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Preface

This monograph introduces the reader to linear programming and
the theory of games in a strictly elementary yet mathematically sound
manner. It goes beyond the usual elementary graphical treatment of
linear inequalities. It also exposes, discusses, and derives some of the
deeper algebraic ideas and theorems. These include the Fundamental
Extreme Point Theorem for convex polygons, Dantzig’s Simplex
Method, the Fundamental Duality Theorem, and von Neumann’s
Minimax Theorem.

These formidable-sounding ideas are introduced in a concrete and
leisurely manner, using only techniques already well known to a good
high school student or college undergraduate. Nevertheless, the
language is precise, the arguments quite general, and the reasoning
completely sound.

I believe that this is by far the simplest nontrivial exposition of
linear programming and the theory of games which has yet appeared.
It is eminently suitable for high school ‘“honors” programs, for
college students, for teachers, and for interested laymen.

In writing this book, I drew inspiration from so many sources
that it is now impossible to acknowledge them all. At best, I can
but mention a few and hope that the many others will understand.

I am especially grateful to Harold W. Kuhn and A. W. Tucker of
Princeton, whose interest, advice, and encouragement were as
important to me as their generous supply of up-to-date material and
accurate information. George B. Dantzig of the University of

vii



viii Preface

California was also kind enough to furnish me with a number of
valuable reprints.

From my students at the Bronx High School of Science as well as
my colleagues, I drew many excellent ideas for the formulation of
problems and presentation of material. Particular appreciation is
due colleagues Louis Cohen, Charles Hodes, and Harry Ruderman,
who read the manuscript. Their valuable comments and criticisms
eliminated many errors and ambiguities, Several of the problems
used in the text were adapted from materials supplied by Samuel L.
Greitzer of Rutgers University and Irving A. Dodes of the Bronx
High School of Science.

To these and many other people, I extend my sincerest thanks.

December, 1962 A. M. GLICKSMAN
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PART ONE

Elementary Aspects of

Linear Programming

I Preliminary Remarks

In 1947 a lusty mathematical infant appeared in the United
States. At that time, George B. Dantzig and his associates in the
U.S. Department of the Air Force recognized a common element in
a wide variety of military programming and planning problems.
Present in all of them was the purely mathematical task of maximizing
or minimizing a linear form whose variables were restricted to values
satisfying a system of linear constraints (i.e., a set of linear equations
and/or inequalities). It was quite natural to designate this mathe-
matical problem by the term linear programming.

Curiously enough, in 1939, a Russian mathematician, L. V.
Kantorovich and his associates had been studying a similar set of
problems, but this work was unknown to the Americans. Working

1



2 Elementary Aspects of Linear Programming

independently of the Russians, Dantzig developed a systematic
procedure for solving linear programming problems. This procedure,
the Simplex Method, came to be recognized as the most effective
general method for handling linear programming problems. Subse-
quent research went into painstaking effort to improve and refine the
Simplex Method to make it a precise and reliable mathematical
tool. As an iterative procedure it was readily adapted for use on
modern high-speed electronic computers. It became an important
technique in theoretical investigations, and its applications expanded
into industry, agriculture, transportation, economic theory, and
engineering—a remarkable performance record indeed, for such a
mathematical infant.

New ramifications of linear programming are continually coming
to light. One of the most interesting of these ramifications was the
early discovery of the close connection of linear programming with
the Theory of Games. Originally proposed about 1921, by the French
mathematician Emile Borel, this theory received a strong impetus in
1928 when its key result, the Minimax Theorem, was first proved by
John von Neumann. With the subsequent development of linear
programming, the difficult and sophisticated theory of games under-
went considerable simplification. Research by G. B. Dantzig,
L. S. Shapley, A. J. Hoffman, Philip Wolfe, David Gale, A. W.
Tucker, H. W. Kuhn, S. Vajda, M. Beale, A. Charnes, and others
have brought both game theory and linear programming to a high
state of perfection.

It is the object of this monograph to introduce the reader to the
central ideas involved in linear programming and the theory of
games in such a manner as to reveal the essentially elementary
character of these theories. The techniques used throughout are
those already familiar to a good high school student or college
undergraduate. The only additional requisite is the ability to follow
a logical argument.

We shall begin by analyzing carefully several (oversimplified)
problems. These will serve to introduce the underlying ideas and
some of the terminology. The reader will also obtain a new “slant”
on a number of classical techniques in algebra and geometry with
which he is undoubtedly already familiar. As we move on to
examine generalizations which naturally suggest themselves, there
will emerge in a fairly elementary, yet rigorous manner, the
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Fundamental Extreme Point Theorem, the Simplex Method, the
Fundamental Duality Theorem, and its corollary the Minimax
Theorem. A number of problems are solved in detail using both
extended and condensed tableaux, and further exercises (with
answers indicated) are included for the ambitious reader.

2 Graphical Solution of Linear Programming Problems

As our first example of a (highly oversimplified) linear program-
ming problem, let us study the following:

Example I. Dr. Sy Koso Ma Teek, the eminent medical specialist,
claims that he can cure colds with his revolutionary 3-layer pills.
These come in two sizes: regular size containing 2 grains of aspirin,
5 grains of bicarbonate, and 1 grain of codeine; king size containing
1 grain of aspirin, 8 grains of bicarbonate, and 6 grains of codeine.
Now, Dr. Sy Koso’s research has convinced him that it requires at
least 12 grains of aspirin, 74 grains of bicarbonate, and 24 grains of
codeine to effect his remarkable cure. Determine the /east number
of pills he should prescribe in order to meet these requirements.

Analysis and Solution

Let # = the number of regular-size pills prescribed.
y = the number of king-size pills prescribed.
The problem imposes constraints (restrictions) upon the values of
z and y, some of which are explicitly stated and some implied by the
nature of the problem. For example, it makes no sense to assign
negative values to z or y, so we must have

x>0 and y > 0.
We observe next that z regular-size pills will provide 2z grains of
aspirin while y king-size pills provide ly grains of aspirin and these
two amounts combined must aggregate at least 12 grains of aspirin.
Accordingly we obtain the following constraint:
2z + 1y > 12,

Similarly, the aggregate amount of bicarbonate must amount to at
least 74 grains, and this requirement is expressed as follows:

5¢ + 8y > 74.



4 Elementary Aspects of Linear Programming

A final constraint is imposed by the specification of at least 28 grains
of codeine as a requisite for the cure:

lz + 6y > 24.

We shall see that there are many possible values for « and y which
will satisfy all these restrictions, but our problem is to select from
among these a pair of values that will make the total number of pills,
namely z + y, as small as possible. Let us designate this total
number of pills by m. Then we may restate our problem in the
following mathematical form, typical of linear programming
problems generally:

Determine: >0 and y2>0
2¢ + 1y > 12
so that: S5z 4+ 8y > 74
lz 4+ 6y > 24
and so that: m=z+4+y is a MINIMUM.

We proceed now to examine each of the constraints more carefully.
Consider the very first one, > 0. Stated more precisely, this
.means that either x = 0 or x > 0. Graphically, the solution set for
z = 0 consists of all points whose coordinates are of the form
(0, y), where ¥y may be any real number. Clearly these points all lie
on the y-axis (see Figure 1).
y

The solution set for the con-
straint z = 0 corresponds to the >x
set of all points on the y-axis.

Figure 1

The constraint z > 0 corresponds graphically to the set of all
points whose coordinates are of the form (p, y), where p can be any
positive real number. All such points are located to the “right”” of
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the y-axis and make up the “right half”* of the zy-plane (see Figure 2).

Such a set is called an open half plane.
y

The solution set for the con- [
straint z > 0 corresponds to the
set of all points to the right of
the y-axis.

Figure 2

The constraint > 0 therefore corresponds graphically to the
union of these two sets of points, i.e., to all points which are located
either on or to the right of the y-axis (see Figure 3). Such a set is

called a closed half plane. y

The solution set for the con-
straint x > 0 corresponds to the
set of all points either on or to
the right of the y-axis.

Figure 3

The next constraint appearing in our problem is y > 0. By a
similar argument, its solution set is seen to correspond to the closed

half plane which consists of all points either on or above the z-axis
(see Figure 4).

The solution set for the con-
strainty > 0 corresponds to the

set of points on or above
z-axis.

Figure 4

However, the solutions we are seeking must satisfy both « > 0 and
¥ 2 0. Consequently, they must correspond graphically to points
which are contained in both of the sets depicted in Figures 3 and 4.
The collection of points common to both of these sets is called their
intersection. It is shown in Figure 5.
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y
The intersection of the two
closed half planes correspond-
ing to the constraints = >0 0 x
andy >0 e —————————
S ———————————
Figure 5

Observe that the ‘“‘non-negativity requirements” « > 0 and y > 0,
confine the solutions to points within (or on the “boundary” of) the
first quadrant. Our problem is to select from this infinite set, points
corresponding to the further constraints

2z 4+ ly > 12
S+ 8y > 74
1z 4+ 6y > 24.
Consider the first of these inequalities. It stands for
20 +y=12 or 2x+y > 12.

The solution set for 2z 4+ y = 12 corresponds to all points on a
straight line / defined by y = —2x + 12. This line has a slope of

Figure 6

—2 and a y-intercept of 12. It is thus readily graphed as in the
adjoining Figure 6. Now, if we let S denote the set of points whose
coordinates satisfy 2x 4 y > 12, then § will consist of all points
which are above the line /. A convincing argument to this effect
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follows: let z be held fixed, let P = (z, y) be a point of S, and let

Q = (v, y") be a point of /(both P and Q have the same first co-
ordinate ). Now

24+ y> 12, y> —2x+12;

20+ y =12, .y = —2x4 12

Sy >y, ie., P lies above Q!
(See Figure 7.)

No matter what point P is chosen in S, there will therefore exist
on line / a point Q, having the same abscissa as point P; further-
more, P will always be situated above Q. This is what one means by
the assertion, ‘““all points of .S are above line .”’

y

1 \QL
©,12)

\
\
| x x
0| 0 \ (6,0) \
\
Figure 7 Figure 8

It should now be evident that the solution set for the constraint
2z + 1y > 12 corresponds to the set of all points on or above the
line /, defined by the equation 2z 4 1y = 12 (see Figure 8).

We digress to remark that this last set of points is another example
of a closed half plane. The line [ itself is called the boundary of this
closed half plane. If the boundary is removed, the remaining points
(in this case those which lie entirely above line /) form an open
half plane.

Let us return now to the remaining constraints of our problem.
Each of these constraints defines a closed half plane also (see
Figures 9 and 10).
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Solution set for the constraint Solution set for the constraint

Sz + 8y > 74 lz + 6y > 24
w () '
(148, ONUJ,L | 24,0y L
Figure 9 Figure 10

If there are any solutions at all to our problem, these solutions must
correspond to points which are contained within a/l of these half
planes. Thus each constraint defines a certain half plane, and any
solution to the problem (if one exists) defines a point belonging to
the intersection of all these half planes. This intersection is depicted
in Figure 11. (The arrows point from the boundary into the interior
of the intersection. This is less cumbersome than shading the region.)

Intersection of the closed half planes defined by the constraints:

x>0,y2>0,
2¢ 4+ 1y > 12,
Sx + 8y > 74,
j’\ 1z + 6y > 24.
F—>x =0
2x+ 1y 212 Feasible solutions
5x + 8y =74

1x+ 6y =24

Figure 11
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Any member of this intersection represents what is called a
feasible solution. We shall also call this part of the graph the
feasible region for our linear programming problem. Our task is
to select from among all these feasible solutions one which makes

y
\\ %
N
N Region of
N feasible
< P \\ solutions
AN
N ~
N
N N
\\ \\
N AN N Optimal
N N h
AN

N\ feasible
K lution
\J \\P(2, 8) N so!

N

Figure 12

z + y a minimum. In the present case this can be accomplished in
a fairly simple, “common sense’” way. Let us write

r+y=m
and assign different values to the symbol m. For example we might
write 24y =20
z+y=15
z+y= 8
etc.

We can then plot these equations on our graph as a family of
parallel straight lines. (They are parallel because they all have the
same slope —1.) Wherever one of these lines crosses the feasible
region on our graph, the coordinates z and y form a feasible solution,
for which the sum z + y is equal to the value assigned to m, for that
particular line (see Figure 12).
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We observe next that for some values of m there are no feasible
solutions at all. This occurs for all values of m less than 10. When
m = 10, the line just “‘grazes” the feasible region at point P, where
2z = 2and y = 8. For all larger values of m (more than 10), the line
penetrates the feasible region and yields feasible solutions for which
the sum = + y is larger than 10. Clearly, the optimal (best) solution
to this particular problem occurs at the point P, where x = 2,y = 8
and therefore, m = 10. A prescription of 2 regular-size and 8
king-size pills represents the /east number of pills which Dr. Sy Koso
Ma Teek can specify as meeting all the requirements. Incidentally,
this prescription exactly meets the minimum specifications for
aspirin and bicarbonate, but it yields a substantial “overdose” of
codeine, beyond the minimum requirement, namely 1(2) + 6(8) =
50 grains (which is considerably more than the minimum dose of 24
grains actually needed!). This “waste” is often referred to as slack.
It is unavoidable in this problem and can only be reduced by in-
creasing the total number of pills.

Certain features of this problem are worth a bit of further discus-
sion, for they are quite general. The region of feasible solutions
consisted of all points in the intersection of a finite number of half
planes. Such a region is often referred to as a polygonal region, or
polygonal set. The optimum solution was found to be situated on the
boundary of this polygonal region, in fact at a vertex (corner) where
at least two boundary lines came together. In the next chapter we
shall verify that these features are indeed quite general, but before
we do this let us examine another specific problem.

Example 2. A confectioner manufactures two kinds of candy
bars, ERGIES (packed with energy for the growing kiddies) and
NERGIES (the “no-cal” nugget for weight watchers without will
power). ERGIES sell at a profit of 40¢ per box, while NERGIES
bring in a profit of 50¢ per box. The candy is processed in three
main operations, blending, cooking, and packaging. The following
table records the average time in minutes, required by each box of
candy, for each of the three processing operations:

Blending Cooking Packaging
ERGIES 1 min. 5 min. 3 min.
NERGIES 2 min. 4 min. 1 min.
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During each production run, the blending equipment is available
for a maximum of 12 machine hours, the cooking equipment for at
most 30 machine hours, and the packaging equipment for no more
than 15 machine hours. If this machine time can be allocated to the
making of either type of candy at all times that it is available, deter-
mine how many boxes of each kind the confectioner should make in
order to realize the MAXIMUM profit.

Analysis and Solution

Let = the number of boxes of ERGIES to be made.
y = the number of boxes of NERGIES to be made.
As in the previous problem, negative values of z and y must be
excluded, i.e.,
x>0 and y>0.

The total blending time, in minutes, required for the processing of
x boxes of ERGIES and y boxes of NERGIES is 1z + 2y and this
may not exceed (12)(60) = 720 minutes. Hence

1z 4+ 2y < 720.

The limitation of 30 machine hours, at most, on the cooking
equipment is expressed by the constraint

5z + 4y < 1800.
The packaging equipment limitation takes the form
3z + ly < 900.

Subject to these restrictions the value of the profit must be maximized,
namely 40z + 50y. Let us designate the value of the profit by M.
We may restate our problem in the following (typical) form:

Determine: x>0 and y2>0
le 4+ 2y < 720

so that: 5z + 4y < 1800
3z + 1y < 900

and so that: " M =40z + 50y is a MAXIMUM.
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As in the previous problem, the non-negativity constraints z > 0,
y 2 0 confine the feasible solutions to the first quadrant. The
constraint x + 2y < 720 is represented by a closed half plane
consisting of all points on, or below, the line defined by z + 2y =
720. Thus far, our graph appears as in Figure 13. If we intersect

y

0,360

A (720,0)
0 ~ *

Figure 13

this triangular region with two further half planes, corresponding to
the two remaining constraints, we obtain a region of feasible solutions
for our problem. This region appears as a closed polygon (see
Figure 14).

Now, once again our problem is to select from among the in-
finitely many points of this feasible region an “optimal” point, i.e.,

Yy
x+2y=720
~
5x + 4y = 1800
>
3x+y =900
4 x
0 A\
Figure 14

one corresponding to values of x and y which will maximize the value
of the profit M. We accomplish this by graphing the profit formula
40z + 50y = M, for various values of the parameter M. As in the
previous problem, some values of M yield straight lines entirely
outside of the feasible region, while other values of M correspond
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to lines which intersect this region. All the lines in this “family”
are parallel to each other, as they all have the same slope, namely
—#%, One of these lines just ““grazes’ the region at point P, indicated
in Figure 15. The coordinates of P are readily obtained by solving
the pair of equations z 4+ 2y = 720 and 5z 4 4y = 1800. We

find z=120 and y =300,
M = 40(120) + 50(300) = 19,800,
indicating that a production program of 120 boxes of ERGIES and

300 boxes of NERGIES will result in the largest possible profit,
namely $198.00. This program utilizes fully the available blending

Region of
feasible S ONC NM=25,000
solutions ~ \\\\\

~ NN M =19,800
A N M = 18,000

~
M = 15,000

Figure 15

and cooking facilities, but leaves unused 4 of the 15 available hours
of machine time in the packaging department, because 3(120) +
1(300) amounts to only 660 minutes, leaving 240 minutes of packag-
ing machine time unutilized. This “left over” time constitutes the
slack in this particular problem.

3 Alternate Optimal Solutions (Multiple Solutions):

In both examples of the preceding section, the optimal solution was
unique. This means that any other feasible solution would turn out
to be definitely inferior to the one obtained, i.e., would result in a
greater cost or smaller profit, as the case may be.
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Now, it is also possible to encounter linear programming problems
where there is more than one, in fact many *“‘equally good’ optimal
solutions. For instance, suppose we alter Example 2 above by
reversing the unit profits, so that the confectioner makes 50¢ profit
on each box of ERGIES and only 40¢ profit on each box of
NERGIES. The profit formula is now expressed by

50z + 40y = M.

In this case, the family of parallel lines which corresponds to various
values of the parameter M, appears as in Figure 16. The feasible

y

NN
N N N
LN N Y \
NN
N VAN

Figure 16

region is the same as in Figure 15, because we are assuming that the
other conditions are the same as in that problem. One of the lines

in the family now contains an entire segment l."-Q.of the boundary.
This line has the equation
50z + 40y = 18,000

and corresponds to a profit value M = $180.00. All points on the
segment P_Q are feasible points which yield the same optimal value
for M. For example, the coordinates of point P are

x =120, y =300, giving M = 50(120) + 40(300) = 18,000,
while the coordinates of point Q are

r = 557_0_0 =257} y= %0 = 128%, giving the same profit,

namely: M = 50(1—?-0 ) + 40(2-22) = 18,000.
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Of course, the latter solution involves fractional values for z and .
As a practical consideration, these values cannot be realized exactly
by the confectioner.* Nevertheless, they are feasible values in the
sense we are using this term, and represent an alternate optimal
solution.

Still another alternate optimal solution, which is practical as well
as feasible, is given by

x = 200, y = 200, giving M = 50(200) + 40(200) = 18,000.

This corresponds to a point between P and Q on the segment P_Q
We invite the reader to find other alternate optimal feasible solutions,
which can be realized in practice. Clearly, in a situation of this type,
the confectioner has a choice among many “‘equally good” produc-
tion programs and must use other criteria in making a decision as to
which he will adopt.

We shall conclude this part of our discussion with one additional
illustration of a simple linear programming problem in which both
unique and multiple solutions arise.t

Example 3. The Broad Motor Company, manufacturer of the
Bulkswagon (the latest word in compact cars for not-so-compact
people), decides to sponsor a one-half hour television show featuring
a comedian and a band. The Company insists that there must be at
least 3 minutes of commercials. The T.V. network requires that the
time allotted to commercials must not exceed 12 minutes, and under
no circumstances may it exceed the time allotted to the comedian.
The comedian is reluctant to work more than 20 minutes of the half-
hour show, so the band is to be used to fill in any remaining time.
The comedian costs the sponsor $150 per minute, the band $100
per minute and the commercials $50 per minute. Experience
indicates that for every minute the comedian is on the air, 4000
additional viewers tune in; for every minute of band time, 2000 new
viewers may be expected; but for every minute of commercial time,

* To be practical the solution must be a pair of integers, i.e., it must occur at a
“lattice” point (x, y) where = and y are integers.

t This problem is adapted from Kemeny, Snell, and Thompson, Finite Mathe-
matics, Chapter VI.
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1000 people will tune out! How shall the available time be allotted
if the sponsor is interested in:

a. obtaining the maximum number of viewers;
b. producing the show at minimum cost.
Analysis and Solution

Let * = number of minutes allotted to the comedian
y = number of minutes allotted to commercials
30 — x — y = number of minutes allotted to the band

The problem imposes the following constraints on the values of the
variables « and y:

y20 the program can not be negative.

z20 because the time allotted to each portion of
30—2z—y>0

Yy >3  restriction imposed by the sponsor.

y<12

<z } restrictions imposed by the TV network.

2 < 20 restriction imposed by the comedian.

If we let # be the number of people viewing the show, then the value
of n is determined by the following formula:

n = 4000z + 2000(30 — = — y) — 1000y
or n = 10002z — 3y + 60).

If we let ¢ denote the cost of the program to the sponsor, then the
value of ¢ is expressed by the formula

¢ = 150z + 10030 — = — ) + 50y
or , ¢ = 50(x — y + 60).
We want to determine values for z and y whlch shall either maximize

n or minimize c.
It is convenient to denote 2x — 3y by M, and x — y by m. This
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enables us to restate the problem in the typical form described
previously:

Determine: 220 and y>0
z+y <30
y=3
so that: y<12
x—y>0
x <20

either M = 2x — 3y isa MAXIMUM
or m=x—y is a MINIMUM.

