extension and m the mass

supported ; show that the time of a small oscillation for the mass m is 2xyme/g.

10. An elastic cord 4B, 6 inches long when unstretched and which would
be stretched to twice its length by a steady pull of 5 pounds, is hungup at 4 ;
and a 2 lbs. weight is attachd at B. The weight is then allowed to fall from

A. Find how far it will fall, and find 1ts maximum velocity and maximum
acceleration.

1x. An elastic string supporting a heavy particle hangs in equilibrium,
the elongation produced by tho weight of the particle being equal to e. The
particle is now pulled down below the equilibrium position through a distance d
greater than e, and thon released. Show that the height to which the particle

2 _ o2
will rise after the string ceases to be taut is g-zee .
*12. One end of an elastic string is fixed and to the other end is fastened a
particle heavy enough to stretch the string to double its natural length a. The
string is drawn vertically down till it is four times its natural length and then
let go. Show that the particle returns to this point in the time

( 2q3+—*3’f )\/%

~ *r3. A string of length 18 inches would be olongated 6 inches by a ten-
sion of 1 1b. weight. A weight of } lb. is attached to it and the string is pulled

to a total length of 3 feet and released. Find the timo of oscillation and the
maximum velocity.

x%. A heavy particle of mass m is attached to one end of an elastic
string of natural length a and modulus } mg tan2g9. The other end of the string
is fixed at O and the particlo is let fall from rest at 0. Show that part of tho
motion is simple harmonic, and that the greatest depth of the particle below O
is @ cot? § @, and that the particle attains this depth in time

2a
'\/‘g_‘ (1+4(r—0) cot 0],

where @ is a positive acute angle.

15. One end of an elastic string whose modulus of elasticity is x and
whoso natural length is a, is tied to a fixed point on a smooth horizontal table
and the other end tied to & mass m lying on the table. Tho particlo is pulled
to a distance whero the oxtension of the string is b, and then let go ; describe
tho character of motion snd show that tho period of one complete oscillation is

NREWES
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4'7. Further Examples of Motion with Variable Accele-
ration.

Example. A particlemoves in a straight line, starting from rest’
from a distunce a to a centre of attraction towards which the force per

unit mass is —; Show that the time required to reach the cenire is

a?/N .
Let v be the velocity of the particle at a distance  from the
centre,

\ . . S dv _ @
flquation of motion of the partiele is » T et

Integrating, we have Jot=1 f:a +ec.

Initially when x=a, v=0, so that c=— 2:-2 .

2 2
: st B, @t
b .C’ al adr?

Since the particle is moving towards the centre, its velocity i
negative.

Whence Jp.t-{—c’———-—-j-—-gf dz __ I azx (a’—x’)—% dx

=a(a’-—-x’)%.
Initially when (=0, z=a, so that ¢'=0
N @ t=anf a*—2a?,
2

Now when the particle reaches the centre, x=0 and tz-:l%:.

Examples XI

1. A particle is attracted by a forco varying inversely as the nth (n>1)
power of the distance. Find the value of n when the velocity acquired from an
intintte distance to a distance « from the centre 18 equal to the velocity which
would be acquired by it in falling from rest from a distance a to a distance af4.

2. A particle leaves the origin with velocity u. If it moves with an

accoloration —:%-. v being the velocity at any instant, show that the distanco z

described in timo ¢ is given by

dkx=(3kt+ u3)§—u4.
A particle is lot full from rest from a point outside the curth at a
distanco b from its centre. Prove that the square of tho volocity of the puarticls
on rcaching the centre is ga (3— —2-6‘! ), whero a is the radius of the earth and ¢

the value of gravity at its surface.

(It is assumed that for motion outside tho earth the vulue of gravity
varies inversely us the square of the distance from the earth’s contre and tha:
for motion insido the eartb, it varies directly as the distance.)
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A meteorito falls from rest towards the earth from infinity ; show
that its velocity on reaching the earth is the same as it would have acquired in
falling with constant acceleration g through a distance equal to tho earth’s
radius. (P.U. 1950)

5. If the earth were still, show that if a shot were projectéd vertically

upwards with a velocity exceeding 7 miles per second, it will never return.
Assume tho earth’s radius to be 3,960 miles. .

6. If the radius of the moon is fti of the earth’s radius and tho mass of
‘hoe moon is ‘l‘ of the earth’s mass, show that tho least velocity with which
hodies must be projected from the surface of the moen so that they may never
roturn to it} is ahout 1-6-milos por second.

7. A particlo starts from A and moves in a straight lino A0(=a) with
an acceleration which is directed towards O and varies, inversely as the squaro of
'ts distanco from O ; show that the particle arrives at O with an infinite velocity

3
. ud 0.5 . .
ufter a timo 3~ - —;—2'.“...—, being tho constant of variation.

8. Show that the timo of descent to a centre of force the force varying
iversely as the square of the distance from tho centre, through the first half of
1ts imtial distanco is to that through the last half as 42 : x—2. (P.U., D.U.)

9. A particle moves in a straight line from a distanco a, to a centro of

4
a? 243

forco. Show that the timo required to reach tho centre is or *——
VU q:Zp,

uccording as tho force of attraction is wr=3 or p.r—:}'

4
10. A particle whose mass is m is acted upon by a forco mp (r+4 %3 )

towards tho origin.  If 1t starts from rest at a distance a, show that it will
arrive at tho origin in timo /4. (Agra U.)

x1. A particlo oscillates with simple harmonic motion of amplitude a
and periodic tune T. Find an exprgssion for the velogity ¢ (1) in terrus of
a, T,z ; (2) in terms of a, T, t, whore .z is the distanco from the centro and ¢ is
the time measurced from an instant when z=0).

T 27-_-:‘ ‘
Provo that j vidt= —F (Bm. U.)
1]

Prove that if a striught tunnel were bored between any two points
on the earth’s surface, and if the resistance of the air as neglected. a tram

runming on smooth ratle would traverse the tunnel undar gravity alone in about
42 minutes. )

What will be the maximum velocity of the train if the length of the
tunnel 18 nearly 300 miles,

Given that the attraction of the earth at points inside its gurface variés

as ;h(' distanee from its centre and that the radius of the earth 18 about 4,000
wiles,

13. A thread of natural length 30 cms. extends to 1 length of 50 ¢ms.
when supporting 5 gms. One end of the thread is fustencd 30 cms. helow a small
hole i a table while the other end is passed through the hole und attached to &
particle of weight 1 gm. The particlg i1» placed at rest on the table at a distange
of 10 cmy. from the hole and is let go. Find the time in whi¢h it performs a
complete oseillation and its velocity as it passes over the hole, (Bm. U.)

REVISION QUESTIONS—III

A load of mags M 1hs. is being pulled up with a uniform valocity u by
a long stegl ouble when the upper end of the cable is suddenly fixed. Having
given that u weight of m Ibs. would extend the cable 1 ft., show vhat the amph-
tudo of oscillation of tho load is u Mmg.

2. A light elastic string of natural length | hag dne extyemauy fixed at &
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point A and the other attached to a stone the weight of which, in equilibrium,
would extend the string to a length l;, show that if the stone be dropped from

rest at A4, it will come to instantansous rest at & depth yi;3—if below the equili-
brium position.

. If u, v, w be the velocities of a particle at distances a, b, ¢ from a
fixed point O (not the centre of motion) on the straight line along which the par-
ticle is moving with S. H. M., show that the period T' is given by

(b—c)ud+(c—a)v2+ (a—b)w2=4n2(b—c)(c—a)(a—b)/T2.
[Hint. Lect 0, (00’=d) be the centre of motion and % the amplitude,
then 0’A=a—d, 0'B=b-—d, 0'C=c—d,
and u2=[k2—(a - d)?]=p(k?—a2 - d2+2ad) etc.]

A smooth light pulley is suspended from a fixed point by a spring of
natural length [ and modulus of elasticity A. If masses m; and m, hang over
the pulley, show that the pulley executes a simple harmonic motion about a point
whose depth below the point of suspension is

4mymaeg ]
A 729 |,
[ (my+ma) 2

5. Two bodies M and M’ (< M) aro attached to the lower end of an
elastic string whose upper end is fixed, and are hung at rest; M’ falls off; show
that the distance of M from the upper end of the string at time ¢ is

atb+c cos,\/-%— t,

where a is the unstretched longth of the string, and b and ¢ tho distances by
which it would be stretched whon supporting M and M’ rospectively.

6. A heavy particlo of mass m is attached to one end of an olastic
string of natural length I ft. whose modulus of elasticity is equal to the weight
of the particle and whose other end is fixed at 0. The particle is let fall from
rest at 0. Show that part of the motion is simple harmonic and that the grea-
test depth of the particle below O is (243)  ft.

Show also that this depth is attained in time

v - 1 l
(V2+7':——cos LJ:';) ,\/ mg secs. (D.U.)

*4. A light clastic string AB of length 1 is fixed at 4 and is such that
if a weight W b attached to B, the string will be stretched to doublo its length.
If a weight /4 be fastend to B and lov fall from A4 prove that

(a) the subsequent motion is harmonic.
(b) the distance through which it will fall is 2]

- -

(c) the period of oscillation is '\/.4% (44247 +2 sin-1 §).
(d) the amplitude is 1. (P.U.)

*8 A particle is sugpended from two fixed points in tho same horizon-
tal line by «qual elastic threads and hangs in equilibrium with each thread of
length I, making an angle of 60> with the vertical. Having given that the
modulus of clasticity is cqual to the weight of tho particle, prove that the
period of small oscillation is 273 421/5g.

*9. A particle m ig attached to a light wire which is stretched tightly
between two fixed points under a tens'on P, If aq, b, bo tho distances of the
particle from the two ends, prove that tho period of a transverso oscillation is

m ab
2r /\/-“P~m (P.U. Hons.)
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*30. A particle moves in a straight line in such a manner that its velo-
city, ¢seconds after it is projected with velocity # from the point from which

the distance & is measured, is u¢“('+'), where « is & positive constant,

2u 42

Prove that the time taken to attain the velocity 2u is -—;—log2m

, and

the distance travelled during this interval is 1 log?u—“-,
a u+tl

*1x. Particles of masses m;, mg, are attached to the ends of u light
string of modulus A and natural length !. They are attached also to the ends
of a light inextensible string which passes over a smooth horizontal peg. The
system is rolpased from rest with the string unstretched, the lighter pirticle m,
vertically below the peg, and the particlc mq, vertically bulow the particle m,.
Provo that the subsequent motion of each particle is simple harmonic and find
tho period and amplitude.

*12. A particle moves in a straight line starting from rest from a dis-
tance a to a centre of attraction towards which the force per unit mass is k/s.

Show thas the time required to reach the centre is avm/ NPT
) L .
[Hint. In the final integral put 103_:_.=z and use I 2 e dz=yr).

0



CHAPTFR V

COMPOSITION AND RESOLUTION OF VELOCITIES,
ACCELERATIONS AND FORCES

§5'1. A particle may have several velocities and accelerations

simultaneously. In the prescnt chapter, we discuss the methods of
finding their resultant.

As the velocity or the acceleration of a particle at any instant
will have a certain magnitude and a certain direction, they may,

therefore, be represented by a straight line of certain magnitude
drawn in a certain direction.

5'11. Co-existence of displacements. A body may reccive
two or more displacements simultancously in different directions, e.g.,
if a ball is rolled on the deck of a vessel in a direction other than that
of the vessel in a river, the ball receives simultaneously two displace-
ments onc on the deck of the vessel and the other that of the vessel
on the stream. If moreover, the river is supposed to have a motion
relative to its banks, the ball will also undergo the displacement of
the strcam when the earth is considered to be the reference body
relative to which we consider the motion.

5'12. Composition of displacements. Ifa particle receives
two displacements represented by the tuo sides AB and AD of the garal-
) flopan ABCD, the resultant dis-
c placement will be represented by the
" diagonal AC.

We may suppose that a tube
coincides with 4B, in which a
particle is moving and that the tube
itself is moving parallel to itsclf
such that its end A undergoes the
displacement AD. Suppose that in
the same time, the displacement of
the particle rolative to the tube is AB. 1t is clear that the position
of the particle due to the two displacements will be €. Hence the
resultant displacement is represented by AC.

A B

5'2. Composition of velocities. As the velocity is the rate
of displacement, the co-existence of displacements imglics the co-
existence of velocities. Displacements and velocities are compounded
by the same law which, in the case of velocities, is known as the
Parallelogram of Velocities and may be stated thus :

5'21. Parallelogram of velocities. JIf two velocitics are
represented in mugnitudo and direction by the two sides of a parallal-
gram drawn from o point, their resultant is regresentcd in magnid.de
and direction. on the same scale, by the diagonal of the para’lc:::rm
rasging through the point,
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Suppose that a particle possesses simultaneously two v logitics
u, v, represented in magnitude and direction by the sides AB, and
AD respectively of the parallelo- Y

gram ABCD. The resultant will be “« c
represented in magnitude and
direction by the diagonal AC.
The particle may be supposed ¢
to move along AB with speed u, 4 - v

while the line AB moves parallel to
itself such that its end A describes 4 3
AD with speed v. 7 B

In unit time the particle moves the distance AR while the line
AB moves to the position DC, so that the particle occupies the
position C.

The displacement of the particle in the time ¢ will be ut, say
AB,, along AB, while the line AB will move parallel to itself, its end
A moving a distance vt, say AD,, along AD.

Let AC, be the diagenil of the parallelogram of which 4B, and
AD,, are the sides. The particle will thus be at C, at the end of the
interval t. Join CC,. In the triangles 4B,C, and ABC.
AB, AB, ut u AB 4B
BC,” AD, " vt =~ v T 4D Ir,
A, C,, C are on the same straight line.

Hence the particle moves along AC, so that AC is the direction
of the resultant velocity of the particle.

Also if V is the resultant velocity, 4C,;=Vt.

. Agl A.B} ut A(‘l Vt

But since A= AB™=u =t, we have AC=T=7 =V,
i.e., AC represents the magnitude of the resultant velocity on the sarne
scale as AR and AD represent u and v.

Hence AC represents both in magnitude and in direction the
resultant velocity.
5°'22. Now if we denote the [ BAD= [ CBL by «a.
we have AC*=AB*+ BC*—2AB.BC cos [_ABC
=AB*+BC?*—24RB.B( cos (180°—a)
=AB*+ AD?*+24B.AD cos «.

Hence V=+u?4-v®+2uv cos «a. (1)
Also if the angle BAC=¢ and CL is drawn perpendicular to 4B
Y, c W have
ClL,
tan 6= 4B BI,
BC sin «
“AB+BC cosa
v sin @ .
- u B L V is called the resultant of «

and v, and » and v are .alled the components of ¥V in directions
AB and AD.
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5°'23. In the particular case when the two velocities » and v
are equal, we put v=u in (1) and (2) and we get

V= Vu¥+ud+2u? cos a=u V2(1+cos a)=2u cos

]
2 ’

2 . [+ 3 o 4
. sin — cos —
% sin « 2 2 @

and tan 6=u+u oA =tan 5

«x
2 cos? —

2
t.e., the line of action of the resultant velocity bisects the angle
between its equal components.
In case u and v are at right angleg, a=90°

o V= VusFfov?and tan 0=—2—.

524. Resolution of velocities. A velocity may be resolved
into component velocities in an intinite number of ways, for the

straight line representing the velocity may be the diagonal of an
infinite number of parallelograms.

The components of the vélocity V in directions making angles
a and B with it can be found as follows :—

Let AC represent V. Draw
C AB, AD making angles « and 8
with AC' and complete the paral-

R lelogram ABCD.
Then 4B and AD or AB and
BC represent the required compo-

nents.
A .. from the triangle ABC
we have
AB BC AC V

sin B~ sina_ sin B~ sin (x4 pB)°
V sin V sin «
sin (a+z)’ and BC=ssin (x+B)
5'25. In the particular case when the components are to be
at right angles, let a=g, then )
B=90°—§ and «+B=90°,
So that the components make angles ¢ and 90°—g with AC and

are known as the resolved parts of the velocity V. If we denote
them by u and v respectively, we have

Hence AB=

u=V cos § and v=V sin @. D ¢
Since sin @=-cos (90°— §),
it follows that the resolved part of a velocity | ’ Y

ix a certain direction is obtained by multiply-
ing the magnitude of the velocity by the cosine
of the angle between the direction of velocily
and the given direction. A

&
VY
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To find the components of a velocity we must be told the two
directions into which it is to be decomposed but to find the resolved
parts, we need only know one direction as the second direction must
be at right angles to the known direction.

5'26. Example. A wheel is rolling, without slipping, in a ver-
tical plane, along a horizontal siraight line, its centre having the speed
u, to find the velocity of any point on its rim,

Let O be the centre, 4 the lowest point in contact with the
ground and B, the highest point of the wheel at a particular instant.

Take P any point on the rim such that B

[_POB=9§. 0
The centre moves in a straight % u

line with velocity © and the wheel turns § o5~R

uniformly round the centre. Since the 0

wheel does not slip and since cach 29

point of the rim, in succession, touchex T

the ground, it follows that the time A u

which any point on the rim takes to

describe the perimeter of the wheel is the same in which the centre
of the wheel moves a distance equal to the perimeter. Hence any
point P of the rim possesses two velocities, each equal to u, one
along the tangent P7' relative to the centre, and the other along the
horizontal line PQ, equal to the velocity of O.

Since [ QPT'=¢, .. the resultant of these equal velocities

=2u cos _%' (L

=2u cos [_PAD
=2u {I-P
AR
It takes place along PR which biseets [ QPT, is perpendieular
to AP and passes through B (when produced backwards).

The velocity of B where §=0 is 2u, by (1), t e., the highest point
of the whedd moves with double the velocity of is centre.

The velocity of A where §=m= is zero, i.e., the lowest point 1s, for
an inslunt, at rest.

5'27. Triangle of velocities. In the figure of parallelogram
of velocities, Art. 521, since BLU=A4D, AC represents in magnitude
and direction, the resultant of velocities represented in magnitude
and direction, by AB and B(” or in other words the resultant of two
velocities represented in wmagnitude and direction by the two sides of a
triangle in the same sense, is represented in magnitude and direction by
the third side of the triangle taken in the opposite sense.

Thus theorem is called the triangle of velocity.

Since the resultant of velocities represented by 4B and BC is
represented by AC, therefore, the resultant of velocities represented by
AB, BC and CA will be nil and thus if a particle has three simul-
taneous velocities which can be represented in magnitude and direc-
tion by the three sides of a trangle, taken in order, in the same
sense, the particle is reduced to rest.



70 ELEMENTARY ANALYTICAL DYNAMICS

. 5'3. The sum of the resolved parts of two velocities in a given
?mctzpn 18 equal to the resolved part of their resultant in the same
1rection,

Let AB and AD represent the two velocities » and v. Complete
the parallelogram ABCD, then the diagonal AC represents the
C resultant velocity V

Through A4, draw AX paral-
D lel to the given direction. Draw
BM, CN, DL, perpendiculars to
vV AX and BK perpendicular to
CN.
v 5 K AM is the resolved part of
2 u in the direction 4X, AL is the
resolved part of v while AN is
the resolved part of V in the
A L M N X same direction.
It is easy to prove that
AN=AMA+MN=AM+AL
which proves the theorem.

By its repeated application the theorem can be easily extended
to the more general theorem which may be stated as :

The sum of the resolved parts of a number of velocities in a given
direction is equal to the resolved gpart of their resultant in the same
direction.

5'4. Composition of a number of velocities. The resul-
tant of a number of velocities, u,, ¥s,........¥%,, can be obtained in
several ways.

(1) By the repeated application of the garallelogram law of
velocities.

Find the resulant of u, and u, let it to be v, ; find the resultant
of v; and wg, let it be vy and so on. Finally find the resultant of
¥n-3 and u, which gives V, the resultant sought.

(2) By means of the Polygon of Velocities.

Draw 04,, 4,4,, A44,, etc., in order to represent in magnitude
and direction u;, ug, ug etc. Then by the triangle of velocities the
resultant of u, and w, will be ropresented in

magnitude and direction by 04,; call it v;. The Az 5 A,
resultant of v; and wv,, will be v, represented by /—3-—‘—~~'—» -
0A4,, and so on. Finally the resultant of v, / |

Lot
which completes the polygon, and taken in the A e

sense opposite to that in which the other sides

of the polygon are taken. 1
(3) By resolution along two ares at right \O/U, L

angles (i.e., by Art. 5°3).
Take any two axes OX and OY atright angles and let the
velodities u,, vg etc., make angles o, B, cte.,, with OX, then the

y
and v, will be represented by OA,, the line <
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resolved parts along OX will be u; cos a, %, cos B........and along

0Y they will be u; sin «, %y sin B......and if the resultant veloctty
V makes an angle § with OX, it will have

components ¥V cos g, V sin ¢ along OX and Y
OY respectively.
. Vcos @=u, cog a+ug cos B4....
=u .. (1)
and V sin §=u, sin a-tu, sin B+....
=v .. (2)
From (1) and (2), we have
V= Vulty? 0
v
and tan 0=7-

Examples XII

x. A motor car is running at 15 milos an hour, and a man jumps from
it with a velocity of 10 ft. per second in a direction making an anglo of 60°
with the direction of tha car’s motion. What is th> velocity of the man rolative
to the ground ?

2. A straight rod AB slides on a plane, itsends moving on perpendi-
cular lines 0X and OY. Show that the spaods of tha extremities of tho rod are
inversely proportional to thoir distances from 0.

. A man rows across a river always keeping his boat at right angles to
the current. At the end of one hour it is found that the boat has moved a
distance 2v3 miles in a direction making an angle of 60° with the bank. Find
the velocities of tho current and the boat.

4- With what velocity must a man swim diractly across a river 140
yards wide, flowing at the rate of 2 miles an hour, so that ho may not be carried
further down the river than 40 yards ?

A boy is riding a bicycle at 12 m.p.h.; in what direction must he
throw a stone with a valocity of 22 f.p.s. so that its resultant motion may be at.
right angles to his own direction ?

6. A boat is rowed at the rate of 8 m.p.h. across a stream ¥ mile wide, the
current flowing at the rate of 6 m.p.h. Find (a) the shortest time for crossing the
stream; (b) the direction in which the boat must be rowed tn order to arrive at th:
goint directly opposite.

(a) In this case the boat must be rowed directly across (at right angle
to the current.
breadth of the stream §

. 1 .
.« the shortest time= spood of boat ~_-.~~8-«hr. =-l—6hr. or 31 mins.

In this case the boat will be carried down the stream for a distance BC
=timo X speed of stream=y%y X 6=} mile.
(b) Let the boat be rowed in a direction AD making an angle § with the
upward diroction of the stream, then in order that the boat may arrive at B,
the directly opposite point, its resultant speed
D C must be along AB and hence its resultant velo-
B city parallel to the strcam must vanish.

' . 8co8s §—6=0, i.c., g=cos~1 }=41°25".
H ¢, the time required to cross the stroam in
m 0_/”,0 5 this caso is given by
] |
. $=t. 8 sin e=:.s.3}
=4
i.e., t=-—l—-hr. =]—£-7-or 5:67 mins.

447 1
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9. A bird can fly in still air at 20 m.p.h. when a wind is blowing
straight from the north at 10 m.p.h. In what direction must the bird aim in

order that it may fly from east to west, and at what speed will it travel relative
to the earth’s surface ? (P.U. 1954 8.)

8. The maximum speed of an airship in still air is 39 m.p.h. What is
the shortest time in which the ship can travel a distance of 10 miles due north,
at a constant altitude, if there is a north-west wind blowing at 1542 m.p.h.

In what direction will a flag attached to the airship fly ?

9- A man rows a boat from a point A4 on the bank of a river to & point
B on the opposite bank distant @ up streamin time ¢, The river has a breadth

band auniform current speed parallel to the banks of amount s. Find the
velocity of the man in still water

10. A man rows directly across a river in time ¢ ; and rows an equal dis-
tance down the stream in 7. Prove that his speed in still water bears to the
apeed of the stream the ratio

2472
e

11. A swimmer crosses a flowing stream of breadth d to and fro in time
Ty, the time taken to cover the same distance up and down the stream is Ty,
IflTa is the time tho swimmer would take to swim a distance 2d in still water,
show that

T12= Tz.Ta.

12. A man can row with a speed v through still water. 1o wishes to
cross a stream of width d flowing with a specd . Find the condition that
he may reach the point immediately opposite him. If this is not possible, what
is the least distance that he can go down stream, and how long will ho take ?

. 13. A boat whose velocity i3 u when there is no strecam, must cross a
stream, of breadth a, v being the velocity of the stream. Show that the time
required for going from one point 4 to the oppositu point B on the other
embankment and coming back is 2a/Afu?2—~v2 and that this time is tho same
as is required in order to go from A to another point C of its own embankment
and return to 4, if

AC=aN1—v2[u?,

14. Two men A and B are at two points P and Q ono mille apart. 4
runs with a uniform velocity of 5 m.p.h. in a direction making an angle of 60°
with PQ. Find in what direction must B run, at the same moment, at the rate
of 543 m.p.h. so that he may catch 4. Find the timo that elapses beforo they
meet and the anglo at which they meet.

15 PQRSTU is a regular hexagon, find the resultant of velocitics
represented by PQ, 2PR, 3PS, 4PT, and SPU.

16. D is any point in the side BC of the trianglo ABC. DE represents
the resultant of velocities represented by 4D, DB and BC. Show that E movces
along a straight linc parallel to BC.

17. The wheel of a cart is of radius 2 ft. and tho cart is moving at the
rate of 10 ft. per sec. Find the velocities of particles of dust thrown from the
highest point and from points at a height of 3 ft. from the ground.

18. An cngine is travelling at tho rato of 60 m.p.h. and its wheel is 4
feet in diameter. Find the velocity and dircction of motion of cach of the two
points of the wheel which are at a height of 3 foet from tho ground. (r.v.)

19. A particlo posscsses simultancously three velocities u, v and w

making angles a, 8 and Y with a given straight line. Show that tho resultant
velocity is

[u2+412 4 w24-2uv cos (a— B8) 420w cos (B —"Y)+2uw cos (a—Y)] ¥

5'5. Parallelogram of Acceleration. If a wmoving point has
simultaneously two accelerations represented in magnitude and direction
by the two sides of a parallelogram draum from a point, then the resultant
acceleration is represented in magnitude and direction, on the same scale,

hai 4ha Almanmal af 4ha amwnllalacuman ~mootiia $henuah $ha maint
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In the position O at time ¢ let a particle be moving with two
simultaneous velocities « and v represented in magnitude and direc-
tion by 04 and OB. Let these
velocities be variable and let
8u, 8§v, the small changesin
the velocities in the short in-
terval §t, be represented by
AA’ and BB’ respectively.

Then OA’, and OB’ re-
present the velocities at time
i+8t;

CD=AA'=§u,
and CE—=BB'=§v.

The resultant velocity V at time { is represented by OC and
V48V, the resultant at time ¢4 §f is represented by OC’, therefore,
by the theorem of the triangle of velocities, §V, the change in the
resultant velocity in time §¢ must be represented by CC'.

Thus, if §u and §v, the small change (in the short interval §t) in
the two velocitics posssessed by a particle, are represented by the
two sides CD and CE of the parallelogram CDC'E, §V the resultant
change in the velocity is represented by the diagonal CC’.

Now %’:—, %’:— and %I{ are respectively proportional to §u, §v

and §V.

if 881;—, %:3 are represented by the two sides of a parallelo-

A A

gram drawn through a point, %:-, , can be represented, on the same

scale, by the diagonal of the parallelogram passing through the
point, and this remains true, however small §¢ may be.

dv
Hence in the limit when §t—0, if du and &

dt dt’
in two dircctions are represented by the two sides of a parallelogram
7

drawn from a point, then (-l-—:-, the resultant acceleration, must be

represented by the diagonal of the parallclogram passing through the
point.

the accelerations

From the parallclogram law of accelerations, it follows that
accelerations arce resolved and compounded in exactly the same way
as velocities,

5'6. Parallelogram of forces. If twno forccs are represented
in magnitude and direction by the two sides of @ pasoll:lvpam drawn
Jrom a point, then the resultant force is representcd in magnitude and
direction by the diagonal of a ;arallelograne passing through that point.

Let £ and Fy be the two forces represented by OA and OB and
Jet f; and f, be the accelerations produced by them on a particle of
mass m.  Let f; and f, be represented by Oa and 0b. Complete the
parallelograms Oach and QACH.
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Then by the second law of motion, Fy=mf; and Fy=mf,.

%.e O_A' _.ﬂ =m
B_. C e Oa™ fl -
OB F,
and =7, =m
b - 04 0B AC
¢ " Oa 0b~ ac
/ i.e., Oc¢ produced passes through
0 17 | ¢ and triangles Oac and OAC are
similar.
Hence (())—g=—(o)—g—=m i.e., OC=m.l)c.

Now by the parallelogram law of accelerations Oc represents the
resiultant acceleration, say f.

;. 0O0(=mOc=mf) must represent the resultant force, say F.

Thus if F,, Fy are represcnted by the sides Od and OB, the
resultant force F is represented by the diagonal OC.

Cor. Momenta being proportional to veloeities, also follow the
parallclogram law.

Forces and momenta can be rexolved and compounded in exact-
ly the same way as velocities.

57. Vector quantities. Veclocities, accelerations, momenta
and forces are examples of quantitics, called vector quantities, as dis-
tinguished from those known as scalar quantities.

Vector quantities involve both magnitude and direction and
they can, therefore, be represented by straight lines of specified
[eagths drawn in specified directions. All such quantities are com-
pounded by the parallele gram law.,

Scalar quantities such as lengths, masses, and times are com-
pounded by the ordirary algcbraic rule. Thus if a body weighs 2 Ibs,
and another 3 Ibs., the two together will weigh 24 3=5 Ibs., but a
velocity of 2 ft. per sec., and a velocity of 3 ft. per scc. are never
equal to a velocity of 5 ft. per sec. unless, in the special case, when
they are treken in the same direction along a straight line

MOTION ON AN INCLINED PLANE

5'8. Smooth inclined plane. A body moves along a smooth
inclined plane under the action of gravity alone, to find its motion.

Let m be the mass of the body and « the inclination of the
plane.

The only forces acting on the body are its weight mg acting
vertically and the pressure R of the plane acting perpendicular to the
plane.

The vertical force mg is equivalent to (i) a force mg cos a per-
pendicular to the plane and (ii) a force mg sin « down the plane.
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Since there is no motion and, therefore, no acccleration perpendicular
to the plane, we have
R—mg cos a=0
or R=mg cos a ..(1)
If the acceleration down the plane
is f then

R A

mf=mg sin a
or f=gsina ..(2)

Hence the body moves down the
plane with a constant acceleration
g sina and it is, therefore, evident that B
the motion of a body, on a smooth
inclined plane is similar to that of a v
body moving vertically under gra- mg
vity, except that instead of g we have to take gsin « for
acceeleration,

Thus, if a body is projected up a smooth inclined plane along a
line of greatest slope with an initial velocity u, then v, the velocity,
and s, the distance described in time ¢ are given by the equations

v=u-—g sin a.t,
s=ut—4g sin a.t-
and v¥=ub—2g sin a.s.

Note x. The line of greatest slope through any point on an in-

clined plane is the line on the plane drawn through that point per-

pendicular to the line of intersection of the inclined plane with a
horizontal plane.

Note 2. If a particle is released from rest or projected with an
initial velocity from a point on a smooth inclined plane, up or down
the plane, and moves under the action of gravity alone, the particle
moves along the line of greatest slope with a constant downward
acccleration equal to ¢ sin «.

Note 3. If the body is made to slide down the plane in a
direetion inclined to a line of greatest slope (e.g., in a smooth groove)
the acceleration is not g¢sina«, but g sina cosB where B8 is the
inclination of the direction of motion with the line of the greatest
slope.

Example. The resistance lo the motion of a train, due to friction
elc., is 14 lbs. per ton. If the train moving at the rate of 30 miles an
hour, comes to the foot of an incline of I in 200, the steam being turned

off, find how far the train will go up the inclined plane before it comes
to re«t.

c

30 m.p.h.=44 f.p.s.
The inclination o of the plane is given by sin a=y}3
1 32 4
2007200~ 25
If the mass of the train is m tons, the retardation due to
friction

_friction  14mg 149 14x32 1 &35??0
' 5

Retardation due to the weight =g sin a=g X

Mass m2240T 22407 2240 T
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. . 4 1 9
.. total retardatlon=§5+-5— =z
The required distance s is given by the equation
O==u?—2fs
... 44X44=2X ,’8-3
. 44>:44 %25 .
t.e., 32——2";{6—— =2688'89 ft,

5'81. A mass my hanginy vertically pulls @ mass my up a smooth
tnclined plane of inclination «, by means of an inextensible string
passing over a pulley at the top of the plane (the part of the string
between m, and the pulley being parallel to a line of greatest slope), to
find the motion.

The velocity and acceleration of m, up the plane are equal to
the velocity and acceleration of m, vertically downwards.

Let f be the common acceleration,
then the equation of motion for m, is
mlf=mlg-—-T .o (i)
The equation of motion for m, along
the plane is
mg f=T—m, g sin a .. (%7)
.. from (1) and (i7), we have
f=TaTme sina

and T=T1T§Qj;‘°_if‘_°‘_) )

a=0 gives the same results as obtained when m, is placed on a
horizontal table.

And «=90° gives results obtained when both the particles are
suspended vertically as in an Atwood’s machine.

Examples XIII

1. A body moves up a smooth inclined plano starting with a velocity of

48 ft. per sec.  If the plane is inclined at an angle of 30°; find tho veloaty
of the body when it has moved a distance of 84 ft. {rom the starting point.

(P.U.)

2. Prove that the velocity acquired by a heavy particle sliding
freely down a smooth inclined plane of given height, is independent of tho
inclination of the plane.

Prove also that the time of descent varies as the cosceant of the inelina-
tion.

3. Show that the timo of fall down an inclined plane of given base is
least when the inclination is 45°. ' (P.U. 1950)

A right-angled triangle is placed with its sides horizontal and verti-
cal. Find their ratio so that the time of falling down the vertical and descrit-
ing the base with the velocity acquired, may be equal to the timg of descent
down the hypotcnuse, (P.U. 1952

() Prove that the time of descent along all smooth chords of &
vertieal circle drawn from its highest point i¢ the sume.
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(b) From an extremity of the horizontal diameter of a circle in a wvertf.
cal plane, two chords are drawn subtending angles a and 2x at the centre.

Show that if the time down the latter chord is n times as great as that down
the former

(n3—1) cos a=1.

6. A particle falls from rest down a given smooth inclined plane. Com.-
pare the times of descending tho first and second halves of its length.

Divide the plane in (i) two, (1) three parts so that the successive times
of descent down them may be equal.

7. A motor car with a speed of 15 m.p.h. can be ztopped by its brakes .

in 121 yards on the level. Find the inclination of a hill on which the brakes
will just hold it.

8. A body begins to slide down from the top of a smooth inclined
vlane of height A and at the same instant another body is projected upwards
trom the foot of the plane with such a velocity that the bodies meet in the

middle of the plane. Find the velocity of projection and the velocity of each
body when they meet.

g. A body sliding down a smooth inclined plane is observed to pass
through equal distances, each equal to &, in consecutive intervals ¢; and tg.
Prove that the inclination of the plane to the horizon is

gin=-1 [ 25(t1—tg) .
gtita(ty +1p)
10. Two particles P and Q slide down a smooth inclined plane of inclina-

tion 30°, P from the highest point and Q from a point at a distanco i of the

length of the plane from the bottom. Where will P be when Q reaches the
bottom of tho plane ?

If P reaches the bottom of the plane in 2—+«3 sec. after Q, find the
length of the inclined plane.

1x. Show that the velocity with which a particle must be projected down
an inclined plane of length ! and height h, so that the time of descent shall be
the samo as taken by another particle in falling freely a distance equal to the

18— h2
height of the plane, is ———

o
x2. A railway truck starts from rest down an incline a mile long, with a
gradient 1 in 100. Find how many yards it will travel on the level at the

foot of the incline before coming to rest, the frictional resistance throughout
the motion being 10 lbs. per ton. Find also the greatest speed of the truck.

13. An engine which exerts a constant pull is attached to a train of mass
120 tons (including the engine), the resistance due to friction, etc., being 14 lbs,
per ton. It runs for a mile on a level track and gets up a velooity of 30 miles
an hour.
(¢) Find the force exorted by tho engine.

(1) How far will the train run up an incline of 1 in 160, steam being

shut off ? (E.A.C.)

14. A truck weighing 50 lbs. rosts on an incline of 1 in 50. It is pulled

up the incline by a cord which passes over a pulloy and is stretched by a fall-
ing weight of 10 lbs. If the frictional forces against which the truck moves

aggrogate to 10 per cent of the weight of tho truck, find tho speed acquired by
the system when the weight falls vertically through 10 ft.

15. A mass of 2 Ibs. lios up tho bottom of a smooth inclined plane 30 ft.
long and 10 ft. high placed on tho ground. It is attached by a light cord
30 ft. long which lios along the lino of greatest slope of the plane to a mass
of 11b. which hangs just over the top of the plano. The system is allowed to
move. Assuming that the hanging mass comes to rost whon it reaches the
ground find the distanco that the mass of 2 lbs. will travel before it comes to

rest. (D.U.)

16. A mass of 6 oz. slides down a smooth inclinad plane, whose hoight
is half its length, and draws anothor mass from rest through a distanco of 4 ft.
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in &secs. along'a smooth horizontal table which is in level with the top of the
planhe over which the string passes. Find tho mass on the table.

17. A weight Q is drawn up a smooth plane inclined at an angle of 30°
to the horizon by means of a weight P which descends vertically, the weights
being connected by a string passing over a small pulley at the top of the plane.
Find the ratio of P to Q if

({) the acceleration is § g.
(ii) P takes three times the time that Q hanging vertically would take
in drawing P up the plane.

18. A nass of 5 lbs. resting on a smooth inclined plane of inclination 30°
ia conneucted by a string passing over a pulley at the top of the plane to a mass
of 5 Ibs. hanging vertically.

(«) Find the tension in the string when
() the weight on the plane is held fixed.
(ii) the hanging weight is supported on hand.
({13) both weights are frec to move,

(b) The string is cut off after the masses have been in motion for 5 secs.
How long will the mass on the plane continue to move and how much
distance will it describe before cowning to rest ?

19. A weight P is drawn up a smooth inclined plane of height A and
length [ by u weight @ hanging vertically. Show that in order that P may just
reach the top of the plane, ¢ must be detached after P has moved through a
distanco

P4+Q hl
—¢ RiT
20. A heavy body @ is drawn up a smooth inclined plane by another
body P which descends vertically. If P be equal to @ find the inclination of the

planc so that the time of drawing up a given vertical height from rest may be
the least possible. '

a1. Masses of 6 Ibs. and 3 lbs. rest on two smooth inclined planes each of
elevation 30° and arc connected by a string passing over the common vertex,
After two-scconds the mass of § 1bs. 18 removed. How far up the plane will the
3 lbs. mass continue to Inove.

22. Find the position of a point on the circumference of a vertical circlo
such that tho time of descent from it down the radius to the centre shall bo the
same as tho timo of descent from it down the chord to the lowest point of the
circle, (P.U.)

a3. A point P is takenyon the circumference of a vertical circle. The dia-
meter through P makes an angle a with the vertical and a particle moves
down a chord through P above the diameter in the time of sliding from rest
down the diameter. Prove that the velocity with which the particle must

leave Pas
o Cag
sin a sin (9 —a) /\/ “cos &

where @ is the inclination of the chord to the vertical and @ the radius of the
circle,

24. A particle of mass m moves along a line of greatest slope on a smooth

planc iuclined at an angle « to the horizontal. Explain how the motion is
modificd when the plane is placed

(i) in a lift moving with (a) an upward acceleration f, (b) a downward
accelcration f,
(i1) in & car movin With a horizontal acceleration JS» (a) forwards,
(b) hackwards in the vertical plane containing the line of greatest slope of tho
inclined plane.
Prove that in case (if) (a) the particle will move up or down the plans
from rest according as f is greater or less than g tan «, and in case (i7) (b) it will
remain on the plane, or leave it according as f is less or greater than g cot a.
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5'9. Rough inclined plane. A body slides along a rough
inclined plane of inclination « and cosffickent of friction u, to find tie
motion.

Let the motion be down a line of greatest slope of the plane,
then the force of friction acts up the plane. R

If f is the acceleration down the M
planc, the cquation of motion along the A
plane is

mf=mg sin a —pR .. (2),
and sinee, there is no motion perpendicular /
to tne plane, we have f A
R—mg cos a=0,

. o

i.e., R=mg cos « . {a1), l —
mf=mg sin a—p mg cos a

or f=g (sina- pcos a). . (iit). o

Tf sin @a<p. cos &« or tan a<<p, then there will be no accelera~
tion down the planc and as the body obviously cannot move up the
plane by itsclf, this means that it will remain at rest.

If the body is projected up the plane with a given velocity u,
the force of friction will act down the plane and the resultant rctarda-
tion f* down the plane (obtained by changing the sign of p)is given by

f'=g (sin a+p cos &) .. (7).

Due to this retardation, the body will come to rest after
describing a length [ of the plane given by

0=u—2f'l,

ie, ut=2gl (sin a+p cos a).

Now if tan «>pu, it will move down the plane with an
acceleration f given by (4i1) and thus it will return bhack tc the
starting point with a velocity v, given by

v?=2f1=2gl (sih a—p cos «).
Obviously v<<n. This is due to the fact that the plane is rough.

598, A mass my hanging vertical'y pulls a mass my up a rough
inclined plane of inclination &, by mneans of an inextensible string 3uss-
ing over a pulley at the top of the plane, to find the motion.

(Compare Art. 581, P, 76 and see the figure given there.)
Resolving forces perpendicular to the plane for mg, we have
R —myg cos a==0
i.e., R=my g cos o «.(1).
Let f be the resulting accelcration of the system, then the
wquation of motion for m; which moves vertically, is

7”1f'—= mlg—T . (2)

The plane being rough and the motion of m, being along the

plane upwards, the force of friction xR will act down the plans, 1
being the coeflicient of friction.



80 ELEMENTARY ANALYTICAL DYNAMICS

.*. the equation of motion for m, is
mef=T—m, g sin a—puR
=T —m, g sin a—p my g cos « [by (1)]

=T —my g (sin a+p cos a) ..(3).
Adding (2) and (3) we get
(my4-mg) f=m;9—myg (sin a4y cos a) .. (4).

Cor. In case the motion takes place in the opposite direction,
the force of friction will act up the plane and the corresponding
equations of motion will be

myf=T—mg.
myf=mqg sin a —T—pR
=m,g(sin a —p cos a)—T
and (my=4-msg) f==myg(sin @ —p. cos o) —m,g.

Example. Two equally rough planes, coefficient of friction p., of
equal height and inclinations «,;, ay are placed back to back, masses my
and my are placedon them and areconnected by a light tnextensible string

assing over a prlley at the common vertex of the two planes (the string
ing parallel to the lines of greatest slopes of the planes through the
common vertex). If m; descends, find the motion.

Let T be the tension of the string and f, the common accelera-

tion.

. Equation of motion for m,
moving down the plane of in-
clination «;, is
m, f=myg sin ¢,—pR,—T

=myg (sina; —p cosa,)—7T' (1)
and the equation of motion for
me, moving up the second
plane is
myf=T —mgg 8in a,—uR,

=T —myg(cin oy -+ COS o)

1 .. (32)

d Adding (¢) and (i), we
29 mg have
(my+mg) f=g[m, (sin a;—p cos o)) —my(sin ag+p1 cos ay)].
Examples XIV

1. A rough plane is 100 ft. long and is inclined to the horizon at an

angle sin~1 §, the coefficient of friction being 4, and a body slides down it from
rest at the highest point ; find its velocity on reaching tho bottom.

If the body were projected up the plane from the bottom so as just to
reach the top, find its initial velocity.

2. A body is projected up a rough inclined plane with tho velocity
which would be acquired in falling freely through 20 feet and just reaches the
top of the plane. If the inclination of the plane is 30° and the angle of friction
is 60°, ind the height of the plane.

. A body slides down a rough incline of slope 30° to the horizon. If
the coefficient of friction between the plano and the body be 43/4, find the
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accelorationr and the time taken by the body to slide down the plane through
8 ft. from rest. (P.U. 1950)

4. A perticlo resting on a rougn plane of inclination a is on the pojnt
motion, If the plane were inclined »t an angle 8 to the horizon, ite accelsration
would be doubled by making the plane smooth, prove that tan =2 tan a.

5. A body of mass 10 lbs. is placed on a rough plane of inclination 30°,
cocfficient of friction ?1';“ and length 4 ft. It is connected by a mass of 15 lbs.

hanging frecly by means of a string passing over the top of the plane. Find
the time that elapscs before it reaches the top of the plane and 1ts velooity
there.

6. Two weights m and m’ are connected by a string. The weight m
hangs vertically and draws m’ up a rough plane of inclination ¢ and coefficient
of friction . Provo that the ncecleration is less than 1t would besif the plane

m’ cor x
were smooth by an amount tm_con x g.

m+m’
. A heavy particle of mass 15 Ibs. resting on o rough inclined plane
(r=1) of height 12 ft. and base 16 ft. i3 connected by a fine string which passes
over & smooth pulley at the top of the plane, with two particles of madses
1 1b. and 16 Ibs. which hang vertically. I after the systin has heen left freo
to move for one second the particle of mass 16 lbs. is taken away, how long
after would the system be momentarily at rest ? P.UY

8. Two rough planes of inchinations 30° and 60° and &f the sane height
are plaeed buck to back.  Massgs of 4 and 8 lbs, respectively are placed «n the
faces, connected by a string passing over the top of the planes. Find the

L . . 1
resulting acceleration if the cocfficicnt of friction be 3
What is the resulting acceleration if the masscs bo interchanged ?
A car travelling at the rate of 15 m.p.h. comes to the top of 8 rovgh

incline of length 440 yds., inchination 30° and coefficient of friction v3/4. Find

the distance the car will describe on an equally rough hornizontal rond at the
foot of the incline before coming to rest.

10. A particle descends an ineclined plane, of inclination a. the upper
portion of which is smooth and lower rough.  If the amooth length 18 to the
rough length ws m : n, show that the particle will just come to rest ut the foot

of the plane if the coofficient of friction is min

tan a.

1. A body slides from rest u length I down a rough plane of inchnation
2 and comes to rest after shding a distance N along a horizontal plane.  1f 1t

be assumed that the hody experiences no shock in passing from one plane to
the other, show that

S sin A= sin (@ —1),
where 2 is the angle of friction for both the planes.

. 2. A particle 1+ projected directly up a rough plane of inclination «
with velouitg u and returns to its starting pomnt, after coming to rest, with
h

velocity p. ow that the coefficient of friction
u2—12 192 1,2
=5t t
by an a='a’+'12 an a,

where ¢,, 13 are the times of ascent and descent.

13. In Ex. 12if z is less than A, the angle of friction, and if the parti-
ole is projected up or down a line of greatest slope of the plane with equal
veloeity u, show that the ratio of the distancos moved up and down the plane is

sin  -—a)/sin (A +a).

REVISION QUESTIONS—IV

1. A number of smooth rods mect in a point 4, end rings placed on
them slide down the rods, starting sinultangously from A. Prove that, after
a time ¢, the rings urv all on the surface of @ uphere with diameter $gi8.
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2. A volocity of magnitude u is changed in time ¢ into a velocity of
magnitudo v making an angle ¢ with the dircetion of the former velocity. Show
that the magnitudv of acceleration is NJud+v2—2uv cos @/t

3. A particle moves along the perimeter of a regular polygon of n sides
with uniform speed ». 1f » bo the eircum-radius of the polygon, prove that at
each corner of its angular points the particle receives an additional velocity

- . . . av . .
towards tho centre of the circume-circle of magnitude 0 where a is the side

of the polygon.

4. If a particle takes T scconds less and acquires a velocity V ft. per
8e¢, more when falling vorticully from rest than unother which describes the
sameo distanco in sliding from rest down a smooth inclined plane. Find the in-
clination of the plane.

5. A mass m lbs. slides down a smooth inclined plane of inclination «
and draws another mass from rest through a distance d ft. in { scconds along a
smooth horizontal table which is in level with the top of the plane over which
the string passes. Prove that the mass on the table 1s

m(gt? sin a--2d) \
C bs.

6. Prove that in a parabola (22=4ay), the time of descending down
any chord from a point P to the lowest point is equal to the timo of descend-
ing vertically to the horizontal lino which is at a distance below the vertex
equal to tho latus-recturn.

7. If from any point on a rectangular hyperbola (y2—22=02), whose
axis is vertical, two lines be drawn to the extremities of this axis, show that
the times of descent down them are equal.

8. Small masses M and m are attached to the ends of a light inextensi-
blo string which passes over a small smooth pulley fixed at the top of a rough
plano inclined at an angle @ to tho horizonal. Imitially tho system is held at
rost with M hanging vertically and m in contact with the plane, the part of the
string betwecn it and the pulloy being parallel to o line of greatest slope.

Prove that if the system is released M will move upwards if
M<m (sin 9—{ cos @) and p<tan @.
Ifi < tan @, and tho system is releused, find the condition that it
should remain at rest (1 is the coefficient of friction between m and the plane).

In Ex. 8, if m descends the plane from rest and at the end of ¢ secs.
has a velocity v ft./soc. prove that the force of friction is

m [gsine ——v‘——]—M [g-}-—:’-].

10. A particlo is projected with speed u from the base of ono face of a
double inclined plane, with equally rough faces of inclinations « and B, 1 being
just sufficient to carry it over the ridge. After descending the other face, it
roaches ths base with speed nu. 1f >, tke angle of friction, show that

tan ) (tan «+n2tan B)=(1-n2) tan « tan .

11. A particle slides on a plane inclined 'at an angle a to the horizon,
The co-efficient of friction  is not constant but is proportional to tne distance
r from a point O of the plane, w=kr. The particle is projected from O with
velocity u up the line of greatest slope. Prove that tho purticle will remain at
rest when it first comes to rest of u?>3g sin? « | (K cos a), (D.U. 1961)



CHAPTER VI
MOTION OF A PARTICLE IN A PLANE—I*
PROJECTILES

6'x. Position in a plane. So far we have been dealing with
motion of a point along a straight line, the position of the point being
completely datermined by a single measurement along the line from
a given point in it. Now we considéer the motion of a point in a
plane where ¢ position of the point P is determined eitlgr by two
distances z, y measured parall 1 to Ox, Oy in the plane or by r, the
distance of the point P from a fixed puint O and the angle § which
OP makes with some fixed line OX in the plane,

In the case of motion «f a particle along a straight line, the
direction is constant and we consider only the magnitude of the velo-
cities and accelerations with positive or negative signs, their resultant
being obtained simply by their algebraic sum.

In the case of motion of a particle in a plane, we find the com-
ponents of velocities and accelerations in two direetions, generally
at right angles, their resultant being obtained by the parallelogram
law as discussed in the previous chapter.

6'2. Expressions for velocity and acceleration of a par-
ticle moving in a plane.

Components of Velocity along OX. OY. Tect the particle
he moving along the curve 4PQ and let it move from the poxition
P at time ¢ to the neighbouring point

€ at the time t4 §t. Y (V
Let the co-ordinates of I’ and Q e

be (v, y) and (e+8x. v+ §4) rcferred == %Y

to rectangnlar axes, 0X, 0Y. A-32 f—/f—/-s/-’;--—‘/v
The di~placement PQ may he )

represented by its components (3 v, §y)
parallel to the axes.

The displacement of the particle
paral ¢l to OX m time §t is §r. L _

.. the resolved part of the 0 X
velocity paralle) to OX

= Lt 8¢ _dv
T §t—0 §tdt
Similarly the resolved part of the velocity parallsl to QY
e SV_9%
$t = dt

Thus if 2, y are the co-ordinates of the point P at any instant
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referred to axes OX, OY, the component velocities parallel to the
. dz dy
axes are the rates of change of z and y, t.e., d and T

6°21. Resultant Velocity. The resultant velocity V is given

A/ (&Y (Y

and if § be the angle which the direction of motion makes with the

axis of x, we have
dy /dx dy ..
= /—"Zt‘ = d:{' .o (&1)
t.e., the direction of motion is the same as the direction of the
tangent to the path.
6'2xx1. Another expression for the resultant velocity iz obtained
as follows :
Let A be a fixed point on the curve, 8 the arc AP and §s, the
arc PQ of the curve, then
pilhord PO_ o chord PQ are PQ_ | 1 8% _ds
arc PQ 3t &t dt
Thus the actual velocity at P is along the tangent at P and is eqngl

by,

ds ... . . . C “
to i which is equivalent to expression (i), a fact which is otherwise

obvious, [ (§9)2=(§2)24(8Yy)?].
ds . .
d: i.e., the rate of change of arcual distance
without any consideration of the direction of motion is known as
speed.”

So that speed is another name for magnitude of velocity. To
specify velocity we require both the speed and the direction of
motion.

6-23. Components of Acceleration along OX, OY. Ifu, v
denote the resolved parts of the velocity of the particle parallel to
the axes at time ¢t and v+ §«, v+ §v denote the resolved parts at time
t+§¢, then the resolved parts of the acceleration are

Lt & du dsdr\ d¥
$t—0 8§t "dt T dt J?>=¢7ﬁ’

Lt 8¢ dv dgsdy\ d¥

Sl ST @i —dr i) =as

The consideration of component velocities and accelerations is

of great importance when we have to deal with cases of motion where
the path is not a straight line.

6'24. Equations of motion of a particle moving in a
plame. The position of a point in a straight line being determined
by one co-ordinate, only one equation of motion is sufficient to de-
termine the motion completely. In the case of a particle moving in
a plane two cquations of motion are required in order to obtain the

6°22. Speed.

and
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two co-ordinates which define the position of & point in a plane. The
two equations of motion are obtained by resolving the forces in any
two convenient directions at right angles to onc another.

If the two directions are taken parallel to the co-ordinate axes
the cquations of motion, as deduced from the second law of motion,
will be of the form

d2 d?
m Ji: =F, and m&ii/ =F,
where F,, F, are the sums of the resolved parts of the forces parallel
to the axes of z and y:

Example 1. A particle of mass 5 1bs. is moving at any instant
in a north-east direction with a speed of 10 ft. per sec. It is then
acted on by a force of 20 pounds towards the north. Find the path it
describes and its position after one second.

Take the axis of £ towards the cast, the axis of v towards the
north and the initial position of the particle as the origin. Let (x, y)
be its position at any time {.

Equations of motion for the particle are :

dz!’ - r(i’x
5Jt’ =20g and ')dff—()' Y NORTH
%=4gt+c and ?1'; =¢.
]
When (=0, 20lbs
dr 10 __ dy 10
Tﬁf"@/2“"‘/2' d ==V _
.dy - dr EAST
. '_dt.=4gt'.*'5\/2 and dt =5+4/2.
S y=20045V/ 24k
and x=F4/2.0+k, 0 X
when t==0, z=y==0, ., k=Fk;=0.
Henco y=2g13+54/2.¢ and z=54/2.t.
' Kliminating ¢, we get

2
y=2;0‘q+x or gx3=25(y—rx)

which represents a parabola.

After 1 second 2=54/2 ft., y=2x 32+454/2 ft.=T71'07 ft.

Example 2. A particle of 10 lbs. is moving towards the north with a
spoed of 6 ft. por second. It is acted upon by two forees, one of 30 poundals
acting towards the north-east, the other of 10 poundals acting towards the
north. Find the position of the particle after ¢ seconds.

Example 3. Show that the path of a particle moving under a constant
forco is necessarily a straight line or a parabola.

6'3. Equation to a parabela. Tho equation to a parabola is the
simplest when its axis is taken as tho axis of z and the tangent at the vertox as
the axis of y. The equation then is of the form

yt=4axz, i.e., (Ordinate)? =latus rectum X abscissa,

the ordinate being tho distance of any point on the curve from the axis and the
abscissa being the distance of the ordinate from the vertex.
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Buppose now we take a parabola having its vertex upwards at a point
whose co-ordinates are (2, 1) with reference to two perpendicular axes 0X and
OY and having its axis 4L parallel to the axis of y.

P is any point taken on the parabola having co-ordinates (z, y) with
reference to the same axes.

Y b Then the ordinate AMP=z—2 and
A(z,x) the abscissa MA=1-y.

If ! denotos the length of the
latus-rectum, equation of the parabola

M will be MP3=Ix MA
(%Y) or (z—2)3=1(1—y)
===l(y—1).

Hence it follows that any equa-
tion of the form (x—h)2= —1(y — k) repre-
sents a parabola having its vertex up-
0 / \ _x° wards at the point (h, k) and having 1ts
latus-rectum equal to !, tho numorical

L value of the co-efficient of y.

MOTION OF A PROJECTILE

We discussed in the second chapter, the motion of a particle
projected vertically upwards in the ficld of gravity. We now con-
sider the motion of a projectile, that is, the motion of a body which is
small enough to be regarded as a particle and which is projected in
a direction oblique to the direction of gravity. We shall suppose the
body to be projected in wacuwin near the surface of the carth or, in
other words, we shall suppose the resistance due to air and the slight
variation in the force of gravity to be n. glixibl .

6'4. A particle of mass m is projected into the air with velocity
u, in a direction making an angle a with the horizontal, to find ils
motion and the path described. X

Let O, the point of projection, Y A
be taken as the origin and let the Vv
horizontal and the wvertical lines
through O he taken as the axes of 0
z and y.

Let P(z, y) be the position
of the moving point, after time ¢.

During the motion of the
projectile, the only force acting on

it is its weight acting downwards. 0 M CXx
The equations of motion, therefore, are
d*z d*zx
Mg =0 or dE= 0,
d*y d3y
and m “{ii =-—mg or a‘t’ ==—q
Integrating these equations, we get
de

d
—a—t—=c and 7“:—=—gt+c,, where ¢, ¢; are constants,

Initiallv at 0. when t=0 dt = COR a. fl‘!’-=u «in o
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<. —d-? =u cos8 «, constant throughout the motion (1)
and Z—"{.—:u sin o—gt ..(2)

Integrating these equations again and applying initial con-

ditions, viz., when t=0, x=y=0, we get,
x=1u cos ot «+(3)
and y=u sin a t—3gi? ..(4)

Equations (1) and (2) give the components of the velocity and (3)
and (4) the displacements of the particle in the horizontal and vertical
directions at any time .

These equations could also be written down at once by regard-
ing the particle to be projected with a constant velocity u cos a in
the horizontal direction and with an initial velocity » sin « under a
retardation ¢ in the vertical direction.

Eliminating t from (3) and (4) we get,

z?
=r tan a—3ig.- g —o— « (D
y 19 u® cosla +(6)
which can be written as
s 2u*sin a cosa 2u? cos? o
- T T e T Ty
g q
22 sin a cos a\2? 2u3 c0s? 12 sinte
or P LA L GV ..(6)
9 g 29

Cor. Inthe particular case when the particle is projected horizontally,
a=0, and the equation (3) of the path reduces to

qre 2 242
Y="o, °OF TETY
w hich is obviously a parabola the length of whose latus-rectum is 2u2/g.

If the y-axis is taken downwards this equation can be written as
y=gz*/2u? . (8)
u being the velocity #@t the highest point of the path in this case.
This result can be obtained independently.

We now deduce the following facts from the six equations just
obtained :—

(a) The Path. Equation (5) is of the second degree and the
second degree term (2%) is a perfect square. It follows, therefore,
that the zath of the particle s a parabola.

Equation (5) when written in the form (6) shows that the latus-
2 e
rectum of the parabolic path:-gﬂ—cs)—b—a—.

[This can be remembered as the reciprocal of the coefficicnt of
% in (5)).

Equation (6) alvo shows that the vertex of the parabola is the

. u? sin « cos « 1? sin? «
point T v » Y=F5 :
g <4

The path of a projectile is called its trajectory.
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(b) The time of flight, T, is the time which the particle takes
in reaching the horizontal plane through the point of projection.

Putting y=0 in (4), we get either t=0 (at 0),

2u 8in a

or ="
g

2u sin «

e = .
g

(c) Horizontal Range. (G=the rangc R, on the horizontal
plane through the point of projection=the horizontal distance des-
cribed by the particle in the time of flight 7'

2n sin @ __u? sin 2o

g

i.e., R=1u cos a. T'=u cos a.

=twice the abscissa of the vertex.
R can also be obtained by putting =0 in equation (5).
The abscissa of the focus=the abscissa of the vertex
=half the range= 12 sin 2«/2g which is the same as given in (a).
(d} Maximum Horizontal Range. The range I is maximum
when sin 2e=1, 1.e., when a=-Z— or 45°,

2
. N
e the maximum range:-;— .

For a given velocity of projection, the horizontul range 1is the
grealest when the angle of projection is 45°.

(¢) Directions of projection for a given Horizontal Range.

2 2 u? sin 2a

7 . " . .
Since ‘; sin 2 (-;ﬂ-—a.)=-—(,“' sin (t—2o) = , it follows that

the angles 3t —a and « give the same range.

Hence with a given velocity of projeetion, to have a particular
range or to hit a given point on the horizontal plane passing through
the point of projection, there are two directions of projection which are
such that the inclination of the one with the. horizoutal vs the same as that
of the other rwith the vertical, i.e., they arc equally inclined to the
direction of the maximum range.

2 o3

. n2 sin 2a
If v is enormous, the range —
[/

being fixed, « is small, so

that one path will be very flat and the other nearly vertical up and
down.

As v is diminished the two paths will approach each other till
they coalesce when v reaches its minimum possible value for the
range.

(f) Greatest height M d=the ordinate of the vertex.

7% 5in? o
=—T_= from (6)

This is also obtained either by finding, by differentiation, the
maximum value of y from (4) or by the fact that at the greatest
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height the vertical component of the velocity must vanish, t.e.,

from (2) —‘%—:O wheneo fe=— 20 & |
2 gip?
Substituting this in {4) and simplifying we get y=3—%g}—ﬁ-

(9) The height of the directrix=MX=MA+4X
=The height of the vertex+} latus-rectum
u3 sin? 2ut cos®a__ ud
- 29 b q - 29’
which shows that the height of the directrix above the point of pro-
jection is the height to which the particle would rise if projected
vertically upwards or that the velocity at O is the same a8 acquired by a
particle in falling freely from the level of the directrix.
It also shows that all the trajectories which have the same point
of projection and the same initial velocity have a common directrix.

(k) The focus. The height of the focus
=the height of the vertex—} latus-rectum

_ u¥sin? « 1 2u2 cos? a
2q g
u? . - u® cos 2a
=— - ~(cos?a—sin*a)=— gy
and the co-ordinates of the focus are
( n2 sin 2o u® cos 2a )
29 29

Hence the focus lies above, on, or below the horizontal line OX,

t IPA)
. u® cos 2a L. . . -
nccor(lmg as —-—— - 18 positive, zero, or negative, t.e., aco ramng
~q

. T
as a is greater than, equal to, less than i ,
In the case of the maximum range the focus lies in the range.

Example 1. A particle is projected with a velocity of 24 ft. per
sec. at an angle of clevation 60°. Find (a) the equation to its path,
(b) the length of the latus-rectum of the rath, (c) the grgatcst height
attained, (d) the height of the directrix of the path, (e) the time for the
range, (f) the length of the range. :

3 1
Here w=-=24 ft.[scc., @=60°, sin a-.—_—'“—lz——, Cos @==—, tan a=~J3
. t} 1 ] 3 g_‘_t_’v .-
-+ (@) theequationto thepathisy =r tan @ ——g"— 5

. 3242 1
. = S— - el e =— :)“__xz-
He Y=INB3 =g oawrix 3= g
242 cond 2x24x 24
(b) Latus-rectum== o 2% . PX A X }1=9 ft.
g 32

2 <1 2 9 1

(¢) Greatest height .-J_‘__;‘;;';..f ;:_%i%x 3-=61 ft.

(d) Height of the directrix
_nsinfa o 2utcosta W 24X 24

1. T

2 g 2y " 2x32~ oM
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(e) T, the time for the range
2usina _2x 24X N3 33
g 32 2 4

secs.

(f) The hor. range=1 cos o X 7'==24 % } X §zj§-=9~[3 ft.
Example 2. Find the maximum horizontal range of cricket
ball projected with a velocity cf 48 ft.[sec.

If the ball is to have a range of 36nJ3 ft., find the lcast angle of
projection and the least time taken.

2uxsine  u®sin 2«
Hor. range=u cos a X — =

g g
Here u=48 and for max. hor. range a =45°.

.. the max. hor. ‘ range==- 48——>-<—1—83—2$£’-99—=72 ft.
u?sin 2a o 3683 %x32 N3
5 T =363 ft., then sin 2x= —Bxdg o

o 2a=60" or 120° .., a=30° or 60°.
Thus the least angle of projection==30°
. 2u si 2 x 48
and the least time taken=""- tmf"”: );;, < $=1} secs.

Example 3. 1 ball is thro.ra from the top of the Qutab Minar
200 ft. high with a velocity of 80 ft. per sec. at an elevation of 30° above
the horizon ; find the horizontal distance from the foot of the Minar to
the point where it hits the giound.

We take the top of the Minar s the origin.

.. by the equation y=u sin a t — g2,

we have —200=80 sin 30°t—1gt?=40(—-16:%
i.e., 2‘2—-55—25=O
or (2t45) (t—5)=0.

Neglecting the ncgative value of ¢, we get t=27.
.. the horizontal distance moved in 3 seces.
=80 cos 30° X 3=2200n/3=346"1 ft.
Aliter. Putting «==30" aind u=_80 in cquation (3), we get
gat

/'[ bY<8 :,;-.L__ . LA .
o otz Y= T2 80X 80X §

_ x 23

y‘.—_:- -‘—/‘-—— — ey
. 3 300
30 N
0 \€ X For the horizontal plaune
\\ through the foot of the Qutab

Minar, y= —201), which gives
-200 1t.
of \\ 22—-100aJ3 2-—200 X 300—9
B

ie., (r-—200ny3) (24 10043)=-0

;. rejecting the negative
value, we have

2=20043=3464 ft
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Example 4. A number of particles are projected simullaneously
from the same point with equal velocities in the same wverlical plane, in
different directions. Find the locus of the foci of their paths.

The co-ordinates of the focus of the path of one of the particles
projected with a velocity u at an angle « with the horizontal, are

__u?sin 2a y— _u’ cos 20
—1 2g , J—- 29 .
4
Eliminating «, we get 1 234 y’=;—lg,f.

Thus all the foci lie on a circle having the point of projection as
its centre.

If the particles are projected in different planes, the foci of the
parabolas described will lie on the surface of a sphere.

Examples XV (A)

1. Find the maximum horizontal range when tho velocity of projection
in (1) 48 ft./sec., (i1) B0 ft.[sec., (¢47) 66 ft.[scc.

Find the two directions of projection to give a rango of 49 ft. in the third
Cas0,

&. A particle is projected at an angle of elevation sin~1 #. and its range
ont he horizontal plane is 4 miles; find the velocity of projection and the velocity
at thie highest point of its path.

Two balls are projected from the samo point in directions inelined at

60° and 30 to the horizontal. It they attain the semc height, what is the ratio
of their velocitios of projection ?

What ia this ratio if they havo the same horizontal range ?

4- Show that a given gun will shoot three times as high when clevated

at an anglo of 60’ as when fired at an angle of 307, but will carry the sume
distance on a horizontal plane,

. 8. (a) Prove that if the time of flight of a hullet over a horizontnl range
R is T secs., the inclination of tho direction of projection to the horizontal i3

TS
tan—1(-Z_ )
- |
(b) A particle is projected with a velocity of 160 ft./sec. at an elevation

of 30°; find the timo of flight, tho horizontal range, the greatest height and tho
height of the directrix of the path,

6. A cricket ball thrown from a height of 6 ft. at an angle of 30° v?ith
the horizon with a speed. of 60 ft./scc., is caught by another ficld-man at a height
of 2 ft. from the ground. How far npart wero the two men ? (P.U.)

7. If r bo the horizontal range of a projectile and h its greatest hoight,
prove that the initial speed is

[2g (I:+—]%T)]'l"'

. 8. Ifry, t ure the times of flight of two particles having the same initial
velocity u and range R on tho horizontal, show that

- 2w 8in a 2u coS o«
! g * 9
Tho greatest heights attained in tho two possible paths are ky and hg.
Provo that R2=16/hq and Iy +hg=height of the directrix.

, g. Ift¢bethe timo in which a projectile reaches a point I in its path and
¢’ tho timne from P till it reaches the horizontal plano through the poiot of proje c-
t1on, show that the height of P abovo the horizontal plane s {gtt'. (L.U.)
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xo. If the focus of a trajectory lies as much below the horizontal plane
through the point of projection as the vertex is above, prove that the angle of
projection is given by sin a=1/v3. (P.U. 1954)

1. If the maximum horizontal range for a projectile is R, show that the
greatest height attained is }R.

A boy ean throw a cricket ball 100 yards. How long is the ball in the air
and what height does it attain ?

12. (a) Find the velocity of projection of a particleif it does not rise
more than 3 ins. in a range of 600 ft,

(b) If a particle is projected inside a horizontal mine 36 ft. high with a
velocity of 80 ft./sec., find the greatest possible range.

13. The whecls of a motor car running at the rate of 20 miles an hour
encounter a drop of ono inch at a certain point of the road. How far from the
point will the wheels fall on the lower part of the road ?

14. A piece of mud flying off the top of a wheel of a motor car is observed

to havo a range of 20 ft. Find the velocity of the car if the diameter of the
wheel is one foot,

15. A particle is projected with velocity u at an elovation a. Prove that
] 2 gin2
if h <Ll;‘ge-—a—, the particle will bo again at height A after a timo

b J N —
-'g—'s/u2 sin? e—2gh
after being at the same height the first time. (Bm. U.)

16. A body is projected vertically upwards from a point 4 with a given
velocity #, show that the direction in which another body rust be projected
simultaneously with velocity » from a point B in the same horizontal line with

4 80 as to strike the first body is sin‘l—:-.

17. How must a ball be projected from a height of 4 ft. 8o as just to clear
a wall 13 ft. high, distant 15 ft. in a horizontal direction, and a ditch 5 ft. wide
on the other side of the wall.

(Assume the ground to be at the same lovel on both sides of the wall, and
that the ball is projected in the vertical plane porpendicular to the wall).

_18. A number of particles start simultancously from the eamo point in
all dircetions in a vertical plano with tho same speed u ; show that after a time
¢ they will all lie on a circle of radius ut.

Show also that the radius increases uniformly with tha time and that
tho centro of the circlo deseends with acceleration g.

19. Particles are projected simultaneously in the samo vertical plane
from the sam» point. Show that the locus of the foci of all the trajectories is a
parabola when

(7) the horizontal component of the velocity for each is the same ;
(ét) the initial vertieal component of tho velocity is the same ;
(itd) the time of flight of cach is the rame.

20. If particles aro projected from the samo point and in the same plane
80 a4 to describe equal parabolas, show that tho vertices of their path lic ona
parabola.

2r. Particles are projected from a point O, in a vertical plane, with
veloeity NJ2gk; prove that the locus of the vertices of their paths is the ellipse
23+ 4y(y—~k)=0.
6'41. (e) Velocity at time ¢t. Let V ho the velocity in the
direction of the tangent to the patl at any point P and let the direc-

tion of the velocity make an angle @ with the horizontal. (Fig.
Art. 6:4).  Then from (1) and (2) Art. 6°4, we have
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V cos §=u cos «,
and V sin g=u sin a—gt.
% sin a—gt

u COS &
which gives the direction of motion.
Squaring and adding, V3=u%—2u sin « gt+4g*? .. (2)
=ul—2g(u sin « t—}gt2)=u?—2g.y
2
=2g(-;l-s-’- —y .« (3)
=2¢ (height of the directrix—ordinate of P)

==2g (height of the directrix above F).
It follows that the magnitude of the velocity at any point of the path
18 the came as would be acquired in fulling freely a vertical distance
Jrom the directrix to the point.
(b) Geometrical Method of firding the velocity.

The velocity of a particle, ¢ secs. after it has been projected
from O with velocity « at an angle a above the horizontal, can also
be obtained geometrically as follows :—

Draw a straight line 0.1 to repre-
sent # in magnitude and direction ; on the
sanie scale draw A B vertically dowuwards
to represent gt. Then OB reprcsents V
in magnitude and direction.

Since L X0A=aq,
.z L OAB=90°—q4.
From the triangle OA B, we have
OB =012+ 182~ 204 48 cos [ OAB,
te., V2=u?4 %% —2ugt ~in a.
(c) Change in the direction of motion.

If the direction of motion of the particle has turned through an
angle ¢ from the original dirc ction,

LAOB=¢ and since [ OAB=90°—a. . [ OBA=90"—¢+a
From the triangle OA DB, we huve
AB A
sin@” sin (W°—¢p-+a)’
qt ur u sin @
;i;-a:-—- L-(;‘(—a—:;—), so that ¢ = 7 wos 1¢qi:z),
In particular the velocity is perpendicular to its original diree-

tion if $=90°, which gives t-- ' --
q sin &

By division, we get tan §=

t.e.,

Example. .1 body fs projecled at an elevalion o with a velority
of 32 ft.|sec. In what time will the direction of motion be }a.?
Putting #:=32 and g=42 in (1) of Art. 641 we have
a  JLsina—gt t
an-g .= =Tz tan a— wog=32].
tan 2 32 cos o tan o Cos o [ d ]
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t « 8in @ cos ja—cos « sin ja
‘. mtan ¢ —tan = .
: cos o 2 cos a cos $o
sin ja
" cos a cos &
oo t=sin Ja/cos ja=tan }«.

Examples XV (B)

x. A stone is projected with a speed of 64 ft./sec. at an angle of
elevation 30°. Find its speed

(a) after half a second ; (b) at the highest point of ita path ;

(c) at a height of 15 ft.

Find also the interval of time between two points at which the stone
has the same speed of 56 ft./sec.

2. A particle is projected under gravity with a velocity v at an angle «
to the horizontal. Find its velocity after o time ¢, and the interval before it
has again that velocity.

If y=240 feot persecond, and the time between the two pointa in the
path of the projectile at which the velocity is 208 feet per second is 5 seconds,
show that tan a=}. (P. U.)

3. At any instant a projectile is moving with a velocity u in a direc-
tion making an angle a to the horizon. After a certain interval of time ¢ the
direction of its path makes an angle 8 with the horizontal. Prove that

weosa= 2 _____.
tan a—tan 8
Prove also that the direction of motion turns through an angle © after
. u sin §
a timo g’ V("OS”(‘O:—G)
the former direction after a time w/g sin a.

and that tho direction of motion will bo at right angles to

If v; and vy be the velocities at the ends of a focal rhord of a projec-

tile’s path and u tho horizontal component of the velocity, show that

1 1 1
;)lz._{__;;é =4 (P.U.)
5. If a bo the angle betwecn the tangents at the cxtremities of any
arc of u parabolic path, v, v; the velocitics at these cxtremities and % their
horizontal component, show that the time of describing the arc is
vy 8in a
gu

6. A particlo is projected with velocity V and olevation « (<w/4) from
a point O situated at a height A above a horizontal plane. If the particle is
moving at right angles to its direction of projection when it hits the plane after
time ¢, show that )

V8 cos 2a

(5) t= 2g sind o

—, (i) h=
gsina

A ball thrown at a vertical wall 30 ft. away, strikes it perpendicu.
larly at a point 23 ft. above the point of projaction. Find tho height to which
the ball would riso if projected vertically with the samo speed.

