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PREFACE

The history of accelerator development has not yet been
written. Almost the entire literature on the subject is published
in research journals or in laboratory reports. Except for rela-
tively brief survey articles, there are no publications in which
a scientist, an engineer or a student can find a description of the
physical principles of particle acceleration, or of the successful
designs and techniques of the several types of accelerators.
The need for such a compilation and study is clear. Many a
student wants to know more about the field to guide his further
studies. Nuclear physicists must understand accelerators to
evaluate experimental evidence. Scientists or engineers in border-
line areas are curious about the machines which are the sources
of nuclear data, and occasionally the director of an expanding
laboratory must acquire an appreciation of the relative merits
of the several machines as a basis for future plans.

This monograph is an attempt to present one part of the
story of accelerators—that associated with the newest, largest,
and highest-energy machines, which have become so important
in the rapidly developing field of nuclear forces and high-energy
particles. The early development of the field, covering the direct
voltage machines of the 1930’s, clectrostatic generators, cyclo-
trons, and the like, cannot be included in this brief volume.
This may leave a big, although unavoidable, gap for some
readers. However, the story of the high-energy accelerators is
almost a complete story in itself.

The emphasis is on the physical principles of operation,
the properties of particle orbits, and the design principles of the
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vi PREFACE

basic components. No attempt has been made at a complete .
coverage of all installations, but certain ones are chosen as
typical and are described in some detail to demonstrate a par-
ticularly effective and coordinated set of components. Tt has
also been the urge of the writer to show the similarities in prin-
ciple of the several machines, especially in the way they depend
on the basic equations of motion of particles in electric and
magnetic fields. To emphasize the similarities, the mathematical
analysis of particle motion, as applied to most of the accelera-
tors, is presented in a separate chapter where the common
features of acceleration, focusing, and stability are derived from
the equations of motion.

Accelerators are undergoing continuous development, espe-
cially those designed for the highest energies. The most exciting
recent developments are not yet finalized into a working ma-
chine. As a result the last chapter is openly speculative, and it
is to be expected that some of the concepts and designs presented
will be changed as these new machines evolve. However, such
a preview into the early stages of development of a new type of
accelerator is the best possible illustration of the aceelerator art.
It shows, more clearly than a factual description of a working
machine, how new concepts develop, how new problems arise
and how the application of ingenuity and technolegy can solve
the problems, to achieve a new voltage record and a new tool
for nuclear research.

M. STANLEY LIVINGSTON
Cambridge, Massachusetts ’
May 18, 195/
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CHAPTER 1

High-Energy Accelerators
as Tools for Nuclear Research

1.1 Introduction

Particle accelerators are among the most useful tools in
nuclear science. The high-speed particles which they produce
can penetrate the force fields of nuclei, where they supply the
energy necessary to disintegrate the nucleus, or serve as probes
to study the properties of nuclear forces. Atomic nuclei are com-
posed of protons and neutrons bound together by short-range
forces, with an approximately constant nuclear density. The
nuclear radius can be expressed as r = 1A', where 4 is the
number of nucleons. The radius of a single nucleon, ro ~ 1.4
% 107 cm, can be taken as a measure of the range of nuclear
forces.

When positively charged particles are used to bombard a
nucleus, they are repelled by the Coulomb force. The potential
energy of a singly charged particle at the radius r (the potential
barrier) associated with nuclei of 1 < 4 < 200 is between 1 and
10 Mev. Particles must have kinetic energies of this magnitude
to approach to the “surface” of a nucleus, where they have a
high probability of initiating a nuclear reaction. At lower
energies the nuclear processes observed are understood in terms
of the wave-mechanical probability of penetration of the barrier.

Energies of several million electron volts have been avail-
able for many years from the early accelerators such as voltage
multipliers, the electrostatic generator, and the cyclotron. Ex-
periments at such energies have served to explore the gross
structure of the nucleus, to measure disintegration thresholds

1



2 HIGH-ENERGY ACCELERATORS

and low-lying excitation levels in nuclei. The conditions of
stability in nuclei have been investigated, and many measure-
ments have been made on the properties of the unstable, radio-
active nuclides. Angular distributions of the products in
disintegration and scattering processes show the noncentral
character of nuclear forces. At somewhat higher energies
(greater than 10 Mev) disintegration processes become more
complex; the multi-particle character of most nuclei is revealed
in the many competing reactions, often resulting in multi-
particle emission.

At much higher energies the characteristics of the phe-
nomena change, and we enter the field of the properties of
fundamental particles. Processes resolve themselves into inter-
actions between elementary nucleons and give direct evidence
of the properties of the nuclear force at extremely short range.
This change in character of the interactions is expressed in
wave-mechanical terminology by the wavelength of the bom-
barding particle becoming short relative to nuclear dimensions.
In the billion-volt region particle wavelength is small even
compared to the dimensions of a single nucleon. The wave-
length associated with a proton of one billion electron volts
(1 Bev = 1000 Mev), for example, is given by: A = 1 X 107
cm. A proton of this energy (or higher) is visualized as having
a reaction with one (or at the most a few) of the individual
nucleons in traversing a nucleus. The multi-particle character
of heavy nuclei is significant primarily in that it represents a
greater density of nuclear matter and so increases the probability
of interaction.

The fundamental nuclear force, between pairs of nucleons,
is now believed to involve the production and absorption of
mesons. Theoretical interpretation is by no means complete, but
many experiments show that mesons are produced when targets
are bombarded by sufficiently high-energy particles or radiations.
Mesons were discovered in cosmic ray observations, and a large
fraction of present evidence on the properties of mesons has
been obtained by using the high, but uncontrollable, energies of
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cosmic rays. Furthermore, the most significant recent evidence
for still heavier unstable particles has come from exposure of
photographic emulsions to the primary cosmic rays at high
altitudes, attained in balloon flights, and from cloud chamber
photographs taken in mountain laboratories. ’

1.2 Unstable Particles and Threshold Energies

Many of the elementary particles, and perhaps all, can be
created through materialization of energy. Electron-pair pro-
duction by gamma rays is now a relatively well-understood
phenomenon:y — e + ¢”. This process occurs in the presence
of the electric field of a nucleus or electron, and the minimum
gamma-ray energy required is equal to the sum of the rest
energies of the electron and positron (1.02 Mev). Above this
threshold the cross section for absorption of gamma radiation
through pair production rises rapidly until it is the dominating
process at very high energies.

The inverse process, of annihilation of a positron with a
negative electron, results in the release of two quanta of gamma
radiation, each of 0.51 Mev energy, following the reaction:
et + ¢ — v + . Or, occasionally, in special circumstances
three quanta are produced or a single gamma ray of 1.02 Mev
results. Annihilation occurs most efficiently after the positrons
have been slowed down to thermal energies by scattering and
ionization in the surrounding medium.

These processes of electron-pair production and annihila-
tion give us basic information about the interaction between
light elementary particles and the electromagnetic field.
Equally important insight into the properties of the heavy
elementary particles is anticipated from studies of the creation
and absorption of mesons.