The constraints define a closed polygon of feasible solutions. The
vertices of this polygon are readily determined as intersections of
adjacent boundary lines. The coordinates of these vertices are
indicated in Figure 17.

and so that: {

y
Q(l2 12) / AN R(18 12)
|
: Feasible 5(20 10)
: region
|
¢ 1°(20,
PG @03
/ : '
|
G X
Figure 17

Treating M and m as parameters (i.e., assigning to each of these
letters various values), we obtain two families of parallel lines,
which we superimpose upon the diagram as indicated in Figure 18.
A unique feasible maximum for M is attained at point T = (20, 3).
This corresponds to 91,000 viewers, as may be seen by substituting
in the formula for n:

n = 1000(2-20 — 3 -3 + 60) = 1000(91) = 91,000.
This is the maximum number of viewers, and it is achieved at a cost
of $3850, as may be seen by substituting in the formula for c:

¢ = 50(20 — 3 + 60) = 50(77) = 3850.
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A lower cost can be achieved if the sponsor is willing to settle for
fewer viewers. The minimum cost is attained at many feasible points,

in fact all along the segment }’_-Q. The reader will verify, for example,
that at point P,

z=3,y=3; .. ¢= $3000 and »n = 57,000.
At point Q,
z=12,y=12; .. ¢= $3000 and n = 48,000.

The cost remains constant ($3000) at all points along the segment

PQ, but the number of viewers varics along this segment from a
maximum of 57,000 (at P) to a minimum of 48,000 (at Q). Among

y
Direction of
/s decreasing m

Q~ 7
>\//// 7 &

Regiqn of S -~ Direction of
feasible P increasing M
points -

Figure 18

all these solutions, “‘equally good” from the cost point of view, the
sponsor would undoubtedly prefer point P, because the values of
x and y at this point bring in the most viewers for the same money.

In summary, if the Broad Motor Co. is interested in reaching the
largest possible audience, the time should be allotted as follows:
20 minutes to the comedian, 3 minutes to commercials, and 7
minutes to the band. This solution coincides with the intuitive
“common sense” approach since it allots the maximum permissible
time to the comedian, who is the best audience ‘“‘getter,”” while it
cuts down to the minimum permissible time, the audience “loser,”
namely the commercials. On the other hand, if the sponsor is
interested in saving money, his best program is not so intuitively
obvious. The most expensive item is the comedian and the cheapest
item, the commercials. However, a program entirely devoted to
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commercials is not feasible (and clearly undesirable). The maximum
time allowed by the network is 12 minutes of commercials. If the
sponsor adopts this in an effort to save money, he is forced to allot
at least an equal amount of time to the comedian. Since this is the
expensive item he will naturally keep this down to 12 minutes also.
This solution corresponds to point Q, on our graph. Although it
does achieve the goal of minimum cost, it is not his best program.
By cutting both the comedian and the commercials down to 3
minutes each and offering his public 24 minutes of good music, he
saves just as much money and keeps more of his audience. We
trust that this will not only reaffirm the reader’s belief in the worth of
music, but will also convey to him some appreciation for the value
of linear programming!

Exercises

1. Describe and sketch the set of points which corresponds graphically
to each of the following constraints, or systems of constraints. (Do not
assume non-negativity, unless this is implied by the constraints.)

[z >5 -1 <z <6
(@=x<5 ®)z2>5 (o) ly <2 (d){ 0<y<4
z22>20,y2>0
x+y> 6 y<sz+5
z<y+5
S + y 2 =7
2z +55< 9 e — y 2 -2
2w+ 5y < 21 e+ y2 6
® 1 oy 7 W 1243y > 8
z—2y< 8 r-ys 4
z+3y > -7

2. Write a set of constraints whose solution set corresponds to the
interior of the triangle whose vertices are located at the three points whose
coordinates are (0, 3), (2, 5) and (4, 1). How should the constraints be
written so as to include the sides and vertices of the triangle?

3. In Exercise 14 above, the graph reveals that it would be redundant
(superfluous) to stipulate > 0 and ¥ > 0. Prove this fact by algebraic
manipulation of the inequalities, i.e., prove that the non-negativity of x and
y are implied by the constraints of Exercise 1.

(Hint: You should be able to prove an even ‘‘stronger’ result,

namely that the constraints actually imply z > 1 and y > 1.)
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4. Mr. Hy P. Kondriak has been ordered by his physician to take daily
at least 24 units of vitamin B, and at least 25 units of vitamin B,. Unfor-
tunately, these are not available in pure form, but the local drug stores sell
HEALTH tablets at one cent each and STRENGTH capsules at three cents
apiece. Each tablet contains 1 unit of B, and 5 units of B,, while each
capsule contains 4 units of B, and 1 unit of B,.

Under these conditions, how many HEALTH tablets and how many
STRENGTH capsules should Mr. Hy P. Kondriak purchase daily, in
order to obtain the required vitamins at minimum cost?

5. The Broad Motor Company manufactures two basic car models, the
luxurious Pontillac and the low cost Bulkswagon. These are sold to car
dealers at a profit of $200 per Pontillac and $100 per Bulkswagon. A
Pontillac requires, on the average, 150 man-hours for assembly, 50 man-
hours for painting and finishing, and 10 man-hours for checking out and
testing. The Bulkswagon averages 60 man-hours for assembly, 40 man-
hours for painting and finishing, and 20 man-hours for checkout and
testing. During each production run, there are 30,000 man-hours available
in the assembly shops, 13,000 man-hours in the painting and finishing
shops, and 5,000 man-hours in the checking and testing division.

How many Pontillacs and how many Bulkswagons should the Broad
Motor Company plan to produce, in order to realize the greatest possible
profit from each production run?

(Answer: 140 Pontillacs, 150 Bulkswagons for a maximum profit of
$43,000.)

6. (a) In the preceding problem (Exercise 5), what would be the most
profitable production program if both Pontillacs and Bulkswagons were
sold to the dealers at the same profit of $100 per car?

(Answer: 100 Pontillacs, 200 Bulkswagons for a maximum profit of
$30,000.) ' ‘

(b) Suppose that the demand for luxury. cars were to increase to the
point where the Company could. realize three times as much profit on a
Pontillac as on a Bulkswagon. Show that it would then no longer pay to
produce the smaller car at all. In that case, how many could the company
produce?

(Answer: 200 Pontillacs, 0 Bulkswagons.)

(¢) If the public preferred the smaller car to such an extent that the
company could make more money on Bulkswagons than on Pontillacs, at
what point would it pay to switch all of its production facilities over to sole
production of the smaller car?

(Answer: This would occur if the company could realize at least twice
as much profit on Bulkswagons. At this point there are alternate op-
timal feasible programs available to the company. Beyond this point it
pays to make only Bulkswagons.)

7. (a) In Example 3 (see Section 3), calculate the value of M, i.e., the
value of 2z — 3y, at each of the vertices R and S (see Figure 17). Deter-

mine the midpoint of segment RS, and calculate the value of M at this
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midpoint. Compare these three values of M. At which point is it largest;
at which smallest? Is there any relation between the value at the midpoint
and the value at the ends?

(b) Compare the value of M at point R with its value at point Q (Figure
17). Now determine the midpoint of segment QR, and compare the value
of M at this midpoint with the values of M at each end of the segment.

Also find several other points on segment OR, and compare the values
which M assumes at these points with the values already obtained. For-
mulate a possible generalization.

8. Generalize the previous problem by proving that if M = ax + by,
then the value of M at the midpoint of any segment is equal to the average
of its values at the ends of the segment. Can the value of M at points
within a segment ever exceed both of the values it assumes at the ends of the
segment? Does your answer to the last question offer any clue as to the
behavior of a linear form M = ax + by, at points inside a closed polygon,
as compared with its behavior on the boundary? (We shall discuss this
question in the next chapter.)

. (\ LIBRARY N
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PART TWO

Convex Sets in the Cartesian Plane
and the Fundamental

Extreme Point Theorem

I. Preliminary Remarks

In part one, we introduced several simple linear programming
problems and observed that in each case the feasible solutions were
conveniently represented by certain sets of points in a plane. These
geometric notions (point and plane) were useful for the purpose of
obtaining a visual picture of these solutions, but we should not
forget that the solutions themselves were actually (pairs of) real
numbers. Other geometric configurations which arose quite
naturally in our treatment of linear programming problems were:
line, segment, polygon, half plane, etc., all introduced in a more or
less intuitive fashion.

Geometric intuition is, of course, a very fine thing, and the reader
will do well to develop his own as fully as he possibly can. But a true

22
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mathematician prefers, wherever possible, to crown his intuitive
insights with a sound logical analysis, bringing them together into
one carefully constructed theory. In the present case, this can be
accomplished in a fairly elegant way which, as often happens, yields
fresh insights into the problem or phenomenon under scrutiny.

Such a mathematical theory usually turns out to be more or less
abstract and may require a certain degree of sophistication or
“‘mathematical maturity” on the part of the reader. We shall keep
these demands to a minimum, by confining our sets of points to two
dimensions. However, much of the discussion readily generalizes
to higher dimensional spaces. If the reader is interested in such a
more general analysis he can find a number of good treatments
among the references (e.g., References 2, 3, or 8).

2. The Linear Relation in the Cartesian Plane

Let us begin by defining a point to be an ordered pair of real
numbers. For example, (2, 3), (—4, 3/5), (0, 0), etc. are all points.
If (=, y) denotes a point P, the value of z is called the first coordinate
of P, and the value of y is called the second coordinate of P.

The set of all ordered pairs of real numbers is called the cartesian
plane. Denoting by R, the set of all real numbers, it is customary to
denote the cartesian plane by R X R or R% Using the language and
notation of sets, this may also be expressed as follows:

RR=RXR={(x,y) | xeR and yeR }.

Any subset of R X R is called a relation. For example, the set of
all points whose first coordinate is 0 is a relation. This particular
relation is the set

Y={(z,y) | x=0and yeR },

and this set is called the y-axis. It is usually specified by simply
writing the equation x = 0. Similarly, the set of all points whose
second coordinate is O is also a relation. It consists of the set,

X={(x,y) | y=0and zxeR }

and is called the z-axis. Its defining equation is simply y = 0.
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Both of these sets are special examples of a linear relation. We
define this in the following way:

DEFINITION 1. A linear relation is a set of points in R? whose
coordinates « and y satisfy a linear equation: ax 4 by = ¢,
where a, b, ¢ are real numbers with a, b not both 0.

Let us examine, briefly, the reason why this type of relation is
called linear. Evidently the terminology is intended to convey the
idea that this relation has something to do with the intuitive geo-
metric notion of a line. Now, our cartesian plane, as we have defined

(x2,¥2)

(x1 .Jﬂ}{é ________ _I::

| |22 = x1| :
! i
(x1,0) 0 (x2,0)
Figure 1

it thus far, is merely an aggregation of ordered pairs of real numbers
and we are calling these ordered pairs points. To satisfy our geometric
intuition we must impose a geometric “‘structure’ on our cartesian
plane. We shall do this by defining a distance between any two points
of R%. Our definition is motivated by the Pythagorean Theorem of
Euclidean Plane Geometry.

DEFINITION 2. The distance AB between the points 4 = (2, ¥,)
and B = (x,, y,) is defined as

AB = \/(x2 — 2% + (Yo — Y™

Figure 1 indicates the close connection between this definition
and the Pythagorean Theorem. But the definition itself is purely
‘““analytic,” and it enables us to study the geometric concept of
distance by referring back to familiar properties of the real numbers
rathet .than by relying upon the appearance of a diagram. In the
present instance, we shall use our definition of distance to show that
the set of points which make up a linear relation actually does
possess a property characteristic of the straight line in an intuitive
sense. This property is embodied in the following theorem:
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THEOREM 1. If 4, B, and C are any three points in a linear
relation, then one of the distances AB, BC, and AC is always
equal to the sum of the other two.

Proof
Suppose / is a linear relation.
I={(2,y) € R? | ax +by=c}

where a, b, and ¢ are real numbers with a and b not both zero.
Consider any three points 4, B, and C, of /, where

A = (2?1, yl)a B = (xz, y2)a C = (x:}’ y3)°
We may suppose A4, B, and C are distinct, for if not, say A = B,

Figure 2

then AB =0, AC = BC, and the equation AB + BC = AC is
trivially true in such a case. Now we know that

ax, + by, =c¢
ax, + by, = ¢
arg + by; = c.

If we subtract the first equation from the second, the second from
the third, and the first from the third, we obtain

a(x, — ;) + by, —y) =0

a(ry — xp) + b(y; — yy) = 0

a(xy — 2y) + b(y; — y) = 0.
We know that a and b are not both 0. Let us suppose that a 0

(the argument is completely similar if we suppose b 7 0). It follows
that

(@ — o) = — 2 (5 — w)
a

(g — 2p) = — k(?/a — Ys)
a

(23— 2) = — I—)(?la - Y-
a
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We now compute the distances 4B, BC, and AC.

2
AB = ‘/(xz — )+ (y, —y) = A/t% (Y2 — 9)* + (92 — y)°

= A/(g—: + 1)(.1/2 -y = A/a2 t i Vi = v

a
J.AB = %ﬁ lys — ;] (note that \/;2_ = |r|, for all real r).*
Similarly,
BC = \/a%? |Ys — y2| and AC = \-/—a—%? 195 — wil-

We may suppose the notation 4, B, C so chosen that
Y1 < Y2 < ¥,

in which case we may write

Vo=l =v%—y, Wa—%l == ls—%l=y—u
It immediately follows that

2 2 2 2
Jai+b (% — 92) + (Y3 — ¥2)] _Yai+ b

AB+BC=~—"—
lal lal

(%3 — y1)s

ie.,
AB + BC = AC.

This completes our proof of Theorem 1.

Having verified that a linear relation /, meets an important
intuitive requirement for being a straight line, let us now investigate
the properties of its complementary set /’. This is defined as the set
of points remaining in R? after removal of the points of /. Formally,
we may define !’ as follows:

'l'={(x,y)eR2|ax+by¢c}. (aorb 5 0)

* The symbol * |r| * is called ‘‘the absolute value of r.”” Its value is always >0.
Conventionally, ¥r? > 0 for all real r.
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The points of [’ fall naturally into one or the other of two disjoint
(completely distinct) classes.

p={x,y)eR|ax+by>c}

b#0
q={(x,y)eR2‘ax+by<c}. (aorb0)

Every point in R? is evidently a member of exactly one of the three
sets /, p, or ¢, which are therefore said to “partition” R2.

The sets p and q are called open half planes.

The set [ is called the boundary of each of these half planes. If the
boundary / is united with the open half plane p, the resulting set is
called a closed half plane and is denoted by p. In the language of sets
we call this the union of / and p and write

p=1Up.
The set j may also be described as follows:
p={(z,y) eR®|axr+ by >c}. (aorbs#0)
Similarly, for the closed half plane g:
j=lug={@&yeR|ax+by<c}. (aorbs0)

Observe that an open half plane is defined by a strict linear in-
equality, such as
axr + by >c or ar+by<c

Either of these inequalities can be changed into the other form by
simply multiplying both members by —1. A closed half plane is
defined by a weak linear inequality, such as

ax 4+ by >c or axr+ by <Lec.

A linear equality, on the other hand, defines a straight line. It is
interesting to note that we can regard the notion of a closed half
plane as basic, and define a straight line as the intersection of two
closed half planes of the type 5 and § described above.

In the following exercises, linear relations are shown to possess
still further properties, ordinarily associated with straight lines. For
this reason we feel free to use the term *“straight line”’ synonymously
with “linear relation.”
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Exercises

1. Prove that a straight line (i.e., linear relation) is determined by any
two of its (distinct) points. Do this by proving that if (=, ;) and (x,, ¥,)
are distinct points of /, then every point (z, y) of [ satisfies the equation

@2 — Y7 — (¥, — 2y = 21y, — 25y
2. Ifz; # z,in Exercise 1 prove that every point of /satisfies the equation

y=mx + b,
where m = Zz;?/l (this is called the slope of ),
2 — Y1
and b= ’”—2%—-——_2’:”1 (this is called the y-intercept of I).
2~ L1

3. Prove that the equationy = mx + b derived in Exercise 2 is equivalent
to the equation

Yo — Yy

Yy — Y =m® —=), where m=
Ty — X

(Note: Equivalent equations mean equations which define the same
solution sets in R x R.)

4. Prove that the slope m = (y, — y,)/(x, — ,) does not depend upon
which pair of points of / have been selected as (x,, ¥;) and (%,, ¥,), so long as
these are distinct points of /, whose first coordinates are distinct.

5. If /is defined by ax + by = c, prove that / has a slope m, if and only
if b 5 0,1n which case m = g .

6. Prove that if the (distinct) lines / and I’ have slopes m and m’ respec-
tively, then / and /’ fail to intersect, if and only if, m = m’.
(Note: Two lines in R?which fail to intersect are called parallel.)

7. If I; and [, are distinct lines defined respectively by,
ax + by =c¢; and axr + by = c,,
then /, is parallel to I,, if and only if,
ab, — a,b; = 0.

(Note: This theorem is a bit more general than the one proved in
Exercise 6, because it does not require that the lines / and I’ have
slopés.)

8. If the lines /; and I, of Exercise 7 intersect at point (x, y), prove that

2 c1by — cyby
ayby — azh,

0102 - azcl

and 'y = arb, — agh,
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3. Convex Sets in the Cartesian Plane
Straight lines and half planes in R? possess an important property
called convexity. The notion of a convex set plays such a prominent

role in linear programming (and other areas of modern applied
mathematics) that we shall devote some time to it.

A
‘ \B
S s
——————
A B

Figure 3

In geometric language, a set of points S, is said to be convex, if
and only if, the set .S contains the entire segment joining any two of its
points. The sets depicted in Figure 3 are all convex sets.

The sets depicted in Figure 4 are not convex sets.

Since the idea of convexity depends on the notion of segment,
we should try to make the latter concept precise. Intuitively, a
segment is a portion of a line containing all those points of the line
which are between two given points. We may possibly also wish to

Figure 4

include in the segment one or both of its end points. Our problem
is to express these ideas algebraically.

In order to accomplish this task, it is convenient to introduce an
analytic description of a segment. This can be done by generalizing
the well known midpoint formula of plane coordinate geometry.
Consider two distinct points: A4 = (%, %) and B = (%, ). If
M = (z, y) is the midpoint of segment AB, then the coordinates of
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M are given by x = }x; + §2, and y = 3y, + $y,. More gener-

ally, if M divides 4B in the ratio p : g, i.., if % =Z, then by
9

using similar triangles in Figure 5, it is readily seen that

ITh _P_YTh
Ta—x 4 Yp—Y
Solving the first of these equations for x yields:

qx+P

r=—"u Ty,
o p+4q p+gq
Similarly, solving for y:
y=—1 Y+ £ Ya-

Cp+a Pty
(The special case p = ¢, yields the midpoint formula.)

Y
(x2,y2)
| |
< ] |
| (zlvyl) | I
| | |
| I |
| | |
L 1 1 X
0| (x1,0) (x,0) (x2,0)
Figure 5
P 9 and the coordinates

Now, if we let ¢ =I—’T—,then 1—t=
of the point M are then expressed as follows:
x= (1 =8z, +tz, and y=(1 — )y, + ty,.

Here ¢ is restricted by definition so that 0 < ¢ < 1. As ¢ varies

between 0 and 1, point M varies over the segment AB. On the other
hand, if we remove the restriction and allow ¢ to vary over all real
numbers, then we shall obtain the entire line / determined by the two
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points 4 and B. To see this let us start with a line /, defined by
ar + by = ¢ (where a and b are not both 0).
Let A = (xy, ;) be a fixed point of /, so that
ax, + by, = c.
Then, for any point (z, y) of I, we have
a(z — z,) + b(y — y,) = 0.

Now let r be any real number and consider all those points (z, y)
for which
x—z,=rb and y—y, = —ra.

These points are obviously points of /, because for each of them
a(x — ) + by — yy) = a(rb) + b(—ra) = 0.

Conversely, if (z, y) is any point of /, then we can always find a real
value r, such that x — z; = rb and y — y; = —ra. This is possible
because a and b are not both 0. Suppose, for example, that a 7 0.
Then we need merely choose

r= Y—4 )
—a
This choice of r, automatically makes y — y;, = —ra, from which it

follows that
a(w — z,) + by — y) = alz — =) + b(~ra) = 0
a(x — z;) = a(br)
(x — z,) = br (since a # 0).

If a = 0, then b # 0 and the argument is quite similar.
We have thus shown that the set of points /, defined by the single
linear equation

0)) ar + by =c¢  (with a and b not both 0)
is identical with the set of points defined by the pair of equations
)] z=2+rb and y=y, +r(—a),(reR)

where (z,, y,) is any (fixed) point of /. The real variable r appearing
in this pair of equations is called a parameter and the pair of equations
is called a parametric representation of line /.
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In a parametric representation such as (2), the parameter r may
assume any real value. When r =0, one obtains x =z, and
y = y;. These are the coordinates of one particular point A4 of L
If B = (x,, y,) is another particular point of /, there must be some
value of r, say r = k, for which

x, =, + kb and y, =y, + k(—a).

Furthermore, if Bis distinct from 4, then k 7 0. It then follows that
b= (z, — 2)/k and (—a)= (y, — yy)/k. These expressions for
b and (—a) may now be substituted in (2):

r r
x=xl+z(xz— z) and y= y1+l;(y2— Yo

Since r can be any real number, we may denote the ratio r/k by ,
where ¢ can now be any real number also. Our parametric represen-
tation then takes on the following useful form:

3) z==2,4+ 1z, —2,) and y=y + 1y, — Y1), (LER).
This is also conveniently rewritten,
@4 z=0—0x;+1tx, and y=(1 — 0y, + ty,, ((ER).

These are the same expressions which we obtained from geometric
considerations previously.
Observe that

when ¢t = 0, then = x; and y = y;;
when ¢t = 1, then x = x, and y = ys.

The two special parameter values 0 and 1, therefore, yield respectively
the particular points 4 and B. Moreover, we now also observe that
if t assumes a real value between 0 and 1, more precisely if 0 < t < 1,
then the resulting point C must “lic between” points A and B. As
the latter idea of “betweenness” for points is essentially an intuitive
notion, we shall try to make the last assertion more precise. We
accomplish this with the aid of the following very useful theorem:

THEOREM 2. If C is any point on line /, with parametric repre-
sentation given either by (3) or (4), and if C corresponds to the
parameter value ¢, then AC = |¢| 4B.
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Proof
If C is the point (z, y), then by (3) we have

T — 2 =1, —7) and y—y, =1y, — yy).
Therefore,

AC =V (x — z)? + (y — y)?

