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PREFACE

THE aim of this book is to present in a unified manner the
more fundamental aspects of finite groups and their applications,
and at the same time to preserve the advantage which arises
when each branch of an extensive subject is written by one who
has long specialized in that branch.

To secure unification, the three authors planned the book

after various conferences and extensive correspondence, while
each read and commented upon both the MS. and proof-sheets
of the parts by the remaining authors. However, the influence
of each author upon the other two has been mainly of editorial
character, so that the individuality of the authorship of each
gart remains intact.
. Part I, written by G. A. Miller, gives in the first two chapters
various concrete examples of groups and an elementary presen-
tation of the most fundamental theorems on groups of sub-
stitutions. These two chapters prepare the way, by easy stages,
for the formal developments in the theory of abstract groups,
to which the remaining six chapters of Part I are devoted.

A reader who wishes to proceed as early as possible to the
phases of group theory presented in Part II or Part III will
find that the prerequisites for either of the latter parts are met
by these first two chapters of Part I, with the exception that
also § 22, § 27, § 48 are needed for the last half of Part II, while
§ 68 is needed for Part III.

Chapter III is devoted to a development of fundamental
theorems of abstract group theory and to the establishment of
a logical connection between this theory and the theory of sub-
stitution $roups. A (1,1) correspondence between the abstract

v
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groups of finite order and the non-conjugate regular substitution
groups is established in § 27, where it is proved that every such
abstract group can be represented as a regular substitution
group and that any two simply isomorphic regular substitution
groups must be conjugate. This (1, 1) correspondence is used
frequently in the further development of the theory of abstract
groups for the sake of furnishing concrete illustrations. The
section in which it is established closes with a very simple recent
proof of Sylow’s theorem, and in §29 the interesting ¢-sub-
groups are considered for the first time in a textbook.

The two most important categories of special abstract groups
are doubtless the Abelian groups and the prime-power groups,
and these two categories are treated in Chapters IV and V
respectively. In the development of a theory of Abelian groups
special emphasis has been placed on a determination of all their
possible invariants, since these invariants seemed to offer the
easiest means for studying various important questions in this
theory. The Abelian groups which are groups of isomorphisms
of cyclic groups receive especial attention in view of their appli-
cations in number theory. Chapter V contains a considerable
number of recent theorems. One of the most interesting of
these is proved in § 50 and establishes the fact that every po:-
sible set of independent generators of any given prime-power
group involves the same number of operators.

Chapters VI and VII are more largely devoted to the
developments due to the author than any other chapters of
Part I. In the former of these two chapters various simple
relations between two operators are considered and the cate-
gories of groups which can be generated by two operators which
satisfy these relations are determined, while the latter chapter
is devoted to a study of groups of isomorphisms. The closing
Chapter VIII of Part I deals with solvable groups and aims
to be especially useful to those who seek a wide knowledge of
the Galois theory of algebraic equations treated in Part III.

- Some of the exercises of Part I are due to questions asked
by students and are intended to remove similar difficulties for
the reader. In fact, this Part is based largely on a course of
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lectures given by its author at various times and the lecture
notes were frequently changed so as to obviate difficulties which
presented themselves to the students. Special thanks are due
to Dr. E. A. Kircher for assisting the author in preparing these
notes for publication, and to Professor W. A. Manning and Dr.
Josephine E. Burns for valuable suggestions on the printer’s
proofs.

Part IT, written by H. F. Blichfeldt, seeks to give a more com-
prehensive outline of the theory of linear groups as developed
up to the present moment than is contained in the published
texts dealing with this phase of group-theory. At the same
time an attempt has been made to present this theory in as simple
a manner as possible, consistent with brevity. Thus, in several
places it has been deemed sufficient to indicate the method of
proof of a general proposition by attending to a concrete case.

From the outset the student is urged to work with the matrix
form of a linear transformation (§76). The practice thus
gained is of great advantage throughout Part II; in particular,
the more difficult sections of Chapter XIII will be mastered
readily if the student has a clear mental image of the matrix
form of the regular groups as depicted in § 136 (M").

The introductory chapter (IX) and the chapter on binary
groups (X) presuppose only the rudiments of ordinary group
theory as given in §§ 1-4, 6-9, 22, in addition to a few defi-
nitions. By the aid of the Hermitian invariant (§92), the
the determination of the binary groups is here made to depend
upon geometrical analysis, entirely with reference to Euclidean
space.

The following two chapters (XI, XII), exclusive of §§ 116,
125, are based on articles published by the author, mainly in
the Transactions of the American M athematical Society, 1903-1911.
Certain proofs have been recast and new theorems added. For
the intelligent reading of these chapters and the next following,
the principles of §§ 1-22, 27, 48 should be well understood.

The somewhat difficult theory of group-characteristics (Ch.
XIII) has been developed along fairly easy lines, differing not
only in arrangement, but also in methods of proof, from pre-
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PART 1*
SUBSTITUTION AND ABSTRACT GROUPS

CHAPTER 1
EXAMPLES OF GROUPS AND FUNDAMENTAL DEFINITIONS

1. The Symmetric Group of Order Six. There are six move-
ments of a plane which transform into itself a given equilat-
eral triangle situated in this plane. These are the rotations
about the center of the triangle through angles 0°, 120°, 240°,
and the rotations through 180° of the plane about an altitude
of the triangle. If we represent the vertices of this triangle
by the letters a, b, ¢, the results of these six movements, which
include the identity, are represented by the following figures.

Fics. 1-6.

All of these figures may be obtained from any one of them by

_interchanging the letters in every possible manner. Such

interchanges of letters are called w_s_gt_&g'mon these letters.
Various symbols have been employed to represent substi-

tutions. According to one of the oldest and most elementary

types of symbols, the given six substitutions are represented
as follows:

() (o) (2) G (o) (@)

* This part was written by G. A. Miller.
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This notation ‘implies that each letter is to be replaced by the
one just below it in the same symbol. The same substitutions,
in order, are commonly represented by the following briefer
symbols: *

[ 1; abC, aCb, ab, bC, ac.

This notation implies that each letter is to be replaced by the
one which follows it in the same symbol, the last being replaced
by the first. Letters which are not replaced are omitted in
this notation, and the symbol for unity is used to represent
the identity; that is, the substitution in which every letter is
replaced by itself.

It is easy to verify the fact that any two of these substitu-
tions, when performed successively, are equivalent to a single
one of them. For instance, if we first apply ab and then ac
the result is the same as if we had applied abc only once. The
process of combining (composing) two substitutions into one is
called multiplication, and it is denoted by the common symbols
for multiplication. Hence abc is said to be the prodmct of ab
and ac. Since ac-ab=ach, and ab-ac=abc, it results that the
commutative law _of multiplication is not always satisfied as
Wpﬁcation of substitutions. _

A set of distinct substitutions, which has the property that
no additional substitution can be obtained by multiplying
successively each substitution of the set into all the substitu-
tions of the set, is called a substitution group.t Hence the given
set of six substitutions constitutes a substitution group. The
number of the distinct substitutions of a group is called the
order gf the group and the number of the distinct letters in its
Pastitutions is the dggree of the group. The totality of the
possible 7! substitutions on # letters evidently constitutes a

* These symbols have been called the mormal forms of substitutions, J. de
Séguier, Groupes de Substitutions. 1912, p. 3. They are often inclosed ip
parentheses.

1 The term group in this-technical sense is due to E. Galois (1811-32). The
ctatement that the term group was not used before 1870 with its present technical
meaning, which is found in the Encycopedia Britannica, eleventh edition,

vol, 12, p. 626, is incorrect,
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substitution group, and this is known as the symmetric grou
of degree n.

The symmetric group of degree n exists for every value
of n,n>1, and it includes every possible group on these letters.
There may, however, be other groups on #n letters. In fact,
it is easy to verify that the three substitutions

1, abc, acdb |

constitute a second group on the three given lefters, Hence
we have found two substitution groups on three letters, and
it can be verified that no other groups involving these three
letters are possible. That is, if a set of substitutions involving
the three letters a, b, ¢ constitutes a group, this group is of
order 3 or of order 6, and there is only one such group of each
of these orders if we regard two substitution groups identical
when they differ only as regards the letters involved. This
group of order 3 could have been found by trial combinations
of the six possible substitutions on three letters, but it results
also directly from the fact that it corresponds to the rota-
tions of the given triangle about its center through the angles
0°, 120° and 240°.

As this group of order 3 is contained in the symmetric group
of order 6 it is called a subgroup or a divisor of the latter  The
identity is a subgroup of every group. The only other sub-
groups of this symmetric group are of order 2. There are three
such subgroups, viz.,

1, ab; 1, ac; lbc.‘

Hence the symmelric group of order 6 has four subgroups besides
the identity. _The last three of these correspond to the groups

of movements through the angle » around the lines of sym-
metry of the given triangle.

The symmetric group of order 6 could also have been found
by considering the possible permutations of three variables
which do not alter a symmetric function of these variables.
A simple instance of such a function is the following:

x+y+2.
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The given group of order 3 may be obtained from a considera-
tion of the permutations which leave formally unaltered the
function

(=) (y—2)(z—2)
of the independent variables z, y, 2.

v 2 mﬁw There are eight movements of a
plane w. transform into itself a square situated in this

plane. If we represent the vertices of this square by the letters
a, b, c, d, the results of these eight movements are represented
by the following figures:

*
d ¢ »"a a d c b A
a b c d b ¢ d a
t d a b ¢ c d a b
c b a d b a d ¢
Frcs. 7-14.

The corresponding eight substitutions are as follows:
1, ac-bd, abcd, adch, ac, bd, ab-cd, ad-bc.

It should be observed that three of these substitutions are
separately the products of two substitutions on distinct sets
of letters. For instance, the substitution ac-bd implies that
@ and ¢ are replaced by each other, and that b and d are also
replaced by each other.

The symmetric group on four letters is composed of 24
substitutions. Hence the octic group is composed of one-
third of the possible substitutions on four letters. It con-
tains three subgroups of order 4, viz.,
gt e R

1, ac-bd, abcd, adch; 1, ac-bd, ac, bd;
1, ac-bd, ab-cd, ad-be.
The first of these corresponds to the rotations about the center
of the square through the angles 0, #/2, x, and 3x/2. The

‘Thiagroupisalsoknownasthe oup of the s , and as the dikedral
group of order 8, 1Tt is given in § 108 of the noted article by J. L. Lagrange
entitled, * Réflexions sur la résolution algébrique des équations,” which was
published in the Nouveaux Mémoires de I’ Académic royale de Berlim, 1771,
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second corresponds to the movements through the angle «
around the diagonals, and their combinations. The third cor-
responds to the movements through the angle » around the
lines joining the middle points of opposite sides, and their
combinations.

The three subgroups of order 4 have the subgroup 1, ac-bd
in common. There are four other subgroups of order 2 in the
octic group, viz.,

1, ac; 1, bd; 1, ab-cd; 1, ad-bc.

Hence the octic group has three subgroups of order 4 and ﬁv/e
subgroups of order 2 besides the identity. It can be verified
that no other subgroup exists in this octic group.

Another illustration of this group may be based on the
function of four variables

2123+ X2%4

which is transformed into itself by the following eight sub-
stitutions

1, X123-X2X4, X1X3X3%4, X1X4X3X2, X1X3, X2X4, X1X2° X3X4, X1X4° X2X3.

These substitutions constitute the octic group, since they can
be changed or transformed into those of the given octic group
by the substitution

210 Xab- x3¢- x4d.

Substitutions and substitution groups which can be trans-
formed into each other by an interchange of letters are said
to be conju

The remaining sixteen substitutions on these four variables
transform the function x1x3+x2x4 into one of the following
two functions:

21%3+23%4, X1X4+22%3.

Each of these two functions belongs to the group of all the
substitutions on these four letters which transform the func-
tion into itself. These two groups are distinct from each
other and also from the octic group obtained above. In fact,



6 EXAMPLES OF GROUPS; DEFINITIONS [Ca. 1

the three groups are conjugate,* and they have in common
the following subgroup of order four:

1, x122-X3%s, 2X1X3°X2Xs, X1%4° X2X3.

Hence the symmetric group of degree four contains three con-
Jugate octic groups. These octic groups have four substitutions
in common, and therefore they involve sixteen distinct substi-
tutions.

An interesting illustration of the applications of the octic
group in elementary trigonometry is furnished by the opera-
tions of finding the complement and the supplement of an angle
a, and of the angles obtained from a by these operations. We
thus obtain the following eight geometric angles and no more:

«, 90°—a, 180°—a, 90°+o0 270°+a, —a, 270°—a, 180°+a.

F1c. 15.

* Two conjugate substitution groups are often regarded as the same group,
but when they are subgroups of a given group they are often said to be distinct
whenever one contains at least one substitution which is not in the other. In
listing the possible substitution groups on a given number of letters conjugate
groups are regarded as identical,
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Each of these eight angles may be regarded as representing also
the operation by means of which it can be/derived froma. From
this point of view these angles constitute a group of order 8.
That this is actually the octic group may be seen as follows:

If the angle a is represented by a point on a unit circle,
the process of finding the complement of a is equivalent to
reflecting « on the bisector of the first and third quadrants,
since the geometric meaning of subtraction is a reflection on
the point midway between 0 and the minuend. Hence the
process of finding the supplement of any angle a is equivalent
to reflecting on the Y-axis the point representing a. Since these
two kinds of reflections transform into itself the square whose
sides are parallel to the coordinate axes, inscribed in the unit
circle, it results that the group represented by the eight angles
which may be obtained from a om a by the op operations of finding
the complement and the su __Rmement 15 the octic group.

~one T important difference between the group of movements
of the triangle and the group of movements of the square should
be emphasized here. In the former case we obtain exactly the
same substitution group on the letters g, b, ¢ no matter how
these letters are arranged so as to represent the verticese In
the latter case, some possible rearrangements give rise to a differ-
ent substitution group. In fact, by starting with different
arrangements we may obtain three W@e&e
groups on the letters g, b, ¢, d by movements which transform
the figure as a whole into itself. We thus obtain another ele-
mentary illustration of the important concept of conjugate
substitution groups, or of subgroups conjugate under the
symmetric group.

3. Generating Substitutions of a Group. The different
distinct powers of any substitution constitute a group, which
Ts called cyclic. If it is not possible to find at least one substi-
Tution 1n a group such that all the others are powers of it, the
group is non-cyclic. The symmetric group of order 6 and the
given conjugate octic groups are non-cyclic. Each of the latter
groups involves one cyclic and two non-cyclic subgroups of
order4. ~ T 77
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A substitution whose powers give all the substitutions of a
group is said to gemerais this cyclic group, and the order of
this cyclic group is equal to-the order of the substitution. It is
always possible to select such a generating substitution in
more than one way except when the order of the cyclic group
is 1 or 2. For instance, the cyclic group of order 4

1, ac-bd, abcd, adch

is generated by abcd as well as by adch, and the cyclic group
of order 3
1, abe, ach

has also two generating substitutions.

In general, a substitution group is said to be generated by
a set of substitutions provided all of the substitutions of the
group can be obtained by combining those of the set. The least
number of substitutions that can generate a non-cyclic group
is two. Each of the non-cyclic groups which have been con-
Sidered thus far can be gencrated by two of its substitutions.
For instance, the symmetric group of order 6 can be generated
by any one of its threc possible pairs of two distinct substi-
tutions of order 2. It can also be generated by any one of the
six distinct pairs composed of one substitution of order 2 and
one of order 3. Hence the symmetric group of order 6 has
nine distinct pairs of generating substitutions.

The octic group cannot be generated by every possible pair
of distinct substitutions of order 2, since some such pairs gen-
erate only four substitutions. In fact, it is casy to verify that
only four out of these ten possible pairs generate this group,
while each of the remaining six generate a group of order 4.
The square of the substitutions of order 4 cannot be used as
one of a pair of generating substitutions of the octic group,
but every other substitution besides the identity of this group
occurs in such a pair. Hence it is not difficult to verify that
there are exactly 12 possible pairs of gencrating substitu-
tions of the octic group.

Any set of substitutions on #n letters generates some sub-
stitution group on thesc letters, which is contained in the sym-
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metric group of degree n#. It is not necessary that each of
these substitutions should actually involve all of these # letters.
For instance, it may be found by trial that the two sub-
stitutions abc and abd generate a group of order 12, while the
two substitutions abc and ad generate the symmetric group of
order 24. There is no upper limit for the order of a group which
can be generated by two substitutions if these substitutions
be chosen arbitrarily and their degrees are not limited.

A set of A substitutions s;, sz, . . ., s» of a finite substi-
tution group G is called a set of generators of G provided there is
no subgroup in G which includes each of these substitutions.
When these substitutions satisfy the additional condition that
G can be generated by no A—1 of them, the set is said to be a
set of independent gemeralors of G. Such a set can usually
be chosen in many different ways.

4. The Groups of Movements of Plane Figures. The sym-
metric'group of order 6 and the octic group are special cases of
the groups of movements of regular polygons. The regular
polygons of n sides are evidently transformed into themselves!
by the cyclic group of order #» which is generated by the sub-:
stitution corresponding to the permutation of the vertices
when the palygon is rotated around the center through the
angle 2r/n. They are also transformed into themselves by #,
substitutions of order 2 which correspond to the permutation
of the vertices when the polygons are rotated successively
through the angle = around their different lines of symmetry.
As no other movements transform these polygons into them-
selves, it results that the group of movements of a regular
polygon of % sides is of order 2x.

According to a common definition of regular polygons there
is only one regular polygon of 3, 4, or 6 sides, but there
are two regular polygons of five sides, as may be seen by
connecting alternate vertices, and there are three such poly-
gons of 7 sides. In fact, it is not difficult to see that the num-
ber of such regular polygons of # sides is equal to one-half the
number of generating substitutions of the cyclic group of order
n. All of these regular polygons of # sides belong to the same

\
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substitution group, but this group can be most easily studied
by means of the polygon obtained by connecting successive
points dividing the unit circle into # equal parts. It contains
% or n+1 substitutions of order 2 according as # is odd or even.

If we consider the general problem of transforming a system
of #, n> 2, non-collinear points in the rigid plane among them-
selves, it is important to observe that all such transformations
leave a given point invariant, viz., the center of the smallest
circle that circumscribes the system of points in question.
Hence the possible movements are restricted to rotations around
this center, or rotations through the angle = on a line passing
through this invariant point. The former rotations must
constitute either exactly half or all of the possible movements.
In the case of the general parallelogram they evidently con-
stitute all of the possible movements, while they constitute
exactly half of the possible four movements in the case of the
general rectangle. This result may also be expressed as follows:
A plane figure either has no line of symmetry or it has as many
lines of symmetry as it admits different plane rotations around
the center of its smallest circumscribing circle. In the former
case its group of movements is cyclic, while it is non-cyclic
in the latter case.

6. Congruence Groups. It will be proved later that every
finite group can be represented as a substitution group. Many
groups present themselves naturally in different forms and
hence it is desirable to study groups represented in different
ways. For the present we shall, however, study these groups
by means of substitution groups.

Suppose that the first m—1 positive integers, together with
zero, are combined by addition, and the sums are replaced by
their least positive or zero residues modulo m. It is clear
that no new numbers are obtained in this way. If any number
is added separately to itself and to each of the others, the m
numbers will be permuted according to a substitution which
may be associated with this added number. The substitutions
which are thus associated with all these numbers constitute
the cyclic group of order m.
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The substitution which is associated with 0 is the identity,
while the one which is associated with 1 must be a generating
substitution of the cyclic group of order m. If k is any one of
these m numbers, the substitution which corresponds to &
will be of order m/d, where d is the highest common factor
of m and k. Two substitutions whose product is the identity
are said to be the inverses of each other, Hence the inverse
of the substitution which corresponds to k is the one which
corresponds to m— k.

Moreover, if the ¢(m)* positive integers which are prime
to m and not greater than m are combined by multiplication,
and the products are reduced modulo m, no additional numbers
are obtained by this operation. For instance, if m=8 and
we multiply the four numbers

1,3, 5, 7

in succession by 1, 3, 5, 7, we obtain the following non-cyclic
substitution group of order 4:
m,—/

1

1, 13-57, 15-37, 17.35

If m=>5 and we combine the numbers 1, 2, 3, 4, by multiplica-
tion, there results the following cyclic group of order 4:

1, 1243, 1342, 14-23

The two given types of groups furnish illustrations of the
following very important category of congruence groups, where
2 is a prime number, viz., the groups formed by all the possible

linear substitutions of the following form:
’ ea=1,2,3,...,p—1,

'= b d
) #=ertb (mod p)f b=0,1,2, ..., p—1.

* This symbol was first used by Gauss to represent the present concept. It
is called the totient of m according to Sylvester. The French called it the
indicalor of m, and the Germans commonly call it the Euler ¢-function of m.

t This group is sometimes represented by the following general substitution:

(0 1 2 ...p—-1 )
b a+td 2a+d . . . (p—1a+
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It is easy to find the order of such a substitution as follows:

Let s represent the substitution x’ =ax+b.
Then s2is x’'=a2+(a+1)b,
$? is #'=a%x+ (a®+a+1)b,

and ¢ isa’=a%+(@ '+ 2+ . .. +a+1)b.

If s"=1, it is necessary that ¢’=1 (mod p). This is equiv-
alent to

a=1=(-1)(@+a 2+ . . . +a+1)=0 (mod p).

When ¢#1 (mod p), it results that a necessary and suf-
ficient condition that s"=1 is that a’=1 (mod p). That is,
the order of s is the exponent to which a belongs (mod p)
except when a=1 (mod p). In the latter special case, s is
clearly of order p when b is not zero.

It should be observed that the order of s is independent of
the value of b except when a=1 (mod p). Hence the con-
gruence group under consideration has p—1 substitutions
of order p, and p#(d) substitutions of order &, d being any divisor
of p—1, including p—1 but excluding 1. The order of this
group is therefore p(p—1), as is also evident from its definition.
It is commonly known as the metacyclic group of order p(p—1).
The term metacyclic has also been used by H. Weber in his
Lehrbuch der Algebra, 1895, page 598, to define a more general
category of groups, but the definition given here is the older
one and is still commonly used.

A particular type of linear groups considered by E. Galois
consists of the mF operations which may be represented by

| 21,22, . . ., zite, 22402, . . ., mta | (mod m)

where each z is replaced by z+4c (mod m). In a more
explicit notation, we have

Zi=z4c (modm), i=1,2, ..., k.

This group of order m* was called by A. L. Cauchy the group
of arithmetic substitutions, In particular, when m=%k=2 we
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obtain the non-cyclic group of order 4 noted above. This

general group is clearly generated by the % substitutions of
which the éth (for =2,3, . . . , E—1) is

g1=21,..,71=%_1,2 =5+, 2 1=241,..., 5 =0 (mod m).
For =1 and i=k this substitution becomes respectively
di=21+1, 22=22, ..., =2
and
Z1=21, . . ., Fac1=n-1,51=2+1 (mod m).

Each of these k substitutions generates a cyclic group
of order m, and the entire group is said to be the direct product
of these k£ independent cyclic groups.

6. Groups Represented by Matrices. If two matrices of order
n are multiplied together in the ordinary manner * there results
a matrix of order #n. It may happen that the elements of the
matrices are of such a nature that only a finite number of
different matrices result when a given set of them are com-
bined by multiplication in every possible order. For instance,

B E et IE

TIRE

and the six substitutions

1, abc, acd, ab, ac, b

may be put into a (1, 1) correspondence in the given order so
that like products always correspond. That is, the given
matrices combined under multiplication constitute the s m-
metric group of order s1x, or the group of an equilateral triangle.
We thus meet this group in another very important and exten-
sive field of mathematics, viz., the theory of matrices. It
may be observed that the first three bf these matrices con-
stitute the subgroup of order three and they can therefore be
put into a (1, 1) correspondence, as regards multiplication,
with the cube roots of unity.

* For a definition of the product of two matrices cf. Bcher, Introduction to
Higher Algebra, 1907, p. 62.
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It is not difficult to verify that the following six matrices
also constitute a group of order six as regards multiplication:

R B o Pl Y

This group of order six can, however, not be put in a (1, 1}
correspondence with the one considered in the preceding para-
graph, although the first three matrices are the same in the
two groups. The present group of order six is generated by a
single matrix and hence it is cyclic. As a generating matrix
we may use either one of the last two matrices. Tt may also

be observed th iplication i utative in the present
foup, while this is not the case in the group of the preceding
paragraph. The matrices of the present group can be placed

in a (1, 1) correspondence with the six sixth roots of'um'ty as. -
regards the operation multiplication.

The four matrices
1o |[—r0f It o [[—-10
o1 flo—1)"flo =1 | o1

evidently serve as another illustration of the non-cyclic group
of order 4 when they are combined by multiplication, while
the four matrices

AT R

combined according to the same operation, constitute the cyclic
group of order 4. As an instance of matrices which constitute
a cyclic group of an arbitrary order we may observe that the

TH AR N e

constitute the cyclic group of order m when they are combined
as to multiplication, and the elements are reduced modulo W
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EXERCISES

”

1. In a letter to C. Hermite [Paris Comptes Rendus, vol. 49 (1859),
p. 115], EFRetti states that the following substitutions:

1 241
2’ =4z, z’=-’-, z'=38—_1 (mod 5)

generate a group of order 12. Verify this statement, and prove that the
first two of these substitutions generate the non-cyclic group of order 4.
Either of the first two of the three given generating substitutions could be
omitted without affecting the resulting group.

°

2. Prové that the transformations of the form z’=aiz—:_—i (mod 3), «,
- ¥

B, 7v, & being integers such that «5—gy=1 (mod 3), constitute a group of
order 12 which has the same number of elements of each order as the one
in Example 1. Cf. F. Klein, Mathemalische Annalen, vol. 14 (1879), p. 418.

3. By subtracting a given number » from unity and dividing unity
by 7, and then performing the same operations successively on the result-
ing numbers, it is possible to obtain, in general, six different numbers.
The only exceptions occur when » has one of the following 8 values: —1,
2,34; 1,0, 0; 3(1v—3). If n represents an anharmonic ratio of four
points, then the six values of # obtained by the given operations represent-
all the salues of this ratio.



. CHAPTER 11
SUBSTITUTION GROUPS AND SYLOW’S THEOREM *

7. Positive and Negative Substitutions. The symbol , aia2
.« . an is called a cycli itution of degre it implies
that each of thes€ letters is replaced by the one which follows
it, and that as is replaced by a;. That is, it implies a cyclic
interchangé of its letters, and any one of these letters may be
written first without changing the meaning of the substitu-
tion. Any permutation of a set of m dlstmct letters can evi-
dently be effected by one or more cyclic substitutions on *hese
letters. If L&lesnlLtlgll,mnmf\Inore than one cycle it
is sald to be non-cyclic and its various cycles are usually sepa-

y DPetipds, and the number of letters in all these cycles
is the degree of the substitution. For instance, ajazas-asas
denotes a substitution of degree 5 which implies a cyclic inter-
change of the letters a1, a2, a3 in order, and also an interchange
of the letters a4, as.

A cyclic substitution which involves only two letters is
called a fransposition. The fact that every possible substi-
tution is a product of transpositions results directly from each
of the following equations:

10223 . . . G, =A1G2°A1G3" . . . *Q1GQn
=a10n Anln-1* . . . *G342

A given substitution can be factored into transpositions in an
infinite number of different ways, but the number of the
transpositions into which a particular substitution can be

* The general theory of substitutions and substitution groups is developed
from the beginning in the present chapter. A few definitions given in the pre-
ceding chapter are, however, not repeated.

16
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factored is gjther always even or it is always odd. We “pro-
ceed to prove this important elementary theorem.

Let s represent any substitution on m letters and suppose
that s has been factored into transpositions in various ways.

Each of these transpositions changes the sign of the following
determinant: *

laya®2...agm™1!
A lagas® ... g™ !
lamam? . . . ™!

which is not identically zero. As the various sets of tran-
positions which are equivalent to s must have the same effect
on 4 as s has, it results that the number of transpositions in
every set is odd if s transforms A into —A, and this number is
evepyif s transforms A into itself.

E substitution is said to be positive if it can be factored
nto .an even number of transpositions. If it can be factored
nto &an odd number of transpositions it is called negative. For
nstance, abc=ab-ac is positive, and abcd =ab-ac-ad is nega-
ive. The product of two positive substitutions is positive
and the product of two negative substitutions is also positive.
Hence a product of a set of substitutions is positive or negative
according as it involves an even or an odd number of negative
substitutions.

If a substitution group involves a negative substitution
then exactly one-half of its substitutions are negative. In
fact, if all its positive substitutions are.multiplied into this
negative substitution, all of these products are distinct and
negative. Hence it has at least as many negative substitutions
as positive ones. On the other hand, if this negative substi-
tution is multiplied into all of its negative substitutions, all
these products are distinct and positive. Hence it has at
least as many positive substitutions as negative ones. In other

* This determinant is known as the determinant of Vandermonde or of
Cauchy. It is equal to the product

M(ag—ar); 1, k=1, 2, . . ., m; Dk
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words, either all the substitutions of a substitution group are posi-
Vive or exactly half of them are positive.

Whenever a group contains negative substitutions it con-
tains a subgroup of half its own order, composed of its positive
substitutions. In particular, the symmetric group of degree
n contains a subgroup of order n!/2 which is composed of its
positive substitutions. 'This Subgroup~is called the alternating
group of degree m, Hence there are at least three distinct
groups of degree n whenever n>3, viz., the group generated
by a cyclic substitution on # letters, the alternating group, and
the symmetric group. It will be proved that other groups of
degree n exist for every value of n>3. The cyclic substi-
tution of degtee n is positive or negative according as # is odd
or even.

The product of two transpositions which have a common
letter is alway&oiihﬂ.jgrm abc. A positive cyclic substtu-
tion is always the product of substitutions of the form abe,
since it is the prdduct of an *even number of transposmons
having 2 common létter. A substitution composed of two
negative cyclic substitutions is also the product of substitu-
tions of the form abc. In fact, such a substitution may be
regarded as ‘the product of two distinct sets of transpositions
such that all the transpositions of each set have a common
letter and such that each set involves an odd number of trans-
positions. Hence it remains only to observe that a substitu-
tion composed of two transpositions having no letter in common
is the product of substitutions of the form abc. This fact
results directly from the product

ab-cd=ach-bdc.

That is, gay..pasi%ggitive substitution is the product of sub-
stitutions of the form abc.

8. Commutative Substitutions. Let s and ¢ represent two
substitutions. If st=1s, these two substitutions are said to be
commutative. For instance, if s=ab-cd and t=ac-bd, it is easy
to verify that st=ts=ad-bc. On the other hand, if s=ab-cd
and ¢ =bc, it results that st =acdb while /;s=abdc. Hence
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the two substitutions ab-cd, ac-bd are commutative, but ab-cd
is not commutative with bc. Two substitutions which have
no letter in common are always commutative.

It is often necessary to find all the substitutions on certain
letters which are commutative with a given substitution. The
solution of this problem is based on finding all the substitutions
on the letters ai, a2, . . ., a» which are commutative with
the cyclic substitution s;=aja2 . . . a,. It is clear that s;
is commutative with all ol its powers, and hence s; is commu-
tative with at least » substitutions, including the identity,
on the letters a1, a2, . . . , Gn.

All substitutions which are commutative with s; must also
be commutative with 5,®, where a; is any positive integer.

Suppose that f; is a substitution on the letters a1, az, . . . , aqa
vhich is commutative with s, but is not a power of s;. It is
:vident that £; must involve each of the letters ay, az, . . . , @y
Hence we may suppose that f2=a1a, .. ., where a is one
f the numbers 2, 3, ..., n. Since s '=aja, ..., it

results that fps," '~ is a substitution which is commutative
with s, does not involve a;, and is not the identity. That is,
we arrive at an absurdity by assuming that more than # sub-
stitutions on the letters a1, a2, . . . , a, are commutative with
s1. This proves the theorem: The only substitutions on n letters
which are commulative with a cyclic substitution on these letlers
are the powers of this cyclic substitution.

If a substitution sz is composed of N cycles such that no
two of these cycles involve the same number of letters, then
all the substitutions on the letters of sz, which are commutative
with sz must also be commutative with each cycle of s2. The
number of the substitutions which are commutative with sg,
and involve only letters contained in sz, is therefore equal to
the product of the orders of the cycles of s;. For instance,
the substitutions which are commutative with the following
substitution

abcde- fgh,
and involve only its eight letters, constitute a substitution
group of order 15.
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A substitution s3 which involves £ equal cycles is commuta-
tive with substitutions which permute these cycles according
to the symmetric group of degree k. If each of these cycles
involves n letters, the substitutions on these kn letters which
are commutative with s3 must therefore constitute a substi-
tution group of order n*-k!. For instance, the substitutions
on the nine letters involved in the following substitution

abc-def- ghi,

and which are commutative with this substitution, constitute
a group of order 27.6=162.

9. Transforms of a Substitution and of a Substitution Group.
If s and ¢ represent any two substitutions, it is possible to
find a third substitution by means of the operation s=!ts=t,,
where s~! represents the inverse of s. The substitution ¢,
is called the fransform* of ¢ as regards s. There is a very

e N~

simple rule for deriving ¢, if s and { are given. We proceed to
develop this rule.

Suppose that

= ... a8 . . .
’ ’
§= .. .00, . . . Qga 8 -

It is not assumed that a, or as actually appears in s when s is
written in the normal form, since ', may be identically equal
to a. and a’s may be identically equal to as. Hence the given
notation is entirely general. It is easy to see that

L= ...a’aa’,...

That is, to obtain the transform of t as regards s we simply replace
each letler in t by the one by which s replaces this letter.t For
instance, if s=abcd-¢f and t=ab-ce, then "sTUs=bc-df. In

* This transformation is fundamental in the theory of groups. Many of
its properties were developed by E. Betti in 1852; Annali di Scienze matematiche
¢ fisiche, vol. 3, p. 55.

1 This simple method to find the transform of a substitution is found in C.
Jordan’s thesis, Paris, 1860, p. 14.
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particular, if a substitution contains a certain number of cycles
of a given order, each of its transforms contains the same
number of cycles of this order.

A necessary and sufficient condition that t=¢, is that s
and { are commutative, since the equation s~'ts=¢ implies that
ts=st and conversely. Each of two commutative substitutions
is transformed into itself by the other. If a substitution is
transformed into itself by all the substitutions of a group it
is—setdto—betAwariani_under this group. When this substitu-
tion belongs to th¢ group it is said to be an invariant substitu-
tion of the group. The identity is invariant under every group
and is an invariant substitution of every group. As an instance
of another invariant substitution it may be observed that
ac-bd is invariant under the following octic group:

1, ab-cd, ac-bd, ad-bc, ac, bd, abcd, adch.

The symmetric group of order 6 contains no invariant substi-
tution besides the identity.

If each substitution of a group G is transformed by means of
a substitution s there results a group G; which is called the
transform of G with respect to s, or the conjugaie of G with
respect to s, and is represented by the symbol

sT1Gs =Gl.

Conjugate substitutions and conjugate groups are also called
similar. When G, =G the substitution s is said to transform G
into itself, and G is said to be invariant under s. Every group
is invariant under its own substitutions. A subgroup which
is invariant under all the substitutions of a group is called an
invariant, or self-conjugate, subgroup. If a group involves
Tiegative substitutions all of its positive substitutions consti-
tute an invariant subgroup. In particular, the alternating
group of degree » is an invariant subgroup of the symmetric
group of this degree. '

Suppose that s is transformed into itself by some but not
by all of the substitutions of a group G. The substitutions
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of G which transform s into itself form a subgroup H of G.
If ¢ is any substitution of G which is not in A then all the sub-
stitutions obtained by multiplying ¢ on the left by a substi-
tution of H will transform s into the same substitution. For,
if ¢; is any substitution of H, we have the equation

(tlt) “Istit=1t"14 " 1styt =1"1st.

Moreover, if ¢'~1st’=¢"1st, it results that s=¢¢"1stt’~!. That
is, #/~1is in H. Hence its inverse ##7! is also in H. That is,
t' is one of the substitutions obtained by multiplying ¢ on the
left by some substitution of H.

From what precedes it results that all the substitutions of
G can be divided into equal sets such that each set is composed
of all the substitutions of G which transform s into the same
substitution. The totality of the substitutions into which
s is transformed under G forms a complete set of conjugates of
s under G. The number of different substitutions 1n a com-
plete set of conjugates under a group is a divisor of the order
of the group. A complete set of conjugate subgroups under G
is defined in a similar manner.

Incidentally we proved above that the order of G is divisible
by the order of its subgroup H. We proceed to prove that the
order g of G is divisible by the order %2 of any subgroup K.*
In fact, all the substitutions of G can be written in the form of
a rectangle, whose first line is composed of the substitutions
of K, as follows:

1, s2, s3, ... S

ta, Sal2, S3lz, . . ., Sil2

b, Sa2b, Szb, . . ., St

In this rectangular array the substitutions %, . . . , & are any
substitutions of G which do not occur in any of the preceding
rows.

*If a group 1s represented by a capital letter the corresponding small letter
usually represents the order of the group.
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To prove that & is a divisor of g it is only necessary to prove
that no substitution of G can occur twice in such an array.
This fact can be easily proved as follows:

If s.t,=spt, (e, BZTk), then s,=s5;
and
if Sat., =Spt5(6> 'y), then sﬁ“‘sat, =S,,lt1 =t;(a' i k).

Hence it results that no substitution of G can occur twice in
such an array and we have established a fundamental theorem,
known as the theorem of Lagrange, which may be stated as
follows:

The order of a group is divisible by the order of cach one of its
subgroups.

This may be regarded as the most important theorem of
group theory. It will appear that a subgroup has properties
similar to those of a modulus in number theory. Hence a sub-
group is sometimes called a modulus of the group. The
quotient obtained by dividing the order of a group by the
order of a subgroup is called the index of this subgroup under
the group. The index of a subgroup is therefore always a
positive integer.

EXERCISES

* 1. The order of a group is divisible by the order of each of its sub-
stitutions. (Cauchy.)
e 2. The order of every substitution group on # letters is a divisor of nl.

(Cauchy.)
*3. All the substitutions which are common to two groups constitute
a group. This is known as the cross-cut of these two groups.

= 4. The number of substitutions in a complete set of conjugate sub-
stitutions under a group cannot exceed the quotient obtained by dividing
the order of the group by the order of one of these substitutions.

. 5. The symmetric group of degree n, n>2, does not contain any invari-
ant substitution besides the identity.

, 6. Thealternating group of degree n, n>3, does not contain an invariant
substitution besides the identity.
7. Find the following products:

abcde X bdc= , ac-bd Xbefe=
ade Xabc Xacbed= , acXcdXde=
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8. Find a value of ¢ in the form of a product of transpositions such that
abcdefg=ae Xaf X ag X bh Xek X cd X1.
9. Transform ace-gf by bef, and also by ab-cd.
» 10. Write the 12 positive substitutions on four letters, and find the
groups composed of all the substitutions on these four letters which
transform into itself each of these 12 positive substitutions.

10. Co-sets and Double Co-sets. From the arrangement of
all the substitutions of a group in the form of a rectangle in
which the first line is composed of all the substitutions of a
subgroup (§ 9), it results directly that, if H is any subgroup of

the group G, all the substitutions of G can be written in the
following form: *

G=H+Ht:+ . . . +Hi.

In this notation, Ht,(«=2, . . . , \) stands for all the products
formed by multiplying every substitution of H into f,. The
sets of substitutions represented by Hi, are called co-sets T of
G as regards H. It is important to observe that £, may be
replaced by any one of the substitutions of the co-set to which
it belongs without changing the co-set. In other words, if
two such co-sets have one substitution in common they are
identical co-sets.

It is sometimes desirable to include the subgroup H among
the co-sets as regards H. In this case, the given \ sets are
called the augmented co-sets of G as regards H. Unless the
contrary is stated, it will be assumed that these co-sets are
distinct, so that every substitution of G appears once and only
once in the co-sets. The set of multiplying substitutions
f2, . . ., & can be chosen in 2*~! ways, % being the order of H.

Instead of multiplying H on the right we could have mul-

tiplied on the left. Hence all the substitutions of G can also
be written in the form

G=H+{!.H+ ... +t\H.

* This notation is due to Galois.

t The concept of co-sets was used by E. Galois, but he did not use a special
name for it. H. Weber used the term Nebengruppen to represent what we her
call co-sets. The latter term seems not to have been used for this conceplt
before 1910, Quarterly Journal of Mathematics, vol. 41 (1910), p. 382.
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It will be proved later (§ 33) that it is always possible to select
the A —1 multipliers in such a manner that ¢, =4,, a=2, . . ., .
By taking the inverses of each of the co-sets in the formula of
the first paragraph of this section, it results that

G=H+t"'H+ . .. +h71H.

Hence it is also possible to replace ¢, by # ! in the preceding
formula. :

If H, and H; are any two subgroups of G, the symbol
H 1taH 2

is called a double co-set* of G as regards H; and H,. It implies
that each of the substitutions of H\, is multiplied on the right
by every substitution of H;. All of these products are repre-
sented by the single symbol Ht,H,. While all of the substi-
tutions of a co-set are distinct, those of a double co-set need
not be distinct. If one substitution of G occurs exactly k times
in such a double co-set, every substitution of the double co-set
occurs exactly k times among the products represented by this
double co-set. We proceed to prove this statement.

Consider the product of the two groups H;-Hy, that is, all
the products obtained by multiplying every substitution of
H, on the right by all the substitutions of H,. If H; and Hy
have exactly p substitutions in common, it is clear that each
substitution of H, and each of H; will appear exactly p times
in Hy-Hz. In fact, if 4 is any substitution of H;, the p sub-
stitutions obtained by multiplying ¢ on the right by the sub-
stitutions which are common to H; and H; will yield the same
products when they are multiplied on the right by H,. As
no other substitution of H, can yield any of these products,
being in the same co-set of G as regards Hg, it results that
the product Hi-Hz involves each ome of its substitutions exactly

* Double co-sets were first used by A. L. Cauchy, Paris Comples Rendus,
vol. 22 (1846), p. 630. They were more fully developed by Frobenius,
Crelle, vol. 101 (1887), p. 273. The term double co-set was first used with this
meaning in Bulletin of the American Mathematical Society, vol. 17 (1911), p. 292,
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p times, p being the number of the substitutions which are common
to H 1 and H 2.

It is now very easy to find the number of times that a given
substitution of the product H.fH: appears in this product.
In fact, Hyt Ho=t,-t,"*H;l,-H2, and hence H,{ H: is the
product of 4, and two groups. If a substitution s occurs exactly
k times in #,71Ht,- H3, the substitution Z,s must occur exactly
k times in Hit,H,. That is, each of the substitutions of Hit,H2
occurs exactly k limes in this double co-set, k being the number of
the substitutions common to the two groups t,”'H\t, and Ho.

The following special case of this theorem is often useful.

The number of the distinct substitutions in the double co-set
H\t H; is equal to the product of the orders of H, and H2, divided
by a number which is the common order of two subgroups contained
in Hy and H: respectively.

The double co-set Hit,H: is not changed if 4, is replaced by
any one of the other substitutions of this double co-set, since
the co-sets Hif, is not altered when ¢, is replaced by any other
substitution of this co-set, and likewise for the co-set ¢, Ho.
Hence two such double co-sets of G have either no substitution
in common or they are identical. The possible double co-sets
of G as regards the two subgroups H; and Hg2, in the given
order, are therefore completely determined by these subgroups.
If we count only the distinct substitutions.of these double
co-sets we may write G in the following form:

G=H,-Hx+Ht:H2+ . . . +Hit, Hs.

Each substitution of G appears once and only once in the
second member of this identity, if these symbols are used to
represent only the distinct substitutions which occur among
the possible products represented by the symbols. Double
co-sets are commonly used with this restricted meaning, and
we shall hereafter use them in this sense unless the contrary is
stated. Hence two of these double co-sets do not necessarily
represent the same number of substitutions, but these numbers
are always in accord with the theorem expressed above.
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11. Sylow’s Theorem.* The theorem of the preceding
section may be used to prove another very fundamental theorem
known as Sylow’s theorem, which asserts that every group
whose order is divisible by pm but not by p™**, p being a prime
number, contains a subgroup of order pm. Such a subgroup
is called a Sylow subgroup of the group. E. Galois made the
remark in his Manuscripts, published by Jules Tannery in 1908,
page 39, that a group whose order is divisible by p contains
a subgroup of order p. This theorem was proved by A. L.
Cauchy in 1845. It was extended to the case mentioned above
by L. Sylow, in an article published in the Mathematische
Amnnalen, volume 5, 1872, page 584. We shall establish this
theorem, treating first the special case when the group G is
symmetric and of prime power degree.

It is evident that the symmetric group of degree p, p being
any prime number, contains a subgroup of order p. As p!is
not divisible by p? this establishes Sylow’s theorem for this
special case. We proceed to establish the theorem for the
symmetric group G of degree p~*'. This group contains the
following substitution composed of = cycles:

s=al e e ap'a,,+1 D az,,' o s . 'a,,a+l_,,+l .« e a,,a-H.

It contains also the subgroup H composed of all the substi-
tutions on these p=+! letters which transform s into itself. We
proceed to prove that H includes a Sylow subgroup of G.

The subgroup H includes a subgroup K composed of all the
substitutions obtained by multiplying in every possible way
all the substitutions generated by the separate cycles of s.
Since each cycle is of order p and there are p~ cycles in s, it
results that the order of K is

.

These p~ cycles are permuted under H according to the sym-
metric group G’ of degree p* which transforms K into itself.
As G’ is of a smaller degree than G, and as the symmetric group
of degree p contains a Sylow subgroup, we may assume, in a

* A different proof of this theorem will be given in § 27.
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proof by complete induction, that G’ contains a Sylow subgroup
of order p™, where

=1,
p—1
Since the p* cycles of s are transformed under H accordin,

to a group of order p™, and since the substitutions of H which
permute these cycles according to these various substitutions
transform K into itself, it results that H involves a subgroup
H; of order

pa-H -1

pm'. 7 =pm where m= =1

As pm is the highest power of p which divides the order of G,
in accord with the well-known theorem in number theory
which has just been used, it results that G contains a Sylow
subgroup of order p™ whenever G’ contains such a subgroup
of order pm’. That is, Sylow’s theorem has been established,
by the method of complete induction, for every symmetric
group whose degree is a power of .

It is now easy to establish Sylow’s theorem for every pos-
sible substitution group. Let H; be any such group. As the
symmetric group of degree n includes the symmetric group of
degree n—1, it results that it is possible to find a value for «
such that H, is contained in the symmetric group G of degree
p*+1. Let H: represent any Sylow subgroup of order pm con-
tained in G, and write the substitutions of G in the form of
double co-sets as regards the two subgroups H; and Hg, as
follows:

G=H,-Hy+Ht:Ha+ . . . +H1t.,Hz.

Let p? be the highest power of p which divides the order of
H,. The number of distinct substitutions in each of these
double co-sets is a multiple of p™*+#+ p? according to a theorem
of the preceding section. This number cannot be divisible
by p™*?! for every one of these double co-sets, since the order

* This result is contained in the well-known formula for the highest power

of a prime which divides n!. Cf. Encyclopédie des Sciences Mathémaliques, tome
1, vol. 3, p. 4; R. D. Carmichael, Theory of Numbers, 1914, p. 26.
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of G is not divisible by p™*'. Hence there must be at least
one of these double co-sets in which 6=8. As p* is the order
of a subgroup of Hj, it follows that H; must contain a Sylow
subgroup. Hence every possible substitution group contains
at least one Sylow subgroup corresponding to every prime number
which divides the order of the group.

If H: contains more than one subgroup of order p*, let

K, K; ..., K

represent all its subgroups of this order. A substitution s of
K, which is not also in Kz cannot transform K, into ‘itself,
otherwise s and K2 would generate a group whose order would
be divisible by p°*'. Hence the substitutions of K; must
transform K into a complete set of conjugates under K; and
this set contains p™ of these N\ subgroups. If p™ is less than
A—1, this process can be repeated until all of these groups
are exhausted. It is therefore necessary that A—1 be divisible
by p. That is, the number of the Sylow subgroups of order p*
contained in any group is always of the form
1+4-kp.

In other words, this number is always =1(mod ).

From this theorem it results directly that every subgroup
of order p” of a group G is contained in a Sylow subgroup of
G, or is itself a Sylow subgroup of G. 1In fact, such a subgroup
must transform into itself at least one of the Sylow subgroups
of G. If it were not contained in this Sylow subgroup, G would
involve a subgroup whose order would be a higher power of p
than the order of its Sylow subgroup. It is also clear that
every operator of order p* which is in G and transforms into
itself a Sylow subgroup of order $# must be contained in this
Sylow subgroup.

Another important elementary result in regard to the Sylow
subgroups should be observed here. Suppose that the given
A Sylow_subgroups were such that they could not all be trans-
formed into each other by the substitutions of these subgroups.
There would therefore be a set of # which would be transformed
only among themselves by all these substitutions. By trans-
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forming these 4 subgroups by the substitutions of one of their
own number it would result that 4 would be of the form 14,9,
and by transforming the same subgroups by the substitutions
of a subgroup of order * which is not included among these
k subgroups, it would result that 4 would be divisible by 2.
Hence all the Sylow subgroups of order pP in any substitution
group constitute a single complete set of conjugates under this
group. In fact, they constitute such a complete set under
these Sylow subgroups.

The three results: that Sylow subgroups of order p# always
exist, that their number is of the form 1+%p, and that they form
a single set of conjugates under the group, are very closely
related. Generally these three results are implied by the
expression ‘ Sylow’s theorem.” All of them are of fundamental
importance. In fact, if the theorems of group theory were
arranged in order of their importance Sylow’s theorem might
reasonably occupy the second place—coming next to Lagrange’s
theorem in such an arrangement.

EXERCISES

1. By means of Sylow’s theorem prove that every substitution group
of order 20 contains only one subgroup of order 5, and either one or five
subgroups of order 4.

2. Every group of order pg, p and g being distinct primes and p>g,
contains only one subgroup of order p.

3. A group of order 15 contains only one subgroup of each of the
orders 3 and 5. Hence a group of order 15 is cyclic.

4. Find two substitutions of order 2 such that their product is of
order 7, and verify that they generate a substitution group of order 14.

5. The number of subgroups of order p in the symmetric group of
degree p is (p—2)}, p being any prime number. Hence (p—2)!=1(mod p).

6. The number of the subgroups which are generated by cyclic sub-
stitutions of order # and are contained in the symmetric group of degree
n is (n—1)!1

o(n)

7. The symmetric group of degree #, n>3, contains more than one

Sylow subgroup of order %, whenever »! is divisible by .

12. Transitive Groups, and Average Number of Letters in
its Substitutions. The two substitution groups of order 4

1, ab-cd, ac-bd, ad-bc; 1, ab, cd, ab-cd

, ¢{n) being the totient of n.



§12) TRANSBITIVE S8UBSTITUTION GROUPS 31

represent two very important types of groups. In the former
each letter of the group is replaced by every other letter by
the various substitutions of the group. Such a group is said
to be ransitive. 1In the latter of these two groups, there is a
letter which is not replaced by every other letter, and hence
this group is called imtransitive. Every substitution group
evidently belongs to one and only one of these two types. Every
symmetric group and every alternating group is transitive.

Suppose that G is a transitive group on the n letters a;,
a2, . . ., @y. There is at least one substitution in G which
does not involve the letter ai, viz., the identity. In general,
the substitutions of G which omit a;, constitute a subgroup
G of order g;1. As G is transitive it must involve a substitu-
tion which replaces a; by az, and this substitution transforms
G into Gz, G2 being composed of all the substitutions of G which
omit a;. Hence G contains =z conjugate subgroups G, Go,

., Gn, each of which is composed of all the substitutions
of G which omit a letter. It is not necessary that all of these
n subgroups be distinct. In fact, in the octic group they
form two pairs of identical subgroups.

All the substitutions of G can be arranged in a rectangle
as follows, the substitutions of G forming the first row:

l’ S2, 83, .. . S
l2, Sola, sala, . . ., Smtz

t3, Sals, satz, . . ., Sgl3

l)\, Saba, 531)\, ey Sml)‘

where A=g/g;1. If ¢; replaces a1 by a2 then all the g substi-
tutions of the row involving #; have this property. If any other
substitution of G should replace @, by a, all the distinct prod-
ucts, obtained by multiplying its inverse into itself and into
all the substitutions of the row involving /3, would transform
a: into itself. As this would give more than g distinct sub-
stitutions, the row which involves f; contains all the substitu-
tions of G which replace a; by as.
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Since similar remarks apply to every other row, it results
that N=n. That is, the order of the subgroup formed by all the
substitutions of a transitive group which omit a given letter is
equal to the order of the group divided by its degree. TFrom the
given rectangle it follows that each letter occurs gi(n—1)
times in the substitutions of G. Hence these substitutions
involve gin(n—1) =g(n—1) letters. That is, the average number
of letters in the substitutions of a transitive group is equal to the
degree of the group diminished by wunmity.* In particular, the
average number of letters in all the possible substitutions
on 7 letters is #—1, and this is also the average number in all
the positive substitutions on these letters when 7> 2.

13. Intransitive Substitution Groups. One of the simplest
examples of an intransitive substitution group may be obtained
by multiplying together transpositions on distinct sets of let-
ters. For instance, the intransitive group generated by the
following three transpositions,

ab, cd, ef,

is of order eight and contains seven substitutions of order 2,
besides the identity. This is a special case of the clementary,
theorem which affirms that % transpositions on / distinct pairs
of letters generate a group of order 2% and of degree 2i. This
group is intransitive when 4> 1.

By multiplying all the substitutions of any transitive group
by all those of another transitive group, represented on a dis-
tinct set of letters, there results an intransitive group whose
order is the product of the orders of these two transitive groups,
and whose degree is the sum of their degrees. Hence it is
clear that it is possible to construct an unlimited number of
different groups from any given group by representing the
group on distinct sets of letters and then multiplying the sub-
stitutions in every possible manner. Groups obtained in this
manner are sometimes called powers of the given group, an index
being used to indicate the number of times the group was used

* This interesting theorem was given cxplicitly for the first time by G,
Frobenius, Crelle, vol. 101 (1887), p. 287.
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as a factor. The groups considered in the preceding para-
graph constitute a special class of such powers.

Another way of forming an unlimited number of non-con-
jugate substitution groups from a given substitution group is
by a process called establishing a (1, 1) correspondence or a
simple isomorphism. For instance, the following three sub-
stitution groups of order 2:

1, ab-cd; 1, ab-cd-ef; 1, ab-cd-ef-gh

are obtained by establishing simple isomorphisms between
the groups 1, ab and 1, cd; 1, ab, 1, ¢cd, and 1, ¢f; 1, ad, 1, cd,
1, e¢f, and 1, gh, respectively. It is clear that we can establish
such simple isomorphisms between any number of groups,
obtained by writing a given transitive group on distinct sets
of letters. All the groups thus obtained are merely different
ways of representing the same group of order 2 considered
abstractly, and these isomorphisms show that there is no upper
limit to the number of letters of the substitution groups which
represent such a group.

The two given methods of constructing intransitive sub-
stitution groups are called the direct product method and the
simple isomorphism method. They are the simplest methods
for constructing such groups and the other possible methods
are based upon them.* Before entering upon a consideration
of other methods it should be observed that every intransitive
group is composed of fransitive constituent groups, and that it
can be constructed by establishing some correspondence between
these constituent groups.

Let G be any intransitive group, and consider the letters
which replace a given letter a in the substitutions of this
group. If a is replaced by & in some substitution s; and there
is also a substitution sy in which b is replaced by ¢, then there
must be a third substitution s3 =s;s2 in which «a is replaced by c.
Hence a and all the letters by which ¢ is replaced constitute
the letters of a transitive constituent group.

If 1, s2, . . ., sz represent the substitutions of this con-

* Cf. Bolza, American Journal of Mathematics, vol, 11 (1889), p. 195,
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stituent group K, then each of these % substitutions is found
in the same number of the substitutions of G, and hence % is a
divisor of g, where g is the order of G. In the simple isomorph-
ism method, k=g. All the substitutions of G which involve
only the identity from K constitute an invariant subgroup
H of G, and K is said to be a quotient group of G as regards H.
This quotient group is commonly represented by the following
bol: *
e G/H =K.

For instance, consider the following intransitive group G:
1, cde, ced, ab-cd, ab-de, ab-ce.

One of the transitive constituent groups is 1, ab=K, and the
invariant subgroup of G, which involves only the identity
of this constituent group, is as follows:

H=1, cde, ced.

The quotient group G/H=K may also be regarded as a group
in which the three substitutions of H are regarded as one sub-
stitution, while the remaining three substitutions constitute
the other substitution. The other transitive constituent of
G is simply isomorphic with G, and the given correspondence
is sometimes represented by the following symbol:

1
cde | 1
ced

cd
de | ab
ce

—

As an instance of a more general correspondence, we may
consider the group of order 18 composed of all the positive
substitutions in the direct product of the symmetric group of
degree 3 represented on two distinct sets of letters. This
group is represented as follows:

* This symbol was used by C. Jordan, Bulletin de la Société Mathématique de

France, vol. 1 (1872), p. 46. The symbol is often credited to Holder, who used
itin 1889, Cf. H. Weber, Klieines Lehrbuch der Algebra, 1912, p. 192.
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1)1
abc | def
ach | dfe

ab | de
be | of
ac | df

If we let K represent the former of these two constituent
groups it is clear that H=1, def, dfe, and that G/H=K can be
regarded as a group in which three substitutions of G are con-
sidered as a single substitution.

14. Substitutions which are Commutative with Each of the
Substitutions of a Transitive Group. When G, the subgroup
composed of all the substitutions which omit a given letter,
reduces to the identity, the transitive group G is said to be a
regular group. Regular groups are especially important since
every possible group of finite order can be represented as a
regular substitution group, as will be proved later. We pro-
ceed to prove the important theorem, which we shall call
Jordan’s theorem,* that the total number of substitutions on
n letters which are commutative with every substitution of a
regular group G on the same % letters constitutes a group G’
which is conjugate or similar to G; i.e., it can be transformed
into G by some substitution. This theorem results almost
immediately if we multiply all the substitutions of G=1,
$2, §3, . . . , Sp successively on the right and on the left as
follows: T

1, s2, 83, ... & 1, s2, 83, ... S
S2, S22, $3S2, . - -, SeS2 S2, S22, S2S3, . . ., S28,
4
G=1 s3, s2s3, 53%, . .., Sps3 G'=1s3, s3s2, 3% . . ., S35,
Sy, 5289, $35g, .« + . g2 Sy SoS2, SgS53, .+« . Sg2

* This theorem was first proved in Jordan’s thesis, Paris, 1860, p. 39.

t The two simply isomorphic regular substitution groups which are repre-
sented by these square arrays have been called potential and antipotential groups
respectively. G. Frattini, A#i dells R. Accademia dei Lincei. Memoria, vol. 14
(1883), p. 144.
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The permutation of the substitutions of each of these rows
as regards the first row represents a substitution, and we may
assume, without loss of generality, that the substitutions repre-
sented by the first square, when the various rows are associated
successively with the first row, are the substitutions of G. Any
one of these rows, say the one involving s,, represents a substi-
tution obtained by multiplying all the substitutions of G on the
right by s.; while any row of G’, say the one involving sp,
represents a substitution obtained by multiplying all the sub-
stitutions of G on the left by sz. Since we get the same result
when we multiply all the substitutions of G first on the right by
s and then on the left by sg, as when we multiply them first
on the left by s and then on the right by s,, as a consequence of
the associative law, it follows that each substitution of G is
commutative with every substitution of G’, and vice versa.
Moreover, G’ includes all the substitutions on these letters,
which are commutative with every substitution of G, since
every such substitution must involve all the letters of G and
the totality of these substitutions forms a group.

As G and G’ are different ways of representing the group
G they must be simply isomorphic. It remains to prove that
they are conjugate. If we establish a simple isomorphism
between G and G’ in such a way that all the substitutions begin
with the same letter, the second letters in all the substitutions
of these groups represent the substitution by means of which
G may be transformed so that the first two letters in each
one of its substitutions are the same as the first two letters
of the corresponding substitution in G’. Since this transfor-
mation will lead to simply isomorphic groups, and since two
simply isomorphic regular groups have the property that the
corresponding substitutions are identical whenever the first
two letters of all these substitutions are the same, we have
proved Jordan’s theorem; viz., with every regular group of
order n there is associated another regular group of order msuch
that each of these groups is composed of the total number of substi-
tutions on these n letters which are commutative with every substi-
tution of the other group.
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The two groups G and G’ which are defined by Jordan’s
theorem are called conjoints. When G is abelian it coincides
with its conjoint and vice versa. A special case of this theorem
rclating to a cyclic group was proved above in §8. Suppose
that G is transitive and of degree #, but not regular, and that
all the substitutions of G which omit ¢; omit also a, . ..,
a,. Hence G, which is composed of all the substitutions of G
which omit a1, is transformed into itself by all the substitutions
of G which replace a1 by az, . . ., a,. That is, G, is trans-
formed into itself by a subgroup H of order ag;. All of the
substitutions of H, except those of G, must involve each of
the letters ay, a2, . . . , a,. Hence H is an intransitive group,
and the components of its substitutions involving the letters
ai, @z, . .., 4o must form a regular group. This regular
group is a transitive constituent of H and the subgroup Gj,
which is transformed into itself by H, corresponds to the iden-
tity of this transitive constituent. Let Cy be the conjoint
of this constituent, and consider the #n/a transforms of C 1
under G.

A (1, 1) correspondence can be established between the
substitutions of these n/a transforms such that each substitu-
tion is of degree 7 and is transformed into itself by G. To do
this it is only necessary to regard as one substitution all the
transforms of a single substitution of C;. This proves a theorem
due to H. W. Kuhn,* which is a generalization of Jordan’s
theorem and may be stated as follows:

A necessary and sufficient condition that there are o substi-
tutions on the lelters of a transitive group; whick are commuta-
tive with every substitution of the group, is that its subgroup which
1s composed of all its substitutions which omit ome letter omits
exactly a letters.

If Gi is of degree n—1, the identity is therefore the only
substitution on these » letters which is commutative with
every substitution of G, as is also otherwise evident.

* American Journal of Mathematics, vol. 26 (1904), p. 67.
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EXERCISES

1. Every transitive group of degree n involves at least n—1 substitu-
tions which separately involve all the letters of the group; if it contains
also substitutions of degree n—a, 1<a<#, it must contain more than
n—1 substitutions of degree n. J

Suggestion. The average number of letters in the substitutions is #—1.

2. If all the substitutions which omit a given letter of a transitive
group of degree 7 constitute a group of degree n—1, then the # conjugates
of the latter are transformed under the transitive group in exactly the same
way as its letters are transformed.

3. A transitive group composed of invariant substitutions is necessarily
regular.

4. If the order of a transitive group is ™, p being a prime number,
the subgroup composcd of all its substitutions which omit a given letter
omits p™ letters, where mo>0.

5. All the substitutions of highest degree (x) in any transitive group
generate a transitive group of degree #, which either coincides with the
original group or differs from it merely with regard to substitutions of
degree n—1.

Suggestion. Use the theorem that the average number of letters
in all the substitutions of a transitive group of degree # is n—1, while in
an intransitive group this number is smaller.

6. The total number of the substitutions which are conjugate to a given
substitution of a group must generate either the entire group or an
invariant subgroup. This theorem remains true if the word conjugate
is replaced by the word similar.

7. The number of the substitutions of degree p® and of order 9 in the
symmetric group of degree  is prime to p whenever p? is the highest power
of p which does not exceed n. Cf. Annals of Mathematics, vol. 16 (1915),
p- 169.

16. Primitive and Imprimitive Groups. When the sub-
group G, composed of all the substitutions of a transitive
group G which omit a given letter, is of degree n—a, n being
the degree of G, we have seen that the letters of G may be
divided into 7/« sets, each set involving a distinct letters, such
that these sets are transformed as units by all the substitutions
of G. Such a substitution group is said to be imprimitive
whenever a>1, and the sets of « letters are called its systems
of imprimitivity. These systems of imprimitivity are trans-
formed under G according to a transitive group which has a
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(1, m) correspondence with G. If m>1, G must therefore con-
tain an invariant subgroup of order m which transforms each
of these systems of imprimitivity into itself. If m=1, each
substitution of G, besides the identity, must transform at least
one of these systems of imprimitivity into another.

While every transitive group whose G; omits more than one
letter is necessarily imprimitive, it does not follow that the G,
of an imprimitive group must omit more than one letter. We
proceed to prove that a necessary and sufficient condition that G
is imprimitive is that Gy is contained in a larger subgroup of G.
In other words, a necessary and sufficient condition that G is
imprimitive is that G is a non-maximal subgroup of G. It
should be observed that this theorem connects the theory of
imprimitivity with the theory of abstract groups. Every
transitive substitution group which is not imprimitive is said
to be primitive.

The given theorem is contained in a more general theorem
which may be stated as follows: A necessary and sufficient
condition that a complete set of conjugate substitutions or sub-
groups of G is transformed under G according to an imprimitive
substitution group is that the largest subgroup of G which trans-
forms into itself one of these substitutions or subgroups is contained
in a larger subgroup of G. That this condition is sufficient
results from the fact that if this largest subgroup K, which
transforms into itself a substitution or subgroup L, is contained
in a larger subgroup H, then the number of the conjugates of
L under H is equal to the quotient obtained by dividing the
order of H by the order of K, and H involves all the substi-
tutions of G which transform these conjugates among them-
selves.

Every substitution of G which is not in H must therefore
transform the set of conjugates of L under H into an entirely
new set of conjugates, and therefore this set of conjugates is
transformed as a unit. Hence all the conjugates of L can be
divided into sets such that they are all transformed as units
and such that no two sets have a common substitution or sub-
group. On the other hand, if the complete set of conjugates
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to which L belongs is transformed according to an imprimitive
group there must be such a group as H which includes K, since
all the substitutions which transform among themselves the
substitutions or subgroups, corresponding to a system of im-
primitivity, must constitute a group. Hence the given general
theorem is established.

To deduce the special case relating to the primitivity of
G when G is of degree n—1, we have only to observe that a
necessary and sufficient condition that G is transformed into
itself by only its own substitutions, is that its degree is #—1.
As G transforms the conjugates of G1 in exactly the same way
as it transforms its letters, whenever the degree of G; is n— 1,
and as we assume in the present case that the degree of G is
exactly n—1, it results directly from the given theorem that G
transforms the conjugates of Gi, and hence also its letters,
according to a primitive group whenever G; is maximal, and
only then.

If Gy is a transitive group on n—1 letters, G is said to be
doubly transitive, and every pair of letters of G is transformed
into every other pair by the substitutions of G. In general,
G is said to be -fold transitive, whenever G, is (r—1)-fold trans-
itive and of degree n—1. Since the order of a transitive group
is always a multiple of its degree, it results that the order of
an r-fold transitive group is a multiple of n(n—1) . . .
(n—r+1). A group which is more than simply transitive
is said to be mulliply transitive. The alternating group of
degree n is (n—2)-fold transitive and the symmetric group of
degree # is said to be either n-fold or (#—1)-fold transitive. We
shall generally say that this group is (n—1)-fold transitive.
With the exception of the alternating and the symmetric groups
no group is known which is more than five-fold transitive and
only two such five-fold transitive groups are known. These
groups are of degrees 12 and 24 respectively and were dis-
covered by E. Mathieu in 1861. The theory of multiply
transitive groups has not yet been extensively developed, and
it seems to offer great difficulties.
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EXERCISES

1. If all the substitutions of order m, m>2, in a group are conjugate,
they must be transformed under the group according to an imprimitive
group.

Suggestion: 'The generating substitutions of one cyclic subgroup are
transformed into all of those of another.

2. If an imprimitive group contains substitutions besides the identity
which do not interchange any of its systems of imprimitivity, in a given
set of systems of imprimitivity, all such substitutions constitute an invari-
ant subgroup.

3. Every regular group of composite order is imprimitive, and involves
as many different sets of systems as it has subgroups, excluding the identity.

4. A transitive group of order p*, p being a prime number and a>1,
is always imprimitive.

Suggestion: Consider its complete sets of congjuate substitutions
and observe that each of these sets involves p? distinct substitutions.

5. Every invariant subgroup besides the identity of a primitive group
is transitive.

6. The total number of substitutions which are commutative with
every substitution of the intransitive group obtained by establishing a
simple isomorphism between #, #>2, symmetric groups of degree n,
written in distinct sets of letters, constitute a conjugate intransitive group.

16. Groups Involving no More than Four Letters. The
only possible substitution group on two letters is 1, ab. Since
every system of intransitivity must involve at least two letters,
a group of degree 3 is necessarily transitive. It is also included
in (abc)all,* and hence its order is a divisor of 6. Therefore
(abc)all and (abc) are the only two possible groups of degree 3.
If a group of degree 4 is intransitive, each of its two systems of
intransitivity must be of degree 2. The largest intransitive
group of degree 4 is therefore the direct product of (ab), (cd).
The other possible intransitive group is a simple isomorphism
between the substitutions of these transitive groups of degree 2.
Hence there are two and only two intransitive groups of degree 4;

* The notation (103 . « . an)all is used to represent the symmetric group of
degree #, while (@102 . . . an) represents the group generated by the cyclic sub-
stitution @42 . . . as. It should, however, be emphasized that the symbol
(a10s . . . ay) is also often employed to denote the substitution 4133 . . . ay.

Since there is no uniformity of usage along this line, the reader is frequently
obliged to determine the meaning from the context.
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one of these is of order 4 while the other is of order 2. Their
substitutions are as follows:

1, ab, cd, ab-cd; 1, ab-cd.

According to Sylow’s theorem, (abcd)all involves at least
one subgreup of order 8 and all its subgroups of this order are
conjugate. Since all conjugate groups are regarded as identical
in the enumeration of groups, there is one and only one sub-
stitution group of degree 4 and of order 8. This is known
to be transitive (§2). We shall represent it by the symbol
(abcd)s. Since the order of every transitive group is a mul-
tiple of its degree, and since a group must be included in the
symmetric group of its own degree, it results that the order
of a transitive group of degree four is 4, 8, 12 or 24.

As there is one and only one such group of each of the orders
8 and 24, it remains to determine all the possible groups of
orders 4 and 12. We know that there are two transitive groups
of the former order; viz., the subgroups of the octic group con-
sidered in § 2, and there is one group of the latter order; viz.,
(abed)pos.* We proceed to prove that no other groups of these
orders are possible. Another transitive group of order 4 would
also be regular, since the average number of letters in its sub-
stitutions is 3. It could not be cyclic, since there is one and only
one cyclic group of each order, and two simply isomorphic
regular groups are conjugate. If it were non-cyclic it would
involve all the possible substitutions of the form @b-cd in the
symmetric group of degree 4. This proves that there are only
two regular groups of degree 4. One of these has three con-
jugates under the symmetric group while the other is invariant
under this group.

To prove that there is only one group of order 12 and degree
4, we observe that every such group would have to contain
a subgroup of order 3 according to Sylow’s theorem. As all
the subgroups of order 3 in (abcd)all are conjugate, we may
assume that every group of order 12 and degree 4 includes
(abc). Since this subgroup could not be invariant under a tran-

* The symbol (210 . . . an)pos represents the alternating group of degree .
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sitive group of degree 4, every group of this degree and of order
12 must involve the 4 subgroups of order 3 in (abcd)all, and
hence it must be identical with (abcd)pos. That is, there are
exactly five transitive groups of degree 4,—one of each of the orders
24, 12, 8, and two of »der 4. Each of these possible transitive
groups has at least two substitutions in common with the non-
cyclic regular group.

It has been observed that (abcd)pos cannot involve a sub-
group of order 6, since its Sylow subgroups of order 3 are trans-
formed into themselves by their own substitutions only under
(abed)pos. We have here an instance where a group whose
order is divisible by 6 does not contain a group of order 6.
That is, while the order of every subgroup is a divisor of the
order of the group there is not meccessarily a subgroup for each
divisor of the order of a group. The ten groups whose degrees
do not exceed 4 may be represented as follows: *

(ad), (abc)all, (abc), (abed)all, (abcd)pos,
(abed)s, (abcd), (abed)s, (ab)(cd), (ab-cd).

17. Simplicity of the Alternating Group of Degree n, n>=4,
If a group does not contain any invariant subgroup besides
the identity it is said to be a simple group. All other groups
are said to be composite. We proceed to prove that the alter-
nating group is simple except when its degree is 4. Suppose
that s;, s2 are two cyclic substitutions of order greater than 2,
such that one can be obtained from the other by interchanging
two adjacent letters. That is,

S1= . . . Qxdg . . ., S2= , . . GyOpdy . . .

Hence sis27'=a.a,a5. That is, if the order of a substitution
exceeds 2 il is always possible to find another substitution similay
lo it such that the product of the two is a cycle of order 3. By
means of this elementary theorem and the fact that every posi-

* A fundamental problem of substitution groups is the determination of all
the substitution groups of degree #. This problem has been completely solved
when 7n does not exceed 11. The noted French mathematician A. L. Cauchy

was the first to do serious work along this line; Paris Comples Rendus, vol. 21
(1845), p. 1363.
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tive substitution is the product of cycles of order 3, it is easy
to prove that every alternating group whose degree exceeds
4 is simple.

Assume that G is the alternating group of degree n, n> 4,
and that it involves an invariant subgroup H. As H involves
all the substitutions of G, which are conjugate with any one
of its substitutions under G, it cannot involve any substitutions
of order 2 without also containing substitutions whose orders
exceed 2. This results immediately from the fact that the
positive substitution ab-cd . . . of order 2 is transformed by
bde into a substitution which is not commutative with it, and
hence the product of these two substitutions has an order which
exceeds 2. If H is not the identity, it must therefore involve
either substitutions of an odd prime order, or substitutions
involving cycles of even order greater than 2. As the cyclic
groups generated by such substitutions are evidently transformed
into themselves by negative substitutions, these cyclic groups
are transformed into all their conjugates under the symmetric
group of degree n by substitutions of G. That is, H must
involve all these conjugates, and hence it must involve all
the substitutions of the form abc in G. In other words, g
coincides with G whenever it exceeds the identity. This proves
the important theorem: the alternating group of degree n is
simple whenever n> 4.

The alternating group of degree 3 is evidently simple, but
the alternating group of degree 4 contains 1, ab-cd, ac-bd,
ad-bc as an invariant subgroup, as was observed above. Hence
every alternating group, with the exception of the alternating
group of degree 4, is simple. In this special case the alternating
group contains a group of order 4 as an invariant subgroup.
From what precedes, it results immediately that the symmetric
group of degree 7 contains only one subgroup of order n!/2.
If it contained two such subgroups, one would contain only
n!/4 positive substitutions, and these would constitute a sub-
group of the alternating group. This is impossible, since such
a subgroup would contain all the substitutions of odd order and
hence all the substitutions of the form abe.
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18. Groups of Degree Five. The intransitive groups on
five letters must involve transitive constituents of degrees
3 and 2, and hence all of them are contained in the direct
product of (abc)all, (de). Consequently there are three such
groups—one of order 12 and two of order 6. They may be
represented as follows:

(abc)ali(de), (abc)(de), {(abc)all(de)}pos.

All the transitive groups of degree 5 are primitive, and they
involve either only one, or six subgroups of order 5. As these
six groups must generate the alternating group, according to
the preceding section, it follows that the alternating and the
symmetric groups of degree 5 are the only ones which involve
six subgroups of order 5. If such a group contains oaly one
subgroup of order 5, its order divides 20, since a generating
substitution of the subgroup of order 5 is transformed into
itself by only five substitutions on these 5 letters. We may
evidently suppose that each of the possible groups involves
the same subgroup of order 5 since all these subgroups are con-
jugate. Hence there is only one such group of each of the orders
20, 10, 5. The five transitive groups of degree 5 may be repre-
sented as follows:

(abede), (abede)ro, (abede)zo, (abede)pos, (abede)all.

The group (abcde)pos is especially interesting since it is
the simple group which has the smallest possible composite
order. This group is simply isomorphic with the total number
of movements which transform the icosahedron into itself, as
we shall see later, and hence it is frequently called the icosa-
hedron group. Galois was the first to observe that it is simple,
and he also observed that it is the smallest simple group of
composite order. Sir W. R. Hamilton observed, in 1856. that
this group may be defined abstractly as the group generated
by two substitutions of orders 2 and 3 respectively whose
product is of order 5. That is, every pair of substitutions
which satisfy these conditions generates a group of order 60,
which is simply isomorphic with (abcde) pos.
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19. Holomorph of a Regular Group. If G is a regular group
of order =, all the substitutions on these # letters which trans-
form G into itself constitute a group which has been called the
kolomorph * of G. For instance, the symmetric group of
degree 3 is the holomorph of its subgroup of order 3, (abcd)s
is the holomorph of (abed), and (abcde)zo is the holomorph of
(abcde). The holomorph of G includes the conjoint of G, and
hence it is also the holomorph of this conjoint. If this conjoint
is not identical with G, it is conjugate with G under a substitu-
tion of order 2 which transforms the holomorph of G into itself.
This substitution and G generate a group known as the double
holomorph of G. Every non-abelian group has a double
holomorph.

Since the holomorph K of G involves exactly # substitutions
which are commutative with every substitution of G, it must
transform the substitutions of G in k/n different ways, k& being
the order of K. The largest subgroup of degree n—1 con-
tained in K must also transform the substitutions of G in k/n
different ways. This subgroup is known as the group of
isomorphisms of G.t Hence the order of the holomorph of a
group is the product of the order of the group and the order of its
group of isomorphisms. Since any two simply isomorphic
regular groups are conjugate, the group of isomorphisms of G
transforms G into every possible simple isomorphism with itself.
That is, it transforms it into all its possible automor phisms.

If a group involves substitutions which transform it into
every possible automorphism, but does not contain any invari-
ant substitution besides the identity, it is said to be a complete
group. The symmetric group of degree 3 is evidently a com-
plete group. The holomorph of a complete group is the product
of the group and its conjoint. It is easy to prove that the

* The concept of holomorph was used by many early writers, but the term
was introduced by W. Burnside in the first edition of his Theory of Groups,
1897, p. 228.

t The statement relating to this matter in the Encyklopddie der M athematischen
Wissenschaften, vol. 1, p. 221, note 103, is inaccurate. The group of isomorphisms
is one of the most important and also one of the most far-reaching concepts in
group theory.
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symmetric group of degree 4 is also complete. In fact, this
group is generated by any two of its cyclic subgroups of order
4. One of the generators of such a cyclic group can be selected
in six different ways, and after it has been selected, a generator
of the second cyclic group can be selected in four different ways.
The two generators can therefore be selected in 24 different
ways. Since (abcd)all contains no invariant substitution
besides the identity, it must transform its own substitutions
in these 24 possible different ways. Hence the holomorph of
(abcd)all is the direct product of this group and its conjoint.
The order of this holomorph is therefore 576.

EXERCISES

1. The symmetric group of degree # does not contain any subgroup

of index p, if p is greater than 2 but less than the largest prime factor of n.
(Cauchy, 1815.)

Suggestion: Such a subgroup could not involve all the substitutions
whose order is this prime factor, since these substitutions would gencrate
the alternating group.

2. Prove that the symmetric group of degree n is generated by a
cyclic substitution of degree n—1 and a transposition which connects
any one of these letters with the remaining letter.

3. The group of order 48 on x, . . ., xs, which transforms the func-
tion xix2+x3xs+xsx¢ into itself is imprimitive and involves an invariant
subgroup of order 8.

4. The polynomial (xi+wx:+wis+ ... +« 'x,)" is transformed
into itself by the cyclic group of order r on these variables, if w represents
a number whose powers give all the rth roots of unity.

Suggestion: 1f we multiply the polynomial within the parenthesis,
which is known as the Lagrangian resolvent, by a power of «, we inter-
change the variables cyclically.

5. Construct all the possible substitution groups that can be repre-
sented on six letters. Cf. American Journal of Mathematics, vol. 21 (1899),
page 327.

20. Class of a Substitution Group. A substitution group
G of degree n is said to be of class n—a, a<n, if it contains at
least one substitution of degree n—a but does not contain
any substitutions besides the identity whose degree is less than
n—a. For instance, every symmetric group is of class 2 while
every alternating group is of class 3. It is easy to prove that
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these two infinite systems are composed of all the possible
primitive groups which are of class 2 and class 3 respectively.
A substitution which actually contains exactly % letters is some-
times said to be of class k.

To prove that a primitive group G which is of class 2 and
of degree » is symmetric, it is only necessary to observe that
such a group contains at least two transpositions having a letter
in common, otherwise G would be imprimitive. Hence G
involves the symmetric group of degree 3. It must therefore
contain two such symmetric groups which have two letters
in common. Hence G contains the symmetric group of degree
4. By continuing this process, it results that G is the symmetric
group of degree n. In exactly the same manner, it can be proved
that if a primitive group of degree » contains a substitution of
the form abc it includes the alternating group of degree n. That
is, if a primitive substitution group involves a transposition it is
a symmelric group, and if it involves a substitution of the form abc
without also involving a transposition, it is an alternating group.

Suppose that G is a primitive group which contains a sub-
stitution of degree and of order p, p>3, and that G is of
degree n, n>p, p being a prime number. There must be at
least two substitutions in G which are of degree and of order p,
and which have some but not all their letters in common. Let
s1 and sz be two such substitutions. If s involves more than
one letter which is not also contained in s, there is some
power of s; in which two such letters are adjacent. The
transform of s; by this power will then be a substitution which
has more letters in common with s; than sz has; but this trans-
form involves at least one letter which is not contained in s;.
Hence we may assume that G contains two substitutions of
degree p and of order p such that these substitutions contain
exactly p—1 common letters. These two substitutions generate
a doubly transitive group of degree p+1. By continuing these
considerations it results that if a primitive group of degree n
contains a substitution of degree p and of order p, p being any
prime number, this primitive group is at least {n— p+1)-fold
transitive.
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It is now easy to prove that a primitive group of class ?,
»>3, cannot have a degreec which exceeds p+2. In fact,
if such a group were of degree p+3, it would be at least four-
fold, or four times, transitive. Since any set of four letters
of such a group can be replaced by an arbitrary set of four let-
ters, it results that any four times transitive group must involve
an intransitive subgroup H which has the symmetric group of
degree 3 for one constituent, and a transitive group on the
remaining letters for the other constituent. In the present
case the latter group is of degree p.