A brief survey of the known unstable particles is appropri-
ate, to show the threshold energies required for their production
and the significance of accelerators as tools to study the proper-
ties of such particles. Space does not permit a complete survey of
the high-energy particle field, nor is the author sufficiently versed
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in this field to present and interpret the rapidly accumulating
new evidence. The discussion to follow is restricted to those
particles which are most well established; readers should go
elsewhere' for a more complete and documented analysis of
high-energy physics.*

u-Mesons. The original mesons discovered in cosmic ray
experiments are now known as u-mesons. Both positively and
negatively charged u-mesons are observed in cloud chambers, on
which a magnetlc field is superimposed, by the dlﬁ'erent direc-
tions of curvature of the tracks. Whenever the ut-meson is
seen to stop in the cloud chamber a single electron of the same
sign of charge is observed as a product. The electron tracks
usually make sharp angles with the meson tracks and show a
continuous energy distribution extending up to about 50 Mev,
indicating a 3-particle process in which two nonionizing radia-
tions are also emitted. These neutral particles are presumed to
be neutrinos:

p+ —et 4+ 2
g —e + 2 (1-1)

Electronic experiments show that the half-life for decay into
electrons is about 2.1 X 107° sec. The relatively long life and
the fact that most u-mesons survive to be slowed down before
decaying show that they do not react strongly with nuclei.
This small nuclear interaction cross section is incompatible with
the large cross sectiog for production of mesons in nuclear inter-
actions and led to the prediction and discovery of another type
of meson, the m-meson, which is responsible for the large pro-
duction cross section.

Observation of the characteristic 2.1 X 107° sec decay
period with electronic time-delay apparatus can be used to
identify the u-mesons. The delayed 0.51-Mev positron an-
nihilation radiation is also useful in identifying the positive

* Superior numbers refer to the Bibliography at the end of the
book.
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u-meson. The mass of the u-meson is (209.6 + 2.4) m., where
m, is the mass of an electron at rest.'

w-Mesons. 'The mesons produced and absorbed in nuclear
interactions are called r-mesons. In the absence of other
processes they decay into p-mesons with a characteristic mean
life of 2.65 X 107° sec. following the reactions:

1r+—->p++ v
T o 4 (1-2)

Observation of this decay period is evidence for the presence of
wm-mesons. Neutral =-mesons at rest disintegrate into two
gamma rays of 68 Mev each:

™oy 4+ (1-3)

with a very short mean life estimated as 10 sec. The resulting
v-rays can be detected through their electron-pair production.

m-mesons are produced by accelerators through a wide
variety of reactions, resulting in both charged and neutral
mesons. The simplest, conceptually, is photo-production, in
which the bombarding radiation is a photon which acts directly
on a single nucleon. Evidence has been obtained for the follow-
ing reactions:

y+p—ntat
y+p—op+
Yy+n—op+w
y+n—on+a° (1-4)

Nucleon-nucleon reactions are in even greater variety, of the
types:

ptp—p+ntrt
ptp—opt+p+n
p+n—-p+ptn
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p+n—->n+n+1r+
p+n—op+n+a°
n+n—-n+p+nr
n+n—-on+n+ax° (1-5)

plus others in which more than one w-meson is produced, if
sufficient energy is available. The primary use of accelerators
in the 200- to 500-Mev range has been for the production of
m-mesons, and a large share of the research using such accel-
erators has been on the properties of r-mesons and in measure-
ments of interaction cross sections of the secondary reactions
where mesons act as the bombarding agents.

In any reaction in which a new particle is produced, energy
equivalent to the rest energy of the particle must be supplied.
Present experimental evidence indicates rest energies for
charged and neutral m-mesons of':

me+ = (276.1 & 2.3)m, = 141 Mev
m.- = (276.1 & 1.3)m, = 141 Mev
myo = (264.6 & 3.2)m, = 135 Mev

Threshold energy for meson production is given by the
condition that the product particles have zero relative kinetic
energy. This means that the products move off together with
the center-of-mass velocity. Momentum must also be con-
served in the collision. In the gamma-ray reactions (Kgs. 1-4)
the incident momentum is small, so the threshold gamma ray
energy is only slightly larger than the rest energy, or about 151
Mev. In heavy particle collisions the incident particle must
also supply the kinetic energy of the moving center-of-mass.
Threshold energy is given by':

Ey = 2m.c (1 + 5—2) (1-6)

where m, is the m-meson mass and M is the mass of the nucleon.
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When it is evaluated for the proton-nucleon reactions (Egs.
1-5), this threshold energy is 293 Mev for production of #*-mes-
ons or 280 Mev for w%-mesons.

Bombarding particle energy must be well above the thresh-
old to produce a reasonable intensity of mesons. The excitation
function for the process shows a rapid increase in cross section
with energy above the threshold. Furthermore, the bombard-
ing particles lose energy by ionization in the material of the
target, so the effective target thickness depends on the excess
energy above the threshold, and the total yield of mesons is an
even steeper function of energy. To illustrate this point the
total meson flux for equivalent beam currents at the University
of Chicago synchrocyclotron (450-Mev protons) is about 50
times that at the University of Rochester machine (240-Mev
protons). Experiments become simpler, and precision improves
with higher meson intensities. Furthermore, the residual
kinetic energy of the meson formed also depends on the energy
excess above threshold, and it is clear that a wide range in meson
energy is desirable for a thorough understanding of meson
properties. In planning accelerators it is well to recognize this
requirement for particle energies well above threshold limits of
the reactions to be studied.

When either the target nuclei or the bombarding particles
consist of more than single nucleons, the threshold energy is
lower than that computed from Eq. 1-6. This can be under-
stood in terms of the internal Fermi energy 7'r of a nucleus con-
sisting of several particles and the average potential energy of a
nucleon in such a nucleus, V. Threshold energy for meson
production is given approximately by': To = m.c® + Tr + V.
For nuclei heavier than helium, 7r-mesons can be produced by
incident nucleons having energies as low as 180 Mev. Studies
of reaction thresholds in such complex nuclei reveal more about
the nucleon-nucleon forces within the nucleus than about the
m-meson process. Most large accelerators are now arranged to
accelerate protons in order to simplify the interpretations, and
in so far as is practical hydrogen targets are being developed to
reduce complexity in studying target interactions.
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Heavy Mesons. In high-energy cosmic ray processes,
several other particles have been observed by using the tech-
nique of exposing photographic emulsions to the primary cosmic
rays at high altitudes. At the start these were classified ac-
cording to their different mechanisms of interaction with nuclei
and were called by the names V, K, «, , etc. They each seemed
to be distinctly heavier than the w-meson and would require
higher bombarding energies to produce. Some are observed
only in processes involving extremely high-energy primary
particles, inferred from the number of prongs and the angle of
the forward “jet” in the ‘“‘stars” in which they are formed.
Present estimates suggest and preliminary experimental results
show that a primary energy of several Bev will be required to
form some of these “strange’ particles in sufficient intensity to
be observable in the presence of the more common 7-mesons.

The neutral ‘“V-particle” has for its defining property an
inverted V-track in the emulsion or cloud chamber, of which one
prong has the dense ionization and small scattering associated
with the proton, and the other has the characteristics of a
w-meson. The nonionizing, neutral particle which decays into
such products must have a rest energy significantly greater than
that of a neutron. More detailed evidence from cloud chamber
tracks has confirmed the identification of the proton and nega-
tive w-meson products in several instances.

However, in some early cosmic ray observations an analy-
sis of the prongs of a V-track showed them both to be of less
than nucleonic mass; so sub-classes were recognized, described
as Vi, V,, V., ete. Furthermore, some charged particle
tracks making a sharp change in direction and track density
were interpreted as leading to one charged and one neutral
prong; the primary radiation in this case was called a ‘“‘charged
V-particle.” The original type then became known as a V,°-
particle. .

In the revised terminology proposed at the Bagneres
Conference in July, 1953, the heavier-than-nucleon particles
(hyperons) are called A-particles, the intermediate mass particles
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are called K-mesons and the light mesons u and = retain their
former designations.