=V 1z, — 2 + £y, — yp)?
=V \/(x2 — 2 + (Y — y)?
AC = |t| AB. (Q.E.D))

Suppose now, that 0 < ¢t < 1. Then, 0 <1 — ¢t < 1. Applying
Theorem 2 directly, gives AC = t AB. On the other hand we can
rewrite the parametric representation (4) as follows:

4 z=tr,+(1—1t2x and y=1ty, + (1 — )y, tER),
and then apply Theorem 2 with the roles of A and B interchanged

and (1 — 1) replacing ¢. This gives BC = (1 — )B4, which can
also be written CB = (1 — t)AB. If we add AC and CB, we get

AC + CB =1t AB + (1 — {)AB = AB.

This equality gives us a precise mathematical way of stating that point
C lies between points 4 and B.

DEFINITION 3. Point C is between points 4 and B, if and only if,
AC + CB = AB.

We can now also give a precise definition of the term segment.
DEFINITION 4. If 4 = (2;,y,) and B = (2,, y,) are points in R,

then we define

(a) The closed segment AB'is the set consisting of points 4 and B,
together with all points between 4 and B.

(b) The open segment AB is the set consisting of points between
A and B. Using a parametric representation, we may express the

closed segment AB as follows:
AB = {(z, y) € R* | x = (1 — )z, + try, and
y=(1—1ty, + tys, for 0t <1}
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The open segment 4B has the same parametric representation except
that the parameter ¢/ must now be restricted to values between 0 and 1,
i.e,, 0 < t < 1. Either endpoint can be included in or omitted from.
the segment by a slight alteration in the inequality which specifies
the permissible values of the parameter ¢. Thus,

0 < ¢t < 1 includes point 4 but not B (notation: /ﬁi);

0 <t < lincludes point Bbut not 4  (notation: Afi.).

For later use it will be convenient to generalize our parametric
representations somewhat, by use of the following theorem:

!  THEOREM 3. Let a parametric representation
=r be chosen for a line / and let P, Q, and R be
three distinct points of / with corresponding
parameter values p, ¢, and r, respectively. If
P < g < r,then point Q is between P and R.

Proof

This can be proved directly, using Definition 3. A less tedious
procedure is to define a new parameter ¢" as follows:

p=1"P
r—p

Then points P and R will correspond respectively to the new param-
eter values t' = 0 and ¢ = 1, while point Q will correspond to the
new parameter value (g — p)/(r — p). We leave it to the reader to
show that this last value lies between 0 and 1.

For later use, we also define the terms ray and half line.

DEFINITION 5. Letthe point P, on line /, correspond to the param-

eter value p.

(a) Each of the sets defined by t < p or t > p is called a ray.
P is called the endpoint of the ray.

(b) Each of the sets defined by ¢ < p or t > p is called a half line.
P is called the endpoint of the half line.

Notice that a ray contains its endpoint, while a half line does not.
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Our intuitive description of a convex set (see page 29 above) now
acquires the status of a fairly precise definition.

DEFINITION 6. A set of points is called convex, if and only if,
whenever it contains points A4 and B, then it also contains the

segment AB (i.e., it contains 4, B and all points between 4 and B).

We are now in a position to establish several theorems which
are of considerable importance for linear programming.

THEOREM 4. Any half plane (closed or open) is a convex set.

Proof

Before we give a formal proof, we remark that this theorem is
intuitively obvious! A half plane consists of all points *““on one side”
of a line. If we select two points “‘on the same side” of a line, it
seems quite clear that the entire segment between them must also
lie on this same side. Just look at the diagram!

Segment

Line

Nevertheless, a mathematical proof endeavors to go beyond a
mere intuitive feeling, however strong it may be. In the present
instance, the proof is entirely analytic (i.e., algebraic) and in no way
dependent upon a diagram.

We shall prove the theorem for closed half planes. The proof for
open half planes is practically the same.

If (2,, ¥,) and (,, ¥,) are points of a closed half plane defined by
ax + by < c, then

ax, + by; < ¢ and azr, + by, < c.
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Now, if («', ') is any point on the (closed) segment determined by
these points, then, by Definition 4

e =(01—0r,+w, and y' =1 -0y + 19, (0L <D

Our problem is to show that (', y’) also belongs to the closed half
plane, that is, we must show that ax’ + by’ < c¢. This result is
immediately seen to be true by direct substitution.

ax’ + by’ = a(l — )z, + atx, + b(1 — t)y, + by,
= (1 — 0)(az; + by,) + t(ax, + by,)
<A —=Hc+tc=c—tc+tc

ar’ + by’ < c. (Q.E.D)

THEOREM 5. The intersection of any collection of convex sets is a
convex set.

Proof

Consider any collection of convex sets (finite or infinite in number).
If their intersection contains points 4 and B, then these points must
be contained in each convex set of the given collection (because the
intersection of a collection of sets contains all points common to these

sets). Hence, each of these convex sets contains the segment AB.

Therefore, the segment AB is contained in the intersection of these
convex sets. The intersection is therefore a convex set, by Definition 6.
An immediate consequence of this theorem is:

THEOREM 6. The intersection of any set of half planes is a convex
set.

Exercises

1. Prove that any straight line in R? is a convex set.
2. g. If a set contains exactly one point, is it a convex set? Explain.
b. Is the null set (empty set) a convex set? Explain.
c. If a set contains a finite number of distinct points, is it a convex set ?
Explain.
3. If a and b are real numbers such that a < b, prove that the set of all
points (x, y) for which @ < = < b, is a convex set (see Figure 6).
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4. If a, b, ¢, and d, are real numbers such that a < b and ¢ < d, prove
that the set of all points (z, y) for which

a<z<b and ¢ <Ly <d
is a convex set. (Note: this set of points is a “rectangle,” see Figure 7.)
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Figure 7

5. Prove that a circular disk is a convex set. Do this by first defining a
circular disk as a'set of points (z, y), such that

(@ —h? +(@y —k?<La
where A, k, and a are fixed real numbers (see Figure 8).

—— >

Figure 8



38 Convex Sets—Fundamental Extreme Point Theorem

4. Convex Subsets of a Line

It is possible to classify completely, all the possible convex subsets
of a line. This will be quite valuable in our further study of the
convex subsets of the cartesian plane.

Let k be any convex subset of a line / in R%. Of course / is itself
a convex set (see Exercise 1 preceding this section). If k 5 /, there
must exist a point D in /, which is not in k. Choose any parametric
representation for /, and let D correspond to the parameter value d.
Let A be any point in k and let its corresponding parameter value
be a. Since A and D are distinct points, a % d. Therefore, either
a<dord<a.

Suppose a < d (a similar argument holds when d < a). Then all
points of k must correspond to parameter values which are also
less than d. For, if there were a point E in k with parameter value

e > d, then because k is convex, every point in segment AE, including
D(!"), would belong to k. This contradicts the fact that D was
chosen not in k. We see therefore, that if a < d, then the set of all
parameter values corresponding to points of k, has an upper bound.
(The real number d is such an upper bound in this case.)

Now, there is a well known property of the real number system,
called completeness, which asserts that if a set of real numbers has an
upper bound, then there exists among all its upper bounds a smallest
one. This is called the least upper bound. In the present case, let this
least upper bound be the real number b. Using b as a parameter
value, we obtain a point B on line /, having the property that every
point of / between A4 and B belongs to k, but every point of / ““beyond”
B, i.e., whose parameter value is /arger than b, does not belong to k.
The point B itself, may or may not belong to k.

If the points of / which lie “beyond” B are the only points of /
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which are not in k, then k is clearly the ray defined by the parameter
values ¢ < b (see Definition 5a). If, in addition, B does not belong
to k, then k consists of the half line defined by t < b (see Definition
5b). In either case B is an endpoint of the ray or half line k.

If, on the other hand, there are still points of /, “below” B, i.e.,
with parameter values /ess than b, which do not belong to k, then
these points must lie “beyond” 4, i.e., they must correspond to
parameter values which are actually /ess than a. (This is so because
A and all points between A4 and B are members of k.) Once again,
using the completeness property of the real number system, we see
that there is a least upper bound c, for the parameter values of these
remaining points of / which are not in k and are beyond 4. Let point
C on / correspond to parameter value c¢. All points of / between C
and B, now clearly belong to k. C itself, may or may not belong to k.
No point with parameter value less than ¢ can belong to k, as k is
convex and would contain all points between this point and point A4,
including C itself, thus yielding smaller upper bounds than c, for the
set whose least upper bound was supposed to be c.

In short, k can now only consist of all points between C and B,
and may or may not include either endpoint B or C. This makes
k a segment of /, with or without either endpoint. All of this is now
briefly summarized in the following theorem:

THEOREM 7. A (nonempty) convex subset of a line / must be one
and only one of the following: (a) the entire line I; (b) a ray on[;
(c) a half line on [; (d) a segment on [ (with or without either end-
point).

Note that a single point of /is a convex subset and may be regarded
as a special case of a segment (see Exercise 2a of the previous section).
Except for this trivial case the remaining convex subsets of a line
may be referred to as ‘““one-dimensional” convex sets. In the next
section we shall study “‘two-dimensional’” convex sets. These are
far more complicated and we shall concentrate our attention on a
special kind known as “polygonal convex sets” which are of great
importance in linear programming.

Exercises

1. Prove Theorem 7 for the case where d < a. (Observe that this
requires the fact that every set of real numbers, which has a lower bound,
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has a greatest lower bound. Can you derive this fact from the correspond-
ing assertion about the existence of a least upper bound ?)

2. Prove that any point P of a line /, “separates’ /into two half lines with
the property that a segment joining a point of one of these half lines to a
point of the other half line, always contains the point P.

3. Given points 4 and B on lme 1, let us call points 4 and B ““bourdary”
pomts of the closed segment AB; callall points which are between 4 and
B, “interior” _ points of AB; call all other points of line /, “exterior”

points of AB. Prove that any segment joining an interior point to an
exterior point, ““crosses the boundary.”

5. Polygonal Convex Sets and Linear Forms

In Section 3, we proved that the intersection of any set of half
planes is a convex set. In particular, if all these half planes are closed
and if there are only a finite number of them, we shall call their
intersection a polygonal convex set.

DEFINITION 7. The intersection of a finite number (> 1) of closed
half planes is called a polygonal convex set.

We encountered a number of examples of polygonal convex sets
in Part One (see Figures 11, 14, and 17 of that Part). Any closed half
plane qualifies as a polygonal convex set and so does any straight
line or even any closed segment. (Verify that these are all expressible
as intersections of a finite number of half planes.) Our chief interest
centers, however, upon convex polygons and unbounded convex
polygonal regions. We shall define these sets in due course.

According to Definition 7, a polygonal convex set " consists
of all points (x, y) whose coordinates are ‘‘simultaneous’ solutions
of a system of inequalities:

ax + by <Lc (where i=1,2,...,m).
Each of these inequalities defines a closed half plane. Each of these
closed half planes has, in turn, a boundary line, defined by the corre-
sponding equation:
ax + by =c; (for each i above).

In general, a part or even all of a boundary line may belong to the set
. That part of a boundary line which is contained in the set ¢ is
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called an edge. All the edges taken together form the boundary
of the polygonal convex set #". These ideas are precisely formulated
in the following definition:

DEFINITION 8. (a)If X is a polygonal convex set, the intersection
of any boundary line of £~ with J¢ itself is called an edge of &".
(b) The union of all edges of ¢ is called the boundary of A .

(c) Any point in the boundary of X" is called a boundary point
of A,

From among the boundary
points of a polygonal convex set.?’,
we shall single out those which lie
on more than one of its boundary
lines. We shall call these points the
corners or vertices of #". They are
also often referred to as extreme
points of A". Certainly, there can
be no more of these than there are
intersections of pairs of boundary lines and hence there are only a
finite number of vertices (possibly none).* We formulate these ideas
in the next definition.

DEFINITION 9. An extreme point (or vertex) of a polygonal convex
set &, is a point of 2" which is contained in at least two distinct
boundary lines.

Because a vertex lies on at least two distinct boundary lines, its
coordinates satisfy at least two of the equations ax + by = c;.
Let us say

ax + bry = ¢,

ag+by=c (for some r # s)}

and in addition these coordinates « and y satisfy all the remaining
inequalities,
ax + by < c; (for i # r, s).

* Actually, if X" is the intersection of m closed half planes, we can show that the
number of vertices of & cannot exceed m. In the case m = 1, there are no vertices,
i.e., a closed half plane has no extreme points.

t These two equalities are, moreover, not redundant, because they define distinct
lines.
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On the other hand, a boundary point which is not a vertex, satisfies
exactly one of the equalities a;x + by = c,, let us say

ax + by = ¢y,
and in addition satisfies all the remaining strict inequalities
ax + by < c; (for i # k).*

An edge e of a polygonal convex set X" is the intersection of ¢~
with one of its boundary lines /. As X" and / are both convex sets,

< > |

DR

H
Hy
N S S S S
The edges of .4 are lines A A

The edges of o3 are either
rays or closed segments

Figure 9

their intersection e must be convex. Therefore, by Theorem 7, e
must be one of the following: the line /itself, a ray, a half line, or a
segment with or without either endpoint. We shall show below, that
e must, in fact, contain its endpoints, if there are any. This reduces
the actual possibilities for an edge to

a line, a ray, or a closed segment.

Figure 9 indicates that these configurations actually can occur.
We shall also show that an endpoint of an edge is not only contained
in that edge, but is also an extreme point of & (vertex of X").

Let the edge e consist of all those points of " which satisfy

ax + by = ¢,
and let / be the (boundary) line which this equation defines. Let
B = (z,, ) be an endpoint of e and let us select the following
parametric representation for l:
z=2,+br and y=y, —ayr (for all r € R).

* This will be true provided the half planes which define " are all distinct, i.e.,
provided no two of the equalities a,x + b,y = c are redundant.
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(See Equation 2, Section 3.) With this particular parametric
representation, the endpoint B has the parameter value r = 0. Let
A be any point of edge e with parameter value a. We assume that
a # 0, for otherwise B is the same as 4 and the proof will be trivial.
We have already shown, in our proof of Theorem 7, that all points
between A and B belong to e. Let T be any such point and let ¢ be its
associated parameter value. Then the real number ¢ lies between the
real numbers a and 0. (More precisely we have either a < ¢ < 0
or 0 <t < a, depending upon whether a < 0 or 0 < a.) If the
coordinates of T are (Z, %), then clearly

Z=2z,+ bt and §=y, — a.

Let us now consider the remaining m — 1 boundary lines of X
(assuming that there are altogether m of them). Let these be defined
by the equalities

ax+ by = c; (for2 < i < m).
As T € A, we must certainly have
az + by < c; (for all i with 2 < i < m),
i.e., afx, + b) + by, — a) < ¢
) azx, + by, + (a:b, — ba))t < ¢;
(for all i such that 2 < i < m).

But ¢ can be any real number in the interval between a and 0, so,
within this interval, we may let ¢t — O (that is, we may make |¢| as
small as we please). We thus obtain

0)) azx, + by, < ¢ (for all i such that 2 < i < m),

which, along with the fact that equality holds when i = 1, signifies
that B = (z,, ¥,) € )¢, and hence to e, as well, because it is in the
intersection of / with ¢~ (see Definition 8).

It remains to show that B = (z,, y;) is an extreme point of XA .
We shall accomplish this by showing that at least one of the m — 1
inequalities (1) is in fact an equality. Suppose, on the contrary,
that all of these inequalities are strict, i.e., suppose that

az, + by, <c¢; (foralliwith2 <i<m).
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Because there are only a finite number (m — 1) of these we can
choose a real number ¢ > 0, so small that the following strict in-
equalities still hold:

d azx, + by, + (a,by — ba)e < ¢;

az, + by, — (b, — baye < Ca} (for all i with 2 < i < m).

We rewrite these inequalities as follows:

afx, + bye) + b(y; — a1¢) < ¢;

d
an ax, — bye) + by, + a1¢) < ¢;

} (for all i with 2 < i < m),
and we now observe that corresponding to the parameter values
r = ¢ and r = —¢, there exist two points of /, call them P and Q,
respectively, which are also in ¢ and consequently are both in edge
e. But this is impossible, because point B = (z,, ¥;) corresponds to
the parameter value r = 0 and must, therefore, lie between P and Q,
contradicting the fact that B is an endpoint of edge e and cannot lie
between two points of e. This completes the proof of the assertions
we made above. We summarize them as

THEOREM 8. Each edge of a polygonal convex set " is either a
line, a ray, or a closed segment. Its endpoints, if any, are extreme
points of 4.

We have now gained considerable insight into the nature of the
boundary of a polygonal convex set. It is only natural that we should
turn next to a study of its ““interior.”” By this we mean the set which
remains if we remove all boundary points from the polygonal convex
set.

DEFINITION 10. (a) An interior point of a polygonal convex set
A is any point of 2 which is not in the boundary of %",
(b) The set of all interior points of " is called the interior of A .

Definition 10 implies that the coordinates (, ) of an interior point
must satisfy all of the strict inequalities

- ax + by < ¢, (i=12,...,m).

The interior is, therefore, the intersection of the open half planes,
rather than the closed half planes, which are used to define the
polygonal convex set %",
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A polygonal convex set need not have interior points at all. A
line, a ray, or a segment (with or without either endpoint), are all
examples of such sets.* However, we shall be specially interested in
those which do have interior points. We shall call them “‘regions.”

DEFINITION 11. A polygonal convex set which has interior points
is called a polygonal convex region.

Every point of a polygonal convex region % is clearly either an
interior point or a boundary point. All points of R? which are not
points of 2~ will be called “exterior points.”

DEFINITION 12. (a) An exterior point of a polygonal convex setf”
is any point of R? which is not in J¢".
(b) The set of all exterior points of " is called the exterior of A".

If one wishes to decide whether any particular point (z, y) of R?
is an interior, exterior, or boundary point of 2, one must evaluate
each of the expressions a;x + by, which appears as the left member
of a defining inequality for ¢, and then compare this value with the
corresponding number ¢,, which appears as the right member of
that inequality. It, therefore, appears worthwhile to study the way
such expressions ‘“behave.” We call these expressions “linear
forms.”

DEFINITION 13. If a and b are real numbers, the expression

ax + by
is called a linear form.

Note that in this definition we do not impose any restriction on the
values of a and b, although in most applications a and b are not
both zero.

Any linear form can be evaluated at all points of R It defines,
therefore, a function f, whose domain is R* and whose range consists
of real numbers. The value assumed by f at (z, ) will be designated
by f(z,y). The reader should have no difficulty proving that the
range of f is usually all of R. There is an obvious exception (see
Exercise 2 below). The function f is also often called a linear
functional, the term “functional” referring to any real (scalar)

* We are referring here to a *“‘two dimensional”” interior. As ‘“‘one dimensional”
sets, they can be regarded as having “‘one dimensional” interiors.
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valued function whose domain is a “‘vector space”. We shall not
use this terminology here.

The values assumed by a linear form are governed by rather
stringent laws. The following theorems describe the most important
of these laws.

THEOREM 9. LINEARITY PROPERTIES

If f (x, y) is a linear form, then

(a) f(mz, my) = mf(z,y), for all real m.
®) S+ 25,91 + 92) = f(@1, 90 + [ (@2 )
Proof
Let f(x, y) = ax + by. Then
(@ f(mz, my) = a(mz) + b(my)
= m(ax + by)
= mf(z, y).

®) S + 2,y + yo) = a(x; + x,) + b(y; + y»)
= (ax, + by, + (ax, + by,)
= f(=,, Y1) + (22 ¥o)-

With the aid of these linearity properties, we derive a useful
formula for determining the values assumed by a linear form as one
proceeds along any given line in R2.

THEOREM 10. Let 4 = (v,y,) and B = (¥, be distinct
points of R?; let f(z, y) be a linear form; letf(A) =f(x, y) = m
(value of f at A); let f(B) = f(25,y;) = M (value of f at B);

let x=(l — t)r, + tz,

fi R
y=(l-t)y1+tyz} (for £€ R)

-

«—>
be a parametric representation of line AB. If P = (z,y) is any
L ad
point of line 4B, corresponding to the parameter value ¢, then

fP)=f(x,y) =m+ (M — m)t.
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Proof
S@y)=fI1—0r; + txy , (1 — Dy, + ty,)
=f[(1 -z, , (1 =0y + S 12y, ty,]
=1 =0 f(x,y) + tf (2, y5)
= —-tm+tM
=m+ (M — mt. QED.

From this theorem we reap a veritable harvest of valuable infor-
mation about linear forms.
Suppose, first, that m = M; then f(z,y) = m, for all te R. In
>

that case f(z, y) remains constant all along line AB:

THEOREM 11. Ifa linear form assumes the same value at two dif-
ferent points in R?, it assumes this same value at all points of the
line determined by the two given points.

Suppose, next, that m # M. Now f(x,y) no longer remains
>

constant along line AB. In fact, if ¢ is any real number whatsoever,
we can determine a unique value for ¢, such that

f@,p)=m+ (M—m)t=c.
We merely choose c—m

M—-m’

t =

This means that f(z, ¥) can be made to assume any specified value
<«

¢, by choosing an appropriate point on line 4B. Moreover this
point is uniquely determined by c:

THEOREM 12. If a linear form assumes different values at two
points of R? then it will assume any specified real value at a
suitably chosen point on the line determined by the two given
points.

Notice that while Theorem 11 asserts that a nonconstant linear
form may not take the same value at two different points of a line,
Theorem 12 asserts that it must take any preassigned value at some
point. Let us pursue further the manner in which it assumes these
values.
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Suppose m < M. Then M — m >0 and hence f will be a
strictly increasing function of t. By this we mean the following:
let us designate the expression m + (M — m)t by f(f). Then
whenever t; < t,, f(#)) < f(t,). This is easily proved as follows:
If t; < t,, then (M — m)t; < (M — m)t,, because (M — m) > 0.
Hence m + (M — m)t; < m + (M — m)ty, ie., f(t) < f(t). In
the particular case: 0 < r < 1, this tells us that

JO) <f(n <f()
ie., m < f(x,y) < M for all points on segment AB.

In other words, each value assumed by f(r, y) along a segment is
intermediate in value, between its values at the ends. Furthermore,

of all the values assumed by f(z, y) on the closed segment AB, the
minimum value is attained at point 4 while the maximum is attained
at point B, in the case where m < M.

