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Preface

Ir we regard chemical kinetics as a territory to be surveyed, and
confine ourselves to the comparatively simple region of homogeneous
dissociations of pure gases, we find that there are two well-established
viewpoints. One is the activated-complex or Eyring viewpoint, situ-
ated on a saddle point. This commands a clear view of the problems
of absolute calculations of reactions of fixed order. If, however, we
are interested in dissociations of which the order is changing with
concentration, we are usually driven back to a slightly older viewpoint,
marked HKRR. These are the initials of Hinshelwood, Kassel, Rice,
and Ramsperger, who developed “collisional” theories in which the
change of a rate constant with concentration is seen as the result of
competition between the processes of dissociation and collisional trans-
fers of cnergy.

I have tricd to establish an intermediate position, from which much
of the territory commanded separatcly by the Eyring and HKRR
viewpoints should be in range. TFor this purpose I have treated the
molecule as a completely analyzed vibrating system, of which the time
to dissociation is determined by the vibrational behavior, so that both
the absolute rate constants and the relative effects of concentration
become calculable. This is a purely mechanistic picture, with its own
shortcomings but free at least of quasi-thermodynamics. It should be
regarded not as supplanting but as supplementing and reconciling
the older viewpoints. It involves incidentally an analysis of the be-
havior of sums of vibrations, which has bearings on problems outside
the field of kinetics.

At a time when this theory was attracting some practical applica-
tions and a need was felt for a connected account, I was fortunate in
being invited to spend a semester at Cornell University and to give
there an extensive series of lectures, on which this monograph is based.
I am deeply indebted to the Baker Laboratory of Chemistry at Cornell
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vi Preface

University for support and hospitality, to the United States govern-
ment for a Fulbright travel grant and also to the University of Leeds.
In Ithaca I owe particular thanks to F. A. Long and Mildred Moakley
for their hospitality, and to those who turned out on many snowy
nights to listen and criticize. I am indebted also to Harvard Univer-
sity and to Professor G. B. Kistiakowsky there for hospitality, and to
some fifteen other United States and Canadian institutions and many
kind people in them.

My indebtedness to particular scientists will be apparent from the
text, but I owe particular gratitude to F. S. Dainton, H. S. Johnston,
K. J. Laidler, and A. F. Trotman-Dickenson for long-continued en-
couragement. Useful criticisms of parts of the text have been made
by E. F. Caldin, K. J. Ivin, M. Kac, M. S. Longuet-Higgins, B. Widom,
and M. Wolfsberg. For essential help with the typescript, diagrams,
and proof reading, I am greatly obliged to Margaret Turner, N. F. M.
Henry, and R. J. R. Hayward respectively.

Some corrections of textual details have been made as a result of
conversations at a symposium held last month in the Naval Research
Laboratory of the University of Wisconsin. I am grateful to the
Laboratory, its director Dr. J. O. Hirschfelder, and the Office of Ord-
nance Research for enabling me to participate in this.

N.B.S.
Leeds, England
May 12, 19569
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CHAPTER 1

Introduction

THIS book is based on a course of lectures which I was invited to give
in the Baker Laboratory of Cornell University in the fall scmester of
1955-1956. The theme suggested was the development of theories of
the rates of unimolecular reactions in gases, with particular reference
to my own researches. In the present text I have amplified my ac-
count of the background material, particularly concerning molecular
vibrations and the basic concepts of early but still useful rate theories;
and I have added some new developments.

In this introduction the basic ideas are sketched, and in Section 1.2 *
the whole argument is summarized. Some bibliographical notes are
added in 1.3 concerning the course of the development.

1.1 NATURE AND SCOPE OF THE ARGUMENT

The thermal decomposition of a uniform gas is termed “unimolecu-
lar” if at a fixed temperature and sufficiently high values of the con-
centration ¢, the proportion k= —c¢~'dc/dt decomposing per second is
independent of ¢. This proportion k, the first-order rate “constant,”
gencrally tends in fact to decrease at sufficiently low concentrations,
and the reaction is then sometimes given the name “quasi-unimolecu-
lar”; but I shall usually include this characteristic behavior under the
gencral name “unimolecular.”

Unimolecular first-order reactions are not typical of small molecules,
of two, three, or four atoms; a greater complexity or “atomicity” is

* Note on numbering of sections and formulas. I denote the second section of
Chapter 1 by 1.2, Displayed formulas are numbered (1), (2), (3), - - - in cach
scparate chapter. Equation (79) of Chapter 3 (occurring in 3.6) is referred to,
throughout that chapter, as (79); a reference to it in Chapter 5 is given as 3.6(79).

Tables and figures are numbered by the sections in which they appear; thus
Table 3.8 and Figure 3.8 are in 3.8.

t A wider but more precise definition (which would be out of place here) is
given in 2.1, Illustrations of the behavior of k¥ as a function of concentration
will be found in Fig. 8.3 (p. 174).

3



4 Theory of Unimolecular Reactions f1.1

gencrally required. Now the increasing complexity and energy ca-
pacity of larger molecules are associated mainly with their vibrations;
S0 we may suspect some connection exists between vibrations and
unimolecular behavior.

This suspicion is strengthened by the observation that the complex
vibrations of a polyatomic molecule niay well cause a tZme lag between
the receipt by collision of the high energy needed for dissociation, and
the oceurrence of dissociation. Such a time lag will explain unimolecu-
lar behavior; for at high concentrations the relatively frequent gol-
lisions will shuttle the molecules rapidly in and out of energized states,
maintaining in this case an effectively steady population of highly
energetic molecules, of which only a small proportion (—~c~'de¢/d¢) ar-
rives at dissociation. At lower concentrations the chances of dissocia-
tion are improved by the greater rarity of collisions; and ultimately the
dissociations —dc/dt will be proportional to the number of collisions
and so to ¢c2. Thus we have a first-order rate constant deserving the
name at high concentrations (it will in future be written k* to distin-
guish it from the variable value &k of lower concentrations), with a de-
cline toward a sccond-order reaction at very low concentrations.

The central question is: How well can we explain or predict the
limiting value k* and the declining value % in terms of a time lag related
to molecular vibrations? As a useful lead, k£ was estimated by Polanyi
and Wigner for the elementary representation of a molecule as a linear
array of elastically linked cqual masses; they assumed that decompo-
sition occurred when some vital link bhecame excessively stretched.
The links of such an array, or the bonds or interatomic distances in a
molecule, vibrate not as individual harmonic oscillators, but in a highly
complicated way which can be broken down (to a close approximation
in the molecular case) into a sum of normal modes of vibration. It is
the separate normal modes that are harmonic; each has a characteristic
frequency which it imparts to all the bonds. Thus decomposition oc-
curs when the normal modes (with adequate energy) come sufficiently
into phase to give the vital link or bond its critical stretch; and the
time lag to dissociation is the time for this situation to arise. Polanyi
and Wigner estimated the rate constant k® from a particular estimate
of this time lag.

It was at the suggestion of R. H. Fowler that I took up this sketch
and developed it into the present picture. The main difficulty lay in
finding a general formula for the average time interval (or its recipro-
cal, the average frequency) of the attainment of a critical high value
by a sum of harmonic vibrations. Otherwise it was merely a matter
of replacing Polanyi and Wigner’s linear chain by any general (or par-
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ticular) molecule, and assuming that decomposition occurs when the
sum of the normal mode vibrations gives a critical deformation of some
realistically chosen bond or internal dimension of the molecule. Know-
ing the vibrational characteristics of a particular gas and assuming
only the value of the critical deformation (or equivalently the activa-
tion enecrgy), we can then predict k*; the further assumption of an
effective “collision diameter” gives also the general rate constant k as
a function of the concentration; there are no other adjustable parame-
ters to help in a case of disagreement with experiment.

After a survey of early theories and background material, the main
text is devoted to this classical model and to a detailed comparison
with transition-state or activated-complex theory. In the final chap-
ters new rate theories are developed on classical and quantum models.
These again are too simple to be fully realistic; but they may provide
uscful bases for further development.

1.2 SUMMARY

In this brief summary each subsequent chapter of the book is repre-
sented by a correspondingly numbered paragraph. The arrangement
is much as in my Cornell lectures. Results or methods deseribed here
as “new” are nearly all unpublished and date from after those lectures.

2 General concepts and carlier theories: These two themes are
closely interwoven. After an account of Lindemann’s time-lag hy-
pothesis (which was sketched in 1.1 above), there are formulations of
a general rate constant k, on the basis of a set of energized molecular
states 1,2, 3, - - - with specific dissociation rates ki, ks, ks, - - + (corre-
sponding roughly to reciprocals of time lags). This is illustrated first
by Hinshelwood’s theory, with a single specific rate ki, and later by
Kassel’s, in which the ks increase with the total energy of the molecule.
Kassel’s model, unlike Ilinshelwood’s, gives an “Arrhenius” form,
k*=A exp (—B/T) with A and B constant; and I place between the
accounts of the two models some new results concerning the restrictions
imposed on a theory by requiring A* to be of this form; these restric-
tions have implications also concerning the quasi-unimolecular be-
havior. In the final section Tolman’s theorem on activation energy
is discussed, and it is shown (newly but not unexpectedly) that, if the
specific rate k, increases with the energy of the activated molecule, the
activation energy increases with concentration. We are concerned in
the historical parts mainly with the relative rate k/k*; but there is a
note near the end on Polanyi and Wigner’s “vibrational” estimate of
the absolute value of k®, and this approach should be kept in mind
through the next preparatory chapters.
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3 Molecular vibrations and normal modes: This chapter is an essen-
tial preliminary to a vibrational model of dissociation, and the concepts
and notations will be important later. The use of interatomic dis-
tances as internal coordinates is discussed, and illustrated by a new
calculation of nitryl chloride vibrations. Some of the analysis con-
cerns a mean » of the vibration frequencies weighted with respect to
the “amplitude factors” of a specified internal coordinate, and this
brings up some new points on dynamically constrained motions and
their frequencies.

4 The average behavior of a sum of vibrations: The problem here is
the average frequency with which a given sum of vibrations rises to a
specified value. This is closely related to problems in communication
engineering and other fields, and so is given a separate account. The
main formulas are an integral representation due to Kac (which is used
in Chapter 5) and a new Fourier series form which is useful for numeri-
cal cases.

& Unimolecular first-order reactions on the classical harmonic model:
Treating a molecular internal coordinate as a sum of harmonic mode
vibrations which disrupts when it reaches a critical value, we calculate
the first-order constant k* as the average frequency of this event for a
Boltzmann distribution of the normal-mode energies (as affecting the
amplitudes of the vibrations). The value found is v exp (—Eo/«T),
where v is the mean vibration frequency mentioned in 3, and E, is the
minimum energy for dissociation. A new calculation of the average
specific reaction rate for molecules of given total energy is appended.

6 Unimolecular first-order reactions and transition-state theory: The
formulation of £k in Chapter 5 is now transformed into a flow over a
critical boundary (corresponding to the breaking deformation) in co-
ordinate-momentum phase space. Thisis very close to the basic model
of the transition state; I take the opportunity here of giving a precise
classical account of this, and of discussing also the transcription into
quantum partition functions. The simplicity (or crudity) of my type
of dissociation configuration, compared with the saddle-point potential
of transition-state theory, gives a simplified picture of characteristics
such as the frequencies of the activated complex; there is also a discus-
sion of the effects of isotopic substitution. I include some calculations
which were designed to test the effects of anharmonicity in my model;
they are treated here as also giving a closer approach to the transition-
state model.

7 Theory of general and second-order rate constants: The harmonic
model of k®, based as in Chapter 5 on the mean frequency of the critical
stretch, is extended by a general method of Chapter 2 to give k at any
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concentration. I first discuss very low concentrations, beginning with
a demonstration, new but simple, that models with continuous energies
do in fact give rates tending to a second-order law. My second-order
rate constant is found to be smaller than Kassel’s because of my exclu-
sion of energy transfers between normal modes; here it seems that one
should allow some transfer when the rarity of collisions leaves almost
unlimited time for dissociation. We return after this to general values
of k. An approximate representation of the relative decline k/k* is
found as a particular function (not to be interpreted as a Bessel func-
tion) Iy(,—1)(0), where % is the number of vibration frequencies and the
parameter 6 varies as the concentration ¢. Kassel’s form of k/k* for
a molecule of n oscillators is rather roughly represented by I,._.(6),
which makes an interesting contrast. Some new formulas are ap-
pended, on the approach of a rate constant to its limiting forms and
the decline of activation energy with concentration.

8 Numerical results and comparisons: For the theory of the pre-
ceding chapter I give tables of I,.(6), of the ratio 6/¢c, and of the decline
of activation energy. The general inferences are that the curve of
log k/k* against log ¢ changes quite gradually toward a greater spread
on the log ¢ axis as n increases; and that, the smaller n (or the simpler
the molecule), the larger is the concentration at which the reaction
approaches the first order; this concentration also depends, however,
on vibrational characteristics and on the ratio Eo/«xT mentioned in 5
above. The theory is illustrated by a new calculation of the decompo-
sition of nitryl chloride, and there are discussions of the isomerization
of cyclopropane and of more recent work.

9 A new approach to rate theory: In the previous chapters, as in
other collisional theories, the incidence of dissociation of energized
molecules has been assumed to be “random” (i.e., like the incidence of
collisions), with a mean frequency corresponding to the reciprocal of
the time lag. Here I discard this assumption and obtain incidentally
what appears to be, formally at least, a valid extension of the tran-
sition-state formulation to quasi-unimolecular rates. For the har-
monic or normal-mode model, the new theory demands a knowledge of
the statistical distribution of time lags of a given (fixed amplitude) sum
of vibrations. This is a mathematical problem sorely in need of a
general solution. Enough progress is made to allow a fairly close esti-
mate to be made of the new rate constant as a function of concentration
and to indicate that the old assumption of “random” dissociation is not
very bad.

10 Quantum harmonic oscillator models: The main model here is
that of elements of a continuous probability distribution (in the coordi-
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nate-momentum phase space representing the internal configuration of
the molecule) flowing over a critical surface to dissociation. The dis-
tribution is based on the “statistical” distribution of the quantum
normal-mode oscillators; that the flow can be treated classically is a
consequence of the harmonic nature of the oscillators. This leads to
an elegant formulation of general rate constants which, however, ap-
pears less satisfactory in its predictions than the previous classical and
semiclassical models. A new feature here is the combination of this
quantum model with the ideas of Chapter 9 to obtain a more general
formulation. A deeper consideration of the role of total energy, and
probably of anharmonic effects, is required to give this model a firmer
basis.
1.3 HISTORY OF THE DEVELOPMENT

The first fifteen references at the end of this introduction are to my
work on unimolecular theory and allied vibrational problems; corre-
sponding or related chapters and sections of the present book are noted
(in bold type) alongside the references. A few remarks on the develop-
ment may be of interest.