Accelerators can also be used to produce and study the
heavy unstable particles. A single example will be cited in
illustration. Recent photographic evidence obtained using a
hydrogen-filled cloud chamber in the =-meson beam of the
Brookhaven cosmotron (see Chap. 6) suggests that two kinds of
neutral V-particles can be created in pairs. The few photo-
graphs obtained and analyzed to date indicate the strong
possibility of a process of the following type:

™ 4+ p— A+ 6°
A7 + p 4 (27 £ 11) Mev
90— 7 + 7t + (258 & 35) Mev (1-7)

Figure 1-1 is a sketch made from a photograph obtained
by Fowler, Shutt, Thorndike, and Whittemore® in late 1953.
The termination of the original w-meson track (1.5 Bev) indi-
cates the point where the primary reaction occurred. Of the
two V-tracks resulting, one consists of a proton and a negative
meson, the other of two mesons, described by the secondary
equations (1-7). Measurements of the angles and of the
momenta, of the tracks obtained from their radii of curvature in
the magnetic field give the @-values indicated, and lead to mass
estimates of the two neutral particles of: m(A?) = (1100 + 12)
Mev and m(6°) = (5638 & 40) Mev. Thus the A° is heavier
than nucleonic mass, and the 6° is in the intermediate range
between w-mesons and nucleons. An estimate of the energy
threshold of the incident protons required to produce this re-
action is about 1.0 Bev. Considerably higher energy is needed
to obtain adequate intensity and to study the process in detail.

Graphical Summary. Our present understanding of the
relations between some of the better known nuclear particles
and radiations is summarized in Fig. 1-2, in which the particles
are displayed on a mass or rest-energy diagram in Bev units.
Each particle is indicated by a horizontal line and an identify-
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Fig. 1-1. Sketch from photograph of double V-event in a hy-
drogen filled pressure cloud chamber irradiated by 1 5-Bev mesons from
the Brookhaven cosmotron. Two neutral particles are produced, one
decaying into a p* and a z-meson, and the other into two =-mesons.
(Courtesy of Fowler, Shutt, Thorndike, and Whittemore, Brookhaven
National Laboratory, September, 1953.)

ing symbol, with superscripts indicating the charge. Only two
of the states indicated have an infinite life, those for the proton
p" and the electron ¢”.  All others are unstable in the free state.
Known decay half-lives are listed; a few well identified decay
processes are illustrated by arrows leading to the product
particles. Where a nonionizing zero-mass radiation accom-
panies the decay, it is indicated by the symbol v or » beside the
arrows; the energy released (the Q-value) is also given in
brackets. Other particles observed in cosmic rays (r, K, «)
are not located specifically. The 7-meson mass is very close
to that of the 6° particle, and for the others the mass values are
believed to be in the same region. It is possible that some of
these ‘“‘strange’ particles are related to the 6%particle. Similarly
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T Bev
1.5~ T
Fés'T | Y-particles
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Fic. 1-2. Mass-energy diagram of some of the better known
particles. Kach particle is represented by a line at the appropriate
value of rest encrgy in Bev units and identified by symbols and the
decay half-life. Arrows show the decay processes and products. The
Brookhaven double V-event reaction is also indicated.

the charged A-particles are included in brackets opposite the
Al-particle, although their exact mass values and even their
existence are still uncertain.

Figure 1-2 serves the useful purpose of identifying the
new particle terminology on a mass scale and shows the three
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classes of unstable particles: the L-mesons (light), the K-mesons
(intermediate) and the Y-particles or hyperons. One produc-
tion reaction is illustrated in the figure, the one observed at
Brookhaven and given in Eq. 1-7. This particular process is of
special interest in the present context, showing how such high-
energy accelerators can provide the means of studying essen-
tially all the known nuclear particles and radiations.

If a single particle of nucleonic mass is to be created di-
rectly through materialization of energy, the threshold energy
of the incident proton obtained from Eq. 1-6 is 2.34 Bev. If
nucleons can be produced only in pairs, in analogy to electron-
pair production, the threshold kinetic energy in a nucleon-
nucleon reaction would be 5.6 Bev. If heavy particles are to
be formed in an excitation state of higher rest energy than a
stable nucleon, believed to be true for the A* particles, the
threshold energies would be correspondingly higher. In any
case the energy required to produce the phenomenon with suf-
ficient intensity to be observable would be well above the thresh-
old energy for the protons.

Proof of the production of a “negative proton,” either by
nucleon-pair production or from some other process, would be of
considerable theoretical significance. Reasoning from the charge
symmetry exhibited by other elementary particles would suggest
a place in nature for such a negatively charged nucleon. In
reactions involving the annihilation of a negative proton with a
positive proton the total energy release in the center-of-mass
system of corrdinates would be 1,876 Mev. A variety of com-
peting reactions can be anticipated, yielding mesons in various
numbers and types.! The search for new particles is one of
the more stimulating features of research in high-energy particle
physics.

For all the processes described above high energies are
desirable, and for some of them the energies required may be
greater than those available from any existing accelerator.
High beam intensities are equally important to obtain statisti-
cally significant results. The high intensities available from
accelerators make them more suitable than naturally occurring
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cosmic rays for some research problems. Beam density, in
particles per square cm per second, is 10° to 10° times higher
than the cosmic ray flux, even at the top of the atmosphere.
This is not to say that accelerators are likely to take over the
entire cosmic ray field. The top end of the cosmic ray energy
spectrum (> 10" electron volts) exceeds by many orders of mag-
nitude the most optimistic energy estimates by accelerator
designers and, of course, studies of the origin and properties of
the cosmic rays offer a continuing challenge for the cosmic ray
physicist.

1.3 Meson-Producing Accelerators

The several accelerators already in service in the 200- to
500-Mev energy range have added greatly to our knowledge of
elementary particle processes. Protons from synchrocyclotrons
produce large intensities of positive and negative m-mesons,
and the production of neutral =-mesons with the University of
California 184-in. machine resulted in the first precise measure-
ment of the properties of this new particle. Electron synchro-
trons and linear accelerators produce mesons through photo-
nuclear processes (Eqs. 1-4) and offer a hope for the future of
very high-intensity meson beams.

Meson production efficiency (excitation functions) and
meson properties such as mass and mean lifetime have been
quite accurately determined. Cross sections for interaction of
positive and negative mesons with protons and other nuclei
have been obtained for meson energies up to 200 Mev. Angular
distributions observed in the scattering of mesons by nucleons
can be interpreted to show the range and other properties of the
meson-nucleon force. Scores of other experiments have con-
firmed and extended the precision of cosmic ray observations.

The Brookhaven cosmotron, a proton synchrotron capable
of producing 3 Bev protons, has been in operation since 1952 at
2.3 Bev, and has recently reached its designed maximum energy.
At Berkeley the Bevatron is approaching completion; it is cap-
able of reaching still higher energies, of up to 6 Bev.

Experimental research with the cosmotron is underway on
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many fronts. Cloud chamber photographs in high-pressure hy-
drogen gas have shown evidence for A-particles, multiple meson
production, many-pronged stars and other phenomena. Elec-
tronic scintillation crystal counters in coincidence circuits have
been used to observe charged mesons and to study the inter-
action cross sections of mesons with nuclei up to 1.5 Bev. Nu-
clear emulsions show a variety of phenomena, including mul-
tiple-pronged stars, meson production, and some evidence for
some of the rare heavy mesons.

1.4 Multi-Bev Accelerators

The role of high-energy accelerators is the study of ele-
mentary particle processes and of the short range properties of
the force between such particles. The nuclear force, which
binds nuclei together and leads to the concentration of energy
released in fission and in thermonuclear processes, is only very
imperfectly understood. Information coming from the disin-
tegration of nuclei and scattering of particles at lower energies
has been necessary and valuable, but itself appears to be incon-
clusive. There is a growing conviction among theoretical
physicists that a complete description of nuclear forces will
involve meson fields in the nucleus. To study meson properties
high-energy accelerators are essential, and scientists are attack-
ing this problem with a considerable number of 200- to 500-Mev
accelerators. It is also probable that the ‘“strange” unstable
particles must be studied intensively in order to understand
meson properties. Energies required for further progress in the
unstable particle field are in the range above 1 Bev, where few
of the present machines can go.