8. Provo that if a particle is projected from O at an elevation a, and if

after timo ¢ the particlo is at P, then
ten S=4 (tan x4-tan @),

whero 8 and ¢ arve respectively the inclinstions to the horizontal of OP and of
the direction of motion of the particle when at P,

g. Two particles are projected simultaneously, one with velocity u up
a smooth plane inclined at sn angle of 30° to the horizon and tho other with a
certain velocity v in n direction making an anglo of 30° with the plane. The
two particles are relatively at rest at a time 2. Kind ¢ and v in terms of u.
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6'5. Directions of projection to hit a given point
The equation of the path viz., equatiun (5) of Art. 64 is

- gt ;
y=x tan a T oo x (%)

If the projectile has to pass through the point P (a, b), then

3
b=a tan a--g%; (14 tan® &) . (i)
2u? 2uth
g, __ < —_

or tan? a ™ tan a4-14 pr =0 ..(1)

which, being a quadratic in tan «, shows that there are, tn general two
direciions in which a particle projected with a given velocity from a
given point‘O may pass-through another point P.

o dut 2::3b
The roots will be real if ‘;,‘i;z‘>4 ( 14— )

ga*
ie., if u¢> g%+ 2u%b
i.e., if (ut—gb)¥>g%a®+1?)
te, if u>g(b+4 v ad-+b%).

Hence the least velocity of projection V, to hit a given paint (a, b)
i8 given by
Vi=g(b+ Val+1f) -+(2)

Cor. If OP=rand it makes an angle a with the bkorizon, then
W+-57=r, and b=rsina

Vi=gr(1+sin a) ..(3)

6'6. Times to pass through a given point.

If the projectile has to pass through a given point (a, b) then

a=u cosat

and b=u sin wt—§ gi*.
Eliminating «, we have, (b+} gi%)*4ad=ul? (D)
34 b2
or ¢4+£-,. (bg--u=)z=+‘-‘.(.‘i;f?)=o .(2)

If t;, t;, are the roots of this equation,

4(a’+b’)_‘ 47"'“
¢
where r is the distance of the point hit from the peint of projection
' tig=2rlg.

Hence the product of the two times of trapsits in the two
differcnt paths is independent of the initial velocity. .
Also since r=:} gtyt,, it fullows that the produ-t of the two tmes
of transits of a projectile through a qiven point is equal to the square of
the time taken by a particle in falling from vest vertically through a
distance equal to r (the distance of the given joint from the pointof
projection). [ in the latter case r=3 gt
Cor. Replacing a by x and b by y in equation (1), we get
(y+} gt’)‘+x’=u’t’. . (3)

t'l’l 2’ ==
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This shows that particles projected simultaneously from the
same point in different directions with the same velocity in a vertical
plane will all lie on a circle after a time ¢.

Example 1. A4 particle projected with a speed of 120 ft./sec.,
Jjust clears a vertical wall 25 ft. high at a distance of 300 ft. Find
the possible angles of projection.
Here u=120, a=300, b=25,
from (it) Art. 65, we have
. 32(300)? :
25=300 tan «a — 3(120)7 (14 tan® «),
or 4 tan® a—12 tan a+5=0.
(2 tan «—5)(2 tan a—1)=0,
ie., a=tan~1(§) or tan-!}.
Example 2. The line joining C to D is inclined at an angle o to
the horizon. Show that the least velocity V required to shoot from ('to D
18 tan (34 fa) times the least velocity V' required to shoot from D to C.
From (3), Art. 6'5, we have
VE=gr(1+4sin a),
and replacing « by —a, we have
V'3=gr(1—sin «)

vV __/\/1+sin @ corjatsinia l+tana
v

l1—sin«” cos } a—sin } &« 1—tan } «

T, o«
=ten (745 )
Example 3. A ball is projected from a point on the ground
distant a from the foot of a vertical wall of height b, the angle of pro-
Jjection being o to the horizontal. If the ball just clears the wall prove
that the greatest height reached is  a® tan® af/4(a tan a—b),

Let u be the velocity of projection, then since the ball passes
through the top of the wall, a point (z, b), we have
2 2

=q tan «— =aqa tan a—>b.

Zutcost * O Qul cost a

Now the greatest height reached by the ball

_ulsin®a  sina ga® a® tan® o

29 T 2 2(a tan «—b) cos®«” 4(a tan a—>)

Example 4. 4 particle is projected with a velocity u so as just
to pass over the highest possible post at a horizontai distance d from the
point of projection O. Prove that the greatest height above O agtained
by the particle in its flight is

e
2g(ut+g?d2)’
Taking 9 as the angle cf projection and substituting d for z in
the cquation to the path, we have
gd? gd* R
y=d tan 0_m=d tan O_W (1+tan® @).
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. dy g d

. ——d—é—sd sec? 9— - tan @ sec® §=d sec? § (l—-% tan @)
dy . ol . ea ué
-d—o-_o, gives tan 0-—-—9—&-, and .. sin G—W --(1)

y being positive and its min. value being zero, the value of §
given by (1) gives the max. value of y.

Now the greatest height attained by the particle

_u?sin?g a2 ut us
29 29 Tul4gldt 2g(us-+gid?)’

Example 5. 7'wo particles are projected from the same point in
the same vertical ylane with equal velucities. Ift, t' be the times taken
lo reach the other common point of their paths and T, T’, the times to
the highest goint, show thut t 1I'4-t'T’ is sndependent of the directions of
projection.

If &, B are the directions of projection,
P .v.(i}n % ond 7= sin B8 .

If z is the horizontal distance of the common point, then
x=u cos al=u cos B.t'

T = x . _71‘.3irla—+ x v sin B
U COS & g u cos B g
r(tan a-+tan f3)
ke .o(1).
q
Now the equations of the two paths are
_ ga* sec’ _ gatsec?p
y=x tan « 202 and y=x tan B o

Subtracting we have,
. _ 9% e _ g%
x(tan a—tan B)'——EF (scc® a—sec? B)*'%,Ti (tan® «—tan?p).
x 2u?
i.e., - (tan a-tan B) =—s—.
. ( B) 7
Hence from (1) t7 T = 203 s
which is independent of the directions of projection.
6:'6x. The solution to a problem is sometimes very much sim-

plified by writing the equation af the trajectory referred to the
highegt point A4 as the origin.

If v be the velocity of the particle at A4, the horizontal line
at A, the x-axis, and if the verticafl line, drawn downwards, be the
y-axis, then .

the co-ordinates (z, y) of any point on the path of the particle
after a time ¢ are obvipusly given by \

=1t and y—=} gt so that y=ga3/26? ..(1).

Example 6. A particle is {o be projected so as just to pass
through three egual rings of diameter d, placed in parallel vertical planes
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at distances a apart, with their highest points in a horizontal straight
line at a height h above the point of projection. Prove that the elevation
2V hd
a
When projected from O, the particle has just to pass through
the three rings. It implies that it passes
K A_v H X  just below the highest point A of the
e middle ring and just above the lowest
cK< a points C and D of the other two rings ;
u L CK, LA, DH representing the diameters
of the rings.
By symmetry the point 4 is also
\ the highest point of the path of the
OkKkE a MJAJdF kx B particle, the equation to the path being
Y equation (1), given above, i.e., y=gz?/2v®.
By the question,
LA=CK=DH=d, CL=LD=a, and MA=h.
For the point D (a, d), from (1), we have

must be tan—?

a® 2 .
d-:—%;,— or v’z%%- N OR

The velocity u and the elevation « at the point of projection
O, are given by

us=9v%+2gh and u cos a=v or ud=2v? sec? a.
.~ 3 42gh=ut=1® sec?® a=v}(14tan? «), or 2gh="2? tan®«.

2gh 2d . 4hd . 2y hd
. 2, Y0 =2 —_ =Y 7.
oo tanta=—4 =2gh X ga® by (3)= o e tan a=—_
Note. If required we can find the range OB by substituting (a+k, k).
the oco-ordinates of B, in (1), and thus obtaining the value of k=FB.
Then OB=2a+2k.

Examples XVI

x. A body, projected with a velocity of 120 ft.{sec. just clears a vertical
wall 72 ft. high and 360 ft. distant, find the two possible angles of projection and
the coriusponding horizontal ranges.

2. A particle is projected from a point 4 with a speed ef 8 ft./sec. Dotor-
mine the two directions of projection for which it will pass through a point
whose height abovo A4 is 6 inches, and whose horizontal distance from 4 is 1 foot.

. A particle is fired from a point O with a velocity due to a fall of
100 ft. ?rom rest and hits a mark at a depth of 50 ft. below O and at a distance
of 100 ft. from tho vertical line through 0. Show that the two possible diroctions
of projection are at right angles.

A bird is sitting on the top of a tree 26 ft. high. At what angle of
elevation shuild a person standing at a distance of 100 ft. from tho tree proj-ct
a stono with a velocity of 80 ft. per second so as to hit the bird as soon as
possiblo ?

5. A particlo is thrown over a triangle from one end of a horizontal base,
and grazing tho vertex falls on the other end of the base. If «, 8 are tho base
angles and @ tho anglo of projection, prove that

tan @=tan a+ton 8. (P.U.)

6. A triangloc ABC, right-angled at C is placed in a vertical plane with AR
borizontal and ¢ uppcrmost. A particle fired from A passes exactly through
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O and B, S8how that the angle @ and the velocity of projection u are given by

2
tan 0=—:T and u? =ﬁ€a;Tp)_’,

where AB=c and p is the altitude of the triangle.

7. A particle is projected so as just to clear a wall of height b at & hori-
zontal distance g, and to have a range ¢ from the point of projection, show that
the velocity of projection V is given by

2V2  a2(c—a)24b2c2
AR b b i
g ab(c—a)

8. A ball is thrown from a point P so as to pass through another point
@ whose horizontal and upward vertical distances from P are 24 ft. and 7 ft.
respectively. Find the least possible velocity of projection and the velocity of
the ball and the time when it reaches Q. (Pub. Ser. Com.)

9. A particle is projected from a point 4, distant 4ag from, and at the
same level as the foot of a wall of height 3a. Determine the least speed of
projection which will enable the particle to clear the wall.

10. A stone is projected with velocity V and elevation @ frcm & point O
on level ground so as to hit a mark P on a wall whose distance from O is a, the
height of P above the ground being b. Prove that

2V2(a sin @ cos Q— b cos? §)=gal.

Also prove that the requisite velocity of projection is least when
0 =1%r+3}a, where a is the elevation of P as seen from O. (B.U.)

xx. A ball is projected so as just to clear two walls, the first of height a
at a distance b from the point of projection O and second of height b at a
distance a from O. -Show that thc range on the horizontal plane is

(a2+ab+-b2)/(a+b)
and that the angle of projection exceeds tan—1 3.

12. A particle is projected from the ground to pass through the three
vertices of an isosceles triangle whose plane is vertical and base horizontal.
If the base of the triangle be 12 ft. and its altitude 9 ft., and the height of the
base above the ground 186 ft., find the range of the particle on the ground.

13. A gun is fired from a point O on a car, which is moving horizontally
with uniform speed U directly away from 0. At the instant when the gun is
fired, the distanco of the car from O is . Prove that, if the car is to be hit, tho
horizontal component u of the velocity of projection of the shell, and tho
vertical component v, must satisfy the relation

v(u—U)=§bg.

14. Tho co-ordinates of a point P referred to horizontal and vertical axes

Oz and Oy are (h, k). A particle is projected from O with speed V. Prove

that if V2> g(k+ vk2+h2).
there are two directions of projection for which the particle will pass through P.
If «; and «y are the inclinations of these directions, prove that
k tan (a;+ag) + h=0.

15. A particle is projected from a point on the ground so as to pass just
over a vertical wall of height h at a horizontal distance a i;rom the point of pro-
. . h
jection. Show that it strikes the ground at a distance ?;a& beyond the wall,

u being the horizontal component of tho velocity.
Show that in order that the particle may clear tho wall the total velocity
of projection must be at least=yg(h+1), where I2=a2 + h2. -
16. A ball is thrown from a height 3 ft. above the ground to clear a wall
335 ft. away horizontally, and 15 ft. high. Show that the velocity of projection
must not be less than that acquired by falling under gravity through 24} ft.
When this is the velocity of projection, find how far beyond tho wall
it will reach the ground.
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. 17. Prove that the least speed of projection of a shot from the top of a
cliff A foet high to hit a mark d feet directly outwards from the base of the cliff is

V ft. per sec. where Vzag[(h8+da)* —b).

18. Ift; and ¢y sre the two tiries of flight with which a given range R on
a horizontal plane can be reachad by a particle proiected with velocity 4, prove
thut #; and ¢ satisfy tho equation g2i¢ — 4u3i3-4R2=0.

Fragments of a shell fly at all angles with a speed of 5g ft. per sec. Show
that the difference between the two time3 at which fragments may fall at a poins
249 ft. away is 2 secs. (D.U.)

x?‘. A shot is fired with velocity v ft.[sec. from the top of a cliff A ft. high
and strikes the sea at a distance d ft. from the foot of the cliff. Show that the

possible timos of flight are the roots of the equation
3924 — (gh+ v2)e24-d34-h2=0. (D.U.)
By considering the roots of this epuation or otherwise find the greatest

value of d for given values of v and &.

20. A shot fired at an elevation « is observed to strike the foot of a tower
which rises abovo a horizontal plane through the point of projection. If @ be

the angle subtended by the tower at this point, show that the elevation required
to make the shot strike the top of the tower is

%[0 +sin~1(sin @ +-8in 2« cos 9)].

21. A stons is projected from a point P on the ground over a house 80 as
to cloar the tops of the walls and tho ridge of the roof. Tho breadth of the house
is 40 ft., the hoight of each wall 20 ft., and the height of the ridge is 30 ft. Find
the position of P and the velocity of projection.

{Take the highest point as origin, sce Art. 6:61].
22. A particle is projected with velocity 2aJ ag so that it just clears two

walls, of equal hoight a, which are at a distance 2a from each other. Show that
the latus.rectum of the path is 2a, and that the time of passing between the

walls is 2\Jafg .

28 Prove that in the parabolic path of a projectile the direction of
mMorion 1s at any instant changing at tho rate } uy/y’ where ug is the horizontal
velocity. and y’ denotos tho depth below the dircetrix. (D.U. 1960)

[Hint. tan =dy[dz, find d/d¢.)

A particle is projected from o point on the level of the ground, and its
height is h when it is at horizontal distances @ and 2a from its point of projec-
tion. Prove that tho vclocity of projection u is given by

2
uzz,:g[f%- +9h].

25. A regular hexagon stands with one side on the ground and a particle
is projected 80 as to grazo its four mpper vortices.  Show that the volocity of

tho particle on reaching tho ground is to its least velocity as af31 to ¥3. (P.U.)

v

26. Tho service lines and the back lin~s of a tennis court are at distances
of 21 ft. #nd 39 ft. respoctivoly from tho net which is 3. {t. 3. in. high. Find the
horizontal velocity of the ball (a) which, whrn reiurned from near the ground
from one back line, grazes tho not and strikes the othor back line ; (b) which
when soeved from a beight of 8 ft. grazes tho net and strikes the service line.

27. A jet of water can be projected in any direction with a velocity of 32
ft. per second.  I'ind the greatost height which can be attained on a vertical
wall distant 16 ft. from the point of projection and prove that, in this ease, the
maxunum height attained by the jet is 9°6 inches higher than the maximum
hoight attainablo on the wall.

28. A particle is projected from a point at a height 34 above a horizontal
plane, the direction of projection making an angle « with the horizon. Show that
if the greatest hoight above the point ef projectionis 4, the horizontal distance
travolled before striking the plane is 6k ot x .
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Also show that if the angle of projection be 45° and the greatest height
above the point of projection be 3A, then the horizontal distance travelled is

6A(1442).
A particle is })mjected 8o _as to have a range R on the horizontal

a9.
plane through the point of projection. If a, 8 are the possible angles of projection
and (5, 3, the corresponding times of flight, show that

t,8~1,3  sin (a—B)
13 F 1,3 " sin (a+ B)
67 Range on an inclined plane. Let a particle be project-
ed from a point O on a plane of inclination B, in the vertical plane
through OP, the line of greatest slope of
the inclined plane.
Let the velocity of projection be
% at an elevation « to the horizontal.
The equation to the path of the
particle is

22
y=ztan a_EL_’%&?Z -.(D.
If the particle strikes the inclined 1

plane at the point P, the distance OP is
called the range on the inclined plane.

If OP=r then the cc-ordinates of P(r cos B, zsin B,), must
satisfy equation (1). onath ‘y
A , s
s, rsin B=7 cos B tan a—2 r’aco_sTg Mr. N. Sreekanth
0t 2¢icos’e  M.Bc.(Maths) O.U,
(@) therange r=-—. (cos B tan :O;s;; B) cos a
__2u? sin (a—pB) cos «
— g L3 cosz ﬂ LI ] (2)
u® <o P
_W[Sln (2a—pB)—sin B] . .(3).

The range down the plane may be cbtained by putting —g for
B, for in this case the slope of the inclined plane is downwards.

(b) Maximum range.  and B being known, the range varies
with «, and it will be max. when sin (20~ g) is max.

; ]
te, when 2«—B=-g— or “-B=‘Tz“—'°‘-

Hence for mazximum range, the direction of projection must bisect
the anglc between the vertical and the inclined plane.

If OT be the direction of projection, then OT is tangent to the
path at 0, and the vertical through O is perpendicular to the diree-
trix. Q7 being equally inclined to OP and the vertical, the focus to
the paih must, thercfore, lie on the line OP of the inclined plane,
i.e., wn the case of maximum range the focus lics in the range.

The value of the maximum range is

u¥(l—sin B) 23
geos? B g(l4-sin B)

..(4)
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(c) Directions of projection for a given range. Fora given
velocity of projection when the value of the range, other than the
maximum, is given, sin (2a—p) in equation (3) becomes known and
thus we get two values for 2«—f, each less than 180°,

If «; and o, be the corresponding valuaes of «, we have

20y —B=n—(203—f)
ie., w—4 (5-+B)=t (5-+B)—u

%(—g—-}-ﬁ) being the direction for the maximum range, it follows

that for a given range, there are two directions of projection which are
equally tnclined to the direction for maximum range,

(d) Time of flight. If the particle strikes the plane after a
time 7', then
OL=u cos a. T' where OL=r cos 8.
rcos B 2usin (a—p8)
T wcosa  gecos B
(¢) Velocity at P. If v is the velocity at P,
vi=n?--2gy=u—2gr sin B,

and if ¢ is the angle which the direction at P makes with the hori-
zontal, then

[From (2)]

tan g=—~ Sin 0=97 _tan o g 2usin (@x—f)
% CO8 a T u cos a g cos 8

‘=tan o-~2 (tan gx—tan B)=2 tan f—tan «.

*(f) The condition that the particle may strike the
plane at right angles.

We put 8=-~(3=—f), for in this case the direction of motion
of the particle at Pis downwards making an angle {=—g with the
horizontal.

Hence the required condition becomes
tan (B—}n)=2 tan B—tan a
or cot B=tan a—2 tan B. . .(8).

By adding tan « to both sides and simplifying it may be put in

the following form :
cot B=2 ton (x—pB). ..(6).
(For another and direct proof sce the next articlo.)

Note. In the above article the direction of projection is expressed in
terms of the angle with the horizontal. It can also be expressed in terms of
the angle with the inclined plane. 1n working problem caro must be taken to
sce which of these angles is given.

6'8. Another Method. When a particle is projected from a
point O (I'ig. Art. 6'7) on an inclined plane, in the vertical plane
through OP, (the line of greatest slope through 0), ils range on the
plane and the iime of flight can also be obtained by resolving its
velocity u and the acceleration g along and perpendicular to OP (the
perpendicular being drawn upwards in the vertical plane through OP).
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The direction of projection of the particle makes an angle a—p
with the inclined plane, so that the resolved parts of its initial velocity

u and of acceleration g due to gravity along OP and perpendicular
to it are :—

Along OP | Perpendicular to OP
Velocity u cos (e—p) u sin (x—PB).
Acceleration —g sin B —g cos B.

Now to find the time of flight, we consider motion perpendi-
cular to OP,

At the instant when the particle strikes the plane, its distance
perpendicular to the plane is zero.
The time of flight T is, therefore, given by
0=u sin («—B) T'—4g cos B T?,
ie., T= &Z"%ﬁ'—@— ().
Further, if at the instant when the particle strikes the plane, its

direction of motion be perpendicular to the plane, its velocity at that
instant parallel to OP is zero.

0=u cos (x—B)—gsin B T ..(2).
_2 —
Hence from (1) and (2), ¥ cgozl(: 3 B) y ' ! ;“:()(:——-#
i.e., cot B=2 tan («—p),

which is the same as equation (6), Art. 6°7.
To find the range on the inclined plane, we find the distance
described along OP in time 7. The range r is, therefore, given by
r=u cos (x—p) T'—4}g sin BT?
_ 2u sin («—}B) 4u? sin® («—B)
=u cos (a—p). g cos B —%gsin B — T gtcost B

200 (B). (aos (u—P) con f—sin (x—f) s ]

2u? sin (@—f) cos o

g cos® B

Other problems of this type can be" similarly solved by the
method indicated in this article.

Example x. A4 bullet is projected with velocity v at an acute
angle greater than the least positive value of sec 3. Show that its path
will cut two planes through the point of projection perpendicularly.
Show also that if B and 7Y are the inclinations of the iwo planes to the
horizon, B4 ¥ =a.

Equation (5), Art. 6.7, giving the condition for a projectile to
strike an inclined plane at right angles, can be written in the form

2 tan® B—tan a tan B4-1=0 ‘ ..(1),

So that for a given angle of projection «, there are two real
values of tan B, provided

tan? o >8 or scc? «a> 9, or a> sec™! 3.
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When this condition is satisfied, suppose tan B and tan ¥ are
the two roots of (1), then

tan B-+tan y=4 tan «, and tan B tan y=}.

S tan (B4 v)=(tan B-4tan ¥)/(1—tan B tan 7¥)

=} tan a/(1—3})=tan «.

Hence B+ 7=a.

Example 2. A particle is projected with velocity u from a point
on an snclined pla: ¢. If vy be 1ts velocity on striking the plane when
the ranye up the plane is mazximum and vy the velocity on striking the
plane when the range down the plane is maximum, prove that

ud=v,v,.

If R he the max. range up the plane and «, the inclination of
the plane, then

R

2
=J(f-{§ﬁ:)' and v?=u3—2gy=u2—2y R sin a.

. u® 1—sin «
° 2—yd— e B N 2X —
S et ggsin o T X
Similarly, by changing the sign of «, we have
s .o ltsin a
V=X T i o
Hence vllt=u4, or WP=ww,
Examples XVII

1. A particle is projected with a velocity of 120 ft. per sec. at an angle
of 60° with the horizontal from the foot of an inclined plane of inclination 30°.
Find the time of flight and the range on the inclined plane.

2. Find the maximum range on an inclined plane of inclination 30° when

& particle is projected (i) up (i{) down the plane from a point on the plane with
a velocity of 96 f.p.s.

3. If tho greatcst ronge down an inclined plane be three times the
greatest range up, show that thoe plano is inclined at 30° to the horizon.

4- Tho greatest range of a rific-bullet on level ground is 5000 feot.

Find its maximum range up an incline of 30°, neglecting the resistance of the
air.

A boy can throw a crickct ball 90 yards on level ground. What

distance can ho throw the samo ball frcm tho top of a hill whose slope is 15° ?
What will bo the best angle at which to throw the ball ?

6. A particle is projected from a point on a-plane of inclination g8 with
velocity 4. Show that the maximum range down the plane is

u
7 scc B (sec S--tan B).

». Show that for a given velocity of projoction the maximum rango
down a plane of inclination « is greater than up the plane in the ratio

(1+4sin.a)/(} —s8in a).

8. Show that the greatest rango up an inclined plane through the point
of projection is equal to the distunce through which a particle could fall freely
during the time of flight.

A hill has inclination of 30°. A ball is thrown with a given velocity
so a8 to have a maximum range up the hill. Prove that the angle at which it
strikes the hill is 60°.
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10. A particle is projected with a velocity of 100 ft. per sec. from the
foot of a plane in a direction making an angle of 45° with the plane. Find the
inclination of the plane if the particle strikes it at right angles. (P.U. 1954 S.)

11. Two bodies are projected from the same point with equal velocities
and in such directions that they both strike the same point on a plane whose
inclination is 8. If « be the angle of projection of the first, show that the ratio
of times of flight is sin (@— B) : cos a.

12. A particle projected with a velocity u from a point on an inclined
plane whose inclination to the horizon is «, strikes it at right angles. Show that
the range of the particle on the inclined plane is

2u2 sin «
g 143 sin2a

13. A particle is projected with a velocity V towards, and i a plane
perp. to the side of a hill, which is a plane inclined at an angle @ to the horizon-
tal, and meets it at right angles. If the direction of projection also makes an
angle @ with the horizontal and the horizontal distanco of the point of projec-
tion from the hill is a, show that V2=2ag s8in2 § tan §. (Bom. U.)

14. A particle is projected with velocity % from a point whose perpendi-
cular distance from an inclined plane, of inc]inati_on 80°, is h. Prove that it
cannot strike the plane at right angles if u3<§gh(n 13 —1).

15. From the foot of an inclined plane inclined at an angle 2a with the
vertical a shot is fired with a velocity V cos « in a direction making an angle «

with the vertical. Show that the time of flight is V/g and that the range on
the plane is V2/2g.

Also show that the shot strikes the plane with a velocity V sin « and that
its direction of motion has then been turned through a right angle.

16. A shot is fired at an angle a to the horizontal up a hill of inclination
B to the horizontal. Show that it strikes the hill

(a) horizontally if tan a=2 tan 8 ;
(b) normally if tan =2 tan g +cot 8.

r7. Provo that during tho flight of a particlo projected at an elevation
o on a line through the point of projection of inclination B, the direction of
motion turns through an angle whose cotangent is

4 cos B sec « cosec (¢ — B)—tan «
[Hint. Use (c) Art. 6-41]
18. Tho angular elovation of an enemy’s position on a hill & ft. high is
B ; show that in order to shell it, tho nitial vilocity of the projectile must not
bo legs than
\/élf(*lq-cosec /f)T (4. U.)
19. Show that the range on an inclined plane of inclination 8 of a shot
fired at an elevation a relative to tho plane is
R scc 8 (1—tan o« tan §),
where R id the range on a horizontal plane, tho relative clevation @ snd the
velocity of projection being the same.
If the shot hits the plano horizontzlly, show that
sin B cos 8
1+sin28 °
go. A stono is thrown at an anglo a with the horizontal from a point on
a plane, whose inclination to thé horizon is 8, (the trajectory lying in the vcrlllcql
plan~ containing tho ling of groatest slope through the point). Show that, if

th: elevation above the horizon of the point of the path most distant from the
inclined plane is @, then

tan o=

2 tan @ =tan a+tan 8.
{Hint. The tangont at the most distant point is parallcl to the vlane.]
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REVISION QUESTIONS—V

x. A projectile has initially a velocity whove horizontal and vertical
components are 4 and » respcctively. If Ris therange and h, the greatest
height attained, show that

h _2 and »8_41_;__(_1&)2
R ™ wu g \u/

Also prove that the maximum horizontal range is
RS
2ht+g5 -

2. Obtain the equation of the path of a projectile and show that it may
be written in the form :
yR/z (R—z)=tan «,
where R is the horizontal range, and « the angle of projection.

Deduce that the greatest height attained by the projectile is $ R tan «
and that this occurs half-way. (P.U. 1953 S)

3. Prove that the time of describing any portion PQ of the parabolic
path of a projoctile is proportional to the difference of the tangents of the
angles which the linear tangents at P and @ make with the horizon.

4- A particle is projected at an elevation a« and after¢ seconds it

appears to have an elevation 8 as seen from the point of projection. Prove that
tho initial velocity was

gtcos B
2 sin (@ — B8}°
5. Prove that if lines are drawn from a point representing in magnitude

and direction the velocity of a projectile at successive points of its path, their
extremities lie upon a vertical straight line.

6. A particle is projected under gravity in a vertical plane at an incli-
nation « to the vertical. Show that it appears to the observer standing at the
point of projection to fall past & vertical plane with constant velocity.

(P. U.)

%. Two particles are simultaneously projected in the same vertical plane

from tho same point with velocities « and v at angles « and 8 to the horizontal,
show that

() the line joining them moves always parallel to itself;
(¢¢) the time that elapses when their velocities are parallel is
u v sin (a—B)
g{v cos B—u cos «)

(iii) The time that elapses botween thcir transits through the other
common point is

24 v 8in (a— B)
g(u cos atv cos )

8. Three particles are projected simultaneously in the same vertical
plane from the same point ; one vertically, another at an elovation of 60° and
the third horizontally. If their velocities of projoction are in theratio 43:1:1,
show that they always lie in a straight line.

9. Two inclined planes of equal altitude A and equal inclination a, are
placed back to back on level ground. A ball is projected from the foot of one
plane, along a line of greatest slope, which after flying over the ridge, falls at
the foot of the other plune. Show that the velocity of projection is

AnJgh(8 +cosect a).

10. A gun i3 fired from a moving platform and the ranges of the shot
are observed to bd R and § whon the platform is moving forwards and backwards
respectively with velocity V. Prove that the elevation of the gun is

af 9 (R—=8)
tan I[WS) . (D.U.)
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xr. 8hots fired simultaneously from the top and bottom of a vertical cliff
with elevations « and B respectively strike an objeot simultaneously at the same
point. Show that if a is the horizontal distance of the object from the cliff the
height of the cliff is )
a (tan 8— tan a).

12. The range of & rifle bullet is 1200 yards when « is the elevation of
projection. Show that if the rifle is fired with the same elevation from a car
travelling at 10 miles per hour towards the target, the range will be increased by

220a/tan « feet.

13. A shot fired with a velocity V at an elevation @ strikes a point P on

a horizontal plane through the point of projection. If the point P is receding

g'om the gun with a velocity v, show that the elevation must be changed to
where

sin 2¢=sin 29 +—2T:,’-sin ¢$. (L. U

14. If an angle of projection « gives a range R-—a feet instead of R,
where a/R ig small, prove that the necessary correction in the angle of projection
in minutes is

1719a

y: tan 2«

approximately.

15. From the ground, a stone is rightly aimed and thrown at a crow
sitting on a wall 31} ft. high. Just before being hit by the stone, the crow
flics away horizontally with.a velocity of 24 ft. persec. Notwithstanding this
the stone, after rising 16 ft. higher, does hit him in its downward motion. Find
the initial velocity of the stone. (Ans. 60 ft./sec.) (P. U. 1950 8.)

16. An aeroplane is flying with constant velocity v and at a constant
height k. Show that if a gun is fired point blank at the aeroplane after it has
passed directly over the gun and when its angle of elevation as scen from the
gun is «, the shell will hit the aeroplane provided

2 (u cos a—v)v tan? a=gk,
where # is the initial velocity of the shot.

17. A sholl fired with velocity ¥V at elevation @, hits an airship at a

height # which is moving horizontally away from the gun with velocity v, show
that if

(2V cos 9—v) (V2 sin’9—2gH)*=v ¥ sin @,
the shell must have hit the airship if the latter had remained stationary in the
position it occupied when the gun was actually fired. (P.U. Hona.)

18. A gun is fired from the sea level. It is thon taken to a height h ft.
above the sea level and fired making the same angle « with the horizon;
show that its range is increased by the fraction

2gh 4

- ) —1

i [(l-,-V2 sin2 a) ]

of itsolf, V being the velocity of projection. (D.U. 1925)

x9. The difference between the radii of the front and hind wheels of a
carriage i3 d, and c i3 the distance batween the axlo-trees ; a particle of mud,
driven from the highest point of the hind wheel, is observed to alight on tho
*highest point of the front wheel. Show that the velocity of the carriage is

=
4d

20. A spock of mud is thrown off the rim of a wheel of radius @ which
is rolling in a straight line on horizontal ground with a speed of v ft. per sec.
and just alights on the wheel at & point on a level with its centre. When the
speck ef mud is thrown off its angular distance from the top of the whoel is @
moeasured in the sense in which the wheel is travelling. Show that

2v2 cos §=ag (1—sin Q).
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ax. Bhow that there are two directions in which a particle may be pro.
jected with a given velocity u so as to have a given horizontal range.
If ¢y, tg be the times of flight for the two patis, show that
t1'+¢3’ = 4u’[g’.
Show also that, if the velocity of projoction be increased the range being

left unaltered, the shorter time of flight decreases and the longer time of flight
increases.

aa2. If fragments of a shell which burst on contact with the ground fly in
all directions with all velocities upto 80 ft./sec., show that a man 100 feet away

is in danger for %‘42 seconds.

23. Show that in general there are two directions in whicth a particlo may
be projected with a given velocity from a given point 4 so a8 to pass through
another given point B.

If ¢t and ¢, be the times of flight from A to B and « the inclination of
AB to the horizontal, prove that (242, sin «+¢,2 is independent of a.
(P.U. Honas.)

. . Two points 4 and B are at a distance @ apart, thefr heights above
the ground being h; and he. Prove that the least speed wiih which a svone can
be thrown from the ground-level so as to pass through both the points is

N g(h+hg+a).
25. A particle is projected under gravity with velocity A/ 2ga from &
point at a height h above a level plane. Show that the angle of projection @

for the maximum range on the plare is given by tan2 ¢ =a~3:ﬁ. and the maxi.
mum range is o\ a(aFh). (P.U.)

26. A fort and a ship are both armed with guns which fire their shells
with a muzzle velocity nJ 2ga, and the guns in the fort are at a height & above
the gun in tho ship. If Ry, Ry arc the greatest horizontal ranges at which the
fort and ship, respectively, can engage, show that

By _ [ ath

—f?z a~ h ’
27. A ship is underfire from the guns of a fort a ft. above sea levcl,
Assuming that the guns of the ship and the fort fire with a velocity V, whore

V2=2gh, prove that the width of the zone under the fire from the fort which the
ship has to cross befere being able to reply is

ovh(Nifa—nli=a ).
28. A cricketer in the long ficld has to judge a catch which he can secure

at any height from the ground bhetwesn k; and k, ; show that he must ecstimate
his position within a length

(-0 0-4)')

2R being the range on the horizontal plane and h the greatest height the ball
attains.

If a particle is projected with velocity V from a given point § so
that its path lies in a given veticsl plane, prove that all paths lic within &
parabola of latus rcctom 2V2/g and focus S. (Bom. U.)

[Hint. Find the envelope of the paths.]



CHAPTER VII
MOTION OF A PARTICLE IN A PLANE-II
MOTION ALONG A CIRCLE

In the following two chapters we shall consider the motion of a
particle moving in a circle with uniform or variable speed.

7-1. Angular Velocity and Acceleration. Let OX be a
fixed line and let P be any point moving along the curve APQ.

At any time ¢, let the position of the Q

moving point P be detined by the angle
XOP.

In an additional time §¢, let the p
point move to Q, OP describing an addi- 38
tional [ POQ=§§. i/

-88% is then the average rate of change ¢/ / X

of the angle 6.

.. the angular vclocity of P about O= Lt 8£=fli
50 4t~ dt

Thus if a point P moves in a plane, and if O is a fixed point
in the plane and OX u fixed straight line through O, the angular
vxgloo;:ty of P about O (or of the line OP) is the rate of change of the angle

If the angular velocity is denoted by », the angular acceleration

de d rdg\ d?g
Tdt dt (Zi i

0 is always measured in radians, angular velocity in radians
per sccond and angular acceleration in radians per second per second.

7'11. Relation between Angular Velocity and Linear
Velocity. Let the velocity of the point P be v and’ let the tangent
at P make an angle ¢ with OP, then

_de dg ds

Tdt T ds dt

ds rd§ 1 wvsin ¢
=dt 'ds r =" r
i.e., the angular velocity of P about O
Vel. of P resolved perp. to OP

= OP )

0_—~A T X In particular, if the curve isa
circle and the angular velocity is mea-

vsing

sured about the centre then ¢ being a right angle, o=-:—f~ go that the
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angular velocity of a parlicle moving in a circle about the centre at any
snstant is obtained by dividing its linear velocity at that instant by the
ra dius of the circle.

This can be proved independently as
follows :—

Since Ss=arc PQ=r §0
X o g Ly Sy 780 90
S ov= StLt St—Lt Y =T
v
or W= ——
;

Example x. If a point P is moving along a circle with co nstant

speed v, find its angular velocity and acceleration about any point A on
the circle.

If the chord AP makes an angle « with the v
radius OA=:r, then VCOSSL
AP=2r cos «.

The point P has a velocity v in the direction
of the tangent at P. Its component in a direction
perpendicular to 4P is v cos «.

-, the angular velocity of P about A ? B
A

v Ccos a vcecos o =V

=TAP T 2rcosa 2r
=half the angular velocity about the
centre,
This being constant, the angular acceleration is zero,
Example 2. A4 point moves uniformly along a given strai;ht

line ; show that its angular velocity about a fized point varies inver wl/
as the square of its uistance from the fized point.

Let AB be the fixed straight line along which the particle moves
and let O be the fixed point. Draw 04 perpendicular to AB and ley

04 =a.
a vt r U Let P be the position of the parti-

a ‘/9 B cle after a time ¢, ¢ being measured {rom
% q the instant when the particle was at A,
vcosf@ then AP =nvt.
0 APt
Now tan 9——-—61—1- =
; g0 _ v,
s0 that sccg Vs
Y w=ﬁ——q£—~-— 7Y which varies as !
ot At vtsect § OF? worr

Ve] . perp. t()"()P _vcosf v a  ar

OF = 0P T 0P OP T OPY
Example 8. 4 flywheel making 180 revolutions per minvie is
to a constant angular retardation of two radians per sec. per sec.

Aliter. o=
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How many revolutions does it make before coning to rest and what is its
angular velocity after © secs. ?
180 r.p.m.=3 r.p.s.=6m rad. per scc.
.~ the initial angular velocity=6= rad. per sce.

Angularaccelerat-ion:—%’ =—2, . o=-—2+c.
When t=0, e=0=x, ., ¢c=6%, /., o=—2{4 6% ..(1).
When t=m, o=06r —2n=4x rad. per scc.
When the wheel stops @=0 and ¢=3= scc. [from (1)].
de
From (1) i =6r—2t.
... 9=6nt_tg+cls
but §=0 when t=0, °, ¢;=0 ), §=6m—? ..(2)
When {=3x, 6=18 n*—9nw2=9x2
which is the angle turned in 3w secs.
. . ] In? 9
.. the number of revolutions= —= =TT,
27 27 2

Note 1. Equations (1) and (2) are particular cases easily deducible from
tho general formulae,
w=wg+yt and O=wot+1% f12.
where @) is the initial angular velocity and f the constant angular acceleration.
. Note 2. Thoe abbreviations r.p.m. and r.p.s, stand for ‘revolutions por
minute’ and ‘revolutions per second’ respectively.

Examples XVIII

1. A flywheel is making 180 rovolutions por minute and after 20 socs.
it ia turning at 140 r.p.m. How many revolutions will 1t make and what time
will clapse before stopping, if the retardation is uniform ? (P.U.)

2. A wheel starting from rest receives a uniform angular acceleration of
1§ radians per sccond per second. How many revolutions per sccond will it bo
making at the end of one minute ?

If the effort is taken off and if the frictional resistance of the bearings is
equivalent to a uniform negative acceleration of § radian per second por second,
in how many minutes will the wheel come to rest ?

A whecl rolls uniformly on the ground, without sliding, its ccentre
describing a straight line; find the velocity of any point on its rim and show
that its angular veloeity about tho point of contact of the wheel with the ground
is cqual to the angular velocity of the wheel about its centre.

4- A particlo falls vertically down a straight line x=a starting from
rest from tho axis of xz. Find the angular velocity and acceleration of the line
joining tho particle to the origin. Show that the particle has fallen a vertical
distunco a/+3 when the angular acceleration is zoro.

5. Two points are moving with uniformm volocities u and v along per-
pendicular linea OX, OY tho motion being towards O. When t=0 they are at
distances a, b rospectively from 0. Calculate tho angular velocity of the lino
joining them at any timo ¢, and show that it is greatest when

_au+bv
—u2+02

6. The cnds of a rod which rotates with constant angular velocity move
on two perpendicular straight lines 0X, OY. Prova that the projection of any
other point on the rod on OX or OY exccutes simple harmonic motion.

7. Prove that tho angular velocity of a projectile P about tho focus §
of its puth varies inverscly as its distance from tho focus.

[Hint. Tangent at I’ makes equal angles with SP and the vertical.]



112 ELEMENTARY ANALYTICAL DYNAMICS

8. A ctank OP rotates about a fixed centre O while the end A4 (the
piston) of the connecting rod P4 s constrained to move along 0.4. If angles
P04 and PAO are g and ¢, prove that when
the angular velocity of P is w, the linear velo-
city of 4 is

.....

_optin(0+9)

A OP .—(-!B-;T (0.

[(Hint. 2=04=0NVN+NA=0OP cos §+PAcos¢
also OP sin §=PN=PA sin ¢]

9. In Q. 8, if the perp. through O to the line 04 mests AP produced
in R; show th .t the volocity of 4 varies as OR.

[Hint. Show that OR/OP==sin (0 + @¢)/cos ¢.]
10. A circular disc of radius a is free to turn round its centro in its own
plane and a string whose thickness may be neglected, is wound round the rim
of the disc. If the free end of the string is withdrawn along a radius with

speed v, find the angular velocity of the disc when the distance of this end
from the ceutre is 2.

7°'12. Angular Velocity of a line joining two points
moving in a plane, The angular velocity about a fixed point @ of
the point P moving with a velocity » at an angle o with PQ

Vel. of P perp. to PQ  wsina
= PQ "~ == PQ »

the component velocity of P along PQ having no effect on the direc-
tion PQ.

But when P and @ both are moving

in 2 plane with velocities « and v, then v u
either possesses an angular velocity
relative to the other. Let the directions
of motion make angles « and B with B a(
Q P

PQ, the lJin¢ joining the moving points
at any instant, then the angular velocity
of P relative to @, s.e.,, the angular
velocity of the line PQ

The component of velocity of P relative to Q perp. to PQ
Diff. of Vel. components perp. to PQ

u sin a—vsin 8

== — -—P—Q-—-—-—— -
the component velecities of P and Q along PQ having no cffect on the
direction of PQ.

Whenever u sin a=v sin 8, the point P has no angular velocity
velative to @, 1.e,, the line PQ moves parallel to itself and the linear
velocity of P relative to @Q is in the direction of the line PQ.

If, however, PQ remains constant, P must have the same velocity
a8 Q in the direction of PQ, i.e., u cos a=:v cos B.

Ex. 3. Theline joining two points P and @, is of constant length o
and the velocitios of P and Q are in directions which make asngles « and 8

respectively with PQ. Prove that the angular velocity of PQ is if-%l%o-(%%@s
where u is the velacity of P.
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Ex. a. If two particles describe the circle of radius r in the same sense
and with tho same speed v, echow that the relative angular velqcity of each with
respect to the other is v/r.

Ex. 3. Show how to measure the angular velocity—
(i) of apoint about another point, and

(ii) of the straight line joining two points moving in a given manner in
a plane.

ABCD is asquare of sidc 100 ft., a person P starts from A and walks
towards B with a specd of 4 f.p.s4, at the same instant a second person Q starts
from B and walks towards C with a speed of 3 f.p.s., show that the
angular vglocity of tho straight line PQ after ¢ seconds from the instant of

12 . -
e < . t
3311400 radians per sec.; and that it is the greatest when PQ

is 60 ft. (P.U.)

starting is

7'2. Expressions for tangential and normal accelerations
for motion along a circle. Suppose that a particle moves along a
circle of radius r. Let P be the posi-
tion and v the velocity of the particle v+ v
at any instant and @ its position and
v+ §v its velocity after a short inter-
val of time §t. Let the are PQ be §s
and the angle POQ be §4, so that
Es=r34.

Now the change in velocity in
time §¢ along the tangentat P is

(v+3§v) cos §—v.
». the tangential accelerationat P
_ 1 (2+80) cos 39--v

St—0 &t
— Le (431 —1(36)*+...... ]—v
3t—-0 3t
e 30_dv o dv
andsincer---di’? therefor _dv d-i{ or —@. ds . dv !
_dt’ elore Jt.=d!3 ——dso dt’ l.e.,L-‘E.

Again, the change in the velocity parallel to PO, the normal at
Pis (v+8v) sin §6—0,

s the normal acceleration at P

(v+§v) sin §6— 80
= Lt —_ =1Lt
St—0 &t 8¢__,0(v+8v) St

_ N80 1 ds 1 o

—8¢I—J>tu (0+8e) g T =vX Gy X =7
And since v=7w, » being the angular velotity of the particle,
o r?

se ———_—_-‘—'—:r(ll‘,
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Thus, if a particle moves along a circle of radius r and has the
speed v at any instant, the resolved part of its acccleration respec-
tively along the tangent and normal (towards the centre) are

dv dv dis v? R
Gp\orvg or dt‘) and — (or ro?).
In particular, if the speed v is constant, %:i=0, i e., the accele-

ration has no resolved part along the tangent and the resultant
acceleration is, therefore, completely directed towards the centre and is
2

v
of a constant magnitude -

Note 1. Whenever a particle moveg along a circular path, the tangential
component of the acceleration changes the velocity in magnitude while the
normal component causes change in the direction of the velocity. If the former
is zero, the particle moves with a constant speed but if the latter is zero, the
motion must take place along a straight line only.

Note 2. So far as the expression for the tangential acgeleration is
zoncerned, the proof given above does not depend upon any property peculiar to
the circle and is, therefore, applicable to the motion of a particle along any

. 2y dv dv .
curve and so the expressions J2 O g OF vy can be used whenever motion

along a curve is to be dealt with.

Example. 4 particle is moving along a circle of radius a such
that the arcual distance of the particle at any time t from a fixed point of
the circle is 8. Show that the magnitude of the acceleration of the particle

at time t 138
2. (2
(@) + (@) ]

7°21.  We give below another method of proving the particular
case of the previous particle viz., if a garticle moves along a circle of
2

. . . . ..
radius r with uniform speed v, its acceleration is —Ttowards the centre
of the circle.

(Onc other proof based on kodograph will be given in Chap. XI.)
As the particle moves along the circle with uniform speed, its
angular velocity about the centre must
also be uniform.

Let o be the angular velocity and
AOP be the angle described by the parti-
cle in time ¢, then

[_AOP=wt,

X If (x, y) are the co-ordinates of the
particle with reference to the centre as
origin, we have

x=r cos of, y=r sin of,
%% = —rw sin of, %l=m cos wt,
d%x d%y

TR —ro? cos of- W:-—rm’ sin of,



MOTION 1IN A CIRCLE ' 115

>, the resultant acceleration

d3r\3 /d%y g V2 0?
/\/(dﬂ dt’) sret=ra=T
Also since s / 4 =tan ot, and since both components of the

acceleration are negative, it follows that the acceleration acts
along PO.

7°22. When a -particle describes a circle with uniform speed, sts

projection on a diameter of the circle moves with simple harmonio
motion.,

As shown above, for the point J, we have
ds
z==r cos o}, and d—; =—0w?r cos el=—olz.

It shows that the acceleration of the point M is proportional to
OM and is directed towards O, i.e., the point M moves with S.H. M.

This is a very important property of simple harmonic motion
and is frequently used as its definition.

7'23. Whenever a particle of mass m describes a circle of radius
. . vt
r, with uniform speed v, the acceleration - towards the centre must

be supplied by some force. If F is the required force, then

3
mv
F= ~o=mr w?,

If the particle makes » revolutions per second, then w, the angle
described in one second, is 2nn
s F=mr4n®n?,
. my? . . .
The force given by ——or mro? is always in absolute units and

may be produced in various ways.

In the case of a particle attached to one end of a string and
whirled round, the other end of the string being held in the hand, the
required force is supplied by the tension of the string. The action
and reaction being equal and opposite an equal amount of force is
exerted through the string by the particle at the hand in the opposite
direction. As the string is in a state of tension it is somctimes
wrongly believed that there is a tendency for the particle to move
away from the centre along the radius of the circle. In fact, if the
string breaks the particle continues to move in itsdirection of motion
along the tangent of the circle.

In the case of a railway carriage moving on a curved track, the
force necessary to compel the carriage to follow the curved path is
supplicd by the pressure of the outer rails on the flanges of the wheels,
the wicels exerting an equal amount of pressure on the rails which, if
not fixed, will leave their place causing derailment,

In the case of motor car the force is provided by the force of
friction between the wheels and the ground.
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In case of the earth moving round the sun, the required force
which makes the earth follow a curved path, is supplied by the
attraction of the sun.

Example. A mass of 12 oz. revolves horizontally atthe end of the
cord 3 ft. long, If the string makes 20 revolutions per minute, find
the tension in the string.

Here m=12 oz=} lb., r=3 ft.,

and 0=20 r.p.m.=%% r.p.s. =2—-:;—r radians per scc.
3
s T=mra?=313. ég—=n’=9‘87 poundals.

Examples XIX

1. A particle of mass 10 Ibs. is attached to a fixed point on a smooth
tablo by moans of an inelastic string 20 ft. long. The particle is set in circular
motion on the table with a velocity of 12 f.p.s., find the tension of the string.

(P.U.)

2. A mass of 20 gms. tied by a thread to a point on a smooth table is

describing a circle of 60 cms. radius in every 4 seconds. Find the tension of the
thread.

. Pour masses, each of 10 lbs., are fastened together with four strings
each 3 ?t long 80 as to form a square. This square rotates in a horizontal
plane on a smooth table at a speed of one revolution per second ; find in pounds
weight the tension in the strings.

4- A cyclist travels on a levoel track of radius 220 ft., and the coefficient
of friction between the tyres and the ground is 0:32. Find the greatest speed at
which he may travel. (P.U.)

5. An engine of mass 20 tons is travelling round a level curved track
at the rate of 30 m.p.h. If the curve is an arc of a circle of radius 1200 ft., find
the horizontal thrust exerted by the rails on the engine.

6. A motor car weighing one ton is travolling on a curved level road of
radius one quarter of a mile at tho rate of 45 m.p.h. Find the necessary force
of friction between tho wheels and the ground.

9. A string can just boar a weight of 18 lbs. without broaking. If a
weight # lb. bo attached to it and whirled round in a horizontal circle of radius
3 ft. find the number of revolutions that tho string must make in a second in
order that tho string may just escape brcaking.

8. Two particles each of mass m, are attached to tho ends of a light
string of longth a and placed on a horizontal turn-table at distances a, 20
from the contre of rotation. Prove that when tho tablo rotates with angular
velocity o the particles can remain upon it without slipping provided that the
cocflicient of friction is not less than 3aw?/2g.

9. A heavy particle of mass m is connected by a string passing through
a holo in a smooth tablo with a particlo of mass 4m which hangs vertically.
Find the numbor of revolutions per minute which the particle on the tablo
must perform in acirclo of radius 6 inches in order to keep the other particlo
at rest.

10. A particlo of mass m on a smooth tablo is fastened to ono ond of a
fine string which passes through a small hole in the table and supports at its
othor ond a particlo of mass 2m, the first particle being hold at a distance ¢
from tho hole. Find the velocity with which m must be projected so that it
may deacribe & circlo of radius c.

xx. A mass of 10 Ibs. is constrained to movoe in a circular path and makes
one revolution in one second. It is attached to the centre of a cirelo by a light
elastic string whoso unstretched length is 1 ft. and which oxtends 1/12 foot
under a pull of 4 pounds weight. Find the radius of tho circle and the tension
of tho string.
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7'3. Conical Pendulum. When a particle is tied to one end
of a light string, the other end of which is fixed at a point O, and
the particle describes a circle in a horizontal
Plane, so that the string describes a cone whose
axis is the vertical line through O, the system is
called a Conical pendulum.

Let N be the centre and r the radius of the
horizontal circle described by P, a particle of
mass m, with uniform angualar velocity o and let
{be the length of the string and ¢ the angle
which it makes with the vertical.

The forces acting on the particle are its
weight mg downwards and 7', the tension of the h
string. - g

As there is no motion of the particle in the vertical direction,
the vertical component of 7' must balance the weight.

.

- T cos §=mg ..(1)

my? C 1.
The central force=~-7* or mre® along PN which is necessary

to keep the particle moving in the circle, is supplied by the component
of the tension in the horizontal direction.

2
T sin 0=-—"—L:—=mm’=ml sin g w? ..(2)

If g is zero, the string hangs vertically and from (1) P=mg,
which is otherwise obvious.

When 8 is not zero, we have from (2)

T =mle® poundals «+(3)
and from (1)
mg_mg 9
cos f= T mle?” |o? --(4)

Thus, in order that the particle may move in a conical pendu-
lum, (cos 9 being <1) lo?>g

or m’>—ql~.

731. Now ON=h=I cos 0‘-"37 ..(5)

i.e., the vertical depth of P below O varies inversely as the square
of the angular velocity and is sndependent of the length of the string.

Also from (5), w’==-%-,

o —
and ¢, the time of one revolution:-—f— =2r /\/ —g-

If n is the number of revolutions made per second, w=2nn and
from (3)
T =4xn*n*ml poundals.

7'32. When a particle moving in a conical pendulum is also
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constrained to move on a smooth horizontal table, equation (1)
becomes

T cos §+R=mg
or =mg—7T cos §=mg—4n2n*mh [*.' cos §=1/I]
which gives R, the pressure on the table. In order that the particle
may not leave the table, mg>4n?n3mh

. 1 g . 9
s.e., n<§; 5 or e< /\/—-};-

Example 1. 4 mass of 2 lbs. suspended by a string 1 ft. lorg is
revolving in a conical pendulum. Find the greatest number ‘of complete
revolutions per second of the pendulum when the greatest tension that the
string can bear is 10 lbs. weight.

Let » be the required number of revolutions per sec., then

a=2rn
oo T sin §=mr w3=ml sin §.473n?
ie., T=mld4r%n3 =21 4n2n8,

But the greatest value of 7=10 lb. wt.=320 poundals.
o 320=8n2n? or n’—g-:-=4 approximately.

Hence the greatest number of revolutions per sec. is 2.

Example 2. A string of length 1 has its ends fastened to two
ypoints A and B in the same vertical line at a dislance a apart. If a
smooth bead P on the string rotates uniformly about B so that BP is
always horizontal, prove that the angular velocity is

29 3
! [a (l*—a*)] ’

2
Show also that P is nearer to B than A by —-.

l

Let the required angular velocity be », and let BP=r, so that
AP=l—r.

The bead being smooth, the tension
along the string is the same throughout its
length, so that tension along PB

=tension along Pd=T, say

.. for motion of the bead, we have

vertically, T’ cos §=my,

or P=img sec @

and horizontally,

mro?=T41"sin §=mg scc (1+4sin g)

l—r r gl
. 2 — ) L
- TOTEY a(l+t—-r>_a’
mq or .,,azﬂf_
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2. 3
But from the triangle 4BP, (l—r)2=(a®+7%), or r=l 3 la .
. L__q_l_' 21 . _ [___29 :l}.
U Y8 Be, o=l a(l?—a?)
2.3 2
Also AP—BP=l—-r-r=l—2r=l—l——l~a—=—aT.

Example 3. A4 particle of mass m is attached to an elastic
string of natural length a and modulus equal to the weight of the
particle. Find the least angular velocity with whick it can move in a
conical pendulum,

If I is the extended length of the string, we have

T cos §=myg ..(1)
and T sin g=me?r=moe?lsin § i.e., T=mlw? ..(2)
Also by Hooke’s law, T =mgl—%9- «.(3)

From (2) and (3), mm’l:mgl—%gl te., l= A

_mg_ 9 _g—aw?
From (1) and (2), cos = T =0t~ gt

. m2>_.'(l

Hence as cos §<1, g—aw?<ao?, i.e 2"

.~ the least angular velocity is /\/21—-

Examples XX

x. 1fin Fig. Art. 7:3, m=6 o0z., h=} in., =18 in., find T.

2. A light chain 10 ft. long is attached at one end to a fixed point and
at the other end to a small ball of mass 20 oz. If the ball revolves in a conical
pendulum with an angular velocity of 176 radians per minute, ind the tension
in the chain to the nearest ounce.

A mass of 5 lbs. rotates as a conical pendulum at the end of a string
6 fect long which can just sustain a weight. of 20 Ibs. Determine the greatest
number of complete revolutions that can be made by the string in one minute
without breaking.

1f the velocity of the bob of a conical pendulum is v and the length
I, prove that the inclination of the string to the vertical is given by

sin2 9 22

5. A conical pendulum consists of a small particle of mass 0-1 pound
attached at the end of a light inextensible string 2 ft. long rotating about a
vertical axis. Show that the relation between the angular velocity of revolu-
tion n and the inclination @ of the vertical is 2n2 cos § =g.

When the inclination is 30° find the angular velocity in revolutions per
minute, and the tension in the string in pound-weight. (P.U.)

6. A heavy particle fastened by a light inextensible string to a fixed
point 4, is moving in a horizontal circle at the rate of n revolutions per sec,
Prove that the point 4 is at a distance g/4n2n? vertically abovo the centre of
the circle. (Roorkee 1953)
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7. Show that the time of revolution of the particle in a conical- pendu-
lum varies as the square root of the depth of the particle below the ﬁxed(poitx}t.
P.U))

8. The length of the cord holding the bob of a conical pendulum is
15 cms. and the mass of the bob is 40 gms.

(1) Find the least height of tho pendulum and the greatest velocity
of the bob when the string can bear a tension of 50 gms. in free
motion.

(2) Find the pressure on a horizontal plane at a depth of 5 cms.
below the fixed point when the bob makes one revolution each
second.

(3) Find the greatest number of complete revolutions per second so
that the bob may not leave the plane.

9- A particle of mass m is attached by a light rod of length l to a fixed
point at a height } I above a smooth horizontal table on which the particle is
describing a circle with velocity »v. Show that there will be a pressure on the
table if v2<$ g, and find this pressure.

10. Two small weights of 2 oz. and 1 oz. respectively, are connected by
a light inextensible string a foot long, which passes through a smooth ring.
The 2 oz. weight hangs at a distance of 9 inches below the ring while the 1 oz.
weight describes a horizontal circle. Show that the plane of the circle is 14
inches below the ring, and show also that the one ounce weight makes very
nearly 153 r.p.m.

xx. A horizontal bar 4B of length b is made to rotate with a constant
angular velocity  about a vertical axis through the end B. If the particlc is
attached to A by a string of length I, and the string makes an angle § with the
vertical when the motion is steady, prove that

tan 0==i;3 (b+41sin 9).

12. An clastic string of natural length I is extended by an amount z
when it supports a mass m at rest, and js extended by an amount y when it
is rotating as a conical pendulum carrying a particle of the same mass. Show
that gy=z(l+y)n.

13. A particle is attached to an clastic string of natural length ! and
modulus equal to five times the weight of the particle. Tho particle is whirled
80 as to move in a conical pendulum of height . Show that when the motion
is steady, the velocity of the particle must be v gl .

x4. A conical pendulum consists of a light elastic string of natural
length { and modulus A attached to a bob of mass m. Show that when the
pendulum rotates with an angular velocity ), tho inclination to the vertical is
given by

N2 cos Q=g(r—mw?l).

15. () One end of a string 2! ft. long is fastoned to a point 4 on a fixed
smooth vertical rod ; tho other to a small ring P of mass m 1bs. which slides on
the rod ; another mass Q of m’ lbs. is fastoned to the middle point of the string

and rovolves with velocity v in a horizontal circle go that the angle AQP is a
right anglo. Prove that

lg 2m+4m’
P IS U
N T m’ (P.T)
(s5) If m=m’ and Q moves with uniform angular vclocity @ about the
rod, show that tho inclination of both portions of tho string to tho vertical is

cos‘l(l%?z),

16. A particlo is ticd by two cqual strings cach of length a to two
points in the same vertical line, about which the particle revolves with cons-
tant angular velocity @. If the strings are both taut and inclined at an angle
0 to the horizontal, prove that the ratio of their tensions is

. (ats? sin §+g) : (aw? sin §—g).
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*x7. The Qovernor af a steam engine, making 180 revolutions per minute,
takes up the position shown in the sketch, the rods AC, BD, CE and DF being in-
clined at the same angle of 30° with the vertical. It ts required to find W, the
weight of the loaded slecve, the mass of each ball being given.

The piece AB is fixed to the vertical spindle and the rods 40, RD, OH
and DF are freely hinged at both ends, so that when the spindle rotates the
sleeve EF can slide up and down, the balls C and D
moving in a horizontal circle.

Take AB=EF=2"; AC=BD=CE=DF=6", m, the
mass of each ball=2 lbs. and the mass of the rods
negligible.

Now, r the radius of the circle described by each
ball=0C=0OL+4LC=}% AB+AC sin 30°=1+86X §=4; "

== t.
®, the angular velocity of each hall=180 r.p.m.
180
=60
Let P be the pull in each of the rods AC and BD

X 21t=06r rad./sec.

and Q . ’” . CE and DF
For motion of one of the balls, say C, wo have :—
vertically, P cos 30°=Q cos 30°+2g, s.c., P—Q= %g ()
horizontally, (P4-@Q) sin 30°=mrw3=2X§ X 36 X 2, t.c., P Q=48x2 . (2)
4 3 4 3 4
e = y J——— —_— —— _———— ———
20=4871 - glzl( S nz_ﬂa)g 5 o Tbs. wt.

Now resolving vertically for the sleeve EF, we have

E 4y V3 3x1-73x99
W=2Q cos 30 =(——2~-1g3...q3) ~2_-=--._-.i

~2=10-84 lbs.

13. In Ex. 17, ind W when '
() AB, AC etc., are as before, m=11b., w=210 r.p.m,
(¢¢) AB=3", AC=10", m=3 lbs.,, w=120 r.p.m.

7'4. Rotating Sphere. A hollow smooth sphere is rotating
with umiform angular velocity o about « vertical diameter, to find the
position of relative rest of a particle placed in it.

Let P be the position of the particle and let
A OP==a, the radius of the sphere,
PN =r, the radius of the horizontal circle
described by P,

/L PON—=9
h and R, the pressure of the sphere on the particle,
then
P R cos §=mg (D).
B mg and R sin §==mo?r=mo®s sin ¢ < (2).
~. from (1) and (2), we get
wig |
tan 0==—g— sin ¢ ..(3).
or sin @ cos a=—4q—§~ sin §.
aw

Either sin =0 i.e., =0 and from (1) R=:mg, which gives the
lowest position as the position of rest,

or CcoSs = _g_ .
aqw
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Since, cos <1, —a%‘-<1, & i

—

Thus if the angular velocity fall short of /\/ —%—, the particle
will rest only at the lowest point.

Examples

x. A particle moving on the inside of & smcoth sphere of radiusr,
describes a horizontal circle at a distance gr below the centre of the sphere.

Show that its spead is §4/6g r.
2. A smooth cup in the form of a paraboloid is set whirling with
angular velocity o about its axis which is vertical, Show that a particle will

remain in equilibrium on any part of its surface if w=1/g/2a, where 4a is the
latus-rectum of parabolic section of the cup.

3. A body ismoving in a circle making n revolutions per sec. on
the surface of a smooth hollow cone of vertical angle 2x. Show that the
distance of the body from the axis of the cone is

goota
4nt2n?

3. A cyclist’s circular racing track is part of a cone with axis vertical,
vertex downwards, semi-vertical angle 60°, and radius 120 ft. If the co-

efficient of friction is 0-3, find the maximum and minimum speeds possible
on the track. (Punjab Public Service Commission)

[Ans. 64 ; 30 ft. per sec. approx.]

7'5. Motion of a bicyclist on a curved path. Whena
man runs or rides a bicycle on a curved path (supposed to be nearly
A circular), he always leans towards the centre
S of the path. By this the reaction of the
ground becomes inclined to the vertical.

R Let the machine and the rider be repre-
sented by the line 4B inclined at an angle ¢
to the vertical. The forces acting on the

M3 \ g| machine are :—

() the total weight mg acting at @, the

% centre of gravity of the machine and the
£ 8 rider, and (i) reaction S, passing through B,
the point of contact with the ground.
Now for motion in a horizontal circle, there must be a force
me¥/r acting towards the centre of motion. In this case this necessary
force which has to act at @ is the resultant of § and mg.

Since mg acts at G, therefore, S must also pass through G.
Resolving vertically and horizontally, we have

S cos §=mg .. (1)
2
and S sin 0-2;— ..(2)
v2 .
oo tan 0='—r.-q_', . -(3)

which gives the inclination of the machine to the vertical in terms of
the velocity and the radius of the path described.
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The result shows that whenever v is large and r is small, ¢ is
large, t.e., the cycle is in danger of falling to the ground if the
cyclist either takes a sharp turn or takes a turn while moving at
great speed.

F, the horizontal component of S, is the force of friction and
2
=§ sin a=—7—n;—,

R, the vertical component of S=38 cos §=mg.
mo2
r
really tho resultant effect of the forces mg and S.

Note. It is important to note that is not an external force but is

7'6. Motion of a railway carriage or a motor car on a
curved level track. When a railway carriage moves along a curved
horizontal path (supposed to Dbe c

)

circular), the force i:— towards the

centre of the path is supplied by the my2
horizontal component of the pressure _/

of the rails on the flanges of the R G
wheels. k

Let ABCD be the section of a £ mg 1
railway carriage by the vertical plane < <
perpendicular to the direction of /2 B y A
motion through G, its centre of gravity
(supposed to lie midway between 4 and B), 4 and B being the points
where the wheels touch the lines.

Let AB, the lateral distance between the wheels be 22, and &
the height of G above AB.

T.et Py, P; be the resultant vertical components and F,, F,,
(Fy+Fy=1T) the resultant horizontal components of the pressures of
the rails on the wheels on the two sides.

Also, let 7 be the radius of the curved path described, and v the
velocity of the train.

']
The effective force -;'-'-;3— acting at G is the resultant effect of all

the forces (F,, F,y, Py, P, mg) acting on the carriage.
Resolving in the horizontal and vertical directions, we have

P,+Py=mg ..(1)
2
and F=F,+F,= ’-";‘L (2.

. mo? .
The last equation shows that the force ——is equivalent to a

force acting along the line AB, not passing through G, the centre of
mass of the carriage.
761. Upsetting of a carriage on a curved level track.

mv? .
As all the forces on the carriage are equivalent to - acting
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at G, therefore the sum of the moments of the forces about any point
3

. mv
is the same as the moment of -

Taking moments about 4, we have

.2
ﬂ:—- h=mg.a—P,.2a

. v3h
t.e., P,=§m(g-—r;-> .. (3).
»  from (1) i.e., Py+Py=mg and (3), we have
vih
Py=mg—Py=im 9+ (4).
This shows that P; is always positive and increases with v,
gra

while Py decreases as v increases and vanishes when v’:T so that

the wheels on the inside of the curve are no longer in contact with
the ground and the carriage begins to tilt about A4 towards the outside
of the curve if
gra.
— .. (5).
v> h (5)
It shows that v islarge when a is large and & is small so that
the danger of upsetting is minimized by keeping the centre of gravity
of the carriage as low as possible and distance between the wheels as
large as possible.

These being fixed for any particular carriage, the danger is
further reduced by keeping » small and r large, i.e., by reducing the
velocity of the carriage and avoiding a sharp turn.

Equations (3) and (4) give the vertical pressures on the inner
and outer wheels.

The motion of a motor car is exactly similar to the motion of
a railway carriage. The forces F,, F, are, in this case, the forces of
friction between the tyres of the wheels and the ground.

7°62. The result (5) given above can also be arrived s, and
the phenomenon of upsetting can be explained as follows :—

2
mv . .
The central force —,— Decessary to cause the circular motion,

should really act at G, the centre of gravity of the carriage but, actu-
ally, being produced by F, and F, or their resultant, F, it can act
only at the points of contact with the rails or ground. Now the force
F acting along AB is equivalent to an equal horizontal force F acting
at @ together with a couple which tends to make the carriage rotate
in direction BCDA, i.e.. to lift the inner wheels off the ground and to
tilt the carriage about 4.

"This fact is responsible for the upsetting of a carriage rounding
a curve at high speed. The weight mg acting vertically at G is the
only force which prevents this rotation.
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The moment of the couple tending to upset the carriage is

2
F.h=—'—’?—h while the moment of the weight about 4 is mg. a,

. the carriage will upset,
3
ifﬁ—l—;-"# >mga or if v> /\/g%r—-

7'63. We have seen that in the case of a railway carriage the
force F acts on the wheels in the horizontal direction and action and
reaction being equal and opposite the wheels also exert an equal
amount of pressure on the rails in the opposite direction. These
lateral pressures wear away the rails and are undesirable. In the case
of the motion of a motor car or a carriage moving on a curved road,

the force F appears as the force of friction between the wheels and
the ground.

2
We have also seen that the force F =z:rv—a.cting along the line

AB and not acting at @, the centre of mass, tends to upset the
carriage.

In order to avoid these objectionable lateral pressures and the
danger of upsetting, the plane of the track is banked up, i.e., itis
made inclined to the horizontal. In a railway track this is done by
raising the outer rail, so that the floor of a railway carriage moving
on a curved track is not horizontal.

77- Motion on a banked up track. How the banking up

of the track prevents the lateral pressure and upsetting of a carriage
can be shown as follows :— D

Let @ be the inclination of the floor
to the horizontal and R,, R, the normal
reactions perpendicular to the floor.

In order that there may be no lateral

mul

thrust, the necessary force ﬁrﬁ towards the

centre of the horizontal path must be the
resultant of the external forces R,, R,, and
mg acting at G.

Equating the sum of the resolved parts of the forces, and their
resultant in the horizontal and vertical directions, we have

' ]
(B, +Ry) sing==" and (R, +R,) cos g=mg.
:

tan 0=—:);£-’—- . (1)

which gives the required inclination of the track.

Thus, when the plane of the track is made inclined to the
horizontal, at an angle given by this cquation, there is no side thrust
on the track.
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Also as the resultant of the weight and the normal reactions
is "—';'i-’acting at G, there will be po tendency to upset.

Note. Equation (1) can also be obtained at once by equating the
resolved part of the resultant and the forces in the direction AB.

Thus we have m

2
cos O=mg sin O or tan ez.:_’.g, .

771, When banking up theroad, the engineers adjust the angle
9 with reference to some moderate velocity with which the trains (or
cars on roads) are generally expected to move. If the actual velocity,
say V, of a train is different from v, which the engineers have taken
into account in banking up the road, some lateral thrust, (friction in
the case of a car) say F, comes into play.

Suppose that the force F acts along AB when the velocity of
. . mV
the carriage is V, then

cos @, the component of the central force

o
down the slope is supplied by F, and mg sin g the component of the
weight.

4]
Hence mr cos §=F+mgsin ¢
3
s.e., F="—n—f—- co8 §—mg sin g

Qanatca’ l)y
&

Mr. N. Sreekanth =m cos o(-—r— —g tan o)

M.Sc.(Maths) 0.U, Pi_pt

=m cos 0(- ; ) [by (1) Art. 7°7.].

Thus, if V (tbe actual velocity of the train) is greater than v
(the velocity for which there is no side thrust for the inclination 6),
F is positive, i.e., it acts in the direction AB and is caused by the
pressure of the outer rail at 4 while if V is less than v, F is negativc,
it acts in the direction BA and is caused by the inner rail at B.

Exactly the same results apply to a banked up motor track.

Examples XXI

x. A bicyclist is revolving round a circular garden at the rate of 15
m.p.h. the diameter of the garden being 100 yards. Find at what angle to the
vertical he should keep himself inclined in order to maintain the speed.

2. Find the horizontal thrust exerted on the rails by an engine of mass
25 tons going round a curve of radius 440 yards at 36 miles per hour.

If there is to be no horizontal thrust on the rails, show that tho track
must be banked at tan—1 0-066.

3. An acroplane moves at 80 m.p.h. ina curve of 110 yards radius.
Show that the plane must be banked at nearly 59° to the horizontal.

. A mass of one pound is suspended by a string 2 ft. long in a railway
carriage. Show that when the train is moving round s curve whose radius is
1.452 ft. at the rate of 30 m.n.A. the tension of the string is increased by about

x'; °f an ounce and the horizontal displacement of the mass is nearly one inch,

s. If a particlo of weight W is suspended from the roof of a railway

carriage which is moving with a constant speed v, in a curve, prove that, in the

position in which the &utlcle is at rest relatively to the carriage, the tension of
the cord is W(l+ o= )*. where p is the radius of curvature of the path.
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6. A merry-go-round is revolving in a horizontal circle of radius, 3 ft.
at the rate of 7 revolutions in 22 secs. A child of weight 20 lbs. rides a wooden
horse suspended by a string 45 ft. long.

Find the tension in the string and show that its inclination to the
vertical is tan™1 §.

At what point will the child fall on the ground if he loses hold of the
horse whose height above the ground is 4 ft.

7. If on a railway curve of radius 400 yards the distance between the
rails is 5 ft. and the super-elevation of the outer rail is 3 inches, and if there is
to be no lateral thrust on the rails, show that the velocity of a train must be
about 30 miles per hour,

What is the lateral thrust on the track produced by an engine of weight
10 tons (1) at rest, (2) moving at a speed of 25 m.p.h., (3) at a speed of 35
m.p.h. ?

8. Find the velocity with which a train can travel without side pres-
sure, on & curved portion of the Kalka-8imla railway track of gauge 30* : it is

given that .
S==1}" and R=261 ft.
where § stands for the super-clevation and R for the radius of the track.
Also find the same when S=2}", and R==140 ft.

A railway of gauge 5 ft. is taken round a ourve of § mile radius.
What super-elevation must be given to the outer rail in order that a train
travelling round that curve at 30 and 60 m.p.h. may impose the same side pres-
sure on the inner and outer rail respoctively ?

10. A motor racing track of radius a is banked at an anglo «. Obtain
an equation which will give the spe~d for which the track is designed. Show
that if the spevd of a car is one-half this speed, there will be a total transverso

frictional force of 2 W sin a betwoen the car and the ground, W being the weight
of the car.

__zx. An engine of weight W 1s at rest on a railway curve of radius r,
which is banked up to suit a speed v, show that there is an internal lateral
thrust on the rail of magnitude.

]
W=
VArmg
12. The axles of a motor car are 4 ft. 6 in. in length and the centre of
gravity of the car is 2 ft, above the ground. Prove that the car will overturn

if it is driven round an arc of radius 30 ft. at a speed greater than 22:5 m.p.h.
It is assumed that the car does not skid.

zs. The velocity of & motor-car is v, the distance between its wheels is a
and the height of its centre of gravity above the ground is A, show that the
radius of the smallest circle which the centre of gravity can describe, without

. ; . 203
the inner wheels leaving the ground is a7 .

14. A tram with wheels 5 ft. apart weighs 2 tons and has its C.G. 8 ft.
above the ground. Find the pressure on the sides of the track and the vertical
roactions on the wheels when it moves round a curve of 100 yards radius at 24
ft. per second.

What is the smallest radius of the curve in which the tram can move at
this speed without overturning ?