The first version! of the high-concentration rate theory appeared in
1939. This contained the useful approximation given in 4.6 for the
average frequency of peaks of a sum, but otherwise was cumbersome.
I did not publish the extension to general-concentration rates? (al-
though the results here were essentially correct) and was otherwisc en-
gaged from 1939 to 1945, When I saw about 1946 Kac’s precise solu-
tion (4.3) of the vibrational sum problem, I hesitated in face of its
apparent complexity; but when attacked it gave within the hour the
precise formula of Chapter 5 for k®, and this led me back to reaction
kinetics.? Conversations with M. G. Evans and G. 8. Rushbrooke
and a correspondence with II. Pelzer® led me to produce a full account
of the high-concentration theory, covering also a transition-state tran-
scription and ideas of specific energy rates.® In between some work
on sums of vibrations®? and some preliminary trials on vibrations in
terms of distance coordinates, ° I gave an account of the theory of
general rate constants (including low pressures and also degenerate
vibrations)!® and a detailed analysis of the isomerization of cyclo-
propane.!!

At this stage the classical harmonic theory was fairly complete, and
it was time to consider refinements of quantization and anharmoniza-~
tion, which are not so easy. I began with an overlong paper, which was
broken up into the main quantum thcory'? of Chapter 10 and a review
of specific energy rates and formulations;® the latter was accompanied
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by a first attack on anharmonic classical theory.’* The new formula-
tion' in Chapter 9 was begun at Cornell. Relevant subsequent work
has mostly been incorporated in this text. Two summaries of discus-
sions!®:17 are listed, of which the former is of particular interess in con-
nection with the theory.

Other references. 'There is a useful account of the present theory,
and much other material, in Trotman-Dickenson’s book ;!® and a review
article by Johnston makes some good points concerning lines of de-
velopment.!* Texts I have found useful in general study are the books
listed in the references following Chapter 2, together with Frost and
Pearson.?® For activated complex theory I have used Glasstone. Laidler,
and Byring,? but 1 have unduly neglected the relevant part of Eyring,
Walter, and Kimball.?

Neglected developments. It is appropriate to end this introduction
by mentioning some further sins of omission. (i) I have concentrated
on theory, to the comparative neglect of experimental comparisons, al-
though the comparisons made by II. 8. Johnston and by E. K. Gill,
K. J. Laidler, B. 8. Rabinovitch, E. W. Schlagr, and others have
helped considerably toward filling this gap recently. There is still a
large field here, for example, in the experimental work of Howlett,
Magceoll, and others mentioned at the symposium,! that of Pritchard
and others? on cyclobutane, and much other work on isotopic effects.
These examples are cited because to a considerable extent they have
been posed as a dircet challenge to theory. (i) I have not widened
the model to include rotations and internal rotations, and with them a
possible mechanical equivalent in this picture to “entropy of activa-
tion.” (iii) There are many quantum theories which reccive no atten-
tion in this book, such as that of Golden% and the stochastic theory
of Montroll and Shuler,? which has interesting aflinities with the pres-
ent work. These last omissions are more pardonable, for it would be
excessive to add any more theories into this present volume.
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ERRATA

The dot in the expression (; does not always appear when it should.

On pages 51 and 55 the first Q, in equations (33), (34), and (62) should
be Qn.

On pages 212 and 213 the second @, in equations (15), (18), and (19)
should also be Q..

[Slater, Theory of Unimolecular Reactions]






CHAPTER 2

General Concepts and Earlier Theories

THE years 1921 to 1928 saw the theory of unimolecular reactions
advance from a rudimentary toward a plausible and realistic form.
The main early theories are described here, with interpolated sections
dealing with general aspects of the problem. The interpolations may
be found to contain some unhistorically novel points of view; but the
continuing use of the early theories and their mathematical simplicity
make them a proper theme for thinking around the nature of the uni-
molecular rate problem.

In 2.1 unimolecular processes are defined in a way that includes
“quasi-unimolecular” effects, or the change of order at lower concen-
trations. In 2.2 the history begins, with a note on Perrin’s radiation
hypothesis leading to an account of Lindemann’s more fruitful hy-
pothesis of a time lag between the collision-energization and the dissoci-
ation of the molecule. In 2.3 there are two formulations of general
rates on this hypothesis; the conventional “steady state” method is
supplemented by a simpler method based on the assumed random inci-
dence of the time lag.

Hinshelwood’s theory is described in 2.4 (together with some statisti-
cal-mechanical formulas which are also widely used in later parts).
This theory indicated how the complexity of a polyatomic molecule
provided a semiquantitative explanation of the maintenance of the
first-order rate constant down to fairly low concentrations. The
theory implied, however, too simple a relation of rate and concentra-
tion, and did not give a high-concentration rate constant k of the
Arrhenius form, A exp (—Eo/xT), favored by experimenters. In 2.5,
being wise after the event, we find what restrictions the Arrhenius form
places on theoretical models. These restrictions determine in particu-
lar the specific rate kz of molecules of energy E, and so may sometimes
determine also the manner of the decline of rate constant at low con-

centrations.
11



12 Theory of Unimolecular Reactions [2.1

Kassel's theory is described (with Rice and Ramsperger’s) in 2.6;
there is here a molecule of 7 “oscillators,” dissociating when internal
interchanges carry a critical energy E, into a particular oscillator. In
the resulting Arrhenius rate constant the A-factor is interpretable as
the mean frequency of these internal interchanges; the implications of
this Arrhenius rate are discussed in some detail. Notes are added on
the decline of the rate constant, and also on the quantum versions of
the theory and their ultimate generalization.

In 2.7 attention is turned to Polanyi and Wigner’s sketch of a theory
of the magnitude of the Arrhenius A-factor, in terms of the phase
interference of normal modes of vibration. As the following chapters
develop this type of theory, there would be advantages in stopping the
history at this point. But for completeness there is an account in 2.8
of Activation Energy; this includes Tolman’s illuminating (but often
misunderstood) theorem, and a general investigation of concentration
effects.

2.1 DEFINITION OF A UNIMOLECULAR PROCESS

Attention is confined to gas reactions of an ideally pure and simple
type. The reactions are to be “homogeneous,” the containing walls
providing merely the physical control of pressure and temperature,
and no chemical effects. The gas is to begin as a single polyatomic
species, raised to a suitable temperature at which the molecules pro-
ceed to break up or change form.  We treat only of this initial dissocia-
tion (or isomerization or racemization); if further reaction processes
follow speedily, this isolated calculation of the initial process (as a rate-
determining step) can still be of value.

If ¢ is the concentration of the original molecular species, the firsi-
order rate constant of the dissociation is defined as the fraction dissociat-
ing per second, and will be called kyn, or simply k:

k = kyn = — ¢ 'de/dt. 1)

Similarly the second-order rate constant will be called ky,. (I reserve the
symbols ky and k; for a quite different meaning); this is defined as

kvim = — ¢ 3dc/dt. 2

If for fixed temperaturec and an appropriate range of concentration
the first- or the second-order rate constant is truly constant, the reac-
tion in this range is said to be of the first or the second order respec-
tively; in other circumstances both the constants are variables.

* This peculiar use of the word “constant” is so well established that I must
adhere to it in the present work. Glasstone, Laidler, and Fyring use the better
word “cocfficient” for a variable kuni. In many gapers I have misleadingly
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If throughout the available range of concentration the simple reac-
tion described in the first paragraph were of the first or alternatively
of the second order, we should not hesitate to follow an old usaere and
call it “unimolecular” or “bimolecular” respectively; and this is the
basis of the subscripts in (1) and (2). There is, however, a logical
distinction between the molecularity (describing the theoretical mecha-
nism) and order (determined by the observations) of a reaction; this
has been stressed, by Fowler and Guggenheim! for example, and is
important in more complicated situations. A characteristic behavior
of a simple dissociation is to be first order at high concentrations, with
a decline of kua, at lower concentrations. "This type of over-all be-
havior will be regarded as the typical unimolecular process; it is some-
times called “quasi-unimolecular,” although I shall use that term
rather to describe the behavior in the region where ky,; is actually
changing with concentration, and the reaction is of “intermediate
order.”

It may happen that ku,, incrcases with concentration and appears
to be converging toward a limiting valuc at the highest available con-
centrations, although a limit is not reached; this also will be regarded
as a unimolecular process. In such cases, at low concentrations the
reaction may reach, or nearly reach, a second-order form, with Ky,
tending to become constant. As, however, we shall be more con-
cerned with the neighborhood of the first-order region, the “constant”
k= kyu; will be much more in evidence than k..

2.2 EARLY THEORIES

Early experiments revealed the existence of firct-order reactions,
although the decline of rate constants with concentration was still to
be found. The first-order rate constants were strongly dependent on
the absolute temperature 7' and so were expressed in the Arrhenius
form, which has continued to be adequate for most experimental work.
This “Arrhenius” rate constant is

k= A exp (—Ey/«T) = A exp (—E{ /RT) sec™}, 3)

where 4 is a constant (often called the frequency factor or A-factor),
x and R denote Boltzmann’s constant and the gas constant, and E, (per
molecule) or E{ (per mole) is a large experimental energy-constant.
The temperature dependence of the rate constant clearly indicated
that the dissociation of a molecule required it to have high energy.
The independence of rate constant from concentration seemed to indi-

called kuni simply a “rate,” whereas a rate almost universally means —de/dt in
kinetics. For example, on a loan of $1,000 a kineticist would annually pay a
rate of $50, as long as the rate constant remained at 5 percent.
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cate that this energy was not acquired by collision. This led F. Perrin
to elaborate, between 1913 and 1919, the radiation hypothesis, according
to which the dissociation follows the absorption by the individual
molecule of radiation of frequency Eo/h, where h is Planck’s constant.
This process would make & independent of the concentration even at
the lowest concentrations. The theory could, however, be discredited
for other reasons, of which Daniels has given clear accounts.23

A main value of Perrin’s idea was that it provoked a rival hypothesis
from Lindemann.* This not merely dealt the radiation theory a meortal
blow, but provided the basis of most subsequent theories; thus it de-
serves a full account.

If we abandon the agency of radiation, we are driven back on mo-
lecular collisions as the source of the high energy required for dissocia-
tion. As, however, the frequency of a molecule’s collisions is propor-
tional to the concentration ¢, then if dissociation immediately followed
an energizing collision the reaction would be of the second order, con-
tradicting (3). Lindemann here directed attention to the internal mo-
tions of the molecule; little was then known about them, save that they
were likely to be complicated. These motions might at rare intervals
carry a molecule into a configuration of precarious stability, and if it
also happened to be rotating very fast it might burst centrifugally at
one of these rare configurations. This idea of centrifugal bursting has
been discarded, but the idea of rare unstable configurations retained.
It carries the implication that not only must the molecule obtain
high energy by collision, but also there ensues some time lag before the
molecule reaches an internal configuration favorable to dissociation.
The odds are that, in any reasonably dense concentration of gas, the
molecule will suffer a further collision before it reaches this configura-
tion; and the odds in that case are that this collision will remove its
high energy and so its capacity for dissociating. In this way we have
an almost steady state; molecules are shunted up and down the energy
ladder much as in a nondissociating gas, with just a few happening to
reach the dissociation configuration while energized. The number dis-
sociating will then be proportional to the nearly steady number of
energetic molecules present, and so to ¢; and the reaction is of the
first order.

At lower concentrations, however, the time between collisions will
become longer compared with the time lag to dissociation, so that
energized molecules will have more chance of dissociating. At low
enough conoentrations nearly all energized molecules will manage to
dissociate, and the rate will tend toward the second order, like the
collision frequency. ’
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This low-concentration trend, predicted by Lindemann, was con-
firmed soon after, and has been assimilated into the definition of a
unimolecular process in 2.1. Indeed, there seems to be no logical dis-
tinction between unimolecular and bimolecular dissociations «f pure
gases; the practical distinction is whether the time lag to dissociation is
ever long compared with the collision interval at realizable concentra-
tions of gas. If, as in the case of diatomic molecules, the time lag is
relatively short even at the highest concentrations, we have “bimolecu-
lar” behavior. Unimolecular behavior is expected, therefore, to be a
characteristic of more polyatomic gases.

2.3 GENERAL FORMALISM OF UNIMOLECULAR REACTIONS

Before theories based on Lindemann’s idea are described, a general
formalism will be enunciated which effectively underlies them all.

It is assumed from the start that molecules have to be put intc some
very special states (characterized by high energy) to be able to dissoci-
ate, and that the vast majority of molecules are at any time in a harm-
less condition quite incapable of dissociation. These special states are
called, by some, “activated states.” Others call them “energized,”
reserving the name “activated” for molecules which are not merely
capable of dissociation but are on the verge of it. To avoid confusion
I shall often call the special states interesting states (implying not that
something is about to happen, but that it may happen sometime); the
alternative name “energized statcs” will be used more when we are
concerned with the collisional processes which make a moleculc inter-
esting. Letr=1,2,3, - - - be an enumeration of these states.* The
rth state may conventionally be characterized as having a mean life-
time 7, before dissociation. It will be shown later, however, that most
theories do not in fact imply that an interesting molecule tends to exist
for a certain time 7, and then dissociate. They imply rather that the
lifetimes are randomly distributed, just as the times of free paths be-
tween collisions are distributed; so the relevant r, is the mean of these
random lifetimes, forming a fairly close analog to the mean time of a
free path in collision theory. This being the case, we prefer to use the
reciprocal of 7,, which is the specific dissociation rate k,. We may define
this directly by saying that for any short time A¢, k,At is the probability
of dissociation, within At, of any r-state molecule; or k,At is the fraction
of existing r-state molecules dissociating within At.

The high-concentration rate constant. As in the sketch of Linde-

* The states may not admit of a discrele enumeration and may in fact be
specified by several parameters, continuous or discrete; but the corresponding
generalizations of notation are unnecessary at the present stage.
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mann’s idea in 2.2, at sufficiently high concentrations the loss of mole-
cules by dissociation is comparatively neghglble, so that even “inter-
esting” molecules will effectively be present in the same proportions as
for a nondissociating gas at the same temperature Let f. denote the
statistical equilibrium probability of the rth state in such a gas at this
tempemturc then of a total concentration ¢ there are cf, interesting
molecules in this state; and, out of these, ¢f,k,At dissociate in a short
time Af. Thus the ﬁrst-order rate constant has the constant value

k= k= = 2 fiki, (4)

the sum being over all interesting states. The superseript « on k will
denote the limiting high-concentration rate constant always.

The general rate constant on the steady-state assumption. I give
first the customary method of extending the formulation from high- to
general-concentration reactions.

If the concentration ¢ is not very large, we may no longer assume
that the equilibrium proportion f, of r~molccules (i.e., molecules in the
r-state) is present as for a nondissociating gas; for there may now be
an appreciable depletion by dissociation. We assume, therefore, that
the actual number of r-molecules is

cgr »)

and proceed to determine g, from the stcady-state assumption, namely,
that cg, is effectively stcady, with a balance between losses by dissocia-
tion and de-energizing collisions, and gains by collisional energizations.
The loss of -molecules by dissociation is, by (5) and the definition of k.,

cg+k, per second. ©6)

The collisional effects require more discussion.