The real hope for exploring the multi-billion-volt range
seems to lie in utilizing the principle of “alternating gradient
focusing” or ‘‘strong-focusing,” in the proton synchrotron,
which makes accelerators of 10 or more Bev economically prac-
tical. This development, initiated at the Brookhaven National
Laboratory in the summer of 1952, offers a practical method of
reducing cost at this high-energy range.
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The several accelerators mentioned above will be described
in the chapters to follow, including the present stage of design
of the strong focusing synchrotron. But first it seems advisable
to discuss some general principles of motion of particles which
apply to all high-energy accelerators. These can be described
in terms of the equations of motion and include the propertics
of ion and electron orbits in magnetic and electric fields, the
focusing forces resulting from certain configurations of these
fields, and the several principles of resonance and synchronous
stability which can be called on to accelerate the particles. We
start, then, with a brief analysis of the equations of motion to
define the problems and to anticipate the principles of design of
high-energy accelerators.



CHAPTER 2

Principles of Acceleration to High Energies

Charged particles are accelerated only by electric fields,
and in the direction of the field (for positively charged particles).
Magnetic fields exert forces at right angles to the direction of
particle motion and cannot change the energy, except through
time variations. Both electric and magnetic fields are quan-
tities that vary in direction and magnitude as a function of
position or of time. Electric fields are established by arrays of
electrodes on which suitable potentials are impressed. Mag-
netic fields, in accelerators, are usually developed between the
pole faces of an iron magnetic circuit which is powered by
current-carrying coils. One purpose of the magnetic field is
to produce circular orbits of the otherwise extremely long par-
ticle paths, so as to confine particle motions within a circular,
evacuated chamber which contains the accelerating electrodes.
Another function is to provide restoring forces that restrict
particle motions to a region close to the desired circular orbit.

The general motion of a charged particle acted upon both
by electric and magnetic fields, which may vary in direction, in
magnitude or in time, can be extremely complicated. The
particle obeys the laws of electrodynamics, in accordance with
the equations of motion. In principle, if the fields are known at
every point in the path, the complete trajectory of the particle
from source to target can be computed. However, exact point-
by-point calculations of particle motion would be an impossibly
tedious task. It is necessary to simplify the application of the
equations of motion.

In all practical accelerators simplification of the motion
results from symmetry of the fields. Whenever electric and

16
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magnetic fields are used together, their major components are
crossed at right angles to one another. The resulting magnetic
force is in the same plane as the electric accelerating force, and
particle orbits are confined to this plane. Field components in
other directions are smaller in magnitude and arranged to be
symmetrical about the orbit plane so as to provide restoring
forces for particles which deviate from this plane. Such sym-
metry results in a considerable simplification in solving the
equations of motion. The orbital motion of particles in the
central plane can be considered separately, and the additional
motions due to the minor components of the fields can be
treated as small perturbations.

Another simplification results from the repetitive nature
of acceleration in high-energy accelerators. In the circular
magnetic accelerators the particles make many revolutions over
almost identical orbits. The relatively slow variations in
energy or orbit radius can be treated as smoothly varying,
adiabatic changes, by allowing certain parameters in the equa-
tions of motion to vary slowly. Such variations can then be
superimposed on the equations of orbital motion without
serious error.

2.1 Relativistic Equations of Motion *

Most of the modern high-energy accelerators, such as the
cyclotron, the synchrocyclotron, the_ betatron, the electron
synchrotron, and the proton (or frequency-modulated) syn-
chrotron, use magnetic fields to produce motion in circular
orbits. The equations of motion are fundamentally the same.
Cylindrical coordinates give the simplest formulation of the
equations of motion in an axially symmetric magnetic field
where the accelerating electric fields are applied tangentially
and act as torques about the axis of symmetry. We will use r
for orbit radius, 8 for angular position, and z for displacement
from a median plane, as illustrated in Fig. 2-1.

Radial motion can be described in terms of the central
force on the moving particle provided by the axial magnetic
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F1c. 2-1. Cylindrical coordinates of motion, r, 6, 2.
A particle orbit (solid line) is shown relative to the median
plane (dotted line) in a uniform magnetic field.

field: F, = mv’/r = evB,, where m, e, and v are the mass,
charge, and velocity of a particle moving in a circular orbit r
in a field having an axial component B,. We need to study
the change in the radial motion due to variations in v, B, etc.,
the deviations from an ideal circular orbit, in which case the
equation of motion can be written:

2 2
dr v

m-—-— =m — — evB,
r

We use § = o = v/r for angular velocity, mr = m dr/dt for
radial momentum and treat the mass m as a variable to allow
for relativistic changes. The time rate of change of radial
momentum becomes:

d

dt

Angular motion is described in terms of the time rate of
change of angular momentum (d/dt)(mr’6) and the torques
acting to change this momentum.” The torque due to the
applied -electric field can be expressed as dw/d6, the work dw
dore on the particle in an angular displacement d6. The
decelerating torque dL/d0 is the energy lost by radiation due to

(mr) = mré® — eréB: (2-1)
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the radial acceleration of the charged particle in its circular
orbit.’ A third torque is due to the induced electromotive force
caused by any time variation of the magnetic flux threading the
orbit, and the energy involved is e (d®/dt) per turn or (e/2w)
(d®/dt) per radian, where ® is the flux through the orbit. The
general equation for angular motion is given by:

d 5 ed\ dw dL

Axial momentum is affected only by axial forces due to a
radial component of magnetic field B, , and is described as:

d . .
g (me) = erdB, (2-3)

« In the three equations of motion above (Egs. 2-1, 2-2, 2-3)
rationalized mks units are used. The algebraic signs apply for
electrons; they can be adapted to positively charged particles
by changing the sign of the charge e. All the intentionally
applied variations in the experimental parameters are included
for all the circular accelerators. No terms have been in-
cluded, however, to represent physical imperfections in the
experimental apparatus. It is assumed, for example, that the
magnetic field is symmetrical with angle, so no term is in-
cluded associated with an azimuthal component of field, By .
It is also assumed that the field is symmetrical about the
median plane (z = 0). Furthermore, the equations will not
show the limitations to particle orbits due to the physical walls
of the vacuum chamber or to the finite extent of the magnetic
field.

Completely general solutions to these equations of motion
would be unnecessarily complicated and of questionable value.
We shall analyze the equations first with regard to the separable
components of motion and shall derive the simple relations ap-
plicable to individual machines.

““Consider first the orbital motion described by Eq. 2-1.
The simplest case, that for an orbit of constant radius, comes
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by letting # = 0, and we have:
mg = mw = eB, (2-4)

This is the fundamental relation for motion in a circular orbit,
more commonly expressed in terms of the velocity in the form:

my = eB,r (2-5)

Another form of this equation involving the frequency of revo-
lution of the particles in the orbit, f = w/2w, is the eyclotron
resonance relation:

_eB,
T 2rmg

2

The frequency of revolution will be a constant in a uniform and
steady magnetic field if the mass of the particle remains con-
stant; this is true only for nonrelativistic velocities.

For high energies we must use the relativistic expression
for momentum:

Jo (2-6)

(B' — B _ [I(T + 2E))"

c c

my =

Here E = mc’ is the total energy, E, = moc’ is the particle
rest energy, and 7 is the kinetic energy, following the definition,
E =E + T.