REVISION QUESTIONS VI

. . Show that the angular velocity of a moving point P about a fixed
origin O is vp/r?, where OP=r, v i8 the velocity of P and p is the perpendicular
from O on the direction of motion. (Roorkee)

2. If a particle describes a ocircle of radius g uniformly making one
revolution in n seconds, prove that its acceleration is directed to wards the
centre and is

4ria

_——

n
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Show that the effect of the rotation of the earth is to lessen the apparent
weight of a body at the equator by about Fiy of itself.

[Take the circumference of the earth as 40,000 kms. and g as 980 C.G.S.
units.})

3. A belt, the mass of which is m lbs. per foot length, passes round half
the circumference of a pullcy wheel, the speed of belt being v ft., per scc. If Ty
and 7’3 be the tensions in the two sides of the belt, show that, neglecting the
weight of the pulley, the total pull on the pulley is equal to

2
[:rl + T,..z_";L]lbs.

A particle of mass m is attached to a point O by an inextensible
string of length I. Prove that it can deseribe a horizontal circle about a point
vertically below O with uniform angular velocity @, provided lw2>g.

Prove that if the string is elastic this condition is replaced by

w?
lol ? >)~"'mlow2>0,
where 3 is the modulus of elasticity and ly the natural length of the string.

8. A string of length ! has its ends fastened to two points 4 and B in
the same vertical line, 4 being above B. A4 bead C on the string rotates about
AB with uniform angular velocity w. Show that

L o . g
(i) if the string is not vcrtical, cos A—cos B'—a—ﬂbm?'
(#5) BC is horizontal, if m2=r.29£2._ .

' c(i2—c2)

6. The point A is vertically abave B and AB=1. The ends of a string
ABC of length 2l are fixed at A and B. A bead of mass m, which can slide
freely on the string describes a horizontal circle with angular velocity w about
AB. The plane in which C moves is at depth y below 4. Show that
’ y=1% l4+4g/3w2.
A railway carriage 18 travelling on a curve of radius r with velocity
v ; if b be thoe height of the centre of inertia of tho carriage above the rails and
2a the distanco between them, show that the weight of tho train is divided
between the inner and the outer rails in tho ratio of gra—v2h to gra4-v2h ard
hence show that the carriage will upset if

gra

v> W (P.U. ; D.U. Hons. 1927)

8. If the maximum and minimum specds of trains on a certain curve
of radius r are v and u rcspectively, show that, if the track is banked up so
that the slecpers are inclined at an angle 8 to the horizontal such that

v2+ uz
tan = 2g7 »
then the outer lateral thrust of the fastest train is equal to the inner lateral
thrust of the slowest train, assuming their weights to bo equal.

. A train starts from rest and moves on a level uniform curvoe with
acceleration f. The outer rail is raised so that the floor of the carriage is in-
clined at an angle a to the horizontal. Show that a body cannot rest on the
floor of the carriage unless the co-cficient of friction between the body and the

floor is groater than NJS*t+g?sinta
g cos a o
10. A cyclist rides with velocity v on a circular track of radius a on
level ground. Determine the angle of friction, A, between thc wheels and the
ground necessary to prcvent slipping outwards. (Ans. tan™1 v2/ag)

If tho track were banked up to an elevation 8, prove that the necessary
angle of friction would be A— B, where 2. is the anglo determined in tho first
part of the guestion. . (Bm. U.)

4



CHATTER VIII
MOTION ALONG A SMOOTH VERTICAL CIRCLE
SIMPLE PENDULUM

81/ When a particle is constrained to move along a circle we
generally find its motion by 1+ « 1.ii.: the forces in the tangential and
normal directions and writing the equations of motion in the form

dv mo?
P == =F .
my—- F, and ; 'n

In the particular case bf a particle moving aleng a horizontal
cirele, if F, is zero, the first equation shows that v is constant. This
case was discussed in the previous chapter.

Now we consider another particular case, namely, the motion of
a particle on a smooth circle in a vertica} plane when the force acting
on it is the force of gravity only.

(We may conceive of a smooth curve by the concave or convex
side of a circular strip of smooth mectal.)

In this case, the first cquation, gives rise to a simple relation
between the velocities at any two points of the circle and the vertical
distance between them.  This relation is obtained in the next article
and will be frequently used in latcr discussions of circular motion.

82. A particle is projected along the inside of the arc of a
smooth vertical circle, from any point in it with velocity v,. T'o prove
that vy, the velocity of the particle, after it has moved through a height
h, is given by

VQ’-:: vﬁ -— 2gh.

Let O be the centre, A the lowest point and r, the radius of the
vertical circle.

Let a particle of mass m move along
the arc BP(C, B bting its initial position
where its velocity is v, and C the final
position where its velocity is v,.
Let v be the velocity of the particlo 0 c

at any point P and let £ AOP=§ and - R
arc AP=s, o

The only external forces acting on N
A

the _particle are its wcight mg, acting
vertically downwards, and the pressure B ' .
of the curvein the direction of the normal. !

Equation of motion of the particle mg
along 7'P, the tangent at P, is
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mv% =sum of the components of the forces along 7'P

=—mg sin §. -« (1).
dv dv dg 1 dv _. _
But =% B W [since s=rg].

o~ the equation (1) can be written as: ”‘% =-—rg sin @.
Integrating, we have $v3=rg cos §4+c=g.NO+c
=g(40—AN)+c=g(r—y)+c,

where y is the height of P above 4.

Now at B where v==v,, let y=y,, so that

Joi=glr—y;)+c.
Also at C where v=1v,, let y=y,, then
v’ =g(r—ya)tc.

Subtracting, we get 3v,2—3}v,2=—g(y,—v,)
or g2 =0,2—2g(y,—y1) =02"—29h,
where % is the hcight of the point C above the point B.

If, instead of moving upwards, the particle slides down the arc
of the circle with an initial velocity u, the velocity v after moving a
vertical distaunce % is given by v2=u2+2gh.

If the particle slides from rest, v2=2gh.

Thus the tangential equation of motion of a particle, moving
along a circular arc, gives us its velocity at any point on the arc.

The normal reaction R on the particle, is then obtained from
the equation of motion along the normal, viz.,

2
y;-————sum of the components of the forces along the normal
=R—mg cos §.

Similar results for the general case of motion of a particle along

any curve will be given in Chapter XIII.

Example. A heavy particle is free to movo in a vertical circle of
radius I, tho particle is projected with velocity u from the lowest point 4 of
.tho circle. If v bo its velocity when it has risen a vertical distance ), prove
that v2=u® - 29k, If it just reachos a point 13, show that

u=\/ ;9;_ AB. | (P.U.)

We now consider various cases of motion of a particle
moving along a smooth vertical cirele, 7.e., along the concave or
convex side of & smooth strip of metal bent into the form of a vertical
circle.

8'3. Motion on the outside of a smooth vertical circle.
A particle starts from rest al the highest point and moves down along the
outside of the arc of a smooth vertical circle, to discuss the motion.
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AOB is the vertical diameter of the oircle of radius r, P is
any position of the particle and PN is drawn-perpendicular to AB.

Let AN=h and /£ AOP=g,
If v is the velocity at P, then by Art. 82 we

have A P
vi=2g. AN=2gh. (D). U
Equation of motion along the normal PO, is [/
2
%’—’—emg cos §—R

(the particle being outside the arc, the pressure

on it is outwards.) 8

. P iy r—h 2gh r—3h

S R_m(g cos 0—--;-)-m( §— — = )=mg——,

which gives R, the pressure of the curve on the particle.

R vanishes when k=—-;—, the particle no longer presses the arc
and leaves it. It afterwards moves in a free parabolic path.

8:'31. To find the equation to the subsequent parabolic path.

Take the point where it leaves the curve as origin, the horizontal
line as the axis of 2 and the downward vertical line as the axis of y.
If v is the velocity at that point, then

2
v’=2gh=2g.—’§ =9

The direction of motion at the point makes an angle §, with the
horizontal given by

_ON _4r 2 _NS
coso—-op_..r__3 or tana—z.
. . gx?
The equation to the path is y==tan §+ 5, e

—_—— 7 . y2
=3 *F5igs 2 T ie *

This is the required equation to the parabolic path whose latus-
rectum=4}%r.

2 hd
NA) gz “\If)--x n 27

8'4. Motion on the inside of a smooth vertical circle.
A particle is projected from the lowest point with velocity v and moves

along the inside of the arc of a smooth vertical circlé, to discuss the
molion.

AOB is the vertical diameter of the circle. P is any position of
the particle and PN is drawn perpendicular to A B.

Let [ BOP=g, OP=r, and BN=h

then h=r—r cos @, a relation between A and 4.
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If v is the velocity at P, then by Art. 82, we have

v3=u3—2gh ..(1)
Equation of motion along the normal PO is
my?
——;—=R-—-mg cos 4.
. my? L (ut—2gh  r—h
o R——}—-}-mg cos a-_m( " +g . )
=—'r2'-[u’—-3gh+gr] in terms of &, ..(2)
mg  or =-7—:-(u’—2gr+3gr cos @) in terms of 4.

Equation (1) gives the velocity of the particle and equation (2)
gives R, the pressure of the curve on the particle.

2
(a) At the lowest point B, k=0, (§=0) and Rz-’% +mg (3)
() At highest point 4, where A=2r (§=m),
R=L:—[u’—5gr] and by (1), t2=u2—4gr,

In order that the particle may not leave contact with the arc of
the circle, R should not vanish till the particle reaches the highest
point, i.e., u®>5gr for which value of u, the velocity v also does not
vanish at any point ; thus the particle makes a complete revolution.

It must also go on making complete revolutions subsequently
provided the resistance of the air is altogether avoided and the arc is
ideally smooth which in practice is impossible.

When u2=>5gr, then from (3) R=6mg so that if the particle is
projected with a velocity just sufficient to take it to the highest point,
pressure at the lowest point=6mg, six times the weight of the particle.

To consider other cases, suppose that the velocity v vanishes at
a height &, and the pressure R vanishes at a height A,, then from (1)
and (2), we have

u? u+-gr
kl— '2§ and hzo— 3g
,2 2
© <ty if . <" 3:; 9 i e., if W< 2gr.

Thus if the velocity of projection, v is less than the velocity
sufficient to take the particle to the level of the horizontal diameter,
the velocity vanishes before the pressure vanishes. The particle,
therefore, stops and moves down, acquires some velocity at the lowest
point B, moves on the other side of B through an equal hcight and
gocs on moving to and fro just like the bob of a clock pendulum.

oW gr  w?

(@) hy<hy if —.3?‘1 <y i ut>2yr.

8o that if #2>2gr, and u2<5gr i.e., when the velocity of pro-
jection is sufficient to take the particle higher than the level of the
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horizontal diameter and is insufficient to allow the particle to make
complete revolutions, the -pressure vanishes before the velocity
vanishes. The particle, therefore, leaves the arc and on account of
the velocity it possesses, it moves freely along a parabolic path whose
equation can be obtained.

Hence we obtain the following results :

(3) When u3<2gr, the particle oscillates on each side of the lowest
point.
(3%) When u3>2gr but <bgr, the particle leaves the curve some-

where above the level of O, and describes a parabola.
(#7) When u3>5gr, it makes complete revolutions.

8:'41. Bead on a smooth vertical circular wire.

In the case of motion of a bead on a smooth vertical circular
wire or that of a particle moving inside a smooth vertical circular
tube, the bead or the particle necessarily keeps to the circular path
and the question of its leaving the circle does not arise.

In the case when #2>2gr, and <5¢r, the pressure vanishes for
an instant somewhere in the upper half of the circle and then it
changes sign, so that instead of the bead pressing the wire outwards,
it begins to press it inwards above that point.

In this case the particle can reach the bighest point if »*>4gr.

8'42. Motion of a particle attached to the end of a
string. If a particle is hanging from a fixed point by a light inex-
tensible string and is projected with a certain horizontal velocity, the
motion is cxactly the same as that of a particle moving inside a
smooth vertical circle. We have only to substitute the tension T for
the pressure R, and the length of the string I, for the radius r of the
circle in the discussion of Art. 8'4.

In the case when u*>2gl and <5gl, the tension vanishes some-
where above the point of suspension, the string becomes slack, and
the particle describes a parabola freely so long as the string does not
become tight again.

In order that the particle may make complete revolutions, the
string must he strong enough to bear a tension of at least six times
the weight of the particle.

[This can be deduced from (3) Art. 8-4, by replacing Rby T', r by ! and
taking the least valuo of u given by u3=>5gl.]

Note. A heavy particle attached to a fixed point by a light string and
swinging in a vertical plane is usually known as a stmple pendulun.

Example. One end of astring 04, lfeot long is fixed and a body of
woight w lbs, is attached to 4. Tho body is projected horizontally from ita
lowest position with veloeity u ft./sec. Show that as long as the string romains
taut, the tension in the string is

-;;';— (u2—2gl+4-3gl cos @) lbs,,

where @ is the angle 04 makes with the downward vertical.

. (i) If ud=11gl, show that the maximum tension is twice the minimum
tension. (P.U.)

(#3) If u3=(2443) gl, show that the string bocomes sluck after it has
described an angle cos™1 (—1/43). (D. U,)
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Examples XXII-A

x. The roadway of a bridge over a canal is in the form of & circular
aro of radius 604 ft. What is the greatest velocity with which a motor cycle
can cross the bridge without leaving the ground at the highest point.

2. A glass containing some water is suspended by a string of length r
and made to turn along a vertical circle of that radius. Bhow that in order to
prevent water from spilling outside, the velocity at the highest point must be
at loast 4/gr.

3. An acroplane describes a vertical circle of 150 yards radius. Find
the loast velocity it must have when upside down at the highest point in or cor
that no force may be necessary to keep the pilot in his seat.

. _What force is required to keep the pilot in his seat whou the aeroplano
is moving upside down at the lowest point of the circle with a velocity which
is just sufficient to take it to the highest point ?

4. A trick cyclist rides inside a sphere; riding head downwards past
the highest point. If the greatest velocity with which he can reach half-way
up the sphere is 30 m.p.h. and if he does not pedal in the upper hemisphere,
what is the diameter of the largest sphere in which he can perform his feat
without leaving contact with the sphere ?

. Also find the least sir_)eed the cyclist must have when upside down at the
highest point of a sphere of radius 21 ft., the mass of the machine and rider
being supposed to be concentrated at & point 3 ft. from the track.

5. In a centrifugal railway a car runs down a long slope and then the
rails take a turn round a vertical circle of 30 feet diameter, so that the car and
pessengers are upside down at the top. What is the least vertical hoight
through which the car must descend before entering the circle in order that it
may not leave the rails.

6. A particle attached by a light string of length 3a to a fixed point
describes a horizontal circle of radius ¢ with uniform angular velocity ®, prove
that 242a02=9g.

If when the particle is moving in this manner, it is suddenly stopped
and then let go, find its velocity when the string is vertical in the subsequent
motion.

%. A particle slides from rest down the rim of @ smooth vertical circular
dise, starting from the position in which the radius through the particle makes
an angle a with the vertical. Prove that the particle leaves the disc when tho
radius through it makes an angle of cos™ (§ cos ) with tho vertical.

(a) If the particle starts from rest at a depth §r below the highest point
show that it leaves the disc at a height 4 above the centre.

(b) If it starts from the highest point with an initial velocity due to a
fall from a height A above the centre, show that it will fly off the disc at a
height §h above the centre.

8. A particle is projected horizontally with speed4/}ug from the highest
point of the outside of a fixed smooth sphere of radius z. Show that it will
leave the sphere at the point whose vertical distance below the point of pro-
jection is }a. Find the magnitude and direction of the velocity of the particly
when it strikes the plane upon which the sphere stands.

9. Tho bob of o freely hanging simple pondulum of length 1 is projected

frcm its lowest position with speed 4/8gl.  Find the velocity of the bob and
tension in the string when the string makes 120° with tho downward vertical.
Weight of the bob is ¥, (P.U. I95I)

0. Find the greatest angle through which a person can oscillate on a
swing, ropes of which can support twice the person’s weight when at rest.

If the ropes are strong enough and he swings through 180° and if v is his
speed at any point, prove that the tension in the rope at the point is 3",’;"’
where m is the mass of the person and ! the length of the string. i
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. 1x. A stone of weight w is tied to one end of a string and is describing &
circle in a vertical plane, the other end of the string being fixed. If the max.

speed of the stone is twice the min. speed, prove that when the string is
horizontal its tension is 10 w/3.

Also find the tension when the string makes an angle of 45° with the
downward vertical.

. x2. With what velocity must a particle be projected from the lowest
point 9f a smooth sphere of radius a in order that moving inside the sphere it
may just reach (i) the end of the horizontal diameter, (ii) the highest point ?

(a) Show that the reaction at any poinrt is proportional to the depth

below the horizontal diameter in the first case and below the highest point in
the second case.

_ (b) If the velocity of projection=4/2gh, and if §a >h>a, prove that
the circular motion ceases when the particle has reached the height 3(a+2A).

) xg. A heavy particle hanging from a fixed point by a light inextensible
string of length a is projected horizontally with velocity u. Show that during
circular motion the tension of the string at any time is proportional to the
depth of the particle at that moment below a certain horizontal line.

(P.U. 1954)

14- A weight of 2 Ib. is whirled round in a vertical circle with a cons-

tant speed of 20 ft. per sec., at the end of an elastic cord, The natural length

of the cord is 8 ft. and it extends 1 foot for every 7 lbs. of tension. Find the
length of the cord at the top and bottom of the path of the weight.

15. A heavy particle is suspended by a string from a fixed point and
rotates in a vertical circle. Show that the sum of the tensions of the string

when the particle i3 at tho opposite ends of a diameter is the same for all dia-
meters.

16. A mass of 10 Ibs. is attached to one end of a string the other end of
which is fixed at 0. The mass is held such that tho string is tight and horizon-
tal and it is released so that it describes a vertical circle. Find the tension in
the string when it is vertical.

In this position the string presses against a peg vertically below 0, the
tension in the string is thereby trebled. Find the depth of the peg below O.

r7. A heavy particle is projected horizontally along the interior of a
smooth fixed sphere of radius a with a velocity 24/ag from a point at a depth

3a below the contre of the sphere. Prove that the particle will just rise to the
level of the centre.

18. A heavy bead is constrained to move on a smooth vertical eircular
wire of radius . Show that the bead will describe the whole circle if projee-

ted from the lowest point with a velocity just grcater than 24/ag.

What happens when instead of the bead, a particlo is projected from
tho lowest point with the same velocity.

19. A particle slides outside a fixed smooth circle in & vertical plane,
starting from rest at the top, and another is projected from the lowest point,
inside the circle with just sufficient velocity to carry it to the top ; prove that
both leavo the circle at the same point, and procced to describe parts of the
samec parabola.

20. A small ball is ticd to one end of an inelastic string, the other end
of which is attached to a fixed point 0. It is held with the string tight at a
point which is 1§ feet above O and then let fall.  If the length of the string be

3 fect, find its velocity immediately after the string becomes tight and the
height above O to which it subsequently rises. (D.U.)

ar. A particle of mass m, attached to a fixed peg O by a string of
length {, is lifted up with the string horizontal and then let go. Prove that
when the string makes angle @ with the horizontal, the resultant acceleration

is g4/ 1+3 sintQ.
If the particlo is lct fall from a point in the horizontal through O at s
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distance I cos @ from O, show that when it is vertically bolow O, its velocity is

v/ 2gi(1—sin3_Q),
and the tension of the string is mg(3 —2 sin3 @).

Examples XXII-B

*x. Find the velociti,' With which a particle must be projected along the
interior of a smooth vertical hoop of radius r, from the lowest point in order
that it may leave the hoop.at an angular distance of 30° from the vertical.

Show that it will strike the hoop again at an extremity of the horizontal
diameter.

Show also that if the velocity of projection be \/ZF’, the particle will
leave the hoop and return to the lowest point. [Ans. A/}gri4+343)]

2. A simple pendulum is sot swinging in a vertical plane so as to make
complete revolutions. If I bo its length, show that the velocity of projection
must not be less than 4/ 5gi.

In the subsequent motion @ is the angular velocity at any point of the
particle’s path. If the maximum angular velocity is greater than @ by an
amount ¢ and the minimum angular velocity is loss by the same amount, prove
that l(x)a:g.

3. A heavy particle of mass m makes complote revolutions in a smooth
circular tube fixed in a vertical plane. Its groatest speed is n timos its least
speed. Prove that the pressure in tho tubo when the particle is moving verti-

2(n241 241
cally is __(’_‘;‘i"':_l)@?. that its spocd then is ;\/ ,1—;-—— timos its speed at the
highest point. (P.U(

‘1; A hollow cylinder of internal radius a rotates round ita horizontal
axis with constant angular velocity ®. Show that a small particle inside the
cylinder will start to slide when its radius makes an angle § with the downward
vertical given by

2
sin (9-—).)=?~:3- 8in 2,
2 boing the angle of friction.

*s. A wheol whose spokes aro of longth a is mado to revolve about a
horizontal axis with uniform angular velocity @, on one spoke a small ring fits
loosely, and initially the ring is at rost in contact with the lowest point of the
rim of the wheel. Prove that tho angle a through which the wheel turns
before the ring slides is given by

g o3 (a —A)+aw? cos A=0,
where 1 is tho angle of friction between the ring and the spoke.

*6. A particle hangs froely fromm a string of length I, it is projected
horizontally with a velocity 24/gl. Show that it will rise to a hoight of 3! be-
fore the string becomes slack. )

Also show that subscquently it will pass at a hoight %! directly over the
point of suspension,

*s. A particle at the end of a string of length [, the upper end of which
ip fixed, is projocted horizontally with the velocity 4/ngl. If the string be-
comes slack before the particlo reaches tho top of tha circle, show that it does

so0 at a hoight I(1+n)/3 above the lowest point. Prove also that the vertex of
tho parabola that it afterwards describes is higher than the puint of projection

by 57 (1+m)(8—n).

*8. A particlo is projected along tho inner side of a smooth vertical
circle, of radius a the velocity at tho lowest point being w. Show that if
#2< 5ga (>2gna) the parlicle will leave the circle before arriving at the highest
point and will describo a parabola whosoe latus rectum is

2(u2—2qa)?

grgn | (D.U.)
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SIMPLE PENDULUM

8'5. If a heavy particle is tied to one end of a light in-
extensible string the other end of which is fixed, and oscillates
in a vertical circle, we have what is called a Simple Pendulum.

We now obtain the time of oscillation of such a pendulum
when it is allowed to oscillate through a small angle only,

Let O be the fixed point, A4 the lowest
position of the particle, and P any position
such that the arc AP=g8 and £ AOP==¢.

The forces acting on the particle are its
weight mg, and 7' the tension of the string.

The equation of motion in the direc-
tion of the tangent at P is A A8

dz ) m
a—;-———mg smg . (1). J

If the amplitude of oscillation is supposed to be so small that

sin 9 may be replaced by @ (radians), we have

d3s

m

=9
If [ is the length of the string, ozfl—}-)-r_-“%—
2
so that %I;= ...—gl-a .-(2).

The equation is of the same type as the equation for a simple
harmonic motion and it shows that when a simple pendulum swings
through a small amplitude, its motion is approximately harmonic. On
integration, this equation will give the velocity and time as obtained
in Art. 42,

I 1
The period of a complete oscilla.tion=2n/'//\/ —z— = 2nv —-g—'

Note. If the equation of motion of a particle in a particular problem

d3z g

happens to be of the form 7 Rl

(2) we find that the period of motion of tho particle is the same as that of a

simple pendulum of lenngth k, k is, therefore, known as tho length of an equiva-
dir A A9

the

lent simple pendulum, e.g., in the equation qn T am T amg -z,

-z, then on comparing it with equation

. any
length of the equivalent simple pendulum is '('Yl

The pendulum of a clock beats at both the extreme positions
of momentary rest.

T
.~ time of one beat or a swing=} the period=1r/\/ —g~

A clock is correct when its pendulum beats seconds,

s.€., when RV—{—nl, which gives l=<gi~ ..(3)
g T
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Hence the length of a correct simple pendulum is,

_g 322 . 322x12 .. .
== o7 ="gar— 39'14 inches.
Taking g==981 cms./sec?., 1=99'4 cms.

8'6. Loss or gain of Oscillations. The time of an oscilla-
tion of a simple pendulum depends upon its length and the value of
g at a place. When owing to a change in either of them, the clock
does not beat seconds, it loses or gains & number of vibrations in a
certain interval.

If n is the number of beats in a certain interval of time 7°
seconds, and ¢, the time of one beat, then

T=nt=nx -—l—.
g

or n=_.T..,\/_".’_. ..(1).
] l

If now the number of beats in the same interval becomes n--dn
when [ becomes l+dl and g becomes g--dg t.e., if dn is the gain in the
number of beats due to an increase of dl in I and dg in g, then

n-}-dn———-!_,\/?__l*"zé
] l4-di

“EA/T )

GG [from (1}
‘dl dl
I ]
dg and d! being taken so small that their second and higher powers are
neglected. P )
Hence -7?:—%%?* —‘%w

The same result may also be obtained thus:—
From (1), by taking logarithms, we have

log n=log —i—-{-; log g—1% log L.
”n
Differentiating and noticing that log - is a constant whose

differential is zero, we have
Ty 7T -+ (2),
where the differentials dn, dg, dl represent the changes in n, g and 1
respectively.
8'6x. If only the length ! changes to l4-dl, dg=0.

n dl
.s d -""—2- T ..(3).
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The negative sign shows that there is & loss in the number of
vibrations, so that an increase in the length of the pendulum makes the
clock go slow.

862. If only g changes to g+dy, di=0.
. n 4 . (4).

oo dna"é“ "é“

The result being positive, the nubmer of vibrations is gained

i.e., an increase in the value of g (acceleration due to gravity) makes the
clock go fast.

Example 1. Find how many seconds a clock would lose per day
_if the length of its pendulum were increased in the ratio 900 : 901.

I+dl 901 a 1
Here —'l—-zmo or -—l—=—9-6—-0,
n=the number of seconds in a day
=24 X 60 60==86400.

. dn dl n dl 86400
Since 7--—-}—[- Sodn= — - —l—.—_—.—_m—-—-@ secs.

Hence the number of seconds lost per day is 48.

Example 2. A clock keeps correct time at a place where g=32-1
ft.]sec.2 how many seconds would it gain or lose per day if taken to a
place where g=32"2 ft./sec.?.

322 dg 01 1
Here -g':;:d—g.—_m or —?/g—zgé-‘i::-gg—i-
1 dg_ 86400
2 g 2x321
The result being positive the clock gains 1346 secs. per day.

Since =399 . 4n =1346.
n g

Example 3. A4 clock with a seconds pendulum loses 20 seconds
per day at the place where acceleration dueto gravity is 32 ft.[sec?.
Find achat change (i) in length, (it) in gravity is iicos-ary to make it
accurate.

(1) Suppose the length of this pendulum is I4-dl, then

where n=number of scconds in one day
=24 X 60 x 60=86400
dn=number of seconds gained=—20
I==correct length of the pendulum=-7; [Art. 83, (3)]
: —20
. 86400
_ 401 40xg . _ 40x32x12
786400 86400%2” " 86400 x 087

di
——%T’

or dl

or 0018 in.
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Thus the length of the pendulum was originally too long by
0'018 in. and must, therefore, be shortened by 0-018 in.

(#3) Let g be the value of gravity for correct oscillations, and at
this place let it be g-+dg=32, then

Since ill‘r.g—di’-, n=86400 and dn=—20.

. g+dg__ n+2dn 86400—2x 20 86360

° g n . 86400 86400
32 8636 32 X 8640

1.e., ~--=32'015

7 8640 ' 97 8636
Thus, g must be increased by 0-015.
8:63. Change in g due to posxtion. (@) At points above the

surface of the earth g varies as —y

te., g=—:'—;—,
where r is the distance from the earth’s centre and p is a constant.
2dr
r
Now if A is the height above the earth’s surface, then
2
dr=h and iq__ _2h,

r

Hence from equation (4) of Art. 8 62,we get
dn=—r i”l.:._”rh .. (1).
So that the number of oscillations 18 lost and the clock becomes
slow when taken to a high mountain.

(b) At points inside the surface of the earth g varies as r,
t.e., g=pr.

o log g=log pu—2log r and hence -‘-;-g-.a_

o dg=p. dr-——ldr or (Zg .g
If D is the depth below the earth’s surface, dr is negative=—D,
and, therefore, -d—g=££= _D
g r r
. _mn dg nD
o dn—’—z" '7-=-—'2~; ..(2),

So that the number of oscillations ts decreased +.e., the clock
becomes slow also when taken to a deep mine.

Example 4. A clock which keeps correct time at the surface of
the earth is carried to the top of a mountain 4 miles high ; find the
number of seconds it will lose in a day.

Here k=4 miles,

r=radius of the earth==4000 miles,
n=24x 60 X 60=86400.
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nh 86400 x4 _
From (1), dn=——-;—-=—-——;66—0——-—--—86 4 secs,

Thus, the number of seconds lost per day is 86°4.
Examples XXIII

x. Find the length of a simple corrcet pendulum at a place where
gravity is (¢) 32:1 in fout-second units, (¢7) 980 in cms. sec. unite.

2. If the time of a complete oscillation of a simple pendulum is 20
seca., find the length of the pendulum.

Find also the amplitude of the swing if the velocity of the bob at its
lowest position is 2 ft./sec.

. Calculate the number of oscillations lost per day by a simple seconds
pendulum when the length of the string is increased by T0370 of itself.

4. Show that an incorrect ecconds pendulum of a clock which loses X
seconds a day must be shortened by 4?;42 per cent of its length in order to keep

correct timo.

. A clock with a seconds pendulwin is gaining two minutes a day.
Prove that the length of the pendulum must bo increased by 0°28 cm. to mako
it go correctly. (P.U. I955)

6. If a pendulum clock loses 9 minutes per woek, find in mm. what
chango is required in the length of the pendulum in order that the clock may
keep correct time ?

7.. A pendulum ! feet long vibrates N times in T seconds, show that
when the pendulum is lengthened K feet, it will lose n beats in 7' seconds

NK
2!

8. A pendulum whose length is I makes m oscillations in 24 hours.
When its length is slightly altered it makos m +n oscillations in 24 hours. Show
that the diminution of length is 2nl/m nearly. (P.U. 1953)

where n=

provided K is small compared with 1.

A simple pendulum 2 ft. 8 m. long is found to make 100 complete
vibrations in 2 minutes 55 seconds. Find the value of g.

10. A pendulum boats seconds accurately at a place whore the accelera-
tion due to gravity is 32 ft./sec.? If takento a placo where the value of this
aoceleration is 32-2 ft./sec.?, will it gain or lose, and how many seconds in 24
hours ?

xx. A pendulum oscillating seconds at ope placo is taken to enother
place where it loses 2 seconds per day. Compare accelorations duo to gravity
at the two placos.

12. A seconds pendulum which gains 10 secs. per day at ome place,
loses 10 sec. por day at another. Compare accelerations duc to gravity at the
two places, '

13. A seconds pendulum is taken to the top of a hill 4,000 ft. high. Find
how much will it gain or lose per day (radius of the earth=4000 miles).

14. A pendulum which beats scconds at the surfaco of the earth is
carried to the top of a mountain 5 miles high ; find the number of seconds it
will lose in a day.

15. If a soconds pendulum losos 10 secs. per day at the bottom of a mine,
find the depth of the mine and tho number of scconds that the pendulum would
lose when half way down tho mine.

16. Assuming that acceleration due to gravity varies inversely as the
squaro of the distance from the centro of tho earth, find approximately tho
height of a mountain at the top of which a pondulum, which beats scconds at
sea level, loses 20 secs. & day. Tho radius of tho carth may be taken as 4,000
miles, (P.U.)
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27. A clock is taken from one place on the earth’s surface to another. If
‘the value of g is increased by one per eent., find what increase must be mada in
the length of the pendulum to keep the time of the clock correct.

18. A seconds pendulum was too long on a day by a quantity k, it was
then over-corrected 80 as to become too short by & next day. Prove that the

number of minutes gained in those two days is 1080 Ny when [ is the true

length of the pendulum.

2g. The bob of a simple pendulum of length ! starts from rest at a
point P below the level of the centre of the circle described by it ; prove that
‘when it reaches the lowest point 4 of the circle, its velocity is AP,/g/l exactly.

Show that the tensions in the thread at A and P are in the ratio
2124-24P2 ;: 212—-AP3,

s0. A particle of mass m lies on a smooth horizontal plane, being at-
tached te a fixed point in the plane by a string of length . The particle is
acted on by a force F, which is constant in magnitude and direction in the
plane. If the particle is slightly disturbed from its position of equilibrium
show that it will move like the bob of a simple pendulum, and find the period
of its oscillation.

ax. A scconds pendulum hangs dgainst a wall inclined at an angle ¢ to
the horizontal., Show that the time of a complete oscillation is

4
27 \/qain 9

aa. A pendulum of length ! has one end of the string fastened to a peg
.on a smooth plane inclined to the horizon at an angle «. With the string and
the weight on the plane, its time of oscillation is ¢ seconds. If a pendulum of
length I’ oscillates in one second when suspended vertically, prove that

. l
a=sin™1 (l_’ii_) (P.U.)
23. A seconds pendulum is in a lift which is ascending with uniform

acceleration of 1 ft./sec?. Show that it will gain at the rate of a little over 58
seconds per hour,

REVISION QUESTIONS VII

1. A heavy particle of weight W, attached to a fixed point by a light
inextensible string, describes a circle in a vertical plane. The tension in the
atring has the values mW and nW, respectively, when the particle is at the
highest and lowest points in its path. Show that n=m+86. (M.T.)

a. A smooth circular eylinder of radius r is fixed with its axis horizon-
tal and a particle which is at rest in contact with it at a point on its highest
generator, is suddenly given a horizontal velocity » in a direction perpendicular
to the axis. Prove that if u2>gr the particle will at once loave tho surface of
the cylinder but that if u8<gr, it will romain in contact with the cylinder until
it reaches a point at a depth (gr—u32)/3g below its initial position.

3. A particle slides down the surface of a smooth fixed sphere of radius
a, being slightly displaced from rest at the highest point. Find where it will
leavo the sphere, and show that it will afterwards describe a parabola of latus-
rectum ;¢ ¢, and that it will strike the horizontal plano through the lowest

9
point of the sphere at a distanco g(i‘i';';i:)f from the vertical diameter.

4- The highest point 4 of a circle, the plane of which is vertical, is
given ; a particle starting at the point, slides down the convex side of the
circle ; find the locus of the point P whero the particle leaves the circle.

{Hint. Show that the lino AP makes the samo angle with the vertical
for all circles having 4 as their highest point.)

(Ans. Tho straight lino through tho highest point making an angle
tan—145 with the vertical.)



MOTION IN A VERTICAL CIRCLE 143

s. A partiole is projected from the loweet point inside & emooth sphere
of radius ¢, with a velocity due to a height A above the centre. Find the poins

at which the partiole will leave the sphere, and show that it will afterwards
pass

(i) through the centre if h-ﬁg. a.

(#5) through the lowest point if h={}a.

6. A particle is free to move on asmooth vertical circular wire of
radiusa. It is projected from the lowost point with velocity just eufficient
to carry it to the nighest point. Show that after a time

—g~ log,(v5+6),

the reaction between the particle und the wire is zero.

7. A thin smooth tube forms an arc of a circle of radius @ in a vertical
plane, its ends 4, B being open and at the same level and the arc AB subtends
an angle 21t —2a at the centre. If a particle is started at the bottom of the tube
with velocity V, prove that in drder that it may re-enter the tube at B after
leaving the tube at 4,

V2mag(scc a+2 cos a +2).

8. Two small smooth rings, each of mass m, start together from rest in
opposite directions from the highest point of a circular hoop of mass M which
rests w'th its plane vertical an a horizontal plane. 8how that the hoop will
leave tho plane when the aagle ¢ that the radius to a ring makes with the

vertical is given by
IM
3 cos p=1+4 1—2—’—”—'

A flywheel of radius a rotates with constant angular velocity « about
its axis which is horizontal. If the actions of the spokes on the lower half of
the rim be neglected, show that the tension in the rim at the ends of the hori-
zontal diameter i8 §wmag +ma?w3, m being the mass per unit length.

Calculate the tension at the ends of the horizontal diameter when the
wheel is making 60 r.p.m. the total mass being 3 tons and radius 6 ft.

(Ans. 3-2 tons)
[Assume the total mass of the lower half of the rim to be concentrated at
its C.G. and describing a vertical circle.]
10. A particle is ausgended from two fixed points at a distance 2¢ apart
in the same horizontal line, by equal elastic threads of natural length a. Prove

that for a small vertical displaccment, the length of the equivelent simple
pendulum is
W2l —a)

3—ctq ’

1 being the length of each string and h the depth below the horizonts! line in
the equilibrium position of the particle. (P.U.)

*rz. A simple pendulum is started so as to make complete revolutions in
a vertical plane. What must be the least velocity of projection ?
In the subsequent motion wy and wq are the greatest and least angular
velocities and Ty and Ty are the greatest and loast tensions.  Prove that, when
the pendulum makes an angle @ with the vertical, the angular velocity 18

,\/o)‘% cosﬂ%——«{-m,*sin' —%-

Ty cos? —g~+ T, sin? -2— (A.U.)

‘xg. A car takes a banked corner of a racin
ral gradiont « bein

lower speed u.
slip,

and that the tension is

) g track at a speed V, the late-

g designed to reduce the tendency to side-slip to zero for a
Bhow that the co-cfficient of friction necessary to prevent side-

for the greater specd V must bo at least

(V3—u?)sin o cosa

Vesin?atulcosta
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13. A particle lies in a thin rough tube which is in the form of a circle
of radius g. When the tube is stationary in a vertical plane, the radius to the
higheat point P, in the lower half of the tube at which the particle can remain
at rest without slipping makes an angle 8 with the downward vertical.

When the tube rotates with constant angular velocity & about the
vertical through the centre, show that the particle can remain at the point P

of the tube for all values of w if p>—‘f-

14- Two beads connected by a string are held at rest on a vertical
circular wire withr the string horizontal, and above the centre. Their masses
are m, m’, and the string subtends an angle 2a at the centre. If the beads are
released, show that the tension of the string when it makes an angle ¢ with the
horizontal is

2m m’g tan « cos ¢
m+m’ L]

[Hint. Let radii through the rings make angles «a-+9, a—@ with the
radius through the highest point, then as in equation (1), Art. 8:5, we have

W@Lgﬁﬁ)J—:mg gin (x4 Q)—7 cos a, ..(1)

and m’ —d-ig%:—e)lam'g 8in (@ —Q)—T cos a. .. (2)
limi 29 by dividi , .

Now eliminate 22 oY ividing (1) by m and (2) by m’ and adding

the two equations.]



CHAPTER IX
WORK, ENERGY AND IMPULSE
1. WORK AND ENERGY

9't. Work. When a body moves due to the action of a force,
the force is said to do work In orderto distinguish it from various
other kinds of work, such work is called Mechanical work.

The work done by a constant force is equal to the product of the force
and the displacement of its point of application in the direction of the force.

Let P be the foree, 8 the displacement, and W the work done.

If the displacement takes place in the direction and line of
action of-the force, then
W ="Fs.

If the displacement is in the same line as the force but in the
opposite direction, the work done by the force is negative
t.e., W=—Fs.
If the displacement takes place along a line at an angle § to
the line of action of the force, then
W=F.AN=F.s cos §.

the result being negative when g is an B
obtuse angle.
Since F.s cos §=s.F cos 8, the 2

work done by the force is equal to the /g

product of displacement and the resol- ! -
ved part of the force in the direction of A N F
the displacement.

If §=90°, W=0, that is when the displacement takes place at
right angles to the force, the force does no work.

As an illustration let W denote the work done by the force of
gravity on a body of mass m :

When the body drops vertically a distance, A, W=mgh.

When the body rises vertioally a distance, h, W= —nigh.
i.e., mgh- units of work is required in raising the body through the
height k.

When the body slides down a length [ of an inclined planc of
inclination «, W ==mng.l sin a or mgh,
where A is the vertical distance in the direction of the torce.

When a=0, W=0, i.., if the body moves along a horizontal
plane the force of gravity does no work.,

9'x1. Units of Work. 7'he absolute unit of work is the work
done by an absolute unit of force in moving its point of application
through a distance of unit length in the direction of the force.

In the English (F.P.S.) system, the absolute unit of work is the
work done by a force of one poundal in moving its point of appli-
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cation through one foot in the direction of the force and is called a
Foot Poundal. «

In the French (C.G.8.) system, the absolute unit of work is the
work done by a force of one dyne in moving its point of application
through one centimetre in the direction of the force and is called an Erg.

The gravitational or practical unit of work is the work done in
lifting the weight of a unit mass through a height of unit length.
Owing to the slight difference in the weight of a unit mass at differ-
ent places of fthe earth’s surface the gravitational unit of work differs
slightly at different places.

The F.P.S. practical unit of work is the Foot-Pound i.c., the

work done in raising & mass of one pound ‘vertically through a height
of one foot.

Since weight of one ponnd =g poundals,
Y one foot-pound=g foot poundals.

The C.G.S. practical unit of work is the gramme-centimetre, i.e.,
work done in raising one gramme vertically through a height of one
centimetre.

Since the weight of one gramme=g dynes,

one gramme centimetre=g (981) ergs.

Example. A motor car weighing 20 cwt. and travelling at 15
m.p.h. i8 brought to rest in 50 feet by the application of its brake, Find
the work done by the resistance.

Speed of 15 m.p.h.=22 f.p.s., mass m=20 cwt.=20x 112 lb.

. 2 22%22 121
Retardation f= .3_8_= o xl«'ﬁ =g

12
F, the force of resistance= mf=20x 112 x —)3! poundals
20x 112x 121

>3 % 50 ft. poundals

20x 112x121x2
= 32

1212 121 .
=_§§'—' or -iB fb. t0n3—7 56 ft. tons.

9°'2. Work done by a variable force. Suppose the force,
instead of being constant, varics and acts along the Tine OX and
suppose that the particle also
0 z P r @ X moves along the same line. If F

is the magnitude of the force at P

at a distance z from O, the small amount of work §W, dene by the
force F, when the particle moves a small distance §x from P, is
approximately equal to F.§z, Y
ie., SW=F.§z

J. the total amouht of work done
by the variable force F when the particle
moves from the point z=a to the point
x==b, is given by

the work done=F.s=

ft. 1b.

d
W=
ja Fd.'c O
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g'21. Graphically it is evidently represented by the area A BQP
under the force-distance graph between the ordinates x=a and x=b.

In the particular case when the
force is constant the graph is a straight Y|
line parallel to the X-axis and the work is

P
represented by the area of the rectangle %
ABQP and is equul to F(b—a). //

A

Q
Example. A particle is atlracted //

towards a fixed point with a force which
varies inversely as the square of the distance 0 B X
Sfrom the point. Find the work done by the

altraction for any displacement of the particle along the line of action of
the force.

Let the attraction be f}‘ per unit mass at a distance z from the

fixed point and let the particle (mass m) move from the point z=a
to the point z=b (a<b), then for the small displacement §z, the

work done by the attraction is —-&7-:582:, the sign being negative ‘a8

T

the displacement takes place in the direction opposite to that of
the force.

fo = (GG —)

‘which is negative as b>a.
9'22. Work done in stretching an elastic string.

Let onc end of the string be fixed and let it be stretched by
pulling it at the other end.

Let I be the natural length of the string and let it be stretched
to alength I+z. The extension is z and the tension T of the string
is 7\—:{—- which varies as x, the extension of the string beyond its

natural length.

Now as the string is being stretched the force applied by an

agent at any instant is always equal to the tension of the string at
that instant.

*.  8W, the small amount of work done in stretching the string
a further distance §r against the tension 7'=1".§z.

i.e., $ W=7\~2[:~ Sz,

.. W, the total work done in stretching the string from a
length 7 to a length I+ x is given by
z
w_—_j AL dr=3 D ot ..(1)
o 1 1

So that the work done in stretching an elastic string varies as the
square of the extension.

. A
Now the work done for an extension 1’1‘—:%—[%’ ;

. A
and the work done for an extension r,=} l—x,’.
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Hence the work done in increasing the extension from =z, to z,

A A A 2,42
=}—l‘xs”‘i‘7%"'"‘“ 1;— Hay—y).
-Z;— z, is the initial tension and -}ll- x, is the final tension,
o %— . :f—l—_%:ﬂ is the mean of the initial and final tensions and

Zy—, is the extension produced.
Hence the work done in stretching an elastic string is equal to the
product of the mean of the initial and final tensions and the extension.

A zta, . . .
1 '; 2 s also the tension for an extension ?—1-:*2'-_23 ,

therefore, the work done is also equal to the product of the tension
at ai__l—._x_.
2

Since

and the extension.

9'23. The same can be easily proved graphically as follows :

C' Let 04 =1 be the natural length of
the string and let

OB=l+z,, and OC=1+x,.
Tension when the length of the
string is OP
OP—-04A _AP
=Moa M

0 ¢

Denoting the tension by y, and the extension 4P by x, we have
y= -}-x, which shows that the force-distance graph is the straight

l
line AB'C’, having its slope=—}l\.
». the required work is equal to the arca BB'C'C
=B2.}(BB +CC’)

=(z3—2,) X (mean of the initial and final tensions).
Also the work done in stretching the string from the natural
length 0OA to a length OP=:arca APP'=14P x PP’

= Qz.—y\-x=;~—}%~x2.

l

Example 1. An elastic string of natural length 3 ft. is strelched
2 inches by a weight of 1 Ih. hanging on it. Find the work done in
stretching it from a length of 3} ft. to 41 ft.

Since 1 1b. wt. stretches the string 2 inches, and 1=3 ft,

. by Hooke’s law 1=%‘_ e, A=18 b, wt.
The tension for an extension of 33—3or } ft.
A 1 18

= -3" ’ -:2' =—6‘=3 1b. wt.
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The tension for an extension of 4}—3or § ft.

A 3 18
—-é“ . —-2—-=—'2*——9 lb. Wt.
s, the mean of the initial and final tensions

=§:‘_2—9=6 1b. wt.

The extension=4}—3}=1 ft.
.. the workdone=6 x 1=6 ft. Ib.

An example of a different type is given below to illustrate how
we calculate work done by u variable force.

Example 2. A cork 3 inches long is drawn slowly from the neck
of a bottle, the force exerted at any snstant being proportional to the
area of the cork in contact with the bottle. Calculate the work done in
drawing the cork, assuming that initially the whole cork is in the boltle
and that the pull at starting is 48 lbs.

If a ft. is the radius of the neck of the bottle, the area of the
cork in contact with the bottle, initially

=2ra.9;="" 5q. .

; )
~. theinitial pull=k -§—=48 lbs. m
ie., k=20,
™

The pull when a length z of the cork has been
drawn out
=k.2na(}—x)
=2X96(}—2z) 1b, wt.

The work done in drawing out a further length §z of the cork
=2X96(}—x)§=.
.. therequired work

=j‘}2 X 96(3—x)dx=2 x 96[ 5 —}. %]
0

=6 ft.lb.

Examples XXI1V

1. Find the uniform force that will movo a 1 1b."mass from rest through
1 foot in ono socond. If this force is exerted through 100 yards from rest, find
the number of ft. Ib. of work done by tho force.

2. A truck weighing 400 lbs. roquires a forco of 10 lbs, to koep it moving
at a constant spoed.  What work must be dono to move thoe truck 20 ft. with an
accoloration of 2 ft. per soc. persce. ?

Find tho greatest uniform velocity with which an engine capable of
producing 140,000 foot-pounds of work per sec. can draw a train of 100 tons
along a horizontal plano, tho resistance duo to friction etc., being Ulut’h of the
weight. (P.U.)

4. Show that the work dono in stretching an clastic string

=} Tonsion X Extension.
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A spiral spring of length 1 foot is stretched to 13 inches when supporting
e fl)xur ounce weight. Find the work done in stretching it to a length of 18
inches.

Find also the period of a vertical oscillation of a three ounce weight sup-
ported by the same spring.

Prove that the work done in stretching an elastic string 4B, of
natural length ! and modulus 2, from tension 7'y to tension 7'y is

l
o (Ta = T12).

6. A spider hangs from the ceiling by a thread of modulus of elasticity
equal to its weight. Show that it can climb to the ceiling with an expenditure

of work equal to only three quarters of what would be required if the thread
were inelastic.

A man of weight W hangs at the end of a light extensible rope whose
modulus is n W, the other end being fastened to a fixed point. He proceeds to

climb up the rope. Prove that when he reaches the fixed point he has done
————g:i ; times the work he would have to do in climbing the same distance up an

inextensible rope. (Indian Audit Service)

8. A man of 12 stone ascends a mountain 11,000 f¢. high in 7 hours and
the difficulties in the way are equivalent to carrying a weight of 3 stone : ono
of Watt’s horse could pull him up the same height without impediments in 56
minutes. Show that the horse can do as much work as 6 such men in the same
time,

9. A body whose mass is m falls vertically to the earth’s surface from
s height a equal to the radius of the earth, show that } mga units of work is
done by the earth’s attraction which varies inversely as the square of the dis-
tance from the earth’s centre,

r0. A man is drawing water from a well with a light bucket which leaks
uniformly ; the pail when full weighs 50 lbs. and when it arrives at the top half
of the water remains. Find the work done if the depth of the woll is %2}0 AftC )

xx. A cylindrical cork of length I and radius r is slowly extracted from
the neck of a bottle. If the normal pressure per unit of area between the
bottle and the uncxtracted part at any instant be constant and equal to P,
show that the work done in extracting it is writPI2, where (L is the co-efficient
of friction.

12. Prove that the work done in raising a system of bodies is measured
by the product of the total weight and the vertical height through which the
centre of gravity of the system has been raised.

13. A load of 2 tons is suspended by a vertical rope 300 feet long, the

rope itself weighing 6 1b. per foot. In winding up the load to the top, how many
foot-pounds of work are done ?

9-3. Power is the rate of doing work. It is the amount of
work that an agent is capable of performing per unit time.

The power may be measured in foot pound per second or
gramme centimetre per second.

The power of an engine is usually measured in Horse-Power
(H.P.). One Horse-power is the equivalent of 550 foot-pounds per
second or 33,000 foot-pounds per minute.

If §W is the small amount of work done in a small displace-
ment §s under the action of a force F at any time ¢, then

_ W . 8
SW——FS'?, and —gt--—F ‘g&',
. AW  _ ds
LX) W—FE=F9,
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i.e., the power or the rate of doing work is equal to the product
gf the force exerted and the velocity of the point of application of the
orce.

Thus, if at any instant, an engine moving with a velocity of
v ft. per second, is exerting a force of F pounds in the direction of

its motion, the rate of work, i.e., the work done in one second is Fv
ft. 1b.

The Horse-power of the engine, H =§"_51_) ,

0
,.
or the force F=')53H Ib. wt.
If the speed is uniform then F, the pull of the engine, is equal

to R, the resistance due to friction, etc., and the horse-power
| 4
H =§5?, V being the uniform speed.

I€ the train is accelerating, the work done per second is more
than RV as work is also being done in accelerating the train.

Note. The C.G.S. units of power is the Watt which is 107 ergs (=1 Joule
per sec.)

One horse-power is cquivalent to about 746 watts,

Example 1. A4 train of 100 tons is pulled by an engine on the
level at a constant speed of 30 mn.p.h. the resistance due to friction, etc.,
18 10 lbs. ger ton. Find the minimum horse power of the engine.

The resistance R=100x 10 =1000 1b. wt.
Speed V=30 m.p.h.=44 f.ps.

The speed being constant, the force exerted by the engine is
equal to the resistance.

.. the engine’s rate of work=RV =1000X 44 ft. Ib. per sec.
_RV 1000x44_ 80
550 — 550 ’

Example 2. In Ez. I, find the acceleration of the train at the

tnstant when it is moving with a velocity of 10 iles per hour, the engine
working at its minimwm rate.

In this case the engine. working at its original rate, will accele-

rate the train so long as the train does not acquire its original velocity
of 30 m.p.h.

H the power of the engine=80 I1.P. ;
m, the mass=100 tons
v, the speed of the train=10 m.p.h.=4t4£p.s.

F, the total force exerted by the engine
550H 550% 80
- v .‘3.4.
R, the resistance=1000 1b. wt.

If the required acceleration is f, then by Newton’s second law of
motion, we have

mfe=(F—R) in poundals=(3000—1000) X 32 poundals.
. 7200032 200032
h =T m  100x2240

.

.. the horse-power H=

=30001b. wt.

=3 ft.[sec.?
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Example g. Find the H.P., required for a car weighing 10 tons
if it has to attain a speed of 30 m.p.h. in 30 secs. from rest up anincline
of 1 in 100, the frictional resistance being 20 1bs. per ton.

m, the mass of the car=10 tons=10 X 2240 lbs.
R, the resistance=20 X 10=200 lb. wt.
G, the component of the weight down the slope
=10 x 2240 x r%n =224 1b. wt.
f, the acceleration to attain a speed of 30 m.p.h. or 44 f.p.s. in 30 secs.
=44=3% ft./sec.?
the accelerating force=mf=10x 2240 x £} poundals or.

10266 1b. wt.

N If F 1b. wt. be the total force exerted by the engine of the car,
then

mf=F—R—@ or F=R+4G+4mf
o F=200+422441026'6=14506 1b, wt.
The work per sec. required by the car
=Fv=1450"6x44 ft. ib.

.. therequired H.P.= m—%goﬁé; 116 approximately.

Example 4. A train of mass 200 tons is ascending an incline
of 1in 100, the resistance to motion being 15 qounds weight per ton.
When 1ts speed has reached 12 m.p.h., what is its acceleration if the horse
power developed is 600 ?

m, the mass of the train=200 x 2240 lbs.

v, the velocity=-12 m.p.h.=52 ft. per sec.
550H

F, the force exerted by the engine=

5924
20X 0 _ 18750 1b. wt,
X
R, the resistance=15 % 200=3000 lb. wt.
G, the component of the weight along the plane

=200 X 2240 X 13 ;=4480 lbs.
If f is the required acceleration, then

mf=(F—R—Q@) in poundals
=(18750—3000--4480) x 32
=11270 x 32.
11270x 32 161 -
f-"= 9'0—0‘3252:10"= 200=0 805 ft./aec.’
Example 5. Anengine of mass M tons working at II horse
power draws n carriages, each of mass m tons, at the uniform rate of v
m.p.h. supposing the resistance to be proportional to the weight, prove that

the tension in the cou pliny between the engine and the nearest carriage is
75 H mn

B48(I T mnjy 101 VE- (Madras U.)

_ Let the resistance be % Ib. wt. per ton, then R. the total
resistance on the train=(X X total mass in tons) lbs.=k(M +mn) lbs.
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The motion being uniform,
the force exerted by the engine=resistance R=k(M-+mn),

22v 1
and H, the horse power developed=R x 15 X550°
22k mn) L 375H

15x550 O *T o tmnyp

Now the resistance on the train, excluding the engine=kmn Ibs.
and the motion being uniform, this is overcome by the tension 7' in
the coupling between the engine and the nearest carriage.

375-H mn or 75 H mn tons wh
(M +mn)vx 2240 ~ 448(M +mn)v :

Examples XXV—A

1. Water is to be lifted 110 ft. at the rate of 10 cu. ft. per sec. What
horse-power is required ? (1 cubic ft. of water weighs 62-5 lbs.)

2. An engine working at 500 H.P. pulls a train of 200 tons along a
level track, the resistances being 16 lbs. per ton. When the velocity of the
train is 30 m.p.h., find its acceleration. (P.U. 1957 8)

At what steady speed will the engins pull the train up an incline of 1 in
100 with the same oxpendituro of power against the same resistances ?

. If the resistance and the friction of the rails be 1 lb. wt. per ton,
what is the horse-power of an engine which will maintain a speed of 40 m.p.h.
in a train of 80 tons on a level 1 What additional horse-power would be required
to maintain that speed up an incline of 1 in 200 ? . (p.U.)

A new type of electrically driven locomotive weighs 117 tons and is
capable of drawing a train of 1200 tons, on a gradient of 1 in 100 at a uniform
speed of 30 m.p.h. against a track resistance of 10 lb. wt. per ton. Find the H.P.
of the engine.

5. An engine gets up a velocity of 30 m.p.h. in 1 min. 50 secs. from rest
in a train of 200 tons wt. on a level line. If the resistances are 14 1b. wt. per
ton and the volocity is uniformly accelerated, find the greatest horse-power the
engine is devoloping and also the greatest velocity it can get up if this horse
power is maintained. (P.U.)

6. A lift weighing 5 owt. rises from rost through a height of 50 feet in
5 seconds with a uniform acceleration. Find the average horse-power exerted
during this time.

7- A car weighing 2} tons is accelerating at 2 ft. per sec. per sec. up an
incline of 1 in 50, the resistance being 30 lb. wt. per ton. Find the H.P.
exerted when the speed is 20 m.p.h.

8. A motor car, of mass 2 tons is, moving down an incline of 1 in
120. At a given instant the spoed of tho car is 50 fv./sec., its acoeleration is
3 ft./sec.2, and tho resistances to the motion amount to 200 1b. wt. Determine
the horse-power at which the engine is working at this instant. (Bm.U.)

A train whose massis 150 tons has an ongine of 230 H.P. Find the
greatest uniform speed that can be maintained while ascending an incline of 1 in
80, the resistance being equal to the weight of one ton, (B.4.C.)

Y0. An cngine of 300 H.P. draws o train of mass 200 tons up an incline
of 1in 112. The frictional resistance to motion is 10 lb. wt. per ton. Find
the maxiraum specd in miles par hour, that can b reached. (P.U.1956 S)

IX. A train whose total weight is 300 tons is drawn up an incline of 1 in
100. When it has rcached & specd of 12 m.p.h., the horse.-power exerted is
1,000. Find its acceleration at this instant. (P.U.)

. 12. A 20 H.P. motor lorry, weighing 5 tons including load, moves up a
hill with slope of 1 in 20, * The frictional resistance is equivalent to 13 lb. wt.

Lo T=kmn lb., wt. =
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per ton and may be supposed to be independent of velocity. Find the maximum
steady rate at which the lorry can move up tho slope and the acceleration
capable of being developed when it is moving at 6 m.p.h (Roorkee)

13. Acar is travelling at its maximum speed of 45 m.p.h. on the level,
the resistance baing 100 lb. wt. per ton assumed to be independent of the speed.
It then climbs a hill of gradient 1 in 20 and the speed falls until it is steady,
the engine then working at the sama cffective H.P. as befors. Find its steady
speed up the hill. (D.U.)

14. A train of mass 500 tons isclimbing an incline of 1 in 100 with a
speed of 40 ft.[sec. : its retardation is } ft./zec.2 and the total resistance amounts
to 20 Ib. wt. per ton. Find tho pull of the engine, and the horse-power at
which it is working.

Find also the acceleration at an instant when the train is moving on the
level with a speed of 30 ft/sec., on tho assumption that the resistances are the
same and that it is working at the same horse-power. (D.U.y

x5. An engine exerting its full horse-power draws a train up a slopo of
1 in n with constant speed v, the frictional resistance to motion being -},;th of

the woight of the train. Prove that the greatest specd with which the engine
could draw the train along a sével track against the samo resistance is

v (l-}-—;?-).

16. A train of mass M lb. is ascending a smooth incline of 1 in n and
when the velocity of the train is v ft./s2c., its acccleration is f ft./sec.2, prove
that the effective horse-power of the engineis

Muo(nf+g)[360 ng. (D.U.)

17. A locomotive engino draws a load of m lbs. up an incline of inclina-

tion « to the horizon, the coefficicnt of friction being @. If, starting from rest

and moving with & uniform acccleration, it acquires a velocity » in ¢ seconds,
show that the average horse-power al which the engine has worked is

mo [ v .
1100 | 72 +Wtecosa + sin a] . (P.U.)

18. A constant forco of P lb, wt. is applied vertically upwards to a body
of mass M lb. for acertain time, it then ceases to act and tho body continues
to move upwards to reach its greatest height in a total timet sec. from the
commencement of the motion. Prove that tho greatest horse-power developed
by the force of P lb. wt. is

(P—M) gt/530.
19. An ongine of 300 H.P. draws a train weighing 100 tons. Assuming

that the resistance to motion is 0:009V2 Ib. wt. por ton when the speed is V
m.p.h. find the full speed of the train on level.

20. The air resistance to the motion of a train whose weight including
that of the engino is 200 tons, is (*009V32 lb. wt. per ton, where V is the speed of
the train in miles per hour. All the other resistances to motion amount to 1200
Ib. wt. If the greatest possible specd of the train is 40 m.p.h., find the greatest
horse-power which can be developed by the engine.

Also find the greatost possible acceleration of the train when the specd
is 20.m.p.h.

21. A train of the total mass 200 tons is travelling on the level at a
constant rate of 60 m.p.h., the engino working at 400 H.P. If the resistances
apart from air resistance, are 2,000 1b. wt., find in lb. wt. the air resistance.

. If the air resistance varies as the square of the spoed and the engino is
drawing the same train up a gradient of 1 in 112 at a steady rate of 30 m.p.h.,
at what horse-power is it working, assuming frictional resistance to be the same
as on the level ?

. 2a. Aan enginc working at the rate of 400 H.P., is pulling a train which
with the engine weighs 150 tons, up an incline of 1 in 120 at & stoady spoed of
30 m.p.h. Find the averago frictionul resistanco expressed in 1b. wt. per ton.

The brake van, weighing 20 tons, becomes detached. How far will it
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run before stopping ! If the engine continues to work at the same horse-power,
what will be the value of the speed when it again becomes.steady ? (P.U.)
a3. Find the horse-power of an engine which can just pull a train of mass
m tons with velocity v m.p.h., up an incline of 1 in n, the resistance to motion
being z lb. per ton on level.
If v=40 m.p.h., n=0500 and #=15, show that the engine will be able to
pull the train down the same incline at 74 m.p.h. approximately. (P.U.)
24. An engine of weight 50 tonq hauls a train of weight 150 tons up
an incline of 1 in 32. Starting from rest, and moving with constant acceleration
against resistances amounting to 12 lb. wt. per ton, the train attains a speed of
30 m.p.h, in 1 mile. Find the tension in the coupling botween the engine and
the train.

Find also the maximum horse-power exerted.

Examples XXV—B
*1. A horse pulls a wagon of 10 tons from rest against a constant resistance
of 501b. wt. The pull exerted is initially 200 lb. wt., and decreases uniformly
with the distance covered until it falls to 50 lb. wt. at a distance of 167 ft. from the
start. Show that the resulting velocity of the wagon is very nearly 6 ft. per. sec.
Let the pull be P lb. wt. at a distance of z ft. from the initial position,

then P=200~kz,
when £=167 ft., P=50 lb. wt., so that 50=200—k. 167.
. 4 200—50_150
.. =167 " 167
The resistance R is constant and equal to 50 lb. wt.
and the mass of the wagon=10x 2240 lbs.
.*« the equation of motion of the wagon is
150
mf=Pg—Rg=( 200—:"_ « ) g—50g
167
dv 1
v e ——— e
or 10x2240 v 97 1509(1 167:0)
15%x32 1 a2
Iy J et ————— g —
=n (‘ 167" 72 )""
3 i *.* v=0, when =0
2. 2 —_— . 2 ) )
or vi=g (“’ 334 T ) [ c=0 ]
. 3 167x 167 3x 167
, - 2 2 - =
Now when =167, v e [167 331 ] T

=3X 12 nearly.

Hence =14/36 or 6 ft./sec. noarly.

*2. A body of mass M lb. starts with a speed u ft./sec. The body moves
under the action of a force which docs work at the constant rate of H horse-
power. Prove that the equation which dotermines the speed v at a time ¢ is

dv -
Mv d—t—z 500{]1:1-

Write down the initial acceleration of the body in terms of M, H and u
and provo that thu timo which the acceleration takes to fall to one-quarter of its
3Mu?
220gH

*3. Instarting atrain the pull of the engine on the rails is at first
constant and equals P ; after the spoed attains a certain value u the cngine
works at a constant rate R=Pu. Prove that when the engine has attained a
spced v>wu, tho time ¢ and distance x from the start are given by

M M
t=4 Ry (v34u?), o=} Tq (934 }ul),

where M is tho mass of the engine and the train, (Pub. Ser. Com., D.U.)
N AN

initial value is
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*4. Two trains of equal mass are drawn along smooth level lines by
ongines one of which, X, exerts a constant pull while the other, ¥, works at a
oonstant rate. Both start with the same initial velocity » and after a time ¢
both trains again have the same velocity v. Show that ¥ describes a greater
distance during the interval.

*5. A body moves in a straight line a total distance of a ft. from 4 to
B. It accelerates uniformly from rest at 4 until it attains a speed of V ft. per
sec. with which speed it travels a distance of b ft. It slows down to rest at B in
the last ¢ ft. under the action of a retarding force which does work at a constant

rate. If the whole journey takes ¢ sec., show that
Ve 4a—2b--¢

2

*6. A train of mass 300 tons is originally at rest on a level track. It is
acted on by a horizontal force F which uniformly increases with the time, in
such a way that F=0 when t=0, =35, when t=15 ; F being measured in tons
weight, ¢ in seconds. When in motion the irain may be assumed to be acted
on by a frictional force of 3 tons, independoent of the speed of the train.

Find the instant of starting, and show that at ¢=15, the speed of the
train is 0'64 ft. per sec., whilst the horse-power required at tho instant is about

13. [Ans. 9 sec.] (M.T.)

9'4. Kinetic Energy. If a particle is moving with a velocity
v and no force acts on it, it will continue to move vuiformly in a
straight line with the same velocity ». But if a force acts on the
particle in a direction opposite to that of its motion, the velocity of
the particle, according to the second law of motion, decreases so long
as the force acts, the particle being ultimately reduced to rest if the
force continues to act for a sufficiently long time. Although the
force does work upon the particle, in reducing it to rest, the particle
is said to possess the capacity to do work. A particle in motion is,
therefore, said to have the capacity to do work or to possess energy
called the Kinetic energy.

Thus, the Kinetic Energy of a particle is the capacity to do work
tn virtue of its nwotion and is measured by the amount of work that the
tmpressed force will do in bringing the particle to rest.

Suppose that a particle of mass m moves along the straight line
OAB. Let the velocity of the particle
0 « 4 P C B be V at 4 (04 =a) and lct it be re-

duced tozero at B (OB=b) by a constant
or a variable force acting in the line of motion of the particle,

Now suppose that at any point P at a distance 8 from O, the
magnitude of the force is F' and the velocity of the particle is v, then

F=—mv>o.
S

The work done by the force when the particle moves an addi-
tional distance §s is F'3s.

.. the whole work done by the force till the particle is reduccd
to rest at B, is

b ] dv (1}
Fdg=—| mv-—ds=— my dv=14}m V2,
a a ds 14
Note. When the force is constant and equal to P and if f is the cons-
tant retardation produced by it, then,
P=mf (1)
and 0=V2—-21.4B )
o imV2=mf.AB=P.AB=work done by the force.
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Further suppose that the forces do not act in the direction of
the original motion of the particle, so that the particle moves along a
plane curve. Let a, b, s be the lengths of the arcs measured from a
fixed point O on the curve. If F';is the sum of the components of
tbe forces along the tangent at P, then
dv
ds

The small amount of work done by the force F; when the
particle moves a little distance §s along the arc of the curve is Fy.§s.

.. the work done by the external forces till the particle is
reduced to rest

> > dy 0
-_-j 7 ds=—-j mv—-dsx—j mydv=}m V2,
] a ds 1 %4

Thus the Kinetic Energy of a particle of mass m moving with
velocity V at any instant, (or the amount of work done by the impressed
forces to reduce the particle to rest), 18 given by the expression gmV?*
(measured in absolute units). «.(I)

It may be noted that this result depends only on the mass and

the velocity of the particle and is quite independent of the nature
and direction of the impressed forces.

Note. The change in tho Kinetic energy per unit of space

F“‘-—-—' —mv

d dav
—_— 2y — o =
= (ImV2)=mV ds the force.

9'41. If during the motion of the particle moving alonga
straight line (or along a curved path), its velocity changes from U at
A to V at any other point C(OC=c), the total work done by the

impressed forces while the particle moves from A to C in thc direction
of the resultant force ¥

='r Fds-:f3 mvg—gds=jy my dv
. a ds U

=ymV2—}mU2%=Change in Kinetic Energy.

Thus, in any displacement of a particle the change in the Kinetic

Energy is equal to the Work done by the forces acting on the particle.
.(II)

This theorem expresses the important principle known as the
principle of Conservation of Work and Energy.

Note. If the particle moves along a straight lino under a constant
forco P which producos a constant accoleration f, then

P=mf and V3=U3+2£.40

< 3mV2—imU2=mf.AC=P.AC=work done by the force,

Example 1. A man raises a bucket of water weighing 10 lbs.
from a well.  When the bucket has ri%en 18 ft. its velocity is 16 ft. per
sec. llow much work has the man done up o this time ?

1V hat is the horse power of an agent who can do ten times as much
work every second ?
Work done against gravity=ingh
=10 X% 18¢ ft. poundals
=180 ft. lb.
Work done in imparting K.E.=}mv?
=4 X 10X 16 %18 ft. poundal
=10 ft. Ib,
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S, the total work done=180440=220 ft. lb.
Work done by the agent=10x220 ft. Ib. per second.
1 H.P.=550 ft. lb. per sec.

s H.P. of the agent="— -—=4¢,

Example 2. A train travelling at 45 m.p.h. picks up 240 cu.
Jt. of water from a trough } mile long. Find the extra gpower that
must be developed to maintain the speed.

(T'he height to which the water is raised is to be neglected).

The velocity v=45 m.p.h.=66 ft. per sec.
distance 1760 % 3
velocity ~ 4% 66
Weight of 1 cu. ft. of water=62'5 lbs.
~. .m, weight of water picked up every sec.

240x 62-5

20
K.E. imparted to picked up water
=}mv?=} X750 % 66 x 66 ft. poundals.
750 X 66 X 66
=TT9%3% ft. Ib.
». the extra horse power
jmv? 750X 66 x 66 1485
550  2x32x550 — 16
=928 nearly.

Example 3. A bullet moving at the rate of 200 ft. per sec. i3
fired into a thick target which it penetrates to the extent of 6 inches ; if
fired into a target 3 inches thick with equal velocity, with what velocity
would it emerge, supposing the resistance to be uniform and the same in
both cases ?

Let m be the mass of the bullet and R poundals the resistance,
then since the total Kinetic energy of the bullet is equal to the work
done by R when the bullet moves a distance of 6 inches, we have

4m x 200% 200=R.} (D)

In the second case when the target is 3” thick, let v be the

velocity of emergence, then since the decrease in the K.E. is equal to
the work done by R,

we have  §m x 200 x 200— }me3=R.}=1}x m x 200 X 200, by (1)

Time to travel { mile=

=20 secs.

=750 lbs,

o KOO0 — 2102 ==40000m.
ie, ©2=20000
oo v=1004/2=141 ft. per sec. ncarly.

Example 4. A mass of 12 lhs. falls 36 feet and is then brought
lo rest by penetrating } ft. into a soft bed of mud. Find the average
resistance of the mud.

If v is the velocity of the mass on reaching the ground, then

12=20h=2 X 32 x 36 =064 x 36.
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Let R poundals be the average resistance of the mud. Since
the weight of the mass is acting downwards, the total force upwards
acting on the mass is R —mg=R—12¢ poundals.

Hence $mvi=(R—12g)s
i.e., 3 x 12X 64 x36=(R—12¢9)}
R=12x64x 36+12g poundals

=24 %X 36-+12 or 876 1b. wt.

9'5. Potential Energy. Potential energy of a body is ils
capacity to do work in virtue of its position and is represented by the
amount of work that the forces acting on the body will do when the body
moves from its given position to some other position, taken as the
standard posstion.

For example, a body of weight w Ib. placed at a height % feet
from the ground, possesses potential energy of amount wh ft 1b.
which is equal to the work that the weight of the body will do when
the body is allowed to fall to the earth’s surface, the standard
position.

In winding a clock spring one has to do work. In this case the
particles on the inner side of the spring have been forced together
and those on the outer side drawn apart against the elastic forces of
cohesion that hold them together. The spring is said to have
potential energy, t.e., the forces acting on the spring will do some
amount of work when it is allowed to unwind itself to its natural
shape (the standard position). The motion of the hands of a clock
is thus the result of the potential energy of the compressed spring.

Compressed air is another example of potential energy, the
standard position in this case being the volume at atmospheric
pressure.

Examples XXVI-A

. What is the potential energy of 8,000 gallons of water which has
been raised 50 ft. above the ground ?

If 8,000 ft. Ib. of work is required to drive a machine for one hour, how
long will the machine go before the whole water has flowed down to the ground?

(1 gallon of water weighs 10 1lbs.)

2. An engine is raising water from a depth of 65 feet and discharging
980 gallons a minute with a velocity of 44 ft./sec. Find the H.P. at which the
engine is working.
A 3 lbs. weight extends a spiral spring 1 inch, How much work is
done on the spring when it is extended 8 inches ?

If this amount of work is done in winding tho spring of a clock and if
0-25 ft. 1bs. of work is expended to drive the clock for one hour, for how many
hours will the clock go ?

4- What is tho Kinetic energy of a bullet weighing 4 1Ls. when moving
with a velocity of 20 ft. per sec. ?

The bullet loses a velocity of 4 ft. per scc. in paesing through a plank,
find how many such uniform planks will it pass through completely before
coming to rest, assuming the resistance of the planks to be uniform.

A bullet moving horizontally with volocity u strikes and penetrates

o fixed vertical target of thickness a and emerges with horizontal velocity v.

Prove that the same bullet would have just failed to penetrate the target had the
. 2 . . .

thicknoss been -‘-‘-;ﬂ‘—v-’—. the averago resistance to penetration being the samo in

the two cases.
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6. A bullet fired with a velocity of 1600 ft./sec. passes through three
planks in succession. If 1t loses a velocity of 400 ft./sec. in passing through
each plank, find the ratio of their thicknesses to which the resistance is supposed
to be proportional. (I.I.T. Kharagpur)

. A mass of 10 Ibs. fulls 100 feet and is brought to rest by penetrating
1 foot into sand. Find the resistance of the sand.

8. A particle is projected downwards with a velocity of 80 ft./sec. and
just penetrates a uniform horizontal board of thickness 1 ft. whose upper surface
is 16 ft. below the point of projection. If the same particle were projected
vertically upwards with a velocity of 80 ft./sec. from a point 16 ft. below the
lower surface of the board, find how far it would penetrate assuming that the
resistance offered by the board is constant. (L.U.)

. Determine the horse-power which could be obtained from the Kinetic
energy of a river at a place where the width is 100 ft., the mean depth 20 ft.
and the mean velocity 4¥ miles per hour.

10. If work is done on a particle at a constant rate prove that the
velocity acquired in describing a space z from rest varies as z°,

1x. A mass of 18 gms. moving in a straight line is brought to rest in such
a way that it loses kinetic energy at a uniform rate of one erg per. sec. If the
initial kinetic energy is 900 ergs, prove that the distance travelled before
coming to rest is 6,000 cm.