The rate of de-energizations: There are different kinds and defini-
tions of “collision,” depending on what type of molecular change or
process is under consideration; for example, collisions affecting the
molecule’s momentum are relevant to viscosity but not to our present
problem, where we require changes in the internal state of motion
(vibration in particular) affecting the “interesting” condition for dis-
sociation. For any specific type of collision, however, we may definca
corresponding parameter w, called the collision frequency per molecule,
such that the chance of a molecule making a collision of this sort in
time At is

wAt. (7

Morcover this collision frequency is for normal concentrations ¢ pro-
portional to c:
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w = zc €))

where z is a temperature-dependent parameter.

At present we are interested in collisions that change the internal
state relevant to dissociation; we may call these “vibrationally «ttective
collisions.” Now any such collision made by an “interesting” molecule
is nearly always with one of the very numerous uninteresting mole-
cules, and this will tend to make it less interesting. It is possible that
a highly interesting molecule will require two or more such encounters
before it completely loses interest; and theoretical developments of this
type arc under way.® We shall not introduce this complication, how-
ever, but merely definc a single parameter , as in (7) and (8), to repre-
sent the frequency of de-cnergizing collisions per molecule; thus the
number of r-molecules de-energized per sceond is, by (5),

o, 9

It would be a complementary refinement to the one just mentioned to

write here
w = wy, (10)

implying that the chance of de-energization varies with the degree of
excitation. This refinement will not be pursued, and it is as well now
to come down to earth by remarking that the » mostly used in reaction
theory has been the plain kinetic theory frequency determined as for
phenomena like viscosity. This is likely to be an overestimate, which
may be gross for small molecules but not large for polyatomies.

The rate of energizations: In a nondissociating gax, or more realisti-
cally in the actual dissociating gas at very high concentration, the
number of molecules in the rth state would be cf,, the “equilibrium”
number. Of these the number removed from this state per seccond by

collision would be
cfrw, (1 1)

where (a vital point) w is the same parameter as occurred in (9). (If
we introduced the refinement (10), then we should similarly have the
same w, here as there.)

By the principle of detailed balancing, this same number would be
raised per second by collision from uninteresting states to the r-state.*
So far we have been talking about a fictitious nondissociating or high-
concentration state of the gas; but the actual dissociating gas (at gen-
eral concentration), although deficient in “interesting” molecules, may

* With the model of multistage de-cnergization mentioned earlier, we should
of course have to introduce corresponding complications in the argument here
on cnergization.
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be assumed to possess essentially its full complement of uninteresting
molecules in their various uninteresting states. Collisions between
these will have the same effect as in the equilibrium gas—for they do
not know the “doom” that awaits them if collision renders them in-
teresting.* Thus the number of collision-energizations in the actual
gas is as in the artificial or high-concentration gas; and this (as at the
beginning of this paragraph) is given by (11).

The argument presented here is essentially that of Rice and Ram-
sperger and of Kassel, and there are some useful supporting calculations
in Kassel's book.® It is important to realize, in contradiction to some
more recent formulations, that we do not introduce two separate pa-
rameters for energization and de-energization rates; a single collision
parameter w (or a single set w,) suffices.

Completion of the steady-state formulation: We can now determine
g- by equating the rate of gain of r-molecules, (11), to the sum of the
losses, (9) and (6):

war = C(w + kr)gr- (12)

Thus
g- = ofs/(w + k). (13)

The total number of dissociations per second is ¢ ) gk, so that the
first-order rate constant defined as in (1) is

k=2 gk (14)
= 2 okfo/ (@ + k). (15)

At high concentrations, w— «, and k approaches the limiting first-order
form k= of (4). At low concentrations w—0. The behavior of (15) in
this case requires closer examination (see 7.2 below), but it is natural to
assume that (15) tends to the form

k=w2 f (16)

which represents a second-order rate. The second-order rate constant
(2) is, with w=2zc as in (8),

kbim = 2 Efr (17)

* The allusion here is to Thomas Gray’s lines:

“Alas! regardless of their doom
The little victims play!
No sense have they of ills to come
Nor care beyond to-day.”
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A direct formulation of the general rate. The tollowing short
method avoids the use of the g, of (5) and will lead later to important
developments.

\n r-molecule is liable to two independent random fates, dissociation
and de-energization, which have the respective probabilities kAt and
wAt of occurring in time At.  As will be shown below, it follows that the
absolute probability (not “per unit time”) that an r-molecule will dis-
sociate, rather than be de-energized, is

k./(w + k). (18)

Now the number of r—molecul(;s formed per second is (11), so that the
number dissociating per second is

cwk.fr/(w + k).

Summing over r and dividing by ¢, we find that the rate constant k is
again given by (15).

The proof of (18): Let p(f) be the probability that an r-molecule
suffers no collision in the time interval (0, ). The probability of no
collision in the interval (0, t+At) may then be expressed in two ways,
namely,

p(t + At) = p(t) + (dp/dt)At
= p(t) {1 — wAt}.
In the last form wAt represents the probability of a collision in time

(¢, t+At), embodying here the hypothesis of random incidence; and
1—wAt represents the probability of no collision in (¢, ¢+Af). From

this equation
dp/dt = — wp(t).
Hence, since p(0) =1,
p(t) = e . (19)
If the incidence of dissociation is similarly assumed to be random,
the chance that the r-molecule does not dissociate in the interval (0, ¢) is
exp (—k.t). (20)
Thus the probability that the molecule does dissociate in the interval

(¢, t+At) is the chance of no previous collision or dissociation in (0, £),
multiplied by k,At, namely,

exp { — (@ + kn)t} kAt (21)
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Hence the absolute probability that the molecule does dissociate some-
time between =0 and « is

f “exp [~ (o + )t} s, (22)

which yields the result (18).

This elementary “free path” discussion emphasizes the point that
the standard form (15) of general rate constant contains an implicit or
explicit assumption that dissociation has random incidence. The va-
lidity of this assumption will be discussed further at a later stage.

2.4 HINSHELWOOD’S THEORY AND SOME RELATED STATISTICS

Hinshelwood’s theory” may be regarded as the first major develop-
ment of Lindemann’s idea, stressing the role of the complexity of the
molecule (that is, of its many degrees of freedom) as affecting the con-
centration at which the unimolecular rate constant declines. Since its
inception in 1926 the theory has continued in use for the estimation of
the effective complexity from the decline of rate constani.

The basic assumption of the theory is that a molecule must possess
a certain total internal encrgy K to be able to dissociate; and if it has
this energy or more, it has a specific dissociation rate k; independent of
the amount of excess energy. In the language of 2.3, molecules have
just one “interesting” statc r=1, with a fixed but unknown k;. Thus
if fi denotes the equilibrium (or high-concentration) proportion of mole-
cules with energy at least E), the high-concentration and general rate
constants (4) and (15) are

k°° = klfl, k = wk.fl/(w + I\q) (23)
Eliminating f; gives
k*/k = 1+ (ky/w). (24)

Since for fixed temperature the collision frequency w is proportional to
the concentration ¢ or pressure p, this implies that the plot of 1/k
against 1/cis a straight line. This result can obviously be generalized
to the form:

Any theory dividing molecules into just two classes, those in-
capable of dissociation, and thosc capable and having a fixed specific
rale, gives a linear relation between 1/k and 1/c. (25)

Such a linear relation is not generally obeyed by more recent and
accurate experimental measurements; so the division of molecules into
just two classes has not proved adequate. But to see the usefulness
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of Hinshelwood’s theory in estimating orders of magnitude, we must
examine the parameter f1in (23). As a preparatory step some statisti-
cal mechanical results will be given which will be widely used later.

Statistical results. Some general statistical results are stated first,
and then some simpler forms directly relevant to the present work.

For an assembly, at temperature T, of N nearly independent classical
systems (or molecules), each with IIamiltonian energy H(q, - - - ,p»),
the proportion having values ¢: to ¢1+dqy, - « -, pn to p,+dp, of the
general coordinates and momenta is

dN/N = exp {_H(ql; Tty Pn)/KT}d(h v dp,./‘b, (26)

where the phase integral ® is
® = ®(T) = f . f exp (—H/xT)dqs - - - dpn,  (27)

integrated over the full allowed range of the variables. If we seek the
proportion having py, say, in an assigned range irrespective of the other
variables, we integrate (26) over those variables. If, for example, g1 is
absent from H, and p, oceurs only in a term e, =8p,? of II (correspond-
ing to a free rotational coordinate), then the proportion having ¢ in
the range € to e +de is found to be

(wxkTe) de—er/xTde,. (28)
More generally, if a group of coordinates ¢1, gz, - - - and their momenta
Py, P2, - + - appear in H only as a set of squared terms E=8,q.2+ - -

+B{ 2+ - -, where E is not necessarily the whole of II, and if there
are in all m squared terms in this set, then the proportion of systems
having encrgy E to E+dE in this set is

f(EYAE = (E/«T)»'c-ETdE/{kTT'(im)}, (29)

where the last factor is the Gamma function. The result (28) is the
case m=1 of (29).

We now build up some simpler forms. For an assembly of simple
harmonic oscillators (corresponding to m=2 in (29)), the proportion
having energy e to e-+de is

e~ /xTde/kT. (30)

If the molecules are each equivalent to a set of n simple oscillators with
energies e, €, * * -, €, the proportion having simultaneously energies
atoe+de, + - -, e to e,+de, in their respective oscillators is a product
of expressions of the form (30), and so is

e~ FisTde - - - den/(xT)", (31)
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where
E=€1+"'+fu (32)

is the total energy (only vibrational energy being counted here) of the
molecule.
We observe next that (with all the ¢, always positive)

E E—ey E—e¢1++ —ep—1
f“-qu---de,,=f dﬂf dég"'f de,
o Ye,<E 0 0 0

= E*/n! 33)
so that for the range
E<Y ¢ <E+dE (34)
we have
f- f de + - - den = En'dE/(n — 1)! (35)

The equilibrium proportion of molecules with total energies E to E+dE
is the integral of (31) over the range (34) and is therefore, by (35),

f(B)AE = (E/«T)» e EIsT(AE/xT)/(n — 1)! (36)

This is also the proportion of systems having this energy in any 2n
square terms, as is seen from (29); but the present method of reaching
the result is useful and simple.

Continuation of the discussion of Hinshelwood’s theory. In llin-
shelwood’s theory the molecular energy relevant to dissociation is com-
prised in a number of square terms which for convenience we take to
be even; if the number is 2n, this is as if the molecule comprised n
vibrational freedoms. The quantity fi in the rate constants (23) is the
equilibrium proportion with energies K exceeding E;; so this is the
integral of (36) from E; to infinity. Thus

Si=cen{br1/(n — DU+ b2/ (n — 2)! 4 - - - + 1}, @37)
where
by = Ey/«T. (38)

Usually b, is around 50 and n around 10, so that the first term of (37)
gives the order of magnitude of fi.

By (23), Hinshelwood’s high-concentration rate constant k* is kify,
which differs from the Arrhenius form (3) because of the bracketed
factor in (37). In practice the empirical constant E, in (3) is deter-
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mined from measurements of k* at different temperatures by means of
the formula (compare 2.8 below)

E, = «Td In k*/dT, (39)

which is true if (3) is accurately true. The corresponding gradient for
the rate constant k*=k, is «T%d In f,/dT. If we equate this to
(39) we obtain the relation

Eo=E/{1+@—1/bi+ -+ @— DYt} (0)

Using this relation to define E, in terms of K, ensures that k*=kf1
will have the correct temperature gradient, so that it may be identified
with (3) over at least a small range of temperature. It will be ob-
served that, if Eo/(n—1)«T is reasonably large, the approximate solu-

tion of (40) is
Ey = Eo+ (n — 1)«T. (1)

We may now sec how ITinshelwood’s theory can be used to estimate
n, representing the “cffective complexity” of the molecule. For a
given temperature 7, let cs be the concentration at which the rate
constant & has fallen to 50 percent of the high-pressure value k*, and
let

wso = ZCgo (42)
(compare (8)) be the corresponding collision frequency. Then by (24)
2 = k*/k =1 4 ki/awso,
so that
Iy = wso = Zeso. (43)

Thus the previously unknown k; (introduced in the second paragraph
of this section) is now determined as the collision frequency at which
the rate constant is halved. Equating the experimental high-concen-
tration rate constant (3) to the theoretical rate constant kifi gives now,
by (37),

k° = Ae BT = ggebt{by=1/(n — D1+ - -+ + 1},  (44)

where by=E,/«T is to be determined from (40).

With A, By, and ¢s known from experiments on a particular gas, and
wpo estimated from cso by a kinetic collision formula, we may now re-
gard (41) as an equation for n. If, for example, A =10" sec.™!,
Eo/xT =40, wgo=10% sec.~!, we find that (44) is best fitted by choosing
n=11. It iz clear that when, as in this realistic example, ws/A is
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small, then » must be quite large in order to enhance the bracketed
factor in (44) to compensate for the smallness of wso.

This calculation indicates the use of Hinshelwood’s theory. It
shows also that the bracketed factor in (44), which at first sight makes
the rate constant so different in form from the usual (3), plays an essen-
tial role in the experimental comparisons. This factor symbolizes the
effect of the “complexity” of the molecule in enhancing the cnergization
rate. Although there is indecd a similar enhancement in the later and
more refined theories, we shall tend to lose sight of it there in the
mathematical manipulations.

The bimolecular rate constant. As o, or the concentration ¢, tends
toward zcro in the second equation of (23), we approach the rate

ko=~ ko, 0 = wfy = zcfy (45)

(compare (8)). The corresponding limiting or bimolecular rate constant
defined as in (2) is kdm=Kk"/c; so by (45)

Ko = 2y, (46)

which is naturally independent of c. The ratio of the high-concentra-
tion first-order constant, kg, =k°=kif: of (23), t0 kbim is thus

Komi/koim = ky/z. (47)

This ratio of a specific molecular rate k, to a collision parameter z
shows in fact the nature of the relation of a ku. and kp.. We may
also write it, by (43), as

Euni/ k:im = Cso, (48)

namely, as the concentration at which the (first-order) rate has fallen
to half its high-concentration value. This result could have been de-
duced directly from (25); and, as can be seen from the earlier discus-
sion, the result (48) holds for any theory dividing molecules into just
two classes, as in (25).

2.5 ARRHENIUS CONSTANTS AND SPECIFIC ENERGY RATES

Having seen that Hinshelwood’s theory does not give a high-con-
centration rate constant of the Arrhenius form (3), namely,

k> = A exp (—Eo/«T), (49)

we pause to investigate what restrictions such a form places on the
molecular model, and also on the specific rates of molecules of given
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energy.®® We confine attention at first to high gas concentrations at
which the equilibrium distribution is present and the reaction is of the
first order.

Classical energies. With the omission of terms in coordinates and
momenta (such as translational components) irrelevant to the dis-
sociation process, let the rest of the molecular Hamiltonian be
H(q, - + -, pa). If the corresponding classical phase integral (27) is
expressed in the form

® = f p(B)e-FITd R, (50)
0

then p(E) may be called the weight factor of states of energy H=E to
L+dE; and reference to (26) and (27) shows that the proportion of
molecules with energics E to E+dE is

J(B)AE = p(E) c—EI<TdE; @, (51)

a formula equivalent to (29), for example, if H is a sum of m square
terms.