In any transitive group of degree p, the subgroups of order
p generatc a simple group, since an invariant subgroup of a
primitive group is transitive. If this simple group is not the
entire group, it must be invariant under the entire group and
the corresponding quotient group must be cyclic, since it is a
subgroup of the group of isomorphisms of a group of order p,
and this group of isomorphisms is cyclic, since p has primitive
roots. Hence it results that H includes substitutions of the
form abc whenever G is of degree p+3, since its transitive con-
stituent of degree p cannot give rise to a quotient group which
is simply isomorphic with the symmetric group of degree 3
when p>3. That is, if a primitive group is of class p, p being
a prime number grealer than 3, the degree of this primitive group
s at most p+2.

There is evidently one and only one primitive group of
degree p and of class p; viz., the group of order . In order
that a primitive group of degree p+1 be of class p, it is clearly
necessary that this group be of order p(p+1), and that it
contain (p+1)(p—1) substitutions of order p. Hence p+1
must be of the form 2™, and if p+1 is of this form there is one
and only one such group. A primitive group of degree p+2
which is of class p must therefore include this primitive group
of degree p+1. It must also contain a substitution of order
2 and of degree p+1 which transforms into its inverse one of
the substitutions of order p in this group of degree p+1. Hence
‘there cannot 'be more than one primitive group of degree
p+2 and of class p.
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The fact that this primitive group actually exists was proved
by C. Jordan,* but we shall not give the proof here. We have,
however, established the following theorem:

When the prime number p, p>3, is not of the form 2"—1
there is one and only one primitive group of class p. When p is
of the form 2" —1 there cannot be more than three primitive groups
of class p.

The study of primitive substitution groups by mcans of
their classes was begun by C. Jordan, who proved that there is
a finite number of such groups of cvery class. In recent years
W. A. Manning has contributed new theorems on this interest-
ing but difficult subject.}

EXERCISES

1. If a primitive substitution group contains two transitive subgroups
which can be transformed into each other by a transposition, the primitive
group is alternating or symmetric.

2. Prove that the two substitutions abe-cdf and ag-bf generate a group
of order 168, and that this group is simple.

3. It is known that the simple group of order 504 can be represented
as a transitive substitution group on 9 letters. Hence prove that it con-
tains the abelian group of order 8 which is composed of seven substitu-
tions of order 2 and the identity. :

* Journal de Mathématiques (2), vol. 17 (1872), p. 351.
t W. A. Manning, Transactions of the American Mathematical Sociely, vol.
11 (1912), p. 375.



CHAPTER III

FUNDAMENTAL DEFINITIONS AND THEOREMS OF
ABSTRACT GROUPS

21. Introduction. In the preceding chapters we gave
several examples of groups which were either in the form of
substitution groups or could readily be associated with such
groups. Some of the fundamental theorems of substitution
groups were also developed. As the theory of groups is applic-
able to many different subjects, it became a matter of economy
of thought to develop and to state the main theorems of this
theory in a language which is common to these various sub-
jects. The cfforts to accomplish this end led gradually to
what is known as abstract group theory.

Many of the theorems proved in the preceding chapter
can be used directly in the theory of abstract groups. In fact,
we shall find that the theory of substitutions is a very useful
means to study the abstract properties of groups. It has
alrcady been observed, § 15, that the question of primitivity and
imprimitivity of a substitution group has an abstract meaning,
even if these terms apparently relate only to the notation of
substitution groups.

Some of the definitions used in the theory of substitution
groups arc not directly available for the study of abstract
groups, and hence it will be necessary to re-define some of the
terms used in the preceding chapter. This is due to the fact
that substitutions have inherent properties. For instance,
the associative law is always satisfied when substitutions are
multiplied, and hence we did not need to specify this law in
defining a substitution group. On the contrary, this law
should be included in a definition of an abstract group.

51
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22. Definition of an Abstract Group and a Few Properties
of its Elements. In the theory of finite abstract groups we
deal with a set of distinct symbols G=s, s, . . . , s,, and we
assume that any two of them can be combined according to
some law which is called multiplication, and which is denoted
in the same way as multiplication is commonly denoted. This
set of symbols represents a group provided the symbols satisfy
the following conditions:

1. If any two of the three symbols in an equation of the form
SaSg =S,

are contained in G, then the third is also contained in G, and it
is completely determined by this equation. It is assumed that
this statement includes the case when the two symbols which
are contained in G are identically equal to each other.

2. The symbols of G obey the associative law. That is,

(5258) Sy =S4 (58Sy)-

From the former of these conditions it results that if one
of the three symbols in

SaSg =Sy

remains fixed while another assumes successively all the values
of the symbols or elements of G, the third will also run through
all these elements. In particular, there must be an element
s1 such that

S158 = Sg.

Such an element is called the left-hand identity of s,. This
left-hand identity is the same for all the elements of G. To see
this fact we multiply the last equation on the right by s, and
then let s, run through all the elements of G. In exactly the
same way it may be observed that G contains only one right-
hand identity si.

To prove that s;=s1 it may be observed that if we replace
sa by s1 in the last equation it results that

’ ’
3151 =3981.
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Similarly, by letting s, =s, in the following equation

5aS1 =S4
it results that ,
$181 =3S1.
That is, s; = s{; in other words, every group contains one and
only one element which does not aller the value of any element
when it is used as a multiplier on the right or on the left. This
element is called the identity of the group, and it is denoted by the
symbol 1. Every other element changes all the elements into
which or by which it is multiplied.
Since g is finite there must be some finite power of s, (a=1,
2, . . ., g) which is equal to some other power of this element.

That is, the series

: " x
Sar Say Sady + v vy Sa

must involve a term which is equal to a preceding term when
n is taken sufficiently large. Let s,” be the lowest power of s,
which satisfies the equation

Sa =S, %, or s r=5T O<k<r.

Since
k r

Sa'Sa = Sa
and since G involves only onc identity, it results that st =1=s.2.
That is, the lowest power of s, which is equal to a lower power
occurs after the identity appeared in the series of successive
positive powers. On the other hand, since

sak+ 1

=g
vVa

it results that r=k+1. That is, the first power which is equal
to a lower power in a series of successive powers of an eclement
is the one following the identity in this series. Hence the series
is periodic and the number of different elements in each period
is k. This number is called the order or period of s.

Two powers of s, whose exponents are of the form I+mk
are equivalent whenever m is any positive integer or zero.
Negative exponents are introduced by assuming that this

* The symbol s," ir.dicates the product Sq*Sa*Sa - . . taken n times as a factor;
sq° is defined as equal to the identity.
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equivalence remains true when m is any negative integer. In
particular, two elements of G which satisfy the equation

SaSg = 1

are said to be the inverses of each other, and sg=s.*"" is denoted
by s,~!. Elements of order 2 are their own inverses; but all
other elements, besides the identity, go in pairs, composed
of an element and its inverse. In particular, every possible
group contains an even number of elements, which may be zero,
of every order which exceeds 2.

Since
SaSg -+ o ST L. L sgTIs, T =1,

it results that the inverse of 5,55 . . . sxis s\7! . .. 715,71,
and that

(SaSg - - - ) I=(a71 . L L ospT s, DL
If all of the elements s,, sg, . . . , s\ are of order 2, then
(SaSg « « - S)7I=5\ . . . SgSa.

In particular, if the product of two elements, s, sg of order 2 is
also of order 2 the elements are commutative, that is 5,55 = 5gS,.

If the elements s,, s.2, . . . , Saf =1 do not include all the
elements of G, they represent a subgroup of G. By exactly the
same arguments as were used to prove that the order of a sub-
stitution group is divisible by the order of each of its subgroups
(§9), it can be proved that the order of an abstract group is
divisible by the order of each one of its subgroups. Hence it
results that % is a divisor of g.

23. The Cyclic Group.* By definition the cyclic group
is generated by a single element, and every group which can be
generated by a single element is cyclic. If the order of such
a group is g, it contains at least one element s of the order g.
The order of sm, m being an arbitrary positive integer, is g/d,
d being the greatest common divisor of m and g. If ¢(g) repre-

* Many of the results of this section can be deduced from properties of the
n roots of unity. In fact, these n roots form a cyclic group with respect to multi-

plication.
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sents, as usual, the number of natural numbers prime to g
and not greater than g, then G involves exactly ¢(g) elements
of order g, and hence it involves ¢(g) generators. All cyclic
groups of the same order are simply isomorphic, and hence we
shall say there is one and only one cyclic group whose order is
an arbitrary natural number. This group of order g may be
represented by the g gth roots of unity, when they are combined
by multiplication.

If m is prime to g, then sm generates s; that is, every element
is generated by any one of its powers whose index is prime lo the
order of the element. This theorem is included in the statement
that if £ is any number such that the highest common factor of
g and % is d, then will s* generate the cyclic subgroup of order
g/d, which is also generated by s?. It should be observed that
a necessary and sufficient condition that two elements of G
generate each other is that they have the same order, and a
necessary and sufficient condition that one of these elements
generates the other is that the order of the former is divisible
by that of the latter.

Let ¢ be an element of any group such that (™ is of order .
If all the prime factors of m are also in n, it results from this
that the order of ¢ is equal to sn. In general, the given con-
dition implies that the order of ¢ is a divisor of mn and a mul-
tiple of m'n, where m’ is the quotient obtained by dividing m
by its largest factor that is prime to n. By means of substi-
tutions it is easy to show that ¢ may be so determined that its
order is any arbitrary multiple of m’n that divides m#n, when-
ever the only restriction on ¢ is that the order of m is #n.

If % is any divisor of g, so that kh=g, ‘there must be at least
one subgroup of order % in the cyclic group G. This contains
¢(k) generators. The theorem that G cannot contain more
than one subgroup of order % results immediately from the fact
that the elements of such a subgroup must be as follows:

O |

since their kth powers are equal to the identity. Hence e cyclic
group contains one and only one subgroup whose order is any
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given divisor of the order of the group. In particular, every
subgroup of a cyclic group is cyclic. :

When g is even, G contains an element of order 2, and every
element of G which is the square of another element of G is the
square of exactly two such elements. When g is odd, every
element of G is the square of only one element of G. In gen-
eral, the kth powers of all the elements of G are the elements
of a group G’ whose order g’ is the quotient obtained by divid-
ing g by the highest common factor % of g and k. Each ele-
ment of G’is the kth power of exactly 4 elements of G. The
continued product of all the elements of G is of order 2 or the
1dent1ty according as g is even or odd.

If g is the product of two numbers which are relatively prlme,
then G is the product of two cyclic subgroups whose orders
are these two numbers, and the number of elements of highest
order in G is the product of the numbers of the elements of
highest orders in these two cyclic subgroups. This is equivalent
to the well-known formula that ¢(m)=¢(m:)¢(ms), whenever
mi, mg are relatively prime and mims=m. The determination
of all the subgroups of G is equivalent to the determination of
all the factors of g. If g be written in the form g=p@p,™

. P, P1, P2, . . ., p, being distinct primes, the number
of subgroups of G, including the identity, must therefore be

(@ +1D(az+1) . . . (q+1)~1.

Since each element of a group generates a cyclic group,
it is clear that cyclic groups are of fundamental importance.
When g is a prime number p, every element of G besides the
identity generates G, and hence this G does not involve any
subgroup besides the identity. The cyclic group of order p
is therefore the only possible group of this order. That is,
while there is one and only one cyclic group of every possible
order, there are orders for which no non-cyclic group exists.
These orders include all prime numbers. The smallest com-
posite number which is not the order of any non-cyclic group
is 15 (cf. Ex. 3, §11). This is a special case of the theorem
(which will be proved in § 70) that two necessary and sufficient
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conditions that there is only one group of order g are that g
is not divisible by the square of a prime number and that none
of its prime factors is a divisor of the number obtained by
diminishing by unity another such factor.

EXERCISES

1. Prove that the 8 natural numbers which are less than 15 and prime
to 15 constitute a group with respect to multiplication (mod 15), which
is not simply isomorphic with the group formed similarly by the numbers
which are less than 24 and prime to 24.

2. The smallest group of multiplication which involves the two

matrices
01
1 0

is of order 8. Is this group simply isomorphic with either of the groups
of Exercise 1?7 Find the six other matrices of this group.

3. To which of the three groups of the preceding exercises is the
group of movements of the square simply isomorphic? To which is the
group formed by the 8 numbers less than 20 and prime to 20, with respect
to multiplication (mod 20), simply isomorphic?

4. Find two groups whose product is the cyclic group of order 36,
and determine the number of elements of each order in this group.

5. Including the identity there are five complete sets of conjugate
clements in the group of movements of the square. Determine the ele-
ments of each of these sets.

6. Do the numbers 2, 4, 6, 8 form a group with respect to multiplica-
tion (mod 10)? If so, is this group simply isomorphic with the group
formed by 1, —1, vV'—=1, —v/'=1? Which of the four numbers 2, 4, 6, 8
corresponds to the identity?

7. If s® is of order 2 find two substitutions of.orders 12 and 4 respect-
ively which may be used for s.

8. Give the orders of all the possible cyclic groups having only two
distinct generators.

10
0—1

H

24. Properties of Transforms. In §9 we considered the
transform of a substitution. As the concept of transforming is
very useful we shall develop the properties of this operation
more fully at this place. Suppose that

s—ls={2,
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By raising each member of this equation to the Sth power
there results the equation

sT1Bs =P = (F)=,

Hence the theorem: if an element transforms a generator of a
cyclic group into its ath power it transforms every element of this
cyclic group into its ath power.
From the first equation we can also deduce the equation
5Bt =1f
Since an element and its transform are of the same order, it is
necessary that a be prime to the order  of £.  Hence * generates

¢, and. from Euler’s generalization of Fermat’s theorem it results
that if m is the lowest power of & such that

a™=1(mod k)
then m is a divisor of ¢(k). Since s™ is the lowest power of s
which is commutative with ¢, it follows that m divides the
order of s. For instance, an element of order 3 could not
transform an element of order 5 into any power of itself, except
the first power, since the numbers 2, 3, 4 belong to the exponents
4, 4, 2 respectively modulo 5.
If we form the successive transforms

sTMos=ty, sTUis=la, v v\, STy (S=1,,
it results that for a sufficiently large value of » we have
bh=t, k<n

since the order of s is finite. This implies that #, jo=1; 4a,
a being any positive integer, and if # is the smallest subscript
for which this relation is true then k=0. That is, the trans-
forms

by, b2, o v vy by, b0
repeat themselves in the given order if the powers of s trans-
form £ into » distinct elements. Since

s""tos" =/

it results that » must divide the order of 5. If this order is a
prime number p, #n is either 1 or p. That is, if s is not com-
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mutative with t it transforms t into n distinct elements where n
divides the order of s; whenever this order is a prime number, n
is equal to the same prime.

Instead of transforming # by the diffcrent powers of s
we may transform it by all the elements of a group G. If this
is done, there results a set of clements, each of which has the
same order, and cach is transformed into all the others by the
elements of G. This set is called a complete set of conjugates
of ¢y under G. In particular, all the elements of G can be separated
into distinct complete sets of conjugates as regards G, and this
separation can be performed in only one manner. The elements
of G which transform # into itself form a subgroup of G, and
the number of the elements in the complete set of conjugates
to which # belongs is equal to the order of G divided by the
order of this subgroup.

By transforming all the elements of a group G by the same
element ¢ there results a group which is simply isomorphic
with G, since we obtain a (1, 1) correspondence by making
each element correspond to its transform with respect to ¢.
If ¢ transforms G into itsclf the resulting simple isomorphism
is an automorphism of G.

26. Construction of Groups with Invariant Subgroups. Let
s1, S2, - - -, Sg=G be any group and suppose that ¢ trans-
forms all the clements of G into elements of G (i.e., ¢ trans-
forms G into itself), and that ¥ is the lowest power of ¢ which
occurs in G. The following rectangle

1, 52, o« . ey Sﬂ
t, Sal, c e ., Sgl
T s L L, st

is composed of distinct elements since # cannot be an element
of the form s,%, where 81 <3d<4~, and all the elements of a row
are distinct from each other and also from the elements of each
of the preceding rows.

In order to prove that the elements of this rectangle repre-
sent a group, it remains only to show that no additional element
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can be obtained by combining the elements in every posmble
manner. This fact results from: the equation

SalPs 18 =5, Ps. 8 P TB =5 45,

Hence the theorem: If ¢ transforms a group G into itself and if
1 is the lowest power of t which occurs in G, then t and G generale
a group whose order is & times the order of G. 'This theorem is
very useful in the construction of groups.

The theorem which has just been proved can be readily
extended by replacing the cyclic group generated by ¢ by any
group H. It has been observed that all the common elements
of G and H constitute a subgroup of both of these groups,
viz., the cross-cut of G and H. By replacing the first column
of the given rectangle by elements from the different co-sets
of H as regards this cross-cut, we arrive at a more general
theorem which may be stated as follows: If all the elements
of a group H transform G into itself, then H and G generate a group
whose order is the order of G multiplied by the index under H
of the cross-cut of G and H. 1t is easy to verify that all the
elements of the group generated by G and H transform G into
itself. Hence G is an invariant subgroup of this group.

It was observed in § 10 that when 1, s, s3, . . ., s, is
a subgroup of the group G it is always possible to arrange
all the elements of G in both of the following ways so that
no element is repeated:

1, s2, 83, ... 8 1, s2, 83, ... &
tz, 5212, 53t2, ey S.,tz tz, tzSz, t283, . ey tzS.y
t)‘, Sab, Ssh, . . ., S.yt)‘ i, hS2, b3, « . o t)‘S.y

In these arrangements the elements of the first column do not
necessarily constitute a group. By interchanging rows and
columns it becomes evident that such an arrangement is
possible when the elements of the first row do not form a group.

The question arises whether all the elements of G can be
arranged in the given manner even when neither the first row
nor the first column is a subgroup of G. That such an arrange.
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ment is sometimes possible follows from the fact that when
G is the symmetric group of degree 4, we may use for the first
row the elements of any two Sylow subgroups of order 8, and
for #; one of the substitutions of order 4 in the remaining
Sylow subgroups of order 8. Hence the given rectangular
arrangement does not always imply that either the first column
or the first row is composed of the elements of a subgroup.

26. The Dihedral and the Dicyclic Groups. Let s; and s.
represent any two elements of order 2. Their product s;se is
transformed into its inverse by each of the elements s; and
s2. Each of the elements of the cyclic group generated by
s152 is therefore transformed into its inverse by each of the two
generators s; and s2. In particular, this cyclic group is trans-
formed into itself by each of these generators. Hence two
elements of order 2 generate a group whose order is twice the order
of the product of these elements. This group is called the
dihedral group. When s152 is of order 2 the group generated
by s1 and sz is the non-cyclic group of order 4.

There is at least one dihedral group of every even order
greater than 4, since the group of movements of the regular
polygon of # sides is clearly such a group. Moreover, there
is only one abstract dihedral group of order 2n, > 1. 1In fact,
if there were two such groups their cyclic subgroups of order
n could be made simply isomorphic. Since each of the remain-
ing elements of both groups would be of order 2 and would
transform each clement of this cyclic subgroup of order #
into its inverse, any two of these remaining elements could
also be made to correspond, and thus a simple isomorphism
between the two groups could be established. Hence there
is one and only one dihedral group of every evem order greater
than 2.

The fact that there is at least one dihedral group of order
2n can also be easily established by means of substitutions.
In fact, if # is even we may let

S1=a1Q2-a3Q4° . . . "Ap_yQy,

S2=Q2q3° . . . *Au_9dy,_,.
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If n is odd, these substitutions can be selected as follows;
Y
§1=a1Q2°A3Q4° . . . *Qp-2Qp-y,
S2=aqA3° . . . * an_aa”_z * a”_la”.

Since the product of sis2 in each case is a cyclic substitution
of order # it results that s; and s» generate the dihedral group
of order 2n.

The non-cyclic group of order 4 is the only dihedral group
which does not involve non-commutative elements. A group
which contains no non-commutative elements is called com-
mulative or abelian. Since there is one cyclic group of every
order and one dihedral group of every even order greater than
2, there must be at least two groups of every even order greater
than 2. When this order exceeds 4 one of these two groups,
whose existence has been proved here, is abelian while the other
is non-abelian.

Instead of defining the dihedral group of order 2n as the
group generated by two elements of order 2 whose product is
of order n, it could also have been defined as the group gene-
rated by a cyclic group H of order » and an element of order
2 which transforms every element of H into its inverse. Both
of these definitions of the dihedral group are very useful, If
n is even we can find an element ¢ of order 4 which transforms
every element of X into its inverse and has its square in H.
The group of order 2n generated by H and this ¢ is called the
dicyclic group whenever »>2, and therc is one and only one
such group of every order which is divisible by 4 and exceeds
4. The smallest dicyclic group is the group of order 8 generated
by the four quaternion units 1, 4, 7, k. This is known as the
quaternion group. Its properties were studied by W. R. Ham-
ilton.

The fact that there is no more than one dicyclic group of a
given order can be at once proved by proving that two such
groups of the same order are simply isomorphic. The exist-
ence of this group for every even value of » may be proved
by means of substitution groups as follows: Write a transitive
dihedral group of order 2n on two distinct sets of letters and
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establish a (1, 1) correspondence between the substitutions.
Let ¢ be a substitution of order 2 which is commutative with
each substitution of this dihedral group and transforms the
two systems of intransitivity into each other.

The required dicyclic group of order 27 may now be con-
structed by extending the cyclic subgroup of order » in the
given dihedral group by means of a substitution of order 4 which
is the continued product of ¢, one of two generating substitu-
tions of order 2 of this dihedral group, and the substitution
of order 2 which is generated by the cyclic group of order n
in one of the two transitive constituents of this group. Hence
there exists one and only ome dicyclic group of order An, where n
is any positive integer exceeding unity.

Every dicyclic group is non-abelian. We have now estab-
lished the existence of three distinct groups of every order which
exceeds 4 and is divisible by 4. One of the fundamental prob-
lems of abstract group theory is a determination of all the
possible groups of a given order. A considerable number of
special cases have been solved, but the general solution of this
problem seems to lie far beyond the present developments
of this subject. As early as 1859 Cayley determined the five
possible groups of order 8.

27. Representaiion of a Group as a Regular Substitution
Group. Cayley’s Theorem. We proceed to prove that every
abstract group G of finite order can be represented as a regular
substitution group. Let G=1,sz, ..., s, and consider the
square array of g2 elements formed as follows:

1, s $3, < . 4 S
S2, 822, $382y + . o, S§gS2
$3, S283, S3%, . . ., $.53
.
Soy  S2Sg, $3Sg, - . ., S&2

If we regard the substitutions by means of which each of these
lines may be obtained from the first, we obtain a substitution
group on g letters, and each substitution besides the identity
involves all of these letters. As no two of these substitutions
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are identical, this substitution group is of order g and it is
simply isomorphic with G. Since each letter of this group is
replaced once and only once by every other letter, the substi-
tution group is regular. By combining these facts with-those
of § 14 there results the following theorem: Every group of
finite order can be represented as a regular substitution group,
and two regular substitution groups which are simply isomorphic
are also conjugate.®

The fact that every abstract group of finite order can be
represented as a substitution group enables us to use, in the
theory of abstract groups, all the theorems of substitution
groups which are confined to group properties; for instance,
the theorems relating to subgroups, quotient groups, sets of
conjugates, etc. Many of these properties can, however, be
studied to advantage from the standpoint of abstract groups,
since we are thus led to fix our attention on the essentials and
are not distracted by the notation. In some cases, on the
contrary, this notation appears to be the simplest means to
establish abstract properties. In fact, we shall see later that
linear substitution groups also enable us to prove some impor-
tant abstract group properties very readily.

From the fact that every group can be represented as a
regular substitution group it is very easy to derive a simple
proof of Sylow’s theorem. This proof is as follows:

Let G be any group whose order g is divisible by p* but
not by p**!, and represent G as a regular substitution group.
Suppose that p?# is the highest power of p which is less than g,
and that g><p* since the case when g is a power of p does not
require consideration, and consider all the possible substitutions
on the g letters of G which are of degree p# and of order p.
Since G is transitive, it cannot transform any of these substi-

* This theorem is fundamental, as it reduces the study of abstract groups
uniquely to that of regular substitution groups. The rectangular array by means
of which it was proved is often called Cayley’s Table, and it was used by
Cayley in his first article on group theory, Philosophical Magazine, vol. 7
(1854), p. 40. The theorem may be called Cayley’s theorem, and it might reason-
ably be regarded as third in order of importance, being preceded only by the
theorems of Lagrange and Sylow.
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tutions into itself. It must therefore transform all of them into
complete sets of conjugates under G such that each of these
sets is composed of more than one substitution. As the total
number of these substitutions is prime to p, according to § 14,
Ex. 7, at least one of these sets of conjugates involves a
number m of substitutions, where m is prime to p.

Each of these m substitutions is transformed into itself
by a subgroup of G whose order is g/m, where m>1. Hence G
contains a subgroup whose order is divisible by p*. If this
subgroup is of order p®, our theorem is established. If it is not
of this order, we have reduced our problem to that of a smaller
group whose order is divisible by p*. In case Sylow’s theorem
were not universally true it would clearly be possible to find
a smallest group G for which it would not be satisfied. As the
preceding considerations establish the fact that such a smallest

group does not exist, they constitute a proof of Sylow’s the-
orem.

EXERCISES

1. If a group involves a subgroup whose order is one-half the order
of the group this subgroup is invariant.

2. If the order of a group is pq, p and ¢ being prime numbers and p> q,
this group is cyclic unless p—1 is divisible by g. In the latter case there
are exactly two groups of order pq.

3. Every simple group of composite order can be represented as a
non-regular transitive substitution group.

Suggestion:  Consider the substitutions according to which any com-
plete set of conjugate substitutions or subgroups are transformed under
the group.

4. There are exactly two abstract groups of order 4.*

Suggestion: Represent the possible groups as regular substitution
groups.

* The non-cyclic group of order 4 is known under various names. Among
these are the following: Axial group, four-group, fours group (Vierergruppe),
quadratic group, anharmonic group, and group of the general rectangle. For
the usc of these terms, in order, the reader may consult the following: Pierpont,
Annals of Mathematics, vol. 1 (1900), p. 140; Bolza, American Journal of Mathe-
matics, vol. 13 (1891), p. 75; Bécher, Introduction to Higher Algebra, 1907,
p- 87; Burnside, Theory of Groups of Finile Order, 1912, p. 444; Capelli, Istitu-

gioni di analisi algebrica, 1909, p. 111; Miller, American Mathcmatical M onthly,
vol. 10 (1903), p. 217.
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5. Every group of order p? p being any prime number, is abelian,
and hence there are exactly twa such groups for every prime.

Suggestion: If such a group is non-cyclic it contains p+1 subgroups
of order p. These could not constitute a complete set of conjugates.

6. If the order of a group is the double of an odd number, the group
contains an invariant subgroup of half its own order.

Suggestion: Write the group as a regular group and observe that it
contains negative substitutions.

28. Invariant Subgroups and Quotient Groups. In § 13 we
gave examples of invariant subgroups and of quotient groups
as related to intransitive substitution groups. The term
invariant subgroup was defined in § 9. Another but equivalent
definition is based on the following considerations: If H is
any subgroup of G, then G can be represented in either of the
following two forms:

G=H+Hss+ ... +Hs,
=H+s:"'H+ . .. +s-1H.

The co-sets Hs,, =2, . . ., \, are called 7ight co-sets, while
those of the form s,~'H are called left co-sets. A necessary
and sufficient condition that H is an invariant subgroup of G
is that every right co-set of G as regards H is equal to some
left co-set of G as regards H. If this condition is satisfied the
totality of the left co-sets is identical with the totality of the
right co-sets.

This theorem may be stated more generally as follows: A
necessary and sufficient condition that H is invariant under the
substitutions of the right co-set Hs, is that Hs,=s,H. When H
is an invariant subgroup of G, the augmented co-sets of G as
regards H may therefore be regarded as elements of a new
group Q, H being the identity of Q.* This group Q is the
quotient group G/H of G as regards H (cf. § 13).

There is an (k, 1) isomorphism between G and Q, % being
the order of H. When H is the identity this isomorphism
reduces to a simple isomorphism, and G and Q are the same

*E. Galois first directed attention to the invariant subgroups and their

important properties. The fact that each invariant subgroup gives rise to a quo-
tient group is fundamental.
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abstract group. Whenever 4>1 the isomorphism is said to
be multiple. The groups H and Q are called complementary
groups as regards G, and the product of their orders is equal to
the order of G. The fact that two different groups may have
the same complementary groups results directly from the
dihedral and the dicyclic groups.

Let g be any element of Q and let s be any one of the elements
of the corresponding co-set. The order of s must be divisible
by the order m of ¢, since s™ is the lowest power of s that occurs
in H. If m is a power of a prime p then there is an element in
the corresponding co-set whose order is also a power of p,
since the group generated by H and this co-set must involve
a larger subgroup whose order is a power of p than H does.
Hence the theorem: The order of any element of a quotient
group divides the orders of all the elements of the corresponding
co-set, and if this order is a power of a prime number the given
co-set involves an element whose order is a power of the same prime.

As a special case of this theorem it may be observed that
every invariant subgroup of index 2 under any group includes
all the elements of odd order contained in this group. Two
elements which belong to the same co-set as regards an invariant
subgroup are sometimes called equivalent with respect to this
invariant subgroup. They are also said to be congruent with
respect to this invariant subgroup as a modulus. It should
be observed that an invariant subgroup has many of the prop-
erties of a modulus in elementary number theory. To a smaller
extent these properties belong to all subgroups, and the terms
equivalent and congruent are sometimes.used in connection
with any subgroup.

From the separation of the elements of a group into co-sets
it results directly that every subgroup of index p under any-
group includes a p’th, p’ < p, part of the elements of every other
subgroup of G. We proceed to prove that o’ <p whenever
the two distinct subgroups Gi, Gz in question are conjugate
under G. Suppose that p'=p. It must therefore be possible
to write all the elements of G in the form s;s2, where s, is any
element of G; and sz is any element of Go. Hence all the con-
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jugates of G, under G are also conjugates under G.. 'This is,
however, impossible, when Hy and IT; arc conjugate since the
elements of Gz cannot transform G into Go. As the assump-
tion that p’=p has led to an absurdity, it has been proved
that the index of the cross-cut of amy two distinct conjugate
subgroups under one of these subgroups is always less than the
index of these subgroups under the entire group.

To find a simple illustration of this fundamental theorem,
suppose that the index of Gi under G is 2. It follows then
directly from this theorem that if G; and Go are two conju-
gate subgroups, the cross-cut of G, and G2 must have an index
which is less than 2 under each of these subgroups. Hence
this index is 1, and Gi, G2 are identical. Hence the given
theorem includes as a special case the theorem that a sub-
group of index 2 under any group is invariant. This fact can
also be readily proved in other ways. Cf. preceding Exercises.

If the invariant subgroup H is composed of all the invariant
elements of G it is called the central of G and its complementary
group is known as the central quotient group of G. When this
central quotient group is abelian G is said to be metabelian.*
The central quotient group is also called the group of con-
gredient isomorphisms of G. It is clear that the central of G
is always abelian. For instance, 1, —1 constitute the central
of the quaternion group, and the central of an abelian group
coincides with the group. In a non-abelian group the order of
the central cannot exceed the order of the group divided by 4,
and if this is the order of the central of G, the central quotient
group is the axial group. It is easy to prove that the central
quotient group is always non-cyclic.

29. Commutators, Commutator Subgroup, and the ¢-sub-
group. The element or operator t s-14-1st is called the com-
mutator of s and ¢, while its inverse is the commutator of ¢
and s. When s and ¢ are commutative their commutator is

* W. B. Fite, Proceedings of the American Association for the Advancement
of Science. vol. 49 (1901), p. 41.

t The elements of a group are also called operators or operations. We shall
hereafter use the terms element, operator, and operation irterchangeably, since
all of these terms are commonly found in the modern literature of group theory.
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the identity and vice versa. By writing the commutator
of s and ¢ in the form s-'t-1st=c, or t-1st=sc, it is clear that the
commutator represents an operator which must be multiplied
into another operator to obtain its conjugate. A group G of
order g has g2 commutators, but no more than g of them can be
distinct. In general, these g* commutators generate a sub-
group of G, known as the commutator subgroup* of G, or the first
derived group of G. When G coincides with its commutator
subgroup it is said to be a perfect group.

To prove that the commutator subgroup of G is invariant
under G it is only necessary to prove that the transform of a
commutator of G as regards any element of G is also a com-
mutator of G. This fact results immediately from the equa-
tion

ris~ U tstr=r=ls~lrr =Y ey lsr My =517 it

It should be emphasized that a group may have many invari-
ant subgroups, but it has only one commutator subgroup.
The quotient group which corresponds to the commutator
subgroup is known as the commutator quotient growp. This
quotient group is always abelian, since the commutator of two
of its elements must correspond to the commutator of any two
of the corresponding elements of G and hence it must be the
identity.

As the commutator quotient group is abelian, and as every
invariant subgroup which is complementary to an abelian
quotient group must include the commutator subgroup, it
results that this subgroup is the smallest-invariant subgroup
that is complementary to an abelian quotient group. In fact,
every invariant subgroup which is complementary to an abelian
quotient group includes the commutator subgroup. From the
given definition of a perfect group it results also that every
simple group of composite order is a perfect group, but the con-

* The term commutator subgroup is due to R. Dedekind, but the fundamental
properties of these subgroups were first published by G. A. Miller, Quarterly
Journal of Mathematics, vol. 28 (1896), p. 266. Their usefulness was quickly
recognized, and they bave entered largely into the recent group theory literature.
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verse is not necessarily true. That is, there are perfect groups
which are not also simple, as we shall see later.

If the elements of a commutator belong to two invariant
subgroups of a group G, this commutator is contained in the
cross-cut of these invariant subgroups. Hence it results
that if two invariant subgroups of G have only the identity in com-
mon, every element of each one of these subgroups is commutative
with every element of the other.

If the elements of the commutator s-!4-1s¢ are permuted
in every possible manner, there result eight operators which may
be distinct and may all differ from the identity. These eight
operators are: s-1-1st, (-1sts—1l, sts—-1, ts—lt-ls, t-ls—ls,
st=1s=14 tst-1s=1 s-lst-1. All of them can be obtained from
any one of them by means of the substitution group of order 8
on the four factors. It is evident that each of these 8 commu-
tators has the same order.

To prove this it may first be observed that the order of any
product of n operators is invariant as regards the cyclic group of
permutations of these factors, since such permutations are equiv-
alent to transforming by elements. If reversing the order of
these # factors does not affect the order of the product, this
order is invariant as regards the dihedral group of permutation
of its n factors. In particular, the order of the product of n ele-
ments of order 2 is always invariant as regards the dihedral group
of permutations of the n elements. Reversing the order of the
factors of a commutator cannot affect the order of this commu-
tator, since it is equivalent to a cyclic permutation of the fac-
tors of its inverse.

The given eight commutators, involving s, ¢ and their in-
verses, are contained in the commutator subgroup of the group
generated by s and ¢, but they do not necessarily generate this
subgroup. Since four of them are the inverses of the other
four, it is clear that no more than four of them are distinct
when their common order is 2. The most general definition
of a commutator is, ‘‘the product of the transform of an element
and its inverse.” Whenever an element can be written as such
a product, it may be called a commutator. When we speak
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of the commutator of a group it is assumed that the elements
of the commutator are elements of the group in question, and
hence it may happen that only a small number of the elements
of the group are commutators. For instance, the identity is
the only commutator in an abelian group. We shall see later
that every possible group element may be regarded as a com-
mutator of some two elements. When s and ¢ are both of order
2 their commutator is the square of their product and is trans-
formed into its inverse by both of its elements.

The importance of the concept of commutator is largely
due to the fact that the commutators of a group represent those
operators which must be multiplied on the right into a given
one of a complete set of conjugate operators to obtain all the
others. Hence the order of the commutator subgroup of a
group cannot be less than the number of conjugate operators
in its largest complete set of conjugates. Since the commu-
tator subgroup is unique, it must evidently correspond to itself
in every possible automorphism of the group. A subgroup which
has this property is said to be a characteristic subgroup.* Hence
it results that if a group is not perfect, its commutator subgroup
is a characteristic subgroup.

It was observed in § 3 that any set of operators belonging
to any group G of finite order is called a set of independent
generators of G provided that these operators generate G and
that none of them is contained in the group generated by the
rest of them. All the operators of G can be divided into two
categories, having no common operator, by putting into one
category all those which occur in at least. one of the possible
sets of independent generators of ¢, and into the other cate-
gory those which do not have this property. The operators
of the second category constitute a characteristic subgroup of
G, which has been called by G. Frattini the ¢-subgroup of G.1

If H is any maximal subgroup of G it is cvidently always
possible to select at least one set of independent gencrators

* G. Frobenius, Berliner Sitzungsberichte, 1895, p. 133,

t G. Frattini, Att; dclla Rcale Accademia dei Lincei, Rendiconti, ser. 4, vol. 1
(1885), p. 281.
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of G in such a manner that it includes any arbitrary one of the
operators of G which are not contained in H, while the remain-
ing operators of the set belong to H. Moreover, there is at
least one maximal subgroup of G which does not include any
given one of the independent generators of a particular set of
independent generators of G. Hence it results that the ¢-sub-
group of G is the cross-cut of all the maximal subgroups of G. This
useful second definition of the ¢-subgroup is also due to Frattini.

If a ¢-subgroup of the group G involves a non-invariant
subgroup or a non-invariant operator, this subgroup or operator
cannot be transformed into all its conjugates under G by the
operators of the ¢-subgroup. That is, every complete set of
conjugates of the ¢-subgroup is an incomplete set of conju-
gates under G whenever the former set involves more than one
element. If this were not the case all the operators of G which
would transform one of these elements into itself would form
a subgroup which would not involve all the operators of the
¢-subgroup of G. This subgroup could not be maximal, since
it does not involve the ¢-subgroup. As any maximal subgroup
obtained by extending this subgroup by means of operators
of G could also not involve the ¢-subgroup, we have proved
the theorem: If the ¢-subgroup of a group G involves a non-
invariant operator or subgroup, the number of conjugates under
G of this operator or subgroup is greater than the number of the
corresponding conjugates under the ¢-subgroup.

An important special case of this theorem was noted by
Frattini, who observed that the ¢-subgroup of any group involves
only one Sylow subgroup for every prime which divides the order
of the ¢-subgroup. In other words, every ¢-subgroup is the
direct product of its Sylow subgroups, and hence we can always
reach the identity by forming successive ¢-subgroups, starting
with any given group. If a group can be represented as a non-
regular primitive substitution group of degree #, its # subgroups
of degree n—1, each being composed of all its substitutions
which omit a letter, are maximal and have only the identity
in common. Hence it results that the ¢-subgroup of every
primitive substitution group is the identity.
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EXERCISES

1. If an intransitive group of degree # contains exactly % transitive
constituents, the average number of letters in all its substitutions is n—&.
2. Prove that the group of the square involves an invariant sub-

group leading to the four-group as a quotient group and that this invariant
subgroup is its commutator subgroup.

3. All the elements which are common to all the subgroups of a com-
plete set of conjugate subgroups constitute an invariant subgroup.

4. To every invariant subgroup of a quotient group there corresponds
an invariant subgroup of the group, and to every subgroup which involves
a given invariant subgroup there corresponds a subgroup in the quotient
group corresponding to this invariant subgroup.

5. If every element of a group is raised to the same power and if
this power is prime to the order of the group, each element of the group is
found once and only once among these powers.

6. The commutator subgroup of the symmetric group of degree # is

the alternating group of this degree, and the alternating group of degree
n is perfect whenever n>4,

7. A necessary and sufficient condition that the ¢-subgroup of a cyclic
group is the identity is that the order of this group is not divisible by the
square of a prime number.

30. Simply Isomorphic Groups. One of the most important
and most difficult problems in group theory is to determine
whether two given groups of the same order are simply isomor-
phic or not. If they are simply isomorphic they are identical
as abstract groups and vice versa. Two cyclic groups of the
same order are always simply isomorphic and a cyclic group
cannot be simply isomorphic with a non-cyclic group. One
of the most useful theorems as regards simply isomorphic groups
may be stated as follows: Two groups-of the same order G,
G are simply isomorphic if they contain two simply isomorphic
invariant subgroups Hy, Hs respectively, and are generated by these
subgroups and two elements b1, ty such that if 1, is the lowest power
of t1 which occurs in H1, then t2* is the lowest power of ta that occurs
in Ha, and 4,7, t2* correspond in the given simple isomorphism
of Hy, Ha. Moreover, it is assumed that i, t2 transform corre-
sponding generators of Hy, Hz into corresponding elements in the
given simple isomorphism.

To illustrate the use of this theorem, let Gy, G2 represent two
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dihedral groups of order 2% and let H,, H represent their cyclic
subgroups of order n. Let {4, /2 reprcsent any two elements
of G1, Gz respectively but not contained in H,, Ho. The common
order of ¢, f3 is 2, and {1, #2 transform corresponding generators
of Hy, H respectively into corresponding elements, since they
transform all the elements of these subgroups into their inverses.
Hence this theorem includes the known theorem that two
dihedral groups of the same order are always simply isomorphic.

The given illustrative example of the use of the theorem in
question may also serve to point out the way toward a proof.
In fact, if Hy, I> are arranged in a simple isomorphism and
if the products obtained by multiplying corresponding opera-
tors by 4%, £,® respectively, =1, 2, . . . | a—1, are placed in
correspondence, we obtain a simple isomorphism between
Gy, Gz.  In fact, t/#, t,f transform all the corresponding opera-
tors of Hy, H into corresponding operators because they trans-
form generators of H,, Hs in this manner. It may be observed
that this theorem may be employed to prove that two cyclic
groups of the same composite order are simply isomorphic
if it is assumed that two cyclic groups of the same prime order
have this property.

It results immediately from the given theorem that if two
abelian groups of the same order involve only operators of the
same prime order besides the identity, they must be simply
isomorphic. Among the most important simple isomorphisms
are those in which the operators of the same group G are placed
into a (1, 1) correspondence in such a way that an automorph-
ism of G is obtained. We have seen (§ 24) that any opera-
tor which transforms G into itself effects an automorphism on
its elements. Moreover, any automorphism of G can always
be brought about by transforming G by some operator which
transforms G into itself. To prove this statement we shall
employ a method which has been illustrated in § 14 but which
we desire to exhibit more fully.

Represent G as a regular substitution group and establish
an arbitrary automorphism of G. We may suppose that all
the substitutions begin with the same letter, so that the second
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letters of the corresponding substitutions exhibit a substitu-
tion by means of which we can transform one of these groups
in such a way that the first two letters of all the corresponding
substitutions are identical. After this has been done all the
corresponding letters of the corresponding substitutions must be
identical, so that the given substitution may be used to effect
the given automorphism. This follows immediately from the
fact that the two regular groups in which all of the correspond-
ing substitutions have the first two letters in common are still
simply isomorphic, and if in a given substitution ¢ is replaced
by d, this substitution is the product of the inverse of the sub-
stitution in which @ is replaced by ¢ and the substitution in
which a is replaced by d. Hence in the corresponding substi-
tution of this automorphism ¢ must also be replaced by d, since
a regular group contains only one substitution in which a given
letter is replaced by another given letter.

In view of the importance of this theorem we shall give an
illustrative example. Consider the following automorphism
of the symmetric group of order 6:

1 1
abc- def ach-dfe
ach-dfe abc- def
ad-bf-ce ad-bf-ce
ae-bd-cf af-be-cd
af-be-cd ae-bd-cf

The substitution which transforms the former of these two
groups so that the first two letters in each*pair of corresponding
substitutions are identical is bc-¢f. This substitution also
transforms the former of these corresponding groups into the
latter. The theorem that every automorphism of G may be
obtained by transforming G by operators which transform G into
itself is not only useful in finding the possible automorphisms,
but it may also be used to determine the totality of the sub-
stitutions which transform a given group into itself.
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EXERCISES

1. The substitutions which represent the transformations of the sym-
metric group of order 6 into all its possible automorphisms constitutes a
group which is simply isomorphic with this symmetric group.

2. If a substitution of order 2 transforms G, into G, it must also trans-
form G, into G..

3. Any group G of order g that involves an invariant operator s of
order & can be extended by means of an operator ¢ of order nk which is
commutative with every operator of G and satisfies the equation *=s
so as to obtain a group of order gn.

Suggestion: Write G as a regular group on # distinct sets of letters
and establish a simple isomorphism between these groups. Let # be
a substitution of order #» which permutes the corresponding letters of this
intransitive group and is commutative with each of its substitutions. For
¢ we may use the product of 4 and the substitution s in one of the regular

constituents.

31. Group of Inner Isomorphisms. If all the elements of a
non-abelian group G are transformed by any one of its own
elements, the elements of G are permuted according to a certain
substitution. By transforming the elements of G successively
by all the elements of G there result a series of substitutions
which constitute a group known as the group of inner isomor ph-
isms of G. This group is also called the group of cogredient
isomor phisms of G, and it is simply isomorphic with the central
quotient group of G (§28). A necessary and sufficient condi-
tion that G is simply isomorphic with its group of inner iso-
morphisms is that the central of G is the identity.

If G admits isomorphisms which cannot be obtained by
transforming all the elements of G by its own elements, they
are called outer, or conmtragredient, isomorphisms. 1In this case
the group of inner isomorphisms is clearly an invariant sub-
group of the group of isomorphisms of G.

One of the most useful properties of the group of inner iso-
morphisms I of G is that I\ contains the same number of Sylow
subgroups of every order as G does, provided we call the identity
a Sylow subgroup of order pm whenever the order of the group
I, is not divisible by p. The truth of this fact becomes evident
if we observe that a Sylow subgroup of I; has exactly the same
number of conjugates under I, as the corresponding Sylow
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subgroup of G has under G. In particular, an abelian group
contains only one Sylow subgroup of every order.

In §13 we defined the term direct product as regards sub-
stitution groups. In general, a group is said to be the direct
product of two subgroups which generate it, provided these two
subgroups have only the identity in common and every element
of the one is commutative with every element of the other.
For instance, the holomorph of a complete group is the direct
product of the group and its conjoint (§19). This holomorph
is also said to be the square of this complete group. A simpler
illustration of a direct product is furnished by the axial group,
which is the direct product of any two of its subgroups of
order 2.

As the group of inner isomorphisms of G cannot be cyclic
it cannot have a smaller order than 4. If it is of order 4, G
contains exactly three abelian subgroups of half its own order;
and vice versa. When G is non-abelian and contains more
than one abelian subgroup of half its order, then G has the
four-group for its group of inner isomorphisms. As instances
of groups which have the four-group for their group of inner
isomorphisms we may cite the octic group and the quaternion
group.

32. Frobenius’s Theorem. In an article published in the
Berliner Sitzungsberichte, 1895, page 984, Professor G. Fro-
benius developed a very fundamental theorem which may be
stated as follows:

If n is any factor of the order g of a group G, the number of the
operators in G, including the identity, whose orders divide n, is
a multiple of n.

This theorem is evidently true when g is a prime number,
and also when n=g. Hence, in a proof by complete induction,
we may assume that the theorem holds for all the groups whose
orders involve a fewer number of factors than g does, and also
for all factors of g which are larger than n. If we can prove
that it remains true for G and n provided these assumptions
are made, then the theorem will follow by complete induction
for an arbitrary group G and any divisor # of its order.
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The theorem is clearly true for every cyclic group, since
such a group has one and only one subgroup whose order is any
divisor of the group, and this subgroup includes all the opera-
tors of this cyclic group whose orders divide this divisor. To
simplify the general considerations which follow, we shall first
prove that the theorem applies also to the non-cyclic group of
order pq, p and ¢ being distinct primes and p>g. Let N,
represent the number of operators of G whose orders divide x,
while N, represents the number of those operators of G whose
orders do not divide x. Hence, in the special case when G is
the non-cyclic group of order pgq,

Ny e=N,+N,.

As N, is divisible by p we can prove that N, is divisible by p
by proving that N, is divisible by p. The fact that N, is divis-
ible by p results directly from the fact that all of these opera-
tors are of order ¢, since G is non-cyclic, and they must occur
in complete sets of conjugates under a subgroup of order p,
such that each set involves p of these conjugates.

We shall now prove, by means of the two given assumptions,
the general theorem stated above. If p represents any prime
divisor of g/m, G involves, by hypothesis, a multiple of np
operators whose orders divide np. As

an=Nn+ZVIn,

where N’, represents the number of operators of G whose
orders divide #np but do not divide #, it is evident that we
have only to prove that N', is divisible by # in order to prove
our theorem.

The totality of these N’, operators will be represented by
A. Suppose that n=p*~'s where s is prime to p. It is
clear that 4 is composed of operators whose orders are divisible
by #*, and hence it is very easy to see that N, is divisible by
p* . In fact, every cyclic group whose order is divisible by
p* must have a multiple of p*~! distinct generators, since
o(p)) =p* 1 (p—1), ¢(m) being the totient of m. Hence it
remains only to prove that N', is also divisible by s.
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Among the operators of 4 there may be several which have
the same constituent P of order p*. All such operators are the
direct product of P and operators whose orders are divisors
of 5, and all the operators of 4 may be divided into distinct
sets such that each set is composed of all the operators of 4
which have the same constituent of order p*. We proceed to
prove that the number of operators in the combined sets which
involve all the conjugates of P under G is divisible by s, and
hence that the total number of operators in 4 is divisible by s.

To prove this fact, we consider all the operators of G which
are commutative with P. These form a subgroup H of order
p*r, and the quotient group of H with respect to the cyclic group
generated by P is of order r. The orders of the operators of
this quotient group which divide s must also divide the highest
common factor (¢) of s and 7. As the order of this quotient
group involves fewer factors than g does we may assume that
the number of its operators whose orders divide ¢ is k.. Hence
A contains exactly k¢ operators which have the same constit-
uent P.

The combined sets which involve no operator of order p*,
cxcept the conjugates of P under G, must therefore involve
gkt/(p*r) distinct operators, since P has g/(p*) conjugates
under G. Since g is divisible by s and 7, it follows that gt is
divisible by 7s, ¢ being the highest common factor of 7 and s.
Hence s is a divisor of gkt/r. Ass and p* are relatively prime,
s must also be a divisor of gki/(p*), and the theorem in ques-
tion has been proved.

While the number of the operators of G whose orders divide
any divisor # of g is always a multiple of . it does not follow
that groups exist in which the number of these operators is an
arbitrary multiple of 2. For instance, if p* is the highest power
of the prime p which divides g, G contains at least one subgroup
of order p* according to Sylow's theorem. If G contains
only onc such subgroup this must be invariant and hence G
involves only p* operators whose orders divide p=.

If ¢ contains more than one subgroup of order p, it must
contain at least p+1 such subgroups, since one such subgroup
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must transform any other into at least p distinct subgroups.
If G contains exactly p+1 such subgroups they must have in
common p*~! operators and hence they involve exactly

(PN ("= p =) +p 7 =

different operators. Hence G contains exactly p* operators
whose orders divide p* whenever it contains only one subgroup
of order p7, and it contains exactly p=*! operators whose orders
divide p* whenever it contains exactly p+1 such subgroups.

We proceed to prove that when G involves more than p+1
subgroups of order p*, it must also involve more than p=t!
operators whose orders divide p=.

To prove this fact we may assume that p# is the largest
number of operators in common to two subgroups (H:, H2)
of order p=. Then H, will transform H: into p=~# distinct
subgroups. At least p+1 of these have the same subgroup
of order p? in common, according to the evident theorem that
every non-invariant subgroup of a group of order p* is trans-
formed into itself by at least one of its conjugates. If f<a—1,
these p+1 subgroups involve more than p=** operators whose
orders divide p*. If B=a—1 they must involve exactly p=+*!
operators whose orders divide p=. If these p+1 subgroups
are such that they are not transformed among themselves by
all their operators, there must be another subgroup of order
$* in G which involves the p~! operators common to the given
p+1 subgroups, and hence G would involve more than p*+!
operators whose orders divide p*.

It remains only to consider the case when each of the given
p+1 subgroups transforms the remaining p subgroups among
themselves, and when G contains at least one more subgroup
of order p*. 1In this case, this additional subgroup of order p*
would contain operators which would not transform the given
p41 subgroups among themselves, and hence G must contain
more than p**' operators whose orders divide p* whenever it con-
tains more than p-+1 subgroups of order p°.

This proves that whenever the number of operators in G
whose orders divide p* cxceeds p* it must be at least p*+!, and
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hence it establishes the fact that it is impossible to construct
a group G such that its order g is divisible by p=, but not by
p**! and such that the number of its operators whose orders
divide p* lies between p* and p=+!.

EXERCISES

1. If the number of the operators of a group G, whose orders divide
an arbitrary divisor d of the order of G, is exactly d, then G must be
cyclic.

2. There are no groups with the property that every cyclic subgroup
besides the identity is transformed into itself by only its own operators.
Cf. Dyck, Mathematische Annalen, vol. 22 (1883), p. 101.

3. Let x, and » represent two arbitrary numbers, and denote by s,
and s, the operations of subtracting »# from x, and dividing x. by » respect-
ively. If n is replaced successively by all the numbers resulting from
these operations, then s; and s, will, in general, generate the symmetric
group of order 6 when x,2=x,. When x,2=2x,, and when x,2=3x,, these
operations will generate the octic group and the dihedral group of order
12 respectively.*

33. Representation of an Abstract Group as a Transitive
Substitution Group. In § 27 it was observed that every group
of finite order can be represented in one and only one way as a
regular substitution group. It is often very useful to represent
a given abstract group as a transitive substitution group on the
smallest possible number of letters. Many of the abstract prop-
erties of a group can often be most readily determined if the
group is written in this form. Hence we proceed to consider
the general question of representing an abstract group G as a
non-regular transitive substitution group of degree n.

In § 12 it was observed that when G is thus represented, it
involves n conjugate subgroups G, Gz, . . . , Gn each of which
is composed of all the substitutions of G which omit a given
letter. If the subgroup of Gi, composed of all its substitutions
which omit a given letter, is of degree n—a, these # conjugate
subgroups are identical in sets such that each set involves «
of them. AsG is non-regular, therc must be at least two such
sets, and hence we see directly that G cannot be represented

* These groups, together with the four group, have been called groups of sub-
traction and division, Quarterly Journal of Mathemalics, vol. 37 (1906), p. 80.
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as a non-regular transitive substitution group unless it contains
a non-invariant subgroup H which involves no invariant sub-
group of G besides the identity.

This condition is sufficient as well as necessary in order
that G can be represented as a non-regular transitive substi-
tution group. In fact, if the elements of G are arranged in a
rectangle, where those of such a subgroup H appear as the first
row, as follows:

S1, S2, - .. S
Sil2, Sabe, . . ., Sil2
Sila, Sols, . . ., Spln

the lines are permuted as units if all the elements are multiplied
on the right by any element of G, since these lines are the co-
sets of G as regards H.

Hence each element of G may be denoted by the substitu-
tion according to which it permutes these co-sets when it is used
as a multiplier in the given manner. No two elements of G
could permute these co-sets according to the same substitution,
since H is non-invariant under G and does not involve any
invariant subgroup, besides the identity, of G. This proves
the following theorem: A mnecessary and sufficient condition
that an abstract group G of order g can be represented as a transitive
substitution group of degree n is that G contains a non-invariant
subgroup of order g/n which does not include any invariant sub-
group of G besides the identity.

In the given method of representing G as a transitive sub-
stitution group of degree # it is clear that H corresponds to the
subgroup composed of all the substitutions which omit a given
letter of this transitive group. All the subgroups of G which
correspond to H in one of the possible automorphisms of G
give rise to the same transitive substitution group, but no other
subgroup can have this property. Hence G gives rise to as
many different transitive groups of degree # as it has sets of
subgroups of order g/n such that each set includes all those
subgroups which correspond in some one of the possible auto-
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morphisms of G, and such that these subgroups do not include
any invariant subgroup of G besides the identity.*

For instance, the symmetric group of order 24 contains three
conjugate cyclic subgroups of order 4 and also three conjugate
noncyclic subgroups of this order. It contains no other non-
invariant subgroup of order 4. Hence this symmetric group
appears twice among the transitive substitution groups of
degree 6. As the alternating group of degree 4 contains two
sets of conjugate subgroups, of orders 2 and 3 respectively,
this group can be represented transitively in only two ways
besides the regular form. That is, it appears as a transitive
group of degree 4 and also as a transitive group of degree 6.
It should be observed that these considerations establish another
very close contact between the theory of abstract groups and
that of transitive substitution groups.

It is now easy to prove the theorem, to which we referred
in § 10, that the co-set multipliers may be so selected that they
arc the same on the right as on the left. When the subgroup
H is invariant this requires no proof. When H does not involve
any invariant subgroup of G besides the identity, and G is
represented as a transitive substitution group of degree n with
respect to 1, it may be supposed that H is composed of all the
substitutions of G which omit a given letter a. The right
co-scts will then be composed separately of all the substitutions
of G in which a is replaced by a given letter. In the left co-sets
a is replaced by all the letters of a transitive constituent of H
if H is intransitive on n—1 letters. If H is transitive on n—1
letters the theorem is evident.

Hence it remains only to consider the case when H is intran-
sitive. In this case it is evidently possible to select a certain
number of left co-sets involving all the substitutions of the
same number of right co-sets, and in these the multipliers
may be made the same in the left co-sets as in the corresponding
right co-sets. Hence the theorem is established in case H con-
tains no invariant subgroup of G besides the identity.

If H involves such an invariant subgroup but is not itself

* Bullelin of the American Mathematical Society, vol. 3 (1897), p. 215.
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invariant under G, H will correspond to a subgroup in a quotient
group, such that this quotient group can be represented trans-
itively with respect to this subgroup. Hence the theorem
is also true in this case. For an abstract proof of this theorem

the reader may consult H. W. Chapman, Messenger of Mathe-
matics, vol. 42 (1913), page 132.

EXERCISES
1. If a dicyclic group is represented as a transitive substitution group
it must be regular.

2. A dihedral group of order 27, #>2, can be represented in two and
in only two ways as a transitive substitution group.

3. Only one of the five possible groups of order 8 can be represented
as a nan-regular transitive substitution group.

4. If a simple group of composite order is represented as a transitive
group of lowest possible degree it must be primitive.

5. There are five and only five abstract groups of order 12.

34. Historical Note.* The concept of group is one of the
oldest mathematical concepts. Even in the development of
elementary geometry by the Greeks this concept played a
fundamental réle, as was pointed out by H. Poincaré in an
article entitled “ On the foundations of Geometry,” Monist,
volume 9 (1898), pages 1-43. It was, however, not developed
into an extensive theory until a comparatively recent period.

In the latter half of the eighteenth century various writers,
especially J. L. Lagrange and A. T. Vandermonde, began to
lay stress, in their algebraic investigations, upon the elements
of the theory of substitutions. On the other hand, L. Euler
brought some properties of abelian groups into prominence,
especially by his work on power residues. Towards the close
of the eighteenth and at the beginning of the nineteenth cen-
tury, two Italian mathematicians, P. Ruffini and P. Abbati,
entered more directly on the study of substitution groups
by proving that there are no three or four-valued rational
functions of more than four variables, and that a two-valued
function must be alternating.

During the first half of the nineteenth century a number
of other investigators entered this field. Foremost among

* Cf. Bibliotheca Mathemalica, vol. 10 (1910), p. 317.
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these were C. F. Gauss, A. L. Cauchy, N. H. Abel, and E.
Galois. The first of these helped to lay a foundation for abelian
groups by his investigations in number theory, while the other
three contributed directly towards the development of the
general theory of substitution groups. Abel and Galois solved
two fundamental problems in the theory of equations by means
of substitution groups, and thus they directed attention to the
usefulness of this subject (Cf. Part III). On the other hand,
Cauchy ordered and extended the results obtained by his
predecessors and contemporaries, and laid a broad foundation
for the general theory of substitution groups. Hence Cauchy
is frequently called the founder of this theory.

The theory of abstract groups grew gradually out of that
of substitution groups. In fact, we find evenin Cauchy’s later
writings a tendency to state some results independently of the
notation.  Cayley’s table and Cayley’s theorem are very
fundamental in this theory, and hence A. Cayley is sometimes
called the founder of the abstract theory of groups. In 1856
W. R. Hamilton gave abstract definitions of the groups which
are simply isomorphic with the groups of movements of the
five ancient regular solids. By these definitions, and the fact
that his quaternion units and their negatives form an impor-
tant non-abelian group of order 8, he contributed considerably
towards an interest in this theory.

A solid foundation for an abstract theory implies, however,
clear abstract definitions of the terms used. Among the earlier
writers one fails to find such definitions. According to E. V.
Huntington, Transactions of the American Mathematical Society,
volume 6 (1905), page‘181, the earliest explicit set of postulates
for abstract groups were given by L. Kronecker in 1870. Even
at the present time the term group is sometimes used with
different meanings as a mathematical technical term.*

The earliest separate text-book devoted to group theory
is Jordan’s Traité des substitutions et des équations algébri-
ques, Paris, 1870. This work has become a classic. It was
written, however, before the abstract theory was well estab-

* Cf. Encyclopédic des Sciencés Mathématiques, tome 1, vol. 1, p. 576; vol. 2, p. 243.
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lished. Even Sylow’s theorem appeared two years later, and
a number of other more recent theorems make it possible to
present many subjects in a simpler manner than could be done
at the time when Jordan wrote this Traité. The only other
separate text-books on groups of finite orders which appeared
before the present century are Netto’s Substitutionentheorie,
1882, Burnside’s Theory of Groups of Finite Order, 1897, and
Bianchi’s Lezioni sulla theoria dei gruppi di sostituzioni, 1897
(lithographed). Netto’s book was translated into Italian by
G. Battaglini in 1885, and into English by F. N. Cole in 1892.

In the older writings on groups, and in some of the more
recent ones, a set of distinct elements considered with respect
to only one formal law of combination is said to form a group
whenever every element obtained by combining an element with
itself or with any other element of the set is again in the set.
In most cases it is, however, tacitly assumed that these elements
obey the other laws which were imposed in our definition of a
group. If this is not assumed the set may be said to have
‘“ the group property.” Cf. M. Bocher, Introduction to Higher
Algebra, 1907, page 82.

Since the beginning of the present century a considerable
number of separate treatises on groups of finite order have
appeared. The literature on this subject has been made more
accessible by the publication of two somewhat extensive bib-
liographies, viz., The Constructive Develo pment of Group-Theory
by B. S. Easton, University of Pennsylvania, 1902, and the
‘“Essai d’une bibliographie sur la théorie des groupes” by C.
Alasia, published in the Rivista di fisica, mathematica e scienze
naturali, Pavia, 1908-10.

The main theorems of the theory of finite groups, together
with numerous historical data relating to their development
may be found in the Encyclopédie des Sciences Mathématiques,
tome 1, volume 1, page 532, and in the second edition of Pas-
cal’'s Repertorium der hoheren Mathematik, volume 1, page 168.
A list of remarks on the bearing of the theory of groups,
exhibiting the wide application of this subject, was published
in volume 6 (1914), of the Téhoku Mathematical Journal.



CHAPTER IV
ABELIAN GROUPS *

35. Invariants. A group is said to be abelian when each of
its elements is commutative with every element of the group,
§26. Since all the Sylow subgroups of the same order are
conjugate under every group, it results that an abelian group can
have only one Sylow subgroup of a given order, and hence every
abelian group is the direct product of its Sylow subgroups when-
ever its order is divisible by more than one prime number. This
implies that a necessary and sufficient condition that two abel-
ian groups are simply isomorphic is that all their Sylow sub-
groups are simply isomorphic, and hence the study of abelian
groups is reduced to the study of such groups whose orders are
powers of a single prime number. In particular, if the order of
an abelian group is not divisible by the square of a prime number
the group must be cyclic.

Suppose that G is an abelian group of order pm, p being any
prime number. If G is cyclic, all of its elements are gencrated
by a single one of them s;, where s; may be selected in p™— pm-1
ways. Moreover, every element of order p®, m>a>0, in G
is the pth power of p distinct elements of order p=+1, the p2th
power of p? distinct elements of order p=*?%; the p™-*th power
of p™~« distinct elements of order p™. When G is not cyclic
we may choose for s; any one of its elements of highest order.
Some power of every other element of G is contained in the group
(s1) generated by s;. We represent by sz’ one of those elements
which have to be raised to the highest power p** to obtain an

* A number of the theorems on abelian or commutative groups were first
developed by L. Euler and C. F. Gauss in connection with their studies in number
theory. The earliest extensive exposition of the properties of these groups is
due to G. Frobenius and L. Stickelberger, Crelle, vol. 86, p. 217.

87
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element of (s;). That is, the p=th power of every element
of G is in (s;1) but the p=~! power of s2’ is not in (s5;). We
proceed to prove that so’ may be so selected that the cyclic
groups (s1) and (s’z) have only the identity in common; that is,

527" =1.

Since s2'*™ is in (s1), and the order of s’ does not exceed
that of si, there must be an element in (s;) whose p*th power
is the inverse of s2’”. The product of s’ and this element is
therefore of order p=*. Moreover, the p=~'th power of this
product is not contained in (s;) since one of its factors is in
(s1), while the other does not have this property. In what
follows we shall denote this product, of order p=, by s2. If
the order of G is the product of the orders of s; and s3 it is clear
that G is the direct product of (s;) and (s2). We proceed to
prove that G is always the direct product of cyclic groups.*
The orders of these cyclic groups are called the invariants t
of G. In particular, if s, is of order p™ and if G is the direct
product of (s1), (s2), the invariants of G are p=, p=.

If G contains elements which are not included in the group
(s1, s2), generated by s1 and sz, we may suppose that the p*th
power'of every other element is in (si, s2) while the p*~'th
powers of some of the elements are not in this subgroup. We
proceed to prove that at least one of the latter elements is
of order p®. Let s3’ be any one of these elements. As

S3”’m
is in (s1, $2), and as az3T a2 T a1, there must be some ele-
ment in (s1, s2) whose p=th power is the inverse of s3'?*,
The product, s3, of this element and 5’3 is therefore of order p=,
and G involves the direct product of the three groups (si),
(s2), (s3). As this process may clearly be continued until all

* It is implied that each of these cyclic groups has only the identity in common
with the group generated by all the others. In other words, they are independent
cyclic groups. )

t The invariants of an abelian group have also been called the elementary

divisors of the order of this group. Frobenius and Stickelberger, Crelle, vol.
86 (1878), p. 238.
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the elements of G have been exhausted, it has been proved that
every non-cyclic abelian group of order p™ is the direct product of
independent cyclic groups. This is the most important theorem
relating to abelian groups.*

These independent cyclic groups may be represented as
substitution groups on distinct sets of letters. Moreover,
it is clear that a group can be constructed such that the orders
of such substitution groups are arbitrary, and hence the prod-
uct is an abelian group of arbitrary order. That is, the number
of distinct abelian groups of order pm is equal to the number of the
possible partitions of m as regards addition, and cach of these
groups may be completely defined by the value of p and the
symbol (m1, mz, . . ., m) where my, me, . .., m, repre-
sent positive integers such that m,+ma+ . . . +my=m. The
group G is completely defined by p and the values of the inte-
gers my, ma, . . ., my, and it is not affected by the order in
which these integers are arranged. Tt is said to be of order pm
and of type (my, m=, . . ., my). We may therefore suppose that
the numbers mu, m2, . . ., my are always arranged in order
of magnitude, beginning with the largest. It may be added
that the determination of the number of possible abelian groups
of order pm is reduced by these theorems to a problem in the
theory of numbers; viz., the determination of the total num-
ber of possible partitions of 7 as regards addition. This prob-
lem has received considerable attention, but it still involves
many unsolved difficulties.

Suppose that an abelian group G of order pm has « invariants.
All of its elements whose orders divide p must constitute a sub-
group of order p%; and, conversely, whenever these elements
constitute a group of order 2, G has exactly « invariants. The

* A set of independent generating elements can gencrally be selected in a
large number of ways. Such a set is often called a base of the abelian group,
and the operators s, 3, 53, . . . are called elements of the base. The funda-
mental theorem that every abelian group is a direct product of independent
cyclic groups is implicitly contained in the works of C. F. Gauss and E. Schering,
but L. Kronecker gave the first satisfactory proof of it in 1870. It should perhaps
be placed next after Cayley’s theorem among the most fundamental theorems
of group theory.
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elements of G whose orders divide p? constitute a group of
order p**~#, where 8 is the number of invariants of G which
are equal to p. In general, let xi, 2, . . . , x, represent the
number of the invariants of G which are equal to p, 2, . . ., p*
respectively, and suppose that they include all the invariants
of G. The number N of the elements of G whose orders divide
p%, k<), is then given by the formula

N=pz,+2z,+ oo F@E-DZp_yHE@p+ap Ly ... +2)),

It should be observed that the orders of the independent
cyclic groups which generate a given group G are completely
determined by G when G is of order p™. 1In general, G is the
direct product of Sylow subgroups and hence it is also the
direct product of a series of cyclic independent subgroups
C1,Cy, . . ., Cm/, each of which has for its order a power of a
prime number. Unless the contrary is stated it will be assumed
that the order of each of these subgroups exceeds unity, and
hence their number and their orders are completely determined
by G; and, in turn, they determine G completely. That is,
if these orders are the same for two groups these groups are
simply isomorphic. These orders are therefore invariants
of G, but they are not the only numbers which are known as
invariants of G. Their number constitutes the largest possible
number of orders of independent cyclic groups in G; that is,
neither G nor any of its subgroups can have more than m’
independent generators.

It is important to note that the term set of independent gen-
erators as regards abelian groups is usually employed to repre-
sent a set of independent generators which is such that the
group generated by an arbitrary number of them has only the
identity in common with the group generated by the remaining
ones. In dealing with abelian groups we shall always use this
term with this special meaning and not with its general meaning
given in § 3. ‘

36. Largest and Smallest Number of Possible Invariants.
We proceed to find the smallest number of independent gen-
erators of G. The given subgroups Ci, Cs, . . . , Cm/ can be
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arranged in rows such that the orders of all those in one row
are powers of the same prime, and such that the order of each
is equal to or greater than the order of the one which follows
it in the same row. In case the rows do not contain the same
number, the vacant places may be filled by the identity.
Arranging these rows in the form of a rectangle, we have

C, Co ...,CGC,
Ca+ly Ca+27 A ] CZG

By forming the products of all those in each column we
obtain ¢ independent cyclic subgroups such that the order of
each is divisible by the orders of all those which follow it.
These subgroups form the smallest possible number of generating
cyclic subgroups of G. The orders of these subgroups are com-
monly called the invariants of G, since any other system of
independent generating subgroups in which the order of every
group is divisible by the order of every following group is
composed of groups which are simply isomorphic with these
products. It may be observed that a is the largest number of
invariants in a Sylow subgroup of G, while m’ is equal to the
sum of the numbers of invariants of all the Sylow subgroups of
G. It is clear that the independent generators of G can be so
selected that their number has any arbitrary value from a to
m’, but this number can have no other value. Moreover, G
cannot be generated by less than a cyclic subgroups even if
these subgroups are not independent.

Whenever the independent generators of G are so chosen
that the order of each of them is divisible by the orders of all
those which follow it, their number must be @, and when the
order of each is a power of a single prime their number must
be m’, but it is not true that the independent generators can be
so arranged that the order of each is divisible by the order of all
those which follow it whenever the number of these generators
is a. The two numbers ¢ and m’ are only equal when the order
of G is a power of a single prime. Since the former method
leads to the smallest number of invariants it seems appro-
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priate to call the orders of these independent generators the
invariants of G, although the latter method has some advan-
tages. The choice of invariants such that their number lies
between ¢ and m’ seems less natural. We evidently arrive
at the ¢ invariants if we choose the independent generators
in the following way. Start with an element of highest order
ands then select any other element such that the two generate
the largest possible subgroup. The orders of two independent
generators of this subgroup are the first two invariants of G.
If we add to this subgroup another element so that the three
generate the largest possible subgroup, we arrive at the third
invariant, etc.

A marked difference between the two given methods of
arriving at the invariants of G should perhaps be emphasized;
viz., the orders of the independent generators of G are completely
determined by m’, but not by a. That is, if two sets of m’
independent generating cyclic subgroups of G were given, the
orders of the subgroups of one set would be the same as those
of the other; but if two sets of a independent generating cyclic
subgroups of G were given, the orders of those of one set could
generally vary a great deal from the orders of those of the
other. A necessary and sufficient condition that the orders of
these two sets must be the same is that the ¢ invariants of each
of the Sylow subgroups of G, with one possible exception, are
equal. The number ¢ is said to be the rank of G.

If G is the direct product of a series of subgroups G,, Gs,
. . ., G\, we may select a set of independent generators of G
by combining arbitrary sets of independent generators of cach
of these subgroups. Suppose that Gy, Gz, . . . , G\ are the
Sylow subgroups of G. Any element ¢ of G will have a constit-
uent, which may be the identity, from each one of these sub-
groups, and the order of ¢ will be the product of the orders of
these constituents. To determine the number of the elements
of a given order in G it is only necessary to determine the num-
ber of elements of a given order in each of the Sylow subgroups.
That is, if the order of ¢ is p1®pa® . . . A (p1, P2, . . . , pu
being prime numbers), the number of elements of G whose
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order is equal to the order of ¢ is the product of the numbers
of the elements of orders p1, p2®, . . . , ;* in the respective
Sylow subgroups of G. We proceed to determine this number.

37. Number of Elements of a Given Order. Let G be any
abelian group of order p™ whose invariants are p&, p%, . . .
pMa13a25a35 .. . San>0). Let m/;=\ represent the
number of invariants < p, m'; the number of those $p2, . . . |
and m’,, the number of those =p*. To determine the num-
ber of the elements of order pA(1Z 8% a1), it is only necessary
to find the order of the group generated by all the elements
whose orders divide p# and to subtract from this number the
order of the group formed by all the elements whose orders
divide p-'. That is, the number of elements of order p#
in G is equal to *

?

mh+mist ... +m'ﬂ Pm’.+m'g+ .o +m’ﬂ_1

— (Pm'a_ I)Pm’|+m’g+ oo +m'3_l.

To obtain the number of the elements of a given order »
in any abelian group we may write # in the form 2%p ™ p,
..« ;™ and find the number of the elements of order 2+
in the Sylow subgroup of even order, then find the number of
the elements of order p1* in the Sylow subgroup whose order is
divisible by p1, etc. The product of all the numbers obtained
in this way is equal to #. For instance, to find the number of
the clements of order 12 in the abelian group whose invariants
are 24, 6, 2, we observe that the invariants of the Sylow sub-
groups are 8, 2, 2 and 3, 3 respectively. The number of
the clements of order 4 in the former Sylow subgroup is 8,
(m'y=3,m’2=1, m’3=1), and the number of those of order 3 in
the latter is also 8. Hence there are exactly 61 elements of
order 12 in the given abelian group.

The number of the elements of order p? in the group G of
order p™ may also be obtained by observing that if s, s2, . . .,
s) represent a set of base elements of G, a set of base clements
of the subgroup of G generated by all its clements whose

* Heffter, Crdle, vol. 119 (1898), p. 261; Netto, Vorlesungen tiber Algebra,
vol. 2 (1900), p. 248,
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orders divide p# may be obtained by raising all those of the
given set whose orders exceed p# to a power sufficient to reduce
their orders to pP. The elements whose orders divide pf~?!
constitute a subgroup of index p™s under the given subgroup
of G. Hence the number of elements of order pf is p™8—1
times the order of the subgroup of G which is composed of all
its elements whose orders divide pf-!.

EXERCISES

1. Determine the number of elements of each order in the four abelian
groups of order 100.

2. The smallest number of letters on which an abelian group can be
represented as a substitution group is the sum of its invariants, if all these
invariants are powers of prime numbers.

3. A group of order p2¢ must be abelian when ¢ is a prime number
which is less than the prime number p and does not divide p2—1.

4. If all the elements besides the identity of a group are of order 2
the group is abelian.

5. The order of the ¢-subgroup of any abelian group of order g is equal
to g divided by the order of the subgroup generated by all the operators
of prime orders contained in this abelian group.

38. Abelian Groups of Given Orders. The number of the
different possible abelian groups of order #n=2%p%py . . . pyr
(p1, p2, . . ., pn being distinct odd primes) is equal to the
product obtained by multiplying together the numbers which
separately represent the total numbers of partitions, as to addi-
tion, of the separate exponents ao, @1, a2, . . . ,a which exceed
zero. In particular, if none of these exponents exceeds 3 the
number of distinct abelian groups of order » is equal to the
product of those exponents which exceed zero. For instance,
the number of abelian groups of order 32-53-73 is 18, while
the number of those of order 25-32-5* is 7-2.5="70.

From the preceding paragraph it results that it is very
easy to determine the number of the possible abelian groups
of a given order. It may be observed that two abelian groups
which involve the same number of elements of each order are
simply isomorphic, but this is not truc as regards non-abelian
groups. In fact, we can easily construct non-abelian groups
which have the same number of clements of cach order as
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certain abelian groups. For instance, if s is an element of order
8 while ¢ is of order 2, the two groups of order 16 generated by
s and ¢, when these elements satisfy one of the following
equations

Ist=s, ist=s5,

evidently contain the same number of elements of each order.

To prove that two abelian groups which have the same
number of elements of each order are always simply isomorphic,
it is clearly only necessary to consider the case when their
order is a power of a prime. In this case, it is casy to see that
any change in the invariants will affect the number of elements
of given orders. In fact, if the order of such a group is p™,
it has been observed that the elements of order p generate a
group of order p* where a is the number of its invariants.
The elements of order p?, if there are such, generate a group of
order p**~# where 8 is equal to the number of invariants which
are equal to p, etc. Hence it results that fwo abelian groups
which have the same number of elements of each order are simply
isomor phic.

39. A Special Class of Abelian Groups. We gave, in §5,
illustrations of abelian groups which are generated by the
#(g) totitives of g, that is, by the ¢(g) natural numbers which
do not exceed g and are prime to g, and we shall now enter upon
a more detailed study of these important abelian groups.*
It is casy to see that they constitute the groups of isomor phisms
of cyclic groups; that is, the groups according to which the
elements of cyclic groups are permuted when these cyclic groups
are made simply isomorphic with themselves in every possible
manner. Ior the sake of simplicity we begin with two illus-
trative examples.  Let 1, a, o?, o3, of, represent the five fifth
roots of unity. These may be put into a (1, 1) correspondence,
or they can be made simply isomorphic with each other, in the
Tollowing four ways, but in no other way:

*In the second cdition of vol. 2 of Weber's Lekrbuch der Algebra, 1899,
p. 60, these groups are called the most important example of abelian groups of
finite order.
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11 11 11 11
aa aa? aad adt
o2 oot oo o?aP
BB Ao oot ofa?
atot adol oo’ oo

As the different ways in which a group can be made simply
isomorphic with itself clearly correspond to the substitutions
of a group, it results that the group of isomorphisms of the
group of order 5 is of order 4. As a substitution group whose
elements are the numbers 1, 2, 3, 4 the given group of isomorph-
isms may be represented in the following manner:

1, 1243, 1342, 14-23.

That is, the group of isomorphisms of the group of order 5 is
the cyclic group of order 4. The same abstract group of order
4 is evidently generated by the following four numbers, when
they are combined by multiplication:

1 2 3 4 (mod 5).

As a second illustrative example we consider all the possible
simple isomorphisms between the eight eighth roots of unity
represented by the following symbols: 1, 8, 82, 83, 84, g5, 68, 67,
where B is any root of the equation x4+1=0. These isomorph-
isms may be represented as follows:

11 11 11 11
BB B 8 B 8° B8 87
262 g*p8 8262 Bp8
e B 287 A28
iy gigt gpt Bipt
o568 8567 5B o83
pese 8882 Bege pop?
BB B7p° p7p? A8 .
This group of isomorphisms, as a substitution group on the
numbers 1, 2, . . . , 7, is as follows:

1 13-57-26 15-37 17-35-26.
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This group could have been equally well represented by
1 1357 15-37 17-35

and it is clear that it is simply isomorphic with the group formed
by the following numbers, when they are combined by multi-
plication:

1 3 5 7 (mod 8).

These examples may suffice to illustrate the fact that the
group formed by the ¢(m) totitives, with respect to multiplica-
tion (mod m), is the group of isomorphisms of the cyclic group
of order m. To prove this fact it is only necessary to observe
that the correspondence of the operators of lower orders in a
cyclic group is completely determined by the correspondence
of the operators of highest order, and that all of the latter may
be obtained from any one of them by raising it to all the various
powers which are prime to the order of the cyclic group. In
particular, a necessary and sufficient condition that the num-
ber m has a primitive root is that the group formed by the
¢(m) totitives (mod m) be cyclic. While the group formed by
the totitives is always abelian, there are many abelian groups
which cannot be represented in this way. Hence these groups
form a special class of abelian groups.

We proceed to determine some conditions which must be
satisfied in order that an abelian group G may belong to this
class. When G is cyclic the matter is quite simple. It is
necessary and sufficient that its order g be the exponent to
which a primitive root of some number belongs. That is,
whenever g=p3(p—1),* p being an odd prime number, and a
being any positive integer or zero, the cyclic group G belongs
to the given class, and only then. The lowest two even num-
bers which are not of the form p3(p—1) are 8 and 14; hence
these numbers are the lowest orders of cyclic groups of an
even order that cannot be the groups of isomorphisms of any
cyclic groups whatever, and hence the cyclic groups of these
two orders cannot be represented as groups of totitives.

* Cf. Dirichlet-Dedekind, Zahlentheorie, 1879, p. 340.
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If g is written in the form g=2%p@p,® . . | (py, pa, . . .
being different odd prime numbers), G is the direct product
of its subgroups of orders 2%, py™, po= . . ., and its group

of isomorphisms [/ is evidently the direct product of the groups
of isomorphisms of these subgroups. Since the group of iso-
morphisms of a cyclic group whose order is a power of an odd
prime number is cyclic, it follows from the above that I is the
direct product of the cyclic groups of orders p;®=1(p;—1),
P2~ '(p2—1), . . ., when ao=0 or 1. When ao> 1, we have
to add a group of order 2 and a cyclic group of order 2=-2 to
these factor groups in order to obtain I, since there are numbers
which belong to the exponent 2%-2 (mod 2°), but none which
belong to a higher exponent.*

Since 7 is the direct product of groups of even orders, the
order of I is always even when g>2. It can clearly be any
even number of the form 2fpifipsf . | . (p1—1)(pa—1) . . .
The smallest two natural numbers which are not of this form
are 14 and 26;7 hence these numbers are the lowest orders of
groups that cannot be groups of isomorphisms of any cyclic
group whatever. It is evident that the highest prime factor
of the order of I can not exceed the highest prime factor of g.

EXERCISES

1. Determine the invariants of the group formed by the 40=¢(100)
totitives of 100 (mod 100).

2. The number of invariants in the group of the totitives of m (mod
m) is equal to the number of the distinct odd prime factors of m when-
ever m is either odd or double an odd number. It is equal to the num-
ber of distinct prime factors of m, whenever m is divisible by 4 but not
by 8; when m is divisible by 8, the number of these invariants is one
more than the number of the distinct prime factors of m. Cf. Weber,
Lehrbuch der Algebra, vol. 2, 1896, p. 59.