In the case where M < m, we shall leave it to the reader to establish
that fis a strictly decreasing function of t, assuming at each point of
segment AB a unique value intermediate between its values at the
ends, the maximum being achieved (in this case) at 4, the minimum
at B. (See Exercise 4, below.)

The results proved in the last two paragraphs are conveniently
summarized as follows:

THEOREM 13. If a linear form assumes different values at two

points 4 and B, then it assumes at each point of the open segment
AB a unique value intermediate between its values at the endpoints.

Its maximum and minimum values on the closed segment AB are
therefore, assumed at the endpoints.

Exercises

1. Given the polygonal convex set defined by the inequalities
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(a) Express each of the inequalities of this system in the form
a;x + bzy S C; (l = 1» 27 3; 4’ 5)-

(b) Obtain a parametric representation for each boundary line.
(c) Determine the extreme points of the polygonal convex set.
(d) Obtain a parametric representation for each edge.

(e) Which edges are segments? Which edges are rays?

2. Prove that the range of the linear function f, defined by f(z, y) =
ax + by, is all of R (the real numbers), whenever a and b are real numbers
not both zero. What happens when a and b are both zero?

3. Given the linear form 3z — 5y, and segment AB joining the points
A =(-2,1)and B = (4, 2). Determine the values assumed by the linear

form at A, at B, and at the midpoint of segment AB. Where on AB does
the linear form assume its maximum value? Where does it take on its
minimum ?

4. Complete the proof of Theorem 13, by showing that if a linear func-

tion f; has a smaller value at B than at 4, then f is a strictly decreasing
function of the parameter .

6. The Fundamental Extreme Point Theorem

Now that we have acquired a clear picture of the behavior of a
linear function along any line in R% we are in a position to extend
this knowledge to more general convex sets. In fact, let 2" be a
polygonal convex region (see Definitions 10 and 11, above). Suppose
XA is defined by the m inequalities

ax + by < ¢ (i=12,...,m).

Consider any interior point 4 = (z,, ;) and any line /, which con-
tains this point A. The line /may, or may not, also contain a bound-
ary point. If / does contain a boundary point, say B = (2,, ¥,),
then there must be at least one value of i, say i = k, such that

a&y + by = ¢
But, as 4 is an interior point, it is also true that

ay + by < ¢

Therefore, the linear form f(z,y) = a;x + by assumes at 4, a
smaller value than ¢, (call this value m) while it assumes at B,
precisely the value ¢, (let us call it M). Hence, by Theorem 13, it
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assumes at each point of AB a smaller value than ¢;,. This means

that all points of (the half open) segment "AB are interior points,
while B is a boundary point! Moreover, there also exist on /, points
at which a,x + b,y assumes values larger than c¢,. These are clearly
exterior points of 2. This proves

a\

Figure 10

THEOREM 14. If a line /, through an interior point of a polygonal
convex region X', intersects the boundary of ", then this line must
also contain exterior points.

This very reasonable theorem becomes most illuminating if one
forms its contrapositive:

THEOREM 15. Ifa line / does not contain any exterior points of a
polygonal convex region ", then either it contains only interior
points of X or, it contains only boundary points of J¢".

Thus any polygonal convex region which contains an entire line
cannot contain this line “partly inside and partly on the boundary”
—the line is either entirely inside or entirely on the boundary as
indicated by the first diagram of Figure 10. Such a region is evidently
“unbounded,” a term we shall presently define.

Let us return now to our discussion just preceding Theorem 14,
We saw there that all points which are between an interior point A and
a boundary point B, are themselves interior points. Now, suppose that
line -/, through interior point A, intersects the boundary in more
than one point, say B and C. Then A must lie between B and C, for
any other possibility would make either B or C an interior point!
It now follows that / cannot intersect the boundary in more than two
points. In fact, the open segment joining any two of these, contains
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A and therefore consists entirely of interior points. If there were
three points in which / intersects the boundary, one of these three
would have to lic between the other two, thereby becoming an
interior point. This contradiction excludes the possibility of three
or more such points. In summary we have the following:

THEOREM 16. If aline /, through an interior point of a polygonal
convex region J', intersects the boundary in more than one point,
then the intersection consists of exactly two boundary points. All
points between these two boundary points are interior points of .

In view of Theorem 16, we can classify polygonal convex regions
into two main categories:

CATEGORY I. Those polygonal convex regions for which every
line through an interior point intersects the boundary in exactly
two points.

CATEGORY II. Those polygonal convex regions for which there
exists at least one line through an interior point intersecting the
boundary in one point or no points.

If A" is a polygonal convex region of Category II, then " must
contain at least one ray (and possibly an entire line) in its interior.
It is quite natural to call such a region “unbounded.”

On the other hand, a region of Category I, cannot contain a ray
within its interior, because Theorem 16 asserts that such a region
intersects every line through its interior in a closed segment with
endpoints on the boundary. Now, it seems reasonable to suppose
that such a region cannot contain a ray in its boundary either.
However, we shall not try to prove this supposition, but we shall
merely observe that if such a region ", does not contain a ray in its
boundary, then by Theorem 8, its edges are all closed segments, whose
endpoints are the extreme points (vertices) of #". We call such a
region J¢, a “‘convex polygon.” Our precise definition is as follows:

DEFINITION 14. A convex polygon is a polygonal convex region
X, which has the property that every line containing a point of
2, intersects ¢ in a (closed) segment.

As the edges of a convex polygon are all closed segments, the
endpoints of these segments are the vertices of the polygon by
Theorem 8. The following theorem is now easily proved:
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THEOREM 17. Any convex set which contains the vertices of a con-
vex polygon X', contains the entire polygon .

Proof

As the edges of ¢ are all closed segments, it follows that every
boundary point other than a vertex lies on a segment between two
vertices. Hence, any convex set S, which contains all the vertices of
X", must also contain all the boundary points of J". Moreover,
Theorem 16 assures us that every interior point of " is on (at least
one) segment joining two boundary points. Hence, S also contains
all interior points of 2#". This accounts for all points of ', so our
proof is complete.

As a special case of this theorem, let us enclose all the vertices of
a convex polygon ', in a rectangle (see Exercise 4 on page 37).
This is always possible, because there are only a finite number of
vertices (z;, ¥,), so we can always determine a4, b, ¢, and d, so that
a<z,<band c <y, <d, for all i. It is very natural to call
the region # ‘“bounded,” under these circumstances. More
generally, we define any bounded set as follows:

DEFINITION 15. A set S (of points in R?) is called bounded, if and
only if, there exists a rectangle containing S. (That is, there exist
real numbers a, b, c, d, such that, for all (z,y) € S

a<zxz<b and c<Ly<d)

Any set that is not bounded is called unbounded. The regions of
Category II are examples of sets which are unbounded. In fact, any
set which contains an entire ray is unbounded (see Exercise 3 below).
All convex polygons, on the other hand, are bounded.

Our somewhat lengthy analysis of polygonal convex regions has
many further ramifications, but we have learned enough to equip
us for the task in hand. Our object is to study the values assumed by
a linear form f(z, y) = ax + by, at the various points of a polygonal
convex region . As a result of this study we shall derive the general
thebrems which govern the phenomena observed in Part One.

THEOREM 18. THE FUNDAMENTAL EXTREME POINT THEOREM.
If o is a convex polygon and f(z, y) = ax + by is a linear form,
then of all the values assumed by f(z, y) at points of 2", both the
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maximum as well as the minimum values, occur at extreme points
of A .

Proof

Let P = (z, y) be a point of ", and let us designate the value of f
at this point by f(P), ie., let f(P) = f(x,y) = ax + by. Consider
any line /, which contains point P. By Definition 14, the line /
intersects K in a closed segment. Now, if P is an interior point of ¢,

Figure 11

then by Theorem 16, the endpoints A and B of this segment are
points of the boundary of #". By Theorem 13, the value f(P) is
intermediate between the values f(4) and f(B). Let us say f(4) <
f(P) < f(B). The edges of " are all closed segments. If Bis notan
extreme point of X", then by Theorem 8, B must lie between two
extreme points C and D and once again, by Theorem 13, the value
f(B) is intermediate between the values f(C) and f(D), let us say
f(C) < f(B) L f(D). Therefore, we certainly have f(P) < f(D)
where D is an extreme point of ", In the same way, if 4 is not an
extreme point of ¢, then at one end of the edge containing 4, say
at E, we have f(E) < f(A4) < f(P), i.e., we certainly have

f(E) < f(P) < f(D), where D and E are vertices of X"

Our argument thus far shows that the value of f at any interior
point is “matched” by a value at least as great, and a value at least
as small, at suitable points of the boundary. The value of f at a
boundary point is matched, in turn, by a value at least as great and



54 Convex Sets—Fundamental Extreme Point Theorem

a value at least as small, at suitably chosen extreme points. But a
convex polygon has a finite number of extreme points. Among the
values assumed by f(r,y) at these extreme points, there must
consequently be a largest as well as a smallest. These largest and
smallest extreme point values are, respectively, the maximum and
minimum values attained by f(z, ¥) on the convex polygon X". This
completes the proof of Theorem 18.

Observe that this theorem does not preclude the possibility that f
may take the same value at more than one point of 2", If this should
occur, then by Theorem 11, f must assume the same value at all
points of the line determined by these two points, in particular at all
points of the closed segment in which this line intersects 2", This
accounts, for example, for the “multiple optimal solutions” noted in
Part One, where a linear form assumed its maximum or minimum
value all along an edge of the polygon.

Let us turn our attention next to convex polygonal regions which
are not convex polygons. For such a region £ there must be at
least one line containing a point of 2", which does not intersect £~
in a closed segment. But this intersection must be a convex set and
it is easy to see that it must therefore be either a line or a ray (see
Exercise 4). In either case, we can select a ray, starting say at point
P of X" and containing only points of 2£". If Q is another point on
this ray, and if ftakes a different value at Q than at P, i.e., if f(Q) #
f(P), then f will become ‘“‘arbitrarily large” or ‘“‘arbitrarily small”
along this ray, according as f(P) < f(Q) or f(Q) < f(P), respectively
(see Theorem 12). On the other hand, if f(Q) = f(P), then f will
retain a constant value all along this ray (see Theorem 11).

Thus, a linear function f need not have a maximum value at all
in a polygonal convex region X, if this region is not a convex
polygon. Similarly, it need not have a minimum value in such region
either. However, whenever it does assume a maximum or a minimum
value, it will do so on the boundary of #". The proof of this is quite
similar to the argument used in proving Theorem 17, so we shall
mergly sketch the idea. We draw a line / through any interior point
P. Unless f'is constant along this line, it will be a strictly increasing
function of the parameter along one of the rays emanating from P,
and a strictly decreasing function along the other ray. If neither ray
meets the boundary, f will have neither a maximum nor a minimum.
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If either ray meets the boundary, then the value of fat this point is at
least ““as good” (i.e., as large or as small) as the value at P. Hence,
if an optimal value (maximum or minimum) exists at all, it will be
attained on the boundary. Furthermore, as before, such an optimal
value will be “matched” at an extreme point of any edge on which
this value is attained. (The only exception will be the case where an
edge has no extreme point, i.e., consists of an entire line, and f
remains constant all along this line.) The following theorem sum-
marizes these results:

THEOREM 19. Ifalinear function has either a maximum or a mini-
mum value on a polygonal convex set ", then it assumes such an
optimal value on the boundary of .#". If this occurs on an edge
which has at least one extreme point, then the optimal value is
assumed at at least one of these extreme points.

This concludes our discussion of polygonal convex sets in the
cartesian plane and the behavior of linear functions on such sets.
Specific examples of the various possibilities will be exhibited in
several of the exercises below. Some of these possibilities have
already been observed in Part One.

Most of the theory developed in this chapter, generalizes readily
to any number of variables. This leads to the study of convex sets in
an “n-dimensional” space (see References 2,3). Regretfully, we must
forego this interesting theory in this brief monograph, but fortunately
we shall not need it. As we shall see in the next chapter, it is possible
to develop a very satisfactory technique for handling linear program-
ming problems involving many variables, without recourse to any
of this geometrical theory, interesting though it may be.

Exercises

1. Let " be defined by
22 + 3y £6
2 4+ 3y > -3.

(a) Prove that this region contains the entire line /, whose parametric
representation is

z=1+3 and y=1-2¢ (where t € R).

(b) Prove that the linear form f(z,y) =2 + ¥ has neither a maximum
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value, nor a minimum value in »". (Hint: express the values assumed by
f(=z,y) along /, in terms of t.)

(c) Prove that the linear form f(x, y) = 2z + 3y remains constant at all
points of /. , :

(d) Prove that the linear form f(x, y) = 4= + 6y assumes both a maxi-
mum value and a minimum value in the region . What are these values
and where do they occur?

(e) Prove that the linear form f(x,y) = ax 4+ by will have both a
maximum and a minimum value in ¢, if and only if, 3a — 2b = 0. What
happens if 3a — 2b # 0?

Figure 12

2. Let & be defined by
x >0
Yy 20;
also, let / be the line whose parametric representation is:
r=1+4+2t and y=4%+1¢ (where t € R).

{—x+y <4

1
! —711||T s > x
0 >

Figure 13

(a) Determine where / intersects each of the boundary lines of .

(b) Show that only one of these three intersections is a point of ", and
that this particular point corresponds to the parameter value t = —3.

(c) Let the ray r be defined by the parametric representation

z=1+4+2t and y=3% +¢ (where t > —13).
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Prove that the entire ray r is contained in ",

(d) Show that the linear form f(z, y) = x — 2y retains a constant value
at all points of the ray r.

(e) Show that the linear form f(z, y) = x — 2y does not remain constant
along the ray s, defined by the parametric representation

z=¢t and y =0 (where ¢ > 0).

In other words, show that f(z, %) varies as one proceeds along the positive
z-axis. In fact, show that f(x, ¥) has a minimum value on this ray, but no
maximum value.

(f) Show that the linear form f(z, y) = x — 2y has a maximum but no
minimum value along the ray v, defined by

z=¢t and y =4+t (where t > 0).

(With the previous result, this shows that f(z, y) has neither 2 maximum
nor a minimum value in X'.)

() Determine whether the linear form g(z, y) =« + 2y has either a
maximum or a minimum value in ",

3. Prove that any set which contains an entire ray is unbounded. (Hint:
Prove that a rectangle cannot contain a ray.)

4. Prove that the intersection of any line / with a polygonal convex set ¥
is either a line, a ray, or a closed segment. Hint: The proof is practically
the same as the proof of the first part of Theorem 8 (see pp. 42-43).

*5. Investigate the question of whether a region of Category I can con-
tain a ray in its boundary. This question may be stated in either of two
ways:

(1) If a polygonal convex region does not contain a ray in its interior,
then it does not contain a ray in its boundary.

or (contrapositive)

(2) If a polygonal convex region contains a ray in its boundary, then it
contains a ray in its interior.



PART THREE

The Simplex Method in

Linear Programming

I. Preliminary Remarks

Dantzig’s discovery of the Simplex Method ranks high among the
achievements of twentieth century applied mathematics. Much of
the research in this area makes extensive use of somewhat advanced
and highly sophisticated mathematical concepts and techniques.
Nevertheless, the Simplex Method for solving linear programming
problems can be derived in a strictly elementary fashion using only
ideas and techniques familiar to any good hlgh school student or
college undergraduate. Underlying the method is the Gauss-Jordan
complete elimination procedure for solving systems of simultaneous
linear equations. This procedure is rapidly gaining popularity
because it is essentially a simple, iterative process, readily adapted to
computers and easily mastered by even a beginner. Once this

58
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procedure is understood, it is a fairly easy transition to the Simplex
Method.

2. The Gauss-Jordan Complete Elimination Procedure

We shall introduce the Gauss-Jordan procedure by means of a
specific example, but it will be evident that the method is quite
general. Consider three equations in five unknowns:

2c — y+2u—v+3w= 14
n x4+ 2y+3u+v = 5
x — 2u — 2w = —10.

Suppose that it is desired to solve these equations for u, v, and w in
terms of # and y. We begin by detaching the coefficients, thereby
obtaining a representation of the system of equations in “matrix”
form: '

z Y u v w
2 -1 @ -1 3 14
2 1 2 3 1 0 5
1 0 —2 0 =2 | —10

Next we eliminate u# from each equation except the first. This
elimination is initiated by dividing each entry in the first row by 2,
the coefficient of u in the first equation. This coefficient is called a
“pivot.” (It is encircled above.) The effect of this operation is to
divide each member of the first equation by the pivot 2. This yields
a new first row in which the u-entry is 1:

x Y u v w

—
I
ops
—
|
(S
139
|

(new first row)
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(Note that this row represents the equation z — 4y + v — $v +
$w = 7, which is equivalent to the original first equation.) We now
multiply each entry in the new first row by —3 and add to the corre-
sponding entry of the previous second row (in matrix 2). This yields
a new second row in which the coefficient of u is zero:

-2 3 0o % -3 —16 (new second row)

Next, we return to the new first row, multiply each entry by 2 and
add to the previous third row (in matrix 2), thus obtaining a new
third row in which the u-entry is again zero. Our matrix now looks
like this:

x Y u v w

1 - 1 =} 3 7
@ -2 % o -2 | —16
3 -1 0 -1 1 4 (new third row)

This new matrix 3, represents a system of linear equations which is
completely equivalent to the original system (1), i.e., it has the very
same solution set. (In fact, in any system of equations, if one
replaces an equation by a new one obtained by adding it to a non-
zero multiple of any other equation of the system, there results an
equivalent system.)

The above method of eliminating a variable, such as u, from all
equations but one, is called an “iteration.” An iteration is inaugur-
ated by selecting a nonzero coefficient of the variable to be eliminated
and designating this entry as a pivot. (Such a pivot must exist for
any variable which is actually present in at least one of the equations.)
Dividing its row by the pivot, produces a new row with the entry 1 in
the pivotal position. Adding appropriate multiples of this new row
to each of the other rows produces new rows with the entry 0 in the
pivotal column. This completes the iteration.
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Let us now return to our problem. We inaugurate a new
iteration, whose purpose this time is to eliminate v from each
equation except the second. We select § as our new pivot. Dividing
each entry of the second row by £, we obtain a new second row with
1 as the v-entry:

z Y u v w

-4 7 0 1 -2 —32 (new second row)

We multiply this new second row by } and add to the previous first
row (of matrix 3), to get a new first row with O as the v-entry:

R
R
<
<

@ 3 1 0 3 12 (new first row)
4
5

tF 0 1 -3 | %

Then we multiply the new second row by 1 and add to the previous
third row to obtain a new third row in which the v-entry is again 0.
This completes the second iteration and yields the matrix:

x y u voow
8 + 1 o0 % r's
@ [-* % 1 —% —5
11 2 0o —¢ —12 (new third row)

The system of equations represented by this matrix is still equivalent
to the original system (1).

A third and final iteration eliminates w from each equation except
the third. This is accomplished by dividing the third row of matrix 4
by the pivot —4, thus making the w-entry unity, and then adding
appropriate multiples of this new third row to each of the other rows
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so as to reduce their w-entries to 0. The final result of this third
iteration is the array:

x Y u v w
2 ¢+ 1 0 o 2
%) -23 1 0 —1
- -3 0 0 1 3

Our original system of equations (1) is now seen to be equivalent to
the following new system:

@+ By +u = 2
(6) -2 + By +v = —1
(= + (—dy +w= 3.

From this we immediately read off our sought for solution, expressing
u, v, and w, in terms of =z and y:

u= 2-— (Pr— @y
M v=—14+&)7— @Dy
w= 3+ (H=+ By

Clearly, we can generate infinitely many particular solutions to
the original system of equations by assigning values to the “param-
eters” z and y independently. Perhaps the simplest among all
these solutions (and most important in the theory of linear program-
ming) is the special solution obtained by lettingz =0 and y = 0:
then u = 2, v = —1, and w = 3. This solution is called a basic
solution and u,v,and w are called basic variables (in the basic solution).
The matrix 5 has the advantage of exhibiting explicitly, in its right-
hand column, the values of the basic variables, which are readily
recognized by the entry 1 in the “unit column vector” directly under
each basic variable.

The solution we have just obtained is not the only basic solution.
Other basic solutions can be obtained by assigning the value zero to
any two of the five variables (these two become “nonbasic’) and then
determining corresponding values for the remaining three variables
(these are now ‘“‘basic”). All this is conveniently accomplished by
utilizing the Gauss-Jordan procedure to solve for the three basic
variables in terms of the remaining two nonbasic variables.
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In general, if we have m equations in m + n variables, we can
designate n of these variables as nonbasic and solve for the remaining
basic variables. In most actual applications there will be a unique
solution for the basic variables in terms of the nonbasic ones. The
Gauss-Jordan procedure then leads to a matrix such as (5) above,
wherein the entries under each basic variable constitute a *basic
unit column vector.” This is simply a column with exactly one entry
equal to 1 and the others equal to 0. Each basic variable has the
nonzero entry (i.e., the 1) in a different row from all the others. The
value of this basic variable, in the associated basic solution, appears
in this row in the far right column.

3. The Extended Simplex Tableau

We proceed now to apply these ideas to the solution of linear
programming problems. Let us begin by examining a particular one:

Ronald’s mathematics teacher has given his class three very long
lists of problems with the instruction to submit no more than 100
of them (correctly solved) for credit. The problems in the first set
are worth 5 points each, those in the second set are worth 4 points
each, and those in the third set are worth 6 points each.

Ronald knows from experience that he requires on the average
3 minutes to solve a 5-point problem, 2 minutes to solve a 4-point
problem, and 4 minutes to solve a 6-point one. Because he has other
subjects to worry about, he cannot afford to devote more than 3}
hours altogether to this mathematics assignment. Moreover, the
first two sets of problems involve numerical calculations, and he
knows that he cannot stand more than 2} hours of work on this type
of problem.

Under these circumstances, how many problems in each of the
three categories shall he do in order to get the maximum possible
credit for his efforts?