If the “interesting states” introduced early in 2.3 are characterized
solely by their total energy E, then the classification number r is re-
placed by the continuous variable E, and the corresponding k, by kg,
the specific rate for E-molecules (molecules of energy E). Tt is possible,
however, that the dissociation probability may depend on a whole set
of parameters (such as the individual oscillator energies which ap-
peared in (31)). In this case we may average the dissociation prob-
ability, with an appropriate weighting, over all values of the parameters
corresponding to a total energy F; and the result is an average specific
rate for E-molecules, which again we call kz. In either case we have
now for the total high-concentration rate constant, corresponding to (4),

ke = fo kef(B)E, (52)

displaying k* as a sum of contributions from elementary energy-ranges.
It is convenient to take zero as the lower limit of integration in (52),
although we are confident that kg will be zero for low energies.

Let us assume now that the rate constant is strictly of the Arrhenius
form (49). Then by (51) and (52)

k= = f kep(E)e~EITdE/® = AeFolsT, (53)
0
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Using the form (50) of ® and writing 2=1/«T, this gives

f kep(E)e E:dE = AeFo: f p(E)e~F+dE. (54)
0 0

Since £>0, we may formally define p(E) to be zero for E <0. Thus
if on the right-hand side of (5-1) we write Eo4 E=E’, the cquationbe-
comes (dropping the prime)

f kep(E)e E:dE = Af p(E — Eo)e#:dE. (55)
0 0

Since classically we assume kx and p(#) are continuous, as well as
nonnegative, this equation implies that

ke =0 if E < E, (56)
kg = Ap(E — E.)/p(E) if K > E,. 57)
These results have three interesting implications, if the rate constant

is of the Arrhenius form and the classical picture is adequate. First,
from (56),

the minimum energy for dissociation is the Arrhenius
parameter E,. (58)

Secondly, from (57), since p(l)—® as E— o on any classical model,
and p(E —E.)/p(E)—1,

the specific rate for molecules of very high energy (namely
lim kg as E— ) ts the Arrhenius frequency factor A. (59)

(This is a more interesting interpretation of A than as the limiting
over-all ratc Ae=#o/«T a5 T—.) Thirdly,

the (average) specific rate kg must be the particular function
(57) of the classical weight factors. (60)
This last result may appear alarmingly restrictive. In fact several
theories give over-all rates of the form (49) and are found to obey (57).
Among these are the classical versions of the theories of Kassel, myself,
and the activated complex. Actually the Hamiltonians used or im-
plied in these theories are reducible to a sum of square terms.  If there
are m square terms, then comparison of (51) and (29) shows that

p(E) ~ E¥m1, (61)
so that (57) gives, for E> E,,
kg = A{(E — Ez)/E} 1, (62)
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which is the form which has been found (or in one case assumed on
plausible grounds) for kg in the theories mentioned above. Often m
has been an even number, 2n, say, as for a set of n oscillators or normal
modes. In this case the result (which follows also directly from (36),
(51), and (57)) is

ke = A{(E — Eo)/E}™, (63)
where 4 is still the Arrhenius parameter.

Quantized energies. Assuming now that the total molecular energy
relevant to dissociation is quantized, let the successive energy levels
be e, €, € - - -, where for convenience we take eg=0 and where 0<e
<e&< - --. Let p, be the total quantum weight of the rth level, so
that in a high concentration or equilibrium distribution the proportion
of molecules with energy e, is

fo = pc/ 22 pyi, (64)

where
x = e l/sT, (65)
Tet k, be the specific rate for energy e, k. being cither basic or itself an

average, like the earlier kz. The over-all first-order rate constant is
therefore

k= 20 kif. (66)

Let us assume again that this is of the Arrhenius form (49), which is
AxFo by (65). We have now, hy (64) and (66), the identity

3 kpexer = A Y purkote, (67)

This is to hold in the range 0<x<1. There is no reason a priori to
suppose the partition function > p,x% is a power serics in the normal
sense, but we can begin with x small and so in (69) equate the lowest
termsin z and then the successive terms.  With ¢, =0, the lowest power
on the right-hand side is Fo; hence

kr=0 if e, < E, (68)

which indicates (as in (58)) that the Arrhenius parameter E, is the
minimum energy for dissociation. If k, is the first nonzero k,, then the
first surviving term on the left in (67) gives

€ = EO (69)
and
ko = Apo/Ds. (70)
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Let us assume now that
k>0 forall » > p, (71)

that is, that molecules with more than the critical energy have a non-
zero chance of dissociation. This is a natural and common assumption
but, as we shall sce later, may not always be valid even in classical
mechanics. We may, with the assumption (71), infer for the sumc-
ceeding terms in (67) that

& =€ + &y (r > p), (72)
and, from the coefficients,
ke = Apr/pr  (r 2 p), (73)
which is the quantal equivalent of (57).
The general solution of (72) has e, e, - - - , ¢,y arbitrary, the pattern

of spacing of the levels then repeating after ¢, and after es,, and so on.
This is an unrealistic pattern if ¢,= E; is large, and the only “physical”
solution of (72) is

€41 — € = const., & = re (e = Eo/p). (74)

That this is the pattern of levels of a simple harmonic oscillator is of
small interest, for a simple oscillator could represent generally only a
diatomic molecule. But it is also the pattern of levels of a set of de-
generate oscillators, where by “degenerate” we mean that cither

(i) the frequencies of the oscillators are all y=¢/h, or

(ii) they are » and whole multiples of », not necessarily all distinct.

We conclude that, if the energics are quantized and (71) is assumed,
then

the only molecular model giving the Arrhenius rate is that of a
set of degenerate oscillators. (75)

If in case (i) there are n oscillators per molecule, the quantum
weight of the rth level (of energy e, =rhv) is the number of ways of
assigning r indistinguishable objects to n boxes, namely,

pr=(r+n—1/ri(n — 1! (76)
Hence by (73) the specific rate for this level is
kr = Arl(r —p+n — DY/ (r — p)i(r +n — 1)! 77)

The classical formula (63) is the limiting form of this for large r and p,
with E/Ey=r/p.

The extension of an Arrhenius rate to general concentrations. If
the only parameter determining reactivity is the total energy of the
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molecule, so that kg or k, is a basic specific rate and not itself an
average, then we can determine the general-concentration rate constant
k from an assumed Arrhenius form of £k~ together with the weight fac-
tors. In the classical case, for example, if in (52) kg is a basic specific
rate, then, as we saw, it corresponds to the specific rate &, of (4) and
f(E)dE corresponds to f, in (4). Thus the general rate constant (15)
has the form

k= f mwkz(w + kz)"Y(E)dE, (78)
0

with f(E) asin (51). The formula (78) is unjustifiable if kg is itself an
average over more detailed specific rates, for then the summation in
(15) should be over the detailed specification.1?.8

If now the first-order rate constant k* has the Arrhenius form (49),
then kg must have the form (56), (57); and this determines (78) in
terms of p(#) and the related f(E). In particular, if the Hamiltonian

is of 2n square terms, then, by (63) and the corresponding form (36) of
S(E), (78) becomes

. A fw (E — Eg)1e~EIsTdE
T = DTSR, 1+ Adwm'(1 — E BVt

(79)

where k*=A4 exp (—Eo/«T). Introducing a dimensionless parameter
b and a variable z by

b = Eo/«T, (80)
z = (E — Eo)/«T, (81)

we obtain for the fractional decline of the rate constant at collision fre-
quency w

k 1 f * ™ le~*dx ®2)
kB (m—11Je 14 Aw{z/(b + z)}?
This form shows that the decline of an “Arrhenius” rate constant (for
a model of 2n square terms with reactivity depending solely on total
energy) is completely determined by

n, representing the molecular complexity,

b, or the ratio Eo/T, and

A /w, the ratio of the Arrhenius frequency factor in k* to the effective
collision frequency.

The corresponding formula for quantized energies is easily deduced
for the case of degenerate equal frequencies.
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2.6 THE THEORIES OF RICE AND RAMSPERGER
AND OF KASSEL

Hinshelwood’s theory was soon followed by the more elaborate theo-
ries of Rice and Ramsperger'! and Kassel!2:!3 in 1927-1928. These
included both classical and quantumn forms. We will concentrate
nominally on the first, or classical-mechanical, version of Iassel’s
theory (although he attached more importance to his quantum ver-
sion), but some of the detail of the argument will be based on Rice and
Ramsperger’s paper.

The molecule is pictured as a system of n harmonic oscillators,~
which by means of small coupling forces can pass energy from one to
another. Thus the gas is in a way a doubly statistical assembly; the
molecules interchange energy at collisions, and also the oscillators in a
molecule interchange energy between the times of collisions.

The molecule is assumed to dissociate if and when an energy exceed-
ing an amount K, is collected into one particular or “eritical” oscillator.
A molecule is “interesting” in the sense of 2.3 if collisions have given it
an energy £ exceeding Ky; the Lindemann time lag to dissociation is
then the time taken for the internal interchanges to give at least E, of
this energy to the eritieal oscillator.

We find the dependence of this time lag on E by applying ideas of
“detailed balancing” to the internal statistics. (The argument given
here is rather closer to Rice and Ramsperger’s than to Kassel’s.)
Suppose first that the molecules are not dissociating. The chance that
an E-molecule has encrgy exceeding E, in a particular oscillator is the
chance that it has less than E— FE, in the remaining n—1. From the
equilibrium distribution (31) this chance is

fn.. fde2-..d6"/j;.. fdez---de... (83)

E‘I_E‘EO Z‘nSE
2

2
Evaluation as in (33) gives for this
{(E — Eo)/E}», (84)
A frequency factor A (called by Kassel a “proportionality constant”)

* I find that these oscillators are generally thought of as corresponding roughly
to interatomic bonds, although Kassel associated them merely with “degrees of
freedom.” In the harmonic approximation the various normal modes of vibra-
tion (which truly constitute “oscillators”) may all contribute to the motion in a
bond. Nevertheless the characteristic frequencies associated with certain atomic
groupings give an element of reality to the correspondence of bonds with oscilla-
tors, although this is not an exact picture,
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is now introduced; I picture it as playing the same role in relation to
the internal encrgy interchanges as the effective collision frequency w
plays in the over-all energy changes. We could thus define 4 by
saying that AAt is the probability that in time A¢ there is an internal
energy change in the critical oscillator; this implies that these inter-
changes occur randomly like collisions. Just as external collisions
usually de-energize “interesting” molecules, so will a high energy in the
critical oscillator nearly always disappear in an internal interchange.
Ilence the proportion of E-molecules (with E>E,) which cease, in
At, 1o have a concentration K, (or more) in the critical oscillator is
{ (B —Ey)/E}*'AAL, by (84).

Applying “detailed balancing” to the internal rearrangements, we
deduce that this same proportion of E-molecules concentrate energy
E, into their critical oscillator in Af.  So far our gas has been in equi-
librium and inhibited from dissociating. If now we introduce the hy-
pothesis that the concentration of K, causes immediate dissociation,
we may assume that the rate at which E-molecules enter the concen-
trated state is thereby unaffected; the poetie footnote in 2.3 is again
relevant. Tlence the proportion of E-molecules dissociating per second,
the specific rate, is

ke = A{(E — E)/E}" (K 2 E,). (85)
Now the number of E-molecules in a high concentration ¢ is ¢f(F)dE,

where f(E) is given by (36) since we have here systems of n oscillators.
Using this and (85), we find that the high-concentration rate constant is

ko = | kef(R)AE = — - — E — Ey)v1e-EITdE, (86
" sf(E) (n — DIT)" Eo( )" e (86)

whence
k» = Ae—EolsT (87)

which is of the Arrhenius form.

The serutiny of this simple result yields considerable insight into
reaction theory; so that a serics of points will be made concerning the
derivation of (87) and its extension to general concentrations.

Points in Kassel’s theory. (i) Using the perhaps overprecise inter-
pretation I gave to Kassel’s parameter A after equation (84), we may
infer directly® that k*=A exp (—Eo/«T). For in an equilibrium non-
dissociating gas of ¢ molecules, the number with energy above E, in
one particular oscillator (irrespective of the state of the other oscilla-
tors) is ¢ exp (— Eo/«T), as is seen from (37) withn=1. The number
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leaving this E,-concentrated state per second by internal interchanges
is cA exp (—E,/xT), by the definition of A as the interchange rate;
and the same number enter this state, by “detailed balancing.” In
the actual dissociating gas we assume that the same number gain the
critical concentration E,, but now dissociate; so that the first-order
rate is A exp (—Eo/kT). This “short cut” recalls activated-complex
ideas.

(i) In the earlier argument, when we reached the form (85) of kg,
we were bound to find an Arrhenius rate, since (85) agrees with (63),
which was found in 2.5 as the required kg (for an n-oscillator classical
system) for the Arrhenius rate. The agreement of (85) with (63) may
be traced back to an earlier stage; for the energy factor in (85) is the
ratio of the integrals (83), which are ways of distributing energy E
where in the numerator a part E, has been previously assigned. Thus
this ratio corresponds to p(& — Eq)/p(&) in (57), of which {63) is the
appropriate form here.

(iii) The agreement of the “short-cut” method of (i) with the previ-
ous method involving kg is strictly a high-concentration phenomenon;
for at high concentrations all oscillators have essentially the equilibrium
distribution, and we obtain the same rate of flow to the critical oscilla-
tor whether we consider it alone (as in (i)), or in conjunction with the
energies of the other oscillators (as in the previous method, where we
brought them in in (86) and then integrated them out!).

(iv) In extending the theory to lower concentrations, we must not use
the “short cut.” Collisions affect the total energy E, not merely the
energy in one oscillator; and the failure of the rarer collisions (at lower
concentrations) to maintain the distribution is spread fairly harmlessly
over all the oscillators. If this failure were concentrated on the critical
oscillator, there would be a sharp falling off of ratc as if the molecule
were merely diatomic. The function of the other oscillators is as a
heat bath or reservoir of energy.

(v) General rates. The extension of the n-oscillator Arrhenius rate
to general concentrations is in fact as in (78)—(82), and formula (79) is
originally due to Kassel. It is clear that kg, as found in (85) here, is a
basic specific rate, as was required in 2.5; it cannot be viewed in any
natural way as an average over detailed specific rates connected with
states of the n oscillators of the molecule.

(vi) The Arrhenius parameter A is often of the order of magnitude,
10" sec.”!, of molecular vibration frequencies. It plays the role (in
the present cexposition) of the rate of occurrence of internal energy
interchanges of an oscillator. Thus the oscillators suffer discontinuities
of energy about once per “vibration” and so are hardly recognizable as
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performing oscillations. It is perhaps helpful to link this kind of “in-
determinacy” of the oscillators with the imprecise view of their nature
mentioned in the footnote on page 30.

The practical value of the theory has not been given due weight in
this discussion. It has lain in the comparison of the theoretical decline
of rate constant (with concentration) with experimental results. In
the theoretical decline (82), the number #n of oscillators is a main pa-
rameter; and a main object of experimental comparisons has heen to
sec whether a valuc of n, reasonably consonant with knowledge of the
molecule considered and its conjectured mechanism of rupture, gives
an observed curve of decline. Some important problems of curve
fitting have been discussed by Johnston,® Kassel,'® and Powell.!?