Using this relation we can express Eq. 2-5 in terms of the
orbit radius:

, = [T(T + 2B

ceB, b @-7)

When E; and T are expressed in Mev units and B, is in webers
per square meter (units of 10,000 gauss) this becomes:

, = [T(T + 2B

3008, meters (2-7a)
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Values of rest energy, Eo = moc’, in Mev units, are given
below for the particles used in accelerators:

Particle Rest Energy Eo , Mev

i Electron 0 51
| Proton 938
, Deuteron 1877.
: Hydrogen molecular ion 1876.

Doubly ionized helium 3733.

By rearrangement of Eq. 2-7 the kinetic energy is given by:
T* + 2TE, = ¢¢'B. (2-8)

In the relativistic limit where the kinetic energy T is very
large relative to rest energy FEo, this reduces to:

T ~ ceB,r (2-8a)

This shows the proportionality between kinetic energy and
momentum, B,r, at very high energies.

In Table 2-1 a few typical values of orbit radius computed
from Eq. 2-7 are listed to show the dimensional requirements
of accelerators. (In using Eq. 2-7 for alpha particles the charge
¢ must be doubled.) Note the approach to a linear relationship
for electrons at.quite low energies. Note also the converging
dimensions for electron and heavy-ion orbits at high energies.

The relativistic expression for orbital frequency comes

Table 2-1. Orbit radius (meters) in a magnetic field of 1 weber/m?.

T, Mev Electrons Protons Deuterons Het** ions
1 0 00473 0 144 0 204 0.144
10 0.0349 0 457 0 646 0.454
100 0 334 148 2 06 1.45
1000 3.33 5 64 725 4 85

10000 333 36 3 390 220
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from Eq. 2-6 by inserting the energy equivalent of the mass:

f = eB. ¢ eB, ( 1 )
T 2r (Bo+T)  2rmo \1 + T/E,

Here fo 15 the nonrelativistic cyclotron frequency, which can
be considered a constant of the motion. Equation 2-9 shows
the change in applied frequency necessary to maintain reso-
nance in the uniform field of a synchrocyclotron with increasing
particle energy.

Orbital frequency can also be expressed in terms of orbit
radius by using the relativistic relation for velocity:

v Cﬁ ¢ Eo 2711/2
= _— =" ="—|1l—-\s— 2-10
/ 2mr 2mr 2r [ < iy + T)] ( )
The numerical constant is readily evaluated. As long as T
and E, are expressed in the same units, and r is in meters, we

have:

271/2

f = ‘%8 ,:1 - <E‘%):| Me/sec (2-10a)
0

As an example, consider a high-energy electron in an orbit of
1 m radius in a synchrotron (the magnetic field must have the
proper value). For energies above a few Mev the second term
involving the energies becomes negligible, and the frequency
approaches a constant value of 47.8 Mc/sec.

Table 2-2. Orbital frequency (Mc/sec) at 1 weber/m?2.

T, Mev Electrons Protons Deuterons Hett ions
1 9,500 15 2 7 60 7.61
10 1,635 15 2 7.60 7.61
100 143. 13 8 7.34 7.40
1000 143 7.46 5.00 6.05
10000 1.43 1.32 1.22 2.11
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In Table 2-2 a few typical values of ion rotation frequency
are listed for the several particles. The magnetic field is 1
weber/m’, and the orbit radii are those given in Table 2-1.
Note the converging values of frequency for all particles at
very high energies. The rotation frequencies for different mag-
netic fields are inversely proportional to the flux density.

2.2 Orbital Stability

fAn additional requirement for accelerators is that they
provide restoring forces for particles that deviate from the
central orbit. Focusing forces are essential to prevent loss of
the beam against the chamber walls while the particles are
traversing their thousands of revolutions. In an absolutely
uniform magnetic field a particle making a small angle with
the plane of the orbit would traverse a helical spiral, and the_
axial displacement would increase linearly with the number of
revolutions. Furthermore, radial displacements of the actual
orbit may occur which would cause the particle to be lost against
the sides of the vacuum chamber. It is essential that the ap-
plied electric and magnetic fields provide suitable restoring
forces to focus the particles about the central orbit.§

Such restoring forces will exist in a magnetic field which
decreases in magnitude with increasing radius. In this field
the lines of magnetic flux are concave inward. This concave
shape is the natural shape of the magnetic field near the periph-
ery between cylindrical poles with flat faces and is called
“fringing.” In other regions this shape can be achieved by
contouring the pole faces so that gap length increases, and flux
density decreases, with increasing radius. Figure 2-2 is a dia-
gram of a magnetic field between cyclotron pole faces commonly
used to illustrate this concave field and shows the direction of
the forces on charged particles moving in orbits above or below
the median plane.

The direction of the magnetic force on the moving particle
is normal to the local direction of the magnetic flux. For par-
ticles above the median plane it will have a downward compo-

12
!
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Fie. 2-2. Restoring forces for particles in orbits above or below
the median plane in the radially decreasing magnetic field of a cyclotron.
The flat pyramid shims shown in the shimming gaps are arranged to
provide a small radial decrease in field in the center of the gap between
poles. Ring shims at the periphery increase the region of useful field.

nent, owing to the radial component of the flux B, ; conversely,
an upward force is exerted on particles below the median plane.
The radial component of field is zero on the median plane, but
for all other locations two components exist, B, and B,. The
magnitude of the radial component needed to provide adequate
restoring forces is small, and the concave flux lines have large
radii of curvature relative to displacements from the median
plane; hence the shape of the flux lines near the median plane
will approximate arcs of circles, and the radial component B,
will be proportional to the displacement z. This proportion-
ality will be evaluated below in terms of the “slope” or radial
decrease of the field.

A radially decreasing field can be specified in terms of an
index n which is the exponent of the radial variation:

B, = B(r/r)" (2-11)

Here B is the field, on the median plane at the orbit 7, , and B,
the field at a nearby radius . The index n, which defines the
rate of decrease, can be obtained by differentiation, as:
7o dB,
= — 0% -1
" B. dr @12)

Any positive value of n will produce the vertical restoring forces
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described above; a value of n = 0 represents a uniform field,
with no radial variation; a value of n = 1 is a field which varies
inversely with the first power of the radius.

We are considering magnetic fields similar to those in free
space and are neglecting time-varying electric or magnetic po-
tentials. Tor such magneto-static or “conservative” fields eurl
B = 0, and we have for the relation between components:

dB, _ dB,

dz dr
By integrating and using Eq. 2-12, we find for the radial com-
ponent at a displacement z from the median plane:

B, = — ’% (2-14)

(2-13)

The restoring component of force I, is given by:
F., = eB, = —newBz = —«,;z (2-15)

It is clear that the vertical restoring force is proportional to the
displacement, leading to oscillatory motion about the median
plane.

Radial restoring forces also exist in this radially decreasing
field. The radius of the true, theoretical orbit is given by Eq.
2-7, and in a cylindrically symmetrical magnetic field the orbit
will be located with its center concentric with the isomagnetic
circles. We will call this the “equilibrium” orbit and label
its radius . A particle that deviates from this orbit and is
temporarily at a larger radius r will be in a reduced magnetic
field B, ; hence the magnetic force producing motion in a circle
will be less. The converse is true for a particle of the same
energy which is physically displaced to a location of smaller
radius r. If the motion is to be stable, there must be restoring
forces that will return the deviant particle to the equilibrium
radius 7o .