Analysis and Solution

Let « = the number of 5-point problems to be done,
y = the number of 4-point problems to be done,
z = the number of 6-point problems to be done.
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Ronald’s dilemma may now be formulated as follows:
Determine: 220, y20, z>0

r+ y+ 2100
so that: 3z 4 2y + 42 < 210

3 + 2y < 150

and so that: M = 5z + 4y + 62 is a MAXIMUM.
By introducing additional ‘‘slack’ variables, u, v, w, we can refor-
mulate the problem as follows:

Determine: >0, y>0, z>0, u>0, v>0, w>0

x4+ y+ z2+4u = 100
so that: 3z 4+ 2y 4 42 +v = 210

3z 4+ 2y + w =150
and sothat: M =5z + 4y + 62+ 0u+ Ov 4+ Owisa

MAXIMUM.
We shall find it helpful to treat the last equation similar to the other
equations, so we transpose all terms of this equation to the left side
and express our problem in this manner:
Among all the possible solutions of the system of equations

z+ y+ z4u = 100

) 3z 4+ 2y + 42 +v =210
x4+ 2 +w = 150

—5z — 4y — 62 +M= 0

determine a solution for which

2 220, y>20, 220, u>0, v>0, w>0
and for which

(€)] M is as large as possible!

The following bit of terminology has become fairly standard in
linear programming and will be found quite helpful in our discussion:

DEFINITION. Any solution of the system of equations (1) which
also satisfies (2) is called a feasible solution.

DEFINITION. Any solution of the system of equations (1) which
also satisfies (3) is called an optimal solution.
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The problem is to determine a feasible solution which is also optimal!
A fundamental existence theorem states that whenever there exists
an optimal, feasible solution, there exists one which is also basic.*
The Simplex Procedure is a method for arriving systematically at
such an optimal, basic feasible solution, when it exists, or revealing
that there is none, when one does not exist.

The method begins by writing the array (called a Simplex Tableau)
corresponding to the system (1):

z y 2z u w M

1 1 1 1 0 0 0 100

3 2 4 0 1 0 0 210

3 2 0 0 0 1 0 150
5 —4 —6 0 0 0 1 0

The presence of basic unit column vectors in the last four columns
under the variables, signifies that we already have a basic feasible
solution to start with, namely

x=0,y=0,2=0,u=100,v =210, w =150, and M = 0.

However, this solution is not optimal because (reading from the last
row) we have the equation

M=0+4 5z + 4y + 62 — Ou — Ov — Ow,

and clearly we can increase the value of M by increasing either z,
y, or z. Now at the moment each of these three (nonbasic) variables
has the value 0. We are free to choose any of the three and allow it
to assume a positive value. It appears advantageous to select z for
this purpose, because each unit increase in the value of z increases
the value of M by 6 units, whereas a corresponding unit increase in
either z or y, increases M by only 4 or 5 units, respectively.

So we allow z to increase, keeping x and y equal to 0. We observe
at once that this change in the value of z, not only increases the value
of M, but forces us to reduce the values of ¥ and v, two of the vari-
ables which were temporarily in the basis. This reduction must
occur because u, v, and w must satisfy the three equations represented

* See Reference 4, Chapter 4, or Reference 8, Chapter 3.
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by the first three rows of the matrix, i.e.:

u=100— =z — Yy— z
v=210 — 3z — 2y — 4z
w = 150 — 3z — 2y,

and with z and y both equal to zero these equations become

u=100 — 1z
v=210— 4z
w = 150 — 0Oz

Clearly, any increase in z reduces u and v (but does not affect w in
this particular example). Now remember that u, v, and w are also
constrained to remain non-negative. Hence, we cannot increase z
indefinitely. In fact, the first equation permits us to increase z by no
more than 100/1 = 100 units, while the second equation permits us
to increase z by no more than 210/4 = 52} units. (The third equation
in this case permits an unlimited increase in z.) Clearly then, the
allowable increase in z may not exceed the smaller of the two ratios
100/1 and 210/4, namely 52}. This change in the value of z (from
0 to 52%) reduces the value of u from 100 to 474, reduces the value
of v from 210 to 0, and leaves the value of w unchanged at 150. We
now have a new basic feasible solution

2=0,y=0,0=0,u=4742=52,, w=150 and M = 315.

In this new basic feasible solution, the value of M is substantially
greater than it was before.

Now it is not at all necessary to use this cumbersome line of
reasoning in order to obtain the new (improved) basic feasible
solution. We have already seen in the preceding section that one can
arrive at a new B.F.S. by systematically transforming the matrix
with the aid of the Gauss-Jordan complete elimination procedure.
Thus in the present illustration, we do this using the entry 4 as a
pivot. This pivot is selected on the basis of the following considera-
tions: locate the ‘“‘most negative” entry in the last row;* this
locates the variable to be introduced into the basis; divide each
positivé element in the column under this variable (and only positive
elements) into the extreme right member of its row; select as a

* Actually, any negative entry in the last row may be used, but this one yields

the largest increase in M per unit increase in the variable associated with this
entry. It is not always the best choice.
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pivot the divisor which yields the smallest quotient; use this pivot
to perform a complete iteration. In the present example, this yields
the following new matrix:

x Y 2 u v w M

r 3+ o0 -1 0 0| 413 |=u

i ¥+ 1 0 1t o0 0] 52 |=2

32 0 0 0 1 0| 15 |=w
-+ =1 0 0 2 o0 1| 315 |=pm

From this new matrix we read off at a glance the new (improved)
B.F.S. The four unit vectors under the headings 2, u, w, and M,
identify these as the basic variables whose new values are displayed
in the column at the right.* The nonbasic variables, at this point,
are z, ¥, and v. -

Although this B.F.S. is an improvement over the previous one,
the presence of negative numbers in the last row signifies that it
is possible to increase M still further. The “most negative’” entry is
—1. We note that all the entries in this column are positive, so we
calculate all three ratios

473 524 150
—2 =095 —= =105, — =175,
3 ’ 3 2

The smallest ratio, 75, identifies 2 as the next pivot. Using this pivot
we perform another iteration and obtain

x Y 2 u v w M

1 0 0 1 —f -3 o 10 |=u
0 0 1 0 3 —1 0| 15 |=¢2
5 1 0 0 0 3 0| 75 |=y
1 0 0 0 3 3 1| 3% |=m

This matrix yields a new B.F.S. with an increased value of M.
Moreover, no further improvement in the value of M is possible,
* This column, together with the identification of the basic variables next to it,

is called the ““stub.” It is often placed on the left side of the matrix, instead of at
the extreme right as we are doing here.
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since there are no longer any negative entries in the last row. We
have at last attained our desired optimal solution,

2=0,y=752=15u=10,v=0,w=0, and M = 390..

Interpreting this solution, we see that Ronald’s best bet is to do
none of the problems in the first set, 75 problems in the second set
(at only 4 points each), and 15 problems in the third set (at 6 points
each). This secures for him a total of 390 points, the maximum credit
possible under the conditions set forth in the problem. Observe
that some ‘““slack’ remains in the optimal solution, for he actually
does only 90 problems (not 100). This shows up in the fact that the
slack variable u remains in the final basis with a value of 10. How-
ever, Ronald does have to use all of his available time, namely 210
minutes, and he is forced to put up with the full 150 minutes on
numerical calculation type problems, which he dislikes.

In practice, one usually omits the column headed M, as this
column never changes throughout the computation. With this slight
alteration, the following summarizes our solution of the above prob-
lem by the Simplex Method:

z Y z u v w
100 Comments
= =100 1 1 1 1 0 0 100 [=u Initial B.F.S.
Choosex =y :_I_mz ;—- 0;
21 u, v, w are in the basis
S0 524 3 2 @ 0 1 0 210 | =v and have the values
4 indicated. The most
negative entry ind the
= last row is —6 and the
3 2 0 0 0 1 150 v entry 4 (in the circle)
""""" T : " becomes the pivot.
—5 —4 —2 0 0 0 0 =M,
T
474 _ -
3% Podo0 1 —p 0 4n " New B.F.S.
524 2 enters the]plfsis dis-
== = 5 = placing v, ere are
3 105 i § 1 0 i 0 524 z still negative entries in
150 the last row, indicating
that M’ is not maxi-
- T 7 3 @ 0 0 0 1 150 | =w mum. The new pivot
is 2.
—% —1 0 0 2 0 315 =M
T
_i 0 0 1 _‘} _.i 10 =u New B.F.S.
’ Y enters u:;hbasis dis-
— = placing w. Thereareno
0 0 ! 0 i t 15 ? more negative entrics in
th; last ;‘ow. MThis
indicates that ” s
H 1 0 0 0 3 5| =y now a maximum,
1 0 0 0 3 3| 39 |=M
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Notice that the selection of a pivot for each new iteration requires
examining the entries directly above some negative last-row entry
and dividing only those that are positive into the corresponding
entries at the extreme right. The reason we ignore those that are
negative or zero, is worth repeating. If a variable has a negative or
a zero coefficient in any particular equation, then that variable may
be assigned as large a value as one pleases, and it will still be feasible
as far as that equation is concerned. Now if this should occur in
every equation (i.e., if all the entries above some negative last-row
entry are negative or zero) then M can be made as large as one
chooses by simply taking arbitrarily large values for the variable
associated with these entries. In this case we say that M has an
“infinite maximum.”

Many linear programming problems call for minimizing rather
than maximizing a linear expression similar to M above. This is
easily accomplished by maximizing (— M) using the Simplex Method
we have already developed. For example, in the above problem
(—M) represents the expression —5z — 4y — 6z. If we write this
as the equation

50+ 4y + 62+ (—M)=0

and use this new variable (— M) in place of the variable M, the initial
matrix looks like this:

x y 2z uvw (—M)

I 111000] 100]|=u
324010020 |=0
320001 0 15 [=w
546000 1| 0|=(—M

This initial basic feasible solution is already optimal, because there
are no negative entries in the last row. The maximum value of
(—M) is zero and hence the minimum value of M is also zero. This
result was, of course, obvious from the start, but it is worth seeing
that it is obtainable by our Simplex Method. We shall consider a
less trivial illustration in the next section.
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4. The Use of Artificial Variables

In the previous section an initial basic feasible solution was
available right from the beginning due to the presence, within the
initial matrix, of a set of basic unit column vectors, one for each
basic variable. These are so handy, that it pays to introduce them
“artificially”” when they are not already present.

We shall describe how this can be done by means of a rather simple
problem which, we admit, can be easily solved by other methods,
but which we shall use as a vehicle to introduce the artificial variable
technique.

Mr. Hy. P. Kondriak has been ordered by his physician to take
daily at least 24 units of vitamin B, and at least 25 units of vitamin B,.
Unfortunately, these are not available in pure form, but the local
drug stores sell HEALTH tablets at one cent each and STRENGTH
capsules at three cents apiece. Each tablet contains 1 unit of B,
and 5 units of B,, while each capsule contains 4 units of B; and 1 unit
of B,.

Under these conditions, how many HEALTH tablets and how
many STRENGTH capsules should Mr. Hy. P. Kondriak purchase
daily in order to obtain the required vitamins at minimum cost?

Analysis and Solution

Let « = number of HEALTH tablets to be purchased,
y = number of STRENGTH capsules to be purchased.

Mr. Hy. P. Kondriak’s problem may be formulated as follows:

Determine: >0, >0
so that: { vt dy 224
Se+ y 225
and so that: m=z+ 3y is a MINIMUM.

By introducing ‘“‘slack” variables # and v (to change the inequalities
to equations) and by letting M = (—m), we can reformulate the
problem as follows:
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Determine: >0, y >0, u >0, v>0

that: 4y —u =24
so tha {5x+ y  —v=25

and so that: M = —z — 3y 4 Ou + Ov is a MAXIMUM.
Now unfortunately, the negative coefficients preceding u and v
prevent these variables from supplying the very desirable unit basis
vectors when setting up the initial matrix. So we introduce two new
“artificial” variables @ and b, into the equations, as follows:

{x+4y—u +a =24
Se + y -0 + b = 25.

Ordinarily, this would change drastically the character of our
problem, but we prevent this by the following ingenious device:
we subtract from M the quantity pa + pb, where p is an unspecified
but “large” positive number; call this result M’, i.e.,

M'=M — pa — pb = —z — 3y — pa — pb,
and rewrite this equality as follows:
x4+ 3y+pa+pb+ M =0.

We then proceed to seek a maximum value for M’ instead of M.
In other words, we are going to try to solve the following new
“artificial” problem:

Determine: >0, y >0, u>0, v>0, a>0, b>0

x4+ 4y —u + a =24
so that: {5z 4+ y -0 + b =25
x4+ 3y +pa+pb+ M= 0

and so that: M’ is as large as possible.

If a basic feasible solution exists for our original problem, then
it will constitute a basic feasible solution for our artificial problem,
with @ = b = 0. Therefore, if we apply the Simplex Method to the
artificial problem, we must eventually arrive at such a basic feasible
solution (with @ = b = 0) because the large negative coefficient —p
prevents M’ from reaching its maximum so long as either a > 0 or
b > 0. (If it should happen that M’ did reach a maximum before
a and b were both eliminated from the basis, this could only mean
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that the original problem was not feasible.) Having attained to a
B.F.S. witha = b = 0, we can drop the artificial variables altogether,
and continue with the original variables, applying the Simplex
Method until either M attains a maximum value, or we ascertain that
M has an infinite maximum.

The starting matrix for our artificial problem looks like this:

x y u v a b M’

1 4 —1 0 1 0 0 24
5 1 0 -1 0 1 0 25 (There is no
B.F.S. evident
1 3 0 0 0 0 1 0 at this stage.)
P P

For convenience in subsequent calculation, each entry in the last
row has been separated into two parts, the part involving p being
written below the part which does not involve p. In each column of
this “double row” the two parts form a single entry, and the double
row still represents a single equation of the artificial problem.

As we have indicated, this matrix does not yield an obvious B.F.S.,
but we can readily obtain one that does. We simply multiply each
of the first two rows by —p and add both of these results to the last
row. It is convenient to record these totals in the extra space which
has been provided in the last row, because they involve p. We now
have the following equivalent representation for our artificial
problem:

x y u v a b M’
Elé =4 | 1 4 —1 0 1 0 0| 24 [=a
2%5_ . (Initial B.F.S.)
5 ® 1t 0o -t 0 1 0|2 |=b Bon aical
_____ cwn|eemmmcienns fommememeo-oo variables are in
1 3 0 0 0 0 1 0 the basis.
=M’
—6p =5 1p 1p —49p
A

The appearance of three basic unit column vectors under a, b, and M’,
heralds the presence of our first B.F.S. for the artificial problem.
We inaugurate a new iteration in the usual manner, using the
“most negative’ last row entry (—6p) to locate the new pivot (5), and
x now enters the basis, displacing the artificial variable 5. Notice
that the two parts of the double row can be transformed as if they
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were separate rows. Notice also, that we do not bother to transform
the columns headed a, b, and M’, because the latter column never

changes anyway, and because the artificial variables never reenter the
basis once they are displaced.

T Yy u v a b M’
19 1
—_— 5 — z
a 0 b3 19 | =a
5 1 1
— =25 - -
g : 5 ¢ 73 5 | == NewBES.
___________ The artificial
14 1 varjable “a” is
0 — 0 ol 5 still in the basis.
5 5 -
0o b2 : 1 =M
5P P 5P —19
1

The large negative entry —42p signifies that further improvement

in M' is still possible. We perform another iteration using the
pivot 32:

z y u v a b M’
0 1 - 1£n llﬂ 5 =Y
1 0 1 — 4 = New B.F.S.
19 19 “ No artificial
e variables in this
0 0 %;_ lL’ —19 = M’ basis,
0 0 0 0 0

This time y has entered the basis displacing the other artificial
variable a. The number p no longer influences the value of M'. We
have arrived at a basic feasible solution to our original problem

z=4,y=5u=0,0=0m=19.

(Note that the value of m is now simply the negative of the value of
M', because the artificial variables a and b have vanished.)

This B.F.S. also happens to be optimal in this particular problem,
as there are no further negative entries in the M' row (the double row).
In more complicated problems, this need not be so. After completing
the “first phase” in which the artificial variables are elimininated,
further iterations may still be in order if there are negative entries
remaining in the final row. Then one continues to apply the Simplex
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procedure until either M is maximized, or one ascertains that it has
an infinite maximum. In the former case m is minimized. In the
latter case m has an “infinite minimum.” In this “second phase’
one is actually working with basic feasible solutions to the original
problem, the artificial problem having served its purpose during the
“first phase.”” This purpose was to lead us to an initial B.F.S. for
the original problem.

5. The Condensed Simplex Tableau

A further streamlining of the Simplex Method was devised in the
mid 1950°s by S. Vajda and M. Beale, and has been used extensively
by A. W. Tucker.* This method, called the Condensed Tableau,
eliminates from the regular Simplex Tableau as many columns as
there are basic variables.

To see how this is accomplished, let us look back at the sequence
of tableaux on page 68. The first iteration removes from the basis
the variable v, and replaces it by the variable z. In the process, the
column of entries under z is transformed into a basic unit column vector
| 0

(1) , while a similar basic unit column vector under v is replaced by a

0
new set of entries. The Condensed Tableau Method eliminates
entirely all such basic unit vector columns (along with their basic
variable headings). It transforms the column of z-entries directly
into the new column of v-entries and merely interchanges the labels
z and v. Two simple rules determine these new entries as well as the
remaining entries of the transformed tableau. We shall derive these
rules and then state them. Although we shall refer to the variables
v and z which are interchanged by the first iteration, it will be
apparent that the discussion is quite general and applies to each
iteration.

Prior to the iteration, the pivot p (= 4 in the particular illustration
we are using) appears in the z-column and is located in the same row

* “‘Condensed Schemata for Dantzig’s Simplex Method,” Memorandum by
A. W. Tucker, for SOCIALOKONOMISK INSTITUTT, University of Oslo,
1959.
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as the entry 1 of the v-column. The current value of z is zero, and
the current value of the basic variable v (namely 210) appears at the
extreme right in this row. We indicate all the items of interest,
schematically as follows:

any
other
z column v
pivotal : ) 1 B _
q = p (variable
row @ "4 in basis
—to be
replaced
any
other | ... r ... s 0 by 2)
row

The iteration begins with division of the pivotal row by p. The new
value at the extreme right of this row is the new value of z.

any
other
z column v
pivotal ) ) o o ~ 2 (new
row e b alp p i P variable
' ’ in basis)
any
other | ... r ... s 0
row

Now consider any other row with entry r in the pivotal column
(i.e., in the z-column). To each entry of this row is added the product
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of (—r) by the corresponding entry of the pivotal row. The result is
the new matrix:

any
other
z column v
ivotal ) ’ )
prow R L qlp o lpol sz
any . . .
other | ... 0 ... s—r(glp) ... —=rlp
row . . .

In this matrix, the z-column is now a basic unit vector. We drop this
column entirely and move the v-column into its place. We also
rewrite s — r(g/p) in the form s + g(—r/p). Our tableau now takes
on the following appearance:

(Condensed Tableau After Iteration)

any
other
v column
p;\g)vtal oo pL qlp e '&_/:‘__ z
any . .
other | ... =rlp ... s+q(—rlp)
oW . .

Finally, let us condense the original tableau (before the iteration)
by dropping the (basic unit vector) v-column:
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(Condensed Tableau Before Iteration)

any
other
2 column

pivotal )

row “ee P PP q k -}: v

any

other e r e Ky

row

Comparing these two condensed tableaux we now obtain the
following rules for transforming the original matrix into the new
one:

RULE 1. In the horizontal row of the pivot, replace the pivot by its
reciprocal and divide all the remaining entries of this row by the
pivot. In the vertical column of the pivot divide all entries other
than the pivot by the negative of the pivot.

RULE 2. Add to each remaining entry in the old tableau, the prod-
uct of the old entry in the same column (to the right or left of the
pivot) and the new entry in the same row (above or below the
pivot).

As an example we exhibit the solution of the aforementioned
problem by the Condensed Tableau Method. Compare this with the
Extended Simplex Tableaux on pages 65, 67, 68.

z Y Ze--mm=-oo -
100/1 = 100 1 1 1 100 | = ™,
) (Exchange 2
210/4 = 524~ 32 @ |210)=v% 3344 on the
3 2 0 150 | = w first iteration)
-5 —4 -6 O|l=M
4
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\

474/ = 95 b4 -1 |47 =4 (Exchangey
\
523/% = 105 3 3 1 524 |==2 }and w on the
' second
sop=75— | 3 @ o |1so|=wf SRR
-1 -1 3 315 | =
T
x w0
—3 -1 -1 | 10]|=u
0 —1 1 15| =, Final
. (Optimal)
@ 1 0 75|=Y Tableau
1 ¥ 3 390 | =M

The reader should check each entry using the appropriate rule given
above. He will do well to solve the problems presented in the
exercises at the end of this chapter using both the Extended Simplex
Tableau as well as the Condensed Tableau Method. In this way he
will gain both skill and insight into the methods of linear program-
ming.

We shall return to these techniques after we have discussed the
Theory of Games.

6. Degeneracy

In the Simplex Method we proceed systematically from one B.F.S.
to another. Each new B.F.S. is obtained by selecting a variable not
in the basis, to replace one that is. The criterion for making the
selection consists of examining the entries directly above some
negative last-row entry and dividing only those that are positive into
the corresponding entries at the extreme right of the matrix. The
latter entries represent values of variables, currently in the basis.
The minimum of the ratios so obtained, represents the value of the new
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variable after it is introduced into the basis. This value appears in
the right hand column at the end of the iteration, along with the new
values assumed by the variables remaining in the basis (see Section 3
above). Two possible difficulties can arise here:

(a) If the minimum ratio happens to be zero (this can happen only
if one of the variables currently in the basis has the value 0), then the
“new” variable does not change its value at all, as it enters the basis,
since its original value as a nonbasic variable was 0, and its “new”
value is also 0. But then the variables remaining in the basis do not
change their values either! In short we really do not have a new
basic feasible solution, but merely a repetition of the old one, except
that one of the basic variables with a zero value has been named
“nonbasic,” and in its place one of the nonbasic variables (which of
course is also zero) has been named “‘basic” in its place. Clearly, the
iteration produces no improvement in the value of the objective
function M, when this happens.

(b) If there is a “‘tie”” between two (or more) of the above mentioned
ratios for a minimum value, then when the new variable enters the
basis and takes on this value, it reduces to zero not only the variable
which it is displacing, but also any other variable remaining in the
basis whose original value (right hand entry) was used in computing
one of these minimum ratios.* In both cases (a) and (b) one (or more)
of the variables in the basis has the value zero. This phenomenon is
known as degeneracy. A B.F.S. in which some of the basic variables

* This is readily proved algebraically. Suppose the entries under discussion
appear in the matrix as follows:

........... S

a

... |where: —=—}).
a

If we select, let us say, a, as the pivot, then dividing its row by a, yields a new row
with the entries

. } —IS (value of new Variable entering
a the basis).