The theory of Rice and Ramsperger.! This theory* differs from
Kassel’s in taking as the condition for dissociation the accumulation of
energy ¢, in one coordinate or “square term”t instead of in an oscillator
or pair of squarc terms. Consequently the high-concentration rate
constant k* is (by the short-cut method (i) above) the product of an
interchange frequency and of the integral of (28) from ¢ =¢, to infinity;
thus k= is not precisely of the Arrhenius form. The authors were not
so much concerned with k* as with the decline of k/k® with pressure;
they found for k/k® a form similar to that, (82), given just afterward
by Kassel.

Kassel’s quantum version. Kassel followed up the classical theory,!?
discussed above, with two quantum models.” In the simpler of these,
which is the one used in his book,® there are n quantal oscillators all of
frequency », and the molecule dissociates when cnergy Eo,=ph» is ac-
cumulated in one critical oscillator. (As in 2.5, we omit zero-point
energy.) On statistical grounds he postulates the form (77) for the
specific rate k. (r=p). Now the equilibrium probability of energy riw
is

fr= ({1 — a)*a'p,, a = exp (—hv/«T), (88)
where p,=(r+n—1)!/r!(n—1)!as in (76). Thus the high-concentra-
tion rate constant » k.f, is found by (88) to be

k* = Aar = A exp (—Eo/kT). (89)
This is in accordance with the discussion in 2.5, and corresponds to

case (i) in (75).

* I mean here Theory II of Rice and Ramsperger; their Theory I is an explicit
version of Hinshelwood’s ideas.

t The single term is referred to in the original paper as a “degree of freedom,”
and a set of 8 square terms as implying s “degrees of freedom.”
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The general-concentration rale constant on this model is (15), with k.
and f, as given here; this is the form most used in Kassel’s experimental
comparisons.®

In Kassel’s second quantum model,®® there are s oscillators of fre-
quency », and r of frequency tv, with £ an integer; dissociation requires
energy phv in one of the slow oscillators. The high-concentration rate
constant found is again (89) ; this can be seen also from the “short-cut”
method in Point (i) earlier in this section. This second model can be
viewed as a particular case of an Arrhenius-type model (ii) of (75).

The theoretical advantage of these degenerate oscillators is that they
are amenable to the energy interchanges which the dissociation model
requires; the practical disadvantage is that, except in the case of com-
plete degeneracy (all vs equal), the general concentration rate constant
is cumbersome. The extreme (but most realistic) case is that of a set
of n oscillators whose frequencies are rational (but not all integral)
multiples of the slowest and critical oscillator. This may be shown to
give an Arrhenius high-concentration rate constant, although it does
not satisfy (71) of 2.5 and so is not included in the classification made
in that section.

2.7 THE THEORY OF POLANYI AND WIGNER

The theories deseribed in 2.2, 2.4 and 2.6 were concerned mainly with
the relative decline, k/k=, of the rate constant with concentration. We
come now to attempts to estimate the magnitude of &=, in particular
the pre-exponential factor of an Arrhenius, or nearly Arrbenius, rate
constant.

Rodebush!® in 1923 suggested that dissociation might result from
energy-transferring collisions between the atoms of the molecule.  The
collision frequency for this internal process would be roughly twice a
vibration frequency. This was useful in suggesting an A-factor of the
order of magnitude of vibration frequencies.

Polanyi and Wigner!® in 1928 were the first to use normal modes of
vibration with any precision in dissociation theory. They considered
a very simple molecule, namely, a linear chain of equal masses, and
estimated the distribution of its normal frequencies of vibration. They
assumed the molecule dissociates if a link or “bond” in the chan is
unduly stretched. There is no suggestion here that this link is to be
regarded as a single oscillator gathering to itself a large amplitude.
The link varies in length as a sum of the various normal-mode vibra-
tions with their various frequencies; and the critical stretch happens
when all the modes come “into phase,” all pulling the link out together.
By a mixture of plausible and rigorous statistics, the authors found a
high-concentration rate constant
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ke = 1.15v exp (— Ey/«T), (90)

where » is the fastest normal frequency. Their estimated generaliza-
tion for threc-dimensional distortions was

k> = 20(Eo/xT) exp (—Eo/«T). 91)

The theory deseribed in the following chapters is essentially a precise
and generalized treatment of Polanyl and Wigner’s idea, beginning
with their notion of phase coincidence of normal modes.

It may be asked why their promising start was not further developed
at the time. TFor one thing, there was no adequate mathematical ma-
chinery for the discussion of the phase effects; and (for other reasons
also) Wigner, Polanyi, Pelzer and others transferred at{ention to the
caleulation of rates as flows through a critical configuration in the ab-
stract coordinate-momentum phase space of the molecule.  IFrom this
was developed “activated complex” theory, which will be discussed in
Chapter 6.

2.8 ACTIVATION ENERGY

Taving glanced in 2.7 at theories of the A-factor of the high-concen-
tration rate constant, we should for completeness deal with the theory
of the exponential factor. This, however, lics outside our gencral
scope, the critical energy being regarded mainly as an empirical quan-
tity. The empirical exponential factor is closely connected with the
concept of activation energy, so we shall discuss the definition of this
energy, the theorem of Tolman, and the dependence of activation
energy on concentration. '

High-concentration rates. Observing that experimenters determine
the parameter Fp of an assumed Arrhenius rate constant (3) as the
slope of a plot of —In k* against 1/kT (compare (39)), we define the
activation encrgy E.* at high concentrations to be

B = «T*dInk=/dT = — «d In k=/d(1/T). (92)

In the Arrhenius (and Kassel) case, this reduces to the constant K.
The formula (92) is the natural generalization for non-Arrhenius rates,
where E,» will depend on 7T'; we arc assuming (rather optimistically)
that there is a sufficiently smooth mean experimental plot of —In k®
against 1/«xT for us to measure the slope (92) of a tangent at a given 7'
An older definition of activation energy was as the eritical (minimum)
energy for dissociation. This agrees with the present definition when
the rate is strictly Arrhenius, since then by (58) and (68) the critical
energy is the Arrhenius parameter Ey, and this is then also the E.* of
(92).

Tolman’s theorem: Although the present work applies also to con-
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tinuous energies, we use for simplicity notations of 2.3 and (64), (65)
of 2.5, as if the molccule had discrete cnergies €, €, &, - - - .* But
(differing here from 2.3) we include now the uninteresting levels in the
enumeration of the ¢s, and use the summation signs:

> = sum over all , >/ = sum over interesting r.  (93)

Thus in the high-concentration region the proportion of molecules in
level ¢, is (as (64), (65))

Jr = pav/ 2pans,  z=exp (—1/«T), (94)
and the rate constant (4) is
k> = ZI kifr = Z' krprx"/z y T (95)

By (94) the operator 7%d/dT in (92) equals xd/dz; so by (92) and (95)

B = (X kpoerk) /(2 kerker) — (D Daat®) /(D pat*)
(Z’ kifee)/( EI k.f,) — Zfafs (96)
= & - & 97)

Here &is the average energy of all molecules, generally indistinguishable
from the average energy of the normal or “uninteresting” molecules;
¢ is the average energy of the interesting molecules which dissociate in
unit time. The omission of this last phrase has sometimes caused con-
fusion; for the average energy of the existing intcresting molecules is

¢ =2 fe 2 I (98)

and this is appreciably smaller than € in cases where £, rises sharply
with energy, since the weighting factor k, (represented in words by the
italics below equation (97)) in & boosts the upper levels.

The result (97) is a case of Tolman’s theorem.2* Asanexample of its
use, we deduce that for a classical nm-oscillator molecule with an
Arrhenius rate (E,*=E,),

I

= Eo + n«T, (99)

since in thix case é=n«T.

General concentrations. We bear in mind for general concentra-
tions the “steady-state” formulation in 2.3, so that the general rate
constant is

k=2 kg = 2 wkife/(0 + ki), (100)

* There is here no suggestion that the rate constant should be restricted to the
Arrhenius form, however.
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where
gr = ofy/(w + k) (101)

is the steady proportion in the rth state at collision frequency w. (Here
and in some of the subsequent formulas where w is left inside the sum-
mation, we might introduce a variable value w=w, as in (10).)

The natural generalization of (92) when the rate constant k¥ depends
on concentration is

Eo = xT?9 In k/aT, (102)

the partial differentiation implying that concentration, or pressure, is
to be kept constant. These variables enter k through the collision
frequency w. We therefore write

E,=E, + Eun (103)

where E, is calculated from (102) with w fixed and so arises from the
temperature dependence of f, in (100); and Een is calculated with f,
fixed and w varying as a function of temperature.

The collisional contribution Econ is relatively unimportant. If we
use a gas-kinetic form of w, we write at concentration ¢, with m and o
the molecular mass and “diamcter,”

w = Zc, z = 402/ (wkT/m). (104)

Since the pressure p is proportional to ¢T, w varies as T-* at constant
pressure. Hence

kT?0w/0T = + 3«kTo, , (105)

the upper and lower signs referring in this section to constant ¢ and p
respectively. It follows from (100) and (102) that

Ewn = + 3T X' kl2wfo(w + ky)~%/k. (106)
From this we infer that
Eon—0 or 3T as w— o or 0, (107)

since k~ Y_.'wf, as w—0. More generally, E.n increases numerically
as the concentration falls, but nevertheless remains small.
Corresponding to the two signs of Equ, there are two values of E,
in (102) and E, is the mean of these. We shall therefore concentrate
on this mean energy.
Generalization of Tolman’s theorem: If we use (94) in (100), the mean
activation energy (102), (103) is

E, = z3/0xIn { 3 wk(w + k) "'pxrr/ 3, pare}.  (108)
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The operator zd/dx produces factors e, ¢ in the sums, so that by (101)

E, = (X kgee)/ (X gs) — 22 frer (109)
= &% - é, (110)

which is the generalized theorem. Here &, i the mean energy of the
molecules dissociating per unit time, when the collision frequency is w;
this follows from the interpretation of the g, as the relative steady popu-
lation of the r-level (compare 2.3), and the weighting &, comes in as
before. The term & is not. quite the “average cnergy of all molecules,”
since the sum Y _f,¢, makes no allowance for the depletion of high levels
at low concentrations; but the approximate interpretation of € as the
average energy of uninteresting molecules is at least as good as in the
previous case under (97).

Tolman’s own general-concentration version of his theorem has a
rather more complicated formalism,

The variation of activation energy with concentration. Lect w and
o’ be collision frequencies for two dilferent concentrations at given 7
E, and E/ the corresponding mean activation energies, g, as in (101),
and g/ =o'f,/(o'+f,). Then by (109)

Eu’ - En = (Z, krgf’ Er)/( Z, ksgsl) - (Z' I“rgrfr)//( Z, I"\g-x)
=13 Z' Z’ kky(er — €)(grgs — g:97)/( Z' kg, Z’ k.ygl),

the second form coming by interchanging suflixes » and s.  Using the
forms of ¢, and ¢, , we find, with P,, positive quantities that need not be
specified,

Fl —Fo= (o —w) 2" 2 Pruer — ek, — k). (111)

This is positive for o’ >w, provided the last two factors have the same
sign. Hence if k,>k, when ¢,>¢,, E/ — E, has the same sign as o’ —w.
Thus

If the dissociation probability increases with energy, the mean
activation energy decreases loward lower concentrations. (112)

This trend in E, generally swamps the trend in Een with lowering
concentration or pressure.

At very low concentrations the assumed limiting form (16) is (with a
superscript 0 for low concentration, and our present “primed” summa-
tion)

O=w X fi=w X pt/ X parte, (113)
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The corresponding mean activation energy is

F =3 fref () — 2 e =¥ — & (114)

where ¢ is as in (U8), although it should still officially be termed the
mean cnergy of interesting molecules in a high concentration. (With
a little care we may again express (114) as a Tolman theorem, but this
is not very helpful here.) The total decline of E, over the whole range
is, by (97),

B —Fd=¢é—¢, (115)

and this quantity, as was mentioned under (98), may be appreciable if
k, increases with e,.

Examples. (i) Hinshelwood’s theory. Tn any theory having a fixed
specific rate ky for all interesting molecules, we see from (111), or less
grandiosely from (23), that the mean activation energy is independent of
concentralion and pressure.  In Tlinshelwood’s case, this energy is given
by the right-hand side of (40) in terms of the critical energy, there
called Ey; so clearly E, is not equal to the eritical energy in this theory.

(i) Kassel’stheory. With here an Arrhenius rate constant, the high-
concentration E,° cquals K, the Arrhenius parameter or critical
energy. The manner of decline of E, with concentration will be dis-
cussed in a later chapter (sce 7.9 below). At the limit of low concen-
tration the (classical) rate constant £ is (with b= E./«T)

k' = wfi = mc“”fm(b + x)le=de/(n + 1! (116)

where f; ix the equilibrium proportion of n-oscillator molecules with
more than the eritical energy (here By, not By as in (37)). We may also
regard (116) as the limiting form of (82) as w—0. As in (37), we find

fi=edfbr-yn — DI+ .-+ 1}, b=E/«T, (117)
and the low-concentration mean activation energy is (compare (40))
kT2 In f1/8T
=EB/f1 4+ m—=1/b+ -+ @®n—1Yb1}. (118)
If (n—1)/b=(n—1)xT/E, is fairly small, we have approximately
E," = E, — (n — 1)«T. (119)

E,°

We may view this result in two equivalent ways, one practical, the
other theoretical. Iirst, the over-all decline in activation energy (cor-
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responding to (115)) is roughly (n—1)xT, which may be an appreciable
fraction of Eo,. Secondly, the important energy-values of interesting
molecules at high and low concentrations may be typified by the re-
spective averages ¢ and ¢, where by (99), (114) and (119)

¢ = E, 4+ n«T, ¢ E, + «T. (120)

The implication of this low € is, naturally, that at low concentrations
there is so much more time for a molecule to dissociate that it does not
need so much energy. ’
We shall return to this subject of the effects of low concentration
only after a lengthy discussion of high-concentration rate constants.
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CHAPTER 3

Molecular Vibrations and Normal Modes

THIS chapter is concerned with the vibrations of a molecule treated
as a stable nondissociating system. Not until Chapter 5 will it be
allowed to burst, although parts of the present treatment of vibrations
are slanted toward the dissociation theory. Much fuller and better
accounts of vibrations have been given by Wilson, Decius and Cross!
(whom we refer to as WIC) and Herzberg.? The present account
may usefully drive the reader to their treatises, but there are here a few
interesting novelties. Before summarizing the main heads of the
chapter, I shall risk giving first an informal introduction to normal
modes, which are still a source of some confusion.