Under certain conditions the centripetal force producing
motion in & circle will be sufficient to cause the orbit to return
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to its equilibrium radius. The limiting value of decrease of
field with radius for which there will be a restoring action is
that for which the field B, allows the particle to continue rotat-
ing in a true circle having the displaced radius r. At this limit,
since particle energy is the same for both orbits, we have the
relation:

B.or = Bury or B, = B.(r/r) (2-16)

This limit represents a field for which the field mmdex n = 1.
Any field in which the decrease is slower, i.e., varying with an
exponent less than unity, will result in a centripetal force suf-
ficient to restore the orbit to its equilibrium position.

Another method of visualizing this radial stability is to
consider temporarily a coordinate system located on the moving
particle. In this system the magnetic force, F, = ¢Bw, is
directed toward the center of the orbit, and the 1)’Alembertian
“centrifugal” force, F, = mv’/r, is radially outward. These
forces will be in equilibrium at the equilibrium orbit. Now if
the magnetic field decreases with increasing radius, the magnetic
force will be weaker than the centrifugal force for r < 7, and
stronger for 7 > 7. In either case there will be a net restoring
force to return the deviant particle to the equilibrium orbit.

2
Fc * 2V (outward)

Fm * eB; v (inward)

[}
1
1
1
1
1

“To Orbit radius

Fi1a. 2-3. D’Alembertian forces acting on a particle in a radially
decreasing field B, . The net force is directed toward the equilibrium
orbit ro for particles in both larger and smaller orbits.
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This argument is illustrated qualitatively in Fig. 2-3, in which
F. decreases inversely with radius and F,, decreases at a slower
rate. For stability the magnetic field must not decrease more
rapidly than with 1/r, for which n = 1, the same conclusion as
was reached above. The restoring force, which is the differ-
ence between F, and F., is to a good approximation propor-
tional to the displacement from the equilibrium orbit. The
proportionality constant cannot be obtained in as simple a
manner as was possible for the vertical restoring forces, but can
be dertved from the equations of motion.® From the qualita-
tive argument above, however, it is clear that the net radial
restoring force is proportional to the radial displacement from
the equilibrium orbit:

I, = —Krp (2-17)

where p = r — 7 is the radial displacement.

The conclusion from this argument is that restoring forces
exist in a radially decreasing magnetic field for particles dis-
placed vertically from the median plane for values of n greater
than zero, and for radial displacements {rom the equilibrium
orbit for values of n less than unity.

2.3 Free Oscillations

Motion of any system under a restoring force which is pro-
portional to the displacement 1s oscillatory in nature. Tor the
radial and vertical displacements and restoring forces deseribed
in the last section, the oscillatory motion can be desceribed by
the differential equations:

&

i wp =0 (2-18a)
¢z o0 2-18b)
d—t2 + w2z = ( -

Here w, and w, are the angular frequencies of the two oscilla-
tions. These are the “betatron” or free oscillations of a particle
in a radially decreasing field, in which the rate of decrease is
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between the limits given by:
0<n<l1 (2-19)

The derivation of these oscillation frequencies from the
equations of motion (Egs. 2-1 and 2-3) has been given by several
writers, especially by Kerst and Serber’ in their theoretical
analysis of the betatron. The results are:

a - n)"*f  (2-20a)
Wy = nwy, or f, = n'*f,  (2-20b)

Here f, is the orbital frequency of ion revolution given by Eq.
2-6, sometimes known as the cyclotron frequency. The results
show that these free oscillation frequencies are in both cases
smaller than the orbital frequency; for the special. case of n =
0.5, they are equal and are given by:

fo = f. = 0707, (forn = 0.5) (2-21)

In general the particles traverse more than one revolution be-
fore completing a full oscillation cycle in either the radial or the
vertical coordinate.

Such free oscillations in vertical and radial position occur
for particles displaced from the equilibrium orbit in any mag-
netic accelerator. As long as amplitudes are small enough, the
results can be superimposed on the orbital motion without
serious error. It can be shown, for example, that ions in the
cyclotron perform such radial and vertical oscillations, and that
these oscillations in fact set limits to ion beam intensity. Simi-
larly, such betatron oscillations occur in synchrotrons and in the
synchrocyclotron, superimposed on the much longer period
phase oscillations to be described in a following section.

The properties of the free oscillations can be visualized
by considering the limiting cases.. In a uniform magnetic field,
for which n = 0, a particle displaced radially from its original
circular orbit will still describe a circular path of the same
radius, crossing the original orbit twice per revolution; this can
be described as a radial oscillation of frequency fy. In this

w, = (1 —n)"w, or f
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same uniform field a particle displaced by a distance z from
its original plane will rotate in a parallel orbit; this is a vertical
oscillation of frequency f, = 0. At the other limit of n = 1,
the field varies inversely with radius, so the product B.r is
constant. A particle of momentum mv = eB,r will traverse
concentric circular orbits of any radius, which means that the
radial oscillation frequency is zero. Finally, since Eq. 2-14
shows that the radial component of field B, varies directly with
z for a fixed radius at n = 1, the vertical oscillation frequency
will be identical with the angular frequency fo .

Oscillation amplitudes are harmonic functions which are
solutions of the equations of motion (Eq. 2-18);

p = P cos wt (2-22a)
2z = 7 co8 w,l (2-22b)

The maximum amplitudes, P and Z, are associated with the
transverse energy in the oscillations. At low energies we can
express this energy as:

Ygm v; = Y%K,P’ (2-23a)
Ym v = YK.Z* (2-23b)
where K, and K, are the oscillation force constants given by:
K, = (1 — n)wy/m (2-24a)
K, = n wo/m (2-24b)
From Eqgs. 2-23 and 2-24 we find:
my, 1
P = 70 a—_—n)—ﬁé (2 25&)
my, 1
= o ni? (2-25b)

The energy in these transverse oscillations arises from er-
rors in direction of the beam of particles coming from the
source at the start of acceleration or from asymmetries in the
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magnetic or electric fields. In most accelerators the aperture
available to the particle beam determines the initial amplitude
and energy. Careful design to produce symmetrical and uni-
form fields will avoid further increase in oscillation energy during
acceleration. However, as the particle moves into a region of
higher n (as in the cyclotron), the radial amplitude increases,
and the vertical amplitude decreases in accordance with Eqgs.
2-25. Both these changes are advantageous in the cyclotron
in that they simplify the problem of deflecting an emergent
beam.

Amplitudes also vary with increasing magnetic field (as
in the synchrotron), following the linear variation of orbital
frequency with field given by Eq. 2-4. If the field B, increases
with time during acceleration, wo increases and also the fre-
quencies of the radial and vertical oscillations; the amplitudes
decrease correspondingly. A useful way of describing this
effect is in terms of the fractional variation in the variable. If
we substitute expressions for wy and n which show their de-
pendence on magnetic field (Eqs. 2-4 and 2-12) in Eq. 2-25,
and integrate, we obtain:

dP/P = 14dB./B.; P/P, = (B./B)"* (2-26a)
dZ/7Z = Y$dB./B.; 7/7 = (B./B.)"* (2-26b)

Thus we see that both transverse oscillations are damped to
smaller amplitude with increasing magnetic field, varying with
B.?. This is the explanation of the very small transverse
cross section of the high-energy particle beams in betatrons
and synchrotrons.