Prove also that the velocity at any point is proportional to the cube root
of the distance from the stopping point.
12. Prove that a train of W tons going up an incline of 1 in m will

acquire a velocity
(11 = R_) ¢
W " m 2240 )7

and Kinetic energy }W( -%—;7 -—7%'—- '_‘221?16)’9‘2
foot tons after t gcconds from rest,P being the pull of the engine in tons and R
the resistance on the level in pounds per ton.

9'6. Conservative Forces. In examples given in Art. 95,
the forces acting on the bodies are such that the algebraic total work
done in performing a scrics of displacements which bring the bodies
to their original position is nil ; e.g., the work done by gravity when
a particle of mass m ascends a height & and then comes back to the
surface of the earth is —mgh+mgh or zero.

Such is not the case with all forces. If, for example, a body is
dragged through a distance s against a constant frictional force F,
the work done is Fs. To bring the body to its former position on
the same path an equal amount of work Fs is to be done again. Thus
the total work performed to bring the body to its original position is
2F's (or more depending on the path followed by the body) and not
zero. This is the essontial difference between the two types of forces
against which work is performed. Forces of the first type are called
Conservative forces.

A Conservative system of forces is, thercfore, of such a nature
that if a particle, after describing any path in the ficld of the forces,
returns to its original position the total work performed during the
displacement is nil. It follows from this that in the case of such
forces, the work done in bringing a particle from one position to an-
other depends only on the initial and final positions and is indepen-
dent of the path followed by the particle.
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CONSERVATION OF ENERGY

9°61. A particle of mass m falls from rest at a height h above the
ground. The sum of its Potential and Kinetic energies remains constant
throughout the motion.,

Let us consider a particle of mass m at a height & ft. from the
earth’s surface. It possesses potential energy of amount mgh foot
poundals. When allowed to fall freely, it acquires a certain velocity.
If the velocity is v after falling a distance 8, we have v2=2gs.

The kinetic energy of the particle=3mv2=}m.2gs=mgs, and
its potential energy in this position=mg(h—s).

~. the sum of kinetic energy and potential energy
=mgs+mg(h—s)=mgh=original potential energy.
On reaching the ground, its potential energy is zero, the ground
being the standard position, and the velocity v is given by v3=2gh.

S the kinetic energy=3mv3=3}m.2gh=mgh
=original potential energy.

Thus, for all positions of the particle the sum of its kinetic and
potential energies remains always constant.

This is a very simple illustration of an important principle in
Mechanics known as the principle of Conservation of energy.

9°'62. To take another example, let a particle of mass m slide
the length I of a smooth inclined plane of inclination, «, and height A.

At the top of thie plane, the particle is at rest and possesses
potential energy equal to mg.lsin a=mgh.

On arriving at the base of the plane, the potential energyis zero
(the standard position being taken at the level of the base) and the
particle acquires a velocity v, given by

v?=2g sin a.l=2gh.

The kinetic energy of the particle=3}mv2=4§m X 2gh=mgh.

Thus, the sum of the energies remains the same in the two
positions, the whole of the potential energy at the top being conver-
ted into kinetic energy at the bottom.

9°63. If the plane is rough instead of smooth the co-efficient
of friction being p., the acceleration down the plane is

g(sin a—p cos «) and for the velocity v, v2=2g(sin a—p cos a)l

S dmvd==mg(sin a—p cos a)l=mgh—pmgd,
where ! cos a==b is the length of the base of the inclined plane.

It shows that there is a loss in the energy of amount umgb which
is equal to the work done against the force of friction in moving the
particle a distance equal to the base of the plane. This loss is only
apparent, for, in reality, the energy lost has been transformed into
other kinds of energy, viz., sound energy or heat energy. If it is
possible to measure all kinds of encrgy, it will be found that there is
no loss of energy, in nature.

In Dynamics, we are mainly concerned with the kinetic and
potential cnergies and we may, thercfore, state the principle of con-
servation of energy as follows :—
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If a wmaterial particle describes any path under the action of a

conservative system of forces, the sum of the kinetic and potential energies
remaing always constant.

In other words, the total amount of potential and kinetic
encrgies in a mechanic system does not change unless some work is

done on it from outside or unless some of the energy of the system is
removed from it.

In the last case, the sum of the kinetic and potential energies
is not constant because one of the forces acting on the particle wiz.,
the force of friction is not a conservative force. The principle of
encrgy should, thercfore, never he applied to problems where there is
any friction or any sudden jerk or impact. In such cases energy is
always converted to various other forms, e.g., heat, light and sound.

9'64. In general, when a particle moves along a straight line
(or a'ong a curve) under a force F, its velocity changing from U
at point 4 to V at any other point C, the work done

¢ ¢ 14
—.=j Fd.s=j mu @d3="' modv
a a ds U

=}mVi—imU? [Art. 9411
"But work done by the force is equal to the P.E. lost by the
particle==P;— P,, P, being the P.E. at 4 and P, that at ('

Thus we have P,—Py=imVi—1mU?
te., P4+ 3imU?=Py+imV?

i.e., the sum of the P.E. and K.E. remains constant during the
motion.

A more general proof is as follows :

9'65. Principle of Energy. When a particle undergoes dis-

placement under the action of a conservative system of co-planar forces,
to prove that

(¢) the change in the kinetic energy s equal to the work done by
the forces.

(it) the sum of its kinctic and potential energies remains constant.

At any point P(x, y) occupied by the particle at any instant,
let ds be the displacement and F be the sum of the components of

the forces in the direction of ds, then the small work done by the
forces is F.ds.

If X, Y be the sums of the components of the forces in the
direction of the co-ordinate axes and dz, dy the displacements in these
dircctions, then the work done is also equal to Xdr+Ydy.

S, the total work done in a finitec displacement when the
particle moves from a point .A(x,, ;) to another point B(x,, y,) is

B B
J Fds::j. (Xdz+Xdy) ().
A A

If v be the velocity of the particle in the position P and m be
its mass, then F=mv

.

v
ds
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'=§mu,’-—-}mu1’
1
:-:KB—---KA ..(2),

where uy, u, are the velocities of the particle at 4 and B respec-
tively.

B B dy |
Fds= I 02 dgyme
IA Am P va

u
u

Thus the left hand side of the equation (1) t.e., the work done by

the forces, ‘is equivalent to the change in the kinelic energies in the two
positions,

We denote it by K B—~KA where K stands for the kinetic energy.

Now imagine that there is some function of # and y denoted by

V such that, = v and Y ~_0 V-
ox oy

. B o B aV aV _ B
. jA(de+Ydy)— L(a“x dx + 3 dy)___LdV
-V —V ..3).
A B

So that the nature of the forces is such that the work done by
them depends only on the initial and final positions 4 and B and
does not depend on the path followed by the particle. Such forces,

ay already defined, are known as Conservative Forces and V is known
as the Potential Function.

Thus the right hand side of equation (1) i.e., the work done by

the forces is equivalent to the change in the Polential Energy of the
particle.

From (2) and (3), we have
K —K =V —V_ or K 4+V =K +V
B A A B B B A A

4

t.e., the sum of the kinetic and potential energies remains
constant,

The theorem can be easily extended for a system of particles.

In its general form, the principle of comservation of encrgy
states that :

The total amount of energy in the universe s constant, energy cannot
be created or destroyed although it may be converted into various forms.

9'66. The principle of conservation of mechanical energy is of
great value in simplifying a certain type of problems in Dynamics.

For example, suppose we have to find the velocity v, of a parti-
cle projected upwards with velocity v, along thearc of a smooth verti-
cal circle from any point on it, when the particle has described a
vertical distance 4. [A problem discussed in Art. 8:2).

Taking the horizontal level through the point of projection as
thelevel of zero potential encrgy, we have

Initial P.E.=0  and K.E.=}mv>.
Final P.E.=mgh, and K.E,=}mz,?.
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.. by the principle of energy, we get
jmov;+-0=jmv, -mgh,

or vl =v,2—2¢h,
which is the same as obtained in Art. 82.-

We give below a few more examples on the application of the
principle of energy :—

Example 1. Apply the principle of energy in finding the accele-
:aAli:uj.;f)‘ two particles connected by a string placed over a pulley.

Let m, m’ (m>m’) be the particles and let = be the distance
moved by each.

2 2
The kinetic energy of the system=§m (%2—;-) +§m'(‘-l£—>

Work done by gravity=mgz—m’'gz.
The work done by the tension of the string on the two particles
being equal and opposite, its effect on the system as a whole is nil.

NEiRN '
o $(m<4+m )[a—:—c] =(m—m')gx.
Differentiating both sides w. r. to ¢, we have
. dzr d?z o dzx
(mAm’) - oy =(m—m')g —-
. d’z_ , m—m’
X dts —d —m+7nl g

Example 2. Find, by the principle of energy, the velocity of a
projectile (Art. 641 (a)].

Suppose that a projectile of mass m is projected with a velocity
u and that its velocity at a height y above the point of projection is v.

Regarding the point of projection as the level of zero potential
energy, initial P.E. is zero and initial K.E. is } mu%. K.E. inthe
second position is mt? and P.E. in that position is mgy.

o Ame? +mgy=3mus,
e, v2=u%—2gy.
Example 3. A particle moves with simple harmonic motion,

its position of rest being at a distance a from the centre. Find, by the
principle of energy, the velocity at the centre. [Art. 4°2].

Let v be the velocity at the centre, then
K.E.=}mv*=work done by the force of attraction as the particle
moves from the position of rest to the centre.
The magnitude of the force F at a distance = from the centre being equal

to mpz and dz being measured in a dircction opposite to that of the force, tho
work done by the force

0 °
='-I Fda---—j muz dr=gmpa2
a <
N imvi={mpal, or vz\/p a.
Example 4. A ring of mass m slides on a smooth vertical rod ;
attached to the ring is a light string 1.assing over a smooth pey distant a
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from the rod, and at the other end of this string 1s a mass M (>m).
The ring s held on a level with the peg and released. Show that it first
comes to rest after falling a distance
2mMa
Wo—m?
Let B be the peg and AC the vertical rod, 4 being the initial
position of the ring so that AB=a.
The ring will move dowh under its weight
and will subsequently come to rest in some A __ @ B
position, say at P. Let AP=z.
Now, P.E. lost by the ring=mgz.

The distance through which M moves up
by this time

X

S v
=PB—AB= \/a"+x’—a. P‘ My

~ P.E.gained by M =Mg[V/ a®+22—a]. E

Hence as the system starts from rest and ;77
comes to rest, by the principle of energy, we have g

mgz=Mg[V a¥+22—a),
or (mz+ Ma)d=M?(a?+z2)
i.e., m3x3+4-2mMaxr=M223 or (M*—m3)x=2mMa.
. 2mMa
.o x=M———-———’_mz .
Examples XXVI-B

1. A heavy particle is free to move in a vertical circle of radius [, the
particle is projected with a velocity « from the lowest point 4 of the circle, and
Just reaches the point B ; show by applying the principle of energy that

9.,
u=,\/ 1 AB.

a. Two particles of masses 3m and m are attached to the ends, 4 and B
rospoctively of a light rod 3 ft. long which is freely hinged at a fixed point O in
the rod where BO=2 ft. and the rod is constrained to rotate in a vertical plane.
Initially 4 is above O, show that, if the rod is just disturbed 4 will pass
through the lowest position with velocity 34/28 .

If the mass at 4 were 2m, show that the rod can rest in any position.

An elastic cord, modulus 2, natural length [, hangs vertically, one
cnd being attached to a fixed point and the other to a body of mass M. The
mass i8 raised till the string has its natural length and is then released from

rost. Show that its groatest fall in the subsequent moticn is 2iVIg k,

4- A mass m is attached to ono end of an elastic string of length @, the
other end being fixed to a peg. Initially m is held near the peg and projected
with a velocity v vertically downwards. If the particle moves all along in a
straight line, show that tho depth & below the peg, of m when it is first at rest
is given by the oquation

v24-2hg= ;1% (h—a)?,

where A is the modulus of olasticity of the string. (Bm. U.)

. An elastic string of natural length 6 ft. stretchos to 8 ft. 6 in. when
supporting a woight of 4 1bs. One end of the string is fixed at a point 4 and the
mass is held at 4 and allowed to fall vertically.
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Find by the principle of energy or otherwise

(§) the extension of the string when the mass reaches the lowest point,
and (i) the velocity of the mass when the string is stretched 1 ft, beyond its
natural length.

6. Two equal weights P and P are supported by a string passing over
smooth pegs 4 and B in ths same horizontal line, a weight Q= 3 P is attach-

ed to the middle point of the :trin% between 4 and B. Prove that Q will
descend until QA4 B forms an equilateral triangle.

7. A light string ABCDE whose middle point is O passes through
smooth rings, B, D which are fixed in a horizontal plane at a distance 2a apart.
To each of the points 4, O, F is attached a mass m. Initially C is held at rest
at O, the middle point of BD, and is then set free. 8how that C will come to
instantaneous rest when 0C = $a.

Show also that when O has fallen through fa from O, its velocity is

25ag
BT (D.U.)

8. A heavy ring of mass m slides on a fixed smooth vertical rod and is
attached to a fine string which passes over a smooth peg distant @ from the rod
and then after passing through a smooth ring of mass 3m, is tied to tho peg.
S8how that, if m is dropped from the point in the rod at the same horizontal level
as the peg, then it will oacillate through a distanco 12a/5. Find the velocity of
m when it has fallen through a distance a.

A uniform string, of mase M and length 2qa, is placed symmetrically

over a smooth peg and has particles of masses m and m’ attached to its ends, m
being >m’; show that the string runs off the peg when its velocity is

(M +2(m—m’')]ag.
M¥mem (D.U. 1959)

ro. ACB is o horizontal straight line of length a+b. A heavy particle
at C ia attached by an inextensible string of length b to 4, and by an unstretched
elastic string of length a to B. If, when the particle starts from rest, tho string
AC just oscillates through a right angle, and the modulus of elasticity of the
elastic string is equal to twice the weight of the particle, prove that

4a3="b(a + 2b)2.

xx. Two equal particles each of mass m are connected by a light clastic
string of natural length a and modulus $mg and placed together on the upper
edge of a smooth fixed triangular prism. The sides of the prism are each in-
clined at an angle 30° to the horizontal, and tho particles are roleased from rost,
80 that they slide down oppesite sides. Show that they ncxt come to rest when
the length of the string is « (24+1/3). (L.U.)

II-IMPULSE AND ENERGY

9'7: Impulse of a constant force. When a force is constant
in magnitude and direction, the impulse is the product of the force and
the time during which it acts.

If a constant force P, acting on a particle of mass m, produces
an acceleration f and changes the velocity of the particle from U to
V in time ¢, we have

Impulse=Pt=mft=m(V—U)=mV—mnU

i.e., the impulse=change in momentum.
If U=0, ¢.e., if the particle starts from rest
Pt=nmV
t.e., Impulse==momentum generated in time ¢,

or Force P=momentum generated per unit time,
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9°71. Impulsive Forces. When a moving body strikes a
fixed object or when moving bodies impinge on one another there
is a sudden change of motion. The forces acting on the bodies are
great and act on them for such a short time that it is difficult to
estimate either their intensity or the time during which they act. Such
forces are known as Impulsive Forces or Blows.

In these cases instantaneous changes of velocities take place and
it is comparatively easy to measure the effect of the forces by their
smpulses or the changes of momentum produced.

It is important to remember that an impulse is not a force.

If, for example, a hammer strikes a ball of m 1b. and sends it
off with a velocity of » ft.[sec., then mu is the magnitude of the
tmpulse which is given to the bail and nothing can be known about
the force exerted by the bammer unless the time during which the
force acts is also known.

It may be recalled that momentum is a vzctor quantity and so
care must always be taken to equip it with the proper sign.

Example. A ball 2 oz. in weight falls from a height of 36 feet,
and rebounds to a height of 25 ft., find the impulse and the average force
between the ball and floor, if the duration of impact is 15y sec.

Velocity of the ball just before impact

= V232 x 36=48 f. p. 8. (lownwards).
Velocity of the ball just after impacy

= V2X32x25=40 f. p. 5. (npwards)
impulse=change of momentum

_ 2 2 _ .
16 X 4()_.(._..1-6 X 48) =11 lb. ft. sec. units.

If P is the upward force exerted by the floor, then since the
weight of the ball acts downwards, the total force acting on the ball
upwards is P—myg.

;. (P—mg) t=Impulse
=Impulse 4 ng= 11 FLIRVPYS
time T%U 16
=1104 poundals=3+'5 1b. wt.

9'72. Impact of water on a surface. When a jet of water
strikes against a fixed surface in a direction normal to it and when
there is no splash, i.e., the water flows along the surface after im-
pact, the pressure exerted by the surface. continues destorving the
momentum of the water. By putting t= 1 in the equation Pt=mV,
we find that P the average pressure exerted by the surface is obtai-

ned by calculating the amount of momentum destroycd per unit
time.

or

If the water strikes the surface with velocity v after passing
through a pipe, the area of whose cross-section is @ and if m is the
mass of a unit volume of water then the mass of water which strikes
the wall each second is mav and the momentum destroyed each

second is mav.v or mar? which must be equal to P, the prcssure
exerted on the wall.
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The pressure per unit area of the wall is mv? in absolute units.
Note. 1 cu. ft. of water weighs 62+5 lbs.

Example. Water issuing from a nozzle, of 2 inches diameter,
usth a velocity 60 ft. per sec., impinges on a vertical wall, the jet being
at right angles to the wall. If there is no splash, find the pressure exerted
on the wall.

Since there is no splash the water will flow along the surface of
the wall after impact and the whole momentum of the water is des-
troyed by P, the pressure exerted on the wall.

™
144
=153'4 Ibs. wt. nearly.

Examples XXVII-A

2. A hammer of mass 4 cwt. falls through 4 ft. and comes to rest after
striking a mass of iron, the duration of the blow being 1/50 of a second; find
the average force exerted by the hamvaer on the iron.

2. A ball whose mass is 4 Ib. is moving horizontally at the rate of 80 ft.
per sec. What force expressed in lb. wt. will stop it (¢) in 2 secs., (i) in 2 feet ?

. A mass of 4 1b. falls vertically through 100 feet from rest and is then
brought to rest by penetrating into sand. Find the mean force exerted by the
sand if it stops the mass (¢) in 2 secs., (1) in 2 feet.

Here a=n(yY)? and P=mav®=62'5x % 60 X 60 poundals

A stream of fluid of density m, meets directly a planc obstacle with
velocity v.  If the fluid be assumed to flow outward at the rim parallel to the
plane, show that the pressure on the obstacle is mv? per unit area.

Calculate the pressure in lb. wt. per square foot due to a wind of 50 miles
an hour, if a cubic foot of air weighs 1} oz.

?. A jet of water of 1 8q. in. cross-section, impinges normally on a fixed
vertical plate so that the water after impact leaves the plate parallel to it. The
force on the plate is measured and is found to be 5'5 pounds weight. Prove
that the velocity of the jet is 20 ft. per sec. approximately.

6. A jot of water leaves a nozzle of 1 inch diameter at a speed of 50 ft.
per sec. and impinges on a plate flxed at right angles to its direction. What
pressure is exerted on the plate ?

If the nozzle is drawn backwards with a velocity of 20 ft. per sec. in the
line of the jet, what pressure is then exerted on the plate ? (P.U.)

7. Find the pressure in Ib. wt. per acre due to the impact of a fall of
rain three inches in 24 hours supposing the rain to have a velocity due to falling
freely through 400 feet.

8. Aball of 20z. in weight falls from a height of 25 ft. Find the
impulse and the average force between the ball and the floor, if the duration of
the impulse is 137 scc.

- A bucket weighing 5 Ibs. is suspended from a tap which is delivering
6 gallons of water per min. with a downward velocity of 16 ft./sec. Find in
Ib. wt. the vertical force the bucket exorts on the tap when the bucket contains
a gallon of water.

9'73. Impulse of a variable force. Now suppose that the
force is variable and that P is its valuc at a particular instant ¢, then
the impulse of the force is defined as the integral

_[ Tpat,
0

where T is the time during which the force acts
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If the velocity of the particle at the instant ¢ is v, then

.. the whole impulst in time 7' during which the velocity of
the particle changes from U to V

—[* Pat= ITm -‘?_’fdc=j"mdv=m(v—v).
In particular when P is constant,

T T
j Pdt=PJ' U=PT=m(V—U) (Art.g'7).
0 0

Thus, whether a force is constant or variable, its impulse 1is

measured by the change of momentum produced by it.

9'74. Graphically the impulse of a force is equal to the area
under the force-time graph included between the two ordinates
corresponding to the two times, t.e., if

OA =t; and OB=t, the impulse Y| 0
t
J' t. Pdt=area ABQPA P
1
In particular when P is constant,
the impulse= P(t,—t,)=area of rectangle

ABQP. “

9'75. If a constant force P acting 0 4 B X
for time ¢, changes, the velocity of a

Y body of mass m from u to v, in & distance
P Q 8, we have
;//////7/; Pt=mft=m(v—u)
0007 i.e., forceX time=change of momentum,
,/;///f/,':;c/ and Ps=mfs=1}m.2fs=m(v2—u?),
5% i.e., force X space=change in Kinetic
0 A B energy.

These equations may also be written as
P=’r£2_—mu’ P=%mv2;§mu“‘
t.e., when the force is variable, we calculate the time-average of the
force from the change of momentum and the space-average of the
force from the change of Kinetic energy.
u+4-v

Also since Ps=}m(v?—u?)=m(v—u) —5

it shows that the work done by an impulsive force is equal to the product
of its impulse and the mean. of the velocities before and after the blow.
Example. It s estimated that the actual work done in accele-

rating a steamer of 1,000 tons, from rest, for the first 210 seconds, is
4,000 foot-tons, and the distance travelled is 2,000 feet. Find (1) the
8pace-average, (2) the time-average of the accelerating force.

K.E. Work 4,000
distance distance 2,000

=2 tous wt,

Space average of force=
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The velocity v acquired by the steamer is given by
$mv®=work in foot poundals,

$ X 1000 x 2240 v2=4000 x £240 X 32
or v=16 ft. per sec.
Time average of the force—"20mentum _ my
time ¢
=1000x2212 : 0x16 poundals=-lgl%%—:%;}-z6 or 2'38 tons-wt.

9'8. Motion of two bodies. .Suppose that a body of mass
m moving with a velocity v is acted upon by a force F in the line of

motion, then by the second law of motion, we have T;i'{(m”)"F' t.e.,
the rate of change of momentum==the impressed force.
If no external force acts on the body -g?(mv) =0, or, mv=constant,

t.e., the body continues to move with a constant momentum.

Similarly, if there are two bodies of masses m, m’, moving in
the same straight line with velocities u, 4’, then on the a--imp‘i- a,
in accordance with Newton’s Third Law, that the mutual action
between the bodies are equal and opposite, we have

2 (mu)=F\+R,

d W4
and -(-l—t—(m u')=Fy3—R,

where F;, Fy are the external forces acting on the bodies respectively
and forces +R, —R are the mutual action and reaction.

By addition, we have —g—t—(mu +m'u')=F,+F,,

which shows that the rate of change of momentum is equal to the
total externai force and is unaffected by the mutual action.

If no external force acts on the system, then
d
—&t-(mu+m'u')=0 or mu-+m'u’=a constant,

i.e., the total linear momentum of the system remains constant.

It is evident that if the bodies are not moving in the same
straight line and if no external force acts on them, the sum of the
resolved parts of their momenta in any particular direction will
remain constant.

Thus, if we consider two bodies as a single system and if no
external force acts, we may say that the two bodies together will
continue to move always with uniform momentum. If at any time
during the motion they come in contact with each other, the only
forces acting on them are the forces of action and reaction which
being equal and opposite cancel each other. Whenever two bodies
collide, the change in momentum of the one must be equal to the
change in momentum of the second, but in the opposite direction,
their total momentum remaining unchanged in any particular direc-
tion. This is called the principle of conservation of linear momentum
and may be stated as follows :
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9'81. Conservation of Linear Momentum. If the sum of
the external forces acting on any asystem of mutually altracting and
impinging particles resolved in any direction is always zero, the total

momenium of the system in that direction remains constant during the
motion.

Ilustration. (1) When a gun is fired the powder is converted
into a gas at a very high pressure which drives the shot out. During
the short time when the shot moves into the barrel of the gun, the
force exerted on the shot forwards is equal and opposite to the force
exerted by the shot on the gun backwards, t.e., the impulse of the
gun on the shot is equal and opposite to the impulse of the shot on
the gun. Hence the momentum generated in the shot is equal and
opposite to that generated in the gun. If free to move the gun will
recoil in the direction opposite to the motion of the shot.

Suppose m is the mass and % the velocity of the shot and M the
mass and V the velocity of the gun, then

MV+ mu = momentum before the shot was fired = 0
. mu.

o V—'—"——

the negative sign shows that the gun recoils, % ., moves in the direc-
tion opposite to that of the shot.

(2) When a shell moving through the air, is caused to explode
by means of a time fuse, the motion of the shell cannot change
whatcver may happen inside it so long as the pressure of the gasis
not sufficient to burst the shell. Itis only when the shell bursts
that the fragments become independent objects themselves and are

thrown in different directions on account of the difference of pressure
of the air surrounding them.

9'82. Suppose a body of mass m, moving with velocity v
impinges on another body of mass M which is at rest and is free to
move in the direction of m’s motion.

Now if the bodies are inelastic, i.e., the bodies adhere together and
move forwards as a single body of mass m+ M with some velocity,
say V, then, as there is no loss of momentum

. _ __m
oo (m+M)V=myv or V oy 7
which gives the common velocity of the bodies after impact.

9'83. It is important to note that although there is no loss of
momentum due to the impact, there is a loss of Kinetic energy, for,
the Kinetic energy before impact=34mu?,

and the Kinetic energy after impact

2,3
=4mot MV =+ ). =

v,

m 2
m+M fme.

The latter is obﬁous]y less than the former since 7/72 o is less than
unity.

In problems where impulsive forces are involved energy is
always lost and the principle of energy is never used.
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9'84. The principle of conservation of momentum can be
applied only in a direction in which there is no external impulsive
force. If, for example, a shot hits a smooth target obliquely, there
is no change in its momentum parallel to the surface of the target,
but the whole of its momentum perpendicular to the surface may be
destroyed on account of the impulsive reaction of the target.

Note. The word inelastic denotes the properties of bodies by which they
adhere at the time of impact and move forward as one mass.

The collision of elastic bodies where they separate after impact will be
dealt with in the next Chapter.

Example 1. 4 body of mass 12 lbs. moving with a velocity of
9 ft. per sec., meets a body of mass 8 lbs. moving (3) in the same direc-
tion (#i) in opposite direction, with a velocity of 4 ft. per sec. If they
coalesce into one body, find the velocity of the compound body. Find
also the loss of Kinetic energy.

(¢) Let V be the required velocity. Since the sum of the
momenta of the two bodies remains unaltered by the impact, we have
(8412)V=8x%x4+4+12x9=140
A V=T ft per secc.
Initial K.E. =3x8 % (4)*+3} X 12x(9)? ft. poundals
=558 or 17°19 ft. 1b.
Final K.E.=1(8+12) X (7)* ft. poundals
=420 or 15-31 ft. Ib.
Lossof K.E.=17"19—15'31=1'88 ft. 1b.

(¢t) Let V,; be the required velocity. By conservation of
momentum, we have

(8412)V,=12%X9—8x4=176
V,=38 ft. per sec.

Final K.E.=}(8+12)V,2=1444 ft. poundals
=451 ft. 1b.
Loss of K.E =17'19—4'51=12'68 ft. lb.

Observe that the loss is much greater in the second case than
in the first.

Observe also that when velocities in one direction are taken as
positive those in the opgosite direction must be considered as negative.

Example 2. A shot of mass 1 ounce, is projected with a velocity
of 800 ft. per sec. from a gun of mass 10 lbs., find the velocity with which
the latter begins to recoil. Also compare the Kinetic znergies of the shot
and the gun.

Let v be the required velocity, and let the direction of
motion of the shot be regarded as positive.

Since the total momentum of the shot and the gun in any direc-
tion must remain unaltered, we have
15 X 800 —10v=initial total momentum=0
v=73 ft. per sec.
K .E. of the gun=1}x 10 x5 x 5~=125 ft. poundals.
K E. of the shot=1} X % X 800 X 800=125 x 160 ft. poundals.
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The Kinetic energy of the shot is thus 180 times that of the
gun, and it is to this great superiority in Kinetic energy of the shot
that its destructive power is due.

Examples XXVII-B

z. A truck weighing 8 tons standing at rest on smooth rails is struck by
another truck weighing 4 tons moving at 10 ft. per sec. and both trucks move
together. What is their common velocity ?

2. A bullet of mass 2 ounces is fired into a target with a velocity of

1280 ft. per sec. The mass of the target is 10 lbs. and it is free to move : find
the loss of Kinetic energy by the impact in foot-pounds. (P.U.)
A car weighing 2 tons and moving at 60 m.p.h. along a main road

collides with a lorry of weight 10 tons which emerges at 30 m.p.h. from a oross.

road at right angles to the main road. If the two vehicles lock, what will be
their coramon velocity after the collision ?

4- A gun of mass 5 tons discharges a shot of mass 112 lbs. horizontally.
The recoil of the gun is opposed by a constant force of 2 tons weight which
brings it to rest in 1} sec. Find the velocity of the shot, and also the energy of
the explosion in foot-tons.

A bullet weighing § oz. is ired with a velocity of 1,000 f.p.s. from a
riflo weighing 10 lbs. The rifle kicks back through 4 inches. Find the average
pressure applied by the hand in bringing it to rest.

6. A railway truck of mass m when moving with a velocity 3p, strikes
a truck of equal mass at rest, and moves after impact with velocity v in the
same direction as before. Show that the velocity of the sccond truck after ym-
pact is 2v, and that the kinetic energy lost is 2muv2. (P.U.)

A shot leaves the barrel of a gun of mass 150 tons with a velocity of

600 ft. per sec., if the gun recoils with a velocity of 5 ft. per sec., find the mass
of the shot.

8. Two ico yachts stand at rest on perfectly emooth ice with their
keels in the same direction. A man jumps from the first to the uecon? and then
immediatoly back again on to thoe first. Show that the final velocifies of the

yachts are in the ratio M : M+m, whero M is the mass of each ice yacht and m
the mass of the man.

FURTHER EXAMPLES ON IMPULSE AND ENERGY

9'85. When two masses connected by a string passing over
a pulley are in motion or when a moving body penetrates in or
coalesce with another which is free to move, the principle of conserva-

tion of momentum muat be applied whenever any sudden jerk or impact
takes place.

It is important to note that in writing down cquations for the
instantaneous change of momentum produced by impulsive forces, all
tmpulses due to finite forces, such as wright, are neglecled.

Example 1. 7'w0 masses of 5 o0z. and 3 oz. are connected by a
light inextensible string passing over a smooth fixed pulley. The system
starts from rest and after it has moved for 2 scconds, a weight of 4 0z at
rest i8 suddenly altuched to the 3 oz, wt. Find the time which elapses
before the system comes to instantaneous rest.

J, the acceleration of the system:—}:—%‘: g=19=38 ft.[sec.?
v, the velocity after 2 secs.=8x 2=16 ft./sec. ..(1)

The momentum of the system=(5+43)16=128 oz. ft./sec. units.
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When the 4 oz. mass is suddenly picked up by the 3 oz. mass,
an impulsive action takes place and the new mass also partakes of
the motion of the system.

If V is common velocity of the system after picking up the
4 0z. mass, then

(64+3+4) V=128, i.e., V=32 ft.[sec. .. (2).

The masses are now 5 and 7 oz. and if f’ is the retardation,

f'=;—_‘—_—g g=-—(1-3— g -——-—1-39 ft./sec.®

.. the time ¢, taken by the system to come to instantaneous
rest after the 4 oz. wt. is attached, is given by
0=232—18¢ 1.e., t=2 sec.
Note. Equation (2) may be explained as follows—

Suppose I is itho impulse due to tension of the string (compared to which
the impulses of finite weights are noglected) «t the instant when the 4 oz. wt.
is suddenly picked up. Since a string cannot push but can pull, I acts upwards
on the weights on either sidc of the string.

Taking the upward direction as positive and considering the 3 oz. wt.
which picks up the 4 oz. wt., we get

I =change of momentum=New momentum — Old momentum
=(3+4)V ~3xX16 oz. ft. sec. «.(1).
Again, considcring the 5 0z., we have
I=change of momentum in the upward diroction,

=06(—V)—5(—16)=5x16—5V ..(2).
From (1) and (2), we get

(34+4)V —-3x16=5x16—5V
or (3+4+45)V=(3+5)16=128.
Example 2. A shot of mass m penetrates a thickness s of a
Jized plate of mass M ; prove that if M is free to move, the thickness

penetrated is
/ m
o/ (1+52)

Let u be the velocity of the shot and B poundals the average
resistance to penetration.

In the first case the shot is reduced to rest after penetrating a
distance s.

.

». by the principle of work and energy, we have
Rs=%mu? (1),
Let s" be the thickness penetrated in the second case and v the

final common velocity of the shot and the plate when their relative

veloeity ceases after impact, then the principle of conservation of
momentum gives

mu=(m-+M)v ..(2),
and the principle of work and energy gives
Rs'=}mu—}(m-+M)v3
m3u?

=}mul— ——y, [from (2)].

M
=}mul, ;n——l:f .o (3).
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», from (1) and (3),

M m
o=mrm = /(%)

Example 3. An inelastic pile, of mass m pounds, is driven
vertically into the ground a distance of a feet at each blow of a hammer
of mass M pounds, which falls vertically through h feet. Show that

(v) the weight which would have to be placed on the lop of the pile
o drive it slowly into the ground would be

o

M ounds
(-t M)a pounds,

and (it) the time during which the pile is in motion is

(m+M)a Z
M gh’

Let u be the velocity of the hammer just before impact, then
. ud=2gh (D).
Let v be the velocity of the hammer and pile just after impact,
then by conservation of momentum, we have
(M +m)yv=Mu ' . (2).
If P poundals be the average resistance of the ground, then

the total force acting on the pile in the upward direction is

P—(M+m)g, and this force brings the pile and hammer to rest in
a space of a feet

by the principle of energy and work, we have
WM +m)vi=[P— (M +m)gla

.. (3).
2
P=(M +mlg+(M +m) 5
M3 3
G(M+m)g+m ¢ %%’) [fl'oln (2)]
2
=(M+m)g+f{il-i[:-n ) g%_ (from (1)]

2
so that a weight M +XIA§—_;; . -Z— 1b. placed on the pile would-slowly

overcome the resistance and drive the pile into the ground.
Also the K.E. transformed by the blow
=} Mud— (M + m)r?

2
=§u’(.M-— M mM

AFm) = arim M

(if) If ¢ is the required time, then sindc the impulse of the force
acting on the pile is equal to the momentum lost by it, we have

[P— (M +m)glt=(m+ M)y .. (4)
~. From (3) and (4) we get, % - %_
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t___2a 2a(M-+m) (M+4m)a 2
v Mu = M gh

Note. Equation (2) may be explained as follows :—During the time
that elapses between the instant the hammer comes in contact with the pile and
the instant at which they begin to move together with a common velocity (this
infinitesimally small time is of course different from the finite time taken by
the hammer and pile to penetrate the ground), an equal and opposite impulse,
say I (compared to which the finite impulses due to weights and resistance of
the ground are neglected) acts upwards on the hammer and downwards on the
pile. Taking the downward direction to be positive, we have

For the pile =cbhange of momentum=mv — 0=mv.
For the hammer, — I=change of momentum=Mv—Mu.
Hence Myv—Mu+4my=0

t.e., (M4-m)v=Mu.

Example 4. A bird of mass m is flying horizontally at a height
k with velocity v when it is struck by a bullet of mass M moving verti-
cally with a velocity V. If the bullet kills the bird and remains embed-
ded in it, prove that the bird will fall to the ground at a distance d from
the point of projection of the bullet where

d= 6(1—;—:%71_)’— IMV+ VM3V 255 (M4-m)E].
(I.1.T. Kharagpur)

Let the velocity of the dead bird with the bullet embedded in
it be u at an angle « to the horizontal, then by the principle of conser-
vation of momentum, we have

horizontally (m+M) u cos a=mv+M Xo=mv

and vertically (m-+4-M) u sin a=mXo+MV=MV
.. by division, tan a=MV |mv ..(1),
and by squaring and adding, we get
(m+M)? ud=mbd34 M2V? ..(2).
Now the equation of motion for the dead bird, is
2 2 caol
y=2x tan a— é_u%os’a =z tan «— 'W-—z%;—c——m .

For a poirt on the ground, from where the bullet was pro-
jected y=—#h, so that the required distance d is given by
gd®
—h=d tan a-— o8 (14tantx).
Using (1) and (2) for tan « and #? and simplifying, we get the
quadratic equation in d in the form
g(m+M)2d:—2mMvVd—2im?h =0,

which gives the required result at once.
Examples XXVIII

2. The masses of 10 and 8 oz. are connccted by a light string which
passos over a smooth fixed pulley. The system starts from rest and the 8 oz.
masg, after it has risen 3 inches, passes through a fixed ring on which rests a bar
of mass 4 oz. and so carrics the 4 oz. mass on in its motion. Show that tho
4 oz. mass will be carried nearly 2} inches above tho ring.
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2. Two masses of 3 lb. and 5 1b. are tied to the ends of a string 13 ft.
long. The string passes over a smooth peg, 8 ft. above a horizontal table, the
5 1b. mass lying on the table and the 3 lIb. mass lying close to the peg. If the
8 1b. mass is allowed to fall, show that it will not reach the table. Find also
the greatest height above the table reached by the 5 1b. mass and the time it is
in motion beforo it reaches the table a second time,

3. Two particles A and B of cqual mass lie close together on & horizon-
tal table and are connected by a light inextensible string of length I. 4 is pro-

jocted vertically upwards with velocity nN10g7; prove that it reaches the table
again with velocity 2aJ gl .

Prove also that the sum of the Kinetic energies of the particles when
they strike the table again is less than the initial energy and state whero the
loss of energy occurs.

4- A mas3 of 40 ounces on a rough horizontal table (L=1) is connected
with a mass of 10 ounces lying on the ground by a cord which has 5 feet of
slack ; the first mass is projected along the table with a velocity of 20 ft./sec.,
find

() the distance through which the system will move before coming to
rest for an instant,

(¢¢) the tension of the cord after the tightening of the cord,
(iid) the timo botween the tightening and the stoppage.

. Two particles P and Q are connected by a fine inextensible string
which passes through a small smooth holo in a smooth horizontal table. The
masses of P and Q are 2m and m respectively, and P describes a circle on. the
table with constapt speed v, while @ hangs at rost. Find the radius of the circle
in terms of ¢.

If the particle on the table is suddenly brought to rest hy an impulsn
applied to it, find the magnitude of the impulse and the speed with which the
particle reaches the hole.

6. A hammer whose mass is 10 lb. is used to drive a nail, whose mass
is 4 ounces, into a board. The surface of the hammer and nail are inelastic and
the hammer when it strikos the nail has a horizontal velocity of 10 ft. per sec.
Show that in order that cach blow may drive the nail 1 inch into the board, tho
resistance of the latter, supposed constant, must not exceed a weight of 183 1b.

7. A one ounce bullet fired horizontally with a velocity of 1,000 ft. per
sce. into a one pound block of wood resting on a smooth table, penetrates two
inches and remains embedded. With what velocity does the block move off ¥
How far would the bullet have penotrated if the block had been fixed ?

8. If a m b, shot striking a fixed metal plate with velocity u pene-
trates it through a distance a, show that it will completely pierce through a
Ma

m, the resistance

plato, free to move, of mass M lb., and thickness d, if b<

being supposed to be uniform.

Assuming that in a cannon the force on the ball depends only on the
volume of gas generated by the gun powder, show that the ratio of the final
velocity of the ball when the gun is free to recoil to its velocity when the gun is
fixed is .

NM [+ M),

whero M and i are the maases of the cannon and the ball respectively.
(Kash. U.)
g0. The weight of a pile driver is 600 lb., and it drops vertically from a

hoight of 5 feet on to a vertical pile which woighs 800 lb. the pile being driven
in 6 inches. Find the mean resistance and the energy lost at impact.

1r.  An inelastio pilo of half a ton is driven 12 feet into tho ground by
30 blows of a hammer of 2 tons falling 30 fest. Prove that it would require 120
tons in addition to drivo it down very slowly.

x2. A bullot woighing 1 oz. is fired horizontally into a Llock of wood
weighing 12 1b., suspended by a string, so that the block snd the bullet
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emb~dded in it swing without rotation. If the block rises to & vertical height
of 2} ft.,find the velocity of the bullet.

13. A bullet of mass m, moving with velocity v strikes a block of mass
M, which is free to move in the direction of motion of the bullet, and is embed-

dod in it. Show that a proportion 'M]-:-lm of the Kinetic energy is lost.

. Jf the block is afterwards struck by an equal bullet moving in the same
direction with the samo velocity, show that there is a further loss of energy,
equal to _ ME?

2(M+2m) (M +m)

14. A hammer head of I 1b., moving with a velocity of w ft./sec., strikes
an inelastic nail of m 1b. fixed in a block of M lb, which is free to move. Prove
that if the mecan resistance of the block to penetration by the nail is a force of
P lb., then the nail will penetrate with each blow a distance, in feet

MW? u?
(Wam+M)Y(Wam)  2gP °
15. Find the velocity acquired by a block of wood, of mass M lb., which

ia fre.e to recoil when it is sgruck by a bullet of mass m ib., moving with a
velocity v, in a dircction passin g through its centre of gravity.

If the bullot is embedded a feet, show that the resistance of the wood to

2
tho bullet supposed uniform is »2(—‘%":—:6;“— Ib. wt. and that the time of penetra-
tion is —3— secs., during which time the block will move e g, (P.U.)

M+m

16. A sct of n equal trucks with S feet clear distance between them are
inclastic and are sot in motion by starting the end one with velocity V towards
the next. Find how long it takea for the last truck to start and the value of the

final velocity. What proportion of the initial energy will have been wasted
when all the trucks are in motion ?

17. A 100 Ib. shell travelling at 1,500 ft. per sec. bursts into two equal
portions which continue to travel in the same line ; if 200 ft. tons of energy
are gonerated by the explosion, find the subsequent velocities. (D.U.)

18. Two carriages each of weight w tons, tightly coupled together, are
running on level rails at v ft./sec. When the coupling is released, the system
gains £ ft. tons of energy from the released buffers. Show that the velocity of
the front carriage is increased and that of the rear carriage is decreased by the

samc amount
Eg
o ft. per sec.,

g being the acccleration due to gravity in ft.[sec2. (P.U.)

19. A body of mass my--my issplit into two parts of masses m; and mg
by an internal explosion which generates kinetic energy E. Show that if after
explosion the parts move in the same line as before their relative speed is

,\/ 2E(my+my) | (P.U.)
mlm, T

20. A truck weighing 15 tons and travelling at 6 ft. per second runs into
a spring buffer which compresses half an inch per ton. Prove that the maximum
compression of the spring buffer will be just under 10 inches. (g=32 ft./sec.2)
(P.U. 1951)
(N.B. The exact answer is §a/5=10-08 inches).

ar. -At the highest point of its path a shell explodes into two equal parts
of which one falls vertically from rest. Prove that the other will describe a

parabola of which the latus-rectum will be four times the latus' rectum of the
original parabola.

22. A shell is fired with a velocity V at an inclination « to the horizon.
Whon at its greatest height the shell explodes into two equal pieces one of
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which is obsorved to rise vertically to double its height at the moment of the

explosion. Show that the other piece will fall to the ground at a distance
(N2—4)V2 sin 2a/g

from the point of projection.

23. A shell lying in a straight smooth horizontal tube, suddenly explodes
and breaks into two portions of masses m and m’. If x is the distance apart in
the tube, of tho masses after a time ¢, show that the work done by the explosion is

1 mm’ 2

An inelastic ball of mass m is dropped from a height h above the
ground and at the same tilme a second ball of mass m,, is projected vortically
upwards to meet the former. Show that in order that immeodiately after
collision, the balls may bo at rest, the second ball must be projected with

a velooity [m———}nm—lgh :}
1

25. A gun of mass M firesa shell of mass m horizontally and the
onergy of the explosion is such as would be sufficient to projoct the shell

2
vertically to a height 2. Show that the velocity of recoil is [ M—————?ﬁil;‘)]*

9'9. Motion of the centre of mass of a system of
particles.

Let (ry, 1y), (x3, ¥q), etc., be the co-ordix_xatt_s_s of a number of
co-planer particles of masses, m,, m,, ete. Let (2, y) be the co-ordi-
nates of their centre of mass, then

T Mxy -+ meZa+. ...

my+me+....
- myhtmayst..... .
and y= my+mg+. ...

If M denotes the sum of the masses, we have
.M 5= m12'1+m.x3+ cs e

and M y=my,+meys+....
Since m,;, my etc., are constant, thercfore, by differentiating
with respect to ¢, we have
dz__ dx, dx,
Ma—[—ml E+m.a—?+.... (l)
dy___ dy dys ' °t
and L=m Ti?+m’ﬂ+""
These equations give the velocity of the centre of mass of thc
particles and they show that

The total momentum, sn any direction, of the particles ¢s the same
as that of a particle whose mass is the whole mass and whose velocity s
equal to the velocity of the centre of gravity of the particles.
Differentiating again, we have

- 2
M:iu-‘if=m @y +my iﬁ?+. ‘e

Var i @)
d*y d? a2 ) *
and Mﬂi’=m, m"’;’--{-m. 75—’,—’--]—

These equations give the accelsration of the centre of mass of
the particles.
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Let the particles be subjected to given external forces whose
components parallel to the axes are (X, Y,) (X,, T,), etc., then since
the internal forces, being of the nature of action and reaction, cancel
each other, equations (2) can be written as :—

d*z
M-l‘l't'gf =—*X1+.x,+. coe
ity . «.{(3)
and M—;;;:Y,-}—Y,-}-....

These equations show that the motion of the centre of gravity of
the particles in any direction is the same as that of a mass equal to the

whole mass of the particles and acted on by the forces which actually act
on the separate particles.

In particular if no external force acts on the system of particles,
the momentum of their centre of mass remains constant.

Examples XXIX

1. Two masses of 3 and 2 1b. move with uniform velocities of 5 and 10
ft. per sec. respectively. Find the velocity of their centre of inertia when they
move (&) along parallel lines in the same direction, (s¢) in opposite directions,

(¢¢¢) along lines at right angles to each other.

(i) The required velocityz:ﬁ—%}_?,ﬁg =7 ft. per soc. in the direction in
which both the masses are moving.
(i7) The required velocity=?—>5-:~;%_%§§-a=l ft. per sec. in the direction in

which the second body is moving.

(iit) Let u, v be the components of the velocity of the C.G. in tho two
directions, then

3x542X%0 3x042x10
= rm—— e T t, .3 = e——— e = . .
u 372 3 ft. persec.; v 342 4 ft. per scc

. the resultant velocity::\/ 324425 ft. por scc. in the direction
making an angle tan™1 .,;.:53" 8’ with the direction of motion of the first mass.

2. Find the acceleration of the C.G. of two masscs m, and my joined by

a string passing over a smooth fixed pulley.
fi=acceleration of m; vertically downwards="21""2,,
my+mg

Jfa=acceleration of my=—f;
.. th® acceleration of tho C.G.

mafikiafy my—me ==("’x—"'z)”
my+my my+mg 1 my + My

Two particles of masses 2 and 4 lbs. move with velocities of 12 and
15 ft. pcrsec. respectively along two straight linos 04 and OB inclined at an
anglo of 60° with one another. When the second is at O, the first is ¢ ft. from 0.
Show that the C.G. of the masses moves with a velocity of about 12:49 ft.
per scc. along a line which is inclined with 04 at an anglo of ahout 43° 54’ and
meets it at a distance of 2 ft. from O.

4- Throe equal particles are projected each from an angular point of a
triangle, along the sides taken in order with velocities proportional to the sides
along which they move ; prove that their C.G. remains at rest.

s. If, of three equal particles which start from the highest point of a ver-
tical cir:le, onc drops down a vertical diameter and the others slido down along
chords on the samo side of the diameter which make angles of 20° and 60° with
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the vertical, show that the acceleration of the centre of mass is 3g1/ 19 down a
chord which makes an angle tan"l—?- with the vertical.

6. Prove that the Kinetic energy of two particles of masses m and m’ is
NP2y
Hm+m) Va3 vt

where V is the velocity of the C.@. of the particles and v is the velocity of either
of them relative to the other.

REVISION QUESTIONS—VII

z. Explain clearly when does a force perform work ? How can you
measure the work done (1) by a constant force ; and (i) by a variable force ?

(P.U.)
2. Prove that if a body, moving with a velocity v ft. per second, is
exerting a force P poundals in the direction of its motion its rate of working is
P»[17,600 horse-power,

3. A train can be accelerated by a force of 55 Ib. per ton weight and
when steam is shut off can be braked by a force of 440 lb. per ton weight.
Find the least time between stopping stations 3,850 ft. apart, the greatest
velocity of tho train and the horse-power per ton weight necessary for the
engine. (M.T.)

4. 1,000 gallons of water per minute flow through a water turbine.
‘The water enters at 6 m.p.h. and leavos at 3 m.p.h. Calculate the horse-power
of the turbine if the efficiency is 75 per cent.

5. Show that the amount of heat imparted per foot run to a sheot of
ice, inclined at an angle of 30°, down which 20 boys of 8 stones weight each are
slipping is 291 foot-pounds of work nearly ; friction being equal to one-fifth of
the reaction. (P.U.)

*6. Explain with examples, the principle of conservation of energy.

An endless light string of length 2/, on which are threaded beads of
masses M and m passes over two smooth pogs A and B in tho same horizontal
line at a distanco a apart, one bead lying in each festoon into which the string
is divided by the pegs. The lighter boad m is raised to the middle point of
AB and then let -go, show that the beads will just meet if

m — pe———
I+-0 =2/ iTa

7. A bead of mass m free to slide on a fixed smooth vertical circular
wiro of radius a and centre O, is attached by a light elastic string of natural
longth 7a/12 to a point at distance 5a/l2 vertically below O, the string is
such that a force mg would extend it to a total length 7a/8. Show that when
the bead is vertically below O initially, it will just rise to tho level of O if it

be given a horizontal velocity of amount 4/ 17ag/7.

8. Decfine impulse, and prove that the impulso of a force in- a given
lins is equal to tho change of momentum produced in the direction of the force,
whether the force is uniform or variable. (P.U.)

9. A pipo is bent into the shape of a semi-circular are, cross-section of
the pipv is one square inch and water, forced through it, lows along it at a

constant spoed of 12 ft./sec. Show that the force that must be applied to hold
1t at rest is about 3:9 1b. wt.

10. Two particles each of mass m, are at rest side by side, when one is
struck by an impulse P in a given direction while a constant forco F begins the
samu instant to act upon the other in the same direction. If, after traversing a
space s in time ¢, thoy aro aguin side by side, provo that

2P=1r¢ and 2P:=mFs.

1. Two cqual balls 4, B, each of mass m, aro at a distance a apart. An
impulse I acts on .1 in the direction AB and a constant force F acts on B in the
same direction. Show that 4 will not overtake B if I2<2aFm.

) 12. Two particles A, B of masses m, 2m respectively, connceted by an
inextensible string of length a, ure placed closo together on a rough horizontal



182 ELEMENTARY ANALYTICAL DYNAMICS

table. The coefficientsof friction between the particles and the table are
respectively ., §i». Tho particle 4 is projected along the table with a velocity

V which is greater thany/2pga. Find the velocity just after the string becomos
tight and show that B will overtake 4 if V2>20pga.

13. A mass M, after falling freely through a feet begins to raise a mass
m greater than itself connected with it by means of an inextensible strin
passing over & smooth pulley. Show that m will have returned to the origina
. . 2M 2a
position at the end of time M —6-- (P.U.)
14. State Newton's laws of motion and show that when two masses
impinge on one another, the sum of their momenta in any direction is unaltercd
by the impact.

An inelastic pile weighing w tons is driven vertically by a hammer
weighing W tons, the hammer having a free fall of 4 ft. Show that the energy
. . Wwh
lost in each blow is —,—V—mft. tons. (P.U.)
15. If two inelastic spheres have direct impact, show that the Kinetic
energy lost by the impact is that of a body whose mass is half the harmonic
mean between those of the spheres, and whose velocity is equal to their relative
velocity before impact.

16. A target of mass M is moving in a straight line with uniform
velocity V. Shots of mass m are fired with velocity v in the opposite direction
Bo as to strike the target, becoming embedded in it. Find how many shots
must be fired in order to make the target to move back.

Find also the Kinetic energy lost when the first shot strikes the target.

(L.U.)

Calculate the same when M=17 lb., V=3 f.p.s., m=4 lb. and v=4 f.p.s.

17. Two buckets each weighing 16 oz. are connected by a cord over a
frictionless pulley, and an animal weighing 3 oz. is placed in one of the buckets.
The system is let go from rest and at the end of 14 sec. the animal springs
out of the bucket reaching a height of 8 inches above the starting point of jump.
8how that the velocity of the buckets while the animal is clear of them will be
about 5°1 ft. per sec. (IC.8.)

18. Two men, each of mass 3/, stand on two inelastic platforms each of
mass m, hanging over a smooth pulley. One of the men, leaping from the
ground, could raise his centre of gravity through a height A. Show that if he
leaps with the same energy from the platform, his C.G., will rise a height

M
h( -5z g.,) (P.U.)
1g. If a bullet weighing w lbs. is fired with velocity v at a body weighing
W Ib. advancing with velocity V, prove that the body will retain the velocity

WV —wy w
W or V——W(v-—u),

according as the bullet is embedded or perforates and retains a velocity u.

20. (a) A shell of mass M is moving with velocity V. An internal
explosion generates an amount E of energy and thereby breaks the shell into
masses whose ratio is my to my. The fragments continue to move in the original
direction of motion of the sheﬁ. Show that their velocities aro

V44 2meEmM and V—A/2mEjm;M. (D.U.)
(b) Show that the velocity of one fragment relative to the other is
2E mtmg
,\/ WU g (P.U. 1956 8.)

(c) If tho shell breaks into equal masses and the Kinetic energy gencra
ted is equal to the Kinetic cnergy of the shell just before breaking, show that
one-half is brought to rest and tho other moves with velocity 2V.

21. A shell is projected vertically upwards from the ground, its Kinetio
energy initially being E.  When its velocity has been reduced to one-half, it
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explodes into two parts of masses My and My of which M, is the upper. The
Kinetic energy just after the explosion exceeds that just before by E, and the
explosion acts along the line in which the shell is travelling. Show that the
upper porticn reaches a height

M+ Ma+V MM, E
My(My+ My) g

above the greund.

22. A ghell of mass m;+m, is fired with a given velocity in a given
direction. At the highest point of its path the shell explodes into two frag-
ments of masses m; and my. The explosion produces an additional Kinetic
energy E and the fragments separate in a horizontal direction. Show that the
fragments strike the ground at a distance which is equal to

|4 / ( 1 1
g \/ 2E my +1n2 ’
where V is the vertical component of the velocity of projection.
2g. The maeees on' an Atwood machine are M and m. They move s ft.
from rest, and then the heavidy mass M strikes the ground and remains at rest.
Afterwardd M starts to move ugwards and there is an impulsive tension in the
string, and later M strikes the ground again and so on. Show that

(i) the successive heights of M at which it comes to instantaneous rest

. m 2
{orm a G.P. of ratio (M+m) .

(#7) the whale time during which the system is in motion is three times
the interval from the beginning of motion to the first impact on the ground.
(M.T.)

24. A plank, of mags M, is inivially at rest along a line of greatest slope

of asmooth plane inclined at an angle o to the horizon, and & man, of mass M*,

starting from the upper end walks down the plank so that it does not move.
__m___

(M+M')ygSina’

length of the plank. (D. U. 1962)

Show that he gets to the other énd in time where a is the



CHAPTER X
COLLISION OF ELASTIC BODIES

10°x. Elasticity. If we drop a ball of glass on to a marble
floor, it rebounds almost to its original height but if the same ball
were dropped on to a wooden floor, the distance through which it
rebounds is much smaller. If further we allow an ivory ball and a
wooden ball to drop from the same lieight upon a hard floor the
heights through which they rebound are quite different. The velo-
cities of these balls are the same when they reach the floor, but since
they rebound to different heights their velocities on leaving the floor
are different.

Again, when a ball strikes against a floor or when two balls of
any hard material collide, the balls are slightly compressed and when
‘they tend to recover their original shape, they rebound.

The property of the bodies which causes these differences in
velocities and which makes them rebound after collision is called

Elasticity.

If a body does not tend to return to its original shape and does
not rebound after collision, it is said to be inelastic.

In considering impact of elastic bodies, we suppose that they
are smooth, so that the mutual action between them takes place only
in the direction of their common normal at the point where they
meet, there being no force in the direction perpendicular to their
common normal.

10°1x. Def. When the direction of each body is along the com-
mon mormal at the point where they touch, the impact is said to be
direct.

When the direction of motion of either or both, is not along the
common normal at the point of contact the impact is said to be oblique.

10’2, Direct Impact of two Smooth Spheres. Suppose
two smooth spheres of masses m and m’ moving in the samo straight
line with velocities v and u’, collide and stick together. The forces
which act between them during the collision act equally but in
opposite directions on the two spheres so that the total momentum
of the spheres remain unaltered by the impact. If U be the common
velocity of the spheres after the collision and if the velocities are all
measured in the same direction, we have

(m~4-1m"YU=mu+m'v'.

This equation is sufficient to determine the one unknown
quantity U.
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But we know, as a matter of ordinary experience, that when
two bodies of any hard material impinge on each other, they separate

almost imroediately and a finite change of
velocity is gencrated in each by their
mutual action depending on the material
of the bodies. Hence the spheres, if free
to move, will have after impact, different
velocities say v and v'.

’

The equation of momentum now m u m___
becomes -V >
mo+m'v' =mu+m'u'. <. (1)

x0°2x. This single equation is not sufficient to determine the
two unknown quantities v and v’. Another relation between the
velocities is supplied by Newton’s Experimental Law which states
that when two bodies impinge directly, their relative velocity after impact,
i3 in a constant ratio to their relative velocity before impact, and is in
the opposite direclion.

If bodies im pinye obliquely, the sume fact holds for their component
velocities alony the common normal at the point of contact.

The equation derived from this law for the above spheres is,

-
———— T —
u—u'
or r—u == —e(u—u'), . (2)

v, ', w and »’ being all measuied in the same direction.

10°'22. The constant ratio, e is called the co-efficient of
elasticity or restitution. It depends on the substances of which the
bodies are made and is independent of the masses of the bodies and
their velocities before impact. The value of e differs considerably
for different bodies and varies from 0 to 1.

When e=0, the bodies are said to be inelastic. In this case we
have from (2) v=, i.e., if o (nelastic spheres impinge they move with
the same velocity after incpact.

When ¢==1 the bodies are said to be perfectly elastic.

Both these are ideal cases never actually realised in nature.

10°23. To find the velocitics of the spheres after direct impact
we rolve equations (1) and (2) and get
mu-mu —em (v —u') ., mum'e' em(u—u')

e e— = and - — ; .
e+ m-m

10'24 When m=m' and ¢=1, we have r=u" and v’ =u.

i.e., if twoequal perfectly elustic spheres impinge directly theyinter-
change thesr velocities after impact,

Example 1. A ball of inass 8 lb. moving with a velocity of 4 ft.
per sec. is overtaken by a ball, of mass 12 1b., moving with a velocily of
9 ft. per sec., (i) in the same direction as the first, (i) in the opposite
direction. If e=1}, find the velocities of the balls after impact. Find
also the loss of Kinetic energy in the first case.

Let the direction of motion of the first ball be taken as positive
and let v, v’ be the velocities after impact, then
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() 8v+120v' =8 X44+12X9=140
and v—v' =—1}(4—9)=1,
which give v=7-6 f.p.s. and v'=6'6 f.p.s.

Loss of KE.=} X 8x (4)*+3x 12X (9)*—3} X8 X (7'6)2—} x 12X (6:6)*
=64-+486—231°04—261'36
=576 ft. poundals=18 ft. lb.
(13) 8v+120'=8x4—12X9=—T76
and v—v'=—}4—(—9)]=—11=—26
which give v=—536 f.p.s., v'=—276fps.
In this case the first ball turns back after impact.

It should be noted that the vélocities are measured algebraically, that
18, all velpcities in one direction ave taken as positive while those in the
opposite dixection as negative.

Example 2. A ball 4, moving with velocity u, img.inges directly
on an equabball B moving with velocity v in the opposite direction. If
A be brought to rest by the im pact, show that

uiv=1+e:1l—e
where e 18 the co-efficient of restitution.

Let V be the velocity of B after impact and let m be the mass
of each, then since 4 is reduced to rest after the impact, we have

mX0+mV=mu+m(—v), or V=u—v,

and 0—V=vre[u—~(—v)], or V:=e(utr)
U—v=V=xe (u-+v) or (1—e)u=(1l+e) .
Hence u:v=(14+e): (1 —e).

Examples XXX

x. A truck weighing 2 tons and moving with a velocity of 5 f.p.s. ovor-
takes a truck weighing 8 tons which has a veloeity of 2 f.p.s.  Find the velo-
cities of the trucks after impact if the co-efficient of restitution of buffers is 3.

2. A particlo A of mass 41b. and moving with a velocity of 10 f.p.s.
impinges on a particle B of mass 12 lb. at rest. How many foot pounds of
energy disappear in the collision and what is tho co-efficient of clasticity if 4 is
brought to rest.

Two sphere of masses 2 and 3 oz. are moving in the lino of centres
towards each other with velocities of 24 ft. per sce. and 30 ft. per sec., and
their co-efficient of restitution is 7. Find their d¢locities after impact, and tho
amount of kinetic energy transformed in the collision.

If o ball overtakes a ball of twice its own mass moving with onec-
seventh of its velocity and if the co-efficient of restitution between them bo §,
show that the first ball after striking the second ball will remain at rest. (D.U.)

g Two elastic spheres impinge dircctly with equal and opposite velo-
cities ; find tho ratio of their masses so that onc of them may be reduced to rest
by the impact, the co-efficient of elasticity being e.

6. If the masses of two balls be as 2 : 1 and their respective velocities
before impact be as 1 : 2 in opposite directions. Show that if the co-eficient of
restitution is 4, each ball moves back, after impact, with §th of ita original
velocity.

7. Two spheres of masses M, m impinge directly when moving in
opposite directions with speeds u, v respectively, and the sphere of mass m is
brought to rest by the collision; prove that v(m—eM)=M(1+€)u.

After the collision the sphere of mass M is ‘acted on by a constant
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retarding force which brings it to rest after travelling & distance a. Prove that
magnitude of this force is Me2(u+v)2/2a.

8. A mass of 5 Ib. impinges directly on a mass of 10 lb. which is at
rest, with a velocity of 12 ft. per sec. and is observed to recoil with a velocity
of 1 f.p.s. Find the co-efficient of elasticity and the energy lost in the impact.

?. Two spheres A and B of masses 4 and 8 Ib. moving with velocities 9
and 3 ft.fscc., in op{»osite directions, collide. If A rebounds with velocity of
1 ft./sec., find the velocity of B after impact, the co-efficient of elasticity and
the loss of Kinetic energy. (D.U.)

0. A ball is projected vertically with a velocity of 80 ft./sec. The
moment it reaches the highest point, a second equal ball is thrown after it
from the same point with the same velocity. How high will they collide ?

If the co-efficient of restitution be 3/5, find the time the second ball takes
to reach the ground. (P.U.)

xx. A sphere impinges directly on an equal sphere at rest ; if the co-
efficient of restitution is e show that their velocities after the impact are as

(1~e)/(1 +e).

If the mass of the first sphere be m and that of the second m’ show that
the first cannot have its velocity reversed if m >em’.

. 12. Two bodies 4 and B whose elasticity is e, moving in opposite
direcions with velocities a and b, impinge directly upon each other ; show that
their distance at time ¢ after impact is te (a+b).

3. Two bodies whose elasticity is §, moving in opposite directions with
velocitics 25 ft./sec. and 16 ft.[sec., impinge directly. Find the distance
between them 44 sce. after the moment of impact.

t4. Three perfectly elastic balls of masses m, 2m and 3m ave placed in a
straight line. The first impinges directly on the second with a velocity » and
then the second impinges on the third. Find the velocity of the third ball after
impact.

If tho masscs of the second and third balls are m; and my, show that the
third ball will move after impact with velocity u if

(m+4mq)(mq+mp)=4mm;.

15. If A, B, C bo the masses of three perfectly elastic balla having
velocitics a, b, ¢ respectively, and 4 impinges upon B and B upon C so that
thoir velocities after tho impact are u, v and w respectively, v being tho velocity
of B after impact orr C ; prove that

Aa?+4Bb2+4Cc2=Au4 Bv2+ Cuwl.

16. A ball 4 woighing 2 lb. and moving with a velocity of 5 ft./sec.,
communicates a veloeity of 2 ft. fsec., to another ball B of weight 8 1b. by means
of an intermodiate ball C. If the balls are porfoctly elastic show that the
mays of C is equal to cither that of 4 or that of B. Show also that C again
collides with A in the first casc.

17. The masscs of three spheres, 4,B, C are Tm, Tm, m ; their co-cfficient
of restitution is unity, their contres are in a straight line and C lies between 4
and 2. Initially 4 and B are at rest and C is given a velocity along the line of
centres towards A. Show that it strikes A twice and B once and the final
velocities of 4, B, C are proportional to 21, 12, 1. (D.U.)

18. Throeo smooth spheres 4, B, C of equal volume have masses 3m, m,
4m respoctively and are initially at rest in a straight line on a horizontal plane,
A and B are projected along this line towards C with speeds of 10 ft./sec., and
5 ft./sec., respectively. A overtakes B before B reaches C. Find the spoed of C
aftor B ocollides with it, The co-cfficient of restitution is } at each impact.

xg. A series of n elastic spheres whose masses are 1, e, ¢2 etc. are at rost
separated by intervals, with their centres on a straight line. The first is made
to iinpinge directly on the second with velocity u. Show that finally the first
n—1 spheres will be moving with the same velocity (1—e)u and the last with
velocity u.

Prove that the final K.E. of the system is § (1 —e+e") us.
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a20. Two equal spheres, 4, B, lie on a smooth horizontal circular groove
at opposite ends of a diamoter. A is projected along the groove and at the
end of time T impinges on B. Show that the second impact will occur after a
farther time 27T'fe, where ¢ is the co-efficient of elasticity. (P.U.)

- ax. A small ball of mass m is just disturbed from the highest point of a
smooth circular tube in a vertical plane and impinges on a smooth ball of
mass 2m resting inside the tube at the lowest point of the circle. Find
the height to which each ball rises in the tube after (i) first impact (§$) second
s . . .

impact, when the co-efficient of elasticity is §.

10°3. Oblique Impact of two smooth spheres. Suppose
that at the moment of impact the direction of motion of the spheres
is not along the line joining their centres.

Let m, ;' be the masses of the two spheres with centres 4 and
B at the time of impact,

u, ' the velocitics just
before impact,

a, B the angles the directions
of motion make with AB before
impact,

v, v’ the velocities after
impact,

and g, ¢ angles the directions

m mn’

of motion make with 4B after impact.

Since the spheres are smooth, there is no impulse perpendi-
cular to the line of centres and hence the resolved parts of velocities
of the two spheres in the direction perpendicular to 4B remain
unaltered.

v sin §=u sin « ..(1)

and v’ sin p=u' sin B. ..(2)

Since the impulsive forces acting during the collision on the two

spheres along their line of centres are equal and opposite, the total
momentum along 4 B remains unchanged.

.. mv cos §-+m'v’ cos p=mu cos a+m'u' cosB. < (3)

By Newton’s experimental law for relative velocities resolved
along the common normal A B, we have

v cos §—v’ cos p=—e(u cos a—u' cos B). ..(4)
From (3) and (4), we obtain

(mu cos a+m'n’ cos B)—em’ (v cos a—n’ cos B)

v cos = oL , ..(9)
' cos (mu cos a4-m"r’ cos B)+em (n cos a.—u" cos B) (6)
o c § 3 e ..

v ? e

Squaring and adding (1) and (5) we obtain ¢* and dividinz (1)
by (5), we obtain tan . Similarly we get ¢'2 and tan ¢ from (2)
and (6). .

10°31. We deduce the following particular cases from the above
cquations :—

(i) If v'=0, from (2) p=0, (".'v'50), i.e., if the sphere of masa
' were at rest, it will move along the line of centres after im pact.
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(1) If «'=0 and m=em’ from (2) ¢=0 and then from (5)
6 =90°, so that if a sphere of mass m:-impinges obliquely un a sphere of
mass m' at rest, the directions of motivn of the spheres after isppact will
be at right angles if m=em’.

This evidently holds true when the spheres are equal and per-
fectly clastic i.e., when «'=0, e=1 and m=m'.

(ii¢) If m=m’', e=1, then, from (5) and (6), we have

v cos §=u’ cos B and v’ cos e=u cos a

i.e., if two equal-and perfectly elastic spheres smpinge they interchange
their velocities in the direction of their line of centres.

Also in this case, by using (1) and (2), we get :

tan @ tan o=tan 2 tan B.

It followsthat if tiwo equal and j ¢ rfectly elastic spheres {inpinge at
right angles, their directions after impact will still be at right angles,

T'he student is advised 1o prove these particular cases independently.

Example 1. A smooth sphere of mass 5 lb. moving with a velocisy
of 8 ft. per sec. from a direction 30° N of W collides with a sphere of
3 16, moving with a velocity of 10 ft. per sec. T'he impact takes place
i suck a aeay that the line joining the centres of the spheres s L. and
W. at the time of impact. Determine the subsequents motion of the
secord sphere and the deviation in its direction of motion, if its dircction
of motion before vmpacet is

(¢) from N. to S. (i1) from 30 E.of N.and ¢=06.

Let the yelocities after impact be v and v’ at angles ¢, 3 to the
Ime of centres.

Since  the  spheres  are N ,
smooth. the velocities perpendi- ’U\ 1oy
calar to th~line of centres are ~ .
unaltered, L/

(1) In the first ca<e w—
rsin g 8 30 - 1.
and «'sing  105in90”= 10..(2)
Since the momentum after
mmpact along the line of centres S
=momentum before impaet,
S Brceos @4 30 cos g= IX R cos 30° 3% 10 cos 80
= 204/3. AP
By Newton's law,
veos @—0v' cos - =% (8 cos 30°—-10 cos 90)
=—124y3 BNCY)
From (3) and (4), we have
3’ cos 945 v’ cos 9=204/3 4 124/3, or ¥’ cos p=4JY3 ..(5)
From (2) and (5), we have

v's V148 =1217{.ps.
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5
and tan g=——= §a/3=1'4433 or 9=55°17'.
?=3 NE N ?

.. the required deviation=90°—55° 17'=34° 43’ E. of S.

(¢¢) In the second case, the direction of motion of the second
sphere before impact is from 30° E. of N. s.e., it is from 60° N. of E.
and thercfore the corresponding five equations of motion are as
follows :—

v sin =8 sin 30°=4, ..(1)
v’ sin ¢=10 sin 60°=5/3, . (2)
5v cos §+3v' cos 9=5x8 cos 30°—3 X 10 cos 60°
=200/3—15 ..(3)
v cos §—v’ cos ¢=—3[8 cos 30°—(—10 cos 60°)]
=—32J3—3. . (4)

From (3) and (4),
3 v’ cos p+5v' cos =323 or v’ cos p=4n/3. <. (5)
s, from (2) and (5), we have
v'=+/123=11"1 f.p.e.
and tan p=5§=125 or ¢=>51°20'
the required deviation=30°490°—51° 20’
—30°438° 40’ =68° 40’

Example 2. T'wo equal spheres, each of mass mn are in contact
on a smooth horizontal table, a third equal sphere of mass m' impingea
symmelrically on them, prove that this sphere (s reduced to rest by the
tmpact if 2m'=3me.

Before impact, let u be the velocity of m', which is reduced to
rest after the impact.

The spheres being cqual in size,
NABC is cquilateral and 4X, the com-
mon tangent to B and ¢ makes cqual
angles, cach 30°, with 4B and AC.

By symmetry the velocities of B
and ¢ will be equal, say each equal to
v; also the total momentum of the
spheres along 4 X will remain constant.

oo me cos 30°4-mv cos 30°=m'u
or NS my=m'u ..(1)

By Newton’s law of relative velocity along 4B for the spheres
A and B, we have

v—0=—e(0—u cos 30°),
or v=1Jeuy/3 ..(2)
s from (1) and (2), we get
N3 mXlen3=m', ie, 2m'=3me.
Cor. If m'=m, then e=3.
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Example 3. 4 smooth sphere A, of diameter a, is projected in
a certain direction s0 us to have impact with another equal sphere B at
rest. If the direction of motion of A before and after impact makes
angles § and ¢ respectively with the line of centres at the time of tmpact,
prove that

(¢) tan p=2 tan §/(1—e) and
(i1) in order to produce the greatest deviation in the direction of A,
it must be projected in a direction making an angle
sin=1[av/T1—=e/cV3—e ]
withthe line (of length c) joining the centres of A and B.

Let the sphere A be projected with velocity u along the line
ACE.

Let B be the centre of the
sphere B at rest and d(AB=c)
the centre of the moving sphere 4 in
its original position.

Let BC(' (=a) be the line of
centres at the time of impact of the
two spheres, ' being the centre of
the sphere A at that time.

Let v be the velocity of . and
v’ that of B after the impact, so that

/. BCE=g and / BUF=¢.

The sphere B, having no velo-
city before impact, will obviously
move along CI3 after the impact.

(¢) By conservation of momen-
tum along B(', and by Newton's law of relative velocity, we have

me cos G4-mr'=mu cos ¢,
or v cos G1'=u cos g, (D
and v con p—uv'=—c(n cos §—0). ..{2)
From these, we get

v cos Pp=4}(1—e)u cos g. «.(3)

Also since the velocity of the sphere A4 perp. to OB remains the
same, we have

v~in ¢=u sin 4. . (4)
s from (3) and (4), we get.
tan ¢p=2 tan §/(1—r). ..{9)

(it) Now let ZECF, the deviation in the direction of motion
of the sphere A, be D, so that ¢==0--1), putting this in (5) and
differentiating w.r. to §, we have

tan (-} D)=2 tan 9/(1—c),

dn 0 y
and sec? <9+D)[l+37 =1 'sccgar:-l-—i—l(l-{-tan’ n).
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In order that D may be the greatest d/dg= 0 and thus we get,
1_—-2_4.3(1 +4tan? 0) =sec}(§+D) =sec’d

4 tan® ¢ -
=1+-—iT'—e')T b. ( )
2 4 2 -
N = e et
or [4—2(1—e)]tan?® g=2(1—e)—(1—.)®
or 2(1+4-¢) tan? g=1—¢2,
tan® g=3(1—¢), fd.c., tan g==1/1—e/o/2,
sin g=1/T—e/V/3—e.

Now to find /(4 B=ua, from AABC, we havy
) sin « sin(r—@) sin x_sing

CB~= A a T ¢
Hence sin z=a sin @le=a v/ 1—efc \/3—e.