If we attach two equal, small masses to the points of trisection of a
taut mathematical (massless and frictionless) string, and then simul-
taneously give the masses small, equal parallel kicks perpendicular to
the string, they will begin to execute a harmonic vibration, say
a; sin 27pyt, keeping in step. If instead we givé them equal but con-
trary kicks, they will again vibrate harmonically but keep exactly out
of step, with the respective displacements = as sin 27vet, where »e
=»+3. Finally, if we give them unequal kicks (still in the same di-
rection as before), they will execute tangly aperiodic motions. The
first two periodic motions are normal modes of the system; the third or
general (linear) motion could be disentangled by a stroboscopic eye
into a superposition of the two normal modes. If we set the masses
going in the direction perpendicular to the previous motions and to the
string, we shall find two more normal modes, again of the frequencies
v, and »2=»;4/3; and the most general lateral plane motions of the
masses can be broken up into superpositions of the two pairs, », » and
v, 2, Of “degenerate” normal modes.

With some refinements of technique we treat molecular vibrations
in a corresponding way. The variables or “coordinates” g, used to
describe the internal configuration of the vibrating molecule are often
the changes of interatomic distances or angles from their equilibrium

41
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values. The molecule has normal modes of vibration in any one of
which the atoms move linearly and all the coordinates g, vibrate to-
gether; for example ¢,=A,, cos 2r(v.i+¢,) in the ith mode. (Usually
some of the A,, are negative, so that some coordinates are out of step
with others; the pattern of in and out of step usually differs in all
single modes.) Thus a normal mode is a characteristic motion of the
whole molecule, not of a particular internal distance or angle. Con-
versely the behavior of an internal distance in a general motion of the
molecule is not even approximately that of a harmonie oscillator; it is a
sum of harmonic mode oscillations.

Three further points should be mentioned. (a) If the molecule has
certain symmetries, there will be degencrate pairs of normal modes
such that, if just one pair is excited, the atoms move in ellipses (like
the bobs on the string for the perpendicular modes »y, »; with a phase
difference). (b) The analysis into normal modes requires the displace-
ments to be small. (¢) The classical vibrations in the modes should
strictly be represented by quantum oscillators, but the analysis into
modes is not thereby affected.

Outline of the chapter. In 3.1 the molecular kinetic and potential
energies are formulated in general internal coordinates ¢r; the standard
forms are (6), (10), and (11), but the final remark on WD(’s symbolism
should be noted. Sections 3.2 and 3.3 form a digression of practical
importance, on distance and angle coordinates and on symmetry co-
ordinates. In the central section 3.4 the transformation to normal
coordinates is fully explored; the peculiar normalization (34) and the
transformation (35) should be noted particularly. This leads in 3.5 to
a standard form (66) of the vibrational motion in terms of amplitudc
factors ay,.  Three other methods of solution are sketehed, including a
“Lagrangian-momentum” method.

We then proceed to some specialized results and illustrations. In
3.6 we associate with ¢, one of the (nonnormal) coordinates, a mean
frequency » as defined in (79). This frequency also has the forms (87)
and (92) in terms of constrained motions (these forms are connected
by a general theorem (93) on constrained frequencies) and an impor-
tant special form (96) when g is an interatomic distance. The calcula-
tion of amplitude factors and of v is illustrated in 3.7 for a linear tri-
atomic molecule. 1 have retained here a rather displaced discussion
of “activated complex” frequencies which arose primarily out of an
argument on isotope cffects. Finally in 3.8 the vibrations of nitryl
chloride are examined; this example provides an opportunity to discuss
and illustrate the use of symmetry coordinates in calculating amplitude
factors.
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3.1 KINETIC AND POTENTIAL ENERGY

A gas molecule will be idealized into a system of N “point-atoms” of
masses mqa(a=1,2, - - -, N). If x,, ya, 2, arc their Cartesian coordi-
nates in a fixed external frame, we take for the molecular kinetic energy
the sum

1 X~
T=— % mada? + 5ad + 52 (= d/d). (1)
2 a=:1
(We shall call it T” later, when plain T is needed to denote temperature
again.)

By considering the motion of, and relative to, the mass center, we
may break 7' up into four parts for (i) internal vibrations (including in-
ternal rotations), (ii) over-all translation, (iii) over-all rotation, and
(iv) Coriolis cross terms connecting vibration and over-all rotation.
We shall be concerned almost wholly, however, with changes of shape
of the molecule, as leading toward dissociation or isomerization.
These changes of shape are predominantly vibrational effects. We
therefore remove the terms (i), (iii), and (iv), by treating the mole-
cule as if its mass center were at rest and (a less justifiable procedure)
as if there were no over-all rotational angular momentum. The con-
ditions so imposed are, with a suitable choice of origin,

D Maka = D, Malfa = 2, Ma2a = 0, (2

and for angular momentum (which when (2) holds is the same about
any point)

Z ma(ya-'-'.'u - 205’(1) = 0~ (3)

There are generally three independent conditions (on permuting x, y
and 2) of type (3), but only two arc independent if the atoms are col-
linear. It is convenient for small vibrations to replace (3) by the
equivalent form

2 Ma(Fabd2a — ZaAya) = 0, (4

where %, denotes the equilibrium value and Ar, =x,— %, is the displace-
ment.

Instead of 3N rectangular coordinates linked by these 6 or 5 con-
ditions (2) and (3), we commonly use n generalized coordinates, such as
interatomic distances or interbond angles, which describe the con-
figuration without reference to the position or orientation of the mole-
cule. If these are to be independent and a complete set,* they must

* It is sometimes convenient to use a larger set, including redundant coordi-
nates, but we shall not deal with this case.
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number
n = 3N — 6 (general), 3N — 5 (linear molecule), 5)

since they do not specify the position of the mass center or the orienta-
tion. In such coordinates ¢i, : « +, gn, the kinetic energy takes the
form

1 n
T = '5‘ Z E anq-rq'. (an = aar), . (6)
1

which is in full

T = %‘lluq'l2 + amq'ldz + %anq.f + -+ %annqinz-
The a,, are generally functions of the gs, but for small vibrations they
are treated as constants, with the values they assume at the equi-
librium configuration.

The Lagrangian form (6) may be converted to ITamiltonian form by
introducing the generalized momenta p,:

pr=0T/3G = D s (r=1,+++,n). (7)

s=1

The solution of (7) for the ¢, is
Gr = 2 griPa Where g, = An/A, 8)

and A denotes the determinant, ”a,, , of the a,., and A4,, the cofactor of
anin A. With the notation a, g for the matrices {a,.}, {g.}, the last
relation is

g=a’l, (9)
Substituting (8) in (6) gives the Hamiltonian form
T =32 2 gnppe (10)

(There is a comment on this notation at the end of this section.) It
is to be observed that the g,., like the a,, above, are treated as constants
in small vibrations.

The potential energy relevant to vibration is fundamentally the quasi-
static eigen-energy (in the Born-Oppenheimer approximation) of any
instantaneous configuration ¢, - - -, ¢.; this may be considered to in-
clude the main electronic kinetic encrgy which was conspicuously
omitted from 7. We shall not pay much attention to this fundamental
view, but generally treat the potential energy as determined as far as
possible by the observed spectrum. This energy, then, is expressed as
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V(gy - -+, ¢»). At the equilibrium configuration its first derivatives
vanish. We adjust the origin of the ¢s to this configuration, and also
take V=0 here. Thus as far as quadratic terms,

Vig, - - -, qs) = % Z Z bregrqs (brs = bar). (11)

Since the equilibrium at ¢;= - - - =¢,=0 is stable, this V is (like T)
essentially positive.

It is to be remarked that the b,, are always regarded as constants.
When, much later, we desire a more general form of V, we keep the b,,
constant and add higher (e.g., cubic) terms to (11).

Notations. The symbols a,, and b,, for the coefficients in (6) and
(11) arc of long standing. The g,, in (10) correspond to the G,, of
WDC (I reserve capitals for cofactors usually). The potential energy
coeflicients or “force constants” b,, correspond to their F,,.

3.2 TYPES OF INTERNAL COORDINATES

This section (like the next) may be regarded as a digression, but it
gives solidity to the vibration problem by introducing techniques used
to reduce the encrgy functions to manageable forms. In this section
we introduce internal coordinates which are interatomic distances and
angles, and explore the former type rather fully. The important re-
sults on the kinetic energy coefficients are proved vectorially in WDC;
the present nonvectorial approach may provide a useful alternative.

General kinetic energy forms. The classic Lagrangian approach is
to treat the 3N variables (x4, ¥, 22) of (1) as functions of the general
coordinates g1 to ., so that comparison of (1) with {6) gives the kinetic
energy matrix (in terms of the ¢,) as

N
Are = 2, Ma(024/8q,)(022/9¢,) + -+ -, (12)
a=1
where in equations of this section - - - denotes stmilar terms in y and 2

to those stated in 2. The momentum restrictions (2) and (3) are here

taken care of by the specification of (&,, - - - ) in terms of g, to gn.
Alternatively a specification of ¢ to ¢, in terms of the (x4, - - )

leads us to the Hamiltonian form. The Hamiltonian form of (1) is

1 XN
=5 2msXE (13)
1

where

X¢ = aT/ax.a = max.a (14)



46 Theory of Unimolecular Reactions 3.2

is the a-momentum of atom a. If we change to general g, with mo-
mentum p,=4947/d¢, (14) becomes

Xo= Y (3T/34.)(3¢:/%a) = 3 p:8g:/8xa (15)

(legitimately canceling dots). The differentiation here is performed
as if the (x4, - - +) were 3N independent variables unrestricted by (2)
and (3); but these momentum conditions are automatically satisfied
by the resulting X, if the ¢, are as in (5). Substituting (15) in (13)
gives directly the Hamiltonian form (10), with

N
Jre = Z ml.“l(a(l:/f"ta) (aql/a'v“) + - ) (16)

a-1

although this must be expressed in terms of the ¢,. This is a most
useful result.  We could of course have got it from (12) by using (9),
but we should have had to consider carefully how the momentum con-
ditions (2) and (3) affected the inversion of a into g.

Some consequences of (16) are worth noting, particularly in cases
where we introduce fresh sets of general coordinates, keeping one or
more unchanged (for example, keeping ¢; and ¢s as particular inter-
atomic distances and changing ¢; from a distance to an angle). Tt is
seen from (16) that if we keep the same ¢, then g, is unchanged by
any changes in definition of the other ¢.; the form of the funetion
gy, ¢2, * +, gu) May of course change, but certainly the equilibrium-
configuration value (which alone is used in small vibrations) will re-
main the same. Similarly if we keep the same ¢, and ¢, and redefine
the other gs, then g,, is unchanged. Finally we see from (16) that, if
the ¢s are defined in terms of Cartesian coordinates of the atoms, a
cross term g,, can appear only if both ¢, and ¢, involve a common co-
ordinate (&4, ¥a, or 2,) of a common atom. To sum up:

grr 18 determined by q,, g-» by q- and q,; (17

grs = 0 2f q, and q, tnvolve no common atomic coordinate. (18)

Distances as coordinates.? Let coordinate ¢; be the distance from
atom a to atom b, namely,

@={@.—a)?+ -} (19)
so that

3q1/0xa = — Aqu/0xs = (o — Tv)/q, dq1/8x, = 0,  (20)

where ¢ is any other atom. Thus for r=s=1 in (16), we have only
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terms in m, and m,; and we find
Ju = 'n"ra—l + 7nb_l = ]l{ab—l, (21)

where Mg =m,my/(m,+m;) is the reduced mass of atoms a and b.
This always appears as the effective inertia in the relative motion of
a and b; we shall also find the result (21) important in isotopic effects.

With the same ¢, let ¢, be the distance between atoms a and ec.
With r=1, s=2 in (16), the only surviving terms involve m,, the mass
at the common terminal of ¢, and ¢.. Using (20), we find

g2 = (Maq1q2)"{ (®a — 28) (Ta — x) + - - - }
= my"! cos (bac) (22)

where bac is the angle at a subtended by b and ¢. These results are
independent of the nature of ¢s, ¢4, - - although the form of the cosine
depends on them in general motions, For small motions the results
(21) and (22) are derived vectorially in Chapter 1 of WDC.

Complete sels of distances: For a molecule of N =3 atoms, or of
N =41 atoms which are not coplanar (for example, phosphorus?), there
arc respectively n=3 or 6 independent distances.  If we take these as
the gs, then the whole kinetic energy (10) is made up of terms like (21)
and (22), so that

1 n n
T=- 20 Ma'pa + 2 Mg paps cos (af), (23)
- o« a<lfp

where A/, is the reduced mass of the terminal atoms of ¢,, M4 the mass
at the junction of ¢, and ¢y, and (af) the angle at mqs between ¢, and
gs (drawn from mug). If ¢, and ¢y have no common terminal (for
example, the opposite edges of a tetrahedron), there is no term in p,ps,
in agreement with (18). In large motions* we express the cosines in
terms of the ¢x in a simple way; for small motions they are effectively
constant. In all cases the ¢, nced not be the actual distances but may
be the distances diminished by constants k,, such as the equilibrium
separations.

For a nonplanar molecule of N >5 atoms, the method requires care,
since the distances are no longer all independent.?  We may in general
select a set of n =3N —6 independent distances as coordinates, and so
again have the whole kinetic energy in the form (23).

For the collinear motion of N points there are n=N —1 independent dis-
tance coordinates; for coplanar motion, n=2N —3 (this includes the gencral

* See for example Wintner’s account® of the three-body astronomical problem,
where rotational and Coriolis terms are also stated.



48 Theory of Untmolecular Reactions B.3

motion of N =3 points, where 3N —6=2N—3=3). In particular, for N =4
points there are n=>5 coordinates in plane motion, a case of interest in some
dissociation problems. For the present method to work for nonplanar mo-
tions (where n=3N —6), it appears that we cannot allow any three particles
to be collinear unless N >6, nor four to be coplanar unless N >7.

Angular coordinates. If a triatomic molecule abc (or a triatomic set
abe in a larger molecule) has a valence angle at atom a, it is often con-
venient to take this angle ¢ =bac as an internal coordinate; let us write
gs=¢ or ¢ —¢q, where ¢, is the equilibrium value of ¢. Now

cos ¢ = {(xa — z0)(a — 2) + - - - }/(ab)(ac) (24)

where (ab) denotes the distance from atom a to b. We find from (16)
by differentiation and the triangle cosine formula, that

g = (ab)~%(ac)~*{ (be)*ma + (ac)’my + (ab)ms'},  (25)

and this result is of course independent of the other coordinates chosen.
If coordinates ¢; and g; are the distances (¢b) and (ac) as before (con-
sidered here as interatomic bonds), then we may express (25) as

gis = 1/(Mayqs®) + 1/(Macge?) — 2 cos ¢/(maqiqe) ; (26)
and we find also from (16) that
g = — sin¢/(mags),  gu = — sin ¢/(m.q). (27)

Thus for the triatomic molecule with coordinates the “bonds” gy, gs, and
included angle gs, the complete set of g,, is (26) and (27) together with
(21) and (22), namely,

gu=Mau"!, gn=DM.,", gn=cosd/m.. (28)

This complete set is to be contrasted with (23), where g was the third
side (bc) and not the angle. For the present coordinates the results
(26)—(28) are of course still valid when the set abc is part of a larger
molecule.

For more complicated internal coordinates, reference should be made

to WDC.