2.4 Particle Energy

The second of the equations of motion (Eq. 2-2) describes
the torques acting to change the kinetic energy of the particle
in its orbit. This equation can be rewritten:

df » e )\ _ dw dL
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The significance of this equation can be made more obvious, for
nonrelativistic velocities, by expressing it in terms of the change
in particle energy. To see this we multiply the equation by w
which is d#/dt:

d 2 ew dd | dw dL
AR =g A (2:28)
The term in d®/dt involves the time rate of change of flux
linking the orbit, which determines the induced voltage ex-
pericnced by the particles. This is the principle of the trans-
former and is responsible for the acceleration of electrons in the
betatron. By neglecting momentarily the two terms on the
right of Eq. 2-27, we have:

dd _ d m 2
E—t_ = Et (27!' ? w"') (2'29)
Substituting the general expression for w of Eq. 2-4, we find:
ad _ 9 dB,
Fi 2(wr’) T (2-30)

This is the relation between rate of change of flux linking the
orbit and rate of change of flux density at the orbit, for accelera-
tion at constant radius. It can be integrated over a cycle starting
with B, = 0Oand ® = O at ¢t = 0 to give:

® = 2(rr")B, (2-30a)

For acceleration at constant radius with these initial conditions,
the total flux linking the orbit must be at all times twice that ob-
taining if the field inside the orbit were uniform and equal to the
field at the orbit.  This is the betatron “2 to 17 rule.

The induced voltage is zero for any accelerator in which
B, is constant with time, such as the cyclotron. It must be
included in those accelerators, such as synchrotrons, in which
B, increases with time. The sign of the term depends on mag-
net geometry; it can be decelerating if the net flux through the
orbit is opposite in direction to the flux at the orbit.
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The second energy term comes from the first term on the
right in Eq. 2-27, which is the electrical torque, here expressed
as a generalized force dw/d6, where dw is the work done during a
displacement, df. This torque is usually applied by means of
one or more accelerating gaps between high-frequency elec-
trodes. There are two accelerations per turn between the D’s
of a cyclotron, or one in the single accelerating cavity of a
synchrotron. However, the number of particle revolutions
is generally so large in synchronous accelerators (10* to 10°
for synchrotrons) and the fractional increase in energy per revo-
lution so small, that we can treat the acceleration process adia-
batically and describe it in terms of an azimuthally uniform
accelerating torque which varies slowly with time. The value
of the torque can be expressed in terms of the energy acquired
in traversing a voltage drop V in each revolution:

dw _ Ve

o 2r

Such an externally applied electrical field must be oscilla-

tory and must be phased to be in resonance with the charged

particles, which will become bunched in phase with respect to

the field and so also bunched in azimuthal location in the orbit.

To study this bunching we introduce the phase at which par-
ticles cross the accelerating gap, as:

dw Ve .

Here ¢ is the phase angle of the field when the particle crosses
the gap and V is now the peak rf voltage across the gap. Choice
of the sine function is equivalent (for electron acceleration) to
defining zero phase as the instant when the field is zero and be-
coming positive, or when it is changing from accelerating to
decelerating. )

The third torque term, dL/d6, describes the radiation loss
due to the radial acceleration of the particle in its orbital
motion. The magnitude of this effect can be derived from

(2-31)
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the classical theory of the electromagnetic field. Several
writers* have shown that the magnitude is given (in mks units)

by:
L _2 ¢ (E)‘ (2-33)
dd  34reR \E,

The radiation loss increases with the fourth power of the ratio
of energy to rest energy for constant radius. However, when
the linear relation between energy and orbit radius at a fixed
maximum value of magnetic field is included, we find that the
radiation loss increases approximately with the cube of particle
energy, or as (E/E,)’. When evaluated for the radial dimensions
required for an electron synchrotron (Table 2-1), Eq. 2-33 shows
a loss of roughly 30 kv per turn at 1 Bev energy, or 240 kv at 2
Bev. Existing electron synchrotrons use a single rf accelerating
gap, and this last figure is close to the maximum practical ac-
celeration per turn, restricting maximum energy to about 2 Bev.
However, heavy particles such as protons have so large a rest
energy that the energy loss by radiation is negligible for all
energies considered to date.

We see that particles can be accelerated in a circular mag-
netic accelerator either by betatron induction or by rf electric
fields applied to suitable electrodes. Energy can be lost by
radiation from electrons at high energy. Otherwise the only
significant energy loss is caused by particles striking residual
gas molecules in the chamber, or by hitting the walls.

“2.5 Phase Stability in Circular Motion

Resonance accelerators operate on the principle of provid-
ing successive small accelerations synchronized with the motion
of the particles. The problem in high-energy machines is to
keep synchronization for an extremely large number of accelera-
tions. This requires control of the phasing between the electric
fields applied to the electrodes and the bunch of particles re-
volving in the orbit. The mechanism which makes this possible
is a stable oscillation in the phase at which the particle crosses
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the accelerating gap, about a mean value which is just adequate
to provide the desired volts per turn to keep the particles in
resonance with the applied frequency. This is called the
principle of “phase stability.” It was proposed independently
in 1945 by McMillan® and Veksler® as a method of maintaining
resonance indefinitely in a cyclotron-like accelerator. It has
led to two classes of accelerators: the synchrotron, for the ac-
celeration of electrons, and the synchrocyclotron, for the ac-
celeration of light positive ions.

Phase oscillations can be described qualitatively by using
simple physical concepts. Let us consider first the “stationary”’
orbits of a charged particle rotating in a steady magnetic field,
shaped to give orbital stability (0 < n < 1) as described earlier.
Let us provide at one point in the orbit a gap between electrodes
across which a high-frequency electric potential can be im-
pressed, and let us apply to these electrodes a frequency identical
with the natural rotational frequency of the ions given by Eq.
2-9.

The phase relations between the ions and the electric field
are illustrated in Fig. 2-4, in which the paths of the particles
are considered as unrolled into a straight line along the time
axis. A particle which crosses the gap at zero phase, ¢, , when
the electric field is crossing zero in the direction of changing from
accelerating to decelerating, is indicated by the points labeled 0,
2w, 4w, ete. This particle will neither gain nor lose energy, will
remain in precise resonance, and will continue to rotate at con-
stant frequency and in the same orbit.

{
1
]
!
I
l
1
I
I
|
!
|
1
]
1
|
i
|
I
!
|
I
[
!
1
I
I
i
I

<

= SO S
o_-—
#_-—

S
3
W
3

S e
3
u&
E)

Fi1a. 2-4. Variation of accelerating potential with time showing
origin of phase oscillations.
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Now to see that this orbit is stable, consider a particle
crossing the gap at an earlier phase, such as #; in Fig. 2-4. In
its first traversals this particle will gain energy, and its fre-
quency. will decrease as shown by Eq. 2-9. (We shall neglect
temporarily the small variation of magnetic field B, with radius.)
The reduced frequency will cause the particle to be delayed
slightly in subsequent traversals of the gap, illustrated by
points t;, &, ete., in Tig. 2-4. It will continue this migration
in phase until it crosses the gap at zéro phase. However, it
will have an accumulated excess of energy, so it will continue
the phase shift into the decelerating part of the cycle. Now the
situation is reversed, and it loses energy; its frequency increases,
and it is again returned to the zero phasc position.

This motion represents an oscillation in phase about the
phase of the undisturbed orbit for which the frequencies are in
exact resonance. It also represents an oscillation in energy
about the equilibrium value. Furthermore, since orbit radius
varies with encrgy as shown by Kq. 2-7, it results in a radial
oscillation. As long as the energy exceeds the equilibrium
energy, the particle will travel in orbits of larger radii; con-
versely, it will have smaller orbits at lower energy.

The principle of phase stability is based on the existence
of phase oscillations as described above, centered about the
equilibrium values of phase, of energy and of radius. For an
assumed steady magnetic ficld the particles will be spread
around the entire circuit, over a phase bracket extending from
¢1 = 7 to¢s = —m. Each particle migrates slowly forward or
back along the length of the bunch, requiring many hundreds
or thousands of revolutions to complete a phase cycle. This
type of oscillating orbit with fixed average energy can be called
stationary.