Examples XXXI

x. A hall of mass b lb. moving with a velocity of 13 ft. per sce., im-
pinges on a second ball of double its 1nass and one-third its velocity ; if their
ve-iovitios betore wmpact be parallel and inclined at an angle of 30° to the line
ot centres at the time of impact, tind tho resulting motion of the first sphero
1t =5,

a. Two smooth spheres of mass 1 1b. each moving with velocity 20 f.p.s.
in dircctions at richt angles to one another, impinge in such a way that the
linv juining thoir contres is tho direction of motion of one of them. Find the
velocities of the spheres after impact if e=-4.

3. Two equal balis moving with cqual speeds impinge, thoir directions
beinyg inclined at 30° and G0’ to tho line of centres at the timo of impact ; show
that 1f e=1, the balls move in parallel directions after the impact, inclined at
45° to the lino of contres.

4. A sphere of mass 4 1b. moving with a velocity of 5 [.p.e. impinges
on a sphere of mass 2 lb. moving with a veloeity ot 3 f.p.s.  {f spheres aro
moving {{) in like parallel directions (i7) in opposito parallel directions incliped
2! an angle of 30° to tho lino of centres at the time of impact. show that tho
velocities of the second sphere after impact are tho same in the two cases, the
cu-ellicient of restitution being 4.

What are tho velocities of the first sphero aftor impacet ?

5. An inclastic sphere impingea obliquely on a secord sphere ot rest,
whoso ma3s i3 twice its own, in a direction making an angle of 30 with the line
jninine the centres of tho spheres at the instant of impact ; show that its direc-
tion of motion is turned through an angle of 30°,

6. A smooth sphere approuches a stationary sphere of equal sizo and
mass its ecntro moving along o tangent to the stationary sphere.  On impact
the path of the moving sphere is caused to deviats through 30°. Find tho
co-eflicient of restitution between the spheres, and show that their speeds after
impact are equal.

7. A hall impinges on another at vest prove that if the co-efficient of
1estitution ba equal to the ratio of their masses, the balls will leave in directions
at 1igin Angles to ench other,

What will happen m the caco of direst vollision ? (P.U. , D.U)

8. 'I'wo equal sigoth spheres whoss co.efficient of restitution is unity,
meving in ditecuions gt vight angles to each other, impinge obliquely.  Show
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that after impact their dircctions of motion will still be at right angleg to each
other. (P.U.)

9. Two cqual balls are lying in contact on a smooth table, and a third
equal ball, moving along their common tangent, strikes them simultancously.

Prove that #(1—e2) of the kinetic energy is lost by the impact. (P.U.)

10. Two equal balls of radius a are in contact and are struck simultane-
ously by a ball of radius ¢ moving in the direction of their common tangent.
1f all the balls be of the same materiel, the co-efficicnt of elasticity being e,
prove that the impinging ball will be reduced to rest if

2e==c2(n+¢)%/a3(2a+c). (Agra University)
[Hint. Masses of the balls are proportional to a3, a3 and c3].

11. A body of mass M moving with a velocity v collides with another of
masa m which rests on a table. Both are perfectly elastic and smooth and tho
body m is driven in a direction making an ongle @ with the previous line of
motion of the body M, show that its velocity is

M
~—-—— v Co8 Q.
wm 9

12. Show that if a smooth sphere of mass m, coliides with another
smooth sphere of mass m, at rest, and is deflected through an angle @ from its
forier path, tl.e sphere of mass mg being set in motion in a direction ¢ with the
former path of my, then

both spheros being perfectly elastic.

13. A smooth spherc travelling with velocity wu; overtakes an ~qual
smooth sphere travelling in a parallel direotion with voiomtv) ug and mmpingos
upon it in such a way that the lino of contres makes an angle a with the direc-
tion of motion. If the spheres are perfectly elastic show that after impact the
angle betwoen the directions in which tho spheres are rnoving 1- @, where

tai Q=(u32—u,2) 8in a cos «juyu,.
14. Two cqual smooth sphercs moving along parallel lines in opposite
directions with velocities u and v, collide with the line of contres at un angle

with their dicectioa of motion. If after impact their lines of motion are at
right angles to one another, show that

(u—2)2/(u 41)=8in2x + eZcosla. (D.U.)

x5. A smooth sphere of mass m travelling with velocity u, impinges
obliquely on a smooth spheis of mass M at rest, it~ original line of inotion
making un angle @ with the line of centres at the mowent of impact. Show
that the sphere of muss m will he deflected through a right angle il

M4m

16. A smooth ball impinges on another smooth equal ball at rest in a
direction that makes an angle a with the line of centrus at the moment of impact.

Prove that. if D be the angle through which the direction of motion of the imping-
g ball is deviated, then

(14-¢) tan o
l-e+ 2 teniy

If the direction of the impinging ball bisccts the angle between the
futuro directions of miotion of the balls then  tan a=ye.

‘an D=

17. ‘T'wo equnl balls of elasticity e impinge, having before impact resolved
velonities wy, vy in (he direction of the cominon normal, and u,, vy perpondiculal
to it. 11 ‘heir ma0toNs after impact are at right angles, prove that

() Fop” Fhuyug=—e2(vg—=97)2,
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10'4. Impact against a Fixed Plane. Suppose a smooth
sphere (or particle) of mass m, moving with a velocity u, strikes a
smooth fixed plare in a direction making an
angle o with the normal to the plane, and
that it rebounds with velocity v making an
angle @ with the normal. Then, since the
plane is smooth, the component of the
velocity along the plane must remain
unaltered

.

S vsin g=usina ..(1)

The plane being fixed its velocity is taken as zero.
.. by Newton’s experimental law for relative velocity along the
common normal AN, we have
v c08 §—0=—e(—u ¢os o — U,
e, T COS @==2eu COS o -.(2).
Squaring and adding (1) and (2), we get
v¥=u?(sin®ex}-¢? cos2a).
Dividing (2) by (1) we have : cot §=e cot « <. (3).

These cquatiohs give the velocity and direction of motion of
the sphere after impact.

10°'41. The following facts may be noted :—

(1) If «=0 then by (1), §=0 and .. by (2), v=eu.

i.e., when the impact i8 direct, the direction of motion of the sphere
18 revers:d after impact ard its velocity is reduced in the ratioe : 1.

(2) If e=1,.by (3), 6=« and then by (1) v=u, i.c., when the
plane is perfectly elastic, the angle of reflection is equal to the angle
of incidence, and the velocity remains unchanged in magnitude.

(3) If e=0, by (3), §=90° and then by (1), v=usina«, t.e.,
when the plane is perfectly inelastic, the sphere simply slides along
the plane, its velocity parallel to the plane remaining unaltered.

(4) Impulse of the blow e==change of momentum of the

sphere perpendicular to the plane
=mu cos o—(—mer cos §)
=m(l+e)ucos «.

(5) Loss of Kinetic cnergy=4mu®—3}mo?

=}mu— mu?(sin%u+e? cos? «)
=}mu?(1—e?) cos’x.

Example x. A4 ball weighing one pound and moving with a
velocity 8 ft. per sec.,vnpinges on a smooth fized plane in a direction
making 60° with the plane ; find its velocity and direction of motion
after impact, the co-efficient of restitution being §. Find also the loss in
Kinetic energy and the impulse on the plane due to the impact.

The direction of motion of the ball makes an angle of 30° with
the normal to the plane. If after impact the ball moves in a direc-
tion making an angle ¢ with the normal with velocity v, then

v cos §=eu cos a=4% X8 cos 30°=2/3,



COLLISION OF ELASTIC BODIES 195

and v sin §=u sin a=8 sin 30°=4.

S v3=12416=28

ie., =529 ft. per sec.,
N3 o @

and cot 0=—~ , 5.e., 0=49° 6¢’,

Loss of K.E.= }mu’—imv’._ #m(Sx 8—28) ft. poundals
=3} ft. Ib.=9 ft. oz. ('.‘ m=1)

Impulse=m(14e€)u cos a=1 X —2- X8 ng

=064/3=10'4 Ib. ft. sec.
Example 2. 4 particle falls from a height b in timet upon a
fized horizontal plane. It rebounds and reaches the maximum height b’
in timet’, show that
t'=et and h'=eh,
Also prove that the whole distance (up and down) described by the

particle before it has finished reboundmg 18 h +

. l+e
elapses 13 1= p
The time ¢t taken and velocity u acquired on reaching the
horizontal plane are given by

o2
5 andthat thetime that

ul=2gh, (1)
and u=gl «.(2)
or h—=} g3, ie., t=+/2hlg ..(3).

The velocity of rebound being ex, the tiret’ and the max.

height A’ attained by the particle to reach the highest point where
its velocity is reduced to zero, are given by

O=eu—gt’ i.c., eu=gt’ .. (4)
and O=etul—2gh', 1i.c., e*u‘=2gh’ ..(5).
From (2) and (4), we get e. gt=gt’, 1.e., t'=et,
and from (1) and (5), we get e* 2gh=2gh’, i.e., b’ =e2h.
It will reach the horizontal plane again with the same velocxty
€u, in tho same time t'=et, after moving the same distance 4’ =e%.

Thus after the first rebound and before the sccond rebound
takes place, tho particle takes time 2et and describes the total dis-
tance up and down equal to 2e3h.

The same process will be repeated subsequently till the particle
comes to rest.

Thus the whole time taken by the part‘iclo during the motion
-—t+2et+2e’t+ ........ =t+2(ete2+4...... )

2e 1+e, 1+
it (142 = 1 1= 1_8'\/ - Dy @),
and the whole distance described by it

2  }
=R+ 2604268t ..o =t 2¢ :‘, _i"" h.
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Exzmples XXXII-A

2. A ball weighing 10 lb. and moving with a velocity of 30 ft. per sec.
impinges on a smooth fixed plane in a direction muking 60° with the plane. If
the co-efficient of restitution is § find

(s) the impulse on the plane due to the impaot.
(¢2) the direction of motion of the ball after impact.

2. At what angle must a body whose elasticity is } be incidént on a
perfectly haid plane so that the angle batween the directions before and after
impact may be a right angle ?

3. An imperfectly elastic sphere whose elasticity is equal to tan 30°
impinges upon & plane with a velocity such that

the velocity after impact=the velocity before impact xsin 45°,
find the angles of incidence and reflection.

. Amarble dropped on a stone floor from a height of 12 ft. is found
to rebound to a height of 10 ft. Find the co-efficient of restitution.

A steel ball is released from rest and falls upon a fixed steel anvil
and rebounds, the co-effieient of restitution being 0°9. The lowest point of the
ball is initia y at a distance of one foot above the anvil. Show that the ball
finally comes to vest on the anvil 4°75 secs. after its release and that the total

distance travelled by the ball is /%" ft.

6. A tennis ball is dropped from & point P at a height H above the
surface of the court and rebounds to a height h. Prove that the velocity v with
which it must be projested vertically downwards from P in order that it may
just return to P after rebound is given by the equation

hv®=2gH(H ~h).
Find the impulse at the point of impact with the court in the latter case.

7. A ball, whose co-efficient of restitution with the ground is §, is pro-
jected upwards from the ground with a velocity of 16 f.p.s. Find the total
distance described by the ball before it comes to rest, and the time occupied in
describing this distance.

8. An elastie ball of mass m is projected vertically upwards from a point
on a horizontal plane with a velocity u. 1fe be the co-efficient of restitution,
find the total space described by it and the time thaat elapses up to the instant of
its nth rebound. What is the kinetic energy after the nth rebound 1

(P.U. 1955)

Two smooth balls, one of mass double that of the other, are moving
with equal velocities in opposite parallet directions and impinge, their directions
of motion at the instant of impact making angles of 30° with the line of centres.
If e=-4, show that the smaller ball behaves after impact as if it were a perfectly
elastic ball impinging on a fixed plane.

10. Two perfectly elastic balls fall from rest from heights of 16 ft. and
9 ft. above a horizontal plane descending along the same vertical line. They
impinge upon a plane inclined at an angle of 456° and move along the hor:zontal
plane. Prove that they will collide after moving a distance 24 ft. on the
horizontal plane.

10°42. Aprojectileimpinging ona plane. A particle projected
with a certain velocity in a certain direction, other than the horizontal
and vertical, may strike a horizontal, a vertical or an inclined plane,
and may continue its motion after rebounding from the plane.

Example 1. From a point in a smooth horizontal plane a ball
is projected with velocity u at an angle « to the horizon. Show that it

will keep rebounding from the plane for a time M and will have a

07 g(1—e)
u? sin 2o ,eb eing the co.eﬁicient of elaaticity.

range —a‘l‘—‘—"'e )
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The ball at first describes a parabola and on meeting the hori-
zontal plane, it rebounds and so describes another parabola, and again
rebounds and thus describes a series of parabolas.

The initial vertical component of the velocity isu sin « and
vertical velocitics of the ball at the successive rebounds are eu sin «,
e*u sin a, ete.

So the times of describing the various parabolic paths are

2usin . 2eusina  2edu sin «
’ ’ ) etc.
g ) g

Hence the total time that elapses before the ball ceases to
rebound is

2u sin &« 2eu sin &« = 2e3u sin «

e
g g g
2u sin « 2 ___2u sin & 1
=~—T—(l+e+e +..)= p e

The plane being smooth, the horizontal velocity u cos « of the
ball remains unaltered during the motion.
.. the horizontal distance described in this time

_2usina u cosa-—u' sin 2a
T og(l—e) ° g(l—e)

After the ball has ceased to rebound, it will move along the
plane with constant velocity u cos a.

Example 2. 4 particle after falling from rest through a distance
h strikes a smooth plane inclined at an angle o to the horizon. Show that
the distance between the first two points at which 1t strikes the plane is

4he(1+e) sin a.
(¢) Find this value when e=}, «a=60° and A=2 ft.

(11) Prove also that the whole range on the inclined plane when

4he sin a
(I—e)?

Let the particle start from O and strike the plane at 4 with

velocity u, so that

the particle ceases to rebound is

0A =h, N
and ud=2gh .. (1). -._._(_[
Just before impact at i

A, the velocity components
of the particle are :—

u cos a along the nor-
mal AN in the dircetion N4,
and u sin « along the plane
downwards.

Just after the impact, they are :—

eu cos a along the normal in the direction AN,

and  u sin a along the plane, the plane being smooth this remains
constant throughout for all impacts.
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Considering motion in a direction perp. to the plane, the time ¢
which the particle takes to strike the plane again at B is given by

O=eu cos a t—% g cos a 3, so that t=2eufq ..(2)

Now considering motion in the direction of the plane, the range
AB is given by

3,2
AB=wu gin a. t+} g sin a. *=wu sin a.—%—ﬁ + % g sin a. 4‘;,”
_Zesina :“‘ % (14eput= 2250 ng 2 (14e)x 2h
=4he(14-e) sin « ..(3)

(¢) Substituting e=$}, x==60° and h=2 ft., we have

AB=4x2x1X -g— x-§=3~/3 or 52 ft. nearly.
(¢28) Just after the impact at B, the velocity component perp.
to the plane is e*u cos a.

2e2u

g ’

.

s, asin (2), time for the second range BC=

and so on for other ranges.

.. the whole time 7’ till the particle ceases to rebound
2eu  2e%u 2eu 2 2en
= p +—g—+. oen .-—T(l+e+6 +....) ==-§(—i~:_—e') .
.. the whole range on the inclined plane in this time
=u sin «. I'+4% g sin a, 72
2eu  gsina  deu?
gl—e) T2 gI—e
2e sin « e 2e sin a 1
=~y [ 1 e X X b
4he sin a
Ti—a
Example 3. A ball is projected with a velocity u at an
elevation a, from a point distant d from a smooth vertical wall ina plane
perpendicular toit. After rebounding from the wall it returns to the
point of projection. Prove that

u? sin 2oc=gd( 1-[--—16—)-

Let O, be the point of projection, AB, the wall and AN
perpendicular to AB.

=% Sin aX

=

Let ¢, be the time for motion from O to 4
along the path 0OCAd, and t; the time for the
A ﬁ;turn journey from 4 to O along the path ADO,
en
d=t, X horizontal component of the velocity
before striking the wall
={,. U COS «,
also d=t, x horizontal velocity after impact with
the wall
B ={,. €U COS «,
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5 (hty) w cos a=d+%-==d (1+—le_) .o(1)

The wall being smooth, the vertical component % sin « of the
velocity is unaffected by the impact and the final vertical displace-
ment of the ball being zero, we have

2u sin «

O=wu sin a. (t;-1,) —3g(t;+15)%, or t1+t,,=——-—g———— . (2).

Substituting this in (1), wet get
2u sin «

p .ucosoc=d(l+—~le-) or uzsin2a=gd(1+-1é-).

Note. In case u and « are known, the co-efficient of restitution between
the ball and the wall, as obtained from this equation, is given by

e=gd/(u? sin 2a—gd).
Examples XXXII-B

1. A particle of olasticity ¢ is projected in a direction inclined to the
vertical and bounces on the smooth horizontal plane. The rango of one rebound
is r ; find the range of the next. [Ans. er.] (P.U. 1957)

2. A particle is projected from a point in a horizontal plane with a velo-
city of 32 ft. per sec. at an angle of 30° with the horizon. If the co-efficient of
restitution is §, find the distance described by it horizontally before it ceases to
rebound. [Ans. 111 ft. nearly.] (D.U.)

. A ball is projected from a point in a horizontal plane and makes one
rebound, show that if the second range is equal to the greatest height which the
ball attains, the angle of projection is tan—1 4e, e being the co-efficient of
clasticity.

A smooth elastic ball 1s projected horizontally from the top of a
tower 100 ft. high with a velocity of 100 f.p.s. ; show that after one rebound it

will describe a horizontal range of 40 ft. if the co-efficient of elasticity is .

A ball falls vertically for 2 seconds and hits a plane inclined at 30°
to the horizon. If the co-efficient of restitution be 3/4, show that the time that
elapses before it again hits the plane is 3 seconds.

6. Aballis projected in a plane perpendicular to a smooth vertical wall
so that after rebounding, it passcs through the point of projection. If the point
is at a maximum distance d from the wall, prove that V ‘the velocity of

projection is given by V2=gd(1+——2—) , where e is the co-efficient of
restitution.

7. A ball projected from a point O hits a vertical wall, rebounds and
passes through the point 16 ft. above O two seconds after projection. If the
distance of the wall from O is 3043 ft. and the co-efficient of restitution is -i,
find the magnitude and the direction of the initial velocity of the ball.

Find also the height above the level of O, of the point at which the ball
hits the wall. lAns. 80 ft./scc. at 30° with horizon ; 21 ft.]

8. A particle is projected from a point in a smooth horizontal plane so
as to strike a smooth vertical wall at right angles, and after rebounding from
the wall, and onco from the horizontal plane, roturns to the point of projection;
prove that the co-efficient 10f elasticity is §. (P.U.)

A perfectly elastic ball is projected from a point in a plane of inclina-
tion « ; show that @, the angle of projoction with the horizon in order that after
striking the plane, the ball may be reflected vertically upwards is given by

2 tan =3 tan a+cot «.
10. A smooth clliptical tray is surroundod by a smooth vertical rim,

prove that a perfoctly elastic particle projected from a focus along the tray in any
dircetion will after two impacts return to the same focus.
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1x. A small sphere, moving with velocity ¥V on asmooth horizontal
plane towards a fixed vertical plane in aline at right angles to it, impinges
directly upon an equal sphere at rest at & distance a from the vertical plane.
The co-efficient of vostitution between the spheres and also between a sphere
and the vertical plane is 4.

Prove that there are only two impacts between the spheres, the interval
between them being 12a¢/5V. Also find the final velocity of the first sphere.
[Ans. 7V/32.]
10'5. Kinetic energy lost by impact. In general there is
always a loss of kinetic energy whenever two bodies impinge.

We have, by Algebra

(m4-m"Y(nud~4m'u')=(mu+t+m'u’ )24+ mm’ (u —u')?, (D
and (m4m') (m4+m'v'2)=(mv+m'v’ )2 +mm'(v—v’)? . (2)

(1) and (2) are mere identities.

I. Direct Impact. In the case of direct impact of two spheres
as given in Art. 10°2, we have

my+m'v' =mu+m'v’ ..(3)

and v—v' = —e(u—u’) N EY)

Subtracting (2) from (1), dividing by 2(m+m’) and using (3)
and (4), we have

Loss in K.E.=(3mu?-+}m'u'?)— (3mv?-+m'v'?)

3 w1 —e?
.—%m-i-m'(u u')3(1—e?). ..{5)
Since e<<1, this is positive and there is always a loss of Kinetic
energy. This vanishes when e=1, i.e., when the spheres are perfectly
elastic, there is no loss of energy.

II. Oblique Impact. When the collision is oblique, we have
Loss in K.E.={3mu24-1m'u'?)—(3mov2+Lm'v'?)
=3m(u? cos® a+ u? sin? a)+3m’(n'2 cos? B+u'? sin® B)
—3m(v? stn® §+v? cos?@)—im’(v'? sin® 422 cos? @).
But the components of the velocities at right angles to the
line of centres are unaltered by the impacr ar { thus, as in § 10°3, we
have
vsin §=u sin & and 2 sin g=u’ sin 8.
Hence loss in K.E.
=}mu? cos® a-+3m'u’® cos? B—}me? cos? §—m'd*cos? o.
It fcllows that it is only velocity components in the line of
centres that can affect a change in the Kinetic energy of the spheres

Hence proceeding as before in the case of the direct impact and
writing respectively, u cos o, 4’ cos B, v cos § and v’ cos ¢ for u, u’,
v and v’ in the four equations, we obtain a result similar to (5).

’

. Lossin K.E.==

mm, ' o .
—— —— (u cos a—u’ ¢ 2(1—e?).
e os B)X(1—c?)

Note. If w'=0 and m’-»00, the result is the same as (5) in Art. 10:41
for the loss of encrgy of a sphere striking u fixed plane.

10°'6. Compression and Restitution. When o wet tennis
ball falls on to a hard floor or strikes a wall, it leaves a mark which
is not merely a point, but a circle of considerable arca. Tt shows
that at the time of impact, the ball must have undergone a deforma-
tion near the point of contact. Similarly when two elastic spheres of
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any hard material impinge on each other, each is slightly compressed
by the other, so that they are no longer perfect spheres. Finally each
resumes its original shape and separates from the other. The period
of impact may thus be divided into two parts :

() The Period of Compression, during which the distance
between the centres of the spheres diminishes until the distance is a
minimum at the moment of the greatest compression. ,

(ii)) The Period of Restitution, during which the spheres
resume their original shape and separate completely.

At the instant of greatest compression the distance between the
centres of the spheres is minimum and, therefore, its rate of change is
then zero and consequently the relative velocity of the spheres along
their common normal vanishes., Thus at the time of greatest compres-
8ion, the components of the velocities of the spheres along the line of the
centres must be the same.

*10'7. Impulses of Compression and Restitution. When-
ever two spheres impinge, the whole time of action between the
spheres is so exceedingly short that it is not possible to follow the
process in detail. Yet during the momentary contact, forces are
called into play rising from zero to a high value end dying away to
zero again, so that a great aud instantancous change of velocities
takes place. We now find the relation between these forces and tho
changes in the velocities of the two spheres,

Let m, m' be the masses of the spheres, # and «’ their velocities
before impact, and v, v’ their velocities after impact, the velocities
being all measured in the same direction.

Let U be the common velocity of the spheres at the time of the
greatest compression.

The time from the instant at which the spheres touch to the
instant of the greatest compression is so small that the forces pro-
ducing the changes in the veloci-
ties of the spheres may be regard-
ced asimpulsive.  In whatsoever
manner these forces mayv change
during the impact, they, being of
the nature of the actionand re-
acticn, must be equal and opposite

at a particular instant. 1 u m’ iy
Thus, if I is impluse of v >~y

compression on the sphere of mass
m, the impulse on the sphere of mass m’ will be —I and we have

I-=change of momentum in m=m(U—u) ] 1
— I'=change of momentum in m’=m’(U—u’) -+ (1)
. 1 1 b
. —+ w-,-=U—-u-—-(L-—-u y=1t'—u -+(2)
” :

After tho instant of the greatest compression, the period of
restitution begins and another system of forces comes into play until
the spheres recover their shape and separate from each other with
vclocities # and o',



202 ELEMENTARY ANALYTICAL DYNAMICS

If I' be the impulse of restitution, then

I'=change in momentum in m—-m(v—U ) @3)
and —J’=change in momentum inm’=m’(v’'—U) e

%4_ —I———-v—U—(v '—U)=v—0' . (4)

From (2) and (4), we have

I'  v—2' v—1' ,

T w—a=—a=s=—(—9) by Newton’s law.,

Hence I'=el

t.e., Impulse of restitution=eXx impulse of compression.
Conversely if I'=el, then from (2) and (4), we have
v—v' =e(u' —u) =—e(u—u').

Total impulse=7I+1'=(14¢)[=(14¢) mow’ (=) , from (2).

m +77
Also from (1), m(U—u)=—m'(U —u')
i.e., (m~+m'YU=mu+n't'
Similarly from (3),
(m4m")U =mv+m'y
mu+m u' mv+m r
m-+m' = m+m

Note. These equations prove the fact that the total momentum remains
the same throughout the motion.

10'8. Kinetic Energy lost by direct impact during the
two periods.
U, the common velocity of the spheres at the time of the
greatest compression is given by
mu4-m'e’ mot+m'r’
—7;:,_—1:7}1, = An:{-—_n—[

. Ej=loss of K.E. during the period of compression
=}imut+4 dm'u'2— L(m+- VU2
mu-tm' u')’ mm'
=} [m'uz-{—m'u'z—(— - =1 el J(u—-u')?
“ m—+m’ -+
[by (1) § 10°5]
Ey=—-loss of K.E. during the pericd of restitution
=3(m+m')U2—Limy*—3m'v'?

- ’,.0\2
e (mv-+-m'v’)
=.—%l-)nv2+,n [) e L

=—1—-———~ (o=t )=k ——) P(u—u') = —6 .

= m—4-m’

The negative slgn shows that a part of the energy lost in the
first period is regained in the second period.

Total loss in energy =E |+ E,== | —e*Ey=(1—r*)E,

=1 : (u—u')(1—ec?),

Hence

mm
S
this result is the same as ohtained in § 10°5.
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Examples XXXINI

1. Two vlastic spheres, each of mass m, collide directly. Show that the

energy lost during the impact is } m(u3—v2), where u and v ar8 the relative
velocities before and after impact.

If the velocity of one of the spheresis exactly reversed by the impact,
and if the co-efficient of restitution is §, show that the energy lost is four times
that of the sphere whose velocity is reversed.

2. A tram car weighing 10 tons and running at 10 m.p.h. overtakes
and collides with another tram car weighing 10 tons and running at 94 m.p.h.
After the impact the cars separate with a relative velocity of  f.p.s. Find the

amount of energy lost in the collision. (Ans. 503§ ft. Ib.)

. Two equal smooth billiard balls, whose co-cfficient of elasticity is e,
moving with equal velocites » in opposite directions, impinge obliquely, the line
of centres on impact being inclined at 45° to tho direction of motion.

Prove that the loss of energy by impact is half what it would have been
had the impact been direct.

4. Given the masses, the co-efficicnt of elasticity and the magnitudo
but not the direction of the velocity of each of the two smooth spheres, show
that tho loss of kinetic energy is greatest when the impact is direct and tho
spheres aro travelling towards each other.

5. Two smooth homogeneous spheres whose velocitics are » and v and
masses m, m’ impingo dircetly. Prove that the momentum transferred from
one to the other or the impulse which each reccives is

mm’

m (u—-v)(l +6),

where e is the co-efficient of elasticity.

6. Explain tho action that takes place between two elastic bodies during
colMision.

If the impulsive force during the period of restitution bears a constant
ratio e to the impulsive force during the period of compression, show that

(i) the relative velocity after impact i3 —e times the rclative velocity
before impact, and

(i2) the momentum of the system is tho same after impact as before.
(P.U.)

REVISION QUESTIONS—IX

1. Prove that when two smooth spheres impinge directly, the K.E. is
lost by impact, unless the elasticity is perfect, (P.U. 1954)

2. Describe the action that takes place when one elastic body impinges
on another. Show that the ratio of the impulses of the forces of restitution and
compression is equal to the co-efficient of restitution. (P.U. 1955)

3. Two balls, each of mass 1 lb., are placed on a smooth horizontal
plane and connected by a light elastic string of ratural length 6 ft. and modulus
6 Ib. wt. The balls aro drawn apart so that the distance between them is 8 ft.
and then let go. Find the velocity of the balls when the string becomes slack
and show that if the co-efficient of elasticity is 4, the balls rcturn, after impact,
with half of this velocity, and that the subsequent maximum elongation of the
string i3 ono foot. [Ans. 8 ft.fsec.]

A small ball hangs from a point in a vertical wall by a string of
length I and rests in contact with the wall. The ball is pulled back in a vertical
plane perpendicular to the wall, tho string making an angle a with the vertical,
and let go. If e be the co-efficiont of restitution show that tho angular
amplitude of the rebound after n impacts is

2 sin=1(c" sin }a).
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5. An imperfectly elastic sphere of mass m, moving with velocity u
impinges directly on another sphere of mass m’ at rest. The second sphero
afterwards strikes a vertical cushion at right angles to its path : show that there
will be no further impact of the spheres if m(l +e¢’-ec’)<<em’, whero e is the
co-efficient of restitution between the spheres and ¢’ that botween the second
sphore and the cushion. (Bm. U.)

6. A ball is projected from the middle point of one side of a billiard
table so as to strike first an adjacent side, and then the middle point of the side
opposite to that from which it started ; show that the ball will hit the other

adjacent side at a distance l.l:e from the end nearest the opposite side, b being
the length of the adjacent side.

7. A square table ABCD whose side is a has raised edges. A particlo
of elesticity e is projected from a point P in AB and hits the sides BC, CD, DA
in @, R, S; prove that the paths PQ and RS aro parallel,

If « be the angle QPB and BP be z, prove that, if the particle returns
to P,

2(1—e)=a(l—e cot ). (D.U. 1959)

8. A smooth circular table is surrounded by a smooth rim whos
interior surfuce is vertical. Show that a ball projected along the table from a
point on the rim in a direction making an angle § with the radius through the
point, will return to tho point of projection aftor

() two impadets if tan g= .. % and that the timo of describing the
dl-{-e-{- (12
first chord is e-times the tims for the last chord.

2
(¢i) three impacts if tan §=¢", ¢ being the co-efficient of clasticity.

9- A smooth sphere, of mass m, is tied to a fixed point by an inextensi-
blo string and another sphere, of mass m’, mnpinges dircetly on it with velocity
v in a direction making an acute angle « with the string, Show that m b.ging
to move with velocity

m’(14-¢) sir a
s L e pP.U. .
m4m’ sin a (P.U. Hone.)
10. A particle of clasticity e goes bouncing down an endless flight of
stairs cach of height & and breadth 6, It hits each staw at an exactly simidae
point at the same angle and with tho sume speed.  Find the angle of unpact
and show that the normal veloeity of impact is

N29h[(1—€3).
[ins. tan='[b(1=e)/2h] with the verticul.)

~1x. In a certain game a ballis rolled alang a horizonta! plano antil 1t
strikes an inchned plano ot inchination 0 from which it rcbounds. The object
of the gamo is to make the ball after rebounding fall into a hole in the inchined
plane at a distance d from its junction with tho herizontal planc. Show thut
in order that tho ball may enter the hole, its velocity of projection V must by
given by
gd=2e¢ V3 gin @ (1—e tan2p).

12. A perfectly clastic ball is projected from the foot of a plane inclined
at an anglo § to tho horizon. If after striking the plane at a distance  from
the point of projection 1t rebounds and retraces its fortuer path, show that the

velocity of projection is
T
’\/gl__( 143 sinp) (4gra U. ; P.U. Hons.)

“3sin @
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13. If two balls of masses m, m’ moving with velocitios u, u’ impinge

dircetly prove that the condition that each loss the same amount of kinetic
encrgy is

(B+e)mutm'w)+(1—e)(mu'+m'uy=0.

14. Two equal smooth spheres of radius 7, move with the same speed in
opposite directions along parallel lines which aro at a distanco d apart. Prove
that the direction of motion of each deviates, on impact, through a right augle

if
d2(14-e)=4er2.

15. An elastic ball is projected from a point at the foot of one of the
two riuooth parallel vertical walls so that after threo impacts it may return to
the point of projection. If the last impact be direct, show that

S+t ye=1,
16. A heavy perfeetly elustic particle is dropped from a point Pon the
inside surfaco of a smooth sphere.  Prove that the second point of impact on

the surface of the sphere will be in the ssine horizontal planc as the first if the
angular distance of P from the highest point of the sphere is

cos 12} 41)}p2). (D.U. 1961)



CHAPTER XI
MISCELLANEOUS PROBLEMS
1.—RELATIVE MOTION

1r'r. Rest and motion relative terms. When we say that
a body is at rest, we simply mean that the body has no velocity with
respect to another on which the body stands, as for instance, the
surface of the eartb. But rcally the body is not at rest as it is
partaking in the motion of rotation of the earth about its axis and
the motion of the whole earth round the sun. Again, the sun itself
with the- whole solar system is moving through space towards the star
Vega. Vega, the sun and a large number of stars are themselves
supposed to be moving with respect to another system of stars and
s0 on. There is thus no absolutely fixed point from which we can
measure our motion, so that all motion is relative. 1t is, thercfore,
unscientific to distinguish between rest and motiun as between two
different states of a body in itself, since it is impossible to spcak of a
body bcing at rest or in motion except with reference, cxpressed or
implied, to some other body.

1ir'2. Relative Velocity, The velocity of a point P relative

to a point @ is the rate of change of position of P with respect to ¢

or in other words the velocity of P reletive to @ is the velocity which
P appears to have when viewed from Q.

The relative velocity of two bodies moving along a straight line

was discussed in the first chapter. We now consider the relative

velocity of bodies moving over a

Y ' P plane.

Let the position of the point P
y at any time ¢ be defined by the
co-ordinates (x, y) relative to two

, perpendicular axes through a point O

v *x W X (supposed tixed) and let the co-ordi-
nates of the point Q at the same time
with reference to the same axes be

0 x M X (& 9.

If (', ¥') are the co-ordinates of P relative to the axes through
@ parallel to those through 0, then

£ =x- ¢ and y'=y—n (1)
Differentiating, we have
de'  dr  d¢ dy dy dy

d=dr—d ™ w = w ++(2)
which shows that when all velocities are measured relative to a given
point, the velocity components of the point P relative to the moving
point Q are obtained by adding to the actual velocity components of
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P, the actual velocity cormponents which are equal and opposite to
those of Q.

The velocity of P relative to Q may, therefore, be regard: 1 as
the resultant of two velocities, viz.,

(!) the actual velocity of P,
and (¢¢) the reversed velocity of @.
Thus, we have the following :—

The velocity of P relative to { is oblained by compounding the
absolute velocity of P with the reversed velocity of Q.

11°21, This can also be proved geometrically as follaws :—

Let the velocities of P and @ be represented in direction and

magnitude by the lines PR and @S. Complete the parallelogram
PENT and join T'R.

By triangle of velo- R

cities, the velocity PR is S T

cquivalent to two velocities

represented by PT and TR,

But PT', being parallel and

equal to @S, represents the /

velocity of Q. Thus the /

P

velocity of P is equivalent
to two velocities, one repre- @

sented by P7, equal and parallel to that of @, and the other
represented by 7'R.

Hence 7'R represents the velocity of P relative to Q.

Again, TR is cquivalent to PR, the velocity of P, and 7'P, a
velocity equal and opposite to that of Q.

Hence the velocity of P relative to Q is obtained by compound-

ing with the actual velocity of P, a velocity cqual and opposite to
that of Q.

1r°'22, Thus, if the velocities of P and @ be #» an? v in direc-
tions making angles x and 8 with the axis of 2 and if " be the
magnitude and @ the diregtion of

u  the velocity of P relative to ¢,
then
1" co3 §=u cos a—v cos B
. \ﬁ o

and V sin g=u sin a—v sin g

0 P . tan g =" sin a—¢ sin @
. "1 cos a—v cos B
and V#=(u cos a—1 cos B)2+(n #in a—v sin B2

=u?+v2—2nv cos (2 —B).
These equations give the magnitude and direction of the relative
velocity.
11°23. Equations (2) Art. 112, may also be written in the form
de dé daf dy dn dy'
a=wta " ar=a i
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i.e., the actual velocity of P is obtained by compounding with the velocity
of @, the velocity of P relative to Q.

Example 1. A4 railway train running at the rate of 60 miles
per hour is struck by a stone moving at right angles to the train with a
velocity of 33 ft. per sec. [Find the velocity with which the stone appears
to strike the train.

Let V be the required velocity in a direction making an angle @
with the direction of the train, then since 60 m.p.h.=88 f.p.s,

V cos §=0—88=—88
and V sin §=33—0=33

V=188 %8833 % 33=11 V73=93'9 ft. per sec.,
33 3
and tan 0=:@:_—§-

Example 2. 4 person going eastward with a speed of 4 m.p.h.
finds that the wind appears to tlow directly from the morth. UHe doubles
his speed and the wind seems to come from N.E. In whkat direction and
with whet velocity 18 the wind blowing ?

Let OF and OS drawn in the east and south directions be taken
as the axes, let the velocity of the wind be v, and let it be blowing in

N a direction making an angle @ with
0| i P oz 0 OE, then the components of this
h o > E  velocity ave v cos @, v sin 4.

Components of the velocity
of the man are 4, 0.

' .. components of the relative
S R velocity are
v cos §—4, v sin §—0.
s, in the first case when the wind appeers to come from the
north, i.e., the rclative velocity is perp. to OF,
its component along OF must vanish.
S, veos 0—14=0 t.e., vcos@—=4 ..(1)
In the second case when the man doubles his speed, the com-
ponents of the relative velocity are v cos §—8 and v sin §—0.
v «in §—0
. R . —tan 135°=—
K3 S tan /. EQR=tan 135 1
t.e., v sin §=—0 co8 §+48=—4+48=4 .. (2)
s from (1) and (2), we have v=44/2 and g=tan~!1=45°
i.e., the wind is actaally blowing from the north-west.
Or thus : the man’s speeds are represented by OP and 0Q
and let OR represent the velocity of the wind, then
OR compounded with PO and Q0O i.c., OP and 0Q taken in tho
reversed directions, gives the relative velocities PR and QR
respectively.
But PR is given to be from the north, so that
L OPR=90°=/ QPR,
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and QR is given to be from the north-east, so that

L PQR=45°.
. /. PRQ=45° and PR=PQ,
but PQ=0P, .. OP=PR and [POR-45°
Hence OR=O0P sec 45°=4xnJ2.

Example 3. 7wo motor cars A and B are moving uniformnly on
two straight roads at right angles to one another at 40 and 20 miles per
hour respectively. A passes the intersection of the roads when B has
still to move 50 miles to reach it. How much time will elapse before they
are close together and what is the shortest distance between them 7

If 2 is the distance between the cars after ¢ hours, then

A=(40t)2 4 (50 — 2002, Y
and zgf-zm X 40t—20(50 —201), B
= 2000t — 1000 6 R
. dz 50
z is least when - di =0,
i.e., when t=} hour=30 mins., b A
which gives 2==204/5=44'7 miles, 0 40 X

the shortest distance between the cars.

Or thus :—-Let O be the position of 4 when B is 50 miles from
O initially. .4 is moving along OX and B is moving along Y0. In
this position let a velocity of 20 mph. in the direction OY be
impressed upon botl of them,

B is reduced to rest and A4 moves with a velocitv of
4/ 40 x40+20 X 20=204/5 m.p.h. along OR inclined at an angle

g=tan~! 28 =tan1 } with OX,

OR is the direction of the relative velocity of 4 with respect tu B.
+  the shortest distance between the cars

== B, perpendicular from B on OR

2
=0B cos §=>50X V5 =204/5=44'7 miles,
The time ¢t when it occurs
=time to describe OL with the relative velocity.

oL 1 . 1 50 .
=§(W5=20\/5XOB sin 0-—56\7—5x-\-/—5=§ hour=30 mins.
Example 4. If the distance between two points P and Q al any
tsme bea, if V be their relative velocity, and if u and v be the
components of V respectively tn, and perpendicular to the direction of a,
show that their distance when they are nearest to one another ig av[V,
and that the time that elapses before they arrive at their nearest distance
is au V2,

In the TFig. of Ex. 3, let O be the position of P and B that of
Q, so that OB=a. '

Let OR be the path of P relative to @, so that when Qis



210 ELEMENTARY ANALYTICAL DYNAMICS

supposed to be at rest at B, P moves along OR with relative velocity
V, then by the question

V sin § =ccmponent of V in the direction of a, i.e., along OB=u,
V cos §==component of ¥ perp. to a, i.e., along 0X=v,
Now the shortest distance between them

v v
=BlL.=ac =
0os §=u. ="y
and the time to reach this position

OI. asing a v au

i b i 2t T )

*11'3. Velocity of a shot fired from a gun free to recoil
horizontally. Let a shot of mass m be fired from a gun of mass M
at rest on a horizontal plane. Let the barrel be inclined at an angle
« to the horizon and let u be the velocity of the shot relative to the

gun.  This velocity, being in the direction of the bore of the gun,
will be inclined at the angle « to the horizon.

Let the gun recoil with a velocity v. Then the actual horizontal
velocity of the shot=its horizontal velocity relative to the gun
(u cos a)+the velocity of the gun (—v)
=u COS o —7.
Also the vertical component of the actual velocity of the shot
=u sin a+0=u sin «a.

If 9 be the inclination of the actual direction of motion of the
shot at the time of firing, then

vertical vel. of the shot u sin a (1)
its horizontal vel, = wcosa—v "7V

Now by the principle of conservation of momentum in the
horizontal direction, we have

m(n cos a—v)—Mv=0

tan =

. mu cosa
te.,

v="- m4+M < (2).
y U COB O E=1t COS &— mr cofe  Mucosa
oo —_— g )t+M — I"t+M
Hence from (1), tan _ihslcr:,:a (M+m) = [:1+__.] tan o.

* Ex. 1. A cannon-ball of mass m is shot from a gun of mass M (which

is free to recoil in a horizontal direction) so that its muzzle.velocity relative to
72

the ground is V. Show that its greatest range is Ig— and is obtained by giving

the gun an clevatior of

-1 m
cot [l+ 0
[Hint. For the greatest range 0==13°]

*Ex 2. A shot of mass m is fired from a gun of mass M with velocity
u relative to the gun, show that the actual velocitivs of the shot and the gun are



RELATIVE VELOCITY 211

Mu mu . § .
miM and Mym respectively and show that the total K.E. gencrated is
Mm
‘. ==
3 Mam ¥ (Here take x=0)

*Ex. 3. A gun of mass M free to move on smaooth horizontal rails, fires
a shell of mass m in the vertical plane midway butween the rails. Assuming
that the velocity of the shell rolative to the gun 1s of magnitude u whatever the
elevation of the gun, show that ¢ the time taken by the shell to reach a point at
horizontal and vertical distances a, b, from the initial position of the gun is
given by

_(_}ijwm)a ]z +(b+ tg12)3=u23,

Examples XXXIV

x. A train moving at tho rate of 30 m.p.h. is struck by a stono moving
at right angles to the train with a velocity of 33 f.p.s. Find the velocity with
which the stone appears to strike the train.

2. A ball of mass 8 ounces after falling veruically for 40 ft. iz caught vy
4 man in a motor car travelling horizontally at 30 m.p.h. Find the inclination
to the vertical at which it will appear to him to be moving and the magnitude
of the impluse on the hand when the ball is caught.

3. To a passenger in a train moving at 45 m.p.h. the rain though
falling vertically appears to make an angle of 60 dogrees with the vertical. Find
the velocity of the rain.

. To a man walking at the rate of 4 miles an hour rain appears to fall
verticaﬂy. If 1ts real velocity is 8 miles an hour, find its real direction of
motion. (P.U.)

s A road and a railway line oross at right angles. If at a ccrtain
instant u car is approuching the crossing at 30 ft./scc. and a truin at 40 ft./sec.
find tho magnitudo and direction of the velocity of the train relativo to ilic car
at tho said instant. (P.U. 1951)

6. Two railway lines are inclined at an angle of 80° ; two cngines run,
ono on cach line from the point of intersection of the lines, at tho rate of 20
m.p.h.  Find their relative velocity in magnitude and diroction.

. 'Two motor cars are moving uniformly along straight roads making
an anglo of 60° with oach other, with velocities of 20 and 12 miles per hour.  If
tho first car bo moving towards and the second away from the junction of the
rouds, find the relative velocity of the first with respect to the second.

8. A cyclist travelling at 10 m.p.h. is overtaken by a car moving at
20 m.p.h. as they both arrive at a cross.road. The cyclist keeps straight on,
but tho motorist proceeds along the road that makes 120° with his provious line
of motion. With what volocity and in what direction does the car appear to
tho cyclist to move ?

A steamship is travelling north at the rato of 16 m.p.h. ard there is
a north-east wind blowing at tho rato of 1042 m.p.h. Find the dircction in
which the smoke from the funnol appears to move to an obsorver in the ship.

10. To a cyclist going at 9 m.p.h. due east, the wind secms to blow from
a dircction 60° south of west at 6 m.p.h. Find the truo dircstion and velocity
of thoe wind.

xt. A ship is sailing due wost and the apparont dircotion of the wind as
shown by tho fluttering of tho flag on tho mast, is from north. Tho wind is
known to be blowing from a dircotion 30° cast of north. Show that its velocity
is double that of the ship.

xa. .Two ships are sailing, ono towards the east with a volycity u and
the other towards tho south with a velocity v. Tho wind is blowing with vélo-
city w in a diroction making an angle @ to tho south of wost. Find the angle
butwoen the streams of smoko of tho ships and show that if a=45° and u=v,
this angle is - tan~1 udju?t,
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13- To a passenger in an open oar travelling at 32 m.p.h. the wind
appears to come from a direction 30° to tho right and from ahead at 8 m.p.h
What is the true direction and velocity of the wind ?

24. To e man walking st 4 m.p.h. along a road running due west, wind
appears to blow from the south, while to a cyclist travelling in the same diroc-
tion at 8 m,p.h. it appears to como from tho south-west. What is the true diroc-
tion and velocity of tho wind ?

g3. To a man travelling due east, the wind appears to come from the
noarth.cast, but when he doubles his speed it appears to come from a direction
tan~1 § north of cast. Find the direction of the wind. (P.U.)

16. A person travelling towards the north.east finds that the wind
appears to blow from thoe north but when he doubles his speed it seems to come
from a direction inclined at an angle cot—1 2 on the east of north. Prove that
the true direction of the wind is towards the east. (P.U.)

37. A motor car is procecding duo east and the motorist notices that
the wind appears to come from a dircction 30° east of north. When he drives
due west at the same spoed the wind appears to come from a direction 60° weat
of north, prove that the wind is actually blowing from a direction 30° west of
the north with the samc speed as that of the car.

18. ' ABC is a triangle right-angled at C, a particle P> starta from A and
moves along AC with uniform velocity u : a second particle Q starts from C at
the samo instant and moves along CB with uniform velocity v ; show that tho
shortest distance between P and Q will be

v. AC ¢ ' EACL
Y after a time by

N

19. Two scouts, cycling at 9 and 12 m.p.h. along straight roads which
cross at right ungles at O, are at some instant both at a distance of one milo
from 0. Find tho shortest distance between tho scouts in the subscquent motion.

(You rany use a graphical or an analytical method). (P.U.)
[Hint. Both may be taken to be cycling towards 0.]

20. A steamer 4 moving due north at 12 m.p.h. and another steamer B
which moves at 20 m.p.h. is two miles duo cast of A. Show that the least timo
in which B can catch up 4 is 7} mins.

Find graphically or otherwise, the lecast distance apart of the vessels if B
steams in a dircction 30° north of west.

at. A foot-ball player A4 gets the ball at a point P and runs northwise
with it at 24 ft./sce. ~ At the samc time an opponent B starts at a speed of 28
ft./scc. from a point @ due west of P to try to tuckle. In what direction should
he run ?

(i) Show that the velocity of B relative to A must be castward. Find
its value.

(1i) If PQ=25 ft., how long will B tuke to catch 4 ! (Posts and Tele.)

as. A bomber moves due east at 100 miles/hr. over a town X at acertain

timo. Six minutes later a pursuit plane scts off from a station Y which is 40

miles duc south of X and flies north.cast. If both maintain their course, find

graphically or by calculation the veloeity with which the plane must fly in order

to owertake the bomber. If the pursuit plane flies at the rate of 15042 miles/hr.
along its course, find its nearest approach to the bomber in miles,

(Pub. Ser. Com.)

23. Two straight roads OX and OY are inclined to each othor at an acuto
anglé « ; one car moves along X0 with speed u while a socond car moves along
OY with speed v.

.. If the first ceris at a distance d from O when the second is at O, show
that the cars are at their icast distance apart after time
(u+vcosa)d
u24224+ 2uv cos o
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Also show that when the cars are at the least distance apart, the ratio of
their distances from O is

v+ucosa: u+tvcosa.

. a24. Two particles aro moving with velocities v and 2v respectively in the
circumferonce of a circle. In what positions is their relative velocity groatest
and least, and what values has it then ?

a?. A train of length 880 ft. travels round a curve of radius } mile at a
60

speed o m.p.h. Calculate the velocity of the front of the train relative to the
rear.

26. A wheel of radius r is rolling (without slipping and in a vertical
planc) in a straight line along a horizontal plane, its centrs having a speed v.
If P, Q are tho onds of a diamnter PQ, show that the velocity of P relative to
@ is 2v in a dircction perpendicular to PQ.

27. AB i3 the vertical diamster of a circle. Particles start simultane-
ously from tho highest point 4 and any other point P and fall down along chords

AP and PB separately ; show that the least distance betwoen them is equal to
tho distance of P from 4AB.

28. One particle slides down a smooth inclined plane of inclination 30°
and a second drops vertically, both starting togoether from the top of the plane.
Find the relative velocity in diroction and magnitude at the end of 4 secs.

The position of a point P is definod by z=¢, y=2¢ and that of another
point Q by £=3¢, y=>5¢3. Show that the path of Q relative to P is a parabola
and find the velocity of Q relative to P when ¢=3,

_30. Two ships are streaming along straight courses with such constant
velocities that they will collide unless their velocities aro altered. Show that

to an observer on either ship the other appoars to be always moving directly
towards him.

31. You are in a railway train standing at a station. Another train
arrivos on a parallel track from the oppocite direction. As tho second train is
about to stop at tho station, you feel as if your train has hegun to move in its
own dircction. Why is it so ? )

A shot of mass m is fired from a gun of mass M with a volocity u
relative to the gun.  Find the enorgy of the recoil and the velocity with which
the shot would be fired if the gun was fixed. (P.O.)

[The barrel of tho gun may bo taken as horizontal.]

REVISION QUESTIONS —X

x. Define relative velocity, and from your definition deduce that

velocity of B=velocity of A plus the velocity of B relative to A4,
plus denoting veotor addition.

A wheol rolls along the ground with uniform angular velocity w. Show
that tho veloocity of any point P on its rim is w.4P and is perpondicular to
AP, A bying the point of contact with the ground at any instant. (P.U.)

a. Throo straight lines are equally inclined to one another in a plane,
and threo equal particles P, @, R move along them with velocities u, v, w respeo-
tively. Show that the velocity of P relative to the centroid of the particlos is

$(4u? + V34 w4 2uv+ 2uw—vw)k . (P.U.)

3. If particles P and Q aro traveliling in straight lines with uniform
velocitios w and v towards a point O, show that the least distance botween them

U~V

during the motion is

p, whore p is tho porpendicular distance of O from
the dircction of the vclocity of P relativo to Q when Q and P aro equidistant
from O. (P.U.)

4- 4 and B ara projectiles doscribing parabolic paths under gravity.
Provo that, relative to 4, B uppears to describe o struight hne uniformly.
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. Two particles start simultaneously from the same point and move
along two straight lines, one with uniform velocity u and the other from rest,
with uniform acceleration f. Show that their relative velocity is least after &

time “—‘;’s—“- and that the least relative velocity is u sin «, where « iz the angle

between the lines.

§. An aeroplane has a speed of u miles/hr. and a range of action & miles
(s.c., can carry enough petrol to go £ miles out and z miles back)in calm
‘weather. Prove that in a steady wind of v miles/hr., its range of action in a
direction inclined at @ to the wind 18

z{us—v8)

u(u2—o? ilin’e)i
Find also the magnitude and direction of the maximum range.
(Ans. x4/ u®—v2|u, perp. to tho wind].
K. An aviator flies round a triangular course each side of which is ¢ miles
long, while the wind blows at 4 m.p.h. parallel to a side, show that he takes

c(v+ 202302
Py )
hours to complete the cireuit in either direction, v being his velocity relative to
the air. (P.U. Hons.)
11°4. Relative Acceleration. Differentiating the equations
given in Art. 11°23, we have
d*z d¥¢ d¥%’' diy d¥q dY
d3=aat g ap = ant
i.e., the actual acceleration of P 18 obtained by compounding with
the actual acceleration of Q, the acceleration of P relative to Q.

*Example. 4 particle of mass m slides from rest down the
smooth face of inclination a, of @ wedge. T he wedge is of mass M and
i8 free to move on a swmooth horizontal table on which it rests. 1o
determine the motion of the particle and of the wedge.

The forces acting on the particle are :—-

(?) its weight mg, vertical.

(1t) R, the pressure of the wedge perpendicular to the face
(shown outwards in the figure).

The forces acting on the wedge are :—

(¢) its weight Mg, vertical,

(¥) R, the pressure of the particle on the wedge (shown inwards
in the figure),

(t47) the pressure, say S, of the table on the wedge, vertical (the
table being smooth).

Let f be the acccleration of the particle down the wedge relative
to it and f’, the horizontal acceleration of
the wedge.

The acceleration of the particle rela-
tive to the ground is the resultant of the
acceleration of the wedge and the accele-
ration of the particle relative to the
wedge.

Thercfore the components of the
accelcration of the particle are—
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(1) along the face of the wedge downwards
=f—f" cos a.
(2) perpendicular to the face=f" sin «, (inwards).
Hence equations of motion for m aloug and perpendicular to the
face are
m(f—f’ cos a)mmg sin a . (1),
and mf' sin e=mg cos a—R ..(2).

The horizontal component of R on the wedge being R sin «, its
equation of motion is

Mf'=R sin « . .(3).
Solving (2) and (3), we get
Mg sin « cos o _ Mm
F=imsmte "™ By ey 90 %
From (1), we have fw==f' cos a-}-g sin «
M4m

=:‘~l‘+—;’—{s-;n‘—a. g sin a.
S, the reaction of the ground=Mg+R cos a
MM +m)
= M+nsin® « g-
In- the particular case when some external force, say F, for
example the force of friction between the wedge and the table, is

sufficient to stop the motion of the wedge, f'=0 and therefore from
(1) ard (2), we have

f=c¢ :in a, and R=mg cos «.
Also in this case S=Mg+R cos a=Mg+mg costa=g(M+m cos® a)
and the horizontal force F necessary to prevent the wedge from
moving =R sin a=m ¢ sin « cos a.

*Eamples XXXV

1. Two bodies stuct simultaneously from rest, one sliding down a
smooth fixed inclined planc of inclination @, and the other falling freely. Prove
that their relative acceleration is g cos Q.

Hence show that either body as sven by a person moving with the other
appears to be moving from the obscrver in a straight line perpendicular to the
plane with uniform acceleration.

2. A wedge of mass 3 1b. and angle 30°, rests with one faco on a smooth
horizontal plane. If a particlo of mass 1 lb., slides down another smooth face,
determine tho horizontal force necessary to prevent the wedge from moving.

The angle of a smooth wedge of inass M is a. The wedge is placed
with ono face on a smooth horizontal table and a particle of mass iz allowed
to slide down its other fuco. Prove that a horizontal force mg sin @ cos & must

be applied to the wedge to keep it from moving, and find the reaction betwoeen
the wedge and the table.

4- A particlo is placcd on the face of a smooth wedge which can slide
on a horizontal table ; find how the wedge must be moved in order that the
particle may ncither ascend nor descend.

Find in this casc, the pressure between the particlo and the wedge.

%. A particle of mase 2 1b. is placed on the rmooth face of an inclined
plane of mass 7 lb., and slope 30°, which is free to slide on & smooth horizontal
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plane, Bhow that if the system starts from rest, the particle will slide down a
distence of 15 foet along the face of the plane in 1:25 seconds. (P.U.)

6. A body of mass m with two plane smooth faces inclined at an angle
a (<m/2) is placed with one face in contact with a smooth horizontal table, and
8 particle of mass 2m slides down its othor face under gravity. Show that the
horizontal acceleration of the body and the pressure on the table are respectively

g sin 2a 3mg
2 cos 2~ 2—cos 2a

7. A mooth wedge of mass M rests on a smooth horizoatal table and a
particle of mass m is allowed to slide from rest down its face, which is inclined
at an angle « to the horizontal. Show that when the particle has moved &
distance ! along the face of the wedge, the wedge will have moved a distance

mi cos a

7‘4+m

8. A smooth wedge whoso section is an isosceles right angled triarglo,
rosts on a perfectly smooth table, the hypotenuse being in contact with the
table. Two masses my; and m, are attached to tho onds of a string which
passos over a smooth pulley at the summit of the wedge. Prove that the wedge
moves on the table with acceleration

(rng — mg)g[(2M +my+mj),
whore M is the mass of the wedge and my> m. (P.U. Hona.)

9. A wedge of mass M can slide on a smooth horizontal plane and the
wodge has a facn inclined at an angle « to the horizontal. Initially the wedgo
is at rest and a particle of mass m isfprojected directly up the inclined face, If
the particle rises to a hcight A above the point of projection, show that the

volocity of projection is \/ 2gh Aﬁ‘_fnf;'_’%z,,. (D.U. Hons.)
in2q

v

Also prove that if the volocity of projection of the particlo is V, it will
return to the point in the wedge from which it was projected after a time
2V(M+m sin? a)

———e e O

(m+M)gsina

10. A straight uniform tube of mass M aud length 2/ lios at rest on a
smooth horizontal table. A particle of mass m is projocted with velocity v
along the tubo from ono end. The interior of the tubs is uniformly rough and
the particle comes to rest relative to the tube at the middle point of the tube.
Show that tho tube will have moved a distance m{/(m+ M) bofore the particle
comes to relative rest in it.

xx. A small block of mass 11b. rests on the end 4 of a plank 4B of
mass 10 Ib. and length 8 ft. and tho plank lies on & smooth horizontal table ; a
horizontal impulse is applied to the block in the direction 4B, and the block
slides along tho plank. If tho block comes to rest relatively to the plank when
it reaches the othoer ond B, and if the co-efficient of friction between the block
and the plank is } ; find the magnitudo of the iinpulss, (H.C.)

x2. A mass of 8 lb, is at relative rest on the rough horvizontal floor of a
car. Find tho friction botween the mass und the car when the car is moving
(¢) with a uniform velocity of 40 f.p.s.,

(%) with tho samo velocity and with a retardation of 10 ft./sec2.

If the co-éfficient of friction is 0-3 and the retardation continues to act
until the car is brought to cost, prove that tho relative motion onsuss and find
how far the mass moves in tha carriage beforo the carriago is finally at rest.

13. You are in a train that is getting up speed on leaving a station.
Which will bo the easier to walk along the floor of u carriage in tho diroction of
miotion or against tho dircetion of motion ?
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11's. Relative Angular Velocity of two points moving in
concentric circles.
Example. Tuwo points P and Q are describing concentric cCircles
of radii a and b and centre O with velocities u and v.
(3) Find the velocity of P relative to Q when the angle POQ is 6.
(i1) Find 9 when the angular velocily of the one relative to the other
ts zero.
(137) Also prove that the angular velocity of PQ when its length is
7,18 [(r*+a®—13)o 4 (r*—a?+-1%)a'] 218,
where v, o' are the angular velocities of P and Q.
Les the angle which PQ makes with OQ produced be. ¢.
Component of the relative
velocity along 0Q=—u sin §—0.
Component of the relative
velocity perp. to OQ=u cos § —v
(i) . the resultant relative
elocity
=+ v/ (—usin @)2+ (u cos §—1)?
= Vi@ 2 cosd . .(1)
(it) Now when the angular
velocity of P relative to Q is zero
the lincar velocity of P relative to ¢ must be in the direction of PQ.

o Neosl=v g P 1P asing
e —u sin @ QL 0L—0Q acosg—b
s (1 cos @—v)(a cos @—bh)-+-ax sin? §=0
which gives cos @ (au-Fbv)/(ur-+hu) ..(2),

Aliter. Since / PQL=:9, /POl =9,
». 8in cp=f;z-;.“—3 ‘rﬂ,f’ cos ‘paggznbpé?g:a—-qqs}a- —b ..(3).
&V, the veloeity of P relative to Q, perp. to PQ
=1 eos (p—@)—v ons
=(n cos §—r) cos ¢+ sin @ sin @
S by (3), rV=(n cos @—v)(u cos §—b)+» sin @ .a sin ¢
e=au(cos? §+x<ind §)4-bv—(av+-bu) cus §
=cau § bo—(av-hi) cor g .. (4).
Thus V'==0 gives the same result as (2).
(777) Now since v:=aw, v=ho’, and from AOPQ,
cos @ =(a?+0%—12%)/2qb),
s from'(4), r¥V=a%e-+l%'—(cle’ {-abw)(at4h? —r2)/2ab
== Y20+ U0’ — (0w’ )(at+b2) + (0 -+ )]
=3 (13 4a?—12)e 4 (12— ad4-12)e’)
<. the angular velocity of the line PQ
='::‘== ’;,V = j!,'z[ (rt-taf =t (P —at U)o’ ]

Note. This examplo finds its application in astronomy on the subject
of mation of planets round tho sun.
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Ex. x. Two particles 4 and B are describing circular paths with
common centre O, of radii 1 ft. and 2

- ft. respectively with constant specds
and with the same sense of rotation. 4 makes ane complete revolution in 4
seconds and B in 6 seconds. If initially the particles are in line with 4 between
O and B, find the velocity of A relative to B two seconds later.

Find also the angular velocity of the line joining them at that instant.

(Ana. l;-\/fﬁ_f.p.a.. -g—-)

Ex. 2. '_I‘wo points deseribe concentric circlos of radii @ and b with
spoeds varying inversely as the radii ;

varying show that the relative velocity is parallel
to the line joining the points when the angle § betwesn the radii to these points
18 given by
2ab
cos @ W .

Ex. 3. Two points describe concentric circles of radii a and b with
8poeds varying inversely as the square roots of the radii ; show that their

relative angular velocity vanishes when the anglo @ between the radii to these
points is given by

cos e = ._.“ ab___.__ .
a—1/ab +p
II. LINES OF QUICKEST AND SLOWEST DESCENT

11°6. If a number of particles slide down a series of smooth
chords of a

! vertical circle starting from rest at the highest point, the
lumes taken are the same.

Suppose that a particle takes time # to describe the chord P4

making an angle @ with the vertical diameter
PC of the circle of radius a, then

PA=1f1?=%g cosp t*
2P4  2PCcos g 4a

. = T
gcos§ geos@ g
This result, being independent of ¢,
shows that the time taken by all the pacticles
sliding down different chords through tha
highest point, is the same.

11°'61. Lines of Quickest Descent. To find the line of
quickest descent from a given point P to a given curve, we have to
find a point @ on the curve.such that the time of descent of a particle
dowr: PQ is a minimum, [Sce Fig. Art. 11'6]
If the vertical circle P.4Q of the last article touches a curve at
Q, the time taken by a particle in sliding from rest at P along the

chord PQ is equal to the time from rest down the chord P4 and
accordingly less than the time down PB.

Thus, the time down the chord drawn from P, the highest point
of the circle, to @ the point of contact of the circle with the curve,

is less than the time down any other chord drawn from P to the
curve.

Hence the line of quickest descent from a given point to a curve in
the same vertical plane is obiained by describing a vertical circle having
is Lighest point at the given point and touching the given curve at some
point and then by joining the given point with the point of contact.
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It can similarly be proved that the time taken by a particle in
sliding down any chord OF a vertical circle endingin the lowest poinu is
thesame and hence that the line of quickest descent from a given curve
to a given point in the same vertical plane is obtained by describing
a vertical circle having the given point as its lowest point and touch-
ing the curve at some point and then by joining the point of contact
with the given point.

It is important to note tnat the line of quickest descent is not
usually the shortest line geometrically.

1x°6xx. The line of quickest descent bisects the angle between the
normal lo the curve and the vertical at the point where it meets the curve.

In the figure of Art. 11-6, OQ is normal to the circle as well as
to the curve.

Join PQ, OQ and draw QY vertical.

Since QY and OP are parallel,

AN /. PQY=/QPO

Also since 0OP=0¢Q,

/. QPO= / PQO.

Hence L PQY =/ PQO, i.e., PQ bisects / 0QY.

11°62. We now give geometrical constructions for the lines of
quickest descent in a few special cases. The points and curves are
assumed to lie in the same vertical plane.
(The student is advised to draw figures and verify the results).
(t) (a) From a given point P to a given straight line.
(b) From a straight line to a given point P,

Draw through P, a horizontal straight line meeting the given
line in 4 and cut off along the given line AQ=4A4P, the point @ being
below 4 in case (a) and above A in case (b). Then PQ is the required
line.

A circle drawn to touch the given line at Q will have P as its
highest point in case (a) and as its lowest point in case (b).

(i) (a) From a qiven point P without a given circle to the given
circle (P higher than the lowest point of the circle)
or from a given circle to a given point P within the circle.

Join P to the lowest point of the circle meeting the circle in Q,
then PQ is the required line.

(b) From a given point P within a given circle to the circle

or from a given circls to a given point P. witho.at the
circle (P is lower than the highest point of the circle).
Join the given point P to the highest point of the circle meeting
it in Q.
(¢i3) (a) From a given straight line withont a given circle to the
cercle.

Draw a horizontal line through the lowest point B of the circle
to racet the given line in K and cut off along the line KP=BK. Join
PB meeting the circle in Q then PQ is the required line.
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(b) From a given circle to a given straight line without the
circle.

In this case the horizontal line is to be drawn from the highest
point of the circle>

(tv) (@) From a given circle to another circle without it.

Join the highest point of the upper circle to the lowest point
of the lower circle, cutting the two circies in P and @, then PQ is the
required line.

(b) From a given circle to another circle lying wholly
within it.
In this case join the lowest points of the circles.
(c) From a given circle to another circle within which it lies.
In this case join the highest points of the circles,
Example. .4 particle slides down a smooth wire from a point O
10 a line AB tuclined at an angle @ to the horizontal. Show that the time

Jrom O to any point on AB is least when the wire makes an angle ._g,

with the vertical and that the least time is /\/ %’l‘ sec o, where d is the
distance of 0) from AB.

2

First Method. Grometrical. Draw through 0O a horizontal
straight line meeting the line AB in A, cut off AP- AO, then OP is
the required position of the wire. [See i (a), Art. 11°62].

Draw PC perp. to AB meeting the
vertical through O in C.

Then since

L OAP=a and NA--4P,
s L AOP= 7 APO-:}(180°—x

= 90°—}a.
so that /COP=/(PO=la,
B and PC=C0.

Hence if with C as centre and CP or C'O as radius, a circle is
drawn, it will have its highest point at O and will touch the line AR
in P. This cvidently satisfics the geometrical condition for the line
OP to be the line of quickest descent from O to AB. [Art. 11'61.}

Now, to find the time we have

f, the acecleration down OP==g cos »;- .
Draw ON perp. to AB, then ON =d, / AON =90°—x«
and /NOP=/AOP—/AON=90°=}»—(90°—0a)=lu.
OP=d scc < -

Hence if ¢ is the time taken by the particle in sliding down 0P,
then

OP=\f&,
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- 3
2 .83,

or t= -Eéei
= -}802

Second Method. Analytical. Let OP be the wire making an
angle @ with the vertical and ON (=d) perp. to AB, then

/. PON=7/POA— / NOA=(90°—9)—(90°—a)=a—§,
and OP=d sec / PON =d sec (z—§).
If t is the time taken by the particle in sliding down OP, then
OP=1}g cos @ ,
2 20P  2d sec (x—0) 2d

ie., e

g cos @ gcos @ g cos @ cos (x—@)
Now t will be least when cos § ¢ns (x— @) is maximum,
i.e., when 3lcos a+cos (2§ —a)] is maximum,
or when cos (2f—«) is maximum ¢.e., when 20 —a=0,

cr. « 2d 2d «
which gives 0= and t=/\/d-008,-&/2=/\/—g— sec -

11°63. Lines of Slowest Descent. To find the lines of
slowest descent from a given point P to a given curve, we have to
find a point @ on the curve such that the time of descent of a particle
down PQ is maximum.

A few special cases are given below. Curves and points are
assumed to lie in the same vertical plane.

() From a given point P to a given circle, P being without the
circle and higher than the highest point of the circle.

Joint P to the highest point of the circle and produce it to meect.
the circle in @, then P@ is the required line of the slowest descent.
For, a circle can be drawn to have P as its highest point and to
touch the given circle at Q@ and it can be shown that the time of
descent down  P@ is greater than the time down another line joining
P to any other point of the given circle.

(i7) From a given circle to a given point P without 1t.
In this case join P to the lowest point of the circle and produnc
it to meet the circle in @ then PQ is the required line.

(tit) From a given circle to another given circle lying wholly with-
out it, the lowest point of the first circle being higher than the hwhest
point of the second.

Join the lowest point of the first circle with the highest peint
of the second and produce it both ways to meet the circles in P and
@, then PQ is the require:l line,

Examples XXXVI

x. Find the shortest time in which a ring can bo made to slide down o
amnooth wire tn a +- rtical wall from a point distant 50 ft. fromiit.

te., d sec %—=}g cos
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a. A straight line is inclined at an angle -%‘- to the vortical and is dis-

tant 4 ft. from a point P, Prove that the time of quickest descent from P to
the line is L sec.

N3

3. Find tho straight line of quickest descent from the right angle to
the hypotenuse of a right-angled triangle whose one side is horizontal.

4. A right-angled triangle is placed so that one of the sides containing
the right anglo ix vertical. Determine the position of the point in the hypo-
tenuso from which the timo of a particle’s doscent to the right angle may be the
lcast possible. (P.U.)

AC is a given horizontal line and AB a line elevatcd above it at an
anglo «, provo thut tho least time in which it is possible for a body to descend
from AB to C aluong a straight line is equal to

Q(A—C tan -—:—-)é.
g 2

6. A ship stands at some distance from its pier-and it is required to
place a plank at somo point of the ship’s side so that the time of sliding down
the plank on to the picr may be as short as possible. Assuming the ship’s side
10 be vertical show that the plank must be placed so that it makes an angle of
45° with the vertical, (Pub. Ser. Ex.)

] 7. Tangents are drawn to a vertical cirele, show that the locus of points
in themg from which particles would descend in straight lines to the ccntre in
the shortest time, is the tangent at the highest point of the circle.

8. Show that tho shortest time of descent down a straight smooth tubo
from a civele to o point in the samo vertical plane is

/\/;tun—&.“cot (5 —a)
2 rAn et ipT),
- y

whore 7 is tho radius of the circle and a, 8 are tho angles which the lines drawn
from the given point to the highest and lowest points of tho circlo make with
the vertical R

9. Prove that the smooth chord of quickest doscent from rest on ope
given cirele to another given cirele in the same vertieal plane,  when produced,
passes through the highest point of the first circle and the lowest point of the
other. (P.U.)

10. Tind the line of the quickest descent from tho focus of a parabola
to the curve when

(i) the axis is horizontal.
(if) tho axis is vertical and vertex upwards.

Show that in tho second case tho length of the lino is oqual to the latus.
rectum of the parabola,

1. An ellipso is placed with its major axis vertical, Find the diameter
down which o particle can fall in the least time. What i3 the least value of
tho eccentrivity, e, in order that this diameter may not be the major axis ?

Alxo show that the lino of quickest deseent from tho upper focus to tha
curve is equal to the length of the latus.reetum, provided ¢> 4.

12. Find the Jocus of points from which time of quickest descent to a
given vertical circle is the same,

III. HODOGRAPH

11°7. Suppose a particle moving along the curve APQ has
velocitics v and v-{-§v at the points P and Q. O is taken any fixed
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point in the plane of the curve ; Op, Og
tangents at P and Q to represent, in
magnitude and direction, the velocities at

— 1
Pand Q. 5 \
When @ and P are very near each

other, the diffcrence between the two 5N ¢
veloeities becomes very small and the <
points q and p are, thercfore, verycloseto &
cach other, so that if the point P moves
on a certain curve A PQ, the correspond- A
ing point p moves on another curve
called the Hodograph of the path of P. o

-are drawn parallel to tho

y +8v
7

Definition, Iodograph is the path traced out by the extrcumity

of a line whick continnally represents, in direction and magnitude, the
velocity of a moving point.

As the particle P has moved from P to Q in the short interval
8t. its velocity has s bz ld from Op to 0q, so that by the theorem of
the triangle of velocities, the change in the veloeity of P is represen-
ted, in magnitude and direction, hy the line pg.  In the limit when
5(—0, pg becomes the tangent to the hodograph at p and its direction
represents the direction of the acceleration of P

As regards magnitude the acceleration of P in its path

Lt P9 _ . elocity of the point p, a point on the hodograph
8t >0 st corrs | L ' - to P.

Hence the acceleration of the point P moving along any path is
represented, in magnitude and direction, by the velocity of the corres).ond-
ing point p in the hodogruph.

1171, The same can also e proved as follows :

Tt (v, ) be the co-ordinates of P at time ¢ referred to a rec-
tangular system of axes through the origin 0, let Op be drawn in the
direction of motion of P and proportional in length to the measure

of the velocity of P. Then p is « point on the hodograph corresponding
to the point P.

If (X.Y) be the co-ordinates of p with reference to the same
axes, then Op heing proportional to the velocity vector of P, we have

. dr dy

X:—'l\ d?’ Y:I\ Ei‘ ..(l)
. dX . dx dY .. d% 2
dn‘l ‘di——]\ d?"‘al‘-—l\ a"‘l. o-(-)-

Tt is evident from equations (2) that the velocity of the point p

1epresents on some scale, in magnitude and direction, the acceleration
of P,

Note. The advantage of tho hodograph is that it reduces the study of
uccrleration to that of velocities, usually leas complex.
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Examples XXXVII

3. Find the hodograph of the motion of ¢ point whose rectangular co-
ordwnates at time ¢ are given by z=$t8, y=4}18,

dz dy
Here ~a‘—=" and 7‘— ==,
dz dy
e X=K —dT—Kl’ and Y=K7‘;’=K‘0

Eliminating ¢, we have the parabola Y2=KX, which is the equation to
the hodograph.

a. A point moves on the parabola y2=4az in such a way that its hodo-
graph is the same parabola ; prove that, if it passes through the point (2g, ¥g)
at §¢=0, its co-ordinates at any time are given by

z=2 elt, y=yq ett.

3. The hodograph of a point projected with a velocity u in a direction
making an angle a with the horizontal and thus describing a parabola ie a vertical
straight line.

For u cos a the horizontal component. of the velocity being constaunt,
tne ends of the straight lines representing the velocities at different points of
the path shall all lie on a vertical straight line at a distance u cos « from the
fixed point.

4. Show that the hodograph of a point moving in a circle of radiua r, with
untiform speed v ie another circle of radius v.