3. Find the three possible cyclic groups whose group of isomorphisms
has the invariants 6, 2, 2.

4. If the operators of order 2 in the group of isomorphisms of the cyclic
group of order m generatc a group of order 2% what is the maximum num-
ber of the distinct primes which divide m? What is the minimum number
of such divisors of m?

* Cf. H. Weber, Lehrbuch der Algebra, 2d ed., vol. 2, 1899, b. 64,
1 Lucas, Théorie des nombres, 1891, p. 394.
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5. If the group of totitives of m has for its order a power of a prime
this order is of the form 2%,

6. Every possible abelian group is a subgroup of some group of
totitives.

Suggestion: If the invariants of the given abelian group are so chosen
that cach is a power of a prime number, it is clearly possible to choose
m so that the group of totitives of m involves the same invariants.

40. Subgroups and Quotient Groups of any Abelian Group.
It has been proved that every abelian group may be regarded
as the direct product of cyclic groups and hence it is completely
determined by the orders of these groups. As every subgroup
of an abelian group is abelian, it results that these subgroups
are also completely determined by the orders of the cyclic
groups of which they are the direct products. Hence it follows
immediatcly that a necessary and sufficient condition that an
abelian group G whose invariants are iy, i, . . . , i, contains
a subgroup whose invariants are ji, jo, . .., ji is that it be
possible to associate the t j's with ¢ distinct i's so that each i is
is divisible by the corresponding j.

If such an arrangement were not possible the subgroup
would involve more operators of a certain order than the entire
group. The condition imposed upon the invariants of a sub-
group is clearly equally applicable as regards the invariants
of a quotient group. Hence we have the important theorem:
The invariants of any subgroup of an abelian group are invari-
ants of a quoticnt group, and the invariants of any quotient group
are also tnvariants of a subgroup. In other words, each subgroup
is simply isomorphic with a quotient group and vice versa.
A like theorem is not always true as regards non-abelian groups.

If a group is cyclic all of its subgroups may be obtained by
raising successively all of its operators to the same power, but
this method cannot give all the subgroups of a non-cyclic
group. The kth power of each operator of an abelian group G
gives a group which is simply isomorphic with G whenever &
is prime to g. If %k is not prime to g, these kth powers con-
stitute a quotient group of G, whose order is g divided by the
total number of the operators of G whose orders divide k.
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While it is not difficult to find, by means of the theorem
stated above, the total number of the different types of sub-
groups in a given abelian group whose invariants are known, it
is a problem of considerable difficulty to determine all the pos-
sible subgroups of the same type. To illustrate this fact we
consider the subgroups of the important class of abelian groups
of order p™ and of type (1,1, . . ., to m units). In this case
there are evidently m —1 different types of subgroups, exclud-
ing the identity. That is, there is one and only one type of
subgroups of order p*, a=1, 2, . . . , m—1, separately.

In this case it is also not very difficult to determine the
number of the different subgroups of order p=. In fact, this
number is clearly equal to the quotient obtained by dividing
the total number of ways in which generating operators of such
a subgroup can be selected from the operators of the group
by the number of ways in which such generators can be selected
from the operators of the subgroup. Hence this number is

(= D= =) . . . (=)
F-DE-DE—p) - - =)
_(r=)(n=1) L (preerio)
-0 =1 . .. p-1

In the particular case when a=m—1, this formula reduces to

-1

p—1

Hence there are as many subgroups of order p™~' in an abelian
group of order p™ and of type (1,1, 1, . ... ), as there are sub-
groups of order p. For instance, the group of order 8 and of
type (1, 1, 1) has seven subgroups of order 2 and also seven
subgroups of order 4, while the group of order 16 and of type
(1, 1, 1, 1) has fifteen subgroups of order 2 and fifteen subgroups
of order 8.
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EXERCISES

1. A necessary and sufficient condition that a group be abelian is that
each operator corresponds to its inverse in one of the possible auto-
morphisms of the group.*

2. Find the number of subgroups with invariants 6, 2 in the abelian
group whose invariants are 12, 6, 2.

3. Determine the number of the subgroups of each possible order
in all the abelian groups of order p3, p being a prime.

4. Every abelian group is generated by its operators of highest order.

5. Give an instance of a non-abelian group which is not generated by
its operators of highest order.

41. Group of Isomorphisms of an Abelian Group.} Some
of the most useful properties of an abelian group are exhibited
by its group of isomorphisms. We have already considered the
group of isomorphisms of a cyclic group and found that it is
an abelian group. We shall see that a necessary and sufficient
condition that the group of isomorphisms of an abelian group
G be abelian is that G be cyclic, and hence it results that the
groups of totitives are the only abelian groups of isomorphisms
of abelian groups. This fact is a special case of the theorem
that the invariant operators of the group of isomorphisms of any
abelian group constitute a group which is simply isomorphic
with the group of the totitives of the largest possible invariant
of this abelian group. For instance, if an abelian group has the
invariants 10, 10, 2, the invariant operators of its group of
isomorphisms constitute the cyclic group of order 4. We pro-
ceed to prove the stated theorem.

We shall first prove that if an operator ¢ of the group of
isomorphisms of an abelian group G transforms every operator
of G into the same power (yth) of itself it must be commutative
with every operator of the group of isomorphisms of G. Let
t1 be any other operator of this group of isomorphisms and sup-
pose that

bimlsli =58, tls t=5,",

* This includes the theorem that every group which involves no operator
whose order exceeds 2 is abelian.

t Cf. A. Ranum, Transactions of the American Mathematical Society, vol.
8 (1907), p. 83.
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Sa being an arbitrary operator of G. Since
-l s it =57 =18~ 1~ s, )

it results that ¢ and ¢; are commutative. On the other hand,
suppose that ¢ is commutative with every operator in the
group of isomorphisms of G. We shall first prove that ¢ must
transform every operator of highest order in G into a power of
itself. For, if s, is such an operator and

15t =555,

where s; is not a power of s, it is clearly possible to find an
operator {; in the group of isomorphisms of G such that ¢ is
commutative with s, but not with s;. As it is necessary then

that

U s 1l =555, bV Usall #545,,

it results that ¢ is not commutative with every operator of the
group of isomorphisms of G unless it transforms every operator
of highest order of G into a power of itself.

We shall now show that ¢ must transform into the same
power every operator of highest order in G, and hence it must
transform every operator of G into this power, since these opera-
tors of highest order generate G. It results from the manner
in which the invariants of any abelian group werc determined
that the group of isomorphisms of G transforms its operators
of highest order transitively. That is, the group of isomorph-
isms of G may be represented as a transitive substitution
group in which each letter stands for an operator of highest
order in G. If s,, sp represent two operators of highest order
in G and if

t7isal=5,Y, t-lsgt=5,% 33,

we can find an operator £ in the group of isomorphisms of G
such that

b2 15,l2 = 55.
Hence it results that

t-lt2—lsat:t=3ga, 12~lt~lsatt2=sp'7

That is, ¢, t2 are not commutative unless y=4§. This com-
Pletes a proof of the theorem: A mecessary and sufficient con-
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dition that an operator of the group of isomorphisms of an abelian
group be invariant under this group, is that it should transform
cvery operator of this abelian group into the same power of itself.*

Since two abelian groups having the same invariants can be
made simply isomorphic, and two simply isomorphic groups
have the same invariants, it results that the order of the group
of isomorphisms expresses also the number of different ways
of choosing the independent generators of the group. It
should be observed that while every operator of highest order
in an abelian group may be used as an independent generator,
and hence each operator of highest order must correspond to
every other operator of this order in some simple isomorphism
of the group with itself, it is not generally true that every
operator of lower order corresponds to every operator of its
own order in some simple isomorphism of the group.

This fact may be illustrated by means of the abelian group
whose invariants are p? and p. It is evident that this group
contains a characteristic subgroup of order p; viz., the subgroup
of order p which is generated by its operators of order p2.
The remaining p subgroups of order p in the given group of
order p3 are conjugate under the group of isomorphisms of this
group.

In any automorphism of any abelian group G each operator
of G corresponds to itself multiplied by some operator of G.
The totality of these multiplying operators evidently consti-
tutes a group 7 which is either G itself or a subgroup of G,
and the automorphism may be obtained by making G isomorphic
with T and multiplying corresponding operators. In this
isomorphism no operator except the identity can correspond
to its inverse. As this condition is necessary as well as sufficient
we have arrived at the following fundamental

THEOREM: Every automorphism of an abelian group G may
be obtained by (1) making G isomorphic with one of ils subgroups
or with itself in such a manner that no operator besides the identity
corresponds to its inverse, and (2) making each operator of G

* Tyansaclions of the American Mathematical Society, vol. 1 (1900), p. 397;
vol. 2 (1901), p. 260.
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correspond lo itself multiplied by the operator whick corresponds
to it in this isomorphism.

The simplest case that can present itself is the one in which
the subgroup of G which corresponds to the identity of 7
includes T. The resulting simple isomorphism of G with itself
must correspond to an operator in the group of isomorphisms
of G, whose order is equal to the order of the operator of highest
order in . When the order of T is an odd prime number p,
or double such a number, only one other case can present
itself; viz., the case in which T, or its subgroup of odd order,
corresponds to itself in the given isomorphism between G and T.
In this case the isomorphism corresponds to an operator whose
order divides p—1, in the group of isomorphisms of G. These
results give rise to the following theorem: If we make an abelian
group G simply isomorphic with itself by multiplying its opera-
tors by those of a subgroup whose order is p, or 2p (p being an odd
prime), the resulting automorphism of G corresponds to an opera-
tor of order p, 2p, or (p—1)/a (a being a divisor of p—1), in the
group of isomorphisms of G.

The determination of all the possible orders of the corre-
sponding operators in the group of isomorphisms of any abelian
group, when T is a given subgroup, seems to be a problem of
considerable difficulty. When the order of T is small the num-
ber of cases that have to be considered is also small. In addi-
tion to the orders included in the given theorems, we have the
following, when the order of T does not exceed 8: If T is the
cyclic group of order four, the resulting isomorphism may also
correspond to an operator of order two in the group of isomor-
phisms, and when T is the non-cyclic group of this order, it may
also correspond to operators of orders 3 and 4. When T is the
cyclic group of order 8, the orders of these operators may be 2, 4,
and 8; when T is the direct product of the cyclic group of order
4 and an operator of order 2, the orders of the corresponding
operators in the group of isomorphisms may be 2 and 4; finally,
when T is the direct product of three operators of order 2, the
given operators may be of orders 2, 3, 4, 6, and 7. While all
of the possible cases for a given T may present themselves in
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the same group, it is evident that this does not always
happen.

For the sake of illustration we consider the group of iso-
morphism of the group of order 8 which is the direct product
of three operators of order 2.* Each of its 7 subgroups of
order 4 leads to three operators of order 2. We thus obtain
the 21 operators of order 2 of the required group of isomor-
phisms when we consider all the possible instances in which
the order of T is 2. If the order of T is 4, two cases present
themselves, in one case just two of the operators of 7 (includ-
ing identity) correspond to operators of T, and in the other
case each one of the operators of T corresponds to some opera-
tor of 7. The former case leads to the 42 operators of order
4, and the latter to the 56 operators of order 3 of the required
group of isomorphisms. Finally, we obtain 48 qperators of order
7 when we consider all the possible instances in which the order
of Tis 8. Hence the group of isomorphisms in question is the
well-known group of degree 7 and of order 168.

42. Groups of Isomorphisms of the Groups of Order p2.
A group of order p? is abelian and there are two such groups.
The group of isomorphisms I of the cyclic group of order p2
is the cyclic group of order p(p—1). 1If s is a generator of this
group of order p%, we may select for a generator of its I any
operator ¢ of order p(p—1) such that ¢-'st=s2 where « is any
primitive root of p%. If the order of the multiplying subgroup
T in such an isomorphism is p, the corresponding operators of I
constitute its subgroup of order p. The remaining operators of
I result when T is of order p2, p being an odd prime number.

When the group G of order p2 is non-cyclic, the order of its
I is clearly (p2—1)(p?—p), and this 7 is isomorphic with a tran-
sitive group of degree p+1 corresponding to the transformations
of the p+1 subgroups of order p contained in G. There is clearly
a (p—1, 1) isomorphism between I and this transitive group of
degree p+1, since the p—1 invariant operators of I are the only
ones which transform every subgroup of G into itself.

*Cf. E. H. Moore, Bulletin of the American Mathematical Society, vol, 1
(1894), p. 63.
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If we regard I as a substitution group on p2—1 letters it is
transitive, its subgroup composed of all its substitutions which
omit one letter omits p—1 letters, and it is a regular group
on the remaining p2—p letters. This subgroup contains a
single Sylow subgroup of order p, which corresponds to the
cases when the multiplying subgroup T is composed of the
invariant operators of G under the isomorphisms' in question.
The orders of all its other operators divide p—1 as they corre-
spond to the cases when T, under the isomorphism in question,
is a non-invariant subgroup of order p; and this subgroup of
order p(p—1) is simply isomorphic with the metacyclic group
of degree p, which represents the transformations of p Sylow
subgroups of G under this subgroup of 7. As a substitution
group on p?—1 letters the group I is clearly imprimitive when
p is odd, and its p+1 systems of imprimitivity are permuted
according to a triply transitive group of degree p + 1
and of order p(p°*—1), discovered by Mathieu.*

It is easy to determine the number and the orders of all
the substitutions of I whose degrees are less than p2—1. 1In
fact, since the subgroup of I which is composed of all its sub-
stitutions omitting one letter is regular, and of order p2—p,
it follows directly that I involves (p2—p—1)(p+1) different
substitutions each of which omits exactly p—1 letters. The
order of p>—1 of these is p, while the orders of all the others
are divisors of p—1. If d represents any divisor of p—1, then
the number of these substitutions which are of order d is
p(p+1)¢(d). All the substitutions of order p are conjugate,
but there are ¢(d) equal sets of conjugate substitutions of
order d and of degree p2—p. The isomorphic group of degree
p+1 and of order p(p?—1), according to which the p+1 sub-
groups of G are transformed, contains also p?2—1 conjugate
substitutions of order p, and all its substitutions whose degree
is less than p are of degree p—1 and have orders which divide
p—1. The number of these substitutions whose order is d

is 3p(p+1)(d).

* E. Mathieu, Paris Comptes Rendus, vol. 47 (1858), p. 698,
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43. Abelian Groups which are Conformal with Non-abelian
Groups. Two distinct groups are said to be conformal when
they contain the same number of operators of each order.*
We proceed to determine all the abelian groups which are con-
formal with non-abelian groups. The complete solution of
the converse of this problem, viz., the determination of all the
non-abelian groups which are conformal with abelian ones, is
much more difficult, since a large number of distinct non-
abelian groups may be conformal with the same abelian group,
while no more than one abelian group can be conformal with
onc non-abelian group. In fact, it was observed in § 37 that
two distinct abelian groups cannot be conformal.

It is evident that there is only one group of order 2™ which
doces not include any operator of order 4, viz., the abelian group
of type (1, 1, 1, . .. ). Moreover, there is only one cyclic
group of order 2™, and when m <4 no two groups of order 2™
are conformal.  We proceed to prove that every abelian group
G of order 2™ which does not satisfy one of these conditions is
conformal with at least one non-abelian group.

Let I be the subgroup of G which is generated by the square
of onc of its independent generators s of lowest order, together
with all the other independent generators of G. The order of
I is 2™~'. Since m>3 there is an operator ¢ of order 2 which
has the following properties: It transforms H into itself,
it is commutative with half of the operators of H (including
all those which are not of highest order), and it transforms the
rest into themselves multiplied by an operator of order 2 which
is not the square of a non-invariant operator of H; i.e., ¢ does
not transform an opcrator of order 4 contained in H into its
inverse. The non-abelian group generated by I and ¢ is con-
formal with G whenever s?=1.

When the order of s exceceds two, the group generated
by ¢ and H (written as a regular substitution group) may be
made simply isomorphic with itself by writing it on two dis-
tinct sets of letters. If in this intransitive group ¢ is replaced
by the continued product of {, the substitution of order two

* Quurterly Journal of Mathematics, vol. 28 (1896), p. 270.
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which merely permutes corresponding letters of the two sys-
tems of intransitivity, and s? in one of the systems of letters,
there results a transitive group which is conformal with G.
That is, any abelian group of order 2™, m> 3, which is neither
cyclic nor of type (1,1,1, ... ), is conformal with at least
one non-abelian group.

It will now be assumed that the order of G is p™ (p being an
odd prime number and m>2), and that G is non-cyclic. Let
H be the subgroup generated by s” (s being one of the indepen-
dent generators of lowest order in G) together with all the other
independent generators of G. There is an operator ¢ of order
p which transforms H into itsed, is commutative with each
of its operators contained in a subgroup of order p™~2, and
transforms the rest into themselves multiplied by invariant
operators of order p. This ¢ and H generate a group which is
conformal with G whenever s?=1; for, if s; is any substitution
of H that is not commutative with ¢, it is easy to see that

(ts1)? =tsits1 . . . (p times)
=510~ 2s12Bst -0 L L L P OPs =50

'When s? differs from identity the group generated by H and
¢, written as a regular group, may be made simply isomorphic
with itself p—1 times, by writing cach substitution in p dis-
tinct sets of letters; and ¢ may be replaced by the continued
product of ¢, the substitution of order p which merely permutes
the corresponding letters of these systems of intransitivity,
and the pth power of s in one of these systems. In the result-
ing group the pth power of the operators will be the same as those
of G taken in the same order, and hence this group will be con-
formal with G.

If a non-abelian group whose order is not some power of a
prime is conformal with an abelian group G, it must be the direct
product of its Sylow subgroups, and hence each of these sub-
groups is conformal with an abelian group, and at least one
of them is non-abelian. From what precedes, it may be observed
that necessary and sufficient conditions that any abelian group

* Transactions of the American Mathematical Sociely, vol. 2 (1901), p. 262.
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of order 2%p1%py™ . .. (p1, po, . .. being distinct odd
primes) be conformal with at least one non-abelian group are:
19 at least one of its subgroups of orders 2=, p;= po= . . . is
non-cyclic; 20 if the order ps” of this subgroup is odd, then
ag> 2; if the order is even (2, then the subgroup must involve
operators of order 4 and ap>3. Since any number of these
factors may be non-abelian, there cannot be an upper limit
to the number of non-abelian groups which can be conformal
with an arbitrary abelian group. This fact may be seen in
many other ways.

EXERCISES

1. Let s be of order 16 and let ¢ represent an operator of order 2 such
that tst=s°; prove that (s, {) is conformal with the abelian group whose
invariants are 16, 2.

2. Find the group of isomorphisms of the abelian group whose invari-
ants are 8, 2 and determine its invariant operators.

3. If p is an odd number, there is at least one non-abelian group of
order p™, m>2, which is conformal with the abelian group of type (1,

1, . . . to m units). The number of such possible groups increases with
m and has no upper limit.

4. Any operator of order p° in any abelian group whatever can be
used as an independent generator provided its p% 'th power is not
included in a cyclic subgroup of order p*t!.

5. Every possible group of finite order is a subgroup of the group of
isomorphisms of an abelian group of order 2™ and of type (1, 1,1, . . . ).
Suggestions: Observe that this group of isomorphisms contains a
subgroup which is simply isomorphic with the symmetric group of degree m.

44. Characteristic Subgroups of an Abelian Group. In § 29
a characteristic subgroup was defined as a subgroup which cor-
responds to itself in every possible automorphism of the group.
An operator which corresponds to itself in every possible
automorphism of the group is likewise called a characteristic
operator. Tt is clear that every characteristic subgroup is also
an invariant subgroup, and that every characteristic operator
is also an invariant operator; but invariant subgroups and
invariant operators are not necessarily characteristic. The
Sylow subgroups of an abelian group whose order is not a
power of a single prime are evidently characteristic subgroups.
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If G is an abelian group of order p™ and of type (1, 1,1, . . .),
it contains no characteristic subgroup besides the identity;
but every other abelian group contains at least one character-
istic subgroup besides the identity. Suppose that G is an abelian
group of order p™ but not of type (1, 1,1, . . . ), and let p=
be one of its largest invariants. If exactly A; of the invariants
of G are equal to p=, then G contains a characteristic subgroup
of order p™ and of type (1, 1, 1, . . . ). This characteristic
subgroup C: has been called the fundamental characteristic
subgroup * of G, since it is contained in every possible char-
acteristic subgroup of G besides the identity, as we shall prove
in the following paragraph. ,

It is evident that the subgroup of order p™, which is com-
posed of the identity and of all the operators of order p which
are generated by the operators of highest order contained in G,
is the characteristic subgroup C,. Moreover, the conjugates
under the group of isomorphisms I of every operator of order p,
which is found in G but not in C,, gencrate a characteristic
subgroup of G which includes C; as a subgroup. This fact
results immediately from the different possible ways of select-
ing the independent generators of G. If the second largest
invariants of G are p, and if therc are exactly A2 such invari-
ants in G, then G contains also a characteristic subgroup C»
of order pM*™ which is composed of the identity and of the
operators of order p which are generated by the operators
of order p contained in G. By continuing this process we
clearly arrive at the following

THEOREM. If a group G of order p™ has Ny invarianis which
are equal to p™, Nz which are equal to p™, . . . , Ng which are
equal to p°s, where ary>as> . . . >ag, then G has 8 character-
istic subgroups Ci, Cq, . . ., Cg, besides the identity, such that
each of them is gemerated by operalors of order p. Their orders
are ph, phtr 0 phtMt 40 yespectively, and ecach is
included in all of those which follow it.

Since every operator of highest order contained in an abelian
group can be used as an independent generator of the group,

* American Journal of Mathematics, vol. 27 (1905), p. 15,
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it is clear that a characteristic subgroup of G cannot involve
any of its operators of order p=. All the operators of G whose
orders divide p»~#, where 8, has any value from 1 to a;—1,
constitute a characteristic subgroup of G. The character-
istic subgroup Cj of the preceding theorem corresponds to the
case when Bi=ai1—1. If all the invariants of G are equal,
there is only one characteristic subgroup of G, besides the
identity, which involves operators of order % but none of
higher order. It is also evident that the pfth powers of all
the operators of G constitute a characteristic subgroup of G.

If s is any independent generator of G, the conjugates of
s under the group of isomorphisms of G generate a group which
involves all the operators of G whose orders do not exceed
the order of s. In other words, if a characteristic subgroup in-
volves an independent gemerator of an abelian group, it also
involves all the operators of this abelian group whose orders divide
the order of this independent generator. This theorem clearly
includes the theorem stated above, to the effect that a char-
acteristic subgroup cannot involve any of the operators of
highest order contained in G. In the following paragraph we
shall establish a still more general theorem in case p> 2.

For a study of the special properties of the characteristic
subgroups it is convenient to let H,, Hz, . .., Hg repre-
sent the subgroups of G which are generated respectively by
a set of A, independent generators of order p™, a set of Az
independent generators of order p®, . . . , a set of Ag indepen-
dent generators of order p®6. Suppose that p>2 and that s
is some operator of order p° a;>$§, which is contained in G.
If o, > 85 @y 1, and if sy is the product of an operator of highest
order in H,,, and an operator of order p° from H,, then the
conjugates of s; under I generate a group which involves all
the operators of order p® that are contained in G. In fact,
this group clearly involves an independent generator of H,4,
since p>2, and it involves all the operators of order p° in the
direct product of the subgroups Hy, . . . , H,.

By means of the preceding theorems it is not difficult to
determine the characteristic subgroups of any given abelian
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group of order p™. If the order of an abelian group is not a
power of a single prime number its characteristic subgroups
are found by forming the direct product of the characteristic
subgroups of its Sylow subgroups, and all such direct products
are characteristic subgroups of G.

EXERCISES

1. If an abelian group G of order p™ has only two distinct invariants
™, »™, and if ey—a,=n, then the number of the characteristic subgroups
which are generated by the operators of order % is 2, when #n=1 and &
has any one of the values from 1 to a;—1. The number of these subgroups
cannot exceed the smaller of the two numbers #-+1, as+1 for any value
of 3.

2. Find all the characteristic subgroups of the abelian group of order
p¢ and of type (1, 2, 3).

3. The abelian group of order 16 and of type (1, 3) has the property
that no single set of operators of order 4, which are conjugate under its
group of isomorphisms, generates all its operators of this order. Prove that
whenever p>2 all the operators of order #? in the abelian group of order

#* and of type (1, 3) are generated by a single set of operators of order p?
which are conjugate under its I.

46. Non-abelian Groups in which Every Subgroup is Abelian.
Let G represent any non-abelian group all of whose subgroups
are abelian. As instances of such groups we may cite the
octic and quaternion groups. We shall first prove that G
must contain an invariant subgroup of prime index p. Suppose
that G is represented as a transitive substitution group of the
smallest possible degree. If this group is imprimitive it must
transform a set of systems of imprimitivity according to a prim-
itive group which has a (1, a) isomorphism with G.

This primitive group must be such that each of its subgroups
is abelian, and hence we have only to prove that every prim-
itive group which contains only abelian subgroups has an
invariant subgroup of index p. If this primitive group were
regular it would be of order p. 1If it were non-regular and of
degree 7, a maximal subgroup of degree #—1 would be abelian
and hence all of its substitutions besides the identity would be
of degree n—1; for, if the degree of such a substitution were
less than #—1, this substitution would occur in two maximal
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abelian subgroups and hence it would be invariant under the
entire group. Consequently this primitive group of degree n
would involve exactly n—1 substitutions of degree n, while
each of its remaining substitutions besides the identity would
be of degree n—1.

The substitution groups which have these properties have
been studied extensively. Frobenius * proved that such a
group must have an invariant subgroup of order #». This im-
portant fact will be proved in §139. If we assume this theorem
for the present, it results that G must contain an invariant
subgroup of index p, since the quotient group with respect to
the given subgroup of order # is abelian.

We shall now prove that the order g of G cannot be divisible
by more than two distinct prime numbers. Suppose that
g=p1%p2™ . . . ™, where p1, po, . . ., paredistinct prime
numbers. Since G contains an invariant abelian subgroup of
prime index, we may suppose that it contains an invariant
subgroup H of order k, where % is given by the formula

h=p 1" 1po™ . . . DA

As H is the direct product of its Sylow subgroups and as every
operator of G which is not in H has an order which is divisible
by pi, it results directly that G contains only one Sylow sub-
group of each of the orders p2™, . . . , ;™.

Let s be any operator, which is found in G but not in H
and whose order is of the form p,%. As s transforms each of
the Sylow subgroups of H into itself, and as G is non-abelian,
s must be non-commutative with some of the operators in one
of these Sylow subgroups. This Sylow subgroup and s must
generate G, otherwise G would involve a non-abelian subgroup.
This completes the proof of the fact that the order of a non-
abelian group which contains only abelian subgroups cannot be
divisible by more than two distinct prime numbers.

Suppose that the order of G is pi1®p2™, «2>0, and that G
contains an invariant subgroup of order p*~'p2™, and represent
the Sylow subgroups of orders p;* and p2>* by P and P2 respec-

* Frobenius, Berliner Silzungsberichte, 1902, p. 455.
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tively. We proceed to prove that P, is cyclic and that P is of
type (1,1, 1, . .. ). That P, is cyclic follows directly from
the fact that s transforms P; into itself and that G is generated
by s and P,;. In fact, it is evident that a;j=8. If P, were
not of type (1, 1, 1, ... ), it would contain characteristic
subgroups generated by its operators whose orders are divi-
sors of p2, po?, . . ., p2’~, where po” is the order of its opera-
tors of highest order. All of the operators of these character-
istic subgroups would be composed of operators which would
be commutative with s, since G cannot contain a non-abelian
subgroup. Hence s would have to transform among them-
selves all the operators of order po" in P, which have the same
p2th power. As the number of these operators is a power
of p2, this is impossible. That is, we have arrived at an absurd-
ity by assuming that r>1, and hence we have established the
theorem: If a mom-abelian group which contains only abelian
subgroups has more than one Sylow subgroup, one of these sub-
groups is of the type (1, 1,1, . . . ) and the others are cyclic.

EXERCISES

L. If all the subgroups of a non-abelian group of order p™, p being a
prime number, are abelian, its commutator subgroup is of order p and
the pth power of each of its operators is invariant.*

2. Every subgroup of the dicyclic group of order 4p is abelian.

3. If every subgroup of order p™! in a non-abelian group of order
p™ is abelian, there must be exactly p+1 such subgroups.

4. The group of order 56 which contains 8 subgroups of order 7 does
not involve any non-abelian subgroup.

46. Roots of the Operators of an Abelian Group. If sy, s2,

. ., 5, are the operators of an abelian group G, and if G con-
tains two operators s,, S5 which are such that s,*=sg, then's,
is said to be an #th root of ss. In particular, every operator
of G is a gth root of the identity, so that the identity has g gth
roots under G. If » is prime to g every operator of G has one
and only one nth root. On the other hand, if # is a divisor
of g, the total number of the operators of G whose orders divide

* Cf. G. A. Miller and H. C. Moreno, Transaclions of the American Mathe-
matical Society, vol. 4 (1903), p. 403.



§ 47] HAMILTON GROUPS 115

n is always divisible by #. These operators constitute a sub-
group II, of G. 1If an operator of G has one nth root it must
have %, such roots, 4, being the order of H;.

Whenever # is a divisor of ¢ all the operators of G may be
divided into two classes according as they have nth roots or do
not have this property. As each operator of the first class has
exactly /1 nth roots, the number of the operators in this class is
g/hi. The number of the operators in the second class is there-
fore g—g/l. When G is cyclic, b =n.

If d is the highest common factor of # and g every operator
of G which has one nth root must have either d or a multiple
of d such roots, since the total number of the operators of G
whose orders divide d is divisible by d. The number of the
operators which have nth roots is evidently equal to g/hs, ke
being the order of the subgroup Ho> which is composed of all the
operators of G whose orders divide d.

The & operators of G which are nth roots of the same
operator correspond to the same operator in the quotient
group G/II>. Every operator of G is clearly an nth root of one
and of only onc operator of G, but a given operator may have
a number of different nth roots. If a group is non-abelian two
operators which have nth roots nced not have the same number
of such roots.

For instance, in the symmetric group of order 6 the identity
has three square roots while each of the two operators of order
3 has only onc such root.

47. Hamilton Groups. A non-abelian group G is said to be a
Hamilton group,or a Hamiltonian group, if each of its subgroups
is invariant. While these groups are not abelian, they have
in common with the abelian groups the property that every
subgroup is invariant. They were thus named by Dedekind
in honor of Sir W. R. Hamilton, and some of their fundamental
properties were first studied by Dedekind in view of their
uscfulness in the study of the number realms which belong to
such groups.*

Since every subgroup of G is invariant, G must be the direct

* R. Dedekind, Mathematische Annalen, vol. 48 (1897), p. 548,
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product of its Sylow subgroups. If all the subgroups of a Sylow
subgroup of odd order are invariant, this Sylow subgroup must
be abelian. 1In fact, if the order of such a subgroup P, is p™,
then each of its operators of order p must be invariant, since the
group of isomorphisms of the cyclic group of order p is of order
p—1. Suppose that P, contains a cyclic subgroup C, of order
?* such that C, involves non-invariant operators.

If this were possible P, would contain an operator s which
would transform C, into itself without being commutative with
every operator of C,. As the operators of C, would also trans-
form into itself the cyclic group S generated by s, it follows
that the commutators, involving elements from C, and Sp,
would be in both of these cyclic groups. These commutators
would therefore be in the central of the group generated by
C,and Sg. We may suppose that s was so selected that s? is
commutative with every operator of C,. As the group gener-
ated by C, and this s would contain non-invariant operators
which would not generate the commutator subgroup of order
p, it results that P, must be abelian.

We have now proved that every Hamilton group is the direct
product of a Hamilton group of order 2™ and some abelian group
of odd order. Hence it remains only to determine the possible
Hamilton groups of order 2”. As an instance of such a group
we may cite the quaternion group. We shall first prove that
such a group H cannot involve any operator whose order ex-
ceeds 4.

In fact, if H contained an operator s whose order exceeds 4,
we could find a subgroup in I, by the method used above,
which would contain a non-invariant operator which would
not generate the commutator of this subgroup. Hence we can
assume that the order of every operator of H is either 2 or 4.
Moreover, the operators of order 2 are contained in the central
of H, while each operator of order 4 is transformed either into
itself or into its inverse by every operator of H. Two of
these non-commutative operators of order 4 must have a com-
mon square, and hence any two such operators must generate
the quaternion group.
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The group generated by any one such quaternion group and
the operators of order 2 contained in H must coincide with H.
In fact, if an operator s of /7 werc not contained in this group,
this operator and this group would generate a group Wthh
would involve more operators of order 2. As this is contrary
to the hypothesis, we have established the following theorem:
Every possible Hamillon group is the direct product of a quaternion
group, an abelian group of order 2™ and of type (1,1, 1, . . )
and an abelian group of odd order.*

A group which is a direct product of two groups is some-
times called a divisible group. If it is not a direct product
it is said to be indivisible. Hence the quaternion group is the
only indivisible Hamiltonian group. The only indivisible abelian
groups are the cyclic groups whose orders are powers of prime
numbers. If an abelian group is written as the product of indi-
visible groups, the orders of these groups constitute the largest
possible set of invariants of the abelian group.

)

EXERCISES

1. The commutator quotient group of a Hamilton group of order 2™
is abelian and of type (1, 1,1, . . . ).

2. The number of the possible Hamilton groups of order 2™k, £ being
any odd number, is equal to the number of the abelian groups of order k.

3. Every Hamilton group has the four-group as a group of inner iso-
morphisms.

4. Two and only two of the operators of a Hamilton group are character-
istic.

5. Let g=p™ p™ . .. pr™N, where py, ps; . ., P are distinct primes.
Necessary and sufficient conditions that all existing groups of order g
shall be abelian are: (1) each o;Z 2; (2) no p—1 is divisible by one
of the primes gy, p5,. . ,pn. Cf. L. E. Dickson, Transactions of the
American Mathematical Society, vol. 6 (1905), p. 201.

* This theorem, together with various other theorems relating to Hamilton
groups, was proved by G. A. Miller, Bulletin of the American Mathematical
Society, vol. 4 (1898), p. 510. Some of these theorems were proved several years
later by E. Wendt, Mathematische Annalen, vol. 59 (1904), p. 187. In the fol-
lowing volume of this journal Wendt corrected this oversight.



CHAPTER V
GROUPS WHOSE ORDERS ARE POWERS OF PRIME NUMBERS

48. Introduction. It has been observed in § 11 that if
p* is the highest power of the prime p which divides the order
of a group G then G must involve at least one subgroup of order
2%, and if G involves more than one such subgroup, all the sub-
groups of this order (Sylow subgroups) form a complete set of
conjugates. These facts indicate that it is especially important
to know the fundamental properties of Sylow’s groups; * that
is, of groups whose orders are powers of prime numbers. For-
tunately all these Sylow groups have unusually interesting
propertics in common and they offer more casy avenues of
penetration than the groups whose orders are arbitrary num-
bers.

A strong instrument of attack here, as well as in many other
places in group theory, is the concept of complete sets of con-
jugates. FEach non-invariant operator of a non-abelian group
G of order p™ belongs to a complete set of p* conjugates, since
such an operator is transformed into itself by all the operators
of a subgroup whosc order is p#, B<m. Hence all the non-
invariant operators of G occur in sets, such that each set involves
a power of p conjugate operators, and each non-invariant
operator occurs in one and in only one set. The total number
of the non-invariant operators must therefore be of the form
pk; and, as there are p™—1 operators besides the identity in
G, there must be an invariant operator of order p in G. This

* The groups whose orders are powers of prime numbers are also known as
primary groups. G. Fiobenius and L. Stickelberger, Journal reine angew. Math.,
vol. 86 (1879), p. 219. They are sometimes called prime-power groups. In
view of the unusually large number of useful theorems in this field these groups
have been said to constitute the El Dorado of the theory of groups. Bulletin of
the American Mathematical Society, vol. 6 (1900), p. 393.
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theorem was first proved by L. Sylow * and it may be regarded
as the most important theorem relating to the prime-power
groups.

It has been obscrved that the totality of the invariant
operators of any non-abelian group constitutes an important
subgroup known as the central. With respect to its central,
G is isomorphic to a group of order p™, m’<m. This quotient
group must also have a central subgroup, if it is non-abelian,
and this gives rise to a second quotient group of order p™,
m'’<m’. By continuing this process we must arrive at an
abelian quotient group. It is a matter of considerable impor-
tance to observe that this abelian group is never cyclic. In
fact, this is a special case of the theorem proved in § 28 that
the central quotient group of a non-abelian group is always
non-cyclic.

The subgrcup of G which corresponds to an invariant sub-
group of order p in the central quotient group of G is abelian,
but includes operators which are not in the central of G.  Hence
it results that every non-abelian group of order p™ contains an
invariant abelian subgroup whose opcrators are not separately
invariant under the group.

Since we can always arrive at the identity by forming
successive central quotient groups of G it results that G must
have at least one invariant subgroup whose order is an arbi-
trary divisor of the order of G. Suppose that I, H,, . . . ,
I, represent any complete set of conjugate subgroups of G.
Since each of these subgroups is transformed into itself by a
subgroup of G whose order is a power of p, it results that p
is also a power of p. Hence cach of these H's must transform
into itsclf each one of at least p—1 of the other II's, since
it transforms itself into itself, and since it must transform a
multiple of p of these conjugates among themselves. That
is, each one of a complete sct of conjugate subgroups of a group of
order p™ is transformed into itsclf by at least p—1 others of the set,
if the set includes more than one subgroup. In particular, every
subgroup of order p™~' in a group of order p™ is invariant under

* Mathematische Annalen, vol. 5 (1872), p. 584,
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this group. As has been observed in § 28, this theorem is also
a special case of the following theorem: If H, and H: are two
conjugate subgroups of G, then the index of H, or Hz under G
is greater than the index under H, or H; of the cross-cut of H,
and H».

49. Invariant Abelian Subgroups. From the fact that every
group of order p™ contains at least p invariant operators and
that its central quotient group has the same property, it results
that every group of order p™, m>2, contains a subgroup of
order p™~! which involves p? invariant operators. In a similar
way we observe that every group of order p™, m>5, contains
a subgroup of order p™~'-? which involves p® invariant opera-
tors. In general, every group of order $®, m> (a+2)(a—1)/2,
contains a subgroup of order

pR-1-2-3= ... —(a=D _ ym-ala-D/3

which involves $* invariant operators. As the group formed
by these invariant operators corresponds to an invariant sub-
group in the quotient group, it results that it is invariant under
the entire group. Since every imvariant subgroup of order p*
in a group of order p™ is conlained in an invariant subgroup of
order p**1, it results from the above that every group of order
p™, m>a(a+1)/2, contains an invariant abelian group of order
p**1. In other words, every group of order p", m>p(3—1)/2
contains an invariant abelian subgroup of order pP.

In the special case when p =2 this theorem may be expressed
in a little more general form as follows:

Every group of order 2", m= B(B—1)/2, 8> 3, contains an abe-
lian subgroup of order 22 *. The proof of this extended theorem
is short if the preceding deveclopments are employed. In
fact, it has been proved that G involves a subgroup of order

Pm—l—2— P —(ﬂ—3)=pm—(ﬂ—2)(3-3)/2’ ﬁ> 3’

* In fact, there is always an invariant abelian subgroup of order 28 when the
given conditions are satisfied. Cf. Messenger of Mathematics, vol. 41 (1912),
p. 28.
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whose central is of order at least £#-2, whenever m=(g— 1)
(8—2)/2. When m=8(8—1)/2 the order of this subgroup is

Pﬁ(ﬂ- D/2-B-2)(8-3)/2 _ pZﬁ-s'

The quotient group with respect to the given central is of order
p#~'. If this quotient group contains operators of order p2,
G must evidently involve an abelian group of order PP It
remains therefore to consider the case when this quotient
group does not involve any operator of order p2. If p=2 we may
assume that this quotient group is abelian, and hence we shall
confine our attention, in what follows, to this special case.

We are thus led to consider the possibility of constructing
a group K of order 2?3 having a central C of order 26-2 which
lecads to an abelian quotient group of type (1, 1, 1, ... ).
If we arrive at a contradiction by assuming that K does not
include an abelian subgroup of order 2% our theorem is proved.
If K existed, all the operators of C besides the identity would
be of order 2, since all of these operators would be commutators
of K. Moreover, each of the non-invariant operators of K
would be transformed under K into itself multiplied by all
the operators of C.

Let K, represent any subgroup of order 2%~ and involving
C. Each of the non-invariant operators of K; is transformed
under K into itself multiplicd by all the operators of a subgroup
of order 28~* contained in C. The multiplying subgroups for
two distinct operators (mod C) of K; must be distinct, other-
wise the operators of the group of order 4 (mod C) generated
by these two operators would have to be transformed, by an
operator of K which is not also in K, into themselves multi-
plied by the operators of a group of order 4 which has only the
identity in common with the given subgroup of order 26-3
in C. As this is clearly impossible it results that all the dif-
ferent non-invariant operators of K, are transformed under
K, into themsclves multiplied by all the different subgroups of
order 26-3% in C.

From the preceding paragraph it results that thereis a (1, 1)
correspondence between the operators of K, and the subgroups
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of order 2°=% in C such that each operator of K, is transformed
under K} into itself multiplied by the various operators of the
corresponding subgroup. Let ¢ be any non-invariant operator
of K, and consider all the possible subgroups of order 4 in the
quotient group of K with respect to C, such that cach of these
subgroups involves the opcrator corresponding to ¢;. Any oper-
ator (p) of K which is not also in K, transforms cach of these
subgroups into itself multiplied into a subgroup of order 4 con-
tained in C. Let 1, ts, . . ., fg_» represent a set of operators
of K; which correspond to a sct of independent generating
operators in the given quotient group and assume that

tilsoty =s1ta, 6 Vs3li=saty, . . . y L7 1Sg_oti =Sg_3lg_s.

The subgroup (4, #) is transformed by p into itsclf multiplicd
by a group of order 4 which does not involve s,. In general,
the subgroup (#1, 4,), @=2, 3, . . ., B—2, is transformed by
p into itself multiplied by a subgroup of order 4 of C which

does not involve s,_y, and (4, fols, . . . la,) is transformed
by p into itself multiplied by a subgroup of order 4 which does
not involve s, _1Sg—1 - - . Say—ti a2, . .. oan=1,2 ...,

B—2. As pmust transform ¢, into itsclf multiplicd by an oper-
ator which is common to all of these subgroups of order 4 and
as s1, $2, . . ., Sg-3 arc independent gencrators of a group of
order 272, it results that pfy =¢,p, which is contrary to the hy-
pothesis.  That is, we have arrived at a contradiction by assum-
ing that A does not involve an abelian subgroup of order 28
and hence the theorem under consideration has been proved.

EXERCISES

1. In a group of order p™ the order of the commutator subgroup cannot
be greater than p™ 2,

2. In a non-abelian group of order p? cach of the non-invariant
operators belongs to a complete system of p conjugates.

3. There is onc and only one non-abelian group of order P p>2, which
is conformal with the abelian group of type (1, 1, 1).

4. If a non-abelian group of order ™, p>2, contains an operator of
order p™~ ! its commutator subgroup is of order 2 and there is only one such
group.
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5. Every non-abelian group of order p™ contains an invariant commuta-
tor of order p.

6. 1f a group of order 3™ contains no operator of order 9 all of its opera-
tors in any complete set of conjugates arc commutative.*

Suggestion:  1If 51, 5, are any two operators of such a group it results
that (518:)1=s,-5:515:2- 5225185, = (515:2)3=§, - 5,26,5, $,8,5:2= 1.

7.\ nccessary and sufhdient condition that a group of order pm i~ abclian
is that more than pm-1 ( 2AL ) of its uperators conesponds to” their inverses
in some automorphism of the gioup

8. If two non-commutative operators of a group of order p™, p> 2,
correspond to their inverses in an automorphism of the group their com-
mutator cannot correspond to its inverse in this automorphism.

60. Number of Subgroups in a Group of Order p™. We
shall first determine the form of the number of subgroups of
order p™~! in a group G of order p™. Any two subgroups
of order p™~!' must have p™=2 operators in common, and these
common operators constitute a group which is invariant under G.
They must therefore include all the commutators of G and also
the pth powers of every operator of G. If IT is composed of all
the operators which are common to all the subgroups of order
p™~! contained in G it must include all the commutators of
G as well as the pth powers of all its operators. From this
it results that the quotient group corresponding to H is abelian
and of type (1, 1, 1, . . .). Each subgroup of order pm-!
in G must correspond to a subgroup of index p in this quotient
group. In Chapter IV, § 40, we proved that the number of these
subgroups of index p is equal to the number of the subgroups
of order p in this quoticnt group. Hence the theorem:

The number of subgroups of order p™=* contained in a group
G of order p™ is always of the form

P—1
p—=1

To obtain the exact number of these subgroups it is neces-
sary to observe that p* is the order of the quotient group
of G with respect to the group formed by all of its operators

* W. Burnside, Quarterly Journal of Mathematics, vol. 33 (1901), p. 231.
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which are common to all of its subgroups of order p™-*. In
the special case when G is abelian and of type (1, 1,1, ... ),
A=m; but in all other cases, m>\. Since in any group every
subgroup which involves half the operators is invariant, it
results from the above that the number of subgroups whose
order is one-half the order of the group is always of the form
2—1. In particular, there is no group which involves exactly
5 or 9 subgroups of half its order. The last two statements
are evidently not restricted to groups whose orders are powers
of a single prime. In fact, it results from the given method
of proof that the number of the invariant subgroups of index
p in any group whatever which contains at least one such
invariant subgroup is of the form (p*—1)/(p—1). This is
known as Bauer’s theorem.*

Having found the number of the subgroups of order pm-!
in G, we shall now consider the other extreme case and deter-
mine some property of the number of its subgroups of order
9. The invariant subgroups. of order p which are contained
in G clearly generate a group of order $* which contains
($—1)/(p—1) distinct subgroups of order p, where 8=1. The
non-invariant subgroups of order p may be divided into complete
sets of conjugates, each set containing p7, v> 0, distinct groups.
Hence the total number of subgroups of order p in any group
whose order is a power of p is always of the form 1+%p. From
this theorem it results immediately that the number of the sub-
groups of order p**! which contain a given subgroup of order
p* is always of the form 1-+kp.

We proceed now to consider the number of subgroups of
order p®in G, where p* is an arbitrary divisor of p™. We assume
at first that a<m, and denote by 7, the number of subgroups
of order p* in G and by 7,4, the number of these subgroups
of order p**'. Let s, represent the number of the subgroups
of order p°*! in which a given subgroup of order p* occurs,
and let s, denote the number of subgroups of order p= contained
in a given subgroup of order p**!. We then count each sub-

* H. Hilton, Introduction 10 the Theory of Groups of Fimite Order, Oxford,
1908, p. 145.
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group of order p**! as many times as it contains different
subgroups of order $* and thus arrive at the following equation:

=Ty V=Tq41
2 Sz = 2 Sg.
Z=] y=1

As both s; and s, are congruent to unity modulo p it results
that ro=r,41(mod p). As ri=1(mod p) it results that r.=1
(mod p) and hence the number of the subgroups of order p= in a
group of order p™ is always of the form 1+kp.

It is now very easy to prove that the number of the sub-
groups of order p* in any group G’ whose order is divisible by
p* is always of the form 1+4kp, even if the order of G’ is not a
power of p. If a subgroup of order p* in G’ is not invariant
under some one of the Sylow subgroups of order p™ in G’ it
evidently belongs to a complete set of ps conjugates. Hence
we may confine ourselves to these subgroups of order p* in G’
which are invariant under a particular subgroup of order p™
in G'. All of these must occur in this Sylow subgroup of order
p™ and hence their number is of the form 1+4kp. This proves
that the total number of the subgroups of order p* must also
be of this form, so that we have proved the following theorem
due to Frobenius:

The total number of the subgroups of order p* in any group
whose order is divisible by p* is of the form'1+kp.

This theorem holds whether the order of the group is or is
not a power of a single prime, and it may be regarded as an
extension of Sylow’s theorem. It should, however, be observed
that the subgroups of order p* are not always conjugate when
they are not Sylow subgroups.

If the group G of order p™ contains at least one abelian
subgroup of order p? it is easy to prove that the number of its
abelian subgroups of order 3 is of the form 1+%p. We proceed
to prove this theorem. If G contains an abelian subgroup
H of order p~ the totality of the operators of G which are com-
mutative with every operator of H forms a group H’ which
includes all the abelian groups of order p**! that are con-
tained in G and include H. Hence the abelian subgroups of
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order p**! in G which include H correspond to the subgroups
of order p in the quotient group of H’ with respect to H. As
the number of these subgroups of order p is of the form 1+kp
whenever H and H’ are not identical, we have proved that an
abelian group of order p* contained in G is found in 14kp
abelian subgroups of order p=** whenever it is found in at least
~one abelian subgroup of this order.

Suppose that G contains at least one abelian subgroup of
order p**! and let 7,., represent the number of its abelian
subgroups of this order, while 7, represents the number of the
abelian subgroups of order p* contained in G and included in
abelian subgroups of order p*+!. By counting each abelian
subgroup of order p°*! as many times as it contains subgroups
of order p* and denoting by s. and s, respectively the number
of the abelian subgroups of order p=*! in which a given subgroup
of order p= occurs, and the number of subgroups of order p=
in a given abelian subgroup of order p**!, we obtain, as before,
the equation

T=Tq V=Tat1
Z Sz = 2 Sy.
Z=1 y=1

Since both s; and s, are congruent to unity modulo p we have
proved that r,=7,., (mod p). As r;=1 (mod p) and r:=1
(mod p) whenever G contains an abelian subgroup of order 3,
there results the theorem:

The number of the abelian subgroups of order p® in any group
of order p™ is either zero or of the form 1+kp.

It should not be inferred that the number of the abelian
subgroups of a group of order p™ is always either 0, or of the
form 14+kp. The number of the abelian subgroups of index p
in a non-abelian group of order p™ is either 1 or 14, if this
number exceeds zero, according to example 3 of the following
exercises; but there are non-abelian groups of order p™ which
contain exactly two abelian subgroups of index p2. The pos-
sible numbers of abelian subgroups in a non-abelian group of
order p™ have not yet been determined.

By means of Bauer’s theorem and the properties of the
¢-subgroups it is easy to prove a fundamental theorem relating
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to the various possible sets of independent generators of any
prime power group. As every maximal subgroup of a group
of order p™ is of order p™~!, it results directly from the defini-
tion, that the ¢-subgroup of any group of order p™ is the cross-
cut of all its subgroups of index p. Hence the ¢-subgroup of
a group of order p™ can also be defined as its smallest invariant
subgroup which gives rise to an abelian quotient group of type
(1, 1,1, . ..). If the order of this quotient group is p*, it
follows that a is the number of independent generators in
every possible set of such generators of this group of order p™.
In particular, every possible set of independent generators of any
prime power group involves the same number of operators. That is,
the number of operators in each of the possible sets of indepen-
dent generators of a Sylow group is an znvariant of this group.

From the preceding paragraph it results directly that a
necessary and sufficient condition that the ¢-subgroup of a
given group of order p™ be the iden{ity is that this group be the
abelian group of type (1, 1, 1, . . . ). Hence there is one
and only one group of order p™, p being any prime number
and m being any positive integer, which has the identity for
its ¢-subgroup. The number of operators in every set of inde-
pendent generators of this group is m. In every other group
of order p™ the number of these independent generators is less
than m, and there is at least one group of order p™ in which
this number is any arbitrary positive integer from 1 to m.

EXERCISES

1. The number of abelian subgroups of order #* in any group is either
0 or of the form 1+kp, even if the order of the group is not a power of p.

2. If an abelian group of order p™ has p? for one invariant while all
of its other invariants are equal to p, the number of its subgroups of order
pm— 1__ 1

p—1

3. A non-abelian group of order p**! contains 0, 1, or p+1 abelian sub-
groups of order #°; in the last case it contains p°~! invariant operators.

4. If a group of order 2™ contains only one subgroup of order 2 it is
either cyclic or dicyclic, and if a group of order p™, >2, contains only
one subgroup of order p it must be cyclic.*

* W. Burnside, Theory of Groups, 1911, p. 132,

™ lis
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5. If a group G of order p™ contain only one subgroup of order
1 <a<m, the group is cyclic.

Suggestion: Every operator of G which is not in the subgroup of
order p* must generate this subgroup, since every subgroup of order p®
in a group of order ™ is contained in a subgroup of order p=+!,

6. The number of the invariant subgroups of order $* in any group
of order p™ is of the form 1+kp whenever m S a.

7. There are just four non-abelian groups of order 2™ involving a
cyclic group of order 2™~ !, m> 3.

8. Prove that the number of the subgroups of order p in any group of
order p™ is of the form 1+kp, by observing that the number of operators
of order p* in such a group is of the form k" }(p—1), so that

P—1= 2 kp™ '(p—1).
a=l

9. Find a group of order 18 which contains only two invariant sub-
groups of order 3, and hence prove that the number of invariant subgroups
of order »* in a group need not be either 0 or of the form 1+kp.

61. Number of Non-cyclic Subgroups in a Group of Order
P™, p>2. It has been observed that the total number of the
subgroups of order p* in any group G of order p™ is of the form
14+kp whenever m>a, and hence the number of the invariant
subgroups is always of this form. The number of the abelian
subgroups is again of this form whenever a <4 and this number
is greater than zero. We proceed to prove that the number
of the non-cyclic subgroups is always of the form 1+%p when-
ever p>2. This proof can easily be effected by a method
employed above. It is easy to prove that the number of the
non-cyclic subgroups of order p* in a group of order p=*! is of
the form 1+%p whenever this number is not zero and p>2
by showing that there must be p cyclic subgroups of order
™ whenever there is one such subgroup. The number of the
subgroups of order p°*!, which contain a given non-cyclic
group of order p* and are themselves contained in a group of
order p™, is also of the form 1+4kp.

Let r, and r,4+, represent respectively. the numbers of the
non-cyclic subgroups of order p* and p=+!, and let s. represent
the number of the subgroups of order p=*+! in which a given
non-cyclic subgroup of order $* occurs while s, denotes the num-
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ber of non-cyclic subgroups of order = contained in a given
subgroup of order p*+!. We then count each subgroup of
order p*+! as many times as it contains a non-cyclic subgroup
of order $= and thus arrive at the equation

=Ty V=Ta41
=z Sz= z S'.
EL DY Y=l

Since both s; and s, are congruent to unity modulo p, it results
that 7,=r,4; (mod p) whenever G contains at least one non-
cyclic group of order p* and m>a. Since every non-cyclic
group of order p™ contains at least one invariant non-cyclic
group of order p? whenever p>2, there results the theorem:

The number of the non-cyclic subgroups of order p= in any
non-cyclic group of order p™ is of the form 1+kp whenever 1 <a <m
and p>2.*

62. Number of Non-cyclic Subgroups in a Group of Order 2™.
It is known that there are three non-cyclic groups of order 2=
which contain a single cyclic subgroup of order 2%, 2<a<m;
viz., the three groups of order 2™ which involve a cyclic subgroup
of order 2™~! and transform a generator of this subgroup into
its inverse or into its (2®~2—1)th power. It is not difficult to
prove that these are the only possible non-cyclic groups of order
2" that contain an odd number of cyclic subgroups of order
2%, If a non-cyclic group G of order 2™ contains an odd num-
ber of cyclic subgroups of order 2%, at least one of these is in-
variant under G. If this were the only cyclic subgroup of order
2*in G there could not occur in G two cyclic subgroups of order
22+8 8> 0, since one of these would be transformed into itself
by one of its conjugates, and hence one of these and some
operator in a conjugate subgroup would generate a group of
order 22*8+! which would be conformal with the abelian group of
type (a+8, 1). As this group would involve two cyclic groups
of order 2%, it has been proved that if G contains only one cyclic
subgroup of order 2%, it contains mo more than one cyclic sub-
group of order 2**8, a+B<m, B3 0.

* Proceedings of the London Mathematical Society, vol. 2 (1904), p. 142.
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Suppose that G contains one and only one cyclic subgroup
of order 2* and that its largest cyclic subgroup H’ is of order
2. Since every subgroup of order 4 in the group of isomorph-
isms of H’ involves the operator of order 2 which is com-
mutative with just half of the operators of H’, it results that
a1=m—1, otherwise G would involve a subgroup which would
be conformal with the abelian group of type (a;, 1). From
the known properties of the groups of order 2™ which involve
operators of order 2™-! and the result just obtained, it follows
that G must be one of the three groups mentioned above
whenever it contains one and only one cyclic subgroup of order
2%, It remains to prove that G can involve only one such
subgroup whenever it involves an odd number of cyclic sub-
groups of this order.

Suppose that G contains 2#+1 cyclic subgroups of order 2=
At least one of them, H,, is invariant under G. Let H> repre-
sent any other and let H'; be a subgroup of Hs such that the
group (Hi, H') is of order 2*'. Hence (H,, H)') has just
two cyclic subgroups of order 2* and at least 2*~! invariant
operators. These two cyclic subgroups have just 2*~! common
operators and we proceed to prove that there is an even num-
ber of cyclic subgroups of order 2* in G such that they all have
2==1 operators in common.

If there is in G another cyclic subgroup of order 2* which
has exactly 2°-! operators in common with H,, it is trans-
formed either into itself by (H,, H's) or it is transformed into
a power of two distinct conjugates such that all of these have
2*-1 operators in common with H,. In the former case its
generators are either invariant under all the operators of order
2% in (H,, H';) or they are transformed by at least some of
these operators into themselves multiplied by the operators
of order 2 in H;, while the remaining operators of (H;, H';)
transform each of these generators into themselves. In this
case (Hi, H'z) is therefore invariant under these subgroups,
that is, (Hy, H'z) is invariant under all the subgroups of order
2=, contained in G, which have 2*~! operators in common with
H, and are transformed into themselves by (H1, H'3).
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If Hs is such a subgroup it is clear that (H,, H's, Hj) is
conformal with an abelian group and hence involves an even
number of cyclic subgroups of order 2*. We consider now all
the other cyclic subgroups of order 2* contained in G, which
have 2*~! operators in common with H, and are transformed
into themselves by (H), H's, Hs). If such a subgroup H,
exists it is clear that (H,, H';, Hs, H,) must again be conformal
with an abelian group and hence it involves an even number
of cyclic subgroups of order 2. By continuing this process
it results that an even number of cyclic subgroups of order 2=,
contained in G, have 2*~! operators in common with H;.

All of these cyclic subgroups of order 2* form a set. If G
contains a cyclic subgroup of order 2* which is not in this set,
this subgroup must belong to another set which involves an
even number of distinct cyclic subgroups of order 2%; that is,
these cyclic subgroups of order 2* are found in distinct sets
such that no two have a subgroup in common and such that
cach set involves an even number of cyclic subgroups. This
completes the proof of the theorem: if a group of order 2™
involves an odd number of cyclic subgroups of order 2%, a>2,
this number is unity. Combining this with the theorem proved
above, it results that if we include the cyclic group there are
Just four groups of order 2™ such that each involves an odd number
of cyclic subgroups of order 2%, a>2.* In each of these groups
there is only one such subgroup.

The four groups mentioned in the last theorem contain one,
2m=241 or 2341 cyclic subgroups of order 4. We proceed
to prove that these are the only groups of order 2™ which con-
tain an odd number of cyclic subgroups of order 4. The method
of proof is similar to the one employed above.

Let G be any group of order 2™ which contains an odd num-
ber of cyclic subgroups of order 4. At least one of these sub-
groups (K,) is invariant under G, and at least half the oper-
ators of G are commutative with a generator (s) of K. It
will be proved that the subgroup G: formed by these 2m-?
operators must be cyclic. If Gi were not cyclic, K1 would be

* Transactions of the American Mathematical Society, vol. 6 (1905), p. 58.
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contained in an abelian subgroup of type (2, 1). This sub-
group would contain two cyclic subgroups K; and K2 of order
4, having a common square. It will now be proved that G
would then contain an even number of cyclic subgroups of order
4 having s? in common.

If this number were odd, (K, K2) would transform at least
one of the remaining ones (K3) into itself. The commutator
subgroup of (Ki, K2, K3) is generated by s? and hence this
group contains an even number of cyclic subgroups of order 4
and all of these subgroups contain s2. Hence there would
be another invariant cyclic subgroup K4 involving s2. The
number of cyclic subgroups of order 4 in (K, K2, K3, K,4) is
again even, since the commutator subgroup is still generated
by s% and all of these subgroups include s2. This follows almost
directly from the fact that the product of an operator of order
4 in (K, K2, K3, K4) into an operator of order 2 is of order 4
when the two factors are commutative, and of order 2 when
they are not commutative, while the converse is true if the
second operator is of order 4.

As this process could be continued indefinitely if there were
an odd number of cyclic subgroups of order 4 which contained
2, it results that the number of these subgroups is even. If
there were an odd number of cyclic subgroups of order 4 in G,
which did not contain s2, one of these and s? would again
generate the abelian group of type (2, 1), and the number of
those involving the same subgroup of order 2 would again be
even. As similar remarks would apply to all the other possible
cyclic subgroups of order 4 we have proved that G, is cyclic
whenever G contains an odd number of cyclic subgroups of order 4.
This proves the statement in the first paragraph of this section,
since the other non-cyclic group of order 2™ which contains
a cyclic subgroup of order 2®-! contains an even number of
cyclic subgroups of order 4.

Combining the results of this section we conclude that every
group of order 2", m>3, which contains an odd number of
cyclic subgroups of order 4, contains just one cyclic subgroup
of order 2%, where a can have any value from 3 to m—1; and
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every group which contains only one cyclic subgroup of order
2* contains an odd number of cyclic subgroups of order 4. For
each value of « and m there are three such groups; hence there
is an infinite system of groups of order 2™ which contain an odd
number of cyclic subgroups of composite order. When m=3
there are only two groups having this property, viz., the
quaternion group and the group of movements of the square.
If all the non-cyclic groups of order p™(m>3, p an arbitrary
prime) were determined, there would be just three among them
in which the number of cyclic subgroups of composite order
would not always be a multiple of p. In these three special
cases the number of cyclic subgroups of every composite order
is not divisible by p.

In the exceptional groups noted above the number of the
subgroups of order 2 is =1 (mod 4). That this number is
=3 (mod 4) in every other non-cyclic group of order 2™ is a
direct consequence of the fact that the number of cyclic sub-
groups of order 4 in all these groups is even. From this fact
it results that the number of operators whose order exceeds
2 is divisible by 4, since every cyclic subgroup of order 2 con-
tains 2°~! operators which are not found in any other subgroup
whose order is =2°. Hence the given system of groups is
composed of all the groups of order p™ in which the number
of subgroups of order p is not =1+p (mod p2). That is, the
groups of order p™ in which the number of cyclic subgroups of
composite order is not divisible by p coincide with those in which
the number of subgroups of order p is not of the form 1+p+£p2,

EXERCISES

1. The number of subgroups of order p in any non-cyclic group of order
™, $>2, is of the form 1+4p+kpr.

Suggestion:  Consider the forms of the number of the operators of orders
P P etc.

2. The number of cyclic groups of order $%, p>2 and 8> 1, is of the form
kp whenever the Sylow subgroups of order p™ are non-cyclic.

3. If a group G of order p™ contains exactly p cyclic subgroups of order
p% these subgroups generate a characteristic subgroup of order p*t!
under G, and this subgroup is either abelian and of type (a, 1) or it is the
non-abelian group which is conformal with this abelian group.
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4. There are just three groups of order 34 each of which contains
only three cyclic subgroups of order 9.

63. Some Properties of the Group of Isomorphisms of a Group
of Order p™. If G, is any invariant subgroup of G, then G,
contains at least one invariant subgroup of G whose order is
an arbitrary divisor of the order of G,. Let

Go, Gi, G2, . . ., Gp
be a series of invariant subgroups of G whose orders are respect-
ively 1, p, p2, . . ., p™, so that G, =G; and suppose that each

of these subgroups except the last is included in the one which
follows it. Let ¢ be any operator whose order is a power of p
in the group of isomorphisms of G. Such an operator is said
to effect a p-isomorphism of G. Since ¢ and G generate a group
whose order is a power of p, we may suppose that ¢ transforms
all of the operators of each one of the given series of subgroups
into themselves multiplied by those of the preceding subgroup.
That is, the commutator of ¢ and any operator of Gg is in Gg_;,
=12, ...,m.

We proceed to prove that the order of ¢ cannot exceed p™-!.
In fact, if £ is any operator of Gg in the above series, it results
from the given conditions that

t’ltgt =tﬂ__xtp, t_”tﬁtp =tg_2tp.

Hence #™' must be commutative with every operator of G,
and, as ¢ is an operator in the group of isomorphisms of G, it
results from this that the order of ¢ is a divisor of p™~!. 1In
other words, the p™=1 power of every operator whose order is a
power of p in the group of isomorphisms of a group of order p™
is the identity. When G is the cyclic group of order p™, p>2,
it is known that the group of isomorphisms of G involves oper-
ators of order p™~!, viz., those operators which give rise to
commutators of order p™~1.

We proceed to prove that the group of isomorphisms of a
non-cyclic group of order p™, p>2 and m>3, cannot involve
any operator of order p™~*. If G is such a group it follows from
the preceding section that we may assume that G2, in the above
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series of invariant subgroups, is non-cyclic. If ¢ is an operator
in the group of isomorphisms of G and if the order of ¢ is a power
of p, it results that ¥ is commutative with every operator of
G2 and that it transforms the operators of G into themselves
multiplied by operators in G,-2. Similarly #* is commutative
with every operator in G3 and transforms every operator in G
into itself multiplied by an operator in G,_;. In general,
transforms every operator in G into itself multiplied by operators
in Gp-a—1. As " ° transforms the operators of G into itself
multiplied by operators in Gz and as these operators are com-
mutative under this power of ¢, it results that

P,

That is, the order of every operator in a Sylow subgroup of order
P™ of the group of isomorphisms of a group of order p™ is a divisor
of p™~2 whenever p>2 and m>3.

The last theorem evidently also applies to all groups of order
2™ which involve a non-cyclic invariant subgroup of order 4,
and it is well known to be true as regards the cyclic group of
order 2™. It is, however, not true as regards the dihedral or
the dicyclic group of order 2™, since there is evidently an opera-
tor of order 2™~ ! in the group of isomorphisms of each of these
groups; viz., the operator which is commutative with each
operator of the cyclic subgroup of order 2™-! but transforms
the non-invariant operators of orders 2 and 4 respectively into
themselves multiplied by an operator of order 2™~!. These
two infinite systems of groups therefore are instances of groups
whose groups of isomorphisms contain operators of the largest
possible order in accord with the theorem of the second para-
graph of the present section.

As the remaining group of order 2™ which does not involve
an invariant non-cyclic subgroup of order 4 involves 2”~3 non-
invariant cyclic subgroups of order 4, its group of isomorphisms
may be represented as an intransitive substitution group on
2m-2 letters. From this it follows directly that its group of
isomorphisms cannot involve any operator of order 2"™-%,
m>3. Hence we have proved the theorem:
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The only groups of order p™, m> 3, whose groups of isomorph-
isms involve operators of order p™~' are the cyclic group when
P> 2, and the dihedral and the dicyclic groups when p=2.

Every operator whose order is a power of p in the group of
isomorphisms of G generates with G a group whose order is a
power of p. As G is an invariant subgroup of this group it
results that this group involves a series of invariant subgroups

Go, G1, G2, . . ., Gp

which are such that ¢ transforms the operators of each of these
subgroups into themselves multiplied by those of a preceding
subgroup. Moreover, whenever ¢ has this property its order is
a power of p. Hence the existence of such a series of subgroups
is a necessary and sufficient condition that an operator ¢ in
the group of isomorphisms of G has for its order a power of p.
In other words,

A mnecessary and sufficient condition that an operator | in the
group of isomorphisms of a group G of order p™ has for its order
a power of p is that ¢ transform every operator in the scries of sub-
groups

Go, Gy, Gz, . . ., Gu=C

of orders 1, p, p2, . . ., p™ respectively, into itself multiplied by
an operator in the preceding subgroup.

Hence #° transforms every operator of Gg into itsell mul-
tiplied by an operator in Gg_ -3, where B—a—1 is to be replaced
by 0 whenever f<a+1.

From this theorem it is easy to deduce the following useful
corollary: The order of the commutator of two operalors, neilher
of which is the identity, of a group G of order p™ is less than the
order of the smallest invariant subgroup of G in which either of
these two operators occurs. In particular, if one of these two
operators is of order p and generates an invariant subgroup, it
must be commutative with every operator of G. This special
case may also be regarded as a special case of the theorem that
every invariant subgroup, besides the identity, in a group of
order p™ involves invariant operators of order .
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The group of isomorphisms of the group of order p is the
cyclic group of order p—1, and hence it does not involve any
operator of order p. It is easy to prove that the group of iso-
morphisms of every group G of order p™, m> 1, involves oper-
ators of order p. In fact, when G is non-abelian its group of
cogredient isomorphisms involves such operators and when
G is abelian we may select any subgroup of order p™~!, and
multiply the operators of the corresponding quotient group by
those of an invariant subgroup of order p which is contained in
the given subgroup of order p™=1. It is evident that the latter
isomorphisms are also possible even when the group of order
p™ is non-abelian. Hence the group of order p is the only
group of order p™ whose group of isomorphisms does not in-
volve operators of order p.

EXERCISES

1. If G is the abelian group of order p™ and of type (1, 1, . . . ), its
group of isomorphisms cannot involve any operator whose order is a power
of p and exceeds p™? when m is cven or p™+1/2 when m is odd.

Suggestion: When a power of ¢ transforms G into itself multiplied
only by operators which are commutative with ¢, the pth power of this
power of ¢ will be the identity.

2. The group of isomorphisms of the dihedral group of order 27, n>2,
is the holomorph of the cyclic group of order .

Suggestion. The group of isomorphisms of this dihedral group may
be represented as a transitive substitution group of degree #, and it in-
volves an invariant cyclic subgroup of order » composed of all its opera-
tors which are commutative with every operator of the cyclic subgroup
of order 7.

3. Find the group of isomorphisms of the dicyclic group of order 2",
n>3.

4. If a group of order 2™ contains exactly two cyclic subgroups of order
28, but no cyclic subgroup of any higher order, then m < g+2,

64. Maximal Order of a Sylow Subgroup in the Group of
Isomorphism of a Group of Order p™. We proceed to deter-
mine the maximal order of a Sylow subgroup of order p" con-
tained in the group of isomorphisms of a group of order p™.
To do this we assume again that a set of invariant subgroups
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of orders 1, p, p?, . . ., p™ respectively of such a group G is
represented by the symbols
Go. G1, Goy . . ., Gp,

and that these invariant subgroups have the property that each
one except the last is included in the one which follows it. The
operators of G, which are not also in G,-; may be transformed
into themselves multiplied by at most p™~! different operators.
In general, the operators of G, which are not in G,-, are
transformed into themselves multiplied by at most p=~! opera-
tors. Hence the order of a Sylow subgroup of order p* in
the group of isomorphisms of G cannot exceed

p,Pz - 'Pm—l=P"'(m_l)/2'

It is evident that when G is abelian and of type (1,1, . . . ),
its group of isomorphisms involves Sylow subgroups of order
p", where n has the maximal value given above. This is also
the case when G is abelian and of type (2, 1, 1, .. .). It
is not difficult to prove that these are the only abelian groups
whose groups of isomorphisms contain Sylow subgroups of the
given maximal order.*

66. Construction of all the Possible Groups of Order p™
In view of the simple properties of the group of order p™ various
efforts have been made to determine all these groups for given
values of m. When m=1 there is evidently only one such
group, and when m=2 there are two possible groups. Each
of these groups is abelian. Moreover, it has been observed
that for any value of m the number of abelian groups is equal
to the number of different partitions of m as regards addition.
Hence the only difficulty in the determination of all these groups
for small values of m relates to the possible non-abelian groups.
In case m <5 there is very little difficulty here, but for larger
values of m this difficulty increases very rapidly with m.

As an abstract group is simply isomorphic with one and
only one regular substitution group, we can determine all the

* Cf. G. A. Miller, Transactions of the American Mathematical Society, vol.
12 (1911) p. 396.
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possible groups of order p™ by determining all the regular
substitution groups of this order. We proceed to indicate a
method for constructing all the possible regular groups of
order p™ on condition that all those of order p™~! are known.
Since every regular group of order p™ contains an invariant
intransitive subgroup of order p™~! which is formed by a simple
isomorphism between p regular groups of this order, we may
first determine all the possible regular groups of order p™ which
involve a given group H of order p™~!.

Let the p transitive constituents of H be H,, He, . . . , H,.
A group G of order p™ which contains H is generated by H and
some substitution ¢; which permutes the p systems of intran-
sitivity of H cyclically, has its pth power in H, and transforms
H into itself. Let ¢ be a substitution of order p which permutes
the systems of H transitively and is commutative with every
substitution of H. As it may be assumed that ¢, and ¢ permute
these systems in the same way, we conclude that ¢,2-! is a sub-
stitution s which does not permute any of the p transitive con-
stituents of H. That is, {; =s¢, where it may be assumed that ¢
transforms the corresponding letters of each of the p systems
among themselves. As ¢ can readily be obtained from the p
constituents belonging to H,, H, . . ., H, of any substi-
tution in H it remains only to determine s=s;52 . . . s,, where
s1, S2, - - . , Sp are the constituents of s belonging to H,, H,,
..., H, respectively. As si1, s2, ..., s, transform each
of the constituents Hi, Hz, . . . , H, into itself they must be
found in the holomorphs of H;, Hs, . . .*, H,, respectively.

We proceed to prove that sg, 53, . . . , 5, may be assumed
to be corresponding substitutions in the groups of isomorphisms
of He, Hs, . . . , H,, respectively, while s; is one of the p™-!
substitutions obtained by multiplying the substitution in the
group of isomorphisms of H; which corresponds to sz, 53, . . . ,
s, by the p™~! substitutions which are commutative with
H, and involve only letters of H;. This theorem follows
almost directly from the fact that the conjoint of a regular
group has the same group of isomorphisms as the regular group
itself, since both are invariant subgroups of the holomorph of
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this regular group, and the group of isomorphisms of a regular
group is the subgroup composed of all the substitutions which
omit a given letter in its holomorph. Hence we may reduce
each of the substitutions which transform H in a certain way
to one of the given form by transforming by a substitution in
the direct product of the conjoints of Hy, Hs, . . . , H,.

From the preceding paragraph it results that the number
of groups of order p™ which contain a given group H of order
p"~' cannot exceed the order of the product of IT and the
order of its group of isomorphisms. Hence the number of the
groups of order p™ is always finite when p is finite. We shall
be able, however, to reduce this apparently possible number
very greatly. In the first place it should be observed that if

51’ is so selected that si’sos3 . . . 5, is commutative with 4,
while si’ involves only letters in II,, then s,=s,"s,” where
s1” is commutative with si’; otherwise (syss . . . spt)? would

not be in H. This restricts the number of choices of s,” to the
number of operators in H which are both in its conjoint and
also invariant under s;. Another important restriction is that
we evidently need to consider only one of the first p—1 powers
of s1'sas3 . . . sp, since ¢ may be transformed into any power
without affecting sis2 . . . s, by permuting the constituents
H3, Hs, . . ., H,cyclically.  When H is abelian, all the groups
obtained by replacing s,” by any of its powers prime to its order
are conjugate, since the operators in the group of isomorphisms
of an abelian group which transform each operator of this group
into the same power are invariant under this group of iso-
morphisms.

To illustrate the method outlined above we proceed to
determine the possible non-abelian groups of order p3, p>2.
It has been observed that each of these groups involves a non-
cyclic group of order p2, and hence we may use this for I7. As
the group of isomorphisms of II involves only one set of con-
jugate subgroups of order p, the two substitutions s,’s2s3 . . . s,
and / may be supposed to be the same for all these groups.
Moreover, 51" is restricted to a single subgroup, and hence it
is necessary to consider only two cases, viz., the case when
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s1” is the identity and the case when its order is . That is,
there cannot be more than two non-abelian groups of order
%, »>2, in accord with the general theory which precedes
this paragraph. From the present paragraph it results that
one of these groups involves operators of order p? while the
other does not have this property. Hence there are two and
only two non-abelian groups of order p3, p>2. It was proved
in § 33 that there are also only two such groups when p=2.

Among the groups of order p™ which involve H the one gen-
erated by H and ¢ is of especial interest in view of its simple
structure. In fact, it is abstractly the direct product of H and
tue group of order ». If we transform this group by

Pl L L L PR

where 7, is any invariant substitution of H; while7,, «a=3, . . . ,
p, is the transform of 7, with respect to ¢*, there results a group
generated by H and »17%. From this and the preceding theory
it results that we need to use only two values for s;”’ when
H is cyclic and the entire group is abelian, as results also directly
from the theory of the abelian groups. This general method
can easily be extended so as to reduce the amount of labor
necessary to determine all the possible groups of order p™
which involve a given subgroup of order p™~! *; but the pre-
ceding developments may suffice to point the way towards a
penetration into this difficult subject. From the given illus-
tration it results that we do not always need to use all the pos-
sible groups of order p™~! for H in order to determine all the
groups of order p™. In fact, when m=4 we need to consider
only the abelian groups of order 3 for H, since every group of
order p* contains an abelian subgroup of order p3.

EXERCISES

1. Determine the fourteen possible groups of order 16.

2. Determine the non-abelian groups of order p¢, p>2, which involve
no operator of order p2. Show that sy"/=1 in these cases and that there
are two such groups when p>3, one having a commutator subgroup of

* American Journal of Mathematics, vol. 24 (1902), p. 395,
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order p and the other having such a subgroup of order 2. When p =3
there is only one such group.

3. There are four distinct non-abelian groups of order p%, p>3, which
involve an abelian group of order p*, but do not contain any operator of
order p2. When p =3 there are only two such groups.

4. The number m can be so chosen that the number of the distinct
groups of order p™, p>2, which do not involve any operator of prder p?
is greater than any given number.

5. Every intransitive Sylow subgroup of a symmetric group is the
direct product of its transitive constituents, and each of these transitive
constituents has a central of prime order.

6. If the degree of a symmetric group is n =k p®+kp* 1+ . . .
4kay1; ki, ks, .. ., keyq being positive integers less than p, then the
central of its Sylow subgroup of order p™ is of order phitkht « .+ +kq



CHAPTER VI
GROUPS HAVING SIMPLE ABSTRACT DEFINITIONS

66. Groups Generated by Two Operators Having a Common
Square. If 51, s2 represent two operators of order 2 they evi-
dently satisfy the equation s;2=s,2, and the cyclic group (s1s2)
generated by sise is invariant under s; and se. In fact, siso
is transformed into its inverse by each of the two operators
51, s2, and hence (s1, s2) is the dihedral group whose order is
the double of the order of s;s2, as has been observed in § 26.
Hence the equations

812=822=1, (8182)”-“-‘1

serve as a complete definition of the dihedral group of order
2n, if we assume that the order of s;s; is exactly ». Through-
out the present chapter it will be assumed, unless the contrary
is stated, that the condition s;"=1 implies that the order of
s1 is exactly n. This fact is sometimes expressed by saying
that si fulfils the condition s"=1, while the statement s;
satisfies the condition s;"=1 may imply merely that the order
of 51 is a divisor of #.* We shall employ" the terms fulfil and
satisfy with these meanings throughout the present chapter,
so that the equation s;"=1 implies that s; fulfils this condition
unless the contrary is stated.

If s1, s2 are any two operators which satisfy the equation

$12 =592,

they generate a group G under which s,2 is invariant. That
is, the cyclic group generated by s,? is composed of operators
which are invariant under G, since s,2 is commutative with each

* Quarterly Journal of Mathematics, vol. 41 (1909-10), p. 169,
143
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of the operators s; and s;. From the fact that s;2=s22, it
results that

5152~ 1=51"154259"! =Sl"182, s2s1-1 =so"1s; =(51$2"1)-1.

Each of the operators sis2—!, s2s1~! is therefore transformed
into the other by each of the two operators s;, ss. That is,
the cyclic group generated by either of these operators is
invariant under G, and each of its operators is transformed into
its inverse by s; as well as by s2. The abelian group generated
by the two operators s;?, sisz-! must therefore be invariant
under G, and it involves either all, or just half of the operators
of G.

When each of the two operators s, s2 is of odd order, G is
cyclic, since each of these operators is equal to the other, and
G is generated by s,2 in this case. When one of these operators
is of odd order while the other is of even order, G is generated
by the operator of even order and sisz2~! is of order 2. The
only case which requires further consideration is therefore
the one in which the common order of s, s2 is an even number
2n. A necessary and sufficient condition that G be abelian
is that the order of s;so~! divide 2. If sis2-'=1, s;=s2 and
G is the cyclic group generated by s;. If the order of s;s2-!
is 2, G is either the cyclic group of order 2# or the abelian group
whose invariants are 2 and 2». It remains only to consider
the cases when G is non-abelian; that is, when the order of
s152-! exceeds 2, and hence sy, s have the same even order 2x.

It is evident that the common order of s;, s2 is not limited
by the relation s;2=s22. That is, for an arbitrary value of #
we can find two operators s1, sz of order 2» such that they satisfy
the equation s;2=s22. In fact, the value of » is not limited if
we impose the additional condition that the order of s;sg-!
shall be an arbitrary number m, since two generators of order
2 of the dihedral group of order 2m may be multiplied by an
operator of order 2z which is commutative with both of these
generators such that the products satisfy both of these con-
ditions. In other words, for any arbitrary number pair m,
n, we can find two operators s1, sz of order 2z such that they
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have a common square and that the order of s;s5-1 is m.
The order of the group generated by these two operators is
always a divisor of 2mn and a multiple of mn, since 5,2 and
s1527%, are of orders # and m respectively and the cyclic group
generated by these operators cannot have more than two
common operators.

It results from the preceding paragraph that G is completely
defined by the three conditions

s12=59?, (s1s2"1)®=1, si*n=1

whenever either m or »# is odd. In fact, when sy, s; fulfil these
conditions and either 7 or # is an odd number, G is the group
of order 2mn obtained by establishing an (m, ») isomorphism
between the dihedral group of order 2m and the cyclic group
of order 2n. If m and »n are both even, G may again be con-
structed by establishing such an (m, #) isomorphism when
the order of G is 2mn. When this order is only mn, G may
be constructed by establishing a simple isomorphism between
n cyclic groups of degree and order m, and then extending this
group by means of an operator of order 21 which transforms
into its inverse each operator of this cyclic subgroup, permutes
its systems of intransitivity, and has its #th power in this sub-
group. That is, the two operators s1, s2 may be so selected as to
fulfil the three conditions

s12=s22, (sise~1)®=1, s;22=1

and to generate either of two groups when m and n are both given
even numbers. When at least one of them is a given odd number,
the group generated by si, sz is completely determined by the three
given relations.