Note that particles crossing the gap at the alternate zero
voltage positions of ¢ = =, 3, etc., are in a condition of unstable
equilibrium. If slightly disturbed, such a particle would either’
gain or lose energy and would {all into large amplitude oscilla-
tions about the stable phase.
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Let us now consider how the energy in such a stationary
orbit can be increased in a particle accelerator. We need to
consider two cases: constant particle velocity (i.e., high energy
electrons with v ~ ¢) and increasing particle velocity (protons
or other positive ions with v < ¢).

In the first case, if magnetic field is increased by a small
amount, the electron frequency will increase proportionately, as
shown by Eq. 2-9. This will be accompanied by a temporary
decrease in orbit radius. The electron will cross the gap at
earlier phases, acquiring more energy each time, until it reaches
that energy for which it is again in resonance with the applied
electric field, and the orbit radius is back to the original value.
Furthermore, if magnetic field vs increased slowly and contin-
uously, the electrons will follow this change and gain energy at a
steady rate determined by the tvme rate of increase of magnetic field.
This is the principle of the synchrotron.

For the other case, where particle velocity increases with
energy, consider the effect of a small decrease in frequency of the
applied electric field, with magnetic field held constant. This
lengthening of the time cycle, while particle frequency remains
fixed, also causes the particle to cross the gap at earlier phases,
acquiring energy until it reaches the energy which is in resonance
at the new frequency, following Eq. 2-9. Increased energy in
the nearly uniform magnetic field means that the final orbit
radius is larger. Now, if frequency is decreased slowly and con-
tinuously, the particles will follow this change, will gain in energy,
and will increase in orbit radius af a steady rate determined by the
rate of frequency modulation. This is the principle of the
synchrocyclotron.

Under either of the conditions described above there will
be an equilibrium phase ¢, about which the phase oscillations
are centered. This is illustrated in Fig. 2-5 in which the range
of phase oscillations is indicated as extending between arbitrary
limits ¢, and ¢o.  For a particle having such a phase oscillation,
and making several hundred revolutions to complete the phase
cycle, as we will see later, there will be an average energy gain
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Fi1a. 2-5. Phase oscillation about equilibrium
phase ¢, between arbitrary limits ¢; and ¢2 .

per turn, Ve, given by the value of the potential difference across
the gap at equilibrium phase. The particle migrates up and
down along the phase curve, at one extreme acquiring excess
energy and at the other having a deficit. "~

Another visualization of phase oscillations is illustrated
in Fig. 2-6. Here the oscillations in energy of a particle are
portrayed as a function of time, with the equilibrium energy
increasing slowly. This figure can be interpreted as a potential
energy diagram with stable potential valleys in which particles
are trapped. The dots represent consecutive positions of a
particle which is oscillating within this potential valley. As
the magnetic field increases, and the oscillations progress, the

T}'

-r
Fie. 2-6. Energy oscillations in phase stable acceleration. Par-
ticles are trapped in a potential valley and are carried to high energy
by modulation of magnetic field (synchrotron) or frequency (synchrocy-
clotron).
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pattern will move upward and to the right along a line which
represents the average energy increase, carrying the trapped
particles to higher energies. The solid curve in Yig. 2-6G repre-
sents the variation in energy of a particle at the extreme limit
of phase oscillation. Other particles will have smaller ampli-
tude variations. The limit of stability appears here as the peak
of a potential hill. If a particle crosses over the rim of one
trough, it will be lost from synchronism.

Several writers have pointed out that the phase osalla-
tions described above are analogous to the motion of a pendulum
to which is applied a constant torque. A physical model can be
constructed as a simple pendulum mounted on a good bearing
and with a cord carrying a weight wrapped around the hub.
Such a pendulum is illustrated in Fig. 2-7. When at rest, the
pendulum has an angular displacement 6, ; when set into motion
it oscillates about this equilibrium position. The limit of stable
oscillation is for 6, = = — 6,. If the amplitude exceeds this
limit, the pendulum will cease to oscillate and will spin contin-
uously in one direction.

F1a. 2-7. Pendulum analogue of phase oscilla-
tions. A constant torque Fr results in an equilibrium
angle 6, about which oscillations are centered.
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The equation of motion for the pendulum is of the form:

2
22+ ™% (sin g ~ sina) = 0 (2:34)
where the term mgly sin 6, represents the constant perturbing
torque, I is the moment of inertia, and oscillatior}s occur about
the equilibrium angle 6,. If the perturbation is small relative
to the maximum displacement, the angular frequency of oscil-
lation is given, to a high degree of approximation, by:

1/2
w = (”L;.’ﬁ’> (2-35)

The equation for phase oscillation is similar, with the phase
angle in particle motion substituting for the angular displace-
ment of the pendulum, the average accelerating energy per turn
taking the place of the perturbing torque due to the weight,
and the equilibrium phase substituting for equilibrium angle.
To complete the analogy, however, the mass and length of the
pendulum (its moment of inertia) should vary slowly to be
equivalent to the increasing mass and energy of the particles.

Derivation of the equations of phase oscillation from the
equations of motion goes beyond the scope of this monograph.
However, the method will be described briefly, and the results
given. The first two of the equations of motion are used,
Eqs. 2-1 and 2-2. It is assumed that the phase oscillations are
so slow and the amplitude of the associated radial oscillations
so small, that we can neglect the radial acceleration term in
Eq. 2-1. This is the basic assumption used by all writers
utilizing the quasi-stationary theory; it is accomplished by
letting dr/dt = 01in Eq. 2-1. We also neglect the radiation loss
term dL/d6, which is significant only for electrons at very high
energy. The betatron induction term d®/dt is retained because
it affects the oscillation energy associated with the changing
orbit radius.

With these simplifications, when the two equations of
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motion are combined, they take the form:

dt 27 27

However, this equation cannot be solved directly to obtain
the phase oscillations.

The method of small variations is used, in which r and 6
are assumed to have the form:r = r, 4 pand § = wy 4+ ¢. The
two equations of motion are first expanded as a function of the
quantity ¢ alone, and are then combined in the form of an
equation of oscillation. The result is’:

(&b + Vwo
dz -~ 2wriB.(l — n)

By analogy with the pendulum equation we see that the angular
frequency of this phase oscillation is given by:

)74 1/2
= 1. 2-
@ (21!'7’%3;0(1 - n)wo) @o (re ) ( 38)
The equation above is valid for the relativistic case repre-
sented by high-energy electrons. At lower velocities, such as
far protons in the synchrocyclotron, different approximations
are required in the solution. In this case the frequency of
phase oscillation is:

d (#B, - 3) + v sing =0 (2-36)

(sin¢ — sing,) =0  (2-37)

»

Vn 2
w = <21r7'§ Bl = n)w0> wo (nonrel.) (2-39)
The difference between frequencies calculated from the two equa-
tions is small when n is of the order of unity (0.5 to 0.8). In the
most extreme case, for protons in the synchrocyclotron where
n ~ 0.05, Eq. 2-39 gives frequencies smaller by about a factor
of 5. Evaluation of the frequency of phase oscillation for
practical cases shows it to be 200 to 2000 times smaller than the
orbital frequency wy, so the particle makes this many turns
around the orbit to complete a phase cycle. This justifies the
assumptions made in the derivation and in the use of the quasi-
stationary approximation.
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Phase amplitude is damped slightly due to the increasing
magnetic field (in synchrotrons) varying approximately with
B, Y. So the azimuthal spread in the bunch of particles is
decreased to about half the initial amplitude during accelera-
tion. In a practical case this might reduce an initial 180°
azimuthal spread to about 90°. The radial amplitude of phase
oscillations decreases in the increasing magnetic field, however,
so the bundle of particles becomes very much smaller in cross
section.

2.6 Coupling between Oscillations

Coupling can occur between the several types of particle
oscillations when th