Hence prove that the acceleration of the potnt is v2[r directed towards the
centre of its path.

Suppose P and Q are two positions of the moving point and p and g the
corresponding positions in the hodograph.

As the particle moves with constant speed
P v,0’p=0'g=v, 80 that o’p is constant and tho
hodograph of P 18 a circlo of radius v units.

Also since /po’g=the angle between the

] tangents at P and Q@Q=/P0Q.
., ercpg_srcPQ - r.
$ o o'p ="5P ' 1.6., 8rC_pg=arc PQ ;

The acceleration of the point P in its path
=the velocity of p in the hodograph
2
Lt Py 2 PQ_ v g PO v .
3t r ot r

The direction of motion of p, being along the tangent at p in the hodo-
graph, is evidently parallel to PO.

?. A bead moves under the action of gravity along a smooth vertical
circle of radius a, starting from rest at the highest point, show that a polar
equation of a hodograph is r=24/ag sin 1@, tho centre of the circle bemng
taken as the origin.

6. Show that the polar equation of the hodograph of a point which
describes a circle of radius a with a constant angular acccleration « is

r2=a%«(20 —n)+w?],
its initial angular position and angular velocity being zero, and @ respretively,

7. The co-ordinates of a particle at time ¢ arc a=a sin nt, y=a cos 2n¢;
Jhowhtha.s the equation 16z4=n2a2(16z2—y2) is a possible cquation for the hodo-
graph. .

8. What is the hodograph of a point moving in a straight line with
(a) constant velocity, (b) constant acceleration, (c) having z=0 +bt, y=c+dt, us
its co-ordinates at time ¢ ?

[Ane. (a) A point, (b) a straight line deseribod with constant velocity,
() the point (b, d)].
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IV. UNITS AND DIMENSIONE

11°'8. Units. Whenever we measure any physical quantity
we always choose some standard quantity of the same kind as a unit
and we then express the given quantity as a numerical measure which
is the ratio of the given quantity to the selected unit of quantity. Thus,
when we say that a given length measures 30 feet, one foot is taken

as the unit of length and 30 is the ratio of the given length to the
unit length of one foot.

Since 30 feet=30 x 12=360 inches and 30 feet=23"=10 yards,
it is evident that when we decrease the unit to one inch or ¢gth of
one foot, the measure begomes 360, ;.¢., it is increased 12 times, and
also when we increase the unit to one yard, 7.e., 3 times one foot, the
measure becomes 10 or } of the fcrmer, the product of the measure

and the unsé employed remaining the same, being equal to the given
quantity.

In general if [ is a given length, L the unit of length, the

measure of the given length is the ratio i Similarly if ¢ is a given
4

time and 7', the unit of time, the measure i3 the ratio i and if m is
a given mass and Jf, the unit of mass, the measure of the given
.om
mass is -/
M
Thus, the measure of a quantity varies inversely us the magnitude
of the unit in terms of which the quantity is measured and conversely.

The fundamental units are units of mass, length and time. All
other units such as umts of arca, volume, velocity, force, work and
cnergy, depend upon the fundamental units and are, therefore, called
derived units. It is often required to find what effect is produced
in a derived unit when one or more of the fundamental units of mass,
length and time are altered in any way.

Note. The equations in Dynumics ure not relations between quantities,
but relations between thewr numerical measures. It 18 meanmngless to comparo
two quuntities of different kinds ;. we can only comparo the numbers which
mensure them.  Thus, the stutement of cquulity of o force and the momentum
generatod by stin a unit time unphies tho cquahity of their nwnerical measme.

11°81. Dimensions. If I is the unit of length, /1.2 is the unit
of area. Thus, the unit of arca varies directly as the square of the
unit of length.  This is expressed shortly by saying that the dimen-
sions of area are 2 in length and is usually written as
Unit area== /13,

Similarly the dimensions of volume uare 3 in length and is
written as

Unit volume==L3.
Let us now consider the following three units of velocity :—
(/) a velocity of | foot per second,
(i) a velceity of 1 yard per second which is 3 ft. per sec.
(¢if) & velocity of 1 foot per minute which is 3'; fout per sce.
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In the second case, unit of vclocity is increased three times due
to a «--1e+) * Y increase in the unit length while in the third
case, 60 times increase in the unit of time decreases the unit of
velocity to g5 of its former value.

Thus, if the unit of length is changed in any ratio, the unit of
velocity is also changed in the same ratio, while if the unit of time is
changed, the unit of velocity changes in the inverse ratio. Hence, if
L is the wnit of length and 7', the unit of time, we have

Unit velocity = —]TJT =L1

t.e., the dimensions of velocity are 1 in length and —1 in time.

The unit of acceleration is such that a unit velocity is acquired
in the unit time.
. . Unit of velocity /1,71 o
S unit acceleration=-- - Y = e = L2
Unit of time T
i.e., the dimensions of acceleration are 1 in length and —2 in
time,

The unit of momentum is unit mass travelling with unit velocity.
I M is the unit of mass, we have

Unit momentum=Unit of mass X Unit of velocity
- L _ -1
=M. 7 =ML1
Similarly we have the following :
Unit Impulsc=unit momentmn:-‘%ﬁ =MLT!

Chit Force=unit of mass X unit of accelcration
L

=‘JI“§T "—'.Z'IIJT-z
Unit Energy =unit work ==unit force X unit length
M, _
=g - L=MI2T-2
- unit work M2 o 3
Lmt PO\VC!‘- —\;l-l.lt l"_'n(‘ :.:TZTT—J]IL i

unit velocity L1 71
unit length — 7 1, 7

11°82. The dimensional formulae can be used to find the
change in a unit due to changes in the fundamental units.

Let M, L, T be the units of mass, length and time rospectively
in one system and let 3, [, T'; be those ina second sy: t<»

If the uuits of a physical quantity, say force, in these two
systems are F and Fy, then
F  MLT-2 M L (T )*2
Fy=M LT M, Ty \Ty
Now if K. K, bc the measures of the same force in the two
systems, then singe the measure of a quantity varies inversely as

Unit Angular Velocity =
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the unit, we have
K, 1 l F M L ( )"

K~ F— =M,

In general if a certain physxcal quantlty is of p dimensions in
mass, ¢ dimensions in length and » dimensions in time and K is its
measure when M, L, 1' are the units of mass, length and time, then
if the measure becomes K, when the units of mass, length and time
arc changed to M,, Iy, 1';, we have

w=Gr) () @)

This important dimensional formula gives a useful method of
changing a given quantity from one set of units to another. If the
quantities are given in gravitational units carc must be taken to
express them in absolute units before the transformation is made.

Example x. 7'aking I 1b.=453 gm., 1 foot=30'5 cm., find the
number of dynes in a poundal.

Let 2 be the number of dynes in a poundal,

o o) G

453 gm.
=( 1 gm. )( lcm ) x1
=453 X 30'5=13816'5
i.e., 1 poundal==13816'5 dynes.
Example 2. 4 certain acceleration has the measure 18 when

(t) 8 feet and 3 seconds (ii) one mile and an hour are taken as units.
Find its measure in foot-second units.

Let x be the measure in foot-second units, then

@) g —'( I )( . >_’= _fls_f: %’Zﬁ“ﬁ“)—; g

18x 8
- x_——§~—=16.
3 1 mile 1 hr, \—2
(i7) 13‘ 1. chc)
. o 18x1760x3 11
S 60X 60X60X60" 1500

Example 3. (i) If the kinetic energy of a train of mass 100 tons
and movinq at the rate of 45 miles per hour be represented by 11. while
the impulse of the force required to bring it to rest is denoted by 5, and
40 horse power by 15, find the units of length, time and mass.

(i1) Show that the acceleration due to gravily is denoted by 2016
assuming the measure in foot-second units to be 32. (P.U.)

(1) 43 m.p.h.==66 f.p.s.
Mecasure of the kinctic energy in foot, pound, sccond units
=} x 100 x 2240 X 66 X 66
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If, L, T and M are the required units of length, time and mass,
and L,, T, and M,, the corresponding units in the foot, second, pound
system, then

£ 19022406668 _ gl')(‘g{)z( _T7_1)" ()

Similarly, for impulse and horse power, we have
oo (Y EYIY

nd 4()x.)00x32=( » )( v ) ( - )“‘ .(3)

Frcm (1) and (3), we have
T 50x2240x66x66 15 ' §
- == = 941" . .t. — . )
1, 40 % 550 % 32 X 1 ) T =945 sec
From (1) and (2), we get

( )( 50><2240x66x66 5 _1
1' ) 100 x 2240 x 66 X
. —-—_lo T _ =15x945; .. L=15x945 ft.

) Ll g l
T
Substituting the values of Lf— and 1 in (2), we have
1
M _100x224066 945
M, 5 X15% 945
S M =88 x 2240 1b.=88 tons.

(3¢) If z be the measure for acceleration due to gravity in terms
of the new units, then

32_ I ( T \-2 15X 945 15 _ 1
z L ’) TO45 9457 945 T 63

=88 x 2240.

r=32x63=2016.

11'83. Since cach term of an cquation in any dynamical
problem represents the same pnysical quantity, it must be of the
same dimensions in 1ass, length and time. The consideration of
dimensions is a uscful check in the accuracy of a dynamical formula
provided the quantitics involved in the formula are all cxpressed
algebraically, As an example let us take the case of a body projected
vertically upwards with a velocity u. The formula for the distance
described by the body in time ¢ is

S=ut—4gt?
the diwmensions of S are L, of ut are - 2,
,jl; . Tt=L, so that all the terms are of the same dimensions. But

if wo replace v by 40 and g by its value 32, the equation becomes,
S=40t—16¢2

.I'=L, and of }gi® are
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and the dimensional check does not hold true as the velocity u of
dimensions ‘g,-« and the acceleration g of dimensions 'jL“i have been
replaced by numbers which apparently have no dimensions.

Example 1. Find from consideration of dimensions which of
the following equations are possible ones :—

(7) Put=3}mv3+mfs,
T f a+b’

my a’+b’
(22) Pf=-_". PR

where P stands for force, a and b denote lengths and other letiers have
their usual meanings.

Writing the dimensions of each term, we have
(i) ARSI Y G A T

137 T
or ML_%M“_{_ML

The dimensions in length and time are not the same for each
term, the equation is, therefore, impossible.

.. _ L L 13
(i) M=M . =7
or M=M=I2
. P
Thus, only the first part, s.e., 7 _f is possible in this case.
J ) [ 12
(i) ML L g h 1

VRN IR LR )
ML M2
AT

The dimensions being the same, the equation (i4t) is possible.

or

Example 2. /n a book on Dynamics a question 18 given thus :

“iA particle moves with a central acceleration p(r-+al/r3) being
projected from a distance a with a velocity 2 Vpa™.

From a consideration of dimensions, find out the misprint in the
question,

L
Acceleration= 77 = w(r4ad/r3)=u.L,

so that pec ;,, or -;7 o</ .

velocity= T oc\/p. L which shows that the given velocity

2 Vpa is a misprint for 24/p.a.
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11°84. Sometimes a consideration of dimensions alone is
sufficient to determine the form of the answer to a problem.

Example. Find, from a consideraiivn of dimensions, the time
of oscillation of a simple pendulum.

Let m be the mass of the particle and [, the length of the string.
Assuming that the time of oscillation is independent of the arc of
oscillation, the only quantities that can appear in the answers arec m,
l and g.

Let the time of oscillation vary as m®l%". The dimensions of
this quantity expressed in fundamental units are :

arona(F ) or a2 Levr -,

But the time of oscillation must be one dimension in time only,
hence

p=0, ¢4+r=0 and —2r=1 .., r=—% and g=—r=1}.

-

. _— . - 1
.. the time of oscillation varies as lJ-'g bor /\/ R

Examples XXXVIII

(Take g=32 ft./sec? if not given otherwise)

x. Find the measure of the acceleration due to gravity when the units
of length and time are a mile and a minute.

2. Having given that 1 lb.=453 gm., 1 ft.=30-5 cm., find the number
of ergs in a foot pound. (P.U.)

3. Assuming a yard, a minute and a hundredweight for units of length.
time and mass, express the corresponding unit of force in one poundal. (D.U.)

4- If the unit of mass is a ton, the unit of length, a yard, and tho unit
of time, a minute, compare the unit of foree with tho weight of onc pound.

5. If the acoelcration caused by gravity be tho unit of aceeleration and
velocity of & milo in 5 minutes that of velocity, find the units of time and space
employed.

6. If the unit of velocity be that of a point which passes over 8 feet in
3 seconds and tho unit acceleration be that in virtuc of which a veloeity of 60
m.p.h. is gencrated in 55 seconds, find the units of spaco and time.

9. If the unit of volocity be 20 ft. per sec., the unit of acceleration 40
ft./sec?, and tho unit of forco be 30 poundals, what aro anits of mass, length
and timo ? (P.0.)

8. Given that the unit of power is a million ergs per min., that thoe
unit of force is o thousand dynes and tho unit of time wvnc-tenth of a second,
what aro the units of mass and length ? (r.U.)

. If tho unit of momentum te that possessed by a mass of 10 1b. ofter
falling freely from rest during ono sceond, and the unit of kinctic encruy bo
that possesscd by a pound after falling frecly from rest for two sceonds, find tho
unit of mass and tho unit of veleeity.

xo° In a certain system of absolute units the acenleration produced by
gravity in n body falling freely is represcuted by 3, the kinetie energy of u 600
1b. shot moving with a velocity of 1600 £.p.s. is denoted by 100 and its momen-
tum by 10 ; find the uniws of length, time and mass assuming that g is equal to
32 in F.P.S. rystem.

11.  If the unit of vis viva (twice kinetic cnergy) Lo that of a frain of
mass 1 tons moving with a voloeity » miles an hour, the unit of power that of
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an engine of horse-power %, and the unit of forco the wcight of n tons, prove

that the unit of mass is
AL 2
712[44&"] tons. (P.U.)

15h

x2. A body moves in a straight line with S.H.M., its acccleration being
Wz at a distanco z from the centre of motion, Show from a consideration of
dimensiors thut the timo of arriving at the contre varies us 1/4u.

13. A body moves in a straight line undoer the action of a force towards
a fixed point in tho line varying inversely as the square of the distancé. Show
from a consideration of dimensions, that the time of arrival at the fixed point
varies directly as tho squaro root of the cube of the distance at which the body

starts from rest. (P.U.)
14. In solving a question, a student gets the answer in the form
work=2Py+-3.Mef.
Show from a consideration of dimensions that his answer is wrong.
What physical quuntity does the right hand side of the equation represent ?



CHAPTER XII

MOTION ALONG A STRAIGHT LINE—-1V
’ MOTION IN A RESISTING MEDIUM

12't. When a body moves in a medium like air or any other
fiuid, it experiences a resistance to its motion. The resistance which
we have been neglecting so far, generally varies with the velocity.
For small velocities the resistance is approximately proportional to
the velocity, for greater velocities it varies as the square of the velo-
city and for still greater velocities, the resistance varies as the cube or
even a higher power of the velocity.

The forces of resistance being non-conservative, the principle
of Conservation of Energy is not applicable to such cases.

12'2. Rodies falling vertically in a Resisting Medium.
Suppose a particle is allowed to fall vertically in a medium whose
resistance varies as the nmth power of the velocity, the cquation of
motion of the particle is

d
m %=mg—mkv" or Pd% =g—kv",
where k is the constant of proportionality and g, the acceleration due
to gravity, is supposcd to remain constant.

The equation shows that the acceleration of the particle decreases
1/n
as its velocity increases and that it vanishes when v=< —Z—) ! . This

is the greatest vclocity attainable by the particle and is called the
limiting or terminal wvelocity. Subscquently the particle moves
uniformly with this limiting velocity.

The velocity for the rain drops at the surface of the earth can-
not, therefore, give us any idea of the height fromn which they might
have fallen, for after moving for some time they acquire the terminal
velocity and continue to move uniformly with that velocity.

12'3. A pasticle falls vertically from rest in a medium whose
resistance varies us the velocity, to find the motion of the particle.

Let v be the velocity of the particle when it has fullena distance
z in time ¢, its equation of motion is

dv

a9k (1)
Integrating, we have
I Ay I L
iy c or . 1og (9—Fkv)=t+-c.
- 1
Initially wi =0, =0 ; —— .
nitially w 19;1& v ¢ Ic log g
& log IR It or g—kv=ge™* je., v=-Z~(l—c"“).. (2)
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e""‘-—l 1— - 2kvi

=V S =V i .+(2)
eBhviy ] 14e—3ket

This equation gives v the velocity of the particle after a time ¢
and it shows that as ¢ — oo, vV,

Equation {2) can be written as

or v

_dx 9t v p g]
v—(-IE_.V tanh v ..(3) C k=vi

Integrating, we have
V2 gt ,
a~=7l- log cosh ==+-¢'.

Initially when t.—_()'. x=0, ., ¢'=0.

. [, 2. } ”t
Hence == log cosh 7 .o (4).
Eliminating ¢ between (3) and (4), we get
— gz
12=V8 (l-—e Vz) <+ (3)
a relation between v and « which can also be ebtained directly from
the equation v dv_ g—kve,
dx

12°5. A particle is projected upwards, with velocity U against the
resistunce kv3, to find the motion.

Taking the upward direction as positive, the cquation of motion
of the particle is

dv .

sy (1

2 =1k 1
= —[(VE40?), (iaking %—:-—- I’"’)

Integrating. we get

dv L
jlé+_1}=~~Lt+c or y tan -—V It +c.

Initially 'when  ¢==0, v== U,

1 U
o r=—tan~1-—2 .
} [z
. 7 v
Vit =tan=! T —tan-! T .- (2).
Agsin equation (1) can be written as
I’ Ps » o
v :I’::: —g—kete:=L(V2422).
. vdv P 9,8 ok'-‘)'
o F"".‘*_";az —kx+¢, ie., log (V2-F22)= —2kx--2c'.

Tnitially when ©=0, ¢ =0,
2¢'=log (124 1)?)

24 ()2
Hence 2z =log ‘l’:i? < (3).
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Equation (2) gives the velocity at the end of any time ¢ while
equation (3) gives the velocity in terms of the distance described by
the particle.

Thoe greatest height A to which the particle rises is found by
putting v=0 and x="h in equation (3), thus we have

"“'21% log (1+€ﬁ~:)—:!;2 log (1-,-:-;) (4.

The particle then begins to descend. Taking the highest point
reached as the origin and using the results of the previous article, wo
can further find completely the motion of the particle. The velocity
of the particle when it returns to the point of projection is obtained
by substituting the above value of 2 for x in equation (5) of the
previous article, so that after simplification, we get

V2 U2y? -
U (1~V2+Uﬁ)=V’+U2 oo ().

Example x. 7Take U, the velocity of projection=350 ft. per sec.
and V, the terminal velocity==150 ft. per sec. in the above Article. Find

the greatest height reached by the particle and its velocity when it returns
fo its staiting point.

Using equation (4), we have

150 150 H0x 50 THXTI
e s o VT8 | e W ez

XTI 1--09542 o= i
=T -0-4-:-;.]3—4-] from the tables=37 ft. (apprex.)

Uzing equation (35), we get
v,_so X 50X 150X 150
T 150X 150450 x 50
r=154/10=4743 ft. per see.

Example 2. 4 motor cycle which with its rider weighs 3 cwct. i8
Joind to run at 30 m.p.h. up an incline of I in 20, and at 50 m.n.h.
down the sume incline. Assuming that the resistance is mroportional to
the square of the velocity, and that the engine is working at the same

horse-power jind the speed that would be altained on the level, and show
that the horce power is 2§ nearly.

Let v ft. per see. be the velocity of the cycle and F1b. wt. be the
tractive force exerted by the engine at any instant, thenthe equations

of motion (1) on the level (2) up the inclined plane (3) down the
plane are:

15 % 150,

dv

m ‘t'l't""-‘(F‘"k”z)g < (1),
d . 3Xx112
m ;‘1;3;‘: (F.__,.)y-._.'j. ;-!O”-'— 7 .o (2)’

-

d e, 3X112 .
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If H be the constant horse power of the engine, then
Fv=550H or 17'=5—5%—I11 ..(4)

The maximum speed obtained by the cycle while moving up the
plane is given to be 30 m.p.h. or 44 f.p.s. and, therefore, in equation (2)

g;=0 when v=44.
Hence from (2) and (4), we have
550 H 3x112
T_kvs_ 50 0
or 550 H —kv®—5Lv=0, where v=44 ..(5)
Similarly from (3), we have
550H —kv'34-84v'=0 ..(6),

where v'=50 m.p.h.=2%2 fps.
Subtracting (6) from (5), we have
N I L I
Ty 5 (239)3—(44)  35x 121
Substituting this value of & in (5) and simplifying, we get
H=§}%=2313=2% nearly.
Now to find the speed attained by the cycle on the level, we

equate %tg:O in (1), which gives
F=kv? or 5—52£=kv’.

Substituting the values of H and k and simplifying, we get
55x121x 816 (223 22 % 8\3
3 XSV _ (24 =225 )
vi= o ._( 3 ) X510 ( 3 ) (approx.)
22x8 22x8x15

3 LPS="3 oy

Examples XXXIX

1. A particle is projected with velocity V along a smooth horizontal
plane in a medium whose resistance per unit mass is k(velccity). Show that
the velocity v after a time ¢ and the distance s described in that time are
given by

or 40 m.p.h.

L v=

v= Ve kt, a=—ll;.(1_ ~kt)

2. A particle is projected with velocity u along a smooth horizontal
plane in a medium whose resistance per unit mass is (. times the cube of the
velocity. Show that the distance d it has described in time ¢ and its velocity V
at that time are given by

! [ ¥ omalt—17:
d_ﬂ_[\/l-;-zp t—1]; V

Show also that d/t=2uV [(u+ V).
A particle is projected upwards with a velocity g/k in & madium
whose resistance is kv per unit mass, where v is the velocity of thy particle and
g is the doceloration due to gravity. Prove that the height attained by the

. . 1 . gle—2)
particle after a time Y is e

u

RYjes i
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4. A particle of mass m, is projected vertically under gravity, the resis-
tance of the air being mk times the velocity ; show that the greatest height
attained by the particle ie

b —log(14+3)],

where V is the terminal velocity of the particle and AV is the initial vertical
velocity.

8. A particle is projected vertically upwards with velocity «, and tho
resistance of the air produces a retardation kv2 where v is the velocity, Show
that the velocity V with which the particle will return to the point of projec-
tion given by

1 1 k
Ve T ut g’

If E is the kinetic energy of the particle in its upwards path at a given

point, show that the loss of energy when it passes the same point on the way

down is where E’ is the limit to which its energy approaches in its

B
E+E’
downward course.

6. A particle of mass m can move in a resisting medium in which the
resistance varies as the square of the speed, the magnitude of the terminal velo-
oity being V. If it is projected upwards with a speed V tan «, show that it
will return to the point of projection with a speed V sin a.

Show that the amount of energy, kinetic and potential together, which
is lost in its ascent is

imV?2(tan® a—2 log, sec a). (L.U.)

7. A particle falls from rest in a medium in which the resistance is k2

per unit mass. Prove that the distance fallen in time ¢ is

—%— log cosh (t4/gk ).

If the particle were ascending, show that its distance at any instant
below the highest point of its path is

1 _—
- log sec (t\/gk )»
where ¢ denotcs the timeo it will now take to reach its highest point.,

8. If the resistance per unit mass is kv2 and the particle slides on a
smooth straight wire inclined at angle @ to the vertical, prove that tho space &
described in time ¢ from rest is given by

ek’:*(ebt-*.e’bt)'
where b2=Lkg cos Q.

9. A cyclist works at the constant rate of P horse-power.  When there
is no wind, he can ride at 22 ft.[sec. on level ground and at 11 ft./sec. up a hill
making an angle sin™1 »'y With the honzon. Tho total mass of the man and
cyclo is 180 1b. The resistance of the air is kv2 b, wt. where the velocity of the
man relative to air is v ft.[sec. ; the other frictional forces are negligible.

Find P and show that tho speed of the cyclist when riding on level
ground against a wind of 22 ft./sec. i3 between 10 and 10+5 ft.[soc. (M1.7.)

10. A locomotive drawing a total weight of 264 tons on the level is
excrting a tractive force of 20,000 Ib. wt. at the speed of 16 m.p.h. It works at.
a constant horse-power until its speed is 60 m.p.h. when it is just able to over-
come sho resistance to motion, which may bo taken to vary as the square of tho
velocity. Show that it roachos the speed of 45 m.p.h., from the speed of
15 m.p.h. in a distance of approximately 5,080 fect. (M.T.)

xz. The resistance to an acroplano when landing is a4-b12 absolute units
Por unit mass ; v being the velocity, and a, b, constants. For a particular machine
b=10-3 f(, Ib, sec. units and it is found that if the landing speed is 50 m.p.h. the
length of the run of tho machine before coming to rest is 150 yds. Calculate the
value of the constant a.

040
(Ana. 1og.(1+.§;§)=o-9 of a:=3-08]



CHAPTER XIII

MOTION OF A PARTICLE IN A PLANE-III

ELLIPTIC HARMONIC MOTION :
CYCLOIDAL MOTION : PLANETARY MOTION

13°1. A few simple cases of motion of a particle in a plane
were dealt with in Chapters VI, VII and VIII. In the present
chapter we will discuss similar problems of a more difficult type. As
was pointed out in Art. 6°24, the motion of a particle moving in a
plane is determined by two equations of motion obtained by resolving
forces in two directions usually at right angles to one another. The
choice of these directions is a matter of convenience depending upon
the nature of the problem.

A particle may be free to move along any path which it may
describe according to the forces acting upon it (e.g., parabolic path of
a projectile) or it may be constrained to move alcng any given curve
or surface, (¢.g., may slide along a smooth vertical circle).

In the former case the motion of the particle is discussed by
reso}ving forces in directions parallel to two axes which are usually
at right angles, in particular, if the forces are central i.e., they are
directed towards a fixed point, the most useful directions for the axes
are along the radius vector and perpendicular to the radius vector.
In the case of constrained motion, since in addition to other forces,
there is always present a force of normal reaction of the curved
surface along which the particle is constrained to move, the motion
can best be discussed by resolving forces along the tangent and the
normal to the path.

1. MOTION REFERRED TO TWO FIXED AXES

13°11. In this case the position of the particle at any instant
is defined by the co-ordinates z and y referred to two fixed axes OX
and OY and by resolving forces parallel to these axes, the equations
of motion as given in Art. 6'24, are of the form

m% =F, and m%;i/— =F,.

Example x. Find the law of force parallel to an asymptote under
which a rectangular hyperbola can be described.

Let the rectangular hyperbola zy=c? be described by a parti-

cle of unit mass, under a force parallel to the y-axis, which is one of
its asymptotes.

z . dz
Then Tu—,—--:O, and .. - =8 constant=u, say.
d_ & d
dt~ 2 AT T L

. ct
Now since y= -
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. dy 2¢% dr 2%
= it o R
It shows that the force varies inversely as cube of z, the distance
of the particle from the asymptote parallel to which force acts.
Example 2. A4 particle describes freely the catenary y=c cosh z|c
under the action of a force parallel to the ordinate. Show that the
Jorce and the velocity at any point vary as the ordinate of the point.

As the force is parallel to the ordinate, it has no component
parallel to the axis of z,

dz dz
mm-,--=o, so that 5 =const.=u, say (D
From this and given equation of the curve, we have
dy dy dx 1 ., =z dx -
E‘%:é—’: .E;=cx—c—smh-5—.—dz=usmh T .-(2)

.. v, the velocity of the particle is given by,

dz\* /dy\? . z x oy
3= - ) =y}l 2 =yl L Radry: 0. 2
v (dt)+<dt) u?+4u? sinh z u® cosh =

which gives v=—i—£—y and shows that the velocity at any point varies

as the ordinate.

Also since d—;=0, .. for the resultant acceleration f, we have
from (2),

dy u z dxr 2 z ot
f—-d—t,=’5— COShT . —‘-i-i-=*z’- .C coéh—;:;;-y,

which shows that the acceleration and consequently the force varies
as the ordinate.

Examples XL
2. If the co-ordinates z, y of a moving point are given by
zma(cos O+0 sin §), y=a(sin §—@ cos §)
and @ increases at a uniform rate ®, prove that the velocity of the point is a@a.

2. A point moves in a plane such that its velocities parallel to axes of »
and y arou-+cy and v+cz respectively, where u, v and ¢ are constants, show
that the path of the point is a conic section.

i. A particle describes the parabola y3=4az whose axis is horizontal.
Prove that

() if its horizontal velocity is constant, its vertical velocity varies in-
versoly as its ordinate,

(#3) ifits vertical velocity is constant, the acceleration of the foot of the
ordinate is constant, and

(#34) if its velocity is constant, the acceleration of the foot of the ordinate
wvaries inversely as the square of its distance from the directrix,

A particle moving in a plane is subject to a force towards the z-axis
and proportional to its distance from that axis. If initially it is projected from
the origin with velocity  in the direction making an angle « with the z-axis,

prove that it will cross the z-axis again at this angle after a time T » where

B
{+ is the constant of proportionality. (The mass m=1).

Also prove that the maximum displacement from the z-axis is propor-
tional to u sin a.
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A particle moves in a plane under a constant acceleration ajt parallel
to Oz, and an acceleration —2p.y, parallel to Oy where Oz, Oy are rectangular
axes, If the particle starts from rest at the point (0, a), show that it will
deacribe the curve y=a cos (24z/va).

6. A particle moves on a curve y=a log sec-‘—’:- in such a way that the

tangent to the curve rotates uniformly, prove that the acceleration of the par-
ticle varies as the square of the radius of curvature.

7. A particle acted upon by gravity is describing a curved path APB.
The resclved part of its velocity at A at right angles to the chord AB is u,
show that the resolved part of the velocity at B in the same direction is — u.

13°12. In examples given above and for the motion of a pro-
Jjectile given in Chapter VI, the axes used are rectangular. In the
problem discussed in the next Article it will be found more convenient
to use oblique axes.

13°'13. Elliptic Harmonic Motion. A particle moves in a
plane with an dcceleration which is always directed towards a fixed
point and varies directly as the distance from it ; to prove that the parti-
cle describes an ellipse having the fixed point as its centre.

Let the fixed point O towards which the acceleration is directed
be taken as the origin and let the particle be projected in a certain
) direction from a point 4 with a
velocity V.

Take OA as the axis of z and
a line OY parallel to the direction
of the initial velocity V, as the axis
of y.

Let (z, y) be the co-ordinates
of P in any subsequent position of
X the particle. The acceleration of

the particle is . PO whose compo-

- nents parallel to the axes are uPM
and ¢ MO or —uy and —px.

Hence the equations of mo-

tion are

a2
BT it and a-t—g =—uy.

These equations show that the moving particle has a simple harmonic

motion of period ;/2—%— parallel to each of the axes of z and y.
Solving these equations, we have
z=A cos nfi. -+ B sin Ju ¢ .+(1),
and y=C cos aJu. t+D sin nJp. ¢ «+(2).
Tnitially when (=0, 2=04 =a, y=0, % —0and %—‘ti -

Hence from equations (1) and (2), we get
A=a, B=C=0, D=V[\u.
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z=a cosy/pt, and y= —\%; sin 4/ @ t. .. (3).
Eliminating ¢, we have

2y

—(F-{-TJ—’I—“ =1 . (4).

Thus the locus of P is an ellipse having its centre at the centre
of attraction and having OX, OY, a pair of conjugate diameters, as axes.

" 13°131. By putting x=0in (4), we get y* or OB*=V?/ which
gives V=4/1.0B.

Thus the speed of the particle at any point 4, is proportional
to OB, the semi diameter conjugate of OA.

Velocity at any point P. Lect v be the velocity at P and let
/. AOB=w, then

dx \* sdy\? _dz dy
o=(T) (&) +2 T o
=a%p. sin® \Ju ¢4 V2 cos® afpu ¢
—2aV NJu sin afJp t cos aJp ¢ cos @, [by (3)],

Note. Inthe particular case when the velocity V is at right angles to
OX, tho two axes being perpendicular to each other, are the principal axes of
the cllipse.

33'132. Geometrical properties of an ellipse. A few pro-
perties of an ellipse are given below for Y P Y »
rcady reference,

The letters used have their usual
meanings, C'D being the semi-diameter

conjugate to CP, D
SP+SP'=r+r'=2a (1) A
SP. §'P=rv =CD'  ..(2)
SY. SY'=pp' =b? . (3)
Sin « = _-_=1’7= v rr b b .

Also from (4)

o r 2n

2a ,.)

—_r
pr == =y (D= - -1 -+ (B

the pedal equation of an ellipse referred to a focus.
If, however, p denotes the perpendicular from the centre C on
the tangent at P and CP=r, then

CP*4-(CD2=a3+12 ..(6),
and p. CD=ab (7).
IFrom (6) and (7),
nh?
P4 % =at4-13,
ab? _ el e 2_ %1 )22 3
or ')‘T=“ 402 =CPt=q4- 12—/ .« (8).

the pedal equation of an ellipse referred to its centre.
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Example 1. A particle is describing an ellipse under a force to
thecentre. If V be the velocity at the end of lhe minor axis, and vy,
sy the velocities at the ends of any pair of conjugate diameters, prove
that : vitvd=V24p b2,

By Art. 13°131, we have

vy=nfit CD, and vy;=nJu CP,

Also since the semi-diameter conjugate to the minor-axis is the

semi-major axis=a, .. V=Afp aor V2=u al.
vitvf=p (CP2+CD%)=p (a®+b%) [by (6)]
=Vitp b2,

Example 2. A4 particle describes an ellipse with an acceleration
wr directed towards the centre C, show that () its angular velocity about
u focus 18 inversely proportional to its distance from the focus,

(i¢) the rate of change of its direction of motion is aby/p/CD2.

(i) Let v be the velocity of the particle at P and let o be its
angular velocity about the focus S.

By Art. 13:131, v=Np CD .. (3)
__vel.perp. toSP _vsina  ~JuCD .

Now o= SP =—gp = gp  -tn«
_NueCD Ny b

b
="sp "o ="gp-

Hence o varies inversely as SP.

(#7) Let ¢ be the angle which the tangent at P makes with the
major axis, then

the rate of change of the direction of motion

dt ds " dt— p (by ()]
Now to find p we use equation (8), a?)?/ p2=a24-b*—r2.
Differentiating this we get,

—2a2h? dr dr a?? (I3
— —_——2p o= —=— ——
7 rdp y  oeP=r dp= 2 2b [by (7)]
Lay ab  abaJu
I{t‘llbe “—‘dt \ly..CD X C_D3= —CTb‘é' o

Examples XLI

x. Show that the speed of the particle at any point P of the ellipse
=qr’, where 1’ is tho semi conjugato diameter of P.

Hence show that tho same ellipse is a hodograph of the motion of P.

2. Show that the time taken by the particle to describe the whole
ellipse is 2r/vp.

3. A particle is acted on by attractions to a number of centres of force,
each being proportional to the distance. If it be projected in any direction,
show that it will describe an ellipse.

4+ The ends of a rod which rotates with constant angular velocity move

on two intorsecting straight lines at right angles; prove that any other point on
the rod exocutes an elliptic harmonic motion.
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5. The components of acceleration of a point are —4iuz, — 4y parallel to
fixed rectangular axes Oz, Oy ; initially it is at rest at the point (a, b). Show
that it will oscillate to and fro on the arc of the parabola 2ay3=b%(z +a) ; and
find its velocity at the point where its path first crosses the axis of y.

[Am. N 112(8a%+ b2), inclined to Oz at t+tan™! _52.2_;.

6. A particle moves in a plane with an acceleration which is always
dirccted away from a fixed point and varies directly as the distance from it.
Provo that the particle describes a hyperbola.

If a particle describes an ellipse about a centre of force in the centre,

show that sum of the reciprocals of its angular velocities about the foci is
constant.

8. Prove that the speed at any point P of an elliptic orbit desoribed
under a central force, varying directly as tho distance to the centre O of the
ellipse, is proportional to the length of the diametor conjugate to OP.

A particle is projected from a point P in adirection making an angle
7t/4 with the line joining P to the above contre of force 0. Its speed of projec-
tion is that which Mt would acquire in moving directly from rest at P to the
centre of force 0.  Provo that the eccentrioity e of the orbit is given by

e3=2(42—1). (P.U.)

9. Prove that in an elliptic harmonic motion the time-average of the
Kinetic Energy is equal to the arithmetic mean of the greatest and least values
of the Kinetic Energy. (D.U. 1960)

II. CONSTRAINED MOTION
13'2. One particular case of constrained motion, viz., the
motion of a particle along a smooth vertical cirole was discussed in
Chapter VIII. We now consider similar motion in a more geuneral
manncr. In this case the equations of motion arc obtained by resolv-
ing forces along the tangent and the normal to the path.

13'21. Expressions for tangential and normal accelera.
tions.

Suppose that a particle moves along the curve APQ. Let A4
be a fixed point and P and €, the positions of the particle after times
t and t+45¢. VoSt

Let arc AP=s
and arc AQ=38-48s.

Chord PQ is the displacement of
the particle in time §t.

.. the velocity of the particle

Tt chord PQ
st—0 O
Lt chord PQ L ds
st—0 8¢ 8 a

along the tangent at P.

It follows that if the point P is constrained to move al_ong a
given plane curve, the velocity of the point P at any instant is in the
dircction of the tangent to the curve at tho point and its magnitude

is “Z: where s denotes the length of the arc of the curve measured

from any fixed point on it.
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Now let v be the velocity at P and let it be v+5v at Q.

If the tangents at P and Q make angles y and ¢+3y with the
fixed line OX, the change in velocity in direction of the tangent at
P=(v4§v) cos §y—uv.

— d
.". tangential acceleration=Lt (v-+8v) cos 8y —v —
31—0 8t dt

and since v= g . -=l—1—2£ or v L
d °° dt  di? ds °
(the same as obtained in Art, 7-2)
The change in velocity in the direction of the normal at P
=(v+8v) sin §¢—0.
.. the acceleration in the direction of the normal at P

_ (v+38v) sin §¢ sin 8¢\ 8¢
—&Eio st _Lt(”””)( AL

where p is the radius of curvature of the curve at P and is cqual
to av by Calculus.

In particular when a particle moves along a circle of radius r
the radius of curvature is then the radius of the circle and the normal

2
acceleration is —;— as already obtained in Art. 7°2,

Whenever a particle moves along a curve the resultant tangen-
tial acceleration changes the velocity in magnitude while the resultant
normal acceleration causes change in the direction of the velocity.
If the former is zero, the particle moves with a constant speed, but
if the latter is zero, the motion must take place along a straight line
only.

Example 1. 4 garticle is moving in a parabola with uniform
angular velocity about the focus, prove that its normal acceleration at
any point is proportional to the radius of curvature of its path at that

point,
Let the radius vector SP make an angle @ with the axis.
Then by the question dg/dt=a constant=Fk (say).

Also by the property of a parabola, the angle ¢ which the
tangent at P makes with the axis=136, so that

dy _,dg _k _ds _ds dy fp
o " ha =5 and v= =g Xy =y
.2 2.2 2
Hence the normal acceleration—’i—=k—p—=u) .
[ 40 4

Example 2. A garticle describes a curve wilh uniform speed v.
If the acceleration at any point P be cv?/(ct+s%) where ¢ is a constant,
prove that the curve described is a catenary.
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Since the speed v is constant, ., the tangential acceleration

dv[dt=0.

) . v? dy
.. the resultant acceleration=normal acceleratxon=—9- =1? Fie

dy cv?

. . 22V __ _
.. by the question, v ds =3t
cds ¢ 8
=3 ——— e e -1 —

or ] jc’-{-s"’ p tan - +-C.

Let ¢=0 when =0, so that C=0.
s, y=tan~! gfc, or s=c tan ¢, a catenary.
Example 3. A parlicle moves in an ellipse with constant speed,

prove that the magnitude of its acceleration is proportional to the cube
of the length of the perpendicular from the centre on the tangent.

The speed being constant equal to v, say, the acceleration is
only normal=v?/p.

To find p, we use pedal equation (8) of Art. 13'132, so that we have

a®bh? 2 ab? dr dr a??
% =al+b?—%, and — —5— =——2r&—17 or '%=-p?
ar2 2 2

S op=r %=% , and .. acceleration= -!'p——=;2'1b7 .

Hence v being a constant, the acceleration varies as 23, p being
the length of the perpendicular from the centre on the tangent to the
ellipse at the point.

Examples XLII-A.

x. If the speed of a particle moving in a curve varies as the radius of
curvature, show that its direction of motion revolves with a constant angular
velocity.

[Hint. v=ds/dt=kp=kds/dy, .. dy/dt=Ek.].

2. A particle moves in a catenary s=c tan ¢ the direction of its acceln.
at any point makes equal angles with the tangent and the normal to the path
at that point. If tho speed at the vertex ({=0)be 1, show that the velocity
and acceln. at any other point are given by

1 2 o
ueY and -—:«uﬁe v cos?.

A point moves in a plane in such a manner that its tangential and
normal accolerations are always equal. Show that the equation to the path is

(i) tho equiangular spiral ka=Ae¢+B, wheon the angular velocity of the
tangent is constant and equal to k.

(ii) the catenary s=c tan (), when the linoar velocity of the point varies

8
as e ,wherotan § = ralt

A particle moves in a smooth tube in the form of a catenary, being
attracted to the directrix by a force proportional to the distance from it. Show
that tho motion is simple harmonie. (D.U. Hons.)

[Hint. Recsolve along the tangent and use y=c sec ¢, =c tan ¢]

5. A particle starting from rest moves in a circle in such a way that its
speed ingreases at o constant rato . Show that when the particle has described
an angular distance @ about tho centre, its acceleration is

k/£91F1.
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6. A particle is describing a circle of radius a in such a way that the
tangential component of its acceleration bears to the normal component a
constant ratio k, if u is the initial velocity, show that the circumference will be

described in the time
a (1_ -21tk)
ku e .
9. If throughout the motion of a particle describing a plane curve, the

tangential and normal components of acceleration are constant and each equal
to 4, show that the angle ¢ through which the direction of motion turns whilst

the velocity changes from V, to V is given by ¢=log Z and that if ¢is the
time taken for the change °
At
g=log (H'V . (P.U.)

8. Prove that the angular acceleration of the direction of a point
moving in a plane is
v _ ot dp
“ds T pY ' ds
) dy ds v
[mee =% =3
13'22. Motion of a Heavy Particle on a smooth Curve
in a Vertical Plane. A garticle is projected with a velocity v, along
a smooth curve in a vertical plare. Its velocity vy after moving through
a height h is given by
vei=v.2—2¢gh.
Let a particle of mass m move along the curve BPA4, B being
its initial position where its velocity is v;, and A, the final position
y where the velocity is v,.
Y) Let P be any position of the particlo
n where its velocity is v.
P The only external forces acting on
the particle are its weight, mg, acting
vertically downwards and R, the pressuro
B of the curve in the direction of the normal.

Equation of motion along the tan-
¥ gent is

\ mv—‘-id%=sum of the components of the
forces along T'P
= —emg sin Y ..(1).

We know that for any curve, sin ¢ = %— and, thercfore, the

equation becomes,
030 %y
ds = Tas’
Integrating, we get = —gy+ec.
At B where  v=vy, let y=1y,,
then | bo'=—gy, tc.
At o where v=uv,, let y=1y,,

then Jvld=—gy,tc.
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Subtracting, we get

gt — v =—g(y:—m) .-(2)
i.e., ve2=v,"—2g(y,— ;) =v,2—2gh.
If instead of moving upwards, the particle slides down the

curve with an initial velocity u, the velocity » after moving a vertical
distance & is given by,

vi=u2+42gh ..(3),
If the particle slides from rest,
v?=2gh . ().

The final velocity in each case depends on the vertical distance
moved and not on the form of the curve.

Thus, when a particle moves along a plane curve, the tangential
equation of motion gives the velocity of the particle and the normal
pressure is then obtained from the equation of motion along the
normal, vz.,

mo?

o =the sum of the components of the forces along the
normal=R—mg cos ¢ ..(5)

13'23. Cor. If m is not cancelled from equation (1), equation

(2) will assume the form,
ymvy?—ymoyt=—mgy,+mgy,

or ymv,t+mgy,=4mv,®+mgy,,
which shows that regarding the axis of 2 as zero level

Kinetic Energy+ Potential Energy at A=K.E.4+P.E. at B
=('onstant.

i.e., when a particle moves alorg a smooth vertical cirve under

gravity, the sum of its kinetic and potential cnergies remaing always
constant.

Thus, the principle of energy is applicable to the motion of a
particle constrained to move along a smooth vertical plane curve

under gravity. Itsapplication to a few particular cases was shown
in Chapter IX.

Example. A thin wire in the form of the curve s=ctan ¢ is
fized with its axis vertical and vertex downwards and a small bead of
mass m slides freely on it. If the bead staris from rest at a height ne
above the vertex, prove that the reaction at the vertex will be (2n+1)mg.

By (4), the velocity v at the vertex is given by

v3=2¢h=2¢gnc.

By (5), the reaction R at the vertex wherc ¢=0 is given by

mv?/o=R—mg cos y=R—myg.

But p=-g—';7—c sec?y=c¢, at the vertex, where y=0.

e R=mg+mvt[p=mg+m.2gnc/c=(2n+1)mg.
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Examples XLII—-B

1. A particle falls from rest at the vertex of an inverted catenary

s==¢ tan q;, prove that the particle leaves the curve at the point whero
¢=sec-1 2.

Show that at this point the length of the arc described is 43 times the
vertical distance through which the particle falls.

[Hint. p=c sec? (), y=c sec {.]

2. A particle of mass m moves in & smooth horizontal circular tube of
centre C and radius a under the action of a force directed towards a fixed point
A of the tube and of magnitude p.r per unit mass, where r is the distance of the
particle from A. If the particle starts from rest at B, the other end of the
diameter through A, prove that when the particle is at P, where /BCP=0, its
velocity v and the pressure R of the tube on it are given by

v2=2(La%(1—cos @), R=majt(1—3 cos @).
3. A bead, which slides on a wire in the form of a parabola with axis
vortical and vertex upwards, is just displaced from rest at the highest point ;
show that in any subsequont position the velocity of the bead varies as its

distanco from the axis of the parabola and that the pressure on the curve varies
as its curvature,

A smooth parabolic tube is placed, vertex downwards in a vertical
plane and a particle slides down the tube from rest under gravity. Prove that
in any position the roaction of the tube is

2w(h+-a)/p,
whore w is the weight of the particle, p the radius of curvature, 4a the latus
rectum and A, the original vortical height of the particle above the vertex.

5. A smooth wire is bent into tho form y=sin z and placed in a vertical
plane with the axis of z horizontal. A bead of mass m slides down the wire
starting from rest at x=}w. Show that tho pressuro on the wirc as the bead
passes through the origin is mg/v2, and find tho prossure as it passes through
r=—{r. [Ans. mg(342)].

13'24. - The Cycloidal Pendulum. In Art. 8'5, we have seen
that the motion of a simple pendulum is simple harmonic motion only
Y when the angle of swing is so

small that sin @ is very ncarly

R cqual to @ and the amplitude
to the motion is so small that

7, it may bec treated as infinite-

simal. If, however, the ampli-

tude of motion is not small and

S v Yy
0 7T P, X the particle is supposed to be
g

constrained to move under
gravity, along the arc of a
smooth cycluid in a vertical
plane, the equation of motion of the particle along the tangent to the
curve is
2
m%:——mg sin ¢ <o (1),

where ¢ is the angle which the tangent to the curve makes with the
horizontal and ¢ is the length of its arc measured from the vertex,
the cycloid being placed with its vertex downwards and axis vertical.
We know by the Calculus that the intrinsic equation of the
cycloid is
s=4a sin ¥ .. (2),
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8 being measured from the vertex where ¢ ==0, and a being the radius
of the generating circle.

From (1) and (2), we have
d?e
=10’
which shows that the motion shall be simple harmonic no matter
how great the amplitude.

The time of a complete oscillation is 21:/\/ -‘;—a- which is cons-

tant for oscillations, small or large.

Thus, ¢f @ particle is constrained to move along a smooth cycloidal
curve, its period of motion is absolutely independent of the amplitude.

(This is an answer to the question which interested the mathe-
maticians of the 18th century—in what curve should the bob of a
pendulum swing in order that the period of oscillation may be
absolutely independent of the amplitude ?)

The oscillations on a cycloidal arc are called tsochronous be-
cause the period is the same for large or small oscillations.

This important property of a cycloid finds its application in the
formation of clocks.

A cycloidal pendulum may be constructed by causing the cord
of the pendulum to wind and unwind itself on the evolute of the path.

13'24x. In order to find the pressure of the curve on the
particle, we write its equation of motion in the direction of the
normal at the point, namely

mo?

~—=R—mg cos ¥ .- (4),

«+(3)

where p is the radius of curvature of the curve, R the normal pressure
and » the velocity of the particle obtained from equation (3) by
integration.

Note 1. The student acquainted with elements of differential equation
will note that

8=A cosylt+ B sin Lt.
g

where B=x is the most general solution of equation (3).

Note 2. Since s=4a 8in {=4qu %%—. .. 83=8ay, y and & being measured

from the vertex of the cycloid.

Example 1. A particle oscillates in a cycloid under gravity
the amplitude of the motion being l and the periodic time being T. Show
that its velocity at a time t measured from a position of rest is

2nl sin 2nt
7o
Equation of motion of the particle is
d*s g g
d—ti = —-Z('l's-—- -—-nes,
3.9 2 2
where n 1a and T= o m=T5
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The solution of the equation gives

se=A cos nt+4B sin né (1)
A ”=%= —An sin nt4Bn cos nt .+(2)

By the question when t=0, s=[ and v=0.
.. from (1) A=l and from (2) B=0.

Hence =l cos nt
and =-—nl sin n¢
2rl

=7 sin 2%“ (in magnitude).

Example 2. A4 particle of mass m starts from rest at the cusp of
a smooth cycloidal arc whose axis is vertical and vertex downwards. Find
the pressure on the curve at any point.
The height of a cusp above the vertex being 2a, the velocity v,
at a point P of the cycloid at a height y above the vertex is given by
v*=2g(2a—y)

52 .
=2g (2‘1'—'5;) [By Note 2, Art. 13-241]

1642 sin?® ¢ .
==2g< 20— =gt~ )=dag cos® .

By (4), 13241, the pressure R is given by
3
’—ng—’-=R-——mg cos Y, where p=% =da cos Y.
Hence R=mg cos Y+m 4ag cos® Y[4a cos $=2mg cos {,
where ¢ is the angle which the tangent at 4 makes with the tangent
at the vertex.

Examples XLIII

x, A particle oscillates in a complete cycloid from cusp to cusp. Prove
that the veloocity at any point P is equal to the resolved part of the velocity at
the vertex along the tangent at P,

2. A particle starts sliding down a smooth inverted cycloid s=4a sin ¢
from rest at the vertex. Show that it will leave the curve when it has descend-
ed a vertical distance equal to a.

A particle of mass m starts from rest at the cusp of a smooth cycloi-
dal arc whose axis is vertical and vertex downwards. Prove that

(a) the time occupied in falling half the distance measured along the
arc to the vertex is § of the time required to reach the vertex.

(b) the time occupied in falling down first half of the vertical height is
equal to the time of falling down the second half ;

(c) the pressure on the curve at any point is equal to twice that due tu
the weight of the particle alone.

4- Two particles are let drop from the cusp of a cycloid down the curve
at an interval of time ¢, prove that they will meet at a timo

2 st
“\/o+2

5. A particle is projected with velocity ¥V from a cusp of a smooth
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cycloid down the arc. Show that the time of reaching the vertex is

2 ,\/ 8 jan-1 Vg,
g 4
6. Bhow that the time a train, if unresisted, takes to pass through & tun-

nel under a river in the form of an arc of a cycloid of length 2/ and height A,
cut by a horizontal line is

2 v/ 2gh ! [:09—2gh:]
—— tan—1 , or == ¢os~}| w157 |\
v/ 2gh v 1v/2gh vi+2gh
where v is the velocity with which the train enters and leaves the tunnel.

9. Two particles 2m, m are connected by a light string ABC, the
heavier rests in a smooth open tube in the form of a cycloid with axis vertical
and vertex downwards, and the other particle hangs vertically from an cpen
end B at which the tangent is vertical. Prove that in the position of equi’iib-
rium the tangent at A to the oycloid is inclined at 30° to the herizontal and
that the time of a small oscillation about this position is

%

2r

8. A heavy bead slides on a smooth fixed circular wire of radiusa. If
it be projected from the lowest point with a velocity just sufficient to carry it
to the highest point, prove that the radius through the bead will turn through
an angle @ in time ¢ given by the equation

= a2 o n (4.8).

9. A parabola of latus rectum 4a, is placed with its axis horizontal
and plane vertical, and a heavy smooth particle is projected from the vertex
with a velocity due to a height A and moves on the concave side of the arc.
Prove that if @ be the angle described about the focus before leaving the curve

h=a (tan" —%—4—3 tan-—g-).

Also by taking the particular case h==14a prove that the vertical height
attained before leaving the arc is two-thirds of the greatest hvight attained.

x0. A smooth parabolic cylinder is fixed with its generators and the axis
of each of its normal sections horizontal. A particle is placed upon it at a
height above the axial plane equal to the latus rectum, prove that it will run

off at the extremity of the latus rectum and will then describe a parabola of
equal latus rectum.

2
xx. A particle is desoribing the ellipse -—g—!—=—2;‘-'-—-1 in such a manner

that its acceleration at any point is made up of two components equal in
magnitude and in directions cf the two foci of the ollipse. Prove that the speed
of the particle along thc curve is constant, and that the magnitude ot either
component of the acceleration is inversely proportional to the product of the
focal distancos of particle. (P.U.)

III. MOTION UNDER THE ACTION OF A CENTRAL FORCE

13°3. In this case a particle moves under a central force i.e.,
a force directed towards a fixed point called the centre of force. The
path described by the particle is called a central orbit. The position
of the particle at any instant is defined by the polar co-ordinates r
and @ referred to the centre of force O as the origin and any fixed line
OX through O as the initial line. The equations of motion are then
obtained by resolving forces along and perpendicular to the radius
vector, as given later in Art. 1343,
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13'31. Areal Velocity. When a particle moves along a plane
curve, the rate of change of the area traced out by the radius vector
Jm:?'nlg the particle to a fixzed point is called the areal velocity of the
particle,

Let the particle move along the curve 4PQ and let it describe
the arc PQ=24s in time §¢.

Let (r, ) be the co-ordinates of
Pand (r+5r, 6-+80) be those of @,
then the areal velocity at P

_ _A_QPQ_ $r(r+8r) sin 86
=Lt e =Lt 5 .

_y 3700 1090
=Lt 5 =it g

" If p is the length of the per-
pendi:ular from O on the line PQ,
and v the velocity of the particle at
P, then

d
the areal velocity =Lt AOSI:Q =Lt 2‘-%%3_ =‘7£P71% =4pv.

Again, if (z,y), (z+3z, y+38y) be the co-ordinates of P and @
then

Lo AOPQ . Ylady—ydz) _ . (,dy _ 4T
the areal veloclty—Lt—T =Lt 50 =3 <x a Y
Thus, we have :—
. dg dy _dx
g2 pn—x ot .
Twice the areal velocity=r at Xq4c Yae

Example 1. A point P moves in a parabola with constant s peed
V, show that (i) the areal velocity about the focus S varies as secif,
and (it) the angular velocity about S varies as cos®30, or (nversely as
SP%, where @ 18 the angular distance from the vertex.

In a parabola with focus as origin, we have

pi=qar and—;—=l+cos 9=2 cos? 10, t.e., r=1}1 scc® 10 ..(1).

. (¢) twice the areal velocity about § at any point
=Vp=V Var =V V/}al sec }6, which varics as scc 6.

(#) o, the angular velocity about § is given by

1% — VNa Vi
do._Vp_Var Ve _VNo oo (by (1)

r? (3

It shows that the angular velocity varies cither as cos®} g or

C=@wT AT

3
inversely as7* {.e., inversely as (;S'P)g .
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Example 2. A zarticle i8 moving in a parabola with uniform
angular velocity about the focus, prove that its normal accelerationatany
pount varies as the radius of curvature p at that point.

In this case dg/dt is constant=qc, say,

If v be the velocity at any point, we have

dg wp g Crt ehHt A,
——Jt—-—-';z— , r v'= pa ="ar a ( . P —-ar).
This shows that » varies as r* or (SP)% .
L. d
Now since p*=ar, .. 2p=agf— ,
. dr 2pr 2 ’} ap?
oo p—rz;=T=—'J; sy Or 7'3-——1— .
2 .23 2 CR )
.. normal acceleration=—v——=c—'—-——c— Lw_C p.

ap ap 4 4

13'4. Expressions for Radial and Transverse Compo-
nents of Velocity and Acceleration. Let a particle move along a
curve from P(r, ) to Q(r+8r,
94-50) 1n time §¢. It is required
to find expressions for the compo-
nents of velocity and acceleration
of the particle in the position P at
the time ¢, in the direction of the
radius vector OP and at right
angles to it, the senses being
those in which r and @ increase.
If 1.Q be perp. to OP, then 7] /q x

u, the component of the
velocity along OP

vV
i u+Su

It displacement along OP in time §¢

St
}_’_L _1.(r4387r) cos §¢—r dr
Lt T =Lt ‘ 50 = ..(1),

v, the component of the velocity perpendicular to OP
—Lt displacement perp. to OP in time §t
8t i
—Lt QL=Lt _(r+87) sin 80 de

_ﬂ Iy ‘—‘—‘"Ft- ..(2).

d d .
Hence -d:— and r ‘—Eo— are the radial and transverse velocities of

the particle, the actual velocity being the resultant of these two.

Now to find the components of acceleration, suppose u+4§u,
v+ 8v are the components of the velocity of the particle in the position



254 ELEMENTABY ANALYTICAL DYNAMICS

Q, at time ¢+3§t, in the direotion OQ and perp. to it, then
f1, the component of acceleration along OP

change of vel. along OP ivr. time §t
=Lt 50
[(u+8u) cos §6 — (v+av) sin §0]—u

_de_ B _ddr ) 2 <% [by (1) and (2)]
d’r (32) ..(3),

and f;, the component of accelcration perp. to OP
change of vel. perp. OP in time §t

=1Lt
St

=Lt[(u+8u) sin §0+ (v 8v) cos §¢]—v
St

do dv dr do d do
=tata=a atu\

dr de @ 1 d dé

@ dr @ T ae\® de

the actual acceleration is the resultant of f; and f;.

Cor. In the particular case when the path of a particle is a
circle with its centre as origin, r is constant, drjdt=0 and thus the
radial and transverse components of acceleration reduce to

(by (1) and (2)]

=2—

do \? az
-—r(:i—t- and r — in respectively.

13°'41. The above results can also be obtained as follows :—
Suppose that the Cartesian co-ordinates of P are (z, ), then
z=rcos @ and y=r sin §.

Differentiating, we have

dz _ cos @ —tE —r 8in § do
dt dt dt n
dy . dr do CTAe
and Tt-=sm0;h—+rcosoa—t—
u, the component of the velocity along OP
_dx d dr
= 77 ¢os 0+ = sin g== i by (1),

and v, the component of the vclocxty perp. to OP
dy dx de .
= ¢ cos 0— -demo I by (1).
Differentiating equations (1), we have

s,
?f._dtﬁco 06— 2‘:” Z:; sin @—r cos @ ( ) —rsing —, 1lr9’
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ddy ddr . dr d
dtf"“dt; no+2drt dot cos §—r sin @ (dt) +rcos adt’ .
The component of a,ccelemtxon along OP
2 3
Z co8 0+ Y sin 0= Zt: —r %ot_)’
and the component of acccleration perpendicular to OP
dy dz dr dg , d*%_ 1 d .d§
=g 008 0— Zasin0=2g; 3 +7 g = (” )

Example. 4 particle describes the eqmanuglar spiral r=ae0,
v such a manner that vts acceleration has no radial component. Prove
that its angular velocity is constant and that the magnitude of the velocity
and acceleration 18 each proportional to r.

2, 2
Here the radial component of acceln.= (—ié — £1-9-) =0,
ddr do \*
at—f =r aT-) .o (]).
. _ .0 dr 04do dG .
Also, since r=agae ar =ae d =rar . (2),
d¥r dr dg dé d*
1)
and from (2), 3= dr dt + dt’ (dt ) T @)
. d*g dg ,
.. by (1) and (3) rdt—,-=0, sothat 7= constant, say , i.e.,
the particle moves with a constant angular velocity.
dr dg
Now from (2), PRl e .. (4).
Hence the velocity of the parucle—-/\/ ( ) (
=4/ (ro)2 4 (re)t= v/ 2rfet=wryJ2 i.c., varies as 7.
Also the radial acceln. being zero, the resultant acceln.
1 d/ ,dg _1 d e 2re dr
=the transverse acceln. = rd o ( )__—— @
=2ru' by (4)

which varies as r.
Examples XLIV

x. Yarticle moves along r=.4eke » @=DBt, prove that its acceleration
is proportional to r and makes a constant angle with the radius vector.

2. If the angular velocity of a particle about a point in its plane of
motion be constant, prove that the transverse component pf its acoeleration is
proportional to the radial component of its velocity.

‘3 If the velocities of a particle along and perpendicular to the radius
vector from a fixed point are Ar and (@, show that the accelerations along and
perpendicular to the radius vector are

B0 g o (r4 ) 635 #7730
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. The velocities of a particle along and perpendicular to a radius
vector from a fixed origin are Ar2 and [192. Show that the equation to the path
of the perticle is

A
-6 =2,2 +C.
Also show that the components of acceleration are
(J,Sel. u?es
DS, MerQ242 —.

5. If the radial and transverse velocitics of a point are always propor-
tional to each other, show that the equation to the path is an equiangular
spiral.

If, in addition, the radial and transverse accelerations are also always
proportional to each other, show that the velocity of the particle varies as some
power of the radius vector. (Al. U.)

6. If the path of a particle is r=q tan @ and the acceleration is directed
towards the origin, show that the acceleration in terms of r is

h3 2q2 )
a . =229
3 [3+ lewhereh o

7., Prove that the path of a puint P which possesses two constant velo-
cities, one along a fixed direction and the other perpendicular to the radius
vector OP drawn from a fixed point O, is a conic section.

8. A point moves in a circular path of radius g, so that its angular
velocity about a tixed point in the circumference of the circle is constant and
equal to w, show that the resultant acceleration of the point at every point of
the path is of constant magnitude 4aw?.

[Take r=2a cos @ as the equation of a circle.]

9. A particle describes the circle r=2a sin § with speed k cosec2g.
Prove that its acceleration is wholly along the line joining the particle to the
origin.
10. A particle moves along the circle r=2a cos @ in such a way that
the acceleration towards the origin is always zero. Prove that
dw =0 do_ ~203 cot @, w being the angular velocity.
dt de A
Deduce that the transverse acceleration is proportional to cosecbg.

11. The ends of a straight rod are moving in two straight grooves inter-
secting at right angles at O, and P is the foot of the perpendicular from O on the
rod. Show that the velocity of P perpendicular to OP is ®w.OP and along OP
is 20.CP, where C ie the middle point of the rod and  is the angular velocity
of C about O.

12. A smooth straight tube 04 (=a) rotates in horizontal plane about
one end O with uniform angular velocity w.

(a) When initially a particle is at rest at A relative to tho tube,
show that at time ¢, the distance of the particle from O is a cosh (wt) and that
the force exerted by the tube on the particle at that time is proportional to
vinh (et).

(b) When a particle is suddenly projected from 4 towards O with velo-
city aw, show that the particle will have travelled half way down tho tube

after a time -‘—nl— log 2 and will not reach O in any finite time.

13. A particle is placed at rest in a rough tube at a distance a from
one end and the tube starts rotating horizontally with a uniform angular velo-
city w about this end. Show that the distance of the particle at time ¢ is

ae QL8 A rooeh (ot sec 2)+s8in A sinh (¢ sec A)].

wheve tan A is co-efficient of friction. (P.U.)
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_13'42. Angular Momentum, The angular momentum of a
particle moving along a plane curve obout a point in the plane is the
moment of its momentum about that point.

The magnitude of the moment of momentum of a particle P of
mass m, at any instant when its velocity is v, about any point O (in
the plane of its motion) is

mvp .1,

where p is the length of the perpendicular from O to the tangent to
the path of the particle at P.

The sign is taken positive or negative according as the rotation
is counter-clockwise or clockwise.

If the velocity v is resolved along and perpendicular to OP in
the direction of § increasing, then the components of the momentum

. C d
of the particle in these directions arem & and mr—d—o. Hence an-

at’ dt
other expression for the moment of momentum about O is
de
2 27
mr* — ..(2),
the moment of m%—; about O being zero.
Again, if the velocity is resolved along two perpendicular lines
0X, 0Y, then the components of the momentum are m ?g—,m%‘% and

the moment of momentum about O is

dy dx
ml:xa—y—dZ] .. (3).

Hence the angular momentum of a particle about the origin

de dy dx
—=mr? &Y = 2
=g TP m(x 7Y )
Also the expression for the kinetic, energy of the particle in
polar co-ordinates is )

dr\® L/do\?
W[(dt) + (dt)]

13°'43. Equations of Motion. We have already discussed
motion of a particle in a plane by writing down its equations of
motion either in the directions of two fixed co-ordinate axes or in the
direction of the tangent and normal to the path described by the
particle. However a large number of dynamical problems, where a
particle moves under a central force, are readily solved, as already
pointed out, by writing the equations of motion in the direction of the
radius vector and in a direction perpendicular to it.

These equations are of the form
dr  rde\t ‘
W—)‘ 'd—t-> :]-—F o .(l),

m d/, dg
and — a@ ‘r’ ;I-t_):T .+(2),
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where m is the mass of the particle and F and T are the sums of the
components of the forces in the radial and transverse directions.

13'431. Central Force. When a particle moves under a
central force, i.e., a force directed towards a fixed point with its in-

tensity as some function of the distance from the fixed point, then
7T =0 and from (2), we have

;?( ) =0, 3 LQ_},, (a constant).

So that in a central orbzt the radius vector Jjoining the particle to the
centre of force sweeps out equal areas in equal times and the angular
momentum of the particle remains constant throughout its motion.

Also from Art. 13'31, we have :

r3 a?—_-vp=twice the areal velocity=h.

%:—:‘{ and v=—

i.e., in the motion of a particle subject to any central force,

(¢) the angular velocity of the particle varies inversely as the square
of the distance ; and

(3) velocity of the particle varies inversely as the perpendicular
drawn from the centre upon the tangent to the path.

These results hold true in the case of planets moving round the
sun, the sun being the centre of force.

Since the moment of F about O is obviously zero and since any
point may be taken as the origin, cquation (2) Art. 13'43, when

written in the form
d de ,
()=,

shows that for the motion of a particle along a curve, the rate of change
of its angular momentum about any point O is equal to the sum of the
moments about the same point O, of the forces acting on the particle.

Examle x. A particle P of unit mass describes an ellipse with
centre C under the action of a force n..('P. Show that the normal accele-
ration al any instant varies i-«1- 'y as the spced of the particle.

Let ¢ be the angle which the tangent at P makes with CP, then
the normal component of the acceleration

=w.CP sin g=yprsin p=pp= WJP ‘j}——h,
where 7 is a constant,

. For, the force being a central force, v is constant, the constant
being taken as k.

Example 2. A particle P of mass m, moves on a smooth hori-
zontal table. A light string altached to P passes through a small hole
ir the table and an equal particle () is suspended at this end of the string.
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If initially OP=a, and the particle P is moving with velocity / }ag
in a direction at right angles to OP, determine the extreme values of
OP during the subsequent motion and find the tension of the string at any
wnstant.

Let T be the tension of the string and OP=r at any instant ¢.
The table being smooth, there is no force on P perp. to OP

and 7' is the only force in the direction PO.

and

i.e.

Therefore, the equations of motions for P are :—

= (o)

ie,r? a—f—:constant:its initial value=a X v }ag (1),
d2r do\?1_
m[ﬂa—r aT) ]—-—T ..(2).
If I be the length of the string, the equation of motion for Q is
dér . dr
m (l—-r):mg—’l‘. te,m i T —mg ..(3).

Subtracting (2) from (3) and using (1), we have :

, dg\3 3a%y mga®
2T —mg=mr (EE) =mr =gy

T =1mg(2+ad/r3).
Again, adding (2) and (3) and using (1), we obtain :

d3r de\* _ o dr  ga®
2 —mr(Gp) =—mg or 2= Gi=—g.

Multiplying this equation by Z: and integrating, we have

dr\* ga®
a) tia=ore
- dr Sy
Initially when r=a, i =0, which gives c=$ag.
dr\* ga®
; @ 7 e s
Thus, dt) +4r’ gr+%ag.
. dr qa’d
For the max. or min. value of r, —(—i—l-=0, so that 4;,+gr=§ag,
43 —5art+a3=0 or (r—a)($r—ar—a%)=:0,
T
This gives r=a or r=l—t%—/-~7— a=064q,
1— V17

the negative value of » wiz, --

g & being rejected.
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Examples XLV

x. A particle eapable of moving on a smooth horizontal table is con-
nected by a light inextensible string which passes without friction through a
small hole, to a second equal particle hanging freely below the table. When
the first particle is at a distance a from the hole, it is moving at right angles to

the string with the velocity 1/ %Tg. Prove that the hanging particle will move

up and down through a distance @ and that the tension of the string will vary
between 2/3 and 11/6 of the weight of the particle.

2. A string passes through a small hole in a smooth horizontal table,
and has equal particles attached to its ends, one hanging vertically and the
other lying on the table at a distance a from the hole. This latter is projocted

with a velocity 4/ag ‘perpendicular to the string. Show that the hanging
particle will remain at rost, and that if it be slightly disturbed, the time of a
amall oscillation will be

2rv/ 2a]3g,

Two particles of masses m, 2m lie on a smooth table and connected
by a taut, inextensible, light string of length 2q which passes through a fixed
smooth ring fixed as & point O on the table. The particle m is at a distance a
from O and is projected along the table with velocity u perpendicular to the
portion of the string attached to it. Prove that the particle 2m reaches O after
a time 3afu.

4. Two particles of masses 3m and m are attached to the ends of an
inextensible string which passes through a smooth fixed ring, the whole resting
on a horizontal table. The particle m being projected at right angles to the
string show that path is a=r cos §0, a being the initial distance of m from the
ring.

5. A particle of unit mass lies on a smooth horizontal table and is
attached to one end of an elastic string of natural length ! and modulus of
elasticity A, whose other end is fixed on tho table. The particle is held so that
the string is just tight, and projected at right angles to the string with velocity
24/M/3, show that the greatest length of the string in the resulting motion
is 21,

6. One end of a light inextensible string is attached to a particle of
mass m which moves on a smooth horizontal table. The other end is passed
through a hole in tho table and supports a particle of mass M which hangs
vertically below the hole. Show that the path described by the particle on the
table saticfies the diffential equation

1

d3u Mg . _
(m+M)W+mu =EE where / is a constant and u= i

13'5. Central Orbits. 7o find the differential equation of the
path of a particle moving in a plane under a force which is directed to a
Jized centre.

Polar Equation. Let (7, §) be the co-ordinates of the particle
P referred to the fixed centre O and let mF be the attracting force
acting on it, then the equations of motion are

m d do
= 2 ¢ 2)\= .. (1
rdt (r’ dt) 0 (
. [Cd% do\3
and m ;{té -_—7 zt—) ]—-— —mF .o (2)
Integrating (1), we have

2 %f—-:h (a constant) . (3)
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i.e., g—a-_—;l’;—=hu’, where u=—l- cr r=—l—-‘
dt r %
. da .de _l__{l_ct_ {I_Q_ 1 du _ du
. Ei“da(?) dt ~  uddg 'dt  uddg g ""hdo
& d g . 2d’u,
and =14 dt)dt do( T )h =—ku
Substituting in equation (2) , we get
d2u 1
73,3 % 12,4
h3u F T h2u F
d?u F

or da* +u= hPa? -.(4)

which is the equation of the orbit in polar co-ordma,tes F being the
Jorce per unit mass or the acceleration.

13'51. Pedal Equation. If p be the length of the perpendi-
cular from O upon the tangent at P, then by the Calculus

1 2 "
—1-)’ =u +(a-0-) .- (8).
Differentiating equation (5), with respect to r, we have
2 dp —ou du do du d®u dg

-7 ar i Tlapae @
2 G (n ) =25 (vt ) == 5 (vt T3)
—— Y @1=— 5
l;: ‘;‘: F ..(6)

which is the pedal equation of the orbit,

Equations (4) and (6) are important for the solution of two
problems :—

(¢) Given the orbit, to determine the law of central force.
(77) Given the law of central force, to determine the orbit.

13°52. To find the time we use equation (3) which gives

1
L
t= I de.
13'53. Equation (6) can bo obtained independently as follows :

Lot ¢ be the angle between the outward-drawn radius vector
and the direction of motion.,
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As the force F (per unit mass) acts along PO, resolving along
the normal we have

v _p P
—;—mFsmcporv’—F 2

h* P dr
¢ 2 —_— — —
s vt oor 7 F - xrdp
. A® dp
LN ] F= p‘ dr L]

13'6. Velocity.
First Method. By using equation (5).

hee[n(@] o

which gives the velocxty when the path is known.
Second Method. By using equation (6).

Integrating equation (6), we have

—_—IF dr+-c, 1., §v3=-—-IF dr4-C ..(8)
which gives the velocity when F, the force, is known.

13°61, Equation (8) can also be obtained independently as
follows :

Resolving along the tangent (See Fig, given above), we have
dv y dr
'una=~—1' cos <p—-—F—-d-; .

Integrating with respect to s, we get

=_.Ip__d +C._—IFd,+C

13°62. Velocity from Infinity at uny point of a central orbit
means the velocity that a particle would acquire if it is moved from
infinity to that point under the action of the given attractive force
associated with the orbit.

From (8), the velocity from infinity is given by
r

§v==—-§1rdr ..(9).

Forexample, if F= 5«, v’==——2j- —(l: dr=-*=
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13'63. Multiplying (9) by m, the mass of the partlcle and
supposing that the velocity cha.nges from v, to v, as r changes from
ry to g, we have

4
gmod—fmyf= — j Fdr
"1

which shows that the change in the kinetic energy is equal to the
work done by the force as the particle moves from one position to
another.

Example 1. A particle describes the path r=a tan @ under a
force to the origin. Find its acceleration and velocity in terms of r.

Here r=atan § i.e., au=cot § ..(1).
a%:-—-cosec’0=—(l+cot’9) = —(14-a%u?) .. (2),

d*u
and a d—0-3=2 cosec?g cotf=2au(l+a2u?) ..(3).

by (4) Art. 13'5, we have
3
The aaceln. F=~h%?2 |:u+%:]=h’u’[ u+2u(l1+a*?)]

2 2
=h’u’[3+2a3u’]=—k’—5[3+2a ]
Also by (7) Art. 13°6, we have

ot—i-h’[ .+<du ]=hz[uz+(_li“_':"i’], by (2)
a’I (a‘+3 z+,¢),

Example 2. Find the law for a central altractive force for which
the velocity in a circle at any distance is equal to the velocity acquired in
falling from infinity to that distance.