To illustrate this theorem we begin with the case when
m=4 and n=2. The group of order mn» in this case is clearly
the quaternion group, while the group of order 2m# may be
constructed by establishing a (4, 2) isomorphism between the
octic group and the cyclic group of order 4 so as to obtain the
group of order 16 involving 12 operators of order 4 which have
only two distinct squares. This group has the quaternion



146 GROUPS DEFINED ABSTRACTLY (Ca. VI

group for a quotient group but not for a subgroup. If a set
of generating operators satisfy certain conditions, the largest
group which they may generate has all the other groups which
they may generate for quotient groups. This follows directly
from the theory of the quotient group. When m=n=2, G
is clearly abelian and is of order 4 or 8. 1In the former case it
is cyclic and in the latter it is of type (2, 1). When m=3
and n=2, G is the dicyclic group of order 12.

When #=1, the category of groups under consideration
clearly coincides with the dihedral groups. When n=2 and m
is odd it coincides with all the dicyclic groups whose orders
are not divisible by 8, and when #=2 and m is even, the groups
of order mn coincide with the totality of the dicyclic groups,
while those of order 2mn may be obtained by establishing an
(m, 2) isomorphism between either the dihedral group of order
2m or the dicyclic group of order 2m and the cyclic group of
order 4. Hence the dihedral groups and the dicyclic groups
may both be regarded as special cases of groups generated
by two operators having a common square. Since s;so=
51527 1s9%, it results that the order of the product of the two
operators s; and sz is either the least common multiple between
m and #, or it is exactly half this least common multiple. That
is, the order of the product of two operators is not restricted
by the fact that they have a common square, and the order
of the group which they generate is always a divisor of the
double of the square of the order of this product.

If we let t1=s1 and fz=s1527", it results that the group
(21, t2) is identical with (si, s2). That is, every group that can
be generated by lwo operators having a common square can also
be generated by two operators such that the one transforms the
other into its inverse, and vice versa. Hence we have two abstract
definitions for this category of groups. The latter definition
is more convenient than the former for the purpose of obtain-
ing directly the abstract properties of these groups, but in the
abstract theory these groups frequently present themselves
under the former definition, and hence it is very important
to know that the two given definitions apply to the same cate-
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gory of groups. It results directly from the given equation
that se=1a~1;. That iS, i £-Yoti =t2~! then t12=(t2’1t1)2.
In the special case of the dihedral groups the two equivalent
definitions reduce to

si2=s2=1; 412=1, tilati=12"L.
EXERCISES

1. If 51, s, are two operators, neither of which is the identity, which
satisfy both of the conditions:

SiT =51, SIS =571,
they must also satisfy the conditions:
S171551=152%, S2aTln1S=153;

and they generate either the quaternion group or the four-group.

2. Find the number of operators of order 6 in the group of order g
which is generated by s, s, subject to the following conditions: ss8=1,
5i71s85=5,"1. Prove that the central of this group is either of order
3 or of order 6, and that g may be an arbitrary multiple of 6.

67. Groups of the Regular Polyhedrons.* The regular
tetrahedron evidently admits two movements of order 3 whose
product is of order 2. If we represent these movements by s1,
s2 respectively, these operators must fulfil the conditions

sP3=58=(s152)2=1, or s3=s8=1, s5150=250252

We proceed to prove that these conditions define a group of
order 12; whence, as the group of movements of the regular
tetrahedron is evidently of order 12, the group defined by the
given two equivalent sets of conditions-must be the group of the
regular tetrahedron. To prove that (s), s2) is of order 12
we may proceed as follows: The three conjugate operators
of order 2
152, S251, S1%s528:

are commutative, since

$251252 = 512592+ 522512 = 51%525:2.

* These groups were first studied by means of abstract definitions by W. R.
Hanmilton, cf. Bibliotheca Mathematica, vol. 11 (1910-11), p. 314.



148 GROUPS DEFINED ABSTRACTLY [Ca. VI

As two operators of order 2 whose product is of order 2 gener-
ate the four-group, it results that (si, s2) involves the four-
group represented by the operators

1, 182, S281, $12598.2.

As this subgroup is invariant under s; as well as under s;sg,
it must be invariant under sq, and therefore also under (s, s2).
Hence the group generated by s; and this subgroup of order
4 is of order 12. Since this group involves s; and s;s2, it must
also involve sq; that is, it must be (s1, s2). This proves the
theorem:

If the order of the product of two operators of order 3 is of
order 2 they generale the tetrahedral group.

If we replace s by £ and sis2 by fy, it results that ¢y, ¢;- 't
are two operators of order 3 whose product is of order 2; hence
(t1, t1—'t2) is the tetrahedral group. Since (41, =)= (1, 12)
it results also that if the order of the product of two operators
of orders 2 and 3 respectively is 3, then these operators must
gencrate the tetrahedral group. That is, si, s2 generate the
tetrahedral group if they fulfil either one of the following two
sets of conditions:

813=823=(S182)2= 1, si2=s53= (3132)3 =1.

These two sets of equations furnish two very useful definitions
of this important group. The group could also be defined by
the facts that its order is 12 and that it does not involve a sub-
group of order 6, as well as by the facts that it is of order 12 and
contains four subgroups of order 3.
The cube is clearly transformed into itself by 24 movements
of rigid space, and the order of cach of these movements is
equal to one of the four numbers 1, 2, 3, and 4. It is not diffi-
cult to find, among these 24 movements, two of orders 3 and 4
respectively whose product is of order 2. If we represent these
two movements by sy, sz, they must thercfore satisfy the equa-
tions

s =52t = (5152)2=1.
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We proceed to prove that these conditional equations define
a group of order 24, and hence they must define the group of
the cube. To prove that they define a group of order 24 we
may proceed as follows: The group (si, s2?) is the tetrahedral
group, as results directly from the fact that

(51522)3 = 5152+ 525152 S25152- S2 =$152° 512+ 512+ 52 = 1.,
This tetrahedral group is invariant under s2, since
S27 15152 = 5935152 =592 525152 = 5225, 2.

As (s1, s2?) is invariant under s; and involves s.2, it follows
that (s, s2) is of order 24. That is,

Two operators of orders 3 and 4 respectively whose product
is of order 2 generale the group of the cube.

From the given equations it results directly that this theorem
may also be stated in either of the following two ways: Two
operators of orders 2 and 3 respectively whose product is of
order 4 generate the group of the cube, or two operators of
orders 2 and 4 respectively whose product is of order 3 gencrate
the group of the cube. The group of the cube may therefore
be defined as the group generated by s1, s2 when these operators
fulfil any one of the following four sets of equations:

s =s2t=(s5182)2=1; sP=s0t=1, 5150=25235:2;
si2=s53=(s152)t=1; s12=s2*=(s5152)3=1.

The group of the cube is also known as the octahedron group,
in view of the fact that the group of movements of the regular
octahedron coincides with that of the cube. This group presents
itself in many investigations and has been defined abstractly
in a number of other ways. Among these are the following:
Two operators of order 4 generate the octahedron group pro-
vided their product is of order 3 and one of them is trans-
formed into its inverse by the square of the other. The octa-
hedron group is the smallest group that can be generated by
two operators whose orders exceed 2 and which are such that
each is transformed into its inverse by the square of the other.*

* Annals of Mathematics, vol. 21 (1907), p. 50.
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The octahedron group is completely defined by the fact that it
can be generated by three cyclic non-invariant subgroups of
order 4 which do not involve a common subgroup of order 2
nor generate other operators of order 4.* The octahedron
group may be defined as the group which contains exactly 9
operators of order 2 such that the order of the product of any
two does not exceed 4, while there are at least two such opera-
tors whose product is of order 4.

68. Group of the Regular Icosahedron. Both the regular
icosahedron and the regular duodecahedron admit two move-
ments of orders 2 and 5 respectively whose product is of order
3. If we let s1, s2 represent these movements it results that
these solids are transformed into themselves by operators
which fulfil the following equations:

812 = 825 = (8182)3 =1.

It is not difficult to prove that these equations define the simple
group of order 60.1 As the regular icosahedron and the regular
duodecahedron admit exactly 60 movements, it will result from
this proof that their group of movements must be the simple
group of order 60. Hence this group is frequently called the
icosahedron group. To prove that (s, s2) is of order 60 if no
restrictions are placed on these operators except those implied
in the given equations, we may proceed as follows:

The operators sisg?s1523s1, s15235152%51 are of order 2, since
they coincide with their inverses. They transform sz into its
inverse, since the product of s; and either one of these opera-
tors is of order 2, as may be seen directly if we employ the
equation sisas1=satsise?, resulting from (s152)>=1. From this
equation it results also that

(s1523)% = (s1522)5=1.
In fact,
(515251)8 = 52%(s51528)5s2=1, since (515251)*=$152%51.
* Mathematische Annalen, vol. 64 (1907), p. 344.

t American Journal of Mathematics, vol. 29 (1907), p. 8.
{ Hamilton, Philosophical Magazine, vol. 12 (1856), p. 446,
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As 51522 is the transform of the inverse of 5,53, the given state-
ment is proved. The most general product that can be formed
with the operators sy, sz is of the form

a

$2%8515298152781 . . . SN,

If the number of factors in this product exceeds six it can evi-
dently be reduced by means of one or more of the following
equations:

S15281 =82481$24, 5132431 =§25152, (51823)5= 1,
$152%51 = 5235159351598, 5150351 = 59515225, 5.
From these equations and from the fact that
51522518975 159% = S2 ™ *515275159351

it results that all the distinct operators of (s;. s2) can be written
in one of the following forms:

$o™, Sa™s1852%, SoMs1S22s180", samsis2Psisdsi(m, n=1,2, ..., 5).

Hence (s1, s2) is of order 60 if we assume that sy, so fulfil the
equations given above.
The three sets of equations

si2=s5b=(s152)3=1, si2=s53=(s152)%=1, s3=55=(s152)2=1

are evidently equivalent and hence cach of them defines the
icosahedral group. In fact, if we should assume that the opera-
tors s1, sz merely satisfy any one of these scts of equations, they
would generate the icosahedron group unless both of them
were the identity. Hence we have the theorem:

If the three numbers 2, 3, 5 are the orders of two operators and
of their product, these operators must generate the icosahedron
group irrespective of which of these three numbers is the order
of the product.

EXERCISES

1. If two operators merely satisfy the equations defining the tetra-
hedral group they may generate the cyclic group of order 3, and if they
merely satisfy the equations defining the octahedral group they may
generate the symmetric group of order 6 or the group of order 2.

2. If a group of order 12 contains no invariant operator of order 2 it
must be tetrahedral.
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3. If two operators of order 3 have a product of order 2# whose square
is invariant under both of these operators, they generate a group of order
127 whose group of cogredient isomorphisms is the tetrahedral group.

9. Generalizations of the Group of the Regular Tetra-
hedron.* An immediate generalization of the tetrahedral
group is given by the equations

si3=s523, (s152)2=1.

It results directly that s,3=¢ is invariant under (s, s2) and that
the group of cogredient isomorphisms of (si, sz) is the tetra-
hedral group. From the fact that sis2 and ses; are two opera-
tors of order 2 it results that s;ss2s; is transformed into its
inverse by each of the operators sis2 and s2s;. Moreover,

(5152%51)2 = $159251259251251 = = 515~ 151~ 159~ 1sy ~L.gy ~ 15,12 = g

is both invariant and also transformed into its inverse under
(s1, s2). Hence the order of ¢ is a divisor of 8. If this order is
8, the order of G is 96. That there is such a group of order 96
may readily be seen by means of the two substitutions

si=ac'ce’eg’ga’ - bom'nf of' hE'1d"mp’fi'5b" k' do’ /il
s2=am’ je'on'gk' pc'ml'ei’na’kj'co’lg'ip’ - bd'df B hb'.

The existence of this group of order 96 and some of its prop-
erties may also be established abstractly as follows: Let
s'1, s’ be two operators of order 3 whose product is of order 4,
and suppose that they have been so chosen that (s1/, s2’) is the
group of order 24 which does not involve any subgroup of
order 12, i.e.,, the non-twelve  Gzs. If we extend this group
by means of an operator ¢ of order 8 which is commutative with
each of its operators and generates its operators of order 2,
it is clear that s,f, s2’t may be used for s, s» respectively.
That such an operator of order 8 actually exists can readily

* Some of these developments could have been presented more bricfly by

employing the theorem that if the square of an element of a commutator is com-

mutative with the other element it tiansforms this other element into its in-
verse. The presentation adopted seems a little more elementary.

t American Journal of Mathematics, vol. 32 (1910), p. 65.
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be seen if the non-twelve G4 is written in the regular form in
four distinct sets of letters, and a simple isomorphism is estab-
lished between these groups. The operator of oider 4 which
merely permutes cyclically the corresponding letters in
these four constituent groups, multiplied by the operator of
order 2 in one of these constituents, is clearly the operator of
order 8 in question.

When ¢ is of order 4, G is the direct product of the tetra-
hedral group and the cyclic group of order 4, since 5,4, s»* are
two operators of order 3 whose product is of order 2. When
t is of order 2, G is the dircct product of the tetrahedral group
and the group of order 2, since (s525:%)2=s5,'2=1. Combining
these results we arrive at the theorem:

If two mon-commulative operalors sy, s» satisfy the equations
si¥=s2% (s5152)2=1, they generale a group of order 96, or the direct
product of the tetrahedral group and onc of the following three
groups: the cyclic group of order 4, the group of order 2, the
identity.

Hence there are four and only 4 non-abelian groups which
may be gencrated by two operators which satisfy these two
conditions. The cyclic group of order 12 and its subgroups
are evidently the only abelian groups which can be generated
by two operators satisfying these conditions, and all of these
groups can be generated by two such operators.

Another generalization of the tetrahedral group is furnished
by the equations

813 ==822, (31$2>3 =1.

The cyclic group generated by s3={ is again invariant under
G, and, as (517 'ses1-5271)2 = (51525125, -12)2=5,-'% is both in-
variant under G and also transformed into its inverse by s,
it results that the order of ¢ is a divisor of 10. If we assume
that ¢ is of order 10, G is of order 120. We proceed to prove
that this G is the direct product of the non-twelve group of
order 24 and the group of order 5. If ¢ is of order 10 the order
of s; may be assumed to be 30, since G would be abelian if the
order of s; were not divisible by 3. Hence we may assume
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that sy, sz are of orders 30 and 20 respectively while 515, s2°
are two operators of orders 6 and 4 respectively whose product
is of order 6, since

825515 =82$12' 819 =S2'181_1 . 3115.

As (515)% =(s25)2 = (515525)3 is an operator of order 2, it results
that (s15, 52%) is the non-twelve group of order 24, and that G
is the direct product of this group and the group of order 5.

When £ is of order 5, G is evidently the direct product of the
tetrahedral group and the group of order 5, and, when ¢ is of
order 2, G is the non-twelve group of order 24. This completes
a proof of the theorem:

If two non-commutative operators sy, sz satisfy the two condi-
tions s13 =522, (s152)3=1, they must generate one of the following
four groups: the tetrahedral group, the non-twelve group of order
24, the direct products of these respective groups and the group of
order 5.

If 51, 52 are commutative they must generate the group of
order 15 or a subgroup of this group, and they may be so chosen
a3 to generate any one of these subgroups.

60. Generalization of the Octahedron Group. The equations

812 = 823, (8182)4 =1

evidently furnish a direct generalization of the octahedron
group. To obtain an upper limit for the order of such a group
we may consider the two operators s, s2~'sys2. They have a
common square and this square is invariant under G. Hence
it results that the commutator of s;, se is transformed into
its inverse by each of the operators s;, s2=!s152. Squaring this
commutator there results

§171s27 15152+ 517 152715152 = 51~ 85152251 52515225152
=517 851522 52~ 151~ 1527151 =1 525152 = 51~ 1451505152251 525152
=517145152515251 " 1527151~ 1 =5, =20 5515, 1505y

"—"81"20' (81—182"18182)—1.
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Hence it follows that (sy-1s2-15159)3=s5,-20. As 5,-20 is trans-
formed into its inverse by s1, the order of s, is a divisor of 40
and the order of G must therefore be a divisor of 480.

We begin with the case when s, is of order 8 and hence G
is of order 96. To prove the existence of this G we may extend
the non-twelve Gz4 by means of an operator of order 8 which
transforms it according to an operator of order 2 correspond-
ing to an outer isomorphism. Under the resulting group of
order 96 the given Go4 must therefore be transformed accord-
ing to the octahedral group, which is the group of isomorphisms
of this G2+ as well as of its quaternion subgroup. If s, is the
operator of order 2 in this octahedral group, which corresponds
to the given operator s; of order 8 in the group of order 96,
and if s2’ is an operator of order 3 in this octahedral group
such that s1’ss is of order 4, we can select an operator s; of order
12 corresponding to sy’ so that s12=s.3, (s5152)*=1; for, all the
operators of this Gge which correspond to operators of order 4
in the octahedral group are of order 4, since the commutator
subgroup of each of the three Sylow subgroups of order 32 is
a subgroup of order 4 contained in the invariant quaternion
subgroup. It is easy to verify that this group of order 96 is
also generated by the following substitutions:

si=aa'gg'ee’cc’ - bo'hm'fk'di’ -id ob’'mh kf - n' pl'nj'lp’,

sz=amligkjeipcon-bdfh-a'm'Vg'k'j'e'i'p'c'o'n’ - b'd'f' K.
Having established the existence of a group of order 96
generated by two operators of orders 8 and 12 which satisfy
the given conditions, it is easy to find: the group of order 480
generated by two operators of orders 40 and 60 respectively
which satisfy these conditions. In fact, it is obvious that
such operators exist in the direct product of the given Ggs and
the cyclic group of order 5. For if s;, s2 generate the former
group and satisfy the relations s2=s3, (s;52)*=1, and if ¢
is an operator of order 5 which is commutative with each of
these operators, then 53¢, s3¢-1 will also satisfy these equations.
Hence we have proved that the largest group which can be
generated by two operators which satisfy the two conditions
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$12=59%, (s152)*=1, is the direct product of the group of order
5 and the group or order 96 obtained by extending the non-
twelve group of order 24 by means of an operator of order 8
which transforms it according to an outer isomorphism of
order 2.

It is evident that the group of order 48 obtained by estab-
lishing a (2, 12) isomorphism between the cyclic group of order
4 and the octahedron group is generated by two operators of
orders 4 and 6 respectively which satisfy the given equations.
Moreover, the direct product of this group of order 48 and the
group of order 5, and the direct product of the octahedral
group and this group of order 5 contain two generating opera-
tors which satisfy the conditions under consideration. Hence
we have arrived at the theorem:

There are exactly six non-abelian groups which can be generated
by two operators which fulfil the equations s12=s33, (s152)t=1.
Three of these are of orders 24, 48, and 96, respectively, while
the other three are the direct products of these respective groups and
the group of order 5.

A second generalization of the octahedron group is given
by the equations

313 =824, (5152)2 =1.

Since the two operators sisz, s251 are of order 2, they generate
a dihedral group. To determine an upper limit of the order of
this group we observe that

(5251%52)3 = (52251522)3- 5,2 = 5,21

As 5, is invariant under G, its order is a divisor of 42, and an
upper limit of the order of this dihedral group is evidently 12,
while the order of G is a divisor of 336. When s; is of order 6
the order of G is 48. Moreover, it is easy to see that the group
of order 48, which may be obtained by extending the non-
twelve group of order 24 by an operator of order 2 which trans-
forms it according to an outer isomorphism, is generated by two
operators of orders 6 and 8 respectively, which satisfy the given
conditions. This group may be represented transitively on
eight letters, and it involves 12 operators of each of the orders
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2 and 8 in addition to the given subgroup of order 24. It is
the group of isomorphisms of the non-cyclic group of order 9.

If we multiply the two given generators by an operator of
order 7 and its inverse, the operator of order 7 being commuta-
tive with each of these generators, we obtain two operators of
orders 42 and 56 respectively which satisfy the conditions in
question, and hence we have the theorem:

If two operators satisfy the conditions si3=s24, (s152)2=1, the
largest group which they can generate is the direct product of the
group of order 7 and the group of isomorphisms of the non-cyclic
group of order 9. The total number of the non-abelian groups
which can be generated by two operators which satisfy these equa-
tions is six: viz., the dihedral group of order 6, the octahedral
group, the group of isomorphisms of the non-cyclic group of order
9, and the direct products of these respective groups and the group
of order 7.

The third generalization of the octahedron group to be
considered is given by the equation

s12=s94, (s152)3=1.

We may again consider the commutator of s;, sz and observe
that

(s11s2~15152)3 = (5251522)3518 = 518527 2(52%51) 3522
= 51952 2(s1452 151~ 1)3502 = 5,18,

As 5118 is transformed into its inverse by sj, it results that the
order of s; is a divisor of 36, and hence the order of G is a divisor
of 432. It is easy to see that the group of order 48, which may
be constructed by extending the non-twelve group of order 24
by means of an operator of order 4 which has its square in this
non-twelve group and transforms it according to an outer
isomorphism of order 2, can be generated by two operators of
orders 4 and 8 respectively which satisfy the given conditions.
If we multiply this s; and this sz by an operator of order 9 and
by its fifth power respectively, this operator of order 9 being
commutative with each of the operators sy, s2, and having only
the identity in common with (s, s3), we obtain two operators
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of orders 36 and 72 respectively which satisfy the given con-
dition and generate the group of order 432 in question. Hence
it is easy to deduce the following theorem:

If two non-commutative operators satisfy the conditions 512 = s34,
(s152)3=1, they may generate the dihedral group of order 6, the
octahedral group, the group of order 48 obtained by extending the
non-twelve group of order 24 by means of an operator of order 4
which has its square in this group and transforms it according to
an ouler isomorphism of order 2, the direct products of these respec-
tive groups and a cyclic group of order 3 or 9. Honce there are
exactly nine non-abelian groups which may be generated by two
such operators.

EXERCISES

1. There are exactly six non-abelian groups whose two generators
51, 2 satisfy the equations si?=s,3, (515:)5=1. They are the icosahedron
group, a group of order 120, and the direct products of these respective
groups and the cyclic groups of orders 5 and 25.

2. If two commutative operators satisfy the equations s,2=s,5,
(515:)2=1, they generate a cyclic group whose order is 3, 7, or 21; if they
satisfy the equations s:*=s,5, (515:)?=1, they generate a cyclic group whose
order is 2, 4, 8, or 16; if they satisfy the equations si2=s,3, (s152)5=1,
they generate a cyclic group whose order is either 5 or 25.

3. There are exactly six non-abelian groups whose generators satisfy
the equations s;3=s5,%, (515;)2=1. They are a group of order 1920 and the
direct products of the icosahedral group and the cyclic group of order 2,
a=0,1,2, 3, 4.

4. If two commutative operators satisfy the equation s,2=s;4,(ss5:)* =1,
they generate a cyclic group whose order is 2 3, 6, 9, or 18; if they
satisfy the equations s;2=s,3, (s5:)*=1, they generate a cyclic group whose
order is 2, 4, 5, 10, or 20; if they satisfy the equations si*=s,4, (s15:)2=1,
they generate a cyclic group whose order is 2, 7, or 14.



CHAPTER VII
ISOMORPHISMS

61. Relative and Intrinsic Properties of the Operators of a
Group. The operators or elements of a group have both
relative and intrinsic properties. The latter relate to period-
icity and are common to group operators and the roots of unity.
Hence some of the earliest workers in abstract group theory
associated this theory with the roots of unity. For instance,
Cayley remarks that “a group may be considered as repre-
senting a system of roots of the symbolic binomial equation
°=1,"* and Sir W. R. Hamilton regards the icosahedral
group as ‘“ a system of non-commutative roots of unity which
are entirely distinct from the 7, j, & of the quaternion though
having some analogy thereto.”” { He calls this group the
Icosian Calculus.

In a non-abelian group the relative properties of the opera-
tors are of greatest interest, while they are of comparatively
little interest as regards abelian groups. In fact, they reduce
to the question of common subgroups generated by these opera-
tors in the latter case. In an automorphism of a group, the
corresponding operators must evidently have the same intrinsic
as well as the same relative properties. The great importance
of the study of automorphisms rests on the fact that the proper-
ties of an operator are the same as those of the operators which
correspond to it in some automorphism of the group, and hence
these properties need to be studied for only one of these corre-
sponding operators. Thus the concept of isomorphisms econo-
mizes thought, which is a fundamental object in mathematics.

* Cayley, Philosophical Magazine, vol. 7 (1854), p. 40. '
t Hamilton, Philosophical Magazine, vol. 12 (1856) p. 446,
159
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In its most elementary form the concept of isomorphisms
is one of the oldest in mathematics, as it lies at the base of the
development of abstract numbers. The concept of abstract
number evidently rests on a kind of isomorphism between con-
crete units of various kinds, so that for many purposes we
may fix our attention entirely on what is common, viz., the
abstract concept of units. In the theory of groups the con-
cept of isomorphisms assumes a new importance in view of the
fact that the different automorphisms of a group may be repre-
sented by the corresponding substitutions on its operators, and,
as was noted in § 19, the totality of these substitutions con-
stitute a group known as the group of isomorphisms,* or the
group of automorphisms, of the original group. We have
thus associated with. each group its group of isomorphisms,
which is of fundamental importance in many applications of
the group.

62. Group of Isomorphisms as a Substitution Group. If
g distinct letters are placed in a (1, 1) correspondence with the
operators of the group G of order g, the symmetric substitution
group will correspond to the totality of the possible arrange-
ments of the operators of G. Such an arrangement cannot
correspond to an automorphism of G unless the identity corre-
sponds to itself. Hence the group of isomorphisms I of G can
always be represented as a substitution group on at most g—1
letters, and its order must therefore be a divisor of (g—1)!.
This order cannot be equal to (g—1)! except in case of three
groups besides the identity, viz., the groups of orders 2 and 3,
and the four-group. In fact, it is evident that I cannot be more
than doubly transitive on g—1 letters, since the correspondence
of two operators fixes the correspondence of their product.
In particular, the order of the group of isomorphisms of any
finite group is a finite number.

A necessary condition that I be transitive on g—1-letters
is that all the operators of G besides the identity have the same

* Isomorphisms were first studied in an explicit manner by C. Jordan and

A. Capelli. Their group properties were first studied by O. Holder and by E. H,
Moore,
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order, and hence g must be of the form ™, p being a prime
number. Since the correspondence of two operators determines
the correspondence of their powers, it is clear that I cannot be
a primitive substitution group unless p=2. If all the opera-
tors of G besides the identity are of order 2, I is evidently
doubly transitive. Hence it results that a necessary and suf-
ficient condition that I be primitive on g—1 letters is that all
the operators of G be of order 2.*

The group 7 is generally intransitive on g—1 letters, and the
number of its systems of intransitivity is equal to the number
of complete sets of conjugate operators of G under I. In par-
ticular, the number of characteristic operators of G is equal to
g diminished by the degree of I. A sufficient condition that I
is simply isomorphic with one of its transitive constituents,
when it is represented as such a substitution group, is that
G is generated by one of its complete sets of conjugates under I.
When G is abelian it is generated by its operators of highest
order, and these constitute a complete set of conjugates under 1.
As they constitute the only complete set of such conjugates
that generate G, it results that the group of isomorphisms of an
abelian group can always be represented in one and in only one
way as a transilive substitution group on lelters corresponding
to operators of this abelian group. In other words, if the group
of isomorphisms of an abelian group is represented on letters
corresponding to the various operators of this abelian group,
this group of isomorphisms has only one transitive constituent
which is simply isomorphic with it, since every abelian group
of order p™, except the group of order 2, admits a non-identical
isomorphism in which every operator which is not of highest
order corresponds to itself. A like theorem does not apply
in general to the non-abelian groups. In fact, if the I of a non-
abelian group is represented on the g—1 letters corresponding
to the operators of the group, excepting the identity, the
number of its transitive constituents which are simply isomorphic
with I may vary from zero to an indefinitely large number, as
results from the alternating groups.

* E. H. Moore, Budletin of the American Mathematical Society, vol. 2 (1896), p. 33.
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Suppose that G is abelian and that I is represented as a
transitive group on letters corresponding to operators of G.
These operators may be composed of the operators of highest
order (m) in G. As any operator of highest order may be re-
garded as an independent generator of G, it is evident that I
cannot be regular unless G is cyclic and that I is always regu-
lar when G is a cyclic group. As an abelian group cannot be
represented as a non-regular transitive substitution group, it
results directly from this fact that

A mecessary and sufficient condition that the group of iso-
morphisms of an abelian group be abelian is that this abelian
group be cyclic.*

The subgroup composed of all the substitutions of I which
omit one letter must omit exactly ¢(m) letters, ¢(m) being the
totient of m, since an operator of order m generates ¢(m) oper-
ators of this order. As the number of substitutions which are
commutative with every substitution of a transitive group of
degree n is a, where « is the exact number of the letters omitted
by the subgroup of this transitive group which is composed of
all its substitutions which omit a particular letter, it results
directly that I contains exactly ¢(m) invariant substitutions,
and that these substitutions transform every substitution of
I into the same power. Hence the theorem:

If an abelian group involves operators of order m but none
of higher order, its group of isomorphisms contains exactly o(m)
invariant operalors.

63. Groups of Isomorphisms of Non-abelian Groups. Sup-
pose that G is non-abelian and that I is represented on letters
corresponding to a set of operators of G. If all of these opera-
tors were commutative they would generate a characteristic
abelian subgroup of G. If this subgroup were in the central
of G, I would involve operators corresponding to inner auto-
morphisms, but which would not affect any of the operators
of the given set. This would also be the case if this subgroup

* This theorem and the theorem of the following paragré.ph were proved
abstractly in §41. The fundamental importance of these theorems seems to
justify the present alternative proofs.
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were not in the central of G, since one of these operators would
then transform into different operators some of the operators
of G which are not contained in this set. Hence it has been
proved that

The group of isomorphisms of a mnon-abelian group cannot
be represented on letters corresponding to a set of relatively com-
mulative operators of this non-abelian group.

It is now easy to see that if the group of isomorphisms I
of any group G can be represented transitively on letters corre-
sponding to a set of operators of G, then I cannot be more than
doubly transitive. In fact, when G is non-abelian and we fix
the correspondence of two non-commutative operators of
the set in an automorphism, the correspondence of a third
operator has also been fixed, since such an operator may be
obtained by transforming one of the two given operators by
the other. That is,

When the group of isomorphisms of any group G is represented
on letters corresponding to operators of G, then this group of iso-
morphisms is at most doubly transitive.

It is very easy to find non-abelian groups in which the I
is doubly transitive if it is constructed in a given manner. As
such a group we may consider the metacyclic group of degree
p and of order p(p—1). The I of this group can evidently be
represented on the p letters corresponding to its operator of
order 2, and if it is represented in this way it coincides with
the metacyclic group itself. Instead of representing I on the
operators of a group we may frequently represent it more con-
veniently on a set of generating subgroups. If this is done
I may be more than doubly transitive, as results from the fact
that the group of isomorphisms of the tetrahedral group is the
symmetric group of degree 4 if each letter corresponds to a sub-
group of order 3.

If I is a primitive group on letters corresponding to a set of
operators of a non-abelian group G, its invariant subgroup
corresponding to the inner isomorphisms of G must be transi-
tive, since a primitive group cannot involve an intransitive in-
variant subgroup. That is, if I is a primitive group on letters
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corresponding to the operators of G, then G is either the abelian
group of order 2™ and of type (1,1, 1, . . . ) or G transforms
transitively the set of operators to which the letters of I corre-
spond. As every multiply transitive group is primitive, this
theorem applies to all multiply transitive groups as well as to
the simply transitive primitive groups.

EXERCISES

1. If G is the symmetric group of degree 4 its I may be represented as
an imprimitive group of degree 6 on letters corresponding either to its
operators of order 4, or to its six conjugate operators of order 2. These
two imprimitive groups are not conjugate as substitution groups, since
the one is composed of positive substitutions, while the other contains
negative substitutions.

2. The group of isomorphisms of the symmetric group of degree #,
776, can be represented as a transitive substitution group on the n(n—1)/2
letters corresponding to the transpositions of the symmetric group. When
I is thus represented, it is a simply transitive primitive group whenever
n>4.

Suggestions: Use the theorem that the symmetric group of degree
n, n#6 and n>2, is its own group of isomorphisms, and that it has no
outer isomorphisms. See § 65.

3. Prove that if the I of the quaternion group is represented as a sub-
stitution group whose letters correspond to its operators of order 4, it will
be conjugate with the group in the first of these exercises which involves
negative substitutions.

64. Doubly Transitive Substitution Groups of Isomorphisms.
If I is doubly transitive on letters corresponding to operators
of G, each of these operators generates a cyclic subgroup (s)
which is transformed into itself under the holomorph of G
by a subgroup composed entirely of operators which are com-
mutative with s; for, if a complete set of conjugate operators
of G under I includes at least two powers of the same operator,
the operators of this system must be transformed according
to an imprimitive group. Suppose thit s; and s; are two oper-
ators of G which correspond to letters of I. We may assume
that s, sz are non-commutative; for, if all such operators were
commutative, G would be abelian and hence the order of every
operator of G would divide 2. Since this case is so elementary,
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we shall exclude it in what follows and hence we shall assume
that s;, s2 are non-commutative.

If 51, s2 correspond to themselves in a given automorphism
of G, all the operators of the subgroup generated by s1, s2 must
also correspond to themselves and this subgroup must include
more than two operators which are conjugate to 83, s2 under 1.
Hence we have as a first result:

If the group of isomorphisms of a group G can be represented
as a doubly transitive group on letters corresponding lo operators
of G, then the subgroup composed of all substitutions which omit
one letter of this doubly tramsitive group is either imprimitive or
it is a regular group of prime degree.

This theorem follows directly from the well-known theorem
that the subgroup which is composed of all the substitutions
which omit one letter of a non-regular primitive group of degree
nis always of degree n—1. When G is abelian the given theorem
evidently remains true and the imprimitive group in question
involves systems of two letters each except when G is the four-
group.

When the subgroup which is composed of all the substitu-
tions of I which omit one letter is a regular primitive group,
the order of I is p(p+1), p being a prime, and I involves p+1
subgroups of order p. It must therefore involve an invariant
subgroup of order p+1 which involves p conjugate operators
under I. That is, the subgroup of order p+1 must be the
abelian group of order 2™ and of type (1, 1,1, . . . ). Hence
the following theorem:

If I is doubly transitive on letters correspondmg to operators
of G and if the subgroup composed of all the substitutions which
omit one letter of I is primitive, then I is of order p(p+1), p
being a prime, and it involves an invariant subgroup of order
p+1.

When I is a doubly transitive group on letters corresponding
to a set of conjugate operators of G, either all the operators of
this set are commutative or no two of them are commutative.
This results immediately from the fact that when I is doubly
transitive any two of its letters can be transformed into an
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arbitrary pair, but a pair corresponding to two commutative
operators could not be transformed into a pair corresponding
to two non-commutative ones. Hence it results that when
I is a doubly transitive group on letters corresponding to a set
of operators of G, then G is either an abelian group of order
2™ and of type (1, 1, 1, . . . ) or no two of the operators of the
set under consideration are commutative.

66. Groups of Isomorphisms of the Alternating and the
Symmetric Groups. In this section we propose to prove the
theorems that the alternating and the symmetric group of
degree n, n#3, have the same group of isomorphisms, and
that this group coincides with the symmetric group whenever
n>3, with the exception of the single case when #=6. In
this special case the group of isomorphisms of the symmetric
and alternating group is a well-known group whose order is
1440; that is, this order is twice that of the corresponding
symmetric group. The proof of these theorems entails the proof
of several auxiliary theorems, which are also of considerable
interest in themselves and of still greater historic interest in
view of the fact that they relate to one of the oldest problems
of group theory, viz., the determination of subgroups of small
index under the symmetric and alternating groups. This is
known as Bertrand’s problem.

As it will be desirable to use the theorems that the alternat-
ing group of degree #, n6, involves only one subgroup of
index #, viz., the alternating group of degree n—1, and that
the symmetric group of degree » involves no subgroup of index
n, n=6, besides the symmetric group of degree »—1, we shall
establish the somewhat more general theorem, sometimes called
Bertrand’s theorem,* that the symmetric group of degree =,
n> 4, has no subgroup whose index lies between # and 2, and
that its only subgroups of index n, #n6, are of degree n—1;
moreover, the alternating group contains no subgroup of index

* Serret, Algebre supericure, 1849, p. 267. Bertrand proved this theorem in
1845, Journal de V' Ecole Polytechnigue, p. 129, by assuming the theorem, after-

wards proved by Cebyiév, that there is always at least one prime number be-

tween /2 (exclusive) and #~2 (inclusive) whenever the natural number s
exceeds 6.
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less than #,#>4, and its only subgroup of this index is the
alternating group of degree #—1, when 7 6.

We begin with the proof of the latter part of this theorem,
since the former part can be readily deduced from the latter.
As the theorem of éeby§év, to which we have just referred,
applies only to all numbers greater than 6, and the groups of
degree seven are well known, we shall assume that #>7, and
prove that the alternating group of degree » does not contain
any subgroup whose index is less than # +1, with the exception
of its alternating subgroups of degree #—1 and of index n.
If such a subgroup existed it would be transitive on its letters,
since the order of an intransitive subgroup could clearly not
exceed 2-(n—2)!. As the order of an imprimitive subgroup is
evidently less than this number, the subgroup in question would
be primitive, and hence its order could not be divisible by the
highest power of 3 which divides #!, since a primitive group
of degree # does not involve a substitution of the form abc
unless it is the alternating group of degree .

Since the order of the subgroup in question would not be
divisible by the highest power of 3 that divides n!, this order
would have to be divisible by the prime p, where #/2 < pPEn—2.
Hence this subgroup would involve 1+kp conjugate cyclic
subgroups of order p. If two such subgroups had less than
p—1 common letters, we could transform one by an operator
of the other so as to obtain two such subgroups having a larger
number of common letters without having all letters in common.
This process could be repeated until two subgroups of order ?
would be found having p—1 common letters, and hence the
primitive subgroup in question would itself involve primitive
subgroups of each of the degrees p, p+1, . .., n. It would
therefore be at least four-fold transitive.

As the transitive subgroup composed of all the substitutions
involving a certain set of p letters would be invariant under
a group of degree p+3, which would involve two transitive con-
stituents of degrees p and 3 respectively, and as this transitive
constituent of degree 3 would be the symmetric group of this
degree, it results that each of the cyclic subgroups of order p
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would be invariant under a group having the symmetric group
of degree 3 as a transitive constituent. As the group of iso-
morphisms of the group of order p is cyclic, this would imply
that the subgroup, composed of all the substitutions in the
primitive group of degree n and index less than n41, which
transform a subgroup of order p into itself, would involve
substitutions of the form ab or abc. As this is impossible, it has
been proved that the alternating group of degree n, n>7,
cannot involve a transitive subgroup of degree » and of index
less than n+1. Hence the symmetric group of degree n, n>7,
cannot contain a subgroup of index less than n+1 and greater
than 2 except the symmetric group of degree n—1.

From what precedes, it results that the only subgroups
of index # in the symmetric and the alternating groups are those
of degree n—1, whenever #>7. This theorem is known to
be true also as regards the groups of degree 7. From this
fact and from the theorem in § 67, it follows directly that the
group of isomorphisms of the alternating and of the symmetric
group of degree n, n>6, is the symmetric group of this degree.

EXERCISES

1. Prove that in an automorphism of the symmetric group of degree
6 substitutions of the form abc may correspond to those of the form abc-def,
and that all the operators of order 3 in this symmetric group are conju-
gate under its holomorph.

2. Prove that the symmetric groups of degrees 4 and 5 are complete
groups, and that the alternating groups of these degrees have the corre-
sponding symmetric groups for their groups of isomorphisms.

3. Give an instance of a group which involves an invariant subgroup
whose group of isomorphisms is larger than that of the entire group.

66. Several Useful Theorems Relating to the Groups of Iso-
morphisms.* Every abelian group can be extended so that we
obtain a group of twice the order of the original group, by
means of operators of order 2 which transform each operator
of this abelian group into its inverse. These groups may be
regarded as a direct generalization of the dihedral groups, and
may therefore be called gemeralized dihedral groups as regards

* Cf. Philosophical Magazine, vol. 231 (1908), p. 223.
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the given abelian groups. If the given abelian subgroup involves
operators whose order exceeds 2, the corresponding general
dihedral group is non-abelian and vice versa. Let G be any
non-abelian generalized dihedral group of order g and let H
be the abelian subgroup of order g/2 which was extended to
obtain G. In any automorphism of G the g/2 non-invariant
operators of order 2 must correspond to themselves, and hence
the I of G can be represented as a substitution group of degree
h, k being the order of H.

It is evident that the non-invariant operators of order 2
in G can be arranged in £ different ways after the automorph-
ism of H has been fixed. Hence the order of the I of G is
the same as the order of the holomorph of H. We proceed
to prove that the I of G is simply isomorphic with the holo-
morph of H. In fact, this I can be represented as a transitive
substitution group of degree % which involves an invariant
regular subgroup which is simply isomorphic with H, since G
can be made simply isomorphic with itself in such a way that
the operators of H correspond to themselves while the remain-
ing operators of G correspond to themselves multiplied by an
arbitrary operator of H. These isomorphisms therefore corre-
spond to a regular subgroup of order 4 in 7, I being represented
on letters corresponding to the non-invariant operators of order
2 in G, and this regular subgroup is simply isomorphic with H
by construction.

Moreover this regular subgroup is invariant under I, since
H must correspond to itself in every automorphism of G, and
this regular subgroup includes all the substitutions of I corre-
sponding to the automorphisms of G in which all the opera-
tors of H correspond to themselves. From this fact it results
that I must be a subgroup of the holomorph of H, and as the
order of I is equal to the order of the holomorph of H it results
that I is this holomorph. These results may be stated as
follows:

The group of isomorphisms of the generalized dihedral group
of an abelian group H, involving operators whose orders exceed 2,
is the holomorph of H.
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As a special case of this theorem we may observe that the
group of isomorphisms of the dihedral group of order 2k, 4> 2,
is the holomorph of the cyclic group of order 4.

If H is any abelian group of even order, it may be extended
by means of % operators of order 4 such that they have a common
square, and each operator of H is transformed into its inverse
by each of these operators of order 4. The group G of order
2k which can be constructed in this way will be called the
generalized dicyclic group as regards H, since it reduces to the
dicyclic group whenever H is cyclic. With the single exception
when H is of order 2™ and of type (2,1, 1,1, ... ), the I of
G can always be represented as a transitive substitution group
on the given % operators of order 4. By exactly the same
reasoning as was employed in the preceding case we see that,
when H does not satisfy the given special condition, the I of
this G is also the holomorph of G whenever the common square
of the given % operators of order 4 is a characteristic opera-
tor of H. This proves the following theorem:

The group of isomorphisms of the gemeralized dicyclic group
as regards an abelian group H, which is not both of order 2™ and
type (2, 1, 1, 1, . . . ), is the holomorph of this abelian group
whenever the common squarc of the h operators of order 4 which
were added to H is a characteristic operator of H.

It should be observed that H is a characteristic subgroup of
G also when it is both of order 2™ and of type (2,1, 1,1, . . .)
provided the squares of the remaining operators of order 4
in G are not the same as those of the operators of order 4 in H.
In this case, as well as in the more general case considered
above, the group of isomorphisms of G is the subgroup of the
holomorph of H composed of all the operators of this holomorph
which are commutative with the square of the given % operators
of order 4. The method of proof employed above may serve
to establish a very elementary but useful theorem, which may
be stated as follows:

If a group G containing a characteristic subgroup H is such
that automorphisms of G may be obtained by multiplying suc-
cessively an operator s of G which is not in H by all the operators
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of H while the operators of H are left unchanged, then the group
of isomorphisms of G involves an invariant subgroup which is
simply isomorphic with H, whenever this group of isomor phisms
can be represented as a transitive group of degree h, corresponding
to the conjugates of s.

Suppose that G is a complete group which involves only
one subgroup of index 2, and consider the direct product of G
and the group of order 2. If a group contains only one sub-
group of index 2, this subgroup is generated by the square of
the operators of the group, and, conversely, if a subgroup of
index 2 is generated by the squares of the operators of a
group, it is the only subgroup of index 2 in the group. That
is, a necessary and sufficient condition that a group contain
one and only one subgroup of index 2 is that the squares of its
operators generate such a subgroup. Hence the squares of the
operators in the direct product of G and the group of order
2 generate a characteristic subgroup of index 4 under this
direct product. The I of this product involves an invariant
operator of order 2 corresponding to the automorphisms in
which two of the three co-sets as to the given characteristic
subgroup are multiplied by the invariant operator of order 2.
As the order of this I is the double of the order of G and as I
involves an invariant operator of order 2 which is not in the I
of G there results the theorem:

If G is a complete group and contains only one subgroup of
index 2, then the group of isomorphisms of the direct product of G
and the group of order 2 is simply isomorphic with this direct
product. .

As special cases of this theorem we may observe that the I
of the direct product of the symmetric group of degree 7, n>2
and 756, and the group of order 2, is simply isomorphic with
this direct product; and that the I of the direct product of the
metacyclic group of order p(p—1), p being an odd prime,
and the group of order 2, is simply isomorphic with this direct
product. If a group G is the direct product of characteristic
subgroups, the I of G is evidently the direct product of the
I’s of these subgroups. As an abelian group is the direct prod-
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uct of its Sylow subgroups, the I of an abelian group is always
the direct product of the I's of its Sylow subgroups.

67. Group of Isomorphisms of a Transitive Substitution
Group. Suppose that G is a transitive substitution group of
degree n which involves no subgroups of index # and degree n,
but involves subgroups of degree n—1. Its n subgroups of
degree n—1 must therefore correspond among themselves
in every automorphism of G, and these subgroups may be so
lettered that they are transformed by every substitution in G
in exactly the same manner as the letters of this substitution
are transformed. From this it results that if each of the =
subgroups corresponds to itself in any automorphism of G, each
of the substitutions of G must also correspond to itself in this
automorphism. That is, the 7 of G may be represented on
letters corresponding to these subgroups.

As G involves subgroups of degree # — 1, it is simply isomorphic
with its group of inner isomorphisms. Hence the I of G may be
represented as a transitive substitution group of degree » which
contains G invariantly. This proves the following theorem:

If G is a transitive substitution group of degree n which involves
subgroups of degree n—1 but no subgroups of both degree n and
index n, then the group of isomorphisms of G can be represented
as a transitive substitulion group of degree m which contains G
as an invariant subgroup.

As the symmetric group of degree n involves no subgroup
of degree and index # when 76, and as it contains a subgroup
of degree n—1 whenever n>2, it results from the given theorem
that the I of every symmetric group of degree », except when
n is either 2 or 6, can be represented as a substitution group
on 7 letters, which contains this symmetric group. This sub-
stitution group must therefore be the corresponding sym-
metric group, as was proved above. In a similar way we may
observe by means of this theorem that the metacyclic group
of degree p and of order p(p—1) is its own group of isomorph-
isms. These illustrations may suffice to point out the use-
fulness of this theorem in the study of the groups of isomorphisms
of substitution groups.
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When G is an intransitive group of degree # such that every
subgroup which omits one letter is of degree exactly n—1,
it is still true that these = subgroups of G are transformed
by every substitution of G in exactly the same manner as the
letters of this substitution are permuted. If G is such that
these n subgroups of degree #—1 must correspond to them-
selves in every possible automorphism of G, the group of iso-
morphisms of G can again be represented as a substitution group
on 7 letters. It is, however, not necessary that this substitu-
tion group should be transitive, as may be seen by letting G
represent the intransitive group of degree 7 and of order 24
obtained by establishing a (1, 4) isomorphism between the sym-
metric groups of degrees 3 and 4.

EXERCISES

1. There is no group whose group of isomorphisms is a cyclic group of
odd order greater than 1.*

2. The quaternion group and the cyclic group of order 8 are the only
two groups of this order that cannot be the groups of isomorphisms of any
group. t

3. There are two and only two groups which have the symmetric groups
of order 6 for their group of isomorphisms.§

4. Find the groups of isomorphisms of all the substitution groups whose
degrees do not exceed 5.

5. The order of the group of isomorphisms of any abelian group is
divisible by the number of its operators of highest order. A necessary
and sufficient condition that the order be equal to this number is that the
group be cyclic.

6. The number of distinct groups which have a given group of inner
isomorphisms is either zero or infinity.

7. If a non-abelian group can be represented transitively only as a
regular group, it cannot be the group of isomorphisms of an abelian group.

* Annals of Mathematics, second series, vol. 2 (1900), p. 79
t Bulletin of the American Mathematical Society, vol. 6 (1900), p. 339.
§ Transactions of the American Mathematical Society, vol, 1 (1900), p. 399,



CHAPTER VIII
SOLVABLE GROUPS *

68. Introduction. A group is said to be solvable if, and
only if, it contains a series of invariant subgroups such that the
last of the series is the identity and the index of each of these
subgroups under the next larger subgroup is a prime number.
For instance, the symmetric group of order 24 contains an
invariant subgroup of index 2, this subgroup contains an invari-
ant subgroup of index 3, this subgroup is the four-group and
contains an invariant subgroup of index 2, and the identity is
of index 2 under this last subgroup. Hence the symmetric
group of order 24 is solvable. The numbers 2, 3, 2, 2 are said
to be its factors of composition. In general, the factors of
composition of a group are the indices of the successive largest
invariant subgroups. For example, the symmetric group of
order 120 contains an invariant subgroup of index 2, but this
subgroup involves no invariant subgroup besides the identity.
Hence the symmetric group of order 120 is insolvable and has
2 and 60 for its factors of composition. Every abelian group is
evidently solvable.

The terms solvable and insolvable as applied to groups of
finite order are transferred from the theory of equations. An
algebraic equation is solvable by rational processes in addition
to root extractions whenever the group of the equation is solv-
able and only then (cf. Part IIT). It should be observed that
an invariant subgroup of an invariant subgroup is not neces-
sarily an invariant subgroup of the entire group. For instance,
the invariant subgroup of order 2 used in connection with the

*In H. Weber’s Lehrbuch der Algebra, solvable groups are called melacydlic.

In the present work we use the term metacyclic with its older meaning to repre-
sent the holomorph of the group of order p. See p. 12.

174
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symmetric group of order 24 in the preceding paragraph is not
invariant under this symmetric group, but it is invariant under
the four-group.

It may appear possible that one might obtain only prime
factors of composition by one method of selecting the succes-
sive invariant subgroups while another method would lead to
composite factors. If this were possible the determination of
solvability or insolvability of a group would sometimes require
an examination of different sets of subgroups such that each
is a largest invariant subgroup of the one which precedes it,
and the last is the identity. That the factors of composi-
tion of a group are entirely independent of the order in which
the invariant subgroups in question are selected can easily
be established by means of the theorem that two invariant
subgroups which have only the identity in common must
have the property that each operator of the one is commuta-
tive with every operator of the other (cf. §29). We proceed
to prove the invariance of the factors of composition of any
group by means of this theorem.

Let Go be any solvable group, and let the following series
of subgroups, with the exception of Gy, have the property
that each is invariant and of prime index under the one which
immediately precedes it:

Go, G, Gs, . . ., Gpey, Gp=1.

In selecting another such series, suppose that the first a groups
coincide with the first « groups in given series, but that the
(a+1)th is different. We thus have the series:

’
Go, G, . . ., Gacyy Glay .+ .

As both G, and G', are invariant under G,.;, their cross-cut
is also invariant under G,-,. The quotient group of G,
with respect to this cross-cut must therefore involve two
maximal invariant subgroups, corresponding to G, and G/,
which have only the identity in common. Hence this quotient
group is the direct product of these invariant subgroups of
prime orders. This proves that the given cross-cut could be
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selected for G, regardless of whether G, or G’, was selected,
and hence it establishes the imvariance of the factors of com-
position of any solvable group, since this invariance may be
assumed for the groups G, and G’,, as they are of lower order
than Go is.

It may be observed that the above proof is not dependent
on the fact that Go was assumed to be solvable. The quotient
group with respect to a given cross-cut is always the direct
product of two simple groups, since the invariant subgroups
are maximal, and hence the factors of composition are invari-
ants as regards any group, even if this group be insolvable.
Moreover, as the two factor groups of a direct product of two
simple groups are evidently invariants of this direct product,*
it results immediately that the following series of quotient
groups

Go/G1, G1/Ga, . . . , Gy-1/G,=G,_,

is an invariant of Gy irrespective of whether Gy is solvable or
not. That is, the totality of these simple quotient groups is
independent of the choice of the maximal invariant subgroups.
The important theorem as regards the invariance of the factors
of composition of any group was first proved by C. Jordan
in Journal de Mathématiques, volume 14 (1869), page 139. The
fact that the given series of quotient groups is also an invariant
of Go was observed by O. Hélder in the Mathematische An-
nalen, volume 34 (1889), page 37.

Instead of defining a solvable group as one having only
prime factors of composition, we may also define it as a group
which has the property that we arrive at the identity by form-
ing the successive commutator subgroups. That is, if G,
is the commutator subgroup of G,-;, «=1,2, . . ., and if we
form the series of groups

Go, G1, G2, . . . , Gy,

* This is a special case of the theorem that factor groups of any direct product
are always completely determined by this direct product. Cf. Remak, Crelle's
Journal, vol. 139 (1911), p. 203.
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a necessary and sufficient condition that Gy be solvable is that
for a finite value of A, Gy=1. Tt is evident that this implies
that G,_, is abelian and that the order of G, is less than that
of G,-, whenever a=\. The given condition for the solva-
bility of Go is therefore equivalent to saying that a necessary
and sufficient condition that a group be solvable is that none
of its successive commutator subgroups besides the identity
is a perfect group (cf. § 29).

That this second definition of a solvable group is equivalent
to the first, follows immediately from the fact that if a group
has an invariant subgroup of prime index, this subgroup must
include the commutator subgroup of the group, and if the
order of the commutator subgroup of a group is less than the
order of the group, there must be an invariant subgroup of prime
index in the group, since the commutator quotient group is
always abelian. ‘

While cvery simple group of composite order is evidently
a perfect group, there arc perfect groups which are composite.

EXERCISES

1. The smallest perfect group which is not also simple is of order 120.

2. The factors of composition of the symmetric group of degree #,
n4, are 2 and #!/2.

3. Every perfect group besides the identity is insolvable, but an insolv-
able group is not necessarily perfect.

4. Every subgroup of a solvable group is solvable.

5. Each one of the scries of successive commutator subgroups is invari-
ant under the original group.

6. Every solvable group of composite order contains an invariant
subgroup which is abelian and whose order exceeds unity.

69. Series of Composition. If each one of the series of groups
(4) Go, G, Gz, . . ., G,=1,

excluding the first, is a maximal invariant subgroup of the one
which immediately precedes it, the series is said to be an
ordinary series of composition of Go. For brevity an ordinary
series of composition is often called a series of composition.
A necessary and sufficient condition that Go be a simple group
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whose order exceeds unity is that this series consists of only
two terms. We may form another series

(B) Go, G'1, G2, . . ., Gh=1

in which each subgroup is an invariant subgroup of Go and has
the property that no larger invariant subgroup of Go, con-
taining this one, exists in the group which immediately pre-
cedes it. The series (B) is said to be a chief series of composi-
tion of Go. It is sometimes possible to select a series of com-
position in such a manner that it is also a chief series. This
can evidently always be done when the order of G is a power
of a prime number.

It is always possible to construct an ordinary series of com-
position by inserting some terms in a chief series of composi-
tion if the chief series is not alrcady an ordinary series of com-
position. Suppose that it is necessary to insert some terms in
the series (B) between G’, and G’,, to obtain an ordinary scries
of composition and that H, is such a term, which corresponds
to a maximal invariant subgroup in the quotient group
G'o/G'ay1, while Hs is a conjugate of H; under Go,. Since
H, and H; are maximal invariant subgroups of G’, their cross-
cut is also invariant under G’,, and the corresponding quotient
group is the direct product of two conjugate simple groups.
When Go is solvable these simple groups have the same prime
order p, and hence this quotient group is of order p2.

As every group of order p? is abelian, it results that the
cross-cut of H, and any of its conjugates under Gy involves
the pth power of every operator in these conjugate subgroups
as well as the commutators of all their operators. Hence it
follows that if we find the complete set of conjugates of I,
under the solvable group Go, their common cross-cut, which is
invariant under Go and hence coincides with G',,,, involves
all their commutators as well as the pth powers of all their opera-
tors. This proves the following theorem:

If Go is any solvable group and Go, Gi', G2, . . . , G\ =1
is a chief series of composition, then the quotient group of any
of the groups in this series with respect to the one immediately
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Jollowing it is an abelian group which involves only operators
of prime order besides the identity.

This abelian group is therefore of type (1, 1, 1, . . . ).
If the order of this quotient group is p*, we must evidently
insert&-1 terms in order to obtain an ordinary series of
composition from the given chief series. The first of
these can be chosen in (p*—1)/(p—1) different ways.

When Go is insolvable, the given method of proof leads di-
rectly to the results that the quotient group of any one of the
groups, in the given chief series, with respect to the one immedi-
ately following it, is a direct product of simple groups of com-
posite order which are simply isomorphic. If these simply
isomorphic simple groups are of prime order, we have the result
expressed in the preceding theorem. It is easy to prove that
the totality of the quotient groups of each group of a chief
series of composition with respect to the one following it is an
invariant of the group. In fact this proof is practically the
same as the proof of the fact that the factors of composition
of any group is an invariant of the group.

The theorem that the quotient group of any group in a chief
series of composition, with respect to the one which follows it,
is a power of a simple group, results also directly from the fact
that this quotient group cannot involve a characteristic sub-
group. The given method of proof leads directly to the theorem
that a necessary and sufficient condition that a group does not
contain a characteristic subgroup is that this group is a power
of a simple group. If this theorem had been assumed as known,
the fact that cach of the given quotient groups is a power of a
simple group would not have required any proof.

If we form the successive commutator subgroups of a solv-
able group Gy we obtain a third series

©) Go, G'1, Gs, . .., G =1.

As the quotient group of cach of these groups with respect to
the one which immediatcly follows it is abelian and as each one
of the successive commutator subgroups is invariant under
Go, it results that as regards the three series 4, B, C we have
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pSASy. We may clearly pass from the successive commuta-
tor subgroups series to a chief series of composition by insert-
ing additional terms wherever necessary. It should be ob-
served that in the successive commutator subgroups series all
the terms of the series are invariants of Gy, and hence the order
of the quotient group of each term of the series with respect
to the one just following it is also an invariant of Go, while in
series A and B we proved only that the totality of these quo-
tient groups is an invariant of Go, but the order in which these
two quotient groups occur is not necessarily an invariant in
these two series.

To illustrate the difference between the series 4, B, C,
we first use for Go any group of order p™, m>2. It is clear
in this special case that p=A=m, while yZm/2 when m is
even and vZ (m+1)/2 when m is odd. This results directly
from the fact that every group of order 2 is abelian. If Gy
is the symmetric group of order 24 it results that p=4 while
A=v=3. A necessary and sufficient condition that G, be abelian
is that y=1. Although it is always possible to pass from a
successive commutator subgroups series to a chief series of
composition by inserting (if necessary) terms into the former
series, it is not always possible to obtain the commutator sub-
groups series by dropping terms out of a chief series of composi-
tion. Similar remarks apply to series 4 and B; that is, it is
not always possible to obtain a chief series of composition by
omitting terms of an ordinary series of composition, but it is
always possible to obtain an ordinary series of composition
by inserting terms, if necessary, between terms of a chief series
of composition.

The fact that it is not always possible to obtain a chief
series of composition by omitting some groups of an ordinary
series which is not also a chief series, should be emphasized,
since erroneous statements in regard to this matter are rather
common. For instance, such erroneous statements appear
in the Encyclopédie des Sciences Mathématiques, tome 1,
volume 1, page 568. As a very simple illustration it may be
observed that if G is the octic group, and if G, is a non-cyclic
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group of order 4 contained in G, we may construct an ordinary
series of composition of G by using for G2 a subgroup of order
2 contained in G, but not invariant under G. By omitting Ga
from this series there results a series which is not a chief series
of composition of G, since G; contains the commutator subgroup
of G. The fact that a commutator subgroup series of compo-
sition cannot always be obtained by omitting subgroups from
a chief series which is not also a commutator subgroup series
can be illustrated by means of the direct product of the octic
group and a group of order 2.

A solvable group of composite order must be composite, but
not every composite group is solvable. Sometimes the proof
that all the groups which belong to a certain system are com-
posite is equivalent to the proof that they are solvable. This
is clearly the case when the invariant subgroups and the cor-
responding quotient groups belong to the same system. For
instance, the proof that every group whose order is the product
of distinct prime numbers is composite is equivalent to the
proof that all such groups are solvable. Similarly, the proof
that every group whose order is a power of a prime is com-
posite is equivalent to the proof that all such groups are solv-
able. On the contrary, the proof that every group whose order
is divisible by 2 but not by 4 is composite does not establish
the fact that such a group is solvable. If it could be proved
that every group of odd order is compesite, it would result
from this that every group whose order is not divisible by 4
would be solvable.

70. Groups Involving no More than one Non-cyclic Sylow
Subgroup. One of the most useful theorems as regards solv-
able groups is the one which affirms that a group is solvable
if it involves either no non-cyclic Sylow subgroup or contains
only cyclic Sylow subgroups besides those whose orders are
divisible by the highest prime which divides the order of the
group. To prove this theorem we assume that the order of such
a group G is written in the form g=p1"p2™ . . . /", where
1, b2, . . ., pn are distinct prime numbers, arranged in
ascending order of magnitude. '
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Since G involves operators of orders p;™, the number of its
operators whose orders divide g/p; is less than g. This number
is known to be a multiple of g/p; (§ 32) and hence it can be
written in the form kg/p1, where & is an integer. The number
of operators of G whose orders are divisible by pi™ is there-
fore equal to

g—kg/pr=1(p1-1),

since this number is also a multiple of the number of the differ-
ent possible generators of a cyclic subgroup of order p,». The
first member of the given equation is divisible by g/p1, and,
as each of the prime factors of this divisor exceeds p;—1, it
results that [ is also divisible by g/p;. Hence k=1, and
I=g/p1.

If @1> 1, it can be proved, in exactly the same way, that the
number of the operators of G whose orders are divisible by
£1™~! but not by p* is

g/P1—kig/p2=lL(p1—1).

Hence k1=1, and l1=g/p:>. By continuing this process it
results that the number of operators of G whose orders divide
P68 . . . ™, B<), is exactly equal to this number. In par-
ticular, G contains only one Sylow subgroup of order ™,
and the corresponding quotient group contains only one sub-
group of order pn_,"-1, etc. Hence G contains a cyclic quo-
tient group of order p;™, and the invariant subgroup of G
which corresponds to the identity in this quotient group is
such that each of its Sylow subgroups, with the possible
exception of those of order g, is cyclic. This completes a
proof of the following theorem:

If all the Sylow subgroups whose orders are not divisible by the
highest prime which divides the order of the group are cyclic, the
group is solvable.

In particular, every group whose order is not divisible by
the square of a prime number is solvable. Hence there is only
one such group when none of these primes diminished by unity
is divisible by another.
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71. Groups whose nth Group of Inner Isomorphisms is the
Identity. Let
Io, Ip, ..., I,

represent a series of successive groups of inner isomorphisms
of a group G. A necessary and sufficient condition that I,
be simply isomorphic with G is that the central of G be the
identity. In this case, all of the successive groups of inner
isomorphisms are simply isomorphic with G. If I, has the
same order as I,4,, a<n, then I, is simply isomorphic with all
the groups of the given series which succeed 7,. It may happen
that for a sufficiently large value of #, I,=1. In this case G
is clearly solvable.

Suppose that one of the prime numbers which divide the
order of G does not divide the order of I,. From the theorem
that a group has exactly the same number of Sylow subgroups
of any order as its group of inner isomorphisms has, where the
identity is counted as a Sylow subgroup of order p* if the order
of the group of inner isomorphisms is not divisible by p, it
results that G involves only one Sylow subgroup of order p™
whenever the order of I,, for a sufficiently large value of #, is
not divisible by p.

If G is a solvable group whose order is divisible by p, while
the order of I, is not divisible by p, then G is a direct product
of its Sylow subgroups of order p™ and some other subgroup.
On the other hand, it is evident that when G is such a direct
product, then it is possible to find a number # such that the
order of I, is not divisible by . Hence the theorem:

A mecessary and sufficient condition that a solvable group G
be the direct product of a Sylow subgroup of order p™ and some
other subgroup is that the order of the mih group of inmer iso-
morphisms of G should not be divisible by p when n is sufficiently
large.

In particular, a necessary and sufficient condition that G
be the direct product of its Sylow subgroups is that we can
arrive at the identity by forming successive groups of inner
isomorphisms of G.*

* Cf. Loewy, Mathematische Annalen, vol. 65 (1901), p. 69.
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EXERCISES

1. If the nth successive group of inner isomorphisms of a group is the
identity, the mth successive group of inner isomorphisms of each of its
subgroups must also be the identity.

2. A group of order 455 is necessarily cyclic.

3. The direct product of any finite number of solvable groups is again
a solvable group.

4. If n is the number of operators or subgroups in a complete set of
conjugates of a simple group, the order of this group divides n! and is a
multiple of #n.

72. Arbitrary Choice of Factors of Composition. If a group
G is the direct product of its Sylow subgroups, then each sub-
group of G is also such a direct product, since we must arrive at
the identity by forming successive groups of inner isomorphisms.
Hence it results directly that it is possible to find a series of
composition of G such that the factors of composition occur in an
arbitrary order, whenever G is the direct product of its Sylow
subgroups.

On the other hand, suppose that G is a solvable group such
that it is possible to select a series of composition in such a
manner that all the factors of composition which are equal to
a given prime number p appear at the end of the series, while
all the other factors of composition are prime to this number.
Hence G contains one and only one Sylow subgroup of order p™.
In particular, there results the theorem:

A necessary and sufficient condition that a series of composi-
tion of a solvable group G can be found which corresponds to an
arbitrary arrangement of the factors of composition is that G
is the direct product of its Sylow subgroups.

By combining the theorem of the present section with those
of the preceding one, it results that a necessary and sufficient
condition that a series of composition of a solvable group can be
found such that the corresponding factors of composition occur
in an arbitrary order, is that we can arrive at the identity by
forming successive groups of inner isomorphisms. These results
can readily be extended so as to apply to groups which have
composite factors of composition. Such a group is also the
direct product of groups whose orders are powers of given
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factors of composition whenever there is a series of composi-
tion corresponding to every possible order of the factors of com-
position.

73. Groups of Order p= ¢°, p and q being Prime Numbers.
In §138 it will be proved that every group of order p*¢® is
solvable. Two very simple special cases will be considered
here. The case when B=1 is especially simple and will be
considered first. If G is of order p%¢ and g<p, then G contains
only one subgroup of order p* and it must therefore be solvable.
When ¢>p and G contains more than one subgroup of order
#°, it must contain just ¢ such subgroups. We proceed to prove
that no two of these subgroups can have a cross-cut
which is non-invariant.

Let K represent the largest possible cross-cut of a pair of
these subgroups. Since K is invariant under operators of each
of these subgroups which are not contained in K, it must be
invariant under a subgroup of G whose order is divisible by
some prime number besides p. Hence K is invariant under an
operator of order ¢, and it is therefore contained in each one
of the ¢ subgroups of order p=. Since K is composed of all the
operators which are common to a complete set of conjugates,
it is invariant under G, and the corresponding quotient group
has an order which is of the same form as the order of G.
It remains therefore only to consider the case when the ¢ sub-
groups of order p* are such that no two of them have two
operators in common.

In this case these ¢ subgroups are transformed according
to a transitive substitution group of degree ¢ which involves no
substitution whose degree is less than ¢—1. It can therefore
not contain more than ¢—1 substitutions of degree ¢, since
the average number of letters in all its substitutions is ¢—1.
Hence it contains only one subgroup of order ¢, and it must
therefore be composite. As no group of order p°gcan be
simple, every group whose order is of this form must be solvable.

The case when all the Sylow subgroups of a group of order
p°¢® are abelian is almost equally elementary. Let G be such
a group and suppose that G is simple. If s represents any
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operator of order p contained in G and if J is any Sy]oﬁv subgroup
of order ¢, it is evident that s can be transformed into all its
conjugates under G by means of the operators of J. If each
operator of G is represented by a substitution according to which
this operator transforms the cunjugates of s, there results a
substitution group S which is simply isomorphic with G, since
G is simple.

To the subgroup J in G there corresponds a transitive sub-
stitution group in S, since J transforms s into all its conju-
gates. As a transitive abelian group is regular, s has exactly
¢® conjugates under G. Hence the identity is the cross-cut
of any two of the ¢? Sylow subgroups of order p* contained in
G. That is, if G were simple it would contain (p*—1)¢® opera-
tors whose orders are powers of p, and hence it could contain
only ¢® operators whose orders are powers of q. As such a
group could contain only one subgroup of order ¢#, it could not
be simple. This proves that every group of order p2¢f is solv-
able whenever the Sylow subgroups of orders p* and ¢® are
abelian.

74. Insolvable Groups of Low Composite Orders. From the
theorems which have been established it follows directly that
every group whose order is less than 60 is solvable. That
there is an insolvable group of order 60 and that this is the lowest
order of a simple group of composite order was observed by
E. Galois. We proceed to prove that there is only one insolv-
able group of this order. If a group of order 60 contains only
one subgroup of order 5, the corresponding quotient group is
of order 12 and hence the group is solvable. Hence an insolv-
able group of order 60 must involve 6 conjugate subgroups of
order 5 and must transform them according to a transitive sub-
stitution group of degree 6 and order 60. As there is only one
such substitution group,* there is only one insolvable group of
order 60.

* The fact that there could not be more than one such substitution group may
be seen as follows: Such a group contains the group of degree 5 and of order 10,
and hence it involves exactly 15 substitutions of order 2. As none of these can
occur in two subgroups of order 4 the group must contain five subgroups of this
order.
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The first order beyond 60 which is not included in the given
theorems is 72.  As this is of the form 8™, p being an odd prime
number, we shall prove that no group whose order is of this
form is insolvable. If such a group were insolvable it would
contain 4 or 8 subgroups of order p™, and hence p would be
3 or 7. In the former case the 4 subgroups of order p™ would
be permuted either according to the symmetric or according
to the alternating group of degree 4. 1In either case there would
be a solvable invariant subgroup and the corresponding quotient
group would also be solvable. Hence the entire group would be
solvable.

If there were 8 subgroups of order p™, then p would be 7,
and the 8 subgroups of order p™ would be permuted according
to the group of degree 8 and of order 56. As this group is
solvable, it results that no group whose order is of the form
8p™ can be insolvable.

Similarly it may be observed that no group whose order is of
form 4p™ can be insolvable. The only remaining number less
than 100 which requires consideration is 84. Every group of
order 84 involves an invariant subgroup of order 7. Hence
such a group is solvable, and there is one and only one insolvable
group whose order is less than 100. As there is no number be-
tween 99 and 120 which could be the order of an insolvable
group we procced to consider the insolvable groups of
order 120.

Since a group of order 120 involves either one or six sub-
groups of order 5, every insolvable group of this order contains
6 subgroups of order 5, which it transforms according
to a transitive group of degrec 6. Every group of order
120 which contains six subgroups of order 5 is insolvable,
since the order of the group according to which these six
subgroups are transformed is either 60 or 120. If this
order is 120 the group in question must be simply iso-
morphic with it, and hence it must be simply isomorphic
with the symmetric group of degree 5. If the order of this
group of degree 6 is 60, the groups in question must have a
(2, 1) isomorphism with the icosahedral group and must
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involve two substitutions (s1, sz) which satisfy one of the
following two sets of conditions:

s3=s58=(5152)2=1; s¥=s55=(5152)2, s:8=1.

In the former case s1, s2 generate the icosahedral group, and
the group in question is the direct product of this group and the
group of order 2. In the latter case si, s2 generate the group
of order 120, which has no subgroup of order 60, but has the
icosahedral group for a quotient group. This proves that
there cannot be more than three insolvable groups of order 120.
As it is well known that three such groups exist, it has been
proved that there are only three insolvable groups of order 120;
vi5., the symmelric group of this order, the direct product of the
icosahedral group and the group of order 2, and the group of order
120 which involves operators of order 4 and has the icosahedral
group for a quotient group.

Between 120 and 168 are four numbers which are not
included in the general theorems which were established above.
These numbers are 132, 140, 144, and 156. If a group of any
of these orders were insolvable it would have to be simple.
Hence we may confine ourselves to a proof of the theorem
that every group of these orders must be composite. If
a group of order 132 were simple, it would permute its
twelve subgroups of order 11 according to a simply iso-
morphic transitive substitution group of degree 12. As this
would be of class 11 it would contain an invariant subgroup
of order 12.

A group of order 140=22-5-7 contains a characteristic
subgroup of order 5, a group of order 144 contains 1, 3, or 9
subgroups of order 16, and hence cannot be simple, and a group
of order 156=22-3-13 contains a characteristic subgroup
of order 13. Hence 168 is the lowest order, beyond 120, of an
insolvable group. We proceed to prove that there is only
one siinple group, and hence only one insolvable group, of this
order. That there is at least onc such group results from the
theory of the transitive substitution groups of degree 7, and
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from the group of isomorphisms of the abelian group of order
8 and of type (1, 1, 1).

A simple group of order 168 contains 8 subgroups of order
7, and can therefore be represented as a transitive substitution
group G of degree 8. A maximal subgroup of G is of degree
7 and of order 21, and it therefore involves seven subgroups of
the form (abc-def). Each of these subgroups is transformed
into itself by six substitutions under G. Hence it may be
assumed that all the possible simple groups of order 168 con-
tain a particular subgroup of degree 7 and order 21, and are
generated by this subgroup and a substitution of the form
ab-cd-ef-gh, which transforms into itself a particular subgroup
of the form (abc-def) contained in the given subgroup of
order 21.

If the given subgroup of order 6 is the symmetric group
of this order, the three possible substitutions of the form
ab-cd-ef-gh are completely determined by the subgroup of
the form (abc-def). That is, there is not more than one
transitive group of degree 8 which contains a particular sub-
group of degree 7 and of order 21, and which is such that
its six substitutions which transform into itself a particular
subgroup of the form (abc-def) constitute the symmetric
group of order 6. It is clear that there is one such group,
since the simple group of degree 7 and of order 168 trans-
forms its eight subgroups of order 7 according to a transitive
group of degree 8.

To prove that there is only one simple group of order 168
it remains only to prove that a transitive group of degree 8 and
of order 168 cannot be simple if the subgroup of order 6 which
transforms a subgroup of the form (abc-def) into itself is
cyclic. In fact, such a transitive group contains 28 cyclic
subgroups of order 6, and hence it contains 4845656 sub-
stitutions of orders 7, 3, and 6 respectively. It can therefore
contain only one subgroup of order 8. Hence we have com-
pleted a proof of the theorem that there is only one simple group
of order 168, and hence there is also only one insolvable group of
this order.
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The only order between 168 and 200 which is not included
in the general theorems which have been established is 180,
and it is known that there is at least one insolvable group of
this order, viz., the direct product of the icosahedral group and
the group of order 3. We proceed to prove that this is the
only insolvable group of order 180. A group of this order
must have one, six, or thirty-six subgroups of order 5. If
it has only one such subgroup it is evidently solvable. It
could not contain thirty-six such subgroups, since these sub-
groups would form a single set of conjugates. As an operator
of order 2 could not have 45 conjugates, the group would
contain operators of order 6. As the number of its
operators of cach of the orders 3 and 6 would be even and
a multiple of 5, and as it would contain just 36 operators
whose orders are prime to 5, it results that such a group
would involve not more than 5 subgroups of order 3. Hence
there is no group of order 180 which contains 36 subgroups
of order 5.

It remains to consider the possible groups of order 180 which
contain exactly six subgroups of order 5. In this case the groups
must be isomorphic with the icosahedral group on six letters
and they must therefore involve an invariant subgroup of
order 3. If we can prove that such a group G must also con-
tain the icosahedral group invariantly, it must be the direct
product of the icosahedral group and the group of order 3,
and hence there is only one such group. If the subgroups of
order 9 in G are non-cyclic, it is evident from the given
isomorphism that G contains two operators, s;, sz, which
satisfy the conditions §:3=s55=(s5152)2=1, and hence G con-
tains the icosahedral group invariantly. It remains there-
fore only to prove that the subgroups of order 9 in G cannot
be cyclic.

If these subgroups were cyclic, G would clearly contain two
operators f, #2 which would satisfy the conditions #;8=¢,5=
(f182)?, 1:9=1. Hence the equations

hi=ttits, tt=ttot.
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It we consider the powers of the commutator

hilgti ==l =1t,-3 -ttty 21 =3 bito?ty,

we have

(brtat1 = Mo~ V)2 =11 841122412402 = £, ~ Ot 1423411238,

(Brtat1 =12~ 1)3 =11 9418318230240 = £1~ 118100211538,
=171t 2t 23 = 11~ Ot Bt
=1179200t121238 1280812 = 1, ~ 041245281 2L22142

(Brtoty="b2=1)5 =t~ 12412492412822)2 - 118538 1230, = 1,3

As fit2t1-2~1 is the product of {152 and 1-'2-!;and as fif2
and /3¢, have a common square, it results that ¢;3 is transformed
into its inverse by fif2. Since it is also invariant under #¢;,
the order of #; cannot exceed 6; but this order divides 9 and
hence it must be 3. That is, G involves the icosahedral group,
and hence there is only one insolvable group of order 180, viz.,
the direct product of the group of order 3 and the icosahedral group.

We have now considered all the possible insolvable groups
whose orders are not greater than 200 and found that there
are six such groups, viz., one of each of the orders 60, 168,
180, and three of order 120. “From the simplicity of the above
considerations it appears probable that these enumerations
could readily be carried much further, but enough may have
been done to exhibit the general nature of the problems involved.
Several years ago Holder carried this investigation through all
groups whose orders are less than 480 with the results exhibited
in the following table:

INsoLVABLE Groups *

Order........ooo0nne 60 120 168 180 240 300 336 360 420
Number of groups..... 1 3 1 1 8 1 3 6 1

* Holder, Mathematische Annalen, vol. 46 (1895), p. 420.
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EXERCISES

1. A group whose Sylow subgroups of order 2™ are cyclic contains
an invariant subgroup of index 2.

Suggestion: Represent the group as a regular group.

2. If a primitive substitution group of degree n is solvable, # must
be a power of a prime and the primitive group must be contained in the
holomorph of the abelian group of order # and of type (1, 1,1, . . . ).

Suggestion: Consider a chief series of composition of the primitive
substitution group.

3. If a transitive group of the prime degree p is solvable, its order is a
divisor of p(p—1).



PART II*

FINITE GROUPS OF LINEAR HOMOGENEOUS TRANS-
FORMATIONS

CHAPTER IX
PRELIMINARY THEOREMS

LINEAR TRANSFORMATIONS, §§ 75-82

76. Introduction and Definition. It is often of importance
in analysis to exchange one set of variables for another, the
variables of either set being linear homogencous functions of
the variables of the other set (cf. Ch. XVIII), as in cooérdinate
geometry:

(1)

x=x" cos —9' sin 8,
y=2x' sin 8+’ cos 6.

We assume that a function f(x, y) is given, in which the new
variables (x’, ¥") are to be put in place of the old (x, y) by means
of (1); this is called operating upon f by the linear transforma-
tion (1).

A capital letter is in general used to denote a linear trans-
formation; thus, we shall here denote (1) by S. The result
of operating upon f(x,y) by S may then be indicated sym-
bolically as follows:

(2) (f)S=f(x" cos 6—%" sin 6, ' sin 6+’ cos 6).

* This part was written by H. F. Blichfeldt.
193
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However, since f is generally subjected to several transforma-
tions successively, we find it convenient after each operation
to drop the accents. In the future we shall therefore write,
instead of (2),

(/)S=f(x cos 6~y sin 6, x sin 8+ cos 6).

FormaL DErFINITION. A linear tramsformation in n vari-
ables x1, x2, . . . , %a is a set of linear homogeneous equations

’
x1=0112" 14012224+ . . . Fax,

Aa:

Tn=0m¥ 1+ an¥’ 2+ . . . F Ay,
expressing the original variables x, . ... , x, in terms of new
variables x'1, . . . , &'y, under the condition that the equations

can be solved for the latter.
76. Matrix and Determinant. It is customary to represent

the transformation 4 above by the matrix of the cocfficients
(called the matrix of A):

ayy dai2 . . . Qipn

or simply Aol
=ay].

The determinant of this matrix is called the deferminant of A.
77. Inverse of a Linear Transformation. The solutions of
the equations A (§ 75) for 'y, . . . , x/s, say
¥ 1=buxi+biaxe+ . . . +bix, x'2=etc., etc.,

will constitute a new linear transformation which will take the
conventional form adopted for 4 after the accented and unac-
cented variables have been interchanged:

x1=bnx'1+bi2x’2+ . . . Fb1uxs,
B:

’
xn=bn1x’l+bn2x o4 . .. +brmx’n-

This is called the inverse of A, and is denoted by 4-1! (cf. § 22).
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78. Product of Linear Transformations. If a function f be
subjected to two linear transformations successively, 4 and B,
the result is equivalent to operating upon f by a single linear
transformation C, called the product of A and B. We shall prove

THEOREM 1. The product of two linear transformations
in the same variables,

A= [ast]v B= [bsl];

is a linear transformation C=|cy], where

n

Cu=aaby+apbat . . . +a.mbm=zdwba;
v=1
symbolically, AB=C.
Proof. Consider a function f(x1, . . . , x,) operated upon

by 4:

)A:( ) e ey n)y
where (§ 75) v s ¢

Vs = zas,,x,.

v=1

The result of operating upon (/)4 by B, namely ((f)4)B, which
we shall write (/)AB, is then f(z1, . . . , 2,), where

n n n n n
- -\ ‘*« - N
L= 2 s 2 (wa‘)= 2 xt( 2 Gso[)u) = _>_ XiCys.
r=1 1 t=1

= r=1 t=1

Accordingly, if C be the linear transformation defined above,
we have

(NC=f(z1, . . ., z)=(f)AB.