In the iteration, we then multiply this row by —a’ and add it to the other row thus
obtaining

R | IR ’ R — ‘—I—IS = 0 (new value of variable remaining
a in the basis).
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are zero (in addition to the nonbasic variables, which are zero by
definition) is called a degenerate basic feasible solution.

When degeneracy occurs, then, as demonstrated in case (a),.the
next iteration may produce no improvement in M. This is, of course,
disconcerting but seldom fatal in practice. Actually, degeneracy is
handled in most cases by simply ignoring it and continuing to
introduce new variables into the basis. The value of M can remain
stationary through several such iterations and then begin to increase
again.

In rare cases it is possible to return to a basis which has already
been encountered in a previous iteration. This complication is
known as “cycling.” Various methods have been devised for
resolving this difficulty should it occur. Actually it has never yet
occurred in any practical application of linear programming, but
artificial examples have been constructed to show that it can occur.
Further discussion of degeneracy procedures is beyond the scope of
this book (see Reference 8, Chapter 7).

Exercises

1. A school store sells slide rules at a profit of 50¢ each and sweatshirts
at a profit of 40¢ each. It takes two minutes of a salesgirl’s time and two
minutes of a cashier’s time to sell a slide rule. It requires three minutes of a
salesgirl’s time but only one minute of a cashier’s time to sell a sweatshirt.
The school store operates for a maximum of two hours during a school day,
and during this time there is one cashier and there are two salesgirls
available for handling sales of the above items. How many of each item
should the store attempt to sell each day in order to earn a maximum
profit?

(Answer: 30, 60; $39.)

2. A firm manufactures two types of machine screws (A and B) and sells
them at a profit of 3¢ on type A and 4¢ on type B. Each type is processed
on two machines, an automatic screw machine and a slotting machine.
Type A screws require two minutes of processing time on the “automatic’
and 5 minutes of processing time on the “slotter.”” Type B screws require
three minutes on the “automatic’’ and two minutes on the “‘slotter.” Each
machine is available for not more than 60 hours during any working week.
How many of each type of machine screw should the firm produce each
week, in order to make a maximum profit?

(Answer: 327, 982; $49.09.)

3. A boat manufacturer builds both rowboats and canoes. Those built

during the Spring and Summer go on sale in the Fall and Winter at a
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profit of $20 per rowboat and $18 per canoe. Those built during the Fall
and Winter months, go on sale in the Spring and Summer at a profit of $40
per rowboat and $35 per canoe. Each rowboat requires 5 hours in the
carpentry shops and 3 hours in the finishing shops. Each canoe requires
6 hours in the carpentry shops and 1 hour in the finishing shops. During
each half year period, there are a maximum of 12,000 hours available in the
carpentry shops and 15,000 hours available in the finishing shops. Enough
materials are available to the manufacturer to build no more than 3000 row-
boats and no more than 3000 canoes each year. How many of each kind of
craft should he build during the Spring-Summer season, and how many
during the Fall-Winter season, in order to realize a maximum profit?

(Answer: Rowboats: 600 during Spring-Summer
2400 during Fall-Winter
Canoes: 1500 during Spring-Summer

NONE during Fall-Winter
Maximum Profit: $135,000.)

4. Taper pins are processed in a certain factory on two lathes, A and B,
and also on a grinder G. The taper pins come in four sizes, identified as
#1,#2, #6, and #8. The following table exhibits the processing time in
hours per load, required on each machine, for each of the four types of
pins. It also lists the net profit per load for each type and the maximum
time available on each of the machines, weekly.

Pin Type Lathe A Lathe B Grinder Profit
#1 10 6 4.5 $9
#2 5 6 18.0 7
#6 2 2 1.5 6
#8 1 2 6.0 4

Maximum

hours 50 36 81

available

How many loads of each size taper pin should the factory produce in
order to realize a maximum profit for the week’s operation?
(Answer: Produce only #6 pins (18 loads) and NONE of the other
sizes, for a maximum profit of $108!)

NOTE. Problem 4 illustrates very nicely the fact that it is not always the
best procedure to use the “most negative” last row entry to locate the
variable to be introduced into the basis. Using this criterion it will be
seen that three iterations are required to go from the initial B.F.S. to the
optimal B.F.S. In the course of these iterations one of the slack vari-
ables, initially in the basis, will be seen to leave the basis only to return
again and displace the variable which took its place. On the other hand,
by choosing a suitable one of the other last row entries, the optimal
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B.F.S. is reached in only one iteration! This interesting fact was dis-
covered by one of my students.

The problems below require one or more artificial variables.

S. Mr. Phil N. Thrope wishes to spend up to $120 for the purpose of
buying Christmas toys for orphan children in a nearby home. He can buy
dolls for $3 each, skates at $2 a pair, and toy rockets for $5 each. He
cannot buy more than 18 of the rockets and pairs of skates combined, but
he must buy at least 20 of the pairs of skates and dolls combined. Deter-
mine (a) the largest number of toys, (b) the smallest number of toys, sub-
ject to the above restrictions.

(Answer: (a) 46 toys consisting of: 28 dolls
18 pairs of skates
0 rockets.
(b) 20 toys consisting of: 2 dolls
18 pairs of skates
0 rockets.)

6. Dr. Sy Koso Ma Teek, the eminent medical specialist, claims that he
can cure colds with his special three-layer pills. These come in two sizes:
the regular size, which contains 2 grains of aspirin, 5 grains of bicarbonate,
and 1 grain of codeine; the king size, which contains 1 grain of aspirin,
8 grains of bicarbonate, and 6 grains of codiene. Now Dr. Sy Koso’s
researches have convinced him that it requires at least 12 grains of aspirin,
74 grains of bicarbonate, and 24 grains of codeine to effect the cure.
Determine the least number of pills he should prescribe in order to meet
these requirements.

(Answer: 10 pills consisting of 2 regular and 8 king size.)

7.* Daly Newsands, a student at the High School of Psyance, has two and
a half idle hours on his hands, one day. The only things he can think of
doing are against school regulations. Daly has a long dossier on file with
the Dean, and he is under the constant surveillance of the discipline
committee. There are various possible nefarious activities open to Daly,
and he is particularly attracted by the following:

(a) Tacking up false information on the bulletin boards

(h) Making noise in the study hall

(c) Being in the lunchroom during the wrong period

(d) Walking on the left side of the corridor during change of subject

periods

Daly is a realist, and he accepts stoically the fact that for every minute
spent at activities (a), (b), (c), and (d), the discipline committee imposes a
punishment of 6 days, 3 days, 4 days, and 1 day, respectively, in the deten-
tion hall. However, he is very hungry, and he cannot wait for his regular
lunch period, so he decides to spend at least 15 illegal minutes in the
lunchroom. He is a natural troublemaker and must spend at least 25
minutes misleading his fellow students by tampering with the bulletin

* Exercise 7 was constructed by several of my students.
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boards. His program provides at most one hour which he can spend in the
study hall and provides only four S-minute changes of period. How shall
Daly allocate his two and one-half idle hours among the various mis-
demeanors so as to suffer a MINIMUM amount of detention?
(Answer: 25, 60, 45, 20 (minutes) respectively, for a total of 530 days
of detention.)

8. The Pension Board of a certain Board of Education invests the funds
of its contributers in bonds, of which there are six formsof investment avail-
able. These are city bonds, labeled A, for preferred and A, for common;
government bonds, labeled B for preferred and B, for common; specula-
tive bonds, labeled C, for preferred and C, for common. The yield from
each type of investment is

Type: A, A, B, B, C C,
Yield: 39 2% 3% 4% 5%  43%

The Board is restricted in its investment policy, by law, in the following
way: (a) Investments in bonds of type A must not be less than 409} of
total investment, and (b) Investments in bonds of types B and C shall not
be more than 359, of total investment, for either type. Determine the
investment program which will bring the maximum yield.

(Answer: 409, in type A, bonds, NONE in type A,
259 in type B, bonds, NONE in type B,
35 9 in type C, bonds, NONE in type C,
This brings the maximum yield of 3.95%.)



PART FOUR

Elementary Aspects of the

Theory of Games

I. Preliminary Remarks

Among the more spectacular achievements of linear programming
has been the light which it shed on a slightly older study, the Theory
of Games of Strategy. This theory was first proposed in 1921 by
the great French mathematician Emile Borel. It was successfully
analyzed by John von Neumann, who proved its key result, the
Minimax Theorem, in 1928. Together with Oskar Morganstern, von
Neumann developed Game Theory as a method for analyzing
competitive situations in economics, warfare, and other areas of
conflicting interest. Their work was published in 1944, just about
the time that linear programming came upon the scene. It was then
recognized that problems in the Theory of Matrix Games could be
formulated as special cases of linear programming. Thereupon,

84
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Dantzig’s Simplex Method became an important tool both in the
practical and theoretical investigations of Game Theory. One of its
triumphs was the elegant algebraic proof it provided for the Minimax
Theorem.

In this part of our monograph we shall become acquainted with
the elements of Game Theory. In Part Five we shall study how
linear programming and the Simplex Method lead to an elegant
solution of problems arising in Game Theory. Our discussion will
be limited to the so-called “zero-sum, two-person games.” These
are also called Matrix Games.

2. 2 X 2 Matrix Games

Possibly the simplest and best known matrix game is matching
pennies. In this game, two players 4 and B toss a penny inde-
pendently of the other, and the outcomes are compared. If these
outcomes “match,” i.e., if they are both HEADS or both TAILS,
then player A wins a penny from player B. If the outcomes do not
match, i.e., if one player plays HEADS while the other plays TAILS,
then B wins a penny from 4. This game is neatly summarized in the
following table:

Player B
H T
1 -1
Player A4
T -1 1

The array of numerical entries _i —}] is called the payoff

matrix. These entries represent the amounts paid to player A, for each
of the four possible outcomes (H, H), (H, T), (T, H), (T, T). A neg-
ative entry therefore represents an actual payoff to B.

Now the device of tossing their respective coins independently of
each other, at each ““play” of the game, is merely a convenient way
of insuring each player of two things,

(a) that he will not reveal to his opponent, in advance, the outcome

of any particular play;
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(b) that he will play HEADS or TAILS with equal frequency,
“in the long run.”

Item (a) is obviously important because either player could take
immediate advantage of any such advance knowledge, by playing the
side of his coin which would produce a win for him. Some form of
“randomization™ is, therefore, imperative to prevent either player
from knowing in advance what the next outcome will be. On the
other hand, the importance of item () is not immediately obvious,
because playing HEADS or TAILS with equal frequency is only one
of many possible *‘strategies” which either player could adopt.
Each player could vary his strategy by varying the relative frequency
with which he plays HEADS or TAILS. For example, 4 might play
HEADS two-thirds of the time and TAILS only one-third of the
time, while B might play HEADS one-fourth of the time, with
TAILS therefore coming up three-fourths of the time. This could all
be accomplished in a completely random manner by providing each
player with a card on which is mounted a pointer which he can spin
over a suitably calibrated dial.

A's strategy B's strategy

al
>
Each of the ordered pairs of frequencies (probabilities), such as
G Y, & H G D, (4,0, ete. is termed a strategy in Game Theory.
Clearly, in this context any ordered pair of real numbers (z, y),
where >0, y >0 and x4 y =1, can represent a possible
strategy for consideration.
* It is desirable to distinguish among the various possible versions
of a matching pennies game, which can result from changes of
strategy by cither or both players. We can do this by inserting the

particular strategy used by each player beside the payoff matrix.
For example we can represent the ordinary version of matching
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pennies, where both players employ the equal frequency strategy
(3, ), as follows:

Player B
H T .
(Ordinary version of
1 1 matching pennies with
both players using the
- ) H 3 1 —1 “equal frequency”
ayer
y = ) 1 1 strategy)

For the modified version of the game, where A uses the strategy
(%, $) while B uses the strategy (1, #), we have the following diagram:

Player B
H T (Modified version of
P matching pennies, with
i 1 each player using a
3 1 1 different strategy,
Player A neither using ‘“‘equal
T b -1 1 frequency”)

Let us now compare these two versions of the game from the point
of view of each of the players. If the ordinary version of the game is
repeated a great many times, then on half of the occasions that 4
plays HEADS, he can expect to win a penny while on half of these
occasions he can expect to lose a penny. Similarly, on half of the
occasions that 4 plays TAILS, he can expect to win while on half
of these occasions he should expect to lose. This is, of course, due
to the fact that B is independently playing HEADS or TAILS with
equal frequency. By so doing, B is making certain that A’s (long run)
expectation is zero, regardless of how frequently A plays HEADS or
TAILS. Thus on repeated plays of the ordinary matching pennies
game A’s average winnings per play may be computed as follows:

(1) A4 plays HEADS one-half of the time; hence, because of B’s

equal frequency strategy, 4 wins (on these occasions) an
average of

$3(1) + 4(=D1 = 40) =0 per play.
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(2) A plays TAILS one-half of the time; hence, because of B’s
equal frequency strategy, 4 wins (on these occasions) an
average of

33(=1) + 3] = 40) =0 per play.
(3) Adding the amounts calculated in (1) and (2), we see that A’s
average winnings per play = 0.
Clearly, if A used any other strategy (z, y) instead of (4, }), in this
game, then his average winnings per play would still be 0, because

2[}(1D) + 3(=D] + y[3(—=1) + ()] = 2[0] + y[0] = 0.

We repeat: this is due to the equal frequency strategy (3, 3) which
B is using.

By symmetry, it is equally clear that so long as A uses the strategy
(3, 3), he makes certain that B’s (long run) expectation is zero,
regardless of B’s strategy. Suppose, however that 4 adopts a strategy
(, y) other than (4, }); let us say z = §, ¥ = 4. Then by using an
“opposite” strategy, let us say (%, 1), player B can inflict a long run
loss on A. In fact this particular pair of strategies, namely (§, }) for
A and (}, ) for B, yields the modified version of the game which we
diagrammed above. We can compute A’s average winnings per play,
for this version of the game as follows:

(1) A plays HEADS two-thirds of the time; on one-fourth of these
occasions B plays HEADS while on three-fourths of these
occasions B plays TAILS; hence A’s average winnings for
these occasions are

BAIDD) + O(=DI = @)%l = =4 per play.

(2) A plays TAILS one-third of the time; on one-fourth of these
occasions B plays HEADS while on three-fourths of these
occasions B plays TAILS; hence A’s average winnings for
these occasions are

BOIBED + B = BE] = per play.
(3) Adding these two amounts, we find that A’s average winnings
per play are (—3) + (5) = —& per play.
This result means that in the modified game A actually /oses to B
an average of 3¢ per play (in the long run). It is, of course, obvious
that B wins on the average +¢ per play, but this fact can also be
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verified independently by analyzing the game from B’s point of view.
We shall make this direct analysis this one time:

(1) B plays HEADS £} of the time. On % of these occasions A
plays HEADS while on } of these occasions 4 plays TAILS;
hence B’s average losses for these occasions amount to

DIBHO) + A(=D] =D = & per play.

(2) B plays TAILS £ of the time. On % of these occasions A plays
HEADS while on % of these occasions 4 plays TAILS; hence
B’s average losses for these occasions amount to

GAIBHED + G = DI-3 = —1 perplay.
(3) Adding the two amounts calculated in (1) and (2), we see that
B’s average losses per play amount to % — } = —3.
A loss (to B) of —% is of course a gain (to B) of §. This result
emphasizes the point that all payoffs calculated from the payoff
matrix represent amounts paid to player 4. When these amounts
are negative, they represent actual gains for player B.

It is now fairly clear that any version of the matching pennies
game, in which one player decides to adopt a strategy other than
(3, 1), will turn out to be unfavorable to that player (in the long run),
assuming that his opponent is clever enough to recognize what is
happening and to take advantage of it. It is customary in Game
Theory to suppose that the two players are equally clever. One
can then prove on this basis that (4, 4) is indeed the “optimal”
strategy for both players. In fact suppose that A adopts the strategy
(z, 1 — ) while B adopts the strategy (y, 1 — ¥):

Player B
H T
y l—y
H x 1 -1
Player A T | — 2 1 1

In repeated plays of this version of the game, 4 can expect an average
gain z, per play, given by

z=afy(1) + (1 — y)(=D] + (1 — 2)y(=1) + (1 — »D].
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This readily reduces to

z=day — 2xr — 2y + 1,
or equivalently,

z=Q2x— D2y —1) =4 —Hy - .

B’s expected gain per play is, of course, —z. A desires to maximize z,
while B desires to maximize —z, i.e., to minimize z. Now if either
x = or y = §, then z = 0, indicating neither gain nor loss for
either player, provided at least one of them chooses the strategy
(4, 1). On the other hand, if say x > §, then the factor (x — }) is
positive, so by choosing y < % player B can make the second factor
(y — }) negative, thereby making the value of z negative. In fact, by
choosing the strategy (0, 1), player B can make A’s gain amount to
—(z — 1). This is clearly B’s best strategy whenever A chooses a
strategy (v, 1 — x) with > }. Similarly, if A chooses a strategy
with z < %, then B’s best strategy is (1, 0).

The particular strategies (1,0) and (0, 1) are also called pure
strategies. A player using a pure strategy will play exclusively
HEADS or exclusively TAILS. All other strategies, such as (3, 3),
(3, 1), etc. are called mixed strategies.

Returning to the analysis above, it is obvious that unless player A4
is unusually stupid, he will not adhere very long to any strategy
that will enable player B to force upon him a long run loss. The
only strategy that prevents this is the mixed strategy (4, }). By using
it, A insures that his long run gain z, cannot be brought below 0.
On the other hand this strategy makes z = 0. This is therefore the
maximum long run gain which 4 can hope to achieve against a
clever opponent! In this sense, (4, 1) is A’s optimal strategy.
Similarly, player B minimizes z by adopting the optimal mixed
strategy (3, 3), i.e., this strategy is optimal for B as well as for A.
B’s minimum long run loss is also 0. This state of affairs is described
by saying that O is the value of the game and a game whose value is
0 is called fair.

1t is very illuminating to draw a (three dimensional) graph of the
equality 2= day — 20 — 2y + L.

This graph is shown in Figure 1. 1t is known technically as a
hyperbolic paraboloid; more commonly as a SADDLE SURFACE.
The saddle point O’ of this surface is located in the X 'Y-plane, and
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its coordinates are (3, 4, 0). The curve O'4 is a parabola curving
downward below the XY-plane and having its highest point at O'.
The curve O'B is a parabola curving upward above the X Y-plane
and having its lowest point at 0'. The value of z at point O’ is zero
and because this value is simultaneously a maximum along curve

Figure 1

0’A and a minimum along curve O'B, it is called a minimax value
of z. We shall see that this sort of phenomenon is characteristic of
all matrix games, not merely the simple matching pennies game which
we have thus far been discussing. However, we shall continue a bit
further with this simple 2 x 2 matrix game.

Let us examine the effect on our matching pennies game of altering
the payoff matrix. Consider for example the following payoff matrix:

Player B
H T
H 1 -2

Player 4 T 3 4
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In this new game player A still wins when the coins match, and player
B wins when the coins do not match. However the payoffs are no
longer the same amounts in all cases. This time 4 stands to win
either 1¢ or 4¢, and he stands to lose either 3¢ or 2¢. Superficially, it
appears that 4’s gains should offset 4’s losses in a long run sequence
of plays, so it appears to be a “fair’” game. Let us examine whether
this is really so.

If the game is played in the usual way, i.e., by tossing the coins
before each play, then both 4 and B will be using the same mixed
strategy, namely, (}, 3). A4’s expectation (long run gain per play)
is readily calculated:

2=300) + (=21 + HI(-) + @] = -+ 1 =0.

B’s expected long run loss per play must therefore also be 0. We
verify this directly as follows:

z=3[(D) + H(=3I + B(-D+ W] =—-1+ 1 =0

All this seems fair enough! But remember that we are supposing
that A4 is very clever (and so is B). A will ask himself whether
(3, 3) is really his optimal strategy. After all, if B were to continue
to play HEADS or TAILS with equal frequency, then 4 could
switch to the pure strategy (0, 1) and his expected gain per play
would become:

2= O[K(1) + H(=2)] + 14(=3) + @] =0 + } = 1,

i.e., player 4 could now expect to win 4¢ per play. But B is no fool
either, and he would not permit this to go on. He could, for example
switch to the “opposite” pure strategy (I, 0) and his expected loss
(4’s gain) per play would become:

z = 1[0(1) + 1(=3)] + 0[0(—2) + 1(4)] = =3 + 0 = =3,

which means that B would win 3¢ per play from 4, who would now
of course, quickly seek a new change of strategy!

This “hit and miss™ analysis is readily replaced by a more system-
atic mathematical approach. As in the previous game, let us
suppose that A chooses the strategy (z,y), and B chooses the
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strategy (u, v). A’s expected gain per play becomes
z = zu(l) + v(-2)] + ylu(-3) + v(4)]
=zfu —2(1 —w)] + (1 — 2)[—3u + 41 — u)]
=203u —2) + (1 — 2)(4 — Tu)
=32u—2x+4 — Tu— 4x + T2u
= 102u — 6 — Tu + 4
= 10(2u — &z — Lu) + 4
=10 — f)u — &) — 1§ +4
=10z — H)u— &) — 42+ 4
=10z — fH)u — &) — 2.
The true nature of this game is now apparent! For, if B chooses
u = &, then regardless of the value of z, the first term on the right
vanishes and z attains the fixed value —.2. In other words, the
strategy (%, %), if adopted by B, forces 4 to lose to B an average of
4¢ per play, regardless of what strategy 4 may adopt. Furthermore
A had better choose the strategy (5%, %), i.e., he should choose
xz = 5. If he does not do this, say if z < 7%, then B can choose
u > &. This will make the first term negative, thereby augmenting
A’s loss. Similarly, if 4 chose x > %, then B could choose u < &
and once again win from A4 even more than 3¢ per play. We leave it
to the reader to verify that the strategy (%, %) IS LIKEWISE
FORCED UPON B. These two particular mixed strategies (5, &)
for 4, and (&,, &) for B, are the optimal strategies for this game. The
value of this game is —%¢. The value represents A’s maximum gain
and B’s minimum loss. Clearly the game is not fair to A! However
it can be made fair by arranging that B shall pay A one cent in
advance, for every five plays of the game.