Let O be the centre of force F, v the velocity at a pomt P at
a distance » from O and let F=u/r", then by (9) Art. 13°62, we have

r

2 — B 2w 2
V= 21. Fdr= 2] " A =n)™=1" (n—1 )" (1.
a0 a0
Now velocity v in a circle at & distance » means that if the point
P were to describe a circle of radius » at P, its acccleration or foree
F on it will be v?/r,

swehave  op- T
Thus we have & =F= =D (by (1],

Hence we get n—1= 2 or n=3y,

nd thus we :nd that law of the force is inverse cubeof the distance.
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Examples XLVI

x. Find the law of force in the following orbits, the pole being the
centre of attraction :—

(3) r=a sec? §0. (Ans. cfr?).
(4%) r3=qa? cos 29. (Anas. ¢fr7).
(471) 2a8/3=1 +cos 39. {Ans. Const.)

. a h3(2r+a)
(2v) '=_6—2_-|—:b‘ [Ana. s I

2. If a particle describes the cardioid r==a(l —cos @) under a force to
3‘0 pole, show that the force is proportional to the inverse fourth power of the
istance.

If P be the force at the apse (@=r), and V the velocity, prove that
3V2=4aP.

. A particle moving under the influence of a central force, describes a
circle through the centre of the force. Prove that the force is attractive and
inversely proportional to the fifth power of the distance.
[Hint. Equation of the circle is r=2a cos 9].
4. Show that the curve rm=qa" cos nf) can be described under a force to
the pole varying inversely as (2n--3)rd power of the distance,
Deduce the law of attraction under which a particle describes :
(¢) a parabola (n=—1),
(%) a cardioid (n=1%),
(7i7) a straight line (n=—1),
(#v) a circle about a point on the circumference (n=1),
(v) rectangular hyperbola (n= —2).
(vt) a Lemniscate (n=2).
5. The motion of a point in & plane at time ¢ is defined by z=at?,

y=—- Prove that the areal velocity is constant and verify that the accelera-
2
tion i8 everywhere directed froin a fixed point according to the law —"r— , rbe-
ing the distance of the moving point from the fixed point.
[Hint. Use the third result of Art. 13-31].

Force varying inversely as the square of the distance

13'7. Planetary Motion. The laws according to which
planets move round the sun are as follows :

(?) The orbit of a planet round the sun i3 an ellipse, in one focus
of which the centre of the sun is situated.

(71) The radius vector, drawn from the centre of the sunto the planet
describes equal areas in equal times.

(¢42) The square of the periodic times of the various planets are pro-
portional to the cubes of the semi-major axes of their orbits.

These three laws were discovered by Kepler and were deduced
by him entirely from observations of the movements of the planets
without any reference to the nature of the forces which control these
movements.

Newton, however, proved them to be consequences of the law of
universal gravitation which states that every particle of matler attracts
every other particle with a force varying directly as the product of their
masses and i+ +raly as the square of the distance between them.
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The law of inverse square of the distance for a particle describ-
ing an ellipse under a force to the focus is proved in the following
article :—

13'71. To find the law of force to the focus when the
orbit is an ellipse. A particle moves in an ellipse under a force
which 1s always directed towards one focus ; to prove that the attraction
jqf the particle varies inversely as the square of the distance from the
ocus.

Also o find the velocity and the periodic time.
First Method. By using the polar equation.
The polar equation of an ellipse is
lu=1-e cos @, | being the semi-latus-rectum,

du e sin @ d?u e cos @
then B=— 1 and 7. e g

By equation (4) Art. 13'5, we have

F _d*u ~_ ecos 0+__1_ ecosg 1
BE et T T T T T
H Bt 1
ence F-=—l~u =3 -+ (D),
where =yl - (2).

This shows that the force varies inversely as the square of the
distance from the focus from which r is measured.

Second Method. By using the pedal equation.

The pedal equation of an ellipse with reference to the focus is

b 2a
T
Differentiating, we get
22 dp 2a 1 dp a
3 =R P
. by (6) Art. 13°51
7 BBdp h* a p a p

TR AdrT e =gl AT
13°72. The velocity.
First Method. By using the polar equation.

h? du\?
% . 2V el .3
By (1) Art. 136, v'="5<h [w+(5)]

1 2 3 gi 29
.—:p,l(( +e;os 9) n e S;;l__

% cc_’iﬁi‘f’>=p( 21+elcos; 0 l—e’)

; —_——

14

- l
2 1) ¥ g

"‘ -—-(—i or (= a -—a( —€ )].

e
o
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It the particle describes a parabola e=1 and v‘-?-rg, so that in

this case, the kinetic energy of the particle is inversely proportional
to its distance from the centre of force,

Second Method. By using the pedal equation.
3 2

v'm% =_!{£_ , § being the semi-latus rectum=—lf—,

» 7

a
2
-:'-u'— "é’-'es*g—- —2-2-—1)=y.(£ — —!‘) in the case of
R 4 anr r. a ellipse,
=—p'—(g2+l>=p,<-2- +~L) in the case of
anr r-a hyperbola,
BB (o 1=20)i

- = ar =7 (* 1=2a) in the case of parabola.
Thus the orbit is an ellipse, a hyperbola, or a parabola according

as v? 18 less than, greater than or équal to g;—"; the velocity from infinsty.

It may be noted that the class of a conic described depends
only on the velocity of projectioa, and not on the direction.

Example. A4 zarticle describes an ell:pse under a force to the
focus S.  When the particle ts at one extremity B of the minor axis, its

kinetic energy 18 doubled without change in the direction of motion.
Prove that the particle proceeds to describe a parabola.

Let 2a be the length of a major axis, so that SB+8'B=2a and
SB=$§’'B=a, the velocity v at B is given by

2 1 2 N
3 )= ————— =z
v ._9( r a ) e~ e/
Now when the kinetic energy is doubled, the subsequent velo-
city v’ is then given by

v3i=2p?= —2—9—' .
a

But this gives the velocity of a particle deseribing a parabolic
path at a distance a from the centre of force and since the class of a
conic described by a particle depends on the velocity of projection,
the particle, therefore, proceeds to describe a parabola with .S as the
focus.

13°73. Periodic time. Since }%4 is equal to the area des-
cribed in a unit time it follows that if 7' he the time that the particle
takes to describe the whole ellipse, then

4h X T'=area of the ellipse=mnrab.
2mab 2% ab  2n 2 r bt

Hence Tee——=— . - —-"_qf Vo= — ]
DR N L a

Example 1. Prove that the time taken by the earth to travel over

-
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half its orbit, remote from the sun, separated by the minor azis is about
2 days more ‘than half the year, The eccentricity of the orbit is 1/60.
Let C be the centre, - B

ACA’'=2a, the major axis ; and

BCB’=2b, the minor axis of the
earth’s orbit.

If § be the sun in the focus A

A
nearer A’, we have \
area SB'ABS :
=area BAB'+ A@’SB. |

=4 area of the ellipse+4BC x SC B’
={rab- bae.

Since the time of describing an arc is proportional to the sec-
torial area, therefore, ¢ the required time is given by

t _area SB'ABS __{mab+abe H‘ e
a year area of ellipse mab T

So that t—-(§+——) of a year=} a year+ x365{ days.

=}a year+ubout 2 days.

Example 2. Prove that the time required to describe an arc of a

parabola under the action of the force p.[r® to the focus, starting from the
nearer end of the axis 18 given by

2a3 30
,\/ [ta z+-tan J

where a is the apsidal distance, and @ is measured from the axis.

Let P be any point on the parabola whose focus is S, vertex
A(AS=a), and / ASP=9,

The velocity v at any point is given by,

=== at 4 or at 4, v= _2_“1

..k, the moment of the velocity at 4 about §
= V2uJaxa= V2ua.
[or, ° h*=plandl=2a, .. A¥=2pa, and h= V2pa].
From the equation of the parabola, we have
lu=1+ cos §=2 cos? }6, or r=4I sec® }@=a sec? }6.

Now r’g—f=h= V2ay,
— 6 , q[©
or V 2ap.. tzj rYdg=a o secdig d@
0

.—:a’jg (1+tan® 3g) sec?}g d
=a*(2 tan 10+ % tan’ }4)

; 248 9 1 s 0
Henee t= /\/ - [tan > +3 tan? - ]
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Examples XLVII

2. A particle describes an ellipse ac¢ a central orbit about the focus,
prove that the velocity at the end of the minor axis is a geometric mean
(i) between the greatest and the least velocities.
(i#) between the velocities at the ends of any diameter.
2. A particle describes an elliptic orbit under a central force to one of
the foci, the greatest and least velocities in the orbit being 110 f.p.s. and
90 f.p.s. respectively, and the periodic time being 20 min. ; show that the

eccentricity is i and the lergth of the major axis is about 7-2 miles.

- 3 A comet describe a parabola about the sun, show that :—
() the sum of the squares of the velocities at the extremities of a focal
chord is constant,
(#7) its velocity perpendicular to the axis of its orbit varies invorsely
as the radius vector from the sun.
4. Prove that in an elliptic orbit deseribed about a centre at a focus,
the radial velocities at the two ends of any focal chord are equal.
5. Show that the velocity of a planetary body at any point of its orbit
is the same as it would have been if it had fallen to that point from rest at a
distance from the sun equal to the length of the major axis.
6. A particle describes an ellipse about the focus. Show that tho
greatest and least angular velocities occur at the ends of the major axis and
also that if «, 8 be these angular velocities, the mean angular velocity is

2ap)}
Nz++B

9. Prove that if a particle moves subject to a central acceleration p/r3
and has a velocity v at a distance r from the centre of force, its periodic time is

2r (_2__ w2y —3
w\r " p
8. If o is the angular velocity at the nearer end of the major axis of
& planetary body prove that its period is

on dte
© (1—e)?

g. If the velocity of a body in a given olliptic orbit (major axis 2q) is
<he same at a certain point P, whether the orbit is being described in periodic
t{lme T about one focus S or in periodic timo T about the other focus S’, prove
that

22T , 2aT
SP T SP=T+T,

ro. If a particle is describing an ellipse of eccentricity 3, under the
action of a force to a focus and when it arrives at an apse (an end of the major
axis) the velocity is doubled, show that the now orbit will be a parabola or a
hyperbola according as the apse is the further or the nearer one.

xx. The period of Halley’s comet is about 78 years. Show that the
;t:’)ﬁSoS of the major axis of its orbit to tho earth’s distanco from the sun is about

12. Assuming that the cccentricity, e, of a planot’s orbit is a small
fraction, show that tho ratio of the time taken by the planct to travel over the
two halves of its orbit separated by the minor axis is nearly

40
14-—=.
+ ™
Show that in the case of the carth’s orbit for which ¢=g'y, the differenco
in times is about 3:87 days.
23. The eccentricity of the earth’s orbit round the sun is ’6‘ » prove

that tho earth’s distance from the sun excecds the semi-mujor axis of the orbit
during about two days more than half the ycar.
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14. Prove that the two parts into which tho oarth’s drbit is divided by
the latus-rectum are described in 178:7 and 186:56 duys respectively (e=34%)

15. Prove that in an elliptioc orbit the time average of tho kinctio
energy 1s the same as that of a particle revolving in a circle of radius equal to
the mean distance a with the mean angular velocity.

The Converse Problem

13'8. Force p/r?, to find the orbit and the velocity.
particle moves under the action of a force to a fized point varying inverse-
ly as the.square of the distance ; to prove that the orbit is a conic scction
with one focus at the centre of force.

First Method. By using the polar cquation of the orbit.

F =—-P'7—p.u’.
Hence equation (4) of Art. 13'5 gives
d*u F i u
o=+' BT R T
or & u—-= )4 =0 oo B s const
do*( ) U—- , = [ s -jE iscons ]

Solving thxs equation, we have

u-—-vy'-=:l cos (§—a),

h?

h? h%4
or —§r=1+_ cos (§—a)
ie., —:—=l+e cos (§—a},

2.
where hp:-l =¢ and h¥=pl,

This is the polar equation of a conic section referred to the focus
as the origin.

Second Method. By using the pedal cquation of the orbit,

. I dp v g,_:,_

We have o dr =F= i

Integrating, we haw*
LS |
r (D).

2

Suppose ht=pl=p X semi-latus rectum=p %- , then
»® 22 aC
py "";.‘+'; .. (2).

Equation (2) is the pedal equation of a conic referred to the
focus as pole. It will represent an cllipse, a hyperbola or & parabola

according as 9§ is -1, 1or0,

(c‘.e., Cis -——“—, B oor 0)-
¢« a
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13°81. To find the velocity. From equation (1), we have

3
v’-—--’-"— B f"‘+n

P
1 . .
=“<7-'7a—) in the case of ellipse,

21y .
=p.<—;— + 4 ) in the case of hyperbola,

=g7jpi in the case of parabola,

the results being the same as obtained in Art. 13'72.

Force varying directly as the distance.

13'9. To find the law of force to the centre when the
orbit is an ellipse.

The pedal equation to an ellipse referred to its centre as origin is
a3h?

& e g?-L b2 3
P a®-+b2—r3. (1)
Differentiating with respect to r, we have
2a%b? dp
I Bl PRy
. R dp A* % R he
Heincef F-"? ar ='I“‘” X 3p3 = gaps — BT where r=_ma

At shows that the force varies directly as the distance.
[Compare Art. 13°13].

Conversely, if the force varies directly as the distance, the orbit
18 an ellipse with its centre at the centre of force.

This can be proved as follows :—

k3 dp
Pl g
h? 20,
.. integrating, we have —é;—,xiw”-(} or b2“=—p7’--20,
3
so that apb =("—rt=a34-b2—3,

the same as (1) the constant C’ being taken equal to a?-+b2.
13°91. To find the velocity ». In this case we have

h? n2h?
12= " ._.(f—-,— L =p(a? b2 — i) =3, or  v=aJu.r
which shows that the velocity is proportional to »/, the semi-diameter
conjugate to r. [Compare Art. 13:131]

13'92. Apse and Apsidal Distance. An apse is a point on
central orbit at which the radius veetor drawn from the centre of a
force is & maximum or minimum,
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The length of the radius vector at such a point is known as the
apsidal distance.

The apalytical condition for a maximum or minimum value of

the length of the radius vector is that% shall vanish and that the

first differential co-efficient which does not vanish shall be of an even
order.

Now if ¢ be the angle between the radius vector and the
tangent to the curve, then by the Calculus,
de du du T
du' T T cot ¢, so that when — a9 =0, 9=
Hence the tangent at an apse is perpendicular to the radius vector.
In the case of a planet moving round the sun in an ellipse, the
ends of the major axis are the two apses, the one nearer to the sun is
called, perihelion and the further one is called aphelion.

13'93. Example x. If a particle is projected from an apse at a
distance a with the velocity from snfinity under the action of a central
Jorce ur=3 nrove that the path is r™=a" cos n@.

tan p=—u

Here Fampr=an=3—yyin+3,
dw F p
-.. + da’ ﬁ’:h’ '—- h’ u"'*“.

Multiplying by 2du/d@ and integrating, we get
. t s ¢
*+(55) =i * .
V, the velocity from infinity at the apse r=a, is given by
. _ M-8y
2] Fdr=—2 j D wrre ey
. k% the square of the moment of the velocity at the apse
=alVi=p/(n+1)at".
Now to find the constant C in (1), we substituto the initial
values at the apse viz., ua%‘ du 2L =0 and 3=

dg (n +l)a""
and we get C'=0.
. duyt iR
oo +< (n+l)h’ =ty in
L. du
Thlb gives IW—O’f‘G.
r".-lmd). LN 3 l .
Ty vaTE it ST

A .
Thercfore, cos™? un =n@+n«, i.e., M=a" cos (nf+na).

If we measure ¢ from the apse line, then r=a when =0,

S cos na=1, i.e., a=0.
Hence ==a™ cos ng.
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Example 2. Find the velocity necessary for the description of a
circular orbit of radius a under a central force 2u a2ub—pu3, Show that

the orbit 18 unstable. (D.U. 1960)
For a circular orbit of radius a,
1 1, v 2 p p
U= T and F=2[l. a’. af—-ar:ai--—ga—zas— .

But force or acceleration F for the velocity v for a circular orbit of
radius a is v?/a.

. —
s Y o F= —P-;‘, or v’=i’ , 1.6, V= -l/—g'- )
a a a a
This gives the required velocity.
Also  A=v'pi=vat= ai:- Xat=p,
’ d?n F o 2patub—pd
Now 26 tu=i3g= " =202 ul—u ().

Suppose the particle is slightly displaced from the circular path
in such a way that & remains unaltered.

In (1), put u=z-+1/a, where 2 is small, then
d*x 1 of 1 3 1
g o=t (g +e) = (5 +e)
rl 3z 1 1
=2 — 4+ |— ———p=— 45
=2a [a3+a2] ——y=— 51,

neglecting square and higher powers of x. .

dx
o (—iéj’ =4z,
» z=A ¢ N

It shows that as @ increases, x also increases, so that z is not
always small and the orbit does not continuc to be nearly circular
and hence the orbit is unstable.

Ex. Integrating equation (1), show that if a slight disturbanco takes
place inwards, tho path may be reprcsented by
r=a tanh ().

Examples XLVIII-A

1. The law of force is pu5 and a particle is projected from an apse at a
distance a. Find the orbit when the velocity of projection is yut/a242.

[4ns. r=acos Q.]

a. A particlo acted on by a central attractive force {£/r3 is projected

with velocity ¥./a at the anglo 7t/4 with its initinl distance, a, from the centre

of force ; provo that its orbit is the equiangular spiral r=aee.

3. A particle of mass m moves under a central forco my./r3, and is pro-
jected at an angle a to the radius at a distance r=a from tho centre of force
with tho velocity which would be acquired by a fall from rest at infinity to the
point of projection. Provo that the orbit is an equiangular spiral,

Show also that the time elapsed till tho particle reaches a distanco r
from the centre is 3(r2—q?) sce a/4(, a being a constant.
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4+ (a) If in a central orbit under the force pu3(3+42u2us), a particle be

projected at a distance ¢ with a velocity J5{ /a in a dircction making tan—1 §
with the radius, show that the equation to the path is

r=a cot(%‘- + 0)~
(b) If the law of force be 5®ud-8pc2ul, and the particle is projocted
from an apse at the distance ¢ with volocity 3+yit/c, prove that the orbit is
r==c cos §0.
5. A particle is projected at right angles at a distance a under a central
force p /1 with the velocity frem infinity ; show that the orbit is

n-3 n-3 n-3
r 2 =g 2 CO8

0.
6. A particle under an attraction [/r4 per unit mass, is projected from

an apse at a distance b from the centre of attraction with velocity (2;).)*b g
show that there is another apsidal distance equal to Jb(¥3—1).
7. A partiole of mass m moves under a central force
m[3aud—2(a2—b2)ub],
a being > b and is projected from an apse at the distance a4-b, with vclocity
4i/(a +b) ; show that its orbit is
r=a+b cos Q.

Examples XLVIII-B

1. A particle of mass, m describes a purabola under an attraction to the
focus ; prove that the attruction at a distunce, r, is mL/r2 and that the velocity

is (2umt,

Two particles describe in equal times the arc of a parabola bounded by
the latus-rectum, one under an attruction to the focus, and the other with con-
stant acceleration, g, parallel to the axis. Show that the acceleration of tho

first particle at the vertex of the parabola is 42 g. (D.U. Hons., 1924)
[See solved Ex. 2, Art. 13:73]

2. A comet describes a parabola about the sun, its nearest distance
from the sun being one-half of the radius of the earth’s orbit supposed circular.
Show that the comet will remain within the curth’s orbit for about 77 days.

Show that the velocity of a particle P moving in an ellipse about a
centre of force in the focus S can be resolved into components, of constant
magnitude, one [4/Ah perpendicular to the radius SP and tho other g/ perpendi-
cular to the major axis 4.

4. Deduce from Ex. 3, that the velocity of P can bo resolved into

u(e+cos @)/h and W sin @/h,
respectively perpendicular and parallel to the major axis, where @ is tho
angle ASP.

Hence show that the hodograph of the motion is a circle.

A particle of mass m is projected under the central forco mfr2. If it
be projected from the point r=c, =0 at right angles to the radius, with u
velocity sjp‘;ﬁ/_c—, prove that

dr\% n .
( ra) = (r—-c)[nc—(2 —nir].

6. Show that, in elliptic motion about a focus under attraction ©/r2, the

radial velocity is given by the equation

2 (g:—)’a ;t'i [a(1+€)—r)[r—a(l—e)] (P.U.)
or rs (:il-:_)a=——--—~2(‘(rl—')(r—'g) ’ \

r1+r,
where ry and rq are the greatest and least radial distances respectively.
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7. A‘planot is describing an ellipse about the sun as foous ; show that
its wvelocity away from the sun i3 groatest when the radius vector to the planet
is at right angles to the major axis of the path, and that it is then

2rae/ TN 1—e8,
where 2g is the major axis, e the eccentricity and T the periodic time. (P.U.)

8. A particle describes an ellipse about a centre of force at the focus,
show that at any point of its path the angular velocity about the other focus
(7) varies inversely as the square of the normal at the point.

(45) varies inversely as the square of conjugate diameter and is equal
to n ab/CD%, whore CD is the semi-diameter conjugate to CP and n is the mean
angular velocity.

If the velocity of the earth at any point of its orbit (supposed circu-

lar) were increased by about one-half, prove that it would describe a parabola
about the sun as focus.

10. Obtain the velocity at any point of an elliptic orbit about a focus.
Find, when possible, the point at which, if the centre of force were transferred
to the empty focus, the orbit would be a parabola. Prove that there is no such
point unless the eccentricity is greater than §5—2. (D.U. 1953)

xx. Show that if a parabolic orbit and a rectangular hyperbolic orbit
have the same latus-rectum under forces towards the foci, the velocity at the

gnd of the latus.roctum is AJ} times as great in the latter case asin the
ormer.

12. A body.of mass m is deéscribing a parabola under an attraction vary-
ing inversely as the square of the distance. It collides with another mass of
magnitude (42 —1)m which is at rest, at the vertex, and the two masses
coalesoe into one. Prove that the collected mass will desoribe a circle having
its centre at the centre of force.

13. A body is describing a circle in a central orbit, the force varying in-
versely as the square of the distance. If the attraction is suddenly decreased
by one-half, show that the subsequent path is a parabola.

lr If, when a planet is at the end of the minor axis of an ellipse, the
mass of the sun is suddenly increased by one-half, show that the planet will

continue to describe an elliptic orbit of axes %a, b42, where 2a, 2b are the
axes of the former orbit.

15. A particle is moving in an ellipse of eccentricity e, under an accele-
ration {L[r2 to a focus. When the particle is nearest to the focus, this accelera-
tion is suddenly replaced by an acceleration [’r towards the centre of the
ellipse. If the particle continues to move in the same ellipse, prove that

p='ad (1—e)2.

16. A particle is describing an ellipse under an attraction to the focus.
When it is at any point of its path, the centro of attraction is transferred to
the other focus, and the attraction continues to vary as the inverse square
of the distance, but tho absolute force is changed so that the magnitude of the
attraction is unaltered, show that the particle continues to describe tho same

ellipso.
REVISION QUESTIONS—XI

1. A particle slides down the catenary, s=c tan{, with vertex
upwards, the velocity at any point being that due to a fall from tho directrix.
Prove that the particle moves inside the curve and that the pressure at any
point is inversely proportional to tho distance of that point from the directrix.

2. If a particle ba acted upon by a force alwaya parallel to the axis of
y and proportional to the square of the radius of curvature aut the point, prove
that it will describe the curve

y=b _ kA
- log seo pa

the particle moving parallcl to the axis of z at the point (o0, b) and « being a
constant.

3. A particle moves on the outside of a smooth clliptic ecylindor whose
axis is horizontal, tho major axis to the principal elliptic soction being vertical
aad the eccentricity boing e. The particle starts from rest from the highost
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generator, and moves in a vertical plane. Prove that it will leave the cylinder
at a point where the eccentric angle ¢ is given by
3 cos3 p=3 cos p—2.

A smooth elliptic ring, semi-axes a and b, 18 placed with its major
axis vertical, and a particle is projected from the lowest point, along the concave
side of the arc, with velocity due to height A above tho centre. Show that the
particle will leave the arc at the point whose eccentric angle is given by

(a2 - b2) cos3 p=3a2 cos ¢ +2 ah.

If the ring is placed with its minor axis vertical, show that the least
velocity of projection u, that will carry tho particle completely round the ring,
without leaving contact, is given by u2=g(a2 4+ 4b2)/b.

5. If a particle slides on a curve under a constant force, show that it
leaves it at the point where its velocity is due to a fall under the force through
one quarter of the chord of curvature in the direction of the force.

Verify this in the case of a particle starting from rest from the highest
point of a vertical cirole.

6. If the resistance of the air to a particle’s motion be % times its
weight, and the particle be projected horizontally with velocity V, show that

the velocity of the particle, when it is moving at an inclination { to the
horizontal, is

a1 _an
V(1—sin ¢) (14sin ¢) [ (D.U. 1959)

. A particle describes an ellipse with uniform areal velooity about ones
focus. Show that the attraction of the particle is directed towards that focus
and varies inversely as the square of the distance from the focus.

Show also that the hodograph of the motion of tho particle is a cir?le.

P.U.

8. Find an expression for the velocity of a particle moving under g
central force.

If the law of force is inverse square of the distance, find the velocity at
any point and prove that tho particle will describe an ellipse, a parabola or a
hyporbola according as the velocity at any point of the path is less than, equal
to, or greater than, that acquired in falling from infinity.

9. In the motion of a particle in an ellipss under a force to a focus,

2 1
a:: 2 — ———
prove that hi=pl, v }L( - a )

If the path described is l=r(l+e cos Q) and U and V are radial and
transverse components of the velocity, prove that
dlJ  pecos g av e 8in @
a= " M o= (L.0)

10. A particle moves in a circular groove, of radius a under an attraction
p/r2 to a point O which is in the plane of the circle and distant b from its
centre. The particle is projocted with velocity « from the point of the circle
nearest to O. Show that the particle will perform completo revolution if

u? > 4ub/(a?-b2).

1x. A particle is constrained to move in a circle of radius ¢ under an
attraction (r per unit mass to a point O inside tho circle distant ¢ from its
centre. If the particle be placed at its groatest distance from O and started
with an infinitesimal velocity, prove that it will pass over the second quadrant

of tho cirele in the time -
\/.ﬁ log (V2+1).
e

4
12. A particle movos with a central acceloration @ r+%) boing pro-
jected from an apse at a distance a with a velocity 2ayit. Show that it des-
cribos the curve
r2(2+4cos ¥39)=3a2.
13. If the orbit of a particle, moving under a central attraction (/r2, is a

rectangular hyporbola, then thoe velocity V at a point whero the radius vector
makes an angle of 45° with the tangent to the orbit is given by

rV3=p(1+43). (P.U. Hons.)



CHAPTER X1V
MOMENT OF INERTIA. COMPOUND PENDULUM

14't. Moment of Inertia. If m be the mass of a particle of
a given bedy and r be its distance from a given line, then w72 is call-
ed the moment of inertia of the particle about the given line and the
sum of similar expressions taken for all the particles of the body, i.e.,
Imy? is called the moment of inertia of the body about the given line.

If the body consists of a finite number of isolated particles, the
value Smr? is calculated by multiplying the mass of each particle by
the sq are of its distance from the given line and then adding these
results for all the particles.

If, however, the body consists of a continuous mass where the
number of particles is infinitely great, the value of m2? is calculated
by integration.

-2
If we write 2'—};— =~=K? where M is the whole mass of the body

en the length K is called the Radius of Gyration of the body
about the given line,

If M is given in pounds and K in feet, the moment of inertia is
measured in pound-foot squared or briefly lb./ft.2 units, the same
quantity in C.G.S. units being measured in gm.jem 2 units,

The moment of inertia (briefly denoted by M. 1.) for a few
symmetrical bodies about their lines of symmetry is caleulated in the
following articles :

14°'2. Moment of Inertia of a rod. Let 2a be its length, «
the area of its cross-sccetion, O its middle point and g its density.

When the rod is uniform the
YI Y mass 3 of the rod AB is 2aap and
| the mass of the element PQ of
i length §v at P is pa§x where
l OP=1x, then

(a) M. I. of the rod about
1[ oY

PQ

TT—) a

A 0 £ & B =S.pa81:.x"=-J caxdx
—u

D43 2 2

=fa7,f:- =2ua9.% =.-M%

() M. 1. about an axi> through O inclined at an angle § to the
rod

« a® .
=J‘ pax? 8in? § de=M  sin? g,
- R

z 8in § being the distance of the element PQ from the axis in this
case,
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2 3 3 443
(¢) M. 1. about AY'= ¢ paur:’dz:r—pozi—;,ﬁ =2ao¢p.ég.=M.—‘,
0 3 3 3
x being the distance of the element PQ from AY’ in this case.

(d) When the rod is not uniform and its density varies as the
distance from one end 4, i.e., when p=kx at P.

2
Its M. I. about 4 )"’=I ¢ kr ax®dr=ka.4at=2kaa?.2a%=M 2a8,
0

2a
the mass M being=j kradz=2kxal.
0

14°'21. Moment of inertia of a umiform rectangular
lamina. Let ABCD be the rectangular lamina where 4B=2a and
AD=2b; let G be the centre Y
of gravity of the lamina D
and X, GY be the axes
parallel to AB and AD.

To obtain the moment G
of inert.:a of the lamina X
about (Y, we divide the
;;:gangle into strips such as P

(OP=x) drawn parallel
to GY. If pis the mass per 4 0 * 3dx B
unit arca, the mass of strip PQ is 2b§x.p and since the distance of every
i){)int on PQ from GY can be laken as x, its M.I1. about GY is 2bp§x.23.
ence

Q C

(a) M.I. of the lamina about GY

a2 1® 2, 4pba® f',’;__. at
=X max w‘[_a%pz da= 5 =4abp. 5 M. 3
2 ] 2 2
(6) M.I. about AI)-—_-J.OG 2bpx’dx=1§‘§)g =4abp°%—=M .%‘-:

2 being measured from 4D.

Similarly by taking strips parallel to GX, we have

b 2
(¢) M.I about X =>:my’=f poeyly=M . % )

26 442
(d) M.1. about 4B =j. 2uapy*dy=M . 5
)
(e) M.I. about GZ, an axis through G perpendicular to the plane
of the rectangle
2 3 34 p2
=3mri=3m(22+yd)=Smzi+Smyt=M. %— +M .-b3— =M?~%-£-,
r, being the distance from the point @ (being also the distance from
GZ) of any element of mass m at the point P(z, y) of the rectangle,
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14'3. Moment of Inertia of a uniform circular ring. Let
OX, OY be two perpendicular diameters of the ring of radius a,
through its centre O and let P be any
point on the ring, XOP being equal to
@, then NP=asing. If m be the
mass per unit length of the arc, then
the mass of the element PQ is masg.
Hence

(a) M.I. about OX
2
Y =3 madf.atsin® g=mad jon sin® ¢ d¢g

2
=4}ma'J. " (1—cos 2¢)dg=mma3
(V]

2 a®
=2ram . -—2—=M. -5
21‘! a’
Similarly (b) M.I. about OY =ma? j . cos? § dg=M . "

Also (c) M.I. about OZ, .n axis through O perp. to the plane of
the ring

2
=3madf . a®=ma® Jgﬂ dg=2rmad=M. d®.

14'31. Moment of inertia of a uniform circular disc.
Let O be the centre of the disc, 0X, OY its two perpendicular dia-
meters and let m be the mass per unit area.

Divide the disc into elements in the form of concentric rings.

The mass of a ring of radius r Y]
and breadth §r is m 2xr.§r and since
by Art. 14'3 M.I. of the ring about
OX is

2
2mnr§r. —fg- =mnri§r.

& (a) M 1. of the disc about OX
a pd . a‘ M az
==Io mnrtdr=mmna® . —- =M. -

2
Similarly (b) M.I. about OY =M. ‘1—

Also (c) M.1. about OZ an axis
through O perpendicular to the plane of the disc.

(¢ mmal a? a®
=| 2mrrdr . rt=—_-"-mmng®, — =M, —- o
J. 0 2 2 2
Cor. The moment of inertia of a circular cylinder of radius a,

a"
e .

about its axis is M D)
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14°'32. Moment of inertia of a uniform elliptic disc. Let
0X, OY be its principal axes and let m be its mass per unit area.

Divide the disc into strips such Y

as PQ perp. to OY.

Let the co-ordinates of P be  A—— P
(x, y) or (a cos @, b sin g), ’ \

@ being the eccentric angle. 0 X
M.I of the strip about OY =2x3ym.—§~z' \
Hence (a) M.I. of the disc about OY
zjib§nzx3dy=§mj'a3 cos®9d(b sin §)

/2 37 a? a?
= 3Hx2 4 =4ma% ., = =M.
$ma’ x .[0 cos*g dg=4ma® 16 mrab 3 .M.4

2

4

14'4. Moment of inertia of a rectangular parallelo-
piped (or rectangular prism).
. Let the lengths of the sides be 2a, 2b, 2¢ and let OX, 0Y, OZ
B& the principal axes, i.e., axes through the centre O, perp. to the
faces of the solid body.

To find the moment of inertia about 0X, divide the body into

parallel rectangular slices all perp. to OX. Each of the slices has
sides 2b and 2c. M.I. of each about OX is the product of its mass

Similarly (b) M.I. about OX =M.

2 .2
and b -;-c - [Art. 14:21 (e)].
Hence M.1. of the whole body about OX=M. 3
3 2 2
Similarly M.I. about 0¥ =M.-2 -;_c and about 0Z=M-g—3ilf‘

14'5. Moment of inertia of a solid sphere about a dia-
meter. Let O be the centre of the sphere, a its radius and m the
B mass per unit volume of the sphere.
0 Let 0X be & diameter of the sphere.
) Divide the sphere into circu-
lar slices such as PP'Q'Q (distant
z from 0), all perpendicular to the
diameter OX, then
NP?=y?=q%—2a2
the mass of the circular
slice PP'Q'Q
=mmy?§r=mrn(®—2?3x,

\L/Q/,P and its M.I. about OX

9

=mry?§. —,‘2; [Art. 14:31(c)]

3
—/ﬁ

)
8

=
S
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r P |
=mn(a®—22)§z . 9__2_.?. .

Hence M.I. of the whole sphere about 0X

=Ia }mn(ai_a;ﬁ)sda;:mn Ja (az__xa)adx:mn_ls_gas
—a 0 :

4 s, 2a® 2a?
—.;-_;-m Tta® X —5———-—M “TH
Cor. For the solid hemisphere ACB, the limits of integration
will be from o to a, and the result will be mra®=4%mmna® X §a=M §a?,
the same as for the whole sphere.

14'51. Moment of inertia of a hollow sphere about a
diameter. Let m be the mass per unit area of the surface of the
sphere. Divide the surface into elements in the form of circular bands
such as PP'Q'Q, perp. to OX (Fig. Art. 14'5).

Let / XOP=¢ and / X0Q=0-+ 80, so that the breadth of the
band=arc PQ=a§g, its radius=NP=a sing,
its mass=m2ra sin §.a89, and its M.I. about OX is

2mna sin § . adf . a® sin® @ [Art. 14:3 (¢)].
Hence M.I. for the hollow sphere about 0X

= I " 2mnat sin? 0dg=§mnat=4mmna®X ja?=M {a2.
0

Cor. For the hemis erical shell ACB, limits of integration
are from o to #x, and the result is $mrnat=2mmna®x ja®==2.2a%, the
same as for the whole spherical shell.

14°'6. Routh’s Rule. The following rule given by Dr. Routh
in his Treatise on Rigid Dynamiocs, is useful for remembering the
results obtained in the previous articles and other similar results for
moments of inertia of certain symmetrical solid bodies about their
principal axes.

M.I. about an axis of symmetry
the sum of squares of perp. semi-axes
3,4,5 ’

the denominator being 3 or 4 or 5 according as the body is rectangu-
lar (including the rod and a square) or elliptical (including a circle)
or ellipsoidal (including a sphere).

=Mass X

14'7. Sometimes we require the moment of inertia of a body
about axes other than the principal axes. The three theorems given
below will be found useful for the purpose.

14'7t. Moment of inertia about perpendicular axes. If
the moments of inertia of a lamina about OX and OY, two perdendicular
axes in its plane, meeting in O are A and B, then the moment of
inertia of the lamina about OZ, an axis through O perpendicular to the
plane of the lamina, is A+ B.
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Let m be the mass of an element of the lamina at P (z, y) and
let OP=r; then M.L about OZ, a line perp. to both OX and OY

=3Emr=3m(2?4y?) Y]

=3 myd+ Jma? Py)/

=M.I. about OX+M.I. ahout OY

= A + B L ¥

For example :— %

(1) M.I. of & rectangular lamina, 0 x M X
(Art. 14°21) about, GZ VA

b2
s + )=JI S _=‘\I.I. about GY +M.L. about GX.
(7i) M.I. uf a cncular ring (\rt. 14'3) about 0Z

2 2
=Mat=M —%—-}-M%— =sum of the values about 0X and 0Y.
(7vd) M.1. of a circular disc (Art. 14:31) about 0Z

—.}[ - -=Jl{ —— +}l[ " —sumof the values about OX and 0Y,
() ML of an clhptlc l.umm about 07
~)M.I. 4 i i
= about OX +M.1. about 0¥ --M +M— - -—M( 3 )

1472. Moment of inertia about parallel axes. If the
moment of incrtia of a body of mass M, about an axis through its
centre of gravity is I, then I', moment of inertia abouta parallel azis at
a distance d from the first aris, is given by

I'=142d2

Let the co-ordinates of G, the centre of gravity of the body
referred to rectangular axes NX, OY, 0OZ be (f, g, k) and let the co-
ordinates of any point P of the body referred to the same axes be
2, y,z). Also let (2'. 9", 2') be the co-ordinates of P referred to
GX'. QY’', GZ', axes through @ parallel to the original, then

r=x'4f. n=y'<g, =2'+h
and the distance between the parallel axes 0Z and GZ'= V3445,

1f m is the mass of a particle of the body at P then I, M.IL of
the body about 0Z is given by

I'=gm(a?+ ) =Sm[(="+1)*+ ' +9)%]

=Sm(x 34y )+ (24 Em+-2fSmx'+2y5my’ .. (1).
Now Sm(2'2--y'%) =1, the M.I. of the body about GZ’, an axis
through G parallel to the axis 0Z.

f’+g =d?, the distance between the parallel axes.

Also §$’% and 3 "/ are the distances of the centre of gravity
- ~

of the body from the planes Y'GZ' and Z'GX’ respectively, but as G
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itself is the centre of gra.vxty of the body, these expressions and
consequently Smz' and Smy’ vanish. Also Sm=M.

Hence from equation (1), we get,

I'=I+4Md®, e (2).
It can also be written as
l=I'-Md . (3),

which gives I when I’ is known,

It follows from this theorem that if a number of axes are drawn
in a given direction, the moment of inertia of & body is a minimum
about the one that passes through the centre of gravity of the body.

14721, The following examples 1llustrate the result (2) :—

(¢) M.I. of a rod about AY’ (Art. 14°2)

=M——-——-M— +Mat=M.1. about GY +Ma*.

(#) M.I. of a rectangular lamina about 4B (Art. 14:21)
=M et B ML about GX 4210

(viz) M.I1. of & circular dl.w,l, of radins ¢ about a diameter
al

=M Ve (Art. 14°31)
Hence M.IL. about a taugent parallel to the diameter

—y 87 . 5 o

=M 1—-—!— Mad=M T4

Note. It is important to note that the thnorem of parallel axes is to be
applied only when the moment of inertia of the body about the axis through th»
C.Q. of the body has first been obtained.

14°722. Moment of inertia of a hemisphere about a
diameter in its base.

(?) Solid Hemisphere. In Art. 1£5, M.I. of the elementary
dise PP'Q’'Q of radius y and thickness dx about. its diameter PN P’

%
=mrydx. —y‘—i--

s by (2), Art. 1472, its M.I. about AOUB, a dinmeter of the
bagse parallcl to PN P’

=mnytdz(}yt+a?) = mmyldr.}(y2+42?)
=mn(a®—a¥)dz.}(a® — 3+ 127).
Hence M.I. of the hemisphere about AOB is given by
I=}mn I (a®—22) (a4 32¥)dzx=}mnr X { }a®

=34mra® ja%=3Ma?.

Cor. Also by (3), M.L about an axis through G (0G' =§«), the
(".G. of the hemisphere, parallel to AOB

=1 —M(3a)2=3 Ma?— & Mu?= S Ma?.
(it) Hollow Hemisphere. In Art. 14:51, M.I. of the elementary
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band (ring) PP'Q’Q of radius NP=a sin § and breadth a3g about its
diameter PN P’
=m.2xa sin § a§f.}a? sin2g.
S by (2), Art. 1472, its M.I. about AOB, a diameter of the
base parallel to PN P’
=2mna? sin §36(4a? sin® §4-2®) where x=a cos §
=}.2mna?(a? sin? §+2a? cos? g) sin 936
=mnad(1+-cos?g) sin 6§6.
Hence M.T. of the hemispherical cap about AOB is given by

I =m1ra‘jin (14-cos?9) sin 9dg = $mmat=2mma® X §a?
0

=§Ma?,
Cor. Also by (3), M.L. about an axis through G (0G=1}a), the
('.G. of the hemispherical cap, parallcl to AOB

=J—M(}a)=4Ma*—}Ma®= £ Ma2.
Example 1. Find the moment of inertia of a solid right circular

cylinder of length 1 and radius a ahout OY, a diameter of one of its
end fares.

Divide the cylinder into circular discs all parallel to OY and let
one of them be at a distance « from it. Ifm is the mass per unit
volume and §r the thickness of this disc, its mass=mna2.§x. The
moment of inertia of the disc about its own diameter parallel to
OY is

2 ‘
mra®. §r e ——71:2 s
.. its moment of inertia about OY, by Art. 1472
~~'ll‘m~-8 +mrat§r.x? (1),

Hence M.I. of the cylinder about OY
mral

{
== J‘ -'——""‘d X + J m nazizd X

u?
1 23, 2
= mwatl - frema®B --mna 1<4 1y ) M'( .} /

Also from equation (3) Art. 1472, M.I. of the cylinder about
an axis through its centre of gravity perpendicular to its axis ¢ e.,
parallel to OY

=+ )=y =

Note. The distanco from OY of every particle on the dise at a distance
z from it ix not the samo and this 13 the reason why its M.I. ahout OY consists
of two temms as given in equation (1) and is not simply mpa23.c.a2.

Example 2. Find the moment of inertia of a solid right circular
cone. of height h and vertical angle 2a, about a line through the vertex
parallel to the base.

Let the cone be generated by a line NP revolying about OX as
axXis, making a constant angle « with it. [See Fig. Art. 14°71].
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Let m be the mass per unit volume of the cone. Take an
clement of the cone in the form of a disc of radius y and thickness dz,
at a distance z from the vertex 0.

m', the mass of this element =mmny2dz=mnx? tan%« dz.
M.I. of this disc about a diameter=m'y?/4.

o, its M.I. about OY, a line drawn through the vertex O,
parallel to the diameter

=m'(}y?+2?)=}m(2® tan%e +42%)=}m'a?(44tana)
=}mmnat tan?u(4+tan2e)dz.
Hence M.I. of the whole cone about OY

h
= }mr tana(44- tan"az)j0 addr=}mn tan2a(4-+tana).Lh8

={mmh? tana X #5h%(4-Ftan%e) = A Mh%(44tana).
Ex. 3. Find the moment of inertia of a triangnlar lamina shout a lino
through one of its vertices,
[See (2), Art, 14'81 with full process.]

14'73. Moment of inertia of a lamina about a line in its
plane through the origin.

Let O be the line making an angle § with OX.

Let P (z,y) be the position of
Y an element of mass m of the lamina
and PN be the perp. to ON, then

PN =y cos §—x sin @

and I the moment of inertia about ON,
is given by

I=35mPN?==5m (y cos §—r sin §)*

1) - X ==c0s? § Smy®-tsin? g Sma?
VA —2 sin @:<cos § Imry
i.e., I=2:1 cos?2§+B sin? §—2 Fsin g cos (D),

where Imy?2=M.I. about OX=4, X¥ma®=M.I about OY-:B and
Smxy, known ag the product of inertia about 0X, OY: - F.

So that when 4, B and F are known, equation (1) gives I, the
moment of inertia of the lamina about ON, an axis through 0.
Also the product of inertia about ON and a line perpendicular to
it through 0 ‘
=3m NP.ON=3m(y cos §—=x sin §)(x cos -~y sing)
=3 m[(y*—2a?) sin @ cos §+xy(cos® §—sin® §)]
=(Smy?—3ma?) sin @ cos §-+cos2§ Imxy
=(A4—DB)sin g cos §+F cos 20. (D).
14'73x. Momental Ellipse.
If & point Q(z, y) is taken on the line ON snch that OQ@Q=r and
the moment of inertia of the lamina ahout ON isinversely proportional to

4
03, i, if [= L8

e . .
DoE="72" equation (1) gives

4
A4 cos? 9+ B sin? §—2F sin g cos 0=£§§— .. (1),
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which gives A22+ Byt —2Fzy=Mé!, . (2)

where M denotes the mass and e, a length which is introduced to
satisfy the requirements of physical dimensions.

This shows that the locus of @ is a conic, and since, by construc-
tion every radius is real and finite, therefore the conic is an ellipse.
known as the momental ellipse at O.

The principal axes of this ellipse are called the principal azes

of inlertia and the corresponding moments are called the principal
moments of inertia at O.

In the particular case when F=0, the co-ordinate axes OX, 0OY
arc the principal axes of inertia at () and equation (2) reduces to

Aat+ By?=Met.

In case F is not zero, the co-ordinate axes are not the principal
axes of the lamina. But at any point O there is always a set of
principal axes, their position being obtained by equating to zero the
product of inertia of the lamina about these axes.

Thus if ON and a line perpendicular to it through O be the
principal axes at O, the product of inertia 3 (m N P.ON) must vanish.

.. the angle g which ON, one of the principal axes makes with
0X, obtained by equating to zero the product of intertia as given
in (2) Art. 14'73. is

2F
B—1
Note. The product of inertia of a lamina about its principal axcs ata
point O always vanirhes and conversely if the product of inertia about two
perpendicular lines through a given point of a lamina vanishes, the lines aro
the principal axes of tho lamina.

3 tan—?!

Example. Show that the principal axes at a corner of a rectan-
grlar lamina of sides 2a, 2b make with a side angles 9, =+ @, where

tan 29 =1 ab/(a%~-1?).
Iet “on be the mass per unit arca and Af the total mass of the

lamina, so that M =4abm.
Let the sides 04=2a, OB==2b, be the cc-ordinate axes, then
1,2
A, M.I. about OA==M.4—35- (Art., 14°21)

2
B, M.I about 0B=H.27 .
and F, the product of inertia about 04, OB

2a [2b
=J m xy dz dy
0 0

m4b? | 4at
—g—p—
=dabm . ab=Mab
2F 2Mab 3abd

R =t R )
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Examples XLIX

t. Find the moment of inertia of the following :—

(a) An igoscoles trianglo ABC about an axis through the vertox 4 per-
pendicular to (i) the opposito side, (i7) the plano of the triangle.

[Ans. (i) Ma2/24 ; (4i) $Ma*(§ + cot2 §A), where BC=a].

(b) An arc of a circle about an axis paising through its middle point
and (i) through the cente, (is) perpendicular to 1ts plane.

a? sin 2« sin &
. (1 5m2eY . o onrer (1 B %
[Ans. (3) M 3 (1. 3 ) 3 (i) 2Ma (l x ’
where a is the radius and 2x the angle subtended by the arc at the centro.)
(c) A solid right circular cone whose height is A and tho radius of whose

base is @ about (¢) its axis, (i%) a line perpendicular to tho axis through its
centre of gravity, (iii) about a diamcter of the base.

[Ans. (i) 3Ma2[10, (if) 3M(h3-+4a?)/80, (ifi) M(3a2+2h?)[20.]
2. A uniform triangular lamina ABC is of mass M : prove that its
motaent of inertia about BC is MhA?2/6, where & is the distance of A from BC.
Deduce that the momont of inertia of a uniforin rectangular iamina
about a diagonal is Ma2b2/6(a%+ b3), where a and b are the sides of the rectangle
and M is its mass.
?. Prove that the moment of inertia of a uniform triangular lamina
ABC of mass m about ‘an axis through A4 gerpendiculur to the plano of the
lamina is ~ ,I‘:n 302+ 3.3~ g2), (P.U.)

4. Prove that for a regular polygon of n sides, the squaroe of the radius
of gyration about an axis through the centre perpendicular to the planc is
a?  2+cos 2nt/n
12 ° T—=cos 2x/n
a being a side.
Particles of equal mass are placed at the corners of a regular polypon.
Prove that the squares of the principal radii of gyration at any point O in the
pluance of the polygon are «2/2 and (a2+42h43) (2, where a is the radius of the ecircum-
seribing circlu of the polygon and 4 is the distance of O from the centre of the
circle. (D.U. 1957)
6. Prove that the moment of incrtia of a right circular solid conc of
semisvertical anglo a, height & and mass M, about a gonorator 1s
3012 8in? a(l+}scc? a), |
7. Show that the radius of gyration K of the frustumn of asolid cone
’ . . L . 3 ad-bs
about its axis of symractry is given by lx2=—1 0 " Q3P whore a and b aro
the radii of the flat cnds.

8. Show that tho moment of inocrtia of a hollow sphore, whoso external
and intcrnal radii are ¢ and b about & diameter is
2M ad-18
5 Tad=s
9. Show that the radius of gyration K of (5) a hollow eylinder anud

(11) a solid eylinder about a tungent lino which lies in a plano passing through
the ceatrc of mass and perpendicular to tho axis is given by .

) 3ad A3 5a2 L2
2.t N, i) K2==220 07

() K 2+3, (12) K 4+3.

where a is the radius and 2h the length of the cylinder.

10. Show that tho square of the radius of gyration of a parabolic arca
of latus rectum 44, cut off by an ordinate at & distanco h from tho vertex ia

$12 about the tangent at the vortex and $ah about the axis.

xx. Show that the radius of gyration of a paraboloid of revolution
about its axis is 1/¥3 of the radius of its base.
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12. Show that the moment of inertia of a uniform elliptic plate of
semi-axes @, b and of mass m () about a line perpendicular to its plane through
an end of the major axis is m(b2+542) ; (#4) about a diameter inclined at an

angle @ to tho major axis is —'{- (a3 sin? §+4-b3 cos? Q).

x3. If %y, kg be the radii of gyration of an elliptic lamina about two
conjugato diurnecters, show that

1 1 1 1
at e=4(Gr+57)- (D.U. 1953)

14. ABC is a uniform triangular plate, C boing a right anglo, CAd=g,
CB=b. Show that the principal axes of inertia at C makes with the sides an
angle

ab
az-p3’

15. A wire is in the form of a semi-circle of radius a ; show that at an
end of a diamnoter the principal axes aro inclined to the diameoter at angles

§ tan-!

4. ™ 4
tan-1 = and —— + } tan ‘! —-.
} tan n 2+}an

16. Show that at the centre of a quadrant of an ellipse of axes 2a, 2b the
principal axes are inclined at an angle

4 ab
-1 -
4 tan ( - aﬂ—b’) to the axes.
17. Find the M.I. of the lamina given by y==sin 2, and the z-axis, about
the axis of y,  changing from 0 to x. [(Ans. §(n3—4)m.]

x8. For the area boundod by the curve r2=al cos 29, prove that

{i) the square of the radius of gyration about an axis through the origin
perp. to its plane is §ra2,

(43) the moment of inertia about its axis is v& Mad(r— B

(¢43) the principal axes at the node of a half loop are inclined to the
initial line at angles
$tan-1} and ¢{n+4 tan-1{.
xg. Show that for a thin hemispherical shell of radius a¢ and mass M, the
principal moments of inertia at the centre of gravity are 1.ﬁ‘zMas, Th,JMal, gMaL

(D.U.)

20. A uniform rectangular plate whose sides are of lengths 2a, 2b has a

portion cut out in the form of a square whose centre is the centre of the rec-

tanglo and whose mass is half tho mass of the plate. Show that the axes of

greatest and least moment of inertia at a corner of the rectangle mako angles
0, 3+ 0 with a side, whore

tan 20 =6ab/5(a? - b2). (D.U. 1958)
14'74. Moment of Inertia of a body. T'o find the moment of

inertin of a body about a line OQ through the origin O, whose direction
cosines with reference to three rectangular axes 0X, 0Y, OZ are 1, m, n.

Let A, B, C, be the moments of inertia of a body about 0X, 07,
0Z,and D, E, F, its Products of inertia with respect to 0Y, 0Z ;
0Z,0X ; and 0X, OY respectively.

Let P (@, y, z) be the position of an element of mass m’ of the
body and let PN be drawn perpendicular to the line 0Q.

In the figure of Art. 14:73, lot OZ bo perp. to tho plane of the paper and
tuppose 0@ to havoe direction cosines I, m, n.

Then by Solid Geometry,
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PN2=0P%—ON3= (234 )2+ 23) — (lx4-my+nz)?
=a¥(m34n3)+ y*(n3+12) + 2318+ m?) — 2mnyz —2nlzx — 2imay,
since 124m24n2=1
=13(y2+23) 4+ m2(22+ 23) + n2(a2-}+ y?) — 2mnyz— 2nlzx — 2lnzy
.. I, the M.I. of the body about 0Q
=1B5m'(y?+22)+m2Em' (22 +22) +n*3m’ (22 +y?)
—2mn3Im’ yz—2nlEm'zx —2lm3m’zy
Now since y2+-23, 28+a?, 23+4y? are respectively squares of the
distances of the point P from 0X, 0Y, 0Z, we have
I=A413+4Bn3+Cn*—2Dmn—2Enl—2FIm ..(1).
14'74x. Momental Ellipsoid. Now along a. line 0@ drawn

through O, take 0Q=r, and the point Q (z, , 2), such that the moment
of inertia of the body about OQ may be inversely proportional fo OQ2,

4 ]
t.e., let Tom (_;J_I_in_=¥£_ , where M denotes the mass of the body and
¢, a length to satify the requirements of dimensions, then
Met

",T:A 124-B m24+-Cn2—2 Dmn—2Enl—2FIm
or Az®+4By?-+}C22—2 Dyz—2 Ezx—2Fxy=Me! .. (2).

Hence the locus of @ is an ellipsoid called the momental
ellipsoid.

If, with reference to a set of rectangular axes, D=E=F=0,
these axes are then the principal axes and ellipsoid referred to them is
reduced to the form

A'2?+B'y? (22 =Mt
Further if the three principal moments at any point O are equal
to each other, the cllipsoid becomes a sphere.

For example, the perpendiculars from the C.G. of a cube to three
faces are principal axes and the three moments of inertia about them
are, by symmetry, equal. Hence the momental ellipsoid is a sphere.

14'8. Equimomental Bodies or Particles. Two bodics or
two systems of particles are said to be equimomental when their mo-
ments of inertia about all straight lines are equal each to each.

If this be so, the two systems will necessarily have the same
mass and the samo centre of gravity.

For example a straight uniform rod of mass m is equimomental
with particles of mass }m at each of its ends and a particle of mass
gm at its middle point.

14'8x. A uniform triangular lamina of mass M is equimomental
w.:'itk three particles, each of mass y M, placed at the middle points of its
siudes. )

As a first step, we find M.I. of the triangle ABC about (X, a
line drawn in its plane through one of its vertices C.
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Let . B be the distances of 4 and B from CX and let B4 mcet it
in D. Ifm be the mass per unit area,
then

M, the mass of the triangle ABC

=m(ABCD— AACD)
=$mCD(f—a) (D).

Let PQ be a strip of the ABCD
drawn parallel to its base CD at a dis-
tance y from CX and let dy be its
breadth, then since PQ is at a distance
B—y from B, the area of the strip ,
D 5 LPQ_B—y7 ¢

ﬁ (B .’/)dy- [ . (/vD‘-' B °
M.I. of ABCD about CX

_[BmED g _pypay=""CP(L g1 g\_1, cpgs
=[5 g Byt dy="g= (5 BB )=15m CD "
Similarly M.I. of A ACD about CX=¢;mCD o3,

Hence 7, M.1. of AABC about CX

=—;—'E2—CD(I38__a8)=gm CD(B—a) X 3(B*+af+a?)
=] M(B*+aB+a) .2

Now consider a system of three particles, each of mass § M. at
the middle points of the sides of the A ABC.

Their C.G. coincides with that of the triangle and their M.I.
v Mo\ B\ /a+pB ':]_l -
wout ¢X="g[ (§)+(g) +(*37) J=5 ¥ +ep+s)

which is the same as [ given in (2).

This establishes the equality of the moments of inertia about
X, a line through an angular point.

Now suppose d is the distance of ¢, the common C.G. of the
particles and the triangle, from CX.

Then- By (3) Art. 14'72, M I. of the triangle, or of the particles
about a parallel line through G is I—Md?2.

Again, by (2) Art. 1472, M.[. of either system about a parallel
line: at a distance & from @ is obtained by adding M/2 to I— Md2.

Hence M.T. of the particles about any line parallel to €X is the
same as that of the triangle.
But the direction of ('X is arbitrary and so the theorem is proved.

Note. In the Fa.rticular case when AB doeg not intersect CX and is
parallel to it, the proofis very much simplified and is left to the student as an
exerciso.

If A and B are on opposite sides of 0X, tha term a8 is nogative, a, §
being of opposite signs.

Ex. 1. Show that a uniform triangular lamina of mass m is equi-
momental with three equal particles of mass Tz m placed at the angular _points
and a particle of mass # m placed at the centre of inertia (C.G.) of the triangle.

' (D. U. 1959)

Ex. 2. Show that a lamina of mass M in the form of a parallclogram is
equimomental to tho systom of five particles four of § M each at the middle
points of the sides and one of § M at the point of intersection of the diegonals.

==
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Ex. 3. Obtain the result of Ex.3 P. 286 by the application of this
article.

Ex. 4. Show that the moment of inertia of a regular hexagon of mass
M and side a about one of its sides is 33 Ma2.

Ex. 5. Show that, if «, 8, Y are the distances of the vertices ofa
triangle from a straight linein its plane, the moment of inertia of the triangle

about this line is
M (a2 B2+ Y2+ BY 4 YataB),
where M donotes its mass.

14'9. Motion of a rigid body about a fixed axis. 4 1igid
body is supposed to be one whose shape and size are invariable, so
that the distance between any two points of it remain the same
during any motion.

A rigid body is said to be moving in two dimensions when all
points of the body move in parallel planes.

A rigid hody moving in two dimensions has thrce degrees of
freedom and, therefore, requires three co-ordinates to specify its posi-
tion and consequently three equations are necessary to determine its
motion.

In the particular case when a rigid body is free only to rotate
about a fixed axis, its position is specified completely by a <ingle
co-ordinate, which is taken to be the angle ¢ which some plane through
the axis of rotation, fixed in the body, makes with some other plane,
fixed in space, through the same axis.

In such cases, the angular velocity and acceleration, at any
instant, is the same for every point of the body.

This is proved as follows :—

*14°91. Suppose a rigid body of mass M rotates about a fixed
horizontal axis OZ drawn perpendicular to the plane of the paper.

Let the plane through the centre of gravity G of the body per-
pendicular to the axis be the plane of paper ; let it meet the axis in
0 and lct us call it the plane p.

Let XOZ, the vertical plane throngh the axis OZ be a plane
fixed in space, mecting the plane p along OX.

Let GOZ, the plang through the axis 0Z and through @ be a
plane fixed in the body, and ket it make, at any instant, an angle g,
with the planc X0Z, so that
6=/ XO0G is the angle which a
plane through the axis fixed
in the body, makes with a
plane through the axis fixed
in space.

This angle specifies the
position of the body at any
instant,

Let a planc ZOQ through
0Z and any point P of the
body make an angle « with
the plane GOZ and cut the
plane 7 in the line OQ so that /| GOQ=aand / X0Q=9+«.
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As the body rotates about the axis 0Z, / GOQ remains always
the same and, therefore, we have

d _de a2 de
aOtH=gp ol GE@ta=g, .
The results being independent of «, show that the anfular

velocity and acceleration, at any instant, is the same for every point
of the body.

14'92. The equation of motion of a rigid body rotating
about a fixed axis. From P draw PN(=r) perpendicular to the
axis 0Z and then from N draw N X’ parallel to OX, then P being in
the plane Z20Q, / X'NP=§+-a.

Let a particle of mass m be situated at P, then as the body
rotates about OZ, PN or r remains constant and the particle at P
moves in a circle of radius » about N as centre.

.. its acceleration perpendicular to PN is

d? d2g
T @ta=r, . (Cor. Art. 13-4)

If F be the sum of the resolved parts of the forces acting on P,
perpendicular to PN, we have
d%g
17'!)‘dt‘2 =F

a2 d d

Soome? th=Fr or a;(r.mr-daz- >=Fr ..(D),
r being a constant dr/dt=0, and, therefore, rdg/dt is the velocity,
mrd@/dt, the momentum and r.mrd@/dt, is the moment of the momen-
tum of the particle of mass m at P.

Equation (1), thercfore, shows that the rate of change of the
moment of momentum or of the angular momentum of the particle
P about the axis 07 isequal to the sum of the moments about the
same axis of all the forces acting at P.

Summing up for all the particles of the body, we have

d29
2" YN _ < Fy.
}‘.(m; dt‘) sFr

2
gt-g being the same for all the particles, we have
%0 dg
gz Smr?) or MK g =3(Fr), ..(2),

where K is the radius of gyration of the body about OZ. (Also ses
Art. 15°4).

S(Fr) is equal to the sum of the moments about the axis, of
all the forces on all the particles of the body. These forces are
partly cxternal to the system and partly of the nature of internal
action and reaction among the particles.

On the assumption that the sum of the moments about the axis
of the mutual action among the different particles of the body
vanishes, = (Fr) represents the sum of the moments about tho axis
of all the eaternal forces acting on the body.
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Equation (2) is then the required equation of motion and it
shows that the rate of change of the angular momentum of the body
about the azis of rotation is equal to the sum of the moments about the
same azis of all the forces acting on the body.

Kinetic Energy. Since the velocity of P is r%f— , the kinetic

. . de \*
encrgy of the particle at P is § mr’(;;) or $mrie?,

where o=%f~ is the same for every point of the body.

Hence the total kinetic energy of the body
Simrle?=}e?Smri=} MKte?, ..(3).
Example. Find the kinetic energy, of a circular disc of radius
2 ft. and weight 10 lbs., rolling, without sliding, on a horizontal plane
such that its centre moves foruward with a speed of 20 ft. per sec.
Here m=10 lbs., r=2 ft., K?=} 2=} x 4=2.
{ilso since the speed v=20 ft./sec.,
S, e=yfr=20/2=10 radians per scc.
The kinetic energy due to translation of the disc
=4mr?=4 X 10 X (20)2=2000 poundals
The kinetic energy due to rotation
={mK?%?=}x10x 2 x (10)2=1000 poundals.
Hence the total kinctic energy

200041000 375 o 3
= -3§—.~——- =-‘4_‘ ’-'-'—95 ry ft/. lbo
314°'93. The Compound Pendulum. Any rigid body free to
turn about & smooth fixed horizontal axi~ i> known as a compound
pendulum.

.
Let AOG be the vertical plane, perp. to the

o0 horizontal axis about which the rotation takes place,

h G through ¢, the centre of gravity of the body ; and

let ), called the centre of suspension, be the point of

intersection of this plane and the axis of rotation.
Let OG make an angle § with the vertical line 04,

(the initial position of OG) and let OG=".

Let M be the mass, and K, the radius of
gyration of the body about the axis.

The equation of motion is

2 .
MK”‘—I—2 =sum of the moments of the forees acting on
¢ the body about the axis of rotation

=— Mgyh sin 6.
Now if g is so smallthat sin @ can bereplaced by 6, the equation
d?6 ]

becomes =T ke Ih

6,
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which shows that the motion is simple harmonic, the length [ of the
equivalent simple pendulum being equal to

K*  Kj2+4h

where K, is the radius of gyration of the body aboutsthe axis through
G parellel to the axis through 0.

2 12
I 00 —1. K2+ h*
h
Then K2=hl—l2=h(l—h)=0G.GO'.

O’ is called the centre of oscillation and the symmetry of the
result shows that if the body were suspended from a parallel axis
through O’, O would be the centre of oscillation, so that the centres
of oscillation and suspension are interchangeable.

Example 1. A pendulum is supported at O, and O’ is the cenire
of oscillation. Show that, if an additional weight is rigidly y attached at
(), the period of qscillation 1s unaltered.

By Art. 14°93, O(0)' ==l=K?[h, where OG=h.

Let M be the mass of the pendulum and m that of the additional
weight attached at 0.

Let K’ be the radius of gyration about the axis through O, and
p’ the distance from O of the C.G. for the system M and m, then

(m+M) =Mh+ml=Mh-+n {—— ..(1),
and (m4+M)K'?=: MK?4-m]?
K2
—-MI&Z—}-m- : »——[Mh+71z ] .+ (2).
2 2
Dividing (2) by (1), we get %—: {{h— .

Hence the period of oscillation remains unaltered.

Example 2. A solid homogencous cone of height h and vertical
angle 2u, oscillales about a horizontal axis through its vertex. Show that
the length of the equivalent simple pendulum is

$h(d+ tan® o).
From solved Ex. 2 Art. 1472, we have
K= % h%(4+tan? «),
and &', the distance of the C.G. from the vertex=} 4.
Hence the required length of the simple equivalent pendulum
= K3[h'=3 h(4-+tanx).

Ex. 3. If the cone of Ex. 2 makes small oscillations about a diamoter of
the basc as axis, show that the period of a complets oscillation is

(243 tan? ) k3
o)



294 ELEMENTARY ANALYTICAL DYNAMICS

Examples L

1. A light rod AB of length 2/ has two particles of equal mass, one
sttached to the end B and the other to a point distant I from B. Find the
period of small oscillation about a horizontal axis through A.

[Ans. 2mV/26!/4/154.]

2. A uniform rod of length [ is suspended from one end and swings in
a vertical plane. Prove that it oscillates like a simplo pendulum of length §1.

Prove that this rod will oscillate most quickly if its point of suspension
is at a distance from one end equal approximately to 0-21 I.

A woeightless straight rod ABC, of length 2a, is movable about the
end A4 which is fixed and carries two particles of the same mass, one fastened
to the middle point B and the other to the end C of the rod. If the rod be held
in & horizontal position and then let go, show that its angular velocity when
vertical is 4/8g/6a, and that §a is the length of the simple equivalent pendulum.

(D.U.)

4- A compound pendulum consists of & thin uniform rigid rod of length

2a and mass m, with a heavy particle of mass 2m at its middle point. Show that

thero are two points of suspension on each side of the mid-point of tho rod,

about each of which the small oscillation will have the same period as those of a
simple pendulum of length g, and find the distance between these points.

[Ans. 0:-745a.]

A uniform circular disc of radius a oscillates in its own plane about
8 horizontal axis perpendicular to 1t passing through a point (¢) 3a from the
centre, (i) on its rim. Show that the length of the equivalent simple pendu-
lum is the same in both tho cascs.

6. Compare the times in which a circular plato will vibrate about »
horizontal tangent and about the horizontal axis through the point of contact
at right angles to the tangent. (Ans. +/5]86.)

7. Show that the length of equivalent simple pendulum for a circular
wire of angle 60° and radius @ with 1ts mid-point as the point of suspension
is 2a.

8. Three particles of the same mass m are fixed to a uniform circular
hoop of mass M and radius a, at the corners of an equilateral triangle. The hoop
is froe to move in a vertical plane about the point on the circumference opposito
to one of the masses m. Find the length of the equivalent simple pendulum.

[Ans. 2a.]

9. A uniform circular hoop, whose centre is C, radiug a, and mass m,
can move freely about an axis which is perpendicular toits plane and is horn-
zental and passes through a point O of the hoop. A particlo of mass m is fixed
to the hoop at a point A such that the angle 0CA is a right angle. Find the
length of the equivalent simple pendulum. [Ans. 4a[~5.]

r0. A triangular lamina 4 BC oscillates in its own plane (which is verti-
cal) about the vertex 4, prove that the length of the equivalent simple pendu-
lum is

(3624 3c2—a2)/44/ 252 + 2cZ—at. (D.U. I954)

tr. A uniform cubs is free to turn about one cdge which is horizontal.

If I is the length of a seconds pendulum, find in terms of [, tho length of the
edge of the cube =0 that it may execute a comploto oscillation in 2 seconds.

[Ans. 31242,

12. Find the centre of oscillation of a cone whose axis of oscillation is a
diameter of the base.
Prove that a simple pendulum of length Ik has the same period asa

solid cone of height & and semi-vertical angle 60° if the axis of rotation is a line
perpendicular to the axis of the cone through the vertex,

[Ans. 1(2+3 tan? )k from the base.]

13. Find the length of asimple pendulum equivalent to a compound
peadulum, consisting of a rod of mass m and length a carrying at one end a



THE COMPOUND PENDULUM 296

sphere of mass m; and diameter 2b, the other end of the rod being fixed. (P.U.)
2 2
Ana. [m -%—-}-ml ( (a+b)2 +g—g-)] [@ﬁg+m1(a+b)].

14. An ellipso of semi-axes a, b and a circle of radius b are cut out from
the same sheot of thin uniform metal and are superimposed and fixed together
with their centres coincident. The figuroe is free to move in its own vertical
plano about the end of the major axis; show the length of the equivalent
simple pendulum is

(3a%—ab+2b2%)/4a. (P.U.; D.U.)

15. A rigid body of mass M can turn freely round a horizontal axis
about which its moment of inertia is I. Prove that oscillations under gravity

are of period
I A3
Ry14 ('——) »
Mgh

where b is the length of tho perpendicular G4 drawn from G, the centre of
gravity, to the axis of rotation.

This period is to be halved by attaching a heavy particle to the body at
some point P, in the straight lino AQ, show that the mass of the particle re-

quired 18 a minimum if AP= S (D.U.)

16. A sphere of radius q, is suspended by a fino wire from a fixed point
at a distanco [ from tho centre ; show that the time of a small oscillation is

given by
2 S+ [y | of
T '\/ 5lg + 16 |’

whers a ropresents the amplitude of vibration and is taken so small that its cube
and higher powers are neglected.

Find also the corresponding result for a simple pendulum of length I.

17. A uniform rod AB of length 2a and Mass J, is freely attached to

a fixed support at 4 and swings in & vertical plane through A. Find the
frequency of the small oscillations,

If & particle of mass kM is attached to the rod at R, prove that the
frequency of the small osclliations is reduced in the ratio

A/ (T+2F) [ (143k) (D.U. 1961)

18. A uniform lamina is bounded by a parabolic are, of latus-roctum

4a, and a double ordinate at a distance b from the vertox, If b= <§~ (T4+4V7),

show that two of the principal axes at the end of a latus.-rectum are the
tangent and normal there.

[Hint. FEquate to zero the product of inertia about the tangent and
normal. |

19. Show that the equation of the momental cllipsoid at the cornor of
a cube of sido 2a, veferred to its principal axes is

2x2411(y2+ z?)=const, (D.U. 1963)



CHAPTER XV

MOTION OF A RIGID BODY IN TWO DIMENSIONS

15°1. A rigid body is one in which the distance between every
pair of particles remains constant and the bodv retains its shape and
size even when it is in motion.

A rigid body is said to move in two dimensions or to move in one
plane when every particle of the body moves parallel to a fixed plane.

As pointed out in Art. 149, a rigid body moving in two dimen-
sions has three degrees of freedom and requires three co-ordinates to
specify its position and consequently three equations are necessary to
determine its motion.

The three co-ordinates usually taken are the co-ordinates (z, )
of the centre of gravity (# of the body with reference to two rectangu-
lar axes in the plane of motion and ¢, the angle which a line fixed in
the body makes with a line fixed in space.

15'2. Equations of Motion. Let us consider a particle of
mass m of the body situated at a point (,y). Its equations of
motion parallel to the co-ordinate axes are,

2 ., d3y

Mo =X4+X" ..(1) and mth =Y+Y' .. (2),

where X, ¥ are the sums of the resolved parts of the external forces

acting on the particle and X’. Y the sums of the resolved parts of the
internal forces i.e., forces due to actions of the other particles on it.

Multiplying (1) by 7 and (2) by 2 and subtracting, we get

A%y A ‘ , ,
m[ b y ~Yp ]_(rl —yX)+(2Y' —pX) (3).
Summing ug fo. all the particles of the body, we have
2\ v/ d‘, ‘44
Emd’» 12}‘4\-}—_,‘ , \‘md =3Y+31) . (4),
and “m[ (l J ‘/(;t =352 —yX)+S@Y' —yX") .3

The internal forces are of the nature of mutual actions and
reactions between the various particles, and, therefore, by Newton’s
Third Law, cancel each other in pairs and hence

SX'=0.5Y'=0 and  F(xY'--yX')==0.

Thusg cquatwmz(l) (2) and (}) reduce to the form

d d2y
b ESY\ Sm--2 = .
e X, xmeoy (A),
I-'l/ A2y
H S -~ = XL —Ys ) .
and Sm [: ae e ] S(xY —yX) (B)

20
15'21. D’Alembert’s Principle. mZ~ s is called the eﬁ'ectwe

force parallel to the axis of X on a particle of mass m and thus
egnations (A) can be stated ax,
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the sums of the components, parallel to the co-ordinate axes, of the
effective forces are respectively equal to the sums of the components of the
external tmpressed forces parallel to the same axes.

And equation (B) can be stated as,

the sum of the moments about the origin O (or about OZ, a line
through O perp. to the XY plane) of the effective forces is equal to the
sum of the moments of the external forces.

Equations (A) aen be written in the form
d*x d?
1.e., the reversed effective forces ana the exturnal forces of the system
are in equilibrium,

This is D’Alembert’s principle.
¢ 15'22. Equations (A) of Arct. 15°2 can also oe written in the
orm,

SX—3m

T

i.e., the rate of change of the linear :nomentum of the system in any
direction is equal to the sum of the resolved parts of the cxternal forces
tn that direction.

It follows that if there is a direction, say that of the axisof r, in
which the sum of the resolved parts of the cxternal forces is zero, 1.e.,
3 X =0, then

Emgfco, 1.c., %(Em%?)::() Em%?:const.
i.e., the linear momentum in that direction is constant.
Thisis the principle of Conservation of linear momentum.
oy dx de dy = d* dy dxr d*c
als @va )=u = e
Aty dr
=TT Vg

Again since

cquation (B) can be written as,
a\l dx
—_— X_J gL === Y —
al Lzm at "V ):] MY —yX),

i.e., the rate of change of the moment of momentum or of the angular mo-
mentum of the system about any fixed origin (or axis) is equal to the sum
of the moments of the external forces about that origin (or axis).

From this it obviously follows that:

_ If the sum of the momenis of the external forces about any fixed
point is zero, the moment of momentum or the angular momentum of
the system about that point is constant.

This is the principle of Conservation of angular momen-
tam. '

. 15'3. Motion of the centre of mass. If (z,7) be the co-
ordinates of G, the centre of mass of the body of mass 3, then

Mr=Smz and My=smy.
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Differentiating these equations, we get

d*x dy . dby
e ~3m; a Mgz =2Em g
Hence equatlons (A) become,
d*x d*x d?y d?y
}‘,m—(—m or .M—————-XX Sm :1?2 or M—=- ae =EY ..(C).