Note that the element ¢y in the product AB=C is obtained
by multiplying the elements of the sth row of A into the corre-
sponding elements of the /th column of B and adding the results.

79. The Commutative and Associative Laws. The com-
mutative law does not hold in general; that is, C=A4B and
C’'=BA do not represent the same lincar transformation. On
the other hand, the associative law holds always: A(BC)=
(AB)C whatever be the transformations A, B and C; that is,
if we write S for the product BC and T for 4B, then AS=TC.



196 LINEAR TRANSFORMATIONS [Ca. IX

This we prove by comparing the matrices of these products,
as obtained by the application of Theorem 1.

80. Canonical Form of a Linear Transformation. Identical
and Similarity-transformations. A transformation whose matrix
has zero elements everywhere except in the principal diagonal
is said to have the canonical form (or to be written in the canonical
form):

S: 21=a1x’1, Xe=a%x'2, . . ., Xn=ant’n.
In such a case we employ the notation S=(a1, @2, . . . , an).
If the coefficients aj, a2, . . . , a5, which are called the

multipliers of S, are all equal, we say that S is a similarity-
transformation; if they are all equal to unity, S is the identical
lransformation or the identity. Denoting the latter by E and
any transformation by 4, we have EA=4AE=A4.

81. Power and Order of a Linear Transformation. Since
the associative law holds for a product, it follows that we may
write A2 for AA, A3 for (AA4)4, etc., and call these products
the second, third, elc., powers of A. Morcover, denoting the
inverse of A® by A~® we have A"A"=A""A"=E, and
A"=(A-12 The index laws hold for positive and negative
integral powers if we interpret A9 as £.

Usually no power of a lincar transformation A taken at
random will be the identity. If, however, such a power exists,
we say that A4 is of finile order, and the lowest power of A which
equals the identity is called the order of A.

EXERCISES

1. Prove that the determinant of the product of two transformations
A and B is equal to the product of the determinants of A and B. Hence
prove that the determinant of A is the reciprocal of that of 472,
2. Find the inverse of S, § 75.
3. Prove that if
A= [ ? q} B=| ¥

r s -r

_q'
, ps—qr=1,
] ps—q

then B is the inverse of A.
4. Construct AB and BA, where

el
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5. Find the general form of a linear transformation in three variables
which is commutative with

0

S=1|0 a 0|, asb.

6. Prove that a similarity-transformation is commutative with any
linear transformation in (he same variables.

7. Prove that the multipliers of a transformation of finite order are
roots of unity (cf. § 116).

82. Remarks. For the purpose of avoiding a possible confusion on
the part of the student of the terms * literal substitution ” and * linear
substitution,” the term * linear transformation ” has here been adopted
throughout.

A different value for ¢y from that given in § 78 is obtained by inter-
preting the linear transformations A and B in a different manner or by
writing last in the product that transformation which operates first, as
is the custom with functional operators. Thus, Klein, Jordan and Burn-
side regard the variables in the left-hand members of A4, §75, as the
new, and those in the right-hand members as the old variables (the
accents being placed accordingly or entirely absent), and therefore get
cs,-:Z:_ 1assby instead of the value given in § 78; while Weber, attach-
ing the same meaning to the linear transformations, inverts the order in
the product, writing BA where the authors mentioned write 4B. On
the other hand, Frobenius and Schur, though writing ys for x’s in the
equations A4, § 75, interpret lincar transformations in the same way and
arrive at the same results as the author of this Part II. The latter has
deviated from his customary notation in papers published on the subject
to the extent of dropping accents of variables that were formerly sup-
plied with them and vice versa,

GRrOUPS OF LINEAR TRANSFORMATIONS, §§ 83-87

" 83. Linear Group. If w is an imaginary cube root of unity,
the six transformations

(1 0 (0 1 (@ 0]
A1= ’ A2= ’ A3= ’

0 1 (1 0 0 o)

(0 o? o 0 0 o)
As= , As= , Ag=

Lo 0 0 w (w? 0]
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form a group of order 6 which is isomorphic with the sym
metric group in 3 letters (cf. §1). Here 4, is the identica
transformation; the inverse of A3 is A5, while A2, A4 and 4.
are their own inverses. The transformations 43 and 45 are botl
of order 3; and A2, A4, A; all of order 2.

A set of g distinct linear transformations s, . . . , s, wil
form a group of order g if the conditions of § 22 are all fulfilled
Such a group we shall simply call a linear group.

84. Collineations and Collineation-groups. It is often con-
venient not to regard as essentially different two transforma-
tions whose matrices can be obtained onc from the other by
multiplying all the elements of one by a constant factor, as, for

instance, in the case of
2 3 4 6
, T'= .
0 1 0 2

The two transformations are then said to represent the same
collineation. , In other words, a collineation is specified by the
mutual ratios of the elements of the corresponding matrix,
not by the actual values of these elements. In practice it is
customary to affix a factor of proportionality to either the old
or the new variables to distinguish a collineation from a linear
transformation; the collineation represented by § or T above
would thus be written

S=

px1=2x"1+3x"2, px2=x'2.

If A and B are two distinct linear transformations which
represent the same collineation, then BA-1=4-1B is a simi-
larity-transformation. For, let the common ratio of the ele-
ments of the matrix of B to the corresponding elements of the
matrix of 4 be 6, then we immediately verify that B=4S5=354,
where S=(6,6, . . ., 6).

If now a linear group G of order g be given, two cases may
arise. Either no two distinct transformations of G will repre-
sent the same collineation, or there will be some one set of,
say f, transformations which all represent the same collinea-
tion. In the former case G contains g distinct collineations;
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in the latter, the g transformations of G can be arranged into
g/f sets, of f transformations each, furnishing g/f distinct col-

lineations. For, let Ai, . . ., 4y be any set of transforma-
tions representing the same collineation, then

A14,71=5,, A2A1-1=Sz, ey A/A1'1=S,t
are similarity-transformations and are all distinct. Hence,
if the group F of_similarity-transformations Sy, S, . . . , S,

contained in G (cf. Ex. 1, §87) is of order f, we have f2".
On the other hand, if 4 is an arbitrary transformation in G,
then the f distinct transformations A4Sy, . . . , A4S, all repre-
sent the same collineation, so that f'2/. Hence f' =/.

The sets of G can therefore be exhibited as follows:

Sl, 52, e e ey, S/;
ASl, AS2, o« ooy AS],
BSI, .BS2, o e ey BS;;

To each line will correspond a single collineation. Moreover,
if the product of a transformation from a set (a) and a trans-
formation from a set (8) fall in the set (v), then the product
of any transformation from () and any transformation from
(8) will fall in (y), since the two products merely differ by a
similarity-transformation. Accordingly, the group G is (f, 1)-
isomorphic with an abstract group H of order k=g/f, namely
the quotient-group G/F (§13). Since a collineation in #
variables can be interpreted as a projective transformation in
space of n—1 dimensions by using homogeneous codrdinates,
the abstract group H becomes a group of operators of order
h, called the collineation-group corresponding to G.
86. An Example. Take the linear group G of order 8:

(1 0 01 -1 0 0 -1
A1= :A2= )A3= 1A4= )
0 1 -1 0] 0 —1 1 0]
(1 0 [0 1 -1 0 0 —1
By = , By= ,Bs= ,By= )
0 —1 1 0] 0 1 -1 0]
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The group F of similarity-transformations is here of order 2:
Ai and As. The table of § 84 will therefore consist of four
lines as follows:

4, As; Ay, As;
A241, Ax43;| | A2, As
BlAl, BlAs; - Bl, Ba;
B2A1, B:4s; Bz, Ba.

The corresponding collineation-group, of order 4, can be written
by selecting a representative from each of the four lines, as
Al, Az, Bl, Bz.

Remark. 1t will be noticed that in this example neither
the set 41, A2, B1, B, nor any other set that may be selected
from the four lines will form a linear group of order 4.

86. Groups of Linear Transformations of Determinant Unity.
It follows from the manner in which the product AB of two
linear transformations 4, B is formed (§ 78) that the deter-
minant D,z of AB is the product of the determinants of A and B:

DAB =DADB.

Now let S be a transformation belonging to a collineation-
group G of order g in » variables:

4, B, ..., ,S, ...,

and Ds the determinant of S. A linear group isomorphic with
G and whose transformations have unity for the value of their
determinants may then be constructed in the following manner.
Let 8 be a solution of the equation

(3) 0u=D3_1)

and let S) be the similarity-transformation (6, 6, . . ., 6),
the value of whose determinant is 6”. Then S2=SS; is of
determinant unity. Since (3) has 7 solutions, there are =
different transformations associated with S in this manner,
say S2, . . ., S2™. Hence the following correspondence:

G: 4, ce S, ...
Gz: Azm, o« v ey Az(n); . e e Sz(n, . e ey Szmi
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It is easy to verify that the set of transformations in the last
line form a linear group (Gz) which is (s, 1)-isomorphic with
the collineation-group G; in fact, if AB=C, and o, 8 arbitrary
accents, then

A2 @By® =y,

where v is fully determined.
As an illustration, let G be the collineation-group

0 -2

A=(1, 1), B=l
2 0

We find
Al(”:(l, 1), A1(2)=(_1) —1); Bl(l)’:(%r % ’ B1(2)=(_%’ _%)1
and therefore

Ge: A2(1)=(11 1)) A2(2)=(—]) —1);

0 -1 01
1 0 -1 0

It may, however, be possible to find a subgroup of G2 of,
lower order whose corresponding collineation-group is likewise
G, and whose transformations also have unity for the value
of their determinants (cf. § 110). This will be the case if G
is a group of odd order in two variables (§ 97). When in the
future we mention a group of linear transformations of deter-
minant unity corresponding to a. given collineation-group or
linear group, we shall mean such a group Gs of lowest possible
order, having the same collineation-group as that given or as
that corresponding to the given linear group.

87. Linear Fractional Group. When only the mutual
ratios of the elements of the matrices are of importance and not
their actual values, we may adopt another mode of representing
the operators, namely by writing them in linear fractional
form. Let a given linear transformation be

B2(l) =

A: G=anx1+ . .. +omt’n (s=1,2,...,m),
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and let the ratios xi/#m, . . ., ¥s-1/2%s be denoted by 1y,
+ « « , Yn-1 respectively. Then from 4 we get

= aG1y1+ ... +a,s n—]y,n-l"""am
a1+ ... Fann-1Yn-1+0nn

(s=1,2,...,n=1).

To a similarity-transformation here corresponds the identity
¥ =9 (s=1,2,...,n=1),

and we see that the linear fractional group is simply isomorphic
with the corresponding collineation-group and may be regarded
as its equivalent.

EXERCISES

1. Prove that the similarity-transformations contained in a linear
group G form a subgroup which is invariant in G.

2. Prove that the determinant of a linear transformation belonging
to a finite group is a root of unity (cf. § 116).

3. Among the determinants of the transformations of a group G of
order g let there be one which is a root of unity whose index is the power of
a prime p (§116). Prove that if all those transformations be eliminated
whose determinants contain as a factor a root whose index is the highest
power of p occurring among such indices, then will the remaining trans-
formations form an invariant subgroup of G of order g/ ?-

In particular, prove that the transformations of determinant unity
form an invariant subgroup of G.

4. Let T be one of the transformations of the group in the last exer-
cise whose determinant contains a factor ¢ of index $% and assume that
? is relatively prime to the number of variables #n. Then we can always
find a root of unity, say ¢, of index 3, whose nth power is ¢=1. If now all
the elements of the matrix of T be multiplied by y, the determinant of the
new transformation 7’ will no longer contain as a factor a root whose index
is a power of p.

(For instance, let T'= (

w 0 w?
Now prove that if all the transformations be modified in this manner
we shall obtain a group G’ which is isomorphic with G,

Evidently, to a possible similarity-transformation (a, a . . . , @)
of G whose multipliers a are roots of unity of index a power of o will
correspond the identity (1, 1, . . ., 1) of G’. In such a case therefore
‘the order of G’ will be that of G divided by a power of 2.

5. Construct the group Gs corresponding to the linear group of order
8 given in § 85.

! OJ,DT=w. Here y=w, and T"= (w 0])
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6. The group listed in § 83 is of order 6. Show that the corresponding
collineation-group and group G, are of orders 6 and 12 respectively.

7. Construct the collineation-group and group G; corresponding to
the linear fractional group of order 6:

y=y', 1/y, 1—=y, 1/(1-=y), O'=1/y, ¥/('-1).

88. Change of Variables. Before subjecting a given func-
tion f(x, ) to a linear transformation or a group of linear trans-
formations, we may introduce a different set of variables in
the function and in the transformations. We shall examine
in detail the important case where the new variables are linear
homogeneous functions of the old; in other words, where the
new value of f is obtained from the old by subjecting the latter
to a linear transformation T which expresses the change of
variables considered.

To illustrate, let S be the transformation

S: x=2'cos 86—y sin 6, y=x'sin 6+ cos 6.

We now suppose that new variables X, ¥ are introduced, where
T:  x=i(X+Y) y=1(X-7)
2 ’ 21 ’
and correspondingly
’. ’ =_1_ ’ ’ ’_ _1_ r_y!
T x 2(X +Y’), y 2i(X Y'),
where 2= —1. The function f becomes
NT=f(3x+Y), LX-1))=FX, V), say,

and the transformation S expressed in the new variables (S;)
is found by solving for X, ¥ from the equations

1 _l ! ’ _l ’r__ ’ .
§(X+Y)-—2(X +Y’) cos 6 2i(X Y’) sin 6,

1 v o liviivna 1 vy
é—i(X Y)—2(X +Y’) sin 0+2i(X Y’) cos 0.
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We obtain
Si: X=X'e" V=Ye",

The function F may now be subjected to the transformation
S1, producing

4) (F)S1=((NT)S1=(f)TS1.

Obviously, the final result could equally well have been
obtained by operating first upon f by S before introducing the
new variables; that is, the final expression in (4) is also obtained
by introducing X’, ¥’ in

(f)S=f(" cos 6—y’ sin 6, %’ sin 647’ cos 6)

by means of 7", giving
((NST'=()ST".
NTS1=()ST,

so that, since f is an arbitrary function,
TS,=8T,
S1=T-18T".

Hence we have

or

As remarked in § 75, we drop accents after operating by a
linear transformation. Accordingly, our final formula is

(5) S1=T"'ST.

In the general case, the same symbolic result is obtained.
Hence the

THEOREM 2. Let there be given a linear group
G: A, B,...,

and a change of variables in the form of a linear transformation
T; then we obtain in the new variables a linear group

Gi: T-'AT, T-'BT,....

These two groups are simply isomorphic (§§ 13, 24), and we shall
write the latter symbolically T 'GT.
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89. Characteristic Equation. If we add —#8 to each of the
elements in the principal diagonal of the matrix of a linear
transformation 4 =[a4] and equate the resulting determinant
to zero, we have an equation in 8 which is called the character-
istic equation of A:

ain—0 a2 ... 2

(6) a?l . '022-0 .. . Qon 0.

an) an2 « e e agm—'o

THEOREM 3. If T and A be linear transformations, the roots
of the characteristic equation of A are the same as those of T-'AT.

To prove this theorem, let us put T-147T =B =[b,], whose
characteristic equation is

bii—0 ... b

) e e e e
by ... bua—0
Regarding 6 as a variable temporarily, we denote the transfor-
mations whose matrices are the left-hand members of (6) and
() by A—06and B—6. Then,since T-'AT =B, and T-!ST =3,
where S is the similarity-transformation (9, 6, . . . , 0), we
may readily prove that 7-1(4—6)T=B—-6. Hence, if the
determinants of T, 4 —6 and B— 6 be denoted by p, ¢, 7, we have
(cf. Ex. 1, §81) p~'gp=r, so that g=r. Accordingly, the
coefficients of the various powers of 6 in ¢ and r are equal, and
the theorem follows.

The sum of the characteristic roots of 4 is called the ckar-
acleristic of A. It is equal to the sum of the elements in the
principal diagonal of 4, namely a11+4az22+ . . . +an.

’ EXERCISES

1. Prove that if S, § 88, is a similarity-transformation, then $,=3.
Prqve also that if S and 7 both have the canonical form, then S,=S.

2. Prove (5) in the case of two variables directly by multiplying out
the right-hand member (cf. §§ 77, 78).

3. Find the characteristic roots and characteristic of a transforma-
tion written in canonical form; also of the transformation (1), § 75.
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90. Transitive and Intransitive Groups. Consider a group
G in four variables whose transformations all have the typical
form

a b e f
b a f e
4= .
h g c d
g h dc

If in this group we introduce new invariables y1, y2, 21, 22 such
that y1 =x1+22, y2=%x3+%4; 21=2%1—%2, 32 =2%3—24, the trans-
formations take the simpler form

p ¢ 00
A1=r300
0 0t u
0 0 » w

It seems natural to adopt the notation

A 0
A=

)

0 AII

A’ representing a matrix in yi, y2 only, and A” one in z1, 22
only. Correspondingly we write
G o0
Gi=

0 Gl 4

We say that the group G (or Gi) is imtransitive, and that
(y1, y2) and (21, 22) form its sets of intransitivity.

Similarly, if in a group in four variables, these fall into two
sets of 3 and 1 variables respectively, by a suitable change to
new variables, the group is intransitive.

In general, a group G in which the variables fall into two or
more sels of intransitivity ’

b o
G= ’
0 G
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either directly or after a suitable choice of new variables, shall
be said to be intransitive. If such a division is mot possible,
we say that G is transitive.

EXERCISES

1. The group of order 6 listed in § 83 is transitive. It contains an
intransitive subgroup of order 3 and three intransitive subgroups of order
2 each.

2. Find the largest intransitive subgroup contained in the group of
order 8 listed in § 85.

3. Prove that if a group in four variables appears as intransitive by
two different changes of variables, S—'G\S and T-'GT, such that the sets
of intransitivity in S—1GS contain (2, 2) variables,and in 7-'GT contain
(3, 1) variables, then a change of variables V-GV can be found such that
there will appear at least three sets of intransitivity (2, 1, 1).

Note. Maschke introduced the term transitive as applied to linear
groups (Mathematische Annalen, Bd. 52 (1899), p. 363). Jordan denoted
both intransitive and imprimitive groups (§ 106) by decomposable groups
(Auti della Reale Accademia della Scienze fisiche e matematiche, Napoli,
t. 8 (1879), p. 6).

HERMITIAN INVARIANT, §§ 91-93

91. Hermitian Form. If the conjugate-imaginary of a
quantity w be written @, a positive-definite Hermitian form (or
simply Hermitian form) is an expression such as

J= z qugxﬂ-cx (qu=qn),

E=l =]

subject to the conditions that it vanishes only if
%1=%x2= ... =x,=0, and is real and positive for all other
sets of values assigned to these variables.

THEOREM 4. A positive-definite Hermitian form J in n vari-
ables may be reduced to the form

yl§l+y2;2+ ) +y.57.
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by a change of variables of the following type:
V1= p11X1,

Y2 = p21%1+ p22X2,

Ys=paaX1+ps2X2+ . . . + pss¥s,

. . 3 3 . . . . . . . . . 3

yn=Pnlxl+Pn2x2+ B N T 7 + punkn.

Proof. Arranging J according to x, and x, we have

J=Jn=anxn§n+xn—in—l+§an—l+X,

where X, represents a linear function of x1, . . . , *n-1.
The coefficient gas is real and positive, since it is the value

of J obtained by putting x,=1, %n-1=a8-2= . . . =2,=0.
Accordingly,

+v Gnn = +\/ar:,
and we may write
— Xu—] - Yn—l X _1Y"_1
J= <\/ nnXn +"""-—:-'-> (V nnxn+ ‘——-‘—) +X'—'_l"""‘_‘
7 \/l]rm ? \/Qrm Gnn
=yn§ra+J:a—l, say,

where
— X _
Yn = \/(Innxn +""”“-—“—l:,
\/(]nn
and is therefore a linear function of xs, . . . , ;.

The function Jn-; fulfils the conditions of an Hermitian
form in #n—1 variables %,_1, . . ., %1, as it is of the required
type and is real and positive for any set of values allotted to
these n—1 variables except 0, . . . , 0. For, it is the value
of J. obtained by putting xn=—Xy_1/¢m. Hence, we may
arrange J,-1 according to «x,-; and ¥,-1 and proceed as above.

We find _
Ja-1 =Yp-1Yn-1+Tn-2,
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where y,-1 is a linear function of %5-1, %s-2, . . . , #;. Con-
tinuing thus, we finally prove the theorem.

92. Conjugate-imaginary Groups and Invariant Hermitian
Form. If in a group G we replace the variables 3, . . . | x,
and the elements g« of the matrices by their conjugate-
1magmary values x1, . . . , Xn, @u, We evidently obtain a group
G simply isomorphic with G. We shall say that either group
is the conjugate-imaginary of the other.

We say that an Hermitian form J is énvarians under a group
G, or that J is an Hermitian invariant of G, when J is trans-
formed into itself by the (intransitive) group in 2z variables
X1, « « « ,%n, X1, - . . , % made up of G and G.

THEOREM 5. There is always an invariant Hermitian form
of a given linear group G in n variables.*

Proof. Let the transformations of the group made up of
G and G be denoted by Ty, Te, ..., T, and let I represent
the Hermitian form x1x1+%2%2+ . . . +#xx.. Then the sum

J=(T1+I)T2+ . .. +(DT,

is an invariant Hermitian form of G.

First, J is an Hermitian form. For, each of the terms
(I)T, is the sum of n expressions (xsx;)T,=X,X, which are
real and non-negative. The function J is therefore real and
non-negative, and cannot vanish unless every term (I)T,
vanishes. But, if T: represents the identity, (I)T,=1 and
does not vanish unless every variable x;, . . . , 2, vanishes.
This is therefore also the case with J.

Second, J is transformed into itself by Ty, T, ..., T,.
For, evidently

NTa=((DT)Ta+ . . . +((DTY)Ta=D)T 1+ . . . +(DT,,
where
T's=TgT,.

* This theorem was proved for #=3 by Picard and Valentiner (1887, 1889),
and for any n by Fuchs, Moore and Loewy (1896). See Encyklopddie der Mathe-
malischen Wissenschaften, Leipzig, 1898-1904, Bd. I, 1; p. 532.
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But, 1Ty, . . . , T,T, are the transformations Ty, . . . , T,
over again in some order. It follows that

NTa=DT1+ . . . +(NTy=J.

From Theorems 4 and 5 we get the
COROLLARY. Such variables x1, . . . , Xn may be selected
for a group G that the function

I=xix1+x2%2+ + « . +Xn%s

is an Hermitian invariant of G.
93. Linear Transformations in Unitary Form. The variables
of G being chosen as specified in the previous corollary, let

A=[a, A=[ad

represent corresponding transformations of G and G. Operat-
ing upon I by A and A, we find the following conditions that
I may be reproduced:

(8)

aulitoatant . . . +ank6uk=1 (k=1, 2, ..., n),
aun+aada+ . . . +awan=0 (k,1=1,2, . .. n;k=l).
The transformation A fulfilling these conditions is said to have
the unitary form, or to be a unitary transformation.
The inverse of A can here be written down at once:

At =[d4] (@'a=0u).

For, the condition A~'4 =the identity leads to the equations
(8).
Now, since A4 ~1=the identity also, we obtain the follow-
ing set of equations as consequences of (8):
©) Gn0i1 a2tz + . . . Gl =1 (k=1,2,...,n),
nan+atz+. . . taman=0 (k,1=1,2,. .. n;k=l).
94. Reducible and Irreducible Groups. A group G is said
to be reducible if, by a suitable choice of variables, it can be
written in the symbolic form (cf. § 90):

G 0 J
G= )
GII GIH
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that is, if a certain number of the n variables, say x;, . . . , xm,
where m<n, are transformed into linear functions of them-
selves by every transformation of G.

For instance, a group in two variables is reducible if (either directly
or after a proper change of variables) all the matrices are of type

i)

If this is not the case, the group is said to be irreducible.
We shall say that the m variables x1, . . . , xm form a reduced
set for G.

THEOREM 6. A reducible group G is iniransitive, and a
reduced set constitutes one of the sets of intransitivity of G.

Applied to the illustration above, the theorem asserts that the group
there given can be written in the form

a O
0 ¢
by a suitable choice of variables.

Proof. The group G has an Hermitian invariant, which
by the change of variables specified in § 91 may be written:

yiy1+y2ye+ . . . +Yan.

Making the corresponding changes in G, this group is still
seen to be of the form

G 0
GII GIII
namely,
(10) y.=auyl'1+ “ e +a...y,',.. (Sfl, 2, ...,m),
ye=0y1+ . .. +omym+ . .. +anya

(t=m+1, m+2, ..., n).

Applying the conditions (8) and (9), § 93, and writing ¢« for
the product axa«, we obtain, among others, the following 2(x —m)
equations:
Cmelvt « o o Fe=1 (v=m+1, m+2, . ... n);
o1 + ... F+em=1 (w=m+1, m+2, ..., n).
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If we now subtract from the sum of the last —m equations
the sum of the first n—m, we get

n m

Cu=0.
dmm+41 t=1

The quantities ¢u being real and non-negative, it follows that
those which enter into this sum all vanish. Moreover, since
aq=0 follows from c¢4;=0, the equations (10) now take the form

yl=aaly’1+ « . e +asmy,m (S=1, 2, « . e ,m),
Ye=atm+1Y mi1+ - . . FanY'n (t=m+1, m+2, ..., n),
and the theorem is proved

EXERCISES
1. P i
rove that if e [p q]
r s
is a unitary transformation of determinant unity, then r = —gq

and 5 = p. -

—

2. Prove that if all the elements of the matrices of the transformations
of G are real, then there is a quadratic function of the variables which is
invariant under G.

96. Theorem 7. A linear transformation of finite order
will assume the canonical form (§80) by a suitable choice of
variables.

Proof. Let the transformation be
n
L
A: x3=Za,,x’, (s=1,2, ..., n).
=1

Then we can always find a linear function y1 =bix14+ . . . +0aXn
which is transformed into a constant () times itself by A
(i.e., y1 is a relative invariant of A). For, we get

(y)A = ib. ia“x, = ix. ib,a,;,
=1 =1 §m1

tm1

and this expression is 6y, provided the following equations
are true:

0b‘=Zb3an (l=l, 2, LI Y ”)-

L)Y
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By the theory of linear homogeneous equations, a
solution b1, . . ., bs, not all zero, of these equations, can
always be found if 6 is a root of the characteristic equation
of A (§89).

If we now introduce new variables such that y1 is one of
these, the group generated by 4 is reducible, since

(y1)A =6y, (y1)A2=6%,, etc.,
and therefore
y1=0y",

is one of the equations specifying A in its new form. By
Theorem 6, the group generated by A4 is intransitive, one of
the sets of intransitivity being y;. Let (y2, . . . , ys) form the
other (temporary) set of intransitivity.

The above process may now be repeated for the set (yg,

., )  We determine the linear function cayz2+ . . . 4cayn
which is a relative invariant of A4, and introduce this function
as one of #—1 new variables to take the place of y2, . . ., ya.

Continuing thus, the transformation 4 will finally appear in
the canonical form.

96. Theorem 8. In any given abelian group K (§26) of
linear transformations, such mnew wvariables may be introduced
that all the transformations of K will simultancously have the
canonical form.

Proof. 1f the group contains only similarity-transforma-
tions, the theorem is self-evident. Hence we assume in K
a transformation S which is not a similarity-transformation.
Let the variables of the group be chosen such that S appears
in the canonical form

S=(a1, . .., @2 « . ,Q2 ..} G - .., 0n),

the variables being arranged so that those having the same
multipliers are grouped together. Let there be a variables
X1, . . ., a4 having the multiplier a;; b variables x444, . . .,
Xq+» having the multiplier a2, ctc.

Now let T be any transformation in K. Since TS=S8T,
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we find by applying the rule for forming products that 7" has
the form

x)=aglx’1+ . o e +amx’a (s=l, 2, o« e ey a),

x8=ata+lx,a+l+ . o +at¢+bx’a+b (t=a+1, a+2, ... ,a+b):
Hence we infer that K is intransitive, and if we now confine
our attention to one of the sets of intransitivity, we may apply
the above process to that set. This will, therefore, break up
into further sets of intransitivity. Continuing thus, the ulti-
mate sets of intransitivity contain one variable each, and the
theorem is proved.

Instead of the phrase *let the variables be so chosen that a (given)
transformation (or group) will appear in the canonical form ”’ we shall
often say simply: “let the (given) transformation (or group) be written
in canonical form.”

EXERCISES

[10
11 \

be reduced to the canonical form? Find the condition that the trans-

formation
a O
b
b ¢

which is not necessarily of finite order, can be written in canonical form.

2. Prove that an abelian group in two variables can be written in
canonical form and that at the same time the Hermitian invariant becomes
X121+ 2%

1. Can the transformation




CHAPTER X
THE LINEAR GROUPS IN TWO VARIABLES

97. Introduction. We shall limit ourselves to the deter-
mination of the groups whose transformations have unity for
the value of their determinants. From these all other forms
of groups may readily be constructed (cf. §§83-87). We
shall say that a given group is a type of all groups which may be
obtained from it by a mere change of variables.

All the types we encounter (with one exception) contain
a group of similarity-transformations of order 2, E=(1, 1),
Ei=(—1, —1), due to the fact that a linear transformation
of determinant unity and of order 2 does not exist unless it
be the similarity-transformation E;. A transformation whose
corresponding collineation is of order 2, if written in canonical
form, must necessarily be (i, —i), where 2= —1. The excep-
tion mentioned is the type of an abelian group of odd order.

Following Jordan, it shall be our practice to call the order of
a linear group g, if g is the order of the corresponding collinea-
tion-group, and ¢ the order of the subgroup of similarity-trans-
formations contained in the given group.

There are several processes available for the determination
of the types of groups sought.* We shall here employ a modi-
fied form of Klein’s original process, which depends largely on
geometrical intuition.

* Klein, Mathematische Annalen, Bd. 9 (1876), p. 183 fl.; Vorlesungen wber
das Ikosaeder, Leipzig, 1884, pp. 116-120. Gordan, Mathematische Annalen, Bd.
12 (1877), p. 23 fi. Jordan, Journal fiir dic reine und angewandte Mathematik,
Bd. 84 (1878), pp. 93-112; A#i della Reale Academia di Napoli, t. 8 (1879).
Fuchs, Journal fiir die reine und angewandte Mathematik, Bd. 81, 85 (1876, 1878),
pp. 97, 1 fi. Valentiner, Dc endclige Transformations-gruppers Theori, Copen-
hagen, 1889, p. 100 ff.

215
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98. Outline of the Process. 1°. Let G be a group in two
variables x1, #2. Then by the introduction of the conjugate-
imaginary group G (cf. § 92) and by the selection of new vari-
ables X, ¥, Z which are bilinear in 1, 22 and their conjugate-
imaginary values x1, %2, we obtain a group G’ of real rotations
in space, leaving the origin fixed (§ 99).

2°. Consider now a sphere Z of radius 1 whose center is the
origin. With each rotation of G’ belongs an axis of rotation.
One of the points where such an axis pierces Z together with
all those points into which this point is moved by G’ form the
vertices of a regular polyhedron, including the limiting cases
where there is a single axis of rotation or where the polyhedron
becomes a flat polygon (§ 100).

3°. The determination of G’ is therefore made to depend
upon the construction of the analytical expressions represent-
ing the rotations of the regular solids. We find five different
types for G’ and correspondingly five different types for the
linear groups G (§§ 101-103).

99. The Group of Rotations G’. Let

a b
S=

c d

be any transformation of G, whose variables x;, 22 are chosen
such that the Hermitian invariant is 7 =x,x,4x2x2 (Cor., § 92).
Then the following equations are true (§§ 93, 97):

ad—bc=1=ad—bc,

aa+bb=1, ac+bd=0, cc+dd=1.
From these we obtain _ _
c=—b, d=u.
Moreover, if we let p, g represent the positive square roots of
ae and bb respectively, and put a=pa, b=gB, we get, since
?=p q=¢: - _
c=—¢B, d=pa;

aa=B=1, p+g=1.
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Furthermore, if we put y= Vaf and 8=\/;77§, we have
yy=2585=1.
Then it follows by direct multiplication (§ 78) that
S§=35152S3,

P q 6 0
Sz:( ]’ Sa:[ —].
—-q p 0 o

The corresponding transformation S of the conjugate-
imaginary group G can similarly be written as a product 515253,

where
_ (v o] _ p g _ (80
S],= y Sz= ) S3= .
0 ~ —q 7 0 s

In these expressions we shall finally put

where
vy O

0 v

S1=

vy=cosu—isinu, d=cosw—isinw, p=cosv, g=siny,

%, v, w being real angles.
We now introduce the new variables

X =x1x1 —22%2, Y =x12242271, Z =1i(x122 —x271)

These are transformed into linear functions_ of _therllselves
by S1, Sz, Sa, operating simultaneously with S;, Sz, S3. In
fact, we find

(X)S$1S1=X, (¥)S:1S1=Y cos 2u—Z sin 2u,
(2)$,8:1=Y sin 2u+Z cos 2u;
or, to follow our previous practice,
1 0 0

S1S1= |0 cos2u —sin2u

0 sin2u cos 2u
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Similarly we find
cos 20 sin2 O 1 0 0

S2Sa=| —sin 2v cos 20 0 , SaSa=[0 cos2w —sin 2w

0 0 1 0 sin2w cos 2w

If we interpret X, ¥, Z as rectangular cosrdinates in ordi-
nary space, we recognize here three real rotations around the
X-, Z-, X-axes respectively, the origin remaining fixed. The
rotations performed successively will, as is well known, be
equivalent to a single rotation. With the transformations
of the group G are therefore associated rotations which evi-
dently form a group G’ isomorphic with G. The isomorphism
is (1, 2) in the case where G contains E;=(—1, —1); other-
wise it is (1, 1), since we may readily prove that to identity
of G’ will correspond only E=(1, 1) or E; of G, In other words,
G’ is simply isomorphic with the collineation-group correspond-
ing to G.

100. The Regular Polyhedron. Consider an axis of rota-
tion (L) of G’, and let the various angles of rotations around
L be the different multiples of (360/m)°; we shall say that
L is of index m. Let P, be one of the points where L cuts the
sphere Z. This point will be transformed into (say)  distinct
points upon Z by G': P, P2, . . ., P,, all of which will be
extremities of axes of rotation of index m. The distribution
of these points about any one of them is similar to the distri-
bution about any other.

Now let arcs of great circles be drawn connecting P; with
all the other points P,, . . . , P, and let the shortest arc be
of length 4. The number of arcs of this length radiating
from Py is m or a multiple of m, since always m of the arcs are
interchanged by rotations about L through the different multi-
ples of (360/m)°. However, there cannot be more than 5 arcs
4; an exception occurring where we have just one or two
points Py, Py, one or both extremitics of L, in which case A =360°
or 180°. For, if there were 6 or more, a pair of them (say
Ci, C;) would make an angle 8<60° with each other at P;
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and, this being the case, the arc B connecting P, and P, (the
points of Py, . .., P; located on C, and C;) would have a
length <A. For, by trigonometry,

cos B=cos? A +sin? 4 cos B2 cos? A+4% sin2 A>cos 4;

and, since 0<B<90° it follows that B<A. But this is con-
trary to hypotheses, since the lengths of the arcs radiating
from P, are equal to the lengths of the arcs radiating from P;.

Let m>2. Then it follows that there are just m arcs of
length A radiating from P;, each making an angle of (360/m)°
with its adjacent arcs. The same will be true for each of the
points Pz, . . ., P, and we see readily that the sphere will
be divided by all the arcs of length A, joining the various points
Py, . .., P, which can be reached from one of them by pass-
ing along such arcs, into a number of equal and regular polygons.
Accordingly, these points, say Pi, ..., P, are the vertices
of a regular polyhedron inscribed in =.

Consider next the case where there are no axes of index
greater than 2. Proceeding as above, we let L denote an axis
of index 2, and we obtain the points Pi, . . . , P, by G’. There
are at least two arcs of length A radiating from P; making an
angle of 180° with each other. Taken together they form a
single arc C upon which (when extended round the sphere)
P, and some other points P2, . . . , P, lie, equally distributed
over the entire circle. If />2, a rotation of 180° around P,
followed by a rotation of 180° around one of the points next
to P, is equivalent to a rotation of (720//)° around an axis
perpendicular to the plane of the circle C.

Every axis is of index 2 by assumption. It follows that
2/l=1or 1/2; ie., l=4. In this case we have three mutu-
ally perpendicular axes of index 2.

The distance A is therefore either 180° or 90°. In the for
mer case we have a single axis of index 2 in G’. In the latter
case there are four arcs of length A radiating from P,, lying
on two circles which are at right angles to cach other at P;.
Their extremitics lic in the diametral plane which is perpen-
dicular to the axis L, and must be 90° or 180° apart. Con-
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sequently, G’ contains just one axis of index 2, or just three such
which are mutually perpendicular.

THE GROUPS OF THE REGULAR POLYHEDRA, §§ 101-103

101. Limiting Cases. We notice first that the most general
linear homogeneous change of variables (x1, x2) in G is indicated
by a linear transformation T (§ 88) to which again corresponds
the most general rotation of Z about its center. It follows that
any given configuration arrived at in § 100 may at the outset
be placed in any required position relative to the axes of
codrdinates X, Y, Z.

Beginning then with the simplest case where there is a single
axis L of rotation, we let this be the X-axis. Then sin2v=0
and cos2v=1 (cf. §99). Hence S has the form (xa, +a™!).
If S is of order g we have (+a)’=1.

(A) G': a single axis of index g;
G: an abelian group (intransitive) of order g:

S=(, €; A=1,2,...,¢ €=1

The next case to be considered is where there is an axis L of
index g, assumed to be the X-axis as above, in addition to g axes
of index 2 lying in a plane perpendicular to L. Let one of the
latter be the Z-axis; we then have cos 2v=—1, cos 2(x—w) =1,
and the corresponding transformation of G is found to be

0 =1
T=

1 o)

(B) Dihedral Group.
G’: one axis L of index g and g axes of index 2;
G: an imprimitive group of order 2g¢ consist-
ing of the transformations

0 =+é
Si=(xe, ™), Th=

Fe OJ;X=1’2)H°’3; =1
€
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102. The Tetrahedron and Octahedron. We now examine
the five ordinary regular solids. Of these, the hexahedron and
octahedron furnish the same set of axes of rotation, as do also
the dodecahedron and icosahedron. We therefore have only
three cases to consider: the tetrahedron, octahedron and icosa-
hedron.

In the case of the tetrahedron we have four vertices and
correspondingly four axes of rotation of index 3; besides, three
axes of index 2, each passing through the middle points of a
pair of opposite edges. The latter axes are mutually perpen-
dicular and may be taken as the X-, V-, and Z-axes. The
corresponding transformations of G are then as follows:

0 1]
-1 0 ’
either directly or after multiplication by E, =(—1, -1). If

the vertices arc named a, b, ¢, d, the three rotations permute
them among themsclves according to the substitutions

0 2
Ti=(, —1i), Ta=
i 0

(ab)(ed), (ad)(bc), (ac)(bd).

The remaining rotations permute the vertices three at a time
cyclically, as (abc), . . . The corresponding transformations
of G may be determined analytically from the conditions that
they are each of order 3 and transform the collineations corre-
sponding to T, T, T3 cyclically. Certain ambiguitics arise
from the fact that the similarity-transformation E,=(—1,
—1) is present in the group. Thus, S=(abc) may transform
T, into T, or into T2E;, etc. For (abc) we find four forms
possible, all of which are present in G if one of them is. We
shall choose the following form:

—14i —1+i
2 2
1

S= . .
{ 2
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(C) Tetrahedral Group.
G': generated by S=(abc) and T:=(ab)(cd);
G: a primitive group (§ 106) of order 12¢ gen-
erated by the transformations .S and 7'; above.

The rotations of the octahedron include those of the tetra-
hedron S =(abc), T1=(ad)(cd) if here a, b, ¢, d represent each
a pair of opposite faces. To the list of genecrating rotations
we now add one, U say, of order 4, having the same axis as
Ty, and U?=T,, or U=(acbd). The corresponding trans-
formation of G is readily found to be

1472 1—:
U = (——'—_::, ——:).
V2 V2
(D) Octahedral Group.
G’: generated by S =(abc) and U = (acbd);
G: a primitive group of order 24¢, generated by
S and U above.

103. The Icosahedron. An icosahedron contains 10 axes
of rotation of index 3. These (counted twice) may be grouped
in 5 sets of 4 axes each, such that the axes of each set are
arranged in the same way as the axes of index 3 in (C). In
this manner we obtain 5 regular tetrahedrons, each correspond-
ing to a subgroup of order 12. The group is accordingly iso-
morphic with the alternating group of order 60 and is generated
by the substitutions S, T'; of (C) and a substitution V = (ab)(de),
whose corresponding transformation may be determined from
the relations

V2=FE or E1, (T1V)3=E or El, (SV)2=E or E;.

The first and last ambiguities fall away, as of necessity
V2=(SV)2=E: (cf. §97); and by using VE, if necessary in
place of V we may take (T, V)*=E. We then find

7 .
'2- B—1vy
V= o

A 5
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where

_1-v5  14+VG
T g YT
(E) Icosakedral Group.
G’: generated by S=(abc), T1=(ab)(cd) and
V =(ab)(de);
G: a primitive group of order 60¢ generated
by S, T’y and V above.

8

EXERCISES

1. Construct the analytical forms of the rotations of G’ corresponding
to the generating transformations Ty, T, T3, S, U and V. Prove that the
X-, Y-, Z-axes are permuted among themselves by all of these rotations
except V, and hence that the group G’ in the cases (C), (D), as a group in
three variables, is imprimitive (cf. § 106).

2. Determine a set of generators of (E) corresponding to the substi-
tutions S'=(abcde), U’'=(ad)(bc), T'=(ab)(cd) of the alternating group
in five letters; under the condition that S’ is written in canonical form
S'=(e, €2); =1, '

Hints: We first determine U’ from the condition U’'~'S'U’=S'~1:

0 »
y pg=-1.

q 0

.
.

U=

The change of variables x=pX, y=¥ will leave S’ unaltered and will
reduce U’ to the form above, except that now p=1, g=~1. We finally
assume

a B

T = , ad—fgy=]1.

Y 8

The condition T"2=E, (§97) gives us a+é=(i)+(—4)=0 (§ 89), which,
combined with U’ 'T'U’=T" or T'E, (only T’E, will be compatible with
the previous results) is equivalent to 6= —a, Y=8; a?+p*=—1. Finally,
we have the relation (abcde) - (ab)(cd) = (bde); that is, the transformation
S'T’ is of order 3 and its characteristic roots are consequently w, w? or
—w, —w?® The latter possibility can be avoided by taking 7'E, instead of
T'. Applying this condition we finally have

et—e e2—el

v T

a:
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INVARIANTS OF THE LINEAR GROUPS IN TWO VARIABLES,
§§ 104-105

104. General Theory. A homogeneous function of the vari-
ables 1, %2 of a group

G: Sl, S2, o e ey Sg¢

is called an snvariant of G (or we say that G leaves [ invariant)
when f is transformed into a constant multiple of itself by G:

(f)Sj=Qf.

Let f be resolved into linear factors. These are permuted
among themselves by G, and the product of a set of them which
are permuted transitively will evidently furnish an invariant
by itself. This invariant, say F=fifs . . . fa, can readily
be constructed by operating upon one of the factors f; by the
transformations of G, and we shall call it a fundamental invari-
ant. Any invariant is accordingly a product of fundamental
invariants.

If f1 be selected at random, the corresponding fundamental
invariant is evidently of degree g. To obtain fundamental
invariants of lower degree we make use of a theorem of transi-
tive substitution groups, namely that the ratio g¢/% is the order
of that subgroup of G which leaves f; invariant.

Now this subgroup, Gi, must be abelian. For we may
change the variables, introducing f as one of the new variables,
say #;. Then Gi must appear in the form of a reducible group:

(a 0
(b c)
and can accordingly be written as an intransitive group
(a 0

[0 ¢

But this is the canonical form of an abelian group. It follows
furthermore that two subgroups, G and Gz, having in common
a linear invariant f;, generate an abelian group.
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The other factors f2, . . . , fu of F are linear invariants
of subgroups Gs, . . ., Gy of G, conjugate to Gi. For, if
S« 'G1Sa =G, then (f1)S,=f2 belongs to F and is an invariant
of Go. Hence our problem becomes one of determining the
different conjugate sets in G of abelian subgroups which are
not subgroups in larger abelian subgroups. The fundamental
invariant F will be made up of one factor for each of the
subgroups of the set if there is no transformation in G which
transforms one of the linear invariants of G into the other.
In other words, if G, be written in the canonical form (g, ¢),
and if there is no transformation in G of type

0 p
qg O

y

we get two fundamental invariants by starting with fi=x;
and f1 =x2; otherwise we get just one invariant, containing both
x; and x2 as factors.

106. List of the Fundamental Invariants. We shall, of
course, limit ourselves to the invariants of degree <g.

(A) Case (A), § 101. Two invariants, x; and x».

(B) Dihedral Group. One invariant, x1x2.

(C) Tetrahedral Group. There are two conjugate sets of sub-
groups, of orders 2¢ and 3¢. The first set consists of groups
conjugate to that generated by T, and the invariant is *

t=x1x9(x1* —x2).

The second set contains the groups conjugate to that gen-
erated by S. Here we have two invariants, each containing
just one of the linear invariants of S

O =x14+2V — 352022 +x5t, V=2x14—2V —3x1202 4221,
These invariants satisfy the relation
12V =32 — &+ 13 =0.

(D) Octahedral Group. Here we have three conjugate
sets of subgroups, of orders 4¢, 3¢ and 2¢. In the first set

* The notation is that given by Klein, Vorlesungen, etc., pp. 51-58.
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there is a group generated by U, and the corresponding invari-
ant is ¢ above. The second set contains the group generated
by S, and the corresponding invariant is the product of & and

¥ above:
W =¥ =x,8 414514221+ x28.

The third set contains the group generated by UT3, and we
get the invariant
x =%1'2 —33% 8% — 33x %28 + 2212,
These invariants satisfy the relation
108t — W3+ x2=0.

(E) Icosahedral Group. We shall take the group as repre-
sented in Exercise 2, § 103. There are three sets of subgroups
of orders 2¢, 3¢ and 5¢, containing the groups generated by
U', ST’ and S’ respectively. We get, correspondingly, the
three invariants
T=x13°+x23°+522(x125x25 -—x15x225) —_ 10005(x12°x2‘°+x11°x22°) s
f=xxx2(x11°+11x15x25-x21°),
which satisfy the relation

T2+ H3—1728/5=0.

EXERCISES
1. The invariant ¥ of the tetrahedral group is the Hessian covariant
(cf. §174) of the function &:

(- P
48 (—‘_ V= 11 12
P51 P
and the invariant ¢ is the Jacobian of the functions ® and ¥:

—sov == |0 ™
\1’1 \I’g

)

Obtain similar relations for the octahedral and icosahedral groups.

2. From the fact that no two abelian subgroups of G can have a trans-
formation in common (except similarity-transformations) unless they
generate a larger abelian group, it follows that G is made up of a number
of distinct abelian groups H,, H;, . . . , having no transformations in

s
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common except E and E;. Hence, if the orders of these groups be re-
spectively A, . . . , we must have

(1) g6=2*+(hmo—2* +(ho—2)+ . . .

Now, ki, . . . are factors of g, say hi=g/gi;, . . ., and there are either
8/2 or g subgroups conjugate to H,, according as there is or is not a trans-
formation in G which permutes the linear invariants of H,. Hence, adding
the corresponding terms in the right-hand member of (1), we obtain

go=2+4 Z%g:(h;¢—2) + Zg’:(h'x¢—2)

=2+ z&(g¢—2g.) + 2(34’—23'1):
= (i) 20

Verify this (Diophantine) equation for the groups (A) to (E).

3. Prove that, in the case of (D) or (E), any invariant of degree g, say
J, is an absolute invariant; that is, it is transformed into itself by every
transformation of G.

Prove also that J is a rational integral function of two of the three
fundamental invariants listed above for the respective group.

or

* Counting the transformations E and E; once each.



CHAPTER XI
SOME SPECIAL TYPES OF GROUPS

106. Primitive and Imprimitive Groups. Let us suppose
that the group G, §90, contains not only transformations
of type 4, but also some of type

[ p q t o)
—-q —p —v —t¢
B= ,
u w r S
|l —w —u —5 -

/

which upon the change of variables there employed becomes

0 0 p—q t—v

0 0 wu—w r—s 0 B
B= =

p+q t+v O 0 B” 0

ut+w r+4s 0 0

then we say that G is imprimitive, under the assumption that it
is transitive.

In general, a transitive group G, in which the variables (either
directly or after a suitable choice of new variables) can be separated
into two or more sets Y1, . . ., Yu, such that the variables of each
set are transformed into linear functions of the variables of the same
set or into linear functions of the variables of a different set, is said
to be imprimitive. If such a division is not possible, the group
is primitive. The sets Y1, . . . , ¥, are called sefs of imprimi.-
tivity.

' 228
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107. Theorem 9. Let G be an imprimitive linear group in
n variables. These may be chosen in such a manmer that they
break up into a certain numl.r of sets of imprimitivity Y, . . .,
Yy of m variables each (n="Fkm), permuted according to a transi-
tive substitution group K on k letters, isomorphic with G. That
subgroup of G which corresponds to the subgroup of K leaving one
letter unallered, say Y1, is primitive as far as the m variables of
the set Y are concerned.

If m=1, k=n, then G is said to have the monomial form
or to be a moiomial group.

Proof. Let the variables of G break up into say &’ sets ¥,
.« ., Y, permuted among themselves according to a sub-
stitution group K’ on %’ letters. This group K’ is transitive
(as a substitution group, § 12); otherwise G would not be a
transitive linear group. Hence K’ contains k’—1 substitutions

S2, 83, . .., Sy which replace ¥, by V;, V3, ..., ¥V,
respectively. We shall select ' —1 corresponding transforma-
tions of G and denote them by As, A3, . . ., Ap. The condi-

tion that the determinants of these transformations do not
vanish, implies that the sets contain the same number of
variables n/k’.

There is in K’ a subgroup K’; whose substitutions leave
V1 unaltered (§12). This subgroup, together with the sub-
stitutions S, . . ., Sy will generate K’. Correspondingly,
G is generated by Az, . . ., Ap and that subgroup Gi of G
corresponding to K’;, and which therefore replaces the variables
of Y1 (say y1, ¥2, . . . , ¥m) by linear functions of the same
variables. If we now fix our attention upon just that portion
of each transformation of G which affects only these m variables
and which plainly forms the transformations of a linear group
[G1] in m variables, we shall prove that if [G)] is not primilive,
then new variables may be introduced into G such that the number
of mew sets of imprimitivity is grealer than k'.

Accordingly, let the variables of [G1] break up into at least
two subsets of intransitivity or imprimitivity, say ¥,®, . . .,
¥Y1®. New variables will now be introduced into the sets ¥,

+ « «, Y such that 4, will replace ¥,, . . ., ¥,® by dis-
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tinct subsets ¥/, . . ., V. In this manner the variables
of G will be divided into Ik’ subsets, and it remains for us to
prove that any transformation S of G will permute these sub-
sets among themselves; that is, S will transform the variables
from any one subset into linear functions of the variables
of one of these subsets.

Let S replace ¥, by V5. Then A,SAs~!=T transforms
Y, into itself; that is, T is a transformation of G, and will
therefore permute among themselves the subsets ¥V P,
¥,®. It follows that the transformation A, 1TAz=S will
transform any subset of Y, into some subset of Y;, and the
proposition is proved.

We can therefore keep on changing the variables so as
to increase the number of sets of imprimitivity, until the sets
contain just one variable each, or until the group [G)] is primi-
tive. The theorem is therefore proved.

108. Lemma. A linear group G having an invariant abelian
subgroup H whose transformations are not all similarity-trans-
formations is either intransitive or imprimitive.

Proof. Write H in canonical form. The variables can then
be arranged into sets having the property that a transforma-
tion of H affects all the variables of any one set by the same
constant factor.

To illustrate, let H be generated by the transformations
Ii=(a, a1, a, i, a) (7 a),

T:=(8y, B, Bry By B) (B8:178s).
Here we have three sets: X=(x1, %), V= (x3, x.), Z=(x).

Then it is readily proved that G permutes these sets among
themselves. Thus, in the illustration given, let S be a trans-
formation of G and Ty, Ty of H, and let S"'T.S=T 3. Now
suppose that the variables of X are transformed by S into

two variables y1, y2 forming a set X’; we must then prove that
X' is either X or Y. We have

(xl; xz)T¢S= (xlr x2)szh
a(y1; ¥2) =(y1, ¥2)Ty

or
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Hence, the variables yi, y; are transformed by 7, into the
same multiple of themselves. Since 7, may be taken to repre-
sent any transformation of H, it follows that yi, y; are linear
functions of x1, x2, or linear functions of x3, x4.

THEOREM 10. A linear group whose order is the power of a
prime number can be written as a monomial group by a suitable

choice of variables x1, . . . , xs; that is, its transformations
have the form: *

Xe=aux's (s=1,2,...,n; t=1,2,..., ).

Proof. 1°. A group P whose order is the power of a prime
number p is either abelian or it contains an invariant abelian
subgroup Q whose transformations are not separately invariant
in P (§48). In the first case the theorem follows from Theorem
8, §96. In the second case, Q can be written in canonical form,
and P is intransitive or imprimitive by the above lemma. If
the theorem is true for a transitive group, it is evidently true
for an intransitive group; hence we need merely discuss the
case where P is imprimitive.

2°. By Theorem 9, P is monomial unless there is a group
[P1] which is primitive in the m variables of a set ¥;. But the
order of [P,] is again a power of p, and this group cannot there-
fore be primitive, by 1°.

CoROLLARY. A linear group in n variables whose order is
the power of a prime greater than n is abelian.

109. Theorem 11. A linear group G in n variables and of
order g=g'pogbre . . ., where p, q, r, . . . are different primes
all greater than n+1, contains an abelian subgroup of order
peghre . L.

To prove this theorem by the process of complete induction,
we assume it true for any group whose order is a
factor of peghre . . ., smaller than this number. We shall
also assume the theorem true for a transitive group in fewer
than # variables; it will then immediately be true for an
intransitive group in # variables.

* Proofs of this theorem were given by the author in Transactions of the
American Mathematical Society, vol. 5 (1004), pp. 313-314; vol. 6 (1905), p. 232,
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We therefore assume that G is transitive. At the outset
we anticipate a theorem given below (Cor. 3, § 135), from which
it follows that G contains a transformation of order pgr. .
Now, among all abelian subgroups of G whose orders are of
the form p¢®r7. . . ., where aZa21, b2B21, etc., let H be
one whose order is the highest possible. We shall then prove
that here
1) a=a, B=b, y=¢c, ...

For this purpose, let us assume that these equations are
not all true; say a<a. Then H contains a Sylow subgroup P,
of order p* which is contained in a Sylow subgroup P of G of
order po (§11). The groups H and P being abelian (Cor.,
§ 108), all the transformations of P; are invariant in both,
and will therefore also be invariant in the group K generated by
H and P. But, if such an invariant transformation is not a
similarity-transformation, K will be intransitive (cf. proof of
Theorem 8, § 96) and will (by assumption) in this case con-
tain an abelian subgroup of order p%fr” . . . | contrarv to the
supposition made in regard to H. Again, if the transformations
belonging to P and invariant in K, say #' in number, are all
similarity-transformations, the group K contains an invariant
subgroup (Theorem 12, Ex. 2), the order of which is divisible
by p°*. Hence, by assumption, it contains an abelian sub-
group of order p*~'¢% ... The corresponding subgroup of
K is evidently also abelian and has for its order p*- po~'gfrv . . |
=2%r" . . . Hence finally, if a<a, H cannot be that abelian
subgroup of highest order $%¢*s* . . . contained in G. The
equations (1) follow.

EXERCISES
1. Prove that if n+4-1 is a prime, and if the order of G is g=g'(n+1)'p%"
o+ ,wheres>1,and p, ¢q, . . . are primes greater than n+1, then there

is in G an abelian subgroup of order (n+1)"p°¢ . . .
2. It follows from Theorem 11 that a group in # variables whose order
contains no prime factors smaller than #+2 is abelian. Prove that if the
-order contains no prime factors smaller than n 41, the group is abelian.
3. Construct all the types of collineation groups of order 2
in three variables, and show that such groups contain either a

collineation of order 8 or one of order 4 having two distinct mul-
tipliers.
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4. Construct all the types of groups of order 3¢(¢=1 or 3; cf. § 111)
and show that such groups contain a transformation of order 9¢.

110. On the Group of Similarity-transformations. The
necessity for the presence of similarity-transformations in a given
linear group can be determined from the following

Theorem 12. If a Sylow subgroup P of order p* in a linear
group G of order g can be generated by a group P’ of order p*-1
and a similarity-transformation T of order p*, then there is in G
an invariant subgroup G’ of order g/p which does not contain T.

Proof. Let H represent the regular substitution group on
g letters simply isomorphic with G (§27). Then, if among

the letters of H, y1, ¥2, . . . , » form a transitive set for P/,
the sum

J=y1+y2t+ . . . 4

will be transformed into itself by every substitution of P’.
Let furthermore 6 be a primitive root of the equation 6 —1=0
(§ 116); then the function

I=J46"Y)T+0-2()T2+ ... +02+1(J)T*?
is transformed into a constant (6) times itself by 7'
(DT =) T+6-1 )T+ . . . +6-7+1(J)T?
=60I+6[(J)T?—J|=6I,

since T? belongs to P’ and therefore transforms J into itself.

Moreover, any substitution of P’ transforms I into itself.
For,

?-1 r—-1 p—1
(DS=D 67" (NT'S= 2 0-"(NST" = 26" (/)T",
T=0 r=0 r=0
since T is commutative with S. It follows that I is an invari-
ant of P (the function I cannot vanish identically, since no
two of the terms J, (J)T, (J)T?, . .. can have a letter in
common).

Again, I is not an invariant of any substitution in G other
than those in P. For, if R be a substitution such that (I)R=cI,
the letters occurring in I must be permuted among themselves
by R. Let us suppose that R changes y: into y2. But, the
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letters of I form a transitive set for P; accordingly, there
is a substitution in P, say Si, which also changes y, into y2.
Then RS;7! leaves y; fixed and must therefore be the identity;
that iS, R=S9,.

It follows that the substitutions of G transform I into
just g/p* functions I, Iy, I3, . . . , no one of which is a con-
stant multiple of another. The product K=II,I; . . . of
these functions is therefore an invariant of G.

Now, all the substitutions of G for which K is an absolute
imvariant, that is, for which (K)R=K, must form an invariant

subgroup G’ of G, as is easily seen. To this group the substi-
tution T does not belong, since

(K)T=¢*K,
where k=g/p*. For, let I, =(I)R, then
(I)T=(I)RT =(I)TR=6(I)R =0I,.

But, 61 since % is prime to .

This subgroup G’ is of index p. For, the constant mul-
tipliers of K that result by operating upon K by the various
substitutions of G are integral functions of 6 and must be
roots of unity. Such roots can therefore, by § 116, 6°, be no
others than powers of 6. Moreover, it is readily seen that
each power must occur equally often, so that the power 1
occurs g/p times. Hence the theorem.

EXERCISES

1. Prove that a linear group in 3 variables of order 9g in which there is
no transformation of order 9¢ must contain similarity-transformations.

2. Prove that a linear group in # variables which contains a subgroup
F of similarity-transformations of order p* (p a prime >#), contains an
invariant subgroup of index #*, to which F does not belong.



CHAPTER XII
THE LINEAR GROUPS IN THREE VARIABLES

111, Introduction. As in the case of the binary groups
we shall limit ourselves to the discussion of groups of trans-
formations of determinant unity, and shall generally write
g¢ for the order of a linear group whose corresponding collinea-
tion group is of order g. Moreover, the order of a transforma-
tion S will often be written in the form g¢, when the order of
the group generated by S is g¢. For instance, the order of the
transformation

S=(a, a, aw?) (B=w; *=1)
may be written either 9 or 3¢.

Though the orders as written may thus virtually refer to
collineation groups, it must be kept in mind that all purely
descriptive terms refer to linear groups. For instance, the
group of order 9¢ generated by

010

Si=(1, w, «?), S2=|0 0 1

1 0 0

would be described as a non-abelian group, though the corre-
sponding collineation-group is abelian.

The determination of the linear groups in three variables
is based upon the following classification:

1. Intransitive and imprimitive groups.

2. Primitive groups having invariant imprimitive sub-
groups.

3. Primitive groups whose corresponding collineation groups
are simple.

4. Primitive groups having invariant primitive subgroups.

235
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The method for the first two and last classes is more or
less evident. In the discussion below on the groups in class
3 some theorems are developed that with slight modifications
can be extended to groups in # variables, and such generali-
zations are given in § 126, together with a résumé of results
on the order of the primitive groups in # variables. An intro-
duction to the theory of the invariants of the ternary linear
groups is given in § 125.

112. Intransitive and Imprimitive Groups. We have two
types of intransitive groups:

(A) x1=ax'1, x2=Bx'2, x3=7x"3 (abelian type).
(B) x1=ax’1, xp=ax's +bx's, xz=ca'a+dx's.

In (B) the variables x3, x3 are transformed by a linear
group in two variables (cf. Chapter X).
The imprimitive groups are all monomial. There are two
types:
(C) A group generated by an abelian group
H: x1=ax'y, ®3=Px's, *3=7x'3

and a transformation which permutes the variables in the
order (x1x2x3). By a suitable choice of variables this trans-
formation can be thrown into the form

. w4 4 — !
T: x1=x"g, xX2=x«'3, xz3=2xay.

(D) A group generated by H, T of (C) and the transforma-

tion
R: x1=ax'1, x2=bx'3. x3=ca's.

113. Remarks on the Invariants of the Groups (C) and (D).
Interpreting 3, #3, x3 as homogeneous codrdinates of the plane,
the triangle whose sides are x; =0, 22=0, x3=0 is transformed
into itself by the operators of (C) and (D); in other words,
#1x223 is an invariant of these groups.

It will later be imperative for us to know under what con-
ditions there are other invariant triangles. Assuming the
existence of one such, say

(1) (@1%1+a222+a5%3) (br%1 +baxa+baxs) (c161 +caxz +caxs) =0,
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we operate successively by the transformations of H and by
T. Examining the various possibilities we find that (1) could
not be distinct from x;x2x3 =0 unless H is the particular group
generated by the transformations

Sl:(ly w, wz)y S2=(w7 w, w) (w3=1).
There are then four invariant triangles for (C), namely:

( X12223=0;
(x; +xz+0x3) (x; + w2+ w?60x3) (21 + w2x2 + wbx3) =0

(=1, w or «?).

The same triangles are invariants of (D) if this is generated
by (C) in the form just given and the following special form of R:

’ ’ ’
X1=—%1, X2=—X3, X3=—X2.

114. Groups Having Invariant Intransitive Subgroups. All
such groups are intransitive or imprimitive. This follows from
the fact that the type (B) has a single linear invariant x;,
which is therefore also an invariant of a group containing (B)
invariantly; * and the fact that a group containing (A) invari-
antly cannot be primitive by the lemma, § 108.

116. Primitive Groups Having Invariant Imprimitive Sub-
groups. It was shown above that the types (C) and (D)
possess cither one or a set of four invariant triangles. If they
possess only one such triangle, a group containing one of these
types invariantly would of necessity also leave invariant that
triangle, as may be casily proved. That such a group may
be primitive, it is therefore necessary that (C) and (D) possess
the four invariants (2).

Let us therefore assume a group G permuting among them-
selves the triangles (2), which we shall for brevity denote
respectively by {1, f2, £3, {4 in the order as they are listed in (2).

*Let V be any transformations of a group containing (B) invariantly, and

T any transformation of (B). Then VIV -!=T) belongs to (B), and if we put
(@) Ti=ax;, (x)V=y, we have

NT=V-TWV=ay,

so that y is an invariant of 7. But, x; being the only linear invariant for (B),
it follows that y=cx;.
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We now associate with each transformation of G a substitu-
tion on the letters #y, #2, #3, /4, indicating the manner in which
the transformation permutes the corresponding triangles.
We thus obtain a substitution group K on four letters to which
G is multiply isomorphic, and the invariant subgroup (C) or
(D) corresponds to identity of K. No one of the four letters
could be left unchanged by every substitution of K; for, the
corresponding triangle would be an invariant of G, and this
group would not be primitive. Moreover, no transformation
can interchange two of the triangles and leave the other two
fixed, as may be verified directly.

Under these conditions the following possible forms for K
are found:

(E) 1, (ht2)(tsta); *

(F") 1, (tut2)(tata), (trda)(tats), (tats)(tata);

(G") the alternating group on four letters, generated by
(h1t2)(tats) and (tal3ts).

Now, to construct the corresponding transformations we
observe that the group (D) as given in § 113 contains all the
transformations which leave invariant each of the four tri-
angles. Furthermore, we note that if a given transformation
V permutes the triangles in a certain manner, then any trans-
formation which permutes them in the same manner can be
written in the form V/=XV, X being a transformation of (D).
For, V/V-! must leave fixed each triangle, and is therefore a
transformation X as defined.

We are now in a position to construct the required groups.
By direct application we verify that the transformations U,
VvV, UVU-1:

U: m=ea'i, xe=es, s3=eon's (E=0w?);
(3) V: xi=p1+22+2"s), x2=p(x"1+wr'2+w?x"s),
1
x3=p(x"1+ W'z -+ wa's) p=——);
wW—w

UVU-': 21 =p(x'14+a"2+w?x3), x2=p(x'14+wx’2+wx's),
x3 = p(wx'1 +a’24wx's)
* The three different subgroups of order 2 of K would furnish only one type

for G, since the three different groups obtained are transformable one into the
other by a change of variables,
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permute the triangles in the following manner:
(tatsts),  (hat2)(tals), (Lats)(tats).

Accordingly, since all the required groups contain a trans-
formation corresponding to (f1£2)(tst4), every such group must
contain a transformation XV, X belonging to (D). Hence,
if G contains (D) as a subgroup, it also contains V. If, however,
(C) were a subgroup of G, but not (D), then cither V is con-
tained in G, or else XV, where X belongs to (D) but not to
(C). In this event X may be written X R, where X, belongs
to (C). Hence finally, either V or RV belongs to G. However,
V2=(RV)?=R. Thus R, and thercfore also V, are contained
in G in any case.

Again, if G contains a transformation corresponding to
(Lat3ty) or (¢124(tats), such a transformation can be written XU
or XUVU™', X belonging to (D). Hence, since G contains
(D) as we have just seen, it will contain either U or UVU !
in the cases considered. We therefore have the following types:

(E) Group of order 36¢ generated by (C) as given in § 113:

’ ) ’
Si=(1, w, &?), T: x1=x"2, x2=2a'3, a3=2'1,

and the transformation V of (3).
(F) Group of order 72¢ generated by Sy, T, V and UVU-.
(G) Group of order 216¢ generated by S, T, V and U.
These groups are all primitive, and they all contain (D)
as an invariant subgroup. The group (G) is called the Hessian
group (cf. Jordan, Journal fir dic reine und angewandie Mathe-
matik, Bd. 84 (1878), p. 209).
116. On Roots of Unity. A solution of the equation

=1,
n being a positive integer, is called a root of unity. A solution
a is in particular called a primitive nth root of unity, if n is the
least integer for which o"=1. In such a case n is called the
index of the root. .

THEOREMS. 1°. The product or ratio of two roots of unity
is again a root of unity.
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2° Any positive or negative rational power of a root of
unity is again a root of unity.

3°. If n is the index of a root &, and m a positive integer,
the index of o™ is n/d, where d is the highest common factor
of n and m.

4°, If the index of a root 0 is #n=ab, where ¢ and b are two
integers which are prime to each other, then it is possible to
find a root of index a, say «, and one of index b, say 8, such that
6=af.

As is customary, we write w, w? for the roots of index 3;
t, —¢ for the roots of index 4; —w, — «? for the roots of index
6, etc.

5°. If a is a primitive nth root, then the » roots of a»—1=0
area, a2, . . ., a""!, o* and we have

14+a+a?+ ... +a*"1=0.

6°. Theorem of Kronecker. For the proper handling of a
certain class of equations we use a very effective theorem of
Kronecker.* Instead of making a formal statement of the
theorem we shall explain its meaning by implication.

The class of equations referred to are all of the form

i=Yaq=0; a1, . . . , ox being roots of unity, and the ques-
tion involved is this: if these roots are not known originally,
but their number % is known. what can be inferred about their
values? The theorem implies that the roots of this
equation can be arranged into sets (either directly or
after the addition of certain pairs of mutually cancelling
roots), such that each set contains a prime number
p == k of roots the sum of which vanishes, being of the
form ¢+ €< +.. sex?! where o is a root of index »p,
while € may have any index. We shall discuss in full
the cases £ = 3, 4, 5.

E=3: ar+az+az=0. Here we have az=ayw, az=a1%.

E=4: aj+az+az+as=0. We have two sets of two roots
each, say a1 +a2=0, az+as=0. ‘

k=5: aitoaz+as+as+as=0. There are two possibilities:
one set only, or two sets containing 3 and 2 roots respectively.

* Mémoires sur les facteurs irréductibles de l’expression a™—1, Journal de
Mathématiques pures et appliquées, ser. 1, t. 19 (1854), p. 178,
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If B8 represents a primitive 5th root, and v, & roots of unknown
indices, the two cases are respectively given by

y+v8+vB2+vB2 4Bt =0;
(y=v)+ (54 dw+80?) =0.

By means of Kronecker’s theorem the following can be
proved:

7°. If N represents the sum of a finite number of roots of
unity and k an integer, and if it be known that N /% is an algebraic
integer (that is, a solution of an equation a™+a™ '+ . ..
+am=0, where a1, . . . , am are positive or negative integers
or zero), then N/k equals the sum of a finite number of roots
of unity.

If the indices of the roots in J are all powers of a
single prime number p, then these roots can be separated
directly into two sets such that the sum of those in one
set vanishes, and those in the other set are each repeated
& or a multiple of £ times.

PriMiTIVE GROUPS WHOSE CORRESPONDING COLLINEATION
GROUPS ARE SIMPLE,* §§ 117-123

117. Theorem 13. No prime p>7 can divide the order of
a primitive linear group G in three variables.

Proof. The process consists in showing that, if the order
g contains a prime factor p>7, then G is not primitive. We
subdivide this process into four parts as follows: 1° proving the
existence of an equation F=0, where F is a certain sum of
roots of unity; 2° giving a method for transforming such an
equation into a congruence (mod p); 3° applying this method
to the equation F=0; 4° deriving an abelian self-conjugate
subgroup P of order p*.

1°. The order g being divisible by p, G contains a Sylow
subgroup of order p* and thereforé a transformation S of order
p. We choose such variables that S has the canonical form

S=(a1, az, @3); a’=a?=0s’=1, aimaz=1.

Two cases arise: two of the multipliers are equal, say a1=az,
or they are all distinct. They cannot all be equal, since a?=1

* We shall briefly call such groups primilive simple groupse
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and a;*=1 imply a1 =1, whereas S is not the identity. Of the
two cases we shal] treat the latter only: the method would be
the same in the former case,* and the result as stated in
Theorem 13 would be the same.

Selecting now from G any transformation V of order p:

a b1 C1
V=|az b2 c2|,

a3 bs ¢

we form the products VS, VS2 VS* Their characteristics
(§ 89) and that of V' will be denoted by [VS], . . ., [V], and
we have

[Vl =a1 b2 cs,

[VS] =ai1 +b2a2 +c3a3,
[VSZ] =ala12+b2a22+63a32,
[VS“] =a101* +boao® +Cc303”.

4)

We now eliminate ay, b2, ¢s from these equations, obtaining

vl 1 1 1

5) (VS] a1 @ a3 o

(VS a? a® as?
(VS a* o as*
Expansion and division by (a; —a2)(a2 —as)(as —ai) gives us
(6) [VS*]+K[V]I+L[VS]+M[VS?] =0,

K, L, M being certain polynomials in ai, az, a3, with the general
term of the type aia’as®.  Since ay, a2, az are powers of a
primitive pth root of unity « (§ 116, 5°), the quantities K, . . .
are certain sums of powers of a. Moreover, the characteristics
[V] . .. areeach the sum of three roots of unity (§ 81, Ex. 7).
If. therefore, the products in (6) were multiplied out, there would
result an equation of the kind discussed in § 116, 6°. We

* The congruence (10) would here be of the first degree in u.
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could therefore carry out the process as explained
in that paragraph, which gives us an equation of the form

(7 A(l+ate®+ . . . 4 )+BA+B+82 . . . 1)
+CA+v+2+ . . .+ Y4+ ... =0

A4, B, C, . .. being certain sums of roots of unity; «, B, v,
. . . primitive roots of the equations x?=1, #2=1, &' =1, . . .
respectively; and p, ¢, 7, . . . different prime numbers.

The coefficients 4, B, C, . .. may be put into certain
standard forms. Thus, any root e=1 occurring in any of
these sums will be assumed to be resolved into factors of prime-
power indices (§ 116, 4°): e=eee . . ., the root ¢, being
of index p™, ¢ of index ¢* etc. Furthermore, within 4 any
root ¢, will be assumed to be either unity or a root whose index
is divisible by p%.  For, if it were of index p, say e, =of, we
could put 1 in its place, since

af(l4+a+ta?+ . . . +a® N=at+att1 4t t24 | | | fottr-1
=l+a+a®+ ... +ao??
by means of the relation o®=1. Likewise we assume that

any root ¢ within B is either equal to unity or is a root whose
index is divisible by ¢?; and so on.

’

To illustrate, let 7 be a root of index 4 and r a root of index 9 (namely
r3=w), and let p=2.¢=3. Then the standard form for the expression

(8) (—iw—=1)(1=1)+(r2w = w*+i)(1 +w+w?)
would be
(Po4+1)(A=1)+(#5—14+5)(1 + o+ w?).

2°. We shall now make certain changes in the values of the
roots in the equation (7). First we put 0 for every root ¢,
&, . . . whose index is divisible by the square of a prime
other than p? (as 75 in the example above), leaving undis-
turbed the roots whose indices are not divisible by such a
square, as «, o, . .., B, ... The quantities 4, B, . ..
are thereby changed into certain sums A’, B’, ... The
equation (7) is still true, the vanishing sums 14+a+ao?+ .. .
+a?~!, etc., not having been affected.



244 THE LINEAR GROUPS IN THREE VARIABLES [Cu. XII

Next we put 0 in place of ¢g—2 of the roots g8, 8% .. .,
B*-', and —1 for the remaining root, thus changing
B'(1+8+82+ . ..+ into B (14+04+0+ . .. +(=1)), so
that this product still remains equal to zero. Similarly, we
put O in place of r—2 of the roots v, 42, . . ., 4"}, and —1
for the remaining root, and so on. Proceeding thus, we shall
ultimately change (7) into an equation of the form

A"(+ata®+ .. . +a® 1) =0,

where A’ contains roots of the form ¢, only.

Finally, we put 1 in the place of every root «, o2, . . .
a?~1, as well as every root ¢, The left-hand member may then
no longer vanish, but will in any event become a multiple of p.

The final value of the expression (8) would be (w+1)(1+1)=2 or 0,
according as « is replaced by 0 or —1.

Notation 1. Any expression N which is a sum of roots of
unity, changed in the manner described above, shall be denoted
by N’,.

3°. We shall now study the effect of these changes upon
the left-hand member of (6). Each of the characteristics
[VS], ..., [VS¥], being the sum of three (unknown) roots
of unity, will finally become one of the seven numbers 0, +1,
+2, +3, whereas [V], being the sum of three roots of index
1 or p (cf. 1°), will become 3. The left-hand member of (6)
will thus take the form

(9) (VS5 43K, +L"[VS) o+ M [VS?],

and this number is a multiple of p (by 2°).
The values K';, L',, M’, may be obtained by treating them
as indeterminates 0/0. Thus,
a1 a2 a3
-1
(o1 —az) (a2 —as)(@z—a1)

K=

4
a? a? a?|, Kp=_,

We ﬁnd 251 a2 a3
Ky=m—3(u—1)w=2), Ly=pp—-2), M\y=—3u@u-1),
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and if we substitute in (9) and multiply by p—1 we obtain
the congruence:

(10) [VS*]p=su2+tu+v (mod p),

s, ¢, v being certain integers, the same for all values of p.

We finally substitute in succession u=0, 1, 2, . .., p—1
in the right-hand member of (10). The remainders (mod p)
should all lie between —3 and +3 inclusive, the interval of the
values of [VS*)’,. Now, cach of these seven remainders can
correspond to at most two different values of u less than p, if s
and £ are not both =0 (mod p), by the theory of such congru-
ences. Hence, there will correspond to the seven remainders at
most 14 different values of u, so that p is not greater than 14
unless s=¢=0. Trying p=13 and p=11, choosing for s, ¢, v
the different possible sets of numbers<p (the problem can be
simplified by special devices)* we find that in no case can the
remainders all be contained in the set 0, +1, +2, +3, unless
s=t=0 Choosing therefore this alternative we get, if p>7,

[VS*),=v (mod p).
In particular,
[VS],=v=[V],=3 (mod p),

from which it follows that [VS]’,=3. Again, from this equation
we deduce that the roots of [V.S] are of index 1 or p. For,
if the index of one of these roots were divisible by the square
of a prime, or by a prime different from p, then the changes
indicated in 2° could be made at the outset in such a way that
0 or —1 would take the place of this root. But then [V.S],
would be one of the numbers 0, 1, 2, —3.

4°. Accordingly, the product VS of any two transforma-
tions both of order p is a transformation of order p or 1. The
totality of such transformations in G, together with E, will

* Since au-+b runs through the p values 0, 1, 2, . . ., p—1 (mod p) when
u does, we may substitute this expression for u in the right-hand member of (10)
and select constants a, b so that this member takes a simpler form. For instance,
if p=11, the right-hand member of (10) may be reduced by this substitution

to one of the forms tul+c; u; or ¢; according as s3Z0; s=0, IZ0,; s=¢=0
(mod p). When p=13 we get the forms u?+c; £2u*+c; u; c.
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therefore form a group P. The order of this group must be
a power of p, since it contains no transformations whose order
differs from p or 1. Moreover, P is invariant in G, since an
operator of order p is transformed into one of order p. Hence, G
has an invariant subgroup P of order g*. But this subgroup
is abelian (§108, Corollary) and therefore G is intransitive or
imprimitive (§ 108, Lemma).

Notation 2. A quantity N, which is the sum of a certain
number of roots of unity, in which every root ¢, is replaced by
1, but in which none of the other changes indicated in 2° are
carried out, will be denoted by N,. If N=0, then N,=0
(mod p).

118. Theorem 14. If a group G contains a transformation
S of order p?¢, p being a prime >2, then there is an invariant
subgroup H, in G (not excluding the possibility G=H,) which
contains S®. Any transformation in Hy,, say T, has the property
expressed by the following congruence:

(11) [V,=[VT], (mod p),

V being any transformation of G.

In the case p=2 the group G contains an invariant subgroup
H, if the order of S is p3, and S* will belong to H,; also if
S=(-1, i, i), in which case S? will belong to H,.

The proof follows the plan of that of the previous theorem.
If p> 2, we write S in canonical form, and construct the products
VS, V82, VR, where R denotes S?. Assuming that the three
multipliers of § are all distinct, we obtain an equation cor-
responding to (6) in 1°:

[VR]+K[V])+L[VS]+M[VS?] =0.

However, the changes indicated in 2° are not carried out except
that 1 is put for every root ¢ whose index is a power of p (cf.
Notation 2 above). The coefficients L, M become multiples
of p by this change, and we find K=-1 (mod p). Hence
finally,
(VR,—[V],=0 (mod p).

Now consider all the conjugates Ry, . . . , R, to R within G.

They generate an invariant subgroup H, (§ 14, Ex. 6), and
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they all have the property of T as expressed by (11), since they
fulfil the conditions of the theorem. Moreover, any trans-
formation T in H, satisfies the congruence (11), since such a
transformation can be written as a product of powers of
Ry, . . ., Ra. For instance, let T=R,R2, and we have

[VRi,=[V],, [(VR)R:z,=[(VR1)], (mod p).
Hence,

VT, =[VRiR,=[VR1],=[V],.

119. The Invariant Group H,. The order of this group is a
power of p. For, if its order contained a prime factor g,
g#p, there would be a transformation of order ¢ in H,, say
T. Then, if E represents the identical transformation. we have
by (11),

(T,=[ET’),=[Elp=3 (mod p).

Hence, the multipliers of T being a, 8, v, we have

o+ +y=3 (mod p),
and therefore

(12) ia"(a' +8+v) 532"""

j=1 jm=1

Unless T is a similarity-transformation (which we may assume
it is not), the roots «, B, v are not all equal. Hence, the left-
hand sum is 2¢ or ¢ according as « is or is not equal to one of the
roots B, v. The right-hand sum is, however, 3¢ or zero, accord-
ing as a is or is not unity. It follows that the congruence is
impossible except when p=2, and a is one of the roots 8, v, or
unity. Substituting 8~/ and v~/ for a7 in (12) we get similar
results. Collecting these, we finally discover that in no case
can g p.

The order of H, is accordingly a power of p, and the group
is monomial (Theorem 10). The possibility G=H, is accord-
ingly untenable if G is primitive.

CoROLLARY. No primitive simple group can contain a trans-
formation of order p2¢ if p>2; or {3 if p=2.
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120. Theorem 15. No primitive simple group can contain
a transformation S of prime order p, p>3,. which has at most
two distinct multipliers.

Let S=(ai, a1, a2) ¥ and assume first that p=7. This
transformation leaves invariant a point (x;=x2=0) and every
straight line through it. This will also be the case with any
other transformation S’ conjugate to S (Theorem 3). There-
fore, the line joining the two invariant points is invariant
for both S and S’. If now the variables be changed so that
the common invariant line is y; =0, the group generated by S
and S’ will be reducible and therefore intransitive, breaking
up into a group in one variable (y;) and one in two variables
(y2, ¥s3). But, there being no primitive or imprimitive finite
linear groups in two variables generated by two transforma-
tions of order p=7 (cf. Chapter X), it follows that S and §’
are commutative.

Accordingly, all the conjugates to S are mutually com-
mutative and generate an abelian group, which must be invari-
ant in G (§14, Ex. 6), and the latter cannot be primitive
(§ 108, Lemma).