As another illustration of our method for analyzinga 2 X 2 matrix
game, consider the following payoff matrix:

Player B
H T
-2 -4

Player 4

T 3 5
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If A chooses a strategy (x, ¥) and B chooses a strategy (4, v) then 4’s
expected gain per play becomes

z = o(—2u — 4v) + y(3u + 5v)

=2[—2u — 41 — w)] + (1 — x)[3u + 5(1 — )]

=2Q2u —4) + (1 —2)(—2u+5)

=4xu — 9r — 2u + 5

=4(xu—2x —tu)+5

=4 —Du—D—+5

=4z — D —D +
Player A controls the value of the first factor (x — }), while B
controls the second factor (u — £). But, as 0 < u < 1, the second
factor (v — ) will always be negative, regardless of which strategy
is chosen by B. Therefore, 4 will certainly choose < } so as to
make the first factor negative also. In fact A4 will try to make the
product of the two factors as large as possible, while B will try to
make this product as small as possible. It is evident that 4 should

choose = 0, while B should choose # = 1. The optimal strategies
are therefore pure strategies:

A: (0,1) and B: (1,0).
The value of the game is

v=40— (1 = + ;=4-H(-I + 4
ie., v=3.

A game with optimal pure strategies is also called strictly determined.

The existence of optimal pure strategies for both 4 and B could
have been predicted in advance by the following ““minimax” argu-
ment: The minimum payoff in row 1 is —4, while the minimum
payoff in row 2 is 3. These are the “worst’” 4 can expect from each
of his two available pure strategies. Naturally, he prefers the
maximum of these two minimum payoffs, and he realizes that
adoption of the pure strategy (0, 1) will assure him at least this
amount. Player B, on the other hand, observes that the maximum
payoff (to A) in column 1 is 3, while the maximum payoff to 4 in
column 2 is 5. These are the “‘worst” B can expect from each of his
own pure strategies. Naturally, he prefers the minimum of these two
maximum payoffs to 4, and he realizes that adoption of the pure
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strategy (1, 0) by him, will prevent 4 from getting any more than this
amount.

The presence in the payoff matrix of an entry such as 3, which is
simultaneously a maximum of row minimums as well as a minimum
of column maximums, is characteristic of strictly determined games.
Such games are said to have a saddle point. In the present illustration
this minimax entry appears at the intersection of row 2 and column 1
of the payoff matrix. The ordered pair of indices (2, 1) is called a
saddle point, of this matrix. In general, if a payoff matrix possesses a
minimax entry in row i and column j, then the ordered pair (i, j) is
called a saddle point of the matrix. The game is then strictly de-
termined, i.e., it has optimal pure strategies for both players, and the
value of the game is the same as the value at the saddle point.

While strictly determined games are especially easy to solve in the
manner just described, observe that they can also be handled by the
same algebraic analysis which we used on nonstrictly determined
games. This analysis works very well for 2 x 2 matrix games, but
for more elaborate games it becomes too unwieldy. In Section 4,
we shall see that linear programming with its ingenious Simplex
Method provides a technique powerful enough to cope with more
general rectangular games. Meanwhile, we shall study in the next
section some interesting graphical techniques capable of handling
games with a 2 X n or n X 2 payoff matrix.

The following exercises yield further insight into 2 x 2 matrix
games.

Exercises

1. In the following 2 x 2 matrix games, player 4 chooses rows and

player Bchooses columns. Determine optimal strategies for both players
and the value of each game.

0 3 -1 2 4 -3

R N e B
-2 3 -2 —4 0 -3

o [T o5 o7
-4 3

@ [ o)
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a b
2. Given the 2 x 2 payoff matrix |: d] let player 4 adopt the strat-
c

egy («, y), while player B adopts the strategy (u, v), where z, y, u, v, are all
>0andz +y =u+v =1. '

a. Express A’s expected gain z, in terms of z, y, u, v, a, b, ¢, and d.

b. What is the effect on z of adding the same constant & to each number
in the payoff matrix?

c. What is the effect on z of multiplying each payoff entry by the same
constant k ?

d. How are the optimal strategies affected by these operations on the
payoff matrix?
a

a
3. Show that the 2 x 2 matrix game [ d] is strictly determined,

c
i.e., show that if two entries in a row are equal, then the matrix has a saddle
point. Similarly, for columns.

4. Prove that the 2 x 2 matrix game [‘: Z] is nonstrictly determined,
if and only if
either: a<b a<c d<b and d<ec,
or: a>b, a>c, d>b, and d> ¢,

5. Determine optimal strategies and the value for the game defined by
a 07].
the payoff matrix 1: :|
pay 0 b

6. Given the 2 x 2 matrix game defined by [ d:| where a, b, c,
—c

and d, are all >0. Prove that the optimal strategies are:

A c+d a+b
"\a+b+c+d a+b+c+d

( b+d a+c )

at+tb+c+d a+b+c+d

and the value of the game is
» = ad — bc
Ca+b+c+d

(Note: This shows that a 2 x 2 matrix game having the prescribed
form is fair, if and only if ad — bc = 0. This leads to the somewhat

-3
the fact A’s payoffs add up to the same total as B’s payoffs.)

surprising conclusion that a game such as is not fair despite
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(Answers to Exercises 1 and 5;)
L@A: 4D, B: 3, v=4%
b)A: 4D, B: 3, D, 0 =4
(0 4: 3, %), B: (9’ v = 'g'-
@) A: (%5, 2) B: (% )0 = .
(e) A: (0,1), B: (1,0),v = 3.
(f) A: (0,1), B: (0,1),v =0.
(5’) A: (1%’ 1'7"3): B: (1§3: '}%), v %’3’

b
5. (a T At b) for both players v =

Ii

a+b’

3. Graphical Analysis of m x2 and 2 x n Matrix Games

Consider the matrix game
Player B

Player 4 ||
avyer
Y 0 2

The rows of this matrix are ordered pairs of real numbers
= (4, -3),
0=, 2.
Let us plot these as points on a graph. (See Figure 2. The other
points and lines of this figure will be explained as we proceed.)

A's strategy points

4 [~ R(x,y)

- P@4,-3)

Figure 2
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Suppose now, that player 4 adopts a strategy (t, 1 — 1), where
0 < t < 1. Then, against B’s first pure strategy (1, 0), 4’s expected
payoff (we shall call it z) is given by

z=14) + (1 —0), ie, =0+ 4.
Against B’s second pure strategy (0, 1), 4’s expected payoff will be
y=1(-3)+ 1 —-0nQ), ie, y=2-—175¢

As ¢ varies from 0 to 1, we obtain all the points (z, y) of segment Q_P
(see discussion of parametric equations in Chapter 2). Conse-
quently, there is a one-to-one correspondence between the points of
this segment and the set of all possible (mixed) strategies available
to A. Observe that this segment is a convex set. It is in fact the
“smallest” convex set which contains both points P and Q. It is
called the convex hull of P and Q.

Now, if 4 has selected a particular strategy, say one which corre-
sponds to the point R on segment Q_P, then B will naturally prefer to
select from among all his own available strategies, pure or mixed, one
which minimizes the payoff to A. This minimum paycff will always
be the smaller of the two coordinates of R, x or y. To prove this,
suppose that B were to adopt the strategy (p, q), where p + g = 1.
The resulting expected payoff to A will then be px + gy. Now if
z < ¥, then

t=p+qr=pr+q<pr+q<py+q@y<@+y=y.
So if t<y, then z<pr+qy<y.
Similarly, if y<z, then y<pr+qy <.

Either way, the minimum payoff, for all possible strategies (p, q)
which B may adopt, is the smaller of the two coordinates of A’s
strategy point. This means that B can achieve maximum protection
against each specified strategy of 4 pure or mixed, by using one or the
other of B’s pure strategies, namely the one corresponding to the
smaller coordinate of A’s strategy point.

Suppose, therefore, that the line /, defined by y = = be drawn on
the diagram. If A’s strategy point R, lies above this line /, then B
should use his own first pure strategy, i.e. (1, 0), because all points
above line / have a smaller first coordinate. If A’s strategy point R
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lies below the line /, then B should adopt his own second pure strategy,
i.e., (0, 1), because all points below line / have a smaller second
coordinate. If point R happens to lie on line /, then it is immaterial
which pure strategy B adopts, because the value of both coordinates
is the same in such a case.

Knowing that B will seek to minimize the payoff, 4 should, of
course, select that strategy point of segment P—é, whose smaller
coordinate is as large as possible! In the present example, this turns

out to be the point S, where line / intersects segment PQ, because all

points of segment QP which are below /, have an ordinate smaller
than that of S, while all points of the segment which are above /, have
an abscissa smaller than the abscissa of S. The point S is readily
found by equating « and y.

0 + 4t =2 — 5¢; therefore 9 = 2, ie., t = 2.

This yields * = y = §, which is the value of the game to 4. His
optimal strategy thus appears to be (Z, 7).

B's strategy points

Q'(-3,2) /

Figure 3

Let us next seek an optimal strategy for B. To do this we plot the
columns of the matrix as ordered pairs of numbers. These are
indicated in Figure 3 as

P'=(4,0), QO =(-32).

Suppose player B adopts a strategy (s, 1 — s). Then against A’s
first pure strategy, B must expect to pay off the amount

' =s54) + (1 — s)(=3), ie, ' =-=347s.
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Against 4’s second pure strategy, he should expect to pay

¥y =s0)+ (1 — 52, ie, y =2-—2s

-

As s varies from 0 to 1, these parametric equations yield all the

points of segment Q'P.’. The points of this segment are in one-to-one
correspondence with the mixed strategies available to B. If B selects
the strategy point R’ = (¢, y’), A will naturally prefer to select
from among all his possible strategies, one which maximizes the pay-
off. This maximum payoff will clearly be the larger of the two
coordinates 2" and y'. If the point R’ lies above the line / (defined by
y = x), then A should clearly select his own second pure strategy
(0, 1), because the second coordinate of R’ is larger than the first
coordinate, for all points above /. If R’ lies below /, then 4 should
select his own first pure strategy (1, 0). Should R’ happen to fall
upon /, then A4’s choice is immaterial.

Knowing that A will seek to maximize the payoff, B should of
course, select that point of segment Q'P' whose larger coordinate is as
small as possible! In the present example, this is the point S’ where
segment QP intersects line /. This is true because all points of the
segment which are above /, have an ordinate larger than S’, while all
points below /, have an abscissa larger than that of S’. We find §’
by equating 2’ and y".

—3 4 7s =2 —2s; therefore 95 =35, ie., s=3%.

This value of s yields " = %’ = §. This is the most that B need expect
to pay off to A, provided B adopts the (optimal) strategy (3, §).

That A’s minimum expected gain is the same as B’s maximum
expected loss is, of course, not accidental. This simple example is a
particular illustration of the very fundamental Minimax Theorem,
first proved by John von Neumann in 1928. However, before
considering the general problem it will be illuminating to examine
several further special cases.

Consider the matrix game:
Player B

Playera | 2 *
ayer .
4 35



Graphical Analysis of m X 2 and 2 X n Matrix Games 101

Using the rows we plot the strategy set for A and using the columns
we plot the strategy set for B. As in the previous example, these
strategy sets are segments, each segment being the smallest convex
set containing the two pure strategy points for each player. The
strategy sets are depicted in Figures 4 and 5. In this game, A’s
optimum strategy point (i.e., the point whose smaller coordinate is as

large as possible) does not lie at the intersection of segment QP

Q(-4,5
B’s =
strategy L
t .t
s P(=2,3) |
7/
/
b /
/
| N NN T N AN B |
/
/ —
7/
P(-2, -4)
Figure 4 Figure 5

with the line /. 1t is, instead, the endpoint Q of the segment. Simi-
larly, B’s optimum strategy point (i.e., the one whose larger co-
ordinate is as small as possible) is the point P’ at the end of segment

Q_7' This segment does not even intersect line /. In this game both
A and B have optimal pure strategies (0, 1) and (1, 0), respectively.
The expected payoff to player A4 is 3 in both cases, but this fact is
less surprising than it was in the preceding example, because we have
already pointed out in the previous section that this particular game
is strictly determined. (We saw that a saddle point occurred at row 2,
column 1, where the minimax value 3 appears in the matrix.) The
really surprising development is that matrix games without a saddle
point also have optimal strategies for both players and that these
optimal strategies lead to exactly the same long run payoff which
constitutes both a maximum for player 4, as well as a minimum for
player B.
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The graphical procedure described here can be applied to m x 2
or 2 X n matrices even when m >3 or n>3. For example,
consider the 3 x 2 matrix game.

Player B

2 5

Player A | 3 1
0 3

The rows of this matrix are plotted as points P, Q, and R (see Figure
6). A mixed strategy for A now consists of an ordered triple (p, q, r),

P2, 5)

A’s strategy

polygon
R(O, 3) ¢

Figure 6

whose entries are non-negative numbers adding up to 1, i.e.,
p20,g>20,r>0 and p+g+r=1
Against B’s first pure strategy (1, 0), 4’s expected payoff is
z = p(2) + 4(3) + r(0).
Against B’s second pure strategy (0, 1), 4’s expected payoff is
y = p(5) + q(1) + r(3).

The point with coordinates (z, y), is readily shown to lie within or
on the boundary of a convex polygon, . This polygon (a triangle,
in the present case) is formed by joining each pair of strategy points
by a segment, then joining every pair of points in this strategy set by a
.segment once again, and so forth. This produces the smallest convex
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set (in the plane) which contains the original pure strategy points
of player A. This strategy set is called the convex hull of the original
points (P, Q, and R, in the present example).

To prove that the point (z, y) lies within or on the boundary of this
convex polygon, we proceed as follows: let ¢ + r =s; then
s>0andp + s =1. Ifs = 0, then p = 1 and (z, y) coincides with
point P. Furthermore, if s > 0, then we write

= p(2) + s[" 3) + 2(0)] = () + s(z,

s
y = p(5) + s[‘f (1) + §<3)} = p(5) + s(),

where z, = 4 3) + f(0) and y, = ‘—Z(l) + 2(3)
s s

Now if we rewrite

YL I

r
=1¢, then -=1—1 Hence,
s

2, = 1(3) + (1 — 1)(0),
v =1(1) + (1 — Q)
where 0<t<L 1.

Therefore (z,,%,) is a point on segment Q—k Call this point S.
Observe next that because s = 1 — p, we can write

z=p2)+ (1 —p)
y=pB)+ (1 —py

This shows that (z, y) lies on segment PS'and therefore belongs either
in the interior or on the boundary of triangle PQR (see Figure 7a).

An obvious reversal of this argument shows that, conversely, any
point of this convex set X~ can be expressed in the form

& = p2) + 43) + r(0) {pzo,qzo,rzo
where

and
y = p(5) + q(1) + r(3) Pp+g+r=1

This is called a convex combination of the coordinates (2, 5), (3, 1),
and (0, 3). The set of all convex combinations is the convex hull of
the given points. Clearly, these remarks are readily generalized so

(where0 < p <L 1).




104 Elementary Aspects of the Theory of Games

as to apply to m points representing the rows of any m X 2 matrix
game.

Returning to out illustration, player A seeks that point of the
strategy polygon K-, whose smaller coordinate is as large as possible.
In this case he need merely draw the line / defined by y = #, and
find that point where it intersects 2" furthest from the origin. This
is the point T in Figure 7b. All other points of J¢" have either a

P(2,5) P2,5)

R(,3)

S (x1,51)
L QB1)

Figure 7a’ Figure 7b

smaller first coordinate or a smaller second coordinate. Using para-

°o—e

metric equations for segment PQ.
r=12+ (1 —-03)=3—1
y=tS+ -0 =1+ 4¢
and equating x and y, we obtain 3 — ¢t =1+ 4¢
therefore t=2, a-19n=4,

and the common value for x and y becomes z = y = %2, These are
the coordinates of point 7. Thus it appears that 4’s optimal strategy
is (%, 2, 0) and the value of the game (to A) is %*. This will also be
B’s minimum expected payoff according to the Minimax Theorem.
B’s optimal strategy can also be determined from the diagram by a
geometrical argument (see Reference 19, pages 14-19). However, we
shall not pursue this because we shall presently make available the
more powerful techniques of linear programming for the solution of
this and even more general problems.

It is by no means accidental that 4 did not have to use his third
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pure strategy (0, 0, 1) in the previous example. His optimal strategy
was a “‘mixture” of only two out of his three pure strategies i.c., a
mixture of (1, 0, 0) and (0, 1, 0) only. This is due to the fact that the
smaller coordinate of the point T is required to be as large as
possible and this requirement forces 7'to lie on the boundary of ¢
For, if T were in the interior of the polygon, then any line through T
with a positive slope would contain new points of " having both

S@G4N=T
R(1,6)1

Q(0,4)

Figure 8

coordinates larger than the corresponding coordinates of T and this
would contradict the definition of . The argument clearly applies to
any m X 2 matrix game and shows that player A need never use a
mixture of more than two of his m available pure strategies, so long as
B is confined to two pure strategies. Similarly, in a 2 X n matrix
game, player B need never use a mixture of more than two of the n
available pure strategies.

In special cases only one pure strategy may, of course, suffice.
For example, consider the 4 X 2 matrix game.

Player B

3 2

4

Player A 6
4 7

The rows of this matrix are plotted as points P, Q, R, and S in
Figure 8. The strategy polygon for player A4 is a quadrilateral X",
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with vertices at P, Q, R, and S. From the origin, we proceed along
the line / out to its furthest intersection with ", This yields the point
T’ in the figure. However, even though 7" is on the boundary, there
are still further points of o which can be reached from 7" along
lines of positive slope. In fact, proceedmg upward along the edge
from T, we reach vertex S which is the desired point of #". There-
fore, player A’s optimal strategy is the pure strategy (0, 0, 0, 1). The
value of the game is the smaller coordinate of S, namely 4, and B’s

Q

R 6
|
Py ___48_ ________ 7|
1
{{ J
P ¢ R P Q

Figure 9

optimal strategy is therefore (1, 0). The existence of optimal pure
strategies for both players shows that the game is strictly determined
and has in fact a saddle point at row 4, column 1.

We shall conclude this section by describing still another graphical
technique which works well for m x 2 or 2 X n matrix games.
€onsider, for example, the 3 X 2 matrix game.

Player B

1 6
Player A | 4 5
5 3]

Here player B has just two pure strategies and can “mix” them in any
proportions. In Figure 9 the two pure strategies (1, 0) and (0, 1) are
represented by points P and Q along a horizontal line (the x-axis).
The distance from P to Q is conveniently designated as one unit
along this line. Any of B’s (pure or mixed) strategies (p, ¢), where
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220,920, and p+ g =1, may be represented by (an inter-

mediate) point R, which divides segment PQ in the ratio ¢ : p.*
As we have chosen PQ = 1 unit, we may write

PR =g, RQ =p

For example, if B adopts the mixed strategy (%, 1) then PR = }
and RQ = %, so in this case R is located two thirds of the way from
point Q to point P.

Now consider player A4’s first pure strategy against which the
payoffs are 1 and 6. Mark point P, directly above point P at a
height of 1 unit and mark point @, directly above point Q at a height
of 6 units. (The vertical scale need not be the same as the horizontal
scale.) Now if R, is any point of segment }.’;—Q.l, then the height of R,
will denote the payoff which B should expect to make against 4’s
first strategy, if B adopts the mixed strategy corresponding to point
R directly below R,. This is geometrically evident, using similar
triangles in Figure 9:

SRy . T

. SR, = ¢(T0,)
q q+p ! !

RR, = RS + SR,
= PP, + ¢(TQ,)
= PP, + q(Q0, — 0T)
= PP, + ¢(QQ, — PP)
= (1 — q)(PP) + ¢(Q0)),
ie., RR, = p(PP) + q(QQ).  Q.E.D.

In exactly the same manner, let segment P;Qz be drawn using the
second row entries 4 and 5 as heights for its endpoints, and let
segment Pa—Q.3 be drawn using the third row payoffs 5 and 3. These
segments now yield B’s expected payoffs against A’s second and third

pure strategies at all intermediate points between P and Q (see
Figure 10).

*If g =0, R coincides with P. If p = 0, R coincides with Q.
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Let R be any such intermediate point chosen by B. A will
naturally prefer that strategy which yields the greatest vertical
height. In this particular game, if B’s strategy point R lies to the
left of the point S indicated in Figure 10, then clearly 4 should use
his third pure strategy; if B’s strategy point R’ lies to the right of
point T, then A should use his first pure strategy; if B’s strategy point
R lies between points S and T, then 4 had best use his second pure
strategy. An argument exactly like that given on page 98 will
convince the reader that in each of these situations 4 need not

—A's first strategy
Q1

P3 Q2k‘A'S second strategy

Py !
|

b o «—A's third strategy
3

|
I
|
|
|
:
|
[
|
1
T
Figure 10

resort to a mixed strategy. However, B will naturally try to keep the
greatest vertical height to a minimum. He will clearly achieve this at
point S. The reader can now verify that this point corresponds to the
mixed strategy (3, §) (see Exercise 5, below). This is actually B’s
optimal strategy and yields a vertical height of *;* (value of the game
to A). A’s optimal strategy can be shown to be a mixture of his
second and third pure strategies. This is also left as an exercise for
the reader (see Exercise 6, below).

A similar analysis (“dual” to this one) applies whenever player 4,
rather than B, has only two pure strategies. The reader will find it
profitable to think this through on his own. We shall not pursue
these graphical techniques as it is time to move on to the very
fascinating general treatment which linear programming can lend
to the Theory of Games.
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Exercises

1. Solveeach of the following 2 x 2 matrix games using the first graphi-
cal method of this section, i.e., draw the strategy segments for each
player, note the relation of each of these segments to the line / defined by
y¥ = «, and then determine the optimal strategies and the value of the game.

1 0] 4 1
@ Lo s ® [1 7]
C1 3] 2 3
R R @ [1 5}
[—2 —4] 51
@ 13 sl (f) [3 4]

2. Solve cach of the following 3 x 2 matrix games by plotting the
strategy polygon " for player A and determining that point of 2 whose
smaller coordinate is as large as possible. In each case, determine A’s
optimal strategy and the value of the game.