Further if 3X=0=3Y, then

dz dy
M En =const., and M i const.

So that if the body is not acted upon by external forces, its C.G. is
either at rest or moves with a constant velocity.

The equations (C) indicate that :

The motion of the centre of mass G is the same as if the whole
mass of the body were collected into a single particle at G and all the
forces were to act at G.

15°'31. Motion relative to the centre of mass. Now let
(@', y') be the co-ordinates of the particle P of mass m relative to
parallel axes through @ (%, 7!, the co-ordinates of P relative to the
original axes being (2, y), then

w=z-}a’, y=y+y' - (1),
Smr=3mr4+Smr'=Mz+3Imx’
But since Smx=Mz,
Sma’=0 and soajso STmy =0 ..(2),
2. .7 DN
. K . 1. L, a7y “
and .. Sm——s PID =0, and «lso ‘m—l y- =0 <. (3).
Substituting (1) in equation (B) of Art. 152, viz.,
a::/ (la.vh » .
}}m[ 2 —y(—l—ﬁ_]:;i(xl —ud) .. (B),

we get,
- nd: o, _o,dr o,
Zm [(w+w Vg WY =G4y (2 4) ]

=3[+ Y —(y+y')X].
Taking z, y and their derivatives outside 3 and using results
(2) and (3), this equation reduces tc

_d &% &y ,dzx']
U 2w —y dt=]+2"‘[ de 7Y qe

=(Z3Y -y X)+ 3@ Y—y'X).
In view of equations (C) Art. 15°3, this further reduces to
dz
sm| 25Y —y dt2 ]_ @'Yy’ X) ..(D.

This equation is of the same form as equation (B) given above
and could bave been obtained if the C.G. of the body were regarded
as a fixed point.

Now equations (C) Art. 153 give the motion of translation of
the body concentrated as a particle of mass M at the C.G.; while
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equation (D) gives the motion of rotation of the body about its C.G.
independent of any linear motion. Thus the motion of translation
and rotation are independent of each other.

This is known as the principle of the independence of
translation and rotation.

15'4. Equation (D) can also be written as

d dy’ _ dx’ 'Y .
— Sy L = —_— oo 1Y),
[an ) oy
i.e., the rate of change of the moment of momentum about G is equal to
the sumn of the moments of the external forces.
Now z Z‘Ti —y flj is equal to the moment about G of the velocity
relative to G of the particle m at P (', 3’), when the velocity com-
ponents are expressed in cartesian co-ordinates.

In case the point Pis expressed in polar co-ordinates with
reference to @, equation (E) takes the form

1‘_( MK*‘—‘-?-):E(x'Y—y'X) -+ (F),

where K is the radius of gyratlon of the body about G, and ¢ is the
angle which a line fixed in the body }’
makes with a line fixed in space.

To obtain this we proceed as
follows :—

Let GA Dbe a line fixed in space
and GB, a line fixed in the body, so
that / .1GB=¢ changes as the body
rotates about @.

[*s GA remains fixed and (B
changes its position.]

Let GP=r, / BGP=«, which
remain constant during the motion,

The components of the velocity of P relative to G along and
perpendicular to P are

dr
“dt =0, zuld; (0+z)=~:

r and « being constants,

*. the moment of the velocity of £ about G=r, r%, so that

the moment of momentum of the particle of mass an at P about @
a6
=p2tY
m (1 ¢

Summing up for the whole body, its moment of momentum
about ¢

A8 _do o\ 1rpeadl

= dt- -E)M - K I

6 being independent of the position of P, dg/dt can be taken
outside I.
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Hence cquation (E) takes the form
d .. a0
— 2~ — ’ — ’
dt(MA @ )= Y—y'X)
or M K’(fi—zg=sum of the moments of the external forces about G,

which is written briefly as

where I stands for the moment of inertia of the body about G, and N
for the sum of the moments about @ of the external forces.

15'4x. Kinetic Energy. As seen above the velocity of P
relative to G is r dg/dt.

Hence the kinetic energy of the body relative to G
dg\? de \? dg \*
= 2 B9\ (%Y 2 T ANLAA N
=kxmr (dt) -'%(dt ) Imr=}MEK ( wi) =H
where o is the angular velocity about G.
If the body has also a velocity of translation equal to 7, its total

2
kinetic energy is equal to }Mv2+ I M K”( (g) =} Mv*+ } o,

15°'42. If we now denote the co-ordinates of the centre of masa
by (¥, ) and the angle through which the body rotates by @, the
;hree equations of motion (C)and (D) of Art. 153, 1531 take the
orm :—
d*x ay AR >
Mdt" =X, M = ..(1), MK dr? =N. ..(2).
Example 1. A fine string has two masses m and m' (m>m’)
tied to its ends and passes over a rough pulley, of mass M, whose centre
ts fized, if the string does not slip overthe pulley and the pulley can
rolate about the horizontal aris through the centre, show that m will
descend 1with acceleration
(m—m')g
m-t+m'+MK?[a?
11’;716)’8 a is the radius and K the radius of gyration of the pulley about
the axis.

In Art. 37, the pulley was supposed to be light and fixed, tho
tensions in the string on its two sides were, therefore,
taken to be cqual.

~

In the present case since the rotation of the
pulley of mass 3 is to be taken into account, the
tensions on its sides must be different say 7', 17,

' When the pulley has turned through an angle 6,
T YT lct the depths of masses m, m' below its centre be
. z, y, then the equations of motion are :

T T M K% =sum of the moments of the tensions about the

I centre of the pulley

v, T =Ta—T"a, for the pulley by (2),

myg and mig=mg—T, and

mg m'§y=m’qg—-T', for the masses.
]
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But the string being inextensible z+-y remains constant through-
out the motion, so that §j— —3 and hence m's="T"~- m'g.
Also since the string does not slip over the pulley
#=af and . xi=af or f=3/a.
So the first equation can be written as
MEK2%|a?=T—1T".
Adding this to the other equations, we have
(m4m'+ M K% a®) x=mg—m'g==(m—m')g,
which gives the required acceleration.
Aliter. By Art. 15°41 Kinctic energy of the pulley
=} MA?6* =} MK?[a®)x?,
and Kinetic energies of the masses are ymx2?, }m’52.
Hence total K.E.=3}(m+m’+ M K?/a?)?
=work done=mgx—in'gr=_(m—m')gx
Differentiating this with respect to time ¢, we have
(m~+m'+MK?[a®)x5==(m—m')gx
Hence (m—+m'+MK2[a%x=(m—mn')g, as before.
Example 2. A uniform circular disc of radius a and mass
rolls down a rough inclined plane without sliding ; to find the moticn.

Suppose 1) is the point of contact ¢ secs. after the start and
that B wasin contact with 4 in the R
b.-gi-.ni:-.'

Let AD-=2, /DCB=:0 and a« the
inclination of the plane.

The external forces acting on the
disc are :—

R, the normal pressure of the
plane,

F, the force of friction up the
plane,

g, the weight of the disc.

For the motion of C, the (.4, of the disc parallel to the plane,
we have

9

-

m = ==my sing—F (1
dt
And since there is no motion perp. to the plane
U=mg cos a—R . (2).

For rotational motion obtained Dby taking moments about €,
we have

o

2450, .
mh3 dit =f | a, .. (3).
Since there is no sliding, are BD=AD, i.c.,, x-=af and
dir  d%

e a2 = a dt:! .. (4).
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Using (4) and eliminating F between (1) and (3), we have
m(a®+-k?) ‘f-z«:—-m a® sin x or dz__at sin 5
an =™ @ =gypdsre -0
For the disc  k*=}a? S, d3z/di*=4g sin a.
Thus the centre of the di;c moves with constant acceleration
f=%gsinq,
then ita velocity v and the distance z at time ¢ are given by
‘v=fl=%gsina.t, and z=}fB’=}XxX3gsinax.t?
Now from (1), the friction F=mg sin a—mf
' =mg sin a—§mg sin «
=4mg sin a.
Alsofrom (2), the pressure R=mg cos «.
In order that there may be no sliding of disc, F<uR,
ie., $mg sin a<p . mg cos «. S0 p>jtan a

Note. It may be noted that we can avoid F by taking moment about
D, the point of contact. In this case
k2 about D=2 about G+a‘3=%aﬁ.
a9 . .
m.3 a? a2 =moment of the weight mg about D =mg a sin a.
Hence using (4), we get
diz

di’- =§g 8in «.

Example 3. A4 small light ring is threaded on a fixed thin hori-
zontal wire. One end of a uniform rod, of mass m and length 2a, is
Jreely attached to the ring. The co-efficient of friction between the ring
and the wire is . [The aystem is relcased from rest when the rod is
horizontal and in the vertical plane containing the wire. Show that if
the ring slips on the wire when the rod has turned through an angle «,
them

(10 tan? a4-1)=9 tan «. (M.T.)

When the ring does not slip, the forces acting on the rod
are :-—
Its weight mg ;
R, the pressure of the wire at 4;
F, the force of friction at 4.
Let (z, y) be the co-ordi-
nates of G, the C.G. of the rod
as shown in the figure and let
6 be the angle through which
the rod turns in time ¢, then
x=a cos @ and y=asin 4.
mg .. denoting differentiations by

dots, we have
i=—ados g .g'—asin g .4,
and j=—asing.g§%+acos ..

¢
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Now the equations of motion for the rod are,

mig=—F ie., F=—mi=ma(cos § . @*+sin 9 .§) ..(1),
and wmj-=mg—R i.e., R=mg—mj=my+ma(sin g . §2—cos ‘9.9 (2),
and in order to avoid action at the ring 4, we take moments about
A, K3 about which for the rod=$a?

S mK%*,ie.,m, 4%1-2 f=mg a cos @ i.e., af=3g cos @ ..(3)
Integrating this, we get
af®=3g sin §+C=3g sin 9,
as §=0 when §=0.
Substituting the vhlues of §2 and § in cquations (1) and (2), and
simplifying, we have,
F==3myg sin @ cos § and R=3%my(10—9 cos? §).
If the rod is about to slip when @:=«, then the force of friction
F attains its limiting value p&, e, F=pR.
Hence  §mg sin « cos a=p . mg(10—9 cos? a)
or 9 tan a==p({10 sec? a—9)
=p(10 tan® a+1).
Example 4. 7The door of a railway carriage, has its hinges

(supposed smooth) lowards the engine, which starts with wn accelera-
twon f.  Prove that the door closes in time

." Bl jin 48 —— with an angular velocity (_24_ )
2uf Vi § ] ac4-4k2
where 2(4 is the breadth of the door and k its radius of gyration about a
vertical axis through G, the centre of mass.

Let @ be the angl(, through which the
door turns in time (. Let O represent the o i
line of hinges and OA(=:2«¢) be the horizontal A
section of the door through G. a

When the train starts with accln. f, say, mf- (A
towards the right, the door will have a a
relative accln. backwards towards the left, so
that the resultant force mf acts onitat G 4
which tends to close the door. X

. To avoid forces acting on the line of hinges, we take moments
about 0.

.. the cquation of motion for the dogr is
m(a?+L2)6=mfa cos @ < ()
Multiplying by 26 and integrating, we have
(a2 4 43)g%=2af sin §4-C.
But as the door is initially at rest =0 when §=0, .". C=0.
Hence (a3 44292 =2uf sin @,

de=s| / 20/ ‘ .
or i Rk sin @. . (2).

This gives the angular velocity of the door when it has turned
through an angle .
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The time when the door closes, i.e., when §=}=, is given by

l=‘4 / a’+1?’r" _dg
2af Jo /sing

s 2af
when by (2), the angular velocity is g e
y (2, g y e
Note. If the door is supposed to bo auniform thin rectangular plate,
then k2=} a2, a24k2= ;aﬂ and by (2), the angular velocity of the door when it

/ 3
has turned through an angle @ is 2{1 sin .

Examples LI

x. If in worked example 2, the body is a sphere instead of a disc, show
that the least co-efficient of friction is 2 tan «.

2. A uniform solid cylinder rolls without sliding on a rough plane of
inclination 45°, show that the least co-efficient of friction W is !,

If tha cylinder be hollow, show that the least value of & is 3.

3. A circular ring rolls down a perfectly rough inclined plane in one
minute, show that a circular disc will roll down the same distance in 52 secs.
nearly.

4. Show that the kinctic cnergy of u body revolving about a fixed axis is
$ Iw?,
where I is its moment of inertia ahout that axis and ® its angular velocity.
A thin hollow cylinder, open at both ends and weighing 96 Ibs.
(a) slides with a epeed of 10 ft. per sec. without rotating,

(b) rolls with the same speed, without slipping.
Compare the kinetic energies of the cylinder in the two cages. [Ars. 1 : 2]

. Which will roll more quickly down an inclined plane, a solid sphere
or a holffow cylinder ?

A solid disc rolls down a plane inclined at 30* to the horizontal. How
far will it move down the plane in 20 sccs. from rest 3 What is the velocity of
its centre and if it weighs 10 Ibs. how much energy hasit ¥ (Roor e 1953)

(Ans. Sphero ; 2133} ft., 213% ft. per scc., 106665 ft. lbs.)

6. The weight of a wagon is 2 tons, of which the wheels weigh } ton.

The diameter of the wheels is 2 ft. und the radius of gyration is 0-9 ft. Find the
tutal kinetic cnergy of the wagon when travelling at 40 m. p. h. (Roorkee 1953)
[{Ans. 118-44 {t. tons.]

7. A circular disc partly rolls and partly slides down a rough inclined
planc, show that the acceleratiou of its C. Gi. is the same as for a body which
simply slides and does not roll.

Show that the result is the same if the dise is replaced by a cylinder or
a sphere.
[Hint. In worked Ex. 2, take F=pR. Equation (4) docs not hold in
this case.]
8. A wheel and axle Lius a mnoment of inertia I about the axis, which
is fixed horizontally and about which it can revolve freely. Masses m and M
hang by light threads from tho whoel (radius a) and axle (radius b) respectively-
Show that the angular acccleration under gravity will ho
_(ma— M)
ma2+Mb241
The end of a weightloss thread wound round a reel, (a solid cylinder
of mas3 m), is held fixed and the reel is allowed to fall in a vertical planc, its
akis remaining hevizontal. Show that the aceeleration of the reel is g and the
tension of the thread is img.
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10. A uniform rod of length 2z is held in a vertical position with one
ond resting upon a perfectly rough table, and when rvloased rotates about the
end in contact with tho table,

Show that when it is inclined at an angle @ to tho vortical its aungular
aecelcration is i_?fg sin @ and that the pressure on the table vanishes but the
rod does not leave the table, when cos §=4.

11. A uniform rod of mass m and length 23 can turn freely about a
fixed end. Show that the least asugular voloeity with which it must be started
from the lowust position so as to make complete revolution is

v/ 3gja.

Show also that with this as the initial angular velocity, time taken by
the rod to turn through an angle @ is given by

4a
= 3 log tan § [k+0].

12. A uniform hoop can rotato in its own plano which is vertical about

a smooth hingo at ono end of a diamoter. It is allowod to full from the position

in which tho diemotor is horizontal. Prove thiat when the horizontal compo-

nent of thoe roaction at tho hinge is a maximun, the vertical component is 1-25

of tho woight of the hoop. (Indian Railway Fervice).
[Proceed as in worked Ex. 3.]

13. AD and CD are two rods of lengths 2a and b respectively, the mass
of each rod being wn por unit longth. The rods aro rigidly joined togothor at
right angles ut (', tho middle point of 4B, and tho system i froe to rotato in a
vertical plane about D. If tho systom is held with A B vortical and then lot go,
calculato tho angular velocity when AB is horizontal- (D.U.)

[Ans. [39(4a+b)b/(2a3+ 06ab2+b3}}.

15'5. Torsional Vibrations. When a bhody such as a bar, a
circular dise, or a lamina is supported in a horizontal position by a
vertical wiro attached to its C.G. and is rotated from the position of
equilibrium through an angle @, the wiro is twisted and a restoring
couple is brought into action due to which the body executes vibra-
tions called torsional vibrations.

Let the body be a uniform circular dise of mass m and radius @
suspended by a wire attached to its centre,

Suppose the restoring couple is proportional to the angle
through which the disc is rotated, then its equation of motion is

kB0 _ d _ A A ( a0,
mk de® Ag of dd —  wk®°T  mal 0, ([ k= 2

The motion is, therefore, simple harmonie, the period of oscilla-
tion being equal to

A mh3 ma®
— — 2 4 —_—— == 2 —
2r- mk? = V A * V 2A

Tho length of the cquivalent simple pendulum in this case is
ima?g/A.

» 15°6. Ballistic Pendulum. An important application of the
compound pendulum dealt with in-Art. 1493 is made in determining
the velocity of a rifle bullet.

A pendulum with a massive bob and considerable time of
oscillation is so formed that the bob is in the form of a hollow iron
eylinder open at one end, stuffed with a block of wood inside it.
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Let a bullet of mass m be fired in a horizontal line through the
aentre of oscillation 0’ of the pendulum.

Let v be the velocity of the bullet which is to be determined, M
the mass and I the moment of inertia (MK?) of the pendulum
or including the embedded bullet. Also let 2 be the
distance of @, the C.G. of the pendulum, from O,
the centre of suspension,

Then the equation of motion as given in
Art. 14'93 is

MEK3%=—Mgh sin § or [j=—Mgh sing ..(1).

h If g is taken to be a small angle and the
time 7' of oscillation is determined,
then Ig=—Mgho
. _ T MgT?
and T=2r m or I_-—W—- ..(2).
6| Again multiplying (1) by 26 and integrating,
we get, 10*=2Mgh cos §+C ..(3).
L. v When ¢=0, let §=w, the initial angular
Lo J m velocity of the pendulum, then

To®=2Mgh+C.
If the pendulum swings through an angle «,
8o that §=0 when §=e«, then 0=2Mgh cos a+C.

Hence Io?=2Mgh(l1—cos a)=4Mgh sinz—of-,

Mgh . o 4m .
or u=2/\/—l'i 8in 5-=-7 sm-;i ..(4), [from (2)].

Now there being no external force, the moment of momentum
or the angular momentum of the system remains constant
(Art. 15-22).

If 1=00', the distance of the centre of oscillation from the
centre of suspension, the angular momentum just before the bullet is
embedded =mv.l=mlv.

And the angular momentum just after the bullet is embedded is

If=Io.

A mly=1Iow or v=1Iw[ml.

Substituting the values cf I and o from (2) and (4), the velocity
¢ of the bullet is given by,

1 MghT?2 4n . o TMgh . «
mi X Tam X7 N T = M Y
In the above, M.I. and 7' may be taken as the quantities relat-
ing to the pendulum before the bullet is embedded in it, m being

small, the errors so made are small. -

The angle a ic usually measured by a piece of tape attached
to the bottom of the pendulum and wound on a recl, the amount
of the tape unwound is measured and the amplitude of oscillation is
determincd.

Y=



CHAPTER XVI

FURTHER EXAMPLES OF MOTION OF A RIGID BODY
IN TWO DIMENSIONS

16-1. Rotation about an axis. A4 uniform rod OA, of mass
M ayd length 2a can turn freely about one end O which s fized. It is
started with an angular veloctty w from the position sn which st hangs
vertically. To find the least value of w in order that the rod may make
complete revolutions.

Let the rod make an angle § with the vertical 0Z, then taking
moments about 0, we have

2
MK? ff—l“tz’: — Mg.a sin 6 . @
Since K2=.g—2 +a2= _;_az,
f= ———Z% sin 4.

Multiplying by 24 and integrating,
we get

é’:g—Zcos 6+C.

Since § =w when =0,

C=w?—3g/2a.
3
Hence §2=cw? — —2% (1—cos 8) e (2).

Now when =1, #3=w®—3g/a.

In this position § is positive if w?> 3g/a.

Hence the least value of w for the rod to make complete
revolutions is 4/3g/a.

Example 1. - Show that with this particular value of w, the

. . . da -0
time t to describe any angle 0 isgiven by t = “3g log tan\- 4 )

Example 2. 4 body makes complete rcrolutivns about a fizxed
horizontal axis, about which its radius of gyration is K and from
which the distance of its C. G. ts h. If the greatest and least angulur
velocities are one per cent greater and one per cent less than w, prove
that K2w®=100 gh.

16-2. Reaction of the axis 0f Rotation. A body moves
about a fixed horizontal axis urder the force of gravity alone, fo find
the reaction of the axts.

It is assumed that the body ts <ynnmetrical about the plane
through, @, the centre of gravity of the body, perpendicular to the axis.
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Let AOG be the vertical plane perpendicular to the axis about
~hich rotation takes place, and let it intersect the axis in O.

Let OG make an angle 6 with
the vertical line OA (the initial
position of 0G), let K be the radius
of gyration of the body about a line
through G parallel to the axis and
let OG=h.

Then by taking moments about
the axis, we have
M(K2+h?)f=—Mg h sin g ... (1).
Multiplying this by 26 and
integrating, we get
(K24 ) 82=2gh cos g+C
=2gh (cos §—cos a) ...(2)
taking 6=0, when §=q.
Now let X, Y be the compo-
nents of the reaction at right angles

to and along GO, then resolving in
these directions, we have

b

Mhp=X—-Mgsin g .. (3),
and Mh §2=Y — My cos § e (4).
From (1) and (3), we get
X— Mg sin 60— My b2 sin 0= Mg _K* sin 6 ... (9)
: K2+ h? K2+h? e
From (2) and (4), we get
Y=MUyg cos 0+-»?M-'(l- " (cos 6§ —cos a)
- K2+ h? '
Tho resultant of X and Y gives the required reaction.
Note. I‘'or small oscillations equation (1) becomes §:= — I\"::’l: ae

The poriod of a small oscillation 7' is 2= \/(K-’ +h%)[gh and its frequency
T =/yh [2r/K2h? .

Examples LII

1. A thin uniform rod has one end attached to & smooth hinge and is
allowed to full from a horizontal position. Show that the horizontal strain on
tho hingoe 13 greatost when the rod is inclined at an angle of 45° to the vertical,

and that tho vertical strain is then 131 times the weight of the rod.

2. A circular area of weight W can turn frocly about a horizontal axis
porpendicular to its plane which passes through & point C on its circumference.
IT it starts from rest with the diameter through C vertically above C. show that,
when the dinmeter has turned through an angle 0, the components of the
strain at ¢ slong and perpondicular to this dismeter are respectively

} W (Tcosh —4) and } W sin 0

Show also that when this dinmoter is horvizontal tho resultant pressure on the
avisas 317 W and that when it is vertically below €, the resultant pressure iy

..l“l ‘v .
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(b) Show that in the case of a uniform rod which just makes complete
revolutions, these components of the strain are } W (345 cos 0) and } W sin 6,
[Hint. See Art. 16-1 and use (3) and (4) of Art, 16-2.]

3. A uniform hoop can rotate in its own plane which is vertical, about
a smooth hinge at one end of a diameter. It is allowed to fall from the position
in which this diameter is horizontal. Prove that when the horizontal compo-
nent of the reaction at the hinge is maximum, the vertical component is 5 of

the weight of the hoop.

4. A right circular cone, of weight W and of semi-vertical angle a,
can turn freely about an axis passing through the centre of its base and
perpendicular to its axis. If the cone starts from rest with its axis horizontal,
show that, when the axis is vertical, the thrust on the fixed axis is

W(6 +3 cos? a)/(6—2 cos? a).

5. A uniforin rod AB of length 2¢ and mass M, is freely attached to a
fixed support at A and swings in a vertical plane through . Find the reaction
of tho support and the frequency of the small oscillations.

Prove that if a particle of mass k.M is attached to the rod at l)‘,v the
frequoncy of the small oscillations is reduced in the ratio
v/ (T+2k) | (1+3%). (D. U. 1961)

16:3. A uniform rod AB held at an inclination o to the
verticul with one end A in contuct with a rough horizontal table.
T'o show that if released, the rod will commence to slide at once if the
co-efficient of the friction w is less than 3 sin a cos o [ (1 + 3 cos? a).

Lot m bo the mass and 2a the length of the rod.

Let (x, y) be the co-ordinates of the middie point of the rod
when it is inclined at an angle 6 to ’§he vertical and let R be the
normal reaction and F, the friction in this position, then

Since r=a sin 9,

o= cos 0.9 — sin .02,
and since y==« cos 0, R B
§=— « sin 6.5—a cos §.62 0
The equations of motion are : — n
mi=m (@ cos 6.0—a sin 9.02) | x
=1 e (1), G
and mij==m ( -« sin 6.0 —a cos §.6%) y
=R —my e (2). L. Q4
Taking moments about ., 6
we have A F
m f;,;f 0==mg. « sin 8 #19
or 4a §=3g sin § . (3)
Multiplying (3) by § and integrating, we have
2 f%=—3gcos §4+C=3 g (cus x—cos 6) . (4),

sinco § =0 when §=a.
Substituting § and 8 from (3) and (4) in (1) and (2), we get
F-=3 mg (3 cos 6—2 cos «) sin 6,
and R=} mg (149 cos* 6—6 cos 8 cos a).
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When 0=a«, F=} mg sin a cos o, and R=} mg (143 cos? ).
The rod will slide at onces.e., when f=a,

if F>p R, te. if §$ mgsin «a cos « >} p mg (143 cos? )

t.e., if p <3 sin « cos af(143 cos? «).

Cor. () If the rod starts from the vertical position then =0,
and F=$ mg sin 0 (3 cos §--2), and R=} mg (1—3 cos §)2.

It shows that when cos §=4, although B vanishes but it does
not become negative, so that the end 4 of the rod does not leave the
table even when the pressure vanishes.

(¢¢) In this case, F changes its sign and its direction is
reversed as @ passes through the value cos-! §.

-~
Note. Equation (4) can be written down at once from the principle of
energy.

K.BE.=}ml w?=1}m § a? §2

and work done by the weight of the rod mg (a cos « — a cos 6), equating these
we get equation {4).

Examples LIII

1. A uniforin straight rod of length 2a is held at an inclination « to
the vertical with its lower end in contact with & horizontal table and let go.
Show that the angular velocity of the rod when it becomes horizontal is

\/ 3 g cos af2a whether the table is perfectly smooth or perfectly rough.

2. A uniform rod AB slides down in a vertical plane with its
lower end B resting on a smooth horizontal plane and the upper end A4 resting
aganist a smooth vertical wall. It starts from rest when it is inclined at an
angle « to the horizontal. Show that the end 4 leaves the wall when the
inclination of the rod with the horizontal is sin-1 (% sin «) and that its angular

velocity is then equal to 4/g sin af2a.

3. Insolved Ex. 3, P. 302, if the horizontal wire is smooth instead of
being rough show that the centre G of the rod moves in a vertical line through
its initial position and that the velocity of eitiier end of the rod is /5 ag

when the rod is vertical.

4. - A thin uniform rod, of mass m and longth 2a, is hold horizontally,
and is in contact with a fixed rough peg at a point distant d from the middle
point of the rod. The rod is then released, show that slipping commences when

]
the rod makes with the horizontal the angle tan-t —%2—(_"{-—“-2 and that the in.
pe . . myg a?
itial reaction of the peg .is S rar”

16:4. A-uniform rod OA, of mass M and length 2a, is free to
turn about a fixed hinge at one end O and revolves about a wertical
ltne OZ so as to describe a cone of semi-vertical angle a, to find its
angular velocity w.
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Let m be the mass per unit length of the rod, so that 2am=M,
and consider an element PQ=dx at a distance z from the
fixed point O.

Draw PN perpeudicular to OZ.
Since the element PQ describes a circle
of radius r about N, its acceleration
towards N, is r w?,
where r=PN =z sin «.

.. the force towards N is mdz. rw? N|
and its moment about O is
mdzx. rw?. ON=mdx o?. x sin a. z co8 o

=mw? 8in o cos «. x2dzx.

Taking moments about O for the

whole rod, we have
2a

j mw? sin & cos «. xidx

o Z
=moment of the weight
=Mg. a 8in o
=2 amyg. a sin a.
.. mwdsin a cos «. § a¥=2 a2 mq sin a
Hence either a=0, t.e. the rod hangs vertically,
Or 4aw? cos a=13g, i.e. cO8 a=—d . «.(1).

4aw?
This shows that cos a being <1, 4aw?>3g, t.e. w?>3g/4a.
Example 1. Prove that the direction of the reaction at the

hinge makes with the vertical the angle tan-! (} tan «).
2a

[Hint. Vertically ¥=Mg. Horizontally X= I meodz sin a dz
0

=:mw? sin «. 2a2=Mw?a sin «. Now use (1) for w’].

Example 2. A rod, of length 2a, is suspended by a siring, of
length 1, attached to onme end ; if the string and rod revolve about the
vertical with uniform angular velocity, and their inclinations to the
vertical be 0 and ¢ respectively, show that

3l _(4tan 6—3 tan ¢)sin ¢
"a  (tand—tan f)sin § (D.U. 1963)

[Hint. If 7' be the tension of the string and m the mass per

unit length of the rod, then resolving vertically, T cos 8=myg.

The distance of an element at P from OZ =x sin ¢+ sin 0.
2a

Resolving horizontally, T' sin §=| mw? (z sin ¢+ sin ) dz

Taking of moments about O gives
2a

2amy.asing = | mw? (x sin $41sin ) x cos ¢ dz].
0
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Example 3. A4 uniform rod AB is freely movable on a rough
inclined plane about a@ smooth pin fixed through the end A. The rod
ts held in the horizontal position in the plane and allowed to fall from
this position. The inclination of the plane to the horizon 18 « und the
co-efficiunt of friction is u. Show that if 0 be the angle through which
the rod falls from rest, then

s §/8=p cot «.

16:5. A solid homogeneous sphere is resting on the top of another
rough fixed sphere, and rolls down it. To find the motion.

Let a¢ and b be the radii and C and O the centres of the moving
and fixed spheres Tespectively.

Let D be the point of contact, F the friction and R the normal
reaction on the moving sphere at any time ¢.

Let B be the point of the moving sphere which was initially in
contact with 4, the highest point of the fixed sphere.

Let 2 AOC= 7 OCE=4,
and ¢/ BCE:=4¢.

The geometrical condition
is arc BD=arc AD,
or a (¢—06)=06,

v.e. ad=(a+b)8 < (D).

Since the centre (' of the
moving sphere describes a circle
of radius ¢ +b,

~. its  eyuations of motion
are :—

M (e--h) =My sin —F ... (2),
and
M (a-b) 02=My cos 6—R ... (3).

Also since CB, a line fixed in the moving sphere makes with
the vertical, a direction fixed in space, an angle ¢, by taking
moments about C and using (1), we have

ME? §=Fa, or by (1), MK® ‘-‘3}'-’5 Fa . (4).

Taking K?=2 a3, it becomes 3 M(a+b)d=F, and added to (2)
it gives
(a+4b) §=2 g sin 8 ... (3).

Multiplying this by 2 § and integrating and applving the
initial condition that 8 =0 when #=0, we have

(a4b) §3=— 22 g cos §+C=21 g (1 —cos 0) ... (6).
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Now from (3), R=Mg cos d— %2 Mg(1—cos 6)

= 1 My(17 cos § —10) e (7)

and from (2) and (5), F= Mg sin § —% Mg sin §=3 Mg sin .« (8).
Notes. 1. The sphere will slip if F=uR,
i.e., if 32 Mygsin 0=p. 1 Mg (17 cos 6—10) or 2sin 0=p (17 cos 0—10),

Taking p=tan 2, this can be written as
2 gin (0—2)=5 sin A (3 cos 0 —2).
2. If tho sphere is rough enough to prevent slipping, then by (7)
R will be zero and change sign, i.e., the upper sphere will leave the lower when
cos 0=10/17, a result independent of magnitudes of the spheres.

3. Equation (6) can be obtained directly from the principle of energy
as follows :—

Kinetic energy of the spherc=3 M v?+} [ «®
1 ; 1 2 ) 7
m—— 2 924 M 2Pl 2 82 i
5 M(a+b)? 6%+ 3 M 5 ¢ 4 10 M (a4b)2 8° [by (1))

The work done by the weight = Mgy = Mg[u+b—(a4b) cos 0]
=Mg(a+b) (1—cos 0).

7 . .
“ 5 M(atby 0% =Mg(a+b) (1—cos 0) or (a+b)02=%& g (1—cos 0).

Example 1. (a) Show that if the spheres were both smooth, the
upper spheve will leave the lower when cos 0=2.

(b) If the wupper sphere starts moving from the position of
rest at §=u, show that it will slide when

2 sin (0—A) =5 sin A (3 cos §—2 cos a),

and that if it 1is sufficiently rough so as not to slip, it uill leave the
fixed sphere when cos §=1% cos a.

Example 2. A4 soltd homogeneous sphere of radtus a and mass
m, rolls in the interior of a fixed hollow sphere of radius b, the centres
of the two being always tn the same vertical plane. Show that

(t) the equation of motion of the sphere is the same as that of a
stmple pendulum of length 3 (b—a).

(i¢) That the pressure on the sphere is & mg (17 cos §—10 cos «),
where 0 is the angle between the common radius and the vertical and «
the extreme value of 6.

(11¢) That the sphere will make complete revolutions when in its
lowest position, the pressure om it 1s greater than % times tts own
weight.

Example. 3. A circulur plate of mass m, rolls down the inner
circumference of a rough circle under the action of gravity, the planes
of both the plate and the circle being vertical. When the line jotning
their centres s inclined at an angle 0 to the vertical, show that the
Jriction between the bodies ts § mg stn 6.
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16-6. Impulsive Forces. Equations of motion as given in Art.
13-42 of the previous chapter are :—
d%% -_ ary _ 2 920 2
M m—‘i—X, M W?—Y ... (1), and MK —ip =N ... (2),
where (7, 77) are the co-ordinates of the point @, the centre of gravity
of the body.

Equations (1) show that G, the centre of gravity of the body
moves as if M, the whole mass of the body, were collected there and
all the external forces act on it.

Equation (2) gives the motion of rotation of the body where N
is the sum of the moments of the external forces about @ as if it
were a fixed point. Integrating these equations, we have

dT dij _ , 40 ,
Mm—_jxou, D -_Iyau, and MK ;E_JAdz.

Suppose X, Y, N are large and act for a very small time ¢, their

effect is then measured by their impulses, viz.
t t $

J-th-.:X,, JYdt:Y,, a,ndj' Ndt=N,,
o ) o

where X, Y, are the impulsive forces and N, is the impulsive
couple.
t t t t
' . _ dy
Thus Xf_—j‘xcu{mm( : J Y= I Ydt = [ M 717]
o [4) 0 )

¢
t

¢
and N, = I A’dt::MKz[ g_t"_]
[s]

Now suppose that just beforc the impulses act (i.e. when t-:0),
the velocities of G, the centre of masg of the rigid body, are u,, v,
parallel to the axes and w, is the angular velocity and that after the
action of the impnlses (i.e. at time ¢) these velocities are u., v, and
w, respectively.

Then these equations become
1=—‘-‘.ﬂ[ (u2~u1)’ Y1=M (vg'—-vl), and Nl-—1= MK? (102-—101).

The first two equations show that change in the momentum of
mass M, supposed to be collected at /7, in any direction is equal to
the sum of the impulses in that direction and the last equation
shows that change in the moment of momentum (or in the angular
momentum) about ¢ is cqual to the moment about ¢ of the impulses
of the forces.

Note. It may be reniombered that un impulse is not « force. The
former heing measured by the change of momentum is of physical dimensions
MLT-1 while tho lattor 13 of dimcnsions MLT -2,
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16:61. These principles are illustrated in the following
examples :—

Example 1. A uniform rod AB of mass m and length 2a, is
set in motion by a blow P acting at the end A and inclined at an angle
o to the rod. Find the velocity of A immediately after the impact, and
prove that the energy communicated to the rod is P2(14-3 sina)/2m.

(The rod may be supposed to be placed on a smooth horizontal table.)

Let G be the C.G. of the rod, u, v velocities of G along and perp.
to AB, and let w be the angular velocity, then the equations of
motion are : —

mu=P cos «,
mv=P sin a.

/Nw
a? v
and m ~3——-w=moment of A 7 ,
P about G=P a sin «. A a G u a B

The component velocities of 4, just after the action of P are
ur:}_"cosa_ , and v +aw— P sin « n 3Psina _ 4Psina '
m m m
The kinetic energy of the rod=1} m (u?+v2+ K2w?)
Plcos?a  P?sin2a , 1 9 P2sin?a« pz
=1 il el T el o I
2 m [ m? + m? + 3 m? 2m
Example 2. Two equal uniform rods AB and BC, each of mnass
m and length 2a are smoothly jointed at B and placed on « smooth table
so that ABC is a struight line. A horizontal blow of impulse P acts at
A at right angles to AB. Show that
(2) the resulting velocity U of A is 3} tines that of B,
(i) the kinetic energy generated is 3 m U2,
show also that the kinetic energy generated is 1 times what it would be
if the rods were rigidly fastened together at B,

Let u, v bo the velocities of centres D and E of the rods and
let w, and w, be their angular velocities after the action of the blow.

(143 sin” «).

Let X be the impulsive action at B ih opposite directions
on the two rods, then for the motion of the rod 4B, we have

TN, ~
UT X szv
A*P a D a —a E a ¢
X
mu=P+4X (1),
and m L:- w,=lu—Xu e(2),

and for the rod BC,

2
-

myv=—2X ... (3), and m-%— wr=Xu .o(4).
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The velocity of 4 being given U, ... u+aw,=U ...(8).

The velocity of the end B of the rod AB=u —aw,,
also the velocity of the end B of the rod BC=v—aw,

Equating them, we get U AW, =V — Awy ...(8).
Substituting from the first four equations, we get
P+X 3(P—X)_ _ X _3X | sx_9p, ic. X—}P.
m m m m
e P, 8P 9P . 3P
=T am YT am o YT g MY gy
, . 14P 7P A
(2) Now velocity of A=u+aw,=—z—m——-2»m—- =U (7)),
. 4P P . .
and velocity of B=v—aws=—- T e magnitude.

Hence the velocity of A=3} times that of B.
(%) The kinetic energy T=13m [ud+4-v2+1} a?w,?+1 a’w,?]

25P2 p? 81pP2 9P 7P?
=im [ Tom® T Tomt T a8 T 48m*]_ am
TP m _49P2

—e = e K o 2
But T 7 X v 3 mU2. [by (7)}.

(it3) When the rods are rigidly fastened together at B, it
becnmes one rod of length 4a and mass 2m. If V be the velocity of
its middle point B and w be its angular velocity, then

. (8)

H
2mV=P, and 2mx L2—a-)~»w=P. 2a or maw=-7?;- P.

3
2012
The kinetic energy 7" in this case=}. 2mV%+4}. 2m J? w
p2 4 9P il
=m[4-7;:+ 3 - U»m‘] o (9).
from (8) and (9) —-—-‘-1-1 .

Example 3. In the above example if the blow P strikes the
rod AB not at A but at another point Q, show that A and B will begin
to move 1n the sume dircction if AQ s greater than LAB and iess
than 3AB.

To usc the same figure as given in the last example, let 4Q <.AD
and let AQ=x, so that QD=a—u.
Taking moments about the middle point D for the rod AR, we
have
u? .
'm-—3~—w. =P (u»—x)——‘\a ...(2).
Sustituting from this equation and from (1), (3), and (4) in (6),
which remain the same ag given in the last e\(unplt, we ;:,ot
P4+ X 3P (a--x)--3Xa_ X 3X
m  ma  mm
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or 83X = 2P—-:-;—}—)f 1.e. X:L—&.
4 8a

_P4+X P P 3Pz (10a-—3x)P
T m m  4dm  Bam
3P (a—x)—3Xa_3P (a—2x) 3Px
me ~ ma @ 0m [ 8a
__ 3 (6a—bx) P

8am
.. Velocity of A=u+aw,==(28a—18z) P/8am,
and Velocity of B=u—aw,=(12x—8a) P[8am.
The velocity of 4 will be positive if 18z < 28a

e if x<7~X2a or 7A~B
O T 9 .

The velocity o f B will also be positive if 12z > 8«,
i.e z> _?5_1_ or AB
h 3 3
Thus 4 and B will move in the samce direction
if 4 AB<r<3AB.

Note. The velocities of both 4 and B will be negative if z >3 4B but
<} /A B, which is obviously impostihle.

Example 4. A uniform rod of length 2a and mass m 18 in
motton tn @ horizontal plane p, with speed u at right angles to its length
when it collides with a stationary small uniform elastic sphere of
equal mass whose centre lies in the plane p. If the sphere is free to
move, prove that the angular velocity acquired by the rod cannot exceed

(1+4-€) uy/6/4a,
where e is the co-effictent of restitution.

and aw,=

Let the rod AB strike the sphere at a distance x from its
centre €, and let v be lincar and w the angular velocity of the rod

and », the velocity of the sphere just after the impact. Then the
equations of motion are :—

o I
U T w
a a 04 x  |P B
“ 1
For the rod m (V—u)y=—1I (1)
3
and m a? w=Izx e (2)
For the sphere woy =1, . (3)

where [ is the equal and opposite impulse on the sphere and the
rod.
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From these equations we get
(vi—v)+u=2I/m=4%a’w|z < (4).

The velocity of the point P of the rod just after the impact is
vV—2w.

‘. by the law of relative velocity for impact, we have
v —(V—2w)=—e (0—u)=eu, or v,—vtzrw=cu «.(b).
Now from (4) and (5), we get
U—rw-+teu=% ad’w/z or (3z2+42a?)w=23xu (14-¢)
=3u (14 e)x and i(_uﬂ 3u (14-¢) [322+ 207 — 622

322 2a2 dx R h*@'xzﬂ-ilaz)‘
For max. value of w, dw/dz=0, which gives 2a2-- 322=:0
or x=4/%a.
. _ 3u(14e)4/2a _ (1+e) u /6
For this value of 2, w= 73 Q2 Pt

Example 5. A uniform rod AB, of mass m and length 2a, is
struck by an tnstantaneous impulse P acting at B in a direction BC
which makes an angle « with AB produced. Show that AB will
become parallel to BC after a time t given by t=maa/3P sin a.

Let u, v be the components of the linear velocity of the middle
point G, and w the angular velocity of the rod, then

o«
w Tv \
. a ol T
g 7 L4
A a ¢.=u ¥
N y
N Vd
N s
N /
N pVl
\‘ 7
mu=P cos a, myv=P sin «,

2
and m%w:moment about @ of the impulse P=P.a sin «,

or w=3P sin a/ma.

After the action of the impulse the motion hecomes steady and
the rod will become parallel to BC after it has rotated through the
angle « in time ¢ given by

o ® __ Maa
T w  3Psina

Example 6. In the above example if the end B, instead of being

[ree, is compelled, by « frictionless constraint, to move along the line
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BC, show that the impulse P will be accompanied by a simultaneous
tm pulsive reaction on the constraint of magnitude.
3P sin a cos af(143 cos? a).
Let w,, v, be the components of the velocity ef G and w,, the
angular velocity of the rod in this case. ,
The constraint being frictionless, the impulsive reaction will be
perpendicular to BC.

A a G W

Resolving along and perpendicular to AB, we have
mu, =P cos a— R sin «,
mv,=P sin a+ R cos «,

and taking moments about G, we have
al

ng;,=P. a sina+R a cos a.

The velocity of B is u, along AB and v; +-aw, | AB.

.. the point B will move along BC if

v +aw, _P sin a4 R cos a+3 (P sin a+ R cos a)
1 P cos a--R sin a T

or (P cos a—R sin a) sin =4 (P sin «a+R cos a) cos «,

3 Psin a cos « _ 3 P sin « cosa

sin? a+4cos® «. 113 cos? «

Example 7. Two equal uniform rods, each of mass m and

length 2a, rests on a smooth table, one extremity of one rod being con-

nected with one extremity of the other by a light inextensible string, the

rods and the string form the sides of a rectangle and the string is taut.

If an impulsive couple of moment (¢ suddenly acts upon one of the rods

80 as to produce an impulsive tension in the string, prove that the

energy communicated to the system is 15G*/16a%*m.

Let u, u, be the velocities of the middle points and w, w; be
the angular velocities of the rods, and let 7' be the impulsive tension
in the string, just after the B C
application of the impulsive y > <
couple G. Then the equa- T T
tions of motion are :

mu="T ..(1), a a
a2

m Tm:G-—Ta...(2), ,3

u ,
and muy=—T "...(3), /No u,‘\
a?
m -g—wlr_’.l'a ... (4).
Since the string is
inextensible, the velocity
of B=the, velocity of C. A D

tan a=

which gives in magnitude R=

Qa a
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U—Aw="1U; —Aw
or U—Uy =AW~ Aw, .. (5).
Substituting the values of «, u;, w, w, in (5), we get
27T =3G|a—3T-3T, or al'=3Gq.
3G 3T 8T 3T 5T 3T
= — = — = —— and aw;=—
am m-_ m m m m
Kinetic energy =im[u? 44,2+ a2w?+ }alw,?)
—1n T T 257* 972
T o T T g T
_407% 40 962 15G*
T 6m  6m ° 6442 " 16a2m _
Example 8. A uniform circular disc of mass m, initially at
rest but free to move tn any manner, is suddenly set in motion by an
tmpulse, in its plane, applied to a point A of its circumference. The
initial velocity of A has components U along the radius through A,
and V along the tangent at A. Prove that the initial kinetic energy
of the disc 13 ym (U2+4V?2).
Let the diameter through and the tangent at A be taken as
the axes.
Let w be the angular velocity of the discand u, v the components
of the velocity of its centre C, and let X. ¥ be the components of the

impulse at A.
Then we have
mu-:X, mv=Y, and mK2w=—-Ya

a? N -
or m—2~w=—.-aY t.e. Mmaw=—2Y

2mv4-maw=2Y —2Y =0
or aw=—2v
For the motion of 4.

U=u,and V=v—aw=3v,
i.e., v=4V and bw=—2v

——3V

The Kinetic energy=3im(u?+v?4 K?w?)
=3m U2+—L V24 EE % ii_V_z.
9 2 902
=3m[U24-4V2].
Examples LIV

1. A uniform rod AB of length 2a, is lying on a smooth horizontal
plane and is struck by a horizontal blow, of impulse P, perpendicular to the
rod at a distance = from the centre. Find the motion and show that the point
about which the rod begins to turn is at a distance (n24-322)/3x from the line
of action of P.

If P acts at the end A4 of the rod, show that the velocity of 4 is twice
that of the end B.

2. A light rigid rod has particles, each of mass m, attached at 4, B
and O, where AB=a, BO=b (a>b). A blow P perpendicular to the rod is
applied at the middle point ofP AcC, showbtha’o the angular velocity acquired is

a—
&m ‘at4ab4dr’
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If the blow P acts at a point distant from A equal to BC, show that the
kinetic energy of the systein is
Pt a®—ab+4-b?
%m ' a?fab+b?
3. A circular disc is revolving in its plane about its centre with angular

velocity «. Show that its new angular velocity if a point on the rim is
suddenly fixed is }aw.

4. An impulse is applied at a point P in the rim of a uniform cirenlar
disc lying on a smooth tahle, in such a manner that P starts to move along
the tangent to the rim at .>. Prove that the initial velocity of the centre of
the dise is § timos that of P.

5. A uniform circular hoop, lying on a smooth table, receives a blow,
in its plane, at a point P, inclined at an angle a with PO, the radius through P.
Show that P begins to move in a direction inclined to PO at an angle
tan-1(2 tan a).
6. A square lamina ABCD, of side 2a, rests on a smooth horizontal
plane. If the corner 4 is made to move with velocity u along the line BA
produced, prove that tho initial angular velocity of the lamina 18 3u/8a.

7. Two equal uniform rods, oach of mass m, are freely jointed at A
and lmd on & smooth horizontal table so that angle BAC is a right angle.

The rod AB 1s struck by & blow Pat B in a direction perpendicular to AB.
Show that

(?) the resulting velocities of the middle points of AC and AB are in
the ratio 2 : 7

and (¢7) the initial velocity of 4 is 2P[5m.

8. A uniform lamina of mass m in the form of an equilateral triangle
of side 2a, moves along with velocity % in a direction parallel to one side AB.
Suddenly the foromost end 4 of the side is fixed. Show that the subsequent
angular velocity is v/ 3 u/5a and that the impulee of the force at the fixed point is
1 mu /1§ in a direction inclined atan angle tan-1(\/3/4) to the side 4B of
the trisngle.

9. Three equal rods AB, BC, CD are hinged freely at thoir ends, B
and C, so as to form threc sides of a square and are laid on a smooth table ;
the end 4 is struck by a horizoutal blow J at right angles to AB. Show that
initial velocity of 4 is 19 times that of D, and that the impulsive artions at
B and C are respectively 2 J and T dJ.

10. A uniform rod 4B, of mass M and length 2q, lies on a smooth table
and a particle of mass m is attached to B by a light inextensible string. The
particle is projected fromn B along the table with velocity = at right angles to
the rod. Find tho velocity of the centre of the rod and its angular velocity
immediately after the string tightens, and show that a fraction M/(Df +4m) of
the original energy is lost. [Ans. mu[(M +4m), Imuja(M +4m)).

11. A uniform rod falling without rotation, strikes a smooth horizontal
plane. Prove that for all values of the co-efficient of restitution, the angular
velocity of the rod immediately after the impact is & maximum if the rod before
impact makes with the horizontal an angle cos-(1/v/3).

12. The end B of a uniform rod, of mass 2m and length 2a, is smoothly
hinged to & point on the rim of a uniform circular disc of mass m and radius r.
The rod and dise are laid on a smooth horizontal table so that the direction of
AB passes through the centre of the disc.

An impulse P is applied at 4 at right angles to AB. Provo that the
kinetic energy produced is'9P2?/10m, and that the impulsive reaction at the
hinge is 1P.

13. A uniforn rod, of length 2 feet and weight 6 lb., is pivoted freely
at one ond about & horizontal axis. The rod is slightly displaced from the
position of unstable equilibrium. With what angular velocity will it reach the
horizontal position ?

What will be the impulsive blow on & stop which catches the end and
prevents the rod from moving past that position ?

|Ans. 4/3; 40/y/3 Ib. ft. sec. units.]
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14. A circular hoop of radius @ rolling on a rough horizontal plane,
ixapinges on a rough peg of height i afixed in the plane. Find the angula

velocity with which the hoop begins to trun about the peg. If V be the
velocity of the oentre before impact, prove that if 81 V3> 80ga, the hoop leaves
tho peg immediately. (Ans 9V [104.]

15. Compare the kinetic energies imparted to an elliptic disc of semi-
axes a and b by a blow J in its plane through a focus at right angles to the
major axis

(¢) when the disc is free (it) when the centre of the disc is fixed.
[Ans. (Ba®—3b%)[4(a®—bY)].

16:7. Centre of Percussion. If an impulse is applied to a
rigid body which 1s free to turn about a fixed axis so as not to produce
any tmpulsive reaction on the axis, the line of action of the impulse is
called the line of percussion and the point in which this line meets the
plane through the centre of gravity G of the body and the axis of rota-
tion 1s called the Centre of Percussion.

In the case of a thin rod the centre of percussion is the point in the rod
where the line of action of the impulse meets it.

When the line of action of the impulse is given, the axis about
which tho body begins to turn freely is called the axis of spontaneous
rotatson.

16.71. As a simple example let us consider the following :—

A uniform rod OA of mass m and length 2a suspended freely
Jrom one end and struck by a horizontal blow P at a point C at a
distance x from G, the middle point of the rod.

Let w be the angular velocity acquired by the rod just after
the,application of P and let X be the impulsive reaction of the fixed
axis on the rod.

0 X Then the velocity of G is aw.
maw=P+X - (D).
Taking moments about 0, we have
a m (K2-+a?) w=moment of the impulses about O
=P (a+%) e (2),
where K is the radius of gyration of the rod
wmn abount G, i.e., K2=1 a2

From these by eliminating P, we get

x m[K*+a?—a (a+2)jwo=—(a+2) X,
—_—C or X=m (axz— K?w((a+x).
p Now X =0, t.e., there is no impulsive
action at O, if ar=K?2, i.¢., if 0G.GC=Kk2 ... (3).
A If this condition is satisfied the point C is

the centre of percussion and equation (3) shows
that the centre of percussin coincides with the centre of oscillation
in this case.
It also shows that if the axis of rotation passes through C, O is
then the centre’ of percussion i.e., the axis of rotation and the line
of impulse are interchangeable.
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Note 1. In the example given above z=K?a. If z is not qqual to
K?/a, X exists and is not zero. It iz positive or negative according as z> K1/a,
or <R?a i.e., the impulsive reaction on the rod is in the same or opposite

direction as tho blow according as the blow is applied at a point below or above
the centre of percussion.

Note 2. If in a body (symmetrical about a plane through G perp. to
the axis of rotation), rotating about a fixed axis;0G=~h, then the position of C is

given by x=(GC == K3/h, where K is the radius of gyration about a parallel axis
through Q.
4

If may be compared with the Compound Pendulum discussed in
Art. 14.93, P. 292.

16:72. The principle of the centre of percussion has impor-
tant practical application in the design of instruments.

For example, the handle of a hammer is made of waod and
not of the metal of which the hammer-head is made. Wood being
lighter, the main part of the mass is collected in the hammer-head,
so that the blow acts at a point very near to the centre of percussion
and thus action on the axis of rotation t.e., on the hand of the
workman is very slight.

If the handle were made of the same material as the head,
the workman is bound to feel the jar at his hand. .

Similar is the case with a cricket bat, the hands of th
batsman occupying a small portion of its handle is an approximation
to a fixed axis. A very little jar on the batsman’s hands is felt if
the bat hits the ball at the proper place. Any one who has used a
bat knows what difference it makes to strike the ball at the correct

point on the blade of the bat. The point is, of cour:e, the centre
of percussion.

The height above the table at which a billiard ball should be
struck by a horizontal blow, in order that it may not slido, is
a4 K at4%ia?
a _ a
where a is the radius of the ball.

= ;’5(1.’

Example 1. A4 uniform rod of mass m and length 21 les on
a smooth horizontal plane and 1s freely hinged at a point A distant a
from the centre G of the rod. [t 18 struck by a blow of impulse P £n a
direction at right angles to its length at a point B at a distance b from
G nnd a4 b from A. Find the angular velocity w tmparted to the rod
and the impulsive reaction at the hinge. Find also the position of B
in order that there may be no reaction at the hinge.

Let X and Y be the components of the impulse at the hinge A,

:::Zigs ‘t‘(l)‘(tl.heatl“()(?.ght & A sl B
Then X =0 (1), l a G b +
maw=P—-Y...(2), Y- P
12
and m g w= Ph+Ya e (3).
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From (2) and (3), we get P (a+b)=m (a®+} 1?) w.
2
w= -1?&‘?;3(2;;!;2—)- and Y =?—-¢)lawz—-l—3—~;;-3¥-al—g—l’.
In order that the impulse at the hinge may be zero,
h=101/3a=1023 AG,
so that the centre of porcussion in this case is distant 12/34Q
from .

Cor. If the rod were not hinged and is free to move and if
the point 4 were at rest immediately after the blow, equations (2)
and (3) then become,

maw=P,  and mw Jl#=Pb, from which a=12)3b.

Thus the rod begins to turn about the point distant 2/3b
from the centre. |

_ Subsequently ¢ moves with uniform velocity aw=P/m, at
right angles to the initial direction of the rod and at the same time
the rod rotates with uniform angular velocity 3Pb/mi2.

Example 2. A pendulum is constructed of a solid sphere, of
mass M and radius a, which is attached to the end of ‘a rod AB, of
mass m and length b. Where should it be struck at each oscillation
that there may be no impulsive pressure to wear the point of support ?

Let G be the C. G. and K the radius of gyration of the whole

body and let the point of support be at A, then
(M4m) h or (M+m) AG=M (a-4-b)4+m.} b,

and (M +m) K3=M[3 a+(a+b2)+onl} (3 by*+(} b2,

.. the required point C is given by
K* M [3a®+(atb)?]4 ) mb?
- M (a-+b)4-1 mb )
Examples LV

..

1. Find the distance of the centre of percussion from the axis of rota-
tion in tho following cases :—

(*) A uniform bar of length 2q, free to turn about one cnd.

(if) A uniform circular plate of radius a with axis perpondicular to its
plane through a poeint on its rim.

(7i4) A uniform circular plate of radius b with axis a horizontal tanyent.

(i) An equinngular triangular lamina of side 2a, rotating about a s'de
which is horizontal. ] ]
lAns. (i) 4« (if) 3o (3) 7 b (v) §V3 .|

2. A uniform circular lamina whose centre is 0, rests on a smoaoth
horizontal plane, show that it will commence to turn abhout a point A4 on its
circumference if it isstruck a blow acting perpendicular to A0 at o distance
from A equal to } of a dinmeter of the lamina.

3. A pendulum of length 1 ft. 4 ins, consists of & uniform ecircular dise
of dinmoter 4 ins. at ono end of a uniform rod of length, 1 ft.. which is
suspended from the othor end.  Find the ratio of the masses of tho rod and the
dise it u horizontal blow applied in the plane of the dise & in, above the centre

produces no impulsive reaction at the point of support. (4ns. 1:3)
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ANSWERS
Examples 1. Page 5.

(1) 18} f. p.s. (i7) 21 ft./scc.? (41) 39 f.p.s.
(i) zcro, —2ft.[scc.? ; 1 fu.[sec., 4 ft [sec.? (i7) zero, --4Y ft.
(i12) — 4 ft. ’
From z=0 to z= 2orfr0m —2to — oo.

104 mp.h. 10, 1 11. 7:8. 14, 2000 ft.[sec.

6 m.p.h.

Examples II. Page 11,

2 ft.[sec.?; 605 ft. ; 60 m.p.h. 2. 4 ft./sec.?; 5 secs.

133 ft. 4. 110 fu. furt,her 20 secs.
5443 fb. ; 33/2=46'7f.p 7. Tu.

) (ot (@) jOudolt. i) VAT,

21 fv. from the last position ; after § sec.

—71 fps.; 513 fpas.

1 ft. beyond " ; 4} ft. beyond B.

20 ¢m.[sec., 60 cm./scc.? 18. 3193} ft

30 m.p.h. ; 31'6 m.p.h.

Examples III. Page 15.

(¢) 196 ft. (iZ) 7 sces. (13t} After 3 secs.

(iv) After | scc. and 6 secs. (v) After 8 sccs.

240 ft, ; 272 ft. ; 8°8 secs. 3. 224 ft.[sec. ; 14 secs.
17} 3ft. 5. After 6 secs. ; 648 ft. above bottom.

160 ft./sec. ; 2} secs. ; T} secs. 7. 6844 f.p.s. ; '3063§ fr.
80 ft,./soo

3% sces™ from the instant of throw of the first stone ;
81 ft. above the point of projection.

Ata distance ¢/8 btlow Band } v/ sfg scc. after the start of the
second particle.
9 sees, 14. 225 ft. 15. 1756} ft.
Examples IV. Page 21.
25 mi./min2? ; % mi./min?
()() cnfsee 25 80 em.[sec.? ; 2400 em./scc.®
22 ft. [sec.?; Zl‘ f.ps. 6. 3} ft./scc?, §§ ft./sec? ; 440 ft.
10 min., 59 ‘2.) sces.

REVISION QUESTIONS—I. Page 22

60 m.p.l. ; 44 sces. ; 1936 ft. ; 8 sces.

1 ccce.; JA/S sec. 10. . / L ! ;

A AN A

o

“13% min. 12, 2,\/!4 . 16. 1120 ft./sec.
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Examples V. Page 30.
536 1b. wt. 2. 1694 ft. ; 154¢secs. 3. 125 secs. ; 1250 ft.

351b. wt. 5. 9 poundals.
141'4 cms, per sec. ; 165°1°gm. wt.

":U—{w . 0. 8ft.[sec.?; 5 secs. 10. 8ft,sec.?; 5 sces.
13 Ib. wt. 12, 5%} tons wt. 13. 100 sccs.
(1) 110 secs, (1) 22 secs. (z13) 546 secs.
17-28 ft.

Examples VI, Page 36.

893 1bs. ; 110 Ibs. ; 130§ Ibs. 2. Zero. 3. 123 1bs. wt.
6'4 ft./sec.? ; 23 Ib.; 41b. ;zero. 5. 2,4 ft.[sec?
24'53 cm.[sec?. 7. 500 1b. wt.

Examples VILI. Page 40.

g, 1039 1b. wt., 21 Ib. wt. 2. 980 cm.[sec?.
30 Ib. or 3} b 4. 101b, 61b.
9 Ib. 907 olb 7 oz. ; 81 1h, wt,, 744 Ib. wt.
139 sce.; 53k fu.
3-;-’ ft. /soc 2 204 ft., 3} sces., 13 1b. wt., 242 1h. wt,
8 ft.[sec.2. 2l , 206 fb 11'08 sec., 1'97 1b. wt., 2:79 1b. wt.
4 f(: [sec.? 12, 11b. 13. 6% ft. per sec. ; 2§ in.
M+-2my _ MA-2my .
M+my+my s M+mtmg g
383 oz. wt. ; 1'46 sec.
(£) 644 1b. wt. ; 1 NJ39 sec. (i) 75 Ib. wt. ; In/78 sec.
REVISION QUESTIONS—IIL. Page 42.

43 cwt. ; 1'61 tons wt. ‘
2 mins. 551§ secs. 4, 8 sces. rearly.
195 tons ; 138} secs. 7. % ft.[sec?

17% stone wb. ; g/9 139/72;9/8. 11. ¢/17.

19, 89 ft.[scc. :; ; 1,mg poundals.

39+ (-~+ 7+ = ) 17. 42 m.p.h. ;54 m.p.h.
Examples VIII. Page 47.
—2 v3/ct, 11. log, 4=1'4 sec. nearly.

350 log, 2 sce. ; 21} miles.
T2 Ve
1 ]Cg\]y.w-{- \/y.z + Ve,

v . 1
sinh v/ t; v cosh™1 2,

N v N

Examples IX. Page 52.
1. ft. 3 in. ; 1% fu.[sec, 2. 2:86. ft. ; 13 ft./sce. nearly.
‘314—fpa ;27 f.p.s., 1} sec. 4. 2m sec. 5 3y/2 in. per sec.
16 sec. 5 16°97 inches. 8. 34/2=424 ft.[sec. ; 017,
67t-=1‘28)qu : 666, 333 1b. wt. mmlv 12, %a.
-3, —3,0. 18, ‘5121169 19. 3508, 2802 poundals,
304/g/n=>54 nearly.. 22, =/3n.

3'14 sec. ; 5ft. ; 10 f.p.s., 20 ft./scc®.
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ANSWERS III

Examples X. Page 6o.

—Zw sec., 13 f.p.s. 3. m/4/6 sec. 4. 2n\/_—§- .

™ in. T osec.: T4 L.
Wsec. 7. 6 in.; ﬁsec.,16+ 4 see
7w Vam[N , VAam.

I 19 f.; \/IET:ﬁ'IQ f.p.s., 784 ft.[sec?.

L g L V3 :
8\/2 +— 4\/0 sin + 5 5¢C. 1414 f.p.s.

Examples XI. Page 62.

2w 2na 2t
n=4. 11. ?,—\/Ez_mz; —~ oS .
664 ni.p.h. nearly. 13. %sec., 54/y cm.[sec.

REVISION QUESTIONS—III. Page 63.

l:(’"l *‘mg)l]‘} (mg—m, )g
4A ’
Examples XII. Page 71.

5 .
28-35 f.p.s. at tan—? -—;;-?- with the car’s directicn of motion.

173 ; 3 m.p.h. 4. 7 m.p.h.

At 90°+-sin~! £=143° 8’ with his own direction of motion,
30° North of West ; 104/3 m.p.h.

28'57 min. ncarly, ; marly 30 5° East of South,

(a®+4s%i242st \/a—z”“j)'z“)%/ t.
d Vil 2 ud

v > —
oV u"—--v2
At ‘10° with QP 6 min. ; at right angles.
V351 PQ. 17. 20, 17'32 f.p.s. at -£30° to the horizon.

604/3 m.p.h. ; at +30° to the horizen.
Examples XIII. Page 76.

16 ft./sec. 4. 4:3.
1:(\2—-1);1:83;1:3:65. 7. lin 48.
Vgh; 0 V(h

At a distanco of ith length of the plane from tho bottom ; 32 ft.
2182% yds., 4325 f.p.s.

3220 lb. wt. ; 18614% ft. 14. ,'\[6 ft./seo.
13 ft. 4 in. 16. 26 1b. 10 oz. 17. 4:5; 11: 19,
(a) 5, 2}. 33 1b. wt. (b) 2% sec., 50 fr. 20. .30° 21, 2 ft.

The radius through the point makes 60° with the vertical.
Examples XIV. Page 8o.
1685 ft./sec. ; 80 ft./sec. 2. §ft, 3. 4 ft./sect. ;2 secs,

35 sec. ; 4%4/5 ft. per sec. 7. Tl‘-‘-seo.-



v ELEMENTARY ANALYTICAL DYNAMICS

8. The larger mass descends with acceln. 2333

9
2761.3
3 Y0

REVISION QUESTIONS—IV. Page 81.
2
4. sin™? gZT’ . 8. wp=(msin §—M)/m cos §.

g ; the masses do

not move. 9.

Examples XV-A. Page g1.
1. () 72 ft. (i2) 200 ft. (2i7) 98 ft. ; 15°, 75°.

2. 804/110, 484/ 110 ft.[sec. 3. 1:4/3;equal
5. (b) 5sec., 6928 ft., 100 ft., 400 ft. 6. 60+/3 ft.
11. 433 secs. ; 25 yards. 12, (a) 2400°0 ft./sec. (b) 192 ft.
13. 212 ft. 14. 27 m.p.h,

17. With a velocity 108/10 ft./sec. at tan™' 3 with the horizontal.
Examples XV-3. Page 94.
1. 577, 554, 56 ft.[sec. ; } scc.

b}
2. (vV*—2v'sin a. gt-4-g%2)* ; 2(v sin a—gt)/g. 7. 34 ft.
2u 2u

V3T :
Examples XVI. Page g8.

V=

1. 45° tan—! $=056°18"; 450 ft., 4154 ft. 2. 45°, tan™! 3.
4. tan-!}. 8. 32 ft./scc., after § sec. ; 24 ft./scc.
9. 4/8ag. 12. 20 ft. 16. 134 ft.

19. 2 n v 42gh. 21. 146 ft. from the nearest wall ; 506 f.p.s.
)
26. 865 fp.s.; 17064 f.ps.

Examples XVII. Page 104.
1. 43 sec. ; 300 ft. 2. 64 vds. ; 192 yds.

4. 333333 ft: 5. 121'42 yds., 52}° with the vertical.
10. tan7! }.
Examples XVIII Page 111.
- 45 e v
1. 135 ;90secs. 2. o TPs 3 min. 10. ws N
Examples XIX, Page 116.
1. 2} 1b. wt. 2. 302 gm. wt. 3. 185 1b. wt.
4. 474 ft [scc. . 5. lyzgp ton. wt. 6. 2311b. wt.
7. 3. 9. 480/% r.p.m. 10. V2¢q.

11. 1346 ft. ; 1661 Ib. wt.
Examples XX. Page 119.
1. 13} 1b. wt. 2. 31b. 6 oz. wt. nearly. 3. 48.
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41 r.p.m, nearlye 0°115 1b. wt.

(¢) 12 cm. ; 81 cm. per sec. nearly. (i7) 32 gm. wt. nearly.
(121) 2 r.p.s.

m(g—2v2/31). 18. (i) 7°71b. (i) 10'85 Ib.
Examples XXI. Page 126.
tan—lA2k,. 2. 1'65 tons wt.

224 1b. wt. nearly ; 43/2 ft. from projection of the centre on
the ground.

1120, 336, 117 1b. wt. nearly.

12:7, 12'5m.p.h. 9. 3'44 inches.
2688, 1971'2, 25088 Ib. wt. ; 36 ft.

Examples XXII-A. Page 134.
30 m.p.h. 3. 81'82 m.p.h., 6 times the weight of the pilot.

403 ft.,24 fps. 5. 37} fo. 6. [2ag@3—220F
With a velocity § V'2ag at tan™? }4/ with the horizontal.
Vgl s W. T 100 1200 11. 120494/ 2)w.

Vag, V 5ag . 14. 63 ft., 68 ft.
30 Ib. wt. ; 3th of the length of the string.

The partxclo leaves the circle at a height §a above the lowest
point.

12 ft. [sec., § ft.
Examples XXIII. Page 141.

3903 inches, 99°3 cm. 2. 324 ft. ncarly ; 6°36 ft.

4:32. 6. Shortened by 1'77 mm.

322 ft.[sec®.  10. Gains 270 scc. 11, 238908, 120 43%5.
Loses 16:36 sec. 14. 108 sccs.

1630 yds. ncarly, 5 sees. per day.

25 mile. 17. 1%, 20. 2r Vnb[F.

Examples XXIV. Page 149.
2 poundals, 183 ft. 1b. 2. 700ft. 1b.

-
50 f.p.s. 4. 12 ft. poundals; 8\/2
3750 ft. 1b. 13. 1,614,000 ft. Ib.
Examples XXV-A. Page 153.

125 H.P. 2. &Y% ft.fsec® ; 245°% m.p.h.
8", H.P, 9557 HP. 4. 3413664 H. P.
672 ;90 m.p.h, 6. 114 H.P.
2864 H.P. 8. 53 ncarly.
13'4 m.p.h. nearly 10. 183 m.p.h.
1'168 ft./scc. 12. 12 m.p.h.; 13} ft./scc?.
2112 m.p.h.

12130 Ib. wt., 9057 H.P. ; 0-189 ft. /scc %
50 m.p.h. 20. 435} H P, s ft./sec?.
500 ; 490 H.P. 22, 14" 2032} ft., 34,% m.p.h.

90,
'L( 2‘“”'L+mx)u.1>. 91 14225 Ib. wt. ; 1517} H.P.

370
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Examples XXVI-A. Page 159.

40,00,000 ft. Ib. ; 500 hours. 2. 24'8. 3. 8ft.1b. ;32 hours.
25 ft. 1b. ; 2. 6. /7:4/5:4/3. 7. 1010 lb. wt.

8332 inches. 9. 102094 H.P.
Examples XXVI-B. Page 165.
(z) 3 ft., (1) 84/6 ft./sec. 8. r(3—3v/2)ga.
Examples XXVII-A. Page 168.
104 cwt, 2. (¢) 51b. wt. (37) 200 1b. wt,
() 9 1b. wt. (it) 204 Ib. wt. 4. 1313 1b. wt.
2664 1b. wt. : 959 lb. wt. 7. 3939 1b. wt,
5 units ; 153 1b. wt. 9. 15} 1b. wt.
Examples XXVII-B. Page 173.
4 fps. 2. 316044 ft. 1b,

269 m.p.h. in a direction making 21° 48" with the cross road.
1600 ft./sec., 2020 ft. tons.

4-58 lb. wt. nearly. 7. 1} ton.
Examples XXVIII. Page 176.
2 ft. 9% in., 1'68. sec. 4. 4fu., 4 oz. wt., }4/15 sec.
202/g, 2mufg, 2v[/3. 7. 588 fps., 2} in,
39713 Ib. wt., 17143 ft. Ib. 12. 772 510 f.p.s.

n(n—1)8 o - V. n-1
2V SeC s T
203542 f.p.s. ; 96458 f.p.s.

REVISION QUESTIONS—VIIL. Page 181,
105 sec., 733 f.p.s., 73 H.P. 4. 02L
3 VV2—2yuga.
. . 4 Mm(V+v)?
The integer just> o )

Examples XXX. Page 186.

; 4, 2:48 ft. 1b.

1£fps., 3fps. 2. 4} ft. 1b,, }.

327 f.p.s., 7'8 f.p.s. ; both reversed ; 47°8 ft. poundals.
(142e) : 1. 8. §; 457 ft. b.

2 f.p.s. reversed ; } ; 5§ ft. b, 10. 75 ft. ; 279 secs.
123 ft. 14, (Lu. 18. 4 ft.[sec. (approx.).

0, }d ; 1d, t4d, d being the diameter.
Examples XXXI. Page 192.
5ay3 ft. per sec. at 60° to the line of centres.

5 f.p.s. along the line of centres, 25 f.p.s. in a direction making
tan ~* 4 with the line of centres.

427 fps. at tan? o the line of centres ;

5
rNE

S

2:65 f.p.s. at tan™? to the line of oentros, 6.

5
N3
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ANSWERS VII

The first ball comes to rest, the gecond moves with e times
the original velocity of the first.

Examples XXXTI-A. Page 196.
433 Ib. ft. sec. ; tan~1(2/4/3) with the plane.
30° 3. 30°,45°, 4. 0Gl.
m V2gH(1+ VHJR). 7. 144 ft., 3 secs.
W 2u(l—em) ot
gi—ah) * gy Emeen
Examples XXXIV, Page 2x1
55 f.p.s. at tan~? } with the rear of the train.

tan™! -ig—l—o—, 335 units nearly. 3. 38 f.p.s. nearly.

At 69° with the man’s direction of motion.
50 ft./sec. at tan~! § with the railway line.
20 m.p.h. at 120° with the direction of motion of one of them.

NS . . . .
28 m.p h.at tan™!? -l—\!;—- with the direetion of motion of the first

car.
26046 m.p.hi ot 139° 6”7 with the divection of the cyclist,
At tan~1 §'S of W.

3
13 m.p.h. nearly at tan—1? ~-4—nurtlx of cast,

NY—Uw Sin ¢~ cos a
w34 uw cos a—vur sin «
2534 m.p.h. from the right rear at 9° 3

fan—1

’

with the direction of

motion of the ear. . 566 m.p.h. from S.E.
Trom the diveetion tan™! } E of V.
1 mile. 20. 104 yards (approx.).

sin™! 13 nioth of cast 5 (£) 10 ft [see. 5 (i7) 2} sees,

188:56 m.p.h. ; NJ10 miles.

Jv or v according as the points ave moving in the opposite or
in the same divection whenthey are at the ends of a diameter
20 ft./sce. nearly. 28, 110°85 f.p.s., perp. to the incline.

. mie 2 Mu
28 08. .;2. ';l"_[ "‘;';--m- b3 N";'—W

Examples XXXV. Page. 215.

nN3/4 1b.wt, 3. g(MH4m cosla),

The wedge must be moved with accelevation ¢ tan o ;
mng SeC o,

119 Ib. ft. sec. 12, Zero. 2°51h, wt.. 32 [t.
Against the divection of motion.
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Examples XXXVI. Page 221.

2D secs.

From the hypotenuse BC, cut off BP equal to the horizontal
side B4, and join AP,

Measure from the lowest point along the hypotenuse a length
equal to the horizontal side.

Inclined at 60° with the axis in each case.

1 1
enJ2 N2
A circle passing through the lowest point of the given circle
and touching it there.

Examples XXXVIII. Page 230,

Inclined at cos—? with major axis ; e=

21'1%*. 2. 1'348 X 107 ergs. 3. 77'5. 4. 1 ;‘-
1t sce., 9°68 ft. 6. 44ft., 1§ sec.
$1b., 10 ft., § see. 8. 6gm, 1§ cm.
50 1b., 64 f.p.s. 10. 600 ft. 7} sec., 1200 1b

Power.
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