Next, let p=>5. If S and S’ are not commutative, they gen-
erate the icosahedral group (E), § 103, in the variables y2, ys.
This contains a transformation of order 3 whose multipliers
are w, «?, and a similarity-transformation whose multipliers
are —1, —1 (cf. §97). The product of these two transforma-
tions, as a transformation in the variables y1, y2, ¥3, can be
written in the canonical form T=(1, —w, —«?). But such a
transformation is excluded by the next theorem [put S;=
T2=(1, «?, w) and Se=T%=(1, —1, —1)].

121. Theorem 16. No primitive simple group can contain
1 transformation S of order pq, where p and q are different prime
numbers, and S1=3S? has three distinct multipliers, while Sz =387
has at least two.

Let S be written in canonical form and assume Sy =(a1, oz,
r3). We then construct the transformations V, VSa, VS,
VSy? and proceed as in § 117, 1°, obtaining an equation corre-

* Such a transformation is called a komology.
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sponding to (5). After putting unity for every root of index
2", the equation becomes the congruence:
{VS2l, ~[V]}H a1 —a2) (a2 —a3) (@s —a1) =0 (mod p),
which can be changed into the following:
{[VS'A’];:"IV]p}(IaEO

after multiplying by a suitable factor, since
1=9(1-@) ... A-eY)=lmE 1=y
za1X—1
when ¢ is a primitive gth root of unity.
Hence finally,

[VSZ]DE [V]p (mOd P)’

and the argument of § 118 is now valid.

COROLLARY. No primitive simple group can contain a
transformation of order 35, 15¢, or 21¢. (If Si, representing
respectively S7, $%%, or S%, has not three distinct multipliers,
Theorem 15 applies.)

122. The Sylow Subgroups. Consider now a primitive
group G of order g¢. A possible subgroup of order 52 or 72
would be abelian (§ 108, Cor.). By trial we find readily that
no such group can be constructed without violating Theorem
15 or the Corollary to Theorem 14. Again, if g is divisible by
35, we have a transformation of this order (§ 135, Cor. 3).
But this is impossible in a primitive simple group (§ 121, Cor.).

A subgroup of order 3k¢ is monomial, and contains an abelian
subgroup of order 3*~'¢ at least. Assume % 2 3; we then have
an abelian subgroup P’ of order 32¢.. When we construct
such a group, avoiding the invariant subgroup H, resulting
from Theorem 14, we discover that it must contain a trans-
formation of type T =(e, ¢, ew?), where €=w. Then if g is
divisible by 5 or 7 at the same time, we would have a trans-
formation of order 15¢ or 21¢ (§ 135, Cor. 3), violating the
Corollary, § 121. In any event, we can have no abelian sub-
group of order 3*-'¢ if k>3 (cf. Ex. 4, § 109).

Finally, a subgroup of order 2* is monomial and contains
an abelian subgroup of order 2'-! at least. By trial we find
that 2—122 (cf. Ex. 3, § 109).



250 THE LINEAR GROUPS IN THREE VARIABLES [Ca. XII

Collecting our results, we find that g is a factor of one of the

numbers
93.33, 23.32.5 93.32.7

and the question arises what simple groups can have such
orders.

Now, all simple groups whose orders do not exceed the largest
of these numbers have been listed. There are four possi-
bilities:

g=60, 360, 168, 504.

123. The Three Types of Primitive Simple Groups. The
first two of the numbers just given are the orders of the alter-
nating groups on 5 and 6 letters, and the last two the orders
of certain transitive substitution groups on 7 and 8 letters
(§ 20). The last case may be excluded from consideration
for the reason that we should here have a Sylow subgroup of
order 8 which is abelian and generated by three operators
each of order 2 (§ 20, Ex. 3). But no such group can be con-
structed in three variables, as may be found by trial.

In the other cases the corresponding types may be con-
structed after a set of generators and their generational rela-
tions are given (cf. § 103, and Ex. 2, ibid.). The variables are
selected so that the generators appear in as simple a form as
possible; for instance, some one of them is always written in
canonical form at the outset. We shall omit the details
here; it would afford excellent practice for the student to carry
out this work.

(H) Group of order 60 generated by Ei, E;, E3, satisfying
the relations:*

EB3=Ex2=E?=1, (E.\E2)*=(Ez:E3)3=1, (E|E;3)*=1;
namely:
Ei: x1=%"2, x2=x"3, x3=xa'y;
E;= (L - 1; - 1) >
E3: x1=3(—o"1+p2x'2+mx’s), x2=3%(u2x’s +u1x’2—x"3),
23 =3(u1x'1 — "2+ por's);
* E. H. Moore, Proceedings of the London Mathematical Society, vol. 28, p. 357.
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where _
m=3(=1+V5), w=3(-1-V5).

(I) Group of order 360¢, gencrated by Ey, Es, E; of (H) and
E4, where
E42 = 1, (E1E4)2 = (E2E4)2 = (E3E4)3 =1 ;
E;: v1=—2"1, a2=—wx's, x3=—ws

(J) Group of order 168 generated by S, T, R with the
relations (cf. § 20, Ex. 2)

ST=T3=R?=1, T-'ST=$, R-'TR=T2, (RS)‘=1;
namely:
S=(8, 6% 8Y);
T: x1=x'y, x2=2"3, a3=2a'y;
R: xi=h(ax" 1 +bx'2+cx"s), x2=hbx"1+cx's+ax's),
x3=h(cx’ 1 +ax's+bx's);
where
6721) a=61—'63a b=62"ﬂ5) c=ﬁ-’ﬁ6)

h=3 (B8 +5' =0 — 5= %) =
V=1

124. Primitive Groups Having Invariant Primitive Subgroups.
We have alrcady determined the primitive groups containing
an invariant subgroup of order 2* or 3* (§§ 114-115). The
possibility of a subgroup H, shall therefore be excluded from
consideration (cf. § 119).

Let us assume that the group (H) is contained invariantly
in a larger group (H’) of order 604¢. In (H) we have 6 sub-
groups of order 5, which must be permuted among themselves
by (H'). One of them must thercfore be invariant in a sub-
group of (H') of order 60k¢/6=10k¢. But no such group can
be constructed if 2> 1 without introducing the group II,.

In this manner the cases (I) and (J) may be disposed of.
There are left the cases (E), (F), (G). Now, these groups
all permute among themselves a single sct of four triangles.
This set is therefore also permuted among themselves by a
larger group including cither (L), (F) or (G) invariantly. But
the groups having this property were found in § 115 to be just
these three.
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EXERCISES

1. Determine the linear groups in two variables by the method of
this chapter. (To determine the primitive simple groups, show first that
the order of such a group is a factor of 60¢).

2. Prove by the method of § 120 that a primitive group in four vari-
ables cannot contain a transformation whose order is greater than 5,
if its characteristic equation has only two distinct roots.

3. Why is it necessary to add the statement ‘ while S;=87 has at
least two ”’ (distinct multipliers) at the end of Theorem 16?

4. Obtain the group (H) by the method of Ex. 2, § 103, in the following
form:

S=(abcde) = (1, ¢, o);
U=(ad)(bc): m=—2a", ®a=—1"s x=—2";

T=(ab)(cd): 1= -\;—g(x’l +x'2+x"3),

1 1
Xy= '\73(21«"1 +sx'¢ +tx'3) y X3= —\73(233’1 +lx'z -l-sx’,) s

where
S=1, s=et+el, =e+el, V5=t—s.

Show also that (E) as given in Ex. 2, § 103, transforms the variables
Yo= — X1%2, 1 =2%,%, ¥2= —x,? into linear functions of themselves and hence
appears as a linear group in three variables, which is precisely the group
(H) as just exhibited if we write yo, 1, ¥2 for x1, %3, xa respectively in (H).

5. Obtain the group (I) by adding a transformation W=(ad)(ef)
to the list S, U, T of (H), Ex. 4, and show that

W: xu= —\—/1—5:(3?'1 +ax e Nty), = -\—;g(z)szx'x +sx's+ix's),

1
X3= 7—5-.(2)\227’1 +ix's45%'s);

where
M=1(—1£V=15), MN=3}(—1FV-15).

In this and the previous example we need not verify that the transforma-
tions obtained actually generate the respective groups as soon as they
have been fully determined from a number of arbitrarily chosen relations,
since just one type of each group (H) and (I) has been shown to exist by
the generational relations given in § 123. (In determining W, account
has to be taken of the fact that (I) contains similarity-transformations;
of. the determination of (E), § 103.)
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126. Invariants of the Linear Groups in Three Variables.
The theory of these invariants is by no means so simple as the
theory of the invariants for the groups in two variables, and
it is beyond the scope of this book to enter into a general dis-
cussion, except as to indicate the principal results.

In all cases we have a set of fundamental invariants such
that all others are rational integral functions of these.* We
shall here give such sets for the groups (G), (H), (I) and (J).
That they are invariants may be verified directly by the student.

(G) If we introduce the abbreviations

Xixoxz=¢, x3+xl+xB=y, xirl+txlxltadxB=y,

the fundamental set consists of the functions t
Co=y2—12x;
Cg = (x13 - x23) (x23 - x33) (x33 —x13) H
Ci2=y(y3+216¢%);
Di2=¢(27¢°—y3);

which satisfy the relation
(432C¢* —Ce®+3CC12)? =4(1728D12% +C53).
(H) Here we have four fundamental forms. One of them is
A =x2+x2x3,

if we take the group as given in § 124, Ex. 4.

The other three can be obtained in a manner similar to that
which we employed in the case of the group (E), § 105. We
select a linear invariant f, for each of a set of subgroups of
(H) of orders 10, 6, 4, respectively, and form the products of
the 6, 10, 15 different linear expressions into which f; is trans-
formed by (H). Selecting, for instance, the group generated
by S and U, Ex. 4, § 124, for the subgroup of order 10, we get
fi=x and a corresponding invariant

By =x1(x1+%2+23) (x1+ €*x2 +ex3) (41 +exo +ets)
- (14 S22+ €2x3) (x1 + €22+ €323)
=21 (228 + 238 + 5x1x9%x32 — 5x13x23 +215).

* Cf. Dickson, Algebraic Invariants (Wiley & Sons), New York, 1914, p. 70 .,
t Maschke, Mathematische Annalen, Bd. 33 (1889), pp. 325-326.
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These invariants must evidently be transformed into the
functions f, H, T of the group (E), § 105, by the substitution
of —x2x1, %22, —x,2 for x1, a2, a3 respectively (cf. Ex. 4, § 124).
The relation among the invariants 4, By, . . . corresponding
to that connecting f, H, T is of degree 30 in the variables x;,
%2, 3, and its determination may be left as an exercise for the
student.*

(I) The fundamental invariants are four in number.t
One is the function

F=A3+4)\B;,

where (taking for (I) the group given in Ex. 5, § 124) A and B,
are the functions listed above under (H), and

—94+3vV —15
20 )

The three other invariants are obtained by evaluating the
Hessian of F:

A=

Fu Fiz2 Fi3
X=|F21 F22 Fa23];
F31 F32 Fs3
then the bordered Hessian:
Fuy Fi2 Fiz3 X
Y= Ly Foy Fa3 Xof
Fsi Fss Fs3 Xs|'
X1 X: X3 O

and finally the Jacobian of F, X, and V.
(J) As in the previous case, the fundamental invariants
are four in number; } a function

f=x3x3+x2301 +x5302;
the Hessian of f (say X); the Hessian of f bordered by the
first derivatives of X (as Y above); finally, the Jacobian of
the three functions already determined.

* Cf. Klein, Vorlesungen #ber das Tkosaeder, Leipzig, 1884, p. 219,
1 Wiman, Mathematische Annalen, Bd. 47 (1896), pp. 548-556.
3 Klein, Mathematische Annalen, Bd. 14 (1879), pp. 446-448,
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EXERCISES
1. Construct a fundamental set of invariants for the groups (E) and

(F).

2, The invariant Dy, under (G) is the product of the four functions
i, &, 3, &, §113. Are there other relations among the invariants Cs,
Co, Cha, D,, and the functions £, t, ls, l?

126. Order of a Primitive Group in 72 Variables. In con-
clusion we shall state some general results bearing on the order
of a primitive group G in n variables.

The Theorem 13 admits of generalization to # variables as
follows. The number of the equations (4) would now be n+1,
the left-hand members being [V], . . ., [VS"'] and [VS*].
Eliminating a1, b2, . . . , we obtain the corresponding equa-
tion (5), from which a congruence similar to (10) is derived:

[VSH,=su= +tu*2+ou* 2+ . . . (mod p).

In this we substitute in succession u=0, 1, . . . , p—1. The
left-hand members are integers having the 2n+41 values rang-
ing from —n to +n inclusive, and for each such value we can
have at most z—1 valucs of u by the theory of congruences,
unless the right-hand member is merely a constant. Hence,
excluding this possibility, there are at most (n—1)(2n+1)
values of u corresponding to the values assumed by the right-
hand members; accordingly, if p>(n—1)(2n+1), the right-
hand member is a constant merely, or
[VS4),=[V],=38 (mod p).

From this it follows as in § 117, 4°, that the group has an invari-
ant abelian subgroup of order p¢ and cannot be primitive.
Hence, the order of a primitive linear group in n variables can-
not be divisible by a prime greater than (r—1)(2n+1).

The Theorem 14 may similarly be generalized to read:
if a group G conlains a transformation S of order Phe > pne,
then there is an invariani subgroup H, in G whose lransformations
have the property

[V,=[VT], (mod p),
where V and T represent any transformations of G and H, respeci-
tvely.
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By a different principle it can be proved that a primitive
group G in # variables cannot contain an abelian subgroup of
order k¢> k!¢, where k is a number ranging from 3.7 to 5,
depending upon the nature of the prime factors of k. By
means of this theorem and some of those given above it is
possible to set a fairly low limit to the order g¢ of G, as we shall
proceed to do.

A Sylow subgroup of G of order $° is monomial and must
accordingly contain an abelian subgroup of order p*~? at least,
where p° denotes the highest power of p which divides ! (cf. §9,
Ex. 2). Hence, by the theorem mentioned above, we must have

PP P51,

so that finally that portion of g which is made up of prime
factors not greater than # is not greater than #n!5®-0om
where 6(n) denotes the number of primes smaller than z-+1.
Again, if n+1 is a prime and is a factor of g, the corresponding
Sylow subgroup is abelian (§ 108, Cor.) and its order is < 52-1,
Finally, by Theorem 11, § 109, the remaining factor of g is the
order of an abelian group and is also <5%!, It follows that
the order of a primitive group in # variables is

g¢ é n!5(n-1)0(ﬂ)+2¢'

HistoricAL Norte. In 1878 Jordan proved the classical theorem that
the order of a finite linear group in » variables is of the form Xf, where f
is the order of an abelian self-conjugate subgroup, and where A is inferior
to a fixed number which depends only upon #n (Journal fiir die reine
und angewandte Mathematik, Bd. 84, p. 91). Definite limits to A have been
given by Schur for the case where the characteristics belong to a given
algebraic domain (Sitzungsberichie der Koniglich Preussischen Akademie
der Wissenschaften, 1905, p. 77 fi.); by Bieberbach and Frobenius (Sitz-
ungsberichte, etc., 1911, p. 231 ff and p. 241 ff); and by the author (Zrans-
actions of the American Mathematical Society, vol. 5 (1904), pp. 320-321
for primitive groups; vol. 8 (1905), p. 232 for imprimitive groups). The
derivation of the limit given above has not been published.

Concerning the linear groups in three variables, the following papers
may be consulted: Jordan, lc., p. 125 ff; Valentiner, De endelige Trans-
Jormations-Gruppers Theori, Copenhagen, 1889; Mitchell, Transactions of
the American Maithematical Society, vol. 12 (1911), pp. 207-242; and
the author, Mathematische Annalen, Bd. 63 (1907), pp. 552-572.



CHAPTER XIII
THE THEORY OF GROUP CHARACTERISTICS

127. Introduction and Definitions. This theory was initiated
by Frobenius and is largely due to him,* though Schurt{ and
Burnside 1 simplified the theory and added important applica-
tions. We shall devote this chapter to an exposition of the
main points of the theory by a process differing somewhat
from the methods employed by the authors cited.

We consider a linear group in » variables x1, 22, . . . , %,

G: Sl, Sz, « e ey Sg,

whose transformations are not now necessarily of determinant
unity. As noted in § 89, the sum of the multipliers of S;, which
is equal to the sum of the elements in the principal diagonal of
the matrix of S;, is called the characteristic of .S, and is denoted
by x: or x(S:).§ Since x; is the sum of # roots of unity (§ 81,
Ex. 7, and § 95), and since the conjugate-imaginary of a root
of unity is its reciprocal, it follows that %; the conjugate-
imaginary of x, is the characteristic of S;~!. That is,

x(S) =x(S™1), x(S) =x(S:).

* Sitzungsberichic der Kgl. Preussischen Akademie der Wissenschaften, 1896,
p. 985, 1343; 1897, p. 994; 1899, p. 482.

t Sitzungsberichte, ctc., 1905, p. 406; Journal fiir die rcine und angewandte
Mathematik, Bd. 127 (1904), pp. 20-50; Bd. 132 (1907), pp. 85-137; Bd..139
(1910), pp. 155-250.

t Acta Mathematica, vol. 28 (1904), pp. 369-387; Procecedings of the London
M athematical Sociely, 1904, pp. 117-123; Theory of Groups of Finite Order, second
edition, Cambridge, 1911, p. 243 fi.

Sce also a paper by Molien in Sitsungsberichle, etc., for 1897, pp. 1152-1156.

§ Frobenius and Schur call the set of quantities x1, . . . , xg a character of G.
In their terminology, an abstract group G would possess as many simple char-
acters as there are non-equivalent linear groups to which G is simply or multiply
isomorphic (cf. § 131).

257
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A function f(x, . . . , %,) which is transformed into a con-
stant multiple of itself by every transformation of G is called
an snvariant of G. It is an absolute invariant if the constant
multiplier is unity for every transformation of G; otherwise
it is a relative invariant.

A series of invariants f1, . . . , fy are said to be independent
of each other if the variables #y, . . . , %y cannot be eliminated
from the equations

Si=ay, . ., fi=a,

where ai, . . . , @ are arbitrary constants. They are said to
be linearly independent if no identity exists of the form

bifit . .. +byfi=0,

where b1, . . . , b are constants, not all zero.

We shall as hitherto denote by (f)S the result of operating
upon a function f by a transformation .S.

128. Theorem 17. The number of linearly independent
absolute invariants of G of the first degree in x,, . . . | xy is

1 14

g
=1l

Proof. 1°. If Zx5£0, then G will have an absolute invariant

of the first degree. For, letyy, . . . , y, be arbitrary constants,
and let f=y1x1+ . . . +y.x,. Then the function

NS1+ . .. +()S,=F

will be an absolute invariant of G provided that it does not
vanish identically. This is seen as follows. We have

B)Si=(N)S1Se+ . . . +(NSS=(f)S1+ . . . +(f)S,=F.

Thus, F is an absolute invariant unless it vanishes. If
it does, then Xx,=0. For, the sum of the coefficients of Y121,
Ya%xe, . . ., Yu¥n in (f)S; is readily found to be x,. Hence,
at least one of these terms will be present in F if Sx,0; say
yix1. If therefore we put y;=1, yo= . . . =9, =0, the func-
tion F will contain a term involving x; and hence it does not
vanish.
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2°. Let us now suppose that G has just & linearly inde-
pendent absolute invariants of the first degree. We may
assume that the » variables were chosen originally such that
%1, X2, . . ., % are the invariants in question. Then G
is intransitive, breaking up into k41 sets of intransitivity,
containing respectively 1, 1, ..., 1; n—k, variables: x,
%2, -« -, %; (Xx41, . . ., %), by Theorem 6.

Thus, if n=2, k=1, and if x, is the absolute invariant, the matrix of
any transformation of G will be of the form

o)

The reducible group may now be transformed into an intransitive group of
the following special form )

1 0

0 df°

The characteristic x(S:) is- accordingly equal to k+x(S")),
where S’ is the transformation corresponding to S, in that com-
ponent of G which involves the set (xp4q, . . . , ). Now,
2x(S’) =0, or we would have a new invariant by 1°. Hence,

S x(S) =k,

which completes the proof.
CoROLLARY 1. The number of linearly independent abso-
lute invariants of degree m in x1, . . . , xn is

1 g
_ S(m) ,
g;x(: )

where x(S™) represents the sum of the homogeneous products
of degree m in the multipliers of S, namely
a™+a™+ ... Fai™ e+ ... o™ 2aszt. . .
Proof. For brevity we take n=m=2. When the variables

x1, %2 are subjected to a linear transformation

a b
S= ,
¢ d
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the products of x1, x2 of the second degree, namely x:2, x1x2,
%22, are correspondingly subjected to a linear transformation

a® 2ab b2
S®=lac ad+bc bd |;

2 2d @2
and to a group G of transformations S, . . . will correspond
an isomorphic group G® of transformations S®, . ... If S

is written in canonical form (o, 8), so is S?, namely (o2, a8, 62).
Hence x(S®)=a2+4aBf+32.

We now apply Theorem 17 to the group G® and obtain
the Corollary 1 for the case n=m=2.

COROLLARY 2. In the case of a transitive group, X'=%x,=0.
For, in this case there are no invariants of the first degree.

By an elaboration of this principle we obtain the important result
that if &; represents any given integral symmetric function with integral
coefficients of the multipliers of Sy, then X!=¢&,=1lg, where ! is a positive
or negative integer or zero.*

EXERCISES

1. Write a given substitution group as a linear group so that the
letters of the former are the variables of the latter, and determine the
characteristics.

2. Prove that the average number of letters which remain unchanged
by a substitution of a transitive substitution group G is equal to unity.
(Prove first that G contains a single absolute invariant of the first degree.)

129. Lemma. Let there be given a function
=x\"1+ ... +X7,,

where X3, ..., X, are linear functions of wx;, ..., x,
the variablesof a group G’,and ¥4, . . . ,¥; linear functions of
y1,. - . , ¥m, the variables of a group G” simply isomorphic with
G'. WemayassumethatX,, ..., Xp(aswellas ¥y, . . ., V})
are linearly independent of each other; if it were possible to

* See Transactions of the American Mathematical Society, vol. 5 (1904), p.
464 ff.
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write, say, Xy=a1X14+ . . . +ax-1Xs-1, the function f could
be expressed in fewer than k terms:
X1(YVi+a1Vy)+Xo(YetaVe) + . . . +Xeo1(Va-1+a:-1V)

=X1Vhi+XeVe+ ... +XeaVio.

Now if f be unaltered when operated upon simultaneously
by corresponding transformations of G' and G"' (in other words,
if [ is a bilinear invariant), and if k<n, G’ is intransitive.

Proof. For the sake of simplicity take #=3. The variables
of G’ and G'" may be so chosen that f=2x1y,+x2y2+x3ys.

A transformation of G’ will change x;, x2, x3 into three

linearly independent functions of xi, . . . , s, and the corre-
sponding transformation of G” will change yi, ¥z, ys into
three linearly independent functions of y;, . . ., ym. Let

the resulting cxpression be f = X"1V'1 + X2V’ + X'3V's,
and we should have f=/. But this implies that X';, X’'s,
X’3 are linear functions of x1, x2, x3. Hence, if #>3, G’ is
reducible and accordingly intransitive.

130. Theorem 18. Representing by X, the comjugate-imag-
inary of x; we have, for a transitive group G,

ix&-—'g.
t=1

Proof. Let G be the conjugate-imaginary group of G
(§92). Then, if S and S are corresponding transformations
of G and G:

a b... a b...
S=|c d...|, S=|c¢c d. ,
the 2 products 2121, ¥1%2, . . . , %a%s are subjected to a corre-

sponding linear transformation S’ belonging to a group K
isomorphic with G and G: _
aa ab ...

S'=\|ac ad ...
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The characteristic of S’ is the product of the characteristics
of S and S: x(S") =x(S)x(S) (this is seen readily when S (and
therefore S and S’) is written in canonical form). Hence, by
Theorem 17, the number of linearly independent absolute
invariants of the first degree in the variables of K is Xxx/g.
Any such invariant can be thrown into the form

f=X1;1+X2E2+ o e +XnEm

where X, . . . , X, are linear functions of x1, . . ., x,.

We know one such invariant already, namely the Hermitian
invariant (§92), and we may assume the variables originally
so chosen in G and G that this invariant is

I=xx1+%x222+ . . . +%nkn.
Then, if N\ be any constant, the expression

SHENMN =X 14021+ X+ Ma)xz+ . . o + (X Ma)2n
is also an invariant.

Now, the constant A\ may always be determined such that
X1+M1, Xo+Mx2, . . ., Xpo+)\x, are not linearly independent.
Therefore either G is intransitive by the lemma above, or
S+ vanishes identically. Hence, since the first alternative
violates the assumption of the theorem, any invariant f of
K is merely a constant multiple of I (viz., f= —\I); in other
words, the number 2 x:x;/g of linearly independent invariants
fis unity. The theorem follows.

EXERCISE

Prove that if G is intransitive, Y x;x;=1Ig, where I is a positive integer
greater than 1.

131. Equivalence. Two simply isomorphic groups are
equivalent if a suitable change of variables in one will make
the matrices of their corresponding transformations identical.
If no such choice of variables is possible, the groups are non-
equivalent.

For example, the groups generated by the transformations

0 1
s-[1 0], T=(@1, -1)
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are equivalent. If we put y1=%14%;, y,=2,—2x, in S, then this transfor-
mation takes the form (1, —1) in the variables yy, y..

THEOREM 19. Let G'=(8'1, 82, . . ., ") and G = (8",
S"2, . .., 8",) be simply isomorphic linear groups in n and m
variables respectively, and let G’ be transitive. Then if S7 repre-
sents the conjugale-imaginary of the transformation S"',,

[
z X(S")x(ST) =kg,
t=1

where k=0 or a positive integer. If k=1, G" is equivalent to G';
if k>1, G" is intyansitive, and in this case k of its sels of intransi-
tivity are transformed according to k groups each equivalent to G'.

Proof. Let x1, . . ., % be the variables of G’ and ¥,
-, ¥m those of G”. We construct the group K in the nm
variables x1y1, . . . , %ys, where 31, . . . , yn are the con-

jugate-imaginaries of the variables of G”. Applying Theorem
17 we find % linearly independent absolute invariants of K
all of the form auxiyi+ ... +Gum%ym By a suitable
change of variables in G” we now cause one of these invariants
to become x1y1+x2y2+ . . . +%aya, and comparing this with
the Hermitian invariant x\2:+ . .. 424, of G’ we may
readily prove that G transforms the variables y1, . . . , y,
among themselves according to a group equivalent to G'. Hence,
if k=1 and m=n, G’ and G are equivalent; if 21 and m>n,
G" is reducible and therefore intransitive.

Conversely, if G”” is known to break up into sets of intrans-
itivity, k£ of which are transformed according to groups which
are equivalent to G’, then the conjugate-imaginaries of the
variables y1, . . ., y» of any one of these sets will combine
with 21, . . ., 22 to form one invariant xy:1+ . . . + zmy,
for K, making & such invariants in all.

CoroLLARY 1. If G’ and G” are equivalent, their correspond-
ing characleristics are equal, and

x(8'D) xS+ . .. +x(8) x(E7) =g,
if they are non-equivalent and are both transitive, this sum vanishes.
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CoROLLARY 2. Let G be a transitive linear group of order g
in n variables, and let H be a regular substitution group (§ 27)
on g letters simply-isomorphic with G. Then if II be looked
upon as a linear group in g variables, it is iniransitive, breaking
up into a number of component groups among which are found
just n which are equivalent to G.

Proof. When a substitution T; of H other than the identity
is written in matrix form as a linear transformation, every
element in the principal diagonal is zero, since otherwise the
corresponding letter would be replaced by itself in 7;. Accord-
ingly, x(T) =0 unless T, is the identity; if 7 is the identity:
(1, 1, ..., 1), then x(T,)=g. The transformations of G
being correspondingly S; and S1=(1,1, ..., 1), we have
therefore

D x(S)-x(T)=ng.

The corollary now follows by applying Theorem 19.

132. Remark. The propositions of § 131 become wider in
scope by an obvious ecxtension of the concept “ group.” A
group G’ of order g’ to which another group G of order g=/hg’
is multiply isomorphic may be exhibited in such a way as if
it were a group simply isomorphic with G, namely by repeating
each of its transformations / times. For instance, the sub-
stitution group of order 6: 1, (abd), (ac), (bc), (abc), (ach) is
multiply isomorphic with two of its subgroups: 1; and 1, (ab).
With the concept of “ group ™ extended as indicated above,
we may exhibit the three groups as simply isomorphic in the
following manner:

1, (ad), -(ac). (bo), (abe), (ach);

l b 1 b 1 ) 1 ) 1, 1 ;
1, (ab), (ad), (abd). 1, 1.
EXERCISES

1. Prove that if the regular substitution group H js broken up into
its ultimate sets of intransitivity with their corresponding component
groups, and if H be multiply isomorphic with a transitive linear group G
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in » variables, then # of the component groups into which H breaks up are
equivalent to G.

2. The group H of order g is always multiply isomorphic with the group
consisting of the identity alone, which is a transitive linear group in one
variable: x=32’. Hence, one of the sets of intransitivity of H will contain
one variable, and the component group will consist of the identity repeated
g times. Prove this in another way by showing that H possesses a single
absolute invariant of the first degree.

Prove also that if an additional set of intransitivity of H contains one
variable, then H possesses a relative invariant (§ 127) of the first degree.
In such a case H is not a simple group; all those of its transformations
for which this invariant is absolute form a self-conjugate subgroup.

3. Among all the component transitive linear groups into which H

breaks up, let there be k¥ which are non-equivalent: G,, G,, . . . , Gi in
ni, M, . . ., ng variables respectively. Prove that g=m?+n?+ . . .
+nx.

133. The Sum of Matrices. The sum of a series of square
matrices of the same order is the matrix whose elements are the
algebraic sums of the corresponding elements of the given
matrices. Thus,

a; b az b
+

ca d c2 d2

[al +az bi1+b2

ci+c2 di+d:

If S1, S2, . . . are linear transformations in the same vari-

ables, we shall write S1+S2+4 . . . to denote the matrix which
is the sum of the matrices of Sy, S, .

Multiplication of matrices is carried out according to the
rule given in § 78, irrespective of whether the matrices repre-
sent linear transformations or not.

We find

S1+S2=52+435),
T(S1+S2+ ... )=TS$1+TS+ ...,
T-Y(S1+Se+ . . . )T=T"1$1T+T-1S:T+ . . .,
(S1+Se+ . . )T 4T+ ... )=
S1T1+81Ta+S2T1+S2T>+ .
If M represents a matrix, and ¢ a constant or a variable,

the symbol ¢cM shall represent the matrix obtained by multi-
plying every element of M by c.
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134, Lemma 1. If Sy, ..., Sa are the different trans-
formations of a conjugate set of a transitive linear group G in n
variables, then the matrix

M=Sl+ « o o +S-

is commutative with every transformation of G and has the form of
a similarity-transformation (o, o, . . . ,a), where a=mx(S1)/n.

Proof. That M is commutative with any given transforma-
tion T of G is seen as follows. We have

TMT=T'$\T+T-18:T+ ... =51+S:4+ ... =M,

since T-1S51T, . . . , T-'SaT are the transformations Sy, . . . ,
Sm over again in some order. Hence MT=TM. Again,
that M has the form of a similarity-transformation can be
proved in several ways. We shall here give a very simple proof
based upon the proposition, following from Theorem 21: the n?
elements of each of the matrices of the transformations of G
do not satisfy a linear homogeneous equation whose coefficients
are the same for every transformation. Now, the condition
MT=TM is readily found to imply just such an equation,
unless M is in the form of a similarity-transformation (a, «,

R

Finally, to find the value of « we observe from the formation
of M that the sum of the elements of its principal diagonal,
na, equals the sum of the characteristics of Si, . . ., Sa.
But these are all equal (§ 89); hence na=mx(S1).

LemMma 2. If My, ..., M, are the matrices representing
each the sum of the matrices of a conjugate set of G, there being
h such sets, then

MM =caaM1+casMa+ . . . +caMy (S,t=1, 2 .. .,h),

where the coefficients cu1, . . . are positive integers or zero,
Proof. Let

M,=81+Sz . .. +Sg', M=Ri+Ro+ . .. +Rq‘,

then the g,g; matrices in the product M,M,=2XS\R, must make
up one or more conjugate sets, since

T MM)T=(TM,T)(T'M,T) =M.M,,
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Accordingly, this product is the sum of one or more of the
matrices M1, . . . , M,, possibly repeated a certain number
of times. Hence the lemma.

136. Theorem 20. Let the number of transformations in
the different conjugate sets of a transitive group G in n variables
be g1, g2, . . . , gn, and let the corresponding characteristics be
denoted by x1, X2, . . . , Xa (cf. §89). Then

(1) (’%)(%’-‘-)=ic.;,(‘%> (s, t=1,2, ..., h),

o=1
where cu1, . . . represent cerlain posilive inlegers or zero.

Proof. We substitute in the equation of Lemma 2 the
canonical forms of the matrices M1, . . . , M, as given by
Lemma 1, and obtain the equation (8, .,. . , B)=(y, . . . v),
where 8 has for value the left-hand member of (1), and v the
right-hand member.

EXERCISES
1. Selecting the % equations (1) obtained by keeping s fixed while taking
=1, 2, , h, prove that gexs/n is an algebraic integer (cf. § 116, 7°).

2. Prove that if Ss and S;~ ! are conjugate, then

> 9= S ai

i=1 1=
where the summation extends over a set of non-equivalent groups into
which the regular substitution group H breaks up; if Ss and S;~! are not
conjugate, the first sum vanishes.

(Prove that 2”"11;)(.,‘” 0 if Sy is not the identity; and that if it is, the
sum equals g. Prove also that if S5 and S;~! are conjugate, gy=g, and in
the right-hand member of (1) we shall then have csnn=gs. We assume
ny=x" to be the characteristic of the identity.)

CoroLLARY 1. The quantity gsx, equals the product of n by
the sum of a finite number of roots of unity.

This follows from the statement of Exercise (1) and § 116,
70

CorOLLARY 2. The number of variables n of a iransitive
linear group G is a factor of the order g.

Proof. The equation from Theorem 18 may be written

2 g=g1x1X1+g2x2xz+ . . . +HXaXae
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Now, since the sums and products of algebraic integers are
again algebraic integers, the quantity

ghXh —?2;,
n

8 _fugm Ees L4
n o n n

is an algebraic integer. It follows that g/, being a rational

number, must be an ordinary integer.

EXERCISE

3. Prove that if a transitive linear group G of order g in » variables
contains a subgroup of order f composed of similarity-transformations.
then g is divisible by fn (Schur).

(Prove first that if xs does not vanish, there will be f distinct conju-
gate sets for which the products gox.Xs in (2) have the same value.)

CorOLLARY 3. If a transitive linear group G in n variables
contains two characteristics X., x. such that the sum of the n* rools
in the product x:x; cannot be written as a sum in which primilive
roots of index k are absent, then there is in G a characteristic con-
taining roots of index k and therefore a transformation whose
order is k or a multiple of k.*

This follows from the equation (1). By the conditions
of the corollary, at least one of the characteristics x, of the
right-hand member must contain roots of index k. There is,
therefore, a transformation whose order is divisible by k. Tor,
the order m of a transformation S=(a, 8, . . .) is the lcast
common multiple of the indices of the roots «, 8, . . ., since
S*=(1,1,...)=C"6" ...).

To illustrate, let x,=—14+i+4+i and x;=a-+ta+a’, where
i=v'—1 and « is a primitive fifth root. Here x.x, or
4i0 42108 —2a—a?, cannot be written as a sum which is free
from roots of index 20 (ia, etc.) by Kronecker’s theorem (§ 110)

EXERCISE

4. Prove that if a group in # variables contains transformations of
orders p and g, two different prime numbers both greater than n+-1, then
the group contains a transformation of order py.

136. Theorem 21. Lelt G=(S1, Sz, . . . . Sy) be a tlransi-
tive linear group in m variables. Then the n* elements in the

* Burnside, Theory of Groups, second edition, p, 347.
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matrix y1S1+y2Se+ . . . +,5, (§133), considered as func-
tions of the g independent variables yi, . . . , ¥y, are linearly
independent.

Proof. 1°. When a square matrix M of #? elements is
transformed into a similar matrix M’ by means of a linear
transformation 7" in # variables:

T-‘MT=M', M=TM'T-1,

then the elements of M’ are linear functions of the clements
of M, and vice versa; the coefficients being functions of the
elements of . Hence, if the elements of M are linear functions
of certain independent variables, the elements of M’ will like-
wise be lincar functions of these variables; and, if among the
former just ! are found to be linearly independent, the same
will be the case with the elements of M'.

2°. Now consider a regular substitution group H of order
g written in the form of a linear group. As an example we take
the symmetric group on 3 letters, which may be written as a

regular group on 6 letters x1, . . . , a¢ as follows:
S1=the identity, Sz = (x122x3) (x4x5x6),
Sz = (xlx:ixz) (x4xcx5), Ss= (x1x4) (xgxe) (x3x5),

S5 — (2125) (x2x4) (x3%6), S = (¥126) (x225) (3%4).
The matrix v1S1+y2S2+ . . . +v6S6 is here
Yi Y2 Y3 Y4 Y5 Ve
Y3 Y1 Y2 Y5 Ve N4
Y2 ¥3 Y1 Yo Y4. Y5
Y4 Y5 Y6 N1 Y2 N3
Y5 Yo M4 Y3 Y1 )2
Yo Y& Y5 Y2 Y3 Y1)

New variables may be introduced in H so that this group takes
the intransitive form, namely

21 =1 +x2+x3+x4+25+%6, 2o =2%x1+X2+%3 — X4 —%X5—Xe,
23 =21 + w¥2 + wx3, 24 = %4+ x5+ wie,
25 = %4+ wx s+ wixs, 26 =%1+ w’x2+ wi3,
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where « is a primitive cube root of unity. When H is written
in the new form (we shall denote this by H’, and its transforma-

tions by §’1, . . . , S%), the matrix M will become
(A 0 0 0 00
0 BO O OO
W 0 0 C Do o
0 0 EF 0O
0 000CD
0 000 EF,
where

A=y1+y2+y3+ys+y5+7ye,
B=yi+y2+y3—ys—y5— e,
C=y1+w?y2+wys, D =94+ wys+w?ys,
E =y;+ o?y5+ wys, F =914 wy2+ w?ys.

Now, there is a transformation, T say, which transforms H
into H' (§88): T-15,T=5"1, etc. Therefore, since

T'nS1+ . - - +2%S)T=y81+ . . . +365%,
we have T-'MT=M’'. Hence, by 1° there are as many
linearly independent functions of i, . . . , y, among the ele-
ments A, B, C, D, E, F of M’ as among the elements of #f,
namely 6. It follows that 4, ..., F are all linearly inde-
pendent.

In the general case, H' breaks up into % non-equivalent
groups Gy, . . ., Gy, with G, repeated as an equivalent group
7, times, namely the number of its variables (§131, Cor. 2).
Correspondingly, the #n, component matrices involved in M’
will have the same elements. Hence, there will be at most
as many independent elements in M’ as are found ‘in a set of
non-equivalent groups, namely n.2+4n2+ ... +n2 But
this number is equal to g (§ 132, Ex. 3), the number of inde-
pendent elements (y;,. .., y) in M* Hence, by 1° all

* Each element of M will contain a single variable ;. This is proved easily

from the facts that H is a transitive substitution group and every one of its sub-
stitutions (except the identity) displaces all of the g letters,
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these 7,2+ . . . +m? elements are linearly independent, and
the theorem is proved.

EXERCISES

1. Prove that the n? elements of each of the matrices of the trans-
formations of G do not satisfy a linear homogeneous equation whose
coefficients are the same for every transformation (Burnside).

2. Prove that if a certain element gy vanishes in every transformation

S=|a.g] of a group G, the subscripts s, # being given, then G is not transitive
(Maschke).

137. Theorem 22. The number (k) of non-equivalent transitive
linear groups into which the regular substitution group H breaks
up (cf. §131) is equal to the total number of sets of comjugate
substitutions of H

The proof follows that of Theorem 21 closely, after we have
first made equal to each other those of the variables yy, . . . , ¥,
which are factors of conjugate transformations in the matrix
M. 1f, therefore, H contains % conjugate sets of respectively
g1, - - -, & transformations, we shall have % independent
variables, say v1, . . ., .

The matrix M’ now has the form of a transformation in
canonical form. Thus, the matrix M’ in the example given
in § 136, 2°, becomes M’'=(4, B, C, C, C, C), where

A=v142v2+43v3, B=v;+4+2v2—3v3, C=v1—0.

In general, let G; be any one of the groups into which H breaks
up, and xi, . . . , x» the characteristics of the various con-
jugate sets of G;. Then it follows by Lemma 1, § 134, that,
as far as the variables of G; are concerned, M’ will appear in
the form of a similarity-transformation (8, 6, . . . , 8),
where '

Br=(gvix1+gavaxe+ . . . +g0axa)/n.

If G, and G/, are equivalent groups, 8;=8";; and conversely
(§ 131). Hence, if Gy and G’; are non-equivalent, g;=g';.

Accordingly, among the g multipliers of M’ in its new form,
there will be just k that are distinct, and these can certainly
not furnish more than % expressions linearly independent in
o1, . . ., % On the other hand, the matrix M will contain
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just & linearly independent elements, namely v, . .., .
Hence by 1°, § 136, k2 &, and & of the multipliers, 81, . . . , &
are linearly independent, say Bi, B2, . .., B These k&
expressions can therefore not all vanish unless v;=v2= . . .
=1)).=0.

However, if 2> #h, the expressions 81, . . . , B, must all
vanish if for 1, . . . , o we put, respectively, the conjugate-
imaginaries of the characteristics x;, . . ., X, of the group
Gre1 (§131, Cor. 1). But these quantities, X1, . . . , X,
are not all zero (one of them represents the number of vari-
ables of Gu+1). We conclude that kXk. Hence, finally,
k=h.

EXERCISE
Prove that if S\, . . . , S, are the substitutions of the regular sub-
stitution group A, and xV, x(?, . .., x® the characteristics of the

transformations corresponding to S; in a set of non-equivalent groups
into which H breaks up, then these characteristics do not satisfy an equa-
tion

axfV+axi+ . .. +ax®=0

where the coefficients a,, . . . , @ are the same for all the g subscripts ¢.

138. Theorem 23. No simple group can be of order pogb,
p and q being different prime numbers.*

The proof is divided into two parts: 1°. If I is the regular
substitution group simply isomorphic with a group of order
g=7p°gb, assumed simple, then one of the non-equivalent transi-
tive linear groups Gi, . . . , G: into which H breaks up (§ 131)
contains ¢* variables, and one of the conjugate sets of H con-
tains p# transformations. 2°. Under these conditions an
impossible equation is obtained.

1°. The relation g=pag®=n2+n2+ . .. +m? (§132, Ex.
3) with the condition that the numbers #;, . . . , m are all
factors of g (§ 135, Cor. 2) and that only one of them is unity
(§ 132, Ex. 2) implies that at least one of them is greater than
unity and prime to p; say n,=¢*>1.

Again, the relation g=pegb=g1+g2+ . .. +g with the
condition that the numbers g;, . . . , gy are factors of g and

* Burnside, Procecdings of the London Mathkematical Society, 1904, p. 388,
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that only one of them is unity (as otherwise H would not be
simple; cf. § 24) implies in the same manner that one of them
is a power of p; say go=p8>1.

2°. We now have a transitive group G in n,=g¢* variables,
and a conjugate set of g,=p# transformations. Let S® denote
one of the transformations of this set, x® its characteristic,
and T the corresponding transformation (substitution) of H.
We have (§ 135, Cor. 1)

Pﬂ X(‘) =an ’

where N represents the sum of a finite number of roots of unity.
It follows that x® =¢*N’, N’ being such a sum also (§ 116, 7°).
But, x* is already thc sum of ¢~ roots of unity. Hence, either
all these roots are alike, or x®=0. The first supposition
makes S® a similarity-transformation, which would be self-
conjugate in G, This being impossible for a simple group,
we infer that x® =0; and this not only for the group G, but
also for every one among the groups Gy, . . . , Gx (and their
equivalent groups), the number of whose variables, like n,, does
not contain p as a factor. Hence, the sum of the characteristics
of the transformations corresponding to 7', from all these groups,
is of the form

mx®+ . 4mx® =1+pN"+¢xO+ . .. =14-PN”,

when account is taken of the fact that one of the numbers ni,
. , Mk, SAY my, is unity, and that the corresponding character-
istic x® =1.
However, this sum is equal to the characteristic x(7) in H,
being equal to the sum of the elements of the principal diagonal
of the matrix of T. Hence, since x(7') =0,

14+pN"" =0.

But such an equation is impossible by Kronecker’s theorem
(§ 116, 7°).

.
EXERCISE

Prove that a group in which the number of operators in a conjugate‘
set is the power of a prime number is not simple (Burnside).
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139. Theorem 24. A iramsitive substitution group of degree
n and class n—1 contains an invariant subgroup of degree and
class n.*

Proof. 1°. Let g be the order of G, and g’ =g/n the order
of that subgroup G’ of G whose substitutions leave fixed a
given letter. Again, let H represent the regular substitution
group simply isomorphic with G, and H’ the regular substitu-
tion group simply isomorphic with G’. The groups H and
H’ are of degrees g and g’ respectively.

Now let H be resolved into its component linear groups,
from which we select a set of non-equivalent groups H;, Ho,

., H:, the number of whose variables are respectively
nm=1, nz, ..., m. Similarly, let H’ be resolved into its
different linear groups, from which we select a set of non-
equivalent groups H'y, H'z, . . . , H';, in respectively n'1=1,
n's, . . ., n'y variables. The latter set and their equivalent
groups are all irreducible components of that subgroup of H
which corresponds to H’; they are, in fact, contained as irre-
ducible components in the subgroups of H,;, . . . , Hy (and
their equivalent groups) which correspond to G’ of G. Let us
suppose, for any subscript s <k, that the subgroup of H, which
corresponds to G’ of G breaks up into f;; groups equivalent to
H'y, fiz groups equivalent to H'z, etc. This division may be
exhibited clearly by the following equation:

| Hy |=faH y+foeH 2+ . . . +fuHh
Evidently, |H:|=H'y, so that
fu=1, fi2=0, ..., fu=0.
Moreover, (§ 132, Ex. 3),
n2+n2+ . .. +mP=g, ' 2+n'?+ ... +n2=y.

Again, if Ti(=the identity), Tz, . . . , Ty are the trans-
formations of | H, |, and x1.(=m), X2, . . . , Xy, their char-

* Frobenius, Stizungsberichle, ec., 1901, pp. 1223-1225,
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acteristics, while 61(=7'), 02, ..., 6, are the corre-
sponding characteristics of H’,, we have (6;;=1):

(3) Xa=fu+fizb2+ . . . +fuba.

2°. Assuming for the present that f,; =0 for a certain sub-
script s, the theorem is easily proved. If we denote by Jx
the sum of the » characteristics of H, corresponding to the
identity and to the substitutions of G of class #,* we have,
applying Cor. 2, § 128,

0= Zx-l—n ’rvzl Xes = 2x+n(—ns+ixu>
(=2 (=1
0,

=zx+n(—n,+fazi&2+ N +fuzea)
t=1 =1
=2x—7ms,
or
(4) Z)(=7mx.

Hence, there being # characteristics in Yx, and each being
the sum of #, roots of unity, the equation (4) can be true only
if each characteristic x is #,. But then the corresponding trans-
formation of II, must be the identity (1, 1, ..., 1); and
all such transformations correspond to an invariant subgroup
of G (cf. §132). This subgroup includes all the substitutions
of class # and possibly some more (though not all of G, by
virtue of the condition f;;=0). If it includes more, then this
new group, of order <g, may be chosen instead of G, and thus
we would, by a proof by induction, ultimately show the exist-
ence in G of a subgroup of degree and class #, which would
obviously be an invariant subgroup of the original group G.

* There are n—1 substitutions in G which permute all the letters; n(g’—1)
which permute all but one; and one (identity) which leaves them all fixed.

1 No two different subgroups of G of class #—1 can have a substitution in
common.
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3°. Going back to 1°, it remains for us to prove that at least
‘one of the numbers f21, fa1, . . ., fa1 is zero. To accom-
plish this we start with the following equations (which we shall
establish in 4°):
—o!
fa2tfa+ . .. H2=E28

72 1
§

4

(5) faifee+farfae+ . . . +fufk2=g7—§%'2,

/2

f22?+f322+ . . . +f322=gz_,2£n'22+1,
from which we derive
(fea—n'2f21)2+(faz—n'of31)%+ . . . +(fea—n'2fu1)?=1.

Now, since the terms in the left-hand member are positive
integers or zero, it follows that one of them is unity and the
rest zero; say

fee=n'ofa1£1, fao=n'ofs1, . . ., frie=n"2fn1.

Substituting in the second of the equations (5) and sub-
tracting #’; times the first gives us +f2; =0, what we set out
to prove.

4°. To prove (5), consider the sum

M =X X1101e+Xe1X21020+ . . . +Xo1Xp10p%
+ XozX 1201+ Xo2X2202+ .« . . +Xe2Xp20p4

+ XoeX 1601+ X X2x02F .« . . +XexXorOps (1<v=g).

Let there be &’ operators conjugate to T, in G’, and there will
be #'g/g’ conjugates to T, in G. Then, adding by columns,
we get (§ 135, Ex. 2)

M = h'(x'1701 + xo2§o2 + e o e +ka§9k) oﬂ = g'oﬂ'
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Again, substituting for X, from (3) and adding by lines we
have (§ 131, Cor. 1):

M= (XafutXeafut - . . +Xafe) (01014 0202+ . . . +0p0p%)
14
=D (nfutbafafut . . . +oufaln)g’.

=]

Hence, equating the two values of M obtained we get

(6) 0=Zfrlfn+0022fr2fn+ .. +0a(°'1+2fn2) .
+ ... +0d2fr{fn=Al+092A2+ R

say,where the summation extends fromr=1tor=k,and 1 <v<g’.
We can now prove the following equation:

(7) 0=Ai—g+0a(d2—gn's)+ . . . +0a(di—gn’) (1503g),
where

When v> 1 the equation reduces to the following by means of (6):
= —'q(l +n,2002+ . e e +n110.‘),

which is true, since the quantity in the parenthesis is the char-
acteristic corresponding to T, in the regular group H’ and is

therefore zero. If v=1, the right-hand member of (7) becomes
(cf. 1°)

Ay —q+n's(Ae—gn'2)+ . . . +n'(4,—gn)
=A1+n'3d2+ . . . +0di—q(l+n'22+ ... +0'P)

=z fu(frr+n'sfee+ o . . 0 fu) —n'i—qg

rml
.1

® = zl f,,n,-.g—,n'..

Now, 372} f.mr is the number of times the group H’, (or
equivalent groups) enters as a component of the subgroup | H |
of H. In this group, G’ will evidently be represented as an
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intransitive substitution group made up of g/g’ sets of intransi-
tivity, of g’ letters each. For each such set there are »’; groups
H's. Accordingly, X2 fum, =nig/g’.  Substituting in (8), the
quantity vanishes.

Having thus proved (7) for v=1,2, . . . , g/, we may apply
the proposition stated in the exercise, § 137, from which it
follows that every coefficient 4,—¢n’, must vanish. Equating
to zero the coefficients for p=1 and p=2, ¢=1 and ¢=2, the
equations (5) are finally obtained.



PART III*
APPLICATIONS OF FINITE GROUPS

CHAPTER XIV

THE GROUP OF AN ALGEBRAIC EQUATION FOR A GIVEN
DOMAIN

140. Introduction. The theory of substitutions and groups
of substitutions grew out of the investigations by Lagrange,
Ruffini and Abel of the question of the solvability by radicals
of the general algebraic equation of degree n. We shall answer
this question by means of the theory of Galois, which is appli-
cable to any algebraic equation, whether its coefficients are con-
stants or depend upon one or more variables. In the latter
case we must first give a definition of the roots of the equation
and the concept equality of two functions of the roots. Con-
sequently, we shall begin with the more concrete, and yet typi-
cal, case of numerical equations.

With a given equation we shall associate a certain group of
substitutions on its roots and shall prove that the equation
is solvable by radicals if and only if the group is solvable, i.e.,
if each of the factors of composition of the group is a prime
number. If we regard as known not merely the coefficients
of the given equation, but also certain constants, such as roots
of unity, the solution of our equation may be thereby simpli-
fied and the group altered. In fact, most of our concepts,
such as the irreducibility of the equation, its group, etc., depend
upon the constants regarded as known. In order to specify

* This part was written by L. E. Dickson.
279
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these constants briefly and clearly, we shall define and employ
the concept “ domain.”

After developing the essential principles of Galois’ theory
of algebraic equations, we shall apply the theory to various
problems in geometry; first to constructions by ruler and com-
passes, including the proof of the impossibility of certain con-
structions of intrinsic and historic interest; then to the inflexion
points on a plane cubic curve, the 27 straight lines on a cubic
surface, and the 28 bitangents to a quartic curve; finally, to
a general series of problems on contacts of curves.

141. Number Domains. The set of all rational functions
with rational coefficients of the complex (real or imaginary)
numbers ki, k2, . . . , km is called a domain and denoted by
R(ky, . . ., km). Hence if we perform any one of the four
rational operations (addition, subtraction, multiplication,
divison by a number not zero) upon any two equal or distinct
numbers of the domain, we obtain a number of the domain.

We assume that each &; is not zero. The domain contains
every rational number 7, since it contains rk;/k;. The domain
R(1) is the set of all rational numbers.

EXERCISES

1. Every number of R(7), where i?=—1, can be given the form a+bi,
where @ and b are rational. Every number of R(V/3) is of the form a +bv/3.

2. If o= —44+3v =3, then R(w)=R(V =3).

3. If §=i+V'2, R, V2)=R(¢). Hint: i—v2=—3/¢.

4. If % is the real cube root of 2, every number of R(k) can be given
the form a+bk+ck?, where a, b, ¢ aré rational.

142. Reducibility and Irreducibility. An integral rational
function f(x) of degree » of a variable x whose coefficients belong
to the domain R is said to be reducible in R if it can be expressed
as a product of integral rational functions of x each of degree
<n with coefficients in R: érreducible in R if no such factoriza-
tion is possible.

ExampLE 1. The function x2+1 is reducible in R(7) since it has the
factors x =i, but is irreducible in R(1) and in R(V2).

EXAMPLE 2. #x¢+1 is reducible in any domain which contains either
V2, or V=2, or i=V =1, or e=(1+44)/Vv2, but is irreducible in all other
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b
ratic factor is of one of the forms x?44, #?+ax+1 (a2= +2).

ExampLE 3. x%—2 is irreducible in R(1). For, if it were reducible,
it would have a linear factor x—a/b, where ¢ and b are relatively prime
integers, of which b may be taken to be positive. Then a?—2b3=0. If
b has a prime factor 8(8> 1), then g divides a? and hence divides a, whereas
a and b have no common factor 8. Thus b=1, a®=2. Hence the positive
integer a divides 2, so that a=1or 2, and a*=1 or 8, whereas a?=2. Hence
x3—2 is irreducible in R(1).

domains. Indeed, its linear factors are xe, x4=e—!; while every quad-

If f(x) is reducible in R, f(x) =0 is called a reducible equa-
tion in R; in the contrary case, an irreducible equation in R.

143. Irreducible Binomials. If p is a prime number and
if A is a number of a domain R, but A is not the pth power of a
number of R, then x*— A is irreducible in R.

The roots of 2? =4 may be denoted by

r, wr, W%, ..., WYy,

where « is an imaginary pth root of unity. Let there be a factor
with coefficients in R of x»—A4. It has a constant term of
the form o'/, where 0<¢<p. By the theory of numbers,
there exist integers b, ¢ such that b#—cp=1. Hence R contains

() = w2+l = Py ge =y e,

where 7’ is one of the above roots. Thus 7’ is in R, so that 4
is the pth power of a number ¢’ in R, contrary to hypothesis.

144. Theorem. Let the coefficients of the polynomials f(x)
and g(x) be numbers of a domain R and let f(x) be irreducible
in R. If one root o of f(x)=0 satisfies g(x) =0, every root of
f(x) =0 satisfies g(x) =0 and f(x) is a divisor of g(x) in R.

The greatest common divisor k(x) of f(x) and g(x) is not
a constant, since it has the factor x—a. The usual process for
finding A(x) involves only rational operations; hence its coef-
ficients are numbers of the domain R. Since f(x) is irreducible
in R, its divisor k(x), with coefficients in R, is of the same
degree as f(x), and hence equals ¢f(x), where ¢ is a number in
R. But h(x) divides g(x). Hence f(x) divides g(x) in R.
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EXERCISES

1. If x3+4-cx?+dx+e=0, where ¢, d and ¢ are integers, has a rational
root, that root is an integer. Hint: Let x=a/b, where a and b are relatively
prime integers, and multiply the equation obtained from the cubic equation
by b2

2. An integral root of the equation in Ex. 1 is a divisor of e. Hint:
It divides x3, cx? and dx.

3. #3—3x+1 is irreducible in R(1).

4. x3—Tx+7 is irreducible in R(1).

5. State and prove for equations of degree n the theorems correspond-
ing to those of Exs. 1, 2 for n=3.

6. x4+x3+x24x+1=0 is irreducible in R(1). Hints: It has no
rational root (Ex. 5). If it has the factors x*-f-ax+r, x2+bx 47—, where
a, b, r are rational, then

a+b=1, ab+r+r-'=1, ar-'4br=1.

Either a=3(1x=V5), b=3(1FV3), r=1;
or =—-:—, b=-—1—-, vitritritr41=0.
r+1 r+1

146. Functions with »! values. Let R be a given domain
which contains all of the coefficients of a given numerical
equation

(1) f@)=ar—cix* et — . .. +(=1)% =0,

which, without * real loss of generality, will be assumed to have
the distinct roots x1, . . . , xa. There exist integers m;, .
my such that

. .y

Vi=mixi4moxa+ . . . +maxn

gives rise to #n! numerically distinct functions V, when the
n! substitutions s on x1, . . . , ¥, are applied to it. For, if
s and s’ are different substitutions, V, and V. are not equal
identically as to mi, . .., m,. We can, however, choose
integers mi1, . . . , m, which satisfy no one of the n!(n!—1)/2
equations of the form V,=V,. In fact, mi=m; is the only
one of these equations involving only m; and m.. Give to
my any integral value (say 0) and to m: any integral value

* For, if it has a multiple root, f(x) and its derivative f’(x) have a greatest

common divisor g(x) with coefficients in R. Then f(x)/g(x) has its coefficients
in R, has no multiple root, and vanishes for each root of f(x)=0.
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#my (say 1). Consider the equations involving ms, but not
my (1>3); they determine certain values of m3; give to ms
any integral value distinct from the latter. Next we give
to m4 an integral value distinct from the values of my deter-
mined by the equations involving m4, but not me(i>4); etc.

For m,=0, m,=1, the values of m; to be avoided are *

1 1 A—1 A
0,1, \ 1=} -, —, —, ——
T "N 1=A2 A T a=1
where
x=x1-xz'
X1—X3

Thus x;-+mx; has six distinct values under the six substitutions
1, a=(xut), b=(xx;), c=(xaxs), d=(x2xs), e=X1x3%2),

if m is an integer distinct from the above eight numbers.
We shall often employ as an example the equation

2 xdtat4x+1=0,

with the roots = —1, ;y=i=v—1, 3= —i. Here A=1, so.that x, +maxs
is six-valued if m#0, 1, £, 144, $(1+7), and hence if m=—1. The six
distinct values of x,—x, are

V1=xz-—x1= l+1«, Vb=xz—xa=2i, V¢=x;—x1=1—-i,
V¢|=—V1, Va="’Vb, Ve="'Vc.

146. Galoisian Resolvents. The substitutions on %y, . . .,
% will be denoted by s1, . . ., s., where s; is the identity.
If s;se=s;, and we apply s; to V; and then sp to the resulting
function V,j, we get V,. When kis fixed, but j takes the values
1,2, ...,nl then ! takes the same values in some new order.
Hence s; merely permutes

V], Vg’, e ey Vz'“
amongst themselves. Thus the elementary symmetric func-
tions of these V’s are symmetric functions of x1, . . ., x,

* If one of the cross-ratios of four points is A, the others are 1—-2, etc. The
six transformations M=\, N=1=), ..., N=M(A—1) form a group. Cf,
Ex. 3, §6 and Ex. 7, § 87.
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and hence * are integral rational functions of my, . . . , my,
1, . . ., ¢a with integral coefficients, and therefore are num-
bers of the domain R. Thus the coefficients of the polynomlal
in V, given by the expansion of

3) FV)=(V-V)(V-V.) ... (V=V.),

are numbers of the domain R.

If F(V) is reducible in R, let G(V) be that irreducible
factor in R for which G(V,)=0. If F(V) is irreducible in R,
take G(V) to be F(V) itself. In either case, G(V)=0 is an
irreducible equation in R, having the root Vy; it is called a
Galoisian resolvent of equation (1) for the domain R.

The corresponding resolvent for equation (2) in R(1) is
CWV)=(V-V)(V=V)=V2-2V+2=0.
For the domain R(%), the resolvent is V—V,=0.

147. Theorem. Let ¢(x1, . . . , *a) be any rational integral
function, with coefficients in a domain R, of the roots of an equa-
tion with coefficients in R. Let s be any substitution on the roots
and let it replace ¢ by ¢s, and an n!-valued linear function V1,
with coefficients in R, by V,. Then

AV
F (VY

where \ is a polynomial with coefficients in R, while F’ is the
derivative of the polynomial (3) with coefficients in R, so that
F'(V)#0. Thus ¢, is the same rational function p(Vs) of V,
that ¢=¢1 is of V1.

If spse=s;, then sy replaces ¢, by ¢,. Thus s; permutes

4 ¢s=

é1, - - -, s, in the same manner that it permutes Vy, . . .,
V., (§ 146). Hence the terms of

F(V) F(V) F(V)
B MV =dipgrtéug 7. + . ey

* Several detailed proofs of this fundamental theorem on symmetric functions,
which is frequently applied below, are given in Dickson’s Elementary Theory of
Eauations.
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are merely permuted amongst themselves by any substitu-
tion on %1, . . . , 2s. Thus the coefficients of the polynomial
M(V) are rational integral symmetric functions of x;, . . ., x
with coefficients in the domain R, and hence equal numbers
of R. Taking V=V, we obtain \(V,)=¢F'(V,). Since
F'(V,) =0, we get (4).

ExampLE. Recurring to the special equation (2), we shall obtain
the explicit expressions (4) for the case ¢ =1x;, V,=x,—x,. Then

3 F(V)=Vt44V444V2 416,

() A(V)=F(V){ i T, £ S B }

V=V, V+V, V=V, V=V, V4+Vs V+V.
=—2V‘—-4V‘-—12V3—8V2—16V—-48,

as shown by inserting the values of 2, . . . , V. given at the end of § 145.
Hence

2V 3 —4V 4 —12V 3—8V 2 — 16V, — 48
6V E+16V.3 48V, ’

a=p(V)=—

In view of the theorem, we have

2=p(Va), %m=0(V3), m=p(Vo), x:=p(Va), t1=p(V).

These results may be verified by evaluating the expressions.

The numerator and denominator of the above fraction for x, may be
expressed as linear functions of V, by means of the relation V,2—2V,4+2=0
of § 146. We get

—48V1+32_(=3V,+2)(Vi42) _ —3Vi2—4Vi+4  —10V, 410
16V1—'64 (Vl""4)(Vl+2) V12‘2V|—8 —10

=V|“‘l.

While therefore x: is numerically cqual to V,—1 (each being 7), it is not
admissible to take this reduced function »(V,)=V,—1 as the function
»(V1) of the theorem, since it would no longer be true that, by applying
the substitution a= (xa2), we would have x,=r(V,). Indeed. if we apply
e to Vi—l=x,,—x—1, we obtain x;—x2—15€x,. The explanation is that
we should reduce the second member of the true relation x,=p(V,) by
means of V% +2V3+2=0; we thus obtain

—16V,—64

Vo) = =
»(Va) 6V, 164

2

which is the correct value of x1. Since V, satisfies the same quadratic
equation as V,, our first reduction yields also the true relation xy=V,—1.



286 GROUP OF AN ALGEBRAIC EQUATION [Cu. XIV

We therefore see why we obtain a true relation if we apply the substitu-
tion ¢ to the members of the reduced relation x:=V,~1, and why it would
be accidental if we obtained a true relation when we apply to x,=V,—
any substitution other than ¢ and the identity substitution. This example
brings us to the core of our subject and indicates the care which must be
taken in its development.

148. The Group of an Equation for a Domain R. Let the
roots of a Galoisian resolvent G(V) =0 of the given equation be

(6) Vi, Vo, Voo, . . ., ¥V,

in which the subscripts denote the substitutions on x1, . . . , 2,
by which these V’s are derived from V;. We shall prove the
THEOREM. The g substitutions

) 1,a,0,...,1

form a group G, called the group of the given equation (1) for
the domain R.

We are to prove that the product 7s of any two of the sub-
stitutions (7) is one of thosc substitutions. Take V, as the
function ¢ in § 147. Then

v}\(Vl) _m
F'(V )’ F'(Vy)

where \ is a polynomial with cocfficients in R. Since V, is a
root of G(V) =0,
V)
(7) -0

is satisfied when V' =V;. Multiplying the left member by the
gth power of F/(V), we obtain an integral function I(V) of V
which vanishes for V=V, and has numbers of R as coefficients.
Hence the root V, of the irreducible equation G(V)=0 in R
is a root of I(V)=0 (§ 144). Since F/(V,) %0, we may divide
I(V,) by the gth power of F/(V,) and get

0=G< 1?((1;/))> —G(V.).

Hence V,, is one of the functions (6) and rs one of the substi-
tutions (7).

Vr Vrs = (Vr)a =
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Exaumpre. For the domain of rational numbers, a Galoisian resolvent
of the cubic equation (2) was seen in § 146 to have the roots V, and V..
Hence the group of (2) for R(1) is {1, (xx:)}. But for the domain R(3),
a resolvent is V—V,=0 and the group is the identity.

149. Characteristic Properties of the Group G of a Given
Equation for a Domain R. Let ¢/¢ be the quotient of two
rational integral functions of the roots with coefficients in R,
such that ¢=0. We have (4) and

#(V:)
F(vy

where u is a polynomial with coefficients in R, and u(V1)#=O0.
If s is a substitution of G, then ,0. For, if u(V) =0 has the
root V,, it has also the root V; in common with the irreducible
Galoisian resolvent G(V) =0 (§ 144). Hence the functions

¢ _MV,)
Vs M(Vt)

are defined for each substitution s of the group G.

Suppose that these g functions are equal numerically, in
other words, that ¢/y is unaltered in value by all of the
substitutions of G. Then

AV | A (Va) QD)
v g[#(Vl) M(V¢)+ +M(Vl)}

The second member is a rational symmetric function, with
coefficients in R, of the roots (6) of G(V)=0 and hence equals
a rational function of its coefficients, WhJCh belong to R. Hence
¢/¥ equals a number in R.

A. If a rational function with coefficients in R of the rools
of an equation with coefficients in R remains unallered in value
by all of the substitutions of the group G of the equation for R.
it equals a number in R.

B. Conversely, if a rational function of the rools with coef-
ficients in R eyuals a number in R, it remains unaltered in value
by all of the substitutions of G.

It remains to prove B. Let ¢/¢ equal the number 7 in R.
Then N(V)/u(V)—r vanishes for V=V,. Hence the equation

V=

(s=1a,...,)
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AV)—ru(V)=0 with coefficients in R is satisfied by every
root V, of the irreducible equation G(V)=0 (§ 144). Hence

MV, _
#(Vs) ')

so that ¢/y is unaltered in value by the substitutions of G.

r (s=1,a,...,1D,

Exampre. Consider a cubic equation, like (2), with a rational root
x1 and no multiple root. By property B with x; as the rational function,
its group for any domain containing the coefficients has no substitution
other than 1 and (xx;). If the domain contains x; and hence also xs,
the group is the identity; this is the case with equation (2) for R({). In
the contrary case, there must, by property A, be a substitution altering
Z, so that the group is {1, (x:xs)}.

Since an n!-valued function V; with coefficients in a given
domain R can be chosen in an infinitude of ways, there are
infinitely many Galois resolvents G(V)=0. Our definition
of the group G of the given equation for the domain was based
upon a single such resolvent, i.e., upon a particular V. It
is a fundamental proposition that different functions V; always
lead to the same group G. This follows from the

THEOREM. The group of a given equation for a given
domain R is uniquely defined by properties A and B.

First, suppose that G'={1, &/, V', ..., m'} is a group
for which property A holds. Then the coefficients of

o) =V-V)(V=-V)(V=Vy) . . . (V=Vw),

being symmetric functions of Vy, ..., V,, are unaltered
numerically by the substitutions of G’ and hence equal num-
bers in R. Since the equation ¢(V)=0, with coefficients in
R, admits one root V; of the irreducible Galoisian resolvent
G(V)=0, it admits all of the roots (6) of the latter (§ 144).

Hence 1, a, . . . , I occur among the substitutions of G/, so
that G is a subgroup * of G'.
Second, suppose that I'={l, «, 8, ..., x} is a group

for which property B holds. Then the Galoisian function
* In Part III, a group is included among its subgroups,
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G(V,), being equal to the number zero in R, remains unaltered
in value by the substitutions , 8, . . . , x, so that

0=G(V)=G(Vy)= ... =G(V)).

Hence V,, . .., V, occur among the roots (6) of G(V)=0.
Thus T is a subgroup of G.

If G’=T, then G’ =G.

In view of its repeated application below, we state our
second result as the

COROLLARY. If every rational function of the roots with
coefficients in R which equals a quantity in R is unaltered in
value by every substitution of a group T, then T is a subgroup of
the group G for R of the equation.

160. Transitive Group. We shall make much use of the

THEOREM. [f an equation is irreducible in a domain R,
its group for R is transitive, and conversely.

Consider an equation f(x) =0 irreducible in R. Contrary
to the theorem, suppose that its group G for R is intransitive
and contains substitutions replacing x1 by x1, 2, .

.oy Am

) )
but none replacing x; by one of xmy1, . . ., 2s. Hence
every substitution of G permutes x1, . . . , x» amongst them-

selves and thus leaves unaltered any symmetric function of
them. Hence

g)=(@x—21)(x—x2) . . . (x—2xm)

has its coefficients in R, in view of property A. Thus f(x)
has the factor g(x) in R, contrary to its irreducibility in R.

To prove the converse, let G be transitive and the equation
f(*)=0 be reducible in R. Let the preceding function g(x)
be a factor of f(x), the coefficients of g(x) being in R and its
degree m being less than n. Since g(x:) equals the number
zero of R, it is unaltered by every substitution of G (property
B). Since G is transitive, g(x) =0 for i=1, ..., n. This
contradicts m <n.

ExampLE 1. Find the group G of x3—7x+7=0 for R(1).
The equation is irreducible (Ex. 4, § 144), so that G is transitive. It
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will therefore be the alternating group Gi={1, (zits2s), (#:2s2:)} if shown
not to be the symmetric group. The square of the function

(8) V= (%1—22) (X2 — %) (%3 — 1)

is the discriminant * 49 of our cubic, so that y equals a number +7
of the domain R(1). A transposition changes ¢ to —y and hence is not
in G (property B). Hence G=G,.

ExampLE 2. Find the group G of x¢+1=0 for R(1).

If z, . . ., % are the roots of x4+ax*+bx?+cx+d=0, then

N=2X+xX%, Yr=XXa+2a%,  Ys=X1X4+ 220
are the roots of the resolvent cubic equation
9) y'—by*+(ac—4d)y—a'd +4bd—c=0,

as shown T by finding yi+y:+9s, - . . , 13ys, or by Ferrari’s method
of solving the quartic equation. For x¢+1=0, (9) is y*—4y=0 and
has three distinct rational roots. Hence (by B), each substitution of
G leaves y,, 2 and y, formally unaltered. Now ¥, is unaltered only by the
substitutions of the group

(10) Gs={1, 12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
while y, is unaltered only by the substitutions of
(11) Gs={1, (13), (24), (13)(24), (12)(34), (14)(23), (1234), (1432)}.

The substitutions common to these groups form the group

L)

(12) G.=1{1, (12)(34), (13)(24), (14)(23)}.

By Ex. 2 of § 142, x4+1 is irreducible in R(1). Hence G=G..

ExaupLe 3. Find the group G of x*+x3+x?*+x+1=0 for R(1).

The roots may be denoted by x1=¢, x:=¢?, x;=¢4, 24=¢?, where ¢ is
an imaginary fifth root of unity. Then y,=2, while y;=e*+¢* and
y1=e4+e are the roots $(—1xV5) of y?+y—1=0, as may also be shown
by use of (9). Thus G is a subgroup of G’s, which leaves y, formally unal-
tered. But the substitutions (13), (24), (12)(34) and (14)(23) replace
x—x?, whose value is zero, by functions which are not zero. Hence
G is a subgroup of the cyclic group generated by (1234). Since the equa-
tion is irreducible in R(1), by Ex. 6, § 144, G is this cyclic group.

* For 23} px+-g=0, ¢3=—4p3—2742,
t Ci. Dickson’s Elementary Theory of Equations, p. 39, § 3.
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EXERCISES.
For the domain of rational numbers, find the group of
1. x3—1=0. 2. (x—=1)(x+1)(x—2)=0.

3. x*—9x4-9=0 [compute (8)]. 4. x*—2=0.

5. For the domain R(w), where « is an imaginary cube root of unity,
the group of x3—2=0 is of order 3. [Compute (8)].

6. For the domain R(i), the group of x*+1=0 is of order 2.

7. Find the group G of a reciprocal quartic equation

x4 +-ax®+-bx2+ax+1=0

for the domain R=Rf(a, b), when it is irreducible in R.

Hints: Choose the notation for the roots so that xix;=xx=1. Then
one root of the cubic (9) is y1=2; thus y: and y; are the roots $b—1 +VA4
of y2+(2—b)y+a?—2b=0, where A=(4b+1)?—a2 The three y’s are
distinct; for example, y:—y=(x1—x¢)(xs—x2). Hence G is a subgroup
of Gs, given by (10). Further, G is G, given by (12), if and only if V4
isin R.

By the usual substitution v=x+1/x, our quartic becomes v2+av+b—2
=0, whose roots are therefore x1+x; and x3+x. Its discriminant
B=ma?—4(b—2) is thus the square of {=x4+x—xs—x. Why is £20?
Now (1324), (14)(23) and (13)(24) replace ¢ by —¢, while the first four
substitutions in (10) leave ¢ unaltered. Again, y.—7y; is unaltered only
by the subgroup G of Gs, being changed in sign by the remaining four
substitutions of Gs. Hence #(ys—1vs) is unaltered only by the subgroup
C. generated by (1324). Hence G=C, if and only if VAB is in R.

If a transitive subgroup of Gs does not contain (1324) or its inverse
(1423), it contains (13)(24) and (14)(23), the only remaining substitutions
replacing x: by x; and «,, respectively, and hence is Gi. Thus if G is not
Cior Gy, it is Gs. It follows by formal logic that G=Gs if and only if
neither V4 nor VAB is in R.

8. If the quartic in Ex. 7 is reducible in R, it is the product of two fac-
tors x?+4px+r and x2+gx+1/r, where p, ¢, r are in R, and

1
p+a=a, Lirg=a, ri—+pg=b.

If r=1, p and ¢ are in R only when VB isin R. If r=~—1, then ¢=0
and V—=p—2 must be in R. If r*1, we may eliminate p and ¢ and
obtain for y=r+1/r the quadratic * in Ex. 7 with the roots ys, ys; thus R
must contain V4 and the square roots of (36—1+vA4)*—4, the latter
being the values of (r—1/r)*=y*—4 for y=y, y:. By Ex.7, AB»0 if
the four roots are distinct.

9. If a=b=0, then A=1, B=8, and x*+1 is irreducible in R(1), and

* Except for =0; then p=g¢=0, y=b.
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has thegroup G,. Ifa=b=1,then 4=5/4, B=5,and x¢+x3+22+x+1=0
is irreducible in R(1) and has the group C,.

Let f(x)=aw"+ax*~14. . . =0 be an equation with rational coef~
ficients, irreducible in the domain of rational numbers. Prove * Exs.
10-14:

10. If there is a complex root of absolute value unity, the equation
is a reciprocal equation of even degree.

11. If there is a root r+si, where 7 is rational, then # is even and the
n roots may be paired so that the sum of the two of any pair is 27, whence
r=—a,/(na,). In particular, if r=0, the equation involves only even
powers of x.

12. If there is an imaginary root a+4b: whose norm g?+5? is rational,
then » is even and the » roots can be paired so that the product of any two
of a pair is a24+b%

13. If there is a root whose absolute value p is rational, p can be
expressed in terms of the coefficients. (p"=a,/a,.)

14. If we set x=py in the equation in Ex. 13, we obtain a reciprocal
equation in y.

EqQuaTioNs WHOSE COEFFICIENTS INVOLVE VARIABLES, §§ 151-6

161. Definition of the Roots. We begin with the so-called general
equation (1) whose coefficients ¢1, . . . , ¢s are independent complex vari-
ables. Let Acy, . . ., ¢s) be its discriminant. Let a1, . .., @, and
Ay, . . ., An be any two sets of constant values of ¢, . . ., ¢, for which
A#0. We shall prove that the A’s can be derived from the a’s by con-
tinuous variation such that, for each intermediate set of values, A#0;
expressed in geometrical language, there is a continuous path from the
point (@) to the point (4) not passing through a point of the locus A=0.

We shall prove this by induction from n—1 to #, assuming that, if
P(cy, . . ., tn-1) is any polynomial in ¢, . . . , cn—1, zero neither at
(, ...,Ila-1) norat (L, ..., Ly_1), there is a continuous path from
() to (L) not passing through a point of the locus P=0. Neither of the
polynomials

A(C], v ey a1, an) A(Ch e ooyt Aﬂ)

is identically zero, since the first is not zero when each ¢;= gy, and the second
is not zero when each ¢g=A. Hence there are constants o for which

Alay <« « , an—y, an)#0, Alay, . . ., an—1, An)#=0.

Thus there is, by hypothesis, a continuous path from (a1, . . . , an—1, ap)
to (a1, . . . , an—1, Gn), Not passing through a point of P=A(c, . . . ,
¢n-1, @s) =0and composed only of points with ¢, = ax, and hence not passing

* Exs. 10, 11, 13 are due to Dr. A. J. Kempner.
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through a point of A(cy, . . . , Ga)=0. The equation A(wi, . . . , an—y, )
=0 in v has only a finite number of roots. Hence v can be varied contin-
uously from as to A, so that A(a, . . . , ap—1, 1)0 at each intermediate

point. The combination of our two paths gives a continuous path from
(a) to (a1, . . . , an—1, An) not passing through a point of A=0.
Similarly, there exist constants 8 for which

A(ﬁ!, IS ,Bn-:, n -1, An)¢0’ A(ﬂl, o v ey B’l—?, Aﬂ‘ly An)#O.

By hypothesis, there is a continuous path frem (a, . . . , an—1, 4,) to
(B, » - -, Bn-1, an—1, An), not passing through a point of A(c, . . . ,
tn-2, an—1, An)=0 ana composed of points with cy—1=an-1, ca=An, and
hence not passing through a point of Alc, . .., cu)=0. Evidently
there is a continuous path from our final point to E=(8,, . . . , fins,
Aqn-1, An) not passing through a point of A=0. We now have a continu-
ous path from (a) to E not passing through a point of A=0. Proceeding
in this manner, we finally get such a path from (a) to (4).

Let x° ..., x° be the n distinct roots of the equation with the
coefficients @, . . . , an. These roots receive increments as small in
absolute value as we please when a,, . . . , @, are given increments suf-
ficiently small in absolute value.* Hence if we proceed along our path
from (a) to (4), we obtain a definite codrdination of the roots 2"y, . . . , x's
of the equation having the coefficients 4,, . . . , A, with the initial values
%0 . .., 22" Thus the latter and definite paths radiating from (o)
lead to # functions x1, . . . ,#s 0f ¢1, . . ., ¢cn uniquely defined for every
set of ¢’s for which A0, and called the roots of the general equation (1).
In fact, for a particular set of ¢'s, the roots of the equation are the values
of the functions x5, . . . , x5 for those ¢’s. Our main investigation is the
comparison of a rational function of the roots with that derived by a
substitution on the roots; hence we shall not be interested in values of the
¢’s for which A=0, i.e., for which two or more roots become equal.

The same scheme defines a fortiori the roots of any equation whose
coefficients are functions of one or more variables. We retain only those
sets (4) which are sets of values of our present coefficients. The fact
that certain of the sets intermediate to (a) and (4) are not now values of
our coefficients does not disturb the cobrdination of the roots at (4) with
those at (¢). The scheme therefore assembles the root values into root
functions.

162. Function Domains, Equality, Group of an Equation.
Instead of a domain composed of constants, we now employ
a domain R(ki, . . ., kw) composed of all rational functions

* The roots are continuous functions of the coefficients. For a proof, see
Weber’s Algebra, vol. 1, 1895, p. 132.
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with rational coefficients of ki, . . . , ks, either all of which
are given functions, or certain of which are functions and the
others are constants. For example, R(V3, k) is composed of
all rational functions of the variable k& with coefficients of the
form a+b5V3, where ¢ and b are rational numbers.

Two polynomials ¢ and ¢ in the variables 21, . . ., o
with coefficients in R are called equal if they have the same
numerical value for every set of numerical values which v;,

<, W k1, ..., kn can assume. For example, if »; and
v2 are the roots of x2+kx+1=0, then v; +v2 = —kv,02.

The equality of two rational functions of v, . . ., o is
defined similarly, but with restriction to those sets of values
of the ¢’s and k’s for which each denominator is not zero.

If ¢ is derived from ¢ by a substitution s on vy, . . . , 5
and if ¢y=¢ in the present sense of equality, we shall say that
¢ is unaltered by s.

The definitions and theorems in §§ 142-4 concerning irre-
ducibility evidently hold for the present generalized domain
R. Each element (function) in R is conveniently called a quan-
tity in R.

Proceeding as in §§ 145-9, we see that an equation whose
coefficients ¢1, . . . , ¢» are any given functions or constants
has a definite group G for any given domain containing ¢,

. Ca

163. Group of the General Equation. Let the coefficients
€1, . . . , ca be independent complex variables. Let %, . .
x» be the roots in the sense of § 151.

LemMA. If a rational integral function Y(x1, . .., %)
of the roots with constant coefficients is zero for every set of values
of c1, . . . , cn, €ach coefficient of Y is zero.