3.3 SYMMETRY COORDINATES

Having expressed the molecular energies in terms of Cartesian co-
ordinates z, or internal coordinates g,, we do not usually proceed di-
rectly to the determination of the vibration modes. We first examine
what symmetry the molecule has, and then set up appropriate sym-
metry coordinates. 'This often breaks down the vibration problem into
several smaller problems, as we shall see. WDC have provided a full
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and indispensable exposition of the effects of symmetry, but the follow-
ing rather loose account may be of use and interest.

We are concerned here only with molecules containing sets of identi-
cal atoms, for example ammonia or cthane. The equilibrium configu-
ration of such a molecule generally has such symmetry that there is a
group of geometrical operations (“GeQ’s”) of rotation and reflection
which interchange or permute specific identical atoms (for example, the
hydrogens in ammonia). The word “group” implies that two succes-
sive GeO’s A and B have the same net result as some other GeQ C
(or, “BA =C"); that there is a unit operation I which corresponds to
doing nothing; and that for any A there is a reverse operation D re-
storing the original arrangement (so DA =1).

If we apply these same GeO’s to a distorted configuration of the
molecule, we permute the displacements and velocities along with the
corresponding atoms; so that, for example, near the position where we
had atom a with velocity 4, a GeO may give us an identical atom with
velocity +i,. Here, if we are using Cartesians (xa, ¥a, 24), it is well to
give them all local origins at the equilibrium atomic positions; and also,
if (as is common) there is an axis of highest-order rotational symmetry,
we should orient our z-coordinates along it and our r-axes to meet it
perpendicularly. Alternatively, if we are using interatomic distances
(and perhaps angles) as coordinates, we should choose such sets that
the GeQO’s permute them along with their terminal atoms.

We may represent the GeO’s of the group abstractly by numbers
(or matrices) having the same multiplication table; for instance, if the
Ge(’’s 4 and B in the definition above were represented by +1 and
—1, then their “product” C would necessarily be represented by —1.
The simplest or one-dimensional irreducible representations (1—1R’s) of
the group are in fact of this nature, namely, a set of +1’s, or certain
sets of +1’s and —1’s.

For a given 1—IR, we may write down a maximum sct of inde-
pendent linear combinations s;, s, - - - of atomic or internal coordi-
nates (such as & = (x,+xp+ac) in local Cartesians or (¢.+gs+gq,) in
distance coordinates) which are all unchanged when we apply to the
coordinates any GeO which is represented by +1 in our IR, and which
all reverse (s, becoming —s,) when we apply any GeO with representa-
tive —1. These linear combinations* s, s, - - are called the sym-

* A simple (but not the most economical) rule for their construction is: pick a
particular coordinate, say ¢a; operate on it with all the GeO’s in turn (giving g
for I, gg say for operation A, ete.); multiply the results qa, gs by the respective IR
number, +1 or —1, of the GeO concerned; then the sum of these products is
either a symmetry coordinate or is zero. The procedure is repeated until the
maximum set is obtained.
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metry coordinales associated with the given IR; there is one inde-
pendent set for each 1 —IR.

We may also have two-dimensional IR’s, in which the GeO’s 4,
B, - - are represented abstractly by two-by-two orthogonal matrices
Ay, By, - - with the same multiplication table. For a given 2—IR,
we may construct two maximum sets, say ss, 8q, -+ and sf, s{, - -, of
independent linear combinations of the &, or ¢a, Which have the follow-
ing property: if any GeQ, A say, is applied to the x; or ¢., then

8, —>8 €080, — 8/ sinfy, 8 — + (ssinbs+ s/ cosby), (29)

where 04 (and the + sign) is the same for all pairs r=3, r=4, - - | one
from each set.* These combinations s, s4, « +, 84, 84, - - are said to
form two degenerate sets of symmetry coordinates for the 2 —1IR con-
sidered. Similarly three-dimensional IRVs (occurring with cubic
groups) give rise to triply degenerate sets.

It can be shown that, from the n internal coordinates ¢, - - -, qu (or
Cartesians with linear and angular momenta climinated) we arrive by
these constructions at exactly n symmetry coordinates si, su, 83, 84, 87,
s{, - - as independent linear combinations; and we may solve thesce
relations to obtain the ¢s in terms of the ss.  Using these results, we
express the kinetic energy (6) in terms of $y, $o, + - - ; and we find that
there are no cross terms connecting different sets of symmetry coordi-
nates. For ammonia, for example (compare WDC, See. 6-2), when
the over-all momenta have heen removed, there remain two symmetry
coordinates s;, sz belonging to one 1 —IR, and one 2 —1R with sets s;, s,

and sf, s{. Thus the kinetic energy T'(¢y, - * «, ¢s) transforms into
T = Tl(S'l, 32) + '1'2(33, Sl) + ']'2(5"3/, s'll) (30)
= a$® + 05152 4 ¢52* + dss? 4 ess$y + f34
+ ds{? + es{sd + [3{2, 31)

the coeflicients in the T'» being the same.  Clearly the value of T' (in
any form) is unaffected by the Ge(’s. To check this for symmetry
coordinates, we recall that for the 1 —IR coordinates, neither or both
of s; and s; reverse under a GeQ; so T is invariant. For the 2—1IR
coordinates we see from (29) that $2+3$42 and so forth are invariant
under the Ge()’s; so in (30) T2+ T is invariant. Cross terms between
different sets (for example, $283 or $:8{) could not be invariant (indi-
vidually or in sum) for all Ge()’s, and are absent.

* One rule of construction for a set is: operate on a go with the GeO A and
multiply by A..; then sum these results over all operators, keeping w and » fized;
repeat for distinct coordinates ¢g, + + + and both values of v or u
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A quadratic potential V, with the necessary symmetry to be un-
changed under the GeQ’s, breaks down in the same way into (in this
example) Vi(s;, s2) + Va(ss, s5) +Va(s{, 8{/). Thus the whole dynamical
problem of vibrations separates into smaller problems, one for each
1—IR and two identical problems for the two sets of symmetry co-
ordinates of each 2—1R (which give rise therefore to degenerate vibra-
tions). The vibrations of the symmetry coordinates of one IR are said
to constitute one symmetry species.

3.4 NORMAL COORDINATES

Having discussed internal and symmetry coordinates, we now intro-
duce normal coordinates. The determination of these is equivalent to
the solution of the vibration problem (which follows in 3.5), but they
deserve a separate account because some of the formulas are important
in the later theory.

We begin with the energies in the form (6) and (11), which we write

1 n
T = T(gh, cee ,I'") — -‘)- Z Za,,q’,q’.,

: ’ (32)
V= ‘v(% cee ([") = .)—- Z Z bnqr(p.

& 1

The present theory applies equally to 7" and 17 in terms of symmetry
coordinates, and most usefully 1o the partial energies 7', and V, con-
taining a single set of symmetry coordinates of one IR (for example,
T3, $1) and Va(ss, s4) at the end of 3.3). To fix ideas, however, let
us consider at present that we are dealing with a whole unsymmetrical
molecule with internal coordinates qi, -+ + +, ¢u.

Normal coordinates are linear combinations @, of ¢i, - - -, ¢ in terms
of which 7" and V' reduce to sums of squares:

T=73 ads V=3 b0 (33)
1 1

The a, or b, arc arbitrary, the ratios a,/b, determinate. It will be
convenient to scale the normal coordinates Q; by demanding that the
forms be

T=30 V=3 34)

(although these forms may be regarded by some as an abnormal re-
normalization). Since for a vibrating system V as well as T is positive,
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s0 also are the constants \;; they will in fact be found to be (27»,)?,
where the v; are the possible vibration frequencies.
Let the transformation turning (32) into (34) be

G=Da@ (=1 ---,m); (35)

we associate suffixes r, s, u with internal coordinates g, and 7 and j with
normal coordinates @ and normal modes. As we require this to be a
nonsingular transformation, we must have a nonzero determinant:

[led| # 0. (36)
Substituting (35) in (32) and identifying coefficients with (34), we find
Z E QryOiy,Olg; = 0, Z 2 bn“nau‘ = 0 (i 4 j) (37)

and also
1 1
—2" Z E @retrjts; = 1/N,, ? Z Z brearson; = 1, (38)
which may be written formally, by (32), as ¢
T(ali’ Y aﬂ)) = 1/)‘3) 1’((!1;, Tty a"J) =1 (39)

Multiplying the first equation in either (87) or (38) by A, and sub-
tracting the corresponding sccond equation gives, for all j,

Z aﬂf’ =0 (7' = 1; tt n)) (40)

r

where

fr = Z (arc)\J - b,,)a,,-. (41)

Since by (36) ||a..|| %0, the unique solution of (40) is f,=0; that is,
by (41),

E (an)\J - bn)au' =0 (T = 1, teey, n). (42)

By (36), ayj, - * +, an; cannot all vanish; so the equations (42) for
fixed 7 imply that

lard; — b, = 0. (43)

Hence Ay, - - -, A\s in (34) are the roots (assumed here for simplicity
to be distinct) of the secular equation in \:

laeh = bol| =0 (r,s=1,-..,n). (44)
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One root A; of this determines one column (ayj, + - -, an,) of the
matrix {an‘}. For, considering (42) as a set of equations for
aij, * ¢+, aaj, we see from (43) that they are satisfied by

where k, is arbitrary and H,, - - -, H, are the cofactors of the elements
in any one row of the determinant ||a,.)\,-—b,,[|.* The a,, of (45) give
“unnormalized” normal coordinates as in (33). To obtain the “nor-

malized” form (34) we substitute (45) in either of equations (38) (or of
(39)); this gives, for example,

k7t =32 > bHH, = V(H,, - -, H,). 47)
Thus, finally, we can calculate the a,, from either of the forms

an = HAVHy, - - -, H)} = H0NTUL, - -+ B, (48)

.

where II,, - - -, I, are the cofactors of a row in ||a,\, —b,|
Matrix notation. It is worth while to repcat and extend some of the
results in matrix notation. We denote the metrix {en} by e, its
transpose by & (so a,/ =a,,), and the unit (diagonal) matrix by 1; we
also construct a diagonal matrix & as
A
An

The conditions (37) and (38), involving the A,, niay now be written

jointly as
jodaa = A, la'ba = 1. (50)

Thus if z is a variable number,
1o (az — D)o = A7x — 1. (51)

This implies, using (36), that the determinant ”ax—bl, as a poly-
nomial in z, is a multiple of || A~z —1|| or equivalently of ||z1—3||. It
therefore has the same factors. Now by (49) ||z1—3|| has factors
z—\;j; hence the A; are the roots of lla:c—b" =0, or (writing plain A\
for z) of

lax — b]] = o, (52)

* If we regard the equations (suggested by (42))
Z (anx - brl)zl =0 (1‘ = 1) Yy n) (46)
as determining a “vector” (21, 2, * + * , »), then the roots of (44) may be called

the “eigenvalues” of A, for which (46) has a nontrivial solution; and for X\ =); the
solution (z, - « - , %s), corresponding to (45), is the corresponding “eigenvector.”
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which is again the result (43).
Another form of the secular equation is obtained if we introduce a
matrix ¢, an epitome of the dynamical behavior, as

c=a'b=gb (53)
(compare (9)). For if we premultiply (52) by ||a"||, we have the new
form

A1 —¢ff =0, (54)
where now A occurs only on the principal diagonal.

Further matrix formulas. By introducing pairs of reciprocal ma-
trices we write (53) as

¢ = a(a'a~la' ) (@'ba)a. (55)
The first bracket is the reciprocal of (a’ac), which oceurs in (50), as
does the second bracket; hence by (50)

c =oda . (56)

Forming successive powers of (56), we obtain
a\ror! = ¢m, (57)
These results (56) and (57) also follow from the fact that the columns
of a are the eigenvectors of the secular equation, and so the results
hold also for the “unnormalized” eigenvectors corresponding to the

forms (33). To obtain a useful form of (57) for our “normalization”
(34), we postmultiply (57) by aa’, obtaining

oo’ = craa’. (58)
Now, by (50), b=2a’'"'a'=2(aa’)™". Ilence (58) is
oara’ = 2¢"b—! = 2¢™h, (59)

where h=b-1is the reciprocal of the force-constant matrix. This re-
sult (59) will be used in the quantum theory. In classical theory we
shall use only the cases m=0, 1 (which are really inverted forms of
(50)), namely,

aa’ = 2b~1 = 2h, o’ = 2a~! = 2g. (60)

In particular, we shall need the (1, 1) element of these matrix equa-
tions, namely,

Z ¢7ln2 = 2311/3 = 2hu, Z a1;27\. = 2A11/A = 2911- (61)
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3.5 SOLUTION OF THE MOTION

Four methods of solution are given, of which (i) and (ii) are the most
important. Method (i) completes the argument of 3.4, using the nor-
mal coordinates; the notations given here are largely used in later work.
The Lagrangian method (ii) is simple and direct, starting from the
original energy forms. The Hamiltonian method (iii) is mainly a
bridge to a new “Lagrangian-momentum” method (iv), which has a
bearing later on the dissociation problem. Attention is confined here
to classical mechanics.

(i) Normal coordinates. With the form (34) of the energies, the
classical (and similarly the quantum) problem separates into n prob-
lems, one for cach normal coordinate. In the 7th coordinate we have
energies

T, =02\, V.=0Q.z (62)

This is seen to represent a lincar harmonic oscillator of frequency »,,
where

A= 4?2 (63)
and the solution of the motion is
Q.= A, cos2r(pt+¢) (0L, <1), (64)

with amplitude A, and phase constant ¢,.  We have therefore n normal
modes, one for each coordinate Q..

If the energy in the ith mode is 7,4V, =e¢,, then substituting (64) in
(62) gives A 2=e¢,; the unconventional normalization in (34) was
chosen for the sake of this simple relation. Thus in terms of the
encrgy in the mode,

Q. = Ve cos 2n(vit + ¢¥.). (65)

Tinally, the motion in the original coordinates ¢, is, by (35),
qr = E a,.Q, = Z anVe, 008 2r(vid + ¢.). (66)
1 =1 1

This can be regarded as the superposition of n oscillations; in any one
normal mode the coordinates ¢, - - -, g, have the same frequency »,
and the same y,, and the amplitudes are proportional to ""hl» ceey,
l a,”l . We cannot say strictly that the phasesin gy, - - -, g, are all the
same, since oy, s, © * +, as., are generally some positive and some
negative; the phases are thus equal or “opposite.” Because of their
role in (66), the a,, will be called amplitude factors.
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The total energy of the system is, by (34) and (65),

E = i €, 67)
1

namely, the sum of the energies in the modes. This can be verified
rather painfully by adding the original energies (6) and (11), substi-
tuting (66) for ¢,, and using (37) and (38).

(ii) Lagrangian method. The Lagrangian equations

d /oL oL
——( ) - (68)
at \ag.)  aq,

with the Lagrangian function L =T —V and the original forms (6) and
(11) of T and V, are

2 0nie=— 2 bugy (r=1,-+-,n), (69)

when the a,, are treated as constants. Assuming a solution with the
gs proportional to cos (tv/A+¢) gives

Z (anX - bn)Ql = 0. (70)

The condition on A for a nonzero solution gy, + - -, ¢a is (44), the secular
equation as before; the roots in A give the normal-mode solutions, with
the (signed) amplitudes of ¢, « - -, . in a mode forming an eigenvector
as before.