4 2 3 27
(@) 1 3 (b) 6 4
|3 4| 4 5|
1 5 -3 6]
© 3 4 (d) 6 3
2 1 8 -2

3. Solve each of the following 2 x 3 matrix games by plotting the strat-
egy polygon for player B and determining that point of this polygon whose
larger coordinate is as small as possible. (This argument is the “dual” of
the previous argument.) In each case, determine B’s optimal strategy and
the value of the ganie.

[302] ,b[532} )[435]
(a)123'()341 (0’123

4. Solve each of the games in Exercises 1, 2, and 3, by using the second
graphical method described in the text. Note that when player 4 has only
two pure strategies, and these are plotted along the horizontal axis, the
reasoning is “dual” to that used in the text.

5. Verify that in Figure 10, PS = } and S§, = 1.

. . . . . (——') (-—) .
origin at point P and express equations for lines P,Q, and P3Q; in the
formy = mx + b; then solve simultaneously.)

(Hint: Choose an
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6. Calculate A’s optimal strategy in the problem represented by Figure
10. (Hint: Use the following argument: Whatever B does, the payoff to
A must be the value of the ordinate at S. Hence, draw a parallel to the
z-axis through the point §; and determine the ratio in which it divides the
segment PP, (or the segment 0,0y Why does this ratio represent A’s
optimal strategy ?)

Elementary Aspects of the Theory of Games

(Answers)

L.(@4 &D, B: 4D, v=1%
® A: &3, B: (1,9, v=3.
(C) A'. (%a "%)’ B (7’ ‘ v = .1'73"
@ A: (1,0), B: (1, 0), v=2.
(e 4: (0,1), B: (1,0), b =3.
(f) A: (61 '?)’ B: (5! 3') v = 151‘

2. (a) A: (3,0,%), v=""

(b) 4: (0,3, %, v= *a'*-
(c) A: (0,1,0), v =3.
d) A: 4, 1,0, v="2,

3. (@ B: 3,40, v=3%
() B: (0,0,1), v=2
(c) B: (0,1,0), v=3



PART FIVE

Matrix Games and

Linear Programming

I. The Solution of Matrix Games by Linear Programming

In Part Four we applied a graphical analysis to the 3 x 2 matrix

game:
Player B

2 5
Player A | 3 1
0 3

Let us now re-examine this game from a purely algebraic point of
view.

111
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Denote any (pure or mixed) strategy for 4 by (p, g, r), so that
) p>0, ¢g>0, r>0, and
() p+qg+r=1

A’s expected payoffs against each of B’s two pure strafegies are
respectively given by

2p+3q+0r and 5p+ 1q + 3r.

Now, for each (p, g, r), let g denote the smaller of these two payoffs
(or their common value if they are the same). Then certainly

2p+3q+0r>g
Sp+1g+3r>g.

(€)

In this particular problem, g is obviously positive because all the
entries in the payoff matrix are > 0. In general, if any of these
entries are negative, we can make them a/l > 0 by simply adding a
suitable constant k£ to all of the entries. (Take k& = the absolute
value of the smallest entry.) For each particular strategy, including
the sought for optimal ones, this would merely increase the expected
payoff by k. It would not, therefore, alter the optimal strategies. In
short, there is no loss of generality in assuming g is positive.

Returning to our problem, we divide (1), (2), and (3) throughout by
g and obtain

o (e @ (e
o e
L[ e

)+ )+

A wishes to choose his strategy (p, ¢, r) so as to maximize g. Clearly,

3)
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this can be done by minimizing (1/g). For simplicity, let us change the
notation as follows: Let

) =2, y=9 .- =1
_ g g g g
Then A wishes to
(5) determine: x>0, y>0, z2>0
20+ 3y + 02 > 1
6) so that:

Se+ 1y +32>1
) and sothat: x4+ y +2z=m isa MINIMUM.

A’s problem therefore reduces to a linear programming problem which
can readily be solved by the Simplex Method of Chapter 3!

Before doing this, however, let us look at B’s problem, again
adopting a purely algebraic point of view. Denote any strategy for
B by (s, t), so that

® §>0, t>0, and
) s+ t=1

Against each of A’s three pure strategies, B must expect to pay off
the amounts respectively given by

2s + 5¢t, 3s+ 1t, Os 4 3¢

Now, for each (s, 1), let & denote the largest of these three payoffs
(or the common value if two or more are “tie’’). Then:

2s+ 5t < h
(10) Is+1e<h

Os + 3t < h.
In this particular problem, 4 is also positive (for the same reasons as
were mentioned for g) and may be assumed positive, without loss of

generality, in all problems. We may therefore divide (8), (9), and (10)
throughout by 4 to obtain

0 (e e

e -1
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[ (s t
2(- 5(—) <1

(i) +5(5) <
3(5) + 1(3) <1

h h/ —
o(i) + 3(‘—) <1

h h

Player B wishes to choose his strategy (s, #) so as to minimize h.

Clearly this can be accomplished by maximizing 1/h.
Once again, for simplicity, we change the notation. Let

(10')

— A

(11 u=%, v=;—l, M=;11—.
Then B wishes to
(12) determine: u >0, v>0
2u+sSv<1
(13) so that: Ju+ vl
Oou+3v<Ll
(14) and so that: u +v =M isa MAXIMUM.

Consequently, B’s problem is also a linear programming problem,
which, in the present case, is even simpler than A’s. It can, in fact,
be solved using the simple graphical method of Chapter 1. However,
it will be more illuminating to solve both this problem as well as A’s
problem by the Simplex Method.

Tackling B’s problem first, we introduce three slack variables a,
b, and c into (13) so as to convert these inequalities to equations. We
also multiply both sides of (14) by (—1) and bring all terms to the
left member. We obtain

(12) u>0, v>0, w>0, a>0, b>0, ¢c>0.

2u+ 50+ a =1
(13) 3u+ 1o +b =1
Ou + 3v +c =1

(14) -y — D +M=0
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the object being to maximize M. The sequence of tableaux is

=%

—-$=1
~3e =4
=1
=1

|
o

- o ©

S| O O =
SOl O = o o

)
© o o
li

(=

1

!
-,
w
-
«

I
(3

-
:" '
o :Iﬂ
© o o
S _—
wio W

-
o'

|l o ©

2

o)

>
o'

Comments

Although there is a *'tie” for
most negative entry in the
last row, we ignore this tic
and arbitrarily select the
variable u to enter the basis.

u is now in the basis but the
presence of the negative
entry —§ in the last row
indicates that M is not yet a
maximum. Accordingly, we
next introduce v into the
basis.

Final tableau.
(no more ncgative entrics
in last row).

The final tableau yields the following optimum solution for player B:

'S
.o
Il

=,
@'

-,
o
.o

This means that B’s optimal strategy is (&, 1), the associated expected

payoff to A, being 32.

Recall that by means of the graphical analysis of the preceding
section we obtained 42 as the value of the game o player A (see
above, page 104). We have now succeeded in proving that this same
amount, 42, also represents the value of the game to player B. We
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have therefore verified the Minimax Theorem for this particular
problem. Moreover, we have calculated B’s optimal strategy and
thus completed the solution of this game.

Our present method looks particularly elegant using condensed
tableaux:

Player B
u v
2 5 1 a
(Initial
3 L L b Condensed Tableau)
0 3 1 c

(First Pivotal

Exchange:
b v u and b)
-3 13 a
5 H 3| ou
0 1 c

(Second Pivotal

Exchange:
b a
vand a)
2 3 1
—is3 i3 i3 v
5 1 4
13 i3 i3 u . .
Final (Optimal)
1

H — 13 c Tableau

3 2 5
13 13 13 M

Observe that the initial tableau consists of the original payoff matrix,
augmented by an additional column of I's, an additional row of —1I's
and an additional 0 in the lower right hand corner. A sequence of
pivotal exchanges applied to this augmented matrix yields the
solution to both A’s and B’s problem, as we shall presently see.
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2. Duality and the Minimax Theorem

Let us return now to A4’s problem and solve it by the Simplex
Method. In Equation (7) we let m = — M’ and bring all terms to the
left side, thus

x4+y+z4+ M =0.

In order to minimize m, we must maximize M’'. We introduce two
non-negative slack variables d and e into (6) so as to convert these
inequalities into equations. Then we append two non-negative
artificial variables k and /, one to each of these equations, to supply
us with a starting basis. The artificial variables are assigned an
arbitrarily large positive coefficient P in the last equation. We now
have the following (artificial) problem:

(%) 20, ¥y20, 220, d>0, e20, k>0, />0

20+ 3y + 0z —d + k =1
(©) Sx + ly + 3z —e + 1 =1
) x4+ y+ 2z +Pk+Pl+M=0

the object being to maximize M.
The starting tableau looks like this:

x y z d e k I M

230 -1 0 1 00 1

513 0 -1

0
111 O O O0OT1I{|fO
P

There is no obvious B.F.S. To obtain one, we multiply the first two
rows by —P and add both of these results to the last row (i.e., to the
“double row”). The resulting tableau does contain a B.F.S.
involving the artificial variables and serves as the starting point for
our subsequent iterations.
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z v F4 d e k ! M
3 2 3 0 -1 0 1 oio 1 | =k
—% ® 1 3 0 -1 0 1 1o 1 | =1
(Initial B.F.S.)
1 1 1 o o 0 0 it 0
=M’
—7P —4P —3P 1P 1P —2P

(x enters the
basis displacing

-,
W@
o
|
CIEY
I
—
ol
—
|
o
(=
@
I
=

1 1)
1 1 ¥ 3 o -1 0 o | ==
I N I R
=M’
13
2P gp 1P -Zp 3p —-2p
t
0 1 - 163 - 123 lga iﬁ'a - 123 0 &5 =v
(y enters the
basis displacing
1 =
1 Y i3 o~ —13 &0 &=z k)
1
0 0 1 g 1$ 3 1'"3 - 1‘3 - 1%; 1 - 1%;
=M’
1P 1P

The last tableau yields a B.F.S. in terms of the original variables
x and y. The artificial variables k and /, are no longer in the basis
and may now be dropped. The original variable z is retained with
a value of 0, since it is not in the basis. The slack variables d and e
are also nonbasic. In a more complicated problem we would use
this B.F.S. as the starting point for further iterations (Phase II)
using only the original and slack variables. However in the present
case this is unnecessary, as we already have an optimal tableau. In

fact the optimal solution to A’s problem is given by
= -M = 1“53, g = 1/m = 153-.

r=4{, . p=gr =

y=in S g=gy =

z= 0, Sor=gz =0,

o oo

A’s optimal strategy is therefore (%, £, 0), and the associated payoff
is 42, This is all in complete agreement with the results already
obtained earlier by graphical analysis in Part Four, Section 3.

We could, of course, solve A’s problem using condensed tableaux.
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Although not as elegant as B’s, these tableaux are of interest.

z y z d e Player A
b 2 3 0 ~1 0 1 |k
-1 ® 1 3 0 -1 1 |/ (nitial
Condensed
1 1 1 0 0 0 Tableau)
MI
—7P —4P —-3P 1P 1P —2p
7 (First Pivotal
Exchange:
! ¥ z d € land z)
-5 | -t & - -1 2 |k
1 1 1 3 0 -3 : |
-1t A
M’
P —3p &P 1P —2pP —3pP
(Second
4 Pivotal
1 k z d e Exchange:
k and y)
-4 i -& =5 & 5 Yy
1}?1 - 1535 12: 1‘1"3 - 1’13 11:5 x Final
(Optimal)
- 1La - 113 ‘:’% 1’2’: 1l'a - 1% M’ Tableau
1P 1P

The final (optimal) tableau for A’s problem is the portion of the
matrix to the right of the dotted line (i.e., discarding the artificial
variables k and /). This tableau bears a remarkable relation to the
final (optimal) tableau for B’s problem. Let us array these two
tableaux side by side:

A’s Optimal Tableau B's Optimal Tableau
2 d e b a
- lia - 1'la lla f‘"a Y - 11‘5 xis xla v
123 lls - l'ls 113 ® IAS - :la 1‘3 u
'}32 13 xls —isa M’ 1% -5 %% c
1“‘3 13 lia M

Observe that the entries in each row of A’s tableau are identical,
except for certain changes of sign, with the entries in a suitably
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chosen column of B’s tableau. By rearranging the rows and columns
a bit further, we can see a more definite pattern emerge.

A B
d e z a b
) 1La —113 1%5 13 z "‘1%1 13 i u
(15) -5 B =i &Y S5 —i% &Y
&% ia 13 — 5 M’ -5 is 5|
& 5 5| M

The matrices in the upper left and lower right hand corners of either
tableau are *‘negative transposes” of the corresponding matrices of the
other tableau. The matrices in lower left and upper right corners are
simply transposes of their correspondents.*

This pattern is not accidental. It exhibits a fundamental phe-
nomenon known as “‘duality,”” which provides new insights into the
theory of the Simplex Method.

Remember that the tableaux in (15) are condensed. If we refer
back to B’s extended optimal tableau (see page 115 above), we can
translate each row into an equation.

: 1 5ho— 4 |
u . —a+ &b =% |
v | +ia — b =% | , .
L, . Lo | (B's Equations)
(16) ci —1{sa+ i3b =13 |

i
|

2 3y 5 |
M; +i5a+ b =% |

Similarly, if we refer back to A’s extended optimal tableau (see page
118 above), then dropping the artificial variables k and /, we can
likewise translate each row into an equation.

? N 3 9, 2

i +hd— e+ K= &

i 2 o,

(17) Y i —1§3d+ e — B =3
r!

M| +4d+ e + 182 = — 2

(A’s Equations)

L
'

* The transpose of a matrix is the matrix formed by changing its rows to columns
and its columns to rows. The negative of a matrix is formed by changing the signs
of all entries.
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The duality pattern which we observed in the condensed tableaux in
(15) is evidently a property of the coefficients enclosed within the
dotted lines in the two systems of Equations (16) and (17). We shall
call two such systems dual systems.

If the occurrence of the duality pattern was not accidental, where
did it come from? The explanation lies in the fact that the two sets of
equations (16) and (17) were derived from, and are respectively
equivalent to, the two original systems of equations, namely (13"),
(14') in the case of B’s problem and (6'), (7') in the case of A’s
problem, the artificial variables being taken as 0 in the latter case.
The equivalences stem from the fact that each iteration, i.e., each
transition from one tableau to the next, is actually a Gauss-Jordan
elimination process. This process always transforms a system of
linear equations into an equivalent system! Now the two original
systems can be rewritten as follows:

B’s equations A’s equations
ai +u+Sv=11 di =2z —3y+0z=—1}|
(18) b +3u+lo=1, e} =Sz—1y—3z=—1|
¢l +0u+3v=1{ M +la+ly+lz= 0]
M —lu—1v=0

It is apparent that the duality pattern was a property of the original
equations from the very start! The algebraic formulation of A4’s
and B’s problem in a matrix game took the form of a pair of dual
systems of linear equations. Each of these systems has been trans-
formed by the Simplex Method into an equivalent system, and the
resulting systems are again dual systems.

A detailed analysis of duality phenomena is beyond the scope of this
monograph.* However, we shall sketch briefly, some of the ideas
involved. Given a dual pair of systems, such as (18) above, a pivot
is chosen in one of these systems (for example the coefficient of u
in the second of B’s equations). The basic variable in the row of the
pivot (this is b in our example) must exchange places with the non-
basic variable in the column of the pivot (this is u in our example).
This is neatly accomplished by the pivotal exchange method using
condensed tableaux. Now if one selects the corresponding pivot in

* See, for example, Reference 19 (Vajda) Chapter VI, pp. 46-52 and Chapter
VIII, pp. 72-74.
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the condensed tableau for the dual system, and performs the corre-
sponding pivotal exchange (this exchanges d and y in the present
example), the duality pattern will be maintained, i.e., corresponding
pivotal exchanges transform dual systems into dual systems!

We can prove this important assertion fairly easily and obtain,
incidentally, another remarkable result as well. Consider any pair
of dual systems, such as (18) above, and let us refer to one of these
systems as the “‘primal,” the other as its ““dual.” (For example, in
(18) we may consider B’s equations as primal and A’s equations as
dual.) The condensed tableaux for these two systems may be indi-
cated as follows:

Primal Dual

(19) )

r s Y —q - v

u ... 0 ... M ... Yo, M’
(Temporarily, we do not assume that M’ = —M. We shall there-

fore obtain a slightly more general result, of which our assertion will
be a special case.) We now transform each of these tableaux using
p as a pivot for the primal and —p as a pivot for the dual. In both
cases we simply apply the two rules derived in Chapter 111, Section 5
(Page 77):

Transformed Primal

1p ... qlp x/p

—rlp ... s+gq(—=rlp) ... y + a(—r/p)

—ulp ... v+q(—ulp) ... M + x(~ulp)




Duality and the Minimax Theorem 123

Transformed Dual

—1/p ... rlp —ufp
—qlp ... =s+rlglp) ... v + ut—q/p)
zlp ... y+r(—zlp) ... M’ + u(z/p)

Not only is the duality pattern immediately evident in the trans-
formed tableaux, but we have the further important result that
M + M’ remains constant after each iteration! In particular, if
M = — M’ before the iteration, this will still be true after the itera-
tion. In matrix game problems, as well as in many linear program-
ming problems, the initial values assumed by M and M’ are both
zero. This means that at every stage, M = —M' = m.

Since this is true at every stage, suppose in particular, that an
optimal tableau has been achieved for the primal problem, and that
this tableau is displayed in (19) above. Because it is an optimal
tableau, its last row entries u, v, etc. are all non-negative and the last
column entries z, y, etc. are the values of the basic variables, which
are therefore also non-negative. These values, in turn, yield the
maximum value of M which appears in the lower right corner. Let
us turn now to the dual tableau. This is again an optimal tableau,
because the last row entries are now z, y, etc. which are all non-
negative. The last column entries are now u, v, etc. We therefore
have a non-negative set of values for the variables in the dual problem,
which yield the maximum value assumed by M’. This value appears
in the lower right corner and is identical with the value of — M in the
primal optimal tableau. But the maximum value assumed by M’ is
also the minimum value assumed by —M’, i.e., by m. We have
therefore succeeded in proving that THE MAXIMUM VALUE
OF M IN THE PRIMAL PROBLEM IS THE SAME AS THE
MINIMUM VALUE OF m IN THE DUAL PROBLEM. Further-
more, we have shown that the solution to both the primal and dual
problems can be read off from either of the two dual tableaux. This
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result is known as the Fundamental Duality Theorem of Linear
Programming.

The applications of the Fundamental Duality Theorem are far
reaching. The Minimax Theorem in the Theory of Games is an
obvious corollary. The solution of a matrix game to determine
optimal strategies for both players 4 and B as well as the value of the
game, is all accomplished in one optimal condensed tableau, as we
have already indicated on page 116. The beauty and power of the
Simplex Method are now apparent!

Originating as a convenient computational technique, the Simplex
Method has emerged as a fruitful theoretical tool. Moreover, it has
the added virtue of being a constructive method of proof. For
example, in addition to demonstrating the existence of optimal
solutions in linear programming problems, it provides a practical
technique for actually obtaining them. As Dantzig has pointed out,
its elegance and essential simplicity stem from the fact that it is
completely algebraic, in contrast with the early methods used by von
Neumann and others, which required “involved use of topology,
functional calculus, and fixed point theorems of L. E. J. Brouwer.” *

It is appropriate that we bring our monograph to a close on this
note, emphasizing the essentially elementary character of the basic
ideas of linear programming. Nevertheless, a deeper study of these
ideas must inevitably lead the student into more sophisticated, more
advanced areas of mathematics. It is our hope that we have stimu-
lated the reader’s interest sufficiently to spur him on towards such
further study.

Exercises

1. Players 4 and B each choose a number 1, 2, or 3, independently of
each other. If both choose the same number, then 4 pays B that amount.
If they choose different numbers, then B pays 4 an amount equal to the
number A4 has chosen.

(a) Construct a payoff matrix for this problem.

(b) Express each player’s problem as a linear programming problem.

(c) Set up the dual linear systems which correspond to these two prob-
lems.

(d) Using condensed tableaux, calculate optimal strategies for both A4
and B and determine the value of the game.

* George B. Dantzig, ‘“Constructive Proof of the Min-Max Theorem,” Pacific
Journal of Mathematics, Vol. 6, No. 1, 1956, page 25.
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-1 1 1 @ A4: (&, &, 8)
Answers: (a) 2 =2 2 B: (&, &, &)
3 3 -3 value = &

2. Consider the following two linear programming problems:

Problem A
Determine: >0, y>20, z2>0
ax + by + ¢z <d
{azx + by +cz < e
and so that: axr + by + cz = M is a MAXIMUM.

so that:

Problem B
Determine: u>0 v2>0
au +ay >a
so that: biu + b >b
cu+cv >c
and so that: du + ev = mis a MINIMUM.

(@) Introduce slack variables and show that the resulting sets of equa-
tions are dual systems.

(b) Assume that Problem A has a finite optimal (feasible) solution. Let
the optimal values of the variables be 2y, y,, z, and let My = ax, + by, +
czy, be the associated (maximum) value of M. Prove that M, < m, for all
feasible values of u and v.

Hint: Multiply the constraints of Problem B, by x,, ¥, 2, Tespectively,
add the resulting inequalities, and make use of the constraints in Prob-
lem A.

(c) Assume that Problem B, has a finite optimal (feasible) solution. Let
the optimal values of the variables u and v be u, vy and let my = du, + ev,
be the associated (minimum) value of m. Prove that M < m,, Sfor all
feasible values of x, y, and =.

(d) Observe that (c) may be rephrased as follows: If Problem B has a
finite optimal solution, then the values assumed by M in Problem A have an
upper bound (namely my). Therefore, let M, denote the least upper bound
(See Part 11, Section 4, p. 38) of all the values assumed by M. If there are
feasible values of the variables for which M actually assumes its least upper
bound M (this can be proved to be true), then these feasible values con-
stitute an optimal solution for Problem A. In short, this proves one part of
the Fundamental Duality Theorem which may be stated as follows:

If either Problem A or Problem B has a finite optimal solution, then the
other problem has a finite optimal solution. Moreover the maximum value of
M equals the minimum value of m, i.e., My = my,.

(Investigate this problem, by consulting References 2, 8, or 19, if nec-
essary, to supply missing details.)
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