We consider those sets of values of ¢, ¢, . . . , ¢y Which
are the values of the elementary symmetric functions Zv,
20192, . .., %1 ... of the independent variables 9,,
« .., U Foreach set of values of the v’s we therefore obtain
a set of values of x3, . . . , x, forming a permutation of the
v’s. Consider the product P of ¥(v1, . . . , va) by the func-
tions obtained from it by applying the various substitutions,

c 2
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other than identity, on v, . . . , 7. For every set of 7’s,
one factor of P is a value of ¥(x1, . . . , #:) and hence is zero.
Thus P is zero identically in the v’s. Hence some factor ¢ of
it is zero identically.

THEOREM. The group of the general equation for the domain
R defined by its coefficients and any chosen constants is the sym-
melric group.

The coefficients of its Galoisian resolvent G(V)=0 are
rational integral functions of ¢1, . . . , c» with constant coef-
ficients. Replace ¢i, . . . , ¢a by the elementary symmetric
functions of %1, . . . , 2. Then G(V) becomes a poly-
nomial P(V) whose coefficients are rational integral functions
of the x’s with constant coefficients. Let V;=Zm;, where
mi, . . ., my are distinct integers, be the function used in
constructing G(V). Then P(V,) is a rational integral func-
tion of the x’s with constant coefficients which is zero for every
set of values of the ¢’s. By the Lemma, P(V,) is zero identi-
cally in the #’s. The function derived from it by applying
any substitution s on the #’s is therefore zero identically in
the «’s. Since the coefficients of G(V) are unaltered by this
substitution, we get G(V,)=0. Hence every substitution s
occurs in the group of the equation.

EXERCISES

1. Prove the last theorem by showing that properties A and B in § 149
hold when G is the symmetric group. Note that if ¢=¢, for all values
of the ¢’s, then, by the Lemma, ¢=¢, identically in the ’s; if this is true
for every substitution s, ¢ is symmetric and hence is a rational function
with rational coefficients of ¢1, . . . , ¢» and the coefficients of ¢. Next,
if ¢(x1, . . . , ¥a) equals a rational function of the ¢'s and hence a rational
symmetric function y of the #’s, for every set of ¢’s, then ¢=y identically
in the x’s (Lemma), so that ¢ is symmetric, and property B holds.

2. If Gis the group of f(x, ¢)=a®—cix®~ 14 . .. Fcs=0 for the domain

R=R(c, ..., ¢ k1, . . ., k), where &, . . . , ki are constants, and
if ¢, . . ., c'n are values which ¢, . . ., G can take, then the group
G of f(x, ¢')=0 for R'=R(c", . . . , a, B, . . . , ki) is Gor a subgroup
of G.

Hint: If G(V, ¢)=0 is the Galoisian resolvent of f(x, ¢)=0 for R, the
group of f(x, ¢’)=0 for R’ is G or a subgroup according as G(V, ¢') is irre-
ducible or reducible in R’.
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3. Hence the group of the general cubic x'—cixt+cax—c=0 for
R(cy, ca, c3) is Ge, since that of x*—2=0 for R(1) is Gs.

4. For a and b independent variables, the group of xt+aa?+ba?+ax
+1=0is Gs.

5. The group of an irreducible quartic equation for a domain R is the
symmetric group if no one of the roots ¥, ;, ¥ of the resolvent cubic
equation (9) is in R, and if the product P of the differences of the y’s is
not in R.

Hints: Its group G is not (10) or (11), and not the group G”; leaving
¥: unaltered, nor their common subgroup (12), nor a cyclic group of order
four, necessarily contained in one of these groups of order eight. The only
remaining transitive groups are the alternating and symmetric groups,
§ 16. But G is not the former in view of P.

6. The group of an irreducible quartic for R is Gu if that of the resol-
vent cubic (9) is G,.

164. Rational Functions belonging to a Group. Let 1,

a,b, . .. ,kbeallof the substitutions of the group G of a given
equation for a given domain R which leave unaltered (in the
sense of § 152) a given rational function y(x1, . . . , 2,) of the

roots with coefficients in R. Since ¢ —ys has tne value zero,
we have Y»—ymp =0 by property B. Hence ympn=y¢ and ab
is in the set 1,a, . . ., k, which therefore forms a group H.
We shall say that y belongs to the subgroup H of G.

Exampre. Let x and x»=—2x: be two roots of x¢+1=0. The only
substitutions of its group (12) for R(1) which leave x;? unaltered are 1,
(12)(34). Hence they form the subgroup to which x:? belongs.

Conversely, let H be any given subgroup of G. Let V;
be any n!-valued function of the roots with coefficients in R,
and let V1, V,, . . ., Vi be the functions obtained from V,
by applying the substitutions of H. If p is a suitably chosen
number in R,

1I/E(p— V1)(p—'Va) L] (P"Vk)

is a rational function of the roots x; with coefficients in R which
belongs to H. For, if s be any substitution of H, then s, as,

., ks are distinct and are in A, and hence form a permuta-
tionof 1,a, . . ., B Thus ¢ equals

v=(-V)(p=Va) . .. (o= V).
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But, if 5 is a substitution of G not in H, then . is not identical
with ¢ as to the variable p, since V, is different from V;, V,,

.y Va. We may therefore choose an integer p such that
\(x belongs to H. This proves

THEOREM 1. Every rational fumction ¢ with coefficients
in R of the rools of an equation with the group G for the domain
R belongs to a definite subgroup of G. There exist such functions
¥ belonging to any assigned subgroup of G.

We next prove the important supplementary

THEOREM 2. If a rational function y, with coefficients in a
domain R, of the roots of an equation with the group G Jor R, be-
longs to a subgroup H of index v under G, then the substitutions
of G replace by exactly v distinct functions; they are the roots
of an equation

(13) g=0—v)ly—y2) . . . ()—¥)
with coefficients in R and irreducible in R.

Asin § 10, let
(14) G=H+Hg:+Hgs+ . .. +Hg,.
Let % be any substitution of H. Then

wha, = (‘ph)a‘ = (J/)V‘ = ‘pﬂ"
Thus ¢ takes at most » values under G. But, if
then Yoo =4, so that g,g,‘l is a substitution % of G leavmg ¥
unaltered and hence is in H. Then g =/hg, contrary to (14).
Thus ¢y, ¥, . . ., ¥, are distinct, where ¢ has been written
for y,,. They are called the conjugates to Y=y, under G.
Any substitution s of G merely permutes y,, . . ., ¢,

amoungst themselves. For, any product gis may be written in
the form kg where %4 is in H; then

(‘l’i)t = \‘/a‘a = 9/0'0, = %, =¥y

Hence the coefficients of (13) are unaltered by every sub-
stitution of G and therefore equal quantities in R.
If g(y) has a factor with coefficients in R, it has a factor
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v(y) which is zero for y=y; and hence (by B of §149) for
y=v2 ..., y=y,. Thus y=g, so that g(y) is irreducible
in R.

Exaumpre 1. The group G of x*+x?4x+1=0 for R(1) is {1, (xaxs)},
if 1=—1 denotes the real root. The conjugates to y,=x;—x under G
are ¥, and yy;=x;—x,; they are the roots of y2—2y4-2=0.

Exaumpie 2. The group G of x4+1=0 for R() is {1, (xxs)(xexs)} if
T1=¢, Lr=1le, X3=—¢, X=—1%¢, where e=(14i)/Vv2, so that e2=4i. The
conjugates 21 and x, to %, under G are the roots of y2—i=0, which is irre-
ducible in R(7), to which ¢ does not belong.

166. Galois’ Generalization of Lagrange’s Theorem. I f a
ralional function ¢, with coefficients in a domain R, of the roots
of an equation f(x) =0, with the group G for R, remains unaltered
by all those substitutions of G which leave unaltered another rational
Junction  of the roots with coefficients in R, then ¢ equals a rational
Junction of  with coefficients in R.

In case y is an n!-valued function V', the only substitution leaving y
unaltered is the identity, and this leaves any ¢ unaltered. For this case,
the theorem states that any rational function ¢ with coefficients in R
equals a rational function of V, with coefficients in R. This follows from
the like result in § 147 for the rational integral numerator and denominator
of ¢.

Let H be the subgroup of G of index » to which y belongs.
By means of (14), we obtain the » distinct conjugates ¢, . . . ,
¥, to y=y1 under G. Since every substitution % of H leaves
¢ unaltered, each product kg replaces ¢ by #=¢,. Any sub-
stitution s of G replaces ¥4 by a certain y, (end of § 154) and
likewise ¢y by ¢y. Thus, for g(y) defined by (13),

— b1 ¢2 b,
M=) (4 )

is an integral function of y each of whose coefficients is unaltered
by every substitution of G and hence is in R. Taking y;=y
as y, we get p=\(¥)+g ().

The theorem will be shown to be a generalization of

LAGRANGE’s THEOREM. If a rational function ¢ of the
independent variables x1, . . ., % remains unaltered by all
those substitutions on x1, . . . , x5 which leave unaliered another
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rational function ¥ of x1, . . ., %, then ¢ equals a rational
function of V and the elementary symmetric functions
c1=2x1, e ey =122 . . . Xn.
The group of the equation with the coefficients ¢y, . . . , ¢a

for the domain R, defined by ¢1, . . . , ¢s and given constants
k,, is the symmietric group. For, property A then states that
any symmetric function of #;, ..., ¥ with coefficients

rational in the &’s is in' R, and is the well-known theorem on
symmetric functions. Conversely, a function equal to a quan-
tity in R is symmetric.

EXAMPLE. y,=x%:+2% is unaltered by all of the substitutions 1,

(13), (24), (13)(24), which leave y=x+x3—x—2, unaltered. We see
that

=1 —at+da), a=2n, G=Dnm.

When a rational function of independent variables #;, . . . ,
¥n is unaltered by each substitution of a group H on the 2’s,
but is altered by every substitution not in H, it is said to belong
to the group H. We need not specify as in § 154 that H is a
subgroup of the group G of the equation with the x’s as roots,
since G is now the total symmetric group.

166. Effect on the Group by an Adjunction to the Domain.
Let G be the group of f(x) =0 for a domain R=R(k;, . . . , km)
containing the coefficients. Let R'=R(y, k1, . . . , km) be
the domain composed of the rational functions of y, k1, . . . ,
knm with rational coefficients. This enlarged domain R’ is said
to be derived from R by adjoining the quantity ¢. If the
irreducible Galoisian resolvent G(V)=0 for the initial domain
R remains irreducible in R’, the group of f(x)=0 for R’ is
evidently G. But if it reduces in R’, let G’'(V) be that factor
of G(V) which has its coefficients in R’, is irreducible in R’, and
vanishes for V=V,. Then if Vi, Vs, . . . , V, are the roots
of G'(V) =0, the group of f(x) =0 for R’ is G'={1,a, ..., &},
a subgroup of G. As a group is included among its subgroups,
we have

THEOREM 1. By an adjunction to the domain, the group
of an equation is reduced to a subgroup.
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ExaMprE 1. The group ot x3+x2+x+1=0 for R(1) is {1, (xaxs)} if
m=~1 is the rational root. By adjoining 7, we obtain the enlarged
domain R(Z), for which the group is the identity, since now also x;=1
and x3=—¢ are in the enlarged domain. The Galoisian resolvent
V2—2V +2 for R(1) has the factors V+i—1 in R(z).

ExampLE 2. The group of x¢+1=0 for R(1) is G, given by (12).
By Ex. 2 of § 154, the group for R(3) is Ga= {1, (x125)(%224)}, which is the
subgroup of G, to which i=x,2=1x2= —x,2= —2x,? belongs.

These examples illustrate also the important

THEOREM 2. By the adjunction of a rational function
V(®1, . . ., %) of the roots with coefficients in the initial domain
R, the group of the equation is reduced from G to the subgroup
H to which ¢ belongs.

It is to be shown that H has the characteristic properties
A and B (§ 149) of the group of the equation for the enlarged
domain R’. Any rational function ¢ of the roots with coef-
ficients in R’ equals a rational function ¢; of the roots with
coefficients in R.

First, let ¢ be unaltered by all the substitutions of H. By
§ 155, ¢1 (which is unaltered by H) is a rational function of
¥ with coefficients in R. Hence $1=¢ isin R’. Hence property
A holds for H and R'.

Second, let ¢ equal a quantity p in R’, namely, a rational
function p(y) with coefficients in R. Then ¢;—p(y) is a
rational function of x1, . . . , x, with coefficients in R having
the value zero, and hence is unaltered by every substitution
of G and, in particular, by the substitutions of H. The latter
leave p(y) unaltered and therefore also ¢ =¢. Hence property
B holds for H and R'.

EXERCISES

1. By the adjunction of V2, the group G; of x¢+1=0 for R(3) is reduced
to the identity Gi.

2. By the adjunction of an imaginary cube root « of unity, the group
Gs of x3—2=0 for R(1) is reduced to the cyclic group C;. Verify that
w=2/x, belongs to the group C;. By the further adjunction of V/2,
the group is reduced to the identity Gi.

3. Find the group of x¢+x?+x?+x+1=0 for R(V5).



CHAPTER XV

SUFFICIENT CONDITION THAT AN ALGEBRAIC EQUATION
BE SOLVABLE BY RADICALS

167. Solvability by Radicals. An algebraic equation is
said to be solvable by radicals if all of its roots can be derived
by addition, subtraction, multiplication, division, and extraction
of a pth root (where p has a finite number of positive integral
values), these operations being performed a finite number of
times upon the coefficients of the equation or upon quanti-
ties obtained from them by those operations.

For example, Cardan’s formulas (deduced in § 158) for the roots of
23+cix—c;=0 are A+B, wd +w?B, w4 +wB, where « is an imaginary
cube root of unity and

31 3,1 | Cx?
A='Jécs+\/;, B= Eﬁs—‘\/;, ’=';;+T;'s

A being any definite cube root of §Ca+\/f_.~and B being chosen so that
AB= —¢;/3. The radical in w=—4%+%Vv —3 is a square root of the num-
ber —3 which can be derived from the coeflicient of a* by rational opera-
tions.

In the above definition we permitted the use of the opera-
tion of finding one of the pth roots of a quantity previously
determined, but not the use of the operations of finding all of
the pth roots. The use of the latter operations would imply
a knowledge of all of the pth roots of unity, whereas we shall
prove that the pth roots of unity are expressible in terms of
v/ =1 and real radicals.

The solution of an equation solvable by radicals is often
accomplished by the use of a series of auxiliary equations, the
roots of any one of which can be found by rational operations

301
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and root extractions performed upon its coefficients as well as
upon the coefficients and roots of the preceding equations
of 'the series. In order to focus our attention upon a particular
equation of a series, and to have a general and hence simpler
phraseology, it is convenient to have the following generaliza-
tion of the above definition of solvability by radicals.

An equation with coefficients in a domain R(k1, . . . , km)
shall be said to be solvable by radicals relatively to R if all of
its roots can be derived by rational operations and root extrac-
tions performed upon %1, . . . , ks Or upon quantities obtained
from them by those operations.

For example, x13=21 js evidently solvable relatively to R(¢), where
e is a particular imaginary 13th root of unity.

While a quintic equation whose coefficients ¢;, . . . , ¢s are independent
variables will be shown to be not solvable by radicals, i.e., relatively to
R(cy, . . ., cs), it is solvable relatively to R'=R(x1, a1, . . . , ¢s), where
%1 is one root of the quintic (since its group for R’ is a solvable group of
order 24). We have merely shifted the difficulty to the determination
of the new domain R’. The benefit that may be gained by the use of R’
is merely one of phraseology.

158. Solution of a Cubic Equation. In
2B —c1x24cox—c3 =0,

let ¢1, c2, ¢s be independent variables. This general cubic
equation will be discussed from the group standpoint with
the aim of providing a concrete illustration of the general
theory which is to follow.

Let « be an imaginary cube root of unity. For the domain
R=R(w, c1, c2, c3), the group of the cubic equation is the
symmetric group Ge on the roots x1, x2, ¥3 (§153). To the
cyclic subgroup C3 belongs the function

8= (x1—x2)(x2—2x3)(x3 —x1).

By Theorem 2 of § 154, 5 is a root of a quadratic equation
with coefficients in R. In fact, the discriminant of the cubic
equation is

8 =c12co? +18c1¢2¢c3 — 4ca® — 43¢5 — 27¢32.
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For the domain R’ = (R, §), the group of the cubic equation
is the cyclic group Cs (§156). The substitution (x;xexs) of
Cs replaces the functions

V=x1+wr2+ w3, x=21+w?x2+ wxs,

with coefficients in R, by «?¢ and wx, respectively. Thus
the substitutions of C3 leave y3 and x® unaltered. Hence

(§ 155) the latter are rational functions, with coefficients in
R, of 5. We have

P+ =a=2c>—9c1c2+27c3, YP—x3=-3V —38,
Y =1(a—3V =35).

A cube root ¢ of the last quantity is adjoined to R’; the
group is thereby reduced to the identity group G; to which ¢
belongs. The roots x, are now in the enlarged domain (R, ¢).
From the expressions for ¢i, ¥, x, we find by multiplications

ni=taty+x), 22=iCi+e®¥+ox), xz=3(c1+wP+w?x).

Here x=(c12—3c2)/y. In brief, the above solution consists
in finding, by means of a quadratic equation, a function *
which belongs to Cs3, and then finding, by means of a binomial
cubic equation, the function ¢ which belongs to G;.

Taking ¢ =0, we obtain Cardan’s formulas (§ 157).

169. Resolvent Equations and their Groups. The auxiliary
quadratic and binomial cubic equations employed in the solu-
tion * of the general cubic equation are called resolvent equa-
tions of the latter. In general, let f(x) =0 be any given equa-
tion with coefficients in a given domain R, and let ¢ be a rational
function of its roots with coefficients in R. If ¥ belongs to a
subgroup H of index » under the group G of f(x)=0 for R,
we have seen (§ 154) that ¥ is a root of a resolvent equation
of degree » with coefficients in R. Suppose that we can solve
this resolvent equation relatively to R. By adjoining its
root ¢ to the domain R, we obtain a domain R,=(R, ¢) for
which the group of f(x)=0 is H. If repeated adjunctions
lead to a domain R, for which the group is the identity G,

* For brevity, we omit the words “ by radicals ” after *‘ solution * or “solve.”
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the roots of f(x) =0 will be in R, (property A of § 149). Hence
if such a series of resolvent equations can be constructed and
solved relatively to their domains, the given equation can be
solved relatively to R. Consequently, we shall discuss the
question of the solvability of a resolvent equation; to this end
we must find its group.

By use of (14) in § 154, we proved that ¢ is one of » conju-
gate functions under the group G:

(1) ‘P} ¢ﬂgy’ ‘pﬂv L ‘l’a,;
and that any substitution s of G replaces these by
(2) ‘l"; 'l’ﬂa"f’ ‘//a,s, ] '/’0,8’
which are merely the distinct functions (1) rearranged. Hence
to any substitution s of G on the letters %1, . . . , x, there
corresponds one definite substitution
1282 ---‘l’a>_<‘/’a>
3 a=( 1 v ) = 't
( ) Ve VYo . .. \(’0,8 wv,s

on the v letters (1). Similarly, to ¢ corresponds

()
Vo, Vo)’

since we may rearrange at will the letters in the upper line
in the two-rowed notation of a substitution. The product
or replaces ¥, by ¥« and hence corresponds to st.

THEOREM 1. The substitutions of G correspond to substitu-
tions (3) forming a group T.

The group T is transitive and isomorphic to G.

ExaMpPLE. Let G be the alternating group on the independent vari-
ables x;, . . ., x.. Now y=(x1—x2)(xs—x,) belongs formally to the
group G, given by (12) of § 150. We have

G=G+Gy(xsx3%4) +Gi(x224%s).
The indicated substitutions of period 3 replace ¢ by
Vi= (X1 —2) (04— %2),  Ya= (21— %) (B2 —23).
Since every substitution of G, leaves also y; and y; unaltered,

T={1, (V¥a¥s), (V¥ava)}.



§ 1500 RESOLVENT EQUATIONS AND THEIR GROUPS 305

The importance of the group T is due to
THEOREM 2. T is the group for R of the resolvent equation

(4) ) =(y—v1)(y—v2) . . . (3—¥)=0.

To prove that T has the characteristic properties A and B
of the group of (4) for R, note that any rational function
p(¥1, . . . , ¥) with coefficients in R equals a rational function
r(x1, . . . , %s) with coefficients in R:

(5) p(¥1, « o ., W) —r(x1, . . ., %) =0.

Since this difference equals a quantity in R, it is unaltered
by any substitution s of G on 1, . . ., %». Since s gives
rise to a substitution ¢ of ' on ¢1, . . . , ¥,, we have

(6) Pc(\bl, I ‘/’v)—rl(xh ey xﬂ)=0°

First, let p be unaltered by every substitution of T, so
that p=p,, for every ¢ in I'. Then, by (5) and (6), r.=r for
every s in G. Hence, by property A for the group G, r is in
the domain R. This proves property A for the group T

Next, let p be in R. Then, by (5),  is in R. Hence, by
property B for the group G, r=r. for every s in G. Then,
by (5) and (6), p=p, for every ¢ in I'. This proves property
B for the group T'.

EXERCISES

1. Since T is transitive, (4) is irreducible in R.

2. If G is the symmetric group on #,, . . . , %, the group I' on the
three y’s of Example 2, § 150, is the symmetric group of order 6.

3. If G is the symmetric group on xi, #1, %3, and ¢ is the alternating
function, I is of order 2.

The function y, belongs to the subgroup g~'Hg of G (§9).

Hence the » conjugate functions (1) belong to a complete set
of conjugate subgroups of G:

H’ gz—ng2> g3_ng3a e ey gf‘Hg»-

In case these groups are all identical, H is an invariant
subgroup of G. In this case, the substitution (3) is the identity
if s is in H, since s then leaves unaltered each y,; while any
substitution s of G and any product &s in which 4 is in H corre-
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spond to the same substitution (3) of I'. Hence, by (14) in § 154,
we obtain the » distinct substitutions of I' by taking those which
correspond to s=1, g2, . . ., g. We thus have

THEOREM 3. If H is an invariant subgroup of G of index
v, the group T is a transitive group of order v on v letters and hence
is regular.

CorOLLARY. If H is an invariant subgroup of G of prime
index v, then T is a regular cyclic group of order v.

This is illustrated by the above example.

Beginning with the group G of the given equation for the
given domain R, we can find a series of groups G, H, K, . . .,
G, terminating with the identity group G and such that each
is a maximal invariant subgroup of the preceding. If » is
the index of H under G, p the index of K under H, etc., the fac-
tors of composition of G are v, p, . . .

Construct a rational function ¢ of the roots with coef-
ficients in R such that y belongs to the subgroup H of G. Then
¥ is a root of an equation of degree » whose group T for R is
simply isomorphic with the simple quotient group G/H. After
the adjunction of the root ¢ to R, the group of the given equa-
tion begomes H for the domain (R, ¢).

Construct a rational function x of the roots with coef-
ficients in (R, ¥) such that x belongs to the subgroup K of H.
Then x is a root of an equation of degree p whose group for
(R, ) is simply isomorphic with the simple group H/K. After
the adjunction of x, the group of the given equation is K.
Finally, we adjoin a function belonging to G, and obtain a
domain containing %1, . . . , #,. We therefore have

THEOREM 4. The solution of an equation with the group
G for the domain R can be reduced to the solution of a series of
equations each with a simple regular group for the domain obtained
by adjoining to R a root of each of the earlier equations of the series.
If, in particular, G is a solvable group, each auxiliary equation
has a regular cyclic group of prime order.

160. Equations with a Regular Cyclic Group. To supple-
ment the last theorem we need the result that any equation with
a regular cyclic group of prime order p is solvable by radicals.
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We shall now prove this with the restriction that the domain con-
tains an imaginary pth root e of unity, This restriction will
be removed in § 164 by proving that ¢ can be found by root
extractions.

THEOREM. An equation, whose group G for a domain R
containing an imaginary pth root e of unity is a regular cyclic
group of prime order p, is solvable by radicals relatively to R.

Let xo, 1, . . . , ;-1 be the roots of the equation and let
G be generated by the substitution s=(xox1 . . . x,;). Then
s replaces the function

b=x0+ex +eZxo+ . . . FP VY,

with coefficients in R, by e %6. Let 6,=6”. Then 6, is
unaltered by s and is therefore in R. Thus 6 is one of the
pth roots V6, of a quantity in R. Also the sum of the roots
is given by a coefficient of our equation. Thus

xo+x1+%2 + ... Fxp-1=¢,
%o+ ex1+ €22 + .. e =V,
Xo+ €22, + etx + ... +€2("~Dxp—1= 692,

o+ @l + &P Vg + L. +€(’_D(’-Dxp_1 =9 Op-1.

Multiply these equations by 1, ¢, % ..., @D
respectively, add and apply

14é4+&4+ .. .+ D= =1, ..., p=1.

Dividing the resulting equation by p, we get Lagrange’s formulas
x,=%lc+e" J 014 ¥ / O2+4+ ... +e'("_l)"\,/9p-1}

(G=0,1,..., p=1).

Since the «’s are distinct by hypothesis, the ©’s are not
all zero. Thus a certain 6 is not zero. Since ¢ may be taken
as a new ¢, we may set 6;70. While the first radical may



308 EQUATIONS SOLVABLE BY RADICALS [Cu. XV

be chosen as any one of the pth roots of 6;, the remaining radi-
cals are then fully determined. We have

Ve,=(Ve,)- 6,67,

where the final factor is in R, being unaltered by s.

This proof is illustrated by the final work on the cubic
equation (§ 158).

161. Cyclotomic Equations. It remains to treat the equa-
tion
(7 2 14a?"24 .. 42+1=0
for the imaginary pth roots of unity, where p is an odd prime.
For p=35, the roots of (7) may be arranged in the order

2 3
e, €, &' =¢, &' =6.

For any prime p, it is shown in the theory of numbers that there
exists a primitive root g of p such that
1, g g, ...,87%
when divided by p, give in some order the remainders
1,23, ..., p—L.
Thus the roots of (7) may be written in the order

2 p—2
x1=¢ x2=¢, x3=€,..., Xp-1=¢€

Hence

(8) x2=21, x3=u2% ..., Xp-1=%%-2, X1=2%_1,

the last relation following from Fermat’s theorem that g»-!
is of the form 1+4%p, where k is an integer.
Consider any substitution s of the group G of (7) for R(1):

S___(x1 X2 X3 ... Xp-1

Xa X X ...% )

By (8) and property B of § 149, it follows that
Np=%xd, Xe=2", ..., Xa=xf.

But
xa+ 1= xa,’ etC.,

by (8). Hence
Xo=Xa+l, Xe=Xp+1, + + + , Xa=X41,
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provided the symbol x, be replaced by x;. Thus
b=a+1, c=b+1=0¢+2,... (modp-1),

s=(x1 X2 X3 o oo Xp-1 >’

Ya Yo+l Xa4+2 o o o Xagp-2

in which #4,-1 is to be replaced by x:. Hence s is the power
a—1 of (x1x2x3 . . . %,-1), so that G is a subgroup of the
cyclic group generated by that substitution.

After proving in § 163 by means of Gauss’ lemma that
equation (7) is irreducible in R(1), we shall know that G is
transitive (§ 150) and hence have the important

THEOREM. If p is an odd prime, the group for the domain
of rational numbers of the cyclotomic equation for the imaginary
pth roots of unity is a regular cyclic group of order p—1.

162. Gauss’ Lemma. If a polynomial f(x) with integral
coefficients, that of the highest power of x being unity, is the product
of two polynomials with rational coefficients,

o) =20 4 L. Abm, (@) =2t '+ . . . tea,
then these coefficients are integers.

Let the fractions b1, . . ., bs be brought to the least
positive common denominator By and set b;=f;/6o. Then
Bo, - . ., Bm have no common divisor exceeding unity. Sim-
ilarly, let cc=1~i/vo, where vo, . . . , va are integers with no
common divisor >1. Multiplying f= ¢y by Bovo, we get

(9) Bovof (x) = ¢1(x) - 1 (),

where

¢1=Fot™+B1x™ 4+ . . . +Bm, ¥1=7v2"+712" '+ . . .+

We shall assume that Sovo>1 and prove that a contradic-
tion results from this assumption. Let p be a prime divisor
of Boyvo. Since p divides each coefficient of the left member
of (9), it divides each coefficient of the product ¢1¢1. Let
B be the first coefficient in ¢:(x) which is not divisible by p;
let v: be the first v not divisible by p. The total coefficient
of a™+*=4=t in ¢,y is

o oo FBur2ve-2+Bir17e-1+Beva+Bi- 1Y+ 1+ Be-2ver 2+ . . .
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Since Bs-1, Bi-2, . . . and va-1, 72-2, . . . are divisible by p
and Byv: is not, and yet the preceding sum must be divisible
by p, we have a contradiction. Hence Bo=v0=1.

163. Irreducibility of the Cyclotomic Equation. To prove
that the function f(x), defined by the left member of (7), is
irreducible in the domain of rational numbers, it is sufficient
in view of Gauss’ lemma to show that f(x) is not the product
of two polynomials ¢(x) and ¥(x) with integral coefficients,
each having unity as the coefficient of the highest power of x.
Kronecker’s first proof of this fact is essentially as follows:
Suppose that such a factorization f(x) =¢(x)-¢(x) is possible.
Taking x=1, we get p=¢(1)-¢(1). Since p is a prime, one
of these integers, say ¢(1), has the value +1. Since the factor
¢(x) vanishes for at least one of the roots ¢, ¢, . .., &1
of f(x) =0, where ¢ is any one of the roots, we have

o(e)-p(e?) . . . ¢(e71)=0.
In other words, the function

Px)=¢(x) ¢ . .. o)

vanishes when # is replaced by any one of the roots of f(x) =0,
and hence has the factor f(x). Thus

P(x) =f(x)-q(=),

where ¢(x) is a polynomial with integral coefficients (§ 162,
or from the fact that the leading coefficient of the divisor f(x)
is unity).

Taking x=1, and noting that /(1) =p, we get

[o(D)P~* = (£1)?"'=p-q(1).

Since this is impossible, f(x) is irreducible in R(1).

164. Sufficient Condition for Solvability by Radicals. An
equation having a solvable group for the domain defined by
the coefficients is solvable by radicals. We shall prove the more
general ‘

THEOREM. An algebraic equation having a solvable group
for any domain R containing the coefficients is solvable by radicals
relatively to R.
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This will follow if proved for the case of a regular cyclic
group of prime order. Assuming the theorem for this case,
let f(x)=0 be an equation whose group for R has the prime
factors of composition », p, . . . As in the proof of Theorem
4 of § 159, there is a series of equations n(y) =0, r(x) =0, . . .
of prime degrees », p, . . . , the solution of which is equivalent
to the solution of f(x)=0. The group for R of n(y)=0 is a
regular cyclic group of prime order » so that this auxiliary
equation is solvable by radicals relatively to R. The coef-
ficients of 7(x) =0 are in the domain R’'=(R, ¢) and its group
for R’ is a regular cyclic group of prime order p, hence it is
solvable by radicals relatively to R’. In view of the earlier
result, this second auxiliary equation is solvable by radicals
relatively to R. A repetition of this argument shows that
f(x) =0 is solvable by radicals relatively to R.

It remains only to prove that an equation C(x) =0 having
a regular cyclic group G of prime order p for a domain R is
solvable by radicals relatively to R. This is true for p=2.
To proceed by induction, suppose that every equation having
a regular cyclic group of prime order <p for any domain D
is solvable by radicals relatively to D. As in the proof above,
this implies that the equation for the imaginary pth roots of
unity is solvable by radicals (i.e., relatively to the domain of
rational numbers). In fact, its group for that domain is a
regular cyclic group of order p—1 (§ 161), each of whose factors
of composition is a prime <p.

Adjoin to R an imaginary pth root ¢ of unity. The group
of C(x) =0 for (R, ) is either the initial cyclic group G or the
identity group. In the latter case, the roots are in (R, ¢)
and can be found from the quantities in R by rational opera-
tions and root extractions, since ¢ was shown to be derivable
from the rational number by those operations. In the former
case, C(x) =0 is solvable (§ 160) by radicals relatively to (R, €)
and hence, as before, relatively to R. Hence the induction is
complete.

CoOROLLARY. If p is an odd prime, the equation for the
P —1 imaginary pth roots of unity is solvable by radicals.
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The theorem implies that any cubic equation is solvable by
radicals, since its group for any domain containing the coeffi-
cients is solvable.

166. Solution of a Quartic Equation. Let the coefficients
in

¥t +ax®+ba®+cx+d=0

be independent variables, so that we have the general quartic
equation. Its group for the domain R=R(w, a, b, ¢, d), where
w?+w+1=0, is the symmetric group Gz4 on the roots 1, . . . ,
x4 (§153). It is a solvable group, having the factors of com-
position 2, 3, 2, 2. In view of the last theorem, the equation
is solvable by radicals. We shall give a solution which will
illustrate the developments of the general theory as presented
in the next chapter. Tn fact, we shall employ only binomial
resolvents.

To the invariant subgroup Gi2 composed of the even substi-
tutions belongs the function

8= (21 —2x2) (21 —3) (1 — x4) (X2~ 23) (X2 — 24) (X3 —24),
whose square equals * the discriminant of the quartic:
52 = 256(I° — 27J2),
b? bd 2 a*d  abc b®
I=¢-%42 g=2_c _220,0¢ 7
T/ 48 216

The group of the quartic equation is G132 for (R, é§). Employ
the notations of Example 2, § 150. To the invariant subgroup
G, of G12 belongs

o =y1+wy2+w?ys,

whose conjugates under G;2 are w¢ and «?¢. Thus ¢ is a root
of the resolvent cubic 22 —¢2®=0. To find ¢3, set

¥=y1+w?y2+wys.
Then

P —¢?=3(0—0?) (y1—y2) (y2—y3) (y3—y1) = —3(w0—0?)3,
P+ =2(y° +y2 +3°) +12y192y3 +3(w+ )y,
* Dickson, Elementary Theory of Equalions, p. 42, Ex. 7.
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where

v=12y2+y1y22 +¥1%y3 +y1y2 +y22y3 +y2y3.
B

ut
(Zyn>3=3v-+;6y1yzy3+ Zyl",
(29) (Zoy32) =v+3y13m3s
Thus

Pro=2( S0 -o(S) (S o) 42150
=203 —9b(ac — 4d) +27(c®+a2d — 4bd) = — 4327,
as seen from the y-cubic in the example referred to. Hence
=3 (w—w?)5—216 J.

After the adjunction of ¢, the group is Gs. Since 1, y2
and y3 are unaltered by G4, they are in the new domain (R,
8, ). To find them, note that

ov= y+(ote) D yiye= (D> ») =33 yiye=121,

yity2t+ys=b, yit+oyzte?ys=¢, yi+o?y2+owys =-1%{.

Hence

" =§(b+¢+l—?>, ¥2 =%<b+w2¢+1—2¢‘3{),

ya=%<b+w¢+

122] )

The square of ¢ty =x1+x2—x3—24 is .

<zx1) 2—4Zx1x2+4y1 =a%—4b+4y:.

Adjoining a root of
h2=a2—4b4+4y,
we obtain a domain (R, 3, ¢, #) for which the group of the

quartic equation is Gz={1, (x1x2)(x3x4)}. Adjoining also a
root l2=x1+x3 —x2—%x4 of

122 = 0% — 4b+4ys,
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we have a domain for which the group is the identity G, to
which therefore x;, . . . , x4 belong. To find them, note that

t2=0a%—4b+4ys, tz3=2x1+x4—2x2—23,

3 a? ab , a®\2
24,24.2 — 43 = ) =43P T
t1%ta%t3 4 H(b 1 y,) 4(6 2+8),

t=1

as shown by setting y=50—a2/4 in the cubic function in the

example referred to, which equals II(y—y,). To determine

the sign of the square root, take 1 =1, x,=0(g>1); thus
litats = —8c+4ab—ad.

Subject to this condition, the roots are given by
4x1=—a+h+tz2+t3, 4xe=—a+t1—t2—13,
4xz3=—a—1l;1-+12 —13, 4dxs=—a—1l—1lz+13.

The above solution can be modified indefinitely, since
there are infinitely many functions belonging to a given sub-

group of the equation. Moreover, we might employ other
subgroups of order 2 of G4 instead of Go.

EXERCISES

1. After reducing the group to G, adjoin =+/—1 and find the quad-
ratic equation for V=ux, —x; +ix;—ix:
V2= (21— 22) 2 — (23— £) 2 42 (1 — 22) (23— x4)
4ab—8c—a® 2 127
=hts+2i(yz—ya)=—q“““t—c—a—+§\/§(¢——;>

1
For W =x,—x2—1x3+1x4, we have
VW = (01— 2:) 1+ (23— 50) 2= D112 — 2y, = 02— 2h— 2y,
%, B=3{—a+bux(V+W)], x, xs=3[—a—t,+i(V-W)].

The theoretical interest of this solution is that it leads to a 24-valued
furiction ¥V by means of a chain of binominal resolvents.

2. After reducing the group to G:, we may find x: and 23 by solving a
quadratic equation with coefficients in (R, 8, ¢, 4):

£+ (@a—n)x+4y— (Yay—c)/h=0.

In terms of xi, 22 and the quantities known, we may find s, x:

X +xi=2x1422— 14, x.—x.-—-u.

X1—Xs



CHAPTER XVI

NECESSARY CONDITION THAT AN ALGEBRAIC EQUATION BE
SOLVABLE BY RADICALS

166. Galois’ Criterion. An algebraic equation is solvable by
radicals if and only if its group for the domain defined by the
coefficients is a solvable group

It is occasionally useful to employ the generalization:

An equation is solvable by radicals relatively to a domain R
containing the coefficients if and only if its group for R is solvable.

That the solvability of the group is a sufficient condition
for the solvability of the equation was proved in §164. We
shall now prove that it is a necessary condition. By hypoth-

esis the roots x1, . . ., xs of the equation can be derived
by rational operations and root extractions from quantities
in the domain R=R(ky, . . . , km) or from quantities obtained

from them by those operations. The index of each root ex.
traction may be assumed to be prime, since 2% =a is equivalent
to the pair of equations z2?=w, w*=a. If & 7, . . ., ¢ denote
the radicals which enter the expressions for x1, . . . , aa, the
solution may be exhibited by a series of binomial equations

) =Ly, ... km), =M k1, . . . km), ...,
‘l"’:S(' s ey M ¢ kl’ s e ey km)
of prime degrees \, u, . . . , o, together with equations which
express X1, . . . , s rationally in termsof ¢, . . . , ¢, k1, . .,
kn. Here L, ..., S are rational functions with rational

coefficients of their arguments.
Consider, therefore, a binomial equation of prime degree

(2) a?—A =0,
315
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where 4 is in the domain R. Let ¢ be an imaginary pth root
of unity. If one root r of (2) belongs to the domain R’ =(R, o,
all of the remaining roots e, e, . . . , &=l belong to R’
and the group of (2) for R’ is the identity. In the contrary
case, 4 is not the pth power of a quantity in R’, and (2) is irre-
ducible in R’ (§ 143). The notation of the roots can be chosen
so that

Xe=€X1, X3=€X2, . . ., Xp=€&Xp-1, %X1=e€Xp.

By an argument like that of § 161 with p—1 replaced by p,
we see that the group of (2) for R’ is a subgroup of the cyclic
group generated by (xixexs . . . 2,). Since (2) is now irre-
ducible in R’, its group is transitive and hence of order 2 p.

For a domain containing A and an imaginary pth root of unity,
the group of the binomial equation (2) of prime degree p is the
identity group if any root is in the domain, butis a regular cyclic
group of order p if no root is in the domain. For examples, see
§ 150.

Any one of the binomial equations (1) of prime degree p is
equivalent to a series of equations each having a regular cyclic
group of prime order for a certain domain. We include in the
series the equations having regular cyclic groups of prime
orders dividing p—1, which together serve to determine an
imaginary pth root e of unity (§161, Theorem 4 of §159).
After the adjunction of ¢, the group of the binomial equation
was just proved to be either the identity group or a regular
cyclic group of order p. In the former case, the desired series
of equations is the one previously defined; in the latter case,
that series together with the given binomial equation. Thus
the set of binomial equations (1) is equivalent to a series of
equations of prime degrees, each having a regular cyclic group
for the domain symbolized in the same line:

¢(y; kl, e ey km)=0, R=R(kl; v ey km);
¥(z; 9, by, ... ) =0, (v, R);

0(w; . . .2, 9, ki, ...)=0, (...3% 9 R).
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Each of these equations is solvable by radicals relatively to
the corresponding domain (§ 164). Adjoin one root y of ¢=0
to R; the group is now a subgroup H of the initial group G,
including the possibility that H=G (§ 156). Solve ¢ =0 and
adjoin one root z to the domain (y, R); the group is now a
subgroup of H. Proceeding in this manner, we finally reach
the domain (w, . . . , 2, y, R) containing each root x, of the
proposed equation, whose group is therefore now the identity
group Gi.

The theorem of Galois states that, by each of these adjunc-
tions, the group of the proposed equation is either not reduced
at all or else is reduced to an invariant subgroup of prime
index. This theorem will be derived as a corollary in the next
section from a theorem of which other important applications
will be made later on. Hence the distinct groups G, H, . . . ,
G1, obtained by the successive adjunctions, form a series of
composition of G with only prime factors of composition. Thus
G is a solvable group. We therefore have Galois’ criterion
for the solvability of an equation.

For n>4, the factors of composition of the symmetric
group on 7 letters (§ 17) are 2 and 3n!, the latter of which is
not prime. By §153 the group of the general equation of
degree #, i.e., one whose coefficients ¢1, . . . , ¢ are independent
complex variables, is the symmetric group when the domain
is that defined by c;, . . . , ¢y and a finite number of constants.
We therefore have the

THEOREM. The general equation of degree n> 4 is not solvable
by radicals.® Moreover, its roots cannot be found by rational
operations and rool extractions performed upon the coefficients
and any constants, finite in number, or upon quantities obtained
from them by those operations.

167. Theorems of Galois, Jordan and Hglder. Of prime
importance is

JorpaN’s THEOREM.T Let the group G for a domain R of

* Ruffini, Teoria genercle delle equazioni. . . , Bologna, 1799. N. H. Abel,

(Euvres, vol. 1, 1881, pp. 66-94.
t Jordan, Traité des substitutions, p. 268-9.
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an algebraic equation Fi(x) =0 be reduced to G'y by the adjunc-
tion of all of the roots of a second equation Fa(x) =0, and let the
group Gz for R of the second equation be reduced to G’z by the
adjunction of all of the roots of the first equation. Then G’y and
G’2 are invariant subgroups of G, and Ge, respectively, of equal
indices, and * the quotient-groups G1/G’y and G2/G’2 are simply
isomor phic.

By § 154 there exists a rational function y,; with coefficients
in R of the roots &, . . .-, & of the first equation, such that
¥1 belongs to the subgroup G’; of G;. Since the adjunction
of the roots 71, . . ., 7m of the second equation reduces G; to
G'1, property A of G’y (§ 149) shows that ¢, lies in the enlarged
domain:

(3) \01(51, v e ey En)=¢l(771y c e ey ")m),

where ¢; 1s a rational function with coefficients in R.

Let y1, ¢2, . . ., ya denote all of the numerically distinct
values which ¢, can take under the substitutions (on £, . . .
%) of Gi. Then G’y is of index & under G, (§ 154, Theorem 2).
Let ¢1, . . ., ¢ denote all of the numerically distinct values
which ¢; can take under the substitutions (on 71, . . . , 7m)
of G2. The k quantities y are the roots of an equation irre-
ducible in R; likewise for the ! quantities ¢. Since these two
irreducible equations have a common root y;=¢;, they are
identical (§ 144). Hence the ¢’s coincide in some order with
the ¢’s; in particular £ =1.

If s is a substitution of Gi which replaces ¥1 by ¥, then
s, transforms the group G’y of ¢; into the group of ¥4 of the
same order as G';. Since ¥ equals a ¢, it is in the domain
R'=(R, 71, . - ., 7») and hence is unaltered by the substi-
tutions of the group G’; of Fi(x) =0 for that domain R’ (§ 149,
property B). Hence the group of ¥4 contains all of the sub-
stitutions of G’1 and, being of the same order, is identical with
G'y. Thus Gy is invariant in G,. The group for R of the
irreducible equation satisfied by ¢: is therefore the quotient
group G1/G’y (§ 159).

* This supplement and the proof here employed are due to Holder, Maihe-
malische Annalen, vol. 34, (1889), p. 47.
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Let H; be the subgroup of Gz to which ¢1(71, . . . , 7m)
belongs. Since ¢ is a root of an equation of degree =% irre-
ducible in R, the group H: is of index % under G;. By the
adjunction of ¢, i.e., of Y1 by (3), the group Gz of Fa(x)=0
for R is reduced to Hz (§156, Theorem 2). If not merely
vi(&1, . . ., &), but all of the #s themselves be adjoined, the
group G2 reduces perhaps further to a subgroup of H.. Hence
G’z is contained in H;. We thus have the preliminary result:
If the group of Fi(x)=0 reduces to a subgroup of index £ on
adjoining all of the roots of F(x) =0, then the group of Fa(x) =0
reduces to a subgroup of index ki, k1 2 k, on adjoining all of the
roots of F;(x)=0.

Interchanging F; and F: in the preceding statement, we
obtain the result: If the group of F2(x) =0 reduces to a subgroup
of index %, on adjoining all the roots of F,(x) =0, then the group
of F1(x) =0 reduces to a subgroup of index k2, k32 k;, on ad-
joining all the roots of Fa(x)=0. Since the hypothesis for the
second statement is identical with the conclusion for the first
statement, it follows that

k2=k, kl;k, k2;kl’

so that k1 =k. Hence the group G’ of the theorem is identical
with the group H; of all of the substitutions in Gz which leave
¢1 unaltered. For the same reason that G'; is invariant in G,
it now follows that G’z is invariant in G2. The equation irre-
ducible in R and satisfied by ¢; has as its group the quotient-
group G2/G'».

Since the two irreducible equations in R satisfied by ¢
and ¢, respectively, were shown to be identical, their groups
G1/G’1 and G2/G'; differ only in the notations employed for the
letters on which they operate, and hence are simply isomorphic.

We shall derive as a corollary

Gavrois’ THEOREM. By the adjunction of any one root of an
equation F2(x) =0 whose group for R is a regular cyclic group of
prime order p, the group for R of the equation Fi(x) =0 either
is not reduced at all or else is reduced to an invariant subgroup of
index p. :
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In fact, by adjoining one root x: of Fz(x)=0, we adjoin
all of its roots, since each is a rational function of x; with coef-
ficients in R (§ 155). For, the identity is the only substitution
of the group for R of F2(x)=0 which leaves x; numerically
unaltered.

We shall statc certain results not presupposed in what follows. A
brief argument (cf. Dickson’s Theory of Algebraic Equations, 1903, p. 83)
now leads to Abel’s theorem: The roots of an equation solvable by radicals
can be given such a form that each of the radicals occurring in the expres-
sions for the roots are expressible rationally in terms of the roots of the
equation and certain roots of unity. This was proved by Abel by a long
algebraic discussion without the aid of groups and employed in his proof
of the impossibility * of solving by radicals the general equation of degree
n2b5.

For a domain R an irreducible equation of prime degree whose roots
are all rational functions of two of the roots with coefficients in R is called
a Galoisian equation. Galois proved that it is solvable by radicals and that
every irreducible equation of prime degree which is solvable by radicals
is a Galoisian equation. For a detailed exposition with illustrative exam-
ples, see Dickson’s Theory of Algebraic Equations, 1903, pp. 87-93.

A cubic equation having three real roots cannot 1 be solved by real
radicals (the ‘ irreducible case ).

* Cited in §166. Cf. Serret, Cours d’Algébre supérioure, ed. 4, vol. 2, pp.
497-517.

1 H. Weber, Algebra, ed. 2, 1898, vol. 1, 657; Kleines Lehrbuch der Algebra,
1912, p. 381.



CHAPTER XVII
CONSTRUCTIONS WITH RULER AND COMPASSES

168. Some Celebrated Problems of Greek Origin. In the
Delian problem of the duplication of a cube, we are given the
length s of an edge of a cube and seek to construct by ruler
and compasses the edge x of a cube whose volume is double
that of the first cube. For this problem, as well as for the
problem of the trisection of an arbitrary angle, and for the
problem of the construction of a regular polygon of 7 or 9
sides, the ancients sought in vain for constructions by ruler
and compasses. The impossibility of these constructions
was proved only in recent times. To the analytic methods
employed in the proof of this impossibility is due also the
discovery of new constructions, such as that for the regular
polygon of 17 sides, the constructibility of which was not sus-
pected during the twenty centuries from Euclid to Gauss.

169. Analytic Criterion for Constructibility by Ruler and
Compasses. The first step in our treatment of the problems
mentioned in § 168 is their analytic formulation. In the
Delian problem, we are led at once to the equation x3=2s3.
Next, if angle 120° could be trisected or if a regular polygon
of 9 sides could be constructed by ruler and compasses, angle
40° could be constructed and hence cos 40°. In the identity

cos 34 =4 cos® A—3 cos 4,
take A =40°. Since cos 120° = —1, we get

4 cos8 40° —3 cos 40°+3 =0.
Multiply by 2 and set x =2 cos 40°; thus

(1) 2B —3x+1=0.
321
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In this problem and the Delian problem, we are given the
coefficients of a cubic equatfon and ask whether or not a line
whose length is a root x can be constructed by ruler and com-
passes. We shall first prove that an affirmative or negative
answer is to be given according as x can or cannot be derived
from the coefficients by rational operations and extractions
of real square roots.

For any proposed construction we are concerned with
certain numbers, some expressing lengths, areas, etc., others
being the codrdinates of points, and still others being the coef-
ficients of equations of straight lines or circles referred to rect-
angular axes. We shall establish the

CRITERION. A4 proposed construction by ruler and compasses
is possible if and only if the numbers which define analytically
the desired geometrical elements can be derived from those defining
the given elements by rational operations and extractions of real
square roots performed a finite number of times.

First, let the construction be possible. The straight lines
and circles drawn in making the construction can be located
by means of points either initially given or obtained as the
intersections of straight lines and circles. The codrdinates of
the intersection of two intersecting lines are evidently rational
functions of the coefficients of the equations of the lines. If
the straight line y =mx+b intersects the circle

(@—pP+(y—g)?=r

the codrdinates of the points of intersection are found by elim-
inating y, solving the resulting quadratic for x, and inserting
the roots x into y=mx+b. Hence the coordinates are found
from m, b, p, g, r by rational operations and the extraction of
a single real square root. Finally, two intersecting circles cross
at the intersections of one of them with their common chord,
so that this case reduces to the preceding.

That the criterion gives also a sufficient condition for con-
structibility is shown by the facts that the sum or difference
of two segments of straight lines can be found by use of com-
passes, that p=ab can be found by constructing pin1:a=b:p
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by use of parallels, and similarly g=¢/bin1:b=gq : a. Finally,
if # is a positive number, vz can be constructed by the use of
a semicircle of diameter 1+# and a perpendicular at the point
separating the segments of lengths 1, n.

170. Trisection of an Angle. To prove that it is impossible
to trisect an arbitrary angle by ruler and compasses, it suffices
to prove that angle 120° cannot be trisected. We saw that
2 cos 40° is a root of (1). In the domain of rational numbers,
Eq. (1) is irreducible (§ 144, Ex. 3) and has the discriminant
81; hence its group is of order 3. By the adjunction of a square
root, the group is either not reduced at all or is reduced to a
invariant subgroup of index 2 (§ 167, Galois’ Theorem). Hence
no such reduction is possible in the present case. If therefore
the cubic had a constructible root, its adjunction would cause
no reduction of the group, whereas the adjunction of any root
reduces the group to the identity.

171. Duplication of a Cube. If an edge of the cube be taken
as the unit of length, the edge of the desired cube is a root of

¥’ =2,

For the domain of rational numbers this irreducible equation
has as its group the symmetric group Gs. The adjunction of
any root reduces it to a group of index 3. Hence no root can
be found by extractions of square roots.

172. Regular Polygons. The construction of a regular
polygon of # sides by ruler and compasses is equivalent to that
of angle 2r/n and hence of a line of length cos 2r/n. The
irreducible equation with rational coefficients satisfied by the
latter number is much more difficult to form and treat than that

with the root
(2 ¥ =Cos g +1 sin -21,
n n

where i=v/—1. In view De Moivre’s theorem, r is an nth
root of unity. Moreover,

1 2r . . 2r 1 2r
~=cos ——tsin—, r+-=2cos—.
r ” n r n
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Hence if 7 can be expressed in terms of 7 and real square roots,
cos 2r/n can be expressed in terms of real square roots. The
converse is seen to be true by an inspection of (2), since the
sine can be found frem the cosine by a real square root. Hence
a regular n-gon can be constructed by ruler and compasses if
and only if the nth root (2) of unity can be found by the ex-
traction of square roots, all except the last one of which is real.

If z is an odd prime p, r is a root of an equation of degree
p—1 irreducible in the domain R of all rational numbers and
having as its group for R a regular cyclic group C of order
p—1 (§§161-3). The adjunction of any root reduces C to
the identity. If a regular p-gon can be constructed, the ad-
junction of the root r is equivalent to that of several square
roots, the adjunction of each of which causes either no reduction
in the group or a reduction to a subgroup of index 2. Hence
a regular p-gon can be constructed by ruler and compasses
if and only if p—1is a power 2* of 2. But if k=fg, where f
is odd, then 2*+1 has the factor 24-1. Hence a prime of the
form 2441 is of the form

(3) 22 41,

For t=0, 1, 2, 3, 4, the corresponding numbers are 3, 5, 17,
257, 65537, and are all primes. But for =5,6,7, 8, 9, 11, 12,
etc., the number is known to be not prime.

Next, let n=ab, where a and b are relatively prime integers
>1. If a regular a-gon and a regular b-gon can be constructed
by ruler and compasses, the same is true of a regular n-gon.
For, multiples of the angles 2r/a and 2r/b can then be con-
structed and hence also the sum of these multiples. Since
there exist integers ¢ and d such that ca+db=1, the angle

2r 2xn

27
dTl-‘l'C —b——:l_b

27
(db+ca) ==
and therefore also the ab-gon, can be constructed. Conversely,
from the latter we obtain a regular a-gon by using the 1st,
(d+1)th, (2b+1)th, . . ., [(a—1)b+1]th vertices. Hence if
n=p'¢ ..., where p, ¢, . . . are distinct primes, a regular
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n-gon can be constructed if and only if a regular ¢’-gon, ¢*-gon,
. can be constructed. A 2'-gon can be constructed by
repeated bisections of 180°.
It therefore remains only to discuss the regular p*-gon,
where p is an odd prime. By De Moivre’s theorem,

20 . . 27
p=C0S — 41 sin —,
? r
is a root of 2*' =1, but not of 2 = 1, and hence is a root of
4 x,p_l_ Hp—-1) l(ﬂ—2)+ 24+1=0 — p—-1
( ) —x—.;-—:l-'zx +x o .. + + - (t—P ).
Since p?, p?, . . . , p'? give the ¢ roots of 2 =1, the remainin
) g g

tp—t powers of p, with positive exponents less than ¢p and not
divisible by p, are roots of (4) and give all of the roots of (4).
They are called the primitive p*th roots of unity.

For p*=9, the six primitive ninth roots of unity are p, p?, p*, ¢%, o7, o®
and are the roots of % +x3+1=0. ]

The proof that (4) is irreducible in the domain R of all
rational numbers differs from that in § 163 for the special
case s=1 only in the detail of having, instead of ¢, ¢, . . . ,
¢~! in the former case, the roots p, p% o ..., o of (4),
where 1, a, b, . . . , I denote the positive integers less than p*
and not divisible by p, and p is an arbitrary primitive #’th
root of unity.

As shown in the theory of numbers, there exists a primitive
root g of p*, where p is an odd prime, i.e., an integer g such that

1, ) g2) c e ey gk‘-l (k‘_"P’_Px—l);
when divided by #’, give as remainders in some order the posi-

tive integers less than p* and not divisible by . Thus the
roots of (4) are

t—1
P;P’)Pg')-°~)pg'
In the former example p*=9, we may take g=2. Then the preceding
roots are p, p?, p%, % o, %, respectively.
Since each root of (4) can therefore be expressed as the
gth power of the preceding root, we readily find as in §161
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that the group of (4) for R is a regular cyclic group of order k.
If s> 1, % is not a power of 2, and by the usual argument the
regular p’-gon cannot be constructed by ruler and compasses.

Combining our results, we have the

THEOREM. A regular polygon of n sides can be comstructed
by ruler and compasses if and only if n=2'p1ps . . . , where
P1, p2, . . . are distinct primes of the form (3).

Since therefore a regular 9-gon cannot be constructed, we
have a new proof that angle 120° cannot be trisected by ruler
and compasses.

Gauss * was the first to prove that a regular p-gon can
be constructed if p is a prime of the form (3); he stated,f but
apparently did not publish a proof of, the remaining part of
the above theorem. For the elegant method invented by
Gauss for finding the series of quadratic equations leading
to a 17th root of unity and the actual geometrical construction
of a regular 17-gon, as well as for a longer proof of the above
theorem without the aid of group theory, the reader may con-
sult the monograph by Dickson,} where references to other
books are given.

* Disquisitiones Arithmetice, 1801, Art. 335-366 [=Werke, 1]; German
translation by Maser, 1889, pp. 397-448, 630-652.

1 Gauss-Maser, p. 447.

$ Monographs on Modern Mathematics, edited by J. W. A. Young, New York,
1911. A brief, but more elementary, treatment is given in Dickson’s Elementary

Theory of Equations, 1914, pp. 84-92. A still more elementary discussion is that
by Dickson, Amer. Math. Monthly, vol. 21 (1914), 259-262.



CHAPTER XVIII
THE INFLEXION POINTS OF A PLANE CUBIC CURVE

173. Homogeneous Codrdinates of Points in a Plane. Let
ax+by+¢=0 (G=1,2,3)
be any three linear equations such that
e b a
A=|az bz c2|#0.
as bz c3

Interpret x and y as the Cartesian codrdinates of a point referred
to rectangular axes. Then the three equations represent three
straight lines Ly forming a triangle. Choese the sign before
the radical so that

_ax+by+q

B +Va? + b
is positive for a point (x, y) inside the triangle, and hence is
the length of the perpendicular from that point to Z;. The
homogeneous coérdinates of a point (x, y) are three numbers
x1, X3, 3 such that

px1=Fkip1, pxz=kaops, px3a==ksps,

where k1, k2, k3 are constants, the same for all points, while
p is an arbitrary factor of proportionality. Thus only the
ratios of x1, x2, x3 are defined. The coefficients of the linear
function kp, which are proportional to ay, b, ¢, will hence-
forth be denoted by those same letters. Then

1) pxi=ax+by+c, A0 ((=1, 2, 3).
Solving these equations by determinants, we get

Ax= pzAm, Ay= Pchxs A=pZC.x.,

327
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where A, is the cofactor of gy in A, B, that of &, and C; that of
¢. Hence

(2) Z Ay z B,
z Cix£ z Cixt

Thus any equation f(x, ¥)=0 can be expressed as a homoge-
neous equation ¢(x1, x2, ¥3) =0 of the same total degree, and
conversely. In particular, any straight line is represented by
an equation of the first degree in x1, x2, x3, and conversely.
For example, x; =0 represents a side of the triangle of reference.

Let y1, 2, y3 be the homogeneous codrdinates of the same
point (x, v) referred to a new triangle of reference having the
sides L’s. As before,

1) py=a'@x+b'y+cs (¢=1,2,3),

where the right member equated to zero represents Ls. Solv-
ing equations (1”) as we did (1), we obtain x and y as linear frac-
tional functions of yi, y2, y3. Inserting these values into (1),
we get formulas like

(3) wm=cay1+ceyetcays, |y %0 (1=1, 2, 3).

Thus a change of triangle of reference gives rise to a linear
transformation of the homogeneous coérdinates.

Let f(x1, ®2, #3) be a homogeneous rational integral function
of the nth degree. Under the transformation (3), let it become
¢(¥1, ¥2, ¥3). Then ¢=0 represents the same curve as f=0,
but referred to the new triangle of reference. Let

L= kx,9%55x3° (a+b+c=n)
be any term of f. Then
xl—@—t—- =at, xz—a-t— =bt, xait =ct.
ox1 ox2 o%x3

Their sum is n¢. Hence we have Euler’s theorem:

@ e tar gy
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If x1, x2, x3 is a set of solutions, not all zero, of

of of of
=0, L=, =
(5) ox1 ox2 ox3 =0,

and hence by (4) of /=0, the point (%1, x2, x3) is called a singular
point of the curve f=0. At this point,

a¢ of ax. .
=1,2,3).
;ax« ay; U )

Hence the definition of a singular point is independent of the
special triangle of reference chosen. It is readily proved,
but not presupposed in what follows, that two or more branches
of the curve pass through any singular point, which is there-
fore called a double or multiple point.

174. Hessian Curve. The Hessian of f is

0% o %
ox12 OX10%2  O%10%3
e o*f % *f

Dx20x;  Ox2? ox2 8x.:s '
o*f 0% 2%
0x30x1 Qx30x2 Ox3?

Let transformation (3), of determinant A, replace f by ¢(y1,
92, ¥3). The product 4A is a determinant of the third order, in
which the element in the ith row and jth column is the sum
of the products of the elements of the ith row of by the corre-
sponding elements of the jth column of 4, and hence is

2 2 o
AR A
0% 0%t oxs0x2 Oxs0x3

The latter is the partial derivative with respect to x; of
of oz of o%2, of o%s_0¢

C3y.

—— s —— e T ——

%1 0y; O%20Yy; %30y, OV

Let A’ be the determinant obtained from A by interchanging
its rows and columns. By the same rule of multiplication,
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the element in the rth row and sth column of the determinant
equal to A’-kA is

o [2¢ ) (a¢> ) (aqb) ) <a¢)
—— +C —— —_— D e | e s
“’"a?l(ay) vawa\om) o\ o) ~ 3 o

since ¢y is the partial derivative of x, with respect to y,. Hence

A2 b= 824’
oyr oYy

In words, A%k becomes H under the transformation (3),
so that H =0 represents the same curve as 2=0, but referred
to the new triangle of reference. Hence there is associated
with any curve f=0 a definite Hessian curve k=0 independent
of the choice of the triangle of reference.

176. Points of Inflexion of a Cubic Curve. Let f(x1, x2, x3)
be of the third degree. Choose a triangle of reference having
the vertex P=(0, 0, 1) at a point on the curve f=0, not a singu-
lar point. Then there is no term involving 3%, and the coef-
ficients of the terms rx1x3®> and sxox3® are not both zero, since
otherwise the derivatives (5) would all vanish at P. Hence
we may take rx;+sxz as a side of a new triangle of reference
with the same vertex P and obtain

x3%%1 +x3(ax12 +bx1202 +cx2?) + (1, 22) =0
as the new equation of our curve. Replacing x3 by
23— (ax1+bx2)/2,

= Hessian H of ¢.

r.j=1,23

we get
F1=2x32x1+ex3x2?+C(x1, x2).

Denote the second derivative of the cubic function C with
respect to x and x; by Cy. Then the Hessian of F, is

Cu Ci2 23

2%3 2exs 221

Hence P=(0, 0, 1) is on H; =0 if and only if e=0.
If d is the coefficient of x2% in C, then x; =0 meets F; =0 in
the points for which x22(ex3+dx2) =0, and these three points
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coincide (at P) if and only if e=0. In that case P is called a
point of inflexion of F1=0 and x1=0 the inflexion tangent
to Fi=0at P.

Thus P is a point of inflexion of F; =0 if and only if it is on
H,=0. Hence, by § 174, each intersection of a cubic curve
=0 without a singular point with its Hessian curve h=0 is a
point of inflexion of f=0, and conversely.

There is certainly at least one intersection. For, by elim-
inating x3 between f=0 and %£=0, we get a homogeneous
cquation in x; and x2, having therefore at least one set of solu-
tions #'1, «’2. Then, for x; =x"1, x2=2, the equations f=0,
k=0 have at least one common root x=x'3. Thus (x';, x'2,
'3) is an intersection and therefore a point of inflexion of f=0.
Taking this point as a vertex (0, 0, 1) of a triangle of reference
and proceeding as before, we get F of type F; with e=0. If
the coefficient d of x2® in F is zero, F has the factor x;. But,
if F =x,Q, the derivatives

0 F _ R

OF 044,22 29F _ =,
om0 om Tow’ o oms
all vanish at a point of intersection of x;=0, Q=0, whereas
F=0 has no singular point. Hence d#0. Taking dix; as a
new x2, and then adding a suitable multiple of x; to x2 to delete
the term with x2%x;, we get

F=x32x1+C, C=2x93+3bxax124ax,3.

H =2x, Cu Ciz —4x32Ca20 =722, baz+ax: bxy —24x32x,.
Ca1 Ce22 bxy x2
Eliminating x3? between F =0, H =0, we get
X1 C

—x2., 3x1(bx22+ax1xe—b%x12)
= xot +6bx22x12 +4ax2x1® — 3b%x11 =0.

If x, =0, then x2 =0 and the intersection is (0, 0, 1). For the
remaining intersections, we may set x1=1; then each root of

(6) rt+46br2+4ar—302=0
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leads to the inflexion points (1, r, +s), where
—s2=C=r343br+a.

If s=0, (6) would have a double root and a2+4=0. But
the partial derivatives of F all vanish at (1, x2, 0) if x22+b=0,
2bxz+a=0, and hence if b=0, x2=0, or if b0, x2= —a/(2b),
whereas F has no singular point. Hence

¢))] a?+4b3#0

and (6) has four distinct roots r for each of which s=0. Thus
there are exactly nine distinct points of inflexion.

The two points (1, 7, £s) with a fixed » are collinear with
P=(0, 0, 1), being on x2=7rx;. For the remaining roots p of
(6), we have

p3+rp2+(r246b) p+173+6br+4a =0.
The product of this by r can be written in the form
r(p3+3bp+a)+(rp+k)2=0,  k=%(r*+3b).

Hence the quadratic factor in
(8 —21—4H+rF= (rx1 -x2){x32—%(rx2+kx1)‘-’}

vanishes at (1, p, =¢), where
—o2=p3+3bp+a.

Thus the nine points of inflexion lie by threes upon the three
straight lines given by (8), which are said to form an inflexion
triangle. There are four inflexion triangles, one for each root
r of (6).

The roots of (6) are the only values of 7 for which H+24sF
has a linear factor /. In fact, /=0 meets F =0 in three points
on H =0 which are therefore points of inflexion. Thus / has two
companion linear functions such that llila=0 is one of the
four inflexion triangles. Hence lilo=H+24pF, where p is
one of the roots of (6). By hypothesis, IQ=H+24rF. If
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r# p, we see by subtraction that F has the factors ! and Q-
and hence has a singular point, contrary to assumption.

Corresponding results follow at once for the general cubic
curve f=0. We saw that f can be reduced to F by a linear
transformation of a certain determinant §. But F is replaced
by a like form by the transformation which multiplies x;,
%2, x3 by 872, 1, 3, respectively, and thus has the determinant
8~1. The product of the two transformations is of determi-
nant unity and replacesf by a form F. Hence (§ 174), it replaces
the Hessian % of f by the Hessian H of F. Thus for each root
r of (6), in which a and b are certain functions of the coefficients
of f, k+247f=0 represents an inflexion triangle of f.

Furthermore, ¢ and b are rational functions of the coefficients
of f. For, there are exactly four values of 7 for which ¢ =h+24rf
has a linear factor x; —max2—nxs. Replacing x; by mxa+nxs
in ¢, we obtain a cubic function of x2 and x; whose coefficients
must vanish. Eliminating m and », we obtain two equations
in which 7 and the coefficients of f enter rationally and inte-
grally. The greatest common divisor of their left members
must be a function of r whose coefficients are rational in those
of f. The latter is therefore true (§ 145, first foot-note) of the
quartic equation * for » with no multiple root.

176. Group G of the Equation X for the Abscissas of the
Points of Inflexion. Let R be the domain defined by the co-
efficients of the equation f=0 of a cubic curve without singular
points. We employ a new triangle of reference whose side
#1=0 does not contain a point of inflexion. This can be ac-
complished by a linear transformation on 1, x2, x3 with coef-
ficients in R. We pass to Cartesian coordinates by setting
%2/x1=x, x3/x1=y. After applying a transformation with
coefficients in R, corresponding to a rotation of the axes, we may
assume that the y-axis is not parallel to any line joining two
inflexion points of f=0. Then the abscissas x1, . . . , 9 of
the points of inflexion are distinct. By eliminating y® and 42
between the equations of the curve and its Hessian curve, we

* We do not employ the fact, which now follows readily, that the coefficients
of (6) are rational integral invariants of f.
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" obtain y expressed as a rational function ¢(x) of x with coef-
ficients in R. In fact, the ordinate of an inflexion point is
uniquely determined by its abscissa. By substituting ¢(x)
for y in f=0, we obtain the equation X for the nine abscissas
of the points of inflexion.

For three collinear points of inflexion,

% oy 1
x v 1|=0.

X Y 1
Replacing y by ¢(x4), etc., we obtain a rational relation

(9) Y(xe. x5, x2) =0,

with coefficients in R. Conversely, if relation (9) holds for the
abscissas of three points of inflexion, the latter are collinear.
For, the line joining two of them, (x;, 3;) and (%2, y:), meets
the curve at a single point (x, ¥) and that point is a point of
inflexion, so that ¢(x, %, ;) =0 and X(x) =0 have a unique
common solution x. Thus x=x and hence y=1y.

Let a substitution of the group G of equation X for the
domain R replace three roots x, %, x, for which (9) holds,
by the roots #, %, x.. By property B (§ 149) of tne group
G, ¥(x., ., 2:)=0. Hence every substitution of G replaces the
abscissas of three collinear poinis of inflexion by the abscissas of
three collinear points of inflexion.

Denote by 1, 2, 3 the points of inflexion on one side of a
triangle of inflexion; by 4, 5, 6 those on a second side. Those
on the third side may be denoted by 7, 8, 9 in such an order
that 1, 4, 7 are collinear; 1, 5, 9 collinear, and hence 1, 6, &
collinear. The third point on the line joining 2 and 4 is 8 o1
9 (since 4 and 7 are collinear with 1); if it be 8, we interchange
symbols 5 and 6, 8 and 9, and see that all the earlier collineari-
ties are preserved, and that 2, 4, 9 are now collinear. Then
the point on the line joining 2 and 6 must be 7 (since not 8 o1
9), and that on the line joining 2 and 5 must be 8. We see that
the 12 sets of collinear points of inflexion are those given by the
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rows, columns, and positive and negative terms of the expansion
of the determinant

1 4 7
2 5 8

3 6 9

Henceforth we shall denote the abscissas of the nine points
of inflexion by the nine symbols [£ 9], where £=0, 1, 2 and
7n=0, 1, 2. Then the abscissas of collinear points of inflexion
are those in the rows; columns, and positive and negative
terms of

[00] [01] [02]

(10) (10] [11] [12]

(20 [21] [22]

and have the sum of their first indices divisible by 3, and also
the sum of their second indices divisible by 3.

Hence G is a subgroup of the group L of those substitutions
on the nine roots which replace any three distinct roots [£m],
i=1, 2, 3, for which

(11) f1+t2+£=0, n+n2+n3=0 (mod 3),

by three distinct roots [£' 7y] also satisfying congruences (11).
We obtain a substitution of L if we take

(12)  ¢=at+brtc, n'=At+Bn+C, | ¢ ° | =0 (mod3),
A B

where @, . . . , C are integers. For,

ii'c=ai&+bim+&’=‘0, inQEO (mod 3).
t=1 t=1 {=1

f=1
Further, the [¢s ny] are distinct. For, if &1=¢", 9'1=1's,
then
a(t1—&2)+b(m—n2)=0, A(f1—¢f)+B(m—n2)=0 (mod 3).
But the determinant aB—b4 is not congruent to zero. Hence
¢1={32, 91 =72, contrary to hypothesis.
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Conversely, every substitution S of L is induced by a linear
transformation (12) on the indices. Let S replace [00] by
[c C]; the same is true of the substitution P induced by

(13) . ¥=t+c, 7'=1+C (mod 3).

Hence S=TP, where T is a substitution of L which leaves
[00] unaltered. Let T replace [10] by [¢4], where therefore
a and 4 are not both zero. Thus we can find two integers
b and B such that ¢B—b4 is not divisible by 3; if a0, we
may take B=1, =0; if 4 %0, we may take b=1, B=0. Then
the substitution P’ induced by

(14) Y=at+by, n'=At+By, aB—bA=0  (mod 3)

replaces [10] by [aA]. Hence T=T7'P’, where T’ is a substi-
tution of L which alters neither [00] nor [10] and hence not
[20], in view of the first column of (10). Let T” replace [01]
by [de], so that e><0. The substitution P; induced by

f=t+dn, n'=ey

leaves unaltered each [£0] and replaces [01] by [de]. Hence
T'Py~1 leaves unaltered each [£0] and [01] and is the identity.
For, it leaves fixed [02] by the first row of (10), and hence [21]
and [12] by positive terms of the expansion of determinant
(10), and then [11] and [22] by the second and third rows. Hence
I'=P;, and S=P,P'P, so that S is induced by a linear trans-
formation (12).

Now [cC] was any one of 3 X3 roots, [24] any one of 32—1
roots, and [de] any one of 3 X2 roots.

THEOREM.* The group G of the equation X for the abscissas
[én] of the nine points of inflexion is a subgroup of the group
L of all of the 9 X8 X6 linear transformations (12) on &, ».

The 32—1 incongruent linear homogeneous functions of
and n with integral coefficients modulo 3 are

+£, =, =(E+n), £(E—9).

* Jordan, Tyaité des Substitutions, p. 302, where L is defined to be the group
leaving (formally) unaltered the cubic function given by the sum of the products
of the roots in each row, etc., of (10). But formal invariance may well intro-
duce some confusion since the roots are not independent. For a wholly different
determination of L, sce Weber's Algebra, 2d ed., vol. 2, p. 413.
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Hence they are permuted by the linear homogeneous trans-
formations (14), which form a group H. Since H permutes
their four squares £, . .., (¢—9)?, it is isomorphic with a
group of substitutions on four letters. To show that the
isomorphism is (2, 1), note that a transformation leaving £
and 7 unaltered at most changes the signs of £ and 5. But
if the sign of one is changed and the sign of the other is not
changed, (¢+1)? is replaced by (¢—n)2. Hence the identity I
and

J: F=—t 7'=—n (mod3)
alone leave each of the four squares unaltered.

The order of H is 48. There are 2X2X3 transformations
(14) with =0, whence a=1 or 2, B=1 or 2, A=0,1 or 2.
There are 2X2X3? transformations (14) with 530, whence
a and B are arbitrary, while aB—b4 =41 then determines 4.

Hence * the quotient group H/{I, J} is simply isomorphic
with the symmetric group on four letters. Thus H is a solv-
able group.

The group T of the nine translations (13) is invariant under
L. 1In fact, (14) transforms (13) into the translation

§'=f+ac+bC, n'=n+Ac+BC.
It follows that L is a solvable group. By § 68, Ex. 4, or by
§ 178, its subgroup G is solvable. Hence the equation X for the
abscissas of the nine points of inflexion is solvable by radicals.
177. Group of the Resolvent Quartic Equation (6). Let
r1, . . ., r4 be the roots of (6) and set y;=rir2+rsr4, etc.,
as in Example 2, § 150. Then v, y2, ys are the roots of
33— 6by2 4+ 12b2y — 1602 — 7258 = 0.
Setting y=2+2b, we obtain the reduced cubic z®=D, where
D =16(a24-45%) %0,

by (7). From } its discriminant, we see that

P=(y1—y2)(y1—y3)(y2—y3) =DV —27.

* Another proof follows from the fact that the linear fractional transformation
on z={/n, derived from (14) by division, permutes the values 0, 1, 2, « of 2,
t Or from (g— w2)(z— w?s)(ws—w¥t), where w+w+1=0,
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Consider the special cubic form given by F in § 175 with
a=1, b=—1. Then D= —48, so that P and each y is irra-
tional. Equation (6) is now
(6" r"—6r24+4r—3=0

and is irreducible in the domain R(1) of rational numbers.
For, no root is =1, %3, so that no root is rational. Further,
a y occurs in the coefficients of any quadratic factor, as shown
by Ferrari’s method of solving quartic equations. Hence
the group of (6) for the domain R(1) is the symmetric group
(Ex. 5, § 153).

Let f be a cubic form whose ten coefficients are independent
variables. Let R be the domain of the rational functions with
rational coefficients of these ten variables. Then (Ex. 2,
§ 153), the group of the quartic equation (6) for R is the symmetric
group.

178. Group G of Equation X is the Linear Group L. After
the adjunction of a root r of the resolvent quartic (6), the
product of the equations of the three sides of an inflexion tri-
angle has its coefficients in the domain (R, r), and the group G
reduces to the subgroup which permutes the triples of abscissas
of the points of inflexion on the sides of that triangle. First,
let the triangle be that one whose sides contain the points of
the rows in (10); these triples are merely permuted when the
sign of either index is changed and also by the transformation

f=t+c, n'=At+9+C

and hence by the group of the 4-3% transformations (12) with
b=0, whose index under L is 4. By the interchange of the two
indices, these triples are replaced by those in the columns of
(10), so that the latter are merely permuted by the group
of the transformations (12) with 4=0. When b=A4=0, we
have

{=at+c, n"=Bn+C, aB=0 (mod 3).
Unless a=B, the triples in the positive terms of the determinant
(10) are replaced by those in the negative terms, since this is
true for ¢ =¢, n'= —n, and since each transformation

(1) F=xtte, n'=x9+4C
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permutes the three triples in the rows, the three in the columns,
etc., of (10). Hence after the adjunction of the four roots of (6),
the group G reduces to a subgroup = of the group of the 18 trams-
formations (15).

The group Z is of order a multiple of 2. Take a=—2, b=0
in § 175. Then (6) becomes r(r3—8) =0, all of whose roots are
in R(w)=R(vV'=3). The Hessian (§175) is

H = — 24x2(x32+6x,2).

After the adjunction of the four r’s, the domain is R(V'=3),
to which does not belong the irrationality * v'2v/—3 occurring
in the sides of the inflexion triangle H =0.

The group Z is of order a multiple of 3. For

f=2134+2x23+ 4033 46212243,
the Hessian is 634’, where
kB = —x13 — 2253 — 4233+ 1021 2223,

Then 3W +rf has a linear factor if r=3, —1, —1+4V —3.
This is evident for r=3. For r=—1, we get,

3k _.f= 4( —~x18 — 2193 — 4143 +6xlx2x3):
having the factor

Byt Var

After the ;a}l_iunction of the four #’s, the domain is R(V —3),
to which V2 does not belong. Thus the order f of = is a
multiple of 3.

We return to a cubic form f with arbitrary coefficients
and the domain R defined by them. By the adjunction of the
nine roots of X, the group Ga4 of the resolvent (6) is reduced
to the identity. In fact, the abscissas and hence the ordinates
of the nine inflexion points are in the enlarged domain. Thus
the ratios of the coefficients of the equation of the line joining

* No radical other than these two occurs in the sides of triangle (8) for r3=8.

Hence the group G for this special cubic curve is of order 4.
1 Its order is in fact exactly 3; that of G is 6.
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three collinear inflexion points are in the enlarged domain;
the same is true for their products by threes giving the inflexion
triangles k+247f, so that each root 7 of (6) is in that domain.
It now follows from the theorem of Jordan (§ 167) that the
adjunction to R of the four roots of (6) reduces the group G
of X for R to an invariant subgroup X of index 24 under G,
such that G/Z is simply isomorphic with Gzq4.

This group Z was shown to contain a transformation (15)
of period 3, necessarily a translation (13). By interchanging
¢ and 7 if necessary, we may assume that ¢ is altered. Then
the translation or its square is of the form

F=t+1, o'=n+t.

Introducing ¢ and n—¢¢ as new variables, we obtain a group
Z; conjugate with = under L and containing the translation
£=¢(+1, n'=9. The only transformations (12) which are
commutative with this one are those with a=1, 4 =0, B0,
b, ¢, C arbitrary, 2-3% in number. The above translation is
transformed into its inverse by &= —¢, »"=». Hence exactly
4-3® transformations of L transform into itself the cyclic group
of order 3 generated by it. Since this number is one-fourth
of the order of L, a subgroup of index 3 under L cannot trans-
form this cyclic group into itself.

But Z is of order 6 or 18. In the first case, £ contains
a single cyclic group of order 3, which is therefore invariant
under G; while G is of order 24-6 and hence of index 3 under L.
Thus the first case is excluded by the preceding result. Hence
2 is of order 18 and G=L.

THEOREM.* If.the coefficients of a cubic curve f=0 are
independent variables, the group of the equation wupon which
depends the nine points of inflexion [tn), &, 9=0, 1, 2, for the
domain of the coefficients, is the group of all linear transformations
on & and n modulo 3.

After the adjunction of the roots of the resolvent quartic
(6), the group is that of the 18 transformations (15). The

* Stated, but not completely proved, by Weber, Algebra, ed. 2, vol. 2, pp.
416-7. The proof is due to Dickson, Annals of Math., ser. 2, vol. 16 (1914), pp.
50-66.
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product P=h+-24rf of the linear functions which vanish at
the sides of an inflexion triangle has as its coefficients quanti-
ties in the enlarged domain. The determination of the linear
factors requires the solution of a cubic equation. Consider the
inflexion triangle associated with the rows in (10); after the
adjunction of the roots of the corresponding cubic equation,
the group permutes the roots [¢1] in the same row. The only
transformations (15) having this property are ¢'=¢, n'=9+C,
which form a group Cs. The group of the resolvent cubic is
therefore of order }-18=6. In the new domain, the group of
the corresponding resolvent cubic for another inflexion triangle
is C3. After the adjunction of one and hence all of its roots,
we have the sides of two inflexion triangles, and their inter-
sections give the nine inflexion points.

Hence the determination of the inflexion points of an arbitrary
cubic curve requires the extraction of a cube root and three square
roots to solve the resolvent quartic equation, then the extraction
of a square root and two cube roots to solve the two cubic equations
which determine the sides of two inflexion lriangles. No ome of
these three cube roots and four square roots can be avoided or ex-
pressed rationally in terms of the others.