(iii) A Hamiltonian method. The Hamiltonian H= Y p.j,— L,
expressed by means of (8) in terms of ps and ¢s, takes the form T+V
given by (10) and (11). The Hamiltonian equations,

. = 8H/dp,,  p. = — dH/dq, (71)
are therefore

q." = E GraDsy 'El = - Z bauqu- (72)

r

Differentiating the former and substituting for p, from the latter rela-
tion gives

fr= = 2 Cruthu (73)
where ¢.u= D, gre buasin (53). Assuming again a periodic solution, we

obtain this time the secular equation in the form (54).
Another Hamiltonian treatment is given in WDC, page 65.
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(iv) A Lagrangian-momentum method. I'rom a ITamiltonian fune-
tion H(q, p) based on a quadratic potential, we may form a “La-
grangian-momentum” function M defined as

M =H+ 2 b, (74)

where 7, is defined by the second group in (71); these same equations
are used to eliminate the ¢s and so to express M as a function of the
ps and ps. It is easily verified (in much the same way as we could
rccover the Lagrange equations (68) from (71)) that the equations of

motion in terms of M are
d [OM oM
_( - ) = e . (75)
dt \ dp. 0D,

Tor the present type of problem it is seen that M =7 —V, where T is
in the form (10), and V is (11) converted into a function of the ps by
means of the second set of (72); so

V=132 2 hupibs 76)
where h=Db"" as in (59). The equations (75) are therefore
- Z hNi’.t = Z JrsPs. (77)

Assuming again a periodic solution we find a secular equation:

lB:h — g..]| = 0. (78)

This is seen to be equivalent to the earlier forms, since h=b"! and
)
g_.a—l.

3.6 MEAN AND CONSTRAINED FREQUENCIES

We shall discuss a parameter v, which is of the nature of a frequency
but is associated with a particular internal (nonnormal) coordinate.
It will be prominent in the later dissociation theory, which also centers
on the behavior of such a coordinate; and (to reveal the plot prema-
turely) » will in fact turn out to be the Arrhenius A-factor of a classical
rate constant. The parameter is first defined baldly as a certain
weighted average vibration frequency, but it will also be connected
with frequencies in constrained molecular configurations, foreshadow-
ing the “activated complex.” I interpolate in this work a general
theorem which it suggested concerning products of constrained frequen-
cies, and I add some important special forms of » for distance coordi-
nates.



58 Theory of Unimolecular Reactions 3.6

Definition of ». We fix attention on one of the internal coordinates
@, qu; let us choose .. We define » as the root mean square of
the normal frequencies »;, - - -, », weighted with the amplitude factors
(compare 3.5()) au, - * +, a1a of the respective normal modes as they
affect ¢. Thus

n n i
V= { Z (!1,21/.2 Z ah‘z} . (79)
1 1

For the corresponding parameter X, defined by analogy with (63) as
N = dxH? (80)
we have, by (79) and (63),
A= a\/ D ek (81)
From its definition as a mean, we see that
v lies between the greatest and least of the normal frequencies.  (82)

Constrained systems and the activated complex. By comparing
(81) with (61), it is scen that

4r?y? = & = (B/A)(An/Bu), (83)

where A and B are the kinetic and potential determinants and A4 and
By the cofactors of ay and by, Now Ay, + + -, A, are the roots of (44)
in 3.4; so their product is the constant term in that equation divided
by the cocfficient of A?, or

Mz - - A = B/A. (81)

Consider our dynamical system, with energies (32), but with ¢, con-
strained to be zero, so that also gi=0. The constrained system lacks
all terms with a suffix 1 in (32), and its secular equation is therefore
(44) with the first row and column omitted. Thus if the new roots
are \d, - - -, N,

MM - <N = Bu/Ay, (85)

since, for example, Au=||a,,| with r, s=2, - - -, n. THence, by (83)-

(85),
A=A A/(MN N, (86)
The corresponding result for frequencies is

v=uwwy v/ (v - v)), (87)
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where »{, - - -, »/! are the frequencies with ¢, constrained to be zero.
They are equally the frequencies with ¢, fixed at any value g; for al-
though this constraint leaves terms g 2., by,q, in V (compare (32)),
these can be removed by a change of origin of go, « -+, g. Without affect-
ing the frequencies. Thus

v is the product of the molecular frequencies divided by the
frequencies for firved q. (88)

When later we associate a value g of ¢ with an “activated complex,”
the frequencies »{, - - -, v/ in (87) will be associated with the complex.

Momentum constraints. Again comparing (81) with (61), we see
that

A= Qu/ hu (89)

in terms of the inverse kinetic and potential matrices. This recalls
the Lagrangian-momentum method of 3.5(v). If the momenta
P2, + -+, Pa arc constrained to be zero (and so also p,, - - -, p.), the
function M becomes

M = }gups® — shup:® (90)
This system has a single frequency, v/’ say, where
)\1” = 41!‘21/1“2 = gu/hn, (91)

which is the same as (89). Thus

v 18 the frequency v/’ of the system when all the momenta except
. are constrained to be zero. (92)

This scems the only way in which we can associate v directly with
motion (rather than absence of motion) in the relevant coordinate.

The equality of v, « - - v,/(@f - - - »)) in (87) with »/’ in (92) is the case
f=1 of the following theorem:

Let the system be constrained either (i) by holding coordinates ¢y, -+ - -, qr
zero, or (ii) by holding momenta ppyy, © * +, pa zero.  Let the frequencies of
the constrained system (i) be /g4y, + «, »!, and of (i) be »{ , - - -, /',
Then the product of all these frequencies equals the product of the unconstrained
frequencies:

T U S (93)

To prove this, we observe that the secular equations in cases (i) and (1i) are:
(i), (44) with the first f rows and columns deleted, and (i), (78) with the last

* By an old theorem, one frequency of such a constrained system lies between
each pair of the unconstrained frequencies, if these are arranged in order of size.
This theorem, applied to (87) as in 6.7 (181)-(133) below, confirms the result (82).
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n—jf rows and columns deleted. Thus for the parameters A, corresponding
to frequencies, we have (compare (84))

@@ Mo A = bl (hs=F41,--0,m) (94)
(ii) NN = Ilgull/"hn" (rye=1,---,f). (95)
Remembering that g, = A/ A, hss = B,/ B and using a result on determinants
of cofactors, we find that the product of the right-hand sides of (94) and

(95) is B/A,orA\i\g * - * Ao by (84). The result (93) now follows on replacing
all\;s by »,8.  The theorem may be of some dynamical value.

Special values of ». If our coordinate g, is the streich of the distance
between atoms of masses m, and ms,, then gy,~! is their reduced mass
M =m,my/ (ma+ms), by (21). ence in (89)

dr2? = X = 1/(hubl.s). (96)

Thus » 7s independent of the masses of the other atoms.®

In the special case where also g is a nearly “isolated” hond, the off-
diagonal force constants by, b,  « +, bin, connecting q; with other
coordinates in (32), are small compared with by, In this case

B =2 by,By, = byBy;
1

so that

hiy = Bu/B = 1/by. 7
The result is now

v = (2m) Y bu/M o) 3 (98)

that is to say, » is very nearly the frequency of an imaginary diatomic
molecule of atoms m, and my, with the same force constant by as in the
actual polyatomic molecule. This result is of much narrower applica-
tion than (96), for (96) holds even if the direct bonding by, between
m, and my is negligible.

By (17) in 3.2, the nature of gy is determined by the type of the co-
ordinate ¢i; so that, by (89), we can gain useful information about »
(or A) by looking at the type of ;. For example, if ¢ is an angle
defined by an array of three atoms m,, m,, m, within a molecule, then
by (25) » depends on these masses and no others.

The main application of this type of result is to isotopic substitutions.
If we assume that the force constants arc unchanged, then the change
in », for an isotopic change of m, or m; at an end of a distance coordi-
nate q, is as the change in M4}, by (96). Isotopic effects on angle-
coordinate vs similarly depend on the adjacent atoms only, through
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(25). An isotopic substitution not affecting the atoms defining ¢
leaves » unaltered.
3.7 A SIMPLE EXAMPLE
Some of these methods and results of vibrational analysis will be
illustrated here by the simple case of a linear triatomic molecule. We
represent this schematically as
my — (1) — mo — (q2) — my, (99)
my, Mo, Mg being the alomic masses and ¢, ¢ the stretches of the dis-

tances beyond equilibrium. Ignoring out-of-line distortions, we as-
sume a potential energy

V = 1biqi® + $boge® (100)
which is (11) with biz=0. Ior the kinetic energy we have, from (21),
(22), and (8),
27T = uupi® — 2uep1P2 + poepe® = o™} {il.(ml]'l2 + 2u0gigz + #01(1'22}, (101)
where, with r, s=0, 1, 2,

P =M g = ety 0= 20 e (102)
r<a

Assuming vibrations of frequency A/ (2x), the Lagrangian equations
are, as in (70),
(Apoz — ab)gi + Moge = 0 = Apoqs + (Apar — ob2)qe,  (103)

and the secular equation (44), obtained by eliminating ¢,/¢2from (103),
is

kz - (b1 Mot + bz [J.oz))\ + blbza' = 0 (104)

The roots, giving the normal frequencies N\,}/(2w), are (with the upper
and lower signs referring in (105) and (108) to modes 1 and 2 respec-
tively)

A, A2 = (b + Dapee £ B) (105)
where
B = v? + 4bibud?, v = bipor — bamoa. (106)

Amplitude factors e,, (compare (35) and (66)) of coordinate ¢ in
mode 7 are most casily found from (48) and the form (100) of V; thus,
for example, in the first mode

an = IL{3bH 2 + 3bHa2}t (r=1,2), (107
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where H,/H= (s —sbs\ ™)/ (— o), namely, a ¢1/gz value of (103) with
A=\. We find, using (105) and (106),

forgi: om, o=+ {(1 % 'Y/ﬂ)/bx}‘,}
for g1 om, am = — {(1 F v/B8)/b2}2

The alternate sign outside the bracket illustrates the general rule that
the sets of amplitude factors (an, om, asy, « - ), (a1, o, o, =+ ),
(a3, oz, ass, - - - ) for different modes all have different combinations
of relative signs, provided that either 7" or V" in (32) is a sum of square
terms.* This proviso is met here by the form (100) of V.

The mean frequency v of 3.6 may now be illustrated; we suppose, as
there, that ¢ is the coordinate specially considered, corresponding to
the “breaking coordinate” in the later reaction theory of Chapter 5.
For the present case, (105) and (108) give in (81)

an® + an? = 2/b, an’h + o = 20, (109)

and these results are seen to illustrate the matrix relations (61) for the
cnergy forms (100) and (101). The mean frequency v=2X\¥/(27) of (81)
is thus given by

(108)

X = bu.lm, (1]0)

so that » is the frequency of the diatomie m,, my with force constant b,
in the “absence” of ms. This is a precise example of (96) or (98), since
our special coordinate g; is the mo — my streteh and there is no eross
term ¢iqz in V.

The constrained system of 3.6 (defined between (84) and (85)) is ob-
tained by putting ¢, =0=¢y in (100) and (101) (or alternatively fixing
¢ at any value). It has the one frequency A 3/(27), where

)\2’ = bzlfﬂ.m_l, (111)

which corresponds exactly to (85). Using (102) we may write (111) as
1 1

T } , (112)

my  mo+m

which has the clear interpretation that when ¢, is fixed, m, and m;
move together, so that the frequency corresponds to the relative motion
of masses mo+my and m; under a force constant be.

* This general rule, with this proviso, is an immediate consequence of (37),
since the a,, and b,y are essentially positive. Thus if 7 or V in (32) is diagonal,
the products anai, anaz, anas, * + + cannot all have the same sign. When
neither is dingonal the “rule” has no legal force, although in fact it is still com-
monly obeyed; compare Table 3.8 below.
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The product of the A, corresponding to the normal frequencies is
given by (104) as MA2=bib.o.  Hence by (110) and (111)

X = MAa/A, (113)

which illustrates the general result (86) or (87) for X in terms of the
normal X\, and the frequencies (herc there is only one, namely,
M1/ (27)) of the constrained system.

In the reaction theory of Chapters 5 and 6, the mean frequency
»=A\1/(2r) associated with coordinate ¢ will reappear as the A-factor
of the rate constant k*, if dissociation depends only on the critical
stretching of coordinate ¢, The constrained frequency A ¥/(27), of
the system with ¢ fixed, will then correspond to the “frequency of the
activated complex.” The relation (87) for the A-factor (here repre-
sented in our special case by (113)) is also a general formula of classical
activated-complex theory (see 6.5(94) below).

It has been suggested to me recently that the A-factor should not
depend solely on the masses mo and m;y connected by the breaking co-
ordinate (compare (110)), but also on the other masses, represented in
the present example by m,, which move away with mo when ¢ is
broken. The natural A-factor suggested by this idea is A/(27), where

- 1 1
X = bl{—+———}, (114)

m mo -+ me

which is (110) modified by adding ms to m,. If we adopted this, we
should be bound to take as the new “frequency of the complex” the
quantity A’ }/(2x), where (taking (87) as a general result of activated-
complex theory now that in (114) we have abandoned my model)

X = MAo/A. (115)
From (114) and the value MA;=b,bs0 as before, we find

)\2" = bzum = bg{—l— + ‘}‘} . (116)
mo me
Thus* the new frequency N\ 3/(2x) of the complex is (unlike (112))
independent of the mass m, of an essential constituent of the complex;
this scems to me an unlikely and undesirable result.
Presumably one could extend this type of argument to breaking

* 1t is scen by comparison of (110) and (116) that N*4/(2r) is in fact my A-fac-
tor for q: as critical coordinate; and A /(21r) is the corresponding constrained
frequency for fixed ga. This re-enforces the point that (114) is an unsuitable
basis for an A-factor.
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coordinates in larger molecules; but the present simple case serves as
a warning against the dangers that lurk in modifications of the A-factor
to “allow” for the cffects of other masses.

3.8 NITRYL CHLORIDE AND THE DETERMINATION
OF AMPLITUDE FACTORS

We pass now to a slightly more complicated type of molee ule,
namely, the planar XYZ, type as exemplified by nitryl chloride,
NOClL.  As well as being of interest in reaction kineties, this molecule
provides a simple illustration of the use of symmetry coordinates in

calculating vibrational ampli-

Ci tudes.  After setting up the

energy matrices for nitryl chlor-

ide, we discuss in more general

terms the problem of determin-

ing force constants and vibra-

tion amplitudes. ‘The results

for nitryl chloride are then given
in Table 3.8.

Nitryl chloride. The planar
configuration of NO.Cl (which
was established by Millen and
Sinnott?) is shown in Fig. 3.8,
with symbols for the various
angles and distances.  Dr. D. R.
Herschbach  has  very  kindly
given me his full vibrational
analysis, which is based on the
NO and NCI distances and ONC1 angles (and the out-of-plane bend-
ing). While using his primary data, I prefer here to reanalyze the
plane vibrations in terms of distances only, for this method has at-
tractive features.

Confining attention throughout 