179. Real Points of Inflexion. Let the coefficients of
the equation of the cubic curve be real. After a suitable choice
of axes, the nine abscissas of the points of inflexion are the nine
distinct roots of an equation with real coefficients (§ 176).
Hence at least one point of inflexion is real. The reduction to
the form F in § 175 can therefore be effected by a real trans-
formation. By §177 the discriminant of the real quartic
equation (6) is —27D? and hence is negative. Thus * there
are two distinct real and two imaginary roots. One of the real
roots is positive and the other is negative, as shown by the
values — o, 0, + of the variable ». By use of the same
values we see that the slope of the curve y=a%+46br24 . . .,
corresponding to (6), is positive at the point whose abscissa
is the positive root and negative at that with the negative root.
At the points of inflexion (1, r, =s) the slope is —4s?, by the

* Dickson’s Elementary Theory of Equations, p. 45, or Ex. 5, p. 101,"
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formula below (6). To obtain a real point, we must therefore
take the negative real root . Thus a real cubic curve F=0
has exactly three real points of inflexion, viz., (0, 0, 1) and
(1, r, =s), where r is the single negative root. Any real cubic
curve without a double point has exactly three real points of

inflexion.



CHAPTER XIX

THE TWENTY-SEVEN STRAIGHT LINES ON A GENERAL CUBIC
SURFACE AND THE TWENTY-EIGHT BITANGENTS TO A
GENERAL QUARTIC CURVE

180. Existence of the 27 Lines. We shall first show that
there is at least one real or imaginary straight line

1 x=mz+n, y=pz+q

on the general cubic surface ¢(x, y, 2) =0. Eliminating x and
¥, and equating to zero the coefficients of the resulting cubic
function of z, we obtain four relations between the four param-
eters m, n, p, g. These are consistent and have one or more
sets of solutions, except possibly for special sets of coefficients
of ¢. In fact, they are evidently consistent when ¢=uxyz.
See also § 183.

To determine the number of the straight lines on the cubic
surface, we employ homogeneous coérdinates, choosing the
tetrahedron of reference so that x3=0, x4=0 are the equa-
tions of a line on the surface. Then no one of the terms x,3,
x212x2, x1x22, 28 occurs in the equation of the surface, which
is therefore of the form

x3f+x4g =0,

where f and g are homogeneous quadratic functions of 1, . . . ,
x4. Part of the intersection of the surface by the plane x4 =cx3
is the line x3=x4=0, and the remaining part is the conic
fi+cg1=0 in that plane, where f; and g1 are derived from f
and g by replacing x4 by cxs. Hence in f1 and g1, the coefficients
of x32 are quadratic in ¢, the coefficients of x1x3 and x2x3 are
linear in ¢, and the coefficients of x:2, x1x2, 2% are free of c.
The conic degenerates into a pair of straight lines if and only
343
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if the Hessian (discriminant) of fi+cg; is zero. The degrees
in ¢ of the second partial derivatives of f;+cg:1 exceed by unity
those of g1. Hence the degrees in ¢ of the elements of the Hes-
sian determinant are

11 2

1 1 2

2 2 3.
Thus the determinant is of the fifth degree in ¢. There are
cubic surfaces S for which this quintic has five distinct roots,

so that the surface contains five pairs of straight lines intersect-
ing the line C given by x3=x4=0. This is true if

f=x1x2+ex1xa+ix2xa+axswa+bxs?, g=x12+x214.
For then
f1+cg1 =cx2+x1w2+cexrwa+ (2 +1c) vaxz+ (ac+-be?)xa?,
whose discriminant is
—2¢[ct +2tc® — (e —1?) 2+ (b—te)c+al].

The second factor becomes any assigned quartic function by
choice of ¢, e, b, a. Consequently, after the exclusion of the
special surfaces for which the quintic is identically zero in ¢
(for example, xyz=0), or has fewer than five distinct finite
roots, there remain surfaces of type S. For such a surface,
each root ¢ leads to a pair of lines 4 and B forming with C a
triangle, which is the complete intersection of its plane xs=cx3
with the cubic surface.

The line C was any straight line on the surface. Hence
every line on the surface is met by ten other straight lines
lying on the surface.

Any straight line L on the surface meets the plane of the
triangle A BC and meets it at a point on one of the sides, since
the triangle is the complete intersection of its plane with the
surface. Thus L is either A, B, C, or one of the eight lines,
other than B and C, which meet 4, or one of the eight new lines
meeting B, or one of the eight new lines meeting C. These
24 new lines are distinct, since otherwise one of them would meet
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two of the lines A, B, C, whereas the triangle 4 BC is the com-
plete intersection of its plane with the surface. We readily
exclude the case in which L passes through the intersection
of A and B. For, if so, we may take those three lines as con-
current edges of a tetrahedron of reference. Then X1 =%2=0,
*1=%3=0, x2=x3=0 are lines on the surface, whose equation
¢ =0 therefore has no terms in x3 and x4 only, none in x2 and x4
only, and none in x; and x4 only. Thus 24 occurs only in the
terms x1x2%4, X:1%3%4, xox3xs. Hence the first partial deriva-
tives of ¢ with respect to each x, vanish at (0, 0, 0, 1), which
is therefore a singular point. But not every cubic surface has
a singular point. Hence there are exactly 27 distinct straight
lines on a general cubic surface.

181. Double-six Configuration. Consider a line b; on the
cubic surface and the five pairs ai, ¢ (=2, . . . , 6) of lines

Fi1c. 16.

on the surface which meet 5. The five planes biaq, are dis-
tinct and three lines on the surface do not concur (§ 180).
Hence no two of the lines ¢z, . . . , ¢g intersect. The locus of
a line L intersecting cz, c3, c4 is a surface of the second order *

* By choice of the axes, the equations of ¢s become y=mx, z=¢, and those
of & become y=—mx, 3= —c* The line L joining the general point (a, ma, ¢)
of ¢z with the general point (b, —mb, —¢) of ¢; is

ds+ tmed, dm?l o=t
= = — = —
x=dz+t-ce, y=mez ) dm—, o
This meets ¢: =M+t y=r2+s, if
(d—Dz+4ce—t=0, (me—r)z+med—s=0.
In the determinant of the coefficients of s and the constants, replace d and e by
the values obtained by solving the equations of L. We get

mxs—cy—ImZ, cyz—mcix—miZ
A= = 0,

y8—mex—rZ, mexz— cty—sZ
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and hence is an hyperboloid H of one sheet. By suitable choice
of the axes, the equation of H is

2P 2 (25 (22 _( 2)( ..2)
“2tra 1_<a+c)(a c) 1+ \173)

or tu—vw=0, if the binomials are designated ¢, etc. Hence

{u=rw, u=:sv,
v=rl, w=st

are intersecting lines lying on H. When r varies, we obtain
one set of gemerators; when s varies, we obtain a second set.
Through each point of H passes one and only one generator of
each set. We may assume that ¢, c3, ¢4 belong to the first set
of generators. Let c5 cut H at Py and P;. Through P, passes
one generator of the second set, which therefore meets c2, cs,
c4, as well as ¢c5. Hence ¢z, c3, ¢4, ¢5 have two non-intersecting
transversals, one of which is b;; call the second a;. Since a,
contains four points of the surface (the intersections of a;
with c2, ¢3, ¢4, ¢s5), it lies wholly on the surface. The line a,
therefore meets one of the sides of triangle bigece. As observed
above, a; does not meet b;. Denote by c¢ that one of the
remaining two sides which meets a1, and by ae¢ the other side.
Then no two of the lines a1, . . . , ag intersect.

The line a, is met by five lines bs, . . . , bg of the surface
besides ¢z, . . . , ce. No two of the lines by, . . . , bg inter-
sect.

Now b2 meets one side of triangle biascs other than c3, since
c3 meets the side @, of triangle aibacc. Hence b2 meets as.

The name double-six is given to this configuration of 12 lines
ay, b (i=1, ..., 6) such that no two a’s meet, no two b’s
meet, g, and b do not meet, while a; and b, meet if 757,

182. The 46 Triangles on the Cubic Surface. Since each
line on the surface is a side of five triangles (§ 180) and each
triangle has three sides, there are 5-27/3 or 45 triangles.

where Z=2*—¢?. Suppressing the terms involving Z in 4, we get
c(mxz— cy)2— c(ys—mcx)?= c(m*t—y)Z,

Hence A is the product of Z by the required equation of degree 2,
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Write ciy=cq for the ¢ (6=2, ..., 6) in §181. Then
a1bicic and abic are triangles on the surface. Let co3 be the
third side of the triangle determined by a2 and ;. Hence c23
is distinct from each a, and b; also from ¢, since ¢z is the only
¢y meeting a2, and since ¢z meets the side a; of a1b3¢c3 and hence
does not meet b3. This new line cz3 is thus not one of the ten
lines meeting b;; nor does it meet c3, which intersects the
side b3 of azbsces. Hence cz23 meets the side a3 of ascsb;. Sim-
ilarly, ces meets b2. For like reasons, we may write cy=cu
for the third side of the triangle determined by a and b, for
i,7=1, . ..,6; i=].

We now have notations ay, b, ¢i; for the 27 lines on the
surface, and have the 30 triangles ascq.

Next, if ¢, 7, k& are distinct, ¢y and cx do not meet. For,
if they met, their plane would contain a; and b, whereas the
latter do not intersect. Finally, two ¢’s having four distinct
subscripts intersect. For example, ¢34 meets one side of azbic12,
but does not meet b, or az, since a; meets the side b3 of a4bscas;
hence c34 meets c;2.

Thus the sides of the remaining 15 triangles on the surface
are ¢’s with the following sets of subscripts:

12 34 56, 13 24 56, 14 23 56, 15 23 46, 16 23 45,
12 35 46, 13 25 46, 14 25 36, 15 24 36, 16 24 35,
12 36 45, 13 26 45, 14 26 35, 15 26 34, 16 25 34.

183. The Group for the Problem. Let R be the domain
defined by the ratios of the coefficients of the equation for the
cubic surface. After a suitable choice of axes of coérdinates,
we may assume that no two of the 27 lines (1) on the surface
have the same parameter ¢. By eliminating m, n, p between
the four relations mentioned in § 180, we obtain an equation *
E(g) =0 of degree 27 in ¢ with coefficients in R. Since » may be
eliminated last, it is a rational function of ¢ with coefficients
in R. The same is true of m and p. Thus the coefficients of
the equation of a line on the surface are rational functions with

* Jt may be assumed to have no multiple root (§ 145 first foot-note).
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coefficients in R of the corresponding root ¢ of E(g)=0.
Hence we seek the group G of E(¢q) =0 for R.
Line (1) is in a plane with another line

2 r=miz+nm, y=piz+q

on the surface, if the eight parameters satisfy the relation
obtained by eliminating «, ¥, z between the four equations:

1 0 m =

01 p ¢

1 0 my m

01 o qn

In view of the remark that m, #, p are rational functions of ¢,
this yields a rational relation f(g, ¢1) =0 with coefficients in R.
Let this relation be satisfied. Since there is a single line (gz)
on the surface coplanar with two intersecting lines (¢) and (g1),

f(g, ¢2)=0, flg, g2)=0

have a single solution ¢2. The next to the last step in the
elimination of ¢z gives gz expressed as a rational function of
¢ and ¢ with coefficients in R, say ¢2=7(q, q1)-

Since any substitution of G must leave gz —7(g, g1) unaltered,
it must replace the three g¢’s corresponding to three lines of a
triangle on the surface by three ¢’s of another triangle. Hence-
forth we shall denote the 27 ¢’s by the 27 letters g, by, cy of
§ 182. Thus G is a subgroup of the group T on the ay, by, cy
which permutes the 45 triples having the same notation as the
45 triangles in § 182.

We readily determine the order and generators* of .

First,

J=(a1b1) P (asbg)

interchanges the triples Ay=abycy and Ax, and leaves unchanged
the 15 triples at the end of § 182. Thus Jisin I.

* Much simpler and more natural than the generators used by Jordan, Traité
des Substitutions, p. 317,
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Next, the 45 triples are evidently permuted by the substi-
tution [47] on the 27 letters which is induced by the interchange
of the subscripts ¢ and j. For example,

[12] = (a1a2) (b1b2) (c13¢23) (c14¢24) (C15625) (C16¢26)-
Finally, the group I' contains

A = (0103624) (a2014¢34) (a4¢1223) (b3bicse) (bscaecio) (bocascis),
which permutes the 45 triples as follows:
(A12432842) (A14434A24) (A13  A31  C13C24C56)
(A3 A21 c14c23¢56)(A23  As1  C12¢34656) PQ,
where
P=(A15 A3e c16c24c35) (D25 Cracascss  C16C25C34)
(As1 Ass As3)(Ass C12¢36Cas  CreC2sCss),
while Q is derived from P by interchanging the subscripts 5
and 6.
From these substitutions of I' we evidently can derive one
which replaces a; by any one of the 27 letters. If a substitu-
tion of T does not alter a;, it must permute amongst themselves

the pairs by, ¢, (j=2, ..., 6) occurring in triples with a;.
From

B = (a5a3c24) (a2¢45¢34) (84¢2523) (b3bsc1e) (bicaecss) (Bec1scis),

which is the transform of 4 by [15], and the [ij], we readily
derive a substitution which leaves ¢, fixed and replaces b2 by
any one of the ten letters b, ¢yy (7> 1).

If a substitution of I' leaves a1 and b2 fixed, it leaves ci2
fixed and replaces b3 by one of the eight letters &, ci,(j =3,
..., 6). Such a substitution can be derived from the [i],
i,7=3, ..., 6,and B.

If a substitution of T leaves fixed a1, b2, c12, b3, it leaves
fixed ¢13 and permutes the pairs a4, c2(¢=3, . . . , 6) occur-
ring in triples with b, and permutes the pairs a, ¢ (=2, 4,
5, 6) occurring in triples with 3. Hence it permutes the letters
€as, 44, a5, as common to the two sets of pairs. Now [15][34]
‘transforms 4 into

(0604023) (02635634) (03625624) (b4b56 16) (b1€4 6c56) (bec 14€1 5); '
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from which and the [i], ij =4, 5, 6, we get a substitution leaving
fixed a1, b2, c12, b3 and c13 and replacing ¢23 by any one of the
four letters cz3, as, a5, as. Next, the [i], 4, j=4, 5, 6, leave
also c23 fixed and permute a4, as, ae in six ways.

Finally, a substitution of T which leaves fixed

ai, a4, s, as, bz, b3, 12, 13, c23
is the identity. For, by the above two sets of four pairs, it
leaves fixed a3, a2, a2, cs (=4, 5, 6). Then by the triples
containing ci12, ¢z (124), it leaves fixed csq, c46, css. By the
triples containing one of the last three ¢’s and cy3, it leaves
fixed c14, c15, c16. Hence it leaves fixed the fifteen ¢’s and the
six a’s and consequently the six b’s, in view of the triples asb,c.

The group T is generated by A, J and the [if), i,5=1, . . . ,6
and is of order 27-10-8-24 = 51,840.

It was noticed that J gives rise to an odd substitution on
the 45 triples. Hence T' has an invariant subgroup H of index
2 and order 25,920, composed of those substitutions of I' which
give rise to even substitutions on the triples. Various proofs *
have been given of the simplicity of H.

We shall next discuss the remarkable relation between
the 27 lines on a general cubic surface and the 28 bitangents
to a general quartic curve. From the group of the latter
problem, we shall be able to conclude (§ 189) that the group G
of the former is identical with I'. Thus G has the factors of com-
position 2 and 25,920. In particular, the equation E(g)=0
for the 27 lines is not solvable by radicals. The equation has
a resolvent of degree 45, corresponding to the 45 triangles, and
a resolvent of degree 36, corresponding to the 36 double-sixes.
But it has no resolvent of degree less than 27 other than the
quadratic the adjunction of whose roots reduces the group to
the subgroup H of index 2; this fact has been proved in three
distinct ways.f The problem is thus of special complexity
on the algebraic side. .

* Jordan, Traité des Substitutions, § 444, §504; Dickson, Limear Groups,
p- 307.

t Jordan, Traité des Substitutions, pp. 319-329; Dickson, Trans. Amer. Math.

Sec., vol. & (1904), p. 126; cf. vol. 6 (1905), p. 48; Mitchell, ibid., vol. 15 (1914),
p. 379,
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184. Relation between Cubic Surfaces and Plane Quartic
Curves.* Using homogeneous codrdinates, let

Jx)=f(x1, %2, %3, 24)=0
be the equation of a cubic surface without a singular point,

so that the first partial derivatives of f with respecttoxy, . . .,
x4 are not all zero for a set of 2’s not all zero. The point (y+23)
on the line joining the points (y)=(y1, . . . , y4) and (2) is

on the surface if
JO+22) =f(3) +AL+3N2Q+N/(2) =0,
where, by Taylor’s theorem,
of of % o
L=zi—+ ... — Q=z2—+2z120—"—+. . .
zlay1+ +z4ay4 Q=a ay1‘+ zlzzayxayz+
Take (y) to be a fixed point P on the surface f=0. Then

the line joining P and (2) meets the surface in two further
points which coincide if

®) (10> =Lf(2).

Hence this equation of degree four in 2y, . . . , 24 represents
the tangent cone T4 to the surface f=0 with the vertex P on
f=0.

Any plane through a straight line I on the cubic surface
meets the surface in / and a conic ¢. Let I and I’ be the two
intersections of / and ¢. The tangent to ¢ at I is the limit-
ing position of a line meeting the surface in three points and
hence meets the surface at three coincident points. Thus
! and this tangent line are principal tangent lines to the cubic
surface and their plane is a tangent plane. Hence any plane
through !/ is tangent to the surface at two points I, I, and thus
is a bitangent plane.

In particular, the plane through the fixed point P and any
line ! on the cubic surface is a bitangent plane to the surface
and hence also to the tangent cone T.

The section of T4 by an arbitrary plane E is a quartic curve
C.. The intersections of E with the above 27 bitangent planes
to T, give 27 bitangent lines to Cs.

*® Geiser, Mathematische Annalen, vol. 1 (1869), p. 129.
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But there is an additional bitangent to C4, making 28 in all.
In fact, the plane L=0 passes through (), in view of Euler’s
theorem (4), § 173. Hence L=0 intersects T4, given by (3),
in two pairs of coincident lines, the intersections of L=0, Q=0.
Thus L=0 is a bitangent plane to T\.

Before we can conclude that the general plane quartic
curve has exactly 28 bitangents, we must show that, conversely,
any given quartic curve C4 is the intersection of the plane
U of the curve with the tangent cone to a suitably chosen cubic
surface f at a point P on it.

Let x, v, 2 be the homogeneous cosrdinates of a point in the
plane U referred to a triangle of reference whose side z=0 is

Fic. 17.

one of the bitangents to C4+ and whose sides x=0 and y=0 are
any lines through the points of contact of this bitangent. Then
the equation of C4 reduces to #2y2=0 when z=0 and hence is
(4) 29 —=%y? =0, '

where ¢ is a cubic form in z, y, 2.

Let P be any point not in the plane U of Cs. As the tetra-
hedron of reference for homogeneous cooérdinates x, y, 2z, u of
points in space, take that determined by the plane U and the
planes through P and the sides of our triangle of reference.
Then the desired cubic surface is

(5) f=¢+4ury+autz=0.

In fact, we shall proceed with this f as we did with the
general f and find its tangent cone with the vertex P=(0, 0,
0, 1) in place of (y). Now

of _9é of _2¢
or ox T W T oy i

2 oz +4u2, > 4xy+8uz.
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At the point P these derivatives vanish, with the exception of
the third, which becomes 4. Hence L =4z.

The second partial derivatives vanish at P, except

oy O _g
xdy | Ozom
Hence

10=2xy+42u.
Thus the tangent cone T4 from P is
(2xy+42u)? =4zf.
Delcting the factor 4 and inserting the value of f, we get the
equation (4) of C4 in the planc »=0.

EXERCISES

1. In the equation of the tangent planc to Q=0 at (4, . . . , &), the
coefficient of 23, is

[+u O 4. .. 0T

" oyoy:  omdw
which, for (¢)=(y), cquals

2‘: (af)zgz}_f_ _
ay N on

Hence the tangent plane to Q=0 at (y) is L=0.

2. Let 4, b, 15 be three lines on the cubic surface f which form a tri-
angle and let P be a point of f not on onc of the 27 lines. For i=1, 2, 3,
the planc Pl meets f in /; and a conic ¢. Call r¢ and s the points of
intersection of & and ¢; they arc on 7% and.f and hence on Q=0. Thus
the 7, sy are six points on the conic ¢ in which Q=0 is met by the planc
of i, &, Is. 'This plane meets the principal tangents &, & to f at P (the lines
of interscction of L=0, 0=0) at two points on c.

Any planc E cuts Ty in a quartic curve C. From 1, L, &;, we obtain
bitangents 1, Is, I’s to C; whose points of contact are the projections
of rq, s¢ (i=1, 2, 3) from P. From 4, &, we obtain a bitangent ». The
conic ¢ projects into a conic ¢’. Hence C, has the four bitangents I';, I/,
Vs, 7, whose eight points of contact are on a conic ¢’.

% Thus = and any one of the 45 triangles on f determine a conic ¢'.
But any onc of the 28 bitangents can be used in place of +. Since any
one of the conics is related in this way to cach of the four bitangents, there
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are 28.45/4=315 conics each containing the eight points of contact of
four bitangents.

4. If (x, y, 3) is a singular point with 230 on (4), then (5) has the sin-
gular point (x, ¥, 3, u), where 2su+xy=0.

185. Steiner Sets of Bitangents to a Quartic Curve. Let
two sides, x=0 and y=0, of a triangle of reference for homo-
geneous codrdinates x, y, z be two bitangents to the quartic
curve f=0. Then, for x=0, f reduces to a perfect square, so
that

S=x¢+ (ra2+syz+1y2)2,
where ¢=c+yg, ¢ being a cubic form in x and s only, and ¢
a quadratic form in «, y, 2. Similarly,

Jyv=0=(r22+uxz+4v22)2.
Hence the latter is identical with xc+72z¢. Thus
=xyg+ (r2? +urz+v22)2 — 224+ (r232 +sys+-£42)2

=xyq1+ (r22+syz+ty2 +uxz+va?)?,
where
g1=9—2(sz+ty) (uz+vx).

Hence f=0 can be given the form xyU =V2, where U and V
are quadratic forms in «x, y, 2. Conversely, this equation
evidently represents a quartic curve having x=0 and y=0
as bitangents.

If A\ is any constant, the equation may be written as follows:

zy(U 42NV +22zxy) = (V +\xy)2.

Now U+2\V 4Ny is a quadratic form in x, y, 2. Its
discriminant (Hessian) is a determinant of the third order
whose elements are linear in A with the exception of two ele-
ments which involve A2. Hence the discriminant is of the
fifth degree in N\. It has no double root in general. For, if

U=2xz, V=ax2+by2+22+2dxy+2exs,
the discriminant is
— 3N\t +48dN3+16(d2 — ab+be2) A2 4 16ber +-4b),

and the last factor can be identified with any quartic in A whose
constant term is not zero. Hence if our quartic curve is general,
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there are five distinct values of N for which the quadratic form
is a product of two linear functions. We thus have *

THEOREM 1. Given any two bitangents x=0, y=0 lo a gen-
eral quartic curve, we can determine in exactly five ways a pair
of lines £=0, n=0, such that the quartic becomes xyin=Q2. Then
the eight points of contact of the four bitangents x, y, &, n lie on
the conic Q=0.

Such a set of six pairs of bitangents is called a Steiner set
(the older term was Steiner group).

Let a, b; ¢, d; e, f be three pairs of bitangents of the Steiner
set determined by a, 8. Then the quartic is abcd =(Q? or

ab(cd+2N\Q +N2ab) = (Q+\ab)2.
As above, we can determine A (A>20) so that
cd+2\0+M2ab =¢f.
Eliminating Q between this and abcd =(Q?, we get

_(rap+ L)
4abcd—()\ab )\ )‘).

Replacing a, ¢, e by a/\, A, \e, we get

(6) 4abcd = (ab+cd —ef)?,

which may be written in the symmetrical forms
) a?b? +c?d? +€%f% = 2abcd +2abef + 2cdef,
(7) Vab+Ved+Vef=0.

Transposing the first radical, we derive
Acdef = (ef +cd — ab)2.

Hence the points of contact of ¢, d, e, f are on a conic.
THEOREM 2. The eight points of contact of any two pairs of
bitangents of a Steiner set are on a conic. Thus the same Steiner
set is determined by any one of its six pairs.
Since the 428-27 pairs of bitangents lie by sixes in a Steiner
set, there are 63 Steiner sets.

* Also by § 180 and Exs. 2, 3 of § 184, with » and /' as the given bitangents.
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Three bitangents are said to form a syzygetic or an asyzygetic
triple according as their six points of contact are or are not on
a conic. Thus a, b, ¢ are syzygetic if they belong to a Steiner
set and two of them, as @ and b, form a pair of that set. We
shall prove the important

TaeorEM 3. Three bitangents a, c, e of a Steiner set are
asyzygetic if no two of the three form a pair.

First, a, ¢, e do not all pass through the same point P. For,
if they did, P would be a singular point of the curve (6). We
may therefore take them as the sides of a triangle of reference
and write

b=la+mc+ne, d=pa+tqctre, f=sa+ic+ue.

No one of the constants /, ¢, # is zero. For, if I=0, for
example, the lines b, ¢, ¢ would meet at a singular point of the
curve (6).

Suppose that the points of contact of a, ¢, e with (6) lie on
a conic C=ga%?+hc®+ke?+ . . . =0. Then, by (6) for a=0,
etc.,

Camo=2Nc(gc+re) —e(tc+ue)},
Ce-o=uta(la+ne) —e(sa+ue)},
Cemo=via(la+mc) —c(pa+qc)},

where A, u, v are constants. Hence

h=X\g,  g=u, g=i,
= —\u, =—uu, h=—ng,

whence A=—», u=v», A=y, or A\=p=p=0. Thus g=h=k=0
and the conic C=0 passes through each vertex of our triangle
of reference ace. The vertex a=c=0 is not on f=0, since
#70. But the points of contact of a with (6) are given by
cd—ef=0 and, being on C=0, are the vertices lying on a; so
that the vertex a=c=0 is on f=0. The assumption that
Theorem 3 is false has thus led to a contradiction.

CorOLLARY. A Steiner set a, b; ¢, d; . . . has in common
with the Steiner set g, ¢; b, d; . . . no bitangent except a, b,
¢, d.
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For, if e is common to them, @, ¢, ¢ are asyzygetic by the
first, and syzygetic by the second set.

186. The Notation of Hesse and Cayley. The 28 bitangents
are designated [i]=[ji], 4, 7=1, ..., 8; i%j. We shall
usually omit the brackets. We shall prove that the notation
may be assigned to the bitangents in such a way that the 63
Steiner sets are given by

(8) agah, bgbh, cgch, dgdh, egeh, fgfh;
(9) abcd, acbd, adbec, ef gh, egfh, ehfyg;

where a, . . . , & form a permutation of 1,..., 8 For
examples, see Ss and S below. Since g and %# may be any two
of the eight figures, there are 8-7/2 or 28 sets of the first type.
Since there are 70 ways of selecting four figures out of eight,
there are 35 sets of the second type, which is determined by
a,b,c,dorbye,f, g k.

Having in mind also another application (§ 191), we shall
proceed abstractly and consider the distribution of 28 symbols
into sets of six pairs, in which the arrangement of the pairs and
the order of the symbols of a pair are immaterial, and such that

A. Every pair occurs in one and but one set.

B. If a, 8, and v, & are two pairs of a set, then a, v, and 8, &
are pairs of a set.

C. Two sets o, B; v, 8; ...and o, v; B, §; ... have
only four symbols in common.

For Steiner sets of bitangents, these properties hold in
view of § 185.

As the first set we shall take

Si. 12 34, 13 24, 14 23, 56 78, 57 68, 58 67.
Rearranging the components of the first and fourth pairs by B,
we see that there is a set Se with 12 56, 34 78, and a set S3
with 12 78, 34 56, which, by C, have no further symbol in
common with each other or with S;. Hence they introduce
all of the 8+8 symbols not found in S§;. It is at our choice
to select the eight to go into Sz; we take

Sa. 12 56, 15 26, 16 25, 34 78, 37 48, 38 47,
S3. 12 78, 17 28, 18 27, 34 56, 35 46, 36 45.
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The set Ss with 12 57 and 34 68 has no further symbol
in common with S; and hence contains eight new symbols
chosen from those of Sz and S3 not in the first or fourth pajrs.
The two of a pair cannot be two, as 26 and 25, from S, since
by B they would imply the pair 15 16, contrary to C. Again,
if 25 occurs in Sy, 16 does not occur; for, 25 jk and 16 lm would
imply a set with 25 16 and jk lm, necessarily S», whereas jk,
Im are not in Si, by the last result. Hence after applying
a substitution which permutes the eight symbols in S; not in
the first or fourth pairs, and the eight in S3 not in the first or
fourth pairs, we may take

Ss. 12 57, 1527, 17 25, 34 68, 36 48, 38 48.

The set S5 having 12 25 contains, i view of Sz and Sy,
the pairs 56 16 and 57 17, and no further symbols from S; and
S4, and therefore six symbols chosen from

13 24, 14 23, 58 67, 18, 35 45 28,

the earlier ones being paired for the sake of simplicity of refer-
ence. But 57 17, 28¢ imply a set with 17 28, 57¢ contrary
to S3. Hence 28 is excluded. If we take at least four of the
first six symbols, we must pair two of them with each other;
these two occur in S; and cannot be a pair in S}, so that we have
a contradiction with C. Hence we must take one and but
one from each pair 13 24, etc. Since we may interchange the
symbols of any one of these three pairs without altering sets
S1-Ss, we may assume that Ss contains 58, 13, 14. These
and sets 51—S; are not altered by

(15 38) (26 47) (18 35) (27 46),
(38 48) (47 37) (46 36) (35 45),

which give rise to any permutation of 18, 35 45. Hence we
may take

Ss. 21 25, 31 35, 41 45, 61 65, 71 75, 81 85.

Without the use of further substitutions to fix the choice of
equivalent notations, we can now prove that the 63 sets are
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uniquely determined by properties A, B, C and that each is
of one of the two types (8), (9).

Using Ss, S4, S3, S5, S1 in turn, and property B, we get

Se. 15 48, 26 37, 27 36, 18 45, 14 58, 23 67;

S7. 15 38, 26 47, 27 46, 18 35, 13 58, 24 67;

Ss. 37 47, 38 48, 36 46, 35 45, 13 14, 23 24.

The set Sy with 12 68 has, by Sy, S4, the pair 34 57 and
the symbols 16, 26, 47, 37 paired with 28, 18, 35, 45, since not
paired with each other in view of S2. But 16 is not paired
with one of the last three in view of S5. Hence Sy contains the
pair 16 28. A pair 26 35 would imply 47 18 by S7 and hence

37 45, contrary to Ss. A pair 26 45 would imply 37 18 by Se
and hence 47 35, contrary to S;. Hence, by S,

So. 12 68, 34 57, 16 28, 26 18, 37 45, 47 35.

With 12 16 occurs 56 25 by Sz, S5, and 68 28 by Sy, while
67, 24, 23 are paired with 27, 46, 36, by Si. But 67, 23 are
paired with 27, 36 by S¢, and 67, 24 with 27, 46 by S7. Hence

Swo. 12 16, 56 25, 68 28, 67 27, 24 46, 23 3¢.
By S2, Si, S3 we have the first four pairs of
Sii. 2616, 1525, 17 27, 28 18, 13 23, 24 14,

and four of the symbols 13, 14, 23, 24, 58, 67. Pairs 58¢, 28 18
would imply 58 18, 28 ¢, contrary to Ss. Pairs 67¢, 17 27 would
imply 67 27, ¢17, contrary to Sio. Finally, 13 14, 13 24 are
excluded by Ss and S;. Hence we have S11. By the same steps,

Siz. 47 16, 38 25, 17 46, 28 35, 58 23, 67 14;
Sis. 37 16, 48 25, 17 36, 28 45, 58 24, 67 13.
By S7, Se, S11, Ss or S1o, S1, we get

S 2627, 47 46, 37 36, 16 17, 56 57, 78 68;
Sis. 1518, 38 35, 48 45, 25 28, 56 68, 78 57.

By S1 and S5, the set Si¢ with 12 58 has 34 67 and 25 18
and the symbols 15, 47, 37, 28, 46, 36, since 26, 38, 48, 27 are
excluded by Sy, S12, S13, S1o, respectively (since 25 18, 26 imply
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that 25 is in a set Sg with 26 18). By Sis, 15 is paired with 28
in Si1e. By Ss and Si4, 47 is not paired with 37 or 46. Hence

S1e. 12 58, 34 67, 25 18, 15 28, 47 36, 37 46.
In exactly the same manner, we get

Si7. 1213, 34 24, 25 35 38 28, 26 36, 37 27;
Sis. 12 14, 34 23, 25 45, 48 28, 26 46, 47 27.
By S1, S0, S16 we get the first three pairs of

Sie. 12 67, 34 58, 16 27, 17 26, 38 45, 48 35,

and see that the further symbols are those in the last three pairs.
By S4, 17 is not paired with 38 or 48, and by S3 not with 35 or
45. Hence 17 is paired with 26. By Ss and Sis, 38 is not paired
with 48 or 35 and hence is paired with 45.

Similarly, using S1, S10, Si2, Si7, we get

Szo. 12 24, 34 13, 16 46, 47 17, 15 45, 48 18,

except as to the pairing of the last four symbols, which is deter-
mined by S¢ and S15. By Si, Sio, S13, S1s (and S7, S15 for the
pairing the final four symbols), we get

Sa1. 12 23, 34 14, 16 36, 37 17, 18 38, 15 35.

We may now determine uniquely the remaining 42 sets
from S1-S21 by use of the simple property B. Thus by Sq,
S4, S21 and Sie, S20 or Si7, Se, we get

Szo. 12 15, 56 26, 57 27, 58 28, 23 35, 24 45;
Ses. 12 38, 56 47, 57 46, 13 28, 23 18, 67 45.

The remaining sets may be derived independently of each
other from S1, . . . , S23 by use of property B; they need not
be tabulated here since they, like the earlier sets, are of one
of the two types (8), (9).

THEOREM 4. There is a distribution of 28 symbols into 63
sets of 6 pairs such that the arrangement of the pairs in a set is
immaterial and such that properties A, B, C hold- Any such
distribution can be derived from that given by (8) and (9) by a
substitution on the 28 symbols.
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Hence the notation # may be assigned to the bitangents ir
such a way that the Steiner sets are given by (8) and (9).

Since the sets S1, Sz, S3 together contain all the bitangents
any bitangent syzygetic with 12 and 34 occurs in S; (Theorermr
3, § 185). Similarly, every syzygetic triple is composed of three
bitangents of a Steiner set, two of which form a pair. The
converse was noted before Theorem 3. Any syzygetic triple
of a Steiner set (8) is of the type ag, ak, bg; any one of a Steiner
set (9) is of type ab, cd, ac or ab, cd, ¢f. The latter is repre-
sented by |||, i.e., by three segments whose six end points are
all distinct. The former is represented by the broken line
M composed of the segments ba, ac, cd; and the same repre-
sentation is given to ha, ag, gb.

THEOREM 5. A triple is syzygetic if and only if it is of type
|| or type M. Hence a triple is asyzygetic if and only if it is of
one of the three types A, V1, \l/.

Seven bitangents are said to form an Aronhold set if every
triple contained in it is asyzygetic. An example is
(10) 18, 28, 38, 48, 58, 68, 78,
each triple of which is of type \J/ and hence asyzygetic.

An Aronhold set is represented by a figure formed by
seven segments with at most eight end points. It is not com-
posed of more than two separate parts; for, if it be, it would
contain three syzygetic bitangents |||. If a separate part has
two or more points from each of which at least two segments
radiate, that part is of type A, since otherwise it would contain
a triple of type M. Hence each separate part is a A or a fan
Fy consisting of # segments radiating’ from one vertex.

First, let there be a single part. Then the set is a fan Fy.
Its vertex may be any one of the points 1, . . . , 8, so that
there are eight such Aronhold sets. That with the vertex 8
is given by (10).

Finally, let there be two parts. If they are fans F, and F,,
the number of segments r+s is 7, and hence the number of
points is r+1-+s+1=9, whereas at most 8 points occur. Hence
one part is a A and the other a fan Fy; for example,

(11) 12, 23, 31, 48, 58, 68, 78.
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The triangle can be chosen in 56 ways (the number of ways of
selecting three points out of eight), and then the vertex of the
fan is any one of the remaining five points. Hence (11) is one
of 280 such sets.

THEOREM 6. There are exactly 288 Aromnhold sets. Each
is a fan Fy or is composed of a triangle and a fan Fi.

187. Group of an Equation for the 28 Bitangents. Take as
the x-axis of Cartesian coérdinates a line not through the
intersection of any two bitangents. Then the bitangents
cross the x-axis at 28 distinct points (£, 0), and each bitangent
y=m(x—¢f) is uniquely determined by its £ If the equation
to the quartic curve is F(x, y) =0, then Flx, m(x—¢£)] must
be a perfect square in x. From the resulting two conditions
on m and {, we obtain m as a rational function of ¢ and the
coefficients of F(x, y), since there is a single m for each ¢; and
hence obtain an equation E(£) =0 of degree 28 whose coefficients
are in the domain R of the rational functions of the ratios of
the coefficients of F. Let G be the group of this equation for
the domain R.

Let p=0, ¢=0 be the two bitangents determined by the
roots &1, £2. Then (§ 185) there are two conics U=0, V =0,
with coefficients in the domain (R, {1, £2), such that F = pqU — V2.
As there proved, there are five values of \ for which

U427V +22pg=0
is a pair of lines. In the product
P=TI(U+42\V +N2pq),

extended over these five values of A, the coefficients are in the
domain (R, &, ¢2). Now P is a product of ten linear functions
of x and vy, which represent ten bitangents forming with  and
g a Steiner set. Setting y=0 in P=0, we obtain an equation
f(&1, &, x)=0, with coefficients in R, whose ten roots x are
the #’s of these ten bitangents. Thus f(¢1, &, &) is zero when
&1, &2, & are roots of E(£)=0 corresponding to a syzygetic
triple of bitangents and not zero for three roots corresponding
to an asyzygetic triple. In the first case, we shall call the roots
syzygetic; in the second case, aszygetic.
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If a substitution S of G replaces three syzygetic roots £,
&2, £ by the roots £'1, £'2, s, then, by property B of § 149,
J(&1, ¥2, ¥3)=0 and ¢\, £'3, &5 are syzygetic. The converse
is shown to be true by use of S-1.

THEOREM 7. Every substitution of G replaces syzygetic roots
by syzygetic roots and replaces asyzygetic rools by asysygetic roots.

CoroLrary. Every substitution of G replaces any Steiner
set by a Steiner set and every Aronhold set by an Aronhold set.

We proceed to exhibit a fixed group I' which contains G as
a subgroup no matter how we vary the coefficients of the quar-
tic equation and hence vary G. For the extreme case in which
the coefficients are independent variables, we shall later see
that G is identical with I'. But in every case we shall in the
meantime be able to determine the possible number of real
bitangents from a knowledge of the substitutions of period
2in I

The group G may contain a substitution S which interchanges
the roots 18 and 28 of the Aronhold set (10) and leaves unaltered
the remaining roots 8, ¢=3, . . . , 7. If so, S replaces the
Steiner set la 8a(a=2, . . ., 7) by a Steiner set Z in which
the figure 8 occurs six times and hence is of type (8) with 2=8
(since we may permute g and k). Since 8 is paired in = with
any figure except 2 and 8, we have g=2. Hence 2 is 2 8a
(e=1,3, . . .,7),sothat S replaces la by 2a if a> 2, and leaves
12 unaltered. Next, S replaces = by a Steiner set of type
(8) with =8 and containing 21 82, and hence with g=1,
so that the new set is 2182, 148 (a=3, ..., 7). Thus
S replaces 2a by 1la if a>2. Finally, S replaces the Steiner
set 31 81, 32 82, 3a 82 (a=4, ..., 7) by one with 32 82,
31 81, and hence with 3a 8a, so that S leaves unaltered 3a
(e=4, ..., 7). Similarly, S leaves unaltered ba (b, a=3,
..., T; bs%a). Thus S is the product of the transpositions
(14, 2/),7=38, . . ., 8, and is therefore the substitution on the
28 symbols [#/] which is induced by the transposition of the
two indices 1 and 2.

We obtain in this way 7! substitutions which leave unaltered
the Aronhold set (10), merely permuting its seven symbols,
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The group G may contain a substitution S which replaces
the symbols (10) by the corresponding symbols of the Aron-
hold set

17, 27, 37, 47, 57, 67, 87.
If so, S replaces the Steiner set ia 8a (=1, . .., 7; ai),
where 7 is a fixed integer <6, by a Steiner set of type (8) with
k=17, g=i, since 7 is paired with every integer except 7 and i.
Hence the new set is ia 7a (a=1, . .., 6, 8; asi). Hence
S leaves fixed 7a (a < 6) and replaces i7 by 48. Thus S is induced
by the transposition of the indices 7, 8.

We now have 8! substitutions which permute the eight
Aronhold sets typified by fans F; with vertices 1, ..., 8.
These 8! substitutions on the 28 symbols are those induced
by the 8! substitutions on the indices 1, . . . , 8, and form a
group E.

The group G may contain the substitution

P (1828384858 6878 . ..
12887\23 13 1248 58 68 78 . . . )’

which replaces the Aronhold set (10) by the Aronhold set (11)
composed of the triangle with vertices 1, 2, 3 and a fan F.
with the vertex 8. Since P replaces the Steiner set 1a 8¢ (¢ =2,
.« +, 7) by one of type (8) with 2=8 and having the symbols
13, 12 and hence with g=1, P replaces 12 by 38, 13 by 28,
and leaves unaltered la(a=4, . .., 7). Next P replaces the
Steiner set 8a4a (¢=1, 2, 8, 5, 6, 7) by that dctermined by
23 14 and hence leaves 24 and 34 unaltered and replaces 45
by 67, 46 by 57, 47 by 56. In this way we find that

Pia3s=(12 38) (13 28) (23 18) (45 67) (46 57) (47 56),
which may therefore be designated also by Pas7.

Similarly, or by symmetry, we obtain the substitution
Pamam:P m,&=(a1a2 a3a4) (a1a3 a2a4)

(104 a2a3) (8182 B3B4) (8183 B284)(818s B283),

where a1, . . ., B4 form a permutation of 1, . . . , 8. There
are 35 such substitutions, since there are 70 combinations of 8
things 4 at a time.



§ 188) NUMBER OF REAL BITANGENTS 365

We thus have a group, of order 288-7!=36-8!,

T=E+ > EPaas

188. Number of Real Bitangents. We shall employ the
LEMMA.* If an algebraic equation with distinct roots and
with coefficients in a real domain R has exactly v pairs of con-

jugate imaginary roots xpy-1, x2j=1, . . ., v), ils group Jor
R contains the substitution
S=(x1x2) s (xZJ—leJ) e (x2v-lx2y)'

If we apply the Corollary in § 149 to the group {1, S}, we
see that our Lemma is proved if we show that .S leaves numeri-
cally unaltered every rational function ¢(x1, . . . , x,) of the
roots such that ¢ has its coefficients in R and equals a quantity
in R. Since the numerical value of ¢ is real, ¢ remains numeri-
cally unaltered when =+v'—1 is changed into —i in each im-
aginary root; but the resulting change in ¢ is the same as if
we had applied the substitution S. _

CoOROLLARY. Either the roots are all real or else the number
of real roots equals the number of letters unaltered by one of the
substitutions of period 2 of the group for R of the equation.

We shall prove that every substitution S of period 2 of the
group T of § 187 leaves fixed exactly 4, 8 or 16 of the 28 sym-
bols. First, if S is in the subgroup E, it is induced by 1, 2, 3
or 4 transpositions on the 8 figures and hence leaves unaltered }
16, 8, 4 or 4 symbols, respectively. Second, S= P23 leaves
16 symbols unaltered. Third, let S =0¢"1P1234, where ¢ is not
the identity and is induced by the substitution which replaces
1,...,8byai, ...,as. Then

S=S5"1=P1234 0=0Pogaay, P1234=0S=02Po,

Hence (end of § 187) o2 is the identity and i, az, a3, a4 form a
permutation of either 1,2,3,4 or of 5,6,7,8. In the latter
case, ¢ is induced by

(1 1) (2 a2) (3 @3) (4 o),

* A less precise theorem limited to irreducible equations was given by E.
Maillet, Annales de Toulouse, ser. 2, vol. 6 (1904), p. 280. The present Lemma
was given by Dickson, Annals of Mathematics, ser. 2, vol. 6 (1905), p. 144.

t The verification can be made for the substitutions used below.
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so that the substitution induced by
a] az az a4)

(5 6 7 8
transforms S = o P1234 into that induced by (15)(26)(37) (48) P1234,
which leaves unaltered only the symbols 15, 26, 37, 48. In
the former case, a1, . . . , a4 is a permutation of 1, 2, 3, 4.
It this permutation is the identity, ¢ permutes only 5, 6, 7, 8,
and, after applying a transformation not altering Pj234, we
may take o=(78) or (56)(78), whence S leaves 8 or 4 symbols
unaltered. In the contrary case, we may assume that ¢ is the
product of (12) or (12)(34) by a substitution ¢; on 5, 6, 7, 8.

If o, is the identity, we transform by (18)(27)(36)(45) and are
led to the preceding case. There remain the cases

o=(12)(56), (12)(56)(78), (12)(34)(56)(78),

for which S leaves unaltered 4, 4 or 8 symbols, and the case
(12)(34)(56), which is equivalent to the second case.

THEOREM 8. There are exactly 4, 8, 16 or 28 real bitangents
to a real quartic curve without singular points.*

189. Real Lines on a Cubic Surface. If we adjoin to the
domain one root of the equation upon which depend the 28
bitangents to a quartic curve, the group reduces to a subgroup
simply isomorphic { with the group of the equation upon which
depend the 27 straight lines on the related cubic surface (§ 184).
The substitutions of period 2 of I' which leave one symbol
fixed leave unaltered 3, 7 or 15 of the remaining 27 symbols.

THEOREM 9. There are exactly 3, 7, 15 or 27 real straight
lines on a general real cubic surface.}

* It is then not of the type excluded in the proof of Theorem 1. The group
discussion by Maillet (l.c., p. 323) is incomplete, as it fails to exclude the case of
no real bitangents. Weber, Algebra, 2d ed., vol. 2 (1899), devotes pages 458-465
to a proof that no other than these four cases can occur, and three pages to a proof
that all four cases actually occur. For geometrical treatments see Zeuthen,
Mathematicshe Annalen, vol. 7 (1874), p. 411; Salmon’s Higher Plane Curves,
p- 220.

t Note that the quotient of the order 28871 of I in § 187 by 28 is the order of
the group I in § 183,

1 That these four, but no other, cases actually occur was shown by Schidyi,
Quarterly Journal of Mathemalics, vol. 2 (1858), p. 117.
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190. Actual Group G for the 28 Bitangents. We have seen
that G is a subgroup of the known group I' and have applied
this fact to the study of the reality of the bitangents. It is a
proper conclusion of this investigation to give the proof that G
is identical with T in case the coefficients of the quartic equa-
tion are independent variables. For this purpose we need the
following Lemmas, the proof of which differs from that given
by Weber * mainly in a slight change of notation made in the
interests of symmetry, and in the elaboration of the proof of
Lemma 2.

LeEMMA 1. Given the seven bilangents of any Aronhold set
of bitangents to a quartic curve without singular points, we can
determine rationally the remaining bitangents.

Let (10) be the given Aronhold set and write x, for [:8],
and #xy for [§], <8, j<8. We are to express the zy rationally
in terms of x1, . . ., x7. Since x1x23, x2x13, x3x12 are pairs
18 23, 28 13, 38 12 of a Steiner set of type (9), we may mul-
tiply %23, etc., by constants as in the derivation of (6), and
obtain the equation f=0 of the curve in a form such that

(12) [ =4%2213%3%12 — 42 = 41321221 %23 — 1°
=4x1223%2%13 — W3,

where

(13)  u=—zix3+2ox13+xs%12, 9=21223—22%13+%3%1,

W=2X1X23+X2%13 —X3%12.

Similarly, x2x12 and x4x14 are pairs of a Steiner set (8) with
g=8, k=1, and

(12) f=4x2%1224%14— ¢,
where ¢ is a quadratic form. Then by (12,),
4x2%12(%3%13 — ¥4%14) = (4 —q) (4 +q).

If one of the factors on the right were divisible by x2 and the
other by x;2, the intersection of x2 and x12 would be on =0

* Algebra, ed. 2, vol. 2, 1809, p. 442. Down to this point in our exposition of
the theory, we have made only an indirect use of Weber’s treatment.
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and hence be a singular point of f=0 by (12;). Hence, after
changing the sign of ¢ if necessary, we may assume that

U—q=2\1%2%12,
where \; is a constant not zero. Then
u+q=2(x3%13 — 24214) /1.
Adding and replacing # by its expression (13), we get
(14) %414 =%3%13 +N1202%12 — M1 (= 21223 + %2213+ X3%12).

In the same manner (or by permuting 1, 2, 3 cyclically),
we get

(14) {

X4¥24 =X1%12+N2?X3%23 — N2 (%1023 — X2X13+%3%12),

X4%34 =2X2%23+N32%12013 — N3 (%1223 + X213 — X3%12),

where A2 and A3 are new constants not zero.
To determine the N’s, divide equations (14’) by Az and A,
respectively, and then add. We get the identity

(15) f"?.t(*:@2 +£§5> =2 (ic—lz'*—?\axla - 2x23> +x23l,
N2 A3 N2/

where I =Nox3+x2/Ns. Since x4, 21, 223 occur in the Steiner set

(8) with g=8, k=3, and no two are paired, they are not con-

current (proof of Theorem 3); similarly, no three of the x; con-

cur. Hence /, 24, x1 are concurrent, so that x4 is a linear func-

tion of / and x;. But

(16) x4 =012%1+a222+a3x3,
where the a’s are known constants each not zero. This sum
must vanish for /=0, x; =0, whence az=a2N2N\3. Thus

1
N2 =has, N hiaz,

where k; is a new constant. Then, by (15) and (16),

X24 , X34 — e | %13, X12
hlh(-g-l-—); h1x23> -—xl[ o + = h1(2+alh1)x23] .
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Hence, if %, is a new constant,

Xo4 | X34 _ki
17) . + W hixas =5
kixy =@+£E—h1(2+01h1)x23-
az as

Permuting 1, 2, 3 cyclically, we get

x ;
koxs =224 2 p (24 agho)is,
as ai
X2z | Xy
Faxs =243 h3(2+ashs)x12.
ax az
Since the three expressions for x4 must be identical, the three

k’s are equal and will be designated by k. Also,
0=1+a¢h‘(2+a¢h4)=(1+a¢ha)2 (i‘—"l: 2) 3)’
so that Ay=—1/a,. Thus

X23  X13  X12
(18) kxy= Py + o T as

Since A, is derived from A3 by permuting 1, 2, 3 cyclically, we
have
—az —das —a1

M=—, Ag=——, Ag=—ot.
1 ) 2 @ y 3 a2

Permuting 1, 2, 3 cyclically in (17), we get

(19,) Y24 , X34  —X23

N A3 a

:E;:_; X14 —X13

X14  X24 —X12
+——=-——-—kux — e s .
)\3 )\l az 242, )\I + kaaxs

A2 as
Adding and employing (18) and (16), we get

ST ko +oats +oum).

—kalxl,

Hence
X14 %23 X24 13
= —— — k(a222+a3% —=——k(a121+azx
@19 N o (a2x2+as3x3), N 02 (a1%1+asxs),
T _ iz

N a5 —k(a121+a2x2).
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We may employ x5, x¢ or x7 in place of x4 in the preceding
discussion. Instead of (16), we use

(20) X =0an%1+aex2 +ai3x3 (i=4,5,6,7),

where the ay are known constants. Corresponding to (18)
are

X23 %13 |, X12 .
(21) ky(anx1 +ai2x2+a3x3) = - + p” + " (1=4,5,6,7),

in which k4, . . . , k7 are constants to be determined. If the
determinant
1 1

1
Q1 Q2 ag

were zero, where for example 7=4, 5, 6, then the corresponding

x; would be linearly dependent, whereas they were shown not to

concur. Hence the ratios of four numbers /4, . . ., I7 are de-

termined by

(22) Wb by b, (i=1,2,3)

Gy G5 Qg G7 P

Multiplying the ith equation (21) by / and summing, we

see that the new right member is identically zero, so that

(23) ik‘lﬂa =0, i kdae =0, i kdag =0.

(LX) (=4 =4

These equations determine the ratios of the %’s, one of which
is arbitrary and may be taken to be unity. Then (21) deter-
mine %33, %13, %12, while (19) and the corresponding formulas
determine =i, %2, %3¢ (4=4, ..., 7) rationally. We now
have all the bitangents except 45, 46, 47, 56, 57, 67. But if
we had used x5, xs, 27 in place of x,, x2, ¥3, we would have ob-
tained rationally all except 12, 13, 14, 23, 24, 34. The two
steps together give all the bitangents ;.

LeEMMA 2. If we choose seven siraight lines in a plane in a
sufliciently general manner, we can determine rationally the equa-
tion of a quartic curve without singular points for which the seven
chosen lines form an Aronhold set of bitangents.
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For proof, we have only to reverse the argument made
for Lemma 1, now taking the ay as independent variables.
Then x23, 213, %12 are determined rationally in terms of the ay
by means of (21)-(23), and then x4, x5, X6, X7, X4¢, 51, Xes, X7e
are determined rationally by means of (20), (19) and the analo-
gous equations mentioned above.

Substituting the expressions for xe23, x13, x12 into (12;)
and (13), we obtain the equation f=0 of a quartic curve, whose
coefficients are rational functions of the ay. Its discriminant
is not identically zero, since we saw in the proof of Lemma 1
that we can deduce equations (21)-(23) from the equation of a
quartic curve without singular points.

For i=4, (20) and (21) give (16) and (18). From these and
(19) we get (19'). Substitute the left member of the latter
into (15). In the resulting term —x4x23/a1, replace x4 by its
value (16); in the term —ka1x1%4, replace kx4 by its value
(18). We obtain the right member of (15). Hence we have
(15) and the equations derived from it by permuting 1, 2, 3
cyclically. From the relation between (14’) and (15), it follows
at once that (14) and (14') hold. Define ¢ by the equation
preceding (14). Then u—gq has the value indicated, so that
(12') follows from the equation written below it. The equa-
tions obtained from (12') by replacing 4 by 5, 6, 7 follow
similarly from (20), (21) and the equations of type (19). Hence
X4, X5, X6, X7 form with x,, x2, x3 an Aronhold set.

THEOREM 10. If the ratios of the 15 coefficients of a ternary
quartic form [ are independent variables and if R is the domain
of the rational functions of these 14 ratios with rational coefficients,
the group G for R of the equation E(t)=0 upon which depends
the determination of the 28 bitangents to f=0 is the group T
of § 187.

It was proved in § 187 that every substitution of G is in T.
To prove the converse, it is sufficient, in view of the Corollary
in § 149, to show that every rational relation with coefficients
in R between the roots of E(£)=0 is preserved by each sub-
stitution of I'.  To this end, let &, . . . , & be the roots corre-
sponding to the bitangents 18, ..., 78. Since the latter
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form an Aronhold set, the remaining 21 roots ¢y=£4 (4, j=1,

., 7; i¥j) are rational functions of &, ..., & with
coefficients in R (Lemma 1). If ¢;, . .., c14 are the ratios
of the coefficients of f, any rational relation between the roots
with coefficients in R is of the type

Dk, . - ., b, B12, - . ., BT, €1y - . ., C14) =0,

where ® is a rational function of its arguments with rational
coefficients. First, we replace the £y by their rational expres-
sions in terms of the &, c. Next, we replace each ¢ by its
rational expression (Lemma 2) in terms of the coefficients &,
mg (i=1, ..., 7) of the seven bitangents of our Aronhold
set. But these 14 quantities can be chosen at will. Hence
after our replacements, relation ®=0 becomes an identity
in the &, m;. Thus &=0 remains true if we substitute for
1, . . ., &7 the seven roots in any order of any Aronhold set,
provided of course we replace each &, by the root which arises
from it by our substitution. But T is the group of all such sub-
stitutions. Hence G=T.

CoroLLARY. The adjunction of one root of a certain
equation of degree 36 reduces the group of the equation for the
28 bitangents to the group of the general equation of degree 8.

In fact, the subgroup E(§187) of T' is simply isomorphic
with the symmetric group on 8 letters and is of index 36 under T.

Since we know the generators of I and the representation of
each substitution of I' in terms of the generators (end of § 187),
we can prove by a straightforward argument that I is a simple
group (Weber, l.c., pp. 454-6).

191. Symmetrical Notation for the Bitangents to a Quartic
Curve. The separation of the Steiner sets into two types and
likewise for the Aronhold sets was due to the lack of symmetry
in the notation of Hesse and Cayley and not to a geometrical
difference. A perfectly symmetrical notation was discovered *

* Riemann, Werke, 1876, p. 471. Weber, Theorie der Abelschen Funclionen
vom Geschlecht 3, Berlin, 1870, p. 82. Clebsch, “ Ueber die Anwendung der
Abelschen Functionen in der Geometrie,” Crelle, vol. 63 (1864), p. 211, who

used the notation (%1, 22, x3; 3, y2, y3). Appell and Goursat, Théorie des Fonctlions
Algébrigues, 1895, p. 511.
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in connection with the theory of theta functions of odd character-
istics

(24) (xlyl x2y2 xsys) ’

where each x; and y,is 0 or 1, and
(25) X1y1+%2y2 +x3y3=1 (mod 2).

If x3=1 (mod 2), the congruence determines y3 in terms
of x1, y1, 42, ¥2, so that there are 2¢ such sets of solutions. If
23=0 (mod 2),

(26) X1y1+x2y2=1 (mod 2)

has the four sets of solutions x2=1, yo=1—x,y;, and the two
sets x2=0, y2=0 or 1, x1=y;=1; since y3=0 or 1, we obtain
2X6 sets of solutions of (25) with x3=0. Hence there are 28
symbols (24).

THEOREM 11. The 28 bitangents to a general quartic curve
can be designated by the 28 symbols (24) in such a way that the
8 points of contact of the four bitangents

A =(aib1 ashe asbs), B=(cid; codz cads),
C=(x1y1 %2y2 x3y3), D=(z1w1 22wz z3ws)
are on a conic if and only if
(27) atota+2=0, b+di+y+w=0 (mod 2) (:=1,2,3).

This theorem, which leads to a symmetrical notation for the
bitangents and presents the problem of the bitangents in a form
suitable for extensive generalizations (§192), was deduced in
the papers last cited from the theory of abelian functions.
We shall here give a very elementary proof,* depending upon
two lemmas.

LevMMA 3. If A and B are any two distinct symbols (24),
there exist exactly five pairs of symbols Co, Do; . . .; Cs, Dy,
distinct from each other and from A and B, such that the sums of
corresponding elements of the symbols A, B, C;, Dy are all even,
as in Theorem 11.

* Dickson, Bull, Amer, Math, Soc., vol, 20 (1914), pp, 463-4.
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This lemma implies that the sums of corresponding elements
of Co, Do, Cy, Dy, are all even. Thus the set of six pairs deter-
mined by 4 and B is identical with the set of six pairs deter-
mined by Co, Do. For such sets of six pairs, properties (A)
and (B) of § 186 therefore hold. The fact that also property
(C) holds and hence also Theorem 11, may be stated as

Lemma 4. The sets AB, CD, ... and AC, BD, ...
have no further symbol in common.

In the proof of these two lemmas, it suffices to consider
symbols 4, B having b3 =d; (mod 2), and hence (after inter-
changing A and B if necessary) with b3=0, d3=1. For, if
b3=d3, but bi=d;, the symbols A'=(asbs asbs a1b)) and B’,
derived from 4 and B by interchanging the first and third pairs
of elements, lead by the proof below to just five pairs C’;, D,
from which we derive the required C, D, by interchanging
the first and third pairs of elements. Next, if each b=d,,
then a;=c,, for example, and we proceed as before with
A*=(b1a1 bzaz bsasz), B*=(dic) dzcz dscs).

To prove Lemma 3, we may therefore assume that b3=0,
dz=1. If C and D are symbols for which congruences (27)
hold, then y3+w3+1=0 (mod 2), so that either y3=0 or
w3=0. Since the mutual order of C and D is immaterial, we
may set y3=0, whence wz=1 (mod 2). The conditions that
C and D shall satisfy the condition (25) for a symbol are (26)
and z1w1+3sw2+33=1. By (27), the latter becomes

2
(28) E(a«+c.+x.)(b¢+d.+y.)+aa+c3+x351 (mod 2),

{=1
which determines x5 in terms of x1, y1, #2, 2. There are six
sets of values of the latter which satisfy (26). One of these sets

is n=a, y‘-—_—-b‘ (ial, 2), whence X3=4ag, C=4 (and hence
D=B), since

(29) ca=14c1d1+c2d2 (mod 2).

Since this set is to be excluded, Lemma 3 is proved. For use
in the proof of Lemma 4, we shall exhibit the five pairs C;, D,.
In view of aiby+asbs=1, b; and b; are not both even.
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After interchanging the first and second pairs of elements
in all of our symbols, if necessary, we may set b2=1. Then
we may set

A=(a b ab+1 1 ¢ 0), B=(c1d; c2d2 c3l),

in which, as well as below, c3 is given by (29). The sets of solu-
tions of (26), other than the above excluded set, are evidently
the five sets of the first four elements in Co, . . . , C4 below.
After determining x3 for each by use of (28), we see that the
five pairs of symbols specified in L.emma 3 are

Ce=(1 1 k0 zx 0), Dr=(a+a+1, b+di+1, ab+1+a+tk, datl, etatam, 1)
[sx=0a+b+a+di+a+di+adi+-ba+abds+k+dk+e, k=0, 1];

Ci=(a+1, b, ab+b+1, 1, e+di+bds, 0) Dy=(c1+1, dy, ca+b, ds, ca-+di+bds, 1);
C3= (a’ b+l! ab+a+ly 11 C+Cl+ad3, 0)’ Dl= (C], d!+l, C’+a, dly CS+Cl+adS) l);

Ci=(a+1, b+1, ab+a+bd, 1, e+a, 0), Di=(a+1, di+1, s+a+b+1, ds, csta, 1)
la=c1+di+dy+1+ads+bda).

To prove Lemma 4, we have to show that if C is one of
these 10 symbols and E is one of the 8 not paired with C and
not identical with C, the new set AC, BD, . . . does not con-
tain E. If it did, there woquld be a symbol paired with E whose
elements are the sums of corresponding elements of 4, C, E.
But we readily verify that condition (25) is never satisfied for
this symbol paired with E. After treating the cases in which
C=Cs, we need not consider the cases C=D;, since if P and Q
form any pair of our ten symbeols, 4+B=P+Q=C+D
imply A4+Di+P=4+C+Q. Hence, treating Ci(k=0, 1)
together, we need consider only six cases with C=Cj, four
with C=Cj3, two with C=C4, and C=Co, E=D,. For example,
A+C2+C=(01 b4k 0 s 0) is not a symbol satisfying (25).

192. Further Problems of Contacts of Curves. The pre-
ceding symmetrical notation for the bitangents to a quartic
curve is in accord with that used by Steiner * and Clebsch t
in their treatment of a series of problems on contacts of curves.

* Journal fir Math., vol. 49 (1855),
t Ibid., vol. 63 (1864).
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Let G, be a real plane curve of order # having no double point.
Set

p=3(n—1)(n—-2), R,=2%-1_9v-1

There are R, curves of order #—3 having simple contact with
Ca at n(n—3)/2 points. The determination of these curves
depends upon an algebraic equation E of degree R, whose roots

are designated by (xiy1 %23z . . . %,,), where 1, . . ., ¥,
form any set of integral solutions of

nyi+xzyz+ . . . +2y,=1 (mod 2).

The simplest case is #=4; then p=3 and the problem is
that of the R3=28 bitangents to a quartic curve. For n24,
Clebsch proved that, if 4 is any positive integer < R, for which
u(n—3)/2 is an integer, the points of contact of C, with the
p curves corresponding to the roots

@Y xSy, o (W W L xy )
lie on a curve of order u(n—3)/2 if the congruences
ota ot L+, 9=0, ¥, +y 4 ... +9,%=0 (mod 2)
(p=1, ..., p)

hold simultaneously. For n=4, the first case u=2 is evidently
trivial, while the next case x =4 is the one treated in Theorem 11.
The group * of equation E can be represented as a subgroup
of the abelian { linear homogeneous group on 2p variables
with integral coefficients taken modulo 2. Its substitutions of
period 2 are conjugate to certain simple types, from which
fact in connection with the Corollary in § 188 we find that the
number of real roots of equation E is one of the numbers

2”'1"(k=1, Ce P)’ 229-21~1 _9p—1 (j=0, 1, ...,m),

where 7=p/2 or (p—1)/2, according as p is even or odd. For

n=4, we again get the number of real bitangents to a quartic

curve (§188). For n=5, we have p=6 and see that, of the

2016 conics tangent at 5 points to a quintic curve without
* Dickson, Annals of Matk., ser. 2, vol. 6 (1905), p. 146.

t Leaving invariant a certain bilinear function of two sets of cogredient vari-
ables, It is not a commutative group.
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double points, either all, 1024, 512, 480, 256, 128, 96, 64, 32
or none are real.

These results, obtained so easily by group theory, are in
complete agreement with those obtained by an elaborate geo-
metrical proof by Klein.*

The case in which the curve C, has n(n—3)/2 double points
was treated by Clebsch { and from the group standpoint by
Jordan.f The latter treated also the group of the equation
upon which depend the 16 singular tangent planes to Kum-
mer’s quartic surface with 16 singular points (l.c., pp. 313-5);
also several technical problems of contacts of curves and the
problem of the 16 straight lines on a quartic surface with a double
conic (l.c., pp- 305-313).

The various geometrical problems treated or mentioned in
this Chapter and the preceding one have led to linear con-
gruence groups. Such groups enter into the majority of the
questions treated in Jordan’s Traité des Substitutions and form
the exclusive subject of Dickson’s Linear Groups.

* Math. Annalen, vol. 42 (1893), p. 3, p. 26; Riemann’'sche Fldchen, I1 (1892),
pp. 117-255.

t Jousrnal fitr Math., vol. 64 (1865).
Y Traité des Substitutions, 1870, pp. 331-3.



CHAPTER XX
MONODROMIE GROUP

198. Definition of the Monodromie Group M. Consider
an algebraic equation F(z, 2)=0 in z whose coefficients are
rational functions of the complex variable .. Let z;, . . . , 2a
be the roots of F(z, ko) =0, where ko is a constant. Let k vary
continuously from this initial value in any manner, but finally
return to the same value ko (i.e., let the point representing %
in the complex plane describe any closed path starting from and
ending with the point representing ko). Then the roots vary
continuously and, after the circuit, take on their initial values
in the same or a new order. Thus to each closed path corre-
sponds a substitution on the roots.

For example, if k& describes a circle around the origin, the
roots of 22=2k are interchanged.

Two circuits may be combined into a single third circuit
to which corresponds the product of the two substitutions
corresponding to the two circuits. Hence the substitutions
corresponding to all possible circuits form a group M, called
the monodromie group * of F(z, k) =0 with respect to k. It
was first studied by Hermite and Jordan.t

194. Monodromie Group an Invariant Subgroup of the
Galois Group. Let ¢ be a rational function of 2 and the roots
21, - - -, %, and let ¢, ¢, ¢'’, . . . be the functions derived
from ¢ by the various substitutionsof M. If¢=¢'=¢""= . . .,
¢ is said to possess monodromie with respect to k2. This is
evidently the case with any ¢ which equals a rational function

* ¢« Group in the function-theoretic sense,” by Klein-Fricke, Eliptischen
Modulfunctionen, vol. 1, 1890, p. 132; applications in vol. 2, 1892, p. 53, p. 599.
t Traité des Substitutions, 1870, pp. 277-9.
378
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of k, whether or not the coefficients of ¢(%, 21, . . . , z») in-
volve irrational constants.

Let R be the domain defined by % and the coefficients of
the powers of z in F(z, k). Any rational function ¢ of the
roots with coefficients in R, which equals a quantity in R,
equals a rational function of £ and hence is unaltered by every
substitution of M. Then, by the Corollary in § 149, M is a
subgroup of the Galois group G for R of the equation F=0.

Moreover, M is an invariant subgroup of G. For, let ¢ be
a rational function of the roots with coefficients in R which
belongs to the subgroup M of index » under G. Then ¢ is a
root of an equation E of degree » with coefficients in R, so that
¢ is an algebraic function of 2. But ¢ possesses monodromie
with respect to k. Hence ¢ is a rational function f(k) of &
with perhaps irrational coefficients. Replace the coefficients
of f(k) by independent variables and substitute the result-
ing expression in place of ¢ in E, and let the result be an
identity in k. We obtain certain algebraic equations which the
variable coefficients of f(k) must satisfy. Adjoin to R all of
the roots of these numerical equations. Since ¢ is in the en-
larged domain, G reduces to a subgroup of M, necessarily M
itself, since the group of monodromie is evidently unaltered
by the adjunction of constants. But the adjunction of all of
the roots of a second equation reduces the Galois group of the
first equation to an invariant subgroup (§ 167). A number of
such adjunctions reduced G to M; whence M is invariant in G.

For example, the Galois group for R(k) of 22—2k*=0 is the symmetric
group Gs, since the equation is irreducible in R and the product of the dif-
ferences of its roots is 6+/—3k%. The only circuits causing a permutation
of the roots are those around the origin. Hence M is the cyclic group of
order 3 and is invariant in G.

195. Applications of Monodromie. Jordan * employed
monodromie to determine the Galois group of the equation for
the z-section of the periods of elliptict and hyperelliptic
functions with 2p periods. For the case of the trisection of

* Traité des Substitutions, pp. 337-369.
t Ct. H. Weber, Elliptische Functionen, 1891, p. 219,
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the periods of hyperelliptic functions of four periods, the group
is the quaternary abelian linear group modulo 3 and is iso-
morphic * with the group for the equation of the 27 lines on a
cubic surface (§ 183).

Monodromie has been applied to linear differential equations

n—1
Z—',;—f,+f1(k)j—k,,——_%+ <o+ falk)-2=0.

For simplicity, the coefficients f(k) will be assumed to be rational
functions of the complex variable k. Letz, ..., 2, be a set of
linearly independent solutions (integrals) and let ko be a constant
such that each z is an ordinary power series in k—ko. If now the
point representing % describes a closed path starting from and
ending with the point representing ko, as in § 193, the set of

solutions z1, . . . , zs becomes a set of solutions 2’1, . . . , 2/,
which are therefore linear functions of z;, . . . , z with con-
stant coefficients:

z,1=allzl+ e oo FC1a%, ..., 5’n=anlzl+ .+« +Cunn.

With the chosen circuit is thus associated a linear transformation
(§75). The transformations obtained from all such circuits
form a linear group, called the monodromie group M of the
differential equation.

This group M is finite in case the integrals z;, . . . , 2, are
algebraic functions of k. The theory of finite linear groups
(Part II) is therefore applicable to the problemt of the deter-
mination of all linear differential equations whose integrals are
all algebraic. In the case just mentioned, M coincides with
another important group G, which we proceed to define; but,
in general, M is only a subgroup of G.

According to Picard and Vessiot, the transformation group
G of a linear differential equation with the linearly independent
solutions z;, . . . , 2, possesses the following two characteristic
propetties (analogous to properties A and B of the Galois group
of an algebraic equation, § 149):

If a rational function F of 21, . . . , 2, and their derivatives

* Jordan, l.c., p. 369; Dickson, Linear Groups, pp. 306~7.
t Jordan, Jour. filr Maik., vol. 84 (1877), pp. 89-215.
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remains unaltered (as a function of k) by all the transformations
of G, then F equals a rational function of k.

Conversely, if such a function F equals a rational function
of %, it remains unaltered by all the transformations of G.

For the development and application of these concepts, see
C. Jordan, Cours d’Analyse, vol. 3, 1896, pp. 193, 203, and
L. Schlesinger, Handbuch der Linearen Differentialgleichungen,
vol. 2, I, 1897, pp. 1-226, especially pp. 71, 96-102; vol. 2, II,
1898, pp. 148-159.

196. Quintic Equations, Form Problem. In the *form
problem ” for the icosahedral group, we are given the values
of the fundamental invariants T, H, f, consistent with the relation
between them (§ 105, E), and require the values of the variables
%1, 2. However, we desire primarily only their ratio z=2,/x,.
Hence, given Z, we seek the values of z for which

I3
(1) —-————1728,.5—-2.

This icosahedral equation of degree 6o is remarkable both
on account of the property that all its roots are linear fractional
functions of a single root and the fact that the roots of any
quintic equation can be expressed in terms of radicals and a
root z of (1). In his Vorlesungen itber das Ikosaeder, 1884,
Klein therefore regards z as a new fundamental irrationality,
a stage higher in algebraic complexity than radicals. More-
over, g can be expressed in terms of elliptic modular functions
(ibid., p. 132).

Naturally there are many resolvent equations of degree <60.
For example, if we use the tetrahedral invariant ¢ of § 105 and
set r=1#2/f, we get the resolvent of the fifth degree

r(r?—10r+45)2+1728(Z —1) =0.

Theform problem of the tenary linear group of order 168 (§123,
J, §125) is connected in a similar manner with the equations of
degree 7 whose Galois group is the simple group of order 168.

For references to these and related subjects, consult Encyklo-
pddie der Mathematischen Wissenschaften, vol. 1, I, pp. 533-552,
513—-4; Weber, Algebra, ed. 2, vol. 2, 470-496, 530-550.
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Holomorph of a group, 46

Icosahedron group, 150, 158

Icosian calculus, 159

Identity, 2, 53

Imprimitive substitution groups, 38

Independent cyclic subgroups, 88

Index of a subgroup, 23

Indivisible group, 117

Inner isomorphisms, 76, 183

Insolvable groups, 174, 186

Intransitive substitution group, 31

Intrinsic and relative properties of
operators, 159

SUBJECT INDEX

Invariant abelian subgroups of a prime-
power group, 120

— operators in the group of isomor-
phisms of an abelian group, 101

— subgroups, 21, 66

Invariants of an abelian group, 88

Inverse of a substitution, 11

— — an element or operator, 54

Isomorphisms defined, 33, 160

— of the alternating and the sym-
metric groups, 166

—— — an abelian group, 101

Jordan’s theorem, 35
Kuhn’s theorem, 37

Lagrange’s theorem, 23
Left co-sets, 66

Maximal subgroup, 39

Metabelian group, 68

Metacyclic group, 12

Movements of the regular polygon, 9
Multiple isomorphisms, 34
Multiplication of substitutions, 2
Multiply transitive groups, 40

Nebengruppen, 24

Negative or odd substitutions, 17

Number of elements of a given order in
an abelian group, 93

-— — operators in a set of independent
generators of a group of order p™
is invariant, 127

— — subgroups in a prime-power
group, 123

— — — of order p® in any group, 125

Octahedron group, 149, 154

Octic group, 4

Operator or operation of a group, 68

Order of a group and of an operator,
2, 53

— — a substitution, 8

— — the product of % operators, 70

Outer isomorphisms, 76
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Perfect group, 69

Period of an element of a group, 53

Permutations and substitutions, 36

¢-subgroup, 71

P-isomorphisms, 134

Positive and negative substitutions, 16

Power of a group, 32

Primary groups, 118

Prime-power groups, 118

Primitive and imprimitive substitu-
tion groups, 38

Product of two substitutions, 2

Quadratic group, 65
Quaternion group, 62
Quotient group, 34, 66

Rank of an abelian group, 92

Relative and intrinsic properties of
operators, 159

Regular substitution group, 35

Representation of a group as a regular
substitution group, 63

~— — an abstract group as a transitive
substitution group, 81

Right co-sets, 66

Roots of operators of an abelian group,
114

Self-conjugate subgroup, 21

Series of composition, 177

Set of independent generators of a
group, 9, 90, 127
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Similar substitutions and similar groups,
21

Simple group, 43
— isomorphisms and simply xsomorphlc
groups, 33, 73, 95

Simplicity of the alternating group, 43

Solvable group , 174

Subgroup, 3

Subgroups and quotient groups of an
abelian group, 99

Substitution and substitution group,
1,2

— groups of degree five, 45

Substitutions commutative with a
given substitution, 19

Sylow’s theorem, 27

Sylow subgroups, 27, 181

Symmetric group, 1, 3, 166

Systems of imprimitivity, 38

Tetrahedral group, 147, 152

Totient of a number, 11

Totitives of a number, 95

Transform of a substitution and of a
substitution group, 20, 57

Transitive constituent of an intransi-
tive group, 33

— substitution group, 31

Transitivity of the symmetric group, 40

Transposition, 16

Vierergruppe, 65

PART II

Abelian groups, canonical form of, 213
Algebraic integer, 241

Canonical form, 196; theorems on,
212, 213

Change of variables, 203

Characteristic and characteristic equa-
tion, 205

Collineations and collineation-groups,
198

Conjugate-imaginary groups, 200

Determinant of a linear transforma-
tion, 194; theorems on the deter-
minants of the transformations be-
longing to a finite group, 196, 200,
202

Dihedral group, 220, 225

Diophantine equation, 227

Equivalent groups, 262

Group-matrix, theorem on, 268
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Groups, binary, 2158

—, linear, 198

—, linear fractional, 201

~— of collineations, 198

— —linear transformations of deter-
minant unity, 200

— — the regular pelyhedra, 220

— — order %, 231

— — order p%p, 272

— —degree n and class 5 —1, 274

-, ternary, 235

Hermitian form, 207
— invariant, 209
Hessian group, 239
Homology, 248

Icosahedral group, 223, 226

Identical transformation or the iden-
tity, 196

Imprimitive groups, 228; theorem on,
229

Imprimitivity, sets of, 228

Intransitive groups, 206

Intransitivity, sets of, 206

Invariants (absolute, relative), 258;
theorems on the number of, 258, 259

— of the binary groups, 224

— — — temnary groups, 253

Inverse of a linear transformation, 194,
210

Irreducible groups, 211,

Linear transformation, 194

SUBJECT INDEX

Matrix of a linear transformation, 194;
theorems on the matrices of the
transformations belonging to a finite
transitive group, 271

Monomial groups, 229

Multipliers of a linear transforma-
tion, 196; theorems on, 197, 257

Non-equivalent groups, 262; theorem
on, 271

Octahedral group, 222, 225
Order of a linear transformation, 196
~— — — primitive group, 256

Power of a linear transformation, 196
Primitive groups, 228; order of, 256
Product of linear transformations, 195

Reducible groups, 210

Regular substitution groups, theorems
on, 264, 265, 269, 272

Roots of unity, 239

Similarity-transformations, 196; the-
orems on, 197, 202, 233, 234
Sylow groups, 231

Tetrahedral group, 222, 225
Transitive groups, 207; theorems on,
260, 261

Unitary form, 210

PART 1

Abel’s theorem, 320

Abelian functions, 373

— linear group, 376-7, 380

Adjunction, 299, 313-4, 317-20, 3234,
33841, 379

Aronhold set, 361, 367-71

Asyzygetic, 356, 361-3

Belongs to group, 206-7, 209
Binomial equation, 281, 312, 316
Bitangents, 350-76

Cardan’s formulas, 301

Congruence group, 335, 377

Conics, 353-6, 373, 376

Conjugate, 297, 305

Constructions by ruler and compasses,
321-6

Contact, 353-77

Cross-ratio, 283

Cubic curve, 33042

~ equation, 296, 301-3, 320-3

~ surface, 343-53, 366, 380
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Curve of order », 376-7
Cyclic group, 306-9, 311, 316, 319, 326
Cyclotomic equation, 308-10

Differential equation, 380
Discriminent, 290, 292, 302, 312
Domain, 280, 293, 209

Double point, 329

— six, 345

Duplication of cube, 321-3

Elliptic function, 379, 381

Equality, 204

Equation with variable coefficients, 202
— of the fifth and seventh degree, 381
Euler’s theorem, 328

Factors of composition, 306, 311-2,
317, 350

Fan, 361

Form problem, 381

Galois’ criterion for solvability, 315

— generalization of Lagrange’s-theorem,
298

— theorem, 319

Galoisian equation, 320

— resolvents, 284, 288

Gausg’ lemma, 309

General equation, 292, 294, 317, 320,
372

Geometrical constructions, 321-6

— questions, 321-77

Group of an algebraic equation, 286-9,
294, 300, 305, 333-41, 347, 362, 365,
367-71, 376-81

— — a differential equation, 380

— on four letters, 200

Hessian, 329, 344, 354

-— curve, 330-3

Homogeneous codrdinates, 327
Hyperboloid, 346

Hyperelliptic functions, 379

Icosahedral equation, 381
~ group, 381
Imaginary roots, 202, 365

Inflexion, 330-42

Integral root, 282

Invariant, 330, 333, 381

— subgroup, 305-6, 318-9, 378

Irreducible, 280-1, 289, 292, 204, 297,
310, 320, 325

— case for cubic equations, 320

Isomorphic, 304

Jordan’s theorem, 317

Lagrange’s formulas, 307

— theorem, 298

Linear group, 335-8, 380-1

— transformation, 328, 336, 380
Lines on a cubic surface, 343, 366

Monodromie, 378-81
Notation of Hesse and Cayley, 357
Primitive root, 308, 325

Quartic curve, 350-76

— equation, 290, 296, 3124, 337
— surface, 377

Quintic equation, 381

— curve, 376

Quotient group, 308, 318, 337

Radicals (see Solvable)

Rational function, 284, 289, 294, 296,
298, 378, 380-1

— root, 282

Reality, 341, 365-6, 376-7

Reciprocal equation, 290-2

Reducible, 280-1, 289, 291, 309

Regular group, 306, 309, 316

— polygon, 321-6

Resolvent, 284, 290, 303-6, 312. 350,
381

Root, definition of, 292

— of unity, 307-11, 323-6

Series of composition, 308, 317 -
Simple group, 306, 350, 372, 381
Singular point, 329
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Solvable equation, 301-3, 307, 3104,
315, 317, 320, 337, 341

- group, 279, 306, 310, 337

Steiner sets of bitangents, 354-77

Symmetric group, 295-6, 299, 305, 315,
317, 337-8, 364, 372

Symmetrical form for the equation to
a quartic curve, 355

- notation for bitangents, 372

Syzygetic, 356, 361-3

SUBJECT INDEX

Tangent cone, 351-3

Theta functions, 373

Transitive, 289, 306

Triangle of reference, 328

= on a cubic surface, 344-6
Trisection of an angle, 321-3, 326

Unaltered, 287, 289, 294, 206, 208, 381

Values of functions, 282, 314
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